Singular Solutions of a Hénon Equation Involving Nonlinear

Gradient Terms

Farzaneh Jannat

A thesis submitted to the Faculty of Graduate Studies of
The University of Manitoba

in partial fulfillment of the requirements of the degree of

Doctor of Philosophy

Department of Mathematics
University of Manitoba

Winnipeg

Copyright (©) 2024 by Farzaneh Jannat



Acknowledgements

I would like to extend my deepest gratitude to my supervisor, Dr. Craig Cowan,
whose invaluable knowledge and exceptional patience have been instrumental through-
out this journey. His expert guidance and unwavering support have been essential to
the completion of this thesis. His insightful feedback and constructive advice have
profoundly shaped my research and academic growth. I am truly fortunate to have
had such a dedicated and supportive advisor.

[ am also deeply thankful to my thesis committee members, Dr. Shaun Lui,
Dr. Richard Slevinsky, and Dr. David Amundsen, for their valuable comments
and insightful feedback. Their input has significantly enhanced the quality of my
research.

My heartfelt thanks go to my family for their relentless support throughout this
challenging path. Their sacrifices and unwavering belief in me have provided the
strength and motivation needed to achieve my goals. Every accomplishment I have
made is a testament to their constant support and dedication.

A sincere thank you to my friends. Your support, love, and assistance have been
invaluable throughout these years.

Finally, I extend my appreciation to the Department of Mathematics at the

University of Manitoba for the financial support that made this research possible.



To my parents and my sister, the light of my life.



Abstract

This thesis explores a class of nonlinear elliptic partial differential equations known
as Hénon-type equations, employed in various scientific domains including physics,
biology, and applied mathematics. These equations are particularly useful in mod-
eling pattern formation, reaction-diffusion processes, and population dynamics. The

central focus is on determining solutions to equations of the form:

Lu=f, in{,
w=0, on Jf.

We investigate the existence of positive singular solutions for Hénon-type equations

involving nonlinear gradient terms. Specifically, we study equations of the form:

—Au = (1 +g(x))|z|*[Vul, in Bi\{0},
u =0, on 0B,

where p > 1, a > 0, B; is the unit ball centered at the origin in RY, and g(z)
is a Holder continuous function with g(0) = 0. We prove the existence of positive
singular solutions under various parameters under various conditions.

Moreover, we extend the analysis to exterior domains in RY, exploring the exis-

tence of positive classical solutions to equations of the form:

—Au = |z|*VulP, in Q,
u =0, on 0f),

where () is an exterior domain that does not contain the origin in its closure.



We also consider the case where the solution has two singular points in €. In

particular, we consider:

—Au = [Vul, in Q\{&, &),
u=0, on 052,

where € is a bounded domain in RY with &,& € Q. This work contributes to
understanding singular solutions in Hénon-type equations, offering new insights into

their behavior across various domains and parameter ranges.
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Notations and Definitions

Notations

e RY is the Euclidean N-dimensional space with points x = (x4, ..., 7x),

e B;: unit ball centered at the origin in RY,

e SV~1 denotes the unit N — 1-dimensional sphere, {x € RY : ||z = 1},

e OU: Boundary of U,

e AU: Laplacian of U,

e VU: Gradient of U,

e V CC U: V is compactly contained in U if V. C V C U and V is compact,
o IV (U)={u:U—=R:ueLP(V) foreach V CC U},

e C(U)=A{u:U— R |u is continuous},

o CF(U)={u:U — R | u is k-times continuously differentiable},

o CF(U): Holder space (0 < a < 1),

Che (T7) = {u e CH(D)

Jullgraw < 0}

Diu(x) — D
where [|ul] ey = Z H JUHC(U + Y sup | (x) (y)\

lj|= kxyEU ‘x_y‘a



Definitions and Theorems

Definition 0.1. Banach Space

A Banach space is a normal vector space where every Cauchy sequence converges.

Definition 0.2. Hélder Continuous Function
Let U be open and 0 < a < 1. The function f : U — R is Hélder continuous function

with exponent « if there are real constants C > 0, such that

[f(x) = fW)l < Cllz —ylI*, z,y el

Note. The Holder continuous function plays a significant role in ensuring the
existence of positive singular solutions in partial differential equations (PDEs) by
providing suitable conditions for the existence and behavior of these solutions. Holder
continuous functions have a certain level of smoothness and regularity, which can
help smooth the singularity by providing a smoother transition near the singular
point. Moreover, Holder continuous functions can prevent solutions from becoming
unbounded near singular points. This controlled growth property is essential for
ensuring that positive singular solutions remain bounded and well-behaved about the
singularity. Overall, Holder continuous functions play a crucial role in establishing
the existence of these solutions and understanding their properties near singular

points.

Definition 0.3. Sobolev Space [17, Chapter 5]
The Sobolev Space W*P(U) consists of all locally summable functions u : U — R

such that for each multiindexr o with |a| < k, D%u exists in the weak sense and

belongs to LP(U).



Definition 0.4. Elliptic Operator [17, Chapter 6]
Let U be an open bounded subset of R", and v : U — R. Consider the second-order

partial differential operator L defined by

n

Lu= =" aij(2)up; + Y bi(2)ts, + c(2)u.
i=1

ij=1

We say partial differential operator L is elliptic if there exists a constant 6 > 0 such

that

3 ai(2)&g; > 0lEP,

ij=1

for a.e. x € U and all £ € R™.

Definition 0.5. Laplace-Beltrami Operator [22, Chapter 2/

In our work, we will need the Laplace-Beltrami operator Agn-1 (which we will on
occasion write as Ng) on SN~ but we do not need any profound knowledge of it. For
further details on this operator on general manifolds, refer to the above reference.
Let Ay denote the Laplace-Beltrami operator on S™~! . Consider the first few
eigenpairs of —Ner(0) = M\r(0), where € SN~ The eigenvalues are given by
Mo = 0,A\ = N —1,\ = 2N and where 1y, is L*(SV~Y) normalized. The family
{¢r}x>1 forms an orthonormal basis for L*(SN 1), allowing for a suitable expansion
of functions on SN~1. Given a function v(x) defined on Br = {x € RN : |z| < R}

where R € (0, 00], we can write

o(z) = i a () (0),

Z

where v = |z| and § = -

The exact convergence of this series depends on the

smoothness properties of v(x). A beneficial fact is that we can express it as follows

N -1 A@U

Amv(:c) = Upr + Up + 2



Definition 0.6. Cut-off Function
Let K1, Ky C § such that K1 C Ky, Ky be compact and K5 be open. Function

n € C®(Q) is called a cut-off function if it satisfies the following properties:

e 0<n<11in ),
e n=11in K,

o supp(i) C K.

Definition 0.7. Emden—Fowler Change of Variables

The Emden—Fowler change of variables is given by
v(t,0) = r’*u(r,o) where t=Inr, 0 =0 =z|z|".

This change of variables can be useful when trying to obtain behaviour of a solution

near r = 0.

Definition 0.8. Positive Singular Solutions

The partial differential equations (PDEs) we examine are all second-order. By def-
inition, a classical solution is a solution which is at least C*. If a solution is not a
classical solution, it is referred to as a singular solution. In this work, we will have
singular solutions that are unbounded near a point, and we will also have solutions
that are bounded near a certain point but are not C* within a neighborhood of the

points.

Theorem 0.9. Strong Maxzimum Principle [17, p. 333/
Let

n

Lu=— ) ai; (T) s, + > bi(z)ug, + c(z)u.
B,j=1 i=1
Assume that u € C2(Q) N C(Q) and ¢ > 0 in Q. Suppose Q is connected. If Lu < 0

in Q0 and u attains a non-negative maximum over €2 at an interior point, then u is

constant within €.



Definition 0.10. A priori estimate

Assume the existence of the solution to a PDE, and prove results about the solutions,
such as bounds on the size, smoothness, and so on. A priori estimates are the
bounds on the solution one gets before one knows the solution exists. Under specific

conditions, one can apply these bounds to the solution to show that a solution exists.

Theorem 0.11. Method of Continuity [15, Theorem 5.2]

Let B be a Banach space and V' be a normed space. Assume Lo,L, : B — V are
bounded linear operators. Define Ly = (1 —t)Lo+tLy fort € [0,1]. Assume there is
a constant C' > 0 such that for allt € [0,1], |lu||g < C'||Li(w),,. Then Lqy is onto if

and only if Ly is onto.

Theorem 0.12. Banach fized point theorem/[17], Theorem 1, Section 9.2/
Let (X,d) be a complete metric space and T : X — X is a contraction mapping,
i.e., there exists 0 < v < 1 such that for all x,y € X, we have d(Tx,Ty) < ~vd(z,y).

Then T has a unique fized point x,, which implies Tx, = x,.

Theorem 0.13. [19, Theorem 1]

In the ball Q = {z € RY : |z| < R}, let u > 0 be a positive solution in C?(Q) of

Au+ f(u)=01inQ, with u=0 on |z|=R,

du

with f a C* function. Then u is radially symmetric and 5
”

<0 forO<r<R.



Introduction

The term Hénon equation became associated with the partial differential equation
—Au = |z|*uP™!, for a > 0,p > 2, in honor of French mathematician and as-
tronomer Michel Hénon. Hénon-type equations in PDE refer to a class of partial
differential equations that share similar characteristics or structural features with
the original Hénon equation. Hénon-type equations have been employed in various
scientific fields, including physics, biology, and applied mathematics. They can be
used to model phenomena such as reaction-diffusion processes, population dynamics,
or complex dynamics in dynamical systems (see [10], [I1], [14], [18] and the references
therein). For instance, in the introduction of the paper [I5], it is established that
the existence of stationary stellar dynamics models is equivalent to the solvability of
the equation —Au = f(|z|,u) in R3. Specifically. if f(|z|,u) = |z|*|u|P~u, then it
is a Hénon type equation, where the weight |z|* represents a black hole located at
the center of the cluster (see [23], [15] and the references therein). Additionally, a
model describing the dynamics of elliptical galaxies was proposed by the authors in
[7], given by the equation —Au(z) = ¢(r)|ulP"?u in R?, where x = (z1, 29, 73) € R?

and r = \/2? + 23.

Extensive research has been conducted on determining a solution to the equation



Lu = f in Q with v = 0 on 0f). Interested readers are encouraged to consult the
references provided for further details. [T1, 12, 13, 14}, [5, [6], T2}, [T6], 201, 211, [24), [25], 26, 27, 28] .
In 1973, Ambrosetti and Rabinowitz [5] studied second-order uniformly elliptic par-

tial differential equations

Lu=— zn: (Aijua,)e; +c(x)u = g(z,u) 2 €,
ij=1
with 4 = 0 on 99, and  is a smooth bounded domain in RY. The term g(z,u) is
nonlinear, sufficiently regular in w, and its growth must be less than |u|P for some
1<p< % when |u| is large, while also satisfying additional conditions.
In 1982, Ni [25] investigated an elliptic boundary value problem on the unit ball in
R"™, providing valuable insights into nonlinear Dirichlet problems and their practical

applications. The problem is
Au+b(|z])f(u) =0 z€Q,

with v = 0 on 0f2. Among the assumptions, b(r), f(z) are nonnegative Holder

continuous functions. Ni demonstrated that

Au+|z|*u? =0 x € By,

N+2+ 2a)
N -2 '
In 1987, Patricio Aviles [6] investigated the following equation, which is relevant to

with v = 0 on 0By and a > 0 has a positive solution provided p € (1,

Yang-Mills-Higgs theory as n = 3 (see [9],[8]) and astrophysics due to its connection

to certain physical phenomena and mathematical models,
Au + |a:]"u%g =0 in B;\{0}.

Aviles demonstrated this equation has a nonnegative solution for o € (—2,2).

7



In 2018, Aghajani et al. in [2] established the existence of solutions for the problem

—Au = |Vul?, in
u =0, on 01,

where 0 < p < 1 and  is a bounded smooth domain in RY, by employing the
sub-super solution method.
In 2020, Aghajani and Cowan in [I], considered the existence of positive singular

solutions on bounded domains

—Au = (14 g(z))|Vul?, in By,
u = O, on aBla

where g(z) is a Holder continuous function with g(0) = 0. They also explored singular

solutions for
—Au = |Vul?, in

u =0, on 09,
in both cases, € is a bounded smooth domain in RY and 2 is an exterior domain
with smooth boundary in R¥.

In 2023, Aghajani et al. [3] demonstrated the existence of solution for

—Au = (1+ g(x))|Vul?, in RY,

u =0, on &R{X,

provided p € (%, 2) and g is bounded with uniform radial decay to zero.



Singular Solutions of a Hénon
Equation Involving Nonlinear
Gradient Terms on Bounded

Domains

2.1 Introduction

We consider the existence of positive singular solutions of the following Hénon type
equations involving nonlinear gradient terms as follows:

—Au = (14 g(x))[z|*[Vul", in B\{0}, (2.1)

uw=0, on 0B,

where p > 1, a > 0, By is the unit ball centred at the origin in R and g > 0 is a
Holder continuous function with g(0) = 0.

Here we prove the existence of positive singular solutions of the unperturbed problem



(i.e., g(x) =0)

—Au = |z|*|VulP, in B;\{0}, (22)

u=0, on 0B,

under various assumptions on the parameters.

2.2 The Unperturbed Problem

In this section we consider the case of g(z) = 0.

The parameters for Chapter 2. Suppose N > 3, a > 0 and %_1\17 <p<2+a.

The parameters are defined as follows,

_a—|—2—p_
p—1

p—1
p(N—1)—N—-a

—7, and (=

Under the above restrictions on p,a and N one can show £ > 0, 5 > 0, p > %,

andN—%—a—2:—(p—1)6*1 = — (£ —a—1). Then, for all ¢ > 1, there is

1 1
a positive singular radial solution of given by wu(r) = / (tyé + 53/&“) P dy.

Moreover, one has the following asymptotic relations:

I%WNSmm<11 (%),

tTpN-1 ot

1
7ﬁﬂwwMSmm(11¢%)

tr—1rs8

: o+1,/ _
lim uy(r) = —Cp,

where Cs = ﬁfp%l. To see that assume /() < 0. Thus, we have

10



Let z(r) = —u/(r). Therefore, the equation (2.3]) changes to a Bernoulli equation,

Because z(r) # 0, thus

(2(r)) 72" (r) + (2(r) 7 =17 (2.4)

Let w(r) = (2(r))'7?, as a result, the equation (2.4)) changes to

(N-D(p—-1)

r

w'(r) — w(r) = (1—p)re.

We now use the integrating factor method to rewrite this as (we multiplied the above

equation by r~—¢ and rewrote)

L () = ) — & ulr) = (1 pr (25)

Taking integral of equation ([2.5)), we have

1—
rfw(r) =t + a—ff—lra&l’ (2.6)

where t is constant. Therefore, we have w(r) = tr® 4+ gre*t. Thus,

1 at1\ o5 1
) = )7 = (1 ) =

Therefore,

!/

1
u'(r) = —.
(tré + pro+l)e—T

11



For all t > 0, we have u/(r) < 0. Taking integral, we have

w(r) = u(r) —u(l) = /; o (y)dy = /T1 ( dy

tyt + fyott) T
This chapter aims to prove the following theorem.

Theorem 2.1. Suppose N > 3, a > 0 and % <p<2+a. Assume g is Holder

continuous with g(0) = 0. Then there is some ty > 0 (large) such that for all t > t,

there is a solution u; of .

2.3 Outline of Approach

We provide the outline of the approach in the case of ([2.I). Set v(z) = w(r)
from the unperturbed problem and we look for a solution of of the form
u(z) = v(z)+¢(x) for large t and where ¢ is an unknown. Plug in u(x) = v(x)+¢(z)
in equation —Au = (1 + g(x))|z|*|VulP. Note that —Av; = |x|*|Vv|P. Therefore,

we obtain
—A¢ = g(x)|z]|*| Vo, + VoI + [2]* {|Vve + V| — [V, |7}

By employing the linearization method, we subtract p|x|®|Vuv[P~2Vv; - V¢ from both

side, leading to the following expression:

A = pla|*|Vu P2V, - Vo =g(x)]2]*| Vo, + V[P
+ |z|® {|Vvt + Vo|P — |V, [P — p| Vo, P2V, - quﬁ} :
Let the left-hand side be denoted by L;(¢) and the right-hand side by H;(¢). There-

fore,

Hi(¢) = g(2)|z|*[Vve + Vo[ + [z {|VUt + Vo — Vo [P — p|Vu [PV - V¢}

12



and Li(¢) = —A¢ — plx|*|Vu[P72Vu; - V. Writing out the details, we see that ¢
needs to satisfy

Li(¢) = Hi(¢) in B;\{0},

¢ =0, on 0DB;.

