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Abstract

High Altitude Platforms (HAPs), are quasi-stationary aerial platforms that carry a
wireless communications payload to provide wireless communications and broadband
services. They are meant to be located in the stratosphere layer of the atmosphere at
altitudes in the range 17-22 km and have the ability to fly on demand to temporarily
or permanently serve regions with unavailable telecommunications infrastructure. In
this thesis, optimization techniques are used for finding good solutions for a novel
problem that considers user admission control and radio resource allocation in multi-
casting over OFDMA based HAPs. Power, frequency, space and time are the resources
considered in the problem. These many different aspect combinations of the problem
in multicasting over an OFDMA HAP system were not, to the best of our knowledge,
addressed before. Due to the strong dependence of the total number of users that
could join different multicast groups on the different way we allocate resources to
the different multicast groups, it is of significant importance to consider a joint user
to session assignments and radio resource management across the groups. From the
service provider’s point of view, it would be in its best interest to be able to admit
as many users as possible, while satisfying their quality of service requirements.

The problem turns out to be mixed integer non-convex non-linear program for
which branch and bound solution framework is guaranteed to solve the problem.
Branch and bound can be also used to obtain sub-optimal solutions with known
goodness. Even though branch and bound is guaranteed to find the optimal solu-
tion, the computational cost could be too high. Our work focuses on how to enhance

the performance of the branch and bound algorithm such that the computational



effort and the tree size (which affects the memory requirements) are reduced. Two
key things we rely on in this thesis for improving computational performance are
reformulations and relaxations. In reformulations we reduce the problem into good
structured problems for which efficient algorithms have been developed in the litera-
ture, which we use with some modification to suit our problem. Different relaxations
are used to obtain good bounds that are used for early pruning of nodes in the branch
and bound tree.

First, a system model in a multicellular high altitude platform system is consid-
ered, in which each user can receive any requested multicast session in its cell from no
more than only one HAP antenna simultaneously. All the users have equal priority
for admission. The users are selected to join the respective multicast groups and the
power, subchannels and time slots are allocated such that the spectrum utilization
is maximized while satisfying the quality of service requirements. We refer to this
system model as the primary system model. Since Lagrangian relaxation is known to
obtain good bounds for mixed integer non-linear programs, we use it with the sub-
gradient algorithm to obtain solution bounds for the primary system model problem
formulation. These bounds are used in the branch and bound algorithm for pruning
of nodes. The tighter the bounds, the faster the branch and bound algorithm is, and
the smaller the search tree is due to early pruning. The numerical results illustrate
the goodness of the bounds for different constraint set dualizations and for different
subgradient step size rules.

The system model is then extended to allow the multicast group users to re-
ceive a session’s transmission from more than one antenna simultaneously at different
frequencies. This also allows the user to receive multicast sessions transmitted in

neighboring cells too, not just those transmitted in the cell which the user resides in.
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The users have different priority levels of admission and the objective is to maximize
the admission of highest priority users to the system. A much efficient formulation is
obtained for the extended model in terms of size, as compared to the primary model.
Linear outer approximation using McCormick underestimators are used for the relax-
ation of the mixed binary quadratically constrained problem. The solution method
is based on branch and cut scheme in which cutting planes, domain propagation and
heuristics are integrated. Various branching schemes are considered and a presolving
reformulation linearization scheme for a specific set of quadratic constraints is consid-
ered. The numerical experiments compare the performances in terms of the duality
gap, number of nodes, number of iterations, the number of iterations per node, the
time needed to obtain the first feasible solution and the percentage of instances a

feasible solution was found.
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Chapter 1

Introduction

1.1 The Emergence of High Altitude Platforms

Delivering high-capacity services over wireless medium presents challenges, since the
spectrum is limited and the demand for its access is constantly growing. For terrestrial
cellular networks, the solution is to decrease the transmission range of a base station
(BS) and deploy more base stations which require backhaul interconnections. Clearly,
this is a costly and difficult proposition, especially for areas with hostile geographical
nature. This pressure on the radio spectrum requires moving higher in frequency to
K/Ka bands (26-40 Ghz), which are less heavily congested and can provide significant
bandwidth. The main problem with working in K/Ka bands is that line-of-sight
(LOS) or quasi-LOS propagation is needed [1].

The visibility problem can be solved using satellite technology, which is a well-
established alternative to terrestrial infrastructures that is able to serve wide areas
with a cellular coverage, thus implementing frequency reuse paradigms. Geostation-
ary Earth Orbit (GEOs) satellites are located at about 36 thousand kilometers away

from the earth’s surface. Due to the large distance from the earth’s surface, GEOs
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Chapter 1. Introduction

have huge antenna footprints that can cover entire continents providing services to
millions of users. However, being far away from the earth’s surface also has major
drawbacks, mainly due to the very critical free-space path loss and large propaga-
tion delays. These problems require large antennas and sophisticated architectures
and protocols at the customer receivers. Furthermore, technological constraints for
on-board antennas prevent the possibility of optimizing the cell dimension on the
ground, thus potentially lowering frequency reuse efficiency and, consequently, over-
all capacity.

These problems can be partially solved with the use of Low FEarth Orbit (LEO)
satellites; however, these suffer from the widely investigated issues related to the rapid
appearance and disappearance in the sky portion visible to the receiver. These issues
require that LEO-based systems must include an efficient handover protocol among
cells and satellites.

A potential solution for these problems that has been adopted is carrying commu-
nications relay payloads and operating in a quasi-stationary position in the strato-
sphere layer of the atmosphere. LOS propagation paths can be provided to most
users, with modest free space path loss and propagation delays, thus enabling ser-
vices that take advantage of the best features of both wireless terrestrial and satellite
communications. The platforms that carry these payloads were called high altitude

platforms (HAPs) [2].

1.2 An Overview on HAPs

HAPs are quasi-stationary aerial platforms that are meant to be located at a height
of 17-22 km above Earth’s surface in the stratosphere layer. Many of their pros

are a combination of those in both, terrestrial wireless and satellite communication
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Chapter 1. Introduction

systems. Some of those pros are [3]:

e Their ability to fly on demand to temporarily or permanently serve regions with

unavailable telecommunications infrastructure.

e A single HAP has a large area coverage that can go up to 150 km compared
to a single terrestrial cellular base station (BS) whose maximum radius (macro

cells) is in the range of 20-30 km.

e Low propagation delays compared to satellites which implies better perceived
quality of service QoS by the users for real time applications like voice and

video.

e Stronger received signal strengths as compared to satellites and hence user ter-

minals need not be bulky.

e Deployment time is low since one platform and ground support are sufficient to

start the service.
e Much less ground-based infrastructure compared to terrestrial cellular networks.

For the same allocated bandwidth in a specified area, terrestrial systems require large
number of base stations. On the other hand, GEO satellites have cell size limitations
due to large footprints on the Earth’s surface and non-geostationary satellites face
handover problems and the need to deploy the entire constellation , thus requiring
high launching costs to place them in orbits. In this case, HAPs seem to be an
attractive choice.

HAPs can be used to serve different scenarios such as broadcast/multicast HDTV
signal, high-speed wireless access, navigation and position location systems, intelli-

gent transportation systems, surveillance, remote sensing, traffic and environmental

3
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Figure 1.1: Integrated terrestrial/HAP /satellite networks

monitoring, emergency communications, disaster relief activities, and large-scale tem-
porary events. In addition, one of the most promising capabilities of HAPs securing
their role in fifth-generation (5G) networks is to provide high throughput backhaul
links for ground-based pico and femto cells, thus minimizing the traffic burden in the
mesh networks of the respective cellular systems. The ultimate long term aim is to
obtain integration of terrestrial, HAPs and satellite networks. A generic framework
for future generation communication networks based on integration of different com-
munication infrastructures and employing an all IP-based core network is shown in

Figure 1.1.

1.3 Types of HAPs

Basically, HAPs are classified into aerostatic and aerodynamic platforms [3], [4]. This

is based on the underlying physical principle that provides the lifting force. Aero-
4
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static platforms use buoyancy to float in the air, whereas aerodynamic platforms use
propulsive forces created by jet engines.

Aerostatic platforms could be either balloons or airships. In order to provide
buoyancy, they make use of a lifting gas in an envelope, most commonly hydrogen
and helium. Balloons are usually unpowered platforms, and since the flight cannot be
controlled easily they are usually manned. Airships, on the other hand, are normally
unmanned powered platforms, capable of staying in the air for weeks and months.
The main drawback of aerostatic platforms is their large size. A huge volume is
needed to compensate for thin air in lower stratosphere. This causes dynamic drag
during the course of a flight as well as difficulties for takeoff and landing. The large
size of the platform has an advantage though, as it could accommodate larger and
heavier payloads and its large area could be exploited for using solar cells to generate
power.

Aerodynamic platforms, rely on aerodynamic lift for flying in the air. They can-
not stay in the air unless they move forward, and therefore have to be above the
coverage area to keep a quasi-stationary position. Due the density of the air at the
operating altitudes of around 20 km, aerodynamic platforms require large size wings
to obtain sufficient lift, making the radius of the circular flight of the platform in the
range of a few kilometers. Due to the circular flight, the platform also requires some
compensation for antenna pointing.

Neither of the two types of HAPs is yet available for delivering HAP-based com-
munication services. Both are at different stages of development for operation in the
stratosphere and are subject to different perceptions. They still need more modifica-
tions so that HAPs could move from research phase to operation phase in both the

technological sense and in terms of flight regulations. It is expected that initial use
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of HAP-based communication services can be for event servicing and disaster relief
applications using existing manned and unmanned aircraft equipped with application

specific modular payloads.

1.4 HAP Radio Regulations

HAP communications are subject to two main forms of regulations, radio-frequency
(RF) regulations and aeronautical regulations. Since our thesis considers a telecom-
munications aspect in a HAP, we present the RF regulations only in this section.
RF regulations are under the global control of the International Telecommunica-
tions Institute-Radiocommunications sector (ITU-R). ITU-R has allocated several
frequency bands for HAPs to provide different broadband multimedia applications
in millimeter-wave band and International Mobile Telecommunications (IMT)-2000

services in third generation (3G) frequency bands. ITU-R allocation specifies:

1. 300 MHz in each direction in the 47/48-GHz band worldwide on the secondary

basis shared with satellites for all HAPs communications [5],

2. 300 MHz in each direction in the 31/28-GHz band also on the secondary basis
in over 40 countries worldwide excluding all of Europe for fixed broadband

services [6],
3. 2.1-GHz IMT-2000 band to be used for the provision of 3G services to users [7],

4. the band 5.85-7.075 GHz for HAP gateway links for fixed services [8].
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1.5 Radio Resource Allocation and Admission Control for

Multicasting

Just like any wireless system, HAP needs to manage its radio resources as efficiently as
possible in order to gain the maximum desired benefit. This benefit could be the sys-
tem data capacity, the system number of users, the fairness among the system’s users
etc. One of the aspects that radio resource allocation (RRA) has a direct impact on is
the admission of users in the system. Simply, the availability of resources determines
how many users can be admitted, or served in the system. The radio resources that
need to be managed for a HAP having multiple antennas using orthogonal frequency

division multiple access (OFDMA) are:
1. the radio power,
2. the frequency subchannels,
3. the time slots over the subchannels,
4. the antennas (antenna selection).

Choosing which users to admit into the system affects the total number admitted.
This is because the users have different channel conditions due to their different
positions and also due to the random nature of the radio channel. For example, if a
user is in a location where the received signal quality is poor, and it is to be admitted
into the system, it would need too much radio power to compensate for the channel
attenuation. This could lead to little remaining power that is insufficient to admit
other users. If that user would have not been admitted, the HAP might have been

able to serve a larger number of users with good channel conditions. This is a simple
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example considering power only. It grows much more complex when subchannels,
time slots and antenna selections are to be allocated too.

Multicasting is the transmission of the same information to a group of users instead
of transmitting the same information to each user individually (unicasting). This
type of transmission saves a lot of radio resources as compared to unicasting, and is
therefore, usually the method used to transmit same information to a group of users in
any network. We can have more than one multicasting session in a HAP system and
each user may want to join more than one session at the same time. Each multicast
session transmits its data on the same set of subchannels, time slots and antennas
with the same power level for all users in the multicast group. RRA is needed for
admission control (AC) of multicast sessions so that efficient admission decisions are
made for users wishing to join different multicasting groups.

Since aeronautically and mechanically reliable platforms are still in the develop-
ment phase, the amount of published research for telecommunication services over
HAPs, particularly RRA and AC, is limited compared to other wireless systems,
let alone RRA and AC for multicasting in specific. Moreover, most of the big re-
search projects for HAP like SHARP, Skynet, StratSat, HALO,CAPANINA, Helinet
and HAPCOS [9-14] started their activities between 2000-2006, a time in which the
most popular wireless interface in wireless telecommunications research was code di-
vision multiple access (CDMA) based Universal Mobile Telecommunications System
(UMTS). Therefore, most of the published research in RRA and AC was for CDMA
based HAPs. Orthogonal Frequency Division Multiplexing (OFDM) is one of the pos-
sible techniques to be used for transmission between the HAP and the users due to its
well known capabilities in mitigating wireless channel impairments that result from

high mobility and high transmission speeds [15]. Hence the multiple access scheme
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Figure 1.2: OFDMA frame.

that is expected to be used in HAPs is OFDMA. Therefore, we believe that more
research in HAPs should be done considering this type of interface.

In OFDMA, the spectrum is divided into subchannels and time slots as shown in
Figure 1.2. A user k could have different gains for every subchannel ¢ and time slot
t, therefore this gives many degrees of freedom as to which subchannel to allocate to
a user in each cell (or HAP antenna) for a particular time slot and the power levels
to allocate according to gain values g; i ... Hence frequency diversity, time diversity,

antenna diversity and multiuser diversity can be exploited.

1.6 Scope and Contribution of the Thesis

This thesis proposes a novel admission control and radio resource allocation problem
to the HAP literature. Derivations for the mathematical formulations were done and
suitable problem specific and structure oriented solution methodologies were used.
The problem the thesis considers is joint AC-RRA for OFDMA based HAP system
with multicasting, in the downlink, for admitting the users whose QoS requirements

and their associated groups’ requirements could be met. The QoS requirements con-
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sidered in this thesis are the signal-to-interference-noise-ratio (SINR) of a multicast
session for each user and the session’s minimum and maximum data capacity con-
straints for all the multicast groups. First we consider maximizing the spectrum
utilization by serving the largest number of users on all the available frequency-time
slots. In an extended system model, we consider maximizing the number of highest
priority users that are admitted to all multicast sessions in the HAP service area.

We consider two system models. A primary system model (P-SysMod), in which:

1. the concept of “cells” is adopted where each user falling within the foot print
of antenna beam is associated with that antenna only. Hence a user can only
receive from one antenna at most and any possible antenna beam overlaps are

not taken into account.

2. A user can request, and hence can only receive sessions being transmitted in

the cell in which the user resides,
3. all users assume the same level of priority,

4. the spectrum utilization, i.e. the number of users each frequency-time slot can

serve, is the objective that is to be maximized.
An extended system model (E-SysMod) considers the following:

1. more flexibility by allowing transmission of a multicast session to the users in
a group on more than one antenna at different frequency-time slots. Hence the
users in the group can receive transmission on more than one antenna simulta-

neously.

2. a user can request, and hence receive, sessions being transmitted in any cell of

the HAP service area,
10
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3. all users are assumed to have heterogeneous priority levels for different multicast

sessions,

4. the total number of admitted users with highest priorities in the HAP service

area are maximized.

P-SysMod was the first part of our research work and is the topic of the first
chapter of our research work in our thesis (Chapter 3), where the formulation, solution
methodology and results were published in one journal and two conference papers.
Since that system model is very rich and considers many different aspects that were
not considered together, by other researchers in previous works for HAPs, we decide
to go deeper in the same problem to see if we could achieve any improvement to
what we have obtained for the problem. Since there could be many ways to formulate
the same problem, we try to find a formulation that could be solved more efficiently
than the one we obtained for P-SysMod. We were successful in obtaining a much
smaller formulation which we believe is an important achievement as any algorithm’s
computational effort is always proportional to the formulated problem size. Since we
are able to greatly reduce the problem size, we are able to extend the system model (to
E-SysMod) while still having a far much smaller formulation than that we obtained
and solved for in P-Sys Mod. Hence the aspect that we consider in comparing the
two system models, P-SysMod and E-SysMod, is the formulation size for each which
we illustrate in Chapter 4 to be in much efficient for E-SysMod. Therefore, the first
part of our work is P-SysMod, its derived formulation and solution method. Then we
improve the formulation and take the opportunity of the much efficient formulation
to consider a little more complicated scenario in E-SysMod. We present this flow
throughout the chapters 3-6.

Both system models involve too many degrees of freedom which make the task of

11
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solving the problem complicated. We have not seen similar models in the HAP liter-
ature, probably due to their high complexity. However, by considering the primary
and extended models, we decided to take a step in the direction of combining the

following into one problem:

—_

. power allocation to multicast groups,
2. subchannel allocation,

3. time scheduling,

4. multiple antenna selection,

5. user to multicast group assignments,
6. heterogeneous user priorities and

7. reusing spectrum.

The work done by Zhao et al. in [16] is the closest to our work. They considered a
unicasting unicellular system while we consider multicellular multiple-session multi-
casting system. Aside from power, subchannel and time allocation, which they have
considered, we also consider multiple antenna assignments to multicast groups and
frequency reuse across HAP cells. Finally, while the authors did not consider per-
forming user admissions, we consider user to group admissions where each user can
join more than one multicast group. Therefore, although the work done in [16] is the
closest to ours, there are still many differences in the considerations and the system
model. In Chapter 2, the last section provides an explanation of the how our work
fits in the HAP RRA and AC and general multicasting literature.

For both system models an optimization problem formulation is developed. Al-

though the extended system model is more complicated, we succeed in finding a
12
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substantially more efficient formulation than that for the primary model. For the
optimization problems, different operations research based optimization techniques
are used. A branch and bound framework is used for the formulations obtained for
both P-SysMod and E-SysMod. For P-SysMod, we use the Lagrangian relaxation
and the subgradient algorithm to dualize different sets of constraints and solve eas-
ier problems to obtain bounds that can be used for pruning in a branch and bound
scheme to solve the problem [17], [18]. The tighter the bounds of the solution, the
larger the sections that can be pruned from a branch and bound tree, yielding quick
good solutions with small memory requirements to store the tree leaves. The perfor-
mance evaluation is obtained by computing the goodness of the different bounds in
computational experiments.

For the extended model, E-SysMod, we use linear outer approximation by Mec-
Cormick underestimators as a relaxation for the formulated mixed binary quadrat-
ically constrained program [19] and mized integer linear programming techniques.
Different branching schemes for the branch and bound scheme are used and their
performances are evaluated by numerical experiments [20]. Also, a reformulation
technique that linearizes a certain type of quadratic constraints in the formulation is
used and experiments were conducted to evaluate the performance with and without
the reformulation linearization scheme. Domain propagation methods, separating
cuts and heuristics are also used for the formulation of E-SysMod [21]. The per-
formance is evaluated for all of the methods and their different combinations using

computational experiments. The parameters used for performance comparison are:

1. the duality gap,
2. the number of branch and bound nodes needed,

3. the number of iterations needed,
13
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4. the average number of iterations per node,

5. the number of instances for which a feasible solution is found,
6. the time needed to find the first feasible solution,

7. the value of the objective function.

An important aspect in solving an optimization problem for AC-RRA over HAP
is to find the best possible solution quickly before the radio channel changes its
gains due to fast fading, which would lead to a change in the optimization problem’s
coefficients. Furthermore, due to the HAP’s limited hardware resources on-board, it
is desired to keep the memory usage as low as possible. The speed of obtaining the
solution is measured by either the number of iterations, the time consumed or both.
The memory usage is directly dependent on the size of the branch and bound tree.
Therefore, the smaller the number of nodes, the smaller the memory needed. The
quality of the solution is measured either using the bound goodness or the duality
gap.

The Lagrangian relaxation removes troubling constraints from the formulation and
adds their respective penalty in the objective function, creating a dual problem along
with an easier primal problem to solve [22]. By easier we mean low computational
effort. The dual problem is a convex problem with a linear piecewise objective function
which uses a variant of the gradient techniques known as the subgradient techniques
to find the optimal dual solution. Three different rules for finding the step size value
which the algorithm moves in the subgradient directions are used for performance
evaluation and comparison. Also, three different sets of constraints are dualized and
structure specific algorithms for their respective simpler primal problems are used.

The branch and bound algorithm is a generic framework that is mostly used for

14
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problems that involve binary or integer variables. It is a divide and conquer scheme
that divides the problem into smaller simpler problems, known as nodes. The root
node is the whole problem before division while the the rest of the nodes are smaller
subproblems that have either been solved or still need to be solved. A leaf node is a
subproblem that either has not yet been processed or one that has been processed and
pruned. Any pruned node has no descendants. The bounding step avoids complete
enumeration of potential solutions of the problem by pruning. A node gets pruned
when it proves that none of its descendants can give a better primal feasible solution
than the one found so far during the course of the algorithm.

The main purpose of separating cuts is to tighten the relaxation of a problem and
hence produce sharper bounds that help in early pruning. The branching procedure
is the selection of the variable to branch on to create the new descendant nodes. A
branching scheme that yields best dual bounds is desirable as it leads to early pruning
in the tree.

In this thesis, since the problem considered is quite different from the other prob-
lems in the HAP literature, and even the terrestrial wireless multicasting in OFDMA
systems as Chapter 2 shows, we believe the comparison of our work with those would
not provide us with sufficiently useful conclusions. Basically, the decisions to be made,
the QoS constraints and even the objective function are all different. The compar-
isons that we perform however, are in the different formulations and the performance
of different solution components like branching rules, subgradient step size formu-
las, the effect of introducing domain propagations separating cuts and heuristics etc.
Comparison of different algorithm components options allows us to conclude the most
efficient choices to use for the problem. For example, in Chapter 3, we conclude the

most efficient step size formula and the most efficient selection of constraint sets to
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dualize in terms of the bound goodness. We compare the two formulations in Chapter
4 and illustrate that the second one that we were able to derive later is more efficient
and explain how. The second formulation, which also considered an extension to the
first (primary) system model had a combination of algorithmic components proposed
to solve it within a branch and bound framework. For those components, different
choices and combinations are compared to find the most efficient choices in terms of
solution goodness, speed(number of iterations) etc. At the end of chapters 3 and 6 we
conclude with the most suitable choices to solve the two formulated problems. The
main benefit of using branch and bound based solution methods is that if we decide
to stop the algorithm before obtaining the optimum solution due to time limitations,
we are left with the best solution found so far, which is a sub-optimal solution, and
the information of how far that solution is from the optimum solution. Also, it is pos-
sible for the branch and bound algorithm to terminate once it obtains an acceptable
sub-optimal solution that is within any desired % from the optimal. Hence we can
say that the branch and bound based approach can be used to return sub-optimal
solutions within an acceptable nearness to the optimal or, the best found solution in

a maximum tolerable solution time.

1.7 Thesis Organization

Chapter 2 gives a review on previous related RRA and AC research in HAPs. Also,
it provides a separate section for an overview for previous works done in multicas-
ting RRA over OFDMA terrestrial cellular networks. In Chapter 3, the primary
system model, P-SysMod, is presented and explained in details. An optimization
problem is formulated, whose solution yields the best allocation of HAP resources

such as radio power, sub-channels, and time slots. The problem also finds the best
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possible frequency reuse across the cells that constitute the service area of the HAP.
The objective is to maximize the spectrum utilization, of a given OFDMA frame,
for admitting users to the multicast groups. A bounding subroutine in a branch and
bound algorithm is obtained by decomposing it into two easier subproblems, due to
its high complexity, and solving them iteratively. The first subproblem turns out to
be a binary linear program (BLP) of no explicitly noticeable structure and therefore
Lagrangian relaxation is used to dualize some constraints to get a structure that is
easy to solve. Subproblem 2 turns out to be a linear program with a fractional knap-
sack problem structure. Hence a greedy algorithm is proposed to solve subproblem 2
to optimality. The subgradient method is used to solve for the dual variables in the
dual problem to get the tightest bounds, for which different step size rules are used.

In Chapter 4, the extended system model E-SysMod is provided and a much more
efficient formulation is derived. A comparison in the sizes of the two formulations
show that the new formulation provided in Chapter 4 is much smaller. It is well
known that when the number of variables, especially those of binary nature, and the
number of constraints are significantly reduced, then the computational complexity is
also greatly reduced (exponentially for binary variables). Therefore, efficient formu-
lation has a large impact on the efficiency of the solution procedures. The problem
formulation is a mixed binary quadratically constrained program and the constraints
are proved to be nonconvex.

Chapter 5 shows the solution procedures used to solve the formulation for E-
SysMod. An approach similar to [23] and [21] is used in which, an outer approximation
is generated by linear underestimation of the non-convex quadratic constraints to
relax the problem’s feasible region. The problem becomes a mized binary linear

program (MBLP) and hence an LP solver can be used in a branch and cut algorithm.
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The branch-and-bound (BnB) algorithm recursively splits the problem into smaller
subproblems, thereby creating a branching tree. Different branching schemes are used
for that purpose. At each node, domain propagation is performed to exclude further
values from the variables’ domains, and a relaxation may be solved to achieve an upper
(dual) bound. The relaxation is then strengthened by adding further valid constraints,
which cut off the optimum of the relaxation. Primal heuristics are integrated in the
BnB procedure to improve the lower (primal) bound.

