The University of Manitoba
The Graduate School

Department of Psychology

A Comparison of Univariate and Multivariate Analysis
Strategies for Repeated Measures Designs

A Thesis in
Quantitative Psychology
by

Joanne C. Rogan

Submitted in Partial Fulfillment
of the Requirements
for the Degree of
Doctor of Philosophy

April 1978



A COMPARISON OF UNIVARIATE AND MULTIVARIATE ANALYSIS

STRATEGIES FOR REPEATED MEASURES DESIGNS
BY

JOANNE C. ROGAN

A dissertation submitted to the Faculty of Graduate Studies of
the University of Manitoba in partial fulfillment of the requirements

of the degree of

DOCTOR OF PHILOSOPHY
© 1978

Permission has been granted to the LIBRARY OF THE UNIVER-
SITY OF MANITOBA to lend or seli copies of this dissertation, to
the NATIONAL LIBRARY OF CANAI)A. to microfilm this
dissertation and to lend or sell copies of the film, and UNIVERSITY
MICROFILMS to publish an abstract of this dissertation.

The author reserves other publication rights, and neither the
dissertation nor extensive extracts from it may be printed or other-

wise reproduced without the author’s written permission.

AR,

———
OF MANITOBA
M

wlBraries _#




To Harvey




Table of Contents

Chapter
INTRODUCTION

Analysis of Repeated Measures Designs
’Conventional Analysis
Adjusted Univariate Analyses
Multivariate Analysis

Comparisons of Analysis Strategies

Necessary and Sufficient Conditions for Vvalid
F Ratios in Repeated Measures Designs

Tests for Circularity
METHOD

Design
Data Generation

Statistics
RESULTS AND DISCUSSION

Effects of Assumption Violations
Tests for Circularity
Tests for Mean Equality
Sequential Testing Strategies

Greenhouse and Geisser (1959) Three
Stage Approaches

Page

15

27

34

42

49

49

59

64

64

66

81

90




Table of Contents (Cont'd)

Chapter

Comparison of the Analysis Strategies
~ Tests for Mean Equality
Sequential Testing Strategies

Greenhouse and Geisser (1959) Three
Stage Approaches

Concluding Remarks

Reference Notes
References

Appendix

Page

93
93

95

95

96

100
101

108




Table

10

11

12

13

List of Tables

Schematic for the Treatments (J) X Occasions (K)
Repeated Measures Design

Three Factor Mixed Model ANOVA Summary Table for
the Treatments (J) X Occasions (K) Repeated
Measures Design

Full Matrix Representations of Hypotheses of the
Treatments X Occasions Repeated Measures Design

Matrix Expansion of the Hypotheses of the Treat-
ments X Occasions Repeated Measures Design

Partial ANOVA Summary Table for a J X K X L
Factorial Design with Two Repeated Factors
(K and L)

Schematic of Simulated Conditions

Summary of the Matrix Sets Associated with the
Simulated Conditions

Values of the Population Mean Vectors for the
Non-Null Distribution

Empirical Type I Error and Power Rates for the
Test for Circularity

Empirical Type I Error Rates for Tests of the
Occasions Effect for Normal Populations

Empirical Type I Error Rates for Tests of the
Occasions Effect for Chi-Square Populations

Empirical Type I Error Rates for Tests of the
Treatments X Occasions Effect for Normal
Populations

Empirical Type I Error Rates for Tests of the
Treatments X Occasions Effect for Chi-Square
Populations

Page

20
22
41
51
54
57
65
67

68

72

73




Table

14

15

16

17

18

19

20

21

22

23

24

25

List of Tables (Cont'd)

Empirical Power Rates for Tests of the
Occasions Effect for Normal Populations

Empirical Power Rates for Tests of the
Occasions Effect for Chi-Square
Populations

Empirical Power Rates for Tests of the
Treatments X Occasions Effect for Normal
Populations

Empirical Power Rates for Tests of the
Treatments X Occasions Effect for Chi-
Square Populations

Empirical Type I Error Rates for Sequential
Tests of the Occasions Effect

Empirical Type I Error Rates for Sequential
Tests of the Treatments X Occasions Effect
for Normal Populations

Empirical Type I Error Rates for Sequential
Tests of the Treatments X Occasions Effect
for Chi-Square Populations

Empirical Power Rates for Sequential Tests
of the Occasions Effect

Empirical Power Rates for Sequential Tests
of the Treatments X Occasions Effect for
Normal Populations

Empirical Power Rates for Sequential Tests
of the Treatments X Occasions Effect for
Chi-Square Populations

Empirical Type I Error Rates for the Green-
house and Geisser (1959) Three Stage Approach

Empirical Power Rates for the Greenhouse and
Geisser (1959) Three Stage Approach

Page

75

76

79

80

82

83

84

87

88

89

91

92



Abstract

While it is generally assumed that the within subjects F ratios

in repeated measures designs are valid only when the assumption of
uniformity gxists among the population variances and covariances, recent
literature (e.g., Rouanet & Lepine, 1970) demonstrates that these ratios
are exactly distributed as F variates under a less restrictive condition
referred to as circularity. For the treatments (J) X occasionS"(K)
design where ‘'treatments' and ‘occasions' are the generic terms for the
non-repeated and repeated factor, respecfively, FK and FJ follow exact

K

F distributions if C'%.C = o%I (j =1,...,3) where C is a matrix of

~ ~]~

coefficients representing the K-1 orthonormal contrasts among the

levels of the repeated factor, I. is the variance-covariance matrix

~J

2 is a scalar where 02 > 0 and I is an identity

~

associated with group j, ©
matrix. The present research examined the Type I error and power rates
of several recommended tests of these repeated measures effects, a test
for circularity and various sequential testing stfategies where the
chosen mean equality test is based on the outcome of a preliminary test
for circularity when separately and jointly violating the assumptions
of (a) circularity, (b) multivariate normality, and (c) multivariate
homoscedasticity (§j = §, j= l"i"J)'

Monte Carlo techniques were used to simulate an orthogonal treat-
ments X occasions design with 3 treatment groups, 4 measurement
occasions and 13 observations per treatment group. For both effects, the

investigated univariate tests were: (a) the conventional F test, (b)




the conservative F test (Greenhouse & Geisser, 1959), (c) the e-

adjusted F test (Collier, Baker, Mandeville, & Hayes, 1967), and (d)

the e-adjusted F test (Huynh & Feldt, 1976). The multivariate test of
the occasions effect was evaluated by Hotelling's (1931) T2 while

Roy's (1953) largest root, Wilk's (1932) likelihood ratio, and the
Pillai-Bartlett (Bartlett, 1939; Pillai, 1955) trace criteria were

used to assess the multivariate test of the within subjects interaction .
effect. The circularity hypothesis was tested in a two-stage procedure
using Box's (1949) heteroscedasticity and Mauchly's (1940) sphericity
criteria.

In general, reéults indicated that,‘of the six uniformly adopted
procedures, the g—adjusted F, the é-adjusted F and the multivariate
test were the most robust statistics. The data did not, however,
suggest a uniform rule for choosing among these procedures. For all
conditions, .the g—adjusted'F test resulted -in the fewest Type I errors
and the least sensitive test of‘the effects. The multivariate tests
were, on the average, more powerful than either of the sample-adjusted
univariate procedures. However, for non-normal populations, when
interest was in the occasions main effect, the univariate procedures
provided better Type I error control.

Finally, preliminary testing for circularity was not useful in
choosing between subsequent analysis strategies. Because the
heteroscedasticity and sphericity criteria were highly sensitive to
non-normality and to departures from their null hypotheses, the Type I
error rates and sensitivity of the various sequential testing strategies
were almost identical to those of the corresponding uniformly adopted

mean equality test.




INTRODUCTION

Perhaps the most common experimental design in psychological
research is the repeated measures design (Edgington, 1974; Lana & Lubin,
1963). Such designs are characterized by repeated observation on a
single variable for every experimental unit or subject, with each
successive observation being associated with a different level or
combination of levels of the design.

Typically, experimenters adopt the repeated measures design as
a means of reducing error variability. Here, treatment effects for a
given subject are measured relative to the average response made by

that subject on all treatments; in essence each subject serves as his

own control. 1In this way, variability due to differences in the average
responsiveness-of -the subject is-eliminated from the experimental. error

(Winer, 1971).

Analysis of Repeated Measures Designs

While the data from repeated measures designs have a distinct
univariate appearance in that there is basically only one dependent
variable measured on the same subject on more than one occasion, data
from such designs can be equally well described by a univariate or
multivariate model: the choice of a model depends upon the nature of
the assumption(s) the researcher is willing to make concerning the data.
According to Cole and Grizzle (1966), when the observations.on suc-
cessive measurements are correlated (as is most often the case in

repeated measures designs), the data, while arising from an apparently




univariate experiment, are essentially multivariate in nature and should
be analyzed as such. Traditionally, however, the univariate mixed model
analysis of variance (ANOVA) has been the conventional test statistic
for such designs.

Conventional Analysis

Consider, for example, the case where there are J levels of a
treatment factor with I subjects exposed to fbe jth level and each
subject measured on one dependent variable for K occasions following
treatments (see Table 1 for schematic). BAnalysis of this treatments X
occasions design woﬁld typically proceed as a three factor mixed model
ANOVA (see Table 2) with treatments and occasions being completely
crossed fixed factors and subjects, a random factér nested within

treatment groups. Letting Xi'

ik represent the kth measurement on the

ith individual in the jth treatment group, a univariate linear model

describing this design is

+ 0B, + B (1)

X.. = + o, + + T, . . m, ., . + €.
Bty + B+ 5k F PMeigy to gk

ijk
i=1,...,I; j=1,...,0; k=1,...,K
with side conditions

K J ' X K
a, =% B =1 aB =X aB., =X B

J
z T ..
j k ik jk ki(3j)

= 0.0,

where |, aj, and Bk are the overall population mean, jth treatment

effect and kth occasion effect, respectively; T,,., is a constant

i(3)
associated with the ith subject in the jth treatment group; aBjk is the

jkth interaction effect; Bnki(j) is the interaction of occasion k and

subject i within j; and €i. is the random error component. The

jk

average over the population from which the subjects are drawn may be




Table 1

Schematic for the Treatments (J) X Occasions (K)

Repeated Measures Design
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denoted by E(Xijk) where

E(Xijk) = ujk =u + Ol,j + Bk + aBjk . (2)

Expressing the random departure of X.,
: i

from ‘.' as m
jk u:|

k ijk’

X..k=u. + m (3)

jk ijk !
where

mijk = ﬂi(j) + B +e.,. . (4)

ki) T ik

These random components mijk are assumed to be normally distributed

with
E . ="
(mijk) 0 (5)
and
f_z
o, if i =1",
j=3' k=k'
2
= = 1 3 = 3 ¥
COV(mijk, mi'j'k') Cov(Xijk, Xi'j'k‘) pc , if i = if*, (6)
3 =3 kAKX
ng otherwise,

2
where 0 is the common variance of the observations and p is the con-

stant correlation between observations at any two measurement occasions.
. . . . K

Expressing these assumptions concerning the K variances and the (2)

covariances in population variance-covariance matrices results in an

overall K X K matrix of the form

2 2 2
‘T P ... PO 1 p...p
2 2 2
po 0 ... pC 2 p 1 ...p
L= =0 ' (7)
2 2 2
po po ... © P P ... 1




with the variance-covariance matrices associated with each level of
treatment J, gj' being common to all J populations (i.e., Ej = E,
j=1,...,3). A matrix of the form in (7) is said to possess the
property of compound symmétry or uniformity (Geisser, 1963).1'2

For mixed designs in which a different group of randomly assigned
subjects is observed under each factor level combination, the random
eérror components and hence the observations can be assumed to be
independent and thus the assumption of constant covariance met (Xirk,
1968, p. 139). However, this is not the case for designs involving
repeated measurements. Here, the essential feature is that the random
error components associated with a particular subject reflect fairly
constant characteristics of that subject and must be treated as

correlated (Morrison, 1976, P. 141); Moreover, in such designs, it is

common to find that two successive or adjacent measurements are more

1As will be discussed subsequently, the assumptions of uniformity of X
and equality of the Zj's are sufficient but not necessary conditions”™

for exact or valid univariate F ratios in repeated measures designs
(Huynh & Feldt, 1970; Rouanet & Lepine, 1970). However, because the
majority of the literature to be reviewed makes reference to these
assumptions in their traditional form, they are initially stated as
such,

Note that the constant covariance requirement applies only to the
within subjects effects (i.e., K and JK) and not to the between subjects
effect J. The significance of the between subjects factor is assessed
using an error term (S(J)) corresponding to the pooled variation among
the subjects within the J groups summed over the K measurement occa-
sions. Thus, analysis of this factor is a one way ANOVA and is valid
regardless of the assumption concerning the covariances among the mea-
surement occasions. The sole requirement for a valid FJ is that the

variation within each of the J treatment populations be homogeneous
(Danford, Hughes, & McNee, 1960). In contrast, the significance of

the within subjects effects is assessed using an error term (XS (J))
which is not composed of variation collapsed over the measurement occa-
sions but which is the pooled interaction of the occasions factor K
with the subjects within the J groups.



highly correlated than two nonadjacent measurements, with the
correlation between these measurements decreasing the further apart the
measurements are in the series (Danford, Hughes, & McNee, 1960). A
variance-covariance matrix based on such serially correlated observa-
tions is said to possess the simplex form (Guttman, 1955; Humphreys,
1960).

When the unequal correlations are 'timed-based' (Lana & Lubin,
1963), that is, when correlation heterogeneity is due solely to the
temporal order of the repeated measurements (e.g., repeated testing
effects, sequence effects), randomization or counterbalancing have been
suggested to achieve homogeneous covariances (Box & Mﬁlle;, 1959; Gaito,
1961). 1In randomization, the repeated measurements are obtained in a
random order determined separately for each subject with the rationale
being that, over the entire design, any order effects will be distributed
approximately equally over the measurement occasions and consequently
will result in relatively constant covariances. A counterbalanced
design,’on the other hand, is achieved by collecting the repeated
measurements in all possible orders using an equal number of subjects
within each order. An additioﬁal 'order' factor may then be included in
the subsequent analysis to detect possible effects due to this counter-
balancing.

According to McCall and Appelbaum (1973), both randomization and
counterbalancing havevmajor weaknesses. For example, in the randomiza-
tion strategy, any order effects are incorporated in the error term(s)
for the analysis resulting in less sensitive tests of effects, with the
sensitivity decreasing with increases in the magnitude of the order

effects. Gaito (1961) has discussed the disadvantages of counter-




balanced designs which include loss of power, increases in the reguired
number of subjects and additional, seldom-satisfied assumptions
concerning the variances and covariances.

When the unequal correlations are 'treatment-bound' (Lana & Lubin,
1963), that is, when correlation heterogeneity is directly the result
of the specific nature of the levels of the repeated factor (e.g., a
repeafed 'test' factor where specific tests will always correlate more
highly with others regardless of the order of administration), neither
randomization nor counterbalancing have any effect on eliminating
covariance heterogeneity. Moreover, in many research situations, such
procedures are not applicable, for example, when the repeated assess-
ments must be made in a single order. Common research paradigms in
psychology where testing order cannot be manipulated include longitu-
dinal developmental studies assessing various behavioural chanées over
age or time and classical learning experiments where behaviour is
assessed several times during training (i.e., on each trial) or during
extinction. It is precisely these types of studies that seldom, if
ever, meet the required covariance assumption, rather yielding variance-
covariance matrices of the simélex pattern.

Consequences of assumption-violation. The effects of covariance

heterogeneity were first postulated by Kogan (1948) who suggested that
positive intercorrelations between measurement occasions would result
in a liberal F test of the occasions effect which overestimated the
significance of the differences between the K correlated means.

