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PREFACE

The present thesis is one aspect of a general study of
Low energy collision theory that the author has been involved

u¡ith in the past year. Besid.es the,material which will be dls-
cussed in the follolr,ing text, a simulation of low energy coll- ..

isions has been studied in collaboration with B. Pettitt. The

combined results of both investigations have suggested new

areas of study which will be discussed in future work.
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ABST.ìACT

A set of Iocal wave functions are defined for the _ .

Hydrogen atom and the values of various phl'sÍcal observables

âre calculaLed using these functions. The results of these

calculations are then compared with previously known resulbs

obtained by use of the eigenfunctions of the Hydrogen atom

after which the two functional types - locar and. non-local
are examined in various representations. Next sone of the
fundamentar properties and rerationships of the Iocal. re-
presentatipn are devel-oped. Finally the possibiliiy of using

local bound states,in collision theory is considered.
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0. INTRODUCT-ION.

V,Ihen this investigation was initiated, the field of inter-
est was lov¡ energy atomic and molecular col-IÍsions, particular-

ly molecular rearuangement collisions. It was soon concluded,

however, that an initial step in the stud.y of molecular rearr-

angemenb collisions l.¡as the formulation and investigation of

the properties of a tlocalt representation for bound sysüems'

The simplest bound system, the hydrogen atom, was chosen as the

system for investigation,

Since the conclusion stated above is not apparentr some

discussion of the present state of low energy collision theory

is necessary.

The most general theory of molecular rearrangernent coll-
isions is usuatly forrnulated in some rorm siniiar to S-i"'iacrix

Theory. Hov^rever, as a result of present dífficulties in this
field (I) it was fel-t that direct solution of the Schrodinger

equation by some nrethod such as -r,he Distorted T¡rrave t{ethod (?)

would.be most prod,uctive. However, it should be noted that

the Born Series Approach woul-d not be applicable sÍnce it has

been d.emonstrated that thÍs approach is only useful for des-

cribÍng high energy collisions. (3)

The usual ¡nethods used to solve the Schrodinger equation

:onceptual and. practÍcal

difficulties. The conceptual difficulty arises from the gen-

eral use of energy eigenstates, whichrbeing non-local, that' is
spreadovera1.IX-space'resuItinthefactthatco1iiding
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sysrems interact at all but infinite separation. This d.es_

cripbion of two colliding systems certainly does not corres-
pond to onets intu.i.tirre concept of such an interaction. Var-
ious practical problerns can arise from this diffuse nature of
the wave functions, but the most general problem to appear is
the asymptotic states probrem. rt has been found that for
approaches such as the perturbed stationary state method it
is aLmost impossible in practiôe to obtain suitabre wave

functioris that satisfy the bound.ary conditions at large nuc-
lear separation. These difficul-ties have been discussed by

l'¡lott and llassey (z) and various other authors (4, i).
Various workers in this field have overcome these problems

but hir the r-rse of sene apprc::i¡:ticn such :: c::cr o:ii:g the
cortiding systems in r?h.oxesrl when they are outside a chosen
region of Ínteraction (6), neglecting certain coupling terms
at large separations in meihod.s such as the distorted wave

l''., ,', I epproach (7), or n-eglecting overiap integrals at large separa- ,,

Èions (8). l

,Toreso'1vetheconceptuâlprobIensintrod'ueedintoco11-
ision theory by the use of the energy representation, which has
been stated to be a non-local representation, iü vlas conclud.ed.

that a local represenÈation, that is one constraineC to a finite .,.,,,,r..
i.:ìÌ:j:.ia:,i.:f

region of X-space, v¿oulC be necessary to describe the inÈeraction l

of colliding systems" sone apparant and usefur properties of
f.ocal represeniations lead to the above conclusion. concepts 

,

such asì the isolated s;r,.steru'arê alLoitrecl ,inl such a.'repr"sentatÍon, : ;:,..,.,
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and systems can be orthogonal, that is not interactr ât finite
separations. coupled to this concept is the useful idea of
regions of space where interaction nay take place and others
where it may not. Such practíca1 difficulties as the asymptotic
states problem are also removed by the use of local states.

Local representations are far from new; for insbance,
l:. : .,

wave packets are used to describe freely moving particles. In ,,.ì,.i','"

the case of the free particre, the need for a different rê-
presentation than the normar eigenstate or energy representat-
ion, resulting from solution of the schrodinger equation for l

thesystem,I^,asobviousbecausethisdescriptionwasphysica11y
iunacceptable since the funciions are not square .integrable. 
l

The uncertainty relations also demonstrate the physically un- 
i

acceptable nature of the eigenfunctions. ft is well known that j

the momentum operator and Hamiltonian for the systern commute.

Then since the energy uncertaintyAE =0, the momentum uncer-
tainty AiC = 0 and from

AK . A* -' h/ttr
An.Ar=h/ttr (0.1)

A* =æ ,A t=eo where [x is the position uncertaintri
and' At the time interval characteristic of the rate of change

: :' :: l' : 
':':r::' ::

of the system. A physically valid description was obtained by i.-''..,..-':,

rnu1tip1yingbyashapingfuncticn,usual1yGaussian,makinga
wave packet oub of bhe plane wave eigenstates. The functions. . ; ..

are then sçiuare integrabre and. A,r * o. rt then folrows that
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AK +O and it is no longer necessary for Ax= COand At = ()O 
"

ïn finding a local represenüation for the hydrogen system

two approaches u,ere initially considered. First, one could.

attempt to solve the Schrod.inger d.ifferential equation for ,the

system over a defined finite vorume of x-space. using the fin-
ite difference technique this approach was partialÌy successful.
However, the finite difference technique does not produce an

analytic solution which makes calculatÍon of various physieal
observables rather cumbersome and heavily dependent upon the
accuracy of the various numeric methods applied at each stage

of a given calculation. As a result of these difficultiesr'the
alternate approaeh was used for this study.

rT.l-.¡ n-.r. ¡aa6.þ :--r".¡1 i + r:.:i.!--¡. qJ-i'ì ^n !a +1.1+ ..^a-ì L^ f^--.¡¡¡v q¡'¡/¿ vev¡¡ úvv!¡ ¿v \jq¿iJv ü¡ri¡i.;s¡ vv vi¡.:i, svUsi vW ¿v¡ ¡u

wave packet states for the free particle. The hydrogen eigen-
states !,rere multiptied by a shaping function to form localized.
functions. The shaping function chosen was the step function
which produced functions which were cnly non-zero in a finiÈe
volume of X-space.

It, should be noted that these vrave functions will spread

with time. However, i.t has been shown by Goldberger and liatson
(Page 63 - 66 of t'Co1lisi-on Theory" (21)) that, uncler condÍtions
perniitting nracroscopic obsenvatigns of scattering, phenomena,

wave packets for free pârticLes for which AE=0 spread a neg-

ligible arnount in .the ùime taken for collision proeesses, an-d

that this spreading can be ignored in most circumstances. Sinee

ít is "o"y enough to see that these arguments apply equally well

iri' :rr,r;-l r-t';
i:l : -;:. l'.1i
li:,,r.j'1., 1'.,r1
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to similar wave packets for bound'systems this aspect wÍI1 not
be considered further.

fn the next three sections various mebhods will be used
to solve the set of equâtions evaluating various physical ob_
servables of the system. The eouations lvere solved several
ways to. serve as an internal check. The reasons this was felt
to be necessary wÍrL be discussed in sorne detair.

Next, the valÍdity of the local representation wilr be

considered. The caLculated values of the observables wilI be

compared with those of the eigenstates. ALso the local and

non-locaÌ functions will be examined in several representations.
rn the foIlowÍng sections various properties and apprica-

1i¡-^ ro ì¡^¡a ^+^+.-.:....::r!¿¿!j¡¡v ù¡ ¡üLlcj,r *¡úäi,üi5 wrrr 'Ug CO¡iuitigt.gd.

Finally, some generar remarks wilr be made summing up the
results of the previous sections and considering some of the
implications of 1oca1 states.

.Ír::.!!l
' i:-,, .: ijr

'::r' : :l
..':.1 : i



1. LOCALIZED IIIAVE FUNCTIONS FOiì THE HYDROGF]N SYSTEM

1.1 DEFINITTON OF LOCALIZED FUNCTIONS

The locar representation functions in x-space, which will
be referrecl to as localized or local weve functions, are de-

fined to have the form (in spherÍcal porar co-or,rinates)

lt (r,O,ó) =F ,y (r,O,o).s(R) (t.t.t)nl-m nI 'nlm

where T is the normalization term, ,lf - 1r, O, Q) the eigen-nl ' 'nlm-- 't-

state wave functj-ons (solutions of the !'rave equation in the
energy or non-loca1 representation), and S(R) the shaping fun-
tion. The explicit form of (1"I.I) is given in Appendix C.

R will be referred to as the localization radius and is in
fact the radius of the sphere v¡ithin r,¡hich the aton hae been

local-ized in x-space. since only s states wilr be dealt with
(l = m = O), and all calcuLations lrrere done in spherical polar
co-orclinates, for most of the text the following simplification
of notation wiIl be used.

