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Wavelets and the Use of Curvature
to Approximate Surfaces

Abstract
by
Chang LI

Department of Computer Science
University of Manitoba

By using the wavelets and curvature, I tried to get a high quality compact representa-
tion of a surface. I get better results than simple Haar wavelets with curvature subdi-
vision and Local Haar wavelets on the mathematical range data surface. To estimate
the curvature of a curve represented by discrete data, a three point algorithm is devel-
oped. A normal approximation algorithm and an algorithm to estimate the Gaussian
curvature are also developed for surface. The latter algorithm has a stable and fast
convergence. To present background knowledge, I describe the multiresolution analy-
sis with matrix and filter bank representation, the endpoint-interpolating B-spline
wavelets, and basics of differential geometry. Several selection strategies for wavelets
such as threshold and L? measurement are presented and tested. A simple location
mapping algorithm for Haar wavelets is also studied. Finally I discuss the conclusions
and future work.
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Chapter 1 Introduction

Chapter 1  Introduction

1.1 Problems

Multiresolution analysis and wavelets have received considerable attention in recent
year because they provide a useful and efficient tool for representing a function such
as a surface at multiple levels of detail. Wavelets have been widely used in the field of
computer graphics in areas such as multiresolution analysis of arbitrary topological
type, compression of 3D model, graphics rendering, and acceleration of global illumi-
nation algorithms.

Initially, multiresolution analysis considers the representation of functions defined on
the entire real line. The theory is then extended to functions on the unit interval.
Therefore the theory can be applied to represent parametric curves, which are the
most commonly used curves in computer graphics.

The extension of multiresolution analysis to surfaces on the unit square is straightfor-
ward by tensor product. It has been widely used on image compression and process-
ing. Recent work has been done to extend multiresolution analysis to surfaces of arbi-

trary topological type.

In the case of multiresolution analysis of surfaces on the unit square, there are many
problems that need to be solved. One problem is the following. Given a set of discrete
points defined on a rectangular grid (range data), select coefficients, reconstruct an
approximation surface to interpolate these points, and measure the quality of the ap-
proximation. This problem is related to image compression. In this dissertation, I will

focus on solving this problem by using wavelets and curvature.
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1.2 Dissertation Overview

This dissertation considers the problems of range data surface representation with
wavelets, selection of coefficients, and surface reconstruction. With multiresolution
analysis and wavelet of B-spline, some methods of surface represeatation, selection,
and reconstruction are used. The estimation of curvature and applying it on a surface
are the kemel of surface reconstruction. Chapter 2 presents some background knowl-
edge on multiresolution analysis and B-spline curves and susfaces. Chapter 3 discusses
the endpoint-interpolating B-spline wavelets for curves and surfaces. The standard and
non-standard methods to produce wavelet representation of surfaces are explained.

Chapter 4 discusses the selection strategies to choose the wavelet coefficients. Several
estimation methods of curvature for curves and surfaces are presented in Chapter 5.
Chapter 6 discusses the subdivision and Local Haar Wavelet. Several comparisons to
standard Haar wavelets are shown. Chapter 7 summarizes this work and suggests fu-
ture work and applications. Appendix A presents a background knowledge of Differ-
ential Geometry about curvature.

1.3 Contributions

The contributions of this dissertation include:

e Defined a new non-standard method to construct two-dimensional wavelets.

e Tested three point circle method to estimate the curvature of a space curve on dis-
crete points.

o Tested an algorithm to estimate the Gaussian curvature for range data surface by
normal approximation.

e Presented subdivision by curvature method and applied it with wavelets.

e Developed Local Haar Wavelets (LHW), which are suitable for subdivision.
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1.4 Notation

Notation used in this dissertation is represented in the following Table.

SYMBOL DESCRIPTION
IR The set of real numbers
X, j» etc Scalar variables
x, P etc. Vectors, points
I The identity matrix
3 The Kronecker delta: 1 iff i=j, 0 otherwise
ou(x) IR"-IR The k-th scaling function at level j
@i(;) IR"-IR The matrix of ¢p(x)
v The span of the scalar valued ®/(x)
w The orthogonal complement of V? in V**!
Wa(x) IR"—>IR The k-th wavelet at level j
v(x) IR"-IR' The matrix of Wi(x) for a fixed j, where 1
is the length of (x)
<f(x), g(x)> A scalar giving the inner product of f(x) and g(x)
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Chapter 2  Background

2.1 Terms

All the terms that are not well known are defined first before applying them in the
following sections. The general terms of differential geometry are introduced in
Appendix B.

2.2 Multiresolution Analysis

2.2.1 Basic Multiresolution Analysis

The theoretical development of multiresolution analysis is due to Mallat in 1989
[Mallat 89]. Dauberchies developed orthonormal wavelets and reappraised the
research of wavelets [Daubechies 88]. Multiresolution analysis had become an
abstract framework to introduce wavelets ([Stollnitz, DeRose, Salesin 94], [Chui
92], [Chui & Quak 92]). Multiresolution analysis and wavelets have found wide use
in signal processing, image processing and compression ([Devore et al 92],
[Averbuch et al 96}, [Lewis & Knowles 92]), numerical analysis, and
approximation theory. Recently multiresolution analysis and wavelets have been
applied to solve problems in computer graphics, including curve modeling
[Finkelstein & Salesin 94], modeling surfaces of arbitrary topological type
([Lounsbery 94] and [Eck et al 95]), radiosity [Schroder et al. 93], and optimization
for surface interpolation [Pentland 92].

The basic concept behind multiresolution analysis is to decompose a complicated
function into a “simpler” low-resolution part together with a set of details called

wavelet coefficients. By omitting small coefficients we can efficiently construct an



Chapter 2 Background

approximation of a function. Multiresolution analysis actually provides a flexible
tool to handle a function in different levels of detail. It can be applied to various
spaces such as real line, mesh, and vectors. In the next sections I'll focus on
applying multiresolution analysis to a vector space.

2.2.2 Multiresolution Analysis of a Vector Space

The multiresolution analysis of a vector space includes two basic elements:
1. A nested set of vector spaces

VievicVic...

V! contains functions of resolution j and as j increases the resolution of V’ increases.
The scaling functions refer to the basis functions for Vi.

2. For an arbitrary pair of functions f and g in V! define an inner product <f, g>. The
orthogonal complement space W! of V? in V™*! is defined as the set of functions in
V**! such that their inner product with any one of the functions in V' is zero. That is
any function in V**' can be written uniquely as an orthogonal decomposition of a
function in V/ and a function in WP It is often written as V/*' = VV @ W/, W is
known as the wavelet space, and the basis functions of W are called wavelets.
Figure 2.1 shows this.

-------------------

Figure 2.1 Vector and wavelet space



Chapter 2 Background

3. Generally the nested spaces V' are generated by translations and dilations of a
single refinable function ¢(x). Over the real line this is represented by the refinement
equation

o(x) = Zi pi(2x-i)
where p; is constant. The constant factor 2 acts as a dilation, and the negative i is
considered to be a translation. Refinability for multiresolution analysis means that a
coarse-level scaling function can be expressed as a linear combination of fine-level

scaling functions. For example the B-spline basis functions introduced later are
refinable.

2.2.3 Matrix Representation
Let ¢;(x) denote the i* scaling function on the vector space V/, and y;(x) denote
the i* wavelet basis function on the vector space W’ x is the parameter of the
functions. It is convenient to represent the scaling functions as

' (x) = (@(x), $ir(x), ..., bim,, (x))
where M; is the dimension of V.
For wavelets let

W(x) = (W(x), Yjt(x), .... ¥ix, (X)) ,

where N; is the dimension of W’. Note that N; = Mj.;-M;.
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Since the subspaces V' are nested and the scaling functions are required to be
refineable, there exists a constant matrix P for each j = 1, 2, ... such that

¢'(x)=d(x)* P 2.1)

the P is a M;*M;,, matrix . That is scaling functions at level j-1 can be represented
as a linear combination of scaling functions at level j.

Because wavelet space W' is a subspace of V? and the basis functions are refinable,
there is also a constant matrix Q’ such that

Y (x)= ¥x)* Q .2

the Q' is an M;*(M;-M;.;) matrix. That is each wavelet at level j-1 is also represented
as a linear combination of scaling functions at level j.

Combining (2.1) and (2.2) we have
@"'x) P x) =®x) * @ Q) 2.3)

where (P Q) is a M;*M; matrix.

