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Abstract

While it is generally assumed, that the within subjects F ratios

in repeated measutes desìgns are .üa1id only when the assumption of

uniformity exists among the population variances and covariances, recent

literature (e.g., Rouaaet & Lepine, l97O) tte¡nonstrates that these ratios

are exactly distributêd as F variates under a less restrictive condition

referred to as circularity. Fot the treatneDts {J) X occasions. (K)

design where I treat-ments I and roccasions' are the generic terms for the

non-repeated and repeated factor, respectively, F.- and F*-- follow exactK .JK

F distributions if CIX.C = q'2I (j = 1,...rJ) \Àrhere C is a matrix of- -l-
coefficients representing the K-l orthonormal contrasts among the

levels of the repeated factor, !¡ i= tfr" variance-covariance matrix

associated. v¡ith group j. o2 is a scalar where ct2 > O and I is an identity

matrix. The present research examined the Type r error "id 
por". r"a"=

of several recomnended tests of these repeated measures effects, a tesÈ

for circularity and various sequential têstj-ng stxategies where the

chosên mean equality test j-s based on the outcome of a preli,mirary test

for circularily whên sepa-rately an¿l joinÈIy violatir¡g Èbe assuBptions

of (a) circularity, (b) multivariate normatity, andl (c) multivariate

homoscedasticity (I- = I, j = I,...rJ).
-J

Monte Carlo tecbniques were used to simulate an orthogonal treat-

ments X occasions design with 3 treatment groups, 4 measure¡e¡t

occasions and 13 observations per trêatment group. For both effects, the

investiqated univariate tests were: (a) the conventional F test, (b)



the conservative F test (Gïeenhouse & ceisser, 1959), (c) the ê-

atljusted F test (Collierf Baker, Mandeville, & Hayes, 1967), and (d)

the ã;-adjusted ¡' test (Huynh & Feldt, 19?6). The û¡uttivariate test of

the occasions effect hras evaluated by Hotellingrs (1931) T2 while

Roy's (1953) Iargest root, Wilk's (1932) liketihood ratio, and the

Pillai-BartletÈ (Barttêtt, 1939; Pillai, 1955) trace critetia were

used to assess the multivariate test of the within subjects interaction

effect. The cir.cularity hypothesis was tested in a t}¡o-stage procedure

using Box's (L949) heteroscedasticity a-lld Mauchlyrs (1940) sphericity

cïiteria.

In general, reiults indicated that, of the six uniformly adopted

procedures, the e-adjusted Ff the è-adjusÈed F and. the multivariate

test were the mosÈ robust statistics. The data did not, however,

gqggest a uniform rule for choosing anong these procedures. For all

conditions, the e-adjusted F test resulted ín the fevrest T]æe I errors

and the least sensitive test of the effects. The nultivariate tests

were, on the average, more powerful than either of the sample-adjusted

univariate procedures. However, for non-normal populations, r+hen

i.nterest was in the occasions rnain effect, the univariate procedures

provided better Type I error control.

Finally, prelirninary testing for circularity was not useful in

choosing beth'een subsequenè analysis strategies. Because th.e

heteroscedasticity and sphericity criteïia were highly sensitive to

non-normality and to departutes from their null hlT)otheses, the TlT)e I

error raÈes and sensitivity of the various sequential Èesting strategies

rúere almosÈ identical to those òf the corcresponding u¡iforroly adopte¿l

mean equality test..



TNTRODUCTION

perhaps the most coÍünon experimental design in psychological

research is the repeated measures design (Edgington, 1974, Lana & Lubin,

L963). Such designs are characterized by repeated observation on a

single variable for every experimental unit or subject, h'ith each

successive observation being associated with a different level o{.

combination of levêIs. of the tlesign.

T1ryically, experimenters adopt the repeated measures desígn as

a means of reducing error variability. Here, treatment effects for a

given subjêct are measured relative to the average response nade by

that subject on all treatments; in essence each subject serves as his

own contïol. In this r^/ay, variability due to differences in the average

responsiveness of-'the subj ect is eliminated fïom the expexi-sìental. error

(nriner, 1971).

Analysis of Rêpeated Measures Ðesigns

Vlhile the data from repeated measures designs have a distinct

univariãte appearance in that there is basicatly only one deper¡dent

variable measured on the same su-bject on more than one occasion, data

from such designs can be equally weII described by a univariate or

multivariate model-: the choice of a model depends upon the nature of

the assumption (s) the researcher is willing to r¡ake concerning the data.

According to Cole and Grizzle (1966), v¡hen the observations on suc-

cessive measurements are correlated (as is ¡nost often the case in

repeated measures designs), the data, while arising from an apparently
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univariate experiment, aLe essentially multivariate in natuxe and should

be analyzed as such. Traditionally, however, the r¡¡ivariate mixed model

analysis of variance (ANOVA) has been the conventional tes¿ statistic

for such designs.

Conventional Ä¡alysis

Consider, for example, the case where there a.re J levels of a

treatment factor with ï subjects e)q)osed to the jth level a¡rd each

subject measured on one dependent variable for K occasions following

treatments (see Table I for schematic). Anatysis of this treat¡ents x

occasions design r^rould tlpically proceed as a thlcee factor mixed model

ANoVA (see Table 2) with treatments and occasions being completely

crossed fixed factors and subjects, a random factor nested v¿ithin

treat-ment groups. Letting X..k represent the kth measurelnent on the

ith indiviilual in the jth treatment gïoup, a udivariate linear model

descriJring this design is

*iio = u * oj * Bn * ti(j) * crßjr * ßt*i(j) * .ijr.

i : 1, .. . ,r; j = 1,. -.,J; k = 1,. ..,K

wiÈh side conditions

K.IKK
=lß¡=toßj* Ioß¡r=x ßrki(j) =o.o,

where U, c-, and ß,_ are the overall population nean, jth treatEentlK
effect and kth occasion effect, respectively; ni(j) i= a constant

associated L'ith the ith subj ect in the jÈh ÈreatÐent groupr c,ß-k is the

jkth interaction effecÈ; ßr¡.i(j) j-s the intê-raction of occasion k a¡d

subject i vrithin jr and e..k is the random error compone¡t. The

average over the population from which the subj ects are drawn nay be

(r)

J
X cr.

l
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Table 1

Schematic for thê Treatments (J) x occasions (K) Repeated Measures Design
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(2',)

(3)

denoted by E(X..k) h'here

"("iju) = !j* = U * oj + ß* + dßir .

Expressing the raÌ¡dom departure ot *rjO from U.k .= ,r¡n,

xi"¡r = ui¡ * tr¡* '
where

*r¡r. = ri{l) * Bt*r(j) * trjo ø1

These random components rijk .r" assumed to be normally distributeil

\atith

E(m... ) = 0
J-f J(

cov(m...,alK

2
v¡here o is

stant corcre

Expressing

covariances

overall K X

(s)

f,
lo, ir i = i',
I

) ,r=jr,k=k'*i,¡,¡,) = cov(X..or xi,3,¡,) = 
\oo 

, ir i = i'r (6)

I ¡ = j'|, k l k'
I
g, otherwise,

the conmon variance of the observations and p is the con-

lation between obseïvations at any two measureÍer¡t occasions.

these assumptions concerning the K variances and the (;)

in population va¡iance-covariance mat¡ices results in an

K matrix of the forn

. [,,] 
'oo". ::,-l .l: : .. : l¡=l l="1. l' e)

[o'oo' ... "'] L, , ... ' -l
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with the variance-covariance matrÍces associated with each level of

treatment J, I., being comon to all J populations (i.e., Í, = L,' .j
j = 1,...,J). A matrix of the form in (7) is said. to possess the

property oi cornpound slryrgnetry or uniformity (Geisser, Lg63).L,2

For mixed designs in which a different group of randomly assigned

subjects is observed under each factor leve1 conbination, the random

error components a¡d hence the observations can be assumed to be

independent. af¡d thus tt€ assumption of constant covariance met (Kirk,

1968, p. 139). However, thís is not thê case for designs involwing

repeated measurements. Here, the essentiar feature is that tlì.e random

errox components associated with a particular subject reflect fairly

constant characteristics of that subject and must be treaÈed. as

correlated (Morrison, 7976, p. l4L). Moreover, in such designs, it is
common to find that two successive or adjacent measurements are uore

çr -*t 
"" 

*scussed subsequently, the assunptions of unÍformity of X
and equality of the I.rs are sufficient but not necessary condilions--l
for exact or valid univariate F ratios in repeated measures desj-gns
(Huynh & Feldt, 1970; Rouanet & Lepine, 1970). However, because themajority of the literature to be reviewed. majres reference to these
assumptions in their traditional form, they are initially stated as
such.

2Note that the constant covariance requirement applies only ¿o t¡¡e
within subjects effecÈs (i.e,, K a¡d JK) and not to the between subjectseffect J. The significance of tl.e between subjects factor is assessedusing an error term (S (J) ) corresponding to the pooleal variation ámong
the subjects \üithin the J groups surünêd over the K ¡fleasulement occa_
sions. Thus, a-nalysis of this faEÏãi-Trì-ãrre \ray ÀtirovA and is valid
regard.less of t¡le assunptLon concerning the covariances among t'he mee-
suremenÈ occasions. The sole requirement for a valid FJ is that the
variation within each of the J treatment populaÈions be homoqeneous(Da¡foral, Hughes, & McNee, 1960). In contrast, the siqniflcice of
the within subjects effects is assessed using a.rl erxor term (KS(J))
h'hich is not composed of variation collapsed over tJle measure¡¡ent occa_sions but which is tåe pooled interaction of the occasions facÈor K
with the su.bjects within the J groups.
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highly correlated than two nonadjacent measurements, with the

correlation between these measurements decreasing the fu-rther apart the

measure-¡nents are in the series (Danford, Hughes, & McNee, 1960). A

var.iance-covar iance matrix based on such serialty correlated observa-

tions is said to possess the simplex form (cuttman, 1955; Humphreys,

1960).

When the unequal correlations are I tified-based' (Lana & Lu.bin,

1963), that is, when correlation heterogeneity is due sole1y to the

temporal order of the repeated measurements (e.9., repeate¿l testing

effects, sequence effects), randomization or counterbalancing have been

suggested to achieve homog:eneous covariances (Box & Müller, 1959t Gaito,

196I) - In randomization, the repeaÈed measurenents are obtained in a

random order determined separately for each subj ect with the rationale

being that, ovêr the entire design, any order effects will be distïibuted

approxi-nately equally over the measurenent occasions and consequently

vri1l rcesult in relatively constant covariances. A cou.nterbalanced

design, on the other hand, is achieved by collecting the repeated

measurenents in aII possible orders using an equal number of subj ects

within each order. Àrl add.itional 'order' factor may then be included in

the subsequent analysis to detect possible efiects due to this counter-

balancing.

According to Mccall and Appelbaum (1973), both rar¡domization a¡rd

counterbalancing have major weaknesses. For eiample, in the ran-domj-za-

tion strategy, any order effects are incorporated in the error telrm(s)

for the analysis resulting in less sensitive Èests of effects, with ttre

sensitivity decreasing with increases in the magnitude of the order

effects. caito (1961) has discussed the disadvantages of courter-
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balanced designs which includ.e loss of power, increases in the required

nunber of subj ects and additional, seldom-satisfied assumptions

concerning the varia¡rces and covarj-ances.

When the unequal correlations are I treatment-bound | (Lana & l,,ubin,

1963), that is, when correlation heterogeneity is directly the result

of the specific natu.re of the levels of the repeated factor (e.9., a

repeated 'test' factor where specific tests will always corLelate mol4e

highly with others regardless of the order of ad.ministration) , neither

randomization nor counterbalancing have any effect on eljnìinating

covariance heterogeneity. Moreover, in mary research situations, such

procedures are not applicable, for exarnple, when the repeated assess-

ments must be made in a single ord.er. Conmon research paradigrns in

psychology v¡here testing ordex cannot be manipulated include longitu-

dina.l developmental studies assessing vaxious behavioural chang,es over

age or time a¡rd classical learn.ing experjrents where behaviou.r is

assessed several tìmes during trainirÌg (i.e., on each trial) or during

extinction. ft is precisely these types of studies that seldom, if

ever, meeÈ the required. covariance assuruption, rather yielding variance-

covaria¡ce matrices of the si:nplex patterr¡.

of as on-violation. The effects of covariance

heterogeneity were first postulated by Kogan (1948) v¡ho suggested that

positive intercor.relations beth'een neasure-ment occasions leould result

in a liberal F test of the occasions effect which overestinated the

significance of the differences between the K correlated Eeans.

Investigrating the approximate effects of unequal cor.relations a¡d
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unequal variances in a simple repeated mêasures design3, Box (1954b)

found Kogan¡s (1948) conj ecture to be correct. As the magnitude of the

first order serial corelation (p = !.2O, +.4O) arlð./or the degree of

variance heterogeneity between the measureÌent occasions increased, the

occasions F Èest become Íncreasingly liberal with the true probability

of a Tf/tr)e I error being greater than the nominal significance levet.

Sjjni1ar results were reported by Imhof (Lg62).

ådjusted Univariate Ã¡alyses

'e-adjusted' F test. Using the exact multiva-riate approach and a

formul.a previously developed (Box, 1954a, p. 297, for the approxùnation

to the distribution of the natio of two independent quadratic forms,

Box (1954b) demonstrated that, rmder the null h)æothesis, the true

distributíon of the measurement occasions test ratio, F*r with (K-1)

and (K-1) (N-1) degrees of freedom (d.f .) is apI)roxijnately distÌibuted
.aDDrox.as ( --¡, )

F [ (K-1) e, (x-1) (N-1)e],

where

22
K (o.. - o )

e=-,k,k'=i,-..,K
(K-1) (¡t o?,-, - 2 tol- + x2o 2l

kk' *

(8)

(e)

3o 
"l-pl" 

repeated measuïes design is defined as the case whe-n N
subjects randomly sampled from a¡r infinite population of subjects are
each measured on some characteristic on K occasions. T]æicalì.y, this
design would be analyzed. by a two factor mixed model design !¡here
subj ects is the ra¡¡d.orn factor a¡¡d occasions, the fixed classification.
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and

okk, i= an elenent of the K X K yariance-covariance natrix (I),

q-,- is tfre mean of the diagonal elements of I,KJ(

ãU. ir ttre mean of the kth row (or colunn) of X, and

õ. . is ttre mean of al-1 elenent.s of X .

When the K variances and (Í) covariances are constant, thaÈ is, when I¿_
is uniform, e equals its upper bound of unity and Boxrs (1954b)

approxjration yields exact results. However, as t departs fron

unifonnity, the value of e decreases from one and F__ is distributed

with a reduced number of d.f..

ceisser and Greenhouse (1958) and creenhouse and ceisser (1959)

extended the work of Box (1954b) to the a_nalysis of the treatments x

occasions desígn (see Tables 1 ald 2) showing that, using Boxrs (1954b)

procedu.re, the F ratios for the tests of the occasions effect a¡d the

treatments x occasions inte.raction could be tested in the same

approxìmate fashion. That is,

F-- upPto*' r'[ (K-l)e, ¡(t-I) (x-l)e] anal (10)Kfu

F--- tpfto*' FI(J-t) (K-1)ef J(r-t) (x-1)el .4 (11)JKfu-

Because the test of the treatment effecÈs is valid regardless of the

form of X (see footnote 2), FJ remains exactly distributed as

F [ (,]-1) , r(r-1)l . ß2)

Fuïther, these authors deÌonstrated that for all designs i¡volving ã

single repeated factor (K), the lo\,rer borÐd of e was equat to (K-1)- .

-Note that for such designs involving bet\,¡een subjects factor(s), the
parameters in (9) are those of the overall population I.



Thus,

-t(K-1) <e<1.00 (r3)

According to ceisser and creenhouse (1958), these results are gen-

eralizable to higher order repeated measures designs where one of the

facÈors is indiwiduals subdivided into groups or treatnents and the

remaining classifications are fixed. However, it is ijnporÈant to note

that this correction in the d.f . only applies to tests of within

subjects main effects or any interaction effects involving within

subjects factorsr for tests of between subj ects effects, the F ratios

are exactly distributed as F variates rlrith the usual d.f.. In aclclition,

the value of the lower bound of e is dependent uf)oÐ the nu¡nber of

repeated factors in the design and thè specific F test in question.s

Conservative F test. Based on Èhe facts that' Box's (1954b) e-

adjusted test r.equires the often laborious computation of e which is

based. on the ele:nents of a typically unknown population f, and that use

of a sample-estimated e on the approxirate F distributions \ras also

unknown, Geisser and Greenhouse (f958) suggested a procedure in whictr

the value of e is always sèt at its lower liBit. Thus, for tl¡e treat-

ments X occasions design where the lower lj:nit of e is equal to (K-l)-l;

t* *f,t""' F[1, J (t-1) ] and

u"* "nnï*' ¡'[ (r-r) , r (r-1) ] .6

(14)

(rs )

5For 
""u.*ple, for a J X K X L factoLial design with two repeated factors,

K anif L, for the test of factor Kt, the lokre-r bor:¡d of e is equal to
I (K-1) (r-1)l-1 whi.le for F"*r e takes on a mini¡or¡m varue of (i-rl-l .

