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ÄBSTRÀCT

The main objective of this dissertation is to study

whether the constitutive moders proposed by Man, namery (r)
"the modified second-order fluid" and (rr) "the power-law

f l-uid of grade 2" , are applicab]-e for describing the

creeping f l-ow of porycrystal-l-ine ice. Both models (r ) and

(II) are the speciaÌ instances of Rivlin-Erj-cksen fluids of
complexity 2 | and both of them can be regarded as simpJ-e

general-ization of GÌen's f row l-aw. sÍnce t.he models are

meant only for the sl-ow creeping fl-ow of ice, they are

supposed to have constitutive domains for which the first
Rivrin-Ericksen tensor Àr and its material- derivat.ive are

restricted to some neighourhoods of 0 in Sym.r, the space of
slrmmetric tensors with zero trace.

To see whether the two moders can represent empiricar
data, they are employed to fit the experimental data of
pressuremeter and triaxiar creep tests provided by

Kjartanson and Jones/ respectivery. The nonfinear second-

order ordinary differential equations which govern the

creeping fl-ows of specimens in pressuremeter and triaxial_
tests are derived for both modefs ( r ) and ( rr ) . These creep

equatÍons contain unknown material parameters which pertain
to the specimens. By drawing on what is known about. Gl-en,s

flow law and after a sensitivity anarysis, a fitting
procedure is worked out to estimate the values of the
materiar parameters from the availabJ_e data for the
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pressuremeter and the triaxial tests, respectively. The

procedure incl-udes an iterative least-squares fitting scheme

using' t.he Levenberg-Marquardt algorithm; at each iteration
the creep eguation in question is solved numerically by

using the fifth-order Runge-Kutter-Nyström method. While

both models give good fits to the data of Kjartanson and

Jones, models (II) is found to give consistently better fj-ts
to the pressuremeter data.

Constitutive restrictions imposed by thermodynarnics (

i.e., the Cl-ausius-Duhem inequality) are derived for both

models (I) and (II) under the assumptions that the free

energy assr-Lmes a minimum value at the rest state and j_s a

convex function of Ar in a neighbourhood of 0 in Sym.r. The

restrictions on the meterial- coefficients are consistent

with the numerical- values obtained by fitting data of t.he

pressuremeter and the triaxial creep tests. some stability
problems related to cannister flows and triaxial- homogeneous

motions are discussed, both for models which obey the

thermodynamic restrictions and for model-s which vio]at.e

them.

Some possibJ-e applications of the model-s are al-so

discussed. Among them are: (i) flows of glaciers, (ii) heat

and mass transfer in a pipe, ( iii ) a preJ-iminary

investigation on devising a short-term in-situ pressuremeter

test which wi Ì1 del-iver the material_ parameters of

pol-ycrystalline ice in models (I) and (II).
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CIIAPTER 1 Introduction

Section 1.1 J\ brief review of some constitutive relations
for creep of poJ-ycrystal-line ice

fce, as a natural_ substance, is widely distributed over

cold regions of the world. In particular, it is significant

to reveal the mechanicaf properties of ice for est.ablishment

of foundation of structures, development of natural

resources at cold regions r prediction of motion of glaciers

and icebergs, and treatment of ice sheets on the sea and

lakes . It is recog-nized f rom observation (MicheI , l-97 B;

Hutter, 1983 ) that any ice body is composed of ice crystals

which appear in the form of hexagonal- structures and have

anisotropic mechanical properties. But when an ice body

contains a g.reat deal of randomJ_y oriented ice crystals r w€

coul-d approximately regard it as a material which has

isotropic mechanicar properties. such an ice body is usualry

cali-ed polycrystal-1ine. fn this dissertationr htrê shall be

mainJ-y concerned with the creep behaviour of homogeneous

bodies of polycrystalline ice for the reason that many ice

problems invo-l-ve phenomenon of creep (for instance, flow of

glaciers and settlement of foundations ) .

An often used simple equation that describes

polycrystalline ice in uniaxial creep is
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bon

('', /s )n,

7/2

(1.1.1)

(1.1.2)

(1.1.3)

(cf . Gl-en, 1952t 1955); here e is the uniaxial engineering

sLrain , lf is the uniaxial stress, b and n are material-

coef f icients . Equation (1 . 1 . 1) is usual-Iy called Gl-en's f row

law. Nye (7952t 195'7) generalized Glen.s flow law to a ful-l
constitutive equation. Nye's generalization is usualJ-y

call-ed "the generalized f l-ow l_a'¡¡" (paterson, 1981, p. 30 ) ;

it in ef fect modefs ice as an incompressible pov¡er-raw fl-uid
( Bird and others I 1977 t p. 208 ) . But since the thirties ,

(1.1 .1) and the po\^rer-Iaw f luid model have been used in
metal-Iurgy to describe metals at high temperatures (Nort.on,

1929; Odqvist, 1966). fn the current literature, G]en,s flow
law is often expressed in the form

t)

where

r/2(trD? /3 ) , ,r' :iii: Itr(T,), /3]

are the octahedral strain rate and shear stress,
respectivery; D is the stretching tensor, T' is the deviator
of the cauchy stress tensor T (Hooke/ 1981). rt is wer]

known from tests in .l-aboratory and measurements in glacier
that Glen's f l-ow law and its generarization by Nye are

adequate for describing the secondary (i.e. steady) creep of
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polycrystal_line ice (Hooke, 1981; Mellor & Cole, 1983;

Ashby, 1985). For instance, it will- be shown in sec. 6.1

that the velocity profile in shearing ffows predicted by the
pov¡er-faw fluid model- is corroborated by measurements in
glaciers. But this model- cannot describe the primary creep

of ice. Besides, it fails to show any normar stress effect
in shear flows. After noticing the preceding defects of
G-l-en's f l-ow law, McTigue and ot.hers (1985) suggested to use

the second-order f l-uid model- as a constitutive relation for
the creep of polycrystalline ice. However, the second-order

f ruid model has its owrì two shortcomings. namely, inabiJ-ity
to describe adequatery the secondary creep of ice and to
show the appropriate veÌocity profite in the shearing fl_ow

of graciers. For details, see secs.5.3 and 6.1 berow, and

Man & Sun (1986). rt is interesting to notice that the
merits of Gren's fl-ow }aw may just be used to remedy the
defects of the second order fluid modeÌ, and vice versa.

rn the l-iterature there are also many other
constitutive relat.ions proposed for creep of polycrystal-l_ine

ice, which mostly are empiricar or semi-empirical, ( cf .

szyzekewski & Gfockner¡ 1985; spring & Morland, l9B3;

Hutter I 19B3 ) . rn what foffows, however/ !üe shall
concentrate on two special Rivlin-Ericksen fluid modefs to
be introduced in the next section.
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section L.2 Two special Rivlin-Erj-cksen f ruid models

Man

relations

(1984) has proposed t.he foì-Iowing

for the creep of polycrystal_line

two constitutive

ice:

(r) T+pI Jr]l.Àr + fi¡]¿- + rx1¡{,

(rr) T + pI = .ll. (/rÀr + (X r.A* + rxl À1 ) ,

where trÀl 0,

(1.2.1)

(r .2 .2)

(1.2.3)

ï: (trAT /2)^/2.

ot"a (1: ) / dl:t, .,,.-a, i=r ,2 ,

(7.2.4)

Here ( 1.2.3 ) indicates the incompressibitity of ice; T is
the cauchy stress tensor; -pr is the indeterminate spherical

stress due to incompressibitity , ).t , (X I r ürì and m are

material parameters which in generaÌ depend on the material
point and the temperaturei Al and }r.l are i-he first and

second Rivlin-Ericksen tensors defined through the rate of

the relative right cauchy-Green tensor ca(r:') ('rruesderl and

NoIl, 1965):

À (1.2.s)I

rt is more convenient to cal-cuJate these kinematic tensors

by the reçur:sion formulae



X

Àl : L + LT,

-4. - +]\. -L+l,TA. -.r_--L r-l r-_l',

v¡here

both

f luid

A.
I

L=Vvisthe

(1.2.1) and

model-:

speciaJ-

(I .2 .2)

veJ-ocity gradient.

are reduced to the

(r.2.6)

!ùhen m 0,

second-order

T+ pI : J.rAl + (XrÀ.r + fi,i:AT (r.2.7 )

When

law

t,( I

f luid

rxl' : 0, both (1 .2.I) and (L2.2) become the pov¡er*

model-:

T+PI /.r.ll,Àl . (1.2.8)

Moreover, it can be shown

( 1.2. B ) is consistent with

from ( 1.1

(1.L.2), i
2) and

e. Glen's

( 1.1.3 ) that

fl-ow Ìaw, if

m/¿
B 2(6) r/(L + rn). (r.2.e)¡.t n

Hence moders (r) and (rr) can be taken as modifications of

Gl-en's f low l-aw and the second-order f luid mode].

The well-*known Rivl-in-Ericksen constitutive relation
may be considered as the theoretical background of model-s

( I ) and ( II ) . A fluid of the difforential type and
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compl-exity n is defined by the constitutive rel-at.ion:

T T(Ar , À¿l , Àrr)t (1.2.10)

where T is an

usi-ng

the principle

theory, RivJ.in

representation

isotopic function of A. , i=1 , 2,

of material frame-indifference

and Ericksen ( 1955 ) have derived

of (1.2.10):

, n. By

and matrix

T

än explicit

tlr lI + cþ:ilAr + rþ:+À,r +,h.tel +,1, l:,À1ì ,1,+ (Al À,r Àr,lÀr ) ++ I

,þz (et¿,r + ¡*:eî ) + ,1,,+ (¡iìe, + e,a-{i ) + ilreltr + tl' r,i (,4'r Al + Ai+Àúl ) /

(1.2.11)

where (r l to 4r l.i are f unctions of the invariants of Al ,

À"tl ,..., An. ft is easy to see that model_s (I) and (II) are

special instances of incompressibl-e Rivlin-Ericksen fluids
of compì-exity 2.

rn principle, the Rivrin-Ericksen model- ( 1.2.10 ) might

be used to describe any motion of the fluids, since there is
no restriction on the magnitudes of Al , k:, , . . . , Àn. On the
other hand, modeJ-s (r) and (rr) may possibly be suitable
on]-y for the description of sl-ow motions of f ruids because

they courd be regarded as approximations of ( 1.2.11 ) by

omitting higher order terms which are smal-l in slow motions.

Nevertheless / considering the fact that the Newtonian fl_uid
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mode-l- which is al-so a specification of (1.2.11) can be used

to describe fast motions of some fluids / one may apply

moders (r) and (rr) as exacL model-s for any motion of some

f l-uids. For simpricity, v¡e shall- cal-l- the cl-asses of f Iuids
characterized by models (I) and (II) as fluids (I) and (II).

In chapter 2, we shai-I deal with the dynamic and

thermodynamic constitutive restrictions on model-s ( r ) and

(rr), basing on the requirements that the boundedness of

stresses / smoothness of verocity and compatibility with
thermodynamics, in the case of srow motion. we shal-l- show

that cannister fl-ows of fl_uids (I) and (II) are

asymptot.icalJ-y stable when (r) and (rr) are compatibÌe wit.h

thermodynamic restricLions and if Àl remains in a

neighbourhood of 0. But r find that cannister flows and

triaxiar homogeneous motion of fluids (r) and (Tr) are not

as)rmptoticarJ-y stable if ü¡ ç 0r i.e., if fil assumes a sign

that. viol-ates thermodynamics .

In chapters 3 to 5t we shall use fluids (I) and (II) to
fit the creep data of polycrystarfine ice measured from

pressuremeter and triaxial t-ests. rt wiIl be seen that the

fits are very satisfactory for both the primary and

secondary creep of the two kinds of tests. rn particular,
the positive value of the materiaJ- parameter (x r ¡ obtained

from t.he fits, gives a strong and important support to the

conclusion of thermodynamic restrictions on the two models.

Thus polycrystarline ice may be considered as the first
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materiar which is in the class of Rivlin-Ericksen fluid
model with positive fir
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CIIAPTER 2 constitutive restrictions on the two moders

Section 2.I Introduction

controversy about the characteristics of the second.-

order (or second grade) fruid model, especial-ry about the
sign of txr has fasted about 20 years. coreman & MarkovlLz

(1964) asserted that the sign of ü: shoul_d be negative
according to experiments on polymers if they \^/ere assumed. to
be second-order fluids. Truesdel-l ( 1965 ) supported a

negative rx l i he drew on arguments which regarded second*

order fl-uids as ffuids of convected elasticity. But Co]eman,

Duf f in & Mizel (1965) and col-eman & Mizer (L966 ) showed the
unboundedness of nontriviaÌ solution in shearing flows of
second order fluids with ßl < 0. Several_ years âgo, Joseph

(1981) concl-uded by using Lyapounov theory about stabiJ_ity
that the rest state of an n-th grade (n > 1 ) fluid is
unstabfe if the ratio of the coefficients of the n-lth and

the n-th Rivlin-Ericksen kinematic tensors ( 1.2.5 ) is
negative (in particular, for n = 2t ).). iìt 0 amd fir < 0). When

appl-ying thermodynamics to finding the constitutive
restrictions on the second and third grade fluids, Dunn &

Fosdick (L97 4) , and Fosdick & Rajagopal ( 19s0 ) concruded

that fi r must be non-negative if those fluids aïe compatible

with thermodynamis. Besides, Dunn & Fosdick (rg7 4 ) showed

that the cauchy stress of fl-uids with convected eJ-sticity



13

must onÌy be sphericar and hence there is no basis for
Truesdell's resul-ts for second order f l_uids with fir < 0.

Dunn & Fosdiclc (r91 4 ) also denied the possibirity that the
poJ-ymers studied by coleman & Markovitz (1,964) and others
belong to the class of second order f l_uids.

rn this chapter we shalr show in sec. 2.2 that the
exponent m of fluids (r) and (rr) must obey m > -1 to
satisfy the reguirement of smoothnesss of stress, through an

exampJ-e of shearing fl-ow between two fj_xed infinite parallel
pranes. we shall arso prove that an unique weak solution
exists for the problem of steady shearing fl-ow between two

fixed infinite paralleJ_ planes.

f n sec . 2 .3 , v¡e shari- investigate the thermodynamic

restrictions on fluids ( r ) and ( rr ) for slow motion of the
fl-uids. with an attitude different from Dunn & Fosdick

(797 4 ) and Fosdick & Ra jagopar (1980 ) / we shall not al-l_ow

the kinematic tensors in the response functions to assume

arbitrary values because we require the model_s to be valid
onry for srow motion of the fluids. our anarysis wilr a.l_so

be based on the clausius-Duhem inequality and on the
assumption that the Helmholtz free energy be convex with
respect to Àr in a neighbourhood of A¡ = 0 and be a minimum

at the rest state. rt wil-l- be f ound that a necessary

condition f or compatibitity with thermodynamics is fi r iir: 0 .

rn sec. 2.4 we shall show that for cannister frows of
fluids which satisfy the thermodynamic restrictions,
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stabitity of the rest state implies its asymptotic

stability. rn sec. 2,5 !üe shalr study some consequences that
the inequality H ¡ a 0 woul-d entail in cannister flows and

triaxial homogeneous motions of fluids which vio]ate the

thermodynamic restriction ür iiÌ 0.
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Section 2.2 Effect of the exponent m on the regularity

of solution of steady isothermal

channel-ffow

fn this sectionr âr existence and unigueness theorem

f or steady isothermal- channel--f Ìow of f l-uids (I ) and (II )

wil-l be proved. Moreover, it will be shown that smoothness

of the sol-ution depends on the val-ue of the exponent m.

Consider an (possibJ_y unsteady ) isothermal_ shearing

fl-ow between two fixed, infinite and paralle] pranes which

are at a distance 2h form each other. choose a cartesian
coordinate system (x, y, z) such that the two infinite
planes are a1- x -h and x = h, respectiveJ-y. Consider fl_ows

in which the vel-ocity has the form:

V (0, v(x, t), 0) (2 .2 .7)

the f ]ow the

channel-, i.ê.,

In what f olJ-ows,

fluid in question

v(::l::h, ¡¡ 0.

Let. êt , er:

chosen Cartesian

it is assumed

adheres to the

t.hat during

wal-Is of the

and e) be the

coordinate system/

unit base vectors of the

and let

l/. ii,;i i)v/1)x (2 .2 .2)

be the shear rate. rt can be easiry shown thal in a channel-
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f low,

L l{'91 8g¡,

Ar It, (er Be:i: e'i: Hel ) ,

Ki = 0tl:/1)t,

ll( Im¡

+

.A,r:

À It, t (er Her etHer ),

2l{, I el Sel + li, (er Hei: e*: 8e¡ ) ,+ (2 .2 .3)

(2.2.4)

+ en6er )

t,
I +

ït:

where Il( | is the absolute val_ue of t{- and. (.¡i, denotes the

tensor product of vectors. rt is obvious from (2.2.3) that
the condition of incompressibj-lity trÀr = 0 is automatically
satisfied in the shear frows. By subsitituting (2.2.2) and

(2.2.3) into (1.2.1) and (r.2.2)t rhe stress t.ensor may be

specified as:

(I) T

(rr ) r

-pI + (1.1 ll(i tlii * fi1tr,¡)(erHer: + et Her 
)

+ (2{Xr + {X11 )l(2etËel * fi1Fi :¿e:i: Hef: ,

-pI + (/i I ri lmt(

+ lKlmr()u.t +
L \*

+ ur (1t,, lmr,l ¡a / 1t+m) )(erHer:

H11 )l(i 
* el Hel + ß1 lt, t er fl' e¡ 1 ,

where the subscript t denotes partiar derivatj_ve w.r.t. the



time t

Then

such

suppose at the instant t the vel-ocity field satisfies ¡

stress

it wifl-

1,7

(2.2.5)

T+pr wil-]

be assumed

v(', t) oji Ct ([-h, h] ); 0v(., r)/Ðx rïi C,,((-h, h)).

by RoJ-l-e's theorem there exists a point f, in (-h, h)

that

l{i ({, t) 0

À glance at (2.2.4)

be undefined at t

that m > -1.

reveal-s that the extra

Let us now restrict our attention to steady isot.hemal_

f l-ows for which the body force is nulr. By substit.uting
(2-2.4) into the balance equation of Ìinear momemtumr we

obt.ain the following equations of motion:

if ¡n :tíi _1 . Hencef orth,

(I) -Ðp/0x + (2txt + ür: )0tt;¡/0x = 0,

-i)p/0y + /i0 ( Ir,, lmt,, ) /i)x = 0,

-ðP/ðz = 0;

(II) -i)p/0x + (2rxt + tx1l )01lrr'2+m)/0x

-hp/i)y + JIð 1 t t,; lmr,, )/0 x

(2.2.6)

ti

0-ðp/il2

0,

(2.2.7 )



It can be

f or f l-uids (I )

1B

easily deduced from (2.2.6) and (2.2"7) thar
and (II),

0p/0y

where C rlí; 0 and /r ììÌ 0. Let us proceed to prove

and uniqueness theorem for (2.2.9).

Define J i:;:; (_h, h). Let Lt(I) denote

sqìrare (Lebesgue) integrable functions defined
vH"(r) (: Lt (r) be the sobolev space of functions

derivatives are also in L* ( I ) . Hk( f ) is a

under the innner product

C (2.2.8)

the

It

for

the

where c is a constant measuring the pressure gradient in

direction of flow. Without l-oss of generality, l-et C :1í; 0

fol-l-ows from (2.2.6)*: and (2.2.7)r,, respectively, that

f luids (I) and (II) the velocity f iel-d v should satisfy

fol-Iowing boundary val-ue probJ_em:

dI ldv/dxl mdv/dx] /dx r / t.i.

v (::Lþ I 0
(2.2.e)

an existence

the space of

on I. Let

whose k weak

Hil-bert space

hk
(p ¡ 9¡> iii:i I 11.::

-h i=0
u(i)*(i)¡dx,

u(i)where and vr( i ) denote the i-th weak derivative of u and



vr, respectivel-y. Since the el_ements of

absol-utl-y continuous, the subspace
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1
H ( I ) are in fact

H+
1

is well defined.

problem (2.2.9 ) ,

sati s fies

h

-h

(I) I u(::lh) 0){utr,H

By a weak sol-ution of the boundary value

I mean a f unction in Ht (I )r'rUl, 11¡ which

I I dvldx t 
mldv/dx 

) ( dil /dx )dx
h

-C,l údx/l.i for all- dr

-h

b)

t.'. H,ì; 1r ¡ .

(2.2.L0)

The preceding equation makes sense because dv/dx is
absolutely continuous on [-h, h] and dtþ/dx is in Lr (I).

rn the proof of existence and uniqueness of weak

solution v f or (2 .2 ,9 ) , the f ollowing simpJ-e mathematical-

l-emma will- be appÌied.

LEMMÄ 2.2.I For any real numbers a and b, and for any m >

1

(lalma lbtmb)(a 0iìl:

bEquality hol-ds if and only if a =

Proof: This lemma foflows easily from the inequality

(I lrlmr)(1 r) iìr 0 for lrl :1i; 1
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THEOREM 2.2.2 Let m > -1. There is a unique weak solut.ion

of (2.2.9) , which satisf ies (2.2.L0) .

Proof : Àt f irst construct a sol-ution of (2.2.10 ) . consider

the boundary-vaÌue problem

m+1d(w') /dx C/)1, \n/'(0)

fol-l-ows: v(x)=w(x), if 0 ::íi x:líi h; v(x)

Its solution is

w(x ) fl*i f -c/)1, 1/ (m+1 )¡{m+z ) / (m+1 ),,

where 0 :lii x :lii h. Now, def ine a f unction

w(h) 0

(x/h) (**2) / (n+r) 
, ,

(2.2.rr)

v on [-h, h] as

= \d(-x), if -h :1í ¡ :líi

0. Explicitly,

v(x) = ä+1 (-c/tt, 1/ (m+1 )n (m+2 )/ (m+1¡ ,t (lxrlh) (m+2 )/ (m+r ¡

(2 .2 . 12)

The function v is even, and its derivative is

v'(x) - (-c/tt, 1/ (m+1 ) t *| -ml (*+1 )x. (2.2.13)

It is clear

(2.2.9) and

Suppose

that
t) )

both v and v' are in L2 (I) and v satisfies
.10).

and vr are two solutions of (2.2.10). ThenV¡



h

-h

Let 4r V¡

h

J (lví lmví -r lv' lmví )'l"dx 0, f or all rl, in H,l 1r ¡ . (2.2.I4)

2L

(2.2.15),l

vl: It foll-ows from (2,2.14) that

(lvílmví I vi lmv{ ) (vi v{ )dx 0
j.

-ll

Lemma 2 .2 .I implies that v' I = v'r: almost everywhere on [ -h,
hl. It folÌows from the boundary conditions and continuity

of the function that vr = vr: .

Remark: It is cl-ear f rom (2.2.I2) and (2.2.I3) that the

solution v is of class Ct(I) for any m > -1. For 0 iìt m t -lr
v is of class Cn, where n is the largest integer such that n

:1í 1/(m+1). Thence v is at least of class Ct if o iil m > -L.
For m ;' 0, however, v wiJ-I not be of class Cl because v" "¡

+(x) as x 'iu 0 . In other words f or m > 0, the boundary-val-ue

problem (2 .2 .9 ) does not admit a cl-assical sol_ution (by

which I mean a solution of cl-ass Cr ) .



Section 2.3 Thermodynamic restrictions

Before the detailed discussion,

notions and preliminaries which wilf

remaining sections of this chapter.

R: t.he set of all- real numbers;

V: the translation space of the t.hree

22

us introduce some

used throughout the

let

be

dimensionaJ- Euci-idean

space;

Lin: the set of al-Ì l-inear transformations from V to V;

Sym i,r;r { f r'l Lin I fT = T )¡
Lin,:, iiiii { r r.r: Lin I trT = 0 };
Sym.i iijjj Sym t't Lin,l ;

rn
À.8 iiiii tr(AB*), A, B (r: Lin;

l¿¡t iii;i A.À, O ri: Lin;

B: a continuous body;

0.,i: the reference configuration of B;

(l: the current configuration of B at time t;
X: the position of a general material point i¡ fl,¡;

x: the position of X in O at time t.
The balance l-aw of linear momemtum, the balance law of

energy and the clausius-Duhem inequality are given in the
globaJ- f orm as f oll-ows:

t'd(f'.lrvdv)/dt
00 Tnda + ,lo r bdv/



d[,]',,1)(e + tvtì/2)dvl/dt J'¿o (Tn'v q.n )da ,f',,P (b'v ++

(2.3.1)
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)/ )dv,

AS

d(f'nfl1tdv)/dt ,)' ,f',, 1ql$ ).nda J'.f' (¡zlti:r )dv;+

here dv and da are the vorume and surface measure/

respectiveJ-y; n is the outward unit normar fiel-d on 0o; ,l)

is the mass density; v riiii 0xl0t is the velocity f ield
associated with the motion x = x(X,t); a superposed dot '. ',

denotes the material- time derivative; Àl is the first
Riv1in-Ericksen tensor (cf.(f.2.5)); fi is the absol_ute

temperature; T is the Cauchy stress tensor, g is the heat

f Ìux vector, and e/ 1l , ^t/ and b are the internal energy,

entropy, radiant heating and body force per unit. mass/

respectively. when all the fierds in question are

suf ficientJ-y smooth | (2,3.L) can be recasted in locar form:

divT + l)b f,i,

l'e T.At /2 divq + t"t1/ ,

l'(e {:ì 1'l ) ::íi T, At / 2 (q'grad(xt ) /tt) . (2 .3 .2)

Henceforth ( 2.3.1 ) and (2.3.2) wilÌ be regarded

equivaJ-ent.

The Hel-mhoÌtz free energ'y is defined as

\ll =e _ t.r1t (2.3.3)



in terms of which (2,3.2)t may be represented AS
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(2.3.s)

of modefs

shaIl use

I 1't' Tì{t 
)+ T.At/2 + (q.gradqt)/{.ir :lí; 0 (2.3.4)

which is usual-J-y calJ-ed the dissipation inequality.
An eight tupJ_e of functions (x, rþ/ fl , r'l ¡ T, g, b, j,)

defined on l),,;, ::',: Itl , .L.r: ] is said to be a thermodynamic

process if it satisfies (2.3.1) or (2.3.2)¡ tr _ t¿ is
cal-fed the duration of the process.

For the cl-ass of fl-uids (I) and (Ir) (cf .(L2.I) and

(L.2.2)), the response functions of the free energy and heat

flux can be general_Iy assumed in the form

(I, II) q/

(r, rr )

\l/(ri) / g, Àl , À' ),

q 9((r, 9, At, A, ),

where g 'i:ii grad(:, . Of course. the response f unctions
(T) and (II) are usual_J_y different. Henceforthr wê

the f ollowing assumptì-ons:

Assumption 2.I The constitutive relations of (I)
are defined f<¡r

and (II)

Al r:l ¡ll(0), Ar t* Nr: (0), (2.3.6)

where Nr (0 ) , Nr: (0 ) t,,, Sym,r are smaf 1 neighbourhoods of the
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point 0 {r Sym,:' ;

Assumption 2.2 fn motion of fluids of (I) and (II),

(.) Ë R, n r:i Vt À¿: ü S)^ (2.3.7)

(2.3.8)

may be arbitrary;

Assumption 2.3 The f¡ee energy has the property

(I, II) \l/((:)/ g, Àr, À.ll ) -,1,(ü, g, 0,0) iil: 0,

f or any tt ¡' 0,

Assum. 2.I

motion. Assum.

functions of

çI

2

ü V, Är oi' Nr (0) and ]L1: oä N,, (0).

is suggested to meet the reguirement of sfow

.2 is based on the fact. that the response

stress / f ree energy and heat f l_ux are

g and Ar in

independent f rom the quantit.ies in (2.3.7 ) . Assum . 2.3 says

that the free energy is a minimum at the rest st.ate.