Investigating the approximate effects of unequal correlations and




unequal variances in a simple repeated measures design3, Box (1954b)
found Kogan's (1948) conjecture to be correct. As the magnitude of the
first order serial correlation (p = +.20, +.40) and/or the degree of
variance heterogeneity between the measurement occasions increased, the
occasions F test become increasingly liberal with the true probability
of a Type I error being greater than the nominal significance level.
Similar results were reported by Imhof (1962).

Adjusted Univariate Analyses

'e-—adjusted’ F test. Using the exact multivariate approach and a

formula previously developed (Box, 1954a, p. 297) for the approximation
to the distribution of the ratio of two independent quadratic forms,
Box (1954b) demonstrated that, undef_the null hypothesis, the true
distribution of the measurement occasions test ratio, FK' with (X-1)
and (K-1) (N-1) degrees of freedom (d.f.) is approximately distributed

a ¥YoxX. .
as ( Ppw )

F[(kK-1)e, (K-1) (N-1)e], (8)
where
2 _ 2
X (okk - 0_.) :
e = 2 —2 2= 2y k,k' =1,...,K (9)
(K-1) (XX 0%, - 2 L0 + KO )
Kkt o K K o

3A simple repeated measures design is defined as the case when N
subjects randomly sampled from an infinite population of subjects are
each measured on some characteristic on K occasions. Typically, this
design would be analyzed by a two factor mixed model design where
subjects is the random factor and occasions, the fixed classification.
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and

Okk' is an element of the K X K variance~covariance matrix z),

Ekk is the mean of the diagonal elements of I,

Ek is the mean of the kth row (or column) of Yz, and

Ql

is the mean of all elements of I.

When the K variances and (g) covariances are constant, that is, when §
is uniform, e equals its upper bound of unity and Box's (1954b)
approximation yields exact results. However, as § departs from
uniformity, the value of e decreases from one and FK is distributed
with a reduced number of 4.f..

Geisser and Greenhouse (1958) and Greenhouse and Geisser (1959)
extended the work of Box (1954b) to the analysis of the treatments X
occasions design (see Tables 1 and 2) showing that, using Box's (1954b)
procedure, the F ratios for the tests of the occasions effectvand the
treatments X occasions interaction could be tested in the same

approximate fashion. That is,

Fo APPEOE- Fl(k-1)e, J(I-1) (RK-1)e] and (10)
approx. _ 4
Fik.  n F[(3-1) (K-1)e, J(I-1)(K-1)e] . (11)

Because the test of the treatment effects is valid regardless of the

form of ¥ (see footnote 2), FJ remains exactly distributed as

Fl(g-1), J(z-1)] . (12)

Further, these authors demonstrated that for all designs involving a
1
single repeated factor (K), the lower bound of e was equal to (XK-1) .

4Note that for such designs involving between subjects factor(s), the
parameters in (9) are those of the overall population I.
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Thus,
-1
(k-1) < e <1.00 . (13)

According to Geisser and Greenhouse (1958), these results are gen-
eralizable to higher order repeated measures designs where one of the
factors is individuals subdivided into groups or treatments and the
remaining classifications are fixed. However, it is important to note
that this correction in the d.f. only applies to tests of within
subjects main effects or any interaction effects involving within
subjects factors; for tests of between subjécts effects, the F ratios
are exactly distributed as F variates with the ﬁsual d.f.. In addition,
the value of the lower bound of e is dependent upon the number of

repeated factors in the design and the specific F test in question.5

Conservative F test. Based on the facts that Box's (1954b) e-
adjustea test requires the often laborious computation of e which is
based on the elements 6f a typically unknown population § and that use
of a sample-estimated e on the approximate F distributions was also
unknown, Geisser and Greenhouse (1958) suggested a procedure in which
the valué of e is always set at its lower limit. Thus, for the treat-

ments X occasions design where the lower limit of e is equal to (R-1) .

approx.

FK " r[1, J(I—;)] and (14)
approx. 6
FJK N Fi(J-1), J(1-1)] . . (15)

5For example, for a J X K X L factorial design with two repeated factors,
K and L, for the test of factor KL, the lower bound of e is equal to
[ (k-1) (L-1)]~! while for FJK’ e takes on a minimum value of (K-1)~1.

6For the factorial design discussed in footnote 5, the conservative test
of the KL effect is approximately distributed as an F variable with 1
and J(I-1) d.f. while F g apPprox. F[(J-1), J(z-1)].

"
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However, while using the lower bound of e has the advantages of being
computationally expedient and independent of the elements of §, such a
procedure may be overly conservative and consequently lacking in
sensitivity: setting e equal to its lower bound assumes maximum
nonuniformity (an assumption which is not always valid) and results in
a maximum reduction in the d.f. and, consequently, a loss in power. As
a possible means of handling this problem, Greenhouse and Geisser (1959)
proposed a three step approach to testing significance. The F ratio in
question is first tested with the conventional d.f.. If the F ratio is
not significant, the analysis stops for the null hypothesis would not
be rejected by reducing the d.f.. On the other hand, if the observed F
is significant, the conservative test is performed with the d.f. reduced
by the value of the lower limit of e. An F ratio larger than this
second critical value may be declared significant without further
testing. However, if the conservative test is not significant, it is
sugggsted that e be estimated from the sample variance-covariance
matrix and the F ratio be tested with d.f. reduced by this estimate.7

A
'e-adjusted’' F test. The effect of using a sample-estimated value

of e on the approximate F distributions of FK and FJK in the treatments
X occasions design was investigated by Collier, Baker, Mandeville, and
Hayes (1967). By substituting sample values for the parameters in (9),

”~
the formula for a sample estimate of e, e, is

2,5 _ T 42
~ Ky =80
e = — (16)
(K-1) (ZX S]2<k‘ -2 KZS]i + K?5?
kk' x °°

7Lana and Lubin (1963) recommend a multivariate test when a sigﬁificant
conventional F test is followed by a nonsignificant conservative F test.
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where

Skk' is an element of the overall sample variance-covariance
matrix, S,

E#k is the mean of the diagonal elements of S,

Sk is the mean of the kth row (or column) of S, and

wj

is the mean of all the elements of S.

According to Anderson (1958), if the parent population is multivariate

”~
normal, e is a maximum likelihood estimator for e.

Results of the sampling study of Collier et al. (1967) indicated- ..-

that, in general, for vafying degrees of E nonuniformity (.45 <ex<
l.OO),.the distributions of g were negatively skewed for very high
values of e and positively skewed for very low values of e. However,
for values of e in the middle of the possible range of values, the bias
in the estimation of e was negligible. Moreover, for large sample
sizes (I = 15), the estimates of very high and very low values of e
were less biésed. Motivated by these results, Collier et al. (1967)
suggested an approximate F test where the d.f. are adjusted by a sample

estimate of e, e. Thus, for the treatments X occasions design,

Fo PEO% F(x-1)8, J(I-1) (x-1)e] and (17)
approx. A _ oy a :
Fix n  FLI-1) (k-1)e, J(I-1) (k-1)e] . (18)

'é-adjusted' F test. Based on the premise that values of e > .75

are fairly common in educational and psychological research, coupled
with Collier et al.'s (1967) findings that e may be seriously biased
when e is near or above .75 especially when sample size is small, Huynh

and Feldt (1976) have presented an alternative estimate of e which,
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according to their sampling study, is less biased and less dependent on
large sample size when § deviates only moderately from uniformity.8
While the optimum statistic would be an unbiased estimate of e, because
of the difficulties of deriving the expected value of an intractable
ratio9 (Hajek, 1962), Huynh and Feldt (1976) derived an estimate of e,
5, which is the ratio of unbiased estimators of the numerator and

denominator of the formula for e. Thus, for the treatments X occasions

design,
I[K*(S,., - S )?] - 2(3% s2 , - 2 KES2 + KS? )
- kk! .. Kk " kk' Tk k. ..
e = ' (19)
_ _ 2 _ o2 =2 L w2(a v _ T 2
[k-11[(z-1) (ZZ' Chitp 2 KZSk. + KS“) K (skk s_.) ]
kk k
with terms as defined in (16)10. Expressing e in terms of g,
N(K-1)e - 2
s = NiK=l)e - (20)

(K-1) [N-J- (K-1) &]

where N is equal to the total sample size.

According to Huynh and Feldt (1976), for any value of I and K,
e z_g with the equality holding when e = (K-1) ! and J = 1. In addi-
tion, unlike &, values of & can exceed unity. However, because the
value of the parameter e cannot exceed 1.0, whenever & exceeds one,

the estimate is equated to one.

8However, when I is strongly nonuniform, e is a less biased estimator
of e than e. Moreover, Davidson (1972, p. 447) maintains that strong
violations of uniformity do not seem unlikely in practice and are
especially likely when the data result from repeated measurements over
time and there is sequential dependency between succeeding measurement
occasions.

9A fraction or ratio whose numerator and denominator involves statistics
that are not independent is said to be intractable.

lOFor designs involving between subjects factor(s), the sample values in

(16) and (19) are pooled estimates of the parameters of the overall
population X.
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Using e as a sample estimate of the population value of e,

Fy apﬁrOX' F[(XK-1)8, J(I-1) (K=1)&] and (21)
approx. ~ ~
Foo on F[(J-1) (k-1)&, J(I-1) (k-1)&] . (22)

Multivariate Analysis

Equation (1) presents a general univariate linear model for the
treatments X occasions design. Assuming the K measurements on the ith
individual in the jth treatment to be a randomly sampled observation
vector from a K-variate normal distribution with mean vector ﬁj and
arbitrary covariance matrix E which is common to all J populations,

that is,

—)
i =
X153 = X500 X0

: >
e . . v IN (U, y 23
I’ 'leK] (UJ: §) (23)
the general multivariate linear model after parameterization applicable

to this design is:

5()! =_ﬁl+ ! +EI. i=l_,. I’j=l...J (24)
i] 3 i3’ I T

—>
where Xij is the 1 X K vector of observations across the K levels of
.
the repeated factor for individual i in treatment j; U' is the 1 X K

vector of means of the K measurements; =' is a 1 X K vector of the

933
wl

->
effect of the treatment j on the K measurements; and Eij isalXK
vector of error. Expressing this linear model in terms of population

cell means results in the model

> > -> . .

Xij = u'! + Eij' i=11...,I;-j=1,...,0 (25)
+

where u5 is a 1 X K vector of the mean of treatment j for the K

> > - . .
responses and Xij and Eij are as defined previously. In matrix
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notation,
X=2AE% +R . (26)

where § is an N X K matrix of observations, % is an N X J 'design'
matrix indicating the incidence of the terms in the model in the data,
§ is a J X K matrix of unknown population means and R is an N X K
matrix of random error components (Timm, 1976, p. 369).

Both the univariate and multivariate models rest on the assumption
that the population random error components and thus the observations
follow a normal distribution. However, unlike the univariate model
which stipulates a particular form of the population § (i.e., uniformity),
the multivariate model makes no such specification. Rather, the sole
requirement concerning § is that it be common to all populations, that
is, to each of the J treatment groups.

Given the model in (26), multivariate procedures test hypotheses

of the general form

Hy: BEW=0, (27)

where E isat XJ (t f_J—l) matrix of full row rank consisting of t
linearly independent row vectors representing contrasts among elements
within given columns of the unknown parameter matrix g and 8 is a

K X u (u < K-1) full column rank matrix consisting of u linearly

independent column vectors representing contrasts among the elements
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within different rows of £ (Morrison, 1976, p. 176).ll As Cole and

Grizzle (1966) state, a hypothesis of this form is, in fact, the joint

statement of (t - u) single d.f. component hypotheses of the form

H_ : gf I3 ;

0 58 Y T o, (28)

-+
where the vectors bg (j =1,...,t) and wk (k =1,...,u) compose B and

W, respectively. The choice of these gj and $k vectors determine the
component to be tested.

In the application of multivariate analysis to repeated measures
designs (in £his case, to the treatments X occasions design), two
general types of vectors are used. Consider the columns of the matrix

- >
W, that is, the wk's. If wk is a 'summation' vector of the form

£

i = {1, 1,...,1}, the component hypotheses corresponding to the

>
elements of B £ w

" involve the sum of the responses for each subject

across the K measurement occasions. This summation 'smoothes out' or
‘collapses over' variations within the rows of & due to the different

~

measurement occasions represented by the elements of the observation

llThe rank of a matrix X is the number of linearly independent rows

or columns of X (e.g., see Searle, 1966). In general, V row or
column vectors of the same order are said to be linearly dependent if

. -> >
- t . es h t c + c.u, + ,...
noz zero constants cl, 02, ,cV exist suc hat lul 295 r r

cvuV = 0. If zeros are the only values of the c's for which this

equation is true, then the . vectors are said to be linearly independent.
Because the number of independent rows in a matrix always eguals the
number of independent columns and vice-versa, the rank of a rectangu-
lar matrix X, where p is the number of rows and q is the number of
columns, is~equal to or less than the smaller of p and g(min(p,q)).

If the rank of the matrix is equal to min(p,q), then the matrix is
said to be of full rank; if, on the other hand, the rank of the matrix
is less than min(p,q), then the matrix is said to be of less than full
rank. Further, if the rank of the matrix is equal to g, the number of
columns, and g < p, then the matrix is said to be of full column rank;
if the rank of the matrix is equal to p and p < q, the matrix is termed
a full row rank matrix.
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vector, §ij' Accordingly, such a matrix, Wl' consisting of a single
vector of this form is typically used to construct hypotheses concerning
aspects of the main effect of the between subjects factor, J.
If, on the other hand, %k is a 'contrast'! vector whose elements sum
to zero, the resulting component hypotheses corresponding to the elements
>

of B § wk

j o~

will involve the associated contrast between the elements of
each row of £. Unlike hypotheses involving 'summation' matrices of the

Wl type discussed above which collapse over variations within the rows of
£, these component hypotheses concern differences that distinguish the
measurements comprising the observation vector. As a result, matrices
composed of these 'contrast' gk's, WZ' are used to test hypotheses about
the main effect of the within factor K and interactions between this
factor and the between factor J.

Like the columns of W, the t rows of B are typically chosen to sum the
‘results over the levels of the between factor, thereby ignoring the differ-
ences due to treatments, or to calculate differences between results for
treatment éroups, thereby estimating the effects of any treatment group
differences. Thus, if 35 is the summation vector (gér=.{l, 1,...1}), the
component hypotheses corresponding to the elements of 35 £ W disregard any
differences between the treatment group means. Accordingly, a matrix, ?1'
consisting of a single summatioﬁ vector is used to form hypotheses concern-
ing aspects of the within factor main effect. However, if gg is a 'contrast'
vector, the resulting component hypotheses cérresponding to the elements of
gﬁ £ W will involve the corresponding contraét between the elements of each

~ o~

->
column of £. Matrices consisting of contrast bg's, B2, are used in the

construction of hypotheses concerning the main effect of the between factor

and the interaction of this factor and the within factor.
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Through various combinations of these four summation and contrast
matrices (Bl, B2, W, Wz), one can construct matrix statements of the

primary hypotheses of interest in the treatments X occasions design.

For example, if the contrast matrix B2 is combined with the summation
matrix Wl, the resulting joint null hypothesis,
H B W, = 6 29
0’ ~2§~1" (29)

is that of no difference between the levels of the between subjects

treatment factor J. Similarly, combining the summation matrix, Bl' with
the contrast matrix, Wé, results in the joint null hypothesis,
->
: B = Q! 3
Hy ~1§YE2 o', (30)

of equal occasion effects. Finally, combining the contrast matrices
B, and W, yields the null hypothesis of no treatments X occasions

interaction or

Hy: By EW, =0. (31)

Full matrix representations of hypotheses (29), (30), and (31) for any
values of J and K are presented in Table 3. Table 4 contains the matrix
expansion of hypotheses (29) - (31) for a treatments X occasions design
with three treatment levels and four measurement occasions.