(1.1.2)
i irl.. :,
| , :a.: ::

i '..:

i. :r:.ì':::

t:t:l: -::.

::ti:l i

ll = úJ 1r,9,{)'nS ' n00

AIso Dirac bra-ket notation wilt be used such that
<r lÚnS 'nS

The next three seetions are diffenent approaches used to i,t

solve for the energy and other physical observables using the

localized wave functions. The major difficu'tty in solving the
mathematical expressions involverl was the appearance of Distri-
bution Functi.on Products which have not been rigorously defined ::

i...-
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in nathematical theory and in fact is presently a fleld of
study (9, 10). The distributÍon products come into the
equations through S(R) which is defined
s(R) = (r.-r{r-n)) ( 1.r.3 )

where H(r-R) is the Heaviside'functíon (a distribution or gen-

erali-zed function) whieh is defined in Appendix B.

All calculations rî¡ere done in atomíc units and. as a con-

sequence all expressions are given in atomia orrit".
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L.2 USE OF COI{PLETE SET RELATÏCNSHIP TO AVOTD DISTRIBUTION

PRODUCTS

rn this initial solution, distribution products were

avoided by the use of the complete set relationship
P -Ëlvf ^=/ nlm nlm

where Vl. are chosen to be the normar eigenstates of the
nlm

hydrogen atom Hamiltonian H. The form of the hydrogen atom

Hamiltonian is given in Appendix A.

The mean energy for a given locarized s state (r = ra = o)

E=
n nS -nS

Notrr us ing ( 1 .2.1)
oÐ

u'

The sum Ís only over

local Sstate V is
rrs

Irm f O. Solving in particular
æ

E., = E" l< ,/r,. I ìr,' - = | 

t* 
f-,1 1 1S Is l__n

(L.z.zl

the S states since it happens thaü any

orthogonal to eigenstates {r for whÍch
nIm

,lt
n

for the l-S state (n = 1)
:t

l<r/, lV >l' (L.z.3l'lSnS

where E =n

Evaluating

Appendi ces

-1

-?n

the integrals

BrCandDone

(1.2.4)

involved using the relations given in
finds using projector operaüors
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,lt I r> dr (r
1S

-2r

,2
lvr >l

1S
rr

t:' dr-l

and

ó

¿-J ler,o=r, Lr

ql
nS

fqf, \s-I. f^ s+1. -(1.+1,/n)r il).r _e. '¿ril (t.z.5l
IwhereRis,m]]:"mrlj

the uncertainty in energy [E r-or the roca].ized ls state
!ô,as also calculated where

f- z >1 t
AEt L 1 '1S'

The second term has been evaruated above ( (r.2.3), (L.2.4¡ and
(r.2.5)) and the fÍrst term was solved. in a simirar manner

2<ry-^l H"llr _)=<t// lu.Hlû1S 15 1S' 15

Inserting (1.2.1)

lHlú
nS

.; , _,i- j:j::-_. i:.4.f :r1:: j"ì:í,:>.j:l:.:.!r;t

ln lú
1S
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,

Ç*n ls ns

For rhe form of E and. aV I VnlSnS
and (1.2,5) respectively. Then for energy

o btains

,1,
1S

(L.2.7)

back to (L,2"1+)

uncertainty one

Kø
1S

* f, l<,/r- | V =l'Ì'l*#n ls ns J J
The caleulations must necessarilf !e approximate since the

sirme ere infinite but b;' refer:.ing tc Tabl_c L and exaininin¿;

the overlap integrals squared (colunn '3) it can.be seen that
few terms contribute significantly to the answer, Table I
tabulates the mean energy"E_ and energy uncertainty AE for1I
the locarized ls state f,or various radií of locarization, R,_vvs+¿gs \

and the same quantitÍes are graphed in Figures r and z.
The results of this and the next two secti.ons v¡ilr .be

diseussed together since only one set of equations is being
solved by various mathematical techniques.

However, some mention of the reasons for attempting the
sorution of the state equation by another method should be

given. Alühough the use of the complete set reration made the
equations soivable, other problens arj.se from this technique.

--1//.

loolf- zAE-l) EIl/ n
.lf,

L rì.¡

| ú"r=l' - 
[r, 

r lrt, >l'
1S

( 1.2 .8)
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Besides the large number of Íntegrars that may have to be

computed, there is aì-ways the question of the completeness

of the set. For instance, in Èhis case the sum in (1.2.r)
should incrude not onry ühe discrete states but arso the
continuum yet in practice it is often only possible to con-

sider the first few discrete states. To circurnvent this
problem the next, approach was used.

r.. .. .-:. i ,

i.,-.. .,-.j...
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TABTE 1

MEAN ENERGY AND ENERGY UNCERTAINTT FOR HYDROGEN

lfÁVE FUI'ICTION FOR VARIOUS RADTI OF LOCALIZÄTION

FROII1 EXPRT]SSIONS D¡]RIVED BY USE OF COIVIPLETE SBT

in Atomic Units

*!ær¿5:l¿;]i-!:li¡:Ì!':d:a:i{:ï:"rê¿i"lddiÈõ4.;i:_j/-r ::È}È)lÍ.Êiâf:j.:::::::+

15 LOCALTZED

( CALCULATED

RELATIONSI{TP )

Localization
Radius

Complete
Set State

Overlap with
Local St,ate

Sq uared

Energy
Uncertainty

I.0

I.5

2.O

3.0

4.O

5,O

6.0

7.5
g.5

Infinity

l_s
,25
3S
¿lS

IS
25
ls
¿*S

Ls
2S
]S
IIS

1S
2S
3S
¿lS

1S
4ô
3S
¿rs

1S
23

1S
1Þ

l-s

1S

IS

o.3233
O.O3l+2
0 .0098
0.00¿11

o,5768
o.oL88
0.013l}
0.0055

o.7619
o.0463
0.0119
0.001+8

0.9380
0.,0213
0.0043
0.0016

o.9862
o.oo57
o.0007
0.0002

o.9977
0.000t1

o.9995
0.c002

1".0000

1.0000

1.0000

-0.1666

-4.295Lt

-o.3875

-o.tr72o

-O.t+939

-O.l+991t

-0./+998

-0.5ooo

-0.5000

-0.5000

0.1100

o,0523

0.0160

0.0106

0.0031

0.0005

0.0000
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FIGUR,E 1. Variation of rnean energy E for the local
hydrogen 15 state r^¡ith-ôhange in local-ization radÍ-us, R. Mean energy found by
use of complete set relationship (L.2.3).
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Variation of energy uncertainty¿\E with
changes in localization for local 15 state
of hydrogen. Energy uncertainty evaluated
lhrougþ use of complete set relationshÍp
(1.2.8).

);' t :,."
t. . .:;

FIGURE 2.
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1.3 TR¿NSF0RI.{ATION FROIU P0SITION T0 IIIOMENTUM SP¡\CE

The reasons for using this transformation were that in
mornentun representation or momentum space (K-space) ttre local-
ization radius, R, became a constant in the equations rather
than being an integral l-imit (as was the case in X-space) and

also certain distribution products were avoidedo

Actually the mean energy, E, was not found by the use of
one representation but two. The mean potenüial- energ¡r, T, was

evaluated in the position representation while the mean kin-
etic energy, T, !{as evaluated Ín the momentum representation.

In this way both the kinetie and potentiaL energy operators
..'úùere iinear in forni anrl on1¡r one distribution prorlr-r.et, reçu-i ted

whose solution nas known.

ential energy of the 1S state
T=<ü tv lúlIS15
Using projector operators ::

(r t t r

T, = ll:Vrrlr)dr<rlvtr>dr <r lÚrr=

,[ 
r= dr <rl v lt> < r I Vrr= ô{ "-*' ¡

Àl
where Ò(r-r ) is the Kroneeker de1ta. Then

l" -2r
J" r" dr'7{TT
lre dr-a

R

reT ii:r:ìrf
I

(1.3,1)
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The form of the potential operator V (in

hydrogen atom is given in Appendix A.

