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Abstract

Using the principles of the W-statistic for exponentiality of a single distribution

(Shapiro and Wilk, 1972; Samanta and Schwarz, 1983) we develop procedures for

testing a composite hypothesis of exponentiality of two distributions having the same

scale parameter. The proposed V-exponential statistic for complete samples turns

out to be a normalized ratio of the square of the generalized least squares estimator

(also the minimum variance unbiased estimator) of the common scale parameter

to a pooled sum of squares about the samples means. The V-exponential statistic

is origin and scale invariant and has a null distribution that depends only on the

sample sizes. We also prove some other important results relating to our proposed

V-exponential statistic. Following the approach of Samanta and Schwarz (1988), the

V-exp.onential statistic is then modified when one or both samples are censored. The

modified test statistic has the same null distribution as in the uncensored case with

a corresponding reduction in sample size(s).

Finally, foilowing the approach of Stephens (1978), \Me propose a V"-exponential

statistic for testing exponentiality of two distributions for complete samples. In

each case, we provide the empirical power results for various types of probability

distributions considered under the alternative. We also compared the power results

of the one-sample I4l-exponential test, two-sample V-exponential statistic and i,z*-

exponential statistic. We see that the obtained results are similar in each case. That

is, the three tests seem comparable in terms of sensitivity.
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Chapter 1

trntroduction

When testing for goodness-of-fit, we take an observed sample and test how well

it fits a given distribution. The general procedure consists in: (i) setting the'null

hypothesis, denoted by Ho, which states that a given random variable X follows

a probability distribution whose form is known and may depend on a number of

known or unknown parameters, (ii) calculating a test statistic, which is some function

of the data measuring the distance between the hypothesized distribution and the

sample data, and (iii) making a decision about the acceptance or rejection of the

null hypothesis.

There are many reasons to use goodness-of-fit tests. First, if the suggested probability

model is correct, we have more confidence in our model for data generating process

and on the parameters that describe the popu-lation. Secondly, the knowledge of the

distribution for the data, allows us to use standard statistical testing and estimation

procedures, such as analysis of variance and the construction and calculation of

confidence and prediction intervals. Finally, with the knowledge of the distribution,

extreme tail probabilities can be computed.

There are several goodness-of-fit techniques. Graphical analysis is an informal pro-

cedure. One such technique is based on the probability plot, which is defined as the
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ratio of the number of observations less than or equal to r¿ (a realized value of the

sample) to the total nurnber of observations n. The probability distribution function

is called empirical cumulative distribution function (2.e. ecdf). It is a simple tool

which is easy to use on a piece of graph paper or using simple computer programs. It

is less formal than the numerical techniques that will be presented later and usually

is used to support the numerical testing procedures. It often gives a better under-

standing of the numerous relationships present in the data. The ecdf plot does not

depend on any assumption about a hypothesized pa.r'ametric distribution function.

It has some adva,ntages over the other statistical goodness-of-fit techniques since it

gives immediate and direct information regarding the shape of the underlying distri-

bution (2.e. skewness) and is an effective indicator of potential outliers. Also, most

importantly, it can be used effectively for censored data. However, its sensitivity

to random occurrences in the data sometimes leads to the wrong conciusion. We

cannot solely rely on it, especially when the sample size is small.

The y2 goodness-of-fit test is a classical statistical procedure. It was developed

by Karl Pearson. It uses the comparison between the observed cell count and the

corresponding expected value under the hypothesized distribution. The test statistic

asymptotically follow s a X2 distribution with c-k-1 degrees of freedom. Here c ià the

number of cells and k is the number of estimated parameters for the distribution.

The y2 goodness-of-fi.t test is applied to binned data (i,.e. data put into classes).

Therefore, the value of the y2 test statistic is sensitive to how the data is binned.

Another disadvantage of the a2 test is that it requires a sufficient sample size for the



Chapter 7. Introduction

¡2 approximation to be valid. In practice, it is usually required that, the expected

frequency should be at least 5. Because of this, the test is not valid for small samples,

and if some of the expected counts are less than five, one may need to combine some

bins associated with the tails of the hypothesized distlibution. These reductions

discard some information, so that f,he y2 goodness of fit test is less powerful than the

other goodness-of-fit techniques. However, this test can be used, for both continuous

and discrete data, as well for the univariate and multivariate data. It is the most

widely used goodness-of-fit test.

The Kolmogorov-Smirnov, Cramer-von Mises and Anderson-Dariing tests are b-ased

on the distance between the empirical distribution function and the hypothesized

distribution function. Let us take the Kolmogorov-Smirnov test as an example.

From the empirical distribution function, we have the ratio of the number of obser-

vations less than or equal to r¿ to the total number of observations n and y¿ are

the corresponding ordered statistics. Hence the empirical distribution function for

Kolmogorov-Smirnov test is a step function which will increase by 7ln unit at the

order of each data point. Kolmogorov-Smirnov test statistic is defi.ned as the max-

imum distance between the empirical distribution function and the hypothesized

population distribution function. The null distribution of the Kolmogorov-Smirnov

test statistic does not depend on the underlying cumulative distribution function

being tested. There is no limitation for the sample size, and it is an exact test.(2.e.

not like ¡2 goodness of fit test, which requires a suficient sample size for the y2

approximatíon to be valid).
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Goodness-of-fit tests for distributional assumptions have been a major study area

for statistical research, especially for testing normality. Applications of the noimal

clistribution can be mainly classifi.ed in two categories. First they relate to the class

of statistics which are taken to be normally distributed due to the applicability of

large sample theorems such as the Central Limit Theorem (Rao, 1973). Secondly,

when the normal distribution is assumed, it can be applied to the appropriate math-

ematical model for the underlying phenomenon under investigation. The tests for

normality can be classified into 5 groups: y2 test, empirical distribution function

tests, moment tests, regression tests, and miscellaneous tests. For example, as we

mentioned before, the y2 test uses the comparison between the observed cell counts

and the corresponding expected values under the null hypothesis. For the normal

distribution, the X2 test statistic is calculated by grouping the hypothesized distri-

bution (with known or estimated parameters) into a multinomial distribution of M

cells, comparing the observed number of observations with the expected number of

observations in each cell. The y2 test is of historical interest and is continuously

being modifi.ed.

The most commonly used goodness-of-fi.t test of normality is the Shapiro-Wilk test

(1965) (so called W-statistic). The test considers a regression of the ordered sample

observations on the expected values of the order statistics of a random sample from

a standardized version of the hypothesized distribution. The W-test statistic for

normality is defined by dividing the squale of an appropriate linear combination

of the sample order statistics (using the method of gener alized least squares) by
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the usual symmetric estimate of variance. In fact the test considers the ratio of

two estimates of the population variance and hence is also known as an analysis

of variance test. This ratio is invariant for both location and scale. The exact

distribution of W statistic under the null hypothesis only depends on the sample size

n, not on the location and scale parameters ¡; and o. The exact distribution of the W-

normal statistic is unknown, but Shapiro and Wilk (1965) provided the percentage

points for the test using Monte Carlo simulation. Using extensive Monte Carlo

studies Shapiro and Wilk suggested that the critical region of the test is the lower

tail area of the null distribution of W, that is, larger values of W (2.e. values close

to 1) indicate normatity. This W-statistic is very simple to calculate when the table

of appropriate linear coefficients is available. Even for small samples (n < 20), it is

found that the test is quite sensitive (powerful) against a wide range of alternatives.

Shapiro and Wilk (1965) provided the power resu-lts obtained from different goodness

of fit tests. They concluded that the W-statistic is more powerful than other tests

for skewed alternatives. Unfortunately, for la,rge sample sizes, it may be difficu-lt to

determine the percentage points and may need a necessary value of the multiplier in

the numerator for the test statistic.

From a general viewpoint, the procedure used to derive the W-statistic for normal-

ity can be applied to derive tests for other distributional assumptions, such as the

exponential distribution. Using these principles, an analysis of variance test for ex-

ponentiality of a distribution based on a complete sample has been proposed by

Shapiro and Wilk (1972). The W-exponential statistic is defined to be the ratio
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of the squared difference between the sample mean and the smallest observation

to the usual symmetric sum of squares about the mean. Simiiar to the W-normal

statistic, the W-exponential statistic is usable for testing various composite or simple

hypotheses of exponentiality. The W-statistic for exponentiality leads to a two-tailed

test. This is because the W-exponential statistic may take either low or high va1-

ues depending on the properties of alternative distribution. Compared with other

goodness-of-fit tests, the W-exponential statistic seems to be more powerfu-l oúer a

wide range of alternatives. A rnodified W-exponential statistic has been proposed by

Samanta and Schwa¡z (1988). This modified statistic is applicable when the sample

ís censored. This will be discussed in detail in Chapter 2 of this thesis.

So far the test procedures available in the literature a,r'e all based on on.e single

sample from one population. The proposed test statistic for testing the composite

hypothesis of exponeniiality of two distributions is developed in Chapter 3. We

consider the nuli hypothesis that two independent random samples come from two

exponential distributions with different unknown location parameters, but with the

same unknown scale parameter, against the alternative hypothesis that the common

form of these two distributions is not exponential Using the principles used for

the construction of the W-statistic for exponentiality, we propose a V-exponential

statistic that turns out to be a normalized ratio of the square of the generalized

Ieast squares estimate of the common scale parameter based on the order statistics

of independent random samples from the standard exponential distribution, to a

pooled sum of squares about the sample mearìs. This V-statistic is origin and scale



Chapter 7. Introduction

invariant. The null distribution of the V-exponential statistic is shown to depend

only on the sample sizes. We also prove some other important results relating to

our proposed V-exponential statistic. Tables of empirical percentage points of the

V-statistic are constructed for various combinations of sample sizes by using Monte

Carlo simulation. We give some numerical examples to illustrate the applications of

the proposed test. Chapter 4 provides the empirical power results for various types

of probability distributions under the alternative hypothesis. Chapter 5 deals with

a modifi.ed test statistic using the approach of Samanta and Schwarz (1938) when

one or both samples a¡e censored. In Chapter 6, we use Stephens' (1978) approach

and propose a second test statistic called the V*-exponential statistic, that can be

used in the same context. The null distribution of V*-exponential statistic is the

same as the W-exponential statistic of Shapiro and Wilk (1972) corresponding to

an appropriately modified sample size. Numerical exampie and power studies of the

V*-exponential statistic are also included. We also compare the power results of

the one-sample l4l-exponential test, two-sample V-exponential and V*-exponential

tests. We see that the results are close to each other, that is, the three tests (W-

exponential, V-exponential and V*-exponential statistics) are comparabie in terms

of their sensitivity results. Concluding remarks are given in Chapter 7.



