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Abstract

Since Kummer's work on Fermat's Last Theorem, algebraic number theory has been a
subject of interest for many mathematicians. In particular, a great amount of efort
has been expended on the simplest algebraic extensions of the rationals, quadratic fields.
These are intimately linked to binary quadratic forms and have proven to be a good test-
ing ground for algebraic number theorists because, although computing rvith ideals and
field elements is relatively easy, there are still many unsolved and difrcult problems re-
maining. For example, it is not known whether there exist infinitely many real quadratic
frelds with class number one, and the best unconditional algorithm knorvn fo¡ computing
the class number has complexity O (nttz+,¡. In fact, the apparent difficulty of com-
puting class numbers has given rise to cryptographic algorithms based on arithmetic in
quadratic fields. Factoring methods using quadratic fields have also been proposed which
are dependent on being able to compute class numbers and regulators.

The main goal of this thesis is to provide extensive numerical evidence in support of
some unresolved conjectures related to quadratic fields. TVe first give an algorithm for
computing class numbers and regulators of real quadratic fields, based on an algorithm
due to Buchmann and Williams, that has complexity O (lte+,¡ and is conditi-onal on
the truth of the Extended Riemann Hypothesis. Our algàrithm'makes use of some im-
provements, including a nerv method for estimating Z (1, X) due to Bach, and it performs
about 1.5 times as quickly as sim.ilar algorithms rvhich use truncated Euler products to
estimate L (t,Ð. lVe then use this algorithm to compute class numbers of rp(rþ) for
all square-free , < 108 and rQ(.þ) for all prime p < 10e in order to test some heuristics
due to cohen and Lenstra on the distribution of real quadratic fields rvith certain class
numbers, as rvell as a conjecture due to Hooley. Using a nerv sieving device, the NISSU,
rve examine the size of the regulator of A(1Æ) by employing a strategy of Shanks to
find fields rvith large Z (1, ¡) values. Our results lend support to a result of Littlervood
that gives bounds on Z(1,¡) assuming the truth of the Ðxtended Riemann Hypothe-
sis. Finally, rve use ÍSSU to search for values of A such that the quadratic polynomial
12 + r + A has a high asymptotic density of prime values in order to test a conjecture of
Hardy and Littlervood.



Acknowledgements

I rvould like to take this opportunity to thank, first of all, my supervisor Dr. H,C.
Williams. I first came into contact with him as a second year undergraduate student
when he hired me as a summer research assistant, and I have been rvorking with him ever
since. It was he who introduced me to the fascinating subject of computational number
theory. His genetous financial support and constant encouragement have been immensely
helpfuÌ to me throughout my studies, and are greatly appreciated.

I also wish to thank the other members of my examining committee, Dr. ìvf.!V.
Giesbrecht and Dr. J. Fabrykowski, for their careful reading of this thesis and thei¡
helpful suggestions for improving it.

Special thanks go out to Richard lukes for supplying me with al1 the numbers gener-
ated by his sieve, the NISSU, which were used in Chapters 5 and 6.

Finally, I wish to thank my family and friends, especially Barbara, for all the support
and encouragement I received from them during my studies, and for their patience.rvith
my reclusiveness during the last few months rvhile I finished thìs rvork.



Contents

Introduction

1.1 Organization of the Thesis

1.2 Frequently Used Notation

Introduction to Quadratic Fields

2.1 Units and Prime Facto¡ization in Or . .

2.2 ldea,ls and the Class Group

2,3 Reduced ldeals in Imaginary Quadratic Fields .

2.4 Reduced Ideals in Real Quadratic Fields .

2.5 Inf¡astructure of the Principal Class . .

2.6 L(1,y) and the Analvtic Class Number Formula

Computing .R and å in

3.1 Estimating Z (1, ¡)
Real Quadratic Fields

3.2 Evaluation of À. . .

3.3 Finding a diviso¡ of h .

3.4 Evaluation of å. . . .

The Cohen-Lenstra Heuristics

4,1 Heuristic Results

I

6

I
13

14

19

22

26

30

35

36

39

46

,19

5ã

t+

83

4.2 NumericalExperiments

4.3 Conclusion



The Size of .R 84

5.1 Littlervood's Bounds on I (1,X) 85

5.2 Numerica,l Ðxperiments 89

5.3 Conclusion .....102

Polynomials With High Densities of Prime Values 109

6.1 The Conjecture of Hardy and Littlervood ...... 110

6.2 Evaluation of C(D) .......It2
6.3 Computing lz in Imaginary Quadratic Fields . . . . . 1ib

6.4 Numerical Experiments .... 118

6.5 Conclusion ,....I57

Conclusion L4O



List of Tables

,4 and B values for A(Q,Ð g7

Grorvth of tr 40

Times for computing .B using various algorithms 46

Number of ideals used to compute h1 , . 4g

How often å1 was calculated . . . . . 49

Horv often 0 > 18000 was required (truncated product method). ... .. 51

How often I > 5000 rvas required (Bach method) 51

Times for computing lu (truncated products Q=1S000) 52

Times for computing å (Bach's method Q=5000) . . . . 53

3.1

3.4

3.5

3.6

3.8

3.9

4.I q¡(x) for À:1(mod 4)

4.2 q¡(r) for A : 0 (mod 4)

a3 q¡(r) for ¡r : 1 (mod 4) .

4.4 q¡(r) for p: 3 (rnod 4) .

4.5 t;(x) for D = 1 (mod 4)

4.6 f;(ø)for D = 0 (mod4)

4.7 t;(x) for p = 1 (mod a) .

oo

66

67

68

68

69

69

70

7l

90

on

4.8

4.9

4.10

l;(o) for p = 3 (mod 4) . . . .

ll-(ø) for?= 1 (mod 4) . . . .

I/'(c)forp=3 (mod4) . . . .

Ð = 5 (mod 8) - I(1,¡)-lochamps

D = 5 (mod 8) - ZZ/-lochamps .

5.1

vlll



5.3 D = 1 (mod 8) - .û (1, ¡)-hichamps

5.4 D= f (mod 8) - l/trI-hichamps .

5.5 D = 6 (mod 8) - I(1,X)-hichamps

5.6 ,=6(mod8) - [/tr1-hichamps .

5.7 D = -1 (mod a) - I (1, ¡)-hichamps
5.8 D = -1 (mod 4) - U LI-hichamps

5.9 5¡r'e - Least Solutions

5.10 5¡r'e - Least Prime Solutions

5.11 1.Re - Least Solutions

ú.12 IRe - Least Prime Solutions

5.73 6Re - Least Solutions

5.I4 6Re - Least 2x Prime Solutions

5.15 l&e and 7 R, - Least Solutions

5.16 3¿e and,7R, - Least Prime Solutions

9i

91

92

93

93

95

96

97

98

oo

100

101

r02

rt2
L20

120

72L

r22

125

726

127

128

129

130

131

r32

134

6.1

6.2

6.3

6.4

6.5

b. t)

6.7

6.8

PA006)/ L A(106) for some values of D

C(D)-hichamps (, < 0) .

t(Ð)-hichamps (, > 0) .

-[ (1, x)-tochamps (Ð < 0) ......
tr.Lllochamps (, < 0) .

No - Least Solutions

No - Least Prime Solutions

,lt - Least Solutions

6.9 Me - Least Prime Solutions

6.10 Ne - Least Solutions (I,-LI)

6.11 Àe - Least Prime Solutions (LLI) . .

6.12 t\o - Least Solutions (Z(Np) = C/e" log log jvo)

6.13 1ye - Least Prime Solutions (Z(Np) = C/er log log Np)

6.I4 ùIp - Least Solutions (Z(ùIp) = C/ellog\og Ir)
6.15 Mp - Least Prime Solutions (Z(lvIò = C /el Ioglog ùIr)

IX



List of Figures

4.1 ø vs. qr(ø) forA= 1(mod4) .... 72

4.2 æ vs. ør (c) for A = 0 (mod 4) . . . . 74

4.3 ø vs. ør(c) forp = l(¡nod 4) .... T5

4.4 n vs.qr(ø) for? = 3 (mod4) .... T6

4.5 ø vs. f1(ø) for A = 1 (mod 4) . . . . TT

4.6 ø vs. ti (z) for A = 0 (mod 4) . . . . Ta

4.7 n vs. f1(ø) for p = 1 (mod 4) . . . . 79

4.8 r vs. t1(z) forp= 3 (mod 4) .... B0

4.9 ø vs. eä-þ)/c for p = 1 (mod 4) . 81

4.10 ø vs. 9H-(r)/x for p: 3 (mod 4) . 82

5.1 Frequency values of Z for ò,= p (prime),8 x 108 <?< 10e,p= 1(mod 8) 88

5.2 logSlVo vs. LLL ........103
5.3 logl.Ro vs. I-ULI ......104
5.4 log6-Ro vs. |-ULI ......10ó
5.5 log 3.Ro and log 7.Êovs. 1-ULI ......106

6.1 N, vs. Cf el loglog N, .....135
6.2 ùIe vs. C fel loglog I, ...,.136



Chapter 1

Introduction

The origins of algebraic number theory can be traced back to Kummer's attempt to

prove Fermat's Last Theorem (FLT), which states that there do not exist integers c,

y, and z such that r" + A^ = zn lor n > 2 and, xyz I 0 and until recently had been

unproved, despite the eforts of many of the most talented mathematicians. At one time

Kummer thought he had proved it, but his proof hinged upon the false assumption that

cyclotomic integers ahvays factor uniquely. The ring of cyclotomic integers Z[(,,"], as

defined by l{ummer, is the set of all complex numbers of the form o.o + alen * . . .t a^(fi
where the ai e z a,nd (- is a primitive r¿th root of unity for some positive rn Ç Z.It is

a subset of the cyclotomic freld K = A(C-), the set of all complex numbers of the form

bo l btC^ + , , + b"ek rvhere the ó; € Q. Kummer found that unique factorization holds

in zf(^l if and only if a quantity called the class num,ber ¡1 of K is equal to 1. In order

to circumvent this problem, Kummer developed the idea of ideal complex numbers and

rvas eventually able to prove that FLT holds for all regular prime exponents, the primes

p with the property rhat plh rvhere K = a((p).

Algebraic number fiekls are a natural generalization of I(ummer's cyclotomic fields.

Rather than a primitive ¡n¿h root of unity, we use a zero p of a pol¡.,nomial ivhich is

irreducible over Q to form a finite extension of the rationals rQ(g). Each such field ,(
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also contains a ring of algebraic integers (2¡. Dedekind introduced his theory of ideals

based on Kummer's ideal complex numbers in an effort to solve problems that he sarv in

Kumme¡'s methods, and eventually a complete theory for algebraic numbeïs appeared in

the late 1800's as a result of his and Kronecker's work.

As in cyclotomic fields, unique factorization holds in an algebraic number fleld il and

only if the class number of the corresponding field is equal to 1. For example, consider

the fleld A(^,Æ5). The i¡educible polynomial o2 + 5 has y'4 as a zero, so re(1Æ5) is

an aJgebraic number freld. The ring of algebra,ic integers in this freld contains elements

of the form a6 | a¡/:5 with a6,a1 €2,so2,3, 1+/-5, and7-\/-5 are all integers

in A(y'-5). It can be shown that each of these integers is prime in A(1,Æ5), i.e., none

of them has any non-trivial diviso¡s. However, we can rvrite the algebraic integer 6 as

either6=2.3or6=(r+rf-S) (r - V=S) . Thus,6 factors as a prod.uct of primes in

trvo diferent rvays in Q(1Æ5). In fact, the class number of this field is trvo, so rve knorv

that unique factorization does not hold. Class numbers larger than one provide some

indication of how far arvay their corresponding fields are from unique factorization, but

it is not clear exactly what kind of measure is provided.

If p is a zero of a polynomial in Z[ø] of degree r¿ but not of any of lorver degree, then

rve say that the field Q(g) has degree rz. Quad,ratic fieltls arc frelds of degree 2, i.e., they

are fiel.ds where the rationals are finitely extended by a root of an irreducible quadratic

polynomial. lVe further distinguish between imaginary quad,ratic rteás e(\/D), D < O,

and real quad,ratic rtekls Q(\/D), D > 0. The study of both types of fields is related

to that of Gauss' theory of binary quadratic forms Az2 * Bxy ¡ Cgz., A,B,C e Z.He

considered sets of forms rvith the same díscriminanú, rvhere the discriminant is defined to

be L = B2 -4AC. (!Ve define the discriminant of the quadratic 6u1¿ ,qq.fD) to be À = D

fi D : 1, (mod 4) and A = 4D othenvise.) Gauss defined the idea of equivalence of forms.

and the class number of sets of fo¡ms rvith a particula¡ discriminant as the numbe¡ of

equivalence classes they form. There is a simple relationship relating this class numbe¡

to the class number of the quadratic field rvith the same discriminant.
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Arithmetic in quadratic fields has led to the development of nerv integer factoring

algorithms. It is knorvn that if A is composite, then the class number of the imaginary

quadratic field A(/:D) must be even. Shanks [Sha71] has shorvn that one can factor the

discriminant A if one can compute the class number of rp(rÆ)), and in particular a field

element of order 2. Such elements correspond to ambiguous binary quadratic forms, those

forms that are equal to their inverses. He also gave an analogous method of searching for

ambiguous forms in real quadratic fields.

Despite being the simplest type of algebraic number fields, there are still many difficult

and unsolved problems relating to quadratic fields, such as the famous Gauss conjecture

which states that there are infinitely many real quadratic fields that have class number

one. Also, class numbers in both ¡eal and imaginary quadratic fields can be rather diffi-

cult to compute. Currently, the best unconditional aJgorithm has complexity O (nttz+,¡ .

However, computing with quadratic field elements and ideals is relatively easy compared

to doing these things in îelds of higher degree; thus, quadratic fields are a good test-

ing ground for conjectures and algorithms, as numerical evidence can be more readily

obtained.

The apparent difficulty of computing class numbers in quadratic fie1ds has given rise

to a number of cryptographic applications involving arithmetic in these fields [B!V90].

For example, key exchange protocols have been proposed using both imaginary [B!V88]

and real quadratic fields [BW89a, Sch93]. The security of these schemes depends upon

the choice of field, so knorvledge about st¡uctures of quadratic fields is needed.

1.1 Organization of the Thesis

The main goal of this thesis is to provide e,xtensive numerical evidence supporting some

unresolved conjectures related to quadratic fields. The most important tasks in obtaining

these numerical results lvere computing the class number å. of both real and imaginary

quadratic nelds rQ(.Æ) and a quantity called the regulator .R of real quadratic fields.
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In Chapter 2 rve formally define quadratic fields, class numbers, and regulators and

give the necessary background pertaining to our investigâtions, including ideals and in-

frastructure. In addition, we present two rvell-knorvn algorithms related to ideals in

quadratic fields that a¡e needed for our numerical experiments, the continued fraction ex-

pansion algorithm and the ideal multiplication and reduction algorithm. lVe also define

the Dirichlet tr-function I(s,X) and the analytic class number formula, both of rvhich

are essential to our class number aJgorithms. We briefly discuss the Extended Riemann

Hypothesis (ERH), since many of the conjectures and algorithms relating to quadratic

frelds are dependent on its truth.

We describe our algorithm for computing the regulator and class number of a real

quadratic field in Chapter 3. We use the techniques due to Buchmann and Williams

[B!V89b], given for the real quadratic case in [Nf \,V92], which compute lz and -0 in at most

O (ntts+'¡ operations. We also employ a new averaging technique for estimating Euler

products developed by Bach IBac94] rvhich has a bette¡ error estimate than the traditional

truncated product method. Comparisons between the performance of our algorithm using

Bach's idea and truncated products are provided. A ferv other modifications rvhich result

in better performance are also described and implemented.

The first conjectures rve consider are the Cohen-Lenstra Heuristics [CL83, CISa].

Since the heuristics pertaining to imaginary quadratic fields have been dealt ivith in great

detail elservhere (see, for example, Buell [Bue84]) rve focus our attention in Chapter 4 on

the real case. In particular, we examine the prediction that the odd part ofthe class group

of a ¡eal quadratic field has some order / rvith some definite non-zero probability. For

example, fields rvith odd part of the class group equal to one should occur approximately

75.446% of the time. lVe also derive another result based on this prediction, rvhich

states that the probabilìty of the odd part of the class group being greater than ¿ is

ll]ï) + O (logxlx2). These ¡esults suggest that class numbers are mosr likely to be

small. In orde¡ to test these conjectures rve computed class numbers of alì the fields

Q(.f) for primes ¡r < 10e and and all frelds Q(rÆ) for square-free , < 108 using the
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techniques of Chapter 3. lVe then checked whether the actual proportions of fields rvith

class numbers of certain sizes corresponded with the heuristic predictions. We also used

this data to test a conjecture of Hooley rvhich states that the sum of class numbers of

fields Q(.f) where p = 1 (mod 4), p < ø is approximately c/8.

In Chapter 5 we turn our attention to the size of another important invariant of real

quadratic fields, the regulator. By the results of Cha,pter 4 we expect that class numbers

of real quadratic fields are most likely small, so by examining the analytic class number

formula rve see that fields rvith large Z (1, ¡) values should often have large regulators.

Under the ERII, Litilewood [Lit28] derived bounds on -L(1,¡) which are much tighter

than any of the existing unconditional bounds. We used a nerv sieving device, the MSSU

[lPW, LPW95, Luk95] to compute thousands of numbers rvhich should provide values

of I (1, ¡) which are close to the local maxima of L (1,y). lVe then used the method of

Chapter 3 to evaluate h, R, and I (1,X) in an attempt to find values of Z (1,¡) which

are as close to Littlervood's bounds as possible. Based on our numerical evidence, we are

able to conjecture that -R. )> r/Ãloglog A for an infinite set of discriminants A.

Since Euler's time, prime producing polynomials have been of considerable interest to

number theorists. A special version ofHardy and Littlervood's Conjecture F [HL23] allorvs

us to predict which polynomials of the form x2 + x + A will have high asymptotic densities

of prime values by evaluating the quantity C(D), where D = I-4A. lVe describe amethod

of evaluating C(D) to 8 signiflcant digits, rvhich depends on evaluating class numbers and

is conditional on the ERH. Using the NISSU, rve searched for values of D rvhich rve would

expect to have localìy extreme values of C(D) and used our technique to evaluate C(D)

for each of the thousands of solutions rve obtained. lVe conside¡ed both positive and

negative values of D, and rve discuss the method we used to evaluate rl in imaginary

quadratic fields, rvhich makes use of the rvell-knorvn ideas of Lenstra [Len82] and Shanks'

baby step-giant step algorithm [Sha?1]. !V'e rvere able to find several polynomials which

have higher asymptotic densities than any other currently knorvn polynomials of this

type.
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Finally, in Chapter 7 we briefly discuss some of the other aspects of quadratic fields

rve have not looked at, including the recent development of subexponential algorithms for

computing class numbers.

L.2 Flequently Used Notation

Some of the symbols used frequently throughout this thesis are defined as follorvs:

o Z- the integers

o Q- the rationals

o C - the complex numbers

r log - logarithm base e

o exp(c) - e'

o 1og2 - logarithm base 2

o [c] - integer part ofø € rQ, satisfies ø - 1< [z] <2.

o Ne(z) - nearest integer to r € Q, Ne(r) = þ * å]

o $ì(s) - real part of s € C

o Prob(r) - probability that proposition ø is true

o /(n) is O (g(")) - Í(") 3 cg(n) lor some constant c and sufficiently large z

o /(æ) is o(S@)) - /(n) is much smaller than g(z), or more formally

ri- /!n) 
= o.

n_co 9( n)

lVe use the follorving symbols pertaining to quadratic flelds:
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. rc - an arbitrary quadratic field

. A(,rÃD) - an arbitrary imaginary quadratic field

. A(lrD) - an arbitrary real quadratic field

. A(.,Æ) - an arbitrary real quadratic field rvhose radicand is prime

o D , p - radicand of rC (p if prime)

o A - discriminant ofK (Theorem 2.1)

o (3rc 
- ring of integers in ,C (maximal order)

o C/ - class group of rc

¡ å - class number of rc (Definition 2.5)

o eo - fundamental unit ot a(rÆ) (Definition 2.1)

o ¡? - ¡egulator of A(lÆ) (Definition 2.2).

For a an arbitrary quadratic number tve define the follorving:

o a - conjugate of o

o Tr (a) - trace of a

o 1{(a) - norm of a

For c, b arbitrary integral ideals of O¡ (Definition 2.3) rve define

o õ - conjugate of c

o l[(o) - norm of d

o I(o) - least positive rational integer in a
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. ûñ b - ideal equivalence (Definition 2.4)

. s + b - ideal multiplication follorved by reduction (Algorithm 2.4 for imaginary

quadratic fields and Aìgorithm 2.8 for real quadratic flelds)

o ó(b, o) - distance from q to b (Definition 2.9)

o á- - distance from (1) to o* (Definition 2.9)

o óo - distance associated rvith o, either from (1) or another ideal.



Chapter 2

Introduction to Quadratic Fields

lvlost of the mate¡ial in this chapter can be found in basic number theory text books,

especially [H\,V62], [Hua82] and [Coh93]. The results on reduced ideals in imaginary

quadratic fields can be found in [8W88] and the corresponding results for real quadratic

fields can be found in [NIW92]. For proofs of the follorving well-known results and a more

definitive tteatment of the subject the interested reader should consult these refelences.

Let p be a zero of a quadratic polynomial that is irreducible over e. Then the aggregate

of all algebraic numbers of the form

€=boLbQ,

å0, ò1 € Q forms an algebraic number field of degree 2 denoted bV A(p). Since g is a root

of a quadratic polynomial, rve can write

lor a,b, c, D € Z. Also,
co-a{u=-b

where we can assume rvithout Loss of generalìty that D is square-free. In fact, rve can

a + bt/D
-c
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represent any element { € ,Q(p) as

^ aÍbt/D
s-

c

so the frelds q(p) and Q(r,õ) are identical. Hence, it is sufficient to only consider fields

Q(.rE) for square-free integers D, positive or negative. We call D the radicand ol the

quadratic fie1d ¡C = Q(.Æ). From nolv on, we will let K represent an arbitrary quadratic

field.

The conjugate of { = (a { t1/D¡/c e K is denoted by

= a- b'/Ds- 
c

In imaginary quadratic fle1ds this is simply complex conjugation, but in the real case the

meaning is different. The trace and. norm of ( e ,( are given by

- 9nrr({)=ç+€=ï

and
a2 - Db2rv(() = (C = c,

respectively. It is easy to shorv that for a,þ € K,

Tr(alp)=Tr(a)+Tr(B)

N(ap) = ru(a)ru(B).

Every element € € ,ç is the zero of a quadratic polynomial tvith integer coeffcients,

since for

,_a¡b1/Ds- 
c

rve have (c{ - a)2 = Db2; hence { is a zero of

10

and

c2 x2 -2acr + a2 - Db2 (2.1)
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Thus, every element { € K is eithe¡ a rational or a quadratic number. A,n algebraàc

integer is defined as a root of a monic quadratic polynomial in Zlrl. Let

" a+bt/D
"- 

"
rvith ø, ö, c € Z be an integer in K. We can assume here that c > 0 and (ø, ô, c) = 1. If rve

divide (2.1) by c2 then we obtain a monic quadratic polynomial

. 2a o2 - Dbz

'"-;'+ c '

Since it can be shown using the quadraiic formula that d is a zero of this polynomial,

and since we have defined r9 to be a zero of a monic quadratic polynomial in V.[æ], ! and

ú{ 
^u"t 

be integers and rve have that cl2a and c2l(a2 - Db2). Íf d = (¿,c), then

d.2 | a2 and. d2 lc2 . Also, d," l@' - Db2), anò, since d2 | ø2 rve must have d2 I Dó2. Since D

has no square factors, this implìes that dlå. Horvever, (a,b,c)= l so rve have (ø,c) = 1,

and since cl2a, c = 1 or c = 2. ff c = 2, then ø is odd and Db2 = a2 = 1 (mod 4) so

å is also odd and D = 1 (mod 4). Therefore, we must distinguish between t.çvo cases. If
Ð = 1 (mod 4), then the integers of r( are of the form

^r_a*bJD
2

rvhere ø, å € v,.If D : 2, 3 (mod 4), then the integers of Q( l/Ð=) are of the form

t9=ø+bJD

where a, å e Z. As in the case of the rationals, the set of integers of K forms a ring rvhich

ive will denote as (2r, the mazimal ord,er of. K.

If every integer û €. Op can be unicluely expressed as

t9=arattazaz

rvhere a; €Z,a; ç (?¡, then we call o1,c"2 at integral å¿sjs for rf,, and ç'e denote O¡; by

the Z-module

11

(2.2)

(2.3)

la1,u2l=utL+azz.
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A=

t2

Every algebraic number field has an integral basis, and in quadratic fields it is especially

easy to give one. If | : 2,3 (mod 4), then from (2.3) it is obvious that

u1 :!, ç2=1/fi

is an integral basis. If D = 1 (mod 4), then from (2.2) we see that

. a-b 1,+,/D-22'
SO

a1 =r. en -1+\/D'2
is an integral basis. The di,scrimi,nant of K is defined as

12Ql al Il,uc õîl' -l
so for r: 1 (mod 4) we have Â = -D and for D = 2,3 (mod a) we have Â, = 4D. lVe

summarize this in the following theorem:

Theorem 2.! Let D be a square-free integer, posítiue or negatiue, and defi.ne

It *n"r, D=2or 3 (mod 4),r-- <

IZ 'uhen 
D = 1(mo<l 4).