6For the factorial design diseussed in footnote 5, the conservative test
of the I.L effect is approximateLy distributed as a¡r F wa¡iable with 1
and J(r-I) d.f. while F;¡ appf,ox. r[(J-1), J(r-])1.
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Hovrever, while using the lov¿er bound of e has the advantages of being

computationally expedient and independent of the elenents of X, such a

procedure may be overly conservative and consequently lacking in

sensitivity: setting e equal to its lower bound assumes maxi¡num

nonuniformity (an assumption which is not al\a'ays valid) and results in

a maximurn reduction in the d.f . and, consequently, a loss in power. As

a possiJrle means of handling this problern, creenhouse and Geisser (1959)

proposed a three step approach to testing significance. The r' ratio in

question is first têsteal Ì"rith the conventionat d.f.. If the F ratio is

not significant, the analysis stops for the null hypothesis would not

be rejected by reducing the d.f.. On the other hand., if the observed F

is significant, the conservative test is performed with the d.f. reduced

by the value of the loe¡er lj¡it of e. An F ratio larger than this

second critical value may be deelared dignificant wiÈhout further

testing. However, if the conservative test is not significant, it is

suggested that e be estiÐated from the sample variance-covariance

matrix and the F ïatio be tested with dl.f. reduced by this esti¡rate.7
te-adjustedr F test. The effect of using a sample-esti_urated value

of e on the approximatê F distributions of FK .rd t * in the treatmênts

X occasions design was investigate¿l by Collier, Baker, Mandeville, and

Hayes (1967). By substituting sample values fo¡ tfre parameters in (9),

the formula for a sample estirate of e, â, is

12(s.. - s )2xx (16)
(K-r) (tx, sík, - 2 xx-s3 + K2E2

kk'

7-
Lana and Lubin (1963) recomrnend a multivar.iate test when a significant
conventional F tesÈ is followed by a nonsignifica¡t conservative F test.
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sOOr is an elenent of the overall sample variance_covariance

matrix, S,

-q-,_ is tfre mea¡r of the diagonal elenents of S,ßK

f. i= tfr" mean of thê kth row (or column) of S, and

ã.. is the mean of all the eleÌents of s.

According to Änderson (1959), if the parent population is multiva_riate

nomal, e is a maxi¡um likelihood estiflaÈor for e.

Results of the sam.pljltg.stqdy of Collier et al. (1967) indicated-. --_

that, in general, for varying degrees of X nonuniformity (.45 < e <

1,OO), the distïibutions of â rere negatively skewed for very high

values of e and.positively skewed for very low values of e. Hor,¿ever,

fox values of e in the mi-dcl1e of the possible range of values, the bias

in the estimation of e was negligible. Moreovêr, for lal.ge saÐple

sizes (I = 15), the esÈimates of very high and very low values of e

rr¡ere less biased. Motivated by these results, Collier et a1. (1962)

suggêsted a.ÌI approximate F test where the d.f. are adjusted. by a sarnple

estjråte ot e, â. Thus, for the Èreatments X occasions desigin,

FK app;ox' Ft (K-1)â, r(r-t) (K-1)âl and (17)

""* 
tnnio*. 

F[ (r-1) (K-r)ê, r(r_1) (K_r)â] . (18)

'ã-adjustedt F test. Based on the premise Èhat values of e > .i5

are fairly common in educational a¡d psychotogical research. coupled

with Collier et al.'s ifgøZ) finait gs that â may ue seriously biased.

when e is near or above .75 especially r'rrhen sample size is small, Hulmh

and Feldt (-tgZe) have presented an alternative estimate of e which,
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according to their sampling stutly, is less biased and less dependent on

large sample size when X deviates only moderately from uniformity. o

While the optimum statistic would be an unbiased estiÌate of e, because

of the difficulties of derivìng the expected value of an intractable

ratio- (Hajek, 1962), Huynh a¡d ¡e1d.t (1976) dlerived an êsti¡nate of e,

õ, which is the ratio of unbìased estirators of the numerator and

denominator of thê formula for e. Thus, for the treatnents X occasions

design,

rlK2(Ekk, - s..),t - r,ü, 
"in, -, *l{. . ol.r

lK-rl [(r-1) (tx s'rr, - 2 xrsf + Ks2 ) - *,GLr' - s..lr]
kkt rln k ^.

with terms as defined in (16)10. Expressing ã in ter$s ot â,

:_N(K-l)e-2
(K-1) [N-r- (K-r) e]

(Ie)

(20)

where N is equal to the Èotal sample size.

åccording to Huynh and Feldt (1976), for any value of I a¡d. K,

è > ê with the equality holding when ê = (X-f¡-t a¡d J = 1. rn addi-

tion, unlíke ê, values of õ ca¡ exceed. unity. Ho\,¿ever, because the

value of the parameter e cannot exceed I.O, whenever ã exceeds one,

the estimate is equated to one.

-However, when f is strongly nonuniform, e is a less biased. estimato¡
of e than õ. Moreover. Davidson (L972, p. 447) naintains that strong
vio].ations of uniformity do not seeÃ unlikely in practice a¡¡d are
especially likely when the data result from repeated measureìel¡ts over
tj:ne and there is sequential dependency between succeeding measurement
occasions.

-e fraction or ratio whose numerator and denominator involves statistics
thaÈ are not independent is said to be intractable.

lñ-"For designs involving bet\,t'èen subj ects factor(s), the sample values in
(16) a¡d (19) .are pooleël esti$ates of the parameters of the ovêxall
population X.



Multivariate Analysis

Equation (1) presents a genenal univariate linear model for the

treatmenÈs X occasions design. Assuning the K measurements on the ith

individlual in the jth treatnent to be a randomly sampled observation

vector from.a K-variate normal distribution ¡n¡ith nean vector fi. and

arbitrary covariance ¡natri:< X which is coIrrtrron to al]- J populations,

that is,

*i, = t*rrr, *rir,..-,xijKl .u rr,rtir, !) ,

Ûsi¡g ã as a saInple estj¡late of the population value of e,

r* *f,'o*' F[(K-t)è. ,](r-r) (K-.1)èl

"o* 
*lto*' FI (,t-1) (K-1) ã, ,r cr-l) (K-1) èl

-> -+ -+xij = pj + e:., i = 1,...,I; j = 1,...,r
->

where Uj is a 1 X K vector of the mean of treatÐent j for the K
l

-> -'
responses and X]. and ej= are as defined. previously. In matri:<-rltl

(2L)

(22)

(231

the general multivariate linear motlel âfter parameterization applicable

to this design is:

(24)

->
where Xl. is the 1 X K vector of observations across the K levels ofr-f

the repeated factor foï inilividual i in treatment j; ü' is the 1 x K

vector of ¡neans of the K measurenents; Êl is a 1 X K vector of the
7

effect of the treatment j on thê K mêasure-nents; at¿ Èl- is a 1 x Krl
vector of error. Expressing this linear model i¡r terms of poputation

cell means results in the modèI

-+ -> -t ->¡'. = ¡, + El + Ê1.,r-f I l-l '

(2s)
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notation,

I=15*l e6)

wherê X is a¡r N X K matrix of observations, A is an N X J'design'

matxix indicating the incidence of thê terms in the moilel in the data,

€ is a .f X K matrix of unknown population means and R is an N x K

matrix of randorn error components (Tirrtrt, 1976, p. 369).

Both the univariate and multivariate modê1s rest on the assunption

that the population random error components and thus the obsetvations

follow a normal distribution. HoÌ{ever, unlike the univariate model

which stipulates a païticular form of the population X (i.e., unifornity),

the multivariate model makes no such specification. Rather, the sole

requirenent concerning X is tt¡at it be coûmon to a1Ì populations, that

is, to each of the J treatnent groups.

Given the model in (26), multivariate procedu.res test hlpotheses

of the general form

Ho,!59:9, Q7t

where B is a t X J (t < J-1) matr¡r of fu.].l row rank consistj.:ng of t

Iinearly intlependent row vectors repïesenting contrasts among elements

within given coh-r¡¡¡rs of the unknov.rn parametet matrix f a¡d W is a

K x u (u < K-1) full co1urnn rank matrix consisting of u fir.l.-rfy

independent colrmn vectoxs representing contrâsts among the eleJnents
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within different rows of | (t'lorriso n, J;976, p. 176).11 o" Cole and

Gr ízzLe (1966) state, a hypothesís of this.form is, in fact, the joint

statenent of (t . r¡) single d.f, component hlpotheses of the for¡n

(28)

where the vectoxs bj (j = I,...,t) and q_ (k = 1,...,u) compose B an¿lJK
W, respectively. The choice of these Ê: 

".ra *,_ vectors determine thelk
component to be tested.

In the application of multivariate analysis to repeated measures

designs (in this case, Èo the treatrents X occasions design), two

general t14>es of vectors a-re used. Consider the columns of the matrix
+-+W, that is, the wOrs. If wk is a I sr¡¡snation I vectoÌ of the form

->
wi = tf, f ,. -.,ü, the component hlT)otheses corresponding to the

elements of g E I, involve the srln of the responses for each subj ect-: k
across the K measurement occasions. This sunùnation t smoothes outr or

'collapses over' variations within the ror¡rs of { due to the different

measurement occasions represented by the elernents of the observation

IlThe rank of a matLix x is the..nunltrer of linearly independent ro!¿s
or colrrmns of x (e.g., see Searle, 1966). Tn general, v ro$¡ or
coll]mn vectors of the same order are said to be linea¡Iy dependent if
non-zero constants 

"I, "2,...,cu exist such that .lùl * 
"rÈZ 

* ,...,
cVuV : O. ff. zeros are the only values of the c'6 for vrhich this
equation is true, then the vectors a-re said to be linearly i¡dependent.
Because the nunber of independent rows in a matri-¡r always equaLs the
number of independent columns and vice-versa, the rank of a rectangu-
lar matrix x, where p is the number of ro\a7s and q is the nljmber of
coluInns, is-equat to or less tltan the smaller of p antl S(nh(p,S) ).
If the rank of the matrij< is equal to min(p,q), then the mat¡ix is
said to be of futl rank; if, on the other hand, the rank of Ètte matrij(
is less than ¡nin(p,q), then the matrjx is said to be of less tha¡r futl
rank. Further, if the rank of the matrix is equal Èo q, the nr]rtrrbet of
columns, and q < I), then the matrix is said to be of ful]. cohÐr¡ rankt
if the rank of the matrix is equal Èo p and p < q, the måttjå is ter$ed
a full row rank maÈrix.

Ho, È;E**=0,



->vector, x: .. Accordingly, such a matrix, w,, consisting of a singlerJ _I
vector of this forn is typically used to construct hypotheses concerning

aspects of the main effect of the between subjects factor, J.

If, on the other hand, *. l= 
" 

rcontrastr vector urhose elements su¡nK

to zero I the resulting component hypottreses corresponding to the elements

of a E ü. will involve the associated contrast between the elenents ofr- - K

each row of f. Unlike hypotheses involving I stufllllation r matt ices of the

i{, type discussed al¡ove which collapse over variations within the rows of
-I

!, these component hypotheses concern differences that distinguish the

measurements comprising tlae observation vector. As a Lesult, matrices

composed of these rcontrastr *,-'=, w^, are used to test hypotheses aboutK -Z
the main effect of tl¡e within factor K and interactions between this

factor and the betv¿een factor J.

Like t¡e columns of W, the t rows of B are t¡r¡rically chosen to sum t¡e

resulis over the leve1s of the betÍ.reen factor, theïeby igirìoring t]le differ-

ences due to treatments, or to calcufate differences between results for

treatment groups, t¡ereby estirating the effects of any treataent group

differences, Tfrus, if Ë: i= tfr. sunÍiation vector (Èl = {}, 1,...I}), t].ìell
component hlæotheses corresponding to tl:e ele:nents ot È: f W disregard any

I --
differences between thê treatment group means. Accordingly, a Eatrix, BI,

consisting of a single sunmation vector is used to form hlT)otheses concern-

ing aspects of the within factor main effect. However, if tj is a ,contrastl
l

vector, tlle resulting component hypotheses corresponding to the eIe-ments of

bl E W r,trill involve tJ:re corresponding contrast tetween the elements of each7:-
->

colunn of t. Matrices consisting of contrast Oj'=, lr, are used i¡ the

constr.uction of hypotheses concerning the main effect of the beth'een factor

and the interaction of this factor and the v¡ithin factor.
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Through various con¡binations of these four sunmation and. contrast

matrices (3f , !2, Sf, YZ). one can construct matrix statements of the

primary hypotheses of interest in the treatmenÈs X occasions design.

For example, if the contrast natrix B, is combined with the sumnation

matrix W1, the resulting joint nutl hlpothesis,

Ho'9zE9r=ð (2e)

is that of no difference betÌ?eên the levels of the betrdeen subjects

treatment factor J. Similarly, cornbining the srnrEation matrix, 11, witfr

the contrast matrix, v,I2, results in the joint null hypothesis,

Ho'

of equal occasion effects.

B^ and W^ yields the nutl
-¿ -z
interaction or

PrEIr:ô"
F j-r¡ally, cornbining thê contrast matrices

hypothesis of no trêatments X occasions

(30)

Ho'PzEIz=9 ( 3r)

Ful1 matrix representations of hypotheses (29), (3O), and (31) for any

values of J an¿l K are presented in Table 3- Table 4 contains the matrjx

expansion of h14>otheses (29) - (31) for â treatments X occasions design

with three treatment leve1s and four measurement occasions.

To test hlf)otheses of the form given i¡ (271 , a host of multivariaÈe

test criteria are available. Hor.r'ever, unlike the univaxiate case whele

thè usual F test of q givên hlæothesis is the r¡niformly Ðost powerful
1a

invariant^- test criterion against any alteïnative to the nulI

h)æothesis, in the multivariate case, no test criteria possessi-ng the

l,t-Tests possessing the property of invariance are unaffected. by linear
transformations, that is, by changes of scale and/or origil (Olson,
r97 6) -
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required invariance has the uniforrnly greatest power tÕ recør¡nend it.
Here, different invariant tests are most pol,,erful in different
situations, depending on the nature of the alternative hl4)othesis

(olson, 1976).

A1l ¡nultivariate test criteria are functions of the eigenvalues

or characteristic roots, À, (i = 1,....s) of the matrix ptoducÈ p-t of
rank s, where H is the sum of products matrjj for the effect i¡ question

aÌld E is the appropriat.e error sr:ru of products maÈrix. Ð+)Iessing H

and E ilr natrix notation

(321

I = ry'T'[r - A(A'A)-lÂ']xn (33)

nhere I ìs a¡ N X N identity matrix and :, T. t and X al.e as defined.

previously.

Of the ma¡y proposed test criteria, the four major contenders are

Roy's (1953) la.rgest root criterion, 0, the Hotelling-Lawley

(Hoteuing, 1951r tawley, 1939) tïace criterion, U, I{i1k's (1932)

likelihoodl ratio, j\, and the pill-ai-Bartlett (Bartlett, 1931; pitlai,

1955) trace statistic, V. À,ccoïding to these fou¡ criÈeria, the multi-
variate hypothesis of no difference among tbe group meal¡ vectors is
rejected if

s
A= Ii

i--1

t-
o=t-t>eo,1s,m,n)'

u =,la Ài t uo(",*,.,) '

(l + l.)-¡ < 
^^.,-- 

.. .. , , a¡dr- 0 (u,vH,vE)

(34)

(3s)

(36)



s l.
V= X :--f=- >v

i=l 1+ Ài 'o(s,m,n) ' (37)

where À, is the largest characteristic xoot of the matrix product H€ t,

s = min[rank(B), rank(W)] = min(t, 'tr), v¡r = t, the hypothesis degrees

of freedom, n=.5(lu - tl -1), n=.5(vE-u-I), where vE =

N - rank(A) = N - J, the error degrees of freedom, eo1",ln,rr¡ i" th"
upper 1-o percentage point of the distribution of 0 r^'ith parameters s,

m, and n, U_ , , is the upper l-o percenÈage point of the disttibution' 0, (s,m,n)

of U v¡ith the same parameters' 
^o(u,v",v") 

is the lower 1-d' percentage

point of the disÈribution of .1\ vrith parametexs u, vH and vE, and

Va(s,m,n) is the upper l-ct Percêntage point of the distribution of v

!,rith païãmeters s, m, *d ,r. 13

Using Monte Carlo methods, Olson (1974) compared the TIT)e I erïor

rates and power of siJ( multivariate tests including Roy,s 0, the

Hotelling-La\^r1ey U, Wilkrs J\, and the pillai-Bartlett V, under varying

degrees of non-normality or population dispersion matrix hetetogeneity

for dj-fferent nunbers of dependent variables (K = 213,6,1O), treatnent

Ç-t a"" ."nk of the matrix lG-t is equal to one, that is, rlhen s =nin(t,u) = I, a1l muttivariaãè test critêria necessarily lead to
id.entical conclusions. When u is equaL to one (as ùr (29)), the
single root of IE-l is equal to the univariate F ratio; when t is
equal to one (aã-in (30) ), the single root of ¡æ-l is equal to
Hotellingrs (1931) one sample T2 statistic

r2 = r (r.¡_,r)i,w2 (w;Evr2) -rw2*

->
where x is the K x I grand mean vêctor with kth elenent, x. =
rJ'K
IX X ,,/N and N, J, wl and E aJ1e as d.efined previously...k -¿

( 38)
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groups (J = 2,3,6,10), equal group sample sizes (I = 5,1O,5O) andt

nominal significance levels (0, = .1Or .05, .OI). Results indicate¿l

that, in general, the I"IANOVA test criteria weïe robust to departures

from multivariate nonnality being only slightly more conservative and.

slightly less pok'erfu1 when cornpared .to their TIE)e I er.ror and power

characteristics r:¡der condiÈions of multivariate normality. However,

heterogeneity of covariance matrices proved to be a ¡nore serious

violation. While /I, U, and V were found to be robust to nil¿l degrees

of dispersj-on matrix heterogeneity, for moderate to large degrees of

heterogeneity, thê Type f error rates of all the test c.riteria becane

increasingly liberal accompaaied by a consistent increase i¡ power. U,

^ 
and particutarly 0 were pxone to excessively high Tlpê I error rates.

