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ABSTRACT

Multiprocessor computer systems pose complex design problems. A system
design methodology to specify and validate abstract multiprocessor system designs at the
architectural level is presented. A subclass of the general Petri net definition is used to
specify functionally equivalent validation models of the multiprocessor systems'
concurrent nature. A temporal analysis technique is described that converts the validation
models into relation structures conforming to the linear, discrete, and absolute view of
time. Consequently, Propositional Linear Temporal Logic can be used to state safety and
liveness correctness criteria. Validation consists of showing that the PLTL formulae
stating the correctness criteria are tautologies with respect to the relation structures. The
proofs of logical consistency and completeness ensure that the validation method is sound.
This methodology provides the theoretical basis of a computer assisted design system for

multiprocessors.
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CHAPTER 1 : INTRODUCTION
Section 1-1 : Thesis.

Multiprocessor computer systems pose complex design problems. They are
increasingly used in critical applications where failures can have disastrous consequences.
Some multiprocessor systems interact with the real world, making decisions in real-time.
With real-time systems, their inputs can never be predicted, and their timing is dictated by
the real world and not by the system designer. Nevertheless, systems must be reliable,
safe, and execute without an unacceptable level of risk [ BL. ]. Hence, techniques to
design safe and reliable systems are necessary. This dissertation describes a sysrem
design methodology to specify and validate abstract multiprocessor system designs at the
architectural [ Tan ] level. The methodology is based on the notions of specifying
functionally equivalent models of system designs and of providing a means to validate that
certain time-related reliability and safety criteria hold for these validation models. The
premise is that if the criteria hold for the validation models, it can be inferred that the
designs are valid.

The two ways of expressing system reliability and safety criteria determine the
type of system design methodology required. Performance criteria require that systems
execute functions reliably, safely, and efficiently within measured real-time intervals. The
systemn design methodology must provide a means of predicting system performance by
constructing stochastic models of system designs to serve as a basis for automated
simulation. The simulations provide an understanding of system performance in different
situations before the system design is implemented. Correctness criteria require that only

desirable situations result from system execution. Real-time measurements are not
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necessary, since correctness criteria are expressed in terms of states and sequences of
states, with no concern for the duration of time. The system design methodology must
provide modelling techniques to show that correctness criteria hold for the system design.
A correct implementation of such a system design results in a system honouring the
correctness criteria. Although performance issues are a major consideration in selecting
the best system design, performance studies are valuable only if applied to a correct
system design [ Petri77 ]; therefore, this dissertation concentrates on system design
validity in terms of correctness.

Rigorous specification and validation techniques assist the process of deriving
abstract, valid system designs, i.e. error-free descriptions of design problem solutions that
honour the correctness criteria. Valid system designs are an important step towards
implementing systems honouring the criteria, because decisions made while specifying
system designs affect the success of correctly implementing the designs. However,
techniques of ensuring correct implementation of system designs are not considered here.

The methodology presented here guides and assists the process of deriving valid
system designs and is intended to be used in a heuristic manner. Systems designs are
derived using an indeterminate process of composition, by combining validated sub-
designs into larger sub-designs, which are in turn validated. Although selection of
designs for validation is indeterminate, the validation technique is a proof method applied
to new prospective designs in an iterative manner until an acceptable design is achieved.
The validation techniques essentially prove that the criteria hold for validation models of
prospective designs. Hence, the inference that if the criteria hold for the validation models
the criteria hold for the system designs depends on whether the validation models are
accurate representations of the system design.

The methodology is used to validate that correctness criteria hold for abstract

multiprocessor system designs. The multiprocessor system designs and their concurrent
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nature are modelled using a subclass of Perri nets. Through reachability analysis the Petri
net models are reduced to state-based transition models. The state based transition models
are interpreted in terms of an abstract view of time so that correctness criteria may be
expressed using Propositional Linear Temporal Logic, PLTL, formulae. By showing that
the correctness criteria formulae are tautologies with respect to the models, the system

designs are deemed correct, i.e. valid with respect to correctness.
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Section 1-2 : Multiprocessor Systems.

This dissertation considers the problem of designing multiprocessor systems.

There are two general multiprocessor system models [ GP 1, illustrated in Figure 1-1.
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Figure 1-1 : Multiprocessor Models

A shared memory multiprocessor consists of numerous distributed processors that
communicate using an interconnection network and common memory for data storage. A
message-passing multiprocessor consists of numerous distributed processors, each with

their own local memory, that communicate using messages passed through a connection
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network, By maximizing system throughput, these systems are a cost-effective means of
increasing computing power and speed. The methodology presented here is applicable to
either multiprocessor model.

The problems of designing correct multiprocessor systems are complex. In
general, multiprocessor systems consist of numerous concurrently executing system
components that interact. Accordingly, the closely related design issues of
communication, data coherence, and the ordering of events among system components
must be considered [ DSB ]. Communication is the exchange of data among the system
components using functions provided by communication protocols [ PZ ].
Synchronization is a subclass of communication where exchanged data are control
information to enforce data coherence and ordering of events. Communication can be
used to implement synchronization and vice versa. Data coherence is the software
system's ability to correctly access data. For example, it may be incorrect for one
component to read data while another component is writing the data. The ordering of
events refers to the proper sequencing of data accesses and ordering of synchronization
and communication primitives. Strongly ordered systems have all components continually
execute in a globally specified order. Weakly ordered systems do not impose a global
execution ordering, except for data accesses and when issuing synchronization and

communication primitives.



Section 1-3 : Related Past Work.

Although this dissertation develops a modelling technique strictly for validation
purposes, many system and system design modelling techniques have been used in the
past for different purposes. The techniques are presented in terms of system and system
components, but could be extended to their abstract designs. The techniques surveyed
here are those capable of modelling concurrency in multiprocessor systems, with and
without respect to time. Some of the techniques incorporating time are extensions of
techniques that do not incorporate time, thus the latter are discussed first.

The first group of techniques use the language of mathematics, in particular set
theory [ Hal ] and graph theory [ Ber]. Such models are essentially mathematical
structures with techniques to analyse the models [ Pra ].

Techniques that specify system models based on the notion of a state are called
state-based transition models. Each system component model begins execution holding a
local state, where some function has not been provided. Furthermore, each system
component model can never hold more than one state simultaneously. Through interaction
defined by transitions, the system component model changes to a state where the function
has been completed. A transition has an enabling state, that must hold before the
transition may proceed, and a resulting state, that results from the procession of the
transition. It may be necessary for a series of transitions to occur, each resulting in an
intermediate state, before the function is completed. Since a system model is a collection
of system component models, the system component models' local states are combined
into a global state of the system model. Like the system component models, multiple
global states can never be held simultaneously and a sequence of global states may be held
by the system model. Thus, changes to state-based transition models are expressed

through changes to the global states.
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The state-based transition models provide the method of state exploration
verification [ Wes ]. Verification begins with determining which system characteristics are
to be demonstrated. Verification requires that the state-based transition models contain
enough information to describe the execution of the system. Some arbitrary global state is
chosen as the inirial state of the model and, beginning with that initial state, the set of state
sequences is generated by a procession of transitions. All the states reachable by these
state sequences are arranged into a reachability state graph. Each individual reachable state
is analysed to determine if it represents an error condition such as deadlock or an
incomplete design. Other types of errors, such as unwanted infinite loops, are identified
by analysing state sequences. Verification is achieved by comparing the (un)desirable
characteristics with the results of the state exploration.

As West points out, some problems of performing state exploration verification on
state-based transition models must be solved. First, given that communicating system
components execute concurrently, the global state phenomena exhibited by the system
must be reflected in the global state specified by the model. Modelling a global state may
not be a trivial task. Second, correctness criteria must be defined and tested by the
verification technique. The state-based models defined do not necessarily give useful
means of solving this problem; furthermore, this verification technique does not yet have a
notion of time to reflect the temporal characteristics of the systems. Third, the efficiency
of the verification procedure must be considered. To enumerate state sequences and then
to determine if the correctness criteria are honoured by the sequences can be impractical in
terms of the time and space computing requirements; moreover, there is the added
complexity of infinite state sequences. Complex system models have a large number of
states; this difficulty is known as the state space explosion.

The main causes of state space explosion in system models and their possible

solutions are as follows. Communication among components may have many possible
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permutations. The analysis of all these state sequences requires a lot of time and space,
since there are usually many more state sequences than individual states. An investigation
of all possible communication sequences may be unnecessary, but the minimal set of
communication sequences that need to be investigated must be determined. The size of
communication sequences can be unbounded. This problem is solved by setting a bound
on the size of communication sequences. Similarly, a system may reference sequence
numbers and variables having a large number of possible values, e.g. a buffer and a
window [ Tan ]; again, assigning bounds to the domain of the sequence numbers and
variables can solve this problem. A common means of solving a problem is to decompose
it into smaller more manageable sub-problems. Problem decomposition can reduce the
number of states and state sequences to be considered at one time. Moreover, there are
natural points that partition models into phases { CGL ]. Each phase can be verified
separately, but does not allow the detection of errors which cross over phase boundaries.
Given that a large state-space is unavoidable, it is desirable that each state within a
sequence be analysed only once. This can be achieved by re-forming the reachability state
graph into a tree structurel, and employing a depth-first or breadth-first analysis of the
tree.

There are many state-based transition models. A common state-based transition
model is a finite state automaton [ HU ][ RS ]. Many techniques employing finite state
automata have been suggested, including a theory of infinite sequences of states generated
by finite state automata [ Cho ][ McN ][ Per ][ Lau]. A number of other techniques
are available to specify concurrent processing [ Peter81 ]. They include finite state
machines and their extensions, Petri nets and their extensions, marked graphs,

computation graphs, P 1V systems, message systems, UCLA graphs, vector addition

1 Or a lattice [ Pra ]; a tree is defined below.
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systems, and vector replacement systems. A detailed discussion of these techniques can
be found in the references cited in [ Peter81 ].

Some institutions have expended considerable resources to employ extended finite
state machines as the basis for forral communication protocol specification techniques
[ Rudin 1. Comité Consultatif Internationale de Télégraphique et Téléphonique, CCITT,
has developed the Specification and Description Language, SDL, to specify X.21 and
X.25 definitions [ Tan ]. Subgroups of International Standards Organization, ISO are
developing Formal Description Techniques, FDTs, for communication protocol
definitions in their Open Systems Interconnect, OSI, architecture. Subgroup A is
concerned with the OSI architectural concepts relevant to the FDTs. Subgroup B is
developing Extended State Transition Language, ESTL, based on Pascal, to assist the
definition of finite state machines. IBM is using Format and Protocol Language, FAPL,
for defining protocols in Systems Network Architecture, SNA; this language is based on
PL /1 and contains constructs for finite state machines.

The second group of techniques use hybrid languages to specify designs. The
notation of Communicating Sequential Processes, CSP, by Hoare [ Hoa78 ], extends his
éarlier work on the axiomatic basis for computer programming [ Hoa69 ]. This notation
uses a Pascal-like syntax, which includes the commands to specify parallel executing
system components and input and output through communication channels. Although
CSP is sufficiently abstract to serve as a design tool, it also serves as a foundation of
some techniques described below. The Calculus of Communicating Systems, CCS,
[ Mil ] is based on the notion of describing a concurrent system with the behaviour
experienced by an external observer. The CCS algebra, with the binary operation of
concurrent composition, describes the behaviour dynamics with derivations. The

behaviour derivatives are based on the premise that observation and communication are
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equivalent. Distinct from the mathematical notations above, CSP and CCS use a high-
level notation for system models.

Numerous proposals to incorporate time with modelling techniques have been
suggested [ CPW ]; detailed discussions are found in the references cited there. Without
time, the theoretical basis for correctness analysis is restricted to investigation of
individual model states for errors such as deadlock. One advantage of incorporating time
is a justification for the meaning of state sequences, that is, the execution of a system over
time. Furthermore, explicit models of time-dependent multiprocessor details, such as time
intervals, data transfer delays, and timeouts, are possible.

It seems reasonable to interpret a model based on global time, by envisioning a
global clock that all communicating system components can read. Unfortunately, co-
ordinating the components is impractical, since each component would have a different
view of time because of variable delays when reading the clock. Another approach is to
establish a local clock for each component. Since no two clocks are identical and each
clock will operate at minutely different rates, synchronization of the clocks is mandatory.
Physical synchronization of the clocks can be expensive and may not be perfect. To solve
this problem, Lamport [ Lam78 ] suggests logical time. Logical time is based on the
notion that, for an event A to influence an event B, event A must happen before event B.
This concept is the basis for an algorithm to synchronize local clocks with respect to
global time. Morgan [ CPW ] showed that it is possible to specify a system design with
global time, but implement the design in terms of logical time.

State-based transition models incorporate the concept of logical time in the
following manner. Logical time is modelled by associating time variables with each
communicating component; when a transition proceeds, each component's time variable is
incremented by a particular time value associated with the transition. But before a

transition can proceed, the transition enabling state must hold for a minimum time period
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Tmin. Furthermore, an enabling state can only hold for a maximum time period T, .,
before the enabled transition must proceed. Each local time must be kept close to a single
global time, within certain defined tolerances. If it is necessary to ensure that certain
transitions occur within a certain time period, then incrementing the time variables must be
strictly controlled.

Some examples of state-based modelling techniques incorporating logical time are
given here. Finite state automata can be defined in terms of logical time. The coupled
time graph? technique uses finite state machines to specify a graph model of a system
component design, for each component and the [interJconnection network. The vertices
of the graphs model the component states, while the arcs of the graph model the
transitions among the states. A time variable is associated with each component graph
model, so that logical time may be represented. Interaction among communicating
components is represented by coupling selected transitions from each graph model that

must proceed together. Analysis is achieved by network flow analysis of graph theory.

Timed Perri nets are Petri net extensions that adopt logical time by associating T,;, and
Tmax With their transitions. These techniques have sufficient power to specify system
models, but for large models, the state space explosion makes analysis impractical.

ISO Subgroup C is developing Language Of Temporal Ordering Specifications,
LOTOS, as an FDT for OSI. LOTOS is an executable specification language comprised
of CCS and an abstract data type technique ACT-ONE [ BB ]. A major advantage of
LOTOS is its means of step-wise refinement of a design problem. Although primarily
designed for protocols, LOTOS can be used for multiprocessor systems in general.

Two other miscellaneous approaches are Real-Time Attribute Grammars and

Concurrent State Deltas. The former technique provides quick specification and testing of

2 A formal definition of a graph is presented below.
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system design prototypes. It is a grammar that allows for top down definitions of system’
models, and that has the expressive power to specify time. A transition represents the
sending and receiving of communication data, represented by a terminal symbol in the
. grammar, A design specified with the grammar is tested by a parser which determines the
semantics of the system design. The weakness of real-time attribute grammars is that they
lack analytical power and have no means to formally verify the system models. The latter
approach was developed strictly for shared memory multiprocessors based on the concept
of communication through shared variables. A segment of concurrent execution is
specified by a enabling condition, a set of shared variables that can be read, a set of shared
variables that can be written on, a time it takes for the computation to complete, and a
resulting condition. Thus, if an enabling condition is held within the computation time, a
system will end up in a state where the resulting condition holds. This modelling
technique has limitations in specifying certain concepts of asynchronous processes, and
are not well suited to message-passing multiprocessors.

Temporal logic [HCIJ[ RS ][ McA] is a form of modal logic orginally
developed by philosophers that can express temporal relations. Temporal logics are
extensions of classical First Order Logic { Smu ] by the addition of modal operators with
temporal meanings. The definition of time is implicit in the usage of temporal logic
formulae. There are two types of temporal logic, branching temporal logic based on a tree
structure of time and /inear temporal logic based on a determinate structure of time. An
interesting debate about whether the linear view of time is better for expressing system
design correctness criteria than the branching view of time is described in
[{ BMP ][ EH82 ]{ EH83 ][ EL. ]. Although each view of time has its advantages and
disadvantages, both forms of temporal logic have equivalent expressive powers. The bulk
of temporal logic research in multiprocessor system design, especially protocols, has

involved the linear form. Linear temporal logic is a language that can express correctness
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criteria based on logical models 3 consisting of possibly infinite sequences of states;
hence, a system model must be reduced to form sequences of global states generated from
each communicating system component. By synchronizing the communicating
components in terms of some concurrent execution discipline [ LPS ], the allowable
sequences are constrained.

Temporal logics are a convenient language to express certain time-dependant
correctness criteria [ Hai ][ HO ][ Lam83iii ][ MP79 ]{ MP81i ][ MP81ii |
[ MP83 1{ SM-S 1. Safery criteria refer to properties which are invariant over the
execution of the system, and once proved ensure that nothing bad ever happens. Liveness
criteria refer to properties that must eventually hold and usually state that something good
will happen. Of course, these properties are stated in more precise application orientated
statements. Safety and liveness criteria can be stated without explicit real-time
measurements, thus, because of their implicit time definition, temporal logics are well
suited for expression of these criteria. To show that these criteria hold for a system
model, it is necessary to show that the correctness criteria formulae are tautologies with
respect to the models.

Pnueli introduced temporal logic as a logical system for use with Hoare's program
axioms, CSP, and monitor concept [ Hoa74 ][ LP ][ MP79 ][ MP81i }{ MP8lii ]
[ MP83 ][ Pnu]. For example, the authors of [ Hai J{ HO ] apply temporal logic and
Hoare's axiomatic system to concurrent processing. Other groups have pursued research
in temporal logic [ CE ]J{ EH82 ][ EH83 ][ EL ][ Eme ][ ES ][ GPSS ][ GS ]
[ Lam80 }{ Lam83iii ][ LPS ][ SC ][ Wol ][ SM-S 1. Because programming

language models can be reduced to state-based models [ MP81i ], some research has

3 A model as in model theory [ Sac ].
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used Temporal logic with state-based transition models [ AEIKOT ][ CES ][ DGU ]

[ Sis ]; this research owes much to the fundamental result achieved by Rabin [ Rab 1.
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Section 1-4 : The Work Presented Here.

This dissertation defines a technique for validating that safety and liveness
correctness criteria hold for abstract multiprocessor system designs. The technique
consists of specifying a validation model of a system design with a Petri net, interpreting
the validation model with respect to an abstract concept of time, and using linear temporal

logic to state safety and liveness criteria; showing that safety and liveness criteria formulae
are tautologies with respect to the validation models validates the system design. It is
intended that this validation technique be used as part of a heuristic approach for
multiprocessor system design.

A state-based transition model is used to specify the concurrent nature of the
multiprocessor system design. Each system component is modelled with a finite state
machine. A coupled graph [ CGL ] is used to combine the system component models
into a model of a complete system design, however network flow analysis of graph theory
is not used. Coupled graphs are a subclass of Petri nets. Using Petri net reachability
analysis [ Peter81 ], the system design model is reduced to a reachability graph, a finite
state machine. The reachability graph serves as the foundation for the validation
technique.

Because temporal logics are appropriate for stating safety and liveness criteria,
Propositional Linear Temporal Logic, PLTL, is used. The PLTL definitions are based on
the work by Pnueli and his associates [ Pnu }J[ MP79 ][ MP81i ][ MP81ii ][ GPSS 1.
A semantic tableaux procedure based on [ Kri59 ][ Kri63 ][ RU ] determines if a PLTL
formula is true for a given reachability graph. A PLTL formal deductive system is defined
here, based on the concepts of model theory [ Bri ][ Sac ], modal normal form formulae
[ Fine ], and Henkin Proofs [ HC ] to show consistency and completeness. The

deductive system allows tautologies to be derived in a syntactic manner.

1-15



Hence, because temporal logic and Petri nets are used together, this approach is
similar to that of [ AEIKOT ]{ DGU ]. However, the authors of [ AEIKOT ] describe
the Petri nets and their transition firings with temporal logic. Instead, this approach
attaches propositions to reachability graph vertices and interprets the PLTL formulae with
respect to sequences of reachability graph vertices. Like this dissertation, [ DGU ]
develops a semantic method, an axiomatic approach, and defines safety and liveness
criteria. However, { DGU ] uses first order logic as the basis for the temporal logic,
whereas the approach used here takes propositional logic as a basis. The axiomatic basis

of [ DGU ] is different from the one used here.
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Section 1-5 : Qutline.

Chapter 2 defines the basic notations and symbols, gives some preliminary
definitions, and defines the concept of a language.

Chapter 3 defines a subclass of General Petri nets, to specify validation models.
The validation models are composed of system component models concurrently holding a
local state. Each system component model is a finite state machine expressed as a directed
graph, whose vertices represent the local states and whose arcs represent the relation
among the local states. The validation model holds a global state composed of all
concurrent system component model local states. Interaction among the system
component models determines the relation among global states; reachability analysis
provides a means to determine this relation. The reachability graph algorithm converts the
validation model Petri net into a strongly connected directed reachability graph, whose
vertices represent global states and whose arcs represent the global state relation.
Propositions are mapped to the global states to more precisely define the meaning of a
state.

Chapter 4 defines a temporal analysis technique, that converts the strongly
connected, directed reachability graph to a structure conforming to the linear, discrete, and
absolute view of time required for PLTL. The execution of a validation model is
represented by constructing the set of distinct finite and infinite walks that begin with a
particular vertex in the reachability graph, where each walk represents one possible
sequence of global states over time. Standards of conduct define the a-relation, which
select a subset of all countably infinite walks. This set of infinite walks is condensed into
a collection of finite walks, that contains sufficient information to specify the maximal
strongly connected reachability graph component specified by the a-relation. The

information can be expressed as a family of predicates, whose sentences correspond to the
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finite walks. The relation structure is defined from the predicates and forms a structure of
finite sequences of propositions providing the basis for the PLTL definitions.

Chapter S defines the PLTL language. The syntax selects words from the PLTL
language which can be assigned meaning. The temporal semantics determine whether a
word asserts something true in a given sequence of propositions. The semantic tableaux
procedure tests if a word is valid in the relation structure. A proof is supplied to show that
the semantic tableaux procedure does what is claimed.

Chapter 6 defines the PLTL deductive system. The terms of the deductive system
correspond to the validation model states. A set of axiom schemata define the theses of
the deductive system. The relation structure is expressed with a set of hypotheses.
Together, the terms, theses, and hypotheses define the axiomatic basis for the PLTL
deductive system. The process of deduction derives a set of theorems from the axiomatic
basis; the theorems are said to be consistent. The maximal consistent set of all theorems is
defined. A proof is given that the deductive system is complete if, and only if, deductive
system does not derive inconsistent formulae.

Chapter 7 ends this dissertation with some conclusions.
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CHAPTER 2 : PRELIMINARIES

Section 2-1 : Basic Notation and Symbols.

dissertation.

N the natural numbers 1, 2, 3, ...
R cardinal numbers

0] infinitely many

3 such that

I X1 cardinality of set X

= a comparison of equality
o if, and only if ; abbr, iff
X Cartesian product

U union

€ is included in

c proper containment

2 greater than or equal to
> greater than

%) empty set

3 there exists

A conjunction

- negation

The following is a summary of the mathematical and logical symbols used in this
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Z*=dfNuU {0}

smallest transfinite cardinal number

there are infinitely many
satisfying the condition that
is defined as

assignment

implies

a mapping between two sets
intersection

is not included in
containment

less than or equal to

less than

not equal to

for every

disjunction

length of a sequence o



It is assumed that the reader is familiar with basic concepts from set theory and
First Order Logic, that can be found in references such as [ Bri }{ Hal ][ Smu ].

Definitions are associations of terms with meanings; they are made by listing some
term notation, the symbol =df, and an explanation of the term. The term notation and
explanation can be any form, prose, set theory, First Order Logic, etc. For example, a set
X is defined using the notation X =df { x 3 condition of membership }, read as X is
defined as the set of x such that the condition of membership holds. The dissertation
adopts the convention that sets are denoted with upper case letters, while the elements of
the set are denoted with lower case letters. Sometimes COM(x) is used as an arbitrary
condition of membership. Some structures are defined as tuples of distinct sub-structures;
for example, S =df < A, B, C > defines a structure S composed of three distinct sub-

structures A, B, and C.

This dissertation employs the sets of natural N, ordinal ORD, and cardinal R
numbers [ Hal ]. The set of natural numbers is denoted N =df {1,2,..,i,..}: a
finite subset I ¢ N is denoted I =df { 1,2, ...,1 }. Greek letters o, B, v, ... are used to
denote ordinal numbers. The symbol ® is the smallest transfinite ordinal number; the
symbol  is read as "infinitely many". A set X is countably finite if X is equivalent to a
subset of N; X is countably infinite if X is equivalent to N, A finite cardinal number is
denoted with the equivalent natural number, the smallest transfinite cardinal number is
denoted Xy, viz. R =df | N |, and other transfinite cardinals are denoted R' with the
fact X' > R explicitly stated. To define a set with cardinality of Xy, condition of
membership statements of the form 3 (x) : COM(x) are used; the statement is read "there
exists infinitely many x satisfying the condition that COM(x) is true"; i.e.,
I { x> COM(x) } I= Ry [ CV ]. In the few cases when zero is required, Z+ is used.

Functions may be injective, surjective, and bijective [ Pra]. An arbitrary

function is written A : B — C, which is interpreted as "function A is a mapping from set
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B to set C". XY denotes a mapping from the set Y to the set X. The notation 2P
describes a mapping from the set P to the field denoted by 2, viz. { 0, 1 }, and denotes
the power set.

A number of definitions are in the form of Cartesian products and the tuples they
define. A function A : B — C s a subset of the Cartesian product B x C. Anindex set I
of a Cartesian product is some subset of N. In general, given the finite collection of sets
S1, S92, ... , §,, indexed by the set I, the Cartesian product
S; XSy X ...xS8y=df { (s1,82,..., sp)3s;€ S;forie IcN }. Itis
possible to define an infinite Cartesian product, S;x Spx ... x S;x ... =df
{ (s1,80,...,8p, .. ) 3s;€ §jforie N ). When an n-tuple represents a vector or a
Cartesian product X", it is denoted ( X1, X2, ... , X ).

