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to Approximate Surfaces 

Deparmient of Computer Science 

University of Manitoba 

By using the wavelets and cwature, 1 cried to get a hi@ quality compact representa- 

tion of a surface. 1 get better resuits than simpIe Haar wavelets with curvanire subdi- 

vision and Local Haar wavelets on the mathematical range data surface. To estimate 

tbe cumtture of a curve represented by discrefe data, a thme point algonthm is devel- 

oped. A normal approximation algorithm and an algorithm to estimate the Gaussian 

cwature are also developed for surface. The latter algorithm has a stable and fast 

convergence. To present ôackgmund knowledge. I descnbe the maltiresolution analy- 

sis with maarix and f'ilter bank representation, the endpoint-interpolating B-spline 

waveiets, end basics of differential geometry. Severai selection strategis for wavelets 

such as tbreshold and L' measunment ye presented and tested. A simple location 

mapping algorithm for Haar wavelets is also saidied- Finally 1 discuss the conclusions 

d future work. 
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Chapter 1 Inaoduction 

Chapter 1 Introduction 

Muitiresolusi~~~ analysis and wavelets have r iece id  COIlSi&rable attention in recent 

yeu because tbey provide a iisefuI and efficient tool f a  reptesenting a hmction such 

as a diace at multiple levels of detail Waveiets have been wi&ly used in the field of 

cornputer graphics in aass such as multiileso1ution Pllslysis of ybitrpry topological 

type, compression of 3D mode& grapbics &ring. a d  acceieration of global illumi- 

nation PigorithInS. 

Initially. multkesolution analysis coosïders the representation of fnnctions & b e d  on 

the entire d line. The tbeoly is tben extended to functions on the unit iatervai. 

lberefoce the theory can be appüed to tep-nt paramettic curws. which are the 

most commody used curves in cornputer ppôics. 

Ibe extension of multiresolution analysis to sUnafes on the unit square is straightfor- 

wiud by tensor product. It has been widely used on image compression and pmcess- 

hg. Recent worL has k e n  done to extead multiresolution aaalysis to surfaces of arbi- 

tmy topolopical type. 

In the of multiresolution aaalysis of diaas on the unit square. there are many 

pmbiems that mzed to be solved. One problem is the foliowing. Given a set of discrete 

points defined on a rectanguh gRd (range data). select coefficients. refonsmict an 

approximation surface to interpolate these points, anà measure the quaüty of the ap- 

proximation. This problem is relpted to image cornpiession In ihis dissertation, 1 will 

focus on solving this pmblem by using wavelets and curvatuce. 
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13 Dissertation Oveiview 

lbis -on consiâers Ihe proôlems ofranw data SULface representation with 

wawlets, selection of c o e ~ t s ,  d SUIfâce -on. With multitesolution 

analysis a d  wavelet of Bspiiae, sme metbods of sprfsce nepi~iesantation, selection, 

and necoastruction are USA The estimation of cu~atme and applying it on a siirface 

are the keniel of surface ltec013st~uction. Chapter 2 p ~ ~ s e n t s  some back&n,UDd knowl- 

edge on multiiiesolution miûysis ad B-spline ciirves Pd surfaces. Chapter 3 discusses 

tbe endpoint-interpoIating B-spliœ wayelets for cucves and daces .  The standard and 

non-staadord me- to produce waveiet repre~enbtion of swfaces are exp]aioed 

Chapter 4 discusses tbe selection strategies to choose the wavelet coefficients. Several 

estimation methods of corvatuce for cuves and &a~es ace preseated in Chapter 5. 

Chapter 6 discusses the subdivision and Laai Haar Wavek Several cornparisons to 

stanàard Haar wavelets are showa Chper 7 summMzes this work and suggests fu- 

ture work and appkations. Appeadix A presents a background knowledge of Differ- 

eatial Geometry about cunnture. 

1.3 Contributions 

The contributions of this dissertation include: 

De- a œw non-standard method to comtmct two-dimensional wavelets. 

Tested three point &le methai to estimate the cwature of a space curve on dis- 

crete points. 

Tesred an algorithm to estimate the GaUSSiiill cwature for range data surface by 

n o d  approximation. 

Presenteà subdivision by curvab~e method and appbed it with wavelets. 

ûeveloped Locai Haar Wavelets (Lm. whrh aie suitable for subdivision. 
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1.4 Notation 

Notation used in thh dissertation is represmted in the foIIowing Table. 

'Ibeteiof reai numbers 
ScaIarvatiahEes 
Vectors. points 

Tb identity mabU 
'ibe Kn,necker&ltp: 1 iff i=j. O otherwise 
IRn4R Tbe k 4  scaljng fiinction at level j 

IRm4R 'lbe ma& of &(x) 
The sppn of the scaiar valued @(x) 

'Ik orthogonal cornplexnent of V' in vH1 
IRm4R The k-th wavelet at level j 

I R ~ ~ R '  Tbe matrix of \Y&) foc a fixed j. where 1 
is the length of $(x) 

A scalar giving the inner product of f(x) and p(x) 
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Chapter 2 Backgrowd 

Ail tbe tenns that are not well known ye denaed nrSt befoce applying them in the 

foflowing 56~tions. The g e œ d  (nms of Merential geometry sre inttoduced in 

Appeadix B. 

2.2 Multuesolution Analysis 

2.2.1 Basic Moltiresolution Analysis 

The theoretical development of multires01ution analysis is due to Mallat in 1989 

891. Dauberchies developed orthomd wavelets and reappraised the 

research of wavelets @aubechies 881. MultiresoIution analysis bad become an 

abstract framework to htroduce wavelets ([Stohitz, DeRose, Salesin 941, [Chui 

921, [Chui & Qu& 921). Mulciiesolution analysis and wavelets have fouad wide use 

in sigaal processiag. image proceshg and compLESSion (mvore et al 921, 

[Avecboch et al %], b w i s  & Knowles 921). numerical analysis. and 

lpproitimation tbeory. Reamtly muitiresoluti011 analysis and wavelets have been 

applied to sdve problems in compter grapbics, inclrding cuve modeling 

Finkelstein & Salesin 941. modeliag surf' of arbitrary toplogical type 

(munsbery 941 anâ [EcL et al 951). dosity [Schroder et al. 931, and optimization 

for surface interpolation Ipentiaad 921. 

Tbe basic concept behind muitinsolution analysis is tù decompose a complicated 

fiinction hm a "simp1er" low-resolution piut togetber with a set of details called 

wavelet coefficients. By omitting small coefficients we c m  efficiently construct an 
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22.2 Mdtiresdutfon AnaIysis d a Vector Space 

Ibe multinsolution anaiysip of a vectorsp~ce incldes two basic elements: 

1. A nested set of vector spaces 

V' contains fùnctions of resolution j a d  as j inne~ses the  solution of V' increases. 

The scoüngfwctions refet to the basis fmctions foc v. 

2. For an arbitmy pair of fiinctious f and g in V' &fine an inaer ptoduct 4, g>. The 

orthogonal complernent space wi of vJ in vW is defined as tbe set of faactions in 

WL such that their inner product with any one of the bctions in V' is zero. That is 

any functim in vHL can be Mitten uniquely as an orthogonal decomposition of a 

function in V' and a faoction in wJ. It is often wcitten as v~' = V' @ w'. W' is 
known as tbe wavelet spaœ, and the basis fimctions of W- are called wavelets. 

Figure 2.1 shows this. 

Figure 2.1 Vector and wavelet space 
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3. Generally the nested spaceo pn geaeipted by ~ ~ n s  auci dilan'orzs of a 

single ~efbable fhtion #o. Over the r d  Illie tbis is represented by the lethement 

equation 

whem pi is cons- The constant fiwtor 2 scts as a dliztbn, and tbe negative i is 

considered to be a translatiosi. R e . i ü f y  for muitiresohtioa d y s i s  meam tbat a 

coarse-level scPling fiinction can be expcessed as a LinePr combination of fine-level 

scaiîng fllncti~ns~ For example the B-@ne basis fiinctions introduced iater are 

tefinable. 

Let qSr(x) &note the i. scaling fiinction on the vector space v'. and yii(x) denote 

tbe ih wavefet basis fûnction on the vector space wJ. x is the pariuneter of the 

hinctions. 1t is convenient to represent the scaüng hiactions as 

wbere Mi is the dimension O€ vi. 

For wavelets let 
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Since the suôspaces V' are wsted and the scPling hmctions are L E Q ~  to be 

nf?irPahk, there exists a constant matrix P' for eacb j = 1.2. ... such that 

Because waveiet sp~ce w1 is a subspace of V' and îhe brrPis functiom are refinable. 

tbere is also a constant matrR QÏ such tbat 

tbe @ is an Mj*(Mj-Mi-*) matru, That is ePEb wavelet at level j-1 is also repmenteci 

as a iinear combuintion of scaling firnctions at level j. 