HoI^rever, increases in the Tlæe I effor rate of V tended to be much 1ess

severe. fn addition, the TlT)e I error rates for al1 criteïia, with the

exception of V. became more libeïal as the nuInbeï of dependent variables

increased and slightly more liberat as the nunber of groups increased.,

although the effecÈ on 
^ 

and U hrere modest. As the group sample size

increased, the Tlf)e I error ratês foï all Èest criteria ilecreased and

approached the nominal significance level. Olson (1974) concluded by

rej ectíng Roy's largest root criterion due to its high T14re I error

rates, recotrÍnending the Pillai-Bartlett trace clriterion, V, as t]:le most

robust of the MANOVA tests for general protection against depa.rtu.res

from no¡mality and homogeneity of population dispersion matrices. while

^' 
U, an¿l V are as!¡mptotically equivalent, according to Olson, as a

gener.al rrul-e of thunb' only when v" is aÈ least lou ti-nes larger Èhan

vH can 
^ 

a¡dl U be considered êqual to V.
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In sunmary, multivariate procedures can be used to arrive at tests

of the same hypotheses as those tested th_rough thê conventional uni-

variate approach without a¡y restriction as to the forn of I. Given

t'his demonstrateal flexibility of multivariate procedures, the question

arises as to why one should not uniformly adopt this procedure for

repeated observation experjrents. Ä.ccording to Cole and Grizzle (1966)

and Rouanet and Lepine (f97O), the general use of multivariate a¡alysis

cannot be recouunended. as there are costs to such a procedurê in addlition

to the increased ¿lifficutty of calculation (a problen virtually non-

exj-stent given the advent of high speed computers). One liability of

the multivariate procedure is its potential lack of sensitivity vrhen

compared to univariaÈe techniques. While both procedures are aslmptoti-

cally equivalent (Danford, Hughes & McNee, 1960), foï sample sizes less

than inf i-nity, if the univariate assumÞtions concerning X axe met, the

convent.ional r¡nivariate ANOVA is more I)o&rerful than the multivariate

test. In general, larhen the model assunptions a¡e ¡,¡eakened, a loss of

power rdill follow par.ticularly when K is large relative to N (Ifecall e

Appelbaum, 1973).

In addition, because the rank(E) = rnin(v", u), to test any

hypothesis -of the form given in (27.) ..it is necessar¡r that the eÛor-, -

degirees of freedom (N-J) be equal to or greate.lc u i¡r order tlat E be

nonsingular. In the event tbat N-J < u, E is a sjl¡glrlar matrjx !¡ith no

inverse, E-1, which is necessary ,ot "o*ia"aron of the matrix prod.uct

HE-l. a"lorairrg to creenhouse and ceisser (1959), u¡der such condi-

tions, adjusted u¡rivariate procedures are also not applicaltrle as their

computation is based on the elefûents of a singular population or sample

variance-covarìance matr-ix. Thus, hrhen N-,f < u, only the conve¡¡tional

and conservative F-.tests may be computed.
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comparisòns of Analysis strategies

Using Monte carlo methods, Coltier et a1. (1967) investigated the

effects of warying degrees of X nonuniforrnity (.45 < e < I.0O) on the

empirical TIT)e I error rates of the conventional, conservative, e-

a¿ljusted and â-adjusted tests of the Ìlrithin subj ects h14>otheses in the

treatments x occasions design (J = 3, K = 4). For varying nominal

sígnificance levels (g = .LO, .O5, .025, .01) and treatment group or

block sizes (I = 5,15), results inclicated that for atl 15 conditions

of nonuniformity investigatê¿l, the enpirical rates of Tfæe I ercror for

the conventional F tests rarere equal to or greater than theiï nominal

values with the magnitude of this discrepancy increasing with decïeases

in the value of e. For c¿ = .10, thê empirical estimates attained a

maxi]lllnn value of .15, r+hile for û = .O5, .O25;-and -OI, the ¡naxjmr¡n

rates of Type I error were .11, .07, and -06, respectively_ In

contrast, the empirical estirrìates of the conservative tests were

markedly less tÌ¡a¡r their associated nominal values except when e was

close to its lower bountl indicating extremely nonr:níform f,rs. For tests

with d.f. reduced by e, the Tft)e I error raÈes krere very close to the

nominal values. Si:nilarly, the obtained sj.zes for the â-actjusted tests

agreed well with their nominal significance levels, especially when e

: -74- For those cond.itions characterized by highly homogeneous I's

(e > .9O), the ernpirical estilnates were consistently lower than the

nominal size. Based on these results, Collier êt al. (1967) reconsnended

that when thê assunptions of the univariate modeL are suspect, tests of

the within subj ects hypotheses should be conducted by refe.rrring the

usual univariate F raÈios to tt¡e f' distrilcution with d.f . reducecl by ê.
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The relative robustness of the â-adjusted and õ*adjustedl F tests

of the lr'íthin subjects hypotheses in a sj_rnp1e repeated measures design

(K = 5) to varyì-ng degrees of X nonuniforrnity (.36 < e ( I.OO) was

examined by Huynh and !'el¿lt (1976). For varyj-ng nominal significance

levels (cr = .10r .O5r .025, .01), results indicated that for retatively

sma1l values of e ie < .25) or v¡tlen the number of subjects v¡as large
(N = 15-20), the â-acljusted test provided better control of TlÞe I
errors. However, for large values of e (e > .75). tests s,ith al.f.

adjusted -by è maintained the empiricar estirates croser to the nominal

values and, moreover, were 1ess dependent on the size of the saInple,

performing rrell even !¡hen the sample size was only twice the number of

1eve1s of K. Based on the belief that the condition of e > .75 best

typifies educationá1 and psychological research, Huynh and Feldt (1976)

recommended the use of è-adjusted tests in the presence of suspected I
nonuniformity.

Noe (Note 1) obtaine¿l enpirical rates of T)æe f erïor for four

nominal significance 1evels (o = .10, .05, .O25, .01) for the conven_

tional, conservative, and multivariate tests (one samI)te Hote11ùrg,s

(1931) T2 and Rao¡s (1952) F approxjiûation to 
^) 

in the tneatments x

occasions design (.1 = 3, K= 4, f = 15) when I nonuniforrnity (.45 < e

< 1.00) and equality of the X.'s (j = 1,...,J) wås violated jointly or

separately. As expected, the multivariate tests of the !,¡ithin subjects

effects and the conventional test of the betÌ¡een subjects effect we.re

unaffected by X nonr:niformity, consistently controlling the rate of

Type I error aÈ or slightly belolr' the nominal significance levels.

However, for a given value of e, the conventiönal tests of both !¿ithj-l¡

subj ects effects apprcoxinately equally o.r.r"=-ti-utu¿ the nonj-na1
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significance levels with the degree of libe.ralness increasing krith

decreases ijr¡ the value of e. While the Type I error rates of the

conservative tests of these effects also increased as the value of e

decreased, even for the smallest values of e, the estiJnates rerained

below the no¡ninal significance levels, especially for the interaction

test.

Viotation of the assunption of equality of the X. rs for all levels

of the betlreen factor J in the pïesênce of X uniformity led to biased

ratès of TIT)e I exror for afl the tests investigated rrith the effect

being largest for tests of interaction effects and decreasing for the

conventional test of treatment- effects and fuïther foï-tests of.the

occasions effect. When treatment group sizes were equal, the Tlæe

I error rates of all three conventional tests and the multivariate tests

of occasions and interaction effects were slightly libe¡a1. However,

for unequal group sizesf this bias was more severe. \'ith its dirêcÈion

depending on the pairing of the rmequaL sample sizes and the unequal

X='s. When the unequaÌ sample sizes were directly paired with unequal-l
X,'s, ttrat is, when a feh¡er number of observations were sampled from ã
-J
population h'ith the smaller X., all conventional and multivariat.e tests

were conservative. Fox indirect pairings of u¡equal sample sizes and

unequal X.rsf thaÈ is, when a few number of observations were sarnpled
-J

from a population wiÈh the lar.ger. Xj, atl conventional a¡d multivariate

tests proved to be liberal with empirÌcal rates of Ttæe I error
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exceeding the nominat ',r.I.r.".14 Rega-rdless of the distribution of the

sample sízes, the conservative tests of the within subjects htpotheses

maintained their conservative nature.

When the assumptions of uniforrnity and conmon population 
!i'" ,.r.

sjÍultaneously viotated, as the value of e decrease¿l, the bias in the

Type I error rates of the conventionaÌ and conseLvative tests of the

within subjects effects became increasiagJ-y larger than those present

when only the assurnption of comnon population 
13'r 

r.r violated.

However, because the conventional test of the between subjects factor

and the multiva¡iate tests of thê h'ithin subj ects factors a¡e not

dependent on thê form of X, sì:nultaneous violaÈion of both assumptions

produced results identical to those where only the assumption of coIlûnon

population X.'s t¿as violated. Noe (Note t) thus concluded that while-l
there is little diffêrence in the Type I error protection afforded by

the conventional and multivariate tests of thê within subjects effects

when only the assurption of common Ii'" i= viotated, when botÌ¡ assump-

tions axe violated, the multivariate tests a.re clearly superior.

The por¡/er of the univariate conseryative I' test and a multivariate

technique (Hotellingt s (1931) T2) was compared by Davidson (L972) for a

simple repêated measures design (K = 3,6)- The relative po!¡er of the

Èwo tesÈs v¡as found to be dependent on (a) the totat sample size, (b)

I4rj-it"t results were reported by lto and Schull (1964) investigãting
the robustnêss of Hotelling's (1951) U to unequal f¡'s in the presence

of equal sample sizes and Ito (1969) examini,ng the robust¡ess of
Hotelling's (l-951) U and I{ilkrs (f932) 

^ 
to direct and indirect

pairings of unequal sample sizes and unequal X.ts.
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t.he degree to which ¡ was nonuniform, and (c) when X was nonuniform,

Èhe nature of the alter.native hypothesis. When t was uniform, the

conservative test pxoved to be less sensitive tha¡ the multivariate

'test with the power of the multivarciate test increasing with increases

in the total sampre size. when x was substantially nonuniform and when

thê levels of the repeated factor courd be divided into two sets Írith

the data being perfectly correlated !,,ithin each set and 1êss v¡ell

correlated betvreen sets, the conservative tesÈ hras somewhat. more

powerful than the multivariate test_ However, r:¡der similar conditions

of nonu¡iformity, only the nultivaïiate èest v¡as sensitj-ve to small,

ïe1iable differences betu'een highly correrated measurement occasions

when other less correlated conditions were presenti under such condi-

tions, the conservative test \,ras relatively powerless. Because arr

often-stated advantage of the repeated measu-res design is its ability

to detect gnatl but relíable differences (Myers, 1966), Davidson (1972)

recor¡snended that, when the form of X is not known in advance, uulti-

variate tests are the method of choice.

Unfortunately, the najoïity of Davidson.s (1972) conclusions con-

cerning the relative pov¡er of univariate a¡¡d multiva¡iate tests a_re

based on the conservative adjustnent of the u¡ivariate test. while

Davidson (1972) did describe a form of the univariate Èest based on a

saÌnple estìrate of e and acknowledge¿t that iÈ is a less conservative

and apparently more successful procedure for esti¡oating the appropriate

correction factor, he nevertheless derived his power tables using the

most conservative walue of e. Given the extre¡eIy conservative nature

of such tests, iÈ would seem that the power of univariate tests with



d.f . adjusted by a sample value of e h¡ould be 1arger than that of the

conservative test and ra'ou1d colnpare more favorably to the multivariate

test (wÍIson, 1975).

Using a sijnple repeated measures clesign, Stoloff (1970) compared

the effect of varying degrees of t nonuniformity (.54 < e < .99) on the

Tl¡I)e I erxor rates and poÌver of the conventional, conservative, e-

adjusted, â-adjusteil and multivariaÈe (T2) tests for varying nominal

significance levêls (g = .O5, .01), number of measurenent occasior¡s

(K = 3,5) and total sample size (for K = 3, N : 4,6,1O,15; for K = 5,

N = 617,t0,15). vtith respect to Type I errors, the obtaíned results

were siinilar to those reported. by Coltier, et at. (1967) and-Noe (Note-

1). Thus, as the degree of X nonuniformity increased, the conventionåI

F test became increasingly liberat while the empirical estiinates of the

conservative test ïemaj-r¡ed consistently less than the no¡oinal values

only providing a relatively unbiased test when e approached its loweï

bound of (r-t¡-t. Both the e-adjusteit and â-adjusted tests consistently

maíntained the rate of Tl4re I error close to the 1eve1s of significarce

rdith the â-adjusted procedure shohring a slight negative bias under

conditions of minj¡nat X nonuniformity- The enpirical êstjratês of the

multivariate tests were found to be similar to those associated with

the ê-adjusted tests with rates of TlT)e I error close to the nominal

sizes u¡¡der conditions of I nonuniformity. For all tests of the null

hypothesis, increasing the nunber of measurement occasions led to

slight increasês in the rate of TfT)e I error whil-e i¡creasing the total

sample size resulted in negligible effects for all tests except the

conventional F test which shor¡'ed a decrêase in bias.
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with resl)ect to sensitivity, when e = 1.O0r the conyentional and

e-adjusted tests Í¡ere generar-r-y found to be most pohre.rfur, followed by

the e-adjusted, the conservative. and the multivariate test, in
decreasang order. - lfhen X was nonuniform, the powet of the apptoxi_

mate tesÈs usil¡g the F distribution (i.e.. conservative, e_adjuste¿l and

ê-adjusted tests) incïeased ¡,¡ìth decreases j.ì the vatue of e and

approached that of the conventional F test. Thus, the various correc-

tion procedures effectively maintained relatively high levels of power

even thor¡gh a curtaitmenÈ in the ¿1.f. resulted whe¡r x was not uniform.

Mendoza, Nicelvander and Toothaker (1974) errtended the woxk of
StoLoff {1970) to the treatnents X occasions design-.(J-= 3; K = 4,

I = 9) comparing thê sensitivity and Type I error rates of the conven_

tional, conservative, e-adjusted, â-adjusteil and multivariate tests (T2

and Royrs (1953) 0) for varying degrees of X nonuniformity (.54 < e <

1.OO) and/or varyiag population shapes (normal, chi-squared (X2) v¿ith

3 d.f.)- Results indicated that the â-adjustecr and murtiva¡iate tests
of the withi-n subj ects effects !'¡ere the most robust tests Ìvhen subjected

to violation of the assunption of X r:aiforrnity and/or normality. l,lhite

the conventional tests had cornparable pol,t¡er to these Èests, they also

had liberal Type f error rates. SjmiLarly, although the conservative

Èests consistently naintained thê raÈe of T¡çre r e:ror below the nominal

15n"""11 that Ðavidson (tgzz) tor¡¡r¿-the po''el of the Ðultivariate test
to be superior Èo that of the conserwative test when X ¡^,as r¡¡iform.
This discrepanqy in results is most 1ikely due to the-diffeïent sa¡upte
sizes used in Èhe dlÌfferent. in\¡estigations. For all tlrt)es of mean.: _.:
differênces investigaÈed only h'hen N was greatel tha¡ approximatety
K + 6 ¿li¿t Davidson report the multivariate test to be uniformly rnoie
powerful than the conservative test. Ho¡,rever, in the rnajority of
conditions investigated by Stoloff-(197o) N was 1ess tha¡ K + 6. As
Ðavidson (1972) poj¡rts out, the power of the multiva-riate test d_rops
rapidlly as N nears K.
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size, these tests wexe less powerful than either the â_actjustecl or
multivariate tests.