(2.7)

Define the nonlinear operator (which at this point is not well defined) J;(¢) = v by
L:(v) = Hi(¢) in B\{0} and ¢y = 0 on dB;. Our approach to finding a ¢ which

satisfies ([2.7)) is to find a fixed point of J;. Note we have L; given explicitly by

Lt(¢) = —A¢ —p|$|a|vvt|p_2vvt Vo

p—2

1 p—1 1 T
= —A¢ + pl|® Y
ol <t|w|f+6|w|““> (el + Alaprey Il
[e 1 X
A e B Y
— pp+— b TV

B+ tlxfseth 2

Using the result from Definition [0.5| we can now write L;(¢) as

- 1
Lt((lﬁ) = _(brr + <_<N o 1> + (B + tri—(a-i-l))) g?“ N ﬁAG(ﬁ

We now define suitable function spaces in which we apply a fixed point argument.

Definition 1. (Function spaces) Define the norms

lollx = sup {le 6@+ 1961}, Sl = s [ol7 217w

Let X denote the set of functions with finite norm and which are zero on 0By and

we let' Y denote the collection of functions f with a finite norm.

We set X7 to be the closed subspace of X defined by

Xi={peX:¢x)= i ax(r)ve(0)},

k=1

13



and similar for

Yi={feY o) = ibk(Tﬂ/}k(‘g)}a
k=1

and note in both cases we have only removed the £ = 0 modes.

2.4 The Linear Theory

Here we are interested in the linear problem given by

Li(¢) = f(z), in B1\{0},
¢ =0, on 0B;.

The following result is our main result regarding the linear operator L.

Theorem 2.2. There is some C; > 0 such that for allt > 0 and all f € Y there is

some ¢ € X which satisfies (2.8) and one has the estimate ||¢||x < Ci||f]ly.

1 1
Lemma 2.3. (Relation between o, 3 ) Assume 3iF = —§(N—2)j:§ \/(N —2)” + 4\

Then we have B, +0 <0< B + 0o, for allk > 1.

Proof. First, we show that 8;" + o > 0 for all £ > 1. We have

1
“N+42+25=——(N—pN +2+2a).

p—1
Hence,
—N+2+420 >0 ifandonlyif N 42+ 2a > pN.
Given the assumption ‘]’VL_A{ < p, we have pN > N + « + p. Therefore,

—N+2+420>0 ifandonlyif N+2+2a>N-+a+p,

which is implies 2 + o > p. Thus, for all k > 1, 8 +0 > 0.

14



1 1
Next, we demonstrate that §, + o = _i(N —-2)— 5\/(]\] — 2+ 4\ +0 <0, for

all £ > 1. Note that

B +0<0 ifandonlyif — N+2+ 20 < /(N —2)°+ 4.
We know that —N + 2 + 20 > 0. Hence,
(=N 42 +20)° < (N —2)* + 4\,
Thus, (N —2)* + 40 (0 — N 4+ 2) < (N — 2)* 4 4\, which implies
og(c—N+2) <\
It can be seen that o (0 — N + 2) = —; < 0 < N — 1. Therefore,
o(c—N+2)<N—-1=X <)\,

which holds for all £k > 1. O

We will mostly work on the subspace X; and in the end, we will combine the
k = 0 mode back in to obtain the desired result. Because the linear operator Lj was
already examined in [I] we will use a continuation argument to connect L, to L and

hence we need to recall some properties of L.
Lemma 2.4. (Linear theory for L) [1]
1. If ¢ € Xy with Lo(¢) = 0 in B1\{0} with ¢ =0 on 0By, then ¢ = 0.

2. Suppose ¢ has no k =0, Lo(¢) = 0 in R¥\{0} and

sup (|a]7|¢ ()] + |27 [Vo(x)]) < oo.

0<|z|<1

15



Then ¢ = 0.

3. There is some C > 0 such that for all f € Y} there is some ¢ € X; which

solves ([2.8) (in the case of t =0). Moreover one has ||¢||x < C||f|ly-

Before proceeding, we can find a solution to (2.8)) using spherical harmonics to

see if

¢<x>=§ak<r>wk<9> and f(:v)zlibk(r)%(@

then ¢ solves ([2.8]) when a; satisfies

ap(r) + <NT_ L G —|—11T£O‘) ay(r) — &ak(r) =—be(r) 0<r<l, (2.9)

with ax(1) = 0.

Lemma 2.5. (k =0 mode nonhomogenous) There is some C > 0 such that for all

b= b(r) defined on (0,1] with ||bl|y = sup r72|b(r)| = 1, (note there is no harm in
0<r<1

normalizing b) and all t > 1, there is some a = a;(r) which solves (2.9) with k = 0,

1e.

ay (r) + (NT_ L Br —I—ijrf—o‘> a;(r) = —=b(r) 0<r<l, (2.10)

with a;(1) = 0. Moreover, one has sup r7|a,(r)| < C.
0<r<1

Proof. Consider equation (2.10)). Let a}(r) = z(r). Thus, we need z; to solve

N -1 P
r Br + tré—«

z(r) + ( ) z(r)==br) 0<r<l. (2.11)

P(r)

The integrating factor for the equation is s (r) = e”\") where

B P o tT_l_a+§%—5
P(r)y=(N—-1)Inr — Bita—9 (lnr“r ¢+ 1In (Hﬁ)) :

16



t —1—a+€
which implies p(r) = rPN-1-% (T—Fﬁ

71
. Thus, we have
t+p

d

= (u(m)ay(7)) = pu(7)0(7).

Hence, by integrating and using the condition p,(1) = 1, we obtain
)= [ —= (@ + [ urpiridr) a
ag(r) = — a +/ T)0o(T 7') S.
t rope(s) U s a

1
We set aj(1) = — /R 11 (7)b(7)dr, where tR; ™" = 1. We obtain

)= L ' 7)b(7)dT
() =~ [ ()

If r < R;, we obtain

t_l_a+§ _P?%l R:
) < () [ e

t+ 7o+
< <1+;>ppl <7‘pﬂl /TR’ T—”ﬁl—ld7>
()T -7
gpfl<1+;)“.

BT
p_

If Ry < r, we have r°ta}(r)| < CpB (1 +

17

1) . To demonstrate it, assume R; < r,



p—1

and r = vRy, for 1 <y < R%. Note that tR,” = 1. Thus, we obtain

=1 r N-1-% —1—-a+¢ p%l
o 5 TN (i +8) ]
1 al(r)] < - . .
(tr=t-et8 4 B)p—1 JR (4
p—1 10/3;1 R
B R YRy _p_
— i ¢ 5 / N-3-F—0 (tT_l_a+§ + B) P dr
-1 b=l p—1 JRy
(7R +5)
p—1 R .
B Yyt P _p_
= 7 / N=3-5¢ (t7717°‘+5 + 5) Pt dr
Ry

There is a constant C' > 0 such that

(14 )T € (7o) T g ot

Therefore,

C Bt R P

8 YLt

7’”+1|a2(r)| < v _ / N-0-3-% ((tT—l—a+£) =T B,,fl) dr.
Ry

)

Taking integration, we have

p_1 _p_ YR
T’U+1|a;(7“)| < Cry - (ﬁt?lTN_a_2+ 161 pTN_U_g_g>
t<7pﬂ +B> r 5 n
oy'F N =
= p_j = (5(7ﬁ —1)+51;p (v —1))
Ve +6) B
<op14 20y
< p=1
< 0B (1 LA )
p—1
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Lemma 2.6. (Kernel for Ly fort > 0; X;) Let R € [1,00] and we suppose ¢ € X,
(with the obvious extension) is such that Li(¢) = 0 in Br\{0} with ¢ =0 on 0Bg

in the case of R < oo. Then ¢ = 0.

Proof. Assume ¢ is as in the hypothesis and we write ¢(z) = > ay ()¢, (6) and note
k=1
we have ay satisfy

N -1 D Ak
az<r>+( — - BHW&Q)az(r)—ﬂak(r):o, 0<r<R (212

and in the case of R finite we have a(R) = 0. Also note there is some Cj > 0 such
that

sup (r"|ak(7’)| + r"“\a;(r)\) < Cf < 00.
0<r<R

Fix k > 1 and set a(r) = ax(r) and we suppose a is not identically zero. We apply
Emden-Fowler change of variables w(7) = r?a(r) where 7 = In(r), 7 € (—o00,In(R))

and In(co) = oo . Then w satisfies

Wrr + (N-Q—QU—W)MT‘F,](‘(T)M:O’
where gp(7) = M\ + 0% + 0 (2 — N+ W) and —oo < 7 < In(R) with
eT(§—a—

w(ln(R)) = 0 in the case of R finite.
Claim. We claim that r7|a(r)] — 0 as » — 0 and in the case of R = oo we have
r?la(r)] — 0 as r — oo.

If we assume the claim then we have w(7) — 0 as 7 — —oo and in the case of
R = oo we have w(7) — 0 as 7 — oo. In the case of finite R, we have w(In(R)) = 0.
Since w is not identically zero we can multiply by —1 as assume there is some

—00 < Tp < In(R) such that w attains its max (which is positive) at 75. At this 7
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we have w,,(7p) < 0 and hence we have

p
gr(T0)w (1) = (—)\k +o*+o <2 — N+ g t€T0(£a1)>> w(rp) > 0,

which implies gx(79) > 0. On the other hand, gx(7) is decreasing with respect to 7

and k. As a result,

gr(10) < gr(—00) < g1(—00) = (N —1) (—1 +o <p — iﬁ_ﬁ») .

a+ N
N -1

Asa(p—

diction.

) < 1, we obtain gx(79) < 0 but this gives us the desired contra-

We now prove the claim. Suppose the result is false and let’s assume there is

some 7, N\, 0 such that 0 < g9 < 77 |a(ry,)| < Ck. Now define a™(r) = rZ,a(r,r)

R

for 0 < r < ;=. Note that [a™(1)| is bounded away from zero and also note that

r7]a™(r)| < Cy. Inserting in equation (2.12)), we obtain

N -1 m
720" (1) 4 < — b £—cx—l> ot (1) — /\kr;ia(rzr) = 0.
r Br + tré—ory, r
As a result,

(@™ (r))" + (N_l 4 5) (@ ()Y — A,

o Br + tré—ory,

Assume lim a™(r) =a>(r).
Case 1. Let R be finite and r,, \, 0 as m — oo. Passing the limit from equation

(2.13), we get

N—-1 »p
r Br

(@™ (r))" + ( ) (a®(r)) — ﬁaoo(r) =0.

Note that |a>(1)| is bounded away from zero. Thus, a* is nonzero with 77|a®(r)| +
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r°t1(a>) (r)] < C which satisfies in Lo(a>) = 0. Let ¢(x) := a™(r)(0). So, ¢(x)
is nonzero and in the kernel of Ly with the desired condition. By Lemma [2.4] this
gives us the contradiction.

Case 2. Let R be infinite and there exist {r,,} such that r,, - co as m — oo.

Passing the limit from equation (2.13)), we get

The characteristic equation m? + (N — 2)m — A\, = 0 has two distinct solutions as

A = (N —2)* 44X\, >0 for all k> 1. Thus, we have

g :_;w_z)i;\/(z\r—z)?HAk. (2.14)

Note that 8 > 8. Consequently, ay(r) = CprPs + DyrP . Therefore, ray(r) =

Ckrﬁlj +to 4 DP9 and thus, there exists some constant Ej, > 0 such that

<E, VO<r<oo.

Applying Lemma [2.3] we obtain D, = 0 and C; = 0, respectively. As a result,
ag(r) =0 for all & > 1.
]

Theorem 2.7. (Apriori estimates on X;y). There is some C' > 0 such that for all
tm >0 and {¢m}m C Xy if

Ly, (om) = " B\{0} Om =0 0By, (2.15)

freYy, then ||onllx < C|f™y-
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Proof. Assume there are some t,, > 0, f™ € Y} and ¢™ € X; with

_A¢ + 5 n tm‘l"gi(oH»l) ‘1"2 - f (‘CE) m Bl\{0}7
o™ =0 on 0B,
and
6™ [x >m |l /™[Iy - (2.16)
By normalizing, we can assume |¢™|, = 1 and | f™||,, — 0. We claim that

sup |z|7tHV¢™(x)| — 0 and once we have this we can integrate this to show that
rE€EBy

sup |z|7]¢™(x)] — 0. Towards a contradiction suppose there is some 0 < |z,,| < 1
rEB;

and g9 > 0 such that

g0 < |27V O™ (2)] < 1. (2.17)

Let s, = |2
Case s, is bounded away from zero. After passing to a subsequence (which we do

not rename) {¢™(x)}; such that satisfies

P z-Vom(z) . .
B+ ty|z[E-(@FD) 2|2 = [™(z) in Bi\{0},

o™ =0 on 0B;.

—A¢™(z) +

For k > 2 integers define A, and A, for k > 2 as follow:

1 ~ 1
Ak={$6313k<|$’<1}, Ak:{x631:%<|x|<1}.

It’s clear Ay CC Ak and we can rewrite the equation via

B p z - V™ (z)
B +tm|$|£7(a+1) ’Q?P

—A¢™(x) = f"(x) =: gm(x) in Ay,
and note that g, is bounded in L‘X’(flk) and hence by elliptic regularity we have that
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{¢™},, is bounded in C*°(Ay). By using a suitable diagonal argument we can pass

to another subsequence such that ¢™ — ¢ in C1°(B1\{0}),

p z-Vo(x)
AT R

=0 in B;\{0}, (2.18)
with @ = 0 on B in the case of ¢t < co and when t = 0o one has ¢ solves A¢p = 0 in
By\{0} with ¢ = 0 on dB;. In either case, we can pass to a subsequence such that
Ty, — o with 0 < |zg| < 1 and the above convergence is sufficient to pass to the
limit in to see that ¢ satisfies |zo|” ™ |V¢(z0)| > €y and hence ¢ is nonzero.
To demonstrate ¢ € X;, it is sufficient to demonstrate that ||¢[|yx < oo and ¢ has

o0

no k = 0 mode, i.e, ¢(z) = > _ ax(r)yx(). For every fixed z, such that 0 < |z| < 1,
we have |z]|7|Vo™ ()| < 1%:'11“aking the limit, we obtain |z|”|V¢(x)| < 1. Thus,

sup |z|7|Veé(x)| < 1. Therefore, ||¢||y < oco. Moreover, ¢ has no k = 0 mode.
(;;s‘fr'lfgl the above convergence we see that for all 0 < 7 < 1 one has that 6 — ¢™(r0)

converges uniformly on SVt to § — ¢(rf). But then, for all 0 < r < 1, we have

0= /w:l S)dh > | olre)db,

where the first equality follows since ¢ € X;. So we see that ¢ has zero average
over all spheres for radius 0 < » < 1. Hence, ¢ has no £k = 0 mode. For 0 <t < oo,
this contradicts our earlier results on the kernel. We consider the case where ¢t = oo.

We can write

o(2) = 3 an(r)el6),

=1

o

where ay, satisfy ax(r) = Cy (T’Blj — 7‘5?> , where B,j:t is defined in (2.14)) and hence we

have

’I"Uak(ff’) =Cy (74/3;-‘1-0 _ 7“/81;+U> 7

and recall we have show that 3;" + ¢ > 0 and 8, +0 < 0 for all k > 1. It is sufficient
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to illustrate that ag(r) = 0. We have ¢™ € X;. Thus, aj"(r) = 0 for each i.

N—-1 m—0oQ

a(r) = [ o(OnO)d0 = [ | Lim ("(10)) n(0)a0

= lim o™ (r0)Y(0)do = im ag'(r) = 0.

m—r0o0 SN— 1

Hence, to ensure that ¢ € X, we must have C}y = 0 for all £ > 1. This implies that
¢ = 0, which leads to a contradiction.

