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Abstract

This thesis presents a dynamic model of a general, flexible multibody sys-

tem by means of the lumped mass finite element approach formulated using

I{ane's equations. The system topology considered here is defined as an ar-

bitrary combination of both rigid and flexible bodies, connected together by

joints that permit translation and compliance, in a general tree configuration.

An extension to handle closed loop kinematic chains is also indicated. Kane's

theory of generalized speeds which is based on lhe Lagrange-d'AJemberú prin-

ciple, is used to derive the equations of motion, and this results in a very

efficient computer oriented methodology for solving the dynamics of such

large mechanical systems. To facilitate numerical computations, the dy-

namical equations are transformed into a system of first-order differential

equations, for an explicit solution of the problem. The accuracy of the pro-

posed formulation is assessed via three examples with known solutions. The

results obtained indicate the method is accurate, eficient and versatile for

the analysis of a general, flexible multibody system.
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Chapter 1-

fntroduction

l.L Problem Description

A multibody system may be defined as any finite numbel of bodies, rigid or

otherwise, connected together in some arbitrary fashion by joints. Typical

examples include spacecrafts with flexible appendages, large space stluctures,

robot manipulators, machines and mechanisms and even the human body

which can be modeled as a numbe¡ of interconnected body parts. With the

aclvent of computers, there has been considerable research in the fie1d of ligid-

multibody dynamics. It is only recently that the assumption of the bodies

being rigrd has been dropped to incorporate the effects of flexibility. Such

efects are a major concern as they exert a strong influence on the dynamic

characteristics of mechanical systems that not only operate at high speeds,

but are frequently constructed of light-weight materials.



L.2 Previous Work

One of the first papers on the dynamics of multibodies which were modeled as

rigid bodies, wele described by Hooker and Margulies (1965), and by Rober-

son and Wittenburg (1966). A large number of papers in this area soon

followed, with the three main beneficiaries for this type of research being,

space structures, robotics and mechanisms. Like the rigid multibodies, inter-

est in flexible multibody systems can also be grouped into these thr.ee distinct

areas. Since this thesis is concerned with flexible multibodies, it will be ap-

propriate for the literature review given here to address only such systems.

Hence, the review will be organized into the three main areas of research:

flexible space structuLes, compliant robotics and elastic mechanisms.

In the early 1970s, rnodels were developed for the analysis of rigid bodies

with elastic appendages ILikins (1970), Hooker (1975), Ho (1977) ]. Rober-

son (1972) introduced relative transiation between flexible bodies; Kulla (1972),

Bodley and Park (1972), and Likins et. al. (1973) presented models for spin-

ning elastic bodies; Ho and Herber (1985) and rnany others considered flex-

ible spacecrafts. Hughes (1979), Huston (1981), and Singh, VanderVoort

and Likins (1985) extended the analysis to handle general, flexible multi-

bodies. Both Huston and Singh ef. aJ. formulated their analysis based on

a Lagrange's form of the d'Alembert's principle, as first exposited by Kane

and Wang (1965). In a selies of papers, Shabana (1986), and Agrawal and

Shal¡ana (1986) investigated the dynamic characteristics of inertia variant



flexible multibody systerns using tlie Lagrange's equation technique. In the

dynamics of flexible multibodies that undergo large deformations the recur-

sive formulation â,ppears to be popular and is described in Changizi and

Shabana (1988) and Kim and Haug (1988).

In the area of flexibie robotics, Sunada and Dubowsky (1983) evaluated

the kinetoelastic deformations in industrial manipulators; Book (1984) pro-

posed a simuiation model for the dynamics of spatial manipulators with

revolute joints; Low (1987) derived the equations of motion for mechani-

cal manipulators with elastic links using the Hamilton's principle; and Lee

and Wang (1988) employed the Newton-Euler approach to present dynamic

equations for flexible single and double link manipulators, for use in computer

simulations,

There is a considerable amount of information in the dynamic analy-

sis of elastic rnechanisms and is elegantly summarized in Lowen and Chas-

sapis (1986). I(ohli et. al. (1977) investigated the dynamic behavior of

au elastic slider-crank mechanism using the Lagrange's equation approach;

Thompson and Barr (1976) employed a variational procedure to incorpo-

rate constraint equations into Harnilton's principle for a flexible slider-crank

mechanism; Jaldrasit and Lowen (1979) presented an analytical model of

the elastic-dynamic behavior in a four-bar linkage, again using the Hamil-

ton's principle; Dubowsky and Maatuk (t97S) using a Lagrangian approach,

investigated the vibratory characteristics of spatial elastic mechanisms and



manipulators; Sadler and Sandor (1973) and Sadler (i975) studied the kineto-

elastodynamic behavior of linkages using a lumped mass model, I(ohli and

Sandor (1975) applied the theory to analyse an RCCC linkage with three elas-

tic links; and Midha et. al. (1978), Turcic and Midha (1984), and Cleghorn et. al.

(1981) presented finite element equations of motion for elastic mechanisms.

1.3 Proposed Research

In this thesis, a general treatment is proposed to model the dynamics of

flexil¡le rnultibody systems connected by hinges which can accomodate both

translations and rotations. Unlike the paper by Singh, VanderVoort and

Likins (1985) which employed a set of modal coo¡dinates to approximately

represent the elastic deformations, the formulation here is based on a lumped

mass finite element model. Only multibody systems with a general tree topol-

ogy, as depicted in Figure 2.1 and exhibiting small deformations, are anal-

ysed here. An extension of the formulation to handle closed loop hinematic

chains is also presented. Several methods of analytical dynamics are avail-

able for automatic generation of the equations of motion of these multibodies.

For example, methods based on the Newton-Euler approach, the Laglange's

ecluations technique, Hamilton's principle, or some combination of these, are

probably most popular with researchers in this area. HoweveL, an increasing

number of researchers are formulating their dynamic analysis based on some

generalization of the Lagrange's form of the d'Alembert's principle. This



is because the resulting governing equations possess superior computational

advantage in that, the non-working constraint forces are eliminated without

introducing tedious differentiation as in tlie Lagrangian formulation. One of

the most well known theory based on this approach is the Kane's method

of generalized speeds (I(ane and Wang, 1965), and some of its most ardent

supporters have been Likins (1974, 1975), Huston (1978, 1979, 1980, 1981),

Levinson (1977) and l(ane himself (1965, 1968, 1980, 1983, 1987).

To facilitate numerical calculations, the equations of motion are recast

into a systern of first-order diferential equations, resulting in an explicit

formulation of the problem. Three examples with known solutions are solved,

and the results obtained indicate the proposed method is accurate, efficient,

and versatile for the analysis of a general, flexible multibody system,



Chapter 2

Kinematics of Flexible
Multibody Systems

2.L Introduction

In this chapter, the geometry and kinematics of a flexible multibody sys-

tem is introduced. In the first part of this chapter, the mathematicai tools

required to desc¡ibe the system motion are deveioped. They comprise the

body connection array, the characterization of degrees of freedom and the

transformation matrices.

In the second part, the concepts of partiai velocity, partial angular veloc-

ity and generalized speeds are introduced and having done so, the angular

and linear velocities, and angular and linear accelerations for the flexible

multibody system are derived.



2.2 System Description

2.2.L Body Connection Array

If a rnechanical system consists of connected bodies, rigid or otherwise, such

that adjacent bodies share at least one common point and no closed loops or

circuits are formed, the system is called a "general-chain" (or "open-chain")

system. Figule 2.1 depicts such a system. In order to get a unique kinematic

description of the multibodies and their various deformed configurations in

tlre dynarnic analysis ol a flexihle mr ltibody system, it is essential to develop

a cornpact and efficient accounting procedure. The procedure adopted here

is based on a direct path array used by l(ane (1968), and Huston, Passerello

and Harlow (1978) in their work on rþd multibody systems. The direct path

array rnay be obtained by follows. Arbitrarily select one of the bodies as a

reference body and call it Br. Then number the other bodies of the system

in ascending progression away from Br as shown in Figure 2.1. Lef, L(k),

lc : 7,,2,. . . , -ðy', be aD array of the adjoining lower numbered body of the

ktlr body. For exarnple, for the system shown in Figure 2.7, L(k) is

L(k): (0,1,2, 1,4,5,6,5,8, 1) (2.1)

where

(k) : (1,2,3,4,5,6,7,8,9, 10)

and it is defined that



Figure 2.1: A general tree configulation

Lo(k): t¡, L|(k) - L(k), L"(k): L(L(k))

and so on.

For convenience, the reference body 81 is assumed to be connected to

an inertially fixed body numbered as 0. Now, a direct path from the inertia

frame to any body of the system can be described by the body connection

atay L(k).

2.2.2 Degrees of FYeedom for Flexible Multibody Tbee
Systems

Consider a typical pair of adj acent bodies such as B¡ and B¡ shown in Frg-

ue 2.2. The following degrees of freedom are considered:



B;

*i" + fu;'

Inertial frame R

Figure 2.2: Trvo typical adjacent bodies with joint translation aud cornpliance



1. Rigid body degees of [reedom. The kth hinge, rvhich conrects the &th

body B¡ to its lower numbered adjacent body B¡, is assurned, in general, to

permit relative rotations and translations. Reference frames nf;j and nfj,

(á :1,2,3) are fixed at hinge point O¡ (a point of B¡) and P¡ (a point of B¡)

respectively, as shown in Figure2.2, Let Iú.R¡ represents the relative rotation

degrees of fi'eedom, and l{?¡ the relative translation degrees of freedom for

the &th hinge, then the rigid body degrees of freedom for B& are given by

¡úB:t¡rÃÀ+¡ú?e

where N is the number of bodies in the tree topology.

2, Deformational degrees of lreedom. Generate a finite element mesh for

each flexible body, and choose evely hinge point Pfr as one of the nodes. Let

lúP¡ represents the number of nodes, and lr'Iú* represents the nodal degrees

of fi'eedom in B¡. Then the deformational degrees of freedom, -l{D¡ for the

&th body, are given by the product of the degrees of fi'eedom pel node and

the numl¡er of nodes employed in the discretization of the body, namely:

i/D¡: ¡gP* ¡ ¡¿¡¿o (2.3)

The total number of deglees of freedom for the system can then be written

(2.2)

(2.4)¡¿$-flr-Ri,*NT¡¡¡¡po
L-1

10



2.2.3 TYansformation Matrices

Transformation matrices play an important role in the kinematic and dy-

namic analysis of multibody systems. The vectors o{ positions, velocities

and accelerations derived in the local reference frame can be transformed

into any other refe¡ence frames, and in particular, to the inertial reference

frame.

As before, let B¡ be a typical body of the system and B; its adjacent

lower numbered body, such as shown in Figure 2.2. The rigid orientation

of B¡ relative to B¡ rnay be defined in terms of the reiative orientation of

the dextral orthogoDal unit vector sets nfl to nf¡ (; : 1,2,3). A S x B

orthogonal transforrnation matrix, TRf can be defined as

rR!,, :nf¡, noo¿ (2.5)

wlrere tlre j and k in Equation (2.5) refer to bodies B¡ and Ba. tUen nfi

and nfj, are related to each other as

3

"í.i 
: t rS;^"?Ì^

The orientation of the hinge point, P¡ relative to 1oca1 reference frame

nf', due to the elastic deformation, also can be defined through a 3 x 3

orthogonal transformation matrix, TD¡ as

3

"?i = D TD¡¡*nl!,

11

(2.6)

(2.7)



where the transformation matrix TD¡ is given by

TD¡a*="?i."lk

The general orientation of body B¡ relative to B; now can be defined as

the relative orientation of the reference frame, nf;ro to the reference frame,

n;or' . It is not dificult to find that n¡o,.' and nfj are related to each other as

"íl : È r!,*n?a

where the general transforrnation matrix, Tf is given by

Tt - rDjTRj (2.10)

Frorn Equafio.ri (2.9), it is easily seen that with three bodies, B¡, B¡ and

B¿, the transformation matrix obeys the following chain and identity rules

(2.8)

(2.e)

(2.11)

(2.r2)

and

{:r}r!

rj : r : rj ri: rf (rf )-'
where I is the identity matrrx.

These equations allow for the transformation of components of vectors

-,..eferred to one body of the system into components refer¡ed to any other

bodS' 61 the system, and in particular, to the inertial reference frarne, A. For

example, if a typical vector, ,A- is expressed as

A : i .qln\ ,.î: - f efo),,.,
i=1 i=l

12

(2,13)



then

r!,¡ AIn\ (2.14)

where 0 refers to the inertial frame, .8.

2.3 Kinematics

2.3.L Concepts of Partial Velocity and Partial Angu-
lar Velocity

Consider a mechanical system ,9 with n, degrees of freedom. Let q1, q2, ....,

and q,, be the generalized coordinates describing the system in reference

frame ,4. Let the derivatives of generalized coordinates be represented by

,it., ,ir,, ..., q,, then the generalized speeds, 21, 'ttr2t ...¡ 2,", of the systern

,9 relative to the reference frame A are computed from

Af') = i

", =i y,"(t"+ z, (r:7,2, ...,, n) (2.15)

wlrere Y* and. Z, are the functions of n generalized coordinates, ÇttÇz¡, , , ¡Çn

and time f, and are chosen such that all tj1, tj2, . . ., q, have unique solution

in Equation (2.15). Note that (' ) implies time differentiation in the local

leference frarne.

Theil introduction enable one to take advantages of special features of a

given physical system to bring equations of motion into a particularly simple

form. Usually, the generalized speeds are chosen to be the quantities related

13



to the movements of the system, such as components of the angular velocity

of a body or the linear velocity of a particle, or simply ri" for all or part of r.

After determination of generalized speeds, the angular velocity ø, of any

body B in system,9 relative to reference frame ,4, may be uniquely described

by the linear combination of generalized speeds u,. That is,

a: I O" z, 1' cr-,

where O" and ø are computable functions of 91, Qzt . . . t Çn and f. The vector

f!, is called rth partial angular velocity of the body B relative to ,4 [I{ane

(1983 a, b, c)1.

Similarly, the linear velocity v of any particle P relative to A, may be

given by

v : ! y,u, I v (2.rT)
r=1

where V, and V are computable functions of qt, q2, ..., q, and f. The

vector V, is called rtli partial velocity of the particle P relative to .4 .

2.3.2 Generalized Speeds

The foliowing generalized vectors ale defined:

pt,(k : 1,2,...,,N) represents the relative orientation vector of the

kth body to the reference frame fixed at hinge point, P¡:

NR¡

w: I v*tnlf

14

(2.16)

(2.18)



2. €r,(k : 7.,2,... ,ìy') represents the relative translational displacernent

vector of the &th body to the reference frame fixed at hinge point, P¡:

N?¡
(n: D {" "fi

tri, tri, 
Qt : 1,2,...,N;i : 1,2,...,lr'P*)

nodal displacement vectors for translational and

f¡eedom respectivel¡ of the ith node in the kth

frame fixed at hinge point, O¡,:

(2.1s)

represent the elastic

rotational degrees of

body to the reference

(2.20)

(2.21)

,-:{

r¡i: NNu't Tu'*t n?to

NNf

'"i: D \i,"?f

Note that in general, ¡\ilfi," + 1ú¡# : 1ú^¡À < 6.

To compactly summarize the above quantities, a generalized coordinate

can be defined by ordering its cornponents as follows,

m : 1,2,. . . , Df=, trAo relative tigid orientations

- = Dfl=, l[Ar * 1, . . ., Dil=, NAr * Ìy'?¡ r'elative rigid translations

-: Df;=, 1{A* * //?¡ * 1,...,ff5 elastic defonnations
(2.22)

15



For convenience, iet the generalized speeds of the system be denoted by

lm:Qm

2.3.3 Angular Velocity

(m = 7, 2, .. ., ¡¿.9) (2.23)

The absolute angular velocity of the åth body can be represented by the

addition formula as

Lùh: ù*õzl.'. lùU*\*ôt

+ {,i' + '.. + ft;rliì + tu;tÀ) (2.24)

where the relative angular velocities, ôr ate each measuled with respect

to the respective adjacent lower numbered bodies and is surnmed over the

bodies of the chain from 81 outward to B¡. In the case of flexible bodies,

the deformation of each body, including the rotational rate of each node,

fiuf¡, a"" to elastic deforrnation, should be taken into account. So ô* is

exactly the relative angular velocity of the local reference frame, nlr* to the

refer:ence frame, nf¿o due to rigid body rotation,

The body connection allay .ú(Ê) is very useful in computing this sum.

Considering the system in Fìgure 2.1, fol example. The angulal velocity of

-B7 is given by

uz ùt-+ùE *ôs * ùei-,ìtz

+ fuf' + lrfi + futr' + qrf'

16

(2.25)



Using connection attay, e7 rrray be written as

4

LÐ7:D(a"+li;i,,)

wlrere s : L1(7), i... .l - 0, s: ¿0(7) :7; "l =1, s: L,(T) -6; ^t :
2, s : L2(7) - 5, .. ., .l : 4, s : La(7):1.

Now, in general, the absolute angular velocity of B¡ may be written as

LDk:Ð(a"+4rf¡,) (2.27)

wlrere s - L1(k) and the index z is defined such that I"(k) : 1.

The angular velocity of ith node in the &th body can be replesented as

tdi:.rÀ +'Ul (2.28)

where ø¡ is the absolute angular velocity of B¡ given by Equation (2.27)

and 4ii, is the nodal rotational rate of the ith node in body B¡.

The absolute angular velocity, a¡ in Equation (2.27) aú the nodal ro-

tational rate, &ii o1 Equation (2.28) car:. be expressed in terms of the gen-

eralized speeds, y- as
N'5

uk: D dtx^a*
m=7

NSt"l : Ð RUi,"y,,

(2.26)

(2.2e)

(2.30)

The terrn, fl¡- is the rnth partial angular velocity of B¡ and ÀU|- is the

rnth partial rotational rate of the ith node in B¡. Note that c,.,¡ and 4ii are

zero in this case. In a similar rnanner, the absolute angular velocity of the ith

17



node given by Equation (2.28) is also expressible in terms of the generalized

speeds, 9-. That is,

NS

"î : *Ð_ 
(n.r- * ovï^) ,^

(2.33)

(2.31)

2.3.4 Linear Velocity

The linear velocity of each node of the frth body may be obtained as follows.