Combining (2.1) and (2.2) we have 

Exampie: 

For HaY b i s  (tefer to 3.1.1) giwn a level j the= are 9 scpluig fimctions 

a d  waveiets. In the v2, 
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2.2.4 Füter Bank 

Suppose a fùnction fi(x) in V' is expressed by the scaüng hurtions as 

wbere x is tbe variable, and the Cji ase the coefficients of the linear combination 

Let d = (ÇO, ql. ..-, ~ ~ ~ ~ 1 ) ~  be the column vector of the coefficients. Using heur  

filtering (linear combinotion) and downsampling (simply drop off the coefficients) 

on the M entries of C!, we can cmate a low-molution CC' with a smaller number 

of coeftkients Mtl. It can be e n  as 

w b ~  A! is P constant Mi-i*Mj matrix. 
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'Lbe detail lost by downsampling c m  be capcured as MMher column vector p-' 
wbere 

or equiwkntly with 

The procedute for splitting c into c~' and V1 cari be recursively applied to C? 

'Ibis is called ~olysuf iu lr  banRe The reverse p d u r e  is called synfiesisfilier 

bu&. See Figure 2.2 and Figure 23. 
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CO, DO, D', ......, v1 is the wavelet transform sequence. The relationship between 

analysis and synthesis matrices can be written 

Once we have chosen scaling fiuictions and tbeir synthesisjilters p, tbe synthesis 

filtefs d are constraioed. Sice we require aü the functions +'. &) in d- ' ( x )  and 
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Fnwi (2.2) F1(x)  = @(x)*@, we have [c@(x), *'(x)>] = [&l(x),@(x)>]*Q) 

= O. Tbe coluams of @ m u t  fomi a bsPis for tbe nuü space of [d l (x ) ,  Y~'(x)>]. 

Mer to [Golub & Van Loan 891 for discussion oboot this condition of null space. 

Because tbere ase many bases for the nuil space of a motm, the= me many wavelet 

bases for a given spaœ w'. Thenfore tbeie are more constraints quired to 

uniquely figure out the mattices other than the coadition orthgoaality. 

For example we couid requise the columns of @ to be spame and with a minimal 

number of consecutive non-zem. See FinkeIsteia & Salesin 941 for th& 

construction of cubic spline wavelets. Refer to [Ress et a1 921 for numericai 

algmtbms. 
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A B-spliœ carve P(x) ofdegree d is &nned by parsmeter x and contml veroices VI 

as 

P(x) = N: (x )  * V, 
i=o 

Where ici S x S n, and 1 S d S n- The VI are n+l conml vertices and N: ( x )  are 

the noomialioed B-spline basis functions. d h the d e p z  of the B-spihe basis 

fiIImion. 

Define a sequeace [xo, xi, ....... caiieâ kiotx. It suisfies the relation xi 5 xi+l 

wbere O S i S n+d. The parametet x is in the inteml [a . hl 1. For the i' 

aonnabd B-spliae basis fmction of &giee r. the basis function N; ( x )  are àefined 

by nxursioa formulas: 
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Whwe d > O is the maximum degree of the B-spiine basis h c t i o n  If either 

N r L ( x )  or NZ' (x)  is zero, the associated tenn in (2. lob) is omitted. Refer to the 

book [Rogers & Adams 901. 

Based upon the b o t  sequence, we cm ciassify the B-spline to be unifomz, open 

unQonn, and nonun&iorm. 

1) In a uniform hot sequence, the knot values are evenly spaced, that is xi+~ = xi + 
c where c is a constant. For example, the h o t  sequence [O, 1/4,2/4,3/4] is uniform 

with c=1/4. The d o m  hot sequence yieids pcxiodic uniform B-spline basis 

fimctions and each basis fimction is a transiation of the other. 

2) An open ungorm knot sequence has d+l equal knot values denned at the 

endpoints and the interior b o t s  are unifocm. Here d is the d e g ~  of B-spline b a i s  

hinction. For example, in the case of cubic d = 3, the sequence (O, 0,O. 0, 1/2. 1. 1, 

1,1] is open unZonn. 

If the nurnber of control vertices n+l is quai  to d+l with an open d o m  knot 

sequence. then the B-splioe reduces to a Bezier c w e ,  anà the B-spline basis 

fUnctions reduce to the Bernstein basis fiinctions. The Bernstein basis functions are 
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Ibe knot sequence is just d+l zeros followed by d+l ones. For example. the cubic 

M e r  curve bas the knot seque- [O, O, 4 O? 1.1.1,1]. 

3) Non-w&om haî sequence has no limitations except that it is a non-decreasing 

SeQuelIce* 

nie en4poinr-Wmpolrrting B-sphe of &gre!e d in [O. 11 is an open d o m  B- 

spiine. lae N,' (x), . . . . ~f (x) an tbe B-spliue basis of degree d with d- 1 continuous 

derivativeS. Its interior bots aie X,I+R. ..., x.. the endpoint bots are xo = xi = ... = YC,I 

=O,andx.+L=x,&= ...=Xnd*1= 1. 

To make tbe endpoint-hterpolating B-spliae refiaable. we set n to be 2' +c i4  and 

.-., x.+l produce 2 equaliy-spaceà interior intervals. Therefore there are 2'+d B- 

s p l k  basis functions used to define the endpoint-interpolahg B-spline scaiing 

functiofls for waveleis. Figure 2.4 shows the knots values. For cubic endpoint- 

interpolating B-spliae with d=3 and level j=2, the hot  sequence is [O O O O V4 214 

3/4 I l  111. 
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2.33 Properties 

The B-spiine curve and bwis functions have somc important pmpertiesCogers & 

Adams 901 : 

For any given parametric x, each B-spline basis hinction is non-negative and the 

sum of the B-spline b a i s  fwctions is 1, that is 

e~; (~ )  = and N;(X) 2 O, for r -0.1 .... d 
in0 

The B-spline curve has the variation dimr'nishing property, that is it does not 

cross aay straight line more often ihan the straight line crosses its defining 

contml polygon. The maximum degree of the B-spline curve is one less than the 

number of control vertices. For example, the largest degree B-spline with 4 

control vertices is cubic. 

nie B-spline curve is bounded by the convex hull of its defuiing control polygon. 

If the control vertices are collineu, then the B-spline is a straight line. 
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Ihe 8-spline of degree d is continuous and its h t ,  second, ..., and (d-1)th 

denvatives are ai i  continuous (assumiag no multiple knots and no multiple 

conml points). 

2.33 Derivatives 

1) First Denvatives [Rogers & Adams 90. Rge 3 3 3  

From equation (2. lob). we have 

For al l  x. NP ' (x) = O. When r = 1 in (2.1 1) and using (2.10). we have 

Example: 

For wiform h o t  sequence, xi+i-xi = X - ~ ~ - X W  = c where c is a constant, so 
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IV;' (x)  = 

othelwkre 

Foc uniforni hot sequence we have 



Chapter 2 Background 

2.4 B-spline Surfaces 

The natural definition of B - s p k  surface is by îemor-product 

wbere N:(u)Md Ni(v) aie the B - s p b  basis functions in the u and v directions 

iespeztively (refer to (2.10)); ni aad yj ~ r e  the hot  seq~ences in the u and v 

dirixtions; Vg is the conml vertices of a definhg polyhedral ae$ m and n are the 

number ofcontrol vertices in the u and v directions respectively. 'lb two h o t  

sequenœs can be different 

Ihe paramehic continuity of the d a c e  in each pammetric direction depends on 

the &gree in each direction. 

Tbe vaciation diminishin . . .  g pmperty for a B-splirie surface is currently not hown 

The suface iies withlli the convex huil of îhe &finhg polyhedral neL 

'Ibe swface is invariant under an affine transformation. That is you cm traosform 

the polyhedral net to traasfonn the sutface. 
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2.43 Derivatives 

nie parîiai derivatives of B - s p b  surf' are &nncd as 
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Chapter 3 Endpoint-interpolating B-spline Wavelets 

Let V'(d) be the space spanœd by the endpoint-intetpolating B - s p k  scaüag 

fiinctiolls of &gree d wirb 2' d o a n  intervals, th V"(d) c vl(d) c v2(d) ...... 
?be colinna9 of the syntbesis ma& P'are spacse, refkcthg the fact thai the B- 

spline b i s  functions are localiy supporîed- The nrst and k t  d columm are rela- 

tiveiy complicated because of the end point condition of Bsplhe, but the interior 

columns ate shifted versions of the column d+L. The elements of the interior col- 

umns are given by binomïai coefficients. kfer to Chapter 2. [StoUnitz, et al. 