Then the disuiminant L, oJ K = Q6/ D) i" giuen by

4D

and, {7,a},, uhere

is an integral basis of K. â

Since it can be shorvn that A is independent of the choice of basis, A is an invariant of

the field K. Also, since {1,c.r} is an integral basis, any integer û e Orc can be represented

AS

ù = a I ba,

wherc a,b e Z.

r-ItJD
T
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2.L Units and Prime Factorization in 06

lVe say that îor a,þ € Op, a is diuisible by p, or Bla, if the¡e exists 7 € (?rc such that

s = 81. "lh\s is analogous to the definition of divisibilìty it Z. A. unit e is defined to be

a divisor of the integer 1, and hence of every integer in the fie1d. However, unlike Z, in

quadratic fields rve may also have the eistence of non-t¡ivial units, i.e., units other than

*1. The trivial units *1 exist in every quadratic field. For t e Orc, we call the numbers

ê€ associates of (. Thus any multiple of { by a unit is an associate of {. Also, € e Orc is

ca\ed prirne if it is divisible only by the units of (26 and its associates. The norm of a

prime in O¡ is a prime'n Z,

It is easy to shorv that for any unit ¿ rve have 1ú(e) = ¿1. Hence, 6 = a*bu is a unit

if and only if the equation

| "' - Db2 = 1 rvhen D = 2,3 (mod 4)

I (,*å)' - lnû =r when Ð : 1 (mod 4)
(2.4)

holds. If D < 0, then (2.a) has a finite number of solutions. I1 D = -1, then there are

4 solutions, and if D = -3 there are 6; hence A(/:T) has 4 units and q(1Ã5) has O

units. If D < -3, then the only solutions are given by a = t1, å = 0 so there are only

2 units. If ,D > 0, then (2.4) has an infinitude of solutions which can be represented as

teff rvhere n e Z and es is the smallest solution that is greater than 1.

Definition 2,L We call e6 t¡te fundamental unit o/iQ(rÆ).

Definition 2.2 The regulator is d,efined os.B = log¿0.

Every integer in O¡ can be expressed as a product of primes. Horvever, as illustrated

in Clrapter 1, this representation is not necessarily unique. lVe say that Oa\s a unique

factorization domain (UFD) if every element that is not zero and not a unit can be

uniquely represented as a product of pr.imes. In other tvords, 05 is a UFD if the funda-

mental theorem of arithmetic is true for its elements. It is knorvn that there are a finite

13
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number of imaginary quadratic fields rp(./-¿¡ whose maximal orders are UFD's, the one

with the smallest discriminant being A(rÃ165). Computational evidence suggests that

the¡e are infinitely many real quadratic fields rvhose maximal orders are UFD's, but this

has yet to be proved.

2.2 ldeals and the Class Group

To overcome the problems caused by fields rvhere unique factorization does not hold,

Kummer invented the notion of ideal numbers, a concept that was later modified by

Dedekind to what today we call ideo,Is.

Definition 2.3 We say that a subset a oJ Op is an integral id,eal if the follouing tuo

properties hold:

1. If a,,p e a., then aL þ e s.

Il û € s and q e (9p then qa € a.

Similarly, we can define /ra ctional ideals but they ale less convenient to rvork rvith from a

computational point of vierv. Therefore, we rvill ¡estrict our discussion to integral ideals,

and f¡om now on lve will use the term ideal to mean an integral ideal of (?5.

I1 a, þ e Or, then the set {r¡1o + n21lni € Orc} is clearly an ideal. We say that

a = (a, B) is the ideal generated by a and B. It is knorvn that no more than trvo generators

are needed to generate any ideal of (?¡. lVe can give a standard basis fo¡ any ideal in

terms of the integral basis of (?r. Any ideal a can be expressed as a Z-module

s= aZ+ (b+ cu)z= la,bJ cul

rvhere a,ò,c e2,0, > 0, c > 0, clb, clø, and øcl1ú(å-l- cr,:). Furthermore, for a given

ideal q the integers ø and c are unique and o.is the least positive rational integer in c,
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which we will denote as l,(c). We define the norm of an ideal as the absolute value of the

determinant of its standard basis coefrcients, i.e.,

= lacl.

As with norms of field elements, we have here

1{( co) = ,lu(a)Iv( o).

An ideal a is said to be prirnitiue if I(c) = If(c); hence c = 1. Ðvery primitive ideal can

be uniquely given by

s=lL(s,),b+ul

where å € z, L(a) | N (b { r..r), and -L(o) < Tr(ö+r.,) < tr(c); this is called the normal

presentati,on of o. We say that the ideals c and b are equal, o = b, if they contain exactly

the same elements of Orc. The conjugate of a is defined as

a = [z1o¡,4 
+ o-+ o] ,

and we say that c is ambi.guous if c = d. A principal id,eal is any ideal with a single

generator, denoted by a = (a). It can be shorvn that if c is principal, then 1{(c) = ltV(a)1.

lVe define the product of two ideals s = (a1, a2) and, b = (fi, B2) as

qø = (atþt, atß2, azþt, azþz).

This operation of ideal multiplication is commutative and associative. The unit id,eal

is the idea,l (1) = [1,u] = (?,r, since it is easy to see that for any ideal c rve have

(l)s = s(1) = o. lVe say that the ideal t d'iuides b, a I b, if there exists another ideal c such

t hat

oc= b,

and that c and c a¡e lhe diuisors of b. It is clear that o lo if and only if b Ç o. lVe say

that anideal ais prime if it is non-trivial , i.e., al {0} and o I (1), and its only divisors

are ( 1) and itself.

I' o
rv(c) = |

lb "
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ifheorem 2.2 (Fundamental Theorem for

can be factored into a prod,uct of prime àtleals.

factors, this tactorization is unique.

Proof: See [Hua82].

Ideals) .Any non-triuio.l, integral ideal a

Furthermore, apart from ordering of the

Thus, unique factorization is restored at the level of ideal arithmetic for quadratic fields,

even if it does not hold for individual integers in the field.

The ideals of (3K can be partitioned into equivaJence classes if rve use the follorving

notion of equivaJence.

Definition 2.4 Leta.,b be tuo ideals. If there exist two principal íd,eals (a) and, (p) such

that

(a)q = (p)b

then ue say that s and b are equivalent, d,enoted, by a - b.

The set of all ideals equivalent to q is called the id,eal class oÍ s,. The set of all idea.ls

equivalent to (1) is caJled the princi,pal c/øss, since q - (1) if and only if o is principal. It

can be shown that for a particular field K the number of ideal equivalence classes is finite.

Furthermore, they form an abelìan group under the operation ofideal multiplication rvhich

rve cali the class group of K, denoted by Cl.

Definition 2,6 The class number of K is the integer h = lCll.

If ¡1 = 1, then every ideal in ,( is a principal ideal and rve call (?5 a principal ideal rLomain

(PID). If O¡ is a PiD, then the fundamental theorem for ideals implies that (?r is a.lso

a UFD. Thus unique factorization holds in any field with å = 1.

As mentioned in Chapter l, there is a relationship betrveen the class number of a

quadratic field and the number of equivalence classes of cluadratic forms of the same

i6

¡
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discriminant. Two forms (a,b,c) = axz 4 bxE I cA2 and. (d,,e, f) = d.xz ¡ etE ¡ fy2

are equivalent if there exists a substitution x = uX luY,y =pN *zY such that the

determinant of the substitution uz - tut = 7, and that when applied to (a,ü,c) yields

(d,,e, f),"Ihe set of all forms equivalent to (a, ô, c) is an equivalence class, and the number

of these equivalence classes is denoted by å¡. For any ideal 6 = [a1,a2] ofthe quadratic

field K rvith discriminant A such that a1d2-d.1a2 = 1f (o)^, we can generate a quadratic

form (ø, ö, c) with discriminant A by setting

N(ar)
.tv (aJ

u=s(errd;äù@,
N (oz)

" = 
^r(") 

.

We call (a, å, c) the quadratic form belonging to the ideal a. 11 (a,b,c) belongs to o then

every form equivalent to (a,b,c) also belongs to o. Horvever, there may be two different

ideals to rvhich (ø, å, c) belongs.

Definition 2,6 We say that two id,eals t andb are eqtivalent in the narrow sense i/ fåere

exist princi.pal ideals (a) and (B) such that (a)t = (þ)b and. N ("þ) > 0. We d.enote this

bya=b.

Equivalent quadratic forms belong to ideals rvhich are equivalent in the narrorv sense, and

conversely, quadratic forms belonging to ideals which are equivalent in the narrorv sense

are equivalent forrns. Thus, under the notion of narrorv equivalence of ideals there is a one-

to-one correspondence betrveen ideal equivalence classes and quadratic form equivalence

classes. It can be shorvn that ås is related to å by

ho D <0
ho D> 0,rV(e¿)= -1

I n ,0, N(r¡) = 1

t7

'{



CHAPTER 2. INTEODUCTION TO QUADRATIC FIELDS

Thus, if rve know the class number of ,( and, in the case that K is a real quadratic field,

rve also knorv the norm of its fundamental unit, then we can immediately compute the

number of equivalence classes of forms rvith discriminant A, rvhere Ä is the discriminant

of í. Unfortunately, no simple criterion for determining 1{(e6) is currently knorvn.

When actually computing products of ideals, it is more convenient to represent prim-

itive ideals as

where

P = r(b+a)-t/D

= rb+r-I

and

Q = rL(s).

Since r lQ and I(o) l1{ (ò +,¡) = " 
(" +,/D)lr) rvemusthaverQ lD-P,.This aUorvs

us to represent the primitive ideal o as the ordered pair (P,8), where P, Q € Z.IJsing

this notation, the conjugate of t = Q,Q) is simply a = (-p,Q), and (1) = (r - 1, r). If
o=(P,Q) and o/= (P',Q'), then o= r'if Q =Q'and P = P'(mod 8).

lVe can use Algorithm 2.1 to compute a primitive ideal equivalent to the product oftrvo

primitive ideals. This algorithm is essentially ihat of Shanks [Sha71] for the composition

of trvo quadratic forms, and is the same for both imaginary and real quadratic fields.

18

lq e +,/D1"=L;' ' l
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Algorithm 2.1 (Product of ideals)

INPUT: Primitive ideals q = (p",0") and b = (pa,eu)
OUTPUT: ,= (P,,Q,),U eZsrch that cis primitive and sb = (U)c

1. Compute^G - gcð(Q.lr,,Qs/r) and o1 by solving the linear congro"n." Q.r1 
=

G (mod $) rvith the Extended Euclidean Algorithm.
2. Compute 7 = gcd((P" + P6)/r,G), r2, and y2 by solving ¿t'åøz * GAz = u vith

the Extended Euclidean Algorithm.

3. Set X = s2x1(P5 - P^) + xrDfi (rnod S).
4. Set Q, = ee*+ anð, P, = 

p^ + X ?û (rrrod e,).

End of Algorithm

2.3 Reduced fdeals in Imaginary Quadratic Fields

The idea of ideal reduction is quite oid, and is related to the idea of reducing binary

quadratic forms. It gives us a convenient method for giving representatives of idea.l

equivalence classes.

Definition 2.7 we sag that s is a reduced ideal if o is primitiue and, there d,oes not exist

a non-zero a e a such that both lal < Z(o) and lõ] < L(a) hold.

It is knorvn that every ideal class of a6/4) contains e-xactly one reduced ideal. Thus, in
the imaginary case we can confine arithmetic in the class group of r( to arithmetic betrveen

reduced ideals. The following theorems give some criteria for determining rvhether an ideal

is reduced in imaginary quadratic fields.

Theorem 2.J If a is a reduced id.eat in e(,/- p), then L(a). ,/F. o

Theorem 2.4 If t is a prímitiue id.eal in q$/4¡ and L(a) . $, ,t ", s is reduced.

!
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lve can use Algorithm 2.2 taken frorn [8W88] to compute a reduced ideal equivalent to a

in imaginary quadratic fields. The proof of correctness of Algorithm 2.2 can be found in

[8W88]. However, Algorithm 2.3, also from [BWB8], is a more effcient version, and this
is the one we use in practice.

Algorithm 2.2 (Ideal Reduction in a(./:D))

lVe can give an upper bound on the numbe¡ of iterations made by these algorithms

before a reduced ideal is found.

Theorem 2,5 In Algorithm 2.P and Atgorithrn 2.5, we get e;+t > e¡ fo, some i such

that

isltr"'"(#)]

P¡oof: See [B \'V88].

Thus, given a primitive ideal rve can find a ¡educed ideal equivalent to it quite rapidly.

20

INPUT: Primitive ideal a = (p, e)
OUTPUT: Reduced ideal o/ = (p/, ei ) such that o - q/

l.SetPe=P,Qo=Q,i=0.
2. Compute

q¡ = Ne(P¡/Q¡),

4+r = Q¡Q¡-P¡,
Q;+, = (P?+r_D)lQ¡,,

where by Ne (c) we mean the nearest integer to z.
3. If Q;a1 ( Q;, set i,=itI and go to 2. Othenvise, set p/= p¿ and et- e;.

End of Algorithm
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Algorithm 2.3 (Efficient Ideal Reduction in Q(/:D))

INPUT: Primitive ideal o = (P,0)
OUTPUT: Reduced ideal a' = (Pt,Qt) su¡h that o - o¡

1. Set Ps = P, Qo = Q,:lo = lPol,to = PolTo, Q_, = Q3 - D)leo,and i = 0.

2. Compute

s; = lT¡/Q¡1,
R; = T¡ mod Q1,

t[i = Qi-zili.

3. I1 tuI; > 0 then set

T;+t = R;,

Q;+t = Q;_t-s;(R¡*T;),
t;+t = -t;i

if /vl < 0 then set

T¿+t = R¿* luI¡,

Qr*, - Q;-t - s;(R¡ t Ti) -f M;,
t;+t = t;'

4. IÍ Q;¡1 ( Q;, set i=i*7 and go to 2. Otherwise, set P/ = t;T¡ and, Qt = Q¡.

End of Algorithm

Algorithm 2.4 (Ideal Multiplication and Reduction in A(\ÃD-))

INPUT: Primitive ideals a and b

OUTPUT: c and [/ € Z, súch that c is the reduced ideal given by (i/)c = ob.

1. Compute (U)c' = ab rvith Algorithm 2.1.

2. Compute the reduced ideal c - c/ rvith Algorithm 2.3.

End of Algorithm
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lVe can use Algorithm 2.4 to compute the reduced ideal equivalent to ihe product of

any two primitive ideals.

Definition 2.8 IJ a and b are primiti,ue id,eals in eG/=Ð, then

c = c* b

is the red,uced ideal equiualent to ab giuen bg Algorithrn 2.1.

We can consider * as the group operator of the class group of imaginary quadratic flelds,

since each ideal class can be represented by a unique reduced idea1, and c = sb is the

unique reduced ideal of the ideal class containing ob.

2.4 Reduced Ideals in Real Quadratic Fields

The definition of reduced ideals in real quadratic fields is the same as in the imaginary

case. However, the situation in real quadratic fields is somewhat more complicated be-

cause each ideal class contaíns a cycle of reduced idea,ls. lVe have the follorving analogues

to Theorem 2.3 and Theorem 2.4:

Theorem 2.6 If a is a red,uced, ideal in e({D), then L(a) < ^/E. I

Theorem 2.7 If t is a primitdue ideat in Q(t/D) and. L(a) < $,, tn", s is red,uced,. O

To apply these theorems, rve first need some results on the continued fraction expan-

sion of elements in A(rÆ). Recall that we can represent any real number þ as

1

4r*-
1'., + 

-

1

Q^i ,

9m+1

t,



Algorithm 2.5 (Continued Fraction Expansion)

INPUT: ó='.{,where P,Q €z,QlD- p2

OUTPUT: óo = "äf and q¡ from the continued fraction expansion of /
1. Set ps = p, eo = O, ø = lfn + ^/Ð/a], and i = 0.

2. Compute

P;+t = 8;Q; - P;

^ D_P?-,
Q;+t = -Z:
, P;+t * JD9i+1 = ar-t
q¡+r = [d¡+r].

3.i=¿¡1,goto2

End of Algorithm

CHAPTER 2. INTRODUCTION TO QUADRATIC FIÐLDS

where q1, q2, . . ., q^ < Z. lve call this the simple continued Jraction expansion of @, rvhich

we will denote by

ó = (qo,q,qz,.. .,q^,ó^+i .

C^ = (eo,9t,Iz,...,C-) is ca)).ed a conuergent of þ.If we define

A¡a1 = q;4yA¿! A¡-1

and

B;q=q¡¡18¡lB¿-1

rvhere A-2 = B-t = 0 and ,{-1 = B-z = 1, then C- = A*lB^. lVe can expand elements

ó=P+-ø^ eo(JD\u-'
rvlrere P, Q €. Z and Q I D - P" rvith Algorithm 2.5. In practice rve use Algoriihm 2.6, a

modified version due to Tenner rvhich is more efficient.

23
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Algorithm 2.6 (Efficient Continued fYaction Expansion)

INPUTT ë ='.d,where P,Q e z,Q lD - p2

OUTPUT: ó, = ''bf and g; from the continued fraction expansion of {
1. ser d= lJDl, h = p, eo = e,e¡ = @ - pÐ/eo,s. = [(p + JD)/A],

lO when Q6)0
"o=l t when e6 < o,

Ro = Pol d* so - g¡Qe, and i = 0.

2. Compute

4+t = ¿i*si -'B;
Q;+t = Q;-t- C;(P;+t- Pi)

gi+ [4+r *dis;+rlI=1. o* I
Àl+r = P;+tl d* si+r -4;+r0;+r

P¡+t r t/De;+1 = __õ;1

using

3.i=i*1,goto2

f 0 rvhen Q6 > 0
I I when Q¡ < 0.

End of Algorithm
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If o = oo = e,a), then it can be shorvn that if we set / = (P + JD)/q ana

ë^ = (p," + JÐlA^ is found by expanding @ into a continued fraction, then

a^ = (P^,Q*) - lq^ ,e^ + '/Dl
Lr r l

is an ideal in the same equivalence class as o. Also, if o is primitive, then o- is a reduced

ideal equivalent to a for the least r¡¿ such that Q^ < l{4

Theorem 2.8 a,n is a reduced ideal wheneuer

^, ^u*{r,++^t(#)#},
wherer=(+^fs)tz. n

This theorem tells us that if o is not reduced, then the continued fraction algorithm will

rapidly produce a reduced ideal, and then produce all the reduced ideals equivalent to it.
In fact, if c is reduced, then the continued fraction expansion algorithm rvill produce all

the reduced ideals equivalent to o.

It can be shown that there eists a least positive p € Z slch that o6 = c, rvhere oo is

found by expanding the continued fraction associated rvith a reduced ideal o6. Thus, the

¡educed ideals in any ideal class form a cycle of period p. Furthermore, if we define

i
v,=f[úi

j=r

wheretF6=l¿¡¡d
. P; + JD

,/rj = q_l
then it can be shorvn that

¿o = ltp

and

25
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o0 = (1), a1, û2,. . ., op_l, cp = s0,

rvhich rve rvill call the pñncipal cycle, although these principles certainly apply in oiher

ideal classes.

26

The cycle of reduced ideals in a particular ideal class exhibits symmetry, since rve have

that

d.p_i = di,

This gives us the follorving result (see, for example, [MWg2]).

Theorem 2.9 If s is the least positiae integer such that P" = P"¡1, then

- iÍs
èO - i---r r

lv"l

.B = 2los v, * t"* *,
and, p = )s. If D > 5 and t is the least positioe integer such that Q¿ -- er*1, then

ü.,,
cO - -ïI_i r

lÚ'l

R = 2toEVt +IosQ-qL,

andp-2t*1. â

Thus, rve only have to look half-rvay through the cycle of principal ideals in order to

compute €s and -4.

2.5 Infrastructure of the Principal Class

Shanks [Sha72] noticed that the cycle of reduced ideals of any ideal class has certain

additional structural properties, rvhich he called the ¡nfrusbucture. We rvill confine our

discussion here to the cycle of the principal class
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Deûnition 2.9 Let a^ and. a be two red,uced ideals such that a^ - a ancl a^ is lound by

etpanding the continued fraction correspond,ing to a, Then the distance /rom a to ø^ is

d.ef,ned as

We also def,ne

á(c-, a) = lsg Ur,¿.

ó- = ó(s-, (1) ).

It can be shorvn that á- is a strictly increasing function of m and 6p = R, Ãlso, if k e Z
and 6- = ,k.R+ó" for ideals sæ and ds, then o- = c". We will use áo to denote the distance

associated with the ideal a in the cases where it can be either the distance from (1) or

from another ideal. Algorithm 2.7 is an extension of Algorithm 2.6 rvhich, in addition

to generating each idea,l found by expanding the continued fraction corresponding to the

initial ideal, computes their distances.

Let c" and o¿ be two ideals found by expanding the continued fraction corresponding

to (1) using Algorithm 2.7, and,let c be defined by using Algorithm 2.1 to compute

( I/)c = c"a¿.

If c = (P6, Q6), then rve can compute a reduced ideal c, = (p^,qò equivalent to c by

expanding the continued fraction corresponding to c using Algorithm 2.6 until rve have

A^ < l{-4. Since ct is reduced and in the principal class, rve must have c, = sÈ for some

,t ) 0. Furthermore, we can shorv that

ù
vr = v,ürË,

so if rve set rc = log (V-/[/) rve have

á* = á" + ó¿ + x. (2.ó)

It can also be shorvn that -log4D < -logQ"e, < x < log2, so á¡ r ó"{ó¿, By a

result of Lévy, rve rvould expect that ó- a: rn7 rvhere 1 = r2le2log2) r 1.1g6569111.

27
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Algorithm 2.7 (Efficient Continued trÏaction Expansion rvith Distances)

INPUT: s - (P.,Q) with distance óo

OUTPUiI: c;, with distance ó;

1. set d= [JD], r" - p, eo = e, e¡ = @ - pÐleo,so = [(p +,/ÐlA],

f 0 when Q6> 0

"o=l t when Q¡ < o,

Ào = Po * d * so - qoQo,6o = á", and ¿'= 0.

2. Compute

4+r = d'ls;-R¡
Q;+t = Q;¡-q;(P;+t-Pi)
gi+ f Pilr *d*s;ail1-1 0,.- I
.B;+r = P;+t I d* s;+r -4;+r8¡+r

using

f 0 rvhen Q6 > 0ot+t=11 
when Q¡< o.

ci+i = (4+r, 0;+r)

ó;+r = ói - t"r (eä-i@)

3. Set

4.i=i*1,goto2

End of Algorithm
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Thus, for any two reduced ideals in the principal cycle c" and o¿, we can find an ideal o¡

such that h x slt and ó¡ = á" .| á¿. This allorvs us to find an ideal rvith distance á by

performing about ó/ó" of these multipiy-reduction steps using an ideal a, rvith distance

ó", as opposed to á/7 continued fraction steps.

Algorithm 2.8 computes a reduced ideal c equivalent to the product of two primitive

ideals ob as well as á., the distance of c. Note that while the continued fraction algorithm

produces an infinitude of reduced ideals equivalent to c, only one of these has distance ó..

Definition Z.LO If a and, b are prim,itiue ideals in re6/D), then

c = o* 6

is the reduced ideal equiualent to ab gi,uen bg Algori,thm P.8.

If o = c" and b = o¿ are in the principal class, then c = o* b = o¡ is also principal and

á, = á,.. If rve ignore ihe distances, then rve can use * to compute among the equivalence

classes since c x b gives us one of the reduced ideals in the equivalence class of ob.

29

Algorithm 2.8 (Ideal Multiplication and Reduction in a(Ø))
INPUT: Primitive ideals s and b with distances óo and ó5

OUTPUT: c, á.

1. Compute (IJ)c' = 66 rvith Algorithm 2.1.

2. Compute a reduced ideal c = (P^,Q*) and á(c,c¡) by expanding the continued
fraction corresponding to c' = (Po,Qo) with Algorithm 2.7 ,,ntil A^ < [^/-D) . S"t
rc = ó(c, c') - log I/.

3.Setó.=áÁ+óú+Æ.

End of Algorithm
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2,6 L(I,Ð and the Analytic Class Number Formula

In much of what follorvs, especially in our algorithms for computing class numbers, rve

will be concerned rvith certain values of a function called the Dirichtet L-Junction. We

first need the follorving two definitions relating to characters.

Definition 2.LL Let G be any group. A cornplex ualued function J d.ef,ned on G is catted

a chanctet of G if

f(ab) = f(a)f(o)

for all a,b e G and. lþ) * 0 for some c ç G.

Deûnition 2.!2 Let G be the group oJ red,uced, resídue classes mod,ulo m. Conespontling

to each character J of G ue define an arithmetical functi,on y = y¡ as follous:

(

x(,)= { 
f(n moð' m) fi @''m)=1'

[ 0 if (z.rn) > 1.

This functi,on y is called, a Dirichlet character modulo m.

Definition 2.L3 The Dirichlet tr-function is defined for s € C, X a Dirichlet character

mod,ulo L bg

L(s.vt = Ë ¡tl
?-, o"

;/ n(r) > 1 and by analytic continuation otherwise.

It can be shorvn that ,L (s, ¡) converges absolutely for all s > 0.

lVe rvill be dealìng rvith ,L-functions defined for a special Dirichlet character calÌed

The I{ronecker sgmåol. Recall that if p is any prime, p.f a, and there edsts a value of ø

such that

¿2=ø(modp),
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then rve say that ¿ is a quatlratic residue of p; otherwise rve say that a is a quadratic

non-resirl,ue of p. Recall also that the Legendre symbol is defined by

(

/o\ I o ifpla
t-t:¿ 1 if ¿is a quadratic residue of p
\p) ì

[ -t it a is a quadratic non-residue ofp

and, the Jacobi sgmbol is defined by

(Ð = s t;1"
where

e =f\nî'
i=1

is the prime porver factorization of P.

Definition 2,L4 The Kronecker symbol (f) is d,efined bg the Jacobi symbol .if n > 2 and

by

I o if ø=olmod4l
/g\ I

\t=1 r ita=1(mod8)

[-t lt¿=5(mod8)
when n = 2.

