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Abstract

The operator algebraists have for a long time realized the significance of studying matrices

of elements of an operator algebra in order for obtaining results about the algebra. This

lead Z. J. Ruan, D. Blecher and others to introduce the notion of an abstract operator space

in late 1980’s. Ruan, furthermore, introduced the notion of completely contractive Banach

algebras and operator-space amenability for such algebras. He showed that the Fourier

algebra A(G) of a locally compact group G is operator-space amenable if and only if the

group G is amenable.

In this thesis we investigate further the notion of operator-space amenability and its approx-

imate versions. In particular for the Fourier algebras. We also prove results on perturbation

theory of these notions.

Furthermore we study the question of whenA⊗̂B ( orA⊗γB) is (approximately) operator-

space (or weakly) amenable what conclusions can one derive about the components.
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Introduction

In his AMS Memoir of 1972, among other things B.E. Johnson introduced the notion of

amenability for Banach algebras and produced some basic general theory of amenable Ba-

nach algebras. One of the important results that he obtained was that the group algebra

L1(G) of a locally compact group G is amenable if and only if G is an amenable group.

Since then amenability of Banach algebras has proven to be of enormous importance.

Inspite of this, it has been realized that amenability is a strong property and for certain

Banach algebras it leads to finite -dimensionality. For example, it was shown by F. Ghahra-

mani, R. J. Loy and G. A. Willis that the second dual algebra L1(G)∗∗ (under Arens prod-

uct) is amenable if and only if G is finite, [see 11, Theorem 1.3].

In fact even earlier it was realized by John Ringrose that for Von Neumann algebras a

weaker notion of amenability is more appropriate. This notion was called Connes amenabil-

ity in the context of general dual Banach algebras by Y. Helemskii [18] and extensively

studied in particular classes of Banach algebras by V. Runde [29],[30].

F. Ghahramani, R. J. Loy and Y. Zhang introduced various notions of approximate amenabil-

ity in [10] and [12] and [15] and since then these notions have been studied extensively.

The notion of operator amenability was introduced by Z. J. Ruan in [28], where he showed

that the Fourier algebra A(G) of a locally compact group G is operator amenable if and

only if G is amenable.

Part of this thesis deals with approximate versions of operator amenability. The formal def-
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initions of these notions will be given in chapters 2.1 and 2.2 . In particular, in chapters 2.4

and 2.5, we are interested in studying when some notions of amenability of tensor products

of Banach algebras necessities (the same notion) of amenability for the component Banach

algebras and the converse of these statements. We will show the following results for that

purpose:

(i) Suppose that A and B are completely contractive Banach algebras such that A⊗̂B is

operator amenable. Then so are A and B.

(ii) Suppose that A⊗̂B is (operator) approximately amenable and that there are elements

b0, c0 , d0 in B such that b0c0 = c0 and d0b0 = d0 and c0d0 6= 0. Then A is also (operator)

approximately amenable.

(iii) If A⊗̂B is (operator) amenable and B has a bounded approximate identity, then A is

(operator) approximately amenable.

Suppose that for the Banach algebras A and B, A⊗̂B is weakly amenable and ZB(B∗) 6=

{0}. Then A is weakly amenable. In particular, if B is symmetrically amenable, A will be

weakly amenable
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Chapter 1

PRELIMINARIES

1.1 Banach algebras and amenability with its generalizations

Throughout this thesis, all our spaces are linear spaces over C. For a normed space X , we

denote the continuous dual of X by X∗.

A Banach algebra is an associative algebra over the field of complex numbers C, that is,

a Banach space with a norm ‖.‖ such that

‖ab‖ ≤ ‖a‖‖b‖ (a, b ∈ A).

A (bounded) net (ei)i ⊂ A is called a left (right) approximate identity for A if

lim
i
eia = a (lim

i
aei = a) (a ∈ A).

A (bounded) net (ei) ⊂ A is called a two-sided (bounded) approximate identity for A if it

is both left and right (bounded) approximate identity for A.

When A is a Banach algebra with an identity e such that ‖e‖ = 1, we call A a unital

Banach algebra. We have the following elementary but useful theorem in the theory of

Banach algebras

Theorem 1.1. Suppose that A is a unital Banach algebra with identity e with ‖e‖ = 1 and

a ∈ A is such that ‖a− e‖ < 1. Then a is invertible.
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Definition 1.2. Suppose that A is a Banach algebra andX is a Banach space which is also

an A bi-module. We say that X is a Banach A-bimodule if there is a constant C > 0 such

that

‖a.x‖ ≤ C‖a‖‖x‖,

‖x.a‖ ≤ C‖a‖‖x‖ (a ∈ A, x ∈ X).

Suppose thatX is a BanachA-bimodule. Then we can turnX∗ into a BanachA-bimodule

via the actions

〈a.f, x〉 = 〈f, x.a〉

〈f.a, x〉 = 〈f, a.x〉

a ∈ A, f ∈ X∗ , x ∈ X . This is the so-called ”dual module” of X .

Suppose that F ∈ A∗∗ and f ∈ A∗. We can use duality to define Ff as an element of A∗

in the following way

〈Ff, a〉 = 〈F, f.a〉 (a ∈ A).

For F,G ∈ A∗∗ we define F2G ∈ A∗∗ by

〈F2G, f〉 = 〈F,Gf〉 (f ∈ A∗).

It can be shown that 2 turns A∗∗ into a Banach algebra, and F2G is called the first Arens

product of F and G. This product extends the product of A, as canonically embeded in

A∗∗. From Goldstine’s theorem, it can be easily seen that if A∗∗ has a right identity with
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respect to the first Arens product, then A has a bounded right approximate identity.

Suppose that X , Y , Z are left, right or two-sided Banach A-modules and f : X −→ Y and

g : Y −→ Z are bounded module morphisms such that Σ : 0 −→ X
f−→ Y

g−→ Z −→ 0

is a short exact sequence. Σ is said to be admissible if there is a bounded linear map

F : Y −→ X such that Ff = idX and splits if additionally F is an A-module morphism.

Σ approximately splits if there is a net (Fi)i : Y −→ X of bounded left inverses of f such

that limi a.Fi − Fi.a = 0 (a ∈ A), where

(a.F )(y) = a.F (y), (F.a)(y) = F (a.y) (a ∈ A, y ∈ Y ).

If additionally the net (Fi)i has the property that

‖a.Fi − Fi.a‖ ≤M‖a‖ (a ∈ A, i ∈ I),

for some M > 0, we say that Σ boundedly approximately splits. Suppose that A is a

Banach algebra andX is a BanachA-bimodule. We say that a linear mappingD : A −→ X

is a derivation if

D(ab) = D(a).b+ a.D(b) (a, b ∈ A).

As an example if we fix x ∈ X and define adx : A −→ X by

adx(a) = a.x− x.a (a ∈ A),

it can be easily seen that adx is a continuous derivation from A into X . This type of

derivations is called an inner derivations. A derivation D is approximately inner if there
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exists a net (xi)i ⊂ X such that

D(a) = lim
i

adxi(a) (a ∈ A).

and is said to be boundedly approximately inner if furthermore for some constant M > 0

‖adxi(a)‖ ≤M‖a‖ (a ∈ A, i ∈ I).

Now we define the notion of amenability.

Definition 1.3. A Banach algebraA is said to be amenable if for every BanachA-bimodule

X every continuous derivation D from A into the dual module X∗ of X is inner.

In a similar manner we can define the generalized notions of amenability.

Definition 1.4. A Banach algebra A is said to be (boundedly) approximately amenable if

every continuous derivation from A into any dual module X∗ is (boundedly) approximately

inner.

Definition 1.5. A Banach algebra A is said to be (boundedly) approximately contractible

if every continuous derivation from A into any Banach A-bimodule X is (boundedly) ap-

proximately inner.

Every boundedly approximately contractible Banach algebra has a bounded two-sided

approximate identity [3, Corollary 3.4] whereas the boundedly approximately amenable

Banach algebras might not have a two-sided approximate identity [12].
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Suppose that A and B are Banach algebras. We define the projective tensor product of A

and B, denoted by A⊗γ B, to be the completion of A⊗B under the norm

‖u‖ = inf{Σn
i=1‖ai‖‖bi‖ : u = Σn

i=1ai ⊗ bi}, (u ∈ A⊗B).

Definition 1.6. For a Banach algebra A, the Banach algebra Aop, is the space A with

product ◦, such that

a ◦ b = ba (a, b ∈ A).

The mapping π : A⊗γ A −→ A is specified by

π(a⊗ b) = ab (a, b ∈ A),

is called the multiplication map of A and its kernel is denoted by K.

Definition 1.7. A net (mi)i ⊂ A⊗γ A is an approximate diagonal for A if

lim
i
a.mi −mi.a = 0

lim
i
π(mi).a = a,

for all a ∈ A. An element M ∈ (A⊗γ A)∗∗ is called a virtual diagonal if

a.M = M.a,

a.π∗∗(M) = a,

for a ∈ A.
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There are several characterizations of amenability and its generalized notions which we

briefly mention in the following theorems [19].

Theorem 1.8. The following conditions are equivalent :

(i) A is amenable;

(ii) A has a bounded approximate diagonal;

(iii) A has a virtual diagonal.

The flip mapping q : A ⊗γ A −→ A ⊗γ A is specified by q(a ⊗ b) = b ⊗ a (a, b ∈ A).

We say that u ∈ A ⊗γ A is symmetric if q(u) = u. The following notion is also due to B.

E. Johnson [21].

Definition 1.9. The Banach algebra A is said to be symmetrically amenable if it has a

bounded approximate diagonal comprised of symmetric elements.

We can define an action ◦ of A on A⊗γ A by

a ◦ (b⊗ c) = b⊗ ac,

(b⊗ c) ◦ a = ba⊗ c,

a, b, c ∈ A. We also define π◦ : A⊗γ A −→ A by

π◦(a⊗ b) = ba (a, b ∈ A).

Theorem 1.10. A is symmetrically amenable if and only if there is a bounded net (mi)i ⊂

A⊗γ A satisfying conditions (i)-(iv) for all a ∈ A.
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(i): limi a.mi −mi.a = 0

(ii): limi π(mi)a = a

(iii): limi a ◦mi −mi ◦ a = 0

(iv): limi aπ
◦(mi) = a.

Proof. See [21, Proposition 2.2].

Some approximate notions of amenability have been proven to be equivalent. The follow-

ing result is chosen from [12],[15].

Theorem 1.11. The followings are equivalent :

(i) A is approximately amenable.

(ii) A is approximately contractible.

In case of A having a central bounded approximate identity ,

(iii) A has an approximate diagonal.

It can be seen that the preceding theorem also holds for the generalized versions of oper-

ator amenability.

Let K be the kernel of the multiplication map π : A⊗γ Aop −→ A. The following result is

a useful characterization of amenability that was done by P. C. Curtis and R. J. Loy in [4]

Theorem 1.12. A is amenable if and only if A has a bounded approximate identity and

K has a bounded right approximate identity or equivalently K∗∗ has a right identity with

respect to the first Arens product.
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Let A# be the unitization of A and π# : A# ⊗γ A# −→ A# be the multiplication map.

We set K# = ker(π#).

The following characterization of approximate amenability is chosen from [10].

Theorem 1.13. The Banach algebra A is approximately amenable if and only if K# has a

right approximate identity.

Suppose that X is a Banach A-bimodule. We let ZA(X) := {x ∈ X : a.x = x.a (a ∈

A)}. The following results will be used several times throughout this thesis:

Theorem 1.14. The following are equivalent :

(i) The Banach algebra A is amenable.

(ii) For every Banach A-bimodule X and Y a closed submodule of X , every f ∈ ZA(Y ∗)

can be extended to an f̃ ∈ ZA(X∗).

Proof. See [23, Theorem 1].

Theorem 1.15. The following are equivalent :

(i) The Banach algebra A is approximately amenable.

(ii) For every Banach A-bimodule X and Y a closed submodule of X , for every f ∈

ZA(Y ∗) , there is a net (f̃i)i ⊂ X∗ of extensions of f , such that limi a.f̃i − f̃i.a = 0 (a ∈

A).

Proof. See [27, Theorem 3.11].
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Theorem 1.16. The followings are equivalent :

(i) The Banach algebra A is boundedly approximately amenable.

(ii) For every Banach A-bimodule X and Y a closed submodule of X , for every f ∈

ZA(Y ∗) , there is a net (f̃i)i ⊂ X∗ of extensions of f , such that limi a.f̃i − f̃i.a = 0 (a ∈

A). and ‖a.f̃i − f̃i.a‖ ≤M‖a‖ (a ∈ A), for some M > 0.

Proof. See [27, Theorem 3.12]

Amenability of Banach algebra and its generalizations can be characterized based on the

splitting of short exact sequences.

Theorem 1.17. The followings are equivalent:

(i) The Banach algebra A is amenable.

(ii) For every Banach A-bimodules X, Y, Z the admissible short exact sequence Σ : 0 −→

X∗
f−→ Y

g−→ Z −→ 0 splits.

Proof. See [4, Theorem 2.5]

Theorem 1.18. The followings are equivalent:

(i) The Banach algebra A is (boundedly) approximately amenable.

(ii) For everey Banach A-bimodules X, Y, Z the admissible short exact sequence Σ : 0 −→

X∗
f−→ Y

g−→ Z −→ 0 (boundedly) approximately splits.

Proof. See [10].
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It is a known result that if A and B are amenable then so is A ⊗γ B. The converse was

established by F. Ghahramani and R. J. Loy in [9]. However, approximate amenability of

A and B is not sufficient for approximate amenability of A⊗γ B . Some work on whether

approximate amenability ofA⊗γB implies approximate amenability of components is due

to F. Ghahramani and R. J. Loy.

Theorem 1.19. Suppose that A⊗γ B is (boundedly) approximately amenable and there is

a b0 ∈ B such that b0 /∈ Lin{bb0 − b0b : b ∈ B}, then A is (boundedly) approximately

amenable.

Proof. See [9].

Theorem 1.20. Suppose that A⊗γ B is approximately amenable and A or B has a central

bounded approximate identity. Then A and B are approximately amenable.

Proof. See [8].

The Banach algebra A is said to be weakly amenable if every continuous derivation

D : A −→ A∗ is inner. We have the following result for commutative Banach algebras A

and B due to Groenbaek [17]:

Theorem 1.21. Suppose that A and B are two weakly amenable commutative Banach

algebras. Then A⊗γ B is weakly amenable.
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1.2 Operator spaces and operator amenability

We recall the definition of the notion of the abstract operator spaces that we will be working

on:

Definition 1.22. Suppose that V is a linear space and we have a sequence (‖.‖n)n of norms

such that each ‖.‖n : Mn(V ) −→ [0,∞) (where Mn(V ) is the space of n × n matrices

with entries from V ) that satisfies

M1.‖v ⊕ w‖m+n = max{‖v‖n, ‖w‖m}

M2.‖αvβ‖m ≤ ‖α‖‖v‖n‖β‖,

for v ∈ Mn(V ) ,w ∈ Mm(V ), α ∈ Mm,n , β ∈ Mn,m. (where ‖α‖ is the operator norm

when α is considered as a bounded operator from Cn −→ Cm and so is ‖β‖ when β is

regarded as a bounded operator Cn −→ Cm and v ⊕ w = [µi,j] , µi,j = vi,j, 1 ≤ i, j ≤ n,

µi,j = wi−n,j−n, n+ 1 ≤ i, j ≤ m+ n, µi,j = 0 otherwise.).

Then (‖.‖n)n determines an operator space structure on V .