To test hypotheses of the form given in (27), a host of multivariate
test criteria are available. ﬁowever, unlike the univariate case where
the usual F test of a given hypothesis is the uniformly most powerful
invariant12 test criterion against any alternative to the null

hypothesis, in the multivariate case, no test criteria possessing the

2Tests possessing the property of invariance are unaffected by linear
transformations, that is, by changes of scale and/or origin (Olson,
1976).
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required invariance has the uniformly greatest power to recommend it.
Here, different invariant tests are most powerful in different
situations, depending on the nature of the alternative hypothesis
(Olson, 1976).

All multivariate test criteria are functions of the eigenvalues
or characteristic roots, Ai (i=1,...,8) of the matrix p;oduct §§-1 of
rank s, where § is the sum of products matrix for the effect in question
and E is the appropriate error sum of products matrix. Expressing H

~

and E in matrix notation

H=WX'A'A) B'[B(A'A) '] 'B(a'a) 'A'XW and (32)

E-wxI - a@a alm (33)
where T is an N X N identity matrix and B, Y,~§ and X are as defined -
previously. |

Of the many proposed test criteria, the four major contenders are
Roy's (1953) largest root criterion, 0, the Hotelling-Lawley
(Hotelling, 1951; Lawley, 1938) trace criterion, U, Wilk's (1932)
likelihood ratio, A,.and the Pillai-Bartlett (Bartlett, 1931; Pillai,
1955) trace statistic, V. According to these four criteria, the multi-
variate hypothesis of no difference amqnﬁ the group mean vectors is

rejected if

AL
6= 1+ A > eOL-(s,m,n) ! - ' (34)
L
s
U= ‘Z_ Ki > Ua(s,m,n) ' (35)
i=1

S
- = T !
A T o1+ Ai) < Aa(u,levE) , and (36)
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s Ai
V= .§ 1+ X, g VOc(s,m,n) ! (37)
1=1 i

where AL is the largest characteristic root of the matrix product HE-I,

s = min[rank(B), rank(wW)] = min(t, u), V.. = t, the hypothesis degrees

H
of freedom, m = .5(]u - t] - 1), n= .S(vE - u - 1), where VE =
N - rank(A) = N - J, the error degrees of freedom, 6 is the
~ : O(s,m,n)

upper 1-0 percentage point of the distribution of 6 with parameters s,

m, and n, is the upper 1-o pércentage point of the distribution

UOL(s,m,n)

of U with the same parameters, A is the lower 1-0 percentage

a(u,vH,vE)

point of the distribution of A with parameters u, vH and VE’ and

is the upper 1-o percentage point of the distribution of V
13

v
¢(s,m,n)

with parameters s, m, and n.
Using Monte Carlo methods, Olson (1974) compared the Type I error
iates and power of six multivariate testé including Roy's 6, the
Hotelling~Lawley U, Wilk's A, and the Pillai-Bartlett V, under varying
degrees of non—nbrmality or population dispersion matrix heterogeneity

for different numbers of dependent variables (K = 2,3,6,10), treatment

13When the rank of the matrix HE ! is egual to one, that is, when s =

min(t,u) = 1, all multivariate test criteria necessarily lead to

identical conclusions. When u is equal to one (as in (29)), the

single root of HE™! is equal to the univariate F ratio; when t is
equal to one (as in (30)), the single root of HE-! is equal to

Hotelling's (1931) one sample T2 statistic

2 > -1...
T° = N(N-J)x'W_ (W'EW,.) "W.x (38)
~2 2.2 ~2
-
where x is the K X 1 grand mean vector with kth element, X =
IJ

I X P/N and N, J, W2 and E are as defined previously.

S




25

groups (J = 2,3,6,10), equal group sample sizes (I = 5,10,50) and
nominal significance levels (d = .10, .05, .0l). Results indicated
that, in general,rthe MANOVA test criteria were robust to departures
from multivariate normality being only slightly more conservative and
slightly less powerful when compared to their Type I error and power
characteristics under conditions of multivariate normality. However,
heterogeneity of covariance matrices proved to be a more serious
violation. While A, U, and V were found to be robust to mild degrees
of dispersion matrix heterogeneity, for moderate to large degrees of
heterogeneity, the Type I error rates of all the test criteria became
increasingly liberal accompanied by a consistent increase in power. U,
A and particularly § were prone to excessively high Type I error rates.
However, increases in the Type I error rate of V tended to be much less
severe. In addition, the Type I error rates for all criteria, with the
exception of V, became more liberal as the number of dependent variables
increased and slightly more liberal as the number of groups increased,
although the effect on A and U were modest. As the group sample size
increased, the Type I error rates for all test criteria decreased and
approached the nominal significance level. Olson (1974) concluded by
rejecting Roy's largest root criterion due to its high Type I error
rates, recommending the Pillai-Bartlett trace criterion, V, as the most
robust of the MANOVA tests for general protection against departures
from normality and homogeneity of population dispersion matrices. While
A, U, and V are asymptotically equivalent, according to Olson, as a

- general 'rule of thumb' only when Vg is at least lOu‘times larger than

v, can | and U be considered equal to V.

H
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In summary, multivariate procedures can be used to arrive at tests
of the same hypotheses as those tested through the conventional uni-
variate approach without any restriction as to the form of E. Given
this demonstrated flexibility of multivariate procedﬁres, the question
arises as to why one should not uniformly adopt this procedure for
repeated observation experiments. According to Cole and Grizzle (1966)
and Rouanet and Lepine (1970), the general use of multivariate analysis
cannot be recommended as there are costs to such a procedure in addition
to the increased difficulty of calculation (a problem virtually non-
existent given the advent of high speed computers). One liability of
the multivariate procedure is its potential lack of sensitivity when
compared to univariate techniques. While both procedures are asymptoti-
cally equivalent (Danford, Hughes & McNee, 1960), for sample sizes less
than infinity, if the univariate assumptions concerning § are met, the
conventional univariate ANOVA is more powerful than the multivariate
test. In general, when the model assumptions are weakened, a loss of
power will follow particularly wheﬁ K is large relative to N (McCall &
Appelbaum, 1973).

In addition, because the rank(g) = min(vE, u), to test any
hypothesis-of-the form given in. (27) it is. necessary that the error . _.
degrees of freedom (N-J) be equal to or greater u in order that § be
nonsingular. In the event that N-J < u, E is a singular matrix with no
inverse, E—l, which is necessary for computation of the matrix product
gg-l. According to Greenhouse and Geisser (1959), under such condi-
tions, adjusted univariate procedurés are also not applicable as their
computation is based on the elements of a singular population or sample

variance-covariance matrix. Thus, when N-J < u, only the conventional

and conservative F-.tests may be computed.
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Comparisons of Analysis Strategies

Using Monte Carlo methods, Collier et al. (1967) investigated the
effects of varying degrees of E nonuniformity (.45 < e < 1.00) on the
empirical Type I error rates of the conventional, conservative, e-
adjusted and g—adjusted tests of the within subjects hypotheses in the
treatments X occasions design (J = 3, K = 4). For varying nominal
significance levels (o = .10, .05, .025, .0l) and treatment group or
block sizes (I = 5,15), results indicated that for all 15 conditions
of nonuniformity investigated,4the empirical rates of Type I error for
the conventional F tests were equal to or greater than their nominal
values with the magnitude of this discrepancy increasing with decreases
in the value of e. For o = .10, the empirical estimates attained a
maximum value of .15, while_for o = .05, .025, and .01, the maximum
rates of Type I error were .11, .07, and .06, respectively. 1In
contrast, the empirical estimates of the conservative tests were
markedly less than their associated nominal values except when e was
close to its lower bound indicating extremely nonuniform 3's. For tests
with d.f. reduced by e, the Type I error rates were very close to the
nominal values. Similarly, the obtained sizes for the g—adjusted tests
agreed wéll with their nominal significance levels, especially when e
< .74. For those conditions characterized by highly homogeneous E's

(e > .90), the empirical estimates were consistently lower than the
nominal size. Based on these results, Collier et al. (1967) recommended
that when the assumptions of the univariate model are suspect, tests of

the within subjects hypotheses should be conducted by referrring the

usual univariate F ratios to the F distribution with d.f. reduced by e.
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The relative robustness of the g-adjusted and eé-adjusted F tests
of the within subjects hypotheses in a simple repeated measures design
(K = 5) to varying degrees of § nonuniformity (.36.5 e < 1.00) was
examined by Huynh and Feldt (1976). For varying nominal significance
levels (a = .10, .05, .02s5, .01), results indicated that for relatively
small values of e ke < .75) or when the number of subjects was large
(N = 15-20), the g—adjusted test provided better control of Type I
errors. However, for large values of e (e > .75), tests with d.f.
adjusted by € maintained the empirical estimates closer to the nominal
values and, moreover, were less dependent on the size of the sample,
performing well even when the sample size was only twicé the number of
levels of K. Based on the belief that the condition of e > .75 best
typifies educational and Ppsychological research, Huynh and Feldt (1976)
recommended the use of é-adjusted tests in the presence ofAsgspected §
nonuniformity.

Noe (Note 1) obtained empirical rates of Type I error for four
nominal significance levels (o = .10, .05, .025, .0l1) for the conven-
tional, consérvative, and multivariate tests (one sample Hotelling's
(1931) T? and Rao's (1952) F approximation to A) in the treatments X
occasions design (J = 3, K= 4, I = 15) when § nonuniformity (.45.i e.
< 1.00) and equality of the gj's (3 =1,...,3) was violated jointly or
separately. As expected, the multivariate tests of the within subjects
effects and the conventional test of the between subjects effect were
unaffected by Efnonuniformity, consistently controlling the rate of
Type I error at or slightly below the nominal significanée levels.
However, for a given value of e, the conventional tests of both within

subjects effects approximately equally overestimated the nominal
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significance levels with the degree of liberalness increasing with
decreases in the value of e. While the Type I error rates of the
conservative tests of these effects also increased as the value of e
decreased, even for the smallest values of e, the estimates remained
below the nominal significance levels, especially for the interaction
test.

Violation of the assumption of equality of the §j's for all levels
of the between factor J in the presence of E uniformity led to biased
rates of Type I error for all the tests investigated with the effect
being largest for tests of interaction effects and decreasing for the
conventional test of treatment effects and further for tests of the~ -
occasions effect. When treatment group sizes were equal, the Type
I error rates of all three conventional tests and the multivariate tests
of occésions’and interaction effects were slightly liberal. However,
for unequal group sizes, this bias was more severe, with its direction
depending on the pairing of the unequal sample sizes and the unequal
Z.'s. When the unequal sample sizes were directly paired with unequal

~J

I.'s, that is, when a fewer number of observations were sampled from a
population with the smaller gj' all conventional and multivariate tests
were conservative. For indirect pairings of unequal sample sizes and
unequal Zj's, that is, when a few number of observations were sampled

from a population with the larger Zj’ all conventional and multivariate

tests proved to be liberal with empirical rates of Type I error
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exceeding the nominal value.14 Regardless of the distribution of the
sample sizes, the conservative tests of the within subjects hypotheses
maintained their conservative nature.

When the assumptions of uniformity and common population Zj's were
simultaneously violated, as the value of e decreased, the bias in the
Type I error rates of the conventional and conservative tests of the
within subjects effects became increasingly larger than those present
when only the assumption of common population §.'s was violated.
However, because the.conventional test of the between subjects factor
and the multivariate tests of the within subjects factors are not
~dependent on the form of §, simultaneous violation of both assumptions
produced results identical to those where only the assumption of common
population Ej's was violated. Noe (Note 1) thus concluded that while
there is little difference in the Type I error protection afforded by
the conventional and multivariate tests of the within subjects effects
when only the assumption of common §,'s is violated, when both assump-
tions are violated, the multivariate tests are clearly superior.

The power of the univariate conservative F test and a multivariate
technique (Hotelling's (1931) T?) was compared by Davidson (1972) for a
simple repeated measures design (K = 3,6). The relative power of the‘

two tests was found to be dependent on (a) the total sample size, (b)

14Similar results were reported by Ito and Schull (1964) investigating

the robustness of Hotelling's (1951) U to unequal Zj's in the presence

of equal sample sizes and Ito (1969) examining the robustness of
Hotelling's (1951) U and Wilk's (1932) A to direct and indirect
pairings of unequal sample sizes and unequal Zj's.




31

the degree to which E was nonuniform, and (c) when ¥ was nonuniform,
the nature of the aiternative hypothesis. ‘When § was uniform, the
conservative'test proved to be less sensitive than the multivariate
‘test with the power of the multivariate test increasing with increases
in the total sample size. When ¥ was substantially nonuniform and when
the levels of the repeated factor could be divided into two sets with
the data being perfectly correlated within each set and less well
correlated between sets, the conservative test was somewhat more
powerful than the multivariate test. However, under similar conditions
of nonuniformity, only the multivariate test was sensitive to small,
reliable differences between highly correlated measurement occasions
when other less correlated conditions were present; under such condi-
tions, the conservative test was relatively powerless. Because an
often-stated advantage of the repeated measures design is its abilit&
to detéct small but reliable differences (Myers, 1966), Davidsén (1972)
recommended that, when the form of ¥ is not known in advance, multi-
variate tests are the method of choice.

Unfortunately, the majority of Davidson's (1972) conclusions con-
cerning the relative power of univariate and multivariate tests are
based on the conservative adjustment of the univariate test. While
Davidson (1972) did describe a form of the univariate test based on a
sample estimate of e and acknowledged that it is a less conservative
and apparentl& more successful procedure for estimating the apéropriate
correction factor, he nevertheless derived his power tables using the
most conservative value of e. Given the extremely conservative nature

of such tests, it would seem that the power of univariate tests with
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d.f. adjusted by a sample value of e would be larger than that of the
conservative test and would compare more favorably to the multivariate
test (Wilson, 1975).

Using‘a simple repeated measures design, Stoloff (1970) compared
the effect of varying degrees of ¥ nonuniformity (.54 <e< .99) on the
Type I error rates and power of the conventional, conservative, e-
adjusted, g—adjusted and multivariate (T?) tests for varying nominal
significance levels (g = .05, .0l), number of measurement occasions
(K = 3,5) and total sample size (for K = 3, N = 4,6,10,15; for K = 5,

N =6,7,10,15). With respect to Type I errors, the obtained results
were similar to those reported by Collier, et al: (1967) and Noe (Note -
1). Thus, as the degree of § nonuniformity increased, the conventional
F test became increasingly liberal while the empirical estimates of the
conservative test.remained consistently less than the nominal values
only providing a relatively unbiased test when e approached its lower
bound of (K-1) !. Both the e-adjusted and g—adjusted tests consistently
maintained the rate of Type I error close to the levels of significance
with the g—adjusted procedure showing a slight negative bias under
conditions of minimal Y nonuniformity. The empirical estimates of the
‘multivariate tests were found to be similar to those associated with

the g—adjusted tests with rates of Type I error close to the nominal
sizes under conditions of ¥ nonuniformity. For all tests of the null
hypothesis, increasiﬁg the number of measurement occasions led to

slight increases in the rate of Type I error while increasing the total
sample size resulted in negligible effects for all tests except the

conventional F test which showed a decrease in bias.
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With respect to sensitivity, when e = 1.00, the conventional and
e-adjusted tests were generally found to be most powerful, followed by
the g—adjusted, the conservative, and the multivariate test, in
decreasing order.15 " When § was nonuniform, the power of the approxi-
mate tests using the F distribution (i.e., conservative, é—adjusted and
E-adjusted tests) increased with decreases in the value of e and
approached that of the conventional F test. Thus, the various correc-
tion procedures effectively maintained relatively high levels of power
even though a curtailment in the d.f. resulted when E was not uniform.