To evaluate the mean kinetic energy

transform the localized wave function V

X:space) for the

it was necessary to

from co-ordinate

space to momenfum space.

nomentur.l space

15/
Then the fõcâfized function in

V (K,@,Õ) =
1S

Using projector

V (K, @,ó) =
1S

Evaluating this

t1
dr (r lV

ts

using integrals in Appendix D

t-
<K lú

1S

operators

ftr
f <r l" >
t¡,

expression

2

-ã2.(1+ r )

["

2
)sin(KR) +

(1.3,2')

( r.3.3 )

,y
1S

(K, @,Õ) = Fl+
(t )=

r' -RI I n" ( sin( itR) + Kcos(KR)

-L
K(i+K )

I

-i
ì

I

i

1i
Itl

tl
J

i..i
i.::
i:-

-R,
(tr-r 2Kòos,--,4

K(1+ K )

0
r f (o,Õ)

0

v¡here Í' is the norrnali-zation constant for the localized state
1S

o
andY isa

o
in co-ordinate space, R is the localization radius

spheri'cal harmonic function in momentr]rnr space.
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f_

lV/
1S

In the momentum representation, the

T, has the form ( in spherical polar
2

T=KT
Then the mean kinetic energy

T = arlt lrlü1 .IS '1S

f ( r r r rr

= ll.t^ln >dK <K [rlK >dK
(, )*, ls

ftrrt

.JK, 15

kinetic energy operator,

co-ordinates)

( I.3 . tl)

It ll

<Kl lr
1S

I

E tr -rl

or

m'l-

I I f; (, -Jl-(r-r2)sin(K')

LJ" æt '*-L

-ô

-zn"-R (at< 
4f i"(Kn) + Kcosrrnr)

J Ñ7\-
ì z-znf* z

)sin(xn) t 2KcosinR)ll + n e I ¿r .rr) l -72
¿ (r+r )

t ZKcos ( KR

dr

tl

.[,- -Rr 2e l(1-rKL

["'"

2
(KR)+

2
cos (fn)¿f

2Ksin( KR) eos ( lc-l
. i.'

2
-f-R e

j

i

4
K

-

(1+ K )

(L.3,51

/"ìi.'1rJ-r:.-1
'r:.:i:i:.:-: r.-:
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One integral

2
cos ( KR)

!,ras awkward to evaluate but by writing it in another form

(1.3.6)

(L.3.7)

and noting the similarity in these integrals to those found in
the normalization of plane wave states a solution was found.,

The solution of the integral ean be found Ín Appendix D.

The mean energy of the 15 state can now be easily found

since

a Lso

Ar
1

The

ofa

í,*.""2(,.R) 
= 

Í:[1 t' #J ""'(o)

I

ArI
For the posiiion uncertainby

E'=T+v (1.3.8)
11I

The posi.tion, momentum, and product' Uhcerrtainties were

evaluated. For the momentum uncertainty

( 2 rìl

I}SISIS'ISI .,\
second integral is equal to zero since the mean momentum

n S state is zero. The¡r

( r.3 .10 )



AtI
Solving

Ar=
1

where

_2R
I =t - e

(
{ <,/
tls
in the

-16-

2 rì¡
| " I vrr> - l. ú,.r 1, lûr, ,l'|
usuaL manner

.o'ËÍj['---+îJ -

integral
is then

( 1.3 .11 )

(1"3.12)

solutions are

easily eval-

['

/¡ 
^ - ^ Ill-.t.L)j

various calculations performed. are

(È+n/2.+n /z)
and R is the localization radius. The

in AppendÍx D. The product uncertainty
uated sínce

The results of t,he

tabul-ated in TabLe Z.

Attempts to use this approach to evaluate other physical
properiies proved fruitLess. F'or instance, in the attempted
calculation,of the energy uncertainty some integrals proved. to
be divergent.

rn the calculation of the 1s state mean kinetic energy,

T, the expression had to be separated into its conponent in-
tegrars so that (1.3.6) courd be handred successfuì-ry. Arso
the other integrals were evaluated numericarly. These two
facts combined mad,e evaluation of the 2s mean kinetÍc energy
practically inpossible for o.e cour-d not be certain if.arl the
awkward integrars had been found and the number of complex
integrals that had to be done proved prohibitÍr¡en

I

:.
i



i¿ç;r:?#s%?é1:!j]*'.ff""-.^-. trãa;-.,tsa, !'iì;: i{ix T;: .' ìfE
l

_L7_

A third approach to the problem was

which an attempl was macle to evaluate the

ducts 'directly using the results from the
tions as a check.

then und.ertaken in
Distribution Pro-

previous calcula-

:;:]j: .':: ]
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TÄBLE 2

VARIOUS ÉTtSNCTAS AND UTüCERTAINTIIS FOR HYDTI,OGEN 15 LOCALIZED

I,i:AVE FUNCTION FOR VARIOUS RADTI OF LOCALTZATION (CATCULATED

FROII EXPRESSIONS DERIVÐD BY TÌIANSFORI,ÍATION TO I,lOl,iiiNTUl't Sp¡iCn)

in Atomic Units

Localization
iì,adius

Energies
Kinetic Potential i,,{ean

Uncertainties
Ì'lomentu¡r, Position Producü

l_.0

r.5

2.O

2.5

3.0
2(

4.0

4,5

5.0

5.5

6,0

6.j
7.o

7.5

8.0

8.j
9.0

9.5

10.0

Infinity

2.21+33

r.?767

c.881+6

c.6g2t+

c.595L

a.546C

tJ.5zr3

0.5101

o .50t+6

o.5020

0.5009

c.500¿*

c .5oo2

0. 5c01

c.5000

0.5000

0.5000

0.5000

0. 5ccc

0.5c00

-r.8372

-1. 3894

-l..Ig23

-r.0962

-I.Ol+76

-I. C230

-1. O10g

-1.0050

-1.C023

-1.0010

-1.0004

-1,0002

-1,0001

-1.00c0

-1.C000

-l-.ocoo

-1.0c00

-1.00c0

-1. C000

-1 "00CI0

I
0.40ó1

-0,1l_17

-0.3077

-0, t*038

_o.45?t+

-o.l+770

-0.1+896

-O,l*95O

-O.l+977

-0.4990

-O .1t996

-o ,4998

-O.!+999

-0.50c0

-0.5000

-0.50c0

-0.5000

-0,5c00

-0.5000

-0. 5000

I

I

2.088,l+

1.5980

1.3 301

1.17ó8

1.0910

1.0450

1.0210

1.0100

1.0045

1.C020

1.0009

1.0004

1.0c02

1.0001

1.0000

1.0000

1. C000

1,00c0

1. C000

1.0000

o.2218

o.3L53

o.t"663

0.5756

o.6665

o.7362

o.7858

0.8187

o.g3g3

0.851t1

0.8583

0,8ó21

0. 86&0

0.8ó51

o.9,656

0;8658

0.8659

0" 8660

0.86ó0

0.8660

0.4631

0.55r8

o,6202

o.6774

o "7272
o "769t+

0.8023

0.8269

0.8b3r

C,853L

c.8591

0.8624 
]

I

0.8612 
I

0.8651 I

I

o.8656||

0.865e I

0.865e 
I

0.8660 I

0.8660 
|

o.s66c 
I

l',Ì1i'l

1:,',:::.. ::
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1.4 DIRECT SOTUTTON OF DTSTR,IBUTIOTI PRODUCT TNTEGRALS

The tr'ro previous nethoCs urere used. to avoid. certain Dis-
trlbution Products. However, it was found. that both method,s

r¡rere linited. This suggested that the pr:oblem of Distribution
Products should be studied. closely to see if definitions could
be found for varj.ous Distribution products.

Enough rerationships were found to solve the expressions
for the mean energy whÍch involved the second. d,erivative of the
Heavisid.e function, However, the energy uncertainty equations
involving the fourth derivative of bhe Heaviside function could
not be solved. The relationships involving Þistribution pro-
ducts are qiven in A_opencl,ix B.

The expressions d.erived for the various physical observ-
ables will be for any S stateo

The mean potential energy for the rrth S state
T
n 'nS 'nS

( 1.I1. 1)

rusly and retations firom

Appendices B and C

)dr
t

<rl
(r --- r

ur, = lJ,'Vr, i rldr<rlv lr v
nS

2

=-N
nS f( dr ( 1.4.2 )



::.;¡?$:".ÉjT.*.{&i^4:^$.tâ*\&.tà .t"+i:;ääi+if.*_:.0*Þ,:|._Eilrs,i i,.,-.i

T
n

-'t o-

fn a similar manner the mean kinetic energy

=<ü lrlü'nS 'nS

-''t
'['

-t/n n t-1. , i-2 t'Wl(t-r.)r -r
/_r(.n-t)ltl(t-1,)!' n
t=1

zR

^ t 2( -r/n.^ , t-1. t-1. I'J"u""1."ffi
t-2

- 2(t-I.)r
n

+ (r-1.) (r-e)r

where R is the localization radius.

The mean energy for any given S state

E =T+Tnnn
which is just a more general forn of

The equations for the position,

certainties were also solved.

