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ABSTRACT

A numerjcal study of fully-deveìoped, lam.inar,'incompressjble

viscous flow jn tubes with internal spiral fjns v¡as conducted. An

ex j st'ing vorti c'ity based numerj cal procedure was uSed to sol ve the

governi ng cont'inui ty and momentum equat'ions f or the I imì ting case

u¡here the fins extend to the center of the tube' The effects of

twjst ratio and Reynolds number on predjcted momentum transfer

characterjstics of the flow vrere investìgated for 4, B, and l2 nurrber

of fins w'ith a f ixed half f in angìe of tt/60 rad'ians. The friction

factor rral ues and the di stri but j ons of axì al ve'ìoci ty, resul tani

secondary veìocity, and local r,/all shear stress showed strong dependence

on twjst ratìo and Reynolds number as separate parameters. Sjnce the

flow in the axjal directjon was guidecl by the fins, the cjrcumferential

veloc'ity was in the directjon of fin twjsting everywhere in the flotr

field. The flow, therefore, djd not represent recirculation. The

magnítudes of the secondary velocities increased wi th twjst ratio

and Reynolds number. The axìal velocity distrjbution became increas'ing1y

flatter and asymnletric about the central pìane as the twjst ratio or,

Reynolds nur¡ber, was jncreased. The d'istributions of local wa'ìl shear

stress on the fin surfaces (and in some cases (notably hìgh twìst ratìo

and Reynolds number) älso on the .tube waì1) showed rlsyr¡¡¡s1tic behaviour.

At a Reynolds number of 1000, frjctj0n factor increased over values

for tubes with straight fins i:y about l4% to 130% depend'ing on the

value of twist ratjo and the number of fins whereas at a Reynoìds number

of l0 , the enhancement 'i n f ri cti on f actor was wi thi n B'l!á of i:he val ues

for straìght fjnned tubes. For fjxed fin nuntber and twjst ra[io, the



ii

ef fect of lìeynol ds number on frì ct j on factor raii o l"ras sì gnì fi cant on11.r

for Re > - 
.l00. tmpìrìca1 correlatìons for predictìng frictjon factor values

rÁ,ê'rê rlê\/êl nnÊ,¡lv v I vHvv ¡
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1.0 I NTRODUCT ION

In recent years, the interna'lly finned tube geometry (Fìgure 1)

has received consìderable research'interest as it offers an efficient

and compact nleans of heat transfer augmentation. Both experimental

and analytical technjques have been employed by various inr¡estìgators

to study the momentum and heat transfer for flow through such tubes.

Various degrees of heat transfer enhancement have been repor[ed in

the literaiure dependìng on the flow conditjon (laminar, turbulent),

tube geometr¡r (number of fins, fin height, fin thjckness, and twist

rat'io), flujd properties and thermaì boundary condjtjons (constant

heat fl ux, constant surface temperature) . However, these 'i ncreaseS

'in heat transfer have been accompanied by jncreases in pumping pot,ter,

hence optimi zat jon .is requ'ired i n order to select the best confi guration

for a speci fi c si tuati on.

I " I Moti vati on

The problem considered here is the laminar momentum transfer in

tubes with internal sp'iraì fins where the fins extend to the center

of the tube. The nlotivation of a study of this pt"oblem arises from

the superjor performances of sp'iral finned tubes compared to straight

f i nned tubes as reported by various ì nvest'igators ['l , 2] based on Lhe j r

experìnrental studies. However, only limited theoretjcal study

concerni ng f 'low i n s uch tubes lrave been reported. These have ei ther

i nvol ved var j ous s'irnpl i fyì ng assunrptì ons or have been extreme'ly

ljmited 'in scope" Date [3] has computed lamjnar and turbulent flow



characteri

lUl I rrnsj

for smal I

need for a

stjcs in tubes wjth twisted tape inserts (j.e. two opposìng

r+hereas Ivanovi c's [4] I ami nar fl ov¿ resur ts are val i d only

twist rat'ios (o.0.3) and neg'lìgìbìe fjn th-ickness. The

ni gourous ana'lysj s of the probl em j s , therefore, obvi ous .

1.2 Scope of the Present tnJonk

The objective of the present v¡ork 'i s to study numerical ly the

characteristics of the flow jn tubes with internal spìral fins wjthout

any restrjction on the value of the twist ratjo. A number of

characteristjcs that are iypìcal of such flow have been revealed and

are discussed at a later stage. At the same time, resulis have oeen

sLrccessfu'l ìy pred'icted for twi st rati o up to 0. s. The present

investìgatìon should, therefore, be v"iewed as an'important f-irst step

towards solving the probìem of finite ìength fins. Future research

must also seek heat transfer solutions for the two fundamentaì bounoary

conditjons, nameìy, the constant heat flux and constant wall tenlperarure

cond i ti ons.



2"0 LITERATURE REVIThl

The affluence of literature available on flu'id flow and heat

transfer for internally fìnned tubes can be broadly classjfied

according to the method ernpìoyed to study the phenomena, viz.

experìmental and analytical (incìud'ing numerjcal anaìysis). 0nly

the literature deaiìng with lamjnar flow conditjon is revjewed, jn

the order of mentìon, unless a part'icular work involves other flow

condi ti ons as wel I .

2.1 Experimental

Experimental results were reported by Vasil'Chenko and

Barbarjtskaya [5,6] for lamjnar and turbulent flow of transformer

oil in tubes wjth stra'ight fins of trapezoìdaì cross-sectjon under

nonjsothermal cond'ition (cooljng). In the range of parameters

considered (M = 004, 6,8; H = 0,0.36, 0.4.l , 0.56S, 0.6; ß : 4.4" to
5.5"), they observed signìficant ìmprovement in frictjon factor and

Nusselt number over the values for finless tubes. The influence on

friction factor due to viscosity variations with coolìng of transformer

oil was founci to be considerably greater with laminar flow than with

turbulent flotnr. They aìso notjced that for short fjns, transitjon

to turbulent flolv occurred well before the usual critical value of

Reynoìds number ( : 2300) was reached.

watkinson et al [1] presented isothermal friction factor and

Nusselt number data for a motor oil in the laminar and transition

regìons based on their experìmental invest'igat'ion. Eighteen internalìy



finned tubes were tested to cover a wide range of parametens inc1uding

twist ratio. At a Reynolds number of 500, heat transfer was enhanced

over smooth tube values by g torzz4% dependíng on the tube geometry.

For examplen at M = B, H = 0.298, and s = 0.470 the enhancement was

224% while a combínation of M = 16, H = 0.168, and cr, = 0.525 yielded

an increase of 156%. However, at the same Reynolds number, the

associated increase in friction factor was, in general, within rc}%.

An analysis based on constant pumpìng power requirement further
recommended use of the spiraì finned tube (M = g, H = 0.298s o = 0.420).
Correìatìng equations for heat transfer and frictíon factor were also
presented for both straight and spiral finned tubes. The transition
from laminar flow occurred at lower Reynolds number than the critical
value for smooth tube and appeared to be a strong function of fin
height to equ'ivalent diameter ratio.

soliman and Feingoìd [7] performed experiments to compare the
performance of a quìntupìex spiral fjnned tube with the performances

of a sing'le spiraì finned tube and a smooth tube (l'1 = 16, H = 0.17"

o' z 0'525 for each finned tube) with almost the same inside diameter.

They concluded that the increase in heat transfer was offset by the

associated increase in pumping power required for the quintuplex f.inned

tube and consequent'ly recommended use of such tubes where the s ize of
heai exchanger was the major concern. hJhen consídered on the basis

of the nrinimum pumping power required to transfer a g-iven anrount of
heat, the singìe finned tube proved to be the best choice.



Marner and Bergles [2] studied the effect of different thermal

conditions on friction factor and Nusselt number during a series of
experiments with twisted tape iserts, static-mjxer inserts and fìnned

tubes (straìght and spìral) usìng different working f]uids (water"

motor oì.l, ethy'ìene glycol ) ma'in'ly under laminar flow conditions.

Under constant heat flux condition, Nusselt numbers for twisted-tape

inserts were independent of tube ìength but varíed with tape twìst
ratjoo Reyno'lds number, and Prandtl number. A correlating equation for
Nusselt number as a function of these parameters was reported. Improve-

ments in F{usse1t number for straight fínned tube was found to be highly
dependent on PrandtJ number while water data showed a ìength effect.
Very high heat transfer coeffìcients were obtained with Koch m.ixer

ìnserts but these were accompanìed by 'large isothermaì pressure drops.

They found tr,;isted tape inserts and fínned tubes to yield substantial

enhancement in heat transfer for a given increase ìn pressure drop,

and selected these geometries for furtherinvestìgatìon. Twisted tape

i nserts y'ie'lded greater f ri cti on factor as compared to spì raì f i ns

and, unlike the latter, showed sìgnificant effect of heating or cooììng

on friction factor results. Mean Nusselt number results and constant
pumping povrer performance analysìs further showed djstinct superiority
of spiraì fins to twjsted tape ìnserts under both heating and cooling

with constant wall temperature conditjons.



2 .2 Ana lyli ca l

The f i rst ana'lytì cal sol ut.i on for rnomentunl and heat transíerin

internally fìnned tubes was reported by l'{u ancl Chang [8]" They

neg]ected the thickness of the fjns and assumecl a constant and unìform

heat flr.tx on internal cylindrìcaì surface and on each fin. The

govern'ing momentum and energy equatìons jncluding the effects of

viscous dissipation and heat generatìon but negìect'ing any variation

of fl u'i d prcpertjes, were sol ved by usi ng Green's functj on. The

reported f ri ct j on factor and lrlusse I t nuni:er resul ts cotrered a range of

0 < M < 32" and 0 < H < 1"0. The effect of dìss'ipat'ion functjon wâs

found to be negì i gì ble i n a'l I cases. The optimum Nussel t number vras

found to be 86.82 at M = 22 and H = 0.795 with no heat generation, and

at M = 16 and ll = 0.8 with heat generation. They not'iced that for short

fjns of any number and'long fins of very large number', the Nusselt

nunlber was bel ow the val ue fcr a f j nl ess tut¡e. Th'ìs nray be due to the

unnealistjc assunption of utljform heat flux cn the fin surfaces.

Equìveìocity lines and jsotherms were also reported and the presence

of so-caìled prìmary loops (occurring aL the center of the tube) and

secon',lary I oops (be lween the f i ns ) r,vas rrot j ced "

Nandakumar and fnlasl iyah [9, l0] included the effect of finite
*"hickness of ihe f ins by assumìng a fin shape of trjanguìar cross-

sect'ion. The finite element- methocl was used to solve the mornentunl

and energy equat.ìons I'or the case of no axial conduction and no v'iscous

djssipation. They assuiled ax'ial1y unìfornr heat flux and peripheral'ly

unjfornl temperature on the tube surface and unjform temperature



(equal to the tube walì temperature) along the fin. Frict.ion factor
and Nusselt number values values were reported for 4 < M < 24,

0.1 < H < 0.8, and 0 < ß < 3o. Frictjon factor results were also
jncluded for 0 < ß < 6o and a coìrelation for fRe was included. The

reported friction factor results are higher than the experimental

correlation given by watkinson et al [1] for 0.s7 < De/Di < 0.68

(De = equìvaìent hydraulic diameter, Dj = tube jnternal dìameter).

A fìn profi'le very close to real fin confìguratìons was con_

sidened by Soliman and Feingo'ld [il]. The fin profile was defìned by

two radial flanks encompassÍng a varjable angle and having a varjable

hejght. The t'ip of the fîn wôs a circular arc concentrjc w.ith the

tube" The solution for velocity distribution and fricti'on factor was

presented in terms of an infinite series. Sufficient accuracy was

attainable wjth only about l5 terms included in the series solution.
The friction factor results were presented for a wide range of paranreters

(0 < M < 32|'0.05 < l-i < 1.0; 0. ß.3"). Contrary to Hu and chang [g],
who reported that for short fins the secondary loops djd not exist,
it was found that there was a critical fin height above which secondary
'loops wene found, and for fjxed fin thickness, this crjtical fjn
heìght decreased with an increase in the number of fins. The effect
of fin thickness was found to be more pronounced for longer fins than

ìt was for shorter fins.

Soliman and Feingoìd later [12] extended the technjque deveìoped

in [ìl] to obtain analytìcal solutjon for temperature dÍstributìon and



Nusselt number for the constant heat flux condition (constant heat

input per unìt length, and a peripheraìly unìform tenrperature along

the jnner surface of the tube includìng the fins). Ax'ial conduct.icn

and vjscous dissipation were neg'lected and fluÌd properties were

assumed to be constan'u. Forall combinations of H and g, Nu increaseo

with an jnci"ease of M upto a cniìical value and thereafter decreaseo

to reach the value for a smooth tube when the fins fjlled the perimeter

of the tube compìeteìy. The location of the peak value of Nu depended

on the fin heìght. The effect of number of fins and fjn height on

the djmensionless temperature distnibution was also djscussed.

Soliman [13] investigated the effect of fin conductance on heat

transfer by assuming c'ircumferentialìy uniform but radja'lìy úarìabìe

temperature distribution within each fin. He concluded that the heat

transfer characteristics were influenced by a sing]e parameter K,

defined as (ßks/kf). In genera'l, the effect of finite conductance of

fin material was to lower the dimensionless temperature distrjbution
within the fluid and consequentìy the Nusselt number as compared to

the corresponding values for the ideal case of K = -. These effects

l,/ere significant only for 'long fìns (H > 0.4). K had no not.iceable

effect on the location of the peak value of Nu for short fjns, and

onìy a snlall effect was assocjated with lonq fjns.

Local and average heat transfer results were reported by Soliman

et al [14] for a wide range of parameters (4. N < 32" 0"2 < H < 0.8,



and ß = 3o) for the case of uniform outside wall temperature. The

influence of fin conductance was considered while vjscous djss.ipat.ion

and fluìd property variatjons were neg'lected in solvìng the momentum

and energy equatìons by finite difference method. Reported average

Nusselt number data showed considerable enhancement above values for
fìnless tubes, particular]y at M = 16 and H = 0.8. The effect of fin
conductance was significant for M < j6 and H > 0.6; the distribution
of locai heat flux at the side of the fin and along the tube wall was

found to be strong'ly dependent on the values of M and H. For short

fins (H < 0.2), the local heat flux was zero at the base and a maxìnium

at the tìp of the fin and showed noticeable effect of K onìy for ìow

values of M" For long fìns (H > 0.8), the peak of local heat flux
occurred almost midway along the fjn, and again, the K_effect was not

noticeable at large values of M. The distribution of.local heat flux
on the tube wall was also found to be non-uniform except at M = 24 and

H = 0.8. For a given tube (fixed M and ll), the dímensionless temperature

djstrjbution showed strong dependence on K and formed closed loops for
ìong fins.

Analyticaì data for mcmentum and heat transfer jn tubes with

spiral fìns are scarce. Date [3] empìoyed the concept of a rotating

coordinate system to el'iminate the axial dependence of the flow in
a tube with twisted tape insert. He then solved the resu'lt.ing

conservatìon equrations to pred'ict friction factor and Nusselt number

vaJues for laminar and turbulent flovis neg'lecting the thickness of
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the tape and assumìng ìnsignifjcant viscous djssipation and axjal

conduction. The reported laminar friction factor and Nusselt number

data i nd'icate enhancements over correspondi ng va'l ues for strai ght

semì-cjrcular duct but are lower than the experimental values produced

later by Marner and Berg'les [2]. For turbulent flow, the predjcted

friction factor and Nusselt number data were about 30 percent lower

than the experimentaì results available. Date [3] attributed th'is

discrepancy to the inadequacy of the effective-viscosity concept in

model'ling turbulent stresses in twisted-tape flow"

Ivanovjc [4] pred'icted momentutn and heat transfer (constant heat

flux condition) characterjstìcs for lamjnar flow in tulbes with jnternal

spìral fins of zero thickness. He assumed that the contribution of

the secondary pressure gradient, ôPo,/40' , in the axial. momentum equat'ion

was insignificant and showed that the theoretical dependence of the flow

characteristics on o, and Re can be replaced by a s'ingìe dependence on

the product c¿Re at low twist ratios (o:0.3). The frjction factor

normalìzed by the correspondìng value for the tube wjth straight fin
'increased nonl i nearìy wi th sRe for oRe > 50, the i ncrease be'ing

sìgnificant for tubes with a small number of ìong fins (for examp'le,

M = 4, H = 0.8). For large number of fins (M > lB), the increase was

minor ìrrespectjve of the fìn hejght. A qualitativeìy similar

dependence of the Nusselt number (normaljzed by the correspond'ing

value for o. = 0 case) on oRe was noticed. For long fins, the
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distribution of local heat transfer coefficient on the fin surface

indjcated a peak located approx'imately at 0.3 of the fin height.
For short fins, the local heat transfer coeffjcient increased

monotonicaì'iy fnom zero at the base to a maximum a-u the tip of the
ta n
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MATHEMATi CAL FORMI]LATION

Fuììy deveroped iaminar frow of a constant property fìuid is
considered. Body forces are assumed to be negìigibìe. The problem
js formulated for the general case of spiral fins of finite thickness
and finite length" The conservatìon equations describìng the fluid
flow are developed fìrst. Then the boundary condjtjons are specjfjed
for the ìimìting case where the fins extend to the centerline of the
tube.

3.1 The Geometrv

The cross-section of the tube Eeometry under consideration is
shown schematicaììy in Figure'r. The fin profire is defined by two

radial flanks encompassing an angle of 6" and having a variable height.
The tips of the fins are circular arcs concentric with thd tube. ïhe
fins are equaììy spaced aìong the periphery of the tube and ane

tw'isted in the long'itudinal direction. The root of the fin rotates
through lB0'in an axial distance S (Fjgure 2). The twist ratio (u)
i s defi ned as :

Cr = IAny (3.1)
TT_o

S

where y is the angle made by the root o.i

(see Figure ì).
the fin with tube axis



3.2 The Coordjnate System

A fully deveìoped flow 'is characterized by the axial ìnvarjance

of the velocity distribution. For exampìe, in the case of fu1ìy
developed laminar flow in tubes with straight fins, the velocity
distr ibution is ident'ical at every cross-section and the oniy velocity
component is in the axial direction. However, when the fins are

twisted, the fluid part'icres move in a hericar path because the main

flow in the axial direction is guìded by the fins. consequently, the

velocity vector has radial and circumferential components in addition
to the axial component and the stream rines are not straight in the

axial direction. Therefore, if the customary cy'lindrìca'l poìar

coordinate system js used to describe the frow, the axiar dependence

of variabies cän not be removed and the prob'rem must be treated as

three dimensìonal. However, if it is recognjzed that the.veìocity
distributìon will be identical at points that are sim.i'larìy located

w'ith respect to the surface of the fin as one moves downstream, the

axial dependence can be removed by measuring the circumferential
di'stance always from the surface of the fin (see Figure ì). The frow

can now be treated as two dimensional w.ith one obvious difference;
i 'e. points with identical flow characteristics uri'l'l aopear rotated as

one moves axialìy' The relationshìp between the new coordinate system

(desìgnated by r',0', z') and the customary coordinate system (r,0, z)

can be derived by referrìng to Figure 2. A point'A' located on the

fin surface moves an axial distance z and a circumferent.ial distance
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gr .in arriv'ing at the point 'B'*. Thus,

Therefore, the new coordjnate system js related to the customary

one by the fol 1o'lì ng equati ons :

,Iì'

YC
(3.2)

(3.3a)

(3.31r)

(3.3c)

(3 .4a )

(3.4b)

Equatìoirs (3"3) ìmply that v;hen the fjns are twjsteci jn the anti-

clockwise direction and z and z' are measured'in the direction of

axial florn¿, one has to move through a dìstance correspond'ing to

0' = g + nz/S in order to follow a particular particle.

As a consequence of equatjons (3.3), the followjng relations

may be u¡ri tten:

and

and

l'' = r e

1T0, = 0 + S Z,

-lL-L

ô _ä
ôr ãr' '

ð _a
^^¡ tdt, crl

?- ä n ê
-:-'-^-r1;;=.
iìz ò7' 5 du

*Point, 
A, B and C nray be located on Lhe surface of the fjn ai any

radi us r al though ihêy are shou¡n i n Fi çure 2 to correspond to the
.l 
ocati ons r = r^.

