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I r,tor-rIri i i l':E to qíve tha.nl.':r:. tË m)/ t-eitcì'.rçh a.dviãçlr ï R"

i,Je. lL¡.cr= for hrs paiience anri i-ri.s mr*n'L.nr=hip ':int-inq 'l:h't tl'.,n

last yFär5 ilhere T rças ån apprnn'L,ire j.n Í'lnler:ltIar l-futen'L,t-trn

Ühemi=try br-ri- ¡.1=n in br:tl-r Ëh;,r[':nspil.*rei *n,l Ef-:rs].i; 1æ.ngr-t*tg$*' I

ð.Ír-r indebt=d tr-¡ him {:r.¡r miìny di.sct-rt;r-":iut-ts; wiricti pi::l-rìiitted inl:r t,:J

dgr.elop thç: neces::å.ry gtlil. Ig j.¡ cninpr-r'i--i.nA ðrñrl t-n i.nL:t-Ët¿¡..5rJt ni'¡,'

kFrcrrrJ1eci ge u{ EngI i=h e::prr*llxicin'Fi.

l'li. th.=n[.]E å.rÉ e.lsn s,jdrEi::iged tn tl-l'"--l ll:herni':lt.r'¡ Ðr:'p+t-tmt:rit

m¡:r¡ber= {ær th,=ir cnnliclencr-, ¡.n,1 cr:rnprt:hensi.nn 'l,ç:r¡lard:: ,.3. n{rl''l

r.¡r-thodn:.r çradr-ta.t'= stt-tdent. "

I r.ronld 1i[';c- +inally tt: e¡r'LenrJ mir çrntitc-tils: tn thc:

õ. Ë¡*¡.clut¡rtæ F:esearcf-r FeI I nr.rshi p "Univet-=ity t:-t llenitobe -inr
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In E -ti¡-=t FË.ri-, the hanrÍl.f-ænian fni- nr-tclear* rt,:tinn n{

Erbitrary anrpliir-tde iç {ormltlats:rJ in terms n{ ur-th'rgonal

int.sr-n.:rt ronr-din¿.f-e=, ft -tcalr-li ly *{ 
, 
$t-i,:tr rnnr-'Jin+.tes i-¡

di=cr-ts,çecl anrj a pat-tir:r-tlar =ystem i$ rJ=i-írl'ed (syrnmmtric

r-ÉprE-.¡ÈiE:nt;,r'l:-inni" FiUt:¡ n-t 'i:he rnnl.er:r-r1.sr pnt,=n'l;i.'*1 in stt-ttrh

coorclirr,..¡te*= sei-ve tcr 'Jeter-rnine coorcli.nat*'= in ¡¡¡lrich tire

pct,ent:Ía1 a.pproaches =;q-.p+.ra.biii.ty(1i. A linear rnnlr¡cltle tf-:Ll-i)

i I 1 t-t::{--r-atetl; l:he di scn=si ot-t'

f n ¡. c,=rgnd p*i-i, the 9iet r:{ 1--rJirnensinnal $cht-n*din';er

eqn..a'l:ic:rrsi j.nv¡.1-',,ecl in t-h= pr'ætiinlt= hami. l-'Lnni¡in $\rËt ÍIlrlvmd

nLrirrerÍcaI 1y. Éì terhni.qr-r* (r-he trennrr¡.lti i:r,l l'lt-tinrsrnv Int¡tþIoi:l) j.=

ad.tpted to variout= =i{:.¡-ta'L.i..:n= cnrrc:erning bnth the *h;rpe n{

the Schrnedínqer- *,:qr-t*rtínn and thtl bnlrnris.ry cnn¡li.ti.ons. Ët net"¡

algor-Íthm i:; proposæd .¡1= å gEnerä1 i;a'l:ir:n tn lttrltt;¡-ta]

sitr-r¡rtinn'= irt nrd'='r t-.o Ênver- nrn:;t r.¡"t thæ :"í t t-t.*.t j. un':; ar i:r:-. ng

vi br¿iti n¡¡rI fJr gc.r'l:l:r:rinr-¡ ¡:r-cibl. errts Írrin ttrm stutdy c:{ eitl-lt--r

irrnl er:ltI ;lr qr-t*ntr-tra iheot-y "
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The,. pr-trpnsæ of 'hhi= ',,jr:rl': i=- tc praini- r:r-tt Ër:mr problrinç