The momentu¡l uncertainty

-1

-rlnça-, 
-z / n) 

t-t' 
"t-r'J 

el

kryJ
(1.4.3 )

( 1.r1.lr)

(1.3.8).

momentum and prod,uct un-
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Ar = [.V -l*'l{,nlnSnSnSnS)
.i'' ::i As previously noted for the 15 staüe' :- . ::i'r .l

' '': rl

<Vr _lrlll, )=o (1.,*.6)
nS' nS

l

: , for any S state and the operator. : . :, ,

:.: ;::i ô
. :::'_:i a.,'j K = ZT (l.lr.T,)

: I :.r.
,, ,,'..,,.; Then using (I.¿1.6) and (1.I+.2) in (l.ln.5)t-t

Ar =f<Vrlrrl%r>.)=:n\n \ --

à
- (2T ) (1,1,.9)

n

i The position uncertainty

f ^ a\Li 
- 

¿ ¿\È
ì

.,::,: atrr = ('*"r," 1ú"r=
. ' :'

,. rt...j 
or

Rf-P (^ 4l-r/n-a- r-1.r-1.\2Ar=l¡¡ ldrrle \-(-z/n) r Ir4n Lruro \ L(n-rJtr!(r-I.)t/jLt-a

rl.i.r,ii
rl:, i:l

The product lincertaintlrApd, t{as defined in (1.3.13) in.i

.i'.i]
..'.:,ìi

the results are graphed in Figures 3 to d.
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TABLE 3

VI\RIOUS ENERGIES AND UI\ICERTAINTIES FOR HYÐROGEN

WAVE FU}JCTIOI{ }-OR VARIOUS RADII OF LOCALTZATION

FRO}T EXPRESSIONS OBTATN!]D BY DIRECT SOLUT]ON OF

INVOLVING DISTRItsUTION PRODUCTS)

1n Atomic Units

}S LOCATIZED

( CALCULATED

II'ITEGRALS

-_-¡

i

'1.0

1.5

2.O

2.5

3.0

3.5

l}.0

l+.5

5.0

5,5

6.o

6.5

7.O

7,5.

8.0

8.5

9.0

9.5

10.0
- .' a': ..Infinity

2.L71+3

L.2768

o. B8t+6

c.6921+

o.595L

c, 5¿160

c.52L8

0,5101

a.5ot+6

o .5o2o

c.5009

0.5cc&

0.5002

0.5001

0.5000

0.5coo

0.5000

0.5000

0.5c00

o,50co

-r.9372

-1 ,3 881*

-I "1923

-r.0962

-r.0476

-1,C230

-1.0109

-1 .0050

-1.0c23

-1,0010

-1.0c04

-1.0002

-1,.000r

-1.0000

-1.0000

-1.CCOO

-1.00C0

-1.0000

-1.00cc

-1.OCCo

o,337L

-0 .1116

-o.3c77

-0.4038

-O,l+5?l+

-o.I+77O

-0.4991

-o.l+95C

-O.l+977

-0.1,994

-o.t+996

-0,l}gg8

-O.l+999

-0.5000

-0.5coo

-0,5000

-CI. 5000

-0.50o0

-0.5000

-0.5c00

2.O853

l ÃodnL./ j\.v

1.3301

1,1769

1 .0910

I.0i*50

1.0215

1.0100

1, C0li5

1.0020

1.0009

1.0c0l}

1.0002

1.0001

1.0000

1.0c00

1.0000

1.0000

tr"0000

r.0000

o.22l8

o.3453

o "8663

o .57 56

o.6665

o.7362

o.7858

0. 8187

o.839)

0.85rl}

o? 8583

0, 8621

o.86110

0.865r

0;'8656

o. 8658

o.8659

0.8660

0.8660

0.8660

C.l+621t

0.5519

o.62a2

O.6771ï

o.7272

o "769)
c.8027

a.8269.

0.81*31

o'8531

0.9591

c.862b

0.86toz

0.865r

o.8656

0.8658

o.g659

0.8660

0.8660

0.8660

ii-.;.

Energies
Kinetic Potential lriean

Localization
Radius

Uncertainties
Iiornenturn Position Product



:,J
.-1

-20b-

l4ean kinetic energy of local- 15 state of
hydrogen atom for varying radius of local-
ization, R, as evaluated by expression
derived by direct solution of integral-s
ÍnvoLving Distribution Products. (1.1+.31 .

FIGURE 3.
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Variation of mean potential energy of
hydrogen 15 siate with localization
radius. I'{ean potential energy found by
evaluation of expression derived by
direct sol-u.tion of integrals involving
Discri buùion .Ðroriucts ( i , ¿r ,?I .

FIGURE t+.
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FIGURE 5. l.[ean (total) energy for various radii of
local-Ízation. Evaluated by use of expression
derivecL by direct solution of integrals in-
volving Distribution Products (Ì.L.L) .
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Variation of momentum uncertainty with chang-
ing radius of Iocalj-zation. I{omentum uncertainty
found by evaluation of expressi-on derived by
direct solution of integrals involvíng Distribu-
tíon Products ( l. /+. 8) .

FIGURE 6.
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1....+!:.v-.+s

FIGURE 7. Variation of position uncertainty with local-
ization radius. Position uncertainty was
evaluated by use of expression derived by
direct solution of inbegrals involving Dístri-
br,rtion Products ( 1.L.10) .
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Procluct uncerüainty for various radii of l-ocal-
izaüion. Product uncertainty obtained by use
of (I.3.13) and eval-uati.ons of position and
momentum uncertainties obtained by use of êx-
pressions derivecl by direct solution of int,egrals
r¡lv(,,.Lvx¡rå lJrbul.IUUurUll .trI'(JUu\.lt¿Þ¡

ì::.,.,_._
l:..:'-r:-,..

i:1::-::
i'.';.:':
l.-i.

i,-ii :: - l
flirì.ì¡::!-'l
i..j.i:.; ì.i

T'IGURE 8.
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TABLE 4

vAn,rous -EìüERGTES ¡ño ul¡cniTArNTrES Foiì HyDHOGET,I 2s LOCALTzED

I^JÄV¡] FUNCTTON FOR, VARIOUS RÂDIT OF LOCALIZATION (C¡,T,CUIATNN

FR,OI{ EXPR,ESSIONS OBTA,INBD BY DIRECT SOLUTION OF INTEGRALS

INVOLVII{G DISTTi.IBUTION Pä0DUCTS)

in Atomic Units

I ia:1ì i.r'j:

Localization
Radius

Energies
Kineti c Potential lrlean

Uncertainties
llomentum Position Prorìuct

r.o
L.25

r.50

L.75

2.O

2.25

2.5

3.O

3.5

l+.0

l+.5

5.O

6.0

7.O

8.0

10.0

15.0

20.o

25.O

fnfinity

2.1+7OO

r.g2g3

1.6168

I.l+565

1. l}102

I.l+l+24

r.5oc1

L.l+73O

L.2275

o.9585

a.7b73

o.5927

4.3953

o.2833

c.2L73

o.L5t+6

o.l-261

0.L250

c.I?5O

O;1250

-r.9250

-r.697tr

-1.581+8

-I.5t+I?

-L.5352

-1.5281

-1.t*8c3

-r.2128

-0.8910

-o.6667

-0,5304

-0.4¿161

-o.35tro

-0.3c8L

-0.2829

-a.2603

-o.25Ob

-o.25oo

-o.25oo

-o. 25oo

I 0. 5¿150

I o.rr*
I o.orro

l-o.on'
| -o . rrro

l-o.oerz

l-o.or97
I o.260r

I o.tru,
I o.rr*
I o. zL6s

I o. u+6s

I o.or*r3

l-o.oru,

l-o.oasz
I 
-0.1057

| 
-0. rzal

I -0. L?5o

| 
-o.r.ro

| 
-0. Lz5o

2 .2226

L.g6t 3

r.7982

L.7067

L.679t+

L.6985

r,7321

l.716l+

t"5668

L.3tb6

I.2225

r,08S7

o .8892

o.7528

o.6592

o.5560

o .5a22

0.5001

,0.5000

o.5o0o

o,2230

0.2814

o. 3JII
o.362r

c,369?

c.3834

O.l+873

o.9036

1. ró51

L.Zt*6O

L,27L2

I "297r
r JgTa

r.5bgo

1.7230

2.OI+6/,+

2.t+o77

2.1+476

2.LI+95

2.1+l+95

o.bg57

0.5527

o.595b

0.6180

0,6201

o.6512

0.8t*Ll

r.55Og

I.8256

L.7252

r.55+r

l,l+L23

l.2l¡.2L

l_.1660

1.1358

1.1378

I.2Og2

L.221+0

L.2247

1.22/,+7
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TABLE 5

VARIOUS ENERGIES AI{D UNCERTAINTIES FOTú HYDROGEN 35 LOCALIZED

!iAVE FUNCTION FoR VARIOUS RADII 0F LoCALIZATTON (CÂLCULATED

FROÌVI EXPRESSIONS OBTAINED BY DIRECT SOLUTIOII OF INTEGRALS

INVOLVTNG DISTITIBUTION PRODUCTS )

in Atomic Units

¡ij:'i >i.:a:l

i::: ::; :lì::'.r
l::.: :::
t...-.1.