If we replace M1 with M1′ : ‖v ⊕ w‖m+n ≤ max{‖v‖n, ‖w‖m}, we still get the same

notion of an operator spaces

The following useful equality is due to E. G. Effros Z. J. Ruan [6] :

Proposition 1.23. Suppose that V is an abstract operator space and v ∈ Mn(V ) and

11



α ∈Mm. Then we have

‖v ⊗ α‖mn = ‖α⊗ v‖mn = ‖v‖n‖α‖.

Suppose that V andW are abstract operator spaces and ψ : V −→ W is a linear mapping.

For each n ∈ N, we define a mapping ψn : Mn(V ) −→Mn(W ) by

ψn([vi,j]) = [ψ(vi,j)] ([vi,j] ∈Mn(V )).

The mapping ψ is said to be completely bounded if sup{‖ψn‖ : n ∈ N} < ∞. When

the supremum is finite it is called the completely bounded norm of ψ and is denoted by

‖ψ‖cb. The space of all completely bounded linear mappings from V into W is denoted by

CB(V,W ).

Proposition 1.24. Let V be an abstract operator space and ψ : V −→ Mn be a linear

map. Then

‖ψ‖cb = ‖ψ‖n.

Proof. See [6].

Theorem 1.25. Let V be an abstract operator space and A be a commutative C∗-algebra.

Then every bounded linear map ψ : V −→ A is completely bounded and

‖ψ‖cb = ‖ψ‖.

12



Proof. See [6].

Suppose that V is an abstract operator space and f = [fi,j] ∈Mn(V ∗) . Then we associate

to f a linear mapping from V into Mn via

f(v) = [fi,j(v)] (v ∈ V ).

Using this we can establish a linear isomorphism between Mn(V ∗) and CB(V,Mn). Thus

we can define the norm on Mn(V ∗) to be the corresponding norm from CB(V,Mn). Let

f ∈Mn(V ∗) we have

‖f‖ = sup{‖fn(v)‖ : v ∈Mn(V ), ‖v‖ ≤ 1}

= sup{‖〈〈f, v〉〉‖ : v ∈Mn(V ), ‖v‖ ≤ 1}.

Suppose that V and W are abstract operator spaces and u ∈Mn(V ⊗W ) . Let

‖u‖∧ := inf{‖α‖‖v‖p‖w‖q‖β‖ : α ∈Mn,pq, v ∈Mp(V ), w ∈Mq(W ), β ∈Mpq,n, u = α(v⊗w)β}.

In [5] it is shown that ‖.‖∧ defines an operator norm and we denote the completion of

V ⊗ W under the norm ‖.‖∧ by V ⊗̂W . As in Banach space case, ‖.‖∧ defines a cross

matrix norm on V ⊗W i.e.

‖v ⊗ w‖∧ = ‖v‖‖w‖ (v ∈Mp(V ), w ∈Mq(W )).

From now on for notational convenience and for distinguishing between the projective

tensor product and operator space projective tensor product, we denote the Banach space
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projective tensor product by V ⊗γ W and the operator space tensor product by V ⊗̂W .

The following useful completely isometric identifications for the operator spaces V,W,X

is shown in [6].

CB(V ⊗̂W,X) ∼= CB(V ×W,X) ∼= CB(V,CB(W,X)).

Definition 1.26. Suppose thatA is a Banach algebra that is also an operator space. We say

that A is a completely contractive Banach algebra if the multiplication map π : A⊗̂A −→

A is completely contractive. i.e. ‖π‖cb ≤ 1. In other words we have

‖[ai,jbl,k]‖ ≤ ‖[ai,j]‖‖[bl,k]‖ ([ai,j] ∈Mn(A), [bl,k] ∈Mm(A),m, n ∈ N).

Let X be a Banach A-bimodule which is an operator space. We say that X is an operator

A-bimodule if the operators

ρl : A×X −→ X : (a, x) 7−→ a.x,

and

ρr : X × A −→ X : (x, a) 7−→ x.a,

are completely bounded. In other words if there is a constant C > 0 such that

‖[ai,j.xk,l‖, ‖[xk,l.ai,j]‖ ≤ C‖[ai,j]‖‖[xk,l]‖ ([ai,j] ∈Mn(A), [xk,l] ∈Mm(X), n,m ∈ N).

As an example, A⊗̂A is an operator A-bimodule via the actions

a.(b⊗ c) = ab⊗ c

14



(b⊗ c).a = b⊗ ca (a, b, c ∈ A).

Let X be an operator A-bimodule and X∗ be the dual module of X in the canonical way.

It is known that X∗ is also an operator A-bimodule.

Now we can define the notion of operator amenability.

Definition 1.27. Suppose that A is a completely contractive Banach algebra. We say that

A is operator amenable if every completely bounded derivation D : A −→ X∗ is inner for

every operator Banach A-bimodule X .

A bounded net (mα) ⊂ A⊗̂A is said to be a bounded (Operator) approximate diagonal

for A if

lim
α
‖a.mα −mα.a‖∧ = 0

lim
α
‖π(mα)a− a‖ = 0

An element M ∈ (A⊗̂A)∗∗ is said to be an (operator) virtual diagonal if

a.M = M.a

π∗∗(M).a = a (a ∈ A).

We have the following characterization for the operator amenability:

Theorem 1.28. The followings are equivalent for a completely contractive Banach algebra

A:
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(i) A is operator amenable;

(ii) A has a bounded (operator) approximate diagonal;

(iii) A has an (operator) virtual diagonal.

Proof. See [28].

1.3 Fourier and Fourier Stieltjes algebras

Suppose thatG is a locally compact group andHπ is a Hilbert space. A mapping π : G −→

B(Hπ) is called a unitary representation of G if

π(xy) = π(x)π(y)

π(x−1) = π(x)−1 = π(x)∗

The unitary representation π : G −→ B(Hπ) is said to be a continuous representation if

for any u ∈ Hπ, the mapping x 7−→ π(x)u from G into Hπ is continuous.

We denote the set of all continuous unitary representations of G by Σ. We let

B(G) := {φ : G −→ C : φ(x) = 〈π(x)ζ|µ〉, π ∈ Σ, ζ, µ ∈ Hπ, x ∈ G}.

B(G) is a Banach algebra under point-wise multiplication and the norm inherited from

identifying with the dual of C∗(G) [7] , where C∗(G) is the completion of L1(G) under the

norm

‖f‖ = sup{‖π(f)‖ : π ∈ Σ} (f ∈ L1(G)).
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This identification is via

〈φ, f〉 =

∫
f(x)φ(x)dx (φ ∈ B(G), f ∈ L1(G)).

Thus we can define the norm on B(G) as follows:

‖φ‖B(G) = sup{|
∫
φ(x)f(x)dx| (f ∈ L1(G), ‖f‖C∗(G) ≤ 1)}.

B(G) is called the Fourier-Stieltjes algebra of the locally compact group G. Let λ : G −→

B(L2(G)) be the left regular representation of G i.e.

λ(x)(u) = Lxu, (u ∈ L2(G)),

where Lxu(t) = u(x−1t) (t ∈ G).

We denote the set of all coefficient functions that are weakly contained in the left regular

representation of G by Bλ(G).

We define the norm of Bλ(G) to be the dual norm of C∗λ(G) . So

‖φ‖Bλ(G) = sup{|
∫
f(x)φ(x)dx| : f ∈ L1(G), ‖λ(f)‖ ≤ 1}.

It is known thatB(G) is a commutative Banach algebra with respect to point-wise additions

and multiplication.

Let E be the linear span of Cc(G)
⋂
B(G) and we take the closure of E in Bλ(G). This

closure is denoted by A(G) and is called the Fourier algebra of G. It is shown in [7], that

A(G) = {f ∗ ǧ : f, g ∈ L2(G)}
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= {〈λ(.)ζ|µ〉 : ζ, µ ∈ L2(G)}.

where ǧ(x) = g(x−1) (x ∈ G). The norm of u ∈ A(G) can be obtained by

‖u‖ = inf{‖f‖‖g‖ : u = f ∗ ǧ, f, g ∈ L2(G)}.

Indeed this infimum will be attained [7]. It is known that A(G) is a commutative Banach

algebra under point-wise addition and multiplication and is a closed ideal in B(G). When

G is an abelian group it is proven in [7] that A(G) ∼= L1(Ĝ) , where Ĝ is the dual group of

G consisting of continuous characters on G.

For a locally compact group G, we define the von Neumann algebra of G denoted by

V N(G) as

V N(G) := {λ(x) : x ∈ G}′′ ⊂ B(L2(G)),

where ′′ stands for the double commutant.

It is well-known that V N(G) can be identified as the dual of A(G) using the following

theorem.

Theorem 1.29. Let ψ ∈ A(G)∗ . There is a unique Tψ ∈ V N(G) such that

〈Tψ(f)|g〉 = 〈ψ, ḡ ∗ f̌〉 (f, g ∈ L2(G)).

The mapping ψ 7−→ Tψ defines a linear isometery from A(G)∗ onto V N(G).

Proof. See [7].
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Chapter 2

ON GENERALIZED OPERATOR AMENABILITY NOTIONS AND

APPLICATION FOR THE FOURIER ALGEBRAS

2.1 Generalized notions of operator amenability for the Fourier algebras

Definition 2.1. Suppose that A is a completely contractive Banach algebra. We say that

A is operator boundedly approximately contractible if for every operator A-bimodule X

and every completely bounded derivation D : A −→ X , there is a net (ui)i∈I ⊂ X and a

constant M > 0 such that

lim
i
a.ui − ui.a = D(a) (a ∈ A) and

‖[as,t].ui − ui.[as,t]‖n ≤M‖[as,t]‖n ([as,t] ∈Mn(A), n ≥ 1, i ∈ I),

where [as,t].u = [as,t.u] ([as,t] ∈Mn(A), u ∈ X).

From now on A is a completely contractive Banach algebra unless otherwise is stated.

Definition 2.2. We say that the net (ui) ⊂ A is a left-operator-multiplier-bounded approx-

imate identity for A, if there is a constant M > 0 such that

lim
i
ui.a = a (a ∈ A);

‖ui.[as,t]‖n ≤M‖[as,t]‖n ([as,t] ∈Mn(A), n ≥ 1).
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We can turn A# into a completely contractive Banach algebra by considering it as a

subspace of (A∗
∞
⊕ C)∗ (where

∞
⊕ denotes the l∞ direct sum). It can be easily seen that for

[ai,j ⊕ λi,j] ∈Mn(A#) ,we have ‖[ai,j]‖n, ‖[λi,j]‖n ≤ ‖[ai,j ⊕ λi,j]‖n. Since

‖[ai,j ⊕ λi,j]‖ = sup{‖〈〈[ai,j ⊕ λi,j], [fk,l ⊕ γk,l]〉〉‖ : ‖[fk,l ⊕ γk,l]‖n ≤ 1}

= sup{‖〈〈[ai,j, [fk,l]〉〉+ 〈〈[[λi,j], [γk,l]〉〉‖ : ‖[fk,l ⊕ γk,l]‖n ≤ 1}

≥ sup{‖〈〈[ai,j], [fk,l〉〉‖ : ‖fk,l]‖n ≤ 1}

= ‖[ai,j]‖n

And similarly

‖[ai,j ⊕ λi,j]‖n ≥ ‖[λi,j]‖n.

Proposition 2.3. Suppose that A is operator boundedly approximately contractible. Then

A has a right (and a left) operator-multiplier-bounded approximate identity.

Proof. The completely contractible Banach algebra A can be considered as an operator

A-bimodule via the actions

a.x = ax,

x.a = 0, (a, x ∈ A).

The identity operator i : A −→ A is a completely contractive derivation for these actions.

Hence from our assumption there exists a net (uα)α∈Λ ⊂ A and a constant M > 0 such

that

a = i(a) = lim
α
a.uα − uα.a = lim

α
auα, (a ∈ A)

20



and

‖(aduα)n([ak,l])‖n = ‖[ak,l.uα]‖n ≤M‖[ak,l]‖n (α ∈ Λ, n ∈ N, [ak,l] ∈Mn(A)).

Therefore the net (uα) is an operator-multiplier-bounded approximate identity for A . Sim-

ilar argument holds for the existence of a left operator-multiplier-bounded approximate

identity.

Y. Choi et al proved in [3] that a boundedly approximate contractible Banach algebra has

a bounded approximate identity. We will now show that the same conclusion holds if one

merely assumes that the Banach algebra is operator boundedly approximately contractible.

Our proof, partly uses the same idea as in the proof of [3,Theorem 3.3].

Theorem 2.4. Suppose that A is operator boundedly approximately contractible . Then A

has a two-sided bounded approximate identity.

Proof. From Proposition 2.3, we know that A has a right operator multiplier bounded and

a left operator multiplier bounded approximate identity say (fβ) and (gα) respectively. In

the following we are going to show the existence of a bounded right approximate identity

for A.

There is a constant M > 0 such that for all [as,t] ∈ Mp(A), (p ≥ 1), and every index β,

we have ‖[as,t].fβ‖p ≤ M‖[as,t]‖p . So if λ ∈ M1,pq, [as,t] ∈ Mp(A), [bk,l] ∈ Mq(A),

γ ∈Mpq,1, for m = λ([as,t]⊗ [bk,l])γ we have

‖m.fβ‖∧ = ‖λ([as,t]⊗ [bk,l].fβ)γ‖
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≤ ‖λ‖‖[as,t]‖p‖[bk,l]q.fβ‖‖γ‖

≤M‖λ‖‖[as,t]‖p‖[bk,l]‖q‖γ‖

So that for every β,

‖m.fβ‖∧ ≤M‖m‖∧ (m ∈ A⊗̂A).

And similarly for every α,

‖gα.m‖∧ ≤M‖m‖∧ (m ∈ A⊗̂A).

Suppose that the net (fβ) is not bounded and suppose that the nets (mi),(φi), (ψi) are as in

Theorem 2.5 of [3] (by considering the operator case). Then, by letting a = fβ in Theorem

2.5 of [3] , we have

‖gα(fβ.mi −mi.fβ − fβ ⊗ ψi + φi ⊗ fβ)‖ ≤ CM‖fβ‖.

Therefore

‖gαφi‖‖fβ‖ ≤ CM‖fβ‖+ ‖gαfβ.mi‖∧ + ‖gα.mi.fβ‖∧ + ‖gαfβ‖‖ψi‖

And hence

‖gαφi‖ ≤ CM +
M

‖fβ‖
(‖gα‖‖mi‖+ ‖gα.mi‖∧ + ‖gα‖‖ψi‖).

Since (fβ) is unbounded, by taking limit as β −→∞, we have

‖gαφi‖ ≤ CM.
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Now letting i −→∞, we get for every α that

‖gα‖ ≤ CM.

Therefore for every β,

‖fβ‖ = lim
α
‖gαfβ‖ ≤ lim sup

α
M‖gα‖ ≤ CM2,

which contradicts our assumption. So the net (fβ) is bounded and similarly the net (gα)

is bounded. Therefore A has a bounded left and a bounded right approximate identity and

hence it has a bounded two-sided approximate identity.

The following theorem can be proved in a similar way to [16, Proposition 2.1].

Theorem 2.5. Let A be operator amenable and D : A −→ X be a completely bounded

derivation from A into the operator A-bimodule X . Then there is a bounded net

(ui)i∈I ⊂ X such that D(a) = limi a.ui − ui.a (a ∈ A).

Corollary 2.6. Suppose that A is operator amenable. Then A is operator boundedly ap-

proximately contractible.

Proof. Suppose that X is any operator A-bimodule and D : A −→ X is a completely

bounded derivation.