a.ri=ing in thr quanLr-rrri-fnÉchåri j-ca.1 's'l:t.tdï nt 1'lr"'gn ampl itr-icle

vi bi-,:rti nns, i n tri.rtnmi c rnnl erlti r:g. Ünr: n-i'Lhu.' prni:l erns

,=ncr-rlrnter-Elil in sr-trh e =tr-rdy ËLlt-ìËËr-n:: thç rhnj.rr,il ü-i. ¿t s;r-l.j.t+f:tl.s,l

cnordin.rre-.::ysterrr in term=,:f l'llrj.ch the i': ineti.r rsne:l'-'Jy

opnr-+.tnr i1; diagnnal lchile th* pnl:ential rllm¿tj.n':; the rrtcl',-''l:

e.epa.r-abIe+ pmssi.ble. Elrr:ir å t=,.+;á.i-ch r:{ '::¡:ordína'L,r.r':; sys{:ems l-r¡ì15

been :ì. -Flrnr-lar¡r*-:rrtæ.1 Fi-F-jjnr{:Llp¿rtj.;rn in ¡ni:lRi:t-tl .*r r¡tt'ltntr-tni t'[relury

dlrr i. ¡q thc* F.s'Í'l: dncade'= i 1Ë -?f, - ;/:l-:75 i ' the spnr-tr-utrn r:i v'nr i r-rr-ts

al L.errrat-ivnç iras heen initia'Led irr:m the basic t"Jflr-|.'l of

þlilË.Ë)n, Derrilrs ;.nd tlro==tI3) {¡r *-maiL -rntplítr-rtJl: vibr.r'l-icln'l¡.

so .f ar , nÐ " i rje.¡l " systern h¿.s bæen prnpn=ed arid i t j. ç

reasnn,:hIe to thintl that sutrh ¿1 ::iystern doq::; nn'L exi';'L'

TherE:f ff rE r ûLtr preÐrtrLtpat i nn l-sfnå\i n'5 i n thr¡ r,':l':riltir n{ r:l

syst1¡m a.pprn.s.,:hing thí= ideal -hnr- lnrgi'= ërínpIit¡-t'l'¡r vibra.tinnx"

ûn che-' o.Lh'=r h.and , the rncnnt- r{evei nç:nien f:. ü-t t:r¡rüpLttË.r-r'

tech,,iclltes;lIl.n¡ls Lr13'l:Lf cansí,lar IlLttnerical .!ir:l.t-t[:j.i:-rrr'-: u{ f3c}rrlcl

prr:bl.r,'rns *=r.f:;r. r,stIr-tabln a.itern"'ri.iVe tn:'itt--taf-:inns t"'hrTf-il fift

=oIr-rti.on= 
(n¡.'aL 1ea::. 1, r,'th*=r¿: J.nrrr¡ a.lrd l:edit:tttt; Lr-eatrnenl-s lrlñr'(:!

rrclnir.t=.cl) r.JElr-Ët pr:ssible .r. fer^.¡ yrår.:l *qL1 " þJj.tl"r*r"L'L pt*e'i:enri i.nt:l

to :;c]Ivt¡ a.[t ttre pr(f,blq:,rÏ5, sr-rclr ¿r dË1r,,$loprnenL itl:Jnlnç:) 'l:he trl,:-'7'
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tn 4t neÞJ fasirion of rnnç;idæri.nc¡ tlre tlrri*nr-e'Li.r:*rl a¡:prr:arh in

ril-u- "F i eI d r:'f i nve=t i. g':tt i nn "

îtreçe cnn=íder¿rtj.un'¡ j.ndlrce ns L.n bu preorrltpi.ed in thi:;

worlt firsf-Iy pri'Llr cr:ilr-tlina'Le t;,ys'1.ÊmË Çfi1-¡.c-.irJer;.r.i:.inrrs sncl in

p*ra.1 I- el 1,,¡i th nLr.r-nær- j. c-=rl E;ul t-tt j. nn*; ci-t tl-re prnb J' nnrs ;r'r- i s j' nü

fro¡n tlre $ormitl;rtinn r:i'L.trr: t.:QLtcìtít:ln:l clt¡s.rrihi'ng å T*bnrJy

sy=terrr in thi= r':nisilt

Eçsentia.It'¡r tfii:i l+nr-l': ia a nti:dçlg'L ¿'ciditir:n f-u f-hq:

.f lrnda.rnentel f4clrl: r-tnrii¡rl:a[':en hy lî" t''!*l l. 1;-rrr: i' n rnnl erutl ar qLltlntLtf[

chu*n-r j. Etr,r, i ri ç1rder- tr: ,:nnr;t i {:.r-t{:.n ¿1 'f ni:i:. i. ng tn { utr*ther s'e¿i.¡' rlt

Ëlipr"r:i.rl1;u in th,: str-tdy c+ ti-¡r* i!-h{:id'/ prrJl--ì1.{ãm"

The r.,=¡.dc¡r- måy træ ri i:¡*niLL-;tgr,ld b::.,'Lirr ).eriç'th u-t thir,

¡i =--ertatí c¡n " hlt.L the nEt-Llr-E: c:* 'hhe surh je+r'L,s tre¡;ttr:d a.ncl 't:iiæ

r.lili to [-rrea.:3Ëilt å. f:':r'irË].e'L-.n '¿Llr-vË.]y fiv{31'- n-F thð :lr¿li\s r:b3.ign t-l-ã

'L-.n r,il ahnr;r'tr-- r:n ceri:¡lí n ¡:o:l n'[::;
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li!-fiit-'-f ER i

I i'11-ti:üDUil'T'ï Llt{ "

The pre:sr:tr'l:- t-hesi :: i :; d i'¡i cjed í n'bn tt+n parts "

ii): the rJurir,.:.tinn n{ the h.,=r.mi.Ltnnian f r.rt* th¡:l ræi.ati'r,'e*

rnntinn t:f å thr-eal al-r:mic l ine¿rr rnnlËcr-t1æ (CÜ.r) l':acJirrg t(] tlre

con=idt*i,-etic:n n,i Lhrea' 1'*ilirrren-inn¿ll. 5,:hi-r:ti;".dinçr-'r- nc¡t-l'"'r. l::innu

¡nr;r:r'ibinq {:hç: rEarÐ'i:h-urder åpFrrl}rini;r{:ir:n n{ the ¡rrnbJ'em'

{ii : .L.he nLrifiËrir;r1 .¡n1r-rtinr¡* u{'LIreg,r.e r:qlta.'l:ir:¡rtç,,

-i-l-ru ,t.ngi.c*i1 r.¡r'nce¡l'--rre to bsr r':Êil. 1nt";*'l in si.m¡rli.'r':yínq 'L'hm

qr*ra.ntirrn-rr*ri:henica.l dclr=crip'l:inn n{ {:liti"'3-hn,Jy [.Jr-i:rk]:l.,srn i¿:l tt¡l'lIl'

carj .i:.he N.-h:ad'¡i in -lj.elrJ fr-çe Ëip*acr= j.s, tu t;r[,:'ll ;:ttil'¡rrir¡.gÈ) n{

t,l-re j.nv¡.rian,:u oi rhæ pr:t*'nLia.1 u¡itlr r'r=p'::r'1. 1:ri {:t-+rts'1;n'f:j.nrt

a¡iJ rnta.i.iurr. F:y d,-ring :;n the rul:..p.'hj.nn-vi.hr';.r.tinn l-t"--.¡nil-tnni.;r.rt

måy l:r." e:t¡:rer;st:d i.r-l ter-rrr= n{ t-h+ l.'i relr¡.'i:ive rr:r:r'd:i.n,Ltes

tr:çeLher ¿,lith rot;rtj.an¡.1 (EncJ f:.t'-,i.¡.ns¡1;,r.'l:inn¿.¡.1 ) qr-t..nntr-trn nlttnbrlrs"

ïL j.= lrnf o¡-turrr.ai.ü? i.hat- a.lrnn=t ¡. 1I ci:mt-dinef-r':s clæl;cr-ihinç¡ Lhr::

rri:1.¿iiive rnutj.pp ã.rË neíther rr-lhnq¡nn.t1. tri r-'*rh uthmt- nfi)r tn

the llr-.r1er anqles dæt-rcribing rn{:¡.'l-j.nn' In r:Ðn1Ëç¡,{-lt.rçrrìt:Ê':1 r {:hc:

qr..t;:ntr-trr-rnerlr;r.nj.r¿r.1 vihr;r.t-j.r:r¡.LT [,:Ínntir Enl-1r'--:l y np':"-r"Lf-nt-

c: or-t¡:Ies vÍbr.*'Lion¿rI cnorcl inate'¡ ¡ncl'¿ihra|j.nria.J. s:ta{:-es

c$r-r-'3t5pfinrIi nq t-r¡ d j. {{er-ent È?nqLlL s.r rnonternl:ltrn qtL¿ÌrrtLtrfl rtLtfntler-ei.

