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Abstract

Maximum likelihood is an ubiquitous method used in the estimation of gen-
eralized linear mixed model (GLMM). However, the method entails compu-
tational difficulties and relies on the normality assumption for random ef-
fects. We propose a second-order least squares (SLS) estimator based on the
first two marginal moments of the response variables. The proposed estima-
tor is computationally feasible and requires less distributional assumptions
than the maximum likelihood estimator. To overcome the numerical diffi-
culties of minimizing an objective function that involves multiple integrals,
a simulation-based SLS estimator is proposed. We show that the SLS esti-
mators are consistent and asymptotically normally distributed under fairly

general conditions in the framework of GLMM.

Missing data is almost inevitable in longitudinal studies. Problems
arise if the missing data mechanism is related to the response process. This
thesis develops the proposed estimators to deal with response data missing at
random by either adapting the inverse probability weight method or applying

the multiple imputation approach.

In practice, some of the covariates are not directly observed but are

measured with error. It is well-known that simply substituting a proxy vari-



able for the unobserved covariate in the model will generally lead to biased
and inconsistent estimates. We propose the instrumental variable method
for the consistent estimation of GLMM with covariate measurement error.
The proposed approach does not need any parametric assumption on the
distribution of the unknown covariates. This makes the method less restric-
tive than other methods that rely on either a parametric distribution of the

covariates, or to estimate the distribution using some extra information.

In the presence of data outliers, it is a concern that the SLS estimators
may be vulnerable due to the second-order moments. We investigated the
robustness property of the SLS estimators using their influence functions.
We showed that the proposed estimators have a bounded influence function
and a redescending property so they are robust to outliers. The finite sample
performance and property of the SLS estimators are studied and compared
with other popular estimators in the literature through simulation studies

and real world data examples.

Keywords: Bias reduction; Discrete response; Influence function; Instru-
mental variable; Least squares method; Longitudinal data; Measurement er-
ror; M-estimator; Mixed effects models; Outliers; Robustness; Simulation-

based estimator.
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Chapter 1

Introduction

1.1 Longitudinal Data Analysis

In medical, biological, environmental and social sciences research, longitu-
dinal data analysis is widely used and constitutes the most fundamental
statistical research methodologies. Longitudinal data, by definition, is data
collected from repeated observations of subjects over time. Typically, a fixed
number of repeated observations are obtained at a set of common time points
although they are not required to be distributed evenly throughout the du-
ration of a study. The distinct feature of longitudinal data is that individual
subjects are measured repeatedly across time and these measurements are
likely to be correlated within the same individual. The scientific questions
of interest in longitudinal studies, often involve not only the usual questions,
such as how the mean response differs across treatments, but also how the

change of subjects’ responses over time (e.g., growth and aging) differs and



other issues concerning the relationship between responses and time.

There are several major advantages of collecting longitudinal data.
First, longitudinal studies allow us to investigate how the variability of the
response varies in time with covariates. For instance, a clinical trial designed
to study time-varying drug efficacy in treating a disease, which cannot be
examined by a cross-sectional study. Second, longitudinal studies have the
capability to separate aging effects (changes over time within individuals)
from cohort effects (differences between subjects at baseline). Third, longitu-
dinal studies are more powerful to detect an association of interest compared
to a cross-sectional study. The reason is that the repeated measurements
from a single subject provide more independent information than a single
measurement obtained from a single subject. Last, longitudinal studies can

provide information about individual changes.

Conventional statistical methods require there to be an independence
between observations. Longitudinal data, however, unlike cross-sectional
data, is likely to violate this assumption because measurements within a sub-
ject may be correlated. Hence, the key challenge of longitudinal data analysis
is to account for the dependency in the data using more sophisticated sta-
tistical methodologies. Although there have been extensive methodological
developments for the analysis of longitudinal data in the last few decades (e.g.
Molenberghs and Verbeke 2005; Carroll, Ruppert, Stefanski, and Crainiceanu
2006; Molenberghs and Kenward 2007; Fitzmaurice, Davidian, Molenberghs



and Verbeke 2008; McCulloch, Searle and Neuhasus 2008), there are still
many emerging issues arising in practice which motivate further research in
this area. In particular, the following problems are common in longitudinal

studies:

longitudinal data may either be continuous or categorical or a mixture

of both;

there are often missing data or dropouts;

e some variables may be measured with errors;

data outliers are always present.

New statistical methods are required to address one or more of the above
problems as standard methods are not directly applicable. Commonly used
models for longitudinal data include: mixed models, marginal models and
transition models. Each of these modeling approaches offers their own ad-

vantages and disadvantages.

Mixed models (Harville 1977; Laird and Ware 1982; Breslow and Clay-
ton 1993), in which the regression coefficients are allowed to vary across
subjects, are commonly used to incorporate both variations within and be-
tween subjects. They include a mixture of fixed effects, which are parameters
associated with the entire population, and random effects which are associ-

ated with individual subjects. In general, the distribution of mixed effects



is usually assumed to be normal. Mixed models can not only describe the
trend of data over time while taking account of the correlation that exists
between successive measurements, but also describe the different variation
for each subject over time. The mixed effects model is a powerful technique
for the analysis of longitudinal data when the objective is to make inference

about individuals rather than the population average.

In marginal models (Liang and Zeger 1986) the regression of the re-
sponse on explanatory variables is modeled separately from within-subject
correlation. These models focus on the mean structure, and more specifically
on the regression parameters linked to the means. The within-subject depen-
dence is treated as a nuisance, which needs to be accounted for since it affects
the power of tests and the precision of the regression estimates. The esti-
mation of parameters does not require full distributional assumptions, but
rather only require specification of a regression model for the mean response.
The primary objective of the marginal models is to estimate the effect of a
set of covariates on the marginal expectation of response without explicitly
accounting for subject to subject heterogeneity. Marginal models, are also
referred to as population-average models due to the fact that they describe
the average response in the population rather than an individual’s responses
(Zeger, Liang, and Albert 1988). A comprehensive discussion on the relation
between marginal and random-effects models can be found in Heagerty and

Zeger (2000) and Nelder and Lee (2004).



In transition models, the conditional mean of an outcome at the cur-
rent time point is modeled as a function of its values at the previous time
points and covariates (Diggle, Liang and Zeger 1994). These models are
also known as conditional or Markov models. They are useful when one is
interested in studying the effects of covariates and of past responses on the
current response or predicting the future response given the past history. The
within-subject correlation is easily accounted for by conditioning on the past
responses, and the model can be easily fitted within the generalized linear

model framework.

1.2 Data Examples

Two real world longitudinal data examples are presented in this section for

illustration purposes.

1.2.1 Example 1: Framingham Study

In the Framingham study (Dawber, Moore and Mann 1957; Dawber 1980),
2634 participants’ cholesterol level is measured every 2 years over a 10 year
period. The objective is to study the change in cholesterol over time and
examine the association with age at baseline and gender. Figure shows
cholesterol levels over time for 200 randomly selected individuals from the
Framingham study and a glimpse of the raw data for illustration purposes is

provided in Table|l.1} Figure suggests all subjects seem to have a similar



trajectory and cholesterol levels increase linearly over time. However, each
subject has his/her own trajectory line with a possibly different intercept and
slope, which implies two sources of variations (within and between subject

variations) exist in this dataset.

Table 1.1: Cholesterol levels for a subset of participants over time
Subject Cholesterol Sex Age Year

1 175 M 32 0
1 198 M 32 2
1 205 M 32 4
1 228 M 32 6
1 214 M 32 8
1 214 M 32 10
2 299 F 34 0
2 328 F 34 4
2 374 F 34 6
2 362 F 34 8
2 370 F 34 10

1.2.2 Example 2: Seizure Count Data

In a clinical trial, 59 epileptics who were randomized to receive either the
antiepileptic drug progabide or a placebo , as an adjuvant to standard chemother-
apy. The logarithm of a quarter of the number of epileptic seizures in the
8-week period preceding the trial (Base) and the logarithm of age (Age) were

included as covariates in the analysis. For each individual, a multivariate re-



Figure 1.1: Trajectories of cholesterol levels for a subset of participants over time
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sponse variable consisted of the seizure counts during 2-week periods before
each of four clinical visits (Visit, 1,2,3,4) was collected. This data was first
analyzed by Thall and Vail (1990) to study whether the treatment effect is
effective after adjusting for available covariates. The data set is shown in
Table and Figure 1.2l The response variable is count data which im-
plies that Poisson regression model would be appropriate. All subjects that
received the same treatment seem to have a similar trajectory but with no-
ticeable intra-subject and inter-subject variabilities. Subjects that received
different treatments may have possibly different intercepts and slopes. All
the observations seem to be correlated within the same subject. In addition,
there is a number of patients who seem to have irregularly large counts and

may be potential data outliers.



Table 1.2: Epileptic seizure count data over time

Subject Count Treatment Base Age Visit

1 5 placebo 11 31 1
1 3 placebo 11 31 2
1 3 placebo 11 31 3
1 3 placebo 11 31 4
29 11 progabide 76 18 1
29 14 progabide 76 18 2
29 9 progabide 76 18 3
4

29 8 progabide 76 18

Figure 1.2: Epileptic seizure counts over time
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1.3 Overview of Work

Recently, Wang (2003, 2004) proposed a Second-order Least Squares Estima-
tor (SLSE) for nonlinear measurement error models, and Wang and Leblanc
(2008) compared the SLSE with the Ordinary Least Squares estimator in
general nonlinear models. Wang (2007) extended this estimation method to
nonlinear mixed effects models with homoscedastic errors. This estimation
method is based on the first two marginal moments of the response variables
given the covariates. He showed that under some regularity conditions the
SLSE is consistent and asymptotically normally distributed. Li (2005) per-
formed extensive simulation studies of the SLSE for nonlinear mixed effects
models. Abarin (2008) applied the SLS method to cross-sectional regression
model with application to measurement error. The focus of this thesis is
to extend SLSE further to the Generalized Linear Mixed Models (GLMM),
which have been widely used in the modeling of longitudinal data where the

response is discrete.

This thesis contains some major extensions and studies of the second-
order least squares methodology. First, we address the computational issues
and implementation of the SLS estimators in practice. The finite sample per-
formance has not been studied especially under different setups of the weight
matrix. We conduct substantial numerical studies to investigate these in the
GLMM framework. Furthermore, we relax the high-level regularity condi-

tions in Wang (2007) to derive the asymptotic properties of the SLSE in



GLMM. Second, data outliers are common in longitudinal data. If no ac-
tion is implemented to deal with these outliers, they may distort an analysis
completely and lead to inappropriate conclusions. One of the concerns for
SLSE is that the second moments used in the estimation procedure may en-
large the outlier impact. We investigate the robustness property of SLSE
by means of the influence function, and show that the SLSE has a bounded
influence function. Simulation studies are performed to confirm this robust-
ness property. Third, our preliminary simulation studies, and the simulation
studies in Wang (2007) indicate that there are some finite sample biases for
the estimation of variance components. These biases are downward-oriented
and diminish with increasing sample sizes. We study the source of this finite-
sample bias and proposed a bias reduction technique by using independent
weights. Forth, longitudinal studies often feature incomplete data. Problems
arise if the missing data mechanism depends on the response process. We
extend the SLSE to accommodate response data missing at random by ei-
ther adapting the inverse probability weight method or applying the multiple
imputation approach. Fifth, data measured with error are very common in
longitudinal studies. Such data can cause significant difficulties in deriving
correct results and interpretation. We propose the method of moment esti-
mators for the generalized linear mixed models with measurement error using

the instrumental variable approach.

The thesis is organized as follows. Chapter 2 focuses on the estimation

of linear mixed model which is a special class of the GLMM. In Section 2.1,

10



we conduct a brief literature review on the existing estimation methodologies
in linear mixed model. Section 2.2 introduces the SLSE and gives its con-
sistency and asymptotic normality. We also discuss the implementation of
SLSE and investigate its robust property against data outliers here. Numer-
ical studies are examined to compare the finite sample performance of the
proposed estimator with the maximum likelihood estimator under various
scenarios in Section 2.3. The robustness property of the proposed method
against data contamination is also demonstrated through simulation studies

in this section. A real data application is illustrated in Section 2.4.

Chapter 3 proposes the simulation-based estimator (SBE) for the esti-
mation of GLMM. In Section 3.1, we introduce the model and conduct a brief
literature review on the estimation methodologies in GLMM. Section 3.2 dis-
cusses the model identifiability based on the first two marginal moments and
introduces the simulation-based estimator. In Section 3.3, we conduct sim-
ulation studies to compare finite sample performances of the SBE with the
quasi-likelihood estimator. A real data application is given in Section 3.4.
Section 3.5 reviews the missing data problems in longitudinal data and pro-
poses to accommodate response data missing at random by either adapting
the inverse probability weight method or applying the multiple imputation

approach. Monte Carlo simulation results are also reported in this section.

In Chapter 4, we introduce the linear mixed model with measurement

error and review some existing estimation methods. We propose the method

11



of instrumental variable approach for the classical additive measurement er-
ror model estimation in Section 4.2. Here we establish theoretical results
of the proposed estimator by assuming a known linear relationship between
instrumental variables and measurement error variables. Section 4.3 exam-
ines an alternative model with a Berkson-type measurement on covariates.
We investigate the finite sample performances of the proposed estimators
in comparison with the naive maximum likelihood estimator in Section 4.4.

Section 4.5 includes a simulation study based on a real data application.

In Chapter 5, we propose the method of moment estimators for the
generalized linear mixed model with covariate measurement error using the
instrumental variable approach. Section 5.2 introduces the model and the
proposed estimation procedure. A nonlinear regression relationship between
the instrumental variable and measurement error variables is assumed, and
the asymptotic covariance matrix of the proposed estimator is derived by ac-
counting for the estimation error of the regression/nuisance parameters. In
Section 5.3, we construct the simulation-based estimator for the case where
the closed forms of the marginal moments do not exist. In Section 5.4, we
present simulation studies of finite sample performances of the proposed es-
timators. Chapter 6 briefly summarizes overall findings and outlines possible
extensions for future work. The proofs of the theorems are given in the

Appendices.

12



Chapter 2

Second-order Least Squares
Estimation in Linear Mixed

Models

2.1 Introduction

Linear mixed models (LMM, Laird and Ware 1982) are a common frame-
work used to analyze repeatedly measured and clustered data which arise in
many areas, such as medical and biological sciences, epidemiology, agricul-
ture, social and environmental sciences. For subject i (i = 1,--- , N) being
observed or measured repeatedly on n; occasions, a linear mixed model can

be expressed as
yi = XiB + Zib; + €, (2.1)

where y; is the n; x 1 vector of responses, 3 is a p x 1 vector of the fixed

population effects, and b; is a g x 1 vector of i"* subject’s random effects

13



and follows a certain distribution with mean 0 and covariance D(#). D(0)
is a ¢ X g positive-definite covariance matrix depending on a r x 1 vector of
parameters 6. X; and Z; are the n; x p and n; x ¢ design matrices to link
£ and b; to y; respectively. ¢; is the n; x 1 vector of residual error terms
following a certain distribution with mean 0 and covariance o21I,,. Also, all

random vectors {b;,€;,i = 1,--- , N} are assumed mutually independent.

For the estimation and inference of LMM, the most frequently employed
approach is the maximum likelihood (ML) approach. Assume both the ran-
dom effects and the residual errors are normally distributed. The marginal
distribution of y; is multivariate normal with mean X;3 and variance oI +
Z;DZT. Assuming independence across subjects, the log-likelihood function

is given by
N

N
1(5,0) = e~ 3 Slos(IAd) > 2
=1

(Vi = Xi)TATH (Y = XiB),  (2:2)

[\:JI)—l

i=1

where ¢ is a constant and A;(a) = 0%l + Z;DZ} depends on an unknown
vector a = (0',0?)" of parameters. Estimation of ¢ = (3',a’) requires joint
maximization of using numerical optimization technique such as the
Newton-Raphson algorithm. In general, there is no analytic solutions avail-

able. However, if assume A; is known, we can obtain the maximum likelihood

estimator of 3 as
N N
Blo) = O XA X)) XIATY: (2:3)
i=1 i=1

Since we usually do not know A;, we typically estimate it from the data

14



using the MLE. In general, it is not possible to write down simple expressions
for the ML estimate of A;. The ML estimate of A; has to be found by using
numerical algorithms that maximize the likelihood. Once the ML estimate
of A; has been obtained, we simply substitute the estimate of A;, say A, to
obtain the ML estimate of 5. Because B is estimated by maximum likelihood
estimation method, the asymptotic covariance matrix of B is the inverse of

the observed Hessian matrix at the optimum —0I%(3)/0808", i.e,

N
var(8) = (> XIA7IX) (2.4)
i=1

A criticism of the ML estimators for the variance components is that

they are biased downward because they do not take into account the loss
in degrees of freedom from the estimation of #. The method of residual
or restricted maximum likelihood (REML) (Patterson and Thompson 1971)
estimation was developed to address this problem. The main idea behind
REML is to estimate the parameters of main interest without having to deal
with the nuisance parameters. One possible way to obtain the restricted
likelihood is to consider transformations of the data to a set of linear combi-
nations of observations that have a distribution that does not depend on f.
When the residual likelihood is maximized, we obtain estimates of A; whose
degrees of freedom are corrected for the reduction in degrees of freedom due
to estimating a. That is, the extra determinant term effectively makes a cor-

rection or adjustments that is analogous to the correction to the denominator

in A;. If § is estimated by the MLE condition on «, then REML maximizes

15



the following slightly modified log-likelihood to obtain &

N N
1 | .
[(B,0) = c— ;:1 5 log(|A]) — ;:1 S¥i— XiB)TATH(Y; = Xi)
! N
T A1
_510g| ;:1 X; A7 X (2.5)

A comprehensive overview of the likelihood estimation algorithm and
its properties can be found in Demidenko (2004) and Jiang (2007). In general,
the computation of likelihood function is not simple and relies on Gaussian
assumption for both random effects and residual error terms. Since the ran-
dom effects are unobservable, it is not feasible to verify their distributional
assumptions. It is thus natural to be concerned whether these methods yield
reliable results when the Gaussian assumption is not appropriate. Several ex-
tensions of the LMM have been proposed to relax the Gaussian assumption
for the random effects (e.g., Verbeke and Lesaffre 1997; Zhang and Davidian
2001; Lin and Lee 2008). However, these works still assume the distribution
of residual errors to be normal, and impose certain parametric assumptions
for random effects distribution, such as Student-t, mixture-normal or skew-
normal. On the other hand, quasi-likelihood seems to be a viable solution
since it does not require distributional assumptions on random effects or
residual errors. However, since it is asymptotically equivalent to the ML
method for LMM estimation (Wu, Gumpertz and Boos 2001; Jiang 2007), it
suffers from lack of robustness against departure from Gaussian assumption

just like the ML method.
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Moreover, by assuming the distributions of random effects and residual
errors to be Gaussian, it makes ML estimator vulnerable to data contam-
ination or outliers (Pinheiro, Liu and Wu 2001). A few robust likelihood
techniques have been proposed by implementing certain symmetric and long-
tailed distributions, such as the Student-t distribution with low degrees of
freedom (e.g., Lange, Little and Taylor 1989; Pinheiro, Liu and Wu 2001).
However, to carry out this approach, one needs to know the degrees of free-
dom. Gill (2000) used the Huber function with a known c¢. The problem
with this approach is the determination of c¢. Preisser and Qaqish (1996)
suggested downweighting and deleting contaminated clusters for the gener-
alized linear mixed models. Similarly, Christensen, Pearson and Johnson
(1992) considered a case-deletion diagnostics for detecting influential obser-
vations in LMM. Both approaches require the identification of influential
observations beforehand and remove them from data analysis. Richardson
(1997) proposed a robust estimation in LMM with variance components only
using the bounded influence estimator. Yau and Kuk (2002) proposed an
approximate robust method based on the notion of ML for LMM. However,
this method may lead to inefficient estimates of the regression coefficients

and variance components.
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2.2 Second-order Least Squares Estimation

2.2.1 Estimation and Inference

For subject 7 at a given occasion j, the LMM can be written as
Yij _$B+Zb+€z]7 (26)

where 2}, and z/; are the j" rows of the design matrixes X; and Z;, respec-

tively. The closed form of the first two marginal moments of the response in

model (2.6) are

E(yi| X, Z;) = 5’723'57 (2.7)

E(yiyin|Xi, Zi) = (@3;8) (2 B) + 2;D(0) zan + 85007, (2.8)

where 9, = 1 if j = k and 0 otherwise. Note that the derivation of the first
two marginal moments dose not require any parametric assumption for the

distribution of random effects or error terms.

Let ¢ = (3, ¢, 0%) and the parameter space ' = QxOx ¥ C RPTHL,
Following Wang (2007), the SLSE ¢y for 1 is defined as the measurable

function that minimizes

Z P (W) Wipi (¢ (2.9)

where p;(¢) = (yi; — pij(¥), 1 <7 < i, Yijyar — nije(¥), 1 <j <k <ng),
mj(w) = E(yij’XiaZi)a Wijk(w) = E(yijyik’XhZi) and W,; = W(Xi,Zi) Is a

nonnegative definite matrix of dimension n;(n; + 3)/2.
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The following assumptions are used for the proof of the consistency and

asymptotic properties of @@N.

Assumption 2.2.1. (y;, X;, Z;,n;), i =1,..., N are independent and identi-
cally distributed and satisfy E ||[W;| (y;; + i ||t + [z ]| + 1) < oo, where

||| denotes the Euclidean norm.

Assumption 2.2.2. The parameter space I' C IRP*"*! is compact.

Assumption 2.2.3. E[(p;(¢) — pi(v0)) Wi(pi(0) — pi(bp))] = 0 if and only
if ¢ = 1o.

Assumption 2.2.4. The matrix B=FE [6p gfo)Wi 9 51(;@0) is nonsingular.

These are common assumptions in the literature of linear models. In

particular, assumptions and ensure that (Qy(¢) uniformly con-
verges to Q(v) = Epi(Y)W;p;(¢). Assumption is a high-level identifi-

cation condition to guarantee that @Q(¢)) attains a unique minimum at the
true parameter value 1y € I'. A sufficient condition for assumption [2.2.3
is that the matrix > X/X; is nonsingular with ) n; > p and at least one
matrix ZZ; is positive definite with Zfil(nl —q) > 0, provided all random
variables in the model are normally distributed (Demidenko 2004). Finally,
assumption is necessary for the existence of the variance of zﬂN. In
addition, the first partial derivative is given by

Ipi(¥) _ (auij(w)
o o

O (¥)
19 81/) )

1<j<n 1§j§k§m>,
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with

iz (¥)

W = ($l]7 O’ 0) )
O ix (1 ) , ovec(D / ,
—g:b( ) = <(xijxik+xikxij)5» 86( )VeC(ZZ‘jZZ'k>7 53’) ‘

Theorem 2.2.1. Under assumptions as N — 00, thy —3 1fy.

Theorem 2.2.2. Under assumptions as N — oo, \/N(Q/A}N —
wo) & N(0, B'CB™), where

_ 9p;(o) aﬂi(%)
B—E{ 00 W 0 } (2.10)
and,
0 = B [y, i 28e) . 1)

Furthermore, with probability one,

N pon ~
B = lim lz [api(f/w)mapi(ﬁw)]

N—oo N Py 8@& 8770/
and
1 0PN e i)
CZA}E%ON;[ 8@[)]\] Wipi(¥n)pi (U)W 8¢,N .

