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Abstract    

 
The development of energy technology has stimulated the application of low-power wireless 

electronic devices. Batteries are commonly used to supply power for these devices, however, the 

limited lifespan and expensive replacement cost necessitate the development of generating 

electricity from waste energy. Energy generation, which collects wasted energy from external 

sources, has become a popular research topic. Over the past decades, the low cost and easy-to-

apply characteristics of piezoelectric material have spurred various research endeavors aiming at 

developing piezoelectric energy generators based on different energy sources.  

This thesis aims to develop piezoelectric energy generators (PEGs) under various working 

conditions using high frequency excitation, validate the accuracy of the corresponding models, 

investigate their dynamic behaviors, and evaluate their energy generation performance. A vehicle 

brake pad with embedded PEGs is developed by utilizing high-speed rotation of vehicle brake 

rotor. Charge dissipation from the measuring device is considered to accurately calculate the 

generated voltage from the piezoelectric patch during operation. Inspired by frictional contact 

during the braking process between the rotor and frictional layer, a shear mode PEG is proposed 

to explore its performance under self-excited friction-induced vibration (FIV). The dynamic 

voltage responses from experiment, closely matched with the analytical results, demonstrate the 

great performance from vibrations close to the resonant frequency of the system. A modified PEG 

employing bi-linear and impact techniques is then proposed, modeled, and tested through 

experiment to examine the improved performance and verify the continuous FIV under these 

conditions. To understand the mechanism and dynamic responses of nonlinear PEGs considering 

different connections between magnetic spring and piezoelectric element, mathematical models 

are proposed and solved through numerical iteration. The results from parameter studies 

demonstrate enhanced frequency bandwidth and operating velocity range using harmonic 

excitation and FIV, respectively. Furthermore, PEG using FIV has been extended to continuum 
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structures, and a piezoelectric coupled continuum beam using FIV is modeled, described, and 

studied for the first time to characterize its dynamic response and energy generation performance. 

Following that, a piezoelectric coupled stepped beam is modeled using a modified method, tested 

through experiment, and utilized as a case study of geometric optimization.  
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Chapter 1 Introduction 
 

 

 

 

1.1 Research background 

For centuries, humans have relied on renewable energy sources such as windmills, watermills, 

and solar power. These natural energy sources have provided a sustainable and reliable means of 

power generation compared to traditional fossil fuel reserves. Energy generation technologies can 

be broadly categorized into macro and micro energy technologies. The former refers to systems 

capable of generating kilowatts (kW) or megawatts (MW) of power designed for high-power 

applications. In contrast, the latter focuses on milliwatt (mW) or microwatt (μW) level power 

generation, targeting low-power applications. Over the past two decades, the scientific community 

has been actively engaged in discussions about regenerative energy, focusing on portable devices 

and microelectromechanical systems (MEMS). The goal is to explore and develop innovative 

approaches to capture renewable/wasted energy for powering these devices and systems, thereby 

reducing reliance on traditional energy sources and promoting sustainability. Despite the achieved 

progress, there are still substantial remaining works, challenges, and opportunities for 

improvement and exploration in this area.  

Energy generation is a prominent technology that involves harvesting energy from external 

sources and storing it for utilization. This field has attracted significant attention due to its cost-

effectiveness, simplicity, and portability. The key advantage of energy generators is their 

capability to harness and utilize wasted or available energy from the ambient surroundings. For 

non-regenerative power supplies, such as batteries, which have served as the primary power source 

for operating low-power portable electronic devices. They are readily available in the market and 

demonstrate satisfactory reliability. However, their environmental effect for disposal and 
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replacement costs present limitations that hinder their suitability for powering wireless devices. 

Moreover, the device can be mounted in hard-to-reach locations in some applications. It is difficult 

to replace the battery. Alternative solutions are required to solve these issues. In such cases, energy 

harvesting from the environment is a promising approach. Compared to devices using conventional 

energy sources, self-powered devices demonstrate environmental friendliness.  

Energy generation includes three common sources: mechanical energy, thermal energy, and 

light energy. Mechanical energy is derived from vibrations, mechanical stress, and strain occurring 

in the environment. Thermal energy is obtained from waste heat generated by furnaces and heaters. 

Light energy is captured through photo sensors, photodiodes, or solar panels, allowing for the 

conversion of sunlight or room light into usable electrical energy. These diverse energy sources 

provide opportunities for efficient energy generation in various applications.  

Electromagnetic, piezoelectric, and electrostatic are the three main transduction mechanisms 

for mechanical energy, which have gained widespread adoption due to their effectiveness in 

converting mechanical energy into electrical energy. Among various methods, piezoelectric 

energy generator (PEG) has garnered significant attention from researchers due to its high-power 

density and relatively straightforward structural design [1], [2]. The abundant mechanical energy 

source is also presented in various settings, including industrial plants, machinery, aerial and 

ground vehicles, and construction structures, to offer opportunities for capturing mechanical 

energy for various applications under different conditions. 

The piezoelectric energy generation process comprises three main elements: energy source, 

energy transducer, and regulatory circuit and storage apparatus. All three elements play a pivotal 

role in determining the overall performance of PEG. Therefore, it is imperative to carefully 

evaluate each of these elements, and ensure accurate analysis of the overall system. Their interplay 

and optimization are crucial for efficient energy conversion, system stability, and desired 

operational characteristics in the energy generation process. And there remain challenges in energy 

generation that require further exploration. 

Energy generation is a dynamic process that can be described mathematically. Mathematical 

modeling of PEG provides a precise and quantitative representation of the system, allows a deeper 

understanding of the underlying dynamics, enables parameter optimization, and helps making 

predictions about the performance under different operating conditions. Overall, proper 
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mathematical modeling of PEG can enhance the energy generation capability through design 

optimization.  

The operation frequency of PEG also plays a crucial role in the energy generation performance. 

A high-frequency operation PEG has the potential to enhance energy generation performance. 

High-frequency operation allows for faster energy conversion cycles, leading to a higher energy 

generation rate within a given time frame. It is essential to understand and consider the influence 

of the operational frequency of an energy generator to increase its performance. For vibration-

based PEG, the performance is influenced by the alignment between the frequency of the energy 

source and the resonant frequency of the PEG. When these frequencies are closely matched, the 

PEG can operate at optimal efficiency, maximizing the energy harvested from the vibrations. If 

there's a significant mismatch, the energy conversion efficiency drops, resulting in lower power 

output. The operational bandwidth of PEG is another important aspect that needs to be analyzed 

and optimized to have better flexibility when facing different energy sources and varying 

environmental conditions, maximize overall energy generation performance, adapt to dynamic 

conditions, and possess better  robustness towards interference.   

This study primarily aims to design and analyze PEGs in different operating modes and 

conditions. The key focus lies in developing dynamic mathematical models that accurately predict 

the performance of PEGs. By establishing these models, the study seeks to provide valuable 

insights into the behavior of PEGs under various operating conditions and identify potential 

solutions to enhance their overall energy generation performance. Through a comprehensive 

examination of different operating modes and conditions, coupled with accurate mathematical 

modeling techniques, this study contributes to the development of energy generation technologies 

and the development of efficient and effective energy generators. A literature review will be 

presented in the next section to provide an overview of piezoelectric energy generation. 

 

1.2 Literature review 

The dynamic behaviors and energy generation performances of PEGs vary depending on 

operating mode, structural design, excitation source, and operating condition. The forthcoming 

review will concentrate on these aspects.  
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1.2.1 PEGs with longitudinal mode (d33) 

There are three common modes for piezoelectric energy generation, transverse mode (𝑑31), 

longitudinal mode (𝑑33) and shear mode (𝑑15). The schematic of the different modes of operation 

is shown in Figure 1-1. In 𝑑33 mode, a compressive load is applied in direction 3 with the poling 

direction along direction 3. With 𝑑31 mode, the load is along direction 1 with the poling direction 

in direction 3. For 𝑑15 mode, a shear force is applied in direction 2, resulting in shear deformation 

in direction 5 and electrical potential along direction 1, while the poling direction remains in 

direction 3.  

 

 

Figure 1-1 Deformation of PEGs under different operating modes. 

 

Xie and Wang developed a 𝑑33 mode dual-mass piezoelectric bar harvester, which can collect 

vibration energy from vehicle suspension system subjected to different road conditions [3]. Bao et 

al. proposed a 𝑑33 mode hand-held piezoelectric energy-harvesting structure for human-motion 

energy harvesting [4]. Zhang et al. proposed a 𝑑33  mode energy harvester based on annular 

piezoelectric stacks [5]. Li et al. proposed a 2DOF 𝑑33  mode stacked piezoelectric energy 

harvester (SPEH) incorporated a frequency up-conversion mechanism through a mechanical 

limiter [6]. Min et al. proposed a piezoelectric stack energy harvester operating in 𝑑33 mode for 

railway system energy harvesting [7]. Wang et al. designed a 𝑑33  mode piezoelectric energy 

harvester to harness energy from traffic load, and field tests were conducted to assess its 

performance under various traffic conditions [8]. Xiao et al. developed a 𝑑33 mode piezoelectric 

energy generator embedded in vehicle brake pads and excited by magnetic repulsion [9]. Kim et 

al. integrated piezoelectric energy harvesters into a pen to capture energy during writing in both 

𝑑33 and 𝑑31 modes [10]. Li et al. developed a piezoelectric energy harvester operating in the 𝑑33 

mode based on a spring-mass-spring oscillator [11]. Sheng et al. proposed a 𝑑33  mode 
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piezoelectric energy harvester incorporating a dynamic amplifier as well as several composite 

piezoelectric transducer cells to capture vibration energy of railway bridges [12]. Narolia et al. 

developed a 𝑑33  mode rotary-type energy harvester to harvest the energy from rotary motion 

system [13]. 

 

1.2.2 PEGs with transverse mode (d31) 

Wu et al. designed a 𝑑31 mode piezoelectric coupled buoy energy harvester by converting the 

transverse ocean wave energy to electrical energy [14]. Gibus et al. designed a tunable 𝑑31 mode 

piezoelectric energy harvesters utilizing electrical methods to extend the frequency bandwidth and 

the electromechanical coupling coefficient [15]. Bao et al. proposed a 𝑑31  mode piezoelectric 

cantilever–nonlinear magnetic pendulum structure to investigate the coupling effects between the 

internal resonance and nonlinear magnetic interaction [16]. Li et al. presented a 𝑑31  mode 

piezoelectric and electromagnetic hybrid energy harvester to harvest energy from low-frequency 

vibration [17]. Sadikbasha et al. presented a piezoelectric coupled auxetic hexachiral cantilever to 

collect vibration energy under transverse mode, and the piezo patch undertook the enhanced in-

plane stress when the auxetic hexachiral structure was under uniaxial tension and compression 

[18]. Liu et al. proposed a 𝑑31 mode vibration energy harvester, in which the amplified inertial 

force of a mass acts on two clamped piezoelectric beams to induce large-amplitude vibrations and 

generate large outputs [19]. Xiao et al. proposed a piezoelectric beam to harvest energy from FIV 

[20]. Shi et al. developed a 𝑑31 mode piezoelectric energy harvester to capture vibration energy 

from multi-directional and ultra-low frequency waves [21]. Egbe et al. reported a hybrid rotational 

energy harvester comprising piezoelectric, triboelectric, and electromagnetic generators for energy 

harvesting from low-wind speeds, wherein PVDF strips operated under 𝑑31 mode are used for 

piezoelectric energy generation [22]. Haldkar et al. analyzed the energy generation performance 

of porous piezoelectric ceramics operated under 𝑑31 mode [23]. Xie et al. designed a special brick 

consisting of a double-storey piezoelectric coupled beam to harvest footstep energy [24].  

 

1.2.3 PEGs with shear mode (d15) 

Narolia et al. developed a 𝑑15 mode piezoelectric energy harvester based on rotary motion, 

which converted kinetic energy of rotation into electrical energy [25]. Wang and Liu put forward 
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a 𝑑15 mode energy harvester using piezoelectric film for collecting energy from water flow [26]. 

Zhao proposed a 𝑑15 mode piezoelectric energy harvester with two elements in series connection 

and compared the output voltage with the previous study using single element harvester [27]. Xiao 

et al. proposed a magnet-engaged shear-mode piezoelectric energy generator with two 

configurations and investigated the dynamic responses considering different connections between 

magnetic spring and piezoelectric element [28]. Berik compared the sensing capability of 

piezoelectric patches operated under 𝑑15 mode in both in parallel and in series connections [29]. 

Trindade and Benjeddou proposed a finite element homogenization method to characterize the 

properties of a 𝑑15 mode piezoelectric macro-fibre composite [30]. Xiao et al. proposed a shear 

mode piezoelectric energy generator, which utilizes the friction-induced vibration (FIV) and high 

shear mode piezoelectric coefficient to improve the energy output [31]. Li et al. proposed an 

asymmetric cruciform piezoelectric harvester operating in 𝑑15  mode and compared its 

performance with that of a 𝑑31 mode piezoelectric harvester having equal total mass [32]. Apart 

from the traditional piezoelectric materials, relaxor piezoelectric single crystals, such as 

Pb(Mg1/3Nb2/3)O3-PbTiO3 (PMN-PT) and Pb(In1/2Nb1/2)O3-Pb(Mg1/3Nb2/3)O3-PbTiO3 (PIN-

PMN-PT), have also been studied and investigated for their energy generation ability [33]–[35]. 

 

1.2.4 PEGs with structural modification 

Keshmiri and Wu proposed a broadband piezoelectric energy harvester using a group of 

nonlinearly tapered cantilevers arranged in an array [36]. Wang et al. proposed an 

electromechanical step-reduction method, considering both the structural continuity and parallel 

circuit factors, to depict the coupling behaviors of variable-section piezoelectric composite beams 

[37]. Sriramdas et al. proposed a multi-step piezoelectric cantilever design configuration with 

partial coverage of piezoelectric material in steps along the length of a cantilever beam to improve 

energy generation performance [38]. Zhang et al. developed a galloping-based piezoelectric energy 

harvester using a stepped cantilever beam and optimized its performance through sequential 

quadratic programming (SQP) and evolution strategy (ES) [39]. Usharani et al. proposed a 

piezoelectric cantilever with step design and compared its energy generation performance under 

tip-excitation, and an electromagnetic exciter was used in the experiment [40]. Rahimzadeh et al. 

designed an unimorph cantilever beam with different configurations and simulated its energy 
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generation performance under different parameters [41]. Usharani et al. proposed a multi-stepped 

piezoelectric cantilever with rectangular cavities and analyzed its performance in broadening the 

bandwidth during operation [42]. Shi et al. investigated the dynamic characteristics and vibration 

transmission behavior of single and coupled oscillators using bilinear stiffness and damping 

elements [43]. Hernández-Montes et al. investigated the energy response of single-degree-of-

freedom systems with a range of hysteretic relationships that exhibit stiffness degrading inelastic 

and bilinear elastic behavior when subjected to earthquake ground motions in the presence or 

absence of P-delta effects [44]. Balasubramanian et al. studied the vibration responses of beams 

with nonlinear boundary conditions interpreted using a bi-linear spring model, and a piecewise 

linear stiffness function with additional switching points was introduced to describe the bi-linear 

behavior [45]. Shan and Zhu presented a piezo stack energy harvester with a frequency up-

conversion method to achieve high-power generation using the impact between the inertial mass 

system and the piezo stack transducer system [46]. Fang et al. demonstrated a rotational impact 

energy harvester using the centrifugal softening effect of an inverted driving beam to improve the 

energy harvesting performance of two piezoelectric beams at low rotational frequencies [47]. Su 

et al. analytically studied a hybrid electromagnetic energy harvesting system considering 

mechanical impact, Coulomb friction, harmonic excitation, and Gaussian white noise [48]. Su 

proposed a novel impact-driven two-degree-of-freedom piezoelectric energy harvester to capture 

vibration energy harvesting in a wide frequency range that includes its two resonant frequencies 

[49]. Li et al. proposed a frequency up-converting generator using a piezoelectric stack that can 

scavenge vibration energy from human motion at ultra-low frequencies [50]. An equivalent spring-

mass system, including a collision mechanism between the proof mass and spring limiter, was 

designed to describe the frequency up-converting process. Zhang and Qin introduced a 

piezoelectric vibration energy harvester with a hybrid mechanism of impact and rope-driving that 

enables tunable frequency up-conversion across a wideband [51].  

 

1.2.5 PEGs under different excitations 

Piezoelectric energy generation under rotating motion involves converting energy from 

rotational movement into electrical energy using piezoelectric materials. He et al. proposed a 

piezoelectric energy generation device with a wind turbine structure under rotating motion and 

investigated the effects of the number of wind turbine fan blades and blade shapes on energy 
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generation performance [52]. Micek and Grzybek presented an experimental analysis of the arrays 

of three Macro Fiber Composite (MFC) patches for energy harvesting from a rotating shaft [53]. 

Rizal et al. developed a magnetically impelled piezoelectric rotating energy generator integrated 

into a rotating spindle [54]. Gao et al. designed an auxetic structure piezoelectric energy harvester 

utilizing rotational motion [55]. Kan et al. developed a drum-like piezoelectric energy harvester 

using rotation, in which the external excitation is transmitted to the piezoelectric transducer 

through an air chamber [56]. He et al. proposed a hybrid energy harvester utilizing rotation, which 

combines piezoelectric and electromagnetic mechanisms [57]. Qin et al. developed a triboelectric-

piezoelectric squirrel cage with self-sensing and self-powering capabilities, enabling energy 

harvesting from the relative motion of the rotor-stator structure and the vibration of elastic support 

[58]. Chand and Tyagi investigated the energy generation performance of an exponentially 

tapering width piezoelectric beam under rotation [59].  

An energy harvester can perform well if the energy source frequency matches with the resonant 

frequency of the harvesters, and deviation between these two frequencies may affect the energy 

harvesting performance [60]. To solve this problem, FIV, a new approach utilizing friction as an 

excitation source independent of the ambient frequency, can achieve self-excited high-frequency 

vibration. Some research works have been conducted to study friction and FIV [61], [62]. Carlos 

Canudas et al. proposed a new dynamic model to depict friction, which included the Stribeck effect, 

hysteresis, spring-like characteristics for stiction, and varying break-away force [63]. Zong et al. 

proposed a new modeling method considering the surface fractal feature and normal load to better 

describe the tangential frictional stick-slip behaviors of contact interfaces, experimental studies 

were conducted to prove the accuracy of the model [64]. Leine et al. presented a simple and 

efficient alternate friction model to simulate stick-slip vibrations, which has the advantage of 

proper integration with an ODE-solver and is more efficient for computation [65]. Liu et al. studied 

and compared five friction models for micro stick-slip motion systems, including the Coulomb 

friction model, Stribeck friction model, Dahl model, LuGre model, and the elastoplastic friction 

model, with experimental testing [66]. Wei et al. established a dynamic model of a vehicle braking 

system and studied the stick-slip vibration characteristics of the system [67]. Al-Bender et al. 

proposed a novel multistate friction model based on the Maxwell-slip model by replacing the 

Coulomb law at the slip state with a rate-state law [68]. Wang et al. performed an experimental 

and theoretical study investigating friction-induced stick-slip vibration with a dual-pin-on-disc 
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model [69]. A non-smooth Coulomb’s law of friction was adopted for the study, and the FIV was 

solved by the Switch Model method. Hu et al. conducted research on a pin-on-disc to study the 

effect of FIV on the corrugation of sliding surfaces [70]. Based on the FIV phenomenon, different 

studies have been conducted to analyze the source of friction and the method for eliminating 

friction. Körner and Mayer analyzed the friction at the contact surfaces of a vehicle body vibration 

damper [71]. The friction properties were characterized, and the effect of the internal pressure of 

the damper on its friction behavior was studied. Chen et al. proposed a new mechanism for FIV 

and noise, and the partial detachment and reattachment of the contact surfaces were studied to help 

control friction and noise in daily life [72]. Lin et al. presented a novel brake pad to reduce disc 

brake squeal with FEA and experiment testing [73]. Triches et al. used modal analysis techniques 

to minimize braking squeal by optimizing brake damper parameters [74]. Hammerström and 

Jacobson presented a spiral-shaped modification of the brake disc surface to reduce squeal noise 

during braking [75]. Zhao et al. investigated the origin of the FIV phenomenon, and piezoceramic 

actuators were designed to suppress stick-slip vibrations [76]. FIV has some negative effects in 

some cases; it will be helpful to either harvest the wasted vibration energy or use FIV. Wang et al. 

designed a novel piezoelectric actuator with stick-slip motion [77]. The dynamic model was 

established, and simulations were performed with experimental verification to evaluate the 

performance. Tadokoro et al. performed experiments and numerical analysis on 𝑑31  mode 

piezoelectric energy generation under friction [78]. Wang et al. studied 𝑑31 mode piezoelectric 

energy harvesting utilizing FIV through experiment and ABAQUS simulation [79]. Xiang et al. 

studied the energy harvesting performance by installing a piezoelectric cantilever beam on the 

braking system of a train, and they found that FIV can be reduced by the piezoelectric cantilever 

beam [80]. Helseth described the stick-slip motion using a hook and loop system which can 

generate force fluctuations, and compared the voltage generation characteristics of a piezoelectric 

macro fiber composite and a triboelectric generator excited by stick-slip motion [81].  

 

1.2.6 PEGs under nonlinear operating conditions 

To improve the operating range, researchers tried different methods. For linear generators, 

generator arrays [82] and combined eigenmodes [83] are the two popular approaches to increasing 

the operating range. For nonlinear generators, applying external magnetic force to create 

generators with more than one stable equilibrium position [84], setting vibration impact systems 
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that limit the vibration amplitude but widen the operating range [85], and using active resonant 

tuning by setting preload, stiffness and mass adaptions [86], are the three main techniques. Among 

these techniques, it is common to mount permanent magnets on piezoelectric structures to achieve 

magnetic coupling, which can increase the operating bandwidth and enhance energy generation 

performance. Abdelmoula et al. conducted research with an accurate electromechanical model of 

a piezoelectric energy harvester for low-frequency excitation purposes [84]. The result showed 

that the hardening behaviors occurred with dual attractive magnets compared to softening 

behaviors using a single magnet, while both configurations lead to broadband resonance regions. 

Upadrashta and Yang proposed an innovative method to model the magnetic interaction without 

including the magnetic module using the nonlinear spring element in ANSYS finite element 

analysis (FEA) package [87]. Their successful modeling of magnetic force simplified the 

simulation as an electromechanically coupled problem. A nonlinear monostable harvester with a 

cantilever configuration and a 2-DOF nonlinear energy harvester were used as case studies, and 

the simulation results were validated by using experimental methods. Alomari et al. experimentally 

compared the energy harvesting performance of a single piezoelectric cantilever beam with tip 

mass with the effect of applying an external magnetic force and thermal energy source [88]. The 

external magnetic force, which created a nonlinear coupling energy harvesting system, 

demonstrated the improvement of output voltage in different configurations. The thermal source 

further boosted the output voltage at different temperatures. Abdelkefi and Barsallo introduced an 

enhanced broadband low-frequency piezo-magneto-elastic energy harvester using a cantilever 

beam with a fixed tip magnet mass. The incorporation of attractive magnetic force resulted in a 

decrease in the natural frequency with a strong softening behavior, which benefits low-frequency 

broadband energy harvesting [89]. Their model was validated with previous experiment results, 

and parameter studies were conducted to seek the optimal configuration. Upadrashta and Yang 

designed an array of nonlinear monostable energy harvesters to scavenge energy from broadband 

vibrations with low amplitudes under harmonic and random excitations [90]. They combined two 

energy harvesters, one with an attractive configuration and the other with a repulsive configuration, 

to achieve broadband energy harvesting. Firoozy et al. investigated the behavior of a piezoelectric 

cantilever beam with a tip magnet and nonlinear boundary conditions under a harmonic base 

excitation for broadband energy harvesting [91]. The curvature and inertia terms were modeled to 

be nonlinear due to large amplitude vibrations. Rui et al. presented a magnetic coupled 
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piezoelectric energy harvester to increase the output and bandwidth, and they used a lumped 

parameter model for calculation with a parametric study [92]. Macro Fiber Composite (MFC) 

material was utilized for experiment, and the results revealed the positively correlated relationship 

between the optimal spacing and the different magnetic flux densities. Fan et al. introduced a 

monostable piezoelectric energy harvester with stoppers for low-level excitations [93]. Dhote et 

al. proposed a nonlinear multi-mode piezoelectric vibration-based energy harvester using 

geometric nonlinearity [94]. A lumped parameter model was derived and numerically solved. The 

experimental and simulation results showed the privilege of both wide bandwidth and high-voltage 

output in frequency sweeps. Yang et al. developed a broadband vibrational energy harvester with 

a strong softening effect using a soft magneto-sensitive elastomer [95]. The fabricated prototypes 

were tested to be capable of providing power over a wide frequency range. Alcala-Jimenez et al. 

presented a cantilever based piezoelectric magnetoelastic vibration energy harvester with 

enhanced mechanical robustness [96]. KOH etching was used to make the cantilever, and the proof 

mass was fabricated using micromachined Fe foils with a pair of miniature magnets attached. Yang 

and Towfighian proposed a parametric resonator for vibration energy harvesting, and a lumped 

parameter model coupled with the magnetic force was used to analyze the performance of the 

system [97]. Zhang et al. investigated the distance of magnet, noise spectrum density, and damping 

on the dynamic response of the proposed multi-field coupled piezoelectric energy harvester under 

random excitation [98]. The results indicated that reducing the system damping ratio, narrowing 

magnetic distance, or increasing excitation spectral density could enhance vibration amplitude and 

increase the average power of the system. The abovementioned literature focused on mono-stable 

energy generators, which can be achieved with a simple design and wider bandwidth. Bi-stable 

[99]–[101] and multi-stable [102]–[104] generators are also investigated by researchers. However, 

as mentioned in the literature, the performance of the bi-stable and the multi-stable energy 

generators depends on the excitation amplitude and the shape of the potential functions [105]. 

Mono-stable energy harvester, on the other hand, usually offers a simpler and less complex design, 

which can result in lower manufacturing costs and easier optimization for specific frequency or 

deformation amplitude conditions. Integrating multiple mono-stable energy generators into a 

single device can also further expand the working frequency range [106].  

The selection of operating mode for a PEG depends on specific application requirements, 

available energy source, and vibration direction. Each mode has its own characteristics and scope 
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of applications. Though the shear mode piezoelectric charge coefficient 𝑑15 has a higher value 

compared to the compression mode 𝑑33  and 𝑑31  in common piezoelectric material, the actual 

performance still depends on various factors [107]–[109]. Certain energy sources may align better 

with transverse mode (𝑑31) and longitudinal mode (𝑑33) rather than shear mode (𝑑15), leading to 

higher energy conversion efficiency. The piezoelectric material properties, other than the 

piezoelectric charge coefficients, such as mechanical stiffness (Young's modulus) in different 

directions, may also affect the overall performance of a piezoelectric energy harvester. Therefore, 

it is important to investigate the PEG design under different modes and their proper applications. 

The existing studies considering the structural modification and nonlinear operating conditions 

have contributed to the advancement of PEG design with special characteristics. The introduction 

of FIV can become a new possibility for piezoelectric energy generation in scenarios where friction 

is presented. However, the research work on PEG under high frequency excitation is limited. And 

there is almost no research work investigating FIV under nonlinear conditions. It is important to 

initiate the research with different structures to explore their dynamic characteristics under high 

frequency excitation and nonlinear conditions. Furthermore, it is worthy to identify proper 

parameters for enhancing energy generation performance.  

 

1.3 Research objectives and thesis outline 

1.3.1 Research objectives 

The main objective of this research is to develop mathematical models for PEGs under various 

working conditions using high frequency excitation, validate the accuracy of the models through 

experiments, and conduct parameter studies to investigate the dynamic behaviors of PEGs and 

evaluate their energy generation performance. Developing mathematical models for different 

PEGs is beneficial to gain a comprehensive understanding of their dynamic behaviors under 

complex working conditions. Validating these models through experiments is essential to ensure 

their accuracy and reliability, which can also provide empirical evidence for further analysis. These 

models enable the simulation of PEG performance, reducing the need for prototyping different 

designs and thus saving time and resources. Conducting parameter studies can help to identify the 

important factors affecting PEG performance. By systematically investigating the dynamic 

behaviors of these PEGs, optimal values for parameters within certain ranges can be identified, 
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leading to more efficient and effective PEG designs. The research is carried out in the following 

perspectives.   

1. Design and analysis of a PEG for vehicle braking system. A novel piezoelectric energy 

generator embedded in a vehicle brake pad and excited by magnetic repulsion is developed. 

2. Design and analysis of a shear mode PEG using FIV. A shear mode piezoelectric energy 

generator that utilizes FIV and high shear mode piezoelectric coefficient is developed. 

3. Analysis of a PEG under linear, bi-linear, and impact conditions using FIV. A novel PEG with 

linear, bi-linear, and impact design configurations is proposed. 

4. Analysis of a magnet-engaged PEG using harmonic excitation. A magnet-engaged shear-mode 

piezoelectric energy generator with two nonlinear vibration system configurations is proposed. 

The dynamic responses of the PEGs, considering the different connections between magnetic 

spring and piezoelectric elements, are analyzed. 

5. Analysis of a magnet-engaged PEG using FIV. This study investigated the characteristics of a 

magnet-engaged nonlinear piezoelectric energy generator under FIV. 

6. Analysis of a PEG with continuum beam using FIV. A piezoelectric coupled continuum 

structure under FIV is modeled, described, and studied for the first time to characterize its 

dynamic response and energy generation performance. 

7. Modeling and optimization of a PEG with stepped continuum beam using FIV. A piezoelectric 

coupled stepped beam is developed to capture vibrational energy induced by friction. A CNN-

LSTM network is trained with simulation data and serves as the fitness function in GA 

optimization.  

 

1.3.2 Thesis outline 

The thesis online is described as follows, and the linkages of different chapters are summarized 

in Figure 1-2. 
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Figure 1-2 Linkages of different chapters. 

 

Chapter 1 

An overview of piezoelectric energy generation is introduced in this chapter. After reviewing 

the existing research, piezoelectric energy generation with high frequency rotation and FIV is 

proposed. 

 

Chapter 2 

The piezoelectric constitutive equations, friction model, and mathematical modeling of 

different piezoelectric coupled systems are described in this chapter.  
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The design and analysis of an embedded PEG for vehicle braking system is illustrated in this 

chapter.  

 

Chapter 4 

The design and analysis of a linear shear mode PEG system under nonlinear FIV is depicted 

in this chapter.  

 

Chapter 5 and Chapter 6 

Different types of nonlinear PEG systems were modelled and studied in chapters 5 and 6. The 

modeling and analysis of a PEG considering bi-linear and impact conditions under nonlinear FIV 

is introduced in Chapter 5. The dynamic behavior of a magnet-engaged PEG under harmonic 

excitation is explored in the first section of Chapter 6. The dynamic behavior of a magnet-engaged 

PEG under FIV is investigated in the second section of Chapter 6. 

 

Chapter 7 

The modeling and analysis of a piezoelectric coupled continuum structure under FIV is 

depicted in the first section of Chapter 7. The modeling and geometric optimization of a 

piezoelectric coupled stepped continuum structure under FIV is introduced in the second section 

of Chapter 7.   

 

Chapter 8 

A summary of this thesis is given in this chapter, followed by an outline of future works. 
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Chapter 2 Fundamental modeling and methods 
for research tasks 

 

 

 

 

In this chapter, the fundamental modeling and methods for research tasks are introduced. The 

piezoelectric constitutive equations, which are fundamental in the electromechanical behavior of 

piezoelectric materials, are first introduced in Section 2.1 to elucidate their role in piezoelectric 

energy generation. The friction model, which depicts the frictional behaviors, is then described in 

Section 2.2 to provide insights in understanding the variation of friction. The modeling of a single-

degree-of-freedom (SDOF) piezoelectric-coupled energy generation system under friction is 

depicted in Section 2.3 to explain the interplay between mechanical motion, piezoelectric effect, 

and nonlinear friction. After introducing the SDOF system under friction, the modeling of a two-

degree-of-freedom (2DOF) piezoelectric-coupled energy generation system under friction is 

demonstrated in Section 2.4 to describe the effect of friction on the system dynamics. Furthermore, 

the modeling of a piezoelectric-coupled continuum beam under friction is presented in Section 2.5. 

Finally, the transient charging method, utilized for energy generation evaluation, is described in 

Section 2.6.   
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2.1 Piezoelectric constitutive equations 

The constitutive relations for piezoelectric materials are formulated as, 

𝑆 = 𝑠𝑇v + 𝑑
T𝐸v, (2.1) 

𝐷 = 𝑑𝑇v + 𝜀𝐸v, (2.2) 

where 𝑆 is the strain vector (m/m); 𝑠 is the elastic compliance coefficient matrix (m2/N); Tv is the 

stress component vector (N/m2); 𝑑 and 𝑑T are piezoelectric coupling coefficient and its transpose 

matrix (Coulomb/N); 𝐸v is the electric field vector (N/Coulomb or V/m); 𝐷 is the electric charge 

density displacement vector (Coulomb/m2); and 𝜀 is the dielectric permittivity matrix (Farad/m) 

[110]. 

Eq. (2.2) is from the direct piezoelectric effect, which converts mechanical stress to electrical 

charge. Eq. (2.1) is based on the reverse piezoelectric effect that turns electrical input into 

mechanical deformation. 

The elastic compliance coefficient matrix 𝑠 can be expressed as, 

𝑠 =

[
 
 
 
 
 
𝑠11 𝑠12 𝑠13 0 0 0
𝑠21 𝑠22 𝑠23 0 0 0
𝑠31 𝑠32 𝑠33 0 0 0
0 0 0 𝑠44 0 0
0 0 0 0 𝑠55 0
0 0 0 0 0 𝑠66]

 
 
 
 
 

, (2.3) 

The transpose of stress component vector Tv can be expressed as, 

Tv = [𝑇1 𝑇2 𝑇3 𝑇4 𝑇5 𝑇6], (2.4) 

where 𝑇1, 𝑇2, and 𝑇3 are the normal stress along direction 1, 2, and 3; and 𝑇4, 𝑇5, and 𝑇6 are the 

shear stress in direction 4, 5, and 6, and they can also written as 𝜏23, 𝜏13, and 𝜏12 which represent 

the shear stress in plane 23, plane 13, and plane 12, respectively. 

The piezoelectric coupling coefficient matrix 𝑑 can be presented as, 

𝑑 = [

0 0 0 0 𝑑15 0
0 0 0 𝑑24 0 0
𝑑31 𝑑32 𝑑33 0 0 0

]. (2.5) 

The dielectric permittivity matrix 𝜀 can be written as, 

𝜀 = [
𝜀11 0 0
0 𝜀22 0
0 0 𝜀33

]. (2.6) 
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This research focuses on the direct piezoelectric effect utilizing Eq. (2.2), which transforms 

mechanical energy into electrical energy. 

 

2.2 Friction model for dynamic analysis 

Liu et al. conducted an experimental study of five friction models, including Coulomb friction 

model, Stribeck friction model, Dahl model, LuGre model, and the elastoplastic friction model 

[66]. The study concluded that the Stribeck model, Dahl model, and LuGre model all matched 

with experiment. The Coulomb friction model and elastoplastic model do not match very well.  

The discrepancy between the Coulomb friction model and experimental results can be 

attributed to the stick-slip motion, wherein the sliding speed encompasses both stick and slip 

components. The Coulomb friction model describes the sliding friction force dependent solely on 

the sign of the sliding speed and the friction coefficient. However, in stick-slip scenarios, the 

required friction coefficient may vary between stick and slip motion. This disparity between the 

required coefficients can cause the Coulomb friction model to be inadequate.  

The mismatch between the elastoplastic friction model and experimental results arises from 

the model’s inadequate representation of the slip motion period. Although the friction force and 

sliding speed predicted by the elastoplastic model exhibit similarities to the LuGre model, the 

predicted displacement fails to capture the observed slip motion period accurately. This 

discrepancy can be attributed to a larger static friction force in the elastoplastic model, leading to 

the absence of relative motion during the slip motion period.  

Several specific drawbacks can be identified when comparing the Dahl and LuGre friction 

models to the Stribeck friction model. Firstly, the Dahl and LuGre models exhibit a higher level 

of complexity by accounting for a wider range of frictional phenomena, including pre-sliding 

displacement and varying levels of stick-slip motion, compared to the Stribeck model. The detailed 

modeling involve more parameters and sophisticated equations, requiring more processing power 

and time to simulate accurately. However, it should be noted that these nuanced frictional 

phenomena are not universal, and they may occur in specific situations with particular friction 

materials. Secondly, the parameters in the Dahl and LuGre models lack direct physical 

interpretations, in contrast to the Stribeck model which provides a more intuitive understanding of 

friction behavior, particularly concerning the influence of velocity. Thirdly, the Dahl and LuGre 

models primarily focuses on dynamic friction behavior and may not adequately capture static 
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friction or stiction effects. Lastly, the applicability of the Dahl and LuGre models to various 

operating conditions may be limited. Consequently, the Stribeck friction model is used for our 

research. However, the selection of an appropriate friction model should be contingent upon the 

specific requirements and characteristics of the research.  

The friction force using the Stribeck model can be expressed as, 

𝐹f−Stribeck = 𝜇s(𝑣𝑟)𝐹N, (2.7) 

𝜇s(𝑣𝑟) = (𝜇k + (𝜇static − 𝜇k)𝑒
−𝛽|𝑣r|)sgn(𝑣𝑟), (2.8) 

where 𝜇s(𝑣𝑟) is the friction coefficient, which is related to relative velocity 𝑣𝑟; 𝐹N is the normal 

force applied to the structure. In the expression of 𝜇s(𝑣𝑟), 𝜇k  stands for the dynamic friction 

coefficient, 𝜇static  is the static friction coefficient, 𝛽  is the exponential decay factor. The 

relationship among 𝑣𝑟, 𝜇s, and 𝐹f are shown in Figure 2-1. 

 

  

(a) (b) 

Figure 2-1 Friction force as a function of relative velocity. (a) 𝜇s(𝑣𝑟). (b) 𝐹f. 
 

However, when considering the Dahl, LuGre, and Stribeck friction models, it should be noted 

that these models have limitations in accurately capturing the static behavior of friction. To 

overcome this difficulty, Karnopp proposed a model that the relative velocity 𝑣𝑟 is considered zero 

for a specified range, and the static behavior can be depicted within this interval [111]. The 

Karnopp model can be expressed as, 

𝐹f−Karnopp = {
𝐹(𝑣𝑟),    |𝑣𝑟| > 𝐷v

min(|𝐹e|, 𝐹static)sgn(𝑣𝑟),    |𝑣𝑟| ≤ 𝐷v
, (2.9) 
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where 𝐷v is the tolerance for zero velocity; 𝐹(𝑣𝑟) is a given function for the friction force outside 

the tolerance velocity; 𝐹e represents the resultant of the external forces acting on the reference 

body; 𝐹static is the magnitude of static friction.  

In Figure 2-1(b), it is evident that the static behavior of friction manifests when the relative 

velocity 𝑣𝑟  approaches zero. However, achieving an exact zero velocity during numerical 

computations is difficult. It is necessary to introduce a "zero" relative velocity region. Within this 

region, the friction force 𝐹f−Karnopp  is determined by considering other forces present in the 

system. The resultant force contributes to the static behavior of friction. By accounting for these 

forces, the model can accurately simulate the static behavior of friction, when the relative velocity 

remains within the "zero" region. Including the "zero" relative velocity region in the numerical 

computation ensures a more realistic representation of the friction dynamics. A combination of the 

Karnopp model and Stribeck model is hence introduced in my research and will be used for 

calculation, and it can be written as, 

𝐹f = {
𝐹N(𝜇k + (𝜇static − 𝜇k)𝑒

−𝛽|𝑣r|)sgn(𝑣𝑟),    |𝑣𝑟| > 𝐷v
min(|𝐹e|, 𝐹static)sgn(𝑣𝑟),    |𝑣𝑟| ≤ 𝐷v

. (2.10) 

 The friction force can be shown as,  

 
Figure 2-2 Friction force of the Karnopp and Stribeck models.  

 

2.3 Single-degree-of-freedom (SDOF) piezoelectric-coupled energy generation 

system 

The equation of motion for a single-degree-of-freedom (SDOF) system under friction is given 

by, 
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𝑚eq𝑦̈(𝑡) + 𝑐𝑦̇(𝑡) + 𝑘eq𝑦(𝑡) = 𝐹f(𝑡), (2.11) 

where 𝑚eq  is the equivalent mass of the vibration system; 𝑐 = 2𝜁√𝑘eq𝑚eq  is the damping 

coefficient, and 𝜁 is the damping ratio; 𝑘eq is the equivalent stiffness of the system; 𝐹f(𝑡) is the 

friction force applied to the mass block; 𝑦(𝑡) is the vibration response of the mass block under 

friction force. 

The constitutive equation of the piezoelectric material for direct piezoelectric effect is given 

as, 

[

𝐷1
𝐷2
𝐷3

] =

[

0 0 0 0 𝑑15 0
0 0 0 𝑑24 0 0
𝑑31 𝑑32 𝑑33 0 0 0

]

[
 
 
 
 
 
𝑇1
𝑇2
𝑇3
𝑇4
𝑇5
𝑇6]
 
 
 
 
 

+ [
𝜀11 0 0
0 𝜀22 0
0 0 𝜀33

] [
𝐸1
𝐸2
𝐸3

]

. (2.12) 

Taking the shear mode as an example, Eq. (2.12) can be written as, 

𝐷1 = 𝑑15𝑇5 + 𝜀11𝐸1. (2.13) 

The strength of the electric field on the piezoelectric patch is determined by the voltage 

difference across the piezoelectric layer, that is 𝐸1 = −𝑉/ℎ, where 𝑉 is the output voltage between 

the two ends of the piezoelectric layer, and ℎ is the thickness of the piezoelectric shear patch. Eq. 

(2.13) can be written as, 

𝐷1 = 𝑑15𝑇5 − 𝜀11
𝑉

ℎ
. (2.14) 

where 𝑇5 = (𝑘p𝑦p(𝑡)) (𝑙p𝑤p)⁄ ; 𝑘piezo = 𝑐55
D 𝐴p 𝑡p⁄ ; 𝑐55

D = 𝑐55
E (1 − 𝑘15

2)⁄ ; 𝐴p = 𝑙p𝑤p. 

𝑘piezo is the stiffness constant of the piezoelectric patch and can be calculated from the elastic 

constant at constant electric displacement 𝑐55
D  of the piezoelectric material in shear mode, the 

cross-section area 𝐴p and the thickness 𝑡p of the piezoelectric material; 𝑐55
E  is the elastic constant 

at a constant electric field; 𝑘15 is the electromechanical coupling factor; 𝑙p, 𝑤p are the length and 

width of the PZT patch, respectively; yp(𝑡) is the piezoelectric patch shear deformation at time 𝑡. 

Considering 𝑘l  and 𝑘piezo  in series connection, 𝑘eq  can be determined by 𝑘eq =

(𝑘l𝑘piezo) (𝑘l + 𝑘piezo)⁄ . 

The deformation of the piezoelectric shear patch 𝑦p can be derived as,  
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𝑦p(𝑡) = 𝑦(𝑡)
𝑘l

𝑘l+𝑘piezo
. (2.15) 

Differentiating Eq. (2.14) with respect to time, yields, 

𝑉 + 𝑅𝐶p𝑉̇ − 𝑅𝑘piezo𝑑15𝑦ṗ(t) = 0, (2.16) 

where 𝑅 is electric resistance; 𝐶p is the capacitance of the piezoelectric shear patch in farad and 

can be solved by 𝐶p = 𝜀11 𝐴p  𝑡p⁄ . 

α is defined as the force factor calculated from the piezoelectric coefficient 𝑑15, the stiffness 

constant of piezoelectric material 𝑘piezo , to evaluate the electromechanical coupling effect 

between the mechanical system and the piezoelectric material.  

𝛼 = 𝜃p𝑑15𝑘piezo, (2.17) 

For the sake of representing the actual performance of piezoelectric material, a tuning factor, 

𝜃p, is added to the force factor expression to reflect the influence of the non-perfect bonding and 

connection between mechanical structure and piezoelectric patch, and the possible imperfect 

fabrication of piezoelectric material.  

The mechanical and piezoelectric coupling equation of the system can then be written as, 

{
𝑚eq𝑦̈(𝑡) + 𝑐𝑦̇(𝑡) + 𝑘eq𝑦(𝑡) + 𝛼

𝑘l

𝑘l+𝑘piezo
𝑉R(𝑡) = 𝐹f(𝑡)

𝑉R(𝑡) + 𝑅𝐶p𝑉Ṙ(𝑡) − 𝑅𝛼
𝑘l

𝑘l+𝑘piezo
𝑦̇(𝑡) = 0

, (2.18) 

where 𝑉R  is the output voltage from the piezoelectric material after considering the charging 

dissipation in electric resistance. Considering the electromechanical coupling effect induced by 

the piezoelectric patch, an iterative process is applied to solve the response. The total calculation 

time 𝑇 is divided into small discrete time segments 𝑡𝑖, where the subscript 𝑖 indicates the iteration 

number and Δ𝑡 = 𝑡𝑖+1 − 𝑡𝑖 is the corresponding period of calculation. For the first iteration step 

(𝑡 = 0 s and 𝑖 = 1), we assumed that the system is at rest and the initial condition is, 

{

𝑦(𝑡1) = 0,

𝑦̇(𝑡1) = 𝑣0,

𝑉R(𝑡1) = 0,

 (2.19) 

where 𝑦(𝑡1) is the initial displacement of the mass block at the equilibrium position; 𝑉R(𝑡1) is the 

initial voltage across the electric resistance. Based on the relative sliding velocity 𝑣r, which is 

equal to 𝑣0 − 𝑦̇(𝑡), the friction system has two states: slip states (𝑣r ≠ 0) and stick states (𝑣r = 0). 