Case 2: Assume there is some ,, — 0 such that |z,,|"™ V¢ (z,,)| > €0 > 0. Let
Sm = |Tm|, 0 $m — 0 as m — oo. Consider the sequence {z,,}n, is defined by

Zm 1= S xy,. It is clear that |z,,| = 1. Thus,
|5m| TV O™ (sm2m)| > €0 > 0.

For 0 < [s;,2| < 1, define ¢™(z) := s7,(¢™(smz)) and note ™ (z,,) = 0. Note using

the bounds on ¢™, we obtain
2]7[™(2)| < 1, and |27 VYT(2)] < 1, (2.19)

with |V¢™(z,)| > 0. We have

D Smz - V™ (8,2)
—A¢™(s,,
A P N PO

= " (sm2).

As AY™(2) = 872 AP (8,,2) and V™ (2) = s71¢™(s,,2), we obtain

p z-VyYm(z)
B+ tms OV |z|e—@r) 2]

—AYP™(2) + = 72 M ($2).

Thus, we have

L, cwm(@™(2) = 572 ™ (sm2) = (=)
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1
in D, = {z 10 < |z] < } . After passing to a subsequence, we can assume
Sm

tmss @) = 1 €0, 00].

By using standard compactness results we see that ™ — 1 in CE°(RM\{0}) and

loc

note that g™ — 0 in LS (RNV\{0}). In particular, we have L () = 0 in RV\{0}
and we have have there is some |z9] = 1 such that |Vi(z,,)| > 9. Moreover, we
have [z|7[y(2)] < 1, 12|17 V()] < 1 in RM\{0}. Also, as before, we can show
that ¢ has no k = 0 mode. Hence, we have L.(¢)) = 0 in R¥\{0} with v nonzero
with the desired properties, which contradicts the earlier kernel results. In the case

(e 9]

where 7 = oo, it follows that ¢(2) = > ap(r)yr(f) and ax(r) = CirPe + Dy .
Consequently, we have r%ax(r) = Ckrﬂlj-;l" + DyrP T9 and note that 8 + o and
B, + o are both nonzero and distinct. Thus, the expression can only be bounded if
Cr = Dy, = 0.
This completes the proof of Claim 1; ie sup |2|7T|¢"(x)| — 0.

0<|e|<1 .
Corollary 2.8. There is some C' > 0 such that for allt > 0 and all f € Y; there is

some ¢ € X1 such that Ly(¢) = f in B1\{0} with ¢ =0 on 0By and ||¢||x < C|flly-

Proof. Define the new norm given by

lollg:= sup {le°l¢(x)] + |2 V()| + 22| Ad ()|}

0<|z|<1

Let X, :={¢ € X, : |¢llg < oo}. Then, Ly : X, — Y; is an isomorphism. For each
0 <t < oo we can show that L; : X, 1 — Y7 is an isomorphism provided we can show
that we have an estimate for all 7 € [0,¢]. This relies on a continuation argument

that we will now demonstrate.
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This follows directly from the previous theorem and the fact that controlling the X
norm allows one to control the X norm. Therefore, for all 0 < t < oo there is some
C; such that for all f € Y] there is some ¢ € )/(\1 which solves and one has
|ollg < Cillflly. We can then apply the theorem again to see that C; is bounded
above, independent of .

]

Completion of the proof of Theorem [2.2] Let f € Y with [|f||y = 1 and we
write f(z) = fo(r) + fi(z) where fy is radial and where f; € Y;. Then, there is
some ¢y = ¢o(r) and ¢ = ¢1(z) with ¢; € X; such that Li(¢;) = f; in B1\{0}
with ¢; = 0 on 0B; and there is some C' > 0 (independent of ¢ and f, ¢) such that
[¢1llx < Cllfilly and [[¢ollx < Clfolly- Set ¢ = ¢o + ¢1. Then, note by linearity,
we have Li(¢) = f in B;\{0} with ¢ =0 on 0B, and

16llx < lldollx + llénllx < C (N folly + I filly),

and hence the proof is complete if we can show there is some D > 0 (independent of
f) such that

[ folly + f2lly < Dlifo+ Filly-

Given f € Y. Assume f(z) = ibk(r)wk(e) = bo(r) + ibk(rwk(@) = fo+ fi,
k=0 k=1

where
1

be(r) = Tl . f(r0)(0)do.
Thus, we obtain
o+2 ot2| 1
1folly = S |27 [bo(r)| = S |z] 1S5 Jipjs f(m)dg‘
< 0<S|3|p§1 |z]o+2 ‘5131| - |f(rd)|do
< s ol 120 — 11,
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On the other hand, we have f; = f — fo. Thus,

flly = |[£ = 7|, < I£lly + 1561l <2011y

As a result,

[ folly + 1f2lly < DIy

where D > 0 constant independent of f.

2.5 The Nonlinear Theory

We let 0 < v < 1 denote the Holder exponent of g, so there is some Cy > 0 such that
lg(x)| < Colz|”, given that g(0) = 0. To prove J;(Bgr) C Bg, the quantity H;(¢) will

play a role, where
Hy(¢) = |2|*{|Vv + Vo’ — [Vurl? — p| Vo, P2V, - Vo + g(x)|a]*| Vo + VPP,

Lemma 2.9. (Into). There is some C},C5,C5 > 0 such that for all0 < R < 1,

0<d<1,t>0 and ¢ € By, one has
IH:(6)lly < CTR* + C3R" + C36” + A(t,0), (2:20)

where sup |g(z)| < Cy and A(t,6) = % 5
0<|z|<1 (t(Sf—a—l + ﬁ)pj
have A(t,d8) — 0 as t — oo.

. Note for all 0 < § < 1, we

Proof. We write H,(¢) = I; + K; where

I = |2|* {|Vvi + VoI’ = Vo P = p|Vu >V, - Vo },
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and K; = g(z)|z|*|Vv, + Vo[P. First, note we have
1Ly = sup fz]7+2ee Vv + Vo[ — [Vurl” = p|Vu [PV, - Vg
0<|z|<1

Case 1: Let p > 2. By applying lemma [6.1, with x = Vv; and y = V¢, we arrive

at the following result,

Iy < Ciy sup |z|7 2 {|Vu P2V + Vo]

0<|z|<1

< Cia sup o7V PRV + Cra sup 2]Vl
0<]z|<1 0<|z|<1

1

We have |Vu,| = (t|:76|g + B|x|0‘+1)_ﬁ. It follows that

_p=2
IZlly < Cra sup |o|7H25 (¢l + Blz|*) 7|V + Cry sup [a]7t 20Vl
0<|z|<1 0<|z|<1

_p=2 2
< 01’108|u|p<1 |x|o+2+a72(a+1) (t’l’|£ +B|x|a+1) p—1 (|x’o+1|v¢|)
<|z|<

+ C11 sup |$|0+2+a_p(a+l) <|$|0+1|v¢|>p-

0<|z|<1

Recall that o = %QIP. Consequently, 0 + 2 + o — 2(0 + 1) = 0. Therefore,

(o p—2 Ca— —L:Q o 2
illy < Cua sup fal =] V5 (a0 + 8) 7 (ol |V9))
<|z|<

+Ciy sup (|27 Vel)”

0<]z|<1
_p=2 9
= Ciy sup (a0t 4 8) 7 (]2 Vo) + Ciy sup (J2)7H Vo))
0<|z[<1 0<|z|<1

< C'1,1371]%?32 + Ci R,

Case 2: Let 1 < p < 2. Similarly, we obtain

A A p A
1Ty < Ciy sup |2|7 |Vl = Ciy sup (|27 Vg])" < Coy R
0<|z|<1 0<|z|<1
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On the other hand,

[Killy = sup [z]""?|K| = sup |2]**|g(2)][Vo, + VP
0<|z|<1 0<|z|<1

< sup [z|**7g(2)| (IVul” + [VoI?)

0<|z|<1

< sup |af DO g ()] (o] V)
0<|z|<1

+ sup |a] DO ()] (|2] | Vg|)
0<|z|<1

= sup |g(@)| (|« |Vul)" + sup |g(@)] (j=["Ve])"

0<|z|<1 0<|z|<1
1 1 —1\P
o [e% -1
< sup 1ot (I (Hal + el )+ Oyl
<|z|<

= sup |g()| (tel T+ 5) T+ CyR

0<]z|<1
Fix 0 < § < 1. By assumption, g > 0 is an Hoélder continuous function with

g(0) = 0. Thus, there are constants Cy and v > 0 such that |g(x)| < Cy|z|”. Thus,

sup ()] ({alS" 4 5) 7

0<|z|<1
__p_ __p_

< sup |g(@)| (S0 4+ 8) T+ sup |g(a)] (¢l +8) T

0<|z|<é o< |z|<1

Colzl¥ T

< sup olal” PG

oSis (tlofeot + )7 | skt (tfafant 4 )7

Cod” c,
S P _pP_

Bp*l (tdf‘a_l -+ 6) p—1

Cod”

205+ A(t,0),

Br=
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where for all 0 < § < 1, we have A(t,d) — 0 as t — co. We obtain

[H(@)lly = sup [2|]"?|Hi(¢)] = sup |z7F|]; + K|

0<|z|<1 0<|z|<1

< sup |z|""?|L| + sup |z|7TPK|
0<|z|<1 0<|z|<1

Cod”
O+ A(t,0) + C,R”
1

B

p—2
< Ciaf P IR+ C1 RP +

- (01,15—5—?}2 1 (C, + Cuy) Rpl) R+ CoB 716" + A(t,5)

= (CiR+C3RP™) R+ C50" + A(t, 0).
0

Lemma 2.10. (Contraction) There is some Cy > 0 such that for 0 < R <1,t > 1

and ¢1,¢o € Bgr, we have
|Hi(d2) = H(¢1)lly < {Co (06°+ R+ R) + B(t,0)} |go — dully . (2:21)

where B(t,0) = wg_fiz%. Note for all 0 < 6 < 1, we have B(t,0) — 0 as t — oo.

Proof. Assume that Hy(¢) — Hy(¢1) = I + I, where,

I = g(x)|z|* (|Vve + Vo|P — [V, + Vg [F),

I = |x|* {\Vvt + Véo|P — p|Vu P>V, - Vg — |V + Vi |P + p|VolP 2V, - V¢1} :

Claim 1. There are constants C', Cy, Ci >0suchthat for 0 < R<1,0<0 < 1,

and t > 0 and ¢, ¢p» € Bp,

sup |z|72|1| < (C1C10° + B(t,0) + 2C1Co R ™) [l d2 — énl -

0<|z|<1
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Proof. By Lemma we obtain the following bounds

sup [of2|1] < sup (Ig(o)l[a]"+
0<|z|<1 0<|z|<1

Vv + Va|P — Vo + Ve |P

)

<y sup (lg@)[[z[*T (Ve + [ Veal? ™ + V[P~ Ves — Ve )

0<|z|<1

-1
<G sup lg@)llal™ ((tlalt + 8ol + Vsl + V1) o] Vs = Vel

0<|z|<1

-1
<y osup |g@)llal*t! (tfaf + Bla|* ) al T Ver — Vel

0<|z|<1

+01Cy sup (Jal™ 0D (o190 ) - (jal 7 6l) ) ) o7 Vs — Vol

0<|z|<1

lg()||z]**!
< (7 su
= e € + Bl

-1 —1
+01Cy sup ((jal™T6ul)" + (ol 19 aal)" ) o7 V2 — Vo

0<|z|<1

2|7 Vs — V|

l9(2)| 1)
< |G osup T+ 2010, RY |
B < 10<\g|p§1 tlx|—e1 4+ 3 1 |2 — b1l x

To determine an upper bound for sup lg(x)]

_ 9 0 <6< 1. Thus,
o<lel<1 t|z[sToTt + B

l9(@)] 9()] 9()]
sup ——————— < sup ——————— + Sup —————
0<|z|<1 t|517|£ a-l 4 B 0<|z|<8 t|x|£7a71 + §<|z|<1 t|517|€ a-l 4 B

< |g(z)] sup |g(z 1)I
0<|z|<é & s<|z|<1 tos—e=t + 3
< (Cp sup i + C
o<le|<s tos—o— 4 3
< Cod” Cy
- p tos—-1 + 3

Cod"
- + B(t,6),
3 (t,9)

which implies

sup |z|72|1| < (C1C10Y + B(t,0) + 2C1C R [ s — ol x -

0<|z|<1
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[]

Claim 2. There exists a constant C3 > 0 such that for 0 < R < 1, ¢t > 1 and

¢1, P2 € Br, we have

sup 2|72\ < Cs (R+ R77") (|62 — éul -

0<|z|<1

Proof. We derive the subsequent bounds, according to the lemma,

sup [2|7| Iy
0<|z|<1

<G sup [ (Va2 (V6] + [Vorl) + Voo™ + [VrP) [Véo — Vb

0<|z|<1

< Cy sup |a* (] + Bl T (IVen] + [Vl) g2 — 61l

0<]z|<1

+ G, Sup <|x|a+1 (p—1)(o+1) (|ZL“U+1|V¢ |> ) ||¢2 _¢IHX

0<|z|<1

Gy sup ([l =00 (12 96,)) ) g —

0<|z|<1

Considering that we have o +1 — (p — 1)(0 + 1) = 0. Hence,

sup |z]7?| I
0<|z|<1

< Caléz = 1l (875l (1Ver| + [Vu))
#Culloz=anly (s (e v0) ™+ sup (1))
< (3 (R + Rp_l) [p2 — o1l x -

]

In conclusion, based on the assertions made in Claim 1 and Claim 2, we arrive at
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the following result,

[H:(¢2) — Hi(@o)lly = sup |z|™ 1 + I

0<|z|<1

< sup |27+ sup |z|7T? ||
0<]z|<1 0<]z|<1

< (C1C16" + B(t,0) + 2C1Co R ™) [l 62 — 1l +2C5 (R + RP™1) [|62 — ol
< (C1C16" + B(t,0) + 2C1CoR7 ™ +2C5 (R+ R)) [|62 — o

< (Co (8" + RP™1 + R) + B(t,9)) [ é2 — el

Completion of the proof of Theorem . Using (2.21]), we obtain

1:(¢2) = Je(@1)llx < Ci[|Hi(¢2) — Hi(d)lly

< (Co (8" + RV + R) + B(t,9)) 62 — ol

and

1 7:(0)llx < CullHe()lly

<q (cl,lﬂ—z’ifi’R? 4 (Cry + C) RP + Cod” 7 + A(t, 5)) .
Thus, J; is a contraction on Bp if the following conditions satisfy:

Cy(Co (8" + R"™' + R) + B(t,0)) < 1,

C (Cl,lﬁ—i—fR? 1 (Cuy+ Cy) RP + Cod” 5777 + AL, 5)) <R

By taking 0 < R < 1 small and then taking 0 < § < 1 small and then taking ¢ large,
we observe that these two conditions are satisfied.

We can now apply Banach’s Contraction mapping principle to find a fixed point, ¢,
of J; on By and hence ¢ satisfies (2.7). Hence, w(z) = u(z) = v(r) + ¢(z) is a
solution of provided ¢ satisfies . We need to verify that we can obtain a
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strictly positive solution. Note that, we have
2|7 V()| = r7Hoy(r)] = 2|7 Vo ()] > v ()] = R,

since ¢ € Br. Now recall for all ¢t > 0, we have Tlir(r)1+ r7 ) (r) = —Cj. Hence, by
taking R > 0 sufficiently small (relative to C3), we can assume wu; is nonzero. We
now need to show that w; is positive in B;\{0}. For all ¢ > 0, there is some y; € (0, 1)
such that ty*~2~1 < 1 for all y € (0,%,). Then using the formula for v;, we see there

is some D = D(8,p, ) > 0 such that for all 0 < r < y;, one has

7o) > D (1 - <;>> :

for all 0 < r < y;. We can show that our solution u; is positive near the origin. We
can apply the maximum principle on {z : ¢ < |z| < 1} and the strong maximum

principle to see that w; is strictly positive. 0J

2.6 General Bounded Domains

Take € as a smooth bounded domain in RY which does not contain the origin and
suppose Ry > 0 is small such that Bygr, C 2. Without loss of generality, we can
assume that {2 CC By; if @ CC Bpg, then we can use a radial solution w; g, on Bp,
as the building block to construct solutions instead of w;.
We will consider

—Au = |z|*VulP in Q\{0},

(2.22)
u=0 on Of).