Relations and predicates are used in this dissertation, Relations are defined over a
set X of elements. Givenx € X, the degreeof therelaion R isf { x' 3 xR x' } I. One
type of relation in particular is required.

Definition 2-1-1 : Equivalence Relation

A relation R is an equivalence relation over a set X iff, for elements x, y, z € X:

i) xRx reflexitivity,
i) xRy = yRx symmetry,
i) xRy and yRz = xRz transitivity.

Predicates are n-ary relations and are denoted R( Xy, X9, ... , X, ), xj€ X, 1<i<n.
X1, X2, ... » Xy are called variables of the predicate. A sentence of a predicate

R( xy, X9, ... , Xy ) is an n-tuple ( ¥1, ¥2, .- » ¥p )-
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Section 2-2 : Preliminary Definitions.

Some preliminary definitions are required [ CV ]. X is used to denote some

arbitrary set. A fundamental mathematical structure used in this dissertation is a sequence.

Definition 2-2-1 : Sequence

For the index set 1={0,1,...,a-1},ae ORD, a sequenceinaset Xisa

surjective mapping v : I — X, where :

D

i)

vi)

vii)

viii)

The length of v, denoted | v |, is the cardinality of the index set I;
ie,lvi=dfIIl

There may be countably finite sequences vo, where | vo | < X,

countably infinite sequences v, where | v, | = R, and transfinite sequences
Voos Where | v, | = R', R"> Ky

Furthermore, the set of all countably finite sequences vo in X is denoted X*,
the set of all countably infinite sequences v, in X is denoted X9, and the set
of all transfinite sequences v, is denoted X*;

The notation v =df ( xg, X, ... , X . 1 ), & € ORD, explicitly describes the
components of a sequence of length{ vy, | in X;

The B-th component of a sequence v, B < o, is denoted v () =df xg for the
sequence Vg =df (xg, Xy, .o, XBy oo s Xg o1 15

For a sequence v, v4[B] denotes the prefix of length B, B < o, a restriction
of the domain of sequence vy, vo[Bl: { 0,..,PB -1} — X, defining the
tuple v [(B] =df ( x4, x1, ... Xg .1 ), where for every y < B,
valBICY) = va(v)

The empty prefix A =df v{0];

The portion of length ¥ of a sequence v, B + v < @, is a sequence denoted

ValB, ¥ =df (Xg, XB 4 1, -+ Xp 4y )
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ix) A sequence is a structure < v, < > where the relation < is a well order over

the components of the sequence ( Xg, X1, ... , Xg . 1 ) defined by the ordinal
indices; i.e., vo(B) < vo(y) © v< B.

This dissertation adopts the convention of using natural numbers for the index sets of

countable sequences. A countably finite sequence vo indexed with natural numbers

{1,2,..,1i}, where | vo | =df I ¢ N is denoted ( xy, x2, ... , X; ). Likewise, a

countably infinite sequence vy, =df ( X, X, ..., Xj, ... ). The finite portion of length

k of a countable sequence visdenoted v[i,jl, 1 i< je N3lvle N= j<|Iv],

where k = j-i+ 1, and is the mapping v[i,jl: (i, i+ 1,i+2, ...,j-2,j-1,j)

—> X defining the tuple v[i, jl =df (X, Xj 4 1, .. Xj_ 1, Xj ). A prefix is a special

case where v[j] =df v[1, j].

Definition 2-2-2 : Infinity Set

The infinity set for an countably infinite sequence vy, € X® is
INF(vg) =df { xe X>3,0) :vyi)=xandie N},
The infinity set contains those elements of X that appear infinitely often in an infinite
sequence in X.
The following definition is crucial for the development of linear temporal logic
[ Bri].
Definition 2-2-3 : Collections of Countable Sequences
Given an arbitrary non-empty collection S of sequences, that may include finite vo and
infinite v, sequences in a set X :
i) the i-th components of the sequences in S form a set denoted Sy; { S;3ie I}
denotes the collection of S; indexed by the setI={1,2,..,n };
ii) the unionof { S;j3ie I}, denoted U;¢ 1S;,is { s3se S;forsomeie I };

iii) the intersection of { S;3i€ I}, denoted Ny ¢ 1 S;, is
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{ s3se S;foralliel};

iv) the product of { §;3i€ I}, denoted x; ¢ 1 S;, is the set of finite choice functions

{fo3fo:T— U 1S; where fo(i) € S;forallie I};

for I={1,...,n}, n € N, the n-tuple (fo(1),.. , fo(n) ) e
S X ... X §; is a well ordering of the range of some finite choice function
fo:l—= Ujcq,..,nSs

v) The product of { S;3ie N }, denoted X; ¢ 5 S;, is the set of infinite choice
functions { £,3 £, : N = Uj ¢ § S, where f,(i) e S forallie N }; for
I =N, the infinite tuple (f,(1), ..., fy(n), ..)e 8; X ...x 8, X ... is
a well ordering of the range of some infinite choice function

fo: 1= Uje1,....n S;.

The essence of this definition is that a predicate S;( vy, v, ..., v; ), whose variables
V1, Vo, ..., Vi are bound by components of the sequences; in fact, by the Axiom of
Choice [ Hal ], the function fo ( f; ) selects a distinct sequence in U e 195

(Uje N S;) from Xj o 1 S; (X{ e n Si ), and defines a sentence of the predicate.
The next mathematical structure is found throughout this dissertation. The

definitions and nomenclature are based upon those presented in [ Ber ].

Definition 2-2-4 : Graph

A graph [ Ber]is a tuple G =df <V, A > where :

i) Visaset { vi, v, ..., vy } Of vertices; where v; = v; iff v; and v; are the
same vertex and v; # v; iff v; and v; are not the same vertex, for I <i<mand
1<j<m;

i1) The order of the graphis| V I;

i)  Aisaset{ayay,..,a, }ofarcs,whereaje V xV,1<i<n;

iv) Given an arc (v;, vj) € A, v; and v; are the endpoints of the arc, v; is the
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initial endpoint and the predecessor of vj, and v; is the terminal endpoint and
the successor of v;;!

V) A loop is an arc where the terminal and successor endpoints are the same
vertex;

vi) Two arcs are adjacent if they have an endpoint in common; two adjacent arcs
are parallel if their initial and terminal endpoints are the same; two adjacent arcs
are in series if the predecessor endpoint of one arc is equal to the successor
endpoint of the other arc;

vii)  The multiplicity of a pair of vertices is the number of parallel arcs defined with
the vertices; this dissertation is restricted to graphs where the multiplicity of a
pair of vertices is not greater than one, called I-graphs;

viii)  The degree of vertex vi, 1 £i < m, is the number of arcs with v; as an
endpoint;

ix) A graph is regular if each vertex has the same degree;

X) A labelled graph is a 3-tuple G =df < V, A, Y >, where Y is a function
Y . V — X which associates a vertice with an element of some arbitrary set X.

Figure 2-1 illustrates a 1-graph, labelled with elements of the power set of

P =df { py, pp, p3 }. The order of the graph is five. Arcs a; and ay are adjacent.
This graph has no arcs in parallel. Arcs ag, as, and a4 are in series. The degree of vertex

vs is three. This graph is not regular. The two directed arcs ag and a7 form a bidirectional

arc. This method of illustrating a graph is used and extended in the sequel.

1 Since a direction from a predecessor to successor is implied, a directed graph has been
defined using directed arcs. A bidirectional arc is shorthand for two arcs ( X, y ) and

(y, x ), Figure 2-1.
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O Vertex —————~ Directed Arc <@—— Bidirectional Arc

a;=(vy, v2) ap = (v, v3) a3 =(vy,vq)

a4 = (v, Vvs) as =(vs, V) ag=1(v4, V5 )

a7 =(Vs, v4)

Yop={pLp2} YoD=(p1}  Yo3={pyp3)
Y(v9)={p3} Y(vs) =

Figure 2-1 : A labelled graph

Definition 2-2-5 : Subgraph
A subgraph of a graph < V, A >isa tuple S =df < V', A' > where :
)y vcv,
i) A'C A, where any arc ( vj, vj) € A’ has both vj, v;e V',

Definition 2-2-6 : Chain
A chain of length q > 0 of a graph < V, A > is a sequence C=cy, ¢y, ..., cq of arcs
éi € A, 1<1<q, where, given that either c; . ; and ¢; ;. ; exist, one endpoint of ¢; is
the same as an endpoint in ¢; _ | and the other endpoint of c; is the same as an endpoint
incjyq-

i) The length of a chain C is the length of the sequence C; i.e.,, I Cl;
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ii) An elementary chain is a chain that does not encounter the same vertex twice;2

iii) A simple chain is a chain that does not include the same arc twice;

iv) the initial endpoint of C is v; for ( vj, vj) = ¢y and the ferminal endpoint of C is
vy for (v, vi) =¢g;

v) A path is is a chain with all constituent arcs in series; that is, for the chain C,
fori < g, the terminal endpoint of c; is the initial endpoint of ¢; , 1; a path with
initial endpoint x and terminal endpoint y is called a path from x to y; a single
vertex is called a path of length 0;

vi) A cycle is a chain C where no arc appears twice in the chain and the
endpoints of C are the same vertex;

vii) A pseudo-cycle is a cycle, but where an arc is encountered more than once;

viii) A circuitisacycle C=c¢y, g, ..., Cq suéh that the arcs are in series.

Definifion 2-2-7 : Connected Graph

A connected graph < 'V, A > is a graph containing a chain for any two distinct vertices

X, ye V.

The relation x =y that holds when either x =y or x # y with a chain connecting x and y is
an equivalence relation.
Definition 2-2-8 : Connected Component of a Graph

The equivalence classes of the relation = partition the graph < V, A > into connected

subgraphs, called connected components. A graph that is a connected component is

called a connected graph.
For x, y € V, the relation x = y that holds when there exists a path from x to y and a path

from y to x is an equivalence relation.

2 That is, the vertex appears in at most two adjacent arcs.
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Definition 2-2-9 : Strongly Connected Component of a Graph
The equivalence classes of the relation = partition the graph < V, A > into strongly
connected subgraphs, called strongly connected components. A graph that is a
strongly connected component is called a strongly connected graph.
The following portion of the Theorem 7 in Chapter 3 of [ Ber ] is useful.
Theorem 2-2-10 : Connected Graph Theorem
If <V, A > is a connected graph, the following conditions are equivalent.
1) <V, A>isstrongly connected;
il) every arc lies on a circuit.
The proof of Theorem 1-7-10 can be found in [ Ber ].
Definition 2-2-11 : Walk
A walk of length g + 1 > 0 is a sequence of vertices that correspond to a path of length

q>0.

The walk vp, vy, vs, Vo, v5 corresponds to the path, with the arcs explicitly denoted,
C=1(v1,v2)1, (v2, v5 )p, ( Vs, V3 )3, (v, Vs )4 Of the graph in Figure 2-1. For a
I-graph, a path uniquely determines a walk and vice versa. It is clear that there can be
walks of finite and infinite length.
Another fundamental mathematical structure used in this dissertation is a tree
[ Smu ]. A tree is a connected 1-graph without cycles.
Definition 2-2-12 : Unordered tree
An unordered tree is a tuple U =df <N, 1, Q > where :
1) Nis a set of nodes;
i) Wisalevel function i : N — N, assigning a level to the nodes;
iii) Q © N x N is a successor relation such that :
a) for nodes x and y, if x Q y then y is the successor of x and

x is the predecessor of y;
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b) there is a unique node assigned a level of 1, called a root node;

c) every node x, except the root node, is a successor of some other node;

d) for nodes x and y, if x Q y then p(y) = u(x) + 1.

A node is called an end node if it does not have a successor. A node with one successor is
called a simple node, while a node with more than one successor is called a junction node.
A tree where all junction nodes have at most two successors is called a binary free.
Definition 2-2-13 : Ordered tree _

Anordered treeis ad-tuple T=df <N, p,Q, O >, where N, 1, and Q are as per

Definition 1-7-12, and where O : N — N is a injective function that orders the

successors of a junction node.
For example, given the successors ns3, ng4, ns, and ng of a node ny, the function
O:{n3nyg,ns,ng}— { 1,2, 3,4 ) orders the successors. This dissertation uses
the illustration convention that ordering among successors is specified by the order the
nodes are drawn on the page, from left to right. The zree structure is specified by the
defining tuple <N, £ ,Q> 0or<N, n,Q, O > A tree with every node having a
finite number of successors is called a finitely generated tree. A tree is finite if it has a
finite number of nodes and a tree is infinite if it has an infinite number of nodes.

A labelled tree is a ordered or unordered tree with an additional function Y, which
associates a node with an element of some set; for example, given the nodes ns, ng, ns
and ng, one labelling could be Y(n3) = a, Y(ngq) = b, Y(ns) = ¢, and Y(ng) = d. There
can be two different labelled trees with the same tree structure. The purpose of a labelled
tree is to attach additional information to a tree.

For example, Figure 2-2 illustrates a labelled ordered tree, including some of the

examples already presented.
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level
1 rootnode n

v

3 ;1 5 6
4 n
g
5 n
8
n node ———p successor relation

Y(np) =a Y(ny) =1 Y(n3)=a Y(ny)=b
Y(ns)=d Y(ng) =d Y(ny) =c Y(ng)=¢

Figure 2-2 : An Ordered Tree

Node n3 is an end node, node n4 is a simple node, and node ns is a junction node.

Definition 2-2-14 : Tree Path

A path in a tree is a countably finite ( infinite ) sequence of nodes ny, ns, ..., n;
(ny, ng, ..., nj, ... ), such that n; is the root noot and n;, i > 1, is the successor

of nj . 1. A maximal path is either a finite path ending with an end node or an infinite

path. For any node x in a tree there is a path that ends on x.

For example, in Figure 2-2, the sequence nj, ny, n4, n7, ng is a finite path that ends on ng;

Figure 2-1 does not contain an infinite path.
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Lemma 2-2-15 : Konig's Unendlichkeitslemma
Konig's Unendlichkeitslemma states that a finitely generated infinite tree must contain
at least one countably infinite path.

The proof of Lemma 2-2-15 can be found in [ Smu ].
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Section 2-3 : Languages

A language is composed of a set of words. An alphabet is a finite set of
constituents X =df { xy, xp, ..., X, } that comprise the words. A word is a sequence of
constituents. A mechanism can be defined to construct words.

Definition 2-3-1 : Free Monoid

A free monoid [ Pra ] generated by the alphabet X is the tuple X* =df < X*, 0, A>,

where :

i) X" is a set of countable sequences in the set X, called words;

i) e is the operation of concatenation;

iii) the symbol A denotes the empty word.
The process of generating words begins with the empty word A € X*, where given a
constituent x € X, Aex € X*. This process may continue ad infinitum; in general, given
o e X%, oex € X*. A subset I' c X* are selected because meaning can be associated
with them and are called formulae of the language. The syntax defines the criteria for
formulae selection and the semantics define the meaning of the formulae.

A lexicographical ordering, analogous to the ordering of a dictionary, can be
defined for words I' ¢ X* generated by a free monoid.

Definition 2-3-2 : Alphabetical Ordering
An alphabetical ordering is a total order among the constituents of an alphabet,
denoted <. Identical constituents x and y are denoted x = y.

Definition 2-3-3 : Lexicographical Tree
The lexicograhical tree for a free monoid < X*, e, A > is an ordered tree defined by
the tuple < X*, 1, Q, O > where :

i) the set X* comprises the nodes of the tree, the root node being A;
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iiy p is the level function, such that given a word o € X*, p(A)=1 and
u(c) =dflo | + 1;
iif) given o and y € X*, 6 Q y iff y =df cex, forx € X;
iv) given any two successors  =df y,, yy, ..., ¥, and y =df zq, zp, ..., z,, of
o € X", which must have the same cardinality m, y O x holds iff y; <z or, for
some maximal k, y;=z;, 1 Si<k<nandyp, 1<z, 1, ifk<n
In fact, the ordering O is a total ordering that holds for all nodes in the same level of the
tree. The lexicographical tree is a finitely generated, infinite tree. By Konig's
Unendlichkeitslemma an infinite path through the tree can be identified. The set of all
infinite paths are denoted X®. Since this dissertation is interested in defining a
lexicographical ordering for I" ¢ X*, the lexicographical tree need only be defined to the
level that matches the greatest cardinality of any word in T
Definition 2-3-4 : Lexicographical Ordering
A lexicographical ordering of the words in I' specified by the sequence
(b1, 92, oov s $p ) is a total order derived by a prefix, depth-first search for the
words in an appropriately defined lexicographical tree.
In Chapter 3, a lexicographical ordering is required; by virtue of this section, the

lexicographical ordering need not be explictly defined in that chapter.
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Chapter 3 SPECIFICATION AND ANALYSIS OF VALIDATION MODELS.

Section 3-1 : Introduction.

The objective of this chapter is to specify validation models from collections of

component models. A validation model, Figure 3-1, consists of n component models.

T

validation component gaffé,%}g’é’? local states

model model . concurrently
held by each component
model

global state held by the validation model
(01000;0000100000;..;010)

Figure 3-1 : Validation Model

Each component model is specified using a finite state machine state-based transition
model, but is presented as a graph. Interaction among the component models is defined

by coupling particular arcs of the graph. The resulting validation model forms a subclass



of labelled general Petri nets. Reachability analysis is used to generate a reachability graph

from the validation model.



Section 3-2 : Component Models.

The component models are specified in terms of labelled graphs, with certain
vertices distinguished from others. The vertices of the graph are labelled with a set of
atomic propositions P.

Definition 3-2-1: Component Model
A component model is a connected, directed graph defined by a 5-tuple
<HH,A,A,Q,H> where :
1) II isafinite set of vertices { my, ..., T } called states ;
i) A is a finite set of arcs, defined by a binary relation A : IT — II, called
transitions,
iii) A is the singleton set of start states, A € II;
iv) £ is the set of final states, Q c 11T,
v) H isan injective mapping which labels each & &€ II with an element of 2P,
H:II- 2P,
The states held by a component model are represented by the graph vertices I1. The graph
arcs A, the transitions, describe how a component model may change its state. Given an
arc (7, ' ) € A, when the component model holds the predecessor endpoint state 7 it
may directly proceed to hold the successor endpoint state n'. Thus, the predecessor
endpoint represents the enabling state of a transition while the successor endpoint
represents the resulting state of a transition. It is clear that a chain can be constructed from
the relation A. A component model begins execution in a start state { %y } = A e IL
Execution of the component model is represented by a walk through the graph, the
holding of a succession of states. The set Q < IT of final state(s) represent logical points
at which the component model completes execution to provide a function; these states do

not necessarily prevent further execution. The mapping H : IT — 22 associates each
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state © & I1 with a distinct state description C C P, consisting of the atomic propositions
that are true when the state 7 is held. A state may be labelled with any element of 2F; but
typically, a state is labelled with a proper subset of P. Thus, C is an element of the range
of the function H.

There are three restrictions placed on the definition of a component model. First,
the graph must be connected. Second, there must be a walk from the start state to every
other state in II. These two restrictions avoid including states in the definition that can not
possibly be held. A further restriction is that the relation A is irreflexive: that is,
A={(rn,n')y>n#r" }. Imreflexitivity means that a transition causes a change
from one state to a different state; this restriction simplifies the analysis techniques
presented in Chapter 4.

The mapping H from a vertex to a state description C associates additional
information with the vertex to more accurately describe the corresponding state. An
atomic proposition represents a phenomenon corresponding to the component model state;
an atomic proposition is true when the corresponding phenomenon is observed, and is
false at all other times. It is possible for a number of atomic propositions to be
simultaneously true; thus, the states IT actually identify the set of atomic propositions that
are frue at any one time. In the next chapter, the atomic propositions serve as the
foundation for the development of linear temporal logic.

A notation is required for the state currently held by the component model. A
component model may hold at most one local statem;e { my,..,7ny }, 1<i<k,
at any one time.

Definition 3-2-2 : Local State Function

The local state function i : I1 — { 0,1} associates the value 1 with w; if the

component model holds that local state, and 0 with the remaining states.



The local state is an element of the range of U and is denoted by a k-tuple
m = (pu(mwy), u(my), L{w3), ..., (R}, ... , L(®y) ); thus, a local state
m € { 0, 1 }X. This notation is used in the formal definitions of execution defined
below. But for the purposes of discussion, since only one state T; can be held, a local
marking is specified simply by (x; ). In the sequel, the local states will be combined
into global states.

Accordingly, illustrations of component models are possible, based on Figure 2-1.
The vertices of the graph corresponding to the finite set of states I1 are represented by
circles. A component model holding a particular state is indicated by placing a foken, a
black dot, inside the corresponding circle. The number of tokens in a state =;, for a given
a local state m, is specified by m(r;); hence, the local state denotes the number of tokens,
at most one token in one vertex of the graph. The graph arcs describing the relation A
among the states are represented by arrows. When a token exists in an enabling state of a
transition, the edge(s) leading from that vertex indicates ( indicate ) the resulting state(s)
the may be held by the component model. The start state A of a component model is
indicated by a large arrow pointing to the vertex. The set Q of final states of a component
model are indicated by bold circles. The propositions that label the vertices are positioned
close to the vertices in an unambiguous manner.

For illustrative purposes, the producer, n-slot buffer, and consumer system
component designs are described and modelled.

A producer is a system component whose goal is to produce some arbitrary item.
A producer is a commonly found in multiprocessor systems, e.g., a sender creating a
message to be transmitted. A producer begins in a state where "the item is not produced",
proceeds to a state where "the item is produced". Figure 3-2 illustrates a component

model of a producer.



nl the item is not produced

n2 the item is produced

Iy =df {my,my}

Ap =df  {(my,mp), (7o, 7y ) }

Ay =df (my}

Qp=df {my}

Hy =df { (=, { the item is not produced } ), ( wy, { the item is produced } ) }

Figure 3-2 : Producer Component Model

The final state does not cause the producer to terminate; thus, a producer holds a
succession of local states that alternate between 1y and m,.

When a producer creates an item, it can not continue execution until the item is
stored somewhere. A system component called a n-slot buffer is defined here for this
purpose. This system component is responsible for managing n item storage slots.
Clearly, there are n + 1 states that a n-slot buffer system component may hold. The buffer
begins holding a state of storing no items, expressed by the propositions "buffer contains
0 items" and "buffer empty”. Items can be added to the buffer to a maximum of n items;
as each item is stored, the buffer holds a new state where the proposition "buffer contains

kitems", 1 £k <n, is true. When the buffer holds the state where the proposition "buffer



contains n items" is true, the proposition "buffer full" is also true; this means that no more

items may be added to the buffer. Figure 3-3 illustrates a 2-slot buffer component model.

3 > 74 > S
-0, Oq O
contains { items contains | item contains 2 items

buffer empty buffer full

Iy =df { ®3, Ry, =5 }

Ay =df  {(m3,m4), (Mg, "5 ), (W5, Wy ), (74, 3 ) }

Ap =df (m3}

Qy =df (my}

Hy =df { (w3, { contains 0 items, buffer empty } ),
(my, { contains 1 item } ),

( 75, { contains 2 items, buffer full }) }

Figure 3-3 : 2-Slot Buffer Component Model

The set of the possible succession of states is considerably more complex than a producer.

Finally, a consumer is a system component that takes items off the buffer and uses
them for some purpose. A consumer begins holding a state where "an item is available for
consumption”, then proceeds to complete the function of consuming an item and ends up
holding a state where "an item is consumed". Figure 3-4 illustrates this component

model.



Iy =df
Aq =df
Ag =df
Qy =df
H, =df

n6 an itetn is available
for consumption

7 an itern is consumed

{ g 77 }

{ (mg 7)), (17,76 ) }

{ g }

{m7}

{ (g, { an item is available for consumption } ),

(77, { anitem is consumed } ) }

Figure 3-4 : Consumer Component Model

Again, this component model alternates between holding two states.



Section 3-3: Validation Models.

Validation models consist of n concurrently executing, interacting component
models. Interaction implies that, when at least two component models execute
concurrently, in certain situations their executions can not proceed without aid from each
other. For example, the producer can not store an item if the buffer has no available slot.
Thus, interaction suggests that certain transitions in A of interacting component models are
related. In fact, interaction is represented by having the respective component models
each simultaneously hold some particular enabling state and then each proceed in step via
the related transitions to some new resulting state; thus, a state-based transition model is
required that combines, in this manner, a number of concurrently executing component
models into a validation model. After the formal definitions of interaction are presented,
this dissertation constructs a validation model called a Producer / Consumer system by
combining the component models of the previous section.

Specifically, an interaction among n component models is defined by a collection
of transitions, each selected from a distinct component model.

Definition 3-3-1: Validation Model Transition

A validation model transition is a q-tuple t =df ( 8y, 9, ..., Sq ), where for every
b 1<j<qsuchthatq <n, Sj € A;, where A;, 1 <1 < n, is the set of transitions
among the states of one component model involved in the interaction, and where the
validation model transition can include only one member of the relation A;.
A validation model transition indicates the simultaneous change in the state of all system
component designs involved in the interaction. A validation model transition is an atomic

action; either all involved component models change state or none of those involved do.

This definition includes a validation model transition ( 8, ), to provide for a change in state



of a single component model without interaction with other component models. In Figure

3-5, portions of two component models p and q are shown.

A e

component model p ™ g _/'O "t

componentmodelg x 6— e T
n O n+1

4 ~a

Figure 3-5 : Interaction Among Two Component Models

The bold line identifies the arcs involved in the validation model transition; viz.