For the convenience of computation, the friction states changing conditions for 𝑣r ≠ 0 and 𝑣r = 0 
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are |𝑣r| > 𝐷v and |𝑣r| ≤ 𝐷v, respectively, and 𝐷v represents a close to zero threshold value for 

judging friction state change. 

We assume that the mass block 𝑚 initially moves with friction plate at a velocity 𝑣0 in the 

period 𝑡1 − 𝑡2, the stick state friction force applied on the top of the mass should be considered. 

The displacement of the mass block in 𝑡 = 𝑡1 − 𝑡2 is, 

𝑦(𝑡) = 𝑣0𝑡. (2.20) 

In the stick state, the friction force 𝐹f(𝑡) is determined by the maximum static friction force 

𝐹static(𝑡)  and the applied force 𝐹applied(𝑡)  on the mass block. 𝐹static(𝑡)  in 𝑡 = 𝑡1 − 𝑡2  is 

represented as, 

𝐹static(𝑡) = 𝜇static𝐹Nsgn(𝑣r), (2.21) 

The applied force 𝐹applied(𝑡) is expressed as, 

𝐹applied(𝑡) = 𝑘eq𝑦(𝑡1) + 𝑐𝑦̇(𝑡1) + 𝛼
𝑘l

𝑘l+𝑘piezo
𝑉R(𝑡1). (2.22) 

Ff(t) in t = t1 − t2 can be written as, 

𝐹f(𝑡) =

{
 

 
𝑘eq𝑦(𝑡1) + 𝑐𝑦̇(𝑡1)

+𝛼
𝑘l

𝑘l+𝑘piezo
𝑉R(𝑡1)

, |𝐹applied(𝑡)| < 𝜇s𝐹N

𝜇static𝐹Nsgn(𝑣r), |𝐹applied(𝑡)| ≥ 𝜇s𝐹N

. (2.23) 

In 𝑡 = 𝑡2 − 𝑡3, if |𝑣r| ≤ 𝐷v, the system is still in stick state, 𝐹applied(𝑡) is equal to,  

𝐹applied(𝑡) = 𝑘eq𝑦(𝑡2) + 𝑐𝑦̇(𝑡2) + 𝛼
𝑘linear

𝑘linear+𝑘piezo
𝑉R(𝑡2). (2.24) 

𝐹f(𝑡) can be expressed as,  

𝐹f(𝑡) =

{
 

 
𝑘eq𝑦(𝑡2) + 𝑐𝑦̇(𝑡2)

+𝛼
𝑘l

𝑘l+𝑘piezo
𝑉R(𝑡2)

, |𝐹applied(𝑡)| < 𝜇s𝐹N

𝜇static𝐹Nsgn(𝑣r), |𝐹applied(𝑡)| ≥ 𝜇s𝐹N

. (2.25) 

However, if |𝑣r| > 𝐷v, the system is in the sliding state, 𝐹f(𝑡) in 𝑡 = 𝑡2 − 𝑡3 is, 

𝐹f(𝑡) = 𝜇s𝐹Nsgn(𝑦̇(𝑡2) − 𝑣0). (2.26) 

where 𝜇s is the friction coefficient in the sliding state, and it is described in Eq. (2.8). The 

vibration and voltage response from Eq. (2.18) in 𝑡 = 𝑡2 − 𝑡3 is, 

𝑦(𝑡) = 𝑒−𝜁𝜔𝑡[(𝐴2cos𝜔d𝑡 + 𝐵2sin𝜔d𝑡)]

+
1

𝑚𝜔d
∫ 𝐹f(𝜏 + 𝑡2)𝑒

−𝜁𝜔(𝑡−𝑡2−𝜏)sin(𝜔d(𝑡 − 𝑡2 − 𝜏))d
𝑡−𝑡2
0

𝜏
, (2.27) 
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𝑉R(𝑡) = 𝑉R(𝑡2)𝑒
−

1

𝐶p𝑅
(𝑡−𝑡2)

+ ∫
𝑑33

𝐶p
𝑘eq𝑦̇(𝑡)𝑒

−𝜁𝜔(𝑡−𝑡2−𝜏)d
𝑡−𝑡2
0

𝜏, (2.28) 

where 𝜔 is the natural frequency of the linear system and 𝜔d is the damping frequency solved by 

ωd
2 = ω2(1 − ζ2); 𝐴2 and 𝐵2 are determined by 𝑦(𝑡2) and 𝑦̇(𝑡2), 

𝑦(𝑡2) = 𝑒
−𝜁𝜔𝑡2(𝐴2cos𝜔d𝑡2 + 𝐵2sin𝜔d𝑡2), (2.29) 

𝑦̇(𝑡2) = 𝑒
−𝜁𝜔𝑡2[cos𝜔d𝑡2(𝐵2𝜔d − 𝐴2𝜁𝜔) − sin𝜔d𝑡2(𝐵2𝜁𝜔𝜔d + 𝐴2𝜔d)], (2.30) 

reorganizing Eq. (2.29) and Eq. (2.30), yields, 

𝐵2 =
𝑒𝜁𝜔𝑡2[cos𝜔d𝑡2(𝜁𝜔𝑦(𝑡2)+𝑦̇(𝑡2))+𝜔d𝑦(𝑡2)sin𝜔d𝑡2]

𝜔d
, (2.31) 

𝐴2 =
1

cos𝜔d𝑡2
[𝑦(𝑡2)𝑒

𝜁𝜔𝑡2 − 𝐵2sin𝜔d𝑡2]. (2.32) 

Following the similar idea, when the time is in the period 𝑡 = 𝑡𝑛 − 𝑡𝑛+1, 

𝑦(𝑡) = 𝑒−𝜁𝜔𝑡[(𝐴𝑛cos𝜔d𝑡 + 𝐵𝑛sin𝜔d𝑡)]

+
1

𝑚𝜔d
∫ 𝐹f(𝜏 + 𝑡𝑛)𝑒

−𝜁𝜔(𝑡−𝑡𝑛−𝜏)sin(𝜔d(𝑡 − 𝑡𝑛 − 𝜏))d
𝑡−𝑡𝑛
0

𝜏
, (2.33) 

𝑉R(𝑡) = 𝑉R(𝑡𝑛)𝑒
−

1

𝐶p𝑅
(𝑡−𝑡𝑛)

+ ∫
𝑑33

𝐶p
𝑘eq𝑦̇(𝑡)𝑒

−𝜁𝜔(𝑡−𝑡𝑛−𝜏)d
𝑡−𝑡𝑛
0

𝜏, (2.34) 

where 𝐴𝑛 and 𝐵𝑛 are determined by the initial conditions of 𝑦(𝑡𝑛) and 𝑦̇(𝑡𝑛), 

𝐵𝑛 =
𝑒𝜁𝜔𝑡𝑛[cos𝜔d𝑡𝑛(𝜁𝜔𝑦(𝑡𝑛)+𝑦̇(𝑡𝑛))+𝜔d𝑦(𝑡𝑛)sin𝜔d𝑡𝑛]

𝜔d
, (2.35) 

𝐴𝑛 =
1

cos𝜔d𝑡𝑛
[𝑦(𝑡𝑛)𝑒

𝜁𝜔𝑡𝑛 − 𝐵𝑛sin𝜔d𝑡𝑛]. (2.36) 

 

2.4 Two-degree-of-freedom (2DOF) piezoelectric-coupled energy generation 

system 

The equation of motion for a 2-degree-of-freedom (2DOF) system under friction is given by, 

{
𝑚1𝑦̈1(𝑡) + (𝑐1 + 𝑐2)𝑦̇1(𝑡) − 𝑐2𝑦̇2(𝑡) + 𝑘eq𝑦1(𝑡) − 𝑘eq𝑦2(𝑡) = 0

𝑚2𝑦̈2(𝑡) + 𝑐2(𝑦̇2(𝑡) − 𝑦̇1(𝑡)) + 𝑘eq(𝑦2(𝑡) − 𝑦1(𝑡)) = 𝐹f(𝑡)
. (2.37) 

Also, taking the shear mode as an example, the piezoelectric constitutive equation is the same 

as Eq. (2.13). Considering the electromechanical effect of the system, the mechanical and 

piezoelectric coupling equations of the systems under friction can be written as follows. 
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{
 
 

 
 

𝑚1𝑦̈1(𝑡) + (𝑐1 + 𝑐2)𝑦̇1(𝑡) − 𝑐2𝑦̇2(𝑡) + (𝑘1 + 𝑘eq)𝑦1(𝑡) − 𝑘eq𝑦2(𝑡) = 0

𝑚2𝑦̈2(𝑡) + 𝑐2(𝑦̇2(𝑡) − 𝑦̇1(𝑡)) + 𝑘eq(𝑦2(𝑡) − 𝑦1(𝑡)) + 𝛼
𝑘l

𝑘l+𝑘piezo
𝑉R(𝑡) = 𝐹f(𝑡)

𝑉R(𝑡) + 𝑅𝐶p𝑉̇R(𝑡) − 𝑅𝛼
𝑘l

𝑘l+𝑘piezo
(𝑦̇2(𝑡) − 𝑦̇1(𝑡)) = 0

. (2.38) 

Eq. (2.38) demonstrates a two-degree-of-freedom piezoelectric-coupled systems, and the 

solution is found using a combination of the modal superposition method and Duhamel integral. 

Expressing Eq. (2.38) in a matrix form, it yields, 

[
𝑚1 0
0 𝑚2

] [
𝑦̈1(𝑡)
𝑦̈2(𝑡)

] + [
𝑐1 + 𝑐2 −𝑐2
−𝑐2 𝑐2

] [
𝑦̇1(𝑡)
𝑦̇2(𝑡)

] + [
𝑘eq + 𝑘1 −𝑘eq
−𝑘eq 𝑘eq

] [
𝑦1(𝑡)
𝑦2(𝑡)

] = [
0

𝐹e(𝑡)
]. (2.39) 

where 𝐹e(𝑡) is the external force, which includes the friction force 𝐹f(𝑡) and the piezoelectric 

coupling term 𝐹p(𝑡) = −𝛼𝑘l𝑉R(𝑡) (𝑘l + 𝑘piezo)⁄  in Eq. (2.38). After simplifying Eq. (2.39), it 

can be written in matrix form, 

[𝑚][𝑦̈(𝑡)] + [𝑐][𝑦̇(𝑡)] + [𝑘][𝑦(𝑡)] = [𝐹(𝑡)]. (2.40) 

To solve Eq. (2.40) by modal analysis, it is necessary to solve the eigenvalue problem and find 

the natural frequency 𝜔1 and 𝜔2.   

𝜔2[𝑚][𝑌] = [𝑘][𝑌]. (2.41) 

The determinant Δ = |[𝑘] − 𝜔2[𝑚]| of the coefficient matrix must be zero. 𝜔1 and 𝜔2 can be 

solved as [112],  

𝜔1,2 = (
1

2
[
𝑘1+𝑘eq

𝑚1
+
𝑘eq

𝑚2
∓√(

𝑘1+𝑘eq

𝑚1
+
𝑘eq

𝑚2
)
2

− 4
𝑘1𝑘eq

𝑚1𝑚2
])

1 2⁄

, (2.42) 

Pre-multiplying Eq. (2.41) by [𝑘]−1, it gives [𝐼][𝑌] = [𝑘]−1𝜔2[𝑚][𝑌]. Replacing the 𝜔 value 

with Eq. (2.42), the mode shapes of different mode [𝑌] are obtained. The normalized mode shapes 

can be calculated by assuming 𝑌1
(1) = 𝑎 and 𝑌1

(2) = 𝑎m, and express 𝑌2
(𝑖) in terms of 𝑌1

(𝑖), and it 

can be expressed as,  

[𝑌] = [
𝑌1
(1) 𝑌1

(2)

𝑌2
(1) 𝑌2

(2)
] = [

𝑎m 𝑏m

𝑎m
𝑘1+𝑘eq−𝑚1𝜔1

2

𝑘eq
𝑏m

𝑘1+𝑘eq−𝑚1𝜔2
2

𝑘eq

]. (2.43) 

Based on the orthonormalization, the constant 𝑎 and 𝑏 can be determined by normalizing [𝑌] 

as, 

[𝑌]T[𝑚][𝑌] = [𝐼], (2.44) 

and [𝑌] can be solved as,  
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[𝑌] =

[
 
 
 
 

𝑘eq

√𝑚2(𝑘1+𝑘eq−𝑚1𝜔12)2+𝑚1𝑘eq
2

𝑘eq

√𝑚2(𝑘1+𝑘eq−𝑚1𝜔22)2+𝑚1𝑘eq
2

𝑘1+𝑘eq−𝑚1𝜔1
2

√𝑚2(𝑘1+𝑘eq−𝑚1𝜔12)2+𝑚1𝑘eq
2

𝑘1+𝑘eq−𝑚1𝜔2
2

√𝑚2(𝑘1+𝑘eq−𝑚1𝜔22)2+𝑚1𝑘eq
2
]
 
 
 
 

. (2.45) 

According to the expansion theorem, the solution vector [𝑦] of Eq. (2.40) can be expressed by 

a linear combination of the normal modes, 

[𝑦] =[𝑌][𝑞], (2.46) 

where [𝑞] is the time-dependent generalized coordinate vector, and can be expressed as, 

[𝑞] = [
𝑞1(𝑡)

𝑞2(𝑡)
]. (2.47) 

Substituting Eq. (2.46) into Eq. (2.40), it gives, 

[𝑚][𝑌][𝑞̈(𝑡)] + [𝑐][𝑌][𝑞̇(𝑡)] + [𝑘][𝑌][𝑞(𝑡)] = [𝐹(𝑡)]. (2.48) 

Multiplying Eq. (2.48)  by [𝑌]T leads to, 

[𝑌]T[𝑚][𝑌][𝑞̈(𝑡)] + [𝑌]T[𝑐][𝑌][𝑞̇(𝑡)] + [𝑌]T[𝑘][𝑌][𝑞(𝑡)] = [𝑄(𝑡)], (2.49) 

where [𝑄(𝑡)] is the vector of generalized forces associated with [𝑞],  

[𝑄(𝑡)]  = [
𝑄1(𝑡)

𝑄2(𝑡)
] = [𝑌]T[𝐹(𝑡)]. (2.50) 

According to the vibration mode’s orthogonality, Eq. (2.49) can be simplified to the one 

describing the vibration corresponding to the individual vibration mode. For the 𝑖th vibration mode, 

we can have, 

𝑞𝑖̈(𝑡) + 2𝜁𝑖𝜔𝑖𝑞𝑖̇(𝑡) + 𝜔𝑖
2𝑞𝑖(𝑡) = 𝑄𝑖(𝑡),   𝑖 = 1,2, (2.51) 

Since the two equations represented by Eq. (2.51) are uncoupled. The response of the 𝑖th mode 

is similar to a single-degree-of-freedom system, and can be expressed as, 

[𝑞(𝑡)] = [
𝑞1(𝑡)
𝑞2(𝑡)

] = [
𝑒−𝜁1𝜔1𝑡(𝑞1cos(𝜔d1𝑡) + 𝑞1̇sin(𝜔d1𝑡))

𝑒−𝜁2𝜔2𝑡(𝑞2cos(𝜔d2𝑡) + 𝑞2̇sin(𝜔d2𝑡))

+
1

𝜔d1
∫ 𝑄1(𝜏 + 𝑡0)𝑒

−𝜁1𝜔1(𝑡−𝑡0−𝜏)sin(𝜔d1(𝑡 − 𝑡0 − 𝜏))𝑑𝜏
𝑡−𝑡0
0

+
1

𝜔d2
∫ 𝑄2(𝜏 + 𝑡0)𝑒

−𝜁2𝜔2(𝑡−𝑡0−𝜏)sin(𝜔d2(𝑡 − 𝑡0 − 𝜏))𝑑𝜏
𝑡−𝑡0
0

]

, (2.52) 

where 𝜔𝑖  is the natural frequency of 𝑖th mode; 𝜁𝑖  is the damping ratio of 𝑖th mode; 𝜔d𝑖  is the 

damping frequency of 𝑖th mode and the relationship between 𝜔d𝑖  and 𝜔𝑖  can be expressed as 

𝜔d𝑖
2 = (1 − 𝜁𝑖

2)𝜔𝑖
2; 𝑞1, 𝑞1̇, 𝑞2, 𝑞2̇ can be determined by the initial conditions of the time domain 

response, and at 𝑡 = 𝑡0, it yields, 
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{
 
 

 
 𝑞1̇ = [𝑒𝜁1𝜔1𝑡0 (𝑞0,1(𝑡0)𝜁1𝜔1 + 𝑞0,1̇ (𝑡0)) cos(𝜔d1𝑡0) + 𝜔d1𝑞0,1(𝑡0)sin(𝜔d1𝑡0)] 𝜔d1⁄

𝑞1 = [𝑞0,1(𝑡0)𝑒
𝜁1𝜔1𝑡0 − 𝑞1̇sin(𝜔d1𝑡0)] cos(𝜔d1𝑡0)⁄

𝑞2̇ = [𝑒𝜁2𝜔2𝑡0 (𝑞0,2(𝑡0)𝜁2𝜔2 + 𝑞0,2̇ (𝑡0)) cos(𝜔d2𝑡0) + 𝜔d2𝑞0,2(𝑡0)sin(𝜔d2𝑡0)] 𝜔d2⁄

𝑞2 = [𝑞0,2(𝑡0)𝑒
𝜁2𝜔2𝑡0 − 𝑞2̇sin(𝜔d2𝑡0)] cos(𝜔d2𝑡0)⁄

, (2.53) 

where [𝑞0(𝑡0)] and [𝑞0̇(𝑡0)] can be solved by, 

{
 

 [𝑞0(𝑡0)]  = [
𝑞0,1(𝑡0)

𝑞0,2(𝑡0)
] = [𝑌]T[𝑚][𝑦0(𝑡0)]

[𝑞0̇(𝑡0)] = [
𝑞0,1̇ (𝑡0)

𝑞0,2̇ (𝑡0)
] = [𝑌]T[𝑚][𝑦0̇(𝑡0)]

. (2.54) 

The vibration response [𝑦(𝑡)] and [𝑦̇(𝑡)] can be expressed as, 

[𝑦(𝑡)] = [
𝑦1(𝑡)
𝑦2(𝑡)

] = [
𝑌1
(1)𝑞1(𝑡) + 𝑌2

(1)𝑞2(𝑡)

𝑌1
(2)𝑞1(𝑡) + 𝑌2

(2)𝑞2(𝑡)
], (2.55) 

[𝑦̇(𝑡)] = [
𝑦1̇(𝑡)
𝑦2̇(𝑡)

] = [
𝑌1
(1)𝑞1̇(𝑡) + 𝑌2

(1)𝑞2̇(𝑡)

𝑌1
(2)𝑞1̇(𝑡) + 𝑌2

(2)𝑞2̇(𝑡)
]. (2.56) 

From Eq. (2.38), it indicates that the voltage response is related to [𝑦̇(𝑡)]  and it can be 

expressed as, 

𝑉R(𝑡) = 𝑉R(𝑡0)𝑒
−

1

𝐶p𝑅
(𝑡−𝑡0)

+ ∫
𝑑15

𝐶p
𝑘eq[𝑦2̇(𝑡) − 𝑦1̇(𝑡)]𝑒

−
1

𝐶p𝑅
(𝑡−𝑡0−𝜏)

d
𝑡−𝑡0
0

𝜏, (2.57) 

where 𝑉R(𝑡0) is the voltage from the previous time step and determined by the initial condition. 

Following the similar iteration concept in Section 2.3, it is assumed that the initial condition at 

𝑡 = 0 s is known. The period of calculation, denoted as Δ𝑡 = 𝑡𝑖+1 − 𝑡𝑖, corresponds to the subscript 

𝑖 which indicates the iteration number. For the first iteration step (𝑡 = 0 s and 𝑖 = 1), we make the 

assumption that there is no external force acting on the system. Additionally, we assume the initial 

velocity of 𝑚2  equals to the sliding speed of the friction plate 𝑣0 , and the voltage on the 

piezoelectric patch is 0, 

{
 
 

 
 
𝑦1(𝑡1) = 0

𝑦1̇(𝑡1) = 0

𝑦2(𝑡1) = 0

𝑦2̇(𝑡1) = 𝑣0
𝑉R(𝑡1) = 0

. (2.58) 

The responses 𝑦1(𝑡), 𝑦2(𝑡) and 𝑉R(𝑡) during the time period 𝑡 = 𝑡1~𝑡2 can be expressed as 

follows, 
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𝑦1(𝑡) = 𝑌1
(1)[𝑒−𝜁1𝜔1𝑡(𝑞1(𝑡1)cos(𝜔d1𝑡) + 𝑞1̇(𝑡1)sin(𝜔d1𝑡))

+
1

𝜔d1
∫ 𝑄1(𝜏 + 𝑡1)𝑒

−𝜁1𝜔1(𝑡−𝑡1−𝜏)sin(𝜔d1(𝑡 − 𝑡1 − 𝜏))𝑑𝜏
𝑡−𝑡1
0

]

+𝑌2
(1)[𝑒−𝜁2𝜔2𝑡(𝑞2(𝑡1)cos(𝜔d2𝑡) + 𝑞2̇(𝑡1)sin(𝜔d2𝑡))

+
1

𝜔d2
∫ 𝑄2(𝜏 + 𝑡1)𝑒

−𝜁2𝜔2(𝑡−𝑡1−𝜏)sin(𝜔d2(𝑡 − 𝑡1 − 𝜏))𝑑𝜏
𝑡−𝑡1
0

]

, (2.59) 

𝑦2(𝑡) = 𝑌1
(2)[𝑒−𝜁1𝜔1𝑡(𝑞1(𝑡1)cos(𝜔d1𝑡) + 𝑞1̇(𝑡1)sin(𝜔d1𝑡))

+
1

𝜔d1
∫ 𝑄1(𝜏 + 𝑡1)𝑒

−𝜁1𝜔1(𝑡−𝑡1−𝜏)sin(𝜔d1(𝑡 − 𝑡1 − 𝜏))𝑑𝜏
𝑡−𝑡1
0

]

+𝑌2
(2)[𝑒−𝜁2𝜔2𝑡(𝑞2(𝑡1)cos(𝜔d2𝑡) + 𝑞2̇(𝑡1)sin(𝜔d2𝑡))

+
1

𝜔d2
∫ 𝑄2(𝜏 + 𝑡1)𝑒

−𝜁2𝜔2(𝑡−𝑡1−𝜏)sin(𝜔d2(𝑡 − 𝑡1 − 𝜏))𝑑𝜏
𝑡−𝑡1
0

]

, (2.60) 

𝑉R(𝑡) = 𝑉R(𝑡1)𝑒
−

1

𝐶p𝑅
(𝑡−𝑡1)

+ ∫
𝑑15

𝐶p
𝑘eq[𝑦2̇(𝑡) − 𝑦1̇(𝑡)]𝑒

−
1

𝐶p𝑅
(𝑡−𝑡1−𝜏)

d
𝑡−𝑡1
0

𝜏, (2.61) 

where 𝑞1, 𝑞1̇, 𝑞2, 𝑞2̇ can be calculated as, 

{
 
 
 
 

 
 
 
 𝑞1̇(𝑡1) = [𝑒𝜁1𝜔1𝑡1 (𝑞0,1(𝑡1)𝜁1𝜔1 + 𝑞0,1̇ (𝑡1)) cos(𝜔d1𝑡1)

+𝜔d1𝑞0,1(𝑡1)sin(𝜔d1𝑡1)]/𝜔d1

𝑞1(𝑡1) = [𝑞0,1(𝑡1)𝑒
𝜁1𝜔1𝑡1 − 𝑞1̇(𝑡1)sin(𝜔d1𝑡1)] cos(𝜔d1𝑡1)⁄

𝑞2̇(𝑡1) = [𝑒𝜁2𝜔2𝑡1 (𝑞0,2(𝑡1)𝜁2𝜔2 + 𝑞0,2̇ (𝑡1)) cos(𝜔d2𝑡1)

+𝜔d2𝑞0,2(𝑡1)sin(𝜔d2𝑡1)]/𝜔d2

𝑞2(𝑡1) = [𝑞0,2(𝑡1)𝑒
𝜁2𝜔2𝑡1 − 𝑞2̇(𝑡1)sin(𝜔d2𝑡1)] cos(𝜔d2𝑡1)⁄

, (2.62) 

and [𝑞0(𝑡1)] and [𝑞0̇(𝑡1)]  can be solved from the vibration response of the last iteration step, 

{
 

 [𝑞0(𝑡1)] = [
𝑞0,1(𝑡1)

𝑞0,2(𝑡1)
] = [𝑌]T[𝑚][𝑦(𝑡1)] = [𝑌]

T[𝑚] [
𝑦1(𝑡1)
𝑦2(𝑡1)

]

[𝑞0̇(𝑡1)]   = [
𝑞0,1̇ (𝑡1)

𝑞0,2̇ (𝑡1)
] = [𝑌]T[𝑚][𝑦̇(𝑡1)] = [𝑌]

T[𝑚] [
𝑦1̇(𝑡1)
𝑦2̇(𝑡1)

]

, (2.63) 

and [𝑄(𝜏 + 𝑡1)] can be expressed as, 

[𝑄(𝜏 + 𝑡1)] = [
𝑄1(𝜏 + 𝑡1)

𝑄2(𝜏 + 𝑡1)
] = [𝑌]T [

0
𝐹f(𝜏 + 𝑡1) + 𝐹p(𝜏 + 𝑡1)

], (2.64) 

Following the similar idea, when the time is in the period 𝑡 = 𝑡𝑖~𝑡𝑖+1 , tee vibration and 

voltage response can be expressed as, 
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𝑦1(𝑡) = 𝑌1
(1)[𝑒−𝜁1𝜔1𝑡(𝑞1(𝑡𝑖)cos(𝜔d1𝑡) + 𝑞1̇(𝑡𝑖)sin(𝜔d1𝑡))

+
1

𝜔d1
∫ 𝑄1(𝜏 + 𝑡𝑖)𝑒

−𝜁1𝜔1(𝑡−𝑡𝑖−𝜏)sin(𝜔d1(𝑡 − 𝑡𝑖 − 𝜏))𝑑𝜏
𝑡−𝑡𝑖
0

]

+𝑌2
(1)[𝑒−𝜁2𝜔2𝑡(𝑞2(𝑡𝑖)cos(𝜔d2𝑡) + 𝑞2̇(𝑡𝑖)sin(𝜔d2𝑡))

+
1

𝜔d2
∫ 𝑄2(𝜏 + 𝑡𝑖)𝑒

−𝜁2𝜔2(𝑡−𝑡𝑖−𝜏)sin(𝜔d2(𝑡 − 𝑡𝑖 − 𝜏))𝑑𝜏
𝑡−𝑡𝑖
0

]

, (2.65) 

𝑦2(𝑡) = 𝑌1
(2)[𝑒−𝜁1𝜔1𝑡(𝑞1(𝑡𝑖)cos(𝜔d1𝑡) + 𝑞1̇(𝑡𝑖)sin(𝜔d1𝑡))

+
1

𝜔d1
∫ 𝑄1(𝜏 + 𝑡𝑖)𝑒

−𝜁1𝜔1(𝑡−𝑡𝑖−𝜏)sin(𝜔d1(𝑡 − 𝑡𝑖 − 𝜏))𝑑𝜏
𝑡−𝑡𝑖
0

]

+𝑌2
(2)[𝑒−𝜁2𝜔2𝑡(𝑞2(𝑡𝑖)cos(𝜔d2𝑡) + 𝑞2̇(𝑡𝑖)sin(𝜔d2𝑡))

+
1

𝜔d2
∫ 𝑄2(𝜏 + 𝑡𝑖)𝑒

−𝜁2𝜔2(𝑡−𝑡𝑖−𝜏)sin(𝜔d2(𝑡 − 𝑡𝑖 − 𝜏))𝑑𝜏
𝑡−𝑡𝑖
0

]

, (2.66) 

𝑉R(𝑡) = 𝑉R(𝑡𝑖)𝑒
−

1

𝐶p𝑅
(𝑡−𝑡i)

+ ∫
𝑑15

𝐶p
𝑘eq[𝑦2̇(𝑡) − 𝑦1̇(𝑡)]𝑒

−
1

𝐶p𝑅
(𝑡−𝑡𝑖−𝜏)

d
𝑡−𝑡𝑖
0

𝜏. (2.67) 

 

2.5 Piezoelectric-coupled beam for energy generation 

Based on the Euler–Bernoulli beam theory, the vibration governing equation of a uniform 

cantilever beam can be expressed as: 

𝜌𝐴(𝑥)
𝜕2𝑤(𝑥,𝑡)

𝜕𝑡2
+

𝜕2

𝜕𝑥2
[𝐸𝐼(𝑥)

𝜕2𝑤(𝑥,𝑡)

𝜕𝑡2
+ 𝐶𝑠𝐼(𝑥)

𝜕3𝑤(𝑥,𝑡)

𝜕𝑥2𝜕𝑡
] = 𝐹f(𝑥, 𝑡), (2.68) 

where 𝑥  is the position variable along the length of the beam, 𝑡  is the time variable, 𝜌 is the 

equivalent mass density, 𝐴(𝑥) is cross-sectional area, 𝑤(𝑥, 𝑡)is the displacement function, 𝐸 is the 

equivalent elastic modulus, 𝐼(𝑥) is the second moment of area, 𝐶𝑠  is the strain rate damping 

coefficient, 𝐹f(𝑥, 𝑡) is the friction. 

It is noted that the piezoelectric cantilever is partially coated with piezoelectric patch. 

Therefore, the distributed stiffness, mass per length, and the second moment of area are different 

at the coating region and can be written as (𝐸𝐼)′, (𝑚′), and (𝐼′), leading to the following governing 

equation for the piezoelectric-coated section,  

(𝑚′)
𝜕2𝑤(𝑥,𝑡)

𝜕𝑡2
+

𝜕2

𝜕𝑥2
[(𝐸𝐼)′

𝜕2𝑤(𝑥,𝑡)

𝜕𝑥2
+ 𝐶𝑠(𝐼

′)
𝜕3𝑤(𝑥,𝑡)

𝜕𝑥2𝜕𝑡
] = 𝐹f(𝑥, 𝑡). (2.69) 

Defining the elastic modulus of the aluminum and piezoelectric material (PZT) as 𝑟bp = 𝐸 𝐸p⁄ ; 

the distance from the top of PZT to the neutral axis as ℎpa =

(ℎ2 + 2𝑟bpℎ𝐻 + 𝑟bp𝐻
2) (2ℎ + 2𝑟bp𝐻)⁄ ; the distance from the bottom of the aluminum beam to 

the neutral axis as ℎsa = (ℎ2 + 2ℎ𝐻 + 𝑟bp𝐻
2) (2ℎ + 2𝑟bp𝐻)⁄ ; the distance from the center of the 
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PZT layer to the neutral axis as ℎpc = (𝑟bpℎ𝐻 + 𝑟bp𝐻
2) (2ℎ + 2𝑟bp𝐻)⁄ ; the equivalent stiffness 

as (𝐸𝐼)′ = 𝐸𝐼b + 𝐸p𝐼pzt; the mass per length as 𝑚′ = 𝜌𝐻𝑏 + 𝜌′ℎ𝑏p; the second moment of area 

𝐼′ = 𝐼b + 𝐼pzt; and the moment of inertia of the aluminum beam 𝐼b and piezoelectric material 𝐼pzt 

can be expressed as [113], 

𝐼b =
𝑏((ℎpa−ℎ)

3−(−ℎsa)
3)

3
, (2.70) 

𝐼pzt =
𝑏p(ℎpa

3−(ℎpa−ℎ)
3)

3
, (2.71) 

where 𝐻 and ℎ are the thickness of aluminum beam and piezoelectric material; 𝑏 and 𝑏p are the 

width of the aluminum beam and piezoelectric material; 𝜌 and 𝜌′ are the density of aluminum and 

piezoelectric material, respectively. 

𝑤(𝑥, 𝑡) in Eq. (2.68) can be decomposed into two parts using the mode superposition method, 

𝑤(𝑥, 𝑡) = ∑ 𝑊𝑛(𝑥)𝑞𝑛(𝑡)
∞
𝑛=1 , (2.72) 

and the subscript 𝑛 = 1, 2, 3, … ,∞ denotes the mode shape number. 𝑊𝑛(𝑥) is the 𝑛th mode shape 

function, and 𝑞𝑛(𝑡) is referred to as the generalized coordinate. As the system is proportionally 

damped, eigenfunction 𝑊𝑛(𝑥) are the normal mode eigenfunction of the corresponding undamped 

free vibration problem [113]. To properly solve the dynamic response of the piezoelectric-coupled 

cantilever, 𝑤(𝑥, 𝑡), the displacement function of the beam in Eq. (2.72) is divided into three 

sections: a piezoelectric-coated section in the middle (𝐿1 ≤ 𝑥 ≤ 𝐿2), and two non-coated sections 

(0 ≤ 𝑥 < 𝐿1 and 𝐿2 < 𝑥 ≤ 𝐿). The detailed mode shape functions of the separated beam sections 

and the boundary conditions are provided in Appendix A. This method can be expanded to model 

a continuum beam with multiple sections and piezoelectric patches. 

It should be noted that the bending moment 𝑀e induced by the piezoelectric patch, which is 

related to the voltage 𝑉p  across the piezoelectric material along its poling direction, can be 

obtained by the following equation [114], 

𝑀e = [
𝐸𝐻𝑏

(𝜓+𝜑)

𝑑31𝑉p

ℎ
]
𝐻−ℎ

2
, (2.73) 

where 𝜓 = (𝐸𝐻) (𝐸𝑝ℎ)⁄ , and 𝜑 = 6. 𝑑31 is the piezoelectric coefficient. 

To model the piezoelectric coupling effect on the mechanical vibration response of the beam, 

the bending moment 𝑀e is simulated as two point loads with opposite directions at 𝑥 = 𝐿1 and 

𝑥 = 𝐿2. The amplitudes of the loads are the same and can be calculated by 2𝑀e/𝑑𝑥. Substituting 

Eq. (2.72) into Eq. (2.68) and add the coupling terms, Eq. (2.68) can be written as, 
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𝜌𝐴(𝑥)∑ 𝑊𝑛(𝑥)
𝜕2𝑞𝑛(𝑡)

𝜕𝑡2
∞
𝑛=1

+
𝜕2

𝜕𝑥2
[𝐸𝐼(𝑥)∑ 𝑞𝑛(𝑡)

𝜕2𝑊𝑛(𝑥)

𝜕𝑥2
∞
𝑛=1 + 𝐶𝑠𝐼(𝑥) ∑

𝜕𝑞𝑛(𝑡)

𝜕𝑡

𝜕2𝑊𝑛(𝑥)

𝜕𝑥2
∞
𝑛=1 ]

−[𝐹p,1(𝑥, 𝑡) + 𝐹p,2(𝑥, 𝑡) + 𝐹p,3(𝑥, 𝑡) + 𝐹p,4(𝑥, 𝑡)] = 𝐹f(𝑥, 𝑡)

, (2.74) 

where 𝐹p,1(𝑥, 𝑡), 𝐹p,2(𝑥, 𝑡), 𝐹p,3(𝑥, 𝑡), and 𝐹p,4(𝑥, 𝑡) represent the equivalent point loads.  

The constitutive relation for piezoelectric material can be expressed as follows: 

𝐷3(𝑥, 𝑡) = 𝑑31𝑇1(𝑥, 𝑡) + 𝜀33
T 𝐸3(𝑡). (2.75) 

Rearranging Eq. (2.75) to express axial stress 𝑇1 in terms of bending strain 𝑆1 and Young’s 

modulus of PZT (𝐸𝑝 = 1 𝑠11
E⁄ ), the permittivity component must be replaced by permittivity at 

constant strain, which is given by 𝜀33
S = 𝜀33

T − 𝑑31
2 𝐸𝑝. Replacing 𝐸3(𝑡) with −𝑉p(𝑡) ℎ⁄ , Eq. (2.75) 

can be written as, 

𝐷3(𝑥, 𝑡) = 𝑑31𝐸p𝑆1(𝑥, 𝑡) − 𝜀33
S 𝑉p(𝑡)

ℎ
. (2.76) 

The bending strain 𝑆1(𝑥, 𝑡) at position x and time t in the PZT layer can be expressed as a 

function of the distance of the center of the PZT layer in the thickness direction to the neutral axis 

and curvature of the beam at position 𝑥 and time 𝑡: 

𝑆1(𝑥, 𝑡) = −ℎpc
𝜕2𝑤(𝑥,𝑡)

𝜕𝑥2
. (2.77) 

Eq. (2.76) can be written as, 

𝐷3(𝑥, 𝑡) = −𝑑31𝐸pℎpc
𝜕2𝑤(𝑥,𝑡)

𝜕𝑥2
− 𝜀33

S 𝑉p(𝑡)

ℎ
. (2.78) 

The electric charge 𝑄p(𝑡) developed in the PZT and collected by the electrode can be obtained 

by integrating the electric displacement over the electrode area as, 

𝑄p(𝑡) = −∫ [𝑑31𝐸pℎpc𝑏p
𝜕2𝑤(𝑥,𝑡)

𝜕𝑥2
+ 𝜀33

S 𝑏p
𝑉p(𝑡)

ℎ
]

𝐿2
𝐿1

𝑑𝑥. (2.79) 

Then, the current generated by the PZT can be given by, 

𝐼p(𝑡) =
𝑑𝑄p(𝑡)

𝑑𝑡
= −∫ [𝑑31𝐸pℎpc𝑏p

𝜕3𝑤(𝑥,𝑡)

𝜕𝑥2𝜕𝑡
] 𝑑𝑥

𝐿2
𝐿1

−
𝜀33
S 𝑏p(𝐿2−𝐿1)

ℎ

𝑑𝑉p(𝑡)

𝑑𝑡
. (2.80) 

The voltage is also related to the equivalent resistance 𝑅 from the measuring device. Then, the 

voltage is expressed as, 

𝑉p(𝑡) = 𝐼p(𝑡)𝑅 = −𝑅 ∫ [𝑑31𝐸pℎpc𝑏p
𝜕3𝑤(𝑥,𝑡)

𝜕𝑥2𝜕𝑡
] 𝑑𝑥

𝐿2
𝐿1

− 𝑅
𝜀33
S 𝑏p(𝐿2−𝐿1)

ℎ

𝑑𝑉p(𝑡)

𝑑𝑡
. (2.81) 

Eq. (2.75) can be written as, 
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𝜀33
S 𝑏p(𝐿2−𝐿1)

ℎ

𝑑𝑉p(𝑡)

𝑑𝑡
+
𝑉p(𝑡)

𝑅
+ ∫ [𝑑31𝐸pℎpc𝑏p

𝜕3𝑤(𝑥,𝑡)

𝜕𝑥2𝜕𝑡
] 𝑑𝑥

𝐿2
𝐿1

= 0, (2.82) 

Coupling Eqs. (2.74) and (2.82), the transient vibration response of the beam and the dynamic 

voltage output can be solved through modal analysis and an iteration calculation process, which is 

described in detail in Appendix B. Eqs. (B.14) and (B.15) show the solutions of mechanical and 

electrical dynamics responses. 

 

2.6 Energy generation evaluation via transient charging 

To evaluate the energy generation process, a transient charging simulation that has been 

experimentally validated is used [115]. The piezoelectric transient charging circuit depicted in 

Figure 2-3, consists of an equivalent resistor connected in parallel with the piezoelectric patch, 

four Schottky diodes, a toggle switch, and a storage capacitor 𝐶s. An example of dynamic output 

during charging is shown in Figure 2-4. 

 

 
Figure 2-3 Charging circuit. 

 

   
(a) (b) (c) 

Figure 2-4 Dynamic output during charging. (a) 𝑉p. (b) 𝑉s. (c) 𝑃e. 
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At the beginning of the process, the toggle switch is open, and the voltage across the storage 

capacitor 𝑉s = 0. The voltage across the piezoelectric patch 𝑉p is equal to the voltage across the 

equivalent resistor 𝑉R. Once the toggle switch is closed, the Schottky diodes allow current to pass 

through only if |𝑉p(𝑡𝑖)| ≥ 𝑉s(𝑡𝑖−1). To prevent current from flowing back to the piezoelectric 

material, an ideal diode bridge circuit is used as a logic switch to allow current to flow in one 

direction only. If |𝑉p(𝑡𝑖)| < 𝑉s(𝑡𝑖−1), the diodes do not conduct and the charge stored in the 

capacitor is maintained, resulting in 𝑉s(𝑡𝑖) remaining equal to its previous value 𝑉s(𝑡𝑖−1). To 

simulate the charging process of the storage capacitor, an iterative calculation is used and solved 

by, 

𝑄̃(𝑡𝑖) = 𝑉p𝐶p = 𝑉p(𝑡𝑖)𝐶p, (2.83) 

𝑄̃(𝑡𝑖) = |𝑄p(𝑡𝑖)| + 𝑄′s(𝑡𝑖), (2.84) 

𝑄s(𝑡𝑖) = 𝑄s(𝑡𝑖−1) + 𝑄′s(𝑡𝑖). (2.85) 

At 𝑡 = 𝑡𝑖, the total charge generated on the piezoelectric material, taking into account charging 

dissipation in electric resistance, is denoted by 𝑄̃(𝑡𝑖). |𝑄p(𝑡𝑖)| and 𝑄′s(𝑡𝑖) represent the charge on 

the piezoelectric material and the newly added charge to the storage capacitor, respectively. The 

variable 𝑄s(𝑡𝑖) represents the accumulated charge on the storage capacitor until the 𝑡 = 𝑡𝑖. The 

term |𝑄p(𝑡𝑖)| indicates the rectification of the diode bridge circuit. The voltages across the storage 

capacitor 𝑉s(𝑡𝑖) and the piezoelectric material 𝑉p(𝑡𝑖) are calculated as follows. 

First, the voltage on the piezoelectric material at the time 𝑡𝑖 is assumed to be equal to 𝑉R(𝑡𝑖), 

and can be expressed as, 

𝑉p(𝑡𝑖) =
𝑄̃(𝑡𝑖)

𝐶p
. (2.86) 

Judging the charging state by comparing the value with 𝑉s(𝑡𝑖−1), then, the charges on the 

piezoelectric patch and the storage capacitor during the charging state can be obtained as: 

𝑄p(𝑡𝑖) =
𝐶p(𝑄s(𝑡𝑖−1)+𝑄̃(𝑡𝑖))

𝐶s+𝐶p
, (2.87) 

𝑄s(𝑡𝑖) = 𝑄s(𝑡𝑖−1) + 𝑄′s(𝑡𝑖) = 𝑄s(𝑡𝑖−1) +
𝑄̃(𝑡𝑖)𝐶s−𝐶p𝑄s(𝑡𝑖−1)

𝐶s+𝐶p
. (2.88) 

For the non-charging state, the charges on the piezoelectric patch and the storage capacitor 

during the charging state can be obtained as: 
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𝑄p(𝑡𝑖) = {
𝑄̃(𝑡𝑖),    𝑡𝑖−1: Non-cearging

𝑄p(𝑡𝑖−1),    𝑡𝑖−1: Cearging
. (2.89) 

The voltages 𝑉p,𝑖 and 𝑉s,𝑖 are as follows, 

𝑉p(𝑡𝑖) =
𝑄p(𝑡𝑖)

𝐶p
, (2.90) 

𝑉s(𝑡𝑖) =
𝑄s(𝑡𝑖)

𝐶p
. (2.91) 

The circuit will not be charging if the voltage on the storage capacitor is higher than 95% of 

the peak steady-state voltage of the piezoelectric patch. Then, the electrical power output during 

the charging process, 𝑃e(𝑡𝑖), can be solved by, 

𝑃e(𝑡𝑖) =
1

2

𝐶s(𝑉s
2(𝑡𝑖)−𝑉s

2(𝑡𝑖−1))

∆𝑡
. (2.92) 

The RMS (Root mean square value) of the charging power from time 0 to 𝑇 is given as: 

𝑃e
RMS = √

1

𝑇
∫ [𝑃e(𝑡)]2𝑑𝑡
𝑇

0
. (2.93) 

 

2.7 Summary of modeling methods 

The fundamental modeling and methods studying piezoelectric energy generation are 

introduced in this chapter. The piezoelectric constitutive equations introduced in Section 2.1 are 

employed to illustrate the electromechanical behavior of piezoelectric materials under linear elastic 

deformation. The friction model described in Section 2.2 is utilized to depicts the dynamic 

frictional behaviors under FIV. Precise modeling of both stick state and slip state frictional 

behaviors is considered using the Karnopp and Stribeck friction models. 