2.2.2 Computation

In general, there is no explicit solution for the SLSE. The iterative Newton-

Raphson algorithm could be used to compute SLSE, that is,

DD Z 0 QYY) B QN (Y1)
= DO o
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where ©® denotes the estimate of ¢ at the ¢ iteration,

QN (™) _ 2Zapz ”(@[,(t)), and

o
PONDD) & apz w Opi(®) dvec(Dp, (D) /o)
W = Z:: Wi o + (p; (V)W @ 1) oy

In the above equation, since the term (p}(¥®)W; ® ])%W has
expectation zero, it can be ignored from the second derivative. Therefore,

we have the following Newton-Raphson algorithm

Wipi(40).(2.12)

N me O me

B _ G0 [Zl apiﬁ(z( Do apg(zf >)] Zl apéz( )
For the choice of initial values in , we can use the so-called method

of moments estimates or maximum likelihood estimates. To avoid the com-
plexity of finding the derivatives of Qx (1)), we can also choose the Nelder-
Mead simplex method (Nelder and Mead 1965) to minimize the quadratic
inference function Qy(¢) to obtain ¥. Another question is how to specify
the form of weight W; to carry out the SLSE. In theory, W; only depends on
X; and Z;, and any form of W; satisfying the regularity conditions is valid for
the SLS estimator. However, it would be desirable to make inferences based
on the more precise estimator, so the optimal choice of W; is the one which
yields the minimum variance-covariance matrix of g@N. This choice is given

in the following theorem and has been proved in Abarin and Wang (2006).

Theorem 2.2.3. Denote U; = Elp;(vo)p;(10)| Xi, Zi]. Then the minimum
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asymptotic variance-covariance matriz of Yy is

0pi(¥0) ;-1 9pi(¥o)
o ' oY
and this is obtained by setting W; = U, L.

E

In practice, the calculation of W; is not feasible since it involves un-
known parameters which need to be estimated first. One of the possible
solution is using a two-stage procedure. First, minimize @y (1) using a sub-
optimal choice of W, such as an identity matrix, to obtain the first stage
estimator z/Ale. Second, estimate U; using 121\;1 and then minimize Qx (1))
again with W; = U{l to obtain the second stage estimator 1&]\[2. In theory,
’([JNQ is asymptotically more efficient than 1& N1 because @Ng has the minimum
asymptotic variance-covariance matrix given in Theorem[2.2.3] In general, U;
can be estimated using any nonparametric method, such as kernel or spline
estimators. However, in some cases, a simpler estimator of U; would be

N
0= < 3 nl)i(dn). (2.13)
i=1
In many real data applications, the subjects are clustered so that the values
of X;, Z; are equal for all subjects within one cluster. In such cases each U;
can be estimated similarly to using all the subjects within the same
cluster. Since U; is of dimension n;(n; + 3)/2, numerical inversion of U; may
be difficult when n; is large. In this case, one may consider using diagonal or
certain block diagonal sub-matrix of U;. In section[2.3] we conduct extensive

simulation studies to investigate the sensitivity and efficiency of SLSE by

using different specifications of the weight matrix.
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2.2.3 Robustness

Outliers are common in experimental research data for reasons such as tran-
scription error or technical equipment malfunction. If no action is imple-
mented, such outliers may distort an analysis completely and lead to wrong
conclusions. In mixed models, outliers may happen not only at the level of
within-subject error but also at the level of within-subject variations. Some-
times they are referred to as e- and b-outliers respectively (Pinheiro, Liu and

Wu 2001).

Here we study the robustness property of SLSE by means of the influ-
ence function (IF), which was introduced by Hampel, Ronchetti, Rousseeuw
and Stahel (1986). The essential concept of IF is that one can use it to
assess the asymptotical bias of the estimator caused by a certain degree of
data contamination. The estimator is robust if the IF is bounded (Huber
2004). In principle, the SLSE is an M-estimator (Huber 2004) and mini-
mizing the quadratic distance function with optimal weight matrix in

(2.13) is asymptotically equivalent to solving the equation

N

> 8@;5;” Wipi() = 0. (2.14)

It follows from Hampel, Ronchetti, Rousseeuw and Stahel (1986) that when

N — o0, the IF of the SLSE at point v = (z, )’ is

IF (v; ¢y, F) = —B(ihn) " G(v; ¥, F) (2.15)
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where F' is the underlying distribution and B is given in (2.10]), and

Gvs . F) = %Z“sz(zm (2.16)

If QZJN is computed using the estimated optimal weight 1} we can show
that as [|v|| — oo HIF(U,I&N)H — 0. In particular, we have the following

theorem:

Theorem 2.2.4. [f the SLSE Q@N 1s computed using estimated optimal weight

2.15), then H]F(v,@/A)N)H — 0 as ||[v|| = oc.

The above result implies that the SLSE ﬂmN is a redescending M-
estimator (Huber 2004). The implication of the redescending property means
that the SLSE is able to reject extreme outliers completely. Intuitively, it is
expected that the outlier will be automatically downweighted by the inverse
of the optimal weight matrix U; in the estimating equation . It does
not require to screen data for outliers and make a subjective decision to
exclude them from the analysis. This is practically meaningful because an
outlier may be an indication of a problem with the data generation process

but more importantly it may be a true unusual observation about reality.

2.3 Monte Carlo Simulation Studies

In this section, we carry out substantial simulation studies (1) to examine
finite sample behavior of the SLSE; (2) to evaluate and compare the robust-

ness of SLSE with restricted maximum likelihood (REML) estimator under
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misspecified random effects and residual error distributions; (3) to investigate
the sensitivity and efficiency of SLSE by using different specifications of the
weight; and (4) to demonstrate the robustness of SLSE against outliers. We
considered the following two linear mixed models commonly used to study

the growth curves (Demidenko 2004; Jacqmin-Gadda et al. 2006):

1. random intercept (RI) model: y;; = 51 + Boxij + b + €53
2. random intercept and slope (RIS) model: y;; = 81+ Baxij+bi +biazsj +
€ij-
The following configurations are used for simulation:
o N = 20,50,100,200,300,400,500; n = 4 or 8 and z;; = j, j =
1’ ) 7n;

® b;1,b;» and ¢;; are all generated independently from one of the follow-
ing distribution: Gaussian, x?(3) and student’s ¢(4) distributions with

mean 0 and variance 6, 622 and o2 respectively;
o ﬁl = 8, ﬁg = 2, 911 = 196, 022 =1 and 0'2 =1.
All computations are done in R and the restricted maximum likelihood

(REML) estimates are obtained from 1me package. The SLSEs are computed

using three different weight matrices:

1. identity weight (SLS1);
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2. diagonal of the estimated optimal weight (2.13)) (SLS2);

3. fully estimated optimal weight (2.13]) (SLS3).

To determine how well the methods perform, we present the estimation bias
and mean squared errors (MSE) of the estimators. For each model, 1000
Monte Carlo replications were carried out. For fair comparisons, the same
dataset was used to obtain both REML estimates and SLS estimates, at each
replication. To eliminate potential nonlinear numerical optimization prob-
lems on the selection of starting points, the true parameter values were used

as starting values for the minimization and the optimal weight calculation

for SLS method.

2.3.1 Robustness against Distribution Misspecification

The Monte Carlso simulation results are provided in Table and Table[2.2]
Since the relative performances of the estimates are similar for RI and RIS
model, in consideration of space and clarity, we concentrate our discussion
on the simulation results for the RI model. Overall simulation results in all
sample sizes are summarized in Figure 2.1]- Figure[2.4] These figures contain
the absolute value of estimate bias and MSE under correctly specified as well

as misspecified models.

Fig 2.1 and Fig[2.2] depict the performance of SLS and REML methods
for fixed effects. They show all Monte Carlo mean estimates are close to

the true parameter values and no apparent biases are observed across all
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Figure 2.1: Bias and MSE of f; from REML and SLS estimates based on a RI
model with Gaussian and non-Gaussian distributed random effect and residual

errors
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methods. This is not surprising as a few simulations studies (e.g., Verbeke
and Lesaffre 1997; Jacqmin-Gadda et al. 2006) have shown that maximum
likelihood inference on fixed effects is robust to misspecified LMM. At relative
small sample size (N = 20,50,100), SLS2 and SLS3 have lower MSE than
REML and SLS1. As sample size increases from 200 to 500, all four methods
behave very closely.

Figure 2.2: Bias and MSE of 35 from REML and SLS estimates based on a RI

model with Gaussian and non-Gaussian distributed random effect and residual

errors
SLS3 X - -
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Fig depicts the performance of estimators for the random effect.

Under Gaussian assumption, the bias from REML is very trivial and much
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smaller than the ones from all three SLS estimates; however, when the model
is misspecified, there is a noticeably bias increase in REML estimates, espe-
cially in small sample sizes. In all cases, SLS estimates show much smaller
MSE than REML, particulary when the model is misspecified. The variance
and MSE reduction in the misspecified model can be as high as 70 — 80%
in some instances. Additionally, the simulation results suggest that SLS3
estimates have some downward bias, although this bias decrease with the in-
crease of sample size. SLS1 appears to be biased at sample size 20 and 50 but
this bias disappears with sample size increases to 100. All mean estimates
from SLS2 are close to true parameter values and no apparent biases are
observed. All SLS estimates have similar MSE when model is correctly spec-
ified, but SLS3 shows a relatively higher MSE than SLS1 and SLS2 when
model is misspecified. Within SLS estimates, SLS1 and SLS2 seem to be
more satisfactory in terms of both bias and MSE than SLS3. This may due

to the numerical error for inversion of the optimal weight matrix in SLS3.
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Figure 2.3: Bias and MSE of #1; from REML and SLS estimates based on a RI
model with Gaussian and non-Gaussian distributed random effect and residual

errors
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Fig[2.4] summarizes the performance of estimators for the residual error
variance. Similar to the results from random effect, the bias from REML
is smaller than the ones from all three SLS estimates in all models. SLS3
estimates have some downward bias in the correctly specified model and this
bias gets bigger in the misspecified model, even though this bias decreases
with the increase of sample size. The similar finite bias was also observed in
the limited stimulation studies by Wang (2007). As a result, this finite bias
contributes significantly to its higher MSE. When comparing SLS1 and SLS2,
a similar pattern is observed as the random effects. In particular, SLS1 and
SLS2 performs much better than REML in terms of MSE under misspecified
models, and the variance and MSE reduction in the misspecified model can
be more than 70% in some instances. SLS1 appears to have a slightly higher
bias than SLS2 at sample size 20 to 100 but there is no clear pattern with

the increase of sample size.

Overall, the simulation results demonstrate that all methods show their
finite sample properties, as with the increasing number of sample size, their
MSE decrease and precision increase. Moreover, the bias and/or variance
from REML estimates of random effects has significant increase from Gaus-
sian to non-Gaussian LMM; however, they remain relatively stable for SLS
estimates. This confirms our assumptions that SLS estimator is superior
to REML for misspecified models because it does not rely on any paramet-
ric assumptions of random effects or residual errors. In addition, SLS3 has

shown smaller variance and MSE than REML even for Gaussian LMM. For
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Figure 2.4: Bias and MSE of ¢ from REML and SLS estimates based on a RI
model with Gaussian and non-Gaussian distributed random effect and residual

errors
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SLS estimates, SLS1-3 perform almost the same for fixed effects but SLS1
and SLS2 perform more satisfactory in terms of both bias and variance than
SLS3, especially when the model is misspecified. This is due to the fact that
in SLS1 and SLS2, the weighting matrix depend on less the parameters that
are poorly estimated because of misspecification. There is some finite bias
observed in the SLS3 estimates for the random effect and residual error vari-
ance but neither observed in SLS1 nor SLS2. Intuitively, this phenomenon
may due to the computational complexity of inverting the full optimal weight
matrix in SLS3. In comparison of SLS1 and SLS2, SLS2 demonstrates more
efficiency than SLS1, especially under small sample size. Thus, it is reason-
able to conclude that in practice, the diagonal of optimal matrix should be

used for SLS estimation without significant loss of efficiency.
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2.3.2 Robustness against Outliers

We conducted some simulation studies to compare the estimates of REML
with SLS when outliers exist. The RI model is used, and we generated
100 subjects (N = 100) with 8 measurements per subject (n = 8). 1000
Monte Carlo replications were carried out. In the first simulation study,
we randomly contaminated one measurement within some subjects (corre-
sponding to a single e-outlier). The proportions of contaminated subjects
were chosen as 0%, 5%, 10%, 15% 20%, 25%, 30% and 35%. In the second
simulation study, we contaminate the distributions of both b; and e; with
the mixed normal model of the form (1 —p)- N(0,6011)+p- f- N(0,61;) and
(1—p)-N(,0%) +p-f-N(0,0%). The expected percentage of outliers p
was selected as 0,0.1,0.2,0.3 and 0.4, and the contamination factor f was

selected as 10.

Table 2.3] reports the Monte Carlo mean estimates and MSE in sim-
ulation study one. For the sake of saving space, we only present the sim-
ulation results with 0%, 5%, 15% and 30%, since similar pattern of results
are observed. The influence of the outliers is clearly unbounded for REML
estimates because the estimation bias and MSE increase as the percentage
of data contamination increases. The magnitude of increase is especially
dramatic for the random effect and residual error variances. The same phe-
nomenon is observed in SLS1 estimates. In particular, SLS1 shows extremely

lack of robustness against outlying measurements. This is not surprising be-
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cause no downweight is applied in SLSE by using identity weight matrix,
and the marginal second moments enlarge the affect of outliers. SLS2 is rela-
tively more robust than SLS1 and REML with a smaller MSE, especially for
moderate percentages of outliers. In contrast, SLS3 is clearly bounded and
provides consistent mean and MSE estimates regardless of the percentage of
data contamination. Thus, we demonstrate SLSE using the optimal weight

matrix is robust against irregular measurements.

Table reports the Monte Carlo mean estimates and MSE in sim-
ulation study two. For the fixed effects, means from all estimators remain
unbias and the corresponding MSE stay stable regardless of the percentage
of data contamination. It indicates that b- and e-outliers does not affect
the precision of all estimators for the fixed effects. The robustness of ML
estimation for fixed effects in this situation was also found in the simulation
studies by Pinheiro, Liu and Wu (2001). For the random effects and residual
errors, both REML and SLS1 result in considerable bias and MSE increase
with the increase of data contamination. SLS2 is relatively more robust than
SLS1 and REML, even though there are some higher bias and MSE at larger
percentages of data contamination. In contrast, SLS3 performs much more
satisfactory and produces the smallest bias and MSE among all estimators,

which represent substantial efficiency gains.
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Table 2.3: Simulation results for different percentage
contaminations of a single response in the RI model at
N =100 and n = 8

RMEL SLS1 SLS2 SLS3
% Mean MSE Mean MSE Mean MSE Mean MSE
B =38
0 8 0 8 0 8 0 7.999 0.02
5 8.5 14 5.5 68 8.1 0.1 7.9897 0.02
10 9.1 3.9 4.1 213 8.7 1.5 8.0055 0.02
15 98 7.8 5.5 377 94 39 7.9985 0.01
20 106 13.2 579 10 6.6 8.0046 0.01
25 109 17.7 704 101 7.7 7.9982 0.01
30 11.9 277 1.8 958 104 9.7 7.9945 0.02
35 12,5 37 -1 1369 104 9.8 7.9996 0.01
By =2
0 2 0 2 0 0 1.9992 0
5 2.1 0.1 26 4 0 1.9999 0
10 22 0.2 3.1 15 1.9 0 1.9989 0
15 23 04 3.2 26 2 0.2 1.9997 0
20 24 05 3.5 40 2.1 0.2 1.9991 0
25 2.6 1 4.2 53 23 04 1.999 0
30 2.6 1.2 4.2 66 24 0.5 1.9994 0
35 2.8 1.7 49 94 25 0.6 1.9988 0
of =1.96

1.97 0 1.97 0 0 1.8473 0.05
5 227 11 35 3396 0 1.8427 0.05
10 399 134 47 6968 22 1 1.8404 0.05
15 644 260 56 14374 34 9 1.8547 0.04
20 8.65 458 81 35765 5.1 31 1.8585 0.04
25 14 4600 100 42393 6.6 61 1.8704 0.04

Continued on next page. . .
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Table 2.3 — continued

RMEL SLS1 SLS2 SLS3
% Mean MSE Mean MSE Mean MSE Mean MSE
30 19 6165 125 64188 9.3 140 1.877 0.04
35 20 2765 157 112301 12 229 1.8871 0.04
o’ =1
0 1 0.0028 1 0.0009 1 0 0.8984 0.01
5! 253 552545 162 135993 1 0.01 0.9038 0.01
10 699 2230175 318 420054 7.9 1218 0.9152 0.01
15 1087 3804815 460 849707 85 18598 0.9774 0.12
20 1601 6864968 649 1378208 150 42230 1.017 0.21
25 2281 11602110 980 2869012 195 66261 1.0726 0.57
30 3061 17463520 1426 5416065 248 101369 1.0763 0.54
35 3952 27098810 1803 7547520 287 132365 1.1332 1.18
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Table 2.4: Simulation results for different percentage contaminations of b-outliers

in the RI model at N =100 and n = 8

RMEL SLS1 SLS2 SLS3
% Mean MSE Mean MSE Mean MSE Mean MSE
pr =38
0 8.0017 0.0257 8.0133 0.0253 8.0024 0.0256 7.999 0.0168
10 7.9872 0.0481 8.0696 0.0525 8.0418 0.0478 7.991 0.018
20 7.9895 0.0697 8.1159 0.0815 8.0898 0.0714 8.0064 0.0342
30 8.0216 0.1014 8.181 0.1317 8.1352 0.1048 8.0035 0.0514
40 7.9967 0.1159 8.1667 0.1597 8.141 0.1243 7.994 0.0712
B2 =2
0 2.0002 0.0002 1.9974 0.0002 1.9992 0.0002 1.9992 0.0002
10 2.0008 0.0004 1.9935 0.0005 1.9956 0.0005 2.0004 0.0002
20 1.9998 0.0006 1.9903 0.0007 1.9911 0.0007 1.9981 0.0003
30 1.9992 0.0009 1.9879 0.0012 1.9893 0.001 1.9982 0.0005
40 1.9996 0.0011 1.9874 0.0015 1.9871 0.0013 1.999 0.0006
02 = 1.96
0 1.9667 0.0826 1.9666 0.0113 1.9654 0.002 1.8473 0.047
10 3.6709 4.0814 2.0688 0.4002 2.3579 1.2344 2.1161 0.1727
20 5.4817 14.5464 2.7656 5.7757 3.0425 4.9856 2.6766 1.3226
30 7.2821 31.6571 3.7218 22.1528 4.5153 16.4061 3.389  3.7958
40 9.0106 54.0235 5.2967 50.5112 5.5028 28.6985 4.2571 8.0611
o2 =1
0 0.9993 0.0028 1.002  0.0009 1.001  0.0001 0.8984 0.0118
10 1.9145 0.87 1.0895 0.114 1.1263 0.1158 1.0872 0.0183
20 2.7897 3.2767 1.6067 1.3319 1.4233 0.7226 1.3808 0.1817
30 3.7245 7.5413 2.175 3.7683 2.1298 2.9917 1.7729 0.6809
40 4.5896 13.0129 2.6615 6.4271 2.5511 5.2334 2.1595 1.4584

%: Percentage of Contaminations
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2.4 Application

The proposed estimator is applied to the longitudinal data on cholesterol
levels collected as part of the famed Framingham heart study introduced
in Chapter 1. In the study, 2634 participants’ cholesterol level was mea-
sured every 2 years over 10 year period. The objective is to study change
in cholesterol over time and examine the association with age at baseline
and gender. This dataset is widely used in the linear mixed model literature,
partly because many studies conclude that the distribution of subject-specific
intercept is non-Gaussian. See, e.g., Zhang and Davidian (2001) and Lin and
Lee (2008). For illustration, we select a sample of 133 participants (60 men
and 73 women) whose cholesterol measurements as well as covariates of in-
terest are completely observed at the duration of follow-up time. In general,

the following linear mixed effect model is well accepted to fit the data:
Yij = Bot015exi+ P2 Age;+B3tij+boitbiitij+e, 1 =1,---,133, 7 =1,---,6,

where y;; is the cholesterol level for the i subject at the j time point, and
y;; was divided by 100 for numerical calculation stability; t;; (in years) was
taken as (time - 5)/10 measured from the baseline; Sex; is a gender indicator
(0 = female, 1 = male); and Age, is age at baseline. (by;, b1;)’ is assumed to
be normally distributed with mean zero and covariance D = (61, 612, 022)’,
and €;; is assumed to be normally distributed with mean zero and variance

a2,
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Table includes the estimates and the corresponding 95% confidence
interval. For fixed effects, SLS estimates are highly agree with ML, but with
slightly tighter confidence intervals. Regarding the random effects and the
residual errors, the estimates are quite different between these two methods.
This finding is not surprising because the estimates of variance components
are usually more difficult to estimate and known to have fairly large variabil-
ities. However, the confidence intervals from SLSE are much smaller, which
may due to the non-normality distributed random effects. Thus, SLSE pro-

vides more precise estimates than ML in this example.

Table 2.5: SLS and ML estimation of Framingham cholesterol data

SLS ML
Parameter Estimate 95% Confidence Interval Estimate 95% Confidence Interval
5o 1.5380 (1.3028, 1.7732) 1.5740 (1.2343, 1.9137)
Jost -0.0369 (-0.1178, 0.0440) -0.0338 (-0.1564, 0.0889)
5o 0.0193 (0.0138, 0.0248) 0.0186 (0.0107, 0.0265)
53 0.2745 (0.2341, 0.3149) 0.2787 (0.2248, 0.3326)
011 0.1033 (0.0731, 0.1335) 0.1259 (0.0934, 0.1584)
012 0.0077 (0.0000, 0.0236) 0.0218 (0.0005, 0.0430)
022 0.0418 (0.0208, 0.0628) 0.0390 (0.0136, 0.0644)
o? 0.0329 (0.0280, 0.0378) 0.0432 (0.0380, 0.0484)
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Chapter 3

Simulation-Based Estimation in

Generalized Linear Mixed
Models

3.1 Introduction

Generalized linear mixed models (GLMM) have been widely used in the
modeling of longitudinal data where the response is discrete. They can be
viewed as a natural combination of linear mixed models (Laird and Ware
1982) and generalized linear models. In contrast to marginal or generalized
estimating equations (GEE) models (Zeger, Liang, and Albert 1988), GLMM
emphasize on the regression coefficients as well as the variance components

of random effects.
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3.1.1 Model Formulation

Suppose subject ¢ is measured repeatedly on n; occasions. For a GLMM,
it is assumed that the response variable y;; € IR is conditionally indepen-
dent, given the covariates and random effects b; € IR?, and have conditional

distributions from the exponential family

Flsslbis Xo, Z5) = exp {Wijyij ;a(wzj) X C(%j,@} Li=1,-- N, j=1,---,n
(3.1)

where ¢ is a dispersion parameter, w;; is the canonical parameter and a(-) and

c(-) are known functions. Let X; = (2};, 2y, ..., 2},.) and Z; = (2§, 2y, - - -, Zip,)"-

The conditional mean and variance

i = E(yijlbi, X;, Z;) = aM (wij) (3.2)

v, = Var(yi|bi, Xi, Zi) = ¢a® (wy;) (3:3)

)

satisfy g~ {ug;} = ;8 + 2};b; and vf; = ¢w(us;), where a'¥) denotes the k"
derivatives against w;;, ¢~'(-) and v(-) are known link and variance func-
tions, respectively. The random effects are assumed to have mean zero and
distribution f,(u;60) with unknown parameters 6 € IR". In this model, the

parameter of interest is v = (5, ¢, ¢).

