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Abstract

The operator algebraists have for a long time realized the significance of studying matrices
of elements of an operator algebra in order for obtaining results about the algebra. This
lead Z. J. Ruan, D. Blecher and others to introduce the notion of an abstract operator space
in late 1980’s. Ruan, furthermore, introduced the notion of completely contractive Banach
algebras and operator-space amenability for such algebras. He showed that the Fourier
algebra A(G) of a locally compact group G is operator-space amenable if and only if the
group (G is amenable.

In this thesis we investigate further the notion of operator-space amenability and its approx-
imate versions. In particular for the Fourier algebras. We also prove results on perturbation
theory of these notions.

Furthermore we study the question of when A® B (or A®" B) is (approximately) operator-

space (or weakly) amenable what conclusions can one derive about the components.
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Introduction

In his AMS Memoir of 1972, among other things B.E. Johnson introduced the notion of
amenability for Banach algebras and produced some basic general theory of amenable Ba-
nach algebras. One of the important results that he obtained was that the group algebra
L'(G) of a locally compact group G is amenable if and only if G is an amenable group.
Since then amenability of Banach algebras has proven to be of enormous importance.
Inspite of this, it has been realized that amenability is a strong property and for certain
Banach algebras it leads to finite -dimensionality. For example, it was shown by F. Ghahra-
mani, R. J. Loy and G. A. Willis that the second dual algebra L'(G)** (under Arens prod-
uct) is amenable if and only if G is finite, [see 11, Theorem 1.3].

In fact even earlier it was realized by John Ringrose that for Von Neumann algebras a
weaker notion of amenability is more appropriate. This notion was called Connes amenabil-
ity in the context of general dual Banach algebras by Y. Helemskii [18] and extensively
studied in particular classes of Banach algebras by V. Runde [29],[30].

F. Ghahramani, R. J. Loy and Y. Zhang introduced various notions of approximate amenabil-
ity in [10] and [12] and [15] and since then these notions have been studied extensively.
The notion of operator amenability was introduced by Z. J. Ruan in [28], where he showed
that the Fourier algebra A(G) of a locally compact group G is operator amenable if and
only if GG is amenable.

Part of this thesis deals with approximate versions of operator amenability. The formal def-
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initions of these notions will be given in chapters 2.1 and 2.2 . In particular, in chapters 2.4
and 2.5, we are interested in studying when some notions of amenability of tensor products
of Banach algebras necessities (the same notion) of amenability for the component Banach
algebras and the converse of these statements. We will show the following results for that
purpose:

(i) Suppose that A and B are completely contractive Banach algebras such that A® B is
operator amenable. Then so are A and B.

(i) Suppose that A® B is (operator) approximately amenable and that there are elements
bo, co , do in B such that bycy = ¢ and dybg = dy and cody # 0. Then A is also (operator)
approximately amenable.

(iii) If A®B is (operator) amenable and B has a bounded approximate identity, then A is
(operator) approximately amenable.

Suppose that for the Banach algebras A and B, A® B is weakly amenable and Zp(B*) #
{0}. Then A is weakly amenable. In particular, if B is symmetrically amenable, A will be

weakly amenable
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Chapter 1

PRELIMINARIES

1.1 Banach algebras and amenability with its generalizations

Throughout this thesis, all our spaces are linear spaces over C. For a normed space X, we
denote the continuous dual of X by X*.
A Banach algebra is an associative algebra over the field of complex numbers C, that is,

a Banach space with a norm ||.|| such that
labl| < [lalllo]  (a,b € A).
A (bounded) net (e;); C A is called a left (right) approximate identity for A if
lizm eia = a (lizm ae; = a) (a € A).

A (bounded) net (e;) C A is called a two-sided (bounded) approximate identity for A if it
is both left and right (bounded) approximate identity for A.

When A is a Banach algebra with an identity e such that |e]| = 1, we call A a unital
Banach algebra. We have the following elementary but useful theorem in the theory of

Banach algebras

Theorem 1.1. Suppose that A is a unital Banach algebra with identity e with ||e|| = 1 and
a € Ais suchthat ||a — e|| < 1. Then a is invertible.
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Definition 1.2. Suppose that A is a Banach algebra and X is a Banach space which is also
an A bi-module. We say that X is a Banach A-bimodule if there is a constant C' > 0 such

that

la-z]| < Cllallllzl

lz.all < Cllallllzll (e € A,z € X).

Suppose that X is a Banach A-bimodule. Then we can turn X * into a Banach A-bimodule

via the actions

(a.f,x) = (f,z.a)
(f.a,x)y = (f,a.x)

a€ A, feX*,r e X. This is the so-called ”dual module” of X.
Suppose that F' € A** and f € A*. We can use duality to define F'f as an element of A*
in the following way

(Ff,a) =(F, f.a) (a€A).

For F,G € A* we define FOG € A*™ by

(FOG, f) = (F.Gf) (f€A).

It can be shown that O turns A** into a Banach algebra, and F'OG is called the first Arens
product of F' and GG. This product extends the product of A, as canonically embeded in
A**. From Goldstine’s theorem, it can be easily seen that if A** has a right identity with
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respect to the first Arens product, then A has a bounded right approximate identity.

Suppose that X, Y, Z are left, right or two-sided Banach A-modules and f : X — Y and
g 1 Y — Z are bounded module morphisms such that ¥ : 0 — X Ty 570
is a short exact sequence. . is said to be admissible if there is a bounded linear map
F :Y — X such that F'f = idx and splits if additionally F' is an A-module morphism.
Y approximately splits if there is a net (F}); : Y — X of bounded left inverses of f such

that lim; a.F; — F;.a =0 (a € A), where
(a.F)(y) = a.F(y), (Fa)(y) = Flay) (a€AyeY).
If additionally the net (F;); has the property that
|a.F; — Fi.al| < Mlla|| (a € A i€ ),

for some M > 0, we say that > boundedly approximately splits. Suppose that A is a
Banach algebra and X is a Banach A-bimodule. We say that a linear mapping D : A — X
is a derivation if

D(ab) = D(a).b+ a.D(b) (a,be A).
As an example if we fix x € X and define ad, : A — X by
ad,(a) =a.x —z.a (a€A),

it can be easily seen that ad, is a continuous derivation from A into X. This type of
derivations is called an inner derivations. A derivation D is approximately inner if there
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exists a net (x;); C X such that
D(a) = lilm ad,,(a) (a € A).
and is said to be boundedly approximately inner if furthermore for some constant M > 0
llady, (a)]| < Mlla|| (a € A i€ I).
Now we define the notion of amenability.

Definition 1.3. A Banach algebra A is said to be amenable if for every Banach A-bimodule

X every continuous derivation D from A into the dual module X* of X is inner.
In a similar manner we can define the generalized notions of amenability.

Definition 1.4. A Banach algebra A is said to be (boundedly) approximately amenable if
every continuous derivation from A into any dual module X* is (boundedly) approximately

inner.

Definition 1.5. A Banach algebra A is said to be (boundedly) approximately contractible
if every continuous derivation from A into any Banach A-bimodule X is (boundedly) ap-

proximately inner.

Every boundedly approximately contractible Banach algebra has a bounded two-sided
approximate identity [3, Corollary 3.4] whereas the boundedly approximately amenable

Banach algebras might not have a two-sided approximate identity [12].



Suppose that A and B are Banach algebras. We define the projective tensor product of A

and B, denoted by A ®7 B, to be the completion of A ® B under the norm
Jull = {5 asl[[|bs]] - v =Eiya; @ bi}, (v € A® B).

Definition 1.6. For a Banach algebra A, the Banach algebra AP, is the space A with

product o, such that

aob=ba (a,be A).
The mapping 7 : A ® A — A is specified by
m(a®b) =ab (a,be A),
is called the multiplication map of A and its kernel is denoted by K.
Definition 1.7. A net (m;); C A®" A is an approximate diagonal for A if
lign a.m; —m;.a =0
lizm w(m;).a = a,

forall a € A. An element M € (AR A)** is called a virtual diagonal if

a.M = M.a,

a.m (M) = a,

fora € A.



There are several characterizations of amenability and its generalized notions which we

briefly mention in the following theorems [19].

Theorem 1.8. The following conditions are equivalent :
(i) A is amenable;
(ii) A has a bounded approximate diagonal;

(iii) A has a virtual diagonal.

The flip mapping ¢ : A ®" A — A ®" Ais specified by ¢(a ® b)) = b®a (a,b € A).
We say that u € A ®” A is symmetric if ¢(u) = u. The following notion is also due to B.

E. Johnson [21].

Definition 1.9. The Banach algebra A is said to be symmetrically amenable if it has a

bounded approximate diagonal comprised of symmetric elements.

We can define an action o of A on A ®” A by

ao(b®c):b®ac,

(b®c)oa=ba®e,

a,b,c € A. We also define 7° : A®Y A — Aby

m°(a®b) =ba (a,be A).

Theorem 1.10. A is symmetrically amenable if and only if there is a bounded net (m;); C
A ®" A satisfying conditions (i)-(iv) for all a € A.
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(i): lim; a.m; — m;.a =0
(ii): lim; 7(m;)a = a
(iii): lim;aom; —m;oa =0

(iv): lim; am®(m;) = a.

Proof. See [21, Proposition 2.2]. [

Some approximate notions of amenability have been proven to be equivalent. The follow-

ing result is chosen from [12],[15].

Theorem 1.11. The followings are equivalent :

(i) A is approximately amenable.

(ii) A is approximately contractible.

In case of A having a central bounded approximate identity ,

(iii) A has an approximate diagonal.

It can be seen that the preceding theorem also holds for the generalized versions of oper-
ator amenability.
Let K be the kernel of the multiplication map 7 : A ®” A’ — A. The following result is

a useful characterization of amenability that was done by P. C. Curtis and R. J. Loy in [4]

Theorem 1.12. A is amenable if and only if A has a bounded approximate identity and
K has a bounded right approximate identity or equivalently K** has a right identity with

respect to the first Arens product.



Let A% be the unitization of A and 7% : A# ®7 A¥ — A# be the multiplication map.
We set K# = ker(n#).

The following characterization of approximate amenability is chosen from [10].

Theorem 1.13. The Banach algebra A is approximately amenable if and only if K* has a

right approximate identity.

Suppose that X is a Banach A-bimodule. We let Z4(X) :={x € X : a.x = z.a (a €

A)}. The following results will be used several times throughout this thesis:

Theorem 1.14. The following are equivalent :
(i) The Banach algebra A is amenable.
(ii) For every Banach A-bimodule X and Y a closed submodule of X, every [ € ZA(Y™)

can be extended to an f € Z4(X*).

Proof. See [23, Theorem 1]. O

Theorem 1.15. The following are equivalent :

(i) The Banach algebra A is approximately amenable.

(ii) For every Banach A-bimodule X and Y a closed submodule of X, for every f €
Zu(Y*), there is a net (f;); C X* of extensions of f, such that lim; a.f; — fa =0 (a €

A).

Proof. See [27, Theorem 3.11]. L]



Theorem 1.16. The followings are equivalent :

(i) The Banach algebra A is boundedly approximately amenable.

(ii) For every Banach A-bimodule X and Y a closed submodule of X, for every f €
Zu(Y*), there is a net (f;); C X* of extensions of f, such that lim; a.f; — fa =0 (a €

A). and ||a.f; — fi.a|| < M||a| (a € A), for some M > 0.
Proof. See [27, Theorem 3.12] O

Amenability of Banach algebra and its generalizations can be characterized based on the

splitting of short exact sequences.

Theorem 1.17. The followings are equivalent:
(i) The Banach algebra A is amenable.
(ii) For every Banach A-bimodules X,Y, Z the admissible short exact sequence 3. : 0 —>

x* Ly 2 7 s 0 splits.
Proof. See [4, Theorem 2.5] O

Theorem 1.18. The followings are equivalent:
(i) The Banach algebra A is (boundedly) approximately amenable.
(ii) For everey Banach A-bimodules X,Y ., Z the admissible short exact sequence 3> : 0 —

x+ Ly Sz o0 (boundedly) approximately splits.