Chapter 2

One-sarnple W-statistics for Ðxponentiality

There has been an extensive literature on goodness-of-fit tests for exponentiality.

Important references include Shapiro and Wilk (1972), Anderson and Darling (1952),

Bartholomew (1957), Cox and Lewis (1966), Dariing (1953), Epstein (1960), Jackson

(1967), and Stephens (1978). Recently, the exponentiality testing is most used for

the time-constructed problem, such as waiting time. In this chapter, we discuss the

one-sample test procedures for exponentiality due to Shapiro and Wilk (1972). The

principle underlying the test procedures and the properties of the test statistic are

similar to the W-statistic for normality (Shapiro and Wilk, 1965, 1968).

We have the general exponential distribution which has the density function defined

as follows:

f(r):

where a is the locat

(B > 0).

l3-'"rp{-(r - a)lp}, r2a,
0, otherwise.

(2 r)

{
ion parameter (-oo < a < oo) and B is the scale parameter

Note that a random variable X having density function / is such that

7. 1",:E(X):dlþ,

2. "Z:Var(X): þ2,
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(2.2)

2.L The \M-exponential statistic for uncensored data

Suppose we define Xt 1 Xz { . . < Xn to be the order statistics of a sample of size

n obtained from a standard exponential distribution. Let the expected value of X¿

be m¿, that is,

E(Xn) : ïTLi¡ z : 1,2,"',tu.

We have the covariance between X¿ arLd X¡ as

Cou(X¿,X¡): u¿¡: E[(X¿-m¿)(X¡ -*¡)], 'i,i : \,2,"' ,n,

and we write the expected values and covariances into vector and matrix form as

follows

m' : (mt,Trùzt... ,ffin), where m' is Llne transpose of the vector rn,

V : (un¡), where 7 is a n x n matrix.

F\uther suppose Yt S Yz

from an exponential distribution with location parameter a and scaJe parameter B.

Then \Me can write { in terms of X¿ as

3. when a : 0 and B : I, X admits the standard exponential distribution,

( 
"-', r)0,

Í(") : {

I O, otherwise,

Y: al l3X¿,'i:I,2,"',tu,
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where d is from the standard exponential distribution with density function as given

in (2.2). We also write Y in vector form for gr as

Y1

Y2

n

Now, we apply the generalized least squares theory (Aitken, 1935, Lloyd, 1952) to

find the least square estimators of a and B. We have

10

( ;) 
: {(rtm)'v-'(1t-)}- r(rtrn)'v-LY,

slnce

{(rlm)'v- '(11-)}-' :

det : {(1'Y-1 1) ( m'V-r m) - (I'V-r m)2},

1,:(1,1,...,1).

t,r-t|Im, _ m¡t)V-ry

( r,v-rl 1,v-1m \

I r,u-,- *,:v-r* )
t ( *'V-'* -r'Y-t- )ttú 

[ -rv-Im r,v-I! )'
where

Hence, we have

p:
{(t V -t t¡ (rntV -r m) - (t V -t m¡z¡'

(2.3)
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From known properties of the exponential distribution (Kendall and Stuart, 1961),

we have the following properties for Tn¿ and Cou(X¿, X¡)

i

- - F(r - k + 1)-1, ,i: r,2,... ,h,/.

¿

Cou(X¿,X,) : f(" -k+I)-2, 'i < j,
\ !/ J/ 

^¿J
L-1

j
Cou(X¿,X¡): Ðt" -k+r)-2, i,> j.

&:1

After some algebraic work, we have some important Lemmas (Shapiro and Wilk,

1,972) as following:

_:_
7. *¡ : Lu¿¡, that is, n'L' - 7'V,

2. ÐTT'L¿: rù, that is, Itn-L: n,
;_1

J. I,V-r : (n2,0,0,...,0),

and Corollaries:

7. It : ffi'V-T ,

2. m'V-|m: n

3. 7'V-Lm: n,

4. I'V-II : n2,

5. 7tV-1Y : n2YL,
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6. O: n(Y -Yr)l@- 1), wher eY :int".
i:1

'12

We obtain the W-exponential statistic by standa.rdizing the squared p with 52, so

the W-statistic for testing the composite hypothesis for exponentiality is

rrl _"(V -Yr)'vv6:æ Q4)

for the null hlpothesis:

Hrc: F(y) - 1- erp{-(a- *)lp}, a> a

where 
s, : i{u _y)r.

;-1

Note that

o W is used as a two-tailed statistic. It is invariant for both origin and scaie

parameters a,nd hence, can be used for testing the composite hypothesis of

exponentiality.

ø Fïom the mathematical point of view, the W-exponential statistic is bounded,

with a maximum value of 1 and minimum value of (n- 1)-2 (see Shapiro, Wilk

and Chen, 1968).

o Flom the statistical point of view, we know that Yr is a sufficient statistic

for the origin parameter a and 7 is the sufficient for the scale param eter B
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(Lehmann, 1959). As we mentioned before, the W-statistic is invariant for

both origin and scale. As a result, und,er the null hypothesis, we have thai the

W-exponential statistic is independent of Yi and 7 (Basu, 1955). It depends

only on the sample size n (Hogg and Craig, 1956).

2.2 The \M-exponential statistic for censored data

13

As previously mentioned the W-exponential statistic is given by

I4/n:rry_H
(n - 1)52

for the complete sample of size n (i,.e. uncensored sample).

Now consider the case of a censored sample. That is, in a random sample of size n, the

11 smallest and 12largest observations a,re censored. Then there will be rL - 11 - 12

observations avaiiable. Samanta and Schwarz (1988) modifi.ed the W-exponential

statistic according to two different situations, (2.e. origin unknown and known).

2.2.L Origin unknown

We denote the normalized waiting times as

T¿: (n - i + r)(V -y_r), ,i : 2,J,. . . .,tu. (2.5)
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We know that when -Ë1is is Lrue, 72, Tt, .. . , Tn, are independent and identically

distributed random va¡iables from the exponential distribution function

which actually define an orthogonal transformation.

we get
i .^ri- Jl i+r).-

-'-tn-JTT ^'- 1 ôvz 
!66 +t'

Let

( r-e-t/þ, ú>0,
F(t\ : I\/ 

lo, otherwise.

iY+t-(Y+Yz*"'+V)
JMT'

Yt +Y, + '" +Y" :1/ñ,

,fr-I'

If we write I in terms of. T¿,

lr u)

Now, let

U¿:

un:
/"

(,¿) (r - t)n:.' :*xr (n_ j +I),
(n>i>j>2)

with

Using the newly defined variables,

uncensored data (we denote Wt(n)

off):"57) for i,,j:2,3,... ,n.

the originai W-exponential statistic from the

to indicate it is from a complete sample of size
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n) can be written as:

ws(n):

(,-r)ËÉ off)rnr¡
;-t ;-n

Now consider the censored situation as we mentioned before, that is when 11 smallest

and 12largest observations are censored. In other words we have an effective sample

of size rù - rt - 12. That is Y"ra1 S Yr+z

testing the null hypothesis IIro with the origin unknown. Then, the modified test

statistic (denoted * Wt) is given by

WI:
("8",,,*,)

(2.7)
n-Tt-r2 n-TI-T2

Note that

f . if there are no censored data, Wl is equal to the original Wt(r)

2. L}ae distribution of Wt is the same as that of Wp(n - 11 - 12) under the null

hypothesis.

15

(Ð")'
n-I

n(n - ÐÐu3
i.:t

(Ð,,)'
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2.2.2 Orígin known

Let us consider the situation where the origin is known. Stephens (1978) extended

the Shapiro and Wiik exponentiality test for testing the null hypothesis

(

H2s, F(ù : I 
1- erp{-(a - o.o)lþ}' u } ao' with a6 known'

|. 0, otherwise.

The extended W-exponential statistic is Wf,(n)

16

wi,(,): {å,"-',)}

Let

Z¿ :Y - eo,'i, : 7,2,...,fl,

and the normalized waiting times T¿ fori:2,3,... ,n,o,s

T¿ : (n - ¿ + I)(Y - Y-r) : (, - i + I)(4 - Zu-')

and define 7r as

t) 0,

otherwise.

(2 8)

" {, 
+ ttiru - *o)'- 

lå," - ".,]' }

(Yt - "o).

,, Tn are ¿zd random variables following

T1: n/1 - n

We also know, when H2s is true, fi, Tz, ...

the exponential distribution function

( t - "-',ur(¿) :{ ^

lo.\
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If we write Wä(") in terms of T¿ and

wÅ,("):
(n+

n+I n+I

" Ð t off*')Tn-rT¡-,
;-, ;-,

We can use this modified W-exponential statistic for the case where the origin a6 is

known in the context of censored data. Suppose that, in the sample of size n; the

12 largest observations ar.e censored. Then, we have an effective sample of. n - 12

available observations, that is Yr < Y, < . . . t h-,, for testing the null hypothesis

H2s witln the origin known. The modified test statistic (denotes * Wz) can be

written as:

W2: n-rz*L n-r'2+7

(n-rr) t t o9-"+t),-..Ti-,
;-, ;-q

(2 e)

Note that

f. if there are no censored data,W2 is equal to the original WË(").

T7

o,¿¡, we $et

(å")'

Ð ,f,-fog)rlt (å")'

(ä"')'

("*ä'''-,)
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2. following Stephens (1978), the distribution of W2 is the same as that of

WÊ(" - rz * 1) under the null hypothesis.

18



Chapter 3

T'he Two-sarnple V-statistic for Exponentiality for

Complete Samples

Based on the principles used by Shapiro and Wilk(7972) to derive W-statistic for

testing exponentiality and by Samanta and Schwarz(1988) to derive the modified

W-exponential statistic for censored data, we develop the V-exponentiaÌ statistic for

testing exponentialitv of two distributions.

3.1 V-exponential statistic for complete samples

Suppose fori : 7,2, Yt < Yz

sample from a population with distribution function Fu(a) In this chapter we.wish

to test the null hypothesis:

( ,n@) :
¡l.r,l

I 
witt,

0<p(N,, ("t), -@ ( a¿ ( æ,'i: !,2,

[. _u

F(ù:lr-e-u' ifo<a1Ø'

I o, otherwise Ì 

(31)

against the alternative hypothesis

19
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"''f 
Fo(ù: '(+) I

[rvirn f@)17-e-!, to,"o"uI

It is known that if the nuìl hypothesis .Ë136 is true, then a test of the different null

hypothesis

H46: d.1 : Q.2

can be done by using an F-test.