The modeling of a single-degree-of-freedom (SDOF) piezoelectric-coupled energy generation 

system under friction is depicted in Section 2.3, based on which an extended two-degree-of-

freedom (2DOF) piezoelectric-coupled energy generation system under friction is then 

demonstrated in Section 2.4. These models are used to study the dynamics, mechanical responses, 

and piezoelectric charging of discrete systems under FIV. Furthermore, the dynamic model of a 

piezoelectric-coupled continuum beam under friction with continuously varying responses in 

space domain is presented in Section 2.5. The transient charging method described in Section 2.6, 

which is originated from previous literature, is utilized for piezoelectric energy generation 

evaluation.  
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However, the abovementioned modeling process is based on optimal environmental conditions 

and does not account for the effects of temperature and humidity. These environmental factors can 

possibly affect the performance of PEGs. Variations in temperature and humidity can alter the 

material properties of the PEG, which in turn can affect its performance. To simulate the effects 

of temperature and humidity on PEGs, varying material properties based on temperature-

dependent equations and humidity effects need to be considered for analytical modeling. Finite 

Element Analysis (FEA) allow for thermal-mechanical and thermal-electric-structural coupling, 

enabling analysis of how environmental changes impact the PEG's performance. The effects of 

environment will be considered in my future study.  

The inclusion of nonlinear friction introduces complexities that affect the energy generation 

capabilities and overall performance of different piezoelectric-coupled systems. Exploring the 

interplay among mechanical motion, piezoelectric effect, and nonlinear friction in different 

systems is crucial for gaining valuable insights into the design and operation of such systems. The 

experimental validations of these models and parameter studies based them will be presented in 

the following chapters.  
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Chapter 3 Piezoelectric energy generation of 
vehicle braking system 

 

 

 

 

In this chapter, a novel piezoelectric energy generator embedded in vehicle brake pads and 

excited by magnetic repulsion is developed. Parameter study considering the dimensional and 

material properties of the piezoelectric stack and braking conditions of vehicle is performed to 

optimize the design. The modeling methods depicted in Sections 2.1 and 2.6 are utilized in this 

chapter.  
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3.1 System design 

Figure 3-1 illustrates the schematic design of an integrated vehicle braking system 

incorporating piezoelectric energy generator. The assembly of the braking system, the slotted 

brake rotor, the brake pad assembly, and the piezoelectric energy generator are depicted in Figure 

3-1(a)-(d), respectively. The slotted rotor, chosen for this study, is specifically designed to 

dissipate friction heat and gas, ensuring consistent braking performance. The brake pad comprises 

three layers: a backing plate, a bonding adhesive, and a friction block. The energy generators are 

embedded in the brake pad, as shown in Figure 3-1(c). The piezo stack ends are affixed to the 

backing plate, while magnets are attached to the piezo stack. The top holes in the friction block 

have the same diameter as the cylindrical magnet. Figure 3-1(d) provides an illustration of the 

piezoelectric energy generator, which consists of a piezo stack and a magnet. The previous 

literature studied the life time of piezoelectric stack by evaluating the degradation, and less than 

5% of degradation was found within the first 10 billion cycles [116]. It proved the possibility of 

using piezoelectric stack for energy generation in practical operation. The purposed energy 

generator for vehicle braking system is still under conceptual and preliminary design stage. To 

ensure the actual application of the proposed system, a special protection layer, like a thin rubber 

between the piezoelectric material and the neighbor mechanical parts, needs to be designed during 

the prototype manufacturing stage. As the rotor rotates, a magnetic repulsion is generated between 

the embedded magnets in the brake rotor and the brake pads. During the braking process, the 

braking performance is mainly affected by the coefficient of friction of brake pads and the 

clamping force. The coefficient of friction of brake pads ranges from 0.3-0.5. The clamping force 

from a single caliper can easily reach 5000-10000 N, and performance braking system such as 

Brembo can achieve even higher clamping force using multiple pistons [117], [118]. The clamping 

force generated from the hydraulic braking system during the braking process is much higher than 

the magnetic repulsion in our designed energy generator. Therefore, it will not affect the braking 

performance of a vehicle. 
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(a) (b) 

  

(c) (d) 

Figure 3-1 Schematic diagram and geometries of the novel braking system. (a) Disk brake 

assembly. (b) Brake rotor. (c) Brake pad assembly. (d) Piezoelectric energy generator. 

 

3.2 Voltage generation  

3.2.1 Energy generation using magnetic repulsion during vehicle braking process 

A mathematical model is developed to explain the principle of the energy harvesting system 

using magnetic repulsion during the vehicle braking process. Figure 3-2(a) demonstrates how the 

magnets in the brake pad and brake rotor move close to each other during the braking process. The 

magnet embedded in the brake rotor acts as the actuator. The magnetic repulsion increases 

exponentially while the brake pad and the actuator move close to each other. With dynamic rotation 

of the brake rotor, the force changes periodically with the change of the magnets’ overlapping area, 

which induces dynamic tension and compression deformation on the piezoelectric stack, leading 

to the generation of electric charge.  
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(a) 

 

(b) 

Figure 3-2 Principle of the energy harvesting system using magnetic repulsion during the vehicle 

braking process. (a) Vertical displacement of the cylindrical magnet. (b) Poling direction and 

terminals of PZT. 

 

During the braking process, we assume that the brake pad makes contact with the smooth 

surface of the brake rotor, forming a separation gap of 1 mm between the rotor and brake pad 

magnets. We also assume the rotor moves at speed 𝑣. The horizontal relative displacement 𝑆 of 

the cylindrical magnet in the brake rotor is, 

𝑆 = 𝑣𝑡. (3.1) 

Following the method in [119], the magnetic repulsion 𝐹rpl between two cylindrical magnets 

as a function of their separation gap can be written as: 

𝐹rpl(𝑥) =
𝜋𝑟2𝐵0

2

2𝜇0
[

2(𝑥+𝑡)

√(𝑥+𝑡)2+𝑟2
−

𝑥+2𝑡

√(𝑥+2𝑡)2+𝑟2
−

𝑥

√𝑥2+𝑟2
]. (3.2) 

However, for small values of 𝑥, the result from Eq. (3.2) becomes inaccurate and large [120]. 

Most of the theoretical magnetic repulsion calculation models are simplified with different 

assumptions and the results often fail to match with experimentally measured data. In this study, 

𝐹rpl is calculated using the magnetic repelling force calculator based on experiment data which 
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provide us with an accurate result [121]. The reaction force on the piezoelectric stack can be 

expressed in a piecewise function with respect to the overlapping area of the two magnets [122], 

𝐹(𝑡) =

{
 
 

 
 2 × ((

𝐷

2
)2𝑐𝑜𝑠−1 (

𝐷−𝑆

𝐷
) −

(𝐷−𝑆)𝐷

4
√1 − (

𝐷−𝑆

𝐷
)2) × 𝐹𝑟𝑝𝑙 ,   0 < 𝑆 ≤

𝐷

2

2 × ((
𝐷

2
)2𝑐𝑜𝑠−1 (

𝑆−𝐷

𝐷
) −

(𝑆−𝐷)𝐷

4
√1 − (

𝐷−𝑆

𝐷
)2) × 𝐹𝑟𝑝𝑙 ,   

𝐷

2
< 𝑆 ≤ 𝐷

0,   𝐷 < 𝑆 ≤ 𝐵𝑆

, (3.3) 

where 𝐷 is the diameter of the magnet; 𝐵𝑆 is the arc length between two slots in the rotor. The 

reaction force 𝐹(𝑡) is a piecewise periodic function. We expanded it in the Fourier series for our 

calculation to improve the calculation efficiency because the iteration calculation in Matlab using 

the analytical expression is faster than numerical integration. The Fourier series expansion is,  

𝐹𝑒(𝑡) =
𝑎0

2
+ ∑ 𝑎𝑗 cos 𝑗𝜔𝑡

∞
𝑗=1 + ∑ 𝑏𝑗 sin 𝑗𝜔𝑡

∞
𝑗=1 , (3.4) 

𝑎𝑗 =
2

𝜏
∫ 𝐹(𝑡) cos 𝑗𝜔𝑡 𝑑𝑡
𝜏

0
,   𝑗 = 0, 1, 2, …, (3.5) 

𝑏𝑗 =
2

𝜏
∫ 𝐹(𝑡) sin 𝑗𝜔𝑡 𝑑𝑡
𝜏

0
,   𝑗 = 1, 2, …, (3.6) 

where 𝜏 is the period; 𝑎𝑗 and 𝑏𝑗 are the Fourier coefficients, respectively. 

In this work, we consider a piezoelectric patch with a poling direction along its thickness 

(direction 3) Figure 3-2(b). The PZT is under tension or compression deformation subjected to 

normal stress along the poling direction. The electrodes are located along 3-axis on the top and 

bottom surfaces of each piezoelectric layer. The generated voltage on the piezoelectric material 

can be expressed as, 

𝑉(𝑡) = 𝑒
−𝑡

𝑅𝐶𝑝
−𝑑33

𝐶p
∫ 𝑒

𝑡

𝑅𝐶𝑝
𝑡

0

𝑑𝑇3

𝑑𝑡
𝑑𝑡, (3.7) 

where 𝑇3 is the normal stress along direction 3. It can be solved by 𝑇3 = 𝐹𝑒(𝑡)/𝐴pzt, and 𝐴pzt is the 

cross-sectional area of the piezoelectric material. The transient generated charge 𝑄g  can be 

calculated with Eq. (2.83). 

 

3.2.2 Experimental verification of voltage output 

In order to verify the output voltage from the numerical method, experimental tests of the 

voltage output from a piezoelectric patch are performed using an impact hammer. The excitation 

force from the impact hammer is to simulate the reaction force on the piezoelectric stack when the 

magnetic repulsion changes rapidly as a result of the changing overlapping area. The arc length 
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between the two slots is around 2.6 cm with 20 slots in the rotor and the distance from the rotor 

center to the actuator center (𝑅𝐶𝐴𝐶) of 82.5 mm. At 80 km/h (22.2 m/s) and a tire radius of 35 cm, 

the angular speed of the rotor is around 63.5 rad/s, and the speed at the 𝑅𝐶𝐴𝐶 of 82.5 mm is 5.24 

m/s. It takes around 0.00496 s to pass the arc length between two slots and 0.0015 s to pass the 

embedded magnet. While the impact period in the experiment is between 0.001 s to 0.003 s, the 

experiment result should be valid to verify the voltage output in our mathematical model under 

different conditions. The experimental test setup is shown in Figure 3-3. The data acquisition 

system is a four-channel Siemens LMS SCADAS mobile integrated with LMS TestLab [123]. An 

impact hammer with a force sensor (208C01) attached to its tip is used to apply the impact force 

on the piezoelectric patch [124]. The material properties and dimensions of the piezoelectric patch 

used in the experiment are: 𝑑33 = 400 × 10
−12 C/N, 𝑂𝐷 = 12.7 mm and ℎ = 1 mm [125]. The 

comparison of output voltage versus time from experiments and simulations under different 

excitations is shown in Figure 3-4, Figure 3-5, and Figure 3-6. In the simulation, a piecewise cubic 

hermite interpolating polynomial is applied for curve fitting the experimental discrete input force, 

and the corresponding output voltage is calculated using Eq. (3.7). The resistance 𝑅 in Eq. (3.7) is 

used to simulate the charge dissipation of the piezoelectric system connecting the voltage meter. 

From the experimental results, it can be seen that the piezo-voltage output does not follow the 

mechanical inputs precisely due to the charge/potential dissipation in the piezoelectric material 

and the measuring device. Figure 3-4 illustrates different values and excitation periods of the 

reaction forces on the single piezoelectric patch. To further prove the model accuracy, two more 

voltage output validation experiments by connecting two and three patches in series are conducted 

to verify the output voltage from the numerical method. The theoretical voltage output model can 

hence be validated with experiments using different numbers of piezoelectric patches. The voltage 

variations obtained from simulations and experiments match well with each other with 𝑅 = 1.8 

MΩ, which is the equivalent resistance of the voltage measurement system. This proves the 

accuracy and effectiveness of the voltage output from Eq. (3.7).  
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(a) 

 
(b) 

 
(c) 

Figure 3-3 Experimental test setup. (a) Piezoelectric single patch dimension. (b) Piezoelectric 

patch connected in series. (c) Experimental setup. 
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(a) 

   
(b) 

  
(c) 

Figure 3-4  Comparison of curves of output voltage versus time from experiments and simulations 

under different impulse excitations with one patch. (a) 24.876 N input and voltage output with one 

patch. (b) 30.190 N input and voltage output with one patch. (c) 30.105 N input and voltage output 

with one patch. 
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(a) 

   
(b) 

Figure 3-5 Comparison of curves of output voltage versus time from experiments and simulations 

under different impulse excitations with two patches connect in series. (a) 18.21 N input and 

voltage output with two patch stack in-series. (b) 24.73 N input and voltage output with two patch 

stack in-series. 

 

   
(a) 
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(b) 

Figure 3-6 Comparison of curves of output voltage versus time from experiments and simulations 

under different impulse excitations with three patches connect in series. (a) 14.61 N input and 

voltage output with three patch stack in-series. (b) 16.47 N input and voltage output with three 

patch stack in-series. 

 

3.3 Parameter studies and discussion 

In this section, we investigate the influences of the dimensional and material properties of the 

piezoelectric patch, the vehicle speed, the magnetic force, the diameter of the cylindrical magnet, 

the capacitance of the storage capacitor, and the distance between the rotor center and the energy 

generator center on the charging power. The transient charging simulation described in Section 2.6 

will be used to evaluate the energy generation process. The dimensions and material properties of 

the piezoelectric patch are provided in Table 3-1. For material PMN-PT-B, the following material 

property values will be used in calculations: 𝐾33
𝑇  = 6000, 𝑑33 = 300. 

A piezoelectric stack connected in parallel is considered in the study. Compared with a 

piezoelectric stack connected in series, which offers larger voltage output and less current, a 

piezoelectric stack connected in parallel provides much larger electrode area with higher electric 

current, which is beneficial for charging capacitor [126]. The piezoelectric stack connected in 

parallel system decreases the voltage but increases the current for charging the capacitor. The 

experiment study with different numbers of patches is for verifying the voltage output model. The 

piezoelectric stack connected in parallel will be used for parameter study and simulation to 

evaluate the performance of the purposed energy generator. 
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Table 3-1 Material properties and dimensions of the piezoelectric patch. 

 APC 850 (PZT4) PMN-PT-B (PT=0.3-0.33) 

𝐾33
𝑇  1900 5500-6500 

𝑑33 (10-12 C/N) 400 2000-3500 

𝜀0 (10-12 F/m) 8.85 8.85 

𝑃𝑂𝐷 (mm) 8-12 8-12 

ℎ (mm) 0.25-0.6 0.25-0.6 

n (number of layers)  80 80 

 

3.3.1 Parameter studies 

Figure 3-7 displays the RMS charging power versus the vehicle speed under different magnetic 

repulsion conditions while charging a storage capacitor 𝐶𝑠 = 100 µF. The abbreviations used in the 

parameter studies are defined as follows: 𝑉𝑆 for vehicle speed, 𝑀𝐹 for magnetic force, 𝑆𝑙𝑜𝑡 for 

slot number in rotor, 𝑃𝑇 for piezo layer thickness, 𝐴𝐷 for actuator diameter, 𝐿𝑎𝑦𝑒𝑟 for number of 

layers, 𝑃𝑂𝐷 for piezo layer diameter, and 𝑅𝐶𝐴𝐶 for rotor center to actuator center. Considering 

practical vehicle operation condition, the parameters in this simulation are set to be: 𝐴𝐷 = 8 mm, 

ℎ = 0.25 mm, 𝑛 = 80, 𝑂𝐷 = 8 mm and 𝑅𝐶𝐴𝐶 = 82.5 mm with 𝑉𝑆 changing from 80 km/h to 160 

km/h under different magnetic repulsion conditions. It can be observed that the RMS charging 

power increases linearly with the increase in vehicle speed under the same magnetic force 

condition. The RMS values also increase with the increase of magnetic force under the same 

vehicle speed condition. It is easy to find from Eq. (3.1) and Eq. (3.3) that the higher vehicle speed 

leads to a higher excitation frequency of the magnetic force applied to the piezoelectric stack, 

resulting in an increase in the output charge. The higher magnetic force leads to a higher reaction 

force to the piezoelectric stack and the deformation of the piezoelectric material, which contributes 

to the higher power output. It is found that the RMS charging power from a single piezo-generator 

increases from 0.00028 W to 0.00050 W when the vehicle speed changes from 80 km/h to 160 

km/h with the magnetic force of 15.48 N, while the RMS value from a single piezo-generator 

increases from 0.00028 W to 0.00032 W when the magnetic force changes from 15.48 N to 16.73 

N at a vehicle speed of 80 km/h. The total RMS power of one brake caliper with thirty-six 

piezoelectric generators under 160 km/h and 40 N magnetic force conditions is 0.0908 W. Of the 

thirty-six generators, eight are located at 𝑅𝐶𝐴𝐶1, sixteen at 𝑅𝐶𝐴𝐶3 and twelve at 𝑅𝐶𝐴𝐶4. The 

RMS charging power of generators at different 𝑅𝐶𝐴𝐶 locations are shown in Table 3-2. As a result, 

increases in the vehicle speed and magnetic force lead to increased power output. However, it 
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should be noted that all outputs from our parameter studies are limited by physical dimensions and 

magnetic material constants. Higher output can be achieved by using more piezoelectric materials, 

stronger magnet, and an increase in the physical dimensions of the system. 

 

 
Figure 3-7 RMS charging power by a single piezoelectric energy harvester versus vehicle speed 

under different magnetic repulsion conditions. (𝐴𝐷 = 0.008 m; 𝑃𝑇 = 0.00025 m; 𝐿𝑎𝑦𝑒𝑟 = 80; 

𝑃𝑂𝐷 = 0.008 m; 𝑅𝐶𝐴𝐶 = 0.0825 m; 𝑆𝑙𝑜𝑡 = 20.) 

 

Table 3-2 RMS charging power comparison between APC850 and PMN-PT-B under 40 N 

magnetic repulsion at 120 km/h and 160 km/h. 

 120 km/h 160 km/h 

 APC 850 

(PZT4) 

PMN-PT-B 

(PT=0.3-0.33) 

APC 850 

(PZT4) 

PMN-PT-B 

(PT=0.3-0.33) 

𝑅𝐶𝐴𝐶1 = 82.5 mm (W) 0.00193 0.03058 0.00245 0.03971 

𝑅𝐶𝐴𝐶2 = 94.5 mm (W) 0.00195 0.03089 0.00248 0.03952 

𝑅𝐶𝐴𝐶3 = 105 mm (W) 0.00197 0.03144 0.00253 0.03900 

𝑅𝐶𝐴𝐶4 = 114.5 mm (W) 0.00200 0.03124 0.00256 0.04008 

RMS Total 0.0710 1.1226 0.0908 1.26232 

 

Figure 3-8 investigates the influences of the dimension of the piezoelectric material, the 

dimension of the actuator (cylindrical magnet embedded in the brake rotor), and the location of 

the energy generator on the charging power while charging a storage capacitor 𝐶𝑠 = 100 µF.  

Figure 3-8(a) shows the RMS charging power versus the diameter of 𝐴𝐷. It can be found that 

the RMS charging power changes nonlinearly with the increase of 𝐴𝐷. Under the same vehicle 

speed and magnetic repulsion condition, the increase of 𝐴𝐷 increases the overlapping area, and 

the stress changes slower on the piezoelectric material per unit time. At 80 km/h and a magnetic 

force of 15.48 N, it is found that the RMS charging power from a single piezo-generator decreases 
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from 0.00028 W to 0.00018 W when the diameter of the actuator changes from 8 mm to 12 mm. 

Hence, an increase in the actuator diameter causes a decrease in the power output. 

Figure 3-8(b) shows the RMS charging power versus the piezoelectric layer thickness ℎ. It 

can be seen that the RMS power increases with the increase in piezoelectric layer thickness. When 

the magnetic force is 15.48 N, the RMS charging power from a single piezo-generator increases 

from 0.00028 W to 0.00067 W when the piezoelectric layer thickness is increased from 0.25 mm 

to 0.6 mm. A thicker piezoelectric layer leads to a lower capacitance of the piezoelectric stack. 

Therefore, more charge can flow to the storage capacitor under the same charging condition.  

Figure 3-8(c) describes the RMS charging power versus the piezoelectric layer diameter 𝑃𝑂𝐷. 

It can be seen that the RMS power decreases with the increase of piezoelectric layer diameter. 

When the magnetic force is 15.48 N, the RMS charging power of a single piezo-generator 

decreases from 0.00028 W to 0.00012 W when the piezoelectric layer diameter is increased from 

8 mm to 12 mm. The larger piezoelectric layer diameter leads to a bigger surface area of the 

piezoelectric layer, which results in a higher capacitance. This causes less charge flow to the 

storage capacitor, resulting in lower power output.  

Figure 3-8(d) shows the RMS charging power versus the distance between the rotor center 

and the actuator center 𝑅𝐶𝐴𝐶 . The result indicates that the increase of 𝑅𝐶𝐴𝐶  leads to slight 

variation of output power while the actuator size stays the same. At a vehicle speed of 80 km/h 

and a magnetic force of 15.48 N, the simulation shows that the RMS power from a single piezo-

generator fluctuates between 0.00028 W and 0.00029 W when 𝑅𝐶𝐴𝐶 changes from 70 mm to 150 

mm. As there is no obvious correlation between them, the change of 𝑅𝐶𝐴𝐶 does not have too much 

effect to charging power. 
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(a) (b) 

  
(c) (d) 

Figure 3-8 Effect of actuator diameter, piezoelectric patch layer thickness, piezoelectric layer 

diameter, and rotor center to actuator center on RMS charging power by a single piezoelectric 

energy harvester at constant vehicle velocity VS=80 km/h. (a) Actuator diameter (𝑃𝑇 = 0.00025 

m; 𝐿𝑎𝑦𝑒𝑟 = 80; 𝑃𝑂𝐷 = 0.008 m; 𝑅𝐶𝐴𝐶 = 0.0825 m; 𝑆𝑙𝑜𝑡 = 20.). (b) Piezo layer thickness (𝐴𝐷 = 

0.008 m; 𝐿𝑎𝑦𝑒𝑟 = 80; 𝑃𝑂𝐷 = 0.008 m; 𝑅𝐶𝐴𝐶 = 0.0825 m; 𝑆𝑙𝑜𝑡 = 20.). (c) Piezo layer diameter 

(𝐴𝐷 = 0.008 m; 𝑃𝑇 = 0.00025 m; 𝐿𝑎𝑦𝑒𝑟 = 80; 𝑅𝐶𝐴𝐶 = 0.0825 m; 𝑆𝑙𝑜𝑡 = 20.). (d) Rotor center to 

actuator center (𝐴𝐷 = 0.008 m; 𝑃𝑇 = 0.00025 m; 𝐿𝑎𝑦𝑒𝑟 = 80; 𝑃𝑂𝐷 = 0.008 m; 𝑆𝑙𝑜𝑡 = 20.). 

 

Figure 3-9 displays the RMS charging power for different storage capacitance values at 𝑉𝑆 = 

80 km/h and 𝑉𝑆 = 160 km/h. The storage capacitor 𝐶𝑠 capacitance is varied from 80 to 200 µF. 

The results indicate that the output power fluctuates slightly with the change in capacitance. The 

capacitance of the piezoelectric stack is much smaller than the capacitance of the storage capacitor. 

Therefore, most of the charge flows to the storage capacitor during the charging process. Figure 

3-9 clearly shows that the capacitance of the storage capacitor does not have a significant impact 

on the RMS charging power. 
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(a) (b) 

Figure 3-9 RMS charging power by a single piezoelectric energy harvester at constant vehicle 

velocities of VS=80 km/h and VS=160 km/h versus different storage capacitor capacitance. (a) 80 

km/h (𝐴𝐷 = 0.008 m; 𝑃𝑇 = 0.00025 m; 𝐿𝑎𝑦𝑒𝑟 = 80; 𝑃𝑂𝐷 = 0.008 m; 𝑅𝐶𝐴𝐶 = 0.0825 m; 𝑆𝑙𝑜𝑡 = 

20.). (b) 160 km/h (𝐴𝐷 = 0.008 m; 𝑃𝑇 = 0.00025 m; 𝐿𝑎𝑦𝑒𝑟 = 80; 𝑃𝑂𝐷 = 0.008 m; 𝑅𝐶𝐴𝐶 = 0.0825 

m; 𝑆𝑙𝑜𝑡 = 20.)). 

 

Figure 3-10, Figure 3-11, and Figure 3-12 display the RMS charging power versus the vehicle 

speed 𝑉𝑆 using different piezoelectric materials at different locations (𝑅𝐶𝐴𝐶). The RMS charging 

power increases with the increase of vehicle speed. It is found that the RMS charging power from 

a single piezo-generator using APC 850 reaches 0.00193 W when the vehicle speed is 120 km/h, 

𝑀𝐹 = 40 N and the 𝑅𝐶𝐴𝐶 is 82.5 mm; while the RMS charging power using PMN-PT-B, under 

the same conditions, is 0.03058 W. This is because the piezoelectric charge coefficient 𝑑33 of 

PMN-PT-B in direction 3 is much higher than that of APC 850, which results in a much higher 

output power. The RMS charging power comparison between APC 850 and PMN-PT-B is shown 

in Table 3-2. The total RMS charging power is calculated based on the current brake pad design 

shown in Figure 3-1(c). The assembly consists of two brake pads (inner and outer) in the brake 

caliper, and each of the brake pads contains 18 generators. Four generators are located at 𝑅𝐶𝐴𝐶1, 

eight at 𝑅𝐶𝐴𝐶3, and six at 𝑅𝐶𝐴𝐶4. The peak transient charging power comparison between APC 

850 and PMN-PT-B at 120 km/h is shown in Table 3-3. The corresponding voltage of the peak 

transient charging power is close to the saturation state voltage of the storage capacitance. The 

saturation state voltage is slightly different with different 𝑅𝐶𝐴𝐶 values due to the reduction of the 

duration of the reaction force on the piezoelectric stack as 𝑅𝐶𝐴𝐶 values increase. The peak voltage 

generated from the piezoelectric material changes a bit, and the saturation state voltage varies a 

little bit as well. This phenomenon can be observed from the experiment result of voltage output 
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in Figure 3-4. The peak voltage output in Figure 3-4(b), with a longer excitation period, is slightly 

lower than the output in Figure 3-4(c), where the excitation period is shorter. 

 

  
(a) (b) 

Figure 3-10 RMS charging power of different piezoelectric material by a single piezoelectric 

energy generator with MF=20 N at different locations versus vehicle speed. (a) APC 850 (𝐴𝐷 = 

0.012 m; 𝑃𝑇 = 0.00025 m; 𝐿𝑎𝑦𝑒𝑟 = 80; 𝑃𝑂𝐷 = 0.008 m; 𝑆𝑙𝑜𝑡 = 20.). (b) PMN-PT-B (𝐴𝐷 = 0.012 

m; 𝑃𝑇 = 0.00025 m; 𝐿𝑎𝑦𝑒𝑟 = 80; 𝑃𝑂𝐷 = 0.008 m; 𝑆𝑙𝑜𝑡 = 20.).  

 

  
(a) (b) 

Figure 3-11 RMS charging power of different piezoelectric material by a single piezoelectric 

energy generator with MF=30 N at different locations versus vehicle speed. (a) APC 850 (𝐴𝐷 = 

0.012 m; 𝑃𝑇 = 0.00025 m; 𝐿𝑎𝑦𝑒𝑟 = 80; 𝑃𝑂𝐷 = 0.008 m; 𝑆𝑙𝑜𝑡 = 20.). (b) PMN-PT-B (𝐴𝐷 = 0.012 

m; 𝑃𝑇 = 0.00025 m; 𝐿𝑎𝑦𝑒𝑟 = 80; 𝑃𝑂𝐷 = 0.008 m; 𝑆𝑙𝑜𝑡 = 20.). 
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(a) (b) 

Figure 3-12 RMS charging power of different piezoelectric material by a single piezoelectric 

energy generator with MF=40 N at different locations versus vehicle speed. (a) APC 850 (𝐴𝐷 = 

0.012 m; 𝑃𝑇 = 0.00025 m; 𝐿𝑎𝑦𝑒𝑟 = 80; 𝑃𝑂𝐷 = 0.008 m; 𝑆𝑙𝑜𝑡 = 20.). (b) PMN-PT-B (𝐴𝐷 = 0.012 

m; 𝑃𝑇 = 0.00025 m; 𝐿𝑎𝑦𝑒𝑟 = 80; 𝑃𝑂𝐷 = 0.008 m; 𝑆𝑙𝑜𝑡 = 20.). 

 

Table 3-3 Peak transient charging power from a single piezo-generator comparison between 

APC850 and PMN-PT-B under 40 N magnetic repulsion at 120 km/h. 

  Peak power Saturation 

 voltage (V) Power (W) Voltage (V) 

APC 850     

 𝑅𝐶𝐴𝐶1 = 82.5 mm 0.01399 3.1658 3.2827 

 𝑅𝐶𝐴𝐶2 = 94.5 mm 0.01456 3.2267 3.3377 

 𝑅𝐶𝐴𝐶3 = 105 mm 0.01533 3.3960 3.5037 

 𝑅𝐶𝐴𝐶4 = 114.5 mm 0.01593 3.4595 3.5841 

PMN-PT-B     

 𝑅𝐶𝐴𝐶1 = 82.5 mm 0.22354 6.5458 6.7788 

 𝑅𝐶𝐴𝐶2 = 94.5 mm 0.23047 6.8471 7.0720 

 𝑅𝐶𝐴𝐶3 = 105 mm 0.24148 7.1710 7.3922 

 𝑅𝐶𝐴𝐶4 = 114.5 mm 0.25014 7.4337 7.6439 

 

3.3.2 Summary and discussion 

A novel vehicle brake pad-based piezoelectric energy generator has been developed, 

incorporating a magnetic repulsion mechanism. A mathematical model has been established to 

accurately calculate the output power generated by the piezoelectric stack. The unique design of 

the perforated brake pad, combined with the high excitation frequencies induced by the reaction 

forces at high vehicle speeds, enables efficient energy generation with a W level RMS charging 

power. 
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The study investigates the influences of various parameters on the RMS charging power, 

including the dimensions and material properties of the piezoelectric material, vehicle speed 𝑉𝑆, 

magnetic force 𝑀𝐹, actuator diameter 𝐴𝐷, storage capacitance 𝐶s, and the distance between the 

rotor center and the actuator center 𝑅𝐶𝐴𝐶. The results indicate that increasing the thickness of the 

piezoelectric layer 𝑃𝑇, vehicle speed 𝑉𝑆, and magnetic force 𝑀𝐹 leads to higher RMS charging 

power. Conversely, an increase in the piezoelectric patch diameter 𝑃𝑂𝐷 and actuator diameter 𝐴𝐷 

results in a decrease in the RMS value. The capacitance 𝐶s and the distance between the rotor 

center and the actuator center 𝑅𝐶𝐴𝐶 do not exert a significant influence on the RMS charging 

power. At a vehicle speed of 120 km/h, each caliper of the generator made of APC850 (PZT4) 

material produces a total RMS power of 0.0710 W, while generators made of PMN-PT-B (PT=0.3-

0.33) material generate a total RMS power of 1.1226 W. Furthermore, at the same vehicle speed, 

a single piezo-generator using APC850 (PZT4) material generates a peak transient charging power 

of 0.01593 W, while using PMN-PT-B (PT=0.3-0.33) material results in a peak transient charging 

power of 0.25014 W. 

Compared to some existing research that integrates cantilever-based PEGs in vehicle wheel 

and utilizes centrifugal force during rotation to harness vibration energy, the unique design of the 

perforated brake pad enables installation of PEGs inside the brake pad in a limited space. The 

findings from parameter study suggest that this novel generator design holds potential for energy 

generation during vehicle braking processes. To further enhance the energy harvesting 

performance and meet the demands of charging vehicle batteries and powering wireless electrical 

devices, improvements can be made in modifying the brake caliper and brake pad design. 

Additionally, integrating the energy generator into the brake rotor, employing magnets with higher 

magnetic flux density, and implementing a boosted parallel-SSHI (Synchronized Switch 

Harvesting on Inductor) circuit can also enhance the performance. 
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Chapter 4 Shear mode piezoelectric energy 
generation under FIV 

 

 

 

 

In this chapter, a shear mode piezoelectric energy generator, which utilizes the FIV and high 

shear mode piezoelectric coefficient to improve the energy output, is introduced. Parameter studies 

have been conducted to investigate the influences of the piezoelectric patch dimensional 

parameters, vibration system parameters, friction model parameters, methods of electrical 

connections, and different piezoelectric materials on the energy generation performance to guide 

better design. The modeling methods depicted in Sections 2.1, 2.2, 2.3, and 2.6 are utilized in this 

chapter.  
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4.1 Testing system design 

In this work, a single-degree-of-freedom piezoelectric shear mode energy generation device is 

mounted on a self-designed test setup. The schematic of the system is shown in Figure 4-1. In the 

test setup, the DC motor provides power to the rotating shaft, and the coupling connects the motor 

and the shaft. The motor controller is used to control the speed of the motor. The energy generator 

is installed on a mounting structure which is fixed on the base plate, and the mounting structure is 

made from 3D printing using poly lactic acid (PLA) material. The detail of the energy generation 

system is depicted on the bottom left in Figure 4-1. It contains a load cell installed in the channel 

of the mounting structure, a compression spring to provide a normal load, and a single-degree-of-

freedom piezoelectric shear mode energy generator. The bolt on the back of the mounting structure 

can move forward or backward to press the compression spring to provide a normal load. A signal 

acquisition system is used to measure the generated voltage from the piezoelectric patch. A 

tachometer is mounted on the right side of the test setup to measure the rotating speed of the friction 

plate. 

The design in Figure 4-1 can be regarded as a composite patch, which is designed for shear 

mode energy generation. The diagram of the equivalent 1-DOF friction system is displayed at the 

bottom right corner in Figure 4-1. It contains three parts: the piezoelectric material, the elastic 

shear deformation layer, and the friction layer. The sliding plate is contacting with the friction 

layer and moving at a constant velocity. Due to the high stiffness of the elastic shear deformation 

layer and the relatively small equivalent mass of the friction layer, the composite patch deforms 

and vibrates along the horizontal direction with small deformation, and the piezoelectric material 

is under dynamic shear deformation simultaneously. The elastic shear deformation layer and the 

piezoelectric material can be considered as two springs connected in series, making the mechanism 

a single-degree-of-freedom spring-mass system. It is easy to realize energy harvesting with this 

simple mechanism, and using the shear piezoelectric mode is relatively simple without introducing 

other mechanical parts. It is noteworthy that surface conditions of the PZT affect the interface 

bonding and, consequently, the electromechanical coupling effect, and it should be considered for 

practical application. 
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Figure 4-1 Schematic of the testing system design. 

 

4.2 Energy generation 

4.2.1 Mechanical and piezoelectric-coupling of SDOF vibration system  

The mechanical and piezoelectric coupling equation of the system can then be written as, 

{
 
 

 
 𝑚eq𝑦̈(𝑡) + 𝑐𝑦̇(𝑡) + 𝑘eq𝑦(𝑡) + 𝛼

𝑘l
𝑘l + 𝑘piezo

𝑉R(𝑡) = 𝐹f(𝑡),

𝑉R(𝑡) + 𝑅𝐶p𝑉Ṙ(𝑡) − 𝑅𝛼
𝑘l

𝑘l + 𝑘piezo
𝑦̇(𝑡) = 0,

 (4.1) 

where meq  is the equivalent mass of the vibration system; c = 2ζ√keqmeq  is the damping 

coefficient, and ζ is the damping ratio; keq is the equivalent stiffness of the system; kpiezo is the 
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stiffness constant of the piezoelectric patch; 𝑘l is the linear spring stiffness; Ff(t) is the friction 

force applied to the mass block; y(t) is the vibration response of the mass block under friction 

force; VR(t)  is the actual output voltage from the piezoelectric material after considering the 

charging dissipation in electric resistance; R  is electric resistance; Cp  is the capacitance of the 

piezoelectric patch; and α is the force factor. The detail iterative solving process is depicted in 

Section 2.3.  

 

4.2.2 Experimental verification of voltage output 

Our initial design of the energy generator and the corresponding experiment test are shown in 

Figure 4-2. The initial idea is to introduce a simple piezoelectric energy harvester that is easy to 

operate in practical applications and has no complex mechanical structure. The possible 

application scenarios are shown in Figure 4-3. The dynamic deformation of the structure is shown 

at the top right corner of Figure 4-2. While the sliding surface moves horizontally, the composite 

patch deforms and vibrates along the horizontal direction, and the piezoelectric material is under 

dynamic shear deformation. The shear piezoelectric coefficient is usually higher than the normal 

ones, leading to more efficient piezoelectricity generation. With the advantage of the simple and 

compact design, piezoelectric energy harvesting can be easily realized by pushing the piezoelectric 

shear patch against any moving surfaces, which can be rotating disks, cylinders, or running belts. 

For example, the technique can be incorporated into the vehicle braking system and utilize the 

wasted energy. It can also be combined with the rotating structure of the wind turbine to harvest 

the wind energy. Some rotating fitness equipment can also be adopted to collect released energy 

during the workout. In summary, energy from any kinematic motions with ultra-low operation 

frequency can generate piezoelectric power due to the high frequency FIV.   
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Figure 4-2 Illustration of the shear mode piezoelectric composite energy generator. 

 

 
Figure 4-3 Application scenarios of the shear mode piezoelectric composite energy generator. 

 

Figure 4-4(a)-(d) shows the dynamic voltage responses of the initial design under different 

conditions. The high frequency dynamic response can be observed due to the stiffness of the shear 

rubber. However, the shear modulus of the rubber we used in the experiment is unknown and close 

Friction 

layer 

 
Shear 

Spring layer 

  
Piezoelectric 

material 

  

Original  

electrode 

  
Coated  

electrode 

  

3(z) 

2(y) 

1(x) 
5 

6 

4 

Poling 

direction 

  

PZT 𝑘piezo 

𝑘spring 𝐹f 

𝑣0 

Schematic of the composite structure 

Experiment setup 

Exercise bike 

PEG design 

Running machine 

Wind mill 



84 

 

to linear under a certain small strain range, which is difficult to control by regular test setup. In 

addition, the piezoelectric material we used in the experiment is a general d33 mode piezoelectric 

patch with original electrodes arranged perpendicularly to its polling direction. The electrodes 

along direction 1 are made by coating a thin layer of conductive paste, while the original electrodes 

are covered by electrical tape to isolate it from the electrode along direction 1. The accurate shear 

piezoelectric constant is also unknown. As a result, it is difficult to perform an accurate simulation 

study of this initial design at the current stage. To describe and study the influence of different 

parameters on shear patch energy generation with a linear elastic part, a representative spring mass 

setup shown in Figure 4-5(a) is applied in the study, and the experimental verification is 

demonstrated in the next section. A theoretical study of the compact composite patch considering 

the possible material nonlinearity will be conducted in our future work.  

 

  
(a) (b) 

  
(c) (d) 
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Figure 4-4 Experimental result from shear mode piezoelectric composite energy generator. (a) 𝐹N 

= 0.5 N and 𝑣0 = 1.9792 m/s. (b) 𝐹N = 0.5 N and 𝑣0 = 5.9376 m/s. (c) 𝐹N = 2.5 N and 𝑣0 = 1.9792 

m/s. (d) 𝐹N = 2.5 N and 𝑣0 = 5.9376 m/s. 

 

It can be seen from Figure 4-5(a) that the piezoelectric patch is mounted on a small rigid block. 

On the left side of the piezoelectric patch, another rigid block is attached and used to connect with 

the linear tension spring. A mass block with a friction layer on one end is connected with the 

tension spring. The sliding plate is contacting with the friction layer of the mass block and moving 

at a constant velocity. In order to verify the output voltage from the mechanical and piezoelectric 

coupled model with the designed test setup, experimental tests of the voltage output from the 

piezoelectric shear patch under different normal forces and the rotating speeds of the friction plate 

are performed. The piezoelectric shear patch is shown in Figure 4-5(b), and the left and right sides 

show the overall width and thickness, respectively. A piezoelectric shear patch (PL5FBP3) with 

flat end plates and electrodes on both ends, which has an overall dimension of 5×5×1.8 mm, is 

used for the experiment. The actual dimension of the piezoelectric material is 5×5×0.5 mm. The 

material properties of the piezoelectric patch are: 𝑑15 = 590e-12 C/N, 𝑐55
E  = 21.8e9 Pa, and 𝑘15 = 

0.68 [30].  

To integrate the piezoelectric shear patch into the test setup, two small rigid blocks are used, 

as seen in Figure 4-5(c). The two small rigid blocks, which are 3D printed using Polyactic Acid 

(PLA) with 100% infill, clamp the flat end plates of the piezoelectric shear patch. The other two 

ends of the small rigid blocks are connected to the linear spring and the fixed end, correspondingly. 

Resin adhesive is used to ensure each of these parts is securely attached. A linear spring C14-047-

032 with 𝑘l = 4553.3 N/m is used to connect the left side rigid block on the piezoelectric patch and 

the mass block [127].  

The data acquisition system is a four-channel Siemens LMS SCA- DAS mobile integrated with 

LMS TestLab. A rotor kit with a 0.1 horsepower DC motor and a motor speed controller 

manufactured by Bently Nevada corp. is used to supply power and control the input rpm of the 

rotating shaft. A DT-2234C+ digital tachometer is used to measure the actual output rpm of the 

friction plate. 

In the test, the distance between the center of the friction layer of the mass block and the shaft 

is 31.5 mm. The velocity 𝑣0 during the FIV process is calculated to be v0 = 0.1047vsdm−s, where 

𝑣s is the rotating speed of the shaft in revolutions per minute (rpm), 𝑑m−s is the distance between 
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the center of the friction layer of the mass block and the shaft, and 0.1047 is calculated from 0.1047 

= 2π/60, which converts rpm to rad/s. The contact interfaces of the rotating friction plate and the 

friction layer of the mass block are cleaned before each test.  

The influence of the bonding between these parts and the bonding during the 3D printing 

process is difficult to reflect in the theoretical modeling. In the theoretical modeling process, these 

parts are assumed to be rigid for simplification, and the effect of structural vibration is also ignored. 

In order to match the experiment result with theoretical modeling, a tuning factor 𝜃p is used in Eq. 

(2.17) and selected to be 0.05 for the current test setup based on the experiment results. The 

comparison of output voltage versus time from experiments and simulations under different 

normal forces and rotating speeds is displayed in Figure 4-6. And the following parameters are 

used: 𝑚eq = 0.0062 kg, 𝜁 = 1e−6, 𝑘l = 4553.2977 N/m, 𝜇k = 0.42, 𝜇static = 0.62, 𝐶 = 4.2, 𝐴p = 

2.5e−5  m2, 𝑡p  = 0.0005 m, 𝛼  = 0.059812 V/N, 𝐶p  = 8.4075e−10  F, and 𝑅  = 1.8 M. In the 

experiment, three different normal forces 𝐹N under two different velocities 𝑣0 are performed. In 

simulation, the corresponding output voltage is calculated using Eq. (2.34). The resistance 𝑅 in Eq. 

(2.34) is used to simulate the charge dissipation of the piezoelectric system while connecting to 

the data acquisition system, and 𝑅 = 1.8 MΩ which is based on previous experiment result [9]. 

The time domain voltage variations obtained from simulations and experiments match each other, 

proving the accuracy and effectiveness of the voltage output from Eq. (2.34). The experimental 

results show around 7 vibration peaks within 0.05 s. It indicates the actual vibration frequency of 

140-150 Hz and proves the possibility of exciting continuous high-frequency vibration through 

friction. It will be helpful for vibration-based piezoelectric energy generation. 
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(b) 

 

(c) 

Figure 4-5 Experimental test setup. (a) Shear mode piezoelectric energy generator with linear 

spring. (b) Piezoelectric shear patch. (c) Piezoelectric shear patch connection. 
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 .  

(c) (d) 

  

(e) (f) 

Figure 4-6 Comparison of output voltage versus time from experiments and simulations under 

different normal forces and sliding velocities during FIV. (a) 𝐹N = 0.5 N and 𝑣0 = 1.9792 m/s. (b) 

𝐹N = 0.5 N and 𝑣0 = 5.9376 m/s. (c) 𝐹N = 2.5 N and 𝑣0 = 1.9792 m/s. (d) 𝐹N = 2.5 N and 𝑣0 = 

5.9376 m/s. (e) 𝐹N = 4.5 N and 𝑣0 = 1.9792 m/s. (f) 𝐹N = 4.5 N and 𝑣0 = 5.9376 m/s. 