Mendoza, Nicewander and Toothaker (1974) extended the work of
Stoloff (1970) to the treatments X occasions-design“(J“=”37 K =4,
I=9) comparing the sensitivity and Type I error rates of the conven-
tional, conservative, e-adjusted, g—adjusted and multivariate tests (T?
and Roy's.(l953)'e) for varying degrees of § nonuniformity (.54_5 e <
1.00) and/or varying population shapes (normal, chi-squared (xz) with
3 d.f.). Results indicated thatwthe g—adjusted and multivariate tests
of the within subjects effects were the most robust tests when subjected
to violation of the assumption of § uniformity and/ér normality. While
the conventional tests had comparable power to these tests, they also
had liberal Type I error rates. Similarly, although the conservative

tests consistently maintained the rate of Type I error below the nominal

15Recall that Davidson (1972) found the power of the multivariate test

to be superior to that of the conservative test when I was uniform.
This discrepancy in results is most likely due to the different sample
sizes used in the different investigations. For all types of mean:
differences investigated only when N was greater than approximately

K + 6 did Davidson report the multivariate test to be uniformly more
powerful than the conservative test. However, in the majority of
conditions investigated by Stoloff-(1970) N was less than K + 6. As
Davidson (1972) points out, the power of the multivariate test drops
rapidly as N nears K.
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size, these tests were less powerful than either the g—adjusted or
multivariate tests.

No uniform rule could be stated for choosing between the -
adjusted tests and their multivariate counterparts. For both small
and larger population mean differences, while the multivariate test of
the occasion effect was, on the'average, more powerful, it also made
more Type I errors, especially when sampling from the skewed distribu-
tion. The multivariate test of the interaction effect was found to be
a function of not only the size of the population mean differences but
also of E. Moreovef( given certain 3's, the power of the multivariate
test decreased with increases in the population mean differences,
resulting in a less sensitive test of effects than the corresponding
%—adjusted test. While this result is counter-intuitive, Mendoza, et
ai. (1974) demonstrated that because the power of the multivariate
interaction test is a function of the variance-covariance matrix, their

empirical power data is consonant with theoretical expectation.

Necessary and Sufficient Conditions for Valid

'F Ratios in Repeated Measures Designs

As noted previously, the traditionally stated assumption of uni-
formity and equality of the Zj's are sufficient but not necessary
conditions for valid within subjects F ratios in repeated measures
designs. Rather, these ratios are eéactly distributed as F variates
~under more general conditions, referred to as circularity, of which
uniformity and equality of the Zj's represent a specific case (Mendoza,

Toothaker & Crain, 1976; Rouanet & Lepine, 1970).
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The following definitions are pertinent to the presentation of
the circularity assumption.

A contrast between levels of the repeated factor(s) is a vector
Z whose t components sum to zero, where t is the total number of
repeated factor(s) levels in the design. The standard deviation or
norm of a contrast g is equal to (Z'Z)%;'a standardized contrast is
a contrast of norm 1.

A t X p matrix is referred to as a contrast matrix, g, if its p
column vectors are contrasts. If the p columns are pairwise ortho-
gonal, S is said to be p-orthogonal and p-orthonormal if, in addition,
each column of g is staﬁdardized. Thus, a p-orthonormal contrast

matrix, C, with order t X p is of the general form

. l/cl l/c2 .- l/cP

—l/ql 1/c2 - l/cP

0 -2/c e 1/c
c = 2 P , (39)
0 0 ... =p/c
| — EL_

where ci = (i(i+1))%, i=1,...,p (Mendoza, Toothaker & Crain, Note 2).

Note that a matrix of this form satisfies the equality

c'c =1 (40)
~ o~ ~p .

where IP is a p X p identity matrix.
A comparison among repeated factor(s) levels associated with a
t X p contrast matrix is defined as the vector space spanned by the p

contrasts of this matrix where p is the degrees of freedom of the
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comparison. Thus, the contrast matrix is said to represent the
associated comparison. Indeed, every comparison with p degrees of
freedom can bg represented by a contrast matrix of rank p and more
specificaliy by a p-orthonormal contrast matrix.

According to Rouanet and Lepine (1970), there are three general
types of comparisons. A comparison with one d.f. and thus represented
by a single contrast is referred to as a unidimensional comparison.
Partial comparisons, on the other hand, are those comparisons with p
a.f. where-p < t-1l. Finally, if p = t-1, the comparison is called
overall. There is only one overall comparison since all contrast
matrices of rank t-1 span the same vector space. Further, evéry
comparison whether unidimensional or partial is a subcomparison of the
overall comparison.

Given these definitioﬁs, consider the simple repeated measures
design where the N observation vectors, §i' are a random sample from a
K-dimensional normal distribution with mean vector Z and variance-
covariance matrix E‘ According to Rouanet and Lepine (1970), the F
ratio

Ss. / (X-1)
P = S8 K/(K-l) m-1)
NK/ '

(41)

will be valid if ‘and only if the following three conditioné hold:
(a) SSK is distributed as a Xz variable with (XK-1)
degrees of freedom (central under the null
hypothesis and noncentral under the alternative);
(b) ss is distributed as a central X2 with (K-1)

NK

(N=1) degrees of freedom; and
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(c) SSK and SSNK are independently distributed.
* » . 0 » + y +
Condition (c) is an immediate consequence of X; v IN(Y, 2).
However, in order for conditions (a) and (b) to be satisfied, some
constraints must be placed on the elements of L. Specifically,

conditions (a) and (b) are true if and only if

[l — 2
C'2C =0T 1) (42)

where C is a K X (K-1) orthonormal contrast matrix of the form given in
(39) representing the comparison of interest, in this case, the K main
effect, and .02 is a scalar number where.o‘2 > 0. Thus, FK has an exact
F distribution if and only if the K-1 standardized contrasts between
the elements of § as defined by the coefficients of C are independent

- and equally variable. A variance-covariance matrix satisfying this
condition-is said- to satisfy the circularity assumption for the
particular comparison represented by S. For example, consider the

. following population.variance—covariance matrix associated with a

simple repeated measures design (K = 3).

Clearly,. this matrix is not uniform. However, the test of the within

subjects main effect represented by the orthonormal contrast matrix

.707 .408 |
c = -.707 .408
0 -.816

il

is valid as C'XC

~ o~

'(1.5)5.
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For the treatments X occasions design, the within subjects F
ratios (see Table 2) are distributed exactly as F variates if and only
if

(a) SSK is distributed as a X2 variable with (K-1)

degrees of freedom (central under the null
hypothesis);

(b) ss_  is distributed as a central x? with

(J-1) (K-1) degrees of freedom;
(c) SSKS(J) is distributed as a central X? with

J(I-1) (K-1) degrees of freedom; and

(a) SSK and SS and SS and SS are

KS (J) JK XS (J)
independently distributed.
> : >
Again, while condition (d) is immediately satisfied by Xij 3 IN(uj, ),

additional constraints must be placed on the elemenﬁs of the Z.'s

(j =1,...,3) in oxder to satisfy conditions (a) - (c). Specifically,
conditions (a) -~ (¢) are true if and only if
' = = = 1 = 2
C'L)C = C' 0= veerr = C'2;C= 0L (43)
or
c'yL.c = 0%1 v i =1,0..,3, (44)

M e ~ (K-1)
where C is the contrast matrix representing the overall comparison among the

K occasions and T and 02 are as defined previously. Thus, FK and F

~ (K-1) JK

have exact F distributions if and only if for each level of the between
subjects factor J, the K-1 standardized contrasts between the elements
of Ej as defined by the coefficients of g are ingependent and equally
variable. Further, this variability must be constant for all levels of
J. Variance-covariance matrices satisfying this condition are said to

satisfy the circularity property for the specific comparison represented

’
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by g. Note that for this design, there is a single circularity assump-
tion necessary for the validity of both within subjects F ratios. This
~situwation occurs because, while FJ and FJK have different degrees of
freedom (see Table 2), both involve the same number of degrees of free-
dom (i.e., (K-1)) among the levels of the repeated factor.
Mendoza, et al. (1976) subdivide the concept of circularity into

overall and local circularity. According to Mendoza, et al. (1976),

when the contrast matrix in equations (42) - (44) represents the overall
comparison of the total number of repeated measures, the assumption of
overall circularity is satisfied.l6 Local circularity, on the other
hand, is satisfied if c is a contrast matrix representing any comparison
of interest other than the overall comparison. If the assumption of
overall circularity is satisfied, then local circularity is necessarily
satisfied for any subcomparison. The reverée, however, is not the case.
Thus, it is possible for variance-covariance matrices to satisfy the
local circularity property for a'given comparison while, at the same
time, fail to satisfy the circulérity property for a different comparison
or for the overall comparison. This fact is not apparent from an examin-
ation of the treatments X occasions design as the circularity assumption
pertaining to both within subjects F ratios involves the overall contrast

matrix and hence the overall circularity assumption. However, consider

l6As Mendoza, et al. (Note 2) demonstrate, the'concept of overall

circularity is equivalent to Huynh and Feldt's (1970) Type H matrix.
According to Huynh and Feldt (1970), in order for within subjects F
ratios in a treatments X occasions design to be valid, the Zj's

(j =1,...,J) must be Type H matrices where all possible differences
between the levels of the repeated factor are equally variable.
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a J X K X L factorial design where there are repeated observations on
factors K and L. In order for the overall circularity assumption to be

satisfied

¥ = 2 ] =
R T s

where C is a KL X (KL-1) orthonormal contrast matrix representing the

-overall comparison among the KL repeated measures and Zj is the XL X KL

variance-covariance matrix associated with group j. However, the

necessary and sufficient condition- for FK to be exactly distributed as

an F variate is

] 2 .
.C = g% =1,...
C'LiC =0T pqy +3=1s.003 (46)

where g is a KL X (K-1) orthonormal contrast matrix representing the
comparison among the levels of the repeated factor K. Thus, it is
possible for a given design to contain both valid and invalid F ratios.

Table 5 presents”a partial ANOVA summary table for the J X K X L
design and the necessary and sufficient conditions for the validity of
each within subjects F ratio. Note that for each of the three sets of
within subject effects tested with a common error term, there is a
single common circularity assumption necessary to yield valid F ratios
while for effects tested with different error terms, the validity of
the F ratios rest on different circularity assumptions.

Relationship of overall circularity and uniformity. According to

Rouanet and Lepine (1970), the property of uniformity implies the

property of overall circularity. Therefore, if I is uniform and Okk is

the common value of the variances and o k#k ', the common value of the

kk!'

covariances, the overall circularity assumption is satisfied, with its

scalar equalling o The converse, however, is not true:

kk ~ Txkr*
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overall circularity does not imply uniformity. The uniformity assump-
tion amounts to placing %[ (p+l) (p+2)] - 2 linear constraints among the
variances and covariances of § as compared to %[p(p+l) ] - 1 for the

overall circularity property.17 Thus, an F test of a comparison, in
this case, the overall comparison can be Valid even when the uniformity
assumption is not met.

In addition, Rouanet and ILepine (1970)’state that when the overall
circularity is satisfied, e can be shown to be equal to unity with its
value decreasing with increases in the degree of overall noncircularity
of E. Th;s, the correction factor e is an index of departure from the
overall circularity assumption. This fact is most important in reinter-
préting the reported investigations in light of the less restrictive
assumption of circularity. Because these studies used e as an index of
the degree of g nonuniformity, their obtained results are relevant to
an investigation of the effect of violating overall circularity on the
various data-analytic strategies for repeated measures designs and, as
before, yield no uniform rule as to a choice among the alternative test

procedures when overall circularity is not satisfied.

Tests for Circularity

Traditionally, satisfaction of the assumptions of repeated mea-
sures designs has been judged by evaluating departures from the

uniformity assumption, that is, departures from homogeneity of variance

'17Note that for single degree of freedom tests, the number of linear
constraints placed on I by the overall circularity assumption is
equal to zero and the assumption is therefore trivially satisfied.
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and homogeneity of covariance in the sample covariance matrix (e.g.,
Box, 1949, 1950). However, uniformity constitutes a sufficient but not
a necessary condition for valid F ratios in repeated measures designs.
Rather, the necessary and sufficient condition is the satisfaction of
the circularity assumption. According to Huynh and Feldt (1970), a
statistic which bears more precisely on this assumption is Mauchly's
(1940) sphericity criterion, W, wﬁich tests the hypothesis of independ-
ence and homoscedasticity of multivariate normal random variables.
Thus, for the simple repeated measures design with K repeated measure-

ments, W tests the hypothesis that

H : C'Sc.=0%I. , (47)

0" < =<
Letting S denote the unbiased sample variance-covariance matrix, then

the value of W is given by

w = |c'sc|/[tr(c'sc) /plP , (48)

where 'tr' is the trace operator and p equals the rank of C, in this
case, (K-1). Under the null hypothesis, assuming multivariate normality,

if I is large and I > K, the statistic

Xl = —Sl In W (49)

where Sl = I-1 and 1ln represents the natural logarithm is approximately
distributed as a central XZ variable with d.f. equal to [p(p+l)/2] - 1

and is exact when p = 2. When I is small, a better approximation is

obtained by multiplying Sl by the correction term, 4, where
d=1- [(2p% +p + 2) /6ps,] - (50)

According to Rouanet and Lepine (1970), because this correction always

tends to be conservative and may not be small, its use should generally
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be recommended as a routine procedure. Thus, to test the circularity

hypothesis in (47), the test statistic is given by

X, =-s,d1nw. | (51)

For designs involving between subjects factor(s), the circularity
assumption is tested in two stages (Mendoza, et al., Note 2). TFor

example, for the treatments X occasions design, to test the circularity

hypothesis
. ' = =  ..,= O = g2
Bt C'BC=CUIC= o= C'Ic =o', (52)
the hypothesis
. ' = ' - = = ' =
Hop? C'Z;C=CZ,C= ey =C'IC=12 (53)
is first tested. If Hol is not rejected, the hypothesis
. ' = 2
Hppt C'XC =01 (54)

are not rejected, then HO is not

01

is then tested. If both H and H02

rejected and the circularity assumption is assumed satisfied. However,
if either HOl or HO2 are rejected, then H0 is rejected indicating a
violation of the assumption of circularity.

To test the first requirement (Hol) that the variance-covariance

matrix of the p standardized contrasts is constant for each level of the

between subject factor J, Box's (1949) multivariate analogue to Bartlett's

(1937) homogeneity of variance test can be employed (Huynh & Feldt, 1970).
If S, is the unbiased sample variance-covariance matrix corresponding to
group j and S is the pooled sample variance-covariance matrix, then the

value of Box's (1949) heteroscedasticity criterion, M, is given by

A J
M= (N-J) 1n |c'sc| - (1-1) I 1n |c's.c| . (55)
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Under the null hypothesis, assuming multiyariate normality, and when

I > K, the statistic
= M/b , (56)

is approximately distributed as an F variable with vl and v2 degrees of

freedom where
v, = .5[@-1)p(p+1)] , (57)
- _ n2
= _(vl + 2)/(62 : .el) , and (58)

b = vl/[l -6, - (\)1/\)2)] with (59)

1

_ (2p% + 3p - 1) (J+1)
1 6(p+l)JS and (60) -

= [(p-1) (p+2) (3° + T + 1)]/63%s 2 18 , (61)

If the Box (1949) test does not lead to rejection of H__, Mauchly's

01
(1940) sphericity criterion, as applied to the pooled variance-
covariance matrix, may be used to test the second requirement given in

(54). Thus, the value of the test statistic, X is given by

27
X, = —Szd Inw (62)
where 82 = N-J,
d=1-[(2p2 +p + 2)/6ps,] (63)
W is defined previously and X2 is a central XZ'Variable with d.f. =
[p(p+1)/2]
18

The F approximation is presented here rather than the X approximation
as, according to Box (1950), when p < 6 and J < 6, the X approxima-
tion is reasonable only when I > 20. However, when I is small and/or
J or p are larger than six, a more precise approx1mat10n is obtained
by using the F distribution. P
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Given these methods for testing the circularity assumption cor-
responding to a given comparison, Rouanet and Lepine (1970) have
suggested that these tests be used as preliminary tests with their
outcomes forming a base for a decision among the various potential
data-analytic strategies. Thus, if tests for circularity suggest that
§ does satisfy the circularity assumption for a given comparison, the
F ratio of the conventional ANOVA can be assumed valid and provides
the most powerful test of the’nulllhypothesis. However, if the
circularity hypothesis is rejected, the conventional F ratio is not
valid and one should adopt an adjusted univariate technique or a
multivariate technique to analyze the data.