Let us write

Yj : on * þX¿¡, with z :7,2 j :7,2,"' ,tuà,

where for each'i : 7,2, Xn I X¿z 1 . .. I X¿n¿are the order statistics of a random

sample of size n¿ from a standard exponential distribution F(r) as defined above (or

in 2.2)

Note that r¿¡ and r¿¡, àre independent when i,+ l.

Under Ilao, it follows that for each i, : I,2, Y, < Yz < ... l Yno are the corre-

sponding order statistics of a random sample of size n¿ obtained from an exponentiaJ

distribution with location parameter a¿ and scale parameter B.
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We define the two vectors Y andYz as

Yzt

Yzz

Y2n"

and we write the general Y vector as

As before we denote the expected value of X¿¡ 3,snt¿¡, that is,

E(Xr¡) : TTL¿¡, 'i : !,2, i : L,2, "' ,fri,

and the covariance between X¿¡ and XL* aß

0, for i.l l

Cou(X¿¡,Xtn): \ ,rrr, foyi:l:I, j,k:I,2,... ,frr,

lrzjk, for e : I :2,j,k : 7,2,...,T12,

So for each sample we have the covariance matrix

Coul - (*rjr)nrrn,

Cou2: (*rjr)nr*n,

' 

[:] 

Y:

":(2)
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For convenience, we write the covariance matrix of Y as

o:(':, 
"0",,)

If we take the expectation of both sides of

Yj: *ni 0X¿¡,

we will have, in matrix form,

E(Y) : Po,

where

p-

and

1 0 rrLtt

1 0 Ttltz

1 0 Ttlrnt

0 1 nLzt

0 1 rtlzz

0 1 TTL2,"

,:(=,

Now we apply the generalized least squares theory (Aitken, 1935, Lloyd, 1952) to
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squares estimators for a1, a2 and B. We have

/a'\
a :l :'" | : ,r'n-'p)-'p'e-'Yr"l

\Bz
ranspose of p matrix.

it can be shown that

TL1 \

Tù2 l,
,,+r" )

Chapter 3. The

obtain the least

where p/ is the t

Using Lemmas 1 to 3 and Corollaries 1to5,

n2t o

0"3
TL1 T72

p'Q-'p:

and

P,Q-IY

Hence, we have the estimateþ for B, which is the product of the last row of (p'Q-Ip)-L

with the column vector p'Q-rY, i.e.

G* )

Ã a(Yt-Yt)*n2(Y2-Yzt)t': @+n'?- z)

n¿

Yo:ÐY¡lru, i,:1,2.
j:t'

where
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Note that pt tfr. minimum variance unbiased estimator (2.e. NIVUE) for p ( Epstein

and Sobei, 7954)

We obtain the V-exponential statistic as a normalized ratio of the squared î to S'.

Hence, the resulting statistic for testing the composite hypothesis of exponentiality,

given in (3.t) is

(3 2)
2n*(n* - 1)Sz

where

ni

s? :Ð&¡ -Yn)', 'i:7,2,
j:t

q2_q21q2u -pI t u2)

n* : mar(ntrnz).

Note that, as an omnibus procedure, V(nt,n2) is to be used as a two-tailed statistic.

3.2 Properties of the V-exponential statistic

Based on the above two-sample V-statistic, we obtain the following important results.

THEOREM 7 .

{nt(Y, -l11t) i n2(72 -Yrr)}'v('r,nr):

P{112(n" - 7)' <V(rr,nr) l1} : t
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Proof.

According to Lemmas 5 and 6 in Shapiro and Wilk (1972), we note that for any two

sample sequences

{rr(Y, - lf,t) -t n2(72 - Y"t)}' I 2n*(n" - 1),9',

{nr(Y,- vrr) -tn2(72 -yr,)}' . {6:uøsr* ¡*f¡øs,}
n* 52

n*-I

Therefore, we can write

{nr(T, - Yrr) + nr(Y, - Yrr)}2 _- n* s' 1

2n*(n*-1)52 'n*-I 2n*(n* -1)52'
-1' 27n" - 1),

As Shapiro and Wilk (1965) proved, the W-exponential statistic is bounded with a

maximum value of 1 and minimum value of (n - I)-2. Hence, the V-exponential

statistic has the following similar property

, , {u(Yt --Yr') + nz(Y?- Yzù}2 , --1 : .- 2n*(n" - 1)52 2(r* - i)''

THEOREM 2 .

The nuil distribution of V(n1,n2) andV(rr,n1) are identical and depend only or fÙ1

and n2, but not or1 01, a2 and B.
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Proof.

Following Samanta and Schwarz (1983) we define T¿¡ æ

7r.j:(no- j +I)(Y¡-Y,¡-t), j:2,3,"' ,tui, 'i:1,2. (3 3)

Under the null hypothesis Hso, T¿¡l 0, i : 2,3,"',n¿,'i : I,2., areindependent

and identically distributed random variables with the standard exponential distribu-

tion.

Let

"ff')

"g')
bffù

617z)-x3

(r-t)
(nr- j +7)'

: olT') ror i', i
(j-1): 

çrr-¡*u'
: btT' ror i,, i

(n-,)i,> i>2\\¡-

: 2,3,. " ,TLr,

(nr> i.> j >2)

:2,3r. ., ,'1L2,

Then lve can write the V-exponential statistic V(rt,n2) in terms of the T¿is as

v(nr,nr):
2n^(n" - l",j', {få i.gu,',,, /"*lÐÐbgùr,r"

So we can see from the

V(rr,n1) are identical

above representation that the distribution of V(n¡,n2) and

and depend only on the sample sizes n1 and n2 but not on

( n, r¿2 l'
{In,+Ðr,ol
[ ¿:z i.:2 )
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the parameters o1, a2 arrd 0. As a result, for the exponentially distributed samples,

(Yr, Yrr, nt(Yt - ytt) * n2(Y2 _ Yrr)) is a complete sufficient statistic for (a1, a2,

p) (Basu, 1955). Hence the statistic V(ry,n2) is statistically independent of (Y11,

Y2y, n1(Y1- ytt) * n2(72 - Yrt)) under null hypothesis.

THEOREM 3 .

Under the null hypothesis f/36, the distribution function of V(2,2) (i'.e. when

TLr:2,n2:2) is given by

H(u):L- (r-'_ I)t/t,

Proof.

We have

V(nt,nr):
2n*(n* -

When T4:2 and n2:2,

where

v(2,2):ffi,

1
-(,u(1.2-

{Ð",.Ð=r,,}

/,,*läÐaff")r,,r,,)

(3.4)

1",\', {[å i.ffu,*,,,

Tn--t,
lJ

Tzz
n'
f)

Sr:

Sz:
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Note that Sr and ,92 are independent and identically distributed random variables

with the standard exponential distribution.

Now, suppose it is given that

,S1 -l52:s,

in which case the conditional distribution of ^91 is uniform. Then, for u satisfying

ts"
-1u1s2,

we have

P(s? + s2, t ulsl+ s2 : ,, : {z(" - t lz)}tt' 
.

s

Now, Iet

and note that for arry r satisfying * < r ( 1, we have

, (å#< rlsr + s2 : ,) : r@l + sl < rs2lsr *,e2 : s)

: (Zr _ I)t/r,

u

so that this probability does not depend on s.

We concluded that for any o satisfying å < u 11, the distribution function H(u) of
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V(2,2) is given by

H(r):L-P(V(2,2)2u)
^/ s'LJé1 .1\_l_r(ffirn)

- 1- (u-1 - t¡r/2.

3.3 Percentage Points of V(ry,n2)

The distribution of.V(n1,n2) under the null hypothesis was studied by N4onte Carlo

simulation. We obtained the empirical cumulative distribution of V(n1,rz2) from

100000 random samples with sizes (u,nz) (i,.e. n1:2(7)25,n2:2(7)25,n1 1n2).

Then we calculated the empirical percentage points of V(ry,n2) from this empirical

distribution. The random samples were simulated using the Package -R. The 0.5, 1,

2.5,5,95.97.5,99, 99.5 empirical percentage points of V(n1,n2) arc given in Table

3.1.
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Table 3.1: Percentase Points of V-Exoonentialol

TL1 'lL2 0.005 0.01 0.025 0.05 0.95 0.975 0.99 0.995

22
23
24
25
26
27
28
29
2L0
271
272
213
2t4
275
2t6
217
278
279
220
221
222
223
224
225

0.5023 0.5047

0.1418 0.15

0.0752 0.0815

0.0513 0.0569

0.038 0.0427

0.0313 0.0354

0.0268 0.0302

0.0231 0.0263

0.0206 0.0233

0.0188 0.0212

0.0173 0.0195

0.0161 0.0182

0.0151 0.0168

0.0141 0.0158

0.0132 0.0148

0.0L24 0.014

0.0121 0.0136

0.0113 0.0126

0.0108 0.0121

0.0104 0.0117

0.0101 0.0112

0.0097 0.0108

0.0093 0.0104

0.0088 0.0099

0.5123 0.525

0.1666 0.1865

0.0949 0.1101

0.0672 0.0779

0.0515 0.0605

0.0428 0.05

0.0365 0.0427

0.0314 0.0367

0.0282 0.0331

0.0256 0.0297

0.0233 0.0269

0.0216 0.0249

0.0201 0.0232

0.0186 0.0215

0.0176 0.0202

0.0165 0.0189

0.0159 0.0181

0.0149 0.017

0.0142 0.0162

0.0137 0.0155

0.0131 0.0148

0.0125 0.0142

0.0r2 0.0136

0.01i5 0.0131

0.9975 0.9993 0.9998

0.6205 0.6433 0.657

0.4575 0.499 0.5336

0.3399 0.3871 0.4378

0.2663 0.3049 0.3509

0.2138 0.2458 0.2873

0.1787 0.2035 0.2376

0.1514 0.1727 0.2003

0.1315 0.1488 0.t726

0.1141 0.7287 0.7487

0.1021 0.1156 0.1334

0.0912 0.1028 0.1184

0.0823 0.0927 0.1067

0.0761 0.0849 0.098

0.069 0.077 0.0876

0.0634 0.071 0.081

0.0589 0.0651 0.074

0.0549 0.0612 0.0692

0.0513 0.0567 0.0638

0.048 0.0532 0.0601

0.0452 0.0497 0.0562

0.0426 0.0471 0.053

0.0403 0.0445 0.0499

0.0383 0.0427 0.047

0.99996

0.6677

0.5511

0.4677

0.3826

0.3214

0.2667

0.2234

0.1902

0.1633

0.1469

0.1304

0.1 167

0.1067

0.0965

0.0885

0.0804

0.075

0.0699

0.0653

0.0609

0.0573

0.0537

0.051i
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't1,1 'tL2 0.005 0.01 0.025 0.05 0.95 0.975 0.99 0.995