Local-ization
Radius

EnergÍes
Kinetic Potential l4ean

Uncertainties
l,íomentum Position Product

1.0

L.5

2.C

2.5

3.0

3.,5

trì.+av

l+.5

5.O

6.0

7.o

8.0

9.0

10.0

1l.o
12.o

13.0

15.o

20.0

25.O

2.5266

1,6918

I.5Iç3It

L-6550

r.5356

r,2?88
ô otèlv o ,'+vv

a .7 baz

0.5911

0. &151

o.357L

0.3835

4.4230

C.l*C88

c,3532

o.2905

a "2359

0.1582

o,.o772

0.0590

-I.91+21+

-r.6246

-r.5gr5

-1 . t+816

-1 " 
1L71

-o.9377
tt At.nl

-v . Va+ f v

-o.5390

-o,t+763

-o.t*zlT

-0.4L23

-O.l+067

-o.3683

-0.30¿+Z

-o.21+54

-o.203'b

-0.t753

-o.Ll+3b

-0.117L

-0.1120

o,5842

o,c672

-0.0,t+81

o,L73t+

0.3881+

o,3gL2

^ 
?nln

9 a )vL!

o "2012
O.lIl+8

-0.0065

-o.o55r

-o.c23l
I

o.o5L7l
I

. 0.10lo6 I

I

0.10781
I

o. o8?o I

0.06061

o.o1/*91

-o.03eel

-0.05301

2.21+79

1.839¿r

t.757C

1.8194

r.7 525

L.5677

!.37?+

L.2L67

1.0s73

a.9l'l2
o.8l+5?

o.8758

0.9198

o.90u2

0.81*05

o.7622

0.6868

o.5626

o.3g?g

O .31+35'

o.223I

c.326I

o.352r

o,5585

o.9582

I.LI+27

!.?o?3

I.2l+L5

1. 291C

r . +o73

L.4576

L.5l+?O

2.1327

2.83L+L

3 .2166

3.?755

3 .lo57l*

3.6260

b.275b

t+.7r6t+

0. 5015

o.5999

0.6187

1.016r

r.6793

I.7,9Lt+

't AE Ao.-av/vv

r.5106

1 . l}Ca8

!.282tt

r.23Lg

L.3506

L.g6L?

2.5626

2.70)5

2.5727

2.37 46

2.0399

r.6797

1.631+0

!-1: ..!-: , :.i
ì: ,:: :: r -!r:

lrl:irs::-l. .i.:ì¡J
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TABTE 5

:.

Continued

t-

i i.rr' :- : : -:,

I :": - l:'

Localization
Radius

Energies
Kinetic Potential Mean

Uncertainties
Momentum Position Product

30.0

40.0

50.0

fnfinity

0.06c0

o "o556
0.o556

o.o55i

-0.11-12

-0. I11r

-0.I1_11

-0.Ill-l-

-o "o552

-o.o556

-o.o556

-o.o55i

o.3346

o.3333

o.3333

o.3333

t+.9298

l+.971+I

l+.971+9

l+,971þ9

L.6l+95

1'6581

1.6583

r"6583
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TABLE 6

VARIOUS ENERGIES AND UNCER,TAII{TIES FOR HTDIìOGEN ¿+S LOCAL T.ZED

h'AVE FUNCTI0N FOR VARIOUS RADII 0F LOCALIZATION (CALCULATED

FROM EXPRESSIONS OBTAINED BY DTRECT SOLUTION OF INTEGRALS

INVOLVING DISTIì,IBUTI0N PRODUCTS )

in Atomic Units

f::.{¡#ffi

r:: ri:l'

;.:;.):::...::

1,..¡L''.,. t,

i:a::..:.:..a
'r _:j '

Lo cali zation
Radius

Energies
Kinetic Potential l,iean

Uncertainties
tr{omentum Position Producü

l.o
2.O

3.0

l+.0

5.O

6 .o,
.r^

8.0

9.0

10.0

11.O

12.0

13.0

14.C

15.C

16.0

17.0

20.0

25 "O

30.0

2.5+65

I.5920

L-5512

0.9¿+70

o.5g6L

0.4401
ô ! .>t.1
v.1.LLt)

0,1*780

C.l+786

0.4112

o.329C

0.2586

o.2059

c.l?L?

0 ¡ 151r1

o.\537

0.1660

o. 1961 
r

I

a.L22g l.I
o.06?5 |

-I.91+85

-r.6ag7

-I ,I251+

-0.61+52

_0"4906

-0.4501

^ 
¡tl¡-v.++w>

-o.t+Lgg

-o.3507

-o.2817

-o,23t+9

-0.2072

-0.1921

-O ¡ fg:z

-0.1933

-0 .1831

-0. r8r2

-0.1/+76

-o. ogcE

-o.o?I?,

0. 5980

-o.ol77
o.4257

0.3c17

0. r05 5

-0.010c

-c.c225

0.05 g1

a.L279

o.r2g5

0 .091*0

0.0514.

0.0138

-0.01[0

-c.o?92

:A.O?9Lt

-a.r5L7

0,0¿187

a.0322

-0,0042,

2.2568

I.7ÙtþL

r.76L3

r.3762

1.091_9

c,9?8r
,ì a)11 ?\) .7 k!tu

0.9778

O;9781+

0.9'069

0.8111

o.7192

0.6418

o.5852

o .5552

O.55lr3

c,5763

o.6266

o . 1|959

o.3673

o.223I

O,3I+78

o.g6gL

l. r8gg

1,2881

L.3873

i.LCÊ}

,L.75L9

2,1+685

2 ,gl-3 t+

3.IL59

3.21+12

3.35t7

3 .l+LI6

3.L831+

3.1+8t9

3.59',35

5.2986

ó.ó140

7.0579

0 .5cJ 5

o.6205

r.7c6g

L.6376

1.4o6tl

1.3015

1 -ìôr?lt¡t)I*

L.7t5g

2.1+L52

2,642r

2.5?7t+

2.33LO

2.15lC

2.0;l-38

t.9338

l.g3t*
2.06Sc

3.3202

3.?796

2;5962
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TABLE 6

Continued

::; '.:.

Localization
Radius

Energies
Kinetic'Potential l'lean

Uncertainties
l.lomentum Position Product

35.O

l+0.0

50. o

óo.o

70.o

I00.0

fnfinity

o.o\.35

o.034s

0.03lL

0.0313

0.0313

0.0313

0.0313

-o.0653

-o.0633

-o.a625

-o.0625

-o.0625

-o.0625

-o.0625

-0.0218

-0.0285

-0.0311

-0.0312

-0. c313

-o. 03t3

-o.0313

o.z95o

o.2638

0,2508

o.?5oo

o.2500

0. 2500

o.25oo

7.6tr3t

8.0983

t.l+l+23

8.1*830

8,b852

8.t+853

8.1+85J

2,2550

2.t366

2.TL7I

2.I2O9

2,L2L3

2.L2I3

?.L2T3

l-::'i..::i,ji:i1:: l
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TABLE 7

V;IR,IOUS EI{BÌIGIES ÀND UNCERTAINTIES FOiù TIYDROGEN 55 LOCALIZED

IVAVE FUr\iCTI0N FOiÌ VARIOUS RADII 0F LOCALIZATION (CALCIJLATED

FROI!Ï EXPRESSIONS OBTATNED BY DIRECT SOLUTTON OT INTEGRALS

INVOLVING DISTR,IBUTION PRODUCTS )

in Atomic Units

Localization
Radius

Energies
Kinetic Potential }lean

Uncertainties
lvlomentum Position Product

I.0
2.O

3.0

4.0

5,O

6.o

7,O

8.0

9.O

r0.0

u.0
12,O

13.0

14..0

15.0

17.5

20.0

t)q

?5.O

30.0

2.5558

1.61L8

L.5 575

o.9466

o.5996

O.l+555

o . +oo'l

0.5'14s

o.4895

0. &C/+5

O.3l.7l+

O.2l+92

o.2ol+3

0.181+2

0.1877

o.2296

o.!973

o.lJ?O

0. cg51

O. O9l*0

-L.95L!+

-1 ,6178

-1.115s

-0. óL48

-O.r+977

-o.t+636

-0. þó0r

-0.1+193

-0.3liI5

-o.2759

-o.?358

-O.2].,l+I+

-o.?o52

-0.2030

-0.?02,6

-o.L78g

-o.t363

-0.11rÊ

-0.1030

-0.1000

0 . ó01+l+

-0.0031

O.lþl+L7

0.3018

0.1019

-0.0031

u.0007

o.og55

0.1/+80

o.1286

0.08r7

0.0348

-0.0008

-0.0188

-0.01/+9

0.0507

0.0610

o.o25l

-0.0c78

-0.0060

2.26Ca

r.797L

L,7650

L.3760

1.0951

O.951+5

o;9599

1.0147

o.989It

o,8995

o,?968

o.7059

o.6393

o.óo?o

a.6127

o.6777

o.62g2

o.523t+

o , tû6?

O.t+3)7

o .223L

o.3Ì+6L

o.9730

r. 18L6

L.286r

L.37 !+O

t.+t57
r.8802

2.5!+73

2.899o

3.0700

3.]924

3.2959

3.3237

3.3353

t+.3600

5 .6o71

5.o775

5.)374

6.6!+59

o,5obb

o.6220

L.r7L7

1.6300

l. ¿l08tl

1.3115

i,3lþ93

t.go77

2 .5203

2.6076

2.t+l+6O

2.2537

2. 1006

2.OL7l+

2.OIi35

2.95'l+5 ,

3.5224

3 .1.8c9.