First, define 
"f;À 

b" th" absolute position vector of the hinge point O¡ in

body B¡; xi be the relative position vector from the original point of

the reference frame fixed at hinge point O¡ to the ith node in B¡; and "uj,

lepresents the elastic translational displacement of ith node in Bß) as sketched

iri Figure 2.2. Thery the position vector of the ith node in B¡ relative to a

fixed point O in the inertia frarne .R may be written as

"i:r?^+xi+"ui. (2.32)

where rf;o represents the summation of all position vectors, stalting from

the original point of the inertia frame outward through the reference body

,B1 and the branch containing the kth body to B¡, and is given by,

u-1

"30 
: rl' + D ("íio + tui¡", + €")

whele s : L1(k), the index (z - 1) is defined such that L(k): 1 and rÍ'
represents the absolute position vectol of the hinge point O1 in B1; xf¡", and

18



"uf¡", refer, respectively, to the position vector and the elastic translation of

hinge point P, in body B¿1"¡ i and {" is tlie relative translational displacement

of the sth body to the ¿(s)th body.

Diferentiating Equation (2.32) with respect to time yields the linear ve-

locity of the ith node in body B¡ as

'l : .rf* Ìør x (xi + 'Li)+ t"i (2.34)

As in the case of angular velocity, the concept of partial velocity is also

introduced here:
N,9

,'l^ : t v?:^a^
nL=1

NSri : t Yi^a*

NSt"; : D'ui,,a^
where Vf;j and Vi,- represent the ¡¿th partial velocities of paticales 06 and

i in body B¡, respectively; "U|,,,, represents the partial elastic translational

velocity of ith node in body B¡, and g- the generalized speeds.

Tlie velocity vector, v[ can then be compactly expressed in terms of

generalized speeds, y,,, as

N,S

"i: D [vf*+oo-x(xi + r,ti)+rui^]y^

(2.35)

(2.36)

(2.37)

(2,38)

19



2.3.5 Angular Acceleration

The angular acceleration of the ith node in body B¡, in terms of generalized

speeds and accelerations, y,, and ù^, may be given by differentiating

Equation (2.31)

NS NS

'i - Ð (o*" + "ui,,) v- + Ð (t n- + "vï*) t^ (2.se)
m=\ n=1

2.3.6 Linear Acceleration

Differentiating Equation (2.38) yields the linear acceleration of the i th node

in bocly B¡, in terms of generalized speeds and accelerations, y* and y*:
NS

"i : D [ví* a.,+v?àù^ + (ao^a^*dtx*r;-) ,. (";+ 1,i)]
m=1

/ NS \ / NS \
+ ( D dtkn,!u,) '( t dt*,,a^) " ("i* l'¡;\ rn=t ,i \ -=i /

lNs \ /Ns \
+2f t a*^y*lx ( D "ui-y-)\--=t / \ãit "" /

/ NS \- (,,p, 'u'*^ ù^) (2.40)

Etluation (2.40) can also be put into a familiar form by an appropriate

gloupilg of the valious terms, so tliat the acceleration coraponents become

more recognizable. That is,

ai : .fo1o¡x(xi, + "ui,) + (ìhxu)kx(*; + 1¡;¡ t2t¿t x "ui + Îi;
(2.41)



in which the first term represents the acceleration of the reference frame at

hinge point O¡ , the second tetm is the tangential acceleration, the ttrird

term is the centrifugal acceleration, the fourth term represents the Corioìis

acceleration and the last terrn is due to the elastic deformation. Obviously

this last term, along with the other elastic terms, vanish for the case of rigid

lrody dynamics. Note that Equation (2.41) ca;n also be derived by directly

differentiating Equation (2.34).
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Chapter 3

Differential Equations of
Motion

3.1- Introduction

Dynarnical equations of motion for multibody systems can be derived by

Newton-Euler method or by Lagrangian method. The equations obtained

frorn the Newton-Euler folmulation include the constraint forces acting be-

tween adjacent bodies. Thus, additional arithmetic operations are requiled to

eliminate these terms and obtain explicit relations between the joint torques

and the resultant motion in terms of joint displacements. In the Laglangian

formulation the system's dynarnic behaviour is described in terms of work

and elergy using generalized coordinates. The metliod adopted here is called

I(ane's method of generalized speed which combines the cornputational ad-

vantages of both Newton-Euler and Lagrangian formulations in that the non-

working constraint forces and torques ale automatically eliminated and te-

dious differentiation of the scalar energy functions is avoided. The dinension
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of the resulting equations is thus minirnum.

In order to apply l{ane's method to flexibie multibody systems, a flexible

body is discretized into a system of particles, using a lumped mass frnite

element approach.

A brief review of l(ane's method is given in the second section. The third

section presents the derivation of equations of motion for open loop flexible

multibody system. The basic parts needed for the construction of l{ane's

dynamical equations, namely generalized ineltia forces and generalized active

forces, aLe derived in two subsections, respectively. An extension to apply

I(ane's equation to the closed loop rnultibody system is given in the fourth

section.

3.2 On Kanets Equations

Given a system ,9 possessing n deglees of freedom in a Newtonian refer-

ence frame.R, and composed of .|y' particles, Pr, Pr, ..., P¡y having masses

Ítltt Tn2, ..., ffiN, respectively. Consider oDe of the particles, P; and let

a¿ be the acceleration of P¡ in inertia reference frame .R, R; be the resul-

tant of a1l contact and body forces acting on 4. Then in accordance with

d'Alembett's principle we have

Ri*Ri:0

where Rf is the inertia force for P¡ in

(i:71 2, ..., 1ú)

r?, which is defined as

(i = I, 2, . '., ¡r)

(3.1)

(3.2)Ri : --t u;



Dot-multiplication of Equfion (3.1) with Vff, the rzth partial velocity of fl
in .8, yields

vfieR¿+v#.Ri:0 (3.3)

where r¿ :7,2,..,,n; i:7,2,...,1{. Summing over all particles of ,9, it

can be written as

NN
Dv#.R'+tvåoRj:Q
i=l i=1

where nz : 7,2,, , .. , n. Define

(3.4)

N¡;:lvfioR;
i=1

and

Nrli:lvfirni
where F" and Ff are called generalized active forces and generalized inertia

forces for 5 in .8, respectively. Then Equation (3.4) becomes

F^ + F; : 0 (m = 1, 2, ..., n) (3.7)

Tlrese equations are called Lagrange's form of d'Alembeú's principle ot

I{ ane's dy n amical equ ations,

(m:7, 2, ..., ,) (3.5)
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3.3 Open Loop Multibody System

3.3.1 Generalized Active Forces

For the discretized multibody system associated with the proposed lumped

finite elernent rnodel, the generalized active forces may expressed as

o,. : ËË"i- . Fi (s.s)

where Ff,, is the resultant force acting on ith node, and nz: 7, 2, ..., NS.

Substituting partial velocity V[- given by Equation (2.38) into Equa-

f.ion (3.8) yields

¡f ivPÀF^: ÐÐ Iví**o*",x(xi, + "uj,)+ tui,"1 . Fi (r.e)
,l=1 i=1

Define F¡ be the resultant working forces applied at the hinge point O¡

and Mfo be the resultant rnoment of working forces about O* in B*. The

following relationship are valid:

N NP¡ N

ÐÐ vi* r Fi : ! vf; . r¡ (8.10)
,t=1 i=1 ,6=1

N NP¡ N

DD oo- x (xj, * "ui) . Fi : I o*- . Mfu (9.11)
À=1 i=1 t=1

Tlien divide the resultant force at ¿th node, Fi into two parts: external force

PÍ") und internal elastic force Pi(i) at the ith node for the discletized bodies.

That is

Fi : PÍ4 + P(Ð elz)
.) É,



where the internal elastic force Pi(i) rnuy be obtained by the product of the

generalized stiffness matrix and the vector of the generalized coordinates.

Finally, the active forces of the system, F* may be written as

N NP¡

4' : t [vfj r F¡ * f,]*- ¡ rvrf^ + Ð'rJ'n^. (pi(") -'u pi{i) )l (3.13)
À=1 *=1

where the first two terrns represent rigid body dynamics, while the last terrn

is due to the elastic deformations of the flexible l¡odies.

3.3,2 Generalized Inertia Forces

The generalized inertia forces, Fj for the discretized system, may be given

bY 
N NP¡Få:Ð tvi-,*ia'¡ (3.14)

Substituting the acceleration and partial velocity terrns given by Equaf.íons (2.41)

ancl (2.38) respectively,int o Equatiott (3.14) yields,

trl NP¡
Fã : Ð t *nnlu?o+ar x (xi, + "u|,)

À=1 i=1

I u¡, x a¡ x (xi + rrÍ) + 2a¡ x"úi + "úl]

o [vl* + o¡- x (xi + "u;,) + "ui- ] (3.15)

To facilitate numerical computations, the equations of motion given in

Equation (3.7) are rearranged into a system of first-order differential equa-

tions for an explicit formulation of the problem, natnely:

NS

Ðb*oùo = f^, m=7.,2,...,¡ú,9
p=7

ep : Up, p:I,2,...,ffS (3.16)
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where grp is a vector of generalized speeds, b-o is the generalized mass

matrix, and fn, is the generalized load vector. Complete explession for these

two terms are given in Appendix B.

These diferential equations were solved using DGtrAR routine available

in the IMSL (International Mathematical and Statistical Libraly) package.

3,4 Closed Loop Multibody System

So far, the formulation is applicable only to the analysis of a flexible multi-

body system with an open loop chain configuration. To extend the technique

to handle a closed kinernatic chain, the equations of motion given by Equa-

tion (3.7) must be suitably modified. Singh and Likins (1985), Wampler,

Buffinton and Shu-hui (1985), Wang and Huston (1987) and Amirouche and

Huston (1988) have presented alternative schemes to construct these con-

strained multibody system equations for l{ane's theory. In another work

on constrained systems, Shabana (1985) discussed the efects of consistent,

lumped and hybrid rnass modelling of inertia properties of flexible cornpo-

nents that exhibit large angular rotations. Bakr and Shabana (1986) analysed

the dynamics of flexible constrained multibody systems that undergo large

deformations. In both studies, the equations of motion are formulated us-

ing the Lagralge's equation and the dependent coordinates are eliminated

through the use of constraint equations. Several techniques are available

for ìntroducing these constlaint equations into the diferential equations of



motion. They include for example, the Lagrange's multipliers method, the

penalty function method, and in the approach given here, a direct substitu-

tion method is employed. This procedure appears to be conveniently suited

for use in l{ane's theory, and it involves cutting open a closed loop system

at suitable hinges, into one oL more open loop structures. The equations of

rnotion for these open loop chains are derived and constraint equations are

then directly sul¡stituted into them, yielding the equations of motion for the

original closed loop system. An outline of this modification is summarized

next.

Assume the number of additional independent consttaints being intro-

duced into the open loop system is 1{C, then the degrees of freedom for the

closetl loop system, 1y'.9' is given by

l/s/:1ú,9-¡{C (3. i7)

rvhere l[,9 is the degrees of freedom for the corresponding open loop system.

Constraint equations can be obtained through the use of loop closure

equations and when difelentiated in time, yield expressions involving gen-

eralized speeds. Wampl er et al, have shown that if the constraint equations

after time differentiated, are assumed linear, then the following relationship

is also valid:
/vs/

d*=DA^ndL+ 8,, (3.18)

where rj- represents the generalized speeds of the open loop systern, rjl

lepresents tlre generalized speeds of the closed loop system and A*,,,, B^ a',-e
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functions of generalized coordinates and time. Recognizing that the square-

bracket telm on the right-hand side of Equation (2.38) is the partial veiocity

term, namely,
N,Svi: I vi^q*

we have after substituting from Equatìon (3.18),

(3.20)

Observe in Equation (3.20) that the partial velocityfor the closed loop system

is now expressed in telms of product the paltial velocity for the open loop

system and the rnatrix, 4",,. That is,

Ns /NS' \

"i: t vi," It A^,q:, + B^l
ln=1 \n=r I

(3.1e)

(3.21)

(3.22)

(3.23)

N,SvL: D vi^r,.^

The generalized active and ìnertia forces for the closed loop system ale now

given by the dot product of their respective force components and the partial

velocity for the closed loop system:

N NP¡
Fl -- D Ð (ei+Ff).ví;

,r=1 ¡=1
N NP¡

F: = ÐlmiaitY'i^
i¡=1 i=1

where Ff represents the additional forces due to constraints. The equations

of motion for a closed loop system are thus given by,

F;+ F; :0, n:1,2,. .. , ¡fS' (3.24)



A more useful form of Equafion (3.24) is to relate it to the terms given in open

loop equations. In this way, it can be immediately seen that the equations

of motion for a closed loop system are simply a recombination of the open

loop equations and the constraint equations, and the computer program can

then be adjusted with minimum alterations. Hence, we have,

,i_o^^ (o., * o;- å ä rr.vi-) : o (3.25)
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Chapter 4

Results and Discussion

4.L Introduction

In order to illustrate the accuracy and versatility of the proposed technique

and the program DAFMS (Dynamic Analysis of Flexible Multibody Sys-

tems), thlee flexil¡le multibody exarnples with analytical or published solu-

tions are solved and presented for comparison. Both rigid body and flexible

body motions are shown. Very good agreement with the known solutions are

obtained.

4,2 An Elastic Simple Pendulum

Figure 4.7 shows a two-degree-of-freedom system comprised of a weightless,

linear spring and a particle, with the spring being free to rotate al¡out a hor-

izontal axis. This is the simplest example of the flexible multibody systems

(¡\r:1, NS:2),, ancl its exact solution is available.

The equations of motion fol this two-degree-of-freedom systern as given
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Figure 4.1: An elastic simpie pendulum

in Kane and l(ahn (1968) are

,j'*r?ft-(1 +qìqï+al(r-cosqr) - g

' ? 1 
"irro, 

: osz t : . qqz * ai1*qr "'- "7+q,

wlrere øf : klm, a:nd øl : g lL, I is the gravitational constant, q1 :

nf L aû, qz : 0; k is the spring constant, 'L the length of spring in static

equilibrium, ø the spring displacement and r¿ is the mass of the particle'

Assume u¡lwz : 0.5, and initi¿l condition to be

(4.1)

Çt(0) : s'1,

s'(0) : 0'

sz(0) = 0.01

,i,(0) : 0

The numerical integration resuits are displayed in Figure 4'2' Identical agree-



Numerical and exact solution¡ coiltcide

0.t

s -0.0
l¡

-o.,

0 50 loo löu zuu zÞu .

utl

Figure 4,2: System responses (numerical and analytical solutions coincide)

Numerical and exact solutions coincide
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Table 4.1: Comparison of maximum q1 and. qz

(qr )max ( Øz )max
DAI,'MS Solution 0.0999 0.1986

-Bxact 0.0999 0.1986
I(ane and l(ahn( 1968) 0.1000 0.zrJrJ2

ment between the solution given by the program DAFMS and the exact so-

lutions of Equation (4.1) is observed. The maximum values of 91 and q2 ar.e

listed in Table 4.1 -

Figure 4.2 shows a very interesting phenomenon. The maximum value of

I grows with successive oscillations; the rnotion eventually becomes almost

entirely pendulum like; the 0-oscillations then decrease; and this process

repeats itself periodically. This phenomenon is ca1led non-linear resonance,

which should occur under the selected input values.

4.3 A Rotating Rigid Shaft-Flexible Beam
Multibody System

In mechanical systems, because of increasing operating speeds and reduced

weights, the oscillatory elastic rnotion becomes a problem in operation. The

effect of flexibility ou tire dynamic behavior of mechanical systems has wal-

ranted a good deal of attention. This example investigates the flexural motion

of a bearn firmly attached to a radially rotating rigid body. Tliis rnodel rep-
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"f¿1

Figure 4.3: A rotating rigid shaft-flexible beam multibody system

resents a variety of technological problems, such as a high speed-low weight

manipulator, a turbine blade, a helicopter rotor, and a space satellite witir

flexible appendages, etc.

Consider in Figure 4.3, a slender flexible beam firmly attached to a rotat-

ing rigid sliaft which is subjected to an applied torque, M(Í). Because the

rotating shaft is driven by the applied torque, its rigid body motion is not

known apriori, and the problem therefore consists of solving for both rigicl

body motion and the flexible beam vibration. It is assumed that the elastic

motions have no influence on the rigid body motion, but the vice-versa) the

efiects of the rigid body motion on the elastic body motions are not neglected.

Tlris would result in an uncoupied set of equations, in Equation (3.16), for
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solving the rigid body motions.

This rotating beam problem has been investigated by sever.al researchers,

but for our purpose, compalison with the published results of Yigit, Scott

and Ulsoy (i988) rvill l¡e made here. In their example, they considered a

torque pulse loacling as shown in Figure 4.4. The input parameters used

wete:

EI: 5.50 N/m2, p : 0.0858 kg/m3, .L : 0.5 m

ø:0.05m, M:*1Nm

lr : 0.05 s, f2 : Q.ls, fs = 0.15 s

and the rnoment of inertia ratio,

h f r1: 0.5,,

where the subscripts r and / refer to the rigid attachment and flexible beam

respectively, and tlie other symbols are defined in Figure 4.3.

The results of the beam iip vibration resporse and the rigid shaft motion

are presented in Figures 4,5, 4.6, and 4.7, respectively. The agreement with

the analytical solution of Yigit et a,1., for the elastic vibration is very good.

However, it should be pointed out that in theil formulation, they ernployed

only a one rnode approxirnation in the analysis. Comparison for the rigid

shaft motion is not possible, since their paper did not present results for this

Ìesponse that is computed fror¡ the uncoupled set of equations. The ligid
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Figure 4.4: A prescribed torque pulse loading (Yigit et a.1., 1988)
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Figure 4.5: Beam tip vibration response

body motions corresponding to angular displacement and angular velocity

are shown in F.igures 4.6 and 4.7. Except for some very small oscillatory

residue motion, the shaft comes to a stop at the conclusion of the torque

loading.

Tine (s)
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B¡ (Linkl)

4.4

Br(Link2)

Figure 4.8: A flexible two-link manipulator

A Flexible Two-link Manipulator

In terms of speed, weight, power consumption and maneuverability, flexible

manipulators are more desirable compared to their rigid-arm counterparts.

However, their performance can be severely curtailed by oscillatory vibra-

tions. Clearly, an accurate dynamic analysis of such flexible manipulator

systems is required for a proper development of eficient controls to attenu-

ate these undesirable motio¡rs.

Fìgure 4.8 shows a flexible two-link manipulator, in which both iinks are

hanging freely under gravity load, with no torques applied at the joints.

This example was taken fi'om Usoro, Nadira and Mahil (1986), rvho usecl
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a Lagrangian finite element approach in their formulation. They presented

solutions for the following initial conditions:

d1(o) - oo, o2$):5o

The model parameters used were:

and

L1 : l'2:l¡n

L: J2:5 x 10-e ma

Tn7:m2:5kg/n

Et: Ez: 2.0 x 1011 N/m2

The rigicl body motions corresponding to 0y 02 vibrations are depicted

in Figure 4.9.

They show the system responses arising from an initial angular perturba-

tion of 50 in 92 . They agree very well with the results given in Usoro et al.