,) 'f

34
35
36
,)/

38
39
310
311
312
I 1.)ù J_ù

374
315
316
o 1È7J l.t

318
319
320
321
322
ô¿õ

324
325

0.1623 0.1739

0.088 0.0969

0.0602 0.0676

0.0456 0.0508

0.0366 0.0474

0.0308 0.035

0.0266 0.0297

0.0239 0.0266

0.0206 0.0236

0.0196 0.0219

0.0173 0.0196

0.0165 0.0185

0.0153 0.0173

0.0141 0.016

0.0135 0.0151

0.0127 0.0742

0.0r2 0.0135

0.0117 0.0131

0.011 0.0123

0.0105 0.0118

0.0102 0.0114

0.0098 0.0109

0.0094 0.0104

0. i962 0.2227

0.1136 0.1307

0.0787 0.0917

0.0599 0.0698

0.0493 0.0571

0.0418 0.0483

0.0355 0.0412

0.0316 0.0365

0.0282 0.0325

0.0257 0.0297

0.0233 0.0269

0.022 0.025

0.0203 0.0232

0.0188 0.0216

0.0178 0.0203

0.0167 0.0191

0.016 0.0181

0.0152 0.0172

0.0744 0.0164

0.0138 0.0156

0.0133 0.015

0.0727 0.0143

0.0121 0.0137

0.8278 0.8857

0.531 0.5796

0.3803 0.4277

0.2896 0.3254

0.2309 0.2609

0.1909 0.2154

0.1606 0.1818

0.1383 0.1558

0.7204 0.1355

0.108 0.1213

0.0952 0.1068

0.0863 0.0964

0.0787 0.0874

0.0774 0.0793

0.066 0.0735

0.0611 0.0678

0.0568 0.0627

0.0529 0.0586

0.0499 0.0549

0.0465 0.0512

0.0437 0.0481

0.0415 0.0456

0.0392 0.0429

0.9342 0.9562

0.6329 0.6643

0.481 0.5156

0.3735 0.4067

0.2997 0.3285

0.2506 0.2767

0.2087 0.2372

0.7794 0.1982

0.1553 0.r7

0.1395 0.1515

0.7276 0.1339

0.1102 0.1206

0.0989 0.1079

0.0901 0.0983

0.0831 0.0901

0.0769 0.0836

0.0708 0.0765

0.0662 0.0717

0.0617 0.0675

0.0576 0.0626

0.0536 0.0575

0.0509 0.0547

0.0481 0.052
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TL1 TL2 0.005 0.01 0.025 0.05 0.95 0.975 0.99 0.995

44
45
46
47
48
49
4i0
411
472
413
414
415
416
417
418
419
420
427
422
423
424
425
55

0.6233

0.4322

0.3216

0.251

0.2056

0.1733

0.1479

0.1278

0.1729

0.0997

0.0905

0.082

0.0748

0.0688

0.063i

0.0585

0.0548

0.0509

0.0478

0.0453

0.0426

0.0401

0.4833

0.6862

0.4807

0.3608

0.2823

0.2305

0.1952

0.1666

0.1437

0.1261

0.1113

0.1008

0.0911

0.0828

0.0761

0.0697

0.0646

0.0604

0.0562

0.0524

0.0496

0.0467

0.0439

0.5399

0.1019 0.7726

0.0685 0.0759

0.0519 0.0583

0.0416 0.0468

0.0337 0.0384

0.0293 0.0332

0.0259 0.0291

0.0229 0.0258

0.0211 0.0236

0.0192 0.0215

0.018 0.02

0.0163 0.0183

0.015 0.0169

0.0145 0.0163

0.0135 0.0152

0.0131 0.0145

0.0724 0.0137

0.0117 0.013

0.0112 0.0125

0.0107 0.012

0.0103 0.0114

0.01 0.011

0.079 0.0873

0.1326 0.1528

0.0904 0.105

0.0692 0.0798

0.055 0.0638

0.0457 0.0529

0.0396 0.0455

0.0345 0.0398

0.0308 0.0355

0.0279 0.0321

0.0253 0.029

0.0235 0.0269

0.0215 0.0247

0.0199 0.0228

0.0i92 0.0277

0.0177 0.0203

0.0169 0.0191

0.016 0.0181

0.0152 0.0173

0.0145 0.0164

0.014 0.0157

0.0132 0.0149

0.0L27 0.0143

0.103 0.1i97

0.7645 0.8136

0.542L 0.5801

0.4111 0.4467

0.3236 0.3575

0.2634 0.288

0.2245 0.244r

0.1907 0.2077

0.1653 0.1798

0.1437 0.1559

0.726 0.1363

0.1143 0.1256

0.1028 0.7L27

0.0934 0.1031

0.0854 0.0932

0.0789 0.085

0.0721 0.0778

0.0677 0.0729

0.0628 0.0677

0.0581 0.0626

0.0551 0.0594

0.0519 0.0559

0.0487 0.0524

0.6093 0.6572
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TL1 TL2 0.005 0.01 0.025 0.05 0.95 0.975 0.99 0.995

56
57
58
59
510
5 11

512
513
514
515
516
517
518
519
520
527
522
r ôo
¿ .¿Jù

524
525
oo
67
68

0.0573 0.0647

0.0464 0.0517

0.0387 0.043

0.0327 0.0368

0.0282 0.0319

0.0248 0.028

0.0227 0.0254

0.0206 0.0232

0.0185 0.0209

0.0177 0.0198

0.0163 0.0184

0.0152 0.0169

0.0145 0.0161

0.0135 0.015

0.0i3 0.0145

0.0125 0.0138

0.0118 0.0131

0.0114 0.0125

0.0107 0.012

0.0106 0.0116

0.0642 0.0729

0.0519 0.0581

0.0424 0.0467

0.0768 0.0894

0.0616 0.0713

0.0508 0.0584

0.0434 0.0497

0.0374 0.043

0.0332 0.0383

0.03 0.0346

0.0275 0.0313

0.0247 0.0284

0.0231 0.0263

0.0214 0.0244

0.0199 0.0227

0.0189 0.0214

0.0777 0.0202

0.0167 0.0189

0.016 0.0181

0.0153 0.0171

0.0145 0.0163

0.0139 0.0157

0.0134 0.015

0.0866 0.0996

0.0679 0.0783

0.0557 0.0643

0.3547 0.3974

0.2739 0.3066

0.2213 0.248

0.1833 0.2039

0.155 0.1738

0.1343 0.1495

0.1186 0.1325

0.1048 0.1165

0.0943 0.7044

0.0848 0.094

0.0772 0.0855

0.071 0.0787

0.0654 0.0727

0.0607 0.0671

0.0569 0.0628

0.0528 0.0579

0.0495 0.0547

0.0465 0.051

0.0438 0.0478

0.0474 0.0453

0.3847 0.4329

0.2939 0.3314

0.2359 0.2642

0.4496 0.4904

0.3524 0.3858

0.2813 0.3072

0.2312 0.2504

0.1967 0.2732

0.1699 0.1876

0.7494 0.1643

0.1327 0.7446

0.rr79 0.1.278

0.1061 0.1156

0.0954 0.1032

0.089 0.096

0.081 0.0873

0.0747 0.0811

0.0698 0.0756

0.0645 0.0693

0.0611 0.0664

0.0569 0.0612

0.053 0.0566

0.0503 0.0539

0.4909 0.5323

0.3748 0.4083

0.2993 0.3249
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TL1 ï12 0.005 0.01 0.025 0.05 0.95 0.975 0.99 0.995

69
610
6 11

612
613
614
615
616
617
6i8
619
620
627
622
623
624
625
77
78
79
710
717
7t2

0.0351

0.0309

0.0273

0.0245

0.0217

0.0205

0.0186

0.0178

0.0161

0.0154

0.0145

0.01387

0.0129

0.0124

0.012

0.0114

0.011

0.056

0.0455

0.0382

0.0333

0.0291

0.0261

0.0396 0.0469 0.0541

0.0346 0.0407 0.047

0.0305 0.0358 0.0413

0.0275 0.0322 0.0368

0.0249 0.0292 0.0333

0.0227 0.0266 0.0303

0.021 0.0247 0.0281

0.0196 0.0228 0.0259

0.0179 0.021 0.0239

0.0171 0.0199 0.0225

0.0762 0.0187 0.0211

0.0152 0.0176 0.02

0.0143 0.0166 0.0189

0.0137 0.0158 0.0179

0.0133 0.0153 0.0171

0.0126 0.0145 0.0163

0.0121 0.0139 0.0156

0.0634 0.075 0.0859

0.0513 0.0607 0.0696

0.0431 0.0509 0.0585

0.0379 0.0446 0.0505

0.033 0.0389 0.044t

0.0291 0.034 0.0389

0.1946 0.2183

0.7641 0.1831

0.7422 0.1585

0.r24 0.1377

0.1093 0.1218

0.0979 0.1091

0.0887 0.0979

0.0804 0.0889

0.0733 0.080

0.0676 0.074r

0.0625 0.0688

0.0581 0.064

0.0542 0.0595

0.0509 0.0559

0.048 0.0527

0.0449 0.049

0.0425 0.0465

0.3162 0.3539

0.2479 0.2778

0.2059 0.2303

0.r741 0.1934

0.1488 0.1658

0.7297 0.1435

0.248 0.2708

0.2079 0.226

0.1806 0.1951

0.155 0.1676

0.1385 0.1505

0.1231 0.1328

0.111 0.1196

0.1001 0.1087

0.0908 0.098

0.0829 0.089

0.0766 0.083

0.0774 0.0767

0.0664 0.0713

0.0624 0.0671

0.0581 0.0625

0.0543 0.0582

0.0514 0.055

0.402 0.4381

0.3174 0.3479

0.2612 0.2853

0.2178 0.2355

0.1869 0.2029

0.1618 0.1751
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TL1 fL2 0.005 0.01 0.025 0.05 0.95 0.975 0.99 0.995

774
7L5
776
777
778
7L9
720
72r
722
723
724
- .'t É.I .Lt)