3.1.2 Maximum Likelihood Estimation

For estimation and inference in GLMM, the most frequently employed ap-

proach is likelihood-based. In general, the log-likelihood function has the
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following form:

N
18,0,6) = > f(wilB,0,9)

v
- Z/]R Hf(yijmiaﬁaCb)fb(U;D(Q))dui

g j=1
which is N integrals over the g—dimensinal random effects b;. Except in
some special cases (e.g, identity link), these integrals are intractable. The
analysis is even more difficult when the dimension of random effects is high
or there are crossed random effects. To overcome this numerical difficulty,
several methods have been proposed to approximate the integrals in the likeli-
hood function, e.g., marginal quasi-likelihood and penalized quasi-likelihood
(PQL) estimation (Breslow and Clayton 1993), adaptive quadrature (Rabe-
Hesketh, Skrondal, and Pickles 2002), and maximum simulated likelihood
(Durbin and Koopman 1997). In the following, we provide a brief review of

PQL and adaptive quadrature methods.

3.1.3 Penalized Quasi-likelihood (PQL) Estimation

PQL method (Breslow and Clayton 1993) is based on a decomposition of
the data into the mean and an error term, with a first-order Taylor series
expansion of the mean which is a non-linear function of the linear predictor.
It is analogous to iteratively reweighted least squares for linear models in that

the model is linear in each iteration (Fitzmaurice, Davidian, Molenberghs and
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Verbeke 2008). More specifically, one considers the decomposition
yij = 9(i;B8 + zj;b) + € (3.4)

where ¢;; have the appropriate distribution with variance equal to (3.3]). Us-
ing the current estimates Bk and l;f, the models is linearized by expanding
g(wi;8 + 2i;b;) as a first-order Taylor series around current estimates. This

yields

yij ~ gzl + Z;]bf) + g (2} 8% + Z;jbf)x;j(ﬁ - 55 +

g (% + 2302 (b = B) + e (3.5)
Re-ordering the above expression gives
vij = Gij + g (€ 8% + 205 )al; B + & (3.6)

where (ij = g(a]; 8% +2,b5) — g (], B% -+ 2,08, 85 — o (), B4+ 2,bF) 2L b is the

sum of terms involving current estimates and &;; = ¢’ (Jc;JﬁA’“ + z{Jl;f)z{Jbz + €5
is the terms involving random effects b; and the residual error terms ¢;;. Note
that is of the linear mixed models form, Bk“ can be obtained by us-
ing generalized least squares method based on the model-implied covariance
matrix X* of the total residuals &;. The parameters of the random part are
updated by fitting the model-implied covariance matrix £**! to the sample
covariance matrix of the estimated total reburials (Goldstein 2003; Fitzmau-

rice, Davidian, Molenberghs and Verbeke 2008). The model fitting is done

by iterating between the calculation of the pseudo-data based on current
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estimates (i.e., ﬁAk and l;f) and the fitting of the approximate linear mixed
model for these pseudo-data to obtain the next estimates (i.e., Bkﬁrl and
8?“). This iteration continues until convergence is reached. The resulting
estimates are called penalized quasi-likelihood estimates because they can
be obtained from optimizing a quasi-likelihood function which only involves
first and second-order condition moments, augmented with a penalty terms

on the random effects (Molenberghs and Verbeke 2005).

A variant of the PQL algorithm is the marginal quasi-likelihood (MQL)
method (Goldstein 1991, 2003), which is based on a linear Taylor expansion
of the mean g(xj;8 + z;;b;) around the current estimates B* for the fixed
effects and around b; = 0 for the random effects. This yields a very similar
expression as and expect ¢ (x;jﬁk + z;JlA)f’) is replaced by ¢’ (x’wﬁA’“)
The resulting estimates are called MQL because they are obtained by evalu-
ation of the marginal linear predictor x;j BA’f instead of the conditional linear
predictor x;]BA’f + 21",

In general, MQL only performs well if the variance of random-effects is
small and both methods perform bad for dichotomous outcomes with small
cluster size. With increasing number of measurements per subject, MQL

remains biased but PQL is consistent. The algorithms can be improved

considerably by using a second-order Taylor expansion in the random effects

(Goldstein and Rasbash 1996).
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3.1.4 Gaussian Quadrature Estimation

Gaussian quadrature is a numerical integration technique that approximates

any integral of the form
| fwexp(-i)au

by a weighted sum, namely

Q
/f(u)exp(—uZ)du ~ Z W f(ug).

Here Q is the order of the approximation, the u, are the solutions of the
Q" order Hermite polynomial and the w, are corresponding weights. The
higher the value Q, the more accurate the approximation will be. The nodes
(or quadrature points) u, and the weights w, are reported in Abramowitz
and Stegun (1972). Alternatively, Press, Teukolsky, Vetterling and Flannery
(1992) proposed an algorithm for calculating all u, and w, for any value
. Gaussian quadrature approximates the likelihood by picking optimal
subdivisions at which to evaluate the integrand. However, in practice a
large number of quadrature points is required to approximate the likelihood
and the integrand can have a very sharp peak between adjacent quadrature
points. Adaptive Gaussian quadrature overcomes these problems by rescaling
and shifting the nodes such that the integrand is sampled in a suitable range,
however, adaptive Gaussian quadrature is much more time consuming. For a
detailed discussion on Adaptive Gaussian quadrature, one can refer to (Rabe-

Hesketh, Skrondal and Pickles 2002; Pinheiro and Chao 2006). In general,
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the method can only deal with a small number of random effects (at most

2-3 random effects) which limits its general applicability.

A comprehensive evaluation and comparison of these approximate meth-
ods is unavailable in statistical literature. However, some limited studies
have shown that the analytical simplification may not be always satisfactory
and may produce biased and highly inefficient estimates (Lin and Breslow
1996; Joe 2008). Furthermore, the likelihood methods rely on normal as-
sumption for random effects. Since the random effects are unobservable, it
is not feasible to verify their distributional assumptions. It is thus natural
to be concerned whether these methods yield reliable results when the nor-
mality assumption is violated. In addition, it is also known that likelihood-
based methods are sensitive to data outliers. On the other hand, there are
many works extending the GEE-type or quasi-likelihood to the estimation of
GLMM (Zeger, Liang and Albert 1988; Jiang 1998; Sutradhar 2004). How-
ever, these methods are usually inefficient and require the simulation size S
to go to infinity to obtain consistent estimators. In practice, since S has to

be fixed, these methods only produce approximate consistent estimates.

3.2 Simulation-Based Estimation

3.2.1 Model Identifiability

Based on the conditional moments in (3.2)) and (3.3)), and assuming con-

ditional independence of y;;, the second-order condition moments can be
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express as 1, =[5, + 0jkv5;, where d;, = 1 if j = k and 0 otherwise.

Therefore, the first and second marginal moments can be expressed as

b)) = E(yy|Xi Z:) = / o(eB+ 2w (s O)du  (3.7)

and

Nijk (V) = E(ysjyie| X, Z;) = /9(33;55 + ziu) g (w5 B + zigw) fo(u; 0)du
4830 [ viglayB + ) ws )du. (35)

Throughout this chapter, all integrals are taken over the space IRY. 1t is

straightforward to show that ¢/ can be estimated using nonlinear least squares

method provided they are identifiable by (3.7) and (3.8]) (Wang 2004, 2007).

In the following, we motivate our approach using two most popular
GLMM as examples to demonstrate that ¢ can indeed be identified and

consistently estimated using the first two marginal moments (3.7)) and (3.8)).

Example 3.2.1. Consider a mixed Poisson model for counts, where V' (y;;|b;) =

E(yij|bi) and log E(yi;]b;) = @7, 8 + zi;b;. Assuming b; ~ N (0, D(0)), we have
pij(¥) = exp(zj;B + 2;D(0)2;/2), and (3.9)
Migr(V) = (V) (¥) explz; D(0)zin)] + 0jropig (). (3.10)

All unknown parameters in this model are identifiable because they can be

consistently estimated by (3.9) and (3.10)) which are usual nonlinear regres-

sion equations in observed variables.
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Example 3.2.2. Consider a mixed logistic model for a binary response y;;,
where ¢ = 1 and logit{ Pr(y;; = 1|b;)} = ;3 + 2;b;. For this model we find

! !
eacijﬁ—&—ziju

i () = E(yz‘2j|Xi7Zi):/<W

exgjﬁ"'%j“ eTikBtzipu )
nijk(Y) = / ( )fb(u; 0)du, for j < k.

! / / /
1+ eTii Btz u 1 + eZinPrzipu

> fo(u;0)du, and  (3.11)

(3.12)

The integrals in (3.11]) and (3.12)) are intractable but can be approximated us-

ing Monte Carlo simulation techniques. Therefore, all parameters can be con-

sistently estimated by (3.11)) and (3.12)) through the nonlinear least squares

method.

Example 3.2.3. Consider a mixed Probit model for a binary response y;;,
where ¢ = 1 and ®{Pr(y; = 1|b)} = ;8 + zj;b;. Assuming b; ~
N(0,D(0)), we find

E(yij| Xi, Zi) = E(y}|Xi, Zi) = ;8- |D(0)zi521; + 1|79%);  (3.13)
and

E(yiyiel Xi, Zi) = /‘I’(%ﬂ + 2i;b0) (i B + 2ibi) fo(u; O)du. (3.14)

In this model, the first marginal moment admits an analytic form, while the

second marginal moment does not.

61



3.2.2 Estimation and Inference

Even though the model is identifiable through the first two marginal mo-
ments, closed forms of these moments are usually not available in GLMM.
In addition, the density fy(u;6) is usually unknown. Therefore, we propose
a simulation-based approach to overcome these two difficulties simultane-
ously. As it is well known, simulation-based estimation is computationally
convenient when moment functions cannot be evaluated directly (Pakes and
Pollard 1989; Gouriéroux and Monfort 1997). The basic idea is to form un-
biased estimators of integrals in moment equations with their Monte Carlo
simulators. In particular, we propose a simulation-by-parts (Wang 2004)

technique to construct two sets of moments. First, generate random points

Uis, S = 1,2,...,2S5 from a known density h(u), and construct
) - %i e+ Fu st 1s)
ra () = % Zﬁ; g8 + z;juis)gf(;zi; 2hyttis) Fol1is; 0)
oo i w9l +hz(;ij>>fb<uis; 0) (3.16)

using the first half of the points u;s, s = 1,2,...,.S. Then construct p;;2(%)
and 7,5 2(¢) similarly using the second half of the points w;s,s =S+ 1,5 +
2,...,28. It is obvious that the simulated moments are unbiased estimate of
the true moments, since E(p;;+(¢)|X;, Z;) = pij(¥) and E(njr+ (V)| X, Z;) =

nijk (1), t = 1,2. We denote the parameter space by I' = Qx© x ¥ € RPT™+
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and the true parameter value by vy = (5}, 0, ¢o) € I'. Finally, the SBE
g@mg for v is defined as
N
Yns = argmin Qv s(¢) = argmin Y ol () Wipio(1),
$er yer =
where Pz‘,tw) = (yz‘j - ,Uij,t(w,l < J < N, YiYik — 77ijk,t(¢)71 <Jj<k<n)
and W; = W(X,, Z;) is a nonnegative definite matrix which may depend
on X; and Z;. By using two different sets of independent simulated points,
Qn.s(?) is an unbiased estimator of Qn (1)) because p;1(¢0) and p;2(1)) are

conditionally independent given (Y;, X;, Z;) and hence

Elpii(0)Wipio()] = E[E (pin(V)|Ys, Xi, Zi) Wil (pi2(¥)|Yi, Xi, Zi)]

= E (pi(¢)WiPi(¢)) (3'17>

where p;(v) = (yi; — pij(¥), 1< 7 <y Yijyar — nije(), 1< <k <ny).

To construct simulated moments in and , it only requires
the random effects distribution to have a known parametric form. Hence,
instead of relying on normality assumption on b;, we can use more flexible
distributions. For example, one can follow Davidian and Gallant (1993) and
Zhang and Davidian (2001) to represent the density of b; by the standard
seminonparametric density which includes normal, skewed, multi-modal, fat-
or thin-tailed densities. One can also impose the Tukey(g, h) family distri-
bution (Field and Genton 2006) for b; as well which is generated by a single

transformation of the standard normal and covers a variety of distributions.
To establish the consistency and asymptotic normality of & ~,s we make
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the following assumptions.

Assumption 3.2.1. ¢g(-) and v(-) are continuous functions; f,(u;0) is con-

tinuous in € € © for all w.

Assumption 3.2.2. (y;, X;, Z;,n;), i = 1,..., N are independent and iden-
tically distributed and satisfy E [||[W;| (5 +1)] < oo; ¢*(2'B + 2'u) fo(u; 0)
and |v(g(2'B + z'u))|fy(u;0) are bounded by a positive function G(z, z, u)
satisfying F [HWZH (f G(Xi,Z,-,u)du)Q} < 0.

Assumption 3.2.3. The parameter space I' C IRP*"+! is compact.

Assumption 3.2.4. E[p;(¢) — pi(o)'Wilpi(¥) — pi(1o)] = 0 if and only if
= .

Assumption 3.2.5. g(-) and v(-) are twice continuously differentiable and
fo(u; 0) is twice continuously differentiable w.r.t to ¢ in an open subset 6, €
©p C O. Furthermore, all first and second order partial derivatives of g(z/5+
2'u) fo(u; 0) and v(g(2'f + 2'u)) fo(u; 0) wrt (8',0") are bounded absolutely

by the positive function G(z, z,u) given in assumption [3.2.2]

Assumption 3.2.6. The matrix

9pi(¢)
ol

‘a/)i(@/)o)

B=F W,
oY’

(3.18)
is nonsingular.

Theorem 3.2.4. Suppose that Supp(h) 2 Supp(fp( - ;0)) for all 6 € Oy.

Then for any fizred S >0, as N — o0,
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1. under assumptions @N,s =% o;

2. under assumptions [3.2.113.2.6, VN (¢n.s — o) 4 N(0,B~'CsB™),

where

oy - 5|2l

Tmpm(%)ﬁz(%)m

8P2,1(¢0)
oY

301,1(%)}
U

: api,z (1/10)

v | Wil (o 220 (319

Note the above asymptotic results do not require the simulation size S
tends to infinity because we use the simulation-by-parts technique to approx-
imate moments. This is fundamentally different from other simulation-based
methods which require S goes to infinity to obtain consistent estimators
(Zeger, Liang, and Albert 1988; Jiang 1998; Sutradhar 2004). In general, the
simulation approximation of the integrals will result in certain efficiency loss
but this loss decreases at the rate O(1/S) (Wang 2004). Therefore, the effi-
ciency loss due to the simulations can be made small by increasing S. For the
choice of h(u), in theory, it has no impact on the asymptotic efficiency of the
estimator, as long as it has sufficiently large support. However, the choice
of h(u) will affect the finite sample variances of the simulated moments.

It is well known that the finite sample variances will be minimized when
h(u) o |g(x;jﬁ+zl’~ju)fb(u; 0)| and h(u) o \g(x;jﬂ—i—z{ju)g(x;kﬁ—i-zgku)fb(u; 0)].
When closed forms of moments exist such as in Example[3.2.1, the SBE

becomes M-estimator (Huber 2004) ¢hy. We can shown ¢ is consistent and

asymptotic normal distributed. In particular, we have the following corollary.
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Corollary 3.2.5. As N — oo,

1. under assumptions e

2. under assumptions|3.2.113.2.6, /N ({)x—1p) 4 N(0,B~'CB™), where
B and C are given in and

dp; (1/10)
oY

aﬂz‘(%)

=F
C 90

WiPiWO)PQ(%)m

Remark 3.2.1. Since random effects are usually assumed to have zero mean
it is more convenient to define b; = D(#)'/2¢; where the random variable &

has mean zero and covariance matrix /,. Hence alternatively, we can re-write

(3.15)-(3.16)) as
10+ 2 D(0) P uis) fe (i)

s
pija(¥) = §Z & h(iss) 7

; > ' D(9)/2 s / ' D(6)/? . .
Do (t) = §Z g(x}; 8 + 2, D(0)"u )gh(gzl;erZlk (0)2u3,) fe (wis)

Sk o= V(g(@l; B + 2 D(0)2us)) fe(uis)
S Z h(uw) .

In this case, there is no parameter of interest in fe(u;s).

Remark 3.2.2. For binary responses v;;, E(y;;|Xi, Z;) = E(yfj|Xl, Z;) with
probability one. Therefore, the terms yfj —E(y?j]Xi, Z;) in p;1(¢) and p; 2(¥)

are redundant and do not need to be included.
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Remark 3.2.3. For certain GLMM such as a probit model with normal
distributed random effects, the first marginal moment admits an analytical
form but not the second marginal moments. In this case, only the second

moments need to be simulated.

3.2.3 Computation

In general, the SBE does not admit an explicit solution and can be computed

:

where 1[1(7) denotes the estimate of ¢/ at the 7 iteration, and

using Newton-Raphson algorithm as

1 N
9Qn.s(¥™))
o ’

0?Qn (7))
DO

1[)(T+1) — 1[}(7) _ (

dvec(dpl, (M) /09) ]

(3.20

dvec(0p; (W))/@w)

oY’

%ﬁﬂ) é :%jm)mmg@m) - %jm)ﬂépm@m)
82@;@&—5@(;%% il :ap;-,l@(jm)m api,;gz%m) (W 1)
i i apa(f (T))mapi’éiffm) A OWie )
OVeC(9p; 2/ 0¥) avec(p, , /o)

The terms (p; ,W; ® I) and (p; ,W; ® I) are 0,(1)

9y 3y

so they can be omitted from the second derivative for computational conve-
nience. Here, we use ¢/ (-) and v (-), d = 0,1,2, to denote their d** order
derivatives, and use fb(d)(u; 6) to denote its d* order partial derivative w.r.t.

0. By assumption |3.2.5|and the dominated convergence theorem, the nonzero
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first order derivatives in (3.20)) and (3.20)) can be expressed in the following

form:
@%§Q::s§: WB;?%U?Wm@
ousts) %zi: 0+ s
%ﬁgéz( 5+zu@<”@w%+%w9%%i?
a7 3o+ a5+
+ﬁmég§: /1:Z D 0us6),

i (1)) xi;B + ziu)) fo(us 6)
8’;5 g S Z h(wis) .

Another important question is how to specify the form of weight W; to
compute '(7;]\[75' in an optimal way, such that AV (&N(Wl)> — AV (&N(W/fpt))
is nonnegative definite for all possible ;. It can be shown that W is

approximately equal to
A7t = Elpia (o) p; 5 (10)| Xi, Zi] . (3.22)

The proof is analogous to that in Abarin and Wang (2006) and is therefore

omitted. In practice, A; is not feasible since it involves unknown parame-
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ters to be estimated. One possible solution is using a two-stage procedure.
First, minimize Q) s(¢) using a sub-optimal choice of W;, such as an identity
weight matrix, to obtain the first stage estimator Q/AJNLS. Second, estimate
W, = A;l using @ZA)NLS and then minimize Qy s(v) again with /Ali_l to ob-
tain the second stage estimator 1@]\[275. In general, the computation of A; in
(3.22)) is difficult since it requires the specification of third- and fourth-order
moments of y;;. However, these high order moments can be easily approxi-
mated using the Monte Carlo simulation method introduced in this section.
Alternatively, A; can be estimated using any nonparametric method such as

kernel or spline estimators. In some cases, a simple consistent estimator of

A; would be
. 1 X . .
AW) =+ > pia(n) o (). (3.23)
i=1
In many real data applications, the subjects are clustered so that the values
of X;, Z; are equal or close for all subjects within one cluster. In such cases,

each A; can be estimated similarly to (3.23)) using all the subjects within the

same cluster.

3.2.4 Robustness

Let v be the subset of observations (X;,Y;) under investigation, and the IF
of SBE at point v takes the form

001 (v s (F))

90 A7 pro(v; w5 (F)),

(3.24)

IF(U;¢N75,F) = —B(7ZJN(F>)
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where F'is the underlying distribution and B is given in (3.18)).

Corollary 3.2.6. If the SLSE @/A)N 1s computed using the estimated optimal

weight (3.25), then HIF(U;I;N’F)H — 0 as ||v|| = oc.

The implication of above corollary is that the influence function of
Y is bounded and ¢y has a redescending property (Huber 2004). It is
expected that data outliers in either x or y directions will be automatically
downweighted by the inverse of the estimated optimal weight matrix. It does
not require detection for outliers beforehand to implement downweighting
strategy. The proof is analogous to that of Theorem and is therefore

omitted.

3.2.5 Bias Reduction

It is noticed in the simulation studies by Wang (2007) and our preliminary
simulation studies, there are some finite sample biases for the estimation of
variance components by the SBE. These biases are downward-oriented and
diminish with increasing sample sizes. The source of this bias lies in the fact
that the optimal weight in is replaced by a root-N estimate given in
for the second stage minimization. Asymptotically this replacement
has no impact on the properties of SBE. However, it does make a difference
in finite samples because Al(zﬂ) depends on y; and causes the correlation with

pia(®) and p;2(¢). Note in the setup of the SBE, we require W; may only

depend on X; and Z;. Evaluating this bias analytically is not easy. Instead,
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we extend the independently weighted method proposed by Altonji and Segal
(1996) for the bias reduction. The basic idea is to break the correlation be-
tween A,(Q/AJ) and p; +(¢) by designing the weighting matrix using observations
other than used to construct the sample moments. We randomly split the
sample into K groups with /Ny subjects in each group and the independently
weighted SBE (SBEIW) @ZA)]IVV% for ¢ is defined as the measurable function
that minimizes
R )
Qus() =12 Z P () AT () k5 (1), (3.25)
k=1 i—1

where pf,(¢) is constructed for the k'™ group and A;* (1)) is constructed using
all but the k' group. Intuitively, this estimator is less biased because the
statistical dependence between the weight matrix and sample moments were
broken. However, splitting the sample causes efficiency loss due to the loss
in degrees of freedom. Since cov(w NS z/JkH) = 0 for [ # 0 by design, it can

be easily shown that
| K
cov(yy's) = e > cov(¥h o),
k=1

where 1%‘{,5 is obtained by minimizing Zé\fl(pﬁl(w))’A;k(lﬂ)pﬂ(w). In the
simulation studies presented in section [3.3.1, we select K = 2 and observe
significant improvement in estimation bias over SBE with negligible efficiency

loss.
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3.3 Numerical Studies

3.3.1 Monte Carlo Simulation Studies

In this section, we evaluate the finite sample behavior the proposed estimator,
and compare them with the penalized quasi-likelihood estimator (PQLE) by
Breslow and Clayton (1993). We conducted substantial numerical studies by
using different generalized linear mixed models and parameter configurations.
We carried out 500 Monte Carlo replications in each simulation study and
reported the average biases ((1/500) Zfﬂ? i — ) and the root mean square
errors (RMSE; (1/500) ng?(@@z —1)?). All computations are done in R and

PQL estimates are obtained from glmmPQL package.