(T, Tpp 4 1) and (%, ®y 4 1 ). When component models p and q simultaneously
hold, respectively, the states m,, and m, they are said to hold the enabling states of the
validation model transition. This particular validation model transition requires that,
simultaneously, the token in p moves from state %y, to ®,,,; while the token in q moves

from state T, to state 7t;,;. When p and q hold respectively the states m,, , ; and &, , 1 at

the same time, they are said to hold the resulting states of the validation model transition.
Because the transitions of the component models define an irreflexive relation, the
resulting states are different from the enabling states. The simultaneous change in the
component models' state is called a validation model transition firing; a formal definition
of validation model transition firing is forthcoming. The combination of component
models into a validation model is obtained through the definition of validation model
transitions.

The interaction among component models is defined using a mathematical structure
called a Petri net. The following is a general definition of Petri nets, which includes all

conceivable Petri nets. Following this definition, a restricted Petri net class resulting from
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indicating interaction among component models is defined and is used as a modelling
technique.
Definition 3-3-2 : General Petri Net

A General Petri Net , GPN, [ Hac ] is a 5-tuple GPN =df <I1,X,1,0, mg >

satisfying the following statements :

1) Ilis afinite set of places { ®y, ..., &, }; the current place state p(w;) is a function
W : m; = N, which determines the number of fokens in a place; the r-tuple
m = ( W(my), ... , W(w.) ) of all current place states is a called a global marking,
and represents the current global state of the GPN;

i) Zis a finite set of GPN transitions { t1, ..., tg ) that represent the changes in the
marking of the GPN; the details of how the markings change are described by the
following functions;

iii} Iis the input function1: X x I1 — N representing the enabling conditions of the
GPN transitions; a GPN transition t is said to be enabled for a given marking mo if
it satisfies the condition that (Vx) € I, m(r) 2 I{t, 7);!1 this is always true when
I(t, ) = 0, so only the entries where I(t, ©) > O are inspected; a GPN transition is
said to fire when it causes a state change; only enabled GPN transitions may fire;

iv) O is the output function O : T x I1 — N which represents the conditions resulting
from the firing of the GPN transition;

v) For a GPN transition t € X, enabled at marking m, the result of firing the GPN
transition is a marking m' = ( u(xy), ... , u(w,) ) where (V) € I, p(x) = m(xn) -
I(t, @) + O, m); the change of marking from m to.m', by the firing of a GPN

transition t, is denoted m[ t >m’, where { t > is a relation between the markings m

1 That is, the GPN holds the enabling states of the GPN transition.
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and m'; an underlying assumption is that no two GPN transitions may fire

simultaneously.

vi) Finally, my is a marking which represents the initial state of the GPN.

For a GPN transition t to be enabled, every place with an arc leading to t must have at least

as many tokens as it has arcs leading to t. The firing of a transition t removes from a place

one token for each arc leading from t to that place. The firing of t also puts in a place one

token for each arc leading from t to that place. The conditions of transition firing are

called firing rules. A GPN is k-bounded if no current place state exceeds the integer k;

further, a GPN is safe if it is 1-bounded. Unbounded nets have place states of any

integer. Only safe nets are defined here.

A validation model is specified with a restricted sub-class of General Petri nets.

Definition 3-3-3 : Validation Model
A validation modelisa 7-tuple N=df <II , X2 ,1, 0, mg , Mg, H > defined

from n component models <II;, A;, A;, Q;, H; >, 1<i< n, satisfying the

following conditions :

)

the finite set [I=11; U Il U ... U II,, denoted { &y, ..., ®, }, contains all the
local states that may be held concurrently by the validation model; of course, only
one state per I1;, 1 £i<n, may be a constituent of a global state at a ime;

X = {1ty .., t }is a finite set of validation model transitions, where transition
ty=(81,82, ..., 8¢ ), 1 Su<s, such that 1 <q < n, where for every j,
1<j<qsuchthatq <n, d; e A;, where A;, 1 <1< n, is the set of transitions
among the states of one component model i involved in the interaction, and where
the validation model transition can include only one member of the relation A
each Sj = ( e;, I ), where e and 1j are, respectively, one of the enabling and
resulting states of the transition; because q < n, some component models may not

be involved in the transition definition; this definition also includes the case where
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a transition is a singleton set of edges; the rules for firing the transitions are the

same as for GPN, but the input and output functions must be defined;

i) I: ZxII— { 0,1}, where, for each 8j=(e-,rj)e ty = (91, 09, ... ,Sq), when

ne {epUeyU..Ueq ), Iy, m) =1; otherwise, I( t;, m) = 0;

iv) O: 2xI1— { 0,1}, where, foreach e t,, whenne {r;urpu .. Urg }

O( t;, ®) = 1; otherwise, O(t,, ) =0;

v) mg=A;UAyU .. UA, is the validation model Start Set;
vi) M= Q) Uy U... U, is the validation model End Ser;
vii) H=H; U Hy U ... U H,, are the mappings from states to the set of propositions

P=PyuPyu .. UP,

Validation models hold global states specified by global markings. A validation model has
clearly defined initial and final global markings. The word "concurrent" implies that, at
some time, component model i, viz. <II;,A;,A;,Q i» H; > where
It ={ my, ..., ® }, comprising the validation model, displays a local state
mi = (pi(ny), Ri(ma), Li(m3), oo s Bi(Ry), oo Bi(Ty) ), 1Sz <k A global
marking of a validation model is an n-tuple m=(ml! ; m2;..; m0 ), where the
component model local states are separated by semi-colons. Given a validation model
N=df<Il,X,I,0,my, Mg, H > and a global marking m, the number of tokens
in a state ® € 11, is denoted m(w). A markingme {0, 1 )%

There are some important characteristics of the validation models inherited from
the component models. First, because only one state from a component model can be held
at one time, a validation model is a safe Petri net. Second, because the relation A in the
component models is irreflexive, the firing of a transition produces a resulting global state
different from the enabling global state. By the definition, a validation model begins in

one initial global state; hence, the definition uses the lower-case denotation m to indicate

the fact that there is only one initial marking. Unlike the start set, the end set allows more
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than one final marking; this accounts for the upper-case denotation My used in the
definition.

To illustrate the use of the validation models, a Producer / Consumer validation
model is specified by combining the producer, consumer, and buffer component models
defined above. The producer and buffer interact when a producer creates some item and
places it in a buffer slot. A consumer and a buffer interact when the consumer takes an
item from the buffer and consumes it. The interaction among a producer and buffer may
proceed only if there is a slot in the buffer to store an item; likewise, the consumer may
proceed only if there is some item stored in the buffer. Figure 3-6 illustrates a P/ C
validation model with a two-slot buffer, using the techniques of Figures 2-1 and 3-5. For

clarity, the propositions are not illustrated.

t5
producer
T2
—_— e e t—t— - R — —
buffer
consumer

Figure 3-6 : The Producer / Consumer Validation Model



The circles represent the places IT = { 1y, ..., 7 ). The dots in the start set places are the
tokens. The validation model start set of Figure 3-6 is mg = (my, 3, Tg ) =
(1,0:1,0,0; 1, 0 ). The validation model end set of Figure 3-6 is
Me=(mg,m3,m7) =(0,1;1,0,0;0, 1 ).

The bars represent the validation model transitions £ =df { t;, .., tg }. The

validation model transitions ts and tg, between 1, and n, and between ng and 15

respectively, are not illustrated with bars, because they consist of one arc; these validation
model transitions imply that the respective component models can change state without
interaction with other component models. Figures 3-7 (a ) and 3-7 ( b)) represent the

input function I and output function O respectively,

I | m my w3y my R5 Wg My O | m my ”y my N5 Mg Ty
| | '
101 10000 gl 1001 000
173 : 0101000 t i 1 000100
t3 : 0001010 t3 : 0 01 0001
t4 ; 0000110 t4 : 0 001 001
ts : 1 000 O0O0O ts : 0100000
tg : 0 000©O0CO0O1 ts : 0000O0T10
(a) (b)

Figure 3-7 : Input and Output Functions

In Figure 3-6, only validation model transition ts is enabled.



In Figure 3-6 the places are associated with the following propositions :

Places :
Producer

7y : the item is not produced

Ty : the item is produced
Buffer
7t3 : buffer contains 0 items; buffer empty

T4 : buffer contains 1 item

Tt5 : buffer contains 2 items; buffer full
Consumer

Tlg : an item is available for consumption
77 : an item is consumed

The proposition(s) associated with a place is ( are ) true, when there is a token in that
place.
The validation model transitions describe the actions of the validation model. In

Figure 3-6 the following interpretations are used with the validation model transitions :

tyand tp : produce item and place on buffer
tyand ty : take item off buffer and consume item
tg: produce item
tg : get ready to consume next item

The interpretations aid in understanding the validation model.

A validation model can be partitioned into validation model phases [ CG ], which
represent portions of the overall function represented by the validation model. Each phase
is represented by a separate validation model and is composed of component models. The
validation model phases are combined into a validation model by taking the union of all
tuples specifying a phase, where the end set elements of one phase is matched with the
singleton start set of another phase, while conserving the number of tokens in the resulting

validation model. Phases provide a means of composing the design problem. The

3-50



intention is to specify and analyse each validation model phase, assemble the phases into
the entire validation model, and analyse the entire system design. The producer /
consumer example is defined below with phases.

Phases provide flexibity in specifications. The validation model allows for
terminating phases, with well defined end states having no possibility of further
execution. Terminating phases can be used as building blocks to form numerous
validation model structures. Structures with loops define cyclic validation models,
defined not to terminate except in certain situations.?2 This dissertation is restricted to
validation models which are cyclic.

Fortunately, a terminating validation model N may be redefined as a cyclic
validation model N' by the addition of two phases. The turn on phase has a turned off
place for each component model, that represents all of the component models holding a
state where they are turned off and not executing. A single validation model transition t is
included in this phase, with an input function mapping each turned off place to t and an
output function mapping each place of the start set with t. The firing of the transition
changes the component models' global state from holding the turned off states to holding
the start set of N. The'turn off phase consists of the same turned off places, but has a
number of transitions t'. For each transition t', the input function maps one element
selected from the phase end set of each component model and the output function maps t'
to each of the turned off places. The component models must all simultaneously hold the
local state corresponding to the turned off place; the corresponding global state is called
the turned off marking. The intent is that any validation model that includes the turn on

and turn off phases is cyclic; the proof of this statement follows in a forthcoming section.

2 Such as turning off the system for maintenance.
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To illustrate the concept of assembling phases into structures, the P / C validation
model is extended. The P/ C validation model, defined so far, can be thought of as a
single cyclic phase, called the P/ C phase. It would useful to be able to turn on and turn
off the P / C validation model. Figure 3-8 illustrates the P/ C validation model with these

additions.

20

8 il T2 8

0

79 3 73 n9
7 307 2O

10 6 n7 10

(a) Tum on Phase ( b)) Turn off Phase

( ¢ ) Combination of Three Phases

Figure 3-8 : A 3 Phase P / C Validation Model



Turning on the validation model places the P / C validation model into its initial global
state. The P / C validation model can only be turned off when it holds a state in the end
set of P/ C phase; this was done to simplify the turn off validation model phase. Figure
3-8 (¢ ) illustrates the P / C validation model holding the state represented by the start set
of the P/ C validation model phase. The 3 Phase P / C validation model conserves the

number of tokens.



Section 3-4 : Reachability Analysis of Validation Models.

The validation models are useful because they simulate system execution. The
principles of validation model execution are illustrated with the example of Figure 3-6.
The initial marking my=(®;;n3; M) =(1,0; 1,0, 0; 1, 0) represents the initial
conditions of the phase, namely that the producer is ready to produce, my(m;) = 1, the
buffer is empty, my(%3) = 1, and the consumer is ready to accept an item, mg(rg) = 1.
Transition tg is enabled at my, because its input conditions are satisfied; that is, (V) e IT,
mo(n) 2 I( x,t5 ), viz. (1,0;1,0,0; 1,00 2 (1, 0; 0, 0, 0; 0, 0). The firing of
transition ts, denoted my[ t5 >my, represents the production of an item and results in a
new marking my; =(0, 1; 1,0, 0; 1, 0). The result of firing the transition t5 is

illustrated in Figure 3-9.

producer

n2

e 3 . A e .

buffer

y145)
consumer .
t6
n7

~ Figure 3-9 : P/ C Validation Model Marking m; = ( 7ty ; 73 ; 76 )




An item has been produced, m(x;) = I, but the buffer is empty, m(nz) = 1; thus,
transition ty is enabled. The firing of t{, m;[ t; >m,, places an item in the buffer. The

result of firing t| is shown in Figure 3-10.

producer

2
S o

buffer

6
consumer .
t6
w7

Figure 3-10 : P / C Validation Model Marking my = {7ty ; ®4 ; 75 )

Now there are two transitions enabled, t5 and t3. Either transition may fire in lieu
of the other, but not both at once. If t5 fires the marking (0, 1; 0, 1, 0; 1, 0) results, and if
t3 fires the marking (1, 0; 1, 0, 0; 0, 1) results. Figures 3-11 and 3-12 illustrate the firing

of transition t3 and then transition ts, yielding markings m3 and my.
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The Figures 3-6, 3-9 through 3-12 represent a succession of transition firings denoted by
my( ts >my, my[ t; >my, my[ t3 >m3, m3[ t5 >my. The sequence of transitions ts, ty, t3,
ts can be denoted by o, which provides an abbreviated notation for the succession of
transition firings; i.e., mg[ ¢ >my. Finally, the firing of the sequence ¢ of transitions
results the sequence of markings mg, my, my, ms, my.

Three sets formally describe the finite execution of a validation model
N=<II,2,1,0,my, Mg, H >
Definition 3-4-1 : Finite and Terminal Transition Firing Sequences

The following sets define transition firings that cause finite execution of a validation

model [ Hac ][ Peter81 ] :

i) the set Sy(mg) =df { ce Z¥33m' € { 0,1 }T A mg[ 6 >m' } contains finite
transition firing sequences beginning with the initial marking mp;

ii} a subset of SN(myg) is the set of terminal firing sequences from my,
Tn(mg, Mp) =df {ce Z*33m' e { 0,1 }TAme Mya my[ o >m' }, that
places the validation modei into a final global state.

The sets Sy{myg) and T(mg, M) can be infinite sets of finite transition firing sequences.
Later, a definition of infinite transition firing sequences is defined. If there is a transition
sequence © such that mg[ o >m, then marking m is said to be reachable from the initial
marking mgp. In fact, for a validation model N, it is possible to consiruct the set of all
markings that are reachable from the initial marking my,.

Definition 3-4-2 : Reachability Set

The reachability set for a validation model N from an initial marking my is the set

RMp(mg) =df {me {0,1}733c € ¥ Amg[ 6>m }.

The initial marking mg € RMy(my), because my[ & >my for the empty prefix 6. What is

required is a means to generate theses sets.



Analysis techniques [ Peter77 ][ Peter81 ] are available to generate the sets Sn(mg),
Tn(mgp, My), and RMy(myg). For a validation model N, analysis techniques are based on
the following structure.

Definition 3-4-3 : Reachability Tree
A reachability tree is an unordered tree RT(mg) =df <RTN, 1, Q > where :
i) the nodes RTN are generated inductively, where
a) mge RTN; i.e., the root node is my;
b) fme RTN and m[ t >m' for some te X then m'e RTN;
ii) thelevel function £ : RTN — N is defined such that,
a) p(mgp) =df 1;
b) form e RTN, where mg[ 6 >m, and where ¢ € =* p(m) =dflo !+ 1;

iii) the binary relation m Q m' holds if m[ t >m', fort € ZX.

A reachability tree for a validation model contains a finite set of distinct markings; in fact,
the markings contained in RT(myg) contain the reachability set RMp(mg). A reachability
tree is finitely generated, but can be infinite. By Konig's Unendlichkeitslemma, such an
infinite reachability tree contains at least one infinite path of markings.

For example, the markings generated in Figures 3-6, 3-9 through 3-12 for the P /
C validation model are arranged into a portion of a reachability tree illustrated in Figure 3-

13. The firing of transitions from the initial marking are indicated by the bold arrows.



m0 (1,0;1,0,0; 1,0
B /

ml (0,1;1,0,0;1,0)
t1

m2 (1,0;0,1,0; 1,0

B v \(0101001)

m3 (1,06;1,0,0;0, 1)

s ¥

m4 (0,1;1,0,0;0, 1) (1,0;1,0,0; 1,0)
I:1/ \tﬁ
1,0,0,1,0;0,1) = 0,1;1,0,0; 1, 0)

Figure 3-13 : Portion of Reachability Tree for P / C Validation Model

This tree is infinite. A Reachability Algorithm, found in the cited references, is used to
construct a reachability tree.

The markings in a reachability tree of a validation model can be classified. The
initial marking is the start state of the reachability tree and is the root node of the tree.
Internal markings are intermediate markings tﬁat are found along a path in a reachability
tree. If an internal marking appears in a reachability tree more than once, it is called a
duplicate marking. Markings that correspond to the end set of a validation model are
called final states. Markings that have no enabled transitions are called terminal markings,
an infinite path can not have a terminal marking. Markings that represent undesirable
validation model behaviour are called error markings; and should not be reachable by a
validation model. A terminal marking that does not correspond to a final marking is an
error condition called a deadlock marking; a deadlock marking occurs if, and only if, the

validation medel is incorrectly specified.



Section 3-5 : The Reachability Graph

The reachability tree, though useful, is reduced to a reachability graph, a compact
and finite means of depicting an infinite reachability tree. The intention is to let the
reachability set define the graph vertices, let the firing of a single transition define the arcs
among the vertices, and label the graph using the validation model mapping H.
Accordingly, in the next chapter, graph theory is used for temporal analysis purposes.

Definition 3-5-1 : The Reachability Graph
A reachability graph is a tuple RG =df <S, T, mg, M¢, H >, derived from a

validation model N =df <II ,X,1,0,mpy, Mf, H >, where :
i) Sis afinite set { sq, 9, ... , S, } of vertices representing validation model global
states corresponding to RMp(mg);
if) T is a finite set of directed arcs, each corresponding to a distinct transition t € X of
N; for a transition t =df (s> 8§ ), 8; is its enabling global state and s; is its
resulting state; i.e., a validation model holding a global state represented by s; may
fire transition t to hold the global state fepresentcd by s;; the firing of the transition
tis denotated sif t >s;.
iif) mg is the start set of N;
iv) Mg is the end set of N;
v) His the mappings of N.
The significance of the reachability graph is that it simplifies the validation model without
removing the ability to represent its execution. Definition 3-5-2 modiﬁes the reachability

tree algorithm [ Peter81 ] so that it produces a graph instead of a tree.



Definition 3-5-2 : Reachability Graph Algorithm
A reachability graph RG =df < S, T, my ,, Mg, H > is constructed from a validation

model N =df <IT,%,1,0,mg, Mg, H > by the following algorithm :
{ - Create the first vertex of the reachability graph with the information contained in the

validation model.

- my, My, and H are the same in the reachability graph and validation model. )

S :={mg}
T =
Gtro = {my}
state_index =1
Qint A Prer 1=
{ main line }
WHILE ¢y, # & DO
a) SELECT m;. FROM 6,
b) IF-dte 3 Vr e IT: myy(n) 2 I(x, t)
THEN DO ¢yer = Oer + ( Myegy }
ELSE DO
c) Vie Z3Vre IT: myu(n) > I(x, t) DO { for every enabled transition }
d) V1 e IIDO m'(r) = mye,(R) - Iz, t) + O(r, £) OD { fire transition }
e) IFdme So>m=m'
THENDO T :=T + { (mgeg, m) }
) ELSE DO
Mgpae jndex = W'
S =S + { Mgaie index )
T =T+ { (Myegys Mggare index) }
bfro 1= 0o + { Mgpate index )
state_index  :=state_index + 1
END ELSE
£) Qint = Oing + { Myegy }
oD
END ELSE
h) Gtro = Pfro - { Myegt )
END WHILE



Lemma 3-5-3 : S is Equivalent to RMpn{(my).

For a reachability graph <S , T, mg, My, H > constructed from a validation model
N=df<Il,X,1,0,mg, Mg, H >, by the reachability graph algorithm,
S = RMy(myp).

Proof : There are two cases that must be shown, that RMn(mg) < S and S € RMp(my).
Casei:RMp(mg) ¢ S. That any element in RMp(mg) must be an element of S is
shown by induction on x, the number of times a reachable marking m is added to S,
and by construction using the reachability graph algorithm definition.

x = 1: The initial marking mg is in both RMp(mgp) and S.
x> 1 :Itis assumed that S contains x - 1 markings and that
Mg 3 (30 € T 3 mg[ 6 >Myegy ) A Mg € RMy(mg) A Myeg €
S N O When mygg, is selected for processing and a transition t € X is
enabled in myeg, then myy[ t >m. Thus, because mg[ 6 >my,g and
Myegl t >m, there is a sequence of transition firings ¢' =df cet € T* such
‘that mp[ ¢' >m and m € RMp(mg). If a marking m is distinct from any
other marking in S, it is the x-th marking added to S; otherwise, it is already
included in S. Thus, any element in RMp(mg) must be an element in S.
Caseii:S ¢ RMn(mg). It is assumed that 3m 3m e S A me RMp(mg). Since
m ¢ RM(ng),—-3c'e Z* 3 mg[ ¢'>m. Clearly, for my, mge S A
mp € RMpy(mg), contradicting the assumption. Furthermore, for m € S,
Amegy 3 Myege[ t >m, where 3o € £* 3 mg[ 6 >myeq.  Therefore,

Jo' =df oete L* 3 mgp[ ¢' >m; reductio ad absurdum, S8 ¢ RMpn(mgp). Q.E.D.
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Theorem 3-5-4 : Definition 3-5-2 produces a Reachability Graph.
The reachability graph algorithm terminates when applied to a validation model
N=df<II,X,1I, 0, my, Mg, H > and produces a reachability graph
RG =df <SS, T, myg, Mg, H > as per Definition 3-5-1.

Proof : By construction of RG using the reachability graph algorithm.

Case i} : To show that the algorithm terminates, it is sufficient to show that at some

point ¢, is empty. Every time a my. is selected from ¢, and proces_sed, it is deleted
from ¢y,,. If it can be shown that the ELSE DO, statements f) are executed a finite
number of times, then the algorithm will terminate. The algorithm starts with the
initial marking mg and, by firing enabled transitions, proceeds to define the vertices S.
The statement b), (V) € IT : myeq () 2 I(m, t), tests if a transition is enabled. A
maximum of all transitions may be enabled and a minimum of no transitions may be
enabled. If no transition is enabled my, is removed from ¢g,. If the new marking m'
is not a member of S, it is added to ¢y, S, and an arc (myeg, m') is added to T.
When the result of firing a transition is a marking m' that duplicates m already in ¢,
the algorithm creates an arc leading from m,eg to m. For a given validation model N
there is a maximum of MAX =!II; Ix III5Ix .. x 1II; | markings.3
Since MAX is a finite value and x < MAX, a distinctly new m is added to ¢, and S a

finite number of times. Therefore, the algorithm must terminate, S must be finite, and

the reachability graph is of finite order. That S corresponds to RMp(my) follows
from Lemma 3-5-3.

Case ii) : An arc t =df (myeq, m) is added to T if 3t € X that is enabled and
myeq t >m. The firing of a transition can result in a distictly new marking m or a

duplicate marking m, but never a marking m = my,g;. Thus, the arcs are directed and

3 Here, x is integer multiplication.



do not form loops. The number of transitions enabled at my. may vary; therefore, the

reachability graph is non-regular. Clearly, an arc t € T represents the firing of t at the

enabling state my. producing the resulting state m.

Cases iii), iv) and v) : The sets mg and My, and the mapping H, follow immediately.
Q.E.D.

Lemma 3-5-6 : Definition 3-5-2 Produces a Strongly Connected Graph.
The reachability graph algorithm applied to a validation model N that includes turn on
and turn off phases generates a strongly connected reachability graph.

Proof : By Construction Based on Definition 3-5-2.
By convention, a deadlock marking implies an incorrectly defined validation model.
Because the turn on and turn off phases are included in the validation model, none of
the end sets are terminal markings. The end set markings are reachable from the start
set markings. Because the turned off marking is reachable from all of the end set
markings and the start set marking is reachable from the turned off marking, all
markings in S are reachable; thus for any two u, v € §, this is tantamount to a path
from u to v and a path fromv tou. Q.E.D.

The implication of the previous proof is that a validation model generating a strongly

connect reachability graph is cyclic.
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To illustrate the results of applying the reachability graph algorithm to a validation
model, Figure 3-14 is the reachability graph for the 2-slot buffer producer consumer

validation model of Figure 3-6. The vertices of the graph are expressed in terms of the

global state notation. The arrows represent the arcs among the vertices. The state mg is

indicated in the normal manner, but the final state is enclosed in a box.

N

(nl, =3, n6)
5y

(m2, n3, n6)
tl ‘

(nl, nd, n6 ) <«
54 8 \ 6

» (n2, 4, 1t6 (rl, n3, ®7 )
g 25

(nl 1r,5 1t6) ‘t/l (n2, 3, n7) w

(n2 nS n6) (ﬂ:l 4, n7 ) s

(152 1:4 n7)
('n;l n5 w7 )

(zt2 nS 1r7)

Figure 3-14 : Reachability Graph for the 2-Slot P / C Validation Model
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Chapter 4 : TEMPORAL ANALYSIS OF THE VALIDATION MODEL

Section 4-1 : Introduction - The View of Time

The PLTL defined in the next chapter is based on the linear, discrete view of time
[RU [ HC]. This view of time is defined formally [ Bri J[ Hal }{ LPS ].
Definition 4-1-1 : The Time Line

The time line is defined by the tuple < T, R >, where :

i) Ty is a non-empty set of time instants with, possibly transfinite, cardinality X;
ie, R=df ITg|;

ii) the symbol R denotes the relation of temporal precedence, a strict well order on
Ty

iif) the well ordered set < Tk, R > is order-isomorphic to an unique oo € ORD; there
is a bijective function p : Ty — o, such that if, for T and '€ Ty, T R 1’ then
p(t)e p(t)e a;

iv) the well ordered set < Ty, R > =df { E B e o}, where i) is the unique inverse
image of B under p; thus, the function p - ! conforms to the definition of a
sequence.l

It is useful to choose a temporal reference point 8, B e , called the present time instant.
The present time instant 3 identifies, for inspection, the history of time instants contained
in Ty that temporally precede .
Definition 4-1-2 : The Temporal Predecessors of 8

The present time instant B selects a prefix of the sequence p - 1, using the function

13:{0,1,2,..,B-1} > Ty, where 1g is the restriction of p -1 to the domain

lie., the set Ty =df { Tq, Ty, ..., T . } is indexed by ordinal numbers.
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B e ae ORD. The range of the function zg is the set of predecessors of g
PRE(:c_ﬁ) =df { 1, T4, T3, ... TR -1 }. Thus, T8 € Ty & PRE(I_ﬁ) cTy.
The set PRE(zg) is countably finite and can be indexed by a subset of N, when § < .