Now, it turns out from (2.3.4) and (2.3.5) that

T'At /2 + q'g/r!r ::í; 0

(2.3.e)

We conclude from Assum. 2.2 and linearity of 0,

(2.3.9 ) that (2.3.9 ) can be vaÌid onJ_y if

(I, II) tl/r.,r + 1l = 0, ,,,n = t, tl,Àú, = 0

or



(r, rr) r'ì - \l/ \l/ = \l/ (úil , Ar ) (2.3.10)

(2.3.11)

we shall suppress

v¡hat f ol-J-ows. Then

(2.3.13)

(..iì /

To find the thermodynamic restrj-ction on the material
parameter ür of f luids (r) and (rr), v¡e shal-I concentrate on

the unsteady shear fl-ows (2.2.r) with uniform temperature,

i.e., g = 0. In that case,

(I, II) \l/((';r, Àr)-ü(O, l,i ),

where l(i is the

the superposed

it fol-l-ows from

rate. For convenience,

and argument (þ in
that

shear

bar rr

(2.3. 10 )

Al Är (2 .3 . 12)

from which and (2.2.3), the dissipation inequarity (2.3,9)
may be written as:

(r) fl rlr ü I l¿, l<.
2+m

++=q, Ci
(tii

\l/ \l/ \l/ ö
11

\l/ ,i'K,

l{,
F,

lr,

/r I tr, I :1í; 0,

(II ) Ê rt,
t(

tx r ltq lm¡,;ti - lr It(, I 2+m :lí; o

It is obvious from

is simplified to

( 2.3.11 ) that in the given case , (2.3.8 )

f or I/, tï Nr (0 ) (2.3.1,4 )'l/ (l( ) 't,(0) iit 0,



v/here N(0) (r:

Suppose the

namely,

R is a smal-I

free energy
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neighbourhood of the point 0 qr, R.

is a convex f unction of l¡, on Nr (0 ) ,

(I, II) (0\l//0ri )t( iìr rt, 1r¡ ''1,(0)/ for ii, (Ti Nr(0). (2.3.15)

Then it is cl-ear f rom (2.3.L4) and (2.3.15 ) that f or r(, q:

N(0)

(r)

(II )

When the

pressure

which

çÐttt /0 r(, )r', /ri t ;Ì: 0 ,

(2.3.16 )
2+m(flttt /0 r', )r( / I t¿i I form>iìl: 0, t_

initial

gradient

velocity in unsteady shear flows and

are arbitrary, one may find a state in

(2.3.17)

velocity is assumed to be continuous.where, of course, the

Now, \^ze take the

obtain

t/i = 0, but Dt(. /Dt- .t 0 ,

(r)

limit as l( 'i¡ o+

tX¡ )lil :1í' 0,

in ( 2.3.13 ) so thaL we

llT*l' ('t',, /t':
li,"j U



(II )

Since the sign of l( çr Nr: (0 ) is arbitrary (i .e. , t,i may be

positive or neg'ative)¿ (2.3.8) hol-ds if and only if

(r) fi¡ = l-im
l( ":¡ 0

,lÌä.t 
('t't:/ l'l I 1+m - rx1 )ri 0

form>-

2B

(2.3.18 )

(2.3.le )

(2.3.20)

tn

(2 .3 .2L)

(2 .3 .22)

,I.t\v,. /l1: ITI\

(II) Iim
l(i -:' 0

1*mfil l) r.l¡+' 'l(, / tt\ I

from which and (2.3.16) r we find that

When steady flows of fluids (I) and (II) take place

a uniform temperature fieId, nameJ_y,

Al

(I, II) fil 'ìr 0

0, g

(I) rlrlar ¡ i:::: [/.i:ll. lÀr lt + (fir + il1: )trXl 1/Z iìr 0,

0

we immediately obtain from (2.3.9) and (2.3.10) that

(II) rÞ1ar ¡ ::::; lt.[JrtAr tr + ((xr + (xt )i.|--,aÌ1/2 iìr 0,

where 'l'l is qiven in (r.2.4). particurarly, choosing 'Lhe



shear flows (2.2.7) in

the special case of

(2.3.22) that

which

the

lA¡ lt

flows

2lt:t :fl 0,

(2 .3 .2r) ,

tr(Ar Ï ) =

we obtain
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0as

from

(r, rr) ).t. iìr 0

Itr(Àr t )l :ri; lAr I )/il 6

(2.3.23)

(2 .3 ,24 )

By using the weÌI known Hamilton-CayJ_ey theorem in
matrix theory and the cardano's formula for the real- roots

of the equation xï + ax + b = 0, arbrx úïr R (Zaguskin, 196Il

p150), v/e can easiJ-y prove that the inequal_ity

shoul-d hold for any Àr {i sym.:' whose al-l- eigenvarues are

real (2.3.24 ) was also shown by Fosdick & Rajagopal (1979).

For further discussion, consider a cyrindricaJ- fruid
body. Let l,(t) be the J_ength of the cylindrical body at
time t and l-et the body be confined by a uniform pressure

p,r r. suppose the cyJ-indrical body undergoes a homogeneous

and irrotational- motion under a superimposed axial- load 0'.

Then the following relations shoufd be valid:

x = F(t)x(0),

F = (ü - I /,10{ )e$e +

/tr = a(I - 3e$e),

dÀr /dr = da/dt ( r

I/l# |

3eße),

(2.3.2s )



À¡: ar (r 3e€e¡ + da/dt ( r 3e('9e ) ,+
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potentiaf l',

where e is the unit vector pararJ-er to the axis of the

cylindrical body, (Ìì, is the tensor product of vectors / fi :i:ii

l.(t)/tt, (0) | and ¿ iiiii -dl,(r)/dL/il, (t). ConseguenrJ-y, for both

fluids ( r ) and ( rr ) , the extra part of the cauchy stress is
al-so homogeneous and hence the barance equation of l-inear

momemtum (2.3.2)t becomes

Pb) grad(p) + fw, (2 .3 .26 )

where

il _l
FF -x (2 .3 ,21 )

V

Now suppose

nameJ-y, b =

the body force is derivabl-e from a

-gradl . Then by choosing

-1p(x,t) p*(t) l)x' FF x f)|"(x) ¡ (2.3.28)

where p is a function of time tt v¡e see that (2.3,25) can

be exactly satisfied. rn other words, the motion (2,3.2s) is
dynamicalry possible (passman, r9B2). For conveniece, r
shal-l- henceforth refer to the homogeneous motion (2.3.25) as

triaxial homogeneous motion.

For the triaxial homogeneous motionr wê can easily
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obtain from (2.3.25)t the eguation

Itral I lAr l)/{6. (2 .3 ,2e )

which appeared in the work of Fosdick and Rajagopar (1980,

Lemma 2). Dunn (1982, footnote) gave a special- case of

(2.3.25)it in the formÀr = (3e(9e - I), By (2.3.22) and

(2.3.29), v¡e obtain another constitutive restriction: for Ar

e Nr (0),

(r) -('l 0¡,tt.ll /lArl :rí, (Xl * (X¡i ::íi (t6)/rT: /lAtl,

(rr) -('j0)irllÀr| :Í; fir * fi1: ::íi ('J 6)lt/l}"ll.

(2.3.30 )

we can state theFinaJ-Iy, by summarizing the results,
thermodynamical restrictions on fluids
follows:

(I) and (II) as

THEOREM 2.3,\. suppose the constitutive relations of fruids
(I) and (II) are defined when Ar oä Nr(0) and DÀr /Dt o:i N1 (0).
rf the free energy \t/ is convex in the variabre Àr , the

necessary and sufficient conditions that the response

f unctions of T/ \l/ and q of f luids (I ) and (II ) are

compatibl-e with the cl-ausius-Duhem inequatity are that
(a) the free energ'y tlr and the entropy r'ì satisfy



(r, Tr)

(r, rr)

\l/ = \l/ ((i:l , Àt ) ,

J¿

(2.3.31)

(2 .3 .32)

(2.3.34 )

(I, II ) i)r1t /fl{it + 1l

(I , II)

0

(b) the viscosity /.t meets

).). ,ìt 0;

(c ) the normal stress coef f icients tX I and (Xr obey

(Xl ;ìÌ 0,

(r) -2-^/'(,U)).r./lAt I1*m:rí; fir * H1 :tí; 2-m/t(UU)trltAr t1-*,

(2.3.33)
(IT) -('l 6)JrllArl ::í; fi¡ * fir :1í; (,'J 6)lr/t?'lt;

(d) the dissipation inequality has rhe form

(r, rr) ltrt,'o,'Ar T'Ar/2 + q,g/t:t:líi 0,

where the materiar parameters may be functions of materiaf
point and temperature.

Remark: If arbitrary Al , DAt /Dt tir Sym,¡ are incÌuded in
constitutive domains of fluids (I) and (II) (i.e., fast

motion of f .l.uids (r ) and (rr ) may then take place ) , by

following arguments similar to those used by Dunn and



Fosdick (I974), v/e

stronger constitutive
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can immediately obtain the following

restrictions:

(a¡

(r,
(r)

II )

II )

0;fir iil 0, lXl * fi1:

g'g/tt :1í 4 (Àr ) ;

\l/({irr Ar ) = tl;(tf , 0) nrlÀrtt/(41 )¡+

where rÞ (Ar ) is def ined by (2.3.22) .

By taking Ar = 0 in (2.3.33 )r , v/e get

coRoLLAY 2.3.1. under the same assumptions in Theorem

(2.3.33 )r holds when m > 1 if and onJ_y if

(II)

(r)

Suppose the response

satisfies the principle
not. difficul-t to show that

\l/({jt/ Àr ) -,1,(0, 0) + fir lAr I

(Xl * üi:

2+m L+m/ 2/12

be fixed, and r$ ii:ii l{t

(2 + m)fl l,

fjl ,:, I +

2.3.r,

0 (2.3.3s )

function of the heat flux q

of frame-indifference. Then it is

o, (2.3.36 )
(r, rr ) Q('' 0/ 't')

Now, let (:rl ,:, > 0, t) t AI , ¡*¿

lÀrl+ lru: l+lgl "Thenbyusing (2.3.36)/ \^/e have



(I, II) g(É, g, Ar, À.r)

(r, rr)

according to Taylor's expansion, where

-Kg + o(ô')r âs ¡i ,'i', 0 (2.3.37)

0. ( 2. 3.38 )
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(2.3.3e )

temperature gradient

b'e at the rest state.

3.38 ) that

(2.3.37) asserts that in srow motion, the response function
of the heat flux can be approximated by Fourier's l_aw

K iii:i -i)q(t:1,;,, g, At , eî, )/ög At g

q -Kg(r, Ir)

if the temperature dj-fference and the

are small-. Let fluids (I) and (II)

Then it turns out f rom (2.3.34) and (2

(I, rI) ( -Kg ) 'g :rÍi 0

which l-eads to

coRoLLAY 2.3.2. under the same assumptions of Theorem 2.3.\,
if l{rli - ('ät,1'l a lÀrl + rÀ,l: | + rgr is smal-l-, the response

function of the heat ffux can be approximated by Fourier,s
raw, and the conductivity tensor K must be positive semi-

definite at a rest state.
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In what

as sumed

foIÌows,

to be

f l-uid i s

function.
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aJ-ways

Thus in

4 Cannister flows

thermodynamics:

stability

Tn'wda + ,l f b'vdV U

for model-s compatible with

stability impJ-ies asymptotic

(2 .4 ,1)

fn this section we shal-l study cannister fl_ows of

fl-uids characterized by models (r) and (rr) that satisfy the

thermodynamic restrictions. For motions whose Al remains in
Nt (0) for aJ-l time t, we shall- prove that w "iu 0 as t ":r (x). fn

other words we shal-l- show that for cannister flows stability
impJ-ies asymptotic stability of the rest state.

Suppose a fluid occupies the entire volume of a rigid
cl-osed container o. After the container is shaked at time t
:1í; 0, and then suddenly f ixed for t ¡ 0, the fluid satisfies
the adherence condition v = 0 on 0l). The f l-ows inside o for
t > 0 are calred cannister flows and are introduced by Dunn

and Fosdick (r914 ) f or the anal-ysis of mechanical- stability
of second order fluids. It can be easily shown t,hat an

J-ncompressibl-e fl-uid undergoing cannister ffows must be

consistent with the condition of mechanical isolation
(Gurtin, 1912) when the body force b hsa a potential:

,f
(J il n

the body force of any

derivable from a potentiaJ_

of an incompressibl-e fluid,cannister flows by (2.4.I) the
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balance eguation of mechanical_ energy (Gurtinf 1981)

d(/'nl lwl t dv /2) /dL +,f',,T.Àr dv/2
d1¿

Tn'vda + ,f f) b'wdV,t
t)

may be simpJ-ified to

d(,lo! lvlr¿y72)/dL T'Ar dV 0rl'
o (2 .4 .2)

for

t.he

is

of

and

0,

(2.4"3)

Equation (2.4.2) is usually used as a point of departure

the anaJ-ysis of mechanical stabil_ity of cannister f lows.

For simplicity, l-et us consider the case in which

fl-uids ( I ) and ( II ) are homogeneous and the temperature

uniform. Then the mat.erial- parameters J.l , (Xt , txrì and m

fluids ( I ) and ( II ) are constants. Substituting ( 1.2.1 )

(f .2 .2) into (2 .4 .2) , \^¡e obtain

(I) d(J'*fllwl '¿dV)/dt + J'' ü r Àr 'Àr dv + 2,1 öIt (Ar )dv

(II) d(loPlvltdv)/dt ü l.ll.Àl .Àl + 2,1 ö,tþ (Ar )dv 0+,1

where tÞ is

function E

(I

defined by (2.3.22). Furthermore, we define a

by

(r) E(r) f) lwl tdV + ç¡r11)lÀrltdv/z,tt,l

,f

(2.4,4)

(Ir) E(t) l0 ! IvltdV + ür I' l)
lÀr I

2+rn dv/l(2 + m)2n/2
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which measures the kinetic energy and stretching energy in
the fluid body.

Since

2+mDlAr I /nt (2 + m) lÀr lmÀ¡ 'Ar , (2.4.s)

by (2.4.4) and (2.4.5), (2.4.3) can be represented as

(r, rr) dE/dr 1l' (Ildv (2.4.6)

(2.4.7)

all_ t iir: 0.

function E

in question.

l)

Then by using

f or any Àr ,:ri Nr (0 ) r

(cf. Theorem 2.3.I), we obtain

LEMMA 2.4.r. rf fl-uids (r) and (rr) are compatibre wirh the

t.hermodynamic restrictions, the energy function E shourd

obey

.Þ (ar ¡ iìr 0,

(r, II) E(t) iiÌ 0, dE(t)/dt ::í; 0, for t iìl: 0

in cannister flows whose Al remain in llr (0) for
The l-emma shows ns that the non-negative

must have a upper bound in the cl-ass of motions

Since t) > 0 and H I iìl 0, it f olÌows (2 .4 .4) that
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(r)

(II )

f olar ¡t6v ::ii 2E(t)/rxt ,

2+m m/2
l)

lAr I dV :lç 2 (2 + m)E(t)/txr.,t

For the class

there exists a

of mot-ions in question

positive real number kl

(i.e, Àr ti Nr(0)),

such that

lA¡ (x, t)l

from which when -1 < m :líi 0,

tÄr tm ll lçfl,

k¡ for x h fl, t ;. 0, (2 .4 .8)

(2.4.s)

Hölder's inequality
0, t.here must exist
the measure of the

OT

On the other hand,

(Hewitt & Strombêrg,

a positive number

domain fl such that

Let

ù

,f 

'let 
¡ t¿y :líi kr -ml',, tAr I dV2+m

it follows from

1965) that when m >

kr: increasing with

2+m
,f 0 I et ¡ t ¿y :tii k:i: ,l'r, I Àr I dv.

_ñ= Max(kt"', kr: ).

(2.4.r0)

(2.4 .Lr)

rn cannist.er frows, the poincaré inequarity (Rektorys, 1975)

may be simpJ-ified to



39

fll Ir¡ t¿Y :1íl c,f',., I gradvI 2dv, (2 .4 . 12)

where c is a positive number which increases with the

diameter of the domain 0. Besides, it can be easiry shown

that in cannister fl-ows of any incompressible f1uid,

I'r, lgradvl rdV ,l'nlet t tdv/2 (2.4.13)

Next¡ wê shall show that there is a positive real
number À such that dE/dt + \E::ii 0 for t iìÌ 0" The foregoing

inequarity will play an important role in the anaì-ysis of
asymptotical stabiJ_ity of cannister fÌows. Let \ be a
positive number which wirl- be defined shortry. rt turns out

from (2.4.4), (2.4.6), (2.4.11), (2.4.12) and (2.4.1-3) thar
by txl a fir = 0 as m > 1 for model_ (I),

(r) dE/dt + \E -2t'nl2-m/2JrlArl2+m + ((x¡ + {x¿)trel 1dv

* x,f t)Ê lvltdv + \rxr,f ,, t¿¡ ¡r dv/2 ::it -2J',.12-m/ 
2/,to, 

I

2+m lfir

+

:1í; ,f,,, [^s(cf)

and simil-arly for model (II)

fir I lAr 1:: /r) 6ldv + \cflsJ'. le, l2+mdv/2 + \ür sl'r, te, t2+mdv/2

+ txt )/2 2(2 -m/ 2 rxs tkl-*/,t 6¡1tÀr l2+mdv).r lfil +

(II) dE/dt + \c:iii J' i\(Cls/2 + 2 -m/ 2 txt / (2 + m))
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Now, define the number \ by
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Itxr + fi*: lkr/il6)lla¡12**dV.

(2.4.14)

(r) \

\

(II) \

2-m/ 2

= 4¡z-m/ 21.t. lü1 * fi*: lrl-m/,j 6)/s/ (cP + rxr ) as 0 < m :líi L,

2 I't/s/(cÍt + rxr) as m ¡ 1r (2.4.15)

from which with (2.4.14) | we find that for t ;ìt 0,

(r, rr)
or

(r, rr)

dE(t)/dt + \E :rí, 0

E(t) :1íi E(0)Exp( -\t),

where the positivity of À is guaranteed by tÞ (Àr )

Hence from (2.4.4) and (2.4.16)t lve have

the following

2¡lt lfil * nr tkr /,J 6l/lz^/'-'clts + fi t / (2 + m)1,

(2.4.16)

iìr 0

established

THEOREM 2.4 .r. tf f l-uids (r ) and (rr ) are compatible wirh
thermodynamic restrictions, for cannister frows whose Al

remains in Nr (0 ) f or al-l- t iìl 0, the f l-ows will_ decay

exponentially with t in the sense that

(I, II) ,/',., lv¡t¿y:1íi E(0)e /t ,
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\t(r)

(II)

f nlet ¡t¿v ::íi 2E(0)e- /txt ,

,/'n la, r 2+mdv :li r^/' (, + m)E(0)"-\t7rx, .

rþ"åffi r".$F{åhdä$q$$ y'v #F &ßAËS$',yffi ffiA [_$ ffi ñip_ffi åHw
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cannister

stabl-e when

It has been

ffows of fluids

shown in the l_ast section that.

( I ) and (II ) are asymptoticall_y

the fluids satisfy the thermodynamic restrictions

(r, rr)

and if Al remains in
which violate the

in this section that

sufficiently sma1l

never stop after any

and ,Þ 1er ¡ iìl: 0.

To expJ_ain it,

4 (Ar ) iìt 0,

Nr (0). But what will_ happen to model_s

thermodynamic restrictions? lùe shalf see

for fl-ows of fl-uids (I) and (II) in
cannisters, if fi ¡ q 0, the f l_ows will
initial disturbance so long as ),1 iìi: 0

let

tÞ (Àr )

1.1 0 ;ìi: 0,ül

(r, rr) t,\ I

start f rom t.he balance

(2.4.2) . For convenience/

can be represented as

0 ,ìl: 0.).t iil: 0, (2.s.1)

We still

energy

(2.4.3)

equat.ion of

set fit =

mechanical

-l(Xl I Thus

(I) A[J',,Ê lvltdv l(Xr 1,1,, lÀr ltdv/21/dt + 2,f',,,Þdv = 0,

lfir ll'
ö

(Ii) di/'ofr lvltdV lÀr I

2+m dv/12m/2 (2 "1" m)l)/dt
(2.5"2)
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f)
,l¡dv : 0

from (2.4.5) . Let

+ ¿,1

(I) N(t)

(rr) N(r) 2+m ml¿lAr I dv/12

Itxr l,/',, lÀr ltdv/2 ,/',,llvtrdv¡

whÍch obviously have the property

(2.s.3)

(2 + m)l - J',.,fl lvlrdV¡

(2.5.4)

lfir l,f
l)

dN(t)/dt iìr 0 for t iìr 0

from (2.5 . 1 ) and (2 .5 .2) . It f olÌows f rom (2 .4 ,I2) and

that the function N satisfies(2.4.13)

(Ir) N(t) iir ltxrlJ'olA, l2+*dv/¡z^/212 + m)l - Ct),1

(I) N(t) ,ìr, (lrxrl - cl)),/'olert'tdv/2,

lA,:, l:i:;i lÄr (x, 0)l a br x (ji 0.

(2.s.s)

n lAr trdV/2

f or t iìl 0, where c is the poincaré number I a monotonic

increasing function of the diameter of the cannister. Let b

> 0 be such that

Then by the same argument as that used. in sec. 2,4, v¡e can

find a positi.ve number S for which
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,l
f)

2+mlÄ.r ltdV ::íi Sl lÀ,) I dVl)

for t iil 0

(2.s.6)

(2.5.1)

(2.s.8)

(2.s.e)

(2. s.10 )

hol,ds for m > -1. Now we choose a smal-l cannister (but still

finite ) such that

(r)

(II )

C < l(xtl/tt,

c < 2l(xtl/[2 (2 + m)l,Sl,m/2

which with (2.5.5) and ( 2.5.6 ) Ìeads ro

(r, rT)

(r, rr )

Bu1- since N(t) is a non-decreasing function of time t
from (2.5.4), it obviously satisfies

N(0) > 0

N(r) '¿l: N(0) > 0

À'ccording to ( 2.5.3 ) in which the second term on the right-
hand side is always non-negative¡ wê find that for t lI 0,

(r) I,,., larlrdv iìi: 2N(t)/lrxrr > 0,

(IT ) ,l',, lArl2+*dviir: ,^/'(z +rn)N(t) /tty.tl >0

(2.5.I) , (2.5.1) and (2.5.10 ) indicat.e rhar if n r is
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enough /

stop so

negâtive

cannister

long as /,t

For

Ra jagopal

sati s fy

and the size of

f l-ows of f l-uids (I )

iil 0 and tÞ (Àr ) ;ìl 0.

second order (or

(I91 9 ) concluded

cannister is small-

and (II) will- never

grade )

that if

f l-uids, Fosdick and

the material- modul-i

rÅl 0l

and if the viscosity /.t is suf ficiently large and the size of

the cannister is sufficiently small-, then for any given

positive constant M, it is necessary that

I',, lar I r)dv > M

at some time. rn f act no matter what val-ues of /.r and fi l * fir:

are / t.riaxial- homogeneous motion (2 .3 .2s) will be unstabre,

and the rength of f tuids (r ) and (rr ) wilr eJ-ongate or

shrink without limit under any initiar disturbance, as rong

).), iit, 0 |

(I, II) (Xl a 0, )t ,ìl 0, rÞ iir 0. (2. s.11)

is shown inFor triaxial homogeneous motion (2.3.25) | it
Sec. 4.I that when there is no axial load 0

equation of f luids (I ) and (II ) shoul-d be

the motion



(r)

(II )

filå +

(Xl å + /.1a

^m/2,,, ,m
J ¡1 IAI A (fir * H1 )¿t

o
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(2.s.12)
0l

(*, fi*r )aÌ+

f or t ¡ 0, with the initial condition a (0 ) = a{r , where â,r is
a non-zero constant. rt should be emphasized that t.he motion

(2 . 3 . 25 ) and equation of motion (2 .5 . 12 ) are exact when

(2 .3 .28) is sat.isf ied, and they may be approximateJ-y valid
for those experiments for which inertia and body forces can

be ignored (Passman, r9B2). The anarysis in this section

will- be based on the assumption that (2.3,28) is val-id. rt
fol-lows from (2.3.25) and (2.3.22) thar

(r)

(II) 
'lr

trl

tll 3a¡3m/2/, Iul*. (ür + fi1 )a'¿ l,

,m/2+1 r¿tm¿¡,r.r¿ (fir + txr: )al l

from which and (2.5.I2), v/e find that if fir ç 0,

- 3lilr laá + ,Þ - 0,

(2.s.13)
(II) ,m/2+lrx,lulmaå + r[r

for t > 0. But ,Þ is non-negativei cf . (2.3.22). Then after

0

integration of (2.5.13) w.r.t. time t, v/e find that for t iìr 0,

(I) l{x1l(a 2
(:r :),,

2
a 0,



(rr) .2+* ;ìr: a;+m > o

2
a<) 0,

I l, (t ) I iìt 66¡5t¿¡¡ > 0

47

(2.5.14 )

(2. s.ls )

of the f l-uids wi I I
a initiaJ- disturbance

)lr /txta(r]e' + â,i)¡
(2.5.16 )

2+m 2*m
A(:)

that

without

the length

Iimit after

and tl' iìl 0.

(II) ltxr l(a 0

or

(r) 2
a :)

rt turns out f¡s¡¡¡ ¿ i:ìi: -dt), /dL/t), and (2.5.r4) that for any time t

(I, II )

which illustrates

elongate or shrink

so l-ong as fir ç 0,

fndeed, it can

for fluids (II),

a(t) ¡,tt¿<r / (il r rxî)l/1¡tt/1txt rxr )

be easiJ-y calcul-ated from (2.5.12)t, that

Il :). n

+ +

for t iii; 0. In

wil-1 approach

asymptotically

¡.t./(txt + rxu)as

other words, if J.t iil:

zero as t .,1. (x)

srable. But if J.r iil;

t "¡ (x).

0, then a(t)

the motion is

, then a (t ) "i''

0 and

and

0 and

ü I iil:

hence

ür < 0
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Chapter 3 Ewal-uation of

fitting data

material parameters by

of pressuremeter tests

section 3.1 rnitial-boundary varue probrem pertaining
to pressuremeter tests

rn pressuremeter tests / a testing probe which is
essentiall-y a cylindrical rubber membrane is inserted into a

cylindricaÌ cavity of the tested substance and is then

inf-l-ated to expand the cavity, the deformation of which is
recorded in the meantime ì cf. the monograph by Baguelin &

others ( 19 7 B ) . specif ical-ry , by perf orming the pressuremeter

test on ice which undergoes creeping, one may measure the
cavity radius of the ice versus time. usualJ_y the
pressuremeter test is performed either in*situ or in the
rabl-oratoty. rn both situations, the size of the tested
substance is much ì-arger than that of t.he probe itself .

rn pressuremeter tests, the rength of the cavity is
finite and the rat.io of J-ength to radius of the cavity
usualJ-y is Ìarge thanr 10. vühen analysing the initial-
boundary va.l-ue probl-em pertaining to the pressuremeter test,
v/e ret the origin of the cyrindrical coordinate system (r,
{är, z) and the z-axis l-ocate at the middre point of and along
the centrar line of the cavity, respectively. Let v = (u, v¡

w) denote the velocity field within the tested substance,
where u,. v and v/ are the physicar components of v under the
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cylindrj-cal coordinate system. rn particurar, when the

tested substance is polycrystarline ice, v¡e introduce the

foIJ-owing assumptions :

3 . 1 The sampJ-e is a homogeneous, isotropic and

incompressible continuum.

3.2 rts temperature is unj-form and remains constant with
time.

3.3 The body and inertia forces appearing in the bal-ance

equation of motion are negligible.
3.4 The primary and secondary creep of the sampre can be

described by modei_s (I) and (II), defined by (1.2.1) and

(7 .2 .2) .

3.5 During the test the deformation of the sample is
axisymmetric and the velocity component w ítr 0 for a thin
sJ-ab N( z 0 ) which contains the cross-section at z=0. .

Àssum. 3.5 is based on the fact that onry the radius at
the middfe point (z 0 ) of the ice cavity j-s measured and

deformation even at the free surface of the ice, which is
perpendicul-ar to the axis z I is too smal-l- to be measured

during the test period. rn other words. it is assumed that
the middre segment of the ice sampre undergoes ä. prane

deformation. The following analysis wilr be restrj_cted to
the domain N(z = 0).

By Assum. 3.5, the velocity field is simpì_ified to

(u(r,t), 0, 0) (3.1.1)w(r,t)
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from which, the first Rivlin-Ericksen tensor (I.2.a)t shoul_d

be

lÀr (r,t)l diagf 20u(r,t)/ðr, 2u(r,L)/r, 01, (3,1.2)

where i ] denotes the matrix form of a

and diag[ t . r ] the diagonal form of

the ice is assumed to be incompressible,

second order tensor

a mat,rix.

v¡e have

Since

trÀl

which leads to

0 or 0u/0r + u/r 0 (3.1.3)

u(r,t) c(r.) /r, (3.1.4)

where c js a function of time t. Then (3.1.2) and (3.1.4)

yield

[Ar ] = diag[ - 2c/rt¿, 2c/rt, 0],

tal I = diagl4ct/y"t,  ct/r''t, 0l; (3.1,5)

ll. (2c / rt ¡m

forl-ows from (7.2,4)r; similarly the second Rivlin-Ericksen

tensor fu is given by



[Af]= diag[ - 2ë/rt + Bct/r,1 ,2ô/rr, 0]. (3.1.6)
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andSubstituting ( 3.1.5 ) and ( 3.1.6 ) inro ( 1.2.1 )

(L2.I) | v¡e obt.ain the stress distribution in the ice:

(r) T = -p - ).t (2c/r* )1** * 4tX11 ¿z /y,lrrr\ + txr (-2ô/rr + Bcz /r''t ),

T,*,,, = -p + ¡.t12clt*)1** * 4tx1,çt/y"r + {xr (2ð/rt), (3.1.7)

(rr) Tr' = -p + 12c/rt)m¡ -¡tlzc/rì) + 4H1,çt/t,t + rxr(-2ô/rÌ
+ Bc.t /r,t l,

Tr,¡rt = -p + (2c/rt )*t¡,(2c/rÌ ¡ + 4tx71çt /yt + cx¡ (2ö /r, )l¡
(3.1.8)

by substituting (3.1.7) and (3.1.8) into (3.1.9)/ we obtain

all other stress components vanish.