19941, and [Qu& & Weyrich 931. 

Figures 3.1 and 3.2 illustrate how each vectot v(0) can be represented by the basis 

fuaçtiom of ~ ' ( 0 ) .  'Ibe key is tbat the box function @,(x) cm be expressed by the 

liaev combination of two box fiinctions +,,,(x) a d  @,,,(x). In this way we can see 

B-spline wavekts are determined by the matrix equation, [ ~ ' ( Y C ) .  @(x)>]Q' = O 

(refer to (2.9)). ln the appmach taken by FinkeIstein & Salesin 1994 and 

[Stollnitz et al. 19941 to coasli~ct the matrix Q'. the columns of Qk' are rquifed to 

be sparse and have a rninimal number of consecutive non-zeros. [Chui & Quak 

1992) use the derivative and interpolation pmperties of B-splines to determine the 

d- 
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cc' and w' can be computed h m  C' by solving tk sparse linePr systern 

ported a lisiear time solution to above equation with LU decomposition- 
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3.1 One-dimensional B-spiine Wavelets 

3.1.1 Haar Wavelets 

Wben &pee of B-spline wavelet basis function is the B - s p b  wavelet bask 

becomes tk Haar wpvdet basis. Haac waveiet ûasis is ihe simplest wzvelet basis. 

h the case of oœ-dimensioaal wavekts, pife couder that the domain of the bas& 

hiactions b the ingtrval[0,1). We dmde the m*rvsl quaily into 2 pieas in which j 

iP cailed the h l .  For each j tbere arisu a vector spot+ V' which includes ai l  the 2' 
piecewise-constant bctions on the interval [O, 1). l@' is pmduced from V' by bi- 

s&g each intemal in vi. Every vector in @ is also contained in ~j+ ' ,  because each 

constant h t i o n  in vi cpn be repr*rented as the liaearcornbination of two constant 

fuactioas in V? 'Ibw the spaces V' are nested. For epch vector space vi, the Haar 

scaling functiom are de- as tbe set of diiation and translation of the "box" func- 

tion Mx). 

where i =O. 1. .... 3-1 and 

19 ,,, (x), $, (x), . . . . . . , + ,-, (x)] are Hau scaiing fiinctions. It is the set of fmc tions 

spanning the mtor space V'. In a similP fahion. the wavelet yrji(x) is d e f i  to be 

the functions that span the orthogonal cmplement space d. Under the chosen in- 

aer pduc î ,  every wavelet M~(x) of d is onbogod to ewry scaiing basis huiction 

of v'. 
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Tbe Haar wavelets are 

Normaliz;ed basis functions have a nom 1. That is 4, fi = 1 whee fis a basis 

hiaction- '2be nomaiized Haar d g  fimctioos anà wavelets are 
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Figure 3.6 Haar wavelet functions for W' (j = 2) 
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For mulPreso1ution analysis and mptrix npraentation, die syntbesis maaices P' and 

qifotHaarbasisafe 

The HÎar basis hctions are simple and octhogonai, have very compact support, 

and are nowveriappiag. Compact support means the wavelets only relate to the 

local neighbor points. so tbe synthesis matrices oce sparse. lhis is an important ad- 

vantage in d applications. 

However the HaY basis is poor in the applications of cornputer grapbics because of 

its lack of cmtinuity. 

3.1.2. Linear Endpoint-Interpolathtg B-sphe Wavelets 

If we choose tbe &p d of the B-spline basis functions to be 1. the scaling func- 

tions are N: (x). N: (x), . . .. . . . N: (x) . These wavelets are continuous. or are CO. 

'Lbc following diagram are h m  [Stolloia et a i  941 



If we choose the &grw d of the B-spline basis functims to be 2, th& k t  deriva- 

tives are cmtinuous so the wavekts aie C' 

Figue 3.8 Quad- 

ntic endpoint- 

interpolating B- 

spline scaling hnc- 

lions and wavelets 

for n = z3 
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3.1.4. Cubic Endpoint-Inteipolating B-spline Wavelets 

û we ch- the &gree of cubic B-splb wavelet basis fûnctions to be 3, t k i r  

s~cond davatives are coatinuous so tbe wavelets are CI When we compute the 

co~aûue of a cmre and a ~~, second derivatives are requüed, and the cubic B- 

spiine is suitable for tbis pmpose. 

Egure 3-9 Cubic 

tzndpiat- 

interpoiating B- 

spline scaüng h c -  

tions and wavelets 

fat n = 23 

3.2 Two-dimensional B-spline Wavelets 

h the followïng sections, 1 assume thot wo-dimensioaal image is def'ined on a rec- 

taagular domah The rectangle iopology makes it easy to constmct a two- 

âimensionai wavelet fiwi otredimensional wavelets. There ye severai ways to do 

m. W e  will discuss the stydard t e m r  pccxiuct wavelets and aon-standard wavelets 

in the next sections, 
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IntiiitiveIy, the tensor poduct coartnictiw is simply tbe application of an one- 

~dtranSfotmationtoaîîtherows d t b e a t o a U ~ c o I ~  in the=- 

tan& domain, in tbe wavelet Wonnation, tbe mw wavekt ttansformation sets 

the wavek coefficients with moce detail fmm left to ri* And ben the col- 

wavelet ~nn~formation aptt ihest mw wavelet m t s  as input and appües to 

every mw hom top to botiom. The nnnl t w c d h d o d  wavelet cœgicients are 

amangedinthtwaytbatthcto~comahas thecairstcoenicientsaadthefine 

coefficients are at tbe bottom-right 
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3.2.2 Na-standard Wavelets 

To get the non-standard wavelet tm&Ormation, 6rst apply one step of a one- 

d i m e n s i d  wavelet  orm mat ion to a c h  mw Sad appIy one step of wavelet 

transfodon to each colwna. Re* above procedure on the top-lefr quarter 

Repeat the above pmcedurie mtii yoii mch the minimum rrep See Figure 
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Since the procedure above only appiies tbe transformation to the coarse area recur- 

sively, wet may have another xeasonabie wlrstmctioa tbat is cPlled Non-standard IL 

It tmdorms mws to coame mw m a  and Éransrorxas c o l u r ~ ~  to coarse colwrvr 

ona d y i e 1 l ~ .  'Lbic is simürr to be p m b t  ductomati011.. but it applies 

tbe wawiet transformation in aiterdon of mw and column. See Figure 3.12 
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3.2.3 TiiradhnellSi(~~al B-sphe Wavelet Basis Fmctions 

Suppose tbe B-spüne ôasis fuaçtion~ dong tbe x direction are 4 ( x )  = [Mx) ,  

v&). ....., ~- (x )  J m = 2 -l+d ad the fimctioas dong tbe y direction uc @(y) = 

[w), voD(Y), -.-.., v&] anci n = %l*d Tbe basis fpnctiolls of teiwr product 

are elements of the matrk e T ( x ~ ) .  Tbe m = n = 1 rnd d =O b i s  fimctioos are 

represented as a ma& of the pduct, 

T'he non-standard wavelet basis Eunctiolls are produced by h t  delking a two- 

dimensional caprse scaüag fiindon 

and tbree wavelet fiancîi011~ 

They can be riepresented in the form of a recmive tensor product for the Haar 

waveIets. For example, for m = n = L ami d = O, let U(x) = g:) w k ~  UI(X) = 
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The non-standard basis fiinction is by 8 as U(x) 8 V(y) = U(x)V(y) if U or 

V bas one element and 

Each ofcoastruction &as its own advantages. W e  d e k  the support of a wavelet as 

tbe d m a -  where the wavelet is non-aao. The standard tensor product wavelet is 

simple. but bas non-square suppon 'Ibe non-staod9rd wavelets have square sup- 

Pm- 
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Chapter 4. Selection Strategies 

An application of wavelets fot dptp oampxesîo(1 typiCcally neqpins tiuee distinct 

stages: 

A d y a k .  The onginai data or hcticm h decomposai to a liiuar combi- 

nation of wavelet ùasis fuM:tions- Tbis @.es a ~epresetltation at the vaci- 

ous levels h m  coarse to fine. 

Sdcctloa Accordhg to t& requkement of riesolution and quaiity meaics, a sub- 

set of wavelets is chosen for recollstfuction. 'Ibe selection stratepies anz the 

methods to make the choice. 

Sptbesis. A new apptoximated &ta or fiurction is nconstnrcted from the chosen 

wavelet subset. 