Finally, Chapter 6 explains the experiments performed on the formulation of E-
SysMod in Chapter 4 and illustrates the numerical results obtained for the algorith-
mic procedures given in Chapter 5 to evaluate their performances. Three different
experiment sets are provided in this chapter. The first experiment set compares the
performance of activating-versus-deactivating a reformulation linearizion technique
for a certain type of quadratic constraints, at the presolving phase. The second ex-
periment set compares the performance of different branching techniques explained
in Chapter 5. The third experiment set compares the performance of different com-
binations of domain propagation, cutting planes and heuristics. Chapter 7 gives the

conclusions of the thesis and the possible future work.
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A Review on Related Work

In this chapter, the most relevant work done in the area of RRA and AC is presented.
The chapter is divided into four main sections. Section 2.1 gives an overview on
RRA and AC for CDMA based HAPs. Although we consider OFDMA in this thesis,
however as pointed out in Chapter 1, most of the RRA and AC research work for
HAPs considered CDMA as the wireless interface. In Section 2.2, RRA and AC for
a few of the Frequency Division Multiple Access (FDMA)/OFDMA based HAPs are
presented. Section 2.3 is dedicated to multicasting over terrestrial cellular networks.
Although it does not consider HAPs, it is relevant to the work done in this thesis
due to the nature of the transmission (multicasting) and the type of multiple access
scheme. Finally, Section 2.4 explains the relevance of the work done in this thesis to
the earlier work, as well as the concepts used and combined from the literature into

the system models considered in this thesis.
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2.1 RRA and AC in CDMA based HAPs

In [24] a wide-band CDMA (WCDMA) HAP for two types of traffic was considered.
The first type had two service requirements, minimum transmission rate and bit-
error-rate (BER). The second type was a best effort traffic (BET) type with BER
as the only service requirement. The authors focused on the uplink since it posed a
challenge, due to the constraints on each UT maximum transmit power. The aim was
to find the optimum rate vector whose element values are the rate values that can
be assigned to every UT depending on the QoS requirements of the radio connection.

The schemes that were considered in [24] are:

1. Optimal Resource Allocation (ORA) strategy: which solves an optimization
problem whose decision variables represent the transmission power and trans-
mission rates for every user in order to maximize the throughput. This leads to
a solution where BET UT's that only have the most favorable channel conditions
transmitting to the HAP at the maximum allowable rate, while the others are
forced to transmit at the lowest rate. Hence, the ORA scheme did not take into

account the fairness criterion.

2. Optimum Resource Allocation subject to Global Fairness (ORA-GF): which
achieves global fairness, by imposing equality constraints on the rate variables

across all the HAP antennas for BET traffic.

3. Optimal Resource Allocation with Local Fairness (ORA-LF): maximizes the sys-
tem throughput for uplink connections while preserving the fairness among UT's
carrying the same traffic type only within each HAP cell, to achieve local fair-
ness. To guarantee fairness among BET UTs at a cell level, equality constraints

are imposed to force the rate decision variables for all BET traffic of all users
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connected to a given HAP antenna to be equal.

4. Simplified Resource Allocation with Local Fairness (SRA-LF): is a heuristic
scheme proposed by the authors to achieve a similar performance to the ORA-

LF strategy but with lower complexity for real time implementations.

In [25], the unique characteristic of HAPs, that all base stations are collocated
on the same platform was exploited. Unlike terrestrial cellular networks, this feature
allows the exchange of information on the interference conditions within the cells
between base stations with no signaling overheads. A reference scheme was used for
comparison which processes the calls in parallel independently. If the total power
at any BS is less than or equal the power outage threshold, the call gets accepted
otherwise it gets blocked. The centralized proposed schemes of [25] are similar to
the reference scheme except that they processes the calls centrally and sequentially
instead of distributed and parallel. The central admission controller updated the BS
total received power levels on call-by-call basis so that the admission decision for
new calls can be made more accurately. Two centralized CAC schemes were given.
The first one processed the calls in random order which could possibly admit a UT
in a cell that already has high total received power leading to blockage of other
subsequent calls in neighboring cells. The second one was based on priority, where
highest priority for admission is given to a call request in the cell with the lowest total
received power. The central admission controller ranked the calls accordingly. Both
centralized schemes improved the grade of service (GoS) compared to the reference
scheme. The GoS was best improved by the priority based scheme.

In [26] an extension for the work done in [25] was provided where a ‘downlink’
CAC scheme was proposed. A UMTS based HAP centrally manages the HAP power

at the platform level and allocates power to the cells based on their demands. The
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downlink and uplink CACs (proposed in [25]) work together to decide whether to
admit a UT or not. Similar to the work done for the uplink in [25], a BS power
based and a platform power based schemes were proposed. The basic idea for the
BS based downlink CAC was to manage incoming calls according to the increase
in the interference levels of the target cell as well as adjacent cells. Hence, with
the admission of the new call, the forward link powers transmitted to all UTs must
be increased to satisfy all UTs’ signal-to-interference SIR requirements. A call was
blocked if admitting the call would cause the UT’s target base station as well as
other neighboring base stations to exceed the maximum allowable output powers.
The platform based scheme considers the total platform output power for the traffic
channels as a single resource to be shared across the BSs based on demands rather
than allocating fixed power for each BS. In this scheme, a call is admitted if the total
platform power is not exceeded and the SIR thresholds are satisfied.

The authors of [25] and [26] extended their research work in [27] by considering
a scenario of a UMTS system in which a HAP and a terrestrial cellular network are
jointly deployed in a hierarchical system as illustrated in Figure 2.1. HAP was used to
provide a macrocell coverage and the terrestrial towers are used for microcell coverage
at a different frequency band, therefore, no cross-layer interference. A scheme was
proposed that uses a combination of overflow and speed sensitive strategies to direct
calls arriving within ‘overlapped’ service areas served by both HAP macrocell and
terrestrial microcell layers to the appropriate layer. A speed threshold was used such
that UTs with speeds greater than the threshold get directed to the HAP layer, while
UTs with speeds lower than the threshold get directed to the microcell layer for
admission. For UTs that request connection to the exclusive HAP macro cell layer,

the CAC scheme proposed in [26] is used.
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Since UTs in non-overlapped areas have higher blocking probability than the ones
in overlapped areas, the CAC scheme in [27] was enhanced by centrally reserving a
fraction of the platform power resource to accommodate new UTs arriving to the
service area served exclusively by the HAP. The power reservation procedure was
carried when the platform power utilization was near to its limit so that new UTs
arriving to the exclusive HAP service area will have a smaller chance of being blocked.
The power was reserved by handing down users in the overlapped areas from the HAP
macrocell layer to the terrestrial tower-based microcell layer to free HAP resources.
Two schemes of handing down users were proposed, one was random selection and
the other gave priority to users with higher bit rate requirements. The proposed
centralized resource reservation schemes achieved better GoS at the expense of higher
handover rate. Also, it was found that by handing down mobiles in the order of
decreasing bit rate, the total number of handing down executions was reduced leading
to lower handover rates as compared to the case where users were handed down

randomly.

Figure 2.1: A hierarchical HAP and terrestrial cellular system
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The work done in [25], [26], [27] were further extended in [28] by the same authors
who proposed a speed and direction based CAC scheme for a UMTS based standalone
HAP system. For this scheme, the system continuously tracked the rate of change of
the difference between the energy per chip to interference power density ratio E./I,
received from the mobile’s serving base station’s Common Pilot Channel (CPICH)
and the next strongest FE./I, received from the mobile’s neighboring base stations’
CPICH signals. It was used to derive the speed and direction of the mobile relative to
the rest of the mobiles. Based on this information, the new call admission thresholds
in each cell were dynamically adjusted to ensure that all cells reserved sufficient
resources for handoff users that were predicted to enter their service areas from other
neighboring cells. The objective was to reduce the handoff call dropping probability
as much as possible since forced termination is more undesired than new call blocking.

In [29], an integrated system of HAP and terrestrial cellular UMTS like the
one shown in Figure 2.1 was considered for Multicast Broadcast Multimedia Services
(MBMS) applications. The authors’ aim was to efficiently allocate transmission re-
sources to multicast traffic streams by suitably selecting terrestrial and/or HAP chan-
nels while still preserving the desired GoS of unicast traffic. The authors proposed
two different RRA approaches, one took into account the “number” of users in each
multicast group to drive the RRA policies; while the second one based the RRA be-
havior on the “distribution of” users belonging to each multicast group. The “Number
of Multicast Users” policy moved the multicast connections which belonged to the
largest multicast group, onto the HAP channel since doing the opposite is expected to
degrade the performance due to congestion in the terrestrial network. “Distribution
of Multicast Users” achieved an improvement in performance in certain situations by

assigning the forward access channel FACH of the HAP to the multicast group that
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is most scattered across the cells. This freed more FACH of the terrestrial system for
other multicast groups. The performance improvement achieved was both in terms

of cell resource utilization and GoS of unicast connections.

2.2 RRA and AC for FDMA/OFDMA based HAPs

In [30], a heterogeneous network with two HAPs was considered where UTs with a
limited HAP choice (labeled Group L) and users with a full HAP choice (labeled
Group F) coexist in the same system as Figure 2.2 shows. Group F users have
access to both HAP1 and HAP2 by smart or steerable antennas, while Group L users
only have access to one of the HAPs due to some physical constraints such as fixed
antennas. The multiple access scheme considered was FDMA. The authors modeled
the channel allocation process as a birth-death two dimensional Continuous Time
Markov Chain (CTMC). In order to improve the potentially inferior GoS of Group L
due to relatively poorer HAP availability, the authors imposed restriction to Group
F to deliberately limit the availability of channels for the group. The restriction
mechanism used was for equalizing the blocking probability of Group F and Group
L. Simply stated, the restriction blocks some Group F users to reserve more channels
for Group L users which had more limited HAP availability. Using this compensation
effect, a balanced blocking probability was achieved.

A restriction function of the number of occupied channels prior to the user’s arrival
on the chosen HAP was used, assuming there is spare capacity on a HAP when a
Group F user arrives at one HAP. The restriction function is defined in terms of the
probability of access to a channel when in a particular state of the Markov chain. If a
group F user gets denied from accessing the chosen HAP as a result of the restriction

mechanism, it does not get considered for access to the other HAP. If a group F user
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got inhibited from accessing the chosen HAP because all the channels are occupied,
the new Group F user would access the other HAP subject to the restriction function
based on the number of occupied channels on the other HAP unless they are also fully
occupied. Different ways were used to restrict Group F users. A constant restriction
function was used, that applies equal probability of restriction to Group F users
independent of the channel occupancy in the system. The authors also tried linear,
quadratic and step restriction functions that placed higher emphasis on restriction
when the channel occupancy was at higher levels. It was shown in Figure 2.2 that the
step function was the most suitable to provide a balanced low blocking probability

performance to both user groups simultaneously.

Figure 2.2: A system of two HAPs and two groups of users with different access
choices

In [16], low-medium-altitude platforms (LMAPs) are considered, which are tem-
porary platforms at altitudes lower than HAPs (around 2 Km) that provide telecom-
munications services for territorial users. The authors suggest the use of WiMAX
based air interface and carry out joint radio resource allocation for time, frequency

and power simultaneously in the downlink. The problem was modeled as a coopera-
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tive game to make a good trade-off between throughput and fairness. The objective
of the formulated problem was to achieve the Nash Bargaining Solution (NBS) of the
cooperative game. Due to the high complexity of the problem, it was decomposed
into two optimization subproblems, one for the time-frequency block allocation and
the other for power allocation, hence reducing the complexity. Lagrangian multiplier
method and Karush-Kuhn-Tucker (KKT') conditions were used in both subproblems
to obtain the solution. Similar work was done by the authors in [31] and [32] for time
division duplex-Long Term FEvolution (TDD-LTE) based LMAP for both the uplink
and downlink to maximize the ratio of the attainable data rate to the maximum

required data rate and power-efficiency respectively.

2.3 Related Work on RRA for Multicasting in OFDM Sys-

tems

While lots of research exist on RRA in unicast terrestrial multiuser OFDM systems,
research on multicast RRA is still emerging in broadband wireless systems in general.
There are two types of multicast transmissions, single-rate transmissions and multi-
rate transmissions. In single-rate, the transmission to all users in each multicast
group is with the same rate irrespective of their non-uniform achievable capacities.
In multi-rate however, the transmission to each user in each multicast group can be
at different rates based on what each user can handle.

There are three simple schemes that have been adopted for single-rate transmis-
sions [33]:

1. Predefined fixed default group rates: CDMA 2000 1x EV-DO networks for ex-

ample, use 204.8 kbps for multicast transmission and assign resources equally

to all users in cyclic round-robin [34].
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2. Least Channel Gain (LCG) User Rate: This scheme adaptively sets the group
transmission rate according to the user with the poorest channel conditions [35],

136], [37].

3. Average (AVG) Group Throughput: The transmission rate to each group is
based on the long-term moving average throughput of the group. There are
various techniques for the group averaging, for e.g. in [38] the median through-
put is selected among the achievable instantaneous throughput of the users in
the group such that half of the members can be supported. Also, in [39] the
single transmission rate is selected based on the exponential moving average

received throughput of each user in the group.
For multi-rate multicast transmissions two techniques currently exist in the literature:

1. Information Decomposition Techniques (IDT): where high rate multimedia con-
tent is split into multiple sub-streams where users can subscribe to the amount of
data that can reliably be received. It exploits user multichannel diversity and
the perceived quality improves as the user receives more substreams. There
are two types of IDT available in the literature, Multiple Description Coding
(MDC) [40-42] and Hierarchical Layering (HL) [43,44]. In both schemes, mul-
ticast data is split to multiple substreams and each subcarrier is allocated to
one substream for transmission to the multicast group. A base substream is
transmitted to all users. Users with higher channel gain have potential for more
throughput and can therefore also receive additional enhancement substreams
to improve quality of the base substream. The difference between MDC and
HL is in the order of reception of the substreams. In HL, for any enhancement
substreams to be successfully decoded, all the lower enhancement and base sub-

streams must be successfully received. In MDC however, all substreams have
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equal priority and any combinations of the received substreams can be decoded

independently.

2. Multicast Subgroup Formation (MSF): This involves splitting multicast groups
into smaller subgroups based on the intra-group users’ channel qualities and
single multicast transmission rate is defined for each subgroup. It combines
the simplicity of single rate and higher capacity of IDT. The scheme however,
lacks precise coexistence definitions to guarantee reliable transmission to LCGs.
Some coexistence ideas that have been proposed for use in MSF are LCG users

trade-off [45], subgroup resource sharing [46,47] and cooperative data relay [48].

Single rate multicast transmission is popular for its implementation simplicity and
low complexity. This scheme guarantees reliable multicasting to user terminals with
poor link conditions. However it puts severe restriction on the achievable through-
put. Multi-rate, on the other hand, has been receiving more attention lately because
of necessity to achieve user throughput differentiation such that improved system
spectral efficiency is attained. Multi-rate multicasting addresses the sub-optimality
that exists in single-rate transmission considering the intrinsic heterogeneous chan-
nel characteristics of each user terminal in a multicast group. Its aim is to alleviate
the problem of intra-group unfairness in single-rate transmissions caused by large
differences in channel conditions for different users in a multicast group. However it
exhibits higher coding and synchronization complexities, requires high computational
power and requires heavy retransmission overhead.

There are three main categories for multicasting RRA based on the desired ob-

jectives, those are:

1. Strict Throughput Mazimization (STM): which often has been considered for

multiple multicast resource allocation problems to manage inter-group coexis-
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tence to obtain an optimum system spectral efficiency. It selects the transmis-
sion rate of a multicast group to be that of the group’s user with best channel
conditions. Hence it achieves poor fairness among the groups’ users. Therefore,
we can say that it achieves significant throughput for inter-group RRA at the
expense of intra-group performance, especially when there are a lot of users in
a group experiencing poor channel conditions. Some of the work in which STM

has been considered is [49] and [50].

2. Maz-Min Fairness (MMF): which tries to overcome the intra-group poor fair-

ness by giving priority to users with poorest channel conditions to achieve their
maximum possible rates. MMF based RRA algorithms maximize a threshold-
rate, that is dependent on an intra-group single-rate scheme, iteratively until a
Pareto optimal solution is reached. Pareto optimality is a state at which there
is no other way to improve the throughput of the system without decreasing
throughput of other users. In [45] and [51], the threshold is defined by the AVG

of the group.

3. Proportional Throughput with Fairness (PTF): which attempts to balance a

multicast group aggregate throughput while reducing resource starvation and
providing fair QoS to all groups. This objective was considered in [52], [51]
and [43].

For each category, various algorithms and optimization techniques have been pro-

posed, many of have been summarized in [33].
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2.4 Relation of the Work Done in this Thesis with the Pre-

vious Works

Figure 2.3 illustrates the categorization map of the different previous works done for
RRA and AC that are both relevant to the communications system we are considering,
which is HAP, and the type of transmission that we are considering, which is multicast
transmissions. There are three different colors used under RRA and AC in the figure.
The blue color represents the research works explained in Section 2.1, the green
represents those covered in Section 2.2 and the red represents the research works
covered by Section 2.3. Also, in the figure we can see some salient shapes, which
indicate the key areas that we combine together in this thesis. We can see that there
was no multicasting considered for OFDMA based HAP in the literature as indicated
in its corresponding shape in the green section. Recognizing this main area of research
to be missing, to the best of our knowledge, in HAP RRA and AC motivated us to

consider it as our research problem.

RRA and AC
Multicasting

CDMA Based FDMAJOFDMA RRA for OFDM

B"’“’d Lo Cellular Networks

;"-7 Multicasteg ————v -
Unicasting Mulicesting Unicasting e i Tansmissio es
m AC: 291 ! Single Rate

‘ Iy: 241 | | BRA-AC: [25:281 ‘ | REA only: [31-33] AC:[30] |

Multicasting RRA

Schemes | Strict Throughput:[49], Max-Min Fairness:[45 Proportional
[50] 51 Throughput Fairness:
[431. [511.[52]

Figure 2.3: Illustration of the classification of RRA and AC in previous related work.

31



Chapter 2. A Review on Related Work

We combine three concepts from the literature:

1. central power management at the HAP level instead of at the BS level from [25],
2. frequency, time and power resource allocation for OFDMA from [16] and

3. single rate LCG multicast transmissions [33].

These ideas were there individually in different works in the literature, and we combine
them for our system models P-SysMod and E-SysMod in this thesis. Moreover, each
of those concepts are considered in a different context in our thesis. Speaking more
specifically, the following are different contexts for each of the individual concepts

used in this thesis:

1. We use the central power management at HAP level from [25] in OFDMA based
HAP instead of CDMA based. We apply the concept not only to power, but to

frequency and time slots.

2. Frequency, time and power resource allocation for OFDMA in [16] were con-
sidered for single cell unicasting, but we consider the idea for multicellular

multicasting in this thesis.

3. Single rate LCG in the literature was obtained for the user with the least channel
gain (as the technique’s name suggests) in the multicast group. In this thesis,
a similar but slightly different concept is used. Instead of using the lowest
channel gain among all users in a group, we use the lowest SINR instead as it is
more accurate in describing the users’ quality of received signals. A user with
good channel gain but too high interference would have a poor quality received
signal. Moreover, in E-SysMod we define the concept of a group’s highest data

rate and use the highest SINR for all users in a group for a given frequency-time
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Concepts used from
the literature

Central power
management at the
HAP level instead of
the BS level from [25]

Frequency, time and
power allocation from
[16]

Context in which the
concepts are used in
this thesis

OFDMA HAP instead of
CDMA HAP

Combinations of concepts from
literature in the system models
of this thesis

P-SysMod

y
Multicellular Multicasting
instead of single cell

Single Rate LCG
Multicasting [33]

Figure 2.4: Illustration of the concepts combined from the literature and the context
in which they are used for the system models in this thesis.

slot to calculate it. It is well known that variable bit-rate multicast streams,
such as video, have a minimum and maximum range in which they vary. We do
not want to allocate resources that yield a capacity higher than the maximum

possible bit-rate of the multicast session. These resources would better be used

unicasting
.

&
Use of mmimum SINR.

among a group’s users to
define a group’s mimmum

% rate

Use of maximum SINR
among a group s users to
define a group’s maximum
rate (newly defined in this

thesis)

for other groups with larger number of users with poor SINR conditions.

Figure 2.4 illustrates a summary for the combinations of concepts from the literature
used in the system models in this thesis. The colors used in the figure for the differ-
ent concepts used from the literature are the same as the colors of their respective
categories in Figure 2.3. We choose single rate transmissions for its low complexity

advantages, especially that our resource allocation problem is a complex one involv-
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ing allocation of many different types of resources and making admission decisions
in five dimensions. Hence the low complexity feature in single rate transmission is
desirable. Moreover, in both P-SysMod and E-SysMod we are trying to maximize
the spectrum utilization and the number of highest priority users admitted respec-
tively, rather than maximizing the throughput or fairness. Hence, the drawback of
throughput restriction in the single rate transmissions mentioned earlier is not much
of a concern for us in both our system models P-SysMod and E-SysMod.
Furthermore, existing studies in radio resource allocation for multicast services in
OFDMA systems have mainly investigated a single multicast session. Those studies,
along with the few that considered multiple multicast sessions, mostly considered a
single cell system [33]. As an effort to fill in this gap, we combine multiple muticast

sessions with a multicellular HAP system in both P-SysMod and E-SysMod.
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Chapter 3

Multicasting in a Single HAP
System: Primary System Model,

Formulation and Solution Bounds

In this chapter, we provide our primary system model, P-SysMod, for multicasting
joint AC-RRA in an OFDMA based single HAP system such that the spectrum
utilization is maximized. We define the spectrum utilization as the amount of users
a single frequency-time slot conveys multicasting data to. The reason we consider
that to be our objective function is simply because for a telecommunications service
provider, the larger the number of users it can serve in a given bandwidth, the larger
the revenue it can obtain. Assuming each unit of bandwidth could give a certain
amount of revenue, then in multicasting, the revenue is directly proportional to the
number of users served on all subchannels over all the slots of the OFDMA frame.
The work in this chapter was published in [53], [54] and [55].

We exploit an important feature that HAPs have over terrestrial wireless commu-

nications networks, which is central power management at the platform level rather

35



Chapter 3. Multicasting in a Single HAP System: Primary System Model,
Formulation and Solution Bounds

than at the base station (HAP antenna) level [26]. This yields a greater flexibility in

power allocation. Furthermore, we also use central management for all the frequency-
time slots of the OFDMA frame at the HAP level and dynamically reuse them across
the cells that constitute the HAP service area provided an SINR threshold is satisfied.

The rest of this chapter is organized as follows. Section 3.1, explains in details
the primary system model P-SysMod. In Section 3.2, an optimization problem is for-
mulated with the objective of maximizing the total number of users receiving trans-
mission in all the frequency-time slots of the OFDMA frame in all the cells in the
system. The QoS requirements are the BER, which correspond to SINR, and the
data capacity rates of all the multicast sessions. In Section 3.3 a scheme for obtaining
solution bounds based on decomposition, Lagrangian Relaxation [22], [17] and sub-
gradient algorithm [18] is presented. The section is divided into three subsections,
two subsections correspond to the two subproblems resulting from decomposition
and the last subsection is dedicated for the dual problem. Section 3.4 explains the
computational experiments conducted and presents the results for bound goodness of
different dualized sets of constraints, different stepsize rules and the convergence of

the solution bounding scheme. Finally, Section 3.5 concludes the chapter.

3.1 Primary System Model

We consider the scenario of a single OFDMA based HAP providing cellular like cov-
erage to a number of users in a given geographical area. Unlike terrestrial cellular
systems, all the cells in the service area have one common platform power source with
a total power PL2 which allows for better and flexible power utilization. Also, be-
sides power, the HAP centrally manages the other radio resources which are frequency

subchannels and the time slots on those subchannels across all the cells of its service
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area. Figure 3.1 illustrates the system model considered for AC-RRA multicasting
across all the users in the HAP’s service area. The radio power for each antenna is
allocated at different frequency-time slots of the OFDMA frame. The users that re-
quest to join certain multicast sessions are assigned to the same set of frequency-time
slots, inside their respective cells. The frequency-time slots are reused across the cells
such that the SINR requirements of all users are satisfied. Please note that for the
rest of this chapter, the terms ‘antenna’ and ‘cell” are used interchangeably since a
cell is defined by the corresponding HAP antenna footprint, which is why we use the
same colors for the cells and their respective antennas in Figure 3.1. A multicast
group for P-SysMod represents the users receiving the same multicast session m and
are located in the same cell .

The OFDMA frame consists of a fixed number of subchannels C' and an equal
number of time slots 7" on each subchannel. Therefore, a frequency-time slot refers
to one subchannel ¢ in time slot ¢, i.e. a slot (¢, t), with AB as its bandwidth and
AT its time duration. The gains g, ., for each slot (¢,t) for a user k in cell i are
independent and we assume that their values are known at the HAP side (see Figure
1.2). The channel gains depend upon the instantaneous values of large scale fading
and small scale fading. In a HAP system, large scale fading is a result of free space
path loss and attenuation due to rain and clouds [56]. Small scale fading is acceptably
modeled as Ricean fading due to the presence of line of sight rays from the HAP to
most of the locations in the HAP service area [1]. The channel gain g; s .+ between
base station (antenna) ¢ and user k on the frequency-time slot (¢, ¢) can hence be

given as:

Clight 1
i,k,c,t — .G i Gl ———. c 3.1
ites = (1) G (0a) Gl s 3.1)
where

37



Chapter 3. Multicasting in a Single HAP System: Primary System Model,
Formulation and Solution Bounds

User requesting
zdmission to session 1
User requesting
admission to session 2
User requesting
admizsion to session 3

é s /\'. § Upper triangle indicates the HAP call to
Al / i 1 5= which the frequency-time slot (¢.f) is
: = I allocated
Power Allocation p, ;. . 01
frequency-time slots (¢, ) for
multicast session m m cell (or b e ¥ 1 Lower triangle indicates the multicast
antenna) i o T | zeszion to which the fraquency-time
e T slot (&8 is allocated
Time | " e

ot i

2l b

F RO | oo pe

T
1

2 1’? *k

T i ket ASSIETImENt of user kl(
to frequency-time slots (1) to|
receive requested session m m

cell £

Figure 3.1: Primary System Model (P-SysMod)

Gy (w; ) is the gain seen at an angle w; ; between user terminal k& and antenna

1 boresight axis.

dy, is the distance between the HAP and user terminal &, C’light is the speed of

light and f, is the carrier frequency.