The first simulation study is designed based on Example In par-
ticular, we simulated the model log E(y;;|b;) = Bo + Bizij +b;, j=1,---,4,
where z;; = 0.15, 5 = (3, —1)" and b; ~ N(0,0.25). In the present simulation,
we set N = 50,100,200, 300,400 and chose the density N(0,1) to be h(u)
and generated S = 1000 independent u;, for SBE. For comparison purpose,
we also computed the ¥y by using the two marginal moments from equa-
tions and . Table reports the biases and the root mean square
errors (RMSE). Fig. visually summarizes the performance of all estima-
tors at various sample sizes in terms of RMSE and percentage of bias. From
Table [3.1 and Fig we see that all estimators perform satisfactorily and
show clearly their asymptotic proprieties, i.e., the estimated RMSE decrease

with the increase of sample size. For fixed effects, both estimated RMSE
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and biases from the proposed estimators are very close to each other and are
comparable to the PQLE, although 13" and ¢ have slightly higher RMSE
for ;. For the random effect parameter 6, all estimators present similar es-
timated RMSE; PQLE, ¥y and ¢y show some downward bias while 4"
and ¢]I\% show some upward bias. From Fig , significant higher percent
(10—20%) bias is observed in 1y as well as in 1y s; however, it is worth not-
ing this bias gradually reduces with the increase of sample size. In contrast,
Yy and ¢s have less than 5% bias which demonstrates bias reduction by
using the proposed independent weight methodology. In addition, we use
histograms to show how close the distribution of SBE estimates are to the
normal distributions and compare with PQL estimates. From Fig |3.2] we
have found that when N = 200 the distribution is already fairly close to
normal for all estimators; thus, the asymptotic normality properties of the

proposed estimates are justified.
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Table 3.1: Biases (RMSE) of the parameter estimates

N PQLE SLSE SLSIW SBE SBEIW
Bo =3

50 0.006 (0.082) -0.086 (0.115) 0.001 (0.162) -0.069 (0.109) 0.012 (0.168)

100 0.012 (0.060) -0.053 (0.077) -0.009 (0.090) -0.039 (0.075) 0.007 (0.103)

200 0.010 (0.040) -0.029 (0.052) -0.009 (0.058) -0.022 (0.055) 0.005 (0.061)

300 0.006 (0.033) -0.021 (0.040) -0.005 (0.040) -0.016 (0.047) -0.003 (0.052)

400 0.009 (0.031) -0.017 (0.035) -0.005 (0.034) -0.010 (0.044) -0.003 (0.043)
pr=-1

50  -0.007 (0.152)  0.007 (0.143) 0.020 (0.341) 0.009 (0.130) -0.005 (0.329)

100 -0.004 (0.109)  0.006 (0.106) 0.013 (0.180)  0.008 (0.107)  0.007 (0.195)

200 0.000 (0.073) 0.002 (0.077) 0.015 (0.109)  0.004 (0.074) 0.013 (0.115)

300 -0.001 (0.064) 0.003 (0.061) 0.007 (0.081)  0.000 (0.058) 0.003 (0.081)

400 -0.001 (0.056) 0.001 (0.054) 0.003 (0.067) 0.003 (0.054) 0.006 (0.065)
f=0.25

50  -0.010 (0.053) -0.043 (0.060 0.011 (0.105) -0.054 (0.076 0.012 (0.122

(0.053) (0.060) (0.105) (0.076) (0.122)
100 -0.007 (0.040) -0.043 (0.056)  0.004 (0.066) -0.045 (0.069) 0.001 (0.081)
200 -0.004 (0.026) -0.030 (0.042) 0.012 (0.059) -0.036 (0.059) 0.000 (0.060)
300 -0.003 (0.023) -0.024 (0.035) 0.006 (0.048) -0.027 (0.051) 0.002 (0.055)
400 -0.004 (0.019) -0.022 (0.032)  0.002 (0.033) -0.025 (0.048)  0.005 (0.048)

An addition simulation study was conducted based on the RIS model
in Chapter 2 to confirm the performance of SLSIW. We have similar findings

as the first simulation study and the results are presented in Table [3.2
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Figure 3.1: RMSE and percentage of bias of parameter estimates for model
at various sample sizes.
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Table 3.2: Simulation results with normal distributed
random effect and residual errors based on the RIS model

SLS SLSITW
N Bias RMSE Bias RMSE
Bo 50 -0.055  0.666 -0.023  0.470
100 -0.002  0.184 0.004  0.257
200 -0.001  0.131 -0.005  0.153
300 -0.001  0.108 -0.005  0.114
400 -0.002  0.092 -0.005  0.099
500 -0.004  0.084 -0.005  0.090

f1 50 -0.018  0.212 -0.003  0.293
100 -0.001  0.112 -0.010  0.157
200 -0.002  0.075 0.002  0.089
300 0.000  0.065 0.000  0.071
400  0.000  0.056 0.001  0.060
500  0.003  0.050 0.008  0.053

611 50 -0.142  0.604 0.028  1.185
100 -0.068  0.442 0.089  0.656
200 -0.027  0.321 0.062  0.422
300 -0.038  0.268 0.034  0.308
400 -0.027  0.238 0.020  0.273
500 -0.013  0.209 0.032  0.234

0o 50  -0.106  0.232 -0.025  0.394
100 -0.053  0.162 0.035  0.216
200 -0.035  0.119 0.013  0.141
300 -0.021  0.090 0.011  0.100
400 -0.014  0.077 0.015  0.087

Continued on next page. . .
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Table 3.2 — continued
SLS SLSIW
N Bias RMSE Bias RMSE
500 -0.014  0.071 0.009  0.079

o 50 -0.143  0.197 -0.011  0.228
100 -0.085  0.127 -0.001  0.130
200 -0.046  0.083 0.013  0.088
300 -0.032  0.064 0.007  0.067
400 -0.027  0.054 0.004  0.053
500 -0.019  0.048 0.006  0.049

In the second simulation study, we consider a logistic model: logit(Pr(y;; =
1|6;)) = Bo + 1 X trt; + Paxij + bio + bz, where b; ~ N[(0,0)’, diag(6o, 61)].
In the present simulation, we selected N = 200,300 and n = 5; covari-
ates trt; = 1 for half the sample and 0 for the remainder, z;; = (j — 3)/2;
g = (=10, 0.5, 0.5); 6y =1 and 6; = 0.5. To compute the SBE, we chose
the density of N[(0,0),diag(2,2)] to be h(u), and generated independent
points u;s, s = 1,...,25 using S = 500, 1000 and 2000 respectively. Table
3.3 reports the simulation results. Overall, it is clear that the SBE results
in smaller bias than the PQLE for fixed effects as well as the random ef-
fect 0y, while the SBE has slightly bigger bias only for the random effect
0. The finding is not surprising, as it is known that the PQLE may have

severe bias in the estimates of the fixed effects and variance components of
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random effects, when repeated measured data are binary. As the sample size
N increases from 200 to 300, the RMSE for all parameters from all methods
decrease. For the SBE, as the number of simulated values S decreases from
2000 to 500, RMSE become slightly bigger but the estimates stays relatively
stable. It implies that even at a relative small sample size of simulated values
S = 500, the SBE still produces reasonable estimates. Comparing the PQLE
with the SBE computed using S = 2000, the PQLE seems to have smaller
RMSE, especially for the random effect estimates.

Table 3.3: Biases (RMSE) of the parameter estimates with different number
of the simulated points S for SBE

SBE
PQLE S = 2000 S = 1000 S =500

N=200
By=—1 0.109 (0.180) -0.071 (0.188) -0.070 (0.200) -0.049 (0.191)
By =0.5 -0.054 (0.189) 0.029 (0.217) 0.040 (0.218)  0.032 (0.174)
By =0.5 -0.057 (0.124) 0.030 (0.141)  0.030 (0.139)  0.024 (0.109)
fo=1  -0.108 (0.258) 0.103 (0.332) 0.112 (0.375)  0.063 (0.358)
6, =05 0.074 (0.279) 0.082 (0.402) 0.107 (0.392) 0.061 (0.366)
N=300

Bp=—1 0.113 (0.164) -0.030 (0.135) -0.045 (0.154) -0.033 (0.178)
By =05 -0.067 (0.176) 0.021 (0.170) 0.024 (0.169)  0.027 (0.183)
By =0.5 -0.058 (0.109) 0.022 (0.109) 0.022 (0.107)  0.013 (0.108)
fp=1 -0.116 (0.210) 0.055 (0.255) 0.071 (0.298) 0.051 (0.345)
6, =0.5 0.088 (0.241) 0.074 (0.319) 0.073 (0.324)  0.045 (0.334)

The third simulation study is to demonstrate the robustness of the pro-

posed estimator in the presence of outliers, we conducted simulation studies
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on random intercept Poisson and logistic models with one covariate, and the
parameter values f=(1, 1)” and #=0.25. We generated N = 100 subjects with
n = 5 measurements per subject. The values of the covariate z;; = (j —3)/2
in the Poisson mixed model, and one random measurement within five dif-
ferent subjects was contaminated by using 100y;; (i.e., 5% subjects with one
outlier). For the logistic model, z;; was generated from N(0,1). Since the
response variable y;; is binary in the logistic model, outliers arise in z. To
create outliers, we followed Sinha (2004, 2006) to replace one randomly cho-
sen z value within five different subjects by x + 3 (i.e., 5% subjects with
one outlier). For comparison, we also present the simulation results without
outliers. Table [3.4l summarizes the simulation results. In the case of Poisson
mixed model, the SBE stays almost the same as outliers increase from 0%
to 5% while a significant increase from PQLE. For the logistic model, the
SBE shows smaller biases for the estimation of 5, and # in the presence of
outliers. For the estimation of fixed effects §y and ;, the SBE provides
smaller RMSE than the PQLE. However, the PQLE of 6 appears to have
smaller RMSE. This interesting and counterintuitive phenomenon was also
found in the similar simulation study conducted in Sinha (2004) and Noh
and Lee (2007) when they compared their proposed robust estimation meth-
ods with the classical likelihood-based method. Similarly, we can argue that
the RMSE of the PQLE of # underestimates because of the relatively larger

biases observed in the PQLE of the fixed effects.
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Table 3.4: Biases(RMSE) for the parameter estimates with and without out-
liers

No Outliers With Outliers
PQLE SLSE/SBE PQLE SLSE/SBE

Poisson Model

Bo=1 0.021 (0.060) -0.082 (0.103) 0.162 (0.205) -0.057 (0.082)
br=1 -0.001 (0.038)  0.017 (0.043) -0.004 (0.163) 0.011 (0.041)
6 =0.25 -0.013 (0.043) -0.047 (0.062)  0.097 (1.029) -0.040 (0.059)
Logistic Model

Bo=1 0.020 (0.212)  0.066 (0.306) -0.059 (0.412) 0.074 (0.365)
=1 0.051 (0.229)  0.117 (0.317) -0.108 (0.433) 0.073 (0.301)
0 =0.25 0.017 (0.320) -0.021 (0.571) -0.013 (0.295) 0.028 (0.643)

3.3.2 Application

In this section, we apply the proposed methods to analyze the popular
epilepsy seizure count data presented in Chapter 1. The data come from
a clinical trial of 59 epileptics who were randomized to receive either the
antiepileptic drug progabide (TRT = 1) or a placebo (TRT = 0), as an ad-
juvant to standard chemotherapy. The logarithm of a quarter of the number
of epileptic seizures in the 8-week period preceding the trial (BASE) and the
logarithm of age (Age) were included as covariates in the analysis. For each
individual, a multivariate response variable consisted of the seizure counts
during 2-week periods before each of four clinical visits (VISIT, coded -0.3,-
0.1, 0.1 and 0.3) was collected. By a thorough investigation, Thall and Vail
(1990) identified a number of patients as outliers, who has irregular large

counts. Recently, the data were further analyzed by Sinha (2006) using his
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proposed robust quasi-likelihood estimator (RQLE). Here we consider the
following model used by Sinha (2006):

log E(yij|bs) = w3;8 + bio + b VISITy, (3.26)

where bjp ~ N(0,6y) and b;; ~ N(0,6;) are the independent random effects,
and z;; represents the vector of the predictors BASE, TRT, AGE, VISIT,
and the interaction between BASE and TRT. Following (3.9)) and (3.10J), the

first two moments are

pij = exp(aj;B+6o/2+ (VISIT;)*61/2)

To calculate the standard error of Ty, we have trivially
Opij pi; (VISIT;)? '
8_1; = (ﬂﬂijﬂija 7j> T]Nm’

8uijk

P

((%‘j + Tik ) Vijks 2Vijk, 5 ik o

Table [3.5| reports the fixed and random effect estimates by the SBE,
the RQLE and the classical marginal quasi-likelihood estimator (MQLE).
The estimates of the fixed effects are very similar and the covariate BASE is
highly significant by all three approaches. However, we observe a significant
difference in the estimates of the random effects. In particular, the SBE
estimates highly agree with the RQL estimates, but quite different from
those obtained by the MQL method. The standard errors (SE) of 62 from

all approaches are relatively close but the SBE results in a SE reduction of
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50% for 67 in comparison with the MQLE. Since Sinha (2006) concludes that

the RQL method appears to be successful in handling outliers in the epilepsy

data, we confirm that the SBE has the same property.

Table 3.5: Comparison of parameter estimates and their standard errors (SE)

for the seizure count data

SLSE RQLE* MQLE*
Parameter Estimates (SE)  Estimates (SE) Estimates (SE)
INTERCEPT 1324 (L672)  -1.330 (0.928)  -1.388 (1.248)
BASE 0.915 (0.117)  0.895 (0.083)  0.890 (0.141)
TRT L0.758 (0.627)  -0.795 (0.446)  -0.849 (0.424)
TRT x Base 0.397 (0.205) 0.260 (0.238) 0.324 (0.216)
AGE 0.453 (0.485)  0.462 (0.277)  0.463 (0.365)
VISIT/10 20.230 (0.268)  -0.230 (0.156)  -0.253 (0.241)
0o 0.135 (0.093)  0.130 (0.050)  0.257 (0.083)
61 0.117 (0.709) 0.116 (0.357) 1.904 (1.386)

*Obtained from Sinha (2006).

3.4 Incomplete Longitudinal Data

3.4.1 Missing Data Mechanism

Incomplete longitudinal data are almost inevitable in longitudinal studies

due to various reasons (e.g. dropout or noncompliance in clinical trials).

Problems arise if the mechanism leading to the missing data depends on re-

sponse process. It is known that ignoring missing data or the use of naive

methods may introduce bias and lead to misleading inferences (Little and

Rubin 2002). To obtain valid inferences from incomplete longitudinal data,
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it is essential to consider the reason for missingness, which is usually referred
to as the missing data mechanism. The missing data mechanism attempts to
answer, from a statistical perspective, the question of why data is missing.
The central issue is to properly characterize the probabilistic relationship
between the value that should have been observed but it was not observed.
This relationship is defined statistically in terms of the conditional distribu-
tion of the missing data indicator matrix given the observed data. Little and
Rubin (2002) gave a general treatment of statistical analysis of missing data
mechanisms, which includes a useful hierarchy of missing-value models. Let
R; = (Ri1, Ri2,- -+ , Rin)" be the vector of missing data indicators for Y;, such
that R;; = 1 if response Yj; is observed, and 0 otherwise. We partition Y;
into Y, and Y™, where Y,° contains those Y;; for which R;; = 1 and Y;¥
contains the remaining components. Assuming X, is always observed, the

three classifications of missing data mechanisms are:

(). Missing Completely At Random (MCAR): Data are said to be MCAR if
the probability of failure to observe a value is unrelated to any observed
or unobserved data. The MCAR assumption is often too strong to be
plausible in practical situations, except in the case where data is missing
by design. Under the MCAR assumption, the conditional distribution

of the missing data mechanism given the data Y is given by
P(R;|Y;, X;) = P(R| X5).

(ii). Missing At Random (MAR): Data are said to be MAR if the probability
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of an observation being missing only depends on observed data. MAR is
a weaker and more plausible assumption than MCAR. Under the MAR
assumption, the conditional distribution of the missing data mechanism

given the data Y is given by

P(Ri|Y;, X;) = P(R,|Y?, X,).

(iii). Missing Not At Random (MNAR): Data are said to be MNAR if the
probability of an observation being missing depends on both observed
and unobserved data. Under the MNAR assumption, the conditional
distribution of the missing data mechanism given the data Y is given
by

P(Ri|Y;, X;) = P(R|Y°, Y}, X,).

3.4.2 Missing Data Patterns

There are two broad classes of missing data pattern: intermittent missing
and dropout. Intermittent missing pattern refers to the scenario that a sub-
ject completes the study but skips a few occasions in the middle of the study
period. Dropout (attrition, lost of follow-up) is a particular example of mono-
tone pattern of missingness, which means if one observation is missing, then
all the observation after it will be unobserved. Intermittent missing is often
easier to deal with because the subject is still participating the study and the
reason of missing values can be ascertained. Dropout is often more serious

because the subject is no longer available and we cannot be certain that the
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dropout is or is not related to the observed or unobserved outcome. MAR
mechanisms are commonly assumed when the interest lies on estimation of
parameters, especially when monotone missing data patterns are under con-
sideration. The rationale of using such mechanisms is discussed by authors
including Robins, Rotnitzky and Zhao (1995), and Lindsey (2000). In the fol-
lowing, we focus on the discussion of modeling monotone MAR longitudinal

data.

3.4.3 Estimation of Missing Data Process

A transition model is considered for modeling the dropout data process. Let
Nij = P(Rij = 1Ri ;-1 = 1,X;,7;,YP) be the conditional probability that
subject is observed at visit j, given that subject is present at time j — 1;
and m;; = P(Ry; = 11X, Z;, Y?) be the marginal probability subject i is
present at time j which is equal to H{:2 Ait. Generally it is assumed that all
individuals are observed on the first occasion, that is R;; = 1 and \;; = 1.
Let T = P(Ri; = 1, Ry = 1|1X;,Z;, Y,2) be the probability for observing
both Y;; and Yj; given the response history and covariates. For monotone
missing data pattern, R;; = 0 implies R;, = 0 for all j < k so m;j, = . Let
H;; = {vi1, Yia, -+, ¥ij—1} to be the history of observed responses for subject

i up to (but not including) time point j.

Usually, A;; is unknown and must be estimated from the observed data.

Since the missing data indicator variable R;; is binary, we consider a logistic
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regression model for the drop-out process

where A;; is the vector consisting of information of X;, Z; and H;;, and «
is the vector of regression parameters. This model has been widely used in
modeling the drop-out process (e.g., Diggle and Kenward 1994; Fitzmaurice,
Laird and Zahner 1996; Molenberghs, Kenward and Lesaffre 1997; Yi and
Cook 2002). Estimation of parameters o can be proceeded by running a
logistic regression analysis using the likelihood method. In particular, we
let D; be the random dropout time for subject ¢ and d; be a realization,

t=1,---,N. Define

di—1

t=2
where )\ is given in ([3.27]). Then the corresponding score equation of subject
iis Si(a) = SN dlog Li(a)/dB, which yields unbiased estimate of a if
model (3.27) is correctly specified. The resulting estimator is denoted by a&.

Moreover, the marginal probabilities 7;;(&) can be consistently estimated.

3.4.4 Weighted SBE

The SBE based on the observed data is given by
N

?/S?v,s = argmin Q?v,s = argmin Z(Azﬂi,l(¢)),Wi<AiPi,2(¢)):
el yer 5
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where A; = diag(R;;,1 < i < ny, RijRi,1 < j < k <n;). Under MCAR

assumption, the SBE remains valid because

@) 5 Bl(Dipa(0) Wil Bapia())] = B(A)QW),

where E(A;) = diag(m;j,1 < i < ng,mym, 1 < j < k < n;) and Q(¢) =
Epl(0)W;pi(1). Since Q(v) attains a unique minimum at ¢y € I' (see section
and F(A;) does not depend on %, it is straightforward to show that
@Z?V,s L% 4hg as N — oo. Also, it is easy to show the estimator of B and
Cs in and based on the observed data are consistent by similar
manipulations. However, under MAR assumption, A; depends on Y; and the

SBE is no long valid because E[(A;p;1(¥))Wi(Aipi2(¥))] # E(A:)Q(Y).

We consider modifying the proposed method to adjust MAR type of
monotone missingness through the inverse probability weighted (IPW) method.
It is known that IPW is a general methodology for constructing estimators
of smooth parameters under non- or semi-parametric models for the full data
and a semi-parametric or parametric model for the missingness mechanism
(Horvitz and Thompson 1952; Robins and Rotnitzky 1995; Yi and Cook
2002). The idea is to weight each subject’s contribution in the estimation
by the inverse probability that a subject drops out at the time he dropped
out. The weights are obtained from models for the missing data process, and
these models must be correctly specified for the resulting estimators to be

consistent.
Let A; = diag(R;;/mij, 1 < @ < ng, RijRig/mijie, 1 < j < k < n;) be
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the weight matrix accommodating missingness. We define the weighted SBE
(WSBE) as
Yn.g = argmin QJOV ¢(1) = argmin Z Pia( VYWipia (1),
Per pel
where p;+(¢) = Aipi,t(w)- By model assumptions and the law of iterated

expectation, we can show that
~ N ~ ~
E[Q%s(W)] = ED_ Nipia()Wilip;a(1)]
i=1

N
= E[Z E[Aipi1 () Wikkipi2 ()| X1, Z;, Y]]

= E[Z E’[Ai\Xi, 7, Y] pin (V) Wips 2 ()]

i=1
= E[QN,S(¢)]7

where the last equality holds due to the fact that E[A;|X;, Z;, Y;] is an identity

matrix if the probabilities m; are correctly specified. Under two additional

assumptions

Assumption 3.4.1. Given the past history of observed responses and co-
variates, the probability that individual 7 is still in the study at time j is

bounded away from zero or P(R;; = 1|R; ;-1 = 1, X;,Y;;) > 0.

Assumption 3.4.2. The probability of dropout model must be correctly
Speciﬁed. i.e. )‘Z] = P(R” = 1‘Ri,j71 = 1, XZ', Zi; }/z)

Theorem [3.2.4] holds for vy g except that p;,(1) is replaced by p;(¢) in
1} and 1) The optimal weight A; becomes Elpi1(v0) 0} 2(10)| X, Zi].
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For the computation of optimal weight, the moment estimator defined in
(3.23)) is not conformable because the length of p;(1)) is different across sub-
jects. Therefore, we propose to construct the optimal weight using the simu-
lation method. The second-order marginal moments can be calculated using
(3.16]), and the third- and fourth-order moments will be calculated using the

same method. In particular, we first construct the third conditional moments

for yz]7 i'ev
¢ oué — us.n¢ ifi=k l
Cov(yij, yixya|bs, Xi, Z;) = 7710]3#2;6 /”Lcwnzkl’ 1 J #1,
MijjHa = PijHikls if j =1#k,
Wi MG s — IV 5k if j=k#I

For the fourth conditional moments, we have

4 c \2 N g
E(yi;|bi, Xiy Zi) — (5% ifj=k=1=t,
TGRS — 53 if j=k#1#t,
MG M MG — MigkTine if j =k #1,

Cov(yijYik, Yayi|bi, Xi, Z;) =

and other elements can be computed similarly. To compute E (yfj|bi, Xi, Z;)
and E(y};|bi, X;, Z;), we can use the following results by McCullagh and
Nelder (1989). That is,

El(yyy — 1) 1bi Xi, Zi) = ¢°a!P (wy),
El(yij — 1) bi, Xi, Zi) = ¢*a™ (wyg) + 3(¢a® (wyy))>.
Then we can use the simulation method introduced in section B.2.2] to con-

struct the marginal moments, and thus obtain the optimal weight. Alter-

natively, we can adopt the idea of working variance matrix in Prentice and
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Zhao (1991) and Vonesh, Wang, Nie and Majumdar (2002) to construct opti-
mal working weight. For example, assuming y; is from a multivariate normal

distribution, the third moment of y; is

cov(Yij, Yirlit) = HaOik + Mo, for all j, &, [,
where 0y, = E(yi; — wij)(yik — wik), and the forth moment of y;, for all
g, k, L, tis
OV (YiYiks YitVit) = OijiCikt+0ije CirdF it it T i+ Fij it O ikt & Wik it Tiji i it T ik

Thus, both third and forth moments can be specified by using only the first
and second moments. Alternatively, we can assume independence among the

elements of y;. Then the third moment of y; is given by

El(yi; — wig)’] + 250055 — 235 i j=k=1,

cov(yis, Yary) = TijjHik ifj=1#Fk,
ijy Yik Yil o_ijj/“l lfj —k % l,
0 otherwise.