Example:

For Haar basis (refer to 3.1.1) given a level j there are 2 scaling functions
and wavelets. In the V2,

10 1 0
2_|1 O 2_|-10
PP=lo 1| 2 =lo 1

01 0 -1
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Suppose
&'(x) = [d10(x), u(X)], ¥'(x) = [Wio(X), ¥11(X)]

®*(x) = [$20(x), $21(X), d22(x), $23(x)]

ot
(=Y =]

[®'x) ¥'x)] = ®*x)

(=Y =Rl ol
——0 O
(=)=
—

2.2.4 Filter Bank

Suppose a function f;(x) in V! is expressed by the scaling functions as
M-t
()= 2e,0,(0)

where x is the variable, and the c;; are the coefficients of the linear combination.
Let C = (cjo, Gjt, ---» C1)" be the column vector of the coefficients. Using linear
filtering (linear combination) and downsampling (simply drop off the coefficients)
on the M entries of C!, we can create a low-resolution CH with a smaller number
of coefficients M ;.. It can be written as

C = A*C 2.49)

where A’ is a constant M;.;*M; matrix.
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The detail lost by downsampling can be captured as another column vector D'

where
D" =B*C 2.5)
and B’ is a constant (M;-M;.1)*M; matrix.

The matrices A’ and B’ are called analysis filters. The above splitting process is

called analysis. With A’ and B’ chosen such that (P’ Qf)(g;) = I, the Ci can be

recovered from C™! and D™ with
C =P*C + Q*D™! 2.6)
or equivalently with
c=@ oS 2.7
(P Q) D]-l ( ° )

This procedure is called synthesis. P and Q' are called synthesis filters.

The procedure for splitting C’ into C™* and D’ can be recursively applied to C*.
This is called analysis filter bank. The reverse procedure is called synthesis filter
bank. See Figure 2.2 and Figure 2.3.
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analysis filter bank
A At Al
C— C'— O . C' —i
B B B
I
Figure 2.2 Analysis filter bank
Synthesis filter bank
P pH P! o
C ¢ C' e c?.... C'(——-E-C"E
Q Q" Q i
o TR e
....................................... L

c®, D’ D\, ......, D is the wavelet transform sequence. The relationship between
analysis and synthesis matrices can be written

ot (A
®Q' = (B,.) 28)

Once we have chosen scaling functions and their synthesis filters P, the synthesis
filters Q' are constrained. Since we require all the functions ¢;;_x(x) in ®(x) and

10
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W1, 1(x) in W' (x) satisfy the inner product <@y, x(x), W¥j-1.(x)>=0forall k and L It
is convenient to represent it in the matrix form,

[ <®(x), ¥ (x)>]=0.

From (2.2) ¥ (x) = ®'(x)*Q, we have [<®"(x), ¥ (x)>] = [<«®"' x). P (x)>]*Q
= 0. The columns of Q' must form a basis for the null space of [<®"(x), ¥"'(x)>].
Refer to [Golub & Van Loan 89] for discussion about this condition of null space.
Because there are many bases for the null space of a matrix, there are many wavelet
bases for a given space W'. Therefore there are more constraints required to
uniquely figure out the Q’ matrices other than the condition orthgonality.

For example we could require the columns of Q' to be sparse and with a minimal
number of consecutive non-zeros. See [Finkelstein & Salesin 94] for their
construction of cubic spline wavelets. Refer to [Press et al 92] for numerical
algorithms.

11
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2.3 B-spline Curves

2.3.1 Definition

The basic B-spline is described in the books [de Boor 72}, [Farin 93], [Farin 95],
and [Piegl & Tiller 87). Many authors studied the other kinds of splines. [Meek &
Walton 92] presented a method to approximate a group of discrete data by G' arc
splines. [Forsey & Bartels 95] described surface fitting with hierarchical splines.

A B-spline curve P(x) of degree d is defined by parameter x and control vertices V,

as
P(x) = 2 Ni(x)*V,
in0

WHhere Xeia S X S Xuex and 1 £d S n. The V; are n+1 control vertices and N7 (x) are
the normalized B-spline basis functions. d is the degree of the B-spline basis
function.

Define a sequence [Xo, Xi, .-..-., Xaeas1] Called knots. It satisfies the relation x; < x4y
where 0 < i < n+d. The parameter x is in the interval [Xq , Xes1 ]. For the i®
normalized B-spline basis function of degree r, the basis function N (x) are defined

by recursion formulas:

12
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1 if x;Sx<x,
N (x) = (2.102)
0 otherwise

Ni(x)= 2% NMi(x) ¢ ZeeTX Ny (2.10b)
wr = X; Xivrer = Xig1

Where d > 0 is the maximum degree of the B-spline basis function. If either
N (x) or N7 (x) is zero, the associated term in (2.10b) is omitted. Refer to the

i+l

book {Rogers & Adams 90].

Based upon the knot sequence, we can classify the B-spline to be uniform, open

uniform, and nonuniform.

1) In a uniform knot sequence, the knot values are evenly spaced, that is X, = x; +
¢ where c is a constant. For example, the knot sequence [0, 1/4, 2/4, 3/4] is uniform
with c=1/4. The uniform knot sequence yields periodic uniform B-spline basis
functions and each basis function is a translation of the other.

2) An open uniform knot sequence has d+1 equal knot values defined at the
endpoints and the interior knots are uniform. Here d is the degree of B-spline basis
function. For example, in the case of cubic d = 3, the sequence [0, 0, 0,0, 1/2, 1, 1,
1, 1] is open uniform.

If the number of control vertices n+1 is equal to d+1 with an open uniform knot

sequence, then the B-spline reduces to a Bezier curve, and the B-spline basis
functions reduce to the Bernstein basis functions. The Bernstein basis functions are

13



Chapter 2 Background

Bi(x)= (:i}‘, (A-x* xel0. 1)

where d is the degree of the Bemstein basis function.

The knot sequence is just d+1 zeros followed by d+1 ones. For example, the cubic
Bezier curve has the knot sequence [0,0,0,0, 1, 1, 1, 1].

3) Non-uniform knot sequence has no limitations except that it is a non-decreasing
sequence.

The endpoint-interpolating B-spline of degree d in [0, 1] is an open uniform B-
spline. The N (x),..., N¢(x)are the B-spline basis of degree d with d-1 continuous
derivatives. Its interior knots are X4.1, ..., Xa, the endpointknots are xo = x; = ... = X4
=0, and Xgui = Xas2=... = Xaede1 = 1.

To make the endpoint-interpolating B-spline refinable, we set n to be 2 +d-1 and
X4, --.» Xast produce 2 equally-spaced interior intervals. Therefore there are 2'+d B-
spline basis functions used to define the endpoint-interpolating B-spline scaling
functions for wavelets. Figure 2.4 shows the knots values. For cubic endpoint-
interpolating B-spline with d=3 and level j=2, the knot sequence is [0 00 0 1/4 2/4
3/341111].

14
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X,
mtenior
162' — N :
0 d ¢+ 24d-12'+d 242
Figure 2.4 Endpoint-interpolating B-spline stepwise knots
2.3.2 Properties

The B-spline curve and basis functions have some important properties[Rogers &
Adams 90] :

For any given parametric x, each B-spline basis function is non-negative and the

sum of the B-spline basis functions is 1, that is

Y N(x)=1 and N/ (x)20, forr=0,1,...d

=0

The B-spline curve has the variation diminishing property, that is it does not
cross any straight line more often than the straight line crosses its defining
control polygon. The maximum degree of the B-spline curve is one less than the
number of control vertices. For example, the largest degree B-spline with 4

control vertices is cubic.

The B-spline curve is bounded by the convex hull of its defining control polygon.
If the control vertices are collinear, then the B-spline is a straight line.

15
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e The B-spline of degree d is continuous and its first, second, ..., and (d-1)th
derivatives are all continuous (assuming no multiple knots and no multiple

control points).

2.3.3 Derivatives

1) First Derivatives [Rogers & Adams 90, Page 337]

From equation (2.10b), we have

N () +(x=x)N ™" (x) + Giorn -X)N'(x)- N7 (x)

N/'(x) = .11
ior —Xi Xivret = Xigl
Forall x, N)'(x) = 0. Whenr=1 in (2.11) and using (2.10), we have
4
1
x€[x;,x;,;)
Xivt — X;
0 0 -1
Xiot =X Xiwz ~ X Xivz = Xint
0 otherwise
Example:

For uniform knot sequence, Xi.1-X; = Xis2-Xist = C Where ¢ is a constant, so

16
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1/¢c xelx;.x;,)

N'(x)=q-1/c xelx,.x,,)|.

0 otherwise

2) Second Derivatives

2N () + =X )NTR) | iy = DN (@) = 2N ()

Xiyr —X; Xivret ~ Xinl

(2.13)

N{"(x)=

Forallx N''(x) = N!''(x) = 0. Whenr=2 in (2.13) and using (2.12) we have

2 xelx.,x.,,)
(x4 =X XXy —X;) Froed
Le 1« .2 r l 4 l
N}"(x) = 2(:(" fi xNM—(:) ) = Xy =Xt [ Koz =X Xy —xm] *elFy %)
2 =X Xy "X 2 retrx)
(X3 =X KXz —Xi02) marTe
0 otherwise

Example:
For uniform knot sequence we have

17162 xelx,xy,)

""2 I Cz p o — [x.-’l .xi,.,z)
N{! " ( x) =
/¢t xelx,;.x,)

0 otherwise

.