The set PRE(zp) is countably infinite and can be indexed by the set N, when f§ = o.

Definition 4-1-3 : The Next Time Instant

Given the present time instant 18, the next future time instant is T8 + 1> Where by

definition no other time instants are identified between 4 and T8+ 13 this is achieved
by the set PRE(1p , 1) =df PRE(1g) U { i ).2
By the principle of transfinite induction, PRE(1,) =df { 133 f € o } =df Ty.
The linear, discrete view of time is summarized.
Definition 4-1-4 : The co.-relation
The o-refation holds between any two time instants 3 and Ty € Ty, denoted by
R & Ty, iff 1 PRE(I_ﬁ) I >1 PRE(LI) I. Consequently, T8 O Ty implies that Ty
temporally precedes 3.3
Consistent with this definition, for the next time instant T+10f78, g4 1 @ g holds
and 3 is called the immediate subordinate of T8+ 1> for any other time instants such that
g O Ty holds, Ty is called the subordinate of 8-
Moreover, PLTL requires the linear, discrete, and absolute view of time.
Whenever there is an order-equivalent isomorphic mapping I : w — T matching the

index set of a sequence w to the time line < Ty, R >, the function I is an interpretation

and w is a sequence of observed phenomena corresponding to the linear, discrete view of

2 This differs from continuous time, where a time instant 7y can be selected from between
any two time instants 7; and 1;.

3 The term "o-relation™ is chosen since the ordinal number ¢ is involved with the ordering
among the time instants.
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time.4 The notion of absolute time requires that only a single determinate sequence w of
phenomena from an interpretation I is observed. But, the study of the potential
observations requires the definition of the a-relation among a number of alternative
interpretations.> Linear, discrete, and absolute temporal analysis defines the a-relation
structure of alternative interpretations using elements of the set W for their components. It
is said that the o-relation structure is defined over W, where each interpretation is implied
by the o-relation.

Temporal analysis is the foundation upon which the PLTL language and validation
is based. It is the definition of the c-relation structure over the global state holdings S of
the reachability graph and their corresponding atomic propositions. It is based on the
notion that given the present observation of any alternative phenomena, the sets of
observed phenomena sequences leading up to the present observation can be identified.

The remaining sections construct the o-relation structure.

4 The time instants, e.g. Tg, are actually a notation for a generic form of observed

phenomena.

5 In contradistinction to a set of sequences, the notion of relative time posits a tree
structure of time, where paths through the tree represent sequences of observed

phenomena.
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Section 4-2 : The Well Founded o-Relation

The definition of temporal analysis must be extended to solve one difficulty. Since
walks of finite and transfinite length can be defined through a reachability graph, and since
validation is performed over both, temporal analysis must define a finite o-structure that
contains sufficient information for validation purposes.

A certain type of a-relation is required.

Definition 4-2-1 : A Well Founded o-Relation [ LPS ]

A well founded binary a-relation o over a set S implies that, for any infinite sequence

(505 S5 o+ » Sis Sj 4 1, - ) such that s; € S :12 0, it is not the case that s; , ; & s;
holds for all i e 0, 1, ... ; if the relation « is a total order, then < S, o > is a well
founded structure.

A structure < @, > > is a well founded structure, where o € ORD represents the set of
all ordinals smaller than o and > is the standard ordering relation over ORD. For A C S,
a number of alternative well founded structures < A, o > are defined.

The implication of the well founded o-relation is that no matter what element s € S
is assigned to the present time instant, the well founded a-relation defines certain future
and past finite sequences of elements based on s.6 For example, given an infinite
sequence (8, 81, ... » Sj» Sj + 1» .. ) from an interpretation, an element s;:i> 0
can be associated with the present time instant. For k < ® and 0 <j < k, there is a
sequence portion (sj, 8; 4 1, - » Sk - 1, S ), such that s; = 5 or's; = sj» and where

Sk O Sk - 15 Sk~ 100 Sk .25 e 5 Sj 420 Sj 4 1, and s, 1 O s

6 i.e., when s temporally precedes s', for s and §' € S, then s can be assigned to a time
instant that temporally precedes the time instant associated with s'.

4-70



may hold; by transitivity, s; o sj holds. By virtue of observing the present phenomena
Sk» the observations that may have lead up to the present can be identified. Conversely,
by virtue of observing the present phenomena s;, the potential future observations leading
to si may also be identified.
Definition 4-2-2 : o-Minimal Element [ LPS ]
Given that the well founded o-relation is defined over S, any non-empty set A € §
has at least one a-minimal element s€ A3 —3s'e A 3sas'. The set of all o-
minimal elements of a subset A is MIN(A)=df { s 3 —~3s'e A,s a ' }.
That is, the o-minimal element s is associated with a time instant that temporally precedes
those associated with all other elements in a well founded structure defined over A. The
fact that s is an o--minimal element does not preclude s being associated with other time
instants. The o-minimal element must exist by definition of the well founded relation c.
The remainder of this chapter is devoted to the definition of a well founded «-
relation; the techniques of [ LPS ] based on the fundamental Theorem 1. and proof are
required. The following theorem shows that every well founded relation o can be mapped
into a well founded structure < o, > >, viz. the time line.
Theorem 4-2-3 : A Well Founded Relation o Over the Set of States S can
be Mapped into the Time Line < Ty, R >.
A well founded o-relation « is defined over S. There exists an ordinal o and a
ranking function p : S — o such that :
) sas = p@)>p@)
i) if, for every s" € S, s' a s" = s a s" then p(s) = p(s").
Proof : By a Means Similar to Theorem 1. [ LPS 1.

The following, possibly transfinite, sequence is defined :
Sg =df MIN(S),
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S1 =dfMIN(S-y;.15;)

L. |

Sk =df MIN( S - Uick Si )

By transfinite induction for every limit ordinal j3,
Sg =df MIN(S - Uy, Sy).
The ranking functionisp : S » a3 p(s) =df y¢> s € S,
The ranking function p satisfies cases i) and it).
) sas = p(s)>psh):
Because, in any well founded structure < S, o0 >, s o s' implies that s' temporally
precedes s, the sequence Sg, Sy, ... , S, ... implies that s € Sy, and s’ € S, for
Y > v; by the definition of the ranking function, p(s) > p(s").
i) if, for every s" € S, s' a s" = s o s" then p(s) 2 p(s’) :

The statement for every s" € S, s' a0 s" = s o s" implies that every s" is -

minimal in the set { s, §', " } © 8. Since s" can be any element of S, including
either s or s', or both, the only way s' & s" = s o s" can be guaranteed is if s
-and s' are one in the same and p(s) = p(s') or s and s' are different and
p(s) > p(s"); for example, if p(s") > p(s") > p(s), s' & s" holds but does not
imply s a s"; Therefore, the statement p(s) 2 p(s') must hold. Q.E.D.
There are a number of consequences of this theorem. If S has finite cardinality n, then the
range of pis afiniteset (0, 1,2,...,n-1}. If, forevery s € S, the degree of «, i.e.
set { s'3s o s'}, has finite cardinality, then the range of p may be taken as a subset
of N. If S is countable, the range of p is a countable ordinal. There exists an ordinal o

such that Vs € §, p(s) < «; in this case, o =df ®.
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Section 4-3 : Generating Countable Walks

Here, the observed phenomena are validation model global states, conveniently

structured by the reachability graph < S, T, mg, Mg, H >. Temporal analysis defines a
well founded o-relation over S, such that MIN( S ) =df my, whose set of alternative
interpretations are countably finite and infinite walks through the global states S of the
reachability graph. The approach of [ CV ] is used, defining a A-free Petri net language
[ Hac ] to generate the sets Sy(mg) and Tp(my, Mp), Definition 3-4-1, for the validation
model N. The validation model transitions X comprise the finite alphaber of the Petri net
languages. Because X corresponds directly to T, each word in the Petri net language
specifies a path of arcs in T generating a walk. Since the walks are countable, the
following definitions use N to index sequences.
Definition 4-3-1 : Countably Finite Language

The countably finite language of a validation model N is the set of all words

L{N) =df { 6o € T* 300 € Spn(mp) }.
Definition 4-3-2 : Terminal Petri net Language

The terminal Petri net language L'{N) of a validation model N is the set of all words

L'(N) =df { 6o € Z* 3 Go € Tp(mg, Mp }.
Definition 4-3-2 defines words corresponding to transition firing sequences that put the
validation model into a final state. Clearly, L'{N) ¢ L(N).
Definition 4-3-3 : Countably Infinite Languages

The countably infinite language of a validation model N is the set of all words

Ly(N) =df { 6, € Z9 3 0,fi] € Sy(mg),ie N }.

Each word in the countably finite language corresponds to a path in the reachability

graph. Since the arcs T correspond to the firing of a single transition, the words in

explicitly denote the sequence of arcs comprising the path.
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Definition 4-3-4 : A Countably Finite Path
A countably finite word Go: { 1, ...,k } — X such that 6o =df (t;, ..., t; ) € Z*
generates a countably finite path
C=df{cy=(mp,81),c3=(51,8), .,C=(8k.1,8):¢1,€Cp -.,Ck€ T}
of a reachability graph iff there exists mg, sy, ..., sg. 1, 8'€ (S A RMpn(my) ), such
that there is countably finite transition firing sequence mg[ G >s' in a validation
model N denoted mg[ t; >sq, 5[ ty >89, ..., 8 _ 1 ty >8.

Definition 4-3-5 : A Countably Infinite Path

A countably infinite path, viz. a countably infinite transition firing sequence, of a

reachability graph is an infinite word o, =df t, ..., 4, ... € 9, such that each

prefix o,[i], where i € N, is a countably finite path.
The set of all countably finite paths of a reachability graph RG is denoted Fo(RG) and the
set of all countably infinite paths of a reachability graph RG is denoted F,(RG). For a
reachability graph RG generated from a validation model N, Fo(RG) is defined by L«N)
and F,(RG) is defined by L,(N).

It is useful to have a precise notation of the sequence of global states comprising

the walks through the reachability graph.
Definition 4-3-6 : Countably Finite ( Infinite ) Walk

The walk generated by the countably finite  infinite ) transition firing sequence oo
( 0y ) of a validation model N, where 0- € Fo(N) ( 04, € F,(N) ), is the mapping
Oo(0o) 1 { 1, ..., 1 0o I+ 1) = S (34,(0,) : N —= S), such that

de(o)(1) = mg ( §y(0 (1) =mp ) and, for 1 <i<lool+1(Vie N3i>1),
| there exists an s € S where 8o(00)(i) = s ( §,(0,)(1) = s ), where

mg[ oo[i] >s ( mg[ O,li] >s ).
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To denote the collection of all countably finite ( infinite ) walks generated by a validation
model N for the corresponding reachability graph RG, the notation A-(RG) ( A,(RG) ) is
used.
Definition 4-3-7 : Collections of Countably Finite ( Infinite ) Walks
As per Definition 2-2-3 : Collection of Sequences, since for a(n) finite ( infinite )
sequence Oo ( Gy, ) the i-th element can be identified, viz. 6-(i) (o,(i) ), the
following definitions are made :
i) the set of i-th components of the sequences in A«(RG) ( Am(RG) ) is denoted
A«(RG)j2ie Ic N (A, RG);3ie N);
ii) the union is Uj ¢ 1 c §y A(RG); (Y ¢ N ARG} )
ifi) the intersection is M ¢ 1 = 5y Ao(RG); (N ¢ N ALxRG); );
iv) the product x; ¢ 1 - i A<(RG); is the set of finite choice functions
{ Bo(00) 3 8o(00) : I = Uj ¢ [ A(RG); , where 8o(T0)(i) € A«(RG); forallie I };
thus, 8o(a0) defines the tuple, a countably finite walk of cardinality | oo |,
(8e(0e)(1), ..., So(Oo)(l G0 1) ) € X ¢ | go1 A(RG);; furthermore, the prefixes
of 8o(0) define walks in A«(RG); of lesser cardinality;
v) the product X; ¢ ny A,(RG);, is the set of infinite choice functions
{ 8p(0w) 3 8,(0) : N = Uj ¢ N Au(RG);, where 8,(0,)(1) € A,(RG); for all
ie N }; thus, 8,(c,,) defines the tuple, a countably infinite walk of cardinality
R, (85(0)(1), ..., (0 )(M), ... ) € X5 & N Ap(RG);
Clearly the prefixes of all 8,(Gy) € X; ¢ N Au(RG); defines X; ¢ 1 <y A«(RG);. An

infinite set of finite predicates Aj( vy, v, ... v; ) is defined, whose sentences define

countably finite walks.
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Section 4-4 : Restricting Countably Infinite Walks.

The purpose of correctness analysis is to show that the execution of the validation |
model meets the requirements of the correctness criteria PLTL formulae. Certain
conditions, defined by standards of conduct [ LPS ], can be imposed on the validation

model execution. For the simple reachability graph illustrated in Figure 4-1, a liveness

correctness criterion could be that the validation model begins in global state s; and

eventually terminates by holding global state s,.

1 t
S { S )
1 2 2 3

Figure 4-1 : A Reachability Graph Producing a Race Condition

Unfortunately, this reachability graph generates the countably infinite path (tt5)®, which

produces a countably infinite walk that alternates between s and s»; this is a simple race

condition, which does not meet the correctness criteria. One could reason that the

validation model is flawed, since it generates a walk where the final state s5 is never held;

however, another approach is to reason that such walks would not occur under certain

conditions. Close examination of the path (t;t)® reveals that transition t3 is enabled an

infinite number of times, but is never fired. While there is no reason why the walk

resulting from (t;t3)® can not be considered acceptable, the walk can be removed from

consideration by imposing the condition that any transition enabled an infinite number of
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times is eventually fired. Correctness analysis under such a condition of execution would
show that the validation model honours the correctness criterion.

In { LPS ] the concepts of impartial, fair, and just standards of conduct are
defined, based on explicit definitions of a well founded relation «, to prove the
termination of multiple, concurrently executing processes. The methods in [ LPS ] are
extended here for cyclic validation models.? This dissertation employs the study of
infinite behaviour of Petri nets in [ CV ] derived from the concepts of [ LPS ] to select
those countably infinite walks deemed acceptable.

Two preliminary definitions are required to define the concepts of impartial, fair,
and just standards of conduct in infinite walks. First, a means of determining the number

of times a transition t is enabled in a given walk 3 ,(G,,) is required.

Definition 4-4-1 : The Enabling Counter

The enabling counter for an infinite firing sequence o, and a transition t is the
mapping
EN: Fy(RG) xZ — N, where EN(0,, t) =df I {ie N 3§,(c,)d) 2 I(t, -) } I.
Here I(t, -) denotes the row of the input function I corresponding to the transition t. The
relation 04,(G,,)() 2 I(t, -) corresponds to the firing rule defined in Definition 3-3-2 and
only the entries of the row I(t, -) greater than zero are inspected.

Definition 4-4-2 : The Continuity Predicate
The continuity predicate CON(0,, t) is true when

di e N, where Vj e N3 j2i, 8,(0,)() = I(t, -) and is false in any other situation.
CON(0y, t) is true when the transition t is enabled at some point in the infinite transition

firing sequence G, and enabled continuously thereafter.

7 the condition of execution imposed in the previous paragraph conforms the the impartial
standard of conduct.
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The infinite paths of the reachability graph RG specified by the corresponding
validation model honouring the impartial, just, and fair standards of conduct can now be
defined.

Definition 4-4-3 ; Impartial Path

The impartial paths of RG are defined as

Fo-impartial(RG) =df { 6y € Z® 3Vt e Z, EN(o,h) = o }.

Definition 4-4-4 : Just Paths

The just paths of RG are defined as

Fo-just(RG) =df { 6, € Z® 3Vt e I, CON(0, t) = te INF(o,) }.

Definition 4-4-5 : Fair Paths

The fair paths of RG are defined as

Fy£ir(RG) =df { 6,4 € Z0 3 EN(O,,t) = @ = t€ INF(c,,) }.

The languages generated by a validation model N are Ly _impariaitN), Lgy—jus{N), and
L yfair(N), respectively.
Definition 4-4-6 : Impartial, Just, and Fair Walks

The set of countably infinite walks through a reachability graph RG specified by the

paths Fo,_impantial(RG), Fyy_just(RG), and Fy_,;r(RG) are denoted A impartial(RG),

Ay-justRG), and A, £, (RG), respectively.
It is useful to speak of countably infinite transition firing sequences and countably infinite
walks generated by a validation model honouring a standard of conduct, without explicitly
naming one of impartial, just, and fair [ LP]. Accordingly, F,_,(RG) denotes the
countably infinite a-paths of RG and A,,_,(RG) denotes the countably infinite a-walks

specified by the a-paths.
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Section 4-5 : Defining the Well Founded o-Relation.

The task of explicitly defining the well founded o-relation o over the reachable
global states S of the strongly connected reachability graph < S, T, my, My, H > is dealt
with here. The countably infinite walks w € A,_,(RG) consist of an infinite number of
finite prefixes. Each finite walk portion can be specified by a sentence of a predicate.
Definition 4-5-1 : Walk Predicates

A portion of length i of a countably infinite walk is a sentence of an i-ary walk

predicate A{( vy, vy, ..., v; ). For each predicate, v, is called the leading variable and
v; 18 called the frailing variable; likewise, for a sentence
(81,589, .., 85)0f A( vy, Vo, ey V5 ),
sy is called the leading term and s; is called the trailing term. A walk predicate
Ai( vy, vy, ..., v ) implies the set of subordinate predicates
Ai(vy, Vo, e s Vio 1 s e s Ap(vy, v ), A( vy )

Ay o(RG) defines an infinite set of finite predicates A;( vy, Vo, ..., Vi) 1i< @.
The impartial, just, and fair standards of conduct select infinite sequences, whose finite
portions are sentences of the predicates A;( vy, v, ..., Vi) 1 i <®. The countably infinite
walks w € Ay _o(RG) can be mapped to the time line by defining interpretations
I:w — Ty; therefore, as in Section 4-1, the o-relation can be defined over the
components of each infinite walk and each finite portion.

Since the countably infinite walks A,_5(RG) are sequences in the finite set S of

global states, for every 8,(0,) € Ay,_g(RG), an infinity set INF(8,(c,,)) is defined.
Likewise, an infinity set INF(A,_,(RGQ)) is defined, consisting of all those global states

that appear infinitely often in every infinite walk;
ie., INF(Am_a(RG)) =df ﬁ&o(cw) e Ao-a(RG) INF(B(D(G(D)).
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Therefore, INF(A,,_o(RG)) defines a strongly connected component of the reachability
graph with an equivalence relation =, where, for every x, y € INF(A,,_o(RG)) N S,
x =~y implies the existence of a set of path portions from F,, ,(RG) defining a finite
walk from x to y and y to x. By definitions of the standards of conduct, and since the
reachability graph is strongly connected, INF(A,,_o(RG)) = S; hence, the equivalence
relation = holds over S. Therefore, what is required is the minimal set F,;, of finite path
portions of Fy, (RG) that specify the equivalence relation = over S; F;, must define all
elementary paths and cyclic elementary paths of the reachability graph. Transitivity of the
equivalence relation =~ implies that longer path protions can be defined from the minimal
set.

The equivalence relation = is defined among the leading and trailing terms of all
sentences. All longer finite walk portions are constructed using transitivity. The
elementary and cyclic elementary paths select certain walks.

Definition 4-5-2 : Acceptable Walk Portions
A cyclic walk portion is a sequence of global states

(8585410 8j4i)ij+idj+i=dfk k2j,

whefe the trailing term s, duplicates the leading term sj. Cyclic walk portions are
acceptable iff the trailing and leading terms are the only duplicates. Only portions that
do not duplicate a component, except those acceptable cyclic walk portions, are
acceptable.

Definition 4-5-3 : The Maximal Length of an Acceptable Portion
Since the reachability graph is loop free, the maximal length of a portion of an infinite
walk is a cyclic walk portion of length I S | + 1.

The predicate large enough to contain a maximal sentence of length n <151+ 1 and the

family of subordinate predicates { A;:1 <1< n } are required. Not all subordinate
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predicates may have a sentences conforming to acceptable cyclic walk portions, but the

sentences of maximal predicate must be acceptable cyclic walk portions.

Definition 4-5-4 : SCC-A,_,(RG) Acceptable Portions
The acceptable walk portions of A;,_(RG) specified by { A;: 1 <i<n } are called
SCC-Ag_RG) acceptable portions.
The SCC-A, o(RG) acceptable portions define an equivalence relation among the leading
and trailing terms of all sentences. »

A well founded binary o.-relation is defined among the sentences of A{( vy ) to
define the minimal set of finite predicates Ap( vy, ..., v; } : n > 2. Thus, the sentences of
predicates

An( V] vy ey Vi )y o, Ag(vy, Vo ), Aq( vy)
are portions (s, Sj4 15+, Sk - 1, 8 ) : k> j, such that s; = s or 5; = sj» of infinite
walks A,_o(RG).
Definition 4-5-5 : The Well Founded «-Relation
A well founded o-relation is defined over all distinct elements of S, sentences of A ;.
The predicates { Aj:2<i<n } correspond to the SCC-A,_(RG) acceptable
portions. For every leading term s and trailing term s' of a sentence, s' o s holds
and specifies at least one acceptable portion of SCC-A,,_o(RG) using a path Go such

that s[ 0o >s'; s o s holds implies a cyclic path o,

Temporal analysis uses Definition 4-5-5 to define future executions of the validation

model in terms of the linear, discrete, and absolute view of time.

Lemma 4-5-6 : The Well Founded o-relation is an Equivalence Relation.

Proof : By Construction.

The paths Fp;, select portions of walks in SCC-A,,_o(RG). The acceptable portions

allow all global states S to be a leading or trailing term. Reflexitivity, symmetry, and

transitivity clearly hold. Q.E.D.
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Lemma 4-5-6 is of critical significance to this dissertation.
For example, Figure 4-2 shows a simple reachability graph, Figure 4-2(a), and the

a-relation defined over cyclic portions, Figure 4-2(b), for the graph.

7]

R d i siij
D TR S S
B D 3

Figure 4-2 : Well Founded a-relation Example.

In figure 4-2(b), the dots represent time instants and the arrows represent the o-relation.
The o-relation requires four predicates :

A1(vy), Ag( vy, v ), Ag( vy, vg, v3 ), and Ag( vy, vp, v3, v4 ),
whose sentences define the acceptable portions. The o-relation and the corresponding

portions for Figure 4-2 follow.
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It is clear, that a well founded relation can be defined for any portion of maximal length n

of any walk in A,_,(RG), by applying Theorem 4-2-2. An infinite walk can be

constructed with an infinite concatenation of acceptable portions. However, the task of

temporal analysis is not complete, because the SCC-A,,_,(RG) acceptable portions must

be expressed in a form compatible with PLTL. This is the subject of the next section of

this chapter.
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Section 4-6 : The Validation Model ¢-Relation Structure.

PLTL is a language for reasoning and inference about phenomena arranged in a
temporal structure. Model theory [ Bri ] is based on the definition of a relation structure, a
generic mathematical structure that underlies any logic in general, and PLTL in particular.
Any logic should be sufficiently comprehensive to express its relation structure
[ Rob77 ]; indeed, PLTL is a language that can express its relation structure. Here, the
relation structure describes 0i-SCC-A,(RG) acceptable portions, providing temporal
structure for PLTL.

Definition 4-6-1 : Relation Structure
A relation structure [ Bri )] Rob73 ][ Sac ] is a 4-tuple,
Z=df<Z,{Aj}icr1,{f}jes, { ok Jxe x> where :
i) Zis a non-empty domain;
i) { Aj }je 1is a family of predicates defined over the domain, with a function

A : I — N such that, for each i € I, A(1) 2 0 and A; is a A(i)-ary relation on Z;

ie., Ajc ZM),

i) { f } jel is a family of choice functions, with a function it : J — N such that, for

each j € J, u(j) 2 0 and a given fj is a p(j)-ary function in Z;

iv) { ¢k }x e x is a set of distinguished elements, with a possibly empty set K of
integers such that, for k € K, ¢ is associated with a corresponding element of the

domain Z.