The forth moment of y; is

E[y;lj]_”?j_o-ijj ifj=k=1=t,
E[<ylj - uij)g],uit + Q/Lijﬂitaijj lfj =k=1 7£ t,
E[(Z/ZJ - uij)s],uil + 2,“”‘/%[0’@7’ lfj =k=t 7§ l7
0 otherwise.

cov(YiYin, Yali) =

If we further assume the underlying distribution of y; is symmetric, we have

E(yij — uiy)’] = 0.
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3.4.5 Multiple Imputation

An alternative for SBE to handle missing data is by the means of multiple
imputation. Multiple imputation (MI) was first proposed by Rubin (1977)
and was described in detail by Rubin (1987) and Schafer (1997). The key
idea of this procedure is to fill out each missing value with a set of M plau-
sible values that represent the uncertainty about the right value to impute.

Multiple imputation inference involves three distinct stages:

(i). Fill out missing values, Y™ M times to generate M complete data sets.
Here MAR assumption is key to the validity of MI because Y, are gen-
erally sampled from a condition distribution f(Y*|Y?, ). Commonly
used imputation methods include regression method (Rubin 1987), pre-
dictive mean matching method (Heitjan and Little 1991; Schenker and
Taylor 1996), propensity score method (Rosenbaum and Rubin 1983;
Lavori, Dawson, and Shera 1995) and MCMC Method (Schafer 1997).

(ii). Each imputed data set is analyzed by using standard procedure, and
the resulting estimates and the corresponding sampling covariances

(within-imputation variance) are denoted by 12,16” and Vi, k=1,---, M.

(iii). The results from the M analyses are combined to produce a single MI
estimator, 1; mr1, and to draw inferences based on 'Rubin’s rules’ for MI.

The MI estimator of v is the average of the individual estimators
M
T M
Yur = i kg_l (hes
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The estimated variance of this combines between- and within-imputation

variability as follows

1 & 1 1 \o= o -
Vr = M;Vk—i- (1—1-?) (ﬁ) ;(% — Y1)

Pros and cons of IPW methods with respect to MI have been the subject
of some debate (Scharfstein, Rotnitzky and Robins 1999; Clayton, Spiegelhal-
ter, Dunn and Pickles 1998; Carpenter, Kenward and Vansteelandt 2006). In
the following section, we conduct some simulation studies to compare WSBE

and MI-SBE.

3.4.6 Monte Carlo Simulation Studies

We conduct some simulation studies to assess the performance of the WSBE,
MI-SBE and SBE under MCAR and MAR scenarios with moderate amount
(10%-30%) of missing data. We carried out 500 Monte Carlo replications in
cach simulation study and reported the average biases ((1/500) S22% tb; — 1))
and the root mean square errors (RMSE; (1/500) 32°% (¢ — 140)%). Two
scenarios of continuous responses and count data are considered here. The

continuous response y;; is generated from a linear mixed model:
Yij = Bo + Biwij + b; + €55,

and ¢;; is generated from a standard normal distribution. For count data, v;;

is generated from a mixed poisson model with

log E(yi5|bi) = Bo + Bizs; + bs.
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We set = (1,1)" and generate b; from the normal distribution N(0, ) with
8 = 0.25. The true covariate z;; is simulated from the normal distribution
N(1,1) for the linear model and N(0.5,1) for the Poisson model. Sample
sizes are set at NV = 100 and N = 200, and the number of observations per
subject n; is set to be four. The MI were carried out with the R package
MICE, and employees the predictive mean matching method for the data
imputation. Since MICE uses a fixed seed for random number generation,
we vary this seed using the iteration time in each run. A review of this
package and comparisons with other software is given by Horton and Lipsitz
(2001). Further, we set the number of multiple imputations M = 5 which is
generally sufficient to yield efficient results (Rubin 1987). Monotone missing

data indicator R;; is generated from the following logistic model
loglt)\w =g+ a1Yij—1-

When considering a MAR missing mechanism, we set o = (3,1)" and o =
(3,0.5)" for the continuous response; we set v = (0.5,0.5)" and o = (0.5,0.1)’
for the count response. When considering a MCAR missing mechanism, we
set @ = (3,0)" for both models. These parameter setups not only lead to
difference missing data mechanism but also different percentage of missing

data.

Table 3.6 summarize the simulation results. Overall, the results
from the linear regression model have similar patterns to those of the Poisson

regression model. It can be seen that the finite sample biases and RMSE are
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reasonably small for WSBE and MI-SBE in all situations. When data MCAR
(i.e., ay = 0), all methods performs quite similarly. This not surprising as we
show the naive SBE remains valid under MCAR. When data MAR (i.e., a; #
0), we can see obvious superiority of WSBE and MI-SBE over SBE in terms
of bias and RMSE, especially for the estimation of variance components.
Although in some cases the naive SBE yields relative small bias for fixed
effects, we notice there is a convergent issue for the naive method in the
computation. When sample size increases from N = 100 to N = 200, both
bias and RMSE decrease for WSBE and MI-SBE which suggest they produce
consistent estimates. However, this is not the case for naive SBE under MAR
data. In general, MI-SBE outperforms WSBE. This is not surprising as it is
documented in the literature that IPW is generally less efficient (Robins et al.
1995). To improve efficiency, one may consider applying augmented inverse
probability weight method (Robins, Rotnitzky and Zhao 1995; Rotnitzky,
Robins and Scharfstein 1998; Scharfstein, Rotnitzky and Robins 1999; Bang
and Robins 2005). Furthermore, we notice the numerical computation is

more stable in MI-SBE.
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Table 3.6: Simulation results for the liner regression model

Missingness SBE WSBE MI-SBE
Bias RMSE Bias RMSE Bias RMSE
N=100
(3, 0) Bo -0.046  0.143 -0.047  0.144 0.008  0.100

B1 0.019 0.077 0.019  0.077 -0.015  0.071
0 0.117  0.265 0.121  0.273 0.047  0.115
¢ -0.053 0.177 -0.053  0.177 -0.038  0.141

(3, 0.5) Bo -0.041  0.134 -0.058  0.139 -0.003  0.098
B1 0.019  0.075 0.012  0.075 -0.010  0.066
0 0.135  0.268 0.102  0.248 0.026  0.112
¢ -0.074 0.179 -0.020  0.166 -0.033  0.135

(3, 1) Bo -0.035  0.130 -0.069  0.148 0.008  0.106
£1 0.017  0.073 0.016  0.077 -0.017  0.058
0 0.134  0.272 0.101  0.260 0.048  0.145
¢ -0.073 0.178 -0.012  0.172 -0.008  0.131
N=200
(3, 0) Bo -0.020  0.100 -0.020  0.099 0.009  0.071
£1 0.009  0.059 0.009  0.059 -0.015  0.049
0 0.055  0.183 0.055  0.183 0.066  0.100
¢ -0.026 0.124 -0.027  0.124 -0.019  0.102

(3, 0.5) Bo -0.027  0.101 -0.042  0.104 -0.003  0.069
f1 0.006  0.062 0.008  0.060 -0.007  0.045
0 0.085  0.209 0.045  0.187 0.044  0.081
¢ -0.051 0.132 -0.002  0.123 -0.029  0.087

(3, 1) Bo -0.016  0.103 -0.037  0.102 -0.005  0.073
B1 0.023  0.157 0.011  0.058 -0.008  0.046
0 0.080  0.188 0.037  0.175 0.042  0.090
¢ -0.053  0.125 0.010  0.120 -0.023  0.099
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Table 3.7: Simulation results for the Poisson regression model

Missingness SBE WSBE MI-SBE
Bias RMSE Bias RMSE Bias RMSE
N=100
(3,0) Bo -0.143  0.389 -0.153  0.403 0.041  0.090

B1 -0.015  0.252 -0.016  0.247 -0.081  0.150
0 0.137  0.339 0.148  0.350 -0.041  0.080

(0.5,0.5) Bo -0.262  0.488 -0.150  0.518 0.014  0.087
B1 -0.034  0.246 0.042  0.277 -0.075  0.164
0 0.337  0.494 0.043  0.404 -0.025  0.065

(0.5,0.1) Bo -0.299  0.504 -0.145  0.410 0.026  0.086
B1 -0.034  0.255 0.023  0.280 -0.149  0.202
0 0.362  0.532 0.068  0.328 0.036  0.081

N=200
(3,0) Bo -0.090  0.283 -0.087  0.276 0.034  0.069
Bi -0.026  0.194 -0.025  0.195 -0.076  0.123
0 0.089  0.251 0.084  0.241 -0.027  0.060

(0.5,0.5) Bo -0.205  0.392 -0.078  0.273 0.008  0.061
B -0.044  0.192 0.018  0.198 -0.071  0.130
0 0.285  0.421 -0.015  0.220 -0.003  0.047

(0.5,0.1) Bo -0.275  0.465 -0.093  0.333 0.016  0.061
B -0.044  0.216 0.008  0.228 -0.141  0.177
0 0.337  0.486 0.017  0.258 0.049 0.071
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Chapter 4

Second-order Least Squares
Estimation in Linear Mixed
Models with Measurement
Error on Covariates and
Response

4.1 Introduction

Generalized linear mixed models have been widely used in the modeling of
longitudinal data where the response can be either discrete or continuous.
Various estimation methods for GLMM have been developed in the literature
(e.g, Breslow and Clayton 1993; Durbin and Koopman 1997; Rabe-Hesketh,
Skrondal and Pickles 2002). However, estimation and inference in a GLMM
remain very challenging when some of the covariates are not directly observed

but are measured with error.
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It is well-known that simply substituting a proxy variable for the unob-
served covariate in the model will generally lead to biased and inconsistent
estimates of regression coefficients and variance components (e.g, Wang and
Davidian 1996; Wang, Lin, Gutierrez, and Carroll 1998; Carroll, Ruppert,
Stefanski, and Crainiceanu 2006). To account for the measurement error
(ME) as well as the correlation in the longitudinal data, Wang, Lin, Gutierrez
and Carroll (1998) proposed the simulation extrapolation (SIMEX) method
to correct for the bias of the naive penalized quasi-likelihood estimator in a
generalized linear mixed model with measurement error (GLMMeM), while
Wang, Lin and Guittierrez (1999), and Bartlett, Stavola and Frost (2009) pro-
posed a regression calibration (RC) approach. However, it is known that both
RC and SIMEX approaches yield approximate but inconsistent estimators in
general. Tosteson, Buonaccorsi, and Demidenko (1998) proposed a bias-
corrected estimator but it was shown to be highly inefficient. Buonaccorsi,
Demidenko and Tosteson (2000) proposed the likelihood based methods and
Zhong, Fung, and Wei (2002) studied the corrected score approach. However,
the ML methods rely strongly on Gaussian assumption for random effects,
ME variables and residual error terms. In addition, the likelihood function
for GLMMeM is generally intractable. Non- or semi-parametric approaches
have also been considered for models with normally distributed measurement
errors (Tsiatis and Davidian 2001; Pan, Zeng and Lin 2009). Instrumental
variable method have been used by many researchers to overcome ME prob-

lems in cross-sectional data (Fuller 1987; Buzas and Stefanski 1996; Wang
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and Hsiao 1995, 2010; Carroll, Ruppert, Stefanski, and Crainiceanu 2006;
Schennach 2007). In practice, any variable that correlates with the error-
prone true covariate can serve as a valid Instrumental variable, e.g., a second
independently measurement. Furthermore, the assumption of instrumental
variable is weaker than that of replicate data because Instrumental variables
can be a biased observation for the true covariates (Carroll and Stefanski

1994; Carroll, Ruppert, Stefanski, and Crainiceanu 2006).

In this chapter, we follow Abarin et. al. (2010) consider the linear
mixed models with measurement error (LMMeM) which can be regarded as
a special class of GLMMeM. In this model, we not only allow covariates
but also response subject to classical ME. Also, we consider both Berkson
and classical measurement errors in covariates because it is well-known that
the Berkson and classical measurement errors lead to fundamentally differ-
ent statistical structures and therefore must be treated differently (Carroll,
Ruppert, Stefanski, and Crainiceanu 2006). A nonlinear regression model
with Berkson error is usually identifiable without extra information (Wang
2004). Classical ME models usually need extra information such as repli-
cate measurements, validation data, instrumental variables, or knowledge of
the measurement properties in order to be identifiable (Carroll, Ruppert,
Stefanski, and Crainiceanu 2006; Schennach 2007; Wang and Hsiao 2010).
Therefore, we propose an exact consistent estimation method for LMMeM

based on the method of moments and instrumental variables.
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4.2 Linear Mixed Effects Model with Mea-
surement Error

4.2.1 Model Formulation

We define a linear mixed measurement error model (LMMeM) for the jth

observation on the ¢th individual as

yij = X;]Bz+Z{Jﬂz+B;Jbz+gz]; izl,...,N7 j:].,,nz (41)

where y;; € IR is the jth response for the ith subject; b; € JR? is the random
effect having mean zero, covariance D(f) and distribution f,(¢;6) with un-
known parameters ¢ € IRP; and ¢;;’s are mutually independent error terms
with zero mean and equal variances o2; 3, € IRP* and 3, € IRP* are vectors of
fixed effects; Z;; € IRP* and B;; € IR? are predictors observed without error;

Xi; € IRP+ is the unobserved predictors. Further, we observe W;; defined as
Wij = Xij + 0ij (4.2)

where §;; € IRP* is the vector of measurement errors. This is called a classical
additive ME model (Carroll, Ruppert, Stefanski, and Crainiceanu 2006),
which is the most common model for ME on covariates. We also suggest a

classical ME for the response as

Yi; = Yij + &ij, (4.3)

where £ is a random measurement error with mean zero and covariance matrix

02[ . This model also assumes that ¢ is independent from y. Moreover, we
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assume that W is surrogate, which means that given the true covariates, W
does not provide any extra information about the distribution of the response.
Further, ¢, 9, and & are assumed to be independent from all random variables
in the model, as well as from each other. Since there is no assumption

concerning the functional forms of the distributions of X, ¢, £, and &, model

(4.1)-(4.3) is semi-parametric.
4.2.2 Estimation and Inference

In order to overcome the ME problem on X, one might suggest to replace
it with the observed variable, which is WW. This is how naive procedures
estimate the parameters. We will assess later how ignoring ME effect on
covariates and/or response can affect the estimation procedure. Moreover,
since in this model, W and § are correlated, simply replacing X by W — ¢
violates the independency of the error term ¢ — 0 and the covariates W.
It is not obvious to determine for which parameters the naive estimator is
inconsistent, unless we have more assumptions on the model. For example,
Carroll, Ruppert, Stefanski, and Crainiceanu (2006) showed that if X is
normally distributed, a classical additive error model holds, and X and Z
are independent, then the naive estimator will be consistent only for the
fixed and the random effects corresponding to Z. Unlike classical ME, it is
straightforward to see how the ME affects the response under the classical
additive ME model in . Since this model assumes that Y and £ are

independent, and ¢ has mean zero, then the naive estimator that uses y;;
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instead of y;; remains unbiased. However, ignoring ME effect on response
variable and simply assuming that the error gets absorbed into the model
error is a myth. Even an unbiased ME on response increases the variability

of the fitted model (Carroll, Ruppert, Stefanski, and Crainiceanu 2006).

Here we assume that an instrumental variable V;; is available and is
related to X;; through

Xij = vVi; + Uy, (4.4)

where 7 is a row full rank matrix of unknown parameters and U is inde-
pendent from V' and J, has mean zero and variance covariance matrix «al.

Substituting (4.4)) into (4.2) results in a usual linear regression equation
E(Wi; | Vij) =V (4.5)

It is straightforward to estimate v using , so here we assume that ~ is
known. In practice, one can estimate «y either using an external independent
sample or a subset of the main sample and estimate the other parameters in
the unused sample. Based on model assumptions, we can write three sets of

marginal moments as

E(yii Vi) = (Vi) B + Zi;B-, (4.6)
(ymyzkﬂ/) = (yz] | V) (yzk | V) + BUD(Q) ik
0k, Bz + @ir0° + 00, (4.7)
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and
E(yiiWa | Vi) = E(yi; | Vi)vVik + @jeaBe (4.8)

wjr = 1if j = k, and zero otherwise. Following the convention of mixed
modeling literature, throughout this chapter all expectations are taken con-
ditional on B; and Z; implicitly. Shennach (2007), Wang and Hsiao (2010)
have shown that a general model with independent cross-sectional data can
be identified using instrumental variables and these moment equations, pro-

vided certain regularity conditions hold.

In this model, the observed variables are (y;5, Wi, V%, Z;

i Vi Zis, Bi;)' and the
parameter of interest is ¢ = (8., 8,0, a’, 02)". In practice, JE is not usually
the parameters of interest, and its estimation is straightforward, therefore it
is assumed to be known in the following. Hence, the theoretical results may
be regarded as conditional on the pre-estimate of ag and 7. Let p;(¢) as
(i — Eyi | Vi), 1 <7 < niyifyie — EQuiiyiel Vo), vis Wik — E(yig Wi | Vi), 1 <
Jj <k <mn;), then the method of moments estimator (MME) for ¢ is defined
as

Yy = argmin Qy(¢) = argmmz pi (V) Aipi (¥ (4.9)

PYEQ, YeQy T

where A; is a nonnegative definite matrix which may depend on V', Z and
B. We should mention in here that adding interaction terms between X
and one or more variables in design matrix X does not affect our estimation

procedure. Wang, Lin, Gutierrez, and Carroll (1998) showed that the naive

ML estimates of the coefficients subject to ME are asymptotically biased.
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Theorem 4.2.1. Under some reqularity conditions @EN 15 strongly consistent

and VN (¢hn — 1) R N(O,D;lCDizl) as N — oo, where

oy dp:
C-E { p(;%)A@-m(wo)p;(wo)Ai pafj,’(’)} (4.10)
and,
Dy=E {8%(50)&8,05%0)} . (4.11)

The theorem actually shows that MME gets closer to the true value of
parameter, when the sample size increases. Therefore, the finite sample bias
of this method decreases with the increase in the sample size. However, it is
not the case for the naive estimator. The bias in the naive estimator does not
decrease with the sample size since it is a function of the variability in ME.
Therefore, we expect the MME to be more efficient. The above asymptotic
covariance matrix depends on the weighting matrix A;. It is of interest to
choose an appropriate matrix A; to obtain the most efficient estimator. It can

be shown (Abarin and Wang 2006) that the most efficient choice of weight

is A7 = Elpi(vo)pl (1) [Vi] .

4.3 Berkson Measurement Error Models for
Covariates

4.3.1 Model Formulation
A Berkson measurement error model for X;; is defined as

Xij = Wij + 05, (4.12)
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where ¢ is a random measurement error with mean zero and variance co-
variance matrix o2/, and independent from . Although - ) might look
similar to , they are actually very different. In a Berkson model, the
true covariate is assumed to have more variability than the observed covari-

ate, and W, is reasonably assumed to be independent of ¢;;. Substituting

(4.3) and (4.12) into (4.1]), we have
yi = (Wij +05) Be + Z[; 5. + Bijbi + 55 + &ij. (4.13)

Comparing the parameters in to those in , we can see that the
naive estimator of fixed effects and the variance components of 6 are consis-
tent. The only variance component for which the naive estimator is inconsis-
tent, is . Since the error in (4.13) is &5 + 9,8, + &5, the naive estimator is
consistent for o2 + 053, B, + 0F, instead of oZ. Even if we estimate o7 either

using an external sample or a subset of the main sample in advance, by

70)2

N n;
_ yzg y.j

z 1

o2 is still not identifiable. This estimator is crucial for predicting the re-
sponse using the true covariates. More specifically, in testing hypothesis, the
presence of ME on some of the covariates, and as a result of that, overesti-
mation of o2 can cause “false negative” results. It can be estimated either by

some assumptions on the distribution of X or 4, or using external or internal

subset of the primary data.
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4.3.2 Estimation and Inference

Now, we show that using only the first two moment equations, we can esti-
mate all the parameters of the model. Based on the methodology in Wang

(2004), under the model assumption, we have
and the moments of S;; given W and Z are

E(yiyinlWi) = E(yiIWi) E(yi.|W;) + By D(0)
+0ir03 BoBs + ik + %kaﬁ, (4.15)

For this case, we define p;(v) = (yij — E(yi;IWi),1 < j < ny, iy —
E(yiyinlWi),1 < j < k < n;)’, and the method of moments estimator

(MME) for ¢ is defined as

Yy = argmin Qn(¥) = argmin Z pL(0) Aipi (Y (4.16)
’lZJEQw IZJEQL/, i=1

where A; is a nonnegative definite matrix which may depend on W, Z and
B. Similar to the classic model for X, it can be shown that 4y is strongly
consistent and asymptotically normally distributed, with mean zero and the

covariance matrix is given in the same form as and ([4.11]).

4.4 Monte Carlo Simulation Studies

In this section, we carry out some simulation studies with different scenarios

to show the impact of ME on covariates only, or on both covariates and
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responses, using the method of moment and the naive maximum likelihood
estimators. We are also interested in examining the effect of the sample
size on the estimators and their finite sample behavior. We examined these
issues under both an additive classical and Berkson ME models. Moreover,
we investigated the sensitivity of MME under misspecification of the ME

model.

4.4.1 Design of Simulation Studies

We considered the following LMMeM with two different sample sizes N = 100

and N = 300.
Vij = Bo+BbiXiyj+bi+ey,i=1,..,4 (4.17)

The random intercept b; was generated from a normal distribution with mean
zero and variance 0.25, and ¢;; was generated from a standard normal dis-
tribution. For each of the sample sizes, 1000 datasets were simulated. All
computations were done in R and the maximum likelihood estimates were
obtained from the lmer package. The MME was computed using fully es-
timated optimal weight. To determine how well the methods perform, we
present the estimation bias and RMSE of the estimators. To eliminate some
potential nonlinear numerical optimization problems in the determination of
the starting points, the true parameter values were used as starting values for

the minimization and the optimal weight calculation for the MME method.
For a classical ME model, the instrumental variable was generated from
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a standard normal distribution. Therefore, we could generate X through an
instrumental model that describes the relation between X and V' according
to

where U and V' are generated from a standard normal distribution. We
generated 0 from a standard normal distribution. This variability of ME
on X is considered quite large in ME literature. However, in the following
simulation studies, we show that unlike some other methods such as RC,
MME works quite satisfactory, even when ME has large variability. We also

generated W according to a time variant version of model (4.2)).

For the Berkson case, we considered X as a time variant variable. For

both classical and Berkson ME models, the error-prone response was gener-
ated according to model (4.17)).

To examine the sensitivity of the MME when we have misspecification
in the ME model on covariates, we assumed that the true ME model for
X is classical, when it was actually Berkson. A classical ME is the most
frequently used model, so most likely to be chosen by default when one does
not know the details of the design of a study. In order to ensure that all
the relationships between the variables are satisfied, we generated U and
0 independently from a standard normal distribution, and then generated
W and V from a bivariate normal distribution with mean vector (0.2,0)’

and variances of 3.96 and 1.4, respectively. The covariance between the two
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variables can be easily calculated based on (4.18]) and the classical ME for

X. In the last step, we generated X from a Berkson model.

4.4.2 Simulation Results

Tables L.IHA.5 summarize the results of the simulations. Tables [£.1] and 4.2]
show the results for a classical model, when we have either ME on X only
(Table or ME on both X and Y (Table [£.2). As expected, the naive
estimator for all the parameters (except 6) is more biased compared to the
MME. We also notice that the bias in MLE is persistent even when we
increase the sample size to 300 while the bias in MME reduces. MLE has a
smaller bias than MME in estimating # because the MLE of 6, is unbiased
(Wang, Lin, Gutierrez, and Carroll 1998). This is not very surprising since
MLE is using the strength of the full information on the distribution of X, ¢,
and 0. Both estimators have smaller bias on 6 when the sample size increases.
The large bias in the naive variance estimator of ¢ shows an overestimation
of the variability of the model error term. This bias increases even more

when MLE ignores the ME on both X and Y.