However, according to Mendoza, et al. (Note 2) and Rouanet and
Lepine (1970), there are several problems with such a strategy. First,
when one is wdrking in a situation where I < K, circulérity tests are
not applicable as their calculation is based on the elements of a
singular sample variance-~covariance matrix. Secondly, and of most
importance, is the fact that very little is known about éhese'tests.
While Box's (1949) heteroscedasticity criterion has been shown to be
highly sensitive to departures from multivariate normality (Hopkins &
Clay, 1963; Korin, 1972; Olson, 1974), the robustness of Mauchly's
(1940) sphericity criterion to such as assumption violation is not
known. Moreover, the usefulness of circularity tests inAchoosing

A‘between subsequent analysis strategies has not béen investigated. As
Rouanet and Lepine (1970) have noted, preliminary tests may be too
powerful detecting assumption departures of little consequence to the
'would—bé' subsequent analysis or not powerful enough failing to detect

violations of serious consequences. In fact, Mendoza, et al. (Note 2)
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suggest that if one suspects that the circularity assumption is not
met, a technique such as the three-stage approach described by Green-
house and Geisser (1959) might be used in lieu of a test for circularity

to decide upon an analysis strategy.

The purpose of the proposed research, therefore, was to investi-
gate the operating characteristics of tests for circularity, repeated
measures mean equality tests and various sequential testihg procedures
where the chosen mean equality test is based on the outcome of the
preliminary test for circularity. For all individual tests and testing
sequences, empirical estimates of Type I error and power were determined
when violating the assumptions of normality, circularity, and multi-
variate homoscedasticity (Zj =%, 3J=11,...,J). The four sequential
tgstiﬁg'strategies examined were: (a) wusing the conservative F test
following a significant test for circularity or using the conventional
F test following a nonsignificant test for circularity, (b) wusing the
g~adjusted F test following a significant test for circularity or using
the conventional F test following a nonsignificant test for circularity,
(c) using the é-adjusted F test following a significant test for
circularity or using'the conventional F test following a nonsignificant
test for circularity, and (4d) using a multivariate test following a
significant test for circularity or using the conventional test
following a nonsignificant test for circularity. The empirical estimates
obtained from the sequential strategies were compared to the estimates
obtained when each of the proposed test procedures was uniformly adopted.

Finally, following the recommendation of Mendoza, et al. (Note 2), the
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empirical estimates of the uniformity adopted test procedures and the
sequential testing strategies were compared to the Type I error rates
and power of the three stage approach due to Greenhouse and Geisser

(1959).
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METHOD

Design

The experimental design simulated in the present research was the three
factor mixed model design schematized in Table 1 and represented by the
univariate linear model given in (1) or the multivariate linear model
given in (25). To afford comparability with previous investigations
(e.g., Collier, et al., 1967; Mendoza, et al., 1974; Noe, Note 1), the
number of levels of the between subjects or treatment factor J was set
equal to three and the number of levels of the within subjects or
occasion factor K was set egual to four.

Data Generation

In order to obtain the empifical results, a computer program was

]

. >
. 2 —
written to generate a pseudorandom vector Xij [Xijl’ Xij2""' Xin

+
approximating a K-variate normal distribution with mean vector uj =
[ul, Uz,..., uK] and variance-covariance matrix X.,. According to Schuer

and Stoller (1966), generation of such a vector first requires

>
generation of a pseudorandom vector Zij = [ r 2 2,...,Zin] where

23517 Zi

each Zijk is approximately independently and normally distributed with

mean zero and variance one (i.e., Z is a pseudorandom unit normal

ijk
> - .
deviate). Upon determination of Zij' Xij can then be obtained from the

relationship

>

- >
.= U, + LZ.,. (64
ij “j ~Tiy )

J

where L is a lower triangular matrix satisfying the equality Zj = LL'.
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This triangular decomposition of §, is known by various names such as
the Cholesky factorization and the sgquare root method (Harman, 1967).

Pseudorandom unit normal deviates were generated by the procedure
due to Marsaglia, MacLaren and Bray (1964). §ij was then obtained from
the relationship stated in (64). |

In order to assess the effects of non-normality, a bseudorandom
vector §£j = [Yijl, Yij2"""¥inJ app;oximating a K-variate skewed
distribution with mean vector ﬁ% = [ul, uz,...,uK] and variance-
covariance matrix Ej was also generated'according to a procedure similar
to that outlined above. _Agaih, to allow comparability with prior
research (Mendoza, et-al., 1974), the skewed ‘distribution was derived
from a X? distribution with 3 d.f. and hence moments pi = 3, U, = g2 =6,

v, = 24, U4 = 252, a skewness measure Yl = 1.63 and a kurtosis measure

3

Y2 = 4. Using the relationship

n N
xin) = ¥z, (65)

the pseudorandom Xz variates were generated by summing the squares of
three pseudorandom unit normal deviates. By subtracting three from each
Xz variate and tﬁén multiplying each by 1/0 where 0? = 6, each XZ
variate was standardized to mean zero and variance one. Finally, using

the same procedure as was used for the normal distribution,

- >

>
L. = UL+ LZ, . _ (66)
i ~ Wy T Py 0

- .
where Zij is a 1 X K vector of standardized pseudorandom skewed variates

_)‘ 0 3

and uj and L are as defined previously.

Table 6 presents a schematic of the six general conditions simulated

for both the normal and skewed distributions in order to assess the




Table 6

Schematic of Simulated Conditions

Not Possible

crzc
g'§j~ = E, i=1,...,J0 /////
/ \€'§E
. # %, 3 =1,...,0 C'gg
z \ / =
C'LC AL I = dinnsd
= - \C'Zc

I
Q
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(1)

(2)

(3)

(4)

(5)

(e)
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single and combined effects of violation of the assumptions of multi-
variate homoscedasticity and circularity. Note that the conditions
presented in Table 6 do not represent a completely crossed design as it
is impossible for the assumption of g'g.g = §, j=1,...,J to be violated
when the assumption of multivariate homoscedasticity is satisfied.

A modified form of Box's (1949) heteroscedasticity criterion was
used torquantify the degree of departure from the assumption of multi-
variate homoscedasticity. According to Box (1949), when sample siges
are equal, the probability that a set of J K X K sample variance-
covariance matrices, §l' §2,...,§J, originate from a common population

variance-covariance matrix can be obtained from the expression

J
M; = (N=3) In |S| - (I-1) £ 1n|s.| or
~ . ~J
J=1
(67)

My = (I-1) (T - 1n |8] -

1 1n l§jl) .

i Mo

j=1
with §j and S as defined previously. For a given sample size, when the

Sj's originate from a common population matrix the value of M. is zero;

1
however, as the value of Ml increases from zero, the probability that
the set of‘§.’s shares a common origin decreases. Similarly, if
population matrices are used in (67), the maghitude of the resulting
quantity will reflect the degree of population variance-covariance
matrix inequality. Moreover, since parameter values are unaffected by

sample size, the quantity (I-1) can be disregarded and (67) can be

redefined as
J
M =J-1n|Z] - I 1In {gjl . (68)
j=1
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An additional modification to (68) provided a means of quantifying
the assumption that C'ZjC =2, 3=1,...,3. That is, by substituting
|c'zc| for || and {C'ZjC] for |Zj], one arrives at the expression

J
o T T leriel - T eyl (69)

is zero; however,

As with (69), when CijCv=.Z for all j, the value of M2

as the S'Ejg's depart from equalityf the value of M2 increases. -

Finally, the degree of violation of the assumption that §'§§ = 02}
was quantified by Box's (1954a) correction factor, e, given in (9).

When g'gg = 625, the value of e equals unity; when g'§§ # 025, e is less
than one, depending on the degree of assumption violation.

Table 7 presents a summary of the fifteen sets of variance-covar-
iance matrices and their associated Ml' Mz, and e vélues generated to
depict the assumption violation>conditions spgcified in Table 6. The
. exact.elements of these matrices are presented in the Appenaix. All
matrices were chosen so that for each of the 15 matrix sets, the overall

matrix, X, (a) had an average variance,'al equal to 10 and an average

‘ kk'
;covariance,'gkk,(k#k'), equal to 5.and (b) was characterized by diagonal
elements whose magnitude decreased in successive diagonals from thg main
diagonal, a property of the simplex form common to psychological
research investigations involving repeated measurements over age and/or
time. In addition, following Fhe recommendation of Huynh and Feldt
(1970) , for each matrix set, the values of the three individual group
matrices and those of. the overall matrix were chosen such that the

resulting matrices were positive definite, that is, had K strictly

positive eigenvalues (Tatsuoka,-1971).




Table 7

Summary of the Matrix Sets Associated With the Simulated Conditions

Condition (1): Zj =%, j=1,...,3; c'Zj c=2%, j=1,...,J; C'Z C=0
Matrix Set 1: Ml = 0.0 M2 = 0.0 e =1.00
Condition (2): %X, =2, j=1,...,J3; C° Zj c=1=2, j=1,...,d; C' % C # 0%1
Matrix Set 2: ; Ml = 0.0 M2 = 0.0 e = .96
Matrix Set-3: . . Ml = 0. M2 = 0.0 e = ,75
Matrix Set 4: Ml = 0.0 M2 = 0.0 e = .57
Matrix Set 5: Ml = 0. M2 = 0.0 e = .48
Condition (3): Zj # %L, j=1,...,3; C! Zj c=2%, j=1,...,J; C'Z C=0
Matrix Set 6: Ml = 2.20 M2 = 0.0 e = 1.00
Condition (4): Zj #X, j=1,...,d; C' Zj C=2%, j=1,...,J3; C'Z C # 0?1
Matrix Set 7: Ml = 1.64 M2 = 0.0 e = .96
Matrix Set 8: Ml = 1.27 M2 = 0.0 e = .75
Matrix Set 9: Ml = 1.54 M2 = 0.0 e = .57
Matrix Set 10: Ml = 2.03 M2 = 0.0 e = ,48

Condition (5): Xj #2%, 3=1,...,J3; C!' Zj c#2Z, j=1,...,J; C'"XC =
Matrix Set 11: Ml = 1.83 M2 = 1.37 e =1.00
Condition (6): zj #2Z, j=1,...,3; C!' z:j C#2Z, j=1,...,J; C' Z C #
Matrix Set 12: Ml = 1.83 M2 = 1.37 e = .96
Matrix Set 13: Ml = 1,83 M2 = 1.37 e = .75
Matrix Set 14: - Ml = 1.83 - M2f= 1.37 - e = .57
Matrix Set 15: Ml = 1.83 M2 = 1.37 e = .48



55

As seen in Table 7, matrix sets resulting in five values of the
parameter e were generated in order to investigate the assumption that

C'ZC = 0%I. When C'SC = 02I, the chosen matrix sets yielded e values

~ o~ ~ A

of unity; however, when C'LC # OZI, the values of e for the matrix sets

~ o~

were less than one, decreasing with increases in the degree of assump-
tion violation. Because e can only range between .333 to 1.00 for the
present design, values of e equal to .96, .75, .57, andv.48 were chosen
to répresent extremely small, small, medium, and large degrees of
assumption violation, respectively.

To investigate the assumption that C'Y.C = Z, J=1;...,J, matrix

~ ~J~

sets resulting in two values of the parameter M_.were generated. - When-

2

C'ZjC =%, 3=1,...,3, the generated matrix sets resulted in M2 values

equal to zero; when C‘ch #%, J=1,...,J3, the associated M2 value of

the matrix sets equalled 1.37. Because, unlike the parameter e, the
limits of M2 are not known, this value of M2 was arrived at by forming

individual group matrices, Zj's, in the ratio of 1:3:4 (a situation

~

thought to be not uncommon in psychological research) and calculating

the common associated M2 value.

The restrictions imposed upon the matrices by the particulars of

these assumption violation conditions (i.e., the desired e and M2

values) combined with the matrix constraints previously enumerated
(positive definite matrices with overall matrices displaying character-
istics of the simplex form and where E£k = 10 and.agk, = 5) made

generation of matrix sets possessing a constant nonzero value of M

1
impossible. As seen in Table 7, when the assumption that C'ZjC =7,
j=1,...,J, and the assumption of multivariate homoscedasticity were

met, all matrix sets possessed a common M., value equal to zero.

1
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Similarly, when C'ZjC #2Z, 3=1,...,3, and the assumption of multi-

~

variate homoscedasticity was violated, all matrix sets had Ml values

equal to 1.83. However, such was not the case when C'y.C = T, 3 =1,...,3,
and multivariate heteroscedasticity was present. For these conditions
((3) and (4)), matrix sets were chosen which possessed Ml,values as

similar to one another as possible and which resulted in a range of Ml
values bracketing the value of Ml in conditions (5) and (6) and the
constant value -of Mé‘ For ‘conditions of multivariate heteroscedasticity,

matrix sets were found such that the value of Ml only ranged from 1.27 to
2.20 (see Table 7).

For both normal and skewed distributions and for all 15 matrix sets
specified in Téble 7, the probability of a Type I error was generated
when the J population mean vectors were null vectors, tﬁat is, when
ﬁg = [0, 0,...,0], j =1,...,J. Table 8 contains the values of the K-
variate popﬁlation mean vectors under which the empirical power estimates
were generated. The values of these mean vectors were chosen to yield
within subjects effects (i.e., K ana JKj of medium magnitudes as defined
by Cohen fl969).

According to Cohen (1969), for equal group sizes, the size of a
given effect: can be indexed by the square root of the sum of the squared
effects of a given factor divided by that factors' d.f. + 1 in ratio to
the common within population standard deviation. Thus, for the within
subjects occasions effect K, the effect size index, denoted by f, is
equal to

K 5
z B]Z{/(K—l)ﬂ

- k=1
K ) g
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Values of the Population Mean Vectors for the Non-Null Distribution

ﬁi .20 1.15 2.20 3.00 1.6375
- >
s 1 .40 . 1.00 1.50 2.25 1.2875
+
ny .90 .85 .80 .75 .825
.50 1.00 1.50 2.00 1.25
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where Bk is the kth occasion effect and ¢ is the common within popula-

tion standard deviation. Similarly, for the JK interaction effect,

J K 5
I I oB ;k/ [(7-1) (k-1)]+1
- Li=1 k=1
JK o

£ (71)

where aBjk is the jkth interaction effect and 0 is as previously defined.
As Cohen (1969) states, 0 refers to the square root of the variance being
estimated by the denominator mean square of the F test(s) of the effects
in question. Therefore, for the present‘design, because both within

subjects effects are tested over MS (see Table 2), 0 = [02(1—0)]% =

XS (J)
(c? - poz)%, where g2 and p02 are the common population variance and
covariance of the K repeated measures,'respectively (Kirk, 1968, p. 256).
Substituting an average variance value of 10 and an average covariance
value of 5 and population mean vector values given in Table 8 into (70)
and (71) resulted in values of fK and fJK equal to .25 and .27, respec-
tively. According to Cohen (1969), values of f approximating .25 are
indicative of medium-sized treatment effects in behavioral science
research.