2.?645

2.482L
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TABLE 7

Continued

Localization
Radius

Energies
Kinetie Potential [tean

Uncertainties
l{omentum Position Product

40.0

50.0

60.0

70.o

75.O

Infinity

0.081¿Ì

0.o357

o.4227

0.0203

0.0201

0.0200

-o -0576

-O.Olr33

-0.0405

-0.01+01

-0.01+00

-0.0t+00

o.0239

-o. oo75

-o.0178

-0.0197

-0.0199

-0.0200

0.11036

o.2673

0. 2130

o.20L6

0.2005

0.2000

LO.6730

rL.5950

l-2.5Or5

l,2.8go3

12.9518

:-2.ggot+

I+.3O7t+

3. L000

2.6630

2,5995

2.5967

2.5908

. : ' ::.::::]
:. .: t:-: ::..ì:ì,iij::,]

. ,. .:,t-.ri1t":1.41
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I.5 AN EXAMINATIOI'I 0F THE RESULTS 0F SEOTI0NS 1.3 r 1.&, L.5,

Having caleulated several physical observables by various
techniques it is now possible to discuss the validity of the

description given by locaJ- v{ave functions that have been de-

f ined in (1.1.1) .

fi is first noted that the three approaches give con-

sistent resuLts for corresponding quantitÍes (Tables 1, 2, 3)

and in particular the agreement between the results calculated

by transforrnation to momentum spaee (Table 2) and those cal-
culated by direct evaLuabion of Distribution Products (Table 3)

is excellent. AIso, for localization radii, R, of approprÍate

atomic dimensions, the values caleulated for physical observables

using local functions are almost indÍstinguishable from

the values result,ing from the use of eigensÈates (R= OO).

For instance, for a localization radius, R, of 6 â.u., the

mean energy, Er, of the 15 state varies frorn the eÍgenstate

mean energy by less than one tenth of a percent and the

corresponding energy uncertaintyr AE, Ís of the order of two

percent (Tab1e I). Figues I to.8 also reveal that the limit-
ing value for the various observables of the 15 localized. state,

V_ _, is approached, quite quickly as the localization radius, R,
1S

is increased. The other four S states exhibit essentially the

same properties except for larger localization radii, R.

r-rÌ.i4i¡1*
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A comparison of the local and non-local 1S state functions,

anA Ú , is also revealing. In Table 8, the configurationsls
space and mornentum space representations of the two functions

are tabulated with the localization radius of V being I¡ a.u.
1S

The funcrions ,þ (r, er 0) and, ,lt (r, e,0 ) can be found, in
15 1S

Appendix C while the form of V (Kr@,Õ) is given in equation
1S

( 1.3 .3). Using the same transformation applfed in sectÍon 1"3

on ,þ (", e, 0) one finds that
1S

3/2lr (K,@),ö)= LZJ:'. ..-__r___
1S

( 1.5.1)

The results are tabulated rather than graphed since the K-space

representation of the two functions are so similar that the

difference would not be noticable graphically. Although the

local state has a more undulatory nature than the non-local

function in the momentum representation, the fact that the

local function in the momentum representation is conËinuous,

single valued, well behaved and almost indistinguishable from

the non-loca1 function lends support to the notion that the

two functions d.escribe essentially the same system. Consid,er-

ing the configuratÍon space representation of the two functions

alone one would probably not come to this conclusion.

i. : :..: l :.. . .. 1,
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TABLE 8

A1VIPLITUDE OF NON-LOCAL (V ) AND LOCAL (V ) FUNCTIONS
15 13

ÏN X- AND K-SPACE

Radius of Localization, R = le a.u.

Þ¡r:i-!:¡ïj

X-Representation K-R,epresentation

I v
1S

v
IS

K ,þ
1S

ú,_*

0.0

o.5

r.0
r.5
2.O

3,0

4..0

5.O

6.0

8.0

10.0

2.0000

L.2L3L

o.7358

O.l+l+63

o.2706

0.0996

o.036ó

0.,0135

0.0050

0.0009

0.000I

2.OL39

I.22L5

'O.71+O9

0.4[g¿

o -2726

0.1003

0

0

0
'

o

o

0.0

o.5

1.0

r.5
2.O

3.0

4.0

5.O

ó.0

8 o

10.0

o.?25L

0.1/+¿i1

0.0563

0.0213

0.0090

0.0023

0.0008

0.0003

0,0002

0.000I

0.0000

o.2?35

o.L35g

o,0623

0.0196

O ' 008¿l

0.002I

0.0009

0.0002

o.ooo2

0.0000

o.oo0o
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L.6 SOI'IE PROPERTIb]S ANÐ RELATIONSHIPS OF THE LOCAL

REPTÈESENTATION.

From the results of the calculations of physical observ-

ables and considering various representations of the locaL and

non-local functions, it has been shown that the loca1 represen-

tation leads to a descriptÍon as valid as that of the non-local

representation and Ít would appear from the discussion of the

form of the wave function in K-space that these two representa-

tions are related. This relationship in fact exists and the

form of the relationship wilt no,¡ be derived.

First it will be necessary to d.erive a simple projector
opeîator equivaieni, for ¡¡s shaping functj-on, S(R,}. usecl to
form the local states (I.1.1). The step function, S(R), can

be consÍdered to be the configuration space respresentatÍon in
which prg-

any vector

1.. . ti

spherical polar co-ordinates of the operator P-
x+

jects the volume of X-space for which the norm of
î

x

where R is

ilr
x

the

ll = R (1.6.1)

localization radius of the previous sections.
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_P + P
-.¡ J l.XX+X-

P utting

!vhere

t'
L- sx+

and P the
x-

representation

I<îl

Since in spheri
sA (r,e,ô )

x

ilî ll

i+ li* t< ì+l = I aì Ì><Ìl
úÂ't¡.n

D
L

rrrrr.=/aîli><Ìl
)1

.x
the above definition of P

(r.6.3 )

spaceo The X-

( I .6. /+)

of a vector

(I.6,1*) is the equivalent of the

projector for the complementary

of P- may be written
X+

frrt

ffi.tt.g

=[o¡ ôr*'.È) E r*-i'l
/Ã,,,.^

ttt
ôt*-t) ir llÌll <R

x

0 otherr¿¡ise

ca1 polar co-ordinates the norm

(o
)
â+

is

L

P_ l*
xf

.5x+

step function S(R). Noting that P* is diagonal ánd using
x+

(1.6.1r) the form of the localizecl wave function (1.I.1) may be
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rev'rrÍtten

\y
nJ-n nlm

-N <ilP l\þnI î+ 'nlm

=ñ- . <*lp: InI x+

fn this notation the normalization constant l' takes the form
(nIr. = l¿*<rl . l*><ÊlV_I 'nlrn' 

nrm

2l'
=(N- ) f a* <rlr, lr^ l i><tle* l \knI ) 'nlm'î+ x+ nrm

2
=(ñ'_)<V/ le lVnl 'nlm' î+- n1m

the last step folLorrring from the id.empotency of p*. . Then
x+

,l/
n1m

which is equivarent to the expression found. in Appendix c for
N.
nL

Now the connection between the locar and non-rocal re-
presentatÍons can be established by considering the probability
distribution of state vector lü_.,-_).' For some arbÍtrary re-

nlm
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presentation B, ,the probability distribution described by llf >

tr;:: )--:a'::-)j._4

(L.6,7) l',,,,''-,

ll-.6.9) i:,:,:i=t:.t'.t ._' -

.t

nIm

is defined
r2

V(u) = l<slÚ >l

Thenconsideringtheprobabi1itydistributionoflü>
nlm

the energy representation (non-local representation) from

lr:.,.6 .7 )

t 
V,.r*( 

tr,' 
l' *' ' = t v,-,r*( Vn ' ,'rn ' 

)

(n2)l<V,,,[e lúr =l' rnI nLm Rl 'nlm
I

r lü/ =!-1 
'l-rlr",,lp llr -12t\ ,- - | I , I I \ f .-. 'l à ¡ f InJ-m )<+ nlm n r m x+ nlm ''

(1.6.d)

From this equation one obtains the probability thet the local 
l

state lüorr= n*" energy equal to that of the non-local state 
I

from which it is d,erived

P;i; (E )-<ì, lp lìl/
Y n1rn n1m ' nlm È+ ' nlm

It follows that the probability that the local state lü

has energy not equal to energy E is
nlm

P;i; _ (E' - ÊE ) - <rl/ lr_ lv/ _Y nJ-m nl.m nl-m ' nlm' f- ' ' n1n

These tvro expressions are more easily uncierstood by considering i

a specific case. Consider the 1S state functions for the energy
' 

i.¡

:

:
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B
i,::.:,:,r .:r: i

one finds upon evaluating the overlap contributÍon to mean 
-:';';'i:'r

.

values of any given op,erator f(x) the expression

and, local representations, ,lf and V respectively. Then .