A (dy) is the attenuation due to clouds and rain. This depends on the distance

between the HAP and each user k in the service area.
G} the antenna’s gain of user terminal k.

¢k et 1s the Ricean small scale gain in frequency-time slot (¢, t) for user terminal

k.
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Figure 3.2: Interference in a single HAP system

The beams of the antennas co-located on the HAP interfere with each other, as
illustrated in Figure 3.2 for a single HAP system. The interference to a user in a
particular cell is due to the reception of unwanted transmissions at boresight angles
greater than angles that subtend the neighbor cell footprints through the mainlobes
and side lobes of their antennas [57]. A frequency-time slot is reused across different
cells for any multicast sessions as long as an SINR threshold 7" for the users satisfy
an acceptable BER in that slot. However within any cell 7, a frequency-time slot
cannot be assigned to more than one multicast session m.

Let the set of users that get admitted to multicast session m in cell ¢ for a given
OFDMA frame be N,,;. The transmission rate r,,;.: in a frequency-time slot (c, t)

in cell 7 for session m has to be supported by the users with the worst SINR among

39



Chapter 3. Multicasting in a Single HAP System: Primary System Model,
Formulation and Solution Bounds

all the users k € N,,; to ensure they can all reliably receive the multicast session. We
define 7., .+ as Shannon’s capacity on slot (c,t) for the user with the poorest link

conditions in Ny, ;:

ABAT

Tmiet =

: c,t
log, (1 + min vk,Nm,i) : (3.2)

where F'is the OFDMA frame duration and ygtNm is the SINR of user k on slot (¢, t)

and is defined as

Gi k,c,tPmii,ct (33)

M 2’
Zm:l ZV@"EKY’ gi,,k,c,tpm,i/,c,t +o
i #i

c,t
Vk,Noi =

where . is the set of cell indices, py, ;. is the power allocated for session m in cell
i over slot (¢, t) and o2 is the noise power per subchannel.

In each cell 7 in the HAP service area, there is a set of users that are tuned to
receive (or request to receive) a multicast session m, let this set be s, ;. Our interest
is to find the following such that the number of users served by all frequency-time

slots (i.e. spectrum utilization) is maximized:
e Which users from s, ; to assign to the set N, ;Cs,, ;.

e Which frequency-time slots to assign to those users in N, ;, for all sessions in

all cells.
e The power level for each multicast session m in each cell i for each frequency-
time slot (¢, t).
The QoS requirements which must be satisfied are:

e Minimum SINR requirement for each user k receiving a multicast transmission

m in cell i over a slot (¢, t) i.e.y,‘;’ivmizyth.
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e Minimum and maximum capacity requirements (R™"and R”") for multicast

session m in cell ¢ given by

C
min ABAT : c max

c=1 t=1

The optimization problem is therefore a joint AC-RRA scheme to maximize the spec-
trum efficiency, which we define to be number of users receiving multicast trans-
missions in all frequency-time slots of an OFDMA frame in the entire HAP service

area.

3.2 Optimization Problem Formulation for P-SysMod

In this section, we present our optimization problem for the RRA. Table 3.1 gives the
definitions of the different variables, constants and notations used for the formulation.
The optimization problem is given as:

The optimization problem can be given as :

M S K C T
max Z Z Z Z Z Zmisk,ct (HAPITL“)

Zm,i,k,c,tyPm,i,c,trTm,i,c,t

m=1 i=1 k=1 c=1 t=1

s.t.

{07 1} Zf )\m,i,k = 17
Cl: zpmiket = VYm,i, k,c,t

0 otherwise,
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Table 3.1: Notation Definitions for the Primary System Model
’ Notation \ Definition
S={1,2,...,S} | set of cells in the HAP service area.
AM={1,2,...., M} | set of sessions being multicasted in the HAP service
area.
¢={1,2,...,C} | set of subchannels available for the HAP service area.
T={1,2,...,T} | set of time slot indices on a given subchannel.
A ={1,2,..., K} | set of user indices in HAP service area.
SmiC H set of users that request session m in cell 7 .
Ak a binary constant indicating, if user k resides in cell i, and
whether it requests to receive a session m being
transmitted in cell 7.
Zimi kit is a binary variable indicating whether user k receives
a transmission for session m in cell ¢ in a given
OFDMA frame slot (¢, t).
Prmic.t is a non-negative variable indicating the power level
in slot (¢, t) of cell ¢ for session m.
Tonieit is a binary variable that indicates whether slot (c, )
is assigned to session m in cell 7.
C2: Zmik,ct, = fm,ik,c t' \V/C, t: Lt = 17

/ !/ -
Ve, 1 e = 1,Vm, i, k

)t h . .
C3 YN, = A Nmy ket Zmges 7 0,

c T
C4:Ry™ < rmied S RIY VY Zmiges 7 0,Ym, i

1 Pmicit > 07

)

Cb: Tpjct = VYm,i,c,t

M
06:2
M
C?:Z

0 otherwise,

Tmi,ct S 17 VZ, ¢, 13

5 cC
DD Pmier < PRVt

C8: pmjict >0 Vm,i,c,t
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The following is a brief explanation of the objective function and the constraints:

e We construct a single aggregate objective function by summing the users on all
frequency-time slots receiving the same sessions across all cells. This reflects
the spectrum utilization, which increases proportionally with the number of
users that get accepted to receive transmissions of the corresponding requested

sessions in the available spectrum of the OFDMA frame.

e Constraint set C'1 suggests that a user terminal k£ may be assigned to receive
a multicast transmission for session m in cell 7 in an OFDMA frame slot (c, t)

only if:

— user k is in cell 7,
— session m is being transmitted in cell ¢

— a request has been received from user k£ to join the multicasting group of

session m in cell 4.

e Constraint set C'2 ensures that user terminals assigned to receive session m in
cell 7 over a set of slots in the OFDMA frame should be the same in each of

those assigned slots, since all users receiving a session share the same resources.

e In constraint C'3 the selection of user k residing in cell i to receive a session
m in a particular slot (c,t) (i.e. the value of z,,;x.: ) depends on whether
there is enough power for that user to join the multicast group m and receive
transmission in slot (¢, t) of cell i while satisfying the minimum SINR value.

This is important since different users have different channel gains on each slot

(c,t) .
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e In constraint set C'4 the value of 2, .: depends on whether there is enough

power for that user to satisfy the minimum and maximum rate constraints.

e Constraint set C5 suggests that a binary assignment variable x,,;.; for
frequency-time slot (c¢,t) to be 1 if any power p,,;.; is allocated for session
m in cell 7 on the frequency-time slot (c,t). If no power is allocated for session
m in cell i on frequency-time slot (¢, t), then this means that the slot is not to be
assigned to session m in cell ¢, which would force the corresponding assignment

variable x,, .+ to zero.

e Constraint set C'6 implies that the power p,, ;. allocated for a session m in cell
i on a frequency-time slot (¢, ) can only be non zero for at most one session in

a particular slot (c,t) for a cell 1.

e Constraint set C'7 guarantees that for a given time slot, the total power of
the HAP is not exceeded and C8 guarantees that the power values are always

non-negative.

Using some algebraic and logical manipulation, we were able to transform the
problem to an easier formulation with the variables 2z, ;% .: and pp, ;. only. The
reformulation is obtained by: 1) replacing the variable x,,;.; in HAPI™ and its
corresponding constraint set C'6 with a set of linear constraints in 2, ; ¢+ and Py, i ey
2) getting around the difficulty with the capacity constraint C'4 by replacing it with
non-logarithmic constraint sets in 2y, ; ¢+ and Py, i c+. Either the lower capacity bound
constraint or the SINR constraint can be selected and the other can be ignored due

to its redundancy. The following constraints in HAP™* can be rewritten as follows:
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e ('1 can be written as:

0<Zmiket < Amik, Vm,ik,ct
e ('2 can be written as:
ikt F i o < L 2 spo s Vmois Yk K k£ K (e,t) £ (c’, t')
e ('5 and C6 can be replaced by:

z <1 = Zmiket, Vm,k: m #m,k #+ k; Vi, et

m’ ik et
and

k=K
Total .
Prp Zmjiket, VM,i,c,t

k=1

pm,i,c,t S

We also found that the following constraints are sufficient to satisfy C¢'3 and C4 in

HAPI.

Apn—Q :
® Zm,ik,ct Z gi,kyc,tlz?ﬂ,i,c,t —Q’ vm) 7, ka C, 13
PSS +o?

. 7 Y]

Vi Eygz ,k:,c,tpm,z ,c,t
g,
i F#1

M 2 .
® GiketZmiket < Bm| Yome1 dovires 9t keabmit ex 07 |, Ymy i,k e t
i #i

c T min ;
d Zc:l Zt:l Zmi,k,c,t > Amyik,ctYm s vma 2, k? C, t

C T max .
® D 1D Pmiiket < YUm vm, i, k

Fx Rmin Fx Rmae

where A,, = max (<2ymi”ABAT — 1) ,’yth),Bm = 2uR™ABAT — 1 () is a constant

min

strictly greater than A,,, y/"*" and y

max

mar are predetermined integer constants defined
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as the minimum and maximum number of frequency-time slots, respectively, that can
be allocated to a multicast session.

Finally our optimization problem can be expressed as :

M S K C T
D 3D 3D 3) D) ra (HAP"°)

Zm,i,k,c,tPm,i,c,t -
LB EDEIGY 1 i=1 k=1 c=1 t=1

s.t.

D1 : Zmi ket S Am,i,k; vma i? k7 ¢, t

D2 ziiget + Zpant d SV F Zine s VM, VE, kK ok + KV (c,t) # <c/,tl>
A, —Q

9i,k,c,tPm,i,c,t _ ’
M 2
Zm:l ZVil e gil ,k,c,tpm,il ,c,t+0
i #i

D3 : Zm,ik,c,t 2

vYm,i, k,c,t

M 2
By, Zm:1 Zw’ey 9 ketPmi' et TO
i #i .
D4 zpiker < . Vm, ik, et
Gik,c,tPm.i,ct

D5: z <1—=Zmiket, Vm,k: m #m, K #+ k;

AN
m i,k et

c T
D6 : E § Zmjiket 2 FmiketYm s VML k¢t

c=1 t=1
c T
N max .
D7 ) Z Z vaivkvc»t S ym ) Vm, 1, k’
c=1 t=1

D8 : zpiker € {0,1}, Vm,i k,c,t

M S C
D9 : et < PR, Vit
. pm,z,c,t =4+ PF >
m=1 i=1 c=1
k=K
D10 : . < PTotal ) v . "
“Pmjicet > Ipp Zm,z,k,c,t7 m,1,c,
k=1

D11 : ppict >0, Vm,i,c,t.

The formulation HAPL® ™™ turns out to be a mized integer non-linear program
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(MINLP) for which a branch and bound (BnB) algorithm can be used for solving
the problem [58]. In the next section, we the propose a technique to obtain solution

bounds that could be used in BnB for pruning.

3.3 Proposed Solution Techniques

In this section, solution bounds for H.APS* ™ are obtained by constructing a La-
grangian relaxation problem LR. The relaxed constraints are replaced with a penalty
term in the objective function involving the amount of violation of the constraints
and their dual variables. For the minimization part, the subgradient algorithm is used

to solve for the dual variable vector u in LR [17,22].

f(u,z,p) = min {max (e".z+u(b; (z,p) — by (z, p)))} (LR)

u z,p

s.t.

C'l:u>0,
C*2:z,peF.S,
C*3: zZmiker €{0,1}, Vm,i k,c,t

C*4:p>0.

where u is the dual variable row vector, z is a column vector whose elements are
Zmikcts P 1 a column vector whose elements are p,, ., ,F.S. is the feasible region
of the relaxed problem, e is a column vector of ones, b; and by are the right hand
side (R.H.S) and left hand side (L.H.S) column vectors respectively of the dualized
constraints and are functions in the vectors z and p.

For the maximization part, we solve two separate subproblems for the variable
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vectors z and p. We propose three different configurations for dualization of constraint
sets in solving for the vector z. KEach configuration exploits the structure of the
relaxed problem resulting from the corresponding relaxed constraint sets. The basis
of the approach is to solve the problem in two phases iteratively where in Phase 1,
we solve subproblem 1 for z while using a constant p obtained from the previous
iteration of the Lagrangian relaxation problem, and in Phase 2, the opposite is done
by solving subproblem 2 for p while fixing z at the values obtained from Phase 1.
For both phases, we have linear optimization problems with special structures that
we could exploit to solve easily. The first subproblem is function in z (Phase 1) and
considers joint scheduling, subchannel allocation and user-to-group admission. The
second subproblem is function in p (Phase 2) and considers the power allocation for
each multicast session across the entire HAP service area. Both subproblems are a
decomposition of the Lagrangian relaxation problem LR.

Solving iteratively on two phases can enhance the solution of the maximization
part in the Lagrangian problem LR or at least does not worsen it. The larger the
value of the objective function, for a given dual vector u, the smaller the duality gap,
which implies better ‘bound goodness’. We label this procedure, in the rest of the
chapter as the primal solution algorithm. For a given dual vector u' in a subgradient
algorithm iteration [, solving for z in Phase 1 of the first iteration requires fixing p
to an arbitrary value p* that satisfies the constraints C*2 and C*4 of problem LR.
The obtained solution for z* can then be substituted in LR to obtain subproblem 2
to find the value for p in Phase 2, which is either a better solution or in the worst
case a solution that yields the same value for the objective function obtained from
the previous phase. We believe that the new solution for p will not be worse than

the older one since both solutions are feasible to the Lagrangian relaxation problem
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LR, hence either the new solution is better than the older one or at least is equal to
it.
The primal solution algorithm continues solving Phase 1 and Phase 2 iteratively

until one of the stopping criteria is satisfied:

1. The duality gap given by :

f‘*'(uluzap)
=100—100 | =2——2L ] <¢, 3.4
¢ (fi,j(ulazap) = ( )

where f; j(u',z, p) is the value of the Lagrangian relaxation objective function
of LR after solving Phase 7 in iteration j of the proposed technique, f;jj(ul, z,p)
is the best feasible solution obtained up to that point and ¢, is the acceptable

duality gap in percent.
2. The solution does not improve in a specified number of iterations V.

3. The maximum iteration limit, J, is reached.

If there is no improvement achieved after a number of iterations N for the primal
solution algorithm, or if the improvement is slow such that the number of itera-
tions reaches the maximum allowable iterations J before an acceptable duality gap
is achieved, the subgradient algorithm is invoked can move on to the next iteration
[ 4+ 1 to calculate the value of the new dual variable vector u'*! in its path to find
the optimal solution u** of the dual problem. A the end of this section, the flowchart
in Figure 3.4 illustrates the entire solution bounding algorithm involving the primal
solution algorithm and the subgradient algorithm. In the next subsection we show
the different dualization configurations and the corresponding solution methods for
subproblem 1 that solves the Lagrangian relaxation problem LR for z (Phasel) of the

primal solution algorithm.
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3.3.1 Proposed Solution Methods for Phase 1 and their Corresponding

Dualizations

The following are the three different proposed dualization configurations and their

corresponding proposed solution methods for the Phase 1 subproblem to solve for z

e Method1: We dualize all the constraint sets in H.APS*" ™ except constraint

D7,

¢ T
E E : max .
Zm,isk,c,t S Ym vm? z, k

c=1 t=1
and D8,z ket € {0,1}, Vm,i,k,c,t. The Lagrangian relaxation problem
can then be further broken into M x S x K independent sub-subproblems as
show in Figure 3.3 that can all be solved separately. Those sub-subproblems

can each be solved to optimality using a heap sort algorithm to find the highest

max

Yy objective function coefficients of the Lagrangian relaxation problem. The

max
m

strategy is to go through the coefficients once, and keep a list of the highest y

elements found up to that point. This is done efficiently by always knowing the

max
m

smallest element in this top-y**, so that it can be possibly replaced by a larger
one. The heap structure makes it easy to maintain this list without wasting any
effort. This way it does enough of the sort to find the smallest element, and that
is why it is fast. The worst case complexity is O (M SKCT log (maX (yﬁ‘”)))
[59]. "

e Method2: Dualizes all constraints except D1 and either D2 or D3 in problem
LR or both. The Lagrangian problem can then be solved by setting 2, ; i+ to

‘17 those cases which satisfy:
i Amix =1 and
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Objective function coefficiants of phase 1

E R
duslizing constraint sets

:‘ SEGE ol o

St of Constraints when Method 1 is wved for dualizing constraint sets.

RHS vactor

J\ J L I |

M.5.¥ Separatz optimization sub-
subproblems of size £.T

Figure 3.3: Structure of Phase 1 subproblem when Method 1 is used for dualizing
constraint sets.

.. M 9
i GiketPmict < Bm(Qom_1 ZViley 9i' ketPmi' et TO ) and/or
i #i

M 2
U G kctPmiet = Am(zm:1 Zvi’ey 9i ketPmi e T O )
i #i

This can be done for all the z,,; i+ variables separately and the solution to the

Lagrangian relaxation problem will still be optimal. The worst case complexity

is derived to be O (MS*KCT).

e Method3: Relaxes only one constraint set of those which have any of the
variables Py, ics, D2 and/or D3 in problem HAPY " to bring in ppicq in
the objective function such that in Phase 2, the subproblem2 becomes a linear
program (LP) in py, ;.. This problem can be solved using branch and bound

with LP relaxation to obtain the bounds at each node in the tree [58]. The BnB
o1
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algorithm may stop either after the optimal solution to Phase 2 subproblem is
obtained or at an acceptably close to optimal feasible solution. The worst case
complexity of BnB occurs when it requires examination of all the nodes in its

tree which makes its worst case complexity O(2M5KCT),

3.3.2  Power Allocation Subproblem (Phase 2) and its Proposed Solu-

tion Method

Solving for the power vector p could be done using the simplex algorithm [58] for any
of the three proposed dual configurations. This is because for the fixed value of the
vector z obtained from Phase 1, the Lagrangian relaxation LR is a linear program in
p. However for dualization configuration 1 (Method 1), a greedy algorithm can be
used to solve a special structured linear program, which will be shown in this section
to be a set of separate fractional knapsack (FKS) problems. Greedy algorithms are
well known to have low polynomial (usually quadratic) worst case complexities which
are computationally quite efficient compared to the general simplex algorithm, whose
worst case complexity is exponential with respect to the size of the subproblem.

For a subgradient algorithm iteration ! and a given dual variable vector u', the

power allocation linear optimization problem is given by:

m,i,k,c,t m

max {eT.z* +u'b. (z* ) — ull.gl.z* — ué.gg (z* ﬂ-’k’C?t) .p} (PW)
P
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s.t.
M S C
LU Y D poier < PEE, vt
m=1 i=1 c=1
L2* Pmyict 2 O’ Vm, i, C, t
where
b,
b (Zm7i7k7cvt) 9

b2 (Zm,i,k,c,t)

b, N
. b
~ by| ~ -
bl = | 7b2 (Zm,i,k,c,t) = b4
bs N
~ big (Zm,i,k,c,t) )
bg
Ay ~
~ A3 (Zm,i,k,c,t)
~ AQ ~ ~ T U{
A= B 7A2 (Zm,i,k;,c,t) = Ay (Zm,i,k,c,t> U =
A5 ~ ng
N Ajp
Ag

e is a column vector of ones, by, by, bs, bg, are the right hand side (R.H.S) vec-
tors of constraints D1, D2, D5.D6 in HAPLY ™ and Aj, Ay, As, Ag are their
corresponding left hand side (L.H.S) constraint coefficient matrices. The vectors
b2, b2, b (Zm.ikes) are R.H.S vectors of the constraints D3, D4, D10 in HAP "9

when written in the form:

M
2 .
D3p : _givkvcvtpm7izcztvai7k7cvt + Am <Z Z gi/,k,c,tpm,i/pi + o ) S 07 vm’ 27 k’ C,t

m=1lvy;'c.y
i #i

(3.5)
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M
2 .
D4 Gi.k.c,tZm,ik,ctPm,ict — Bm ((Z Z gi"k’c,tpm,igc’t +o0o > < O, Vm, 1, k, ¢, t

m=lvi'cy
i #i
(3.6)
k=K
D10P : Py < Photl : Vm, i, c,t (3.7)
" Pmjict = Ipp Zmyi ket m,1, ¢, .
k=1

and Ag (Zmik.et) ,Ai (Zmik.et) ,Azfo are their L.H.S coefficient matrices respectively.

Swapping columns of the functional constraint matrix of PW and its objective

swapped

function terms as expressed by the indices of Py, ;i t0 Py, 5 e

gives us 7" independent
and separate linear programs that can be solved in parallel. Furthermore, by inspec-
tion for each of the ¢ subproblems, if the L.H.S and R.H.S of each of the functional
constraints are divided by the R.H.S of the constraint, which is P29 | the functional

constraint for subproblem ¢ can be rewritten as Z%zl Zle 25:1 ﬁfjfn'ffied <1, Vt

swapped
- d _ Pimy : .
where p;, """ = g, We define the swapped-normalized power decision vector
mi, To
as:
d swapped ~swapped swapped swapped T
~ swapped __ | = ~ ~ =~
P - pl 7p2 y ey Py 7"'7pT :| (38)
N d . . d " :
where p;“""*" is a column vector whose elements are p; . vo“. The objective function

coefficients for PW , also get swapped according to the new arrangement of the power
variables in vector p**P°?. For the sake of brevity, let us refer to the swapped

objective function coefficients of PW by the row vector T, which is defined as:

Y =[y,...T%...I1] (3.9)

where [y is a row vector that comprises the objective function coefficients of the
t'" power allocation subproblem. The column swapping modification yields an op-
timization problem that has a similar structure as that shown earlier in Figure 3.3,

with slight differences of an all ones R.H.S vector and the objective function vector T.
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Then a Merge-Sort algorithm sorts the coefficients of each of the vectors I'; separately
in descending order. For each sub-subproblem, the variable in p{“**** which corre-
sponds to the first sorted coefficient, is set to 1 while the rest are set to zeros. Hence
the complexity encountered here is only the complexity of the Merge-Sort algorithm
which is known to be O (nlog (n)) [60], where n = M.S.C' for each sub-subproblem.
All the t sub-subproblems could be solved simultaneously in parallel if the HAP has

more than T" processors on-board.

3.3.8 Solving The Dual Problem

To solve for the dual variable vector u in LR, the subgradient algorithm is used to
calculate the search direction and step size w; at each iteration . As in [22] and [17],
the direction is given by the vector (b; (z,p) — by (z, p)) obtained from the relaxed

constraints. The formula used to determine the sequence of values of the dual variable

Lin every iteration is given by [17]:

vector u

ut = max {O, u — w (by (z*,p*) — bs (27, p*))} ) (3.10)

For the step size w;, we compare three different step size rules, these are:

1. Step size rule 1:Square summable but not summable [18] which satisfies :

[e.e] [e.e]

2 _
E w; < oo and E wp = 00
=1 =1

where w; is the step size at the [ iteration. Therefore we choose

w, = (3.11)

o~ =
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2. Step size rule 2:Nonsummable diminishing [18] which satisfies :

o.0]
limw;, =0 and E w; = 00
l—o00 1

and hence we choose

1
=7 (3.12)

3. Step size rule 3:The formula that Fisher suggested in his papers [22] and [17]:

__ @)= f)
by (z,p) — b2 (2, p)|”

Wy (3.13)

where p; is a scalar satisfying 0 < p; < 2.

The termination conditions for the sub-gradient algorithm are chosen to be any

of the following that get encountered first:

1. f(u) < f*, where f* is the best feasible solution found and f(w) is the upper
bound.

2. An acceptable duality gap (%).
3. A maximum iteration limit L.

The entire procedure used to find the upper solution bound for the problem
HAPLY ¢ is summarized by the flowchart in Figure 3.4 where the primal solu-
tion algorithm is the iterative procedure in which phases 1 and 2 are invoked and the
subgradient algorithm is used to obtained the optimal solution for the dual variables.
The orange portion of the flowchart represents the primal solution algorithm while

the blue portion represents the subgradient algorithm. In one iteration of subgradient
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Iterative Start
procedure for phase 1 and phase 2 to obtain
zand p problem LR

FLm=11=1 Subgradient Algorithm: for solving for the dual
vector u in problem LR

T€ {1,2).....indicates the phase 1, 2.

T
j ..... indicates the number of
1 iterations in the
1 for which the phases 1 and
V2 are invoked to find z and p the in

| problem LR.

1 I-.... number of subgradient iterations.
: N.....a maximum allowable j.

No

L..... a maximum allowable I.

'
1

1 77..... a counter for the number of -
! times the fimic N vis hi Phase 1: Solve Problem LR for the variable vector z,
1 using either Method 1, 2 or 3, depending on the

'

€..... Acceptable duality ga e !
M i) kA dualization configuration

1 threshold required to abort

H fij(u', 2], p])....Objective function
1 value of the Lagrangian relaxation

1 problem LR for phase 7, for

H iteration j, and
1 Subgradient Algorithm iteration I.

Phase 2: Solve Problem
LR for the variable vector
p, as explained in section
332

1 £ ....Best feasible solution found for

s
> fram-on @2}, )

Figure 3.4: Solution bounding subroutine flowchart.

algorithm, the step size and direction are calculated and the primal solution algo-
rithm is executed until any of the stopping criteria mentioned earlier in this section

are encountered.