Theorem 2.11. Suppose N > 3, a > 0 and ‘J)‘VJ“_A{ < p <2+ «. Then there is some

to > 0 (large) such that for all t > t, there is a solution u; of (2.29).

The parameters for this section are still defined as per Section
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Definition 2. (Function spaces) Define the norms

6y = sup {lallo(x)| + 27| Vo(@)l}, and |flly = sup |z|7**f(x)],
z 0} z€Q\{0}

s
e\{

and the respective spaces are all functions with finite norms and, as usual, we impose

¢ =0 on I for p € X.
The proof of the following theorem is demonstrated in the next section.

Theorem 2.12. There is some C; > 0 such that for allt > 0 and all f € Y, there
is some ¢ € X which satisfies and one has the estimate ||¢]|x < Ci || flly-

WLOG, we assume that Bsg, C 2 CC B;. The cut-off function n € C°(4Bg,),

0 <71 <1isdefined asn =1 in Byp,. Let ¢ € By where 0 < R < 1. Assume

u(z) = w(z)n(z) + ¢(z),
—nAuy — ugAn — 2Vuy -V — A¢ = |x|*|V (wn) + VolP.
We have —Au; = |2]|*|Vu,|P. Therefore,
—A¢ = —n|z|*|Vuy |’ + w,An + 2V, - Vi + |2V (um) + V|P.
Subtract p|z|*|Vu[P~2Vu, - V¢ from both side, we obtain
Ly(¢) = =Ad — pla|*|Vu ' "*Vu, - Vo = Hy(9),
where

Hy(¢) = —nla]*| Ve +u A +2Vue- V+ 2]V (un) + VI —plz|* [V [ V- V.
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2.6.1 The Linear Theory

Consider the linear problem which is given by

Li(¢) = f(z), in Q\{0},
¢ =0, on 0f2,

(2.23)

pT
|z[eot (t + Blz|at=¢)
The purpose of this section is the proof of Theorem [2.12] Without loss of generality,

where Li(¢) = —A¢ + p|z|*|Vu[PVu, - V¢. Define a; =

we may assume || f||,, = 1. As stated in the theorem, we want to demonstrate that
there is some C; > 0 such that for all £ > 0 and all f € Y there is some ¢ € X which
satisfies and one has the estimate [|¢||,, < C). Let ¢ be a cut-off function in
C>(B2g,), 0 < (¢ <1 such that ( =1 in Bg,. Note that n{ = (. We want to utilize

“inner-outer gluing technique”.

Solving the inner and outer problems. Our goal is to find a solution ¢ of (2.23)).
If we take ¢ = mip1 + 19 then a computation shows that ¢ satisfies (2.23)) if 11, 1o

satisfy the following system of equations:

L*(tp1) = Cf(x) + Cay - Vipy, in By\{0},
¢1 == 0, on 8B1,

(2.24)

and

— Aty + (1= Qag - Vipo = (1 = Q) f(x) + 1 An + 2V - Vi —a; - (¥1Vn), (2.25)

in Q\{0} with ¢, = 0 on 09Q. Note that, we are dealing with two different domains in

RY we will denote the space by X (B;),Y (B;) and X(2),Y () where X () denotes
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the set of functions that have finite norm

sup (Jal”|o(e)| + |21+ Vo (@)]) < oo,

and which are zero on 02 and we let Y (€2) denotes the collection of functions f with
finite norm

sup || 72| f ()] < oo.
z€Q

We will first solve the outer problem . Let Cy denote the constant from Theo-
rem and let By, denote the closed ball centered at the origin in X with radius
2Cy (here the norm is on By). Let ¢y € By, and suppose 99 = 19(1)q, f) solves
equation . Now taking this 15 and inserting it into the right hand side of
, we consider qﬁl solves problem ([2.24)) with 1, replaced with wAl. If we can
show that 1@ = 1)1 then we are done and hence this suggests we define the nonlinear

mapping T;(¢) = Un. Thus, T; : X — X. Our goal is to find a fixed point of 7.

Lemma 2.13. There is finite C; > 0 such that for vy satisfies in equation

we have sup |Vipo| < C; and the constant is uniform for 1, € Bac,.
Q

Proof. Note that there exists a constant C'; > 0 such that for all ¢ > 0 and all

bounded h, we have

p(l = Q) .
Bl <t|33"5a+1 + BWP) - Vipy = h(z), in Q\{0},

Py = 0, on Of).

The solution v, satisfies

sgpvaﬂ < Ci|h| e~ (2.26)

Thus, it suffices to demonstrate that there exists C' > 0 independent of ¢ such that

p(1—Q)x
t|lz|gmett 4+ Blz|?

<.

sup
Q\{o}
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We have

p(1—Q)x

p(L=Ql™ _p _
e+ | = “m

sup A S 22 e
\Bp, [T+ 8 T Ry

Q\{o}

Applying inequality (2.26)) for equation ([2.25)), we have

(1 - O)f(x) + 1Ay + 2V, - Vi — — L2 1V

V| < C
Vel = Ul 1 BlaP

oo
< C[(1 = QO f (@) oo + Cr 1 A7 oo

pr - Y1V

2C1 [V - Vnl|; + C
+2C1 [|[Vihy - V| e + Ch tz]eott 4 Blzf?

o>

Recall that n € C°(4Bg,), 0 <1 < 1is defined as n = 1 in Byg, and ¢ € C°(Bag,),
0 < ¢ <1 such that ¢ =1 in Bg,. Therefore,

Sgp|v¢2|§01 sup  |f(x)|+Cy sup i+ Ci sup |V

Ro<|z|<2Ro Ro<|z|<2Ro Ro<|z|<2Ro

|11
+p01 sup —_——
Ro<|z|<2Ro 2(:|',JE|£_O! + 5|CL‘|

o+2 o
— Cl sup w + Cl sup |x| |77Z)1|
Ro<|z[<2Ro ’x|g+ Ro<|z|<2Ro ‘I|U
2|7 Ve ][]
+2C sup —— 4+ pC sup
' Ro<lzl<2Ry  |2[7T ! Ro<|z|<2Ro t|T|¢70F7 4 Blz|oHL

< Cusuplaf"*2|f (@) + Casup |af* 1] + Casupa|*! V4| + Cysup a1

< C1+ Cs ||| x = Cy.

This lemma is essential for establishing the proof of the subsequent theorem.

Lemma 2.14. There is some C > 0 such that for all i, € By, if we define
Ti(¢1) = g and Tt(l/;l) — 1)y, then there exists C > 0 such that

sup |V (d = 2)| < C [ — - (2:27)
Q
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Proof. Note that 1), — 1), satisfies the following equation

(1— Q) V(i — 1)
tlz[emett + Blz[?

= (2 — 1) A+ 2V (s — 1) - Vi

—A(?/;2 —¢2)+p

_pz- (e — )V
talot + Blaf?’

in Q\{0} where ¢, — 1, = 0 on 9. By using inequality [2.26]

_pr- (b =)V
tz[s=ott + Blf?

Slglzp IV (3 — tha)| < Oy ||(3h1 — 1) An + 2V (b1 — 1) - Vi

LOO
~ ~ pr - (1 — 1)V

<t~ v 361506~ -, [P
<C; sup W;l — 1| +2C,  sup |V<@/;1 — )|

2Ro<|z|<4Ro 2Ro<|z|<4Ro
Lo sw p|zb_1a— 1|

2R0<‘$|<4R0 t|$| + 5|$|

ool o+1 \V4 I

O e PN /et

2Ro<|z|<4Ro |x|0' 2Ro<|z|<4Ro |I|o—

|| |1y — 11
+Cip  sup
1 ool iRy t|z|e-ote + Blz|o !
<G sup ][ — 1] + Co sup |27V (1 — )| + Cs sup 2] |1 — 1]
<C 1/;1 - %HX .
O

Theorem 2.15. T; : X — X is a contraction mapping for all t sufficiently large.

Proof. Into. We desire to demonstrate that T;(Bac,) C Bac,. Let 1y is satisfied in
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(2.25)). There exits Cy > 0 such that

ITe()ll x < CollC(f(z) + ar - Vibo)lly
< Gol[f(@)lly + Collas - Vibally

< Cy+ C sup 2|72 ay || Vs
<0yt G (sup |x|”+2|at|) sup |V
Q Q

< Co+ () p—“ [+ p |Vl
su su .
€ t‘l"g @ 1+ﬁ Q ?

|<7+2

Hence, ||Ti(¢1)]x < Co + CoC4d:, where 6, = sup Pl As a result, for ¢

z€eN t|1‘|£_o¢_1 + 6
large enough, we have ¢, € B¢, .

Contraction. Let 1,1, € By, and we let 1, sy solve (2.25) and we set T3(1)) =

131 and Tt(d;l) = 121. We demonstrate that there is a 0 < ~ < 1 such that

HTt(gEl) — Tt(wl)HX <~ Hle — lex' Applying Lemma [2.14] we obtain we are deal-

ing with two different domains

|T(d) = )|, < Co [[¢anv (e = 4)],

< Cosup |27V (¢ — 1))
e
< Cydy Sup IV (g1 — 1)
< Cydy H@/;1 — ¢1HX :
For ¢ large enough (t > pCysup |27 27T we have Cod, < 1. This implies T}
e

is a Contraction mapping on By, therefore, there is some ¢; € Byg, such that

Ti(¢1) = 1. Let g € 0. Point out that  C B;. Thus, ¥s(zg) = 0. Define
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g(t) = o(xg + t(x — x0)) = u(xy). Thus, ¢'(t) = Viha(xy) - (x — 29) which implies

[02(2)] = (o) ~ dalao)] = lo(1) = 9(O)] < [ 19/ (o)

1
= / |Vipo(z4) ||z — zo|dt < sup |Vu(2)||z — zo| < sup |[Vu(z)| = C;.
0 z2€Q) z€Q
This finding confirms that

10l x = llmr + P2l x < lndnllx + llvllx

= sup {|$|0|77¢1| + |$|U+1|V(77¢1>|} + |92l x

0<|z|<1

< sup {J2[7|en] + |27 [0V + eVl } o+ vl

0<|z|<1

<C sup {[z|7[yn] + |21 Ven |} + C sup |2l g Vil + ([

0<|z|<1 0<|z|<1

< Clnlly +C sup |zl V| + [lvl

0<|z|<1

< 20Cy +CC +Cy = (.

2.7 The Nonlinear Theory

Recall that
Hy(¢) = —n|z|¥|Vu [P +u An+2Vu, - V+|z|* |V (un) +V o |P —p|z|* [V P2V - V.

Define Ji(¢) = ¢, where Li(v) = Hy(¢), in Q\{0} with ¢ = 0 on 0f2.

Theorem 2.16. Assume 0 < R < 1 small sufficiently. Let Br be a ball with center
at origin and radius R in space X. Then J; : B — Bpgr is a contraction mapping

for t large enough.
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Proof. Assume H(¢) = I + I + I3, where

1 = [l (I (um) + Vo — [V (um)l? = p|V (w2 (uem) - Vo),
I = pla|” |V (wn) P>V (um) — [V P>Vay) - Vo,

Iy = |z|* ([V(un) [P = n|Vul’) + w Ay + 2V, - V.

Into. Let 0 < R < 1, p> 2 and ¢ € Br. By Lemma there is some C; such
that

171]ly = sup [2]* 7+
Q

¥ () + V6P = [V am)l? = pI¥ (wmn) P~V (wn) - V9
< Cuasup |72 (|9 (wm) 2|V 6P + Vo)

< Crasup [#[*F 729 () P2V P + Crysup (Jo) Vo]

< Chasup (1275 1V am))) (Il V9])” + Cu sup ([} |V o)

-2
< Cy1sup (|$|”+1|V(Ut77)|)p R* +Ci, R,
0
Define & (z) := (|z|° ™|V (un)|)’~>. By considering that 7 = 0 on Q\ Byg,, we obtain

o p—2 o p—2
sup€ < sup (|| Vel )" "+ sup  (Jal7H [V ()]
Q |z|<2Ro 2Ro<|z|<4Ro

N

P
1 P b2
= Sup | A +  sup 2|V (u

|-’E|S2Ro <t|x|f—a—1 + B) 2R0S|1|S4R0 (| ‘ ’ ( t77>|)

-2
< Og_Q + sup (|x|”+1|nVut + utvnl)p
2Ro<|z|<4Ro

— p—2 p—2
< Cj 4+ sup <|$|0+1|77||Vut|) +  sup <|$|0+1|ut||V77|>
2Ro<|z|<4Ro 2Ro<|z|<4Ro

S Ctv

and note that C, is bounded above independently of ¢ (for large ¢). Thus, ||[1||, <
01716,532 + CLlRp.
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We now show there is some ¢; — 0 as t — oo such that |||y < ;R. Define
Ey(x) := pla*™ (IV (wm) P2V (um) — [V P>V )

Note that E;(z) = 0 for |z| < 2Ry and since u; and |Vuy| go to zero uniformly away

from the origin as t — oo, it follows that sup |E:(z)| — 0 as t — co. Therefore,
RIS

Ially = sup o722 = psupla|*™*?| (|9 (wn) P2V (wm) = [V Fus) - Vo]

|V (wn) P2V (we) — [V [P2 V||Vl

S psup |l,|0¢+0'+2
Q

= sup <p|x|a+1 IV (wn) P2V (wem) — |V P>V,

2Ro<|z|,z€N

) (lal™'1v¢))
= oo B (el 199)

<R sup |E(z)],

2Ro<|z|,z€Q

which proves the desired result.

By definition of ), I3 is zero whenever |z| > 4R, or |z| < 2Ry. Thus,

1ally = sup  []7"| 2|V (um) P = nlz]* |V’ + wdn + 2V, - V),
2Ro<|x|<4Ro

and again using facts about u; and Vu, for large ¢ we see that ||I5]ly = ¢, — 0 as
t — o0.

Therefore,

|Hi(D)lly, = Slslzp|$|a+2|Ht(¢)|
= sup|z|" | + I + I3
0

< C1.1CR*+ C RP + CR( + O
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Hence,
2]l x < Crl[Hy(@)]ly < Ci(C11CR? 4+ C11RP + CR¢ + C¢)).

Since R < 1, we can write this as less than or equal Cy1C,R? + C} 1 R? + C(;. Thus,

for J;(Br) C Bp it is sufficient that we have roughly
CiC(R*+ R + () <R, (2.28)

and note we are using the common practice of renaming constants.
Contraction. Let 0 < R < 1, p > 2 and ¢y, ¢ € Bg, such that 1, = J,(¢;) for

i=1,2.

16(82) = L)l
< Crasup [o]"72 (|9 () P21V n| + [Veal) + [Varl~" + Vsl ) [V = Vo

—2
< Crasup (Jal™ [V (wan)])” (el IV er] + 217V al) sup|al ™[V > = Vb

—1 -1
+cl,2sup((rx|”“rv¢1r>” + (|27 |V en])” )sup\xr”wwz—wlr.
Q Q
Hence,

111(¢2) — Li(p1)|ly < 2C12RP" g2 — dnllx + (2C12RC) ||z — 1l

< (ZCLng_l + 201,QRCt) 2 — 1l x -
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On the other hand,

[12(p2) — I2(91)]ly

< s (el
2Ro<|z|<4Ro

|V (uen) P2V (wen) — [Vue "~ Vg Vs — Vo

)i

)

< sup |Eyz)]  sup a7
2Ro<|z|<4Ro 2Ro<|z|<4Ro

< ( sup |Et<x>|) 63— onll

2R0<‘$|<4R0

Vo, =V

Hence,

192 = ullx < Cil[Hi(d2) = Hi(d)lly < mlld2 = dullx

where v; = 2C,Cy 5 (RP™' + RC;) + C) ( sup |Et(m)]> As a result, J; is con-

2R0<\x| <4Rg
traction if

11 = 2C,Cy 2 (Rp_l + RCt> + C ( sup \Et(x)o < 1. (2.29)

2Ro<|z|<4Ro

For equations ([2.28) and (2.29) to hold, it suffices to choose 0 < R < 1 to be

sufficiently small and then ¢ to be sufficiently large.