Proof. See [10]. O



It is a known result that if A and B are amenable then so is A ®” B. The converse was
established by F. Ghahramani and R. J. Loy in [9]. However, approximate amenability of
A and B is not sufficient for approximate amenability of A ®” B . Some work on whether
approximate amenability of A ®7 B implies approximate amenability of components is due

to F. Ghahramani and R. J. Loy.

Theorem 1.19. Suppose that A Q7 B is (boundedly) approximately amenable and there is
a by € B such that by ¢ Lin{bby — bob : b € B}, then A is (boundedly) approximately

amenable.
Proof. See [9]. ]

Theorem 1.20. Suppose that A ®" B is approximately amenable and A or B has a central

bounded approximate identity. Then A and B are approximately amenable.
Proof. See [8]. ]

The Banach algebra A is said to be weakly amenable if every continuous derivation
D : A — A*is inner. We have the following result for commutative Banach algebras A

and B due to Groenbaek [17]:

Theorem 1.21. Suppose that A and B are two weakly amenable commutative Banach

algebras. Then A Q7 B is weakly amenable.
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1.2 Operator spaces and operator amenability

We recall the definition of the notion of the abstract operator spaces that we will be working

on:

Definition 1.22. Suppose that V' is a linear space and we have a sequence (||.||,.)n of norms
such that each ||.||,, : M, (V) — [0,00) (where M, (V') is the space of n X n matrices

with entries from V') that satisfies

M1[v @ wllmin = max{||v]ln, [[wl]lnm}

M2 [jevflm < [laflflvll. |51,

forve M,(V),we M,(V), « € M,,,,, B € M, .. (Where ||c|| is the operator norm
when « is considered as a bounded operator from C" — C™ and so is ||B|| when (3 is
regarded as a bounded operator C* — C™ and v ® w = [p; ;], pi; = vij, 1 <14,j <n,
Wij = Wi—p j—n,n+1<1,7 <m+mn, p;; =0 otherwise.).

Then (||.||.)n determines an operator space structure on'V'.

If we replace M1 with M1’ : ||v @ w||lmin < max{||v||s, [|[w|m}, we still get the same
notion of an operator spaces

The following useful equality is due to E. G. Effros Z. J. Ruan [6] :

Proposition 1.23. Suppose that V' is an abstract operator space and v € M,(V') and
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a € M,,. Then we have

[0 @ allmn = lla @ vllmn = [[v]lafla]-

Suppose that VV and W are abstract operator spaces and ¢ : V' — W is a linear mapping.

For each n € N, we define a mapping v, : M,,(V) — M,,(W) by

VYn([vig]) = [(vis)] ([vis] € Mu(V)).

The mapping © is said to be completely bounded if sup{|[¢,|| : n € N} < oco. When
the supremum is finite it is called the completely bounded norm of ¢ and is denoted by
||1||co- The space of all completely bounded linear mappings from V' into W is denoted by

CB(V,W).

Proposition 1.24. Let V' be an abstract operator space and 1 : V. — M, be a linear

map. Then

[llcs = N1 ln-

Proof. See [6]. ]

Theorem 1.25. Let V' be an abstract operator space and A be a commutative C*-algebra.

Then every bounded linear map 1) - V. — A is completely bounded and

[¥lles = N1l

12



Proof. See [6]. ]

Suppose that V' is an abstract operator space and f = [f; ;] € M,,(V*) . Then we associate

to f a linear mapping from V' into M,, via

fv) =[fi;(@)] (veV).

Using this we can establish a linear isomorphism between M,,(V*) and C B(V, M,,). Thus
we can define the norm on M,,(V*) to be the corresponding norm from C'B(V, M,,). Let

f € M,(V*) we have

LfIF'= sup{[|fu(v)l] - v € Mu(V), [Jo] <1}

— sup{[[{(f, v} : v € Mu(V), [lo] < 1},

Suppose that V' and W are abstract operator spaces and v € M,(V ® W) . Let

[ullr = mE{[lel[[[olllwllg|B]] : @ € My pg, v € Mp(V), w € My(W), § € Mg, u = a(v@w)5}.

In [5] it is shown that |.||, defines an operator norm and we denote the completion of
V ® W under the norm ||.|[, by V&W. As in Banach space case, ||.||, defines a cross

matrix normon V ® W i.e.

lv @ wlix = [lollllwl]l (v e Mp(V),w e My(W)).

From now on for notational convenience and for distinguishing between the projective
tensor product and operator space projective tensor product, we denote the Banach space

13



projective tensor product by V' ®7 W and the operator space tensor product by V&W.
The following useful completely isometric identifications for the operator spaces V, W, X

is shown in [6].
CB(VeW,X)=CB(V x W, X) = CB(V,CB(W, X)).

Definition 1.26. Suppose that A is a Banach algebra that is also an operator space. We say
that A is a completely contractive Banach algebra if the multiplication map m : AQA —

A is completely contractive. i.e. ||7||a < 1. In other words we have
lostuall < e Bl (fasg] € Ma(A), ] € Mon(4), 2, € N).

Let X be a Banach A-bimodule which is an operator space. We say that X is an operator

A-bimodule if the operators
pAxX — X (a,x) — a.x,

and

pr: X XA —X: (r,a) — x.q,
are completely bounded. In other words if there is a constant C' > 0 such that
Maij-wralls zre-ai]ll < ClllailIzrll (lais] € Ma(A), [2] € M (X),n,m € N).
As an example, A® A is an operator A-bimodule via the actions

a.(b®c)=ab®c

14



b®c)a=b®ca (a,bce A).

Let X be an operator A-bimodule and X* be the dual module of X in the canonical way.
It is known that X * is also an operator A-bimodule.

Now we can define the notion of operator amenability.

Definition 1.27. Suppose that A is a completely contractive Banach algebra. We say that
A is operator amenable if every completely bounded derivation D : A — X* is inner for

every operator Banach A-bimodule X.

A bounded net (m,) C A®A is said to be a bounded (Operator) approximate diagonal

for A if

lim ||a.mq — mg.aljn =0
(e}

lim ||7(ma)a —al| =0
An element M € (A®A)* is said to be an (operator) virtual diagonal if

a.M = M.a

™ (M)a=a (acA).
We have the following characterization for the operator amenability:

Theorem 1.28. The followings are equivalent for a completely contractive Banach algebra
A:

15



(i) A is operator amenable;
(ii) A has a bounded (operator) approximate diagonal;

(iii) A has an (operator) virtual diagonal.

Proof. See [28]. L]

1.3 Fourier and Fourier Stieltjes algebras

Suppose that G is a locally compact group and H; is a Hilbert space. A mapping 7 : G —»

B(H,) is called a unitary representation of G if

The unitary representation 7 : G — B(H,) is said to be a continuous representation if
for any v € H,, the mapping  — 7(z)u from G into H, is continuous.

We denote the set of all continuous unitary representations of G by . We let

B(G) :={¢: G — C: ¢(z) = (n(x)(|p),m € ,(,pu € Hp,x € G}

B(G) is a Banach algebra under point-wise multiplication and the norm inherited from
identifying with the dual of C*(G) [7] , where C*(G) is the completion of L' (G) under the

norm

11l = sup{[l=(H) : = € B} (f € L(G)).
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This identification is via

(6, f) = /f (6 € B(G), f € L\(G)).

Thus we can define the norm on B(G) as follows:

Il = sup{] / o) f(@)dz| (f € LNG). I le-e) < D}

B(G) is called the Fourier-Stieltjes algebra of the locally compact group G. Let A : G —»

B(L?*(@)) be the left regular representation of G i.e.
Ma)(u) = Lyu, (u € L*(G)),

where L,u(t) = u(xz7t) (t € G).
We denote the set of all coefficient functions that are weakly contained in the left regular
representation of G by B, (G).

We define the norm of B, (G) to be the dual norm of C5(G) . So

19l By) = sup{] /f )dz| : f € LY(G), A < 1}

It is known that B(() is a commutative Banach algebra with respect to point-wise additions
and multiplication.
Let E be the linear span of C.(G) ) B(G) and we take the closure of E in B,(G). This

closure is denoted by A(G) and is called the Fourier algebra of G. It is shown in [7], that

AG)={f*g: f.g€L*G)}

17



={(\OClw) = ¢pe LG}

where §(z) = g(z™!) (z € G). The norm of u € A(G) can be obtained by

lull = inf{ll fllgll - w=f*g,fg€L*G)}

Indeed this infimum will be attained [7]. It is known that A(G) is a commutative Banach
algebra under point-wise addition and multiplication and is a closed ideal in B(G). When
@ is an abelian group it is proven in [7] that A(G) = L(G) , where G is the dual group of
G consisting of continuous characters on G.

For a locally compact group G, we define the von Neumann algebra of G denoted by
VN(G) as

VN(G) = {\=): 2z € G} c B(L*(Q)),

where ” stands for the double commutant.
It is well-known that V N (G) can be identified as the dual of A(G) using the following

theorem.

Theorem 1.29. Let i) € A(G)*. There is a unique T, € V N(G) such that
(Ty(Nlg) = (W,a% ) (f.g € L*(Q)).
The mapping v — T, defines a linear isometery from A(G)* onto VN (G).
Proof. See [7]. ]
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Chapter 2

ON GENERALIZED OPERATOR AMENABILITY NOTIONS AND

APPLICATION FOR THE FOURIER ALGEBRAS

2.1 Generalized notions of operator amenability for the Fourier algebras

Definition 2.1. Suppose that A is a completely contractive Banach algebra. We say that
A is operator boundedly approximately contractible if for every operator A-bimodule X
and every completely bounded derivation D : A — X | there is a net (u;);e; C X and a

constant M > 0 such that

lima.u; — u;.a = D(a) (a € A) and

lawd s = wilacllla < Mlllagilln ([ane] € Ma(A),n > Li € 1),

where [as|.u = [ass.u] ([ast] € M, (A),u € X).

From now on A is a completely contractive Banach algebra unless otherwise is stated.

Definition 2.2. We say that the net (u;) C A is a left-operator-multiplier-bounded approx-

imate identity for A, if there is a constant M > 0 such that

limu;.a=a (a€ A);

[uilaslln < M[lasidlln ([as,] € Mu(A),n > 1).
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We can turn A% into a completely contractive Banach algebra by considering it as a
subspace of (A* & C)* (where & denotes the [ direct sum). It can be easily seen that for
[ai; @ Nij] € My (A*) ,we have [[[a;;]]ln, | [Xij]lln < lllai; & Aigllls- Since

I[ai; @ Niglll = sup{l|{([ai; & Aigl, [fia ® v [[fea @ vl lln < 13
= sup{|[((lai [feal)) + (il a1 1L kr @ eallln < 13
> sup{ || ({[ai ], [fea))|l < 1 frdllln < 13
= lllai ]l
And similarly
ai; & Xisllln = [Xs]lln-
Proposition 2.3. Suppose that A is operator boundedly approximately contractible. Then

A has a right (and a left) operator-multiplier-bounded approximate identity.

Proof. The completely contractible Banach algebra A can be considered as an operator

A-bimodule via the actions

r.a=0, (a,z¢cA).

The identity operator ¢ : A — A is a completely contractive derivation for these actions.
Hence from our assumption there exists a net (uy)aen C A and a constant M > 0 such
that

a=1i(a) = lién AUy — Ug.Q = lién auy, (a€A)

20



and
[(adu, )n([ari)) ln = [[lar-ua]lln < Ml[lardlln (o € Ayn € N, [ax] € M, (A)).

Therefore the net (u,,) is an operator-multiplier-bounded approximate identity for A . Sim-
ilar argument holds for the existence of a left operator-multiplier-bounded approximate

identity. =

Y. Choi et al proved in [3] that a boundedly approximate contractible Banach algebra has
a bounded approximate identity. We will now show that the same conclusion holds if one
merely assumes that the Banach algebra is operator boundedly approximately contractible.

Our proof, partly uses the same idea as in the proof of [3,Theorem 3.3].

Theorem 2.4. Suppose that A is operator boundedly approximately contractible . Then A

has a two-sided bounded approximate identity.