Since Assum. 3.3 specifies the balance eguation of

motion

divT + lb = fl\i
to

ðtrr/i)r + (Tr, - Tç¡,,)/r = 0l (3.1.e)

(i) i)Trr/i)r - Z.I(2c/rt )1**/r + rxr (-4ô/rì + BcÌ /r''t )/r = 0,

(3.1.10)

(II) ðtrr/i)r * (2c/r:¿)*[*r,:(2c/y't ) ]- üt(-4ë./rt + Bc:¿/r''t)l/r

= ll

with the boundary conditions:
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Trr(r,i,t) = -P(t), Trr(txtrt) = -P.r(t), (3.1.11)

where r{) is the cavity radius which is a function of time t

during the creep process/ -P(t) and -P,r (t) are the radial_

stresses on the cavity and at infinity, respectively. A

straightformard integration of (3.1.10) from r,r 16 tÐ yields:

(I) -P(t) + P,r(t.)

(II) -P(t) + P,:'(t)

+ iï*r 2c/rg )1** * rxr (2ð /t(,) - 2c,, /t'i\) 0

+ l'i*( 2c/rg )ln* * iiåt 2c/rg ¡m1e/rfr ¡

(3.1.12 )

(3.1.14 )

(3.1.13)

2*m
-rxr (2c/rt ) / 12+n¡

Let i denote the rate of Tt namely u. We have

c(t) = i(t,t)r(t)

from ( 3.1.4 ) / and especially at the walf of the cavity,

c (t ) i,t (r,r , t )r,r (t )

Then (3.1.12) and (3.1.14) yierd the cavit.y creep equation of

the icc:

IP(t) - P,i(t))/2 = 0,

(3.1.ls )

1+m(II ) fi 1 ¡r¡ /¡,¡ t' lIi4, fy4r tP(r)-'2
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P,r(t)l[2r,r /r,t1-m 0

rn practice r.l (t.:, ) and r,) (t,i ) are usual-ly determined from
experimental- data for some initial_ time t.r .

I should like to add a few comments:

(a) The term containing the material parameter (xr has been

canceffed in the derivation. Thus fir cannot be directety
eval-uated by fitting the data of pressuremeter tests.
(b) (3.1.15) can be used to fit the data of tests which have

variable cavity pressure. of course, it may be much easier
to use a constant cavity pressure in pressuremeter test.
(c) (3.1.15) cannot be sol-ved anarytical-J_y because of their
strong non-l-inearity. But f ortunately, numerical- methods

such as the Rung'e*Kutta method can be used by the aid of the
computer (Lambert I r972). rn what forlowsr wê shal_l_ carl_ the

sol-ution of (3.1.15 ) the predict.ed radius.
To end this section, define

f:t(r,t) i(r,t)/r(t) (3.1.16)

which is often cal-fed the creep

Iiterature. Then by ( 3.1.5 ) r and

rate in the engineering

(3.1.16 ) /

IA¡ ] diagL -2f,,,(r,t), 2fil (r,t-), 0l

which implies

stretching in

that A¡,

continuum

a kinematic tensor measuring

mechanics, indeed delÍvers creep



rates in three directions

Henceforth, v/e shal-I often use
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present problem.

creep rate

in the

the cavity

l'<l f4, /y,1 (3.1.17 )

which can be determined from

of the material parameters,

condit.ions are given.

(3.1.15 ) as ì-ong as

the cavity pressure

the val-ues

and initial
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Section 3 2 Effect of the material- parameLers on the

predicted creep rate

For convenience of anal_ysis r we shall use u =

(ut ,ut ,ur ) to denote ()I , (Xl ¡ m). There are two reasons to

find an explicit expression of 0rl, /i)u and of ¿¡:1,¡'/0ur where

r,r is the predicted cavity radius, Ël',:' the predicted creep

rate defined by ( 3.1.17 ) , and both are dependent on

(3.1.15 ) . One of the reasons is that by t.hose partial

derivatives / v/e can see how the material- parameters

infl-uence the predicted creep and which parameter witl_

dominate more importantly the predicted creep and creep

rate. Another reason is that those partial derivatives are

usefuf to evaluating the material parameters by reast

squares estimation if the analytic expressions of the

gradient. of objective function and of predicted sorution

w.r.t. u are needed (see (A.2.7) and (A.2.8) in Appendix

A.2)"

It

radius

parameters u and

is obvious from ( 3.1.15 )

fr) and

the predicted

on the material

that both

¡l:],¡ dependthe

time

creep rate

L r namely,

I<jr ¡,:' (U, t )

f:i.¡ - l1iÌ,1(u, t.)

(3.2.1)
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from which and from ( 3.1.17 ) /

ð f:},:, /ä u

since u and t are independent of each other. (3.2.2) can bre

represented as

d (0 r,) / Ða) / dt - f,l,,r (i)r,r /0 u ) r,:,0f:} r,,/0U (3.2.3)

with the initial condition:

0r.r/0u at I,
L(.r (3 .2 .4)t0

which is

is given

of u. Àn

based on the fact that the initiar predicted radius
by the experimentaf data and hence is independent

integration of (3 . 2. 3 ) f rom t.r to t yields

i)r,¡ /i)u Exp[,/'1.,,r,r,¡, dr:] ¡ If;,, r,r$tåau"n (- l'l,,fj],r ds )dr: 1 ,

where r<i and f:i.r will be numerically

but 0f:l,r/0u is still an undetermined

rule of differentiation we have

solved from

(3.2.s)

(3.1. ls ) ,

the chainfunction. By

d(0fÌ.:'/0u)/dt 0 É:l,r /0 u f)[.:1,', 1$u + (i)f:\¡, /¿¡f,r,;,)(i)f:r,r /0u),
(3.2,6)

which leads to an ordinary dif ferential- equation in 0fjl,:,/0u:



d(0fi},:,/0u)dt (í)l'.t4, ¡¿¡f'!,¡ ) (0É'i,r /Ðu)
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tTÉiÌ,,',76rr, (3.2.j )

. u at the fixed

should be

where $1.)/su

point fll,¡ . The

is the gradient of (. ) w.r.t

initial condition of (3.2.7)

<) l"' ,') / <l tJ, 0

because the initial

of u. The solution

^+dL t

creep rate is

of (3.2.7 ) can

given and is independent

be expressed as:

t,j' ¡ (3.2.8)

0f'l',r /0 u

(s.2.e)

where the initial condition (3.2.9) has been satisfied.
For the given model_s (I ) and (II ) , the material

parameter vector u has three components. But it can be

clearì-y observed f rom the ab'ove f ormu_ration that (3 . 2 .5 ) and

( 3.2. B ) may be speciarized or genera]-ized to the case in
which the constitutive relation of a material_ has n material
parameters, n = r,2,.. , when the probfem in question is one

dimensionar with r{r and ii}() as the g-enerar creep and creep

rate. Of course

i)f:\,¡ /i)u and Ðf:1,,) /0f:r(r

in (3.2.9) should be soÌved for the assigned material- f rom

initial -boundary

Exp(,,'1., (4)fit,¡ /i)r1r,,r )d'r: )t,f'1,, $¡i1,, ¡6'uExp(-,f'1,, ()Íir,1 /ilfrl,:, )ds)dr: 1,

the equations which pertain to the qiven
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val-ue prob'l-em.

For model-s (r), (Tr) and the initiar-boundary val_ue

probJ-em pertaining to pressuremeter tests , by taking the
time derivative of ( 3.1.7 ) / we have

which with ( 3.1.15 ) leads to an alternative form of t.he creep

eguations:

1*m

or

STONS:

[l]' ,i = y,', / y,1 - t:¿ / r't¡

y4t /y4t : f:l ,t + É:i 8, (3.2.10 )

(3.2.11)

2fi\'ì,, / (2 + m) .

( I ) Ëir,,:,

( II ) Jiii,i

IP - P,r - ¡t ç2f:t,t )

= - 1f:t,r 1 ¡:rli ¡/rx r

/ (I + m) )/ (2txt ¡ - ÊÍi

Then from the above eguations, we obtain the expÌicit expres-

t ( 1 + m) (P - P,:, ) (2f:\t,, ¡-m - ztÍ:I,'t I / lztxt ¡

¡t

= *yq, /y,1 /H1 ,

(r) ð(.i.', / i)f:i t, -l ( 2f:'t,:, ¡ 
m/tx r - 2f,i!, ,',, ,

n¡1,,,,7ü;,r = -(zü,,,¡1+*/12(L + m)rxll,

ðif:,,¡/$rxr = -ip - p.:, - )r(2Ít\,,,¡1+*/¡1 + m) l/Z/txl¡

- Ln(2(:\4,¡l/12(7 * m)rxr li
(3 .2 . 12)

6¡,,,7E* = jr(2f,t,.,,)1+*LI/(f + m)
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-m-1[ -(l+m)m(P P,r ) (2(:1,¡ ) t 1/rx t Al'i',,¡ / (2+m) ,
(II ) i)f.i:',i /ðÍ:I,l

lif:l,r /6J.t

ô fìÌ.'' 7 6 ,* t

01.-'{i/0m (P

cf. (Sec.2.3),

and drt ¡,¡, /¿¡t ,l: 0

data), v/e obtain

P,:, ¡ 1 2fiì,r ) m - 2).rf:1,.,, ) / 12tx1i ¡

- ( l+m)Ln(2rr;t t,, ) ) /2/tx\ +

-(.:\ ,j / lx | ,

-t(1 + m)(P

P,i ) (2Í'l,i )-m[ I 2fit',1 /(2+m)

(3.2.13 )

For sl_ow creep, it may be postulated that
l-n(2f:r,r¡ :1í; 0, for t iil t,i (3.2.I4)

fn most engineering probrems, the creep rate in question
wirl indeed be srow. For instance, in the pressuremeter

tests performed on porycrystarrine ice at the university of
Manitoba, the maximum creep rate lÎ,1 v¡as only about 0.001

l/min when the cavity pressure v¡as 2}tpa. Änother example is
finished by the creep data of McTigue and others (1985) who

performed triaxial tests on polycrystall-ice ice. The maximum

creep rate was about 0.0018 1/day when the confining
pressure v/as 50 MPa and the ext.ra axial stress \,üas ,47 Mpa.

rn what follows¿ wê sharl suppose that (3.2.14) be val-id.
since the material parameters should be compatible with

the restrictions

1 + m ¡ 0, ).1

then for model

iir 0, fil

(I), from (3.2.13),

eep curves

(3.2.14 )

of the

iìt 0,

(as measured from the cr

üfrl,r /11/.r :1í; 0, óìf:Ì.., /óìlx 1 iiÌ 0, ôfi},,,76* iiÌ 0 / f or t ,ìt ¡.¡ , (3. 2.15 )



which yield

from (3.2

function.

r(l is positive,

12) and from the

Using ( 3.2.16 ) and

vüe concl-ude

positivity of

the fact that
that
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the exponential

the cavity radius

Af:\;) /ilJ). ::i; 0, flf:},, /flrX r iit, 0, ðf:,i,r /0m iìi; 0, f or t iit ¡,¡ , (3.2.16 )

i)14,/i¡¡.t.'Ji; 0, 0r,:,/0(xr iìl 0, ðr,i/0m lil 0, for t iìt t.,:' (3.2.I7)

from (3.2.5)"

( 3.2.16 ) and (3.2.77 ) assert as expected that the creep

r{I and creep râte lill ,:, of the ice in the pressuremeter test

must decrease as the viscosity Jr of the ice increases.

SecondJ-y, they show that the creep and creep rate must

increase with the increment of (X,) and m. This second

concl-usion is not obvious.

For further analysis, define

k inf
tiilt.:,

lll (r + m) Ln(2f:t,i,(t))l (3.2.18)

which is â

Since
positive constant from 1 * m iìÌ 0 and Assum. (3.2.I4).

1*m /(7 + m)/(2n¡ ) (3.2.19)

from (3,2,12)t and P P.r iìl 0, and

^ 
i(: 6 f:},'' / fi 1v t :li ¡,t ( 2f:]|.:, )

+üf:i,,,76* iìÌ /.r (2rrt,r )t**x/ (ztxt ) / (r m) (3, 2.20 )
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f rom (3.2.18 ) / then comparision of (3.2.L2),^:,, (3 .2.19 ) and

(3 .2 .20 ) yieJ-ds

(7/X¡t )fif:Ì,,7$m:líi 6É:fQl¡iJ.r :iÍi 0, (3.2.2r)

0 :lii 6¡11..,76,*t :1í; (1/krXr )6¡1Ì.¡/ðì¡n.

It can be shown by substitution of (3.2.2L) into (3.2.9) that

I 10f:},:, /0)t ) / (0f:t,r /0rxr ) | ',t:.:. tx1 /1.t ,

I (0f:l.r /ö)t) / (0t:t,r /ðm) I ::íi I/ (Irk) |

l10l::Ì,r/0rxr)/i)i)Í,t,t/0m¡l :ti; 1/(txrk), for t iìt ¡,¡,

(3.2.22)

and hence from ( 3.2.5 ) ,

I (i)r,r /Ð)r)/ (0r,r/0txr )L::.: tx¡ /1.t,

I (0r,r /0)l) / (ür,i/0m) I :1í; I/ QIk),

l(0r.þ/00(r)/1Ðr,r/ôm)l :líi 1/(ur¡¡, for r, iil t,r.

(3.2.23)

The values of the ratios given in the right-hand side of

(3.2.22) and (3.2.23) are certainl-y dependent on the unit of

time, force and length as well- as the maximum creep rate.

But. the ratios can be estimated as long ¿s ,l,t , (X r and m are

determined and the maximum fil,r is given. When

¡;Ë1,., /¡ì/.1 :ii; - rx¡ rTfiÌ.:, /ütx1 /1.t :ií; 0,

I (i)f:r,r /0u. ) / (lg,r /0u. ¡ I I (0r,r /0u. ) / 1ilr,t/0u, ) |

for irj * I,2,3, i "'t' ), Ít can be claimed that the parameter

u- must have a more important effect on the predicted creepI



and creep rate than the parameter u

il-lustration wil-l- be given in Sec. 3 .4

62

does. A quantitativej
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Section 3.3 Eval-uation of the material- parameters J,r

and m by fitting data of secondary creep

The experimental- data of pressuremeter tests on

polycrystalline ice that f hand in hand are provided by

Kjartanson(1986). They are given in terms of the cavity
radius r,)* versus time t pressure P = 1000 | 1250t 1500,

1750 | 2000 | 2250 | 2500 MPa in the single-stage tests and p =

1500 | 1750 | 2000 , 2250, 2500 MPa in one multistage test with

each stage lasting one day. The ice temperature of alt the

tests v/as kept at -20 C.

First of al-i- the experimental- creep rate fill'' * is
calculated by taking the least squares fitting of r,) *. For

this purpose, the cubic polynormial function f(t) = c(r + crt
+ cl: Lr + cltr is used to fit the data r()* group by group.

Each group contains 14 points. ft is more or less a matter

of experience as far as the choice of the fitting function
and the number of points in each group are concerned. After
c<¡ to c) are determined by fitting r,þ*r the rate of the

radius, say g*, will- be directly caf cul_ated f rom the

function g(t) = df /dt = ct + 2ct:t- + 3cirtr. In order to
ensure the accuracy of g* in the fitting, the last two

points in each group of g* are del_eted because their error
may be larger The first two points of the next group of f
are forced to be equal to the Ìast two points of the former

group of f, which has 72 points after the del_etion. The



64

rel-at.ed least squares fitting formul-ae are shown in Appendix

A.1.

Two typicaJ- creep-rate curves of the pressuremeter

tests are plottd in Fig. I; they pertain to tests #3 and #6.

Each curve, marked by the point C at which flll¡* has the

minimum val-ue / can be divided into two parts : t.he f irst
stands for the primary creep and the next for the secondary

creep. It can be seen from Fig. 1 that tert,iary creep, for
which the creep curve of which should become warped up, has

not appeared yet in the two tests. Other single-stage tests
have creep curves simj-l-ar to those of tests #3 and #6, For

simplicity, define

*
= ml.n

¡iil:¡,¡

f or each test. The val-ues of li:Ì,¡ * obtained f rom f itting of

the experimentar data are not smooth enough to be used for
f inding B*. Hence, I have taken the average val_ue 6f fil,¡* at
several points after c as the approximate B*. The val-ues of

B* from the different tests are l-isted in Tabre r I in which

the second column is given by the author and those from the

multistage tests are given by Kjartanson(1986 ) . Thus \^/e

totalry have 22 pairs of pressure p and the minimum creep

rate B*.

Let. us return to ( 3.1.15 ) . since for each pressure v/e

can find a point C at and after which d[:lr')*/dt;tr 0, (l1ll,:,*¡,¿ <<

*
B 1ÍiÌ,i (t ) ) (3.3.1)



f:] ,,,*, then

(3.2.11) are
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for a given pressure and in the secondary creep,

simplified as:

(r, rr) 1+m
J.r ( 28,) ) /(r + m) (P P,i ) 0 (3.3.2)

where B.) denotes the predicted secondary creep rate, and we

have set df:l.r/dt = 0, 1f:l,r )l 'ì, 0 because v¡e have postulated

that the two model-s can describe secondary creep(Assum.

3.4 ) . rt shoul-d be noted that the secondary creep equation

(3.3.2) of models (I) and (II) is precisely the same as the

creep equation under the power-law fruid modef which can

satisfactorily describe the secondary creep of ice. Thus for
pressuremeter test models ( r ) and ( rr ) can at l_east describe
the secondary creep of ice under different cavit.y pressures.

This assertion wil-Ì be corroborated in what follows.
since the secondary creep equations (3 .3.2) of model-s

( I ) and ( IT ) coincide exactlyr v¡e may merge them into

B,i, t (1 + m)(P P,t ) /)rlr/ (L*^) /2. (3.3.3 )

To eval-uate /.1 and m by fitting t.he data, r define the

objective function F,r by

22
p,;, (Jr,m) : I.: IB

i=1
*

(Pi ) B,r(J'r,m; Pi)JI, (3.3.4)

where B* is given in Table l and B,r wirL be calcul,ated from

(3.3.3 ) . !üe seek a pair of It and m such that the f unction F,:,
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arrives at a rerative minimum by emproying the Levenberg-

Marquardt algorithm (Appendix À.2 ) . rn arr numerical

analysis of this workr w€ wiÌl always set p,r = 0.

The computer program named MUM f or optimi zing ).t and m

by non-linear regression is given at the back of this
dissertation. The detail-ed numerical- resul-ts are Iisted Ín
Table A from which it can be seen that after optimization,

1.1 - gII4 Kpa.*i.,1** , m = -.7111. (3.3.5)

A comparison of B* and B,r is shown in Fig. Z, Moreover

( 3.3.3 ) can be represented as:

LnBr¡ tl,n((1 + m)/Jr) LnPl/(1 + m) Ln2, ( 3.3.6 )
+

which gives a finear relation between LnB,r and Lnp. Hence I
have al_so plorred (3.3.6) wirh (3.3.5) in Fig. 3 for the

comparison. In Figs. 2 and 3, a square ,,t'l ,, stands for an

experimental- data point; the sorid l-ine is f rom the

prediction. I[ may be seen from Fig. 2 that (3.3.3) can

reaÌly f it the data. f have al-so computed the standard

statistical- errors sE, the 958 confidence intervals and the

95å Bonferroni joint confidence intervals of est.imated /r and

m/ arf of which are shown in Tabre A. since the refative
standard statistical errors SE (Jr ) //r = I36j / gf 14 ^1 159,

sE(m)/m = 0.01194/.7111 'r' r.7z are acceptabre for
engineering probl-ems r w€ sharl- take the estimated varues in



( 3.3.5 ) as the values of

given tested ice.

In t.he J-iterature,
presented in the version
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material parameters /,t and m for the

the po\^/er law fl-uid model is usuall_y

(Hooke, 1981 ) :

where the notations

simple analysis of

for the pressuremeter

are the same as those

(3.1.s), (3.1.7) or

test problem,

(3.3.7)

in Sec. 1.1

( 3.1.8 ) shows that

(3.3.8)

(3.3.e)

(3.3.10)

(: /B)n,

i\

" -1 /)t : (2t,t/r,t),
.r: = (2/3)t/2t, (2t,¡ /r,¡)1**

in the secondary creep period, which can be combined as

11 / (2(6) m/2
Jr ) l

1/(1+m¡

Then ( 3.3.10 ) is consistant with ( 3.3.7 ) if and only if

ñ 2(6) m/2
ì.1 n= 7/(I + m). (3.3.11)

Then it forl-ows from (3.3.11) and the resul-ts shown in Tabre

A that n = 3.46, sE(n) = .r43, the 95% confidence interval
of n is [3.19 , 3.191t the 958 Bonferroni joint confidence

intervar is [ 3.15 ¡ 3. 85 ], which are consistent with other

estimated varues of n for polycrystalline ice (Hooke/1981).

since the temperature of the tested ice in the above

analysis is *20c, which is near the merting point, the ice
is rather soft.
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It can be seen from Table A that the initial val-ues of

)t and m are assigned for iteration. Indeed, the optimized

values of /.t and m wifl- drift a bit when different initial

values are used. But they wil-l- stii-l f al_Ì within small

int.ervals. When the orders of magnitude of i.l and m are

unknown before anal-ysis, it is recommended that (3.3.6) be

used to fit the data by linear regression, which does not

require the assignment of initial val-ues. Then the optimized

values from linear regression can be taken as the initiaf

val-ues for the non-linear regression using ( 3.3.3 ) . Along

theses l-ines, from the same data of the pressuremeter tests,

I got

).t. = 9006 Kpa.*i.,1+*¡ ü = -.1132 (3.3.12 )

by linear regresson

which the val-ues in

showed that

The nonlinear regression anal-ysis in
(3.3.12) v/ere used as the initial values

8956 KPa.m-in l-+m 7T28,t.l ¡fl= (3.3.13)

which are very close to the values in ( 3.3.5 ) .

At the end of this section, I would like to emphasize

that from the above discussion models ( I ) and ( II ) can

satisfactorily fit the secondary creep data of

polycrystal-l-ine ice under different cavity pressures in

pressuremeter tests.



Section 3

fn this

parameter fil

pressuremeter

are fixed.

sectionr wê

by fitting the

tests when J.l =

.4 Eval-uation of the material- parameter fir

by fitting data of primary creep
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material

the given

= -.7111

shaf f eva.l,uate t.he

primary creep data of

9114 KPa.*inl** and m

As mentioned in Sec. 3.3, during secondary creep,

df:Ì,,, /dt it, 0 and 1f:l',r )t íìÍ 0 so that drt ¡.r /d¡t tí 0 from (3.2.10 ) .

It implies that the term containing ül wiÌl- not infl-uence

secondary creep and will only play its role during primary

creep. The primary creep dat.a may suffice for the

determination.

When the values of ).1 and m are fixed, the predicted

radius r() sol-ved from (3.1.15) is a function of time t and

the parameter Hi for the given pressure P. Hencer wê define

the objective function

N
i:; I r.r

i=0
(ti )

*
(I/II) Ft (tXt;t,t,t*) ¡r1r (fir ;tr) J'¿ i (3.4.1)

r{þ the predicted

is cal-led the

positive integer,

here r,) * is the measured cavity radius and

radius solved from (3.1.15), rrl* - r,)

residual;

t, are the
t-

test: , t,:,

for i:0rI,2,...,N, where N is a

instants at, which measurements were made in the

and tN are the initial and terminative time of the
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fitting period. We shal-Ì seek a vaJ_ue of ür such t.hat the

function Fl arrives at a minimum by using the Levenberg-

Marquardt alogrithm (Appendix A. 2 ) . Bef ore doing it, v¡e

have to calculate r,r (Hl ,t).
I took t,:, Íìt 10 min as the initial_ time for aII the

tests ' although the data of each test were recorded from

about 1 min. The reason is that at the beginning of each

test deformation in both the rubber membrane of the

pressuremeter and the tested Íce would be mainly elast.ic,

but what concerned us here is onJ-y the creep behaviour of

the ice. considering the fact that. the creep rate of the ice

specimen wouÌd decrease quickJ-y from its initial- vafue and

the ice specimen woul-d be in secondary creep aft.er about 500

min for the given pressures, r set a varue of N such t.hat. tn

^, 200 min. To examine whether my choice was feasible, I used

several t, which varied from 100 to 300 min, as the

terminative time to f it the data of several- tests. rt \^ras

found (cf .Table 2) that the longer t* was, the J-arger the

value of fil became, but the variation of H¡ v¡as smalr. The

assigned va-Lues of t* used in further analysis are shown in

Table 3.

For

(xt / v/e

by using

A..3 ) . In

0.01j,

a given pressure and a roughly assigned val_ue of

can obtain ä numerical sol-ution r.r(Hr/t) of (3.1.15)

the Runge-Kutta integration algorithm ( see Appendix

my work I chose the integration step J-engths h =

j = I,2,,..1300 to save the CpU time occupying the



computer since

in which ( 3.1

For the chosen

t.he predicted

{ t.. } where
)

7L

my f inal- aim was to evaluate (X I by j-teratÍon

15 ) would be numerically solved repeatedly.

the time nodes ofintegration step lengths,

sol-ution r<r(Hr r¡¡ were gr_ven rn a sequence

t L,) + 0.01j(j + 1)/2. j r r2, (3 .4 .2)l

Then at tl ÍlÍ 10.01 min, tl !::,r íì, 123 min and tn ri:,1 ,t, 343 min,

the integrration step lengths are 0.01, 1.5 and 2.5 min,

respectively, which are much smaller than the recorded time

step J-engths z 2, 10 and 10 min respectively in all the

tests. Thus integration accuracy could be satisfied by the

chosen h. Since the time nodes of ¡.¡ (ül rt) usual_]y would not

coincide with those of the experimental data, t.he Lag,range

interpolation al-gorithm wit.h variable distance \irere employed

to get ¡,¡(ür,ti) in (3.4.1).

There remained the problem how to choose the initial-

value of (Xr to start the iteration and whether different

choices of the initial fil would converge to the same val-ue.

several- initair val-ues of fir were tried. rt was found that

f or both models (I ) and (II ) initial val_ues of H r which

ranged over three orders of magnitude converged. to

effectively almost t.he same finaÌ val-ue after iteration; cf .

Table 4. Therefore, one is permitted to choose the initial
value of (xr rather roughly.
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EventuaJ-J-y for each test, f took fil = 10$ Kpa.minr for

model (I ) and rx I : 100 KPa.*in2+* f or model (II ) as rhe

initiaf value of (xr ¿ t,l' 1\, 10 min, t* ;tr 200 min as the

initial- and terminated time, and fixed i.r = 91L4 Kpa.minl+m,

m = -.7111 to estimate ül of the two models by fitting the

primary creep data of al-l the tests. The resul-ts are tisted

in Tables 5 and 6, where "objfun" is the val-ue of the

objective function defined by (3.4.1-), and SE(txr) is the

standard statistical error; the relative error in column 7

between the measured and the predicted cavity radius r,þ *

and r(r, is defined by

Error Ir.:,*(t) r,r (t)l/[r,i*(t) r,r*(t,r)l, (3.4.3)

where r,¡*(t,þ ) is the initial radius. A comparison of r,)* and

r() is exhibited in Figs. 4 to 10 for model_ (I), where in
each figure the symbol rl1 Í stands for a data point, and the

sol-id l-ine denotes the predicted curve. Since the predicted

radii of models (I) and (II) are very cl-ose to each other, I
have omitted plotting the predicted curve r,r of model (II).

Based on the numerical analysis, f shoul_d like to add

the following remarks:

(a) For the two model_s and for aJ-I the tests, the maximum

re1ative error of the measured and predicted radii in long-

term creep is about ::!::20å, which is usuaLl-y acceptable in
civir engineering. rndeed the long-term rel-ative error of
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test is only about or l_ess than 1;:108 except for testeach

¿trJtJ.

(b)

wel-1

From Figs. 4 to

the test data of

(c)

data of each test is

variation of the value

10, all- the predicted radii fit very

primary creep.

optimized Hr as determined from the

smal-l-. Especially for model (II)/ the

of fi ¡ determined from all the tests

fYr 2.562',,..I0r+ Kpa.minr, (3.4.4)

The scatter of the

is very smal-l.

(d) For the tested polycrystal-line ice with temperature at

-2tt C, the value of fi r may be taken as :

(r)

(IT )
lYr l.f!!:r;:fQÍ: KPa.min 1+m (3.4.s)

which are the average of the evaluated ü¡ from the given

tests.

rt can be concluded from the above observations that
both model- (r) and model (rr) can adequately describe not

onry the secondary creep (cf.sec. 3.3) but also the primary

creep of polycrystal_line ice.