Note 1. If we may assume 1 < p < 2, then, in the proof of “into” part, we have
A o+1 p A D
[L]ly < Cha Sup (l2l7Ve|)" < CraRP.

Also, in the proof of “contraction” part, we obtain

11:(¢2) = Li(@n)lly < Chz sup [T (VP + [Vl ™) [V — V|
A -1 -1
< Cuasup ((Ja Vo))" + (lal96al)" ) sup Jol ™ [Vz — Vb
Q Q

< 201,2372_1 |2 — 1]l -
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By applying Banach’s Contraction mapping principle, we obtain a fixed point,

¢, of J; on By such that ¢ satisfies Li(¢) = Hi(¢), in Q\{0} with ¢ = 0 on 0.

Thus, u(z) = w(z)n(x) + ¢(z) is a solution of (2.22) provided ¢ satisfies (2.7)). The

solution is strictly positive, and the proof follows the same reasoning as we used at

the end of Section 2.3

2.8 Conclusion of Chapter 2.

In Chapter 2, we began by obtaining positive solutions in the case of g is a
Holder continuous function on By with g(0) = 0. The idea was the approximate
solution u;(z) becomes closer to a true solution the larger ¢ gets and for sufficiently
large t we can utilize a fixed point argument to prove the existence of a solution. In
the case of a general domain, this same idea is at play but here we need to utilize a

gluing procedure.
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A Hénon Problem Involving the

Gradient on Exterior Domains

Under various assumptions on the parameters p > 1, a, N we prove the existence of
positive classical solutions of

—Au = |z|*|VulP, in Q,
(3.1)

u =0, on 012,

where ) is an exterior domain in RY which does not contain the origin.
The parameters for Chapter 3. In this section, there are two ranges of parameters
p,a, N and they will be classified by whether x is positive or negative, see Section

Bl The choice of o (that appears in the definition of the function spaces) will

depend on the sign of x; see the end of Section
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3.1 Introduction

In this chapter, we examine the existence of positive classical solutions of (3.1)) where
p > 1 and € is an exterior domain in RY which does not contain 0 in its closure. We
begin by considering an explicit example in the complement of the unit ball.

For N > 2 and a > 0, define

—1

w(r) = /1 =N (/{T% + t)E dr,

p—1
N+a—-p(N-1)

where kK = . We consider two distinct cases of parameters

1.If1 <p < X2 je., k> 0. Then for all t > 0, u; solves 1} in the case of

N-1"

the exterior unit ball.

2. If %f‘f <p<a+2 ie., k <0. Then u,; solves 1) in the case of the exterior

unit ball.

In both cases, we have wu;, |Vu;| — 0 uniformly on 2 N Bg as ¢ — oo, where Bg
is the open ball radius R centered at the origin in RY. We assume u/(r) > 0 to

demonstrate this. Thus we have

u'(r) = r*(u(r))?. (3.2)

Assume v(r) # 0, thus

N -1

v(r) P (r) + v(r)' P = —r®, (3.3)
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Let w(r) = v(r)7P. As a result, equation (3.3)) changes to

(N-Dp-1)

w'(r) — w(r)=(p—1)r*. (3.4)

Multiply equation (3.4) by »~(N=1®=1) Therefore, we have

acli (r’(Nfl)(pfl)w(rD =(p— 1)7“’(N’1)(p’1)+°‘ =(p— 1)7”%’1. (3.5)

a+ N
N-—-1

Note that p # . Taking integral from equation (|3.5|), we have

WD Dy () = ¢ + K

where ¢ is constant. Therefore, we have w(r) = tr(N=DE=1 4 gratl Thys,

1
v(r) = w(r)ﬁ — (t;r»(N—l)(p—l) n /-WO‘H) =3
1
—.
rN-1 (t + KT‘%) p—1
Case 1. Let 1 < p < £+%. Then & > 0. For all ¢ > 0, we have uj(r) > 0. Taking

Therefore, uj(r) =

integral, we have

dr

TN=1(t + KTN“‘*p(N*l))P%l '

w(r) = ug(r) — uy(1) = /1 uy(y)dy = /1

Case 2. Let §2% < p. Then & < 0. For all ¢ > 0 large enough, we have «/(r) > 0.

Taking integral, we have

T 1
w (1) :/ —dr.
1 pN—-1 (t+ ,WN+afp(Nf1))pf1

Theorem 3.1. Suppose N > 2, a > 0. Assume € is an exterior domain in RN

which does not contain 0 in its closure.
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1. Let p € (1, %), such that p > max{%, ‘”TN“} Then, there exist solution

us of equation .

2. Letp € (X2, a+2). Then, there is some to > 0 (large) such that for allt > tg

there is a solution u; of .

Our approach to finding a solution of will be to linearize around u;. Let Bp
denote a closed ball centered at the origin in X with radius R. Let Ry be very
large and assume 0 < 1 < 1 be a cut-off function such n = 0 in Bg, and n = 1 for
|z| > Ry + 1 (note we are allowing more general cut-off functions than before). We
look for a solution of of the form u(x) = u(z)n(x)+ ¢(x). Then note u satisfies

(13.1) provided ¢ satisfies

Lt(¢) = Ht(¢) in Q,
¢ =0, on 0f,

where Li(¢) = —A¢ — p|z|*|Vu|P2Vu, - Vé and
Hy(6) = —nlz]*|Vue P +u: An+2Vu- V||V (wm) +V o [P —pla|* [V 72 V- Vo,

To do this, one needs to carefully choose suitable spaces to work on and then analyze

the linearized operator L;, which can explicitly be computed as

B D z-Vo
K+t~ Jf?

Lt(¢) =-A

The function spaces. Define the norms

6]l == sup [« Vo), [Iflly := sup ||| f(z)],
e e

and to define the space X, we impose ¢ = 0 on 9€). The only thing left to do is to
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pick the parameter . Note in case 1 (k > 0), we have for all ¢ > 0 that

ui(r)r

as r — 00. In case 2 (k < 0) we have

up(r)rV Tt — 1
as r — oo. We will pick ¢ > 0 sufficiently large that if ¢ € Bg for some R and
u(z) = uy(r) + ¢(x) that we see u is nonzero for large enough |z|. Thus, towards this

note that if ¢ € Bg (closed ball in X of radius R centered at the origin) we have

R
Vu()] = |uy(r)] = V()| = w(r) — e
and we want this positive for large |z|. In case 1 we see its sufficient to take o > %’JJ{Q

and in case 2 we need o > N — 2. With the above in mind, we take o = ap%pf +e

in case 1 and in case 2 we take 0 = N — 2 4 ¢, where in both cases we are taking

e > 0 small.

3.2 The Linear Theory

In this section, we want to solve

Li(¢) = f(z) in Q,
¢ =0, on 99,

o1



3.2.1 The Case Kk <0

In this section, we take 0 = N — 2 + ¢ where € > 0 is small. Define K;(¢) =

p:pl’~ V¢(x) —. ThUS, Lt<¢) _ —A¢+Kt(¢)
] =542 (4wl )

Lemma 3.2. There is some ¢ for all ¢ € X such that ¢ — 0 as t — oo and

IK:(D)lly < ellollx-

Proof. Let ¢ € X. Therefore,

p—1
x|

+/€|9§|%)

1K (@)l < psup, ol = perlollx.
e (t

Since k < 0, we see that for large ¢, this supremum is attained at some x € 9€) and

from this we see that ¢, — 0 as t — oo. O

Define X := {¢: |#]| ¢ < oo, and ¢ =0 on 002} where

o1l = sup {|«I""! V6| + |1+ Agl |
Lemma 3.3 ([I, Theorem 3|). The mapping A : X = Y is one-to-one and onto and

continuous with the continuous inverse.

Theorem 3.4. There is some C; > 0 and large ty such that for all t > ty, for all

f ey, there is some ¢ € X which satisfies

Li(¢)(x) = f(z), in Q,
¢ =0, on 0.

(3.8)

Moreover, we have ||¢||x < Ci | flly-

Proof. We prove this directly. Recall L;(¢) = —A¢p+ K(¢). Fix f € Y and consider

52



the nonlinear mapping on X by T;(¢) = ©» where 1) satisfies

—AY + Ki(¢) = f(z), in Q,
Y =0, on Of.

(3.9)

We demonstrate that T; is a contraction on X for large enough ¢. Let ¢; € X and
; = Ty(¢;) and note we have —A(y — 1) = —Ky(pa — ¢1) in Q with ¢py — 1Py =0

on 0f). Then by applying the mapping results for —A, we have

|2 — 1]|x < C||Ki(d2 — ¢1)|ly < Ceil|d2 — ¢l x,

and this shows the desired result. We also easily obtain the desired bound from the

bound on A and the smallness of &;. O

3.2.2 The Case Kk >0

Lemma 3.5. (Onto mapping of A) Suppose N —2 < 0 < N — 1. Then there is

C > 0 such that for all f €'Y there is some ¢ € X such that

Ap=f, in Q,
p=1 (3.10)
o =0, on 0.

Moreover, one has ||¢||x < C||flly-

Proof. The proof is similar to the proof of Theorem 3 in [I]. O]

Assumptions on parameters for the remainder of this section. We assume
a > 0 and
a+N+1 N+«

S 11
N <P< Ny (3.11)

and then we take o = ap%pf + ¢ where € > 0 is small and hence 0 € (N —2, N —1).
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=542 (4 w2 )
(large) such that for all g € Y there is some 1 which satisfies

Lemma 3.6. Let a; = There is some C' > 0 and to > 0

A+ (l—na- V=g in Q
Y =0, on O0f.

(3.12)

Moreover, we have ||¢||x < C||lglly. For Ry > 0 (large), set Yr, ={g € Y : g(x) =

0V|z| > Ro}. Let 1, denote the solution. Then, for all g € Yg, with ||g|ly =1 and

t > to, we have sup ||V, (x)] = 0 uniformly in g; i.e. for all € > 0 there
|z|—o00

is some R. > 0 such that for all t > to, for all g € Yg, with ||g|ly = 1, we have

|z|7 T Vb, (2)] < € for all |x] > R..

Proof. We can either perturb A or use a fixed point argument, we will use the second

method. Define the nonlinear mapping T;(¢)) = ¥ via

Ap+(1—n)a,-Vip=g in Q,

A~

Y =0, on 0.

(3.13)

We claim that T; is a contraction on X for sufficiently large t. Note that T; is
continuous from X to X. We have A(y — 1) = (1 —n)a, - V(1hy — 1b3) in Q, with

zero Dirichlet boundary condition. Using the mapping properties of A, we have

o —illx < CIA—mn)ar V(¥ — o)y

= s {Jalla@)l|2 V(- )]}

QNsupp(1—n)
= s {Jalla(@)||z|7 V(e — )]}
QﬂBR0+1
< &l — allx,
where &, = sup p1 . Note that, & — 0 as t — oo. Hence, we have

QNBRry+1 (t|$|_p% + K
T; as a contraction on X for large enough ¢. This gives the desired result and we
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also get the desired bound after applying Banach’s fixed point theorem. We now
suppose the final part is false. Then, there is some g, € Yg, with ||g,|y = 1 and
tm > to and |2,,|7 Vi, (xm)] bounded away from zero. Set ¢,(z) = 1, and
set (m(2) = s, (Vi (Smz) — Um(Smzm)) where s, = |z,,| and 2,8, = ©,,, and (,, is
defined for z € D,,, = {z € RY : 5,2 € Q}. Also note that ¢, (2,,) = 0 and |V, (2)|
is bounded away from zero and there is some C' > 0 such that |2|7"|V(,.(2)| < C

on D,,. A computation shows that

A (2) + (1 = 0(8m2))8mar,, (5mz) - Vin(2) = 572 gm(5m2) in D,,.

By standard arguments, we see that ¢, — ¢ in CL7(RN\{0}) where A = 0 in

loc
RM\{0} with ((24) = 0 and |V((200)| # 0 (here z,, — 25) and |27 V((z)] < C.

But for our choice of o, this can’t happen. m

To proceed, we will introduce the following quantities,

1 1 ?
5;5:—2(N—2+Z)i2\/(N—2+i> + 4, (3.14)
L1 1 ;
, :_§(N_2)i§\/(N—2) + AN (3.15)
— 2
Lemma 3.7. (Relation between o, B and vif) Assume o = Oép—li_ + ¢ and
p—

o€ (N—-2,N-1).
1. For all k >0 one has o+ B >0 and o + f; < 0.
2. For allk > 1 one has v, +0 <0< +o.

Proof. We have 8, < f3; for each k > 0. Therefore, o+ 3, <o+, =¢— %. If
we choose € small enough such that ¢ < p;—l = a+ N —pN + p, then for each k > 1,

we have o + 3, # 0. Let show 8 +0 > 0 for all K > 1. Note that x > 0 and N > 2.
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We have

p
K

p

26;+202263+20:‘N—2+ +20—(N—-24=)=20>0.
K

For part 2, it’s obvious that 7" + ¢ > 0. We demonstrate that 7, + o < 0 for all

k > 1. Note that

1 1
7,;+a=—§(N—2)—§\/(N—2)2+4Ak+a<0,

it —-N+2+20 < \/(N—2)2 + 4)\;. We know that —N + 2 + 20 > 0, we have the

left-hand side is positive. Thus,
(=N +2+20)* < (N —2)* + 4\,

As o < N —1, we have 0 (0 — N +2) < A\;. Thus, 0(6 — N +2) < )\ for each
k> 1. [

Lemma 3.8. (Kernel of A)

1. Suppose that A¢ = 0 in BS with ¢ = 0 on OB, such that sup |z|”T|V¢| < co.
|z|>1

Then, ¢ = 0.

2. Assume A¢ = 0 in RN\{0} such that sup |2|"'|V¢| < co. Then, ¢ is con-

|z|>0
stant.
Proof. Suppose ¢(x) = Y ax(r)ir(0) solves A¢ = 0 in Bf with ¢ = 0 on dB; or
k=0

A¢ = 0in RV\{0} and in both cases, we assume we have the desired gradient bound.

Then, we have

N -1 A
() + o) = Gax(r) =0 forre Li=0.1,

where I; = (1,00) in the first case (with ax(1) = 0) and Iy = (0, 00) in the second
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case. It is straightforward to verify the result for k = 0. The general solution in this
case is ag(r) = Cor V2 + Dy, where Cy, Dy are constant. Recall that ¢ +2 — N €
(0,1). In the first case, we use ag(1) = 0 to see that ao(r) = C(1 — r*>~). We now
use the fact that r7™'aj(r) is bounded for large r to see that we must have C' = 0
and hence ag(r) = 0 in the first case. In the second case, this same argument shows
that ag is a constant. We now suppose £ > 1 and a,, satisfy the Euler equation with
characteristic equation 72 + (N —2)y — A\, = 0. The general solution of the equation

is given by a(rr) = Curi + Dyrv | where i is given in (3.15). We have
r7a) (r) = ijr“ﬂz + Dy 7

Note that 7i¥ # 0 and by Lemma, , we have v, +0 < 0 < v + 0. If a; satisfies

the desired gradient bound, we should have C;, = D, = 0 in both cases. O

Lemma 3.9. (Kernel of Ly on B and RY)

1. Suppose sup |z|° T Vé(z)| < oo, Lo(¢) = 0 in BS with ¢ = 0 on OB, and no

lz|>1

k =0 mode. Then, ¢ = 0.

2. Suppose sup |z|” " |Vo(z)| < 0o, has no k = 0 mode and is such that Lo(¢) = 0
|z|>0

in RM\{0}. Then, ¢ = 0.

Proof. Suppose ¢(z) = > ay(r)yy(6) solves Lo(¢) = 0 in B with ¢ = 0 on 9B,
k=1
or Ly(¢) = 0 in RM\{0} and in both cases we assume we have the desired gradient

bound. Then we have

p) a(r) — )\kak(r) =0 forrel,

a’,g'(r)+<N—1+K r r?

where I = (1,00) in the first case (with ax(1) = 0) and I = (0, 00) in the second

case. This equation is of Euler form and hence the characteristic equation is 32 +
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(N -2+ %) B — A& = 0 has the roots given by 3i-. Therefore, there are Ay, By such
that ay(r) = Aprfs + Byr® . We now separate the two cases.