Tables [4.3] and [1.4] summarize the results for the Berkson case with
either Berkson ME on X only (Table or Berkson ME on X and classical
ME on Y (Table . Although the MME shows a larger finite sample bias
in estimating [y, 51, and 6, the MLE has a much larger bias in estimating

o2. The finite sample bias in MME reduces with increasing N but this is not
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Table 4.1: Bias(RMSE) of the MLE and MME based on the classical ME

model with ME on X

N =100

N =300

True Value MLE MME

MLE

MME

By=8  0.1031(0.1499) 0.0060(0.0921)
By =2  -0.5068(0.5093) -0.0406(0.0669)
0 =025 0.0078(0.1786)  0.0079(0.3487)
o2=1  2.9808(2.9963) 0.0121(0.4393)

0.1003(0.1197

-0.5050(0.5059)
-0.0021(0.1113)

2.9961(3.0019

)

)

-0.0001(0.0631
-0.0176(0.0436
0.0063(0.2250
0.0240(0.3018

_ —= =

Table 4.2: Bias(RMSE) of the MLE and MME based on the classical ME

model with ME on both X and Y

N =100

N =300

True Value MLE MME

MLE

MME

By=8  0.0952(0.1534) 0.0024(0.1036)
Br=2  -0.5035(0.5066) -0.0441(0.0759)
0 =025 0.0221(0.2166) 0.0352(0.4088)
o2=1  3.9773(3.9960) -0.0605(0.5110)

0.0996(0.1214

-0.5044(0.5055)

0.0003(0.1323
3.9874(3.9943

)

)
)

-0.0001(0.0690)
-0.0213(0.0511)
0.0194(0.2536)
0.0031(0.3433)
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the case for MLE. This bias increases to a very large amount when we have
ME on both X and Y. This indicates the large impact of ignoring ME on
both covariate and response for the naive estimator.

Table 4.3: Bias(RMSE) of the MLE and MME based on the Berkson ME
model with ME on X

N =100 N =300

True Value MLE MME MLE MME

By=8  0.0021(0.1587) 0.0009(0.1526)  -0.0006(0.0904) -0.0062(0.0952)
Bi=2  0.0004(0.0801) -0.0322(0.0782)  -0.0007(0.0456) -0.0103(0.0487)
0 =196 0.0077(0.3510) -0.0942(0.4650 0.0123(0.1994)  -0.0197(0.2684)
o2 =1 0.9996(1.013) -0.0795(0.2950 1.0052(1.0095)  -0.0289(0.1760)

—_ — — —

Table 4.4: Bias(RMSE) of the MLE and MME based on the Berkson ME
model with ME on both X and Y

N =100 N =300

True Value MLE MME MLE MME

By=8  0.0062(0.1595) -0.0169(0.1595)  -0.0013(0.0939) -0.0107(0.0977
Br=2  0.0023(0.0962) -0.0295(0.0959)  -0.0012(0.0555) -0.0080(0.0585
0 =196 0.0155(0.3973) 0.0180(0.5260)  0.0050(0.2243)  0.0088(0.2881)
o2 =1 1.9948(2.0098) -0.1580(0.4084)  2.0024(2.0072) -0.0485(0.2199)

)
)

Table shows that under misspecified ME model for X, MME still
provides quite satisfying estimators for fixed effects, even for a relatively

small sample size. Although the estimators for the variance of the random
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Table 4.5: Bias(RMSE) of the MME based on the misspecified ME model
with ME on X

True Value  Bias RMSE
Bo=8 -0.0552  0.1740
b =2 -0.0238 0.0851

=196 0.3993 0.8383
ol=1 2.5306 2.6248

effect and the model error term are biased, the results are encouraging, since
fixed effects are often of more interest. Considering that MME does not use
any distributional assumptions on any of the random variables in the model,

it still provides satisfactory estimators for most of the parameters of interest

2

2 can be explained by two

in real applications. The large biases in # and o
factors. Firstly, the ME model is a part of the full model. If the ME model
is misspecified, the full model will be misspecified. Secondly, the correlation
between V' and X is weaker than the correlation between W and X in a
Berkson case, so the estimates based on V' are usually less accurate than
those based on W. Comparing Tables [4.3] and one might find that MLE
is a better estimator, in the case of misspecification. Since the naive MLE
provides unbiased estimators for both random and fixed effects in a Berkson
ME models (Buonaccorsia and Lin 2002), it can be a better choice under the

assumed misspecification case provided the distributions of all the variables

in the model are correctly specified.
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4.5 Example - A Birth and Child Cohort Study

The simulation studies in the previous section consider a relatively simple
LMMeM. To better reflect the complexity of the LMMeMs generally ap-
plied to longitudinal studies, we generated another set of simulations where
the model considered was based on The Western Australian birth and child
(Raine) Cohort (Raine Study 2010; Abarin, Li, Wang and Briollais 2010),
an ongoing health research study in which pregnant women were recruited
between 16 and 18 weeks gestation, and their children followed up from birth
to 18-years. Simulations were used instead of the real data directly because
the true value of the variables is unknown in the real data. The LMMeM is
used to model the children’s body mass index (BMI) growth trajectories in
this study as a function of the gene FTO (fat mass and obesity-associated)
and more particularly the single-nucleotide polymorphism (SNP) rs9939609
in this gene. The purpose of our study is to test for an interaction between
this SNP and breast feeding accounting for possible ME in BMI and breast

feeding measurements.

In most longitudinal research studies, when BMI at a certain age is
collected, the variable of interest for BMI is actually the long term average
value of BMI for the person in that year. The reason why the true and
observed BMI differ is that weight has daily, as well as seasonal variation.
Moreover, since BMI only takes into consideration overall weight and height,

it can cause an overestimation or underestimation of the true BMI. For the
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ME in the response (error-prone BMI), a classical model seems reasonable,
as according to Carroll, Ruppert, Stefanski, and Crainiceanu (2006), BMI is
measured uniquely for an individual and it can also be replicated. There-
fore, we generated the observed response according to (4.3), where &;; was

generated from a normal distribution of mean zero and variance 0.1.

Some epidemiological studies showed that self-reported information on
duration of exclusive breast feeding tends to be biased (Rios, Neuhauser,
Margen and Melnick 1992). The main reason is that generally breast feeding
is mixed with other kind of milks and solids, which can mask the real effect
of "exclusive” breast feeding (EXBF). In the modeling of BMI growth tra-
jectories, our interest is therefore to propose a ME model for the duration
of breast feeding (BF), considering EXBF as the true value. We select a
classical model for the ME of BF, as it seems there is more variability in the
observed (BF) than the true value (EXBF) (Rios, Neuhauser, Margen and
Melnick 1992). Another motivation is that the duration of breast feeding
measurements can be replicated. In some studies replicates are not avail-
able, such as measures of radiation exposure. We considered EXBF' as a
time invariant variable, as it is observed once for every individual. In the ME
model, J is generated from a standard normal distribution. In the design of
the study, if the same duration for breast feeding was assigned to a group of
women and the true value changed around it (women can feed their babies
longer or shorter time than what is assigned to them), the ME model could

be Berkson. The instrumental variable V' that we use for the study is the
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minimum values of the age that women stopped breast feeding and the age
at which mothers started to feed their babies with other kind of milks. Our
study on Raine data shows that instrumental variable is related to EX BF
according to (4.18]), where U is independent from V' and §, and has a stan-
dard normal distribution. We generated V' from a uniform distribution with

minimum and maximum value 3 and 10 months, respectively.

We simulated data from a previous LMM applied to this data, and
considered an association between age, gender, the SNP in the FTO gene
assuming a dominant genetic model (the homozygotes for the rare allele and
heterozygotes have the same 3 parameters), duration of mother’s (exclusive)
breast feeding, and the interaction between the gene and the duration of ex-
clusive breast feeding as covariates, and BMI as the response. Age was our
only time-dependent variable. We generated 400 individuals with 7 obser-
vations at ages 2, 3, 5, 8, 10, 13, and 15 years. The vector of fixed effects
includes an intercept, breast feeding (error-prone variable), age, age?, age®,
gender, and the FTO SNP (carriers of the minor allele versus non-carriers
the minor allele), and also its interaction with duration of breast feeding.
We also assumed that we have a random intercept and a random effect on
age (i.e. slope parameter) for this model, as it appears that the variabil-
ity of BMI between individuals changes with age, and also at birth. We
generated the independent random effects from a normal distribution with
mean zero and a diagonal covariance matrix (61; = 5.5225,05, = 0.1156)’.

€;; in this model was generated from a normal distribution with mean zero
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and variance 1.03. Based on the RAINE data, the vector of fixed effects is
(16.8,0.6,0.055, —0.004, 0.4, —0.2,0.27, —0.05)". For each of the sample sizes
considered, we generated 1000 Monte Carlo simulations and the Monte Carlo
mean estimates and root mean squared errors (RMSE) for the estimators

were computed. All computations were done in R and the naive ML esti-

2

2, and «

mates are obtained from lmer package. We did not consider 02, o

as parameters of interest. Therefore, we treated them as known.

We computed the estimators of the vector of parameters using . We
used the diagonal matrix form of the weighting matrix to compute A;. Table
shows the estimates of parameters using both the maximum likelihood
and the method of moment estimations, as well as bias and root mean squared
error of the estimators. Although for most parameters of interest MLE has
smaller RMSE, a closer look at the bias indicates that MLE is converging
to a wrong target. More specifically, for the effects that are related to ME
(like the effects for EXBF and the interaction), MME provides more accurate
estimates. As we mentioned in the previous section, the naive estimator of
the coefficients corresponding to BF are asymptotically biased. Since the
naive estimator of the coefficients corresponding to BF is biased, we can say
that the estimator of the gene-environment interaction term involving BF is
also biased. For the estimate of the residual error variance, the naive MLE
overestimates it by a large extent, while MME is nearly unbiased. This is
mainly because the variance induced by ME is not accounted for, in the naive

estimate and is subsequently attributed to the residual error .
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Table 4.6: Bias and RMSE of the MLE and MME

MLE MME

Effect True Value Bias RMSE Bias RMSE
Intercept 16.8 0.2788 0.4724 0.1369  0.4492
Age 0.6 0.0028 0.0784 -0.0337 0.1845
Age? 0.055 -0.0004 0.0103 0.0051  0.0255
Age? -0.004 0.0000  0.0004 -0.0002  0.001
Gender 0.4 0.0033  0.2599 -0.0160  0.2968
EXBF -0.2 -0.0744  0.1092 -0.0154 0.1623
Gene 0.27 0.0528  1.0749 0.0154 1.0066
Interaction -0.05 -0.0178  0.2559 -0.0069 0.2775
011 5.5225 -0.0411  0.4391 -0.0035 0.4558
029 0.1156 0.0000  0.0085 -0.0036  0.0668

o? 1.03 -0.1004 0.1071 -0.0027  0.0945

For the effect of the FTO SNP, MME also provides a better estimator.
Carroll, Ruppert, Stefanski, and Crainiceanu (2006) showed that the naive
estimator of the effect on the accurately measured covariate that is depen-
dent on the error-prone covariate, is biased. MME also shows a smaller bias
on the estimates of intercept and ;. Wang, Lin, Gutierrez, and Carroll
(1998) showed that the naive estimator of the intercept for Gaussian data is
asymptotically biased. However, the result is surprising for 6,1, as theoreti-
cally, we do not expect to have much difference between the naive estimator
and MME. Both estimators provide quite satisfactory estimators with no ap-
parent bias for the effect of Age?, Age3, and 0. However, MLE performs

better than MME in estimating the effects of Age and Gender. Overall, con-
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sidering the fact that MLE actually benefits from the advantage of assuming
a distribution for error terms and the ME variable, as well as random effects,

the results are even more satisfactory for MME.
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Chapter 5

Second-order Least Squares

Estimation in Generalized
Linear Mixed Models with
Measurement Error

5.1 Introduction

In Chapter 4, we studied the method of moments estimators for the LMMeM
(a special class of GLMMeM) and assumed a simple linear relationship be-
tween ME variables and instrumental variables. We derived the asymptotic
variance matrix of the MME assuming the regression coefficients between
ME variables and instrumental variables are known. This chapter further
extends the method of moments for the GLMMeM using the instrumental
variable approach. Here we only consider classical ME in covariates but as-
sume a more general nonlinear regression relationship between ME variables

and instrumental variables. We also derive the asymptotic covariance ma-
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trix of the proposed estimators by accounting for the estimation error of the

regression/nuisance parameters.

5.2 Generalized Linear Mixed Models with
Covariate Measurement Error

5.2.1 Model Formulation

Consider the following generalized linear mixed model with measurement

error (GLMMeM)

9 (Blyislbi, X)) = Xi38. + Zi; 8. + Bjjbi, (5.1)

J

V(yiilbi, Xij) = ov(9(X;8: + Zi;8. + Bj;bi)) (5.2)

where ¢ = 1,...,N, j=1,...,n;, y;; € IR is the jth response for the ith
subject; b; € IR? is the random effect having mean zero and distribution
fo(t;0) with unknown parameters § € IRP*; [, € IRP* and (3, € IRP> are
vectors of fixed effects; g7'() is a link function; v(-) is a known variance
function and ¢ € IR is a scalar parameter that may be known or unknown.
It is assumed that y;; given b; are independent and belong to an exponential
family. Further, Z;; € IRP* and B;; € IR? are known predictors observed

without error; and X;; € IRP* is unobservable. Instead one observes
Wi; = Xij + 0ij, (5.3)

where §;; is the vector of measurement errors. Model (5.1]) - (5.2)) has been

studied by various authors, e.g., Wang, Lin, Gutierrez, and Carroll (1998);
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Buonaccorsi, Demidenko and Tosteson (2000); Zhong, Fung and Wei (2002);

Carroll, Ruppert, Stefanski, and Crainiceanu (2006).

5.2.2 Model Identifiability

It is known that the parameters of classical ME models generally require
extra information in order to be identified (Carroll, Ruppert, Stefanski, and
Crainiceanu 2006; Schennach 2007). Moreover, even if certain ME models
are identifiable, additional information is useful to improve the efficiency of
estimation (Schneeweiss and Augustin 2005). The common source of addi-
tional data includes: replicate measurements, validation data, instrumental
variables, or knowledge of the measurement error distributions. Here we as-
sume that one observes a set of instrumental variables V;; € IRPV that is

related to the error-prone predictor X;; through
Xij =m(Vijiv) + Ui, (5.4)

where m(-) is a known function, v € IRP is a vector of unknown parame-
ters, U;; € IRP» is independent of Vj; and has mean zero and distribution
fu(u; &) with unknown parameters € IRP*. Further, we assume that the
ME ¢;; is independent of X;;, V;; and y;;, E(yi;|Xij, b)) = E(yij| Xij, Vij, bi)
and E(yi;yir| Xij, b)) = E(yi;yix| Xij, Vij, b;) where j < k. Following the con-
vention of mixed modeling literature, throughout this chapter all expecta-

tions are taken conditional on B; and Z; implicitly. There are no assumption

on the functional forms of the distributions of X;; and ¢;;. In this model, the
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observed variables are (y;;, W/, V., Z!

i Vs, Zi;, Bi;)' and the parameter of interest is
v =(6;,0..0,d,0).

To estimate all unknown parameters in the model, we first note that

substituting ([5.4)) into (5.3]) results in a usual regression equation
EWi|Vij) = m(Vi;7) (5.5)

which can be used to obtain consistent estimator for v by least squares
method. In practice, v can be pre-estimated using an external sample or
a subset of the main sample. We denote X; = (Xj;, Xj5,..., X}, ), and de-
note W, Vi, Z;, B; and Y; analogously. By model assumptions and the law

of iterated expectation, we have the following moments

k(@) = E(ylVi) 58)
= E[E(yylbi, X, Vi)|Vi]
—  E[E(yi|bi, X:)|Vi]
= E[9(X},B. + Zi;B. + Bb)|Vi]

= /g [(m(Viji ) + ) Be + Zi;8. + Bi;t] fuo(t; 0) fu(u; o) dtdu,
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and, similarly,

Koijk(Y) =

and

Kyik(Y) =

where pj;, =1

E(yijyix| Vi) (5.7)
E [E(yis|bi, Xi) E(yar|bi, Xi)|Vi]

/ g [(m(Vijy) +u)'Ba + Zj;5. + Bjjt] x

g [(m(Vie; ) +u)' B + ZiyB: + Bigt] fo(t;0) for (u; a)dtdu +

it / oAg [(m(Vig; 7) + ) Be + 20,8, + BLt]} olt: 6) fu (ws o)dedu,

E(yiiWi| Vi) (58)
E(yinikWi)
B [ X E(yi5]bs, Xi)|Vi]

/ (m(Vik:7) + u)g [(m(Vig; 7) + ) Be + Z15: + Blt] folt; 0) fir(us; o) dtdu,

if j = k and zero otherwise. In the following we consider three

popular GLMMeM examples.

Example 5.2.1. Consider a linear mixed model with continuous responses

and an identit

y link function g(-). Assuming U;; has mean zero and variance

matrix of, and b, has mean zero and covariance matrix >, we have the

explicit form of the moments

/il,ij(w) = m(VijW)/ﬁx"‘Zz{jﬂz:

Koijk(V) = kiyj(V)k1i(¥) + ByZeBly + 0By Be + @ii0’,

K3k (V) = K1i(0)m(Vig;y) + @rnafs.
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It is worth noting that no distributional assumptions are required for U;; and

b; to obtain these moments.

Example 5.2.2. Consider a random intercept mixed Poisson model for
counts, where log E(y;;|b;, i) = Bo + Batij + B22i + Pee¥ijzi + b and ¢ = 1;
x;j, 7 and b; are scalars. Assuming b; ~ N(0,6) and u;; ~ N(0,al), we can

derive the explicit forms of the moments as

Kiij(¥) = exp (50 + (B + Bozzi)m(vij;y) + (B2 + B2.20)a/2 + Bz + 9/2> ;
Roije(V) = ki (V)k1ax() exp ((ﬁﬁ + 82,27 + 9) + kb1, (1Y),
li3,ijk(¢) = m(vz‘kz; 7)"11,1']‘ (1/)) + %’k(ﬁx + @czzi)a'fLijW)-
Example 5.2.3. Consider a mixed logistic model for a binary response y;;,

where ¢ = 1 and g(-) is the logistic distribution function. For this model we

find

k() = /9 (m(Vigs ) B + Zi;B. + Bt) fu(t; 0) fu (u; a)dtdu,
Koijk(V) = /9 (m(‘/;jé v) B + Zz(jﬁz + Bz{jt)

g (m(Vik; 7)'Ba + Zi Bz + Bit) fo(t:0) fu (u; a)didu,
Kaagr(V) = /(m(Vék; ) +w)g (m(Vigsy) +u)' B + Zi;8. + Bjjt) fo(t; 0) fu(u; o)dtdu.
The above integrals are intractable but can be approximated using Monte

Carlo simulators. This case will be treated in the next section.
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5.2.3 Estimation and Inference

Since 7y is of secondary interest, it is treated as a nuisance parameter and is
estimated by nonlinear least squares (NLS) method based on equation ({5.5)
as

N
/

fn = argmin Wy (v) = argmin » _ri(y)ri(7), (5.9)
vEQy vEQ, i=1

where ri(y) = (Wi; — m(Vi;;7),1 < j < n;). Under standard regularity
conditions, 4y — v = O,(N~Y2). Then we replace 7 in — by its
least squares estimator 4y and denote the moments as k1 ;5, K25k, and Rk
correspondingly. Throughout this chapter, we denote the parameter space of
a parameter vector, say v, by {1;. In particular, the parameter spaces of 3,
and (3, are denoted as €2, and €2, respectively. Then the method of moments

estimator (MME) for 1 is defined as

N
Yy = argmin Qy(¢) = argminz Pi () Aipi (V), (5.10)

YEQy veQy oy
where (1) = (yij—F1i(¥), 1 < 5 < 0y Yigyin—Feoijn(V), yiy Win—Fa e (¥), 1 <
Jj <k <n;)and A; = A(V;) is a nonnegative definite matrix that may depend
on V;.
To derive the consistency and asymptotic normality of @/AJN, we make

the following assumptions.

Assumption 5.2.1. g¢(-) and v(-) are continuously differentiable; m(v;-) is
a Lebegue measurable function of v and is continuously differentiable with

respect to 7.
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Assumption 5.2.2. (Y;, W;, Vi, Z;, B;,n;), i = 1,..., N are independent and
identically distributed and satisfy E [||4;]| (475 + i Wis |1+ 1)] < oo; Fur-

ther, there exists a positive function G(v,t,u) satisfying

E

1Al (/G(V,t,U)(Ilm(Vm) + ull +1)dth) ] < o0,

such  that ¢ [(m(v,7) +w)Bs + Z,;5. + Bit] fo(t;0) fu(u;a)  and

J

vi{g [(m(v,y) +u) B + Z;5. + Bi;t] } fu(t;0) fu(u; @) are bounded by G (v, t, u).

J

Assumption 5.2.3. The parameter space Q, C IRP= =P Pu+l g compact.

Assumption 5.2.4. E[p;(¢)) — pi(¢o)]' Ai[pi(¥) — pi(¢g)] = 0 if and only if
¥ = .

Assumption 5.2.5. g(-) and v(-) are twice continuously differentiable; f,(¢;6)

and fy (u; «) are twice continuously differentiable w.r.t to 6 and « respectively

in some open subsets 0y € Q9 C Qy and o € Q, € .. Furthermore, all first

and second order partial derivatives of g [(m(V;;,7) + u) 8, + 78 + B,fjt} fo(t;0) fu(u; @)
and v {g [(m(Vij,7) + u) e + Z};0: + Bijt] } fo(t;0) fu(u; @) wrt (¢,7) are

bounded absolutely by the positive function G(v,t,u) given in Assumption

b.2.2

Assumption 5.2.6. The matrices

Dy = E[apé%)flﬁ%%)}, (5.11)
_ Iri(70) Ori(0)
D, = E{ 5By ] (5.12)

are nonsingular.
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Theorem 5.2.4. As N — oo,

1. under assumptions @N =55 aho;

2. under assumptions|5.2.1H5.2.6, /N ()n—1p) N N(0, DJIC'DQT), where

C = E(CC) (5.13)
a0 o

¢ = 2 () + De 0 ) Gy

Dy, = E apglfO)Aiap 5(71/,’0) (5.15)

The second term in equation is the correction term due to the
first-step estimation of v. If 7 is known or estimated using an independent
sample from the main sample, then this term vanishes and the most efficient
weight is given by A% = E[p;(10)p;(10)|Vi]~* (Abarin and Wang 2006). In
practice, direct calculation of A " is not feasible since it involves unknown
parameters to be estimated. One possible solution is using a two-stage proce-
dure. First, minimize Qx (1) using A; = I to obtain the first stage estimator

g@Nl. Second, estimate A" " by any nonparametric method or

N —1
APt = (%Zpi@m)ﬁg(@zm)) , (5.16)

and minimizing Q (1) again using A% to obtain the second stage estimator
Un2. In practice, the calculation of A? " may be difficult or inaccurate due
to its high dimension, so one may consider using certain diagonal weight
matrix. A detailed discussion on the choice of A% can be found in Li and

Wang (2010).
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In general, MME can be computed using Newton-Raphson algorithm

as

D _ i _ (82@N<¢<T>>)1 0Qx (i)
Yoy’ o ’

where zE(T) denotes the estimate of ¥ at the 7! iteration,

DN NN o
T B Q;TAiPiW ) (5.17)
PAND) N[00 0@ L vec(@(00) [00)
Togoy T 22| oy Ny Tl o

(5.18)

Since the second term in ([5.18]) has expectation zero, it can be ignored for

computational simplicity.