Proof. From Proposition 2.3, we know that A has a right operator multiplier bounded and
a left operator multiplier bounded approximate identity say (fz) and (g,) respectively. In
the following we are going to show the existence of a bounded right approximate identity
for A.

There is a constant M/ > 0 such that for all [a,,;] € M,(A), (p > 1), and every index /3,
we have [[[ac]-foll, < Mlasl, - Soif A € My, [0 € M,(A), (] € M,(A).

v € My, for m = A([as,] ® [by,])y we have

[m-fslln = IA([as] @ [brg]- fo)
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< ([l es. e lp 1 ox.tJq- Foll 1Yl

< M A as.d ol Or.]llql Yl

So that for every f3,

Im-falla < Mlmlln - (m € ARA).

And similarly for every «,
lga-mlln < Mllmlla - (m € ARA).

Suppose that the net (f3) is not bounded and suppose that the nets (m;),(¢;), (1;) are as in
Theorem 2.5 of [3] (by considering the operator case). Then, by letting a = f3 in Theorem

2.5 of [3], we have

19a(fa-mi —mi.fs — fa @i + ¢ @ fp)|| < CM]||fs.

Therefore

19a@illll foll < CM| S5l + [|gefp-1milln + 1 ga-mi- folln + [|ga ol 44l

And hence

M
[gadhill < CM + m(H%HHWH + lgamilln + llgallllel])-

Since (f;) is unbounded, by taking limit as 5 — oo, we have

lgadill < CM.

22



Now letting 1 — oo, we get for every « that
gall < CM.
Therefore for every [,
I fsll = T [|gafsll < Tim sup Mlga| < M,

which contradicts our assumption. So the net (f3) is bounded and similarly the net (g,)
is bounded. Therefore A has a bounded left and a bounded right approximate identity and

hence it has a bounded two-sided approximate identity.

The following theorem can be proved in a similar way to [16, Proposition 2.1].

Theorem 2.5. Let A be operator amenable and D : A — X be a completely bounded
derivation from A into the operator A-bimodule X. Then there is a bounded net

(w;)ier C X such that D(a) = lim; a.u; — u;.a (a € A).

Corollary 2.6. Suppose that A is operator amenable. Then A is operator boundedly ap-

proximately contractible.

Proof. Suppose that X is any operator A-bimodule and D : A — X is a completely
bounded derivation.

Let (u;) be the net as in the preceding theorem. It suffices to show that there is M/ > 0 such
that ||[as¢].u; — wi[ase]||ln < M|[ase]lln ([ast]) € Mn(A),n > 1,0 € I).
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Since X is an operator A-bimodule, there is a constant C' > 0 such that for every [a,¢| €

M,,(A) we have

sl [[[z-aslln < Clllasdllnllzll, (2 € X).

Also suppose that ||u;|| < K for some K > 0. Therefore

Masd-uwi = wilaslln < 20| [asellnllull < 2CK|[[aslln, (0= 1).

This completes the proof. 0

The following theorem is due to Ruan [28].

Theorem 2.7. Let G be a locally compact group. Then A(G) is operator amenable if and

only if G is amenable.
The following theorem is due to Leptin [26].

Theorem 2.8. Let G be a locally compact group. Then A(G) has a bounded approximate

identity if and only if G is amenable.

We now give an alternative proof of a result of F. Ghahramani and R. Stokke [14] that

strengthens Ruan’s result.

Theorem 2.9. Let G be a locally compact group. Then the followings are equivalent:
(i) A(G) is operator amenable.

(ii) A(G) is operator boundedly approximately contractible.

(iii) G is amenable.
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Proof. (i) == (i1) : It is clear from the Corollary 2.6.

(i) = (i4i) : Since A(QG) is operator boundedly approximately contractible, from The-
orem 2.4, it has a bounded approximate identity and whence from Theorem 2.8, G is
amenable.

(#4i) = (4) : This follows from Theorem 2.7. (Ruan’s Theorem) O

2.2 Some generalized operator amenability notions and their characterizations

Throughout this section, all the tensor products are operator space projective tensor prod-
ucts. In the next Theorem , 7% : A#@(A#)% — A# is the multiplication map and K7 is

kernel of 7#.

Theorem 2.10. Let A be a completely contractive Banach algebra. Then A is operator

amenable if and only if K¥ has a bounded right approximate identity.

Proof. =: Suppose that A is operator amenable. We define the completely bounded deriva-

tion D : A — K# by
Da)=a®1l—-1®a (AcA).

So From Theorem 2.5, there is a bounded net (u;);c; C K# such that ||u;|| < M, (i € 1)
and D(a) = lim; a.u; — u;.a (a € A).

Letk € K#. Wefixe,0 < € < @ There exists v = o([as ] ®[by,]) such that v € M 4,
(as4] € Mp(A®), [brs] € My(A#), B € Mg, |k — ]| < e and [|e[[[as I [Bra] 18] <
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|v|| 4+ €. Therefore

[kui — K[| < [lou; — ol + [[(k = v)u; = (k=)
< lou; — a[D(ags)-brs] B + a[D(ags)-bii] B — o] + (M + 1)e
< JJow; — w7 (v) — a[D(asy)-bri) B + a[D(ass)-bri) B — v
+ lugm® ()| + (M +1)e
< lefas puibra] B — afus.as,brgl B — a[D(as) bl Bl
+ l[D(ass)-bea] B — v|| + (2M + 1) (Since||7# (v)|| < e.)
= llel(ase-ui — uiasy — D(ase))-brg] Bl + lla[D(as ) bl 8 — o]

+ (2M + 1)e. (1)
We have :
laf(aseui — wi-asy — D(asg))-bea Bl < [|leefll[asewi — wiiase] — Dy(lase) [ [oed [ 1A]-

Now let i € I be such that for all ¢ > 7,

||[a5,t”|p' (2)

[ast-w; — wiase — D(ast)]|, <€ T

Also we have

alD(ast).bii]f = af(ast ® 1 — 1 ® asy).bi) 8
= a([ase] ® [brg]) B — 1 @ (afasibr]B)
= a[aey] ® [ba]) S — 1@ 7% (v)
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=v—1®7%(v) (3)

Therefore, from (1), (2), (3), for ¢ > 13 we have ,

i = 1 < el gz eed il + )]+ @M + 1

2
<e+H€—”+(2M+2)e
v

<(2M +3+ Je < (2M + 4)e

_
1]l — e

Therefore by taking F' a finite subset of K, there is up. € (u;);es such that
\kup. — k|| <€, (k€F).

Hence there is a bounded net (r;) C K such thatlim; kr; =k (k € K).
For the converse, suppose that the net (r;) is a bounded right approximate identity for K#.
Then we have lim; kr; = k (k € K¥).

Leta € Aandletk = a® 1 — 1 ® a. Then we have kr; = a.r; — r;.a. Therefore we have
limar,—ra=a®1l—-1®a (acA).
Soif weputm; =1® 1 —r; we have

w(m;) =1

lima.m; —m;a=0 (a€ A).

Therefore the net (1m;) is a bounded approximate diagonal for A# and hence from Theorem
1.28 A is operator amenable. ]
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Definition 2.11. We say that A is uniformly operator approximately amenable if for every
operator Banach A-bimodule X and for every completely bounded derivation D : A —

X* there is a net (¢;) C X* such that lim; ||ady, — D||, = 0.
Similarly we can define uniform operator approximate contractiblity.

Lemma 2.12. Suppose that A is a completely contractive Banach algebra with T its com-
pletely contractive multiplication map with K = ker(r). Suppose that A has a bounded
left (or right) approximate identity and k € K. Then for any ¢ > 0, there are ki and ks
such that k = ki + ko and ky € (A® A) N K and ||ka||n < €. (Where ||.||, denotes the

operator space projective tensor product.)

Proof. Let (e;);c; be the bounded left approximate identiy and M > 1 be such that
leil] < M (i € I). Wecan findr € A® A such that ||k — ||, < ;57 - By Cohen’s

factorization theorem , there are a and b in A such that ||w(k —7) —b|| < 557, [la|]| < M and

w(k—r)=ab. Weletky =k—r—a®band k; = r+a®b. Then || kz||, < Stf<e

Therefore k; and k5 are desired ones. ]
The following theorem is the operator space version of [11, Theorem 3.1].

Theorem 2.13. The completely contractive Banach algebra A is operator amenable if and

only if it is uniformly operator approximately amenable.

Proof. Since both notions of operator amenability and operator uniformly amenability hold

for A if and only if they hold for A%, we can assume that A is unital.
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Let u = &([dsy] ® [br])3 € A® A%, where & € My, [dsy] € My(A), [br] € M,(A),

g e M, 1 . For an elementary tensor c ® d € A ® A°?, we have
(¢ ® d)u = é([chsy] @ [brid))f = c.u.d.

By taking limit, it’s easy to see that the above equality holds for u € A® A as well. Now

take s = a([as4] ® [br,]) 5 € A ® A°. Then we have
su = alasuby)B  (u € AQAP).

In particular the above equality holds for k € KN(A® A°) and u € K (where K = ker 7.)

Now we take f € K*. Then

(f, ku) = (f, afas.u.bg ] 5)

= a fpq([asu.byi])B

Let h € (K**). Then by Goldstein’s Theorem, there is a net (h;) C K, such that wk™ —

We define the bounded map ¢ : K** — K** by
w(h) = Oé[ClS’t.h.bk’l]ﬂ.
1 is wk™ — wk* continuous since

lm(y(h; — h), f) = lizm A fpq(last.(hi — h).bi])B = 0.

)
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Therefore given u = a([as.] ® [br])f € A ® A, we have
uh = wk* — limuh; = wk* — lim(h;) = ¢¥(h) = afas.h.be)B-

Now we fix € > 0 and take k € K, h € K**. From Lemma 2.12, there exists an element
s = spr € K such that s = a([ass] ® [bry])8 € A ® A% such that ||k — s|| < e,

|kh — sh|| < e. So we have

[kh — kIl < [lsh = s[l + lls = K[| + [[sh — kAl

< ||sh — s|| + 2e¢ (1)
Since 7(s) = afas b | = 0 and ||7**(hs)|| = ||7**(hs — hk)|| < €, we have

[sh — s|| = llafash-bi] 8 — allasd] @ [bea]) Bl
= [Jafassh.brg] B — alh.agbrg] B + [l @ agbei) B — af(asy @ 1).0g B
< |laf(ase.h — hasy + 1 ® asy — ase @ 1).04 5|
< [lafll[[ass-h = hase +1 @ ase — ase @ [[[[[ox]]] 8]
< Nlallllbrd 1Bl sup{||[ase.he — hoasy + 1 ® agy — a5 @ ||, : [as4] € (My(A))1,p > 1}

< (sl + €) sup{[[{ase-h = hasy + 1@ asy — asy @ llp : [ase] € (Mp(A))1,p > 13, (2)

where (M, (A)); denotes the unit ball of 1/,(A). We define the completely bounded deriva-

tion D : A — K** by

Da)=a®1l—-1®a (acA).
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Since A is uniformly operator approximately amenable, there is a net (¢;);c; C K** such

that lim; ||ads, — D|| = 0. Therefore there is i, € I such for i > i,

llas-¢i = diasy +1®@as; —as, @ Ullp <€, ([as] € (Mp(A))1,p = 1) (3)

Then for ¢ > i3 we have

[ki — k|| < [|sdi — s| 4 2¢ (from (1).)
< (|Isl| + €) sup{||[ass-¢i — Pi-tsr + 1 ® a5y — a5y @ 1|, : [a5e] € (Mp(A))1,p > 1}
+ 2 (from(2))
< (K]l + 2€)e + 2¢ (from (3))

= ||kl + 2€* + 2e.

Let h € K**. There is a net (h;) C K, bounded by |||, such that wk* — lim; h; = h.

Then since h¢; — h = wk* — lim; h;¢; — h;, from the preceding inequality we have

[hgi = Rl < [[h]le + O(e),

where lim,_,o+ O(e) = 0.