3.4 Numerical and Simulation Results

In this section we present some illustrative numerical and simulation results for both
phases 1 and 2. First we perform some numerical experiments with parameters that
yield a medium sized optimization problem. The aim of these experiments is to

numerically compare the bounds obtained by different solution methods, find the
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most suitable step size formula to use and to find out whether the initial values
of the dual variable vectors affect the bounds. Based on the obtained results, we
use the step size formula that performed best in a realistic simulation scenario that
is described in detail later to numerically observe and compare the results of the
proposed Lagranigan relaxation based solution methods in terms of bounds.

For initial numerical experiments for phase 1, the bound goodness is calculated as

2= 100 () 1

where

e f(u,z, p*) is the upper bound value for Phase 1 subproblem for a power vector

fixed at p = p* ,
e f*is the best feasible solution obtained for Phase 1 subproblem.

The optimization problem for M =2, S =2 K =4 ,C =2 T =2, y™" =1 Vm,
ym® = 3 ¥m is considered and the rest of the numerical parameters of the problem
are shown in Table 3.2. The parameter p; of step size rule 3 begins with a value
of 2 and is reduced by half if the bound does not decrease for 500 iterations. LP
relaxation is used as a reference scheme, where the integer constraint of z,,; k¢ is
relaxed to take any values in the range 0 < 2, k0t < 1.

Figure 3.5a shows the goodness of the bounds obtained using Methods 1, 2 and 3
by using step size rule 1 compared to that of LP relaxation when the initial dual
variable vector u is set to 0. For all the three methods, the subgradient algorithm
converged to bounds with the goodness shown on the chart and remained at those

values for thousands of iterations before the algorithm reached its maximum iteration

limit. They all seem to perform almost at least as the LP relaxation in the worst case.
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Table 3.2: Experimental Values For Model Parameters

’ Model Parameters \ Values ‘
Noise power spectral
density (N,) -173 dBm/Hz
OFDMA frame length
10 ms
(F) _
. . RT"™=0.5
gilfr‘;nnii;&(‘gff)y T Mbps, Rp=0.75
m Mbps
Maximum capacity re- R7**=6 Mbps,
quirements (R]) R7** =T Mbps
Total Bandwidth 1MHz
Total HAP Power 120 Watt
Target BER 107
Constellation Size 2
Carrier Frequency 28 GHz
A=
A i A112=A223=
ot )\2’274:1 and zero
for others

Figures 3.5b and 3.5¢ are similar charts for step size rules 2 and 3, respectively.
We can see that the bounds provided by step size rule 3 are the worst. This is
because there are no guarantees that they converge to the optimal solution f(u*)
since according to [22], step size rule 3 does not satisfy the sufficient conditions
of correct convergence given by lim;_,, w; = 0 and Z;’il w; = 00. As a result, some
of the relaxations perform much poorer than LP relaxation using this step size rule
as the chart in Figure 3.5¢ shows. The charts show that among the three proposed
solution methods, Method 1 has the lowest bound goodness and, depending upon the
constraint sets relaxed, the highest is either Method 2 or Method 3. However, it is
worth mentioning that according to the worst case complexity mentioned previously
in this chapter, Method 1 has the lowest complexity. Therefore, there is a trade-off

between Methods 1 and 2 in terms of bound goodness and worst case complexity.
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Figures 3.6a, 3.6b and 3.6¢ show the bound goodness for each of the proposed
solution methods versus the initial values of the dual variables for step size rules 1,
2 and 3 respectively. For Figure 3.6a, the difference in bound goodness for different
initial values of u is relatively large because the convergence using step size rule 1 is
not as fast as that in Figure 3.6b (step size rule 2). The faster convergence for step
size rule 2 compared to that of 1 is expected due to the higher dampness. Figures 3.7a
and 3.7b support our argument which give the absolute value of the obtained bounds
versus the number of iterations of the subgradient algorithm for step size rules 1 and
2 respectively. For those initial points that do not lead to convergence in the iteration
limit mentioned previously, convergence is expected for a larger iteration limit.

For step size rule 3 in Figure 3.6¢c, the difference in the goodness of bounds
due to different initial dual variable values is huge. The reason is that, as Figure
3.7c shows, convergence is too slow to the extent that leads us to question if it ever
converges to the same solution. We believe that this is due to the fact that it does not
satisfy the sufficient conditions for convergence as Fisher mentioned in his paper [22].
Step size rule 2 seems to converge quickly to the same solution even if the initial
point differs and hence is the best choice for our problem.

We then vary the optimization problem size by varying the number of users ter-
minals (K) in the range 3-7. All the other model parameters that we use remain the
same as those in Table 3.2. Consider step size rules 1 and 2, Figures 3.8a and
3.8b show that proposed Method 2 performs better than others in terms of bound
goodness. For step size rule 3, the bound goodness is poor compared to step size
rules 1 and 2 as Figure 3.8c shows. These results are consistent with the previous
results.

A more realistic simulation was conducted for a cell surrounded by its six first tier
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Figure 3.6: Goodness of bounds for the three proposed Lagrangian relaxation based
solution methods at different initial dual variable values.
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Figure 3.7: Bounds vs Subgradient algorithm iterations for the three proposed La-

grangian relaxation based solution methods.

neighbor cells of the HAP service area (i.e. 7 cells total). Each cell has a radius of 5
km and the users are uniformly distributed around its center. The HAP subplatform

(SS) point coincides with the center of the middle cell. The following parameters and

values are used in our simulation :
e HAP height is 20 Km.

Total platform power PEetel = 71V,

[ J

e Initial power distribution py, ;.. = ngtal /M.S.C is uniform across all subchan-
nels , cells and multicast sessions.

e Four subchannels.

e Two time slots.
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e Two multicast sessions in the service area.
e RMn = 256Kbps and R = 10Mbps.
o y™in =1 for m = 1,2, while y7"*® = 6 and y5"*® = 4.

e The values of noise power spectral density, OFDMA frame length, total band-

width, target BER and carrier frequency are in Table 3.2.
For the channel model, we consider the following :

e Free space path loss was for large scale fading, (i.e. path-loss exponent of 2).

e a rain attenuation model over the first 3 km of height as the one used in [56],

given as:

A (dy,) = 10Bdx/10m) (3.15)

where h is the HAP height , x is the attenuation through the clouds and rain
in dB/km.

e For the small scale fading we use Ricean fading with a Rice factor of 20 dB.

For the HAP antennas we use the aperture antenna model that was used in [57]

in which the gain of the main lobe with respect to the boresight angle is defined as:

32log2
2 (2arccos ( Vv 0.5))2

Gu (w) = Apeyy - cos (w)" (3.16)
where Ap.ss is the aperture efficiency which we consider to be unity and n is the
roll-off factor of the antenna. The roll-off factor value is chosen to maximize the gain
at the cell borders as in [57]. The side lobes are modeled by a flat level at -40 dB.
Each user is considered to have parabolic antenna, whose gain when receiving a

transmission from the HAP antenna of the cell to which the user belongs to is given
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by:

2
G, = A, <ﬂ) (3.17)
Clz'ght

where A¢;, is the aperture efficiency of the parabolic antenna and we take that to be
unity in our simulation and D is the diameter of the parabolic reflector. Any received
transmission from any other HAP antenna of the other cells falls in the sidelobes of
the user antenna which is modelled by a flat level of 0 dB.

Using the observations from the previous results of smaller problem sizes, we use
step size rule 2 for its quick and correct convergence regardless of the initial dual
variable vector values. Figures 3.9a and 3.9b, show the bound values and the required
number of subgradient iterations respectively, for dual configuration 1 (Method 1) and
dual configuration 2 (Method 2) when the number of users are varied in the range
10-30 at increments of five. Method 3 was not shown since it is BnB based and has a
much higher (exponential) complexity compared to the other Method 1 and Method2.
In figure 3.9a, a low bound is tighter than a higher one and hence is closer to the
solution.

The results for the bounds obtained are consistent with the previous results that
showed the bound goodness for each method. Figure 3.9b shows that the number
of subgradient algorithm iterations required to converge to the bound final obtained
value is lowest for dual configuration 2 (Method 2) when the undualized constraints
are D4 and/or D3 and D1. However in a single iteration, the worst case complex-
ity for dual configuration 1 (Method 1) is lower (O (M SKCT log <max (y;};ax)»
compared to O (MS*KCT)) for Method 2. :

In a second experiment that we conducted, we show the value of the objective
function versus the number of iterations between phases 1 and 2 in the primal solution

algorithm. Since this is a Lagrangian relaxation problem, we set initial values for the
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69



Chapter 3. Multicasting in a Single HAP System: Primary System Model,
Formulation and Solution Bounds

dual variable vector u and try u = 1,u = {2,2..2},u = {3,3...3}. The reason
for comparing the results for different dual variable values is that these and the
initial power configurations are the only parameters whose values can differ for each
subgradient iteration. We therefore want to make sure that the behavior is the same

for different values of those parameters. For power initialization, we use pp,;c: =

Total
PPF

PSS ST GIY where pm is an integer power multiplier that we vary in the range 1-4.

The results show that for a given dual variable vector u:

1. the value of the Lagrangian relaxation objective function monotonically in-

creases,

2. the solution is bounded since the value of the Lagrangian relaxation objective

function stops increasing after a finite number of iterations,

3. no matter what the initial power multiplier value pm is, the the procedure

converges to the same solution and

4. the number of required iterations to reach convergence in the experiments that

we conducted was no more than three iterations only.

3.5 Chapter Conclusion

In this chapter, we presented our primary system model ‘P-SysMod’ for an OFDMA
based HAP system for multicast transmissions in order to maximize the spectrum
utilization. We formulated an optimization problem for our considered system. The
optimization turned out to be an MINLP. We suggested a technique to obtain solu-
tion bounds, which could be used in BnB framework, that is based on Lagrangian
relaxation, problem decompositions and the subgradient algorithm. We explained in

details different algorithms and methods to solve for the problem’s decision vectors z
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and p in the decomposed subproblems. Numerical and simulation results showed the
goodnesses of the bounds. Dual configuration 2 (method 2) and dual configuration 3
(method 3) gave the best bounds while dual configuration 1 (method 1) gave accept-
able bounds that are almost equal to those given by LP relaxation. Also, we used
three different step size rules for the subgradient algorithm to find the dual decision
vector u. Numerical experiments were conducted to compare the performance of the
three step size rules and Step size rule 2 was found to perform better in terms of
convergence speed.

Although dual configuration 2 (Method 2) gave better bounds than Method 1,
we showed that Method 1 can be implemented with lower complexity per subgradient
iteration. Lower complexity is important to us due to quick radio link condition
variations. Therefore, Method 1 seems a reasonable choice with acceptable bounds.
Using, dual configuration 1 (Method1) for Phase 1, we were able to show how a greedy
algorithm can solve for p in LR , a linear program, with a lower worst case complexity
than simplex. We gave some results that showed that both phases 1 and 2 in the
primal solution algorithm converge to a solution (a local solution at least) in three
iterations.

In Chapter 4, the extended system model E-SysMod is provided for which we

succeed to find a more efficient formulation than the one we obtained for P-SysMod.
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Chapter 4

Multicasting in a Single HAP
System: An Extended System

Model and Problem Formulation

This chapter presents an extension to the system model that was proposed in Chapter
3 to a more generic and flexible situation where each user in the HAP service area
can receive more than one multicast session if a user requests so. Also, each multicast
group can be transmitted over more than one antenna on different frequency-time
slots. Besides power, time and frequency being the resources to be allocated, an-
tenna selection (space allocation) is also performed in the extended system model
(E-SysMod). This is beneficial because it introduces more diversity in the system to
support more multicast session admissions by exploiting possible spacial overlaps of
the HAP antenna beam footprints. This increases the choices for multicasting AC-
RRA, hence giving higher possibility of more multicast-admissions. Subchannels can
get assigned to antennas at different time slots to find the best possible allocation for

different multicast sessions while satisfying the sessions’ data capacity requirements as

73



Chapter 4. Multicasting in a Single HAP System: An Extended System Model and
Problem Formulation

well as the users’ minimum SINR requirements over each subchannel for each session
they receive.

The main difference between E-SysMod and the previous model in Section 3.1
(P-SysMod) is that we no longer adopt the concept of “cells” similar to terrestrial
cellular systems. Instead, a multicast group could actually receive transmission on
more than one antenna on different frequency-time slots simultaneously. P-SysMod
did not allow that by adopting the concept of cells where a user can receive only
from the antenna that illuminates the cell in which the user resides. In P-SysMod, a
group of users that receive the same multicast session in different cells were considered
separate groups while in E-SysMod, all users receiving the same multicast session are
considered in the same group regardless of the antenna.

The second difference is that P-SysMod considered that a user can only receive
multiple multicast sessions being transmitted only in the cell in which the user resides.
While in E-SysMod, a user can receive multiple multicast sessions from any antenna
for all the HAP service area according to the antenna-to-session assignment. Finally,
E-SysMod considers different multicast session priorities for user admissions and aims
to maximize the number of admitted users, with highest priorities, instead of the
spectrum utilization as in P-SysMod. This means that users having higher priority
to receive a particular session or equivalently, sessions of more importance to a user
than others will be favored for admission.

The most important component of this chapter, from our point of view, is that
a more efficient formulation for E-SysMod was derived that has a much smaller size
compared to HAPL9 ¢ We found that even with extending P-SysMod to E-
SysMod, the obtained formulation in this chapter is much efficient than the formula-

tion HAPL™ "¢ This is an important achievement that we were able to make in
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a later stage of our research. It is not just about the extension of the system model,
since if we reduce the system model from E-SysMod to P-SysMod, the provided for-
Lagrange

mulation in this chapter is still far more efficient than HAP; . Therefore, we

can say that there are two contributions that we combine together in this chapter:
1. An efficient formulation and
2. an extension of P-SysMod to the more general and flexible E-SysMod.

Formulating the problem using much smaller number of variables and constraints
is an important step to reduce the computational effort and memory requirements
by the HAP computing hardware on-board. This is especially crucial when the radio
channel gains are quick due to small scale fading, causing fast changes in the opti-
mization problem coefficients g; .. Rapid changes in the problem instances require
the ability of solving the problem before the instance changes.

The rest of this chapter is organized as follows. A detailed explanation of the
extended system model, E-SysMod, is provided in Section 4.1. Section 4.2 gives the
formulation HAPF// for E-SysMod as well as the interpretation for the constraints
and the decision variables. Using reformulation techniques, the formulation HAPZ//
gets reduced to a mized binary polynomial constrained program (MBPCP) in Section
4.3. In Section 4.4, the problem gets reduced to a mixed binary quadratically con-
strained program (MBQCP) HAPﬂf gQC p- Section 4.5 provides the necessary analysis
to prove that the quadratic constraints are non-convex. Finally, Section 4.6 provides

a comparison between the sizes of HAPYS gQC p and HAPY I m9e,
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4.1 Extended System Model

In this section, the extended system model, E-SysMod, for joint admission control-
radio resource management (AC-RRA) for multicasting in a HAP service area is
presented. The set of users that get admitted to receive a multicast session m are
considered a multicast group with the same index of the session, m. The HAP has
multiple antennas over which the multicast streams are transmitted to the service
area. A user can request to receive more than one session and hence may be admitted
to (allowed to receive) one or more of the requested sessions. This means that after
the admission is done, a user can belong to more than one multicast group. Any
two multicast sessions may not be transmitted on the same resource trio combination
(i,¢,t) to avoid inseparable signal interference, where ¢ is the antenna index, ¢ is the
subchannel index and ¢ is the time slot index. For a frequency-time slot (¢, t) to be
assigned to a particular user to receive session m on antenna ¢, it has to satisfy a
minimum SINR threshold 72", to guarantee an acceptable bit-error-rate performance.
vf,’ii could be different across the sessions and antennas depending on the possibly
different modulation and channel coding schemes.

Figure 4.1 shows the power p, ; .+ for session m being assigned to the trio (i, c,t).
The antenna, frequency and time resources are represented graphically by three di-
mensions where the antenna dimension is not necessarily orthogonal to the frequency-
time plane due to the possibility of antenna foot print overlaps. Orthogonality here
means the absence of interference between any pair of trios (i,c¢,t) represented by
the small cubes in the figure. HAP power is allocated to each of the trio cubes for
the different multicast sessions being transmitted to the service area. The “cubes”
are assigned to the different multicast groups and the users in the HAP service area

are assigned to these groups according to their priority value p,, i ,QoS requirements
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Figure 4.1: Illustration of the multicasting AC-RRA in E-SysMod

and availability of resources. The concept of “cells”, similar to terrestrial cellular
communications is not necessary here since a user can receive from multiple antennas
as long as the SINR is above the required threshold. This is especially useful when
many antenna spot beams overlap together in the service area like in Figure 4.2.
For E-SysMod, there are two definitions associated with a group’s data capacity.

The minimum capacity of the group is defined as :

s C

T
Ryt =% > e (4.1)

i=1 c=1 t=1

min

where 7777, is the capacity of session m over the trio (i,c,t) for the user with the
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Overlapped HAP antenna footprints
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Figure 4.2: lustration of the HAP antenna beam overlaps

minimum SINR on (i, ¢, t) and is given as :

. ABAT
rm’%,t i log (1 + mkz'n xm,i,k,c,t) ) (42)

where AB is the subchannel bandwidth, AT is the time slot duration, F' is the frame

length duration and x, ; ;¢ either:

o takes the value of the SINR of the user £ on the trio combination (i, ¢, t) if the

user gets to receive session m,

e takes a very large number M (theoretically infinity) if user k& does not get to

receive session m but some other users do, or

e zero if no users in the service area are assigned to receive session m.
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hence z,,.; .+ can be expressed as

pm,i,c,t gi,k,c,t + (1 - ¢m,k) M

M .
Zmzl sz" £i 97 ke tPmi eq T O

(4.3)

Tmik,ct =

For E-SysMod, we introduce the maximum capacity of a multicast group, which we

define as:

LD B) B DL (44)

s C T
=1 c=1 t=1

where 777%% ; is the data capacity of session m over the trio combination (7, ¢, ) which
is defined to be the data capacity of the user with maximum SINR on (i, ¢, t) and is

given as:
 ABAT
T . =
m,i,c,t F

log (1 + max tmﬂ-,k’gt) , (4.5)

where t,,; ¢+ either:
o takes the value of the SINR of user k on the trio combination (7, ¢, t) if the user
gets to receive session m, or
e is zero if user k does not get to receive session m.

hence t,,; .+ can be expressed as:

gi,k,c,tpm,i,c,t¢m,k 4
" o (4.6)
> m=1 Zw’ £i 97 ke tPmi eq T O

tm,i,k‘,c,t =

4.2 Formulation of E-SysMod

This section illustrates a more efficient formulation that takes into account the ex-
tended system model E-SysMod discussed in Section 4.1. The number of variables
and functional constraints in the new formulation are greatly reduced which we be-

lieve to be a good achievement, especially that this was achieved for an extended
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Table 4.1: Notation Definitions for E-SysMod

’ Notation \ Definition
M is the number of multicast sessions in the HAP service area.
S is the number of HAP antennas onboard.
K number of users in the service area.
C is the number of available subchannels.
T total number of time slots available over OFDMA frame.
AB is the subchannel bandwidth.
AT is one slot duration.
F is the OFDMA frame duration.

o’ is the additive white Gaussian noise power per subchannel.

Drmisct is the value of the power assigned for multicast session m on antenna
i in the frequency-time slot (c, ).

Ak is a binary constant that indicates whether user k£ requests to join
session m.

Dk is a binary variable that indicates whether a user k gets assigned
to receive multicast session m.

Pk is a constant in HAPf]gQC p that represents priority for user k£ on
session m, and is a positive integer.

O is a binary variable that indicates whether session m receives any

resources, or equivalently, whether any user gets assigned to receive
the session’s transmission.

Ymict | 1S a binary variable that indicates whether the trio combination
(1,c,t) is assigned for session m.

M is a very large arbitrary number.

%fffl is the SINR value that satisfies a desired target BER for session m
on antenna ¢ as different sessions transmitted on different antennas
may be modulated and coded differently thus requiring different
SINR thresholds.

model. The notation for the new formulation is given in Table 4.1 which still has
some similarities with the notation in Chapter 3. Those notations given in blue font
color are either new or have slightly different interpretations. The notations given in
black font in Table 4.1 have the same definitions as those in Chapter 3.

Using the newly defined variables ¢y, x, 0, and ¥, i+, the E-SysMod problem’s

formulation takes into account:
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e the same QoS, resource and multicast transmission requirements as in the P-

SysMod,

e as well as the differences in the extended system model explained earlier in this

chapter.

The key thing that enabled us to obtain a smaller formulation, is replacing the variable

Zmiker 0 formulation HAP,

Lagrange

with the two variables ¢, and yp,;.+. The

formulation is given below, and an interpretation for each constraint is provided right

after:

s.t.

C1l:

c2:

C3:

Cc4:

5 :

C6:

cv

C8:

M K
Z Z pm,kqu,k

d)m k»emvym 7 ctypm i,c,t

m=1 k=1
¢mk S )\m,ka v m, k
Zymw,t <1, Vic,t
m=1
s C T
Z Z Z Ymict 2 ¢m,k> vm; k
i=1 c=1 t=1

=

ym,i,c,t S E ¢m,k7 v m, ia C7t
k=1

Total .
P ym,z,ct - pm,l,c ty vmv Z,C, t
M S
E E Total
Pmjiet > < P ) Vi
m=1 =1 =1
*Pmict Z 07 v m, ia ¢, 13

GiketPmjiet + (1 — Qmp) M
M
Zmzl ZW’#i gi/,k,c,tpm,il,c,t +o

th
2 — ym7i7c7tﬁ)/m,1;7
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i=1 c=1 t=1
c T
C].O Z Z Z ym,z,c,t - ema V m
i=1 c¢=1 t=1
c T S
ClL: 0 R <Y > ) Ai,ATzog (1 + min xmkt> . Ym
c=1 t=1 s=1
c T
C12: Z Z Z ABFATlog <1 + m]?x tm,i7k7c7t) > R, Vm
e=1 t=1 s=1

The interpretation of the objective function and constraints in HAPE is as

follows:

e The objective function represents a weighted sum of all admissions of different
users over all sessions. The larger weights force the users of higher priorities
across all multicast sessions to be admitted rather than low priority users. Also,
a user would be admitted to the session that has the highest priority for the
user, given the constraints can be satisfied. This is different from the objective

function in HAPL™ ™ which sums all the users in all the frequency-time slots

across all HAP cells.

e (1 ensures that if user k£ does not request to receive session m (i.e. Ay = 0)
then the user can never be assigned to receive it (i.e. ¢, is set to zero). This
constraint set is somehow similar to D1 in HAPL9 ¢ vet consists of M.K
constraints versus M.S.K.C.T in D1 for HAPY*" "¢ The functional difference
is that D1 for HAPL "¢ ensures that the user can be admitted to receive

session m when:

— user k is in cell 7, and

— session m is being transmitted in cell i.
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In E-SysMod, we do not have these two restrictions.

e (2 ensures that a given trio combination (7, ¢, t) can at most be assigned to one
multicast group (session). This is equivalent to D5 in HAPL® ™ yet consists

of a much smaller number of constraints as will be shown later in Section 4.6.

e (3 ensures that user k£ can be assigned to multicast group m only when the
session gets assigned at least one resource trio combination (i, ¢, t). This con-
straint set, besides C4, are both required in HAPF/! to connect the two sets

Lagrange

of variables ¢, and ¥, .+ These were not required in HAP; since

Zm.i ket captured them both in a single variable.

e (4 ensures that if no users are assigned to session m, then no resource trios

(i, ¢,t) should be allocated to the group.

e (5 ensures that if the trio combination (i, ¢, t) is not assigned for session m then
the power level assigned for group m on (i, ¢, t) should be forced to zero. This
is equivalent to constraint set D10 in HAPL " However, each constraint

in C5 of HAPE!/ has only two variables compared to K + 1 variables in each

constraint in D10 of HAPL* e,

e (6 ensures that the total power at a given time slot assigned for all multicast
groups on any antenna-frequency (i, ¢) pairs, must be limited to the total avail-

able HAP power. This is exactly the same constraint as D9 in HAPL "9,

e (7 ensures that the power values p,, ; ., are all non-negative. Which is exactly

the same as D11 in HAPL?9 "¢,

e ('8 is a constraint set that enforces the SINR for user k receiving session m to

be greater than a threshold value vfﬁi to admit the user to group m. There are
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three possibilities for each of the constraints in the set, which are explained as

follows:

1. If the trio combination (4, ¢, t) is not assigned to session m (i.e. Ym et = 0),
constraint C5 forces the power variable p, ; .+ to be zero. This makes the
left hand side (L.H.S) in constraint (C8) either equal to the very large
number M , or equal to zero, depending on the value of ¢,, . Both cases

satisfy the inequality rendering the constraint redundant.

2. If the trio (i,c,t) is assigned to session m (i.e. Ymict = 1), but user k is
not assigned to receive m (i.e. ¢, = 0), the power variable p,, ; ., could
take any non-zero value. In this case, the term in the numerator of the
R.H.S becomes greater than or equal to the very large number M making

the constraint redundant.

3. For Y it = 1, if user £ is to get admitted for session m, then ¢, = 1. In
this case, the term on the L.H.S of the constraint equivalent to the SINR
of session m for user k since the numerator becomes the product of the
power variable p,,;.: times the gain of the user on the trio combination
(7,¢,t) . The R.H.S. also becomes equal to the acceptable threshold value,
’yf?f,i, for session m on antenna 7. In this case the SINR constraint over the

trio combination (i, ¢, t) comes into effect for user k and session m.
Constraint set C8 in HAPE!/ is functionally equivalent to D3 in H.APLI "¢,

e (9 and C'10 together ensure that only if there are any resources being assigned
for session m, then this must set the variable 6,, = 1, otherwise 6,, = 0 is
enforced. This is needed for the minimum data capacity constraint C'12. Con-

Lagrange

2 .

straint sets C'9 and C'10 have no equivalent constraint sets in HAP
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e C11 ensures the minimum capacity R™" of a multicast session is satisfied.
We use the definition of the minimum capacity of a multicast group given in
Equation (4.1). There are four possibilities for ,, ;s (defined by Equation

4.3) which are explained as follows:

1. Ymiiectr = 0 and ¢y, = 0. In this case, constraint C'5 will force the power
variable p,, ;. to be zero which results in, x,,; x.c: = 0 and min x,, ; pct =
179+ Al " k A "

0 giving a capacity of zero on the trio combination (i, ¢, t).