(3.4c)
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In the fu]ìy devejoped reg'ion the dependence on the new axial

coordinate z' will be taken to be zero. Mathematically, this .is

expressed as:

(3.5)

It should be noted that, due to twisting, the actual 'length

of the fin contained in an axial distance dz'is greater than that
of a correspond'ing straìght fin. In view of equat,ion (s.z¡ and the
djscussion precedìng ìt, the actual ìength of the fin in an axia-ì

di stance dz' i s :

dt = ¡(dz')z + (r, AO)rj\ , hence

cj.a, = [l + (0 #) 
,f, o=, (3.6)o,

3.3 The Governi ng tqu¡at j ons

The governìng equations are the continuity and the momentum

equatìons. For a constant property fluid in steady laminar flow,
these equations in the (r, O, z) coordinate system are (e.g. see

[15]):

â

^-l 
v.

OL
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Continui ty Equation

AV

OL

'¡x
o {Ë * (rvr)

v9

Axial Momentum Equation

o{v,ï*-þ #. u.*,

# * u,*ãï r," *t . r3'v' - {þ,d| rz A02 àzz

'r ðV^
+' o+

r ä0
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_ lâP
r30 H

/? 7ì

\J.ó/

p{v.#.þ#.+*0,þ,
ratãF

Radial Momentum Equation

âtvo 2 ðv_ ârvo' + _-_ ' + J eâ02 r' ðo 
ðzz

(3.e)

't

(rV^)) + I
92 r-

^p--;i-T dr

r,r âv,^ vo âv. v a'P tv¡^ a" *Ë æ--Ë

, {* (+ * (rv,^))

z ðvo ð2v.^

wz ov r-2t oL

âV
.L \, f1I v 

-r
z

ÔL

l2rr
roV

al r
^2 qn2
too

{3,10)
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tquat'ions (3.3), (3.4), and (3.5) ay"e noi^/ used to transform the

governing equations to the new coordinate systen (r', 0', z'). It js

assumed thai bhe nÌ êcenv'ê Ât .antr po'int in the f low cons'ists of two parts

as fol I ows :

l. A mean pressure, Þ(t'), which is constant cver the cross-sectjon;

the axial force due to the axjal gradìent of Þ(z') is baìancec by

that dire 'uo the shear stresses on the tube r,¡al I and the f .in

s urfaces .

2. A vary'ing component, Po(r', 0'), whjch js'induced in the flow

due to twjsting of ùhe fjn.

Thus,

(3.1t)

Equat'ion (3.5) holds for al I dependent variables except for the meair

pressure Þ(z'); aÞ/¿z' js ä constant for fully deveìopecl flow and can

be expressed in terms of u¡all shear stresses (see Appendix A). The

fjnal form of the governing equations in (r', 0', z') coordinate system

is:

Continuity Equatjon

,.l â /.^r,, r I il ,., r' ,, \ìa iF Ar' tr'Vr) o F æ, (VC + oF- Vr).f = 0 , (3.12)
,o
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Axjal Momentunl Equation

AV- V^ AVnr\/ z+ (f.åorl #l' t'r 3rt , ,o -

= - {-F.çþt +¡r {*, $t,,þ) *

¡2rr
+ (r -d+, + ?t , (3.r3)

,o' y'2 âo ' 2

Ci rcumf eren ti a I i\4omen tum Eq ua t j on

ôV^ V^ ôV^ V V^o{vrd+(Ë*åu,) #**el
Àv 

^1,
- I "'o , r â , I A , ? oo.
= - ,- ã0. + u târJ (F ar- (r'VO)) o ; ãO-. +

r
12v

+ (l ."'+) *t , (3.14)
y.2 ,t27gr2'r\

Radial Momentum Equation

o {v,^þ.,þ.ç u,) # $t
äP^nrn^âV

= -ff*u ,#tå Str,v,)) + #-
^,2 6tz A'V.^

+ (r * q.=) 
- "-L I {3.1s )to' y'2àat2
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It should be noted that aìthough ihe govern.ing equations have been

transformed in the (r', 0', z') coordinate system, the velocity
componentS v,^, vu, and v, themserves are in the originaì F,0o and z

di rect'i on respecti vely.

Follcw'ing Gosman et ar Ir6], axiar vorticity (o) and stream
function (v) are now introduced as main independent variabres. This
allo|s representation of cjrcumferential and radiaJ momentum equations
by a singìe equation for vorticity. Ax.iar vorticity is defined as:

'' âV,=Ë r#_$rr,vu)Ì (3.16)

To derive the vorticÍty equation, the radíar momentum equation is
differentiated with respect to 0' and the circumferentiar momenrum

equati on l^¿i th respect to r' , and the second equat'ion i s subtracted
from the fjrst. Usìng the definition of vorticity, the followinq
final form of vorticity equation ìs obtained:

The Vorticity Equatjon

" v,,o{vr#+(¡3*åurl #,

Ë¡r{'' ff) -u (r.#, Ë#.
o

,âv
+ o0 ¡J-o'z " âV, âVr.

Fo'r,uu'ãË'(t'vo) -#ff1 -o (3.17)
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The stream function is now defined as follows such that the

contìnuity equatìon is'imp'licìtly satisfied:

AV - ^ /rr , 0f'fr=p(vo*ïur,, (3.laa)

lìv

ãfr=-Pr'vr

,l ð /.^, ãvr I ä2v.,rt ãr- \t arJ / ï pîz nr-t 
+

(3.rBb)

substitut'ion of vu and v,^ from equations (3.18) into the def.inition of

vortic'ity, equatìon (3.16), results in the stream function equatjon

which is as follows:

The Stream Function Equation

The physical s'ignificance of the defínitjon of stream functjon

can be appreciated by referring to Figure 3 lvhich shows a control

vol ume twi sted i n the 'l 
ong'i tud j nal dì recti on and i ts projecti on on

the r'- 0'pìane. The project'ion of longitudinal twísted faces ADD'A'

and BCC'B' 'is represented by crossed-hatched areas. Faces ABB'A, and

DCC'D' are crossed by the radiar veroc'ity component v". Thus, the
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mass flow rate through these faces is:

dñ , = pr'V d0'dz'r.r

where r'd0'dz' is the elemental area normal to the flow.

The side faces ADD'A'and BCC'B'are not only crossed by the

circumferential velocjty component v* but because of .twist.ing, these

faces are also exposed to the ax'ial veloc'ity component vr. The total

mass flow rate through these faces js, therefore, the sum of the rwo

contri buti ons. Thus.

,t-uilt^ |
U r

dmo, = gV' (area of face ADD'A') +

o oVz (projected area of face ADD'A' on r' - 0, plane)

= PV. (dr'dz') n PVz (dr'r'd0)

Substjtuting d6 from equation (3.2),

p( vo r'Vz) dr'dz' ( 3.20b )

The definition of stream function via equations (3.18) thus

represents the actual mass flow rates through the faces of the control

volume and (vg - * vr) mav be viewed as the effective ve'locity 'in
o

the ci rcumferenti al d'i recti on . i^/hen there .is nc twì sti ng (o = 0 ) ,

equation (3. l2) takes i ts usual form.

(3.20a)
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3-4 Generalized Representat'ion of the Governing tquations_

The equatìons to be solved are equat'ion (3"r2) for vortjc.ity,
equation (3. l9) for stream function and equation (3. I 3) for axial

veìocìty. As described jn Gosman et al [16]; these equations can be
v^

put jn standard elliptjc form by replacing (Ë * å vr) and v. appearìng
'o L I

on the left hand sides of (3.'13) and (3..l2) by stneam function vja

equat'ions (3.18). The result'ing generaì elliptical equat-ion for any

dependent vari ab'le 6 i s of the form:

. {#r*#)-#rofflr -

Convection Terms

ãþ {0, ¡.þ (co)} # {0, # (co)r +

Diffusion Terms

à-î- (3.21)

Source -[erms

where a, b-,, b¡ c, and d for each dependent varíable are as follows:
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-oÌ

-21tr'ur)urtlru I Ull^' - 
,r) 

l_

o

,'- 1 ,ì *S1 .,¡ ur, I r,{8, ognOvz , u(F ,o, ur' I r'tdz, -;;#t

whe re

,uJ
o

.av
dtù = u å'^' r*# r| tff * .' ${= I

-s-(2r,v *y,2 lYa,r -r,%.,f ,a'y.-y ,_. _Z âf,r, âf, ,Ê l^,Af,æ,o

- o nvr,, 
-,

r â0,,r (3.22)'o "'

âor^
The ternl *i apRearing in the source term of the axial momentum equat'ion

can be obta'ined from equation (3.14) as fo'llows:

&= ,,, ,r.3þ- V, 
--n']q + z nu,,-

ao' tr' ðr' ,,i ðr- ' 
a, , ô0, '-

^.2 ., ð'V^ aV^+ (l + '' r,r) -: --*l - p {r,V, 5f +
tot y'2 âo'2

+(vo-# or)#+vrvoÌ , (3.23)- 'o
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where V, and VU are evaluated from equations (3.18).

3.5 Boundary Conditjons

The equations given by (3.21 ) must be supplemented with sujtable
boundary cond'itions to comp'letely defÍne the problem. Boundary conditjons
are now developed for the limiting case where the fins extend to the
centerline of the tube, thus dividing the cross-section of the tube into
a number of passages as shown in Figure 4. Due to symmetry, only one

such passage need be considered. It shourd be noted that because of
twisting, the flow is not symmetrìcar about the centrar plane 0_8.

In view of the no-srip condition, the verocities are ail zero on

solid walls and the streanr function assumes a constant varue. In the
present study, stream function was assigned zero value on the solid
walls' Thus" the values of velocities and stream function on the four
boundaries, viz. fin surface 0-A, tube wall A_B_C, fin surface C_D, and

the center node D-0 are zero. The boundary condition for vorticitv
is discussed in Secti on 4.2.
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4.0 METHOD OF SOLUTION

In Section 3.0, a set of eliiptic partial differentìal equatìons

descrjbìng the momentum transfer in fully deveìoped lamjnar flow in a

tube with twisted fins was derived from the conservation equations.

The govern'ing equations are coupled and non-linear in nature. A closed

form analytìcaì solution is, therefore, not possjble and one has to

resort to numerical techn'iques such as the fjnite-dìfference method used

here.

4"1 Finite Difference Solution

The starting point in solving a set of pai"t'ia'l differential

equation us'ing a finìte djfference method js to convert these equat'ions

into a set of finite difference equatìons at discl"ete poìnts (called the
¿

grid nodes ) jn the flow field. The process of arriving at the fjn'ite

difference equat'ion is described jn detajì by Gosman et al [.16] and is

summarìzed 'in Appendìx B. BasÌcalìy, it involves ìntegration of partial

differential equatìons over control volumes surrounding grid nodes wjth

assumptìons concernìng the distributions of the varjables between the

nodes of the grid. A cross-section of one such control volume js shown

jn Fjgure 5 by the cross-hatched area" The final outcome of this

anaìysìs js the follor,rìng successive substitutjon fornula:

QO = C'OE o CWOW * CNaN + CSrÞS + D 3

See Figure 5 for illustration.

(4.1)
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where the C coefficients represent convection and diffusion of variable

g vlhereas D represents its source.

Source terms usualìy conta'ined fjrst and h'igher order derivatives

of the Q variables (see Section 3.4). These derivatives were put in

fjn'ite djfference form usìng weìl known central d'ifference formulae.

For'ward and backward difference formulae were used to evaluate the local

wall shear stresses which involved first derivative of velocities at

the solid l^ralls (see Appendix A). A revjew of finite difference

representation of derivatives is given jn Appendix C.

4"2 Vorticjty Boundary Condition

The boundary conditions for axial velocity and stream functicn

have already been indicated jn Section 3.5. The boundary condition for

vorticìty can be derjved by assuming suìtable shapes of ve'locìty profì'les

jn the near-wall negion. The vorticìty boundary conditions appl icable

to the four boundaries are (see Figure 5):

Fin Surfaces 0*A and C-D

lv -\j I\'n 'nal
_ a v ttv

^^" pn'
I
z U

no
(L 2\
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Tube lnla I I A-B- C

6(3n - 2ro) (vo - vno) 2(n - ro)
--rì thn - /tr Iv \Jrr - .+t 

^l ^^2J eil, - Gñ-:-"iJ 'no -o) no

G (3ro - 2n) (3n - 2ro)
(4"3)- [ -^ rc'--a¡;t Vz,no

Center Node D-0

(¡ = 3=6 (*g-- *no) 
- g ,,ì + g- Ë \t | /1 /1\*o 5 pnr 5 *no to 5 'zno ' \'r"i/

The derivation of vorticity boundary condition can be found in Appendix D.

4.3 The Computational Procedune

Equatìon (4.1) can be written for each variable Q at every

interior node of the domain of interest and the ô conditions can De

spec'ified at the boundaries. Thus the set of finite difference equations

is a solvable one. However, s'ince the C coefficjents and the source

term D in equation (4.1) are themselves function 9f 0, ärì jterat.ir¡e

sol uti on procedure i s needed. The Gauss-Se'i del j terati ve technique

described by Gosman et al [16] was used to solve the finite djfference

equations. The follorv'ing range of parameters was covered (with ß = r/60

radi ans ) :

4<14<12
'i0 < Re < 1000

0 < 0 < 0.5



2ALA

Here, comments on the upper limit of Reynoids number and twjst ratjo

are 'in order. There is sufficient evidence 'in the I iterature based

on experimental results 11" 2] to believe that for Re > 1000, the fjow

through tw'isted geometnies may be near transition or already in

transition. Thus, a vaìue of .1000 
appears to be a sujtable limit on

the Reynolds number to ensure laminar flow condjtions" The maxjmum

value of the twist ratio commonly used fall in the v'icinity of 0.5.

Eleven out of the thi rteen spi ra'l f inned tubes tested by Watk'inson et al

[l] had twjst rat'ios less than 0.5 while the remaining two had twist
ratio values of 0.52 and 0.53. Thus, the range of the present'investìgatìon

covers the majority of appìicatjons"

A flow chart and listÍng of the computer programme'is g'iven in

Appendix E. The principle features of the computational procedure are

summari zed below:

a) Iteration Scheme

0ne comp'lete iteratjon cycle consisted of three sub-cycìes, one

for each of the three variables. In each sub-cycìe, the field was

scanned row by row, and a single variable was updated us.ing equation

(4.1). A signìfìcant advantage of this type of scannjng vvas that the

newìy computed 0-values were used as soon as they became available

thus accelerating the convergence. when all the sub-cycles had been

completed, vort'icity values were calculated on the bourndaries (boundary

condjtions of axial velocity and stream functjon did not require

iteration)" and the axial velocity field was re-adjusted so that the
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mean axial velocity corresponded to the known Reynoìds nunrber. A ne\v"

ì terat jon cyc'le began and the procedure h,as repea üecl unti I the changes

in the values of the var"iables between successive i terations L.ecame

!^Lr" ^*^-'|r. The term ðp^/ô0' appearing in the source ierm ofdLLtrfJ LcU r.y >ilrd | | 
v

'Lhe axial veloc j ty rvas upclated perì odìca'l'Ìy to ensure stab j l'ity of

the i terati on process " Af ter a s ol uii on had converged, the f ol I orr.'ì ng

parameters hrere cal cul ated:

(j ) Fr j ctì on FacJor

Reyno'lds irumber and fri cti on f actcr were def i ned on the l¡as j s of

actual mass flon rate" Thus:

ano

wne re

ano

^ ZrirKê=-.,TrU

_2 ^r 5 _l¡ frtn rìPt-wl\
^ i rltt t )

m2 uL

rñ = oA^ V' Ta z"fr

A,- = F^: {ri - M$ (2H - H'Z)Jra o

', (Y^ ¡D^
v-, ,,, = #- | " I ' v_ r' dr' clo'L,'L' -'fa Jf-0 J0'=0 ¿-

(4"5 )

(4.6)

(4.7 )

( 4.8)

(4.e)

The tern dÞ/dz' '¿ras evaluated for each jteration via wall shear
siresses us'ing the rel ati ons devel oped .in Appendì x A.
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(ii ¡ Resultant Secondary Velocjry

Resultant secondary ve'locity (V^ ) r,vas defined as:
J

(4.10)

Thus, the djrection of v, relative to that of vu was given by Tan-l
(vrlvo). The mean value (vr,r) was calculated from equatìon (4.9) with
v, replaced bJ vs. s'impson's r/3 rule was used to evaluate the double

i ntegraì i n equati on ( 4.9 ) .

(ii i ) Local t^tal I Shear Stress

Local wall shear stresses were calculated using the relations
derived in Appendix A, namely:

äV
,tz=u5t' (Tubel.taì1) (4.11)

,tr= i+ (l oz*r,l#+ugfS-51,o vu , 
% 

(æi* æ+) (Fin surfaces) (4.12)

b) Grjd Sjze

The effect of grìd size on the predicted values of frjction factor
was investìgated, both for stra'ight and spiral finned tubes. Four

different grid sizes (il x ì1, l3 x 13, ls x l5 and l7 x l7) were used

for th'is purpose " The predicted va'lues of foRe (for straight f ìnned

tubes) and f/fo (for spiral finned tubes) are listed in Table I for
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Ivl = 4, B, 12; a = 0.3, 0.4, 0.5; and Re = 1000. For straight f.inned tubes,
the effect of increasing grid size was to bring the predicted foRe varue
increasingly closer to the exact solutjon due to Soljman and Feingoìd
Ill]. The increase in grid size, however, resulted in jncreased computatjonal
cost. Hence" the rb x r5 grìd size was chosen as a compromìse between
accuracy and economy.

al I¡ili a I Condi ti ons

Initial conditions needed were the number of fins, tiry.ist rat.io,
Reyno'l ds numben, ârd the dÍ st.ibuti ons of ver oci ty components , vorti c.i ty,
and stream function. The axial velocity field was jnjtjaljzed with the
mean axial velocity corresponding to the Reynolds number; the remainjnq
variables were initjalized wíth zero everywhere.

d) Convergence Cni teri on

An jterative procedure is said to have converged when the values
of variables between successìve iteration cyc'res are acceptabìy smail.
The convergence criterjon was expressed as:

As can be seen frorn Table l, the lS
numerical accuracy for spira'l finned tubes

x l5 grid sjze gave sufficjent
+

as wel I

, 14 = 12" a = 0.5¡ âfld
the i5 x l5 gr.id sjze

There-were exceptlo!! to this trend, ê.g.Re -- 
.i000. 

(See_Tab.le ì ). ñevertneiess,
was chosen for all predictions.
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| .N N-r Ito -ó |
'-lLL-l-.--; lrefltol

'max

(4.13)

rof t\l

ô'"' was assigned the value Q" for axial ve'rocity. For vorticÍty
and stream function, ON was nearly zeno'in certa'in regions of the flow

and cc became ìarge even though oN - oN-l *u, smail. To avo.id this,

d,'"' was defined as follows:

(,"er = tioNl * lorl * lorl* lo* lvq (4.14)

The solution was declared to have converged when cc became less than

0"001 for al I three variabl es .

e ) Rel axati on Factor

In generaì, no relaxation was necessary to achieve convergence

in the majority of cases. However, for high twjst ratio and/or hjgh

Reynoìds number (usuaììy such cases occurred when the product clRe

exceeded 300), the process failed to converge of its own and it became

necessary to under-relax the variations of the r¡alues of strean

functj on and vorti cì ty between successj ve i terati ons. val ues of

relaxatjon factors for stream function and vorticìty were typica'lìy

0.6 and 0.4 respectiveìy.
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t) \14ñr | 11\'JUuvl¡l¡/J

An iterative prccedure 'is stable jf the changes

the variables between successive iterations dinrin'ish

The present cornputat'ional procedure became unstable

ci rcumstances:

in the values of

nronotoni ca1ìy.

under the fo.l ì or^ri ng

(i) l¡Jhen the spacìng between the grìC ìines'in the radial direction

was snall l<l/j4), the wal'ì vortìc'ities calculated from equal,'ions (4.3)

and (4.4) becanre unrealistìcaì'ly very ìarge and instabil'ity occurred.

To avoid thjs difficu'lty, the wall vorticjtjes were remo'.,ed from the

substjtution fornulae for the near-wall nodes by once-for-all algebraic

elimjnat'ion. The impllcit formulatjon of vor['icity boundary condition

is given in Appendix F anci l^¡as used for all predictjons.