In this chapter we wi l l  concentrate on the selection strategies. Figure 4.1 shows the 
7 7  selectim of the endpoint-iaterpolating B-spline wavelets for 2 *2 tooth image. Fig- 

nie 4.1 (a) shows the Haat wavelets (b) linau Bspline wavelets (c) quaciratic B- 

s p b  wawlets (d) cubic B - s p h  wavelets. 2- is tbe aumber of coefficients to be 

selected. The minimum level is 1 ami the maximum level is 7 in the Figure 4.1. The 

picham in tbe figure 4.1 dernonstrate that high âegsee B-spline wavelets require few 

coefficients with tbe spme image quality- 
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(a) Eur Wavdets @cgcc = O) 

6 7 

(b) Line BqKne Wavdets @cpa = 1) 



6 7 

(d) Cubk B-spiine WavdeÉs (Degrœ = 3) 

kvel 5 6 7 

7 7 Figure 4.1 Endpoint-interpolaihg B-spliae wavelets for 2 *2 tooth image 
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4.1 Threshold Testing 

Suppore a hiaction f(x) is npriesented by the 1- combination of the coefficient 

vectors p, W. w', , *' wbere j is tbe levd of wavekts, v" is tbe coiuse coef- 

ficient vector, a d  W' fa i = O to j-1 is the waveiet vector. The simplest seiection 

strauugy is to chocse wavelet coefficients wbse mgniade is gfeatet than a given 

positive vaiue %; others coefficieots are set to zrero. In mathematical tems, suppose 

wi E W. tk new set W' i~ & h e d  as wi E d such that 1 wi 1 2 t for some given s 

> O. 

Tbere ace several methods to select T. One of h m  is to find the minimum and the 

maximum magnitude values in the coefficients, and then choose the average a be the 

r. In a m m  general case suppose the minimum and maximum magnitude values are 

w~Pndw,~e~pedively,s=Aw,il-k) ww,, Os As 1. IfIc=Othenr=wm 

aîi the coefficients 1~ sekted; if A = 1 tben r = w, ody the maximum coefficient 

is selected; when 1 = ln, z = (wrir+wIPI)/2 is the average of the w i  and w,. The 

nm time for threshold selection is O(n) whete n is the number of input data. 

4.2 L~ Progressive Refmement 

The compression pmblem can be explained as foilows. Suppose a hction is ex- 

pressed by the scaling huictions as 

where aie the coefficients. &(x) are the basis functions, and M is the dimension of 

tbe vector spaœ that f(x) belongs to. Given an e m  tolerance e > O we hope to fmd 

a function 
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such that N < M anâ 1 f (x)  - &)( < e for some mm. 

O <p <W. When p = 1, it is cailed L' nom; if = 2. it is known as L~ nom; and for 

p = +oo, L' is caîied Lw nom. 

Suppose we chwse L' nom to measure the emw and the waveiet basis huiftions are 

orthonormal, there is a theo~em that says in order to minimim the eeiror for a given 

N. the best choice ir to select the N latgest cœff"icients. See [Stollnitz et aL 19941 for 

more details, 

For tbe L' progressive c o m p d o n .  simply sort the coefficients in order of  decreas- 

hg magnitude Iaql L Ic& 2 ...... 2 1-4 and then find the srnaiiest N such that 
2 2 

~ogl)  + -1) + ...... + C-1: Se2 for a givene. ois a permutation of (O ... M-1). 

Sorting tbe coefficients requires minimum û(nlog(n)) operatiom. Several algorithms 

are known to speed up this selection sategy [Stollnitz et aL 19941. 
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In the table 4.1 we dehe compression ntio as the quotient of the total number of 

wavelet coefficients and the number of selected wavelet coefficients. It measures the 

los of the information. Generally. high compression ratio leads to coarse represen- 

tation, and low compression ntio consûts of more iDfodon in details. 

L' Seiectioo Wavekt Table 

Compression Ratio 

Table 4.1 Compression ntio of the twth image with L' seiection 

for B-spiine waveiets of degree O, 1,2, and 3. 

I 

The Haar wavelet &as the s d e s t  compression ratio, but the quadratic B-spüne has 

biggest compression ratio fkom the Table 4.1. A quadratic B-spline surface may fit 

the twth surface bener than a cubic B-spline surface. 

Generaîiy when a relative e w r  is fixe& a high degree B-spline wavelet approxima- 

tion needs fewer wavelet coefficients than a low degne B-sphe wavelet appmxima- 

tion. That is to say a cubic wavelet with a small number of coefficients may be better 

than a Haar wavelet with many coefficients. The series of tooth images in Figure 4.1. 

shows this effect. 
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A probîem wiih tbe L' aam is that the aror can be zubitrarily large in a vey s m d  

atm. Tbe Lœ nom ensures that no part of the the in the ceconstruction is pater  

thyi a ghen FL Refa to [Stollnitz et ai 1994 fw tbe algorithm. [DeVore et al. 

19921 suggest that L' nocm is b a t  f a  the image comp~iession. Please teFer to theû 

pspa tordetailS. 

4.4 Location 

In some applications we know the information of some subareas of a surface is more 

important than others. Theriefore we may fonis on some amis and ignore others. For 

the wavelet transformation the correspon&nce between the wavelet coefficients and 

the input data shodd be sûdied. In Haar wavelets diere is a simple algonthm that 

gives the c o ~ n d e l l c e .  1 am going CO pcesent it in the foilowing sections. 

4.4.1. Onedmensional Haar Wavelets 

Suppose an original one-dimeasional hpit vectot look lilre this 

the corresponding Haac wavelets has the same number of coefficients. 

F m  the definition of Haar wavelet in -ter 3.1. there is a binary tree relating the 

input vector and the wavelet vector. For example, with n = 3 the biaary tree looks 

like 



Figure 4.2 BiaYy tree of Haar wavelet coefficients 

nie coefficient CO is relateci to al i  the wavelet coefficients and vice versa, so there is 

no aeed to show it on the diagram. 

T h  xnain pmblem is given an index i in l?. nid 9 the dependent indices j in the 

W. AU the dependent nodes of ai are the nodes in W on a path fkom ai to mot 

cl. In general, che left aode and right node of ci in the W. have the indices 2% and 

2*i+l ~spectively. Therefore we can obtain the dependent indices j by the foilow- 

ing algorith: 

?be set {a xi. ..... 1) incIude~ all the indices j that is correspondeci to i in the P. 
Foc example. let n = 3 and i = 5. we have = 6. xi = 3. and x2 = 1. so the de- 

pendent iadex set is 16.3. l]. It is the path fomi cl to as. 

Anotber probiem is piven an index j of W. 6nd al1 the dependent indices i in the 

l'. 'Lbe j of W. dong the l e h o s t  s u b e  to tbe le& in I? is the stariiiig index, and 

almg the rightmost subtree to the le& in r is the ending index. nie other indices 



Cbapter 4 Selection S trategies 

m I' ans the indices fimm stsriiag WX to eDding index. Let minimum and maxi- 

mum gdres in C be - and *-, and let mbe the diffetence oflevel 

n ~ m ~ o d e i ~ , t h e ~ l e v e l . w e h z v r ~ = n ~ g i ( n ~ ~ m m d i e c o ~ n d e a c e  

b e ~ t b e ~ . d I b e h v c ~ t d c x ~  = p * j  -2ad ~ i d c x ~ = 2 ~ * ( j + l ) - l -  

2'. So given an iadex j in W., tbe depeadent pdices are positive integers in the 

[-, UducJ. For example, let a = 3 snd j = 3. then in<Ia, = 4 and 

*- = 7. 

nie comspoacience between tbe two-dimellsionnl input image and wavelets depends 

on tbe wavekt transfom. For the tensor product wavelet transform which cornputes 

wavelet transform on al the rows d then on aü tbe columas, the dependent indices 

are shown on Figuie 4.3. In the fim. suppose originnl region is the square at the 

left cana .  the dependent ~iegions are representeû by shadow. Figure 4.4 and 4.5 il- 

lustrate tbe non-standard and non-standard II wavelets. 

For an arbitrary topologial ~ g i o n  on the rectanguiar domain. the regioa can be 

consiàed as the set of points. With the mappiag of point to points (1 to n) it is easy 

to obtain the regions of correspondence. Oeneraly a continuous original region may 

map to discontinuous regions of wavelets. In out special examples. the totai number 

of points in the region is invariant. This pmperty gmtly reduces the cost of recon- 

sttucting the original data h m  wavelets. It Plso saves the space of wavelets for a 

peaicularsubyez 

The 2D mapping algorithm of teasor product wavelets is diiectly &rivecl h m  ID 

mapping aigorithm. But the 2D mapping algorithms of non-standard wavelets are 

ccmplicated. 