Let (ui) be the net as in the preceding theorem. It suffices to show that there is M > 0 such

that ‖[as,t].ui − ui.[as,t]‖n ≤M‖[as,t]‖n ([as,t] ∈Mn(A), n ≥ 1, i ∈ I).
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Since X is an operator A-bimodule, there is a constant C > 0 such that for every [as,t] ∈

Mn(A) we have

‖[as,t.x‖n, ‖[x.as,t]‖n ≤ C‖[as,t]‖n‖x‖, (x ∈ X).

Also suppose that ‖ui‖ ≤ K for some K > 0 . Therefore

‖[as,t].ui − ui.[as,t]‖n ≤ 2C‖[as,t‖n‖ui‖ ≤ 2CK‖[as,t]‖n, (n ≥ 1).

This completes the proof.

The following theorem is due to Ruan [28].

Theorem 2.7. Let G be a locally compact group. Then A(G) is operator amenable if and

only if G is amenable.

The following theorem is due to Leptin [26].

Theorem 2.8. Let G be a locally compact group. Then A(G) has a bounded approximate

identity if and only if G is amenable.

We now give an alternative proof of a result of F. Ghahramani and R. Stokke [14] that

strengthens Ruan’s result.

Theorem 2.9. Let G be a locally compact group. Then the followings are equivalent:

(i) A(G) is operator amenable.

(ii) A(G) is operator boundedly approximately contractible.

(iii) G is amenable.
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Proof. (i) =⇒ (ii) : It is clear from the Corollary 2.6.

(ii) =⇒ (iii) : Since A(G) is operator boundedly approximately contractible, from The-

orem 2.4, it has a bounded approximate identity and whence from Theorem 2.8, G is

amenable.

(iii) =⇒ (i) : This follows from Theorem 2.7. (Ruan’s Theorem)

2.2 Some generalized operator amenability notions and their characterizations

Throughout this section, all the tensor products are operator space projective tensor prod-

ucts. In the next Theorem , π# : A#⊗̂(A#)op −→ A# is the multiplication map and K# is

kernel of π#.

Theorem 2.10. Let A be a completely contractive Banach algebra. Then A is operator

amenable if and only if K# has a bounded right approximate identity.

Proof. ⇒: Suppose thatA is operator amenable. We define the completely bounded deriva-

tion D : A −→ K# by

D(a) = a⊗ 1− 1⊗ a (A ∈ A).

So From Theorem 2.5, there is a bounded net (ui)i∈I ⊂ K# such that ‖ui‖ < M, (i ∈ I)

and D(a) = limi a.ui − ui.a (a ∈ A).

Let k ∈ K#. We fix ε, 0 < ε < ‖k‖
2

. There exists v = α([as,t]⊗[bk,l])β such that α ∈M1,pq,

[as,t] ∈ Mp(A
#), [bk,l] ∈ Mq(A

#), β ∈ Mpq,1 , ‖k − v‖ < ε and ‖α‖‖[as,t]‖‖[bk,l]‖‖β‖ <
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‖v‖+ ε. Therefore

‖kui − k‖ ≤ ‖vui − v‖+ ‖(k − v)ui − (k − v)‖

< ‖vui − α[D(as,t).bk,l]β + α[D(as,t).bk,l]β − v‖+ (M + 1)ε

≤ ‖vui − ui.π#(v)− α[D(as,t).bk,l]β + α[D(as,t).bk,l]β − v‖

+ ‖ui.π#(v)‖+ (M + 1)ε

< ‖α[as,t.ui.bk,l]β − α[ui.as,tbk,l]β − α[D(as,t).bk,l]β‖

+ ‖α[D(as,t).bk,l]β − v‖+ (2M + 1)ε (Since‖π#(v)‖ < ε.)

= ‖α[(as,t.ui − ui.as,t −D(as,t)).bk,l]β‖+ ‖α[D(as,t).bk,l]β − v‖

+ (2M + 1)ε. (1)

We have :

‖α[(as,t.ui − ui.as,t −D(as,t)).bk,l]β‖ ≤ ‖α‖‖[as,t.ui − ui.as,t]−Dp([as,t])‖‖[bk,l]‖‖β‖.

Now let i0 ∈ I be such that for all i ≥ io,

‖[as,t.ui − ui.as,t −D(as,t)]‖p < ε
‖[as,t]‖p
‖v‖

. (2)

Also we have

α[D(as,t).bk,l]β = α[(as,t ⊗ 1− 1⊗ as,t).bk,l]β

= α([as,t]⊗ [bk,l])β − 1⊗ (α[as,tbk,l]β)

= α([as,t]⊗ [bk,l])β − 1⊗ π#(v)
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= v − 1⊗ π#(v) (3)

Therefore, from (1), (2), (3), for i ≥ i0 we have ,

‖kui − k‖ < ε
‖[as,t]‖
‖v‖

‖α‖‖[bk,l]‖‖β‖+ ‖π(v)‖+ (2M + 1)ε

< ε+
ε2

‖v‖
+ (2M + 2)ε

< (2M + 3 +
ε

‖k‖ − ε
)ε < (2M + 4)ε

Therefore by taking F a finite subset of K, there is uF,ε ∈ (ui)i∈I such that

‖kuF,ε − k‖ < ε, (k ∈ F ).

Hence there is a bounded net (rj) ⊂ K such that limj krj = k (k ∈ K).

For the converse, suppose that the net (ri) is a bounded right approximate identity for K#.

Then we have limi kri = k (k ∈ K#).

Let a ∈ A and let k = a⊗ 1− 1⊗ a. Then we have kri = a.ri − ri.a. Therefore we have

lim
i
a.ri − ri.a = a⊗ 1− 1⊗ a (a ∈ A).

So if we put mi = 1⊗ 1− ri we have

π(mi) = 1

lim
i
a.mi −mi.a = 0 (a ∈ A).

Therefore the net (mi) is a bounded approximate diagonal forA# and hence from Theorem

1.28 A is operator amenable.
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Definition 2.11. We say that A is uniformly operator approximately amenable if for every

operator Banach A-bimodule X and for every completely bounded derivation D : A −→

X∗ there is a net (φi) ⊂ X∗ such that limi ‖adφi −D‖cb = 0.

Similarly we can define uniform operator approximate contractiblity.

Lemma 2.12. Suppose that A is a completely contractive Banach algebra with π its com-

pletely contractive multiplication map with K = ker(π). Suppose that A has a bounded

left (or right) approximate identity and k ∈ K. Then for any ε > 0, there are k1 and k2

such that k = k1 + k2 and k1 ∈ (A ⊗ A) ∩ K and ‖k2‖∧ < ε. (Where ‖.‖∧ denotes the

operator space projective tensor product.)

Proof. Let (ei)i∈I be the bounded left approximate identiy and M > 1 be such that

‖ei‖ ≤ M (i ∈ I). We can find r ∈ A ⊗ A such that ‖k − r‖∧ < ε
4M

. By Cohen’s

factorization theorem , there are a and b in A such that ‖π(k−r)−b‖ < ε
4M

, ‖a‖ ≤M and

π(k− r) = ab. We let k2 = k− r− a⊗ b and k1 = r+ a⊗ b. Then ‖k2‖∧ < ε
4M

+ ε
2
< ε.

Therefore k1 and k2 are desired ones.

The following theorem is the operator space version of [11, Theorem 3.1].

Theorem 2.13. The completely contractive Banach algebra A is operator amenable if and

only if it is uniformly operator approximately amenable.

Proof. Since both notions of operator amenability and operator uniformly amenability hold

for A if and only if they hold for A#, we can assume that A is unital.
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Let u = ά([ás,t]⊗ [b́k,l])β́ ∈ A⊗ Aop , where ά ∈ M1,pq ,[ás,t] ∈ Mp(A), [b́k,l] ∈ Mq(A) ,

β́ ∈Mpq,1 . For an elementary tensor c⊗ d ∈ A⊗ Aop, we have

(c⊗ d)u = ά([cás,t]⊗ [b́k,ld])β́ = c.u.d.

By taking limit, it’s easy to see that the above equality holds for u ∈ A⊗̂Aop as well. Now

take s = α([as,t]⊗ [bk,l])β ∈ A⊗ Aop. Then we have

su = α[as,t.u.bk,l]β (u ∈ A⊗̂Aop).

In particular the above equality holds for k ∈ K∩(A⊗Aop) and u ∈ K (whereK = kerπ.)

Now we take f ∈ K∗. Then

〈f, ku〉 = 〈f, α[as,t.u.bk,l]β〉

= αfpq([as,t.u.bk,l])β

Let h ∈ (K∗∗). Then by Goldstein’s Theorem, there is a net (hi) ⊂ K, such that wk∗ −

limi hi = h.

We define the bounded map ψ : K∗∗ −→ K∗∗ by

ψ(h) = α[as,t.h.bk,l]β.

ψ is wk∗ − wk∗ continuous since

lim
i
〈ψ(hi − h), f〉 = lim

i
αfpq([as,t.(hi − h).bk,l])β = 0.
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Therefore given u = α([as,t]⊗ [bk,l])β ∈ A⊗ Aop, we have

uh = wk∗ − lim
i
uhi = wk∗ − lim

i
ψ(hi) = ψ(h) = α[as,t.h.bk,l]β.

Now we fix ε > 0 and take k ∈ K, h ∈ K∗∗. From Lemma 2.12, there exists an element

s = sh,k ∈ K such that s = α([as,t] ⊗ [bk,l])β ∈ A ⊗ Aop such that ‖k − s‖ < ε,

‖kh− sh‖ < ε. So we have

‖kh− k‖ ≤ ‖sh− s‖+ ‖s− k‖+ ‖sh− kh‖

< ‖sh− s‖+ 2ε (1)

Since π(s) = α[as,tbk,l]β = 0 and ‖π∗∗(hs)‖ = ‖π∗∗(hs− hk)‖ < ε, we have

‖sh− s‖ = ‖α[as,t.h.bk,l]β − α([as,t]⊗ [bk,l])β‖

= ‖α[as,t.h.bk,l]β − α[h.as,tbk,l]β + α[1⊗ as,tbk,l]β − α[(as,t ⊗ 1).bk,l]β‖

≤ ‖α[(as,t.h− h.as,t + 1⊗ as,t − as,t ⊗ 1).bk,l]β‖

< ‖α‖‖[as,t.h− h.as,t + 1⊗ as,t − as,t ⊗ 1]‖‖[bk,l]‖‖β‖

≤ ‖α‖‖[bk,l]‖‖β‖ sup{‖[as,t.h− h.as,t + 1⊗ as,t − as,t ⊗ 1]‖p : [as,t] ∈ (Mp(A))1, p ≥ 1}

< (‖s‖+ ε) sup{‖[as,t.h− h.as,t + 1⊗ as,t − as,t ⊗ 1]‖p : [as,t] ∈ (Mp(A))1, p ≥ 1}, (2)

where (Mp(A))1 denotes the unit ball ofMp(A).We define the completely bounded deriva-

tion D : A −→ K∗∗ by

D(a) = a⊗ 1− 1⊗ a (a ∈ A).
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Since A is uniformly operator approximately amenable, there is a net (φi)i∈I ⊂ K∗∗ such

that limi ‖adφi −D‖cb = 0. Therefore there is i0 ∈ I such for i ≥ i0,

‖[as,t.φi − φi.as,t + 1⊗ as,t − as,t ⊗ 1]‖p < ε, ([as,t] ∈ (Mp(A))1, p ≥ 1). (3)

Then for i ≥ i0 we have

‖kφi − k‖ < ‖sφi − s‖+ 2ε (from (1).)

≤ (‖s‖+ ε) sup{‖[as,t.φi − φi.as,t + 1⊗ as,t − as,t ⊗ 1]‖p : [as,t] ∈ (Mp(A))1, p ≥ 1}

+ 2ε (from(2))

< (‖k‖+ 2ε)ε+ 2ε (from (3))

= ‖k‖ε+ 2ε2 + 2ε.

Let h ∈ K∗∗. There is a net (hj) ⊂ K, bounded by ‖h‖, such that wk∗ − limj hj = h.

Then since hφi − h = wk∗ − limj hjφi − hj, from the preceding inequality we have

‖hφi − h‖ ≤ ‖h‖ε+O(ε),

where limε−→0+ O(ε) = 0.

Therefore by choosing ε small enough, we can find i ∈ I such that

‖hφi − h‖ < 1 (h ∈ (K∗∗)1).

So the map λ : K∗∗ −→ K∗∗ by λ(h) = hφi, is invertible. Thus λ is onto and hence there

is r ∈ K∗∗ such that rφi = φi. So for every h ∈ K∗∗, we obtain (hr − h)φi = 0 and hence
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by injectivity of λ, we have that

hr = r (h ∈ K∗∗).

So K∗∗ has a right identity and hence ker(π) has a bounded right approximate identity.

Therefore from Theorem 2.10, A is operator amenable.

The converse is clearly true.

A similar proof shows that uniform operator approximate contractibility is equivalent to

operator contractiblity.

Definition 2.14. Suppose that A is a completely contractive Banach algebra. The net

(ui) ⊂ (A⊗̂A)∗∗ is called a uniform operator approximate virtual diagonal if

lim
i

[as,t].ui − ui.[as,t] = 0,

lim
i
aπ∗∗(ui) = a,

.Where the first convergence is uniform on (Mn(A))1, n ≥ 1 and the second convergence

is uniform for a ∈ (A)1.

Lemma 2.15. Suppose that A is a completely contractive Banach algebra and X is an

operator A-bimodule. Let D : A −→ X∗ be a completely bounded derivation . For every

x ∈ X , we define the map Fx ∈ (A⊗̂A)∗ by

〈Fx, a⊗ b〉 = 〈a.D(b), x〉 (a, b ∈ A).
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Then the map ϕ : X −→ (A⊗̂A)∗, specified by

ϕ(x) = Fx (x ∈ X),

is completely bounded.

Proof. Consider the map ψ : A⊗̂A −→ X∗ specified by

ψ(a⊗ b) = D(a).b (a, b ∈ A).

Let u = α([ai,j] ⊗ [bk,l])β ∈ Mn(A ⊗ A), where α ∈ Mn,pq, [ai,j] ∈ Mp(A), [bk,l] ∈

Mq(A), β ∈Mpq,n. For [xs,t] ∈ (Mn(X))1, we have

〈〈ψpq([ai,j]⊗ [bk,l]), [xs,t]〉〉 = 〈〈[D(ai,j).bk,l]pq, [xs,t]〉〉

= [〈D(ai,j), bk,l.xs,t〉]pqn

= 〈〈Dp([ai,j]), [bk,l.xs,t]qn〉〉.

Since Mp(X
∗) ∼= CB(X,Mp), we have

‖〈〈ψpq([ai,j]⊗ [bk,l]), [xs,t]〉〉‖ = ‖〈〈Dp([ai,j]), [bk,l.xs,t]qn〉〉‖

≤ ‖Dp([ai,j])‖‖[bk,l.xs,t]‖qn

≤ C‖D‖cb‖[ai,j]‖p‖[bk,l]‖q‖[xs,t]‖n,

where C is the completely bounded norm of the action of A on X .

Therefore again by identifying Mpq(X
∗) with CB(X,Mpq), we have

‖ψpq([ai,j]⊗ [bk,l])‖pq ≤ C‖D‖cb‖[ai,j]‖p‖[bk,l]‖q.
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Hence

‖ψpq(u)‖ = ‖ψpq(α([ai,j]⊗ [bs,t])β)‖

= ‖αψpq([ai,j]⊗ [bs,t])β‖

≤ ‖α‖‖ψpq([ai,j]⊗ [bs,t])‖‖β‖

≤ C‖D‖cb‖α‖‖[ai,j]‖p‖[bk,l]‖q‖β‖.