The eiastic body motions corresponding to flexural responses at the midpoint

and at the tip of eacli link are also summarized in this figule. As also shown

in Usoro et al., two rrodes of vil¡rations are observed in each graph. A fast

mode which corresponds to the high fi'equency vibrations, and, superimposed

on these vibrations, a relatively slower oscillatory r¡ode. The elastic motions

computed here, however', do not quite agree with the results of Usoro et. al.

For example, the slower oscillatory central and tip vibrations of the first link
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and second link are out-of-phase with each other, as would be expected. But

in Usoro et. al.'s solutions, they are in-phase. It is felt that the results pre-

sented hele are more accurate since this slower oscillatory mode is heavily

influenced by the rigid body motions in the two links which, as shown here

and as well as in Usoro et. al., are also out-of-phase with each other. Other

discrepancies, attributable to differences in modeling, include the amplitude

of the slow rrode and the fi'equencies of the fast mode.

These simulation results indicate that a flexible manipulator exliibits high

undesirable oscillatory motions, and an accurate dynamic anaiysis is required

for a proper development of efficient controls to attenuate these vibrations.
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Chapter 5

Summary and Conclusions

The dynamics of a general, flexible multibody system using a lumped mass

finite element model is presented. The system topology considered here con-

sists of an arbitrary combination of both rigid and flexible bodies, linked

together by joints that perrnit translations and rotations, in a genelal tree

configuration. An extension of the formulation to handle closed loop kine-

matic chains is also suggested. The equations of motion are derived using

I(ane's theory of generalized speecls, r'esulting in a very efficient cornputel

orientecl rnethodology for solving the dynamics of such large mechanical sys-

tems. For an explicit formulation of the problem, these dynarnical equations

are recast into a system of first-order differential equations. Three exam-

ples with l<nown solutions were solved for cornparison. The first exarnple

is an elastic simple pendulum in rvhich analytical results are available. An

exact agreement is obtained for tiris simple example. The second example

which also possess analytical solutions, is a flexible bearn firmly attached to
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a rotating rigid sìraft. The agreement obtained here was very good. The

third exarnple is a flexibÌe two-link manipulator, for which numerical solu-

tions from a Lagrangian finite element folmulation are available. Except for

the elastic vibrations, very good agreement is obtained for the rigid body

motions. It is felt that the elastic solutions computed here are moÌe accu-

rate than those given by the solution of Usoro et. al. As expected, a flexible

manipulator exhibits higlily undesirable oscillatory motions, and an accurate

clynamic analysis is t..equired for a proper development of eficient controls to

attenuate these vibrations, In sumrnary, the results from these three exam-

ples indicate the method is accurate, efficient and versatile for the analysis

of a general, flexible multibody system.
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Appendix A

Nomenclature

ai, Acceleration vector of node i in body B¡

Ã^,,, B,n Functions of generalized coordinates and time

bmp Generalized mass m¿trix

F, ., Fà Genelalized active and inertia forces fol unconstrained systems

FL, F# Generalized active and inertia forces for constrained systems

F¡ Total working forces in body B¡

f," Generalized load vector

4r Inertia dyadic of rigid body

L(k) Body connection array

rnk, Tni Mass of body B¡ and node i in body B¡ respectively

Ml^ Moment of working forces about hinge point, O¡ in body ,B¡

M*, Nx Inertia dyadics of flexible body

¡ù Nutnber of l¡odies in the system
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NC Number of independent constraints

ND* Number of deformational degrees of freedom in body B¡

¡f¡,L Nodal degrees of freedom in body B¡

¡ú1f¡,", ¡/¡y'f Nodal tr.anslational ancl rotational degrees of freedom in body B¡

ÌúP¡ Number of nodes in body B¡

1ù.R* Nurnber of ¡otational degrees of freedom in body B¡

¡¡^9 Total number of degrees of freedom for unconstrained systems

NS' Total number of degrees of freedom for constrained systems

NT* Number of translational degrees of freedom in body B¡

PÅ, Q'k External and internal forces at node i in body B¡

Ç,r, Ç*, (in Generalized coordinates, speeds and accelerations

lj, Absolute position vector of node i in body B¡ after tleformation

"f* Absoiute position vector of hinge point O¡ in body B¡

xi' Relative position vector from the frame at hinge point O¡

to the ith node

tti, 
"ri Ðlastic translational and rotational nodal displacement vectors

'¡5i,,, ^Ui^ Partial elastic translational and rotational vector.s

of node i in body B¡

vi Linear velocity of node i in body B¡

u?* Linear velocity of hinge point O¡ in body B¡
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V?i;, V"o^ Partial velocity in body B¡ for unconstrained systems

V';^ Partial velocity in body B¡ for constrained systems

y^ Vector of generalized speeds

ai Angular acceleration vector of node i in body B¡

u'¡ Angular velocity vector of node i in body B¡

dl*^ Partial angulal velocity in body B¡

gk Relative orientation vector of the ktlÌ body

€r Reiative tlanslational displacement vector of the frth body
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Appendix B

Explicit Expressions for the
Generalized Mass Matrix and
Generalized Load Vector

The generalized mass matrix is obtained by substituting Equation (18) into

Equatiott (25) and simplifying yields,

b-p : D l*ov];.vf;; + Qlr+tfo+tvtr),o¡oro¡",]
À=1

N NP¡

+ t t -i l("i + tui) ' (víf + "uio).on-
,l=1 r=1

+ (xi, + 1';) 
" (vf; + tui-) . o¡o

+vf;; ."uio+von;.rui^

+trï * (ono * tri) . Q*^ * rrJio^ , rrJioo) (8.1)



where Tooo is the inertia dyadic of the rigid bod¡ and,Â,[, Mk ale the iner.tia

dyadics of the flexible body. These dyadic quantities are given by,

NP¡
zfr = Ðmi. (xi.xiu - xixi,)

i=7

NP¡
//^ : t nzi, (xi r ""¡u - xil-';)

r=1

NP¡

,vlx = D *ï ('"ï. x¡ u - ""i xi) (8.2)
i=t

in which U is the unit dyadic.

Equations (2.40,3.13,3.15) are used to derive the generalized load vector,

/,". which after simplifications becomes:

f^: F^ - Íi., (8.3)

whele /| is definecl as,

iå : Ë {-- (Ë n?;',).vf* + (rfr +N*+rvk).(,ä n,n) .n-,,,

* (,8 n-, ø) ,. 
lør^ 

+ N* + M*). (,ä "-, 
n)] . "* ]

- å ä {- Ct - u) ,. (Ð no,E).u*,
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' '",] .

(E """) " l(,ä 
n,"n 

) 
,. þi + r,i)] .q;

'lË "-"") ' (Ë *',n)] '"t*

2 (*i + *tl " l(Ë 
n*, n") " (Ë tt, n)] . "*

*t . 
l(,ä 

nu,n 
) 

* *r . (ä n*,n,) , (Ë "-,n)

(*ï + 'Li) ' li ort no) . nn- * li ort *) . ',r,-
\p=t / \p=1 /

lî n-,n) . ("t + ?u¡) x "u;-
\P=r /

, ("ä "-"") 
. f(i -r,n") " '"r,1

(Ë ",4 ' lË nu,n 
) 

* ("i +',,r¡] .',,¡.*)

+

+

+

+

+

+

+

+ (8.4)
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Appendix C

Program DAFMS for
Dynamical Analysis of a
General Flexible Multibody
System
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PROGRAM DAFMS

DYNAMICAL ANALYSIS OF FLEXIBLE MULTIBODY SYSTEMS

(3-D Formulation)

Programed by

ZHICHENG ZHAO

September, 1991

UNIVERSITY OF MANITOBA

Winnipeg, Manitoba, Canada

c
C MATN PROGRAM DAFMS

c
c0MM0N/R00M/MR( 100000)
COMMON/PSIZE/MAX

COMMON/QSIZE/MAXRM

0PEN (UNIT=5 , FILE= ' FMBD . DAT ' )
oPEN (UNIT=6 , FILE= ' FMBD . oUT, )
MAX=100000

MAX&M=20000

READ (5, IOOO) N, NDM

WRITE(6,2OOO) N, NDM

NDMM=3

TF(NDM.LT,3) NDMM=I

N1=1

N2=N1+N

N3=N2+N*4
N4=N3+Nx4

N5=N4+N

N6=N5+N

CALL QC0NTR(MR(N2),MR(N3),MR(N4),MR(N5)
T ,N, NDM, NDMM)

IOOO FORMAT (2I5)
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2000 FoRMAT(sX, ' ==N==NDM== ' ,2I5)
STOP

END

SUBROUTINE SCONTR (NT, NR, NUMNP, NDF, N, NDM, NDI,IM)

LOGTCAL PCOMP

EXTERNAL FCN, FCNJ

c...... .FCM,FCMJ
coMMoN t'{(20000)
c0MM0N/R00M/MR ( 100000 )
COMMON/QDATA/QO , QHEAD (20) , IPR
couMoN/P0INTo/N1,N2,N3,N4,Ns,N6
COMMON/POINTF/NF1, NF2, NF3, NF4,NFs, NF6,NF7, NF8
C0MM0N/P0INT1/N9, N10,N11,N12,N13,N14,N15,N16,N17,N18,N19,N20
COMMON/POINT2/N21, N22, N23, N24, N25, NXL,N26, N27, N28, N29
COMMON/POTNT3/NUI, N31, N32,NYL, NYI,NYD,ND1, ND2, ND3

c0uMoN/P0rNT4/N41,N42,N43,N44,N45,N46,N47
c0MM0N/P0rNTs/N51 , N52, N53 , Ns4, N55
c0MM0N/P0INT6/N61, N62,N63, N64
c0MM0N/P0INT7/N71 , N72 , N73 , N74, N7s
DIMENSION QTITT(20), QllD(3),NT(N, 1),NR(N, 1),NWNP (1),NDF(1)
DATA ql,lD/4HDFI'IB,4HSTAR,4HSTOP/

c
C READ A CARD AND COMPARE FIRST 4 COLUMS t.lITH MACRO LTST

1 READ(s,1OOO) QTITL
rF(PcoMp(QTTTL(1),At.lD(1))) c0T0 1oo
rF(pcoMp(QTrrL(1),al,|D(2))) coro 2oo
TF(PCOHP(QT]TL( 1), Ol,lD(3) ) ) RETURN

GOTO1

C READ AND PRINT CONTROL INFORMATION

c
100 D0 101 I=1,20

QHEAD(I)=QrIrL(I)
101 CONTINUE

I,IRITE(6,2OOO) QHEAD

D0 103 K=1,N
READ(s, 1001) Kl(, (NT(K,I), I=1,a)
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l.lRITE(6,2001) KK, (NT(K,I),I=1,a)
103 CONTINUE

D0 105 K=1,N
READ (5, 1001) KK, (NR(K,I) ,I=1,4)
IIRITE(6,2002) KK, (NR(K,I), I=1,4)

105 CONTINUE

READ(s, 1001) (NUMNP(l(),K=1,N)

READ(s, 1001) (NDF(K),K=1,N)
v,lRITE (6 , 2003) (NUMNP (K) , K= 1 , N)
WRIrE(6,2004) (NDF(K),K=1,N)
READ(s,1oo7) rT
&EAD(5,1008) H

IIRTTE(6,2007) IT
wRrTE(6,2008) H

C SET POINTERS FOR ALLOCATTON OF DATA ARRAYS

c
NS=0

D0 110 K=1,N
NS=NS+NT(K, 1) +NR(K, 1 ) +NUMNP (K) *NDF (K)

110 CONTINUE

llRITE(6,2005) NS

NPMAX=50

NMMAX=100

NDFMAX=3

N1 =1
N2 =Nl +N

N3 =N2 +N*4

N4 =N3 +Nx4

NS =N4 +N

N6 =NS +N

NF1=N6 +N+M0D (N6+N, IPR)
NF2=NF 1+N*NPMAX*3xIPR
NF3=NF2+N*NPMAXr.3r.IPR

NF4=NF3+N*,NPMAX*IPR

NF5=NF4+N'*IPR
NF6=NF5+NXNPMAX*NDFMAX*IPR

NF7=NF6+NMMAX*IPR
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NF8=NF7+N*NMMAX*NMMAXT IPR
C....... ,FEAP DATA INPUT

CALL DFIN(MR(N4),MR(Ns),HR(NF1),MR(NF2),MR(NF3),MR(NF4),MR(NFs),
1 MR(NF6),I.{R(NF7),MR(NF8),N,NS,NPIiIAX,NIiÍMAX)

c

c

N9 =NF8+ (NMMAX* (NMMAX+ 1) /2) *IPR
N1O=N9 +N*IPR
N11-N10+Nr,3*3*IPR
N12=N 11+Nx3x IPR
N 13 =N 12+N*,3x IPR
N14=N13+Nx4xIPR
N15=N14+N*4*IPR
N 16=N 15+N*3* IPR
N17=N 16+N*,3*IPR
N 18=N 17+Nx3,*3 * IPR
N 19=N 18+Nx3*3*IPR
N20=N 19+N*3*3xIPR
N21=N20+Nx3*,NS* IPR
N22=N21+N*3*,NSi IPR
N23=N22+Nr,3xNS*IPR
N24=N23+Nx 3* 3*NS * IPR
N25=N24+N'*3'*NST,IPR

NXL=N25+N*3*TPR
N26=NXL+NST,IPR

N27=N26+NxNPMAX*3*NS*IPR
N28=N27+3*NS*.IPR
N29=N28+N*3*IPR
NUI =N29+3 *NS X IPR
N31=NUI+N*NPMAX*3

N32=N31+N*3*3* IpR
NYL=N32+N*3*3*JPR
NYI =NYL+2 XNS * IP&
NYD=NYI +2*NS* IPR

CALL SYSTE}'{ DTSCRIPTION TNPUT SUBROUTINE TO READ AND PBINT
ALL GEOMETRIC AND KINEI'IETIC INITIAL DATA.

ND1=NYD+NS*IPR

ND2=ND1+NXIPR

ND3=ND2+N*]PR
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c

CALL TSYSIN(MR(N1),MR(N6),MR(N9),MR(NIO),MR(N11),MR(N12),
1 MR(N13), MR(N14),}fE(NXL), MR(NYL), MR(N15),MR(N16), MR(N28),
1 MR(ND1 ), MR(ND2),MR(ND3), N, NS,NDM, NDMI,Í )
GOTO1
CONTlNUE

N41=ND3+Nr,IPR

N42=N41+Nr,3 *3 * IPR
N43=N42+N*,3*3xIPR
N44=N43+N*3'*3* IPR
N45=N44+Nx3*NSx IPR
N46=N45+Nx3*3*NSx IPR
N47=N46+N*3*IPR
N5 1=N47+N*,NPMAX*3xNS'rIPR

N52=N51+NS*NSxIPR
N53 =N52+NS*NS * IPR
N54=N53+NSxIPR
N55=N54+3*,NSx IPR

N61=N55+3*NS*IPR
N62=N61+NST,IPR

N63=N62+NS'+IPR

N64=N63+NS*IPR
N71=N64+NSxIPR
N72=N71+NS*IPR
N73=N72+NS*IPR
N74=N73+NSX]PR

N75=N74+NS*IPR
CALL CDGEAR(MR(NYL),MR(NYI),N,NS)
GOTO1

INPUT/OUTPUT FORMATS

1000 F0RMAT (20A4)
1001 FoRMAT ( 1015)
1007 FoRMAT ( rs)
1008 FoRMAT (F10.5)
2000 FoRMAT (20A4)
2001 FoRMAT (5X,3oHNUMBER 0F DoF 0F TRANSTATIoN =,1oÏs)
2002 FoRMAT (5X,3oHNUMBER 0F DOF 0F RoTATIoN =,1ols)
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2003 FoRl'lAT (SX,3oHNUMBER 0F NoDES IN BoDY K =,1OIS)
2004 FoRMAT (SX,3oHNUMBER 0F DoF oF NoDE IN BK =,loIs)
2005 F0RMAT (5X,30HD0F 0F THE SYSTEM =,1015)
2006 FoRMAT (5X,3OHPoINTERS =, sIlO )
2007 FoRMAT (5X,30HAM0UNT 0F INTEGRAI STEP rs)
2008 FoRMAT (5X,3oHLENGTH 0F TIME oF oNE STEP =,F1o.s)
2011 FoRMAT (/5X, ' ==NUl,tlBER 0F INTECRAL STEP ==' ,ß,'=='/)
2015 F0RMAT (2X,'===X===r, 14F8.3)
s001 FoRMAT (2X,'T-Y' ,7F!2.5)
s002 FoRMAT (2X , 'T -X"7F 72 .5)
5003 FoRMAT (2X,', -ToL, XEND,H,T,METH,I{ITER, INDEX 

"4F10. 
5, 3r5)

5004 FoRMAT (2X, '*xY*x' , 10F10.5)
END

SUBROUTINE TSYSIN(LC, NP,BM,BTI, XI, PH,EPT, EPL, X, Y, HF, HM, RC,
1 IDS, F1,TIME, N, NS, NDM, NDI'IM)

LOGICAL PRT,ERR, PCOMP

COMMON/QDATA/80 , QHEAD ( 20) , IPR
DII.IENSION LC(1),8}1(1),BII (N,3, 1),XI (N, 1),NP(1),PH(N, 1),EPT(N, 1),

1 EpL(N,1),x(1),y(1),HF(N,1),Ht't(N,1),Rc(N,1),rDS(1),F1(1),
1 TIME(1),l^lD(17)
DATA WD/4HCONN,4HMASS, HINER,4HXI,4HQ(K),4HNOFP,4HEULT,

4HEULL,4HX(L),4HY(t),4HFORC,4HTOQU,
4HEND ,4HPRIN,4HNOPR,4HRC (K,4HDESN/ ,LTST / 17 / ,PRT/.TRUE,/

c ****,*,****************r<i()k****)r
cx*
C X READ MULTTBODY SYSTEM INFORMATION x
C,t*
C * * * x * x * x * * * * * * *r< ** * * * * * * * * * * * * * * * * * * * * * * * * * * *(* * * * * * * ** *** * * * * * * *
c
C INITIATIZE ARRAYS

ERR= . FALSE .