If ¿ = À is the discriminant of a quadratic field, then it can be shorvn that

.rt,l= lA)
\n/

rvhere (f,) is the Kronecker symbol and n > 0 is, in fact, a Dirichlet character modulo À.

The I(ronecker symbot (f) indicates horv the principal ideal (p), p prime, facrors in the

quadratic field with discriminant A.

Theo¡em Z,LO Let L be the díscriminant of a quatlratic fieltl K and let p and q tlenote

prime ideals in K with norm equal to p. Then for any prime p we haue three possible

factorizations:
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t. (p) = p iÍ (Ð = -1. lYe sav that p is ineú in K'

C. (p) = pq ¿Í (l) = I. We say that p is sptit in rc.

s. (p) = P'z ,Í (+) = 0. lVe say that p is ramified in ,C.

Proof: See [Hua82].

Recall that lhe Ri,emann zeta function is defined for a complex variable s by

((')=Ð' Q.6)
n=l'"

when S(s) > 1 and by analytic continuation otherwise. We can also define the zeta

function over a quadratic freld K by

1çrc(s)=L¡(o)" Q.7)

where the sum is taken over the norms of all the ideals, excluding the zero ideal, in (?¡.

We can write I (s, ¡) in terms of zeta functions as

, (,r(s), (.s, XJ = 
ç(s)

Ats=lrvealsohave

L (1, Ð = li:r1(s - 1)(5(s).

The analytic class number formula relates the class number and regulator of the

quadratic freld of discriminant 
^ 

to the value of I (1, ¡) .

Definition 2,I5 The analytic class number formula is def,ned, as

¡¡1.r1 =2-!l,,/¡

for real quad,ratic fieltls of discritninant L. and as

. 2¡¡h

'(1'.Y) 
= rrliÃl

Jor imaginary quadrutic fields of rliscriminant t\ uith u units.

32

!



CHAPTER 2. INTRODUCTION TO QUADRATIC FIELDS

Thus, evaluating .L (1, ¡) gives us the value ofå in imaginary quadratic fie1ds and the

value of å.R in real quadratic fields. Using Gauss sums, one can derive closed forms of

L (t,X). For imaginary quadratic fields this is given by

(2.e)

Together with the analytic class number formula, these allorv us to compute the class

number using a finite sum. For imaginary quadratic frelds ,q(.,ÆD) with D < -3 rve

have

- lal /^\
L(r,Ð= -i¡F",-E (;J,

and for real quadratic fields by

L(1,Ð= åå (î).,,'''i

'= -ÅE (î),
and for real quadratic fi.elds rve have

^= 
-*F_(î).,,''i

(2.8)

(2.10)

(2.11)

Unfortunately these sums involve A terms, and are therefore impractical for large values

of A. Hence, rve try to approximate L(7,y) to sufficient accuracy such that å can be

computed. Nfost of the methods for approximating ¿ (s, X) make use of the Euler product

representation. Using the Ðuler product formula rve can rvrite.L(s,X) as the infinite

product

z(s,¡)=+#b=|I('-P) ' er2)

taken over all primes p. For s ) l this product converges fairly quickly, but at.s = l the

convergence is very slorv.

Since the time of Riemann it has been conjectured that if s is any non-trivial zero

of ((s) then Íì(s) must be 1/2. An equivaJent statement is that ((s) f 0 for any value

of s such that $ì(s) > 1/2. This is a famous hypothesis knorvn as the Riemann Hypoth-

esis. Although there is an ovenvhelming amount of numerical support for the Riemann
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hypothesis, no one has yet been able to prove it. An analogous conjecture, the Gener-

alized Riemann Hypothesis states the same thing for (¡. We rvill make extensive use of

the version of the Riemann Hypothesis that pertains to I (s, ¡), the Ðxtended Riemann

Hypothesis, or ERH for short.

Conjecture 2.L (Extended Riemann Hypothesis) For any character y,

I(s,¡) > 0

for any ualue of s such that fr.(s) > 712.

The assumption of the truth of the ERH allows us to give much tighter bounds on Z (s, ¡)
and in turn better estimates of the error in our approximations of it.

34



Chapter 3

Computing A and h in Real

Quadratic Fields

There are approximateiy 50 million primes less than 10s and 60 million square-free in-

tegers less than 108, so computing all of the corresponding class numbers rvas a rather

large project. fuch careful consideration had to be taken as to hotv to carry out the

computations as effciently and expeditiously as possible. We used, for the rnost part, the

techniques due to Buchmann and lVilliams [B\,V89b], given for the real case in [ìvMg2],
rvhich evaluate å in at most O (Ottt+'¡ operations. It should be reca,lled that the correct-

ness of these techniques is conditional on the truth of the Extended Riemann Hypothesis.

lVe divided the problem into subproblems of computing class numbers for ali primes

in intervals of length 106, and all square-free integers in intervals of length 105. Our

algorithms rvere coded in C and run on a DECStation 5000/200. All class numbers and

regulators rvere stored on a tape back-up, so the actual computation only had to be

performed once.

The main idea of our algorithm rvas to make use of the analytic class number formula
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defined in Section 2.6

. 2hR
" \., {/ - vÃt

36

(3.1)

rvhere Â is the disuiminant of the field Q(lÆ). To compute å using this formula, one

must first compute the regulator -B and then estimate L (1,y) fo sufficient accuracy that

the unique integer å can be determined,

3.1 Estimating L(I,X)

For each radicand D in a given interval of length 105, or 106 when restricting to prime

radicands, we first computed an estimate of L(1,y). Here, instead of using a truncated

Euler product and Oesterlé's resuÌts [Oes79] to estimate the eror as in [lvf Wg2], rve use

an idea due to Bach [Bac94]. This is based on using a weighted average of truncated Euler

products to compute an approximation S(Q, A) of log Z (1, ¡) which, under the ERH, has

relative error O (log L/(\/Q log Q)) . For some pre-selected value of Q we compute

c@ =Tt¿ +e)log(i + q¡ ='f' rbsi,
i=0 i=Q

and weights

, _(Q+i)toT@+i)-J CIQ)
According to the explicit version of Theorem 9.2 of [Bacg4], under the ERH rve have

rvhere

l.*, 1r, *) - b' a¡tos B(e+ i¡l < e1a, a¡,
I ;=0 

I

A(0, A)

A and .B can be determined, depending on the value of Q, by using Table 3.1 taken from

[Bac9 ]. If ¡ve select the A and ,B values corresponding to Q^¡^, then (3.2) holds for

Q > Q^¡". Also, B(ø) is defined by the truncated Euler product

(3.2)

(3.3)

B(")=,|I.('-#)-',
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where the product is taken over all primes p < æ.

Q*;" A B

5
10

50

100

bUU

i000
5000

10000
50000

100000
500000

1000000

16,397
12.770
8.628
7.962
7.106

6.897
6.593
6.510
6.378
6.338
6.269
6.246

47.I83
38.831
29.587
27.145
22.845
21.528
19.321
18.606
L7.397
17.031
16.409
1.6.217

Table 3.1: A anð, B values for A(e,L)

One of the real bottlenecks in computing estimates like

Q-1
.t(0,A)= la;tosB(e¡i)

i=0

is the evaluation ofthe many Kronecker (Legendre) symbols (f,). In order to accelerate

this process, rve fi¡st note that it is easy to shorv that

^e(8,^)= L .þ)s(p),
ps2Q-1

rvhere
z ¡Ar r -l

sþ)=logfr-I¿)
\ p/

a nd 
(

,tpl=11^ P<Q

IDf-ì*,aj Q<p<2Q-r.
This method is given in Algorithm 3.1. our technique of determining .9(Q, À) consisted

of computing and storing the list of quadratic residues and nonresidues and the values of

,(p)t"sf-P ),\p_ r/
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Algorithm 3.1 (Estimate of log I (i, ¡))
INPUT: Q
OUTPUT: S(8,4), an estimate of logl(1,X)

1. Compute
2Q-1

C = Ð itoli.
i=Q

2. Compute rveights

rvhere

3. Set

( t, p<Q
'wr= t Df-[*rot Q < p <2Q -r

- @+j)Ios@+j)-,= C .

s(e, 
^) 

= or1_,,þ)ror(+)

End of Algorithm

/ p\
?r(p, Loc 

\p, + 1/
for all the primes p < 10000 in a large table. lVe could then find the value of

,1p;r"g (--f-)
\p-t;)/

by little more than a single table look-up for each prime p < 10000; thus, rve could easil-,-

evaluate 
/

.t(0,^)= I,(p)r"sl-4Ã-)p<2Q-t 1u - r;) /
and then compute an estimate of I (1, X) by a single exponentiation.

After conducting some preliminary experiments rve found that a value of Q = 2¡g¡ tuu.

very often suficient to estimate I (1,X) (for 
^ 

< 10e) in order to estabüsh å. = 1. This is

a huge improvement over the truncated product method used in Stephens and lVilliams
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[S!V88], rvhere all primes less than 18000 had to be used in the estimate (compared rvith

only 4000 using Bach's method). ln fact, rve found that using Q = 5000 (i.e., primes

less than 10000) rvas often sufficient to establish å ( 3 and that this resulted in the best

performance of our algorithm.

3.2 Evaluation of -R

Once the initia.l I(l,X) estimates rvere computed our next step was to evaluate the

regulator À of each field A(\Æ) for prime D in the current interva.l. if, for any fixed Q

and Â,, rve put

o _ r,/Ãexp(S(Q, A))
-2

then å,R r -t. By using (3.1) and (3.2) rve know (under the ERH) that

lE - hal < L2, (3.4)

where

L2 = E max {eA(a'a) - 1, i - e-A(a'a)}.

In order to determine some indication of the growth rate of .L (Q = 5000), rve evaluated

it for prime radicands D only, in various intervals. Here, and in the sequel, interval j

represents the set of a1l prime values ofD such that (á-1)x 106 <.D < ix 106. ln

Table 3.2 avg( ) denotes the average of the values found in interval i.

lVith the value of .t as computed above rve calculated the regulator by using a modifled

version of the second algorithm in Section 7 of [ilMg2]. lve compute a lst 7 of all

reduced principal ideals rvhose distance functions 6 are less than .L f log 2 by developing

the continued fraction expansion corresponding to o6 = (1) using Algorithm 2.2. \\'e
store each ideal o¡ = l+,'"9]|as a triple (P¡,Q;,6;) in a Iisr o¡dered by rhe e values.

If during the computation of the list we find some P, = P^+t then b1' Theorem 2.g rve

can immediately set

R = 2togún +bsq!-.
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interval maxll,l ava( Ll
1

101

20L
301
401

501

601

701

801

901

1000

26.01440
99.76966

120.47460
i35.44843
146.94061
157.06318
166.13391
172,3 i836
176.91.473

783.47702
191.06620

10.73694
50.64988
61,277'o5

68,64010
74.26657
78.86076
82.86471
86.53736
89.52843
92.ó9853
95.27 484

Table 3.2: Grorvth of -t

I1 Q^ = 8-+r then, also by Theorem 2.9,

À = 2lostÍ- +¡¡EQ!!!!.

In either case, we terminate the algorithm.

We used hashing techniques to store these ideals since access times for hash tables

are generally faster than o¡dered lists. Since we knorv that there are approximately .L

reduced principal ideals with distance less than .L, we rvere easily able to store the entire

üst in the hash table because our values of .t rvere never larger than 200 (see Table 3.2).

lVe used a hash table of size 2048 so that the number of colLisions during insertion rvould

be small, Our hash function rvas simply Q; (rnod 2043).

lVe now use Algorithm 3.2 to find a reduced ideal c- = lT,^*l rvith ó- * E.

IÍ 2k < E < 2Å+1, then we can use fr "doubling" steps to find o- by selecting some

a,(= b¡) rvith ó" z $ and computing bj+r = b; * b; until rve get b¡ = ûn. At each step,

after rve compute the product a = bj + bj tve move through the cycle of principal ideals

from o until rve find some o; such that 6¡ 3 h ( ó;.,.1 and set b¡,.1 = o;. !!'e do tliis so

that each ideal b¡1r has distance as close to fr as possible. lVe can then use this ideal

6,n to compute a value for r1*-8, rvhere å* is some positive integer, as follorvs. Select the
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reducedprincipalideaJo¿fromthetistZsuchthatù<L<ó¿11.Set.o=û,¿,oo=õ,¿

and compute ci+t = ci * c¿ and O;+r = Ot * s¿ until. we find some c¡ or 0¡ in T. If c¡ = a¡

where o¡ ( f, c¡ has distance á¡, and cl has distance ó¡ then

11*ft=6¡-6¡.

If o¡ = q* lvhere 0¡ has distance ó¡ from o¡ then

h-R = 6*- (ó; - ór) -t"sQ:.

Notice that å* is not necessarily the class number of ,e(1Æ), but it is at least a ¡ational

integer.

Using our value of å'.8, we must now compute .R. lVe frrst check rvhether 
^ 

a -n O,

using a technique similar to that for finding å..8. As above, select the reduced principal

ideal c¿ from f such that ù 1L < ó¿11. Set cr = c¿ and compute c;+t = ci * o¿. If for

some c; with distance ó¡ rve get ó; à ;ft, tn"n rve knorv that -E ) ;ft. Ho.rueu"r, if c; = q¡

rvhere o¡ € f, then

R=6¡-6¡.

Algorithm 3.2 (Compute c- with 6^ x E)

INPUT:8,7
OUTPUT: o-

1. Determine ,b such that 2k < E < 2k+1 ,

2. Select o, from 7 such that 6, < # < ó,+r.

3.Setb6=os,j=0.
4. Compute a=bi*bj.
5. Expand the continued fraction corresponding to o using Algorithm 2.7 until rve

find o¡ with ó¡ < ,r-L < 6¡+r.

6. Set b¡a1 =a;,6j1'1= ó;, and j = j +t.If j < k then go to 4.

7 . Set a,* = b¡.

End of Algorithm
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If cr- = s* 1¡.t

R = 6; l6t -Ioe%.' -T

In either case we can terminate the algorithm.

In the case rvhere -E 2 ft, rue must lìnd å.. The main idea, as stateil in [NfWg2],
is to check for all primes q < B = Jl + ¡,rr/L lø whether the ideal o at ¿is¡¿nqq ¿:-E

from (1) is such that o = (1). If so, then we knorv rhat qlh- R and rve check the ideals at

d.istance F,F, etc... until we fi.nd one equal ro (1) ar distance ff but not at #*.
Then we have qai as the highest porver of q that divides å.. If there are a primes < B,

we have

n. =ftû'
i=1

and -E can be computed easily.

The technique we actually implemented to find å*, Algorithm J.3, rvas presented in

[Fun90], and is a more efficient modiflcation of the above procedure (see Table 3.3).

Although this technique rvas developed for pure cubic fields, it can easily be applied to

the real quadratic case. We first compute a list Z of reduced ideals c¿0, o¿,, . . . , ar" where

d¿o = o¿, ttj = o¿,_, *o¿r_, âlld 6r^_, < # < 6¿". We then produce a list of all primes

q < .B in decreasing order. Fo¡ each prime qs, we must find a reduced ideal o" rvith

distance ó" such that
h"R .6" a n., * Or.
Qs Qs

From the preceding prime q,11 (¡ q") rve have an ideal o_ such that

h'R - h.R
q"n < ¿^ < 

ø,*, 
+ot'

lVe notice that if rve find an ideal o, rvith distance á, such that

^ h'Rò"È--ò-
qs

and
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Algorithm 3.3 (Compute ht given h'R)

INPUT: h*R,L,T, and o¿ with distance ó¿

OUTPUT: à-

1. Set B = JT + LT Compute a list P containing all the primes less than ,8. Set
z = l?1. Set R= h.R.

2. Compute a lst Z containing the reduced ideals a¿, rvhere

dto = ot,

a, = stj_l *sti-rl

^ h-R
òt.-, 1 -V 1 ö¿".

3. Set å* = I,sm = (1),6- = 0, s = ø, and let p" be the sth prime in P.
4. Set

'=!-6^Ps

and

s=[ål+r
Lot.l

Compute the binary representation of q, q = b¡2k ¡ b¡-12k-1 + . . .+ å0, and set

È

" = Il'"1"'
j=o

5, If o" = a¡ € T and 6" = T*á¡, then set ¡1' = h.q, R = Rfq, a^ =(1), and go
to 4.

6.Ifa"l c¡ for all Ihe q €T, then set s = s- 1. If s > 0, then set o- = o" and go
to 4.

End of Algorithm
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then we can set se = ca xc^ rvith 6. x 6" +ó-. To find o", we first put 16¿ = fr - t^
for some real number r. We then have ó" = qá¿ where O = [r] + 1 If we represent g in

binary as

e = b*2k * br-t2k-l * ... * óo

where å¡ - 1 and ó¡ = 0, 1 (/ < å) then we have

q6t = b*2k ù + bx-l2k-r 6t * . . . * boù.

In our list 7, rve have 6i x 2hù so \ye can find c" rvith distance 6" x q6¿ by simply

computing a reduced ideal equivalent to

k

II"I
j=o

Once a" has been determined, we check rvhether the¡e is an ideal a¡ € 7 with distance 6¡

such that se = or and 6" = T { ó¡. If so, then q" lå. and we repeat the above process

to determine the precise porver û, of g, that divides å.. After the above process has been

performed for all g" < -8, we have

n. = li øÍ'
;=1

and we can compute .8.

Table 3.3 shows run-times in minutes on an IBùl RS6000/590 for various intervals.

By fi rve mean the time required to evaluate Ã, given an estimate E of hR, for all prime

values of D in the specified interval. Algorithm 7.1 from [NMg2] rvhich computes -R

rvith complexity O (Otte+'¡ was used to cornpute the times f1. Algorithm 3.4 using the

simple method for computing å'rvas used for 12, and Algorithm 3.4 using Algorithm 3.3

to compute ¡1' rvas used for f3. The modified algorithm (t3) rvas alrvays faster than the

unmodified version, and except for the smallest values of D rvas the fastest overall. Al-

gorithm 7.1 rvas the best for very smalì D.
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Algorithm 3.4 (Regulator of A(lÆ))

INPUT:5(Q,A)
OUTPUT: .R, å-

1. Compute A(Q, L), an estimate of the error of 
^f 

(Q, A), using (3.3)

2. Set

"' _ r6exp (.9(Q, A))
-2

L=

3. Compute a list 7 of the reduced principal ideals o; rvith á; < trllog 2 by expanding
the continued fraction of oe = (1) using Algorithm 2.2.

4. Compute a^ with 6^ = E using Algorithm 3.2.

5. Select a¿ftomT such that 6¡ < L 16¿a1.

6. Compute à*-8.

(a) Set ca = o,¿, o0 =A^, i, - j = 0, ái = ón" and á¡ = á(o¡,06).
(b) Compute ci+l = ci * q¿ and Oj+l =Oj*û¿.Seti=i*1andj=j+L.
(c) If c; = d¡ € 7, then set å'.8 = á; - á¡ and go to 7. If o¡ = o* € T, then set

h'R = 6^ - (ó¡ - á*) - log 3 and go to 7. Otherwise go to b.

7. Check rvhether .B < E /ll.
(a) Set c6 = stt i = 0, ár = ó (ci, (1)).
(b) Compute ci+1 = ci + o¿ and set i, = i t 1.

(c) If c¿ = oÉ € 7, then set .B = á¿ - 6¡, h- - 1 and terminate. If E¿ = q* 67,
then set -R = á; * ór - tog ?, å- = 1 and terminate.

(d) If ój > El,/l go to 8. Otherrvise go to b.

8. R> Elr/L, so compute å* and -B using Algorithm 3.3.

E max {exp(.4(Q, 
^)) 

- 1,1 - exp(-A(Q, a))}.

End of Algorithm
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interval t L, t3

10

20.
30.

40.
õ0.
60.
701

801

901

100(

).3

).9

..1

..2

..4

.4

.5

.5

.5

.o

i.0
2.0
2.2
t^
2.4
2.5
2.6
2.6
2.6

0.6
0.8
0.9
0.9
0.9
1.0

1.0

1.0

1.0

1.0

1.0

Table 3.3: Times for computing -R using various algorithms

3.3 Finding a divisor of À

From section 3.1 ive know that our estimate ol L(1,y) is accurate enough to determine

rvhethe¡ å ( 3 fo¡ any field A(1lD) witt , < 10s. Ifå > g, it is advisable to find an

integer å.1 that divides å, since if å2 = hlh < 3, then our estimate oî L (1,y) is accurate

enough to determine that å = 111å2. othenvise, we are forced to compute a more accurate

estimate of r (1',1) in order to prove (under the ÐRH) that ¡1 is the class number. In our

implementation, we set

U - *" /./Ãexp (s(8, n)))
\ 2À )',

rvhere by Ne(ø) rve mean the nearest integer to c, and computed h > hl3 for all flelds

rvith å ) 3 so that in Algorithm 3.6 rve rarely had to improve our estimate of Z (1, X).

lVe used Algorithm 3.5 to find å1. lVe first select an ideal q = t?,*Pl by setting

Q/, = S, a prime such that (?) = 1 finding a solutiol ø of

12=D(modq)



Algorithm 3.ã (Divisor of /z for A(ø))
INPUT: å', mac
OUTPUT: å1, such that lz1 lå

1. Set ¡h = 1.

2. Set c = (P,Q) where Q = rp fot some prime p such that (?) = I and p 
=

ø (mod p), P=r-I (mod r) where r.2=D(modp).
3. Set i = 0 and compute b¿. = sà'. If bå. - (1), set m, = h and go to 6.

4. Set

bt.+; = b¿.+(;-t) ,* o,

b¿.-i=bt.-(i-r)+a.

5. Ifb¡.a; - (1), then setm= h* +i and go to 6. If b¿._; - (1), then setm= h* -i
and go to 6. Otherwise, set i = i, { 1 and go to 4.

6. Determine e, the smallest divisor of r¿ such that o" - (1).

7. Set ¡1r = ICM (å1, e) . If l¿l > å or we have used more than rnøø id.eals, terminate.
Otherwise, select a new value ofp such that (f;) = 1 und go to Z.

End of Algorithm
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and then putting P : r-1 (mod r), P : t (mod q). lVe then attempt to find an exponent

n¿ : Ã such that oæ is principal. First, rve compute a reduced ideal O; - oÃ using a fast

exponentiation algorithm like those in lKnu81] and check rvhether it is principal. often,

b¿ rvill be ptincipal and we can set r¡¿ = å. ff it is not we set i = 1 and then compute

b¿+; = bÁ+(;_r) * c and b¿_, = b/,_(,_1) * E until rve get m = iz + i, or m = Ã - i such that

b- is principal. The value of r¿ found here is in most cases the class number. Horvever,

since this is not ahvays the case, rve take å1 = er, the largest divisor of m such that the

reduced ideal b - a"' is principal. If å1 is not large enough, we repeat the above process

rvith different ideals and take as å1 the least common multiple of all divisors found until

rve have one that is large enough. As shown in Table 3.4, rve seldom had to use more than

one ideal but sometimes as many as 12 rvere required. This algorithm is somervhat naive

becauseif,fore.xample,theclassgroupCl=C(A)xC(:)xC(e)x...xC(3),thelargesr
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value we could ever find for å1 rvould be 3, Horvever, such fields are extremely rare so

this is not a problem for D < 10s. In our implementation, if rve do not find ri, > Ã/B

after trying a certain number of ideals, then rve give up and take the largest value of r11

that we are able to obtain.

nte¡val max avg

1

101

207
301

401
501

601

70t
801

901

i000

t)

2

2

2

1

1

i
1

1

Table 3.4: Number of ideals used to compute å1

since we were interested only in frelds rvith D < 10e, we rvere able to check whether

ideals rvere principal by simply searching an ordered list of all the ideals in the principal

class. lVe computed this list once fo¡ each D rvith Ã ) 3. The use of this technique rvas

feasible here because fields rvith large class numbers have relatively ferv principal ideals;

furthermore, as shorvn in Table 3.5, rve only had to compute å1 for approfm ately r2vo

of all the fields rve examined.

upon further investigation rve found that using å* rather than å rvas slightly faste¡

in the above algorithm. For flelds rvith large å, the value of å* found by the regulator

algorithm is usually a better approximation than Ã, so ferver ideal multiplications are

necessary to determine rn. However, the savings in time is small because the regulators

fo¡ flelds rvith large class numbers are usually found rvithout computing å'. In these

cases, we rvere forced to use Ã as detailed above.
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interval of fietds #olht %

10.

20')

301

401

501

601

701

801

901

100(

78498
54208
52326
51300
50426
49918
49623
49058
48848
48676
47957

7088
6394
6090
6016
5ð15

5845
5934
5742
5861
5697
5704

9.03
1.80
1.64
L.73
1.53
1,77

1.96
1.70
2.00
t.70
1.89

Table 3.5: Horv often lz1 was calculated

For square-free D, we can often do a little more. It is wel-knorvn ([M!V92]) that

(3.5 )

rvhere

and I
. I t if a prime factors of D are congruent to 1,2 mod 4t- ¿

[ 2 otherrvise.

We can easily compute ú and À fo¡ each square-free D in a specific interval during the

sieving process used to generate them, so we get this extra information almost for free.

3.4 Evaluation of å.

Once the regulator and a suffciently large divisor have been determined, it is a

straightforrvard matter to determine the class number. lVe used Algorithm 3.6 due essen-

tially to Buchmann and lVilliams (see [NM92]). It rvas very rarely necessary to go beyond

the I = 5000 used in the initial approximation to log -L (1, ¡) in order for this algorithm

,t_t I h

f = number of distinct prime factors of A



INPUT: D and À, the radicand and discriminant of a real quadratic field.
OUTPUT: å and -R

1. Put Q = 5000. Compute S(Q, A) using Algorithm 3.1, À and rI* using Algo-
rithm 3.4, and å1 using Algorithm 3.5.

2. Compute

- r/Ãexp(S(Q, A)),=- 
2Rh,

3.Ãr=Ne(¡'),n=F-hz
4. r1

A(o.L\. 1.. /=å'+ 1 \ ." \/rz + l,cll '

then å = ir2h, and the algorithm terminates.