 

4.3 Parameter studies and discussion 

In this section, the verified model is used for transient charging simulation, which is 

experimentally verified in previous research [115], to evaluate the actual energy generation 

performance by charging storage capacitance. The effects of the different design parameters are 

analyzed and discussed. In order to obtain a higher energy output, piezoelectric material with 

higher piezoelectric constants can be adopted for the application. The possible output of replacing 

the PZT with the single crystal of PMN-PT is calculated for comparison. The parameters used in 

the simulation are shown in the figure caption. 
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4.3.1 Parameter studies 

Figure 4-7 displays the RMS charging power, peak instant charging power and saturated 

voltage versus different cross-section area 𝐴p, which are achieved by changing the width of the 

piezoelectric patch, 𝑤p, without changing the thickness, 𝑡p. Two different electric resistance 𝑅 

conditions are studied while charging a storage capacitor 𝐶s  = 300 nF. And the following 

parameters are used: 𝑚eq = 0.0062 kg, 𝜁 = 1e−6; 𝑘l = 4553.2977 N/m, 𝑣0 = 5.9376 m/s, 𝜇k = 0.42, 

𝜇static  = 0.62, 𝐶  = 4.2, and 𝑡p  = 0.0005 m. Considering a similar operation condition to the 

experiment setup, 𝜃p  is set to be 0.05 leading to a smaller value of α because of the bonding 

interface, and other parameter values are shown in the figure titles. It can be observed that the 

RMS charging power, although more piezoelectric material is used, the peak instant charging 

power and saturated voltage decrease with the increase of the cross-section area 𝐴p under both 𝑅 

= 1.8 M and 𝑅 = 36 M conditions. It is easy to find from the capacitance calculation formula 

in Section 2.3 that the larger cross-section area leads to a higher effective capacitance of 

piezoelectric material, and 𝑘piezo  also increase which results in smaller deformation. Larger 

effective capacitance results in smaller output voltage, when the piezoelectric charge coefficient 

𝑑15 and the generated shear force stay unchanged. With 𝐴p increases from 1e−5 to 4.1e−4 m2, 𝑅 

= 1.8 M, and 𝐹N = 0.5, 2.5, 4.5 N, the RMS charging power decreases from 99.12 nW to 9.78 

nW, 99.43 nW to 9.82 nW, and 99.82 nW to 9.86 nW, respectively. When 𝑅 = 36 M and 𝐹N = 

0.5, 2.5, 4.5 N, the RMS charging power decreases from 393.64 nW to 10.08 nW, 395.78 nW to 

10.12 nW, and 398.15 nW to 10.15 nW, correspondingly. The reason for the higher RMS charging 

power with 𝑅 = 36 M is that 36 M is much larger than 1.8 M, leading to less charge consumed 

by the electric resistance, which is beneficial for collecting generated energy.  

 



90 

 

 

(a)  

 
(b) 

Figure 4-7 RMS charging power with different 𝐴p under conditions. (a) 𝑅 = 1.8 M. (b) 𝑅 = 36 

M. 

 

Figure 4-8 demonstrates the RMS charging power, peak instant charging power and saturated 

voltage versus different piezoelectric patch thicknesses 𝑡p under two different electric resistance 

𝑅 conditions while charging a storage capacitor 𝐶s = 300 nF. And the following parameters are 
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used: 𝑚eq = 0.0062 kg, 𝜁 = 1e−6; 𝑘l = 4553.2977 N/m, 𝑣0 = 5.9376 m/s, 𝜇k = 0.42, 𝜇static = 0.62, 

𝐶 = 4.2, 𝑡p = 0.0005 m, and 𝑅 = 36 M. It can be seen that the RMS charging power, peak instant 

charging power, and saturated voltage increase with the increase of 𝑡p under 𝑅 = 36 M condition. 

It can be found that the increase of 𝑡p  results in smaller effective capacitance 𝐶p  and smaller 

stiffness constant 𝑘piezo of piezoelectric patch, correspondingly. And Eq. (2.15) indicates that the 

smaller stiffness constant 𝑘piezo causes larger shear deformation of the piezoelectric shear patch. 

The smaller 𝐶p and larger shear deformation contributes to larger output voltage with the same 

piezoelectric coefficient and external excitation. With 𝑡p increases from 5e−4 to 1.55e−2 m, 𝐴p = 

2.5e−5  m2, and 𝐹N  = 0.5, 2.5, 4.5 N, the RMS charging power increases from 164.10 nW to 

1963.51 nW, 165.00 nW to 1972.21 nW, and 166.01 nW to 1981.77 nW, respectively. When 𝐴p 

= 2.5e−4 m2 and 𝐹N = 0.5, 2.5, 4.5  N, effective capacitance 𝐶p and stiffness constant 𝑘piezo are 

larger, the RMS charging power increases from 16.63 nW to 479.63 nW, 16.71 nW to 482.24 nW, 

and 16.78 nW to 485.17 nW, correspondingly. The RMS charging power, peak instant charging 

power and saturated voltage are smaller than the values with 𝐴p = 2.5e−5 m2 because of the higher 

stiffness constant 𝑘piezo and smaller shear deformation. 

 

 

(a) 
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(b) 

Figure 4-8 RMS charging power with different 𝑡p under different conditions. (a) Cross-section 

area 𝐴p = 0.000025 m2. (b) Cross-section area 𝐴p = 0.00025 m2. 

 

Figure 4-9 demonstrates the effect of the equivalent mass of the vibration system 𝑚eq  on 

energy generation performance under two different electric resistance 𝑅 conditions while charging 

a storage capacitor 𝐶s = 300 nF. And the following parameters are used: 𝜁 = 1e−6; 𝑘l = 4553.2977 

N/m, 𝑣0 = 5.9376 m/s, 𝜇k = 0.42, 𝜇static = 0.62, 𝐶 = 4.2, 𝐴p = 2.5e−5 m2, 𝑡p = 0.0005 m, and 𝛼 = 

0.059812 V/N. The RMS charging power, peak instant charging power, and saturated voltage 

increase with the increase of 𝑚eq under both 𝑅 = 1.8 M and 𝑅 = 36 M conditions. With 𝑚eq 

increases from 0.0025 to 0.0075 kg, 𝑅 = 1.8 M, and 𝐹N  = 0.5 N, the RMS charging power 

increases from 72.02 nW to 91.41 nW, representing a 26.9% increase. With 𝑚eq increases from 

0.0125 to 0.0175 kg under the same condition, the RMS charging power increases from 96.80 nW 

to 98.66 nW, representing a 1.9% increase. With 𝑚eq increases from 0.0025 to 0.0075 kg, 𝑅 = 36 

M, and 𝐹N  = 0.5 N, the RMS charging power increases from 105.39 nW to 179.94 nW, 

representing a 70.7% increase. With 𝑚eq  increases from 0.0125 to 0.0175 kg under the same 

condition, the RMS charging power increases from 230.15 nW to 270.41 nW, representing a 17.9% 

increase. The increase rate of the RMS charging power under both 𝑅 = 1.8 M and 𝑅 = 3.6 M 
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conditions become more gradual, which indicates that 𝑚eq does not have a significant influence 

on energy generation when it reaches a certain value with other parameters unchanged. 

 

 

(a) 

 
(b) 

Figure 4-9 RMS charging power with different 𝑚eq under different 𝑅. (a) 𝑅 = 1.8 M. (b) 𝑅 = 36 

M. 
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Figure 4-10 illustrates the effect of the linear tension spring stiffness 𝑘l on energy generation 

performance under two different electric resistance 𝑅  conditions while charging a storage 

capacitor 𝐶s = 300 nF. And the following parameters are used: 𝑚eq = 0.0062 kg, 𝜁 = 1e−6, 𝑣0 = 

5.9376 m/s, 𝜇k = 0.42, 𝜇static = 0.62, 𝐶 = 4.2, 𝐴p = 2.5e−5 m2, 𝑡p = 0.0005 m, and 𝛼 = 0.059812 

V/N. The RMS charging power, peak instant charging power, and saturated voltage increase 

almost linearly with the increase of 𝑘l under both 𝑅 = 1.8 M and 𝑅 = 36 M conditions. It can 

be found from Eq. (2.15) that the equivalent stiffness of the system 𝑘eq is calculated from 𝑘l and 

𝑘piezo. 𝑘piezo is several orders of magnitude larger than 𝑘l, thus, 𝑘eq is mainly determined by 𝑘l. 

The increase of 𝑘l leads to a higher vibration frequency. Though the vibration amplitude may 

decrease a bit, the resulting 𝑦p(𝑡)  with higher rate of deformation overcomes the decreased 

vibration amplitude and shows advantages in energy generation.  

 

 

(a) 
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(b) 

Figure 4-10 RMS charging power with different 𝑘𝑙 under different 𝑅. (a) 𝑅 = 1.8 M. (b) 𝑅 = 36 

M. 

 

Figure 4-11 compares energy generation performance while charging different values of the 

storage capacitor 𝐶s  and charging the same capacitor 𝐶s  = 300 nF with different 𝑅 . And the 

following parameters are used: 𝑚eq = 0.0062 kg, 𝜁 = 1e−6, 𝑘l = 4553.2977 N/m, 𝑣0 = 5.9376 m/s, 

𝜇k = 0.42, 𝜇static = 0.62, 𝐶 = 4.2, 𝐴p = 2.5e−5 m2, 𝑡p = 0.0005 m, and 𝛼 = 0.059812 V/N. Figure 

4-11(a) shows that the RMS charging power, peak instant charging power, and saturated voltage 

stay almost unchanged with the increase of 𝐶s . It proves that increasing 𝐶s  does not have a 

significant effect on the energy generation performance. Figure 4-11(b) indicates that the RMS 

charging power, peak instant charging power, and saturated voltage increase with the increase of 

electric resistance 𝑅, and the increase rate turns gradual with the increase of 𝑅. The reason is that 

the larger 𝑅 brings the circuit close to an open-circuit condition, and there is less charge dissipation 

happened on 𝑅 and most of the generated energy by piezoelectric patch is stored in 𝐶s.  
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(a) 

 
(b) 

Figure 4-11 RMS charging power with different 𝐶𝑠 and different 𝑅. (a) 𝑅 = 1.8 M. (b) 𝐶s = 3e-

7 F. 

 

Figure 4-12(a) depicts energy generation performance with the increase in sliding velocity 𝑣0 

under 𝑅 = 36 M conditions while charging a storage capacitor 𝐶s = 300 nF. And the following 

parameters are used: 𝑚eq = 0.0062 kg, 𝜁 = 1e−6, 𝑘l = 4553.2977 N/m, 𝜇k = 0.42, 𝜇static = 0.62, 𝐶 
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= 4.2, 𝐴p = 2.5e−5 m2, 𝑡p = 0.0005 m, and 𝛼 = 0.059812 V/N. The RMS charging power, peak 

instant charging power, and saturated voltage increase with the increase of 𝑣0. The reason could 

be that the larger 𝑣0  increase the amplitude of vibration system and, consequently, the shear 

deformation of the piezoelectric patch and voltage output. Considering the better fabrication of the 

experimental test setup, there is less influence on the bonding interface between parts, and the 

small blocks are solid. Figure 4-12(b) demonstrates energy generation performance with the 

increase of the tuning factor 𝜃p under 𝑅 = 36 M conditions while charging a storage capacitor 

𝐶s  = 300 nF. The poor connection between different parts and the imperfect fabrication of 

piezoelectric material will affect voltage response from piezoelectric material, and these factors 

are complicated to include in theoretical modeling. For a better representation of the actual 

performance of the prototype, a tuning factor 𝜃p, which is used to adjust the force factor α, is 

defined. From Eq. (2.17), it can be seen that 𝜃p is related to the force factor α which is related to 

electromechanical coupling phenomenon of the system. With the increase of 𝜃p , α  will be 

increased with improved electromechanical coupling effect, which will boost the energy output 

from piezoelectric material. If 𝜃p increases from 0.05 to 0.75 and 𝐹N = 0.5 N, the RMS charging 

power increases from 164.10 nW to 36922.20 nW which represents a huge improve. When 𝜃p = 

1, it represents a perfect experiment system with perfect rigid foundation and connection between 

the spring and piezo-patch. 
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(a) 

 
(b) 

Figure 4-12 RMS charging power with different 𝑣0 and 𝜃𝑝. (a) α = 0.059812 V/N. (b) 𝑣0 = 5.9376 

m/s. 

 

Figure 4-13(a) studies energy generation performance with the increase of the normal force 𝐹N 

under 𝑅 = 1.8, 9, 18 M conditions while charging a storage capacitor 𝐶s = 300 nF. And the 

following parameters are used: 𝑚eq = 0.0062 kg, 𝜁 = 1e−6, 𝑘l = 4553.2977 N/m, 𝐴p = 2.5e−5 m2, 
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𝑡p = 0.0005 m, and 𝛼 = 0.059812 V/N. The RMS charging power, peak instant charging power, 

and saturated voltage increase with the increase of 𝐹N. The reason could be that the larger 𝐹N 

increase the amplitude of excitation and, consequently, the voltage output seen from the variation 

of saturated voltage. Based on equations demonstrating the stick-slip transition described in 

Section 2.3, the stick-slip frequency may be reduced with the increase of the normal force 𝐹N. 

However, the simulation result of RMS charging power indicates that the increased voltage output 

outperforms the reduced stick-slip frequency, which suggests that larger 𝐹N can be beneficial for 

energy generation. An obvious phenomenon regarding charge dissipation happened on 𝑅 can be 

found from the simulation result of RMS charging power that the difference in RMS charging 

power under the same 𝐹N but different 𝑅 is noticeable. While 𝐹N = 10 N and 𝑅 = 1.8, 9, 18 M, 

the RMS charging powers are 90.80 nW, 154.49 nW, and 163.95 nW, respectively. The value is 

getting closer with the increase of 𝑅 which brings the circuit close to an open-circuit condition, 

but the effect of charge dissipation with small 𝑅 is worth noticing and designing a better charging 

circuit for storing generated energy is necessary. 

Figure 4-13(b) discusses energy generation performance with the increase of exponential decay 

factor 𝐶  which represents decaying effect of 𝜇slide(𝑣r) , under different 𝐹N  conditions while 

charging a storage capacitor 𝐶s = 300 nF. And the following parameters are used: 𝑚eq = 0.0062 

kg, 𝜁 = 1e−6, 𝑘l = 4553.2977 N/m, 𝐴p = 2.5e−5 m2, 𝑡p = 0.0005 m, and 𝛼 = 0.059812 V/N. The 

larger the value of 𝐶 , the faster conversion from 𝜇static  to 𝜇slide(𝑣r), and based on Eq. (2.8), 

𝜇slide(𝑣r) fluctuate around 𝜇k in the sliding state. It can be seen from Figure 4-13(b) that the RMS 

charging power, peak instant charging power, and saturated voltage grow gradually with the 

increase of 𝐶. The reason for the difference before 𝐶 reaches 5 can be the slow conversion from 

𝜇static to 𝜇slide(𝑣r) which means that there is a longer time period of stick-slip transition and the 

friction amplitude in this period is higher than the sliding state. Generally, 𝐶  does not have 

significant effect on system energy generation performance.  

Figure 4-13(c) and (d) illustrate energy generation performance with the increase of dynamic 

friction coefficient 𝜇k  and static friction coefficient 𝜇static , separately. And the following 

parameters are used: 𝑚eq  = 0.0062 kg, 𝜁  = 1e−6 , 𝑘l  = 4553.2977 N/m, 𝐴p  = 2.5e−5  m2, 𝑡p  = 

0.0005 m, and 𝛼 = 0.059812 V/N. It is shown in Figure 4-13(c) that the RMS charging power, 

peak instant charging power, and saturated voltage grow gradually with the increase of 𝜇k, and the 
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difference in the early stage can also be the slow conversion from 𝜇static  to 𝜇slide(𝑣r) at the 

beginning. With the increase of 𝜇k and 𝜇slide(𝑣r), the transition period is shortened and the energy 

generation process tends to be stable. Figure 4-13(d) displays the energy generation performance 

with the increase of 𝜇static, and it shows a slow linear increase in RMS charging power, peak 

instant charging power and saturated voltage. Larger 𝐹N  shows faster variation in the same 

increase range of 𝜇static. The larger 𝜇static and 𝐹N contribute to higher friction force which leads 

to higher vibrational amplitude and consequently the shear deformation and voltage output.   

 

 

(a) 
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(b) 
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(d) 

Figure 4-13 RMS charging power with different 𝐹N, 𝐶, 𝜇k, and 𝜇static. (a) 𝜇k = 0.42, 𝜇static = 0.62, 

𝐶 = 4.2. (b) 𝜇k = 0.42, 𝜇static = 0.62, 𝑅 = 36 M. (c) 𝜇static = 0.62, 𝐶 = 4.2, 𝑅 = 36 M. (d) 𝜇k = 

0.42, 𝐶 = 4.2, 𝑅 = 36 M. 

 

The simulation result in Figure 4-8 demonstrates that the system can generate more energy 

with the increase of 𝑡p. Two setups of connections for thick piezoelectric material can be expected 

for the current system design: mechanically in parallel and electrically in parallel, and 

mechanically in parallel but electrically in series. For 𝑑15 mode, shown in Figure 4-14(a), shear 

force is applied in direction 2, resulting in shear deformation in direction 5, while the poling 

direction of the piezoelectric material remains along direction 3, and the direction of electrode 

setup is orthogonal to the induced electrical potential along direction 1. As both setups are 

mechanically in parallel, the corresponding stiffness constants of piezoelectric material are the 

same. The electrically in parallel setup offers a larger electrode area with higher effective 

capacitance, and the electrically in series setup offers a smaller electrode area with lower effective 

capacitance because of the increased 𝑡p and unchanged electrode area. And the following common 

parameters are used: 𝑚eq = 0.0062 kg, 𝜁 = 1e−6, 𝑘l = 4553.2977 N/m, 𝑣0 = 5.9376 m/s, 𝜇k = 0.42, 

𝜇static = 0.62, 𝐶 = 4.2, 𝐴p = 2.5e−5 m2, and 𝐶s = 6e−7 F. With 𝑡p = 0.0005 m and 𝑛p = 5, which 

represent 5 pieces of 0.0005 m thick piezoelectric shear patch in parallel electrical connection, the 

RMS charging power in perfect experiment system with 𝑅 = 1.8 M and 𝑅 = 36 M are 0.335 
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mW and 0.336 mW, correspondingly. With 𝑡p = 0.0025 m and 𝑛p = 1, which represent 1 piece of 

0.0025 m thick piezoelectric shear patch electrically in series connected, the RMS charging power 

with 𝑅 = 1.8 M and 𝑅 = 36 M are 0.250 mW and 0.294 mW, respectively. Assuming the 

saturated voltage on a storage capacitor 𝐶s is less than the standard working voltage of capacitor, 

energy generation performance of the electrically in-parallel setup is better than that of the 

electrically in series setup. Moreover, in practical applications, an electrically in parallel setup is 

desired because it can decrease the output voltage to a convenient level. Also, the higher effective 

capacitance is essential for energy transfer.  
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(c) 

Figure 4-14 RMS charging power with electrically in parallel and in series connections. (a) 

Electrical connection. (b) In parallel (𝑡p = 0.0005 m, 𝑛p = 5, 𝛼 = 1.1962 V/N, and 𝐶p = 4.2038e−9 

F). (c) In series (𝑡p = 0.0025 m, 𝑛p = 1, 𝛼 = 0.23925 V/N, and 𝐶p = 1.6815e−10 F). 

 

Figure 4-15 compares the transient charging performance of the electrically in parallel and 

the electrically in series setups of PZT4 and PMN-PT under 𝑅  = 36 M conditions. And the 

following common parameters are used: 𝑚eq = 0.0062 kg, 𝜁 = 1e−6, 𝑘l = 4553.2977 N/m, 𝑣0 = 

5.9376 m/s, 𝜇k  = 0.42, 𝜇static  = 0.62, 𝐶  = 4.2, 𝐴p  = 2.5e−5  m2, and 𝐶s  = 3e−6  F. With the 

electrically in parallel setups, both of the saturated voltages are around 20 V, PMN-PT shows RMS 

charging power of 1.70 mW and peak instant charging power of 5.61 mW, PZT4 shows RMS 

charging power of 0.336 mW and peak instant charging power of 1.14 mW. With the electrically 

in series setups, both saturated voltages are around 100 V, PMN-PT shows RMS charging power 

of 1.61 mW and peak instant charging power of 5.54 mW, PZT4 shows RMS charging power of 

0.29 mW and peak instant charging power of 1.00 mW. With the same amount of material and 

electrical connections, PMN-PT exhibits five times larger RMS charging power and peak instant 

charging power than PZT4 due to the high 𝑑15 and 𝜀11 values. 
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(a) 
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(c) 

 
(d) 

Figure 4-15 RMS charging power with different piezoelectric materials. (a) In parallel (APC 850). 

(b) In series (APC 850). (c) In parallel (PMN-PT). (d) In series (PMN-PT). 
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4.3.2 Summary and discussion 

This study proposed a novel shear mode piezoelectric energy generation system employing 

friction. A mathematical model incorporating piezoelectric coupling is developed to accurately 

predict the dynamic vibration response and voltage output. The energy generation performance is 

evaluated through transient charging simulations of a storage capacitor. Various factors 

influencing the energy generation performance, such as dimensional parameters of the 

piezoelectric patch, vibration system parameters, friction model parameters, methods of electrical 

connections, and different piezoelectric materials, are discussed.  

The results indicate that the energy generation performance can be enhanced by increasing the 

thickness of the piezoelectric patch 𝑡p, the stiffness of the linear tension spring 𝑘l, the electric 

resistance 𝑅, the velocity of the friction plate 𝑣0, the force factor α, the normal force 𝐹N, the static 

friction coefficient 𝜇static, as well as improving the piezoelectric coefficient 𝑑15 and permittivity 

𝜀11. Conversely, the equivalent mass of the system 𝑚eq, the storage capacitor 𝐶s, the exponential 

decay factor 𝐶 , and the dynamic friction coefficient 𝜇k  have negligible effects on the energy 

generation performance. Under ideal experimental conditions, utilizing a PZT4 piezoelectric 

material with a volume of 0.005 × 0.005 × 0.0025 = 6.25e−8 m3, RMS charging power of 0.336 

mW and 0.294 mW can be achieved through electrically in-parallel and in-series setups, 

respectively. This corresponds to power densities of 5.38e3 Wm-3 and 4.70e3 Wm-3. By replacing 

PZT4 with single crystal PMN-PT, which has a higher piezoelectric coefficient, RMS charging 

power of 1.70 mW in the electrically in-parallel setup and 1.61 mW in the electrically in-series 

setup can be obtained, resulting in power densities of 2.72e4 Wm-3 and 2.58e4 Wm-3, respectively.  

Further improvements in energy generation performance, such as increasing the amount of 

piezoelectric material and incorporating multiple generators for simultaneous charging, may 

potentially realize RMS charging power outputs close to the watt-level. Additionally, the 

integration of a similar generator into vehicle braking systems can harness wasted energy and 

provide a power supply for low-power wireless electrical devices. 
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Chapter 5 Piezoelectric energy generation using 
FIV under bi-linear and impact conditions 

 

 

 

 

In this chapter, a novel piezoelectric energy generator with linear, bi-linear, and impact design 

configurations is proposed. The reliability of the model and the stable high-frequency FIV 

phenomenon with linear, bi-linear, and impact design configurations are validated by experiment. 

Furthermore, parameter studies are conducted to investigate their effects on the efficiency and 

effectiveness of energy generation. The modeling methods depicted in Sections 2.1, 2.2, 2.3, and 

2.6 are utilized in this chapter.  
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5.1 Schematic diagram of testing rig and energy generators 

In this work, a longitudinal mode ( 𝑑33 ) piezoelectric energy generator with different 

configurations is mounted on a self-designed testing rig. The schematic of the testing rig is shown 

in Figure 5-1(a). In the test setup, the three-phase motor provides power to the built-in shaft, and 

a variable frequency drive (VFD) module is connected to the motor to control the rotating rpm. A 

friction plate, which is used to provide friction excitation to the energy generator, is mounted on 

the shaft. The energy generator is installed on a mounting structure made from aluminum angle 

iron. A load cell is installed on the other end of the mounting structure to measure the normal load. 

The detail of the energy generator with different configurations is depicted in Figure 5-1(b), (c), 

and (d). Apart from the special designed bi-linear and impact structures, the common components 

of the three configurations are a compression spring, a mass block with a friction plate mounted 

on the top, and a piezoelectric material with a protection layer fixed at the left end. Figure 5-1(c), 

and (d) showed the bi-linear and impact configurations, respectively. The bi-linear design includes 

a nested spring, and the impact design has a solid column whose stiffness is assumed to be much 

bigger than the compression spring. An oscilloscope is used to measure the generated voltage from 

the piezoelectric material during FIV. The corresponding equivalent lumped parameter models are 

shown in the bottom of Figure 5-1(b), (c), and (d). 
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(a) 

   

   
(b) (c) (d) 

Figure 5-1 Schematic diagram of the testing rig and energy generators. (a) Schematic of the testing 

rig. (b) Linear generator. (c) Bi-linear generator. (d) Impact generator. 

 

5.2 Energy generation 

5.2.1 Governing equations of systems under linear, bi-linear, and impact conditions 

The mechanical and piezoelectric coupling equation of the system under linear spring can then 

be written as, 
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{
 
 

 
 𝑚eq𝑦̈(𝑡) + 𝑐𝑦̇(𝑡) + 𝑘eq𝑦(𝑡) + 𝛼

𝑘linear
𝑘linear + 𝑘piezo

𝑉R(𝑡) = 𝐹f(𝑡)

𝑉R(𝑡) + 𝑅𝐶p𝑉Ṙ(𝑡) − 𝑅𝛼
𝑘linear

𝑘linear + 𝑘piezo
𝑦̇(𝑡) = 0

, (5.1) 

where 𝑚eq  is the equivalent mass of the vibration system; 𝑐 = 2𝜁√𝑘eq𝑚eq  is the damping 

coefficient and 𝜁 is the damping ratio; 𝑘eq is the equivalent stiffness of the system; 𝑘piezo is the 

stiffness constant of the piezoelectric patch; 𝑘linear is the linear spring stiffness; 𝐹f(𝑡) is the friction 

force applied to the mass block; 𝑦(𝑡) is the vibration response of the mass block under friction 

force; 𝑉R(𝑡) is the actual output voltage from the piezoelectric material after considering the 

charging dissipation in electric resistance; 𝑅 is electric resistance; 𝐶p is the capacitance of the 

piezoelectric patch; and 𝛼 is the force factor.  

For the bi-linear design configurations, the induced nonlinear force is described by a piecewise 

linear function as, 

𝐹bl(𝑡) = {
𝑘bl(𝑦(𝑡) − 𝑑0),    𝑦(𝑡) ≤ 𝑑0

0,    𝑦(𝑡) > 𝑑0
, (5.2) 

The induced nonlinear force of the impact design configuration is expressed as, 

𝐹imp(𝑡) = {
𝑘imp(𝑦(𝑡) − 𝑑0),    𝑦(𝑡) ≤ 𝑑0

0,    𝑦(𝑡) > 𝑑0
, (5.3) 

where 𝑑0 is the initial separation distance, and it is shown in Figure 5-1(c) and (d); 𝑘bl and 𝑘imp 

are the corresponding piecewise linear stiffness, and they are equal to zero if 𝑦(𝑡) > 𝑑0. And the 

mechanical and piezoelectric coupling equation of the system under bi-linear and impact 

configurations can be written as,  

{
 
 

 
 𝑚eq𝑦̈(𝑡) + 𝑐𝑦̇(𝑡) + 𝑘eq𝑦(𝑡) + 𝐹bl(𝑡) + 𝛼

𝑘linear + 𝑘bl
𝑘linear + 𝑘bl + 𝑘piezo

𝑉R(𝑡) = 𝐹f(𝑡)

𝑉R(𝑡) + 𝑅𝐶p𝑉Ṙ(𝑡) − 𝑅𝛼
𝑘linear + 𝑘bl

𝑘linear + 𝑘bl + 𝑘piezo
𝑦̇(𝑡) = 0

, (5.4) 

{
 
 

 
 𝑚eq𝑦̈(𝑡) + 𝑐𝑦̇(𝑡) + 𝑘eq𝑦(𝑡) + 𝐹imp(𝑡) + 𝛼

𝑘linear + 𝑘imp

𝑘linear + 𝑘imp + 𝑘piezo
𝑉R(𝑡) = 𝐹f(𝑡)

𝑉R(𝑡) + 𝑅𝐶p𝑉Ṙ(𝑡) − 𝑅𝛼
𝑘linear + 𝑘imp

𝑘linear + 𝑘imp + 𝑘piezo
𝑦̇(𝑡) = 0

. (5.5) 

The detail iterative solving process is depicted in Section 2.3.  
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5.2.2 Experimental verification of voltage output and charging process 

The experimental setup incorporates an oscilloscope (DSO6014A) with an internal resistance 

of 𝑅  = 1 MΩ, which is used for data acquisition. To provide power and regulate the input 

revolutions per minute (rpm) of the rotating shaft, a three-phase motor (WEG CT002404NPW22) 

and a VFD module (CFW500B07P3B2DBN1H00) are employed. Throughout the testing 

procedure, the separation distance between the center of the friction layer of the mass block and 

the shaft, referred to as 𝑑m-s, is measured to be 57.5 mm. The velocity 𝑣0 during the FIV process 

is determined using the relationship 𝑣0 = 0.1047𝑁𝑑m-s, where 𝑁 denotes the rotating speed of the 

shaft in rpm. The conversion factor 0.1047 is derived from 0.1047 = 2π/60, enabling the conversion 

of rpm to rad/s. To ensure consistent test conditions, the contact interfaces between the rotating 

friction plate and the friction layer of the mass block will be cleaned before each test. For the 

charging experiment, a conventional charging circuit shown in Figure 5-3(b) will be employed. It 

should be noted that the current study investigates the mechanism of FIV in a 1DOF PEG with bi-

linear and impact design configurations and explored its energy generation performance. A motor 

is employed to generate and maintain a stable sliding motion. Therefore, a motor is used for 

representation in the structural diagram and experimental setup. The motor is not the energy source 

for the PEG to harvest energy for practical applications. Additionally, in practical applications, 

using proper materials with enhanced properties is essential to reduce wear and ensure a longer 

lifespan. 
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Figure 5-2 Overall setup of the system. 
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Figure 5-3 Piezoelectric material, charging circuit, and energy generator. (a) Piezoelectric material. 

(b) Charging circuit. (c) Energy generator. 

 

The influence of bonding between parts in theoretical modeling considers challenging, and in 

this study, it is assumed to be rigid connections and disregarding structural vibration effects. Figure 

5-4 compares output voltage in the time domain between experimental and simulated results at 

varying rotating speeds. Figure 5-4(a) and (d), (b) and (e), and (c) and (f) depict the linear, bi-

linear, and impact design configurations, respectively. And the following common parameters are 

used: 𝑚eq = 0.125 kg, 𝜁 = 1e−4, 𝑘l = 5428 N/m, 𝜇k = 0.2, 𝜇static = 0.5, 𝐶 = 4.3, 𝐴p = 3.226e−4 

m2, 𝑡p  = 0.0254 m, and 𝛼  = 0.564 V/N. The simulated output voltage is calculated after 

considering the charge dissipation in the energy generation system when connected to the 

oscilloscope, and a resistance value of 𝑅 = 1 MΩ is employed. Notably, the impact stiffness 𝑘imp 

from the rod is tuned to simulate the equivalent stiffness after impact due to the possible imperfect 

rigid setup and structural vibration. In this study, the solid rod for simulating impact is 3D printed 

with polylactic acid (PLA) at 100% infill. The temporal voltage outputs from simulations match 

with the experimental results, indicating the accuracy and efficacy of the voltage output calculation.  

The experimental findings for the linear design configuration reveal the occurrence of 

approximately six vibration peaks within a time span of 0.2 s. This observation indicates the system 

vibrates at a frequency of around 30 Hz which is close to its natural frequency (~30 Hz). It also 

substantiates the feasibility of inducing continuous high-frequency vibrations through friction. In 

the case of the bi-linear and impact design configurations, a discernible peak emerges during the 

vibration cycle, which can be attributed to the effects of bi-linear and impact contacts. This 

phenomenon can possibly enhance piezoelectric energy generation compared to the linear 

configuration. 
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(a) (b) 

  

(d) (c) 

  
(e) (f) 

Figure 5-4 Comparison of output voltage from experiments and simulations under different sliding 

velocities 𝑣0 during friction. (a) Linear (𝐹N = 30 N and 𝑣0 = 0.542 m/s). (b) Bi-linear (𝐹N = 30 N, 

𝑣0 = 0.542 m/s, and 𝑘bl = 4553 N/m). (c) Impact (𝐹N = 30 N, 𝑣0 = 0.542 m/s, and 𝑘imp = 58351 

N/m). (d) Linear (𝐹N = 30 N and 𝑣0 = 0.903 m/s). (e) Bi-linear (𝐹N = 30 N, 𝑣0 = 0.903 m/s, and 

𝑘bl = 4553 N/m). (f) Impact (𝐹N = 30 N, 𝑣0 = 0.903 m/s, and 𝑘imp = 58351 N/m). 
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Figure 5-5 compares the voltage on the storage capacitor 𝐶s during the charging process under 

varying rotating speeds. Charging curves corresponding to the linear, bi-linear, and impact 

configurations are presented in Figure 5-5(a) and (d), (b) and (e), and (c) and (f), respectively. And 

the following common parameters are used: 𝑚eq = 0.125 kg, 𝜁 = 1e−4, 𝑘l = 5428 N/m, 𝜇k = 0.2, 

𝜇static = 0.5, 𝐶 = 4.3, 𝐴p = 3.226e−4 m2, 𝑡p = 0.0254 m, 𝛼 = 0.564 V/N, and 𝐶s = 10e−6 F. The 

switch shown in Figure 5-3(b) closes at T = 5 seconds to ensure the system reaching a steady state. 

The results depicted in Figure 5-5(a), (b), and (c) indicate that, with 𝐹N = 30 N and 𝑣0 = 0.542 m/s, 

the minimum voltages among the three design configurations reach approximately 1 V. Notably, 

both the linear and bi-linear design configurations display a tendency to reach a saturation voltage 

level, whereas the impact design configuration exhibits an upward trend. The outcomes in Figure 

5-5(d), (e), and (f) reveal that, under the conditions of 𝐹N = 30 N and 𝑣0 = 0.903 m/s, the minimum 

voltages among the three design configurations reach approximately 1.75 V. The experimental 

charging curves exhibit some discernible fluctuations, likely attributed to loose connections within 

the charging circuit and the influence of structural vibrations. Overall, the simulation results align 

well with the experiments. 

 

  

(a) (b) 
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(c) (d) 

  

(e) (f) 

Figure 5-5 Comparison of charging output from experiments and simulations under different 

sliding velocities 𝑣0 during FIV. (a) Linear (𝐹N = 30 N and 𝑣0 = 0.542 m/s). (b) Bi-linear (𝐹N = 30 

N, 𝑣0 = 0.542 m/s, and 𝑘bl = 4553 N/m). (c) Impact (𝐹N = 30 N, 𝑣0 = 0.542 m/s, and 𝑘imp = 58351 

N/m). (d) Linear (𝐹N = 30 N and 𝑣0 = 0.903 m/s). (e) Bi-linear (𝐹N = 30 N, 𝑣0 = 0.903 m/s, and 

𝑘bl = 4553 N/m). (f) Impact (𝐹N = 30 N, 𝑣0 = 0.903 m/s, and 𝑘imp = 58351 N/m). 

 

5.3 Parameter studies and discussion 

In this section, we investigate the influences of the equivalent mass, spring stiffness, and initial 

separation distance of the corresponding systems on energy generation performance. The effect of 

the dimensional properties of piezoelectric material has been studied in previous literature. The 

investigation aims to provide insights into the underlying mechanisms governing the behavior of 

the corresponding energy generation systems, thereby aiding in improving the performance. The 

parameters listed in Table 5-1 will be used as the control parameters for studies.  
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Table 5-1 System parameters. 

 Linear Bi-linear Impact 

Equivalent mass 𝑚eq (kg) 0.125 0.125 0.125 

Damping ratio 𝜁 1e-4 1e-4 1e-4 

Linear spring stiffness 𝑘l (N/m) 5428 5428 5428 

Bi-linear spring stiffness 𝑘bl (N/m) - 4553 - 

Impact stiffness 𝑘imp (N/m) - - 58351 

    

Initial separation distance 𝑑0 (m) - 0.004 0.004 

    

Kinetic friction coefficient 𝜇k 0.2 0.2 0.2 

Static friction coefficient 𝜇static 0.5 0.5 0.5 

Exponential decay factor 𝐶 4.3 4.3 4.3 

Sliding velocity 𝑣0 (m/s) 0.723 0.723 0.723 

Normal force 𝐹N (N) 20, 30, 40 20, 30, 40 20, 30, 40 

    

Equivalent resistance 𝑅 (Ohm) 1000000 1000000 1000000 

    

Cross-sectional area of PZT 𝐴p (m2) 3.226e-4 3.226e-4 3.226e-4 

Thickness of PZT 𝑡p (m) 0.0254 0.0254 0.0254 

Force factor 𝛼 (V/N) 0.564 0.564 0.564 

Capacitance of PZT 𝐶p (F) 2.136e-10 2.136e-10 2.136e-10 

Storage capacitor capacitance 𝐶s (F) 10e-6 10e-6 10e-6 

 

5.3.1 Parameter studies 

Figure 5-6 shows the effect of the equivalent mass 𝑚eq on the RMS charging power and the 

peak instant charging power under different normal load 𝐹N conditions. The other parameters of 

the systems remain the same. Figure 5-6(a) demonstrates that, with fully charging the storage 

capacitor 𝐶s, the RMS charging power and peak instant charging power decrease as 𝑚eq increases. 

Figure 5-6(d) reveals that, during a 10-second charging period, the RMS charging power and 

voltage on the storage capacitor 𝑉s similarly decrease with increasing 𝑚eq. These results indicate 

that, in the linear design configuration, an increase in 𝑚eq negatively affects energy generation. In 

Figure 5-6(b), it shows that the RMS charging power and peak instant charging power initially 

decrease and then increase as 𝑚eq increases. This trend is also observed in Figure 5-6(e). This can 

be due to the fact that the bi-linear effect does not contribute to energy generation under small 

equivalent mass and normal load conditions, resulting in the system closely resembling the linear 

design configuration. However, the transiting point indicates the more obvious bi-linear effect, 

which can be advantageous for energy generation. The transition point moves towards smaller 𝑚eq 
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values with increasing normal load. It is shown in Figure 5-6(c) that the RMS charging power and 

the peak instant charging power exhibit an initial flat followed by an increase with the increase of 

𝑚eq. Similar behavior is observed in Figure 5-6(f). This can be attributed to the fact that under 

small equivalent mass and normal load conditions, the impact effect has limited effect on energy 

generation. Consequently, the system behavior aligns closely with the linear design configuration. 

For the impact design configuration, a transition point also exists, shifting towards a smaller 𝑚eq 

values with increasing normal load. Beyond this point, an increase in 𝑚eq becomes advantageous 

for energy generation. 

 

  
(a) (b) 
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(c) (d) 

  
(e) (f) 

Figure 5-6 Charging power with different 𝑚eq. (a) Linear generator (Full charge). (b) Bi-linear 

generator (Full charge). (c) Impact generator (Full charge). (d) Linear generator (10 s charge). (e) 

Bi-linear generator (10 s charge). (f) Impact generator (10 s charge). 

 

Figure 5-7 displays the effect of the linear spring stiffness 𝑘l on the RMS charging power and 

the peak instant charging power. Figure 5-7(a) illustrates the correlation between the linear spring 

stiffness 𝑘l and the charging power. The results demonstrate an incremental trend in both the RMS 

charging power and peak instant charging power as the value of 𝑘l increases. This observation is 

reinforced by the data presented in Figure 5-7(d), which exhibits a similar growth pattern in the 
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RMS charging power and voltage on the storage capacitor 𝑉s over a 10-second charging period. 

These findings provide evidence that larger 𝑘l, within the linear design configuration, exerts a 

favorable influence on energy generation. In Figure 5-7(b), it is observed that the RMS charging 

power decreases as the linear spring stiffness 𝑘l increases. Additionally, the peak instant charging 

powers initially increase and then decrease. A sudden increase in RMS charging power is observed 

when 𝑘l  changes from 5500 N/m to 6500 N/m under the 𝐹N  = 20 N condition. The saturated 

voltages corresponding to different 𝑘l values and design configurations are presented in Table 5-2. 

It is noteworthy that the saturated voltages for 𝑘l = 6500 N/m and 𝐹N = 20 N are very similar 

between the linear and bi-linear design configurations. This similarity is also evident in the RMS 

and peak instant charging power. Hence, it can be inferred that the sudden jump in RMS charging 

power occurs due to the fact that the bi-linear effect barely occurs under that specific condition. 

Furthermore, an interesting observation is that, under certain conditions, the RMS charging power 

in the bi-linear design configuration is smaller than that in the linear design configuration as 𝑘l 

increases. Figure 2-4 shows that the sample instant charging power 𝑃e starts to decrease after the 

peak instant charging power, indicating that the RMS charging power diminishes after this peak. 

This may explain the reason for the smaller RMS charging power in the bi-linear design 

configuration compared to the linear design configuration under specific conditions. During the 

10-second charging period, Figure 5-7(e) and Figure 5-7(d) demonstrate that the RMS charging 

power in the bi-linear design configuration is larger than that in the linear design configuration. 

These findings provide evidence that, while maintaining other system parameters constant, an 

increased 𝑘l has a positive influence on the system's saturated voltage. However, beyond a certain 

threshold, the occurrence of the bi-linear effect may be affected, subsequently affecting energy 

generation. Figure 5-7(c) depicts the variations in the RMS charging power and peak instant 

charging power for the impact design configuration as the linear spring stiffness 𝑘l increases. Both 

the RMS charging power and peak instant charging power exhibit a decrease with the increase of 

𝑘l. This consistent behavior is also observed in Figure 5-7(f). The observed trend can be attributed 

to the fact that while the normal load 𝐹N remains constant, an increased 𝑘l negatively affects the 

occurrence of the impact effect, consequently influencing energy generation. Furthermore, as the 

value of 𝑘l surpasses a certain threshold, the system behavior aligns more closely with the linear 

design configuration, where the impact effect is absent. 
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(e) (f) 

Figure 5-7 Charging power with different 𝑘linear. (a) Linear generator (Full charge). (b) Bi-linear 

generator (Full charge). (c) Impact generator (Full charge). (d) Linear generator (10 s charge). (e) 

Bi-linear generator (10 s charge). (f) Impact generator (10 s charge). 

 

Table 5-2 Full charge Saturated voltage with different 𝑘linear. 
  𝐹N = 20 N 𝐹N = 30 N 𝐹N = 40 N 

Saturated  

voltage (V) 

Saturated  

voltage (V) 

Saturated  

voltage (V) 

Linear     

 𝑘l = 2500 N/m 0.853 0.965 1.083 

 𝑘l = 3500 N/m 1.147 1.277 1.413 

 𝑘l = 4500 N/m 1.436 1.581 1.733 

 𝑘l = 5500 N/m 1.715 1.881 2.046 

 𝑘l = 6500 N/m 1.998 2.177 2.354 

Bi-linear     

 𝑘l = 2500 N/m 2.319 2.551 2.771 

 𝑘l = 3500 N/m 2.382 2.740 3.003 

 𝑘l = 4500 N/m 2.265 2.823 3.174 

 𝑘l = 5500 N/m 1.975 2.738 3.267 

 𝑘l = 6500 N/m 1.997 2.489 3.196 

Impact     

 𝑘l = 2500 N/m 16.213 16.786 17.288 

 𝑘l = 3500 N/m 15.536 16.838 17.426 

 𝑘l = 4500 N/m 13.819 16.507 17.396 

 𝑘l = 5500 N/m 11.251 15.190 17.293 

 𝑘l = 6500 N/m 7.693 13.077 16.290 

 

Figure 5-8 displays the effect of the bi-linear spring stiffness 𝑘bl and impact stiffness 𝑘imp on 

the charging power of the bi-linear and impact design configurations. In Figure 5-8(a), it is evident 
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that both the RMS charging power and the peak instantaneous charging power exhibit an upward 

trend with increasing bi-linear spring stiffness 𝑘bl. Similar trends are observed in Figure 5-8(c) for 

the RMS charging power and the voltage on the storage capacitor 𝑉s during a 10-second charging 

period. Figure 5-8(b) illustrates the variations in the RMS charging power and peak instantaneous 

charging power as the impact stiffness 𝑘imp increases. Both the RMS charging power and the peak 

instantaneous charging power show a consistent increase with increasing 𝑘imp. This consistent 

behavior is also observed in Figure 5-8(d). As the linear spring and PZT are connected in series, 

and the bi-linear spring and impact spring are connected in parallel with the linear spring, it implies 

that the effective linear spring stiffness increases when the vibration response 𝑦(𝑡) exceeds the 

initial separation distance 𝑑0 . In accordance with Eq. (2.15), a larger 𝑘linear  results in greater 

deformation in the piezoelectric material, leading to increased energy generation. 

 

  
(a) (b) 
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(c) (d) 

Figure 5-8 Charging power with different 𝑘bl and 𝑘imp. (a) Bi-linear generator (Full charge). (b) 

Impact generator (Full charge). (c) Bi-linear generator (10 s charge). (d) Impact generator (10 s 

charge). 