FinaJ-ly, I want to quantitatively compare the effect of

the materj-ar parameLers on the predicted creep and creep

rate. By fitting the measured radius r,) *, f get the

approximate maxj-mum creep rate f:l,r .00089 1/min, which is
estimated from test #2 with cavity pressure p = 2500 Kpa.

Then from (3.2.18) and m = -.'IILIl
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k = 9.8.

Now for model (I), with k = 9.8, ).1

2.562'.,tI0(+ Kpa.mint and m = -.7111 on

the ratios j-n (3.2.22) and (3.2.23) ,

(3 .4
1+m

6)

(xl= 9114 KPa.min

hand, I find that for

2 . B:¡:: 101 min 1-m

10235 KPa.min 1+m

^i . 2 5:t:: 101 0 KPa . mint ,

which with (3.2.22) and (3.2.23) show thar for the given

units, the importance of the effect of the materiar
paramet.ers on the predicted creep and creep rate of the ice
in the pressuremeter problem is in the order of m, /,r and ür

for model ( r ) . we can arrive at the same conclusion for
model- (II ) .

The complete program named ALPHAI to optimize (Xl for
model (r ) when J.t and m are f ixed is given at the end of the

dissertation; the subroutine zxsse in the program is the

finite difference anal-ogue of the Levenberg-Marquardt method

issued by IMSL. The program for model (rr) is simil-ar and is
thence omitted.

rx7 /1.t

Itk ;ìr

txlk

(3.4.7)
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Section 3.5 Discussion

It is well known from the literature (Hookefl9B1) that
the power-l-aw fluid modeÌ can adequately represent the

secondary creep of poÌycrystaÌl-ine ice . For instance,

veJ-ocity profile in shearing flows as predicted from this
model- is c-Iose to that measured f rom glaciers which

undergoes shearing f l-ows (Sec. 5.1). But the power*Iaw f luid
model has at least two shortcomings. À glance at ( 3.3.3 ) ,

the creep equation which pertains to the power-law fl-uid

model- for pressuremeter tests, reveals that the predicted

creep rate shoufd remain constant with time under a

constant cavity pressure. However, taking a l-ook at the

measured creep rates (Fig. 1), v¡e observe that for a single-
stage creep test with a constant cavity pressure the creep

rate in fact decreases with time during primary creep.

Consequentl-y, the power-law fluid model cannot describe the

primary creep of pol-ycrystal-l-ine ice. And hence we cannot

evaluate the material parameters of the model by fitting
short-term data. The power-law f luid model- al-so f aiÌs to

exhibit normal stress effects in shearing fl-ows ( Sec. 5 . 1 )

and (McTigue and others/ 1985).

Noticing the defects of the power-J-aw fluid mode1,

McTigue and others(1985) suggested to use the second-order

fluid model ( 1.1.4 ) as the constitutive relation for
polycrystalline ice undergoing creep when they initiated the
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study of the possibl-e significance of normal- stress effects
on the shearing flows of glaciers. By setting m = 0 in
( 3.1.15 ) , we have the creep equation:

tl

lX t T,t / r,t ! ).1þt,, / y4t

rxr ¡r:r' + + f:¡?) + /.rf:t,r

Pr,)/2 0(P

or

(P P,t)/2 0 (3.s.1)

which is exactly the equation that pertains to the second

order fliud model. It can be seen from ( 3.5.1 ) that the

creep rate is no longer constant under a fixed pressure

since the term containing the derivative of creep rate
appears in the creep equation. In other words, the model may

fit the primary creep. The second-order fluid model can

certainly exhibit normal stress effects in shearing flows

(Truesdell and NoJ-J-, 1965). Now, suppose the model_ can af so

fit the secondary creep. Then (3.4.8) is reduced to

,t.tf:l,;, (t ) P,t)/2 0 (3.s.2)

in the secondary creep in which ¿[:1,;,/dt = 0. (3.5.2) asserts

that the relation between the creep rate and pressure is
Iinear. Hovrever the experimental- data def initly deny this
relat i on ( see Fig. 2) . Thus the second-order fluid model-

fails to represent the secondary creep when the cavity
pressure has different constant val-ues. In addition, there
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is an obvious discrepancy between the velocity profil-e

predicted by the modef and that measured from the shearing

fl-ows of glaciers (Sec. 5.1).

It is interestinq from the above discussion that the

merits of the second order fluÍd model seem to remedy the

defects of the power law fluid model, and vice versa. Just

for this reason, Man (1984) proposed the two special Rivlin-

Ericksen fluid models ( I.2.I ) and (L.2.2) as tentative

contitutive relatj-ons for polycrystalline ice undergoing

secondary creep; these two model-s have the sameandprrmary

velocity

shearing

But

profile as the power-Iaw fluid model- in steady

when fluids (I) and (II) finish primary creep, they

will- al-ways stay at secondary creep and never enter

tertiary creep which indeed takes place in a complete creep

process of a real- material. Of course, it is hard to give a

three-dimensional constitutive rel-at.ion which can completely

cover the three stages of creep.

The rest of this section wiII be focused on the

comparison of models ( I ) and ( II ) . Although the two models

are cut from the same cloth, they will- not have exactly the

same performance in alI events.

Recalling ( 3.1.15 ) , one may feel- inclined to choose

modef ( I ) since the creep equation of it. is neater than that

of model ( II ) . But the creep equations of both models ( I )

and ( II ) are non-linear so that t.hey have to be solved

ffows and show norma.l- stress effects in such flows
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numerically. I^lith the computer as a tool, the fact that

model- ( I ) has a simpler creep equation is no longer

significant. ft remains to be seen which model wil,I give the

better fit to the experimental- data.

Looking back at Tabl-es 5 and 6, we observe t.hat the

scatter in the optimized values of the material- parameter Lïr

of model (II) is much smal-l-er than that of model- (I). Thus,

model ( II ) seems to be more attractive than model ( I ) does.

Secondly, Tables 5 and 6 show that the values of the

objective function of model- (II) is l-ess than that of model

(I) for every test. The reason, according to my numericalJ_y

analysis, is that the predicted creep rate of model (II)

arrives at a constant l-ater and is closer to the

experimental data than model ( I ) does. Consequently, modeJ-

(II) can give a better fitting to the primary creep dat.a. As

for the secondary creep, the two models have the same

performance "

When evaluating the material- parameters by only fitting

the primary creep data of polycrystal-l-ine ice, it is

expect.ed that model- (II) wil-l be more acceptable.
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Table 1

The minimum creep rate ß'( of the pressuremeter tests.

t 4
ó *10 1/nin

(#12)
Pres sure
P(KPÀ)

1000
1250
1 500
'1750

2000
2000
2250
2500

.03692

.07110

. 1052

.21 27

.3147

.3171

.4582

.8125

(#10)

.1340

.2040

.3420

.5400

.8400

. 1050

. 1800

. 3100

(#13)

. 1200

.21 00

.3450

.5400

.7800
.5450

Table 2

Optimize d, when P = 91 14 KPa.*i1l** and m = -.71 1l are fixed by
fitting the primary creep data of pressuremeter testsfor several fitted time intervals.

ModeL I Model I I

Test t0(min) t¡(min) cr, r.1 0 or, r, 1 0-5
-8

3
3
3
3

#
f
#
#

10
10
10
10

111
170
240
31s

1 .497
1 .594
1 .650
1 .5s8

1.197
1 .384
1.447
1 .505

2 .930
3.141
3 .461
3.159

.8772

.9187

.9495

.9393

1 .040
'l .154
1 . 199
1.207

220
290

B5
't35
220
280

#6
#6
#6
#6

B

B

I
B

7
7
7
7

100
160

#10
#10
#10
#10

1.322
't .431
1 . s53
1 .693

where the initial or, *10-8=10. KPa.min¿

KPa.*intttol, *105=10.

(r)
(rr)
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Table 3

Cav:.ty
n umbe r

pressure p, fitted time intervaL ItO
of points for fitting.

t¡¡ J and

Test P(KPA)

2500
2000
2000
1500
2250
1750
1500

lto ,t,,l(min) N

-)tr
LJ

30
30
17
30
25
s0

#2
#3
#q
#5
#6
#t
#10

ls ,

Ilo
le t
[a ,
te ,
Ig ,l'l ,

240)
, 2401

1 801
260)
220)
2001
2201

*---The first stage pressure of multistage test #10.

Table 4
Optimize ./., when ,u = gLt4 KPa.*i.lh and m - -.71 11 are f ixed by

fitting Lhe data of primary creep of pressuremeter Eests for several

initial values of Òrr .

Test initial
(l) or¡,t10-

(tl) cr, *10-

1000

after
ø,*19-8
Model I

1 .555
1 .651
1 .6s0
1 .337

1 .455
1.464
1 .447
1 .340

iteration
oí*10

Mode I
ù
5

-5
II

#3
#3
#3
#3

#6
#6
#5
#6

1

1

1

.00
0.0
00.

0
0
0

.9425

.9403

.9495

.907 9

1 .197
1.198
1 .199
1.068

.1 000
1 .000
10.00
100.0



Optimize o(t by f itting
when I\ =9114 (xpa.min'tn

_: l:_ 3::i::r _::::1_:::: _:: _!:::::::i:::: _ _:::::
) and m=-.7111 are tixed.

Initial value of c., * 10 
8=10. (Xpa.min¿ )

Tabl.e 5

Test P(KPa) optimi
or,* 1 0

Model ( I )

sE(o<r )*ldg 95%con f idence
interval *10-6

zed
-s obj

*10
unft

.6593
r . s65
1.431
4.895
1.412
3.045
3.238

.7 7 54)
1.73s1
t.sszl
7.0071
l.4B3l
3.3761
3.68sl

.92251

.96701

.e6461
1.9321
L222)
1.7361
r.s87l

Er ror%

+10.7
+.266
-2.00
-19.4
-r0.2
-9.21
+7.84

at t
(min)

217 5
5095
4530
5360
2395
1700
58r0

2 175
s09s
4530
6360
2395
r 700
58 r 0

¡ai¿

l3
il4
fl5

2500
2000
2000
1500
22s0
1750
1500

.7 223
r .550
1.49t
5.9s r

1.441
3.21r
3.451

14 .2
1.15
1 .93
.495
6.83
2.83
.903

.0254

.04 r 5

.0295

.498r

.0173

.r6s8

.il13
ï

Àve rage cr' * 1 0 =2.562(KPa.mimt )

Tabl.e 6 Mode1 (II)

Initial value of or,rl0-5=10.(Kpa.min¿r")

fl6
fr1
fl10

fs
f6
#7
fl0

Test P ( xPa ) opt im! 3gd
or¡* 10'

obifun
*íot sE(or¡ )*10-5 9S%conf idenc

interval *10
ErrorX at t

(min)
e-5

#2
f,3
#4

2500
2000
2000
1500
2250
r 750
1500

.8379

.9495

.9425
1.766
1 . 199
I .686
r .5s3

.7533

.9320

.9204
1 .600
1 . 170
r .636
1.5r8

7.78
. s68
.64 6
.485
2,58
2.07
.395

.0404

.0086

.0108

.0782

.01l0

.0501

.0171

+10.7
+.332
- I .95
-t9.5
-10.2
-r0.5
+8.35

Ave rage 0l' * 1 0 =1.255(Kpa.rirn2fm )

co
à-
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Chapter 4 Ewal-uation of material parameters by fitt.ing
data of triaxial tests

Section 4.1 Initial- val-ue probJ_em pertaining

Lo triaxiaf tests

It has been shown in Chapter 3 that. the predicted creep

from models (I) and (II) can f it very wel-l- the primary and

secondary creep of poÌycrystal-Iine ice in the pressuremeter

tests. To examine the rel-iability of the two mode.l-s as the

constitutive rerations of ice undergoing creepr w€ shatl use

them to fit the creep data from severar triaxiar tests of

porycrystall-ine ice. rt coul-d be asserted that a good moder

which may be reliabJ-y used as a constitutive relation of a

material- shoul-d at least fit the experimental- data of

different tests for the material.

To revear the possibl-e significance of normal- stress

effects on the shear fl-ow of graciers, McTigue and others

(1985) used the second order f l-uid model- as the constitutive
rel-ation f or porycrystalÌine ice. They evaluat.ed the

material parameters in the second order fl-uid model- by

fitting their experimental- data of triaxial- tests on j-ce.

Their work was criticized by Man and sun (1986), who used

the same data of McTigue and others (1985) and adopted the

assumptions 4.1 to 4.4 givenlryMcTigueandothers (IgB5)

for the purpose of comparing modefs ( I ) and ( II ) with
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theirs. In this Chapter I will supply the detaiÌs about the

data-fitting, which was only briefly described in the paper

of Man and Sun (1986).

For each specimen of polycrystal-l-ine ice with the shape

of a finite circul-ar cylinder, McTigue and others ( 1985 )

introduced the assumptions:

4.L The specimen is a homogeneous isotropic and

incompres s ibl-e continuum .

4.2 fts temperature is uniform and remains constant with

time.

4.3 Body force and inertia force are negligible in the

anaJ-ysis.

4.4 The specimen undergoes a homogeneous deformation under

the given surface traction during the entire test period.

Then as shown by McTigue and others, the deformation

gradient, the first and second Rivl-in-Ericksen tensors are:

diag¡tx, Å'I/2, u-I/2), (4.1.1)tFl

[À' ]

[À¿ ]

diag I

diaq I

-2a, al

-2da/dt

al,
+ 4at , da/dt + âÌ, da/dt +

(4.r.2)
arl, (4.1.3)

where F satisfies the condition of incompressibiJ-ity detF =

I, {X r:;:i il, (t)/L is the ratio of the currenL length fr,(t) at

time t and the original- length L of the specimenf a iiiìi

dfi /dt/fi is the creep rate. I have put a negative sign in the



definition of the creep rate a I since dfi /dt

compression tests and the quantity am wil-l appear

f oll-ows . Indeed, ( 1 .2.4) and (4 .I .2) gives us:

il = 3m/2am

By substituting (4
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.r(l 
^ 

.'-U III

in what

(4.r.4)

and (I .2.2),

respectively, the

I.2), (4.1.3) and (4.7.4)

obtain f or model-s

extra stress:

v/e

into

(I) and

(1.2.1)

(II ) ,

(I) [r + pI] diag l -2).) 3

,,.fr./2_l+m¡^J d

).r 3m/ 
2.1+m

3*/ 2u.*di^g 
¡

J.ia + tX1 ({ +

Jra + tXr (S +

m/2a1+m + 2ur (

+ {x1({ + a,¿) +

+tX1($+4,¿)+

-å + Zur) +

fi:i: âÌ ¡

fin a2 L

4ßt at r

(4.1.s)

(II) [r + pI] -2¡a + 2rxl (-å + a,¿ )

al) * (x1¿:t,

ar) + rx1arl.

+ 4fit aÌ r

(4.1.6)

McTigue and others(1985) pointed out that the extra stresses

could be decomposed as follows:

[T + pI] diag¡<l * p,, t p.i, t p,:,] r (4.L.7)

where p,:' is the confining pressure, and (I is the axial-

stress in excess of the confining pressure. For simpJ-icity

\^re call- 0 the extra axial- stress in what f oll-ows. A

comparison of (4.1.5), (4.1.6) and (4.L.7) ]eads to

0+p,¡(r) -2t 3m/2.l+m * 2fi ¡ (-å + 2u') + 4(xt at
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m/¿ 1+m
P'l Jr3 a

m/2 m

+ t)(¡ ({ + ar ) * (x1i ¿;t, (4.1.8)

pja + rXr (å a2) ürarI (4.1.9)

2{Xr ( -á + 2a* ) + 4(Xî ar l

+P,l 3 a

Hence by eliminating p,r in (4 . I . B )

equations of model-s (I ) and ( II )

ice should be

m/2 l+m

(II )

(r)

(II)

fn secondary

daldt ^, 0 /

0+p.:

ülå + 3

fi¡ å * J.la

a

m/2 m

| -2\ta +3

+

and

for

(4.1.9), the creep

the triaxial- tests of

J.ta (ür + fi1: )¿t + <I/3

0

(4.1.10)

model- can

in triaxial

(4.1.11)

f l-ow, i. e.

lead to the

onJ-y if

0

((x I fir: )ar¿ + 0a-mrrl+m/2 0,+

with the given a(t,:' ) as the initÍal condition.

It is wel-l known that the power-law fluid

adequately represent the secondary creep of ice

tests through the creep equation

/la 1+m L+m/ 2+ ö'/3

same predictions AS

since ice undergoes steady

(I) and (II) wil-l- in effect.

power-J-aw f Ìuid model- if and

creep /

models

Itxl + (xl: la:¿ << 3

I tX I + Hi: I a:t 4q J.ia.

m/2 1+m
Jralrl

(II )

(4.1.12)

In other words, the term (ul * fi1 )¿t IN (4.1-.10) shoul-d be
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negligibJ-e. When substituting the f irst Rivl-in-Ericksen

tensor Ar expressed by (4.1,.2) into (2.3. 34) , v¡e precisely

have

(r) m/¿ 1+m
,l.lal(xr + (X1 l¿;t 'i, 3

ItXr * fi1 lat :líi ILa,

(4.1.13)

which show that the condition ( 4.1. f2 ) does not viol-ate the

thermodynamic restrictions .

On the other hand, the extra axiaJ- stress 0 of the four

(II)

tests of

get enough

provided just one

parameters.

Therefore, we

setting

McTigue and others

information from the

curve, to

is the samer so one could not

experiments which actualJ-y

determine the four material

shal-J- negJ-ect the term ((x¡ (x*l )a' by+

(r,rr) (txr + (xr )ar 0

/' ( -nlü )

(4 . I . 14 )

terms of (x ,

creep equation

in the following numerical- analysis.

Since the experimental- data are given in
for the purpose of fitting we rewrite the

(4.1.10) as:

3(r) (Xr l(X/ü (n/n)tl m/2 1*m
-<l', / 3 I



94

(4.1.1s )

(II) fir [ü/n (ü/n)11 -ir( -ty,/tx) - 0( -#/rx)-*/3L+m/2 - 0

with the given lx1t,r ), dfi(t,¡ )/dt as the initial conditions.
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Section 4.2 Evaluation of material parameters

The temperature, the confining pressure, the extra

axial stress and the test period of the ice specimens in the

four triaxial tests of McTigue and others (l-985) are listed
in Table 7 . Their creep data with fl versus time L r denoted

by rrl'l rr are shown in Figs. 11 to 14, where t) i:iii tû,(t) - Ll/L
is the strain of the specimen. It can be seen from Table 7

that. all- the tests were made at the same extra axial stress

0 = -470 KPa, at al-most the same temperat.ure from -9.50C to

-9. B0 C but with different confining pressures. If ice is
indeed an incompressible material as assumed, the creep

cì.r.rves in triaxial- tests should be independent of the

confining pressure. However the four curves of McTigue and

others, for which 0 is fixed, are not coincident at all (see

Figs. 11 to 14 or McTigue and others (1985) ). Since the

temperature of the four tests are almost the same, the

incoincidence of the four curves may be caused by

compressibility. inhomogeneity, anisotropy and defects of

the ice specimen as wel-l- ô.s t.he inhomogeneity of the

deformation. There is also the possibility that the

confining pressure affects the initial reponse of the

specimens. When the four curves of McTigue and others (1985)

are plotted together in one figure¡ we find that, they are

essentially parallel and discrepancies among them are snall-

if they are moved to the same initaiÌ point. Thus we
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concl-ude that the apparent differences in creep behaviour of

the four specimens are in fact differences in initial

response. Since model-s (I ) and (II ) are only meant f or

describing t.he creep of ice, we can take Assums. 4.1_ to 4,4

as approximatel-y valid.

In Chapter 3 , the parameters /.1 and m of models (I ) and

( II ) are evaluated by fitting the secondary creep rate of

several pressuremeter tests with different cavity pressures /

and then t.he val-ue of the parameter Hr is determined by

fitting the primary creep of the tests when the val-ues of /r

and m are fixed. By means of this treatment, a set of val_ues

of trI , (x l and m \^/ere obtained which gave good f its to atl- the

tests. However, \^r'e cannot eval_uate the parameters II , tX¡ and

m by fitting the data of the four triaxial tests in the same

v/ay since aII the triaxial tests of McTigue and others

(1985) have the same extra stress 0 which determines the

creep or creep rate according to ( 4.1.10 ) and ( 4.1.15 ) . To

deal with this problemr wê define the objective function

16
)il [ü
i:0

*(I , II) Ff (Jr,(xt,m) u(ti;l.r,(x1 rm)lÌ i (4.2.I)t
]-

here ü* 1 + l) is the given data; tx is the predicted

sol-ution of ( 4.1.15 ) by the use of the fifth-order Runge-

Kutta-Nyström method u'ith the int.egral step length h = 0.05

duy; tr ,r = 11 day is taken as the terminal t.ime of t,he f it
because the creep of the ice specimens entered the tertiary
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stage around that time. we seek a set o¡ ,t.t , (X t and m such

that the function Fr assumes a refative minimum by using the

Levenberg-Marquardt algorithm. At the beginning of the

fittingr wê met the probJ-em of over-parametrization: there

are many sets of the val-ues o¡,t.t, (Xt and m ( = -.671 to

.70) which can give "good" fits to the data of the tests.

See TabÌe B/ where "objfun" is the vafue of the objective

function Fl: def ined by (4.2.L), and "error" is def ined by

error

Arr effective way to overcome the over-parametrization

is to fix one parameter before fitting. Laboratory

measurements on polycrystalline ice generally support vafues

of n in the power-J-aw fl-uid model- (1.1.2) in the vicinity of

3 when the octahedral- stress 'r: is between 0.1 to I MPa

(Hooke, L9B1). It is also found out from experiments that

the val-ue of n seems to be independent of temperature/ while

the viscosity B is temperature dependent. For the given

triaxial tests, the octahedrel- sLress

-2 1/2 I l1 0.22 MPa.,|:'

*[ü (r)

3

*n(t)l/ü (t.r). (4 .2 .2)

Tabl-e 9 , when the exponent m

from -.65 to -.7I, the

fil are small (recall- that m

In addition,

of model-s (I )

variation of

evident from

(II) rangies

optimized Jt and

as is

and

the
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= I/n - 1 from (7.2.8)). Consequently we fix m = -2/3 or n =

3 and evaluate /.r and fi r by f itting the data.

ÀJ-though having m = -2/3 in handr wê stitl need an

initial- g-uess of J.t and fi l bef ore iteration in the

optimization procedure can be started. \,ve sharl- at f irst
explore a rough vafue of /r, which may be used as the initial
).1 for iteration, through the secondary creep equation for
the triaxial test:

_ r - ( I+m/ 2) ,r.^- ( 1+m )
-J \/cl (4.2.3)

which fol-rows from (4.1.10) when we set da/dt = 0 and ((xr +

üt )a:¿ = 0. For this purpose, wê measured. the slope of the

creep curve for each test to obtain the approximate

secondary creep rate â*, which was found to be .00073.

'00073, .001 and .00067 r/day at- the 15rh day so that the

corresponding rough val-ue of J.t \^/as 2510 | z5rot 2260 and 2583

KPa. dr/3 for tests #1, 2r 3 and 4t respect.ively. Next, from

the creep curve of each test againr we estimated ü, dfi/dt/H
and dtfi/dtt at day 2. whire these estimates are admittedly
very crude, they will- be good enoug'h f or the present.

purpose. Then by using (4.1.15) with m = -2/3 and /,r = 2466

KPa. dr/3 which is the average of the rough varues from the

f our tests, wê obtained the crud.e val-ues of fi ¡ as shown in
Tabl-e 10. The average Hr = !.,,,:1g5 Kpa.dt for model (I) and

/r

Hr = 4000 Kpa. d4/3 for modet (rr) were used as the initial
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vâ.1-ues for the optimization iteration.

After this preparation, \^/e optimized the parameters /r

and (xl by fitting the data of all- the triaxial- tests when m

= -2/3 v/as fixed. The numerical- results are shown in Table

17, from which one can see that the scatter of the optimized

val-ues of ).1 and fi r f or both models (I ) and (II ) are small

and the fits are excell-ent because the rel-ative error

defined by (4.I.2) is under ',,1',.0292 at day 17 and is under

::1 .33% even at the end of each test. In what foll-ows, wê

shal-l- take the averages

2414 KPa. d r/3 fil 1 . 617:l::10l;; KPa . dt I

(4 .2.4)

2434 KPa. d r/3 t^l 3003 KPa. d "+/ J

(I) Jt

(II) )I

(4.2.5)

and take m = -2/3 as the val-ues of the material parameters.

To make the comparison t.ransparent, the experimental and

predicted strain rates of model- ( I ) for aII four tests are

plotted in Figs. 11 to 14, respectively. In the figures each

sguare rrl'l I' denotes an experimental data-point, and the sol_id

line is the predicted curve. The predicted curves of model

(II) are omitted since they are al-most the same as those of

model ( I ) . It could also be seen from the figures that the

predicted curve for each test fits the data very wel-1, both

for the primary and for the secondary stage of creep. The
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error after day 20 begins to increase since the ice

specimens arrived at tertiary creep at about that time,

whereas models ( I ) and ( II ) can onì-y describe primary and

secondary creep.

To examine the effect of the initial guess of J.t and fir

on the optimization iteration, we al-so eval-uated lt and ül by

using several- sets of init.ial J.t and fil for the iteration. It

is found from the computation that all these init.ial val-ues

converged to effectiveJ-y the same final tt and ü¡ as the

initial- values J.r = 2466 Kpa.d1/3, ,*, = 2.:,,i10I;; Kpa.dt f or

modef (I), ancl nr - 4000 KPa. d4/3 for model (II); cf . Tab1e

12. It can be claimed, therefore/ that model_s (I) and (II)

are acceptable and the present. computation algorithm is

effective in fitting the primary and secondary creep data of

the triaxial tests "

Before turning to the next sectionr \dê woul_d like to

discus s the ef f ect of t.he material parameters on the

predicted creep and creep rate of the ice in triaxial tests.

For convenience/ l-et u = (ul , ur: / uÏ ) denote Q,,,, fir r m). As

in Sec. 3.2, it can be shown by a similar analysis that. in

the triaxiaf test problem, f or t iìl ¡,¡ ,

1_r
Exp(,/'l,,adr: )tll., nxp ( -,f .t-- ,..

a
0a

tÄ --Ðu
1t0txl0u ds)dt'1, (4.2.6)

uxp(tl,,oaliladt ) tJ'1,, (ôål,Tu)Exp( -,I'1,, 0à/i)ads )dr: 1
0al0u

(4.2.1 )
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Let us concentrate on model (I), as for modef (II) the

analysis and concl-usion will be simil-ar. From ( 4 . I . 10 ) and

( 4.1.14) , we have

å = ( - ö/3 - 3^/2¡rr1+m)/Åt, (4.2.8)
from which

0 à,/0 a

$å/6/.t

üå,/6rxr

0alom

Since It >

Ln(a) <

the data,

3^/ 2¡, (t + m )u*/fi, ,

^m/ 2 1+m ,,,,J a /\^t t

(<t / s + 3^/21.r.1**¡ /,*1

3^/ 2l'.1**"., (sr / 2 

^) /rx r .

0, da/dt :lji 0

(4.2.e)

1 or (Ln3)/2 +

and measurement of

à/t\ t ,

the previous

due to the positivity of the

To compare the effects

Çreep rater w€ obtain from

$¿/ô,r.r a 0r ôa/6Ht ;it: 0, $a/6m > 0

i)a/òIt a 0, 0alflrxr iìr 0, 0alflm;, 0,

ðtx/'òl.t ¡ 0, i)tx/ðut :líi 0, 0rx/Ðm < 0

(4.2.10)

(4.2.11)

(4.2.L2)

function.

m on the creep and

(4 .2.e ).t

0, ITI >

0 from

then

,anda<<

computation

f rom which and (4.2.6) and (4.2.1) | v/e obtain

exponential

of J,t / (X I and

(4.2.9)l and



0 :ri; lì j/6 rx r
.m/
J

2,,., .1+*7rx I

r02

(4.2.13)

(4.2.14)

(4 .2 .76 )

(4 .2 .77 )

for o q 0, and

ôalÒm !t.
1n*À/0, 0,

0 iiÌ 1så/ti)L)/ 1ð'å/ôm) iìÌ I/QIA)l

t (ð a/ð)\ ) / (0 a/0m¡ I ::íi I 1/ (/,'A) I ,

3^/ 2l.ru

where the negative constant À is defined by

A - sup Ln(3
t,ìlt,l

r/2a). (4.2.15)

A comparison of (4.2.9) and (4.2.13) with (4.2.15) t.hen yields

which with (4.2.4) and (4.2.5) Iead to

0 < (så/¡irxt)/ (6allìm) :1í; - I/ (nrA),

t (Ða/0¡.t¡/ð(0alOtxr ¡ I > txl /¡.t,

and hence

l(0a/i)txt)/çðal0m¡l :líi lI/(txrA) I, for r iìÌ: ¡,¡,

t(\tx/0),)/(0ul0ur)l > tx1 /),t,
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t (Au/0r)/ (0nlOm) I :ri tI/ ()IA)t, (4.2.18)

t(ùu/ðtxt)/ (0rx7¿*,' :tíi lI/(txrA) I, for t iìr r,r

By comparing (4.2.I7 ) and ( 4.2.18 ) with (3,2.22) and

(3.2.23), r/,/e see t.hat for the same mode}, namely model (I),
\Me have obtained the same estimates for the effect of the

materiar parameters on the predicted creep and creep rate in
the pressuremeLer and the triaxial creep problems.