No uniform rule could be stated for choosing beÈween the ê-
adjuste¿l tests and theit multivarìate èounterparts. For both slall
and larger popuration mea¡ differènces; whir-e the murtivariate test of
the occasion effect was, on the average., more pohrerful, it also made

more T!4)e I êrrors, especially w}.en sampling from the skevreil distribu_
tion. The multivariate test of the interàction effect was found to be

a function of not only the size of the poputation mea¡ differences but
also of t. Morêoverr. given certain Xrs, Èhe poÌ¡e:r: of the multivariate
test dec]eased rdith increases in tl¡e popul"+i"" meal differences,
resulting in a less sensitive test of effects tha¡ the coffespondilg

ê-adjusted test. !¡hile this result is counte.r-il¡tuitive, ¡{endoza, et.

aL. (1974) denonstrated that because the l)Õwer of th.e muftiva_riate

interaction test is a function of the variance-covariance natrix, theiï
empirical power data is consonant L,ith theoretical expectation.

Necessary an¿l sufficient conditions for Valid

F' Ratlos i_r¡ Repeatêd Measurés, Designs

As noted previously, the traditionauy stated assumpÈion of uni-
formity and equality of the ¡jrs are sufficient but not necessary

conditions for valid within subj ects F ratios. in rrepeated measures

designs. Rather, these ratios .re e*actty dist¡ibuted as F variates
under more genera.l qonditions, refeffed to as circularity, of which

uniformiÈy andl equality of the ¡.rs tepresent a specific case (¡{endoza,

Toothaker & Crain, 1926, Rouanet e Lepine, 19ZO).
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The following definitions are pertinent to the presentation of

the circularity assumption

À contrast bet\.veen leve1s of the repeated factor (s) is a vector

c whose t components sum to zero, where t is the total nunber of

repeated factor(s) leve1s in the design. The standard deviation or
+ -r++norn of a contrast c is equal to (crc)'; a standardized contrast is

a co¡trasÈ of norm 1.

A t X p matrix is referred to âs a contrast matrix, C, if its p

coluInn vectors are contrasts. If the p colunns are pairwise ortho-

gonal, C is said to be p-orthogonal and p-oxthonormal if, in addition,

each coh¡nn of C is standardized. Thus, a p-orthonormal contrasÈ

matrix, C, with order t X p is of the general form

(39)

(40)

where I is a p x p identity matrix.
-p

A comparison a]nong repeated factor(s) Ievels associated with a

t x p contxast matrix is defined as the vector space spanned by Èhe p

contrasÈs of this matrix where p is the degrees of freedom of the

.+
where c, = (i(i+1))', i = 1,...,p (Mendoza, Toothaker & Crai¡, Note 2).

a

Note that a matxix of this form satj-sfies the equaliÈy

c'c = r-p
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comparison. Thus, the contrast matr* is said to repxesent the

associated comparison. fndeed, evêry comparison L'ith p degrees of

freedom can be represented by a contrast matrix of rank p and more

speeifically by a .p-orthonormal contrast matïix.

According to Rouanet and têpine (1970), there are three general

tlT)es of comparisons. A compaïison with one d.f . and thus replresented

by a single contrast is referred to as a unidi-rnensional comparison.

Partial comparisons, on the other hand, are those comparisons with p

d.f. tthere p < t-1. Finauy, if p = ¡-1, the comtr)a-rison is caIled

overall. There is onl-y one overall comparison since all contrast

matrices of rank t-L span the same vector space. Furthet, every

comparison whether unidimensional or partial is a subcompaTison of the

overall comparison.

Given these definitions, consider the sijnple lrepeated measures

desj-gn Í,rhere the N observation vectors, Ì., "t" a rar¡d.om safiple from a
L

K-dj:nensional normal distribution with mean vector f, and. wariance-

covaria¡rce matrix X. Àccording to Rouanet and Lepine (1970), thê F

ratio

ssK/ (K-1)
(41)F=

K ssNK/{K-l) (N-r)

wil1 be valid if and only if the following three conditions ho3.d:

(a) SSx is ¿listributed as a X2 variable with (K-1)

degrees of freedorn (central r:nder the nu1l

h¡4>othesis and noncentral under the alternative) t

(b) SSNK is distributed as a central X2 ¡¡ith (K-l)

(N:I) degrèês of fr.eedon; and
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(c) SS__ and SS-___ are independently d.istributed.KNK
condition (c) is an i:mnediate consequence ot Ì: n, IN(t, X).a-

However, in order for conditions (a) and (b) to be satisfied, some

constraints must be placed on the elements of I. Specifically,

conalitions (a) antl (b) are true if and onLy if

9'I9 = o'Irx-u , (42)

r"*rere C is a K X (K-1) orthonormal contrast matrix of the for¡¡ given i-n

(39) representing the cornparison of interest, in this case, the.K main

effect, and.o2 is a scalar ntlnber rdhere o2 > O. Thus, F-- has an exact'K

F distribution if and only if the K-I standardized contrasts between

. the elenents of X as defined þ the coefficienÈs of C are jl¡dependent

. a-n¿l equaHy variable. A variance-covariance matrix satisfyilg this

condition.is said'to satisfy the .circularity assumption,fox thê

particular comparison represented by C. For example, consider the

si-TnI)le repeaèed. measures ¿lesign (K = 3).

ñ.o o.s 1.s-ltt
X = I o.s 3-o 2-5 I-tt

[_1. s 2.s u.o J
Clearly,. this matrj:: is not uniform. However, the test of the within

subjects main effect represented by the orthonormal contrast Irlatrix

7-ro, .4osl

e= l-'"' ''*I
L 0 -.8111

is vali¿l ås CIXC = (1.5)I.
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For the treatment.s X occasions design, the within subjects F

ratios (see Table 2) are distributed. exactly as F vaniates if and only

if

(a) ssK is distr.ibuted as a X2 variable with (K-1)

degrees of freedom (central under the null

hypothesis);

(b) SSJK is distributed as a cêntral X2 with

(J-1) (K-1) degrees of freedomt

(c) ato(") is distributed as a central X2 wíth

J(r-I) (K-1) degrees of freedomr and

(d) ssK an¿l ssxs (,r) an¿l SSJK and ssKs O) arce

independently distributed.

Again, ra'hile condition (dt) is imne¿tiat.e1y satisfiea ¡y Ì:- ^, IN(il., X),- .rl 7

additional constraints must be placed on the elenents of the X.'s
-l

(j = 1,...,J) in orcder to satisfy conditions (a) - (c). Specifically,

conditions (a) - (c) are tTue if antl only if

9'L9 = 9'lz9 = I'Ir9= o'I(*-r)

9'l:9 = o'l¡r-r)' j = r""'r'

(43 )

(4A',)

where C is ttle contrast matrix representing the overall comparison among the

K occasions *d I (r_f) and 02 are as defined. previously. Thus r F* a¡d FJK

have exact F distril¡utions if and only if for each 1evel of the betrdeen

subjects factor J, the K-t standardized contrasts between thê elements

of X. as defined by the coefficients of C are indeper¡dent a¡d equally
-l

variable. Further, this variability must be constant for all levels of

J. variance-covariance matrices satisfying this condition are said to

satisfy the circuLarity property for the specific comparison represenÈed



39

by 9. Note that for. this design, there is a single circularity assump_

tion necessary for the validity of both within subjects F ratios. This

situation occurs because, while F" *d FO have different degrees of

freedom (see Table 2), both j-nvolve the saInê number of degrees of free-

don (i.e., (K-l)) among the levels of the repeated factor.

Mendoza, et al. (1976) subdivide tÌ€ concept of circularity into

overall and 1ocal cj,rcutarity. According to Mendoza, et aI. (1926),

when tlre contrast matrix in equations (42) - (44,) represents the overal:L

comparison of the total number of repeated measuïes, the assumption of

overall circularity is satisfied.l6 Local cj-ïculaxity, on the otber

hand, is satlsfied if c is a contrast matrix representing any comparison

of interest other than the overall ccmparison. If the assumptíon of

overall circurarity is satisfietl, then locar circularity is necessarily

satisfied for any su.bcomparison. The ïeverse, however, ís not the case.

Thus, it is possible for variance- covari a¡ce matrices to satisry the

loca1 circularity property for a given comparison vJhile, at tÏ¡e sane

time, fail to satisfy the circulariq¡ property foï a different comparison

or for the overall comparison. This fact is not apparent from an exann_in-

ation of the treatments X occasions design as the circulariÈy assullE)tion

pertaining to both within subjects F ratios involves the overall contjast

matrix and hence the overall circulariþr assumption. Hov¡ever, consider

tA-"As Mendoza, et al. ( I.Iote 2) demonstïate, the 'concept of overall
circularity is equivalent to Huynh and Feldtrs (1970) IlT)e H matrix.
According to Huynh and Fetdt (Ì9?O), in order for within subjects F
ratios in a treatments X occasions design to be val.id, the I..s
(j = I,.-.rj) must be Type H matïices where all possible differences
beÈvreen ttre 1eveIs of the repeated factor are equally variable.



40

a J X K X L factorial design where there are repeated observations on

factors K anal L. In order for the overall circularity assumpÈion to be

satisfied

9'It9 = o'l(*-r), j = r,..-,,1 (4s)

where C is a KL X (Kf.-I) orthonormal contrast matïix representing tåe

overall comparison among the.Kl repeated measures and X. is the KI x KL
-J

varia¡ce-covariance matrix associated with group j. However. the

necessary and sufficient con¿ition for 4. to be exactly distributecl asl(

an F variate is

9'x-19 = o'J(*-r) , j - L,---,r (46)

where C is a KL X (K-1) orthonormal contrast matrj-x ïepresenting the

comparison among the levels of the repeated factor K. Ttrus, it is

possible for a given design to contain bo th valid and invalid I' ratios-

Table 5 presents a partial ÀNOVA suiìroary taljle for the J X K X f-

design and the necessa-ry and sufficient conditions for tl¡e validity of

each \,ri thin subjects F ratio- Note that foï each of the three sets of

witàin su.bject effects tested with a common error term, there is a

single cormnon circularity assumption necessary Èo yiel¿l valid I' ratios

while for effects tested r^7ith different error terms, the vali¿ity of

the F ratios rest on different circularity assumptions.

Relationship of overall circutarity and uniformity, According to

Rouanet and Lepine (1970), the property of u¡i formity irnpties the

propêrty of overall circularity. Therefore, if t is uniform and o** is

the cornmon val-ue of thê variances and O*r ,klk I, the conmon va lue of tl¡e

covariances, the overall circularity assumption is satisfied, r¡ith its

scå1ar equáI1ing okk - otL,. The converse, nJr..r.t, is not true:
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overall circularity does not inply uniformity. The uniformity assump-

tion âmounts to placing L[ (p+I) (p+2)] - 2 linear constraints among the

variances and covariances of X as compared to L[p(p+l) ] - 1 for the

oveïall circularity prop"tty.IT Thus, an F test of a comparison, in

thi-s case, the overall comparison can be valid even when t-tle unifornrity

assumption is not met.

In addition, Rouanet ârld Iêpine (1970) state tl" at when the overall

circularity is satisfied, e cân be sho\¡.rn to be equat to unit!¡ wittr its

value decreasing with increases in the degree of over.all noncircularity

"f ì. thus, the correction factor e is an índex of departure from the

overall circularity assumption. fhis fact is most imporiant in reinter-

preting the reported investigations in light of the less restrictive

as sumption of circuÌarity. Because these studies used e âs art index of

the degree of X nonunifornity, their obtained results are releva¡t to

an investigation of the effect of violating overall circularity on the

various data-analytic strategies for repeated measures designs and, as

before, yield no uniform rule as to a choice atrIong the alternative test

procedures when overall circularity is not satisfied.

Tests for Circularity

Traditionalty, satisfaction of the assrrmptjons of repeated mea-

sures designs has been judged by evaluating departures from tlle

unifornriÈy assumption, that is, departures from homogeneity of variance

ì;-*'Note that for single degree of freed.om tests, the number of linea¡
constraints placêd on t by the overall circularity assum¡rtion i,s
equal to zero and the ãssumption is therefore trivially satisfied.

OF MANITOBA
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and homogeneity of covariance in the sample covariance matrix (e.9.,

Box, 1949, 1950). However, uniformity constitutes a sufficient but not

a necessary condition for valid F ratios ín repêated measures designs.

Rather, the necessary and sufficient condition is the satisfaction of

the circularity assumption. According to Huynh and Feldt (1970), a

statistic which bears more precisely on t-his assumption is trfauchly's

(1940) sphericity criterion, 'r'i, h,hi ch tests the hypothesis of independ-

ence and homoscedasticity of multivariate nornal random .variables .

Thus, for the sinple repeated measures desiga with K repeated measure-

ments, üI tests the hypothesis that

Ho, g'!g = ott_. (47')

Letting S denote the unbiased sample variance-covariance matrix, then

the value of W is given by

v{ = lc'scl,/ttI(c'sc)/plp , ( 48)

wherê rtrr is the trace operator and p equals tlle ra¡rk of C, in thj-s

case, (K-1). Under the null hypothesis, assuming multivariate normatity,

if I is large and I > K, the statistic

Xt = -S1 InW G9l

where Sl = I-1 and ln represents the natural logarithm is approximately

distributed as a central X2 variable with d.f. equal to tp(p+f l,zZ j - I

and is exact when p-= 2. When I is small, a better approximation is

obtained by mulliplying st by the correction Èerm, d, \^'here

d = 1- 'í. (2p2 + p + 2),z6psrJ (s0 )

According to Rouanet_ and lepine (1970), because this correction always

tends to be conservative and ma'y not be small, its use should generally



be recommended as a routine procedure. Thus, to test ttre circularity

hypothesis in (47), the test statistic is given by

XI = -s1d ln Vl (51)

For dêsigns involving betrreen subj ects factor(s), the circularity

assumption is tested in tlro stages (Mendoza, et al., Nc,te 2). For

example, for the tïeatments X occasions design, to test the circularity

hypothesis

Ho' 9'!r9 = 9'Iz9 = '" -,= 9'ì,r9 - o': ,

the hypothesis

Hor' 9'L9 = 9'Iz9 = 9'I"9: I
is first tested. If HOl is not rejected, the hypothesis

Ho2' g'19 = o':

(52)

(s3)

(s4)

is then tested. If both HO1 "rd HO2 "r. not rejected, ther¡ HO is not

rejected and the circularity assumption is assuned .satisfied. However,

if either HOl ot HO2 are rejected, then HO is rej ected indicating a

violation of the assunption of circularity.

To test the first requirement (IiOI) that the varciance-covariance

matrix of the p standardized. contrasts is constant for each level of the

between subject factor J, Box's (1949) mulÈivaxiate analog'ue to Bartlettrs

(1937) homogeneity of variance test can be enployed (Huynh & FeldÈ, 1970).

If S- is the unbiased sample variance-covariance matrix corresponding to-l
group j and S is the pooled sample variance-cowa¡iance matïix, thên the

value of Boxrs (1949) heteroscedasticity criterion, I'I, is given by

M = (N-,; r,' lg'ggl - (r-r) .i. i" lg,grgl
j=1

(ss)
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Under the nul1 hypothesis, assuming multiyariate normality. and when

I > K, the statistic

>a=M/b, (s6)

is approximately distributeil as an F yariable with v, and v, degrees of

freedom vrhere

vt = - s[ tr-l)p þ+r)] ,

v2 = (v1 + 2)/(92- of), ana

b = ur,/11 - 01 - (v1,/v2) I $¡"iÈh

^ _ (2p2 + 3p - I) (J+t)or = -ËÇ,+rlft;- -''a

(s7)

(s8)

(s9)

( 60)

0, = [(r-r) (p+2t @2 + r + 1)],/6r1sí .18 (61)

If the Box (1949) têsÈ does not lêad to rejection ot 
"Or, 

Mauchly's

(1940) sphericity criterion, as applied to the pooled va-riance-

covariance matrix, may be used to test the second reguirement given in

(54). Thus, the value of the test staÈistic, xr, is given by

x2 = -s2¿l ln v¡ (621

where S, = N-J,

cl= 1- [(zp2 + p + 2]/6psrJ, (63)

W is defined prewiously and X2 is a central ¡2 waria]:Ie with d.f . =

[p (p+1),/2 ] - 1.