I, J, and K are the respective indexing sets for the families of relations, functions, and

distinguished elements of the relation structure. The A(i)-ary relation A; with domain Z is
a AD)-tuple (21, ... , Zyy ), where z; is called a component with index j. A function f

has the domain of pi(j)-ary tuples of z and a range of single elements of Z; therefore, a
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function f; can be thought of as a (U(j) + 1)-ary relation. A distinguished element ¢y is a
unary relation that associates some item with an element from the domain. Hence, a
relation structure could be defined completely in terms of relations; it is only for
convenience that functions and distinguished elements are used.
Particular classes of relation structures can be identified.
Definition 4-6-2 : The Relation Structure Type
The type of a relation structure Z is the tuple 87 =df < A, 4, K >, where A and | are
functions associated with the families of predicates and functions respectively, and
where K is the set of integers corresponding to the distinguished elements. Two
structures Z and Y have the same type iff 07 = 8y. Two structures Z and Y are of
similar type iff 07 =df < A, |, K >, 8y =df <A', i, K' >, and there are bijective
mappings hy : I - T, hy:J— J,and hy : K = K.
When two relation structures Z and Y are of similar type, then Z and Y are isomorphic.
Definition 4-6-3 : Relation Substructure
If the relation structures Z and Y have the same type, then
Y=df<Y,{Bj}ic1,{8}jes, { dk Jxe x> isasubstructure of
Z=df<Z,{AjYie1:{fjljes, ek lke k> iff:
i) YcZz;
ii) the family of relations in Y, { B; }; ¢ 1, is the restriction { Hal ][ Bri ] of the family
of predicates in Z, { A }; ¢ [, to the domain of Y; i.e., for every i € I,
A;=B;n YA,
iii) given any family of functions { gj }j ¢ 7 in Y and any family of functions

(fj}je yinZ, foreach yy, ..., y, () € Y and for every j € J, it is the case that

g1 s Vi ) = Y1 > Vg
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iv) for each k € K, ¢ = dy; each distinguished element of Y is a distinguished

element of Z.

Given a relation structure, Definition 4-6-3 shows that a substructure can be extracted
from the relation structure.

The o-relation is defined in terms of the relation structure. The domain Z
consists of the global states S and the families of predicates and choice functions define
the c.-relation among the domain. The global states are abstract representations of
phenomena observed of the validation model. The atomic propositions assigned to the
global states by the function H : § — 2P are a more explicit meanigs to the global states.
Definition 4-6-4 : Atomic Tableau

An atomic tableau is the set of atomic propositions, denoted a;, that are mapped to the
value of a variable v;; i.e., a; =df H(v)).
The PLTL language is based on sequences of atomic tableaux.

Therefore, the well founded ¢-relation is specified in terms of the atomic tableaux.
The predicate of the well founded oi-relation A( vy, vq, ..., V(i) ) defines a subset of
all sentences, those sequences of bound variables ( ay, as, ..., ay(j) ) with cardinality A(i),

where a; ¢ P : 1 <i< A(i) explicitly defines an atomic tableaux of the sentence.

Definition 4-6-5 : Finite Linear Ordered Atomic Tableaux
The sequence of finite linear ordered atomic tableaux, abbr. FLOAT, results from
mapping each sentence in a predicate Ay)( vy, vo, .. , Va(j) ) with the function H;
ie., a FLOAT T =df H( Ay)( vi, vo, oo, Vi ) ) =df
(H(vy), H(vp), .., H(vagy) ) =df (ay, ag, ..., a5y ).
Thus, a member of the a-relation a' o a corresponds to a number of sentences of the

well founded oa-relation, FLOATS of maximal length n, where a is called the leading

tableau and a' is called the trailing tableau of the sequence. Those reflexive relations
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a'oa where a=a', viz. ac a' and a' ca, are called cyclic FLOATs. The notation
T =df (ay, ap, ..., ap() ) explicitly lists of the sequence of atomic tableaux
( H(vy), H(vy), ..., H(V;L(i)) ) comprising a sentence. A FLOAT is a countably finite
sequence T, its cardinality | T | =df A(i).
The relation structure for a validation model N is constructed from the SCC-
A,(RG) acceptable portions.
Definition 4-6-6 : The Validation Model u-Relation Structure =
A validation model o-relation structure E of type 6 =df <A, u, | P 1> constructed
from the reachability graph corresponding to the validation model N is the 4-tuple
E=df<S,{ A;:1<i<n}, SCC-A,_4RG), { H(s) 3 Vs e S } > where :
i) S is the domain of global states of the reachability graph;
i) {Aj:1<i<n}is the family of predicates corresponding to the a-relation;
iii) o-SCC-A,(RG) walks are choice functions for the family of predicates;
iv) { H(s) 3 Vs € S } is the set of 2F mapped by the function H to each element of
the domain S.
The validation model o-relation structure Z has type 6z = <A, L, | P 1>, The function A
determines the length of the maximal acceptable portions portions up to a maximum of n.
The function { determines the the length of predicate sentences up to a maximum of n.
Since the variables assume values of global states mapped to the time line, o, denotes the
binary relation of temporal precedence among the variables; thus, given two variables v;
and vj, i <, vy _ 1 @ vy, can be written.
The well founded o.-relation is defined among the atomic tableaux. The predicate
Ai( vy, v, ooy vi )11 £1i< n defines a set of FLOATs of length i defined by

sentences of a predicate E;( vy, vg, .., Vvj):1<i< n. A system of FLOATSs of

cardinalities no greater than some maximal cardinality n can be defined. Accordingly,
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there is a sequence 21, Ey, ..., £, of such sets, where Z is the set of atomic tableaux. It
follows from definition of the a-relation, E, must contain only cyclic FLOATS.

Moreover, £ : 1 £j < n denotes the set of all FLOATS of length less than or equal to j;
J =df

[1)
[11

ie., 1Y E3U ... UE;. Therefore, El =df £; and El c E2 c ... c ZlI.
Because, El ¢ EJ : i < j, &l is said to be the subordinate of =j; for Et and Zi+ 1, i s
said to be the immediate subordinate of Zi+ 1,
Definition 4-6-7 : System of FLOATS
A system of FLOATSs Z" for a validation model defined by the validation model -
relation structure E having maximal cardinality n is the set
El=df 2, UE,uU..UE,.
Thus, the validation model a-relation structure E and the system of FLOATs 20 are

equivalent.
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Chapter 5 : SYNTAX AND SEMANTICS OF PROPOSITIONAL LINEAR-

TEMPORAL LOGIC

Section 5-1 : Introduction

The previous chapter defined the o-relation structure, the foundation from which
PLTL is constructed. PLTL is now defined.

The PLTL syntax has a pre-fix notation. PLTL is a quantifier-free modal logic
based on first order classical propositional logic [ HC ; i.e., PLTL does not include the
existential quantifier 3, nor the universal quantifier ¥. Propositional logic has sufficient
expressive power to construct correctness criteria formulae for a single automic tableaux.
Because PLTL employs the temporal operators X and U, it has sufficient expressive
power to construct correctness criteria formulae for the entire ot-relation structure.

The temporal semantics of PLTL provide a means to evaluate the formulae with
respect to a semantic tableaux of the a-relation structure. Exploiting the connection
between subformulae and the semantics, the semantic tableaux procedure is a proof,
reductio ad absurdum, that the conjugate of an assertion is valid with respect to the relation
structure. If the conjugate of the assertion results in a contradiction in all attempts at
validation, then the assertion is valid. It is shown that a contradiction occurs if, and only

if, the assertion is valid.
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Section 5-2 : The PLTL Syntax.

This section describes how the PLTL language is constructed. It consists of PLTL
Sformulae selected according to the PLTL syntax.
Definition 5-2-1 : PLTL Alphabet
The PLTL alphabet L consists of the following constituents :
1) the logical constants T =df truth and L =df falsum, _
ii) the elements of the finite set of atomic propositions P =df { py, po, ..., Py };
1ii) the logical connectives — =df not and A =df conjunction;
iv) the temporal operators X =df next-time and U =df unril.
First order classical propositional logic is constructed from i) through iii) of Definition 5-
2-1. By adding iv), derived modal logic operators interpreted in terms of time, the PLTL
language is defined. The next-time operator X is used to express the fact that, at the next
time instant relative to the present time instant, some formulae is true. Formulae of the
form Uwyy are read as "until y is true, ¥ is true”; that is, Y is true at some time instant in
the future, but in the mean time % is true. The alphabet
L=df {T, L, py,py e s Pp»— X, A, U )
has an alphabetical ordering, a total ordering, determined by the order of appearance of the
constituents in the definition of the set L.
The PLTL syntax defines the criteria for selection of PLTL formulae I'py 17, from
L*. For the remainder of this discussion, PLTL formulae are denoted with lower-case

Greek letters, e.g. 0, v, and ¥.



Definition 5-2-2 : Alphabet Stratification
The PLTL alphabet L is a stratified alphabet [ Bra |, a structure < L, b >, where
b:L— {0,1, 2]} such that :
) b(T)=0,b(L)=0,blp;)=0,.., blp,) =0;
i) b(=)=LbX)=1
iii) b(a) =2, b(U) = 2.
The notation Ly = b - I(n) identifies the set of constituents having stratification n. A
formula is constructed by taking a constituent and concatenating a number of previously
constructed formulae to the right of the constituent; the constituent stratification determines
how many formulae may appear after the constituent.
Definition 5-2-3 : PLTL Syntax Schemata
The PLTL syntax schemata [ Smu ][ Bra ] consists of the following syntax schemata
with stratification 0, 1,0r 2 :
Stratification 0:  schemata are T, py, ..., p, and L;
Stratification 1 :  schemata are —y and Xvs;
Stratification 2:  schemata are Ayry and Uyy.
The essence of Definition 5-2-3 is that certain strings of constituents from the alphabet L
are PLTL formulae. The following definition specifies how the strings of constituents,
PLTL formulae, are constructed.
Definition 5-2-4 : The PLTL Formulae
The set of PLTL formulae is the smallest set, denoted I'py 1p., defined inductively :

n=1:Te FPLTL’ le FPLTL’ and P c FPLTL;

n>1: given thatyand x € I'ppyy. at the (n - 1)-th stage of the induction, then

—Y & I'pp s X¥ € Dppr, AYX € Tppyr, and Uyy € Tppy.
From now on, a PLTL formula ¢ is referred to as a formula, which implies that

¢ € I'pprL. T'j denotes the set of formulae generated in the i-th stage of the induction.
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For example, the strings —— and ¥XAU are not formulae, while the strings AUxpy and
—Xp are formulae,

The formulae are in a Polish prefix notation, where the formulae are read from left
to right. Given a formula ¢ and given that a constituent is read, the stratification of the
constituent indicates the number of formulae, the subformulae [ Bri ] of ¢, that can appear
to the right of the constituent.

Definition 5-2-5 : Subformulae
The subformulae of a formula, SUBFORM(¢) are defined recursively :
i) for the logical constants, SUBFORM(T) =df {T} and
SUBFORM(L) =df {1};
i) for all atomic propositionspe P, SUBFORM(p) =df {p};
iii) SUBFORM(—wy) =df {-y} U SUBFORM(y);
iv) SUBFORM(Xvy) =df {Xy) SUBFORM(y);

v
v) SUBFORM(Ayy) =df {Ayyx} U SUBFORM(v)
U SUBFORM(y);
o

vi) SUBFORM(Uyy) =df {Uyy )} SUBFORM(y)
v SUBFORM(Y).
The constituents with stratification 0 are the trivial case in the recursion. Constituents with
stratification n > 0 are followed by n subformulae. For ¢ =df A—=UpgapXq,
SUBFORM($) = { A-UpgapXq, ~Upq, Upg, p, q, ApXq, p, Xq }.

In Section 2-3, a lexicographical ordering is defined for any words constructed
from an alphabet; likewise, a lexicographical ordering can be defined for the infinite set

I'pp1. For any set of formulae I'; ¢ I'py 1 at the i-th stage of induction, vide Definition

5-2-4, a lexicographical tree can be constructed with lexicographical ordering among

I'pp 1 defined by a prefix, depth-first traversal of the lexicographical tree. Using a proof



by induction on the length of formulae, which is not stated here, it can be shown that a

lexicographical ordering can be defined over I'py 1. In the remaining sections, references
to the lexicographical ordering over I'py 11, are made.
The number of constituents in a formula has significance.
Definition 5-2-6 : Formulae Length
The length of a formula ¢, denoted LENGTH(¢), is the cardinality of the sequence of
constituents defining the formula.
The significance of formulae length is that certain properties can be proved by induction
on the length of formulae. Here, that the arbitrary property PROP holds for a given
formula ¢ is denoted PROP().
Definition 5-2-7 : Induction on the Length of Formulae
A proof by induction on the length n of every ¢ € I'p 11 to show that PROP(¢) holds
[ Bri ][ Dal ] is achieved iff :
n =1 : the property is shown for formulae of length 1; i.e., PROP(T), PROP(L), and,

for every atomic formula p € P, PROP(p);

n > 1 : the induction hypothesis assumes that for every formula ¢ € I'py 11, such that
LENGTH(¢) < n, PROP(¢$) holds. The property is shown for formulae of
length n iff :

a) for every y such that LENGTH(y) =n- 1,
PROP(y) = PROP(—y); PROP(y) = PROP(Xwy);

b) For every v and ¥, such that LENGTH(y) + LENGTH(y) =n - 1,
PROP(y) and PROP(y) = PROP(Ayy) and
PROP(y) and PROP(y) = PROP(Uyy).

In later sections, certain properties of PLTL are shown with this proof technique.



Although PLTL has sufficient power to express correctness criteria, for ease of

understanding, it is sometimes useful to abbreviate the formulae using the following

definition.

Definition 5-2-8 : PLTL Formulae Abbreviations

The following formula abbreviation schemata may be used instead of the syntax

schemata :

1) disjunction  :vyry =df
i) implication  :>wyy =df
iii) if and only if :=yy =df
iv) possible : Py =df
v) henceforth : Gy =df
vi) double negate :——vy  =df

TATYXS

—AYXS

ADYYDXYS

a) UyT or b) ~G—vy;
a) Uyl or b) ~F-vy;
.

Abbreviated formulae, conforming to the abbreviation schemata, do not increase the

expressive power of the language, but are simply a shorthand method of writing formulae.

All theorems are presented and proved in terms of formulae; any abbreviated formula are

converted into formulae, if necessary.

Definition 5-2-9 : Reduction Sequence

A reduction sequence of abbreviated formula ¢ [ Dal ] is a finite sequence of formulae

(¢1 02, ... , Oy ) where ¢ = ¢q, where, for every 1 <i<n, ¢; is obtained from ¢; _ 4

by replacing the abbreviations i) through v) of Definition 5-2-8 with the appropriate

definition, and where ¢, is a formulae.
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For example, the following is a reduction sequence for the formulae ¢ = DFavbc; a, b,

and ¢ are atomic propositions.

¢, : DFavbe

¢, : —AFa—vbe ; by Definition 5-2-8 ii)

¢35 : —AFa——A—D—C ; by Definition 5-2-8 1)

¢4 : —AUaT——A—=b—c ; by Definition 5-2-8 iv) a)

Definition 5-2-9 provides a means of converting any abbreviated formula into a formula.
For further clarity when reading formulae, other conventions are adopted. Blanks

are used to separate components of the formulae, particularly the next formulae. A

conjunction of a finite set of formulae { ¢1, G2, .., Pp L AP A D2 A o A Gy 1 Oy, IS
denoted 1A, . 1 §1 97 ... ¢, and a disjunction of a finite set of formulae { ¢y, ¢, ..., ¢ ),

Vv oV ..V oy, isdenoted (v $p .. Oy
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Section 5-3 : Temporal Semantics.

Temporal semantics are rules that determine if formulae state something "true" or
something "false" with respect to a system E? of FLOATs. The definition of a FLOAT
must be extended. Again, the set of atomic propositions P is assumed.

Definition 5-3-1 : Semantic Tableau

A semantic tableau, constructed from a possibly empty atomic tableau g, is the tuple

s =df <LC(s), RC(s) >, where :

i) the left column of s, denoted LC(s) =df a € 2F, contains the subset of the atomic
propositions specified by the atomic tableau a and contains any "true" formulae,
including T;

ii) the right column of s, denoted RC(s) =df 4 =df { P - LC(s) ), contains those
atomic propositions not specified by the atomic tableau a and contains any "false”
formulae, including 1;

iii) an aromic semantic tableaux contains only the truth constants and atomic
propositions;

iv) an empty semantic tableau, denoted so, contains no atomic propositions nor any
"true” or "false" formulae except the logical constants; i.e., LC(ss) =df { T } and
RC(so) =df { L }. |

A non-empty semantic tableau may include any atomic propositions of P and other
formulae. A semantic tableau s contains a semantic tableau s' if LC(s") ¢ LC(s) and
RC(s") < RC(s). All non-empty semantic tableaux must contain the empty tableau so.
Two semantic tableaux s and s' are equal, denoted s = s', iff LC(s) ¢ LC(s"),
RC(s) c RC(s"), LC(s") < LC(s), and RC(s") < RC(s). Equal semantic tableau have

the same assignment of atomic propositions and formulae in each column; otherwise, they
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are not equal, denoted s # s'. It is said that any atomic tableaux can be converted into an
atomic semantic tableaux.

The system &N of FLOATS is converted into a system of sequences of atomic
semantic tableaux.

Definition 5-3-2 : System of Atomic «-Related Semantic Tableaux
Each atomic a-related semantic tableaux, a-RST, is derived from a corresponding
FLOAT T included in the system E" of FLOATSs, T =df ( aj, a,, ..., ap ) e =N,
by converting each atomic tableau 3 into an atomic semantic tableau spl<j< n.l
The set of o-RSTs T =df (s, 89,..., 85 ) : p<n is called a system E" of -
RSTs.
Accordingly, sentences of the predicates Z; : 1 <1< n are atomic o-RSTs. Two atomic
o-RSTs T =df ( sy, 59, ..., Sp J:p<nand T' =df (s'{, §', ..., s'p ) of the same
length are equal, denoted T = T', iff their corresponding atomic semantic tableaux are
equal; ie. sj=sj: 1< j<p < n; otherwise, they are not equal, denoted T# T'. No
two distinct a-RSTs in EP are equal, but an o-RST T of E; may be equal to a prefix of
another T' of &; : i <j. Thus, an atomic sentence can be defined for any non-atomic
sentence of the predicate =;.

This dissertation adopts a notation convention for specifying o-RSTs with the o-
relation. The term "o-related semantic tableaux" refers to the fact that the distinct semantic
tableaux comprising the o-RSTs are ordered by the same well founded a-relation o
defined among the atomic tableaux. Any sentence of ZP is a well founded structure that
specifies a portion of an infinite sequence of semantic tableaux. The atomic a-RST

T =df (sy) € E defines an atomic semantic tableaux. The o-relation is defined among

I The same notation is used for FLOATSs and a-RSTs, and systems of FLOATs and
a-RSTs, since there is a direct correspondence; no confusion should arise. Accordingly,
the notations E; and Z! apply to a system of ¢-related semantic tableaux.
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Z1. When s' a s holds, s' refers to the trailing term of a predicate sentence, s refers to the
leading term of a predicate sentence, and there exists at least one atomic o-RST
T =df (sq, ..., Sp )e E0:2 <p<n, where s; = s and Sp = s'. All semantic tableaux
components of an &-RST sentence are indexed with natural numbers; s; € S:1<i< p.
When s' o s holds and corresponds to an atomic a-RST T =df ( s, Sp )€ E,, s'is the
next state with respect to s; these sentences are defined by the reachability graph arcs T.
Clearly, since no loops are allowed in the reachability graph, (s,s) ¢ Z,. When s o s
holds, it corresponds to a cyclic atomic o-RST
T =df (51,89, ..., 8 ... , Sy ) € E,.

All sentences in E, are maximal cyclic walks that can be defined from s to s.

Using this notation, the a-RSTs define the future of all semantic tableaux defined
by the predicate Z1. All semantic tableaux of Z; must appear in the infinite sequences.
The o-relation defines the next states of all s with the predicate Z,. In general, the
predicate Z; : i < n defines the future sequences of finite length of all semantic tableaux.
The non-cyclic sentences of E; are prefixes of the sentences in &; , {; since Z, defines
only cyclic sentences, E, , 1 is not defined. The future portions of any infinite sequence
that contains a semantic tableaux s is determined by the sentences of =0,

Temporal semantics are evaluation rules to establish a truth relation |= between a
formula ¢ € I and a system E0. Establishment of the truth relation implies the
assignment of certain formulae to either column of all semantic tableaux. A formula ¢ is
verified at a semantic tableau s iff ¢ € LC(s). A formula ¢ is falsified at a semantic tableau
s iff ¢ € RC(s). It is absurd to have ¢ € LC(s) and ¢ € RC(s), L € LC(s), and
T € RC(s); a contradiction is said to have occurred in these three cases. The notation
E; I= ¢ indicates that the formula ¢ is verified at every trailing term s, of every sentence in

Ej. In contradistinction, the notation Ej l# ¢ indicates that the formula ¢ is falsified in



every trailing term of the sentences in Ej. When either E.j I=¢ and Ej I ¢, Ej [T, or
gjl= 1 are true, a contradiction results. Any formulae that is assigned to the left column
of one semantic tableaux and the right column of another semantic tableaux, without
producing a contradiction, is satisfied by Z;; the truth relation, one way or the other, can
not be written for satisfied formulae. Informally, the relation &, I= ¢ : i £ n indicates
that the formula ¢ says something “true" about all sentences of Z;. The relation
Z; I# ¢ : i < nindicates that the formula ¢ does not say something "true™in all sentences

in &;. The following definition establishes the truth relation for each predicate Z;, in order

of predicate length.

Definition 5-3-3 : Evaluation of Formulae [ SC ]
The evaluation of ¢ in EM is achieved by evaluating the formula in terms of every
predicate &; € &N, in order of predicate length. The formula ¢ is evaluated in terms of
each predicate Z; with respect to trailing terms s, of predicate sentences. Evaluation
begins with 2, and is defined recursively. For the trivial case, the formulae T is, by
definition, verified no matter what &; € &" is chosen; viz., &; I='T; the formula L is,
by definition, falsified no matter what reference point is chosen; viz., Ej lzT. Given
any other formulae ¢ :

Ejl=pje P iff forevery s e g, pi€ LC(sp ;

Ejl=—y iff &;ley;
Ejl=Ayy iff Ejl=yand 5jl=y;
Ejl=Xy iff ) j<n:Ej,1l=W¥;
i) j=n:E)1=y;
Ejl=Uyy iff &jl=—A-y=y, &) l==Ax-XUyy, and &; I= UyT.
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Thus, the leading variable of each predicate can be thought of as the present time instant to
which alternative atomic semantic tableaux are associated. If the relation is established for
Z0 then the formula is verified at any semantic tableaux in an infinite sequence.

Part of this dissertation's thesis is that a means can be defined to show that
correctness criteria hold for a validation model. In other words, that a means to establish
the truth relation between the system of atomic ¢-RSTs &R corresponding to a validation
model and the correctness criteria, a subset I' € I'pp 7., can be defined. The following
definitions make this notion explicit. |
Definition 5-3-4 : Validity

A formula ¢ is valid in a system of atomic o-RSTs E0 iff = |= ¢.
It is said that =N validates ¢ if 20 |= ¢. Clearly, =P I= ¢ iff ZD | —¢.
Definition 5-3-5 : Tautology
A valid formula ¢ is called a rautology.
For example, T is a tautology; in the next chapters, a syntactic means of defining
tautologies is presented. Only formulae ¢ € I" have the truth relation defined; either ¢ or
its conjugate —¢ are validated.
Definition 5-3-6 : Model
Analysis of validation models for correctness criteria is summarized by the following
definitions.
i) If Enl= ¢, then ZN is called a model for ¢;
ii)y If =0 |=—¢, then EN is called a counter-model for ¢
ili} A system of o-RSTs EMis a model forasetI' c I'py . iff V¢ € T, ZN I= ¢; this
fact denoted E0 |=T".
Some formulae are valid no matter what system of alternative a-RST's is associated with

the formulae; they are called axioms.
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Section 5-4 : Semantic Tableaux Procedure.

This section continues semantic analysis of PLTL formulae by presenting a proof
method called the semantic tableaux procedure [ HC ][ Kri59 [ Kri63 I[ Smu ][ RU .
The semantic tableaux procedure exploits a connection between PLTL syntax and the
evaluation rules in Definition 5-3-3 to answer the question : is the system of a-RSTs =0 a
model for the formulae comprising the correctness criteria I'? The semantic tableaux
procedure answers this question by considering each formula ¢ € T separately.

Essentially, the semantic tableaux procedure is a proof, reductio ad absurdum, that
&N is a model for a formula ¢. The proof begins with the assumption that 1 is a model
for —¢, the conjugate of ¢. The procedure attempts to show that a contradiction results
from all attempts to validate —6, with the consequence of contradiction that formula ¢ is
valid. If a contradiction is found in only some validation attempts, then satisfiability is
shown. The semantic tableaux procedure investigates the validity of —¢, with respect to
every sentence of =M, by applying a succession of semantic tableaux rules to every
predicate E; : 1 <i<n. The rules place formulae into semantic tableaux of sentences,
based on the syntactic consequences of formulae in a semantic tableaux column. The
semantic tableaux rules control the order in which predicates and sentences are
investigated; in this manner, an exhaustive evaluation of the conjugate is performed for a
sentence.

The semantic tableaux procedure creates a system of semantic tableaux
constructions from a system of atomic o-RSTs EN. A semantic tableaux construction is
an attempt to validate in all possible ways the reductio ad absurdum assumption, the
conjugate of ¢, in each predicate sentence. The initial stage of each semantic tableaux

procedure posits the assumption, by placing ¢ in the right column of every s € =15 the
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result is a set of sentences Ty =df (s; ) € E;, with the reductio ad absurdum
assumption ¢ € RC(s}). A semantic tableaux rule is applied to the predicate Z; and
affects all sentences. In general, a stage of the semantic tableaux procedure is an

application of a semantic tableaux rule to a predicate. The rule is applied at stage m to

every alternative sentence of the predicate E;: 1 £i < n, but may not affect all
alternative sentences. The rules are defined in terms of a formula ¢ and the trailing
tableaux s, of the sentence. Details are defined in terms of a semantic tableaux
construction for one sentence, and is easily extended to the general case.