10 READ(s,1000) CC

D0 20 I= 1 , LIST
IF(PC0MP(cc,t,¡D(r) ) ) c0 T0 30

20 CONTTNUE

G0 T0 10

tl¿l



30 G0 T0 (1,2,3,4,5,6,7,8,9,11,t2,L3,74,75,t6,17,18),r
c
C CONNECTION ARRAY DATA INPUT

c
1 READ(s,1001) (tc(K),K=1,N)

IF(PRT) I,IRITE(6,2001) QHEAD, (LC(K),K=1,N)
G0 T0 10

c
C MASS OF BODIES DATA INPUT

2 Ðo 201 K=1, N

READ(5, 1OO2) IK,B}1(K)
IF(PRT) I^IRTTE(6,2002) IK, BI.T(K)

2OT CONTINUE

G0 T0 10

C INEBTIA PROPET]ESABOUT REFERENCE POINT OK DATA B]I INPUT

3 D0 301 K=1,N
D0 302 I=1,3
D0 302 M=l,3

BII(K,I'If)=0.
302 CONTTNUE

READ (5,1003) LK, (BII (K,I,I) ,I=1,3)
IF(PRT) t,lRITE(6,2003) LK, (BTT(K,T,I),]=1,3)

301 CONTINUE

G0 T0 10

c
C RELATIVE POSITION VECTOR OF JOINT PK TO JOINT HK XI(CIVEN)
c
4 D0 401 K=1, N

READ (5,1004) IK, (xI(K,M),M=1,3)
IF(PRT) WRITE(6,2004) ]K, (XI (K, M) , M= 1 ,3 )

4OT CONTÏNUE

G0 T0 10

c
C RELATIVE POSITION vEcTOR OF JOINT HL(K) TO JO]NT PK Qk(FIXED IN BL(k))
c
5 D0 501 K=1, N
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READ(s, 100s) JK, (PH(K,M),H=1,4)
TF(PRT) WRITE(6,2005) JK, (PH(K,M),M=1,3)

501 CONTINUE

G0 T0 10

C NUMBER OF NODE l,lHICH THE JOINT POINT P IS IN
c
6 D0 601 K=1,N

READ(5,1006) JK, NP (K)
IF(PRT) I,IRITE(6,2006) JK, NP (K)

601 CONTINUE

G0 T0 10

C RELATIVE EULAR PARAMETER EPT OF B(K) TO B(LC(K) INPUT
c
7 Do 701 K=1, N

READ(5, 1007) KK, (EPr(K,M),M=1,4)
IF(PRr) 

'¡RITE(6,2007) 
KK, (EpT(K,M),1't=1,a)

707 CONTTNUE

G0 T0 10

C DEFORMATION EULAR PARAMETER EPL OF OF HINGE P TO H IN B(I()
c
I D0 801 K=1,N

READ(5, 1008) MK, (EPL(K,M),M=1,a)
IF(PRT) l,lRITE(6,200s) MK, (EPL(K,M),1'l=1,a)

801 CONTINUE

c0 T0 10

C INITIAL VELUE OF UNKNO!.IN COORDINATES X(L)

9 READ(s,100e) (x(L),L=1,NS)
IF(PRT) l,lRIrE(6,200e) (x(L),L=1,NS)
G0 T0 10

C TNITIAL VELUE OF UNKNOI,IN COORDINATES Y(t)
c
11 NS2=NS*2

READ(5,1011) (Y(L),t=1,NS2)
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c READ(5,101s) (Y(L),L=1 , NS2)
IF(PRT) l.lRITE ( 6 ,201,1,) (Y(L),t=1,Ns2)
G0 T0 10

C FORCES OF HINGE DATA INPUT

t2 D0 1201 K=1, N

READ(s,1012) KI, (HF (K,M) 
'M=1,3)IF(PRT) liRIrE(6,20t2) l(I, (HF(K,M),M=1,3)

1201 CONTINUE

G0 T0 10

C TOQUES OF HINGE DATA TNPUT

c
13 Ð0 1301 K=1, N

READ(5, 1013) KJ, (HM(K,M),M=1,3)
IF(PRT) l.lRITE(6,2013) KJ, (HM(K,M) ,M=1,3)

1301 CONTINUE

G0 T0 10

T4 RETURN

15 PRT= . TRUE.

G0 T0 10

16 PRT= . FALSE.
G0 T0 10

c
C POSITION VECTER OF CENTER OF GRAVITY
c
L7 D0 1701 K=1, N

READ(s, 1017) KM, (Rc(K,M),M=1,3)
IF(PRT) I.IRIrE(6,2017) KM, (Rc(K,H),lt=1,3)

1701 CONTINUE

G0 T0 10

c
C DESIGN HM

c
18 D0 1801 K=1,N

READ(5, 1018) KM,IDS(K),F1(K),TIME(K)
IF(PRT) WRITE(6,2018) KM,IDS(K),F1(K),TIME(K)

1801 CONTINUE
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G0 T0 10

1000 FoRMAT(A4)

1001 FoRt'fAT ( 10rs )
1002 FoRMAT(I5, F10.5)
1003 F0RMAT(15,3F10. 5)
1004 FoRMAT(15,3F10. 5)
1005 F0RMAT(I5,3F10. 5)
1006 FoRMAT(I5, rs)
1007 FoRMAT (15,4F10. s)
1008 F0 Rr'f AT ( 15,4F 10 .5 )
1009 FoRMAT(5F10.5)
1011 FoRMAT(5F10.5)
1019 FoRMAT (5E14.6)
1012 FoRMAT ( 15,3110 .5 )
1013 FoRMAT(15,3F10. 5)
1017 F0RMAT(15, 3F10. 5)
1018 FoRMAT(2I5,4F10. s)
2001 FoRMAT (20A4l5X, ' LÇ==' , lols)
2002 FoRI.{AT( sx,'BM==',Is,F10.5)
2003FoRMAT( 5X,'BII=',I5,3F10.5)
2004 FoRMAT( 5X,'Xt==',15,3F10.s)
2005 FoRMAT( 5X,'PH==,,15,3F10.5)
2006 FoRì{AT( 5X, '}fP== 

I ,I5,I10)
2007FoRMAT( sX,'EPT=,,15,4F10.5)
2008 FoRMAT( 5X,,EPL=',15,4F10.5)
2009 FoRMAT( 5X,'x(L) 

" 
5F10 . s)

2011 FoRMAT( 5X,'Y(L) 
" 

sF10.5)
2012 FoRMAT( sX,'HF==,,I5,3F10.5)
2013 FoRMAT( sX, 'HM==, ,Is,3F10.5)
2017 FoRMAT( 5X,'Rc==',15,3F10.5)
2018 FoRMAT( 5X, ' r0S ,,2r5,4F10.5)

END

SUBROUTINE DFIN (NUIiINP, NDF, CO, PI,BMI, NEQ,ID, JDT,BK,BKP,
1 N, NS , NPI'IAX, NtilMAX)

DIMENSION NUMNP ( 1), NDF ( 1), CO (N, NPMAX, 1), PI (N, NPMAX, 1),
1 BMr(N,1),NEg(1),rD(1),JDr(1),BK(N,NÌ1MAX,1),BKp(1)

C * * * x * x x x x * * * * * * * * x * * * * *** x* * x ** * * * * * * *x x * * x * ** * * *x * * r(* * * * * * * * **x
C**
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C * READ FIEXIBIE BODY INFORMATION FROM FEM *
Cx+
C ,.x* x x* * * * * * * * * * r( r( * * * * * ** * * * * * x xx * * * * * * ** x *x ** x * * * * * * ** * * * x x ** * * *

D0 200 K=1, N

INDF= 1

rF(NDF(K) .EQ. 2) rNDF=2

IF(NDF(l{) .EQ. 1) INDF=3
NPK=NUMNP (K)
NMK=NDF (K) XNUMNP (K)
IF(NPK .EQ. O) GOTO 2OO

c
C NODAL COORDINATE DATA INPUT

D0 120 I=1,NPK
D0 110 M=1 ,3

110 Co(K,I,M)=o.
READ(5, 1001) II, (c0(K, I,M),1'r=2,3)
l.lRrTE(6,2001) K,fr, (C0(K,r,M),M=1,3)

720 CONTINUE

c
C TORCE/DISPL DATA INPUT

D0 140 I= 1 , NPI(

D0 130 M=1,3
130 PI (K,I , M) =0 .

READ(5, 1001) II, (PI(K,I,M),M=2,3)
v{RrTE(6,2002) K, r, (pr(K,r,M),u=1,3)

140 CONTINUE

C NUMBER OF EQUATIONS ]NPUT
c

READ(s,1003) NEQ (K)
t,IRrrE(6,2003)NEQ (K)

C ID (NDF (K) , NUMNP (K) ) ARRAY INPUT
c

READ(s,1004) (ID(I),I=1,NMK)
l.lRITE(6,2004) (ID(I), I=1,NMK)



c
c

COMPILE POINTER JDIAG INPUT

BEAD(5,1005) (JDI (J) , J= 1, NMK)

CoMPILE STIFFNESS I''IATRIX INPUT

JMAX=JDI (NMK)

READ(s,1006) (BKP (l) ,I=1 , JMAX)

LUMPED MASS OF NODES INPUT

READ(5, 1007) (BMI(K,I),I=1,NPK)
l.lRIrE(6,200s) (JDI (J), J=1,NMK)
vlRITE(6,2006) (BKP (I) ,I=1, Jl'rAX)

wRrTE(6,2010) K

l.lRITE(6,2007) (BMI(K,I),I=1,NPK)

CALCUTATE GRAVITY OF THE NOTES

D0 143 I=1, NPK

Pl(K, I,2)=PI(K, I,2)+BMI(K,I)*9.8
l,lRITE(6,2008) K,I, (PI(K,I,M),M=1,3)

CONTINUE

D0 145 I=1,NMK
D0 145 J=1,NMK

BK(K,I,J)=0.
CONTÏNUE

BK(K,1,1)=BKP(JDI ( 1) )
lF(NMr( .EQ. 1) C0T0 188
D0 160 J=2, NMK

BK (K, J, J) =BI(P (JDI (J) )
L=JDI (J) -JDT (J-1) -1
D0 150 I=1,t

BK (K, J-I , J) =BKP (JDI (J) -I)
CONTINUE

CONTINUE

NMKl=NMK- 1
D0 180 J=1,NMKl

M=NMK-J

c

c

c

743

745

150

rou
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D0 170 I=1,M
BK(K, J+I , J) =BK(K, J 

' 
J+I)

T7O CONTINUE

180 CONTINUE

188 D0 190 Ï=I,NMK
WRIrE(6,2009) (BK(K,I,J),J=1,NMK)

c l.lRITE(1,200e) (BK(K,I,J),J=1,NMK)
190 CONTINUE

2OO CONTINUE

1001 FoRMAT(15,3F10. 5)
1003 FoRMAT(15)
1004 FoRt'fAT ( 1015 )
1005 FoRMAT ( 10rs)
1006 FoRMAT (6813. s)
1007 FoRUAT( 10F10.5)
2001 FoRMAT(2X, ' C00R' ,2I5,3F10.5)
2002 FoRMAT(2X,'=PI=',2I5,3F10.s)
2003 FoRMAT(2X,'NEQ=',15)
2004 FoRMAT (2X, '=ID=' ,1015)
200s FoRMAT(2X, ' JDrA' ,1015)
2006 FoRMÀT(2X, ' BKCP ,, 6E12 .4)
2007 FORMAT(2X,'BMI=', 10F10.5)
2008 FoRMAT(2X,'PIP=,,2Is,3F10.5)
2009 FORMAT(2X,' =BK=',6872. 4)
2010 F0RI{AT(10X,'-===K====',15)

RETURN

END

SUBROUTINE SOK (LC, EPT,EPL, X,S,ST,SL, N,NDM)
DIMENSION LC(1),EPT(N, 1),EPL(N, 1),S(N,3, 1),ST(N, 3, 1),

1 SL(N,3,1),s1(3,3),X(1)
f + * *x + * * * * * * * * {. **

cx*
C * SET UP TRANSFORMATION METRIX OF EACH BODY *
c**
C * * * x * * * * * * * * * * * * * * * * * * ** * * * * * * ** * * * * * * * * * * * * * * * * * * * * **

D0 10 K=l,N
EPr (K, 1) =sIN (x (K) /2 . )
EPr(K,2)=0.
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10

EPT(K,3)=0.
EPr(K,4) =cos (x (K) /2. )
D0 9 I=1,3

sT (K,I,I) =2. *EPT(K,I) **2+2. *EpT(K,4) xx2-1.
I1=I-1
I2=I+7
IF(I1.EQ.0) I1=3
IF(12.EQ.4) 12=1
sT(K, I, 12) = (EPT (K, I ) *EPT(K, 12) -EPr(K, 4) *Epr(K, I1) ) x2.
ST (K, 12,I ) = (EPr(K,I)*EPT(K,12)+EPT(K,4)*EpT(K,I1) ) x2.

CONTINUE

CONTINUE

D0 20 K=1,N
D0 19 I=1,3

sL (K, I, I)=2. *EPL(K, I) **2+2. *EpL(K,4) *x2-1.
I1=ï-1
I2=I+1
IF(I1.EQ.0) I1=3
IF(12. EQ.a) 12=1
St(K,I, T2) = (EPL (K,I ) *EPL (K,12) -EPL (K,4) *EPL (K,I1) ) *2.
SL (K,12,I ) = (EPL (K,I) *EPL (K,12) +Ept (K,4),r,EpL (K, r 1) ) x2 .

CONTINUE

CONTINUE

rF(N. EQ. 1) G0T0 44
D0 40 ¡(=2,N

Ð0 39 I=1,3
D0 38 J=1,3

S(K,I,J)=0.
D0 37 II=1,3

S(K, I, J)=S(K, I, J)+SL(K, I, II)*sT(K, II, J)
CONTINUE

TF( ABS( S(K,I,J) ) .LT. 1.8-20 ) S(K,I,J)=0.
CONTINUE

CONTINUE

CONTINUE

D0 50 I=1,3
D0 49 J=1,3

S(1,I,J)=ST(1,I,J)
CONTINUE

37

38
J!'

40
44
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50 CONTINUE

IF(N .EQ. 1) G0T0 88
D0 B0 K=2, N

tK=Lc (K)
D0 60 I=1 ,3

D0 59 J=1,3
S1(I, J)=0.
D0 58 l"f= 1 ,3

s1(I, J)=S1 (I, J)+s(LK,I,u)*s(K,M, J)
58 CONTINUE

59 CONTINI,IE

60 CONTINUE

D0 70 I=1,3
D0 68 J=1,3

S (K,I , J) =S1(I , J)
68 CONTINUE

70 CONTINUE

80 CONTINUE

88 CONTINUE

c lrRIrE(6,1001) (((sr(K,I,J),J=1,3),I=1,3),K=1,N)
c WRITE(6,1002) (((sL(K,I,J),J=1,3),I=1,3),K=1,N)

I.¡RITE(1, 1003) ( ( (s(K, I, J), J=1,3), I=1,3),K=1,N)
1001 FoRMAT(5X,' ==ST==r,3F16. 6)
1002 FoRMAT(5X,'==SL==',3F16.6)
1003 FoRMAT (5X, ' ==s=== I ,3F16 .6)

RETURN

END

SUBROUTINE I,¡KLM(tC,NR, S, t,I, N, NS, NDI,,Î)

DI}.,IENSTON LC( 1),NR(N, 1),S (N, 3, 1),l.I(N,3, 1)

Cr,
C X SET UP PARTIAL ANGULAR VELOCITY OF EACH BODY *
c*r(
C * * * l. *,t,* r. * * * * * x ** * * * * * * ** * * * * * * ** * * * * * * * * * * * * * * * * ** * t(

D0 200 K=1, N

D0 120 M=1,3
D0 110 t=1,NS

ll(K,M,L)=0.



110 CONTINUE

72O CONTINUE

J=K

133 IF (J .EQ. 1) c0 T0 177
LJ=Lc(J)
LI=0
J1=J-1
D0 140 I=1, J1

LI=LI+NR(I,1)
74O CONTINUE

JJ=1
D0 160 LL=1,3

rF (NR(J,Lt+1) .EQ. 1) rHEN
D0 180 M=1,3

'¡ 
(K, M, LI+JJ) =S (LJ, M, LL)

150 CONTINUE

JJ=JJ+1
ENDIF

160 CONTINUE

G0T0 133

777 JJ= 1

D0 180 LL=1,3
rF (NR(J,LL+1) .EQ. 1) rHEN

}l(K,LL,JJ)-1.
JJ=JJ+1

ENDÏF
180 CONTINUE

D0 190 U=1,3
l.¡RrrE(1, 1000) (r.r(K,M,L),1=1,Ns)

190 CoNTINUE

2OO CONTINUE

1000 F0RMAT (2X , ' ===l.l=== ) 
, 12FB .4)

RETURN

END

SUBROUTINE I.¡KV (E, LC, NT, NR, NUMNP, NDF, NP, PH, S, St,W, V,
1 t.IK, VMM, VMX, X , N, NS , NDM)

DIMENSION E(3,3,3),LC(1),NT(N,1),NR(N,1) , NUMNP ( 1) , NDF ( 1) ,
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1 Np(1),pH(N,1),s(N,3,1),sL(N,3,1),t.I(N,3,1),v(N,3,1),
1 l,l1(3),I"lK(N,3,3,1),VMM(N,3,1),VMX(N,1),X(1)

c ****x{,********************************t(,t**************
c**
C * SET UP PART]AL VETOCITY OF EACH JOIN POINTOR H ,*

c**
C * * * * * x x {, r. * * * * * * * ** * *< * * ** * * * * * * ** * * * * * ** * * * * * ** * * * * * * **

INR=0

INRT=0
D0 105 K=1,N

INR=INR+NR(K , 1)
INRT=TNRT+NR(K, 1) +NT (K, 1)

105 CONTINUE

INRl=INR+ 1

INT11=INR+NT(1,1)
INDM= 1

IF(NDM.LT.3) INDM=2

c SET UP llK (K, M,IK, L) =-E (M, J,I) *Ir(K,I, L) *S (J,lK)
c

D0 144 K=1, N

D0 143 M=1,3
D0 142 L=1, NS

D0 120 J=1,3
l.l1 ( J) =0 .

D0 115 I=1,3
I"l1(J) =l.¡1(J) -E (M, J,I) *lJ(K,I, L)

115 CONTINUE

T2O CONTINUE

c wRrTE(6,soo1) (t.¡1(J),J=1,3)
D0 141 IK=1,3

l,lK(K,M,IK,L)=0.
D0 130 J=1,3

l.lK (K 
' 
M, IK, L) =}¡K (K, M 

' 
IK, L) +v{1( J) *S (K, J,IK)

130 CONTINUE

747 CONTINUE

742 CONTINUE

743 CONTINUE

144 CONTINUE
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D0 40 K=l,N
D0 20 IK=1,3

c IIRITE(1,8002) ((tt¡((K,l'f ,IK,L),L=1,NS),M=1,3)
20 CONTINUE

40 CONTINUE

8001 FoRMAT(sX,'--ll1---"sF10.5)
8002 FoRMAT(2X,'==t.lK===', 14F8.3)

c
c sET UP v(K,M,L)=XI(1,M,L)

D0 200 K=l,N
Ð0 170 M=1,3

D0 160 L=1,NS
v(K,M,t)=0.