 

Figure 5-9 demonstrates the influence of the initial separation distance 𝑑0 on energy generation 

performance of the bi-linear and impact design configurations. In Figure 5-9(a), it can be observed 

that in the bi-linear design configuration, an increase in 𝑑0 initially leads to a decrease in both 

RMS charging power and peak instantaneous charging power. However, beyond a certain 

threshold, a sudden jump occurs, followed by a plateau where the values remain constant. This 

phenomenon can be explained by referring to the explanation for the jump observed in Figure 

5-7(b). The occurrence of the bi-linear effect may be affected once 𝑑0 exceeds a specific threshold. 

For the 10-second charging period depicted in Figure 5-9(c), the RMS charging power and voltage 

on the storage capacitor 𝑉s exhibit a decrease first, and eventually reaching a steady-state value. 

The effect of 𝑑0 on the energy generation performance for the impact design configuration follow 

a similar decreasing trend, but without the sudden jump observed during fully charging. 
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(a) (b) 

  
(c) (d) 

Figure 5-9 Charging power with different 𝑑0. (a) Bi-linear generator (Full charge). (b) Impact 

generator (Full charge). (c) Bi-linear generator (10 s charge). (d) Impact generator (10 s charge). 

 

In the next section, we examine the normal load, sliding velocity, and friction coefficients on 

the energy generation performance. The findings from this section will contribute to the 

development and optimization of proper friction working conditions of the piezoelectric energy 

generation system. 

Figure 5-10 presents the influence of the normal load 𝐹N and sliding velocity 𝑣0 on the energy 

generation performance. It is shown in Figure 5-10(a), Figure 5-10(b), and Figure 5-10(c) that all 
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three design configurations exhibit an increasing trend in both RMS charging power and peak 

instantaneous charging power as 𝑣0 increases. However, the trend lines for the bi-linear design 

configuration display some fluctuations at low values of 𝑣0. The saturated voltages corresponding 

to different 𝑣0 values are provided in Table 5-3. The saturated voltages for the bi-linear design 

configuration increase with the rise in 𝑣0, and it indicates a positive effect induced by higher 

sliding velocities. Consequently, the fluctuations observed in the RMS charging power for the bi-

linear design configuration may be attributed to the diminishing effect of the instantaneous 

charging power 𝑃e after reaching its peak value. Furthermore, it is worth mentioning that the trend 

lines for larger values of 𝐹N consistently lie above those for smaller values in all three design 

configurations. This observation supports the notion that increasing 𝐹N  within the selected 

parameter range has a positive impact on energy generation efficiency. 

 

  
(a) (b) 
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(c) (d) 

  
(e) (f) 

Figure 5-10 Charging power with different 𝐹N and 𝑣0. (a) Linear generator (Full charge). (b) Bi-

linear generator (Full charge). (c) Impact generator (Full charge). (d) Linear generator (10 s charge). 

(e) Bi-linear generator (10 s charge). (f) Impact generator (10 s charge). 
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Table 5-3 Full charge Saturated voltage with different 𝑣0. 

  𝐹N = 20 N 𝐹N = 30 N 𝐹N = 40 N 

Saturated  

voltage (V) 

Saturated  

voltage (V) 

Saturated  

voltage (V) 

Linear     

 𝑣0 = 0.1 m/s 0.478 0.675 0.893 

 𝑣0 = 0.3 m/s 0.925 1.112 1.308 

 𝑣0 = 0.5 m/s 1.230 1.469 1.649 

 𝑣0 = 0.7 m/s 1.661 1.820 1.985 

 𝑣0 = 0.9 m/s 2.021 2.175 2.328 

Bi-linear     

 𝑣0 = 0.1 m/s 0.479 0.675 0.897 

 𝑣0 = 0.3 m/s 0.925 1.112 1.964 

 𝑣0 = 0.5 m/s 1.296 1.661 2.385 

 𝑣0 = 0.7 m/s 1.879 2.648 3.180 

 𝑣0 = 0.9 m/s 2.934 3.511 3.950 

Impact     

 𝑣0 = 0.1 m/s 0.479 0.675 1.174 

 𝑣0 = 0.3 m/s 0.924 1.112 7.643 

 𝑣0 = 0.5 m/s 1.296 9.311 12.321 

 𝑣0 = 0.7 m/s 10.795 14.764 16.836 

 𝑣0 = 0.9 m/s 16.755 19.666 21.282 

 

Figure 5-11 depicts the influence of the static friction coefficient 𝜇static  on the energy 

generation performance. All three design configurations exhibit an increasing trend in both the 

RMS charging power and peak instantaneous charging power as 𝜇static  increases, which are 

observed in Figure 5-11(a), Figure 5-11(b), and Figure 5-11(c). The rationale behind this 

increasing trend can be attributed to the rise in the maximum static friction force. The amplitude 

of the maximum static friction force is directly related to the static friction coefficient 𝜇static and 

the normal force 𝐹N. While the normal force 𝐹N remains constant, an increase in the static friction 

coefficient 𝜇static  leads to a corresponding increase in the static friction force 𝐹static(𝑡). The 

vibration amplitude is influenced by the maximum static friction force, which, in turn, affects the 

deformation of the PZT. As the maximum static friction force represents the threshold force 

required to initiate sliding motion, a higher maximum static friction force implies more stored 

elastic energy during the transition from stick to slip. 
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(e) (f) 

Figure 5-11 Charging power with different 𝜇static. (a) Linear generator (Full charge). (b) Bi-linear 

generator (Full charge). (c) Impact generator (Full charge). (d) Linear generator (10 s charge). (e) 

Bi-linear generator (10 s charge). (f) Impact generator (10 s charge). 

 

Figure 5-12 demonstrates the influence of the kinetic friction coefficient 𝜇k on the energy 

generation performance. In Figure 5-12(a), the linear design configuration exhibits a decreasing 

trend in both the RMS charging power and peak instantaneous charging power as 𝜇k increases. 

This can be attributed to the fact that, while keeping the static friction coefficient 𝜇static unchanged, 

a higher 𝜇k  facilitates sustained sliding motion and increases energy dissipation, resulting in 

smaller slip amplitudes. On the other hand, the bi-linear and impact design configurations display 

a slightly increasing trend in both the RMS charging power and peak instantaneous charging power 

as 𝜇k  increases, which are shown in Figure 5-12(b) and Figure 5-12(c). This trend may be 

explained by the fact that a higher 𝜇k enhances a longer slip phases during stick-slip motion. This, 

in turn, increases the likelihood of bi-linear and impact effects occurring. However, the amplitude 

of stick-slip motion is not directly affected by the kinetic friction coefficient. The characteristics 

of the slip event, as well as the occurring frequency of bi-linear and impact effects, may contribute 

to the inconsistency in energy generation trends with increasing 𝜇k. 
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(e) (f) 

Figure 5-12 Charging power with different 𝜇k. (a) Linear generator (Full charge). (b) Bi-linear 

generator (Full charge). (c) Impact generator (Full charge). (d) Linear generator (10 s charge). (e) 

Bi-linear generator (10 s charge). (f) Impact generator (10 s charge). 

 

5.3.2 Summary and discussion 

The work introduces a piezoelectric energy generator that harnesses energy from FIV at low 

sliding velocities. Three design configurations are proposed and analyzed: linear, bi-linear, and 

impact. Experimental and numerical results demonstrate the potential for high-frequency dynamic 

voltage generation, with peak-to-peak voltages of approximately 2.9 V, 3.8 V, and 20.6 V for the 

respective configurations. Enhanced voltage outputs are realized under higher normal load and 

sliding velocity operating conditions. A comparison among the linear, bi-linear, and impact design 

configurations reveals that the introduced bi-linear and impact effects through structural 

modifications enhance energy generation. Strong bi-linear and impact effects can enhance energy 

output by setting an appropriate initial separation distance under proper operating conditions. The 

designed generators exhibit the capability to operate at close to the systems’ resonant frequencies 

under low sliding velocities excitation, and further improvement in energy generation performance 

can be achieved through modifications such as increasing the linear spring stiffness, applying 

larger normal load, replacing the piezoelectric chunk with piezoelectric stack, and applying 

materials with better properties. 
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Moving forward, several areas of research can be explored to further enhance the piezoelectric 

energy generator's performance. Optimization efforts can focus on increasing the amount of 

piezoelectric material used in the generator to maximize energy conversion. Additionally, 

incorporating multiple generators in parallel can enable simultaneous charging and enhance the 

overall power output. Exploring the integration of the generator into rotating or sliding equipment 

with suitable friction layers can lead to practical applications in harvesting energy from existing 

machinery. Lastly, engineering realizations for self-powering wireless devices using this generator 

present an interesting avenue for future exploration, where the focus can be on designing efficient 

energy storage and management systems to support continuous operation. 
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Chapter 6 Piezoelectric energy generation with 
permanent magnetic springs 

 

 

 

  

In this chapter, a numerical investigation is conducted on PEGs that utilize permanent magnets 

as nonlinear springs. The study involves comparing different configurations of nonlinear magnetic 

and linear piezo-element connections to analyze the dynamic responses of single and multiple 

degrees of freedom PEG systems. The modeling methods depicted in Sections 2.1, 2.2, 2.3, 2.4, 

and 2.6 are utilized in this chapter.  

Two specific configurations of nonlinear vibration systems are considered: one with harmonic 

excitation and the other with friction excitation. For harmonic excitation, the analysis primarily 

focuses on the essential characteristics of the nonlinear systems, including the frequency responses 

of the PEGs, operating bandwidth, and the sum of the Root Mean Square (RMS) charging powers 

(SRCP) considering the nonlinear magnetic spring. This analysis aims to understand how the PEGs 

respond to harmonic vibrations and their ability to convert these vibrations into electrical power. 

It will be introduced in Section 6.1. 

For friction excitation, the analysis focuses on examining the PEGs' performance under 

different friction parameters and working conditions. The PEGs' operating velocity range and 

SRCP are investigated. Moreover, this study also provides insights into the behavior and efficiency 

of the PEG system subjected to varying normal load and sliding velocity, which is similar to 

practical friction operating conditions. It will be described in Section 6.2. 
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6.1 Magnet-engaged piezoelectric energy generation under harmonic excitation 

The schematics of the proposed piezoelectric energy generators are shown in Figure 6-1(a)-(e), 

which represent shear mode linear in parallel system, compression mode linear in parallel system, 

shear mode nonlinear in parallel system, shear mode linear in series system and shear mode 

nonlinear in series system, respectively. The difference between shear mode linear in parallel 

system and compression mode linear in parallel system is the layout of the piezoelectric patch and 

its deformation. The piezoelectric patch in both systems is considered as connected in series with 

the linear tension spring 𝑘l, but the stiffness constant 𝑘piezo of the piezoelectric patch in shear 

mode is calculated from the elastic constant 𝑐55
E , and 𝑘piezo in compression mode is obtained from 

elastic constant 𝑐33
E  due to the different deformation. And there is an equivalent mass block located 

at the free end. Figure 6-1(c) demonstrates the shear mode nonlinear in parallel system with the 

addition of the magnetic force. While the magnet is attached to the mass block, the magnet is 

equivalent to a nonlinear spring and connected in parallel with the system described in Figure 6-1(a) 

to form a nonlinear system. Figure 6-1(d) displays the shear mode linear in series system by adding 

an equivalent linear spring with the same stiffness of the linear term of the nonlinear spring to the 

left side of 𝑚1, which is the equivalent mass of the magnet and other components shown in Figure 

6-1(e). Figure 6-1(e) indicates the shear mode nonlinear in series system by adding the magnet to 

left side of the linear tension spring 𝑘l, the nonlinear spring is connected in series with the system 

described in Figure 6-1(a) to form a new nonlinear system. The calculation of the equivalent 

magnetic force and its representation is described in the following section, and the detail of the 

system parameter is then explained.    

 

 

(a) 

𝐹(𝑡) = 𝐹0cos (𝜔𝑡) 𝐹(𝑡) = 𝐹0𝑐𝑜𝑠 (𝜔𝑡) 
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(b) 

 

(c) 

 

(d) 

 

(e) 
Figure 6-1 Schematic diagrams of the proposed piezoelectric energy generators. (a) Shear-mode 

system under harmonic excitation. (b) Compression-mode system under harmonic excitation. (c) 

Shear-mode system with nonlinear spring in parallel under harmonic excitation. (d) Shear-mode 

system with linear spring in series under harmonic excitation. (e) Shear-mode system with 

nonlinear spring in series under harmonic excitation. 

 

According to experimental measurement data from [121], an empirical equation for magnetic 

force 𝐹m between two magnets is determined [128], 𝐹m can be written as, 

𝐹m = 𝑙m𝑤m𝑡m
1

3𝐵𝑟|𝐵(𝑑)|𝑓(𝑑), (6.1) 

where 𝑙m, 𝑤m and 𝑡m are the length, width, and thickness of the magnet, respectively; 𝐵𝑟 is the 

residual flux density of the magnet in tesla (T), 𝐵𝑟 is between 1 to 1.5 for Neodymium, and 𝐵𝑟 is 

1.45 for calculation; 𝐵(𝑑) is the magnitude of the magnetic flux density field; 𝑓(𝑑) is the function 

𝑘piezo 
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describing the decay of the magnetic force between the two magnets. Following the method in 

[13], [128], for rectangular magnet, 𝐵(𝑑) and 𝑓(𝑑) can be rewritten as, 

𝐵(𝑑) =
𝐵𝑟

𝜋
[𝑡𝑎𝑛−1 {

𝑙m𝑤m

2𝑑√4𝑑2+𝑙m
2+𝑤m2

}− 𝑡𝑎𝑛−1 {
𝑙m𝑤m

2(𝑡m+𝑑)√4(𝑡m+𝑑)2+𝑙m
2+𝑤m2

}], (6.2) 

𝑓(𝑑) = [1.749 + 1.145𝑒
(−

𝑑

𝑑0
)
] × 106(𝑁𝑇−2𝑚−7/3), (6.3) 

where 𝑑 is the facing distance between the two magnets; 𝑑0 is 1 mm based on the derived formula 

[128]. For the system shown in Figure 6-1(c), the nonlinear spring is in parallel connection with 

the mass block. The horizontal distance 𝑦 is equal to the vibration response of the system, and the 

equivalent mass of the system is the summation of the mass block, the mass of the magnet, and the 

mass of the rest of the system components. For the system shown in Figure 6-1(e), the nonlinear 

spring is in series connection with the mass block, and the horizontal distance 𝑦 is equal to the 

vibration response of 𝑚1 which is the mass of the magnet. The schematic of the system under 

magnetic force is shown in Figure 6-2.  

 

 
Figure 6-2 System under magnetic force. 

 

In order to study the effect of magnet dimension (𝑙m, 𝑤m and 𝑡m) to magnetic force, the volume 

of the magnet is fixed to 𝑉m = 4.125e−6 m3. While 𝐵𝑟 = 1.45 T, 𝑙m = 0.015 m, 𝑤m = 0.007-0.019 

m, 𝑡m = 𝑉m/(𝑙m𝑤m) m, the magnetic force versus displacement diagram indicating the effect of 

magnet dimensions on magnetic force is shown in Figure 6-3. 

Accordingly, a polynomial can be employed to simulate the magnetic force while the system 

is in an equilibrium position with a separation gap 𝑑 between the two magnets, given by, 

𝐹m(𝑦(𝑡)) = ∑ 𝑘nl𝑗𝑦(𝑡)
𝑗∞

𝑗=1 , 𝑗 = 1, 3, 5,⋯. (6.4) 
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y(t) 
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dm 
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The linear, cubic, quintic, and septic polynomial curve fittings for approximating the magnetic 

force versus different distances are compared using the Matlab Curve Fitting tool, and the result 

is shown in Figure 6-3(a). The cubic, quintic, and septic curve fitting results almost overlap with 

the values calculated from the experimental validated force equation. The representations of cubic, 

quintic, and septic curve fitting are: 𝐹m(𝑦(𝑡))  = 750.2𝑦(𝑡)  + 11078024.8𝑦3(𝑡) , 𝐹m(𝑦(𝑡))  = 

750.2 𝑦(𝑡)  + 11078024.8 𝑦3(𝑡)  + 1656452154.6 𝑦5(𝑡) , and 𝐹m(𝑦(𝑡))  = 750.2 𝑦(𝑡)  + 

11078024.8 𝑦3(𝑡)  + 1656452154.6 𝑦5(𝑡)  + 2484678231.8 𝑦7(𝑡) , respectively. It proves the 

feasibility of using the empirical form (𝐹m(𝑦(𝑡)) = 𝑘nl1𝑦(𝑡) + 𝑘nl3𝑦
3(𝑡)) to approximate the 

magnetic force. Figure 6-3(b) shows the linear and nonlinear coefficients of magnetic force 

corresponding to different 𝑤m. 

 

    
(a) (b) 

Figure 6-3 Magnetic force versus displacement of different 𝑤m. (a) Curve fitting comparison (𝐵𝑟 

= 1.45 T, 𝑙m = 0.015 m, 𝑤m = 0.01 m, and 𝑡m = 0.0275 m). (b) Cubic curve fitting coefficients (𝐵𝑟 

= 1.45 T, 𝑉m = 4.125e−6 m3, and 𝑙m = 0.015 m). 

 

6.1.1 Equation of motion under magnetic and harmonic force 

The mechanical and piezoelectric coupling equation of a 1-DOF system with harmonic force 

and magnetic force in parallel as excitation can be written as: 

{
 
 

 
 
𝑚𝑦̈(𝑡) + 𝑐𝑦̇(𝑡) + 𝑘eq𝑦(𝑡) + 𝑘nl1𝑦(𝑡) + 𝑘nl3𝑦

3(𝑡)

−𝛼
𝑘l

𝑘l+𝑘piezo
𝑉R(𝑡) = 𝐹0𝑐𝑜𝑠(𝜔𝑡)

𝑉R(𝑡) + 𝑅𝐶p𝑉Ṙ(𝑡) + 𝑅𝛼
𝑘l

𝑘l+𝑘piezo
𝑦̇(𝑡) = 0

. (6.5) 
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The mechanical and piezoelectric coupling equation of the 2-DOF system with harmonic force 

and magnetic force in series as excitation is given by, 

{
 
 
 

 
 
 

𝑚1𝑦1̈(𝑡) − 𝑐(𝑦2̇(𝑡) − 𝑦1̇(𝑡)) + (𝑘nl1 + 𝑘eq)𝑦1(𝑡)

+𝑘nl3𝑦1
3(𝑡) − 𝑘eq𝑦2(𝑡) = 0

𝑚2𝑦2̈(𝑡) + 𝑐(𝑦2̇(𝑡) − 𝑦1̇(𝑡)) + 𝑘eq(𝑦2(𝑡) − 𝑦1(𝑡))

−𝛼
𝑘l

𝑘l+𝑘piezo
𝑉R(𝑡) = 𝐹0𝑐𝑜𝑠(𝜔𝑡)

𝑉R(𝑡) + 𝑅𝐶p𝑉Ṙ(𝑡) + 𝑅𝛼
𝑘l

𝑘l+𝑘piezo
(𝑦2̇(𝑡) − 𝑦1̇(𝑡)) = 0

. (6.6) 

The detail iterative solving process is depicted in Section 2.3 and Section 2.4.  

 

6.1.2 Model validation  

Figure 6-5 compares the experimental result with the frequency response curve in previous 

literature [129]. It can be seen from Figure 6-5 that the simulation results using the numerical 

model are close to the experimental results in the literature, which proves the correctness of 

applying the numerical model for simulation. And the following common parameters are used: 𝑚 

= 0.022 kg, 𝑐 = 0.034 N/(m/s), 𝐹0 = 0.06 N, 𝛼 = 7.095e−5 V/N, 𝐶p = 1.1e−7 F, and 𝑅 = 115000 Ω. 

The corresponding 𝑘nl1 for case 1, 2, and 3 is 50.3, 77.5, and 109 N/m. The corresponding 𝑘nl3 

for case 1, 2, and 3 are 54400, 114000, and 195000 N/m3.  

 

 
Figure 6-4 Experimental result from previous literature [129]. 
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Figure 6-5 Simulation results with the numerical model. 

 

The ordinary differential equations describing the three systems can be solved by numerical 

method, and the result of the numerical method is compared with the approximate analytical 

method to prove its accuracy for simulation. Several approximate analytical methods have been 

developed, such as perturbation method and harmonic balance method. The harmonic balance 

method is used for comparison in this study. Figure 6-6(a)-(b) compare the nonlinear in parallel 

system with different excitation amplitude 𝐹0. And the following common parameters are used: 𝑚 

= 0.18563 kg, 𝜁 = 0.005, 𝑘l = 1050 N/m, 𝑘nl1 = 381.26 N/m, 𝑘nl3 = 8261267.7 N/m3, 𝛼 = 0.23152 

V/N, 𝐶p = 3.0267e−10 F, and 𝑅 = 5400000 Ohm.   

 

  
(a) (b) 

Figure 6-6 Comparison of frequency response using harmonic balance method and numerical 

method for nonlinear in parallel system. (a) In parallel (𝐹0 = 0.1 N). (b) In parallel (𝐹0 = 0.2 N). 
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Figure 6-7(a)-(b) show the nonlinear in series system with different linear spring stiffness 𝑘l. 

The simulation results using the numerical model match well with the harmonic balance method 

(HB), which proves the correctness of the applied numerical method for simulation. And the 

following common parameters are used: 𝑚1 = 0.02925 kg, 𝑚2 = 0.15637 kg,  𝜁 = 0.005, 𝑘nl1 = 

381.26 N/m, 𝑘nl3 = 8261267.7 N/m3, 𝛼 = 0.23152 V/N, 𝐶p = 3.0267e−10 F, and 𝑅 = 5400000 

Ohm. 

 

  
(a) (b) 

Figure 6-7 Comparison of frequency response using harmonic balance method and numerical 

method for nonlinear in series system. (a) In series (𝐹0 = 0.1 N and 𝑘l = 1050 N/m). (b) In series 

(𝐹0 = 0.1 N and 𝑘l = 450 N/m). 

 

In order to prove the validity of the approach, experiment tests are conducted, and a 

compression mode PZT patch is used instead of shear one just showing the setup of magnetic 

spring connection. Figure 6-8(a) provides a schematic representation of the overall testing setup, 

comprising two modules: the data acquisition system and the energy generator test setup. The data 

acquisition system is an integrated four-channel Siemens LMS SCA-DAS mobile system 

connected with LMS TestLab software. Figure 6-8(b) presents a detailed illustration of the energy 

generator test setup. A K2007E01 shaker is mounted on the left side to provide harmonic excitation. 

Three N52 grade permanent magnets from McMaster-CARR, each with an outer diameter of 0.5 

inch and a thickness of 1 inch, and priced at $7.73 each, are strategically employed to induce 

nonlinear magnetic repulsion. One magnet is affixed to the equivalent mass, while the remaining 

two magnets are fixed onto the testing base plate. These magnets are arranged with their poles 

facing each other, ensuring the desired magnetic interaction. Additionally, a load cell (PCB 
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208C01) is incorporated into the setup to accurately measure the dynamic excitation force. The 

linear spring connects the piezoelectric material with the equivalent mass. The mounting structures 

utilized within the energy generator test setup are fabricated by 3D printing using polylactic acid 

(PLA) material. Figure 6-8(c) and (d) demonstrate the nonlinear in parallel and linear experimental 

testing design configurations, respectively. 

The parameters used for the experiment and simulation are listed in Table 6-1. Figure 6-9(a) 

and (c) display the comparison of output voltage versus time from experiment and simulation, and 

Figure 6-9(b) and (d) show the dynamic excitation force in the experiments, respectively. The 

resistance 𝑅 used for simulating the charge dissipation of the data acquisition system is based on 

previous experiment result [9]. The time domain voltage variations obtained from simulations and 

experiments match each other, proving the accuracy and effectiveness of the approach.  

 

 
(a) 

 
(b) 

Detail  

design 

  

Data  

acquisition 

  

PZT 

  
Excitation Linear 

spring 

  

Load 
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Nonlinear 
spring 
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 (c) 

 
 (d) 

Figure 6-8 Experimental test setup. (a) Overall setup. (b) Detail design. (c) Nonlinear in parallel 

setup. (d) Linear setup. 

 

Table 6-1 System parameters for experiment and simulation. 

 Linear Nonlinear in parallel 

Equivalent mass 𝑚 (kg)  0.158 0.158 

Damping ratio 𝜁 5e-3 5e-3 

Linear spring stiffness 𝑘l (N/m) 2768 2768 

Nonlinear spring stiffness 𝑘nl1 (N/m) - 345.5 

Nonlinear spring stiffness 𝑘nl3 (N/m3) - 3329371 

Equivalent resistance 𝑅 (Ohm) 1800000 1800000 

Piezoelectric coefficient 𝑑33 (10e−12 C/N) 400 400 

Force factor 𝛼 (V/N) 0.2768 0.2768 

PZT capacitance 𝐶p (F) 2.136e-10 2.136e-10 

Excitation amplitude 𝐹0 (N) 6.25 6.25 

Excitation frequency 𝜔 (rad/s) 62.832 62.832 

 

  
 (a) (b) 



145 

 

  
 (c) (d) 

Figure 6-9 Comparison of output voltage from experiment and simulation. (a) Voltage variation 

for nonlinear in parallel design. (b) Force variation for nonlinear in parallel. (c) Voltage variation 

for linear design. (d) Force variation for linear. 

 

6.1.3 Parameter studies on energy generation  

Figure 6-10(a)-(d) represents the RMS charging power distribution in the frequency domain 

with different linear spring ratio 𝜇kl of the linear spring in parallel system, nonlinear spring in 

parallel system, linear spring in series system, and nonlinear spring in series system, respectively. 

𝜇kl is defined to be the ratio between the 𝑘l and 𝑘nl1. In order to properly compare the result, for 

the linear in parallel system, the equivalent spring stiffness of the whole system 𝑘 is calculated to 

be 𝑘 = 𝑘eq + 𝑘nl1. The stiffness of the linear spring itself in all different systems is calculated by 

𝑘l = 𝜇kl𝑘nl1 in this section. The RMS charging power is calculated based on Eq. (2.93). The 

operation bandwidth (OB) is calculated based on whether the saturated voltage on the storage 

capacitor meets the minimum required voltage (3 V). The sum of RMS charging power (SRCP) is 

obtained to be, 

𝑆𝑅𝐶𝑃 = ∑ 𝑅𝑀𝑆𝑃𝑖 × ∆𝐹𝑟𝑒𝑞
𝑛
𝑖=1 , (6.7) 

where 𝑅𝑀𝑆𝑃𝑖 is the RMS charging power in the corresponding frequencies within the operation 

bandwidth, and ∆𝐹𝑟𝑒𝑞 is the frequency interval.   

And the following common parameters are used for the in parallel systems: 𝑚 = 0.18563 kg, 

𝜁 = 0.005, 𝐹0 = 0.15 N, 𝑘nl1 = 381.26 N/m, 𝛼 = 0.23152 V/N, 𝐶p = 3.0267e−10 F, 𝐶s = 6e−8 F, 

and 𝑅 = 36 MΩ. The following common parameters are used for the in series systems: 𝑚1  = 
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0.02925 kg, 𝑚2 = 0.15637 kg,  𝜁 = 0.005, 𝐹0 = 0.15 N, 𝑘nl1 = 381.26 N/m, 𝛼 = 0.23152 V/N, 𝐶p 

= 3.0267e−10 F, 𝐶s = 6e−8 F, and 𝑅 = 36 MΩ. 

The resonance regions shift to the high frequency with higher peak RMS charging power in 

the frequency domain with the increase of linear spring ratio 𝜇kl. The sum of the RMS charging 

powers (SRCP) within the operation bandwidth increases with the increase of 𝜇kl as the equivalent 

deformation in the piezoelectric patch increases. The operation bandwidths (OB) increase with the 

increase of 𝜇kl for the linear in parallel system, linear in series system, and nonlinear in series 

system. The operation bandwidth (OB) decreases with the increase of 𝜇kl for the nonlinear in 

parallel system because of the weakened nonlinear effect.  

 

  
(a) (b) 

  
(c) (d) 

Figure 6-10 RMS charging power frequency response with different linear spring ratio 𝜇kl. (a) 

Linear in parallel system (𝑘nl3 = 0 N/m3). (b) Nonlinear in parallel system (𝑘nl3 = 8261267.7 

N/m3). (c) Linear in series system (𝑘nl3  = 0 N/m3). (d) Nonlinear in series system (𝑘nl3  = 

8261267.7 N/m3). 
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Comparing with the linear in parallel system with 𝜇kl = 5 (OB: 1.09 Hz; SRCP: 0.56 µW), the 

nonlinear in series system with 𝜇kl = 5 has an increment of 263.9% in OB and 1822.9% in SRCP. 

Comparing with the nonlinear in parallel system with 𝜇kl = 5 (OB: 1.43 Hz; SRCP: 0.99 µW), the 

nonlinear in series system with 𝜇kl = 5 has an increment of 177.0% in OB and 985.8% in SRCP. 

Comparing with the linear in series system with 𝜇kl = 5 (OB: 0.24 Hz; SRCP: 1.91 µW), the 

nonlinear in series system with 𝜇kl = 5 has an increment of 1527.0% in OB and 463.6% in SRCP. 

With the increase of 𝜇kl from 1 to 5, the OB of the nonlinear in series system increases from 0.91 

Hz to 3.97 Hz, and the SRCP increases from 0.28 µW to 10.74 µW. However, the increase of 𝜇kl 

brings an opposite effect to the OB of the nonlinear in parallel system. It proves the possibility of 

increasing the OB and SRCP simultaneously by increasing 𝜇kl of the nonlinear in series system. 

 

Table 6-2 The effect of the linear spring ratio 𝜇kl on operating bandwidth and sum of RMS 

charging power. 

  𝜇kl = 1 𝜇kl = 2 𝜇kl = 3 𝜇kl = 4 𝜇kl = 5 

Config#1 OB (Hz) 0.27 0.51 0.73 0.92 1.09 

 
OBR 

(Hz) 

10.07-10.34 12.24-12.75 14.06-14.79 15.67-16.59 17.12-18.21 

 
SRCP 

(µW) 

0.03 0.13 0.26 0.40 0.56 

Config#2 OB (Hz) 3.93 3.20 2.30 1.75 1.43 

 
OBR 

(Hz) 

11.72-15.65 12.56-15.76 14.17-16.47 15.72-17.47 17.15-18.58 

 
SRCP 

(µW) 

0.43 0.88 1.02 1.02 0.99 

Config#3 OB (Hz) 0.18 0.21 0.23 0.24 0.24 

 
OBR 

(Hz) 

5.33-5.51 6.05-6.26 6.35-6.58 6.51-6.75 6.62-6.86 

  ~ ~ ~ ~ ~ 

 
SRCP 

(µW) 

0.12 0.40 0.81 1.32 1.91 

Config#4 OB (Hz) 0.91 1.83 2.85 3.45 3.97 

 
OBR 

(Hz) 

6.00-6.91 6.99-8.82 7.51-10.36 7.81-11.26 7.99-11.96 

  ~ ~ ~ ~ ~ 

 SRCP 

(µW) 

0.28 1.29 4.29 7.31 10.74 

Abbreviation: OBR=operating bandwidth range. 

 

Figure 6-11(a)-(d) shows the RMS charging power distribution in the frequency domain for 

the linear in series system and the nonlinear in series system with different mass ratios 𝜇m. The 
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equivalent mass of the linear and nonlinear in parallel system is 0.185625 kg for this study which 

consists of the weight of the magnet (0.02925 kg) and the rest of the components in the system. 

The mass ratio 𝜇m of the in-series system is defined to be 𝑚1/𝑚2. To keep the total equivalent 

mass consistent with the in-parallel system, 𝑚2 = 0.185625/(1 + 𝜇m) and 𝑚1 = 0.185625 −

𝑚2. The operation bandwidth (OB) and SRCP of both the linear in series system and nonlinear in 

series system increase with the increase of 𝜇𝑚.  

And the following common parameters are used for the in series systems: 𝜁 = 0.005, 𝐹0 = 0.15 

N, 𝑘l = 450 N/m, 𝑘nl1 = 381.26 N/m, 𝛼 = 0.23152 V/N, 𝐶p = 3.0267e−10 F, 𝐶s = 6e−8 F, and 𝑅 = 

36 MΩ. 

 

  
(a) (b) 

  
(c) (d) 

Figure 6-11 RMS charging power frequency response of nonlinear in series design with different 

mass ratios 𝜇m. (a) Linear in series 𝜇m = 0.2~1. (b) Nonlinear in series 𝜇m = 0.2~1. (c) Linear in 

series 𝜇m = 1.2~2. (d) Nonlinear in series 𝜇m = 1.2~2. 
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Comparing with the linear in series system with 𝜇m = 2 (OB: 0.80 Hz; SRCP: 1.35 µW), the 

nonlinear in series system with 𝜇m = 2 has an increment of 408.2% in OB and 162.9% in SRCP. 

While 𝜇m changes from 0.2 to 2, the OB of the nonlinear in series system increases from 1.039 Hz 

to 4.050 Hz, and the SRCP increases from 0.33 µW to 3.54 µW. It proves the possibility of 

increasing the OB and SRCP by adjusting the mass ratio of the nonlinear in series system. 

 

Table 6-3 The effect of the mass ratios 𝜇m on operating bandwidth and sum of 

RMS charging power. 

 Config#3 Config#4 

 OB  

(Hz) 

OBR  

(Hz) 

SRCP 

(µW) 

OB  

(Hz) 

OBR  

(Hz) 

SRCP 

(µW) 

𝜇m = 0.2 0.19 5.55-5.74 0.16 1.04 6.24-7.28 0.33 

  ~   ~  

𝜇m = 0.4 0.19 5.82-6.01 0.20 1.33 6.75-8.08 0.61 

  ~   ~  

𝜇m = 0.6 0.30 6.03-6.21 0.27 1.81 6.85-8.61 0.87 

  19.01-19.11   19.53-

19.57 

 

𝜇m = 0.8 0.44 6.21-6.39 0.39 2.60 7.08-9.28 1.25 

  17.93-

18.18 

  18.31-

18.72 

 

𝜇m = 1.0 0.52 6.35-6.53 0.51 2.95 7.49-9.78 1.76 

  17.39-

17.73 

  17.66-

18.31 

 

𝜇m = 1.2 0.58 6.47-6.64 0.65 3.24 7.80-10.24 2.20 

  17.11-17.53   17.32-

18.12 

 

𝜇m = 1.4 0.64 6.57-6.72 0.81 3.50 8.07-10.67 2.60 

  17.01-

17.50 

  17.17-

18.06 

 

𝜇m = 1.6 0.70 6.65-6.79 0.98 3.72 8.31-11.08 2.99 

  17.02-

17.56 

  17.13-

18.07 

 

𝜇m = 1.8 0.75 6.71-6.85 1.16 3.90 8.54-11.47 3.27 

  17.09-

17.69 

  17.18-

18.14 

 

𝜇m = 2.0 0.80 6.77-6.90 1.34 4.05 8.74-11.83 3.54 

  17.21-

17.87 

  17.28-

18.24 

 

Abbreviation: OBR=operating bandwidth range. 

 

Figure 6-12(a)-(d) indicates the RMS charging power distribution in the frequency domain for 

the linear in parallel system, the nonlinear in parallel system, the linear in series system, and the 

nonlinear in series system with different widths of magnet 𝑤m. While keeping the total volume of 
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the magnet the same, the weight of the magnet stays the same. However, Eqs. (6.1)-(6.3) indicate 

that changing the width, length, and thickness of the magnet result in different magnet forces, 

which may affect the system response. Here, the effect of changing the width of the magnet on the 

energy generation is studied when the length of the magnet is fixed. Keeping other parameters 

unchanged, the increase of 𝑤m leads to the increase of both linear and nonlinear terms in the 

magnetic force, and the charging power variations can be seen in Figure 6-3(b). The SRCP of the 

four proposed systems decrease with the increase of 𝑤m . For the linear in parallel system, 

nonlinear in parallel system and nonlinear in series system, the OB decrease with the increase of 

𝑤m. The OB increase with the increase of 𝑤m for the linear in series system. 

And the following common parameters are used for the in parallel systems: 𝑚 = 0.18563 kg, 

𝜁 = 0.005, 𝐹0 = 0.15 N, 𝑘l = 450 N/m, 𝛼 = 0.23152 V/N, 𝐶p = 3.0267e−10 F, 𝐶s = 6e−8 F, and 𝑅 

= 36 MΩ. The following common parameters are used for the in series systems: 𝑚1 = 0.02925 kg, 

𝑚2 = 0.15637 kg,  𝜁 = 0.005, 𝐹0 = 0.15 N, 𝑘l = 450 N/m, 𝛼 = 0.23152 V/N, 𝐶p = 3.0267e−10 F, 

𝐶s = 6e−8 F, and 𝑅 = 36 MΩ. 

 

  
(a) (b) 
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(c) (d) 

Figure 6-12 RMS charging power frequency response with different width of magnets 𝑤m. (a) 

Linear in parallel system. (b) Nonlinear in parallel system. (c) Linear in series system. (d) 

Nonlinear in series system. 

 

Comparing with the linear in parallel system with 𝑤m = 0.007 m (OB: 0.31 Hz; SRCP: 0.04 

µW), the nonlinear in series system with 𝑤m = 0.007  m has an increment of 264.5% in OB and 

902.5% in SRCP. Comparing with the linear in series system with 𝑤m = 0.007 m (OB: 0.19 Hz; 

SRCP: 0.16 µW), the nonlinear in series system with 𝑤m = 0.007  m has an increment of 513.4% 

in OB and 184.6% in SRCP. With 𝑤m changes from 0.007 m to 0.019 m, the OB of the nonlinear 

in series system decreases from 1.14 Hz to 0.34 Hz, and the SRCP decreases from 0.45 µW to 0.14 

µW. It shows that the increase of magnetic force has a negative effect on energy generation under 

the current excitation force amplitude. 
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Table 6-4 The effect of the width of magnet 𝑤m on operating bandwidth and 

sum of RMS charging power. 

 
 𝑤m = 

0.007 m 

𝑤m = 

0.010 m 

𝑤m = 

0.013 m 

𝑤m = 

0.016 m 

𝑤m = 

0.019 m 

Config#1 OB (Hz) 0.31 0.28 0.24 0.21 0.18 

 
OBR (Hz) 10.50-

10.81 

12.66-

12.94 

14.92-

15.16 

16.80-

17.01 

18.25-

18.43 

 
SRCP 

(µW) 

0.04 0.03 0.02 0.01 0.01 

Config#2 OB (Hz) 3.94 2.75 1.65 0.98 0.60 

 
OBR (Hz) 11.66-

15.60 

13.74-

16.49 

15.84-

17.49 

17.60-

18.58 

18.95-

19.55 

 
SRCP 

(µW) 

0.55 0.28 0.12 0.06 0.03 

Config#3 OB (Hz) 0.19 0.26 0.31 0.33 0.34 

 OBR (Hz) 5.53-5.72 6.53-6.79 7.08-7.39 7.37-7.70 7.53-7.87 

  ~ ~ ~ ~ ~ 

 
SRCP 

(µW) 

0.16 0.14 0.13 0.13 0.13 

Config#4 OB (Hz) 1.14 0.80 0.55 0.41 0.34 

 OBR (Hz) 6.25-7.39 6.77-7.57 7.15-7.70 7.39-7.80 7.54-7.88 

  ~ ~ ~ ~ ~ 

 SRCP 

(µW) 

0.45 0.32 0.24 0.18 0.14 

Abbreviation: OBR=operating bandwidth range. 

 

The above analysis proves the possibility of designing an energy generator with wide OB and 

high SRCP by adjusting 𝜇kl, 𝜇m, and 𝑤m. A comparison of operating bandwidth and sum of RMS 

charging power for systems with the same linear spring stiffness is shown in Table 6-5. The 

difference between linear and nonlinear designs is nonlinearity induced by the magnet, the linear 

effect of the magnet is considered for both systems. The comparison is made under the conditions 

that the equivalent mass of the linear and nonlinear in parallel systems (1-DOF) and the total 

equivalent mass (𝑚1 and 𝑚2) of the linear and nonlinear in series systems (2-DOF), the dimension 

of the piezoelectric shear patch, the dimension of the magnet, the harmonic excitation amplitude, 

and the stiffness of the linear spring are the same. These conditions make it possible to fabricate 

the energy generators with the same amount of material, which proves the practical application 

value and the possible improvement in energy generation.     

Comparing with the linear in-parallel system with 𝑘l = 450 N/m (OB: 0.31 Hz; SRCP: 0.05 

µW), the nonlinear in parallel system with 𝑘l = 450  N/m has an increment of 1160.0% in OB and 

1030.9% in SRCP. Comparing with the linear in series system with 𝑘l = 450  N/m and 𝜇m = 2.0 
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(OB: 0.80 Hz; SRCP: 1.35 µW), the nonlinear in series system with 𝑘l = 450  N/m and 𝜇m = 2.0 

has an increment of 408.2% in OB and 162.9% in SRCP. The result in Table 6-5 indicates that 

both the nonlinear in parallel and nonlinear in series systems can effectively broaden the operation 

bandwidth and enhance the sum of RMS charging power compared with the corresponding linear 

systems. The sum of RMS charging power of the in-series systems can be improved by tuning the 

mass ratio 𝜇m. Comparing with the linear in parallel system with 𝑘l = 450 N/m (OB: 0.31 Hz; 

SRCP: 0.05 µW), nonlinear in parallel system with 𝑘l  =  450 N/m (OB: 3.94 Hz; SRCP: 0.55 

µW), and the linear in series system with 𝑘l = 450 N/m and 𝜇m = 2.0 (OB: 0.80 Hz; SRCP: 1.35 

µW), the nonlinear in series system with 𝑘l = 450 N/m and 𝜇m = 2.0 has increment of 1194.0% in 

OB and 7253.3% in SRCP, 2.7% in OB and 550.2% in SRCP, 408.2% in OB and 162.9% in SRCP, 

respectively. It proves the possibility of achieving both wide OB and high SRCP by properly 

designing the nonlinear in series system.   

 

Table 6-5 Comparison of operating bandwidth and sum of RMS charging 

power for different systems with linear spring stiffness 𝑘l = 450 N/m. 

 OB (Hz) OBR (Hz) SRCP 

(µW) 

Config#1 (𝑘l = 450 N/m) 0.31 10.50-10.81 0.05 

Config#2 (𝑘l = 450 N/m ) 3.94 11.66-15.60 0.55 

Config#3 (𝑘l = 450 N/m and 𝜇m = 1.0) 0.52 6.35-6.53 0.51 

 17.39-17.73  

Config#3 (𝑘l = 450 N/m and 𝜇m = 2.0) 0.80 6.77-6.90 1.35 

 17.21-17.87  

Config#4 (𝑘l = 450 N/m  and 𝜇m = 1.0) 2.95 7.49-9.78 1.76 

 17.66-18.30  

Config#4 (𝑘l = 450 N/m and 𝜇m = 2.0) 4.05 8.74-11.83 3.54 

 17.28-18.24  

Abbreviation: OBR=operating bandwidth range. 

 

6.2 Magnet-engaged piezoelectric energy generation under friction excitation 

The schematics of the proposed piezoelectric energy generators are shown in Figure 6-14 and 

Figure 6-14, which represent the shear mode nonlinear in-parallel system and shear mode 

nonlinear in-series system. The difference between the shear mode nonlinear in-parallel system 

and the shear mode nonlinear in-series system is the layout of the piezoelectric patch and the total 

system equivalent mass. The piezoelectric patch in both systems, which is shown in hatch line, is 

considered as connected in series with the linear shear tension spring 𝑘l and the stiffness constant 
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𝑘piezo of the piezoelectric patch in shear mode is calculated from the elastic constant 𝑐55
E

. Figure 

6-14(a) demonstrates the shear mode nonlinear in-parallel system, in which two magnets are 

attached to the mass block. The generated magnetic force acts as a nonlinear spring expressed in 

an empirical form (𝐹m(𝑦(𝑡)) = 𝑘nl1𝑦(𝑡) + 𝑘nl3𝑦(𝑡)
3 ), and nonlinear spring is connected in 

parallel with the equivalent linear spring. Figure 6-14(a) displays the shear mode nonlinear in-

series system, and the nonlinear spring is connected in series with the system described in Figure 

6-14(a) by adding the magnet to the bottom of the linear tension spring 𝑘l to form a new nonlinear 

system. Corresponding linear systems for comparison are made by adding an equivalent linear 

shear spring with the same stiffness of the linear term of the nonlinear magnetic force to the top of 

𝑚 and the bottom of 𝑚1, correspondingly, they are shown in Figure 6-14(b) and Figure 6-14(b).  

 

 
(a) 

 
(b) 

Figure 6-13 Schematic diagrams of the proposed nonlinear spring in parallel piezoelectric energy 

generators. (a) Shear-mode system with nonlinear spring in parallel under friction excitation. (b) 

Shear-mode system with linear spring in parallel under friction excitation. 
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(a) 

 
(b) 

Figure 6-14 Schematic diagrams of the proposed nonlinear spring in series piezoelectric energy 

generators. (a) Shear-mode system with nonlinear spring in series under friction excitation. (b) 

Shear-mode system with linear spring in series under friction excitation. 