5. Otherwise, seT, Q = Q * 5000, recompute S(Q, A), and go to 2.

End of Algorithm
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Algorithm 3.6 (Class Numbe¡ of A(1Æ))

to compute å. In fact it was typically necessary to go beyond this for less than 10 out

of approximately 50000 fields examined in each interval. As shorvn in Tables 3.6 and 3.2

this is an improvement over the truncated product method. A more significant improve-

ment is that the maximum value of Q required in an interval is much smaller than that

required by the truncated product method. This is important because Bach's method

requires the whole approximation to be recomputed in these cases, whereas a truncated

product approximation can be improved simply by adding more terms. However, since

rve rarely require more accuracy and, if rve do, the Q value needed is usually fairly small,

our algorithm still runs faster using Bach's method. In these cases we used the usual

Jacobi algorithm to evaluate the Legendre symbols (A/q). It must be emphasized here

that, although the values of the regulators are unconditionally correct, the values of these

class numbers are dependent on the truth of the ERH, since the estimate A(e,A) of

the error .in our approximation of -t (1, ¡) is conditional on the ERH. Horvever, given the

50
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discussion in Shanks [Sha71], it rvould be a most unusua,l event, should the ERH be false,

for any ofthe class numbe¡s computed by this technique to be incorrect, assuming that

the calculations are carried out correctly.

interval # of fields 0 > 18000 % max (8) avs(Q )

101

201

301
401

501

601

70r
801

901

1000

78498
54208
52326
51300
50426
49918
49623
49058
48848
48676
47957

61

103

106

89
ot

104

85

113

119

106

0.08
0.19
0.15
0.21
0.18
0.18
0.27
0.17
0.23
0.24
0.22

7279t3
177841
337661
r97807
327667
L7784r
807727
567377
207799

1036883
207799

t
18100

18090
18139
18126

18110
18162
18113

18154
18184
18159

l780

Table 3.6: How often ø > 18000 was required (truncated product method)

interval # of fields 0 > 18000 % max(Q) ave(8)

t0:
20.
30.
40"
501

60r

701

801

901

100(

78498
54208
52326
51300
50426
49918
49623
49058
48848
48676
47957

2

ó

4

8
o

t
7

2

b

o

7

0.00

0.00
0.00
0.02
0.02
0.00
0.01
0.00
0.01
0.01
0.01

IUUUU

10000
15000
i0000
15000
10000
35000
25000
10000
40000
10000

bUUU

5000
5000
5000
5000
5000
5001
5000
5000
5001
5000

Table 3.7: Horv often I > 5000 rvas required (Bach method)
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The algorithms for determining h1 and h rvere also coded in C and run on an IBtrf

RS6000/590. Tables 3.8 and 3.9 shorv run-times in minutes required to evaluate å fo¡ all

prime radicands in various intervals using truncated Euler products and Bach,s weighted

average technique. The time taken to compute E x hR for each field in the interva,l is

denoted by f¡, f¡ is the tirne taken to evaluate -R, f¡ is the time taken to evaluate å., and

f is the tota"l time required for all computations in the interval. Using Bach's method.

our algorithms executed about 1.5 times as fast as they did using the truncated Euler

product method.

interval tF trl t¡ t
1

101

207
301

401

501

601

707
801

901

1000

1.3

0.9
0.9
0.9
0.9
0.9
0.9
0,9
0.9

0.9
0.9

0.7
0.9
1.0

1.0

1.0
1.0
1.0

1.0

1.0
1.1

1.1

0.1

0.3
0.3
0.4
0.4
0.5
0.6
0.6
0.7
0.7
0.8

2.r
2.t
2.2

2.3
2.4
2.5

2.6
2.7
2.8

Table 3.8: Times for computing å (truncated products Q=f8000)
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Table 3.9: Times for computing å (Bach's method e=5000)

nterval t tp t¡ t
1

101

20r
301

401

501

601

701
801

901

1000

0.8
0.6
0.6
0.6
0.6
0.6
0.6
0.6
0.6
0.6
u.b

u.ö
0.8
0.9
0.9
0.9
1.0

1.0

1.0

1.0

1.0

1.0

U.

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

r.4

1.6

1.6

-1. t)

I,7
r. t
t.7
1.8

1.8

1.8



Chapter 4

The Cohen-Lenstra l{euristics

let C/ be the class group of A(Ø) an¿ let CI* t¡e the odd part of Cl. In [C183] and

[C184] Cohen and Lenstra provide some heuristics on the distribution of various C/..
For example, if rve define h- = Pfl, then the probability that ¡1. = I is approximately

Prob (å. = 1) = 0.75446, a figure supported by the computations is [SW88].

The fundamental heuristic assumption in [CL83] and [Ct8a] comes from the observa-

tion that if one only looks at the odd part of the class group of imaginary quadratic fields.

cyclic groups occur much more frequently than non-cyclic groups. One explanation of this

phenomenon is the fact that the automorphism group of a cyclic group is smaller than

that of any other abelian group of the same size. This leads to the assumption that each

isomorphism class of an abelian group G has a ,,rveight,, associated rvith it proportional

to 1/lAut (c) l, rvhere lAut (G) | is the order of the automorphism group of G.

lVe define

u(n) =
1

Ã"t(G)

whe¡e the sum is taken over all abelian groups of order z up to isomorphism. lVe have

õ4

t
G

lGl=,1
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the follow.ing results on ur from [CL84]:

55

,(")=,JT.(," ('- ;) ('- å) ('- å)) 
"

(4.1)

(4.2)

(4.3)

(4.4)

wheres)0,and

lu(d) = n1¡1"¡,
¿1"

=- t-rlz )

à-#=((s{1)((s+2)'

AB-- 1u(nl 1-
Q@) ô(n)

rvhere A and B are constants such that 0 < .4 < B. For ¡eal quadratic fields, rve assign

the rveight u(n)/n to those CJ* with ICJ-l = r¿. Dividing by z can be justifled by the facr

that the ideal classes of real quadratic fields partition themselves into å distinct cycles

of reduced ideals, and that each of these cycles exhibits a group-ljke structure under the

operation x defined in Definition 2.10. In fact, the onìy group axiom that does not hold is

associativity' ra(z) is the sum ofthe rveights of all groups G oforder ¿ up to isomorphism,

so since rve are considering real quadratic fleld class groups we divide ri,'(z) by z because

we do not want to count the n "groups" corresponding to the n ideal classes. Further

justification of this is provided in [CL83].

4.1 Heuristic Results

our first heuristic result, found in [cLs3] and [cL84], is a result on the probability that
å- = l. If the rveight z-r(n.)/z is assigned to those C/* rvith å* = z, then rve rvould expect

that

Prob fá* = /) = 
slO 

-.Dï;¿. #
This is simply the rveight assigned to groups rvith lc-l = J divided by the sum of the

rveights of groups of all odd orders.
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We first need to compute an approimation of the function

@ / 1\n (-\- TTf r-'ì''w\r/ 
l1 \- pí )

at p = 2. An identity of Euler (see, for example, [Hua82, p. 194]) allorvs us to express

functions of the form
1

@
as the more rapidly converging

lL aî - o'r" - o"r" , -'1-¿ (t-ø)(t-rr)'(1 -r)(1-c2)(1 - 13) '

At a = L, ¿ = 1/2 this gives us

1111
_-L _0*e) -' 2(r-rl2)' 4(1-112)(1-rl4)- E1_V2X1_ V4X1_Vs,) -"'

and we can compute

n,*Q) = 0'288788095' ..,

an approximation correct to nine digits.

Consider the sum

r s9.
7d

Since rr(d)/d is multiplicative aú,lu(d,)ld, converges absolutely, rve can apply the Euler

product formula, yielding

*,(d) : 
'-/S,(p')\t d rL\4-1 o; ld=t - p \i=0 r /

: s,(zi) s ,(¿l
32'.?- d

d odd

From (4.3) rve have

t gP 
= ((2)C(r)...

F-t o

rvhich is precisely the colìstant

C"" = 2.2948,56589....
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Also, from (4.1) ive have

3 r(2i) S 1

7- 2, -^22,(7 - r/2)(1 - 1/zz¡...(1 - 1/2i)

Applying Euler's identity with ¿ = I/2, c - 1/2 gives us

S.(2i) 1

7_o 2' (1 -1/2r)Q-r/23)(1 -1/24)...
1= ,n*ø'

Hence,

- 
1t)l tf, \

L -# = 2q*(2)C*. (4.5)

,E]u 
o

If rve set

C1= ,n;øC* = 0'754458173 "
then we can state our first heuristic result as a conjecture.

Conjecture 4,L The probability that h* = I is giuen by

P¡ob lå. = tt = CtU)

This gives us Prob(å* = 1) = 0.75aa58129..., prob(å.. =J) = 0.1257a3028..., and

Prob (å.. = 5) = 0.037722908. .. for the frrst few values of I.

our second heuristic ¡esult is on the probabilìty that å' > c. By conjecture 4.1 we

rvould expect this to be given by

prob(å- >r)=cD4P (4.6)

,*o '
I'order to analyze the sum in (4.6), rve need some additional results on t,(n).It is knorvn

ILan36] that
I /1\\ 

- 

: () I _ I

?,'¿ó(¿\ " \'/'

57
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- 
logd _ r., /logø\

?,,¿,fal -"\ ' /'
f

H 6ø = o(roeø)'

(d,Ð=l

and

P å = 4l)r"r,+ E¡(/)1, (i) , e.7)
(¿'r-)=t

rvhere E¡(l) is a constant which only depends on /; for example, Eo(l) =.ï. From (4.4),

then, it follorvs that

\-?r(d)_^/l\
þ d ='\;)' (48)
d.>t

- 
u(d)losd _ ,., /log¿\P----d- ='\ , J' (4e)

and

Ð ,(¿) = o(loeø). (4.10)

øiõ1'
Norv if rve define

w(.r)= Ð u(n), (4.1i)

""5å.
then rve can shorv the follorving:

Theorem 4,7 There eîist consto,nts 81, and. E2 such that

W(x) = Etlor, + t, ¡ 6 (Iosx\
\¡,/

uhere
1Et= 

zC = 4-(2)C-.

Proof: Let

o(ø,/)= D ,(o).
n<z

l¿'l-)= t
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We apply standard analytic methods similar to those employed by Landau [Lan36]. From

(4.2) rve have

1
n

f
7n

#*^ri* u,,,,,,,?, + _ 
" (:

o(ø,/) = I ]tqrl
n<' 'o ¿tn

(n,¡)= t

= I.@)Ð
d<r n<,,d l¿(d,¡)=1 (n,r)=l

= ç '(d) r-z¿ d. ¿-J¿<' ñ<./d(d,0=1 (zr.,r)=r

and from (4.7) we have

A(ø,1) = Ð
d<r

(d,0=1

=t
.l<t

(d,¡j=1

By (4.10) we can set

so rve norv have

o(z,l) =

# ({P"'i+ .Eo(r) +, (*))

f ,f¿ll
(d,¡j=1 /
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/^ \
+¿o(,)fË#-Ð+Pl -r(+)

\rrlli' rr1õ1' )
Since @(l)/l and Ee(l) are constants depending only on l, we can use (4.8) and (4.9) to

obtain

Q(c,r)= ffø , å I # P ry{+Eo(r) å # *o(Y)
(d,0=1 (d,l)=r (d,r)=1

Put

E2(t)=Eo(t)î#-ry Ë t@y
to" l!' trfil'

and

E1(¿)=4(1) ñ 3(d)

' ,l:u, 
o

Then we have

o(ø,/) = E1(l)log r t E2(t)-, (Y)
Now l/(z) = O(ø,2) so if we set \ - E1(2) and, E2= E2(2) then

rv(x) = ¿r16s' * Ez 1-O (Y)
Furthermore, using (4.5) it follorvs that

h = E{2)
þ(z) $ u,(a)
2zrd.

d odd
I= ,(zn".e)C,_\

1

2C'

Using this result, rve can derive the follorving:
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Theorem 4.2 For n, x both odd

)ì'(n) =lL+ofþqe).
n>¡ " e \ú /

Proof: Consider the sum

\- ú(z)

-k,; (4'r2)
¿ odd

Using the fact

u(zj + 1) = w(2j + 1) - w(2j - r),

rve apply partial summation to (4.12) and obtain

f + = t:(w@)-w(n-z))
¡>2r+l 'o ,22.11 ,o

n odd 
= -ti\r, r r¡+ \- ,r/rn) 11- 1 I2r+3 ^î*, ' '\z n*2/

r¿ odd

_W(2r + 1)-L r \- W(¡¿)
2r*3 '-^?*,n(n+2)'

¿ odd

Norv consider

, - 
ll¡(z)

' 
,rllrn' n(n r 2)'
n odd

By Theorem 4.1 rve have

"å#S=s, r #h*u,"t"n #r"*,(Ðffi) ,*,,,

lVe knorv that

Ð--t =o(1"*Y")=r(9)

- 
logn _,-.,/log¿\

þa1iÐ="\-," ) (-r.1+)
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Since

11
.,4-,^"*E= re,+Ð
n odd

we can rvrite

I æ+ã = *-" G) (415)

¿,ø odd

From
logn _ 2loïn _ 2loln
n2 n(n 1- 2) - n2(n + 2)

we have by (4.14)

¡- logn. o 
'.- 

logn logæ

k -T-" k;6iÐ = k 76TÐt
n,ø odd n,c odd n,c-odd

= o rþql)\ú /
Thus

, t logn 
= \- log¿ .,-.., /logu \" 

",L-;@TÐ 
= k ", 

*'\ r" )
n,lr odd n,¿ odd

= /- !9(z¿ 1,=i) dt + o (1"8-,\
J+ (2t+I)2 *"' " \ ., ,/

and by evaluating the integral rve obtain

,5- Iog¿ _I (logr-12, 1\, ^ /toea\' 3;6-=tl "+, 
+,n)+u\-i)' (416)

¿,ø odd

Substituting (4.i4), (4.15), and (a.16) into (4.13) yietds

z I IY(n) = p,lo9, +2 * Et * E, ^ /loe¡\"^!;-,;þ+2)- -' x+2 -r;+21;+o(É/ (+1;)
n odd

lVe norv apply Theorem 4.1 to

_W(2r+I) =_W(r)2r*3 r+2
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and combine the result with (4.17) giving us

)ì .(o) _ -.Er logø * Etlo|x 12 * E, _ Ez _ Ez 
-.- r., /logc\

",->, n r+2 ¿+2 xl2 x*2' x,"\xz )z,¡ odd

_ Er(loe(¡*2):loec* t) +o lþ+)r+z \ x" )
Et Et\oe1 + 2/x\ ^ /los¡\

r+2 r+2 '"\x2 )
Finally, since

ros(r+3)=r(;)

Ð 39=**ol'l*,')
= 

n r \ø" t
n,o odd

we have

and the theorem is proved. tr

We are norv in a position to state our second heuristic result. Combining (4.6) and

Theorem 4.2 gives us

" î, 
4! = c (ur+ o lry\\

.,r" i " \z'"\" ))
I odd

= ç_!_+o fþqs\"2Cr'" \ x:2 )
1 , ^ /logz\- 2r-r "\ ', /

and rve have

Conjecture 4.2 The probability that h > x is giuen by

prob(rb' , ,) = *-, (y)
Thus, under the cohen-Lenstra heuristics rve rvourd expect that À* is most rikely to be

small. Since Prob (å- = 1) x 3/a, rve rvill rvrite this as

r-Prob(å-<ù=;+2-r(5)
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Thus, we rvould expect that

,t+1= | / 1 \ zloea\
t(r:n. G;=l))*ol=fr')' (4.18)

a result that can be used to test the accuracy of Conjecture 4.2.

Let h(p) be the class number of the field e(l) where p is a prime. By using some

further assumptions, Cohen rvas able to shorv the follorving;

Conjecture 4.3 For p: 1 (mod 4),

\- ¿lrl - 9.
7, '' 8

This result was conjectured by Hooley [Hoo84] at about the same time.

4.2 NumericalExperiments

In order to test the conjectures stated in section 4.1 we used the techniques of chapter 3

to compute the class numbers for all fields e(,rÆ) where, < 108 and all fields e(.f)
rvhere p is prime and p ( 109. This computation required just under 4 rveeks on a

DECStation 5000/200. The class numbers are stored on gmm tape along rvith their
corresponding radicands and regulators in TAR format.

lVe use the notation of [Jllvga] to des*ibe our results. For a finite group G rve define

(

'ft(G)=11 
rvhen lcl =Ë'

[ 0 otherrvise.

Let J denote any square-free, positive integer and ret cr"(D) represent the odd part of
the class group of Q(,./D). Put

D1(x) = {, l¿lD=1(moda)}
D2(x) = {¡l' I Dl1 (moda)}

64
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P1(x) = {plrlp = 1(mod 4), pprine}

P2(x) = {p<rlp =3 (mod4), pprime}

For each D(x) e {D{x),D2(r),p1(r),p2(x)}, rve define

r;(x)= Ðf;Qr@Dl Ð1,DeÐ(E) DeD(î)

cr(r) = r¡(x)ilQw(i)),

s;(c) = Ir,(r),j<i

t;(x) - ir=-r-).2 \t - s;(r),/ '

Also, put

H'(ø)= D n"@).
DeÐ(r)

In Tables 4'1 through 4,4 we provide va"rues of q;(a) for various values of z' and o,
D(x) - D1(x),, D2(c), fu(x), P2(x). I1 Conjecture 4.1 is correct, rve would expect the
values of l;(ø) to converge to 1 as z increases. Figures 4.1 through 4.4 show the values

ofgl(c) plotted against r. In an cases the values ofq¡(c) do seem to be converging to 1,

although the apparent convergence is very slorv.

Tables 4.5 through 4.8 contain values of f;(ø), again fo¡ various values of i and x.
D(x) = D1(c), D2(x), P1(x), P2þ). We expect, because of Conjecture 4.2 and (4.18),
that f;(ø) will approach i -I- 1 for each ¿' as z increases. Figures 4.b through 4.g shorv

the values of 11(ø) plotted agai'st c. our results seem to indicate that r;(ø) does indeed

approach i f 1, but as in the case ofthe {;(ø) values, the convergence is slorv.

In Tables 4.9 and 4.10 rve provide values of li.(c) and gl'-lx)lx for D(c) = pr(¡)
and. P2(r) ' By conjecture 4.3 rve expect trrat 8Ìr'(r)/c rv.ir approach.l as ¿ increases fo¡
D e P{x). Figure 4.9 shorvs the values of a = Bl,'(x)lx plorted against z. It appears

that the values of y are in fact approaching 1, but very slorvl"l,. Not surprisingly, the
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same phenomenon appears to happen for the case rvhere D e p2(x) (Table 4.10 and

Figure 4.10).

qt@) o.¿( r: \ cs (ø) o'z{ r gslr I Çu(ø) ocz( z
1000000

10000000
20000000
30000000
40000000
50000000
60000000
70000000
80000000
90000000

100000000

.06119

.03676

.03178

.02923

.02752

.02634

.02547

.0246t

.02389

.02333

.02284

u.ð,)zöJ
0.89604
0.90683
0.97246
0.91613
0.91893
0.92078
0.s2235
0.9237 4

0.92480
0.92605

0.95644
0.99125
0.99465
0.99592
0.99663
0.99664
0.99588
0.99632
0.9963 7

0.99702
0.99695

0.94918
0.99564
1.00142
1.00250
1.00194
1.00315
1.00446
1.00504
1.00623
1.00608
1.00581

0.70424
0.83023
0.84625
0.85705
0.86264
0.86638
0.87092
0.87567
0.87874
0.88182
0.88409

0.90228
0.97519
0.98812
0.99247
0.99791
0.99846
0.99982
1.00148
7.00372
1.00418
1.00528

0.47347
0.69086
0.74778
0.76587
0.78753
0.79660
0.80705
0.81494
0.82014
0.82863
0.83205

Table 4.1: q;(c) for Ä = 1 (mod 4)

T ûIrl oe( rl øi{0} or{ rl qslrl qrþ qzz( x I
1000000

10000000
20000000
30000000
40000000
50000000
60000000
70000000

80000000
90000000

100000000

1.

1.03283
1.02840
7.02602
1..02444

1.02329
1.02239
1.02169
1.02108
7.02057
1,02013

05492 u.ðöö95
0.91646
0.92278
0.92657
0.92959
0.93152
0.93313
0.93456
0.93571
0.93680
0.93773

0.98805
1.00575
1.00558
1.00659
1.00629
1.00573
1.00569
1.00496
1.00449
1.00413
1.00406

).9ó292
t.01113
t.01101
t.01256
..01317
..01367
.01364
.01327
.01288
.01286
.01266

0.74471
0.84605
0.87155
0.88017
0.88575
0.89055
0.89438
0.89749
0.89939
0.90080
0.90285

u.89 756
0.99578
1.00547
1.00613

00535
1.00847
1.00911
1.00864
1.00894
1.00935
1.00939

0.45440
0.72188
0.77881
0.80868
0.81575
0.82751
0.83671
0.84090
0.84989
0.85503
0.85902

Table 4.2: ø;(z) for A = 0 (mod 4)
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Table 4.3: q;þ) for p = I (mod 4)

67

r qr(z) oe( n\ cs(c ) qzþ oõI .Í \ q11(r Qzz( x I
IUUUUUU

10000000
20000000
30000000
40000000
50000000
60000000
70000000
80000000
90000000

100000000
200000000
300000000
400000000
500000000
600000000
700000000

800000000
900000000

r000000000

t.03912
r.02286
t.01992
t.01878
r.01746
t.01679
..0 i614
..01563
..0 i515
.01493
.01468
.01314
.0L241
.01169
.0tr22
.01077
.01045
.01020
.00998
.00976

U.ð ¡/U49

0.91026
0.91885
0.92317
0.92762
0.93026
0.93257
0.93519
0.93662
0.93772
0.93864
0.94558
0.94866
0.95144
0.95334
0.95493
0.95583
0.95683
0.95777
0.95830

1.98999
1.00832
1.0t725
r.00562
t.00621
1.00793

r.00686
t.00600
t.00488
..00600
..00478
..00057
.00118
.00229
.00100

.00120

.00199

.00179

.00186

.00239

1.05015
1.00988
1.01036
1.02080
7.02743
1.01899
7.07727
1.01803
1.01891
1.01489
1.01335
1.01216
1.00676
1.00406
1.00519
1.00534
1.00608
1.00619
1.00629
1.00646

0.74868
0.89654
0.89047
0.89756
0.89815
0.90235
0.90852
0.91051
0.91308
0.91691
0.9i944
0.92337
0.92586
0.92779
0.93096
0.93239
0.93323
0.93468
0.93499

0.93604

u.E9ti94
1.00820
1.00770
L00138
1.01307

1.07437

t.01408
L.07274
r.01263
t.01078
i.00665
,.00713
..00590
..00362
.00409
.00461
.00523
.00506
.00509
.00508

0.80228
0.83991
0.87678
0.88219
0.89369
0.89445
0.90140
0.90768
0.90514
0.89925
0.90274
0.90869
0.91010
0.91560
0.91528
0.92144
0.92348
0.92ã27
0.92732
0.92706



a otlx\ sz(x) ss(ø) sz(z\ qsþ) qrl:x qt?lr
100u{JUcr

10000000
20000000

30000000
40000000

50000000
60000000
70000000
80000000
90000000

100000000
200000000

300000000
400000000

500000000
600000000
700000000
800000000
900000000

1000000000

1.01961
7.01.729

1.01601
1.01510
L.07474
1.01373
1.01339
1.01315
1.01318
L.07282
1.01125

1.01053
1.01000
1.00952
i.009 i6
1.00897
1.00878
1.00860
1.00844

169.03 0.88645
0.929t4
0.93251
0.93806
0.94106
0.94392
0.94516
0.94591
0.94704
0.94739
0.94863
0.95343
0.95553
0.95730
0.95938
0.96067
0.96160
0.96248
0.96303
0.96357

1.00096
1.00361
L00252
1.00413
1.00371
1.00376
1..0027L

1.00186
1.00096
1.00277
1.00129
1.00120
1.00000
1.00057
1.00087
0.99977
0.99929
0.99942

0.99976

l6.005 1.06462
r.01608
r.01853
r.01969
t.02069
..02762
..02286
..02380
.01999
.0184i
.01841
.01415
.01083
.00955
.00996
.01030
.00988
.00930
.00942
.00902

u.ð tó /u
0.88639
0.90461
0.90604
0.90458
0.91150
0.91323
0.91663
0.91465
0.91495
0.91523
0.92563
0.93371
0.93646
0.93687
0.93849
0.94034
0.94228
0.94350
0.94452

r.05674
r.04657
..04376
..02475
.01667
.02266
.07674
.01399
.01691
.01658
.01206
.01600
.0L677
.07743
.01306
.01272
.0tt77
.01058
.01118

,0 i033

I
0.92562
0.94236
0.92939
0.90934
0.90975
0.91555
0.91383
0.90890
0.90364
0.90528
0.91863
0.91909
0.92316
0.92387
0.92674
0.93430
0.93566
0.93528
0.93923

05168
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Table 4.4: q¿(ø) for p = 3 (mod 4)
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¿r(¿) lqlc) ¿F (ø ) tz@) tqlï ) lrr(ø ) tzz(x)
1000000

10000000
20000000
30000000
40000000
50000000
60000000
70000000
80000000
90000000

100000000

2.2956I
2.25667
2.23723
2.22443
2.27560
2.20874
2.20287
2.19765
2.19354
2.18998

507862 5.42530
4.7õ574
4.64952
4.59746
4.56286
4.54032
4.52175
4.50462
4.48987
4.478i0
4.46955

8.91565
7.38079
7.1.4716

7.02378
6.94593
6.89384

6.84708
6.81076
6.77728
6.75275
6.73308

12.81041
i0.02841
9.61024
9.40226
9.26159
9.77287
9.09414
9.03 i88
8.97656
8.93314
8.89798

17.88 i66
13.58368
12.91103
72.59204
12.36781
72.22767
12.10904
12.02043
11.93639
11.87337
11.82131

22.96408
16.60010
r5.64977
15.19731

14,88841
14.68742
14.520i)4
14.39801
14.28389
14.19501

14.1236 t-

55.01249
48.43620
45.43814
43.53718
42.236í)7
41.36938
40.6110.1

39.94645
39.48465
39.02412

u9. tt509I

Table {.5: f¡(z) for D:1(mod 4)



a ttln) hlx t.( r\ tz(x) lol¿l fu(r) tcz( zl
100u0 00

10000000
20000000
30000000
40000000
50000000
60000000
70000000

80000000
90000000

100000000

2.44977
2.26478
2.23702
2.27324
2.20163
2.19330
2.78672
2.18168
2.17735
2.77377
2.t7054

5

4.73781.
4.62625
4.57025
4.53657
4.51119
4.49165
4.47767
4.46577
4.45532
4.44663

40084 9.04060
7.39709
7.72805
6.99969
6.91991
6.85904
6.81385
6.77904
6.74894
6.72525
6.70522

r J.28036
10.11513
9.61830
9.39093
9.24978
9.14283
9.06263
9.00007
8.94596
8.90433
8.86869

r9.27L99
13.83783
13.05984
12.68762
72.45849
t2.28799
12.16136
12.06317
17.97473
11.90654
11.85193

25.26746
17.06305
15.92972
15.38094
15.04308
14.80457
14.62304
t4.47996
14.35356
t4.25684
74.77872

r4y. uuJ ti
60.93412
51.83881
48.02569
45.68878
44.rr769
42.90773
41.96801
41.23261.