A chmice o.F cnsrdinaLes wtriuh mi.ni.ffii.;lu.s :i3r.-tÍ:;tl L:rll..lf.Jl.i.n-q.c i.çj, ¿i

rJ æ:; i r';lb I e i. d e;'t l. '

Tfræ 5q1pE\t- n.L i on c-l{ the cerrtr:r cl{ mir.s:i rnnt i r:n { r'nn 't:hr:l
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Frlrnåinj.nql:írr:,:r-'lin.-c.teãinthert¡nt'ern-fnras:¡/l¿thp;rr+lIerJ'

frarne Ís r:b'¡iûLtsì the =r:par'atinrr nf tlrer ro'l:;:i:-istr''¡'I

coordin.,t.eg, r+a=, tre-+.Led by I-lir*rhf elcler and L'Jígner (5) arrtl by

Ënrt:'.s et ¡.1 (6i, These a.utthnr'¡ shawncl e.IEn hor.+ f.he

hamiltr:ni¡.n fnr the reletive niÜ'tion r:ar-tld he ob'i:ained tr)'

i¡1isr¡t-;,.tín! rJVE¡ i.he Eltler anglr:s" LJn-tr:rLr-tn.-1.ti'lIYr the chairæ

c]+ ì:irs canrdina.{:es r-e{errq..rl ta r4i¡fi nnn-nr-'Lh':gnnir.1. ¡rrd the

re::.r-t1tinç hamiltoni.:rn ['Jå'= ni l:i]fÏiplic+.'f.'ç:'J {ornr" In ;'i' ãi=l*ii*!i n'Í

la.ter påpEr, Hir=ch{,=tcl r=r ¡.nd Ll¡.h1*r (7} , Jr,:psen ¡¡.nd

l-{i¡-erhf,=i,ler(Ê} ¡.nci Hir-=ch't,=l-d*r(9i '¡it11t+t*rl i-¡Ë}r.'J '11 "{a'm:i'1'y" o't

r:r-thc:r;Ûna.1 ræ1 et í r,Ë r:n,:rd i rr;.tæi; r:nltl d hf:' clr* i i ned h¡-tt 'l:ha:y rl i'J

nnt i nr'i-pnr-a.te thes+ i nta l:tre Fri*v j cllli'i it¿rnri I'Lr:n:i' "¡n " tri s'

series r:í r-ËEÉrrr,: påtrer-'s" ['J¡I lnce( i --4" i'fiii cll='rived {:hr:

ei; pre*s=i ':n -t nr lhe thi-ee=Lri:'5,v' he'nii l tnri i' +'n í n i' nctir prir'l L i nç1

the "{-*1mily" of n-t--lrag,:na. I rel¡.'L.ivtl cç¡ifrditta'ts-l; irì.Ln'l:itt'l

nr-iç¡ in.rl -Fr.'arnei..¡t]t-1,: Ð{ t-lirsch{eldr:r +ur the i'l-hndy prnhlr:m"

The rç:sr-tltant ha.miitsrii*.n br--'j.nq rrË-t'-:lí¡:r*'lia:ia'd i'r¡ pol';r'r-

crji]r.cl in:rteg, the "r.:\c j.eI " crgr-din:t{:eri ;?.r'{:-j -f nun'J t:n be

orthogana.l to e¿ach other ¡.ncl tn al l "Ër.I-rçl-tl.r.r-t' cofft'dinates,

beingì:hernEelves':irf-hÊrqcnå'ltnea':hothE'rblrl:not{:nttie

Er-rlnr- anr¡1res, Ee-.arcirinq c-rÍtrür'1{-l the nrc¡tnl:alrt; C]i {:trE.3 "{¿r'rni'LY" tt{

ronrdina.inç, it iz,-t=r-.taII1, pns=ible'hi: f j.rrd ¡L "mErnbÊl|F" ifl

r.¿l-liçh the nrr:le¡cr-tlai- purterrtial;rpprnarhes sãltpãr.r+-r.l:lil.:i'l:y"