When using the weight ((5.16]), the MME is able to safeguard against
influential measurements. In particular, the influence function (IF) at a single

contaminated data point v for subject [ takes the form (Hampel et al., 1986)

1 Opi(v; Y (F))

90 Al(v;iﬁN(F))ﬁl(UﬂﬁN(F)),

(5.19)

IF(v;zﬁN,F) = —Dw(@N(F))

where F' is the underlying distribution and D, is given in 1) If @N is

computed using the estimated weight (5.16)), then analogous to the proof of

Theorem [2.2.4] we can prove that HIF(U;@EN,F)H — 0 as ||v|| = oo. There-

fore, the influence function of @@N is bounded and QﬂN has a redescending

property (Huber 2004), so it is robust to influential observations or outliers.
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5.3 Simulation-based Estimator

The numerical computation of MME ’I/AJN is straightforward if the moments in
- admit explicit forms. However, sometimes the integrals involved
in these moments are intractable. In this case, we propose a simulation-
based approach. The basic idea is to replace the integrals with their Monte
Carlo simulators as follows. First, generate random points t;; and u;s, 1 =
1,2,...,N; s = 1,2,...,2S from known densities {(t) and h(u). Then use

the first half of the points ¢;s and u;s, s = 1,2,...,.5 to compute

fo(tis; 0) fu (uis; @)

S
1 / ! !
s=1

S
1 / / /
Foin() = g Z 9 [(m(Vig;7) + wis) Be + Zi;58: + Bijtis]
s=1

fb(tis; 9)fU<uis; O‘)

Jo(tis; 0) fu (wis; @)

fb(tis; e)fU(uis; Oé)

1 S
+¢jk¢§ 321 v (g [(m(Vig; ) + wis)' Bz + 7B + Bz{jtis])
18
Kéﬂ'jk(w) - g Z(m({/;k; V) + Uis)g [(m(Vz‘j; ¥) + wis) Be + Zi; 8. + Bz/‘jtis}
s=1

and similarly use the second half of the points t;; and u;s, s = S + 1,5 +
2,...,28 to compute #3,;;(1), K3 (¥) and w35, (). Tt is easy to see that
K14 (0), Ky (¥) and k5 45, (¥), ¢ = 1,2 are unbiased estimators for xy (1),

Koiik(¥) and kg, (1) respectively. Finally, the simulation-based estimator
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(SBE) for 1 is defined as

N
s = argmin Qv s(¢)) = argmin » _ f 1 (1) Aipia (1)), (5.20)
PEQy, veEQy

where ﬁzb(¢) = (yij_"%bl,ij(qu))7 1<y <n, yijyik_’%é,ijk(¢)a yijWik_’%g,ijk(qu))7 1<
Jj <k <n;)’. We refer this simulation technique as simulation-by-parts since
pia(¥) and p; 2(1)) are constructed by using two independent sets of random
points. The benefit of simulation by parts is that p; 1 (¢) and p; 2() are condi-
tionally independent given (Y;, W;, V;, Z;, B;) so that Qn s(%) is an unbiased
simulator for @y (v) for finite S. It is worth noting that the construction of
simulated moments only requires b; and U;; to have certain known paramet-
ric forms (not necessary normal). For example, one can follow Davidian and
Gallant (1993) and Zhang and Davidian (2001) to represent the density of b;
and U;; by the standard seminonparametric density which includes normal,
skewed, multi-modal, fat- or thin-tailed densities. One can also impose the
Tukey(g, h) family distribution (Field and Genton 2006) for b; as well which
is generated by a single transformation of the standard normal and covers a

variety of distributions.

Theorem 5.3.1. Suppose that Supp(l) 2 Supp(fo( - ;0)) for all 6 € Qq,
and Supp(h) 2 Supp(fu( - ;«)) for all a € Qug . Then for any fivzed S > 0,

as N — oo,

1. under assumptions 1;]\/,5 = o;

2. under assumptions |5.2.145.2.6) \/N(@ZMS — o) X N(O,D;lCSDizl),
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where

Cs = E(CisCly), (5.21)
ap; Ip; 0]

2Cs = %Aim,z(%) + %Aipi,l(lﬁd +2D¢7D71 227)7%'(7)

(5.22)

Note that the above asymptotic results do not require the simula-
tion size S tends to infinity because we use the simulation-by-parts tech-
nique to approximate moments. This is fundamentally different from other
simulation-based methods in the literature which typically require S goes to
infinity to obtain consistent estimators. However, due to the approximation
of marginal moments, @/AJNS is generally less efficient than QZJN. In general,
analogous to the Corollary 4 in Wang (2004) we can show that the efficiency

loss caused by simulation decreases at the rate O(1/5).

5.4 Monte Carlo Simulation Studies

In this section, we evaluate the finite sample behavior of the proposed esti-
mators, and compare them with the naive ML estimates. We carried out 500
Monte Carlo replications in each simulation study and reported the biases
and the root mean square errors (RMSE). All computations are done in R

and the naive ML estimates are obtained from glmmPQL package.

In the first simulation study, we considered the mixed Poisson model in

Example |5.2.2 We simulated ¢;; from N (0, 1), set z; = 1 for half the sample
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and 0 for the remainder, and set N = 100, 300 and n = 4. In addition, we set
xi; = 1.5+ 0.50;; + w5, vi; ~ N(0,1) and u;; ~ N(0,0.25). Table [5.1{ reports
the simulation results. For the fixed effects associated with ME, 5y, 8, and
b=, the MME is almost unbiased while the naive MLE is severely downward
biased and attenuated towards zero. The MME is considerably more efficient
than the naive MLE in terms of smaller RMSE. With the increase of sample
size from N = 100 to 300, the RMSE and biases of MME are decreasing while
the ones from the naive MLE stay almost the same. For exactly measured
effect (., the MME still provides a better estimate in terms of biases and
RMSE which may because z; interacts with x;;. The naive MLE for £, is also
biased towards zero. However, with the increase of sample sizes, the biases
and RMSE reduces for the naive MLE as well as the MME. For the random
effect o2, surprisingly both estimators provide quite satisfactory estimators
with no apparent biases.

Table 5.1: Biases(RMSE) for the parameter estimates in the random inter-
cept Poisson models

N =100 N =300
Parameter Naive MLE MME Naive MLE MME
Bo = 1.00 1.37 (1.39) -0.22 (0.27) 1.38 (1.38) -0.20 (0.23)
B = 1.00 -0.79 (0.79) -0.05 (0.08) -0.79 (0.79) -0.07 (0.08)
B, =-0.50 0.38 (0.47) 0.06 (0.17) 0.36 (0.40)  0.05 (0.16)
(0.22) (0.10) (0.20) (0.08)
(0.21) (0.19) (0.28) (0.15)

Bsr = 0.25  -0.20 (0.22) -0.01 (0.10 -0.19 (0.20) -0.02 (0.08
02=1.00 -0.03 (0.21) -0.04 (0.19 0.03 (0.28) -0.05 (0.15

In the second simulation study, we considered a logistic model for bi-
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nary responses. In particular, we adopted the following model used in the

simulation studies by Wang, Lin, Gutierrez, and Carroll (1998):
logit(Pr(yi; = 1|bi, 2ij, 2i5)) = Bo + Baeij + B2ij + bs (5.23)

where b; ~ N(0,0.5), z;; ~ N(0,1) and 6;; ~ N(0,1). In addition, we
assumed an instrumental variable is observed that relates to z;; though z;; =
1.540.5v;;+u;;, vi; ~ N(0,1) and u;; ~ N(0,0.5). In the present simulation,
we selected N = 50, 100 and n = 3. The closed form of the marginal moments
are not available so we applied the SBE in this case. To compute the SBE, we
chose the density of N(0,2) to be h(u) and [(t), and generated independent
points u;s and t;, s = 1,...,25 using S = 1000. The simulation results are
presented in Table For the fixed effects associated with ME, 5, and £,,
SBE is almost unbiased while the naive ML is severely downward biased and
attenuated towards zero. With the increase of sample size from N = 50 to
100, the RMSE and biases of MME are decreasing while the ones from the
naive ML stay almost the same. This is the same findings as the ones in the
first simulation study. For exactly measured effect (3., both estimates seem
to be unbiased; however, the naive ML provides a better estimates in terms
of smaller biases and RMSE. With the increase of sample size, the RMSE
and biases from both methods are decreasing. For the random effect, the
naive ML overestimates o7 with larger biases as well as RMSE. With the

increase of sample size, both estimators lead to smaller biases and RMSE.
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Table 5.2: Biases(RMSE) for the parameter estimates in the random inter-
cept Logistic models

N =50 N =100
Parameter Naive MLE MME Naive MLE MME
Bo = 0.00 1.65 (1.69) 0.02 (0.15) 1.61 (1.62) 0.01 (0.08)
B =2.00 -1.31(1.32) 0.07 (0.72) -1.32 (1.32)  0.03 (0.12)
B, =1.00 -0.10 (0.22) -0.05 (0.49) -0.11 (0.16) 0.01 (0.22)
o2 =050  0.64 (1.06) 0.11 (1.09) 0.51 (0.65) 0.05 (0.13)
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Chapter 6

Summary and Future Work

Longitudinal data arise in many areas, such as medical and biological sci-
ences, epidemiology, agriculture, social and environmental sciences. The dis-
tinct feature of longitudinal data is that individual subjects are measured
repeatedly across time and these measurements are likely to be correlated
within the same individual. Although there have been extensive methodolog-
ical developments for the analysis of longitudinal data, there are still many
emerging issues arising in practice. In particular, outlying data, missing data
and measurement errors are very common in longitudinal studies, and many
of these issues need to be addressed simultaneously in order to draw reli-
able conclusions from the data. Generalized linear mixed models have been
widely used in the modeling of longitudinal data where the response is dis-
crete. In statistical literature, the most popular estimation approach for the
GLMM is the maximum likelihood method. However, it is usually difficult to

obtain a closed-form expression for the likelihood function when the random
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effects are multi-dimensional. Consequently, many methods have been pro-
posed to approximate the integrals in the likelihood function. In addition,
for computational convenience, these methods routinely require the normal-
ity assumption of random effects and within-subject error variances. Since
the random effects are unobservable, it is not feasible to verify their distri-
butional assumptions. It is thus natural to be concerned with these methods

yield reliable results when the normal assumption is not appropriate.

This thesis consists of a few major contributions to the theory and
method of GLMM inferences. In this thesis, we have proposed the second-
order least squares estimation method for the GLMM. This approach does
not require the parametric assumptions for the distributions of the unob-
served random effects. This estimator can be easily computed if the two
marginal moments admit an analytic form. The potential computational
issue of deriving the moment equations with multiple integrals has been ad-
dress by using the method of simulated moments. We have established the
consistency and asymptotic normality of the proposed estimators under mild
regularity conditions. The finite sample behavior of the proposed estimators
have been examined and compared with maximum likelihood methods by
simulation studies. The asymptotic confidence intervals and testing hypoth-
esis for the parameters are not studied here but they can be a subject of

future research.

Data contaminations or data outliers are common in longitudinal data.
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It is known that likelihood-based methods are vulnerable to data outliers
because they are based on the normal distribution. It is a concern that
the second-order least squares estimators may lack robustness as the second
moments used in the estimation may enlarge the outlier impact. We have
studied the robustness property of the second-order least squares estimators
by means of the influence function. We have proved that they have bounded
influence functions under certain form of the estimated optimal weight, and
hence, they are robust against data outliers. It is noticed in our simulation
studies, there are some finite sample biases for the estimation of variance
components by the second-order least squares estimators. These biases are
downward-oriented and diminish with increasing sample sizes. We have in-
vestigated the source of this finite-sample bias and proposed a bias reduction
technique by using independent weights. Simulation studies show that the

bias reduction method works well in finite sample with small efficiency loss.

Incomplete longitudinal data are almost inevitable in longitudinal stud-
ies due to various reasons. For a valid analysis, a study of the missing
mechanism is necessary. Based on the dependence of the missing data on
the response process, Little and Rubin (2002) classified missing data mecha-
nisms into three types: Missing Completely at Random (MCAR), Missing at
Random (MAR), and Not Missing at Random (NMAR). We have shown that
the second-order least squares estimators based on observed data are valid
only under MCAR missing data mechanism. Therefore, we have adapted

the inverse probability weight method and applied the multiple imputation
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approach to accommodate MAR response data. Furthermore, we have sug-
gested a few ways to compute the optimal weight matrix under the incomplete
longitudinal data setting. A future research is to develop a strategy for using

the second-order least squares in non-ignorable missing data problems.

In comparison with the likelihood-based methods, the second-order
least squares approach produces exactly (rather than approximately) consis-
tent estimates; and it requires less distributional assumptions since it allows
random effects to have any parametric distribution (not necessarily normal).
In comparison with the generalized estimating equation approaches and asso-
ciated simulation-based methods, the proposed approach is computationally
more attractive since it does not require the simulation size to go to infinity
in order to produce exactly consistent estimates. Moreover, for computa-
tional convenience, generalized estimating equation methods routinely use
the "working” correlation matrix which may yield inefficient estimates. In
contrast, our approach does not necessarily require the ”working” specifica-
tion of the optimal weight matrix. Unlike the generalized estimating equa-
tion methods, the proposed estimators have a well defined objective function,
which is useful for hypotheses testing and model selection. It is well known
that in the presence of outliers the generalized estimating equation methods
will fail to produce consistent estimators and lead to misleading conclusions.
A further advantage of the proposed estimators is that they have a bounded

influence function and they are robust against data outliers.
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Measurement error or errors-in-variable is another challenging area in
longitudinal data analysis. It is well-known that simply substituting a proxy
variable for the unobserved covariate in the model will generally lead to bi-
ased and inconsistent estimates. This thesis has proposed the method of
moments estimation for the generalized linear mixed model with measure-
ment error using the instrumental variable approach. This method does not
require parametric assumptions for the distributions of the unobserved co-
variates or of the measurement errors, and it allows random effects to have
any parametric distributions (not necessarily normal). The methodology is
illustrated through simulation studies. In our measurement error model for-
mulation, we have restricted our attention to the case where only fixed effects
are subject to measurement error. Although this is a common model used
in the literature, it may not always be realistic. A possible extension of the
proposed approach is for the estimation of a generalized linear mixed model
with measurement errors in both fixed and random effects. Also, it would
be worthwhile extending the proposed estimators for the situations in which
discrete variables are measured with error. This problem is common referred
to as misclassification (Carroll, Ruppert, Stefanski, and Crainiceanu 2006).
Missing data and measurement error often arise simultaneously in a real
world problem, so it would be valuable to develop the proposed methodology

to cope with these situations.
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Appendix A

Appendix: Technical Proofs

A.1 Proof of Theorem 2.2.1

First, for any 1 <1 < N, by assumptions - and Cauchy-Schwartz

inequality, we have

E HWiHSng<yij_x§jB)2 < 2) E|Willy;+2) E|Wi Hff?ij!l%‘l(lzpIIBH2
J J J

< oo,
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and
E | [[Will sup D0 (wisyin — (2 825.8 + 2;Dzip + 6507))?
7 k
<2Y S EWillyhyn+2> ) E|Wi sup(wj; Sy + 2i; Dk + pa?)?
<2Y N E|Willylyi+6> > E[Wi| sup [t Baty 3|
+6 Z Z E|Wq| sgp HzngzikHQ + 6n; sgp ot E ||W;|
J k
<2Y S EWillyhyn +6> > EIWill [l |zl Sup 181°

2 2 2
+6> > E (Wil |23 |2l SngDH +6msgp04EllWi|l
J k
< 00,

which imply Esupy pf(¢)Wipi(¢) < E Wi supy [|pf()[|* < oo. Then, it
follows from the uniform law of large numbers (ULLN, Jennrich 1969, The-
orem 2), that +Qn(¢) converges almost surely to Q(v) = Ep;(v)W;p;(v)

uniformly for all ¢ in I'. Furthermore, we have

Q) = Q) + 2Ep(vo)Wi(pi(¥) — pi()) + E(ps(v) — pi(1bo)) Wi(pi(¥) — pi(t))
= Qo) + E[(pi(¥) — pi(1ho)) Wi(pi (1) — pi(th))]

because p;(1)) — p;(1g) does not depend on Y; and hence

E [p3(o)Wilpi() — pi(v0))] = E [E(p;(v0)| Xi, Zi)Wilpi() — pi(wo))] = 0.

Therefore by assumption [2.2.3] Q(¢) > Q(¢y) and the equality holds if and
only if ©» = 1y. Thus, all conditions of Lemma 3 in Amemiya (1973) are

satisfied, so we have 1y — 1)y, as N — oo.
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A.2 Proof of Theorem 2.2.2

The first derivative 0Q y(¢) /0 exists and has the first-order Taylor expan-
sion in I". Since 8QN(7$N)/8¢ = 0 and ¥n =2 )y, for sufficiently large N

we have

OQn (1) ~0QN (o) n ?Qn(Yn)
o Yoy’

where HzﬁN - wOH < HQ&N — ¢0H. The first derivative of Qn () in (A.1)) is

(Y — o) = (A1)

given by
aQN - 2 Z 8Pz z z 7
where
Ip;(¥) ) )
o (=(zi5, 0, 0,1 <5 <my,

—((wijaly, + :z:ik:zzgj)ﬁ, (Ovec(D)/d0)vec(zijziy), On)' 1 <j<k< nl) )

Moveover, since 22y :pi(V) are i.i.d., it follows the Central Limit Theorem,
as N — oo,
1 0Qn(vo) 1
2 TN B 40, A2
VN v (0:46) -

where C'is as in (6).

The second derivative of Qn(?) in (A.1) is given by

PQN(W) = [00)  Opi(w) dvec(Dpi(v) /o)
D000 _2;{ o0 oy o ]

where I is the 2N (p + r + 1) dimensional identity matrix, and

Ovec(Op;(¢)/0Y) (32%(7/)) 1< i<n, ik (V)
oy T ooy =7 =" Tagay
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with

oy’ Yo’ 0 0
By assumptions and Cauchy-Schwartz inequality
Esup 9pi(¥) W, Ipi(¢¥) 9p;(¥)
ro|l oy oy’ I
< DY CEIWilllagl® +2) 0 Y EIWillllzy)? ||$ik\|281§1213 181°
J ik

0?1135 (1) — 0 and O*niji (1) _ ( Ty, + TipTy; O )

2

H < B |Wi sup
I

dvec(D) ||?
+ S Bl | 252 | el hal + e )
J k
< o0,
and
Ovec(Dpi(4)/0v) || Pin(v) |
E (HVVZHSIFIP' aw, = EHVVZ”S?ZP 8/68/3,
< 2303 BIW gl el
7 k
< Q.
Therefore,
, Ovec(0p, 0
B 0y 1 2A2LI0)
T (0
Ovec(0p, 0
< VIV DE W ()] | 20

Ovec(0p;i(¢)/0¢)
o’

1/2 2\ 1/2
< VAN (EWlswlal) (Enwinsgp\ )

1/2

1/2
< VAN (EWswlal) <2ZZE||M|| ||xij||2||xik||2>
J k

< 0o0.
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It follows from the ULLN, that (1/N)0?Qn(1))/0v0y" =% 92Q(x)) /0y’
uniformly for all ¥ in I, where

QW) _ . [0pi(¥) . Opi(¥)
gwoe 2 Tae oy

. Thus, it follows Lemma 4 of Amemiya (1973)
19°Qn () as, 0°Q(t)

Ovec(dp)(1)/0v)
B

+ (p(L)W; @ 1)

N 9voy ooy 25,
which is due to the fact that
B |t o n 2] p (g nlx, 2w, 1 200

= 0.

Since B is nonsingular, for sufficiently large N, we have

: (120 1 0Qn(t)
\/N(wN - wO) - = (N aw@w/ > \/N 81/1

Therefore, by, assumption and Slutsky’s theorem, we have v N (&N -

wo) B N(0, B-1CB™Y).
A.3 Proof of Theorem 2.2.4

The IF (2.15) is bounded if and only if G(v; 1y, F) is bounded. Write
1 — 1
- ;L /
U= N ;Pzﬂi = N(Vl + ),
where V; = 3. 41 pipi. Then by Sherman-Morrison-Woodbury formula, we

have

R V—l /V—l
U—l — N(‘/Z +plp;)_1 - N <‘/‘l—1 1 PLP; ! >

L+ oV, ' pu
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if V} is nonsingular, Vl_1 and U~! exist. Therefore,

Vi iV o Vi

-1 -1 l A8 l

U Pl:N(Vz = vl Bl =l
+ oV o + oV o

and accordingly,

—10ps () P, 1 r—
0w 1 I e (VTSP N
op " N T

as ||v]| — oc.

A.4 Proof of Corollary |3.2.5.1

For any 1 <17 < N, by assumptions 1-3 and Cauchy-Schwartz inequality, we

have

IN

ZZyw—l—QZyUyzk—l—ZZ(/ B+ 2 u)fb(u;G)du>2

i<k

+4) </ LB+ 2iw)g(2hB + 2 filu; 0)du>2

i<k

+4¢” Z ( / (w58 + 24 ))fb<u;0>du)2
QZyU—l—QZyUka—irQZ/ 230 4 ziju) fo(u; 0)du

i<k

1y / 24,8+ 2Lu) folu; 6)du / 2(4, 8 + ) s 6)du

i<k

467y (/ AUCHEE Zz‘j“”fb(“;e)d“y

J

lps()11”

IN
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and therefore

Esup p)Wipi(¥) < E[Wi| sup o)

20, B |[Will s + ni(ni + 1) E Wil w35y,

ij

IN

Lo E [ Wi / G(Xs, Zs,u)du

2
+on, (n L1y 28up¢2) B (/ G(Xi,Zi,u)du>
>

< 0Q.

Hence by the ULLN, supyer | 5 Qn (¢) — Q()| == 0, where Q(¢) = E[p}()Wipi(s)].

Further, since p;(¢) — pi(1o) does not depend on Y},

Q) = E(pi(¥) — pi(tho) + pi(10))Wilpi(1) — pi(to) + pi(tho))
= Qo) + E(pi(v) — pi(10)) Wi(pi(¥) — pi(th))-

It follows from assumption that Q(v) > Q(1) and the equality holds
if and only if ¢ = 1)y. Thus, all conditions of Amemiya (1973) Lemma 3 are

satisfied and therefore 1y =3 1), as N — c0.