40.59847
40.07697
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TabÌe 4.6: f¿(ø) for D = 0 (mod 4)
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T tt(x\ fs(ø) | ls(ø) t¡( x ,s(ø) I ¿rr(¿) t27l r I
1000000

10000000
20000000
30000000
40000000
50000000
60000000
70000000
80000000
90000000

100000000
200000000
300000000
400000000
500000000
600000000
700000000
800000000
900000000

r000000000

2.37449
2.19018
2.16904
2.16105
2.t51-78
2.74711,
2.74260
2.13905
2.73576
2.13419
2.L3247
2.72!97
2.7I706
2.I72t7
2.70902
2. i0600
2.10388
2.10222
2.10075
2.09927

4.69t62
4.39240
4.34869
4.33701
4.32065
4.3141.7

4.30673
4.30460
4.29797
4.29397
4.29399
4.28339
4.27754
4.27035
4.26615
4.26707
4.25650
4.25425
4.25251
4.24886

7.22253
6.59663
6.50789
6.46395
6,42954
6.42053
6.40077
6.39342
6.3752r
6.36986
6.36629
6.33025
6.31934
6.30698
6.29396
6.28353
6.27594
6.27045
6.26689
6.26053

9.92t I (
8.67220
8.52074
8.47247
8.41497
8.39339
8.35532
8.34469
8.31590
8.29684
8.28698
8.22373
8.19169
8.16446
8.14535
8.12824
8. i 1728

8.10837
8.10267
8.09245

12.95470
L7.47744
11.18966
11.13404

11.03731
11.01621
10.97404
r0.96322
10.92319

10.90465
10.89705
10.80130
i0.75619
70.7 J.624

10.69473
r0.67037
10.65447
10.64429
10.63557
10.62169

15.41109
13.64301
73.23772
13.14434
13.03696
13.01053
12.95108
12.93255
t2.87703
12.84707
72.82721
i2.69580
12.63083

12.57083
12.54227
12.50989
L2.48937
12.47502
12.46310
12.44402

55.48867
36.38335
34.28533
33.69292
32.98149
32.63839
32.35346
32.27378
32.04356
31.84695
31.69778
30.99612
30.63904
30.40868
30.24493
30.15319
30.07765

30.02542
29.98853
to otl aÐ

Table 4.7: f;(ø) for p = 1 (¡nod 4)
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Table 4.8: f;(ø) for p : 3 (mod 4)

70

î tl(ø t¡(ø) ¿s(ø) tz(x) ts(c) úr r (ø) to"( r\
1000000

10000000
20000000
30000000
40000000
50000000
60000000
70000000
80000000
90000000

100000000
200000000
300000000
400000000
500000000
600000000
700000000

800000000
900000000

1000000000

2.25600
2.76684
2. i5056
2.74t65
2.73547
2.12880
2.72603
2.12369
2.12206
2.72227
2.11984
2.1.0924

2.10442
2.10089
2.09769
2.09527
2.09401
2.09274
2.09156
2.09053

4.53855
4.38914
4.33875
4.32863
4.31723
4.30357
4.29800
4.29795
4.29051
4.29298
4.28880
4.26748
4.25731,
4.25097
4.24728
4.24322

4.24103
4.23869

4.23690

6.92045
6.56524
6.46149
6.43567
6.41548
6.38408
6.37199
6.35549
6.34975
6.35243
6.34878
6.29775
6.27535
6.25804
6.25172
6.24387
6.23848
6.23443
6.22975
6.22690

9.4i168
8.63461
8.46233
8.42106
8.38905
8.33777
8.32023
8.29445
8.27530
8.27594
8.26975
8.17314
8.72757
8.09554
8.08593
8.07351
8.06361

ð. uð,),)u

8.04796
8.04226

72.69270
L7.37025
11.14409
11.07814
17.07726
10.95500
10.93125
10.89947
10.85909
10.86131
10.85169
10.72340
10.67391
10.62850
10.61340
10.59775
10.58721
10.58005
10.57134
10.56509

15.55459
13.58834
13.25980
73.1.2747

13.01735
12.94427
12.89761
72.84714
1,2.79765

12.79998
72.77657
12.60762
72.54094
12.47970
72.44959
12.42734
12.41083
12.39850
12.38781

12.37742

52.99461
36.30384
34.39996
33.53834
32.87498
32.59799
32.39932
32.03372
31.81470
31.75285
37.62821
30.75279
30.39120
30.07747
29.97066
29.90209
29.80571
29.7 5144
29.69179
29.66390
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Table 4.9: I1"(z) for p = 1 (mod 4)

r fl'lr) 8H-(r)lx
1000000

10000000
20000000
30000000
40000000
50000000
60000000
70000000
80000000
90000000

100000000
200000000

300000000
400000000
500000000
600000000
700000000

800000000
900000000

1000000000

97527
990162

1988884
297632r
3984781
4987508

5987504
6987254
7972707
8997355

10010538
20090934
30153902
40367003
50551652
60651064
70801346

80950648
91082121

101284007

0.78 0 71

0.79273
0.79555
0.79369
0.79696
0.79800
0.79833
0.79854
0.79727
0.79976
0.80084
0.80364
0.80410
0.80734
0.80883
0.80868
0.80916
0.80951
0.80962
0.81027
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Table 4.10: H-(.r) for p: 3 (mod .1)

:L H. (x) 8II'(c) /x
1000000

10000000
20000000
30000000
40000000
50000000
60000000
70000000

80000000
90000000

100000000
200000000
300000000
400000000
500000000
600000000
700000000
800000000
900000000

1000000000

9750tt
972400

1950824
2933763
3916578
4897327
5870416
6867611
7863314
8845532
9836462

19858578
29832040
39891148
49965564
59954496
70036400
80044854
90119519

100141354

0.77792
0.78033
0.78234
0.78332
0.78357
0.78272
0.78487
0.78633
0.78627
0.78692
0.79434
0.79552
0.79782
0.79945
0.79939
0.80042
0.80045
0.80106
0.80113

8005.70
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s1 (x)

1_.06

1.0

t .04

L.0

l_.0

1.01

100
/ lo^6

Figure 4.1: ø vs. g1(z) for A = 1 (mod 4)
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s1 (x)

1- .0

1n
L.04

1.03

1.02

1.01_

100
/ L0^6

Figure {.2: z vs. 91(z) for À: 0 (mod 4)
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s1 (x)

l_.0

1.05

L .04

l_. 03

r.02
1- . 01_

x / L0^7

Figure 4.3: z vs. q1(e) for p: 1 1-o¿ ,,
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sl (x)

l_.06

1.05

1.0

l_.

1_. 0

L.01

x / t0^7

Figure 4.4: z vs. g1(u ) for p: 3 (mod 4)
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È1(x)
,)tr

z.

z.t

100
/ L0^6

Figure 4.5: e vs. l1(c) for A = 1 (mod 4)



CHAPTER 4. THE COHEN-LENSTRA HEURJSTICS

Ë1(x)

2.4

1a

2.t

Figure 4.6: c vs. l1(z) for A :0 (mod 4)

x / 10^5



CHAPTER 4. THE COHEN.LENSTRA HÐUR]STICS

t1(x)

79

2.5

2.4

2.3

z.z

a1

x / t0^7

Figure 4.7: z vs. f1(ø) for p: 1 (mod 4)



CHAPTER 4. THE COHEN.LENSTRA EEARISTICS

t1(x)
aÊ

2.4

2.3

ta

¿.r

x / t0^7

Figure 4.8: ø vs. f1(e) for p = 3 1.oU O,
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0.81

0.

0.7

0.78

Figure 4.9: r vs, 811.(r)/c for p = 1 1rno¿ O,

100
/ L0^7
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v
0. 81

0.8

0.7

0.7

x I L0^7

Figure 4.10: c vs. 8fI-(ø)/z for p = 3 (mod 4)
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4.3 Conclusion

A strong indicator that the conjectures given in this chapter are likely to be valjd is

the fact that two particular cases of two of the other conjectures in [Cl8A] and [CL84]

are actually theorems. Since these conjectures were developed on the same heuristic

assumption as the conjectutes given here, it seems likely that the conjectures of this

chapter, as rvell as the remaining ones in [CL83] and [C184], are true.

All of our results provide nurnerical support for the Cohen-lenstra heuristics, and in

particular that small values of å* seem to occur infinitely often, even when we restrict

the radicands of the frelds to prime values. In these cases, of course, we have å = å*, so

it seems very likely that small class numbers occur infinitely often.
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Chapter 5

The Size of a

Recall f¡om Definition 2.2 that the regulator,B of A(1Æ) is equal to loge6 where ss is the

fundamentaì unit of Q(rÆ). Since ¿o € (rr, we have e6 = (u f ar/t) lZ, whete x,y €2.
Also, lrY(e¡)l = ¿olEõl = 1, so rve have

€o-1(ø(¿oÌ1
eo-I.,,.'o*I
'l '" - ,'/Ã'

Hence, ø, g > 0 and we see that the regulator provides us with a good estimate of log ø

and log /Ãy. It is ofgreat interest to have some idea of the size of ,E (and hence e¡) since,

for example, the fundamental unit is useful in characterizing all solutions of Diophantine

equations of the form rV(a) = È rvhere a € Op and k < Z. Also, certain cryptosystems

(see for example [B!VS9a]) require a large number of ideals in any given ideal class, and

-& is a measure of this.

It is easy to give a tight Ìorver bound on -B in terms of A. lVhen À = c2 + -l

for some odd c, then it is not difficult to shorv thar e¡ = (e { y'Ã)/2. Thus, rve have

e¡ = (1/ ts - a¡ y' 6) I 2 and. R = tog 1 
y'Ã- + ../Ã¡72. Si"." in general e6 = (x + y tÃ) / z

rvith c, g > 0 and le¡ã[j = 1, rve have x = y@ET4 a.nd

1/fE+t¡yJt - '/ñ-++lE.o = --------r-
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llence

85

(5.1)

It has been shown (for example, Nage[ [Nag22]) That 12 + 4 is square-free infinitely often

for odd ø. Therefore, equality in the lorver bound (5.1) is achieved infinitely often.

It is a far more difficult problem to give a tight upper bound on _8. By a result of

Hua ([Hua82, p. 329]) rve can say that

n<./Ãllr.e^+1),\z /
but this is not nearly as tight as (5.1). Thus, we a¡e faced with two questions:

1. How large can -B become as a function of A?

2. How often does -R become that large?

Both of these problems turn out to be extremely difficult.

Recall the analytic class number formula from Section 2.6,

. 2hn¿(I'\)= 
;ã (5.2)

By examining this equation we note that in orde¡ for.R to be large it is necessary for

å to be small and I (1, ¡) to be large. The results of Chapter 4 suggest that å is small

infinitely often, in fact for a large portion of all real quadratic fields. Thus, rve focus our

attention here on the size of .ú (1, ¡).

5.1 Littlewood's Bounds on tr(1,¡)

Littlervood [Lit28] and Shanks [Sha73] have shorvn that under the ERH rve have

{1 + o(r)ì
c1 log log Àl 

< z(1'x) < {1+ o(1)}c'?loglogÀ, (5 3)
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rvhere the vâlues of the constants q and cz depend upon the parity of À,

í ut: rvhen 2la.
ct= I n'

[ ** otherrvise,

í ,, rvhen 2lA,,
"'- 

l r"t orherrvise,

and 7 is Euler's constant. In his numerical examination of (5.3) shanks [shaz3] defined

for a fixed L, the upper ar.d louer Littlewood, ind,ices as

rtÍr L(t,x)
U Ll = --:---:-::!- 

(5.4)

and

LLI - L(7,y)c1 loglogÄ (5.5)

If (5.3) is true, then as A increases, rve rvould expect that extreme values of the U LI and

ZZ1 would tend to approach 1.

In fact, Chowla [Cho49] has shown that for any positiv3 e < 1,

uLI>+ and LLI<2(1 -e)

hold, each for an infinite sequence of values of Ä. Fu¡thermore, Joshi [Josz0] showed that

if c and d are relatively prime positive integers and 8 ld, then as A runs through prime

values congruent to c (mod d), we have

ulr>+u#+;
P ld

and

LLr <2(r-Ònj;#h
pld \c' '¡

infinitely often. Thus, if À is a prime and A : 5 (mod 8), rve rvould have

ðt)

LLI < $13)(1- e)
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infinitely often. Also, if A is a prime and A = I (mod 8),lve ivould have

U LI > (r/2)(1 - t)

infinitely often. Assuming that the size of tr(1,¡) and å are independent, this result

(together rvith the Cohen-Lenstra Heuristics) suggests that we would have

¿ > (1 - e)(c2l4)y'ÃloglogA (5.6)

infinitely often. In Figure 5.1 belorv we have plotted the frequency distribution of the

values of

Z= : R
y'A log log A

for all prime values of Â = 1 (mod 8), where 8 x 108 < 
^ 

< 10e. The ve¡tical line on

this figure intersects the z axss at c2/4. Notice that there is a small but not insignificant

portion of the frequency distribution which is to the right of this line. The results of

[Jos70] are not as good as the extreme values suggested by the truth of the ERH, and

Figure 5.i provides some evidence that a bette¡ result than (5.6) might hold; thus, it is of

some interest to conduct a numerical investigation into horv large (small) the U LI (LLl
values can be.

Shanks tested (5.3) by attempting to produce values of A for rvhich he might have

locally extreme values for the LLI and lJ LL For example, if A = 5 (mod g) and

(tlC) = -1 for all of the small primes g less than some bound p, then rve rvould expect

by (5.2) that I(1,¡) would be small. On the other hand, if Lla = T (mod 8) and

(tlù = l for all the primes g ( p, then we would expect I,(l,X) to be large. Shanks

made use of Lehmer's nume¡ical sieving device, the DLS-152, to find such special values

of A. He found no U LI larger than 1; in fact, the largest {/-LI that he found rvas 0.733J.

Also, he found only a few -LZI's less than 1 (these occurred for smalì values of À only).

The values of the ¿¿I's tended to remain stable on average, or change verv slorvlv;

rvhe¡eas the [/,L1's tended to increase very slorvly for these special A values; thus, these

numerical trials lend support to (5.3).
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Freq
60000

50000

40000

30000

20000

l_0000

Figure 5.1: Frequency values of Z Íor L =p (prime), 8 x 108 < p < lOs, ¡.l 
: 1 (nod 8)
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5,2 Numerical Experiments

We used a nerv sieving device, the ìvfSSU, to extend Shanks' computations. As this in-

strument has been described in some detail elservhere (see lukes, Patterson and williams

[LP\,V], [LP!V95] and Lukes [Luk95]), rve rvill only menrion here that it conducts its

search for the kind of numbers that we sought at the rate of over 4 x 1012 per second, a

considerably faste¡ search rate than that of the DLS-157. For D = 5 (mod 8), rve found

al1 values ofD such that 0 (-D < 101s and, (D/q) =-1 for C= 3,5,7,...,i99. For

D = 1 (mod 8) we found a.ll the values of D such that 0 < D <4x 101e and (D/q) _ 1

for q = 3,5, 7, . . ., 199 and lot D = 6 (mod 8) and D = -1 (mod 4) we found al1 the

values of D such that 0 <, < 101e and @lù= l for q = J,5,7,...,199. We evaluated

the class number, regulator, and I (1, X) for each of the several thousand numbers that

resulted by using the Shanks heuristic [M!V92, p.283]. We then selected the ,,L (t,Ð-
lochamps" and "2.L1-lochamps" from the values oI D = 5 (mod 8), namely those D rvith

the property that their corresponding .[ (1, X) value (or.LZI value) is less than that of any

smalle¡ D. From each of the other sets of D values we selected the ,,-L (1, X)-hichamps,'

and "[/.û1-hichamps," those D wiih the property that their corresponding -[ (1, X) value

(or U LI value) is greater than that of any smaller D in the same set. For these Ð with

the most extreme Z (1, X) , LLI, and l/.tf values we computed h, R, and. -L (1,1) using

the techniques of chapter 3. In every case the results rvere the same as those produced

by the Shanks heuristic.

Since the techniques of Chapter 3 for computing å require the truth of the ERH, the

fact that both these techniques and the shanks heu¡istic give the same results increases

our confidence that the computed values are correct, even if the ERH is false. Also, the

shanks heuristic is much faster than the method of chapter 3, so it provided us rvith a

relatively quick rvay to examine all the numbe¡s produced by the sieve. Even if the class

numbers computed by the shanks heuristic are wrong, they ivilÌ still be very close to the

actual value, and their corresponding -L(1,¡) values rvill be quite accurate. At any rate,
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we rvould only expect the shanks heuristic to give erroneous results for very large class

numbers rvhich, by the Cohen-Lenstra heuristics [CL8S], are extremely rare.

Table 5.1 contains the I (1, ¡)-lochamps for -D : 5 (mod 8) and Table 5.2 contains the

.LZ/-lochamps. Tables 5.3, 5.5, and 5.7 contain the Z (1, ¡)-hichamps for -D = I (rnod g),

D = 6 (mod 8), and D = -1 (mod 4) respectively and Tables 5.4,5.6, and 5.8 contain

the [/tr1-hichamps. The 'largest U LI we found is u LI = 0.7 47429925. . . (¿ (1, X) =
4.98741315. .., h = 2) lor

D = 2323617 47 32344747 79.

The least Ztrf we found is LLI = 1.24745080... (¿ (t, x) = 0.158960540 ..., h _ 4) îor

, = 18974003020179917.

D R h L (r, x) LLT
37tì09550938819 7

16710980998953317
18974003020179917

587108439330001613
2430946649400343037
3512773592849667053
4927390995446922977

794079.64724971.77
5296924.2425040266
2737025.3979827850

30377994.3008864805
30781378.0710772477

r46959t47 .1762363224
86988957.8224337937

2

4
2

2

4

z 0.16510 7631

0.163901444
0.158960540
0.158584203
0.157939344
0.156820032
0.156752908

.25601176

.28502009

.24745080

.27458673

.28107906

.27494032

.27707 402

Table 5.1: D = 5 (mod 8) - .ü (i, ¡)-lochamps

Table 5.2: D:5 (mod 8) - trI/-lochamps

90

D p h ¿ (1, r) L].I
370095509388197

18974003020179917
794079.6472497177

2737025.3979827850
z
4

0.165107631
0.158960540

1.25601176
1.24745080
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D R h L (7.y\ ULI
6450045516630769

11.64739924794792r
30819994040589121
76885196535776281

116307279575913409
309361186961076121
593648033453064769
837534463612755841
986770795371,32772L

7289728952842378129
1378346290984666249
1625302739833637089
2001773756832589609
2305984263805598401
6476334166896360649

10329119652469596889
11917728321713151001
38867746006848704401

9075ö597.6965676137
491322389.3502864803

807859472.4921805586
1282736248.6860863457
1603698785.2191524967

659373276.4916228329
365 458 4697 .9 67 2249203

289454213.0306511549
47 40 I 4262 5. 449 807 8S 5 4
27 16207 893.549 482687 6
1 40 4229 020. 69 527 I I 89 7

1220590093.7364507665
564658107.7859120341

7377563911.910099ó120
i245808525.9986525809
26237 857 7 9.227 7 7 I7 348
42 47 532 486. 6 739 0279 7 0

1536267306i.6274488366

4

1

1

1

1

4
1

15

1

2

4

5
L2

1

10

6

4

2

9.04038245
9.1073905i
9.20342636
9.25222702
9.40479529
9.48393166
9.48644537
9.48854860
9.54793526
9.56695593
9.56860793
L57420466
9.57831938
9.71661078
9.79076596
9.79665842
9.84305599
9.85671277

0. 706023728
0.708086652
0.710441965
0.709566435
0.7 191.87024
0.720412930
0.717487068
0.7i6030574
0.71.9747677
0.719933418
0.719750528
0.719412391
0.718768069
0.728492958
0.729352585
0.72772r5t4
0.730537438
0.726450543

Table 5.3: D = 1(mod 8) - I(1,x)-hichamps

n R h L(1 ULI
6450045516630769

1L647399247947921
30819994040589121

116307279575913409

309361186961076121
2305984263805598401
6476334166896360649

11917728321713151001

90756597.6965676137
491322389.3502864803

807859472.4921805586
1603698785.2191524967

65937 327 6 .4916228329
7377563911.9i00995120
124õ808525.998652ó809

4247 532486.613902797 0

4
1

1

1

4

1

l0
4

U.U4UJð245

9.10739051

9.20342636
9.40479529
9.48393166
9.7166i078
9.79076596
9.84305599

0.706023128
0.708086652
0.710441965
0.719187024
0.720472930
0.728492958
0.729352585
0.730ó37438

Table 5.4: D : 1 (mod 8) - t/1,1-hichamps
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D R h L(1 ULI
8265289I27640406
9442925344429966

18743664182538766

30814780209680086
62414878040620774

12977707 5149592694
i34132998967004766
164913261020266126
306611208916703926
382903329914535886
57 4971t757845627 66

7730279630327324086
2703720936842562766
2249618179698381886

410994766.1996774020
457 439232.0709477274
161745705.18134515 i3
2076797t5.9624258895

1187337674.0593696079
431223881.0852231480

73116855.2567294857
1958556197.5128538633
446668848.1319415496
188017733.9645143813

3718539673.4666251606
6 45307 3222.60 407 67 436
7 7237 05342.797 L43329 0

7 44875083.76t23772r3

1

1

4

4

1

4
24

i
o

1t)

1

1

1

10

4.52077643
4.70738946
4.72569296
4.73232469
4.75259048
4.78927375
4.79138345
4.82289989
4.83997258
4.86154405
4.90424396
4.90578426
4.91t47437
4.96585525

.697582853
0.725690793
0.724968902
0.723473149
0.723077482
0.725087667
0.725255725
0.729034169
0.728671899
0.730876784
0.735394742
0.730605175
0.730581571
0.738369948

0

Table 5.5: D:6 (mod 8) - I(1,¡)-hichamps

Table 5.6: Ð : 6 (mod 8) - [/-tI-trichamps

D R h L (1, x) ULI
8265289127640406
9442925344429966

164913261020266126
382903329914535886
574911115184õ62766

2249618179698381886

410994766.1996174020
457439232.0709477274

1958556197.5128538633
188017733.9645143813

3718539673.4666251606
744815083.7612317213

1

1

1

16

1

10

4.52071643
4.70738946
4.82289989
4.86154405
4.90424396
4.96585ó2ó

0.697582853
0.725690793

0.729034169
0.730876784
0.735394142
0.738369948
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D R h L (1, x) UL]
2871i59201832639
5851505127988699
9591413800044619

1.1343792346627639
20602619993714851
51094523613269371
95881886945811019

108273250869863179
134428259280597811
170308074259332571
370695282126782419
686289874744590691

L548668327679299479
1794978979479064657
2323617473234474779
47005750422196011,97
7461358178243390719
9182479206058844911

246120736,6299490883
177728827.6530873557
455208963.5698300412
126443772.9657967759
770879672.4976781997
53964999.0328392756

785704022.4558378132
263663061.5874190707

442693047.8869778770
62365910.9078004024

1483547793.6632413161
40666 47 99 0.4097 7521-07

3055545592.8796488176
32927 52562.7 07 7 233752
380 t26080 7.607 2624237
5055383165.1321981459
1705289936.4645851663
3789554588.5732193340

1

2

i
4
4

20

8

6

4

2

1

,
2

2

2

8
4

593244,

4.64680087
4.64803608
4.74886462
4.76799755
4.77479787
4.79780962
4.80772870
4.82966935
4.83592580
4.87329843
4.90888418
4.91065649
4.91548830
4.98741315
4.99300144
4.99435342
5.00228212

4 0.714308970
0.718840689
0.716460487
0.737t22630
0.730053523
0.727437404
0.727848754
0.728763306
0.731040320
0.730848871
0.732795816
0.735269t75
0.73t827607
0.731886310
0.7 41429825
0.739729838
0.737315480
0.737590379

Table 5.7: D = -1 (mod 4) - I (1, ¡)-hicharnps

D R h ¿ (1, x) U L]
2871159201832639
5851505127988699

11343192346627639
37069õ282126782419
686289874744590691

2323617 47 323147 47 79

246120736.6299490883
t77728827.6530873557
726443772.9651967759

1483547793.6632413161
4066647990.4097152107
380126080i.6072624237

1

2

4

2

1

2

455.59324

4.64680087
4.74886462
4.87329843
4.90888418
4.987{ 131ð

0.714308970
0.718840689
0.731122630
0.732795816
0.735269175
0.7 4142982á

Table 5.8: Ð = -1 (mod 4) - I/Z,I-hichamps
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Following shanks rve define the symbols a-8, (ølro) to represent the least integers

congruent to ¿ modulo 8 such that

for all odd primes q < p. lVe provide tables of aR, ror a = 1 (the positive psuedosquares

from [lPW]), a = 6, a = 3 and T, and. aVrfor ¿ = 5 and also similar tables of a.Bo

and aNo rvhen rve added the extra constraint that aRo and øIfo be prime, together

rvith the u LI anð' -t.tr values. Figure 5.2 shorvs the -t-tI values plotted for the 5$
least solutions. The horizontal line is at LLI = 4lg. Figures 5.3,5.4, and 5.5 show the

L - ULI vaJues plotted for the 1.Bo least solutions, the 6-&o least solutions and 3-Bo and

7-€, combined least solutions respectively. Notice that the tendency for the u-tls is to
very slorvly increase and for the z,L/'s is to remain stable.rvith minor fluctuations about

4/3. Thus, the results that rve have obtained completely support shanks'earLier findings

and therefore support the truth of (5.3). At least, we have not found anything that would

lead us to believe that the ERH has been violated.