160 CONTINUE

770 CONTINUE

JJ=1
rF (NT(1,1) .EQ. 0) c0r0 2oo
D0 180 M=1,3

rF (Nr(K,M+1) .EQ. 1) THEN

V(K,M,INR+JJ)=1.
JJ=JJ+1

ENDIF
180 CONTINUE

2OO CONTINUE

C SET UP VMM(K,M,L)=U(K, IH,L)+SL (LC(K), IH, IN)'.XI (K, IN,L)

INPT=INRT
D0 205 K=1,N
D0 205 M=1,3
D0 205 L=1,NS

vMM(K,M,L)=0.
205 CONTINUE

rF(N .EQ. 1) c0T0 333
D0 300 K=2, N

NPK=NWNP (K)
rF(NPK .EQ. o) G0T0 3oo
LK=Lc (K)
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INP=INPT+ (NP (LK) -1) XNDF (LK)
NDFK=NDF (LK)
D0 230 LP=1,NDFK

vMM (K,INDM+LP- 1 ,INP+LP) =1.
23O CONTINUE

INPT=INPT+NUMNP (LK) *NDF (LK)
INTT=INT11
JJ=1
D0 240 LL=l ,3

rF (NT(K,LL+1) .EQ. 1) THEN

D0 23S M=1,3
VMM(K,M,INTT+JJ)=SL (LK, M, LL)

235 CONTINUE

JJ=JJ+ 1

ENDIF
24O CONTINUE

INTT=INTT+NT(K, 1)
3OO CONTINUE

333 CONTINUE

D0 30 K=1, N

ÐO 22 M=t,3
22 CONTINUE

30 CONTINUE

8003 FoRMAT (2X , ' ==VMM== ' ,72Fe .4)
c
c sEr uP V¡,lx (K,I ) =vMM (K, M, L) '*x (L)

D0 400 K=1 ,l'¡
D0 390 I=1,3

vMx (K,I ) =0.
D0 380 L=1,NS

vMX(K, I)=vMX(K, I)+vl.{M(K, I,L) *X(L)
380 CONTINUE

390 CONTINUE

4OO CONTINUE

C SET UP V(K,M, t) =V(K, M, L) +IIIK(LJ, M,II, L) * (PH (J,II)+VItfX (J,IT)
c

D0 500 K=1, N
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J=K

444 IF(J. LE.1) G0T0 500
D0 490 M=1,3

LJ=Lc (J)
INT 111=INT11+ 1

D0 480 L=1, NS

D0 470 II=1,3
v(K, M, L) =v (K,ì,r, L) +I,rK (LJ,l1, TI , L) * (pH (J,II) +vMX (J, rr) )

47O CONTINUE

480 CONTINUE

490 CONTINUE

J=L J

G0T0 444
5OO CONTTNUE

D0 800 K=1,N
J=K

IF(J.LE.1) GoTo 800
LJ=Lc(J)
D0 790 l,l= 1 ,3

D0 780 L=I,NS
D0 770 I=1,3
v (K, Ì1, t) =v (K, M, t) +s (LJ, M, r) *Vt'tM(K,I,L)

77O CONTINUE

780 CONTINUE

79O CONTTNUE

800 C0NTINUE

D0 900 K=1,N
D0 890 M=1,3

890 CONT]NUE

9OO CONTINUE

79t FoRMAT (2X, '===V=-=') ,72F8.4)
RETURN

END

SUBROUTINE l,lKVI (NT, NR, NUI,INP, NDF, S, V, l,¡K, X, VI, VII,{, CO, N,NS, NPMAX)

D]MENSION NT(N, 1) ,NR(N, 1) ,NUMNP(1),NDF(1),
1 S(N,3,1),V(N,3,1),t,lK(N,3,3,1),X(1),
1 VI(N,NPMAX,3,1),VIM(3,1),CO(N,NPMAX,1),VIMX(3)

C * * * * x xx * * * ** * * * * * * * x * * ** * * * x * * ** * * * * * * * * * * * * ** *
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c
c
c

SET UP PART]AL VETOCITY OF EACH NODE

ïNRT=0
D0 105 fi=1,N

INBT=]NRT+NR(K, 1 ) +NT(K, 1)
105 CONTINUE

D0 800 K=1, N

INDF=1
rF(NDF(K) .EQ. 2) INDF=2
IF(NDF(l() .EQ. 1) INDF=3
NPK=NUMNP (K)
IF(NPK .EQ. 0) c0T0 800
D0 700 II=1,NPK

D0 140 M=1,3
D0 130 L=1,NS

vIM (M, L) =0 .
130 CONTINUE

t40 CoNTINUE

NDFK=NDF (K)
D0 150 M=1,NDFK

VIM ( ]NDF- 1+M , INRT+ ( IT - 1) *NDF (K) +M) =1 .

150 CONTINUE

D0 170 M=1,3
VIMX (M) =0 .

D0 160 L=1,NS
vrMX (M) =vrHx (¡,t) +vrM (M, r) xx (L)

160

170
CONTINUE

CONTINUE

D0 200 L=1,NS
D0 190 M=l,3

vI(K, II,M,L)=v(K,M,t)
D0 180 IH= 1 ,3

VI (K, II,M,t)=vI (K, II,M,L)+
t{K (K, M, rH, L) r, (C0 (K, rr, rH) +VrMX (rH) )+
s (K,t'f , rH) *vIM ( rH, L)

CONTINUE

CONTINUE

1

1

180
190
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2OO CONTINUE

D0 300 H=1,3
3OO CONTINUE

7OO CONTINUE

INRT=INRT+NUUNP (K) *NDF (K)
8OO CONTINUE

1001 FoRMAT(5X,3F10.5)
2001 PoRMAT(/2X,' --R(l'f) - 

"3F10. 
5/)

2002 FORI{AT( 2X,'==y1===' ,72F8 .4)
3002 F0RMAT( 2X, 14F8.3)
8000 FoRMAT( 2X, '--VIM--' ,t2F8.4)

RETURN

END

SUBROUTINE SDl,lD (E, tC, NR,S, hI, Y, SD, r,¡D, N, NS, NDM)

DrMENsr0N E(3,3,3),Lc(1),NR(N, 1),S(N,3, 1),r,¡(N,3, 1),
1 y(1),sD(N,3,1),t¡D(N,3,1),WA(3),sD1(3)

C * *, *, * ** x x * * x x x x * * * * * * * x * * * *** * * * *** * * * * ** * * * * ** * * * * * * ** ** *
C**
C * SET UP THE DERIVERTIVE OF TRANSFORMATION MATRICES *
cx*'
C 't 

* *, *, * ** * * * * x x x * * * * * * * * * ***** * * *** * ** * ** * * r. r. * ** * * * * * * ** r(* *
D0 200 K=1, N

D0 120 J=1 ,3
l,lA (J) =0 .

D0 110 L=1,NS
v¡4 ¡3¡ =r"r¡ (.t) +l.l (K, J, L) xY(L)

110 CONTINUE

72O CONTINUE

D0 170 I=1,3
D0 140 M=1,3

sD1(u)=0.
D0 130 J=l,3

sD1(M) =sD1(M) -E(T,M, J) *t.lA (J)
130 CoNTINUE

1-4O CONTINUE

D0 160 J=1,3
sD(K,I,J)=0.
D0 150 M=1,3

84



SD(K, I, J)=SD(K, I, J)+SD1 (tif)*S (K,M, J)
150 CONTINUE

160 CONTINUE

77O CONTTNUE

2OO CONTINUE

D0 300 K=1,N
D0 220 M=1,3

D0 210 L=1,NS
l.¡D(K,M,L)=0.

2TO CONTINUE

220 CONTINUE

J=K

233 IF (J .EQ. 1) G0 T0 3OO

LJ=Lc(J)
LI=0

D0 240 I=1, J1
LI=LI+NR(I,1)

240 CONTINUE

D0 260 LL=1,3
rF (NR(J,LL+l) .Eq. 1) THEN

D0 250 M=1,3
t{D (K, M, LI+JJ) =SD (tJ,M, LL)

250 CONTTNUE

JJ=JJ+1
ENDIF

260 CONTTNUE

J=LJ
G0T0 233

3OO CONTINUE

IllRIrE(1, 2001) ( ( (sD(K, I, J), J=1,3), I=1,3),K=1,N)
WRIrE(1, 2002) ( ( (!JD (K,M,L),L=1,NS),y=1,!),K=1,N)

2001 FoRMAT(2X,' ==SD=== r, 3F16. 6)
2002 f oRMAT (2X, ' ==l.lD=== I ,!2F8.4)

RETURN

END

SUBROUTINE hIKDVÐ (E, LC, NT, NR, NDF,PH,S, l,I, l.lK, VMM, VMX,
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1 Y, SD, ldD, VD, WKD, Vt'lY,N, NS, NDM)

DIMENSION E(3,3,3),tC(1),NT(N,1),NR(N,1),NDF(1),
1 PH(N,1),s(N,3,1),l,l(N,3,1),
1 !¡1(3),Ì¡2(3),qlK(N,3,3,1),VMM(N,3,1),Vr.lX(N,1),y(1),
1 sD(N,3,1),llD(N,3,1),VD(N,3,1),}lKD(N,3,3,1),vMy(N,1)

C ,t x *, * * * * * * * * * * * * * * * * * * * ** * * * * * *
c**
C * SET UP DERIVATIVE OF PARTTAL VELOCITY OF EACH JOIN POINTOR H X

C**(
C * r( ri r( * x x * *x x x * * * * * * * * * * ***** * ** * * * * * * * ** *,k r(,k r( x* xx t< x x * *** * * * * * * x * ** *

INR=0
INRT=0
D0 105 K=l,N

INR=INR+NR(K,1)
INBT=INRT+NR(K, 1) +NT(K, 1 )

105 CONTINUE

INRl=INR+ 1

INT1I=INR+NT(1,1)
INDIf=1

lF(NDM. LT.3) INDM=2

D0 144 K=1, N

D0 143 M=1,3
D0 142 t=1,NS

D0 120 J=l,B
l,l1(J)=0.
!l2 (J) =0 .

D0 115 I=1,3
l.l1(J) =l,¡1(J) -E (M, J,I) *t.¡D(K,I,L)
t.l2 (J) =l.l2(J) _E (M, J, r) *ll (K, r,L)

115 CONTINI'E

T2O CONTINUE

D0 141 IK=1,3
!ÍKD (l(,M, IK, L) =0 .

D0 130 J=1,3
t{KD (K, M,IK, L) =llKD (K, M,IK, L) +t{1( J ) 'Ìs (K, J,IK)

1

130 CONTINUE

T4T CONTINUE

r42 CONTINUE

+l,l2 (J) *SD (K , J , IK)
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143 CONTINUE

144 CONTINUE

D0 40 K=1, N

D0 20 ïK= 1 ,3
l,lRITE (6, 8002) ( (}ÍKD (K,l'f , IK, L), L=1, NS),u=1, 3)

20 CONTINI'E

40 CONTINUE

8001 FoRMAT(sX,' --l,¡1--- 
" 

sF10. 5)
8002 F0RMAT (2X, 

') ==l.lKD== ' ,72F8.4)
D0 400 K=1,N

D0 390 I=1,3
vIlY(K, I) =0.
D0 380 L=I,NS

vMY(l(,I) =vIlY (K,I) +vMM (K, I ,t) *Y (L)
380 CONTINUE

390 CONTINUE

40O CONTINUE

D0 500 K=1, N

D0 420 M=1,3
D0 410 L=l,NS

vD(t(,M,1)=0.
47O CONTINUE

42O CONTINUE

J=K

444 IF (J . tE. 1) c0T0 500
D0 490 M=1,3

LJ=Lc(J)
INT111=INT11+ 1

D0 480 L=l, NS

D0 470 II=1,3
VD (K, }I, L) =VD (K, M, t) +WKD (LJ,M, II , L) *. (PH (J, IT) +VMX (J,II) )

7

47O CONTTNUE

480 CONTINUE

490 CONTINUE

J=LJ
G0T0 444

5OO CONTINUE

D0 800 K=1,N

+!IK(LJ,I'I, II,L) *VMY(J, II)
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J=K

IF(J.LE.1) c0T0 800
LJ=Lc(J)
D0 790 lf= 1 ,3

D0 780 L=1,NS
D0 720 I=1,3
vD (K, M, L) =VD (K,14, L) +SD (LJ, M, I) *VMM(K,I, L)

770 CONTINUE

780 CONTINUE

790 CONTINUE

8OO CONTINUE

D0 900 K=1, N

D0 890 M=1,3
l,¡RIrE(1,791) (VD(K,M,L),L=1,NS)

890 CONTTNUE

9OO CONTINUE

791 FORMAT (2X, '===VD==' ,r2F8,4)
RETURN

END

SUBROUTINE WKVID(NT,NB,NUMNP,NDF,l.lK,X,VIM,
1 Y, CO , SD , VD , t,lKD, VTD , N, NS , NPMAX)

DIMENSION NT(N, 1), NR(N, 1),NUMNP(1),NDF(1),IiK(N,3,3, 1),X(1),
1 VrM(3,1) , vrMX (3) , VrMy (3) ,y(1), Co (N,Npt{AX,1) ,
1 SD(N,3,1),VD(N,3,1),I,IKD(N,3,3,1),VID(N,NPMAX,3,1)

c **t xx*,'t *************************r(*******************t¡*r<*r!>t(t!
cx*
C * SET UP DERIVATIVE OF PARTTAL VELOCITY OF EACH NODE *
c*+
C * * X X X X X *, *** * * * * * * * * * * * ** * ** *** * * * * * * * ** *< * * * * *** ** *** ** * * )t( *( *

INRT=0
D0 105 K=1, N

INRT=INRT+NR (K, 1) +NT (K,1)
105 CONTINUE

D0 800 K=1,N
INDF=1
IF(NDF(r() .EQ. 2) INDF=2
IF(NDF(K) .EQ. 1) INDF=3
NPK=NUMNP (K)
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IF(NPK .EQ. O) GOTO 8OO

D0 700 II=1,NPK
D0 140 U=1,3

D0 130 L=1, NS

vIM(M,L)=0.
130 CONTINUE

t4O CONTINUE

NDFK=NDF (K)
D0 150 M=l, NDFK

VIM ( INDF- 1+M, INRT+ ( TI- 1) *NDF (K) +M) = 1 .

150 CONTINUE

HRITE(1,8000) ( (vlt'f (M,L),L=1,NS),M=1,3)
D0 170 M=1,3

VIMX(M)=0.
vilty(M)=0.
D0 160 t=1, NS

vrMX (M) =VIMX (M) +vrM(U, L) *X(L)
vIMY (11) =VTMY (M) +vIM (M, L ) xY(L)

160

170

8OO CONTTNUE

1001 FoRMAT(sX,3F10. 5)
2002 F0RÌ.íAT( 2X,'==Y¡P==: , 12FB.4)
8000 FoRMAT( 2X, ' --VIM-- ' ,r2F8.4)

RETURN

7

1

1

180

190
200

700

CONTINUE

CONTÏNUE

D0 200 L=1,NS
D0 190 M=1,3

vID (K, 1I,M,L)=vD(K,M,L)
D0 180 IH=1 ,3

vID(K,II,M,t)=vID (K,II,M, L) +

t.¡KD(K,M, rH, L) * (c0 (fi, rr, rH) +vrMx ( rH) ) +
l.lK (K , M, IH, L) *VIMY ( IH) +
SD (K, M, TH) XVIM (TH, L)

CONTINUE

CONTINUE

CONTINUE

IIRITE( 1, 2002) ( (vTD(K, II,M,L),L=1,NS),I'l=1,3)
CONTlNUE

INRT=INRT+NUMNP (K) *NDF (K)
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END

SUBROUTINE ALP (NT, NR, NUMNP, NDF, CO,BI,,f I ,BM, BI I , RC, S, l,¡, V,VI, VIM,VIN,
1 UI , BTN , BIM, A , AI , AM , AMI , N , NS , NDM, NPMAX)

DIMENSION NT(N,1),NR(N,1) ,NUMNP(1) ,NDF( 1) , CO (N,NPI,IAX,1) ,BMI (N, 1) ,
1 BM(1),Brr(N,3, 1),S(N,3, 1),[t(N,3, 1),V(N,3, 1),Vr(N,NpMAx,3, 1),
1 VIM(3, 1),VIN(3, 1),UI(N,NPMAX, 1),BIN(N,3, 1),BIM(N,3, 1),
1 A(NS, 1),AI(NS, 1),AM(3, 1),AMI(3, 1),RU(3,3),IJT(3,3),
1 Sco(3),sur(3),Rc(N,1),sRc(3)

C x x ** * * * * * * * x * * r( r( * * * * * * ** * * * ** * ** * * * * * ** * * * * * ** * * * * * * ** * * * )r! *(

Cx*(
C ,. SET UP THE GENERALIZED I'ÍASS HATRIX *(

ur*
C xr.t r,{,***********{.***********r(

INRT=0
D0 100 K=1,N

INRT=INRT+NR(K, 1 ) +NT (K, 1)
1OO CONTINUE

D0 101 L=1,Ns
D0 101 J=1,NS

A(L,J)=0.
101 CONTINUE

D0 900 K=1, N

INDF=1
rF(NDF(K) .EQ. 2) INDF=2
IF(NDF(K) . EQ. 1) TNDF=3

NPK=NUMNP (K)
D0 200 L=I,NS

D0 120 M=1,3
AM (Ìf , t) =0 .

D0 110 I=1,3
AM(M,L)=AM(u,t)

1 + (BII (K,I.1,I) +BIN (K, M,I) +BIM(K,M, T) ) *W(K,I, L)
110 CONTINUE

720 CONTINUE

D0 190 J=1,NS
D0 130 M=1,3

A (L, J) =A (L, J) +BM(K) r,V (K, M,L) r,V (K,t{, J) +AM (M, L) *lr'(K, M, J)
130 CONTINUE
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c

190
200

207

!2
13

1Þ

CONTINUE

CONT]NUE

D0 201 L=l , NS

CONTINUE

IF( NPK ,EQ. O ) THEN

CO,UT COORD]NATE TRANSFOMATION FOR EACH BODY

D0 13 M=1,3
sRc (M) =0 .

D0 12 I=1,3
SRc (M) =sRc (M) +S (K, M,I) *Rc(K,I)

CONTINUE

CONTINUE

SET UP CO,UI ]NSYMMATRIC I'IAT&TCES

D0 16 I=1,3
Ru(I,I)=0.