fl.:ri i. mal nrthogonal i ti' ri'f ¿:t:ot-iJin¡'tns':Lnd r1r3ã-r pntunf-i a'}

sr.:p*ra.hiiity al1c,t¡ ca ps.F¡j{:i,.:nit"tg nf, 'l-tre hamil'l:nni¡'rr intcl

,, 1-rtr-qe,, å.nLí ,,Ëm.al. l." cÜ'Jìp|]rl{ìllll:!5 t+here tlit:' "1üir-l¡E-':t' cr:m¡:onËnt i'*

r:f sr-r++icrr:nt-ly sirnple fnr-rn t-.o ¡lernri'L sinluttion'o{ il::;
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r...?icJÊ.rnFrifhrlein¡ tlrr¡ r-É::Lrlting r:iqerrt+Lu-lf:Linirs (lllFllir'l.Li.i:ut'l:r:l ã\

5t..ritaL¡Ie b;:tçiç: fsr a' m¡.tt*i:.1 !-'Èl[:rrisiË]ni:.-+.tinn n{ 'l:hr¡ r¡n*:,ire

h arri i 1 {.:nn I .än ,

In tt-r,= çernrrd cha.pL.er, *+-ttær' a trr-ie+ ':Ji.*r:r-tssi.*n ni t'hil

Hi.rsr:h{e1der coc-rrdirr:rtcr:ç {amiIy fnr- the I'J-t:r:rJirr. t{i+ restrict

ur-n- stl--ention to the 3-bnd'¡ prubl*:m. 5n {.r.r'¿:trly Lht-ee

nri:inher= ct ihe "Sårni ly" n{ orthuqun,.:il conr-ql:i11 ',tLr."ril t{¡t+r-re lt-*ed

in the deriv.r.l:iÕn u{ the h¿ir-rri ltnnian, thæse r-LaËrË'r¿+j}nt;.tiprrs

ã\re de=i gnaf-eri i n l^¡ft4. 1. {m.1. I nws tr)¿ L,ht' "tii tãrt'-r-J{:r'¡"

r-Ín[]r-Ê=snt;it,ictns since th,=y cnrrt*spnnrJ tn tlit-æçl "çrliy:licalLy"

r.Êpri.;15ent;..b1,= rsnr-dinate,.s- lrte prnl--l{:*in hç.+re cl\ Çlc:l-i{.er*rI sichËiile

pr-*r.rni tt i ng thn tr.-r.nsf nrrnæ.t j. nn -t rnrn ÐriÈ: {iiL'ät!::rrit- l:r¡ 'l:he otherEi.

FLrr-r:l-rb-i,-mnr-e, tJÊ È]]itend thr: " tji'¡rrcll:c¡ fan:t:!.1.y" 'h.t: *r

"Ëclf-rtj.nuor-ts f'rrni. 1y",::,:nt¡.j.ninç ':rn in{init-y ';¡¡ rnÊ3rîll--1':'ïr$ r¡"hii:h

rTt;{y b,= nbt-ainerj EnLa {rrJilt E?åc:h u'ttrr¡r- iri ltsinq [.]-itil ç:r-mvit:rLttl

grhe¡le- In pe.rtirr-t1a'¡- E " mernb'=r" 'l'r'ppr:nrã'l:u h* p''irl:icr*tlarly

intere=ring c¡nsidering L,h': =ep;rt-shi. l.it'r* nf tl-ir-* 1:r:'i:.entiaI' l¡l+

caLled it thç: "syfrtrnÉtrir" rÊpr-Ê::fln'1.::itiun *;j.nr:c+ :lt j's rsta'te'l

'L.n t-he principal åxes nf iner-'L,ie i'rr å.:iymmett-ic r'Tl'rrflnr:r

-l-he d:isr¡-r:;sion n{ tl-rs h':lrnj. l'{:oni¡'n n{ thr+ 'l'-hi:tdy

c;: c;lnstituttes th* aim c-r'f 'L,he* l--hird clr'.a¡:tr=lr. l-hn i-tlm"'¡irrdnr- o'f

thi.:: rh;ipler- i.r,, devnred Ln gr:me -teat¡-.trr:s ri"F l-rrl!trl'l:l-ie {:heor-}t

ntjl:,/ bÊ? app I i. erl i n the c,3:iÊl ü.f l:lit¡ [:{]3 ninl nnt.r.l. t'::,,

l-he sç¡corrcJ p.*r-t c¡J: th,= {-hr.-':;is çñltî{:{3r'nç: tlrri-' r:ir:.Ìlt,l.'l:iotrs ilf

tfrr+ vårrl,ÐLtçi firhrnecii.nger nqr-r:r't:i'c:n:ii r'¿*::;t'tlti'riq {: r'ilnl thæ