(*J=', (+) =-'
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p ft Lll,.y) LLI
ó
5

7,lL
13
17

L9,23
29

37,37,41
43

47,53,59
61
bt
77

73,79
83,89,97
i01,103

107,109,113
727
131

i37,139
149,. . .,163

767

179,181
191,193
197,199

2L1.
223

227,229,233
239,247

257,257,263
269.. . ..283

o
53

173
293
437

9173
24653
74093

770957
274037

2004917
44401013
7tr48173

L54554077
163520117
261153653

1728061733
9447241877

19553206613
49107823133

385995595277
13213747959653
74506773263237
57824199003317

160909740894437
370095509388 i 97

1409029796180597
4075316253649373

18974003020179917
2247L79906t4052477
637754768063384837

4472988326827347ó33

u,+ó tz J,

L.96572
2.5708r
2.83665
3.04224

72.47223
5.05628
7.21597

16.93918
28.95367
48.29722

352.50783
140.53952
694.91315
152.13679
572.32723

402t.r4004
7252.37753
6209.50558

18804.68086
27068.06281

330785.26635
33 i 149.00619
165998.45961
275610.26298
794079.64724

3130386.68971
5291574.72421.
2737025.39798

10257518.45839
22908547.79705
14462868.44192

.t

1

1

1

1

1

4
5
3
2

2
o
2
o

1
7
2
1

2
1

1

4
4
2
1

1

4
4
3

t2

0.540024
0.390910
0.331438
0.291060
0.260446
0.257624
0.265098
0.245810
0.250333
0.204656
0.211608
0.199939
0.223588
0.2741.57
0.790277
0.193463
0.180389
0.r77626
0.169715
0.L74277
0.181996
0.173887
0.174638
0.173817
0.165107
0.166789
0.165780
0.158960
0.173338
0,r72716
0.164121

u,at+Ðoo
7.61246
1.38799
7.24669
1.13768
7.24696
1.29084
1.38758
7.3249r
1.35931
1.18549
7.37442
7.25337
1 42r97
1.36334
7.221.04
1.28086
L.22437
1.27755
7.1.7733
1.23929
L.34325
1.28456
1.30698
1.31280
1.25601
7.2829t
1.28593
L24745
7.38422
1.38410
1.33631

Table 5.9: 5No - Least Solutions



CHAPTER 5, THE SIZE OF R 96

p fTI-TTt.-yl-T--Trr
.,
5

7,I7

1.7

19,23
90

31,,37,47
43
47

59,61
67
77

79
83

89,. . .,113
127

131,137,139
149

157,757
163,167
173,,L79

181
191,193

797
r99,211,223

227
Ito

239
247.. . ..263

53
173
293

2477
9t73

61613
74093

770957
360293
679733

2004977
69009533

138473837
2375362t3
384479933
883597853

1728061733
9447247877

49107823133
1843103135837
4316096218013

150278757771,77
82409880589277

326813126363093
390894884910197

7051272848890277
4075316253649373

27 4457237 558283317
44300i 676907312837
599423482887195557
614530964726833997
637754768063384837

U,+óIZL
7.96572
2.5708I
2.83665
6.47234

12.47223
36.23370

7.2'1597
16,93918
68.23691
92.04349
48.29722

869.69643
i369.29769
1725.64096
2087.35754
3018.26471
402].14004
7252.37753

18804.68086
119080.85359
792239.83257
344898.80858
804942.51462

1551603.41110
1650908.48845 l

547589.04349 |

529157 4.72421 I

45653225.956s7 I

609747s.67224 I

653889?8.22854 I

64783176.97206 I

22908547.79705 I

t
1

i
1

1

1

1

5
3
1

1

1

1

1

i
1

1

1

1

1

i
i
1

1

ò
1
1

I
1

1

3

U. ¿1,JU+Uð

0.540024
0.390910
0,331438
0.260093
0.260446
0.291948
0.265098
0.245870
0.227363
0.223282
0.204656
0.209383
0.232725
0.223931.
0.272907
0.203076
0.193463
0.180389
0.169715
0.I75427
0.185066
0.I77975
0.777339
0.171656
0.167002
0.168892
0.165780
0.174286
0.164899
0.168914
0.165280
0.172Lt6

1.67246
1.38799
1.24669
1.15802
7.24696
1.57764
1.38758
1.32497
t.25504
7.25592
1.18549
1.31182
7.477t3
1.43508
1.37580
1.33041
1.28086
1.22437
L17733
1.26915
1.35078
1.31520
1.33146
1.30445
L.27707
1.29600
1.28593
1.39371
7.32287
1.35780
1.32880
1.38410

Table 5.10: 5r\ - Least Prìme Solutions



CHAPTER 5. THE SIZE OF R, 97

p R" H h Lt7-vl ULI

5
I

11
13
17
19

to
31

4l
43
47
53

59,61
67

7t,73
70

83,89,97
101
103

107,109
LL3,t27

131,137,139
149,151

157,763,L67
t73,L79
181,191

193
i97,199
271,223

227
tto
233
239
241

257
263.269.277

tó
247

1009
2647
8089

18001
53881
87481

LL7049
515761

1083289
3206647
3818929
9257329

22000801
48473881

17524428r
427733329
898716289

2805544681
10310263441
2361633i489
85157610409

196265095009
287t842842801

26250887023729
1t2434732901.969
778936222537081
696161110209049

2854909648103881
6450045516630769

71641399247947927
190621428905186449
196640248121928601
712624335095093521

1773855791877850321
2327 687 06412447 4441
6384991873059836689
8019204661305419761

10198100582046287689

18.77749
6.98471

90.12298
178.22839
282.97884
541.55812
711.16358
846.09997

1907.45206
2874.30570
1695. i7846
5713.82642
9230.38989
2086.08127

22267.38552
8755.31433

70323.96940
9537.40888

19261.83080
380018.36474

30603.44175
57i883.79118

1724813.51799
7023729.35989
5468833.11462

45498659.97703
905318.66551

29450368.88199
121507633.56511
907565S7.69656

491322389.35028
1011534665.99196
2074591515.46250

263678486.70195
'Ð063L0756.67776

7232768052.87025
2004168448.13387
6728169524.19910
3783707520.39501

I
1

I

1

1

1

1

1

1

I
I
1

1

7
1

1
11
10

1

19
2
1

1

4
I

Dð
4
2
4
1

2
I

15
12

1

o
2
4

r. r y+o.J
2,47835
3.07844
3.50736
3.96332
4.21828
4.66613
4.80886
4.94615
5.3i201
5.52320
5.67991
5.84777
6.06746
6.22644
6.39654
6.61378
6.80059
6.99909
7.27309
7.48513
7.5674L
7.83891
7.78664
a taôro
8.53911
8.58179
8.79823
8.92947
9.09635
9.04038
9.10739
9.26733
9.35677
9.37056
9.12366
9.48i39
9.5r777
9.ó0366
9.47868

u.J40yzö
0.398891
0.446865
0.47700I
0.506420
0.518884
0.548483
0.555144
0.565121
0.578745
0.589203
0.589086
0.603903
0.613776
0.618151
0.624945
0.630779
0.638630
0.649304
0.662948
0.669642
0.669469
0.682242
0.670905
0.693315
0.698741
0.692942
0.7075I7
0.709822
0.714897
0.706023
0.708086
0.706271
0.712937
0.707873
0.685176
0.710815
0.709077
0.707042
0.704155

Table 5.11: 1.Ro - Least Solutions



CHAPTER 5. THE SIZE OF R 98

p Ro h ¿f1.Y) ULl
ó
ð
7

11
13
1.7

19
oe
to
.,1

ót
4t,43

47

59,61
67

77,,73
79
83
89

97,101,103
L07,. . .,727
131,137,139

149
151

i57,163,167
t73,779

18 i,191,193
197 ,. . .,223

227,229
233
239
247
257
257

l't
247

1009
2689
8089

33049
53881
8748r

483289
515761

1083289
3818929
9257329

22000801
48473881

175244287
427733329
8987i6289

8114538721
9776747449

23616331489
196265095009

287784284280r
26437680473689
89436364375801

112434732901969
t78936222537081

6072205049848081
71641399247947921

196640248121928601
78 i i58046093912369

6938117i 79828687609
9064t25655471237729

r5559176909429792409
18539153100230615161

t.ooooy
t8.77t49
6.98471

90.34568
178.22839
395.0737i
541.55812
711.16358

1817.65959
1907.45206
2874.30ú70
5773.82642
9230.38989
2086.08127

22267.38552
8755.31433

70323.96940
9537.40888

33i798.46946
351603.83089
30603.44175

t724873.5r799
7023729.35989

2r737796.43131
13405886.42469
45498659.97703

905318.66551
343020804.27265
491322389.35028

207 45915t5 .46250
830497955.18837

4215890391,93407
74430633t77 .92549
18941964091.64911
20896666758.05901

1

1

7
1

1

1

1

1

1

1

1
1

1

7
1

5
1

11
1

1

19
1

1

1

3
1

65
1

1

1

5
3
i
I
1

2.47835
3.07844
3.48451
3.96332
4.34639
4.66613
4.80886
5.22924
5.31201
5.52320
5.8477L
6.06746
6.22644
6.39654
6.61378
6.80059
6.99909
7.36669
7.34072
7.56747
7.78664
8.28929
8.45539
8.50530
8.58179
8.79823
8.80394
9.10739
9.35677
9.39656
9.60328
9.58633
9.60421
9.70648

V,ó+OY¿ó
0.398891
0.446865
0.473369
0.506420
0.520911
0.548483
0.555144
0.570825
0.578745
0.589203
0.603903
0.613776
0.618151
0.624945
0.630779
0.638630
0.649304
0.661246
0.657784
0.669469
0.670905
0.693315
0.691844
0.688170
0.692942
0.707577
0.68787õ
0.708086
0.712937
0.709411
0.715084
0.7 12667
0.771672
0.71850 0

Table 5.12: 1.Bo - Least Prime Solutions



CHAPTER 5. THE SIZE OF R 99

R"p R. n LII,Y U LI
ó

11
.Lð

17
19
23
to
31

37,41
43

47,,53
59
61
67
77
Ió
t9
83
89
g7

101
103

107,109,1i3
L27,737
137,139
149,151
157,163

167
173
779

181, i91
193
797
too
277
223
227
229

239,241
25t,. . .,269

4D
214

1054
4t7 4
5014
9454

ó4 0,)4
166846
189814

2785726
2237734

t2020446
30628966
45735286

t03345246
193438606
302673526

139995 i606
1493483566
8813799094
8932573654

11391294814
t66925t4294

490184082166
771038637814

1052385901774
27266357212006
46075643128414

101596847251054
111010920394126
1.86677 56222737 4

276917347123197 4
7796793440819254
8265289727640406
9442925344429966

27t30689396477286
62414878040620774
77991421.972487566

230876476295404294
57491111ó184562766

1441979855850505414

ð.v I oó4
10.7928i
27.96084
36.44254

153.01734
86.81137

t25.42036
508.58627

i 188.82213
1283.96215
4732.05980
4898.78054
5852.61292

18845.36360
23224.68967
36324.t9702
12646.28053
r5594.73822
71257.69974
74632.78430

370333.79740
373945.60357
208190.33992

65489.35755
1438749.37446
938914.08768
443737.18803

144897ó.39844
7562458.76640

17240507.75375
5975308.10095

10370523.26198
9937273.7452I

15101865.90968
410994766.19961
4s7439232.07094
r27224468.66266

1187337674.05936
330 i 18687.39204

1145918413.80384
37i8539673.46662
1410649668.17247

I
1

1

2
1

2
2
1

1

i
1

1
2
1

1

1
4
4
2
2
1
1

2
I
2
4

10
16
4
4
8
6

24
27

1

1

t)

1

4
2
1

4

1.59131
1.91136
2.2450I
2.36845
2.45196
2.57982
2.73204
2.91.044
2.94705
3.20075
3.27523
3.37613
3.40516
3.43418
3.57314
3.63706
3.58550
3.80895
3.86241
3.94467
3.95658
3.90125
4.05508
4.10822
4.27708
4.32557
4.43984
4.4õ643
4.46072
4.53698
4.55413
4.53218
4.61781
4.52077
4.70738
4.63437
4.7 5259
4.72837
4.7703-o
4.90424
4.69893

v.+ I I ¿óO
0.540989
0.561896
0.594046
0.584654
0.600339
0.615001
0.620664
0.629446
0.635023
0.648402
0.663141
0.659805
0.653754
0.654558
0.67r479
0.676448
0.662113
0.687397
0.696403
0.694310
0.696285
0.684472
0.707981
0.689976
0.714947
0.720728
0.717189
0.716550
0.71238¡l
0.724024
0.723615
0.705005
0.7 i2866
0.697582
0.725690
0.709124
0.72307 t
0.718299
0.719509
0.735394
0.700582

Table 5,13: 6-8o - Least Solutions



CHAPTENs. THESIZEOF R 100

p h I L (1.x\Hrlp UL]

11
13
17
19
23
29

37,41
43

47,53
59
61
b/
7t

79,83,89
97

101
103,107,109

113
727
131
t37

139,149
151
757
163
167

1.79
181
191

193,197
199
2L7

223,227
229

233,239,241
251

257,263

zz
46

214
1486
417 4

70774
I3726
34654

166846
189814

2785726
2237734

25056574
30628966
45735286

703345246
548033014

1998450094
8813799094
8932573654

26026453534
31416841054

762276630646
1058804919286
i321651385014
3499659258286

25070229597526
48888369417694

1.29743L29979406
L84022456828926
256397742276806
600206879107606

2457727762815286
4142956695812806
7796793440819254
8265289L27640406
9442925344429966

624r4818040620774
150726700798733614
574911115i84562766

2380303014240673006
4693358374i26530406

o.v I oó4
10.79281
27.96084
17.45176

153.01734
265.96151
298.64260
508.58627

1188.82213
1283.96215
4732.05980
4898.78054

16886.10677
18845.36360
23224.68967
36324.19702
87004.91984
55854.72123

370333.75740
373945.60357
6477rr.49210
723672.41.556

3635072.r5709
4298691.69550
4795026.18085
2635944.01166

22138339.93304
30359479.49961
50279000.91153
72773479.56229
71809801.11098

112267896.30029
224676759.26288
289298680.36845

15101865.90968
410994766.19961
457439232.07094

r i87337674.05936
1854144221.59350
3718539673.46662
7394016196.76485

10456361930.77094

i
1

5
1

1

1
1

1

i
I
1

1

1

1

1

1

3
1

1

1

1

1

1

1

3
1

1

1

5
1

I
1

1

1

1

1

1

1

1

1

1.59131
1.91136
2.26360
2.36845
2.56230
2.60666
2.73204
2.91.044
2.94705
3.20075
3.27523
3.37340
3.40516
3.43418
3.57314
3.71655
3.74830
3.94467
3.95658
4.01177
4.08282
4.16364
4.7776r
4.1.7092
4.227 rr
4.42746
4.3420I
4.42436
4.48693
4.48463
4.58252
4.53202
4.49460
4.6178 i
4.52071
4.70738
4.752á9
4.77 682
4.90424
4.79252
4.82657

0.540989
0.561896
0.587793
0.584654
0.607645
0.613415
0.620664
0.629446
0.635023
0.648402
0.663141
0.650066
0.653754
0.654558
0.677479
0.680052
0.673048
0.694310
0.696285
0.696490
0.707314
0.696062
0.696041
0.693363
0.695967
0.7t4755
0.697793
0.705155
0.713022
0.710716
0.727282
0.705611
0.697063
0.712866
0.697582
0.725690
0.72307 r
0.722345
0,735394
0.712353
0.714498

Table 5.14: 6.Ro - least 2x Prime Solutions



CHAPTER 5. THE SIZE OF R 101

p n" R. h L(I.y) ULl

5
7

11
13
17
19
23
29

31,37
47
43

53
59
b1
õt
7I

73,79
83

89,97
101

103,107,109
113
I27
131

137, i 39
149,151,157

i63
767

I73,779
181,191, i93

107
199,. . .,229

239
241.,. . .,263
269,. . .,281

19
.to

331
751'

7171
525t

1065 i
18379
78439

399499
r23453t
1394611
7427911.
4355311
5715319

i2807391
1i7678031
133826599
452980999
50531325 i

5273095699
9248561191

38816991931
257057640739
348773924239
782893951711
963864514519

20044947740797
35984570527819
46257585588439
53009903964319

2726829078460579
2871159201832639

9797562486237579I
286657ð40188128671
632590969227 84147 L

1905834685957869991

z. I oðoð
5.82893
5.07513

36.25638
57 .94274
25.37280
89.61570

270.87206
367.79773
813.56346

1890.86355
3537.86780
1901.10782
384i.39768
6958.99836
8109.80131
6078.51980

38495.70798
106 i7.14453
78083.74919
83941.62341

L443r4.39229
127289.80150
36197.20051

1042866.42766
2445702.46006

66997.96852
2107959.76759

453137.89102
6600795.76612

30459726.68748 
I

16254586.37321 I

59344254.16218 |

246120736.62994 I

184534021.41965 I

249648958.63100 I

3833565622.424s4 I

3348155946.05282 I

1

3
1

1

2
1

i
1

i
1

2
1

1

1

2
1

4
1

1

2

22
2
1

56
2

4
1

2
4
1

8
10

1

2

7.33724
7.71299
1.99283
2.11433
2.22439
2.47339
2.62463
2.70856
2.90486
2.99159
3.18472
3.21966
3.21468
3.33454
3.39226
3.39701
3.54866
3.67110
3.66877
3.73419
3.97472
3.97079
4.04191
4.11380
4.74415
4.24031
4.29422
4.25086
4.40747
4.47852
4.46506
4.54579
4.59324
4.71780
4.66281
4.81993
4.85057

0.5t2241
0.549523
0.567255
0.570617
0.585134
0.604359
0.622710
0.629349
0.642576
0.631650
0.653616
0.659012
0.657630
0.665368
0.673017
0.663060
0.665425
0.686912
0.67326t
0.684123
0.7043 i8
0.698473
0.698450
0.695714
0.698553
0.708683
0.716156
0.688557
0.709247
0.720076
0.777062
0.707203
0.714308
0.715612
0.702304
0.722376
0.721956

Table 5.15: 3.Bo and 7R, - Least Solutions



CHAPTER 5. THE SIZE OF R 702

p ft h L(l.vl ULI
ó
5
7

11

17
19
23
29

31,37
4L
43

47 ,53
59
bI
67
77

79,83
89,97

101,. . . ,109
.T-LJ

I73,I27,t37
737
139
1,10

151
757

163,. . . ,179
i81
191

193,. . .,229
233,. . . ,263

t
19
79

oo 1

75t
1L71
7459

10651
18379
78439

399499
1234531
I427917
4355311
5715319

49196359
117678031
i80628639
452980999
505313251

9248561191
152524876291
348113924239
916716646759

1086257787619
46064721,54439
4726529308939

35032713351619
46257585588439

251274765020899
316934672172031

2871159201832639
632590969227 84747 t

5.82893
5.07513

36.25638
57 .94214
25.37280
73.05341

270.87206
367.t9773
813.56346

1890.86355
3537.86780
3841.39768
6958.99836
8109.80131

24407.90384
38495.70798
49263.42426
78083.74919
83941.62341

127289.80150
6690.84067

2445102.46006
3976755.53799

637789.47424
707977.75943

9447793.54767
8533304.31730

30459726.68748
23977422.86688
87024867.I7467

246120736.62994
3833565622.42494

I
1

3
1

1

3
3
1

1
1
1

1
1

1

1
1
1

1

1
1

3
239

1
1

7

1

1

3
1

1

1

t.u+o+o
7.33724
L.71299
1.99283
2.17433
2.22439
2.53759
2.62463
2.70856
2.90486
2.99159
3.184t2
3.21468
3.33454
3.39226
3.47987
3.54866
3.66548
3.66877
3.73419
3.97079
4.09457
4.14415
4.75347
4.28360
4.28823
4.34569
4.32515
4.47852
4.53784
4.55727
4.59324
4.81993

u.+õð I+u
0.51224r
0.549523
0.567255
0.570617
0.585134
0.610832
0.6227r0
0.629349
0.642576
0.631650
0.653616
0.657630
0.665368
0.673017
0.662406
0.665425
0.682492
0.673261
0.684123
0.698473
0.696458
0,698ã53
0,693040
0.713513
0.704162
0.713422
0.697114
0.720076
0.719268
0.720036
0.7i4308
0.722376

Table 5.16: 3.Ro and 7R, - Least Prime Solutions
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Although such values of D surely must exist, it seems to be very difficult to produce

a value of D wilh a U LI close to 1. We attempted to do this by finding a D value rvith

a large -ü ( 1, ¡) value. We used an unpublìshed idea of Lehmer which he employed to

find the 20 digit value of D with a small -L (1,¡) value that appears in Lehmer, Lehmer,

Shanks [LLS70, p. 439]. lVe examined numbers of the form

D=A*BX

where
È

a -nn;,
p; is the ith prime, and(Alp) = 1(i= j, j +t,...,È). In our case we used

. B = 277.277 ...313 = 5.272 x t01e

and the least nonsquare value of A. lVe then employed the lvlssu to sieve on values of
X by using as moduli 8 and primes p1,p2,,..,pm rvith p- ( 269 such that Ai XB:
6 (nod 8) and ((A + XB)lp¡) = t,i - 7,2,...,m. Henri Cohen used the technique of

[CDyDO93] to evaluate the .ú (1, X) values for someof these D values. The largest LïZI
occur¡ed for

D _ 132087 087 9580760303352202 6252612243246,

where -[(1,¡) = 5.324999338 . . . (¿ = l). This is alarge -ú(1,X), but when rve evaluate

the U LI rve only get

U LI = 9.669796597 .

5.3 Conclusion

Ðlliot [ÐX69] has shown that if e ) 0 is given, then there exist constants ca, ca (depending

on e) and a set,9 =,9(ø) for ø ) 2, such that fo¡ all prime values of À ( c, A f S, rve

have

r07

CË" 1¿(r,x) ( calogloga
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Furthermore, .9 has cardinality at most O (ré). In vierv of the Cohen-Lenstra heuristics

and the numerical evidence presented above, this rvould seem to permit us to conjecture

that there exists an infinite set of values of A for rvhich

JAo tt ro*ËÃ. (r,.7)

In fact it even appears that there must exist an infinite set of values of À such that

,? >> y'ÃloglogA.

At present the best result of this type is that of Ha.lter-Koch [HK89] where it is shorvn

that there exists an infinite set of values of A such that

,? >> (log À)4. (5.8)

This result is so much worse than (5.7) that it should be possible (without appealing to

the ERH or the Gauss Conjecture) to get a better result than (5.8).

t08



Chapter 6

Polynomials \Mith High Densities

of Prime Values

Consider the polynomial fsr(x) = x2 +c+4I. Euler showed in 7772 that.f¿r(r) is prime

for 0 ( ø < 39. To date, no one has found a polynomial of the form f¡(x) = x2 + r + A

that represents distinct primes for more than the first 40 values of ø. Horvever, many

more polynomials of this form with higher asgmptotic densities of prime values have been

found. An example of this is îzzse{x), discovered by Beeger [Bee39] in 1938. If rve

deflne P¡(z) as the number of prime values assumed by î¡(r) for 0 ( c ( z, we see

that although P27ea1(39) = 30 < P,¡(39), rve neve¡theless have P27ea1(1000000) = 296129

whereas Par ( 1000000) = 261080.

In [Leh37], Lehmer observed that if /¡(ø) is to represents primes, then A must be

odd. Also,

af ¡@) = (2Ì + 7)2 - D,

rvhere D = I - 4A. Thus, if q is an odd prime and the Legendre symbol (Ð/q) = f,
then there must exist some ¿ such that 0 < z < g and qlf¡þ). Values ofD such that

(O / S) = - 1 for many values of q, particularly the smail values, should therefore force the

109
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corresponding polynomial JÁx) to take on many prime values, since these values of q

are eliminated as possible divisors of /,1(c). Beeger made use of this strategy in [Bee3g].