Therefore by definition of the norm ‖.‖∧, we have that

‖ψn(u)‖ ≤ C‖D‖cb‖u‖ (u ∈Mn(A⊗̂A), n ≥ 1).

Hence ψ is completely bounded and ‖ψ‖cb ≤ C‖D‖cb.

If we define φ : A⊗̂A −→ X∗ , by φ(a⊗ b) = a.D(b), then φ = D ◦ π − ψ, and hence φ

is also completely bounded.

Now for [xi,j] ∈Mn(X) and [uk,l] ∈Mn(A⊗̂A) we have

〈〈ϕn([xi,j]), [uk,l]〉〉 = 〈〈[Fxi,j ], [uk,l]〉〉

= 〈〈[xi,j], φn([uk,l])〉〉

≤ ‖[xi,j]‖n‖φ‖n‖[uk,l]‖n

≤ ‖[xi,j]‖n‖φ‖cb‖[uk,l]‖n.

Therefore ‖ϕ‖n ≤ ‖φ‖cb for all n ≥ 1 and hence ‖ϕ‖cb ≤ ‖φ‖cb which completes the

proof.
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Suppose that X is an operator Banach A-bimodule. Consider the bi-linear mapping ρ :

A×X −→ X defined by

ρ(a, x) = a.x (a ∈ A, x ∈ X).

We define ρ∗∗ : A∗∗ ×X∗∗ −→ X∗∗ by

〈ρ∗∗(ä, ẍ), F 〉 = 〈ä, ρ∗(ẍ, F )〉 (ä ∈ A∗∗, ẍ ∈ X∗∗, F ∈ X∗).

〈ρ∗(ẍ, F ), a〉 = 〈ẍ, ρ(F, a)〉 (a ∈ A).

〈ρ(F, a), x〉 = 〈F, ρ(a, x)〉 (x ∈ X).

From the argument in [14], we have that

ρ∗∗(ä, ẍ) = wk∗ − lim
α
−wk∗ − lim

β
ρ(aα, xβ),

where (aα) ⊂ A, (xβ) ⊂ X are such that wk∗ − limα aα = ä and wk∗ − limβ xβ = ẍ.

Also the map ρ∗∗ turns X∗∗ into a left A∗∗− module where A∗∗ has the first Arens product.

If 2 denotes the first Arens product on A∗∗, then we have (for convenience we denote the

action of ρ∗∗ and ρ∗ by .)

〈ä.(b̈.ẍ), F 〉 = 〈ä, (b̈.ẍ).F 〉

= lim
α
〈(b̈.ẍ).F, aα〉

= lim
α
〈b̈.ẍ, F.aα〉 =

= limα lim
β
〈ẍ.F.aα, bβ〉
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= lim
α

lim
β
〈ẍ.F, aαbβ〉.

On the other hand if for b̈, the net (bβ) ⊂ A is such that wk∗ − limβ bβ = b̈, then

〈(ä2b̈).ẍ, F 〉 = 〈ä2b̈, ẍ.F 〉

= lim
α

lim
β
〈ẍ.F, aαbβ〉.

Therefore

(ä2b̈).ẍ = ä.(b̈.ẍ).

Also it’s easy to see that ‖ρ∗∗‖ ≤ ‖ρ‖ . So by the definition above X∗∗ will be a left

A∗∗-module.

Indeed, in following Lemma, we will prove that the left action of A∗∗ on X∗∗, defined

above turns X∗∗ into an operator left A∗∗-module.

In the following Lemma, ρ denotes the action of A on X which is represented by ”.” for

convenience.

Lemma 2.16. Suppose that A is a completely contractive Banach algebra . Consider X∗∗

as a left A-module as in the discussion above. Then the mapping φ : A∗∗⊗̂X∗∗ −→ X∗∗ ,

specified by

φ(ä⊗ ẍ) = ä.ẍ, (ä ∈ A∗∗, ẍ ∈ X∗∗),

is completely bounded.
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Proof. Let [äi,j] ∈Mp(A
∗∗), [ẍk,l] ∈Mq(X

∗∗), [fs,t] ∈Mpq(X
∗). Then we have

〈〈φpq([äi,j]⊗ [ẍk,l]), [fs,t]〉〉 = 〈〈[äi,j.ẍk,l]pq, [fs,t]〉〉 = 〈〈[äi,j], [ẍk,l.fs,t]pq2〉〉 (∗).

and for every [ah,r] ∈Mpq2(A), we have

〈〈[ẍk,l.fs,t], [ah,r]〉〉 = 〈〈[ẍk,l], [fs,t.ah,r]〉〉.

Let C = ‖ρ‖cb. So we get

‖〈〈[ẍk,l.fs,t], [ah,r]〉〉‖ = ‖〈〈[ẍk,l], [fs,t.ah,r]〉〉‖ ≤ C‖[ẍk,l]‖q‖[fs,t]‖pq‖[ah,r]‖pq2 ,

and therefore

‖[ẍk,l.fs,t]‖pq2 ≤ C‖[ẍk,l]‖q‖[fs,t]‖pq (∗∗).

Hence

‖〈〈φpq([äi,j]⊗ [ẍk,l]), [fs,t]〉〉‖ = ‖〈〈[äi,j], [ẍk,l.fs,t]pq2〉〉‖ (From (∗))

≤ ‖[äi,j]‖p‖[ẍk,l.fs,t]‖pq2

≤ C‖[äi,j]‖p‖‖[ẍk,l‖q‖[fs,t]‖pq (From (∗∗)),

and so

‖φpq([äi,j]⊗ [ẍk,l])‖pq ≤ C‖‖[äi,j]‖p‖‖[ẍk,l‖q (∗ ∗ ∗).

Let v = α([äi,j] ⊗ [ẍk,l])β ∈ Mn(A∗∗ ⊗ X∗∗), where α ∈ Mn,pq, [äi,j] ∈ Mp(A
∗∗),

[ẍk,l] ∈Mq(X
∗∗), β ∈Mpq,n. Then we have

‖φn(v)‖ = ‖αφpq([äi,j]⊗ [ẍk,l])β‖
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≤ ‖α‖‖φ([äi,j]⊗ [ẍk,l])‖pq‖β‖

≤ C‖α‖‖[äi,j]‖p‖‖[ẍk,l‖q‖β‖ (From (∗ ∗ ∗)),

whence

‖φ‖cb ≤ C.

Corollary 2.17. Suppose that A is a completely contractive Banach algebra . Then so is

A∗∗ equipped with the first Arens product.

Proof. The result follows from substituting X by A in the preceding Lemma. The way

we defined the action of A∗∗ on X∗∗ is the same as definition of the first Arens product of

A∗∗.

Proposition 2.18. Suppose that A has an operator uniform approximate virtual diagonal.

Then A has a bounded approximate identity.

Proof. We have that limi a.π
∗∗(ui) = a, uniformly on A1. Fix ε > 0. Then there is i0 such

that for i ≥ i0,

‖a.π∗∗(ui)− a‖ < ε (a ∈ (A)1).

Now let ä ∈ (A∗∗)1 . Then there is a net (aα) ⊂ A1 such that

ä = wk∗ lim
α
aα.
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Therefore we have

ä2π∗∗(ui)− ä = wk∗ − lim
α
aα.π

∗∗(ui)− aα (∗).

Since (aα) ⊂ (A)1, if i ≥ i0, for every α, we have ‖aα.π∗∗(ui)− aα‖ < ε. Therefore from

(*), we have that

‖ä2π∗∗(ui)− ä‖ ≤ ε (i ≥ i0).

Now we define the mapping ϕi : A∗∗ −→ A∗∗ by

ϕi(ä) = ä2π∗∗(ui) (ä ∈ A∗∗).

We have that for i ≥ i0, ‖ϕi − IdA∗∗‖ < 1 and therefore ϕi0 is invertible.

Hence ϕi0 is onto , and so, there is b̈ ∈ A∗∗ such that ϕi0(b̈) = b̈2π∗∗(ui0) = π∗∗(ui0). So

we have

(ä2b̈− ä)2π∗∗(ui0) = a2π∗∗(ui0)− a2π∗∗(ui0) = 0.

So by injectivity of ϕi0 , we have

ä2b̈ = ä (ä ∈ A∗∗).

ThereforeA∗∗ has a right identity and thereforeA has a bounded right approximate identity.

Similarly A has a bounded left approximate identity and hence A has a two-sided bounded

approximate identity.

Theorem 2.19. A is operator amenable if and only if it has a uniform operator approxio-

mate virtual diagonal.
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Proof. ⇐: Suppose that (ui)i∈I ⊂ (A⊗̂A)∗∗ be a uniform operator approximate virtual

diagonal for A. Suppose that D : A −→ X∗ be a competely bounded derivation where X

is a neo-unital operatorA-bimodule. We define Fx ∈ (A⊗̂A)∗ by 〈Fx, a⊗b〉 = 〈a.D(b), x〉.

We define fi ∈ X∗ by

〈fi, x〉 = 〈ui, Fx〉 (x ∈ X, i ∈ I).

Let n ≥ 1 and [as,t] ∈ (Mn(A))1 , [xk,l] ∈ (Mn(X))1. Then we have

〈〈[as,t].fi − fi.[as,t], [xk,l]〉〉 = [〈ui, Fxk,l.as,t−as,t.xk,l〉].

For any m ∈ A⊗̂A we have

〈Fa.x−x.a,m〉 = 〈a.Fx − Fx.a,m〉+ 〈π(m).D(a), x〉,

Take u ∈ (A⊗̂A)∗∗ and suppose that u = wk∗ − limαmα for some bounded net (mα) ⊂

(A⊗̂A). We obtain

〈u, Fa.x−x.a〉 = lim
α
〈Fa.x−x.a,mα〉

= lim
α
〈a.Fx − Fx.a,mα〉+ lim

α
〈π(mα).D(a), x〉

= 〈u, a.Fx − Fx.a〉+ lim
α
〈D(a), x.π(mα)〉.

Therefore we have

〈u, Fa.x−x.a〉 = 〈u, a.Fx − Fx.a〉+ 〈x.π∗∗(u), D(a)〉,

and so

〈fi.a− a.fi, x〉 = 〈fi, a.x− x.a〉
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= 〈ui, Fa.x−x.a〉

= 〈ui, a.Fx − Fx.a〉+ 〈x.π∗∗(ui), D(a)〉

= 〈ui.a− a.ui, Fx〉+ 〈x.π∗∗(ui), D(a)〉.

Therefore

〈〈fi.[as,t]−[as,t].fi, [xk,l]〉〉 = 〈〈[ui.as,t−as,t.ui], [Fxk,l ]〉〉+〈〈[D(as,t)], [xk,l].π
∗∗(ui)〉〉. (1)

From the above argument we get that

〈〈(adfi −D)n([as,t]), [xk,l]〉〉 = 〈〈fi.[as,t]− [as,t].fi −Dn([as,t]), [xk,l]〉〉

= 〈〈[ui.as,t − as,t.ui], [Fxk,l ]〉〉+ 〈〈[D(as,t)], [xk,l].π
∗∗(ui)〉〉

− 〈〈[D(as,t)], [xk,l]〉〉 (from (1))

= 〈〈[ui.as,t − as,t.ui], [Fxk,l ]〉〉+ 〈〈[D(as,t)], [xk,l].π
∗∗(ui)− [xk,l]〉〉. (2)

Take [xk,l] ∈ (Mn(X))1. We know that A has a bounded approximate identity (Propo-

sition 2.18). Let M be an upper bound for the norm of the bounded approximate identity

of A. Fix ε > 0. From Cohen’s Factorization Theorem (by considering Mn(X) as Banach

A-bimodule), there is a matrix [yk,l] ∈ Mn(X) and c ∈ A such that ‖[yk,l]‖ < 1 + ε and

‖c‖ < M such that

[xk,l] = [yk,l].c.
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From our assumption, there is i0 ∈ I such that for all i ≥ i0, we have

‖aπ∗∗(ui)− a‖ < ε (a ∈ A1)

‖[as,t.ui − ui.as,t]‖ < ε ([as,t] ∈ (Mn(A))1).

So for i ≥ i0 and all [xk,l] ∈ (Mn(X))1 we have

‖[xk,l].π∗∗(ui)− [xk,l]‖ = ‖[yk,l].(cπ∗∗(ui)− c)‖

≤ ‖[yk,l]‖‖cπ∗∗(ui)− c‖

< M(1 + ε)ε. (3)

We consider the map ϕ : X −→ (A⊗̂A)∗ , ϕ(x) = Fx. From Lemma 2.15, we know that

ϕ is completely bounded. Let K = ‖ϕ‖cb. Therefore for i ≥ i0, from (2), (3), we have

‖〈〈(adfi −D)n([as,t]), [xk,l]〉〉 = ‖〈〈[ui.as,t − as,t.ui], [Fxk,l ]〉〉+ 〈〈[D(as,t)], [xk,l].π
∗∗(ui)− [xk,l]〉〉‖

≤ ‖〈〈[ui.as,t − as,t.ui], [Fxk,l ]〉〉‖+ ‖〈〈[D(as,t)], [xk,l].π
∗∗(ui)− [xk,l]〉〉‖

= ‖〈〈[ui.as,t − as,t.ui], ϕn([xk,l])〉〉‖+ ‖〈〈[D(as,t)], [xk,l].π
∗∗(ui)− [xk,l]〉〉‖

≤ ‖ϕ‖cb‖[ui.as,t − as,t.ui]‖n + ‖D‖cb‖[xk,l].π∗∗(ui)− [xk,l]‖n

< Kε+ ‖D‖cbM(1 + ε)ε (= O(ε)),

where limε−→0+ O(ε) = 0. Since i0 was independent of [as,t] ∈ (M)n(A))1, [xk,l] ∈

(Mn(X))1 and is also independent of n ≥ 1 , we can find a subnet (fα) ⊂ (fi), such that

lim
α
‖adfα −D‖cb = 0.
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ThereforeA is operator uniformly approximately amenable and hence is operator amenable

from Theorem 2.13.

The converse is clear since if A is operator amenable, then A has a virtual diagonal.

Definition 2.20. We say that the net (mα)α∈Λ ⊂ A⊗̂A is an operator uniform approximate

diagonal for A if

lim
α

[ai,j].mα −mα.[ai,j] = 0 (uniformly on (Mn(A))1, n ≥ 1)

lim
α
π(mα)a = a, (uniformly on (A)1).

Note that from the fact that limα π(mα)a = a, uniformly on A1, using similar techniqes

as in proposition 2.18, it can be shown that A will have a left identity. It can be seen from

the definition of an operator uniform approximate diagonal and the definition of operator

projective tensor product, that if (mα) is an operator uniform approximate diagonal for A,

we can assume without loss of generality that (m′α) ⊂ A⊗ A .

Theorem 2.21. Suppose that A has a uniform operator approximate diagonal . Then A is

operator contractible.

Proof. Suppose that E is left identity of A and (mα)α∈Λ is a uniform operator approximate

diagonal for A. Without loss of generality we can assume that (mα) ⊂ A ⊗ A. Suppose

that D : A −→ X is a completely bounded derivation where X is a neo-unital operator

A-bimodule. For f ∈ X∗, we define Ff ∈ (A⊗̂A)∗ by 〈Ff , a⊗ b〉 = 〈f, a.D(b)〉.
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We define xα ∈ X by

〈xα, f〉 = 〈Ff ,mα〉 (f ∈ X∗, α ∈ Λ).

(This is possible since (A∗,wk∗)∗ ∼= A.)