(ji) At hjgh tw'ist ratio and/or high Reynolds number (usuaììy oRe> 300)

the source term of vorticìty equation became very'large causjng the

value of vorticìty to alter greatly from the prevíor,rs itera'tion. This

caused the streanr function to change greatìy as rrorticÌty appeared jn

the source term of'Lhe stream function equation. The greatly aìtereci

stream function perturbed the flow further. Date [3] has used the so-

called multj-pc'int c'ircujation adjustment procedure to cure the

instabjlìty. In the present analysis,the nlore conventional procedure

of uncjer-relax'ing the streanr function and vorticity equations proved

equa r ry eïrecrj ye 
"
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Tables 2 through 4 l'ist ihe number of iterations needed for
convergence [with initia] concljt'ions as described jn sectjon 4.3c)]

and the maximunr residuals for the dependent varìables for M = 4, B, and

12 respectiveìy at several values of cv and Re. The number of iterat-ions

to convergence increased rapid]y as (i) cr increases at a fixed Re, or

(ii) Re increases at a fixed o, indjcatjng the jnstability due to stream

function-vorticity linkage discussed earlier. convergence was also

affected by the value of rnr, and in some cases (notably high u and Re)

rapid nates of convergence were noticed as the value of M íncreased

from B to 12. in all cases, convergence f^las governecl by the stream

function-vortjcity linkage; axial velocity consistently behaved well.
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5 . O PREL IMI NARY STUDi ES

5 . I Strai ght Fi nned Tubes

Series solutjons for friction factor and velocity distributions

for laminar flow in tubes wìth jnternal straight fins are available

due to Sol'iman and Feingold Ill]. Computations v/ere performed to

compare the results of the present investìgatìon wjth those of Ill].
As'indicated in Table 5, the agreement on friction factor values js

v¡ithin 1.3%. The computed velocìty distributions at the axjs of

symmetry (o' = 0o/2) are plotted in Figures 6-8 along w'ith the results

of [lì] for M = 4,8 and 12. As can be seen the agreement js very good.

5.2 Tubes with Twisted Tape Inserts

The geometry of a twjsted tape insert in a tube'is equivalent to

that of a tube with two oppos'ing fuìl fjns of zero thickness. in

Figures 9-ll, friction factor results are compared w'ith those of Date

t3]. At o. = 0.'l , the agreement is within 8.3%, but the agreement

becomes somewhat worse at higher values of u. Date [3] has reported

that at low Reynolds number (Re <-100), the frictjon factor data converge

on the value for a straight cìrcular duct irrespective of the value of

the twist ratio. In the present jnvestigation, frjction factor

approached almost a constan'u value at 1ow Reynolds number (Re.-50),

but alulays remajned greater than the value for the o = 0 câse. To
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explore the.probable cause of the d'iscrepency, computatÍons were

performed at o, = 0.5 and Re = slS and 700, The distrjbution of

resultant secondary velocjty as reporterl by Date [ì7] for c = 0.5 and

Re = 515 shows certain anomal ies. physical ìy, vs/vz,¡ Should increase

f inearly with rad'ius to reach a max'imum value near the tube wall; and,

on solid walìs, v, /vr"^ should be zero in view of the no sììp condjtion.

Thi s type of pattern v¡as obtai ned i n the present computatÍon ( Fi gure

12)" Qualitativeiy sjrnjlar distrjbutjon was also reported in IlB] for
turbulent flow in tubes rvith tw'isted tape inserts. 0n the contrary,

Date's [l 7] resul ts j ndi cate a trend whereby u s/u 2,, i, I argest near

the center node (See Figure'12)" In addition, Date's secondary velocity
data i nd j cates that vr/v z,n is h'i gher near tape surface 0-A than i t .i 

s

near C-D lryhich is unrealistic.

In F j gure '13, the equ'ivel oci ty l i nes lv z/v z,*J ur" compared wì th

[17] for cr = 0.5 and Re = 700" The effect of twisting in the asymmetrìc

pattern of velocìty profiles is more pronounced in the present

pred'icti on .

The aforementìoned anomaljes in Date's [3, ì7] predictions nray

be mainìy due to the error in his formulation of vort'icity source term

which is reproduced here: [also see equatìon (3.22)J

rLù - flr' .âv,L' - S Læ-r-
(Id
1:'r r är'

t,^t ãV I
\ | 'àY1-) (u rr'')]

0rr' â- --S- âr-

âVZ { a,'v - prr'- nur-. 
-.,

âr' 'är'â0' s ão'r J
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Besides, his impf icit formulation for vortjcÍty boundary condition is
inconsistent with the successive substitution formula, equation (4..l),
from which it has been derived. In add.ition, Date,s [rz] method fon
removìng instability due to stream function-vortici.ty lìnkage appears
to be in error due to omission of densitv (p) throughout the anarvsis.

Since Date's work, experimentar isothermar friction factor
results have become avairabre through lrlarner and Bergres [z] for

"laminar 
flow in a tube with twisted tape insert. Their resurts for

cr = 0.5 are indicated in Figure ìr and compare weil with the present
predictions based ofl g = g*

In víeur of the above, it was concluded that the
schenle (as developed) was performi ng sati sfactori ly.
predictjons involving M > 4 were then undertaken, and

presented and cijscussed in the next section.

pred'icti on

ïhe rnai n

the results are

The test section used jn [Z] corresponds to ß , Z.bB".However, with F1 = z üre eirect of finite thickness wiilbe minor" Also, sjnce f and Ru'uru in¿epen¿ãnï'of thef I ui d properti es ,, the present prygi cti oni 
-ärã 

ãi rectìycomparable rvith the results of lZ1.
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6.0 RÊSULTS AND D-I SCUSS ION

Selected sanpìes of the cl'istributjons of axial ve'locity, resultant

secondary velocity, and local wall shear stress are presented in F'igures

l4-45. The effects of trvist ratio and Reynoids number on predicted

friction factor values are shown i n F'igures 46-5.]. Certain characteristics

of the flow are given 'in Tables 6-8 and the friction 'Factor data are

listed jn Tables 9-lj. Local values of axial velociiy and resultant

secondary velocity are gìven in Table l2 for Several values of M' a' and

Re.

6. I Axi al Vel oci tY Profi I es

The effect of jncreasìng cr from 0"1 to 0.5 at Re = 1000 on the

ax'ial velocity dìstrjbution js shown jn Fjgures l4-16 for M = 4' At

c¿ = 0.1 (Fìgure l4), the equ'ivelocity lines are almost symr'tetrical about

the ceniral p'lane and the effect of twi sti ng j s not'iceabl e only as a

relatjvely snraì j shift of the peak of the axial veioc'ity in the

direction opposiie to the fin twjstìng. This is due to the small

magn'itudes of secondary velocities generated; the nlean resultant

secondary ve j oc'it-v, vs,m, bêì ng only 6.5% of the mean axi al vel oc'ity '

V (See Table 6). As the twist ratio js jncreased, the secondary
- zrfr

veloci ties generated become increas'ingly s'ignìficatrl ([Vs/V.,*l*u*n =

20.4% at cr = 0.3 and 34.4% at o = 0.5) causing the flov'r path to beconle

increasìngly hel'ical. The axial velocity dìstrjbution, consequently'

beconles i ncreas j ngìy asyrnnetri c a[:out the central pl ane and the peak
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js shifted ìncreasingly away fronl the central pìane in the d'irection

opposìte to fin twìsting (See Figures l5-.l6). Because of the helical

nature of the flow, the fluìd partìcles r¡rith greater velocities move

outwardly towards the solid walls thus increasing the veloc'ity gradients

near the walls. For a constant mass flow rate, continujty can only be

sati sfj ed by a rel a'Lì vely f I atter vel oci ty prof ì'les . Th'is fact i s

ev'idenced in Table 6 r^¡here a decrease ìn [v ,/Y r,^)^u* ìs notjced as c¿

increases;thedecreasebe'inglÌìoresignificantathigherRedueto
'l arger Secondary ve I oci ti es generated ' For examp'le , f or an j ncrease i n

s from 0.1 to 0"5, the flatten'ing (clecrease in lV z/U r,*lru*) ìs 0'9.l%

at Re = l0 as compared to ll .49% at Re = 600 and 13-10% at Re = 1000'

The effect of increas'ing Re from 100 to 1000 at a = 0.4 on the

axial velocjty dìstr"ibution js shown in Figures 17-19 for M = 4' At

Re = 
.]00 (FiEure l7), the effect of twistjng is negligjble; the

equive'locjty lines are eSSeniialìy symmetrìc about the central plane

where the peak of the axjal velocity (differing insignificant'ly from

the value for o = 0 case) is also located. The effect of twisiing

ìs, however, apparent at Re = 500 and Re = 1000 (See Figures lB-19)'

I t i s seen that as the Reynol ds nutnber i s i ncreased, the prof .il es

agaìn become increasìng'ly asymmetrjc and the peak of the axial velocjty

is shjfted increasìng'ìy away from the central plane' As can be seen

from Table 6, flattenjng w'ith Reyno'ìds numbelis greater at a higher

twjst ratio vtz." for an increase in Re from l0 to 600' the decrease

. -tt trt 'lrn Lu zluz,mJmax 
'is 2. 40% at ry = 0'l and l2"Bz% at o = 0'5' similarìy'
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the decrease is 9.00% at o, = 0.2 aga'inst 'l 4-65% at cr = 0.4 when [ìe is

increased from l0 to 1000.

The effects ofs and Re on the ax'ial velocity distribution are

s hown i n F'i gures 20-25 for 14 = B and l2 . As can be seen , the af fects

are qualitatively simjlar to those described above for M = 4. At

small cr or small Re (F'igures ?0, 2?, 24-25), the effect of twist'ing ìs

minor. However, as cr (at fixed Re) or Re (at fixed a) js jncreased,

the profì1es agajn become asymmetrìc and flatter. The shift 'in the

locatjon of [V-lV_.-]_-.. is less for M = B and l2 as compared to that" z' z,m-max

for l'l = 4 due to reìatively smal ler flow area. In generaì, fìattening

wi th Re decreases as l'{ i ncreases . For exampl e, at o = 0.3 the decrease

in l-V lu I is 13.03% for M = 4, 10.01% for l'1 = B, and 6.71% for'" z' 'z.m'nlax

14 = lZ as Re increases from l0 to 1000. Flattening wjth a shows no

distjnct pattern as M is increased. At Re = 10, flattening is 0.91%

for 14 = 4, 2.67% for M = B, and 3.33% for M = l2 when o. increases from

0. I to 0.5 whereas the correspondi ng ì ncrease i n fl attenì ng remai ns

almost constant v¡ith M at Re = .1000 (13.1% at M = 4, 14.01% at M = B,

and 13.86% at lul = 12).

3P /00'
In Tables 6-8, the maximum value of * f*g--: js listed at

'o dP/dz'
several values of cre Re, and M to jndicate the significance of the

AP

term S -^f in the axial momentum equation (3.21) reìative to the
' o '" Po/äO' .axial pressure gradient, $. The magnitude of the terrn * f-l-Lro -dP1¿7' -

increases with o and Re irrespective of the value of M.
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Date [3] has reported that for flow in tubes with trvisted tape

jnserts, the ax'ial velocity dìstribution shows two peaks at h'igh twist

ratio (o = 0.7) and hìgh Reynolds number (Re = 1200). From the axial

velocity profììes presented here, occurrence of trvo peaks seems likely

for M = 4 at cr > 0.7 and Re = 1000. For 14 > 4, such peaks may not

exjst due to smaller inter-fìn spacings. However,'in view of Date's

[3, ì7] errors as mentioned in Sect'ion 5.2, no conclus'ive statement

can be made in this reqard.

6.2 Secondary Velocity Profiles

Secondary velocitìes are generated due to twistìng of the fjns.

Since the flow is guided by the fins, the flow is in the directjon of

fin twistìng everywhere in the flow field. This fact is evidenced in

Figures 26-27 where the resultant secondary velocity vectors normalized

by the mean axial velocity va'lue are p'lotted for M = 4 and B

respectively at o = 0.5 and Re = 1000. Length, direction, and taìl of

the arrows respectìvely represent magnitude, direction, and location

of the resultant secondary velocity ([Vr/Vr,*]) vectors. The nragn'itude

of resultant secondary velocity increases with radius to reach a

maximum value near the tube wall whereafter it decreases to become

zero on the wall " The distribution of veloc'ity components are

asymmetrical about the central plane (See also Table l2)" As can be

seen from Tables 6-8, the magn'itudes of secondary veìocitjes increase

with twist ratio indjcatìng that the flov¡ becomes'increasing'ly heljcal
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as the twjst ratio is increased. The magnitudes also increase with

Reynoìds number as the helical flow speeds up although' as expect'ed'

the ratio IV-lV- -.]*^-- renains almost constant. At a g'iven tv¿ist ratio
z , nì-mean

and Reynolds number, I\is/vr,,,,]n,.un increases wjth M due to jncreasìngly

snlal I er f I or¡j areas i nvol ved. In the present j nvest'igatì on the nean val ue

of V^ /U- ^ was found to lie between 0.062 to 0.365'
5 ¿ elll

6.3 Distribution of Local |nJall Shear Stress

The varjatìon of local wall shear stress normalized by the average

va'lue over the entjre crosS-Section is shown in Figures ?B-45 where

the left distribution corresponds to fin surface 0-A and rìght

djstribution to C-D as per Figure 4. Table 6-B jnclude average values

of shear stresses aìong the tube urall, fjn surfaces, and over the entire

cross-sectìon based on ro = 0.02 m and air as the working flu'id.

F'igures 28-30 deal wjth ti1 = 4 and Re = .1000. At q = 0.1 (Fìgure 28),

the djstributions along the fin surfaces are onìy s1ìghtly asymmetric

t-2 ¡ ,rtri I e al ong the
'-oa
*,,hn ,.,r'rr l- = 0.3960 x l0-t N/m'), the distributìon is almostLUUS v'¡orr \,abc

symmetric with a peak occurring m'idway between the fins. Thjs was

expected in vjer¡¡ of the small secondary velocìtìes generated and the

distrjbution ot'axial velocjty already discussed. At a = 0.3 (Figure

29), the distributjons on the fins beconle asymmetric. These shear

stress distributìcns a'long the f in surfaces are characteri zed by a

terrace iike shape along the fjn surface 0-A wjth a peak value that

{¡¡n¡nrÉt
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is about 33% lower than that for fin surface C*D. The distribution

aì ong the -uube rntal I al so becomes somewhat asymmetri c w'ith the peak

shifted jn the direction opposìte to the fin twjsting. Average shear

stress along fin surface C-D is higher than that along fìn surface 0-A

_2
by 0".l745 xì0-'N/¡12. A furthelincrease in s, to 0.5 causes the shear

stress distribution (F'igure 30) to become more asynlmetric, both along
a

the fin surface and ihe tube wall (roa = 0.6423 x l0-' i\l/mZ, tcd =

-2^c0.8795 x l0-¿ N/m2 and rabc = 0'6373 x l0-' I'l/m2 ) as the secondary

velocities generaied become sign'ificant ([Vs/Vr,*],n.un = 34 .47") - As

can be seen fronl Table 6, the effect of increas'ing tl.rìst ratio on the

di stri but i ons of wal I shear stress j s si gni fi cant only at hi gher

Reynoìds number; ai low Reynolds number, ê,9" Re = .l0, the average wa]

shear stresses on both fin surfaces are alnlost the same.

The effect of increasing Reynolds number from 100 to 1000 at

cr = 0.4 on the distribut'ions of wall shear stress is sholvn 'in Figures

3l-33 i'or M = 4 and is the Same aS a'lready d'iscussed; asymmetr,v is

signìficant only at Re > 500 and c¿ > 0.2 (see also Table 6). However,

it should be noted from Tables 6-8, that even at very ìow Re and o.,

e.g. Re = l0 and cr = 0.1, the average ulall shear stresses are somewhat

greaier than the cr = 0 case due to wh j ch fri cti crn fac'Lor i s alvrays

greater rhan for the s = 0 case. This poìnt is discussed further in

the next sub-secti on.

Similar affects are associated with the distr.ibution of shear

stress for 14 = B and l2 (See Fìgure 34-45) w'ith the follovling

excepti ons:
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(r l The distributjon along the tube wall js almost symmetric even

at high ct and hìgh Re" e.g., M = B, ü' = 0'50 and Re = 1000

^¡ \(Frgure Jbl.

(ii) For M = 12, the terrace like shape as discussed jn connectjon

with M = 4 is not found (Fìgures 40-45)'

Both (i) and (ii) above are due to the relatjveìy smaìler fjow

area available for M = B and 12.

6.4 Friction Factor

For a tube w'ith straight fìns the product foRe depends on Þ1, H,

and ß and is a constant for a g'iven combinatjon of these parameters'

However" wjth fjnite tvlisting fRe becomes additionaliy dependent on

o. and Re. The ratio of predicted friction factor (f) to the value (fo)

for a iube lvith straight fins is listed in Tables 9-ll for several

combinations of |\.1, cr, and Re. Computed values of foRe aìong with those

due to [1ì] are g'iven in Table 5 for lvl = 4, B, and 12. in Figures

46-48, the varìation of f/fo with cr is plotted at serreral Reynolds

number for 1,1 = 4, B and l2 respectì vely. In general , f /f o i ncreases

non-linearìy frorn 1.0 (at o = 0) to a nlaximum value (at o. = 0.5) whjch

depends on the conlbination of M and Re. For exampìe, at M = 4 and

Re = 1000 the maxjmum value of f/fo is 2.297 indjcating an increase

of 129.7% in frìction factor over the value for a tube w'ith stra'ight

fins while the corresponding 'increases are l18,\)ï" for M = I and 103'8t¿

for M = 12. At low twjst ratjos (= 0.05 for M = 4,0.-l for 14 = B,
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and 0.2 f or M = ì2), f /f o 
'ts somewhat 'independent of Reyno'lds number.

This is due to the small magnjtudes of secondary velocities generated;

consequent'ly, the contributjon of the grad'ients of secondary velocities

towards the pressure drop is insignÍficant (See equatìon (4. l2) ).

However, due to the addit'ional term involv'ing the derjvative of the

axjal velocjty and the fact that Ao/Ao tl (See Tables 6-8), f/fo a'lways

remajns greater than unity.

The effect of Reynolds number on predìcted values of f/fo'is
sho'¡rn'in Figures 49-51 for M = 4, B and 12 respectr'veìy. At ìow Reyno'lds

nL¡nlber (up to Re:100), the increase is insignificant due to small

secondary velocjtìes generated and the consequences thereof as dìscussed

earlier. A further jncrease in Re causes f/fo to increase in a somewhat

exponentìa1 fashion. A lower value of M yìelds a greater jncrease in

f/fo vaìue ìn the latter region. For exampie, the assocjated increase

in f /f o for an increase in Re from l0 to .1000 at s = 0.5 'is about 6l%

for M = 4 wh'ile at M = 12, the correspondìng increase is only about 13%.

This js due to the reason that at hìgher values of M, the increase in

f/fñ is governed by the mere presence of fjns and the secondary flows

n.nJruted due to twisting become of minor significance.

6.5 Empirjcal Correlatjons for Friction Factor

The dependence of f/fo on cr and Re can be descrjbed by the

fol lowing emp'irícal formulae:
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I = I + oâl Rea2 fcr Re < loo
T-

^

= (100¡42 oal +-exp[arcx (Re - .l00)] for 100 < Re < 1000

where the coeffìcients a.,, ã2" and a, depend on the value of M and are

g'iven below along l^rith the standard devìations and maximum (absolute)

errors:

- tt t, tt tr..r.rr t

4 Llg 0"040 0.00140 ?.397 4"469

B 1.05 0.060 0.00090 2.907

12 1.02 0"ll8 0.00020 3.691

7 .493

9.710

Standard devjatjon and maximum (abso'lute) error were defined, respectively,

Standard Dev'iati on

N

ii {ff/r o)corrurated - (r/ro)pre¿i.r.o}'/Nltá
x 100Average (f/fo) correlaied

Max'imum (Absolute) Err.or

/c/f, \ [¡-tç, I\'/'o/correlated - \'/'o/predicted 
I x looreorrelated -l ^¡v\r

'max
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7 ,O CONCLUDING REF1ARKS

The fol I owi ng conc I us i ons

present i nvesti gati on:

can be dralvn from the results of the

I ) The axial veloc'ity distributjon becomes 'increasingly flatter and

asymmetrìc about the central pìane as the twist ratio or Reynoìds number

i s 'increased.

2) The majn flow in the axial direction is guided by the fins.