He computed all positive integers .¡y' < 106, /{ : 3 (mod 8) such that (-N/q) = -t
for q = 3,5,7,...,43; the only such numbers are jV = 22684,1112683,289963. poletti

[Pol39] computed tables of Pa(n) for the corresponding values of A (tg42l,27947, and

72491) and various values of z up to 11000. He discovered that J27sa1and jfz24s1 seem to

have higher asynptotic densities of prime values than .f.¡(ø). For example, he found that

P41(11000) = 4605, whereas P27ea1(11000) = 4819 and Pz24e1(11000) = 4923.

6.1 The Conjecture of Hardy and Littlewood

Hardy and Littlervood's Conjecture F [H123] is a result concerning the number of prime

values assumed by the quadratic polynomial f(r) = ax2 I bx I c,If we denote by r¡(n)
the number of prime values assumed by /(c) for ø = 0, 1, . . ., z, then their conjecture

can be given in the form below.

Conjecture 6.1 (F) Zef a > 0,b,c be integers such that gcd(a,å,c) = t, d = b2 - 4ac

i,s not a square and a ! b, c are not both euen, Then there are infinitely many primes of
the Jorm f(n) and

uhere

and

r¡(n) - egt¡¿ç"¡,

1" dx
LNln) = I 

-,
J2 Iogls:

-_l+ rvhen2ia*å,
'- 

l t othe*vise,

C¡= TI
p l(",¡)

å"u('
pl"

(g\- r-r)
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The products in the expression lor C¡ are taken over the primes only, and (d/p) denotes

the Legendre symbol. Note here that eC¡ is rvhat really determines the density of prime

values assumed by /, since Li(n) is a function of z only.

We can derive a special version of Conjecture F rvhich applies to f¿(x):

where

and

Pa(n) - c(D)L{n),

L¡(n)=r1"" 6hr,
ID\

c(D)=II1- r+.
p>3 P- L

(6.1)

Here D = 1- 4¡1. For example, rvhen A = 41, rve have C(-16J) = 3.3197232, rvhereas

Beeger's polynomials f27sa1 anà. lzzqet have corresponding C(D) values C(-i11769) =
3.6319998 and C(-289963) = 3.6947081. These numerical values for C(D) tend to confirm

Poletti's observation of the superiority of Beeger's polynomials to /a1(z) in generating

primes. In fact, it seems that Conjecture F provides us tvith a very accurate predictor of

prime densities of quadratic polynomials; the polynomials /¿ co'esponding to the values

of D rvith large C(D) values rvill have high densities of prime values. By examining

(6.1), rve note that the strategy for selecting values of ,4 employed by Beeger and Lehmer

has the effect of ma-rimizing the first several terms in the infinite product C(D), so

we expect that these polynomials rvill have especially large C(D) values, and therefore

high asymptotic densities of prime values. Table 6.1 contains some values of D taken

Irom Fung and Williams [FW90] and the corresponding values for pA(106), C(D), and

P,1(706) I L,1(106 ). Note that the actual values of P¡(106)lLA006) are quite close to those

of the corresponding C(D), as rve rvould suspect if Conjecture F holds.
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D P¿ ( 10Þ) C( D\ P / L 
"( 

70ö\

63-t
-88507

- 111763
-222643

- i333963
-9477067

- 10560643
-60408307

- 171583003
-269497867
-398158363
-643338763

- 1408126003
-i595514187
-4067775907

-778377t8283
-85702502803

- 16501779755323
-30059924764723
-37221.595794667
-74210430269347

- 110587910656507
-531497118115723

-2068660612674307

ZOlUðU

272t02
286I28
293169
300001

312436
375542
3i8250
320126
322488
325782
335224
334772
341572
346057
354875
361841
326605
326392
325086
323285
321488
3t2975
300923

ó.3)-9 ( (J2

3.4643422
3.6319998
3.7289570
3.8123997
3.9760501
4.0194873
4.0501092
4.0815068
4.7092L57
4.1579113
4.2776079
4.2771747
4.3616794
4.4324788
4.6097L43
4.7073044
4.75248t2
4.8379057
4.8634109
4.9548401
4.9711959
5.0870883
5.0978921

3.3203427
3.4612190
3.6396821
3.7293962
3.8169182
3.9764927
4.0 i61335
4.0531570
4.07965 i5
4.1112637
4.1548155
4.2775772
4.2759778
4.3645752
4.4309683
4.6090901
4.7067227
4.755951.2

4.8453809
4.8594354
4.9413604
4.9770300
5.0894316
5.09 76398

6.2

Table 6.1: PÁ(106)/¿/(106) for some values of D

Evaluation of C(D)

Evaiuating C(D) is a diffcult task, since the product in (6.1) converges very slorvly.

Shanks [Sha60, Sha63, Sha75] has developed efficient methods for evaluating C(D) to

high levels of accuracy for D < 0. These methods all require that the function tr(s,¡)
be computed for various values of s. If á is the class number of e(r,D), ttuu the value

of Z (s, ¡) can be determined fairly rapidly if the values of 11 Epstein zeta functions are
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knorvn. Shanks [Sha75] shorved how to evaluate these Epstein zeta functions to high

accuracy rapidly; therefore one can accurately determine C(D) using this method. If å is

large, as is often the case with large values of D, this method can be quite slow. However,

it is unconditiona.l and is the best method knorvn for evaluating C(D) to great accuracy.

Since it rvas necessaty for us to evaluate C(D) lor many large values of D, some of

which rvere positive, we decided to use a different method. we used the ideas presented

in [FW90] to evaluate C(D) to eight significant figures. We first note that using an idea

of [Sha60] we can show that

(6.2)

rvhere

I å rvhen Ð=1(mod8),

"=\ + rvhen D=5 (mod8),
t,_
I jf, otherwise,

e(a) = "al\0, and the second product on the right is taken over all primes q such that

the Legendre symbol (D/q) = 1. Recall the analytic class number formula for imaginary

quadratic fields from Section 2.6:

q@t#tPø=" 
jJ (' å)g('-æ=ip)

p odd

L(L,x)=#
Thus, for D < -3 rve have

c@)=t-@ åÃ"JJ ('-å)g(' tu_ú) (64)

p odd

Similarly, the analytic class number formula for real quadratic fields is

L(r,x)=2#

soforD>0rvehave

(6.3)

c( Dt = 'nnÃ. I
180Rh L(2,x)

2\- f(q:ú )rt ('-å)nl'
plD \ P/sl3\

p odd

t0.c)
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The eval.uation of h lot D > 0 rvas discussed in chapter s and rve give a brief outline in

Section 6.3 on hotv to determine h lor D < 0. Thus, the only remaining problem is to
estimate

F- 7 .rt (r 2 \=rø,ÐI{('-rG-ú) (66)

to suffcient accuracy so that (6.a) and (6.5) approximate C(D) to eight significant figures.

We compute an estimate of (6.6) using truncated Ðuler products. The function I'
converges much faster than I (1, X), so it is not as important to use methods like Bach,s

averaging techniques. For a fixed Q, we defrne

Ft(e)= fI;+Þi,
p1Q P \pt

rt(e) = n *!Ã,
p>Q P \pl

and

Fz(Ø=.J_lo (, - ñ_t),
rze)=g (,_ e_ú)

Thrs, F2(Q)/F1(Q) estimates (6.6) with enor T2(Q)IT1(O). It is easy to show that if
Q>10,

lros4(O)l +lrosr2e)l< I 1+ a,
p>Q '

rvhere lá11 < 2f Q2 . 11 we set

B(q=..'tDt(#-dh) *#*i,
then by using the method of Cornell and Washington [CW85], rve get

troe",(o)t+ jrog",(e)1. urol (ïä#) - & = b (6.7)

Norv, if ö < log((1 + ,,Ã +TE)12) rvhere å = 101-./2, then

c(D) c"3t/@ r'|q) 
'- ¡ ' I \

= - roñ-ffi jl ('- f,t (68)

p odd
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whenA<0and

(6.e)

when A > 0 both approxim ate C(D) to r significant figures. ?he Ð values we planned to

examine rvere all less than 2 x 101e in absolute value, so by (6.2) rve have that e = 1.2 ¡ 1ge

will yield approximations of C(D) correct to eight figures. Note that the proof of the

inequaüty in (6.7) requires the truth of the ERH, so the accuracy of the approximations

(6.8) and (6.9) is contingent on the ERH as well.

6.3 Computing å in Imaginary Quadratic Fields

In the cases rvhere D ) 0, we can use the techniques of Chapter 3 to evaluate -R and å,

but a diferent method is required when D < 0. Fortunately the situation in imaginary

quadratic fie1ds is somevhat less difficult than that of real quadratic fields. we rvill give

here a brief outline of the algorithm which executes in at most O (Otts+,) operations

that rve used to compute å. This is basically a simple modification of the baby step-giant

step rnethod of Shanks [Sha71].

As in the case of real quadratic fields, our first step was to compute an estimate

.9(Ç, À) of log I (1, ¡) for some fixed value of Q. lVe used the averaging procedure of Bach,

Algorithm 3.1, rvhich has error bounded by A(8,l^l) in order to get the best accuracy

possible. lVe used the analytic class numbe¡ formula (6.3) to compute an estimate Ã of

å by setting
yzlÃf exp (.f (Q, À))

c@)=##&H('-å)
p odd

F=

and comput.ing

T

¿=Ne(¡), (6.10)

where by Ne(f') we mean the nearest integer to f'. If Ã ) B, rve attempted to find a

divisor r11 of ll. Otherrvise, rve set r11 = 1 and proceeded directly to the next part of the

algorithm.



Algorithm 6.1 (Divisor of /z for A(GT¡;

INPUT: å, rnaz
OUTPUT: å1, such that rI1 lå

1. Set å1 -- l, k = lAl,/t + r
2. Set o = (P,Q) rvhere Q = rp îor some prime p such that (Ð = t and p 

=
ø (mod p), P = r - I (mod r) where x2 : D (mod p).

3. Compute a list 7 of reduced ideals ai for 0 ( i < ,h.

4. Set q = 0 and compute b = oÃ.

5. Ifb= aieT,gotoT.
6. Set g = g* 1 and compute b = b* oa. Go to 5.

7. Set m - i ¡ qk - i. Dete¡mine e, the smallest divisor of r¿ such that o" - (1).
8, Set å1 = LCM(år,e). I1 h > l\l2/5 or rve have used more than rzør idea.ls,

terminate. Othenvise, select a nerv value of p such that (Ð = 1 u.d go to 2,

End of Algorithm
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since the class numbe¡s of imaginary quadratic flelds are generally much larger than

those of real quadratic fields, it is important to find as large a divisor of the class number

as we can' The method we used, Algorithm 6.1, is as follows. lve selected an ideal a at

random as in section 3.3 and computed its order in the class group, the least integer e

such that o" - (1). lVe first set È = lÄ11/511 and computed a list Z of the red.uced ideals

oi, for 0 < i < ,t, along with their corresponding values of i, ordered by the e values o{

the ideals. As in chapter 3 we used a hash table here so that access times were as fast as

possÌble. lVe determined which integer q gives us oñ. * oe,(' - b; for some b; € Z. Then, rve

havem=-n+q*-iisamult.ipleofe.Theactualvalueofeisthesmallestfactorofm

such that o" - (1). l!'e then set r11 = e.rl fu < lal2/5, then rve selected another ideal c2

and computed the order ofthe subgroup generated by o and o2. lVe continued selecting

ideals until we got a suffciently large value of r11. As in the real case, the class group is

most often cyclic or close to it (see [ct83]), so rve usually found a sufficiently large å1



Algorithm 6.2 (Class Number of a(r/:D))

INPUT: D and Â, the radicand and discriminant of an imaginary quadratic field
OUTPUT: å.

1. Put Q = 5000. Compute ^9(Q, A) using Algorithm 3.1, and å1 using Algorithm 6.1.

2. Compute r'= /þiexp(S(Q,Ð)l þrn)
3.å=ws1¡¡, n=F-h.
4. Bt = It exo(A(O, l^l)), B2 = lxl * Bt - F
5.I1 ir- Bz -l&z+ å.1 > -1,then å = h{Bz+hl and the algorithm re¡¡ninates.

6. Otherwise, set Q *- 0 + SOOO, recompute S(Q,Ð, and go to 2.

End of Algorithm
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quite rapidly. Horvever, in the rare cases tvhere we do not, we give up after trying a fixed

number of ideals and take as r11 the order of the largest subgroup rve rvere able to find.

Once rve have computed rlz1, we can compute å using a modification of the idea of

Lenstra [len82]. If, for a ûxed Q rve put

,, - r,/iÃiexp (s(8, ¡) + A(8, lAl)).

n=F-h,
and

B2=líl+81 -F,
then from (6.3), and since llog Z (1, ¡) - S(0, 

^)l 
S ,,1(0, lÁ,1), we have

and

Thus, if

h< Bt,

l-h-hl<Br.

h n" la" h1_ _ _-: _ t___: _L _t \ _1h1 hl Ln' ' nr)'

(6.11)

(6.12)



CHAPTER 6, POLYNOMIALS WITH HIGTI DENSITIES OF PRIME VALTJES LIï

then å2 = LBzlh, l- nTAti is ttr" only integer in the interval l given by

i¿ n, I n, Ì,1,"-E"<lr'.+[]'
From (6.11) rve have

ln _ i,l. nz

llrt lrt I 
- åt '

so å/å1 must be in f. It foliorvs that h = hthz ivhen (6.12) holds. We sum up these ideas

in Algorithm 6.2. Since most of the class groups of rp(/:D) are cyclic or close to it (see

Cohen and Lenstra [CL83]) the value of å¡ is usually relatively close to the actual value

of lz, and this means that this part of the algorithm executes quite rapídly. These aspects

of imaginary quadratic fields have been studied elservhere in great detail (see for example

Buell [Bue84]), so we shall not pursue it here any further.

6.4 Numerical Experiments

In order to find values of D for which C(-D) is large, rve used MSSU (see [tuk95]) to search

for all values of D such that -2 x 101s < D < L01s, D = 5 (mod 8), and (D/p) = -1for all

odd primes q ( 199. For the several thousand numbers that resulted, rve computed C(Ð),

using the Shanks heuristic [ùIW92, p.283] to calculate the class numbers when D > 0 and

the technique of the previous section rvhen D < 0. lVe then selected the d(D)-hichamps,

.L (1, ¡)-lochamps, and -t-tI-lochamps from both the positive values of D and the negative

values. Here -tZ1is the lorver Littlewood index defined in Chapter 5. The C(D)-hichamps

are those values of D rvith the property that their corresponding C(D) value is greater

than that of any D of smaller magnitude. S.imilarly, the -L (1, ¡)lochamps and -LZI-

lochamps are those values of D rvith the property that their corresponding J (1, ¡) value

(or .úZI value) is Less than that of any Ð of smaller magnitude. Since all our values of D

have (D I q) = - I for many small primes g, rve expect that in addition to giving rise to

polynomials rvith high asymptotic densities of prime values, their I ( 1, X) and .L.ú1 values

should be small.
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we evaluated c(D) correct to 8 frgures for ar of these values of D with extreme c(D),
L(t,X), and LLI values by using the techniques des'ibed in this chapter. We found no

deviations from the results given by the shanks heuristic. Table 6.2 contains the c(D)-
hichamps for the negative values of D. Tables 6.4 and 6.5 contain the ,L (1,x)-lochamps

and 'LtrI-lochamps for the negative D values. Table 6.3 contains the c(D)-hichamps for
the positive values of D. The L (1, y)-lochamps and zzr-lochamps for the positive Ð
va.lues are equivalent to Tables 5,1 and 5.2 and can be found in chapter 5. The rargest

C(D) value we found is

c(- 1359885851427247 2787) = 5.36708 19.

Thus, if Conjecture F holds, then then polynomiaJ

* + r +3399214628553118042

has the largest asymptotic density of prime values for any polynomial of this type currently

knorvn. The least tr (1, ¡) val.ue we found was

L (1,Ð = 0.153175728.. .

fo¡ D = - 135988585I4212472L82 and the \east LLI rve found rvas

LLI=r.24745080...

for D = 18974003020779977



CHAPTER 6. POLYNOMIALS WITH HIGH DENSI?IES OF PHIME VALT]ES 720

n h( D) L (1,x) C(D)
-4371527 414591923
-5513463660887323

-8842819893041227
-r17798822r9755787
- 14363876114143483
-75326624594334307

-30462609267723507
-32779240456803163
-507927t7776428667

-221328740358237307
-234397954943494723
-369885383792662483
-441899002218793387

-554395014308976163
-8036080 i8073876563

-2038991582966171563
-2039953459173530587
-6849319464662435083
135988585t4212472L87

3791896
42t4276
5188215
5904498
6478729
6664840
9340770
9520419

1L782274
24591656
24980688
31346105
33684408
37602038
45224688
77351.592
70825967

728288704
L79800672

0.I8L4223I9
0.178303796
0.173329485
0.170907994
0.169825875
0.169t28322
0.168131466
0.165198649
0.764240776
0.164277469
0.162099963
0. i61919767
0.159190549
0.158654209
0.158490531
0.156980541
0.155787373
0.153997822
0.r53t75728

4.5293043
4.6086597
4.7474735
4.8086435
4.8393795
4.8590033
4.8883007
4.9753684
5.0043010
5.0050646
5.0706939
5.0766794
5.1635912
5.1814176
5.1864453
5,2369507
5.2765336
5.3384020
5.3670819

Table 6.2: C(D)-hicharnps (D < 0)

D R(D) h(D) L (r, vl C(D)
370095509388197

16710980998953317
18974003020179917

587108439330001613
2430946649400343037
3512773592849667053
4927390995446922917

794079.6472497777
5296924.2425040266
2737025.3979827850

30377994.3008864805
307 8137 8.0 11,07 7 247 1,

146959t47 .t762363224
86988957.8224337937

4

z

2

4
2

2

0.

0.

0.

0.

0.

0.

0.

t65 i0763 i
163901444

r58960540
r58584203
i57939344
.56820032
.56752908

4.9779328
5.0r442L6
5.1711431
5.1831340
5.2048129
5.2422813
5.2437622

Table 6.3: C(D)-hichamps (D > 0)
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Table 6.4: .ü (1, ¡)-lochamps (Ð < 0)

D h(D\ L (r,x) LLI
-4311527 414591923
-5513463660887323
-8842819893041227

-71779882219755787
- 14363876114143483
-15326624594334307
-30462609261723907
-32779240456803L63
-507927L7776428667

-221328I40358237307
-234397954943494723
-369885383792662483
-441899002218793387
-554395014308976163
-803608018073876563

-2038991582966171563
-2039953459173530587
-6849319464662435083

-13598858514212472187

3791896
4274276
5188215
5904498
6478729
6664840
9340770
9520419

77782274
24591656
24980688
31346105
33684408
37602038
45224688
71357592
70825967

L28288704
179800672

0.181422319
0.178303796
0.173329485
0.170907994
0.169825875
0.1.69728322
0.168131466
0.165198649
0.L64240716
0.764217459
0.162099963
0.161919767
0.159190549
0.158654209
0.158490531
0.156980541
0.755787373
0.L53997822
0.15377 5728

.40787380

.38630189

.35248742

.33647203

.32997574

.32515702

.32399013

.30158515

.29811022

.31128005

.29487549

.29741290

.2770571.5

.27466700

.27645643

.2718872I

.26222370

.25777022
,25566335
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Table 6.5: .L.L/lochamps (D < 0)

n h(D) L (7, x) LLI
-43L7527 41459L923
-5513463660887323
-8842819893041227

-17779882279755787
- 14363876114143483
-15326624594334307
-30462609267723907
-32775240456803163
-50792t1,7776428667

-234391954943494723
-441899002218793387
-554395014308976163

-2038991582966171563
-2039953459173530587
-6849319464662435083

-13598858514212472187

3791896
4274276

5188215
5904498
6478729
6664840
9340770
9520479

7L782274
24980688
33684408
37602038
7I35I592
70825967

128288704
179800672

0.I874223t9
0.178303796
0.173329485
0.170907994
0.169825875
0.169128322
0.168131466
0.165198649
0.764240716
0.162099963
0.159190549
0.1ã8654209
0.156980541
0.155787373
0.753997822
0.153775728

..40787380
.38630189
.35248742
.33647203
.32997574
.32515102
.32399013
.30158515
.2981.7022
.29487549
.277057t5
.27466700
.27188727
.26222370
.25717022
.25566335
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Follorving Lehmer [Leh37] rve define the symbol rÍ, to represent the reast positive
integer congruent to 3 modulo 8 such that

/:&\ - 1

\ q /--'
for a.ll odd primes g J p. Lehmer computed the first table of Iy'o values for p < 107.

Lehmer, Lehmer, and shanks extended these computations in [LLS70], probrem III, to
values ofp < 163 and Lehmer also computed the next three values up to p = 1g1, but did
not publish them. lve used MSSU to extend further these computations and.rve¡e able to
find values of lfo up to p - 2TT , and least prime solutions of y'Ío up to p = 269, Tables 6.6
and 6.7 contain all the currently knorvn values of 1Í, and the least prime solutions of y'{o

respectively. Tables 6.10 and 6,11 give the LLI values for the lúo solutions.

Similarly, we define the symbol M, to represent the least positive integer congtuent
to 5 modulo I such that

/M"\
\7/ = -'

fo¡ all odd primes q ( p. We would expect, due to Conjecture F, that l/¡(c)l will have a
large density of prime values rvhen A = (1- Mr)/4. According to poletti [pol51], Beeger

was the first to make a table of Mo values; he risted them up to p - 59. rehmer, Lehmer,

and Shanks [lts70], Problem VI, extended this table in 1970 up to p = 139 and Lehmer
produced one more value for p = 163, but did not publish it. We used NÍSSU to extend

further the table to p = 283 and p = 26J for least prime solutions. Tables 6.g and

6.9 contain aìl the currently known varues o1 Mo and the least prime sorutions of ,ùro

respectively, "rhe LLI values for the Lì,Ip solutions are equivarent to the 5-Ro tables 5.9

and 5.10 from Chapter 5.

We can derive an upper bound on C(D) from Littlervood's bound

z11.v) > {1 + o (1)}
' ""' c1 log log A

í * rvhen 2la,
"=I+* othe.vise

(6,13)

rvhere
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as given in Chapter 5. We knorv that

E = 
T ('* å)-' (614)

and ((2) = zr2/6. Also, from the Euler product representation of .L (2, ¡) we have

L(2,x)-' =T('* y).{I('-å). (615)

From (6.2) and (6.13) we have

C(D) < {r+ o(1)}c. cr toslos lÀ1ffi
and from (6.1a) and (6.15) rve get

c(r) < {1 + a(1)}dloglogl^,1 (6.16)

where

[ 5"t ruh.n D = 1 (mod 8),

a=] 
"" rvhenD=5(mod8),

[ !et oth".*ise

Tables 6.12 to 6.15 give the values of Z(D) = C lea lo|loglDl for our values of .iVo and
ùd. By (6.10) rve rvould expect a very slow grorvth rate of C(D).In fact, rvith the
exception of If, = 163, the value of Z is always less than 1, and does not vary much

from 0.8. Figures 6.1 and 6.2 shorv the Z values plotted against the Ìfo and ,vfp solutions

respectively. In each case, the horizontal line is at Z = D,g,
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Table 6.6: No - Least Solutions

p I (1. y) C( _N-\

89

149

11,13
17,. . .,37

4r,43
47

53,59
61

67
7L

73,79
83

. . .,103
107

109,113
L27

131,137
139

. . .,163
767

173

179,181
191,193,197

199

21t,223
227,. . .,24t

251
257

263,269
271
277

19

43

bl
163

77683
1333963
2404t47

20950603

36254563
51599563
96295483

114148483
269497867
585811843

52947440683
71837718283

229565977267

575528148427
t4328178t6347
6778877202523

1650L779755323
30059924764723

110587910656507
431752747459t923

10472407Lr4788067
2226L805373620443

132958087830686827
441899002218793387

2278509757859388307
5694230275645018963
9828323860172600203

1

1

1

1

22

79

1,07

311

432
487

b bi)

692
r044
1536

13909

15204
29351

44332
70877

149460
223574
296475
553436

3791896
5798780
8035685

19412108
33684408
77949ã44

119705436
156104956

0.720730
0.479088
0.383806
0.246068
0.247975
0.214884
0.216796
0.2t3457
0.225399
0.212988
0.212896
0.203479
0.199789
0.199371
0.189899
0.178209
0.192450
0.183583
0. i86020
0.180342
0.172904
0.169880
0.165334
0.181422
0.178017
0.169196

0.767249
0.159190
0.162232
0.157596
0.156432

0.94222046
7.6297209
2.0873308
3.3797732
3.3003388
3.8123997
3.7793704
3.8410195
3.6365197
3.8514289
3.8528890
4.0332358
4.10921.57

4.1185705
4.3245257
4.6097r43
4.2679t70
4.4746374
4.4763429
4.5565681
4.7 524872
4.8379057
4.9711959
4.5293043
4.6162389
4.8576372
4.9146545
5.1635913
5.0669199
5.2163043
5.2552050
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Table 6.7: lf, - Least Prime Solutions

p N- nt-1v^ L (7,y\ c(-N.)

5,7
11,13

41.