Using a similar argument as in the proof of the Lemma 2.15, we have that the operator

ϕ : X∗ −→ (A⊗̂A)∗, ϕ(f) = Ff , is completely bounded. Let C = ‖ϕ‖cb.

Let n ≥ 1 and [ai,j] ∈ (Mn(A))1 ,[fk,l] ∈ (Mn(A∗))1. Then we have

〈〈[ai,j].xα − xα.[ai,j], [fk,l]〉〉 = [〈fk,l.ai,j − ai,j.fk,l, xα〉]

= [〈Ffk,l.ai,j−ai,j .fk,l ,mα〉]

= [〈Ffk,l .ai,j − ai,j.Ffk,l ,mα〉] + 〈〈π(mα).Dn([ai,j], [fk,l]〉〉

= 〈〈[ai,j].mα −mα.[ai,j], [Ffk,l ]〉〉+ 〈〈π(mα).Dn([ai,j], [fk,l]〉〉. (∗)

Let E be the left identity of A and we fix ε > 0. There is α0 ∈ Λ such that

‖[ai,j].mα0 −mα0 .[ai,j]‖ < ε ([ai,j] ∈ (Mn(A))1, n ≥ 1),

‖π(mα0)E − E‖ < ε.

Therefore for [ai,j] ∈ (Mn(A))1, we have

‖(adxα0 −D)n([ai,j])‖ = sup{‖〈〈[ai,j].xα0 − xα0 .[ai,j], [fk,l]〉〉‖ : [fk,l] ∈ (Mn(X∗))1}

≤ sup{‖〈〈[ai,j].mα0 −mα0 .[ai,j], [Ffk,l ]〉〉‖ : [fk,l] ∈ (Mn(X∗))1}+

+ sup{‖〈〈(π(mα0E − E)Dn([ai,j]), [fk,l]〉〉‖ : [fk,l] ∈ (Mn(X∗))1} (from (∗))
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≤ Cε+ ‖D‖cbε.

So we can find a net (xα) ⊂ X such that

lim
α
‖adxα −D‖cb = 0.

Therefore A is uniformly approximately operator contractible and hence is operator con-

tractible.

It is an old open question asking whether every contractible Banach algebra is finite-

dimensional (and it has been confirmed in some cases). Now the equivalent question is

whether there is infinite-dimensional operator contractible completely contractive Banach

algebra.

Here we give the operator space version of Theorem 1.11.

Theorem 2.22. Suppose that A has a central bounded approximate identity. Then A is

operator approximately contractible if and only ifA has an operator approximate diagonal.

Proof. ⇒: Suppose that A is operator approximately contractible and let (ei)i∈I , be a cen-

tral bounded approximate identity for A. Let K = ker(π) and Di : A −→ K be defined

by

Di(a) = aei ⊗ ei − ei ⊗ eia (a ∈ A, i ∈ I)).

Since Di is an inner derivation into K, it is completely bounded and hence will be approx-
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imately inner. So there is a net (ζα(i)) ⊂ K such that

lim
α(i)

a.ζα(i) − ζα(i).a = Di(a) (a ∈ A).

We fix ε > 0 and let F be a finite subset of A. Then there exist iF,ε ∈ I such that

‖π(eiF,ε ⊗ eiF,ε)a− a‖ < ε (a ∈ F ).

Also we can find ζF,ε ∈ K such that

‖a.ζF,ε−ζF,ε.a−aeiF,ε⊗eiF,ε +eiF,ε⊗eiF,εa‖ = ‖a.ζF,ε−ζF,ε.a−DiF,ε(a)‖ < ε (a ∈ F ).

Now let ξF,ε = eiF,ε ⊗ eiF,ε − ζF,ε. For a ∈ F , we have

‖a.ξF,ε − ξF,ε.a‖ = ‖ζF,ε.a− a.ζF,ε − (aeiF,ε)⊗ eiF,ε + eiF,ε ⊗ (eiF,εa)‖

< ε,

and

‖π(ξF,ε)a− a‖ = ‖π(eiF,ε ⊗ eiF,ε)a− a‖

< ε.

Therefore we can find a net (ξF,ε) ⊂ A⊗̂A such that

lim a.ξF,ε − ξF,ε.a = 0,

limπ(ξF,ε)a = a (a ∈ A).
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⇐: Conversely suppose that the net (mα) ⊂ A⊗̂A be an approximate diagonal for A and

letD be a completely bounded derivation fromA# into a neo-unital operatorA#-bimodule

X . We define xα as in Theorem 2.21 by

〈xα, f〉 = 〈Ff ,mα〉 (f ∈ X,α ∈ Λ),

where

〈Ff , a⊗ b〉 = 〈f, a.D(b)〉.

Using similar argument as in the Theorem 2.21, for f ∈ X∗ and a ∈ A, we have

〈a.xα − xα.a, f〉 = 〈f.a− a.f, xα〉

= 〈Ff , a.mα −mα.a〉+ 〈π(mα).D(a), f〉.

Since X is neo-unital, we have that limπ(mα).D(a) = D(a). Therefore

|〈a.xα − xα.a−D(a), f〉| ≤ ‖D‖cb‖a.mα −mα.a‖‖f‖+ ‖π(mα).D(a)−D(a)‖‖f‖.

Therfore

lim
α
a.xα − xα.a−D(a) = 0 (a ∈ A),

whence A is operator approximately contractible.

Definition 2.23. Suppose that V is a complete operator space and W is a closed subspace

of V . Then we say thatW is completely complemented in V if there is a completely bounded

projection P from V onto W .
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The following proposition has been shown for two-sided ideals is [31, Cor. 4]. Here we

state and prove the following result for left (right) ideals from a different method.

Proposition 2.24. Suppose that I is a completely boundedly complemented left (right) ideal

in an operator amenable Banach algebra. Then I has a bounded right (left) approximate

identity.

Proof. Let P : A −→ I be a completely bounded projection onto I . We define ϕ :

A⊗ A −→ I by

ϕ(α([ai,j]⊗[bk,l])β) = α[ai,jP (bk,l)]β (α ∈M1,pq, [ai,j] ∈Mp(A), [bk,l] ∈Mq(A), β ∈Mpq,1).

We have

‖ϕ(α([ai,j]⊗ [bk,l])β)‖ ≤ ‖α‖‖[ai,j]‖p‖[P (bk,l)]‖q‖β‖

≤ ‖P‖cb‖α‖‖[ai,j]‖p‖[bk,l]‖q‖β‖.

Therefore ϕ is continuous with respect to ‖.‖∧ and hence it can be extended to a continuous

linear operator from A⊗̂A into I . (Indeed it is onto by Cohen’s factorization Theorem.)

It is also easy to see that ϕ is a left A-module morphism. For a ∈ I , we have

ϕ((α([ai,j]⊗ [bk,l])β)a) = ϕ(α([ai,j]⊗ [bk,la])β)

= α[ai,jP (bk,la)]β

= α[ai,jbk,la]β
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= π(α([ai,j]⊗ [bk,l])β)a.

Therefore

ϕ(m.a) = π(m)a (m ∈ A⊗̂A, a ∈ I).

Let (mλ) ⊂ A⊗̂A be a bounded approximate diagonal for A and we define eλ := ϕ(mλ).

For a ∈ I , we get

lim
λ
aeλ = lim

λ
aϕ(mλ)

= lim
λ
ϕ(amλ)

= lim
λ
ϕ(mλa)

= lim
λ
π(mλ)a

= a.

Hence (eλ) forms a bounded right approximate identity for I .

The following result is contained in Cor. 6.2 of [8]. Here we give a different proof.

Theorem 2.25. Suppose that G is a locally compact group. Then A(G)∗∗ is operator

amenable if and only if G is finite.

Proof. First if A(G)∗∗ is operator amenable, it has a two-sided bounded approximate iden-

tity say (uα). It is easy to show that then A(G) will have a bounded approximate identity

say (ei) . We let E = wk∗ − limi ei. Then E is a right identity for A(G)∗∗ with respect to
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the first Arens product. For every F ∈ A(G)∗∗, we have

E2F = lim
α
uα2E2F = lim

α
uα2F = F.

So A(G)∗∗(= V N(G)∗) has an identity and therefore G is compact [24, Theorem 3.2]. We

are going to show that G is also discrete. Then it has to be finite.

Let e be the identity of group G. From the argument in page 168 of [22], there is a state

n ∈ V N(G)∗(= A(G)∗∗) such that

f.n = f(e)n (f ∈ A(G)),

Therefore for any state r ∈ V N(G)∗, we have r2n = n. So In defined by In := n2A(G)∗∗

is a two-sided ideal inA(G)∗∗. Also the projection P : A(G)∗∗ −→ In , defined by P (f̈) =

n2f̈ (f̈ ∈ A(G)∗∗) is completely bounded.(Since A(G)∗∗ is a completely contractive

Banach algebra.) Therefore In has a bounded approximate identity say (ei). Let m ∈

V N(G)∗ be any topological invarient mean. Then we have m = n2m ∈ In and therefore

m = lim
i
m2ei = lim

i
ei.

Hence V N(G) has only a unique invarient mean and therefore from [25, Corollary 4.11]

G is discrete.

The converse is trivial.
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2.3 On the perturbation problem for the operator amenable completely contractive

Banach algebras

The perturbation problem first appeared in [20], where Johnson proved that for any amenable

Banach algebra, there is an ε > 0 such that defining a new product on the algebra which

norm difference is less that ε with the original product, will not affect the amenability. Our

goal is to give operator space version of [20, Theorem 6.2] with a different approach.

Suppose that A is a completely contractive Banach algebra with respect to the product

π. We can consider the product π as a completely bounded map from A⊗̂Aop to A with

‖π‖cb ≤ 1 . The more general version of the following Lemma is in [17]. Here we state the

version that we are going to use in the following theorem.

Lemma 2.26. Suppose that X and Y are Banach spaces and T : X −→ Y is a bounded

operator onto Y such that there is K > 0 such that for every y ∈ Y there is x ∈ X such

that ‖x‖ ≤ K‖y‖ and T (x) = y. Suppose that S : X −→ Y is another bounded operator.

Let δ = ‖S−T‖. If Kδ < 1, then S is also onto and for every y ∈ Y , there is x ∈ X such

that ‖x‖ ≤ K
1−Kδ‖y‖ and S(x) = y.

Proof. Take y ∈ Y . By assumption there is x0 ∈ X such that ‖x0‖ ≤ K‖y‖ and T (x0) =

y. So we have ‖y‖ ≤ ‖S(x0)‖ + δ‖x0‖. Let y0 = y and y1 = y0 − S(x0). We have

‖y1‖ = ‖(T − S)(x0)‖ ≤ δ‖x0‖. By the argument above, we can find x1 ∈ X such that

‖x1‖ ≤ Kδ‖x0‖ and T (x1) = y1. For i ≥ 1, we define the sequence yi+1 = yi−S(xi) and
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xi+1 ∈ X such that ‖xi+1‖ ≤ K‖yi+1‖, T (xi+1) = yi+1. So we have

‖xi+1‖ ≤ K‖yi+1‖ = K‖(T − S)(xi)‖ ≤ Ki+1δi+1‖x0‖ ≤ Ki+2δi+1‖y‖. Therefore we

have

‖y − Σn
i=0S(xi)‖ = ‖yn+1‖ ≤ Knδn+1‖x0‖ ≤ Kn+1δn+1‖y‖.

Let x = Σ∞i=0xi. Then we have

‖x‖ ≤ Σ∞i=0K
i+1δi‖y‖ =

K

1−Kδ
‖y‖,

and S(x) = y.

Suppose that X is a Banach space and Y and Z are two closed subspaces of X . The

Hausdorff distance between Y and Z denoted by d(Y, Z) is defined by

d(Y, Z) = max{sup{d(y, Z) : ‖y‖ ≤ 1}, sup{d(Y, z) : ‖z‖ ≤ 1}}.

Lemma 2.27. Let Y and Z be closed subspaces of a Banach space X . Suppose that there

is a projection P of Xonto Y with ‖P‖ < d(Y, Z)−1− 1. Then P maps Z one-to-one onto

Y and the inverse α of P |Z satisfies (d = d(Y, Z))

‖α‖ ≤ (1 + d)(1− ‖P‖d)−1

‖α(y)− y‖ ≤ ((1 + d)(1− ‖P‖d)−1 − 1)‖y‖

‖P (z)− z‖ ≤ d(1 + ‖P‖)‖z‖.

Proof. See [20, Lemma 5.2].
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Lemma 2.28. Suppose that A is a completely contractive Banach algebra with respect to

both multiplications π and ρ. Suppose that ‖π − ρ‖cb = δ. Then A# is also a completely

contractive Banach algebra with the multiplications induced by π and ρ and we have ‖π#−

ρ#‖cb ≤ δ.

Proof. Let α ∈Mn,pq, v′ = [vi,j ⊕ λi,j] ∈Mp(A) , w′ = [wk,l ⊕ ζk,l] ∈Mq(A), β ∈Mpq,n,

where λi,j, ζk,l ∈ C. We let v = [vi,j] ∈Mp(A) and w = [wk,l] ∈Mq(A). We have that

(π# − ρ#)n(α((v′ ⊗ w′)β) = α(π − ρ)pq(v ⊗ w)β

Therefore

‖π# − ρ#‖n ≤ ‖π − ρ‖cb (n ≥ 1).

Hence

‖π# − ρ#‖cb ≤ ‖π − ρ‖cb.

Suppose that A is an operator amenable completely contractive Banach algebra. From

Theorem 1.28, A has an operator bounded approximate diagonal. We say that A is C-

operator amenable if it has an operator bounded approximate diagonal bounded by C . We

define the operator amenability constant of A denoted by CA by

CA = inf{C ≥ 0 : A is C − operator amenable}.
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Theorem 2.29. Suppose that A is an operator amenable completely contractive Banach

algebra with the multiplication π and operator amenability constantC. Suppose that (A, ρ)

is also a completely contractive Banach algebra such that δ = ‖ρ − π‖cb satisfies δ < 1
4

and δ < 1
(6C+4).(2+ 6

1−3δ
)
. Then (A, ρ) is operator amenable.

Proof. From the preceding Lemma and using the fact that operator amenability of A is

equivalent to operator amenability of A# without loss of generality we can assume that

A is unital with the same unit for both multiplications π and ρ. First we assume that

(A, π) is an operator amenable completely contractive Banach algebra. Consider the map

π∗∗ : (A⊗̂Aop)∗∗ −→ A∗∗. For ä ∈ A∗∗ , there is a net (ai) ⊂ A such that ‖ai‖ ≤ ‖ä‖ and

wk∗ − limi ai = ä . Therefore if M ∈ (A⊗̂Aop)∗∗ is a wk∗ accumulation point of the net

(ai ⊗ 1)i, we have

π∗∗(M) = wk∗ − lim
i
π(ai ⊗ 1) = wk∗ − lim ai = ä.

So for any ä ∈ A∗∗, there is an M ∈ (A⊗̂Aop)∗∗ such that π∗∗(M) = ä and ‖M‖ ≤ ‖ä‖.

If δ < 1, from Lemma 2.26, we have that for any F ∈ ker(π∗∗), there is a H ∈ (A⊗̂Aop)∗∗

such that ρ∗∗(H) = ρ∗∗(F ) and

‖H‖ ≤ 1

1− δ
‖ρ∗∗(F )‖ =

1

1− δ
‖ρ∗∗(F )− π∗∗(F )‖ ≤ δ

1− δ
‖F‖.