Secondar.y vel oci t'ies are, therefore, present due to tw'ist'ing of the

fins, and they jncrease'in magnitude as (i) twist ratio is increased

caus'ing the florr to become increasing'ly hel jcal; (ii ) Reynoìds number

'is jncreased caus'ing the hel'ical flow to speed up.

3) The cjrcumferential velocity is in the direction of fin twisting

everywhere in the flow fjeld. Thus, the flow does not represent

reci rcu I ati on .

4) The magnìtudes of local wall shear stresses jncrease with twjst

ratio and Reynolds number as the axial velocity distribution becomes

flatter and the magnitudes of secondary velocjties generated become

siqnificant.

5) The distributions of local wall shear stress on the fin surfaces

and, in some cases (notabìy high twìst ratjo and Reynolds number) on

the tube wa'ì1, are high'ly asymmetrìc. The average wa11 shear stress

on fjn surface C-D is higher than on 0-A (See Tables 6-8)"
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6 ) Fr j cti on factor i ncreases non- I i nearìy w'i th tw'ist rati o and

Reynoìds number and is always greater than the value for a tube rvith

stra'ight fins. The effect of Reynolds number is, hotvever, notjceable

only for Re > - 
.l00.
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8"0 REC0MMENDAION FOR FUTURE EXTENSI0N r^tORK

Several extensions of the present work are possible. A few topìcs

are listed below:

i) Momentum transfer characteristics for ful'ly developed laminar

flow in tubes with spìra1 fjns of finite thjckness and fjnite length.
This wjl I require specification of boundary conditions for vorticjty,
streanr function, and axial velocity on r'= 0,0 < 0'< 0o; 0'= 0,

0 < r' . ri; and 0' = 0o, 0 < r' . ri (See F.igure 'l ). Efforts are

already underway to predìct friction factor characteristics for this case.

ii) Heat transfer charactenjstics for fully deveìoped laminar flow in
tubes with spiraì fins of finite thickness and finite length for
constant heat f lux and constant wal I temperature boundary cond-it'ions

including the effect of fìn.ite fjn conductance.

iii) Laminar fluid flow and heat transfer characteristics for flow
through annul j wi th i nternal spi ra1 fi ns.
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APPENDIX A

FORMULATION OF LOCAL WALL SHEAR

STRESS AND THE MEAN PRESSURT GRADIENT

The stress tensor in (r,0, z) corrclinate system js [15]:
rl,ovr¡-'Y 2 fü.illIaar=UtzAr -3\v'u)J

.ðV V ^r = ,, t2(! o * Fl - ¿ rü"iltl.e0 ts .-.r ã0 Yt 3 \Y urr

\ll
Õv(. z 2 ¡-J tlr,urz= v \¿- - 3 \v"v/J

r =r =, l^Àrvot*l ovr.,
'r0 'tr F ''âr tr' r ð0'

âV- âV
'r = 'r =r, { '0 * | -'Z'l
'02 '20 * 'ðz r ð0'

ðV âV
'r = T = ,t { Z + 

"'F'l
'zl' 'rz * 'âr àz'

(n"t¡

These stnesses are transformed in (F', 0', z') coordinate system

using the condition of ful'ly developed flow and notìng tfrat ü"i is zero

'in v j ew of the conti nui ty equati on .



AV

T=?ttì^'rr ðr'

., âv^ \/-
r = 9r, (l ç + f \'00 L|.¡ rr' A0' y't

AV
r=2tr0'z'zz ro ð0'

T = T = ,, {rt â ,'Vo',, * I uo,',
'1^0 '0f F L' âf' \fr/r f' 40"

. ¡ a. âvu I âvrt
,02-,zg- u ,¡oãê--Fã0-/

av - ^ âv,^
T = T =,,( 

L + q f \'zr 'rz u t âr' ro â0'/

AV"'z
T='tz F âr'

(A.2 )

The total axial shear stress is, therefore:

T. = T + T^ -l- TTZ ZZ AZ rZ

= # (1 + 29 "') * + u s-:5-. ', /ôv¿ o g-51 (A.3)r, -[, / 40, '" %ãO--u \ðr-¡--ut',

In view of the no-s1ip condition, the expressjon for local axial wall

shear stress is simplified as follows:

Tube tnlal I

(A.4)
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,t, =Ë t, * z *r'l * + u rct,nvu, 
ðv.',

%'Jagi*uç(æi*æ-) (4.5)

Fi n Surfaces

ïhe average uraìl shear stress can now be obtained by evaluatinq the

followjng ìntegraì numerjcaì ly:

t-â\/

where A. 'i s the tota I surf ace area of the tube and f .ins i n an axi a I

ìength dz' of the tube and is evaruated as folrows:

+ l, dA
^c ,0. tz c (A.6)

(A"7)
(

A^= | dAL /n C.A

where,

dA. = rod0'dz' + ? {l + ot( r'/ro)r}1 dr,dz, +

Tube ldal I Fin Surfaces

{l * q2 (r./r \2 
tÀ

. 1 o. j' ,jdO,dz' (A.B)

Fin Arc
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Thus, A. = rodz' I:' d0' + zttdz fit ,, + q,'(r.i /ro) j" dr' *

Tube tolal I Fì n Surfaces

+ M {l+a'(ri/ro)'}\r.dz' f do'
.R

Fi n Arc

= 2Mro rfi - g(l + o')\j dr, r

Tube l¡Ial I

c

+ (l + o, =l=)'')\l dz' +
to

Fin Surfaces

r.'
ti ) 1 ll< | |+2Mrrg(ì+úìz)'oz' ,ror6¿>0 (4.9). ,o

Fi n Arc

+ M [ro (1 + cr')' - ,r(l+o2 
ç 

,t*{l,n(o.+( t+azþ)-ur(.,; +

Foru=ou

rZttA =rdz' Ico)
o

tY rß
do' + lhdz' I o d"' + Mr-. dz' I co '

)Y. 1 Jr -R

Fin Surfaces Fin ArcTube Wal I
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= zl4yo(ft - g) dz' + 2M(ro - ri) dz' * ZMrÍß dz'

Tube Wall Fin Surfaces Fin Arc (4.10)

A force balance over a control volunle of lenqth dz'yields:

ÅDuf Å-l n - - ,ì--i=r wL /.1 - - L flaz' ra av c'

thus,
-ndP 'av ^c

dz, = dz-Ar_ '
tct

where

Afu = "ot {r - MÊ(zH - H'z)}

(A.rI)

(A.r2)
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APPENDIX B

DERIVATION OF FINITT DIFFERENCE IOUATiON

The general elliptic partiaì differentjal equatìon for any

dependent variabl e ci 'is :

,?, t, ðVr ð ¿, âVr.*.1. .)fìr\Y 
^y"r, Afr \Y D0r,/Jv u \/ u¡

Convecti on Terns

# {o, rþ(co)} # {or#(c,Þ)i + (B.r)

Di ffusi on Terms

+d = o

So u rce
Te rms

The integrat'ion of equatìon (B.l) ìs performed over the control

volume, shown 'in Figure 5 in cross-section, uihìch enclosed the node P.

The sides of the control volume are supposed to I je m'id-uiay betl^¡een the

neighbouring grìd ljnes. The ìntegral to be evaluated is:
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rYt /0'lnie'\^ìJ,^
J',' l": u, {oþtoffl #(4,#) r dr'de'
r' 0' Y
Stú

Convecti on Terms

rY' r0'ln le- ) ,J, t# io,#(co)] # ior#(cq))ldr'do'+
rt o' v

SO

D'i f fus i on Terms

(8.2)

Here only one of the four jntegraìs in the equation (8.3) will be

evaluated.

,v.t ,ê|. l'n l"e+ I I o Or.OU' = O
)rt )Al's "c,.1 Source Terms

Convection Terms (IcoÙ

,fl

rcon = u+ j t {0. (#). - ó* t#l*} crr' -
r'

S

,Al

-aô l": ¡an (#)r- os (#)rldo' (8.3)
'û

t^rhere a* is a constant.
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laf

r:f'
r.t = uó I : ine (ff). o''

' )Y
S

For well behaved functions <þ and Yi, there exjsts an average value of

4,", denoted by ôe, such that

S

f^ttl
= ãJ\¡- -v T0' ne se'

I,

thus Ic. = a,Ã lv -tt, )^'l "Ô'e "ne'Se'

Following the upwínd-difference scheme described by Gosman et al [16],

I.l ìs expressed as

l\, -v ) -lv -v I

I., =ân, tor t#i +

lq)

lw -v )+lv -v I

+ ^ ¡''ne^se' I-ne^ser.,-, iR Ã\T Çp \Tt) . \D.J7

(8.4)

I'n
I ¡dYr rJ.. ,¡e (#-). dt'
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The value of stream function at a part'icular corner of the control

volume is assumed to be equal to the average of the value on the four

ne'ighbouri ng nodes. For examp'le:

vr" = å f*r, o vr vp * vs) (8.6)

SimiIar expressions can be obta'ined for other ìntegrals in equation

(8.3). After minor re-arrangements, the fjnal expression for convection

term'is -

Icon = A, (ôp - 0r) * A,,, (Op - 0r) + n* (0p - ôru) o

+ A, (0p - Os)

wnere

aÁ

A, = Ë {(vsE * vs vNE - *ru) o lvs. * vs - vrur - vNl},

aÀ
A, = Ë (*¡lw * or,r - vsw - vr) + lvnw * yt¡ -ysu, - vsl] r

(B.i)

a,
A = --Y (tU + Ur - W - w \ + lw + ìU - rl,l - Ur ll"N B ''NE 't 'N[¡J 'ìlj/ r'Nt 'E 'Nl¡J 'l^lr,'

and
a ÄÂ =--Y (w"s B *stl+vtni -YsE-*r) +lvsw*vhl vSE-vEl]' (B'B)
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Djffusjon Terms (IOrrr)

.1" I

T = |n TrL ô ,^,r", rL A /-toiFF = ,/., L t bt a0- (c0)]e - { bl ã0- (c0)}rJ dr' +

\
AI/n

, l-e r- r, ð , ,\r ., Ao )- L t b2 ã¡r- (c0)]n - {bz # (c0)}sl do' (B.e)
^l0

cù

rY'
tat T = f'n Í' ^Ler rDl = ) tbl æ- (cQ) ]" dr'

r'
S

The fol I ow'ing assumptì ons are made:

br o= (bro+b., r)/z,¡ te ¡ 9¡ ¡ rL

and

-â , \r c'E0F-c'PqP
Laã' (cö)le = -;;: o, 

-"E "P

'i , ,- \ / (r* - rr)
Thus inl = t (bl 

,p 
* bl,r) (c,E 0, - c,p 0o) rci-uìil (8.10)

Evaluatìng the rema'ining ìntegra'ls in equat'ion (B.g) along the same

lines, the following expression for diffusion terms is obtained:
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Iorpr ^l= R ta ts 
^ -v- \vtL vrr.Ê

+ R tf n N ;.' "N r":,' YN

c,P ôp) + BW (c,]¡¡ 0,,, -

c,P Op) * BS (c,S ôS -

nÞ¿ì+v I I Yn /(

C'P 0.J'(

lvhere

aU¡
L

D

)

Source Terms (ISOn)

)UK

It is assuned that d

the value at node P"

(r* _ rr)
(bi,o o br,E) 1ãiti--pr

(r' - r'ì
(bl,p * bl,,,,) rehr¡ff

( o ¿ - o;)
(bz,r.¡ * bz"nl r.1ff

(o: - o,:, )
(bz,s * Bz,ol ¡r'-lp

_t
4

I

"t^l 4

I

"Í\l 
^

_l
4

(8.il)

(8.r2)

(8. r3)

rY' r0'
ln l"
"l 'u;

d dr' d0'

is uniform over the control

Thus, the following can be

vol ume and takes

approxì mated :

T -r{D l/'S0R - "' 'P



ç,4

u/h e re

t¡ = f fo, - or\ (rt - rtl'P 4."t "l¡l' \¡N ¡S/

Combjning the convection, diffusion and source terms, one obtains:

where

ano

rAB = Ar * Ai,j o 4,,,r o A, + c, P

0o = Cr0, * Cw0w * C¡¡ólrt + CSOS + D,

cE = (Ar * t, .,E)/hg ,

c,, = (Al^t o Bu,, c,tl)/hg e

c* = (Aru * B* c,N)/rou e

cs = (n, + Bs .,s)/rn' e

D = d,p " VplIAB ,

(8. r 4)

(8.r5)

(BEoBl^,nBN*BS)
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APPENDIX C

FINITE DIFFERTNCT REPRESENTATION OF DERIVATIVES

I ) Fi rs t Deri vati ves

and

First derivatives of a general variable 6 w'ith respect to spatìaì

variables r' and 0', at the node p, can be put in central dìfference

form as:

¡ â0 r _ (h./hn)(or-oo) + (hnlhq)(oo-0.)\ã¡r-iPre
and

t1 _àrÞr _ (hw/he)(or-oo) + (helhw)(oo-or)
'r" ¿o"r ,'e w.

vihere h., h,o, hn, and h, are the distances shown in Fjgure Cl.

t'lhen the grids are uniform]y spaced, the above relations reduce
*n.

/.Ä -À¡âö'r -*NtS'ôr"P 2h '

'r ^ , O--Otl iJÖr -'E'ld\F ãê--/ p - 2Ir- '

where

h=h =hsn
and

(c "z¡

h' = ha = h* .
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Sometimes it is not possìble to express the derjvatives in the

central differrence form as the values of the variables on both sides of
a node (see Figures c2 and c3) are not available. In such cases" the

derivat'ives can be expressed in forward or backward difference as

fol I ows:

Forward Difference

For uni formìy

reduce to:

/^râôr -ÈYzr-:-T,'dr" t 
^

and

, âó'
l'l=.âr',1

Equations (C"3) through

respect to 0' provided

(C.6) are also valid for

A's represents distances

derivatives wíth

i n the 0'-di rection.

a3 sar
2A 2 ¡ )

¡ ol z lo3Z A -Ãaz*z t "

spaced grids, Al=A=[2. Thus equations (C.S1 and (C.4)

tL.3/

respecti veìy. (c.6 )

r#r 1= özâì# - 03 MÉì*rr - *, îtì#fui

Backward Di fference

r*$rr = ór #ä*4iÐ- - o, âì# o .. alvr Ã-21a1+¿7¡ (c.+¡

/n e\
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2) Second Derivatives

Second derivatives can

by using the formulae for

Appendix. For example:

be represented in finite
fi rs L deri vati ves a ì ready

differ ence form

deve I oped 'in th j s

r2t/ o9\\J¡rï-/p =

(hs/hn) {(ds)N - ¡ðó', ì\ar' i Pr
+ (hnlhs) {(#)P - râör ì\ãF-i s 

r
h +h

(c.7)
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Fì gure C. 
'l : Central D j f ference

Figure C.2: Forward Dìfference

FINü SURFACË

FIzu SIJRFACH

F'igure C.3: Backward Dì fference
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APPENDIX D

DTR]VATION OF BOUNDARY CONDiTIONS FOR VORTICITY

Tube hlal I

Fol I owi ng Date ['l7] , i n the near ural'l regì on, the fol'lowì ng veì oci ty
profìles are assumed:

an0

V^ =av+bv2U-

V =0r

V_=cy¿-

ln r \

ln 2l

/n ?\

u/here a, b, and c are constants and y is the distance from the wall
(see Figure 5). Thus the definition of vorticìty, equation (3.r5),
gì ves:

Lr=(a+2by¡ -(?Y+¡Vi)lro _ y,l

and the defÍnition of stream function, equation (3..|7a), giries

âv = - p{ay + by2 * *. (r^y * yr)}ðY Y LqJ ' uJ 
,o v

urh ere

^ - t/L - n zrno/n
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Froin equat'ion (0. Z¡, the vort'icìty at y=o and y=n

,o = u, and

ârê'

(D.4)

s ubs t'i tu tì ng the va I ues

o is obtaíned after some

,,\ _ 6(3n - 2ro) 9o - rno) 2(n - ro)
c'ro - rcn --4%f -ìn,--: Cr-_t%l

(3n - 2ro)
V

no

(3ro - 2n)

n ren-:-açr

Fi n Surface

The f ol ì olvì ng vel oc-i ty profi

regi on:

v^ -0
U

V,^ =ay+by2

vr='Y

wnere

Y = Ì^'0'

z 7no

res are assumed in the near wall

_0
{,u.3J

(o.o¡

( r,.,- 2n ) (Zr^- 3n )tno = 'o fi¡¡ 
+ bn f[-Yñ;- , respectively.

Integrating equation (D.3) from y=o to y=n and

of o, b, and c, the folìowing expression for o

aì gebrai c manipu'l ations
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Fol lowíng an ana]ysìs paraì'reì'ing that for the tube war ì, one obta jns:

? lttt rt/ \" \r'O - tn.) 
1

pnz -Z 'no' (D.i)

Center Node

Th i s boundary i s treated as one of zero radi us . The f o.r 
.rowì 

ng

velocity profiles are assumed in the region near the center node:

Vu = ar' * br,2

vr' - o

v, = cr'

(D.B )

An analysìs similar to those for the tube wall and fin surfaces finaìly
yields:

lv -r! ì
- Jb '-o 'no' 4 ^ ie-o - 5 -----:- - r .u-_ + : + V- pn2 5 *no ' ro T- o z,no (D.9)
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APPENDIX E

FLOW CHART AND LISTiNG

OF THE COMPUTER PROGRAMME



t<

! zuITIAL¡ZË
vARIABLËS s's

ho-€.t
troIt ¡

Ðl*a'-r, ffZV
CIZrc)kr)
tr
[¿.i

L

Sh{ËAR

CALC U LATE S
LOCAL Sr-{Ë AR

STRËSSES AND
MEAÍS PRESSURE

GRADIËRüT

qaN
PERFORMS ONE

CYCLË OF
ITE RAÏlON

PruruT
PRIruTS OUT VAJ-UËS

OF VARI,ABLES

OIJTP UT

PRiNTS OUT RESIDUALS

[ru PUf PR0B l-ËM SPËe lF tCAîü0r\å
DATA , ËSTABLISH GRID

CTTffi{NATËS AruT FRf ruT TÞ.{Ë SAMË

EOMPI,'TE DIË'FUSIOI\
AND VP TERMS

CALt SFIËAR

CALt Ë8N

PRtruî - 0t"iT'
ruEEDED ?

CAL[- CIUTPUT

MAX \4UM NUMtsER OF

åTERATICIf\¡ COMPTËTET ?