To have a quantitative comparison, by pl_ugging the

approximate maximum values of a = 0.0018 l/day (which was

measured from the triaxial test #4 at day 1 ) and the

parameter val-ues

5 .221 ,A=

tX r ,/.l.l

I J.rA I

ItxrÀl

61 (day5/3

1. 27:,::10.{ (Kpa.O.ytl3 ),
B . 4 7:¡::10 rjr (Kpa . d_y* ) ,

),

in (4.2.I1) and (4.2.18), llrie see that for model (f ), under

the given units, the parameter m and fir wil_l- give the

rargest and the smal-l-est effect on the predicted creep and

creep rate for the triaxial- test problem.
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Temperôfure. conf ining pressure, extra
time interv¡l of the triaxi.¡l rests-

axial stress ðnd tested

test t emp
oc

con I i n in
preSsure

extrò axi¿l
stress(KP¿ )

tested t imeI
( MP.¡ ) (day)

fl
f,2
fr3
H4

0.
0.
-37
-50

-4 70.
-470.
-470.
-470.

-9
-9
-9
-9

I
5
7

34
l4
lì

23

TabIe I

optimize ,t^¡ olt
tests f I and å4

ðnd m by f itring the dara l.(rl/c ot rriaxial
MODEL ( I )

Test initial
m

a f ter
A ott

iteration
.10-J m

obj f un
* I ob

error àt error at(day) r (day)

f,l
l1
f1
ll

-.6s
- .67
-.69
- _'Ì 1

2199
2 206
2099
I 958

242
263
217
163

6B7t
6B68
694 0
7045

.487

.488

.487

.489

-.0004
-.001 1

- .0014
-.0025

- .25
- .25
- -24
- )c

34
34
34
34

-.65
-.67
-.69
-.71

220'l
209 l
197 2
r 94 r

2.005
1.764
r.868
I .733

-.6707
-.6779
-.6882
-.6900

.208

.216

.20 4

.214

+.0038
+.0079
+.0022
+.0033

'I 7
t7
17
l7

-.11
-. l0
-.12
-.1I

23
23
23
23

vhere initial l¿-ZOOO Kea.dayy, and o(1 =lt1
error:=(a-aal/a, a and aa are experimental and

7

7
7

l4
l4
f,4
â4

Table 9

Opt imize /
Èests vhen m

and o(r

is fixed.

KPa.day a

predicted 'trrr/t

by fitting rhe dara I (r)/t ot rriaxial
Model (I) ModeL (rr)

Test fixed m iteration
o(, t l0'5

ðfter iÈeraÈion
Adt

after
l^

obj f
r10 un UN

ó
obj f

*10

fl

t
f

-.65
-.68
- .71

28r8
2305
I 886

I .397
1.262
l.l4l

.4BB

.487
-485

2844
232 4
r896

27 46
2025
r 4 68

.538

.532

.530

f,4
l4
l4

-.65
-.68
-.71

25r4
207 7
17 17

2.095
'r .907
t.129

203
204
205

2549
2102
1735

4 901
3690
27 B2

. r 84

. t83

.lB3

In Tables B-'I2, ll has the same unit, so does uÌ
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Table 'l 0

Estimate the inirial 01,
vhen A=2SGS(KPa.day'lr

by using rhe data of rriaxial tests
) and m=-2/3 are fixed.

Modeì I Model II

Test ú *102
(day-' )

* 103o( o(,rlOf d
(day'2 )

l1
ï2
f,3
f,4

.9953

.9930

. 9918

. 9910

-. 1307
-. 1387
- .1392
- . t 636

.216r

. 1784

. 1635

. l4 28

t.405
r.914
2. r00
3.168

242 4

34 34
3776
6342

average: 2.147

Table 1 1

Optimize A and o1t by fitting the data
tests frorn day I to day l7 vhen n=-Z/3 is

ModeI ( I )

3 994

L(Er/L of rriaxial
f i xed.

lest after
IA

Er ror at t
(day)

Er ror
%

iteration obifun
o{r.l0t rí06 at t

(day)

fl
l2
f3
f4

2522
2536
2335
2261

1 .334
2.012
1 .128
1 .994

.488

.230

.255

.203

-.0008
-.0023
- .028 1

+.0023

-.25
- .12
-.33
-.11

34
34
23
23

66 ( xpa .òay'/3 ) , &t o2.11 (xpa.da v¿)

7
7
7
7

nhere the init ial /f =2a
average A-2qt 4 (KPð.day KPa . day e

Model (II)

Test obifun
*íoó

Er ror ðt t
(day)

Er ror
x

after iteration
lA o(¡

at t
(day)

l1
fl2
f3
#4

2532
257 6
2340
2289

2201
367 6
1 958
417 6

.528

.250

.293

.183

-.0022
-.0054
-.0290
+.000 I

17
l7
17
17

-.27
-.17
-.33
-.13

34
34
23
23

initial tA =2466( xea.day'/3 ¡, o(, =4000(xea.day4/3 ¡,
A=2434(xpa.day l'r ) and - r(¡ =3003(xea.dayq/J ).'

where the
avera9e



106Tabìe t2

!mize the materi¿l
Ll/L trom day I (o

p¿¡ròmeters /f and o(¡
.l¡y l7 of triaxial tests

Model ( I )

g the
/3 ís

Op
t( by littin

vhen m= - 2
d¿ta
fixed

Test intial _s
A d¡rl0'

on
o-5

obj f
l0

un
ó

¿fter
l 

¡ferð!¡
0(t¡l

Er ror ðt t
(day)

Error ðt I
(day )

2

2000
500.
I 000
I 000
I 000
r 000
2000
2000

05
.0
.0
.0
.0
.0
05
.0

1Ct1

2523
252 1

2536
2334
2259
2259
2260

I .336
1.342
| .329
2.0r4
I . 137
1.972
r.975
1.983

.487

.488

.487

.230

.255

.203

.203

.203

- .0006
-.0005
-.0005
- .001 9
-.0283
+.0030
+.0030
+.0030

tl
17
t7
17
t7
t7
t7
l?

-0. 25
-0.25
-0. 25
-0.12
-0.33
-0. l r

-0. r2
-0. r l

3{
31
34
34
23
23
23
23

3

t4
l4
f,4 5

Model (lI)

Test intial
l^ o\

after
lA

iteration
o(¡ 6ó

obj f
rl

un Error at t
(day)

Error at t
(day)

ll
ll
tl
t2
t3
l4
,4
l4

500.
l 000
I 000
l 000
r 000
r 000
500.
2 000

s00.
5000
r 000
l 000
r 000
I 000
500.
2000

253{
253 r

2542
257 6
23{0
2287
2333
2288

2223
221 4

23t7
367 7
r 958
{ r {6
501 l
{ r {8

.528

.532

.534

.250

.29{

. 184

.23 r

. 183

-.0030
+.0005
-.004 r

-.0052
-.0286
-.0224
-.00s2
+.0006

1?
t7
17
17
17
17
17
t7

-0.27
-0. 26
-0. 28
-0. r7
-0.33
-0.r3
-0. r6
-0.r3

34
3{
3{
34
23
23
23
23



r07

l'r l¡x l¡ I rcst r, I
021
0?6
o?
0?
0?
0?
o?
0?
0r
0r
0r
0r
0r
0t
0r
0t
0r
0t
00
00
00
0

0,
0,
0.
0.
0.
0.
0.
0.

_ 0.
- 0.
- 0.

0.
c.
0.

c 0.; o.
i 0.q 0.

0.
0.
0.
0.
0.
0.
0.
0.

¿l

0 .0?
0 .0?
0.0?
c .02

- 0.02:0.0?
0 .0?
0 .0?
0 .02
0 .0?

c 0.01: o.ot
! 0.0tØ 0.01

0 .01
0.0t
0.0t
0.0r
0.0t
0.0t
0 .00
0 .00
0 .00
0 .00
0 .00

9
I

4

t irne (day)
00{
00
00

?o 30 40

40

r0

Trl¡xf¡l tesÈ 12

t0

0

Ffg. ll

o

a

t ime (day)

30

Comparison of
model (I) for

20

Ftg. l2

experímental & predicËed
triaxíal tests tl]- & #2

0

straJ-n þy



108

Trt.rxl¡l test ül
l
i

A

3

7

7

;
')

)
7

7

0
0
0
0
.l

0
0
c

1

4

')0
0
0
0
0
0
0
0
0
0
0
I

0
0
0
0
.]

0,
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.

.03

.t?

.02

.02

.o?

.o?

.02

.02

.02

.02

.02

.0r
0r
0r
0t
0l
0t
0r
0l
0t
0r
00
00

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

o

c
€

ø

00
00
00 t imc (day)

t imc (day)

?o0 l0 30

Ftg. t3

c

Trfaxf¡l f4

c
q

Ø

4

0 .007

0
0
0

30
0 r0 20

Fig. l4

Comparison of experimental & predJ.cted strain by
model (I) f or rriaxial rests lß e ll4



109

Chapter 5 Evaluation of material parameters by fitting
short-term creep data of pressuremeter tests

Section 5.1 fntroduction

In Chapters 3 and 4, I showed by example that model-s

( I ) and ( II ) coul-d adeguately describe both the primary and

secondary creep of poJ-ycrystalfine ice through fitting the

Iong term data of some pressuremeter and triaxial_ tests

which v¡ere performed in t.he J-aboratory. There I proposed an

effective and feasible method of numerical analysis to
evaluate the material- parameters of both models. One of my

main objectives is to analyze the mechanical- properties of

frozen material in foundations, such as ice, permafrost in
cold reg:ions. These frozen material-s may hide under seabed,

or on the mountains r or jostle between two soil layers.
Should a sample of the frozen material- be drawn out and

del-ivered to the laboratory, their material properties would

have changed upon arrivel since ice and permafrost are not

the usual- el-astic solids but are fluid-like material-s which

may undergo creep under l-oad and even sustain melting,

regelation, etc. For this reason¿ we would like to test the

properties of the material in question in-situ. Among a

variety of testing devices for the in-situ test., the

pressuremeter is one of the most widely used (Baguelin and

others, I97B; Ladanyi and Johnston, 1972).
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For the foundation problem, we certainl-y wish to know

the J-ong term, in particular, t.he secondary creep properties

of the frozen materials. It is found from experiments that

the higher the cavity pressure applied by t.he pressuremeter/

the earl-ier the secondary creep will- take place for ice and

frozen soil-s. There is the same observation in triaxial

tests (Jacka, L9B4). But v¡e cannot shorten the test time

without limit by increasing the cavity pressure because the

material around the pressuremeter may be damaged when the

pressure is too high" For j_nstance, Kjartanson (1986 )

noticed from his experiment that some macrocracks appeared

near the cavil-y of the ice when the pressure was 2.5 Mpa. It

is al-so observed from his pressuremeter tests that ice

completely entered the secondary creep after the test

started for 800 min or 15 hours, when the cavity pressure

was less than 2.5 MPa. Conseguently one has to wait. at least

10 hours to measure the secondary creep properties for

undamaged ice sampJ-es similar to those prepared by

K jartanson which rvere at -20 c. rs it practical- and necessary

to perform a long term ín-situ test about 10 hours in a cold

region? The ansv/er to the first question is straight: no¡

especially for tests under the Arctic ocean. In the

folJ-owing sections¡ wê shal-l attempt to seek an answer to

the second question.

Bef ore rve start, we would emphasize t.hat it is

meaningless to use the power-Iaw fluid model- to fit the



short term data obtained from creep tests
that model- cannot represent the primary

Sec. 3.5 "
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on ice because

creep of ice; cf.
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Section 5.2 Eval-uation

short-term

of material- parameters

dat.a of a singJ-e-stage

by fitting

creep test

In this section we shall try to determine the material
parameters in models (I) and (II) by fitting short-term data

of a single-stage pressuremeter creep test and then use the

modefs that resul-t to predict the secondary creep pertaining
to the pressuremeter test. The secondary creep data of the

tests wil-i- only be used as comparison. fn addition, let us

temporarily forget the numerical- resurts obtained in chapter

3.

For this purpose, we define the objective function

N

= il [r,i
i=0

*(I, II) tr) (Jr ,[X¡,m;t.i¿t¡q) Ir.lt r' r,r(jl .(xr,m; tr)lti

(5.2.1)

here r<i, * is the measured cavity radius r r.þ the predicted

radius from ( 3.1.15 ) ; t,r and t* are respectively the initial

and terminated times of the fitting period which are given

in Tabl.e 3 for each test. These time intervals indeed falr

in the primar:y creep period under the given pressures. we

shal-l seek a set o¡ I't, (X: and m such that the function F¡

arrives at a minimum by using the Levenberg-Marquardt

optimization argorithm and then compare the predict.ed tong

t,erm creep raci j-i wit,h those f rom those measured. The me'[,hod.

to find the numerical sofution of ( 3.1.15 ) has been
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introduced in sec. 3.4. The procedure of numerical_ anarysis
is given in Appendix 4.3. rt is obvious from ( 3.1.15 ) that
here we have a nonl-inear regression problem to determine the

material parameters.

rn nonlinear regressÍon, it is necessary to assign the

initial val-ue of the parameters to start the iteration. But,

when we are given the short-term data of a creep test¡ v/e

don't even know the order of magnitude of the parameters

except that m:v - 2/3 or n rtr 3 in the power-l_aw fluid model_

(Hooke/1981). Hence we have to search an initiar val-ue of Jr

and fi r from the short term data which are the only
inf ormation gathered, while using m ,r, -2/3 as the rough

value of m"

To this end, l_et us fook back at (3.1.15 ) . Both

equations contain J.t and ür J_inearly. So what we shall- do is
to fix a certain value of m in the vinicity of -2/3 and

estimate the value of dr,:' /dt and d* r,i /dtt at two instants,
say tr and i't:, in the short-term period of test, in order to
get t\.{o simuf taneous rinear argebraic equations in /l and fi ¡

Thus a pair of rough estimates of l.t and fi I can be f ound f or

each test when the cavity pressure is given. one may

estimate dr.r /dt and dÌrq, /dtÌ through f itting the measured

cavity radii by using a porynomiar, say f(t) from which

dr,¡/¿¡ = ft and dtr,r/dtl = f" coul-d be directry calculated
at the instants tl and tr: But in my work, r estimated

dt r,¡ /¿¡:t by using the dif f erence quotient. of dr,¡ /¿¡. one is
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free to take one of the above methods because only rough

estimates of It and fi r are needed to start the iteration. For

ð given test the rough J.t and fir wil-l- be optimized with fixed
m through ( 5.2.1 ) . The quest.ion how to choose tl and tn may

be raised. Will the rough J.l and Hl estimated from different
pairs of tl and tr read to approximatel-y the same end

resul-ts after the optimization? The ansv¡er could be found in
Tabre 13, where the fixed m -.10. one can see from Tabre

13 that the end resul-ts are al-most the same for rather
dif ferent choices of t¡ and tt of course, the optimized. ,r,r

and ül will depend on the choice of m" To examine the effect
of m/ r t.ook several- varues of fixed m and optimized the

corresponding rough estimates of J.t and fir for model (rr) and

for tests #3, 5 and 6 . The numerical resurts are shown in
Tabre 15, from which one can see that when m changes from

.I2 to - .66, the optimi zed J.t and (x r are at most tripled .

Therefore up to this pointr we can say that we can at least
det.ermine the order of magnitute of JJ and (x r by using the

short-term data of a singre-stage creep test. For model_ ( r ) ,
the discussion and conclusion are similar (TabJ_e 14),

For modeÌs ( r ) and ( rr ), we have obtained the varues of
the parameters by fixing m in advance at a certain val-ue in
l-.12, -.661. In other wordsr w€ have found the range of J.i

and fi r of the given ice. But we stirr do not know what i-s

the value of m for the ice yet. To determine m, r arlowed m

to vary in the optimization procedure. rn order to make the
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discussion transparent/ l-et us concentrate on one test and

also on one model, e.g., test #3 and model (II). It can be

read from Tabrle 15 that the optimized J.t is 10307 and fir is
93670 when m is fixed at -.70. Here r have omitted the units
of the parameters f or convenj-ence. I used /.t = 10307, (Xr =

93670 and m = -.70 as the initial- value o1 ,r.t, (xr and m to
f it the data by t.he Levenberg-I4arquardt method. Af ter the

optimization, the three parameters stop at 10306/ 93570 and

*.70/ repectiveJ-yi cf. Table I1 . The reason that the

iteration did not run much is that the objective function Fl

def ined by (5 . 2 . 1 ) is already al-most at a l-ocal minimum when

Jr = 10307, (X I = 93610 and m = -.10. To overcome this "pre-
optimized" problem, I took -.69 and -. jI as the initial_
val-ues of m so that the initial- val-ues of the parameters

woul-d no longer render the objective function a l-ocal_

minimum. The motivation to change the initiar m is based on

the fact that the predicted r(r is most sensitive to m ( sec.

3.4 ) . rt is found from computation that after optimization m

came back to -.10 (TabJ-e 17). rndeed any initial- val-ue of m

in l*.72, -.681 seem to converge to about. -.j0 after
iteration for test #3, moder (rr) (see Tabl-e 19). But here I
encountered the over-parametrization probrem: t.he initial_ m

-.66 converged to -.68 and could give the same "good" fit
to the data rike the other initiar m (see Tabre 1g)" The

over-parametrization problem can al-so be found in Tabl_es 14

and 15 which show that when the fixed m vaies from -.72 to
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-.66, the optimized values of the objective function of each

model have al-most the same value for each test, and so are

the rel-ative long term errors. Besides, the rerative long

term errors of tests #3 and 6 are about -11_t, -339 for model-

(I), and -1 .BZt -272 for model_ (II), respectiveì_y. The

errors of test #6 for both model-s here are much higher than

those in Tabf es 5 and 6. rt shoul-d be pointed out that we

cannot simpry t.ake the average of the optimized parameters

)I t ür and m for either modeÌ (r) or model- (rr) because the

units of /t and fi l contain the parameter m which varies from

l-ine to Ìine in Tables 14 to 18.

rn the next secti-on r wê shal-r discuss about the
possibility of solvi-ng' the over-parametrization problem and

reducing the long term errors.
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Section 5.3 Evaluation of material parameters

taneously fitting short-term dat.a

single-stage creep tests

by simuJ--

of two

As mentioned in the last section, the major problem

that r met was over-parametrization when r was fitting short.

Lerm data of a singì-e pressuremeter test. The reason why

over-parametrization appeared may be that a single creep

curve is not enough to determine the three materiar
parameters. \^/e may f orrow either of two approaches in order
to get enough information. one of them is to fit the data of
a test in which the pressure varies within a short-term
period. Another is to simultaneousì_y fit the short term data

of two tests with different pressures. Às figured out in
sec. 3.2, it is not dif ficurt to fit dat.a with varÍable
pressure by numericaf analysis. But it is perhaps easier or
more practical to undertake a multistage test in which each

stag-e has a constant pressure. At present, r have on]_y one

set of data from muftistage test #10 in which each stage

l-asted one day (see Fig. 10).with such data we cannot adopt

the first approch. what r can do here for the first approch

is only to give a suggestion. For porycrystalline ice, let
each stage of the multistage test l_ast about B0 min. Let the
pressure of the first stage be 1500 Kpa; increase the

pressure by 500 KPa for each stage. Thus a test with three
stages l-ast only about 250 min, which is arlowabre for the



in-situ test.

When going by

s imultaneous J-y f itting

v¡e define the objective
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the second approach, namely,

the data of two single-stage tests,

function

(r, rr) Pr ,pr )

(ti; Pi )

(ti; Pt )

r.¡(ll ,(xr rm;tii P¡ )ll
*+hl

.]-
I r,t r,r (/.ir()(r,¡n;t. ; Pr: )lt ; (5.3.1)

here r.r*(';Pr ) and r,r*(';Pr: ) are the mearured cavity radii

under pressures Pl and Pr: , respectiveJ-y; r,r (' t. t.;.;Pt ) and

r,¡ (',' ,'¡'iPt: ) are the predict.ed radii from (3.1.15) under

pressures Pl and Pr: , respectively. We seek a set ef ,1,1 , (Iir

and m such that the function F,r arrives at a relative

minimum by the Levenberg-Marquardt method. The procedure of

numerical analysis is given in Appendix 4.3. The resul-ts of

computation are recorded in Tabl_es 20 to 23,

I shoul-d l-ike to add the f ollowing comments:

(a) From Tables 20 and 21 , all initial- m ranging from -.1I
to -.66 seem to converg:e to about -.7L by simultaneously

fitting the short term data of the two tests #3 and 6 for

both models.

(b) fn contrast with fitting the data of a single test/

shown in Tables 14 and 7,5, the objective function no longer

has the same values after iteration when m is fixed at

different values for both models; neither are the relat.ive
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long-term errors (see Tabl-es 22 and 23).

(c) comparing Tables 20 and 2r with Tables 18 and L9, v¡e see

that the relative J-ong-term errors from the fit to test #6

for the two modefs are reduced. rn particular, the reduction
is impressive for model ( II ) .

These findings reveal- that the over-parametrization as welr
as the higher error probrem in fitting the short-term data

of a singre-stage test could be improved by simultaneously

fitting short-term data of two singre-stage tests with
different pressures. whether or not it is practical- to do

two short-term in-situ pressuremeter tests at the same time

remains a probrem to be answered by the engineer or
experimentafist.
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Optimize lA and d, by f itting the primary creep data of
pressuremeter tests when m=-0.70 is f ixed.

ModeL (II)

Test t1(min) t2(min)
/^ -tinitial

c(r *10
after

l

1 0697
10583
10634

10041
10062
10061

iterat
dt

10n
1 0-5:t

#3
#3
#3

#s
#s
#s

5.
14.
5.

40.
60.
'1 11.

B.
20.
B.

4.
15.
4.

1 0293
10268
10307

.9250

.9034

.93 67

2.211
2.004
t 1îtrL. I LJ

1.054
1 .074
1.072

59.
120 .
160.

60.
90.
110.

9428
98B2
10118

9421
1 0204
10173

9288
9650
9829

.337 9

.9408

.4126

.4567
1 .977
.5130

.4290

.6896

.5149

#6
#6
#6

In Tables LB - 23, // has the same unit, so does xl
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Opt imi ze ll
teSts Hhen m

and
is

o¿¡ by f itring the primary creep data of pressuremeter
fixed.

Model ( I )Table l4

Test fixed t1 12
m (min) (min)

r2

i n i t i a I _oA ú'to "
iteraLio¡ objfun Error

o(¡.lO-ð tl0t Z
afÈer

,u
aÈ t

(min )

70 6. 165. 10232 .2557 9836 .4271 r.50 -8.7 2175

l3
t3

-. 66
-.70

f,4 70

t5 - .66
_.70f5

fl7 _.70

_.70110

5
5

B

I
B

4

7

7

'rll
111

160
r60

16636
1 0076

3852
328s

16894
10209

l .500
I .295

.291 -ll. 5095

.293 -r 1. 5095

5s. 9503 .2236 9967 I .0s6 . 365 -23.
5.334
4.989

4530

6360
6360

2395
2395

1700

5810

f6
f6

1r0.
110.

.3927

.3368

17529
10295

.4 53

.444
-38.
-33.

r 6087
9912

I .63
1 .66

-32.
-32.

66
70

17499 r .549
r0186 1.334

r 5710
97 12

9097

r 0285

.51{4 945?

2.71't 9108

r 00.

r50

't .252
.9929

1 .644

r .755

.47 4

1 .20

-53.

-56.

Table 1 5 Model (II)

Test fixed t1 E2
m (min ) (min )

iteration obifun
o¿rr10-5 ílOt

initial
ß c(rrlo'

after
A

Error aÈ t
X (min)

f,3
f,3
f3
f,3

-.66
-.68
-.70
-.72

I 6710
r 3208
10118

7823

. ?500

.5585

.4126

.3022

17034
1326'l
1 0307
7950

r.710
1 .255
.9367
.6736

.258

.260

.259

.259

-7.
-7.
-7.
-7.

095
095
095
09s

5
5
5
5

I
I
I
I
{

4
4

6
I
7
7

111.
111.

85
85
25
75

ls
fls
ils
f5

-.66
-.68
-.70
-.72

160.
160.
r 60.
160.

17473
I 3359
10173

77 12

r.168
.8495
.6r30
.4 384

1793 r

13504
10634
800 r

3. s90
2.370
2 .125
1.470

.502

.530

.485

.48'Ì

- 38 . 5360
-34. 6360
-20. 6360
-22. 6360

fr6
f6
fl6
fr6

110.
110.
r 10.
I r0.

r 5912
12531

9829
7676

.9207

.692 1

.5149

.3802

1 6294
1 284 5
r0061

7853

1 .894
1.445
1.072
.804 3

l .02
.997
.99s
.996

-27 .
-26.
-26.
-24.

2395
239s
2395
2395

à2
f4
fl't
fi10

-.70
-.70
-.70
-.70

165.
65.

100.
1 50.

1 0239
9592
9l 57

121 44

.3990

.2634

.427 9
2. BB 1

9904
10127

9603
9448

.6187

.884 3
1.063
r. r45

.836

.234

.556

.820

-6.0 2175
-l 7. 4530
-4 6. 1 700
-36. 5810

-.66
-. 68
-.70
--72
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Tabl.e l6

Opt imize A c(¡ and m of Model I by f i tt i ng the pr imary creep data
of pressuremet.er t.ests.

Test initial
o/r ' I 0'E

obifun'* 
1o¿

a f ter
A

iterati
o(r*10-

on
a

objfu¡ Error at rrl0' 1 (min)

f,2
fl2
l2

9836
9836
9835

.427 1

.427 1

.427 1

- .69
_.70
-.71

66.96
.r60r
38.96

r 0629
983s
9308

.4378

.4269

.4191

. l 594 -8.7

. 1 600 -8.7

. r 503 -8.7

2 r 75
217 5
217 5

I 0209
I 0209
r 0209

r.295
1.295
1.295

-.69
-.70
-.?r

1 0626
1 0207
9777

1.322
1.291
1.292

-.6970
-.7000
-.7034

.0294 -r l.

.0292 -11.

.0294 -1 1.

5095
5095
5095

fl4
f{
fl4

1 .056
I .056
r .056

- .69
-.70
-.7t

r 3.23
.036s
8.342

1 0246
9967
97 69

1.048
I .055
1 .025

- .69't'Ì
-.7000
-.7014

0364 -24.
0365 -23.
0366 -2s -

4530
4530
4530

ls
t5
ls

1 0295
1 0295
r 0295

4.989
4.989
4.489

2.452
.0479
1 .590

1 0909 5. 04 s
1 029s 4.959
9902 5. 984

-.6958
-.7000
-.7050

.0445

.0478

.0486

-33.
-33.
-20.

6360
6360
6360

f6
l6
f6

9912
9912
991 2

.9929 -.69

.9929 -.70

.9929 -.7 1

49 .37
.1 660
31.33

1 0600
9912
9922

.9813

.9926

.99 41

-.6943
-.7000
-.6999

.r691 -33.

.1658 -32.

.1664 -32.

2395
2395
2395

961 1

961 1

961 1

1.813
1.813
r.8r3

-. 69
_.70
-.71

9186
9600
9587

1.611
r.826
1 .639

-.'t022
-.6999
-.5986

1 700
1 700
1 700

l

9967
9967
9967

m

-.69
-.70
-.71

6935
7000
7 042

f3
f3
l3

fl7
i'Ì
l't

20.27
.0293
12.26

8.546
.0664
6.438

.0476 -53.

.0551 -46.

.0476 -53 .

tl0
110
fl10

91 08
9r08
9108

1 .755
r .755
1.755

-. 69
_.70
-.71

r 0.79
.1202
6.679

-.6942
-.7000
-.7064

9840
91 06
8418

1.789
1 .753
r .799

. 1 202 -54.

.1202 -5't.

.1219 -56.

58r0
581 0
581 0
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Tabìe t7

Optimize ll
of pressuremeter

o<t and m of Model II by fitring the prirnary creep datatests

Test iniri
oq*'l0

obj Í un.
*10-

a f ter
A

998 0
9905
928 I

9829
96 60
985r

9882
9483
9314

iterati
orir10--ç onf obj fun Error..t0? Z

/l

9775
9775
9775

m

- .69
_. 70
-.?1

ðt t
(rnin)

t4
â4
f4

fl2
fl2
fi2

9904
9904
9904

6187
6lB7
61 87

69
70
'Ì1

52.05
.0835
28. s6

-.6994
-.7000
-.7053

.6308

.61 97

.5690

.0840 -5.8

.083s -6.0

. 0828 -6.2

21? 5
217 5
217 5

t3
f3
fl3

r 0307
1 0307
r 0307

.9360

.9360

.9350

-.69
-.70
- .71

¡4.95
.0259
8.104

r 0503
1 0305
9889

.9692

.9357

.8855

-.6986
-.7000
-.7032

.0263 -7.0

.0259 -7.2

.026 I -7. 3

5095
5095
5095

10127
10127
10127

.884 3

.88{ 3

.8843

-. 69
-.70
- .71

10128
10127
10179

.8180

.8842

.917 7

-.6999
-.7000
-.7000

.0233 -1 7.