2. Ymict = 0 and ¢, = 1. This would have exactly the same result as the
first case, a capacity of zero on that trio combination (i, c,t) for the same

reasons.

3. Ymyiet = 1 and ¢pp = 0. In this case xp,;1.+ = 00 theoretically, where
infinity is practically considered any number greater than or equal to M,
which ensures that for that particular user, its SINR value is never returned
by the term mzn Tmiket- Lhere are definitely other users who have
¢m.r = 1, according to constraint C'4, from which the least SINR on (i, ¢, )
is returned by min Tomik et

Pm,i,c,t9i,k,c,t
Zl\/] Z 2
m=1 v’lgéi gi,,k,c,tpm,i,,c,t+o—

7

4. Ymict = 1 and ¢p, i, = 1 in this case Ty, g cr =
which is the SINR of the user k£ and session m over the trio combination
(1,¢,t). Therefore, mkin T ket Would return the minimum SINRs of all

users in group m over (i,c¢,t).

The variable 6,, ensures that the constraint is not in effect in the case that
no resources are allocated at all for session m , i.e. 6,, = 0. This constraint
set extends the lower bound constraint set for C4 in HAP™"® by summing the

data capacity of session m over all the HAP antennas. It is worth noting that
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for P-SysMod, constraint set D2 in HAPY* " enforced all users to receive
multicast sessions from only one antenna, which is the antenna that covers the

cell they reside in.

e (12 ensures that the maximum capacity of the group or session m, defined by
Equation (4.4), is satisfied. The possibilities for ¢,,; .+, defined by Equation

4.6, are explained as follows:

1. For the case y,, .+ = 0, no matter what the value of ¢, is, the power
variable py, ; .+ is forced to zero by constraint C'5, therefore we get ¢, ; k.ot =

0V k, and mgx bt = 0.

2. For the case yp,,i .+ = 1 and user k is not assigned to group m, i.e. ¢, = 0,
tm,iket Teturns zero but the term mlgm tm.ikct Teturns the highest SINR,
over (i,c,t), amongst all users assigned to session/group m. We are sure
that if ¥y, .+ = 1 then there is at least one user who has ¢,, , = 1 according
to constraint set C5.

3. For the case Y i+ = 1, and user k assigned to the group m, i.e. ¢p i = 1,

Pm,i,c,t9ik,c,t
M 2
— § - ’ oz
m=1 Vilyéi gz Jc’c’tp +

m,i ,c,t

Uikt = > and the term max tim.i ks TEGUDS the

highest SINR over (i, c,t) amongst all users assigned to session/group m.

Constraint set C'12 in HAPF/7 is different from its corresponding upper bound
data capacity constraint set in C4 HAP™" in two aspects. The first aspect
is that in C'12 in HAPE!/ utilizes the newly introduced concept of maximum
multicast group data capacity mentioned earlier in this chapter and given by
Equations 4.4, 4.5 and 4.6. In this way, it is guaranteed that no user in any
multicast group can have a data capacity greater than R]'**. Constraint set
C4 in HAP™ on the other hand uses the data capacity of the user with
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the poorest channel conditions to define the group’s data capacity, and it is
that data capacity that is enforced to be no more than R]'**. This could lead
to users with good channel and interference conditions in a group receiving a
capacity greater than R™* which constraint set C'12 in HAPF// makes sure
does not happen. The second difference is that since E-SysMod allows the users
in a group m to receive the multicast transmission on more than one antenna
simultaneously, then the maximum data capacity of the group is obtained by
summing all the group’s data capacities over all the antennas. This was not

. ) ; . . L
considered in AP and its enhanced reformulated version HAP,* "9,

It is worth mentioning that the SINR constraint set C'8 ensures that for a given
multicast session m, no more than one antenna can be used to transmit the session
over the same frequency-time slot (c¢,t). This is possible since in the L.H.S. of the
constraint set, the interference terms in the denominator include received copies of
the same desired session m from the other antennas of the HAP from which the user
is not meant to receive in the frequency-time slot (¢, t). The entire constraint set C'8
guarantees if the SINR requirement is satisfied by receiving a session on one antenna
in slot (c,t), then this could not be possible simultaneously over any other antenna
for slot (c,t) given the assumption 72, > 1.

As we can see, the problem formulation labeled HAPE// is a binary mixed nonlin-
ear constrained problem. Constraint set C'S8 has a special structure of being a mixed
binary quadratic constraint set that consists only of bilinear terms. Constraint sets
C11 and C12 are non linear mixed binary constraints with min and max terms re-
spectively that complicate them further. In Section 4.3 reformulation techniques are
used to eliminate the min-max terms and replace those constraints with multivariate

polynomial constraints. Then we show how the polynomial constraints are reduced
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to multivariate quadratic constraints that consist only of bilinear terms in Section

4.4.

4.3 Reducing the Formulation HAPE// to a Mixed Binary
Polynomial Constrained Problem
In this section we show how the constraint sets C'11 and C'12 in HAPE/S are replaced

by mixed binary polynomial constraints (MBPCs), some of which are quadratic.

For constraint set C'11 in HAPF// the constraint can be rewritten in the form:

s ¢ T ‘ . _ y .
Pmict | Gik,et + (1 (bm,k) M] 0 Rman [
log HHH 1—|—mzn ” >ZB—mA’ Y m.
i=1 c=1 t=1 Zmzl ZW/ #1 gi/,k,c,tpm,i/,c,t +o T
(4.7)

Taking exponential of 2 for both sides of the constraint, we get:

s ¢ T Pmyict [gz k,c,t + (1 - ¢m k’) A Om RIVINE

HHH 1+mm S| =278 ABAT . Vm. (4.8)

i=1 c=1 t=1 Zm 12%;&191 kctpmz ct+0

The right hand side of the constraint can be rewritten to give the constraint:

s T ) pm,i,c,t gi,k,c,t + (1 - gbm,k) M]

k 2
i=1 e=1 t=1 > om—1 ZVi';ﬁi 9i' ke tPmi e T O

> R, + (1 —0,), ¥V m,

(4.9)

where Rﬂm = 22a8a7 . Then we introduce the auxiliary variables Wit fOr the terms
Pmicit [gi,k,c,t + (1 - ¢m,/€) M

M 2
D om=1 ZVi’;éi 9 ke tPmi e T O

1+ min
k
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which give the following set of equations:

pm,i,c,t gi,k,c,t + (1 - ¢m,k> M

Winjcr = MIN i +1, Vm,i,ct. (4.10)
k Zm:l ZW/ #i gi/,k,c,tpm,i/,c,t + o2
and the following inequality set becomes valid:
pm,i,c,t gi,k,c,t + (]- - qu,k) M]
> Wier — 1, ¥V m,i,k,c,t. (4.11)

M 2
> =1 ZVi';éi 9 ketPmil e T O

Therefore constraint set C'11 can be replaced by:

cC T
[T wmicr > B0+ (1= 60), ¥ m, (4.12)

i=1 c=1 t=1

and
pm,i,c,t [gi,k,c,t + (1 - ¢m,k> M]

M 2
Zmzl zVilii gi',k,c,tpm,i/,c,t to

where w,, ;. > 1.

Z wm,i,c,t - 1; v m, i? ku & t. (413>

For C'12, the constraint set can be rewritten in the form:

_Rper
=ABAT T
(4.14)

log

H f[ H (1 + ml?x gi,k,qtpm,i,c,tqu,k >

M 2
i=1 c=1 t=1 m=1 ZVi’#i gi,,k,c,tpm,i/,c,t +o

taking the exponent of 2 for both sides we get:

c
HHH (1 1 m;?x Gi ke tPmi,c.t Ok ) < Ii’ﬁ‘“, vV m, (4.15)

M 2
im1 em1 =1 m=1 2 vi' i 97 kePmi et T O
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max

where R)"4% = 2 aBar . Then we introduce the auxiliary variables Up,ic,t fOr the terms

gi,k,c,tpm,i,c,t¢m,k
1+ max 7 S|
LD Zw’;&z 9 ketPmyi’ e T O

which gives the following set of inequalities:

gi,k,c,tpm,i,c,t(bm,k .
U, i,et = 1+ m]?x ’ v m,,c,t,

M 2
m=1 ZV@";AZ‘ 9 kyetPmi' e T O

and the following inequality set becomes valid:

gi,k,c,tpm,i,c,t¢m,k
M 2
Zm:l Zw’ £i 97 kyetPmi eq T O

Therefore the constraint C'12 can be replaced by:

HMmax
HHum,i,c,t S Rm 9 v m,

c=1t=1

s C T
=1
and

gi,k,c,tpm,i,c,t¢m,k

M 2
Zm:l Zw’ £i 97 ke tPmi eq T O

S um,i,c,t - 17 v mvia ka C7t'

< Umict — 1, Ym, ik, ct.

(4.16)

(4.17)

(4.18)

(4.19)

where 4, ;.: > 1. The new constraints given by (4.12), (4.13), (4.18) and (4.19)

are all polynomials where the ones given by (4.13) and (4.19) are second degree

polynomial (quadratic). Therefore replacing constraint sets C11 and C12 in H AP/

with (4.12), (4.13), (4.18) and (4.19) gives a mixed binary polynomial constraint

program (MBPCP). Section 4.4 shows how this is further reduced to a mixed binary

quadratically constrained program (MBQCP).
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4.4 Reduction of the Formulation to Mixed Binary

Quadratic Constraints

Any MBPCP optimization problem maybe reduced to a MBQCP by the introduction

of auxiliary variables and constraints to reduce all polynomial degrees to 2. For

example a cubic polynomial term xxsx3 could be modeled as xy Xo3 with Xo3 = xox3.

Using this simple reformulation technique, the polynomial constraints obtained in the

previous section, can be converted to mixed binary quadratic constraints by replacing

(4.12) by the following:

wm,(l)Wm,l > R;?nunem + (1 - em) ) v m,
Wmﬂ' = wmv(]‘+1)Wm’j+1, VJ = 1, 2, = 3, Y m,

Wm,(n—Q) = Wm,(n—1)Wm,(n), v m,

(4.20a)
(4.20D)

(4.20c)

where n = S.C.T and j = (1 — 1) .C.T 4 (¢ — 1) .T + t for the set of variables W, ;

while for wy, j, 7 = (i,¢,t). Equality constraints can be replaced by inequality

constraints to give:

Wi, (1YWin,1 > }?ﬁmem +(1-6,), Vm,

Wing < Wi -0y Winjr1, Vi =1,2,...,n =3, Vm,
Wing 2 Wi 40y W1, Vi =1,2,...,n =3, Vm,
Winn—2 < W (n—1)Wim,(n), ¥ M,

Wm,n72 > Wm,(n—1)Wm,(n), v m,

(4.21a)
(4.21D)
(4.21c)
(4.21d)

(4.21¢)

These sets replace the set of M constraints in (4.12) with 3M + 2M.(S.C.T — 3)

quadratic constraints and adds M x (S.C.T — 2) new variables W,, ;. Similarly the

91



Chapter 4. Multicasting in a Single HAP System: An Extended System Model and
Problem Formulation

constraint set in (4.18) can be replaced by:

um,(l)UmJ < Rzlmm v m,

Un,j < U (j41)Unjs1 V7 =1,2,...,mn —

Un,j 2 U (j+1)Unmjs1 Vi =1,2,...,mn —

Um,n—? < U, (n—1)Um,(n) v m,

Um,n—? > U, (n—1)Um,(n) vV om.

(4.22a)
3, Vm, (4.22b)
3, Vm, (4.22¢)
(4.22d)
(4.22¢)

Again, this replaces the M constraints in (4.18) with 3M +2M. (S.C.T — 3) quadratic

constraints and adds M x (S.C.T' — 2) new variables U,, ;.

s.t.

M K
mar Z Z Pk Pk

¢m,k79m:ym,i,c,tyum,i,c,t»Um,j7wm,z,c t: m,jsPm,i,c,t

Cl . ¢m,k S )\mJg, V m,k:

M
C2: Z Ymi,c,t S 1a VZ, Cat

m=1

3l
3

i=1 c=1 t=1

=

m=1 k=

The optimization problem is now an MBQCP given by:

(HAPY L ocr)

1

c T
Z Z Ymii,ct 2 gbm,ka ‘v’m, k

m SYmicit S Z ¢m7k7 v m, Z.a Cat
k=1

. Total
05 P ym,z,ct _pmzct7

Ym,i,c,t

S
T6: 5 303 i < PEE i
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C7: DPmiet > 0, Vm,i,c,t

gi,k,c,tpm,i,c,t + (1 - ¢m,k> M

C8: > YmieV P Vmyik, et
M el m,i,c,t Im,i» y by vy Gy
Em:l ZV@'/#’L' gil,k,c,tpm,i/,c,t + o2
s C T
CI: DY DY Ymier < SCT,, ¥V m
i=1 c=1 t=1
S T
010 Z Z Z ym,z,c,t il ema v m
i=1 c=1 t=1
QLa : Wy, ()Wt > R0, + (1= 0,,), ¥ m
le : Wm,j < wm’(j+1)Wm7j+1 VJ = 1, 2, e, — 3, Vm
QlC : Wm,j > wm’(j+1)Wm’j+1 VJ = 1, 2, = 3, Vm
Qld : Wm,n72 < Wi, (n—1)Wm,(n), Vm
Qle : Wm,n72 > Wi, (n—1)Wm,(n), V'm

pm,i,c,t [gi,k,c,t + (1 - ¢m,k) M
M
Y m=1 Z\ﬁ/ £i 97 ketPmi eq T o?

Q3a 1 Uy (1) Uppy < f?ﬁ“z, Y'm

Q2 :

> W, i,et — 1a v maiy k?,C,t

ng : Um,j S um7(j+1)Um,j+1 V'] = 17 2, e — 3, Vm
Q3c: Unyj 2 Um,(j+1)Umj+1 Vi =1,2,..,n =3, Vm
di : Um,n—2 < Um,(n—1)Um,(n) V'm

Q?)e : Um7n—2 Z um,(’nfl)umv(n) \V/ m

@ . gi,k,c,tpm,i,c,t(bm,k
D=7 5
Y m=1 ZVi/;éi 9 ketPmi e T O

Qbm,ka ema Ymyiet € {07 ]-} v m, i7 ka ¢, t

S Um,ict — 1V m, iv ka C7t

0 S Pmict S ij;g‘ta 1 S Wm et S R;’Z&x» 1 S Wm,j S Rmaz 1 S Umi,ct S anqama

0 < Upj; < R Y m,i,c,t.
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In the next section, we mathematically analyze the convexity of the quadratic
constraint sets C8, Qla— Qle, Q2, Q3a— Q3e and Q4 and show that they are all non
convex. Knowing whether those constraints sets are convex is crucial in determining

the solution techniques.

4.5 Convexity Analysis of the Quadratic Constraint Sets in
E
HAP ocr

In quadratically constrained programming, it is well known that a constraint in the

vector form:

x'Qx + qx < b, (4.23)
where
e X is the column vector of decision variables,
e ( is a row vector of constants and
e b is a scalar constant,

is convex if and only if the symmetric matrix Q, which is the Hessian matrix of the
constraint [61], is positive semi-definite, i.e. Q > 0 [62].

Starting with the quadratic constraint set CS8, and after relaxing the bi-
nary variables ¢, and ¥m,;.: to be continuous variables in the ranges 0 <
Gmprp < 1 and 0 < ypmiecr < 1, the quadratic part of the constraint,
Ymaiset Vo (Z%zl > it 2i 94 edPni’ e 02> for four terms can be viewed with the
simple notation:

fas (X) = 18122 + a2d1 T3 + a3@1 24, (4.24)
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where a; > 0, V j since the product of the constants vf,??igigk’c’t is known to be strictly
positive. The small number of terms here is chosen arbitrarily for brevity purposes
to illustrate the convexity analysis while still preserving generality for any number of
terms.
The Hessian matrix V?fgg (X) is a symmetric matrix which consists of the ele-
ments:
[V fes(%)],. = w. (4.25)

J 07,07 ;
Evaluation of those elements given by Equation (4.25), gives the Hessian matrix for

the quadratic component of Q8 is:

0 a; Qag as

N e L (4.26)
s N 0O 0 O '
a2

az 0 0 O

Now if any of the principal minors is negative then the matrix is neither positive
definite nor positive semi-definite which are necessary and sufficient conditions for
strict convexity or non-strict convexity respectively [63]. We start checking the leading
principal minors [63] , if any of those is negative we stop checking the rest and we
conclude that the function is non convex and hence the entire constraint is non-convex.
The n'* leading principal minor is defined as the determinant of the matrix whose
elements are the first n x n elements in the Hessian matrix given in (4.26) and we refer

to it here as ‘H?’

. It can very easily be seen that ‘Hl(TS‘ =0 and ‘chis‘ = —%a%. We
stop after obtaining the second leading principal minor which shows that constraint

set ('8 is non-convex.
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For constraint set ()2, the quadratic constraint component can be simply written
in the form:

f@ = alflfg + G,Qfl(z'g + CL3J~71{Z'4 —I— (l4£2‘5j67 (427)

which yields the Hessian matrix

aa 0 0 0 O

a 0 0 0 0
, (4.28)

o o o O

as 0 0 0 O
0 0 0 0 0 a4
0O 0 0 0 a4 ag

where the a; > 0, V j. Testing the leading principal minors, we find that ‘Hlﬁ‘ =0

and |H ?72 = —%a%. We stop after obtaining the second leading principal minor which

shows that constraint set Q2 is non-convex.
For constraint set (Y4, the quadratic constraint component can be simply written
in the form:

f@ == aljfljﬁg - a2£3i4 — a3:%33~c5 — a4.%3§:6, (429)
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which yields the Hessian matrix

i 0 a 0 0 O 0_

agz 0 0 0 00

110 0 0 —ax 0 O
V2 far (%) = 3 : (4.30)

0 0 —az 0 0 O

0 0 0 0 00

0 0 0 0 00
where the a; > 0, V j. Testing the leading principal minors, we find that ’H 1@ =0
and |H 1674‘ = —%a%. We stop after obtaining the second leading principal minor which

shows that constraint set Q4 is non-convex.
For constraint set (Qla, the constraint function can be written in the following

simple notation,

which yields a Hessian matrix
0 -1 0
. 1
V2 fora (%) = 5|1 0 of (4.32)
0 0 0

— 0 and ‘H?T“

Testing the leading principal minors, we find that ‘H ?Ta = —%. We
stop after obtaining the second leading principal minor which shows that constraint
set (Q1a is non-convex.

Constraint set Q1b takes the same structure as (la and hence its constraints

are also non-convex constraints. Constraint set QJ1c take the negated form of Qla
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yielding the Hessian matrix:

010
1
Vigre(®) =35 {1 0 0| (4.33)

000

Testing the leading principal minors, we find that ‘H@

— 0 and ’HIQT

%. We
stop after obtaining the second leading principal minor which shows that constraint
set Q1c is non-convex. The structure of constraint set Q1d is exactly similar as that
of constraint set @1b and the structure of Qle matches that of Qlc. Therefore Q1d
and W are non-convex constraint sets.

For constraint set (Q3a, the Hessian Matrix can be simply found to be,

) 01
Vo3 = , (4.34)
10
whose second leading principal is —1 yielding the constraint set non-convex. The rest
of the constraint sets (Q3b to (Q3e have structures equivalent to QQ1b to (Q1e hence are
Non-convex.

All the quadratic constraints in the formulation HAP%E’:QCP were shown to be

non-convex in this section. In Section 4.6, we compare the sizes of formulations

HAP S ocp and HAPL "9,

4.6 Comparison of Problem Sizes

Eff

In this section we illustrate the differences in the sizes of the formulations HAP ;g0 p

and HAPL®9 ¢ - Considering HAPL® ™™ first, we see that the number of variables
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are as follows:
e The number of binary variables, 2z, ; k., is the product M SKCT and
e the number of continuous variables, py, ; ¢, is MSCT),

e hence giving a total number of variables

VNHA,Pé/agrange - MSKOT + MSCT (435)

The number of constraints (excluding bounds and binary constraints) in each
constraint set for HAPY* ™ are as follows:

e constraint set D1 comprises M SKCT constraints,

e constraint set D2 comprises MSKCT [CT — 1] [K — 1] constraints,

e constraint set D3 comprises M SKC'T constraints,

e constraint set D4 comprises M SKC'T constraints,

e constraint set D5 comprises MSKCT [M — 1] [K — 1] constraints,

e constraint set D6 comprises M SKC'T constraints,

e constraint set D7 comprises M SK constraints,

e constraint set D9 comprises T' constraints,

e constraint set D10 comprises M SCT constraints,
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which all add up to

CNHApgagrange — MSKCT [CT - 1] [K - 1] +

MSKCT[M —1][K — 1] + 4AMSKCT + MSK + MSCT +T. (4.36)

For the formulation HAPﬁngC p, we have the following numbers of variables:

e The numbers of binary variables ¢, i, O, Ym.icst are the MK M and MSCT

respectively giving a total number of binary variables MK + M + MSCT.
e The number of continuous variables:
— DPmiict are MSCT,
= Uit are MSCT,
— Wy et are MSCT
— Up,,; are M [SCT — 2], and
— Wy, are M [SCT — 2.
all adding up to 3SMSCT + 2M [SCT — 2] continuous variables.

The number of binary and continuous variables add up to:

VN, yper  =AMSCT +2M [SCT — 2] + MK + M. (4.37)

MBQCP

The number of constraints (excluding bounds and binary constraints) in each

constraint set for HAP%EJ;QCP are as follows:
e Constraint set C'1 consists of M K constraints,

e Constraint set C2 consists of SCT constraints,
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e Constraint set C3 consists of M K constraints,

e Constraint set C4 consists of M SCT constraints,

e Constraint set C5 consists of M SCT constraints,

e Constraint set C'6 consists of T’ constraints,

e Constraint set C'8 consists of MSKCT constraints,

e Constraint set C'9 consists of M constraints,

e Constraint set C'10 consists of M constraints,

e Constraint set Qla consists of M constraints,

e Constraint set Q1b consists of M [SCT — 3] constraints,
e Constraint set Q1c consists of M [SCT — 3] constraints,
e Constraint set Q1d consists of M constraints,

e Constraint set Qle consists of M constraints,

e Constraint set )2 consists of M SKCT constraints,

e Constraint set (Q3a consists of M constraints,

e Constraint set Q3b consists of M [SCT — 3] constraints,
e Constraint set Q3c consists of M [SCT — 3] constraints,
e Constraint set Q3d consists of M constraints,

e Constraint set ()3e consists of M constraints,
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e Constraint set Q4 consists of M SKCT constraints,

which all add up to

CN

s = 2MK + SOT + 2MSCT + T +8M + 4M [SCT — 3] + 3MSKCT.
HAP NV Bocp

(4.38)

Finally, both the formulations H.APY*" " and HAP%EQCP consist of bilinear

terms. By counting the bilinear terms in HAPL* "¢ obtained from constraints sets

D3 and D4 we get:

BiL _oa2q?
NHApgagmnge = M"S*KCT + MSKCT. (4.39)
Also, by counting the bilinear terms in constraint sets

C8,Q1la,Q2,Q1b,Qlc, Q1d, Qle, Q3a, Q3b, Q3c, Q3d, Q3e and Q4 we get:

Nﬁjp%fw = M?S (S —1)KCT+2MSKCT [l + M (S — 1)]+4M [SCT — 3]+6M.
(4.40)

We graphically illustrate a comparison of efficiency for the two formulations
HAP; ™" and HAP} 4o p in figures 4.3, 4.4, 4.5, 4.6 and 4.7. In these figures we
compare the number of binary variables, continuous variables, total number of vari-
ables, number of constraints and number of bilinear terms for both formulations. We
refer to the indices m, i, k, c and t as the problem “dimensions”. Therefore there are
five dimensions for the problem in both formulations which are the number of mul-
ticast sessions, the number of HAP antennas on-board, the number of users in the

service area, the number of sub-channels and the number of time slots respectively.

We vary the dimensions of the problem as follows:

e The number of multicast sessions M is varied in the range 1 — 250,
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e the number of antennas on-board S is varied in the range 1 — 20,

e the number of users K in the service area is varied in the range 1 — 500,
e the number of available sub-channels C' is varied in the range 1 — 32 and
e the number of available sub-channels 7" is varied in the range 1 — 24.

Figures 4.3, 4.4, 4.5, 4.6 and 4.7 are comprised of five plots each in which one di-
mension is varied within its ranges mentioned above and the others are kept fixed at
values equal to their maximums in their respective ranges.

The results in Figure 4.3 show that the number of binary variables for HAPff gQC p

is way lower than those in HAPL® ™ On the other hand in Figure 4.4, the number
of continuous variables HAPﬁngCP are almost 4 times those inHAPL* " in the
worst case for the given example. However by looking at both figures 4.3 and 4.4 we
can see that the number of continuous variables in both formulations are much lower
than the binary variables which makes the total number of variables in Figure 4.5
almost equivalent to the total number of binary variables. Moreover, it is well known
that when there are both binary variables and continuous variables in a problem, the
binary variables are the main cause of algorithmic complexity involved in solving the
problem. Therefore, comparing the numbers of continuous and binary variables in
both formulations, we see that HAPAEf EJ;QC p has a much lower complexity compared
to HAPLerange.