COruVERGEIUCË CRITERIOru
5AT8SF¡ËD ?
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^

BU LK

CALCULATES
BULK VELOCITY

CALt BULK

CALCULATE
FRE

ALL \ ELDIS
VELDIS

COMPIJTES
SËCOruNÂRY VELOEITIES

BQUND
CALCULATËS VORTICITY
W BOUNDARY NODËS

qfl

CA

I SOUR,JD

LL PRINT

PRINT RESI,ILTAIVT' SËCOru DARV
vEL0etTrES, àvo tð8"

FRE , AruD BULK VËLOCffY

CAtL OUTPUT

{\
STCP
\-l
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UJ

-Å
Þ(J

¡

m
3
Ø

L
Ëtr
O

SOT,¡RCE

COMPUTES
SOUrcË TERMEALL SOURCË

COM PI.JT'ËS
CONVECTICI ru

TERMS

CA I-L COWEC

CALCULATE ép

LJNDËR- OR- OVËR
RELAX

CALCLJLATE RES I DUA LS

eALcuLATlOru PERFoR MËq
öruãu¡-trur@

I &4PLI C I T FO RTd ULAT'IONü

roR BGJNDARY ¡VODËS

õrnsrum - FUNCT¡oN suß *cYçLE

S MILAR re VORTIC¡TY SIJB * CYCLË,

BI"}T CONËV NOT CALLËD



76

VËLOE!'TY SUB * CYCLE

SIMILAR TO VORTICITY
SIJB - CYCLË

CALL BULK

COTSTRANhI VELOCITY
F'IELN T'O KÍ\OWru

BULK VELOC Y

UPDATE SECONDARY
PRESSURä GRADI HruT

PERIODICALLY

COMPUTËS
SECONDARY
PRËSsURE
GRA DIËruT

CALL FSS
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IIIPLICIT REAL (A-II,O-Z)
DiliENSrON A(20, 20, 5), VZ\41 (20 

"20),DpDTlìÄ 
(2C, 20),RSDLT(3),

* RES ( 3), CC (3) o Rp (3), VSVtf (20, 20),DUDR ( 20),DUDTI (20),DUDT2 (20),
* sTREAl,f (20,20),DIREC (20,20)

cor"tlfotr lcc/ il(20),x2(20),vp(20,20)
cotf}loN / cB / BE (20, 20,3 ), BI,t (20 o 20 u3 ), BN (20 

" 
20 u 3), BS (20 

" 
20, 3)

cotl.roti /cPl RSS (20020u3),uB
coÌ.ßfoN /cR/ llNF, FlI,R0,AF, ps,Ar,ROtrJ,Al.fEi.J uNITERo BETA
CO¡ÍIION /CXl AREA,AVGgSIJI.ÍI,SUÌ'{2'SUI.I3,AREAI'AREA2'AREA3,AVG1,AVG2,

^ ¡rvuJ
¿ r ¿ ¿ úr r ú ¿*- * * * ?t * * ** * * * ** * * *** ** * *** * * * a'* * ** * * /< *** * * * * * * J,( *U\,

CC SPIRAI FINS OF FII{ITE THICT3IESS AIID FULL LET]GTFI

CC DII.IENSIONAL FORI.íULATION
CC ******************************J^*******'Å**'*********tr******

DATA fN,JU,KN /20,20"5 /
DATA NI'l,NF,IIVZ,N\¡1,IìV2 / Io2 o3 o4 u5 /
DATA IEN,TV /3,5/
DATA RSDU /3*O"O/
DATA DPDTHA /4gg't9" Cr7

DATA VSVr.f / 400x0.0 /
DATA STREAIi /{66x6.67
IllfA)í= I
llPRIl.iT=3 00 0
NP=2 5

N0P=l
tl 

^T- 
Ilrul-l

CC CONVERGEI.iCE CRITERT0I.T
CC (N.lJ) =0 " 001
CC(NF)=0'001
cc (l'ivz ) =0 " 001

CC RELAXATION PARAI'IETERS
P-P(lll'l)=1.0
RP(llF)=1.0
RP(l{\/Z)=1.0

CC DII-IET.ISIONLESS FI}I HÏCHT
11=l"U

CC TUBE RADIUS ( }ÍETERS )
R0=0 " 02

CC FTN IIIGHT ( I.íETER )
FII=11*R0

CC RAÐTUS AT TIIE TIP OF THE FIN ( }.fET-IIR )
RI=RO-FII

CC NUIIBER OF FIIIS
l{}lF=8

CC HALF FIN AI{GLE
PI=3. I4159
BETAD=3 " 0
EETÂ=BETAD*PIl180.

cc TOTAL FLOIù AREA ( SQ" I'TETERS )
AF=R0*R0* (pI-NNF*BETA* ( 2. *H-H*H ) )

CC TI^rIST RATIO
.f\L =U a J

IF (AI "EQ " 0. 0)CC (NVZ ) =0 " 0000 I
PS=AL /R0
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CC DE}ISTTY OF AIR ( KG/CU. }ÍETER )
ROI,I= I " 204

CC VTSCOSITY OF AIR ( KGlI"f-S )
A-IlElJ=1.817 E-05

CC REYNOLDS NMIBER
RE=1000.

CC }TJ,SS FLOT,J RATE
FRATE=P.E *P I*R 0 *Al,IEiJ / 2 .

CC BULK VELOCITY
UB=FRr\TE/ (ROkr*AF)

CC COIÍPUTE GRID COORDINATES
CC CIRCIÍIIEREIiTIAL DIRECTIO}I

ALPIIAP.=2 . * (PIINNF-BETA)
Nl.=15
X1( 1)=0.0
D0 I I=2,III
xr (r ) =xl (T-r )+ALPHAR/ (N1-1)

1 CO}ITIIIUE
CC RADIAL DIRECTIO}T

N2=15
x2(t)=0.0
D0 2 J=2,1'12
X2 (-r)=¡2 (J-i )+P.0/ (Ii2-r )

2 COlrTIr{UE
CC PRII{T OUT COORDINATES

PP.ÏliT 500, (xt (I ) , I=1 ,lr 1 )
PRINT 510, (X2(J)u J=loN2)
PRIl.lT 560, NNF,FIl,ALrMlAlt,RXo UB
pRrNT 557, CC (tW¡ ,CC (NF) 

"CC 
(t.jVZ)

PP.IllT 5 70, (RP (K) , K=1 , IEIi)
CC INITIALIZE FLOI,I FIELD

IDATA=0
rF(TDATA ,EQ. 0) c0 T0 34
DO 35 K=1,3
T\rl ?q T-l rJ.)
Dv JJ J-l tll¿

REÂD ( 1, 400) (A (I, J,Ii) , I=1¡l'll )
35 COI.ITINUE

DO 36 J=lrN2
READ (1,400) (DPDTHA(I,J), I=I,Nl)

3 6 COT]TINUE
c.r\LL VELDIS (IN, Jllu lal,A, Nl ,N 2)
c0 To 37

CC AXIAL VORTICITY ( I/SEC )
34 DO 20 I=l,Nl

DO 20 J=luN2
A (I, J,l{W) =0 " 020 COI{TINUE

cc srREAl.t FUNCTTON ( r(c/M-s )
DO 30 l=l¡lil
D0 30 J=IrN2
A(IgJ,NF)=0.0

30 CONTI}ruE
CC AXIAL VELOCITY ( M/S )

D0 40 I=1,Nl
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D0 40 J=l,l'12
A(I,J,llVZ)=UB
IF(r .8Q.1 'OR. r 'EQ. l'II "OR. J .EQ. I .0R" J "EQ' N2)

* A(lrJ,liVZ)=0.
40 CO}ITINUE
CC SECONDARY VELOCITIES ( I''IIS )

D0 50 K=NVI,NV2
DO 50 J=l ¡ |12

D0 50 I=1,1'{1
A(I,J,Ii)=6.9

50 CONTIIìUE
CC SET RESIDUAI FIil.D TO ZEF'O

37 D0 6C }i=lo3
D0 60 I=l ¡NI
DO 60 J=I¡ll2
RSS (I,J'Ii)=0'0

60 COIiITINUE
CC CO}ÍPUTE VP TEFJ.{S

IlüÍ=li I- I
Jlilf=ll2-l
DO 70 J=2uJNl'í
DO 70 I=2¡llÎf
vP (I, J)=0. 25* (xI (r+1 )-xt (r-1 ) ) * (X2 (J+I ) -x2 (J- I ) )

7A

CC

103

CONTII.IUE
COIÍPUTE DIFFUSIO}I TERÌ'ÍS

IiK=I1I'I
IF(é-L"EQ.0.0)KK=NVZ
DO E0 }l=Ilil,lì\¡Z
DO 80 J=2"JNlf
D0 B0 I=2,IM'I
B=x2 (J+1)-)(2(J-1)
c=l:I (r+r)-)iI (r)
D=XI(I)-X1(I-1)
¡=¡l (r*l)-x1(I-I )
F=)i2 (J+l ) -X2 (J )
G=)r2 (J ) -X2 (J- I )
RSQE=2 " O*AÌ.ÍEH* (1.0 /X2(J) + PS*PS*)i2 (J) )
RSQi'J=RS0E

RSQt'ì=AMEr^r* ()i2 (J+l )+X2 (J) )
RSQS=AI'ÍEW* ()i2 (J- I )+x 2 (J ) )
rF(K"riE.NF) GO T0 I03
RSOE=2, 0/ (RON*X2 (J ) )
RSQVJ=RSQE

o5q¡=(x2 (J+l )+x2 (J) ) /ROLJ

RSQS= (>r2 (J-1)+x2 (J) ) /ROLJ

BE (I, J, K) =0 " 25*P.SQE*B /C
BII (I, J,I()=0 " 25*RSQW*B /D
Blt (I, J,I'.) =0. 25*RSQN*E/F
BS (I, Ju K) =0 " 25*RSQS*E/G
CO}ìTII{UE
COIÍPUIE BULI| VELOCITY
CALL BULI{(rN, JN, ntrrA,Nl,N2,UBAR)
PRINT 558, UBAR

PRINT 5BO

RN

CC
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CC ITEF.ATION AND PRI}IT OUT COI''ITROL LOOP

D0 90 Ì{ITER=IoNl'fAX
CC CAUSE ONE CYCLE OF ITERATION TO BE PERFOPJ'ÍEI)

CALL SHEAR (IN, JN, K.i'A'I{1'N2,DPDZ,DUDRUDUDT 1'DUDT2)

CALL EQTì (IN, JN,KUA'Nl,N2,RP,RSDU,DPDZ'DPDT}TA)
CC TEST IF PRTNT OUT TO BE PERFOPùÍED

rF (Ì.ÍoD (l{rrER,llPRrNT) .NE.0) G0 T0 100

cArL PRrNT(rN, JII,Iî{'A,l{1'N2' l,rEN)
cAl,L OUTPUT (Ì" 1,Ìì2 

' 
l, rElI)

100 rF (l.foD (llrrEF.,NP ) ,NE. 0) C0 T0 110

F=ABS (DpDZ ) * (RO**5 ) *ROLÌ*PI*PI / (FPáTE**2 )

FRE=F*RE
PRIIIT 590, NITER' (RSDU(ll),K=1,IEll) 

'FRE
110 RES(1)=RSDU(l)

RES (2)=RSDU(2)
RES (3)=RSDU(3)
RSDU(1)=0.0
RSDU(2)=0.0
RSDU ( 3) =0. 0

CC TEST IF CONVERGE}TCE CRITERION IS SATISFIED

rF (ABS (RES ( I ) ) .LE.AES (cC ( t ) ) "AND " ABS (RES ( 2 ) ) "LE. ABS (CC ( 2 ) )
* .At{D.ABS(RES(3))"LE"ABS(CC(3))) GO T0 I20

9 O COI{TINUE
CC E}'ID OF LOOP

IF(llrTER'EQ.Nl'iÁ,\+l) GO T0 140

120 PRrÌ,lr 600, NrrER
CC CALCUI,ATE BULK VELOCITY

cAr,L BULK(rI!, Jjl,ltri,A,N1,N2'UBAR)
CC CAICULATE P.EYNOLDS NU}IBER

FRATE=RoW*AF*UBAR
RE=2 . *FRATE / (P I*R0*Al'îEI,l )

CC CALCULATE FRICTIOI{ FACTOR

F=ABS (DPDZ ) * (R 0* *5 ) *ROIí*PI*P r / (np¿rl* * z )

FRE=F*RE
rF(4L.EQ.0.O)Go ro 700

CC OBTAIII VELOCTTY COIÍPONENTS

CALL VELDTS (rN, JI'I,I3tr'A'N1'l{2)
CC CALCULATE I,]ALL VORTICITIES

cArL B0UND (rli, Jllr lf\'A'l'ìl 'N2)CC FINAL PRINT OUT

cArL PRrNT(lNoJNrlCJ'AnÌ'll,N2, 1'rv)
G0 T0 701

700 c¡rl PRrliT(rNuJN,IC{,AeNluN2u}lVZ'}lVZ)
7OT PRII'¡T 6IOU UBAR'RE'FRE
CC AXIAL VELOCITY NOP.I'IALTZED BY BULIi VELOCITY

DO t1 J=lrli2
D0 11 I=1 ,N I
VZWf (I, J)=A (I, J 

'l{VZ) 
/UBAR

1 1 CONTÏNUE
PRINT 15
D0 16 J=1,1'12
PRINT 17, (VZV¡I(I'J), I=1,NI)
PRINT 18, J

16 CONTINUE
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rF(ei,"EQ,0.0)co To 702CC DI}ÍEI,¡SIOIiLESS STREA}í FUT.ICTIOI,I
DO 666 J=l,N2
D0 666 I=1,NI
S TREAI'f (I , J¡ =4 (I , J, NF ) /et6r+

666 CONTINUE
PRTNT 27
DO 28 J=1,N2
PRIIJT 17, (DPDTHA (I, J) u I=l rNl )
PRIì.tT 19, J

28 CONTI}ÌUE

137

CC CALCULATE RESULTAI.IT SECOI{DARY \TELOCITY
PRT}JT 55
D0 5t J=1,N2
DO 5l I=l,Nl
VS\nf (I 

" 
J) =S0RT (A (I , J, Nt¡I ) *A (I, J,NVI )+A (I , J, ìt\¡2 ) ** A(r,J,t'rv2))/un¡n

51 CONTINUE
DO 52 J=1,N2
PRIìtT 17, (VSVM(I,J), I=1,N1)
PRÏNT 19, J

52 COITTI}IUE
CC CAICULATE DIRECTION OF RESULTA}ÌT VELOCITY

DO 137 J=2, JNì.í
D0 I 37 f=2, INlf
D IREC (I, -t) =114t{2 (A (I, J, ¡t\/ I ), A ( I, J, NV2 ) )DIREC (I, J) =DTREC (r, J) *180. /pI
CO}ITI}TUE
PR]TIT 159
D0 139 J=2, Jt'iti
PRIl.trT I 7, (D IREC (I, J) , I=2, f t{ì.r)
COI'ITINUE
PRIÌ{T OUT RESIDUALS
cArL OUTPUT (N1,Ì{t, I,IEI{)

139
CC

c0 T0 703
702 CALL OUTPUT (ti1,N2,NVZ,NYZ)

co T0 704
I UJ

32

rF (troP. EQ. 1)co TO 7 04
D0 32 K=1,3
DO 32 J=l oN2

CO}ITINUE
D0 33 J=I,t'tr2
I"T.ITE(2, 400) (DPDTI{A (t,.i), f=tutil )
CONTINUE
STORE VZWÍ
D0 706 J=l,N2
I,,'RITE (2" 400) (vzvÌ,xI, J), I=t,Iil )
CONTINUE
CALCULATE LOCAI, IùAIL SHEAR STRESSES
CAIL SHEAR(IN, JÌ,le ISlrA,Nl rl{2,DPDZI{,DUDR,DUDTI TDUDT2)PRINÎ 56
PRINT 17, (DIIDR (I ) , I=l , Nl )
PRINT 57

CC

706
CC

704
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PRIIIT 17, (DIIDTl (J) , J=I, N2 )
PRII{T 57
PF.II'TT I 7, (DUDT2 (J) , J=1 , lI2 )
PRINT 444, DPDZk', AVGo AREA, SIIl.ll,SUl'l2rSUl.í3rAREAl,AREA2rAREA3,

* AVGl,AVG2,AVC3
CALL BULKS (Il'1, Jli, VS!1lrNI,¡t2, Sl'lEAN)
PRINT 445, StÍEAN
rF(AL .EQ. 0"0 "0R. NOT "EQ.1) GO T0 3

CC PUNCI] CARDS
DO 667 J=1,N2
PI.TNCH 66Bo (VZVII(I,J), I=luNl)

667 COI¡TINUE
D0 669 J=loll2
PIINCH 668, (STREAìI(I,J)o I=1,NI)

669 CONTII'TUE

GOTO3
140 PRrNT 620, Ht.fAX

CAIL BOUND (I}tr, JlJ, IOJ,ATN'1,N2)
CALL pRINT (IN, J\r,13¡,A,li1 ,ti2, l,IEll)
CALL OUTPUT(ÌIl,N2, l,IEN)
CALL BULI((Il{, J}I, IX{,A,t{I,N2,UBAR)
FRATE=ROI.J*AF*UBAR
RE=2 . *FR/rTE / ( PI *RO *AI,ÍEIJ )
PRIÌ{T 630, UBAR,RE
CALL SHEAR (Ili, Jl'i, ISi,ArI;1 oN2 TDpDZIi,DUDR,DUDTI TDUDT2 )
PRIÌ{T 444, DPDZN, A\¡c, AREA, Sinilrsu¡f2,sll}f3rAP.EAl,AREA2uAREA3o

* AVGI ,AYC2,AVG3
CALL BULKS (IN, JN,VSVlf,Nl,¡l2o Sì'IEAN)
PRrNT 445, SIíEAtl

3 CONTI¡]UE
STOP

50C FORI.1AT('I',10X,'DISTANCE Ili ANGULAR DIRECTIOIï ( fN RADIANS )'/x / (. 0. ,4F25" 6) )
510 FORIÍAT('-,///, ',TO}I,,D]STANCE TN RAÐIAL DIRECTION ",

x , ( ilù ¡ÍETERS )" / / (.0, ,4F25"5))
570 FORI.IAT ('O' ,10X, 'RELA,',ATI0N PAR/ù{ETERS FOR VORTICITy, STREAI,I',

* " FUI{CTIO}I Äl'TD AXIAL VELOCITY ¿\P.E RESPECTMLY --'/'0'o* 3(I0)i,F6.3))
5 6O FOR}l,4T (' -, / / /, , 

o 1O}:, ,T}iE INITIAL IIiFoR}IATIoI,] SUPPLI]ID , 
,* ' rs --- " '/ /'0'e lOxo'ÌluIíBER oF FINS¡|INF=" ,r4/'o'r lOxo

* 'FrN IìIGHT,Fll ( tfETERS ) =', ,F5"2/', 0',e l0xr'TIr'rST p.ATro"
* , A-L -_",F6.3/,O",IOXO"IíA]{IIíU}l NUI.ÍBER OF ITERATIONS"
* 'ellllAx=' ,r6/' 0" 10x, "REYNOLDS NLll.lBERrllE='oFg.l/'0" l0>:,
?t'BULII VELOCITy¡UB=, oEl6. 7 / / /)

580 FORIL\T(',-',/ /', ",10X0',tíAitlt.lutt RESIDUAL FOR EACU V,C.RTABLE" /"j',o* 1 0x,'NrTER" 6X, " VORTrCrry', u 6X, " STREAI,f FUN"', e 6>ír',AXrAL VEL', / )
590 FOPJÍAT ( " , 10X ,16,4 (6X, F11, 6) , 5it, F11. 6, 5>l, Fl r. 6)
600 FoPJ'fAT ('-' / / /' 

" 
10X0'CONVI]RGED SOLUTTO¡¡ REQUTRTi\ìG ' o16,* " ÏTERATIOIìS FOLLOWS'/)

620 F0PJ"ÍAT ('0' u 10x, ',TtIE PROCESS DID NOT CO¡TVERGE IN " , 16,
* , ITEFJ.TIONS, / )

557 FOPJ'ÍAT (' -"10)t,',CO}JVERGEÌ{CE CRITERTOI.I F0F. V0RTICITy,CC(1)="
* F I 1. 6 /' O' U l OX' 'CO}IVERCE}¡CE CRITERION FOR STREA]'f FUNCTIOI{, ' ,* "cc (2)=',Fll" 6/'0', 1OXr'COÌ'IVERGENCE CRITERIOÌi FOR. AXIAtr,,
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558
Ottr

I5

t7
18
27
400
668
55

* 'VELOCITY,CC(3¡=" ,FII"6/ /)
FopJ.fAT (' -o u1 0x,'lrBAR-"E I 6 " 7 / / )
FORÌfAT(" ',/ / /' 0" 10)í, "BULK VELOCTTlr, UBAR="EI6. 7 /.C" 10)1,* "REYN0LDS NIIÍBER¡ RE="Fll. L/.0" 10x,,FRICTiON FACTOR .,* 'TIl'fES RE\îIOLDS NUIIEER, FRE=' ,816.7 / /)
FoRl'fAT (' l',30X0'AXIAL VELOCITY NOzufALIZED By BIJT,Ií vET,ôcrr\,',/* n 

oo ,rzgxr'J' / /)
FORITAT (', 0' 

'TEII " 4)
FOfu\fAT ('*', ol2gxrIz)
FORI.IAT (',1 ', u 50x, 'DPDTHA'/)
FOal.fAT (', ', ,7EII" 4)
FORÌ'IAT(7Ett.4)
FOR}TAT(' '///' ',zOX,"SECO}IÐARY VELOCITY I.JORIIALIZED BY ',*'BULII VELOCITY'/)

630 FOPJ'IAT('-' rl0x"BULK vtlocrrY, [.IBAR='rEl6. 7 /' o', I0)i,* 'REYNOLDS liul.lBERr RE=" ,Fg"I/ /)
FOR-[ÍAT('-' / /' 'o lOXr'LOC.¿,L I,JÁIL S]iEAR STRESSES NOR]ÍALI ZEI) " ,* 'BY AVERAGE hIAI,L SHEAR STRESS' / /" _" IOiI,'TUBE Í,IALL'/)
FORI{AT ('-' 

" 
l0x, "FrN SUPFACE,/)

FORIÍAT('-',10)'I"PRESSURE GRAÐrENT VIé- I.TALL SttEAR STRESS = ,r* FI0.6//' '010X,'A\¡EP.ÂGE WALL SHEAR STRESS =,0E16.7//" n 
o* 'SURFACE AREA PER CELL PER UI.IIT ÐIIAI LEIìCTH ="E1 6.7 / /;-",10}1,

i "?Hl;' 7E!?..7,2x" 
'SUt{2=' uEL6.7 u2x,.SrJ}.r3=. ,8L6"7 / /. _., 10X,x'AREAI= - rEl 6. 7, 2x,'AREA2=" E16. 7 u 2x,'AREÂ3=,, t I 6 "7 / /> _" 

o i 0xo* "AVGl=', El6. 7 ,2x"" AVG2=., n 16. 7 o2i}i, 'AvG3= . ,EL¿.7 / / /)
FOP.I'IAT (" -" ,10>í,'UEAì:I SECOIIDARY VELOCITf' =" oLLI"4/ /)FOR¡'IAT('-' , 30x, ',RESULTANT ITLOCrrY nrRTrnrr .\\1. | /)

56

57
444

159
END

CC SUBROUTTIIE FOR CALCULATIITC BU],K \¡ELOCITY BY INTEGRATIOTi
suBR0uTniE BULK(IN, JN, 13{,A,N1,N2,UBAI)
Dï¡fENSIOt{ A (IN, JN, tOí),SUtf (20),AAA (20, 20)
co}lÌ-lotr /cG / xI(20), x2(20),vp (2a,20)
col-fl'lOl{ /c R / l.]l.tF, FIl, R 0, AF, ps, AL, ROtrI, A}lEi.,r, }t I TER, BE TA
C0=0. 0
PI=3. i4159
ALPHAR=2. * (PT /NNF-BETA)
DR=R0/ (t{2-I )
DT=ALpHAR/ (¡Ti-t )
D0 1 I=I,ìIl
D0 1 J=1,N2
AÁA(I,J)=A(IuJ,3)
IF (LE0. f )AAA (I, J) =C0*A (I+1, J, 3)
Ir (I. EQ.r¡ 1)AAA (I o J) =çg*A (I-t o J u 3 )i CONTINUE
D0 10 J=l0N2
Slll'l(J ) =0 .
D0 10 I=l¡III
ff-af.- ¿

IF (l,IoD (I, 2). EQ " 0) Ii=4
IF(I"EQ. I .oR, I.EQ"Nl)K=l
SUì.í (J ) =5¡Ll ( J)+DT*AAA (I, J) *K/3.