Since H − F ∈ ker(ρ∗∗) and ‖F − (F −H)‖ = ‖H‖ ≤ δ
1−δ‖F‖ , we have

sup{d(F, ker(ρ∗∗)) : F ∈ (ker(π∗∗)1} ≤
δ

1− δ
.
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Similarly

sup{d(H, ker(π∗∗)) : H ∈ (ker(ρ∗∗)1} ≤
δ

1− δ
.

Hence d := d(ker(π∗∗), ker(ρ∗∗)) ≤ δ
1−δ .

We specify the operator P : A⊗̂Aop −→ A by P (a ⊗ b) = a ⊗ b − 1 ⊗ ab. It can be

easily seen that P is a projection onto kerπ. Therefore P ∗∗ : (A⊗̂Aop)∗∗ −→ ker(π∗∗) is a

projection onto ker(π∗∗) with norm at most 2. So if δ < 1
4
, we have

‖P‖ ≤ 2 < (
δ

1− δ
)−1 − 1 ≤ d−1 − 1,

and then from Lemma 2.27, P maps ker(ρ∗∗) onto ker(π∗∗) and its restriction to ker(ρ∗∗)

is invertible . If φ : ker(π∗∗) −→ ker(ρ∗∗) satisfies the properties

‖φ‖ ≤ (1− 3δ)−1,

‖F − φ(F )‖ ≤ 3δ(1− 3δ)−1‖F‖ (F ∈ ker(π)),

‖H − P (H)‖ ≤ 3δ(1− δ)−1‖H‖ (H ∈ ker(ρ∗∗)).

We indicate the multiplications induced by π by index π and we use the index ρ for the

multiplications induced by ρ.

Fix ε > 0 and let [ai,j] ∈Mn(A) and let v = α([bk,l]⊗ [cs,t])β ∈ A⊗Aop, where α ∈M1,pq,

[bk,l] ∈Mp(A), [cs,t] ∈Mq(A
op), β ∈Mpq,1 such that

‖v‖∧ < ‖α‖‖[bk,l]‖p‖[cs,t]‖q‖β‖+
ε

‖[ai,j]‖δ
.
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We have

‖[ai,j].πv − [ai,j].ρv‖n = ‖(α⊗ In)([ai,jπbk,l − ai,jρbk,l](i,j),(k,l) ⊗ [cs,t])(In ⊗ β)‖n

≤ ‖α⊗ In‖‖(π − ρ)np([ai,j]⊗ [bk,l])‖‖[cs,t]‖‖In ⊗ β‖

≤ ‖α‖‖π − ρ‖cb‖[ai,j]‖n‖[bk,l]‖p‖[cs,t]‖q‖β‖

< ‖[ai,j]‖n‖v‖∧δ + ε.

Since ε > 0 was arbitrary, for m ∈ A⊗̂Aop, we have

‖[ai,j.ρm− ai,j.πm]‖∧ ≤ δ‖[ai,j]‖n‖m‖∧,

and similarly

‖m.ρai,j −m.πai,j]‖∧ ≤ δ‖[ai,j]‖‖m‖∧.

Now we define D : A −→ ker(π∗∗) by

D(a) = a⊗ 1− 1⊗ a (a ∈ A).

D is a completely bounded derivation and hence by operator amenability of (A, π), there

exists ζ ∈ ker(π∗∗) such that

D(a) = a.πζ − ζ.πa (a ∈ A).

Let M ′ and M ′′ be the implementation constants of A and A# respectively defined in [10]

section 5. As seen in [10], we have M ′ ≤ C and from [10, Lemma 5.1 ], we can choose

the above ζ such that

‖ζ‖ ≤M ′′‖D‖ ≤ (3M ′ + 2)‖D‖ ≤ (3C + 2)‖D‖ ≤ 6C + 4.

56



Let γ := φ(ζ). We have

‖[ai,j].ργ − [ai,j].πζ‖n ≤ ‖[ai,j].ργ − [ai,j]ρζ‖n + ‖[ai,j].ρζ − [ai,j].πζ‖n

≤ ‖[ai,j]‖n‖γ − ζ‖+ δ‖[ai,j]‖n‖ζ‖

= ‖[ai,j]‖n‖ψ(ζ)− ζ‖+ δ‖[ai,j]‖n‖ζ‖

≤ δ‖[ai,j]‖n‖ζ‖(1 +
3

1− 3δ
). (1)

Similarly

‖γ.ρ[ai,j].ρ − ζπ[ai,j]‖n ≤ δ‖[ai,j]‖n‖ζ‖(1 +
3

1− 3δ
). (2).

Therefore from (1) and (2), we obtain

‖[ai,j.ργ − γ.ρai,j − ai,j ⊗ 1 + 1⊗ ai,j]‖n = ‖[ai,j.ργ − γ.ρai,j − ai,j.πζ + ζ.πai,j]‖n

≤ ‖[ai,j].ργ − [ai,j].πζ‖n + ‖γ.ρ[ai,j]− ζ.π[ai,j]‖n

≤ (2 +
6

1− 3δ
)δ‖[ai,j]‖n‖ζ‖. (3)

We fix ε > 0 and we let k = k1 + k2 ∈ ker(ρ) where k1 = α([ai,j] ⊗ [bk,l])β and k1, k2 ∈

ker(ρ) and ‖k2‖ < ε. Then

‖k.ργ − k‖ ≤ ‖k1.ργ − k + 1‖+ ‖k2.ργ − k2‖

< ‖α([ai,j.ργ.bk,l])β − α(γ.ρ[ai,jρbk,l])β

− α[(ai,j ⊗ 1).ρbk,l]β + α[(1⊗ ai,j).ρbk,l]β‖+ ε(‖γ‖+ 1) (α([ai,jρbk,l])β = ρ(k1) = 0)

≤ ‖α‖‖[ai,j.ργ − γ.ρai,j − ai,j ⊗ 1 + 1⊗ ai,j]‖‖[bk,l]‖‖β‖+ ε(‖γ‖+ 1)
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≤ (2 +
6

1− 3δ
)δ‖[ai,j]‖‖ζ‖‖α‖‖[bk,l]‖‖β‖+ ε(‖γ‖+ 1) (from (3))

< δ(2 +
6

1− 3δ
)‖ζ‖‖k‖+O(ε), (4)

where limε−→0+ O(ε) = 0. Let R ∈ ker∗∗ρ . Then there is a net (ki) ⊂ ker(ρ) such that

wk∗ − lim ki = R and ‖ki‖ ≤ ‖R‖ . So using (4) we have

‖R2ργ −R‖ ≤ (2 +
6

1− 3δ
)δ‖ζ‖‖R‖. (5)

Therefore if δ < 1
(6C+4).(2+ 6

1−3δ
)
, we have

(2 +
6

1− 3δ
)δ‖ζ‖ < 1.

We define the map λ : ker(ρ∗∗) −→ ker(ρ∗∗) by λ(R) = R2ργ. Form (5), we know

that ‖λ − Idker(ρ∗∗)‖ ≤ (2 + 6
1−3δ

)δ‖ζ‖. Therefore when δ < 1
(6C+4).(2+ 6

1−3δ
)
, we have that

‖λ − Idker(ρ∗∗)‖ < 1 and therefore λ will be invertible. Since λ is onto , there exists an

E ∈ ker(ρ∗∗) such that E2ργ = γ. So for every K ∈ ker(ρ∗∗) we have

λ(K) = (K2E −K)2ργ = K2ργ −K2ρE2ργ = K2ργ −K2ργ = 0.

Therefore ker(ρ∗∗) has a right identity and hence (A, ρ) is operator amenable.

Corollary 2.30. Let G be an amenable locally compact group and denote the point-wise

multiplication of A(G) by π. Suppose that A(G) is equipped with a completely contractive

multiplication ρ such that ‖ρ− π‖cb < 1
83

. Then (A(G), ρ) is also operator amenable.
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Proof. As seen in [28] , when G is amenable, A(G) has an operator contractive approx-

imate diagonal say (mξα). Therefore the operator amenability constant is C ≤ 1 and if

δ = ‖ρ− π‖cb < 1
83

, we have that

δ(4C + 6)(2 +
6

1− 3δ
) < 1.

and hence the result follows form the last argument in Theorem 2.29.

2.4 On the weak amenability of the tensor product of the Banach algebras

For a Banach algebra A we define A2 := span{a1a2 : a1, a2 ∈ A}. We have this well-

known Lemma.

Lemma 2.31. Suppose that A is weakly amenable Banach algebra . Then A2 is dense in

A.

Lemma 2.32. Suppose that A⊗γ B is weakly amenable. Then Ā2 = A and B̄2 = B.

Proof. From Lemma 2.31, we know that (A ⊗γ B)2 is dense in A ⊗γ B . Now suppose

that B̄2 6= B . There is a λ ∈ B∗ such that λ(B2) = 0 and λ(b0) = 1 for some b0 ∈ B. Let

f ∈ A∗ be any non-zero continuous functional. Then we have f ⊗ λ ∈ (A⊗̂B)∗ and

〈f ⊗ λ, a1a2 ⊗ b1b2〉 = 〈f, a1a2〉〈λ, b1b2〉 = 0 (a1, a2 ∈ A, b1, b2 ∈ B).

Therefore f ⊗ λ = 0 on A⊗γ B and so

〈f ⊗ λ, a⊗ b0〉 = 〈f, a〉〈λ, b0〉 = 0 (a ∈ A).
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Hence from our assumption on λ, we have

〈f, a〉 = 0 (a ∈ A).

This is a contradiction to the choice of f ∈ A∗. Therefore B̄2 = B and similarly Ā2 =

A.

In what follows , for a Banach algebra B we define

ZB(B∗) = {f ∈ B∗ : f.b = b.f (b ∈ B)}.

Theorem 2.33. Supose that A⊗γ B is weakly amenable and that ZB(B∗) 6= {0}. Then A

is weakly amenable.

Proof. Suppose that λ ∈ ZB(B∗) is a non-zero functional and D : A −→ A∗ is a continu-

ous derivation. Then we define D̃ : A⊗γ B −→ (A⊗γ B)∗ defined by

D̃(a⊗ b) = D(a)⊗ λ.b (a ∈ A, b ∈ B).

Now we show that D̃ is indeed a derivation . For ai ∈ A, bi ∈ B, i = 1, 2, 3 we have

〈D̃(a1a2 ⊗ b1b2), a3 ⊗ b3〉 = 〈D(a1a2), a3〉〈λ.b1b2, b3〉

= 〈D(a1).a2 + a1.D(a2), a3〉〈λ, b1b2b3〉

= 〈D(a1), a2a3〉〈λ, b1b2b3〉+ 〈D(a2), a3a1〉〈λ, b1b2b3〉.
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On the other hand

〈D̃(a1 ⊗ b1).(a2 ⊗ b2) + (a1 ⊗ b1).D̃(a2 ⊗ b2), a3 ⊗ b3〉 =

= 〈D̃(a1 ⊗ b1), a2a3 ⊗ b2b3〉+ 〈D̃(a2 ⊗ b2), a3a1 ⊗ b3b1〉

= 〈D(a1), a2a3〉〈λ, b1b2b3〉+ 〈D(a2), a3a1〉〈λ, b2b3b1〉.

Now since λ.b1 = b1.λ, we have that 〈λ, b1b2b3〉 = 〈λ, b2b3b1〉. Therefore

D̃(a1a2 ⊗ b1b2) = (a1 ⊗ b1).D̃(a2 ⊗ b2) + D̃(a1 ⊗ b1).(a2 ⊗ b2).

and then by continuity of D̃ we can easily see that D̃ is a derivation from A ⊗γ B into

(A⊗γ B)∗. Therefore there exists a φ ∈ (A⊗γ B)∗ such that

D̃(a⊗ b) = (a⊗ b).φ− φ.(a⊗ b) (a ∈ A, b ∈ B). (∗)

From Lemma 2.32, and the fact that λ ∈ ZB(B∗) and λ 6= 0, there is a b0 ∈ B such that

λ(b2
0) = 1; for otherwise we will have λ|B2 = 0. For b = b0 from (*) we have

D(a)⊗ λ.b0 = (a⊗ b0).φ− φ.(a⊗ b0) (a ∈ A) (∗∗).

We define a mapping T : (A⊗γ B)∗ −→ A∗ by

〈T (ψ), a〉 = 〈ψ, a⊗ b0〉 (a ∈ A).

By applying T on both sides of (∗∗) , we will get for x ∈ A,

〈T (D(a)⊗ λ.b0), x〉 = 〈D(a)⊗ λ.b0, x⊗ b0〉

61



= 〈D(a), x〉〈λ, b2
0〉

= 〈D(a), x〉.

On the other hand

〈T ((a⊗ b0).φ− φ.(a⊗ b0)), x〉 = 〈φ, (xa− ax)⊗ b2
0〉 (x, a ∈ A),

and therefore

〈D(a), x〉 = 〈φ, (xa− ax)⊗ b2
0〉 (a, x ∈ A).

So by letting f ∈ A∗ , 〈f, x〉 = 〈φ, x⊗ b2
0〉, we have

〈D(a), x〉 = 〈f, ax− xa〉

= 〈f.a− a.f, x〉.

Hence D = adf which completes the proof and shows that A is weakly amenable.

The question is under what conditions on an algebra B can one gaurantee that ZB(B∗) 6=

{0}? If B is a commutative Banach algebra or if B has a non-zero character it is trivialy

true. But are there other examples of Banach algebras B for which this result holds? We

now give one such sufficient condition.

Theorem 2.34. Suppose that A is (operator) symmetrically amenable and suppose that

there exists an element a ∈ A such that a /∈ Lin{aa0−a0a : a0 ∈ A}. Then ZA(A∗) 6= {0}.
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Proof. Since A is (operator) amenable, we have that the short exact sequence

Π∗ : 0 −→ A∗
π∗
−→ (A⊗̂A)∗

ι∗−→ K∗ −→ 0,

of A-bimodules splits. Therefore there exists a left inverse of π∗ denoted by ζ which is also

an A-module morphism. Fix an f ∈ A∗ . We claim that q∗(π∗(f)) ∈ ZA((A⊗̂A)∗), where

q : A⊗̂A −→ A⊗̂A is the flip mapping, specified by q(a⊗ b) = b⊗ a, (a, b ∈ A). To see

this we have

〈d.q(π∗(f)), b⊗ c〉 = 〈π∗(f), cd⊗ b〉

= 〈f, cdb〉.

On the other hand

〈q(π∗(f)).d, b⊗ c〉 = 〈π∗(f), c⊗ db〉

= 〈f, cdb〉.

Let φf := ζ(q∗(π∗(f))) ∈ A∗. For every a ∈ A, considering the fact that ζ is an A-module

morphism, we have

a.φf = a.ζ(q∗(π∗(f))) = ζ(a.q∗(π∗(f))) = ζ(q∗(π∗(f)).a) = ζ(q∗(π∗(f))).a = φf .a.

Thus for every f ∈ A∗ we have that φf ∈ ZA(A∗). Now we complete the proof by showing

that ZA(A∗) is non-trivial. As shown by Curtis and Loy in [4], the mapping ζ may be

defined by

〈ζ(λ), a〉 = 〈M,λ.a〉, (a ∈ A, λ ∈ (A⊗̂A)∗),
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where M ∈ (A⊗̂A)∗∗ is a virtual diagonal of A. Now assume that ZA(A∗) = {0}. Then

for every f ∈ A∗ we have that φf = 0. Therefore for every a ∈ A, f ∈ A∗,

0 = 〈φf , a〉 = 〈M, q∗(π∗(f)).a〉

= 〈a.M, q∗(π∗(f))〉

= 〈π∗∗(q∗∗(a.M)), f〉

= 〈π◦∗∗(a.M), f〉.