17
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2.4 B-spline Surfaces

2.4.1 Definition

The natural definition of B-spline surface is by tensor-product

swv=SSvNNwm|
im0 jm0

where N; (k)and N; (v) are the B-spline basis functions in the u and v directions
respectively (refer to (2.10)); x; and y;are the knot sequences in the u and v
directions; Vj; is the control vertices of a defining polyhedral net; m and n are the
number of control vertices in the u and v directions respectively. The two knot
sequences can be different.

2.4.2 Properties

¢ The parametric continuity of the surface in each parametric direction depends on
the degree in each direction.

¢ The variation diminishing property for a B-spline surface is currently not known.

¢ The surface lies within the convex hull of the defining polyhedral net.

¢ The surface is invariant under an affine transformation. That is you can transform
the polyhedral net to transform the surface.

18
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2.4.3 Derivatives

The partial derivatives of B-spline surface are defined as

S, (V) = 3 3 VN @MW)

i=0j=0

S, (V) = 3 5 V,NE @M (v)

i=0j=0

Sw (V) = 3 T V,N @M (v)

i=0j=0

Su(1.V) = 3 3 VNI @M} (W)

i=0j=0

S.@v) = $ T VN@M (v)

in0j=0

19



Chapter 3 Endpoint-interpolating B-spline Wavelets

Chapter 3 Endpoint-interpolating B-spline Wavelets

Let Vi(d) be the space spanned by the endpoint-interpolating B-spline scaling
functions of degree d with 2’ uniform intervals, then V°(d) < V'(d) ¢ V’(d) ......
The columns of the synthesis matrix P’ are sparse, reflecting the fact that the B-
spline basis functions are locally supported. The first and last d columns are rela-
tively complicated because of the end point condition of B-spline, but the interior
columns are shifted versions of the column d+1. The elements of the interior col-
umns are given by binomial coefficients. Refer to Chapter 2, [Stollnitz, et al,
1994], and [Quak & Weyrich 93].

Figures 3.1 and 3.2 illustrate how each vector V°(0) can be represented by the basis
functions of V'(0). The key is that the box function ¢(x) can be expressed by the
linear combination of two box functions ¢,,(x) and ¢,,(x). In this way we can see
V°(0) is a subspace of V'(0).

The inner product is defined as

1
<f.8>=[fgx)dx
0

B-spline wavelets are determined by the matrix equation, [<®"'(x), #(x)>]Q' =0
(refer to (2.9)). In the approach taken by [Finkelstein & Salesin 1994] and
[Stollnitz et al. 1994] to construct the matrix Q', the columns of Q™' are required to
be sparse and have a minimal number of consecutive non-zeros. [Chui & Quak
1992] use the derivative and interpolation properties of B-splines to determine the

Q.
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C" and D" can be computed from C' by solving the sparse linear system
j~1
® Q) (g,'; )= C'. Since (P’ Q) is a sparse matrix, [Stollnitz, et al, 1994] re-

ported a linear time solution to above equation with LU decomposition.

21
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3.1 One-dimensional B-spline Wavelets

3.1.1 Haar Wavelets

When degree of B-spline wavelet basis function is zero the B-spline wavelet basis
becomes the Haar wavelet basis. Haar wavelet basis is the simplest wavelet basis.
In the case of one-dimensional wavelets, we consider that the domain of the basis
functions is the interval [0,1). We divide the interval equally into 2 pieces in which j
is called the level. For each j there exists a vector space V which includes all the 2
piecewise-constant functions on the interval [0, 1). V™*! is produced from V’ by bi-
secting each interval in V', Every vector in V is also contained in V*!, because each
constant function in V’ can be represented as the linear combination of two constant
functions in V**!. Thus the spaces V! are nested. For each vector space V', the Haar
scaling functions are defined as the set of dilation and translation of the “box” func-

tion ¢(x).
Bx) =06 (Zxi) , @G

wherei=0, 1, ..., 2-1 and

0 otherwise

1 0x<«l1
o(x) =

[9,(x)9,(x), ...... » §,,,_, (x)] are Haar scaling functions. It is the set of functions

spanning the vector space V2. In a similar fashion, the wavelet y;i(x) is defined to be
the functions that span the orthogonal complement space W’. Under the chosen in-
ner product, every wavelet ;i(x) of W is orthogonal to every scaling basis function
of V..
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$u(x)
0 &
0 1
Figure 3.1  The Haar scaling function for V* (j = 0)
| | 1
$u(x) $u(x)
0 0
0 ] 0 ]
Figwe32 The Hasr scaling fimctions for V' (j = 1)
] | 1 - |
X &) () (%)
0] 0Ll 0 0 |
0 1 0 1 0 ] 0 1
Figore33  The Haer scaling fnctions for V' = 2)
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The Haar wavelets are
Wi(x) = ¥ (Zx-i)
wherei=0,1, ......, 2-1

1 0sx<l/2
¥Y(x)=1{-1 1/2€x<1
0 otherwise

Normalized basis functions have a norm 1. That is <f, £> = 1 where f is a basis
function. The normalized Haar scaling functions and wavelets are

&i(x) = 2°¢(2'x-i)
Wii(x) = 2%y(2x-i)
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T | ValX)
a L

0 1

Figure 3.4  The Hasr wavelet function for W* (j = 0)

! Vi) ! | |— e
Nl J U
0 1 0 1
Figure 3.5 The Haar wavelets function for W' (j = 1)
()

Figure 3.6 Haar wavelet functions for W’ (j = 2)
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For multiresolution analysis and matrix representation, the synthesis matrices P’ and

@ for Haar basis are
1 0 ) (1 0 )
10 -10
01 01
Pl = 01 . Qia 0-1
01 01
\ 01 \ 0-1,

The Haar basis functions are simple and orthogonal, have very compact support,
and are non-overlapping. Compact support means the wavelets only relate to the
local neighbor points, so the synthesis matrices are sparse. This is an important ad-
vantage in real applications.

However the Haar basis is poor in the applications of computer graphics because of
its lack of continuity.

3.1.2. Linear Endpoint-Interpolating B-spline Wavelets

If we choose the degree d of the B-spline basis functions to be 1, the scaling func-
tions are N} (x), N} (x), ...... , N!(x). These wavelets are continuous, or are C°.

The following diagrams are from [Stollnitz et al 94]
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Figure 3.7 Linear
endpoint-
interpolating B-
spline scaling func-
tions and wavelets

forn=2°

3.1.3 Quadratic Endpoint-Interpolating B-spline Wavelets

If we choose the degree d of the B-spline basis functions to be 2, their first deriva-

tives are continuous so the wavelets are C!

Figure 3.8 Quad-
ratic endpoint-
interpolating B-
spline scaling func-
tions and wavelets

forn=2°
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3.1.4. Cubic Endpoint-Interpolating B-spline Wavelets

If we choose the degree of cubic B-spline wavelet basis functions to be 3, their
second derivatives are continuous so the wavelets are C2. When we compute the
curvature of a curve and a surface, second derivatives are required, and the cubic B-
spline is suitable for this purpose.

Figure 3.9 Cubic
endpoint-
interpolating B-
spline scaling func-
tions and wavelets

for n=2°

3.2 Two-dimensional B-spline Wavelets

In the following sections, I assume that two-dimensional image is defined on a rec-
tangular domain. The rectangle topology makes it easy to construct a two-
dimensional wavelet from one-dimensional wavelets. There are several ways to do
s0. We will discuss the standard tensor product wavelets and non-standard wavelets
in the next sections.
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3.2.1 Standard Tensor Product Wavelets

Intuitively, the tensor product construction is simply the application of an one-
dimensional transformation to all the rows and then to all the columns in the rec-
tangle domain. In the wavelet transformation, the row wavelet transformation sets
the wavelet coefficients with more detail from left to right. And then the column
wavelet transformation treats these row wavelet coefficients as input and applies to
every row from top to bottom. The final two-dimensional wavelet coefficients are
arranged in the way that the top-left comer has the coarse coefficients and the fine
coefficients are at the bottom-right.

D£ .