Definition 5-4-1 : Semantic Tableaux Procedure

A stage of the semantic tableaux procedure is defined by induction. A stage m

consists of an alternative set of semantic tableaux constructions each associated with

sentences of =m,

m = 1: Each sentence T, of £ begins a semantic tableaux construction. The
sentence T, =df (s ) € &y, with ¢ placed in the right column of semantic tableau
s;ie, V(s)e E, 0 e RC((s)).

m > 1: The (m - 1)-th stage of the procedure is an alternative set of semantic tableaux

constructions. Each semantic tableaux construction is a set of alternative validation

attempts Tp, _ 1, sentences in &; : 1 i< n. The validation attempt T, _ | has a
leading tableau s) and trailing tableau s,. A validation attempt Ty, of a predicate
E‘.j : J 2 i results from applying one of the following Semantic Tableaux Rules

[ Kri63 ] to a formula in either column of trailing tableau s,.

1) Negation Left, NL :If =y e LC(sy) in Ty, then Ty, , ¢ is Ty, with y
placed in RC(sy).

i) Negation Right, NR :If =y € RC(sp) in Ty, then T, , 1 is Ty, with y
placed in LC(s)).
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iii) Conjunction Left, AL cIE Ay € LC(sy in Ty, then Ty, 4 ¢ is Ty, with y
and y, placed in LC(s)).

iv) Conjunction Right, AR : If Ayy € RC(sp) in Ty, then the sentence T 18
replicated creating two new possible sentences T', , y and T, 4 13 Ty 4 1
is Ty with W placed in RC(sy) and T"f, 4 | is Ty, with ¢ placed in RC(s)).
The result is that y € RC(s'p) of T'y, , ; and g € RC(s") of T'y, 5 1.

v) Next-time Lefy XL Xy e LC(sp) in Ty € Ej : 1< n, then v is
placed in LC(sp) and, for every sentence Ty, , | € E;, 1 with trailing
tableau s; ;. | such that the sentence Ty, is a prefix of Ty, , 1, the prefix
Tm+1li] is Ty and ¥y is placed in LC(s; 4 1). If Xy € LC(s) in
T € Ej:i=n, then Ty , 1 is T, with y placed in LC(sp).

vi) Next-time Right XR If Xy € RC(sp) in Ty € E; 11 < n, then y is
placed in RC(sy) and, for every sentence Ty, , ; € E;, ; with trailing
tableau s;, | such that the sentence T, is a prefix of T, , 1, the préfix
Ty + 10 is Ty and y is placed in RC(s; , 1). If Xy € RC(sy) in
Tp e E;:i=n, then Ty, , 1 is T, with y placed in RC(sp).

vii) Until Left, UL : If Uyy € LC(sp) in Ty, then Ty, , 1 is T, with
—A—Y—Y, —AY-XUWY, and UYT placed in LC(sy).

viii) Until Right, UR  If Uyy € RC(sy) in Ty, then Ty, , 1 is T, with
=AY, AXXUYY, and UyT placed in RC(sy).

The new stage Ty, , 1 may be equal to the previous stage, except with formulae added to
columns of some semantic tableaux of Ty, ; ;. The rules XL and XR force the addition of
a-RSTs Ty, 4 1 € Ej 1 to the semantic tableaux construction. The rule AR requires the

replication of a-RST Tp, and the addition of the resulting a-RSTs T, , 1 and T"p, 4 ; to
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the semantic tableaux construction. Thus, at any stage, there are a number of alternative
validation attempts.
The semantic tableaux procedure applies semantic tableaux rules to a construction
until it is impossible to apply further rules. No rule is applied if it results in duplicating a
formula in a column; the application of such a rule, using Kripke's terminology, is said to
be superfiuous. The semantic tableaux procedure does not apply a rule to an alternative
validation attempt once a contradiction has been found.
Definition 5-4-2 : Closure
Certain situations in the system of semantic tableaux constructions imply a
contradiction :
1) asemantic tableau is closed either when a formula occurs in both columns of the
semantic tableau, when T is in the right column, or when L is in the left column;
ii) an alternative validation attempt is closed iff some semantic tableau s of that
sequence is closed;
iii) a semantic tableaux construction is closed iff each alternative validation attempt is
closed;
iv) a system of alternative semantic tableaux constructions is closed iff each of the
alternative semantic tableaux constructions are closed.
A closed semantic tableaux construction implies that a contradiction is generated in all
alternative validation attempts. A closed system of alternative semantic tableaux
constructions implies that ¢ is valid. A semantic tableaux rule is not applied to a closed
validation attempt, since that attempt has generated a contradiction. The procedure
terminates for sentence in a predicate when its semantic tableaux construction is closed.
The procedure terminates for a system of semantic tableaux constructions when each of

the constructions is closed.
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A semantic tableaux construction is a tree structure, where the alternative validation
attempts comprise the nodes. Before the formal definition is made, the successor relation

Q is defined. The successor relation is defined only as a result of applying a rule. There

are two ways in which an alternative validation attempt T,, may be a successor of another
T - 1 in the tree.
Definition 5-4-3 : The Successor Relation Q
There are two ways an alternative validation attempt T, can be a successor of another
non-closed alternative validation attempt Ty, _  :
i) The alternative validation attempt Ty, is the immediate descendant in E;:i<n
obtained from the non-closed alternative validation attempt Ty, . ; when :

a) Tp . is not affected by a semantic tableaux rule; in this case Ty, = Ty, . 1.

b) Tp, . is affected by any semantic tableaux rule, except rules XL and XR; in
this case T, # Tm .1- The rule AR is a special case when there are two
immediate descendants in E;, T', and T",, where

Tm#Tp.1and T =Ty, ..
ii) An immediate descendant of E; : 1< n occurs when Ty, . | is affected by the
semantic tableaux rules XL and XR.
An alternative validation attempt Ty, is a descendant of an alternative validation attempt

To:o>m+2.

Definition 5-4-4 : Semantic Tableaux Tree

A semantic tableaux construction defines an unordered semantic tableaux tree

STT =df < En, p, Q >, where :
1) the each sentence T of M is an alternative validation attempt and a node in the tree;

sentence T of the main stage is the root-node of the tree;
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i} the range of | determines at which stage the alternative validation attempt is added
to the construction; | determines the index of an alternative validation attempt in a
construction;
iii) for T and T' € P, T Q T holds as per Definitions 5-4-3.
Since a semantic tableaux rule is not applied to a closed alternative validation attempt, a
closed alternative validation attempt must be an end-node of the tree. The semantic
tableaux tree is a finitely generated, finite tree; this is clear, because there are a finite
number of semantic tableaux rules, alternative validation attempts are finite in length, and

because of the criteria by which the semantic tableaux procedure terminates.
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This section concludes with a proof that the system of semantic tableaux
constructions for a formula ¢ is closed iff = is a model for ¢. For ¢ to be valid, all
alternative semantic tableaux constructions < &P, |1, Q > must be closed. The following
lemma shows the connection between the truth relation |= and the semantic tableaux
procedure. Until a contradiction occurs in all alternative validation attempts, the conjugate
is satisfied. An alternative validation that produces a contradiction is removed from
consideration. Thus, the truth relation I= in this lemma refers to the non-closed sentences
in EM, Any non-closed sentences after the semantic tableaux procedure implies that there
is a substructure of =N that validates —¢.

Lemma 5-4-7 : Membership in a Column Preserves Formulae Evﬁluation.
At stage m in the semantic tableaux procedure, there is an alternative validation attempt
T =df (sq,8),...,8))€ &€ E":1<1<n, where s; =df s;. The lemma asserts
the following “condition” : For every non-closed alternative validation attempt T, if
y € LC(sy) : s, € Ty, then &; I= y; otherwise, for every non-closed alternative
validation attempt Tp,, if y € RC(sy) : 5; € Ty, then E; I# .

Proof : By Induction.

The lemma is proved by induction on m, the number of stages in a semantic tableaux
construction. Each validation attempt T, is included in a semantic tableaux
construction STT =df < E1, u, Q > at stage m =df u(T,,). The proof must show
that the successors of any alternative validation attempt T, satisfy the condition. An
important fact required by this proof is that at each stage the evaluation rules hold,
Definition 5-3-3.

m =1 : The initial stage of the construction consists of a sentences T} € Z, with

¢ € RC(s,). Because of the definition of the initial stage, the assertion Z | ¢

can be made satisfying the condition.
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m > 1 : The induction hypothesis posits that the condition is satisfied by any non-

closed validation attempt T, . | € =; in the (m - 1)-th level of the semantic
tableaux tree. An alternative validation attempt T, € &;: j 2 iin the m-th level is
obtained from the (m - 1)-th stage by applying a semantic tableaux rule to some
formula ¢ in a column of Ty, _ 1. ¥ Ty, = Ty, - 1, Thy - 1 is not affected by the rule,
and the condition holds for T, in the m-th stage. If T,, # T, . 1, the effects of
applying every semantic tableaux rule must be investigated to show that the
condition is satisfied in Ty.

oLl -y € LC(sy) in T, . 3. By the induction hypothesis, Z; I= -~y and
Z; l#y. The rule =L places y in RC(sy) resulting in the immediate successor
T Since Ty, is equal to Ty . 1, except that y € RC(sy) in Tpy, &5 k= .

=R : =y e RC(sy) in Ty, _ ;. By the induction hypothesis, Z; I# -y and &, I= y.
The rule —R places y in LC(s) resulting in the immediate successor Tp,.
Since Ty, is equal to Tp, . 1, except that y & LC(sp in Ty, & I= .

)\_L : Ay e LC(sp in Ty, - 1. The induction hypothesis implies that Z; 1= Ay,
Eil= vy, and Z; |=%. The rule AL places ¥ and  in LC(s;) resulting in the
immediate successor Ty,. Since Ty, is equal to Ty, _ 1, except that y € LC(s)
and y € RC(sp in Ty, E; 1=y and &; I= .

AR : Ayy € RC(sy in Ty, _ ;. The induction hypothesis implies that either
D EjlEAyyx, Eil#y,and & |=1%,

i) E; & Ayy, Z;l=y, and E; %y, or

i) Z; l# Ayy, E; l# y, and &; 1# ¥.

The rule AR constructs two alternative validation attempts T';;; and T",,; from
Tm -1, where T'y is T, - ¢ with y in RC(sy) and T", is T, . 1 with % in
RC(sj). The tableaux s'y € Ty, and sy € T'p, are the same as sy € Ty, g,

but with y in RC(s'y) and y in RC(s").
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i) Ejl#Ayy, & l#y, and E; I=7 : The condition is satisfied for T'[, because
8, =y implies &; I# . The truth relation Z; I= ¥ implies that x € LC(sy)
of Ty, . ;- T"p produces a contradiction because y € LC(s") and
X € RC(s"p) of T"y,.

i) E;l#Ayy, Ejl=W, and E; I x : The truth relation E; I= y implies that
Y e LC(sj) of Ty, . 1. T, produces a contradiction because
y e LC(s') and y € RC(s') of T',. The condition is satisfied for T",
because &; I# y implies &; l# X.

iii) & l# Ay, Ej I# 7, and E; % : The condition is satisfied because E; 1= w
implies &; | y and because ; | ¥ implies gy

XL : Xy e LC(sp in Ty, . 3. The induction hypothesis implies that Z; I= Xy and
two possibilities :

i)y i<n: Ejl=y:j=dfi+ 1. The rule XL creates at least one Ty, of length
with ¥ in LC(s); Ty, . 1 is a prefix of Ty, a prefix of length i. The
condition is satisfied for all T,.

i) i=n:Eq =y : The rule XL places y in LC(s)) of Ty, . 1, creating Ty;,.
The condition is satisfied.

XR : Xy € RC(sj in Ty, - 1. The induction hypothesis implies that Z; l# Xy and
two possibilities :

) i<n:&jl#y:j=dfi+1. The rule XL creates at least one Tp, of length ]
with y in RC(sy); Ty, . | is a prefix of Ty, a prefix of length i. The
condition is satisfied for all T,,.

i) i=n:E; I#\: The rule XL places y in RC(sp) of Ty, . 1, creating T;,,. The

condition is satisfied.



UL : Uyy € LC(sp in Ty . . The induction hypothesis implies that Z; I= Uyy,
which, in turn, implies that Z; I= A=Y=y, &; I= =Ax-XUyy, and
Z; I=UyT. The rule UL creates a T, with —A—y—y, =Ax—-XUwy, and
UwyT placed in LC(s(). Clearly, Ej I= =A==y, Bjl= —Ax—-XUyy, and
Z; I= UyT. The condition is satisfied.

UR : Uyy e RC(s) in Ty, _ 1. The induction hypothesis implies that Z; I Uy,

which, in turn, implies that &; l# —A—=y=), &; I# Ax—~XUwyy, and

3]

i l# UyT. The rule UR creates a T, with mA—y—y), =Ax—~XUwyy, and
UyT placed in RC(sy). Clearly, &; l# ~A—-y—y, E; l# mAx~XUwyy, and
Ejl# UyT. The condition is satisfied.

Q.E.D.
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Lemma 5-4-8 : A Closed System of Semantic Tableaux Consfructions for ¢
Implies that =70 is a Model for ¢.
If all semantic tableaux constructions are closed for a formulae ¢ in a system of -
RSTs &0, then =P is a model for ¢.

Proof : Reductio ad Absurdum.
The semantic tableaux procedure is a proof, reductio ad absurdum, that the conjugate
of ¢ is valid. Each semantic tableaux construction begins with the assumption
¢ € RC(sy) of the initial stage Ty; i.e., &1 I# ¢. The semantic tableaux procedure
attempts to show that =M | ¢. An immediate descendant is constructed from a non-
closed alternative validation attempt. Lemma 4-5-7 ensures that membership of ¢
within a column of a non-closed maintains the correct evaluation of ¢ in terms of =0,
Because every semantic tableaux construction is closed, every end-node of every
semantic tableaux tree contains a closed semantic tableau; hence, an evaluation
contradiction has been found in all possible attempts to validate —¢.1 Since every
attempt at validation of the conjugate results in an absurdity, reductio ad absurdum, ¢

must be valid. Q.E.D.

1 The conjugate —¢ is not satisfied by Zn.
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Lemma 5-4-9 : A Non-closed System of Semantic Tableaux Constructions
for ¢ Implies that =1 is Not a Model for ¢.
If the system of semantic tableaux constructions EM are not closed for a formula ¢
when the semantic tableaux procedure termintes, then =P is a counter-model for §.
Proof : By Inspection of Each Semantic Tableaux Tree.
It must be shown that —y is satisfied by =P, implying that =P is a counter-model for
¢, and ¢ is not valid. If the system of semantic tableaux constructions ZP for ¢ is not
closed after the semantic tableaux procedure terminates, then at every stage of some

construction there exists at least one non-closed alternative validation attempt

T =df (sy, 89, ..., sy ). T is a non-closed end-node of the finite semantic tableaux
tree. By Lemma 4-5-7,if ¢ € RC(sy) : 1 <j <n, then E" | ¢. That E" is a counter-
model for ¢ is determined by identifying a semantic tableau s € T with ¢ € RC(s;); by
definition of the semantic tableaux procedure, semantic tableau sy € T is such a
tableau; therefore, &y I ¢. Thus, E' is a counter-model for ¢. Q.E.D.
The following theorem is fundamental to the semantic tableaux procedure.
Theorem 5-4-10 : A formulae ¢ is valid iff the semantic tableaux
construction for ¢ is closed.
Proof : a iff b < if a then b and if not b then not a.

The proof of this theorem follows immediately from lemmata 5-4-8 and 5-4-9.
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Chapter 6 : THE PLTL FORMAL DEDUCTIVE SYSTEM.

Section 6-1 : Introduction.

The purpose of this chapter is to define a mechanism to generate formulae valid
when interpreted with respect to validation model, a deductive means to show that
correctness criteria formulae are tautologies with respect to validation models. The
advantage of such a mechanism is that the iterative evaluation process [ McA ] and the
semantic tableaux procedure are not explicitly invoked, but are implicit in the mechanism.
The mechanism starts with a set of tautologies that express a system of atomic o.-RSTs =
and selects additional tautologies using syntax definitions.

Definition 6-1-1 : Formal Deductive System [ Cop ]

The Formal Deductive System is a collection of :

i) terms, arbitrary symbols interpreted as objects of discourse,

il) theses and hypotheses, constructed using terms, and

iii) theorems, derived from ii).
A PLTL formal deductive system is defined here, based on the concepts of model theory
[ Bri ][ Sac ], semantic tableaux [ Kri63 }{ RU 1, modal normal form formulae
[ Fine ], and Henkin proofs [HC]. For the following definitions, ¢, v, and y are
formulae.

The PLTL deductive system is a syntactic technique of selecting tautologies called
theorems using a derivation. That formulae are valid is expressed in terms of the system

of semantic tableaux constructions.
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Definition 6-1-2 : Left and Right Side
The left side, LS, of the system of semantic tableaux constructions is all left columns
in the system and the right side, RS, is all right columns in the system.
Evaluation of the derived formulae assigns theorems to the left side and the conjugates of
the theorems to the right side. The deductive system must ensure that if theorem v is
assigned to the left side then its conjugate —\ is assigned to the right side, and vice versa;
to have a formula on the left and right side implies that the deductive system derives a
contradiction. Neither non-theorems nor conjugations of non-theorems can be assigned
strictly to either side of the system of alternative semantic tableaux constructions, because
evaluations of non-theorems may place a formulae in some of the left side and in some of
the right side. However, non-theorems ¥ and —y must not generate an evaluation
contradiction.

The items in Definition 6-1-1 are formulae in the PLTL deductive system. The
semantic tableaux are terms of the deductive system.! The axiom schemata types
[ HC ][ McA ][ MP83 ], that imply the linear, discrete, and absolute view of time,
define the syntax of valid formulae called theses. The hypotheses are a set of valid
formulae that pose the system =0 of RSTs. From this axiomatic basis, theorems are
derived. The PLTL formal deduction system must be sound, a theorem ¢ is valid in a

model, and be sufficient, any formulae ¢ valid in a model is a theorem.

1 An atomic proposition assigned to a left side is a valid formulae and implies that the
atomic proposition is a member of all atomic tableaux.
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Section 6-2 : Terms.

The terms of the PLTL deductive system are the observed validation model
phenomena, viz. the semantic tableaux in the system of atomic ®-RSTs ER. As usual, it is
assumed that atomic tableaux are constructed from a subset of the finite set
P =df { p;, P2, -, Pp } of atomic propositions. The definition includes only those
atomic tableaux that are found in a system of semantic tableaux constructions, but allows
for any possible atomic tableaux that can be constructed from P.

Definition 6-2-1 : Semantic Tableaux Formulae

The set of all possible semantic tableaux formulae sy : 1 <k <18 1< 2121 defined for

every semantic tableaus € Z; C E0is:
f =df { 53 s =df Ay TPy Wapy ... Tppp 1 1 Si<p,
R is blank iff p; € LC(s) and x; is a — iff p; € RC(s) }.
A term s implies a semantic tableaux s, and vice versa; thus, the well founded o-relation

can be specified among the terms. The semantic tableaux formulae describe which atomic
propositions are included in the left and right columns of a semantic tableaux s € Z;.
Using this definition, a semantic tableau formula gy is said to contain a semantic tableau
formula 5, denoted 8 C 8¢, iff every =; that is blank in 8 is blank in Sks the definition of
equality among semantic tableaux formulae follows similarily.

Atomic tableaux formulae are not necessarily theorems. If for every sy €  there
isapj: 1 <i<p, where x; is blank, then that atomic proposition is true in every semantic

tableaux; such an atomic proposition is called an atomic theorem. The atomic theorems are

useful in what follows,
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Section 6-3 : Theses.

This section formally defines and informally discusses the theses of the PLTL
deductive system. Since theses form part of the axiomatic basis, the generic term axiom is

used in the following definitions.

The formulae T and L are special cases in the syntax and semantics of PLTL;
because T is always verified and L is always falsified, the PLTL deductive system
automatically assign them to the left side and right side, respectively.

Definition 6-3-1 : Axioms of Tautology, Falsification, and No
Contradiction
i) The formula T is called the axiom of tautology.
il) The formula —L is called the axiom of faisification.
iii) The formula =T—1 is called the axiom of no contradiction.
These axioms are useful in the proofs that follow.

Theses corresponding to propositional axiom schemata, based on conjunction and
negation found in the references [ Dal ][ HC ], are included in the deductive system.
From the propositional axiom schemata, theses, such as De Morgan's laws, the Law of
Double Negation, the Commutative Laws, the Associative Laws, the Distributive Laws,

and the Law of Transposition, are derived. The cited references list additional theses.
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Some theses contain the temporal operators X and U and formulae abbreviations F
and G.
Definition 6-3-2 : PLTL Temporal Axiom Schemata

The PLTL temporal axiom schemata [ MP83 ] consist of the following axiom

schemata types.
Al. |- =—FyG-vy.
A2, |-oGyy

A3, |- oGyXy
Ad. |- oGYXGy
A5, | DGoyxo>GyGy
A6. - DXoyyoXyXy
AT, |- =X—y-Xy
A8. |- DGoyXyoyGy
A9, |- =UyyvyaxXUyy
Al10. |- oUyyFy
All. [|-oyXT
The temporal axioms are better understood by the following informal discussion.

The meaning of axiom Al is that a formula v is false at all semantic tableaux iff it
is not the case that there is a future semantic tableaux where y is true. Axiom Al
establishes that the temporal operators F and G are duals; that is, they can be defined in
terms of each other with the definitions Gy =df —F—w and Fy =df ~G—wy. The next
four axioms define the implications of the G operator. Axiom A2 states that a
consequence of Gy being valid is that Yy must be valid. An implication of Axiom A2 is
that the present is part of the future; clearly, the next time instant is a future time instant.
Axiom A3 states that Gy implies that Xy is true in all future semantic tableaux. Axiom

A4 states that when henceforth v is true, at the next semantic tableaux y must be
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henceforth true. Axiom AS establishes that if a material implication is henceforth true then
the antecedant and the consequent [ HC ] of the implication must also be henceforth true.
The X operator is a fundamental temporal operator of PLTL, since it is used to
create formulae that express the linear structures contained in the validation model o-
relation structure. Axiom A6 is similar to axiom AS, since if at the next semantic tableaux
a material implication is true then the antecedant and the consequence of the implication
must also be true at the next semantic tableaux. Axiom A7 is important because it restricts
the language PLTL to linear structures; Figure 6-1 illustrates why. In that figure, the dots
represent time instants and the arrows represent the relation of temporal precedence among
the time instants; Figure 6-1(a) illustrates a branching structure [ MP83 ][ RU ] Figure 6-

1(b) illustrates a linear structure.

—

L
Xo / o— "o

\. A —=X—b =X A OO

Figure 6-1 : Branching and Linear Structures that do not Verify Axiom A7

Clearly, the formula =X-¢—X¢ is not an axiom for a branching structure. In a linear
structure the axiom can only be false if there is a contradiction, when both ¢ and —¢ are
verified at the same time instant.

Axiom A8 is called the computational induction axiom schema [ MP83 ]. It states
that if henceforth a property established at one semantic tableau implies the establishment

of the property at the next semantic tableau, then the establishment of that property implies
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that it is henceforth true. Axioms A9 and A10 pertain to the U operator. Axiom A9
distributes the effect of the U operator to the present semantic tableau and the next
semantic tableau. Formulae of the form Uyy are true in two situations. Either v is true,
or ¥ is true and in the next semantic tableau Uy is true. Also, both W and ¢ can be
simultaneously true. The semantic tableaux rules UL and UR are defined from Axiom
A9. Axiom A10 states that for Uyy, to be true, it must be the case that some semantic
tableau in the future y must be true; thus Uysy cannot be true if only % is established.
Axiom schemata A1l is called the next-time consistency axiom schema. Because
the validation models can be cyclic, there is always a next state. Thus, any valid formula
is true in the next semantic tableaux. Since T is always verified, any formulae of Axiom
schemata A1l type can be added to the deductive system without causing a contradiction at
the next semantic tableaux. For example, if j is valid then DyXT is an axiom that does
not contradict % at the next time instant. This axiom is used to define the hypotheses of

the deductive system.
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Section 6-4 : Hypotheses.

The hypotheses of the PLTL formal deductive system are tautologies that describe
the system of atomic a-RSTs ZR. Hence, the set of hypotheses indirectly describe the
validation model and provide part of the axiomatic basis for deriving theorems of the
validation model.

Hypotheses have a special ability to express a system of a-RSTs =0; first,
hypotheses must be constructed to express Z;:1<i1< n Each «-RST
T =df ( sy, s, ..., 5;) € E; begins with a particular leading tableau s; and ends
with the trailing tableaux s;. The terms g express the semantic tableaux in the a-RST T.
A hypothesis ¢ must be able to specify the leading term ¢y, a trailing term ¢y, all terms
between the leading and trailing terms, and the well founded o-relation ordering the terms.
For a member of the well founded o-relation a o a' in the system ED, there is a NTNF
formula ¢. The hypotheses definition is inductive; it begins with the set of hypotheses X
that express E1. The induction hypothesis assumes a set of hypotheses X . that express
Z; .1, and creates a set of hypotheses X, that express =;; in this manner, a set of
hypothéses X, can be constructed that express Z,. The following hypotheses use the X
operator to describe the a-relations among the terms to define hypotheses that express the
system of semantic tableaux constructions E". The following definition uses ;) to
denote the leading term of ;.

Definition 6-4-1 : Next-Time Normal Form Formulae { Fine ]
The set X, of next-time normal form formulae, NTNF formulae, of degree n
corresponding to Z, is defined by induction on m :

m=1:ThesetX;=df { ¢3¢ =df oyXT:ye g }.
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m > 1 : The induction hypothesis posits that X, | =df { Wy, ¥, ..., Y } consists
of the next-time normal form formulae of degree m - 1 arranged in their
lexicographical order.