Chapter 4 Sdection Stntegies 
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4.43 One-dimeasional Endpoint-Inteplathg B-spline Wavelets 

In this section we will discuss the algorithm to h d  the conespondence between the 

input data and the wavelets with endpoint-uiterpolating B-spline wavelets of general 

degree. The basic idea is quite simple: based upon tbe synthesis ma- P and Q or 

the analysis matrices A and B pick up the related items and then repeatediy apply 

them to al l  the nIter bank. The following example of cubic B-spiine wavelet shows 

the aigorithm. 

Given an item and its position in the one-dimensional array we try to nnd all the 

wavelet coefficients that are related to the source item. Suppose the (P Q) is the CU- 

bic endpoint-interpolating B-spiine matrix and the level j starts h m  4. The shadow 

boxes represent non-rero items in the matru (P Q). the dark shadow boxes are the 

demonstration of the example, and the blank boxes represent zero items. The (P Q) 

matrix represents a relation matrix where non-wo items are related, as illustrated in 

Table 4.2. 

The CIO. CI 1,  CI^, and cl3 are final coarse coefficients, and the dji are the wavelets on 

level j. For example. suppose we want to fmd a i l  the wavelet coefficients related to 

the item c57 , in step 1) we fmd the CS, from the kst column. the conesponding non- 

zero items are {CU, CU, cd51 and the wavelets (&, (41.42. &. &, &s}- We con- 

tinue to £ind the wavelets related to the items {cu, CU, c*) in step 2) and get the 

items /c31. C32, CB. CM} and the wavelets {dm d3i. d3*. du). Repeat this procedure in 

step 3) and 4) and we fïnd al1 the other wavelets Id2& d2i, dlo}. And {CIO, s l .  clr. 

ci3 ] are related to any item of input data Note the only unrelated wavelet items for 

c57 are (h, a,) in this example. 



Table 4.2 Cubic B-spline (P Q) ma& with j = 4 
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2) Cubic & s p h  (P Q) mitris with j=3 

Table 4.3 Cubic B-sphe (P Q) matrix with j = 3 

3) Cubic bspüne (P Q) ma* with j=2 

Table 4.4 Cubic B-spline (P Q) matrix with j = 2 
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Table 4.5 Cubic B-spline (P Q) matrix with j = 1. 

To nnd dependent input &ta items fcom a given waveiet coefficient we need analysis 

ma& AB which is the inverse rnatrix of (P Q). 



1 bave tested the curvatwre sektion stcategy bppCd on the mapping algorithm with 

Haat waveïets, It worh as fobws 

1. Cornpute tbe Gaiissian curvature of On the sampling points on the surface. 

2 S e k  a tbreshold vaiue for cwature, son data points imo bw and high curva- 

tue by cbeckhg Y the magnitude of nirvlitiine at a point is srnalier or bigger than 

the thresboid, 

3. Do wavelet transform on input &ta and get tbe wavelet coefficients. 

4. Find tbe comsponding wavelet subset for each point with the rnapping algorithm. 

Sekt wawlet coefficients accordhg to the cwature of a point For example. we 

may ch- mone coefficients for a high cwahue poin~ 

5. Reconstmct the surfiace usiag the selecd wavelets that conespond to selected 

cumature set, 

My experirnents sbowed that the curvature selectim with this method has a srnail 

compression ratio c o m p d  to L~ sektioa The main muon is that the rnappiug 

function is 1-o. One way to improve the compression ratio is not to select all the 

wavelets that coczespond to the point nit it is difficult to decide which coefficients 

should be eliminaterl. For example, a high cwature point maps to one set of 

wavelets, a d  a low cunniture point maps to another set of wavelets. It is difncult to 

deciàe if the intersection set of two waveletp sbould be selected. In the point map- 

ping algonthm, we noticed tbat tbe neighbo~g points are not gathered into a region. 

Because of the local spatial pmperty of curvatwe it is betier to separate the points 

into groups of regions by cmatute. 

My conclusion is that sekction based on cwature without coaside~g its spatiai 

position WU not proâuce good dt. That is we can not simply use a sort algorithm 
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on tbe magnitude ofcurvatwe and just pick up the kgest ones. In the next chapers 

1 wiU âiscuss the use ofammtwe for wavelets with suwivision. 

1t is possible to do point-&point cornparison behvten the input data and the ap- 

proximation output data. A stanàard measment is the Lp nom. Lœ nom specifies 

tbe upper ô o d  of the dbtance between the cornesponding ph&. L* nom meas- 

ures the sum of the squares of tbese distances- hotber widely used measmement is 

the PSNR ( b k  Signal to Noise Ratio), 

where is the value of original point i; bi is tbe monstnicted value of point i; N is 

tbe total number of points in tbe original dpta Here we suppose the peaL value is 1. 



Chapter 5 Curvature Estimation 

Chapter 5 Curvature Estimation 

5.1 Curvature of a Curve Represented by Discrete Points 

Tbe materiai of differential geometry about and SUTfaces is pnesented in Ap- 

pendix A. The dennition of curvature is also given tbere. In the foliowing paragraph. 1 

wili show how to estimate curvature of a curve represented by discrete points based 

on the &le that passes through the three points. 

5.1.1 The Circle Through Three Points 

Fit we find the radius of the chle thtough the ihree points. This is a neat algorithm 

with surprisingly smdï relative errors. 

Given thnx points Po. PL. and P2 the cunnture at PI can be estimated by finding the 

circle through the three points. The value of cwanire is approximately equal to the 

reciprocal of the radius of the &le. From geometry this &le is unique. Refer to 

Figure 5.1. 

Po 

Figure S. 1 'Ihree Point Cile  

Suppose the lengths of three edges of the aiangle a, b. c. let s = (a+b+c)l2. from 

Hemn's formuia, the m a  of the trimgle P*PlP2 is S = &(s - a)(s - b)(s - c)  . The 
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abc 
radius of the interpolating circle of duee points is R = - [CRC 881. and the ap- 

4s 

4s pmximate curvature at Pi is k = - . Another way to compute the area which also 
abc 

gives the correct Ogn of the curvature is S =de 
( 8 - 4 ) x  (Pz-4)z 

where the x, 
(4 - 41, (4 - ely 

y subscripts denote x and y componenrs. 

5.1.2 Test Result with Cubic Bezier Curve 

1 selected a cubic Bezier c w e  to mess the accuracy of the method of three point 

circle. 

The cubic Bezier curve is 

where Bi are its conîrol vertices. Its lst, 2nd derivatives and curvature are easy to 

evaluate h m  above formula. Following is the numericd results of the three point cïr- 

cie algoriüua 

For example, consider a Bezier curve with contml vertices (Bo , BI , B2 , B3 } = ((2.0, 

3.0 ). (5.0.8.0). (6.0- 3.5 ). (7.5, 1.5)); the initial step h = 0.04 that is contùiuously 

reduced to half in the next loop; the panmeter ranges from tl - h to tl + h where ti = 

0.185; the estimating 3 points are P(t-h). P(t). P(t+h) and the curvature is estimated at 

P(t); the Emc is (estirnuting-value - exuct~value~euict~value; the Error Ratio is 

Erro~+dErrori. 
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Table 5.1 Curvature Estimation with three Points Cude 

The step hi+l= h i 2  and the Errori,, = ErroiJ4.0, which sugge~t~ the relative emr is 

och2). 
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5.2 Estimation of Gaussian Cwature 

h the case of a suface, Gaussian curvam is an inainsic pmperty of a d a c e  at a 

point like the ctwahue of a curve at a point Gaussian curvature is &£ined as the 

product of the principai cuyatwes, and the directions giving the two principal curva- 

aires are mutudly orthogonai. Refer to Appendix A for more detaiis. [Stokely & Wu 

921 reviewed several methods for estimating the Gaussian cunnihire. [KoenderùiL 921 

presented a method to describe a surface shape with curvanue. (Loe et al 931 gave a 

scheme to estimate the cmture h m  sampling wisy data [Todd 861 described nu- 

merical estimation of the curvature of surfaces, 

'Ibe method (pmposed by Dr. Meek) to estimate the Gaussian cwatute by nomals is 

compIete1y different h m  the methods mentioned by the above authors. We estimate 

the Gaussian cwature by the approximation of normais and the area of sphericai Un- 

age. I tested the Sudace Trimguiation (ST) method mentioned in the paper [Stokely 

gL WU 921 and found it does not converge. The method to estimate the Gaussian cur- 

vahm by normds is more stable and fast to converge. 