Figure 3.10 Standard tensor product wavelet construction
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3.2.2 Non-standard Wavelets

To get the non-standard wavelet transformation, first apply one step of a one-
dimensional wavelet transformation to each row and apply one step of wavelet
transformation to each column. Repeat above procedure on the top-left quarter

area. Repeat the above procedure until you reach the minimum area. See Figure
3.11

v

column

Figure 3.11 Non-standard wavelet construction
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Since the procedure above only applies the transformation to the coarse area recur-
sively, we may have another reasonable construction that is called Non-standard IL
It transforms rows to coarse row area and transforms columns to coarse column
area recursively. This is similar to the tensor product transformation., but it applies
the wavelet transformation in alternation of row and column. See Figure 3.12

transform row
Couse Caluma
z/ '
Cam —1>
anfum
c—-ln/ 'L ] column

Figure 3.12 Non-standard I wavelet construction
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3.2.3 Two-dimensional B-spline Wavelet Basis Functions

Suppose the B-spline basis functions along the x direction are ®(x) = [doo(x),
Woo(X), -...s Wam(X)] m = 2 -1+d and the functions along the y direction are &(y) =
[$00(Y), Woo(y), .-, Waa(¥)] and n = 2"-1+d. The basis functions of tensor product
are elements of the matrix ®"(x)d(y). The m =n = 1 and d =0 basis functions are
represented as a matrix of the product,

90 (®)
¥ 0 (x)
V1o (%)
V(%)

90V Vi (V¥ ()

The non-standard wavelet basis functions are produced by first defining a two-
dimensional coarse scaling function

oo (x, y)=¢(x)d(y)

and three wavelet functions

oV (x, y)=0(x)¥ (y)
yo(x, y)=v¥ (x)o(y)

(x, y)=v (x)¥(y)

They can be represented in the form of a recursive tensor product for the Haar

U
wavelets. For example, form=n=1andd =0, let Ux) = ( 1)

Uz (x)) where U;(X) =

(oo(x), Woo(x))" and Uz(x) = (Wie(x), ¥11(x))"; V(y) = (V1(y) Va(y)) where Vi(y) =
($00(¥): Woo(y)) and V2(y) = (W1o(y), Vs (y)).
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The non-standard basis function is defined by © as U(x) © V(y) = U(x)V(y) if U or
V has one element and

U, (x)8V,(y) U,(x)V,(y)
Ux)OV(y) =
U, xV,(y) U,(x)V,(y)

In above example

{ )
(vm(x))e(%(ywm(y)) (wm(x) W0 (Y) V()

Ux)8V(y)=

Wit Wl
\("’u(x)}¢w(y)vm(y)) (wu(x) vlo(y)“’u(}’)))

Each of construction has its own advantages. We define the support of a wavelet as
the domain where the wavelet is non-zero. The standard tensor product wavelet is

simple, but has non-square support. The non-standard wavelets have square sup-
ports.

33



Chapter 4 Selection Strategies

Chapter 4. Selection Strategies

An application of wavelets for data compression typically requires three distinct
stages:

o Analysis. The original data or function is decomposed to a linear combi-
nation of wavelet basis functions. This gives a representation at the vari-
ous levels from coarse to fine.

o Selection. According to the requirement of resolution and quality metrics, a sub-
set of wavelets is chosen for reconstruction. The selection strategies are the
methods to make the choice.

o Synthesis. A new approximated data or function is reconstructed from the chosen
wavelet subset.

In this chapter we will concentrate on the selection strategies. Figure 4.1 shows the
selection of the endpoint-interpolating B-spline wavelets for 2"*2’ tooth image. Fig-
ure 4.1 (a) shows the Haar wavelets (b) linear B-spline wavelets (¢) quadratic B-
spline wavelets (d) cubic B-spline wavelets. 2™ is the number of coefficients to be
selected. The minimum level is 1 and the maximum level is 7 in the Figure 4.1. The
pictures in the Figure 4.1 demonstrate that high degree B-spline wavelets require few
coefficients with the same image quality.
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(a) Haar Wavelets (Degree =0)

(b) Line B-spline Wavelets (Degree =1)

Level 5 6 7
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(c) Quadratic B-spline Wavelets (Degree = 2)

Figure 4.1 Endpoint-interpolating B-spline wavelets for 2"*2” tooth image
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4.1 Threshold Testing

Suppose a function f(x) is represented by the linear combination of the coefficient
vectors V°, W°, W', ......, W where j is the level of wavelets, V° is the coarse coef-
ficient vector, and W' for i = 0 to j-1 is the wavelet vector. The simplest selection
strategy is to choose wavelet coefficients whose magnitude is greater than a given
positive value t; others coefficients are set to zero. In mathematical terms, suppose
wi € W', the new set W' is defined as w; € W' such that | w; | 2 1 for some given t
>0.

There are several methods to select . One of them is to find the minimum and the
maximum magnitude values in the coefficients, and then choose the average to be the
1. In a more general case suppose the minimum and maximum magnitude values are
Wain a0d Wae respectively, T = A Wagnt(1-A) Weia , 0SA < 1. IfA=0then T=wuq
all the coefficients are selected; if A = 1 then T = Wa Only the maximum coefficient
is selected; when A = 1/2, T = (Waia+Waa V2 is the average of the Wyin and Wi The
run time for threshold selection is O(n) where n is the number of input data.

4.2 L? Progressive Refinement

The compression problem can be explained as follows. Suppose a function is ex-
pressed by the scaling functions as

M-1

fx) = X cdi(x)

where c; are the coefficients, ¢;(x) are the basis functions, and M is the dimension of
the vector space that f(x) belongs to. Given an error tolerance € > 0 we hope to find
a function

37



Chapter 4 Selection Strategies

N-1

8() = Y. dw ()
=0

such that N <M and | £ (x) - g(x)} <& for some nomm.

The L® nomm is defined as

P(x) - ey =(f (F(x) - g(x))? dx)"*

0 <p <+o. When p = 1, it is called L' norm; if p = 2, it is known as L? nom; and for

p = +oo, L’ is called L™ norm.

Suppose we choose L? norm to measure the error and the wavelet basis functions are
orthonormal, there is a theorem that says in order to minimize the error for a given
N, the best choice is to select the N largest coefficients. See [Stollnitz et al. 1994) for
more details.

For the L? progressive compression, simply sort the coefficients in order of decreas-
ing magnitude Icog)l 2 Ico)] 2 ...... 2 Icogu-1)l and then find the smallest N such that
Co)® + Coqiat)” + -onn.r + Copety” S € fOr a given . @ is a permutation of (0 ... M-1).
Sorting the coefficients requires minimum O(nlog(n)) operations. Several algorithms
are known to speed up this selection strategy [Stollnitz et al. 1994].
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In the table 4.1 we define compression ratio as the quotient of the total number of
wavelet coefficients and the number of selected wavelet coefficients. It measures the
loss of the information. Generally. high compression ratio leads to coarse represen-

tation, and low compression ratio consists of more information in details.

L? Selection Wavelet Table
Compression Ratio Number of Selected
Coefficients
egree
error 0 1 2 3 0 1 2 3

0.5% 7 25 53 43| 2128 660 316 399
1% | 7 59 131 112} 1130 281 129 152
2% 32 195 318 336 505 85 53 51
3% 60 405 603 536 273 41 28 32
4% 99 616| 938 746 164 27 18 23
5% | 156 875( 1300 953 105 19. 13 18

10% | 655| 2773| 2414 1430 25 6 7 12

Table 4.1 Compression ratio of the tooth image with L* selection

for B-spline wavelets of degree 0, 1, 2, and 3.

The Haar wavelet has the smallest compression ratio, but the quadratic B-spline has
biggest compression ratio from the Table 4.1. A quadratic B-spline surface may fit
the tooth surface better than a cubic B-spline surface.

Generally when a relative error is fixed, a high degree B-spline wavelet approxima-

tion needs fewer wavelet coefficients than a low degree B-spline wavelet approxima-
tion. That is to say a cubic wavelet with a smail number of coefficients may be better
than a Haar wavelet with many coefficients. The series of tooth images in Figure 4.1.

shows this effect.



Chapter 4 Selection Strategies

4.3 Maximum Error

A problem with the L? norm is that the error can be arbitrarily large in a very small
area. The L" norm ensures that no part of the error in the reconstruction is greater
than a given €. Refer to [Stollnitz et al 1994] for the algorithm. [DeVore et al.
1992] suggest that L' norm is best for the image compression. Please refer to their
paper for details.

4.4 Location

In some applications we know the information of some subareas of a surface is more
important than others. Therefore we may focus on some areas and ignore others. For
the wavelet transformation the correspondence between the wavelet coefficients and
the input data should be studied. In Haar wavelets there is a simple algorithm that
gives the correspondence. I am going to present it in the following sections.

4.4.1. One-dimensional Haar Wavelets
Suppose an original one-dimensional input vector looks like this
I"=[a0, aj, .....r 3m1] m=2",
the corresponding Haar wavelets has the same number of coefficients.
W*" = [Co, C1y -eeeees Cmt) m=2".
From the definition of Haar wavelet in Chapter 3.1, there is a binary tree relating the

input vector and the wavelet vector. For example, with n = 3 the binary tree looks
like
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ir

{ L ! -
! >
t.\-.-./\-.l./ -{\-' >

Figure 4.2 Binary tree of Haar wavelet coefficients

The coefficient ¢, is related to all the wavelet coefficients and vice versa, so there is
no need to show it on the diagram.

e The main problem is given an index i in I*, find all the dependent indices j in the
W*. All the dependent nodes of a; are the nodes in W* on a path from a; to root
c.. In general, the left node and right node of c; in the W* have the indices 2*i and
2*i+1 respectively. Therefore we can obtain the dependent indices j by the follow-
ing algorithm:

x =Lirk2*!, x =lxo2], ..., x;=lx-v2], ...
The set {Xo, X, ..., 1} includes all the indices j that is corresponded to i in the I".
For example, letn =3 and i = 5, we have xo =6, x; = 3, and x; = 1, so the de-
pendent index set is [6, 3, 1]. It is the path from c; to as.
o Another problem is given an index j of W*, find all the dependent indices i in the

I". The j of W" along the leftmost subtree to the leaf in I' is the starting index, and
along the rightmost subtree to the leaf in I* is the ending index. The other indices
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in I* are the indices from starting index to ending index. Let minimum and maxi-
mum indices in I* be indexa. and indeXa.., and let diff be the difference of level
from node i to the I* level, we have diff = n-{Jog,(j)). From the correspondence
between the W* and I, we have indexm = 2%**j - 2" and index o = 257*(j+1)-1-
2". So given an index j in W", the dependent indices are positive integers in the
(indeXxuis, indexa]. For example, let n=3 and j=3, then index., = 4 and
iNdeX e = 1.