43,47
53,59

61

67,77
73,79

83

89
97,101,103

107,109,113
127

13 i,137
139

149,. . .,163
167,. . .,181

191

193,197,199
27I,223

227,. . .,241
2i)I

257,263,269

43
ot

163

222643
1333963
2404L47

20950603
51599563
96295483

t46L6L723
1408126003
3341091163

52947440683
193310265163
229565977267
915809911867

r432817816347
30059924764123

3126777241727227
8842819893041227

13688678408873323
22261805373620443

4908856524312968467
7961860547 428779787

1

1

1

1

79

107

311

487

665

857
Ito,t
3523

13909

26773
29357
ã9801
70877

296475
3201195
5188215
6524653
8035685

121139393
140879803

0.720730
0.479088
0.383806
0.246068
0.219714
0.214884
0.2i6796
0.273457
0.212988
0.212896
0.222696
0.191969
0.r97477
0.189899
0.190873
0.192450
0.196315
0.186020
0.169880

0.1798ã3
0.173329
0.175196
0.169196
0.17i 769

0.1568õ2

0.94222046
r.6297209
2.0873308

3.3797732
3.7289570
3.8123997
3.7793704
3.8410195
3.8514289
3.8528890
3.6832906
4,2771747
4.287871-1
4.3245257
4,3024065
4.2679770
4.1834705
4.4163429
4.8379057
4.5685162
4.7474735
4.6907580
4.8576312
4.7847955
5.2409110
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Table 6.8: rVÇ - Least Solutions

1) M" R(M-\ h(tr") L (1, x) C ( lvI"\
3

5

7,r7
13

t7
L9,23

to
37,37,,41

47,53,59
61

67
77

73,79
83,89,97
101,103

107,109,113
L27

131

137,139
149,. . .,163

167

L73
179,181
191,193
197,199

2ll
223

227,229,233
239,24t

257,,257,263
269,. . . ,283

5

53

293
437

9173
24653
74093

t70957
2L4037

2004917
44407013
71748773

I54554077
163520117
261153653

1728061733
9447241877

19553206613
49107823133

385995595277
r32r3747959653
L4'o06773263237
57824199003317

160909740894437
370095509388197

i409029796180597
4075316253649373

18974003020179917
224717990614052477
637754768063384837

4472588326827347533

0.4872
1.9657
2.5708
2.8366
3.0422

t2.4722
5.0562
7.2759

16.9391
28.9536
48.2972

352.5078
140.5395
694.9131
752.7367
5r2.3272

4027.t400
1252.3775
6209.5055

18804.6808
27068.0628

330785.2663
331149.0061
165998.4596
275610.2629
794079.6472

3130386.6897
529t574.7242
2737025.3979

10257518.4583
22908547.7970
14'162868.4419

1

1

1

1

1

1

4

5
ó

2

2

t)

2

I

1

7

2

1

2

1

1

4

4
2

1

1

4
4

3

12

U.4óU4Uð

0.540024
0.390910
0.331438
0.291060
0.260446
0.257624
0.265098
0.245810
0,250333
0.204656
0.211608
0.199939
0.223588
0.274151
0.1902i7
0.193463
0.180389
0.177626
0.169715
0.774277
0.181996
0.173887
0.174638
0.173817
0.165107
0.166789
0.165780
0.158960
0.173338
0.L72776
0.164 i29

I.773305I
1.3831458
2.0427655
2.4386997
2.7933935
3.t227858
3.1631443
3.0809338
3.3299831
3.2704656
4.0077796
3.8743032
4.1026493
3.6684052
3.8307572
4.3158954
4.2447622
4.5541813
4.6250203
4.8420287
4.7I449r4
4.5747795
4.7257867
4.7059õ30
4.7279-060
4.9779329
4.9274990
4.9577054
5.1711431
4.7415726
4.7753226
5.0085747
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p lU1þ R(M") h(M") L (,1, Xl C(M"\

5

7,7L

13

77

19,23
to

31,37,41
43
47

53

59,61

67

77

7ô

83
89,. . .,113

727

131,137,139
149

151,157
163,167
173,t79

181

191,193
r97

199,21r,223
227

229
233
239

247,....263

173
293

2477

9173
61613
74093

170957
360293
679733

2004917

69009533
138473837
237536213
384479933
883597853

1728061733

9447241877
49107823133

1843103135837

4316096218013
1502L87577III7
82409880589277

326813126363093
390894884910197

I05I2L2848890277
40753i6253649373

274457237558283317
443001676907312837
599423482887195557
6 i4530964726833997
637754768063384837

0.48121
7.96572
2.57081
2.83665
6.47234

12.47223
36.23370

7.27597
16.93918
68.23691
92.04349
48.29722

869.69643
1369.29769
1725.64096
2087.35754
3078.2647r
4027.74004
1252.37753

18804.68086
119080.85359
792239.83257
344898.80858
804942.57462

1551603,41110
1650908.48845
547589.04349

5297574.72421
45653225.95687

6097479.67224
65388978.22854
64783176.97206
22908547.79705

I
1

1

1

1

1

1

5

3

1

1

3

1

1

1

1

I
1

1

1

1

1

1

1

1

5

1

1

I
1

1

3

0.430408
0.540024
0.390910
0.331438
0.260093
0.260446
0.291948
0.265098
0.245810
0.227363
0.223282
0.204656
0.209383
0.232725
0.223937
0.2t2907
0.203076
0.193463
0.180389
0.169715
0.r75427
0.185066
0.777975
0.177339
0.171656
0.167002
0.168892
0.165780
0.174286
0.i64899
0.168914
0.16ã280
0.772776

1.7733051
1.3831458
2.0427655
2.4386997
3.1173079
3.L227858
9 Totonoo

3.0809338
3.3299831
3.6032397
3.6713558
4.0077796
3.9166092
3.5227802
3.6624765
3.8534093
4.0411818
4.2447622
4.5541813
4.8420287
4.6828076
4.4390420
4.6165765
4.6336310
4.7874230
4.9214877
4.8659116
4.9577054
4.7155029
4.9843291
4.8658247
4.9730080
4.7753226

Table 6.9: iI, - Ieast Prime Solutions
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Table 6.10: No - Least Solutions (L11)

1) h(-N-) L (7.y\ LLI
3

5,7
11,13

4t,43

53,59
61

o/
7L

73,79

83
89,. . . ,103

1.07

109,113
727

131,137
139

149,...,163
167

173
179,181

191,193,197
199

27t,223
227,. . .,24r

251

263,269
27r
277

19

43

67

163

77683
1333963
2404t47

20950603
36254563
51599563
96295483

114148483
269497867
5858i 1843

52947440683
77837718283

229565977267
676528148427

74328t7816347
6778877202523

16501779755323
30059924764123

110587910656507
4377527 414591923

t0472407rr4788067
22267805373620443

132958087830686827
441899002218793387

2278509757859388307

5694230275645018963
9828323860172600203

t
1

1

1

79

707

311

487

665

692
1044
1536

13909

15204
2935t
44332
70877

149460
223574
296475
553436

3791896
5798780
8035685

19412108

33684408
77949544

119705436
156104956

0.720730
0.479088
0.383806
0.246068
0.247975
0.214884
0.216796
0.273457
0.225399
0.212988
0.2t2896
0.203479
0.199789
0.199371
0.189899
0.178209
0.192450
0. i83583
0.186020
0,180342

0.L72904
0.169880
0.165334
0.787422
0.178017
0.169196
0.167249
0.159190
0.762232
0.157596
0.156432

1.68549
1.37438
1.19368

0.86751
1.30022
1.23148
1.26165
1.30576
1.39443
1.32691
L.34226
1.28694
1.28319
L.29743
1.31861
7.24278
1.36038
1.31143
1.34218
1.32237
1.27888
7.26370
L.24460
1.40787
1.39084
1.32934
1.33084
t.27705
1.31536
1.28509
1.27985
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Table 6.11: lfo - Least Prime Solutions (,t-11)

p å(-tv-) L (r, x) LLI
3

11,13
17,. . . ,37

4t
43,47

53,59
61

67,71
73,79

83

89
97,101,103

107,109,113
727

131,137
139

149,. . .,163
167,. , .,181

191

193,197,199
2t1,223

227,. . .,,247
257

257,263,269

19

43

67
i63

222643
1333963
2404147

20950603
51599563
96295483

746tÊr723
1408126003
3341091163

52947440683
193310265163
229565977267
915809911867

r432877816347
30059924764123

3126717247727227
8842819893041227

13688678408873323
22267805373620443

49088565243 i2968467
796L860547 4287 r97 87

1

i
1

1

79

707

311

487

665

857

2293
3523

13909

267L3
29351.

59801
70877

296475
3201195
5188215
6524653
8035685

121139393
140879803

0.479088
0.383806
0.246068
0.2L97t4
0.214884
0.216796
0.213457
0.212988
0.212896
0.222696
0.191969
0.19L477
0.189899
0.190873
0.192450
0.196315
0.186020
0.169880
0.179853
0.173329
0.175196
0.169196
0.171769
0.156852

7207300. r.68549
t.37438
..19368
).86751
..L9457
..23748
..26765
..30576
..32691
.34226
.4t487
.26695
.28037
.31861
.34650
.36038
.40961
.34278
.26370
.39220
.35248
.37754
.32934
.39937
,28165
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Table 6,12: No - Least Solutions (Z(Nò = C/el\og\ogNr)

p ¡f- nI-lv^ (;I-tv Z(N"\
ð

5,7
11,13

4L,43

53,59
o1

67
7L

73,79
83

89,. . . ,103
t07

109,113
127

131,137
139

149,. . . ,163
767

173
179,181

191,193,197

199

277,223
227,. . .,247

257

263,269
271

19

43

67
163

77683
1333963
2404747

20950603
36254563
51599563
96295483

114148483
269497867
585811843

52947440683
71837718283

229565977267
575528148427

14328L78t6347
6778817202523

7650L779755323
30059924764123

110587910656507
437t527 414597923

10472407114788067
22267805373620443

132958087830686827
441899002218793387

2278509757859388307

5694230275645018963
9828323860i 72600203

1

1

1

1

22

79

r07
311

432
487

665
692

7044
1536

13909
15204
29351
44332
70877

149460
223574
296475
553436

3791896
5798780
8035685

19412108

33684408
77945544

119705436
156104956

0.94222046
7.6297209
2.0873308
3.3L97732
3.3003388
3.8123997
3.7793704
3.8410 i95
3.6365197
3.8514289
3.8528890
4.0332358
4.1092t57
4.1185705
4.3245257
4.6097143
4.2679I70
4.4746374
4.4L63429
4.556568 i
4.7524812
4.8379057
4.9711959
4.5293043
4.6162389
4.8576312
4.9146ã45

5.1635913
5.0669199
5.2163043
5.25it2050

0.489869
0.690719
0.816008
1.744902
0.765296
0.808827
0.789611
0.763442
0.714696
0.751651
0.743018
0.775345
0.777896
0.76949 i
0.757225
0.804082
0.734101
0.76i601
0.744205
0.755581

0.781222
0.790747
0.802922
0.709643
0.718381
0.751730
0.750954
0.782600
0.759831
0.777780
0.780975
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Table 6.13: N, - least P¡ime Solutions (Z(Nò = C /e^rlogIog Nr)

p À¡ C( -N-\ z(N")
3

5,7
11,13

t7,. . .,37
41

43,,47

53,59
61

67,71
73,79

83

89

97,r01,103
107,109,113

727

131,137
139

149,. . . ,163
167,. . .,18i

i91
193,197,199

27L,,223
227,. . . .,241

25I
257,263,269

19

43

ot
163

222643
1333963
2404147

20950603

51599563
96295483

t46167723
1408126003
3341091163

52947440683
193310265163
229565977267
915809911867

I4328778t6347
30059924764123

312671.7247727227
8842819893041227

13688678408873323
22267805373620443

4908856524312968467
7961860547 428779787

1

1

1

1

70

t07
311

487

trbi)

857

2293
3523

13909

26773
293'o7

59801

70877
296175

3201195
5188215
65246ó3

803ã68ó
121139393

140879803

0.94222046
1.6297209
2.0873308
3.3197732
3.7289670
3.8123997
3.7793704
3.8410195
3.8514289
3.8528890
3.6832906
4.277L747
4.2878717
4.3245257
4.3024065
4.2679I70
4.1834705
4.4L63429
4.8379057
4.5685162
4.7414735
4.6907580
4.85763L2
4.7847955
5.2409110

4898690.

0.690719
0.816008
7.144902
0.833900
0.808827
0.789611
0.763442
0.751651
0.743018
0.704877
0.787974
0.77966r
0,757225
0.747531.
0.734101
0.708391
0.744205
0.7907 47
0.71.7582
0.7388 i2
0.728577
0.751730
0.714092
0.779847
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Table 6.14: ild - Least Solutions (Z(luIò - C /el loglog lulo)

p M- H(M") h(M" C(M") Z(M"I

5
7 ,77

i3
17

19,23
to

31,37,41
43

47,53,,59

61

67
77

73,79
83,89,97
101,103

107,109,113
r27
131

137,139
149,. . .,163

167

773
179,181
191,193
197,199

217
223

227,229,233
239,24r

251,257,263
269,. . .,283

5

53

293
437

9173
24653
74093

170957
214037

20049t7
44401013
77148t73

154554077
163520i 17
261153653

1728061733
9447241877

19553206613
49107823133

385995595277
13213747959653
14506773263237

57824199003317
160909740894437

370095509388197
i409029796180597
407 531625364937 3

18974003020179917
224117990614052477

637754768063384837
4472988326827347533

0.4812
1.9657
2.5708
2.8366
3.0422

12.4722
5.0562
7.2159

i6.9391
28.9536
48.2972

352.5078
140.5395
694.9131
152.t367
5t2.3272

4021.1400
1252.3775
6209.5055

i8804.6808
27068.0628

330785.2663
331149.0061
165998.4596
275610.2629
794079.6472

3130386.6897
529t574.7242
2737025.3979

10257518.4583
22908547.7970
14462868.4419

I
1

1

1

1

1

4
5

Ð

2

2

o

2
o

1

7

2

1

2

1

1

4
4
2

1

1

4

4

t2

1.7733051
r.383 i458
2.0427655
2.4386997
2.7933935

3.1227858
3.1631443
3.0809338
3.3299831
3.2704656
4.0077796
3.8743032
4.1026493
3.6684052
3.8307572
4.3158954
4.2447622
4.5541813
4.6250203
4.8420287
4.7144914
4.5147795
4.7257867
4.7059530
4.7279560
4.9779329
4.9274990
4.9577054
5.1711431
4.74t5726
4.77 53226
5.0085747

2.092183
0.563272
0.699503
0.788281
0.868910
0.793029
0.767562
0.715664
0.751166
0.732303
0.841225
0.758355
0.79572t
0.701320
0.731614
0.817468
0.779529
0.815848
0.820377
0.848648
0.806057
0.743744
0.777800
0.764536
0.761111
0.795616
0.778891
0.777703
0.801187
0.727922
0.722002
0.747919
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p Me R(M") h(M") Ç(111"1 z(M"
3

5

7,Lt
13

77

19,23
90

3i,37,41
43

53

59,61
of
7L

,7o

83

89,. . .,113
r27

131,137,139
t49

1ó1,157
163,167
173,t79

181

191,193

197

199,217,223
227
tto
233
239

24r,. . .,263

53
1.73

293
247 7

9173
61613
74093

770957
360293
679733

2004977
69009533

138473837
237536273
384479933
883597853

172808t733
9447247877

49 i07823133
1843103135837
4316096218013

1502187577rr17
82409880589277

326813126363093
390894884910197

1051212848890277
407 5376253649373

27 44572375582833t7
443001676907312837

599423482887195557
614530964726833997
6377ó4768063384837

u.4ó tz
1.9657
2.5708
2.8366
6.4723

12.4722
36.2337
7.2759

16.9391
68.2369
92.0434
48.2972

869.6964
1369.2976
1725.6409
2087.3575
30t8.2647
4021.7400
t252.3775

i8804.6808
119080.8535
792239.8325
344898.8085
804942.5146

1551603.4111
1650908.4884

547589.0434
6291574.7242

45653225.9568
6097479.6722

65388978.2285
64783176.9720
22908547.7970

I
1

1

1

1

1

1

5

3

1

1

3

1

1

1

1

1

1

1

1

1

I
1

1

1

5
1

1

o

i
I
3

1.7733051
1.3831458
2.0427655
2.4386997
3.1.173079

3.7227858
2.7929099
3.0809338
3.3299831
3.6032397
3.6713558
4.0077796
3.9166092
3.5227802
3.6624765
3.8534093
4.041i818
4.2447622
4.5541813
4.8420287
4.6828076
4.4390420
4,6165765
4.63363 i0
4.7874230
4.9214877
4.8659116
4.9577054
4.7755029
4.9843291
4.8658247
4.9730080
4.7753226

2.092183
0.563212
0.699503
0.788281
0.851276
0.793029
0.653242
0.7i5664
0.751166
0.793664
0.793592
0.84t225
0.760081
0.674707
0.694854
0.725036
0.750003
0.779529
0.815848
0.848648
0.786992
0.739455
0.759569
0.750373
0.765977
0.786230
0.770986
0.777r03
0.716970
0.755419
0.735985
0.752074
0.722002

Table 6.15: rVlo - Least Prime Solutions (Z(^,fò = C lel loglog lulr)
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Figure 6.1: No vs. Cf el loglog N,
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Figure 6.2: luI, vs. C fel loglog lulo
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6.5 Conclusion

Almost certainly none ofour D values computed he¡e violates the ERH, but at first glance

it appears that 1{, = 163 might, since its ,1.11 value is less than 1 and its C/ea log log lDl
value is greater than 1. Horvever, as pointed out in Shanks [Sha73], this is almost certairùy

not the case. The apparent discrepancy is most likely accounted for by the o(1) term

that is ignored in the Littlervood indices and C/ea loglog lDl.

Shanks' analysis of this is as follorvs. He fi.rst notes that littlewood,s lower bound on

L (I,y\ can be rvritten as

[{1 + o(1)}r(r)]-' < ¿ (r,x)

rvhere
/ 1 \m+1

Bl¿ ì = exn \- l-r/
' p?<' rnP^ '

and

(6.17)

c = (rog lÀl)2(1++.) (6.18)

for some e > 0. Littlervood's analysis in [Lit28] leading to (6.17) shorvs that the o (1) term

depends only on our choice of ¿. We define å(z) by rvriting

11ø¡ = (r - #à) Y,ow

As c'* 6,e, b(t)1!fix)logr) * 0, and the first approximation made in [Lit28] replaces

this quantity by 0. The second approximation sets e = 0 in (6.18) so (6.12) becomes

[tt*o{tlt]{rostoga]-'< ¿(1'x). (6.1e)

For A = - 163, if rve set e = 0 in (6.18) rve get

ø = (log 163)2 = 25.9463,

B(ø) = 3.7661,
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and

Yro*, = 3.4853'

Àlthough B(r)-t > I (1, ¡) for ¡ = -163, we do have

Bþ1>):rlsr,

Thus, the trvo leading terms in the approximations leading to Littlervood's bounds are

of the sign needed to convince us that -163 almost certainly does not violate the ERH,

even though they are not of sufficient magnitude for it to be completely exhonerated.

AIso, as mentioned in [LLS70], our values of D relate to an investigation of Ayoub,

Chowla, and Walum [ACW67] involving sums of quadratic characters. It is knorvn that

the class number å(-q) for primes C = 3 (mod 4) can be obtained from the sums

s,rnl=H,11) =-sh(-q)J] \c,/

and

r,(r)=Ir(Ð =-q2heù.

Since å(-q) is always positive, 5r(q) and .92(q) must therefore be negative. Horvever, in

[AC\,V67] it is proven that
d-l / \

.ç.r,1 = i,313ì
= 

\c/
is positive for infinitely many primes q. In fact, we also have

s"G¡ = 
q"/4 [årrt' v) - tr(1. : ]1r l2¡z- '-'''' -'-'{)l

rvhere

¿(3,x)= II"æåã
P=¿ |

Norv

L(B,x)>gå=f
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so, as pointed out in [LLS70], to obtain a positive value of 53(q) it rvould suffice if

¿ (1, x' 3 ((6) ((6)
t < 

2"" C(Ð 
= tdtm = 0 12863 (6 20)

Our D values are selected such that their I (1, X) functions are unusually small, but our

smallest value of

L(1,Ð = 01544s8922...

for the prime 
, = -1920151J 0s7g4421,gag7

(h = 278285743, C(D) = 5.3209478) still does not satisfy (6.20). However, ir suggests

that the chance of actually finding a value of q such that 5.(C) > 0 may not be too

remote.
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Conclusion

An interesting aspect regarding the computation of class numbers in quadratic flelds

is that there is no unconditional algorithm knorvn that has complexity better than

O (nttz+'¡. The most direct approach is to simply count every ideal equivalence class

in the field. In imaginary quadratic fields this essentiall.y means counting the number

of reduced ideals and leads to an algorìthm with complexity o (lDl/,) (see [coh93]).
In real quadratic flelds this means counting the number of ideal class cycles. It is not

immediately obvious, but this method can be organized into an algorithm rvith complex-

nv O (Orlz+') (cf. [lvf!V92]). In borh cases the value of å is certainly unconditionally

correct.

The finite sums (2.10) and (2.11) given in Section 2.6 can be given using half the

summands for imaginary quadratic fields by

,=-:@=i:(Ð
and for real quadratic fields by

140
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These sums also give us an unconditionally correct value ofå, but they require O (lDli+.)

operations and are therefore impractical for large values of D. Horvever, if rve make use

of the functional equation defining Z (1,¡) rve can derive for imaginary quadratic frelds

^=Ð(Ð(.".("
and for real qordrrti. fi.Id.

+@"*p(#))

^ 
= *p(*) (f*. ("'lå) . " (*)),

errc(c) = ft l* "', ç-r')0,

where

and

Er (¿) = [* exP(-t) 
or.J" t

It can be shorvn that if rve sum O QDf/") terms, then the closest integer to the value of

these sums is equal to å. The functions erfc (r) and E1 (c) can be computed rapidly enough

so that the overall complexity of the algorithms using these formulae t O (lAl1lr+.) , t"t
the constant implicit in the o-notation is too large to make this method practical for large

radicands.

The best conditional aJgorithms currently known for computing class numbers have

subexponential complexity O (21¡l¡;"+"ltl¡ rvhere -ú(.D) = exp (logDiõfiogD). For

imaginary quadratic fields c = t/Í and. lot real quadratic fields c : 1.44. The algorithm

in the imaginary case is due to Hafner and lvlcCurley [HNf8g] and has been implemented

by Stephan Düllmann [Dü191] with great success. This algorithm has been generalized

to arbitrary number fields by Buchmann [Buc8g] and dealt rvith extensively in the real

quadratic case by Abel [Abe9a]. Cohen, Diaz y Diaz, and Olivier [CDyDOO3, CDyDOga]

have implemented this algorithm, as rvell as that for imaginary quadratic fields.

The basic ideas behind these subexponential algorithms are fairly straightforrvard.

For an imaginary quadratic field ¡( of discriminant A, Bach [Bacg0], under the ERH, has
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has shown that the class group can be generated by all prime ìdeals of norm less than

6log2 lAl. If we denote by P the set of a.11 such prime ideals p; in K and ssl 2 = lpl, then

the map

ó:Zn "'+ Cl

(rt,...,r^) '- f[tit
r'=1

is a surjective group homomorphism. The kernel r\. of { is a sublattice of 2", and hence

z,"lL- c¿.

Also, if by det(Ä) we denote the determinant of any integral basis of Â, then

ldet(Å)l = ¿.

To compute å, we generate many random relations of the form

frpi'- trl,

rvhere a¡ e Z.We then compute a basis for the lattice generated by these relations by

computing the Hermite normal form of the matrix Z of their exponents. We use the

anaJytic class number formula to check rvhether ñ = det.[ is within a factor of 2 of the

actual value of å. If so, then this basis generates Ä and à = à. Otherrvise, rve add more

relations until we obtain a full basis of À. Once we have computed å, rve determine the

structure of Cl as a direct sum of cyclic subgroups

Ct = Øz,ldiz,,

rvhere the dt are the diagonal elements greater than l found in the Smith normal form

of 1,. lVith ext¡a complications, this method can be extended to real quadratic fields,

yielding an algorithm which simultaneously computes å and -8.

Unlike ihe algorithms rve use in this thesis, the subexponential algorithms are not

deterministic, Also, the value of .R which rve compute is unconditionally correct, rvhereas

1-42
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the correctness of R, h, and the complexity result are all conditional on the truth of

the ERH in the subexponential algorithms. Horvever, the subexponential algorithms are

certainly faster for very large values of D. The values of D for which we computed .R and à

were suficiently sma1l that very little would have been gained by using the subexponential

algorithms, although it is not clear exactly rvhere the trade-of point is.

Another advantage of the subexponential algorithms is that they compute the struc-

ture of the class group as a direct product of cyclic subgroups for iittle additional cost.

The algorithms p¡esented here can be extended to compute the structure of the class

group as well, but the complexity of the resuJting algorithm decreases to O (11la+.) , We

did not implement an algorithm to do this, since the conjectures we rvished to test did

not require knorvledge of the structure of the class group, only the class number.

Buchmann and Williams [BW89c] have shorvn that a short proof of the value of À and

å in real quadratic fie1ds exists, i.e., the computation of -E and å is in ,Â/P. Also, using

so-cal.led short representations for quâdrâtic integers, Buchmann, Thiel, and Williams

[BTW95] have shown that norms, signs, products, and inverses of numbers in (?¡ and of

principal ideals can be computed in polynomial time and that principal ideal testing is

in,Â/2. These short representations are necessary since, for example, fundamental units

require at least ,.Ã/(9rI log À) bits for a standard representation, and since we have

shown that å is probably often sma,ll it is therefore impossible to give e¡ in standard

representation for the majority of real quadratic fields.

Finally, we rvish to emphasize that none of the conjectures we have tested has been

proved. In fact, the correctness of the algorithms we used to test them is itself conditional

on an unproved h¡rpothesis. Horvever, during the course of our experiments rve have found

nothing to suggest that any of these conjectures is false, and hopefully formal proofs of

them rvill one day appear.
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