Therefore by choosing e small enough, we can find ¢ € I such that

lh¢i = hll <1 (h € (K™)1).

So the map A : K** — K*™* by A(h) = h¢;, is invertible. Thus A is onto and hence there
is r € K** such that r¢; = ¢;. So for every h € K**, we obtain (hr — h)¢; = 0 and hence
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by injectivity of )\, we have that
hr =r (h e K*).

So K** has a right identity and hence ker(7) has a bounded right approximate identity.
Therefore from Theorem 2.10, A is operator amenable.

The converse is clearly true. [

A similar proof shows that uniform operator approximate contractibility is equivalent to

operator contractiblity.

Definition 2.14. Suppose that A is a completely contractive Banach algebra. The net

(u;) C (ARA)*™ is called a uniform operator approximate virtual diagonal if

lim[as¢].w; — u;.Jass) =0,

lim an™(u;) = a,
7

.Where the first convergence is uniform on (M, (A))1,n > 1 and the second convergence

is uniform for a € (A);.

Lemma 2.15. Suppose that A is a completely contractive Banach algebra and X is an
operator A-bimodule. Let D : A — X* be a completely bounded derivation . For every

v € X, we define the map F,, € (AQA)* by
(Fp,a®b) = (a.D(b),z) (a,be A).
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Then the map ¢ : X — (A®A)*, specified by
plr) =F  (reX),
is completely bounded.
Proof. Consider the map v : A®A — X* specified by
Y(a®b) = D(a).b (a,be A).

Let u = a([a;;] @ [bpy])f € M, (A ® A), where o € M, 0, [ai;] € My(A),[bry] €

M,(A), B € M, ,,. For [z,,] € (M,(X))1, we have

(Wpg([ais] @ [bra]), [754])) = ({[D(ai ) -brilpgs [Ts.4]))
= [(D(ai;); k1 Tst) | pgn
= ((Dp([ai]); [brp-Ts t]gn))-

Since M, (X*) = CB(X,M,,), we have

1Wpq ([ai5] @ [bra]), (25 ]| = 1CCDp( [ 1), [brg-Zs, el gn) |
< [1Dp(lai DIk -5, lgn
< ClIDleoll[@s sl [or]llgl[[25,e] [}

where C' is the completely bounded norm of the action of A on X.

Therefore again by identifying M,,(X*) with CB(X,M,,), we have

[¥pq([ai5] @ [Ori))llpg < ClDeoll @i ]lol O]l

33



Hence

[pg (W)l = [140pg(a[ai ] @ [bs,]) Al
= [labpq(laiz] @ [bs: )6
< [la[[f[4pq([as ] @ [bs DA

< O DleolexlI1Ias i1 lp Hoxa]llq 18]

Therefore by definition of the norm ||.||,, we have that

[on ()l < ClIDNepllull - (u € My(ARA),n = 1).

Hence v is completely bounded and ||| < C|| D] c-
If we define ¢ : A®A — X*, by ¢(a ® b) = a.D(b), then ¢ = D o m — 1, and hence ¢
is also completely bounded.

Now for [z; ;] € M,,(X) and [ug;] € M,,(A®A) we have

({on([zig), lunal)) = ([Fe, ], [ura]))
= ({[zi ], onllura))))
< sl ll@lnlTn a1l

< Mz slllnllAllcoll [n] |-

Therefore ||¢||, < ||¢||w for all n > 1 and hence ||¢||a < ||¢||e Which completes the

proof. 0
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Suppose that X is an operator Banach A-bimodule. Consider the bi-linear mapping p :

A x X — X defined by
pla,z) =ax (a€ A xeX).
We define p** : A* x X** — X** by

(p™(4,2), F) = (a,p" (&, F)) (ae A" i€ X" FeX").
(p*(i,F),a) = <i,p(F, a)> (a S A)

<p(F, a)’x> = <F,p(a,x)> (l’ € X)

From the argument in [14], we have that

p*(a,z) = wk* — lim —wk* — lién plan, zs),

where (a,) C A, (x3) C X are such that wk™ — lim, a, = & and wk* — limg xs = %.
Also the map p*™* turns X ** into a left A**— module where A** has the first Arens product.
If O denotes the first Arens product on A**, then we have (for convenience we denote the

action of p** and p* by .)

(a.(b.%), F) = (i, (b.&).F)

= lim((b.%).F, aa)

[0}

= lim(b.%, F.a,) =

[0}

= limalién(i.F.aa, bs)
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= lim héﬂ(:ié.F, anbg).

[0}

On the other hand if for b, the net (bg) C A is such that wk* — limg bg = b, then

((aob).&, F) = (aob, &.F)

= lim lign(i.F, anbs).

07

Therefore

(aob).7 = a.(b.i).

Also it’s easy to see that ||p™*|| < ||p|]| - So by the definition above X** will be a left
A**-module.

Indeed, in following Lemma, we will prove that the left action of A** on X**, defined
above turns X** into an operator left A**-module.
In the following Lemma, p denotes the action of A on X which is represented by ”.” for

convenience.

Lemma 2.16. Suppose that A is a completely contractive Banach algebra . Consider X**
as a left A-module as in the discussion above. Then the mapping ¢ : A*QX* — X**,
specified by

(6 ® %) =i, (i€ A™ ieX™),

is completely bounded.
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Proof. Let [ ;] € M,(A™), [Zr,] € Mg(X™*), [fs:] € Mpg(X*). Then we have

(pg([dis] @ [Zxa]), [fsr])) = (G- Thilpg, [foi])) = (aijls [Fri-folpgz)) (%)

and for every [ay, ] € M,;2(A), we have

(@ Lol lans])) = (K@il fsp-ane]))-

Let C' = ||p||c- So we get

[{([Zx0-fs.tls [an I = 1KKEna]s [fop-ane D < Cll &R gl[fs )l pall[@n ][ g2
and therefore
1@k fstlllpaz < CllEallall[fse]llpg (k).

Hence

1{(&pq([di] @ [Exa]); [Fsal) | = [{C[dis], [Eni-fstlp2)) | (From (%))
< i ) lp Nl (20 o] g
< Clllaas]llplll[Zxallgl [fselllpg  (From (sx)),
and so
[0pg([is] @ [Eea])llpg < Clllllasslllpllll[Erally — Gexox).
Let v = a(fii;] ® [ir])B € My(A™ ® X*), where o € M, . [ii,] € M,(A™),
i) € M,(X*), B € M,,,,. Then we have
600} = llabyalfii) © [ix.]) 81
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< lladillo(as] @ [Ex)llngl1 Al

< Cllaflflfa: ol Tzx ol 8] (From (x * *)),

whence

]

Corollary 2.17. Suppose that A is a completely contractive Banach algebra . Then so is

A** equipped with the first Arens product.

Proof. The result follows from substituting X by A in the preceding Lemma. The way
we defined the action of A** on X** is the same as definition of the first Arens product of

A*, ]

Proposition 2.18. Suppose that A has an operator uniform approximate virtual diagonal.

Then A has a bounded approximate identity.

Proof. We have that lim; a.7**(u;) = a, uniformly on A;. Fix € > 0. Then there is iq such
that for ¢ > 1,

la.7(u;) —all <e (a€ (A)).

Now let @ € (A**); . Then there is a net (a,) C A; such that
a = wk* lim a,,.
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Therefore we have
anm™ (u;) —a = wk™ — lima,. 7" (u;) — aq (x).

Since (a,) C (A)1, if i > 1, for every «, we have ||a,.7"*(u;) — a,|| < €. Therefore from
(*), we have that

laDm™ (u;) — al| < e (1 > ig).
Now we define the mapping ¢; : A*™ — A** by
i(d) = anon™(u;) (4 € A™).

We have that for i > i, ||¢; — Idx

< 1 and therefore ;, is invertible.
Hence ¢;, is onto , and so, there is b € A** such that ¢;, (b) = bOm™ (u;,) = 7 (us, ). So

we have

(aob — a)Om** (us,) = aDT™* (usy) — aDT** (uyy) = 0.
So by injectivity of ¢;,, we have
iob=a (i€ A™).
Therefore A** has a right identity and therefore A has a bounded right approximate identity.

Similarly A has a bounded left approximate identity and hence A has a two-sided bounded

approximate identity. [

Theorem 2.19. A is operator amenable if and only if it has a uniform operator approxio-
mate virtual diagonal.
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Proof. <: Suppose that (u;);c; C (A®A)*™ be a uniform operator approximate virtual
diagonal for A. Suppose that D : A — X* be a competely bounded derivation where X
is a neo-unital operator A-bimodule. We define F,, € (A®A)* by (F,,a®b) = (a.D(b), z).
We define f; € X* by

(fi,x) =(u;, Fy) (reX,iel).
Letn > 1and [a,,] € (M, (A))1 . [21,] € (M(X)):. Then we have
({las]-fi = filasals [enal)) = [(wi, Py s i-aom )]
For any m € A®A we have
(Fug—za,m) = (a.Fy — Fp.a,m) + (7(m).D(a), x),

Take u € (A®A)** and suppose that u = wk* — lim, m,, for some bounded net (m,) C
(A®A). We obtain
(U, Foza) = H(Fop a0, Ma)

= li;n(a.Fgj — Fp.a,mq) + li;n(w(ma).D(a), x)

= (u,a.F, — F,.a) + ligl(D(a),x.W(ma)>.
Therefore we have

(U, Foz—na) = (u,a.F, — Fp.a) + (x.7"(u), D(a)),
and so
(fia—a.fi,x) = (fi,a.x — x.a)
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= <Ui; Fa.x—m.a>
= (u;, a.F, — Fp.a) + (x. 7" (u;), D(a))

= (u;.a — a.u;, Fy) + (.7 (u;), D(a)).
Therefore

({fi-lasd=las - fi; [ora])) = (i-asi—aswl, [Foy [ +{([D(as )], [wr]- 77 (). (1)

From the above argument we get that

{(((ady, = D)n(lase)), [2r])) = ({filasi] = lasi]-fi = Du(lasd]), [2x]))
= (([wi-asy = aspul, [y 1) + ([D(ase)]; [epg] 7 (ui))
— (([D(as)], fex]))  (from (1))

= (([wi-asy = aspwl, [Foy 1)) + ((ID(as)], fog ] m™ () = [zr]). (2)

Take [z, € (M,(X));. We know that A has a bounded approximate identity (Propo-
sition 2.18). Let M be an upper bound for the norm of the bounded approximate identity
of A. Fix € > 0. From Cohen’s Factorization Theorem (by considering M, (X) as Banach
A-bimodule), there is a matrix [y;;] € M,(X) and ¢ € A such that ||[y;]|| < 1+ € and

||le]] < M such that

[211] = [yi]-c.
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From our assumption, there is ¢y € I such that for all 7= > 7, we have

lam™(u;) —al| <€ (a€ Ay)

[ase-wi —wiasl| <€ (lasy] € (Mn(A))1).
So for i > iy and all [z] € (M, (X)), we have

k] 7™ (us) = el = [lTyra]-(en™ (ui) = )]
< [lfrllllem™ (ui) — €|

< M(1+ e)e. (3)

We consider the map ¢ : X — (A®A)*, p(r) = F,. From Lemma 2.15, we know that

¢ is completely bounded. Let K = ||¢||. Therefore for i > i, from (2), (3), we have

I{{(ady, = D)n(lasa)); [zra])) = II{{[wi-asp — aspwi], [Fay 1)) + ({[D(ase)], e 7 (i) = [zra]))
< us-ase = as ], [Fay DD 1D as,)], few ] m™ (wi) = fzw])) |
= [I{{[wi- a5, = as ], pu(zr OO+ KD (@s, )]s [wwa) 7 (ws) = [zra])]
< [lplleoll[ui-ass = aspwlln + [ Dllepl[[zn] 7™ (ws) = [2x]lln

< Ke+ [[D]|M (1 +e)e (= O(e)),

where lim, o+ O(¢) = 0. Since iy was independent of [as;] € (M),(A))1, [zx] €

(M, (X)) and is also independent of n > 1, we can find a subnet (f,) C (f;), such that

lig[n ladys, — Dl = 0.
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Therefore A is operator uniformly approximately amenable and hence is operator amenable
from Theorem 2.13.