4.4.2. Two-dimensional Haar Wavelets

The cormrespondence between the two-dimensional input image and wavelets depends
on the wavelet transform. For the tensor product wavelet transform which computes
wavelet transform on all the rows and then on all the columns, the dependent indices
are shown on Figure 4.3. In the figure, suppose original region is the square at the
left corner, the dependent regions are represented by shadow. Figure 4.4 and 4.5 il-
lustrate the non-standard and non-standard Il wavelets.

For an arbitrary topological region on the rectangular domain, the region can be
considered as the set of points. With the mapping of point to points (1 to n) it is easy
to obtain the regions of correspondence. Generally a continuous original region may
map to discontinuous regions of wavelets. In our special examples, the total number
of points in the region is invariant. This property greatly reduces the cost of recon-
structing the original data from wavelets. It also saves the space of wavelets for a
particular subarea.

The 2D mapping algorithm of tensor product wavelets is directly derived from 1D

mapping algorithm. But the 2D mapping algorithms of non-standard wavelets are
complicated.
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Figure 4.3 Locstion of standard tensor product wavelets

ow colomn #iep row oa step column on
two aress two aress

Figure 4.5 Location of non-standsrd-I wavelets
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4.4.3 One-dimensional Endpoint-Interpolating B-spline Wavelets

In this section we will discuss the algorithm to find the correspondence between the
input data and the wavelets with endpoint-interpolating B-spline wavelets of general
degree. The basic idea is quite simple: based upon the synthesis matrices P and Q or
the analysis matrices A and B pick up the related items and then repeatedly apply
them to all the filter bank. The following example of cubic B-spline wavelet shows
the algorithm.

Given an item and its position in the one-dimensional array we try to find all the
wavelet coefficients that are related to the source item. Suppose the (P Q) is the cu-
bic endpoint-interpolating B-spline matrix and the level j starts from 4. The shadow
boxes represent non-zero items in the matrix (P Q), the dark shadow boxes are the
demonstration of the example, and the blank boxes represent zero items. The (P Q)
matrix represents a relation matrix where non-zero items are related, as illustrated in
Table 4.2.

The c10, €11, €12, and ¢;3 are final coarse coefficients, and the dj; are the wavelets on
level j. For example, suppose we want to find all the wavelet coefficients related to
the item cs7 , in step 1) we find the cs; from the first column, the corresponding non-
zero items are {Cq3, Cas, Cas} and the wavelets {dso, dai, dez, das, des, des}. We con-
tinue to find the wavelets related to the items {cq, Cu, Cas} in step 2) and get the
items {C3, C32, C33, C34} and the wavelets {dso, da1, d3z, da3}. Repeat this procedure in
step 3) and 4) and we find all the other wavelets {d;o, d21, dio}. And {Ci0, €11, C12,
c1a} are related to any item of input data. Note the only unrelated wavelet items for
cs7 are {dus, de7} in this example.
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1) Cubic B-spline (P Q) matrix with j=4

Table 4.2 Cubic B-spline (P Q) matrix with j =4
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2) Cubic B-spline (P Q) matrix with j=3

Table 4.3 Cubic B-spline (P Q) matrix with j =3

3) Cubic B-spline (P Q) matrix with j=2

Table 4.4 Cubic B-spline (P Q) matrix with j =2
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4) Cubic B-spline (P Q) matrix with j=1

Table 4.5 Cubic B-spline (P Q) matrix with j = 1.

To find dependent input data items from a given wavelet coefficient we need analysis
matrix AB which is the inverse matrix of (P Q).
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Notes:

I have tested the curvature selection strategy based on the mapping algorithm with
Haar wavelets. It works as follows

1. Compute the Gaussian curvature of all the sampling points on the surface.

2. Select a threshold value for curvature, sort data points into low and high curva-
ture by checking if the magnitude of curvature at a point is smaller or bigger than
the threshold.

3. Do wavelet transform on input data and get the wavelet coefficients.

4. Find the corresponding wavelet subset for each point with the mapping algorithm.
Select wavelet coefficients according to the curvature of a point. For example, we
may choose more coefficients for a high curvature point.

5. Reconstruct the surface using the selected wavelets that correspond to selected
curvature set.

My experiments showed that the curvature selection with this method has a small
compression ratio compared to L? selection. The main reason is that the mapping
function is 1-n. One way to improve the compression ratio is not to select all the
wavelets that correspond to the point but it is difficult to decide which coefficients
should be eliminated. For example, a high curvature point maps to one set of
wavelets, and a low curvature point maps to another set of wavelets. It is difficult to
decide if the intersection set of two wavelets should be selected. In the point map-
ping algorithm, we noticed that the neighboring points are not gathered into a region.
Because of the local spatial property of curvature it is better to separate the points
into groups of regions by curvature.

My conclusion is that selection based on curvature without considering its spatial
position will not produce good result. That is we can not simply use a sort algorithm

48



Chapter 4 Selection Strategies

on the magnitude of curvature and just pick up the largest ones. In the next chapters
I will discuss the use of curvature for wavelets with subdivision.

4.5 Closeness Measurement

It is possible to do point-to-point comparison between the input data and the ap-
proximation output data. A standard measurement is the L* norm. L™ norm specifies
the upper bound of the distance between the corresponding points. L norm meas-
ures the sum of the squares of these distances. Another widely used measurement is
the PSNR (Peak Signal to Noise Ratio),

1

PSNR=20log,, —=
Iz(ai ~b)*IN
i=0

where a; is the value of original point i; b; is the reconstructed value of point i; N is
the total number of points in the original data. Here we suppose the peak value is 1.
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Chapter S Curvature Estimation

5.1 Curvature of a Curve Represented by Discrete Points

The material of differential geometry about curves and surfaces is presented in Ap-
pendix A. The definition of curvature is also given there. In the following paragraph, I
will show how to estimate curvature of a curve represented by discrete points based
on the circle that passes through the three points.

S.1.1 The Circle Through Three Points.

First we find the radius of the circle through the three points. This is a neat algorithm
with surprisingly small relative errors.

Given three points Py, P, and P, the curvature at P, can be estimated by finding the
circle through the three points. The value of curvature is approximately equal to the

reciprocal of the radius of the circle. From geometry this circle is unique. Refer to
Figure 5.1.

P
Po
P
Figure 5.1 Three Point Circle

Suppose the lengths of three edges of the triangle are a, b, c, let s = (a+b+c)/2, from
Heron’s formula, the area of the triangle PoPiP; is § = /s(s —a)(s—b)(s —c) . The




Chapter 5 Curvature Estimation

radius of the interpolating circle of three points is R = % [CRC 88], and the ap-
proximate curvature at P, is k = -l-j-b‘s- . Another way to compute the area which also

C

(R-F). (B,-F),

ives the correct sign of the curvature is S =de
& gt ‘[(P. -B), (B-PR),

there the x,

y subscripts denote x and y components.
5.1.2 Test Result with Cubic Bezier Curve

I selected a cubic Bezier curve to assess the accuracy of the method of three point

circle.
The cubic Bezier curve is
P(t) = (I-t)°Bo + 3t(1-t)°B; + 37(1-t)B; + O'B;

where B; are its control vertices. Its 1st, 2nd derivatives and curvature are easy to
evaluate from above formula. Following is the numerical results of the three point cir-
cle algorithm.

For example, consider a Bezier curve with control vertices (B, , B, , Bz, B; } = {(2.0,
3.0),(5.0,8.0),(6.0,3.5), (7.5, 1.5)); the initial step h =0.04 that is continuously
reduced to half in the next loop; the parameter ranges from t; - h to t, + h where t, =
0.185; the estimating 3 points are P(t-h), P(t), P(t+h) and the curvature is estimated at
P(t); the Error; is (estimating_value - exact_value)/exact_value; the Error Ratio is

Error;./Error;.
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Error Ratio

AAed AT, ¢

. —~ M
i OO0
% .t(' "«.‘,. UL -4

Table 5.1 Curvature Estimation with three Points Circle

Conclusion:

The step h;,;= hy/2 and the Error;., = Error/4.0, which suggests the relative error is
o).
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5.2 Estimation of Gaussian Curvature

In the case of a surface, Gaussian curvature is an intrinsic property of a surface at a
point like the curvature of a curve at a point. Gaussian curvature is defined as the
product of the principal curvatures, and the directions giving the two principal curva-
tures are mutually orthogonal. Refer to Appendix A for more details. [Stokely & Wu
92] reviewed several methods for estimating the Gaussian curvature. [Koenderink 92]
presented a method to describe a surface shape with curvature. [Lee et al 93] gave a
scheme to estimate the curvature from sampling noisy data. [Todd 86] described nu-
merical estimation of the curvature of surfaces.