88
89
810
811
812
813
814
815
816
8L7
818

0.0274 0.024

0.02 0.0223

0.0i86 0.0207

0.0167 0.019

0.0159 0.0178

0.0151 0.0168

0.0143 0.0159

0.0136 0.015

0.0131 0.0145

0.0123 0.0137

0.0118 0.0131

0.0115 0.0127

0.0497 0.0557

0.0416 0.0465

0.0359 0.0404

0.0317 0.0356

0.0285 0.0318

0.0259 0.0283

0.023 0.0257

0.0209 0.0235

0.0193 0.0215

0.0181 0.0202

0.0171 0.0189

0.0284 0.0323

0.026 0.0295

0.024 0.0273

0.0222 0.0251

0.0208 0.0236

0.0195 0.0227

0.0184 0.0207

0.0r74 0.0197

0.0167 0.0187

0.0157 0.0177

0.0151 0.0169

0.0144 0.0162

0.0652 0.0749

0.0551 0.0631

0.0468 0.0537

0.0413 0.047r

0.0369 0.0427

0.0328 0.0374

0.0297 0.034

0.0276 0.03i2

0.0251 0.0284

0.0234 0.0264

0.022 0.0247

0.1024 0.i135

0.0922 0.1017

0.0836 0.0919

0.076 0.084

0.0702 0.077r

0.0647 0.07L4

0.0601 0.0657

0.0558 0.061

0.052 0.0569

0.0492 0.0539

0.0463 0.0507

0.0437 0.0475

0.2637 0.2931

0.2164 0.2472

0.1819 0.2027

0.1542 0.7717

0.i353 0.1502

0.1191 0.1323

0.1064 0.1173

0.0953 0.1049

0.0863 0.0948

0.0786 0.0867

0.0723 0.0797

0.7276 0.1391

0.1145 0.7234

0.1039 0.rr22

0.0941 0.102

0.0864 0.0936

0.0794 0.085

0.073 0.0787

0.0679 0.0729

0.0635 0.0681

0.0592 0.0635

0.0561 0.06

0.0524 0.0561

0.3331 0.3636

0.2755 0.2977

0.2292 0.2483

0.1937 0.2728

0.1691 0.184

0.1478 0.1596

0.1314 0.1415

0.1178 0.727

0.106 0.7746

0.0966 0.1036

0.0888 0.0954
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TL1 TL2 0.005 0.01 0.025 0.05 0.95 0.975 0.99 0.995

819
820
82r
822
823
824
825
99
910
911
912
913
914
915
916
917
918
919
920
927
922
923
924

0.0159 0.0777

0.0152 0.0168

0.0143 0.0159

0.0136 0.015

0.013 0.0L44

0.0123 0.0135

0.0117 0.013

0.0446 0.0503

0.0385 0.0429

0.0336 0.0377

0.030i 0.0337

0.0268 0.0301

0.024t 0.0271

0.0228 0.0252

0.0208 0.0229

0.0191 0.0211

0.0179 0.0199

0.0169 0.0188

0.0159 0.0176

0.0151 0.0166

0.014 0.0157

0.0136 0.015

0.013 0.0143

0.0205 0.0232

0.0194 0.0219

0.0182 0.0204

0.0173 0.0195

0.0165 0.0185

0.0156 0.0175

0.015 0.0168

0.0592 0.0675

0.0501 0.0574

0.0445 0.0504

0.0391 0.0445

0.035 0.0399

0.0317 0.0359

0.0291 0.0329

0.0265 0.0301

0.0247 0.0279

0.023 0.026

0.0216 0.0243

0.0202 0.0227

0.0191 0.0215

0.0179 0.0202

0.0171 0.0i92

0.0164 0.0183

0.0666 0.0729

0.0619 0.0677

0.0575 0.0631

0.0538 0.0588

0.0502 0.0547

0.0475 0.0519

0.0449 0.0489

0.2268 0.252

0.1893 0.2092

0.1618 0.1793

0.1408 0.1555

0.t236 0.1361

0.1097 0.r27r

0.0982 0.1082

0.089 0.098

0.0812 0.0891

0.0742 0.0814

0.0688 0.0752

0.0636 0.0695

0.0592 0.0645

0.0553 0.06

0.0518 0.0566

0.0487 0.053

0.0812 0.0868

0.0753 0.0812

0.0703 0.0754

0.0655 0.0701

0.0606 0.0651

0.0572 0.0613

0.0539 0.0578

0.2861 0.3129

0.2379 0.2557

0.2023 0.2792

0.776 0.1933

0.L527 0.1655

0.1364 0.r47r

0.1213 0.1311

0.1094 0.1183

0.0994 0.1079

0.0909 0.098

0.0836 0.0902

0.0771 0.0824

0.0721 0.0774

0.0655 0.0707

0.0627 0.0672

0.0583 0.0627
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TL1 TL2 0.005 0.01 0.025 0.05 0.95 0.975 0.99 0.995

925
10 10

10 11

10 L2

10 13

10 74

10 15

10 16

10 77

10 18

10 19

10 20

10 27

10 22

10 23

10 24

10 25

11 11

11 12

11 13

11 14

11 15

0.0724 0.0135

0.0408 0.0461

0.0354 0.0395

0.0317 0.0352

0.0283 0.0319

0.0257 0.0289

0.0237 0.0263

0.0216 0.0238

0.0202 0.0225

0.0187 0.0208

0.0777 0.0197

0.0167 0.0183

0.0157 0.0L74

0.0146 0.0163

0.0142 0.0156

0.0134 0.0148

0.0126 0.0141

0.0379 0.0422

0.0335 0.0375

0.0298 0.0331

0.0274 0.0305

0.0249 0.0275

0.0155 0.0774

0.054 0.06i4

0.0463 0.0529

0.0414 0.047

0.037 0.042

0.0335 0.0379

0.0306 0.0344

0.0277 0.0316

0.026 0.0293

0.0239 0.027

0.0227 0.0254

0.021 0.0236

0.0198 0.0223

0.0188 0.021

0.0178 0.0198

0.0169 0.0189

0.0161 0.0179

0.0493 0.0559

0.0438 0.0495

0,0388 0.0439

0.035 0.0396

0.0319 0.036

0.0458 0.0497

0.1993 0.2207

0.i689 0.7874

0.1464 0.1619

0.7276 0.1413

0.1i38 0.1258

0.1021 0.1727

0.0927 0.i015

0.0835 0.0915

0.0766 0.0837

0.0707 0.0775

0.0655 0.0715

0.0607 0.0663

0.0567 0.0619

0.0531 0.0579

0.0497 0.0542

0.047 0.0512

0.1747 0.1928

0.1517 0.1681

0.1328 0.1457

0.118 0.1294

0.1051 0.1156

0.0548 0.0584

0.2482 0.2708

0.2122 0.2296

0.7827 0.1981

0.1578 0.1695

0.1413 0.1515

0.7264 0.1373

0.1141 0.1225

0.1021 0.1097

0.0934 0.0999

0.086 0.0926

0.0793 0.085

0.0735 0.0787

0.0683 0.0731

0.0637 0.0682

0.0599 0.064

0.0566 0.0606

0.2757 0.2342

0.1881 0.2038

0.1631 0.1766

0.r44 0.1549

0.L297 0.1383
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fi'1 ft2 0.005 0.01 0.025 0.05 0.95 0.975 0.99 0.995

11 16

11 L7

11 18

11 19

11 20

11 2I

11 22

11 23

11 24

11 25

12 72

12 13

12 14

72 15

12 16

72 17

L2 18

L2 19

72 20

72 2L

72 22

t2 23

12 24

0.0227 0.0254

0.021 0.0234

0.0197 0.0216

0.0185 0.0205

0.0L74 0.019

0.0162 0.018

0.0155 0.0171

0.0145 0.016

0.0139 0.0154

0.0135 0.0147

0.0351 0.0395

0.0315 0.035

0.0286 0.0318

0.0258 0.0284

0.0243 0.0266

0.0218 0.0245

0.0207 0.0229

0.0193 0.0272

0.0182 0.02

0.017 0.0186

0.0156 0.0774

0.0151 0.0166

0.0146 0.016

0.0329 0.0954

0.0304 0.0866

0.0283 0.0788

0.0264 0.0728

0.0247 0.067

0.0234 0.0621

0.0219 0.0579

0.0206 0.0543

0.0196 0.0509

0.0187 0.0482

0.0521 0.1564

0.0459 0.1374

0.0416 0.r2r

0.0378 0.1087

0.0344 0.0977

0.0317 0.0887

0.0295 0.0812

0.0273 0.0743

0.0256 0.0688

0.0242 0.0638

0.0225 0.0593

0.0213 0.0556

0.0203 0.0522

0.1157 0.724

0.1052 0.1131

0.0957 0.1025

0.0886 0.0947

0.0809 0.0867

0.075 0.0798

0.0691 0.074

0.0652 0.0693

0.061 0.0654

0.0575 0.0614

0.1936 0.2088

0.17 0.1824

0.1489 0.1591

0.1329 0.1424

0.1189 0.727

0.1076 0.1155

0.0983 0.1058

0.0902 0.097

0.0828 0.0884

0.0769 0.0826

0.0714 0.0765

0.0667 0.0772

0.0622 0.0661

0.0293

0.027r

0.025

0.0235

0.022

0.0209

0.0197

0.0184

0.0175

0.0169

0.0461

0.0407

0.0369

0.0334

0.0306

0.0283

0.0263

0.0244

0.0229

0.0216

0.0201

0.0191

0.0182

0.1046

0.0949

0.0865

0.0797

0.0731

0.0676

0.063

0.0592

0.0552

0.0522

0.1723

0.1514

0.1332

0.1792

0.1069

0.0969

0.0888

0.081

0.0751

0.0695

0.0648

0.0607

0.0567
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TL1 fL2 0.005 0.01 0.025 0.05 0.95 0.975 0.99 0.995