The converse is clear since if A is operator amenable, then A has a virtual diagonal. 0

Definition 2.20. We say that the net (my)aca C AR A is an operator uniform approximate

diagonal for A if

lim[a; j|.mo — mq.a; ;] =0 (uniformly on (M, (A));,n > 1)

lim m(mg)a = a, (uniformly on (A)).

Note that from the fact that lim,, 7(m,)a = a, uniformly on A;, using similar techniges
as in proposition 2.18, it can be shown that A will have a left identity. It can be seen from
the definition of an operator uniform approximate diagonal and the definition of operator
projective tensor product, that if (m,,) is an operator uniform approximate diagonal for A,

we can assume without loss of generality that (m)) C A® A .

Theorem 2.21. Suppose that A has a uniform operator approximate diagonal . Then A is

operator contractible.

Proof. Suppose that F is left identity of A and (m,,)aex is a uniform operator approximate
diagonal for A. Without loss of generality we can assume that (m,) C A ® A. Suppose
that D : A — X is a completely bounded derivation where X is a neo-unital operator

A-bimodule. For f € X*, we define F; € (A®A)* by (Fy,a®b) = (f,a.D(b)).
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We define z, € X by
<£Ua,f>:<Ff7ma> (fEX*7OZ€A)

(This is possible since (A*, wk*)* = A.)
Using a similar argument as in the proof of the Lemma 2.15, we have that the operator
0 X* — (ARA)*, o(f) = F}, is completely bounded. Let C' = ||¢||a.

Letn > 1and [a;;] € (M,(A))1,[fri] € (M,(A*));. Then we have

((laijl-wa = xa-laigls [fra])) = [(fra-aij — @i fis, Ta))
= [(ka,l-ai,j*ai,jfk,wma)]
= [(ka,l'ai,j - ai,j'ka,nma” + <<7T(moc) ([al ]] [fkl]>>

= <<[ai,j]~ma - ma'[ai,j]a [kaz]>> + ((m(ma). Dy ([a; ]] [fk ). (%)
Let E be the left identity of A and we fix € > 0. There is ay € A such that

@i ] mag — Mmag-laiglll <€ ([aiz] € (Mn(A))1,n > 1),

I(mag) E — E|| < e
Therefore for [a; ;] € (M, (A))1, we have

[(adzo, = D)n(lai DIl = sup{ll((ais]-2ay = Tag-lais] [fead))| = [feal € (Ma(X7))1}
< sup{[|(([ai;]-maq = mag-lais] [Fr D el € (Ma(X7))1 3+
+ sup{|[{((m(1mao & — E)Dn([ai ), [fed) : [fri] € (Mn(X7))1} (from (x))
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< Ce+ ||D|ae.
So we can find a net (z,) C X such that
lim ||ad,, — D||a = 0.

Therefore A is uniformly approximately operator contractible and hence is operator con-

tractible. O]

It is an old open question asking whether every contractible Banach algebra is finite-
dimensional (and it has been confirmed in some cases). Now the equivalent question is
whether there is infinite-dimensional operator contractible completely contractive Banach
algebra.

Here we give the operator space version of Theorem 1.11.

Theorem 2.22. Suppose that A has a central bounded approximate identity. Then A is

operator approximately contractible if and only if A has an operator approximate diagonal.

Proof. =: Suppose that A is operator approximately contractible and let (e;);c;, be a cen-
tral bounded approximate identity for A. Let KX = ker(w) and D; : A — K be defined
by

Di(a):ae,-@)ei—ei@eia (CLGA,iEI)).

Since D; is an inner derivation into /, it is completely bounded and hence will be approx-
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imately inner. So there is a net ((n(;)) C K such that
h(H)l CL.CQ(,;) — (a(z-).a = Dz(a) (CL € A)
We fix € > 0 and let F' be a finite subset of A. Then there exist ¢z, € I such that

I7(eir, ® ein)a—al <c (€ F).

Also we can find (. € K such that

|a.Cre—Cre.a—aei, ®ei, e, e, all = |alre—Crea—Di, (a)]| <€ (a€F).

Now let {r e = €i),, ® €., — (Fe. Fora € F, we have

|a.{re — Epeal = ||Cre-a — a.Cre — (aiy,, ) @ €ip, + €ip, @ (€4 0)

< €,

and

Im(€re)a = a|| = [In(eir, @ e )a =

< €.

Therefore we can find a net (r.) C A®A such that

lima.§pe — Epe.a =0,

limn(ép)a=a (a€A).
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<: Conversely suppose that the net (m,) C A®A be an approximate diagonal for A and
let D be a completely bounded derivation from A# into a neo-unital operator A% -bimodule

X. We define z,, as in Theorem 2.21 by
(Ta, [) = (Fr,ma)  (f € X, a€A),
where
<Ffaa®b> = <faa'D(b)>
Using similar argument as in the Theorem 2.21, for f € X* and a € A, we have

(a.xq — To.a, f) = (f.a—a.f,x,)

= (Ff,a.mq — mg.a) + (7(my).D(a), f).
Since X is neo-unital, we have that lim 7(m,,).D(a) = D(a). Therefore
[(a-2o = 2a-a = D(a), )] < |[Dleslla-ma — ma-all[lf]| + [|7(ma).D(a) = D(a)[[||f]-

Therfore

lima.z, —xq.a—D(a)=0 (a€A),

whence A is operator approximately contractible.

]

Definition 2.23. Suppose that V' is a complete operator space and W' is a closed subspace
of V. Then we say that W' is completely complemented in V' if there is a completely bounded
projection P from V onto W.
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The following proposition has been shown for two-sided ideals is [31, Cor. 4]. Here we

state and prove the following result for left (right) ideals from a different method.

Proposition 2.24. Suppose that I is a completely boundedly complemented left (right) ideal
in an operator amenable Banach algebra. Then I has a bounded right (left) approximate

identity.

Proof. Let P : A — 1 be a completely bounded projection onto /. We define ¢ :

A A— Iby

pla(lai;]@br])B) = alai; P(br)]B (0 € Mg, [aij] € My(A), [bri] € My(A), B € Mpg1)-

‘We have

lp(alai,] @ [br) ) < el e ;]I 112 Or0]ll4l1 B

< [P lleollevl s lp 1 beal o181

Therefore ¢ is continuous with respect to ||.|| » and hence it can be extended to a continuous
linear operator from A®A into /. (Indeed it is onto by Cohen’s factorization Theorem.)

It is also easy to see that ¢ is a left A-module morphism. For a € I, we have

o((a([aiz] @ [bri])B)a) = (a(lai;] @ [bria])B)
= ala; ;P(bya)|8

= a[ai,jbk,la]ﬁ
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= 7(a([ai;] @ [bei])B)a.
Therefore
o(m.a) =m(m)a (m € A®A,a € I).

Let (my) C A®A be a bounded approximate diagonal for A and we define ey := ¢(m,).

For a € I, we get

hin aey = hin ap(my)
= lim p(am,)
= lim p(mya)
= li/{n m(my)a

= a.
Hence (e, ) forms a bounded right approximate identity for /. [
The following result is contained in Cor. 6.2 of [8]. Here we give a different proof.

Theorem 2.25. Suppose that G is a locally compact group. Then A(G)*™* is operator

amenable if and only if G is finite.

Proof. Firstif A(G)** is operator amenable, it has a two-sided bounded approximate iden-
tity say (u,). It is easy to show that then A(G) will have a bounded approximate identity

say (e;) . Welet E = wk* — lim; e;. Then E is a right identity for A(G)** with respect to
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the first Arens product. For every I’ € A(G)**, we have
EOF =limu,0F0F = limu,0F = F.

So A(G)**(= V. N(G)*) has an identity and therefore GG is compact [24, Theorem 3.2]. We
are going to show that G is also discrete. Then it has to be finite.

Let e be the identity of group G. From the argument in page 168 of [22], there is a state

n € VN(G)*(= A(G)*) such that

fn=fleyn (f € AG)),

Therefore for any state r € VN (G)*, we have rOn = n. So [,, defined by [,, := nOA(G)**
is a two-sided ideal in A(G)**. Also the projection P : A(G)** — I, , defined by P(f) =
nOf (f € A(G)*) is completely bounded.(Since A(G)* is a completely contractive

Banach algebra.) Therefore I,, has a bounded approximate identity say (e;). Let m €

V N(G)* be any topological invarient mean. Then we have m = nOm € I, and therefore
m = limmQde; = lime;.

Hence V' N(G) has only a unique invarient mean and therefore from [25, Corollary 4.11]
G is discrete.

The converse is trivial. L]
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2.3 On the perturbation problem for the operator amenable completely contractive

Banach algebras

The perturbation problem first appeared in [20], where Johnson proved that for any amenable
Banach algebra, there is an € > 0 such that defining a new product on the algebra which
norm difference is less that € with the original product, will not affect the amenability. Our
goal is to give operator space version of [20, Theorem 6.2] with a different approach.
Suppose that A is a completely contractive Banach algebra with respect to the product
7. We can consider the product 7 as a completely bounded map from AQ A to A with
|7|lee < 1. The more general version of the following Lemma is in [17]. Here we state the

version that we are going to use in the following theorem.

Lemma 2.26. Suppose that X and Y are Banach spaces and'T' : X — Y is a bounded
operator onto Y such that there is K > 0 such that for every y € Y there is x € X such
that ||z|| < K||y|| and T(x) = y. Suppose that S : X — Y is another bounded operator.
Let§ = ||S—=T)||. If K§ < 1, then S is also onto and for everyy € Y, there is x € X such

that ||z]| < 5yl and S(z) = y.

Proof. Take y € Y. By assumption there is zy € X such that ||z¢| < K||y|| and T'(z¢) =
y. So we have ||y|| < ||S(zo)]| + 0||xo]|- Let yo = y and y1 = yo — S(xo). We have
lyill = (T = S)(z0)]| < d||zol|- By the argument above, we can find z; € X such that

|z1]] < K6||lxo|| and T'(x1) = y;. Fori > 1, we define the sequence v;; = y; — S(z;) and
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Tit1 € X such that ||.Z'H_1” S KHyH-lH’ T($i+1) = Yi+1- So we have
lzisall < Kllgiall = KT = S) ()] < K16 ao|| < K26 y]|. Therefore we
have

ly = ZizoS (@)l = llynsall < K"0"lzo]| < Ko™yl
Let z = Y72 ,2;. Then we have

K
1- Ko

ol < B2 K10 Iyl = lyll,
and S(z) = y. N

Suppose that X is a Banach space and Y and Z are two closed subspaces of X. The

Hausdorff distance between Y and Z denoted by d(Y, Z) is defined by

d(Y, Z) = max{sup{d(y, Z2) : ||yl < 1},sup{d(Y, 2) : ||z]| < 1}}.

Lemma 2.27. Let Y and Z be closed subspaces of a Banach space X. Suppose that there
is a projection P of Xonto Y with |P|| < d(Y,Z)~! — 1. Then P maps Z one-to-one onto

Y and the inverse o of P|y satisfies (d = d(Y, Z))

lodl < (1 +d)(A = [1Pfld)~"

lacy) =yl < (A + )@ = [[PId) = D]yl

1P(2) = z[| < d(1 +[[PD][]]-

Proof. See [20, Lemma 5.2]. O
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Lemma 2.28. Suppose that A is a completely contractive Banach algebra with respect to
both multiplications 7 and p. Suppose that || — p||s = 0. Then A* is also a completely
contractive Banach algebra with the multiplications induced by T and p and we have |77 —

Pl < 6.

Proof. Let v € M, g, V' = [0 B Ni j] € Mp(A) , W' = [wyy B (i) € My(A), B € My,

where \; ;, (x; € C. Welet v = [v; ;] € M,(A) and w = [wy,] € M,(A). We have that

(77 = pF)n(a((v @ w')B) = T = p)pg(v @ w)B
Therefore

I7# = %[l < llm = plleo (n=1).