1O CONTII{UE
IF (SUM ( 1) . EQ " 0.0) SUì,r( I ) =cAxs¡1.112,
IF (SUt'r (N2 ) .EQ, 0. 0) SU¡1 (¡t2 )=C0*SIJIí (N2-l )



AA

TOTAL=0.
D0 20 J=l ¡N2
7'-¿t

IF (ìfOD (J 
"2). 

EQ. 0 ) K=4
IF(J"EQ. 1,0R" J"EQ"N2)Ii=l
TOTAL=T0TAL+DR*SUII (J) *)í2 (J ) *Iíl3 

"20 CONTINUE
UBAR=TOTAL*l{NF /AF
ñ nffirñrt
.hI!.l- Ul-\I\

END

CC SUBROUTINE FOR CALCULATING ì'ÍEA}I SECO}IDARY VELOCITY
SUBRoUTINE BULLS (TN, JH, VSV1.1,Ìil ,lì2, St'fEAÌ{ )
rlÍPlrcIT REAL (A-Ir,0-Z)
DIÌ{ENSION VSWf (20,20) , SUI.I (20)
corlt'foN /cG/ xI(20),x2(20),vp(20,2c)
col'lllOl'l /cn/ HnrrFIì,R0,AF, pS TAL,ROWTÀllEI,I,NrTER, BETA
PI=3" t4I59
ALP}IAR=2 . * (P I /N}iF-B ETA )
DR=Ro/ (Ir2_r )
DT=ALPHAR/ (Nt_t )
D0 l0 J=lrll2
su¡l(J)=0"
D0 10 I=l,lll
l!=Z

IF (ìI0D (I,2). EQ " 0 ) Ii=4
IF(I.EQ" I .0P.. I"EQ"lll )ii=l
SUì'l (J) =SUlÍ (J )4¡1*yS\1"r (I, J) *ü/3.

10 COI,{TINUE
T0TAL=0.
D0 20 J=l,l{2

IF (l'í0D (t,Z1.EQ. 0) i(=4
IF(J.EQ. 1 "0R, J.EQ.N2)Ii=l
TOTAL=TOTAL+DR*SUI{ (J ) *¡2 (J ) *K/ 3 "20 CONTII{UE
Sl'iEAN =T0TAL *IJNF /AF
RETURI,I

END
CC ITEPÁTION SUBROUTIIïE

suBROuTINlE EQN(IN, Jì.1, lC\,A,}ll,}i2,RprRSDU rDPDZ,DPDTHA)
il.lPLICrT REAL (A-H,0-Z)
D IIIENSION A (IN, JN, Kti ), RSDU ( 3 ),RP ( 3 ),DpDTIU\ (20, 20), ZVZ (20.- 20)
co¡iì'foÌ,r /cc / xt(20),x2(20),vp (20"20)
cot'fifoN / cø / sr (20 o 20,3), Bi,/(20, 20, 3), BN ( 20, 20, 3 ), BS ( 20, 20, 3)
co¡frloli /cpl nss (20,20,3),rrT
COI.IMON /CN7 ¡¡¡P, F]],RO,AF, PS, AL,ROIJ,AI.IEI.T,NITER, EETA
DATA NhTeNF,NVZ /I,2u3/
Il'Tll=l,l 1- 1

JMf=l{2-l
IF(AL "EQ" 0"0) C0 T0 ior

CC AXIAL VORTICITY SUBCYCLE
IlDf'f=Il{14-1
Jltrl'Íl'f=JM'l- I
D0 l0 J=3 r Jl{1,ß1
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D0 20 I=3:Il{}l}f
CC CAICULATE SOURCE TER}Í

CALL SORCE (IN, JN' Kl{'4.'SOURCE, I, Jr}ìLToDPDZ,DPDTLIA)
CC CAICULATE CONVECTION TER}iS

CALL COIìVEC (IN, Jl{, [3{, A, AE, AI,],4}1, AS, r, J,NI,¡ )
CE=AE+BE (I, JuNId)
CIJ=AIrI+BItT (I, J, NiJ )
CN=AII+BN (I o JrNIì')
CS=AS+BS (I, J,NW)
ANlll{=CE*A (I+I , J,I'IIJ)+CIJ*A (I-1 , J,Ni^i)+Cl.Ì*A (I o J+I ,NI.l)+

* CS,tA (I, J-1,NW)+SOURCE
ADlllí=CE*Ci,"+CN+C S

rF(Ar'rrnf .EQ. 0.0 .oR" ADìì}I .EQ. 0.0) co To 20
CC STOF.E OLD VALUE

Z=A(I, J,ldW)
CC CALCULATE REFERANCE VALUE

ZREF=(ABS (A (I, J+1,M'J) )+^BS (A(I, J-1,NIi) )+
* ABS (A (r+1,J,t{I,I) )-¿gS (A(T-1, J,Ni,tr) )) / 4 "

CC CAICULATE NEI\I \¡ALUE
A (I , J,NII) =ANUI'Í/ADMI

CC CALCULATE RI]SIDUAL
rF(ZREF "EQ. 0.0)cO T0 I
RSS (I, J,NL') = (A (1 o J,NI.l) -Z) / ZP,EF

CC UNDEP. OR O\¡ER R.ELA)i
I A(I'J,Ni'J)=Z*RF(ml¡*(A(I,J,NlI)-Z)

Ir (ABS (RS S ( I, J, NIJ ) ) " CT " ABS (RSDU (\r!l ) ) ) RSDU (tWv ¡ =p5 t ( I, J,NiJ )
20 CO}ITIIiUE
10 C0tr-TINUn
CC IIÍPLICIT FOPJiULATIOÌ{ FOP. NEiIT TO BOUITDAP.Y NODES

DR=RO-)í2 (Ìì 2- i )
G1=6 " 

* (3. *DR_2 
" 
*R0) / (5. *DR_4. *R0)

G2=-2. * (DR-RO) / (5. *DR-4" *R0)
G3=-pSx (3. *R0_2. *DR ) * (3. *DR_2 

" 
*R0 ) / (¡no (5. *DR_4. *R0 ) )

Y - nÎ.¡J-J]\II

DO 30 I=3,Il]}fl'f
HN=X2 (J+1)-X2 (J)
riS=x2 (J)-x2 (J-r )
DVZDR= ( (A (I , J+I ,NVZ ) -A (I, J,NVZ ) ) *HS /I{N+ (A (I, J,riVZ ) -* A (I, J_1,1{1¡Z) ) *IIN/HS ) / (ilt,r+t{S)
FVZ=pS *X2 ( J ) *Vp (I, J) * (X2 ( J) *DVZDF.+2 

" 
*A (I, J,N\¡Z ) )

CF=BE (I, J, NF )+BI,J(I, J,NF )+Bll (I o J, NF )+BS (I, J, NF )
CALL CONVEC (rN, Jl,ro Kl.l,ArAE, AI,JTANTAS,I, JrNll)
CE=AE*BE (I o J, NLJ)

CII=AI^I*BI{ (I, J, NI,I)
CN=Al'l*Bll (I, J,N{)
CS =AS+BS (I , J, NII )
CI.JT=CE*CW+CN-J{S
CALL SORCE (IN, Jl! u lC{ o A, SOURCE , I , J,NW ,DPDZ, DPDTHA )
SUlf l=SoURCE+CE*A (I+l , J,NI\r)+Ci.t*A (I_I , J,NI,j)+CS*A (I, J- I ,NLr )
DEN=CWT_CN*G2+CN*c t *X2 (J) *Vp (I , J) / (nOI.¡*DR*DR*CF)
5 2= (BE (r u J, NF ) *A (r+1, J, NF )+BI.t (r e J, NF ) *A ( r- I, J, tTF ) +* BI.I (I, J, NF ) *A ( I, J+I,NF ) +B S ( I, J, I']F ) *A ( I, J- 1, NF) ) /CF
SUI{2=A (T , J+I , NF ) -S 2+FYZ /CP
SUll3= (G 1*SUl'r2 / (R0W*DR*DP. ) +G3*A (I , J, Ul¡Z ) ) *Ctl
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SUIí=SUlf 1+SUl'f 3

rF( DEN.EQ.0.0) Go ro 30
Z=A(I, J,llli')
A (I, J, NIJ) =SUIÍ/DEI'T
A (I, J,NI,i ) =Z*RP (NW ) * (A (I o J,llÌ{) -Z )

30 CONTINITE

CC

L-L

Gl=3.
G2=-0" 5

D0 40 J=3¡JÌìl-íl'l
DT=X2(J)*ilI(2)
rrN=x2 (J+r ) ->r2 (J)
H S=X2 (J) -x2 (J- r )
D\¡ZDR = ( (/, ( I, J+ 1, lt\¡Z ) -A (I, J, ìtr\¡Z ) ) *H S /titì+ (A ( I, J, i{ VZ ) -* A(r, J_1,¡VZ) )*n¡r/rrS) / (HN+HS)
FVZ=pS *)i2 (J ) *Vp (I, J) * (X2 ( J ) *D\/ZDR+2 

" 
*A (I, J, l{VZ ) )

CF=BE (I, J, NF )+BiJ (I, J,llF )+Blì (I, J,llF )+BS (I, J,NF )
c¡,LL C0N\IEC (IN, JlIuI'f,i,ArAEeAtr{,All,AS, I, J,l,llJ)
CE=AE+BE (I , J,NI\7)
CI{=AI¡,t+BIJ ( I, J, }lIJ )
CN=Al'l*BI'i (I, J, ÌllJ)
CS=AS+BS (I,J,l.iW)
CLrT=CE*CI'r*Cllr{ S

CALL SoRCE (Ili, Jl{, I3l,A,SOUR.CE, I, J,}ÌIJ,DPDZ TDPDTHA)
SUlf i=SOUB.CE+CE*A (I+1 , J,IIIJ) +C¡ì*A (T , J+I ,li\.I)+CS*A (I, J- I ,l'ÌI,J)
DEN=CIJT-CII*G2+CI,J*G 1*}i2 (J ) *\'P (I , J) / (NOT¡*DT*DT,ICF)
5 2= (BE ( I , J , l.IF ) *A ( I+ I , J , IiF ) +Bh' ( I , J , l{F ) *A ( I - 1 , J , NF ) +* BtT(r, J,ÌTF)*A(T, J+l,tiF)+BS (r, J,tiF) *A(r, J-1,ììF) )/CF
SUl.l2=A (I-l , J,NF ) -52+FVZ lCF
SUIí 3=CW*G 1 *Slr'l'f 2 / (DT*D T*R0Iü )
SUlf=SUIl l*SUlf3
rF( DE¡i.EQ.0.0) c0 T0 40
Z=A(T, JrNI{)
A (I, J,liI¡ ) =SUIJ/DEll
A (I , J,lliJ) =Z*RP (M.l¡ * (A (I , J,NIù) -Z )

40 CONTI¡]UE

CC

tu
T-Lrl 1r-lil-a
Lyl=J"
G2=-0. 5

DO 50 J=3¡JNIßí
DT=x2 (J) * (xi (N 1)_x1 (N t_1 ) )
Hl'l=)',2 (J+1 ) -X2 (J )
H S=)12 (J ) -X2 (J-1 )
DVZDR= ( (A (I, J+l ,NVZ )-A (I, J,I'IVZ) ) *HS/HN+(A (I, J,I.trVZ )-* A(I,J_t,IIVZ) )*HN/HS) / (HN+HS)
FVZ=pS*X2 (J) *W (I, J) * (X2 (J) *DVZDR+z, *A (I, J,NVZ ) )
CF=BE (I, J,Ì.IF)+BW (I, J,I{F)+B}¡ (I o J,NF)+BS (I, J,NF)
CALL CONVEC (INuJNeKNeATAETAWeAN,AS, I, J,M,t)
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CE=AE+BE(I,J,NW)
CIJ=AIJ+BW(I, J,NI,j)
CN =Al(*BIi ( I, J, IIIIT )
CS=AS*BS (I , J, NiJ)
CIJT=CE{{i,J-: JtJ+{S
CAIL SoRCE (Il{, Jl{, IOl,A, SOURCE, I, JrNI.,T,DPDZ rDPDTHA)
SUI{1=SOURCE{IJ*A(I-1, J,NIJ)+CN*A (I, J+l ,NI\r)+CS*A (I, J-I ,t\rtJ)
DElt =CI.JT_C E*c2+C E*c I *X2 ( J ) *\,p ( I, J ) / (nOl¡*DT*D T*CF )
5 2= (BE (I, J, NF ) *A (I+1, J, ¡lF )+Bi"I(I, J,NF ) *A (I-1 , J 

" 
I,tF)+

* BN (I, J,NF ) *A (I, J+l, NF)+BS (I, J,IÌF ) *A (I, J- l, NF ) ) /CF
SII}I2=A (I+I, J, NF ) -52+FVZ / CF
Sill'í3=C E*G 1*SUl'I2 / (ROI'J*DT*D T )
SUIÍ=SUlf 1+SUl'f 3

rF( DEl.i.EQ"0"0) c0 T0 50
Z=A(I, J,ììtr,I)
A(I,J,NW)=SUll/DEt':
A (I, J,llt\I) =Z*RP (t'ltl) * (A (I, J,lll,j) -Z )

5 O CCIITII{UE

J_L

GI=36" /5.
C2=-4" /5.
C3=PS* 12" /5"
DF.=X2 (J)
DO 60 I=3,Ililfl'í
Hlì=X2 (J+1 ) -il2 (J)
HS=rr2 (J)-X.2(J-1)
D\¡ZDP.= ( (A (I , J+l ,NVZ ) -A (I, J,l{VZ ) ) *HS /Un+1a (I, J,ÌTVZ ) -* A(I, J_t,li\¡Z) ) *HN/rrS) / (HN+HS)
FVZ=PS*X2 (.1¡ *1tp(I, J) * ()i2 (J)"ÁDVZDR+2.*A (I, J,Ij\¡Z) )
CF=BE (I , J,IiT )+Bi.I(I, J,ÌTF ) +BlI (I, J, ttF)+BS (I, J, ¡¡F )
CALL CO}TVEC (IlI, Jl'1, IOI, A, AE, Ail, Al.:, A S, I, J, NIJ)
CE=AE*BE (I, J,NI\Ì)
CIJ=AIJ*BW(I, Jr}tri{)
Ct{=AN+Bll (T, J,tit¡)
CS=AS+ES (I,J,NI,I)
ChrT=CE+CI+CliJ{S
CALL SORCE (IIì, JN, IQ,AT SOURCE, Ie J3¡IIJ,llpDz'DPDTHA)
siit-t1=souRCE+cE*A (I+1 , J,NiI)+Ci,t*A (I-l , J,NIt )+Clì*A (I, J+1 , Ntr,')
DEN=CI,IT_CS*c2+CS*C I*)(.2(J) *Vp (I, J ) / (R0II*DR*DR*CF)
5 2= (BE (I, J,liF ) *A (I+t , J, ìIF )+8tr,t (I, J,NF ) *A (I-t , J,I,ïF)+* Bt{ (I u J, NF ) *l\ (I, J+I, }ip )+B S (I, J,NF) *A (I, J- l, NF) ) /CF
SUI{2=A (I , J- I , NF ) -S 2+FVz /Cr
SUlf 3= (c I *SUl.f 2 / (ROI,¡*DR*DR )+c3*A (I , J, NVZ ) ) *C S

SUll=Stllf l*Sljl.f 3
rF( orN.EQ"0.0) c0 T0 60
Z=A(I, JrM.l)
A(I, J,NW)=suf /DEl.l
A (I' J'NlJ) =Z*RP (tW'r) * (A (I, J,l{I¡ ) -Z )60 CONTTNUE



BB

CC

j=*t
DR=R0-X2 (tt2-1)
G 1=6. * (3. *DR_2 

" 
*R0 ) / (5. *DR_4, rR0 )

C2=-2. * (DR-RO ) / (5. *DR-4. *R0)
G3=_pS * (3. *R0_2..*DR) * ( 3. *DR_2. *R 0) / (On* ( 5. *DR_4. *R0) )
G I i=3.
G22=-0.5
DT=)t2 (J) *xt (2 )
Hli=R0-)t2 (N2-t )
IIS=X2 (J ) -X2 (J- 1 )
DVZDR=( (A(I, J+t,tr\¡Z)-A (T, J,ÌrVZ) ) *l1S/FrN+(A(I, J,ì¡VZ) -* A(I, J-I,NVZ) ) *Itu/t.ls) / (Ht;+HS)
FVZ=PS *X2 (.1 ¡ *yt (I, J ) * ()í2 ( J ) )\DVZD?,+2" *A (I, J, t{\¡Z ) )
CF=BE (I, J, NF ) +Bll (I , J, ¡tF )+BN (I, J,trF )+BS (I , J, t{F )
CAIL COli\¡EC (IIV, JÌ.tr, IOI,A,AE, Ai,r,Aìì,ASe I, J,\11)
CE=AE+EE (I, J,lll'7)
çI{=AI.J*BLr ( I, J, }II,J )
Cl.] =AI'l+B\r ( I, J, l'Ìtr.J )
CS=AS+BS (I , J, NLJ)

CI{T=CE+C\.J+Cl{+C S

SiIlf l=CE*A (I+l , J,ÌllJ) +CS*A (I , J-t , NI.l )
s 1=BE (I , J,I'tF) *A (I+1 , J,I'iF )+BIJ (I, J,IJF ) ""A (I-1 , J, ÌlF )+* BN (I, J, NF ) */' (I, J+1, tjF )+BS (I, J,ltF ) *A (I, J-1,NF )
S 2=CF*A (I -l , J, ÌTF ) -S l+Ftr/Z
sutI2=ctJ-* (c I 1*s 2/ (ROtj*DT*DTxCF ) )
S 3=CF*A (I , J+l ,liF ) -S l+F\¡Z
s 4=G 1 *S 3 / (ROì,i"rDR*DR *C F )
S 6=54+G3*A (I, J,UVZ)
SUIí3=S 6*CN
CALL S0R CE (Tl't, Jl.t, tf,r, A, S OURCE, I, J, NI.l, DpDZ, DPDTHA )
SIJÌ.í=S UIl 1+SUl I2+S UÌ'i 3+S 0UP.CE
DEI{=Cl'rr-G22'^C\l-Gz*Cl¡+cN*c l*x2 (J) *\¡p (r, J) / (Rolu'*DR*DR*CF)+