12 25

13 13

13 74

13 15

13 16

13 77

13 18

13 19

13 20

13 21

13 22

13 23

i3 24

13 25

74 14

14 15

14 16

14 17

14 i8

14 i9

14 20

14 27

0.0137 0.0151

0.0336 0.0373

0.03 0.0333

0.0273 0.0302

0.0246 0.0276

0.0228 0.0252

0.0214 0.0235

0.0199 0.022

0.0i85 0.0204

0.0176 0.0195

0.0167 0.0185

0.0157 0.0174

0.015 0.0165

0.0742 0.0157

0.0318 0.0349

0.0285 0.0315

0.0262 0.0291

0.0239 0.0266

0.0224 0.0246

0.0209 0.0231

0.0196 0.0214

0.0185 0.0202

0.0772 0.0192

0.0433 0.0487

0.0387 0.0439

0.0349 0.0394

0.0317 0.0359

0.0291 0.0329

0.0272 0.0305

0.0253 0.0284

0.0236 0.0264

0.0224 0.0249

0.021 0.0235

0.0199 0.0222

0.0187 0.0209

0.0178 0.0198

0.0403 0.0454

0.0364 0.0411

0.0335 0.0376

0.0308 0.0344

0.0284 0.0318

0.0265 0.0296

0.0247 0.0277

0.0231 0.0258

0.0491 0.0534

0.r4r7 0.1552

0.7247 0.7372

0.7L72 0.1218

0.1008 0.1102

0.0914 0.0996

0.0832 0.0907

0.0763 0.0831

0.0705 0.0769

0.0652 0.0711

0.061 0.0663

0.0571 0.0619

0.0535 0.058

0.0503 0.0545

0.1292 0.1411

0.115 0.1258

0.1035 0.rr29

0.0938 0.7022

0.0851 0.0929

0.0786 0.0859

0.0723 0.0788

0.0671 0.0729

0.0586 0.0626

0.7732 0.1853

0.1534 0.1651

0.1362 0.i469

0.1225 0.732

0.1101 0.1185

0.101 0.108

0.0918 0.099

0.0854 0.0914

0.0787 0.0845

0.0735 0.0781

0.0683 0.0725

0.0638 0.0685

0.0599 0.0639

0.156 0.1677

0.1398 0.1493

0.1265 0.137

0.1131 0.1201

0.1027 0.i094

0.0949 0.1008

0.0872 0.0933

0.0804 0.0862
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TL1 rL2 0.005 0.01 0.025 0.05 0.95 0.975 0.99 0.995

14 22

14 23

74 24

74 25

15 15

15 16

15 17

15 18

15 19

15 20

15 2r

15 22

15 23

15 24

15 25

16 16

16 77

16 18

16 19

16 20

16 2r

16 22

0.0173 0.019

0.0162 0.0177

0.0154 0.017

0.0149 0.0163

0.0302 0.0333

0.0272 0.03

0.0253 0.0278

0.0234 0.0257

0.0217 0.024

0.0202 0.0227

0.0187 0.0207

0.0179 0.0197

0.0168 0.0185

0.0t62 0.0777

0.0155 0.017

0.0283 0.0314

0.0263 0.0285

0.0243 0.0268

0.0224 0.0247

0.021 0.023

0.0197 0.0216

0.0186 0.0204

0.0217 0.0243

0.0202 0.0226

0.0194 0.02i6

0.0185 0.0205

0.0383 0.0428

0.0351 0.0392

0.0321 0.0358

0.0296 0.033

0.0273 0.0305

0.0255 0.0283

0.0236 0.0265

0.0224 0.0249

0.0272 0.0236

0.02 0.0222

0.0191 0.0211

0.0359 0.0404

0.0329 0.0371

0.0305 0.0341

0.0283 0.0316

0.0262 0.0293

0.0246 0.0274

0.0233 0.0259

0.0624 0.0677

0.0584 0.0634

0.0546 0.0589

0.0512 0.0554

0.1185 0.1296

0.107 0.1169

0.0964 0.1051

0.0876 0.0952

0.0803 0.0875

0.0742 0.0804

0.0685 0.0745

0.0638 0.0691

0.0593 0.0642

0.0557 0.0604

0.0523 0.0567

0.109 0.1188

0.0986 0.r074

0.09 0.0981

0.082 0.0892

0.0759 0.0821

0.0699 0.076

0.0651 0.071

0.0744 0.0792

0.0696 0.0739

0.0649 0.0694

0.0612 0.0653

0.1432 0.1536

0.13 0.1391

0.Lr7 0.1254

0.1049 0.1123

0.0969 0. i029

0.0886 0.095

0.0816 0.082

0.076 0.0811

0.0702 0.0746

0.0662 0.0706

0.0623 0.0659

0.1315 0.t407

0.1186 0.1276

0.1075 0.1151

0.0979 0.1049

0.0906 0.0964

0.0835 0.0884

0.0777 0.0827



Chapter 3. The Two-sample V-statistic for Exponentiality for Complete Samples 47

TL1 rL2 0.005 0.01 0.025 0.05 0.95 0.975 0.99 0.995

16 23

16 24

16 25

T7 T7

17 18

17 19

17 20

T7 2I

L7 22

L7 23

77 24

77 25

18 18

18 19

18 20

18 2t

18 22

18 23

18 24

18 25

19 19

19 20

0.0r74 0.0191 0.0219

0.0166 0.018 0.0206

0.0157 0.0172 0.0195

0.0271 0.03 0.0343

0.0247 0.0275 0.0315

0.0234 0.0255 0.0292

0.0219 0.024 0.0274

0.0205 0.0225 0.0255

0.0193 0.0211 0.0239

0.018 0.0196 0.0224

0.0772 0.0189 0.0272

0.0163 0.0179 0.0202

0.0262 0.0286 0.0327

0.0247 0.0264 0.0304

0.0223 0.0245 0.028

0.0209 0.0229 0.0262

0.0199 0.0218 0.0247

0.0i86 0.0205 0.0233

0.0179 0.0194 0.0219

0.0166 0.0183 0.0208

0.0248 0.0275 0.0313

0.0231 0.0254 0.029

0.0242 0.0609

0.023 0.0567

0.0277 0.0533

0.0383 0.101

0.0351 0.0922

0.0325 0.084

0.0306 0.0773

0.0284 0.0713

0.0266 0.0664

0.0249 0.0619

0.0236 0.0578

0.0224 0.0545

0.0365 0.094

0.0338 0.0861

0.0314 0.0791

0.0292 0.0733

0.0273 0.0682

0.0257 0.0632

0.0243 0.059

0.0229 0.0555

0.0349 0.0882

0.0322 0.0807

0.0662 0.0724 0.0774

0.0613 0.0671 0.0717

0.0574 0.0626 0.066

0.1101 0.7214 0.1293

0.1004 0.111 0.1182

0.0914 0.1007 0.1074

0.0838 0.0921 0.0977

0.0774 0.085 0.0907

0.0718 0.0786 0.084

0.0668 0.0738 0.0787

0.0625 0.0684 0.073

0.0593 0.0647 0.069

0.1018 0.7r2r 0.1198

0.0935 0.1031 0.1095

0.0856 0.0943 0.1003

0.0794 0.0873 0.0937

0.0735 0.081 0.0868

0.0685 0.0752 0.08

0.0639 0.0699 0.0744

0.0601 0.0657 0.0699

0.0958 0.1055 0.1128

0.0874 0.0954 0.1008
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T\ rL2 0.005 0.01 0.025 0.05 0.95 0.975 0.99 0.995

19 2L

19 22

19 23

19 24

19 25

20 20

20 2L

20 22

20 23

20 24

20 25

21 27

27 22

27 23

21 24

2L 25

22 22

22 23

OO q/l

22 25

23 23

23 24

0.0217 0.0239

0.0203 0.0223

0.0192 0.0211

0.018 0.0196

0.017 0.0187

0.0241 0.0265

0.0226 0.0247

0.02r 0.0231

0.0196 0.0216

0.0186 0.0204

0.0176 0.0194

0.0233 0.0256

0.0221 0.024

0.0203 0.0223

0.0193 0.0211

0.0182 0.02

0.0222 0.0244

0.0272 0.0231

0.0199 0.0217

0.019 0.0205

0.0216 0.0236

0.0204 0.0224

0.0271 0.0303

0.0254 0.0282

0.0238 0.0264

0.0224 0.0249

0.0213 0.0236

0.03 0.0333

0.0281 0.0311

0.0261 0.0289

0.0245 0.0272

0.0232 0.0256

0.0219 0.0242

0.0289 0.032

0.027r 0.0299

0.0252 0.0279

0.0239 0.0264

0.0226 0.0249

0.0277 0.0306

0.026 0.0287

0.0244 0.027

0.0231 0.0254

0.0266 0.0296

0.0251 0.0277

0.0749 0.0811

0.0693 0.0748

0.0646 0.0697

0.0603 0.0653

0.0567 0.0611

0.0823 0.089

0.0762 0.0823

0.0706 0.0764

0.0659 0.071

0.0615 0.0662

0.0575 0.0619

0.0778 0.084

0.0723 0.0779

0.0669 0.0723

0.0626 0.0674

0.0587 0.063

0.0736 0.0796

0.0685 0.0738

0.0638 0.0687

0.0597 0.064

0.0696 0.075

0.0649 0.0699

0.0886 0.094

0.082 0.0868

0.0759 0.0808

0.0713 0.0763

0.0665 0.0705

0.0972 0.7042

0.0901 0.0957

0.0839 0.0892

0.0778 0.0827

0.0726 0.0766

0.0675 0.0718

0.0921 0.0984

0.0852 0.0902

0.0791 0.0837

0.0737 0.0779

0.0691 0.073

0.0866 0.0922

0.0805 0.0855

0.0748 0.079

0.0697 0.0739

0.0821 0.0869

0.0764 0.0808
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TL1 r72 0.005 0.01 0.025 0.05 0.95 0.975 0.99 0.995

23 25

24 24

24 25

25 25

0.0194 0.0211

0.0211 0.023

0.0199 0.0218

0.0204 0.0222

0.0237 0.0261

0.0258 0.0285

0.0244 0.0269

0.0249 0.0274

0.0607 0.065i

0.0661 0.0711

0.0619 0.0666

0.0627 0.0674

0.071 0.0752

0.0776 0.0822

0.0726 0.0763

0.074 0.0779

3.4 Numerical Example

EXAMPLE T .

Proschan (1963) has given the number of successive faiiures of air-conditioning sys-

tem of each member of a fleet of 13 Boeing 720 jet airplanes. The hours of flying

time between failures are listed below for two of the planes.

Plane 7908: 413, 14, 58, 37, 100, 65, 9, 169,447,184, 36, 201, 118.

Plane 7911: 55, 320, 56, I04,220,239, 47,246, L76,182, 33.

For testing the null

"'{

Fo(a)

with

hypothesis -Ëft¡

: , (T),
['F(ù: 
I

[0,

-oo < 0¿ ( oo,'i:I,2, 0 < 13 ( oo,

-e-a, if0<A1æ,

otherwise
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against the alternative hypothesis

In this example, we have

n1 : L3rT72:7lrt1 : 51 - Tz: Sz : 0

-t 13
-LSTr: tg Lat¡

J-t

: 142.385,

- 11
I5-

Ur: fi LAri
j:t

:152.545,

13

s?:D,@u - ut)2
J-!