 

A rigid moving plate is contacting with the friction layer of the mass block and moving at a 

constant velocity 𝑣0 horizontally, and friction force will be generated between the moving plate 

and the friction layer of the mass block. The systems will be under FIV. The detailed derivation of 

the empirical form of the magnetic force will be introduced in the next section, and the details of 

the system parameters are then explained. The calculation of the equivalent magnetic force and its 

representation is described in Section 6.1. 

 

N N S S 

PZT Linear spring Friction layer 

v
0
 F

f
(t) 

F
m
(y) 

k
l
 

k
piezo

 c
1
 m

1
 c

2
 m

2
 

F
f
(t) 

k
nl
 k

eq
 

m
1
 m

2
 

PZT Linear spring Friction layer 

v
0
 F

f
(t) 

k
l
 

k
piezo

 
k

nl1
 k

nl1
 k

eq
 

c
1
 c

2
 m

1
 m

2
 

m
1
 m

2
 

F
f
(t) 



156 

 

6.2.1 Mechanical and piezoelectric coupled modeling 

Considering the electromechanical effect of the system, the mechanical and piezoelectric 

coupling equations of the systems under friction can be written as follows. 

Nonlinear spring in-parallel: 

{
𝑚𝑦̈(𝑡) + 𝑐𝑦̇(𝑡) + 𝑘eq𝑦(𝑡) + 𝑘nl1𝑦(𝑡) + 𝑘nl3𝑦

3(𝑡) + 𝛼
𝑘l

𝑘l+𝑘piezo
𝑉RIP(𝑡) = 𝐹f(𝑡)

𝑉RIP(𝑡) + 𝑅𝐶p𝑉̇RIP(𝑡) − 𝑅𝛼
𝑘l

𝑘l+𝑘piezo
𝑦̇(𝑡) = 0

. (6.8) 

Linear spring in-parallel: 

{
𝑚𝑦̈(𝑡) + 𝑐𝑦̇(𝑡) + 𝑘eq𝑦(𝑡) + 𝑘nl1𝑦(𝑡) + 𝛼

𝑘l

𝑘l+𝑘piezo
𝑉RIP(𝑡) = 𝐹f(𝑡)

𝑉RIP(𝑡) + 𝑅𝐶p𝑉̇RIP(𝑡) − 𝑅𝛼
𝑘l

𝑘l+𝑘piezo
𝑦̇(𝑡) = 0

. (6.9) 

Nonlinear spring in-series: 

{
 
 
 

 
 
 
𝑚1𝑦̈1(𝑡) + (𝑐1 + 𝑐2)𝑦̇1(𝑡) − 𝑐2𝑦̇2(𝑡) + (𝑘nl1 + 𝑘eq)𝑦1(𝑡)

+𝑘nl3𝑦1
3(𝑡) − 𝑘eq𝑦2(𝑡) = 0

𝑚2𝑦̈2(𝑡) + 𝑐2(𝑦̇2(𝑡) − 𝑦̇1(𝑡)) + 𝑘eq(𝑦2(𝑡) − 𝑦1(𝑡))

+𝛼
𝑘l

𝑘l+𝑘piezo
𝑉RIS(𝑡) = 𝐹f(𝑡)

𝑉RIS(𝑡) + 𝑅𝐶p𝑉̇RIS(𝑡) − 𝑅𝛼
𝑘l

𝑘l+𝑘piezo
(𝑦̇2(𝑡) − 𝑦̇1(𝑡)) = 0

. (6.10) 

Linear spring in-series:  

{
 
 

 
 

𝑚1𝑦̈1(𝑡) + (𝑐1 + 𝑐2)𝑦̇1(𝑡) − 𝑐2𝑦̇2(𝑡) + (𝑘nl1 + 𝑘eq)𝑦1(𝑡) − 𝑘eq𝑦2(𝑡) = 0

𝑚2𝑦̈2(𝑡) + 𝑐2(𝑦̇2(𝑡) − 𝑦̇1(𝑡)) + 𝑘eq(𝑦2(𝑡) − 𝑦1(𝑡)) + 𝛼
𝑘l

𝑘l+𝑘piezo
𝑉RIS(𝑡) = 𝐹f(𝑡)

𝑉RIS(𝑡) + 𝑅𝐶p𝑉̇RIS(𝑡) − 𝑅𝛼
𝑘l

𝑘l+𝑘piezo
(𝑦̇2(𝑡) − 𝑦̇1(𝑡)) = 0

. (6.11) 

𝑘eq is the equivalent stiffness of the linear spring 𝑘l and 𝑘piezo in the series-connected state, 

which can be calculated as 𝑘eq = 𝑘l𝑘piezo (𝑘l + 𝑘piezo)⁄ . The detailed iterative solving process is 

depicted in Section 2.3 for the in-parallel system, and Section 2.4 for the in-series systems.  

The experiment validation of the proposed PEGs will be carried out as one of the future works 

to investigate the actual operating velocity range and energy generation performance. 
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6.2.2 System stability analysis 

The stability of the systems is judged by the stability of the equilibrium points, obtained by 

solving the nonlinear equations in the state space form. Based on the first-order approximation 

theory, the stability of the systems near the equilibrium point can be obtained by linear analysis. 

Assuming that the relative velocity 𝑣r  is always positive [67], [130], 𝜇slide(𝑣r) and 𝐹f  can be 

expressed as, 

𝜇slide(𝑣𝑟) = 𝜇k + (𝜇static − 𝜇k)𝑒
−𝛽𝑣r  (𝑣r ≥ 0), (6.12) 

𝐹f = [𝜇k + (𝜇static − 𝜇k)𝑒
−𝛽(𝑣0−𝑦̇)]𝐹N. (6.13) 

Based on Eq. (6.8) and defining 𝑥1 = 𝑦 , 𝑥2 = 𝑦̇ , 𝑥3 = 𝑉RIP , the state space form of the 

nonlinear in-parallel system can be expressed as, 

{
  
 

  
 

𝑥̇1 = 𝑥2

𝑥̇2 = −
𝑐

𝑚
𝑥2 −

(𝑘eq+𝑘nl1)

𝑚
𝑥1 −

𝑘nl3

𝑚
𝑥1
3 −

𝛼

𝑚
(

𝑘l

𝑘l+𝑘piezo
)𝑥3

+
[𝜇k+(𝜇static−𝜇k)𝑒

−𝛽(𝑣0−𝑥2)]𝐹N

𝑚

𝑥̇3 =
𝛼

𝐶p
(

𝑘l

𝑘l+𝑘piezo
)𝑥2 −

𝑥3

𝑅𝐶p

. (6.14) 

Let the terms on the right-hand side of Eq. (6.14) be zero to obtain the equilibrium points 𝑥0 =

[𝑥10, 0, 0], 

{
 
 

 
 

𝑥20 = 0

−𝑐𝑥20 − (𝑘eq + 𝑘nl1)𝑥10 − 𝑘nl3𝑥10
3 − 𝛼

𝑘l

𝑘l+𝑘piezo
𝑥30

+[𝜇k + (𝜇static − 𝜇k)𝑒
−𝛽(𝑣0−𝑥20)]𝐹N = 0

𝛼

𝐶p
(

𝑘l

𝑘l+𝑘piezo
)𝑥20 −

𝑥30

𝑅𝐶p
= 0

. (6.15) 

Substituting 𝑥20 = 0 and 𝑥30 = 0 into Eq. (6.15), a cubic equation of 𝑥10 can be obtained as, 

−(𝑘eq + 𝑘nl1)𝑥10 − 𝑘nl3𝑥10
3 + [𝜇k + (𝜇static − 𝜇k)𝑒

−𝛽𝑣0]𝐹N = 0. (6.16) 

Though there are three roots in Eq. (6.16), only one root has the physical meaning because the 

other two are a pair of complex conjugates. For the linear in-parallel system, equilibrium points 

can be obtained by substituting 𝑘nl3 = 0 into Eq. (6.16). Considering the emergence of limit cycle 

to be the boundary of the stable and unstable region of the system, the vibration of the system tends 

to the equilibrium position, and the system is in the stable region, whereas the system diverges to 

limit cycle oscillation and the system is in the unstable region. Then, we can do the iteration with 

a small step size using different parameters to plot the stable region. Considering the impact of the 
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friction characteristics on stability analysis, the effects of 𝜇static, 𝜇k, and 𝛽 on the stable region is 

calculated. 

Based on Eq. (6.10) and defining 𝑧1 = 𝑦1 , 𝑧2 = 𝑦̇1 , 𝑧3 = 𝑦2 , 𝑧4 = 𝑦̇2 , 𝑧5 = 𝑉RIS , the state 

space form of the nonlinear in-series system can be expressed as, 

{
 
 
 
 

 
 
 
 

𝑧̇1 = 𝑧2

𝑧̇2 =
𝑐2

𝑚1
𝑧4 −

(𝑐1+𝑐2)

𝑚1
𝑧2 −

(𝑘eq+𝑘nl1)

𝑚1
𝑧1 −

𝑘nl3

𝑚1
𝑧1
3 +

𝑘eq

𝑚1
𝑧3

𝑧̇3 = 𝑧4

𝑧̇4 = −
𝑐2

𝑚2
(𝑧4 − 𝑧2) −

𝑘eq

𝑚2
(𝑧3 − 𝑧1) −

𝛼

𝑚
(

𝑘l

𝑘l+𝑘piezo
)𝑧5

+
[𝜇k+(𝜇static−𝜇k)𝑒

−𝛽(𝑣0−𝑧4)]𝐹N

𝑚2

𝑧̇5 =
𝛼

𝐶p
(

𝑘l

𝑘l+𝑘piezo
)(𝑧4 − 𝑧2) −

𝑧5

𝑅𝐶p

. (6.17) 

Let the terms on the right-hand side of Eq. (6.17) be zero to obtain the equilibrium points 𝑧0 =

[𝑧10, 0, 𝑧30, 0, 0], 

{
 
 
 
 

 
 
 
 

𝑧20 = 0

𝑐2𝑧40 − (𝑐1 + 𝑐2)𝑧20 − (𝑘eq + 𝑘nl1)𝑧10 − 𝑘nl3𝑧10
3 + 𝑘eq𝑧30 = 0

𝑧40 = 0

−𝑐2(𝑧40 − 𝑧20) − 𝑘eq(𝑧30 − 𝑧10) − 𝛼
𝑘l

𝑘l+𝑘piezo
𝑧50

+[𝜇k + (𝜇static − 𝜇k)𝑒
−𝛽(𝑣0−𝑧40)]𝐹N = 0

𝛼

𝐶p
(

𝑘l

𝑘l+𝑘piezo
)(𝑧40 − 𝑧20) −

𝑧50

𝑅𝐶p
= 0

. (6.18) 

Substituting 𝑧20 = 0, 𝑧40 = 0, and 𝑧50 = 0  into Eq. (6.18), 𝑧10 and 𝑧30 can be obtained as, 

−𝑘eq(𝑧30 − 𝑧10) + 𝑘nl1𝑧10 + 𝑘nl3𝑧10
3 = 0, (6.19) 

−𝑘eq(𝑧30 − 𝑧10) + [𝜇k + (𝜇static − 𝜇k)𝑒
−𝛽𝑣r]𝐹N = 0, (6.20) 

where 𝑣r = 𝑣0 − 𝑧40, re-arranging Eq. (6.19) and Eq. (6.20) yields, 

𝑘nl1𝑧10 + 𝑘nl3𝑧10
3 − [𝜇k + (𝜇static − 𝜇k)𝑒

−𝛽𝑣0]𝐹N = 0, (6.21) 

𝑧30 = 𝑧10 + [𝜇k + (𝜇static − 𝜇k)𝑒
−𝛽𝑣0]

𝐹N

𝑘eq
, (6.22) 

The real root can be solved. For the linear in-series system, equilibrium points can be obtained 

by substituting 𝑘nl3 = 0 into Eq. (6.21). Then, we can do the iteration with a small step size using 

different parameters to plot the stable region and study the effects of 𝜇static, 𝜇k, and 𝛽 on the stable 

region. 
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Figure 6-15 and Figure 6-16 showed the effect of different exponential decay factor 𝛽 and 

damping coefficient 𝑐 on stable and unstable regions of the in-parallel and the in-series systems. 

Figure 6-15(a) and Figure 6-16(a) demonstrated the systems’ stability under the nonlinear 

magnetic force, whereas Figure 6-15(b) and Figure 6-16(b) displayed the linear systems’ stability 

for comparison in which the nonlinear term 𝑘nl3 is set to be zero. It is worth noting that this work 

concentrates on utilizing the self-excited FIV in the unstable region, and it is different from other 

research work focusing on suppressing FIV. It can be seen from Figure 6-15 and Figure 6-16 that 

the damping coefficient has a significant effect on the stable and unstable regions of all the systems, 

and a smaller damping coefficient can increase the unstable region. Figure 6-15(a) and (b) showed 

that, with the increase of 𝛽, the critical velocity 𝑣0 reduces, which consequently leads to a smaller 

unstable region. And the critical velocities under different applied normal force 𝐹N in the linear 

and nonlinear in-parallel systems are close to each other. Figure 6-16(a) and (b) showed similar 

variation trends of the unstable region with the increase of 𝛽, but critical velocities under different 

applied normal forces in the linear in-series system are smaller than the nonlinear in-series system, 

which can be caused by the introduced nonlinearity. 

And the following common parameters are used for the in parallel designs: 𝑚 = 0.619 kg, 𝑘l = 

50000 N/m, 𝑘nl1 = 1.903e3 N/m, 𝜇static = 0.6, and 𝜇k = 0.2. The following standard parameters 

are used for the in-series designs: 𝑚1 = 0.093 kg, 𝑚2 = 0.526 kg, 𝑘l = 50000 N/m, 𝑘nl1 = 1.903e3 

N/m, 𝜇static = 0.6, and 𝜇k = 0.2. 

 

 
(a) 
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(b) 

Figure 6-15 Stable region in terms of 𝛽. (a) Nonlinear in-parallel design (𝑘nl3 = 1.123e7 N/m3). 

(b) Linear in-parallel design (𝑘nl3 = 0 N/m3).  

 

 
(a) 

 
(b) 

Figure 6-16 Stable regions in terms of 𝛽. (a) Nonlinear in-series design (𝑘nl3 = 1.123e7 N/m3). (b) 

Linear in-series design (𝑘nl3 = 0 N/m3). 
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Figure 6-17 and Figure 6-18 showed the effect of different static friction coefficient 𝜇static on 

stable and unstable regions of the in-parallel and the in-series systems, and they revealed similar 

variation trends in the stable and unstable regions with different damping coefficients. Figure 

6-17(a) and (b) showed that, with the increase of 𝜇static, the critical velocity 𝑣0 increases, which 

consequently leads to a larger unstable region. And the critical velocities under different applied 

normal force 𝐹N in the linear and nonlinear in-parallel systems are close to each other with small 

𝜇static. With 𝐹N = 31 N, 𝜇static = 0.4, and 𝑐 = 0.596 Ns/m, 𝑣0 in the nonlinear in-parallel system 

is 2.453 m/s and 𝑣0  in the linear in-parallel system is 2.452 m/s. With 𝜇static  = 0.8 and other 

parameters unchanged, 𝑣0 in the nonlinear in-parallel system is 5.205 m/s and 𝑣0 in the linear in-

parallel system is 5.029 m/s. It implied that the increased 𝜇static may induce stronger nonlinear 

effect on the system which can enlarge the unstable region. Figure 6-18(a) and (b) showed similar 

variation trends of unstable region with the increase of 𝜇static, and the critical velocities in the 

linear in-series and the nonlinear in-series systems still revealed introduced nonlinear effect which 

can expand the unstable region. 

And the following common parameters are used for the in parallel designs: 𝑚 = 0.619 kg, 𝑘l = 

50000 N/m, 𝑘nl1 = 1.903e3 N/m, 𝛽 = 4.3, and 𝜇k = 0.2. The following common parameters are 

used for the in series designs: 𝑚1 = 0.093 kg, 𝑚2 = 0.526 kg, 𝑘l = 50000 N/m, 𝑘nl1 = 1.903e3 N/m, 

𝛽 = 4.3, and 𝜇k = 0.2. 

 

 
(a) 
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(b) 

Figure 6-17 Stable regions in terms of 𝜇static. (a) Nonlinear in-parallel design (𝑘nl3 = 1.123e7 

N/m3). (b) Linear in-parallel design (𝑘nl3 = 0 N/m3). 

 

 
(a) 
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(b) 

Figure 6-18 Stable region in terms of 𝜇static of in-series design. (a) Nonlinear in-series design 

(𝑘nl3 = 1.123e7 N/m3). (b) Linear in-series design (𝑘nl3 = 0 N/m3). 

 

Figure 6-19 and Figure 6-20 showed the effect of different dynamic friction coefficient 𝜇k on 

stable and unstable regions of the in-parallel and the in-series systems, and they displayed similar 

variation trends on the stable and unstable regions with different 𝛽 . With other parameters 

unchanged, larger 𝜇k brought smaller unstable region. With the selected 𝜇static = 0.6, no obvious 

nonlinear effect with larger 𝑣0 in the nonlinear in-parallel system can be observed. However, the 

larger 𝑣0 in the nonlinear in-series system compared to the linear in-series can still be noticed. The 

effects of 𝜇static, 𝜇k, and 𝛽 on the stability of linear and nonlinear systems indicates that the broad 

unstable region can be achieved via the introduced nonlinearity. The analysis of energy generation 

performance will be introduced in the energy generation section. 

And the following common parameters are used for the in parallel designs: 𝑚 = 0.619 kg, 𝑘l = 

50000 N/m, 𝑘nl1 = 1.903e3 N/m, 𝛽 = 4.3, and 𝜇static = 0.6. The following common parameters are 

used for the in-series designs: 𝑚1 = 0.093 kg, 𝑚2 = 0.526 kg, 𝑘l = 50000 N/m, 𝑘nl1 = 1.903e3 

N/m, 𝛽 = 4.3, and 𝜇static = 0.6. 

 



164 

 

 
(a) 

 
(b) 

Figure 6-19 Stable regions in terms of 𝜇k. (a) Nonlinear in-parallel design (𝑘nl3 = 1.123e7 N/m3). 

(b) Linear in-parallel design (𝑘nl3 = 0 N/m3). 

 

 
(a) 
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(b) 

Figure 6-20 Stable region in terms of 𝜇k. (a) Nonlinear in-series design (𝑘nl3 = 1.123e7 N/m3). (b) 

Linear in-series design (𝑘nl3 = 0 N/m3). 

 

Overall, the introduction of magnetic nonlinearity of the vibration system will slightly increase 

the critical sliding velocity leading to FIV. This effect is more obvious with the in-series 

connection between the magnetic spring and the linear piezoelectric module, and it is not 

significant for the in-parallel systems. 

 

6.2.3 Parameter studies on energy generation 

The influence of 𝜇static, 𝜇k, and 𝛽 on the energy generation performance is studied in this 

section, and the operating velocity range (OVR) and the sum of RMS charging power (SRCP) are 

used to assess the performance. The RMS charging power is calculated based on Eq. (2.93). The 

operating velocity range (OVR) is calculated based on whether the saturated voltage on the storage 

capacitor reaches the minimum required voltage (3 V). The sum of RMS charging power (SRCP) 

is obtained to be, 

𝑆𝑅𝐶𝑃 = ∑ 𝑅𝑀𝑆𝑃𝑖 × ∆𝑣0
𝑛
𝑖=1 , (6.23) 

where 𝑅𝑀𝑆𝑃𝑖 is the RMS charging power of the corresponding velocity within the OVR, and ∆𝑣0 

is the interval of sliding velocity. 𝑆𝑅𝐶𝑃 represents the covered area of the RMS charging power 

curve, which can be used to reflect the energy generation performance within the operating 

velocity range. 
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Figure 6-21 and Figure 6-22 demonstrate the effect of the exponential decay factor 𝛽 on energy 

generation performance under two different electric resistance 𝑅  conditions while charging a 

storage capacitor 𝐶s = 300 nF. 𝑅 represents the equivalent resistance connected in parallel to the 

charging circuit, and it represents the internal resistance of the piezoelectric voltage measuring 

device in this study. The RMS charging power, peak instant power, and saturated voltage of the 

nonlinear in-parallel, linear in-parallel, nonlinear in-series, and linear in-series systems increase 

with the increase of 𝑣0 until the critical velocity. A sudden drop happens in all of the four systems 

on energy generation performance after the sliding velocity exceeds the critical values because the 

systems change from unstable to stable states. The critical velocities match with the result in Figure 

6-15 and Figure 6-16 in the system stability analysis section. While 𝑅 changed from 1.8 M to 36 

M, the energy generation performance shows a boost. The reason is that the larger 𝑅 brings the 

circuit close to an open-circuit condition, and there is less charge dissipation happened on 𝑅 and 

most of the generated energy by piezoelectric patch is stored in 𝐶s. Table 6-6 summarizes the effect 

of 𝛽 on operating velocity range (OVR) and the sum of RMS charging power (SRCP) of the four 

investigated systems. Both OVR and SRCP decrease with the increase of 𝛽 , and 𝛽  is mainly 

determined by the contacting surfaces of friction material. The OVR and SRCP of the linear in-

parallel system are slightly smaller than the nonlinear in-parallel system, and it could be due to the 

weak nonlinearity induced by the magnetic force. The OVR of the linear in-series system is slightly 

smaller than the nonlinear in-series system. However, the SRCP of the linear in-series system is 

much smaller than the nonlinear in-series system. As a result, considering both in-parallel and in-

series systems, the induced nonlinearity from the magnetic force is beneficial for energy generation 

in OVR and SRCP compared to the linear configurations. Apart from these, the OVRs of the in-

series systems are larger than the in-parallel systems, and the SRCPs of in-parallel systems are 

larger than the in-series systems. It indicates that the in-parallel systems have better energy 

generation performance within their OVR compared to the in-series systems. However, the in-

series systems are more likely to excite FIV with a wider OVR. 

And the following common parameters are used for the in parallel systems: 𝑚 = 0.619 kg, 𝐹N 

= 12 N, 𝑐 = 1.185 Ns/m, 𝑘l = 50000 N/m, 𝑘nl1 = 1.903e3 N/m, 𝜇k = 0.2, 𝜇static = 0.6, and 𝐶s = 

3e−7 F. The following common parameters are used for the in series systems: 𝑚1 = 0.093 kg, 𝑚2 

= 0.526 kg, 𝐹N = 12 N, 𝑐1 = 0.178 Ns/m, 𝑐2 = 1.007 Ns/m, 𝑘l = 50000 N/m, 𝑘nl1 = 1.903e3 N/m, 

𝜇k = 0.2, 𝜇static = 0.6, and 𝐶s = 3e−7 F. 
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(a) 

 
(b) 

Figure 6-21 RMS charging power with different 𝑣0 in terms of 𝛽. (a) Nonlinear in-parallel design 

(𝑘nl3 = 1.123e7 N/m3). (b) Linear in-parallel design (𝑘nl3 = 0 N/m3). 
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(a) 

 
(b) 

Figure 6-22 RMS charging power with different 𝑣0 in terms of 𝛽. (a) Nonlinear in-series design 

(𝑘nl3 = 1.123e7 N/m3). (b) Linear in-series design (𝑘nl3 = 0 N/m3). 
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Table 6-6 The effects of the exponential decay factor 𝛽 on OVR and SRCP. 

  𝛽 = 4.3 𝛽 = 5.3 𝛽 = 6.3 

 
 𝑅 = 1.8 

(MΩ) 

𝑅 = 36  

(MΩ) 

𝑅 = 1.8   

(MΩ) 

𝑅 = 36   

(MΩ) 

𝑅 = 1.8   

(MΩ) 

𝑅 = 36   

(MΩ) 

NLIP OVR (m/s) 0.073-1.269 0.042-1.269 0.073-1.182 0.042-1.183 0.073-1.112 0.042-1.112 

 
SRCP 

(µW) 

111.055 672.393 88.371 535.383 75.107 455.095 

LIP OVR (m/s) 0.073-1.269 0.042-1.269 0.073-1.175 0.042-1.175 0.073-1.112 0.042-1.112 

 
SRCP 

(µW) 

111.004 672.292 88.352 534.698 75.082 455.062 

NLIS OVR (m/s) 0.673-2.419 0.063-2.419 0.673-2.118 0.063-2.118 0.673-1.877 0.063-1.877 

 
SRCP 

(µW) 

9.741 167.567 4.918 92.978 2.715 54.014 

LIS OVR (m/s) 1.029-2.275 0.067-2.275  1.029-1.992 0.067-1.992 1.029-1.765 0.067-1.765 

 SRCP 

(µW) 

0.518 16.844 0.357 11.881 0.2475 8.644 

Abbreviation: NLIP=nonlinear in parallel; LIP=linear in parallel; NLIS=nonlinear in series; LIS=linear in series. 

 

Figure 6-23 and Figure 6-24 show the effect of the static friction coefficient 𝜇static on energy 

generation performance considering the RMS charging power, peak instant power, and saturated 

voltage. Table 6-7 summarizes the effect of 𝜇static on operating velocity range (OVR) and the sum 

of RMS charging power (SRCP) of the systems. On the contrary to the induced variation trend of 

𝛽, OVR and SRCP increase with the increase of 𝜇static , which implies the growth of critical 

velocity and 𝜇static plays an important role in the generation of FIV. Meanwhile, the in-parallel 

systems keep the energy generation performance, and the in-series systems possess wide OVR. 

And the following common parameters are used for the in parallel systems: 𝑚 = 0.619 kg, 𝐹N 

= 12 N, 𝑐 = 1.185 Ns/m, 𝑘l = 50000 N/m, 𝑘nl1 = 1.903e3 N/m, 𝜇k = 0.2, 𝛽 = 4.3, and 𝐶s = 3e−7 F. 

The following common parameters are used for the in series systems: 𝑚1 = 0.093 kg, 𝑚2 = 0.526 

kg, 𝐹N = 12 N, 𝑐1 = 0.178 Ns/m, 𝑐2 = 1.007 Ns/m, 𝑘l = 50000 N/m, 𝑘nl1 = 1.903e3 N/m, 𝜇k = 0.2, 

𝛽 = 4.3, and 𝐶s = 3e−7 F. 
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(a) 

 
(b) 

Figure 6-23 RMS charging power with different 𝑣0 in terms of 𝜇static. (a) Nonlinear in-parallel 

design (𝑘nl3 = 1.123e7 N/m3). (b) Linear in-parallel design (𝑘nl3 = 0 N/m3).  
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(a) 

 
(b) 

Figure 6-24 RMS charging power with different 𝑣0 in terms of 𝜇static. (a) Nonlinear in-series 

design (𝑘nl3 = 1.123e7 N/m3). (b) Linear in-series design (𝑘nl3 = 0 N/m3). 
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Table 6-7 The effects of the static friction coefficient 𝜇static on OVR and SRCP. 

  𝜇static = 0.4 𝜇static = 0.6 𝜇static = 0.8 

 
 𝑅 = 1.8 

(MΩ) 

𝑅 = 36  

(MΩ) 

𝑅 = 1.8   

(MΩ) 

𝑅 = 36   

(MΩ) 

𝑅 = 1.8   

(MΩ) 

𝑅 = 36   

(MΩ) 

NLIP OVR (m/s) 0.073- 0.766 0.052-0.766 0.073-1.269 0.052-1.269 0.073-1.690 0.052-1.690 

 
SRCP 

(µW) 

25.389 153.788 111.055 681.308 262.403 1588.444 

LIP OVR (m/s) 0.073-0.766 0.052-0.766 0.073-1.175 0.052-1.269 0.073-1.648 0.052-1.648 

 
SRCP 

(µW) 

25.386 153.816 111.025 681.295 243.672 1497.470 

NLIS OVR (m/s) 0.778-1.825 0.140-1.825 0.708-2.384 0.074-2.384 0.708-2.802 0.074-2.802 

 
SRCP 

(µW) 

2.2145 45.373 9.119 158.335 20.618 331.788 

LIS OVR (m/s) 1.381-1.708 0.141-1.708 1.185-2.230 0.075-2.230 0.898-2.622 0.075-2.622 

 SRCP 

(µW) 

0.117 6.745 0.494 16.060 1.007 26.397 

Abbreviation: NLIP=nonlinear in parallel; LIP=linear in parallel; NLIS=nonlinear in series; LIS=linear in series; 

 

Figure 6-25 and Figure 6-26 illustrate the effect of the dynamic friction coefficient 𝜇k  on 

energy generation performance. Table 6-8 summarizes the effect of 𝜇k on operating velocity range 

(OVR) and the sum of RMS charging power (SRCP) of the systems. Following the same trend 

with the increase of 𝛽, OVR and SRCP decrease with the increase of 𝜇k, and critical velocity 

decreases with the increase of 𝜇k. FIV occurs due to energy conversion through friction, which is 

mainly from the stick and slip motion of two contacting objects. When the velocity of the sliding 

object is small, the velocity of the vibrating object can easily reach the velocity of the sliding object 

and form the stick and slip motions. Energy can be converted from the sliding object to the 

vibrating object. With the increased velocity of the sliding object, the difference in velocity 

between the vibrating object and the sliding object increases, and the two objects are always in 

relative motion with fading stick-slip motion, and the vibration system ultimately ends up at the 

equilibrium position. Based on Eq. (6.12) and keeping other parameters unchanged, 𝜇slide(𝑣r) will 

approach 𝜇k as 𝜇k increases, resulting in a shorter transiting period of stick and slip motion and 

less friction energy converting into vibrational energy. As a result, both OVR, SRCP, and critical 

velocity decrease with the increase of 𝜇k. 

And the following common parameters are used for the in parallel systems: 𝑚 = 0.619 kg, 𝐹N 

= 12 N, 𝑐 = 1.185 Ns/m, 𝑘l = 50000 N/m, 𝑘nl1 = 1.903e3 N/m, 𝜇static = 0.6, 𝛽 = 4.3, and 𝐶s = 3e−7 

F. The following common parameters are used for the in series systems: 𝑚1 = 0.093 kg, 𝑚2 = 
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0.526 kg, 𝐹N = 12 N, 𝑐1 = 0.178 Ns/m, 𝑐2 = 1.007 Ns/m, 𝑘l = 50000 N/m, 𝑘nl1 = 1.903e3 N/m, 

𝜇static = 0.6, 𝛽 = 4.3, and 𝐶s = 3e−7 F. 

 

 
(a) 

 
(b) 

Figure 6-25 RMS charging power with different 𝑣0 in terms of 𝜇k. (a) Nonlinear in-parallel design 

(𝑘nl3 = 1.123e7 N/m3). (b) Linear in-parallel design (𝑘nl3 = 0 N/m3). 
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(a) 

 
(b) 

Figure 6-26 RMS charging power with different 𝑣0 in terms of 𝜇k. (a) Nonlinear in-series design 

(𝑘nl3 = 1.123e7 N/m3). (b) Linear in-series design (𝑘nl3 = 0 N/m3). 
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Table 6-8 The effects of the dynamic friction coefficient 𝜇k on OVR and SRCP. 

  𝜇k = 0.2 𝜇k = 0.3 𝜇k = 0.4 

 
 𝑅 = 1.8 

(MΩ) 

𝑅 = 36  

(MΩ) 

𝑅 = 1.8   

(MΩ) 

𝑅 = 36   

(MΩ) 

𝑅 = 1.8   

(MΩ) 

𝑅 = 36   

(MΩ) 

NLIP OVR (m/s) 0.073-1.269 0.042-1.269 0.073-1.017 0.042-1.017 0.073-0.766 0.042-0.766 

 
SRCP 

(µW) 

111.055 672.393 57.635 348.949 24.844 150.447 

LIP OVR (m/s) 0.073-1.269 0.042-1.269 0.073-1.235 0.042-1.017 0.073-0.765 0.042-0.766 

 
SRCP 

(µW) 

111.004 672.234 57.622 348.245 24.839 150.435 

NLIS OVR (m/s) 0.673-2.419 0.063-2.419 0.733-2.178 0.121-2.178 0.733-1.817 0.121-1.817 

 
SRCP 

(µW) 

9.741 167.567 5.459 101.294 2.240 42.307 

LIS OVR (m/s) 1.200-2.275 0.067-2.275 1.142-2.048 0.123-2.048 1.369-1.709 0.123-1.709 

 SRCP 

(µW) 

0.518 16.844 0.356 12.078 0.118 6.775 

Abbreviation: NLIP=nonlinear in parallel; LIP=linear in parallel; NLIS=nonlinear in series; LIS=linear in series; 

 

Considering the possible working circumstances with varying 𝐹N and 𝑣0, the influences of the 

random 𝐹N  and 𝑣0  on the systems’ vibration response and energy generation performance are 

studied. The normal load 𝐹N  varies based on 𝐹N~𝑁(𝐹N, (0.1𝐹N)
2) , 𝐹N~𝑁(𝐹N, (0.2𝐹N)

2)  and 

𝐹N~𝑁(𝐹N, (0.3𝐹N)
2) , while the constant normal load is 𝐹N . The sliding velocity 𝑣0  changes 

according to𝑣0~𝑁(𝑣0, (0.03𝑣0)
2) , 𝑣0~𝑁(𝑣0, (0.05𝑣0)

2)  and 𝑣0~𝑁(𝑣0, (0.07𝑣0)
2), while the 

constant sliding velocity is 𝑣0.  

Figure 6-27 and Figure 6-28 exhibit the effect of varying 𝐹N on energy generation performance 

under two different electric resistance 𝑅 conditions while charging a storage capacitor. The solid 

black lines in Figure 6-21 and Figure 6-22. show the corresponding RMS charging power, peak 

instant power, and saturated voltage with constant 𝐹N. Table 6-9 compares the effect of 𝐹N with 

different standard deviation ratio to the constant 𝐹N value on OVR and SRCP. The results show 

that with 𝑅 = 1.8 M, while standard deviation ratio changing from 0.1 to 0.3, SRCPs of the 

nonlinear in-parallel, linear in-parallel, nonlinear in-series, and linear in-series systems reduce 

from 103.389 µW to 95.246 µW, 103.345 µW to 95.205 µW, 9.563 µW to 9.097 µW, and 0.506 

µW to 0.423 µW, respectively. It indicates a decrease of 7.8%, 7.8%, 4.9%, and 16.4%, 

respectively. Comparing the results in Table 6-9 with the ones at constant 𝐹N value in Table 6-6, 

SRCPs reduce by 14.2%, 14.2%, 6.6%, and 18.3%, correspondingly. Though SRCPs reduce, 

OVRs are almost unchanged compared to the result of constant 𝐹N. The energy generation systems 

can still satisfy the minimum required voltage for a similar operating velocity range with slightly 
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smaller charging power. With the least affected SRCP and almost unchanged OVR, the nonlinear 

in-series system shows better robustness under varying 𝐹N. The same conclusion can be made for 

the 𝑅 = 36 M case as clearly seen from the data curves in Figure 6-27 and Figure 6-28. 

And the following common parameters are used for the in parallel systems: 𝑚 = 0.619 kg, 𝐹N 

= 12 N, 𝑐 = 1.185 Ns/m, 𝑘l = 50000 N/m, 𝑘nl1 = 1.903e3 N/m, 𝜇k = 0.2, 𝜇static = 0.6, 𝛽 = 4.3, and 

𝐶s = 3e−7 F. The following common parameters are used for the in-series systems: 𝑚1 = 0.093 kg, 

𝑚2 = 0.526 kg, 𝐹N = 12 N, 𝑐1 = 0.178 Ns/m, 𝑐2 = 1.007 Ns/m, 𝑘l = 50000 N/m, 𝑘nl1 = 1.903e3 

N/m, 𝜇k = 0.2, 𝜇static = 0.6, 𝛽 = 4.3, and 𝐶s = 3e−7 F. 

 

 
(a) 
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(b) 

Figure 6-27 RMS charging power with varying 𝐹N . (a) Nonlinear in-parallel design (𝑘nl3  = 

1.123e7 N/m3). (b) Linear in-parallel design (𝑘nl3 = 0 N/m3). 

 

 
(a) 
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(b) 

Figure 6-28 RMS charging power with varying 𝐹N. (a) Nonlinear in-series design (𝑘nl3 = 1.123e7 

N/m3). (b) Linear in-series design (𝑘nl3 = 0 N/m3). 

 

Table 6-9 The effects of the varying 𝐹N on OVR and SRCP. 

  SSTD = 0.1𝐹N SSTD = 0.2𝐹N SSTD = 0.3𝐹N 

 
 𝑅 = 1.8 

(MΩ) 

𝑅 = 36  

(MΩ) 

𝑅 = 1.8   

(MΩ) 

𝑅 = 36   

(MΩ) 

𝑅 = 1.8   

(MΩ) 

𝑅 = 36   

(MΩ) 

NLIP OVR (m/s) 0.073-1.238 0.042-1.238 0.073-1.237 0.042-1.237 0.073-1.206 0.042-1.206 

 
SRCP 

(µW) 

103.389 624.111 103.060 623.333 95.246 577.018 

LIP OVR (m/s) 0.073-1.238 0.042-1.238 0.073-1.237 0.042-1.206 0.073-1.206 0.042-1.206 

 
SRCP 

(µW) 

103.345 624.402 102.980 578.256 95.205 577.471 

NLIS OVR (m/s) 0.673-2.419 0.063-2.419 0.673-2.419 0.063-2.419 0.673-2.419 0.063-2.419 

 
SRCP 

(µW) 

9.563 167.187 9.326 166.515 9.097 148.671 

LIS OVR (m/s) 1.086-2.275 0.067-2.275 1.086-2.275 0.067-2.275 1.086-2.218 0.067-2.218 

 SRCP 

(µW) 

0.506 16.783 0.478 16.693 0.423 15.539 

Abbreviation: NLIP=nonlinear in parallel; LIP=linear in parallel; NLIS=nonlinear in series; LIS=linear in series; 

 

Figure 6-29 and Figure 6-30 reveal the effect of varying 𝑣0 on energy generation performance. 

The solid black lines in Figure 6-21 and Figure 6-22 show the corresponding RMS charging power, 

peak instant power, and saturated voltage with constant 𝑣0. Table 6-10 compares the effect of 𝑣0 

with different standard deviation ratio to the constant 𝑣0 value on OVR and SRCP. The results 

show that with 𝑅 = 1.8 M, while standard deviation ratio changing from 0.03 to 0.07, SRCPs of 
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the nonlinear in-parallel, linear in-parallel, nonlinear in-series, and linear in-series systems change 

from 65.872 µW to 42.51 µW, 65.598 µW to 42.545 µW, 7.531 µW to 7.505 µW, and 0.212 µW 

to 0.201 µW, respectively. It indicates 35.4%, 35.1%, 0.4%, and 5.1% decrease, correspondingly. 

Comparing the result with constant 𝑣0 value in Table 6-6 and outcome in Table 6-10 with 𝑅 = 1.8 

M and 𝑆𝑆𝑇𝐷 = 0.07, SRCPs reduce by 61.7%, 61.6%, 22.9%, and 61.2%, correspondingly. 

OVRs of the nonlinear in-parallel, linear in-parallel, and linear in-series systems shrink a bit, but 

the OVR of the nonlinear in-series system is almost unchanged. The nonlinear in-series system 

shows better robustness of the piezoelectric power output under varying 𝐹N and 𝑣0 conditions. 

Same conclusion can be made for the 𝑅 = 36 M case as seen from the data curves in Figure 6-29 

and Figure 6-30. 

And the following common parameters are used for the in parallel systems: 𝑚 = 0.619 kg, 𝐹N 

= 12 N, 𝑐 = 1.185 Ns/m, 𝑘l = 50000 N/m, 𝑘nl1 = 1.903e3 N/m, 𝜇k = 0.2, 𝜇static = 0.6, 𝛽 = 4.3, and 

𝐶s = 3e−7 F. The following common parameters are used for the in-series systems: 𝑚1 = 0.093 kg, 

𝑚2 = 0.526 kg, 𝐹N = 12 N, 𝑐1 = 0.178 Ns/m, 𝑐2 = 1.007 Ns/m, 𝑘l = 50000 N/m, 𝑘nl1 = 1.903e3 

N/m, 𝜇k = 0.2, 𝜇static = 0.6, 𝛽 = 4.3, and 𝐶s = 3e−7 F. 

 

 
(a) 
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(b) 

Figure 6-29 RMS charging power with varying 𝑣0 . (a) Nonlinear in-parallel design (𝑘nl3  = 

1.123e7 N/m3). (b) Linear in-parallel design (𝑘nl3 = 0 N/m3). 

 

 
(a) 
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(b) 

Figure 6-30 RMS charging power with varying 𝑣0. (a) Nonlinear in-series design (𝑘nl3 = 1.123e7 

N/m3). (b) Linear in-series design (𝑘nl3 = 0 N/m3). 

 

Table 6-10 The effects of the varying 𝑣0 on OVR and SRCP. 

  SSTD = 0.03𝑣0 SSTD = 0.05𝑣0 SSTD = 0.07𝑣0 

 
 𝑅 = 1.8 

(MΩ) 

𝑅 = 36  

(MΩ) 

𝑅 = 1.8   

(MΩ) 

𝑅 = 36   

(MΩ) 

𝑅 = 1.8   

(MΩ) 

𝑅 = 36   

(MΩ) 

NLIP OVR (m/s) 0.073-1.080 0.042-1.080 0.073-1.017 0.042-1.017 0.073-0.955 0.042-0.955 

 
SRCP 

(µW) 

65.872 401.643 53.059 326.342 42.510 261.409 

LIP OVR (m/s) 0.073-1.080 0.042-1.080 0.073-1.017 0.042-1.017 0.073-0.955 0.042-0.955 

 
SRCP 

(µW) 

65.598 401.642 53.042 323.862 42.545 261.371 

NLIS OVR (m/s) 0.793-2.419 0.121-2.419 0.793-2.479 0.121-2.479 0.793-2.479 0.121-2.479 

 
SRCP 

(µW) 

7.531 147.604 8.378 153.641 7.505 138.186 

LIS OVR (m/s) 1.426-2.275 0.123-2.275 1.595-2.331 0.123-2.275 1.652-2.331 0.123-2.275 

 SRCP 

(µW) 

0.212 12.268 0.232 11.772 0.201 11.248 

Abbreviation: NLIP=nonlinear in parallel; LIP=linear in parallel; NLIS=nonlinear in series; LIS=linear in series; 

 

6.3 Summary and discussion 

Section 6.1 investigates the performance of magnet-engaged piezoelectric energy generators 

under harmonic excitation. The in-parallel and in-series design configurations exhibit hardening 

nonlinearity, resulting in extended operation bandwidth and improved output power. The effects 

of damping ratio 𝜁, excitation amplitude 𝐹0, and equivalent resistor 𝑅 on the system's frequency 
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response are studied. Increasing 𝜁 reduces voltage response peak values and restrains nonlinear 

phenomena. Increasing 𝐹0  increases voltage response peak values and improves nonlinear 

phenomena. Increasing 𝑅  increases voltage response peak values due to reduced energy 

dissipation. The nonlinear phenomena are almost unchanged in the two corresponding nonlinear 

design configurations because of the weak mechanical and piezoelectric coupling conditions. 

Investigation on energy generation performance in terms of OB and SRCP is carried out 

considering the linear spring ratio 𝜇kl, mass ratio 𝜇m, and magnet width 𝑤m. Increasing the linear 

spring ratio 𝜇kl results in an increase in SRCP for all design configurations, and an increase in OB 

can be observed except for the nonlinear in-parallel design configuration due to weakened 

nonlinearity. Increasing the mass ratios 𝜇m has a positive effect on OB and SRCP in both linear 

in-series and nonlinear in-series designs. Keeping the total volume of the magnet and magnet 

length constants, OB decreases with increasing 𝑤m, except for the linear in-series system. SRCP 

decreases with increasing 𝑤m for all systems. Properly designed nonlinear configurations achieve 

significant improvements in operation bandwidth and sum of the RMS charging powers compared 

to linear designs. 

In Section 6.2, similar piezoelectric energy generators are studied, but under friction excitation. 

A critical sliding velocity 𝑣0 exists, separating stick-slip phenomenon and continuous slip motion. 

This critical velocity changes with friction model parameters. The system tends to the equilibrium 

position in the stable region, while stick-slip motion occurs in the unstable region, characterized 

by FIV. The occurrence of FIV is influenced by parameters such as 𝛽 , 𝜇k , 𝐹N , and 𝜇static . 

Parameters studies about energy generation performance are conducted to compare the operation 

sliding velocity range (OVR) and the sum of RMS power (SRCP) among the nonlinear in-parallel, 

linear in-parallel, nonlinear in-series, and linear in-series systems. The in-parallel systems have 

better energy generation performance within their OVRs compared to the in-series systems. 

However, the FIVs of the in-series systems have a wider OVR. Considering the possible working 

circumstances, the normal load 𝐹N and sliding velocity 𝑣0 may be affected by the environment, 

energy generation simulations with varying 𝐹N  and 𝑣0  are carried out. Both varying 𝐹N and 𝑣0 

have negative effect on energy generation, and varying 𝐹N has less effect on systems’ performance. 