1c"the r approximation is presented here rather tha-n the X 
2 

- 
approxi-uration

as, according to Box (1950), when p < 6 and J < 6, the X' approxima-
tion is reasonable on1y when I > 20. However.-when I is soall and/or
J or p are larger than six, a more precise approximation is obtained
by using the F distribution.
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civen these mêthods for testing the citcularity assunption cor-

responding to a given comparisonj Rouanet. and Lepine (1970) have

s.qggestêd that these tests be used as prelininary tests with their

outcomes forming a base for a decision among the va¡ious potential

data-analytic strategies. Thus, if tesÈs for circularity suggest that

t does satisfy the circcularity assumption for a given comparison. the

F ratio of the conventional ANoVA can be assumeil walicl and provides

the most polrrerful tesÈ of the null- trypothesis. Hor,irever, if the

circularity hypothesis is rejected, the conventional F ratio is not

valial and. one should adopt an aaljusted univariatê teclrnique or a

multivariate technique to analyze.the data.

HoÌvever, according to Mendoza, et aI. (Note 2) and Rouanet and

tepine (1970), there arce several proble¡s with such a strategS/. First,

when one is worki¡g in a siÈuation where I < K, circula-rity tests are

not applica-ble as their calculation ìs based on the eleruents of a

singular sample wariance-covariance matrix. Secondly, ¡nd of most

jrportance, is the fact that very little is known al¡out these tests.

!ùhile Boxts (1949) hete.roscedasticiÈy criterion has been shov¡n to be

highly sensitive to departr:¡es from multivariate normality (Hopkins e

C1ay, 1963; Korin, 1972; Olson, 1974), the robustness of .ItauchJ-y I s

(1940) sphericity criterion to such as asslrrpt.ion violation is not

known. Moreover, the usefulness of circularity tests in choosiag

betÌ.,een subsequent a-nalysis strategies tras not been investigated. As

Rouanet al¡d Lepine (I97O) have noted, preljiûilla-ry tests may be too

pok¡erful detecting assrmption departures of little consequence to the

rwould-ber subsèquent analysis or not por.'erfu1 enough failing to detect

violations of serious consequences. In fact, Mendoza, et aI. (Note 2)
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suggest that if one suspects that the circularity assumption is not

met, a technique such as the three-stage approach described by cïeen-

house and ceisser (1959) night be used in lieu of a test for eircularity

to decide upon an analysis strategy.

. The purpose of the proposed research, therefore, was to investí-

gate the operating characteristics of tests for circulariÈy, repeated

measures mean equality tests and. warious sequential testing procedures

r,r'here the chosen mean equality test is based on the outcomê of the

preliminary test for circulariÈy. For all intlividual tests and testing

sequences, empiricaÌ esti:nates of Tl4>e I error and power $rere determined

lvhen violating the assunptions of normality, circula-rity, and multi-

variate homoscedasticity (I_, = X, j = Ir...,J). The four sequential
-J

testing strategies examined were: (a) using the conservative F test

following a significant test for circularity or using the conveational

¡' test follovring a nonsignificanÈ test for circutarity, (b) usj¡g the

ê-adjusted F test follor,rring a significant test for circularity ox usirlg

the conventional F test following a nonsignificant test for circularity,

(c) using the ã-adjustetl F test following a significant èest for

circularity or using the conventional !' test following a nonsignificant

têst for circularity, antl (dl) using a muttivarj-ate test following a

significant test for circularity or usiag the conventional tesË

follovrir¡g a nonsignificant test for circularity. The ernpirical estimates

obÈaineal from the sequential straÈegies !'¡ere compared to the estimaÈes

obtained when each of the proposed test procedutes was uniformly adopted.

Finally, follo\,ring the reconEoendation of Mendoza, et aI. (Note 2), t};.e
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empirical estimates of the unifornity adopted test procedures and the

sequential test.ing strategies were compareil to the T)rpe I error rates

and power of the three stage approach due to Greenhouse and Geisse¡

(19s9).
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METHOD

Design

The experirêntar design si:nulated in the present research was the three

factor mixed model design schernatized in Table 1 and representecl by the

univariate linear mod.el given in (l) or the multivariate linêar model

given in (25). To afford conpaïability with previous investigations

(e.9., Collier, et al., 1967 ¡ Mendoza, et al., 1974, Noe, Note l), the

number of leve1s of the between subjects or tïeatment factor J IÀras set

equal to three and the number of 1evels of the within subjects or

occasion factor K was set equal to four.

Data Generation

In order to obtafu¡ the enpirical results, a computer program was

written to generate a pseudorandom vector Tl . = [*ijf, *ijr,..., *r¡*l

approximating a K-variate normal distribution with mean vector frl =
J

[Ur, Ur,..., UK] and. variance-covariance matrix X.. According to Schuer

and Stoller (1966), generation of such a vector first requires

generation of a pseudoraJ¡dom vector à:. = tr..-r-J - :-J!' z ii2' " "2 "*l where

each Z.-,_ is äpproxjnately independently alil normally alistributed withrlK
mean zero a¡d. variance one (i.e., ,ijk i= a pseudorandom urtit normal

deviate). upon determination ot Z: ., T: . "..r then be obtained from thetl l-J

relatj"onship

++->X.. = U. + LZ..t-l -t - al (64)

$/here L is a lower triangular rnatrix satisfying the equality !: = *'
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this triangular decomposition of X. is known by various names such as

the Cholesky factorization and tìre squaÏe root method (Harman, 19671 .

Pseudoranddn unit nornal deviates h,ere generated by tbe procedure

due to ¡.larsaglia, Macl,aren and Bray (f964). Tr, 
""= then obtained frcom

the relationship stated in (64).

In order to assess the effects of non-normality, a pseudorandom

vector T1 . = t"ijf, tr¡r,-.., 
"rj*l 

approximating a K-variate sker,¡ed

¿listxibution with mean .r."tot fr: = I¡t.,, p",...,UK] and variance-
JLZ

covariance matrix X. was also generatêd according to a procedure similar-l
to that outlined above. Again, to al1ow comparability wit]l prior

research ( lendoza, et a1., 1974), the skewed .distribution was derived

from a X2 clistribution with 3 d.f . and. hence moments Ui = 3, V2: Õ2 = 6,

V3 = 24' V4 = 252, a skewness Íìeasure yl = 1.63 and a kurtosis measure

\Z= 4. Using the relationship

_.2

" (n) a

(66)

n
t

i=I
(65)

the pseudorandom X2 variates were generãted by summing the squares of

three pseudorandom unit nornal deviates. By subtracting lhree ftom eacb

X2 variate and then rnultiplying each by /O vrhere o2 = 6, each ¡2
variate v¡as standardized to mean zero and va¡iance one. Fina11y, using

the same pTocedure as rr'as used for the normal distribution,

++-t
"ij = uj * !"i¡ ,

where z. . is a 1 X K vector of standardized pseudorandom skewed valriatesLl
-t

and U. and L are as defined previously.
J-

Table 6 presents a sche¡natic of the six general condítions si¡lulated

for both the normal and skewed distributions in ordeE to assess the



Ta.ble 6

Schematic of Simulated Conditions

Not Possible

g'!g = o":

g'lg t g"

c'Lc I o2t

l¡=I'

c'Xc = o2t
t- -4,/.,/

J = Lt...'J .
\ \

g'ag t o':

c'Xc = o2t

(3)

^rl' ^ - 
Fv t¿.V - ta,- -)-

c'L-c I L,
- -l-

(4)

(s)

I = r.-..,.J
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single and combined effects of violation of the assu¡nptions of multi_

variate homoscedas tici ty and circularity. Note tl¡at the conditions

presented in Tab1e 6 do not represent a completely crossed design as it

is impossible for the assrmption 
"f g'I¡9 = I, j = 1,.__,J ro be viotated

\ahen the assumption of muttivariate homos cedasticity is satisfied.

A modified form of Box's (1949) heteroscedasticitf¡ criterion was

used to quantify the degree of depaxture from tl¡e assumption of nulti_

variate homoscedastici ty. According to Box (1949), when saml)le sizes

are equal, the probability that a set of J K X K sa.nrple variance-

covariance matrices, gf, !2,...,!.f, originate from a common population

variance-covariance matrix can be obtã.ined f¡oÛI the explîession ..

J
Mt = (N-r) r" lfl - ,t-t, 

,r=, 
r" l_sjl or

J 
(671

M1 = (r-1) (.r . ln lgl - 
,r=rt" 

l-sr l L

with S- and S as defined previously_ For a giwen sample size, when the-l

!i's originate ftom a corrunon population matrix the value of l.ll is zero,

however, as the value of Ml increases from zero, tt¡e probability tåat

the set of S-rs shares a common origin d.ecreases- Sinilarly., if-l
population matrices aïe used in (67), the magnitude of tÌ¡e resulting

quantity will reflect the degree of population variance-cova¡iance

matrix inequality. Moreover, since pararneter values arê unaffected by

sample size, the quantity (f-I) can be disregard.ed and (67) can be

redefined as

J
M,=r.rnlIl - I rn l¡.1 .r ', '_1,l=r

( 68)
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Àn additional modification to (69) provided a means of quantifying

the assumption that CrX.C = ¡, j = I,...,J. That is, by sr¡bstituting

lg'¡c¡ r"' lll u"a lg'¡r9¡ r"r l¡rl, """ a¡rives ar the expression

J
M.=r- lnlc'Xcl - X lc'r.cl

--. '- -l-'
(6e)

.A,s v¿ith (69), k'hen g'I¡! = I for atl j, the value òt u, is zeroi however,

as the CU.Crs depart from equatity, the value of M2 increases.

Finally, the degree of violation of the assr.unption that g'Ig : or_I

was quantified by Boxrs (I954a) cor¡ection factor, e, given in (9).

When çrtc = o2I, the value of e equals unitlz; when g'Ig * orl, e is less

than one, depending on the degree of assumption violation-

Tab1e 7 presents a slxtrmary of the fifteen sets of variance_covar_

ia¡ce maÈrices a¡rd their associated MI, M2, and e values generated to
depict the assìrmption violation conditions specified in Table 6. The

exact elenents of these matrices.aïe pïesented in tl)e Àppendix. AI1

mat{ices were chosen so that for each of t¡e 15 matrix sets, the overall

matrix, X, (a) had an average variance, õu*, eguat to 10 an¿l an average

covariance, õoo, tV:.'), equal to ,5, and (b) was characterized by diagonal

elements whose magnitude decreased in successive diagonals from tÌ¡e main

diagonal, a property of the simplex form common to psychological

research investigations involving .repeated measu¡ements over age and/or

time. rn addition, following the recornmendation of Huynh aI¡at Fel¿lt

(I97O), for each matríx set, the values of the three individ.ual group

matrices and Èhose of.. t-he,overall matrix were chosen such that the

resulting matrices were positive definite, that is, had K stlictly
positive eigenvalues (Tatsuoka, - 1971) .



Table 7

Srnmnary of the Matrix Sets Associated With the Simu1âted Conditions

Conclition (1):

Matrix Set 1:

Condition (2):

Matrix Sêt 2:

Matrix Set-3¡-.
MaÈrix Set 4:

Matril< Set 5:

Condition (3):

Matrix set 6:

Conalition (4):

Matrix Set 7:

Matrix Set 8:

Matrix Set 9:
Matrix Set 10:

condition (5):

Matri"x Set 11 3

Condition (6):

Matrix Set 12:

Matnix Set 133

Matrix set 14:

Matrix Set 15:

Mt = o'o
Mt = O.O

M, = 0.O

Mt = 0.O

Mt = 1' o¿

Mt = l'zl
M, = 1.54

Mr = 2'03

M, = o'o
M, = o'o
M2 = O.0

M2 = O.0

M2 = O.0

r"12 = o.0

- M2 = O.0

Mz = o'o

cilg=o'z-r
e = 1.O0

g' a g l6'r
e = .96

e = .75

e = .57

e = .48

g'ì g = "',t
e = 1.0O

g'agfo'r
e=.96
e = .7.5

e = .57

e = .48

c' I c = o2r

e = 1. O0

g'lglo'I
e = .96

e=.75
e=.57 '

e = .48

M, = O.0 M2 = 0.0

Mt = 2 'zo Mz = o'o

Mt = r'eg Mz = !'s7

M, = 1.83

Mt = t' gg

M, : 1' a3

M, = 1. 83

14, = I-37
Mz = L'zz
M2== l'27
Mz = r'zl
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Às seen in Table 7, matrix sets ïesulting in five values of the

parameter e were generated in order to investigate the assumption that

:'IS = o'_t. Ivhen CIXC = o2_I, the chosen matrix sets yielded e values

of unity, however, when C|XC I ozt, tfrc values of e for the matrix sets

were less than one, decreasing with increases in the degree of assump_

tion violation. Because e can only rang:e bet¡,irêen .333 to 1.OO for the

present design, values of e equal Xo -96, .75, -57, and .4g were chosen

to represent extremely sma1l, small, medium, and large degrees of

assunption violation, respectively.

To investigate the assumption that C'X.C = ì, j = lr..,,J, matrix

sets resulting in two values of the parameter 1,12 r^rere geneïated. When

I'I¡9 =Ì, j = t,...,J. the generared matrix sets resulted in M2 values

equar to zeroi l4'hen 9'Ii9 I ¡, i = t,...,J, the associared M2 value of

the matrix sets equallêd 1.37. Because, unlike the parameter e, the

limits of M2 are not known, this value of M, was arrived at by forming

individual group matrices, X.'s, in the ratio of 1:3:4 (a situation

thought to be not unconmon in psychological research) and calculating

the conunon associated M2 value.

The restrictions imposed upon the matrices by the pa-rticula¡s of

these assumption violation conditions (i.e., the desired e a-nd M2

values) co¡nbined witi the matrix constraints previously enumerated

'(positive definite rnatrices with overalr matrices displaying character-

istics of the simptex form and where ãn* = lO an¿l fu, = 5) nade

generation of matrix sets possessing a consta.r¡t nonzero value of I,fI

impossible. As seen in Table 7, when the assumption that C,tjC = X,

j = I,,..,J, and the assumption of multivariate homoscedasticity were

net, all natrix sets possessed a common MI value equal to zero.
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Similarly, hthen CtX.C I E, j = L,-.-,J, and the assunption of nulti-

varj-ate homoscedastici ty was violated, a1l matrix sets had M1 values

equal to 1.83. However, such was not the case when !'I:g = L, ) = L,...,J,

ând multivariate heteroscedasticity was present. For these conditions

( (3) a¡¿t (4) ), natrix sets lrrere chosen which possessed. Ml values as

similar to one another as possible a¡ld ra'hich resulted in a range of M,

values bracketing the value of t41 in conditions (5) andl (6) and the

constant value of Mi' For 'conditions of multivariate hêteroscedasticity,

matrix sets were found such that the value of Ml only ranged. from A-27 to

2.20 (see Table 7).

For both normal and skewed distributions and for aII 15 matrix sets

specifíed in Table 7, the probability of a T\¡pe I error was generated

when the J population mean vectors were null vectors, that is, when

Uj = Io, 0,:..,o1 , j = I,---,J- Tabte I contains rhe vatues of rhe K-

variate population mean vectors under which the empirical power estimates

were generated. The vaÌues of these mean vectors were chosen to yie I¿l

within subjects effects (i.e., K aìd JK) of medium magnitudes as defined

by Cohen (f969).

.A,ccording to Cohen (1969), for equal group sizes, the size of a

given effect. can be indexed by t]:re square root of the sum of the squared

effects of a given factor divided by that factors I d.f. + l in ratio to

the corûnon within population standard deviation. Thus, for the witåin

subjects occasions effect K, the effect size index, denoted by f, is

equal to

(70 )



Tâble I

Values of the Populat.ion Mea¡ Vectors for.the Non-Null Distribution
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firhere ßk is the kth occasion effect and o is the corn¡non within popula-

tion sta¡dard deviation. Similarly, for the JK interaction effect,

l-¡ K -lr-

, = ltt=t ul, "ß3n'[t"-t'*-tt]*tl'
JKo ( 7t)

where ct$.r. is the jkth interaction effect and o is as previously defined.
Jr5.

As Cohen (1969) states, orefers to tàe squar.e root of the variance being

estimated by the deno¡d-nator mean square of Èhe I' test(s) of the effects

in question. Therefore, for the pr.esent design, because both witÌ¡in

su.bjects effects are tested ot.r MSxs l,l¡ 
(see Table 2), a = [o2 (f-p)]t =

ß' - eo2l\, where.g2 arrd po2 are the comnon population variance a¡d

covariance of the K repeated measures, respectively (Icirk, 1969, p.256).

sub.stituting an averag:e variance value of 10 and ar¡ average covariance

value of 5 and population mean vector values given in Table I into (70)

and (71) resulted in values of fU antl f* egual to .25 and -27. respec-

tively. According to Cohen (L969r, values of f approximating .25 are

indicative of medium-sized treatment effects in behavioral science

research.