:244097.0769,

11

s3:D,@r¡-a)'
;-1
J_L

: 96840.72727,

s2:sl+s|
: 244097.0769 + 96840.72727

: 340937.8042,

n* : m0,r(13, 11) : 13.

rr I 'n'o): '(ry) IHso: I'" \ *itr, r@) I I - e-s, fo, ,o-" u J



Chapter 3. The Two-sample V-statistic for Exponentiality for Complete Samples 45

Hence we calculate the V-ex

v(",'r):

v(73,11) :

ponential statistic as following:

{a(Y t - Yt) + nz(Y z - Yzt)}2

2n"(n" - 1)52

{13(142.3s5 - e) + 11(152.545 - 33)}'?

2 x 73 x (13 - 1) x 340937.8042

:0.0874.

Flom Table 3.1, it is seen that this value is greater than the lower 5% value 0.0439

corresponding to nt:13 andn2:11. Therefore, we conclude that there is no evi-

dence of non-exponentiality of the two failure distributions with equal but unknown

location parameters and same unknown scale parameters.



Chapter 4

Sensitivity Results f,or the Two-sample V-statistic

We used the empirical sampling results from Table 3.1 to evaluate the sensitivity

properties of theV-exponential statistic for exponentiality for various alternative dis-

tributions.

As we mentioned before, the V-exponential statistic responds to nonexponentiality

by assuming either small or large values, so that the test needs to be two-tailed in

general. That is, for each pair of rz1 a,nd n2 (i,.e. tlr : TL2 : 5, 'tLL : fl,2 : 70,

rLL: TLz - 15, TL!: TL2 - 20, TLL: rL2:25 ), we calculate the proportions which

fell above the 95% point and below the 5% point for the alternative distributions.

The sum of these two proportions provides the empirical power of a two-tailed test

with 10% significance level. The choice of the probability distribution under the

alternative hypothesis was based on the distributions commonly used as alternaìives

to the exponential distribution (i,.e. the Weibu-ll, X2, half-normal, and lognormal dis-

tributions) and the distributions with U-shape hazardfunctions (2.e. power function

distributions). For the functional forms of the density functions of these clistribu-

tions, see Brain and Shapiro (1983).

As expected, the V-exponential statistic is quite sensitive to departures form expo-

nentiality and especially to symmetric alternative distribution. The estimated power
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increases as the two sample sizes increase, and is greater than the corresponding es-

timated power of the one sample W-exponential test at tine 10% significance level

for n :5,10,15,20,25 (see Table 3 of Shapiro and Wilk, 1972). For example, for

rLL:rL2 - 15, theestimatedpowerof theV-exponentialtestisquiteclosetothecor-

responding estimate for the one sample W-exponential test at the 10% significance

Ievel for n : 30 (see Table 1 of Samanta and Schwarz, 1988). The powers are given

in Table 4.1.
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Table 4.1: Estimated Powers of the V-exponential test for selected sample sizes at
10% sienificance level

48

fLt:'fl2-5 nt:nz-I0 nt:nz-75 nt:nz-20 nt:nz-25

xr0)

xr(4)

xr(6)

Beta(1,3)

Lognormal(0,0.3)

Lognormal(0,0.7)

Lognormal(0,1)

WeibulÌ(2.0,1)

Weibull(0.5,1)

Half-normal

Half-Cauchy

Uniform(0, 1)

Normal

t-distribution(2)

t-distribution(3)

t-distribution( )

t-distribution(6)

Power Function(1/5)

Power Function(1/3)

Power Fìmction(l/2)

0.2044

0.1198

0.1582

0.1 188

0.2216

0.r22

0.184

0.2466

0.4622

0.13

0.4848

0.5888

0.8488

0.4534

0.4414

0.4432

0.436

0.3708

0.1038

0.1088

0.3492

0.2488

0.386

0.226

0.583

0.165

0.2716

0.6278

0.7766

0.257

0.7218

0.7876

0.8946

0.8

0.8406

0.8594

0.876

0.6148

0.1184

0.1314

0.5024

0.3672

0.5992

0.348

0.8032

0.7962

0.3474

0.8688

0.9146

0.4144

0.862

0.9568

0.9896

0.8988

0.9392

0.9562

0.9764

0.7764

0.131

0.1504

0.5902

0.5002

0.7682

0.4914

0.9274

0.2376

0.4174

0.968

0.9694

0.5672

0.9284

0.9902

0.9994

0.9408

0.9714

0.9866

0.9964

0.8828

0.1438

0.1828

0.706

0.6062

0.868

0.5892

0.9634

0.2608

0.465

0.9908

0.9886

0.6618

0.9616

0.9992

0.9999

0.9598

0.988

0.9962

0.9988

0.9376

0.1666

0.2094



Chapter 5

The Two-sarnple V-statistic for Censored Sarnples

Now suppose that, in a random sample of size n1 from the distribution function

Ft(A) the 11 smailest and the 12 largest observations are censored. Therefore we

havetheT4-Tt-rzmiddleobservationsY1,',411Yt,n+2<...<

Further suppose that in another random sample of size n2 (first and second sample

are independent) from F2(y) and similarly to the first sample, the s1 smallest and

the s2 largest observations are censored. Therefore we have the n2 - s1 - s2 middle

observations Yz,"r+r 1 Yz,"r+z

Now we define

: (nt - rt - rz),

: (nz - st - sz),

: mar(q1,q2),
qr q1-

Qt

o,t

q

A-
8t

B-

oÍn') : (q'- j +7)'

49

t Ð oÍl') Tr,,,*oTt,,t+j

q2 q2

t Ð blqj') 72,,, ¡ ¿T2, 
", 

¡ ¡
;_o;-o

(j -1)
and

(qt>¿>j>2),
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bÍr,ù

with øi;") : o\10') ana Ulqj")

V-statistic

(j -1)
(q, - j +1)'

: b\I' as defined

for Censored Samples

(qr>¿>j>2)

before.

50

Then, using the V-exponential statistic for the uncensored data

V(nt,nz): {nt(Y t - Ytt) * n2(Y 2 - Y"r)}'
2n"(n* - 1)52

we propose a statistic I for the null hypothests:

Fn(a):

with

against the alternative hypothesis

as defined by

Fn(ù: , (ry)
with f (A) l7 - e-a, for some g

-oo < û¿ ( oo,'i:I,2, 0 < p ( Ø,

_e-a, if0<A1Ø,

otherwise
".{

'(T),
['F(ù: 
I

lo,

""{

{ån"'. '+i"'"*n\'w: 2q.(q*-i)(,4+B)
(5 1)
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Note that

o the nu-ll distribution of I/1 is the same as that of V(q1,q2),

o V1 and V(rt,n2) arc equal when there are no censored observations.

For convenience in computation, we further define

51

C-

D:

Ð ;+rt'"+¿(t''" *' *',ä,r''"*')

Ð ;+r''" *n ö'"* 
*',ä,"'"*')

and point out that we can use the following expression of I

w: (5.2)

EXAMPLE 2 .

We consider the data in Bain (1978) (Problem number 4, page 203). In a new

process of making tires a certain additive is proposed for increasing the length of

(q, n, _ ì'
tÐ 

n,,",.n+Ðrr,",*n j
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time of tread wear of a tire. 40 of the present tires and 40 tires made under the new

process are placed in service and the experiment is continued until the 20 smallest

observations (in thousands of miles) are obtained for each sample. [The data are not

reported here].

In this example, rLr :'tL2 - 40,, t^l : sl : 0 and 12 : s2 : 20. From the data, the

computed value of l/r for testing the null hypothesis lJso is V:0.0332.

From Table 3.1, one finds this value to be greater than the lower 2.570 point of the

(null) distribution of V(20,20) and very close to the 5% point of this distribution.

Since both tails of this null distribution are used as critical regions defined by equal

tail areas, there is no evidence against the null hypothesis 1136 and the data do

not refute the exponentiality of both distributions with equal but unknown wearing

rates.
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Chapter 6

Two-sarnple V*-statistic for Exponentiality for

Complete Samples

In this chapter, we propose another test statistic for testing exponentiality of two

distributions using the one-sample approach of Stephens (1978). We show that our

proposed statistic has the same null distribution as Shapiro and Wilk statistic with

an appropriate sample size. We also provide an example to illustrate the application

of the proposed method.

6.1 V*-exponential statistic for complete sample

Suppose Yt 1Yz < . . . 1Yu, are the order statistics of a random sample of size

n1fromacontinuousdistributionfrrnctio"F'(g)andY211Yzz<...<

order statistics of a random sample of size n2 from another continuous distribution

fnnction Fr(A). Further suppose that the two samples are independent of each other.

On the basis of these, we wish to test the null hypothesis:

Fn@) : -co < d¿1ú,'i:7,2, 0 < p ( @,

-e-a, if0<g(oo,

otherwise

,(+
".{

),

[;
with F(a):

É.t
dù
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against the alternative hypothesis

We define

1 'La

Yi :: f Y,o, 'i: 7,,2,
TL; u" j:r

ni

s? :Ð(u¡ -Tn)', 'i : r,2,
j:1

X¿¡:Yi -Yt, j : L,2,'.. ,Ttri, 'i:7,2,

Then, we have that

X¿t:0, 'i: r,2,
ni

Ðrrt :n¿(Y¿ - Yr), 'i:7,2,
; -.,

X¿j -X¿ :Y¡ -Yo, j : I,2,' . . ,tui., 'i : I,2,

where

rr I '0"): '(+) IHso: 1""' 
| *tth r@)lr-e-a, to,,o-"u /

1ni
Xo:'f xoo, i:I,2.

T1,; u" ;-,

Flom this, we can also write
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n¿

s? :ÐlXn¡ - xn)', 'i: r,2
;-,

and

(Yu - Y)'

, 'i: !,2.

We note that under the null hypothesis Hso, X¿, I X¿z

statistics of a random sample of size n¿-7 from the exponential distribution function

- 
/t,i

: t fS "..\'
"? \2"" J\J_- /

(6.1)

Clearly, urder the null hypothesis fI3s, these two samples can be combined to form

a single random sample of size n1i- nz- 2 from the above exponential distribution

G(")'

If h < Zz I ... 1 Znr*n2-2 are the order statistics.of this combined sample, then

following Stephens (1978), \Me propose a two sample test statisticV*(n1,n2) given

by

l r-e-,/a, o<p(6, o<r(oo,
G("): 1

I o, otherwise,
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v*(",nr):
("'î:",)'

(rt+nz-2) (nt + n,

Under the null hypothesis Hss, V"(n1, n2) has the same distribution as the null

distribution of the statistic Wø(nr l nz - 1) proposed by Shapiro and Wilk (1972)'

We note that the above statistic V*(nt,n2) rnay be regarded as a two-sample gener-

alization of the one-sample Shapiro-Wilk statistic.