* ctJ*G1 1*):2 (J) *Vp (I, J) / (ROr,'*¡rxDT*CF)
rF( DEN.EQ"0.0) c0 T0 6r
Z=A (I, J , lli'I )
A (I , J,IJI'J ) =SLrl'i/DEN
A (I, J,NW) =Z+RP (NU ) * (A (I, J, t{t,t ) -Z )

CC

6l I=l,il-I
l-ar1 1J-rt¿-l

DR=R0-X2 (N2-1 )
G t=6. * (3. *DR_2 

" 
*r{0 ) / (5 " 

*DR_4. *-R0)
G2=-2. * (DR-RO) / (5 " *DR-4. *R0)
G3=-PS* (3. *R0-2. *DR) x (3. *DR-2 

" 
*R0 ) / (nno (5, *DR-4. *R0) )

c1I=3.
G22=-0,5
DT=X2 (J) * (Xt (lqt ),Xt (Nl _r ) )
HN=X2 (J+1 )->:2 (J)
IIS=X2 (J) -X2 (J-I )
DVZDR= ( (A (I, J+I ,IÌVZ) -A (I, J,NVZ ) ) *HS /Ht{+(A (I, J,NVZ ) -
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*. A(I, J-I,IIVZ) ) *ltN/HS) / (HN+HS)
FVZ=pS*)t2 (J) *\¡p (I, J) * (X2 (J) *DVZDR+2,*A (I, J,¡,r'VZ) )
CF=BE (I, J, NF ) +Bil (I, J uNF )+Bll (I, J,llF)+DS (I, J, NF )
CALL C0NVEC (IÌ'1, JllrISì,A,At,AtrI,A¡leAS, I, J,l{l{)
CE=AE+BE (I,J:NI'r)
CLÌ=AI\I+BW ( I, J, I'ítrü )
Cll=A}{+BN(IrJ,Ni'l)
CS=AS*ES (I, J,Nl/)
CIùT=CE+CI.¡{l{+{ S

SUIÍl=Chr*A (I-l , J,liIJ )+CS*A (I , J-1,Ifl'l)
s 1 =BE (I, J, NF ) *A ( I+1, J, NF ) +Btf (I, J, ¡IF ) *A (I -1, J, NF )+* BN(r, JeiiF)*A(I, J+l,Ì.tF)+BS (I, J,ltF) *A(r, J-l o¡ìF)
S 2=CFXA (I+1, J,TìF) -S I+FVZ
StDf 2=C E*G I L*S Z / (ROi.j*D T?rDT*C F )
S 3=CF*A (I, J+I ,ì¡F ) -S I+FVZ
sut't3= (s 3*c I / (not+*¡R*DR*cF )+G3*A (I, J,ìtVZ ) ) *CN

CALL SORCE (Ilì, Jli, mì,A,SOURCE, f , JTNII,DPDZ,DPDTIìA)
SUI'f =SUl.f 1+SUli 2+SUl.I 3+S 0URCE
DEIJ=Ci{T-G2Z*CE_GZxCt{+Clt"rc 1*X2 (J) *Vp (I, J) / (R0W*DR*DR,,rCF) +

* cExct t*)t2 (J)*\¡p(I, J) / (ROI,j*DT*DTh"CF)
rF ( DEt'r" EQ " 0" 0) G0 TO 62
Z=A (I, J,Ni'J)
A (I u J' til/) =5¡1''7¡tt'
A (I, J, Nii) =7apP (titt"¡ * (A (I, J, NI,J) -Z )

La r-tWL L_L

é-1

cL=36" /5"
G2=-4. /5"
C3=PS*12"/5"
DR=X2 (2 )
G11=3"
C22=-0 " 5

Dr=xZ(J)*x1(2)
tÌlt=)t2 (J+1 ) -)t2 (J )
HS=X2 (J)-X2 (J-1 )
DVZDR=( (A(I, J+1,Ìì\¡Z) -A (I, J,ÌJ\¡Z) ) *HS/Htr+(A (I, J,ÌrVZ) -* A(r, J_I,¡tVZ) ) *rrN/HS) / (HN+rrS)
FVZ=PS*X2 (¡) *Vp (I, J)* (>12 (J)*DVZDR+2. *A(I, J,liVZ) )
CF=BE (I, J, NF)+BIi (I, J,NF ) +Bl{ (I , J,l,lF ) +BS (I, J, NF )
CAIL COI{VEC ( Il.l, JN, tsJ,ì, A, AE, AIJ r.A,li, A S, I, J, }il^/ )
CE=AE+BE (I, Jrl'lW)
CI{=ALr+BI{ ( I, J, NI,i )
CN=AN*BN (I, J, ìilü )
CS=AS*BS (I, J,NI'l)
CIJT=CE+CIJ+CN{S
SUI'íI=CE*A (I+1 , J,IWJ)+CN*A (I, J+I ,Nh')
s l=BE (I, J,l{F ) *4 (I+I , JrNF )+Bl'l (I, Jrl,lF ) *A (I-1 , J,hîF )+* BN (I, J, l.IF ) *A ( I, J+l, ÌJF ) +B S (I, J, IIF ) *A (I, J- 1, tiF )
S 2=CF*A (I-1 o Jo ìlF ) -S I+FVZ
sIDt 2=CW*G I I*S 2 / (ROW*DT*.D T*CF )
S 3=CF*A (I, J-l,IlF ) -S I+FVZ



90

CC

n1

SUI'f 3= ( S 3*C I / (Rot¡*nn*DR*CF 
) +C 3 *A (I, J, hrVZ ) ) *C Sc¡.LL sORcE (IN,.IN, I3irA, sollp.cE, T, J,}\rl¿rDPDZ,ÐpDTllA)

SUI{= SU}l l*SU}f 2+SIJt f 3+S OITRCE
DEN=CWT-G 22*CW-G2*CS.J{S*GI *X2 (J) *VP (I, J) / (NOWXDR*DR*CF)* -t{l.I*C1i*X2 (J) *Vp (I, J) / (R0I,J*DT*DT*CF)
IF( DEN.EQ.O.O)GO TO 63
Z=A(I, J,NI\r)
A (I, J,Ntr,r)=SUM/DE¡¡
A (I, J, NI{) =Z*Rp (nt¡) * (A (I, J, M,j) -Z )

I=lìl-1
J=2
cr=36" /5"
c2=-4" /5"
C3=PS*L2, /5.
DR=X2 (2 )
G I 1=3.
C22=-0.5
DT=X2 (.1¡,t (t't (Nt ¡-1¡i (l.ll-1) )
tiN=x2 (J+1¡-¡2 ¡.¡¡
HS=X2 (J)-X2 (J-t )
DVZDR=( (.{(I, J+l,llVZ)-A (I, J,NVZ) ) *IiS/HN+(A(I, J,NVZ)_* A(I, J-l,IIVZ) ) *lrN/HS) / (trN+t{S)
FVZ=PS*)ï2 (.1¡ *yt (I, J) * (XZ 1.1) *D\¡ZDR+2.*A (I, J,t{VZ) )CF=BE (I, J,I,TF )+BI,¡ (I, J, Ì{F)+Bl; (I, J, }IF )+BS (f 

" 
.1, t;n )cArL coNVEC ( IN, JN, r.li rA, A E, Atr.J,Al.l, AS, r, .1, lwt j

CE=AE*BE (I, J,Ì,ll,J)
CI{=ALr+BI{ (I, J, tÌl,J)
Cli=Al{*Btì (I, J,NW)
CS=AS*BS (I, J,Ui.J)
ClJT=CE+CI,J+CI\¡+C S

SUlf l=Cli *A (I-1, J,t{I^/)+CN*A (I, J+1 ,tìt^I)
s I=BE (I , J"IIF ) *A (I+1 , J,l{F )+BI,J (I, J, NF ) "A 

(I_1 , J, }lF )+* Blì(I, J,tiF) *A(I, J+1,NF)+ES (I" J,I.tF)*A(i, ¡_r,ñrÍ
s 2=cF*A (r+1, J, tiF ) _s I+FVZ
SLDt 2=CE*G I I* S 2 / (ROI\1*DT*DT*CF )
S 3=CF*A (I , J-l , NF ) -S I+FVZ
SUI'Í3= (S 3*cl / (now*nn*DR*CF)+C3*A (I, J,IJVZ ) ) *CS
CALL SORCE (I}ì, JI.i, L]i,A,SOURCE, I, J,}ìIf ,DPDZ,DPDTTÌA)
Sl]}i=S UIl l+SU¡12+SUlt 3+SOURC E
DEr'r=cr'/T-c 22*]E-G2*CS+{S*c 1*x2 (J) *\¡p (r, J) / (ROW*DR*DR*CF)* +CE*G I l*)t2 (.1¡ *yn (I o J) / (nOl,l*lt*DT*CF)
rF( nrr'¡.EQ.0"o) cc TO 65
Z=A(T, J,I{Lit)
A (I, J, NW) =SUlr/DEtt
A (I, J, l,1W) =Z*Rp (tW¡) * (A (I, J, NI{) _Z )

STREA]'Í FUI{CTION SUB CYCLE
D0 90 J=2"JMí
DO 100 I=2 o IMI
C.ALL SORCE (IlI, JN, K].1, A e souRCE, I, J e l{F rDpDZ, DpDTHA )

CC

CC

CC

65



9l

2

100
90

CC

t0t

AÌ{Ul,f=BE ( I, J, NF ) *A (I+1 , J,NF )+BtJ (I, J,NF ) *A (I_1 , J,NF )+* Bli (I, J,ÌìF) *A(I, J+l,NF)+BS (I, J,t(F) *A(I, J-I,tiFi+SOURCE
ADIì}í=BE (I, J,¡iF )+BW (I, J,NF )+Bil (I, J,tÌF )+BS (I o J,t{F )
rF (Æ{nÍ"EQ.0.0 .OR. ADIì¡I.EQ" 0.0) co T0 100
Z=A(I, J,NF)
ZREF=(ABS (A(I, J+1,NF) )+ABS (A(r, J_1,trF) )+* ABS (A(r+I oJ,l.rF) )+ABS (^(r-1, J,t{F )) ) / 4.
A ( I, J, l.lF ) =Alrnf /A-Dtû'f
rF(zREF.E0.0.0) c0 To 2
RSS (T, J,NF )=(A (T, J,NF) -Z) /ZREF
A (I, J,l{F )=Z*RP (Nf ) * (A (I, J,NF)-Z )
rF (ABS (RSS (r, J' NF ) ) . cT " ABs (RSDU (I'tF ) ) )RSDU (t{F ) =p. gs ( r, J, r\F )
CONTINUE
CONTTNUE

A}:IAL \¡ELOCITY SUB CYCLE
D0 t l0 J=2 , Jliì.j
D0 120 I=2, IMt
CALL SORCE (rIì, Jli,IîtrA, souRCEr r, J,l{vz,DPDZ,DpDT}lA)
CAIL CONVIC (IN, Jll, Klî,AeAE,Al,J,AN,AS, r, J,IIVZ)
CE=AE+BE(I,J,lìVZ)
CI,l=ALr+Bi,J (I, J, NVZ )
CN=Altr*BIi (I,J,N\¡Z)
CS=AS+BS (I, J,NIIZ)
AI'iulf=cE*A (I+1 , J, N\¡Z ) +Chr'"A (I_I , J, NVZ )+CÌ;i*A (I, J+l ,livz )+* cs*A (I, J-t,t{\¡z )+sOuRCE
ADlilf=CE+CW+C¡]J{ S

ZVZ(I,J)=A (I, J,NVZ)
IF(ADtTlÍ.E0.0.0)co To 120
A (I, J,NVZ ) =Al'íUì.f /AD\'lÍ

I2O CO}{T]NUE
l IO CONTTIiUE
CC CONSTFáI}ì I¡ELOCITY FTELD TO UB

CALL BULI( (IN, Jl-{=, !3.J,A,l{1 ,l;2,IIBAR)
D0 7C8 J=l,li2
D0 708 I=1"ti1
A (I, J, 3)=A (I, Jo 3) *UB /UBAR

7 08 CO};TINUE
D0 709 J=2 ¡ Jltll
D0 709 I=2,Ili;lÍ
RSS (I o J, NVZ) =I " 

j-ZVZ(I, J) / tt (t,J,tiVZ)
A ( I, J, NVZ ) =Z\tZ ( I, J ) +Rp (ÌJVZ ) * (A ( I, J, ¡rtr¡Z ) _ZVZ (T, J ) )
IF (ABS (RSS (I, JeNVZ ) ) . GT. ABS (RSDU (IiVZ ) ) )RSDU (ÌiVZ ) =RSS ( I, J, NVZ )

7 09 CO}ÌTINUE
IF(4L"EQ.0"0,0R. I,ÍOD(NITER,20).t{E.0)* c0 T0 I02
CALL pSS (IN r.IN, IO.i,A, lll rìl 2,DPDTHA)

102 CONTTII,IUE

RETURI.I

Eì\D
CC CALCULATE SOURCE TEPJ,ÍS

suBROurrNE SORCE (rN 
' 
JN, KN,4, souRCE, r , J,ItrD pDZ ,DPDTITA)

II{PLICIT REAL (A-H,O-Z)



YL

CC

I

D IlfENSr0Ì{ A(rN, Jtr, If{),DPDTHA (20, 20)
cot,f]foN /cG/ xr(20), x2(20),vp(20u 20)
COIüION /CR/ NNF,-FH,RO,AF, PS,AL,ROI{,AIÍEW,NITER, BETA
DATA Ì,II.r', NF , t{VZ / I 

" 
2,3 /

c0 T0 (I,2,3),t(
AXTAL VORTICITY

ilE=X2 (J) * (Xl (r+1)-¡1 11¡ ¡
HII=X2 (J) * (X1 (I ) -Xl (I-i ) )
HN=)t2 (J+1 ) -X2 (J )
HS=)12 (J)-X2 (J-t )
DSDN= ( (A (I, J+1, t{F )-A (I, J, NF ) ) *HS /nç+(A (I, J,NF) _

"' A (r, J-1 ,NF) ) *HN/HS) / (lts+itu¡
DSDìIE= ( (A (I+1, J+l, tiF ) -A (I+1, J, IiF ) ) *¡S /riN+(A (I+1, J, NF ) _* ¿(I+1,J-t,t{F) )*ill{/HS)/(Hri+Hs)
D SDt'ì1ü= ( (A ( r - I, J+1, NF ) _A ( r _ 1, J, ÌJF ) ) *H S /ltN+ (A ( r_ 1, J, ¡iF ) _* A(I-t,J-1,NF) )*HN/HS)/(HN+HS)
D 2 SD lrT= ( (D SDÌ{E -D SD tr ) :t11¡¡ 

711 8+ (D S Dtl_D SD }.11{ ) *it E /l-tr,, ) / (u E+IIr,t )
Itr,TrT=( (A (I+1, J,lirvZ) -A (I, J,NVZ) ) *llw/tIE+(A(I, J,NyZ )_* A(r-1,J,Il\¡Z) )*lrE/tii¡) / (HE+itw)
DI'IDN=( (A (I, J+1,l{VZ) -A (I, J,tjVZ) ) :r¿S/tit¡+(A (I, J,}iVZ)_* A(I,J-l,NVZ) )*HN/I1S) / (IIN+TIS)
D2SDli2= ( (A (r, J+I, NF) -A (r, J, IìF) ) /HN_ (A (r, J, liF ) _* 4(r,J-l,lrF)) /Hs)/ (0.5*(Frr¡+Ì{s))
S I = (DSDI'I+X2 (.i ) x¡ r tot-2 ) /ROr,'-ps x 1x2 ( J ) *)í2 ( J ) *Dr,,Drì+2 . *X2 ( J ) ** A(I,J,t¡\iz) )
s 2=D 2 SDtìT /ROI"¡-ps *x2 (J ) *DI,D T
SPPiJ=PS*ROIi* (DWDT*S 1 -Dt,IDl,jr(S 2*.)i2 (J) )
SOURCE=VP (I, J) *Sppl,l
SOURCE=-SOURCE*X2 (J)
c0 T0 111

STREA}I FUNCTIOI,]
HNr=X2 (J+I )-)12 (J)
ÉlS=)t2(¡)-xZ(J-t)
DI{DN= ( (A (I, J+1 ,I'IVZ ) -A (I , J,}ìVZ ) ) *HS /llN+ (A (I, J,l,,VZ ) _* A(r,J-1,NVZ) )*rrN/ItS) / (HN+trS)
SPPS=PS* (>t2 (J) ?tDtrDÌì+2. OxA (t, J,NvZ) )_A (I, J,Nt\r)
SOURCE=Vp (I, J) *SppS
S0IIRCE=-S OURCE*X2 ( J )
c0 T0 111

AXIAL VELOCITY
SOUP.C|=VP (I, J) * (DpDZ+pS*DpDTäA (I 

" 
J) )

S OURCE=-SOLTRCE *ii2 ( J )
CONTINUE
RET'I]RN

END

SUBROUTINE FOR PRII{TING THE VARIABLES
suBROuTIltE pRrNT (IN, Jli, Io¡eA,N 1,Ìt2,NBEGIN,IìTOTAL)
TIÍPLICIT REAL (A-H,O_Z)
DnIENSI0N A (IN,.tN, tr3j)
D0 10 ìICODE=Ì']BEGIN, ItrTOTAL

G0 T0 (Ir2u3,4r5),NCODE
AXIAL VORTICITY
PRINT IOO
G0 T0 111

1tì¡¡r

(, (,

LL



YJ

CC STRDAI{ FUIiCTIO}I
2 PRI}IT 2OO

GO TO lII
CC AXTAL VELOCITY

3 PR.INT 3OO

co T0 111
CC CTF.CUI'ÍFER.ENTIAL VELOCTT{

4 PRrl'ìT 400
G0 T0 ill

CC RÁDIAI VELOCITY
5 PRIIìT 5OO

i 1 1 CONTINUE
D0 20 J=I,N2

PRII{T 700, (A(I, J,liCODE), I=1,N1 )

PRINT 8OO,J
20 CONTI}IUE

PRINT 900, (I,I=I,7)
1O COI{TINUE

IOO FORì,ßT (,I,,30X''THE DISTRIBUTION OF AXIAL VOR'TICITY ( 1/SEC )'
* /'o' ,Lzg:i,' J' / /)

200 FORIIAT ('li ,30x,'TtìE DrsrRrBUTroN oF srREAìI Fut{crrolì ( Ilc/l'r-s ) "

* /, o. ,rzgxu" J" / /)
300 FORì.1AT ('I7 

"30):,'THE 
DISTF.IBUTION oF AXIAL VELSCITY ( l'IlS )'/"0",

* 12gll,'J'/ /)
400 FOPJ,IAT (" I' 025)'., "THE DTSTRIBUTIOhI OF CIRCtniFEP.EIITIAL ' ,

* 'VELOCITY ( Tl/S )'/'O',L29x"'J'/ /)
5OO FOPJL\T (,I';30).I,'TI1E DISTRIBUTIOII OF F1¡DIAL VELOCITY ( I'I/S )'

x /.0.,L29)i,'J'//)
70c FoRltAT('0"7811"4)
B 00 FoRìIAT (' *' ,I29>i "r2)900 FORÌfAT ('-' ,o r' "7)"r7 

(r2 
' 

13>i) )

REÏURN
END

CC SUBROUTII]E FOR CALCULATINC COI'IVECTION TER-I'ÍS

suBRouTINE c0lllTc (IN' Jll,lîi'A,AE'AlJ rAll'AS, r' J,Il)
il"lPLICIT REAL (A-H'O-Z)
DII'IENSrON A (Il{ 

" 
Jl;, If,{ )

riE-t

CC II{TERIOR Ì'IODES

G lpE=A (I+1 , J- I ,NF) +A (I , J- l,l{F ) -A (I+1 , J+l ,l'lF ) -A (I, J+1 ,lJF )

GlpI.r=A (I-1, J+1,l.IF)+A (I, J+1 ,lIF) -A (I-1 , J-t ,NF) -A (I, J-l ,liF )

G2PÌ(=A (I+1, J+l,1{F ) +A (I+1, J, liF ) -A ( I- l, J+l, llF ) -A ( I- I o J, NF )