Taking a look at the number of total constraints in Figure 4.6, we see that the
number of constraints in formulation HAPY/ étQC p is far lower thanHAPY" "¢, This
comes at the cost of up to three times larger number of bilinear terms, in the worst
case for this example, for HAPﬁfoQC p in all dimensions as Figure 4.7 shows. Notice

the similar behaviors for both HAPAE/[ngCP and HAPS " in Figure 4.7 for each

103



Chapter 4. Multicasting in a Single HAP System: An Extended System Model and

Problem Formulation

dimension. For the dimensions of the number of multicast sessions, m, and the
number of HAP antenna onboard, ¢, the number of bilinear for both formulations
grow quadratically. For the other three dimensions, the growth is linear.

In Chapter 5, the solution methods for formulation HAPfJngCP are provided.
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Chapter 5

Proposed Solution Method for
E-SysMod Formulation

E
(HAP ) jocr)

This chapter explains how formulation HAPﬂngC p is solved. An approach similar
to [23] and [21] is used in which, an outer approximation is generated by linear un-
derestimation of the non-convex quadratic constraints to relax the problem’s feasible
region. The problem becomes a mized binary linear program (MBLP) and hence
an LP solver can be used in a branch and cut algorithm to solve HAPfngCP.The
branch-and-bound (BnB) algorithm recursively splits the problem into smaller sub-
problems, thereby creating a branching tree and implicitly enumerating all potential
solutions. At each subproblem, domain propagation is performed to exclude further
values from the variables’ domains, and a relaxation may be solved to achieve an
upper (dual) bound. The relaxation is then strengthened by adding further valid
constraints, which cut off the optimum of the relaxation. Primal heuristics are inte-

grated in the BnB procedure to improve the lower (primal) bound. The solver used
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Presolving

v
Node Selection

v

v
Domam Propagation

Primal Heuristics

F 3

Y

Branching Solve Linear Relaxation | Pricing
i 2 '
Constraint " Cutting Planes |
Enforcement

Figure 5.1: Flowchart illustrating the interrelation between the SCIP solver compo-

nents used for solving HAPY/ E];QC P

for the experiments is Solving Constraint Integer Programs (SCIP) which is capable
of solving a non-convex mized integer quadratically constraint program (MIQCP) to
optimality in finite time [64]. The interdependencies between the algorithmic compo-
nents of SCIP solver are shown in Figure 5.1. In this chapter, an explanation for the
components used in the experiments (Chapter 6) done for HAP?}EQC p are provided.

The components used are:
e Presolving
e Branching
e Separating Cuts

e Domain Propagation
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e Primal Heuristics

The SCIP solver is rich with choices of different strategies for each of the components
listed above that could be selected based on the problem structure or conducted
experiments. The explanation provided for each of these components focuses on how
their respective strategies and elements are used specifically for HAP@JZQCP. Table
5.1 provides a summary of the specific methods used in each of those components
for HAPJ\E/[ngCP. For more detailed explanation on these components and other
components in Figure 5.1, refer to [64], [23], [21] and [65].

This chapter is organized as follows. Section 5.1 briefly outlines the main purpose
of the presolving phase and explains a linearization reformulation presolving technique
used for a specific set of quadratic constraints in HAPﬁngC p- Section 5.2 explains
the BnB algorithm which is invoked right after the presolving phase. Section 5.3
outlines the branching techniques considered. Section 5.4 explains the cutting planes
procedure and the types of cuts used. Section 5.5 explains domain propagation and
the utilized constraint specific propagation techniques as well as the dual propagation
techniques that take into account the objective function value of the LP relaxation.

Finally Section 5.6 lists the set of heuristics integrated in the BnB algorithm to solve

HAP hocr-

5.1 Presolving

Presolving is a set of operations invoked before the branch-and-bound algorithm to
transform the problem instance to an easier instance to solve. The three main tasks

for presolving are:

1. Reducing the size of the instance by removing redundant constraints and fixed

variables.
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Eff )
MBQCP

Table 5.1: Different techniques used in each of the solution components used for

Eff
HAP )\ sgcp-
. . i D in Prop- | Primal Heuris-
Presolving Branching Separating omain Prop ‘rimal Heuris
Cuts agation tics
A reformulation Injcerval—.
linearization arithmetic based
. Random Branch- | McCormick Sep- | quadratic  con- | . .
technique for | . . Simple rounding
. —< | ing arators straints forward
constraint set C'8
in HAPESL and  backward
MBQCP propagators
. General lin-
Most .Infeaable Implied Cuts ear  constraint | Rounding
Branching
propagators
Set packing con-
Pseudocost Clique Cuts straints propaga- Integer shiftin
Branching 4 tor for constraint & &
set C'2
Set Covering
Constraints .
Strong Branch- Pseudocost  div-
i Gomory Cuts propagator  for .
& constraint set &
C3
e o
Strong/Pseudocost prop Feasibility Pump
Branchin agator for con-
& straint set C'5
Reliability A problem struc- Clique partition
. ture based prop-
Branching . based LNS
agation scheme
Knapsack con-
straint based
Inference constraint prop-
Branching agator for the RENS
objective  func-
tion
Reduced  costs
Cloud Branchin propagation for | Undercover
& the objective | heuristic
function
RINS
Crossover
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2. Strengthening the LP relaxation by exploiting integrality to improve the con-

straint coefficients and tighten variable bounds.

3. Extracting implications and clique information from the instance that can be

used for cutting plane generation (explained in Section 5.4) or branching.

Applying domain propagation (explained in Section 5.5) to the root node to tighten
the decision and any added auxiliary variables is one of the simple forms of pre-
solving. There are primal and dual presolving techniques. The primal presolving
techniques do the reductions such that the feasible set of solutions of the instance
are not altered. On the other hand dual presolving considers the direction of change
in the objective function when reducing the bounds of variables or the coefficients of
a linear constraint. Any reformulations resulting from fixed or aggregated variables
in linear constraints are realized also in the quadratic constraints. If the quadratic
terms vanish, the constraint is upgraded to a linear type and the linear constraint
handler takes the further processing from there. The details related to the presolving
techniques related to linear and quadratic constraints for a mized integer quadratically
constrained program (MIQCP) can be found in [64] and [23] respectively.

In the experiments performed for HAP@’EQCP for the presolving phase, we con-
sider one of the reformulations in [23] which is a linear reformulation for bilinear
terms that are a product of a binary variable ¥ with a linear term i.e. iZ?Zl a;y.
This type of reformulation is applicable to the constraint set C8 in HAP]@%QCP
where the terms that consist of the product of binary variables and linear terms are
Yt o S 2i 9 ketPmi e The product is replaced by the auxiliary variable 2

and the linear constraints:

ﬁLym,i,c,t S z S ﬁUym,i,c,ty (51&)
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M M
Z Z gi/,k,c,tpm,i,c,t - ﬁL (1 - ym,i,c,t) S z S Z Z gi’7k’c’tpm7i,c7t - ﬁU (1 — ym,i,c,t) ,
m=Lv;£; m=1yj’ 4;

(5.1b)
where
M
ﬁL = Z Z gi,,k,c,tﬁrl;z,i,c,t? (523)
m=1vj £;
M
ﬁU - Z Z gil,k,c,tﬁrUn,i,c,w (52b>
m=1vj £

given the local bounds p, ; ., and pf, ; ., This reformulation linearizes the constraint
set C8 at the expense of introducing one continuous variable for each constraint in
the set, and four linear constraints for each quadratic constraint in C8. In Chapter 6,
algorithmic performance, with and without, the presolving linearization reformulation
explained in this section, for different number of presolving rounds, are presented.
After the presolving phase, the BnB algorithm is invoked. Any reference for
HAP?]EQC p in the rest of this chapter refers to the instance after going through the

presolving phase. The BnB algorithm is provided and explained in Section 5.2.

5.2 Branch and Bound based Solution Framework

The branch and bound scheme is a general framework used in solving non-convex
problems, which include MBQCPs and MBLPs, to divide it into smaller problems
that can be solved (conquered) and hence is a divide and conquer algorithm [62].
The best local solution across all the subproblems, which are referred to as nodes,
is the global solution of the entire problem. Branching is basically the splitting of
a subproblem into two or more nodes. Since the discrete variables that we have in
HAP%%QCP are binary by nature, binary branching is the only choice, i.e. no more

than two children nodes for any node in the tree. The root node is the whole problem
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HAP@’EQC p before division while the the rest of the nodes are smaller subproblems
that have either been solved or still need to be solved. A leaf node is a subproblem
that either has not yet been processed or one that has been processed and pruned.
Any pruned node has no descendants. A node gets pruned when it proves that none
of its descendants can give a better primal feasible solution than the incumbent. An
incumbent is the name given to the best feasible solution found so far during the
course of the BnB algorithm. All the nodes (un-pruned leafs) that are yet to be
processed are stored in a queue L.

The bounding step avoids complete enumeration of potential solutions of the prob-
lem. The better the dual ¢4 and primal ¢pimq bounds are, the more effective the
bounding process in excluding subproblems from solving. The dual bound is found
by solving the relaxation Q.. of a node subproblem Q. The relaxation Q,cjus
for HAP]\E/[ngCP is obtained by replacing all the bilinear terms individually by Mc-
Cormick linear under-estimators as explained in Section 5.4 [23], and by relaxing
all the binary variables into the continuous domain [0,1]. Algorithm 1 illustrates the
main procedures of a BnB framework. For abstract notation, all the decision variables
in HAP}\EZEQCP are represented by the decision vector X. Furthermore, an arbitrary
decision variable is referred to as Z;, where j € N for any variable and if the variable
is binary then additionally j € B, where N is the set of all decision variables and B

is the set of all binary decision variables in HAPYS gQC I

The input to the algorithm is a presolved instance of HAPﬁf gQC p which resembles

the root node. If the instance is feasible then the output of the algorithm is the

Eff
Pribocr

global optimal solution %, and the corresponding objective function value

Eff
HAPViBoop

opt , otherwise the algorithm concludes that the instance is infeasible. The

algorithm is initialized by assigning the root node HAPEJEQC p into the empty node
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Algorithm 1 Branch-and-Bound Framework for solving HAP%;QC P

1:

2:

. L . Eff
Input: Maximization of an instance of HAP};/z00p
Pl : o : HAPYSS
MEICY with objective function value ¢, *7°"
HAP  dacr _
opt -

. . LHA
output : Optimal solution X,

or conclusion that HAPL éCQC p has no solution by ¢ —00

Initialize:

3: Q — HAPEJE.QCP

10:

11:
12:

13:

14:
15:
16:
17:
18:

19:
20:
21:
22:

23:
24:
25:
26:
27:

28:
29:
30:

L={Q}
éprimal = —00
Abort:

if £ = 0 then
"H'APJWBQCP

opt < XBFS

_Select:
Qhoos”e Qe L and
L+ L\{Q}
Solve:
Solve the linear relaxation Q,..q. after applying McCormick under-estimators to
all bilinear terms of HAPAE}]EQC P
if Q,eiez =0 then
édual < —00
else
let X,.c1q2 be the optimal solution of Q¢4 and ¢q,q its objective function value.
end if
Bound:
if édual S ép'rimal then
Prune node Q
goto step (6)
end if
Feasibility Check:

if %,e1q0 is feasible for HAPY/{ocp then

j.cBFS — j.Crela:t
éprimal <~ édual
goto step (6)
end if
Branch:
Divide Q into two subproblems Q = Qy U Q;
L+ {QoU 9}
goto step (6).

H
H
-



Chapter 5. Proposed Solution Method for E-SysMod Formulation (HAPfJngCP)

queue L. The Abort procedure is invoked when the node queue is empty to return the
best feasible solution found so far Xggrg and its corresponding objective function value
Cprimai- 1f the node queue still has further unprocessed nodes, the Select procedure
is invoked to choose a node Q depending on a node selection criterion before it
gets removed from the queue. The relaxation of the selected node Q.. is solved
using the simplex algorithm [66] after applying McCormick under-estimators to outer-
approximate the non-convex quadratic constraints of HAPEJEQC p- If Qpelqy is found
infeasible then ¢y, is assigned the smallest possible value (theoretically —oo) to
insure that the node gets pruned in the Bound step. Otherwise X,¢,, becomes the
solution of Q¢4 and ¢guq is its corresponding objective function value.

The Bound procedure is responsible for pruning branches from the search tree
whose descendant nodes are guaranteed not to include any solutions better than the
currently available best feasible solution (incumbent) Xggrg. This is known using
the simple comparison between the obtained ¢4, from the Solve procedure and
the objective function value C€pyimq for the incumbent. In a maximization problem,
like 'HAP%EQCP, if the dual (upper) bound is lower than the primal (lower) bound
value, this is an indication that any of the descendants of the node can never have
any better feasible solutions. If the node gets pruned, the algorithm goes back to
the Abort procedure to check if there are any nodes left in the queue L. If no
pruning occurs, the Feasibility Check procedure is invoked and sets the solution
Xrelar Of the relaxed subproblem Q... as the solution of the @ itself only if the
solution X, is feasible to Q. If X, is not feasible to Q, the Branch procedure
then gets invoked to divide node Q into further nodes. This happens by selecting an
appropriate variable to branch on. Since all the discrete variables in HAPL/, gQC p are

binary, then the branching is also binary. After branching takes place, the Abort
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Root Node

it o -~-, Branching on a binary variable

Newly created unsolved node
subproblems

Figure 5.2: Hlustration of BnB Tree

procedure gets invoked to check whether there are any unprocessed nodes left in £.
Figure 5.2 illustrates how the BnB tree looks like.
The node selection indicated by the Select procedure, the branching rules indi-

cated by Branch and the relaxation whose solution is used in the Bound procedure
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all have a major impact on how early good feasible solutions can be found and how
fast the dual bounds decreases. They all influence the Bound procedure which is
expected to prune large parts of the BnB tree. An explanation for different branching

rules used in the experiments conducted on HAPJ\E/[féfQC p is provided in Section 5.3.

5.3 Branching

Branching is the splitting of a node into two or more nodes by adding new upper
and lower bounds on one of the variables which is called the branching variable. By
reducing a variables domain, the created children nodes have smaller feasible regions
each, which helps reduce the work required to find feasible solutions better than the
currently available best feasible solution Xgrg. Another type of branching which
is not considered in this thesis is branching on hyperplanes [67]. In this thesis we
use splitting with hyperplanes to cut off infeasible solutions rather than divide the
problem into further smaller subproblems.

One advantage of using LP relaxation within BnB is in the branching process.
Branching changes the created children subproblems from a parent node Q by intro-
ducing new upper or lower bound to one variable which preserves the dual feasibility
of the solution obtained for Q,.... This enables the use of dual simplex using the
parent node solution as a warm up start and hence the work done in solving Q,cjas
counts towards solving the relaxation of its children, which saves a lot of further
computational work.

For HAP%EJ;QC p, the only discrete variables are binary and hence two nodes only

branch

; is calculated for each

are created by branching on binary variables. A score s
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variable using the equation [65]:
s;’-m”‘:h = max {q?, €} max {(’j},%} , (5.3)

which measures the improvement in the dual bound by branching on the variable Z;

for j € B where:

B is the set of binary variables in HAPﬁféfQCp,

° qg-) is a function that is directly dependent on and proportional to the dual bound
improvement A? over the parent subproblem’s relaxation Q,¢q, by setting @; =

0,

° q]1 is a function that is directly dependent on and proportional to the dual bound
improvement Ajl over the parent subproblem’s relaxation Q,¢q, by setting &; =

1

’

e ¢ which is a very small positive constant which is necessary to compare (A?, A]l)

and (Ag, Ai) and is set by default to € = 107% in SCIP.

There many different ways by which a branching variable can be selected, and of
course, they can have different performances in bound improvement which are illus-
trated in the results provided in Chapter 6. The following branching schemes are

considered for comparison in the experiments conducted for HAPE/ EJ;QC P

5.3.1 Random Branching

As the name indicates, there is nothing done in this technique except arbitrarily

selecting any unfixed binary variable that violates the binary condition.
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5.3.2 Most Infeasible Branching

This rule chooses the variable with the smallest tendency to be rounded either down-
wards or upwards. Hence for binary variables with fractional values in the solution
of Q. ciaz, the one that is closest to 0.5 receives the highest score. The score function
for a fractional binary variable is given as:

S?ranch — min {:’é;elax, 1 j,;elax} . je B. (54)

5.3.83 Pseudocost Branching

This type of branching keeps a history for the average performance of each variable
that has been branched on so far. This is measured as the average improvement in
the bound for all the times the variable has been branched on. To obtain the variable
scores, first the unit bound change for Z; is found using
A0 Al
gjo = —— and ¢l = —) (5.5)

srelax J _ ~relax
L (1 -

1

Let the aggregate unit bound changes be &? and ¢; over all nodes for which Z;

was selected for branching and the numbers of these nodes be 7]? and njl- then the

pseudocosts of i/ are the averages:
.. 0 .. 1
g o
V=—  and ;= (5.6)
1 1
. The score is then given as :

sranch — mag {xj \I/?,E} .mazx {(1 — ) ) \I’jl,E} : (5.7)

7 relax relax
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During the course of Algorithm 1, a variable that has not yet been selected for branch-

ing is termed to be uninitialized, a term that will be used in subsequent subsections.

5.3.4 Strong Branching

Strong branching can be summarized as solving the linear relaxations that result from
branching on each binary branching candidate and choosing the variable that gives
the best bound improvement to branch on. It is hence expected that to obtain the
optimal solution for a problem instance, the number of nodes required to be explored
is going to be low but the number of simplex LP iterations is going to be too high
which consumes a lot of processing time. The full set of branching candidates Fi..q
are all binary variables with fractional values. The entire set could be used in strong
branching or only a subset F C F,,,q. If the entire set is used, the branching scheme

is emphasized upon by the term full strong branching.

5.3.5 Hybrid Strong/ Pseudocost Branching

Strong branching and pseudocost branching both have their advantages and draw
backs. For strong branching, as mentioned in Subsection 5.3.4, the number of nodes
to be explored before the optimal solution is reached is expected to be low. However,
the time and LP iterations expended could be too high. On the other hand pseudocost
branching is not expected to expend too many LP iterations (and hence time) to
obtain the optimal solution, but would require more branching operations to do so
and hence more number of nodes. This is because at the very beginning of the BnB
tree, the pseudocost branching scheme has no history to use for guiding its choice on
branching. Since the branching decisions near the top of the BnB tree are the most

crucial, the absence of early history information would lead to more node explorations.
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If the optimal solution is not the main objective and obtaining solutions with low
duality gap is desired in a given time, it is expected that strong branching would
return a large duality gap since the rate of improvement is expected to be slow for
the given solution time due to the high number of LP iterations required. A hybrid
branching technique, that combines both schemes, aims to get the best of each and
reduce as much as possible the cons each has. It is achieved by implementing strong
branching in the upper part of BnB tree up to a certain depth d. For nodes that are

deeper than d in the tree, pseudocost branching is applied.

5.3.6  Reliability Branching

The branching decision based on pseudocosts either in pure pseudocost branching or in
hybrid strong/pseudocost branching are based on uninitialized values which negatively
affect the selection of branching variables. Reliability branching uses strong branching
for variables with uninitialized pseudocosts, and hence is more dynamic than hybrid
strong/pseudocost branching which uses strong branching for a fixed depth in the BnB
tree. Furthermore, to use the pseudocosts for branching, reliability branching requires
that the history for the branching variable be collected for at least 7,..; problems, where
Nrer 18 the reliability parameter. Hence if min {n?, 7]]1} < Nyer the variable ; is called
unreliable. Moreover, the work expended in strong branching can be reduced by using
a small subset of branching variable candidates F C Fiqnq as well as performing only
a few simplex iterations for each candidate in F to estimate the changes in the dual
bound. The dual bound is the value of the objective function of Q... Since the
change in the objective function value is greatest in the first few simplex iterations
compared to later iterations, the estimate for the dual bound is expected to be close

to the actual value.
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The n,; dynamically changes to restrict the number of strong branching simplex

iterations for a given node Q to [64] :

L. max

VYsB = Csbiterquot;yLP + ’A}/EOBOt + :)/fi:reda (58)

where

L max

o g5 is the number of simplex iterations for for the strong branching done in Q
e 4 p is the number of regular simplex iterations

® Cahiterquot 15 Maximal fraction of strong branching LP iterations compared to

node relaxation LP iterations,

® Ytized 15 a fixed number that can be pre-set.

a

If the number of strong branching LP iterations ygp exceeds 7g5%, then 1, is set to

zero and pseudocost branching is used. If s € [CspiterquotVos”, Yo5®], nre decreases

min
rel

max

from 0

to ny™ linearly. If 455 < Cspiterquot V1P, then 7, increases in proportion to

the quotient £
TsB

5.3.7 Inference Branching

This technique exploits domain propagation of branching variables. Its main idea is
that it selects the variable whose domain tightening (variable fixation in case of binary
variables) produces the most domain reductions in other variables. The impact of a
variable on domain deductions is obtained from history information, like pseudocost

branching, that measures the average inferred domain deductions <I>j1 and <I>9 given

by [65]:
. ‘0
@jl = ﬁ and (ID(; = &, (5.9)
vj vy
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where

° (bjl and qﬁ? are the total deductions by setting the binary variable Z; to 1 or 0

respectively,

° ]1 and I/? are the numbers of corresponding subproblems for which domain

propagation has been applied.

For uninitialized binary variables, clique and implication tables are used to calculate

the inference values [65].

5.3.8 Cloud Branching

All branching strategies described above deal with only one optimal fractional solu-
tion for Q,cjq.. Whereas LP relaxations are known to be largely degenerate, multiple
equivalent optimal solutions are the rule rather than the exception. Therefore con-
sidering only one optimal solution yields high possibilities of taking arbitrary, or
inefficient branching decisions. Cloud branching exploits the knowledge of a cloud of
multiple alternative optimal solutions of the given LP relaxation using dual degen-
eracy in a mixed integer program [68]. For a given cloud € = {%',..x"} of optimal
solutions of the LP relaxation, the initial set of branching variable candidates F (€)
contains all the variables that are fractional in at least one solution of the cloud €.
The cloud of solutions is generated in the context of strong branching which solves
the LPs that would result from branching on all candidates.

The first step in the cloud branching strategy is to generate a cloud of alternative
optimal solutions for the LP relaxation Q, .. of a node Q. This is done by restricting
search for the basic feasible variables to the optimal hyperplane of the polyhedron. To

implement this type of search, the variables of a given optimal solution, whose reduced

126



Chapter 5. Proposed Solution Method for E-SysMod Formulation (HAPfJngCP)

costs are non-zero need to be fixed in the search procedure. To move from one basis
to another on the optimal hyperplane, an auxiliary objective function is needed. The
one used in our numerical experiments is a feasibility like pump objective function
that is implemented in the SCIP solver and was proposed in [68] whose coefficients
for the binary variables j € B are given as:

-1 4f 0<; <05

Cj = (510)
1 if 0.5 <7 < 1.

Using iterations of the primal simplex algorithm on the resulting auxiliary LP Q 4.,
an alternative optimum basis to the LP relaxation of the BnB node can be obtained
that has the closest hamming distance to the nearest integral point.
After obtaining a cloud €, the cloud interval for a variable Z; € F' (€) is given by
[lj-l, uﬂ, where:
1§ = min {ilx' € C}, (5.11a)

Uf = mazx {&|x' € C}. (5.11Db)

Accordingly, the set F' (€) is partitioned into three which are :

Fzz{jeF(@)|0<zfAuf<1}, (5.12a)
Fo={ie F@f=onuf =1}, (5.12b)
Fi=F(@)\ (F,UFR), (5.12¢)

which shows that for binary variables, the only type of discrete variables in

HAP%%CQCP, F, contains the fractional variables of all the solutions in the cloud
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C.

Branching on the variables in £y guarantees that the dual bound in both branching
directions will not improve. Those in F; are guaranteed not to improve the bound in
only one direction but hopefully will improve in the other direction. The candidates in
Fy are expected to to improve the dual bound in both directions. The cloud purpose
is to filter out as many LPs so that strong branching only needs to solve a small
subset of those. As long as there are any candidates existing in the set F, the other

two sets are ignored and only the LPs for the candidates in F, are solved.

5.4 Cutting Planes

As mentioned at the end of Section 5.2, relaxation is one of the procedures that can
greatly affect the algorithm’s computational effort, speed and BnB tree size. For the
quadratic non-convex constraints in HAP]\E/EQC p» linear relaxation is achieved using
linear outer approximation with McCormick underestimators for all the bilinear terms
of the quadratic constraints. The relaxation can be strengthened by using cutting
planes that separate sets of solutions from a node relaxation Q.. including its

. . .. opt
optimal solution X .

without removing any of the feasible solutions for node Q.
Adding cutting planes to the LP relaxation of a subproblem simply changes the
simplex tableau by adding new rows that represent the cuts added.

Since the addition of new rows to the simplex tableau does not affect the LP

.- opt

dual feasibility of the solution X, ., it could be used as a warm up start for the

dual simplex algorithm to solve the strengthened relaxation Qfg;;b gthened ot the node
Q. This could be repeated several times until a maximum number of LP iterations

is achieved, a maximum LP time limit is hit, a maximum number rounds of cut

separation or a maximum number cuts is achieved. This procedure utilizes a very
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important advantage of LP solvers, which is warm up starts. Warm up starts mean
that instead of starting all over again after adding cutting planes, an optimal solution
of a node relaxation can be used to find the new optimal solution of Q... This
could save a lot unnecessary iterations and helps improves the dual bound ¢4, in the
BnB algorithm leading to the pruning of large sections of the BnB tree.