Xm=df {$>
) ¢=dfoBX v Wy TW) - W
if)y B=df¢;: Be p;
i) 7; is blank iff ¢; & yjy? holds or m; is — iff ¢; & gy does not
hold: 1 <i<k}.
The next-time normal forms X, can describe any atomic o-RSTs in Z,. For X; and
Xjri>], Xjis said to be the subordinate of Xj; X does not have a subordinate. The
set  Xj_j:1>1,is called the immediate subordinate of Xj. Each element of the set X;
is constructed from X, X5, and X _ ;. The disjunction describes the remaining portions
of all the 0-RSTs that begin with term B and have n - 1 terms. The term B temporally
precedes the leading terms of the disjunction having a blank 7;, but does not temporally
precede the leading terms of the disjunction with a — in m;. If there exists a NTNF
formula ¢ having — in every w; of every disjunct D;, the tableau B does not temporally
precede any other tableau; this does not happen here. The trailing term of the NTNF
formula ¢, denoted ¢, € g, is the semantic tableaux formula y of the subformula
DYXT € X of ¢.
| The NTNF formulae X! =df X| U X, U ... U X,, are organized to express

Zn. The o-relation must be specified among X0,

2ie, b Vi(py is the a-relation among the terms ¢; and Wj(yy which corresponds to the 2-
ary predicate Ay( @y, () ). ¢) corresponds to the next state with respect to the state
corresponding 1o (.
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Definition 6-4-2 : a-Relation Among NTNF Formulae
The o-relation among NINF formulae W € X; and x € X, i# j, denoted v R ¥,
holds iff yj =df s' and x; =df s, such that s' o s holds.

The a-relation is specified among the leading tableaux of the NTNF formulae.

The following definition uses =M to denote a structure of NTNF formulae to

express the system of o-RSTs =0,
Definition 6-4-3 : PLTL Deductive System Model

For n 2 1, the PLTL deductive system model is the triple En =df < W, R, H > such

that :

1)y W =df Xmu

i) R =df {<y,x>3<y,x>e WxW:yRy);

i) H =df {<y,a;>3<y,a,>e Wx2P:g =dfy )3.
The set W in =M contains all NTNF formulae of degree not greater than n. The set R
defines the well founded a-relation of temporal precedence among the leading terms of
NTNF formulae. The mapping H associates NTNF formulae with distinct semantic
tableaux in the system of o-RSTs. If evaluated, each element of W in E1 would be placed
in the left column of some initial tableau of a ®-RST. The definition of subordinates also
extends to PLTL models. For Ei and Ei : i > j, i is the subordinate of Ei and Ei-1is the
immediate subordinate of Ei,

Since the PLTL model &t is a collection of hypotheses to express the relation of
temporal precedence among the semantic tableaux comprising a system of atomic ¢--RSTs,
the validity of formulae can be denoted with respect to ZM or any of its subordinates. In
fact, definitions of evaluation, Definition 5-3-4, or of the semantic tableaux procedure can

be made in terms of a PLTL model EM, because the ordering of semantic tableaux is

3 ie., a; is a distinct semantic tableau corresponding to the leading term of .
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implicit in the ordering among NTNF fromulae; this is implicit in what follows. The
notation =0 |= ¢ indicates that ¢ is valid with respect to the PLTL model. For an atomic
theorem ¢, Z! |= ¢ and E" |= ¢ hold. For any formula ¢ € W of En, Zn i= ¢,
Definition 6-4-4 : Evaluation of Formulae in Terms of a PLTL Model

For a PLTL model =" and a formula ¢, the following hold.

iy Znl=T iff 20 )= 1,

i) Znl=¢pe P iff ¢ isan atomic theorem;

ilf) E0 |l= —yr iff 20l vy,

iv) EM = Ayy iff &=y and EP [=y;

v) En =Xy iff En 1=y,

vi) BN = Uyy iff Ef = Ay, BN |= —Ax—~XUyy, and Z0 |= UyT.

That Definition 6-4-4 is true can be determined by inspection of the evaluation rules and

semantic tableaux rules. This fact that is exploited in the forthcoming sections.
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Section 6-5 : Theorems.

The process of deduction begins with a PLTL model =0, an assertion of
hypotheses with the set W of valid NTNF formulae, and atomic theorems. The process
takes the hypotheses W and the PLTL theses, and uses the rules of inference, defined
below, to derive a theorem.

Definition 6-5-1 : PLTL Derivation
A PLTL derivation of a theorem ¢ from a PLTL. model E" =df < W, R, H > [ Bri ],
denoted Z |-py p, 9, is a finite sequence of formulae I" =df ( ¢y, ¢, ..., ¢p ), such
that ¢ =df ¢, and, for each i < p, either:

1) ¢ is a thesis,

or ii) ¢;€ W or ¢; € P is an atomic theorem,
or iii) for some j and k <1, ¢; results from one of the following rules of inference:
R1.  Modus Ponens - MP
For ¢; =df Dy and ¢y =df y then ¢; =df x.
R2. G Insertion - GI
If ¢; =df y then ¢; =df Gy.
Definition 6-5-2 : PLTL Theorem
A formulae ¢ is a PLTL theorem iff ZM |-pp 11 ¢.
The notation EM -lp; 17, 6 is used if ¢ is a conjugate of a PLTL theorem. One can derive
from the PLTL model &N, an infinite set I, 1 g =df { ¢1, 95, ... , ®ps ... } of theorems
and an infinite set of their conjugates I',_gg =df {=d, =09, ... , =0, ... }; ie.,
E l-ppL, I'e- A uniform method of deriving I',, is given below. A repertoire of derived
rules of inference and theorems for PLTL are provided in [ MP83 ]. It will be shown that

formulae obtained from derivations are valid.
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Section 6-6 : Consistency.

This section shows that any derived theorem ¢ is validated by the PLTL model =1,
That the PLTL deductive system is consistent is achieved by showing that Definition 6-5-1
does not produce a contradiction.
Definition 6-6-1 : Soundness
The PLTL deductive system is sound if E0 |-pp 1 Tooy g = ERF =T g 5.
Definition 6-6-1 formally states the objective of this section. The proof of Definition 6-6-

1 is obtained by the Theorem 6-6-2. The notation |-p; 7. is simplified to |-.

Theorem 6-6-2 ;: The PLTL Deductive System is Sound [ Kri63 ].
EN -pTL Toe s = &0 =Ty s
Proof : By Construction of a Derivation ( ¢y, ¢35, ..., ¢p.1)

It must be shown that the set I', j g of all formulae derived by Definition 6-5-1
is consistent, viz. sound. This proof shows that I', | g is consistent by showing that
it is not contradictory. To prove that I' .1 g is contradictory it is sufficient to show
that, for any subset of formulae { ¢4, 95, ..., ¢p -1 } ©Twys, aformula q>p can not
be derived such that AQp—bp € Feopss if A0 can be derived, then consistency
implies that =" |= ¢, and 21 }= —0,,, a contradiction. If

DiAp-29192 - bp. 1 Abpdp € Toors
is valid and I'.,.; g is contradictory [ Rob77 ]4. A derivation of ¢p is an ordered

sequence of theorems I'P =df (¢, ¢2, ..., ¢p. 1. ¢p ), where theorem ¢, is

concluded by one the conditions i), ii), or iii) of Definition 6-5-1 from the sequence

Fp'lzdf(¢1,¢2, ...,¢p_1).

4 The semantic tableaux procedure applied to —A 14p -2 0192 ... §p . 1 =APp—Pp must not
close.
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Therefore, a proof that I',.[ g is not contradictory must show that if a derived bp is
valid then its conjugate —bp is not valid; this can be achieved using the semantic
tableaux procedure as outlined in the appendix. The implications of the semantic
tableaux procedure are exploited by the remainer of this dissertation.

Each of the conditions i), ii), and iii) of Definition 6-5-1 must derive a valid
formula. Condition iii) can not be invoked in a derivation until any of the conditions i)
and ii) have been invoked at least two times in the case of rule of inference R1 or at
least one time in the case of rule of inference R2; therefore, conditions i) and ii) are
investigated first. It must be shown that theorems added to a derivation by i) and ii)
do not create inconsistencies. The set of NTNF formulae W are defined valid; any
atomic theorem is valid. The theorems created by the PLTL axiom schemata are
shown to be valid, by using a modified semantic tableaux procedure that shows the
validation of the theorem conjugate creates an inconsistency, The appendix shows this
simple but tedious task. Thus, the hypotheses do not create an inconsistency.

Now, it must be shown that the rules of inference do not derive
inconsistencies. Given that a sequence I' =df (9, ¢s, ..., ¢p .1 ) of theorems
has been derived, ZM |=T holds.

The rule R1 preserves validity. If &0 |-p; 1y, Dy and ER |-p; 7. W are theorems, then
EN |=Dyy and EM I= y. For E0 |-py g1, % derived by Modus Ponens, it must be
shown that Z7 |=%. The formula Dy is an abbreviation for ~Ay—y; therefore,
S |= —Ay—y. Since EM I= mAy—y) implies EP l# ay—y, and because Zn |= Y |
implies &0 |# —y, 2 =y,

The rule R2 preserves validity. If En l-pLTL ¥ is a theorem, then =1 |=y. The
theorem ZM I-pp 11, Gy is derived by G Insertion from ER I-pp 1 W. By a

reduction sequence, the formula Gy is converted to Uy.L. It must be shown that
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EZn |=Uwyl. It is assumed, reductio ad absurdum, that En = Uy L.
Therefore, at least one of the following must be true ZE8 = A=y—L,
EM = Al-XUwyl, andZ? [= -UyT. E"|= A—y—Ll contradicts 0 I= y.
En |= Al-XUwy.l implies that ZM |= L, which can not be true. =" |= —~UyT
implies that Z0 l# UyT. Therefore, for every semantic tableaux s,
UyT € RC(s). But clearly, since 0 |= qf,  appears in all left columns. The
semantic tableaux procedure applied to any UyT € RC(s) closes. Therefore,
EZn0 |=UyT. Therefore, reductio ad absurdum, 20 |I= Uy L. Q.E.D.

The significance of this proof is that ', 5 is consistent; therefore, the PLTL deductive

system is sound.
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Section 6-7 : Maximal Consistent Set.

Given Definition 6-5-1, a set of all formulae derivable from the PLTL model =0 is
useful [ Rob77 J[ HC 1. It is shown that derivation from the PLTL model EP implies
validation with respect to the PLTL model Zn.

Definition 6-7-1 : Consistent Formula

A formulae ¢ is consistent with respect to the PLTL model Z0 iff &1 -lpy 17 —0.
When ¢ is consistent, —¢ is said to be inconsistent with respect to ¢.
Definition 6-7-2 : Consistent Set of Formulae
A set of formulae { ¢y, ¢o, ..., §p } is consistent with respect to the PLTL model =0
iff E" -lprrr, —1Ap - 191 $2 - O
The infinite set of all theorems that can be derived with the PLTL deductive system from
the PLTL model M is denoted I, | g =df { ¢, §2, ..., ¢p, o
Definition 6-7-3 : Consistent Infinite Set of Formulae
The infinite set of formulae ', g =df { ¢1, 09, ..., ¢p, ... } 18 consistent with
respect to the PLTL model ZP iff it does not contain an inconsistent finite subset of
formulae; i.e., for every subset { ¢¢, ¢, ..., ¢p ) € TeLss
EP -lprTL —1Ap -1 91 92 - Op.
Definition 6-7-4 : Contradictory Set I' ;g
The set of derived formulae I'.y g is contradictory if it includes formulae ¢, ¢, ... ,
¢p and a formula Ay—y such that the formula D1Ap-19192 ... §p Ay is derivable.
This definition of contradictory reflects the definition presented in the PLTL semantics.
The formula DA, .1 9193 ... &p AY—V represents the derivation of Ay—y from the
derivation of 1%p-19192 ... ¢p. To derive S1Ap -1 9192 - §p AY—y ultimately implies
that =1 |= Ay—y, a contradiction. The implication is that a set of derived formulae ', g

is consistent iff it is not contradictory.
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A formal means of generating the infinite set of formulae I'.,_[ g, such that if any
formulae were added to I',, ;g would result in an inconsistency, is a tool of this
dissertation.

Definition 6-7-5 : Maximal Consistent Set

The maximal consistent set I, g derived from a set of hypotheses W of a PLTL
model Zn =df < W, R, H > is constructed in the following manner [ HC ] :
The set of all PLTL formulae, except W and the atomic theorems, are placed in
their lexicographical ordering, resulting in the sequence ¢y, ¢, ... , ¢p, ... of
formulae. The set ', 5 is constructed by forming a series of sets, superscripted
by Z+, (I'0,T1, T2 ..., TP, ... ) where :
i) TVis W and the atomic theorems;
if) given TP-L, TP=df ['P-1uy { ¢p } iff & can be added to I'P - 1 without
creating an inconsistency; otherwise, I'P =df I'P- 1. The set of all formulae
that are included in TOUTTUT2 U .. UTPU ... is denoted Iy, 1 g.
There are a number of consequences of this definition. First, each set in the series
0, Tl r2 . ,TP, .. is consistent. By the definition of hypotheses W, I'0 is
consistent. Moreover, I'P is consistent if I'P - 1 is consistent. Second, the set [ is
consistent. If Z is a finite subset of I',_1 g, and ¢, is the last formula of the
lexicographical order in Z, Zc I'™. The set I'™ is consistent. Because any subset of a
consistent set is consistent, Z is consistent. Therefore, I',,_j ¢ contains no finite
inconsistent subset and is consistent. Finally, the set I'.. j g is maximal. A formula ¢, of
the lexicographical ordering and consistent with I',, j g can be selected. The formula is
consistent with any subset of I',, g, which includes I'™ - 1. In the construction of I, | ,

O 1s added to I'™ - 1 to form I'M and, therefore, is in T, 1 .
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Three lemmata are a consequence of Definition 6-7-5. For the remainder of this

dissertation I',, 1 g is shortened to I',...
Lemma 6-7-6 :
If I, is maximal consistent set derived from W and if ¢ is a formula, it is not true that
¢ and —¢ are bothin I',..
Lemma 6-7-7 :
If I, is maximal consistent set derived from W, then either
i) ¢el.and—pe I,
i) ¢& 'wand —=pe I, or
i) ¢ ¢ I'cand —~p ¢ T..
The lemmata 6-7-6 and 6-7-7 are a result of the fact that the PLTL deductive system does
not generate a contradiction.

Lemma 6-7-8 :

If I, is maximal consistent set derived from W and if y and % are formulae, then if
ye I',andoyy e I, theny € T',..

The previous lemma results from the rule R2. The proofs are found in [ HC ].
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Some additional facts about the maximal consistent set [, are required.
Lemma 6-7-9 :
The maximal consistent set I', is a set of PLTL formulae such that [ MP85 ][ Dal ] :

i) Tel, and Le T,

ii) ye I, = el ,or—ye I',;

iii) ve [, = —ye

iv) —ye I, = ye

V) ryxyel, e yxel,andyel,;

vi) Xye T, e ye [

vi) Uyyxel, & aay-yxel,, Ax—XUyyxel,,,andUyTe ',
viii)y UyTeTl, = -ye¢ ..

Proof :

1), ii), iit), iv), and ¥) A consequence of the definition of the maximal consistent set,
which can not produce a contradiction.

vi)  For this to be true, Xy e ', = ye I',and Xy ¢ I',, = y ¢ T, must
hold. It is assumed, for a proof reductio ad absurdum, that Xy € T, and
v ¢ I',,. Byii), y ¢ I, has two possible consequences. First, if -y e [,
then by rule R2, G-y e I',. Now, by axiom A3, 5G—wyX—y € I',,. Thus
by rule R1, X—y € T'; by axiom A7, =Xy e I',. Byiv), Xy ¢ ', isa
contradiction. Therefore, reductio ad absurdum, y € I',. Second by ii), if
-y ¢ I, then either =—ye ', or——ye I',.. A contradiétion results
immediately from y e I'.,. The other case is the original reductio ad
absurdum assumption and the case where Xy e I, -y ¢ ', and y ¢ T,
must be considered. If Xy e I',, then, by Theorem 6-6-2, 20 |= X and, by

Definition 6-4-4 En |=y. -y ¢ I, and y ¢ I, imply that there are some
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vii

viii)

semantic tableaux s with -y € RC(s) and some semantic tableaux with
Yy € RC(s). But EM I=wy implies that, for every semantic tableaux s,
y € LC(s); a contradiction exists. Now it is assumed, for a proof reductio ad
absurdum, that Xy ¢ I'  and y € T',,. By rule R2, Gy € I',,. By axiom
A3, OGyXy e I',. Thus rule R1, Xy € T, resulting in a contradiction.
Therefore, Xy e I', @ ye I', and Xy ¢ I, = v ¢ ', must hold.
By rule R2, if Uyy € I',, then GUyy e I',,. By axiom A3,
>GUyxXUyyx € I',,. By Rule R1, XUyyx € T',,. By axiom A9, viz.
=UyyvyaxXUvyy, and by the definition of maximal consistent set,
=UyxvyaxXUwyyx e I',. By Rule R1 and Uyy € T,
vyAaxXUyy € I',. By the Distributive Law, AvyyvyXUyy € T,,. By
the definition of the disjunction abbreviation,
AAY= A Y—XUyy € T,
—A—Y—Y € I, and
—A—y—XUyy € ...
By Axiom A10 and Rule R1, Fy € I'; thus, UyT € T',,. Now given that
A=y € T,
—A-y—-XUyy € T, and
UyT e T,
it follows that EP |= —A—y—y, &0 [= —A-y—-XUwyy, and 0 = UyT. Itis
assumed, for a proof reductio ad absurdum, that UyT ¢ I,,; therefore, either
EN |= Amy=y, BN = A-y—=XUvyy, and E1 |= wUyT. Any one of them
causes a contradiction. Therefore, reduction ad absurdum, UyT e TI.,.
It is assumed, for a proof reductio ad absurdum, that UyT € T, and

-ye I, =ye I, means that y ¢ T,. UyT e T, implies that there

6-132



must be semantic tableaux s with y € LC(s). This clearly contradicts

=Y e Fm.
"Q.E.D.
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Section 6-8 : Completeness.

This section shows the converse of Section 6-6.

Definition 6-8-1 : Sufficiency
The PLTL deductive system is sufficient iff 20 I=I",, = EM |-p 11 [

A formula ¢ is sufficient iff Z |= ¢ = EP -p; 17, ¢. If the PLTL deductive system is
sufficient then every tautology is derivable. Theorem 6-6-2 proves that the PLTL
deductive system is sound; for the maximal consistent set of formulae I, theré exists a
PLTL model that verifies I',,. A proof of sufficiency is given here, using a Henkin type

proof [ HC ][ Sac ] based on the maximal consistent set I"_,, on NTNF formulae, and on

some concepts presented in { LP ].

Theorem 6-8-2 : PLTL deductive system is sufficient.

Proof : By Induction.

It is assumed that a PLTL model En =df < W, R, H > exists. To avoid a

contradiction for any ¢ € T, it is not the case that 21 |= ¢ and En | ¢. Alternatively,
EN |= ¢ implies that EM [# —¢, and 0 |= —¢ implies that 20 | ¢. The proof is
achieved by i) deriving a maximal consistent set I',, from = and showing that ii) if
=0 |= ¢ then ¢ € T',,. This exploits the advantages accrued by Theorem 6-6-2.

Part i) is not difficult. By Definition 6-6-5, a maximal consistent set [, is

derived from EM; but, some further definitions are required. The set denoted I7 is
derived from W of the subordinate Ei: 1 < i< n of E0; the derivation is denoted
Ell-pprr Ty Thus, El-pr g, T 1 i< is the subordinate of i l-pp 1. Ij. Also, I 4
is the immediate subordinate of I'j. Thus, I'; =df I',. Because I'y ... c I}, if
peTly:1<ks<n then¢de I:k<j< n The characteristics of the maximal
consistent set are exploited in the remainder of the proof; if ¢ € I, then E0 |= ¢ and if

& ¢ T, then E0 I# ¢.
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Part ii) of the Henkin proof requires that every formula ¢ validated by the

PLTL model Zn =df < W, R, H > is found in the maximal consistent set I',. By

Definition 6-7-3, it is only necessary to show that there does not exist an inconsistent

set of formulae included in I'; i.e., if there is an inconsistency in any I'; ¢ I, then

there is an inconsistency in I',,. It is shown, with a proof by induction on the length
of formula ¢ [ HC ], vide Definition 5-2-7, that ¢ is sufficient. At each stage of the
induction, when ZEm |= ¢, the proof must show that there is a derivation

EM |l-pr 1L ¢ € T'e. Since I',, is maximal and every formula is checked with respect

to I',, by the induction, the proof shows that all derived formulae are complete.

n =1 : The induction begins with T, .L, and the atomic tableaux. The formula T is
automatically validated by &M and is included in T, while L is not. Each atomic
proposition p € P is checked. That M |= p means that p is an atomic theorem.
The term p must be included in every leading term of the NTNF formula in Z1,

Since pe I'y, pe I'...

=

>1:

=\ : The induction hypothesis implies that y is sufficient. That formula - is
sufficient must be proved, therefore ZPR |= — is assumed. By the induction
hypotheses, and since a contradiction occurs when ZP |=y, En | y. Thus,
yel,,and-ye ' or—y e, If-ye T, then —y is sufficient.
Since I',, is maximally consistent, =y € I, implies that there exists at least
one semantic tableaux s with y e LC(s); this contradicts Zn |= —y.

Ay : The induction hypothesisr implies that y and ¥ are sufficient. That formula
Ay is sufficient must be proved, therefore Z0 = Ayy is assumed. By the
induction hypothesis and to avoid any contradiction, 2" =y, w € [,

EM|=v, and ¢ € I',,. By Lemma 6-7-9 v), anyy € I...
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Xy : The induction hypothesis implies that v is sufficient. That formula Xy is
sufficient must be proved, therefore 27 |= Xy is assumed. Because Z0 |= vy,
by the induction hypothesis y € T, -y ¢ I, and =P | —y. Lemma 6-7-9
vi), if y e T, then Xy e ...

Uwy : The induction hypothesis implies that y and ¢ are sufficient. That formula
Uwy is sufficient must be proved, therefore =0 |= Uyy is assumed.
EN |= Uyy implies that & |= mA—y—Y, E0 |= 2Aax—-XUwyy, and
En |=UwyT. It is assumed, for a proof reductio ad absurdum, that
Uyy ¢ I'.,; hence, the three possibilities

A=y € T, Amy—=XUyy e T, and -UyT € T,
must be considered. Contradictions result by lemma 6-6-2, because
A=Yy € T, implies EP |= A—yy—y and Ax—XUyy € T, implies
EN = Ax—-XUwyy.
The third possibility means that, by lemma 6-6-2, Ef |= -UyT, which
contradicts =0 |I=UyT. Q.E.D.
The definition of soundness and sufficiency lead to the following definition and theorem.

Definition 6-8-3 : Completeness

The PLTL deductive system is complete when ZP |-pp 11 I, & E0 =T,
A formula ¢ is complete when E0 l-pp 11 ¢ & EB |= ¢.
Theorem 6-8-4 : The PLTL deductive system is complete.

Proof :

By lemmata 6-6-2 and 6-8-2, and the fact that I",,, is maximally consistent.
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Section 6-9 : Validation Model Correctness Criteria Formulae

Classifications.

The PLTL deductive system is used to derive tautologous formulae that comprise
the validation model correctness criteria. If it can be shown that that maximal consistent
set ", contains the correctness criteria PLTL formulae, then the system design has been
validated. The proofs of consistency and completeness are necessary for application of
this validation method. The remainder of this chapter defines in detail the types of safety
and liveness formulae that could be defined for a validation model using PLTL.

This section defines three classes [ MP81i ] of formulae that express the
correctness criteria I' for the validation models. The validation model must generate a
PLTL model =0 for I; i.e.r, the entire execution of the validation model must adhere to the
requirements specified by the correctness criteria formulae I.1 The notation 8; identifies a
semantic tableaux formula that corresponds to atomic semantic tableaux s;. The term
corresponding to the initial state of a validation model is denoted sy and the term
corresponding to a final state is denoted Sf- Atomic tableaux formulae are not necessarily
valid. Axioms of the form Dg;y express a fact y about a particular semantic tableaux s;.
If more than one semantic tableau is involved, a conjunction can be used. To express the
same fact about all semantic tableaux, the formula y suffices.

The first classification of formulae express safety properties that are invariant over
the PLTL model Z0. These properties are expressed by formulae having the schema
SyGy.

Definition 6-9-1 : Partial Correctness

1 j.e., the formulae must be valid when interpreted in terms of the corresponding system
=N of semantic tableaux.
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The PLTL model must have the property of partial correctness. If the subformula v is
a pre-condition that holds at the initial state of the model and % is a post-condition that
holds for any particular state s;, then the partial correctness property is expressed by
the formula o Dso¥ G:)_s_ix.
But for a cyclic validation model, the correctness criteria might require that the certain
properties are maintained throughout the execution cycle, viz. with the infinity set.
Definition 6-9-2 : Clean Behaviour

The property of clean behaviour maintained over all semantic tableaux

{ s1, 89, ..., s } is expressed by the formula
DT GAg.1 281X O82X O83% ... D8gX.
In general, clean behaviour is defined for the strongly connected component of the
reachability graph. Partial correctness and clean behaviour can be combined into a
property that must hold in all semantic tableaux of Zn,
Definition 6-9-3 : Global Invariant
A formula that expresses a global invariant uses a subformula 3 to describe conditions
that must hold for all semantic tableaux of Z1. Given a subformula 3 true at the start
state sg of a validation model, the global invariant formulae has the form
> DspP GB.
A cyclic validation model does not terminate. However, certain error conditions, catled
deadlocks, prevent a validation model from continuing execution; it must be ensured that
such an error condition does not occur.
Definition 6-9-4 : Deadlock Freedom
Given a formula € that expresses an error condition resulting in a deadlock, a formula

that expresses deadlock freedom has the form D Sty G—eg; it states that from an

initial state, the error condition does not occur.
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In general, € could be any error condition. For example, to preserve the consistency of a
resource, distributed mutual exclusion must be provided. Only one system component at

a time may be in the critical section. When a system component i accesses the resource,

the formula oy; expresses the fact that the system component is in a critical section. If o is
true then no other oy can be true.
Definition 6-9-5 : Mutual Exclusion

A formula that expresses the property that two system components i and j are mutually

excluded from a critical section is D Dsgy G—A @ o,

Here A oy o expresses the fact that both system components are simultaneously in the
same critical section, an error condition.