For all conditions investigated, the total number of observations

in the simulated desigt¡ was set equat to 39, wi th 13 observations being

sampled. from each of the J treatnent populations. Thê value of I = 13

was chosen to yield a univariate F test of tl:le hypothêsis of no

occasions effects with an a priori por^¡er of .75 to detect an occasion

effect with means such as those given in Table I (f* = .25). While

Coben (1969) proposes that the behavioral science researcher should

adopt a power value of .80, in the present investj-gation a power value

of .75 was chosen to minimize the possible occurrence of tceilingr
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effects under conditions of assumption violation, where the empirical

power estimates of aL1 test crîiteria attain their maximum value of 1OOA

and thus preclude a comparison of the test procedures.

Statistics

¡'or both population shapes and for all matrix sêts specified in

Table 7¡ empirical estimates of the probability of a TlT)e I error and

power rdere determined for the following test statistics and combinations

of test statistics:

A. Test for circularity

B. Tests for Mean Equality

(a) the conventional F testl9

(b) the conservatjve I'test

(c) the e-ad.justed F test

(d) the ã-adjusted. F test

(e) a multivariate test

C. Tests for Me an Equality following the Test for Circularity

(a) the conservative F test following a sig¡ifica¡¡t test

for circula¡ity and the conventional F test following

a nonsignificant test for circularity

(b)' thê â-adjusted F test following a significant test

for circularity and tbe conventional F test follow-

ing a nonsignificant test for circularitlr

19- .Fo] l-owr- ng the reconmendation of cabriel (Note 3), precipitated by the
finding of Co1lier, et at. (1967) that the empirical TIT)e I error rates
of the conventional F test rarely exceed twice the value of the nominal
sigaificaace leve1 even for extreme X nonuniformity, tbe conventional F
test was not only tested at the nomiãal significance leveÌ set fo¡ the
other test statistics, but at a significance level of one-half this
size.
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(c) the ã-adjusted F test following a significant

test for circularity and the . conventional F

test foll-owing a nonsignificant test for

circularity

(d) a multivariate test follolving a significant test

for circularity antt the conventional F test

following a nonsignificant test for circularJ-Ly _

D- creenhouse ar¡d ceisser (1959) Three stage Approach.

(a) using the â-adljusted F test as the final step

(b) using the é-adjusted F test as the final step

(c) using a multivariate test as the final step

Because little is knohrn concerníng the operating characteristics

of the component tests (i.e., Boxrs (1949) heteroscedasticity criterion

a¡d Mauchlyrs (1940) sphericity criterion) of the test for circularity

(Part A), TYpe I error rates and power characteristics of both these

component tests were determined, in addition to those of the overall tlr'o

stage test for circularity.

A11 test statistics enumerated in parts B through D above were

computed for both the within suÌrjects effects in the simulated treat-

ments X occasions design. fn aII cases, the multivariate test of the

hypothesis of no occasions êffect r1'as tested through use of Hotelling's

(l-931) one sample T2 ståtistic aiven in footnote 13. Evaluation of the

h14>othesis of no treatments X occasions interaction was based on tbree

multivariate criteria. Follol,ving the recommendation of Otson (1976),

the \,rithin subjects interaction hypothesis !.ras tested by the pillai-

Bartlett (Bartlett, 1939; Pillai, 1955) trace criterion given in (37).

wilkrs (1932) likeliÌ¡oott rati-o criterion specified in (36) ¿¡rd Roy¡s
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(1953) largest root criterion specified in (34) were chosen as the

second. and third test statistics because of their frequent use in
currenÈly populaï pachaged programs (e.g., Finn, 1976).

For each of the 30 conditions to be investigated (I5 matrix sets x
t\i?o population shapes), a totar of 2,ooo sets of data v¡ere geneïated.

For the individual test statistics specified in parts A and B above, if
the observed value of the test statistic exceeded. its criticaÌ value

when the J population mean vectors were null, a fype I error was counted

for the test statistic. On the other hand, if the observed value of the

test statistic exceeded its critical value when the vectors of means

r¿ere non-nu1l, an. incidence of power was recorded.

For the sequential strategies enumerated in pa_rt c, empirical
estimates of T!'pe r exror and pol^,er were d.eter¡rlined by the foltowing
counting procedure. Because a sequenLial testing procedure leads the

experimenter to perform only one mean equality test on the data fxom a

given experiment, that being the tesÈ ïeconmended by the test for
circularity, for each test of mean equality, the nrnnrf,er of times it vras

chosen by the test for circularity was initialty counted. Further, of
this nurnber, for each mean equali-ty test, the r¡.,'nber of times it was

sigmificant r,yas recorded.. With this information, the empirical

estimates of Type I eïror and power for a particular sequential sÈrategy

were determined. For examp1e, consider the first sequential strategy
outlined in Part C where a nonsignificant test for circularity is
followed by the conventional F test a¡d a significarìt circularity test
is followed by the conservative F test. For a certain subset of the

2,000 data sets, the circularity test r1,as significant and, of this subset,

the number of significant conservative F tests was reco.rded. similarly,
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for the complimentary subset of the 2,ooo data sets where the circularity

test was nonsigaificant, the number of significant conventional F tests

in this subset v,ras recorded. By sulmning the nunbeï of times the

conventional F test was significant h'hen the circularity test rdas non-

significant and the number of times the conservative F test was

significant r,irhen the test foï circularity was also significant a-nd

tlividing this sum by thê total nunìlf,er of generated data sets, the

empirical Type I error (when the population mean vectots were null) and

power (when the population mea¡ vectors were non-null) ïates for the

sequential testing strateqy were determined.

lypê I error and porrêr rates for the GreenÌìouse and ceisser (1959)

three sfage approaches of part D weLe obtained by counting the number

of times the I stopping pointt (see p. t2) in the sequence judged the

effect in question to be siginificant. Fox example, consider the thïee

stage appïoach using the â-adjusted F test as ¿he finat stêp. If, for

a given dat'a set, the conventional F test proved nonsignificant, the

testing sequence s topped a¡¡d no incidence of Lf¡pe I error or power was

recorded. However, data sets resultíng in sigrrificant conventional and

conservative F tests or in a significant. conventiona_l F test follo¡{ed.

by a nonsigmificant conservative F test and a significant â-aajustea f

test were counted as incidences of Type f error or power.

For aIl têst statistics and coÍìlf,inations of test statistics enumer-

ated in Parts A through D, the nominal lewel of significance, G, was set

equal to .05. In addition, for all individual test statistics or

sequential strategies involving multivariate tests, the upper IOO(1-a)

pêrcentage points of Hotellingrs (193I) T2 distrj-bution h,ere obtained

frcom the ielationship
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(7 L)
_ N-J-K+2.^
¡ = ll¿ 

^. 
tr(N-,1) (K-1) - - -K-1,N-J-K+2

while the upper lOO(1-0) pexcentage points of the piltai_Bartlett

(Bartlett, !931;_ pillei,.1955) trace criterion, V, the lower 1OO(1_o)

percentage points of Wilkrs (1932) likelihood ratio criterion, Â,

and the upper too (l-Cr,) percentage points of Roy,s (1953) largest root
cxiteríon, 0, were obtained from tables generated by pillai (1960),

vrali- (1968) and seåk (1960), respectívety.
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RESULTS -A.ND DISCUSSION

Effects of Assunption Violations

Tests for Circularity

Table 9 presents the empirical Type I error and pov¡er rates for

the componênt tests (i.e., Boxrs (1949) heteroscedastici ty criterion and

Mauchly's (1940) sphericity criterion) and the overall. test for circu-

larity when saapling from normal and non-normal populatio¡s. To

distinguish between the two estimates, t}le rates of Type I error are

enclosed in parentheses.

.As seen from Table 9, violation of the assumption of multivariate

normality results in inflated rates of T5/pe I error for the component

and. overall circularj-ty tests- The l¡rr.pe I error estimates of Boxrs

(1949) heteroscedasticity criterion are approxirnately six times ra,.ger

than those obtained when sampling from normal populations while the

estimates for Mauchly's (1940) sphericity criterion and the overalr test

for circularity are three to four ti-mes as large as the normar distribu-

Lion values.

l,ihen sampling from non-normal distfibutions, the empirical power

rates of Boxrs (1949) tesr of the hyporhesis HO: 9'Il9 = !, j = f,...,.r

are approximately I0 percentage points 1arger than the rates obtai¡ed

froln normal populations. For Mauchlyr s (1940) test of tfie hlT)othesis

H^: C'XC = o2t arld the overall test of the hypothesis H^: C,t.C = o2I,u *-- ---- -O- ::j: ";
j = L,...,J, the increased sensitivity afforded by conditions of non-

normality varies as a function of the degreê of departurê froE the testsr

respective HOrs. For extremely s¡nal1 departures (e = .96), the pov¡er
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estijnates for ¡tauchly I s (1940) test are 17 to 19 percentage points

greater than those obtained in the presence of multivariate normality.

However, as the value of e decreases, the difference between the

empirical estimates becomes negligible: for e ( .75, the sensitivity

of the sphericity criterion ranges from 95t to lOO* for either popula-

tion form.

When C't.C = X for all j (M. = O.O) and the departure fron C,XC =- -3- _ - 2

o2I is extremely smaU (e = .96), the empirical power rates of the

overâll test for circularity obtained under conditions of non-normality

are approximately 30 percentage points larger than the normat distribu-

tion values. However, when !,!,r! I L f.or all j (M2 I O.0), this

discrepancy decreases with the power estimatês from non-nor¡na1 distribu-

tions now being approximately 12 percenÈage points larger. Further, like

the test for sphericity, as the degree of departure from c'tc : o2I

increases, the effect of non-normality on the empirical pov¡er estj-mates

becomes minimal: for e < .75, the power of the overall circularity test

ranges from 96È to 1008 for both population shapes.

An. unexpêcted finding is the apparent lack of robustness of Mauchlyrs

(1940) sphericity criterion hrhen CrXjC I E for all j- Under such condi-

tiôns, the spÌìericity criterion yields inflated Type I error and power

rates for both population shapes.

Tests for Mean Equality

Empiricat Type I error rates: I,Iithin subjects main effect. The

empirj-cal Type I error rates for the tests of the occasions main effect

when sampling from normal and non-normal poputations are ptesented in

Tables 10 and II, respecLively.
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As seen from the tables, violation of the assumption of multivariate

normality resul-ts in an increase in the Type I erroï estimates for all

test procedures, with this increase being slightly larger for the multj-

variate test (T2). Further, the magnitude of this increase varies as

a function of the degree of departuxe from the assumption that C'tjC =

X for all j. l{hen this assumption is satjsfied (M2: O.O), the empirical

estimates obtained hrhen sampting from non-normal populations are

typically one and tvio percentage points larger than their normal ttistri-

bution counterparts foÏ the univariaÈe tests and the multivariate têsÈ,

respectively. When Crljc I L for all j (M, * O.O), the effect of non-

normality decreases: for the univariate procedures, the difference

betleeen the Ïype I error rates obtai¡ed from nomal and non-normal

populations is typicauy less than one percentage point, with the

estimates from the non-normal distributions being slightly smaller for

modêrate to large values of e (e = J-.Oo, .96, .j5) ¡ for 12, the empirical

rates obtained when sampling from non-normal populations are tlpicalty

one pexcentage point larger for all values of e-

In general, violation of the asêumption of multivariate honoscedas-

ticity (I. = I, j = 1,...,J) has a negligibte effect on the Type I error-J
estímates for all test procedures. For both population éha¡res, the rates

obtained under conditions of multivariate homoscedas tici ty (Ml = O.O) and

multivariate heteroscedas ticity (Ml I O.O) a¡e t¡picalty ¡¿ithin one-half

of a percentage poini of one a¡other. When sanpling is from non-nomal

populations and the value of e is small (s = .57, .48), this difference

is slightly larger for the univaxiate proceduresi here, the estinates

obtained when X. I 1, for all j are approx imate ly one and one-half percent--l
age points smaller and one and one-half percentage poì_nts larger than those

obtained when X. = I, j = lr...,J for e = .57 and e= .48¡ respectively.
-.J
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The effect of violating the assumption that CrXjC = X for all j

varies as a function of the poÞulation shape antl/or the value of e.

i.lhen the population is normal, for all values of e, the empirical rates

of T2 obtained r¡nder conditions wtrere C|X.C t't for àI1 j (M2 I O.O)

are approximately one to one a-nd one-half pexcentage points larger than

those obtained when c'X.c = X for alt j (l{, = O.o): when e ) .57, t-he

presence of C|X-C I L for all j has a similar effect on the esti:nates

for the r.rnivariate procedures. Ilordever, r^'hen e = .48, the probability

of a Type I error for tl:le univariate procedures is approxinately one

percentage point less when CrXrC I I for all j.

For non-normal populations, violation of the assumption that

C'LC = X for all j generally has a¡r even smaller effect on the Type I
- -J-

error rates of all test procedures tha¡ that noted under csnditions of

multivariate nonnality. OnIy when e = .57 a¡d e = .48 is the effect of

c'r.C f t for all j larger with t}le estimates for the univariate tests
- -J-

being one and one-half to two percentage points greater than a¡d one

and one-ha1f to two percentage points less than those obtained when

crX.C = X for a1I j, respectively.
- -J-

Violation of the assumption that g,Ig = o'J (e = 1.OO) has a

negligibte effect on the rates of Type I error for the mulÈivariate test.

However, as the value of e decreases from one, the estimates for all

univariate prcocedures increase with this increase varying as a function

of the specific test procedure. The conventior.l ( a.or,rr. an¿l Fcy2) anat

conservative F tests axe most sensitive to deparÈules from ç'XC = o2t

with the rates obtained u¡rder the largest degree of assrmption violation

(e = .48) being from two to four times larger t}Ian those obtained when

9'lg = o'I. For the ê- and è-adjusred F tesÈs, rhe increase in rtle Type
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I error rates is slight with the estimates typically remaining within

one and one-ha1f percentage poj-nts of one another regardless of t].e

degrcee of assunption violation.

Empirical TlT)e I error xates3 within subjects interaction effect.

Tables 12 and 13 contain thê Type I errox rates for t}Ie tests of the

treatments X occasions interaction effect when salnpling f¡om normal

and non-noxmal populations, respe ctively.

white the presence of non-nonnality results ìn slight increases i¡¡

the empirical estiÍates for the têsts of the occasions main effect, the

effect of non-normality on the tests of the treatîents X occasions

interaction is. to.slightly decrease the probabílity of. a fype _I errox..

lj-ke the tests of the main effect, this decrease varies as a function

of the degree of depa-rÈure fïom the assumption that C,t.C = X for all j.
- -l-

lihen this assunption is met, for all test procedures, the rates obtained

when sampling from non-normat populations are approximately one percent-

age point smaller than those obtained when sampling from normal popula-

tions. When C'X.C I X for all j, the effect of non-normaliÈy decreases- -l- -
with the empirical estimates obtained from both population forms

typicauy being within onè-hatf of a percentage point of one another.

fn general, t}le effect of multivariate he teroscedasÈicity is

sùnilar to t¡at noted for the tests of the witbùr subjects majl¡ effect.

For both populaÈion shapes, tt¡e rates obtained. v¡hen I. = X for al1 j

ând those obtained rÍ¡der conditions where Ii l: f"r all j are

typically within one-half ôf a percentage poùrt of one a¡ottrer. When

sanpling j-s from normal poputations, this difference in t'he 11rtr)e I

error rates is slightly larger for the multivariate tests .r¿ith the

estimates obtained l]frdler conditions of murtivariat€ heteroscedasticity
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remaining within one !o one and one-half percentage points of the

estimates obtained when X. = X for all j.

For all test procedunes, violating the assumption that Crtjc = X

for all j results in an increase in the proba-bílity of a Tlpe I error

with this increase being greatest for tle largest root cxiterion, e.

When sampling is from nornat populations, the empirical estimates

obtained when C|X.C = X for all j are within one percentage point of
- -l-

one another for all tests but 0. The effect "f g'I:9 I î. for all j on

these test procedures is slightly lårger for non-nomal populations,

here, the rates obtaine¿l hrhen crX.C I L for att j are approxirately

one to one and one-half percentage ?oints larger than those obtained

when C|X.C = X for all j. For both populafion s.hapes, the TlT)e I error

estimates for t¡e largest root criterion are one and one-half to two

percentage points greater when c'X.c I L for all j thaIl when C'X.C = X

for all j.

Final1y, violation of the assumption tl¡at S'Ig = o'I (s = 1.OO)

yiêlds effects simílar to those noted for the tests of the ¡¡itllin

subjects nain effect. Thus, as the vafue of e decreases from one, the

empirical estimates of the univariate procedures j-ncrease with this

increase being larqest for the conventional ( t"orrrr. and Fa/2) ar¡d

conservative F tests and smallest for the â- ana ã-aajusted F tests.

Similarly, departures from t]"e assraption tÌ¡at C'tC = o2I has a

negligible effect on all three multiváriate test criteria.