CONT]NUE

Ru( 1 ,2) =-sRc (3 )
RU( 1,3) =+sRc (2)
RU(2,3) =-SRc ( 1)
Ru(2,1)=-RU(1,2)
RU(3,1)=-Ru(1,3)
RU(3,2)=-RU(2,3)
D0 20 L=1,NS
D0 20 I'f= 1 ,3

AM(M, L) =0.
D0 15 I=1,3

AM (lf, L) =AM (M, L) +RU(M, r) r,v(K, r , L)
CONTINUE

CONTINUE

D0 40 L=I,NS
D0 34 J=1, NS

D0 33 M=1 ,3
A(L,r)=A(L,J)

+BM(K)x( AM(r'{, L) *l.¡ (K, M, J)
+ AM (M, J) *l,¡(K,tI,L)

10
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34
40

CONTINUE

CONTINUE

CONTINUE

ENDIF
IF(NPK .EQ. O) GOTO 9OO

CO,UI COORDINATE TRANSFOHATION FOR EACH NODE

c

c

202
203

D0 800 IP=l , NPK

D0 203 M=1,3
sco (t'r) =0 .

suI (M) =0 .

D0 202 1=1,3
Sco (M) =sco (H) +S (K, M,I) *c0 (K,IP,I)
suI (M) =sUI (M) +s (K,l'r,I ) *uI (K,IP,I)

CONTINUE

CONTINUE

SET UP CO,UI INSYMHATRIC MATRICES

D0 206 I=1,3
Ru(I,I)=0.
ur (I ,I) =0 .

CONTINUE

RU(1,2)=-sco (3) -SUI (3)
RU(1,3) =+sco (2) +SUI (2)
RU(2,3) =-Sco (1) -sUI (1)
RU(2,1)=-Ru(1,2)
Ru(3, 1) =-RU( 1 ,3)
Ru(3,2)=-Ru(2,3)
ur( 1,2) =-suI (3)
uT(1,3) =+SUI (2)
uT(2,3)=-suI(1)
UT(2,1)=-uT(1,2)
UT(3, 1) =-uT ( 1 ,3)
ur(3,2) =-uT(2,3)

SET UP PARTIAL VELOCITY OF EACH NODE

206

c
c
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270
280

D0 280 M=1,3
D0 270 L=1,NS

vIN (M, L) =0 .

CONTINUE

CONTINUE

NDFK=NDF (K)
D0 290 M=1,NDFK

vIN ( INDF- 1+M , INRT+ ( IP- 1) *NDF (K) +M) = 1 .

CONTINUE

D0 292 M=l,3
D0 292 L=1 , NS

vlu(u,L)=0.
D0 291 I=1,3

vIM(M,L)=VIM(¡,1,L) +S (K, M,I) *VIN(I,L)
CONTINUE

CONTINUE

D0 298 M=1,3
CONTINUE

D0 320 L=l,NS
D0 320 M=l,3

AM(14,L) =0.
D0 310 I=1,3

AM (M, L) =AM (M, L) +RU (M, I) x (V (K, I, L) +vll.l(I , L) )
CONTINUE

CONTINUE

D0 400 L=I,NS
D0 340 J=1, NS

D0 330 M=1,3
A (1, J)=A(1, J)

+BMI (I(, IP) * ( AH(I{, L) *l.l(K,M, J)
+ AM(M, J) '*!ù(K,It, L) )

CONTINUE

CONTINUE

CONTINUE

D0 1400 L=1,NS
D0 1340 J=1,NS

D0 1330 M=1,3
A (1, J) =A (1, J)+BMI (K,IP) *

( v(K, M, J) *vrM (M, L)

290

297
292

298

310
320

330
340
400
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1

1JóU

1340
1400

+ v(l{,M,L)*vrM(M, J) )
CONTINUE

CONTTNUE

CONTINUE

D0 500 L=1,NS
D0 440 J=1,NS

D0 430 M=1,3
A(L,J)=A(L, J) +BMI (K,IP) XVII.I (M,L) *VIM (M, J)

CONTÏNUE

CONTINUE

CONTINUE

D0 544 L=1,NS
D0 520 M=1,3

AM(M,L) =0.
D0 510 I=1,3

AM(M,L)=AM(M,L) -UT(M, I)*rl(K, I,L)
CONTINUE

CONTINUE

Ð0 540 M=1,3
AMI (l'r, L) =0.
D0 530 I=1 ,3

AMI (¡r, L ) =AMI (M, L) +ur (M,I ) *,Al',r(I, L)
CONTINUE

CONTINUE

CONTINUE

D0 600 L=l,NS
D0 560 J=I,NS

D0 550 M=1,3
A (t, J)=A(t, J)+Bl{I (K, IP) '*AMI (M, J) *l,l (K, M, L)

430
440
500

s10
520

530
540
544

550 CONTINUE

560 CONTINUE

600 CONT]NUE

8OO CONTINUE

INRT=INRT+NUMNP (K) *NDF (K)
9OO CONTINUE

N1=N+1

D0 901 t=1,N
D0 901 J=N1,NS

A(L,J)=0.

ot



901 CONTINUE

D0 902 L=1, NS

D0 902 J=1,NS
AI (1, J) =A (L, J)

902 CONTINUE

D0 908 L=1,NS
l.lRIrE ( 1 ,2008) (A(L,J),J=1,NS)

908 CONTINUE

D0 909 L=1,NS
ÍIRITE(1,2010) (AT(L, J), J=1,NS)

909 CONTINUE

2001 FoRMAT(5X,'==4. 1==,,72Fe.4)
2002 FORMAT (5X, 

' ==SC0=== ' ,12F8.4)
2003 FoRMAT (5X, ' ==SUI===, ,72F8.4)
2004 FORMAT(5X, )==VIl'l==, ,72F8 .4)
2005 FoRMAT(5X,' ==A.2==,, 10F10.5)
2006 F0RMAT (sX, ' ==A . 3== ' , 10F10 . 5)
2007 FoRMAT(sX,'==A.4==', 1oF1o.5)
2008 FoRMAT(2X, '==A== ' ,10F10.s)
2010 FoRMAT (2X, ' ==AI= ' ,10F10.5)
2009 FoRMAT(2X,7F10. 6)
8001 FoRMAT(5X,,==AM==,,4F10.4)

RETURN

END

SUBROUTINE FLL (KEY, NT, NR, NUMNP, NDF,BM,HF, HM, IDS, RC,S, I"¡, V,
1 X,T,VII'I,VIN,UI, CO, PI , BK, A, AT , F, FI , FL, FM, N, NS, NPMAX,NMMAX)
DIHENSION NT(N, 1),NR(N, 1),NUMNP(1),NDF(1),BU(1),HF(N, 1),HM(N, 1),

1 Rc(N, 1),S(N,3, 1),t.l(N,3, 1),V(N,3, 1),X(1),VrM(3, 1),vrN(3, 1), rDs(1),
1 UI (N, NPMAX, 1), CO (N, NPMAX, 1), PI (N, NP},IAX, 1 ), BK(N, NMMAX, 1 ), A (NS, 1),
1 F(1),FL(1),FM( 1), Q1 (3), Q (3),sco (3),sur (3),RU(3,3),¡lMp(3),sRc(3),
1Ar(Ns,1),Fr(1)

c0MMoN/R00M/MR( 100000)
COMMON/POINT3/NUI,N31,N32,NYL,NYI,NYD,ND1,ND2,ND3
c0MM0N/P0INT1/N9,N10,N11,N12,N13,N14,Nls,N16,N17,N18,N19,N20

C * * *, ** x ** * ** * * * * * * * * * * * ** * * * * * * ** * * * * * * * * * * t(*t( *. * * * * * * ** t( * * * *
c**
C * SET UP THE GENERALTZED LOAD VECTOR *
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C*,*
C * * * * * * x ** * ** * * * * * * * * * *** * * * * x * * * x * * * * ** * ** * * * * * * * * x ** * * * * x *
8001 FoRMAT(5X,'--X-- ,,8F13.8)

D0 100 L=1,NS
FL(L)=0.

1OO CONTINUE

SIDA=o.
D0 190 K=1, N

NPK=NUMNP (K)
D0 102 M.1,3

HMP(M) =0.
TO2 CONTINUE

IF(NPK .EQ. o) CoTo 15s
c

c
c

110
t20

CO,UI COORDINATE TRANSFOMATION FOR EACH NODE

D0 150 IP=1,NPK
D0 120 M=1,3

Sc0 (M) =0 .

sul (u) =0 .

D0 110 I=1,3
sco (M) =sco (M) +s (K,M,I) *c0 (K,IP,I)
sur (t'f)=sur (M) +s(K,M, r) xur (K, rp, r)

CONT]NUE

CONTINUE

SET UP CO,UI TNSYMMATRIC MATRICES

D0 130 I=1,3
RU(I , I) =0 .

CONTINUE

RU( 1 ,2) =-sc0 (3) -SUI (3)
RU(1,s)=+5qs 12) +SUI (2)
Ru(2,3) =-sc0 ( 1) -SUI (1)
RU(2, 1) =-Ru( 1 ,2)
Ru(3,1)=-RU(1,3)
RU(3,2)=-RU(2,3)
D0 140 M=1,3
D0 140 I=1,3

130
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HMP (I'1) =HMP (M) +RU(I'{,I) XPI (K,IP,I)
T4O CONTINUE

IF(K .EQ. 1 .AND. IP .EQ. 2) THEN

KK=K+1

D0 144 U=1 ,3
HMP (M) =HMP (M) +Ru(M, KK) *BM (KK) *9.8

744 CONTINUE

ENDIF
155 IF(NPK .NE. 0) c0T0 177

D0 170 M=1,3
sRc (M) =0 .

D0 160 I=1,3
sRc(M)=sRc(¡'f)+s(K,M, I)*RC(K, r)

160 CONTINUE

L7O CONTINUE

8008 FoRMAT(2X, ' --SRC-- ' , 3F10.s)
HMP ( 1) =-SRc (3) *BM (K) *e.8
HMP(3)=+SRC(1)*BM(K)*9, I

T77 CONTTNUE

HF (K,2) =BM (K) xe . g

IF(IDS(K) . NE. O) THEN

CALI DESN(K,T,MR(N16),N)
END IF
D0 180 L=1,NS
D0 180 M=1 ,3

IF(KEY.NE.20) THEN

FL(L)=Ft(t)+ w(K,u,L)*( HM(K,M)+HMP(M) )
ELSE

FL(L)=FL(L)+ w(K,M, L) xHM (K, M)
ENDIF

180 CONTTNUE

190 CONTINUE

II=0
D0 204 K=l,N

r r=r I+NR(K, 1) +NT (K , 1)
204 CONTINUE

D0 290 K=1, N

NPK=NUMNP (K)
IF(NPX .EO. O) GOTO 290
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NMK=NDF (K) *NUMNp (K)
NDFK=NDF (K)
INDF=1
IF(NDF(l() .EQ. 2) INDF=2
IF(NDF(K) .EQ. 1) INDF=3
I1=INDF- 1

IM=0
II1=II+1
I I2=I I+NMK
D0 280 IP=1,NPK

D0 220 M=1,3
D0 210 t=1,NS

vIN(M,L)=0.
27O CONTTNUE

22O CONTINUE

D0 230 M=I,NDFK
VIN ( INDF- 1+M, I I+ ( IP- 1) *NDF (K) +M) = 1 .

230 CONTTNUE

D0 234 M=1,3
D0 234 L=1,NS

vIM (M, t) =0 .

D0 232 I=1,3
VIM(¡,1,L)=vIM(M, L) +S (K,M,I) *VIN (I, L )

232 CONTINUE

234 CONTINUE

D0 240 M=1,3
24O CONTINUE

D0 250 M=1,B

Q1(M)=o'
250 CONTINUE

D0 270 U=INDF,3
D0 260 J=1,NMK

Q1(M) =Q1(M)+BK(K,IM+M-r1, J) *X ( II+J)
260 CONTINUE

270 CONTINUE

c IíRITE( 1,3006) r(,rp, (Q1(M),M=l,3)
D0 272 t¡I=t ,3

Q(u)=o'
D0 271 I=1,3
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Q (M) =Q (l'l ) +S (K,l'1, I ) *Q 1 ( I )
27L CONTINUE

272 CONTINUE

c fiRITE( 1,3002) K,IP, (8(M),u=1,3)
D0 273 L=1,NS
D0 273 M=1 ,3

FL (L) =Ft (L) -vIM (M, L) *Q (¡r)
273 CONTINUE

IM=IM+3_ INDF+ 1
SIDA=SIDA+X (K)
IF(K.EQ. 1) THEN

D0 276 L=1,NS
D0 276 M=1 ,3
FL(L)=FL(t) + VIM(M,L),. PI(K,IP,}I)
IF(]P .EQ. 2) THEN

Ft(t)=FL(L) - vltr(M,L)* HF (2, M) *,srN (SrDA)
ENDIF

276 CONTINUE

ENDIF
280 CONTINUE

II=II+NDF (l() *NUMNP (K)
290 CONTINUE

IF(KEY .EQ. 20) THEN

D0 381 L=1,NS
r (L) =FL (t) -FM(L)

381 CONTINUE

ELSE

D0 400 L=I,NS
F(L)=0.
D0 390 J=1,NS

F (t) =F (L) +AI (1, J) '* ( FL(J)-FM(J) )
390 CONTINUE

4OO CONTTNUE

ENDIF

llRIrE ( 1 ,9003) T, (F (L) , L=1 , NS)
IF(KEY.EQ. 1) THEN

N 1=N+ 1

D0 s00 L=1,N
FI (L) =0.
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D0 490 J=NI,NS
FI (L) =FI (L) +A (J, L) *,F (J)

490 CoNTINUE

r(L)=F(t)-FI(L)
5OO CONTINUE

ENDIF
2001 FoRtlAT(2X,'=FL. 1=',7F10.5)
2002 F0RMAT(2X,'=Fl.2=,,7F10.5)
2003 FoRMAT(2X, ,=Ft .3= ' ,7F10.5)
2004 FoRl'fAT(/2X,'==F===',7F10.5)
3001 FoRMAT(2X,'=VIM=,,7F10.5)
3002 FoRMAT(2X,'===A===,,2Is,3118.8)
3003 F0RÌ{AT(2X,' ==HMP==', 2I5,3F15. 5)
3004 FoRMAT(2X,' --HMp-- 

" 
15,3F15. 5)

3005 FoRMAT(2X,'-=HF==&', 15,5F15.5)
3006 FoRMAT(2X,'===Q1==',2I5,3F18.8)
3007 FoRMAT(2X,'==HM==&,,15,5F15.5)
5001 FoRMAT(2X,' ==SCo==,,3F15. 5)
5002 FORMAT(2X, '==SUI==' ,3F15 .5)
9001 F0RÌ'{AT(2X,'===PI==',3F15.5)
9002 F0RMAT(2X,'===RU==,,3F15.5)
9003 F0RMAT (3F1s. s)

RETURN

END

SUBROUTINE DEFY (KEY, LC, NT, NR, NUMNP, NDF,S, W, l,ÙD, V, X,VI,T, Y, YI,
1 BK, SD , VD , VTD, A , A] , F , N , NS , NDM , NPMAX , NMMAX)

coMMoN/R0oM/MR( 1oo00o)
cot'fMoN/P0rNTo/N1, N2, N3, N4, N5,N6
COMMON/POINTF/NF1,NF2,NF3,NF4,NF5,NF6,NF7,NF8
C0MM0N/P0rNT1/N9,N10,N11,N12,N13,N14,N15,N16,N17,N18,N19,N20
c0MM0N/P0INT2/N21, N22, N23, N24, N2s, NXL, N26, N27, N28, N29
CO}IMON/POINT3/NUI,N31,N32,NYL,NYI,NYD,ND1,ND2,ND3
c0MMoN/p0INT4/N41 , N42 , N43 , N44 , N45 , N46 , N47
c0MM0N/P0INTs/Ns1, N52,N53, Ns4, N55
coMM0N/P0INT6/N61 , N62 , N63 , N64
c0MMoN/P0INT7/N71 , N72 , N73 , N74 , N7s
DIMENSION LC(1),NT(N, 1),NR(N, 1),NUMNP(1),NDF(1),S (N,3, 1),W(N, 3, 1),

1 t.¡D (N,3, 1),V(N, 3, 1),X(1),VI (N,NPMAX, 3, 1),Y(1),YI (1),BK(N,NHMAX, 1),
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1 sD(N,3, 1),vD(N,3, 1),vrD(N,NpMAx,3, 1),A(Ns, 1),Ar(NS, 1),F(1),
1 E(3,3,3),
7 c(2,2),cr(2,2),D(2,s),CrD(2, 5),
1 ALF(7,5), AA(7,7),A1 (7,s),AN(5,5), F1 (5), FN( 12),yN(12)

c *, *, * * * * x * * * * * * * * * ** * * * * ** * *** * * ** * * * * x * * * * * * * ** * * * * * * ** * * * * ****c**
C X SET UP RIGHT FUNCTION OF THE GOVERNING EQUATIONS X

cx*
C * KEY=o *
C x KEY=1 FoR TI(KANE,S EXAMPLE ) *
C * KEy=7 +

C x KEY=20 close loop *
cx*
C *x****r,x******x*x*****************t x{.*******i+x***x***********

NS 1=NS+ 1

NS2=NSx2

I,IRITE(1,8001) (x(I), I=1,NS)
}IRITE(1,8005) (Y(I),I=1,NS2)

8001 FoRMAT (/2X, ' =====X=====, ,6F8 .4)
8005 FoRMAT(/2X, '=====Y===== ' ,6FS.4)

IF(KEY . NE. 20) THEN

D0 200 I=1,NS
x(r)=Y(r+NS)

2OO CONTINUE

D0 201 I=NSI,NS2
F (l) =Y (I-NS)

2O7 CONTINUE

ELSE

D0 110 I=1,12
YN(I)=Y(I)

110 CONTINUE

D0 120 I=3,6
LJ---L--L

Y(I)=YN(II)
72O CONTINUE

D0 130 I=1,2
JJ=I+ 10

Y(I)=F(JJ)
130 CONTINUE
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140

D0 140 I=7,8
KK=I+4
Y(I) =YN(Kl()

CONTINUE

D0 150 I=9, 12
II=I-2
Y (I) =YN (II)

CONT]NUE

D0 160 I=1,6
x(r)=Y(r+6)

CONTINUE

ENDIF

I.¡RITE(1,3001) (x(I),I=1,6)
I,IRITE(1,3005) (Y(I),I=1,12)

IF(KEY .EQ. 7) GOTO 777
CALL SOK(LC,MR(N13),MR(N14),X,S,MR(N18),MR(N19),N,NDI.I)
CALL I,¡KLM(tC, NR, S, l,Í, N, NS, NDM)

D0 27O I=7,3
D0 210 J=1,3
D0 210 K=1,3

E (T, J, K) =0.
CONTINUE

E(7 ,2 ß)=r.
E(2,3,1)=1.
E(3,1,2)=1.
E(2,1,3)=-1.
E(1,3,2)--1.
E(3,2,1)=-1.
CALL I4IKV(8, LC, NT, NR, NUI'ÍNP,NDF,MR(N6), MR(N12),S, I,,fR(N19),