Hence, safety properties express the fact that nothing bad ever happens [ MP81i ].

The second classification of formulae express liveness properties, where, given a
state, some property must eventually be true at some future state held by the validation
model. Liveness properties have the general schema DyFy. Partial correctness ensures
that a state s; exhibits the desired property, but does not guarantee that the state is ever
held.
Definition 6-9-6 : Total Correctness

The property of fofal correctness ensures that any state s;, where the property % holds,

is eventually held. Formulae to express this property have the form
S Doy F Dsi, with ¥ and ) the same as partial correctness.
In cyclic validation models certain properties must occur periodically; for example, the
P/ C system validation model is cyclic.
Definition 6-9-7 : Intermittent Assertion

An intermittent assertions of a property  is expressed by the formula DyFy.
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Of course, that an occurrence of a property implies that it will occur periodically does not
imply that the property is ever asserted in the first place. Indeed, it is often required that a
particular property is asserted at some time.
Definition 6-9-8 : Accessibility
A formula to express the fact that a property  is accessible has the schema DTFy.
For example, a mutual exclusion mechanism must guarantee that if a system component
requests access to a resource then it is eventually given access to the resource. There is a
liveness analogue to the safety property of deadlock freedom. A validation model holding
a particular state s; must not hold that state forever.
Definition 6-9-9 : Deadlock Freedom
A liveness formula to express the property of deadlock freedom has the form
DgiF—s;.
Hence, liveness properties state that something good eventually happens to the validation
model.

Servers generate validation models that are cyclic; that is, a server begins in an idle
state, a request is made for a service provided by the server, the server responds to the
request, and once the request has been granted the server normally returns to the idle state.
Responsiveness is a class of properties required of cyclic validation models, concerning
requests for services and the resulting responses. In the following definitions, W is a
formula expressing the fact that a request has been made and y is a formula expressing the
fact that a response has been granted.

Definition 6-9-10 : Response to Insistence
Given some, possibly permanent, issue of a request y, the property of response to
insistence requires that eventually a response % will be returned; this is expressed by

>GyFy.
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When the response ¥ is made and the request W is satisfied, W must not hold forever and
must begin to hold at some future marking; therefore, the formula ~GAwy—y must be
included with response to insistence. Polling is a common method of issuing a request,
where a request \f is issued repeatedly until a response ¥ is returned. By persistently
submitting a request for a resource that is currently in use, eventually the resource will
become free and the request can be honoured.
Definition 6-9-11 : Response to Persistence
A formula that expresses the property of response to persistence is DGFyFy, or
alternatively —GAFy—y.
If a request is stored in a buffer, only one request is sufficient to guarantee a response.
Definition 6-9-12 : Response to an Impulse
A formula that expresses a response to an impulse has the form SyFy or GoyFy.
Up to this point, the responsiveness formulae employ the temporal operators F and G.
However, there are responsiveness properties that can not be expressed without
the until operator [ GPSS ]. Normally, a response occurs if and only if a request has
been made.
Definition 6-9-13 : Absense of Unsolicited Response
A formula to express the absence of unsolicited responses has the form DFyU—yy
and states that, for a response %, to occur, it can not happen until the request Y has
been issued or y and  happen concurrently.
If multiple requests are made by a number of different system components, to prevent
some system components from being denied access to the resources, it is sometimes
necessary to impose an order on the responses. A simple method is to place requests in a
queue, which imposes a First In First Out, FIFO, discipline on the order requests are

considered and thus an order on the responses.
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Definition 6-9-14 : Precede Function

The precede function Pr(y1, ¥7) is an abbreviation of the formula DFy,Uy -y,
which expresses the FIFO discipline.
The precede function is a formula that expresses the fact that a request y/; is issued before
request . The precede function is building block from which ordering can be described
for requests and responses.
Definition 6-9-15 : Strict Fairness

A formula to express strict fairness, that responses occur in the order their requests are

made, for two requests y; and ¥, and two associated responses X and X9 is

DPr(yy, y2)Pr(x1, %2)-
The strict fairness states that if \; and W, are issued in that order, then the responses must
follow in the order y; and X. Unfortunately, this formula allows a single W to be
followed by any number of responses 7; what is really required is that at least one v is

interleaved between each . The formula APr(y, %)GoyxPr(vy, %) describes the required

property.
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Chapter 7 : CONCLUSIONS.
Section 7-1 : Summary.

This dissertation presents a methodology to derive, in a heuristic manner, valid
multiprocessor system designs. The methodology is restricted to producing abstract
designs at the architectural level and does not consider implementation of the designs. An
iterative process of defining a system design, constructing a functionally equivalent
validation model of the design, and analysing the validation model for safety and liveness
correctness criteria continues until a valid system design is derived. It is claimed that this
methodology guides and assists the very complex task of designing multiprocessor
systems.

A subclass of Petri nets is used to model the concurrent nature of multiprocessor
system designs. A validation model consists of a collection of n component models.
Each component model is a finite state machine state-based transition model,
<II,A,A,Q,H >, butis presented as a graph. The graphs are coupled to
represent the interaction among the system components. The coupled graphs result in a

Petri net subclass, <I1,X,I,0, my, Mg, H >, which permits the application of

Petri net reachability analysis. The result of reachability analysis is a reachability graph,
<S,T,myg, Mg, H>, afinite state machine state-based transition model that represents
the validation model global states and their transitions. The reachability graph is a
simplification of the Petri net without loss of relevant information necessary for temporal
analysis purposes.

Temporal analysis converts the stroﬁgly connected, directed reachability graph to

the validation model ai-relation structure Z conforming to the linear, discrete, and absolute
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view of time. The execution over time of a validation model is represented by
constructing the set of distinct finite and infinite walks that begin with a particular vertex in
the reachability graph, where each walk represents one possible sequence of global states.
Standards of conduct define the o-relation, which select a subset of all countably infinite
walks A,_o(RG). This set of infinite walks is condensed into a collection of finite
walks, that contains sufficient information to specify the maximal strongly connected
reachability graph component, SCC-A,_,(RG), specified by the a-relation. The
information can be expressed as a family of predicates, { A;:1 <i< n }, whose
sentences correspond to the finite walks. The validation model o-relation structure =2,
<S,{Aj:1<i<n}, SCC-A,_,(RG), { H(s)3Vse S}>,

is defined from the predicates and forms a structure of finite sequences of propositions
providing the basis for the PLTL definitions.

The safety and liveness criteria are expressed in the language of PLTL. The rules
of syntax select words from the PLTL language which can be assigned meaning. The
temporal semantics determine whether a word asserts something true in a given sequence
of propositions. The semantic tableaux procedure is a proof, reductio ad absurdum,
demonstrating that a word is valid in the relation structure.

The PLTL deductive system is a syntactic method of selecting tautologies with
respect to the validation model o-relation structure. The terms of the deductive system
correspond to the validation model global states. A set of axiom schemata define the
theses of the deductive system. The validation model o-relation structure Z is expressed
with a set of hypotheses. Together, the terms, theses, and hypotheses define the

axiomatic basis for the PLTL deductive system. The process of deduction derives a

maximal consistent set I', of theorems from the axiomatic basis. If the maximal

consistent set I', contains the correctness criteria formulae, the system design is valid.

The proofs of consitency and completeness ensure that this is the case.
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Section 7-2 : Epilogue.

The result of this disseration is a technique of validating that safety and liveness
correctness criteria hold for abstract multiprocessor system designs. The techniques are
intended to be part of an overall heuristic system design methodology. The technique is
useful to solve multiprocessor design problems, but can be extended to improve its
usefulness. Furthermore, the methodology has some weaknesses that should be
understood.

Computer Assisted Design System. While all of the techniques presented here
could be performed manually, automation would be a practical step towards dealing with
the complexity of designing a multiprocessor system. This methodology provides the
theoretical foundation for a Computer Assisted Design, CAD, system. A CAD system
would consist of three parts : a Petri net model specification and storage system using an
interactive graphics capability to specify validation models and an automatic theorem
prover to automate the validation technique.

Since a validation model is an abstract mathematical representation, it lends itself to
automated specification and storage. First, an internal representation for Petri nets is
required; vector addition systems and vector replacement systems are likely candidates.
Given an internal representation of a Petri net, algorithms to convert the Petri net
representation to the reachability graph to the system of semantic tableaux are necessary;
the validation model o-relation structure Z would be the final form of the models’ internal
representation.

Furthermore, some means to ease the system designer's task when entering the
model into the CAD system is necessary. An interactive graphics capability is useful,
since illustrations are an effective means for humans to conceptualize the system design.

The interactive graphics capability would have to be integrated with the CAD system's
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internal representations and conversion algorithms. The interactive graphics capability
must overcome the difficulty of illustrating interaction among system components. If a
validation model were to be constructed with more than two interacting components,
interaction would be difficult to illustrate in two dimensions.

An automatic theorem prover requires that the problems of determining truth,
satisfiability, and validity of safety and liveness criteria PLTL formulae are computable
[ Dav ], that is, that the problems can be solved by an algorithm. The semantic tableaux
procedure is used to show validity of safety and liveness criteria formulae, but results in
some very complex semantic tableaux constructions that would consume considerable
processing time and space. No attempt has been made here to simplify the process,
though simplification is possible; for example, if the procedure has been applied to a
formula, it is not necessary to repeat the process when the formula appears as a
subformula of another formula.

But, the problem of state space explosion must be addressed before the automatic
theorem prover can be implemented. The state space explosion affects the processing time
and space required by the automatic theorem prover, since the measurement of complexity
is based on the number of vertexes in the reachability graph and the length of the
correctness criteria formulae [ LP ]. Indeed, research has shown that the problems of
determining truth, satisfiability, and validity for logics similar to PLTL are PSPACE-
complete { SC ][ Lad ]J. Thus, the automatic theorem prover might not be usable for
complex system design models with a large number of states. However, the authors of
[ LP ] argue that, since many correctness criteria can be expressed with formulae of
relatively small length, a practical automatic theorem prover is possible. The
decomposition provided by phases is illusionary, since many assertions must be proved

across all phases; but, phases may reduce complexity in some situations.
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Methodology Extensions. The validation model is a subclass of Petri nets that
generates regular languages. Though it is claimed that this model is sufficient for
modelling purposes, a study of how this theory could be extended to Petri nets defining
bounded context-free languages may be of some use.

Since the automatic theorem prover would encounter the state space explosion
problem, it might be useful to develop a repertoire of common, basic validation model
constructs with validated correctness criteria. Validation for the constructs would be
peformed once; and once performed, the constructs would serve as building blocks for
more complex systems. For example, a common building block is the Producer /
Consumer system. Any criteria validated for the Producer / Consumer system could be
transferred to systems incorporating that building block. This notion conforms to the idea
of deriving a system design by composition.

Using the PLTL language to define safety and liveness criteria is more precise and
concise than a prose description; but, the PLTL language could be improved with a
number of extensions.! Although the fundamental next-time and until temporal operators
can be used to express any relevant safety and liveness criteria, it would be useful to have
additional abbreviations for common formulae incorporating these operators, such as in
[ SM-S ]. The existential quantifiers could be added to PLTL [ CES ]. Branching time
versions of the logic might be more appropriate for the reachability tree
[ CE ][ EH82 [ EH83 ]f EL.]. It would, of course, be useful to find the most
efficient means of verifying formulae; this would require an in-depth study of inherent
complexity issues.

Abandoning Petri nets, to avoid the state space explosion, in favour of hybrid

modelling techniques, such as LOTOS, ESTL, SDL, and FAPL, might be a prudent

1 The prefix notation is chosen to avoid cumbersome bracketing conventions, but is not
commonly employed. For some people, the infix notation is an improvement.
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course of action. There could be two approaches. First, PLTL could express the
correctness criteria for the validation model specified with the techniques. This would
require methods of validating the formulae with respect to the models. Second, PLTL
could serve as a low level language from which statements in the modelling techniques
could be constructed. Proof that the modelling technique statements are correct could be
achieved by investigating the underlying PLTL formulae.

Limitations. This methodology is developed strictly for design purposes,
therefore it does not address the problem of implementing a system design. It is
analogous to data flow diagrams and structure diagrams of software engineering. Like
these software engineering techniques, the methodology provides a framework from
~ which hardware and software designs can be conceptualized. Why use a Petri net when
CSP, or even an actual programming language can be used as an model? The Petri net is a
fundamental structure that can represent concurrent states; thus, at the very least, the Petri
net provides a foundation from which integration of PLTL with other techniques could be
pursued. “

This methodology, as was stated in Chapter 1, ignores the issue of predicting the
potential performance of a system design. Performance is measured in terms of some
explicit definition of real-time periods. Because of the implicit time definition within
PLTL, there is no concept of a time measurement. Indeed, the concept of safety and
liveness criteria over time is concerned with whether something happens, how it happens,
whether something does not happen, but not when something happens. Just because the
design is correct as far as this dissertation is concerned, does not mean that the design is
acceptable. Fortunately, the methodology presented here does not preclude the
implementation of some means of measuring performance. For example, the validation
model could be modified into a timed Petri net to model logical time or include real-time

measurements.
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APPENDIX

This appendix supplies the portion of Theorem 6-6-2 showing that the PLTL
axiom schemata are valid. The proof of validity for each axiom schema is considered
separately. Each proof begins by listing the axiom schema whose validity is to be proved
on the left side of the page. Because the axiom schemata of Definition 6-3-2 are presented
as abbreviated PLTL formulae, the abbreviated axioms are converted with a reduction
sequence, Definition 5-2-9, to an unabbreviated PLTL formulae ¢. The reduction
sequences are notated as per the example on page 5-95. The proof of validity is achieved

using the semantic tableaux procedure, Definition 5-4-1. The semantic tableaux procedure

begins with an arbitrary atomic semantic tableau T| =df (s ) € E;. The PLTL axiom
¢ is placed in the right column of T and a semantic tableaux construction Ty, is created by
applying the semantic tableaux rules. If a contradiction occurs in all attempts to verify
¢ € RC(s), i.e. the conjugate of ¢, then it may be concluded that the axiom is valid. A
proof of validity is given for each axiom schema.

However, there are some typographical difficulties encountered when showing the
proofs; therefore, the following conventions are used. The proofs are organized so that
reading from the top of the page down follows closely with the semantic tableaux

procedure. The proofs use the following conventions.
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The semantic tableaux, including T, are indicated by the symbol

indicating the top of a semantic tableau and the symbol

if)

indicating the bottom of a semantic tableaun. The left column of the semantic tableaux
appears on the left side of the page and the right column appears on the right side of
the page. The converted PLTL axioms are placed at the top in the right column.

If one of the X1, and XR rules is applied for the first time in a semantic tableau, a new
semantic tableau is created; the following symbol separates the two semantic tableaux,

for example, in the proofs for A3, A6, A7.
J

v

1

Any additional applications of XL and XR place the consequent formulae in the new
tableau. The proofs, here, do not require the creation of more than one additional

semantic tableau.

1ii) The semantic tableaux rules, Definition 5-4-1, are applied to the formulae in a semantic

tableaux, usually one formula at a time. The application of a rule is not explicitly
noted; in addition, the target formulae, the formulae the rule are applied to, and the
consequent formulae, the formulae resulting from the application the rule, are not

explicitly identified. However when either the —L or —R rule is applied, the

-consequent formula is always placed on the same line as the target formula, but on the

opposite column. In the other cases, except AR, the consequent formulae are placed

directly below the target formula and are indented.
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iv) The AR rule is a special case. This rule is usually not applied in a tableau until all
other possible rules are applied; also, the rule is applied to every conjunction at once.
Instead of replicating the tableau, very cumbersome on paper, the following notation is

used.

<
—¢ or -1+ and yfor—L and .. and —¢t or —L3

<
The zigzags separate a list of consequent possibilities resulting from the application of
the AR rule from the formulae in the semantic tableau. Reading the list left to right, the
consequent possibilities are listed as they appear in the semantic tableau, reading the
tableau from top to bottom. For every conjunction Ay, the rule results in either y or
X on the right side; for multiple target conjunctions, the consequent possibilities are
- separated by the word "and". The application of the rule requires that one consequent
possibility of each multiple target conjunctions is placed in the right column. If the
choice of a possibility immediately results in a contradiction, a closed tableau, the
symbol ¥ is placed by the formulae.! Those possibilities so indicated need not be
considered. The other possibility, not creating a contradiction, must be selected and
may cause a contradiction with a member of another pair of possibilities. Such
contradictions are indicated by a footnote. If both possibilities produce a
contradiction, the semantic tableaux is automatically closed; vide A2. Every attempt is
made to show closure without replicating a semantic tableaux. When each case must
be considered separately they are clearly labelled, for example, the proofs for axiom

schemata A7 and A9.

le.g., formula T in the right column and formula .L in the left column immediately result in
a contradiction.
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v) A closed semantic tableau is indicated by placing the symbol

><
within the tableau. If all semantic tableaux are closed, the construction for the axiom's
conjugate is closed, and the axiom is valid
v) Each proof of validity is terminated with Q.E.D.

The first three proofs explicitly notate the application of the semantic tableaux.
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Proof of validity for axiom Al. =—FyG-y

Reduction sequence :

:—tF\]IG—ﬂ{I

AD=FYG—yoG—y —Fy ; 1ii)
ADFyY—F——yo—F——y—Fy ;v)b)
AD=Fy—Fyo>—-Fy-Fy ; vi)
A-ﬂA-ﬂFWﬂ—IF\F—‘A-ﬂF\{IﬂﬂFW ; i)
A=AFYFy—A-FyFy 3 vi)
AASUYTUYT-A-UyTUYT ;iv) a)

Semantic tableaux procedure :

~UyT
UYT

A=A=-UYTUYT—A-UyTUYT
T =2

ﬂA"lU\[fFU\IfT or —!/\—lU\IfTU\IJT
T e

AL —L- UyT
AL
><

Q.E.D.
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Proof of validity for axiom A2. DGy

Reduction sequence :

oGy ;
'—l/\G\if-ﬂ[,f > 11)
—|/\UWJ_"‘1\[I ) V) a)
Semantic tableaux procedure :
I
AUy 1—y «-R AUy Ly
Uyl
—1/\—1\{!—1_]_ »L{IL —L— A-—:\‘]I—l_l_
XUyl JUL
UyT JUL
-\ —-L— y
<
—ﬂ{fi or "'1.1_*
T =
><
L
Q.E.D
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Proof of validity for axiom A3. DGyXy

Reduction sequence :

SGyXy ;
=AUy L—Xy ;v)a)
Semantic tableaux procedure :
I
AUy L—Xy «-R =AUy L-Xy
Uyl
—Al-XUyl UL —L— Al-XUyl
UyT JUL
—-AT-XUyT UL —L— AT-XUyT
v IXR
=
—y¥ or —L¥ and 1 or ~XUwy.L and —y or =T and T# or ~XUyT
-
|
[
' IXR
><
i
Q.E.D.
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Proof of validity for axiom A4. DGyXGy
Reduction sequence :
SGYXGy ;
—AUyLl-XUyl ;v)a)
Semantic tableaux procedure :
!
AUy L-XUyl —AUyL-XUyl
Uyl
_lf\—i‘,lf_l..l_ /\—NI—lJ.
UyT
—XUyL XUyl
Uyl
| :
I
Uyl
><
L
Q.E.D.
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Proof of validity for axiom AS. 5Gowyxo>GyGy,

Reduction sequence :

SGoyo>GyGy ;
—AGDY—-2GyGy, ; 1)
“AG—AY—Y——AGY-Gy ; i)
AG—AY—=YAGY-GY ; vi)
—AU-AY— AUy LUyl ; V) a)
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Semantic tableaux procedure :

AU=AY—YLAUy1-Uy L —AAU=-AY—x AUyl Uy L
U—nay—y Ll
—A——AY—Y L A——AY—Y L
—AAL-XU-Ay—y Ll AL=XU—=Ay—y Ll
U—ay—yT
—A—AY=-Y—T A= AY =T
—V\T—:XU—M\I[I—IXT AT-XU 'ﬂA\,jI*ﬁXT
AUyl—=UyL
Uyl
—A—Y—L A—Y—L
—AL-XUwyl Al-XUyl
UyT
—1A—|\i!—-zT A""IW_!T
—AT-XUyT AT-XUyT
-Uyxl Uyl
A~1x—|_L —1A—|x—1_!_
AL-XUxL —AL-XUyL
UxT
X X
—-L. 1
L
—XUyxL XUyl
>
L
Q.E.D.
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Proof of validity for axiom A6. DXoyy>XyXy

Reduction sequence :

DXoyxoXyXy ;

—AXoWy—oXyXy ; 11)
—AX AP ——AXYXY ; i)
=AXAAY-YAXY—XY ; i)

Semantic tableaux procedure :

AXAAY—YAXY—-XY, AX—AY—YAXY-Xy
X—:/\\[)'—ax
Xy
4 X
—i/\\[fﬂx
| !
|
W X
—AY—Y AY—Y
- =
¥ or —yt
T =2
><
!
Q.E.D.
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Proof of validity for axiom A7. =X—¢—-X¢

Reduction sequence :

=X—0—-X0¢ ;

ADX 20X OD-XPpX ¢ ; 1)
AAX AP XA XPX ; i)
A—AX=0XP—=A-XP-X—0 ; vi)
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Semantic tableaux procedure :

A—ﬂAX—lq)X(b—l/\—lX¢)—|X—|q)
=
a) ﬂ/\X—'Aq)Xq) or b) —|A—1X¢—1X—l¢
T =
option a)
AX—0X0 —AX-0X¢
X
X0
—¢ ¢
b
I
| v
—¢ ¢
¢
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/\'-IAX_lq)X¢—IA"1X¢_IX“‘I¢

T =2
a) —-:/\X—@XQ) or b) —.A—wxq)-nX—‘q)
T =
option b)
A—1X¢l-1X'—1¢) —1A—1X¢—IX—|¢
-X6 X0
—X—¢ X0
¢
¢ —¢
|
v
!
¢
¢ —¢
><
l
Q.E.D
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Proof of validity for axiom A8. 5Go¢Xd20Gd

Reduction sequence :

565X o0 G ;
—-AGDPXP-20Gd ; it)
“AG—AP-XP——=Ad-Go ; 1)
—AG-AP-XOAG-Gd ; Vi)
AAU-AP—=XdLAd—-UdL yv)a)
Semantic tableaux procedure :
I
AU-AP=XoLAop-UdL —AU-AP=XdLAd-UdL
U—|A¢—|X¢.i_
A== AP—X P L A=—=AG—=XO— L
—AL-XU-Ap-X¢L AL=XU=Ap—Xp L
U=a¢—=X¢T
Ap—UdL
¢
-UgpL UL
A=l —A=h—L
Al-XUdL —Al-XU¢L
UpT
—¢ ¢
-L L
L
-XUpL XUopL
><<
|
Q.E.D.
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Proof of validity for axiom A9. sUyyvyAyXUyry

Reduction sequence :

=UyyvxAawXUyy

ADUYYVYAYX U OV Ay XUy Uyy,
AAUYE VY AYXU Y —AvAyX Uy —-Uyy

A=AUYY =AY AYXUY A=A —AY XUy -Uyy
AAUYE A=Y = AYXUYY—AA=Y AP XUy —-Uyy,
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Semantic tableaux procedure :

t
AAUY YA AW XU Y A=A AW XUy —Uwy

T =
a) ~AUYEA—Y—AY XUy or b) mA—A—y Ay XUyyx-Uyy
T =
option a)
AUy A —AYXUyy —AUYY A —AY XUy
Uyx
AYY A=Y
A~ XUy, AX—XUwyy
UyT
"'1/\—1\|f—1T A—|\]I—|T
—AT-XUyT AT-XUyT
A=Y —AYX Uy
—X 4
—AYXUyy AYXUyy
T =
—y or =T and T# or =XUYT and % or =XUwyx*2 and —y or —x# and
w3 or XUyy
- =
v -y
_'IT
XUyT - XUyT
X
XUy
limfl‘ Uyx
] v
UyT Uyy
><

2 because XUy must be on the right side due to foot note three.
3 because —y must be on the right side of the tableau.
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AAUYYAY—AYXU Y A—A=Y AP XUy —Uwy

T =
a) =AUy A=Y —AYXUyy or b) ~A—A—Y—AYXUyy—Uwyy
T =2
option b)
A=A AYXU Y -Uyy, —A=A=YAYX Uy -Uyy
A= Y—AYXUyy A=Y —AYXUyy
—Uyy Uyy
A=Y, TASY=Y
Ax—XUwy —A XUy
UyT
iy v
- X
X
XUy XUwyyx
><<
l
Q.E.D.
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Proof of validity for axiom A10. DUyyFy

Reduction sequence :

SUyxFy ;
-AUyy—-UyT ;1v) a)

Semantic tableaux procedure :

Uyy,
=AY A=Y
—AxXUWyy Ax—~XUyy
UYT
—UyT UyT
><<
]
Q.E.D.
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Proof of validity for A11l. DyXT

Reduction sequence :

SYXT

Semantic tableaux procedure :

/\\I!—wXT ﬁAIlI'ﬁXT
f
—XT XT
| !
{
T
><
Q.E.D.
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