Emg!4!çql l)owex rates: Within subjects main effect. The empirical

power rates for the tests of ttre occasions main effect when sampling

from normal and. non-normal populations are presented in Tables 14 and

15, respectively.
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As seen from the tables, violation of the assumption of multi-

variate normality results in slight increases in the sensitivity of a1l

tests proceduLes. When sampling is from non-normal populations, the

poh'er rates of thê conservative I' test and. the multivaríate test are

approxilnately trl'o to thLee percentage points largêr tåän tj¡ose rates

obtai¡ed under conditions of normality. For the remaining Èest

procedures, the effect of non-normality is Ininimal \.vith the empirical

estimates remaining r"¡ithin one to tr,iro percentage points of one another.

The presence of multivariate hetêrosced.asticity has a negligilf,le

effect on the sensitivity of all tests. In general, the l]ower rates

obtained when X. I Z (v. = 0.0) for at1 j are one and one-half percentage-l - r
poi-nts greatêr than a¡¡d one and one-half pexcentage points less than

those oblainedl when I. = t (M- = O.O) for alt i for noImal a¡d non--l!r
normal populations, respectively.

Similarly, for all criteria, the effect of violating the assumption

that Crtjc = t for all j is minimal. when the population shape is

norrnal, the estimat'es remain within one percêntage point of one anotÌ¡ert

for non-norrnal populations, the rates rarely differ by nore than two

percentage points .

Finally, as the degree of departure from the assunpËion that

g'19 = o": (e = 1.00) increases, the por^zer of all test procedures

decreases. tne ê- ana ã-adjusted F tests are most sensièiwe to

departures from the assunption that C'tC = O2T, followed by the conven-

tionaL F Èest and the multivariate test. I,east affected are tlle

conventional (F0,ZZ) *d conservative F tesÈs where the difference in

the power rates when e = I.OO utrd 
"_ 

= .48 is approxirately four and nine

percentage points, respectively.
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Empirícal povJer rates: Within subjects interaction effect.

Tables t6 and 17 contain the empirical power rates for the tests of the

treatrents x occasions interaction when sampling is from normal and

non-normal populations, respectively.

violation of the assumption Õf multivariate normality results in

an increase in the sensitivity of all pLocedures with this increase

being largest for the multivariate test criteria. ¡'urther, the maginí-

tude of this increase varies as a function of the degree of departure

from the assumption that CrIrC = X for all j- when this assurnption is

satisfied (tt^ = 0.0), the empirical estimates obtained und.er conditions
z

of non-normality are approximately one percentage pofurt arld thrèe

percentage points greater tJ:an those obtained under conditions of

nornality for the univariate and multivariate procedures ' respectively.

When C'X-C * I for â11 j, the êffect of non-normality decreases
- -J-

with the povrer rates for all tests tlT)ically remaining within one

percentage point of one another.

In generâl, the presence of multivariate hetêroscedasticity has a

negligible effect on the sensitivity of all tesÈs- For normal popula-

tions, all estimates remain within one percentâge point of one another;

for non-r¡ormal populations ' the effect of multivariate heteLoscedasti-

city is slightty larger for the multivariate crciteria witll tJre power

rates Èypica11y differing by less tl¡an tvro Percentage points.

For all procedures, the effect of violating the assumption that

crX.c : X for aII j varies as a function of the ¿tistribution form.
? -J:-

when sampling is from norrnal populations, the presence "f g'I:9 = X for

all j has 1itt1e effect on the po¡rer of the rmivariate tests and only

slightly increases the sensitivity of the multivariate tests. !'lhen the
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8.1

population form is non-normal, the power of all tests decreases, for

the univariate a.rld multivariate criteria, the estimates obtained when

C'L;C I X for a1t j are approximately two to three percentage points
- -J-

and one to two percentage points less than those obtained vrhen C't.C = t
- +l-

for aI1 j, respectively.

For both population shapes, the effect of violating the assumption

tl:Iat C'XC = O2I (e = I.OO) varies as a fi:nction of the test criterion.

With the exception of the conservative and convenLional (Fa/2) F tests,

as the walue of e decreases, the power of the tests d.ecreases. For the

conservative and conventional (f'or, ) tests, decreases in the value of e

results in increases in the enpirical poh'er rates. rf¡e â- a¡¡a õ-adjusted

procedures are most sensitive to departures from CrIC = o2I follolsed by

the conservative and. multivariate tests and, finally, the conventional

(t"o.r.r. ^u 'orr' F tests'

Sequential Têstjjng Strategies

The empÍrical results for t]le sequenÈial testing strategies are

pr.esented in fa.bles 18 ttrrough 23. For al1 tables, asterisked. values

denote cond.itions where the estimates of a given sequential procedure

and those of the coïresponding uniformly adopted mean equality test are

equal .

Empirical TIG)e I error rates. Table lg Õcntains the enpirical \rpe
r eüor rates for the sequential tests of the occasions main effect when

sampling from normal a¡d non-normal populations. fhe TlT)e I error

esÈimates of the sequential tests of the tïeahents X occasions inter-

action for no''nal and non-normar distributions are preser¡ted in Ta-bles

19 and 20, respectively.



sQ
"o

rr
=

.

C
on

di
tio

n 
D

is
tr

ib
ut

io
n

*r
 

M
2 

e 
N

(0
, 
t)

 
X

?.
t

0,
00

 
0.

00
 

1.
00

 
.o

44
 

.0
35

0.
00

 
0.

00
 

.9
6 

.0
41

 
.o

25
0.

00
 

0.
00

 
.7

5 
.0

18
 

,o
20

0,
00

 
0.

00
 

.5
7 

.0
28

* 
.0

38
*

0.
00

 
0,

00
 

.4
8 

.0
36

* 
.0

38
*

2.
20

 
o.

 o
o 

]. 
oo

 
. 
o4

o 
.0

34
r.

64
 

0.
00

 
.9

6 
.0

44
 

.0
26

L,
27

 
0.

00
 

.7
5 

.o
L2

 
.o

23
1.

 5
4 

0.
 0

0 
. 
57

 
. 
02

8*
 

. 
02

8*
2.

O
3 

0.
00

 
,4

8 
.0

39
* 

. 
o5

o*

i. 
. 
83

 
L.

37
 

1.
 0

0 
.0

23
 

. 
oL

4
1.

83
 

L.
37

 
.9

6 
.0

14
 

.0
17

1.
83

 
L.

37
 

.7
5 

.0
23

 
.0

16
*

1,
83

 
L.

37
 

,5
7 

.0
29

* 
.0

38
*

l-.
83

 
L.

37
 

.4
8 

.0
38

* 
.0

34
*

T
ab

l.ê
 l8

.

E
m

pi
ric

al
 T

yp
e 

r 
E

rr
or

 R
at

es
 f

or
 

se
qu

en
tia

L 
T

es
ts

 o
f 

th
e 

oc
ca

si
on

s 
E

ffe
ct

,. 
T

es
tê

sÇ
^ 

so
-

-e
 

--
e

D
is

tr
ib

ut
io

n 
D

is
tr

ib
ut

.io
n

a
sQ

.o
n"

. 
' 

sa
â,

 s
aè

' a
nd

 s
Q

r2
 -

 s
eq

ue
nt

iå
L 

te
st

s 
h,

he
re

 n
on

si
gn

ifi
ca

nt
. 
ci

rc
ul

ar
ity

 t
es

ts
 a

re
fo

l-1
ow

ed
 b

y 
th

e 
co

nv
en

tio
na

l F
 te

st
 a

nd
l s

ig
ni

fic
an

t 
ci

rc
ul

ar
ity

 
te

st
.s

 a
re

 fo
J-

to
w

ed
. 

by
 t

he
rt

he
 c

on
se

rv
at

iv
e,

 ê
-a

dj
us

te
d 

F
, 

è-
ad

ju
st

ed
 F

 a
nd

 T
2 

te
st

, 
re

sp
ec

tiv
el

y.
 

- 
S

N
 (0

, 
t)

;0
46

.0
46

.0
46

*
.0

44
*

.0
52

*

.0
44

; 
05

0
, 
o4

4t
. 
04

6*
.0

56
*

.0
48

.0
45

.0
56

*
.0

53
*

. 
04

6*

x?
.1

 N
(0

, 
r)

 x
?'

,0
5L

 
.0

46
 

.0
56

*
.o

44
 

.0
48

* 
. 
o5

o*
.0

44
rt

 
,o

52
t 

.0
52

*
.0

60
* 

.0
46

t 
.0

64
*

.0
55

r 
.0

56
* 

.0
58

*

.0
52

 
.0

44
* 

. 
05

6*
.0

50
 

.0
50

* 
.0

52
*

.0
47

 
.0

50
* 

.0
54

*
.0

48
* 

,0
48

* 
.0

54
*

.0
72

* 
.0

60
* 

.0
75

*

.0
41

 
.0

52
,t 

.0
46

*
.0

42
1 

.0
5L

* 
,0

48
*

.0
50

* 
,0

64
* 

,0
58

*
.0

66
* 

,0
55

* 
.0

70
*

.0
52

* 
.0

50
* 

.0
56

*

s9
r 

2

D
is

tr
ib

ut
io

n 2
N

(0
, 
1)

 x
iÐ

.o
52

 
.0

73
.0

5I
 

. 
06

7
.o

52
 

.0
56

*
.0

44
* 

.0
64

*
.0

50
* 

.0
65

*

,0
46

 
. 
o7

2
.0

51
 

,0
62

.0
48

* 
.0

56
.o

44
* 

.0
66

.o
46

t 
.0

67
1

.0
56

 
.0

64
.0

56
 

.0
60

.0
66

* 
.0

66
.0

55
* 

.0
66

*
.0

49
* 

.0
63

*



. 
T

ab
le

 1
9

E
rn

pi
ric

al
 T

yp
e 

I 
E

T
ro

r 
R

at
es

 f
or

 S
eq

ue
nt

ia
l T

es
ts

 o
f 

th
e 

T
re

at
m

en
ts

 X
O

cc
as

io
ns

 E
ffe

ct
 f

or
 N

or
m

al
 p

op
ul

at
io

ns

co
nc

lit
io

n 
. 

T
es

ta
rb

"t
 

M
2 

. 
sQ

"o
r,

".
 

sa
â 

sa
ã 

rQ
o 

se
v 

sQ
^

0.
 0

0 
0.

 0
0 

1.
 0

0
0.

 0
0 

0.
00

 
.9

6
0.

00
 

0.
00

 
.7

5
0.

 0
0 

0.
00

 
.5

7
0.

 0
0 

0.
 0

0 
.4

a

2,
20

 
0.

 0
0 

I.0
0

I.6
4 

0.
 0

0 
.9

6
I.2

7 
0.

00
 

.7
5

I.5
4 

0.
00

 
,5

7
2.

 0
3 

0.
00

 
.4

8

L.
83

 
r.

37
 

t 
.0

0
1.

83
 

L.
37

 
.9

6
1.

83
 

L.
37

 
.7

5
1.

83
 

]-
37

 
,5

7
1.

83
 

L.
37

 
.4

8

as
ee

 T
ab

le
 1

8.

.0
48

. 
04

1
. 
01

8
. 
o2

4r
,

. 
o2

8r
,

.0
46

.0
50

. 
01

6
.0

20
tt

.0
41

*

, 
o2

2
,0

24
.0

L8
*

.0
23

*
,0

4r
*

.0
53

.0
48

.0
45

.0
53

*
. 
05

6*

.0
48

.0
55

.0
52

*
. 

04
 5

't
. 
05

9*

.0
55

.0
50

.0
52

*
.0

50
*

.0
58

*

b
sQ

g,
 S

Q
V

' a
nd

 S
g^

 -
 s

eq
ue

nt
ia

l t
es

ts
 w

he
re

 n
on

si
gn

ifi
ca

nt
 c

irc
ul

ar
ity

 
te

st
.s

 a
re

 f
oL

lo
v¡

ed
by

 c
on

ve
nt

io
na

l 
F

 t
es

ts
.a

nd
 s

j.g
nl

fic
an

t 
ci

rc
uL

ar
ity

 È
es

ts
 a

re
 f

oL
Lo

w
ed

 b
y 

0,
 v

, 
an

d 
Â

,
re

sp
èc

t.i
ve

Iy
.

. 
05

4
,0

50
*

,0
53

*
.0

59
*

. 
o6

2t
,

.0
48

*
.0

55
*

.0
60

*
.0

52
't

. 
09

6*

.0
58

*
.0

56
*

.0
64

*
.0

58
*

.0
64

*

.0
58

.0
53

.0
50

. 
04

4*
.0

43
*

.0
53

. 
06

2
, 
o5

2
.0

38
*

.0
64

*

. 
06

2
.0

64
,0

70
*

. 
Q

so
*

.0
70

*

I

.0
56

.o
52

.0
50

. 
o5

o*
.0

46
*

. 
05

1
.0

60
.0

54
.0

38
*

.0
60

*

.0
58

.0
56

.0
56

*
.0

50
*

. 
o6

2t

. 
05

6
. 
o5

2
.o

52
.0

48
*

. 
o4

4r
,

. 
05

1
. 
06

1
. 
05

2
.0

36
*

.0
62

*

. 
05

6
.0

58
.0

58
*

.0
50

*
.0

64
*



C
on

tli
tio

n

M
r 

M
2

T
ab

le
 2

0

E
m

pi
ric

al
 T

yp
e 

I 
E

rr
or

 R
at

es
 f

or
 S

eq
ue

nt
ia

l T
es

ts
 o

f 
th

e 
T

re
at

ne
nt

s 
X

O
cc

as
io

ns
 E

ffe
ct

 f
or

 c
hi

-S
qu

ã.
re

 p
op

ul
at

io
ns

0.
00

 
0.

00
 

1.
00

0,
00

 
0.

00
 

.9
6

0.
00

 
0.

00
 

.7
5

0.
00

 
0.

 0
0 

.5
7

0.
00

 
0.

 0
0 

.4
8

2.
20

 
0.

00
 

1.
00

L.
64

 
0,

00
 

.9
6

r.
27

 
0.

00
 

.7
5

L.
54

 
0.

00
 

-5
7

2.
03

 
0.

00
 

.4
a

1.
 8

3 
J_

.3
7 

1.
 0

0
I. 

83
 

1.
 3

7 
.9

6
l-.

83
 

L.
37

 
.7

5
1.

 8
3 

1.
 3

7 
,5

7
i..

83
 

1.
37

 
.4

A

as
ee

 T
ab

le
 1

9.

S
O -c

on
s.

'

. 
02

6
.o

20
. 
0l

-8
.0

21
*

, 
o2

9*

.o
22

.0
24

.0
19

.0
18

*
.0

24
*

. 
oL

2
,0

20
, 
01

9
.0

28
*

.0
38

*

sa
â

.o
42

, 
o4

2
.0

50
.o

46
x

.0
44

tt

. 
o4

2
,0

48
. 
04

8*
.0

45
*

. 
o4

4t

. 
04

0
. 
05

e
.0

48
*

.0
60

*
.0

56
*

T
es

ta

so
" -e

. 
04

8
.o

46
t

.0
56

*
.0

52
*

.0
49

*

.0
48

.0
54

*
.0

53
*

.0
5r

*
.0

50
*

. 
o4

6t
.0

64
*

.0
56

*
.0

64
*

.0
62

*

sQ
o

,0
59

.0
50

.0
44

.0
38

*
.0

34
*

.o
42

.o
52

.0
46

, 
o4

4t
.0

44
*

.0
56

. 
06

6
.0

64
.0

54
*

.0
63

*

.0
52

, 
05

1
.0

48
.0

43
*

.0
42

r,

. 
o4

2
.0

54
.0

48
.0

46
*

.0
44

*

.o
4g

. 
ô6

2
. 
d6

o
. 
ci

5o
*

.0
58

*

sQ
i\

. 
04

8
. 
04

8
.0

46
.0

38
*

.0
38

*

.0
40

.0
54

.o
44

.0
44

r.
.0

43
*

. 
05

1
. 
06

1
.0

57
.0

50
*

. 
o5

8*



For both effects and for all sequential procedures excluding the

strategy where significant circulari¡y tests are followed by conserva-

tive F tests ("9.orr".), joint and/or separate violation of any of the

investigateal assulptions produces the same effects as those reported

for the corresponding unifornly .adopted tests for mean equality. When

e < .75, the estimates of ah. Se.orr". test of both within subjects

effects are affected by assrmption violation(s) in a manner similar to

that of the uniformly adoptêat consexvative F test, however, $rhen

e > .75, the sequentÍaL a¡d r:niformly adopted tests respond ¿lifferently

to certain as sunption violation(s).

. For example, violation of the assunption of multivariate noïmality

rèsults in a decrease in the empirical êstimates with the magnitude of

this decrease varying as a fr¡nction of the degree of d.eparture from the

assumption that C'X.C = X for all j. Ílhen this assurnption is satisfied.,
- -J-

t!¡e estilnates obtained from non-normal populations are appïoximatêIy

two percenlage points less tÌ¡an those obtained from normal populations,

when C't-C I L for all j, the difference in the estimates decreasês rdith- -l- '

the rates typically remaining within one to one and one-half per.centage

points of one aJìother.