1. By assumption ¢ = 0 on B;. Thus, we have ay(r) = Ay (rﬂk_ — rﬁz). By Lemma
m, we have B,j + o0 > 0 for each k > 1. Therefore,

+ L (Bt_p
sup 7 ay(r)| = |Ax| sup 7Pkt )ﬂkr B =0 — 5;‘ < Gy, (3.16)

1<r<oo I<r<oco

where to see the existence of a finite C};, note that we have a; via

an(r) = /9|:1 6 (r0) (6)d6,

and a obtains a bound from ¢. The only way (3.16]) can be bounded (after consid-
ering sending r — oo and S; # 0) is for Ay = 0. Thus, a; = 0.
2. For all k > 1, we have 0 + 8; < 0 < o + ;. We have ay(r) = AprPs + Byrfi .

Note that we have
roa) (1) = B AprPe T 4 B;Bkrﬂlj*”.

We want to demonstrate that A, = By, = 0. Recall that We have sup r*!a} (r)| <
0<r<oo

00. Let one of Ay, By is zero and the other one is nonzero. Without loss of generality,
we may assume Ay = 0 and By # 0. (The proof is similar for By = 0 and A # 0).
Thus, a},(r) = By r% 1. Note that ;7 # 0. If 8 +0 > 0 (respectively i +o < 0)
Then, sup "% = ooasr — oo (respectively, sup 77" F=ocoasr — 0%) which

0<r<oco 0<r<oco

contradicts the conditions sup 77|a}(r)| < co. Let Ay, By # 0. By Lemma

0<r<oo
we have 3, + 0 < 0 < 3 + 0. Therefore,

_ - + + _ g+
sup |AB, 7P + BiBiiro e | = sup r7Pk | A8 r% TP + BB | — o0,
0<r<oo 0<r<oo
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as r — o0o. Also,

_ - + — _ + _ a—
sup |Aefy 7 + BiBirTt O = sup rT Ay + BiBir T | = o0,
0<r<oo 0<r<oo

as T — 07. That contradiction shows that Ay = By, = 0, which implies ax(r) = 0. O
We require some preliminary results before we can establish this result.

Lemma 3.10. (Lo nonhomogenous ode’s) For k > 1, there is some Cy and for all

b, with sup r72|b.(r)| = 1, there is some a;, which satisfies
1<r<oo

with ap(1) = 0. Moreover, we have sup r7|ag(r)| < Ck.
1<r<oco

Proof. The general solution to the homogeneous equation is given by a?(r) = Ar®s +
Bkrﬁlj . We want to apply the method of variation of parameters to find particular
solutions to non-homogeneous differential equations. The particular solution is given

by ab(r) = hy(r)rPs + gi(r)rP% such that hy, and g, are functions of 7. The solution

to equation (3.17)) is given by
ar(r) = al(r) + db(r) = AprPs + Bkrﬁl_: + hy(r)rPe + gk(r)’rﬁl_:.

The Wronskian of 7% and 724 is

rPre TB: -
W) =| R G Ec
Berf Tt Bt
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Therefore, h;, and g, are satisfy in the following equations

L) = —WO) M () = Sy (r) = )
o ) B -8 F ﬁk i b,
() = W) (b)) = — o () =~ ),
Thus,
o T1-B¢

1 r
a(r) = A + B 4% [0 G gk = |
k k Pk Pk

- 1 - + 1 r +

— B 1-8 B 1-5

=1’ A—I—i_/T kb TdT>+7“k<B—_/T kb TdT).
(’“ a0 S A

,8+
As ap(1) = 0, we obtain Ay + By, +/ ; k(T)dT = 0. Assume |by(r)| <
k
bir~©*2) and B, = 0, which implies
_ 1 0o
sup 7Tk |ALl = sup rotP / TI_B’jbk(T)dT
1<r<oo 1<r<oo B =By
b +,6’*/ ~1-0-BF
sup r7" Pk T 7 Pedr
B ﬁk Bk 1<r<poo 1
< Ak
Thus,

ax(r) = <Ak+ﬁ]_:iﬁk_ /1’”Tl—ﬁzbk(7>d7> i ( e [ bkde).

Therefore,

sup 77ag(r)|
1<r<oo

) Bk’ o+p, " —1—0—B_ o+ B8 "
< A+ sup |(r k/T kdr 471 k/

B — B 1<r<co 1 o

A Bk‘ ’r'_o-_ﬂk_
<A+ ——— su — | = C,.
=k ﬂ ﬁk 1<r<poo (U + ﬁk ) g

7o dT)
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[]

Definition 3. Let A € {B$,RN¥\{0}} and we define the norm on X = X(A) via

9|lx = sup|z|™|Vo(z)| and in the case of A = B§ we impose ¢ =0 on |z| = 1.
€A

In both cases, we define the subspace X, to be the set of functions in X with no k =0

mode, ie.

b(r) = 3 an(r)e(6),

k=1

and we similarly define Y7, i.e,

fa)=f = i_oj b () (6).

Lemma 3.11. Suppose ¢ € Xy, and Li(¢) = 0 in B with ¢ =0 on 0By or Li(¢) =0
in R¥M\{0}. Then, ¢ = 0.

Proof. We suppose ¢ as in the hypothesis and we write ¢(z) = > a(r)¢y (). Then

k=1
note that, for all £ > 1, we have
/
ay(r) + (N -1+ P p1> a(r) — )\kak(;) =0 forrel, (3.18)
K+tr = r r

where I} = (1,00) and Iy = (0,00). In the first case, we add the boundary condition
with ax(1) = 0. Fix £ > 1 and set a(r) = ax(r). By the bound ¢, there is some
Cr > 0 such that squr"H|a'(r)| < C). We show that sup r?la(r)] < oo. Since
¢ € X1, we can easiqi; ishow that ¢ € X;; where we add t;fe isgp |z|7"?|A¢| term to
the norm. There is also some C}, such that

a42| n

supr a (r)+
reIE) ) r r

By the gradient bound, we easily see that a has a limit as » — oo, call it T". Define
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h(r) such that

which implies

NN Ba(r) = CZ‘(TN_ICL/(T’)) — rNT3R ().

Now for large R integrate over (R,2R),

Ner™N Ba(r)dr +

9

2R
/ rN_?’_Uh(r)dr
R

<[ SN )ar

R dr

R

which implies

2R -
A / PN3Tdr| < GRN-27,
R

Therefore, |T| < CR~7. When sending R — oo; this shows 7' = 0. We can integrate

the a’ bound from oo to get the desired bound on a.

o)l <o [Tl )ldr < O [T romar =

T r o

We demonstrate that a = 0. We will show later that lim r?la(r)] = 0 and in the case
of Iy, we also have lim r?la(r)] = 0. Define w(7) = r%a(r), where 7 = In(r) where
7 € (0,00) (in the first case) and 7 € R in the second case. Note in the first case,
we have w(0) = w(oco) = 0 and in the second case, we have w(—o00) = w(oco) = 0. A

computation shows that w(7) satisfies

p

Wrr + | —20+ N —-24 —————
/i—l—teT(_pT)

) w; + Cr(T)w =0,
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where Cy(7) = 02 — 0 (N -2+ fpl)) — Ai. We now assume that w is not
Kk+te\ T R

identically zero. After observing the limiting behavior of w, we can suppose there is

some 7y € (0,00) in the first case, and some 7y € R in the second case such that w

has a maximum at 79 with w(7m) > 0 (multiply by —1 if necessary). Note at 79, we

have w,(79) = 0 and w,,(79) < 0. Then, we have

Cr(m0)w (1) = <(72 -0 (N -2+ p(_p1)> - )\k> w(T9) = —w;-(79) > 0.
K+ te™\
(3.19)

We have 0 < N — 1. Thus, we obtain

Cr(0) = +0?—0(N-2)= N <(0+1)(c+1—-N)<O0.

Also,
lim C(7) = 0% — 0 (N —2) — Ay — lim <0p>

T—00 To00 \ e + teT(—p—;l)
<o?—0(N—-2)— M\ <0.

—top(p—1 .
Note we have C//C(T) = Up(p ) @_TTl_leT < O, Wthh 1mpheS that Ck (7—()) <0

k(K + te~Tn )?
and this leads to a contradiction. We prove the earlier assumed results for r7|a(r)|.

We aim to show

)Lrglof”|a(7“)| =0, in o, Iy,

and

}51(1)7’ la(r)] =0, in I.

Assume not. Suppose there is some {7}, such that rZ |a(r,,)| is bounded away
from zero. Consider a™(r) := r% a(r,,r) where D,, = {r : r,,r € I;} and note in both

cases Iy, I we have D,,, — (0,00). Also note that |a™(1)| is bounded away from zero
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and r7|a™(r)| < Ey on D,,. Thus, inserting in equation (3.18)), we have

N -1 A
720" (1) + + f_l . roa (ryr) — —;Crzla(rmr) =0,
" r (/{ +trm "~ r_n) "

for r € D,,, which implies

@)y | 2L - = (@ (r))

r r</<+trm” r- e

A
—T—I;am('r’) =0, forré& D,,.

Note that {a™},, € CY7(A;) where Ay = {1 < r < k}. By diagonal argument,
there is a subsequence (which we don’t rename) such that a™ — a> in Cb%(A}) as
m — oo. Using the convergence, we can pass to the limit in the equation.

Assume lim a™(r) = a>(r).
Case 1. Let r,, = oco. Thus,
o

@)+ (

a+2—p

The characteristic equation is given by x? + < 1

) X — A = 0. The charac-

2
9 _
teristic equation has two distinct solutions as A = <0H_1p> + 4X; > 0, for all
p —_—
k > 1. Thus, we have
2
1 2 — 1 2 —
gE— = (QF2TP) L2 (A2 g (3.20)
2 p—1 2 p—1

Note that a*(r) = CprP + Dy . Thus, we have r7a*(r) = CprPe +9 4 Dyrbete.

As r7]a™(r)| < Ex on D,,, we obtain

+ -
’C’krﬂk oL Dt < Ey VO<r <.

64



By Lemma , By +0 <0,and 3 + 0 > 0 imply D;, = 0 and C} = 0, respectively.
As a result, a®(r) = 0 for all £ > 1. Contradiction.

Case 2. Let r,, — 0. Thus,

NT_ 1 (a™(r)) = iga‘”(r) =0 re(0,00).

(@(r)) +

The characteristic equation m? 4+ (N —2)m — A\x = 0 has two distinct solutions as

A= (N —2)*+4)\, >0 for all k> 1. Thus, we have

M= —;(N—Q)i;\/(N—2)2+4>\k. (3.21)

We have, a*(r) = Cr + Dy . We have, r7a>(r) = Cyr e 79 + Dyr e +o . Thus,
there is some constant Fj; > 0 such that

‘C’;J”'j”w + Dka_Jr”‘ <E, VO<r<oo.
By Lemma , v, +0 <0, and v + 0 > 0 imply Dy = 0 and C}, = 0, respectively.
As a result, a®(r) = 0 for all £ > 1. Contradiction. O

Note 2. Let ¢ € X and consider this for 1 < r < co. Note that o P(0)-1d0 =0
o)=1

for k> 1. We have

/|9|1 P(r6)dd = ay(r) /e|1 Yo(0)do + > ak(r)/ Vr(0)d0 = Cag(r).

k=1 |6]=1

Therefore, ¢ € X then ¢ € X, if and only zf/| ¢(rd)df = 0.
0|=1

Proposition 3.12. There is some Cy > 0 such that for allt > 0 and f € Y, there
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is some ¢ € Xy such that

(3.22)

Moreover, ||o|lx < Collflly-

Proof. The proof is based on the method of continuity (see Theorem , since we
have the result for ¢ = 0. Thus, we assume we do not have the desired estimate.
Therefore, there is t,, > 0 such that ¢,, — t € [0,00] as m — oo and such that
Ly, (¢m) = fm in BS with ¢, = 0 on 0By and ||¢,||x = 1 and || fin|][y — 0. There
exists some z,,, such [2,,[7 Vg (2m)| > 3. Let s = |-

Case s,, bounded. Using compactness, we have ¢,, — ¢ in C’llo’f(Bf) and L;(¢) =0

(we are allowing for the case of ¢t = oo here) in B with ¢ = 0 on dB;. Moreover, we

have |Vo(z)| # 0 and |z]7™ |V (z)| < 1. In the case of ¢ € [0, 00), we obtain

x-Vo

klz|2 + t)z)> 5

—A¢p—p =0 in B with ¢ =0 on 0B;.

Using Lemma [3.11], we have ¢ = 0. In the case of t = oo, we have —A¢p = 0 in
B¢ with ¢ = 0 on 9B;. By Lemma .5 ¢ = 0 which implies |V¢(z)| = 0, which
contradicts |V¢(z)| # 0 in both cases.

Case sy, — oo. Define |z,,| = 1 by spm2m = @, and define ¢, (2) = $9,¢0m(smz) for
2 € Dy, = {2 : s,z € BS}. Note that ¢, (2,)| = 0 and |2|7T |V, (2)] < 1 and also

|V (2m)] is bounded away from zero. We have

D (8mz) * Vo (sm2)

m+tm|smz|_%l |sm2|?

—A¢m(Smz) — = fm(Sm2).

66



As A, (2) = 852 Adm(smz) and Vb, (2) = s9 1 é,,(s,,2), we obtain

P 2+ Vi (2)

f<;+tm|smz|_% |2[?

— A, (8m2) — = 5712 £ (5m2).

Then, note we have

L oy (Ym)(2) = gm(2) = s72 f,(Smz) 2 € Dy,

tmSm

—(p—1)

Note that g, — 0 in L (R¥\{0}). We now suppose t,,sm © — 7 € [0,00]. When

loc

7 = 0, we obtain a contradiction with the kernel result for Ly on the full space, as
stated in Lemma [3.9 When 0 < 7 < oo, we encounter a contradiction with the
kernel result for L,. Lastly, when 7 = oo, we obtain a contradiction with the result
for the Laplacian, as outlined in Lemma [3.§|

m

Lemma 3.13. (k = 0 mode nonhomogenous) There is some C' > 0 such that for

p > 2L one have roa)(r)] < C.

Proof. We have

ay (r) + (N -1+ b ) alr) _ =b(r) 1<r<oo, (3.23)

_p=1
K4+tr = r

with a;(1) = 0. Without loss of generality, assume that sup 7772|b(r)| < 1. Let

1<r<oo
x(r) = ay(r). Thus, the equation (3.23) changes to a first order differential equation,

z,(r) + p(r)z(r) = =b(r) 1<r < oo, (3.24)

where p(r) = r~! (N —14+p(k+ tr’%)’l). The integrating factor for the equation
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p—1\ p—1
which implies y;(r) = 71 (%) -

!/

Thus, we have —j (e(7)ay (1)) = pe(7)b(7). Hence, by taking integral and consid-
T

ering that (1) = 1, we obtain

(1) = (s)i(s) = — [ (r)p(r)ar,

which implies

<a;<1) + / 1 ut(T)b(T)dT) ds.

1
pe(8)

ay(r) = —/Tl

1 _p=1
We set aj(1) = —/ wt(7)b(T)dr, where tR, =~ = 1. We obtain

Ry

/ _—L T T)aT
() =~ [ mrb(r)dr

Case 1: Assume r < R;. We have
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provided 0 +1—2 >0, i.e., p > ]‘f,i_ll To demonstrate it,

__pP
trre | TR
r7a)(r)| < pot2=N (m) /r t e (7)[b(7)|dT

< OrotEN (t = HT%>_1)% /Rt 7772 (t + mr%)ﬁ dr

T

14+ K\ 1 r\ot1—%
ol ()
- K " U—‘-l—% Rt

<1+/<;>pik
- .

Case 2: Assume R, < r, and r = yR;, for v > 1. Note that tR, * = 1. Therefore,

IN
>

C vR: -1\ =7
7 a)(r)] < ! - / 7702 (t + KJTPTI) " dr,
=1\ =T JR
t (1 + Ky = )

which implies

Oy (oD (v
r"*l\a;(r)]< 37 (7

(1 + mL;I)H

]

Corollary 3.14. There is some Cy > 0 such that for allt > 0 and f € Y, there
is some ¢ € X that satisfies provided p > $5. Moreover, one has ||¢||x <
Collflly-

Proof. Let f € Y with || f|ly = 1. Assume

Fe) = 3 ber)n(8) = bo(r) + - bu(r)(8) = fo+ fi.
k=0 k=1

where

(r) = iy [y FO(O)0.