Furthermore, the nonlinear in-series system shows better robustness with the least affected SRCP 

and almost unchanged OVR compared to working circumstances with constant 𝐹N and 𝑣0. 
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Section 6.1 and Section 6.2 investigate the performance of magnet-engaged piezoelectric 

energy generators under harmonic and friction as excitations, respectively. The proposed nonlinear 

in-parallel and nonlinear in-series design configurations demonstrate better performance compared 

to their linear design configurations. Possible engineering applications can be achieved under 

harmonic-based excitation to utilize the ambient environmental vibration and friction-based 

excitation to harness wasted friction energy. 
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Chapter 7 Piezoelectric energy generation with 
continuum structure 

 

 

 

 

In this chapter, investigations are conducted on FIV-based PEG that utilizes continuum 

structure. The continuum structure is defined as a physical system that can be modeled as a 

continuous distribution of mass and stiffness, and it has infinite degrees of freedom. The modeling 

methods depicted in Sections 2.1, 2.2, 2.5, and 2.6 are utilized in this chapter.  

The study involves mathematical modeling of a piezoelectric-coupled continuum beam under 

FIV, experimental validation of model, and analysis of material properties and friction model 

parameters effects on energy generation performance. It will be introduced in Section 7.1. 

After exploring the dynamic behavior of a conventional piezoelectric-coupled continuum beam 

under FIV, the dynamic behavior of stepped design continuum beam under FIV is investigated. A 

Convolutional Neural Network - Long Short-Term Memory CNN-LSTM neural network is trained 

with simulation data. The trained model is integrated with Genetic Algorithm (GA) and utilized in 

the fitness function for geometric optimization of the energy generator. It will be described in 

Section 7.2. 
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7.1 Modeling of a piezoelectric-coupled beam under friction excitation 

A transverse mode (𝑑31) piezoelectric coupled continuum beam under friction excitation is 

introduced in this research, and the continuum beam is mounted on a fixture. The test rig shown 

in Figure 7-1(a) mainly consists of six components: 1: oscilloscope, 2: load cell indicator, 3: 

variable frequency drive (VFD) module, 4: three-phase motor, 5: load cell, and 6: piezoelectric-

coupled continuum beam. Figure 7-1(b) shows the detailed deformation of the beam. The three-

phase motor powers the built-in shaft, with a VFD module controlling the rotating rpm. A pulley 

is mounted on the motor shaft, and a V-belt is attached, leading the belt to rotate along with the 

pulley. The belt serves as the source of friction excitation for the beam. The coupled beam is 

installed on a fixture mounted on an angle iron. A load cell connected to the indicator is integrated 

at the opposite end of the angle iron to measure the normal load. An oscilloscope is utilized to 

measure dynamic voltage from PZT during FIV. The electromechanical modeling of the energy 

generator can be referred in Section 2.5, and its experimental validation will be conducted below. 
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(b) 

Figure 7-1 Schematic diagrams of piezoelectric-coupled continuum beam under FIV. (a) 

Experiment testing rig. (b) Deformation of the piezoelectric-coupled continuum beam. 

 

7.1.1 Model validation with experiment  

The parameters for the experiment are shown in Table 7-1. The PZT (APC 855) is from APC 

International, Ltd [131]. The host beam is purchased from a local vendor. In order to obtain the 

accurate material properties of the host beam, Young’s modulus 𝐸 and density 𝜌 are measured 

experimentally. The density is calculated using the equation 𝜌 = 𝑚/𝑉s, where 𝑚 is the measured 

mass of the sample test beam (250×25.4×6.35 mm) and 𝑉s corresponds to its volume derived from 

𝑉s = 𝐿 ∗ 𝐻 ∗ 𝑏 . The Young’s modulus 𝐸  is calculated from the experimentally measured first 

resonant frequency response, and the test setup for frequency response is shown in Figure 7-2. A 

dynamic signal analyzer (35670A) is used for data acquisition and analysis. An accelerometer 

(Bruel & Kjaer 4367) is utilized to acquire the vibrational data. A force hammer is used for 

excitation. The spectrum result from the signal analyzer shows the first resonance peak is around 

54 Hz. This value will be used to calculate 𝐸 of the host beam under the clamped-free boundary 

condition.   

 

 

Side 

Piezoelectric 

patch 

1 

3 

2 

L 

L
2
 

L
1
 



187 

 

 

Figure 7-2 Test setup to measure 𝐸 of the beam. 

 

Table 7-1 Parameters for experimental and simulation parameter studies. 

Parameter Host beam PZT patch Circuit Friction model 

Length (m) 𝐿 = 0.36 𝐿p = 0.02 − − 

Thickness (m) 𝐻 = 0.00635 ℎ = 0.001 − − 

Width (m) 𝑏 = 0.0254 𝑏p = 0.01 − − 

Young’s modulus 

(GPa) 
𝐸 = 50 𝐸p = 63 − − 

Density (kg/m3) 𝜌 = 2705 𝜌p = 7600 − − 

Piezoelectric constant − 𝑑31 = -2.8e−10 − − 

Capacitance (F) − 𝐶p = 1.157e−8 𝐶st = 10e−6 − 

Distance to fixed end 

from piezo-patch and 

friction location (m) 

− 𝑑0 = 0.017 − 𝑑f = 0.281 

Equivalent resistance 

(Ohm) 
− − 𝑅 = 1e6 − 

Normal force (N) − − − 𝐹N = 10 

Sliding velocity (m/s) − − − 𝑣0 = 0.939 

Static friction 

coefficient 
− − − 𝜇s = 0.8 

Dynamic friction 

coefficient 
− − − 𝜇k = 0.5 

Exponential decay 

factor 
− − − 𝐶 = 20 

 

The experimental configuration, illustrated in Figure 7-3, encompasses five key elements: an 

oscilloscope (DSO6014A) with an internal resistance 𝑅 of 1 MΩ for data acquisition, a three-phase 
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motor (WEG CT002404NPW22) providing rotational power, a VFD module 

(CFW500B07P3B2DBN1H00) regulating rotational speed, a charging circuit dedicated to 

charging the storage capacitor 𝐶s, and a load cell employed for quantifying the normal load. The 

detail of the piezoelectric coupled continuum beam is shown in Figure 7-3(b), which has a 

dimension of 360×25.4×6.35 mm. A 20×10×1 mm piezoelectric patch is bonded to the beam. The 

detail of the contact interface between the continuum beam and the rotating belt is shown in Figure 

7-3(c). The belt functions as the sliding object with a sliding velocity 𝑣0, and the host beam acts 

as the oscillating object. Assuming that the beam is under small deformation and the contacting 

point between the belt and beam remains unchanged. The FIV emerges as a consequence of energy 

conversion from the interplay of stick and slip motion between two contacting objects. When the 

belt starts sliding, the oscillating object can readily synchronize its motion with the belt’s velocity, 

thus initiating the stick-slip motion. This enables energy conversion from the sliding entity to the 

oscillating object. It should be noted that the current study presents a fundamental investigation 

into the mechanism of friction-induced vibration in a piezoelectric beam and explored its energy 

generation performance. A motor is employed to generate and maintain a stable sliding motion. 

Therefore, a motor is used for representation in the structural diagram and experimental setup. The 

motor is not the energy source for the piezoelectric beam to harvest energy for practical 

applications. Additionally, in practical applications, using proper materials with enhanced 

properties is essential to reduce wear and ensure a longer lifespan. 

Throughout the testing procedure, a fixed distance of 115 mm between the shaft and the edge 

of the pulley is maintained. The velocity 𝑣0  is calculated as 𝑣0  = 0.1047×0.115×𝑁 , where 𝑁 

denotes the rotating speed of the shaft. The conversion factor 0.1047 is derived from 0.1047 = 

2π/60, enabling the conversion of rpm to rad/s. The charging experiment employs a conventional 

charging circuit, as depicted in the lower left portion of Figure 7-3(a). This circuit features a full 

bridge rectifier comprising four Schottky diodes, a toggle switch employed for initiating the 

charging, and a storage capacitor 𝐶st for energy storage. 
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(a) 

 

 
(b) (c) 

Figure 7-3 Test setup of piezoelectric-coupled cantilever. (a) Overall setup. (b) Dimension of 

material. (c) Friction contact interface. 

 

Accurately quantifying the influence of bonding between components in theoretical modeling 

is very challenging. In this study, we adopt the assumption of rigid connections for the components 

between the load cell and the beam. This simplification allows us to focus on the dynamics and 

exclude structural vibration effects. The experimental parameters are listed in Table 7-1. Figure 

7-4 compares the output voltage in time domain between experimental and simulated results at 

different rotating speeds. The changing variables are shown on the figure caption. The output 

voltage is calculated through Eq. (B.15), wherein the parameter 𝑅 emulates the charge dissipation 

within the energy generation system during its connection to the oscilloscope. A resistance value 

of 𝑅 = 1 MΩ is employed, which is based on the specifications provided in the user menu. 𝜇s and 
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𝜇k are detemined based on the recorded value of coefficient of friction between rubber and metal 

[132]. 𝐶 is the decay factor characterizing the transition rate during stick-slip motion, and it is 

determined based on the stick-slip phenomenon in the experiment. It is worth noting that 𝐶 varies 

depending on surface conditions and material properties. It is feasible to achieve pronounced FIV 

featuring a robust stick-slip phenomenon by employing suitable materials or surface conditions. 

The temporal voltage outputs obtained through simulations match with the experimental 

observations. It substantiates the precision and effectiveness of the simulation result.  

The experimental results demonstrate the emergence of approximately sixteen vibration peaks 

in 0.5 seconds. This observation signifies that the system oscillates at approximately 32 Hz, closely 

aligning with the continuum beam’s first natural frequency of approximately 33 Hz. The results 

from Figure 7-4(a) and (c) indicate that a 37% augmentation in the sliding velocity 𝑣0 coincides 

with an approximate 3% enhancement in the peak dynamic voltage output. After comparing Figure 

7-4(a) and (b), it reveals that a 20% increment in the normal force 𝐹N yields a 20% increase in the 

peak dynamic voltage output. These findings shows that, within the current validation parameters, 

the amplitude of the voltage output is mainly influenced by the variation of the normal force 𝐹N 

compared to the changes of the sliding velocity 𝑣0. 

 

  

(a) (b) 
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(c) (d) 

Figure 7-4 Dynamic output voltage under different testing conditions. (a) 𝐹N = 10 N and 𝑣0 = 

0.939 m/s. (b) 𝐹N = 12 N and 𝑣0 = 0.939 m/s. (c) 𝐹N = 10 N and 𝑣0 = 1.289 m/s. (d) 𝐹N = 12 N and 

𝑣0 = 1.289 m/s. 

 

Figure 7-5 depicts the variation of 𝑉s throughout the charging process for different 𝐹N . A 

comprehensive derivation of 𝑉s and 𝑉p during the charging process can be found in Section 2.6. 

The experimental charging curves manifest discernible fluctuations, potentially arising from loose 

connections within the charging circuit and the impact of structural vibrations. Overall, the 

simulation outcomes exhibit a congruence with the experimental results. 

 

  

(a) (b) 

Figure 7-5 Dynamic charging output under different testing conditions. (a) 𝐹N = 10 N and 𝑣0 = 

0.939 m/s. (b) 𝐹N = 12 N and 𝑣0 = 0.939 m/s. 
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7.1.2 Parameter studies on energy generation  

The experimental parameters in Table 7-1 are used as control parameters for simulation. The 

effects of material properties, electrode connection of piezoelectric patch, and friction model 

parameters on energy generation performance are investigated, aiming to provide insights into the 

underlying mechanisms governing the behavior of the corresponding continuum beam energy 

generation system. It should be noted that we split the original 20×10×1 mm piezoelectric patch 

into two 10×10×1 mm patches to study the effect of electrode connection, and 𝑑2,0 is introduced 

to represent the distance to the fixed end from the second PZT patch.  

Figure 7-6  shows the effect of the host beam’s Young’s modulus 𝐸 and density 𝜌 on 𝑃e
RMS 

and the peak instant charging power 𝑃e−peak under different conditions. The material properties of 

the host beam are listed in Table 7-2. The dimensional parameters of the host beam remain constant. 

The natural frequencies are mainly determined by the ratio between 𝐸 and 𝜌. Upon analyzing the 

ratio among the materials being studied, copper exhibits the smallest ratio, which indicates lowest 

natural frequencies. And titanium has the highest ratio. However, their energy generation 

performance does not follow the sequence with respective to natural frequencies. The material 

used in the experiment demonstrates better output among the four, with titanium, copper, and 

stainless steel following in descending order. It can be found that the material used in the 

experiment possesses the smallest 𝐸 and 𝜌 comparing to the other three material. Small 𝐸 usually 

indicates greater flexibility, and it is easier to deform. And it is common to result in slower 

response to dynamic inputs for material with high 𝜌 due to increased inertia. Proper manipulation 

of material properties are essential for optimizing the energy generation performance of 

piezoelectric cantilevers. 

 

Table 7-2 Host beam material properties. 

Parameter Exp. Al Stainless steel 

(AISI 304) 

Copper Titanium 

(Ti-5Al-2.5Sn) 

Young’s modulus 𝐸 (GPa) 50 190 110 110 

Density 𝜌 (kg/m3) 2705 8000 8900 4480 
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Figure 7-6 Effect of host beam material properties on energy generation. 

 

Figure 7-7 compares the energy generation performance using different PZTs. The material 

properties of the PZTs are listed in Table 7-3. The piezoelectric coupled continuum beam is 

fabricated by bonding the PZT to the host beam. The size of the PZT is relatively small compared 

to the host beam. Therefore, it may not have a significant effect on the vibration dynamics. Based 

on the provided material properties, it can be seen that APC 855 has the highest relative dielectric 

constant 𝐾T and piezoelectric constant 𝑑31, and APC 850, APC 840, and APC 880 follows the 

descending sequence. The energy generation performance exhibits a similar trend because PZT 

with a higher 𝐾T has better ability in storing and releasing energy, and PZT with low 𝐾T can 

minimize signal interference for sensing purpose. Additionally, a higher 𝑑31 indicates that the 

material is more responsive to stress and efficient converting mechanical strain into electrical 

charge, consequently, generating higher energy. 

 

Table 7-3 PZT material properties. 

Parameter APC 840 APC 850 APC 855 APC 880 

Relative dielectric constant 𝐾T 1275 1900 3300 1050 

Electromechanical coupling factor 𝑘31 0.35 0.36 0.40 0.30 

Piezoelectric constant 𝑑31 (pC/N) -125 -175 -276 -95 

Young’s modulus 𝐸p (GPa) 80 63 59 90 

Density 𝜌p (kg/m3) 7600 7600 7600 7600 
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Figure 7-7 Effect of PZT patch material properties on energy generation. 

 

Figure 7-8 demonstrates the energy generation performance of two setups of connections using 

the same total volume of PZT: electrically in parallel and electrically in series. Both setups are 

mechanically in parallel. Keeping the first patch’s distance to the fixed end 𝑑1,0 the same value as 

𝑑0 , the second patch’s distance to fixed end 𝑑2,0  varies. The in parallel setup has a larger 

capacitance because the same electrodes of the two patches are connected. Conversely, the in series 

setup possesses lower capacitance because the opposite electrodes are connected, leading to a 

smaller effective electrode area. The variation in Figure 7-8 shows that the energy generation of 

both setups is enhanced with the increased normal load 𝐹N. As 𝑑2,0 increases, the energy outputs 

decrease for both setups. This is due to the decrease in strain in the second piezoelectric patch. 

𝑃e
RMS of the in series connection is slightly higher than the in parallel connection under current 

equivalent resistance 𝑅, and this is because of the voltage and current relationships of the two 

connections. There is less internal power loss with the current 𝑅 value for the in series connection. 

With further increased 𝑅 , the difference in 𝑃e
RMS  will be mitigated. Electrically in parallel 

configurations are usually favored for their ability to regulate the output voltage to a desirable 

value. Additionally, higher effective capacitance contributes to the enhancement of energy transfer 

efficiency. 
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Figure 7-8 Effect of PZT patch electrode connection on energy generation. (IP: in parallel; IS: in 

series). 

 

Figure 7-9 and Figure 7-10 display the effect of static friction coefficient 𝜇s on system dynamic 

response and energy generation performance. Figure 7-9 reveals the time domain and frequency 

domain responses with different friction locations 𝑑f. Based on the results, a higher voltage output 

is achieved when 𝑑f is closer to the free end of the structure. Conversely, when 𝑑f is positioned 

closer to the fixed end, the system exhibits more higher frequency components in the spectrum. 

The predominant frequency component under different 𝑑f remains proximate to the first resonant 

frequency of the structure. While comparing the dynamic response under different 𝜇s, a marginal 

increase in voltage amplitude is observed with larger 𝜇s . Derived from Eq. (2.8), a higher 

coefficient 𝜇s corresponds to a larger 𝜇(𝑣𝑟) when the relative velocity 𝑣𝑟 approaches zero. The 

resulting friction force 𝐹f is influenced by 𝜇(𝑣𝑟) and 𝐹N. When 𝑣𝑟 is close to zero, it approximates 

the static friction force. The augmented 𝐹f consequently contributes to an increase in vibrational 

amplitude. The result in Figure 7-10 compares the energy generation performance with different 

𝜇s, 𝑃e−peak follows the same variation trend of voltage amplitude. The 𝑃e
RMS associated with 𝜇s =

0.6 surpasses the other three configurations in the same friction location. Upon comparing the 

dynamic responses within 30 - 40 s, Figure 7-9(b), (c), and (d) show an increased level of 

irregularity. The termination of the charging process is affected by the steady state peak voltage, 

and it may take longer to finish charging. The instant charging power from previous literature 

shows that 𝑃e starts to decline after the peak power, indicating a reduction in 𝑃e
RMS after the peak 

[115]. Different from 𝑃e−peak, which is mainly governed by the peak voltage, 𝑃e
RMS is also affected 

by the charging time. A longer charging period could result in a lower 𝑃e
RMS. 
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(c) 

 

 
(d) 

Figure 7-9 Effect of static friction coefficient 𝜇s on dynamic response. (a) 𝜇s = 0.6. (b) 𝜇s = 0.8. 

(c) 𝜇s = 1.0. (d) 𝜇s = 1.2. 
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Figure 7-10 Effect of static friction coefficient 𝜇s on energy generation. 

 

Figure 7-11 and Figure 7-12 analyze the influence of dynamic friction coefficient 𝜇k on system 

dynamic response and energy generation performance. Figure 7-11 shows the time domain and 

frequency domain responses. The variation of voltage outputs and predominant frequency 

components with different 𝑑f exhibit a trend similar to that of 𝜇s. Larger peak voltage output is 

achieved with 𝑑f closer to the free end, and the primary vibration frequency is still close to the first 

resonant frequency. When comparing the dynamic responses with varying 𝜇k, a distinct rise in 

voltage amplitude appears with higher 𝜇k. In accordance with Eq. (2.8), an increased 𝜇k results in 

a larger 𝜇(𝑣𝑟) when the relative velocity 𝑣𝑟 is large. The system with large 𝑣𝑟 corresponds to the 

slip friction state. The augmented 𝐹f in slip state also causes an increase in vibrational amplitude. 

The result in Figure 7-12 compares the energy generation performance with different 𝜇k, both 

𝑃e−peak  and 𝑃e
RMS  are enhanced with the increase of 𝜇k . By comparing the energy generation 

performance with different 𝜇s, there is distinct difference with different 𝜇k. Given that both stick 

state and slip state friction forces contribute to the system's dynamics, the pronounced impact of 

𝜇k suggests that, under current parameter condition, the slip state holds a more significant role in 

influencing the system's dynamics. 
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(c) 

 

 
(d) 

Figure 7-11 Effect of dynamic friction coefficient 𝜇k on dynamic response. (a) 𝜇k = 0.1. (b) 𝜇k = 

0.3. (c) 𝜇k = 0.5. (d) 𝜇k = 0.7.  
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Figure 7-12 Effect of static friction coefficient 𝜇k on energy generation.  

 

Figure 7-13 and Figure 7-14 demonstrate the effect of exponential decay factor 𝐶 on system 

dynamic response and energy generation performance. Based on Eq. (2.8), 𝜇(𝑣𝑟) varies between 

𝜇k and 𝜇s to characterize the dynamic variation of the effective friction coefficient. 𝐶 is used to 

adjust the transition rate during stick-slip motion. A higher 𝐶  value corresponds to a faster 

conversion rate. Conversely, a smaller 𝐶 value yields opposite effect, with pronounced stick-slip 

phenomenon. Figure 7-13 depicts both time domain and frequency domain responses across 

different friction locations 𝑑f. It is observed in Figure 7-13(b), (c), and (d) that the output voltages 

increase with the increasing 𝑑f . For Figure 7-13(a) with 𝐶  = 14, the dynamics become more 

intricate due to the intensified stick-slip motion. The output voltage at 𝑑f = 0.25 m, which is closer 

to the fixed end, is higher compared to 𝑑f = 0.32 m. Also, the predominant frequency component 

of the system shifts towards the second and third resonant frequencies. Figure 7-14 compares the 

energy generation performance with different 𝐶 values. The energy generation performance is 

enhanced due to the stronger stick-slip motion associated with a smaller value of 𝐶 . The 

exponential decay factor 𝐶 plays a pivotal role in the dynamics of FIV, and it is influenced by 

different factors, such as the material properties and geometries of the frictional contact interfaces. 

The current parameter study of 𝐶 on energy generation performance offers insight into the intricate 

dynamics of frictional interactions, and the results demonstrate the feasibility to achieve 

pronounced FIV with optimal energy generation performance. Future work can focus on 

investigating the dynamics of FIV for materials with difference surface conditions.  
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(c) 

 

 
(d) 

Figure 7-13 Effect of exponential decay factor 𝐶 on dynamic response. (a) 𝐶 = 14. (b) 𝐶 = 16. (c) 

𝐶 = 18. (d) 𝐶 = 20. 
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Figure 7-14 Effect of exponential decay factor 𝐶 on energy generation. 

 

7.2 Modeling and optimization of a piezoelectric stepped beam under friction 

excitation  

The overall test setup, detailed setup, and conceptual design of the piezoelectric-coupled 

stepped beam are shown in Figure 7-15. An entire experimental arrangement, which includes the 

test apparatus and measuring devices, is displayed in the overall test setup. More specific 

experimental layouts of the motor, controller, oscilloscope, and frictional contact interface are 

illustrated in the detailed setup. The geometric parameters and the placement of piezoelectric 

material are depicted in the conceptual design of the prototype. The design, modeling and 

validation, and optimization processes are summarized in Figure 7-16. A continuum stepped beam 

is first introduced. The electromechanical coupled governing equation is derived based on the 

Euler-Bernoulli beam theory, the Stribeck friction model, and the piezoelectric constitutive 

equation. Experimental validation is then conducted to verify the dynamic energy output, and 

based on the validated model, datasets are generated to train a machine learning model. The 

performances of Convolutional Neural Network (CNN), Long Short-Term Memory (LSTM), and 

CNN-LSTM are compared to determine the most accurate model for prediction. Subsequently, the 

optimal model is employed for GA optimization. The GA starts with an initial population, and 

iterative processes are undertaken to refine these solutions. Fitness values are predicted, and 

individuals with high fitness are selected for reproduction through mating and mutation. Ultimately, 

the optimal parameters for the stepped beam design are determined. 
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Figure 7-15 Test setup overview. 
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Figure 7-16 Flowchart of design, modeling and experimental validation, and optimization. 

 

The electromechanical modeling of the energy generator can be referred in Section 2.5. To 

properly solve the dynamic response of the piezoelectric-coupled stepped beam, 𝑤(𝑠𝑖, 𝑡), the 

displacement function of the beam in Eq. (2.72) is divided into five sections: 0 < 𝑠1 ≤ 𝐿1, 𝐿1 <

𝑠2 ≤ 𝐿2 , 𝐿2 < 𝑠3 ≤ 𝐿3 , 𝐿3 < 𝑠4 ≤ 𝐿4 , and 𝐿4 < 𝑠5 ≤ 𝐿5 . Since there is a piezoelectric-coated 

small section in 0 < 𝑠1 ≤ 𝐿1, it can be divided into three small section: 0 < 𝑠1 ≤ 𝐿1,1, 𝐿1,1 < 𝑠1 ≤

𝐿1,2, and 𝐿1,2 < 𝑠1 ≤ 𝐿1,3. The governing equations for free vibration can be expressed as: 

{
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𝐸𝐼(𝑠3)
𝑑4𝑊3

𝑛
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𝑛 = 0,   (𝐿3 < 𝑠4 ≤ 𝐿4), (7.4) 

𝐸𝐼(𝑠5)
𝑑4𝑊5

𝑛

𝑑𝑠54
+ 𝜌𝐴(𝑠5)𝜔𝑛

2𝑊5
𝑛 = 0,   (𝐿4 < 𝑠5 ≤ 𝐿5), (7.5) 

where 𝜔𝑛  is the 𝑛th natural frequency. 𝑊1,1
𝑛 , 𝑊1,2

𝑛 , 𝑊1,3
𝑛 , 𝑊2

𝑛 , 𝑊3
𝑛 , 𝑊4

𝑛 , and 𝑊5
𝑛  are the mode 

shape functions of the beam. The mode shape of the whole beam 𝑊𝑛(𝑠𝑖) can be expressed as 

𝑊𝑛(𝑠𝑖) = 𝑊1,1
𝑛 (𝑠1) +𝑊1,2

𝑛 (𝑠1) +𝑊1,3
𝑛 (𝑠1) +𝑊2

𝑛(𝑠2) +𝑊3
𝑛(𝑠3) +𝑊4

𝑛(𝑠4) +𝑊5
𝑛(𝑠5).  

Assuming the solution of the mode shape function has the form of 𝑊(𝑠𝑖) = 𝐶1cos(𝑘𝑠𝑖) +

𝐶2sin(𝑘𝑠𝑖) + 𝐶3cose(𝑘𝑠𝑖) + 𝐶4sine(𝑘𝑠𝑖) [112], the free vibration solutions of the beam can be 

written as,  

𝑊1,1 = 𝐶1cos(𝑓1,1𝑠1) + 𝐶2sin(𝑓1,1𝑠1)

+𝐶3cose(𝑓1,1𝑠1) + 𝐶4sine(𝑓1,1𝑠1),   (0 < 𝑠1 ≤ 𝐿1,1)

𝑊1,2 = 𝐶5cos(𝑓1,2𝑠1) + 𝐶6sin(𝑓1,2𝑠1)

+𝐶7cose(𝑓1,2𝑠1) + 𝐶8sine(𝑓1,2𝑠1),   (𝐿1,1 < 𝑠1 ≤ 𝐿1,2)

𝑊1,3 = 𝐶9cos(𝑓1,3𝑠1) + 𝐶10sin(𝑓1,3𝑠1)

+𝐶11cose(𝑓1,3𝑠1) + 𝐶12sine(𝑓1,3𝑠1),   (𝐿1,2 < 𝑠1 ≤ 𝐿1,3)

𝑊2 = 𝐶13cos(𝑓2𝑠2) + 𝐶14sin(𝑓2𝑠2)
+𝐶15cose(𝑓2𝑠2) + 𝐶16sine(𝑓2𝑠2),   (𝐿1,3 < 𝑠2 ≤ 𝐿2)

𝑊3 = 𝐶17cos(𝑓3𝑠3) + 𝐶18sin(𝑓3𝑠3)
+𝐶19cose(𝑓3𝑠3) + 𝐶20sine(𝑓3𝑠3),   (𝐿2 < 𝑠3 ≤ 𝐿3)

𝑊4 = 𝐶21cos(𝑓4𝑠4) + 𝐶22sin(𝑓4𝑠4)
+𝐶23cose(𝑓4𝑠4) + 𝐶24sine(𝑓4𝑠4),   (𝐿3 < 𝑠4 ≤ 𝐿4)

𝑊5 = 𝐶25cos(𝑓5𝑠5) + 𝐶26sin(𝑓5𝑠5)

+𝐶27cose(𝑓5𝑠5) + 𝐶28sine(𝑓5𝑠5),   (𝐿4 < 𝑠5 ≤ 𝐿5)

, (7.6) 

where 𝑓1,1 , 𝑓1,2  and 𝑓1,3  are calculated as 𝑓1,1
4 = 𝑓1,3

4 = (12𝜌𝜔𝑛
2) (𝐸𝐻1

2)⁄  and 𝑓1,2
4 =

(𝑚′𝜔𝑛
2) (𝐸𝐼)′⁄ , respectively; 𝑓2, 𝑓3, 𝑓4 , and 𝑓5 can be determined as 𝑓𝑖

4 = (12𝜌𝜔𝑛
2) (𝐸𝐻𝑖

2)⁄ , 

and 𝑖 = 2, 3, 4, 5 ; 𝐶𝑖  are the unknown constants in the mode shape functions. The boundary 

conditions can be expressed as, 



208 

 

𝑊1.1 = 0,
𝑑𝑊1,1

𝑑𝑠1
= 0; (𝑠1 = 0)

𝑊1,1 = 𝑊1,2, 𝐸𝐼(𝑠1)
𝑑2𝑊1,1

𝑑𝑠12
= (𝐸𝐼)′

𝑑2𝑊1,2

𝑑𝑠12
,

𝑑𝑊1,1

𝑑𝑠1
=
𝑑𝑊1,2

𝑑𝑠1
, 𝐸𝐼(𝑠1)

𝑑3𝑊1,1

𝑑𝑠13
= (𝐸𝐼)′

𝑑3𝑊1,2

𝑑𝑠13
; (𝑠1 = 𝐿1,1)

𝑊1,2 = 𝑊1,3, 𝐸𝐼(𝑠1)
𝑑2𝑊1,3

𝑑𝑠12
= (𝐸𝐼)′

𝑑2𝑊1,2

𝑑𝑠12
,

𝑑𝑊1,2

𝑑𝑠1
=
𝑑𝑊1,3

𝑑𝑠1
, 𝐸𝐼(𝑠1)

𝑑3𝑊1,3

𝑑𝑠13
= (𝐸𝐼)′

𝑑3𝑊1,2

𝑑𝑠13
; (𝑠1 = 𝐿1,2)

𝑊1,3 = 𝑊2, 𝐸𝐼(𝑠2)
𝑑2𝑊2

𝑑𝑠22
= 𝐸𝐼(𝑠1)

𝑑2𝑊1,3

𝑑𝑠12
,

𝑑𝑊1,3

𝑑𝑠1
=
𝑑𝑊2

𝑑𝑠2
, 𝐸𝐼(𝑠2)

𝑑3𝑊2

𝑑𝑠23
= 𝐸𝐼(𝑠1)

𝑑3𝑊1,3

𝑑𝑠13
; (𝑠1 = 𝐿1,3)

𝑊2 = 𝑊3, 𝐸𝐼(𝑠3)
𝑑2𝑊3

𝑑𝑠32
= 𝐸𝐼(𝑠2)

𝑑2𝑊2

𝑑𝑠22
,

𝑑𝑊2

𝑑𝑠2
=
𝑑𝑊3

𝑑𝑠3
, 𝐸𝐼(𝑠3)

𝑑3𝑊3

𝑑𝑠33
= 𝐸𝐼(𝑠2)

𝑑3𝑊2

𝑑𝑠23
; (𝑠2 = 𝐿2)

𝑊3 = 𝑊4, 𝐸𝐼(𝑠4)
𝑑2𝑊4

𝑑𝑠42
= 𝐸𝐼(𝑠3)

𝑑2𝑊3

𝑑𝑠32
,

𝑑𝑊3

𝑑𝑠3
=
𝑑𝑊4

𝑑𝑠4
, 𝐸𝐼(𝑠4)

𝑑3𝑊4

𝑑𝑠43
= 𝐸𝐼(𝑠3)

𝑑3𝑊3

𝑑𝑠33
; (𝑠3 = 𝐿3)

𝑊4 = 𝑊5, 𝐸𝐼(𝑠5)
𝑑2𝑊5

𝑑𝑠52
= 𝐸𝐼(𝑠4)

𝑑2𝑊4

𝑑𝑠42
,

𝑑𝑊4

𝑑𝑠4
=
𝑑𝑊5

𝑑𝑠5
, 𝐸𝐼(𝑠5)

𝑑3𝑊5

𝑑𝑠53
= 𝐸𝐼(𝑠4)

𝑑3𝑊4

𝑑𝑠43
; (𝑠4 = 𝐿4)

𝑑2𝑊5

𝑑𝑠52
= 0,

𝑑3𝑊5

𝑑𝑠53
= 0. (𝑠5 = 𝐿5)

 (7.7)  

The rest of the solving process is similar to the one depicted in Section 2.5. 

 

7.2.1 Model validation with experiment 

In this section, the derived model is validated by comparing simulation results with 

experimental data. The dimension of the PZT (APC 855) is 20×10×1 mm, which has a 

piezoelectric charge constant 𝑑31 and a piezoelectric coupling factor 𝑘31 of 276e−12 C/N and 0.40, 

respectively. The main components and their layouts are shown in Figure 7-17. The piezoelectric 

coupled beam is installed on a mounting structure, governed by fix-free boundary conditions. The 
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mounting structure is assumed to be rigid. A load cell is installed at the back of the mounting 

structure, which measures the normal load. A sliding belt, driven by a motor, is used to provide 

the sliding motion with a constant velocity during operation. A contact interface, depicted in Figure 

7-15, is established when the belt is attached to the beam. An oscilloscope (DSO6014A) is used 

for data acquisition, which has an internal resistance of 𝑅 = 1 MΩ. A three-phase motor (WEG 

CT002404NPW22) is employed to provide power, and a VFD module 

(CFW500B07P3B2DBN1H00) is utilized to control the rotating speed. A pully is mounted on the 

motor shaft, and the sliding belt is attached. The distance between the shaft and the edge of the 

pully 𝑑s-p is measured to be 115 mm. The sliding velocity 𝑣0 is determined by 𝑣0 = 0.1047𝑁𝑑s-p, 

and 𝑁 is the rotating speed of the shaft. The conversion factor 0.1047 is derived from 0.1047 = 

2π/60, which converts rpm to rad/s. The parameters for the experiment are shown in Table 7-4.  

 

 
1. Stepped beam 

   
2. VFD module 3. Load cell 4. Motor 

   
5. Load cell display 6. Oscilloscope 7. Charging circuit 
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Figure 7-17 Experimental test setup. 

 

Table 7-4 Experimental parameters. 

Parameter Stepped beam PZT patch Circuit Friction model 

Length (m)     

 𝐿1,1 = 0.05 𝐿p = 0.02 - - 

 𝐿1,2 = 0.07 - - - 

 𝐿1,3 = 0.09 - - - 

 𝐿2 = 0.18 - - - 

 𝐿3 = 0.24 - - - 

 𝐿4 = 0.29 - - - 

 𝐿5 = 0.36 - - - 

Thickness (m)     

 𝐻1 = 0.0064 ℎ = 0.001 - - 

 𝐻2 = 0.0094 - - - 

 𝐻3 = 0.0144 - - - 

 𝐻4 = 0.0124 - - - 

 𝐻5 = 0.0104 - - - 

Width (m) 𝑏 = 0.0254 𝑏p = 0.01 - - 

Young’s modulus (N/m2) 𝐸 = 4.8e10 𝐸p = 6.3e10 - - 

Density (kg/m3) 𝜌 = 2800 𝜌p = 7600 - - 

Piezoelectric constant (C/N) - 𝑑31 = -276e−12 - - 

Capacitance (F) - 𝐶p = 2.375e−9 𝐶s = 10e−6 - 

Equivalent resistance (Ohm) - - 𝑅 = 1e6 - 

Equivalent resistance with 

attenuator probe (Ohm) 

- - 𝑅′ = 4e6 - 

Distance to fix end from 

friction location (m) 

- - - 𝑑f = 0.163 

Normal force (N) - - - 𝐹N = 10, 15 

Sliding velocity (m/s) - - - 𝑣0 = 1.08, 1.45 

Static friction coefficient - - - 𝜇s = 0.8 

Dynamic friction coefficient - - - 𝜇k = 0.5 

Exponential decay factor - - - 𝐶 = 20 

 

1 

2 

3 

4 

5 

6 

7 
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Experiments have been conducted on a stepped continuum beam with two different normal 

loads and sliding velocities to validate the model. In test 1, 𝐹N = 10 N and 𝑣0 = 1.08 m/s, and in 

test 2, 𝐹N = 15 N and 𝑣0 = 1.45 m/s. The validated model will be utilized to generate data for 

training a machine learning model. The other parameters in Table 7-4 remain unchanged. It should 

be noted that an attenuator probe is used to measure the generated voltage because the values 

exceed the measuring range of the oscilloscope. The equivalent resistance of the system used for 

simulation has been increased due to the incorporation of the attenuator probe. 𝑅′ is determined 

based on experimental data. The dynamic output is shown in Figure 7-18. In both Figure 7-18(a) 

and Figure 7-18(b), thirteen to fourteen vibration peaks are observed with a period of 0.5 seconds. 

The first natural frequency of the continuum is 27.06 Hz. The vibration frequency of the system is 

close to the system's first natural frequency. The simulated dynamic outputs under different 

conditions are aligned with the experimental data, substantiating the occurrence of high-frequency 

vibrations with high voltage output through friction in a continuum beam. 

 

  
(a) (b) 

Figure 7-18 Dynamic output voltage under different testing conditions. (a) Output voltage (𝐹N = 

10 N, 𝑣0 = 1.08 m/s). (b) Output voltage (𝐹N = 15 N, 𝑣0 = 1.45 m/s). 

 

The energy output of the system while charging a storage capacitor is evaluated using transient 

charging simulation, and this method was experimentally validated in previous research [115]. The 

charging process under the same operating conditions depicted in Figure 7-18 is shown in Figure 

7-19. The experimental charging curves exhibit some fluctuations, which can be attributed to the 
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loose connections within the charging circuit and the influence of structural vibrations. Overall, 

the simulation results align well with the experiments during the charging process. 

 

  
(a) (b) 

Figure 7-19 Dynamic charging output under different testing conditions. (a) Charging voltage (𝐹N 

= 10 N, 𝑣0 = 1.08 m/s). (b) Charging voltage (𝐹N = 15 N, 𝑣0 = 1.45 m/s). 

 

7.2.2 Neural network model for prediction 

Before applying GA for optimization, a neural network model is trained to represent the 

simulation model in optimization process. By using the neural network model to emulate the 

simulation model, computational cost associated with complex simulation to derive the final 

energy output from dynamic responses can be reduced while still achieving accurate and efficient 

optimization results.  

Substantial progress has been conducted using deep learning techniques to deal with 

forecasting problems such as energy production [133], bearing health monitoring [134], and 

battery life prediction [135]. These models can handle complex dynamic behaviors due to their 

ability to learn the intricate patterns and relationships among the input data, and make prediction 

for unseen input data. These abilities make it a reliable and accurate tool for prediction. The CNN-

LSTM network is a well-established and broadly used deep learning model aimed at solving time 

series forecasting problems. The conventional CNN model has feature extraction capability, but it 

may struggle to deal with long and intricate temporal data. Conversely, the LSTM network has 

demonstrated proficiency in capturing temporal dependencies from the features in the training 

dataset and make accurate prediction of system dynamics. Combining the feature extraction 
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capability of CNN and the learning advantage of LSTM, the hybrid model can potentially improve 

the prediction performance.  

A performance evaluation of the CNN, LSTM, and CNN-LSTM models is conducted. The 

neural network models are trained using the simulation data from the experimentally verified 

model to predict the performance of the energy generator under different design parameters. The 

architecture of the hybrid model is shown in Figure 7-20. There are four main layers in the model: 

input layer, CNN layers, LSTM layer, and output layer. In the first stage, the input size is defined 

in the input layer, and the sequence of input is established. In the second stage, the data is passed 

to the first CNN layer. A set of filters is applied to the input data, and a set of feature maps is 

generated. Each feature map corresponds to the output of one filter and represents a specific feature 

in the input data. The convolutional layer then learns to detect relevant features by adjusting the 

weights of its filters during training. A batch normalization layer is applied after the convolutional 

layer to improve the stability of the network. A Rectified linear unit (ReLU), which can introduce 

non-linearity, is used as an activation function to the output of the batch normalization layer. It 

replaces negative activations with zero, effectively introducing sparsity and enabling the network 

to learn complex relationships in the data. To provide the model with the flexibility and capacity 

to learn hierarchical representations of the input data, the second CNN layer is added, and the 

output from the first CNN layer is used as input. In the third stage, the LSTM layer is introduced 

in the architecture, and the output from the second stage is passed to it. The LSTM layer is effective 

at capturing long-range dependencies and temporal patterns in sequential data. The output from 

the second stage contains high-level features extracted from the input data. The LSTM layer then 

processes these features and captures patterns across the sequence. LSTM network processes data 

sequentially and maintains a memory state. The memory state is updating based on the input 

sequence. The output from the LSTM layer is finally passed to a fully connected (FC) layer, which 

connects all the neurons from the previous layer to every neuron in its layer and forms a fully 

connected network. In the fourth stage, the output from the third stage is passed to a regression 

layer, outputting a model for prediction. By incorporating the LSTM layer after the CNN layer, 

the neural network architecture combines the strengths of both CNNs and LSTM, allowing it to 

make predictions on sequential data effectively.  
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Figure 7-20 Architecture of CNN-LSTM network.  

 

An analysis is carried out to investigate the validity of CNN-LSTM model. The architectures 

of different models are shown in Table 7-5. The CNN model has two one-dimensional 

convolutional layers and a fully connected layer. The first one-dimensional convolutional layer 

has 32 filters with a filter size of 3. The second one-dimensional convolutional layer has 64 filters 

with a filter size of 3. And the fully connected layer (dense) has 51 neurons. On the other hand, 

the LSTM model is designed with one LSTM layer and a fully connected layer. The LSTM layer 

has 200 units, and the dense layer has 51 neurons. Finally, the CNN-LSTM model is designed with 

two one-dimensional convolutional layers, one LSTM layer, and a fully connected layer. The 

number of filters and filter size in one-dimensional convolutional layers, the number of units in 

the LSTM layer, and the number of neurons in the dense layer are the same as the CNN and LSTM 

models for comparison.  

The results of the CNN, LSTM, and CNN-LSTM networks are compared in detail. The training 

and testing datasets are created by generating random data using the simulation model. 10000 
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simulation results are used to train the deep learning model. 70% of the results are used to train 

the model, and the remaining 30% are used to evaluate the performance. The general visual 

comparison of the prediction results from the CNN, LSTM, and CNN-LSTM networks is shown 

in Figure 7-21. The black, red, and blue lines represent the output results from three sets of 

randomly generated input data. The solid, dashed, dash-dotted, and dotted lines illustrate the 

charging curves from the training models (CNN, LSTM, and CNN-LSTM) and numerical model. 

The detailed results of correlations between the training outputs and numerical output can be found 

on the right side of Figure 7-21. All the training outputs show the same variation trend compared 

with the numerical output, and it proves the feasibility of using a high-accuracy training model to 

make prediction. Among the three outputs from the training models, the visual comparison reveals 

that the outputs from the CNN-LSTM model have the closest alignment with the outputs from the 

numerical model. 

 

Table 7-5 Architectures of the deep learning models. 

CNN LSTM CNN-LSTM 

Input Input Input 

Conv1D (32) LSTM (200) Conv1D (32) 

Layer normalization Dense (51) Layer normalization 

ReLU Regression output ReLU 

Conv1D (64)  Conv1D (64) 

Layer normalization  Layer normalization 

ReLU  ReLU 

GlobalAveragePooling1D  LSTM (200) 

Dense (51)  Dense (51) 

Regression output  Regression output 
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Figure 7-21 Comparison of the predicted charging curves (training model) and true charging 

curves (numerical model) using CNN, LSTM, and CNN-LSTM. 

 

Different correlation coefficients and the dynamic time warping (DTW) distance are calculated 

to compare the prediction accuracy from the three deep learning training models. The Pearson, 

Kendall, and Spearman correlation coefficients, denoted by 𝜌p , 𝜏 , and 𝜌s , respectively, are 

calculated to evaluate the correlations between the outcomes generated by the training and 

numerical models [136]. 𝜌p, 𝜏, and 𝜌s range from -1 to 1, with values closer to 1 indicating a strong 

positive correlation. A positive correlation means that the variation of the outputs from the training 

model and numerical model tends to move in the same direction. Correlation values closer to -1 

indicate a strong negative correlation, which implies that the variations of the outputs move in the 

opposite direction. The correlation coefficients, computed using output results from 50 randomly 

generated instances, are depicted in Figure 7-22. The black, red, and blue symbols represent the 

correlation coefficients obtained from the CNN, LSTM, and CNN-LSTM models. The circle, 

square, and triangle symbols denote 𝜌p , 𝜏, and 𝜌s. All the 𝜌p , 𝜏, and 𝜌s values are close to 1, 

indicating a positive correlation. For the CNN model, some Spearman correlation coefficients 

(black square symbol) are located slightly below 1. For the LSTM model, some Pearson correlation 

coefficients (red circle symbol) are located slightly below 1. For the CNN-LSTM model, all the 

correlation coefficients (blue circle, square, and triangle symbols) are extremely close to 1. The 

CNN-LSTM model demonstrates the best positive correlation between the training and numerical 

models' outputs. 
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Figure 7-22 Comparison of the correlation coefficients (Pearson coefficient 𝜌p , Kendall 

coefficient 𝜏, and Spearman coefficient 𝜌s) between the predicted charging curves (training model) 

and true charging curves (numerical model) using CNN, LSTM, and CNN-LSTM. 