.0233 -17.

.0248 - 1 5.

4530
4 530
4530

ls
fs
fs

1 0634 2.215
1 0634 2.125
1 0634 2.215

1.372
.0485
.7488

11850
106rs
10470

2.351
2 .195
2.061

-.6917
-.7007
-.701 r

.048'Ì -22 .

.0485 -17.

.0487 -20.

6360
6350
6350

f6
fl6
f6

10061
10061
10061

1.072
1.072
1.072

-.69
_.70
- .7'l

.3317

.0994
18.51

105f2
1 0062
r 0466

1 .142
1 .075
r.116

-.6965
-.7000
- .6967

.0999 -25.

.0992 -26.

.0996 -26.

2395
2395
239s

fl7
f7
t7

1 . 169
1.169
1.159

1 .090
1 .093
r.216

.0554 -34.

.0555 -44.

.0604 -39.

1 700
1 700
1 700

8.666
.0233
4.746

s. 300
.0680
3.640

m

-.6982
-.6998
-.6993

69
70
71

f,10
t10
tl0

9448
9448
9448

1.145
1.145
1.145

- .69
_.70
-. 71

5.530
.0828
3.036

1 .211
1.146
1.160

-.6967
- .6997
-.7018

.08{2 -35

.0820 -36.

.o872 -32.

58r0
581 0
581 0
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Optimize A,ot, and m by fitting the
single pressuremeter test.

prrmary creep data of

Table 1 I Model ( I )

Test

#6
#6
#6
#6

rnitial
m

-. 66
-. 68
-.70
-.72

-. 56
-. 68
-.70
-.72

,il r, 1O'4

1.010
.9910
1.029
'1 . 184

after
dt

obj fun
't 1 O'

error
ol

-9.83
-10 .7
-11 .1
-11.0

-32.4
-33.3
-32.9
-33.6

m

-.7011
- .7 024
-.6994
-.6885

-.5820
-.6933
-.6985
-.69s3

iteration
't 1 0-8

#3
#3
#3
#3

1 .233
1 .073
1 .008
1.046

1 .343
1 .290
1 .291
1.346

1.054
.987 6
.993s
"97 98

.302

.293

.294

.293

1 .6s
1 .69
1.70
1"69

where the initial A =104 (xpa.min't" ) and a, =108 (npa.min2 ) .

Table 19 Mdel (rr )

Test

#3
#3
#3
#3

#6
#6
#6
#6

initial
m

-.66
-. 68
-.70
-.72

-. 66
-. 68
-.70
-.72

obj fun
*10t

error
o/
/o

-7.78
-7.64
-7.87
-7.76

-25 .6
-26 .6
-29.2
-26 .1

m

- .67 97
- .7 012
-.7022
-.6986

- . 6715
-.666s
-.6988
-.7086

after iteration
U .î, 1O-4 c{r * 1 0-5

1.333
1.014
'1 .000
1 .048

1.424
1.509
1.013
.903s

1.266
.9116
.8924
.9442

1.645
1.732
1.014
.927 5

.260

.259

.259

.258

1 .00
1 .00
1 .08
.993

where the initial ,il=104 (npa.min'tn
errors are calculated at t=5095(min)
#6, so are in table 18.

o<, =1Or (npa.mintr");
t=2395(min) for

) and
for #3,
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Optimize l.t, dt
creep data of two

and m by simultaneously f itting the short-termpressuremeter tesC s.

Table 20

f3 and f 6
Model ( ¡ )

Initial a
A, to'+

1 .059

1 .096

.9809

.9009

fter iter
o(t*10-

a
â
tion obj f un

rlot error
(f3)

-16.0

m

- .66

- .68

_.70

- .72

m

-. 696 I

-.6933

-.7020

-.7088

er ror
(fl6)

-24 .3I .'l 57

1 .602

1.498

r .463

1.98

1.9'l

2.11

2.31

-16.9 -24.8

-17.0 -26.2

-16.1 -26.6
rhere the ini r ial. /.104 (Kpa.mirJtn) and d¡=t (Kpa.min2 )

Table 21

f3 and f6
Model (II)

Initial
A *'to'

'I . 134

1.146

.9543

1.215

tter iter
c(¡ r I 0-

2.061

1.972

r.55t

r.80r

a
5

tion obj f un
* l0¿

.338

.3s9

.279

.299

error
(fl3)

+3.53

f error
(fl6)

-4 .71

-.060 -7 .97

m

-.66

-.68

-.70

- .72

m

-.6949

-.6933

- .707 6

-.703 I

-.50 I -9.4 I

+4.10 -5.22
shere the initial /t =104 (Kpa.minr+m
Èhe fit time intervals of fl3 and f6 ar1,8, z2o)(min) respectively, ii,. rãrutat t=5095(min) for f,3 and i=2395(min)

) and dr =1
e Ilo , 240] (

tve errors ar
for f6.

(xpa.min2*D ) ,n) and
ca lc ula t ed

mt
e
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Table 22

Opt imi ze // and
f i tt in9 the pr imary
#3 and #6.

dt when m

creep data of

Modef ( I )

is fixed by simultaneously
two pressuremeter tests

Fixed m

-. 66

-.68

-.70

-.72

after
A r'10-4

1 .668

1 .300

1 .006

.7774

iteration
4 *10

2.003

1.786

1.521

1 .308

obifun
íro"

.200

.185

.209

.280

er ror
ol
,6

(#3)
-15.

-15.

-17.

-17 -

er ror
o/

(#6)
-19.

-21 .

-26.

-30.

-'

where the
the error
for #6.

initial rt =1Oa
is calculated at

(xpa.min'*t ) , "(, =1oB (xpa.minz )

t=5095(min) for #3 and t=2395(min)

Table 23

Opt imi z
fitting
#3 and

e lt and
the primary

#6.

o/' when
creep data

Model

m

of

(II)

is fixed by simultaneously
two pressuremeter tests

Fixed m after iteration
A *10'4 o(, 'r 1 0-t

1 .825 4.307

1 .377 2.681

1.059 1.481

.8112 1 .230

obj fun
r'1 02

.528

. 419

.312

.217

er ror
(#3)
+13.

+4.3

+2"4

+.15

er ror
o/

(#6)
+7 .6

-2.2

-6. 5

-12.

-.66

-.68

-.70

-.72
where the
the error
for #6.

initial tt =104
is calculated at

(nPa.min'tm ), d, =10t (xPu.minzrn ),
t=5095(min) for #3 and E=2395(min)
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Chapter 6 Applications of models (I) and (II)

Section 6.1 Application to glacier ffows

In this section¡ wê shaÌl- study the velocity profile

and normal- stress difference in fl-uids model-Ied by the

constitutive relations (1.2.I) and (f.2.2) when they undergo

steady shearing ffows, in order to indicat.e the merits of

the two special Rivl-in-Ericksen f luid model-s.

The motion of a gJ-acier could be ideaÌized as the

steady shearing flow of a ice slab with uniform thickness h

down a plane inclined to the horizontal- by an angle dr under

gravitation (Nye,1957). Choose a Cartesian coordinate system

such that the inclined pJ-ane coincides with the xi -xr plne;

the b,ase vec'tors et and er point along the l-ine of greatest

slope down the incl-ined plane and normally upward from the

incl-ined plane/ respectively. We seek a steady velocity

fiel-d in the glacier with the form

V

under the body force per unit mass

b g (sintlter

(v(xt ), 0, 0) (6.1.1)

and boundary conditions:

costlr el: ) (6,1.2)
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v(0) v<:, et , T (h )er -P':'elì / (6.1.3)

where g is the accel-eration due to gravity¡ v,I a constant

number, T the Cauchy stress and p.r the atmospheric pressure

acting on the glacier.

Suppose the g'lacier ice is modeÌed by ( 1.2.1 ) or

(I.2.2) , We assume that the glacier is assumed as

homogeneous istropic and incompressible continuum. Under

those assumptions, the kinematic quantities shoul-d be

Àl

.lVr

À1

,il:

v' (er $er + ell $el ) ,
2 (v' ):¿ erì # erì ,

(r' )* (el(iler + et(1iet ),
(,r' )* (6.1.4)

H is the tensor

into (1.2.1) and

glacier:

from (1.2.5) and (I.2.4), where v'iii:i dvldxr: ,

product of vectors. By substituting ( 6.1.4 )

(I .2.2) | we obtain the Cauchy stress in the

2+m(r) T -pI
+ (2tx,

+ [ü:i: (v') ]erHer * i.tv'(erfiet + er$er )

(II) T

+ rx1 )(v')te*(Ì,e1 ¡

= -pI + (r')*[fir: (v')ler$er +

+ (2txt + txr: )(v')*er:(þerl.

(6.1.s)

Jtv'(et8'et + el: 6' e¡)

Then using the balance equation of linear momentum and taking
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a simpJ-e analysis of the corresponding boundary val-ue problem,

v/e obtain

(I, II) v(xr )

(I, IT) v(xr: )

V(l =

[ (lgsindt ) /It] L¡r [ 1

t1

A glance at (6 . 1 . 6 ) reveals that the vel-ocity of models

( I ) and ( II ) in the present gJ-acier problem is precisely the

same as that of the power law fluid model- since the

parameters H r and ür do not appear in ( 6.1.6 ) . For further

discussionr we set m : 2/3 which is usua1J-y acceptable for

ice in a gJ-acier (Hooke, 1981) . Then (6.1.6 ) is reduced to

\t,\ =

this problem the

fluid model (m = 0

xt',/h)'l/4.

(6.1.7)

xt:,/h)tl/2.

(6.1.8)

the velocity

obtained from

(1

We can also find from ( 6.1.6 ) that in
veJ-ocity associated with the second order

in (6.1.6)) shoul-d be

v(xr ) V() [ (!gsindt ) /Itlht [ 1

Before talking about which modef

profile more

real glaciers,

compatible with empirical

(1

has

data

Iet us look at some empirical data. By
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measuring four boreholes distributed along a flowplane on

Barnes fce C-p, Baffin Island, Canada (Fig. 15), Hooke and

Hanson( 1985 ) gathered the velocity profile at the four

boreholes in the gJ-acier (Fig. 16). The four curves have the

common character that the velocity profiJ-e is almost

vertical in the great upper portion of each borehole. The

gJ-acier measured by Hooke and Hanson(J-985) is certainly not

ident.ical- to the ideal-ized one in the above analysis. But

the information provided by Fig. 16 suffices for qualitative

anaJ-ysis.

For the purpose of comparison, ( 6.1.7 ) and ( 6.1. B ) are

plot.ted in Fig. Il with a given v,r, It , g, dr ¡ )'t and h. It is

obvious by comparison that the curve with m = - 2/3 is

closer to the rea] velocity profiJ-e than that with m = 0

(which pertains to the second-order fluid model ) . In other

words, modeJ-s (I) and (II) as wel-f as the power-l-aw fluid

model, rather than the second-order fluid model- or the

Newtonian fluid model/ can adequately describe the velocity

profile of a glacier.

Some phenomena in shearing f lows of f l-uids, f or

instance I climbing in Couette flow, sweJ-ling in Poiseuille

flow, depression or heaving of free surface in open channel

f low, can be expJ-ained by normal- stress dif f erences; cf .

Col-eman and others (1966 ) and Schowal-ter (1978 ) . Noticing

that the pov/er-law fluid model- does not exhibit any nornal

stress effect shearing flows, McTigue and others ( 1985 )
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applied the second-order fluid model- to study the possible

effects of normal- stress differences in glacÍer flows. But

as pointed out before, the second-order fluid model cannot

satisfactorify predict the veÌocity profile. Cf. Man and Sun

(1986) for further comments on the work of McTigue and

others. Indeed, by using the two special RivIin-Ericksen

fluid models (I) and (II), Man and Sun (1986) pointed out

t.hat. the effect of normal- stress differences on glacier

flows may be far less pronounced than that envisaged by

McTigue and others (1985).
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Section 6.2 Heat and mass transfer in a pipe

In this section, w€ shall apply the special Rivlin-

Ericksen fluid models (I) and (II) given by (1.2.1) and

(L2.2) to anal-yze the heat and mass transfer problem of

fluid in a fixed pipe by folJ-owing the same method provided

by Szeri and Rajagopal (1985). Suppose a pipe of circular

cross-section and radius R has infinite Ìength. The wall

temperature of the pipe is fixed as a constant¡ sây (i),¡. Let

the fluid with constitutive relations (I) or (II) undergo a

steady fl-ow under the constant pressure drop k in the flow

directior *", L.a.,

i)T /42 k (6.2.r)zz

here (r, rlr ¡ z) denotes cylindrical coordinates, where the z-

axis coincides with the axis of the pipe. Let

(.r, êd, , ar)

denote the unit base vectors. We seek a velocity field v and

the forms:temperature distribution r) with

V

{.:)

(0, 0, w(r)),
r:rr 1r).

(6 .2 .2)

(6.2.3)

For the given problem, the first and second Rivlin-



Ericksen tensors are given by the formulae

( -w')
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(6 .2 .4)

(6.2.s)

Then by

(r .2 .2) ,

Al =w'(eÉe'rz +eHe
z r

from which we deduce

where

Àt: 2(w' \ le fie. r r,

À1 lw' I I le 8, e'rr

TI: [ (*' )t ]
m/2

+ e ($e
zz

m

W' i:;:i dW/dZ :líi 0,

+ rxr )(-\ù'),¿"rH",
* (X1 (-v¡')le fte-\"/-z"zt

for 0 :lï r:líi R, (6.2.6)

and B indicates the tensor product of vectors.

substituting (6.2.4) and (6.2.5) inro ( 1.2.1 ) and

vùe obtain the Cauchy stess:

(T) T

(rr ) r

-pI + ( 2tx, /.r (-w, )m+1(.rH""
+ e (le

T (6.2.1)

- )'L(-w'\ /e He\ /\ r z

(6.2.8)

-pr +

+e
z

(-w')*t (2frr * H1 )(-w')*"rH",
(4e ) + fi1 l-wr 1?s (ds l.T'. z z.

since the fl-ow is assumed to be steady, it may be shown that

V û

and the barance equation of linear momentum is simprified to



0p/Ðr = 0[(2nr * ü¿ )(-\ll')Ì)/ilr
i)p/0 rÞ = 0,
i)p/i)z + 0 ¡,rrr(-w')**tl /i)r/r = 0

135

(2{x r + rX*: ) (-w' )Ì /r ,

(6.2.9)

m+2

+

(r)

(II)
0p/ð r =

{)p/0 th =
0p/ð z +

0[(2ur +

0,
0 ¡;tr(-w')

m*2txt ) (-\d' ) l/ör

m+1 )/0r/r

+ (2tXt + fifl ) (-v¡' )

0

(6.2.10 )

(6 .2 . rr)

when the body force is

gradient k is constant

neglected. Since the pressure

in the f l-uid, i .e .

-0p/ô z i)T /ð z k IZZ

the velocity profile can be sol-ved from the eguation

m+10 ¡ttr(-w') )/0r rk
or

\nr' (r ) -¡ur/(2Jt(o¡¡1 7/(m(Ö)+1)

(r, Ir)

(r, rr)

where we have used the symmetric condition w' ( 0 ) = 0.

Next we proceed to deal- with the equation of heat

conduction which will- be derived from the balance of energy.

Tt is known from the theory of continuum machanics (Gurtin,

1972) that the first law of thermodynamics is given in Ìocal

form as follows:

I ot; ¡¡.y divq + t')f i (6 .2 . L2)= T'L

here fl is the internal energy, l/ the radiant heat suppry per
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unit mass/ T the Cauchy stress tensor/ L the velocity

gradient, q the heat flux, and fr the density.

In general-, the specif ic internal- energy t) f or the

Rivfin-Ericksen fl-uid of complexity 2 can be written as

For

form

the

(o

present problem where Àl and À'l: are given in the

2,5), the function ü is specialized to

F ¡r¡,'l- ¡ w')'

fl($/ À1, Àrl).

But l) and w' are only dependent on r from (6.2.3) and

(6.2.4) . rhus

DÐ /Dt 0 (6.2.13)

Suppose the

be characterized

constitutive

by Fourier's

relation of the heat flux can

l-aw

(r, rr)

(r, rr)

-K (,f )gradrr¡ .q

Then in the present problem

divq -dIrl/i (0 )dö /drl/dr/r.

It may be easil-y shown that

(6.2.14)



keeping (6.2.LL) in mind,

veJ-ocity field equations

supply, i

(6.2.ls )

v¡e obtain the

for models (I) and
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(6.2.1s )

e. 1/ = 0. Hence

into (6.2.12) and

temperature and

(II):

m(0 )+2T'At /2 1.r 1Ð ) (-*' )

Suppose there is no radiant heat

by substituting (6.2.t.4) and

T.L

¡.r 1r,) ) ( _w' 
)

m ((:r )+2 + dIrK(n )(:r')/dr/r

L/ (m(0 )+1 ) 0

0, (6.2.L6)

wt + ¡xr/(2li(t)¡1 (6.2.17)

(6.2.18)

(6.2.19)

with the boundry conditions:

u/(R)

(..r (R)

'w<lr 
¡

{jì ,)

and the symmetric condition:

(i),(0) 0

v¡here \n/,:' and tl() are the given constants. and ûô ¡ iiiii d(')/dr.

Since (6.2.16) and (6.2.I7 ) with ( 6.2.18 ) and (6.2.L9) are

two-point boundary value problems, their numerical- solution
may be found by the finite-difference method (Wal-sh, 1981/

Kubicek & Hlavacek, 1983 ) as long as the functions /t(0 ) and

m(0) are specified.
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To find the difference between non-Newtonian and

Newtonian fluids in the heat and mass transfer problem,

Szeri and Rajagopat (1985) applied the third grade fluid

model to steady shearing ffows between two fixed and heat.ed

plates . Using ReynoJ-d's and Vogel's models as viscosity

coef ficients, they found that if the f l-uid is even sJ-ightly

non-Newtonian, variable viscosity sol-utions are not too

distant from constant viscosity sofutions in contrast with

Newtonian f l-uid. Basing on their resul-ts r wê may

approximately assume that the viscosity in models ( I ) and

( II ) j-s independent of temperature. For simplicity in

further analysis, we only consider the case in which the

heat conductivity K and m, the exponent in models ( I ) and

(II ) , are also constants. Then (6.2.L6) and (6.2.l-8 ) reduce

to:

m+2 Kd(rr:þ')/dr/r 0+(r, Ir )

(r, rr)

Jr (_v¡' )

\t7t + (kr/2/tt ¡
1/ (m+1) 0,

(6.2.20)

(6.2.2r)

which show that in the present case, the velocity h/ is
independent of temperature but the temperat.ure (rlt depends on

the vel-ocity through (6.2.20 ) .

A straightforward integration of (6.2.20) and (6.2.2I)
yields



m+2 m+2
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(6 .2 .22)

v¡(r) W(:' =

m+2 ^-==* 2

1rln¡m+l l,2
I

m+
m+

m+2
m+T+ 2)', )t .kR- / _- \K \2)I)( R* l1

(6 .2 .23)

where the conditions (6.2.18) and (6.2.I9) have been used.
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CONCLUSION

The main theoretical resul-ts presented in this thesis

are the thermodynamic constitutive restrictions on model-s

(I) and (II) derived under the assumptions that (1) the

motion of fluids characterized by models (I) and (II) is
sl-ow, (2 ) the free energy has a minimum at the rest state

and is convex in Ar in a neighbourhood of Àr = 0.

Furthermore/ it is shown that if l\r remains in the

respective constitutive domain of the two models, and models

( I ) and ( II ) are (not ) consistent with the const.itutive
restrictions, cannister f l-ows and triaxial- homogeneous f lows

are (not) aspnptotically stable" It remains as further work

to study the Lyapunov stability of the rest state and

various motions of fl-uids (I) and (II).
When models ( I ) and ( II ) are applied to fit the creep

data of pressuremeter and triaxial- tests, it is found that
t.he two model-s can adequately describe both the primary and

the secondary creep of polycrystalline ice. This finding
will be important in the endeavour to predict the J_ong-term

creep behaviour of ice by using the two models to fit short-
term creeo data. The val-ues of the material- parameters of

models ( I ) and ( II ) estimated from the data of Kjartanson

and Jones corroborate the derived thermodynamic

restrictions. The fitting process is essentially based on a

nonlinear optimization method by the use of the computer.



T4L

The techniques to evaluate the material parameters of models

(I) and (II) by fitting creep data are described in detail
in this thesis. As for the problem to devise a short-term

in-situ pressuremeter test which wiÌl- del-ineate the long-

term creep behavj-our of ice, it is found that the

experimental- data of a single-sate pressuremeter creep test
are not enough to eval-uate all the rel-evant materiaf

parameters in the two models. To sol-ve this problem, doing

short-term muJ-tistage tests may be worthwhile to provide

sufficient data for the applications of the two models.
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ÀPPENDICES

J\.1 Least squares fitting with constraints

Let

(x j'

be a set of given data points. The problem at issue is to

use a polynomial

v j=712r... rmr

i-1

l

n
(A.1.1)r (') C.XIi=1

to fit the points (*k*t, yk+1)r...r(*m, ym) under the con-

straints that

f(t Yj,

l

j:L,2,... rk < m (A.1.2)

(A.1.3 )

j

More preciseJ-yr wo seek coef f icients .i in (4.1.1) that.

minimi ze

m
)::i I f (x

j=k+1 "jl'
and satisfy

f (x -l )=L,2,...,k < mj

This probJ-em can be soÌved by the method of Lagrange



muJ-tipliers. Let
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i-1c.x, - v.r I -)
(A.1.4)

(cr ,cl ,... rcm) and

as yet undetermined

F(c,b)

mn
2r.:, ()..:

j=k+1 h=l

mn
):,i ¡ 1ï:j=k+1 i=1 L

i-1
j Yj) T

k
I + ).::

j=1

of

the

n
¿.,À..t

J. i=1

where c and b are the transpose

(\r ,\il , . .. ,\¡) , respectiveJ-y; b is

Lagrange multiplier vector.

Vihen F is at a minimum,

i')F /ð c 0 and 0 F/0b 01

or in detail-

C,X
h

X

h-1
j

i-1
j

v.lx- )'
i-1
j

i-1
j+ \

k
):.:

j
0 i=1r2,..,rf,

-1 l

n
)::: (

i=1
0C Yj) j=r ,2 , kl

(À'.1.5 ) can be recasted compactly as

AW B/

where A is a square matrix of order (n+k) defined by

(A.1. s )

(A.1.6 )

j=L ,2
i-1
l i=lr2r,,. rÍr, ,...rkA

)tL
L

T
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A 0 i,),=I ,2,.

A

i, j+n

i+k/h

i+k, j+n

m
¿t..,

j=k+1
h+i-2
i)

i-1
j

i=1r2,...,rr,

hri=l ,2r..,,fr,

,...,k,1\ =x i-1
j j=r ,2

B is an (n+k) vector defined by

Y),B j=r,2, kl

ÐD i+k
m

,)\''

j:k+1
v.x'l i=1r2r...,fr,

and I{ =

determined.

given data.

determined

(A.1.6 ) .

(À.1.7 )

(c, b) is the unknown (n+k) vector to be

The matrices A and B can be evaluted from t,he

The unknown coefficients c and b can be easily
by solving the linear algebraic equations



A 2 Nonlinear l-east sguares optimization by the

Levenberg-Marquardt method

Statement of the problem: let y = (yl , yt\ t

(y(tr), y(tr: ) y(tn)) be the n-observat.ions of

dependent variabl. y, x = (xr , xlì |

parameters/ f(*, t) the predicted solution, and

I12r... /n.
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the

ofm

(A.2.1)

(A.2.2)

ti)' -If f (*'I

The object.ive is to find an x such that

(v ml.n,f . )rI'I

l-ocalJ-y, where F is called the ob jective f unction.

The Gauss-Newton method for the iteration of parameters

is as fol-Iows. Suppose one has got *(k) after (k l)th step

of iteration. Then next step is to find an increment vector

Ex such that F(x(k) + nx(k) 
) mÍn (4.2.3 )

IocaIJ-y. Since

F(x (k)+ 8x (k) f.(x (Ðfil0x(k))r¡'*(k)1t..J¿ 
' IYi (k)
l-

by the Taylor expansion, then one must have

(A.2.4)



0F(x

g (k)

J(\)

¿,* (k )

(Yi

(k) 1(À g

fr)0frl0x
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(^.2.7 )

(A.2.8)

(A.2. e )

(A.2.10 )

(A.2.11)

(k) +w) /i)w= 0 at !ü(k)= ôx (A.2.5 )

0 " (A.2.6 )

which with (A.2.4) Ieads to

f.
I

(il f . /itx(k) )tu*(k) ¡rt filitx(k)lv.'* r),,;

i

By defining

(k
{

i

j = 1,2,. "'mrJ

A(k) = J(k)rJ(k),

(A.2.4) can be represented in the neat form

q(k) : A(k)rr(k)

from which, ôx(k) can be sotved by

(k)

Since (4.2.4) is approximateJ-y val-id,

F(x(k) + n*(k))

would not exactÌy arrive at a minimum when the increment

vector solved from (l\.2.11 ) is substituted into (A'.2.3 ) . The

further iteration given by



x(k+1) x(k )
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+ (k) 1 (k) (A.2. 12 )(A g

1x 
(k)r + a(k))-ls (A.2.13)(k)

is needed untif the assigned convergent conditions are

satisfied. The matrix J defined by (4.2.8) can be computed

either analyticaJ-J-y if there exists an explicit expression

of 0f /<)x or numerical-Iy by the f inite-dif ference method.

To avoid interruption of the iteration when À is

singuJ-ar and to accel-erate the iteration, Levenberg(I944)

and Marquardt( 1963 ) independently proposed to repì-ace

(A.2,12) by the superior formul-a

x(k+1) +

where \ is a positive real- number and I t,he unit matrix. In

additj-on, Marquardt( 1963 ) proved the convergence of the

iteration (.A'.2.13) for any \ ,ìr 0 and showed the strategy to

choose \ at each step k As another contribution to the

method, Marquardt showed that the iteration (4.2.13 )

approaches the gradient or steepest descent method when \ "iì'

00. Consequently, (4.2.I3) shares both the merits of the

Gauss-Newton and gradient methods.

The Fortran computer program of the Levenberg-Marquardt

method cal-l-ed ZXSSQ is issued by fMSL.
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À.3 Procedure of fitting creep data of ice by

nonlinear optimization

In the subroutine ZXSSQ issued by IMSL, which gives a

least squares estimation of the material parameters, it is

necessary to start with an initial- g'uess of the parameters.

For models (I) and (II), we can determine a reasonable

" g'ìtess " by using the method introduced in Sec . 4 .2 f or

triaxial tests and in Sec. 5.2 for pressuremeter tests of

ice , respectively. In what foll-ows v¡e shall- assume that an

initial "guess " of the material- parameters has been

determined.

When the estimate satisfies one of the following

convergence criteria, the iteration will stop. The first

criterion is denoted by NSIG, an integer. This convergence

criterion is satisfied if on tv/o successive iterations the

estimated val-ues of the parameters agree to NSIG digits. The

second is denoted by EPS/ a small- real number. This

convergence criterion is satisfied if on two successive

iterations the sum of squared residuals has a difference

whose absolute val-ue is l-ess than or equal to EPS. The third

is denoted by DELTA, a small real- number. This convergence

criterion is satisfied if the Eucl-idean norm of the

approximate gradient is less than or equal to DELTA. For

further details, cf. the description that accompanies

subroutine ZXSSQ issued by IMSL.



r49

The major steps in using models ( I ) and ( II ) to fit the

creep data of polycrystal-line ice are as f oll-ows:

I . Read the creep data and pressure of t.he test.

the creep equatÍon in
question. If the creep data have the same va.l-ue during some

2. Choose a function to fit the first

determine the initiaÌ conditions of

time interval-, only the middl-e point in

used for the fitting.

3. Choose the time interval- over which

done and set the time at which prediction

several- data-points to

the interval will be

the

of

be

be

fitting wil]

creep will

terminated.

4. Give an initial- guess of the material parameters.

5. Set the val-ues of the converg'ence criteria: NSIG, EPS

and DELTA.

6. Enter the subroutine ZXSSQ for the iterative estimation

of the material parameters.

7. Compute the numerical solution of the creep equation that

corresponds to a given estimate of the mat.erial- parameters

by the fifth-order Runge-Kutta-Nyström atgorithm.

B. Interpolate the predicted creep at the time nodes where

experimental data are measured.