'L.l-r,:¿r.i-:enreni: c¡'f the h¿r.r¡i ltr:nían oi 'tlr':: T--iiÐrJy" "l"t'Ju tJif {r*renL

{ot*rnç n{ thr:su €:,rlLlratir:n-q c?.ririt:1 in çr-tr-ir.lr'l:r'*ta'l:tlnit:rtl: ¡.nd
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v¿r.riflLt:i bnr-.tnd;Lrr* |jc)nrlitj.¿:rrg h;,rl'n't:lr L:r.l .l:':i-t'l;itJ'=r'r¡d" 
-f[-te

"ri¡clial" eqr-r.a]cions which du nr::L in'¡nlt/Ë ä)itil'ir:it1y thc¡ {irlil:

fler.iv*1ti\,Ê si thtl eiqensnilrtj.Urr ¡inil tþ¡: ";-l¡i'';l 1Ê+" È:ar-lLtÈlllínnç;

(s;imj.ler-tc] f-he Leqelnclre equteti:inri) t{h1Ëh ínvalvc¡s tir{3 {ir-*'t:

cjr*r-j.vcati'p, Fr-.rr-ther.rnr:re the *hæ.pr* r:f thr¡ el-Ffert'.ive FElt.Êntiiil

{lrnr:l:inn in the secnnd l-,:ind ut e-'r¡r-ta'cint"ti; lead:i tn {j'ni'l:æ

r-rifrì-.=Ëro v*flLrËE Ð{ the r:igen=,-rJ.r-.r{:j.iln a.{: thr hi:'-ilr':l'iii, rorhi'ch

r-ellrresents Ilt]n ltsltal h,:ltnclErY {::nl-rili.'hiun*' iji: -l'+r- ai: iniLe'

di,¡Ír:rErrlcE techniqr-re=. Et-trh <i'r iilat tlt-tt+ {:r-:¡ S't'¡r¡",,,{1':l'¡ Lrtrr al)r''l!

recr:ntI.;r, the 1oç-deri'ati'¿'e (L--D) ( l';íi arrd Ëtt:nur-rna't j';¿e.6

Nl.rrnerÐr, rnr-,tlrsd(14?i5i tR-tl-t't i L:':].n hr: åFpl'iÉd 't':l *d:1t'l¡ 
''ntr'ìË'r 

ili

these eqnai:inns r-trrder EDrnea ËFeËi{ j'i: ì:ur-trrd':tri+ r:unditinnE

(i."g" " {sr. =it.¡-re.'iinns +;hi=,t-çl l-itr.;l -f Ít-:ii: cj':r'j.r,":riir-j{: 'l::rrm i'¡

ab:;ent anij r':here thE': eiqenr=iiirlt-i'nrr i'':: äËlrt:l at 'l:iie br:r-tnd'¡) ' Ïn

sa r-ÊjcEfit F.1Fer, Lern,v arrd ic¡Ë,i1-t-Ë^(l'å) e,l{:nntl f':¡e¡ }i-"t'l-f'1 scr

th+titrt:lybæ.rpp1íe'Jtor:{Lllîtinn:lr^lhir:h.pËtíriflsÍr-.r.{irst

cler i vat i *e i-erm end /cr r+h i r:h ð{t-(:t ç:h{ãracter- i r ed Ltv lrnutndary

ct.Jnd i t i c]n= other tl-t.-c.n r! (:.1 i =Ð i¡.l: l:hin bnr-'tn'ls " sr'r':h LiÐLtnd"r't-y

r:nn,litiç]n= eri=e in bor-tncl state prnblç?mç {or n¡hich'Ll-re

¡:o.l.entie}j.ç{initeæ.tthr:bnr-rndEa.nrl:ltggt-a.diunt.ig

cl i{{r:re-nt.fr'm i*,r{-1 in a.ddi'L.ion ta l.ltrich tht':'cli. llr':lìircllutt-inn

rnur.;t s;rti=-ty the r-.rslt¿. I reqr-tirein'r+nt* nt cÐnl:inr'r'it-y ¿r'nd btl

ËQLtcar€iritegr.*bie.Èltrofn[]le'Le¡:tt.td.ijrrnr.lldr:vr+lctplilrnen.|:n.ttfr¡.'l