IS 1S

the right hand side of (1,6.10) can be interpreted as the pro- :. .

. .,bability that the eLectron described by ,l/ lies outside the , :::.'.;:i
1S

localization radius, R, of the local state whereas the lefü
hand side is the probability that the corresponding local i:,::,:.;.

i. -: ..:-..,'.

state lt has energy not equal to.E , the 15 eigenstaüe ' ¡''"1:i"
15 15 ', i.,'.-''.t:t.,

energy. Then the outer region of the v,rave function in the 1"i;i,:'

,.,. ,energy representatÍon has been transformed into the twingst 
,

oftheenergydistributioncurveinthe}oca1representatÍon'
l

AIso (1.6.9) demonstrates that the energy representation is 
,

,l
lon1yaspeci.a}ca5eofthej-occ1reprcsì*ontatiensinee

P,T (E )=t.whenP = P ',1 
.YnIn nlm Ì+ i
i

A rabher useful property of local representations can be 
i

estab1ishedbyconsid'eringthemeanforanyoperatorf(B)'B
.' l.,o',',

being an arbitrary representatíon, which is written ii.,.l ,

. r .,,f':.-'
- ,;:.:ì r:.: :a+' lr,r, I Q'- = fo r(B)pÉ,( B) \ (r.6.tr) i-.,,',,'¡,,'

tgt

where PÉt(B) is the probability distribution definecl in (1.6.71.

Now defining the loca1 states of ttro colliding systems A and B i,ri*,li
i*¡¡i'¡:'¡

<rlü> -ñ <i'lP lû>A A '*+ 
A.

À
.:

'ÉlÚi =lr.olto* lû: (r.6.12) i
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<rl/ lr1Ì)l ,lr > =N T <ú lp p r(î) I ú'A' 'B AB 'A'*+ *+ "t 'B
AB

+ Oonlyif p nP ìLO (1,6.13)
*+ i+

AB
Since ít has been demonstrated that projectors sueh as p

l+
A

and P* operate over relatively sma1l finite spatial volumes,
X+

B

it can be seen that the equations of motion of the two body

system become vigorously decoupled at reLatively small finite
distances' This point will be deveLoped further in the next

s ection.
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L.7 A DISCUSSION OF SO¡,IE POSSIBLE APPLICATIONS OF THE

LOCAL REPR}'SENTATION TO COLLTSION THEORY.

rt has been stated that the originar purpose of the study
of local States v\ras to overcome various diffieulties encounüer_

ed in lor^r energy collision theory. some discussion of this
app1icationof1oca1statesu¡i11nowbeuntlertakeÍl.

A sÍmpLe collision to which the results so far obtained
can be applied is

H +H+ _-H++H
AB AB

where a hydrogen atom A exchanges an erectron with proton B.

By [lott and Massey (Z), the Schrodinger equation describing
this reaction may be wrÍtÈen in two equivarent forms, one of
which is

¡ rlv
aJ

2
hm

b
t

= EV

V i.s of

is
of

22fV
ña

a

2V+
B

v (r ) + v (r ) + u(F,
aabbb

By the two state approxination,

V = óti lrtÈ )+ ótË lctÊ I'ab'ba

(1.7,1)

the form

(r.7.?)

in the ground. state
bounC states is such

equivalent form
.A

) and G(R ). The
é,

ConsiderÍng the case where the electron
initially and fina11y, the usual choice

t hat

Ót¡ ) - {^tn ) and ó(Ë ) = ü (?' i' a IS a ' b 'LS- b

Substituting (L"7.?) into (l.Z.l) and its
coupled equations ma¡r be obtained for F(î

b
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equation for F(Ë ) is
b

122
I v:..:- + f ,úrrr¡ rl'[uo,'., * u,uo, n ,] lå

dÈ lr(R )aJb

.lt (f ) G(È I ¿t
lsbaa

The rÍght hand side of (1"7.3) being non-zero for
finite internuclear separati.on expresses the faet
locaL states reaction can occur in all regÍons in
has been suggesterl that this ean be c.onsidered to

of the asymptotic states problem.

If, however, one uses the local states Vrr(i.) ana

for Ót¡ ) and ÉtË. ) in (1.7.2) insread of rhe eigensrares,'arb

choosing the locarization radius, R, large enough (5 to l0 â.u.1

so Èhat Ag=0, then the properÈy depicted in (1.6.13) wirr force
the right hand sÍde of (I.7.31 to be zero for all internuclear
distancès greater than 10 to 20 a.u. The result is ai"i equa-

tions ror r(E') ana c(ñ') wourd be uncoupled for such inter-

nuclear separations. The reaction could then be considered to
occur in three stages or regions of space

Y =v (n )F(Ê )tSe'b

(r.7.3')

aII but Ín-
that for non-

space. ft
be the ca.use

lr (?)
lSb

I

-t¡l

. f Initial Regio.n



-?r -t*

Ir Reacrion Region V = V tË )r(Ê ) + !/ (? ) G(R- )lsab'lsba
III Final Region V=V (r- )c(Ê )

lSb
rn the first and third regions, the colliding systems would

interact by polarizing each other but would. not undergo reac-
tions such as electron exchange.

At the present time the above approach towards decoupling

is being investigated by other fellolu workers (11). However,

at least one criterion for the validity of this approaeh wilr
be the choice of states such that An = o since the energy of
bound systems is usualì-y larown quite accurately. Further work

wilr hopefutJ-y lead to criterion for decidÍng the al-rowable

energy uncertainty and the extent to which the systems can be

1o calized.

Considering the concept of three reactive regions generally,
one can note some hopefully productive siroplifications. In the
tno regions where polarization only takes place the equations

describing the^ s¡rstems are comparatively simple. solving the
equations for these two regions could then provide the starting
boundary states for a tlvo-state approximation in the interaction
region which avoids the use of the asymptotic states usually
er.rployed and the'problems demonstrated to be associated with
these states (2).

',']:

I r.....:..-...
l.:t::.,,i.'i::.,!

f¡ i:: r:¡-i: I ì:



2. SOtrE coNcLUDING REM.AFE

Some positive as well as negative aspects of local states
for bound systems were demonstrated.

First of all, it was shorn'n to. be possible to defÍne local
bound states which were physicalty acceptable. However, it
was poÍnted out that various quantities could not be evaluated
since the mathematical theory of distributions has not been

completely developed,

By considering the probabÍrit,y distributions of rocar
states, it was possibte to show that the energy or non-local
representation was contained within the l-ocal representation as

,aspecialcaseandther.eforethe1oca1representationcou1dbe
l

considered a more generaL aird perhaps more valid dgscription of i

the system.

Finally, the possibility of applying Local states üo coll- i
it

ision theory was'discussed. The usefulness of the form taken 
i

iby the equations for the mean val-ue of'an arbitrary operator in
simplifying some of the equations .of interaction was indicated. ì,

':

fndeed, one could consider the use.of local states as a formal 
I

approach to using the simprifications of various wol'kers (6, 7, 
"'8).

The implications of rocalizabirity read to some of the

more co¡rtroversial and involved aspects of quantum theor¡r. To i'

go into these topics would be beyond the scope of the present :

' study but some mention'should be made of the other areas in
' which the present study might, have application. For instance,

some workers (L2, 13) are interested in incorporating local re- 'i
.Dresentations in a general forrn into quantum theory. ¡l1so, in

' :,:,,i::¡:i::;lì

-:::. r'+.iì 
1lj
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the hidden variable controversy both protagonists (LZr ll¡, L6,

L7 , 18) and. antagonists (r]3, l-5) have concerned themsel-ves with
the rnatter of local representations. The Einstein-Rosen-PoColsky

parodox might be another topic considered. to be relevant in a 
",'.,',, '

more general- discussion of local representations.