The method (proposed by Dr. Meek) to estimate the Gaussian curvature by normals is
completely different from the methods mentioned by the above authors. We estimate
the Gaussian curvature by the approximation of normals and the area of spherical im-
age. I tested the Surface Triangulation (ST) method mentioned in the paper [Stokely
& Wu 92] and found it does not converge. The method to estimate the Gaussian cur-

vature by normals is more stable and fast to converge.

5.2.1 Estimation of Gaussian Curvature with Normals

A valence of a vertex on a polyhedron is defined as the number of faces around the
vertex. If we triangulate a rectangular grid, each vertex will have valence 4 or 8, see
Figure 5.2. For convenience, the boundary and corner points are copied and extended

to one more row and column.
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p, p/N
n,
N, //’N'
(a,b) P, (s,b)
P,
P,
) b
@) ®)
Figure 5.2 Triangulsr Region (a) valence = 4 (b) valence = 8

In the next section we will describe the estimation of Gaussian curvature based on the
normals on a grid.

Let m be the valence at a vertex v. N, is the unit normal at the vertex v. The neighbor
points of v are Py, Py, ..., Pa. in counter-clockwise order from Po. S, is the signed

area of planar triangle P,P,P,. 1 is the unit normal of the planar face P;P;.\P,, and is

PP xPP
ual to the alized roduct of vectors P,P; and P,P;,;. It is {=—i——5l.
eq norm. cross product of vectors an - Itis IPVP;XPVPMH

Refer to Figure 5.2. The algorithm to estimate Gaussian curvature is

o Get the normal estimation at vertex v.

M s,..,lp ll.+ ...... +SP._|’.’, *ll__l
v ’
Snnp, *eoeeeee +Sp e,
M
then N, = —=
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¢ Find the normals at all grid points.

In the same way, we can get No, N, ...... » Na1 the approximate unit normals at each
vertex. In order to compute the normals of boundary vertices, we can copy the bound-
ary vertices to extend the boundary.

e Compute curvature from the normals

Imagine that No, Ny, ...... , Nm.1 form the spherical image on the unit sphere. The area
of spherical image can be estimated by the sum of Sy vy, +......+Sy_ n v, - Where

Sy, is the area of the triangle on the unit sphere that has vertices No, Nv, N; .

The Gaussian curvature can be estimated by the formula

5.2.2 Test Scheme for Curvature on Surface

In the following paragraph I will describe the estimation of the curvature of a sphere
and of the bell-shaped surface.
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The basic sampling data is a 5x5 patch when we want to compute the curvature at the
centre point (2,2). The sampling distance is represented by h. The valence is set to 8.
Figure 5.3 shows the sampling patch.

N,

Figure 5.3. Sampling Patch

o The semi-sphere is defined as

S&,y)=(x.y, R =x* =y?), R>0.
Its Gaussian curvature is 1/R%.
o The bell-shaped surface is defined as
B(x, y) = (X, ¥, exp(-(a*(x-Xo)* + b*(y-yo)))), 3,b>0.

Its Gaussian curvature fora =b and xo =yo =00 is

(2a)’(1-2a(x® + y*))exp(=2a(x’ + y*)) _

K,(x.)') = (1+(20)2(x2 +y2)exp(-2a(x2 + )’2)»2

Suppose ¥ = x? + y* (r 20), we can replace Ka(x, y) with Kg(r).
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- 4a’(1-2ar?)exp(=2ar?)
(1+4a*r? exp(=2ar?))’

Kn(r)

(1-ar?)+2a((l-ar?)? +a’*r*)exp(~2ar?)

K,'(r) ==32a’rexp(-2ar?)

(1+4a°r® exp(-2ar?))’

Conclusions:

e whenr=0, K,(0) =4a*is the maximum of the function K, (r).
e K, (r)has aminimum value whenr # 0 and K,'(r)=0.
e when r = oothe K ;(r) = 0.

o the sign of K;(r) is decided by the value a.

>0 ifr<l/J2a
K,(nN=1 0 ifr=1/J2a
<0 ifr > /24
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5.2.3 Test Result for Example Surfaces

ll sampling distance in x or y direction

il approximating Gaussian curvature

exact Gaussian curvature
Bl relative error = (@GC-¢GC)eGC

B error;../error;

e Sphere
Point Location x,y) =000.0
Radius R =10

Table 5.2 Gaussian Curvature on Sphere
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¢ Bell-Shaped Surface

Point Location x,y) =(0.1,0.1)
Parameter a =0.5

Table 5.3 Gaussian Curvature for Bell-shaped Surface

Conclusion:
The error_ratio is near the 1/4 when h is reduced by half. Therefore the error is O(h?).

We see the estimation converges well.



Chapter S Curvature Estimation

5.3 Curvature Measurement

An approximation scheme should keep important features of the input data. Generally
to represent curves and surfaces the areas of sharp variation need more information. A
high curvature indicates a sharp variation near a point on a curve or a surface. For ap-
proximation of a surface, areas of high curvature require more patches, while larger
flat regions with small curvature need fewer patches.

The L? measurement of curvature K(A, B) between the reconstruction surface and
original surface is defined as

Z(a; °b;)2
K(A,B) = J—N—

A is the original surface, a; is the curvature at the point i of A. B is the reconstructed
surface, b is the curvature at the point i of B. N is the total number of sampling points
of A.
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Chapter 6 Subdivision Based on Curvature

6.1 General Study

Subdivision is a well-known technique in Computer Graphics [Cohen et al 80} and
[Foley & Van Dam 92]. In the paper [Hamann 94] Hamann described a scheme for
compact triangulation of a surface. In this section suppose we are dealing with the re-
gion data surface which is defined in a rectangular region called a window, the main
idea of curvature selection by subdivision is as follows:

First we compute the curvature at each point in the main window. By curvature crite-
ria we decide whether to subdivide the window into a series of sub-windows with
quad-subdivision. In every sub-window, we apply wavelet transforms and select the
coefficients to get a compact representation. Finally we can reconstruct the surface
with the selected wavelets.

A subdivision algorithm for region data defined on the rectangle field works as fol-

lows:

Suppose the rectangle area are divided into four subareas represented by Ao, Ay, A,
A;. See Figure 6.1. Let threshval be the threshold value of curvature.

Figure 6.1 Subdivision
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CSubdivision (rect, threshval)
{

if (rect is the minimize size) {
record the rect.
return;

}

if (all the curvatures in the rect are smaller than the threshval) {
record the rect.
return;

}

CSubdivision( rect. A, threshval );

CSubdivision( rect.A,, threshval );

CSubdivision( rect.A,, threshval );

CSubdivision( rect.A,, threshval );

This subdivision algorithm divides the window into sub-windows represented by a
quad-tree. Each leaf of the tree represents a non-overlay window. The depth of the
subdivision quad-tree is an index that indicates the variation of curvature.

6.2 Local Haar Wavelets (ILHW)

In the Chapter 3 I have described the standard and non-standard wavelets. Here I will
introduce Local Haar Wavelets (LHW).

A subdivision window is represented by W(i,j), where i is the level and the root has
level 0; j is the window’s serial number, it is a number from 0 to 3 for the quad-
subdivision. For example, W(0,0) is the root, W(1,0), W(1,1), W(1,2), W(1,3) are
the first level windows. The sequence of Window W(i,j) can be represented in the dic-
tionary order of (i, j). The position and size of a window can be concluded from the
window sequence. We call top-left element in a window W(i,j) the amplitude and rep-
resent it as Amp(W(,j)). If there is only one element in the window the Amp(W(.,j)) is
equal to the value of that element. In the following discussion I suppose the window is

square and its size is the number of the row or column elements.
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For quad-subdivision,

Wi-11) = WG i) i>0.
=0

where / is the serial number of parent window in i-1 level.

Let LHW (W(i,j)) represent Local Haar Wavelets on the window W(i,j), then the Lo-
cal Haar Wavelets is defined by a recursive relationship,

[ Amp(W(i-11) if the size of window W(i—1,1)is1

HW(Amp(LHW(W(i,0))), foramplitude elementsof W(i, k)
Amp(LHW(W(@,D)),  0sk<3

LHW (W(i-1,1)) = Amp(LHW(W(i,2))),
Amp(LHW (W(i,3))))
C} LHW(W(,k)) for non — amplitude elements of W(i, k)
k=0

where lis 0, 1, 2, or 3. Suppose the four top-left points of a window are represented

by the matrix (:“" o ) . Tts Haar Wavelets HW (non-normalized) are
10 Gn

(@ +ay,) +(a, +a,) (ay +a,)—(a, —ay,)

hw[aoo aox) = 4 4
Gy Gy (@p +ay) =@, ~a,) (ay+a,)-(a, ~a,)
4 4
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That is to say the high level of Local Haar Wavelets (LHW) on a window is con-
structed by picking up 4 amplitude elements of Local Haar Wavelets (LHW) on the
four sub-windows and doing the Haar Wavelet transform (HW) on the four ampli-
tudes.