5.2.1 Estimation of Gaussian Cuwature with Normals 

A valence of a vertex on a polyhedron is defineci as the number of faces mund the 

vertex. If we trimgdate a rectangular grid. each vertex will  have valence 4 or 8, se<: 

Figure 5.2. For convenience. the boundary and corner points are copied and extended 

to one more row and column. 
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In the next section we wili âescribe the estimation of Gaussian curvanire based on the 

nonaalsonogrid 

k t  m be the valence at a vertex v, N, is the unit normal at tbe vertex v. The neighbor 

points of v are PO. Pl, .... Pmi in counter-cIocIrwise order fiom PO. Shep, is the signeci 

area of plnaPr ûiangle PaP,. Q is the unit nomai of the planar face PiPi+lPv. and is 

the nosmalized C~OJS pmduct of v ~ t û n  PvPi  ad PvPi+i. It ki 

Figure 5.2. The algorithm to estirnate Ciaussian cucvatm is 

Get OK mmai estimation at vertex v. 
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In the same way, we can gct Na NI. ...... . NeI the approximate unit normals at each 

vertex, Ln ocder to ampute the nonnals of boundPy vettices, we cm copy the bound- 

ary vertices to extend the boundary. 

Imagine thpt No. Ni. ...... . Nwi form the sphetwl image on the unit sphere. The area 

of spbetiçai image can be estimated by the sum of SN&,,, +......+SN ,fi ,8w . Where 

is the prea of the triangle on the unit spben that bas vertices NO, Nv. NI . 

The GaussiPn curvature can be estimated by the formula 

53.2 Test Scheme for Curvature on Surface 

In the foilowing pacagraph 1 will describe the estimation of the curvature of a sphere 

and of the bell-shaped surface. 



Tbe basic sampbg data is a 5x5 patch when we want to compute the curvature at the 

centre point (22). The sampLïng distanœ is ieprief~enead by h. The valence is set to 8. 

Figue 5.3 shows Che syapling patch, 

Fi- 5.3. Sampling Patch 

Tbe semi-spbere is definexi as 

Suppose r' = x2 + 9 (r 2 O), we can repiace K& y) with &(r). 
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I (1 -m2) + 2 ~ ( ( i - r n ~ ) ~  +a2r4)exp(-2m2) K, '(r) =- 32a3r exp(-2m ) 2 3 (1 + 4u 'r2 exp(-2m )) 

when r = O, K, (O) = 4a2 is the maximum of the hinction K, (r)  . 
K, (r)  has a minimum value when r + O and KB '(r) =O. 

when r+- theK , ( r )+O.  

the sign of K, (r) is decided by the vaiuea 
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5.2.3 Test Resuit for Example Surfaces 

D a -  

Point Lacation 

Radius 
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Point Location (&y) =(0.1.0.1) 

Parameter a = O S  

TaMe 5.3 Gaussian Cwature for 8elCshaped Surface 

Conclusion: 

The emr-ratio is near the 114 when h is nduced by haif. Tberefore the emr is 0(h2). 

W e  see the estimation converges weiL 
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An m o n  scbeme sboiild hkp impomiot drrtPns of the input data Genedy 

to npmseat cmves a d  surfaces the areas ofshiup wiuion d more information. A 

high cunratme indicates a shPrp variation near a point on a cunn or a sudiace. For ap- 

proximation of a surfiace, amu of high ctuvattue reqUe more patches. while larger 

tlnt regions with small cuvatute aeed fewa patches. 

nie L' measurement of corvptme K(& B) behueen tbe tecoustrw:tion surface and 

A is tbe original surfow. pi is the curvature a& the point i of A B is the reconstmcted 

sudire. bi is the curvature at the point i of B. N is the total number of samphg points 

of A. 
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Chapter 6 Subdivision Based on Cwvature 

Subdivision is a weU-bown techniqpe in Cornputer Grapbics [Cohen et al 801 and 

Foky  & Van Dam 921. In tbe paper [Hamann 9 4  Hamann desciibed a scheme for 

compact ttianguiation of a surface. In this section suppose we aie deaüng with the re- 

gion data sudoce whrh is de- in a rectangiilar region cded a wbahv, the main 

i&a of curvature selection by subdivision is as foilows: 

F i t  we compute the cwatute at each point in the muih window. By curvatwe crite- 

ria we deci& whetber to sutdivide the window into a series of sub-windows with 

quaci-subàivision. In every sub-wiodow, we apply wavelet transfonns and select the 

coefficients to p a compact representation. F d y  we can reconstruct the surface 

with the selected wavelets. 

A subdivision algonihm for otgion data denired on the rectangle field works as fol- 

lows: 

Suppose the rectangle area are divided into four subareas represented by Ao, Al, A2, 

A3. J. Figure 6.1. Let thrcshvol be the threshold vdue of cwature. 

Figure 6.1 Subdivision 
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CSubdivisiOn (rect, threshvai) 
1 

if(nxtisthemhhksize) ( 
record the rect. 
-; 

1 

if (dl the c m  in the tect are smak îhan the heshval) { 
record tbe rect. 
-; 

1 
CSubdivision( rec- tbnshval ); 
CSubdivision( rect A*, thfeshval ); 
CSuWi~on( rect.A2, tlueshval ); 
CSuWivision( reçtA3, threshval ); 

1 

This subdivision algorithm divides the window into sub-windows represented by a 

quad-W. Each leaf of the tree represents a non-overiay window. The depth of the 

subdivision qunbtree is an index that indicates tbe variation of curvature. 

6.2 Local Haar Wavelets (LHW) 

In the Chapter 3 1 bave descnibed the standard and non-standard wavelets. Here 1 wiU 

inbtoduce k a 1  Haar Wavelets 0. 

A subdivision window is npnesented by W(i j), wheie i is the level and the mot has 

level O; j is the window's serial ninnber, it is a nurnber fmm O to 3 for the quad- 

subdivision. Focexample, W(0.0) is the mot, W(l.O). W(l.l). W(1.2). W(1,3) are 

the f i t  level windows. The sequence of Wiadow W(i j) can be rep~~~ented  in the dic- 

tionary order of (i, j). The position and Size of a wiadow caa be concluded fmm the 

window ~ e ~ u e n c e .  We call topleft element in a wiadow W(i j) the amplitude and rep- 

resent it as Amp(W(ïï)). If there is only one element in the wiadow the Amp(W(i.j)) is 

equal to the value of that element. In the following discussion 1 suppose the window is 

square and its size is the nmber of the mw or column elements. 
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For quad-subdivision, 

wbwe I i9 the serial number of parent window in i-1 level 

Let LHW (W(ï j)) repcesent L o d  Haar WaveEets on the winâow W(i J). then the Lo- 

d Haac Wavelets is detheci by a recursive datiouship, 

I """-"" if the size of window W(i - 1,l) is 1 

for non - amplitude elements of W(i. k) 
k-0 

where 1 is O. 1.2, or 3. Suppose tbe four toplefi points of a window are reptesented 
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Tbot is to say the higb level of local Haar Wavelets &HW) on a window is con- 

smcteü by picking up 4 amplitude elernems of LocPl Hopr Wavelets GHW) on the 

four mbwindows and doing tbe Haar Wavelet ttansfonn 0 on the four ampli- 

tude!!!, 

Haar wavelet transfocm on all columns and so on. Note the difference between the 

non-standard Haar wavelets and the Lacal Haar wavelets is the location of the wavelet 

coe£ficienîs. Fnw the Chapter 3 we know ihat the higber leveI of coefficients of the 

non-standard Haar wavelets are extendeci from topleft corner to the bottom-right; the 

coefficients of the Lxical Haar Wavelets on the other hand are distributecl in the loca- 

tion of t o w ( d  and column(mod 5) h m  coarse to fine. The foiiowing diagram 

is a demonstration of one-dimensional Locai Haat Wavelets (LHW). 

Figue 6.2 Local Haar Wavelets 



Chapter 6 Subdivision Based on Cufvature 

This urhikcnirie is lwks Iüre tk ~cursïve buttedy in tbe FFi' algorithm. The aodes 

with only two input edges are tbe wavelet coefficients. 

From the LHW on the entire window, we can get L c d  Haar Wavelets (Lm') for 

evay subdivision windows. Fi we compa~e tbe LHW for entire window. When we 

subdivide tbe windows we use the Reverse tocal H m  Wàvekts (RUIW) to the am- 

plitude eîemenis on tbe sub-wiadows. In this way die UIW ate pmduced ~ie~wsively 

in the procedm of suMivision. This provides us tbe flexi'bility to use waveIets accord- 

ing to the spatial pmperty of a SULfixe. 