 

The dynamic time warping (DTW) distances of the outputs from the training models and 

numerical models are also calculated from the same instances used in Figure 7-22 [137]. The result 

is shown in Figure 7-23. Smaller DTW distance indicates a closer correlation between the curves. 

Some notable fluctuations are apparent in the results calculated between the training output using 

the LSTM model and the output using the numerical model. Additionally, subtle fluctuations can 

be observed in the result calculated with the CNN model. However, the DTW distances calculated 

with CNN-LSTM show stable and low values with almost no fluctuations. The feasibility, efficacy, 

and accuracy of utilizing the CNN-LSTM model for the current prediction task are substantiated. 

 

 
Figure 7-23 Comparison of the dynamic time warping distances between the predicted charging 

curves (training model) and true charging curves (numerical model) using CNN, LSTM, and CNN-

LSTM. 

 

7.2.3 Genetic algorithm for optimization 

GA, developed by John Holland and his collaborators in the 1960s and 1970s, is a search-based 

optimization technique based on the principles of biological evolutions [138]. It is commonly used 

to find optimal or near-optimal solutions. The work flow of GA is depicted in Figure 7-24. It begins 

with a randomly generated initial population of input, and each instance in the population 

undergoes an evaluation based on a fitness function. In this study, the fitness function is the CNN-

LSTM training model, which generates a prediction for each input instance. The prediction 
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includes 51 data representing the charging output from 0 to 50 seconds. The performance of the 

inputs is assessed based on the last data point of the output, which is then used as the fitness score 

for GA. Inputs with high fitness scores are selected from the current population as parents for the 

next generation. The selected inputs undergo genetic crossover and mutation operations to create 

offspring inputs. A detailed explanation of genetic operations can be found in previous literatures 

[139]–[141]. The offspring inputs replace some of the inputs in the previous iteration with low 

fitness scores. The algorithm iterates for a predefined number of generations or until a termination 

condition is met. These conditions may involve finding a good solution or reaching a maximum 

number of iterations. Eventually, the algorithm converges to the optimal or near-optimal solutions. 

 

 

Figure 7-24 Flowchart of GA. 

 

7.2.4 Optimization case 1 with constant total mass (CTM) 

The result from optimization case 1 is presented in this section, wherein the stepped beam for 

optimization maintains a constant total mass of 0.157 kg. The constant geometric and friction 

model parameters during optimization are listed in Table 7-6. The varying geometric parameters 

during optimization are listed in Table 7-7. The effect of the friction model and circuit parameters 

on energy generation performance can be found in previous literature [142]. The present work 

focuses on the effect of geometric parameters on energy generation performance. The fitness 

values during iterative optimization are depicted in Figure 7-25. And three different friction 

locations are considered for optimization. The variation of the best and worst fitness values with 

the increase in generation is illustrated in Figure 7-26.  

The length (𝐿1,1, 𝐿1,2, 𝐿1,3, 𝐿2, 𝐿3, 𝐿4, 𝐿5), the parameters of the piezoelectric-coated section 

(𝐿1,1, 𝐿1,2, 𝐿1,3, 𝐻1, 𝐿p, ℎ, 𝑏p), and friction model parameters (𝐹N, 𝑣0, 𝜇s, 𝜇k, 𝐶) remain constant 

during the optimization process. The thickness of different sections of the beam (𝐻2, 𝐻3, 𝐻4, 𝐻5) 

is the tuning parameters for the optimization. While the total mass of the continuum beam for 
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optimization case 1 remains constant, the width of the beam is adjusted in accordance with 

variations in thickness. The mechanical deformation of the beam is under the assumption of Euler-

Bernoulli beam theory, in which the beam should be long and slender compared to its cross-

sectional dimensions, allowing for the neglect of transverse shear deformations and torsional 

effects. The tuning parameters (𝐻2, 𝐻3, 𝐻4, 𝐻5) have a variation ratio of ±10%, with bounds set 

at 𝐻𝑙 = 0.0057 m and 𝐻𝑢 = 0.007 m.  

Figure 7-25(a), (b), and (c) show the fitness values during the iterative optimization process at 

different friction locations. While the optimization process involves more than three variables, the 

variation of 𝑉𝑎𝑟3 is depicted by the circle size, and the variation of 𝑉𝑎𝑟4 is represented by the grey 

scale. From the projected view of 𝑉𝑎𝑟1, it can be observed that the fitness value increases with the 

increase of 𝑉𝑎𝑟1 (𝐻2). A similar but less obvious variation trend can be seen from the projected 

view of 𝑉𝑎𝑟2 (𝐻3). While analyzing the effects of variations in 𝑉𝑎𝑟3 and 𝑉𝑎𝑟4 on fitness value, it 

is observed that some high fitness values correspond to middle size circles with moderate gray 

color. These results suggest that the upper bound of 𝐻 may not be the optimal values for 𝑉𝑎𝑟3 and 

𝑉𝑎𝑟4. The variation ranges of fitness values in Figure 7-25(a), (b), and (c) are 8.25 to 10.25, 25.75 

to 29.75, and 44.75 to 52.75, respectively. The range increases with the increase in the friction 

location 𝑑f. Since the Stribeck model is used to describe the frictional behavior, and the parameters 

of the friction model in the optimization are the same. The reduced variation ranges of fitness 

values with the decreased 𝑑f can be attributed to the imposed constraints on the motion of the beam, 

which results in a smaller amplitude of vibration. Figure 7-26(a), (b), and (c) illustrate the variation 

of the best and worst fitness values as generation increases. In the optimizations depicted in Figure 

7-26(a), (b), and (c), the best fitness values keep noticeably increasing until around 150 generations, 

while the worst fitness values decrease until around 250 generations. 

 

Table 7-6 Constant parameters during optimization. 

Parameter Beam Friction model 

Length (m)   

 𝐿1,1 = 0.04 - 

 𝐿1,2 = 0.06 - 

 𝐿1,3 = 0.072 - 

 𝐿2 = 0.144 - 

 𝐿3 = 0.216 - 

 𝐿4 = 0.288 - 

 𝐿5 = 0.36 - 

Thickness (m)   
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 𝐻1 = 0.00635 - 

Width (m) 𝑏 = 0.0254 - 

Normal force (N) - 𝐹N = 10 

Sliding velocity (m/s) - 𝑣0 = 0.9 

Static friction coefficient - 𝜇s = 0.8 

Dynamic friction coefficient - 𝜇k = 0.5 

Exponential decay factor - 𝐶 = 20 

 

Table 7-7 Varying parameters during optimization. 

Parameter Beam Friction model 

Thickness (m)   

 0.0057 ≤ 𝐻2 ≤ 0.007 - 

 0.0057 ≤ 𝐻3 ≤ 0.007 - 

 0.0057 ≤ 𝐻4 ≤ 0.007 - 

 0.0057 ≤ 𝐻5 ≤ 0.007 - 

Width (m) 0.0230 ≤ 𝑏 ≤ 0.0283 - 

 

 

 
(a) 

 
(b) 
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(c) 

Figure 7-25 Fitness values during the iterative optimization process. (a) 𝑑f = 0.09 m, 𝐶 = 20. (b) 

𝑑f = 0.18 m, 𝐶 = 20. (c) 𝑑f = 0.27 m, 𝐶 = 20. 𝑉𝑎𝑟1, 𝑉𝑎𝑟2, 𝑉𝑎𝑟3, and 𝑉𝑎𝑟4 stand for the variation 

ratios of 𝐻2, 𝐻3, 𝐻4, and 𝐻5, respectively. 

 

 
(a) 

 
(b) 
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(c) 

Figure 7-26 Comparison of the best and worst fitness values during the iterative optimization. (a) 

𝑑f = 0.09 m, 𝐶 = 20. (b) 𝑑f = 0.18 m, 𝐶 = 20. (c) 𝑑f = 0.27 m, 𝐶 = 20. 𝑉𝑎𝑟1, 𝑉𝑎𝑟2, 𝑉𝑎𝑟3, and 𝑉𝑎𝑟4 

stand for the variation ratios of 𝐻2, 𝐻3, 𝐻4, and 𝐻5, respectively. 

 

The comparison of the optimization results in case 1 is listed in Table 7-8. For optimization 

case 1, the optimal values of 𝐻2 and 𝐻3 converge to the upper bound of 𝐻. The optimal values of 

𝐻4 in CTM#2 and CTM#3 converge to the upper bound of 𝐻. The optimal value of 𝐻4 in CTM#1 

is within the range of the midpoint and the upper bound of 𝐻, and it is smaller than the values in 

CTM#2 and CTM#3. Additionally, the optimal values of 𝐻5 in CTM#1, CTM#2, and CTM#3 span 

from the midpoint to the upper bound of 𝐻. During the 400 generation optimization, the best fitness 

values in CTM#1, CTM#2, and CTM#3 are 10.05, 29.60, and 52.58 V, respectively, while the 

worst fitness values are 8.40, 25.94, and 44.97 V. Improvements of 19.7%, 14.1%, and 16.9% are 

achieved, correspondingly.  

 

Table 7-8 Comparison of the optimization results in case 1. 

Parameter CTM#1 (𝑑f = 0.09 m) CTM#2 (𝑑f = 0.18 m) CTM#3 (𝑑f = 0.27 m) 

𝑏 (m) 0.0239 0.0238 0.0239 

𝐻1 (m) 0.00635 0.00635 0.00635 

𝐻2 (m) 0.00692 0.00695 0.00694 

𝐻3 (m) 0.00698 0.00689 0.00687 

𝐻4 (m) 0.00681 0.00696 0.00694 

𝐻5 (m) 0.00666 0.00680 0.00659 

Total mass (kg) 0.157 0.157 0.157 

    

Best 𝑉s (V)  10.05 29.60 52.58 

Worst 𝑉s (V)  8.40 25.94 44.97 

Improvement (%) 19.7 14.1 16.9 
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7.2.5 Optimization case 2 with varying total mass (VTM) 

The result from optimization case 2 is presented in this section, wherein the stepped beam for 

optimization has a varying total mass. The difference between case 1 and case 2 is that in case 2, 

the width of the beam 𝑏 remains constant of 0.0254 m. The total mass of the beam is changing 

based on the input of tuning parameters. All other parameters for optimization are the same 

between cases 1 and 2. The tuning parameters (𝐻2, 𝐻3, 𝐻4, 𝐻5) have the same variation ratio 

compared to case 1. Figure 7-27(a), (b), and (c) show the fitness values during the iterative 

optimization process. A similar variation trend can be observed that the fitness value increases 

with the increase of 𝑉𝑎𝑟1 (𝐻2). Nevertheless, the effects of 𝑉𝑎𝑟2, 𝑉𝑎𝑟3, and 𝑉𝑎𝑟4 variations on 

fitness value do not exhibit a linear trend. The fitness values exhibit a randomly distributed pattern 

in the projected view of 𝑉𝑎𝑟2 (𝐻3), while different sizes of circles and various levels of gray color 

correspond to high and low fitness values. The variation ranges of fitness values in Figure 7-27(a), 

(b), and (c) are slightly smaller than those in Figure 7-25, but they also increase with the increase 

in 𝑑f. The potential reason for this phenomena may be the same. Figure 7-28(a), (b), and (c) show 

the variation of the best and worst fitness values as generation increases. The variation trends of 

the best and worst fitness values follow a similar pattern, as shown in Figure 7-26. 

 

 
(a) 
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(b) 

 
(c) 

Figure 7-27 Fitness values during the iterative optimization process. (a) 𝑑f = 0.09 m, 𝐶 = 20. (b) 

𝑑f = 0.18 m, 𝐶 = 20. (c) 𝑑f = 0.27 m, 𝐶 = 20. 𝑉𝑎𝑟1, 𝑉𝑎𝑟2, 𝑉𝑎𝑟3, and 𝑉𝑎𝑟4 stand for the variation 

ratios of 𝐻2, 𝐻3, 𝐻4, and 𝐻5, respectively. 

 

 
(a) 
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(b) 

 
(c) 

Figure 7-28 Comparison of the best and worst fitness values during the iterative optimization. (a) 

𝑑f = 0.09 m, 𝐶 = 20. (b) 𝑑f = 0.18 m, 𝐶 = 20. (c) 𝑑f = 0.27 m, 𝐶 = 20. 𝑉𝑎𝑟1, 𝑉𝑎𝑟2, 𝑉𝑎𝑟3, and 𝑉𝑎𝑟4 

stand for the variation ratios of 𝐻2, 𝐻3, 𝐻4, and 𝐻5, respectively. 

 

The comparison of the optimization results in case 2 is listed in Table 7-9. For optimization 

case 2, the optimal values of 𝐻2 in VTM#1, VTM#2, and VTM#3 converge to the upper bound of 

𝐻. The optimal values of 𝐻3 in VTM#2 and VTM#3 converge to the upper bound of 𝐻. The 

optimal value of 𝐻3 in VTM#1 is close to the midpoint of 𝐻. The optimal value of 𝐻4 in VTM#1 

is also close to the midpoint of 𝐻, while the optimal values of 𝐻4 in VTM#2 and VTM#3 converge 

to the lower bound of 𝐻. The optimal values of 𝐻5 in VTM#1, VTM#2, and VTM#3 converge to 

the lower bound of 𝐻. The best fitness values in VTM#1, VTM#2, and VTM#3 are 9.72, 28.9, and 

51.21 V, respectively, while the worst fitness values are 8.79, 26.95, and 46.10 V. Improvements 

of 10.6%, 7.3%, and 11.1% are achieved, correspondingly. 
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Table 7-9 Comparison of the optimization results in case 2. 

Parameter VTM#1 (𝑑f = 0.09 m) VTM#2 (𝑑f = 0.18 m) VTM#3 (𝑑f = 0.27 m) 

𝑏 (m) 0.0254 0.0254 0.0254 

𝐻1 (m) 0.00635 0.00635 0.00635 

𝐻2 (m) 0.00695 0.00693 0.00685 

𝐻3 (m) 0.00635 0.00698 0.00696 

𝐻4 (m) 0.00595 0.00575 0.00572 

𝐻5 (m) 0.00576 0.00573 0.00582 

Total mass (kg) 0.155 0.157 0.157 

    

Best 𝑉s (V)  9.72 28.9 51.21 

Worst 𝑉s (V)  8.79 26.95 46.10 

Improvement (%) 10.6 7.3 11.1 

 

Under a variation ratio of ±10% for the selected tuning parameters, the results from 

optimization case 1 and optimization case 2 exhibit a noticeable level of improvement when 

comparing the best and worst fitness values. The energy generation performance of a piezoelectric 

stepped beam can be affected by variations in geometric design. Increasing the variation ratio and 

incorporating additional tuning parameters can potentially lead to a more significant influence on 

energy output. Therefore, parameter optimization should be considered to obtain the optimal or 

near-optimal solutions, thereby enhancing energy output. 

 

7.3 Summary and discussion 

Section 7.1 presents an investigation of a piezoelectric coupled continuum beam subjected to 

FIV. A piezoelectric coupled mathematical model describing the dynamic of a continuum beam 

under FIV is introduced and solved for the first time via an iterative method, and the accuracy of 

the model is validated by experiment. Dynamic voltage output is realized through high frequency 

FIVs occurring near the resonant frequencies of the system. The experimental results prove the 

feasibility of inducing higher mode vibrations through friction using a continuous structure. 

Parameter studies involving the host beam materials, PZT materials, and electrode connections 

provide insights into the design of the energy generator. For the host structure, materials with low 

𝐸 and 𝜌 facilitate FIV with larger amplitude. Utilizing high performance PZT materials, placing 

PZT near the high strain area of the host structure, and applying proper electrode connections 

contribute to enhancing energy output. The friction model parameters, 𝜇s, 𝜇k, and 𝐶, have distinct 

effects on the dynamic characteristics of the system. 𝜇s  and 𝜇k  influence the friction forces 



227 

 

associated with stick and slip states, respectively, while 𝐶 governs the transition rate between the 

stick and slip states. Pronounced FIV, which can contributes significantly to energy generation 

performance of the system by stimulating vibrations close to higher-order resonant frequencies 

coupled with high dynamic voltage outputs, can be realized using friction materials with a smaller 

𝐶 value. 

In Section 7.2, a piezoelectric coupled stepped beam under FIV is developed. A testing 

prototype with a stepped design is fabricated, and experiments under different conditions are 

conducted to validate the effectiveness of the mathematical model. Additionally, a deep learning 

model for prediction is trained with simulation data, and GA is employed for the geometric 

optimization of the energy generator. The following insights are derived from the analysis. Based 

on Euler–Bernoulli beam theory, the validity of the modeling method for a piezoelectric coupled 

stepped beam under FIV, which is solved by mode superposition considering piecewise continuous 

eigenfunctions, is verified by experiment. The modeling method is adaptable to accommodate 

more complex structural designs under different boundary conditions. Energy generation 

performance can be enhanced through design optimization using GA, with a neural network model 

employed as the fitness function to make predictions based on input parameters. The ability to deal 

with forecasting problems using deep learning techniques is demonstrated by comparing the 

charging curves generated by the training model with those produced by the numerical model. 

Combining the feature extraction capability of CNN and the learning advantage of LSTM, the 

performance of a hybrid CNN-LSTM model is improved, resulting in more reliable and accurate 

predictions of complex dynamics. Optimization case studies under constant total mass and varying 

total mass are carried out separately. Under a variation ratio of ±10% for the selected parameters, 

the optimization results under constant total mass and varying total mass exhibit a noticeable 

improvement in energy generation performance when comparing the best and worst fitness values. 

Further improvement can be achieved by increasing the variation ratio and incorporating additional 

tuning parameters.  
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Chapter 8 Conclusion and future research plans 
 

 

 

 

8.1 Conclusion 

In this thesis, mathematical models of PEGs under different high frequency operations and 

nonlinear conditions are developed. The dynamic behaviors and energy generation characteristics 

of the PEGs are analyzed. A summary of each project, along with its main conclusion, is presented 

as follows. 

 

8.1.1 Design and analysis of a PEG under high frequency rotation 

A novel piezoelectric energy generator embedded in vehicle brake pads and excited by 

magnetic repulsion is developed. To illustrate the voltage generation, a mathematical model with 

experimental verification is established to calculate the generated electric charge and output 

voltage considering the charge dissipation. The energy harvesting process is evaluated by 

simulating the transient charging of the storage capacitor through the diode bridge, which was 

experimentally validated in literature. A total RMS power of 0.0710 W can be achieved with thirty-

six generators embedded in both the inner and the outer brake pads within one brake caliper using 

APC850 (PZT4) material, and a total RMS power of 1.1226 W can be achieved using PMN-PT-B 

(PT = 0.3-0.33) material at 120 km/h. This novel generator will be useful for efficient and practical 

energy harvesting applications during vehicle braking process. 
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8.1.2 Design and analysis of a shear mode PEG under FIV 

In this work, a shear mode piezoelectric energy generator, which utilizes FIV and high shear 

mode piezoelectric coefficient to improve the energy output, is proposed. A piezoelectric coupled 

FIV mathematical model is developed to accurately calculate the dynamic vibration response and 

voltage output. The dynamic voltage response is validated by experiment, and it proves the 

possibility of continuous friction-induced high-frequency vibration. Under ideal experiment 

conditions with proper parameters, a volume of 6.25 × 10−8 m3 PZT4 piezoelectric material 

indicates RMS charging power density of 5.38 × 103 W/m3 and 4.70 × 103 W/m3 with electrically 

in parallel and electrically in series, respectively. While using the same amount of material and 

structural setup, the single crystal PMN-PT piezoelectric material shows RMS charging power 

density of 2.72 × 104 W/m3 and 2.58 × 104 W/m3 with electrically in parallel and electrically in 

series, correspondingly. Possible incorporation into vehicle braking systems can be considered to 

utilize the wasted friction energy, and it may offer an energy supply for low-power wireless devices. 

 

8.1.3 Analysis of a PEG under linear, bi-linear, and impact conditions under FIV 

In this research, a novel piezoelectric energy generator with linear, bi-linear, and impact design 

configurations is proposed. The dynamic response under FIV is described by a mathematical 

model incorporating the piezoelectric coupling effect. The reliability of the model and the stable 

high-frequency FIV phenomenon with linear, bi-linear, and impact design configurations are 

validated by experiment. High voltages can be generated under optimal operating conditions. 

Enhanced energy generation performance can be achieved by modifying structural design and 

incorporating materials with better properties.  

 

8.1.4 Analysis of a magnet-engaged PEG under harmonic excitation 

A magnet-engaged shear-mode piezoelectric energy generator with two nonlinear vibration 

system configurations has been proposed, and the corresponding mechanical and piezoelectric 

coupling models are developed. The simulation results are compared with harmonic balance 

method and experiment to prove the validity of the approach. Due to the magnet-induced nonlinear 

force with parallel and series connections to the piezoelectric element, the proposed energy 
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generators extend the operation bandwidth and improve the possible output power. The magnetic 

nonlinear spring in-parallel design configuration exhibits superiority in operation bandwidth and 

output power when compared to the linear spring in- parallel design. The nonlinear spring in-series 

design using the same amount of material reveals advantages in terms of wide operation bandwidth 

and high output power.  

 

8.1.5 Analysis of a magnet-engaged PEG under FIV 

This study investigated the characteristics of a magnet-engaged nonlinear piezoelectric energy 

generator stimulated by FIV in two distinct design configurations (in- parallel and in-series). The 

emergence of a stick-slip motion induced limit cycle and its vanishing delineates the unstable and 

stable regions of the system, respectively. A critical sliding velocity 𝑣c splits the regions. When 

the sliding velocity exceeds 𝑣c, the system remains in a stable region with exclusive slip friction 

behavior. The influence of decay factor 𝛽 , dynamic friction coefficient 𝜇k , static friction 

coefficient 𝜇static, and normal force 𝐹N on the energy generation was investigated relative to the 

operating velocity range (OVR) and sum of root mean square charging power (SRCP). The in-

parallel systems exhibit a higher SRCP within the same OVR, whereas the in-series systems are 

more likely to excite FIV with a wider OVR. Additionally, the simulation results of fluctuating 

working conditions show that both fluctuating 𝐹N  and 𝑣0  have negative effects on energy 

generation. The nonlinear in-series system exhibits better robustness with the least affected SRCP 

and almost unchanged OVR under fluctuating 𝐹N and 𝑣0. 

 

8.1.6 Analysis of a PEG with continuum beam under FIV 

In this research, a piezoelectric coupled continuum structure under FIV is modelled, described, 

and studied for the first time to characterize the system’s dynamic response and energy generation 

performance. The model is applied to geometrically and materially uniform beam with partially 

bonded piezoelectric layers in the current study, and its applicability can extend to non-uniform 

beams with diverse piezoelectric patch layouts. The semi-analytical solution is derived to solve 

the dynamic responses, and the energy generation is assessed by charging simulation of a storage 

capacitor with experimental validation. Considering the same dimensional properties, materials 

with low Young’s modulus 𝐸 and density 𝜌 are desired for the host structure to facilitate large 
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dynamic strain in piezoelectric materials. Optimal contact interface materials can induce 

pronounced FIV, enabling vibrations close to higher-order resonant frequencies with dynamic 

voltage outputs.  

 

8.1.7 Modeling and optimization of a PEG with stepped continuum beam under FIV 

In this work, a piezoelectric coupled stepped beam is developed to capture vibrational energy 

induced by friction. A mathematical model integrating the piezoelectric effect and Stribeck friction 

is proposed to describe the dynamic responses, and transient charging simulation is employed to 

assess the power output. A stepped beam prototype is manufactured, and its performance is tested 

through experiment. Subsequently, a Convolutional Neural Network - Long Short-Term Memory 

(CNN-LSTM) neural network is trained with simulation data. The trained model is applied as the 

fitness function in the Genetic Algorithm (GA) optimization process. Several GA optimizations 

under constant total mass (CTM) and varying total mass (VTM) conditions are conducted 

separately. With a variation ratio of ±10% for the selected parameters, the optimization results 

under CTM and VTM exhibit a maximum improvement of 19.7% and 11.1%, respectively. Further 

improvement can be achieved by increasing the variation ratio and incorporating additional tuning 

parameters.  

 

8.2 Recommendations for future work 

This thesis presented the mathematical modeling, experimental verification, and 

comprehensive parameter studies on energy generation performance of different PEGs under high-

frequency excitation, encompassing rotating motion,  single degree of freedom FIV, multiple 

degree of freedom FIV, and continuum structure FIV. Though various studies have demonstrated 

enhanced piezoelectric energy generation performance under high-frequency excitation, the 

following suggestions are proposed for future improvements. 

1. Structural modifications can be considered in the PEGs, for instance, applying force 

amplification frame, integrating cellular lattice design, and utilizing different operation modes 

simultaneously. These can be achieved through the design of lever systems or compliant 

mechanisms that concentrate force on the piezoelectric elements. Additionally, integrating 

cellular lattice structures can provide better mechanical properties, such as higher strength-to-
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weight ratios, and 3D printing technique can be used to create these complex lattice designs. 

Furthermore, utilizing multiple operation modes concurrently can involve developing control 

systems that dynamically switch between operating modes or combine them based on the input 

conditions. 

2. Dynamic responses of PEGs under mixed mode excitation, which closely resemble practical 

working conditions, require further investigation. Proper mathematical models should be 

developed to describe the behaviors of these systems accurately. Coupled differential equations 

or finite element models, can possibly predict system behaviors under these conditions. 

Experimental validation can provide empirical data to refine these models.  

3. Hybrid structures, for instance, L or U shape beam and beam with structural nonlinearity, can 

be developed to investigate their dynamic responses under different excitation sources, such 

as wind and water flow. Computational simulations using ANSYS or COMSOL, combined 

with wind tunnel or water flow testing, can be employed to study these responses. Optimizing 

designs based on these studies can enhance the efficiency and reliability of PEGs for specific 

applications. 

4. The dynamic responses of hybrid structures under different boundary conditions can be further 

explored. The mechanisms and working conditions of phenomena such as internal resonance, 

frequency locking, and frequency jump are worth to be studied using both analytical 

approaches and experimental testing setups.  

5. Materials with better properties, such as improved piezoelectricity and enhanced flexibility 

allowing for large deformation, can be tested in the current design to compare the energy 

generation performance.  

6. Consideration can be given to incorporating different energy generation mechanisms, such as 

electrostatic and electromagnetic mechanisms, into PEGs to achieve hybrid energy generation 

for enhanced energy output.  

7. Considering the changes in environmental conditions (such as temperature and humidity) can 

help predict the performance of PEGs under close to real world conditions. To simulate the 

effects of temperature and humidity on PEGs, varying material properties based on 

temperature-dependent equations and humidity effects can be considered for analytical 

modeling. And FEA allowing for thermal-mechanical and thermal-electric-structural coupling, 

can also be considered for numerical modeling. 
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Appendix A 
 

The governing equations for free vibration can be expressed as: 

𝐸𝐼
𝑑4𝑊1

𝑑𝑥4
+ 𝜌𝐴𝜔𝑛

2𝑊1 = 0,   (0 ≤ 𝑥 < 𝐿1), (A.1) 

(𝐸𝐼)′
𝑑4𝑊2

𝑑𝑥4
+𝑚′𝜔𝑛

2𝑊2 = 0,   (𝐿1 ≤ 𝑥 ≤ 𝐿2), (A.2) 

𝐸𝐼
𝑑4𝑊3

𝑑𝑥4
+ 𝜌𝐴𝜔𝑛

2𝑊3 = 0,   (𝐿2 < 𝑥 ≤ 𝐿), (A.3) 

where 𝜔𝑛  is the 𝑛 th natural frequency; 𝑊1 , 𝑊2 , and 𝑊3  are the mode shape functions 

corresponding to the first, second, and third modes of the beam. In this case, 𝑊 can be re-defined 

as the combination of mode shapes of three beam sections, 𝑊 = 𝑊1 +𝑊2 +𝑊3. Assuming the 

solution of the mode shape function has the form of 𝑊(𝑥) = 𝐶1cos(𝛽𝑥) + 𝐶2sin(𝛽𝑥) +

𝐶3cose(𝛽𝑥) + 𝐶4sine(𝛽𝑥) [112], the free vibration solutions of the beam can be written as, 

𝑊1 = 𝐶1cos(𝑓1𝑥) + 𝐶2sin(𝑓1𝑥) + 𝐶3cose(𝑓1𝑥) + 𝐶4sine(𝑓1𝑥),   (0 ≤ 𝑥 < 𝐿1)
𝑊2 = 𝐶5cos(𝑓2𝑥) + 𝐶6sin(𝑓2𝑥) + 𝐶7cose(𝑓2𝑥) + 𝐶8sine(𝑓2𝑥),   (𝐿1 ≤ 𝑥 ≤ 𝐿2)
𝑊3 = 𝐶9cos(𝑓1𝑥) + 𝐶10sin(𝑓1𝑥) + 𝐶11cose(𝑓1𝑥) + 𝐶12sine(𝑓1𝑥),   (𝐿2 < 𝑥 ≤ 𝐿)

, (A.4) 

where 𝑓
1

 and 𝑓
2

 are calculated as 𝑓
1
4 = (12𝜌𝜔𝑛

2) (𝐸𝐻2)⁄  and 𝑓
2
4 = (𝑚′𝜔𝑛

2) (𝐸𝐼)′⁄ , 

respectively; 𝐶𝑖  are the unknown constants and obtained through the following boundary 

conditions, 

𝑊1 = 0,
𝑑𝑊1

𝑑𝑥
= 0; (𝑥 = 0)

𝑊1 = 𝑊2, 𝐸𝐼
𝑑2𝑊1

𝑑𝑥2
= (𝐸𝐼)′

𝑑2𝑊2

𝑑𝑥2
,

𝑑𝑊1

𝑑𝑥
=

𝑑𝑊2

𝑑𝑥
, 𝐸𝐼

𝑑3𝑊1

𝑑𝑥3
= (𝐸𝐼)′

𝑑3𝑊2

𝑑𝑥3
; (𝑥 = 𝐿1)

𝑊2 = 𝑊3, 𝐸𝐼
𝑑2𝑊3

𝑑𝑥2
= (𝐸𝐼)′

𝑑2𝑊2

𝑑𝑥2
,

𝑑𝑊2

𝑑𝑥
=

𝑑𝑊3

𝑑𝑥
, 𝐸𝐼

𝑑3𝑊3

𝑑𝑥3
= (𝐸𝐼)′

𝑑3𝑊2

𝑑𝑥3
; (𝑥 = 𝐿2)

𝑑2𝑊3

𝑑𝑥2
= 0,

𝑑3𝑊3

𝑑𝑥3
= 0. (𝑥 = 𝐿)

. (A.5) 



234 

 

 

Appendix B 
 

Through vibration modal analysis, multiplying both sides of Eq. (2.74) by 𝑊𝑚(𝑥)  and 

integrating from 𝑥 = 0 to 𝑥 = 𝐿 in the space-domain, Eq. (2.74) results in, 

∫ 𝜌𝐴(𝑥)∑ 𝑊𝑛(𝑥)
𝜕2𝑞𝑛(𝑡)

𝜕𝑡2
∞
𝑛=1 𝑊𝑚(𝑥)𝑑𝑥

𝐿

0
+ ∫ 𝐸𝐼(𝑥)∑ 𝑞𝑛(𝑡)

𝜕4𝑊𝑛(𝑥)

𝜕𝑥4
∞
𝑛=1 𝑊𝑚(𝑥)𝑑𝑥

𝐿

0

+∫ 𝐶𝑠𝐼(𝑥)∑
𝜕𝑞𝑛(𝑡)

𝜕𝑡

𝜕4𝑊𝑛(𝑥)

𝜕𝑥4
∞
𝑛=1

𝐿

0
𝑊𝑚(𝑥)𝑑𝑥

= ∫ 𝐹f(𝑥, 𝑡)
𝐿

0
𝑊𝑚(𝑥)𝑑𝑥 + ∫ [𝐹p,1(𝑥, 𝑡) + 𝐹p,2(𝑥, 𝑡) + 𝐹p,3(𝑥, 𝑡) + 𝐹p,4(𝑥, 𝑡)]𝑊𝑚(𝑥)𝑑𝑥

𝐿

0

. (B.1) 

Assuming the beam is under structural damping, 𝐶s can be expressed as 𝐶s = 2𝐸𝜁𝑛
s 𝜔𝑛⁄ . 𝜁𝑛

s
 and 

𝜔𝑛 are the 𝑛th mode strain rate damping ratio and natural frequency, respectively. Considering the 

orthogonality conditions of normal vibration modes, 𝑞𝑛(𝑡) in Eq. (2.72) can be written as, 

𝜕2𝑞𝑛(𝑡)

𝜕𝑡2
+ 2𝜁𝑛

s𝜔𝑛
𝜕𝑞𝑛(𝑡)

𝜕𝑡
+ 𝜔𝑛

2𝑞𝑛(𝑡) =

∫ 𝐹f(𝑥,𝑡)
𝐿
0 𝑊𝑛(𝑥)𝑑𝑥+∫ [𝐹p,1(𝑥,𝑡)+𝐹p,2(𝑥,𝑡)+𝐹p,3(𝑥,𝑡)+𝐹p,4(𝑥,𝑡)]𝑊𝑛(𝑥)𝑑𝑥

𝐿
0

∫ 𝜌𝐴(𝑥)
𝐿
0 𝑊𝑛

2(𝑥)𝑑𝑥

, (B.2) 

and 𝑞𝑛(𝑡) can be solved via Duhamel integral as, 

𝑞𝑛(𝑡) =
1

𝜔𝑑,𝑛
∫ [

∫ 𝐹f(𝑥,𝜏)
𝐿
0 𝑊𝑛(𝑥)𝑑𝑥+∫ [𝐹p,1(𝑥,𝜏)+𝐹p,2(𝑥,𝜏)+𝐹p,3(𝑥,𝜏)+𝐹p,4(𝑥,𝜏)]𝑊𝑛(𝑥)𝑑𝑥

𝐿
0

∫ 𝜌𝐴(𝑥)
𝐿
0 𝑊𝑛

2(𝑥)𝑑𝑥
]

𝑡

0

× 𝑒−𝜁𝑛
s𝜔𝑛(𝑡−𝜏)sin (𝜔𝑑,𝑛(𝑡 − 𝜏))𝑑𝜏

, (B.3) 

where 𝜔𝑑,𝑛 is the damping frequency of the 𝑛th mode, 𝜔𝑑,𝑛
2 = 𝜔𝑛

2(1 − 𝜁𝑛
𝑠 2). Substituting Eq. 

(B.3) into Eq. (2.72), the vibration response 𝑤(𝑥, 𝑡)can be written as,  

𝑤(𝑥, 𝑡) = ∑ 𝑊𝑛(𝑥)𝑞𝑛(𝑡)
∞
𝑛=1

= ∑ 𝑊𝑛(𝑥)
∞
𝑛=1

1

𝜔𝑑,𝑛
∫ [

∫ [𝐹p,1(𝑥,𝜏)+𝐹p,2(𝑥,𝜏)+𝐹p,3(𝑥,𝜏)+𝐹p,4(𝑥,𝜏)]𝑊𝑛(𝑥)𝑑𝑥
𝐿
0

∫ 𝜌𝐴(𝑥)
𝐿
0 𝑊𝑛

2(𝑥)𝑑𝑥

𝑡

0

+
∫ 𝐹f(𝑥,𝜏)
𝐿
0 𝑊𝑛(𝑥)𝑑𝑥

∫ 𝜌𝐴(𝑥)
𝐿
0

𝑊𝑛
2(𝑥)𝑑𝑥

] × 𝑒−𝜁𝑛
s𝜔𝑛(𝑡−𝜏)sin (𝜔𝑑,𝑛(𝑡 − 𝜏))𝑑𝜏

. (B.4) 

It is noted from Eq. (2.81) that the generated voltage on the piezoelectric patch consists of two 

terms, the first term is related to the vibration response of the beam, and the second term includes 

the voltage across the resistance from the measuring device. The induced bending moment 𝑀e 

from the piezoelectric material, which has piezoelectric coupling effect on the mechanical 

vibration response of the beam, is related to the generated voltage. A modified iteration method 
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considering the charge dissipation from the measuring device and piezoelectric coupling effect is 

applied in this study to accurately calculate the dynamic displacement from the cantilever beam 

and voltage response from the piezoelectric material [143].  

Following the similar concept described in Section 2.3 and Section 2.4, the total calculation 

time 𝑇 is divided into small discrete time segments 𝑡𝑖, where the subscript 𝑖 indicates the iteration 

number and Δ𝑡 = 𝑡𝑖+1 − 𝑡𝑖 is the corresponding period of calculation. For the first iteration step 

(𝑡 = 0 s and 𝑖 = 1), we assumed that the beam is static and no force is acting on it. The deflection 

at any point along the beam is 0, the velocity at any point along the beam is 0 except for the point 

with friction excitation, and the voltage on the piezoelectric patch is 0, 

{
 

 
𝑤(𝑥, 𝑡1) = 0

𝑑𝑤(𝑥,𝑡1)

𝑑𝑡
= {

𝑣0   (𝑥 = 𝑥f)
0    (𝑥 ≠ 𝑥f)

𝑉p(𝑡1) = 0

, (B.5) 

The responses 𝑤(𝑥, 𝑡) and 𝑉p(𝑡) in time period 𝑡 = 𝑡1 − 𝑡2 is represented by, 

𝑤(𝑥, 𝑡) = 𝑤free(𝑥, 𝑡) + 𝑤force(𝑥, 𝑡)

= ∑ 𝑊𝑛(𝑥)𝑞𝑛(𝑡)
∞
𝑛=1 = ∑ 𝑊𝑛(𝑥)(𝑞free(𝑡) + 𝑞force(𝑡))

∞
𝑛=1

, (B.6) 

𝑤free(𝑥, 𝑡) = ∑ 𝑊𝑛(𝑥)𝑞free,𝑛(𝑡)
∞
𝑛=1

= ∑ 𝑊𝑛(𝑥)
∞
𝑛=1 𝑒−𝜁𝑛

𝑠𝜔𝑛𝑡(𝐴0,𝑛(𝑡1)cos (𝜔d,𝑛𝑡) + 𝐵0,𝑛(𝑡1)sin (𝜔d,𝑛𝑡))
, (B.7) 

𝑤force(𝑥, 𝑡) = ∑ 𝑊𝑛(𝑥)𝑞force,𝑛(𝑡)
∞
𝑛=1

= ∑ 𝑊𝑛(𝑥)
∞
𝑛=1

1

𝜔d,𝑛
∫ [

∫ (∑ 𝐹p,𝑙(𝑥,𝜏+𝑡1)
4
𝑙=1 )𝑊𝑛(𝑥)𝑑𝑥

𝐿
0

∫ 𝜌𝐴(𝑥)
𝐿
0 𝑊𝑛

2(𝑥)𝑑𝑥

𝑡−𝑡1
0

+
∫ 𝐹f(𝑥,𝜏+𝑡1)
𝐿
0 𝑊𝑛(𝑥)𝑑𝑥

∫ 𝜌𝐴(𝑥)
𝐿
0 𝑊𝑛

2(𝑥)𝑑𝑥
] × 𝑒−𝜁𝑛

𝑠𝜔𝑛(𝑡−𝑡1−𝜏)sin (𝜔d,𝑛(𝑡 − 𝑡1 − 𝜏))𝑑𝜏

, (B.8) 

𝑉p(𝑡) = 𝑉p(𝑡1)𝑒
−

ℎ

𝑅𝑏p(𝐿2−𝐿1)𝜀33
S (𝑡−𝑡1)

+∫ ∫ [
𝑑31𝐸pℎpc𝑏pℎ

𝜀33
S 𝑏p(𝐿2−𝐿1)

𝜕3𝑤(𝑥,𝑡)

𝜕𝑥2𝜕𝑡
]

𝐿2
𝐿1

𝑒
−

ℎ

𝑅𝑏p(𝐿2−𝐿1)𝜀33
S (𝑡−𝑡1−𝜏)

𝑑𝑥𝑑𝜏
𝑡−𝑡1
0

, (B.9) 

where 𝐴0,𝑛 and 𝐵0,𝑛 are determined by 𝑞0,𝑛(𝑡1) and 𝑞0,𝑛̇ (𝑡1), and relationship can be expressed as, 

𝑒−𝜁𝑛
S𝜔𝑛𝑡1[𝐴0,𝑛cos(𝜔d,𝑛𝑡1) + 𝐵0,𝑛sin (𝜔d,𝑛𝑡1)] = 𝑞0,𝑛(𝑡1), (B.10) 

𝑒−𝜁𝑛
S𝜔𝑛𝑡1cos (𝜔d,𝑛𝑡1)(𝐵0,𝑛𝜔d,𝑛 − 𝐴0,𝑛𝜁𝑛

S𝜔𝑛)

−𝑒−𝜁𝑛
S𝜔𝑛𝑡1sin(𝜔d,𝑛𝑡1)(𝐵0,𝑛𝜁𝑛

S𝜔𝑛𝜔d,𝑛 + 𝐴0,𝑛𝜔d,𝑛) = 𝑞0,𝑛̇ (𝑡1)
, (B.11) 

reorganizing Eq.(B.10) and Eq. (B.11), yields, 
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𝐵0,𝑛 =
𝑒𝜁𝑛
S𝜔𝑛𝑡1[cos(𝜔d,𝑛𝑡1)(𝜁𝑛

S𝜔𝑛q0,𝑛(𝑡1)+𝑞0,𝑛̇ (𝑡1))+𝜔d,𝑛q0,𝑛(𝑡1)sin (𝜔d,𝑛𝑡1)]

𝜔d,𝑛
, (B.12) 

𝐴0,𝑛 =
[q0,𝑛(𝑡1)𝑒

𝜁𝑛
S𝜔𝑛𝑡1−𝐵0,𝑛sin (𝜔d,𝑛𝑡1)]

cos(𝜔d,𝑛𝑡1)
. (B.13) 

Following the similar idea, when the time is in the period 𝑡 = 𝑡𝑗 − 𝑡𝑗+1, 𝑤(𝑥, 𝑡) and 𝑉p(𝑡) can 

be expressed as, 

𝑤(𝑥, 𝑡) = ∑ 𝑊𝑛(𝑥)(𝑞free(𝑡) + 𝑞force(𝑡))
∞
𝑛=1

= ∑ 𝑊𝑛(𝑥)
∞
𝑛=1 [𝑒−𝜁𝑛

𝑠𝜔𝑛𝑡(𝐴0,𝑛(𝑡𝑗)cos𝜔d,𝑛𝑡 + 𝐵0,𝑛(𝑡𝑗)sin𝜔d,𝑛𝑡)

+
1

𝜔d,𝑛
∫ (

∫ (∑ 𝐹p,𝑙(𝑥,𝜏+𝑡𝑗)
4
𝑙=1 )𝑊𝑛(𝑥)𝑑𝑥

𝐿
0

∫ 𝜌𝐴(𝑥)
𝐿
0 𝑊𝑛

2(𝑥)𝑑𝑥

𝑡−𝑡𝑗
0

+
∫ 𝐹f(𝑥,𝜏+𝑡𝑗)
𝐿
0

𝑊𝑛(𝑥)𝑑𝑥

∫ 𝜌𝐴(𝑥)
𝐿
0 𝑊𝑛

2(𝑥)𝑑𝑥
)× 𝑒−𝜁𝑛

𝑠𝜔𝑛(𝑡−𝑡𝑗−𝜏)sin (𝜔d,𝑛(𝑡 − 𝑡𝑗 − 𝜏))𝑑𝜏]

, (B.14) 

𝑉p(𝑡) = 𝑉p(𝑡𝑗)𝑒
−

ℎ

𝑅𝑏p(𝐿2−𝐿1)𝜀33
S (𝑡−𝑡𝑗)

+∫ ∫ [
𝑑31𝐸pℎpc𝑏pℎ

𝜀33
S 𝑏p(𝐿2−𝐿1)

𝜕3𝑤(𝑥,𝑡)

𝜕𝑥2𝜕𝑡
]

𝐿2
𝐿1

𝑒
−

ℎ

𝑅𝑏p(𝐿2−𝐿1)𝜀33
S (𝑡−𝑡𝑗−𝜏)

𝑑𝑥𝑑𝜏
𝑡−𝑡𝑗
0

, (B.15) 

where 𝐴0,𝑛 and 𝐵0,𝑛 can be expressed as,  

𝐵0,𝑛 =
𝑒
𝜁𝑛
S𝜔𝑛𝑡𝑗[cos(𝜔d,𝑛𝑡𝑗)(𝜁𝑛

S𝜔𝑛q0,𝑛(𝑡𝑗)+𝑞0,𝑛̇ (𝑡𝑗))+𝜔d,𝑛q0,𝑛(𝑡𝑗)sin (𝜔d,𝑛𝑡𝑗)]

𝜔d,𝑛
, (B.16) 

𝐴0,𝑛 =
[q0,𝑛(𝑡𝑗)𝑒

𝜁𝑛
S𝜔𝑛𝑡𝑗−𝐵0,𝑛sin (𝜔d,𝑛𝑡𝑗)]

cos(𝜔d,𝑛𝑡𝑗)
. (B.17) 
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