Hence

π◦∗∗(a.M) = 0 (a ∈ A).

Let a ∈ A be such that a /∈ Lin{aa0 − a0a : a0 ∈ A}. Then there exists an f ∈ A∗ such

that f(a) = 1 and

f(aa0) = f(a0a) (a0 ∈ A).

Also let (mi) ⊂ A⊗̂A be a symmetric approximate diagonal for A such that M = wk∗ −

limimi. For each i, we assume that mi =
∑

k b
i
k ⊗ cik. Therefore we have

0 = 〈π◦∗∗(a.M), f〉 = lim
i
〈f, π◦(a.mi)〉

lim
i
〈f,

∑
k

cikab
i
k〉

= lim
i
〈f, a

∑
k

cikb
i
k〉

= lim
i
〈f, aπ◦(mi)〉

= lim
i
〈f, aπ(mi)〉 (Since mi is symmetric)
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= 〈a.π∗∗(M), f〉

= 〈f, a〉.

But the above conclusion is a contradiction to our assumption that 〈f, a〉 = 1. Therefore

ZA(A∗) 6= {0}.

Corollary 2.35. Suppose thatA⊗γB is weakly amenable andB is symmetrically amenable

and there is b ∈ B such that b /∈ Lin{bb0 − b0b : b0 ∈ B}. Then A is weakly amenable.

Proof. Theorem 2.34 implies that ZB(B∗) 6= {0} and therefore from Theorem 2.33, A is

weakl y amenable.

2.5 On the generalized notions of amenability for the tensor product of Banach al-

gebras and completely contractive Banach algebras

In [9], F. Ghahramani and R. J. Loy proved that if A ⊗γ B is amenable then are so A and

B. We will consider same question for the generalized notions of amenability as well as

operator amenability.

Theorem 2.36. Suppose that A ⊗γ Aop is boundedly approximately amenable and that

A has a two-sided bounded approximate identity. Then A is boundedly approximately

amenable.

Proof. The short exact sequence: Σ : 0 −→ A∗
π∗
−→ (A ⊗γ Aop)∗ ι∗−→ K∗ −→ 0 is an

addmissible short exact sequence of right A ⊗γ Aop-modules. Since A ⊗γ Aop is approx-
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imately amenable, from [27, Theorem 3.3], Σ boundedly approximately splits. Therefore

there exists a net (λi)i : K∗ −→ (A⊗γ Aop)∗ of right inverses of ι∗ and a constant M > 0

such that

lim
i
u.λi − λi.u = 0 (u ∈ A⊗γ Aop),

‖u.λi − λi.u‖ ≤M‖u‖ (u ∈ A⊗γ Aop).

Suppose that E = wk∗ − lim eα ⊗ eα. We let φi = λ∗i (E). Our goal is to show that

φi is a right approximate identity for K∗∗ = (ker π)∗∗, where π : A⊗̂Aop −→ A is the

multiplication map.

Let k ∈ K. We have :

〈k.φi, f〉 = 〈k.φi.f〉

= 〈λ∗i (E), f.k〉

= 〈E, λi(f.k)〉.

On the other hand we have :

〈E, λi(f).k〉 = lim
α
〈λi(f).k, eα ⊗ eα〉

= 〈λi(f), ι(k)〉

= 〈ι∗(λi(f)), k〉

= 〈f, k〉.
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Since limi λi(f.k)− λi(f).k = 0 independent of f , we have

lim
i
k.φi = k (k ∈ K),

where the limit is taken in the norm topology. Also it is easy to verify that ‖kφi‖ ≤M‖k‖.

Therefore from [12, Theorem 5.10] , A is boundedly approximately amenable.

Theorem 2.37. Suppose that A ⊗γ B is approximately amenable and there are elements

b0, c0, d0 ∈ B such that b0c0 = c0 and d0b0 = d0 , d0c0 6= 0. Then A is approximately

amenable.

Proof. Since d0c0 6= 0, there is η ∈ B∗ such that 〈η, d0c0〉 = 1. We specify φ : (B ⊗γ

B)∗ −→ (B ⊗γ B)∗ by

〈φ(g), b⊗ c〉 = 〈g, c⊗ b〉 (b, c ∈ B, g ∈ (B ⊗γ B)∗),

i.e. let φ = q∗, the adjoint of the flip map. Then we claim that φ(π∗(B∗)) ⊂ ZB((B⊗γB)∗).

We have for d ∈ B,

〈d.φ(π∗(g)), b⊗ c〉 = 〈π∗(g), cd⊗ b〉

= 〈g, cdb〉.

On the other hand

〈φ(π∗(g)).d, b⊗ c〉 = 〈π∗(g), c⊗ db〉

= 〈g, cdb〉.
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Therefore λ := φ(π∗(η)) ∈ ZB((B ⊗γ B)∗).

Suppose that X is a Banach A-bimodule and Y is a closed submodule of X and f ∈

ZA(Y ∗). Since B ⊗γ B is a Banach B-bimodule in standard way, we can define module

actions of A⊗γ B on X ⊗γ (B ⊗γ B) as follows for :

(a⊗ b).(x⊗ (c⊗ d)) = a.x⊗ (bc⊗ d),

(x⊗̂(c⊗ d)).(a⊗ b) = x.a⊗ (c⊗ db),

for b, c, d ∈ B and a ∈ A.

Then f ⊗ λ ∈ ZA⊗γB((Y ⊗γ (B ⊗γ B))∗). Therefore from [27, Theorem 3.11], since

A⊗γ B is approximately amenable, we can find a net (ζ)i ⊂ (X ⊗γ (B ⊗γ B))∗ such that

lim
i
u.ζi − ζi.u = 0 (u ∈ A⊗γ B), (∗)

and ζi|Y⊗γ(B⊗γB) = f ⊗ λ, for all i.

Now we define f̃i ∈ X∗ by

〈f̃i, x〉 = 〈ζi, x⊗ (c0 ⊗ d0)〉 (x ∈ X).

Then using our assumption on c0 and d0, we have

〈a.f̃i − f̃i.a, x〉 = 〈ζi, x.a⊗ (c0 ⊗ d0b0)− a.x⊗ (b0c0 ⊗ d0)〉

= 〈ζi, (a⊗ b0).(x⊗ (c0 ⊗ d0))− (x⊗ (c0 ⊗ d0)).(a⊗ b0)〉

= 〈ζi.(a⊗ b0)− (a⊗ b0).ζi, x⊗ (c0 ⊗ d0)〉.
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Since the limit in (*) is norm-limit, we have

lim
i
a.f̃i − f̃i.a = 0 (a ∈ A),

and for y ∈ Y ,

〈f̃i, y〉 = 〈ζi, y ⊗ (c0 ⊗ d0)〉

= 〈f ⊗ λ, y ⊗ (c0 ⊗ d0)〉

= 〈f, y〉〈λ, c0 ⊗ d0〉

= 〈f, y〉〈η, d0c0〉

= 〈f, y〉.

Thus we have a net (f̃i) ⊂ X∗ of extensions of f such that for all a ∈ A, limi a.f̃i−f̃i.a = 0.

So we have that A is approximately amenable from [27, Theorem 3.11].

Throughout the remainder of this section all the tensor products are operator space tensor

products, unless otherwise indicated.

Lemma 2.38. Suppose that A is a completely contractive Banach algebra. We define right

and left actions of A on A⊗̂A denoted by ◦ as follows

a ◦ (b⊗ c) = b⊗ ac

(b⊗ c) ◦ a = ba⊗ c,

a, b, c ∈ A. Then A⊗̂A is an operator A-bimodule via these actions.
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Proof. A straight forward calculation will show thatA⊗̂A is anA-bimodule via the actions

◦ and similar argument as showing that A⊗̂A is an operator A-bimodule will show that ◦

defines an operator bi-module action on A⊗̂A.

Since ◦ turns A⊗̂A into an A operator bi-module, we can consider its action on (A⊗̂A)∗

in the usual way. We still denote this action by ◦.

Lemma 2.39. Suppose that A is a completely contractive Banach algebra. We let X =

(A⊗̂A)∗⊗̂(A⊗̂A) and we define an action of A on X by

a.(f ⊗ u) = f ⊗ a.u

(f ⊗ u).a = f ⊗ u.a,

f ∈ (A⊗̂A)∗ and u ∈ (A⊗̂A) and a.u and u.a are the standard actions of A on A⊗̂A.

Then X is an operator A-bimodule and if we let

L := span{(a ◦ f)⊗ u− f ⊗ (u ◦ a) : f ∈ (A⊗̂A)∗, u ∈ A⊗̂A, a ∈ A}

and

R := span{(f ◦ a)⊗ u− f ⊗ (a ◦ u) : f ∈ (A⊗̂A)∗, u ∈ A⊗̂A, a ∈ A},

we have that R and L are closed submodules of X .

Proof. First we show that X is an operator A-bimodule. It can be easily checked that X

is an A-bimodule. Due to the way we define the norm of the operator projective tensor

70



product of operator spaces, if Ω = [xi,j] = α(v ⊗ w)β ∈ Mn(X) where α ∈ Mn,pq ,

v ∈Mp((A⊗̂A)∗) , w ∈Mq(A⊗̂A) and β ∈Mpq,n. Then for [as,t] ∈Mm(A) we have

[xi,j.as,t]nm = (α⊕ · · · ⊕ α︸ ︷︷ ︸
m

)((v ⊗ 〈〈w, [as,t]〉〉))(β ⊕ · · · ⊕ β︸ ︷︷ ︸
m

).

Therefore

‖[xi,j.as,t]‖nm ≤ ‖α‖‖v‖p‖〈〈w, [as,t]〉〉‖qm‖β‖

≤ ‖α‖‖v‖p‖w‖q‖[as,t]‖m‖β‖.

Therefore by taking the infimum over all such representations of Ω, we see that

‖[xi,j.as,t]‖ ≤ ‖[xi,j]‖‖[as,t]‖,

which shows that X is an operator A right- module and a similar argument shows it is

an operator left-module. So X is an operator A-bimodule. We show that L is a closed

submodule of X . A similar argument holds for R. For f ∈ (A⊗̂A)∗ and u ∈ A⊗̂A we

have

b.(a ◦ f ⊗ u− f ⊗ u ◦ a) = a ◦ f ⊗ b.u− f ⊗ (b.u) ◦ a.

For the right side, we get

(a ◦ f ⊗ u− f ⊗ u ◦ a).b = a ◦ f ⊗ u.b− f ⊗ (u.b) ◦ a.

Therefore L is a closed submodule of X .
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Now using Lemmas 2.38, 2.39, we can prove the following characterization of operator

amenability and similar characterizations for the generalized notions of operator amenabil-

ity as well. The Banach space version of the following theorem is due to Lau [23, Theorem

1] although we use different techniques.

Theorem 2.40. Suppose that A is a completely contractive Banach algebra. Then the

followings are equivalent:

(i) A is operator amenable.

(ii) For any operator A bimodule X and Y a closed submodule of X , every f ∈ ZA(Y ∗)

can be extended to a functional f̃ ∈ ZA(X∗).

Proof. (i)⇒(ii): Suppose that f ∈ ZA(Y ∗) and f̄ ∈ X∗ is an extension of f by the Hahn-

Banach theorem. We define derivation D : A −→ X∗ by

D(a) = a.f̄ − f̄ .a (a ∈ A).

Obviously D is a completely bounded dertivation into Y ⊥ ∼= (X/Y )∗ and therefore from

the operator amenability of A, there is ζ ∈ Y ⊥ such that

D(a) = a.ζ − ζ.a (a ∈ A).

We now define f̃ = f̄ − ζ . It can be easily seen that f̃ |Y = f and for all a ∈ A we have

that a.f̃ − f̃ .a = 0. So f̃ ∈ ZA(X∗) satisfies condition (ii).

(ii)⇒(i) We let Ω = (A⊗̂A)∗⊗̂(A⊗̂A). From Lemma 2.39, we know that Ω is an operator
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A-bimodule. Since the operator amenability of A and A# are equivalent, by substituting A

by A#, from now on and knowing the fact that Ω is a unital A#-bimodule, we will have the

same result. So without loss of generality we can assume that A is unital with unit denoted

by 1. We let Z = span{f ⊗ u : f ∈ ZA((A⊗̂A)∗), u ∈ (A⊗̂A)} and we let Y to be

span{L,R, Z}, where L,R are as defined in Lemma 2.39. So Y is a closed submodule of

Ω. Now we define the functional φ ∈ Y ∗ by

〈φ, f ⊗ u〉 = 〈f, u〉 (f ⊗ u ∈ Y ).

Then we have that φ|R = φ|L = 0. Given f ∈ ZA(A⊗̂A)∗, we have

〈a.φ, f ⊗ u〉 = 〈φ, f ⊗ u.a〉

= 〈f, u.a〉

= 〈f, a.u〉

= 〈φ.a, f ⊗ u〉.

Therefore φ ∈ ZA(Y ∗). Thus there is an extention φ̃ of φ to Ω∗ such that φ̃ ∈ ZA(Ω∗). We

fix φ̃, and define an operator T : (A⊗̂A)∗ −→ (A⊗̂A)∗ by

〈T (f), u〉 = 〈φ̃, f ⊗ u〉 (f ∈ (A⊗̂A)∗, u ∈ A⊗̂A).

From the definition of φ̃, we obtain

T (f) = f (f ∈ ZA(A⊗̂A)∗).
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Furtheremore since φ|L = φ|R = 0, we conclude that T is a module morphism with respect

to the action ◦ of A on A⊗̂A. Also T maps (A⊗̂A)∗ onto ZA((A⊗̂A)∗). In fact, since

φ̃ ∈ ZA(Ω∗) , we have

〈a.T (f), u〉 = 〈φ̃, f ⊗ u.a〉

= 〈φ̃, f ⊗ a.u〉

= 〈T (f).a, u〉.

Now suppose that X is a (unital) operator A-bimodule and D : A −→ X∗ is a completely

bounded derivation. For x ∈ X , we specify µx ∈ (A⊗̂A)∗ by

〈µx, a⊗ b〉 = 〈D(a), x.b〉 (a, b ∈ A).

Given a ∈ A, by evaluationg a ◦ µx on elementary tensor b⊗ c, (b, c ∈ A) , we obtain

〈a ◦ µx, b⊗ c〉 = 〈µx, ba⊗ c〉

= 〈D(ba), xc〉

= 〈b.D(a) +D(b).a, xc〉

= 〈D(a), xcb〉+ 〈D(b), axc〉

= 〈µax, b⊗ c〉+ 〈D(a), xcb〉.

Therefore if we specify ψa,x ∈ (A⊗̂A)∗ by acting on elemenary tensors as

〈ψa,x, b⊗ c〉 = 〈D(a), xcb〉 (a, b, c ∈ A, x ∈ X),
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we will get

a ◦ µx = µax + ψa,x (a ∈ A, x ∈ X).

On the other hand

〈µx ◦ a, b⊗ c〉 = 〈µx, b⊗ ac〉

= 〈D(b), xac〉

= 〈µxa, b⊗ c〉.

Now we define λ ∈ X∗ by

〈λ, x〉 = T (µx), 1⊗ 1〉 (x ∈ X).

We have

〈λ.a− a.λ, x〉 = 〈T (µx.a − µa.x), 1⊗ 1〉

= 〈T (µx ◦ a− a ◦ µx), 1⊗ 1〉+ 〈T (ψa,x), 1⊗ 1〉

= 〈a ◦ T (µx)− T (µx) ◦ a, 1⊗ 1〉+ 〈ψa,x, 1⊗ 1〉

= 〈T (µx), a⊗ 1− 1⊗ a〉+ 〈D(a), x〉.