Like non-standard Haar wavelet transform (see Chapter 3), the Local Haar Wavelets
(LHW) of 2x2 is given by first applying a one-dimensional wavelet transform on rows
(300, 301) and (as0, a11). The position of (g, 201) is replaced

by(aoo ;a()l R Qoo "2’ao| )and (allh all) by (am ;all ’219 ;all ). mn we appl)’ the

Haar wavelet transform on all columns and so on. Note the difference between the
non-standard Haar wavelets and the Local Haar wavelets is the location of the wavelet
coefficients. From the Chapter 3 we know that the higher level of coefficients of the
non-standard Haar wavelets are extended from top-left comer to the bottom-right; the
coefficients of the Local Haar Wavelets on the other hand are distributed in the loca-
tion of row(mod 2*) and column(mod 2*) from coarse to fine. The following diagram
is a demonstration of one-dimensional Local Haar Wavelets (LHW).

Figure 6.2 Local Haar Wavelets
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This architecture is looks like the recursive butterfly in the FFT algorithm. The nodes
with only two input edges are the wavelet coefficients.

From the LHW on the entire window, we can get Local Haar Wavelets (LHW) for
every subdivision windows. First we compute the LHW for entire window. When we
subdivide the windows we use the Reverse Local Haar Wavelets (RLHW) to the am-
plitude elements on the sub-windows. In this way the LHW are produced recursively
in the procedure of subdivision. This provides us the flexibility to use wavelets accord-

ing to the spatial property of a surface.

The subdivision by curvature can be thought of as a kind of coding scheme. The se-
quence of windows W(i,j) represents the surface by the curvature properties. Each

window is represented by several wavelet coefficients.

The LHW is suitable for the subdivision algorithm presented before. We can construct
the non-standard Haar wavelets from a sequence of subdivision windows and Local
Haar Wavelets of each window. In this meaning the non-standard Haar wavelets are a
special case of LHW with only one window. Another advantage of LHW is the spatial
localization. The subdivision method first divides a window into sub-windows accord-
ing to a cost function, such as the flatness of the curvature, and then does the wavelet
transforms on the sub-windows.

This procedure links adaptive subdivision by curvature and wavelets. For example we
can select a curvature threshold and the relative error to decide the compact represen-
tation of the region data. Curvature measures the flatness of a region. A general prin-
ciple is that in a flat region we can select fewer coefficients to represent it. So we can
choose fewer coefficients of wavelets in a “flat” sub-windows and more coefficients of

wavelets in other sub-windows.
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6.3 Bell-shaped Surface

The subdivision and Local Haar Wavelets (LHW) is decided by a pair of parameters
(1, €). tis the value of the curvature threshold. It gives global control to the subdivi-
sion frame and the size of windows. € is the relative error for a reconstruction win-
dow with Local Haar Wavelets. It gives local control to the accuracy of approxima-
tion in a subwindow.

Suppose f(x) is an input function and g(x) is the reconstruction function after the
wavelet transform applied to f(x). Let € *=]f(x) - g(x)f’ . a theorem states that &” is

equal to the sum of the squares of unselected wavelet coefficients which have been
sorted, refer to {Stollnitz et al 94]. Therefore given € we can find the selected wavelet
coefficients.

When we increase t and leave € fixed the number of windows gets small and the size
of window becomes large generally. That is the “flat” areas become bigger.

Following data and pictures are done on the Bell-shaped surface defined on Chapter 5.
B(x, y)=(x. y. exp(-{a*(x-xo)*+b*(y-yo)*))
with a =b = 8.0 and the centre (xo, yo) = (-1.0, +1.0). The sampling data are taken

from the rectangular range with the top-left point (-2.0, 2.0) and bottom-right
point (2.0, -2.0). The sampling distance is 1/32.0.
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Bell-shaped Subdivision & LHW Standard Haar Wavelet
Surface
Compression T Number of PSNR Number of PSNR
Ratio Coefficients Coefficients
39 3.0715 414 20.472239 412 23.762551
83 200.00 199 20.303242 199 20.152546

Table 6.1 Parameters and results for subdivision and standard wavelets

PSNR is the Peak Signal to Noise Ratio. It is an error measurement to image quality.
The definition is given in the Section 4.5.

In the Table 6.1 we see the number of selected coefficients are almost equal for both
subdivision with LHW and standard Haar wavelet. The PSNR of Haar wavelet is
better in one and worse in the other.
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T Subdivision Frame Subdivision & Haar Wavelet Image

3.0715

200.00

LHW Image

Figure 6.3 Frame and image pictures

In the Figure 6.3 I show the frame pictures of subdivision by curvature. The smail
window size areas represent the high curvature areas. The frame pictures correctly
show the distribution of the curvature for bell-shaped surface. The image pictures
show little distortion compare to the original data for the selection in the Table 6.1.
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Figure 6.4 is the 3D surface of the original bell-shaped data used on Table 6.1. Figure
6.5 is the 3D surface for the LHW and subdivision based on curvature with compres-
sion ratio 83 in the Table 6.1. Figure 6.6 is the 3D surface for the standard Haar
wavelet with compression 83 in the Table 6.1.

Comparing these three figures, we find that there are some wrinkles near the flat
boundary of the bell-shaped surface in Figure 6.6 for the Haar wavelet. The surface in
Figure 6.5 looks closer to the original surface in that area. In the flat area the subdivi-
sion based on curvature surface looks more smooth than the standard Haar wavelet
surface.
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The surface section is obtained by applying the following function

f(x)={maxval x > maxval

onto the input data. f{x) is a linear function so it only changes the view of the surface and
does not change the property of the original surface. In the above images I set the minval
= 0.8, maxval = 1.2, and the scale = 8.

From Figures 6.7, 6.8, and 6.9 we can see that there are bumps in the flat area of the
Standard Haar Wavelet Surface. In the Figure 6.8, the flat area is smooth like the original
surface. We see that the LHW with subdivision based on curvature produces better

surface.
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Figure 6.10 Original tooth surface
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@112
8081
@206-08
004-06
@02-04
80-02

The parameters and results are listed in the following table.

Figure 6.11 LHW and Subdivision Tooth Surface

T e number of | compression ratio PSNR
coefficients
0.1 | 0.0078 3079 5.32 19.20
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|112
8081
@06-08
004-06
w0204
80-02

Figure 6.12 Standard Haar Wavelet Tooth Surface

The parameters and result are listed in the following table.

€ number of compression ratio PSNR
coefficients
0.003 3091 5.3 29.10
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Conclusions for Tooth Image:

From above pictures, Figures 6.10, 6.11, and 6.12, we see both LHW with subdivision
based on curvature and standard Haar wavelet surfaces are very close to original surface.
Notice both surfaces have the compression ratio 5.3. In a small area with sharp curvature
variation pointed to by the arrow, we see the subdivision method is not very satisfactory.
One reason may be that poor accuracy in the data leads to large errors in the curvature
estimate. Another reason may be the subdivision boundary. The uniform subdivision like
quad-subdivision may be not very suitable for the small area with sharp variation. This
problem requires more study.
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Chapter 7 Conclusions and Future Work

In this dissertation, I have applied a method of wavelets and differential geometry on
the surface reconstruction, selection, and measurement. The endpoint-interpolating B-
spline wavelets and several selection strategies are discussed. Subdivision based on the
curvature and Local Haar Wavelet are also discussed.

7.1 Applications

In previous chapters, I examined the basic theory and algorithms for B-spline wavelets
and curvature approximation. It is applied on examples where the surface is given
mathematically and sampled as range data. In this section I will summarize some po-
tential applications with this method.

7.1.1 Data Compression

This is the most obvious application for wavelets. With endpoint-interpolating B-
splines we can construct the filter bank and complete the wavelet transform in linear
run time. The image compression is a special case of surface compression in which the
surface is given by height field data. There is already a lot of work related to the image
compression with wavelets. The work of [DeVore et al. 92] is well known. Mul-
tiresolution curves have been studied by [Finkelstein and Salesin 94]. A data reduction
scheme for triangulated surfaces based on curvatures is developed by [Hamann 94].

The wavelet compression based on a curvature metric has the advantage of consider-
ing the geometric properties of flatness and smoothness. Curvature represents the lo-
cal geometric property of the surface. For example, in theory, we can represent the
area with the negative curvature by hyperbolic type surface; the area with positive
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curvature by elliptic type surface; and the area near zero curvature by parabolic or pla-

nar surface.

7.1.2 Progressive Transmission and Rendering

Multiresolution representation of a surface is very suitable for progressive transmis-
sion (transmit data from coarse to fine) on the network. In the client site the surface
can be rendered in a progressive mode. It is also possible to reduce the time of wavelet
surface rendering by using the level-of-detail control such as in radiosity [Gortler et al.
93).