The subdivision by curvahue can be thought of as a Lud of coding scheme. The se- 

quence of windows W(i J) Liepresents tbe surface by tbe cumture properties. Each 

window is ~presented by s e d  wavelet coefficients. 

The LHW is suitable for the subdivision algorithm presenaed before. We can consinict 

the non-standard Haar wavelets nOm a sequence of subâivision windows and Local 

Haar Waveiets of each wiadow. In this meaning tbe non-standard Haar wavelets are a 

speciai case of LJIIN with only one window. Another advantage of LHW is the spatial 

locaiization. The subdivision method fitst divides a window into sub-windows accord- 

ing to a cost function, such as the ibtness of die cucvature, and then does the wavelet 

transforms on the sub-windows. 

This pmcedwe linlrs adaptive subdivision by mature  and wavelets. For example we 

cm select a cwahue threshold anci the relative e m r  to decide the compact represen- 

tation of the region data. Corvatue measpres the flamms of a region. A general prïn- 

ciple is thai in a flat n e g h  we cm select fewer coefficients to represent it. So we can 

choose fewer coefficients of wavelets in a "fht'' sub-windows and more cœfficients of 

wavelets in other sub-windows. 
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Ibe subdivision and Local Haar Wavelets 0 is W d e d  by a pair of parameters 

(5, e). T is the value of the curVQtUrc àresbId h g k s  gioôal COIIÛOI îo the subdivi- 

sion fiame and tbe size of windows, E is the relative e m r  for a reconstruction win- 

dow wiih Local Haar Wavelets. It gives local control to the sccuracy of approxima- 

tion in a subwindow. 

Suppose f(x) is an input hiaction and g(x) is the nxonstruction hiaction aHer the 

waveîet transfom apphed to f(x)- Let e '= 1 f (x) - g(x)(2, a theorwn States tbat eZ is 

e@ to t& sum of the sqi iues of unselected wavelet coefficients whicb have been 

sorted, =fer to [Stollnitz et al 941. 'lherefote given e we can find the selected wavelet 

coefficients. 

When we iocrease T and leave E fixed the number of windows gets srnail and the size 

of window becomes large generally. That is tbe "ht" areas become bigger. 

Foilowiag data and pichires are done on the Bell-shaped surface & h e d  on Chapter S. 

with a = b = 8.0 and the centre (h yo) = (-1-û, +Z.O). Tbe sampling data are taken 

fmm the rectangular cange with the topleft point (-2.0.2-0) and bottom-right 

point (2.0, -2.0). The sampling distance i s  lZ.0. 
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I BeB-shPped I Subdivision & LHW I Standard Haar Wavelet 1 

Table 6.1 Paramefers and results fa subdivision and standatd wavelets 

P S M  is tbe Peak Signal to Noise Ratio. It is an enor measurement to image quality- 

The definition is given in the Section 4.5. 

Surface 

In the Table 6.1 we see the number of selected coefficients are almost equal for both 

subâivision with LHW and standard Haar wavelet. The PSNR of Haar wavelet is 

better in one and worse in the other. 

Number of 
CœfE5ents 

412 
199 

CompeaPion z Numberof 
Ratio Cc~Scknts 

l 

39 3.07 15 414 
213 199 

PSNR 

23-76255 1 
20.152546 

PSNR 

20,472239 
20303242 
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Ehac Wavelet Image 

Figure 6.3 Friune aud image pictufes 

In the Figue 6.3 1 show the frame p i c m  of subdivision by cwature. The srnail 

wiadow s& a ~ a s  rep~e~ent the high mature areas. 'Ibe frame pictures correctly 

show the distribution of the cuwature for beil-shaped surface. 'Ibe image picaires 

show lit& dislonion cornpaie to the Onginal data for the selection in the Table 6.1. 
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H ~ U R  6.4 ip tbe 3D d a c e  of tbe originai bell-shapd data used m Table 6.1. Figure 

65  is the 3D surface for tbe LHW and subdivision based on cwature Mth compres- 

sion ratio 83 in the Table 6.1. Fi- 6.6 is the 3D surflise for the standard Haar 

wavelet wîth compiwsion 83 in the Table 6.1. 

Cornparhg these chne figures, we fiad tbat then are some wrinLles near tbe flat 

bouodPy of the bell-shapeâ d' in Figure 6.6 for tbe Haar wavelet 'Ihe surface in 

Figure 6 5  looks closer to the &ginai surface in that wo In the fiat area the subdivi- 

sion based on curvatme d a c e  lwks more smootb than the standad Haar wavelet 

sucface. 
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The s u r f e  section is obtained by applying the foUowing function 

onto tbe input dntelVx) b a liaw fiinction so it oaly changes the view of the surf" and 

does not change the pmperty of the origina d a c e .  h the above images I set the minval 

= 0.8, maxval= 1.2, and the scde = 8. 

From Figures 6.7,6.8, and 6 9  we can see that there are bmnps in the flat area of the 

Standard HPar Wavelet Surface. In the Figure 6.8, the f i t  area is srnooth Iike the original 

surface- W e  see tbat the LHW with subdivision b d  on c9nntme produces better 

surf'. 
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Figure 6.10 OBginal tooth surface 
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Figure 6.1 1 LHW and Subdivision Tooth Surface 

The parameters and resuits are üsted in the following table. 

z & 1 number of 1 compdon ratio 1 PSNR 1 



Chapter 6 Subdivision Based on Cwatme 

Figure 6.12 SePndPrd Haar Wavelet Tooth Surface 

e 

0.003 

The parameteni and d t  are listed in the following tabla 

numbet of 
coefficients 

3091 

compression ratio 

5.3 

PSNR 

29.10 
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F m  pbove pictues, Figures 6.10,6.1 1, and 6.12, we see both LHW with subdivision 

on c w m  and standad Haar wavelet surf- sn very close to original surface- 

Notice both sud'' bave the compeapion ratio 5.3. k a s m l i  area with s k p  cucvature 

variation pohted to by the amw, we see tbe subdivision method is not very satisfactory. 

One ceason may be tbat poor rau~cy  in the data ieads to kge emws in the cwyature 

estUaate. An- m may be îhe subdivision bwnday. The Utl;iform subdivision iike 

quad-subdivision may be mt very suitable for the smalî area with sharp variation, This 

proMem repmies more W y .  
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Chapter 7 Conclusions and Future Work 

h thip dhmtation, 1 have applied a method of wawlets and Werential geometry on 

tbe S U t f k e  mooastrition, selection, and measullement. The endpoint-interpolating B- 

spline wavelets and several sektion strategb are dbawed. Subdivision based on the 

ciavatin~ and Local Haar Wavelet are also discussed. 

7.1 Applications 

In prieMous chapters, 1 examiaed the basic theory and algonthms for B-spline wavelets 

and curvpiuie approximation. It is applied on examples where the sutface is given 

mothematicaily and sampled as range data. In this section 1 wiiî summarize some po- 

tential appkations with this method. 

7.1.1 Data Cornpiession 

'Ibis is tbe most obvious application for wavelets. With endpoint-hterpolating B- 

splines we can coastmct tbe filter bank and cornplete the wavelet tmsform in l i n ~  

nm time. The image cornpiession is a special case of surface compression in which the 

surface is given by height field data. The= is akady a lot of work reîated to the image 

compression with wavelets. Ibe work of WVoie et ai. 921 is weîî known. Md- 

tiresolution cwwes have been studied by FuiLeIstein and Salesin 941. A data reduction 

scheme for üiangulated surfrces basexi on cwatures is developed by F a m m  941- 

The wavelet compression based on a cwvature meiric has the advantage of consider- 

ing ibe geometric pmperties of flaataess and smootbness. Curvature Rpresents the 10- 

cal geometric property of the surface. For example, in theory, we cm represent the 

uea witb tbe negative curvature by hyperbolic type surface; the area with positive 
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cwature by eUptic type s u r f e ;  and the area near curvaîufe by parabolic or ph-  

nar surface. 

7.1.2 Progressive Trammisdon and Rendering 

Multkmlution representation of a Sueface is very suitable for progressive traasmis- 

sion (transmit data h m  coarse to fine) on tbe netwok la the client site the d a c e  

can be redered in a progRssive mode. It is rlso possible to duce the time of wavelet 

Sruipce reidenog by using the level-of-detail fontrol spch as in radiosity [Gortler et ai. 

931. 

7.1.3 Location Viewing and Image Enhancement 

Consi&ring the mapping algoritbms presented in this dissertation. we can select inter- 

esting regions to reconstruct the sucface fmm wavekts. We c m  also preview a picture 

and a map by this method. The mapping aigorithm combineci with other selection 

stratepies can effectively speed up the reconstruction. 