Then, we can write f(z) = fo(r) + fi(x) where f, is radial f; € Y;. By Proposition
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and Lemma [3.13] there is some Cy > 0 such that for all ¢ > 0 there is some ¢; €
X such that Li(¢1) = f1 in B{, and ¢; = 0, on dBy. Moreover, ||¢1]|x < Collf1]ly-
Set ¢ = ¢o + ¢1. Then note by linearity, we have L;(¢) = f in Bf with ¢ = 0 on

0B, and
[¢llx < lldollx + llo1llx < Co ([ folly + Il filly)

and hence the proof is complete if we can show there is some D > 0 (independent of

f) such that

[folly + LAlly < Dlifo+ Ally = DI flly

We can prove this using the same technique as we did in the case of B;; we omit the

detalils.

We now move on to our main linear result on an exterior domain.

Theorem 3.15. There is some C' > 0 such that for all t > 0 (Large) and f € Y,

there is some ¢ such that
¢ =0, on Of).

(3.25)

Moreover, ||9|lx < C|flly-

Let Li(¢) = —A¢p — ai(x) - V. Let Ry be very large and consider n = 0 in Bp,
and n = 1 for || > Ry + 1. Now take 0 such that 6 = 0 in Bg, 1 and § = 1 for
|z| > Ry and hence we have nd = 7. We look for a solution of L;(¢) = f in Q with
¢ = 0 on 092. We want to use “inner-outer gluing technique”. Look for a solution
in the form ¢ = ny + ¥, where ¢ and 1 solve the inner and the outer problems,
respectively. A computation shows that ¢ satisfies the equation if ¢, satisfy the

system

Ap+a-Vo=—0f —da;-Vip  in B,
ey ' ! (3.26)
=0, on 0B,
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and

A+ (T =n)a,- Vo = —(1 = n)f =2V - Vn—(An)p — (a;- Vn)p  in Q,

=0, on Of).
(3.27)

We will solve this system via a fixed point argument. We now outline the procedure.
Let Cy be from Lemma [3.12) and suppose ¢ € Bac, C X (BY) and let ¢ satisfy (3.27).
Assume ¢ satisfy

Ap+a-Vo=—=0f —da,-Vy in BY, (3.28)

v =0, on 0B;.
This defines the nonlinear mapping T;(¢) = ¢ and if we can show T; has a fixed
point then we are done. Hence, our goal is to show that 7} is a contraction mapping
on Bac, = {¢ € X(BY) : [|9]lxs5) < 2Co}-
The proof of Theorem Let € > 0 be small and without loss of generality,
lets take || f||y = 1 and ¢ € Bag, C X(BY) and let ¢ satisfy (3.27). By Lemma [3.6]
there is some R. > 0 (independent of t,f, ) such that |x|"" Vi (z)| < e for all
|z| > R.. Also, note there is some C' > 0 such that supg, |z|"" |V (z)] < C (where
C' is uniform over the allowed ¢ and t). We aim to solve the outer problem (3.27)).
Assume ¢ is given such that [|¢|y < oco. Suppose ¥ = (p, f) solves equation
and [|[¢)[|y < oo. Inserting in (3.26), we consider ¢ solves problem ({3.26)).
This defines the nonlinear mapping 7;(¢) = ¢. Therefore, T; : X — X. Our goal
is to find a fixed point of T;. Let Cjy denote the constant from Proposition [3.12]
We demonstrate that 7} is a contraction on Bsg, (the closed ball centered at the
origin in X with radius 2Cj). Then, we get the desired result by Banach Fized Point
Theorem.

Into. We will demonstrate that T;(Bac,) C Bag,, 1., ¢ € Byg, for sufficiently large

t. Let ¢ € By, and suppose v satisfies (3.27) and ¢ satisfies (3.26)) with ¢ replaced
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with ¢. Then, we have

[9llxey < Colldfllyse + Colldas - Vi|ly(se

< Co+ Colldas - Villy o).

Hence, if we can show this last term is small for large ¢ we would have the desired

result. Define Ag(t) = sup |z||a:(x)| and note that for each fixed large R we have
Q

R
Ag(t) — 0 as t — oo. Then note we have

loar - Veillysp) < sup j2lac(@)[|2|" V(@) + sup |z[lar()]]z]" V()]

NBr, |z>Re

CAr.(t) + { sup |x||at<x>|}s

|z|>Re

< CARE (t) + 0106,

IN

which can be made small by taking ¢ > 0 small (fixed) and then taking ¢ large.

Contraction. We aim to show that there exists 0 < 7 < 1 such that

1Ti(p2) — Te(e1)l x () < 7 102 = P1llx(ae) -

First, we will prove the following claim.
Claim. We claim for all 0 < 4 < 1, there is some R5 > Ry + 1 such that for all

t > 1o, for all ¢ € By, with 1 satisfying

AY+ (1 =nlar- Vip = =2V - Vi — (An)p — (a - Vn)p = gi(¢)  in
Y =0, on OfM.
We have sup |z|”"!|Vi| < 7|l¢llx. By using a normalization argument we can
|z[>R5
assume ||¢||x = 1 and then note that ||g||y ) < C, where C is independent of ¢ and

¢. Then we can apply Lemma [3.6] to complete the proof of the claim. We now show
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T; is a contraction for sufficiently large t. Let ¢; € By, and let v; satisfy (3.27))

with ¢ = ;. Let @; = T;(p;) for i = 1,2. We have
A(@2 — 1) +ar - V(P2 — ¢1) = —bar - V(¢2 — 1) in By,

with @9 — @1 = 0 on dB;. Applying Proposition [3.12], we obtain

12 = 1llx < Colldar - V(2 — 1) lly

<Cy sup  |2]7ar| [V (¥ — ¥0)| + Co sup |27 a][V (1 — 1)

supp(6)NBr, |z|>Re

< Ch Y2 = ¥nllx Ar.(t) + C1 sup ||V (¢ — 1))

|z|>Re
< Gy |loz — p1llx Ar.(t) + Cac |2 — w1l x
< O3 (Ag.(t) +¢) llp2 — w1l x

< vllp2 —o1llx,

where v = C5 (Ag. () + €). Choosing € > 0 small and ¢ big enough, we obtain v < 1
and this completes the proof of T, being a contraction for large enough t. With
the completion of this step, we are now prepared to finalize the proof. Recall that
¢ = ny + 1. We know ||¢||X(Bf) < 2C), and by Lemma we have |9y gy < Ci.

As a result, we have

”¢“X(Q) = [lny + wHX(Q) = Slelg |27V (e + )
< sup ||V ()| + sup [2]7 [V (4)]
xe) zeQ
< sup 2" Ve + oVl + ¢l x @

< sup 2" Vel+  sup (27 eVl + [19]] g
|z|>Ro Ro<|z|<Ro+1

< llellxesy + s |27 oVl + 191l x 0
o<|x|<Iio

<C.
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3.3 The fixed point argument

We are looking for a solution u of (3.1]) of the form u(z) = u;(x)n(x) + ¢(x) and this
implies that ¢ to satisfy in equation (3.6). Recall that

Hi(¢) = —n|z|* |V P+u An+2V - V+|z]* |V (wn) + Vo [P —plz|* |V [PV, - V.

Note that for u to be positive, we need ¢ to satisfy w;(z)n(z) + ¢(z) > 0 in Q.
Thus, to find a solution ¢, we seek a fixed point of the nonlinear mapping J; where
Ji(¢) = ¢ where

Li(¢) = Hi(¢)  in €,

v =0, on 0.

(3.29)

Let B ={¢ € X : ||¢||lx < R}. We demonstrate that J; : Bg — Bpg is a contraction
mapping if R is satisfied under specific conditions. We can write Hy(¢) = I+ I, + I3,

where

1 = Jal* (19 (um) + VoI — [V (um)]? = pIV (um)P >V (um) - Vo).
I, = plal® (|V (wum)l"2V (um) — [Vl ~2Vu,) - Ve,

I3 = |z|* (IV(um) [P — n|Vu|?) + usAn + 2Vuy - V.
Into. Assume ¢ € Bg. First note that
1H:(0)[ly = sup |27 H(¢)| < sup 2|2 1] + sup |27 | L] + sup |2[ 72| I].
el z€eQ) z€eQ e

Recall that 0 < 7 < 1 be a cut-off function such = 0 in Br, and n = 1 for
|z| > Ry + 1 for Ry very large. Define (; := || I1||y and & := ||I3]|y. For n =0,1, we
have |I3] = 0. For 0 < n < 1, we have u;, Vuy — 0 as t — 0o. Therefore, £ — 0 as

t — oo. Define Dy(x) := plx|*T (|V(wn) [PV (um) — |Vue|P>Vu,) , and note that
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Di(x) =0on |z| > Ry + 1. We have é; := sup |D;] — 0 ast — oo on bounded
|z|<Ro+1
region |z| > Ry + 1. As we have ||L5]y, < Ré;, which implies ¢ — 0 as t — oo.

Assume that p > 2. Therefore, by Lemma , there is some C}; > 0 such that

I53lly < Crasup 72 (1Y (wm) P2 |V ol + Vol

a+l p—2 - 2 - p
< Cuasup (ol FH W an)l)” (ol#1961)" + Coasup (1o17+1V6])
-2
< Crasup (|27 V(um)])" R + 11 RP.
Q
Define &(z) := (|7 V (un)])? 2. We obtain
o p—2 o p—2
sup€i < sup (|27 V)" "+ sup (Ja]7 V()
Q |z|>Ro+1 Ro<|z|<Ro+1
- -2
<K+ sup (2|7 [V, + utan)p
Ro<|z|<Ro+1
_p=2 o p—2 o p—2
<k ri4oswp o (J 7 Val) T+ sup (Jaf 7 [ V)
R()<‘l‘|<R()+1 Ro<|x|<R0+1

Thus, H[1HY S Cl,lctR2 + CLlRp. Therefore, HHt(QS)HY S R (C’LlCtR + Cllep_l) +
G+ &. Assume 1 < p < 2. Using lemma , there is some CA’M such that

(r—2252)

1]}y < Cuysup |22V < Oy R sup o] @~V 5
z€Q e

Therefore, there exists C; > 0 such that |||, < C,Cy RP. Thus, |Hy(¢)|, <
R (C’tCA’I’lRp—l) + Ct + ft-

Contraction. Assume ¢1, ¢ € Br and p > 2. Therefore, there exists C' 2 > 0 such
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that

|Hi(¢2) — Hi(¢1)]
< Cuala|* (IV(um) P> (IV o] + [Vou]) + Vol + [V [P~ ) [Véz — V|

+ plz|* ||V (nuy) [PV (que) — [V P>V ||V — V.

Thus,

[Hi(¢2) = Hi(d1)lly <2C12R Sup 2|77V (um) [P (|2 — énllx

+ 200, B suplal OO gy — |+ 6 16— i
re

Define
C, =6+ 20, 2 R? ' sup |:E]a+1_("+1)(p_1) +2C) 2R sup 2|7 |V (uem) P2
z€Q z€Q
Note that « +1 — (o +1)(p — 1) < 0 since o > 0‘%?. On the other hand,

P _ p=2 p—2
sup e[V ) P* = sup el £4(0) < (R + D),
e Tre

As a result, C, < co. Therefore, ||H;(¢p2) — Hi(¢1)|ly < Cs |lp2 — é1]| x -

Assume ¢1, 9o € Br and 1 < p < 2. Therefore, there exists 0172 such that

[Hy(ds) = Hi(¢1)| < Crola|* (IVa™! + [V~ ) [V — Vel

+ pla ]|V () P72V (qur) = [V P> V| [V — V.
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Thus,
| Hi(62) — Hi(61)ly
<cusuprx\““ T (]G (2|7 Vo)) (62 — dnllx

+ 6t |p2 — ¢l x -

Therefore,

| Hu(o) — Hu(o)]y < (5t+2012Rp1suprx\““ f’“pl)uqﬁz ol

€N

Define C, = &, + 20, o RPsup || @HDE=D  Therefore, || Hy(dy) — Hi(o1)|y <
e
Cillpa — o1l -

Case 1. Let p > 2. we have

[Je(@2) — Je(@1)llx < CiCx P2 — nlly
and
||Jt(¢)HX <( (01,1CtR2 + Cl,lRp) + G + &

Thus, J; is a contraction on Bg if C;C, < 1 and C; (C11C,R* + C1 1 RP)+(+& < R.

Case 2. Let 1 < p < 2, we have

[ T(h2) — Jo(d1) |l x < CiCillda — dillx,  I1Je(@d)llx < CICCLARP + G + &

Thus, J; is a contraction on Bp if CZC'* < 1and C’ZCA’tCA’LlRp + G+ & < R. To obtain
the desired result, choose R small enough and then take ¢ large. We can now apply
Banach’s contraction mapping principle to find a fixed point, ¢, of J; on Br and
hence ¢ satisfies (3.29). Consequently u;(z) = u(z) = v(r) + ¢(z) is a solution of

(3.1). In the case of k positive and negative, we carefully selected o, to ensure that
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when ¢ is sufficiently small (in the space X), the solution u(z) remains positive for
large |z|. This established that u was nonzero, one could now apply a maximum
principle argument on Q2N By (for large R) to see that u is positive on the remainder

of 2 and this shows that w is strictly positive.

3.4 Conclusion of Chapter 3.

In Chapter 3, we examined the case of for an exterior domain that does not
include the origin. Here, the key building block of solutions is the explicit solution
of the problem on Bf{. A parameter £ comes up that involves the other parameters
and the sign of k plays a major role in our analysis. In the case of Kk < 0, we can
show for large ¢ that our linearized operator is a small perturbation of the Laplacian
and this allows fairly easy analysis of the linear problem (once the correct spaces are
chosen). The case of k£ > 0 is much harder and here one needs to perform a detailed
analysis of the linearized operator on B{ and then use a gluing procedure to prove

the result on a general exterior domain.
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Nonlinear Gradient Problem with

Two Blow-up Points

In this chapter, we consider the following elliptic problem

—Au=|Vulr, in Q\{&,&), (4.1)

u =0, on 0f),
where Q a bounded domain in RY, N > 3 with &, & € Q two distinct points and
N . oy . . . . N _
v <P < 2. We prove the existence of positive classical solutions with \g}\ling i u(z) =
oo. In particular, we show the following.
Theorem 4.1. Suppose N > 3, and % < p < 2. Then there is some ty > 0 (large)
such that for all t > tg, there is a solution u; of with lim u(x) = co.

|z[—&

Our solutions will be built using the following problem. Let B; denote the unit

ball centered at the origin in RV for N > 3. Then for % < p < 2, we define
o— ._ p-1 L 2—
a:=(p-1)(N-1), f:=L5, 0= and note a > 1. Then
1 dy
wy(r) :== /T By g oD t>—p4,
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is a positive singular solution of —Aw = |Vw|? in B;\{0} with w =0 on 0B;. We

require some asymptotic properties of w;. First note that

-1
wy(r) = ———, and if we set Cg : = ——.
(Br + tro) 7 g
Hence, we obtain
C 1
i) < min{ G, LA (42)
re-1 tp-1pN-1
Therefore,
1
)] < min{ G, . )
tp_1 TN—Q—O'
Thus, we see for any ¢ > 0 we have }gr(l) 7l (r) = —Cjs and uy, u) converge uniformly

to zero away from the origin.

Without loss of generality, we assume there exists some p > 0 such that B,(& )N
B,(&2) is empty and we also assume B,(§;) C . We assume 0 < n; € C°(Be(&;))
radial about &;, with n; =1 in Bg (&)- Let 0 < 0; € C°(Be(&;)) radial about & with
0; =1in Bg (&). Note that we have n;0; = n;. Consider wy;(z) = w(z — ;) and we
look for a solution of of the form

u(z) = m(x)we () + n2(2)we () + ¢(2),

with ¢ = 0 on 0€2. To simplify the notation, let w; = w,, for the following compu-

tations. Define

Li(¢) = =A¢ — p|V(mwr) + V(now2) P> {V (miw1) + V(npws)} - V.