Hence

7% = p# |l < |7 = plleb-
O

Suppose that A is an operator amenable completely contractive Banach algebra. From
Theorem 1.28, A has an operator bounded approximate diagonal. We say that A is C-
operator amenable if it has an operator bounded approximate diagonal bounded by C'. We

define the operator amenability constant of A denoted by C'4 by

Cy=inf{C >0: A is C' — operator amenable}.
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Theorem 2.29. Suppose that A is an operator amenable completely contractive Banach
algebra with the multiplication  and operator amenability constant C. Suppose that (A, p)

is also a completely contractive Banach algebra such that § = ||p — || satisfies 6 < %

and 6 < m. Then (A, p) is operator amenable.

Proof. From the preceding Lemma and using the fact that operator amenability of A is
equivalent to operator amenability of A% without loss of generality we can assume that
A is unital with the same unit for both multiplications 7 and p. First we assume that
(A, ) is an operator amenable completely contractive Banach algebra. Consider the map
7 (AR AP)*™ — A*™. For i € A™ , there is a net (a;) C A such that ||a;|| < ||d|| and
wk* — lim; a; = @ . Therefore if M € (A®A)** is a wk* accumulation point of the net

(a; ® 1);, we have
(M) = wk* —lim7(a; ® 1) = wk* — lima; = d.

So for any G € A**, there is an M € (A®A°P)** such that 7**(M) = d and | M|| < ||a]|.
If § < 1, from Lemma 2.26, we have that for any F' € ker(7**), there isa H € (A®A%)**

such that p**(H) = p**(F') and
VH] < — ()] = ——[lo™(F) — 7 (F)| < ——|IF|
=15 1 T =1k
Since H — F € ker(p**) and ||F — (F — H)|| = ||H|| < &||F|| , we have

sup{d(F,ker(p*™)) : F' € (ker(m™),} < 1;i5
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Similarly
sup{d(H, ker(7*)) : H € (ker(p™),1} < %
Hence d := d(ker(n**), ker(p™)) < 1.
We specify the operator P : A®QA? — Aby Pla®b) = a®b—1® ab. It can be
easily seen that P is a projection onto ker 7. Therefore P** : (A®A)** — ker(7**) is a

projection onto ker(7**) with norm at most 2. So if § < 1, we have

1
Pl<2<(—)'t—-1<at-1
IPl€2<(775) " —1<d™ -1,

and then from Lemma 2.27, P maps ker(p**) onto ker(7**) and its restriction to ker(p**)

is invertible . If ¢ : ker(7**) — ker(p**) satisfies the properties

I8l < (1 —38)7",
IF = o(F)|| < 30(1 = 30) || FI| (F € ker(n)),

| — P(H)|| < 36(1—0) || H|| (H € ker(p™)).

We indicate the multiplications induced by 7 by index 7m and we use the index p for the
multiplications induced by p.
Fix € > O and let [a; ;] € M,,(A) and letv = a([b]®[cs4]) 5 € AR A%, where o € M,

[brg] € My(A), [csy] € My(A%), B € M1 such that

€

[olla < el oxlllplTesdllqll 51 + Talls
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We have
@i j]-rv = [ail-pvlln = [[(a @ Ln)([aijxbri — @ijpbril ), w0 @ [Cs]) (Ln @ B)lln
<lla @ L|ll[(m = p)ap([ai;] @ [bra) I[es [ 1 © B

< llallliw = plleoll (@] lInllTox]lloll [es. 1o 151

< las]llallvllad + €.
Since € > (0 was arbitrary, for m € AR AP, we have
i j-pm = @i jmm]lln < 6l[ai]llnllmlla,
and similarly
[m-pai ; — mraillln < Ollai ]l [[m]A-
Now we define D : A — ker(7**) by

Da)=a®1l—-1®a (a€A).
D is a completely bounded derivation and hence by operator amenability of (A, 7), there
exists ¢ € ker(7**) such that

D(a) =a.,(—C(ra (a€A).

Let M’ and M" be the implementation constants of A and A¥ respectively defined in [10]
section 5. As seen in [10], we have M’ < C and from [10, Lemma 5.1 ], we can choose

the above ( such that

¢l < M”|D]| < (30’ +2)[[ D] < (3C +2)||D]| < 6C + 4.
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Let v := ¢(¢). We have

[@ij]-py = [ais]xClln < Maijl oy — [@igloClln + llais]-o¢ — [ai]-#Clln
< Maiglllnlly = €I+ a1l 1<l

= [lai;llnll¥(C) — €Il + dllfas]lnlIC]]

< oMzl (1 + ). (1)

Similarly

Folasslp = Geloaallle < Sllacalll IS0 + =), )

Therefore from (1) and (2), we obtain

aijpy = 7ptij — iy @1+ 1@ aijllln = @i o7 — V-p0ij — @ijnC + (xijlln
< aijl- o7 = [aiz]-=Clln + 17-plaig] — Crxlai]lln
<@+ —2ollaslllc] 3)
— a/l. . n .
- 1—38 7

We fix € > 0 and we let k = k; + ko € ker(p) where k1 = a([a; ;] ® [bg,])0 and ky, ko €

ker(p) and || k2|| < e. Then

1k.py = kIl < krpy =+ 1| + [[k2.p7 — o
< lla(lai-p7-bia)) B — a(y-plai;pbii]) B
— af(ai; ®1).pb2] B + (1 @ ai)-pbe Bl + e(llvl + 1) (a([aipbri]) B = p(k1) = 0)
< llalllffaijpy = 7-pai; — ai; @ 1+ L& a ]| [|[bx ][ | 1] + €(llv ]| + 1)
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< (2+

. _635)5H[ai,j]llIICHHa||||[bk,z]|!||5|! +e(lyll+1) (from (3))

<02+

T35 1IN+ OCe), (4)

where lim,_,o+ O(¢) = 0. Let R € ker,". Then there is a net (k;) C ker(p) such that

wk* — lim k; = R and ||k;|| < ||R|| . So using (4) we have

6
1RO,y = Bl < (24 1—55)0 Gl (5)

Therefore if 6 < ( L we have

6C+4).(2+1555)°

6
(2+ 1_—35)5||C|| < 1.

We define the map A : ker(p™*) — ker(p™) by A(R) = RO,y. Form (5), we know

< (2 + 2%5)0]|<]|. Therefore when § < m, we have that

|A = Idxer(o=+)|| < 1 and therefore A will be invertible. Since A is onto , there exists an

E € ker(p**) such that EO,y = . So for every K € ker(p**) we have
AMK) = (KoFE - K)o,y= Ko,y - Ko,E0,y = KO,y — KO,y =0.
Therefore ker(p**) has a right identity and hence (A, p) is operator amenable. O

Corollary 2.30. Let G be an amenable locally compact group and denote the point-wise
multiplication of A(G) by ©. Suppose that A(G) is equipped with a completely contractive

multiplication p such that ||p — || < g5. Then (A(G), p) is also operator amenable.
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Proof. As seen in [28] , when G is amenable, A(G) has an operator contractive approx-

imate diagonal say (m,). Therefore the operator amenability constant is C' < 1 and if

1

30 We have that

0=llp—=7lle <

6

O(4C +6)(2 + T

) < L.

and hence the result follows form the last argument in Theorem 2.29. [l

2.4 On the weak amenability of the tensor product of the Banach algebras

For a Banach algebra A we define A% := span{aiay : ai,a; € A}. We have this well-

known Lemma.

Lemma 2.31. Suppose that A is weakly amenable Banach algebra . Then A? is dense in

A.
Lemma 2.32. Suppose that A @ B is weakly amenable. Then A2 = A and B? = B.

Proof. From Lemma 2.31, we know that (A ®7 B)? is dense in A ®” B . Now suppose
that B2 # B . Thereis a A € B* such that A\(B?) = 0 and \(by) = 1 for some by € B. Let

f € A* be any non-zero continuous functional. Then we have f ® A € (A®B)* and
<f &® >\, a1a9 & b1b2> = <f, CL16L2><>\, b1b2> =0 (Cll, ay € A, bl, bg c B)
Therefore f @ A = 0on A ®" B and so

(fRXa®by) = (f,a)(A\by) =0 (a€A.
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Hence from our assumption on \, we have
(f,a)=0 (a€A).

This is a contradiction to the choice of f € A*. Therefore B2 = B and similarly A2 =

A. O

In what follows , for a Banach algebra B we define
Zg(B*)={feB": fb=0b.f (be B)}.

Theorem 2.33. Supose that A @ B is weakly amenable and that Zg(B*) # {0}. Then A

is weakly amenable.

Proof. Suppose that A € Zg(B*) is a non-zero functional and D : A — A* is a continu-

ous derivation. Then we define D : A ®" B — (A ® B)* defined by

D(a®b)=D(a)®Ab (a € Abe B).

Now we show that D is indeed a derivation . For a; € A,b; € B,i = 1,2, 3 we have

(D(a1az ® bibo), az ® bs) = (D(a1az), as)(\.bibs, bs)
= <D<a1).a2 + (1,1.D<Cl2), CL3><)\, b1b2b3>

= (D(ay), asaz) (A, bybobs) + (D(ay), azaq) (X, bybabs).
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On the other hand

<D(CL1 (29 bl).(a2 X bg) + (a1 X bl).D(ag X bQ), as X b3> =
= <D(6L1 ® by), azas & babs) + <[7(a2 ® ba), aza; ® bsby)

= <D<CL1), CLQCL3><)\, blbgb;g) + <D(CL2), CL36L1><>\, bgng)l).
Now since A.b; = b;.A, we have that (A, b1bobs) = (\, bybsby). Therefore
D(a1a2 (24 blb2> = (CLl X bl).D(CLQ X bg) + .D(Cll X bl).<a2 X bg)

and then by continuity of D we can easily see that D is a derivation from A ® B into

(A ®Y B)*. Therefore there exists a ¢ € (A ®" B)* such that

Da®b)=(a®b).¢p —¢.(a®b) (a€ Abe B). (x)

From Lemma 2.32, and the fact that A € Zg(B*) and \ # 0, there is a by € B such that

A(B2) = 1; for otherwise we will have \| g2 = 0. For b = by from (*) we have
D(a) @ \bg = (a®bg).0 — ¢.(a@by) (a € A) (kx).
We define a mapping 7" : (A ®” B)* — A* by
(T(w),a) = (b,a®bo) (a € A).
By applying 7" on both sides of (xx) , we will get for x € A,

<T(D((Z) X /\.bo), .T> = <D(a) ® )\.bg, T b0>
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On the other hand

(T((a®bo)-6 — ¢.(a®bo)),x) = (¢, (za — ax) @ bg) (z,a € A),

and therefore

(D(a),z) = (¢, (ra — ax) @ b3) (a,z € A).
So by letting f € A*, (f,x) = (¢, 2 ® bZ), we have
(D(a),z) = (f,ax — xa)
= (f.a—a.f, ).
Hence D = ady which completes the proof and shows that A is weakly amenable. 0

The question is under what conditions on an algebra B can one gaurantee that Z(B*) #
{0}? If B is a commutative Banach algebra or if B has a non-zero character it is trivialy
true. But are there other examples of Banach algebras B for which this result holds? We

now give one such sufficient condition.

Theorem 2.34. Suppose that A is (operator) symmetrically amenable and suppose that

there exists an element a € A such that a ¢ Lin{aag—aga : ag € A}. Then Z,(A*) # {0}.
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Proof. Since A is (operator) amenable, we have that the short exact sequence

T

"0 — A" 5 (ARA)* -5 K* — 0,

of A-bimodules splits. Therefore there exists a left inverse of 7* denoted by { which is also
an A-module morphism. Fix an f € A* . We claim that ¢*(7*(f)) € Za((A®A)*), where
q: A®A — A®A is the flip mapping, specified by g(a ®b) = b®a, (a,b € A). To see

this we have
(d-q(7*(f)),b®c) = (7"(f), cd ® b)
= (f, cdb).

On the other hand

{a(7*(f))-d;b© ) = (7" (f), c © db)

= (f, cdb).