For all conditions investigated, the total number of observations
in the simulated design was set equal to 39, with 13 observations being
sampled from each of the J treatment populations. The value of I = 13
was chosen to yield a univariate F test of the hypothesis of no
occasions effects with an a priori powér of .75 to detect an occasion
effect with means such as those given in Table 8 (fK = .25). While
Cohen (1969) proposes that the behavioral science researcher should

adopt a power value of .80, in the present investigation a power value

of .75 was chosen to minimize the possible occurrence of 'ceiling®'
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effects under conditions of assumption violation, where the empirical
power estimates of all test criteria attain their maximum value of 100%
and thus preclude a comparison of the test procedures.
Statistics

For both population shapes and for all matrix sets specified in
Table 7, empirical estimates of the probability of a Type I error and

power were determined for the following test statistics and combinations
of test statistics:
A. Test for Circularity
B. Tests for Mean Equality
(a) the conventional F test19
(b) the conservative F test
(c) the g~adjusted F test
(d} the e-adjusted F test
(e) a multivariate test
C. Tests for Mean Equality following the Test for Circularity
(a) the conservative F test following a significant test
for circularity and the conventional F test following
a nonsignificant test for circularity
(b)  the e-adjusted F test following a significant test
for circularity and the conventional F test follow-

ing a nonsignificant test for circularity

9Following_the recommendation of Gabriel (Note 3), precipitated by the
finding of Collier, et al. (1967) that the empirical Type I error rates
of the conventional F test rarely exceed twice the value of the nominal
significance level even for extreme I nonuniformity, the conventional F
test was not only tested at the nominal significance level set for the
other test statistics, but at a significance level of one-half this
size.
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(c) the e-adjusted F test following a significant
test for circularity and the .conventional F
test following a nonsignificant test for
circularity

(d) a multivariate test following a significant test
for circularity and the conventional F test
following a nonsignificant test for circularity

D. Greenhouse and Geisser (1959) Three Stage Approach

(a) using the g—adjusted F test as the final step

(b) using the E—adjusted F test as the final step

(c) using a multivariate test as the final step

Because little is known concerning the operating characteristics
of the component tests (i.e., Box's (1949) heteroscedasticity criterion
and Mauchly's (1940).sphericity criterion) of the test for circularity
(Part A), Type I error rates and power characteristics of both these
component tests weredetermined, in addition to those of the overall two
stage test for circularity.

All test statistics enumerated in Parts B through D above were
computed for both the within subjects effects in the simulated treat-
ments X océésions design. In all cases, the multivariate test of the
hypothesis of no occasions effect was tested through use of Hotelling's
(1931) one sample T2 statistic given in footnote 13. Evaluation of the
hypothésis of no treatments X occasions interaction was based on fhree
multivariate criteria. Following the recommendation of Olson (1976),
the within subjects interaction hypothesis was tested by the Pillai-
Bartlett (Bartlett, 1939; Pillai, 1955) trace criterion given in (37).

Wilk's (1932) likelihood ratio criterion specified in (36) and Roy's
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(1953) largest root criterion’specified in (34) were chosen as the
second and third test statistics because of their frequent use in
currently popular packaged bPrograms (e.g., Finn, 1976).

For each of the 30 conditions to be investigated (15 matrix sets X
two population shapes), a total of 2,000 sets of data were generated.
For the indiyidual test statistics specified in Parts A and B above, if
the observed value of the test statistic exceeded its critical value
when the J population mean vectors were null, a Type I error was counted
for the test statistic. 'On the other hand, if the observed value of the
test statistic exceeded its critical value when the vectors of means
were non-null, an'incidence of power was recorded.

For the sequential strategies enumerated in Part C, empirical
estimates of Type I error and bower were determined by the following
counting procedure. Because a sequential testing procedure leads the
experimenter to perform only one mean equality test on the data from a
given experiment, that being the test recommended by the test for
circularity, for each test of mean equality, the number of times it was
chosen by the test for circularity was initially counted. Further, of
this number, for each mean equality test, the number of times it was
significan£‘§as recorded. With this information, the empirical
estimates of Type I error and power for a particular sequential strategy
were determined. For example, consider the first sequential strategy
outlined in Part C where a nonsignificant test for circularity is
followed by the conventional F test and a significant circularity test
is followed by the conservative F test. For a certain subset of the
2,000 data sets, the circularity test was significant and, of this subset,

the number of significant conservative F tests was recorded. Similarly,
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for the complimentary subset of the 2,000 data sets where the circularity
test was nonsignificant, the number of significant conventional F tests
in this subset was recorded. By summing the number of times the
conventional F test was significant when the circularity test was non-
significant and the number of times the conservative F test was
significant when the test for circularity was also significant and
dividing this sum by the total number of generated data sets, the
empirical Type I error (when the population mean vectors were null) and
power (when the population mean vectors were non-null) rates for the
sequential testing strategy were determined.

Type I error and power rates for the Greenhouse and Geisser (1959)
three stage approaches of Part D were obtained by counting the number
of times the 'stopping point' (see p. 12) in the sequence judged the
effect in question to be significant. For example, consider the three
stage approach using the g-adjusted F test as the final step. If, for
a given data set, the conventional F test proved nonsignificant, the
testing sequence stopped and no incidence of Type I error Or power was
recorded. However, data sets resulting in significant conventional and
conservative F tests or in a significant conventional F test followed
by a nonsignificant conservative F test and a significant g—adjusted F
test were counted as incidences of Type I error or power.

For all test statistics and combinations of test statistics enumer-
ated in Parts A through D, the nominal level of significance, 0, was set
equal to .05. In addition, for all individual test statistics or
sequential strategies involving multivariate iests, the upper 100(1l-0)
percentage points of Hotelling's (1931) T? distribution were obtained

from the relationship
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N_‘ J"'K‘l‘ 2 2
F = F 71
- (N-J) (K-1) R K-1,N-J-K+2 (71)

while the upper 100 (1-0t) percentage pointsvof the Pillai-Bartlett
(Bartlett,. 1931; Pillai,.1955) trace criterion, V, the lower 100(l-a)
percentage points of Wilk's (1932) likelihood ratio criterion, A,

and the upper 100(1-0) percentage points of Roy's (1953) largest root
criterion, 0, were obtained from tables generated by Pillai (1960),

Wall (1968) and Heck (1960), respectively.
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RESULTS AND DISCUSSION-

Effects of Assumption Violations

Tests for Circularity

Table 9 presents the empirical Type I error and power rates for
the component tests (i.e., Box's (1949) heteroscedasticity criterion and
Mauchly's (1940) sphericity criterion) and the overall.test for circu-
larity when sampling from normal and non-normal populations. To
distinguish between the two estimates, the rates of Type I error are
enclosed in parentheses.

As seen from Table 9, violation of the assumption of multivariate
normality results in inflated rates of Type I error for the component
and overall circularity tests. The Type I error estimates of Box's
(1949) heteroscedasticity criterion are approximately six times larger
than those obtained when sampling from normal populations while the
estimates for Mauchly's (1940) sphericity criterion and the overall test
for circularity are three to four times as large as the normal distribu-
tion values.

When sampling from non-normal distributions, the empirical power
rates of Box's (1949) test of the hypothesis HO: S'§j~ = g, i=1,...,3
are approximately 10 percentage points larger than the rates obtained
from normal populations. For Mauchly's (1940) test of the hybothesis
HO: g'§9 =.62£ and the overall test of the hypothesis HO: g'gjg = 0L,
j=1,...,J, the increased sensitivity afforded by conditions of non-
normality varies as a function of the degree of departure from the tests'

respective Ho's. For extremely small departures (e = .96), the power
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estimates for Mauchly's (1940) test are 17 to 19 percentage points
greater than those obtained in the presence of multivariate normality.
However, as the value of e decreases; the difference between the
empirical estimates becomes negligible: for e < .75, the sensitivity
of the sphericity criterion ranges from 95% to 100% for either popula-
tion form.

When S'gjg = E for all j (M2 = 0.0) and the departure from E'EE =
OZE is extremely small (e = .96), the empirical power rates of the
overall test for circularity obtained under conditions of non-normality
are approximately 30 percentage points larger than the normal distribu-
tion values. However, when E'Ejg # § for all j‘(MZJ# 0.0), this
discrepancy decreases with the power estimates from non-normal distribu-
tions now being approximately 12 percentage points larger. Further, like
the test for sphericity, as the degree of departure from S'§E = 921
increases, the effect of non-normality on the empirical power estimates

becomes minimal: for e < .75, the power of the overall circularity test

ranges from 96% to 100% for both population shapes.

An. unexpected finding is the apparent lack of robustness of Mauchly's

(1940) sphericity criterion when C'ch # L for all j. Under such condi-
tions, the sphericity criterion yields inflated Type I error and power

rates for both population shapes.

Tests for Mean Equality

Empirical Type I error rates: Within subjects main effect. The

empirical Type I error rates for the tests of the occasions main effect
when sampling from normal and non-normal populations are presented in

Tables 10 and 11, respectively.
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As seen from the tables, violation of the assumption of multivariate
normality results in an increase in the Type I error estimates for all
test procedures, with this increase being slightly larger for the multi-
variate test (T?). Further, the magnitude of this inqrease varies as
a function of‘the degree of departure from the assumption that g'§j9 =
E for all j. When this assumption is satisfied (M2 = 0.0), the empirical
estimates obtained when samplihg from non-normal populations are
typically one and two percentage points larger than their normal distri-
bution counterparts for the univariate tests and the multivariate test,
respectively. When E'EjS # § for all j (M2 # 0.0), the effect of non-.
normality decreases: for the univariate procedures, the difference
between the Type I error rates obtained from normal and non-normal
populations is typically less than one percentage point, with the
estimates from the non-normal distributions being slightly smaller for
modefate to large values of e (e = 1.00, .96, .75); for Tz, the empirical
rates obtained when sampling from non-normal populations are typically
one percentage point larger for all values of e.

In general, violation of the assumption of multivariate homoscedas-
ticity (Ej = E, j=1,...,3) has a negligible effect on the Type I error
estimates for all test procedures. For both population shapes, the rates
obtained under conditions of multivariate homoscedasticity (M, = 0:0) and

1

multivariate heteroscedasticity»(Ml # 0.0) are typically within one-half

of a percentage poinf of one another. When sampling is from non—normai
populations and the value of e is small (e = .57, .48), this difference

is slightly larger for the univariate procedures; here, the estimates
obtained when §j # § for all j are approximately one and one-~half percent-

age points smaller and one and one-half percentage points larger than those

obtained when Zj =2, 3j=1,...,3 for e = .57 and e = .48, respectively.
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~

The effect of violating the assumption that E'Ejg = X for all j
varies as a function of the population shape and/or the value of e.
When the population is normal, for all values of e, the empirical fates
of T? obtained under conditions where §'§j§ # E for all j (M2 # 0.0)
are approximately one to one and one-half percentage points larger than
those obtained when 9'§jg = § for all j (M2 = 0.0). When e > .57, the
presence of §'§j§ # g for all j has a similar effect on the estimates
for the univariate procedures. However, when e = .48, the probability
of a Type I error for the univariate procedures is approximately one
percentage point less when g'§j§ # § for all j.

For non-normal populations, violation of the assumétion that
g'§j§ = § for all j generally has an even smallgr effect on the Type I
error rates of all test proéedures‘than that noted under conditions of
multivariate normality. Oniy when e = .57 and e = .48 is the effect of
S'ng # E for all j larger with the estimates for the univariate tests
being one and one-half to two percentage points greater than and one
and one-half to two percentage points less than those obtained when
S'Ejg = X for all j, respectively.

~

Violation of the assumption that C'IC = 0?1 (e = 1.00) has a

negligible effect on the rates of Type I error for the multivariate test.
However, as the value of e decreases from one, the estimates for all
univariate procedures increase with this increase varying as a function
of the specific test procedure. The conventional (F and F ) and
conv. o/2
conservative F tests are most sensitive to departures from C'LC = 0?1
with the rates obtained under the largest degree of assumption violation

(e = .48) being from two to four times larger than those obtained when

I. For the e- and eé-adjusted F tests, the increase in the Type
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I error rates is slight with the estimates typically remaining within
one and one-half percentage points of one another regardless of the
degree of assumption violation.

Empirical Type I error rates: Within subjects interaction effect.

Tables 12 and 13 contain the Type I error rates for the tests of the
treatments X occasions interaction effect when sampling from normal
and non-normal populations, respectively.

While the presence of non-normality results in slight increases in
the empirical eétimates for the tests of the occasions main effect, the
effect of non-normality on the tests of the treatments X occasions
interaction is to .slightly decrease the probability of a Type.-I error.
Like the tests of the main effect, this decrease varies as a function
of the degree of departure from the aséumptién thét §|§j§ = § for all j.
When this assumption is met, for all test procedures, the rates.obtained
when sampling from non-normal populations are approximately one percent-
age péint smaller than those obtained when sampling from noxrmal vopula-
tions. When g'Ejg # § for all j, the effect of non-normality decreases
with the empirical estimates obtained from both population forms
typically being within one-half of a percentage point of one another.

In genéral, the effect of multivariate heteroscedasticity is
similar to that noted for the tests of the witﬁin subjects main effect.
For both population shapes, the rates obtained when gj = § for all j
and those obtained under conditions where Ej # grfor all j are
typically within one-half of a percentage point of one another. When
sampling is from normal populations, this difference in the Type I
error rates is slightly larger for the multivariate tests with the

estimates obtained under conditions of multivariate heteroscedasticity
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remaining within one to éne and one-half percentage points of the
estimates obtained when Ej = § for all j.

FPor all test procedures, violating the assumption that g'gjg = §
for all j results in an increase in the probability of a Type I error
with this increase being greatest for the largest root criterion, 6.
When sampling is from normal populations, the empirical estimates
obtained when glgjg = § for all j are within one percentage point of
one another for all tests but 6. The effect of E'Ejg # E for all j on
these test procedures is slightly larger for non-normal populations;
here, the rates obtained when S'EjS # § for all j are approximately
one to one and one-half percentage-points larger than those obtained
when g'§j9 = § for all j. For both population shapes, the Type I error
estimates for the largest root criterioﬁ are one and one-half to two
percentage points greater when'§'§j§ # g for all j than when g'zjg = §
for all j.

Finally, violation of the assumption that g‘gg = 025 (e = 1.00)
yields effects similar to those noted for the tests of the within
subjects main effect. Thus, as the value of e decreases from one, the
empirical estimates of the univariate procedures increase with this
increase being largest for the conventional (Fconv. and Fa/2) and
conservative F tests and smallest for the g— and e-adjusted F tests.
Similarly, departures from the assumption that g'§g = GZE has a

negligible effect on all three multivariate test criteria.

Empirical power rates: Within subjects main effect. The empirical

power rates for the tests of the occasions main effect when sampling

from normal and non-normal populations are presented in Tables 14 and

15, respectively.
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As seen from the tables, violation of the assumption of multi-
variate normality results in slight increases in the sensitivity of all
tests procedures. When sampling is from non-normal populations, the
power rates of the conservative F test and the multivariate test are
approximately two to three percentage points larger than those rates
obtained under conditions of normality. For the remaining test
procedures, the effect of non-normality is minimal with the empirical
estimates remaining within one to th percentage points of one another.

The presence of multivariate heteroscedasticity has a negligible
effect on the sensitivity of all tests. In general, the power rates
'obtained when gj # § (Ml = 0.0) for all j are one and one-half percentage
points greater than and one and one-half percentage points less than
those obtained when Ej = E (Ml = 0.0) for all j for normal and non-
normal populations, respectively.