.Lhr:or.y å.cüil{fì!.}È{niecj by å. netd ålfifiri'Lhnr pr':t-rni{:t:j'n!'Ll-re

c.:x.Lentian oÍ the Fii*N-l'l to rnn:lh. nf tl-iç,1 s:i{:r-t,¡{:i$fts ulri¡::rutrt'l--.ar'¿li:rJ

j.rr the pt-i.:=t:rtt corrt.E];*t ig pt.É::rËJntl.}/ ¡.r:l-rir¡lt:Elrl and l'!j' 11 hæ

sr-tbini tte'd ãûc:n '
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4 1 t',ç r'Êiãrt-rfite mr:gt {f 'l: t hr

¡:;rc; n $

tirc"'n l:rr"Ersr,ltli:r:¡rl ¿\.i rcnL Inr,.JË" Irr {:håF L-.rair-

pr- i i-rr i p;,,r.l. -t rl¡.i:r-ti-':l¡i ':{ tlr':¡ nLtnìErt- j. c¿tl

ç¡'-rji rì¿r.ry di +ieren'l:j.;lI t+qna'l:iunç¡,' l.'Jnt re;rçment-

ernphasi =r:

nrethods "

d Í'scltssed

c*ir ten L. i nn

{r-n¡l rÊr{f

Cl.r{ çnCnnd...,:_,t . drjf

ç:;rr-tic¡-rl.+rIy :"hnnting ¡rr¡rf -t j.ni{:t: dÍt{erenre

I rr ,:h;rp L.¡=r 5 r 1:hæ l.-.-D ¿irl-r{l [ï: *i'J--i'l nuth¡:cjs .eì-i: br i i.-{ 1 y

¿--r.l-rd sirrrpl e pr-ub1 e"rn- i ]. I r*t:ii'Lr'å't:a' thæ pr':Ë{*rã'-i" The

Õ+ 1:lre inet-lri;d,,: tr: prnhl.teii¡is ¡+hnre tir(xi j.t.* di++FFlillìt--.

cr.t 'Ll-re bnr-tnds bt-ti: wher-El ít i:l [':noi+n th=r..f: the {i.¡-"¡'t

cle.'riv,¡j:i.v* nf the scl1r*tLic¡n i.:; :{rilrrs ¿r.'L 'l:he br:r-tndr' i.tl;
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nLtinÊrir¿,.1 çallttinns *.re+ c,:m¡fEr-i'rd ir:'l:lit-'ir- *.naly'Lic

r:l:r-rnter-par'{:'*, f,h*eplE1'v- å r:i:rtsi.s;l-::; c¡-ü {:.fr¿: '¡1.;tb'=r-¡.i:i.r:n n{ thn
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energy i:i the tnt.nl systern i:; the *¡-tni nf the kinelic

enei-gies fnr thu- individ'-t¿tI

Fir¡r-trl. (:-1) i I Ir-t=tratqrl;

=y:=t ern of fr P ar t ì. c 1 r:Ë : eac h

a cr:orclinat-e Ve,:tÐr .Errd aa.rh

cen'ter of m*.s= of 'Lh':: twn r+nd'-;

rut:rdine.t-e** :;trgge=ts'a "mûhi It"'

ilir--':hfeLci er- .rr.rrd a. I"

lir-.rb::yst enr:; .

:i'lnrç: di{{'=r'ent r.rri.yri'L,n part.ítion å

baI L r-repres*rt'tts a psrr'Li r:l e u e:;rrh rnd

smal 1 I nnp å r':lnn -?Et i nn ¿a't thq:

nf the t-nd" l-triç;'imr-rn o+

rrjprE::5i:rrr'l:at i r:ln i. ntrr:dltcs:cl hty

tÅ-= lhis {i.qr-.rr-r'. illt-t:itr.liea, tl-ir*re ca¡,-El mfl.ny 'Ji+{$r'"lnl: î3ets

:";rti=.firinq¡ i3-.'i) and l:he na{:utt't'r:'Í tlrr* pt-nhlein u¡:il. l. ¡:nrmi.'[:. tn



rl-rfrñ 11"f'-"3--

F I I:ìUF:E ("-L ) : HïRst'r-iFELDËFI [Ði]til\Ihhq-fËãix 4tr-ËtfillY

Three, di++erent ways ta represen'k thE-. å-br:dy räysLem in

Fii r-srh+ el risr cnord i n+j:ns: O repr-¡:Eent a.t nn¡s +ncl t'l t-r:present

the centers t:f rnåss ç3f grot-l¡l.= n-t atnrn=" 6 is Lhe cerrtær a*

ina=s t:f ihe lqhnle =y=tænr
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cie': í d': r.lh i rh :-;et
S