As to the development of local- representations for other
,..,.,,1.

bound. systems by approaches sÍmilar to that used for the hydro- i,;,;if-.u,,

gen atom, the possibitity does not seem unfeasible. However , , 
1. '

: r_r,....:t 
_.,.i :in the present study certain mathematical difficultíes were i:r.ì'¡r"'::':ì'

accepted to overcome the physical difficulties encountered in 
i

l

the non-local representation. These mathematical diffÍculties f

would. seem to restrict the general applicability of the method. 
,

l:sed fo:' *-he lccali::ticn oÍ ihc hydrcgen at3n. ,



APPENDTX A

THE HYDROGEN ATOI,I HA}1ILTONIAN

The hydrogen atom Hamiltonian operator, H, associated with
the total mean energy of the system, given on page hLZ ot
f?Quantum Mechanicstt by Messiah (19), when convertecl to'atomic
units and in spherical polar co-ordinates 'is of the form
H = T* V

2

= -å-V +

where

(A.1)

(A.2)T =-åV *l 
= 

and V= -1.¿r
2r

are'the kinetic and potential
the angular quantum number of
determined. The operator

operators respectively, and I is
the state whose energy is being

2
V

2

È2*3 #n=-L- 5=.(sin( 
e)

dr r sin(ê)

. :::'1l

which

2
V

when

sinplifies to

2
d .2 d

-,TF 
F

dr

the wave function has no angurar dependence. Arl

represent partial differential 0perators. Also it

d\, 1. ddãã/---
r sin (e ) d0

(A.3 )

( A.l+.)

d
dF

symbols

should



be noted that
etic and mean

2r=-àV
and

2
H - -åV -r.-r

for S states (f
energies become

-35-

- o) the operators for the kin-

(n.5 )

(A.6)

la: 
ji":{.¡i.{

:. - ì::

l'1

t.':



r- r@

= lt(x)ax - J.tr*)H(r-n)¿x
(* (-

- lr(*)a* lr(.=)a*jo ,l¡

rR

= J, t(x)dx (B.z)
¡) TNTEGRALS TNVOLVTNG THE HEAVISIDE FUI'ICTTON AND ITS

DERIVATTVES

APPaNprl.g

RELATIONSHIPS AND INTEGRALS INVOLVING

THE HEAVISTDE FUNCTTON

a) DEFINITTON OF HEAVISIDE FUNCTION

The Heaviside function is defined (9) such that
H(t) = h for t)o

[o for r( O

Then for integrals involving S(R)

f- r-
/ r1x)s(R)dx = f r(*)(r.-H(r-R) )¿xJo J.

function, the Dirac delta function, defined' (9) such tha.b

ð(r) = o if r ;Ê o
ooif t = O

The three int,egrals that were evaluated are

¿6 ¿a

J.t(*)it( t)H( t) ox = #(x)u( r)¿x

l.it*)t¡(t,) ått)ax =e

[.io¡åttlô(.ia* = fit*l å(r)dx

(8.1)

(s.3 )

i ; ,t1 .i1 ..,; . I

....,:'t...

.: . j.:; 
.-:

- 
. ::t..i .:Jt:ThederivativesoftheHeavisid'efuncf.ionarea11thesame

( 8.6) i:;rii:ir,.:,i.ii.:.:'.; ..a.

' ' :.ri:: 
-

a

: ,:,
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The following ttproofstr are not proofs in the rnathematical sense

since they are not rigorous. However, the results of carcula-
tions were used as a counter check on the evaluation of these
integrals.

Proof of (g.l*)

Consider H(t). H(t)

for any point t, H(t) = O or 1

then H(t).H(t) : O or I
and in fact

(r).u(r)=f ií ls3
or

H(r).H(r) - H(r)

Froof of (8.ã)

Consider H(t). ô(r)
ô(t)*00n1yifr=o

but' H(t) =O when t =0
then H(r).Etr) = O for ar1 r

Before atËempting to prove (n.6) several other relations ¡iit-'i
:],::;..:i:j.::r

need to be developed. By Bremermann,{9) the Heaviside function
if considered as a generalized function may be defined to have

the following form

H(t) = Lt f (t)
,Í+6 n

(8.7)
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l:Y':{r i

where

t4f (t) - (n/r)
n

These functíons

t
H (r)

-2(' -nxle dx
)

loru""u derivatives and

t å _rrt
-Lr f (t) -l,r (n/t) eln+a n fll+tÐ

t
wher

(tt

tj

e H (t) is understoocl to be in an integral

r.rr*2 'à I -nt(t)e(t)¿t = *9.( n/n ) /-" e(t)¿t
t

=<H (r), s(r)>
'l'v,ro useful relationships given by Bremermann (gl that
from this treatment of 'r,he Heaviside function are

t,,t
<H ,þ> = -(H , þ,
or in general

The int
r-r = I H("-n

Jo

putting t =

'(-
r = | H(r)s

J_R

: i.. .:.: ..:::.:,

l i: ii.t.:
l'-:'11:i

l

j

i

t!ri"+ri

(Ht,+= = (-t)t<ir rön,
.n

egrals involving H (t) are of the

)e(r)ar

r-R, this may be rewritten
.

(n + r)¿r

forr¡

ìr.*,

( B.g)

(8.10)

folLow

(8.11)

(s.te)
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(t)e(R+t)at

onably large f (t) = 0 for all but t l O.
n

a way that

ned later¡

( 8.13 )

( B" l¿i)

the in-
For con-

Then

r*r = <H(r), g(R+r)>
J__

Then relations (8.7) ta (B.11) can be applied to integrals
(8.4.) to (9.ó) and used to express other functionals ( G(t) ,
g(t) ) in terms of integrals (8.4) to (8.6).

Proof of (g.6)

A general ,,proof,, could. not be found. However, {o" spec-

i-ilic f{x) sone progre.ss can be made. consider for er-a-npl-e r,he

It
defined

( B.'15 )

simplest functíona1 (H H , 1), which is
tttt

<H H , t) = å!o(H (t)H (t-a), 1>

l- r* -nt? -r,( t-" )2 I=åIEL(ÐI" e u'J '

in which the limits are to be taken in such

tegral- is weil defined. This v;ill be exarni

venience, (8.15) is rewritten as

tt
<H (t)H'(r,), 1) =;,jr[r(n, a)]

where

( s.t6)
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-4r-
2

-na /2

2

l- ?fI å-mal
= å3, ltu/r) e 

I
,za+o 

I J

arises as to hor¡r to approac

remaÍns well defined.. Thi

I(m, a) which, regarding a

.!2 -maLt (n/TTI e4-+ o
/Ì'?|+a

-Gô 2I L-na
= ll^¡'rT)e da

,.J-q
t

=(ll (a), I> (B.Zjl

Finally, then, one obtains the expressionby definitiorr
lt_

<H H , 1)=

ofH
t

- (n/zTr ) e

or¡ putting n/2 =m

à -maI(n, a) = (m/n) e

The question now

a way that (8.22)

ed by the form of

( 8.21 )

Thus

It
<H (r)s (t), 1) (8.?2,

h the limits in such

s is partly suggest-

as a variable, is
t,-

none other than H (a) = Ò(a). As m becomes very large the only
values of a contrilruting to (B.zz) are those in Èhe Ímmediate

vicinity of a = 0. Al-1 remaining values of a make zero contri-
bution to (8.22). One therefore can include all such non-zero

values of a without appreciable error, that is, one can integr-
ate over all a. Making this assumption

iri

<H , 1) (8.2l})



APPENDTX C

FORI'.I ÀND NORI,ÏALIZATION OF NON-LOCAL AND

LOCAL HYDROGBN V/AVE FUNCTIONS

0n page b83 of "'.luantu¡r¡ lr{echanicstt bT l4e"ssiah (19) the

norrnalized eigenfunctions of hydrogen are found to have the

follovring form when conver+.ecl to atomii units.

( c.1)

l,<':?!V.:!:.¿!,

r ,:l¡)t-r-:i:i
j.j::.i-::l:ji',:.:.
',. l'

m,þ (r, e, Ô) = N F (zr/n)y ( e, ô)'nlm nI nl I
where

F
n

k
L

p
sso

n is the principal quantum number, I is the angular quantqn

nurnber, and. m is the magnetic quantum number. Substituting

the appropriate forms into (g.t) '

-TIN

{r.r, 
r,o,0)=%@ "'"'

n

I
I -àx 2l+ 1.(x)=xe L (x)

n-I-I.

Ps2s(z)=\'(-) ((p+k)r z¿--ffi

tr* 
)

(c.z)

((n+1)t)



where

and E is rhe
ab

Lo cali zed

the following

V-(r,e,Q)
nlm

where

-Iþ3-

t

m =8 E
ftt

1 11 run

Kronecker delta. ,

hydrogen wave functions will be

form

-N nl
,lt (r, €, ô )s(n)

nlm

-n/V (r, e, ö ) = N' e-''/'nlm nl
, s(R)

where

m
Y ( e,0)t

lc.5)

F,,r = '', 
^[ 

1."--*'"(Ë
tt.î-îl 2

'1J.": sin( o ) de d0

(o(" m

I J" 
sin( o ) d€ d0 Yry

s(R) = (1"-H(r-R))

H(r-R) being the Heaviside function.
Using the normalization condition

2 r.2 2T , /r./r - (r, o, O)S (R)d?- = 1. (c.[)nrJ? nl-m

Noting terms corîrrnon to I- and ,Y _ (", o, ô) and simplifyíngnI 'n1m

defined to have

(c.3 )

:;-ì;.g.jru:s.:!ri;.:;-Jri
ra.:if-?:.

i: ' ::._.:,

t
-) (-2/n

t + 1-1"
r

j
n

(c.6)
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APPENDI,T 
-D

TNTEGRAL TABLE

SOURCE: fntegral 398 of nHand.book of physics and

Chemisrryn ( 20 )

f-r
f cos(KR)cos(KR ) ¿i<rJo

(D.1)

i.:

( 0.4.) t:.i:a

(D.5) [i'.,;

-@,t2
I cos (KR)dK = Lr

Jo

R--+R

=Tr/z

:: :r: l: ì
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