Similarly, for all criteria, the effect of violating the assumption
that S'Ejg = g for all j is minimal. When the population shape is
normal, the eétimates remain within one percentage point of one another;
for non-normal populations, the rates rarely differ by more than two
percentage points.

Finall§, as the degree of departure from the assumption that
C'XC = 0°I (e = 1.00) increases, the power of all test procedures
decreases. The e- and e~adjusted F tests are most sensitive to
departures from the assumption thaf §'§§ = 02}, followed by the conven-
tional F test and the multivariate test. Least affected are the
conventional (Fa/z) and conservative F tests where the difference in
the power rates when e = 1.00 and e = .48 is approximately four and nine

percentage points, respectively.
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Empirical power rates: Within subjects interaction effect.

Tables 16 and 17 contain the empirical power rates for the tests of the
treatments X occasions interaction when sampling is from normal and
non-normal populations, respectively.

Violation of the assumption of multivariate normality results in
an increase in the sensitivity of all procedures with this increase
being largest for the multivariate test criteria. Further, the magni-
tude of this increase varies as a function of the degree of departure
from the assumption that g'gjg = E for all j. When this assumption is
satisfied (M2 = 0.0), the empirical estimates obtained under conditions
of non-normality are approximately one percentage point and three
percentage points greater than those obtained under conditions of
normality for the univariate and multivariate procedures, respectively.
When 9'§j§ # g for all j, the effect of non—norﬁality decreases
with the power rates for all tests typically remaining within one
percentage point of one another.

In general, the presence of multivariate heteroscedasticity has a
ﬁegligible effect'on the sensitivity of all tests. For normal popula-
tions, all estimates remain within one percentage point of one another;
for non-normal populations, the effect of multivariate heteroscedasti-
city is slightly larger for the multivariate criteria with the power
rates typically differing by less than two percentage points.

For all procedures, the effect of violating the assumption that
c'z.Cc = § for all j varies as a function of the distribution form.

~ ~J~

When sampling is from normal populations, the presence of C'ZjC = % for

-~

all j has little effect on the power of the univariate tests and only

slightly increases the sensitivity of the multivariate tests. When the
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population form is non-normal, the power of all tests decreases; for
the univariate and multivariate criteria, the estimates obtained when

C'ZjC # L for all j are approximately two to three percentage points

and one to two percentage points less than those obtained when C'ch =7
for all j, respectively.
For both population shapes, the effect of violating the assumption

that C'IC = 0%I (e = 1.00) varies as a function of the test criterion.

~ A

With the exception of the conservative and conventional (Fa

/

as the value of e decreases, the power of the tests decreases. For the

2) F tests,

conservative and conventional (Fa/z) tests, decreases in the value of e
results in increases in the empirical power rates. The e- and e-adjusted
procedures are most sensitive to departures from C'.C = 02T followed by

the conservative and multivariate tests and, finally, the conventional

(Fconv. and Fa/z) F tests.

Sequential Testing Strategies

The empirical results for the sequential testing strategies are
presented in Tables 18 through 23. For all tables, asterisked values
denoﬁe conditions where the estimates of a given sequential procedure
and those of the corresponding uniformly adopted meén equality tést are
equal. |

Empirical Type I error rates. Table 18 contains the empirical Type

I error rates for the sequential tests of the occasions main effect when
sampling from normal and non-normal populations. The Type I error
estimates of the sequential tests of the treatments X occasions inter-
action for normal and non-normal distributions are presented in Tables

19 and 20, respectively.




*K1eaTyoadssx ‘3se3 gL Pu® I pejsnlpe-s ‘g peisnlpe-s ‘saTiearsasuod ayy!
v

82

®Yy3 Aq pemoTTOF oIe s3S93 AJTARTNOITO JUEDTITUDTS pue 3593 J TRUOTIUSAUOD U3 Aq POMOTTOJ

®I° §3593 A3TIRTNOITO JUROTITULTSUOU SIoym S3S03 TeTauenbes - g pue ‘°¥s ‘o8 s TS0

151
¥E90"  ¥6PO'  x9S0° k050" x2S0° k9P bEO" 860"  @p°  LE'T  £8°T
¥990° 450" x0L0°  x§S0°  #990°  x£S0°  «BE0" 820"  LS*  Le'T 8°T

990° 990" 850" xP90°  x0S0°  x950° 970" €20  SL°  LE'T €8'T
090" 950 ¥8P0°  xTS0°  xZpO- 570" LTO" PIO°  96°  LE'T £8°T
790" 950 970 250" 190 870" PT0" €20°  00°T LE'T €8T
*L90°  x9V0°  x§L0°  x090°  xZLO® 950" 080" 460"  8F'  00°0 £0°z
1990°  4PPOT bSO ¥8VO"  x8YO'  x9%0°  x820°  x820° LS 00°0 ST
950°  8V0°  x¥SO°  £0S0° LV #bPO° €20 ZI0°  SL°  00°0  L2°T
290" TS0° %250 00" 050" 050 920" PYOT 96°  00°0  $9°T
2L0 9%0° 950" xbbO" 250" 770" veo0” 070°  00°T 00'0 0Z'Z
¥S90°  40S0°  «8S0°  x950°  xSS0°  x2S0°  8€0°  49€0°  8p°  00°0  00°0
*P90°  «PVOT  4P90°  AOP0 090"  x¥BO'  «BE0" %820  L§°  00°0 000
%950° 2S0°  xTSO° k2SO aBPOT 4930 020" 810°  SL°  00°0  00°0
£90" TS0°  x050°  x8%0° 770 970" 520" 70 96"  00°0  00°0
£L0" ¢50°  x950° 970" 150 970" S€0°  PPO" 00T 000 00°0
X 1o “x @ o X 1o ©x o S S
UOTINTIISTA UOTINQTAISTQ UOTINGTIISTA UOTINATIISTA UOT3TPUOD
2tos 26s os S¥%%s
MPmmE,

30933H SUOTSEBOOQO 9Yl JO S3S9L Hmﬁp:msmum I03 sojey xoxxd I odiy Teotatduyg

8T 9TqeRlL




83

*KTsaT30edsex
'V pue ‘A ‘g Aq poMOTTOF @xe $3593 AJTIRTNOITO JURDTITUBTS pue s3se3 4 TeuoTjussuod Kq

@mSOAHou 91k $3S93 A3TIRTINOATO JUBDTITUBTSUOU ©I9YM S3S87 TeTIUSNDOS - <@m pue \>@m ~o@w
‘ 9

x¥90°
x060°
¥8G60°
890 °
990°

*C90°
¥9€0°
410y
190~
160°

*¥¥0°
*89%0°
[4°1h
(4]0
960~

i

*C90°
x¥060°
*9G60°
950"
850"

¥090°
+8£0"
S50
090"
150°

*9%0°
¥0G0 "
080°
ZS0°
950"

>am

¥0LO°
x9S0 °
x0L0"
$90 "
290"

*¥90°
¥8€0°
Zs0°
410
€90°

*»€70°
+¥70°
0S0°
€90°
860"

%s

qle

x790°
x8G0°
x¥90*
¥990°
#8G0°

x990 "
¥CG0°
¥090°
¥GG0°
x8%0°

¥C90°
*650°
x€90°
¥0G0"*

¥50°

2

~08

is94,

¥8G0°
x0S0 "
¥CG0°
0G0
GG0°

¥6G0°
*G%0°
¥CS0°
qG0°
8%0"

¥9G0°
*€G0°
Sy0°
870"
€60~

~3s

¥TP0°
¥€20°
*8T0°
¥co-°
2eo-

*T¥0°"

%020 "
910"
0S0°
9%0°

x¥8¢0°
xH20°
8T0°
0"
8%0°

*Suod

0s

suotjeTndod TeWION I0J 3093FJH SUOTSEBOO0
X sjusuiesx] 9yl JO s3SI TeTijuenbes xoz sejey xoxxd I odAr Teotatdug

6T °T9®eL

'

i

8%’
LS®
QL
96"
00°T

87"
LS
YA
96°
00°T

8%°
LS”
QL
96"
00°T

‘8T ®IqelL wwmm

LE'T
Le'T
Le"T
LE"T
LE"T

00°0
00°0
00°0
00°0
00°0

000
00°0
00°0
00°0
00°0

»

‘u

UOTITPUOD

€8°T
€8°T
£€8°T
£€8°T
€8°1

€0°¢
ST
LT°T
7o°T
0z ¢

000
00°0



84

¥8G0°
¥060°
LSO
190°
150°

¥»€V0 "
*Py0°
¥¥0°
<0
ov0 -

*BE€O”
¥BEO "
9%0"
870"
87v0 "

¥850°

¥050°
090"
c90°
650"

x¥v0°
¥970°
8%0 "
#g0°
440N

*CP0°
*€V0°
870"
I60°
Zsor

¥€90°
*¥490°
¥90°
990~
960~

*v0°
*¥v0°
970"
410
cvo-

*P€0"
#8€0 "
vv0*
060~
650°

@@m

suoTjendog axenbs-TyD I0F 3093IIH SUOTSEODQD

*C90°
*¥90°
x¥960°
x¥90°
x9%0°

¥0G0 ",
#TG0°
¥»£G0°
*7S0°
8v0"

x6¥0°
xCG0"°
¥960°
*99%0°

870"

23591

¥960°
x090°
*8¥0°
840"
0v0 -

*¥P0°

*S70 "

x8%0°
8¥%0 "
474

*7P0°
¥9%0°
060"
Zvo -
Zvo-”

=]
v0s

*8EO "
%820 °
6TO"
0zo-*
cI0°

x7C0°
*8TO”
6TO"
44N
ceo”

¥6¢0°
xTC0"
8T0°
0¢o-
9z0*

*SUOD

0s

LS~
SL*
96°
00°T

8¥ -
LS
qL*
96°
00°T

8% °
LS”
SL-”
96°
00°1T

‘6T 9TqRL 995,

LE'T
LE'T
LE'T
LE'T
LE'T

00°0
0070
00°0
00°0
00°0

o

UOT3TPUO)

X sSjusurjesi] eyl yo s3say Teriusnbes xoF sejey aoxxd I odAL Teotatdumg

0z aTqel

€8°T
€8°T
€8°T
€8°1
€8°T



85

For both effects and for all sequential procedures excluding the
strategy where significant circularity tests are followed by conserva-
tive F teéts (SQcons.)' joint and/or separate violation of any of the
investigated assumptions produces the same effects as those reported
for the corresponding uniformly .adopted tests for mean equality. When
e < .75, the estimates of the SQcons. test of both within subjects
effects are affected by assumption violation(s) in a manner similar to
that of the uniformly adopted conservative F test; however, when
e > .75, the sequential and uniformly adopted tests respond differently
to certain assumption violation(s).

For example, violation of the assumption of multivariate normality

results in a decrease in the empirical estimates with the magnitude of

this decrease varying as a function of the degree of departure from the

assumption that C'ZjC = 1 for all j. When this assumption is satisfied,

the estimates obtained from non-normal populations are approximately

two percentage points less than those obtained from normal populations;

when C'ZjC # L for all j, the difference in the estimates decreases with

the rates typically remaining within one to one and one-half percentage
points of one another.

In a similar fashion, the effect of violating the assumption that
§'§j§ = E for all j is to decrease the Type I error estimates with the
magnitude of this decrease varying as a function of population shape.
Fof normal and non-normal populations respectively, the estimates
obtained when §'§j§ 5 § for all j are two to three and one to two
percentage points less than those obtained when §‘§jg = § for all j.

Finally, while the Type I error rates of the uniformly adopted

conservative test consistently increase as the degree of departure from
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the assumption that C'IC = %1 increases, when e > .75, as the value

~ A

of e decreases, the empirical estimates of the SQcons test decrease.

Empirical power rates. Table 21 contains the empirical power

rates for the sequential tests oﬁ the occasions main effect when
sampling from normal and non-normal populations. The power estimates
for the sequential tests of the treatments X occasions interaction for
normal and non-normal populations are presented in Tables 22 and 23,
respectively.

Like the Type I>error results, only for the SQ;ons strategy and

only when the departure from §'§9 = 025 is null or extremely small
{e = 1.00, .96) do the effects of certain assumption violations differ
from those effects reported for the corresponding uniformly adopted
mean equality test. For all other conditions, the power of all sequen-
tial procedures is affected by the varioﬁs assumption violations in a
manner similar to that reported for the corresponding test for mean
,equélity.

When e = 1.00 or € = .96, the effect of non—normality is to
decrease the sensitivity of the SQcons. strategy with this decrease
varying as a function of the degree of departure from the assumption
that g'gjg ¥'§.for all j. For both effects, when this assumption is
satisfied, the estimates obtained from non-normal populations are
approximately seven to 10 percentage points less than their normal
distribution counterparts. When S'Ejg # § for all j, the difference in
the rates decreases with the estimates obtained from non-normal popula-
tions being approximately equal to and four percentage points less than
those obtained from normal populations for the main and interaction

effects, respectively.
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~

Similarly, violating the assumption that C'ch = ¥ for all j

decreases the sensitivity of the SQCons test with the magnitude of

this decrease varying as a function of the distribution form. For

normal populations, the rates obtained when C'ZjC # X for all j are

approximately 15 percentage points less than those obtained when

C'L.C = I for all j. For non-normal populations, the magnitude of

~ o~ T~

this decrease is less with the estimates obtained when C'ZjC # I for all
J being approximately seven and 12 percentage points smaller for the
main and interaction effects, respectively.

Lastly, while small departures from the assumption that C'IC = 0?1

~

increase the power of the uniformly adopted conservative F test of the

interaction effect, the sensitivity of the SQcons test of this effect

decreases as the departure from C'IC = oI increases.

~ A

Greenhouse and Geisser (1959) Three Stage Apprdaches

For all conditions investigated, when an adjusted univariate
procedure (i.e., an e- or e-adjusted F test) is calculated at the third
stage of this approach, the Type I error and power rates for the tests
of both within subjects effects are identical to the rates for the
corresponding uniformly adopted adjusted univariate tests. Only when a
multivariate test is used at the final step do the empirical estimates
for the three stage approach and the corresponding uniformly adopted
test differ. The Type I error and power rates for these approaches are
presented in Tables 24 and 25, réspectively.

In general, for both within subjects effects, joint and/or separate
violation of any of the investigated assumptions affects the Type 1
error and power estimates of the 'multivariate' three stage approaches

in the same manner as that reported for the corresponding uniformly
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adopted tests. The effect of non-normality on the three stage test of
the occasions main effect (GGTz) is slightly less than that noted for
the uniformly adopted test, T2, Similarly, departures from the
assumption that glzjg = E for all j have less effect on the three stage

tests of the treatments X occasions interaction (GG GG.., and GG

6" G X

than on the uniformly adopted multivariate tests (8, V, and A).

Comparison of the Analysis Strategies

Tests for Mean Equality

As seen from Tables 10 through 17, while the conventional F test
is generally the most powerful test of either within subjects hypothesis,
it fails to control the rate of Type I error for all values of the
parameter e, becoming increasingly liberal as e decreases from one. In
contrast, the conservative F test consistently maintains the Type I
error rate at or below the nominal significance level. However, when
compared to the other tests for mean equality, it is overly conservative
and lacking in sénsitivity.

Over all conditions, Both the g— and é~adjusted F tests (Fg and Fé)
consistently maintain the rate of Type I error at or near the nominal
value and have power rates comparable to the conventional F test. For
large values of e (e = 1.00, .96), the g—adjusted F test proves to be
slightly conservative with the é-adjusted F test providing better Type
I error control. waever, as ﬁhe value of e decreases, the eé-adjusted
F test becomes slightly liberal and the g—adjusted F test affords better
Type I error protection. With respect to sensitivity, for e z..75 and

e < .75, the power rates of the conventional and e- and &-adjusted F
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tests never differ by more than five percentage points and ten
percentage points, respectively. In all cases, Fé is slightly more
sensitive than Fg.