A.5 Proof of Corollary 3.2.5.2

By assumption 5 and the dominated convergence theorem, the first derivative
0QnN (1) /0Y exists and has the first-order Taylor expansion in I'. Since

Un —2 1)y, for sufficiently large N we have

QN (¥) ~ 0QN(Yo) QN (Un) , - B
o o T I (Un —th) =0, (A.3)
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where HzZN - wOH < Hz/}N _¢OH' The first derivative of Qn () in (A.3) is

given by
3@1\/ 3P
_ zz Wy ),
where
ap;(i/}) 3Mij W) . 772'jk<7vb)
= — <7< < 1< k<
0 a0 1 <7 < ny, 90 1 <7<k <n

with nonzero first derivatives:

8ugé¢) _— / g8+ ) fou; B)du
W) [ gtalyb+ i s O
) gy [ gL+ Aol + L) ol
+ e [ glaly 64 gD alyB + ) fusO)du
+ dony [ 0(glaly8+ g 6+ ) fusO)du
W) [ gtatys+ gty + ) s O
+ 836 [ vlgal,6 + ) f ()i
8”@'3‘;@ = b [ W0l + ) Al
Since 22:Wyy ;pi(1) are i.i.d. with zero mean, it follows from the Central

Limit Theorem that, as N — oo,

1 0Qn(to) A

VoA N(0,4C).

148

(A.4)



The second derivative of Qn(¢) in (A.3) is given by

W Ipi(¢)

PQn(Y) o~ [0p() /
W 2;{ o oy + (pi (V)W @ 1)

dvec(9pi(v)/ 3@/1)]
a ’

where I is the 2N (p 4+ r 4+ 1) dimensional identity matrix and

Ovec(0pi()/0Y) _ (Opy(W) | o o o Prigld) |

with nonzero partial derivatives

0?1
0%95@{]) = xijx;j/9(2)(x;j6+Zz{ju)fb(u;e)dua
82 17 / /
aﬁéé(elfm - / 9 + ziyu) £y (s 0)du,
(92 ij / /
al;#é(a%) = oy [ g5+ )t )i
62 i / ’ / / /
87?6]—5;,@ = Ty /9(2) (xz‘jﬁ + Zz’j”)Q(xikB + zu) fo(u; 0)du
+22452), / 9(1)(3723'5 + Zz{ju)g(l)(l‘;kﬂ + ziw) fo(u; 0)du
ik Ty, / 9w} + ziu)g? (4.8 + Zjyu) fo(u; 0)du
+5jk¢xijx§j / v (g(x;]/B + zéj“)) (9(1)@;]'5 + Zz/'ju))Q fo(u; 0)du,
+0jk T / v (g(x};B + 2u))g® (a8 + 2ju) fo(u; 0)du,
5277ijk(1/1)

_ / / / / 2)/ .
9000 = /g(xijﬂ + Zz’j“)ﬂ(%kﬁ + szu)fb (u; 0)du

o / v(g(wlyf + 2Lw)) £ (u; 0)du,
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niji(¥)

5500" i / gV (a},B + zhu)g(aly,B + zhu) £ (u; 0)du

o / 9(@;B + 2fu) g™ (@ 8+ 2jw) 1) (us 6)du

o / v (g8 + 2u))gW (@8 + 2yu) £ (u; 0)du,

By assumption[3.2.1],[3.2.2],[3.2.3] [3.2.5|and Cauchy-Schwartz inequality,
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we have

Opi(¥) 1y, 9pi(¥)
E W
b ‘ 0u aw'
Ip; (v
< Bl
O Ou;
< BWilsw (ZH bty +ZH bgtd
anmk anljk anljk )
2
< sup g(”(wéjﬁ + 2u) fy(u; ) du
2
sup g 2B+ yu) £V (u; 0)du
2
?| [ sup g w18+ ulglaly + ) ol )
2
2| [ supataty s g als + ) s )
2
+3n; sup G2 E |Wi|| |24 ‘/supy(l)( (x3;6 + 2 u)) (2} B+ ziu) fu(u; 0)du
> v
2
sup g(a}; 3 + 2fju)g (w8 + ) £V (u; 0)du
2
+2n; sup 0 SUp v(g(xi;8 + zl{ju))fb(l)(u; 0)du
2
+n; supz/ (3,8 + ziju)) fo(u; 0)du
< oo,
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IA

IA

Dvec(Dpi(v)/09) ||
E(Hwiusgp' o )

(V) || |02 ()] 0% (0) ||?
E”””’“S&P( 9605 ‘W *2‘W

()12 || Pnin(0) || k() ||
"’EHM/zHSl\Ile( 0BOp’ ’ 9000’ ’ 0800’

> Elwil
J

+2)  E[Wi|
j

+5ZZEHW||

+5n; sup ¢° W
P

+5n; sup ¢*E ||W; ||
S

+2n; sup ¢°E W
P

+6n; sup ¢*F |W;]]
5

Q.

wij:véj/supg (3,8 + ziju) fo(u; 0)du
sUp (@}, + 2Lu) 12 (u; 0)du

%’/Supg (238 + zu) fy ) (u; 0)du

2

2

2

Ligl U/Supg 3B+ ziu) g (v B+ zipu) fo(u; 0)du

2
T, / sup g (2};8 + 2;u) g™ (2}, 8 + 2jpu)du

Ty, supg B+ 2u) g (2,8 + 2u) fo(u; 0)du

CL’”

2

/ sup g(2, 8 + 2Lu)g(wly, B + 2hu) £y (u; 0)du
]

2

' [ s vtatatys+ ) s 0)d
w

oty [ sup g ety + gl + ) (wi )

i [ supalat B+ g alyp + s (ui )
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1 [ supvOgtaty s+ g w6 + ot s O)ds

2

2

vy, / sup v (g(zy8 + 2L10))g® (2,8 + yu) fiolus; )

sup v (g(aly B+ 2ju))g® (8 + 2fu) fo(u; 0)du

2

2

2



Therefore,

dvec(0p;(¥)/0Y)
a

VAN DB Wil sup )| \

E sup
r

\<p;<¢>wi @)

IN

oy’

Ovec(9p;(v)/0%) H

dvec(0p;(¥)/0¢)
o

2) 1/2

1/2
< VAN (ElWlswlal) (Enwinsgp\

< 0o0.

By the ULLN and Lemma 4 of Amemiya (1973), we have

1P 9) s, p [O8(0) 3, 25 2L GIL)

ON D00 9 Vo + (A ()W @ 1) o0

(A.5)

where the second equality holds because

ovec(0p (o) / 0V
B (i @ L]
The result then follows from (A.3]) - (A.5)), assumption and Slutsky’s

theorem.
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A.6 Proof of Theorem [3.2.4.1

First, the conditional expectation satisfies
B (sup (001 ¥, 2

1 S sup gq;;,ﬁ+zl{,uis Fo(wis; 0
< Z|yij|+2|yijyik|+gzzE< ot S )
J j s=1 s

J<k

X; Zz)
Xi7 ZZ)

j<k s=1

> i i 5 ; : iS5 iss 0
LYy (P 9056 + 40) (7 + )] fliss )
Lm0 5 i 5 (supp (g}, + 2uis))| fo(wis; 6)

7 s=1

h(uls)
h(uss) A Z")

Z il + D lyiyinl + > (/ sup |g(xi;B + ziu)| folu; 9)dU)

i<k J

IN

3 ([ suplately5 + uig(alss + <l s O)iu)

J<k

+sup g Zj: (/ sup |v(g(a;8 + zju)| folus 9)dU) :

Similarly, the above upper bound applies to E (supy ||pi2(¥)| |Y:, Xi, Zi) as
well. Further, since p; ; and p; » are conditionally independent given (Y;, X;, Z;),

we have

E (Slrlp \Pi,l(w)WiPi,z(l/J)’)

< B [IWILE (sup I (0] Vi X5, 2:) E (sp a0 V5 X, 2|
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< E[W (Z il + > lyiyael + Z/Slép |g(x3;8 + 2z5u)| fio(u; ) du
j

J<k J

+3 [ suploal, 8+ fuiglalyd + )| fus)du

i<k
2
"’Sgp(ﬁ; / Sllip ‘V(g(x;jﬁ + Z;y”))‘ fo(u; 6)du> .

Analogous to the proof of Corollary 3.1.1, we have E (supr |p; 1 (¢¥)Wipi2(¥)]) <
00, and therefore by the ULLN,

uniformly in ¢ € I', where

Epiy(0)Wipip(h) = E[E(p; ()| X, ZOWiE(p;2(¥)1 X3, Z3)] = Q).

It has been proved previously that Q(¢) attains a unique minimum at ¢y € T

Therefore, by Lemma 3 of Amemiya (1973), l[JN“Sv L2 b, as N 2255 0o,

A.7 Proof of Theorem [3.2.4.2

For sufficiently large N we have

2 I A
3@1\52(%) + 0 ngsa(Z,NS> (¥n,s = tho) =0, (A.6)
where HLE N.s — Yol < HiﬂN,S — 1ol|| and the first derivative

8P;,2(1/1)
oY

QN s(¥) o i (8/);,1(1/1)

(%D = - mezQ(lp) +

Wipi,1(¢)>
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is a summation are i.i.d. terms with mean zero and common covariance

matrix

op!, | .

4Cy = E %m/}m(%)pm(%)m péld(;ﬁo)]
9, | g

p S;¢0)mpi,2<¢0)pi,1(¢0)m p(:;qij%)}

9 ; | K
+5 _%Wm;(%)pm(%)m pé)ll/(;ﬁ())}

) | N
+E _ p§;¢0) Wipi 1 (V) p;.1 (o) Wi P;@Sﬂo)} .

Hence by the central limit theorem we have

1 aQN,S‘(w) as
VN 0y

Next, the second derivative is given by

PQns(t) i{ap@m Dpia (V)

+E

N(0,4C5). (A7)

Wi

, Ovec(0p), (4)/04)
o = 2| T+ (i o |

o’
0pia(¥) 1, Opia(¥) Ovec(Op;,(¢)/00)
) / . I 2
+ Z |: ’ aw/ + (pz,l(w)Wl ® ) aw/ :| 3
where [ is the 2N (p+r+1) dimensional identity matrix. Similar to previous

proofs, it can be shown that 11/6 gi\fazgw)

- {0@71(1#0) dpia(to) Ovec(0p; 1 (¥o)/ 01#)]

converges to

90 Wi o0 + (P o (o)W @ T) a0

3P;,2(¢0> dpi1 (o) / 8vec(8p§,2(¢o)/8w)
+E |: 61/) VVz 3%0’ + (pi,1(¢0)m & ]) aw/ :| ’

uniformly for all ¢» € I'. Since

Opi1 (o) Opia(o)] - [0pi(¢o)
E[ oo VT oy }_E{

Ipi(tbo) |
o oy ]_B
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and

dvec(0p; 5(10)/0Y)
o’

E | (pi1 (o)W @) =0,

we have
1 9?Qns(¥) as,

Finally, the result follows from (A.6)-(A.8)) and Slutsky’s theorem.

A.8 Derivation of the Working Optimal Weight
Matrix

A.8.1 Gaussian Assumption

Assume y; is from a multivariate normal distribution, and we denote o5, =

E(y;; — wi;)(Yir — wig). The third moment of y;, for all j, &, [is
COV(yij> yikyil) = E(yijyikyil) - E(yij)E(yikyil)
= El(yij — naig) (inyar)]
= El(yij — pij) Wir — par) Wir — pa)] + paCije + piroiji
e E[(yig — pig)]
= WaOijk + HikOiji,

since E[(yi; — tij)(Yik — tar) (Ya — pa)] = 0 under normality assumption.
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The fourth moment of y;, for all j, k, [, tis,

cov(YijYik, YirYit)
= E(yijyikyilyit) - E(yijyik)E(yilyit>
= El(yij — 1) Wi — prane) (Wi — praa) ae — ie))
i B[y — pan) (ir — pao) ie = prie) ]+ panE|(yi5 — pag) (Wie — ) (i — pie)]
a1 (yig — pig) Wi — pin) Wie = pae)] + e E1(Yi5 — 1135) (Yine — pae) (Yie — pie)]
it B[y — pra) Yie — pae)) + pagra E[(Yie — pin) (Wie — pae)]
F g B[ (ya — pra) (Yar — prar)] + panpa B[ (Y5 — pig) Wi — )]
it E1(Yig — pig) (a — pa)] + papie B[(Yi5 — pig) (Ya — par)]
[ ik it it
—(E[(ysj — pij) Wie — par)] + tagpvar) (E{(ya — pa) (Yae — ptae)] + paapic)
0ij10ikt + OijtTikl + Mik[MilOijt + [ij[LilTikt + [ik it Tigl + [ij it Oikl-

since E[(yi; — i) (Yie — i) (Yir — par) (Yie — fit)] = Cigi0iae + OijiTine + 0iji0in

under normality assumption.

A.8.2 Independence Assumption
Assume independence among the elements of y;. The third moment is

cov(Yij, virva) = EUijyirvi) — E(vi;) E(Yiryir)-
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(i). If j = k =1, we have

cov(yij, yaya) = E() — E(yi)E(y}))

= BEl(ysy — 1)) + 2050555 — 2413;.

(ii). Ifj =1 # k, since E(yi;yiyij) = E(y123>E(yzk) and E(yi;yir) = E(yij) E(yir)

under independence assumption. Then it follows that

cov(yij, yirvi) = EWH)E W) — (E(yi;))*E(yir)

(iii). If j = k # [, similar to above, we have

cov(yij yirya) = EWi)Ea) — (E(yi;)*E(ya)

= Hia0ijj-

(iV)- Ity #k#I, E(yijyikyil) = E(yij)E(yik)E(yil) and E(yij>E(yikyil) =

E(yi;)E(yir) E(ya) under independence assumption. We have obviously
cov(Yij, Yiryir) = 0.
The fourth moment is

COV(yijyik:a yilyit) = E(yijyik:yilyit) - E(yijyik)E(yilyit)-
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(i). If j =k =1=1t, we have

cov(yiyin, Yava) = E(y) — [Ey;)]”

= E(ij) - N?j — Oijj-

(ii). if j = k =1 #t, E(yijys9i9i) = E(y;;) E(yar) and E(yijyi5) E(yijyae) =
E(y)E(yi;) E(ys) under independence assumption. Then it follows

that

COV(yijyika Yali) = E(yfj)ﬂit - E(y?j)ﬂij,uit
= El(yi; — Nz‘j)3],uit + ,u?jmt + 3pijieoiz; — (Mijlieoij; + ,u?j,uit)

= El(yi; — Uij)s],uit + 2045 it 0 5
(iii). If j = k =1 # t, similar to above, we have
COV(yijyik> yilyit) = E[(yij - Uij)g]ﬂiz + 235 i1 0 -
(iv). If j # k # | # t, under independence assumption, we have obviously,
cov (YijYik» Yalit) = 0.

(v). I (j =k) # (I =1), E(Yijyi;yayu) = E(yfj)E(yil)2 under independence

assumption. Then it follows that

cov(YijYik, YarYit) = E(y@z])E(yzl)z - E(yfj)E(yzzz) =0.
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A.9 Proof of Theorem 5.2.4.1

By assumption and the Dominated Convergence Theorem (DCT), we

have the first-order Taylor expansion about ;.

Qn(v) = Y ) An0) +2 3 e DAL Gy — o), (49)

where || — || < |9~ — 70l|. Further, for any 1 < i < N, by assumptions

0.2.1 and Cauchy-Schwartz inequality, we have

llp:(¥)]”
< 23wk +2d vk +2 ) Wil
J

i<k i<k

2
+2) </ 9 [(m(Vig;) +u)' B + Z;8. + Bjt] fu(t;0) fur(u; a)dth)

"y ( [0 i)+, + 245+ By
J<k
g l(m(Vir; ) +u) Ba + Zh.B. + Biyt] f5(t;0) fu (u; a)dtdu)?
2
+40% ) ( / v{g [(m(Vig;) +u)' B + Z;8. + Bijt] } ot 0) fu (u; a)dtdu)

Jj<k
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and therefore

Esup |pi(¥)Aipi ()] < E|lAil|sup [|pi(¥)]?
Q Qy

P

IN

2, B || Al v + ni(ni + 1) (B | Al vivi, + BN Al [y Wir %)

]

FonE | Ay ( / G(V;,Zi,t,u)dtdu)
2
+2n; (nZ + 1+ 2sup qbQ) E A (/ G(Vi, Zi,t,u)dtdu)
Qg

2
+n;(n; + 1) E || 4| (/ GV, Zit,u) |m(Viyo) + ul| dtdu)

< 0o0.

Hence by the uniform law of large numbers (ULLN),

sup 2500, (A.10)

PEQy,

where Q) = E|p;(¢v)Wip;(¢)]. Similarly, by assumption 5.2.1 and
[£.2.5 we can show

T S A Aih) - QW)

2
pi(Y, Opi(v, ) ||*
(Ewpmwmm—gfl < BlA swp lolw. I E A |22 o
Qg 2y g Sy g
then again by the ULLN,
N
1 / IOl(w?’Y)
sup ||— (U, v)A; =0(1) (a.s
Sup N;m(w NA=5 (1) (as.)
Therefore,

= Zpé(w,v)AiM

S I =l 25 0. (A1)
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It follows (A.9)) - (A.11]) that

sup| TN () — Q)| =3 0 (A12)

Q’Y
Furthermore, Q() = Q(to) + Elpi(1) — pi(t0)) Ai(pi() — pi(vi)], then by
assumption5.2.4] Q(v) > Q(1)o) and the equality holds if and only if ¢ = ty.

Thus, all conditions of Amemiya (1973) Lemma 3 are satisfied and therefore

@Z;Ngzﬂo,as]\f%oo‘

A.10 Proof of Theorem 5.2.4.2

By assumption and the DCT, the first derivative 0Qy(v)/0 exists
and has the first-order Taylor expansion in the open neighborhood €, € €2y,

of 9y. Since @/A) N 25 )y, for sufficiently large N we have

QN (¥n)  9Qn(vo)  *Qn(dn), -
o ov T ovow (n = 2o) =0, (A.13)

where HQZN - wOH < HzﬁN - wOH. The first and second derivative of Qx (1))
in (A.13) are given in ([5.17)) and (5.18)).
Analogous to the proof of Theorem [5.2.41, by assumption -

and Cauchy-Schwartz inequality, we can verify that

2

() , Opi(¥) 9p;(¥)
ESSI)JwP 0 A; o0 ’ SEHAlHS(lzlf 90 < 00
and
Bsw | pitv)a 0 n T o
Qy (0

163



Therefore by the ULLN and Lemma 4 of Amemiya (1973), we have

1 0°Qn(¥) a.. dpi(1o) , Opi(io) dvec(9p;(1o) /)
ON Dudu HE[ o9 oy o0

+ (pi (1) A @ 1) =Dy

(A.14)

where Dy, is given in (5.11]) and the second equality holds because

8vec(ap2(¢o)/aw>1 —0

B |wae D

oY’
Then by assumption and (A.14]), we rearrange (A.13) as
1 0Qn(vo)
VN (¢ — 2D (—— A15
For by assumption and DCT, we have the first-order Taylor expansion
of an J’O about ~y:

0*Q
tre —225”1 Aty + 2 G g, (a0

where [|7 —50l[ < [[¥ = 7l and

Ovec(9p;(¢o,7)/0)

PQu(0) _ o~ [0 Y) 4 0A (0 T) |
prng v 7) L 7 A I
guoy 22| Tap gy W DASD 5
Similarly to the derivation of ({A.14]), we can show
1 9Qn(t0) as. dpi(o) , Opi(t)
R R N T Dys (A-17)

Then by (A15)-(A17), we have

VN(y = o) = D ( N7 Z ] ”‘”0 A %)) + Dy Dy VN (3 = 70)
(A.18)
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Therefore, if Dy, = 0 we can ignore the effect of 4 and simply treated it as
a known constant. If Dy, # 0, we need to make some adjustments to the
asymptotic variance of \/N(@@N —1bg). Since 4x — 7o = O,(N~/2), we have

the first-order Taylor expansion in the open neighborhood 2, € €2, of vy

V() _ V() | PUG)

By assumption [5.2.6] we can have the following representation of 4y

VNG -) = D (—NWZ—%%@)) —vry (-0 ),

i=1

(A.20)
where D, is given in (5.12)). Then plug it back into (A.18]), we have
N
- IR Ip; (o) 10ri(7)
/N _ 1a7—1/2 i 1075
N(@DN — ¢0) = _Dd) NV ; (WA@'M(ID(J) + l)d,fyl),y 8”}/ 7“1-(”)/)
(A.21)

Finally, the theorem follows from (A.13]) - (A.21)), CLT and Slutsky’s Theo-

rem.
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A.11 Proof of Theorem 5.3.1.1

By assumption and the DCT, Qn s(?) has the first-order Taylor ex-

pansion about g,

QNS szl zsz )

dpi , Ip;
+Z [ 11 z% +Pi,2(¢ V)Az% (% — ),

(A.22)

where ||Fn — Yol < HﬁN — on. Since p; 1 and p; 2 are conditionally indepen-
dent given (Y;, W;,V;, Z;, B;), analogous to the proof of Theorem [5.2.4,1, by
assumptions [5.2.1H5.2.3] and Cauchy-Schwartz inequality, we have

B (sup 1 (9)Aipia(0)] ) <

Hence by the ULLN, %ZZ]\; Pia (V) Aipia(¥) — Ep; 1(0)Wipio(1) uni-

formly in ¢ € I'; where
Ep;1(0)Wipip(¥) = EIE(p; 1 (V)Y Wi, Vi, Zi, Bi)WiE (0 (0)IY:, Wi, Vi, Zi, Bi)] = Q).
Similar to proof of Theorem [5.2.4]1, we can show that

Zm ¥, 9) ap”w 0011 3) (5, — o)

sup

a 1 A a.s.
me, ’““" D = 0l =5 0. (A.23)

< sup

It then follows that

() — Q)| =5 0. (A.24)

sup
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It has been proved previously that Q(v) attains a unique minimum
at g € I'. Therefore, by Lemma 3 of Amemiya (1973), @2N7S 2% o, as

N — oo.

A.12 Proof of Theorem 5.3.1.2

For sufficiently large N, by assumption [5.2.5| we have the first-order Taylor
expansion of Q) y s(¢)/0v about y:
0Qn,s(t0) | 0*Qns(¥) -

where HQ/NJ — wOH < H@Nﬁ — 1/10H and the first and second derives are given by
0Qns() o (00 (¥) , I
T = Z ( 90 Aipia() + 00 Az’ﬂz‘,l(d’))
and
0? QNS al Pz 1 ( aﬁzﬂw) N avec(aﬁ;J("éb)/aw
a¢a¢, ZZI l A; 90 + (DoY) A @ T) B ]
,0@ o 8ﬁz’,1(¢) " 3vec(3,52’2(1/1)/8¢)
+Z { Z 8¢’ +( i,1(¢)Ai®I) a¢/ } :
Similar to the derivation of ({A.14)), we can show 1{7 82§$az€¢) converges to
8P§,1(¢0) dpi (o) / 8vec(8,0271(w0)/8w)
L { Bl A; o' + (Pi,zwjo)Ai ® 1) oY }
802,2(1/10) 8Pi,1(¢0) / (9vec(8p;’2(1/zo)/81/1)
+E { O A; o’ + (pi,l(wo)Ai ® I) P } )

uniformly for all ¢» € I'. Since

. [8%}%,1(%) api,z(%)} . {ap;(%)Aapi(%)

O A o' o oy

|-o
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and
Ovec(9p; 1 (vo)/0V)

E (p;,Q (%)AZ ® I) aw/

=0,

we have

1 PQns(¥) as.

Again, 0Q N s(10)0¢ has the first-order Taylor expansion about ~y:

N

0Qn,s(%o) _ Z {802,1(@/)0)

o = oy

9pj2(tho)

Qs (o)
o

(A.27)

Aipf (o) + Aipi1(Yo) | +

=1

Finally, Analogous to the proof of Theorem [5.2.412, the results follows from

(A.20), (A.25)-(A.27), CLT and Slutsky’s Theorem.
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