Figure 5.3 illustrates what the insertion of a cutting plane into an LP relaxation
does. This illustration assumes two binary variables whose axes are horizontal and
vertical besides one continuous variable whose axis is perpendicular to the page.
Hence, what we see in the figure is a cross-section of the feasible region where the
black dots are actually parallel lines emanating from the page. Note that in the
figure, the bilinear terms of the non-convex quadratic constraints in HAPL/ gQC p are
considered to be linearly relaxed by McCormick under-estimators. The blue region
represents the convex hull of the discrete feasible solutions to a small problem instance.
A convex hull clenw (.) is the smallest convex set that includes the set of all feasible

solutions. The union of the green area and the blue represents the relaxation of the

opt
relax”

subproblem @, ..., and its optimal solution x The purpose of the cutting plane

opt

relas S deep as

is to tighten the relaxation by cutting into the feasible region of X
possible without passing into the clenv (Q) which contains the feasible solutions of
Q.

Cutting plane separation is performed in rounds, where in each round, many

different cutting planes are generated to cut off X%} .

All the cuts are stored in a
separating storage from which only a subset of those are selected for cutoff. Just as

in [65], the cuts are selected based upon the following:

e the efficacy ef f, of the cut, which is the Euclidean distance between the cut

and Xrelam’
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Cutting Plane

Figure 5.3: Tlustration of a cutting plane that separates the optimal solution for
Q,etax (represented by the red dot) from the convex hull of Q (represented by the
blue triangle)

e the orthogonality orth. of the cuts with respect to each other and

e the parallelism par, of the cuts with respect to the objective function.

A score S.ut (WC, orthc,Wc) based upon the weighted sum of these criteria is given
by [65]:

Scut (Wm Orthc; Wc) - wefch + wov"thorthc + wpach- (513)

Algorithm 2 explains in detailed steps how cutting planes selection is performed in

the SCIP solver, which we use for HAPJ]\E/IngCP.

opt

oae Violates any of the quadratic con-

If the solution of a relaxed subproblem x
straints in HA’P@@CQC p, which were all proved to be non-convex in Chapter 4, each

bilinear term gets underestimated separately. For a term with a positive coefficient
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Algorithm 2 Cutting Plane Selection [65]

: Input:
: The LP solution )"(?ifw of the relaxation Q,cjaz,
. Set of generated cutting planes C,
: the score function given by equation 5.13,
minimal orthogonality minotho € [0, 1],
maximal number of cuts maxcutnum per round.
Output:
: : Updated LP relaxation.

Initialize the set of cuts that are to be added to the LP relaxation:
S CLP < @
Calculate Initial Score:

9: For the cuts satisfying achtile’fam < b, V ¢ € C calculate:

S Ot B W N

EN

oo

i Calculate and assign the efficacy value of cut ¢
effe  (acx0,) / |ac|
ii Calculate and assign the parallelism value of cut ¢
par. « |ace| / ([lac| [|ac <)
where ¢ is the vector objective function coefficients

iii Initialize the orthogonality of cut c as
orth, + 1

iv The initial score:
Se < Scut (effm Orthcamc)

14: while C # () and ‘CNLP‘ < maxcutnum do
15: ¢ < aryg (max sc>
C

16: éLp +— c*
17: Qrelax —c*
18 C+C\{c}
19: end while
20: for c to ’E| do
21:
orth, < min {Wc, 1— ’afcr*ac| / (Ha?

lacll) ¥

22: if grthc_ < minotho then
23: C+ C\{c}

24:  else L 131
25: Se 4 Scut (effc, orthc,Wc)
26: end if

27: end for
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a, the McCormick underestimators are given as [23]:

aijin > adli + adyd; — ailiy, (5.14a)
aijix > a@ &y, + aiy i; — ail @Y, (5.14b)
where ij and ng are the lower and upper bounds of #; respectively. If

U o Xy --Opt U . L ~-Opt U U o LI - . .
(xj I; ) Tretan, T (&7 — 2f) Tyelaz, < Tj T — Ly¥) inequality 5.14a is used, oth-

erwise inequality 5.14b is used. If the bilinear term coefficient a is negative, the

McCormick underestimators are:

o U - N UL
aijiy > ai; ¥y + aly iy — aiy Ty, (5.15a)

o N U - LU
aijiy > aijiy + aiy iy — aiy iy, (5.15b)
If (&5 — &by @?,, — (@) —if) T, < 85 &) — iFE inequality 5.15a is used, oth-

erwise inequality 5.15b is used.
Besides the McCormick separators, we use implied cuts, clique cuts [65] as well
as the generic mixed integer Gomory cuts [69] for HAPﬁngCP. For implied bound

cuts, the separator inspects the implication graph to extract cuts that are violated

by % These implications can only be violated if a binary variable has a fractional

relax®

s opt

value in X, . The implication graph is a directed graph whose purpose is to store the

strongest implications between variables in HAPJ\E/[ngC p- An implication is simply
a derivation of the values of other variables if a variable &; is set to a specific value
(or range of values). For example, if we consider constraint set C5 in formulation

HAPEJEQCP, we can see that if y,,; ., = 0 this implies p,,; .+ = 0. A second example

is C9 which implies 6,, = 0 when all the corresponding Ym,ict i the constraint are
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equal to zero. Many similar implications are deduced in the presolving stage from
which the implication graph is constructed.

For clique cuts, a clique graph that stores sets of binary variables where for each
set, only one (complemented) binary variable can be set to one (zero) while the rest
of the (complemented) variables in the set should be set to zero (one). A clique

inequality has the form

> # <, (5.16)

Qbinary
where Qinary C BU B is a subset of binary variables and their complements. In
HAP]\EJEQC p, some cliques could be obtained directly from the set packing constraint
set C2 which are cliques by themselves. Presolving could further deduce more cliques
while simplifying other constraints to the point that they could be upgraded to set
packing constraints or using probing [70]. The LP values of binary variables are used
as weights for the nodes of the clique graph for the separation of violated cliques using

T'Clique [71] algorithm in SCIP solver.

5.5 Domain Propagation

After a node in the BnB tree gets selected for processing and primal heuristic methods
have been called, domain propagation methods are called for different constraint types
to tighten the variable’s local domains, or if possible fix their values. This is performed
iteratively in rounds until no more domain reductions are possible or until a maximum
number of propagation rounds is hit. The inferred domain deductions can yield
stronger linear underestimators in the separation process (for quadratic constraints),
they can cutoff nodes due to infeasibility of a constraint and can result in further

domain deductions on other constraints. There are different propagation methods in
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SCIP that could be tailored for the different types of constraints in HAPAE/[ngC p as

explained in the following subsections.

5.5.1 Domain Propagation Schemes for Quadratic Constraints

For the quadratic constraints, SCIP uses an interval-arithmetic based method [72].
Forward and backward propagations are invoked for a quadratic constraint which

could be rewritten as [23], :
Zdjjj + Z ke K | e + DrpTr + mea:k € l,ul |, (5.17)
jed rek
where
e [, u € Q where Q is the set of rational numbers and +oco
e JUK C N where the set N is the set of all variables in the problem,

ojﬂf% 0

o pp,=0for k>r.

Forward propagation is a step that is done to reduce the constraint interval [l., u.|
which, using simple interval arithmetic, yields the new reduced interval for the
constraint [[7¢" u”*"] with respect to the current variable domains. If the inter-

section between the new constraint interval and the old constraint is empty, i.e.

[le, ue) N1 ul?] = ) | the BnB node Q could be pruned, otherwise the constraint

new]

domain could be reduced to [l., u.] N [[2€, ul

Backward constraint propagation infers domain deductions on the variables in a

quadratic constraint given the constraint interval [I., u.]. This is achieved by solving
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the quadratic interval equation for the quadratic constraint and its interval whose

solutions for all its bilinear (or quadratic) variables are the intervals [lif,ujf}. If

the the intersection between the old variable bounds and the new inferred variable
U

intervals is empty, i.e. [I%7,u%] N [iF,iY] =0, then the BnB node Q can be pruned,

otherwise the new variable bounds inferred are [I%7, u%] N [#F, 2Y].

5.5.2  Domain Propagation Schemes for Linear Constraints

In the formulation HAPfngCP constraint sets C1 — C7 and C9 — C10 are all lin-
ear sets. Constraint sets C2 and C5 are explicitly set packing and variable bound
constraints respectively. Furthermore, during the presolving phase, many linear con-
straints in a given instance of HAPﬂngC p get reduced to set packing, variable bound
and set covering constraints. For example, one of the instances passed to SCIP, in
the experiments conducted had 256 linear constraints and 2844 quadratic constraints.
After the presolving phase, they were reduced to 2004 quadratic constraints at the
expense of 5b882 general linear constraints, 146 set packing and covering constraints
and 2604 variable bound constraints.

For general linear constraints taking the form a’% < 3, variable bound propaga-

tion uses the concept of activity bounds defined as:
o =min {aT}"c|)"ci <x < XU} and o = max {aTk])"ci <x < XU} . (5.18)

where
e o and @ are the minimal and maximal activities of the constraint.

e %L and xU are the local (to the node) lower and upper variable bounds for the

variable vector X.
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The lower and upper activity bound residuals a; and @; respectively for each variable
are:
a; =min {aTj'c — ;% ¥ <x< )"(U} and @ = max {aTj'( — ajji'j\jiL <xl < )"cU} )

(5.19)

The propagations are then based upon the following:
1. If @ < B then the constraint is redundant and can be removed.

2. If @ > B then the constraint cannot be satisfied within the node’s local bounds

and the node’s subproblem becomes infeasible.

3. For all the binary and continuous variables in the vector X of HAPﬁngCP
and any variables or constraints added to it in the presolving phase, the local
variable bounds are calculated as [65]:

j}ng—j, ifa;>0 or ;> —— if a; <0 (5.20)
J J

If the variable is binary then a lower bound is rounded up and an upper bound
is rounded down which could fix the binary variable to one of its two possible

values.

Set Packing Constraints

Any set packing constraint (including C2) taking the form of Equation (5.16) and

has only one possibility of domain propagation, that is:

T =1 — V€ Qbinary \ {k} :Z; =0 (5.21)
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For this type of constraint, if two or more variables in the set Qpinary are fixed to
one, the subproblem @Q is then infeasible and can be pruned. If exactly one variable
in the set Qpinary is fixed to one, then the rest of the variables in the set must be
zero. In this case the constraint gets deleted from the subproblem. This is achieved
by keeping a track and updating a counter of the current number of variables fixed

to 1 in the constraints in C2.

Set Covering Constraints

During the course of the BnB algorithm, in each time a pair of subproblems are
created, a binary variable is either fixed to one or to zero. If any of the binary
variables 6,, in HAP%%CQCP is fixed to 1 in any node in the tree, the corresponding
constraint in the constraint set C'3 becomes a set covering constraint if none of the
variables ¥, ; .. in that constraint was fixed to one. If any of the variables y,, ; ., in C3
were also fixed to one, then the constraint becomes redundant and is just dropped. If
the constraint becomes a set covering constraint in a BnB node, domain propagation
techniques that are specific to set covering constraints are applied.

A set covering constraint is one that takes the form

d o i >l (5.22)

Qbinary

This has the same propagation rule as the set packing constraints’ propagation rule.
SCIP handles propagation for set covering constraints differently though, with a tai-

lored more efficient way that can handle large numbers of set covering constraints us-

ing the fact that a set covering constraint is equivalent to a clause [ VIy V...V |lQmey

To propagate the clause, SCIP uses the method of two watched literals [73]. Tt uses
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the main observation that implications are derived from clauses only if all but one
literal in a clause is fixed to zero. Therefore, a clause is considered for propagation
only if the number of literals fixed to zero increases from ‘ZQMGW — 2‘ to ‘lQbmry —1 ‘
The remaining unfixed literal in this case is implied and fixed to 1.

It is sufficient to watch the state of only two arbitrary literals of the constraint,
as long as both remain unfixed, the constraint does not need to be processed as no
propagation can be applied. If one literal is zero, the other literals of the clause are
inspected. If at least one of them is fixed to 1, the constraint is then deduced to
be redundant and is removed from the node’s subproblem. If at least one literal in
the clause is unfixed, then watching the fixed literal stops and the unfixed one gets
watched instead. Finally, if all the literals except the other watched literal are fixed

to zero, the other watched literal becomes implied and fixed to one.

Variable Bound Constraints

Variable bound constraints are generally defined as:
QS@—F%@SB i,j 1% 7, (5.23)

with Z; € Z, a; € R and @,B € RU+oo. A special case of it is the variable upper

bound constraint that takes the form
B < iy, 0,510, (5.24)

where u; is the local upper bound of the variable #; and &; is binary. Constraint
set C5 in formulation HAPﬁngC p belongs to the category of variable upper bound

constraints and the domain propagation of the variables in that constraint set, namely
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Ymeict a0d Dy, ;¢ in any of BnB nodes follow the simple rules:
1. fiX pricr to zero if Yp, i = 0, and

2. X Ymictr to 1 if ppy ey 7# 0.

Problem Specific Constraint Propagation for HAP;\Ef gQC P

The simple constraint set C'1 enables the propagation of many reductions if the bi-
nary constant \,, ; is zero for some of the constraints in the set. For these constraints
the corresponding variables ¢,, , are immediately deduced to be zeros and their cor-
responding constraints dropped. The CT constraints for the remaining variables ¢y, x
for which the corresponding binary constant is A, = 1, also get dropped because
they become redundant implying that the binary variables ¢, < 1. This proce-
dure propagates further reductions in the root node and possibly other nodes. The

propagations would lead to the following:

1. All the constraints in C3, C8,Q2, Q4 in which ®m.r = 0 become redundant and

can be removed.

2. If for any m, there are fixed variables ¢, = 0 Vk in a BnB node subproblem,
all the variables y,, ; ., for that given m then consequently get fixed to zero due

to constraint set C4. This then leads to,

3. fixing 6, to zero according to constraint set C'10.

Objective Function Propagation

This type of propagation infers bounds on decision variables that are valid since taking

a value for the variable outside its tightened bounds will not lead to a better incumbent
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(primal) solution. Taking the objective function of formulation %AP@%QCP, which

is always guaranteed to be integer, and does not include any continuous variables,

then inferior solutions are ruled out using:

M K .
Z me,k¢m,k Z éprimal - (1 - 5) ) (525)

m=1 k=1

where & € R* is the optimality tolerance. This objective constraint can be easily

transformed to a binary knapsack constraint by:
e multiplying the constraint by -1,
e complementing the variables with negative coefficients by Emk =1—¢mr, and
e rounding down the resulting right hand side constant.

A computationally efficient knapsack propagator available in SCIP (explained in de-
tails in [65]), is used for our problem to reduce the variable bounds and propagate
further reductions for variables that belong to the objective function in HAPE}EQC P

in this case ¢y, , V m,k only.

Reduced Costs Propagation

This type of propagator tightens the bounds of a decision variable in the problem by

J

“erae Values in the current node’s LP relaxation solution

comparing its reduced cost r

(ie. x%

P as) With the objective function value ¢pimq of the incumbent solution Xppg

and the objective value 4,4 of the LP relaxation. The new bounds on the decision

variables are then obtained by:

. .. I, dual primal . J
By > E) 4 I G, > 0, (5.26a)
Trelax
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Cdual —_ Cprimal ;e i ). (5.26D)

j relax
Trelax

@zﬁ+

where xf and 3:5] are the local lower and upper bounds of the variable &; respectively.

Dual Fixing Propagator

This propagator fixes variables, that have no restrictions in direction of their objective
coefficient, to the best possible value. If the objective coefficient of a variable is 0 and
it may be rounded both up and down, then this variable will be fixed to the closest

feasible value to 1 (in a maximization problem).

5.6 Heuristics

Heuristics are known to be quick in terms of obtaining solutions for an optimization
problem, however they are not guaranteed to obtain a solution , least of all an optimal
solution. The branch-and-bound algorithm for solving an MBQCP requires too much
computational effort that grows exponentially with the size of the problem, however
it is a guaranteed method in obtaining good feasible solutions, including the optimal
solution, in a finite amount of time. Therefore combining heuristics with the BnB
algorithm is expected to improve the overall performance in solving the problem

formulation HAPff gQC p- The advantages are mainly:

1. Early feasible solutions found by heuristics help prune the search tree early

which reduces the search time in the BnB algorithm.

2. In case of moderate-to-quick changes in the radio environment, the parameters
Gikct 1N HAP%;QCP could change their values within a time interval that is
shorter than the time needed to obtain the optimal solution. In such a situation,

even the first feasible solution may be acceptable.
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There are a number of heuristics that were tried in the experiments conducted for
HAPAEZEQC p- The heuristics were called in the orders of their simplicity, i.e. the most
computationally simple ones were called first. The heuristics phase is terminated if
a feasible solution is found. Otherwise, if a heuristic algorithm could not find a
feasible solution, a more computationally involved heuristic with better chances of
finding feasible solutions is invoked. Furthermore, the simple heuristics are called
in all nodes while the more complex ones are called at lower frequencies as the BnB
grows deeper. There are two classification ways to categorize the heuristics used. One

way to classify them is to divide them into the following two categories:

e independent heuristics: which do not require the presence of any previously

found feasible solutions in the BnB tree,

e improvement heuristics: which require one or more feasible solutions that were

found earlier in the BnB tree or by an independent heuristic. It uses the feasible

solutions found earlier to deduce better feasible solutions.

Another way to classify the heuristics used is by dividing them into mized integer
linear program (MILP) heuristics and mized integer non-linear program (MINLP)
heuristics. The MIP heuristics could be used for the MBQCP problem HAPfngCP
since MBQCP is relaxed to a MBLP using linear outer approximations. In the follow-

Eff

ing subsections, the types of heuristics used in the solving procedure for HAP ;g0 p

are mentioned, and a brief explanation for each is provided.

5.6.1 Simple Rounding

This heuristic works simply by rounding a binary variable with a fractional value

to either zero or one such that no linear constraints, including the bilinear terms’
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underestimators, are violated. This uses the concept of variable locks in [65] (Y and
C} for every binary variable j € B which are the numbers of constraints that block
a variable’s up-rounding or down-rounding respectively. This heuristic can have a
chance of finding a feasible solution only when the violated constraints are the binary
constraints on the binary variables while the quadratic constraints are satisfied and
is hence an MIP heuristic. It is also an independent heuristic since it does not need
an input of any earlier feasible solutions. It is a very simple, and hence very fast,
heuristic and is therefore the first heuristic invoked in the solution procedure to try

to find a feasible solution.

5.6.2 Rounding

This type of heuristic is an extension to the simple rounding heuristic. It applies
rounding to all fractional variables of binary nature even if this leads to infeasibility
to the linear constraints. The infeasibility is then resolved by trying to select the

rounding of the next variable such that the infeasibility is reduced or eliminated.

The heuristic iterates over the set of fractional variables and if X%}

linear constraints, including bilinear underestimators to HAPJ\E/[ngC p, the fractional

is feasible to all

variable of binary nature having the highest number of variable locks (max {(jo, C}})

is rounded to the most feasible direction. If X violates one or more constraints,

relax
one of these is selected and the algorithm searches for a fractional variable of binary
nature to be rounded to a direction that decreases the infeasibility of the constraint.

The rounding heuristic is an MIP heuristic which could succeed as long as all
quadratic constraints are satisfied in Q,.1q.. Also, it is an independent heuristic since

it does not need as input any feasible solutions found earlier in the BnB tree. The

set of possible feasible solutions found by the rounding heuristic is a superset of those
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for simple rounding heuristic. Therefore if no feasible solutions are found by simple

rounding the more general rounding heuristic is invoked.

5.0.3 Integer Shifting

This heuristic relaxes all linear constraints by removing the continuous variables.

T..Opt

This is done in all linear constraints, a’x,;; . < B, by subtracting the variable’s

contribution ajjﬁffaxj from both sides. After that, the integer shifting heuristic tech-
nique continues in a similar way as the rounding heuristic but tries to continue in the
case no rounding can decrease the violation of an infeasible linear constraint. The
value of continuous variables is shifted, or inverted for binary variables, to decrease

the violation of the constraint. This type of heuristic is an ndependent and MIP

heuristic.

5.6.4 Pseudocost Diving

Pseudocost diving belongs to a group of heuristics known as diving heuristics [65].
Diving heuristics, have a generic framework whose main elements perform the follow-

ing:

1. Choose a variable in the set FR.AC of fractional variables of binary type and a

rounding direction.
2. Fix the binary variable to the value corresponding to its rounding direction.
3. Call domain propagation to propagate the fixed variable.

4. Resolve the relaxation Q... after making the necessary changes that result

from fixing the chosen variable.
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5. If Q,e1qe has no feasible solution then stop with failure. Otherwise, using the
obtained solution, repeat the entire procedure all over. These repetitions can

continue until FRAC = (), or an iteration limit is reached.

Different diving heuristics differ in the way the first step is performed. In a pseudocost
diving heuristic, the pseudocost values \IJ? and \IJ} are used for the variable selection
and deciding the rounding direction. First, a decision on the rounding direction for
all the variables in FRAC for the solution X%/  of Q,ees is obtained by performing

relax

the following steps:

1. The values of each of the variables #%' :j € FRAC are compared with their

relax;

R in the root node R. If the difference between %Y  and

counterpart g, relax;

"R

054, 1ndicates the variable is being pushed to a certain direction, then that
J

direction is selected for rounding.

2. Otherwise, if the difference does not yield a rounding decision, if the fractional
part of the variable is less than 0.3 then it is rounded downwards, while if it is

greater than 0.7 it gets rounded upwards.

3. If still a rounding decision is not made, then a variable in FR.AC is rounded to

0 if \IJ? < \I/]1 and 1 otherwise.

Finally, the variable in FRAC that maximizes:

1+ W) 1+ ?
\/1— iﬁgaxj. T \Ilé (downwards) or ,/:i?’;faxj.l " \IJ{ (upwards). (5.27)
j j

is chosen for rounding [65].

This type of heuristic is classified as a independent heuristic since it does not need,
as an input, any feasible solutions obtained earlier and is under the category of MIP

heuristics.
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5.0.5 Feasibility Pump

This scheme was originally created by Fischetti, Glover and Lodi [74] for integer
programs, generalized to MIPs by, Bertacco, Glover and Lodi [75] and slightly im-
proved by Achterberg and Berthold [76]. It starts with the optimal solution of the
relaxed subproblem Q,..;q., the variables that are of binary nature and have fractional
solutions are rounded as:

ot = |, +05| ¥ j € FRAC (5.28)

relax relax;

If the rounded solution is not feasible, another LP is solved to find a new point on the
same LP polyhedron of subproblem Q... The objective function for the feasibility

is to minimize the hamming distance:

y .round;
Haiisance = 9 [#01aa, — i’ | (5.29)
JEFRAC
This is repeated iteratively until a feasible solution is found or an iteration limit is
reached. The feasibility pump heuristic is an independent MIP heuristic. It tries to

resolve the infeasibilities that result from fractional values of variables that are of

binary type.

5.6.6  Clique Partition based Large Neighborhood Search Heuristic

Large neighborhood search (LNS) heuristics [77] restrict the search for good feasible
solutions to a neighborhood of a certain reference point. This restriction makes a
node Q subproblem easier to solve with a better chance of finding a high quality
feasible solution. The restricted subproblems do not need to be solved to optimality,

but to a solution that is better than the current incumbent. The neighborhood is
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defined by introducing additional constraints to the node’s subproblem which are
usually variable fixings. The success of an LNS is strongly tied to defining a good

neighborhood. The main characteristics of a good neighborhood are:
1. it should have high quality solutions,
2. these solutions should be easy to discover,
3. the neighborhood should be easy to process.

The main elements of the clique partition based LNS are

1. First, the clique table constructed during the presolving phase is used to fix
a subset of the binary variables in HAP]\E/EQCP [78]. The only type of binary
variables in the objective function is the set of variables ¢y, V m, k. If any of
those within the clique was not already fixed to 1, then the one with the largest
coefficient is chosen to be fixed to 1. If the binary variable is not one of the ¢,
variables, the selection of which variable in the clique to fix to 1 is random since
their coefficients in the objective function is zero. The rest of the variables in a
clique are fixed to zero using two rounds of domain propagation. The processes

iterates until all binary variables are fixed.

2. If the domain propagation in any iteration detects infeasibility, one level of back-
tracking to undo the previous fixing and its corresponding domain propagation

fixings is performed.

3. After a sufficient number of fixations (which is determined by a preset thresh-
old), the resulting reduced (hopefully easier) LP is solved and an attempt is
made to round the resulting solution to a feasible solution using the simple

rounding heuristic.
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4. The LNS is invoked again with a neighborhood defined by the fixations obtained
from the last phase and a sub-MBQCP for that neighborhood is created and
solved (not necessarily to optimality). If a feasible solution is found it gets

returned and the heuristic terminates.

5.6.7 Relazation Enforced Neighborhood Search (RENS)

The basic idea for the RENS heuristic when used in a BnB algorithm to obtain feasible

opt

solutions for an MBQCP is very simple. Any binary variables in the solution X%, .

of the node relaxation Q4. that have an integer value get fixed to these values [79].
The resulting problem is hence smaller sub-MBQCP whose linear outer approximation
is obtained using McCormick underestimators and is solved as an MBLP. RENS is
only called when the resulting sub-MBQCP in a node due to fixations is much easier
than the original one. For HAPEJEQCP, this means that at least a specific ratio of
all binary variables in the node has to be fixed. Moreover, the sub-MBQCP does not
have to be solved to optimality, hence the stopping criteria can be an acceptably good
feasible solution, maximum number of nodes or maximum number of LP iterations.
Finally, since the heuristic’s purpose is to find a good primal solution quickly, then
the dual bound improvement schemes like separating cuts and strong branching are
disabled. RENS does not need as an input any earlier feasible solutions and is hence

an independent heuristic.