In a samrfar fashion, the effect of violating the assumption t¡at

9'X.9 = X for all j is to decrease the llpe I error estimates with the- -J-

magmitude of this decrease varying as a function of population shape.

For normal and. non-normat populations respectively, úre estiEates

obtained when C't.C / L for aJ-t j are two to three and one to two- -t-
percentage points less than those obtained when CII.C = X for aII j.

Finally, r¿hite the Type I error rates of the rmiforrnly adopted 
_

conservatj-ve Èest consistently increâse as the degree of depa-!:tute fron



the assumption that C'tc = o2I increases, h'hen e > .75, as the value

of e decreases, the empirical estimates of ù" 
"eaoar". 

test decrease.

Empirical power rates. Table 2l contains thê empirical power

rates for the sequential tests of the occasions main effecÈ when

sanpting from nÕIma1 and non-normal populations. îtle power estimates

for the sequential tests of the treatîents X occasions interaction for

normal a.nd non-normal populations are pLesented in Tables 22 anð,23,

respectively.

Lijrê the Type I error results, only for ú" Se"orr=. strateg-y and

only when the d.epaïture from gt¡C = o2I is null or extrertely small
.{e = I.00, .96) do the êffects of certain assumption violations diffex

from those effects xeported for the corresponding r:niformly adopted

mean equality test.. For all other conditions, the powêr of all sequen_

tial procedures is affected by the various assurnption violations .in a

manner similar to that reported for t}le corresponding tesÈ for mean

equality.

When e = 1.00 or e = .96, the effect. of non-normality is to

decrease the sensitivity of the Se"orr". strategy r+ith t].is decrease

varying as a fr¡nction of the degree of deparÈu.re from the assumption

that C¡t.C - I.for all j. For both effects, when this assr:mption is

satisfied, the estimates obtained from non-normal popuÌations are

approxijnaÈely seven to 10 pexcentage points less than their normal

distrjbution counterparts. when C,X.C I L for all j, the difference in

the rates decreases r¡¡ith the estimates obtained fron non-normal popu.Ia-

tions being approximately equal to and. four percentage points less than

those obtained from nolmal populations for the rnain and interacÈion

effects, respectively.
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90

Similarly, violating the assumption tìat g'X.C = t for all j

decreases the sensitivity of the ae"or!=. test vri th the magnitude of

this decrease varying as a function of the dis¡ribution form. For

normal populations, the rates obtained when grl.c I L for al1 j are

approiirnately 15 percentage points less than those obtained when

9'Ir9 = X for aII j. For non-normal populations, the magnitude of

this decrease is less \,¡i th the estimates obtained !,rhen grX.C I I for all
j being approximately seven and. 12 peïcentage points snaller for the

main and interaction effects, respectively.

Lastly, while small departures from the assumption that C,XC = O2I

increase t]le power of thê uniformry adopted conservative t aa=a 
", 

*a-

interaction effect, tl¡e sensitivity of the te.o.r=. test of this effect

decreases as the departure from g'Ig = o'*I increases-

Greenhouse ar¡d Geisser (1959) Three Stage App¡oaches

For all conditions investigated, when an adjusted univariate

procedure (i.e., an e- or ã-adjusted F test) is calcuÌated at the thir¿l

stage of this approach, the Tlzpe I eïror arld power rates for the tests

of both within subjects effects are identical to tbe ïates for the

corresponding uni formly adopted adjusted univariate tests. only h,hen a

multivariate test is used at tåe final step do the e:npirical estimates

for the tl¡ree stage approach a-nd the corïesponding uniformly adopted

test d.iffer. The lype I error and power rates fo.r these approaches are

presented in Tables 24 and 25, rêspectively.

In general, for both vrithin subjects effects, joint ând/or separate

violation of a¡y of the investigated assumptions affects the Type I

error and power estimates of the 'multivariate' tlÌree stage approaches

in the same manner as that t"porid for the corresponding r¡niformly
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adopted tests. The effect of non-normality on the three stage test of

the occasions main effect (GGrz) is slightty less than that noted for

the unifornLy adopted test, T2. Sinilarly, departures from the

assunption that CII¡C = t for all j have less effect on the three stage- -)- - -

tesÈs of the treatments X occasions interaction (Gce, ccv, antl cc¡)

than on the lmiformly adopted multivariate tests (0, v, and Â).

Comparison of the Ãnalysis Strategies

Tests for Mean Equality

As seen from Tables 10 through 17, whj-le tàe conventional F test

is generally the most powerful. test of either witåin sulcjects hypot¡¡esis,

it fails to centrol the rate of Type I error for all values of tl.e

parameter e, be corning increasingly liberal as e decreases ftom one. In

contïast, t¡e conservative F test. consistently main¿ains the Type T

error rate at or below the nominal significance level. Ho!¡ever, when

compared to the othex tesÈs for mean equality, it is overly conservative

a¡d lackj"ng in sensitivity.

Oveï all conditions, both the â- and ã-adjusted F tests (!^ ar¡d F-)

consistêntly rnaintain the rate of Type I error at or nêar the nominal

value and hâve power rates compaxable to the conventional F test. For

large values of e (e = I-OO, .96), the â-adjusted F test proves to be

slightly conservative with the ã-adjusted F test provid.ing better T!¡pe

I error control. However, as the value of e decreases, the ã-adjustecl

F test be comes slightty liberal and the â-adjusted F test affords better

Type I error protection. V,Iith respect to sensitivity, for e > .75 and

ê < .75, t]le power rates of the conventional and â- and ã-adjusted F
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tests never díffer by more than five percentage points and ten

percentage points, respectively. In all cases, F- is slightly more

sensitive than f'^.
e

Like the conventional F test, the procedure of testing the usual F

ratio at an a/2 leveL of signifícance fails to control the rate of Type

I error for aII values of e, resulting i-n a liberat test statistic when

e < .75. Moreover, r^¡hile tl:Ie empírica1 estimates are typically less

than the nominal value for e > .'15, under such conditions, ah" ,o/2

test is lllore conservative and less sensitive than othêr mean equality

tests (i,e., I'^ and Fê).

When Èhe populaÈion fo¡m is normal, the multivariate test of tlle

within su.bjects main effect (T2) generally afford.s fype I erïor protec-

tion comparable to F^ afld F- a¡d, when e ( .75, yields a more powerful

test statistic. However, when the population form is non-normal, while

T2 is again more powerful for e < .75, its rates of Íype I error are

consistently liberal, ranging from .056 to -O78.

When C|X.C = I for all j, all three multivariaLe tests of the r,rithin- -l-
subjects interaction effect result in Type I error rates comparable to

F^ and F- regardless of the population shape. However, when C'XrC I X

for alt j, ònly the tïace antl likelihood r.atio criteria maintain this

lYpe I error cor¡troIt r:nder such conditions, the largest root criterion

proves to be liberal with empirical estimates rangj-ng from .O54 to .070.

like f2, when e > .75 and when e < .75, the sensitivity of the three

nuLtivariate criteria is, on the average, five percentage points less

than an¿l five percentage poj-nts greater Èhan F^ an¿t Fê, respectively.
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ntial Testinq Stra aes

For both within subjeets effects. the relationships between t¡e

empirical TYpe I err.or and. power rates of t]]e sequential testing

strategies are the same as tÌ¡ose noted between the empirical estinates

of the Ì¡niformly adlopte¿l tests for mean equality (see Tables Ig

through 23). Comparing eact¡ sequential procedure to the corresponding

mean equality test {e.g., SQ"orr=. compared ao t"orr".), one finds that

when the procedures are not equal, the rates of q/pe I error and powex

for the sequential tests are generally larger. In these cases, the

sequential strategies involving only univariate procedures (i.e.,

tQ"orr=., SQ^, and. SQ-) are not as conservative as the corresponding.

tests for mean equality and therefore offer better type I error control.

However, for the sequential procedures involving a multivariate test

(SQrz, SQo, SQV, and SQ^), the increased rates of r1/pe I erroï resutt

in liberal testing sequerìces.

With rcespect to sensitivity, only the Se"orr=. test shows a marked

increase in power vrhen compared to t}re corlresponcling mean equality tesË.

For both v.riÈhin subjecËs effects, the sensitivity of the Se.orr".

sÈrategy is approximately 20 to 25 percentage points and 10 to 15

percentage points greater than that of Èhe conservative F test for

nofmal aJld non-no¡mal populations, respectively. For all other compari-

sons, the dífference in the empirical power estimates is generally less

than five pe rcentage points.

creenhouse and Geisser. (1959) Three Stage Approaches

For both within subjects effects, the tÌype I ercror rates of the

appxoaches _using a multivariate test at the final stage are consistently

less than the rates of Èhe approaches using * â- or è-adjusted F test
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at the thj-r¿l step. For all conditions tnvestigated, these 'multivariate I

three stage approaches consistently maíntain the rate of Type I error at

or, more frequently, below the norrrinal significance level wíth empirical

estimates ra¡ging from .O22 to .055 (see Table 24). The relationshíp

betk'een the power rates of tl€ ¡univariater and. |rm¡Ltivariate' three

stage approaches is ttre same as that noted between the empiricat estimates

of the uniformly a¿lopteal tests for mea¡ equality ¡ wtren e > .75, the

runivariate I three stage approaches are consj-stenÈly more powerful thaIr

the rmultivariate' three stage approaches; when e < .75, the approaches

using a multivariate test provide the greater sensitivity Csee Table 25).

Final.ly, on comparing. the rmultivariate I th.Lee stage approaches to

ttre corresponding uniformly adopted mean equality tests, one notes that,

over a1l conditions, the Type I er.ror and. power rates of all approaches

are consistently less tha¡ ttrose of the corresponding uniformly adopted

procedures.

Concludi Remarks

ln Eeneral, the d.ata frorn tl.is investigation indicaÈe that prelim-

inary testing for circularity is not useful in choosing between su.bsequent

analysis strategies. Because both the heteroscedasticity and sphericity

criteria are highly sensitive to departures from multivariate normality

and from ttreir respective null hypotheses (a fintling co¡Ìsonant with the

nesults of olson (L974) ), the TlrI)e I error and. power raÈes of tlre various

sequenÈial testing strategies differ little from those of the correspond-

ing unifornly adopted mêan equality tests.

Sirnilarly, assessing the lvithin subjects effects wit'h a creenhouse
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and ceisser (1959) three stage approach in líeu of a uniformly adopte¿l

test foT mean equal-ity cannot be recorunended. Adopting an adjusted

univariate proceduïe (â- or ã-adjusted F test) at the thir¿l step in this

approach. results in rates of Type I error and power identical to those

of the uniformly adopted adjusted r:¡ivariate proceèures. When a multi-

varciate procedure is used., tlì-e resulting test is more conservaÈive and

less powerful than the corresponding uniformly adopted procedure.

Of the six uniformly adopted prc,cedures for testing mean equality,

the ê-adjusted F, ã-adjuste¿l ß' and multivariate tests are the most

robust statistics when subjected to conditions of assumption violation.

For ttte within subJects main effectr the effect of non-normality is to

slightly increase the T!¡pe f error- af¡d power rates of these procêdures,

witÌ:- the increase in tlre T14>e I error estimates being largest for the

multivariate statistic (T2). For these tests of the within subjects

interactíon, departures from normality result in stight decreases and

slight increases in tlle ïates of Type I error anal power, respectively.
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For both effects, the presence of multivariate heteroscedasticity

has a negligible effect on the operati¡g characte_ristics of the

adjusteal univariate and multivariate criteria.20 violation of the

assurnption that crxrc = t for alr j results in slight increases in the" -l-
TrG)e r error and power ratês of these procedures htith the increase in

the Type f error estimates being largest. for Royrs (1953) test of Èhe

inÈeractiÕn effecÈ. Departures from the assumption that C|XC = o2I

(s = 1.00) have no effect on the Type I eïror rates of the multivariate

procedures and cause only slight increases in the probabiliÈy of a Tlæe

I error for the ê- and è-adjusted ¡, tests. However, as the vatue of e

decreases from one, thê sensitivity of the adjusted univariate and

multivariate proced.ures decreases with this decrease being l-axgest for

the adjusted univariate procedures.

The data from this investigation do not suggest a clear-cut rule

for choosi-ng between the ê- and ê-adjusÈed univariate F Èests and their

tã---While the multiva-riate model describing the treatments X occasions
design assumes that the observation vectors, È:., .r" independently
and normally d.istributed with mean vecror i. uiå .::orar"r¡l 

"orr.ri.l-,""'l
matrix X which is coÌmon to all J populations, exact multivariate
tests of .the within subjects hl4)otheses associated r,¡itlr this design
can be achieved !ùhen the assumption of multiva¡iate homoscedasticity
is not satisfied (Timm, Note 4)- Because the multivariate approach
arrives at tests of these hypotheses by tra¡sforming the K original
measurements into K-l contrasts a¡nong the K neasu_re_ments, the
necessary condition for vatid multivariate tests is that the variance-
covariance matrix of the K-l contrasts among the 1evels of the repeated
factor be co¡rEnon to al] J populations, i.e., g'Iig = X, j = I,...,,t.
Note, however, that this assumption is specific to multivariaÈe tests
of the within subjecÈs .effêctsr for other h¡4>otleses in this design (see
TilfEn, 1975), Èhe walitlity of the multivariate tests rest on different
assurnption (s) concerning thê covariance matrices. However, tt I¡ = I
for all j, rnulti.variate procedures may be used to axrive at exact
tesÈs -of all hlpotheses of Ìnterest. For tlìis reason, Tilmn (Note 4)
reconmend.s that the assumption concerning tbe equality of Èhe disper-
sion matrices be statêd in terms of the total nuEb€_r of measurement
occasions.
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multivariate counterparts. ln general, if the value of the parameter

e is greater than or equal to -75, the ã-adjusted procedures provides

the most robust and most pov¡erful test of both within subjecÈs effects,

followed by the ê-adjusted F test and finally the muttivariate tests.

lf e < .75, the multivariate procedures aI'e consistently Èhe nost

powerful tests of either within subjects hlæothesis fotlowed by ttre õ-

and ê-adjusted -F tests- Ho\^'evel, if the population is non-normal. in

form, the multivaïiate test of the within subj ecÈs main effect, whÍ1e

most pohrerful, is liberal and better Typê I effor contLol is achieved

by adopting either of the adjusted univariate procedures.
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Table A
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¡,latrir< Set 1: Ml- = 0;
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"lL2s-L a

ft. s 7 ull',:;lL -l
2a.42, 5 -O, 5.0, 1-58

[" ,: ; :]I ' 'lL -l
2a-42. 5.O , 5.O, 1.58

M2= o¡

.i
'l
;J
I .58

ul

:l
')

1 .585-O,

;l
2.07

;l
2 -O7

l"
28 .18

r
28.18

e = l.O0

)._ ¡k

ç-
-3

À_:
J<

24.42, 5.A,

Matrix Set.-2: t =, 0; M2 = O¡

ä f" ,: : ;lt il
Àkr 2A.Le, 5.A2, 3.9O, 2.O7

\.-l-",:;;lrs= t ;l
lk, l"-r", r."r, 3-so, 2.o7

2A-42, 5.O, 5.O,
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À-,
K

)."k'
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Àk'
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I " nlL ,J
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ft. e s ,l
I t u nl
I ' nlL .l

27 -54, 6-e6, 4.26, t.36
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5
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MZ = I.37¡ e = L.00
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7 .72, 4.AO, 1.53
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13. 5
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[u 3.37s 1.87s

I n.u r-s75
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3

I

L
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1,,-'
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L
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trO: 28. aO,
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1.
1.

1.

30

4.5

6

6

6

rJ. J t -5
18 7.5

L2

IO.29, 6.4O, 2.O4

Matrjj< Set. 14: M" = t.B3;I

Àk, 10.80,2-86. 1- 03,

475

875

25

0- 8.58,3-1O,

9s3
1054

64
4

7.63,2.76,

13. 5

15

7.5

7.5

9u, =f"

lk' 43.2O, rI-44, 4.J-3, t.22
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e = .48

lrr.uru LL.2s 4.s ,.rrul

x = [ ,o.,.ru s.62s 4.s 
I-¿ 

L 
s'6'zs 

l.l,,J

ÀU, 33.i4, g.07, 1.92, O.BB

lr, 10 n .l¡=l':;lL;J
ìU, 29.45, A-06, I.7O, O.7A

Table À (Cont

1.83; 14, = L.37i

1.5 
'. 

trul
r-a7s r-s I

r.B7s 1.s I

I
1. 87s-l

Matrix Set 15: M_ =I

f r -rru 3.7s

| ...ru
Ir =l

L

À*, !L.04,3.O2, 0.64,

f.r.u rs 6

" I 13.s 7-sh =l
I t.s

L

Àn, 44.J.A. l.2.Og,2-56,

o.29

. 4.5

6

6

7.5

r.t7

Note. Values of the eigenvalues have been rounded to two decimaI
places.