Let ¢ := ((¢*(7*(f))) € A*. Forevery a € A, considering the fact that ( is an A-module

morphism, we have

a.¢r = a.C(¢"(7"(f))) = ¢(a.¢"(7"(f))) = ¢(¢" (7" (f))-a) = C(¢"(7*(f))).a = ¢5.a.

Thus for every f € A* we have that ¢y € Z4(A*). Now we complete the proof by showing
that Z4(A*) is non-trivial. As shown by Curtis and Loy in [4], the mapping ( may be
defined by

(C(N),a) = (M, \.a), (a€ A\€E(ADA)Y),
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where M € (A®A)*™ is a virtual diagonal of A. Now assume that Z4(A*) = {0}. Then

for every f € A* we have that ¢y = 0. Therefore for every a € A, f € A",

0= (¢r,a) = (M,q"(7"(f)).a)
= (a.M,q"(7"(f)))
= (m"(¢"(a.M)), f)
= (7" (a.M), f).
Hence
7 (a.M) =0 (a€A).
Let a € A be such that a ¢ Lin{aag — apa : ag € A}. Then there exists an f € A* such
that f(a) = 1 and
flaag) = f(apa) (ap € A).
Also let (m;) C A®A be a symmetric approximate diagonal for A such that M = wk* —
lim; m;. For each i, we assume that m; = 3, b} ® c}. Therefore we have
0= (n""(a.M), f) = lizm<f, 7°(a.m;))
lilm<f, Z chabl)
k
= lilm<f, a Z cibh)
k
= lim(f, am®(m))
= lizm< f,am(my;)) (Since m; is symmetric)
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= (.7 (M), f)

= (fa).
But the above conclusion is a contradiction to our assumption that (f,a) = 1. Therefore
Za(A7) # {0} O

Corollary 2.35. Suppose that AR B is weakly amenable and B is symmetrically amenable

and there is b € B such that b ¢ Lin{bby — bob : by € B}. Then A is weakly amenable.

Proof. Theorem 2.34 implies that Z5(B*) # {0} and therefore from Theorem 2.33, A is

weakl y amenable. 0

2.5 On the generalized notions of amenability for the tensor product of Banach al-

gebras and completely contractive Banach algebras

In [9], F. Ghahramani and R. J. Loy proved that if A ®” B is amenable then are so A and
B. We will consider same question for the generalized notions of amenability as well as

operator amenability.

Theorem 2.36. Suppose that A Q7 AP is boundedly approximately amenable and that
A has a two-sided bounded approximate identity. Then A is boundedly approximately

amenable.

Proof. The short exact sequence: ¥ : 0 — A* AN (A ®Y AP)* £y K* —» Ois an
addmissible short exact sequence of right A ®7 A°’-modules. Since A ®7 AP is approx-
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imately amenable, from [27, Theorem 3.3], > boundedly approximately splits. Therefore
there exists a net ()\;); : K* — (A ®” A°?)* of right inverses of :* and a constant M > 0
such that

hmu)\l—)\lu:() (U € 14(8’y AOp),
luds — Motl| < MJu||  (ue AgY A%P).

Suppose that £ = wk* — lime, ® e,. We let ¢; = A (E). Our goal is to show that
¢; is a right approximate identity for K** = (ker 7)**, where 7 : AQA®? — A is the
multiplication map.

Let kK € K. We have :

(k-¢i>f> = (k-¢z’-f>
= (N (E), [.k)
= (B, \i(f.k)).

On the other hand we have :

(E,Ni(f)-k) =Hm(N\(f) .k, eq ® eq)
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Since lim; A;(f.k) — Ai(f).k = 0 independent of f, we have
limk.g; =k (k€ K),

where the limit is taken in the norm topology. Also it is easy to verify that || k¢;|| < M||k||.

Therefore from [12, Theorem 5.10] , A is boundedly approximately amenable. U

Theorem 2.37. Suppose that A Q7 B is approximately amenable and there are elements
by, co, dy € B such that bycy = co and doby = dy , docg # 0. Then A is approximately

amenable.

Proof. Since dycy # 0, there is n € B* such that (n, dycy) = 1. We specify ¢ : (B ®”

B)* —s (B®" B)* by
(9(9),b®@c)=(g,c®b) (byc€ B,ge (B’ B)),

i.e. let = ¢*, the adjoint of the flip map. Then we claim that ¢(7*(B*)) C Zg((B®"B)*).
We have for d € B,
(d.o(m"(9)),b® c) = (7" (g),cd @ b)
= (g, cdb).
On the other hand
(0(7*(9))-d, b ® c) = (7" (g),c © db)
= (g, cdb).
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Therefore A := ¢(7*(n)) € Zp((B ®” B)*).
Suppose that X is a Banach A-bimodule and Y is a closed submodule of X and f €
ZA(Y™). Since B ®” B is a Banach B-bimodule in standard way, we can define module

actions of A ®” Bon X ® (B ®" B) as follows for :
(a®b).(z®(c®d)) =ax® (be®d),

(r®(c®d)).(a®@b) = 2.0 ® (c® db),

forb,c,d € Band a € A.
Then f @ A € Zsenp((Y ® (B ®Y B))*). Therefore from [27, Theorem 3.11], since

A ®" B is approximately amenable, we can find a net (¢); C (X ® (B ®” B))* such that
limu.—Gu=0 (uveA®"DB), (%)

and (;|lyer(Bevp) = f @ A, for all 4.

Now we define f; € X* by

(fiz) = (G2 @ (co®@dp)) (v €X).
Then using our assumption on ¢, and dy, we have

<a.ﬁ- — fia, x) = (G, x.a® (co @ doby) — a.x ® (bycy @ dy))
= (G, (a®bo).(z ® (co @ dp)) — (¥ ® (co ® dy)).(a @ by))

= (Gi-(a®by) — (a®by).G;, x @ (co @ dy)).
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Since the limit in (*) is norm-limit, we have
lima.fi — fia=0 (a€ A,
andfory € Y,
(firy) = (G, y ® (co ® do))
= (f @Ay ® (co®dp))
= <f7 y></\7 Co & d0>

= (f,y)(n, doco)

= (f, ).

Thus we have a net ( ﬁ) C X* of extensions of f such that forall a € A, lim; a.f;— fi.a = 0.

So we have that A is approximately amenable from [27, Theorem 3.11]. 0

Throughout the remainder of this section all the tensor products are operator space tensor

products, unless otherwise indicated.

Lemma 2.38. Suppose that A is a completely contractive Banach algebra. We define right

and left actions of A on AQA denoted by o as follows

ao(b®c)=b®ac

(b®c)oa=ba®ec,

a,b,c € A. Then AQA is an operator A-bimodule via these actions.
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Proof. A straight forward calculation will show that A® A is an A-bimodule via the actions
o and similar argument as showing that A® A is an operator A-bimodule will show that o

defines an operator bi-module action on A®A. O

Since o turns A®A into an A operator bi-module, we can consider its action on (A®A)*

in the usual way. We still denote this action by o.

Lemma 2.39. Suppose that A is a completely contractive Banach algebra. We let X =

(A®A)*@(A®A) and we define an action of A on X by

a.(feu)=f®au

(f®u).a=f®uua,

f € (A®A)* and u € (A®A) and a.u and u.a are the standard actions of A on AR A.

Then X is an operator A-bimodule and if we let

L:=span{(ao f)@u—f® (uoa): f € (ARA)*,u € ARA,a € A}

and

R:=span{(foa)®u— f® (aou): f € (ADA)*,u € ARA,a € A},

we have that R and L are closed submodules of X .

Proof. First we show that X is an operator A-bimodule. It can be easily checked that X
is an A-bimodule. Due to the way we define the norm of the operator projective tensor
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product of operator spaces, if ! = [z;;] = a(v ® w)B € M,(X) where & € M,,,, ,

v € My((A®A)*) ,w € M,(A®A) and 3 € M,, . Then for [as,] € M,,(A) we have

[#i5-0s,tlnm = (@@ - - ® ) (0@ {(w, [a )G D--- D D).

m m

Therefore

[115-asillnm < {lel[[[0llp]l ((w; [as)) lgm |5l

< [laflflllpllwliqllasdllml Al

Therefore by taking the infimum over all such representations of €2, we see that

lzig-asdll < sl as

which shows that X is an operator A right- module and a similar argument shows it is
an operator left-module. So X is an operator A-bimodule. We show that L is a closed
submodule of X. A similar argument holds for R. For f € (A®A)* and u € A®A we
have

b(aofR®u—f®uoa)=aof®Rbu— f® (bu)oa.

For the right side, we get

(aofRu—fRuoa)b=aofRub— f® (ub)oa.

Therefore L is a closed submodule of X. L]
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Now using Lemmas 2.38, 2.39, we can prove the following characterization of operator
amenability and similar characterizations for the generalized notions of operator amenabil-
ity as well. The Banach space version of the following theorem is due to Lau [23, Theorem

1] although we use different techniques.

Theorem 2.40. Suppose that A is a completely contractive Banach algebra. Then the
followings are equivalent:

(i) A is operator amenable.

(ii) For any operator A bimodule X and Y a closed submodule of X, every f € ZA(Y™)

can be extended to a functional f € Z,(X*).

Proof. (i)=(ii): Suppose that f € Z,(Y*) and f € X* is an extension of f by the Hahn-

Banach theorem. We define derivation D : A — X* by
D(a)=a.f — fa (a€ A).

Obviously D is a completely bounded dertivation into Y+ = (X/Y')* and therefore from

the operator amenability of A, there is ¢ € Y such that
D(a)=a.(—Ca (a€A).

We now define f = f — ¢. It can be easily seen that f |y = f and for all @ € A we have
thata.f — f.a = 0. So f € Z4(X*) satisfies condition (ii).

(ii)=@) We let Q = (A®A)*®@(A®A). From Lemma 2.39, we know that € is an operator
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A-bimodule. Since the operator amenability of A and A# are equivalent, by substituting A
by A#, from now on and knowing the fact that 2 is a unital A#-bimodule, we will have the
same result. So without loss of generality we can assume that A is unital with unit denoted
by 1. Welet Z = span{f @ u : f € ZA((A®A)*),u € (A®A)} and we let Y to be
span{L, R, Z}, where L, R are as defined in Lemma 2.39. So Y is a closed submodule of

Q). Now we define the functional ¢ € Y* by

(0, f@u)=(f,u) (fRUEY)

Then we have that ¢|z = ¢|;, = 0. Given f € Z,(A®A)*, we have

(a.9, f®u) = (¢, f ®u.a)
~ {f,ua)
= (f,a.u)

= (¢.a, f @u).

Therefore ¢ € Z4(Y*). Thus there is an extention é of ¢ to Q* such that ¢ € Z A(27). We

fix ¢, and define an operator T": (AQA)* —s (ARA)* by
(T(f),u) = {6, f@u) (f € (ABA) ue ADA).
From the definition of ¢, we obtain

T(f)=[ (f € Za(ARA)").
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Furtheremore since ¢|;, = ¢|r = 0, we conclude that 7" is a module morphism with respect
to the action o of A on A®A. Also T maps (A®A)* onto Z4((A®A)*). In fact, since

¢ € Z4(0*) , we have

(@.T(f),u) = (¢, f ® w.a)
= (¢, f ® a.u)

= (T(f).a,u).

Now suppose that X is a (unital) operator A-bimodule and D : A — X* is a completely

bounded derivation. For » € X, we specify i, € (A®A)* by
(Haya @ b) = (D(a), z.b)  (a,b € A).
Given a € A, by evaluationg a o y, on elementary tensor b ® ¢, (b,c € A) , we obtain

(@0 ay b @ €) = (t1y, ba @ c)
— (D(ba), c)
— (b.D(a) + D(b).a, zc)
— (D(a), zch) + (D(b), axc)

= (laz, b® c) + (D(a), zch).
Therefore if we specify 1, , € (A®A)* by acting on elemenary tensors as

(Yo, b® ) = (D(a),zcb) (a,b,c € A,x € X),

74



we will get

Ao fly = fog + Vo (a€ Az eX).