7.1.3 Location Viewing and Image Enhancement

Considering the mapping algorithms presented in this dissertation, we can select inter-
esting regions to reconstruct the surface from wavelets. We can also preview a picture
and a map by this method. The mapping algorithm combined with other selection
strategies can effectively speed up the reconstruction.

The subdivision wavelets based on Gaussian curvature provide us with a method to
enhance an area of an image based on the curvature. For example, some interesting
areas are the sharp variation areas which are represented by the large curvature magni-

tude value. We can select more wavelet coefficients in these interesting areas.

7.1.4 The Quality of Approximation Surface

Given an approximation to a surface, a key problem is to evaluate the quality of the
approximation. Global metrics such as PSNR that measure the reconstructed surface
quality are not always satisfactory. With the curvature approximation we can compare
the curvatures of original and the new one. This provides us a metric to measure the
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quality of the reconstructed surface. Since it is not easy to compute the curvatures of
a Haar, linear, and quadratic B-spline wavelet surface directly by parametric represen-
tation, the approximation method developed in the Chapter S to estimate the Gaussian
curvatures from discrete points is useful.

7.1.5 Feature Extraction and Match

The lack of translation-invariance is a weakness of orthonormal wavelets. However
curvature is translation-invariant. So it is possible to use curvature for finding the
translation information. The translation-invariance property is required for applications
such as image registration and stereo pair match. The curvature of a surface also pro-
vides the important information for feature extraction.

7.2 Conclusions

In this dissertation, I worked on applying the method of wavelets and curvature to
solve a problem in computer graphics. I had studied the basic ideas and algorithms.
Several programs are designed to test the performance and error of the proposed
methods. These programs are implemented under Windows95 and Linux with object-
oriented programming language C++ and MFC. To work on the program I also
learned a lot of object-oriented and numerical computation methods. For example, I
learned how to estimate the accuracy of floating-point numbers in a computation.
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7.3 Future Work

One possibility of future work is to extend the method of curvature and wavelets to
3D surfaces with arbitrary topology. New selection strategies may be required to re-
construct and select the surface. The subdivision based on curvature can also be ex-
tended to 3D surfaces. The Local Haar Wavelets can be used in the situation where
the adaptive subdivision is needed. It is possible to extend the Local Haar Wavelet to
high degree wavelets with continuity.

A metric to measure the quality of a surface based on the curvature estimation is
needed. Other approaches to measure the quality of an approximation curve and sur-
face scheme based on the differential geometry need to be developed. The curves and
surfaces with the curvature constraint condition may be more smooth.
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Appendix A. Basic of Differential Geometry
1. Expression of Curves and Surfaces

There are three ways to express a curve in the xy plane — explicit form lik: y = f(x);
implicit form like F(x, y) = 0; and parametric form like p(t) = (x(t), y(t)). Each form
has its own advantages to represent a curve. Surfaces can also be expressed in explicit
form z = f(x, y); implicit form F(x, y, z) = 0; and parametric form S(u, v) = (x(u,v),
y(u,v), z(u,v)). In computer graphics curves and surfaces are generally expressed in
the parametric form. In the following sections I will introduce some basic ideas of
differential geometry of curves and surfaces. For more details about differential ge-
ometry please refer to [Do Carmo 1976), [Beach 91].

2. The Differential Geometry of Curves

2.1 Curvature and Torsion

Consider a parametric space curve with the form P = P(x(v), y(v), z(v)), suppose s is
the arc length at point v we have s = s(v). Since s(v) is well defined, monotonic, and
has an inverse, the curve P can be expressed as the function of s: P = P(s).

Lett(s) = %Ilﬁ—’l , 50 t(s) is the unit tangent vector, that is t-t = 1. Differentiating

t-t = 1 with respect to s gives -3:— t=0. The % is either zero or perpendicular to t, or

t is 0. We usually ignore ¢t = 0 and have

dt
— =kn k0.
ds
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Where k is a scalar variable called curvature and n is a unit vector perpendicular to t.
See Figure A.1

Figawe A.1 Serret-Frenst frame

Define a vector b = txn then the Serret-Frenet formulas [Do Carmo 1976 ] are
dt dn db
— =kn, — =1th-kt , —=-tn
ds ds ds

where n is the principal normal vector, t is the tangent vector, b is the binormal vec-
tor, k is the curvature scalar, T is the torsion scalar, tb plane is called rectifying plane,
tn plane is called osculating plane, and nb plane is called normal plane.

Serret-Frenet formulas imply that k(s) and t(s) determine the space curve except for
its position and orientation.
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2.2 Osculating Circle

The plane that is determined by vector t and b is known as osculating plane. Consider
the circle through P(s) and P(s+As) with tangent ¢ at P(s). See Figure A.2. The limit-

ing circle (As — 0) is called osculating circle. It can be proved that the radius R of the
osculating circle is reciprocal the magnitude of the curvature k, thatis R = 1/k, k = 0.

Figure A2 Osculating Circle

From the Figure A.2 triangles A(C, A, P(s) )and A(C, A, P(s+ds)) are considered con-
gruent for a very small ds. Hence R*sin(0) = IP(s+ds)-P(s)l/2. Let dP(s) = P(s+ds)-
P(s), by dot product definition, t-dP(s) = IdP(s)icos(8). Square both sides we get
(tdP(s))” = dP(s)Pcos?(8) = IdP(s)I*(1 - sin’(8)) = IdP(s)I*(1 - IdP(s)/(4*R?)). So

1 _ 4 {1_(t-dP(s))2)]

R el Pl

Whends — 0, kK> = 1/R%.
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3. The Differential Geometry of Surface

3.1 Parametric Surface

Suppose a parametric surface is P = P(u, v) where u, v are parameters of the surface.

The vector n = QE ap/lg% Hm%mtnomﬂat&mtﬂu.v)

_0Pdu OJPdv
The differential form dt e v .Let

JP OP dP OP oP oP
Eauau Fauav Gavav'
E F
u-(F G),

du
(&) (& 202
dt dt dt dv
dt

The right side of the equation is known as the first fundamental form, and the matrix
H is called the first fundamental matrix.

2
det(H) = EG-F? =I%%x%§| >0 (by Lagrange’s identity)
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Now let
e=£l:-n f= a’p ‘n g=ﬂ-
du’ dudv v’
and
e [
Kz(f s]]
then

The right side of the equation is known as the second fundamental form and the ma-
trix K is called the second fundamental matrix.

3.2 Surface Curvature

There are two ways to define the curvature of surfaces. One uses the parametric rep-
resentation, the other uses the spherical image. In the parametric expression the curva-
ture is defined by the normal and the derivatives at a point.

3.2.1 Curvature of Parametric Surfaces

Given the following matrix

(au alz)
a4,y 4y

where

85



Appendix A. Basics of Differential Geometry

_Jf=eG  _eF-fE
EG-F*? 2 EG-F?
a =S5 _SF-gE
? - EG - F? 2 EG-F?

a,

The ecigenvalues of the matrix (a;) are the principal curvatures k; and k; at the point p.

The Gaussian curvature K and Mean curvature K, are the determinant and 1/2 the
trace of the matrix (a;). Hence

eg—f _
k:=EG_F2 -kltkl

_Eg-2Ff+Ge _k, +k,
*  2EG-F?) 2

k; is an important index to show the feature of a point on a surface. A point P of a
surface is called elliptic if k; > 0, hyperbolic if k; <0, parabolic if k; = 0 and one of
(k; , k2) is not zero, or planar if k; =k, =0. This classification is referred as the
Dupin indicatrix and it does not dependent on the orientation.

3.2.2 Geometrical Representation of Curvature

From the books of [Do Carmo 76) and [Gray 93] the Gauss map is defined as follows.
Let x be a patch on the surface S. Then the unit normal n to x viewed as a mapping
from S to the unit sphere is called the Gauss map (spherical image) of x. In other
words, to each point p on a patch the Gauss map assigns the point on the unit sphere
such that the normal at the point on the unit sphere is parallel to the unit normal at p.
It can be proved that the Gaussian curvature ¥;(p) at the point p of the surface S to be
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x, (p)= llmé-

A0 A

where A is the area containing point p, A’ is the area of the Gauss map A on unit
sphere, and the limit is taken through a sequence of nested A that converges to p.

We can classify the points on a surface into elliptic, hyperbolic, parabolic, and planar
by the spherical image of Gaussian curvature. When we move a small closed curve
without self-intersection points around a point on the surface, its spherical image is
also a closed curve without self-intersection points on the sphere. For a elliptic point
when we traversed the closed curve in a clockwise direction, the corresponding curve
on the spherical image is traversed in a clockwise direction; for hyperbolic point the
corresponding curve on the spherical image is traversed in a counter-clockwise direc-
tion. As you move around a planar point, its spherical image is a point; as you move
around a parabolic point, its spherical image is a curve. Refer to Figure A.3.
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Q)

Figare A). Elliptic and hyparbolic points
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