Now since T (µx) ∈ ZA((A⊗̂A)∗), we have that 〈T (µx), a⊗ 1− 1⊗ a〉 = 0. Therefore

D(a) = λ.a− a.λ (a ∈ A),

which completes the proof.
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Lemma 2.41. Suppose that A and B are completely contractive Banach algebras and X

and Y are operator A and B bimodules respectively. Then X⊗̂Y is an operator (A⊗̂B)-

bimodule in a canonical way.

Proof. Let C and Ć be the constants for the modules X and Y such that they fulfill the

completely bounded norm inequalities for the actions of A on X and B on Y , respectively.

For [ui,j] = α(v ⊗ w)β ∈ Mn(A⊗̂B), where α ∈ Mn,pq, v ∈ Mp(A), w ∈ Mq(B), β ∈

Mpq,n and for [rk,l] = ά(v́ ⊗ ẃ)β́ ∈ Mń(X⊗̂Y ) where ά ∈ Mńṕq́, v́ ∈ Mṕ(X), ẃ ∈

Mq́(Y ), β́ ∈Mṕq́,ń, we have that

〈〈[ui,j], [rk,l]〉〉 = 〈〈α(v ⊗ w)β, ά(v́ ⊗ ẃ)β́〉〉

= 〈〈α, ά〉〉(〈〈v, v́〉〉 ⊗ 〈〈w, ẃ〉〉)〈〈β, β́〉〉.

Therefore

‖〈〈ui,J , rk,l〉〉‖nń ≤ CĆ‖α‖‖ά‖‖v‖p‖v́‖ṕ‖w‖q‖ẃ‖q́‖β‖‖β́‖,

and hence

‖〈[ui,j], [rs,t]〉〉‖nń ≤ CĆ‖[ui,j]‖n‖rs,t‖ń,

which completes the proof.

Lemma 2.42. Suppose that A and B are completely contractive Banach algebras such

that A⊗̂B has a bounded approximate identity . Then both A and B have a bounded

approximate identity.
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Proof. Suppose that the net (ei)i∈I be a bounded approximate identity for A⊗̂B and let

ei = αi(vi ⊗ wi)βi where αi ∈ M1,piqi , vi ∈ Mpi(A), wi ∈ Mqi(B), βi ∈ Mpiqi,1. Let

f ∈ B∗ be a non-zero functional and b0 ∈ B such that f(b0) = 1. Then we define a

mapping T : A⊗̂B −→ A by

T (α(v ⊗ w)β) = α(v ⊗ fq(w))β (α ∈M1,pq, v ∈Mp(A), w ∈Mq(B), β ∈Mpq,1.

Then we have for α ∈Mn,pq, v ∈Mp(A), w ∈Mq(B), β ∈Mpq,n.

‖Tn(α(v ⊗ w)β)‖ = ‖α(v ⊗ fq(w))β‖

≤ ‖α‖‖v ⊗ fq(w)‖‖β‖

= ‖α‖‖v‖p‖fq(w)‖q‖β‖

≤ ‖α‖‖v‖p‖f‖cb‖w‖q‖β‖

= ‖α‖‖v‖p‖f‖‖w‖q‖β‖.

Thus by the way we define the operator tensor product norm, we see that ‖Tn‖ ≤ ‖f‖

for all n ≥ 1. So T defines a completely bounded mapping. Fix a ∈ A . We have that

limi(a⊗ b0)ei = a⊗ b0. By applying T on both sides of this identity we obtain

lim
i
a.(αi(vi ⊗ fqi(b0.wi))βi) = af(b0) = a.

Thus by letting φi := αi(vi ⊗ fqi(b0.wi))βi, we will obtain a bounded net in A that is also

an approximate identity for A. A symmetric argument shows the result for B.
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The Banach algebra version of the following theorem is shown in [9, Theorem 4.9]. Here

we prove the operator space version from a completely new way.

Theorem 2.43. Suppose that A and B are completely contractive Banach algebras such

that A⊗̂B is operator amenable and neither A or B is {0}. Then so are A and B.

Proof. In order to show that A is operator amenable, from Theorem 2.40, it is enough

to show that for any operator A-bimodule X and any closed submodule Y of X , every

functional f ∈ ZA(Y ∗) can be extended to a functional f̃ ∈ ZA(X∗). Since B⊗̂B is an

operator B-bimodule in the standard way, from Lemma 2.41 , we have that X⊗̂(B⊗̂B) is

an operator A⊗̂B-bimodule in canonical way.

Let g ∈ B∗ be a non-zero functional. Then as shown in the proof of Theorem 2.37, we

have that the functional µ0 ∈ (B⊗̂B)∗ specified by

〈µ0, b⊗ c〉 = 〈g, cb〉 (b, c ∈ B),

is in ZB((B⊗̂B)∗). We specify ζ ∈ (Y ⊗̂(B⊗̂B))∗ by

〈ζ, y ⊗ u〉 = 〈f, y〉〈µ0, u〉 (y ∈ Y, u ∈ B⊗̂B).

It can be easily seen ( from the way we define the module action of A⊗̂B on Y ⊗̂(B⊗̂B)

and given that f ∈ ZA(Y ∗) and µ0 ∈ ZB((B⊗̂B)∗), that ζ ∈ ZA⊗̂B((Y ⊗̂(B⊗̂B))∗). So

from Theorem 2.40, it can be extended to a fuctional φ ∈ ZA⊗̂B((X⊗̂(B⊗̂B))∗). From

Lemma 2.42, B has a bounded approximate identity, say (eα)α∈Λ. Therefore from Cohen’s
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factorization Theorem, there exist b0, c0 ∈ B such that 〈g, c0b0〉 = 1. We define ψ ∈ X∗ by

〈ψ, x〉 = 〈φ, x⊗ (b0 ⊗ c0)〉 (x ∈ X).

Therefore we have

〈ψ, a.x〉 = 〈φ, ax⊗ (b0 ⊗ c0)〉

= lim
α
〈φ, a.x⊗ (eαb0 ⊗ c0)〉

= lim
α
〈φ.(a⊗ eα), x⊗ (b0 ⊗ c0)〉. (1)

In a similar way we will get

〈ψ, x.a〉 = lim
α
〈(a⊗ eα).φ, x⊗ (b0 ⊗ c0)〉. (2)

Therefore from (1) and (2) we obtain :

〈a.ψ − ψ.a, x〉 = 〈ψ, x.a− a.x〉

= lim
α
〈(a⊗ eα).φ− φ.(a⊗ eα), x⊗ (b0 ⊗ c0)〉

= 0.

Hence ψ ∈ ZA(X∗) and from the choice of c0, b0 ∈ B, it is easy to see that ψY = f . So

the result holds by Theorem 2.40.

It can be observed that the above also gives a new proof of [9, Theorem 4.9]. Here is a

generalization of the Theorem 2.41
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Theorem 2.44. The following conditions are equivalent for a completely contractive Ba-

nach algebra A.

(i) A is operator approximately amenable.

(ii) For any operator banach A-bimodule X and any closed submodule Y of X , if f ∈

ZA(Y ∗), there is a net (f̃i) ⊂ X∗ of extensions of f such that

lim
i
a.f̃i − f̃i.a = 0 (a ∈ A).

Proof. (i)⇒(ii): Suppose that f ∈ ZA(Y ∗) and f̄ ∈ X∗ is an extension of f by the Hahn-

Banach theorem. We define a derivation D : A −→ X∗ by

D(a) = a.f̄ − f̄ .a (a ∈ A).

Obviously D is a completely bounded dertivation into Y ⊥ ∼= (X/Y )∗ and therefore from

the operator amenability of A, there is a net (ζi) ⊂ Y ⊥ such that

D(a) = lim
i
a.ζi − ζi.a (a ∈ A).

We now define f̃i = f̄ − ζi. It can be easily seen that f̃i|Y = f and for all a ∈ A we have

that limi a.f̃i − f̃i.a = 0.

(ii)⇒(i): As in the proof of Theroem 2.40, by keeping the same notations, we can find a

net (φ̃i)i∈I ⊂ Ω∗ of extensions of φ such that

lim
i
a.φ̃i − φ̃i.a = 0 (a ∈ A).
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For each i ∈ I we define Ti : (A⊗̂A)∗ −→ (A⊗̂A)∗ by

〈T (f), u〉 = 〈φ̃i, f ⊗ u〉 (f ∈ (A⊗̂A)∗, u ∈ (A⊗̂A)).

We have that

Ti(f) = f (f ∈ ZA(A⊗̂A)∗, i ∈ I).

It also can be easily seen that each Ti is a module morphism with respect to the actions ◦

of A on A⊗̂A. Furthermore, for a ∈ A , u ∈ A⊗̂A and f ∈ (A⊗̂A)∗, we have

lim
i
〈(a.Ti − Ti.a)(f), u〉 = lim

i
〈φ̃i, f ⊗ u.a− f ⊗ a.u〉

= 〈a.φ̃i − φ̃i.a, f ⊗ u〉

= 0,

and since the last limit does not depend on the norm of u anf f , we obtain

lim
i
a.Ti − Ti.a = 0 (a ∈ A).

Now suppose that X is a (unital) operator A-bimodule and D : A −→ X∗ is a completely

bounded derivation. For x ∈ X and a ∈ A let µx and ψa,x be as in the proof of Theorem

2.40. For all i, we define λi ∈ X∗ by

〈λi, x〉 = 〈Ti(µx), 1⊗ 1〉 (x ∈ X).

We have

〈λi.a− a.λi, x〉 = 〈Ti(µx.a − µa.x), 1⊗ 1〉
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= 〈Ti(µx ◦ a− a ◦ µx), 1⊗ 1〉+ 〈Ti(ψa,x), 1⊗ 1〉

= 〈a ◦ Ti(µx)− Ti(µx) ◦ a, 1⊗ 1〉+ 〈ψa,x, 1⊗ 1〉

= 〈Ti(µx), a⊗ 1− 1⊗ a〉+ 〈D(a), x〉

= 〈(Ti.a− a.Ti)(µx), 1⊗ 1〉+ 〈D(a), x〉.

Since limi a.Ti − Ti.a = 0 , we have that

lim
i
〈D(a)− (λi.a− a.λi), x〉 = lim

i
〈(a.Ti − Ti.a)(µx), 1⊗ 1〉

= 0.

Since the last limit only depends on the norm of µx (and hence the norm of x) but not x

itself , we get

D(a) = lim
i
λi.a− a.λi (a ∈ A),

which completes the proof.

As we saw in the proof of Theorem 2.44, if we had the assumption that wk∗− limi a.φ̃i−

φ̃i.a = 0, then we would have that

lim
i
〈(a.Ti − Ti.a)(µx), 1⊗ 1〉 = 0.

Thus

lim
i
〈D(a)− (λi.a− a.λi), x〉 = 0 (x ∈ X).
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So A is wk∗ (operator) approximately amenable and therefore is (operator) approximately

amenable .

Theorem 2.45. Suppose that B is a (completely contractive) Banach algebra such that

there exists U ∈ (B⊗̂B)∗∗ and b0 ∈ B such that b0 · U = U · b0 and π◦∗∗(b0 · U) 6= 0.

Then for any (completely contractive) Banach algebra A,(operator)(boundedly) approxi-

mate amenability of A⊗̂B implies that of A.

Proof. Let X be an (operator) A-bimodule and Y a closed submodule of X and take f ∈

ZA(A∗). Since π◦∗∗(b0.U) 6= 0, there exists g ∈ B∗ such that 〈π◦∗∗(b0.U), g〉 = 1. Now we

define λ ∈ (B⊗̂B)∗∗∗ by

〈λ, V 〉 = 〈π◦∗∗(V ), g〉 (V ∈ (B⊗̂B)∗∗).

It can be easily seen that

π◦∗∗(b.V ) = π◦∗∗(V.b) (b ∈ B, V ∈ (B⊗̂B)∗∗.)

Therefore

〈b.λ, V 〉 = 〈π◦∗∗(V.b), g〉 = 〈π◦∗∗(b.V ), g〉 = 〈λ, b.V 〉 = 〈λ.b, V 〉.

Thus λ ∈ ZB((B⊗̂B)∗∗∗). Also 〈λ, b0.U〉 = 〈π◦∗∗(b0.U), g〉 = 1, by the choice of g.

Therefore we have f ⊗ λ ∈ ZA⊗̂B((Y ⊗̂(B⊗̂B)∗∗)∗). So by Theorem 2.43, there is a net

(φi) ⊂ (X⊗̂(B⊗̂B)∗∗)∗ of extensions of f such that

lim
i
u.φi − φi.u = 0 (u ∈ (A⊗̂B)).
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Now we define a net (ψi) ⊂ X∗ by

〈ψi, x〉 = 〈φi, x⊗ b0.U〉 (x ∈ X).

Therefore we have

lim
i
〈ψi.a− a.ψi, x〉 = lim

i
〈ψi, a.x− x.a〉

= lim
i

(〈φi, a.x⊗ b0.U〉 − 〈φi, x.a⊗ U.b0〉 (Since b0.U = U.b0)

= lim
i
〈φi.(a⊗ b0)− (a⊗ b0).φi, x⊗ U〉 = 0.

Since the above limit only depends on the norm of x, we have

lim
i
a.ψi − ψi.a = 0 (a ∈ A).

In case of A⊗̂B being boundedly approximately amenable , we will have the extra condi-

tion that

‖u.φi − φi.u‖ ≤M‖u‖ (u ∈ (A⊗̂B),

for some constant M > 0. Therefore we have

‖ψ.a− a.ψ‖ = sup
‖x‖≤1

{|〈ψi.a− a.ψi, x〉|}

= sup
‖x‖≤1

{|〈φi.(a⊗ b0)− (a⊗ b0).φi, x⊗ U〉|}

≤M‖U‖‖a‖‖b0‖.

Therefore

‖a.ψi − ψi.a‖ ≤ C‖a‖ (a ∈ A),
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where C = M‖U‖‖b0‖. Hence A is boundedly approximately amenable.

As some examples of Banach algebras B with the above property we have :

Remark 2.46. Suppose that there are F,G ∈ B∗∗ and b0 ∈ B such that b0.F = F

and G.b0 = G and G ∈ Zt(B
∗∗), where Zt(B∗∗) is the topological centre of B∗∗, and

G2F 6= 0. If we let U = Ψ(F ⊗G) where Ψ : (B∗∗ ⊗B∗∗) −→ (B⊗̂B)∗∗ is the operator

introduced in [9], we have b0.U = U.b0 and

π◦∗∗(b0.U) = π◦∗∗(Ψ(b0.F ⊗G)) = π◦∗∗(ψ(F ⊗G)).

Let F = wk∗ − limi fi and G = wk∗ − limj gj . Then for f ∈ B∗ , we have

〈π◦∗∗(ψ(F ⊗G)), f〉 = 〈ψ(F ⊗G), π◦∗(f)〉

= lim
i

lim
j
〈π◦∗(f), fi ⊗ gj〉

= lim
i

lim
j
〈f, π◦(fi ⊗ gj)〉

= lim
i

lim
j
〈f, gjfi〉

= lim
i
〈G.fi, f〉 = 〈G2F, f〉 (Since G ∈ Zt(B∗∗)).

Therefore

π◦∗∗(b0.U) 6= 0.

In particular if there are b, c, d ∈ B such that bc = c and db = d and dc 6= 0 then we have
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the above property. (Since B ⊂ Zt(B
∗∗)). This in particular says that the Theorem 2.37 is

a corollary of Theorem 2.45.
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