Then, we need ¢ to satisfy

Li(¢) = 11 4(p) + Koy + K34 in €,
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with ¢ = 0 on 02, where
I 4(¢) = [V (mwy + nows) + Vol|?
— [V (mwy + mows) [P = p|V (mwy 4 naws) [P2(V (mwy + mpws)) - Ve,

and

Koy = |V(mwy + news) P — [Vwi [Py — |Vws|Pn,.

Note that, if the supports of 1,1, do not overlap, we can express this as
Koy = |V(mw)[P + [V(naw2)[” — [Vwi [P — [Vws [,

and

K3y =2V - Vwy + 2V - Vwy + wiAny + weAns.

Note that K;; — 0 uniformly in 2 as ¢ — co. To find a ¢, we will apply a fixed

point argument. Given ¢ define the operator J,(¢) = ¢ by

Lt(w) = Il,t(qb) + K27t + K37t in Q\{gl, 52}, (44)

with ¢ = 0 on 0. We will show J; has a suitable fixed point and then argue that u
is positive and blows up at the indicated points. To do this, we need to work within

suitable function spaces. Define the norms
1£lly = sup{lz = &*** + |z = &I} [ £(2)] (4.5)

Illx = sup {2 — &7 + ¢ — &I} [Vo(2)], (4.6)
Q

2—

iS]

and we impose on the function space X that ¢ = 0 on 0€). Here o =

bS]
—
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4.1 The Linear Analysis

Recall that n; is identically one near ¢ with support near £. Using this, we see that

we can write L; as
Li(¢) = —A¢ — piit |V [P2Vw - Vo — pih [V |P =2V, - Vg + 6,(x) - Vo,

where |0;] — 0 uniformly in 2. Note by redefining 4, (it still converges uniformly to

zero), we can write
Li(¢) = =A¢ — pmi [V P2 Vw, - Vo — pip| Vs [PV, - Vo + 6,(x) - Vo,
(note we just changed the powers on 7;). Now set
Li(¢) = D¢+ pm|Vur [PV wy - Vo + pip| Vwa [P *Vwy - Vo = Ag + ay(z) - Vo

To solve Ly(¢) = f in Q with ¢ = 0 on 99, we look for a solution of the form
® = M1 + n2ws + 10 where ¢; are defined on By (§;) and ¢ is defined on Q2. Then, it

is sufficient that
A(,Dl + Qg - Vgol = 51f + 51(1,5 . Vw in 31(51)7 (47)

and

Agy +a,- Vo = dof + 620, - Vi in By(&a), (4.8)

with ¢; = 0 on 9B;(&;) and we need v to satisfy

AP+ (1 —m —m)ag- Vo = (1= —m2) f — p1An — 2V - Vi

— o Ang — 2Vny - Vipg — w1as - V1 — oay - Vo in €, (4.9)
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with ¢ = 0 on 0f2. We now outline the fixed point argument to find a solution to
the system. Note there are three spaces here. We have an X, Y over B;(¢;) and also
over §). To indicate the space we will write Y (B1(&;)), Y(€2) and similarly for X.
We now outline the idea.

Claim 1. There is some Cj > 0 and t, > 0 such that for all t > ¢y and f € Y(B1(&))
there is some @; € X (B;(&;)) which solves Ay; + a; - Vi, = f in By(&;) with ¢; =0
on 0B1(&). Moreover, we have ||| x @) < Collfllvsi ). We will work on the

i

space X (B1(&1)) x X(B1(&)) with norm given by

I(prs @)l = lenllxien + le2llxmie):

Consider the space

F = {1, 02) € X(Bi(&1)) x X(Bi(&)) = [[(e1, g2) || < 10C0} .

Let f € Y(Q) with || f||y = 1 and let (1, 2) € F and let ¢ satisfy (4.9).

Claim 2. There is some C; > 0, independent of f and ¢ > ¢, such that S?Zp V| <
C.

We now define Ty(¢1, v2) = (1, P2), where

A1 +a,- Vo1 =01 f +61a - VY Bi(&), (4.10)

and

A@Q + ay - VQBQ = (ng + (52@15 . VI/J Bl(fg) (411)

Then, note we have

1Billx (B1e)) < Colldiflly sy + Colldiar - Vly (s, &)
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Claim 3. We claim that for large ¢, ||0;a; - Vi |ly (B, (¢,)) is small uniformly in f and
also in (1, pa) € F.
Using the above claims we easily see that T;(¢1, p2) € F for large t. This shows the
mapping is into.

We now show the mapping is a contraction. Let (¢1,¢2) € F and we let 1o

solve (4.9) and then let (@1, P2) solve (4.10) and (4.11). We now let (¢3,04) € F

where @3 plays the role of ¢y and ¢, plays the role of o and we let 134 solve

Athzg + (1 —m —m2)ay - Vipzy = F| (4.12)
in Q with 934, = 0 on 0f2, where
F=(1=m—=m)f—e3sA&m—2Vn-Vos—psAny =2V, Vs — pza- Vi —paa- V.
Then, note we have

1T (01, 02) — T(p3, )l = (@1, P2) — (@3, Pl

= [[@1 — Gsllx(mier)) + P2 — Pallx(Bi(2))-

Using the equations, we see that we have

181 — @sllx(Bi(e1)) < Colldrar - V(P12 — ¥sa) [y (Brer)) (4.13)

and

P2 — Pallx(Bi(e2)) < Colldzar - V(Y12 — Vsa) Iy (Bi(e2))- (4.14)
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Also, note we have

A(Y1g — Y3g) + (1 —mm)ag - V(112 — ¥34)
= (Am) (w3 — 1) + 2V - V(s — 1)

+ (An2) (P4 — 2) + 2V - V(s — @2) + (ar - Vi) (03 — 91).

Arguing as in the proof of Claim 2, there is some C' > 0 (independent of parameters)

such that

sup V(Y12 = 34)| < Cllgs — 1llx i) + l0a — 03llx(B1(e))-

We now estimate the right-hand side of (4.13). Let v > 0 be very small and note we

have

101as - V(12 — Ysa)llv(Bier)) = | Szl}‘)<1 |z — & 270101 ||ae| |V (12 — 134)]
z—=£1|<
< sup |I - 51’2+G|51||at||v(¢12 - 1034)\
|[z—&1]| <y
+  sup |z — &P @] [V (12 — 34)].
y<lz—&1]<1

Now, note the first term on the right we can write it as

sup |$ - §1|2+0|51||at||v(¢12 - ¢34)|

[z—&1|<y

= | S?%L |z — §1|1+J|51’ {lz = &lad} [V (Y12 — 34)|
r— 17’}/

<A~7TlC sgp |V (Y12 — 134)]

< Y0 {llps — erllx ey + lloa — esllxien |
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For the second term, we have

sup |$—§1|2+U’51Hat\|v(¢1z—¢34)\SC{ sup \%HM}SSP|V(w12—¢34)\>

y<lz—&11<1 y<z—£1]<1

and hence we arrive at

1610t - V (th1a — ¥34)lly (81 (er))

<o s ol {len - erlxae + e sllxime)-
y<|z—£&1<1

From this, we see that

\|S51—953||X(Bl(£1))SOOC{VUHJF sup ratwl}u(sol,soz)—<¢3,¢4>||.
v<lz—£&11<1

One can estimate ||@a — Pul|x (B, (e,)) similarly to see arrive at

T3 (01, 02) — Ti(p3, pa) || < CoCA(y,1)[[(01, p2) — (@3, 4) |,

where

Al ) =27+ sup gl + sup  agds,
r<]z—&1]<1 1<]|z—€2/<1

and note by taking v > 0 small and then taking ¢ large we can make A(7,t) small
and hence T; is a contraction on F and hence there is a fixed point of T;. Therefore,
we have a solution ¢, s, of our system. Using the bounds on these functions we
obtain the needed bound on ¢ and hence we have proved the linear theory up to
proving the various claims.

Proof of Claim 1. Note that in By(&;) that a; = pny|Vw;|P~?Vw; and hence, except
for the m; term, this is exactly the linear operator we have examined in the scalar
problem with one blow up point that we examine on the unit ball centered at the

origin. Translating the problem to the B;(0) the linear problem we need to examine
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™ (z)px - Vo(x)

A0 = B+t

:f’ Bl<0)7

with ¢ = 0 on 0B;. Taking n;(z) to be a radial cut-off, we can perform a similar
argument as in our previous works, we omit the details. This completes the proof of
Claim 1.

Proof of Claim 2. After noting the supports of the various functions, to prove the
result we need to show that for ¢y > 0 (fixed and small) there is some C' > 0 and
to > 0 such that for all g € L>°(Q2) with sup lg| = 1 and with g = 0 on B.(&)UB. (&)

and t > ty we have a solution of
AYp+(1—n —m)a- Vo =g in €,

with ¥ = 0 on 0f) and sgp V| < C. Note the advection term converges to zero
uniformly on €2. Hence this result follows directly from theory for A. As a result,
the proof of Claim 2 is completed.
Proof of Claim 3. This is essentially proved above.

We can now obtain the desired result for L; since it’s a small perturbation of the

above operator.

4.2 The Fixed Point Argument

Let B = {¢p € X : ||¢|]|x < R}. We show that for suitable 0 < R < 1 and ¢ large
that J; (see (4.4])) is a contraction on Br and hence has a fixed point. We have

]:-It(ﬁzs) - Il,t(¢) + K2,t + Kg}t in Q,

I (@) = [V (mw + news) + Vo|P — |V (nmw; + nows) [P

— p|V (mwi + nows) P2 (V (mwy + naws)) - Vo,
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Koy = |V(mw)|P + |V (newa) P — |[Vwy [Py — [Vws[Pne,

and

K3, =2V, - Vwy + 2Vn, - Vwy + wi Any + weAn,.
Lemma 4.2. Let ¢ € Bg, there is Cy > 0 such that ||11+(¢)|y < CoRP.

Proof. Assume ¢ € Bp. There is some (' ; such that for

I =sup{lz — &P+ |z — &P
1 114lly QP{| &l |z — & }|1,t’

< Crasup {fe = &7 + |z — &7} Vo

[z — &7 4 o — &P
< (C]isu
= V11 Qp (lz — &1+ + |2 — &|1+9)
2 — &2 + | — &2t
< (C{isu
=P e — a1 e — 6P

< Crasup (Jo = & + o = &) sup ({Jo = 677 + o — &l 7} Vo)

psup ({lo = &' + o = &'} Vo)’

psup ({Jz = &' + o = &'} Vo)’

< CyRP.
]

Theorem 1. (Fized point argument) J; : X — X is a contraction mapping for

sufficiently large t.

Proof. Into. Let ¢ € Bg and ¥ = Ji(¢). Then note that we have

Li(y) = Li4(¢) + &, \{&, &1

where g,(x) = Ky + K3; — 0 unifomrly in . Using Lemma (4.2), there is some
Co > 0 such that [|I;:(¢)|ly < CoRP and hence there is some Cy such that [[¢]|x <

CyRP + Cyey, where now g; = ||&;]| L~ and hence J; is into Br provided

Cng + CgEt S R. (415)
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Contraction. Let ¢; € Bg and 1; = J;(¢;). Then, we have
Li(Yy — 1) = I 4(¢2) — L1 4(¢1) in Bpg.
By Lemma , we have
[116(62) = T1u(01)] < Co([Ver [P~ + [Vol" )V — Vi,
and from this we have
111,6(62) = Tie(d)[ly < CQR 2 — dullx,

and hence we see that J; is a contraction on Bp is the previous condition holds and

Ci QR < i.
We obtain

[Je(P2) = Je(d1)llx < Crl|Hi(d2) — Hi(dr)lly < icl o2 — ¢l

and

17Ol x < CrllHi(d)lly < Cr(CoR? + Cagy)

Thus, J; is a contraction on By if the following conditions satisfy:

Cl

IN

4
37
Cl (Cng + OQEt) S R.

By taking 0 < R < 1 small and then ¢ large one can see that J; is a contraction on

Bpr and hence has a fixed point. In conclusion, there exists some to > 0 (sufficiently
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large) such that for all ¢ > ¢, there is a solution u; of (4.1]). The solution is strictly
positive, and the proof follows the same reasoning as we used at the end of Section

2.0

4.3 Conclusion of Chapter 4.

In Chapter 4, we examined the same equation as we did in Chapter 2 (ie. (2.22))
but here want the solution to blow up at two points instead of one. Here we utilize a
different approximate solution and the gluing process required for the linear analysis

is much more complicated.
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Future Work

In this chapter, we outline several potential problems for future research. The pro-
posed problems involve extending current results to more complex settings, including
domains with multiple singularities and different boundary conditions such as Neu-
mann boundary condition and Robin boundary condition.

We begin by considering smooth bounded domains that exclude the origin and
examine the behavior of solutions in such settings. Let  be a smooth bounded

domain in RY which does not contain the origin. We will consider

—Au= (14 gDl Vul, i 9,
u =0, on 012,

where p > 1 and g(z) is a Hélder continuous function with g(0) = 0.
We then extend our focus to problem with the exterior domain. Assume €2 is an

exterior domain in RY which does not contain the origin.

—Au = (14 g(@)|alo[Vup, i Q
u =0, on 0f),

where p > 1, a > 0, € is bounded and g > 0 is a Holder continuous function with
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9(0) = 0.

Next, we propose the study of an equation in a domain with multiple singulari-
ties, exploring how the presence of multiple distinct points affects the nature of the
solution. Consider the existence of positive singular solutions of the following Hénon

type equations involving nonlinear gradient terms as follows:

—Au = |VulP, in O\{&,&, ..., &}
uw=0, on 012,

and
—Au = (1 + g(2))|z[*[VulP, in QO\{&, &, ..., Enl,
u =0, on 0f),

where  a bounded domain in RV, a > 0 with &, &, ...,&, € Q are finite distinct
points.

We consider Hénon-type equations with nonlinear gradient terms with different
boundary conditions, investigating the conditions under which positive singular so-

lutions can exist. We consider the following problems

—Au = (1+ g(x))]z[*|VulP, in Q\{0},
u(z) + B% =0, on 09,

and

—Au = (1+g(x))[z[*[Vul’, in Q\{0},

%Z =0, on 0f),

where p > 1, a > 0, € is bounded and g > 0 is a Holder continuous function with

g(0) =0.

Finally, we can also apply the p-Laplacian to the problems mentioned above,

where A, u = div(|Vul[P~2Vu).
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Appendix

Lemma 6.1. 1. Suppose p > 2. Then there is some C 1 such that for all x # 0

and all y

o4 yl”  lal? = plal22 -y < Cualal Iyl + Cualyl”

2. Suppose 1 < p < 2. Then there is some CA’l,l such that for all x # 0 and all y

|-T + y‘p - !x\p - P‘iU’p_Q-’E : y‘ < él,l‘y’p-

8. For and z,y,2 € RN, and p > 2, there exists Cy 5 such that

z+yP —plz[PPr -y — |x + 2P+ plzfP P 2

< Cha ([P (Jyl + 21) + |y + |=P7) Jy — ].
4. For and z,y,2 € RN, and 1 < p < 2, there exists CA’LQ such that

@+ yl? = plaf ey — |z 4 2P+ plal 2z 2] < Cua (Il + 12771 [y — 2.
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Proof. These results are essentially known so we will give some sketches of possible
proofs.
1. By dividing by |z|P, it follows that to prove the desired result, it suffices to show

that
’|fc +ylf=1—pz- @/’ <Ol +ClylP Va,y € RY, with |z| = 1. (6.1)

It’s clear the result will hold for large |y|; hence, we only need to consider the case
of bounded |y|, so let’s restrict |y| < R. We can now look at the Taylor series for the
function f(x) = |z|P expanded at z. If one prefers they can instead write |z 4 y|? as

ya
2

(|z + y|*)? and use scalar results since that is more familiar to most people; we will

do the second one. So we are left with trying to show that

2
2

(1422 y+ [y*)E — 1 —pa-y| < ClyP+ ClyP, (6.2)

for all |y] < R and |z| = 1. You can now apply the results from scalar series, such
as the Binomial series or Taylor series, to obtain the desired result.

2. This follows from the same reasoning as 1.

3. Consider

g(t) = |z +y+t(z —y)I" — tplex - (2 —y),

for 0 <t <1 and note that

gt) = (ple+y+tz -y 2@ +y+tz—y) —plalz) - (z - y).

1
We now write out |g(1) — g(0)] < / |g'(t)|dt to arrive at the desired result.
0
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