Like the conventional F test, the procedure of testing the usual F
ratio at an /2 level of significance fails to control the rate of Type
I error for all values of e, resulting in a liberal test statistic when
e < .75. Moreover, while the empirical estimates are typically less
than the nominal value for e > .75, under such conditions, the Fa/z
test is more conservative and less sensitive than other mean equality
tests (i.e., Fg and Fé).'

When the populafion form is normal, the multivariate test of the
within subjects main effect (T?) generally affords Type I error protec-
tion comparable to Fg and Fé and, when e < .75, yields a more powerful
test statistic. However, when the population form is non-normal, while
72 isg again more powerful for e < .75, its rates of Type I error are
consistently liberal, ranging from .056 to .078.

When 9'§jg = § for all j, -all three multivariate tests of the within
subjects interaction effect result in Type I error rates comparable to
F; and Fy regardless of the population shape. However, when g'§j§ # §
for all j, 6nly_the trace and likelihood ratio criteria maintain this
Type I error control; under such conditions, the largest root criterion
proves to be liberal with empirical estimates ranging from .054 to .070.
Like T?, when e > .75 and when e < .75, the sensitivity of the three

multivariate criteria is, on the average, five percentage points less

than and five percentage points greater than Fg and Fg' respectively.
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Sequential Testing Strategies

For both within subjects effects, the relationships between the
empirical Type I error and power rates of the sequential testing
strategies are the same as those noted between the empirical estimates
of the uniformly adopted tests for mean equality (see Tables 18
through 23). Comparing each sequential procedure to the corresponding
mean equality test (e.gq., SQcons' compared to Fcons.)' one finds that
when the procedures are not equal, the rates of Type I error and power
for the sequential tests are generally larger. 1In these cases, the
sequential strategies involving only univariate procedures (i.e.,

5Q

cons. ' SQg, and SQE) are not as conservative as the corresponding
tests for mean equality and therefore offer better Type I error control.
However, for the sequential procedures involving a multivariate test
(SQTZ, SQG' SQV, and SQA); the increased rates of Type I error reéult
in liberal testing sequences.

With respect to sensitivity, only the SQcons. test shows a marked
increase in power when compared to the corresponding mean equality test.
For both within subjects effects, the sensitivity of the SQcons.
strategy is approximately 20 to 25 percentage points and 10 to 15
percentage éoints greater than that of the conservative F test for
normal and non-normal populations, respectively. For all other compari-
sons, the difference in the empirical power estimates is generally lgss

than five percentage points.

Greenhouse and Geisser (1959) Three Stage Approaches

For both within subjects effects, the Type I error rates of the

approaches using a multivariate test at the final stage are consistently

less than the rates of the approaches using an e- or é-adjusted F test
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at the third step. For all conditions in&estigated, these 'multivariate'
three stage approaches consistently maintain the rate of Type I error at
or, more frequently, below the nominal significance level with empirical
estimates ranging from .022 to .055 (see Table 24). The relationship
between the power rates of the 'univariate' and 'multivariate' three
stage approaches is the same as that noted between the empirical estimates
of the uniformly adopted tests for mean equality: when e > .75, the
'univariate' three stage approaches are consistently more powerful than
the 'multivariate' three stage approaches; when e < .75, the approaches
using a multivariate test provide the greater sensitivity (see Table 25).
Finally, on comparing the 'multivariate' three stage approaches to
the corresponding uniformly adopted mean equality tests, one notes that,
over all conditions, the Type I error and power rates of all approaches
are consistently less tﬁan those of the corresponding uniformly adopted

procedures.

Concluding Remarks

In general, the data from this investigation indicate that prelim-
inary testing for circulafity is not useful in choosing between subsequent
analysis strategies. Because both the heteroscedasticity and sphericity
criteria are highly sensitive to departures from multivariate normality
and from their respective hull hypotheses (a finding consonant with the
results of Olson (1974)), the Type I error and power rates of the various
sequential testing strategies differ little from those of the correspond-
ing uniformly adopted mean eguality tests.

Similarly, assessing the within subjects effects with a Greenhouse
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and Geisser (1959) three stage approach in lieu of a uniformly adopted
test for mean equality cannot be recommended. Adopting an adjusted
univariate procedure (e~ or e-adjusted F test) at the third step in this
approach results in rates of Type I error and power identical to those
of the uniformly adopted adjusted univariate procedures. When a multi-
variate procedure is used, the resulting test is more conservative and
less powerful than the corresponding uniformly adopted procedure.

Of the six uniformly adopted procedurés for testing mean equality,
the 8~adjusted F, €é-adjusted F and multivariate tests are the mostr
robust statistics when subjected to conditions of assumption violation.
For the within subjects main effect, the effect of non—no;mality is to
slightly increase the Type I error and power rates of these procedures,
with the increase in the Type I er?or estimates being largest for the
multivariate statistic (Tz). For these tests of the within subjects
interaction, departures from normality result in slight decreases and

slight increases in the rates of Type I error and power, respectively.
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For both effects, the presence of multivariate heteroscedasticity
has a negligible effect on the operating characteristics of the
adjusted univariate and multivariate criteria.20 Violation of the
assumption that g'gjg = § for all j results in slight increases in the
Type I error and power rates of these procedures with the increase in
the Type I error estimates being largest for Roy's (1953) test of the
interaction effect. Departures from the assumption that E'ES = 025
(e = 1.00) have no effect on the Type I error rates of the multivariate
procedures and cause only slight increases in the probability of a Type
I error for the e- and e-adjusted F tests. However, as the value of e
decreases from one, the sensitivity of the adjusted univariate and
multivariate procedures decreases with this decrease being largest for
the adjusted univariate procedures.

The data from this investigation do not suggest a clear-cut rule

for choosing between the e- and e-adjusted univariate F tests and their

2Owhile the multivariate model describing the treatments X occasions
. . =z .
design assumes that the observation vectors, Xij' are independently
~and normally distributed with mean vector ﬁj and arbitrary covariance

matrix g which is common to all J populations, exact multivariate

tests of .the within subjects hypotheses associated with this design

can be achieved when the assumption of multivariate homoscedasticity

is not satisfied (Timm, Note 4). Because the multivariate approach
arrives at tests of these hypotheses by transforming the K original
measurements into K-1 contrasts among the K measurements, the
necessary condition for valid multivariate tests is that the variance-
covariance matrix of the K-1 contrasts among the levels of the repeated
factor be common to all J populations, i.e., C'S.C=%, j =1,...,J.

~ o~ )~

Note, however, that this assumption is specific to multivariate tests

of the within subjects effects; for other hypotheses in this design (see
Timm, 1975), the validity of the multivariate tests rest on different
assumption(s) concerning the covariance matrices. However, if Zj =3

for all j, multivariate procedures may be used to arrive at exact
tests of all hypotheses of interest. For this reason, Timm (Note 4)
recommends that the assumption concerning the equality of the disper-
sion matrices be stated in terms of the total number of measurement
occasions.
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multivariate counterparts. In general, if the value of the parameter
e is greater than or equal to .75, the eé-adjusted procedures provides
the mest robust and most powerful test of both within subjects effects,
followed by the g~adjusted F test and finally the multivariate tests.
If e < .75, the multivariate procedures are consistently the most
powerful tests of either within subjects hypothesis followed by the ée-
and g—adjusted‘F.tests. However, if the population is non-normal. in
form, the multivariate test of the within subjects main effect, while
most powerful, is liberal and better Type I error control is achieved

by adopting either of the adjusted univariate procedures.
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Reference Notes
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Matrix Sets and Associated Eigenvalues (Kk)

Matrix Set 1:

- -
16 9 7 5
12 5 3
5= 8 1
4

A_: 28.42, 5.0, 5.0, 1.58

16 9 7
12

SO W o;m

— =

Xk: 28.42, 5.0, 5.0, 1.58

Matrix Set-2: Ml =0; M2 = 0;
16 9 7 5
b 8 2
4

Kk: 28.18, 5.82, 3.90, 2.07

16 9 7
12 4

?
w
[e0]
(=S SR VRN

L .

Kk: 28.18, 5.82, 3.90, 2.07

[ ne|

A

16

28.42,

16

9 7 5
12 5 3
8 1

4

5.0, 5.0, 1.58

[ V|

5.0, 5.0, 1.58

9 7 s
12 4 3
8 2

4

5.82, 3.90, 2.07

12

>N W,

5.82, 3.90, 2.07




Matrix Set 3: Ml
r16 9
12
Z, =
Al s .
K: 27.54, 6.86,
16 9
12
Ly =
A .
x: 27.54, 6.86,

Matrix Set 4: Ml
r20 9
10
§1 -
Kk; 28.80, 7.63,
20 9
10
Ly=
A 28.80, 7.63,

k!

Table A (Cont'd)

= 0; M2 =0; e= .75
5 3
5 4
8 4

4
4.26, 1.36
5 3
5 4
8 4

4 o
4.26, 1.36
=0; M, =0; e= .57
5 3

4

4

4 |
2.76, 0.82
5 3

4
6 4

4
2.76, 0.82
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- -
16 9 5 3
12 4
L= 8 4
4
L i
Xk: 27.54, 6.86, 4.26, 1.36
16 9 5 3
s - 12 5 4
- 8 4
4—
Kk: 27.54, 6.86, 4.26, 1.36
20 9 5 3
10 5 4
L, =
6 4
e 4—
Xk: 28.80, 7.63, 2.76, 0.82
20 9 5 3
5 - 10 5 4
- 6 4
L 4 ;
Kk: 28.80, 7.63, 2.76, 0.82



Matrix Set 5:

A :
k

Matrix Set 6: M

k:

21

29.45, 8.06, 1.70,

21

29.45,

[3he!]

A

k'

- 9.47,

24
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g b b W

0.78 .

ur D W

8.06, 1.70, 0.78

5.0, 0.53

10

49.08, 5.0, 5.0, 0.92

LS AN~ S %)

29.45, 8.06, 1.70,

o

™M
U b b W

[3ine ]
B =W U

[N}
> H W u;

111

.78

8.06, 1.70, 0.78

28.42, 5.0,
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Matrix Set 7: Ml = 1.64; M2 .96
[_ ] i
8 2 1 0 16 9
6 -1 -1 12
L, = 4 -1 Ly =
2
kk: 9.30, 5.80, 3.82, 1.07 Xk: 28.18, 5.82,
_ . \ -
24 16 13 10 16 9
18 9 7 12
L= 12 5 L =
6
>\k: 48.88, 5.83, 3.90, 1.39 Ak: 28.18, 5.82,
Matrix Set 8: Ml = 1.27; M2 .75
8 2 -1 -2 16 9
6 0 0 12
Ly= 4 1 L,=
2
L B N
Kk: 9.83, 5.36, 3.64, 1.17 Kk: 27.51, 6.86,
24 16 11 8 16 9
18 10 8 12
= L =
Zs3 12 7 -
6
A : 48.26, 6.30, 4.29, 1.16 A s 27.51, 6.86,

7 5
4 3
8 2

4

N

3.90, 2.07
7 5
4 3
8 2

4
3.90, 2.07
5 3
5 4
8 4

4
4.26, 1.36
5 3
5 4
8 4

4
4.26, 1.36



Matrix Set 9: M. =

(10

<1
Ak: 11.59,

30
X3 =

Table A (Cont'd)

1 1.54; M2 = 0;

1.5 -1.5 -3
5 1 0.5

3 1.5
°

5.73, 2.15, 0.53

16.5 11.5 9.
15 9 7.5
9 6.5

6

A : 50.25, 6.19, 2.76, 0.80

k

~Matrix Set 10: M

1 2
10.5 2.5 ~2.5 -3.5
.5 1.5 0.5
I; = 2.5 1.5
2.5
Ak: 12.98, 5.72, 0.88, 0.43
- _
31.5 17.5 10.5 .
13.5 8.5 .
I3 = 7.5 6.
Ak: 50.96, 6.44, 1.82, 0.78

A
k

[N

A
k

[ e}

-
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b D W

28.80, 7.63, 2.76, 0.82

—

20

9
10

b bW

28.80, 7.63, 2.76, 0.82

21

29.45,

10

U W

0.78

oo D W

8.06, 1.70, 0.78
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Matrix Set 11: M., = 1.83; M_ = 1.37; e = 1.00

1 2
= - r- -1
6 3.375 2.625 1.875 18 10.125 7.875 5.625
4.5 1.875 1.125 13.5 5.625 3.375
L, = 3 0.375 Xy = 9 1.125
1.5 4.5
sz 10.66, 1.88, 1.88, 0.59 At 31.97, 5.62, 5.62, 1.78
_ i} _ -
24 13.5 10.5 7.5 16 9 7 5
18 7.5 4.5 12 5 3
Ly = 12 1.5 L = 8 1
6 4
Ak: 42.62, 7.5, 7.5, 2.38 xk: 28.42, 5.0, 5.0, 1.58
Matrix Set 12: M, =1.83; M, = 1.37; e = .9
6 3.375 2.625 1.875 18 10.125 7.875 5.625
4.5 1.5 1.125 13.5 4.5 3.375
L, = 3 0.75 Ly = 9 2.25
1.5 4.5
ol ~ ) J A . -
A s 10.57, 2.20, 1.46, 0.78 Ak: 31.71, 6.58, 4.38, 2.33
- _ _ -
24 13.5 10.5 7.5 16 9 5
18 6 4.5 12 3
L3 = 12 L o= 2
6 4
A : 42.28, 8.78, 5.84, 3.10 A : 28.18, 5.85, 3.90, 2.07

k k
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Matrix Set 13: Ml = 1.83; M2 = 1.37; e =
r- - -
6 3.375 1.875 1.125 18 10.125 5.625
4.5 1.875 1.5 13.5 5.625
; = 3 1.5 Ly = 9
1.5
L = -
}k: 10.32, 2.57, 1.60, 0.51 Xk: 30.95, 7.72, 4.80, 1.53
- - _ _
24 13.5 7.5 4.5 16 9 5 3
18 7.5 6 12 5 4
23 T 12 6 . 8 4
6 4
B o | i
Ak: 41.27, 10.29, 6.40, 2.04 - Kk 27.51, 6.86, 4.27, 1.36
Matrix Set 14: Ml = 1.83; M2 = 1.37; e = .57
7.5 3.375 1.875 1.125 22.5 10.125 5.625
3.75 1.875 1.5 11.25 5.625
- 2.25 1.5 6.75
1.5
- . -
lk: 10.80, 2.86, 1.03, 0.30 Xk: 32.40, 8.58, 3.10, 0.92
_ - _ -
30 13.5 7.5 4.5 20 9 5 3
15 7.5 6 10 4
Ly = 9 6 L = 6 4
6 4
M 43.20, 11.44, 4.13, 1.22 Akz' 28.80, 7.63, 2.76, 0.81

3.375
4.5
4.5
4.5 J

3.375
4.5
4.5
4.5
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Matrix Set 15: M, = 1.83; M

1
-
7.875 3.75 1.5
3.375 1.875
L, = 1.875
Ak: 11.04, 3.02, 0.64, 0.29
31.5 15 6 .4.5
13.5 7.5 6
§3 =
7.5 6
7.5

2 = 1.37;

1.125
1.5
1.5
1.875

e

[ine!

=

k!

116

.48

~
23.625 11.25 4.5

10.125 5.625
5.625

33.14, 9.07, 1.92, 0.88

{21 lOV 4 |
9

wn
[ B S Y

: 29.45, 8.06, 1.70, 0.78

Note. Values of the eigenvalues have been rounded to two decimal

places.

3.375
4.5
4.5
5.625