1 I,l,V,MR(N23),t{R(N24),uR(N2s),X,N,NS,NDM)
CALL I,¡KVI (NT, NR, NUMNP, NDF,S, V, MR(N23), X, VI, MR(N27),

1 MR(NFI),N,NS,NPMAX)
CALL BINM(NT, NR, NUMNP, NDF, MR(NF1 ),UE(NF3), I.lR(N1O),S, X,

1 I'IR(NUI),MR(N31),MR(N32),N,NS,NPMAX)
CALL ALP (NT, NR, NUMNP, NDF,MR(NF1), MR(NF3),t'rR(Ne),MR(N10), MR(N2B),

1 S,}l,V,Vr,MR(N27),MR(N29),tiR(NUr),t'tR(N31),MR(N32),
1 A,AI,MR(N54),MR(N55),N,NS,NDI,I,NPMAX)
CALI ATA (AI , NS)

CALL SDI,ID (E, LC, NR, S, l,¡,Y, SD,l,llD,N, NS, NDM)

150

160

210
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CALL III{DVD (E, LC, NT, NR, NDF,I,IR(N12),S, I,l,MR(N23),IiIR(N24), MR(N25),
1 Y,SD,t,¡D,VD,MR(N45),MR(N46),N,NS,NDM)
CAtt I,IKV]D (NT, NR, NUMNP, NDF, MR(N23), X, MR(N27),

1 Y,MR(NF1),SD,VD,MR(N45),VID,N,NS,NPMAX)
CALL FML (NT, NR, NUMNP, NDF, I,,IR(NF1), MR(NF3), MR(N9),I,IR(N1O),

1 S,l.l,WD, V, Vt, MR(N27), MR(N29), tlR(NUr), MR(N31 ),MR(N32), y, VD, VID,
1 A, MR(N54),HR(N55), MR(N63), N, NS, NDM, NPMAX)

CALL FLL (KEY, NT, NR, NUMNP, NDF, MR(Ng),MR(N15), MR(N16),MR(ND1 ),
1 I'{R(N28),S, l,¡, V, X, T, I'fR(N27),MR(N29), MR(NUI), MR(NF1), MR(NF2),
1 BK, A, AI, F,MR(N64), MR(N62), MR(N63), N, NS, NPMAX, NMI,fAX)

IF(KEY.EQ, 1) THEN

N 1=N+ 1

N2=N*2
D0 300 I=N1,N2

F(I)=YI(I-N)
3OO CONTINUE

END]F
IF(KEY .NE. 7) GOTO 778

777 CALL FT1(X,Y,T,F,N,NS)
778 CONTINUE

3001 FoRMAT(/2X,,=X=,,6F8.4)
3002 FoRMAT(2X,' --Y-- 

"5E15.6)3003 FoRMAT(2X,'--Y-- 
"5E1s.6)300s FoRl.fAT(/2X,'=Y=' ,6F8 .4)

3006 FoRMAT(/2X,'=YN',6F8.4)
4001 FoRMAT(2x,'S===', 10F10.5)
4002 FoRMAT (2X, 

' l,f===' , 10F 10 .5)
4003 F0Rl'fAT(2X,'V===', 10F10.5)
4004 FoRMAT(2X,,SD==,, 1oF10.s)
4005 F0RMAT(2x, 'l,lD== ' ,10F10.5)
4006 FoRMAT (2x, 'VD==' , 10F10.5)
5001 FORMAT(2X, ' t/l== ' ,10F10.5)
5002 FORMAT(2X,'VID=', 1OF1O.5)
5003 FoRMAT ( 2X, 'flt==, , 1OF 10 .5)
5004 F0RMAT(2X, ' FL==' ,10F10.5)
5005 F0RI{AT(2X,'F===', 10F10.5)
5006 FORMAT(2X,'AINV=,, 10F10.5)

RETURN

END
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SUBROUTINE IVSN(A,8, C,N,I'lE, DE, EP)
DTMENSToN A(2 ,2) ,B(2) , c (2) , ME ( 1oo)
* * * r. * * * * * * * * * * ** * * * * * * * * * * *** * ** * * * * * * * * * * * * ** * * * * * * * * * * * * *

* CALCULATE THE INVERSE OF MATRICES

*
)t( * x * * * ** * * * * * **{l* * * * ** * * * * * * *** )t )t )t )t

10

DE=l .

D0 10 J=1,N

D0 20 I=1,N
Y=0 .

D0 30 J=I,N
IF(ABS(A(], J) ) .LE.ABS(Y)) GOTO 30
K=J

Y=A (I, J)
CONTINUE

CONTINUE

DE=DE*Y

IF (ABS (Y) , LT. EP) THEN

ldRITE (3 ,4444)
STOP

ENDTF

\=t . lY
D0 40 J=1, N

c (J) =A (J,l()
A(J,K)=A(J,I)
A (J,I ) =-c (J) *Y
B(J)=A(r, J) *Y
A(r, J) =A (r, J) xy
A (I ,I) =Y
J=ME(I)
ME(I)=ME(K)
ME (K) =J
D0 11 K=1,N
rF(K.EQ. T) c0 T0 11
D0 12 J=l,N
IF (J. EQ ,I) GO TO 12

22

40
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A (K, J) =A (K, J) -B (J) xc (K)
12 CONTINUE

77 CONTINUE

20 CONTINUE

D0 33 I=1,N
D0 44 X=1,N
rF(ME(K).EQ.r) co ro ss

44 CONTINUE

5s rF(K.EQ.r) c0 To 33
D0 66 J=1,N
}l=A (I , J)
A (I, r) =A (K, J)

66 A(K,J)=}¡
II,I=ME ( I )
ME(I)=ME(K)
ME(l{) =It.I
DE=-DE

33 CONTINUE

4444 FoRMAT(/2X.,' 444-444-444' )
RETURN

END

c

c

SUBROUTINE ATA (A, NS )
DTMENST0N A (NS, 1), AA(25,25),AINV (7, 7),8 (25), c(2s),ME(25),

1 I,II{AREA (2s) , Er (25,25)
* * * * * * * t<* * * * ** X* * * * * * * * X * * * X * * *** * * * * ** * * * * * ** * * * * * * ** * * )* x )t

* CALCULATE THE INVERSE 0F MATRIX A *,

**
* * ** * * * * * * * * * * * * * * * * * * * * x x x x * x x * * * * * * * * x * x * * *** *** * ** * * * * * *
D0 200 L=l,NS
D0 200 J=1,NS

AA (L, J) =A (t, J)
2OO CONTINUE

C CALL LINV1F(A,NS,NS,A]NV,3,l,llKAREA,IER)
EPS= 10 .08-8
CALL ]VSN (A, B , C, NS, ME, DE, EPS)

D0 400 L=1,NS
c lr'RIrE(7,2002) (A(L,J),J=1,NS)
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4OO CONTINUE

2001 FoRMAT(2X,'==AA==),7F10.5)
2002 F0RMAT(2X,'=AINV=', 10F10.5)

D0 600 L=1, NS

D0 600 J=l,NS
EI(L,J)=0.
D0 590 I=1,NS

EI (L, J)=EI (L, J) +AA(1, I)*A(I, J)
590 CONTINUE

600 CONTINUE

D0 700 L=l,NS
c WRIrE(1,4001) (EI(L,J),J=1,Ns)
7OO CONTINUE

4001 FoRMAT(2X, ' ==EI== ' ,14F8.3)
RETURN

END

SUBROUT]NE CTC (A, TK)
DTMENST0N A(2,2), AA(2,2), ArNV (2, 2), B (25), C (2s),ME(2s),

1 I,IKAREA (25) ,ET(25,25)
D0 200 L=1 ,IK
D0 200 J=I,IK

AA (1, J) =A(L, J)
2OO CONTINUE

EPS=10.0E-8
CALL TVSN (A, B, C,NS,ME,DE,EPS)

D0 400 L=1,IK
llRITE(1,2002) (A(1, J), J=1, il()

40O CONTINUE

2001 FoRMAT(2X,'==AA==r,7F10. 5)
2002 FORMAT(2X, '=AINV= ' ,10F10.5)

D0 600 L=l,IK
D0 600 J=1,IK

EI(L,J)=0.
D0 590 I=1,IK

EI (L, J)=EI(L, J)+AA(1, I)*A(I, J)
590 CONTINUE

600 CONTINUE

Ð0 700 L=1,IK
ITRITE(1,4001) (Er (1, J) , J=1, rK)
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7OO CONTINUE

4001 FoRMAT(2X,'==EI==, , 14F8.3)
RETURN

END

SUBROUTINE BINI'Í (NT, NR, NUMNP, NDF, CO, BMI, BTI, S, X,UI, BIN,BIM,
1 N, NS, NPMAX)

DIMENSION NT(N,1) ,NR(N,1) ,NUI,INP(1) ,NDF(1) ,
1 CO (N,NPMAX,1) ,BMI (N,1),BII (N,3,1) , S(N,3,1) ,X(1),UI (N,NPMAX,1),
1 BrN(N,3, 1),BrM(N,3, 1),Brr1 (3,3),BrN1(3,3),8il.t1 (3,3)

C * * x x x * * * * * * * * * * * * * * * * * ** * * * * ** ** * * * * * ** ** * * *** * * * * * * ** * * * * *
Cr,*
C * SET UP IVERTIA DYADIC FOR RIGID AND FLEXIBLE BODIES ,*

C,t(*
C *, * * * * x * * * * * * * * x x * * * * * * ** x x x * * * ** * * r! * * * * * * * * * * * * * * * * ** * r( * * * *

INRT=0
D0 100 K=1, N

INRT=INRT+NR(K, 1) +NT(K, 1)
1OO CONTINUE

I I=INRT
D0 200 K=1, N

NPK=NUMNP (K)
IF(NPK .Eq. 0) C0T0 2oo
NFK=NDF (K)
INDF=1
IF(NDF(K) .EQ. 2) INDF=2
IF(NDF(K) .EQ. 1) INDF=3
D0 190 I=1 , NPK

D0 170 M=1,3
UI(K,I,M)=0.

t7O CONTINUE

D0 180 M=1, NFI{

UI (l(,I,M+INDF-1) =X ( II+M)
180 CONTINUE

I I=I I+NFfi
c rlRITE(6,2001) (uI(K,I,M),M=1,3)
190 C0NT]NUE

2OO CONTINUE

c
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270

SET UP BIN(K,3,3),BIM(K,3,3)

D0 300 l(=1,N
NPK=NUMNP (K)
D0 210 L=1,3
D0 210 M=1,3

BIN(K,L,M)=0.
BIlf(K, t 

'M) =0.
CONTINUE

rF(NPK .Eg. 0) coTo 3oo
D0 280 I=1,NP(

D0 240 M=1,3
M1=M+1

IF(M1 .EQ. 4) M1=1

M2=M1+ 1

IF(M2 .EQ. 4) t42=!
BrN(K,M,u)=BtN(K,M,u)+BMr (K, r)x(C0(I(, r, M1) xur (K, r,tf1)

. +c0 (K, r , tf2) xul (K, r, M2 ) )
CONTINUE

D0 260 L=1,3
D0 250 M=1,3

IF(M .EQ. L) GOTO 250
BIN (K, L, M) =-BMT (K,I) *CO (K, r, L) *UI (K,I,M)

CONT]NUE

CONTINUE

CONTINUE

D0 290 L=1,3
D0 290 M=1,3

BIM(K,t,M)=BIN(K,M,L)
CONTINUE

CONTINUE

COORDINATE TRANSFORMATION FROM LOCAL TO GLOBLE

D0 400 K=1, N

D0 320 I'l= 1 ,3
D0 320 J=1,3

BIIl (M, J)=0.
BINl (l'1, J) =0.

240

250
260
280

290
300

c
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BIM1 (M, J)=0.
D0 310 I=1,3

c rF( s(K,M,r) .LT. 1.E-10 ) s(K,M,r)=0.
BIIl (M, J)=B]I1 (M, J)+s(K,M, I)*BII (K, ], J)
BIN1 (M, J)=BIN1 (1.1, J)+S(K,M, I) *BIN(K, I, J)
BIM1 (M, J) =BIM 1 (M, J) +S (K, M, I ) *B]I.1(K, I , J)

310 CONTINUE

32O CONT]NUE

D0 350 I=1,3
D0 350 M=1 ,3

BIIJ=0.
BINJ=0 .

BIl,tJ=o.
D0 340 J=l,3

BI I J=BI IJ+BI I1 ( I , J) *s (K, M , J)
BINJ=BINJ+BIN1 (I, J) *S(K,M, J)
BIMJ=BU'U+BIM1( I , J) xS (l{, M, J)

340 CONTINUE

BII (K,I,l'l) =BIIJ
BIN (K, I , M) =BINJ
BIM(K,I,M)=BIMJ

350 CONTINUE

4OO CONTINUE

2001 FORMAT(sX,' =UI=== ¡,3F10. 5)
2002 FoRMAT(5X, ' -BII-- 

" 
3F10.5)

2003 FoRMAT(5X,'-BIN-- 
"3F10.5)2004 FoRUAT(5X,' -BIM--"3F10.5)

2005 FoRMAT(5X,' =BII==',3F10. 5)
2006 FoRMAT(sx, '=BIN== ' ,3F10.5)
2007 F0Rl'lAT (sX ¡ '=BTM==' ,3F10 . s)

RETURN

END

SUBROUTINE FML (NT,NR, NUMNP, NDF, CO, BMI,BM,BII,S, t,¡, t,lD, V,VT, VIM,
1 VIN,UI, BTN, BIM, Y, VD, VID, A, AM, AM], FM, N, NS, ND¡I, NPIiÍAX)
DIMENSTON NT (N, 1 ), NR(N, 1 ), NU}ÍNP ( 1), NDF ( 1 ), CO (N, NPMAX, 1 ), BMI (N, 1 ),

2Bt't(1) , Brr (N,3,1) ,s (N,3,1) ,t,l(N,3,1) ,l,¡D(N,3,1) ,V(N,3,1),Sco (3) ,
3VI(N,NPMAX,3, 1),VIM(3, 1),VIN(3,1),
4Ur (N, NPMAX, 1) , BrN (N,3, 1) , Bü.{(N,3, 1) , y(1) , vD (N,3, 1) ,
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c

c
c

sVID (N, NPMAX,3, 1) ,A (NS,1) ,AM(3,1) ,AMI (3,1) , FM(1) , RU(3,3) , UT (3,3 ) ,
6l,ly(3, 3),l,¡B(3),t,¡1 (3),I,l2(3),l.l3(3),sur (3),c(6, 6)

r + x * x x ** * * * * * ** * * ** *:t*,t *( * * * *

* SET UP PART OF THE GENERATIZED LOAD VECTOR *
*g
,. r. * * * * * * * * r< * * * * * * * * * * * ** ** * * * * ** * * * * * * * * * * * * ** * * * * * * * * * * * * *
INRT=0
D0 100 K=1,N

INRT=INRT+NR(K, 1 ) +NT (K, 1 )
1OO CONTINUE

D0 101 L=1,NS
Fl'l(L)=0.

101 CONTINUE

D0 11 I=1,NS
D0 11 J=1,NS

c(I, J) =0.
11 CONTINUE

D0 9000 K=1, N

INDF= 1

IF(NDF(K) .EQ. 2) INDF=2
IF(NDF(K) .EQ. 1) INDF=3
NPK=NUMNP (K)
NDFI(=NDF (K)
D0 120 H=1,3

l.l1 (M) =0 .

D0 110 J=1,NS
t,l1(M) =t.¡l (M) +!iD (K, M, J) *Y(J)

110 CONTINUE

T2O CONTINUE

D0 140 M=1 ,3
rI2 (M) =0 .

D0 130 I=1,3
l.I2(M)=!l2(M)+ ( BII (K,tr, I)+BIN(K,M, I) +BrM(K,M, r) ) xl.I1 (r)

130 CONTINUE

740 CONTINUE

D0 160 L=l,NS
D0 150 M=1,9

FM (L) =FM (L) +l.l2 (M) *lr'(K,M, L)
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150 CONTTNUE

160 CONTINUE

D0 1 I=1,NS
D0 1 J=I,NS

D0 2 M=1,3
c(I, J)=c(I, J) +vD (K, I , M) *v (K,M, J)

2 CONTINUE

1 CONTINUE

D0 3 I=I,NS
3 CONTTNUE

D0 220 M=1,3
!l1(M)=0.
D0 210 J=1,NS

ll1 (M)=}l1 (M)+vD(K,M, J) *y(J)
21.O CONTINUE

22O CONTINUE

D0 260 L=1,NS
D0 250 M=1,3

FM (L) =FM(L) +Blt(K) xll1 (M)'*v (K, M, L)
25O CONTINUE

260 CONTINUE

D0 420 M=1,3
l,lB (M) =0.
D0 410 J=1,NS

l.lB (M) =r,¡B (1.{ ) +[,l(K,M, J) *Y(J)
410 CONTINUE

420 C0NT]NUE

D0 430 I=1,3
llY(I ,I) =0.

430 CONTINUE

l.¡Y(1,2)=-!rB(3)
}JY(1,3)=+!iB (2)
l.IY (2,3) =-t.lB ( 1)
$Y (2, 1) =+!lB (3)
l.IY(3,1)=-rlB(2)
llY(3,2) =+}¡B ( 1)
Ð0 450 I=1,3

ll2 (I) =0.
D0 440 M=l,3

iii



440
450

I.l2(I)=l,l2(I)+ ( BII (l(, I,l{)+BTN(K, I,M)+BrM(K, r,M) ) *l,lB(M)
CONTINUE

CONTINUE

D0 470 U=1,3
I.l3 (l'r ) =0 .

D0 460 I=1,3
l.¡3 (M) =vl3 (M) +I.tY(M, I) *I.l2 (t)

CONTINUE

CONTINUE

D0 490 L=1,NS
D0 480 M=1 ,3

Fu(L)=FM(L)+l.l3(M) *t.l (K, M, L)
CONTINUE

CONTINUE

IF(NPK .EQ. O) GOTO 9OOO

D0 8000 IP=1, NPI(

D0 280 M=1 ,3
sc0 (M) =0 .

SUI (M) =0 .

D0 27o I=t ,3
Sc0 (If) =Sc0 (ll) +S (K, M, I ) xCo (K , IP , I )
sUI (M) =SUI (M) +S (K 

'M,I) 
*UI (K,IP,I)

CONTINUE

CONTINUE

D0 433 I=1,3
RU(I ,I) =0.
uT(I, r)=0.