On the other hand

(py 0a,b®c) = (g, b ® ac)
= (D(b), zac)

= (flga, bR ).
Now we define A € X* by
Nz)y=T(u),1®1) (zreX).
We have

(Na—aXz)=(T(tra — faz), 1 1)
= (T(ugoa—aop,),1®1)+ (T (Yer),1®1)
= (a0 T(jy) — T(pg) 0 a, 1 ® 1) + (thg, 1 1)

= (T'(pe),a ® 1 —=1®a) + (D(a),z).
Now since T'(p1,) € Z4((A®A)*), we have that (T'(u,),a ® 1 — 1 ® a) = 0. Therefore
D(a) =Xa—aX (a€A),

which completes the proof.
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Lemma 2.41. Suppose that A and B are completely contractive Banach algebras and X
andY are operator A and B bimodules respectively. Then X®Y is an operator (A® B)-

bimodule in a canonical way.

Proof. Let C' and C' be the constants for the modules X and Y such that they fulfill the
completely bounded norm inequalities for the actions of A on X and B on Y, respectively.
For [u;j] = a(v®@ w)B € M,(A®B), where a € M, g, v € M,(A),w € M,(B), €
My, and for [ry;] = d&(6 ® W) € My(X®Y) where & € My, o € My(X), 0 €
My(Y), 3 € My 4, we have that

’

({[uigl; real)) = ((av @ w) 8, &(6 @ w)5))
= ({0, &) ({{v, 9)) ® {{w,0)){(B, B))-

Therefore

(i, g, 7)) i < CCllell[[G 0]l 1515110l 1611411 81111 B
and hence
1{[wis]s o)) s < CCN i) lallsellas

which completes the proof.

O

Lemma 2.42. Suppose that A and B are completely contractive Banach algebras such
that A®B has a bounded approximate identity . Then both A and B have a bounded
approximate identity.
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Proof. Suppose that the net (e;);c; be a bounded approximate identity for A®B and let
e;, = Oéi(’Ui &® wz)ﬁz where «; € Mlypiqi,vi c Mpl(A),wl c Mql(B),ﬁz S Mpith. Let
f € B* be a non-zero functional and by € B such that f(b)) = 1. Then we define a

mapping T : A®B — Aby
T(a(v@w)p) =a(v® f(w)p (o€ My,ve M,(A),we M/(B),B € M.
Then we have for & € M, ,,, v € M,(A), w € My(B), 8 € My,
[Tn(a(v @ w)B)|| = lav @ fo(w))B]
< lellllv @ fo(w)ll[IA]]
= lledlllvllpll fo(w)lqll 5]

< [l flleollwliqll Al
= llallvllp[LHwlqlB1-

Thus by the way we define the operator tensor product norm, we see that ||7,,|| < || f]|
for all n > 1. So T defines a completely bounded mapping. Fix a € A . We have that

lim;(a ® by)e; = a ® by. By applying T" on both sides of this identity we obtain
11}1’1 (l.(Oéi(Ui &® f‘h‘ (bowl))ﬁl) = af(bo) = a.

Thus by letting ¢; := ;i (v; @ fq, (bo.w;))B;, we will obtain a bounded net in A that is also

an approximate identity for A. A symmetric argument shows the result for B. 0
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The Banach algebra version of the following theorem is shown in [9, Theorem 4.9]. Here

we prove the operator space version from a completely new way.

Theorem 2.43. Suppose that A and B are completely contractive Banach algebras such

that AQ B is operator amenable and neither A or B is {0}. Then so are A and B.

Proof. In order to show that A is operator amenable, from Theorem 2.40, it is enough
to show that for any operator A-bimodule X and any closed submodule Y of X, every
functional f € Z4(Y*) can be extended to a functional f € Z4(X*). Since B&B is an
operator B-bimodule in the standard way, from Lemma 2.41 , we have that X®(B®B) is
an operator A B-bimodule in canonical way.

Let ¢ € B* be a non-zero functional. Then as shown in the proof of Theorem 2.37, we

have that the functional yy € (B®B)* specified by
(1o, b® ¢) = (g,¢b)  (b,c € B),
is in Zp((B®B)*). We specify ¢ € (Y®(B&B))* by
(Cy@u) = {fy){no,u) (y€Y,ue B&B).

It can be easily seen ( from the way we define the module action of A®B on Y ®(B®B)
and given that f € Z,(Y*) and p1y € Zp((BRB)*), that ¢ € Z,5((YR(B®B))*). So
from Theorem 2.40, it can be extended to a fuctional ¢ € Z,;((X®(B®B))*). From

Lemma 2.42, B has a bounded approximate identity, say (e, )qca. Therefore from Cohen’s
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factorization Theorem, there exist by, ¢o € B such that (g, cobg) = 1. We define ¢ € X* by

(h,x) = (¢, 2@ (by ® cp)) (z € X).

Therefore we have

(,a.x) = (¢, ar ® (by ® ¢y))
= hgén(qﬁ, a.x ® (eqby ® ¢o))

= li£n<¢.(a®ea),:c® (by ® ¢o)). (1)
In a similar way we will get
(Y, x.a) = ligl((a ® €q).0,2 R (by @ p))- (2)
Therefore from (1) and (2) we obtain :
(a1p —P.a,7) = (¢, 7.0 — a.z)

= lim((a ® €0).¢ — ¢.(a @ €a), 7 @ (b @ o))

=0.

Hence v € Z4(X*) and from the choice of ¢y, by € B, it is easy to see that )y = f. So

the result holds by Theorem 2.40. [

It can be observed that the above also gives a new proof of [9, Theorem 4.9]. Here is a

generalization of the Theorem 2.41
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Theorem 2.44. The following conditions are equivalent for a completely contractive Ba-
nach algebra A.

(i) A is operator approximately amenable.

(ii) For any operator banach A-bimodule X and any closed submodule Y of X, if f €

Zu(Y*), there is a net (f;) C X* of extensions of f such that
lima.f; — fa=0 (a€ A).

Proof. (i)=(ii): Suppose that f € Z,(Y*) and f € X* is an extension of f by the Hahn-

Banach theorem. We define a derivation D : A — X* by
D(a)=a.f — fa (acA).

Obviously D is a completely bounded dertivation into Y & (X/Y)* and therefore from

the operator amenability of A, there is a net (¢;) C Y+ such that
D(a) =lima.¢; — G.a (a € A).

We now define fz = f — (,. It can be easily seen that ﬂ]y = f and for all « € A we have
that lim; a.f; — f.a = 0.
(i1))=(): As in the proof of Theroem 2.40, by keeping the same notations, we can find a

net (¢;)ic; C 0 of extensions of ¢ such that

lima.g; — pa=0 (aeA).
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For each i € I we define T; : (A®A)* — (A®A)* by
(T(f),u) = {di, f @u) (f € (ADA)",u € (ABA)).

We have that
Ti(f)=f (f € Za(A2A)",i € ).
It also can be easily seen that each 7; is a module morphism with respect to the actions o

of A on A®A. Furthermore, fora € A, u € A®A and f € (A®A)*, we have

lim((a.T; = Ty.a)(f), u) = lim{¢;, f ® w.a — f @ a.u)

= <a.¢~>z~ — gEi.a, f®u)

=0,
and since the last limit does not depend on the norm of u anf f, we obtain
lima.T; — Tj.a=0 (a€A).

Now suppose that X is a (unital) operator A-bimodule and D : A — X* is a completely
bounded derivation. For x € X and a € A let p, and v, , be as in the proof of Theorem

2.40. For all 7, we define \; € X* by
Ny o) = (Ti(pe), 1@ 1) (€ X).
We have

<)\Z~.a — CL.)\Z', .CE> = <T‘1(#xa - ,ua.x)a 1® 1>
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= <Tl(ﬂm ca—ao :uw)a I® 1> + <Ti(wa,x)a 1® 1>
= (aoTi(pz) — Ti(ptz) 0@, 1 @ 1) + (Y42, 1 @ 1)
= (T;(ptz),a ® 1 —1®a) + (D(a), )

= ((Ti.a — a.T})(pz), 1 ® 1) + (D(a), x).
Since lim; a.T; — T;.a = 0, we have that

lim(D(a) — (N.a — a.\;), x) = lim((a.T; — T;.a)(pz), 1 @ 1)

K3 (2

= 0.

Since the last limit only depends on the norm of j, (and hence the norm of x) but not x
itself , we get

D(a) =lim Aj.a —a.)\;  (a € A),

which completes the proof.

]

As we saw in the proof of Theorem 2.44, if we had the assumption that wk* — lim; a.¢; —

éi.a = 0, then we would have that

lim{(a.T; — T;.a)(p1z), 1 ® 1) = 0.

7

Thus

lm(D(a) — (N.a —a.)\;),x) =0 (x € X).
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So A is wk* (operator) approximately amenable and therefore is (operator) approximately

amenable .

Theorem 2.45. Suppose that B is a (completely contractive) Banach algebra such that
there exists U € (B&B)** and by € B such that by - U = U - by and ©°**(by - U) # 0.

Then for any (completely contractive) Banach algebra A,(operator)(boundedly) approxi-

mate amenability of AQ B implies that of A.

Proof. Let X be an (operator) A-bimodule and Y a closed submodule of X and take f €
Za(A*). Since 7 (by.U) # 0, there exists g € B* such that (7°**(by.U), g) = 1. Now we

define \ € (B®B)** by
AV) = {="(V),9) (V € (B&B)™).
It can be easily seen that
7 (b.V) = m°**(V.b) (b€ B,V € (B&B)*™.)
Therefore
(b, V) = (m®(V.b), g) = (7°*(b.V), g) = (N, b.V) = (\.b, V).

Thus \ € Zg((B&B)*™*). Also (), by.U) = (7°**(by.U), g) = 1, by the choice of g.
Therefore we have f @ A € Z,55((Y®(B®B)*™)*). So by Theorem 2.43, there is a net
(¢5) C (X®(B®B)*™)* of extensions of f such that

limu.g; — ¢pu=0 (u € (A®B)).
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Now we define a net (¢;) C X* by
(i, @) = (¢3, 2 ® bo.U) (x € X).
Therefore we have
lizm(wl-.a —a., x) = thWi’ a.r — x.a)
= hZID((@, a.x ® by.U) — (¢;, x.a @ U.by) (Since bg.U = U.by)

Since the above limit only depends on the norm of x, we have
lima.y; — ;.a =0 (a € A).

In case of A® B being boundedly approximately amenable , we will have the extra condi-
tion that

[ = gi-ull < Mjull (u € (A®B),

for some constant M > 0. Therefore we have

[-a = a-p]| = sup {[(bi.a — a-ghs, )|}

llzl|<1

= sup {|($:-(a ® by) — (a @ by).¢s, x @ U)|}

flzlI<1
< M||U][l|a[[||bo]|-
Therefore
a1 — i.all < Clal| (a € A),
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where C' = M ||U]|||bo||. Hence A is boundedly approximately amenable. O

As some examples of Banach algebras B with the above property we have :

Remark 2.46. Suppose that there are F,G € B** and by € B such that by.F = F
and G.by = G and G € Z,(B**), where Z;(B**) is the topological centre of B**, and
GOF # 0. Ifwe let U = ¥ (F ® G) where ¥ : (B** @ B**) — (B&B)** is the operator

introduced in [9], we have by.U = U.by and
7 (bo.U) = 77 (W(by. F @ G)) = m° (Y (F @ G)).
Let F = wk* — lim; f; and G = wk* — lim; g;. Then for f € B*, we have

(T (W(F @ Q)), f) = @FG),7(f))
= lim lim(7**(f), fi @ g;)

j
= lim hjr_n(f, 7 (fi ® g;))
= limlim(f’ g; f;)
i
=lm(G.f;, f) = (GOF, f) (Since G € Z,(B™)).
Therefore

7 (bo.U) # 0.

In particular if there are b, ¢, d € B such that bc = ¢ and db = d and dc # 0 then we have
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the above property. (Since B C Z;(B**)). This in particular says that the Theorem 2.37 is

a corollary of Theorem 2.45.
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