9. Compute the value of the objective function and its

gradient with respect to the material- parameters by a finite

difference method.

10. Examine the converg,ence criteria. If one of them is

satisfied, then jump to step L2; otherwise, go to the next



150

step.

11. The val-ues of the parameters are modif ied by the

subroutine ZXSSQ. Then go back to step 7 .

12. Print out the val-ues of the optimized parameters and the

final value of the objective function.

13. Compute the statistical errors of the optimized

parameters.

14. Compare the predicted creep with the experimental- data

and compute the predicted creep rate.

15. Stop.

In the preceding program, the fifth-order Runge-Kutta-

Nyström method is used to integrate numerically the creep

equation in question. For the initial- val-ue problem

Y, f (t, yi c) , y(t.r ) Y,',, t (A.3.1)

initial time, y,i the

sol-ution of (À'.3.1) is

formulae:

where c denotes the parameters / t.) the

initial value of y, a numerical

computed from the folJ-owing recursion

r n+l

kr f(L\ n,

f (tn

c)'

Yn:h(23kt +125kr Blkr: + 125k+ )/I92,

Y.r i

kr: f (tn + h/3, yn lnkt /3; c),+

+ +kl 2h/3, yn + h(4kr 6kl,)/25; c),



k.r

kr: = f (tn + 2h/3,yn + h(6kr + 90kr:

k¿, = f (tn + 4h/5, y., * h(6kr + 36kr: +

151

50kr + 8kr )/81; c),

1Okr + Bk.t)/75; c);
(4.3.2 )

(A.3.3 )

= f(tr, + h, yr, + h(kr - I2kt: + I5kt)/4¡ c),

here h is the step J-ength.

As for the interpolation step B, the Lagrange method

for three points with different distance is empJ-oyed:

i+2
Y(x) = )i

k=i

ri¿

jrk
where

i = j - 1, if x < (xj * "i+1)/2, j = 2,3,.../n - 2,

i = n - 2, if x iìr (*rr_2 + xn_r)/2. (À.3.4)
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10.
20.
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90.

computer programs

// JoB ',.1-5'
//. exec FoRrxcLG,opr=2, sr zE=51 2K
//FORT.SYSIN DD r
c
c
c
c

This program is used to evalua.te the material parametersmu and m ar the time vhen ddr/att-0.
Program name---MUM

) -. 3692E-s
)-.?l I lE-5
) -. 1 052E-{
)-.1058-{
) -. I 208-{
).. 1 34E-{
)-.1808-4
) -.2048-{
)-.210E-{

r9
20
21

..3 I 0E-{

..3t47E-4
'.3l7lE-{
- . 3{ 2E-{.. 3{ 5E-{..{5828-{
-.540E-4
..5{08-{
-. 5{ 5E-{
..780E-4
-.8 1 ?58-{
-.8{08-4
l 000.
1 250.
r 500.
r 500.
1 500.
r 500.
1 750.
1 750.
r750.
-1750.
=2000.
=2000.
.2000.
=2000.
=2000.

100.

EXTERNÀL OBJFUN
DTHENST ON pÀRH ( 4 ), xJ lg!22,2 ), XJTJ ( 3 ),r{oRK ( 1 o0 ), F ( 50 ), ÀA (22't,x(2

!,y(2,2t,Dxt2),DxpRoB(2),r¡ónxi rei,iitt ;;ïüùil-,ii',àíi,zt,& r\LN(22),pLN(22),^ÀLN(22i
coMHoN/€ 1 / A ( 22'', P ( 22 1 /cZ /at, øz
wRITE(6, t00)
l9\\lTl//1/1///50x,' rabte A,, /sot<,. -------, )r{RITE(6,120)
FOnx¡r(//ïX,'Determinðtion of mu and n fr.orn the secondary,
r:_::::p, ::.::_by nonrine'. ..sr.iil"i,,7/ix,"-o----"ii'/sx,'¡,---cavlÈy preSsurei b---raÈe of secondàry creeo: ..'bb---predicred values of b; , t/si,;;;;l¡;;i-::;iii_¡å( i l;. ,' ob j f un---sun of sguar.ed resiã,rais;;:741,-
'er r -r00. r (b( i )-bb( ilt /a( íl ; .rã-ió0.'. t¿átut i ) )-ln(bb( i ) ) ),,
i/!-r.n{bJ¡ ) I ¡ .,,,/}\,;u'niÈi t, /é1,.p-in Kt;;;- - " -"'--
: b ?nd bb in 1 ./nin¡ mu in KÞa.minrr( l.+mir; i ,' m is a real number..)
H=22
N-2
À(1

^(2À(3
À({
À(5
À(6
À(7
À(8
À(9

rt0.
120 .
I 30.
140.
1 50.
r 60.
r 70.
180.
r 90.
200.
2r0.
220.
230.
2{0.
2s0.
260.
270.
280.
290.
300.
3r0.
320.
330.
3{0.
350.
360.
370.
380.
390.
¿00.
{10.
{20.
{30.
¿{0.
{50.
460.
470.
{80.
{90.
500.
51 0.
520.
530.
540.
5s0.
s60.
570.
s80.
s90.
600.
610.
620.
630.
640.

100

0
&

&

&
&

&

&
&
&

12

À
À
À
À
À
À
À

À̂
À
À
À

t0) - .22278-4

À
P
P
P
P

ll
t2
13
T4
15
f6
17
18

2
1

2
3
{
5
6
7
I
9

P
P
P
P
P

P
P

P
P
P
P
P

10
11
12
13
14
15
16 =2250.
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650.
660.
670.
680.
690.
700.
710.
720.
730.
740.
7 50.
760.
770.
780.
790.
800.
810.
820.
830.
840.
8s0.
860.
8?0.
880.
890.
900.
91 0.
920.
930.
940.
9s0.
960.
970.
980.
990.

1 000.
1010.
1020.
1030.
1040.
1050.
1 060.
1 070.
1 080.
1 090.
1 100.
1110.
1 120.
1 130.
1140.
1150.
1 160.
1170.
r 180.
1 190.
r 200.
1210.
1220.
1230.
1240.
1 250.
1260.
12't 0 ,
1280.

230

200

380

390

90

&

&

&

P(17)=2250.
P( 18)=2250.
P(19)=2250.
P(20)=2s00.
P(21 )=2s00.
P(22)=2s00.
t.rRrrE(6,230)
FoR¡ttAT(//3X,'mu:',14x,'m:', 15X,'Objfun: in iteration' )

x(1)=9006.
x(2)=-0.7132
B1=1.
82= 1 .
x(1)=x(l)'Bl
x(2)=x(2)ts2
NsI G= 3
MÀXFN= 1 00
I XJAC=M
EPS=1.8-8
DELTÀ=1.E-15
I OPT=2
PÀRH( r ) =0.5
PÀru{(2)=5.
PARM(3)=120.
PÀRM(4)=l.E-4
CÀLL ZXSSQ ( OBJFUN, M, N, NSI G, EPS, DELTÀ, MAXFN, I OPT, PÀRI'I, X, SSQ,
F, XJÀC, IXJÀC,XJTJ,WORK, INFER, I ER )
x(1)=x(1)/81
x(21=rt(21/82
wRrrE(6,200) x( 1 ),x(2),SsQ,rNFER
FORl.fÀT(/5X,'Least sguare estimates: mu=',F15.5'5x,'m=',
F1 2. 5, 5x,' Obj f un=', E1 0. 5, 5x,' Convergence "ti¡.¡¡6¡=', 

I 2 )

wRrrE(6,380)
FORMAT(//5x,'xJÀC, gradient of residuals n.r.t. mu and m',
' at the least square estimaÈes.',5X,'Residuals:')
FORJ.{ÀT( 5X, El 5. 6, 1 0X, E1 5. 6, 38X, El 2. 5 )
DO 90 I=1,M
xJÀC(I, 1 )=xJÀC( I, 1 )aBl
xJÀc ( I, 2 )=xJÀC( ¡, 2 ) *82
WRITE(6,390) XJÀC(I, 1 ),XJÀC(I,2),F(I )
ToL=O.0
I À=N
IÀINV=N
BBB= I .
DO 50 K=l
Do 60 J=l
DO 30 I=t
Y(J,K)=Y(
B(J,K)-Y(
CONTI NUE
CONTI NUE
$¡RITE(6,410)
?oRM r(//9x,'Marrix xJÀCT*XJÀC' ,40X,'Inverse of XJÀCTTXJÀCT' )

,N
,N
,M
J , K ) +XJÀC ( I , J ) *XJÀC ( t , K ),/BBB
J,K)TBBB

30

60
50

410
DO 70 J=
DET=B( 1 ,
ÀINV( 1,1
ÀINv(2,2
ÀINV( I ,2
ÀrNv( 2, 1

,N
) *B
=B(
=B(
=-B
=-B

2,2)-B( 1,2)*B(2,1 )

,21 /DET
,1 ) /DET
2 ,1 | /DET
1 ,21/DEÎ

250
70

FORHAT ( 5X,. E t 5 . 6, 5X, E 1 5 . 6, 20ì<, E1 5 . 6, 5X, E I 5. 6 )
wRITE(6,250) B(J. I ),8(J,2),¡rNV(J, 1 ),ÀINV(J,2)
ss=(ssQ,/FLoÀT(M-N ) )'* ( o. 5 )
DO 80 I=1,N
DX(I )=ÀINV(I, I )'* (0.5)*SS
DXPRoB( I ) =2. 086*Dx( I )
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I 290.
r 300.
r3r0.
1320.
1330.
r340.
r 350.
I 360.
r 370.
r 380.
t 390.
I ¿¡ 00 .
14r0.
l4 20.
1430.
l{40.
14 50.
1460.
l¿¡70.
1480.
1{90.
r 500.
r5r0.
l 520.
1530.
r540.
r 550.
r 560.
1 5?0.
r 580.
r 590.
r 600.
r6r0.
I 620.
1630.
1640.
1650.
r 660.
r 6?0.
r 680.
I 690.
I 700.
r710.
1720.
r730.
r?40.
r?50.
1760.
r 770.
l 780.

zUl=x(
zU2=x(
zU3 =x (

r)-DxPRoE(l)
I)+DXPROB(I)
r)-2.4231.Dx(r)
'l)+2.4?3l.Dx(l)
)-DxPROB(2)
)*DXPROB(2)
l-2.4231.Dx(2)

zU4=X(

É

zl=x(2
22=x (2
z3=x(2
za=x(21.2.4231rDx(2)
HRrrE(6,430) Dx( I ),Dx(2),ZU1,ZUz,zt.z2,
zu3, zu4 ,23 ,24
îORtl T ( //5x.' SE (mu) =' . FI 2. 3, 5x.' SE (m ) -', F I I .7, /5x,
'95X confidence inÈervaI of ¡nu: ['.rl.l,' . ',F7.1,
'95X confidence inÈerval of m: f',F7.5,' , ',F7.5
'95X Bonfcrroni joint. conI idence interval of mu:
F7.1,'J,',5x,'of m: f',F7.5,',',F7.5,')')

4 30
&

É

&

&

)'.sx,
,,,/5x,
F7. I,'

',8x,'Ln(P):',130
i.¡Rr rE ( 6, 1 30 )
FOFdntAT(//8x,'P: 

" 
12x,', b: 

" 
12X,'bb:'.l2x,',erlz

8x,'Ln(b) :',8x,'Ln(bb) :',7x,' er27;' I
DO 110 I.l,H

-((1.*x(2 P(rl/x( t ) ).'(t./tr..xl2lll/2
-ÀLoc ( P (
.r\LOG ( A (

Ê

^À(r 
)

PLN(¡
ALN(I
ZZZ-P
ÀÀLN (

ER2.-

)
)
)
2t)Ê(1.+x(

| -ALaGlzzz
00..(ÀLN(t

I /x( 1l
/lt..xl2) )-ÀLoc(2. )

-À^LN(¡)),/ÀLN(¡)

rl0
500

ERI - I 00. r (À( I ) -,\À( Ll /^(1,
WR¡TE(09,' )P( I ),A( I ),ÀÀ( ¡ ), PLN( ¡ ),ÀLN( I ),AÀLN( I )

erRrTE(6,500) P(¡ ),À(¡ ),r¡(t ),ERl,PLN(I ),ÀLN(¡ ),AÀLN(¡ ),ER2
FORH T(5X,I(E10.{,4X) )

STOP
END

Evaluatc the objective tunction
SUBROUTTNE OBJFUN (X,H,N,OBJ )

DIMENS¡ON À^( 22 ),X(N),OBJ (H)
cowlo[/c1 /À ( 22 ), P l22l /c2 /sl, 92
x(t)-x(tl/st
xl2l -xl2l /s2
OBJJ .0 . 0
DO l0 l-1,22
À^( ¡ )-( ( r . *x(2) ).p( t I /x(t) ).. ( I ./(t ..xlzl I I /2.
oBJ(¡ l.À(I )-^À(I )

OBJJ.OBJJ+OBJ(¡ )..2
WR¡TE(6,.) X,OBJJ
x(l)-x(1).Bt
x(2)-x(2).s2
RETURN
END

c
c

l0

//co.ttogtoo1 DD pg¡-esuN.PÀ,D¡ SP.oLD



i60

t0.
20.
30.
{0.
50.
60.
70.
80.
90.

100.
110.
120.
130.
140.
150.
1 60.
170.
180 .
r 90.
200.
210 .
220.
230.
240.
250.
260.
2't0.
280.
290.
300.
310 .
320.
330.
340.
350.
360.
370.
380.
390.
400.
tt0.
420.
r 30.
{40.
4 50.
{60.
470.
480.
{ 90.
500.
510.
520.
530.
5{ 0.
550.
560.
570.
580.
590.
600.
610.
620.
630.
640.

15
r20

// JoB',,r=l5.,cLÀss=À
// ex¿c PAssr.roRD
//svstN DD r
QSUN. tCE26 DAvrD
// exec FoRTxcLG,opr-2,sr zE-51 2K
//toat.sYsrN DD Ê

C Program name---ÀLpHÀ1, Estimate alpha I by fitring r(t)
c

c
c
c
c
c
c
c
c
c

DIMENSION XJÀC( 100, 3),XJTJ(20),woRK(200),F( tOO)
corcton/ce /.r( r ooo ), R ( 1 oo0', /c25 /Tt ( I o ), pr t i O I /cl 6/NN, L, r 0, Lr, LRR
NN---NWBER OF PRESSURES IN MULTISTÀGE TEST
L---TOTÀL NUMBER OF TIME NODES
IO---BEGÀIN¡NG POINT IN EXPERIHENTÀL DATÀ FOR ÀNALTSIS
Lt---NT'HBEC OT PO¡XrS USED FOR OBJECTIVE FUNCTION
LRR---TERHINÀTING TIME OF PREDICTION TTÊLRR.T2È0.01/2. MTMUTES
T---ÀRRÀY OP TIME NODES ¡N EXPER¡MENT
R---ÀRRÀY OF RÀDIUS FROM EXPERIMENT
TI & PI ÀRE ILLUSTRÀîED BY THE FOR.È'ULÀ:
PRESSURE ON CÀV¡TY P.PI(I) W!¡EX TI(I-1)<T<TI(I),9'I{ERE 1I(O).0.
}tR¡TE(6,100)
FORM^T(/SX,'This progràm is used to €valuàte alphal vhen ,,* '_rîu & rn ârè iixed and compårc predictcd radius iith radius .,

+ /SX, 'from pressuremeter tLst for t{odel. t TEST|3,,//,
NN.1
L. 185
I 0-5
LI .30
FC?1 -2.06{
NP- 1

LRR.1 200
DO l{l l-1,L
REÀD(01,r) T(t ),R(t )
DO 15 I.lrNN
REÀD(02,r) Tt (¡ ),p¡ (¡ )
Ttt-TI(¡-1)+f.
rfRtrE(6,120) Ttt,T¡ (t ),PI (¡ )
FORHÀ"(5X,'9Jhen tinre is Iron',F8.0,, MIN to.,Fg.0,+ 'l{IN thc pressure on cavity-.,F5.0,' KpÀ in the experimcnt')
Npr 5.Np+2.¡¡ + ( ¡p+ I ).Xp,/Z
NxJ. ( Np+ 1, 'Np/2cÀLL lcE(FCTl,Ntf,NxJ,Np,XJÀC,XJTJ,HORK,F)
STOP
END

TH¡S SUEROLTTINE IS USED TO ESTIMÀÎE ÀLPHÀI Í{I{EN H,HU ÀRE FIXED,
COHPÀRE THE PRED¡CT RÀDIUS II¡TH RAD¡US FROH PRESSUREMETER ÎEST
suERouTlNE lcE(FÀC,Ntf ,NxJ,Np,xJÀc,XJTJ,Í{ORK, F)
EXTERNAL OEJFUN
DIMENSTON PÀRI.I({ ),XJÀC(Lt,NP),XJTJ (NXJ),WORK(NW),F(LI )
,TT( 1200),RR( 1 200),DDR( 1 200),X( I ),
DR(1000),^LPHÀ(1000)
cg¡.tfiolt/c1h0 , Ro , DRo,/C 6/Lo ,LR/C1O/ï,x( 3,' /C16/NN ,L, t O ,Lr , LRR
/c25/nt ( r0),pt (101/c8/T( 1000),R( r0001/CtZ/st,B2,B3
FOLLOW¡NG C^LL rS TO FrND R(r0),DR(T0)/Dr
cÀLL TNITIL(80,T,R, I 0, 14, 3,T0, R0,DRO)
DO tll K=l,L
IF (T(K).GE.TO) GO TO 1I5
CONT¡ NUE
r0.r(K)
L0 =K
LR=L0+LI - 1

TL=T ( LR )

xx(1)=9114.
xX(2)=0.19+10

r00

1{

c
c
c

c

+
+

+

1

5
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650.
660.
670.
680.
690.
700.
710 .
720.
730.
740.
750.
760.
770.
780.
790.
800.
8r0.
820.
830.
840.
850.
860.
870.
880.
890.
900.
9r0.
920.
930.
940.
950.
960.
970.
980.
990.

1 000.
10r0. c
1 020.
1 030.
10{0.
1 050.
1 060.
r 070.
r 080.
1 090.
1100.
1110.
1r20.
1 130.
I 140.
r 150.
l r50.
l r ?0.
r 180.
rr90.
I 200.
l2r0.
r 220.
1230.
r240.
r 250.
1260.
1270.
r 280.

106

xx(3)=-0.7tll
Bl=1.
82= I .
B3- I .
wRtTE(6, 106) T0,TL,LI,R0,DRo,XX, Br, 82. B3
Fowq^T(//5x, l6Hlnitial rime r0=,

+ Fl0.3,5X,20HTerminating time tl=.F6. 1,5X,'LI,number of points',
+ ' for fitting=',t2,/5X, 'tnitial radius r0=',
+ F8.{¡,5x,'¡nitial velociÈy of r,dr(t0l/ar=' ,81 1.4,/5rl ,+ 'tnitial parameters in iteration X=' ,3E13 .5,/5X,
+ 'vhêre Xl ,X2,X3---' ,+ 'mu,ålph61,m' ,/5x,'Hultiplyers for X, bt,b2,b3=',
+ 811.3,,3X,E11.3,3X,811 .3,/1lXI

xx(l)'xx(t).Bl
xx(2).xx(2)t82
xx(3).xx(3).83
x( t )-xx(2)
N.1
NSt G.3
MÀXFN.500
H.LI
I XJÀC.M
EPS-0. lE-{
DELTÀ.0.18-10
I OPT.2
PÀRH( l ) -0.01
P^Ril(2).2.0
PÀRH(3).1200.
PARl.l( 4 ).0.001
9¡R¡TE( 6, I?O) NSIG,EPS,DELTÀ, IOPT, PÀRH
FoRl'{ÀT(/5x,'Given pâranctcrs in subroutine ZXSSQ:',

&' NISG.',t'1,3X,'9p5.',E7.1,3X,'DELTÀ.',87.1,/5N,,
e ' I OPT. ' , ¡ 1 , 3X, ' PÀRH ( t ) . ' , 4 ( F 1 2 . 4 . 3x ) )

r.rRITE(6,118)
FO*tsT(//zx,' nu:',1¡¡x,'alphal :', I 1x,'m:', 14x,

+ 'Obj fun: in i terat ion' )

FOLLOT{ING CALL IS FOR ITERATION IN OPTIMIZÀTION
CÀLL ZXSSQ ( OEJFUN, M, N, NS I G , EPS , DELTÀ , HÀXFN , I OPT,

+ PÀRH I X 
' 

SSQ 
' 

F 
' 
XJÀC 

' 
I XJÀC 

' 
XJTJ 

' 
T{ORK 

' 
I NFER 

' 
I ER )

wRIIE(6, 190) INFER, tER
FOR,l l(r/sx,'Convergence criterion ¡¡pgp-',I 1,

e5x 'error p¡rômeter ¡g¡-',t3)
xx 2).x( t )
xx I )-xx( I | /81

', /82
| /837) xx(1)

xx 2)-xx(2

1?0

118

190

30

xx
TTR¡ TE (

3)-xx(3
6,ll
(/5x

xx(2),xx(3),ssQ
t 17 FORl.lÀT , 'After teration,the material moduli muo',

222

F8. 1, 3x,' alpha I r r, El 0. 11, 3x,' m-', F I 0. 6, 3x,'Obj f un.', El 0. 4,
/sxt
wRtrE( 6,2221
FORHÀÎ(/5x,'The first five cl.ements of array WORK:')
wRtTE(6,') WORK( t ),WORK(2),WORK(3),!.¡ORK(4),HORK(5)
wRrTE(6,210)
FORT.TAT (/sX,'XJÀC" 1 5X,' Residuals:' )

DO 30 l. I ,Lt
xJÀC(I, I )-xJÀC(¡, 1 )'82
su=su+xJÀc(¡,1)"2
WRITE(6,O) XJAC(¡, I }.F(I )

CONTI NUE
su¡Nv=1./su
DÀ= ( ssQ'sul NV,/FLoÀT(LI - I ) ) ** ( 0. 5 )
PDÀ=FÀCrDÀ
9¡RITE(6, 230 ) SU,SUINV,DÀ, PDÀ

210

+
+



t62

290.
300.
310.
320.
330.

FORMÀT(/5x,' xJÀC.2=', El O. {, 5x,, xJÀC-?-,, Et O. 4, 5x,+ 'Standard error-' , El 0.4,5X, ,probabi I i ty errer-' ,E1 O. d )
DÀ1=XX(2)-DÀ
DÀ2=xx(2)+DÀ
PDÀI=XX(2)-PDÀ
PDÀ2-xX(2)+Po¡
wRITE( 6, 355 ) DAI,DÀ2, PDÀ1, PDÀ2, FAC
FOR.I.IAT(/5X.'standard rang of alphat :,,810.{,3X,810.4,5X,&'probability rang of alphal:',E10.4,3x,E10.4,

& /5X,'Probability facto¡.',Fl 0.3,//l
COMPÀR¡NG THE EXPERIHENTÀL ÀND PREDICTED CREEP
t{RtrE(6,109)
FORÌ'IÀT(/5x, 1 oHNOTÀTIONS :,,/5X, 8Hr---Time, 5X,+ 'r---Experinental radius' ,5X,, rr---predicted radius, ,/Sx,+',alpha---ðrr/dtr/cr',5x,' error---100r (r-rr I /(c-rol,,+ /,5x,, 'Residual-r(i)-rr(i) Objfun-sun of iesiduals',+ / , / 4X ,,2Ht : . 7X , 2Hc z , 13X , 3H r r . , 1Zx ,+ 7Hð,rr,/dt: ,1lx,6HaIpha: ,11X,'error:X' )
CÀLL RNUM(LRR,XX,TT, RR, DDR)
L0 1 .L0+ 1

DO 20 I-L01,L
TI-T(t)
CALL LÀG(TT,RR,LRR,TI, YI )
CALL LÀG(1T,DDR, LRR,TI,Y2 )
U'l.y2r/y 1

ERr -1 00. * ( R( r't -Y 1't / (R( r ) -R0 )
t{R¡TE(04,;) T(I),yy

109 FORXÀT(F10.3,3X,E12.6,3X,812.6,3x,E12.6,3x,
+ 3x,812.6,3X,F9.4)

20 r{RtTE(6,109) T(t ),R(t ),y1,y2,yy,ER1
¡{rtTE(6,200) TT(LRR)

200 FOR¡.íÀT(/5X,'TERHINÀTING TIME OF PRED¡CTION,,F1O.2)
RETURN
END

230

108

r0

12

7

I

1340.
1350-
1 360.
r 370.
1380.
l 390. c
r {00.
1¡t 10.
I 420.
1 430.
1t40.
l4 50.
1{60.
14 70.
r 480.
r{90.
1 500.
1 510.
1 520.
1 530.
r5{0.
l 550.
1 560.
1 570.
1580.
r 590.
1 600.
16f0.
1 620.
1530. c
16{0. c
1650. c
r660. c
1 6?0.
1 680.
1 690.
r 700.
1 710.
1720.
1 730.
1 7¿0.
r 750.
1 760.
1770.
1 780.
1 790.
1 800.
1 810.
1 820.
1 830.
1 8{0.
1850.
1 860.
1 8?0.
r 880.
1 890.
r 900.
1910.
r 920.

355

1o calcul¡te nunerical solution of a set of díff. eqs byRunge-Kutta method
SUBROUTI NE CHLÀMB ( N, H, L, Y , DY, YC, YK,:(X )
DTMENSI_ON y ( N ), Dy (N ), yC(N ), yK ( 5, N ), B ( { ),A( a, { ),XX( 3 )
gATà 8/9. 1 19791 66666,0.0,0. 65tO{16666,0'.0/,^/0.33j3333333,* 9.!6,0.25,0.0240740740,0.0,0.24,-3.O,l.lliiti11tttt,O.O,* 0. 9,3.75,-0. 6172939506, 0.0, o.o, o.o, o .099765432/
tF'(L) 12,10,12
DO 1 I-1,N
YK(5,I)-y(¡)
CÀLL DTFUN(N,Y,DY,XX)
RETURN
DO 3 K-1,4
DO 2 I-l,N
YK(K,I )-oy(¡ !
YC( I )-yK( 5, r )+H* (À(K, t ).yK( l, r )+À(K,2 )'yK( 2,,t1++ À(K,3)*yK( 3, I )+À(K,{ )ryK(4, I ) )
Y( I ).y( r )+H.B(K)ryK(K
CÀLL D¡FUN(N,YC,DY,XX

I)

+

DO 7 I-l,N
YC(¡ ).yx( 5, I ) +H* ( 0.08ryK( I , ¡ ) *0.4BryK (2,t)+
0.1 3333333333iyK( 3, r ) +0.106666665666666ryl{{{, Ì } }
Y(I )-Y(t )-H'0.1¡2r87srDy(r )
CÀI,f, DI FUN(N, YC, DY, XX )
Dû B I=1,Ny(r )=y(r )+Hr0.6510416666rDy(r )
GO 10 10
END

2

3
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r 930. c
r940. C

1 950.
1 960.
r 970.
1 980.
r 990.
2000.
201 0.
2020.
2030.
2040.
2050.
2060.
20?0.
2080.
2090.
2100. C
2r10. c
2120.
2130.
21 {0.
2r50.
2r60.
2170.
2180 .
2190 .
2200.
2210.
2220.
2230.
2240.
2250.
2260.
2270.
2280.
2290.
2300. c
2310. c
2320. c
2330.
23a0.
2350.
2360.
2370.
2380.
2390.
2{ 00.
2{ 10.
2420.
2{ 30.
2440.
24 50.
2460.
24't 0 .
2{80.
2490.
2500.
2510.
2520. c
2530. c
2540. C

2550. c
2560.