CONTINUE

Ru(1,2)=-Sco(3) -suI (3)
Ru( 1 , 3) =+Sco (2) +sUI (2)
RU(2,3) =-sco (1) -sur (1)
Ru(2,1)=-Ru(1,2)
RU(3, 1) =-RU( 1 ,3)
RU(3,2) =-RU(2,3)
ur(1,2)=-sul (3)
UT( 1,3) =+SUI (2)
UT (2,3) =-SuI ( 1)
Ur(2,1)=-Ur(1,2)
uT (3 , 1) =-uT ( 1 ,3)

460
470

480
490

270
280

¿âe
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310
ozv

uT(3,2) =-uT(2,3)
D0 320 M=1,3

l,¡1 (M) =0 .

D0 310 J=l,NS
l,l1(rir) =l'l1(M) +!.lD (K, M, J) *y(J)

CONTINUE

CONTINUE

D0 340 M=l,3
!l2 (M) =0 .

D0 330 I=1,3
!¡2 (1,1) =I.l2 (M) +RU(M,I) xl.l1(I)

CONTINUE

CONTINUE

D0 360 L=1,NS
D0 350 M=1 ,3

FM (L) =FM(L) -BMI (K,IP) r,l.l2 (M) *v (K, M, L)
CONTINUE

CONTINUE

D0 504 M=1,3
D0 502 L=I,NS

vIN(M,L)=0.
CONTINUE

CONTINUE

D0 506 M=1,NDFK

VIN ( TNDF- 1+M, INRT+ ( TP- 1) *NDF (K) +M) =1 .

CONTINUE

D0 508 M=1,3
D0 508 L=1,NS

vIM(M,L)=0.
D0 507 I=1,3

vIM (M, L) =vIM(¡Í,1)+S(K,M,I) 'tVIN ( I, L)
CONTTNUE

CONTINUE

D0 509 M=1,3
CONTINUE

D0 s20 M=1,3
}{1 (M) =0 .

D0 510 J=1,NS
I.l1 (M) =}t1(M) +vIM(1.,1, J) *Y (J)

330
340

350
360

502
504

507
508

506
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510
s20

CONTINUE

CONTINUE

D0 550 I=1,3
!l2(I) =0.
D0 540 M=1 ,3

l{2 (r) =r,r2 (r ) +HY(r,M) *f{1 (lf )
CONTINUE

CONTINUE

D0 570 M=1,3
lr'3 (M) =0 .

D0 560 I=1,3
t.¡3 (M) -l'¡3 (M) +Ru(M,I) *,l.l2 (I)

CONTINUE

CONTINUE

D0 590 L=1,NS
D0 580 M=1,3

Fl'l(L) =FM(L) +2xBl'f I (l(, IP) xl.l3 (M) *I.¡(K, M,L)
CONTINUE

CONTINUE

D0 604 M=1,3
l,¡1 (M) =0 .

D0 602 J=I,NS
t.tl(M) =l.l1(M) +t.lD (K,l'1, J) '*Y 

(J)
CONTINUE

CONTINUE

D0 620 M=1,3
l¡2 (M) =0 ,

D0 610 I=1 ,3
lr'2 (Ìf ) =1"12 (M) -uT (M,I) *,t{1(I)

CONTÌNUE

CONTINUE

D0 650 I=1,3
l,l3(I)=0.
D0 640 M=1,3

I"l3 (I ) =hI3 (I) +Ur(I ,l'l) xl,l2 (M)

CONTINUE

CONTTNUE

D0 690 L=1,NS
D0 680 M=1,3

540
550

560
570

580
590

602
604

610
620

640
650
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oðu
690

FIl (t) =FM (L) +BMr (K, rp) *l,l3 (M) xl,¡ (K, M, L)
CONTINUE

CONTINUE

Ð0 704 I=1,3
l.l1(I)=0.
D0 702 M=1,3

t,¡1(r ) =Ìt1 (r) +}lY(r , M)*sur (M)

CONTINUE

lF( ABs( }¡1(I) ) .LT. 1.8-20 ) }¡1(I)=0.
CONTINUE

D0 720 M=1,3
l.Í2 (M) =0 ,

D0 710 I=1,3
[i2 (¡l) =l.l2 (M) +l,üY(1.,r,I) *,vr1(I)

CONTINUE

CONTINUE

D0 750 I=1,3
I.I3(I)=0.
D0 740 M=1,3

r,t3 (r) =hI3 (r ) +uT (r , M) r,l.l2 (M)

CONTINUE

CONTINUE

D0 790 L=1,NS
D0 780 1.1= 1 ,3

FM (L) =FM(L) +BMI (K,IP) *W3 (l{) *l.l (K, M, t)
CONTINUE

CONTINUE

D0 820 I=1,3
}i1 (I) =0.
D0 810 J=1,NS

v¡1 (I)=1,11 (I) +vD(K, I, J) *Y(J)
CONTINUE

CONTINUE

D0 840 U=1,3
Ì¡2 (M) =0 .

D0 830 I=1,3
ti2 (M) =!¡2 (M) +RU(M,I) *}{1(I)

CONTTNUE

CONTINUE

702

704

7t0
720

740
750

780
790

810
820

830
840
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850
860

910
920

950
960

r002
1004

D0 860 L=1,NS
D0 850 M=1,3

FM(L) =FM(L) +BMI (K,IP) *I.t2 (t'r) x!¡ (K, M, t)
CONTINUE

CONTINUE

D0 920 I=1,3
ll1(I) =0 .

D0 910 J=1,NS
Ìl1(I) =l.l1(I) +vD (K,I, J) *Y(J)

CONTINUE

CONTINUE

D0 960 L=1 , NS

D0 950 M=1 ,3
FM(L) =F}{(L) +BMI (K,IP) *Ì,Ù1(M) XVIM (M, L)

CONTINUE

CONTINUE

D0 1004 U=l,3
Ì¡1(M) =0.
D0 1002 J=1,NS

lr'1(M) =I.l1(M) +t.¡D (K, M, J) *Y(J)
CONTINUE

CONTINUE

D0 1020 I=1,3
H2(I)=0.
D0 1010 M=1,3

t{2 (I) =l.¡2 (I) +RU(I , M) *,t,¡1(M)

CONTTNUE

CONT]NUE

D0 1040 L=1,NS
D0 1030 M=1,3

FM(L) =Frif (L) -BMr (K, rp) r,Ì.l2 (u) xvrM (M, L)
CONTINUE

CONTINUE

D0 1104 M=1,3
l.I1 (M) =0 ,

D0 1102 J=1,NS
l.l1(M) =l.l1(M) +Vil,{(M, J) *Y (J)

CONT]NUE

CONT]NUE

1010
7020

1030

1040

tto2
7L04
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1110
7L20

1130
7140

7270

1220

1230
1240

7250
7260

D0 1120 I=1,3
ï12 (I) =0.
D0 1110 M=l ,3

l.¡2 (r) =l.¡2 (r) +v,tY(r ,Ì.{) xl.l1 (M)

CONT]NUE

CONTINUE

D0 1140 L=1,NS
D0 1130 M=1,3

FM(t)=FM(L)+2*BMI(K,IP)*W2(M)x( v(K,M,L)+vrM(¡r,L) )
CONTINUE

CONTINUE

Ð0 7220 I=1 ,3
!l2 (I) =0.
D0 1210 I'f= 1 ,3

lrrr2(I)=l.I2(I)+l.¡Y(I,M) *, ( Sco (M)+sul (M) )
CONTINUE

IF( ABS( w2(I) ) .Lr. 1.E-20 ) I.l2(I)=0.
CONTINUE

D0 1240 M=l,3
D0 1230 I=1,3

lrrr3 (M) =}l3 (l'1) +IiY (M,1) *!¡2 (I)
CONTTNUE

CONTINUE

D0 1260 t=1,NS
D0 12s0 M=1,3

FM(L)=FM(L) +BMI (K, IP) r,}¡3 (M) *( v(K,M,L)+VIM(M,L) )
CONTINUE

CONTÏNUE

I.¡RITE(1,2012) ( FM(L),L=1,NS )
SOOO CONTINUE

INRT=INRT+NDF (K) *NUMNP (K)
9OOO CONTINUE

2001 FoRMAT(2X, '=FM.1=' ,!2F8.4)
2002 F0RMAT (2X, , 

=FM . 2= , , 12F8 .4)
2003 FoRMAT(2X, ,=FM.3=, ,72F8.4)
2004 F0RMAT(2X ¡ '=FM.4=' , 12F8.4)
2005 FoRMAT (2x, ) 

=FM. s= ' ,L2Fe.4)
2006 FoRÌ'{AT(2X,'=FM.6=',72F8.4)
2007 FoRMAT(2X ¡ '=FM.7=, ,12F8.4)
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2008 FoRllAT(2X,'=FM.8=',72F8.4)
2009 FoRMAT(2X, ' =FM.9=' ,72F8.4)
2010 FORMAT (2X, 

' =FM. 1O ' ,f2Fe.4)
2011 FoRl'fAT(2X,'=Flr. 11',72F8.4)
2012 FORMAT(2X, '=FM. 12' ,12F8.4)
3001 FoRMAT (2X, ' =VIM== J ,rzFe.4)
3002 FORI'fAT(2X, ' =SCO==, ,2I5 ,f2FB .4)
3003 F0RMAT(2X, , =SUJ==, ,2I5 ,f2F8.4)
6001 FORMAT ( ' V=, ,6811 .4)
6002 FoRHAT( 'V0 

" 
6E11 .4)

6003 F0RMAT('c=,,6E11.4)
RETURN

END

SUBROUTINE FCN(NN,T,Y,YPRII.IE)
REAI T,Y(NN),YPE]ME(NN)
CALL YP (NN, T, Y, YPRIME)
RETURN

END

SLIBROUTINE FCNJ (NN,T, Y, PD)
DIMENSION T(NN),PD(NN,NN)
RETURN

END

SUBROUTINE YP (NN, T, Y, F )
REAL T,Y(1),F(1)
c0MM0N/R00M/MR( 100000)
COMMON/POTNTO/N1, N2,N3,N4,N5,N6
COI'IMON/POINTF/NF1,NF2,NF3,NF4,NFs,NF6,NF7,NF8
c0MMoN/P0INT1/N9,N10,N11,N12,N13,N14,N15,N16,N17,N18,N19,N20
COMMON/POTNT2/N21, N22, N23, N24, N25, NXL,N26, N27, N28, N29
COMMON/POINT3/NUT, N31, N32, NYL, NYI, NYD, ND1, ND2, ND3
c0MM0N/p0INT4/N41 , N42 , N43 , N44, N4s , N46 , N47
c0MuoN/p0INT5/Ns 1 , N52, N53 , N54, N55
coMM0N/P0INT6/N6 1, N62, N63, N64
c0MM0N/P0tNT7/N71 , N72 , N73 , N74, N75
rF(T .EQ. 0.0) rHEN

D0 10 I=11,12
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10
F(I)=0.01

CONTINUE

ENDIF
CALL DEFY(20, MR(N1), MR(N2), MR(N3), MR(N4), MR(N5), MR(N17),

1 MR(N2O),I.IR(N21),MR(N22),MR(NXL),MR(N26),T,Y,YT,
1 r"fR(NF7),MR(N41),MR(N44),MR(N47),l,fR(N51),MR(N52),F,
1 2,6,2,50,100)

RETURN

END

SUBROUTINE CDGEAR(Y, YI, N, NS)
EXTERNAL FCN, FCNJ

Dr'rENSl0N y(1),yr ( 1), rt.¡K(2),!Ír(( 1ooo),coMp (100)
NN=NS*2

T = 0.0
ToL = .000001
H =.00001
METH = 7

MITER = 0

INDEX = 1

D0 700 KK=1,500
TEND=FL0AT(KK) / 100 .

CALL DGEAR (NN, FCN, FCNJ, T, H,Y,TEND,TOL, METH,MITER,
1 INDEX,IWK, WK,IER)

tF(rER.cT.128) G0 TO 8OO

NS 1=NS+ 1

NS2=NS+2

NS3=NS+3

NS4=NS+4

NS5=NS+5

NS6=NS+6

NS7=NS+7

NS8=NS+8

NS9=NS+9

NS 10=NS+ 10
NS 11=NS+ 11

NS12=NS+12

NS 13=NS+ 13

NS14=NS+14
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YS=Y(NS1)+y(NN)
xs=Y(NS1) +y(NS2)

IIRITE(2,5001) T,Y(NS),Y(NS1),Y(NS2)
wRrrE(3,5001) T,y(NS3),y(NS5),y(NS6)

70O CONTINUE

RETURN

8OO vlRITE(3,5003) TOL, TEND, H, T, METH, MITER,INDEX
I.¡RITE(3,5004) (Y(I),I=1,NN)
RETURN

s001 FoRMAT(2F12. 7, 5E15. 6)
5002 FoRMAT(2F12. 7,5E15. 6)
5OO3 FORMAT(2X,' TOL, XEND, H,,METH, MITER, INDEX ,,4F10. 5, 3I5)
5004 F0RÌ'{AT(2X,' **Y** 

"7F10.5)5005 FoRMAT (5E14.6)
END

LocIcAL FUNCTIoN PCotlP (A, B)
C ]MPL]CIT DOUBTE PRECISION (A-H,O-Z)

PCoMP = . FALSE.

C..,. IT I'{AY BE NECESSARY TO REPTACE THE FOLLOWING ALPHANUI,fERIC
C.... COMPARTSON STATEMENT IF COMPUTER PRODUCES AN OVERFLOI,¡

IF(A.EQ.B) PCoMP = . TRUE.

RETURN

END

BLOCK DATA

COMMON/QDATA/QO , QHEAD ( 20) , IPR
DATA Qo/ tEo / ,1PR/21
END

SUBROUTINE DESN (K, T, HI,f , N)
DIMENS]ON HM(N,1)
HM(K,1)=0.
IF(T.Lr.0.05) HM(K,1) =1 .

IF(r.cT.0.1 .AND. r.LT. o.1s) HM(K,1)=-1.
RETURN

END

SUBROUTINE FT1 (X, Y, T, F, N, NS)

DTMENSTON X(1),Y(1),F(1)
coHM0N/R00t{/tf R ( 100000)
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COMMON/POINT3/NUI, N31, N32, NYL, NYI, NYD, ND1, ND2, ND3

C0MM0N/P0rNT1/N9,N10,N11,N12,N13,N14,N15,N16,N17,N18,N19,N20
8001 FoRMAT(5X,' --X-- 

"8F13.8)D0 100 L=1, NS

F(L)=0.
1OO CONTINUE

BK11=19.6
G =9.8

BL =0 .4
}l1=sQRr (8K11/Bì4)

!¡2=sQRr(c/BL)
l,lRITE( 1,2001) l,l1,l,[2
I=0
I1=I+1
12=I+2
I3=I +3

I4=I+4
F(I1)= -l.I1x*2*Y(13)+ (1. +Y(13) )*(y(12) x*,2) -W2**2* (1-cos(y(14) ) )
F (I2) =- (2. / (t .+Y (13) ) ) *y(r 1) *y ( 12)

1 -'"J2x*2*( 1./(1.+y(r3)) )*srN(y(r4))
2001 FoRMAT(2X,'=t.I1--lrl2=',7F10.s)
2004 FoRÌ.{AT(/2X¡',==F===',7F10.5)

RETURN

END

SUBROUTTNE ADNL (N, BM, BC, BK, BKl, R, R1,U,UD, UDD,U1,U1D,U1DD,
1 BMN,BCN,BKN,RN,U2,U2D,U2DD )
IMPIICTT REAL*8(A-H,0-Z)
DIMENSION BM(N,1),BC(N,1),BK(N,1),BK1(N,1),R(1),Rl(1),

1 u(1),uD(1),uDD(1),ul(1),u1D(1),u1DD(1),
2 BMN(N,1),BCN(N,1),BKN(N,1),RN(1),U2(1),U2D(1),U2DD(1)

coMMoN/Ro0M/1.l ( loooo)
COMMON/AOA7/AO,A1,A2,A3,A4,A5,A6,A7,TOL
COMMON/No112/N1,N2,N3,N4,N5,N6,N7,N8,N9,N10,N11,N12
coMM0N/N2127/N2!,N22,N23 ,N24, N25, N26, N27
D0 100 I=1,N
D0 100 J=l,N

BMN(I,J)=Blr(I,J)
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BcN ( I , J ) =Bc ( I , J)
BKN ( I , J) =BI( ( I , J )

1OO CONTINUE

Iï=0
ttt II=II+1

BMN(1, 1)=0. 2* (0.4+U1 (N) )x*2
BKN(1, 1)=0. 2'+9. 8* (0. 4+U1 (N) )
RN(1)=-2*0.2x(0.4+U1(N) ) i UlD ( 1) xUlD (N)
RN(N)= 0.2*(0.4+U1(N) )*u1D(1)*u1D(1)-0.2*e.8*,( 1. -DCos(u1(1)) )
D0 130 I=1,N

D0 120 J=1,N
R1(I)=R1(I)+BMN(I,J)'*( Ao*U (J) +42*UD ( J) +A3*UDD (J) )

1 +BCN(I,J)*( Al xU (J) +A4*UD ( J) +As*UDD (J) )
t2O CONTINUE

Rl (I) =R1 (I) +R(I) +RN (I)
130 CONTTNUE

D0 110 I=1,N
D0 110 J=1,N

BK1 (I, J)=BKN(I, J) +40'*BM(I, J)+41*BC(I, J)
110 CONTINUE

CALL GAUSS (N, BK1 , R1 ,ID)
WRITE(6,x) 'ID=', ID
I{RITE(6,x) ',R1==',, ( R1(I),I=1,N )
D0 140 ï=1,N

v2 (I)=R1(1)
u2DD(I)=Ao*( u2(I)-u(I) )-lzxuol¡; -A3xuDD (I)
U2D (I)=UD(I) +46*UDD(I) +47*u2DD (I)

140 CONT]NUE

AI=DABS ( (u2(1)-u1(1))/u1(1) )
A2=DABS ( (u2 (N) -u1(N) ) /ul(N) )
I{RITE(6,r,)' A7,A2===', AI,A2
AM=DMAXI( 41,42 )
D0 150 I=l,N

u1 (I)=u2 (I)
u1D (I)=U2D (I)
U1DD (I) =u2DD (I)

150 CONT]NUE

IF( AM .GT. TOL ) çOTO 777
1001 FoRMAT(F10.5)
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2001 FoRMAT (2X, '==TQL==',F10.5)
RETURN

END

FUNCTION DOT (A, B, N)
IMPLICIT REAL,.8 (A-H, O-Z)

C GENERIC

C,.,. VECTOR DOT PRODUCT

DIMENSION A(1),B(1)
DoT = 0.0
D0 100 I= 1,N

100 DoT = DoT + A(I)*B(I)x1.E2o
RETURN

END

123