6.2 Numerical Example

(,, + nz - 2) {,', * nz - t)^f' q - ("'Y,^' ,,)I o:'

/ z ni \2(ttx"j)
\¿:r j:z /

,)

-', 
[å ä",,] 

(å 
ä.',)'\

We revisit EXAMPLE -1 from Chapter 3.
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Here the test statistic is

. {n.,(Y. - YJ + nr(Y, - Y,\)2
(ni + nz - 2){("t + nz - t)ts? + sïl - [nr(Y, - l1r') * n2(Y2 - Yr')]]

where

ni

Yo:ÐY¡l'u,
j:7
ná

s? : Ð(ut -vo)', 'i : r,2'
j:t

in this example, we have

r\: !3rn2: ITrTr: sr - T2: s2:0,
_13l-Tt: 13 Lar¡

J:I

: 142.385,

_ 11l-
Az: u La"¡

II .;:1

:152.545,

13

s?:Ð@r¡ - a)'
j:L

: 244097.0769,

l_ l_

s3:Ð@r¡ - a)"
j:7

: 96840.72727.
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Hence we calculate the two-sample V*-statistic as follows

v*(rt,nr): {rt(V, - Ytt) -l n2(Y2 -Yrr)\'
(rr+nr-2) {("' + nz-r) [s? + s3]-ln'(T, - v") 1-n2(Y2-Yrr))']

: 0.05649.

From Table 1 of percentage points (also given in the Appendix) of the W-exponential

statistic (Shapiro and Wilk, 7972), it is seen that this value is greater than the lower

5To critical value 0.0266. That is, there is no evidence of non-exponentiality and

unequal failure rates of the two failure distributions. Note that we reached the same

conclusion as rve did in Chapter 3 using the V-exponential statistic.

6.3 Power Study

Table 6.1 gives the simulated power of the Shapiro-Wilk test based onWB(n) f.or

n:20 and the power of V*(n1,n2) withnt: II andn2: 10 for various alternatives.

The reason for taking nt : LI and n2: 10 is t]nat V*(n1,n2) has the same null

distribution as the nuil distribution of the Shapiro-Wilk statistic with n : TLri- nz -
7:20, that is WE(20). The displayed results lor WB(20) have been taken from

Stephens (1978). Flom the table, it appears that the power of.V" with n1 : 11 and

nz : 70 is comparable to that of the one-sample Shapiro-Wilk statistic with n:20

for various alternatives.

In Table 6.2 we compare the power of the one-sample tr4l-exponentiai test for n:29
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to the poweï of the two-sample V-exponential and V*-exponential tests for r\: I5,

nz : L5 at the a : I0To significance level.

We see that the results are close to each other. That is, the three tests (14l-

exponential, V-exponential and V^-exponential statistics) seem to be comparable

in terms of sensitivity.
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Table 6.1: Estimated Powers of I/.(11, 10) and WE(20) at 5% signifi.cance level.

wE(20) y.(11, 10)

Gam

X2(L)

x2(4)

xr$)
Inverse-x2(6)

Beta(1,3)

Lognormal(0,0.3)

Lognormal(0,0.7)

Lognormal(0,1)

Weibull(2.0,1)

Weibull(O.5,1)

Half-norma,l

Half-Cauchy

Uniform(0, 1)

Normal

Power Function(1/5)

Power Function(1/3)

Power F\rnction(1/2)

0.40736

0.27

0.27

0.38

0.1731

0.09

0.60998

0.12518

0.27

0.72

0.63

0.27

0.69

0.76

0.92754

0.57362

0.08194

0.05716

0.38822

0.25272

0.76754

0.29486

0.1698

0.149

0.47034

0.10534

0.20858

0.52654

0.698

0.r8752

0.67892

0.72608

0.81778

0.50092

0.05882

0.07686



Chapter 6. Two-sampleV*-statistic for Exponentiality for Complete Samples 61

Table 6.2: Estimated Powers of I/ and V" exponential tests for n1 - 15, n2 : I5,,

and W test for n : 29, at I0% significance level.

wE(ze) y(15,15) r.(15, 15)

X2(I)

xrØ)

x2(6)

Beia(1,3)

Lognormal(0,0.3)

Lognormal(0,0.7)

Lognormal(0,1)

Weibull(2.0,1)

Weibull(0.5,i)

Half-normal

HaJf-Cauchy

Uniform(O, 1)

Normal

t-distribution(2)

t-distribution(3)

t-distribution(a)

t-distribution(6)

Power Function(1/5)

Power Fìrnction(1/3)

Power Fhnction(1/2)

0.5293

0.45102

0.70026

0.36724

0.87658

0.2405

0.3395

0.92202

0.92768

0.44756

0.85076

0.96218

0.99594

0.93734

0.96424

0.97706

0.9881

0.83426

0.r745

0.1231

0.5024

0.3672

0.5992

0.348

0.8032

0.1962

0.3474

0.8688

0.9146

0.4744

0.862

0.9568

0.9896

0.8988

0.9392

0.9562

0.9764

0.7764

0.131

0.1504

0.49122

0.38332

0.60966

0.36228

0.7935

0.20392

0.35118

0.87008

0.9154

0.42774

0.8575

0.96002

0.98492

0.80946

0.90004

0.93642

0.9629

0.7946

0.13612

0.1602



Chapter 7

Conclusion

In this thesis, using the principles of the W-statistic for exponentiality of a single

distribution (Shapiro and Wilk, 1972; Samanta and Schwarz, 1988) we proposed

the V-exponential statistic for testing exponentiality of two distributions for both

complete and censored samples. The proposed statistic turns out to be a normalized

ratio of the square of the generalized least squares estimate (also the minimum

variance unbiased estimate, that is MVUE) of the common scale parameter to a

pooled sum of squares about the samples means. The V-exponential statistic is oiigin

and scale invariant. We proved some important results relating to our proposed two-

sample V-exponential statistic for testing exponentiality. It has a null distribution

that depends only on the sample srzes n1 and n2. The V-exponential statistic has

been presented as two-taiied in the sense that for an unspecified alternative to the

exponential, the statistic may shift to either smaller or larger values. We provided

some empirical power results for various types of probability distributions under

the alternative hypothesis. Flom these results, it is clear that it has comparative

sensitive results for various alternatives. Following the approach of Samanta and

Schwarz (1938) the V-exponential statistic was also modified for one or both samples

being censored. The modified test statistic has the sa,rne null distribution as in the

uncensored case, with a corresponding reduction in sample size(s). In each case, rve

considered numerical examples to iilustrate the applications of the proposed test.
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Chapter 7. Conclusion

Further'we used Stephens' (1978) approach and proposed a second test statistic

called /*-exponential statistic for testing forexponentiality of two distributions in

the context of complete samples. This statistic has the same null distribution as the

W-exponential statistic of Shapiro and WiIk (1972) corresponding to an appropriate

sample size.

We also compared the power of the one-sample l4l-exponential test for n :29, the

two-sample l/-exponential and V*-exponential test for TLr : 15, n2 : 15 at the

a : 10To significance level. We found that the results are close to each other, that

is, the three tests (W-exponential, V-exponential and V*-exponential statistics) are

comparable in terms of sensitivity.

We are not aware of any literature in which exponentiality of two distributions having

the same scale pa,rameter has been examined. In the absence of another test, the

V and. V* exponential tests are useful additions to the current literature on testing

exponentiality of two distributions.
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Appendix

361)Percentage Points of W-Exponential (Shapiro and Wilk, 197'4]1'ge

0.005 0.01 0.025 0.05 0.95 0.975 0.99 0.995

,)

4

5

Cr

7

8

I
10

11

72

13

74

15

16

17

18

19

20

2I

22

0.2519 0.2538

0.1247 0.1302

0.0845 0.0905

0.0610 0.0665

0.0514 0.0591

0.0454 0.0512

0.0404 0.0422

0.0369 0.0404

0.0339 0.0380

0.0311 0.0358

0.0287 0.0337

0.0265 0.0317

0.0247 0.0298

0.0233 0.0280

0.0222 0.0264

0.0272 0.0250

0.0203 0.0238

0.0196 0.0227

0.0190 0.0277

0.0185 0.0208

0.2596

0.1434

0.1048

0.0802

0.0700

0.0614

0.0537

0.0487

0.0447

0.04i0

0.0382

0.0362

0.0334

0.0326

0.0310

0.0294

0.0278

0.0264

0.0250

0.0238

0.2697

0.1604

0.1 187

0.0956

0.0810

0.0710

0.0633

0.0568

0.0528

0.0494

0.0460

0.0428

0.0398

0.0374

0.0352

0.0332

0.0314

0.0302

0.0290

0.0278

0.9926

0.8581

0.6682

0.5089

0.4162

0.3497

0.3005

0.2525

0.2265

0.2019

0.1829

0.L647

0.1485

0.1355

0.t257

0.1164

0.1071

0.1002

0.0948

0.0894

0.9981

0.9236

0.7590

0.5842

0.4852

0.4033

0.3454

0.2879

0.2619

0.2364

0.2113

0.1862

0.1669

0.7542

0.1423

0.131 1

0.1199

0.1 i21

0.1054

0.0988

0.9997

0.9680

0.8600

0.6775

0.5706

0.4848

0.4015

0.3391

0.3039

0.27L6

0.2422

0.2131

0.7926

0.1770

0.1614

0.1483

0.1374

0.1286

0.1 198

0.11 i8

0.99993

0.9837

0.9192

0.7501

0.6426

0.5428

0.4433

0.3701

0.3314

0.2978

0.2642

0.2315

0.2123

0.1931

0.7794

0.1668

0.1452

0.1369

0.1288

0.1213
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n 0.005 0.01 0.025 0.05 0.95 0.975 0.99 0.995

23

24

25

26

27

28

29

30

0.0181 0.0201 0.0230

0.0777 0.0194 0.0224

0.0i73 0.0188 0.0218

0.0169 0.0i82 0.0213

0.0165 0.0177 0.0208

0.0161 0.0L72 0.0203

0.0157 0.0168 0.0198

0.0153 0.0164 0.0193

0.0266 0.0836 0.0933

0.0256 0.0788 0.0882

0.0248 0.0749 0.0836

0.0240 0.0772 0.0791

0.0232 0.0687 0.0747

0.0225 0.0649 0.0706

0.0219 0.062i 0.0671

0.0213 0.0593 0.0643

0.1043 0.7742

0.0984 0.1071

0.0927 0.1000

0.0885 0.0948

0.0843 0.0896

0.0801 0.0859

0.0759 0.0822

0.0719 0.0786
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