70

To calculate function on right side of ð set of diff.
SUBROUTINE DI FUN(N, Y,DY,X)
DIHENS¡ON Y(N),DY(N),X( 3)
coMÞroN/c2s/rr (10 ) ,Pr ( r0)
DO 50 I=1,10
IF (Y(1).Lr.r¡(r)) Go ro 70
GO TO 60
P-PI(I)
GO TO r00
CONT¡ NUE
DY(1)-1.
DY(2)-Y(3)
vv-(v( 3l/Y(2',',.2
Dv ( 3 ) -y ( 2 ) r0. 5r ( p-x ( 1 ) ryyr r ( 1 . +x 1 3r!. / ( 1. +x ( 3 ) l, /x(zl
RETURN
END

30
20

Fitting experimental data to tind R,DR/DT ðt some
üitting, some points vith repeat value are taken
certain ruIe.
SUBROUTI NE I NI TI L(NN, T, R, I O, N, M,TO, RO, DRO )

eqs.

t ime t. Befor
off according

60
100

20
30

r¡0
50
60

To calculate numerical solution R,DR/DT
SUBROUTINE RNUM(K, XX,TT, RR,DDR)
DntENStON xx( 3),y( 3) ,Dy( 3) ,yc( 3), yK( 5,3),T1(K) ,RR(K),DDR(K)
cotÌ.toY/c1 /To, Ro , DRo
Y( 1 )-r0
Y(2)-R0
Y(3)-DR0
cÀLL CHLÀMB( 3, 0.001, 0,Y,DY,YC,YK;XX)
T1( 1 ).r0
RR(1)-R0
DDR ( 1 ).DRO
DO 10 t-2,K
H-0.01rFLoAT(t )
CALL CHLÀMB ( 3 , H, l , t" DY, YC , YK, XX )
T1(¡)-y(1)
nn(¡)-Y(2)

l0 DDn(t)-Y(3)
RETURN
END

Lagrange' s int€rpolation
suERouTINE LÀG(X0, Y0,N,X
DtHENSTON X0(N),y0(N)

three points

10
l.l
IF(X.LT.0.5. (X0 ( r + 1 ) +X0 ( ¡ +2 ) ) )
¡F(X.c8.0.5'(x0(N-2)+x0(N-1 ) ) )
I-I+l
GO TO 10
I -N-2
l.l- I +2

P=Pr (x-x0 (Rl', / ß0( J ) -x0 ( K ) )

CONTI NUE
y=y+pry0 (J )
RETURN
END

for variable distcnce by
y)

GO TO
GO TO

Y.0.0
DO 60 J-f.H
P-1.0
DO 50 K-l,M
rF(J-K) 40, s0,40
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2570.
2580. c
2590. c
2600. c
26r0. c
2620. c
2630. c
2640. C
2650. c
2660. c
2670. c
2680. c
2690.
2700.
27 10.
2720.
2730.
2740.
2750.
2760.
2770.
2780.
2790.
2800.
28r0.
2820 "2830.
2840.
2850.
2860.
2870.
2880. c
2890.
2900.
2910.
2920. c
2930. c
29{0.
2950.
2960.
2970.
2980.
2990.
3000.
30r0.
3020.
3030.
30{0.
30s0.
3060.
3070.
3080.
3090.
3100.
3110.
3 r 20.
31 30.
3r40.
3150.
3160.
3 r 70.
3180.
3 r 90.
3200.

20

r0

Dr HENSTON T(NN ) , R(NN ) , RR ( I 00 ) ,TT( I 00 ) , ÀÀ ( 30, 30 ) , B ( 3O )
NN---NUHBER OF POINTS TÀKEN FROH DATÀ FOR TREÀTMENT
T---TIME NODES
R---EXPERIHENTÀL RÀD¡US ÀT T
IO---FIRST POINT OF TREÀTMENT
N---NUHBER OF POINTS FOR F¡TTING
M-I---POWER OF POLYNOHIÀL POR FITTING
TO---AT THIS TIHE,R & DR/DT ÀRE CÀLCULÀTED
RO---RÀDIUS ÀT TIME TO
DRO--- VELOCITY DR/DT AT TO
K---ORDERTH OF TO IN TT
TT---T¡ME NODES AFÎER TREÀTHENT
KK. I
J-l
RR(1).R(I0)
rr(1).r(r0)
NNN-NN- 1

DO t0 I.IOTNNN
tF (R(t+1).cr.R(t)) co To 20
KK=KK+ 1

GO TO l0
J.J+ I

"p1¡¡.¡(¡+t 
)

TT(J)rr(t+t )
IF (KK.GT. l.AND. t .Os. ¡Q+ r )
KK.1
CONTI NUE
DO 40 K.1,N

rr(J-l )'(T(r )+T(¡ -KK+1ll/2.0

rF (K.cÎ.3.ÀND.FLoÀr(rNT(1T(K) ) ).EQ.rr(K) ) cO rO 50
CONTI NUE
t0.rr ( x )
FOLLOIIING CÀLL IS TO FIT EXPERIHENTAL POINTS
CALL HXCVFT(N, TT, RR,M, B, AÀ, K, TO, RO, DRO )
RETURN
END

40
50

LÊast-sguãres fitting
SUBROUTI NE MXCVFT ( H, X, Y, N, B , ÀÀ, K
DIT,IENSION X(M),Y(M), B(N),ÀA(N,N)
DO 10 I-l,N
B(t)-0.0
DO 20 J'l,H
B(t )-B(I )+y(J).x(.¡)rr(t-t )
DO 30 L-l,N
ÀÀ(¡,L)-0.0
DO 40 J-l,M
ÀÀ(I,L).^À( t,L)+x(J)'r (¿+I-2)
CONTINUE
CONTI NUE
cÀLL GÀUSS (N,¡A, B, 1 .E-10, ¡ SW)
DO 50 I.l,M
n(¡).0.0
DR(I
DO6
R(I )
DO7
DR(I
EE-(Y(I )-R
CONTI NUE
r0=x(x)
R0=n(x)
ÐR0=DR(K)
RETURN
END

, T0, R0, DRo )

,R(50),DR(50)

20

{0
30
r0

) =0.0J-
=n(¡
0J=

N
B
N

)
(

0
1,
)+
2,

60

70

90

)-DR(I

(J)*(x(r)rr(J-t))

+B (J) r (x(¡ l"* (J-2) ) rFLOÀT(J-l )
tll/ß(I)-y(t)+0.'t)
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32r0. c
3220. c
3230.
3240.
3250.
3260.
3270.
3280.
3290.
3300.
3310.
3320.
3330.
33{0.
3350.
3360.
3370.
3380.
3390.
3400.
34 r 0.
3{20.
34 30.
3{40.
3{50.
3460.
3470.
3{80.
3{90.
3500.
3510.
3520.
3530.
35{0.
3550.
3560.
3570.
3580.
3590.
3600.
3610 .
3620.
3630. c
3640. c
36s0.
3660.
3670.
3680.
3690.
3700.
3710.
3720.
3730.
3740.
3750 "
3760.
3770.
3?80.
3790.
3800.
3810.
3820.
3830.
3840.

To calculate solution of a system of Linear algebra egs
SUBROUTINE GÀUSS(N,À
DIMENSION À(N,N),8(N
NMI =N- I

,B,EPS,ISW)
)

2

3

4

6

DO 10 K-l,NHl
C.0.0
DO 2 l.K,N
rF (ÀBs(A(¡,K) ) .Le.¡ss(c) ) co ro 2
C=Â(t,K)
I 0.¡
CONTI NUE
IF (ÀBS(C).GE.EPS) GO TO 3
I Sw-0
GO TO 100
rF (ro.EQ.K) cO TO 6
DO 4 J.K,N
T-À(K,J)
À(K,J)-À(I0,J)
A(10,¡).1
r.s(K)
B(K)-B(I0)
B(I0).r
Kpl rK+1
c-l .0/c
B(x).8(K)rc
DO 10 J-KP1,N
À(K,J)'À(K,J)'C
DO 20 I-KPl,N
À(t,J).4(t,J)-À(l,K)rA(K,J)
B(J )-B(J ) -À(J,K) rB(K)
B(N)-B(N)/À(N,N)
DO {0 K.l,NMl
l.N-K
c-0.0
lplr¡+t
DO 50 J-lPl,N
C-C+À(I,J)rB(J)
B(I ).8(I )-c
I St't- 1

RETURN
END

x, l'1, N
ì{} , TT
o/xx(
| /ctz

20
10

50
{0

100

r0

),RX
LR/C
( 100

Calculate the value of objective function
SUBROUÎINE OBJFUN( ,RX)

(x

+
0,
,R 0 /sl ,a2,83

/st
/sz
/st
OO , XX, TT, RR, DDR )

( 300 ) , RR( 300 ) , DDR ( 300 )
3)

xx 1 ).xx( 1 )
xx 2)-xx(2)
xx 3)'xx(3)
CÀLL RNUH( 3
RxR.0.0
DO 10 ¡-LO,LR
rt.T( I )
CALL L^G(TT, RR, 300,Tt,yl )
Rx(r-L0+r Ì=(R(r )-yf )
RXR=RXR+RX( I -L0+1 ) Êr 2
WRITE(6,*) XX,RXR
xx(1)-xx(l)rBl
xx(2)=xx(2l,Bz
xx(3)=xx(3).s3
RETURN
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3850.
3860.
3870.
3880.
3890.

//co
//co
//co

END

FTo 1 F00 r

FTo 2F00 I
FTo4F00 I

OO P5¡.QSUN. I CE26, Dl SP=OLD
OO 95¡.QSUN.Tl P¡ 6,DI SP=OLD
oo P5¡t.QSUN. ¡ CE6, DI SP=oLD



L67

10.
20.
30.
{0.
50.
50.
70.
80.
90.

I 00.
1 10.
120.
r 30.
140.
I 50.
I 60.
r70.
r 80.
190.
200.
2r0.
220.
230.
240.
250.
260.
270.
280.
290.
300.
310.
320.
330.
3{0.
350.
360.
370.
380.
390.
{00.
{10.
420.
{30.
{{0.
{ 50.
460.
{70.
{80.
¿90.
s0û.
510.
520.
s30.
5{0.
s50.
560.
570.
580.
590.
600.
61 0.
620.
630.
64 0.

// JoB',,r-l5.,cLÀss=A
// exec FoRTxcLG,opr=z,st zE=51 2K
//ronr.sYsIN DD r
c
c
c
c
c

F¡ND VÀLUES OF HÀTER¡ÀL PARÀHETERS
TESTS OF ICE
Progrôm---x31, Estinate mu,alhpal

BÀSED ON DATÀ FORH TRIXIÀL

by firting r(r) HoDEL l
u}¡,en m--2/3 is fixed.
EXTERNÀL OBJFUN
DIMENSION w( 9 ), pÀRM( 4 ), XJAC ( 17,2r, XJTJ ( 6 ), X( 2 ),& woRK ( 4 7 ), F ( 1 7 ),DDÀ ( r OOO ),Dl 2'',pD( 2 ),Àr Nv( à, 2 l,i tz, 2l,yy (2,21
DTHENSION TT( 1 000 ), ÀA ( r,000 ), s (.{, 5.0 )_, e¡x_( I 7 ) ; r{y i r z l, s t å l, ci ålå Icotî.tot/c1/r0 , 

^o 
,D^o/cz/r.t ,ui ./ct /p/ëa /r t só i , Ã i soi icìiiii ) sâ , ite /cs/x3

K.{
Ll.17
LR-2 3
FCT1 -2. 1 31
FCTZ-2.490
LRR. ? 00
DO l0 I.1
REÀD(13,r

10 À(I)-1.-S
p-S(x,3?)
N.12

20

&

37
r(¡ )

K,tl/
s(1,I ),s(2,I ),S(3,I ),S({,1 )
00.

s00

05

&

DO 20 I.l,N
wx(¡).r(¡)
wY(I ).r(¡ )
cÀLL Ì{XCVFT(N,WX,t{y, l¡, B,C, 1,T0, ÀO,DÀO )
f{RtTE(6,500)
Foa¡ur(//1x,'compute Èhe values of material pârômetcrs bascd.,'. on the data frorî rhe trixial resrs of polyårystalline ici;,'/5x,'vhcn m.-.?1 is fixed. noóei I iesir¡í t ----
llllp1g,,s,io ) . s ( K, 3s ), s ( K, 36 ), s ( K, 37 ), r( 1 ), it in l, e ( r ), DÀ0, LrEORMA?(,//5X,'Exp€rinental temperaÈure T..,F5. 1, 4C, Homogen.,
',eous pressure vr',f8r0,'Kpa,- Àxial strêss siima-.,È6.0i;ipi,,
/5x,'¡ni.tial tine t0.' ,F5.1,; .day, Termative Ëime i:.-. ,Ës. r,
I d.y' r/?x,'tnirial strerch-¡(t0i-.,FtO.S,
'_ Initial stretching da(t0l/a¿-',F10.6 ;. ,t/dav..
/9itr'!!!Þ.r ot poinrs for fitting.i ,tii- ' '' '-t
x( I ).2000.
t(2).2.E+5
X3.-.71
81.1 .
E2-1.
83't .
r{RtrE( 6,520l x,Dt,82
F,OR,l T(//5x,'Ini,tial values of naterial pe rameters X-.,ZEI5.S,
,/5X,'vhere x1,x2---mu,a1pha r, ,/Sx,,.Hultiþtiers for x 81,.,'82,-',2E11.3)
N-2
NSIG-3
H¡.XFN- 500
H=L¡
I XJAC=M
EPS"0. tE-8
DELTÀ=0. lE-B
IOPT=2
FÀRl.t( r I =û. ooo r
PÀRH(2)=t.5
PARH(3)=120.
PÀRH(4)=l.E-7
WRITE(6,-I7O) NS¡G,EPS,DELTÀ, ]OPT,PÀRH
FORMÀT(/5x,'Given parameters in subroutine ZxSSe:',

!
&
&

t
&

205
G

&

170
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650.
660.
670.
680.
690.
700.
710.
720.
730.
7¡¡ 0.
750.
760.
770.
780.
790.
800.
It0.
820.
830.
840.
850.
860.
8?0.
880.
890.
900.
910.
920.
930.
940.
950.
960.
970.
980.
990.

I 000.
l0t0.
I 020.
r 030.
1 040.
I 050.
I 060.
1 070.
I 080.
I 090.
rt00.
1110.
I 120.
rr30.
l l{0.
r150.
I 160.
r 170.
l 180.
r 190.
I 200.
r210.
1220.
1230.
r240.
1250.
I 260.
1270.
t 280.

r l8

190

¡17

222

2r0

c

270

90

60
260

50
40
30

t : NISG=', r t,3x,.EpS=,.87. t,3X,.DELTA=,,87.1,/5x,
Ë'IOPT=',t l,3X,,pÀRM(t )=,,4(EìO.q.3x))

r.rRITE(6,1l8)
FORMÀT( /5x,. xu: ., 14X,,ÀLPtlAl : 

"8x,i 'OBJECTIVE FUNCTtoN F: IN IIERATIoN.)
FOLLOWING CÀLL ¡S FOR ITERÀTION tN OPT]MIZÀTION
CALL ZXSSQ(O8JFUN,M,N,NSIG, EPS.DELTÀ.MAXFN, IOPT,+ PÀRM,T,SSO,F,XJÀC, TXJAC.XJTJ,WORK. INFER. IER)
WRTTE(6, I90) INFER, IER
FORMÀT(/5X,'Convergence criterion ¡¡¡pgp=, , I l,Ê 5x,'error parameter IER=',I3)
l.¡RtTE(6, I l7) x( I ),x(2),ssQ
FORMAT(/5x,'Àf rer. irerariõn,rhe marerial moduli mu=,,- !]9:a : lxr iglpha 1 =' . EtO. 4, 3x,,obj f un=',ElO. 4 )wRrrE (6,2221
FORMÀT(/5x,'The f irst f ive elemenrs of array !.¡ORK:,)wRrTE(6, r ) WORK( I ),WORK(2 ),HoRK( 3 ),woRKtt l,frOnii-SiwR¡TE(6,210)
FORMÀT(/5x,'XJAC.Gradienr of Residuals v.r.t. x, . tgx,,Residuals
DO 60 I=l,LI
t{RITE(6,2601 XJAC(r, I ),xJÀC(r,2),F(¡ )xJÀc(I, I )-xJÀc( I, I ).81
xJÀc( ¡, 2 ) =xJÀc ( 1, 21,82
XJAC( r, 2) =XJAC( ¡ . 2 ).82
FORMÀT( 5X, 2(El I . 4, 5x r,2Ox,El0. 4 )
DO 30 t=l,N

J=l,N
II=l,LI

CONTI NUE
TOL.0.0
I À=N
I Àl Nv.N
CALL GJ(Y,SSS,N,EP)
r.rRrTE(6,2701
FoRMÀT(/5x,'Hatrix xJÀcTrxJÀc',20x,'Inverse of xJÀcrrxJAc, )DO 80 t.t,N
r{RrTE(9,280l- yy(¡, I ).yy(r,2r,y(r,I ),y(¡,2)
FORHÀT( 5x, 2 (El 0. 4, 3x), I Ox, 2(El o. {, 3i) )
DO 90 t-l,N
D(¡)'(ssgryl¡,t
PD(t )=2.046rD(r

/îLoAr(Lr-2) )rr(0.5)
Gl l.x(
Gl2=X(
G2t'X(
c22.x (

Hl l.x(
H12=x(
H2l-x(
H22=x(
WRI TE (

E H22, FCTI , FCT2

DO 40
DO 50y(l,J
YY(I,

)-y( ¡,J)+XJÀc( ¡ ¡, I ) rxJÀc( I ¡,J)J)-Y(I,J)

80
280

I ) -FCTI rD
I
2
2
t
1

2
2

+FCTI'D
-FCT t rD
+FCTI rD
-FCT2rD
+FCT2TD
-FCT2rD( 2
+FCT2.D( 2

6,290) D(l) D( 2 ),ct 1,G12,G21,ç22,H1 l,H 12,H21,
290 F.ORMÀT(/5x,' SE ( rnu ) =,, E I O. 4, 5x, . SE( a lpha 1 ) =', E.t O. 4, 5x.& /5x, '95X conf idence inrervaf ór ^u, T, ,É Er0.4,' . ',Er0.4,,J,,1?\,.of.alphali [,,elo.¿,, , ,,810.4,,J.,

& 5rl,/5x.'Bonferroni confidence, -'
& ' interval of mu: I',E10.4,, , ,,E10.4,,1',/SX,,of alphal: t,,Ê Er0.4,' , 

"E10.4,.J"/5x,6,'95X factor=',F6.3,SX,.Bonferroni factor=.,F6.3)wRrTE(6,570)
FoRMAT(/5x,'NoterroH: ð---Ex.perimenral varue of t(t r/r-,, ,É ' aa---Predicted vaìue of I(tl/L,,,, Error___100,(a_u'ol7u:¡
CÀLL RNUM(LRR,X, TT,AÀ, DDA )

570
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1 290.
I 300.
r3t0.
1320.
1330.
1340.
1350.
I 360.
r 370.
I 380.
r 390.
l 400.
14r0.
1420.
1t30.
ló{0.
1450.
1460. c
l{70. c
1 {80. C
r490.
r 500.
1510.
1 520.
r 530.
r 5{0.
1550.
r 560.
1 5?0.
1 580.
1 590.
1600.
r6r0.
1620.
1 630.
15{0.
1 650.
r 660.
r 670.
l 680.
r690.
1 700.
1 710.
1720.
r 730.
r740.
r 750. c
r760. c
1 770.
r 780.
1 790.
1800.
1810.
1820.
l 830.
1840.
r850.
r 860.
r870. c
I 880. C
I 890.
r 900.
l9l0 .
r 920.

540

560
1¡ ¡¡

HR¡TE(6,5{0)
lORtlÀT ( //6X,' Time ( oay ).:', 8x,_' a :', I 5x,' aa :', I 3x, . daa/dt :',&' ('t/day):',5x,'daa/òt/aa (t/òay):,,6x,,Error (X):,)'
DO {{ I-l,LR
rI.1( I )

CÀLL LÀG(TT,IA,LRR,TI,YI )
CÀLL LAG(TT,DDA,LRR,TI,Y2 )
zz.,t2/y l
Cl-t-¡(¡ )

C2=l-Yl
L¡RITE(09,.) T(¡),C1
ER.100..(A(r l-y1r/^
HRtrE(6,560) T(t ),^
FORHÀT(t0X,F5.1,5x,
CONTI NUE
STOP
END

'C2(r )
(r )
F10

+
+

10
'|

12

+
2
3

+
7

I

To calculaÈe numerical solution of set of diff. cqs.
SUBROUÎI NE CMLÀMB ( N, H, L, Y , DY, YC, YK, XX )
D¡ MENS¡ON y ( N ) , Dy ( N ) , yC ( N ) , yK ( 5 , N ) , B ( { ) , À ( 4 , { ) , XX ( 3 )
D^r^ B/0. 1 1 9791 66666,0. 0, O. 65r O{ 1 6666, O .O/, 

^/0. 
¡g¡¡¡¡3¡3¡,

0. 16,0.25,0.0740?407{0, 0.0,0 .24, -3.0, 1 . I I 1 1 1 I 1 1 1 I I 1,0.0,
0. 0, 3. 75, -0. 6 1 72839506. 0. 0, 0. 0, 0. 0, 0.0997 65432/
¡F(L) 12,10,12
DO I I.1,N
YK ( 5, I ) -Y ( I )
CÀLL DIFUN(N,Y,DY,XX)
RETURN
DO 3 K.l ,4
DO 2 I-1,N
YK(K,I).DY(¡)
yc(I )-vK(5,¡ )+H'(r(x, I )'yK( t,I )+À(K,2)ryK(2,t1+
À(K, 3)ryK( 3,t )+À(K,{ )ryK(4, t ) )y(I )-y(t )+HrB(K)ryK(K,¡ )
cÀLL DTFUN(N, YC,DY,XX)
DO 7 I.1,N
vc( I ).yK( 5, t )+Hr (0.08ryK('t , t )+0.{g'yK( 2, ¡ )+
0. I 3333333333.yK( 3, r ) +0. I 06666666666666.yK( {, t ) }
v(¡ )-v(r )-H'0.{218?srDy(t )
cÀLL DrFUN (N, yC,Dy,xx)
DO I 1.1,N
y(¡ ).y(I )+H.0.6510416666rDy(I )
GO TO 10
END

1o calculate function on
SUBROUT¡NE DIFUN(N, Y,DY,
D¡HENSION Y(N),DY(N),X( 2
cot+lo}J/c3/P/c5/x3
Dv(r).1.
DY(2).Y(3)
YY--Y(3)/Y(21

y1 ,y2,zz,ER
5,8x,Ft0. 5, 10x,p10.7, 10x,F10.7. 12x,F10. 5

)'x( 1 )ryyrr ( I .+X3) l/xlZ)

right side of â sct of diff. egs.
x)
)

DY ( 3 ) =Y ( 2 ) . ( ( P/3. +3. t, (x3/2
É +YYrr2)

RETURN
END

To calculare numderical solution R,DR/DT
SUBROUTINE RNUH( K. XX,TT" RR, DDR )
Dr MENS rON .Xx ( 3 ) , y ( 3 ) , Dy ( 3 ) , yc ( 3 ) , yK ( 5 , 3 ) , rr ( x ) , RR ( K ) , DDR ( K )
COMHON,/C l/T0, RO, DRO
Y(l)=r0
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1 930.
1940.
1 950.
r 950.
1970.
1 980.
1 990.
2000.
2010.
2020. c
2030.
2040.
2050.
2060.
2070.
2080. c
2090. c
2100. c
2110.
2120.
2130.
2140.
2t50.
2r60.
2170.
2180.
2190.
2200.
2210.
2220.
2230.
2240.
2250.
2260.
2270.
2280.
2290.
2300. c
2310.
2320.
2330.
2340.
2350.
2360.
2370,
2380.
2390.
2400.
2410,
2420.
2430.
2440.
2450.
2460 .
2470.
2480.
2490.
2s00.
2510.
2520.
2s30.
2540.
2550.
2560.

Y(2)=R0
Y(3)=DRO
cÀLL CMLAMB( 3, 0. 00 l, 0, Y,DY, YC, yK,xx)
rr( r ) =r0
RR( 1 ) =R0
DDR( 1 )=DRO
DO l0 I=2,K
H=0.05
cÀLL CMLÀMB ( 3 , H, I , Y. DY , YC, yK, XX )
WRITE(6,*) Y

TT(¡ )=y( 1)
nn(¡)-y(2)

10 DDR(¡ )=Y(3)
RETURN
END

10

Lagrange's interpol.at ion for
SUBRoUTINE LAc(X0, Y0,N,X, Y)
DTMENS¡ON XO(N),YO(N)
I=l
rF(x.LT.0. 5r (x0(I +1 )+xO( ¡+2) )
rF(x.cE. 0. 5r (x0 (x-2 ) +x0(N-1 ) )
!-l+l
GO TO 10
I =N-2
y=¡ +2
Y=0.0
DO 60 J=l,M
P=1.0
DO 50 K-I,M
rF(J-K) 40,50,4t0
P=P* (x-xo ( K ) ),/(x0 (J ) -x0 ( K ) )
CONTI NUE
YEY+PrY0 (J )
RETURN
END

SUBROUT¡ NE },fXCVFl(M, X
DIMENSION X(M),Y(M),8
DO 10 I=1,N
B(r)=0.0
DO 20 J-l,M

variabLe distence by Èhree points

GO TO
GO TO

30
20

20
30

40
50
60

, YrN, BrÀÀ rKrT0 rR0 rDRo )
( N ) , ÀÀ ( N, N ) , R ( 50 ) , DR ( s0 )

40
30
10

20

60

?0

50

B(I )=s(I )+y(J)*x(.:)rr(t-t )
Do 30 L=t,N
ÀÀ(¡,L)-0.0
DO 40 J-l,M
ÀÀ( I,L) -ÀÀ( ¡,L)+X(J)** (L+I-2 )
CONTI NUE
CONTI NUE
cÀLL GÀUSS(N,ÀÀ, B, 1 .E- 1 0, ISW)
DO 50 I=l,M t

R(r)=0.0
DR(r )=0.0
DO 60 J=l,N
R( I ) =R( I ) +B(J ) i (x( r ) ** (J-1 ) )
DO 70 J=2,N
DR(I )=DR(I )+B(J).(x(t )**(;-2) )*FLoÀT(J-1 )
EE=(y(i )-R( r.ll/(y (¡ )-y(1)+0.1)
CONTI NUE
T0=x(K)
R0=R(x)
DRO=DR(K)
RETURN
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2570.
2580. C

2590. c
2600.
2610.
2620.
2630.
26{0.
2650.
2660.
2670.
2680.
2690.
2't 00 .
27 10.
2?20.
2730.
2740.
2750.
2760.
2770.
2780.
2790.
2800.
2810.
2820.
2830.
28{0.
2850.
2860.
2870.
2880.
2890.
2900.
2910.
2920.
2930.
29{ 0.
2950.
2960.
2970.
2980.
2990.
3000. c
3010 . c
3020.
3030.
30{0.
3050.
3060.
3070.
3080.
3090.
3r00.
31r0.
3r20.
3r30.
3140.
3150.
3160.
3 r 70.
3180.
3 r 90.
3200.

END

Find solution of a system of linear algebra
SUBROUTINE GÀUSS(N,À, B,EPS, ¡SL¡)
DIMENSION À(N,N),8(N)
NMI =N- I
DO l0 K=l,NMl
c=0.0
DO 2 l-K,N
rF (ABs(À( r ,K) ) .LE.ABs(c) ) co ro z
c=À(I,K)
I 0.I
CONTI NUE
IF (ABS(C).GE.EPS) GO TO 3
I Sw=0
GO TO r00
rF (r0.EQ.K) co ro 6
DO 4 J-K,N
T-À(K,J)
À(K,J)-À(10,J)
À(t0,J).7
r-s(x)
s(x)-s(10)
B(I0).7
KPI-K+1
c-'t.0/c
B(K).8(K)rc
DO 10 J.KPI,N

eqs

2

3

4

6

20
10

50
{0

2
4

20

À(
DO
À(
B(
B(
DO

K,
2

T,
J)
N)

4

J)'À(K,J)rc
0 I'KPl rN
J)-¡r( ¡,J)-À(I,K) rÀ(K,J)
-B(J)-À(J,K)rB(K)
.B(N),/^(N,N)
0 K-1,NH1

I -N-K
C-0.0
¡ptrJ+1
DO 50 J.IPl,N
C-C+À(I,J)rB(J)
s(I )-s(¡ )-c
I Ser- 1

RETURN
END

lnverse of symmetric positive define matrix

100

3

SUBROUTINE GJ(À
DIMENSION A(N,N

N,EP)
(N)

EP-1.
DO l0 K.l,N
KK-N-K+ 1

¡.¡=,\( 1,1)
rF(w.LE.0. ) cp ro 30
DO 20 I'2,N
c-À(I,1)
IF(I-KKI 2,2,3
B(r)=G/vl
GOTO{
s(l )*-clw
DO 20 J.2,t
À(¡-l,J-1 )=À(¡,J)+crB(J)
À(N,Nl=t./w
DO 10 I=2,N
A(N,I-l)=B(r)
RETURN

,8,
),8

l0
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32 r 0.
3220.
3230.
3240.
3250.
3260.
3210,
3280.
3290.
3300.
33r0.
3320.
3330.
3340.
33s0.
3360.
3370.
3380.
3390.
3400.
34 10.
3{ 20.

30 EP= -EP
RETURN
END

Calculare the valqe of object ive funct ion
SUBROUT¡ NE OBJFUN (X,M, N, RX)
DTMENStON X(N),RX(M),TT( 1000),AÀ( 1000),DDÀ( t000)
cotltlo\/c2/Lt , LRR, /cBh(s0),À(so)
CALL RNUM( LRR,X,TT,ÀA, DDÀ )
RxR=0.0
DO l0 I=1,LI
rI=T(l)
CÀLL LÀG(TT,ÀÀ,LRR,TI, YI )

Rx(I )=À(I )-Yl
RXR=RXR+RX(I ).*2
WR¡TE(6,*) X,RXR
RETURN
END

.FTl 3F001 DD DSN=QSuN.x3,DISP=OLD

.FTO9F00l DD DSN=QSUN.x34,DI SP=OLD

c
C

r0

//co
//co