The subdivision wavelets based on Gaussian cwature provide us with a metbod to 

enhance an area of an image baseù on the cucvatuce. For example, some interesthg 

aiwis are the sharp variation M whrh are repcesented by the large curvature magni- 

tude value. We can select mole wavelet coefficients ia these intwesting areas. 

7.1.4 The Quality of Approximation Surface 

Given an approximation to a surface, a ltey problem is to evaluate the quality of the 

approximation. Global metncs such as PSNR that masure the reconstructed surface 

quality ase not always satisfactory. With the cwature approximation we can compare 

the curvatures of original aod the new one. This provides us a metnc to measure the 
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quality of the ieconstn~:ted s u r f h s ~  Since it is not easy to ampute the cuvatues of 

a Haar, busr, anâ quadratic B-spline wavelet sPrfPce directly by p~nmetric nepresen- 

tation, the approximation metboâ &wloped in tk Chapter 5 to estimate the Gaussian 

curvaiures fiom discretepoints is useful, 

7.13 Feature Extraction and Match 

The k k  of translation-hvatiaace is a weaknes of orthonormai waveîets, However 

curvaaire is translation-invariant. So it is possible to use cwaai ie  for finding the 

translation inf6rmatiioa The translation-iavariaace pmperty is required for appiications 

sp~b as image registration and stereo pair match. The cucvature of a surface also pro- 

vides the important information fot featwe extraction. 

7.2 Conclusions 

In this dissertation, 1 worked on applying the methoâ of wavelets and curvature to 

solve a problem in cornputer graphies- 1 had studied the basic ideas and algorithms. 

Severai programs are designed to test the performance and error of the proposed 

methods. These programs are implemented under Wiadows95 and Linux with object- 

oriented pmgtammiog language C++ Pnd WC. To wo& on the program 1 &O 

learned a lot of object-orieoled and numerical computation metbods. For example, I 

le& how to estimate the accuracy of fioating-point numbers in a computation. 
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7.3 Future Work 

One possîôility of fia- wock is to nteaâ tbe method of ciirvatwe and waveiets to 

3D surfocee with oibiûary topology. New selectioa Stategïes may be required to re- 

constmct and select the surface. The subdivision based on m a t u r e  can also be ex- 

telylpd to 3D sucfices. Tbe Local Haat Wavelets can be used in tbe situation where 

tbe adaptive subdivision is aeeded It is possible to atenâ the Local Haar Wavelet to 

high de- wavelets with continuity. 

A metric to mersun: the quality of a sudace based on the auvanue estimation is 

needed. Otber appmaches to measuse the quaiity of an approximation curve and sur- 

face scherne based on the differenthl geometry neaï to be developed. The c w e s  and 

surfaces with the cutvaûue constraint condition may be more smwth. 
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1. Expression of Cumes and Suilaces 

Tbere rit the ways toexpiurp acum in tbexy phne-explicitfonn iikc y =  f(x); 

impiicit fam like F(s y) = 0; and parametnc form iike p(t) = (x(t). y(t)). Each fom 

hPI its OUA advantages to repie9ent a c w e .  S u r f "  can also be expressed in explicit 

form z = f(x, y); implicit fosm F(x, y, z) = 0; and paranietric form S(u. v) = (x(u.v), 

y(u,v). z(u,v)). In cornputer graphics curves anci d a c e s  are g e d y  expressxi in 

the parameüic fonn. In tbe foiiowing sections I will introduœ some basic ideas of 

dinerential geometry of curves and surfkces. For more de& about differential ge- 

omeay please =fer to [Do Cano 19761, [Beach 911. 

2. The Differential Geometry of Curves 

2.1 Curvature and Torsion 

Consider a parametnc space cuve with the form P = P(x(v). y(v). z(v)), suppose s is 

the arc length at point v we have s = s(v). Since s(v) is weii denaed. monotonic. and 

bas an inverse, the cuve P can be expressed as the fuaction of s: P = P(s). 

. so t(s) is the unit tangent vector. that is t-t = 1. Dinerentia~g 

dt dt 
t-t = 1 with respect to s giws -- t = O. The - is eitber zro or perpendicular to t, or 

ds ds 

t is O. We usuaüy ignore t = O and have 
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-te k is a s d a r  variable caiied curvature and n is a unit vector perpendicular to t. 

Define a vector b = txn then the Senet-Frenet formulas [Do Camio 1976 ] are 

where n is the principal normai vector, t is the tangent vector, b is the binomial vec- 

tor, k is the ciyvature scaiar, t is the tmion scaiar, tb plane is caild rectifjhg plane, 

tn phne is called oscuiating plane, and nb plane is called nonnal plane. 

Semet-Fmet formulas imply that k(s) and ~ ( s )  determine the space c w e  except for 

its position d orientation. 
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The p h  thot is detamined by ~ c u w  t Pad b Y hown as osdatbg pluie. Consider 

the circie dito@ P(s) aaâ P(s+As) Mth tangent t at P(s). Sec Figure A.2. The limit- 

4 circle (As + O) is cDUed osdahg cide. bcan be proved tbpt the radius R of the 

omdating &le is recipocPl tbe m a p h d e  of the ~~ Is that is R = l& k # 0. 

Fkom the Figure A2 Oriangles A(C, A, P(s) )and A(C, A, P(s+ds)) are consideted con- 

gruent for a very smaii ds. Henœ Rfsin(B) = IP(s+ds)-P(s)UZ. Let dP(s) = P(s+ds)- 

P(s), by dot product defintion, tdP(s) = IdP(s)kos(B). Squve both sides we get 

(t-dP(s))' = W ( S ) ~ ~ C O S ~ ( ~ )  = ldP(s)12(1 - sin2(@) = ldP(s)12(l - ld~(s)1~1(4*~~)). So 



Appendix A. Blsics of Dinerential Geometsy 

3. The Dinerential Geometry of Surlace 

Suppose a paraxnetric d i w e  is P = P(u, v) w h e ~  II, v are parameters of the d a c e .  

'Ibe right si& of the quation is known as thefirstfwdomrntal fonn. and the rnatrix 



Now let 

'Lbe nght side of the quaiion is known as the s e c o n d ~ n t < J  form and the ma- 

trix K is called tbe second-ntd ma& 

3.2 S d a œ  Curvature 

lhre are wo ways to define the cwanite of surfaces. One uses the parametric cep- 

resentation, the other uses the spbencal image. In the parametric expression the c w a -  

ture is &fined by the normal and the derivatives at a point 

33.1 Curvature of Parametric Surfaces 

Given the foiiowing ma& 



Appendix A Basics of Differential Geomeay 

The eigenvalues of the ma* (%) pn the priacipol c u r v w  Li and k2 at the point p. 

'Ibe Gausskm Mvabire 5 aud Mean mature  it are the determinaat and l/Z the 

trace of the maaix (a& Hence 

is an important index to show the featwe of a point on a surf'. A point P of a 

surface is cplled elliptif ifk, > O. hyperbolic if k, < O, patabolic if L, = O and one of 

(ki , k2) is not m, or pianar if kI = k2 = O. This classification is referreà as the 

Dupin indicatrix arid it does not dependent on the orientation. 

From the books of Carmo 761 and [Gray 931 the Gauss map is deiïned as foilows. 

Let x be a patch on the surf' S. nien the unit normai n to x viewed as a mapping 

h m  S to the unit sphere is called the Gouss m p  (spherical image) of x. In other 

words. to eoch point p on a patch the Gauss map Pssigns the point on the unit sphere 

such that tbe nomial at the point on the unit spbere is paraile1 to the unit normal at p. 

It cm be proved that the Gaussian curvature &@) at the point p of the surface S to be 



wheie A is the ara coneeining point p, A' iP the MO of the Gauss map A on unit 

sphem, and the limit is taken thtough a sequence of- A tbat converges to p. 

W e  can clirssifjr tk points m a d a c e  hm eiliptic, hyperbolk, parabolic, and planar 

by the sphaicai image of Opussian cmatare. WheD we move a s m d  closed m e  

without seKintersection points mund a point on the dace. iis spherical image is 

also a closed curve without seKintersection points on the sphece. For a elliptic point 

when we traversed the closed curw in a cloçlrwise ditection. the coaespondhg curve 

on the spberical image is traversed in a clochnrise direction; for hyperimiic point the 

comspoading curve on the spherical image is traverseci in a counterc~lockwise direc- 

tioa. AS yoa move vwnd a planar point, its spbericai image is a point; as you move 

mund a parabolic point, its spherical image is a cwe. Refer to Figure k 3 .  
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