5.6.8 Undercover Heuristic

The undercover heuristic is suitable for any general non-convex MINLPs and obtains
feasible solutions by solving sub-MIPs [80]. Therefore, it is an MINLP heuristic that is

suitable for the more specific MBQCP class and solves sub-MBP for obtaining feasible
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solutions. The previously mentioned heuristics deal with the integrality as the source
of complexity to the problem while the Undercover heuristic considers the nonconvex
constraints, which are quadratic in HAPE/[]EQCP, as the source of complexity. By
solving a vertex covering problem, it identifies a minimal set of variables to fix in
order to linearize a quadratic constraint in HAP%EJ;QC p at the BnB node in which it
is called. This is based on an observation that fixing certain variables can reduce the
node’s sub-problem to a sub-MIP, which in the case of HAPAEngC p is a sub-MBLP.

A cover for a non-linear constraint is defined as the set of variables which, if
fixed, linearize the constraint. A cover to the entire problem linearizes all the non-
linear constraints. This may also require the fixing of continuous variables which
could introduce significant errors that render the problem infeasible. Therefore the
heuristic tries to minimize the number of fixed variables to obtain a large sub-MIP
through obtaining minimum covers.

As in [80], the co-occurance graph consists of nodes that represent the prob-
lem’s variables and edges (7, j) which are present only if the Hessian matrix of some
quadratic constraint has a nonzero entry for (i,j). The minimum cover is obtained

by solving a pure binary linear program for the co-occurance graph.

5.6.9 Relazation Induced Neighborhood Search (RINS)

Relazation Induced Neighborhood Search RINS was first invented by Danna, Rothberg
and LePape [81]. The fixations that yield the sub-MIP are obtained by fixing binary
variables if both the incumbent and the LP solution of the node relaxation agree on a
common value for a given binary variable. Since RINS needs the incumbent solution

as an input, it is an improvement heuristic.
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5.6.10 Crossover

The crossover heuristic uses two or more feasible solutions to fix all the binary vari-
ables on which the solutions agree to their values and leaves the other variables’
bounds in their global bounds [82], [83]. The larger the number of solutions that
participate in the crossover the fewer the fixations are and the lager the resulting
sub-MIP is. SCIP uses three solutions to define the sub-MIPs. Since the crossover
heuristic needs at least two feasible solutions as inputs, it is an improvement heuristic.

In the Chapter 6, we provide the details of the experiments conducted on
HAP?/EQCP using the different techniques explained in this chapter and present

the obtained results that indicate the relative algorithmic performances.
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Numerical Experiments and

Results for Solving HAP]\%ngC p

This chapter discusses the experiments conducted for HAPE/ EJ;QC p and presents the
numerical results obtained for the algorithmic procedures given in Chapter 5 to eval-
uate their performances. Three different experiment sets are provided in this chap-
ter. The first experiment set (Section 6.1) compares the performance of activating-
versus-deactivating the reformulation linearizion technique, at the presolving phase,
for the quadratic constraint set C8 in HAPﬂngC p Which was explained in Section
5.1. The second experiment set (Section 6.2) compares the performance of the differ-
ent branching techniques explained in Section 5.3. The third experiment set (Section
6.3) compares the performances of different combinations of domain propagation, cut-
ting planes and heuristics components in BnB. Mainly the performance for each set

of experiments is measured using a subset of the following criteria:
1. the duality gap,

2. number of LP iterations expended,
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3. number of nodes in the search tree,

4. average number of LP iterations per node,

5. number of instances a feasible solution was found,

6. the average time required to find the first feasible solution and
7. the objective function value.

The experiments were performed in Matlab, for which the open source optimiza-
tion toolbox OPTI (version 2.16) [84] provided the interface with the SCIP 3.2.0
solver [64]. SCIP 3.2.0 is the solver used in all the experiments conducted for
HAP%%CQC p- The experiments were performed on a machine with a 6 core 3.5 GHz
Intel Xeon processor. Using the parallel processing toolbox in Matlab, we were able
to conduct different experiments in parallel. For example, to conduct experiments on
different branching strategies, each CPU core performed the experiment of a specific
branching strategy for the same set of problem instances in parallel. The generic

SCIP solver settings used in all the experiment sets performed are given in Table 6.1.

Table 6.1: Generic SCIP solver settings for all experiment sets conducted.

’ Parameter \ Value ‘
Solving time limit 10 Minutes
LP iteration limit per node | 10° iterations
BnB node limit 10" nodes
Feasibility Tolerance 1712
Integrality Tolerance 17

One hundred instances were solved for each experiment. Each instance has a
size of 527 variables and 4261 constraints out of which 107 variables are binary and
2844 constraints are quadratic. To obtain the channel gain g; 1, .+ values, a simulation

was conducted using equations (3.1), (3.15), (3.16) and(3.17) and the parameters
152



Chapter 6. Numerical Experiments and Results for Solving HAP

Eff
MBQCP

Table 6.2: Simulation parameters for HAP multicasting environment

Parameter \ Value ‘
Number of multicasting sessions (M) 2
Number of antennas on board () 7
Number of users in the service area (K) 10
Number of available subchannels (C) 3
Number of available time slots (7T') 2
HAP height 20 Km
Degree of antenna beam footprint overlap 105 %
HAP antenna footprint radius (7 footprint) 500 meters
HAP antenna side lobe level -40 dB
SINR threshold (v,) 35
Noise power spectral density (N,) -173 dBm/Hz
Maximum capacity requirements (R%) 20 Mbps
Minimum capacity requirements (R™") 10 Mbps
Carrier Frequency 2.1 GHz
Total HAP Power (P} ) 1 Watt
OFDMA frame length 20 ms
Total Bandwidth 15 MHz
Rice Factor (dB) 20 dB
Rain Attenuation Factor (x) 3 dB/Km
Set of values for the user-over-session priority levels (pmk) | pmi € {1,2,3,4,5}
The binary constants indicating the admission request

of user k for session m (A, ) Amge = 1V m, k
User antenna diameter (D4mt) 0.75m

in Table 6.2. In the simulation, the user positions change during every iteration
according to a uniform probability distribution about the HAP footprint centers.
The degree of overlap between antenna footprints is defined as the ratio between the
overlap distance doperiap, illustrated in Figure 6.1, and the HAP antenna footprint
radius 7 footprint- Figure 4.2 illustrates the overlapped HAP antenna footprints in our
experiments.  To evaluate the average performance of all the instances for each
experiment, arithmetic, geometric and shifted geometric means were used. For the

shifted geometric mean, the shifting parameters values used are:
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d

overlap

Figure 6.1: Two overlapping antenna beam footprints.

1. 15, for the time required to obtain the first feasible solution,
2. 50, for the dual gap,

3. 100, for the objective function value,

4. 100, for the number of BnB nodes,

5. 1000, for the number of LP iterations.

The shifted geometric mean of a sample wy,ws, ..., wy is given by [65]:

. 1/k
s = (H mazx {w; + s, 1}) — s, (6.1)
j=1

where s is the shifting parameter. For geometric mean, s = 0. In the comments
made on the results in the following sections, we use the shifted geometric means for
comparison except for the average number of LP iterations per node which uses only

arithmetic means.
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The duality gap is calculated in all the experiments, in percentage, using the

formula:

‘édual - épm'mal’ (62)

— min (|Cauat| » |Eprimat|)

6.1 Experiments and Results: Reformulation Linearization

at Presolving Phase

In this section, the experimental procedures and results for the reformulation lin-
earization technique explained in Section 5.1 are provided. The reformulation tech-
nique is invoked at the presolving phase and hence the experiments illustrate the
performance of activating-versus-deactivating the linearization for the number of pre-
solving rounds 1, 5, 25, 50 and 100. The performance evaluation criteria for the set

of experiments provided in this section are:
1. the dual bound gap,
2. the total number of BnB nodes,
3. the total number of LP simplex iterations and
4. and the average number of LP iterations expended per node.
The following settings were considered for the reformulation linearization experiments:

1. node selection scheme is best first search with a maximum plunging depth in

the BnB tree of 2 [64],
2. most infeasible branching scheme was used and

3. the only heuristic used was the Undercover heuristic.
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In Figures 6.2, 6.3, 6.4 and 6.5 the duality gap, the number of LP iterations, the
number of BnB nodes and the average number of LP iterations per node are illus-
trated for the reformulation linearization experiments. In those figures, RndNumi:*.’”,
indicates the number of presolving rounds is 7 for either: ‘A’ | activated reformulation
linearization or ‘D’; deactivated reformulation linearization.

We can see that for a single presolving round, the dual gap is almost the same
in both ‘A’ and ‘D’. The number of BnB nodes is slightly lower by around 11% for
‘A’ compared to ‘D’. The number of LP iterations and the average number of LP
iterations per node are almost equal for ‘A’ and ‘D’.

A small increase in the number of presolving rounds to 5 yields an increase in the
dual gap for both cases ‘A’ and ‘D’ as shown in Figure 6.2. However, the dual gap for
‘D’ is lower than that of ‘A’ by around 30% at the expense of a much larger number
of nodes in comparison to ‘A’ (more than 2700 %). The number of explored nodes is
lower for both ‘A’ and ‘D’ for five presolving rounds as compared to one presolving
round as Figure 6.4 shows. For ‘A’ it is lower by around 99 % and ‘D’ is lower by
50 % . The number of LP iterations decreases by around 85% for ‘A’ and increases
by 15% for ‘D’ making it higher than ‘A’ by almost 800%. According to Figure 6.5,
the number of average LP iterations expended per node for five presolving rounds
is around 2500 % higher for ‘A’ compared to ‘D’. Comparing five presolving rounds
versus one, the average number of LP iterations per node increased by 5100 % for ‘A’
but only by 100% for ‘D’.

Increasing the number of presolving rounds from 5 to 25 shows that the duality gap
reduces for both ‘A’ and ‘D’ by 29% and 31% respectively (almost same reduction),
while ‘D’ still has a lower dual gap by 30% compared to ‘A’. The reduction in dual gap

achieved by increasing the number of presolving rounds from 5 to 25 is accompanied
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by a reduction in the number of nodes in ‘D’ by about 31 % and a very small increase
in the number of nodes in ‘A’. For 25 presolving rounds, the number of LP iterations
for ‘A’ is lower than ‘D’ by about 65 % but the number of average LP iterations per
node is much higher by about 2450 %.

For presolving rounds 25, 50 and 100, it can be seen in Figure 6.2 that ‘D’ main-
tains the same duality gap while that of ‘A’ keeps decreasing. For 100 presolving
rounds, we can see that ‘A’ has a duality gap lower than ‘D’ by 60 %. The number of
BnB nodes gradually decreases slightly for ‘D’ when increasing the presolving rounds
in the range 25, 50 and 100 while that for ‘A’ keeps increasing such that the number
of nodes for 100 rounds increases by about 900 %. However at 100 presolving rounds,
the number of nodes for ‘A’ is lower than ‘D’ by about 70 %. Figure 6.3 shows that the
number of LP iterations for presolving rounds 25, 50 and 100 remains approximately
the same for ‘D’ but increases slightly for ‘A’. For presolving rounds 5, 25, 50 and
100 it can be seen from Figure 6.5 that the average number of LP iterations per node
decreases enormously versus the number of rounds for ‘A’ and becomes equivalent to
‘D’ whose average LP iterations per node remains the same for rounds 5, 25, 50 and
100.

From the results, we can hence conclude that it is beneficial to use the reformu-
lation linearizion technique for constraint set C8 with a high number of presolving

rounds (around 100).

6.2 Experiments and Results: Branching Schemes

In this section, the experimental procedures and results for the branching techniques
given in Section 5.3 are provided. Strong Branching is not considered by itself in

the experiments due to its expected high computational effort and time. However as
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explained in Section 5.3, it is a component of hybrid strong/psedocost, reliability and
cloud branching where its effect will be seen in those branching schemes. The main
objective of the experiments is to evaluate the performance of the different branching

schemes for %AP@%QCP using:
1. the dual bound gap,
2. the total number of BnB nodes,
3. the total number of LP simplex iterations and
4. and the average number of LP iterations expended per node.

The following settings are considered for the experiments conducted for the branching

schemes:

—_

. Separating cuts are deactivated,

2. node selection scheme is best first search with a maximum plunging depth in

the BnB tree of 2 [64],
3. up to one round of presolving before starting the BnB algorithm,

4. for hybrid strong/pseudocost branching, maximum strong branching depths of

dNStrong =1 and Jstmng = 2 are tried in two different experiments.

5. For reliability branching the following settings are considered:

max

e The maximum value for the reliability threshold is 7%/ = 5,

e the minimum value for the reliability threshold is ™" = 1,

® Yrized = 0 in Equation (5.8),

e maximum size of the set of strong branching candidates, F = 15,
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e maximum number of strong branching simplex iterations per branching

variable is Vsbiterbrancand = 1007

o the ratio Cgpiterquot i Equation (5.8) is set to Cspiterquor = 0.05 and

Csbiterquot = 0.2 for two different experiments.

Figures 6.6, 6.7, 6.8 and 6.9 show the duality gap, number of LP iterations, num-
ber of BnB nodes and the average number of LP iterations per node for the differ-
ent branching schemes. In those figures, HybDepthl and HybDepth2 are the hybrid
strong/pseudocost branching with strong branching invoked up to maximum depths of
1 and 2 respectively. Furthermore, Relratio = 0.05 and Relratio = 0.2 refer to relia-
bility branching with cgpiterquot = 0.05 and Cspiterquor = 0.2. It can be seen that random
branching has the highest duality gap, which is expected since the selection of branch-
ing candidates does not take into account the direction of change of the dual bound.
The lowest duality gap was achieved (almost equally) by inference branching, pseu-
docost branching, hybrid strong/pseudocost branching (cistmng = 1) and surprisingly
most infeasible branching. The second lowest are the cloud branching and reliability
branching with cspiterquor = 0.05 equally both having a higher duality gap than the
lowest four by about 18 %. Finally the second highest duality gap is obtained by
reliability branching with cspiterquor = 0.2 with a duality gap higher than the lowest
four by 50 %.

Comparing pseudocost branching versus hybrid strong/pseudocost branching with
(istmng = 1, it can be seen that they almost perform equally in terms of duality
gap, number of expended LP iterations, number of nodes and the average LP iter-
ations per node. Increasing the depth for strong branching to Jstmng = 2 in hybrid

strong/pseudocost branching leads to an increase in the duality gap by 32 %. This

is because when more strong branching is involved, a slightly greater number of LP
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iterations per node are expended as shown in Figure 6.9, meaning that in a given
time limit, fewer nodes are explored as shown in Figure 6.8. When fewer nodes
are explored for a given time limit, the overall dual bound improvement could be
lower, even though the improvement per node can be higher for strong branching.
The same reasoning applies for reliability branching in the two experiments in which
Cspiterquot = 0.05 and Cgpiterquot = 0.2.

Among the four branching schemes that give the lowest duality gaps, inference
branching needs the largest number of nodes and LP iterations as Figures 6.8 and 6.7
show. Cloud branching expends the lowest number of nodes and LP iterations among
all the branching schemes but has the second lowest duality gap. It requires 64 % less
number of nodes and 58 % less number of LP iterations compared to most infeasible
branching. Although cloud branching is based on strong branching, the cloud reduces
out many LPs so that strong branching solves a small subset of those. It hence gives
a better duality gap than HybDepth2 and reliability branching at cspiterquot = 0.2 and
requires lower number of BnB nodes and LP iterations. It also gives an equally good
duality gap for lower number of BnB nodes and LP iterations compared to reliability
branching with cspiterquot = 0.05.

According to the observations and analysis based on the results in Figures 6.6,
6.7, 6.8 and 6.9, cloud branching seems to have a good trade-off balance of all the

criteria of interest.

6.3 Experiments and Results: Separating Cuts, Domain
Propagations, Heuristics

This section considers the impact of combinations of separating cuts, domain prop-

agators and heuristics on the algorithmic computational performance in solving
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HAP@’EQCP. For each component, the selected types for the experiments are the
ones described in Sections 5.4, 5.5 and 5.6. The relative impact on HAP%EQCP of
each component is measured by all the performance parameters mentioned at the
beginning of this chapter. The following settings are considered for the experiments

conducted:

1. node selection scheme is best first search with a maximum plunging depth in

the BnB tree of 2 [64],
2. up to one round of presolving before starting the BnB algorithm,
3. most infeasible branching scheme was used,
4. a maximum number of domain propagation rounds of 1000,
5. unlimited separating cut rounds at the root node,
6. a maximum number of five separating cut rounds in the rest of the nodes,
7. a maximum number of cuts per round of 2000 at the root node,
8. a maximum number of cuts per round of 100 for the rest of the nodes,
9. a minimum orthogonality of 0.5 for a cut to enter the LP.

For the heuristics used in the conducted experiments, the priorities of calling
the heuristics and how often in the BnB tree they are called are given in Table
6.3. The highest priority is given the numerical value 1 while the least is given the
numerical value 10. The heuristics are called in decreasing order of their priority. The
computationally simple heuristics are given the highest priority while those that are
either more complex or are improvement heuristics are given lower priorities. The

frequency parameter defines the level depths at which the heuristic is called. For
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Table 6.3: Heuristics settings for the conducted experiments.

’ Heuristic \ Priority level \ Frequency \ Frequency offset ‘
Simple Rounding 1 1 0
Rounding 2 1 0
Integer Shifting 3 1 0
Pseudocost Diving 4 1 2
RENS 5 1 1
Undercover 6 2 0
Clique 7 2 1
Feasibility Pump 8 3 0
RINS 9 5 0
Crossover 10 3 3

example a frequency of 2 means that the the heuristic is called for nodes that are
at depths 0, 2, 4, 6,.... . The frequency offset parameter defines the depth in the
branching tree at which the heuristic is executed for the first time. For example
frequency of 3 and frequency offset of 2 means that the heuristic is called at the
depths 2, 5, 8, ... .

The results illustrated in the Figures 6.10, 6.11, 6.12, 6.13, 6.14, 6.15 and 6.16

compare the performance of the following for HAP%EJ;QC P
1. using branching only,
2. using branching and separating cuts (branch-cut),
3. using branching and domain propagation (branch-propagate),
4. using branching, separating cuts and propagation (branch-cut-propagate),
5. using branch-cut-propagate plus heuristics.

Figure 6.10 shows that using branch and cut lowers the duality gap only by approxi-

mately 5 % compared to using branching only for almost equal number of nodes and
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LP iterations. Using branch and propagate lowers the dual gap by 33 % compared
to branching only at the expense of an increased number of nodes by 700 % and
increased number of LP iterations of 52 % as Figures 6.12 and 6.11 show. Moreover,
Figure 6.13 shows that the average LP iterations per node for branch and propagate
is much smaller than both, branching only and branch-and-cut. Furthermore, the
branch-and-propagate manages to get a nontrivial feasible solution in 5 % of the in-
stances within the time limit where branch only and branch-and-cut did not find any
according to Figure 6.14.

Branch-cut-propagate does not lower the dual gap any further compared to
branch-and-propagate. It even needs 150 % more BnB nodes and around 14% higher
number of LP iterations as Figures 6.12 and 6.11 show. Moreover, the percentage of
feasible solutions found goes down to 3 %.

Integrating heuristics to branch-cut-propagate reduces the duality gap by about
56 % due to the increased number of feasible solutions that are found (as given in
Figure 6.14) which enhance the primal bound. The percentage of instances in which
at least one feasible solution was found is about 70 % with heuristics versus 5% and
3% for branch-propagate and branch-cut-propagate without heuristics. Also, the time
needed to obtain the first feasible solution decreases by around 64 % as Figure 6.15
shows. Moreover, the objective function value increases by nearly six times. This
comes at the expense of an increase of 11 % in the number of LP iterations compared
to branch-cut-prop as Figure 6.11 shows.

We can therefore conclude that using propagators and heuristics are recommended
for HAPﬁngC p due to the improvements in performance they yield. Separating cuts
however are more computationally expensive compared to the improvements they

vield for HAP/ oop.
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Chapter 7

Conclusions and Future Work

In this chapter, the thesis conclusion and possible future work for extending the

research work done in the thesis are provided.

7.1 Conclusion

In this thesis, a primary and extended system models were considered for joint AC-
RRA for multicasting in an OFDMA based HAP system. The radio resources that
were allocated were radio power, subchannels, time slots and antenna selection (in the
extended system model). The users were assigned to the multicast groups so that the
spectrum utilization is maximized in the primary system model while the numbers of
highest priority users are maximized in the extended system model.

For the primary model (P-SysMod), the formulated problem was too complex
which encouraged us to decompose the problem into two subproblems and use La-
grangian relaxation to dualize the complicating sets of constraints, thereby adding a
penalty term to the objective function. An iterative primal solution algorithm was

used to obtain the primal solution of the decomposed subprobelms. Also, since the
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dualization of constraints introduced dual variables, the subgradient algorithm was
used to obtain the optimum solution of the dual problem. Different step size rules
were compared and different constraint set dualizations were tested to decide the ones
that gave the sharpest solution bounds. The obtained bounds are intended to be used
for the pruning process in BnB.

In the extended model (E-SysMod), a user was allowed to join any session being
transmitted in all the neighboring cells where in P-SysMod a user only can join a
subset of the sessions being transmitted in the cell it resides. Moreover, E-SysMod
allowed a multicast group to receive transmission of a session on more than one
antenna simultaneously, which is a more flexible option that was not available in the
primary model. Also, the extended system model took into account heterogeneous
user and session priorities which were considered to be homogeneous in P-SysMod.
We were successful in obtaining HAPf/[f EJ;QC p, a formulation that is far more efficient
in terms of the problem size compared to HAPL " the formulation used for P-
SysMod. The more efficient formulation HAPﬁngCP was a separate achievement
on its own that was used in E-SysMod. In other words, if E-SysMod is reduced to
P-SysMod, HAPﬁngcp would still be much more efficient than HAPL* "¢,

McCormick underestimators were used for linear relaxation of the bilinear terms
in the nonconvex quadratic constraints of HAPﬁngC p- A branch and cut algorithm
was used for solving the problem. Different constraint and objective function specific
domain propagation techniques, that are available in the SCIP solver were integrated.
Moreover different types of heuristic techniques were combined with the branch and
cut algorithm which were shown to obtained more feasible solutions in the instances

solved in shorter time. The experiments showed that domain propagation had a

significant performance improvement as compared to the cutting planes used.
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Furthermore different branching techniques were compared and the results showed
cloud branching to achieve the best balance in the trade-off between the duality gap
and the computational effort. A presolving reformulation linearizion technique for a
specific set of quadratic constraints in HAPfJngCP was used and the experiments
indicated its effect on performance for different numbers of presolving rounds. Ac-
cording to the results, using the technique for a number of presolving rounds that is

greater than or equal to 100 could improve the performance significantly.

7.2 Future Work

We believe that the work done in this thesis could be extended in at least three ways.
One way is by using solution techniques from the optimization literature to solve the
mixed binary polynomial constrained program (MBPCP) in Chapter 4 before reduc-
ing it to an MBQCP. The performances for solving both the MBPCP versus solving
the MBQCP can be compared in terms of the goodness of the solutions, the compu-
tational effort and the memory requirements. For solving nonconvex MBPCP, recent
developments for solution techniques were achieved by Nataraj et al. in [85], [86]
and [87]. The approach they proposed is a Bernstein branch and prune algorithm
that is based on the Bernstein polynomial approach. They introduced features like
Bernstein box consistency and Bernstein hull consistency algorithms to prune the
search regions. Using a Bernstein contraction algorithm, the computation of Bern-
stein coefficients after the pruning operation can be avoided which speeds up their
algorithm. A Bernstein cutoff test based on the vertex property of the Bernstein
coefficients is a key ingredient for the approach to solve a MBPCP.

Another possible extension is to use different nonlinear convex relaxation schemes

for HAPY/ E];QC p aside from the linear relaxation, perhaps in a successive fashion like
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in [88]. These could include different combinations of second order cone programming
relaxations, semidefinite program relaxations or rank-2 valid linear inequalities [89],
[90]. Furthermore, the MIQCP disjunctive cuts by Saxena et al. can be used to
improve the relaxations further [91]. The two extension directions and the work done
in this thesis for solving HAP%;QCP could then be compared through extensive
experiments to find which of all these techniques would yield the tightest bounds.
The second way the work in this thesis could be extended, is by relaxing the
assumption that the measured channel gain values known to the HAP are ideally
accurate. In a practical problem, measurement errors and prediction errors are en-
countered. Since the channel gain values g; 1 . constitute the problem formulation’s
parameters, it is important to know whether the solution obtained would be signifi-
cantly different than an error free (ideal) situation, and whether it would still remain
feasible to the formulation in the first place. It would be important to understand
the tolerable ranges of errors for which the solution would not change and/or remain
feasible, where large ranges are obviously desirable. By using sensitivity analysis we
can evaluate these insensitive ranges and learn about the sensitivity of the prob-
lem’s solution to channel measurements and estimation errors outside the calculated
ranges [92]. The sensitivity of the problem’s solution would essentially be the rate
of the change in the objective value to the errors outside the calculated insensitive
ranges. This type of knowledge could be used to determine the robustness of the
optimization problem’s solution and whether the channel estimation scheme is suit-
able for our multicasting AC-RRA problem. The observations could then be used to
decide whether the channel estimation scheme would need improvement to achieve
higher estimation accuracy, which would then increase the hardware complexity and

cost.
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The third way we can extend our work is by considering multi-rate multicast trans-
missions. Since in this thesis we proposed variants of the least channel gain (LCG)
single rate multicasting, multi-rate transmissions would be a reasonable extension
to the type of multicasting used in both system models we considered. Multi-rate
multicasting exploits the multi-user multi-channel diversity within a multicast group
enabling users to receive heterogeneous qualities for the information transmitted to
each group. This is very useful when the information transmitted is of graphical
multimedia content, like video for example. Each user in the group, could then per-
ceive different video resolutions depending on its channel and interference conditions.
For that purpose, Information Decomposition Techniques (IDT), where mutlimedia
content is split to multiple sub-streams as we explained in Chapter 2, can be a good
candidate for a multi-rate transmission scheme. Every user would receive a subset of

the sub-streams, which correspond to a particular video resolution.
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