G2PS=A (I-1, J-I, NF )+A (I-1, J,NF )-A (I+1, J- 1,IIF ) -A (I+1, J' NF )

cc cOì'fPIrrE AE, AW, A'¡, AS

APP=I. 0

rF ( K"EQ.NF )APP=o. 0

AE=APP* (GiPE+ABS (GIPE) ) /S" O

AÞJ=APP* (cIPI'+ABS (clPW) ) /s" o

AIJ=APP* (c2PN+ABS (c2PN) ) /8 " 0

AS=APP* (G2PS+ABS (G2PS ) ) /8. O

RETUR}I

END

CC SUBROUTTI'IE FOR CALCUIÁTING VELOCITY COIÍPOI]ENTS

SUBROUTI}TE VELDTS (Iìi, J}T 
' 
I3i, AO N 1 ?N2 )
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DÍPLICIT REAL (A-H"O.Z)
DrÞrENSI0l'I A (IN, Jl{, IC{ )
coulroì{ /cc / xt(20),x2(20),vP(20, 20)
colll'IoN /cR/ Ntlr,pHuR0,AF, PS TAL, ROIJ,Al'lEiJ, l{rrER, BETA

DATA NF TNVZ TNVI TNv 2 / 2, 3, 4, 5 /
JlIlf=II 2 - I
IMf=NI-1
D0 20 J=2¡Jl{l'f

Hl'i=li2 (J+1 ) -x2 (J )
rrS=,'i2(J)-x2(J-t)
D0 30 I=2 

' 
ïlILf

HE=X2 (J) * (X I (r+r ) _X I (r ) )
Hr.J=x2 (J) * (X1 (r) _xr (r_t ) )
DSDN= ( (A (I, J+I ,NF ) -A (I , J,}{F ) ) *]IS /HIi+ (A (I, J,}iF ) -

* A (I,J-t,trF) ) *tIN/IlS) / (trN+tls)
D SD T= ( (A ( I+1, J, NF ) -A ( I, J, IJF ) )'*HU /IiE+ (A ( r, J,liF ) -

* A (r-I, J,NF) ) *HElHll) / (IlE+Iil.r)
A (r, J,LÌ\¡ I ) =DSDN/R0IJ-PS*X2 (.¡) *e ( r, J,NVZ )
A (I, J,NV2)= (-1 .0) xDSDT/RoI'J

30 COI.ITINUE
20 CONTTNUE

RETURN
EI{D

CC SUBROUTII.]E OUTPUT
SUBROUTINE OUTPUT (ll l,l'12,I'IBEGIlì,NTOTAL )
IlfPj.rcrT REAL (A-I1"0-Z)
cotftf0t'i /cpl RSS (20,20,3),UB
D0 l0 Ì{CODE=NBEGII{,NTOTAL
G0 To (I,2,3), I'ìCODE

1 PRII{T lOO
GOTO5

2 PRINT 2OO

GOTO5
3 PRTNT 3OO

5 PRINT 360
D0 70 J=lrN2
PRII'lT 700, (RSS (I 

' 
J,llC0DE) o I=1,N1)

PRII.IT BOO, J
7 0 cor'lTrlluE
iO CONTINUE
100 FOPJ'ÍAT ( " ' ,54N" 'AllrAL VORTTCTTY " )
200 FORI{AT (' o 

, 54X, " STREA}'Í FUI{CTrON" )
300 FoRl'fAT ( " ' ,54y,o "AlirAL VELOCrr:'" )
360 FoRliAT( o o 

"57Xu 
"RESTDUAL" )

700 FOR}ÍAT("''7EII"4)
800 FORMÀT (n*o oI29X,T2)

RETURI{
END

CC SUBROUTINE FOR CALCULATING CIRCMIFERENTIAL PRESSURE

CC GRADIEI']T
SUBROUTINE PSS (IN, JN, ICI,AONl'N2'DPDTHA)
II'íPLICIT REAL (A-II,O-Z )
DrtlENSrON A (rli,.lN, i0i),DPDTIIA (20, 20)
col'fi'toN /cc / xr (20) 

"v,2(20),vP(20, 
20)



COITÌ.ÍON /CR/ NNF, FI],P.O,AF, PS, AL,ROIJ,AIíEI,J, NITER, BETA
DATA NvZ,tìVl,NV2/3, 4,5 /
CALL VELDIS (IN, J\Ì, rir\*,.4.,N I,l'ì2 )
Ilûl=ìl I - I
JNI'I=N2-l
D0 65 J=2rJl{l'l
H¡*=X2 (J+1 ) _>I2 (J)
HS=X2(J)-X2(J-I)
D0 75 I=2rIl'Tl'{
IlE=x2 (J) * (xI (r+r )_xr (r ) )
HH=x2 (J) * (>il (r ) -x I (r-r ) )
DV lDR= ( (A (I, J+1, NV 1 ) -A ( I, J,tiv I ) ) *H S /tÌN+ (A (I, J,t'iv I ) -* A(r, J_1,NV1) )*rrll/ilS) / (ÌrN+HS)
D\¡ lDR2= ( (A (I, J+t ,ì,tV 1) -A (I, J,NVI ) ) /t{N- (A (I, J,trv I ) -* A(r,J_1,t{Vt))/HS¡/(0.5*(HN+HS))
DV2DT= ( (A (I+1 , J, NV2 ) -A (I, J, NV2 ) ) *Hi,t/tiE+ (A (I, J,t.tv2 ) -* A(I-1' J,NV2) ) *lìEll{w) / (nn+gt,')
DV IDT2= ( (A (I+1, J, tr\¡ i ) -A ( I, J,NV I ) ) /nr- (a (I, J, trrV l ) -* A(I_t,J,t{V1))/Hi+¡/(C.5*(irE+}ru))
D\¡IDT=( (A (f+1, J,ìtrVI)-A (I, J,l'l\/I ) ) *HI,l/nn+(A(I, J,ìlVI )-* A(I_t,J,NV1))*IlEllÌI^r')/(HE+Iii^t)
s l=DVtDp,/x2 (J) -A(I, J,NV1) / (XZ (J) *:lZ (J) )+DV1DR2+2.0** DV2DT/X2(J)+(I.0+pS*pS*>t2(J)"^>i2(J))*D\¡1DT2
S 2=X2 (¡ ) *a ( I, J, NV 2 ) *D \u IDR+ (A ( I, J, l.ll¡ I ) +PS *):2 ( J ) *A ( T 

" 
¡ o tlVZ ) ) ""* )t2(J)*UVIDT+A(r,J,l{\'1)*¡(r,J,NV2)

DPDTHA (I , J) =Al'lEI.J*)12 (J ) *S 1-R0l\7*S 2

7 5 COÌ]TINUE
65 COIITII'IUE

RETUP.I.I

El\.D

CC SUBR.OUTII{E FOR CALCULATII.IG BOUNDARY \¡ORTICITIES
suBROUTI}IE B0UI'ID ( Il'1, Jl,t, lall, A, l.l I, ll 2 )
IìTPLICIT REAL (A-H,0-Z)
D It{EuS IOI,ì A (IN, Jl,t, X}r )
c0bflfot't /cc I xL(20), >i2(20), vp ( 20, 20)
c0l1¡Í0¡¡ /cn/ Nttn, r,ll, R 0, AF, ps, 

^L, 
Roh" Al.lEI,J, N ITEp., BET/r

DATA }ìli,¡lF,t{VZl I 
"2 " 

3 /
CC TUBE TJALL

r-l' IJ-!r¿

IMl=l{1-1
DR=RO-)|2 (tj2-l )
Gt=6. * (3 " *DR-2. *R0) / (5" *DR-4. *R0)
G2=-2.,t (DR-RO) / (5.*DR-4. *R0)
c 3=_ps* (3. *R0_2 

" 
*DR) * ( 3 " 

*DR_2, *R0) / (nno (5. *DR-4 . *R0) )
DO 10 I=2,INli
A (I, J,NW) =ç1 x (A (I o J,NF ) -A (I, J- I,NF ) ) / (R6W*DR*DR)+

* Gz"^A(r, J-l rNId)+G3*A (I, J-l,NVZ)
10 coNTrì¡uE
CC FII{ SURFACE

I=1
JNI'Í=N2-l
G1=3.
G2=-0.5
D0 20 J=2, JN}I
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20
CC

DT=X2 (.1) x¡' t , t,
A (I, J,M.i) =ci * (A (I o J,NF )-A (I+1 , JoI\ÌF) ) / (RO1J*DT*DT)+* c2*A(r+1,J"til{)
COI,JTINUE

¡-!r I

D0 30 J=2,JM{
DT=)i2 (J) * (ä1 (t{ I )-XI (N t-1) )
A ( I, J, Nt.I) =c I * (A ( I o J, Iìf ) -A ( I - l, J, I\ÌF ) ) / (ROI.J*D T*D T ) +* G2*Ä.(r-lrJ,III,J)
CONTI}IUE
CENTER NODE
ì'-rl r / ILi-L\ L I L

GI=36. / 5 "
G2=-4"/5"
G3=PS*12./5.
DP.=X2 (2 )
a. (I'i, 1, ì'III ) =6 1 * (A (N, 1, tiF ) -A (ì{, 2, t{F ) ) / (ROIJ*DR*.DR ) +* c2*A (It" 2,lilJ)+c3*A (ti, 2,lr,vz)
DO 40 T=l , l.l I
A (I, I u l{lrt) =4 (t¡, I, l{l,I)
COIìITIT.TUE

RETURT;

EIID
SUBP.OUTIIiE FOP. CALCULATIÌ,iG I\'ALL SI.IEAF. STP.ESSES
suBROtnriiE SIIEAR(rN,Jl'rrr.f\,A,ll1,l{2,DpDZIr'rDUDR.,DUDTr,DL'DT2)
II'IPLTCIT REAL (A-H, O-Z )
DI}ÍNNSIOI'I A (IN, JN, K1j),DUDR (20),DUÐTI (20),DIJ-DT 2 (20)
Coì'íì'ÍOll / Cc / xL (20) ;._Z (20), Vp ( 2 0, 20 )
COISIOI{ /CP./ }IIiF, FI], R O, AF, PS, AL, ROIí ,AI.fEirÌ, }i ITER, BE TA

.:Tåujoo, 
/cxl err,n-Á\/c srTr'r qrÀ'?,sLrìÍ3,AIEAt,AREA2,AIÌEA3,AVct,A\c2,

liVZ=3
I:V I =4
N\7r-(t\ v 4-J

CALCUIÁTE VELOCITT GRADIENTS 0t{ i\rALL
TUBE IJALL
DRI=R0-X2 (l't2-t )
DR2=X2 (l{2-1 ) -X2 (t{2-2 )
l-tto

D0 10 I=l,NI
Dr,r'DR (r )=ABS (A (r, J-2,NVZ) *DF.I/ (DR2* (DRt+Dp.2) )_* A(I,J-l,Ni¡Z) *(nRt+DR2) / (DRi*DR2) )
COiiTINUE
DUDR(1)=0.5*DUDR(2)
DiIDR (N I ) =0.5*DUDR (ìJ1-1 )
FIN STIRFACE
I=1
DTl=Xt (r+I ) -X I (I )
ÐT2=xI(r+2)-X1(r+t)
D0 20 J=2,1,12
DTTl=DT1*X2(J)
DTT2=DT2*X2 (J )
c l=ABS (Ä (r+l , J,NVZ) * (DTT1+DTT2 ) / (DTrI *DTT2) _

30
CC

40

rn

UU
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* A(I+2,J,1.trV2)*DTTI / @rtZ* (DTTI+DTT2) ) )
G2=ABS (A (I+t , Joltv 1¡ :r (DT I+Dï2 ) / (DT 1*DT2 ) -* A(I+2,J,ÌtVi)*DT1 / $rZx (DT1+DT2) ) )
G3=ABS (A (r+1 , J,t'tv2 ) * (DTl+DT2 ) / (DT I *DT2 )-* A ( I+2 , J, NV2 ) *DT 1/ (Ar Z* (DT r+DT2 ) ) )
DUD T I (J ) = ( 1, +2 " * AL* >i2 ( J ) /R 0 ) *c I+AL*G2 /R 0+Ar *c 3 /R0

20 cot{TrtruE
DUDT I (t¡2 ) =O " S*.DUDT i (N2-I )

CC

I=Nt
DTl=Xl (I )-XI (I-1 )
DT2=Xt(r-1)->;l (r-2)
D0 30 J=2,1t2
DTTl=X2 (J) *nrt
DTT2=X2 (J) *DT2
G1=ABS (A(I-2,J,N\¡Z)*DTTl / @TTZ"^ (DTTI+DTT2) )_* A(I-1, J,lrVZ) *(DTTl+DTT2) / (DTTt*DTT2) )
G2=ABS (A (r-2, J,NVI ) *DTi/ (ntZ* (DT1+DT2 ) ) _* A (I-1, J,NVl ) :k (DTt+DT2) / (DTI*DT2 ) )
G3=ABS (./\ (I-2 , J, NV2) *DT I / (ntZ* (DT 1+DT2 ) ) -* A(I-1, J,riv2) * (DTl+DT2) / (DTl*DT2) )
DUDT2 (.1¡ = 1 L.+2 " *AL*X2 (J ) /R0 ) *G 1+¿.L*c2 /Rg+Ar*G 3 /R0

30 CO}ITIIìUE
DUDT2 (NZ ¡=9.5*DUDT2 (¡12-1)

CC

CC C]]IITER }.IODE

A1=0.S*DUDTl(2)
A2=0.5*DUDT2(2)
ar-art /a

DRt=X2(2)
DR2=)i2 (3)-xZ(Z)
A3=ABS (A (lì, 2,NVZ):r (Dp.l+DR 2 ) / (nnt *nn2 )-A (ti, 3, NVZ ) ** DRl / (¡nZ* (DR 1+DR2 ) ) )
AA= (41+42+43 ) /3.
DllDTl(I)=Ae
DIIDT2 ( 1) =AA

CC I}ITEGRATE VELOCITY GF.ADIEI.,ÌTS USII{C TRAPEZOIDAL RLILE
CC TUBE IJTLL

SUI'Í I=0.
Ilü.1=ll l-I
D0 40 T=1u IÌtrIí
SU}ll=Slll'll+(DIIDR (I )+DIIÐR (I+l ) ) *R0* (Xt (r+l )-x L (r) ) /2 "40 CONTI}iUE

CC FII.T SURFACE
SIII'í2=0.
Jl.lll=l'i2- I
D0 50 J=l, JNl,i
y2¡= (x2 (J)+X2 (J+r ) ) /2 "
RSO=AL*X2AlRO
SECG=SQRT ( r.+nsq*¡gq ¡
SUlf 2=SUl'12+ (DUDT I (J ) +DLDTI ( J+ 1 ) ) *S ECG* (>i2 ( J+t ) -}iZ ( J ) ) / 2.

50 CONTINUE
CC
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cc
SIIII3=0.
D0 60 J=luJl'lH
- t tr= ()i2(J)+X2 (J+t ) ) /2,
RSQ=AL*X2AlRO
S ECG=SQP.T ( I "+nsq*s5q ¡
sut.I3=str{3+ (DUDT2 (J)+DrrDT2 (J+1 ) ) *SECC * ()í2 (J+l ) _X2 (J )) / 2 "60 CONTINUE
SUl.f=SUII l*SUlf 2+Sl]}l3

CC TOTAL SURFACE AREA
PI=3. L4L59
rF(AL,EQ.0.0)co T0 70
AUG=SQRT( I.+AL*AL)
AREA=2, *R 0* (p I /NNF-B ETA*r1,Uc ) +R 0 *AUG+R0*ALOG (AL+AU C ) /AL
AREA I= 2. *R O* (PI /}INF-BETA*AUG )
AREA2=0. 5* (R0*Âuc+R.o*AL0c (AL+AUG) /Ar )
AREA3=AREA2
c0 T0 B0

70 ÄREA=2, *R0* (pI /NIIF_BETA)+R0*2.
AREA 1=2 . *R 0* (FI /ìiNF_BETA )
AREA2=R0
AREA3=R0

CC A\¡ERAGE VELOCITY CP.JJIEI{T
8O AVG=SUIí/AREA
CC i.JALL SIIEAR STRESSES NORì.IALIZED BY AVNP,ACE VALUE

D0 90 I=I,NI
DUDP ( I ) =DllDR ( I ) /nr¡C

90 COIITINUE
D0 100 J=l"1ì2
DUDT I (.1¡=P¡ot 1 (J ) /AVG
DUDT2 (¡)=nu¡t2 (J) /AVC

l OO CONTII.IUE
A\¡G=A\¡GJrAIlEi.l
SUl{ I=SlJÌ'í I*A}ÍEI]
AVG l=Slll.f 1/AREA I
SUl'í2=SUll2*Al'IEli
AVG2=SUt'l2/an¡¡rZ
S Ulf 3= Slll'l 3 *Alf El'J

AVG 3=SUIÍ 3 /AP.EA 3
CC CALCULATE PRESSURE GRADIENT

D PD Z IJ= -NIiF * S UI.í*A}f EI,J /A F
RETURTì

EIìD

SE}iTRY
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APPENDiX F

IMPLICIT FORMULATION OF VORTICITY BOUNDARY CONDITION

Figure F.ì shows a typ'ical node P surrounded by nodes N, S, E,

i,J of whi ch N 'i s a boundary node . Vorti ci ty boundary condi ti on ,

equat'ion (4.3), gives:

v -v_
(F.t),N = cl tjpSl * cz ,p * c, or,o,

where
6(3n - 2ro)

l^=_-"t -(5r - 7r;I '

r- = - .2(n 
- ro)

vz - - T5n -l%T '

and

n _ _ cx (3ro - 2n) (3n - 2ro)

"3--%@

Vortic'ity and stream function at node P are obtained from the

successi ve substi tuti on formul a:

'p = Cl'r o cfi ,, * ril rr,r n cT rS o D'

w\yv\y\/
vp = cË \,r u cut vw r-cñ v¡l n ci vs * D'

where

\y u/D'--d'p Vp/rRg

(F.2)

(F.3)

(F.4)



Substjtut'ing the approprìate value of d'o from Section 3.4 gives:
"r

100

(F.5)

(F.6)

n\y =-,p
Itvn

.^f f rttr0p rù F- - F(V-).AB L

j n which F(vr) is the part of the source term of stream functjon

equat'ion whjch is a function of V, only. Thus,

âV - V,.
F(tlr) =å rp (rå#*zvr,o) 

,oT

Equation (F.5) can be combined with equatjon

equat.ion is substituted ìnto equation (F"l ),

(f . S¡ " t¡Jhen the resuì ti ng

there resul ts:

(F.7)

and sol vi ng for co', the

I
¡ | rr,*Àl L rillrr ^^2 t'{

|./|l

u/- {r^'\v
L vr r r

ft

u-r
'1- L,,

t^t
vr+c[v**rl*,

' 'PrÉ

\/'P

ñ-
F(Vz) Ìl + CZ ,p * C3 Vr,p

Substjtutìng equat'ion (F.7) into equation (F.Z)

fjnal expressjon for u_ro is obtained as follows:

¡0Jn

r cf r^r., + Du + "tltì ¡v^, - { ¡i=trLJ,S | | pn2 't i=E,[rl ,N,S

f. 
uJ

l vj - F(vr)Ì +

tÐn
Y

l+ct
Ivl

r¡
pnz

v.r \/'P "P

+1 \/ l' U^ v ^ |J z'Y-

Int
¡1D

-l'-I ¿' (F"B)



l0i

Sl'm'ilar expressions can be obta jned for vorticìty values for nodes

on j=2,2< j <nZ-l; i=n-l,Z<j<n}-l andj=2, ?<i < nl_]. However,

it should be noted that the nodes (z"z), (z"nz-r), (nr -1 "z)" and (n.r_ì,
n2-1) are surrounded by two boundary nodes and thus requìre special
consideratjon while calculat'ing the vortjcity values. lievertheless, the
basic procedure of treatìng su.r, nodes remains the same as alreaoy
di scussed.
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{r
\çv

F'igure F.l : Imp'lic j t Forrnulation of Vorti c'i ty Boundary Concij tì on
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TABLE 5

Fri ctÍ on Factor Val ues for Tubes t¡Jì th
Strai ght Fi ns

Friction Factor times
(t 

oRe ¡

Reynoìds Number

Due to Soliman and
Fei ngot d Il I ]

Present Predi ctions

86 "946

240.930

539.104

87.82

243.50

545 .90
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