Êr-¡ur-d i n;r'L.e 6N i s

'ii=,:r-r==inn, þre 5hå1 I rlr-np the -r-tpersrrip{-- iti {r:t* i'hj's

ct]oi-dinate, Tl-re pre.riot-t= int¡-arjr-tctinrr n{'h.tr:ir¡'st-t¡'ter'::':ri¡:rt' i* n¡ltr'

legiiim.rte,J =inre di+f*renl: sys,terit= n-F rerl¡'tit'u rnor*din+tr'::i ma'y

be c'fnstr-Ltcte,l f nr a sy='Lern" Ëìs ÞlLr i:h411 sei* Iater' ;{

f-hr-eÉ-p'årt i ci tl sys-LÉm rr¡åy be rr:¡:resnntrd h)' tlrrne di f {E'r*n t

,'rïÛilil.eË,,a.nd ther,=.inre there,=¡lit¡{: at Ie;.ç:h thr'-=n setg nË

i-=ia.ti",.e c,:nrdin*"¡.ts= b'¡'r¡ihích t"Jr: Ëgr.n r'Jlipr:Ê:'gã the rAn{igr-trA'tínn

ni l-h,= systeri-r'

Ëaclr çi:nr-dinaf-e d.. tti j.o thr¡n pr,rp':î-t.j'nrl¡.1 '¿c-r $ËmÊ vecL'nr-
I

E:..iLlr-Fj:iãinË ihe di{iersncel be'ttnl{*en tli'¡ pr:=itirn \¿Eri:t'Ðr'"-! if-¡:'l:h'e

cE:i:'ters ot rr¡ca55 nf tt'¡r grur-rp= o'f par-l:i cles Ë ¡'nd F;

Qi Ë,. tnt -Src iÏ:{i

Í s l:hr¡

CDinTtrfln

rt /

p;rçe 'll

ini:-rr¡t åF[]r-üËr-:i. att=" þJr+ nl:l:tlt'[:'h¿-rL Lhr'r'ti'rlit

t-u +.11. Ei;utsi i-n the r-.'=:it' n+ thç:

i:-i-ñ)

(?-19)

!"Jit --t- e I

þle have nür{ to =hnr,..r 
that thi,: t';ine'Lic enÊrËy (:rp€rå'tfJr hs't3 the

{ t;l t nt'ri nq { srrri I

J. ri ü:. íl-¡ -r Iifiiei

."i(:-:ø i

-¡
GI

t.
¿t f-ì ti

{ /ÕA(Äiir'''qi

l'lp,iPlni / (!'lËri-l"f'l6i. )



F)¿i.qÉ 1B

-[he rrumsnta cnn-ir-tçaLe'b'r-¡ Lhe::u' cunr-tlÍ natmts'å1'r-fi']il

(:*:I )

and l:here{ ûre;

\ r'--':.i Jt

1?i
.-tlii 4i

-5
F, L

f,, í

l,,Ja

ô,, 
ttl

three'

note 'L.hat

r^f ,lWq.:

"t' 1

i nd':lperrd+:n'l: cf {:

i n Ëi l:her

'iT

{nr

to
if- )

E, tt.' :,in,

å. p*.r-tict-tlnr "rnohi 1n" o ea.ch canrdinstl-'

any. er{ l:.ha' o'h.her cun¡-di nn{-':ls Ê1 
(t } i tt cnÉ n{

-jnin:; the renLet-=' s4 r'nå.'=:î tl-f çrãLtpã A *'nd Ël

i:¡. rel a.ted

1r ek

jai nt"wirrL.* Êr tt' the cr.lntærs nf f]ìå.f3!å ni 'lr*t:)tLp5 Ë -:ind D then the

tlrree pos=ibi 1 itie= ã'rt:å

{ 1i A and Ë åre rúfiìPl etel Y

(:i f, end D -:rr'¡:' cnnt+.ine'J

(:ii A and Ë ð'rË cc:t-tf-.+ined

-[hi:Ee rei a'ti nn= gr-ta'ra-n{:ee

ron'tai ng ncr trrÐgË-l--el-rrs "

In fi.::ed cuardinttes¡ {:ht:

i. n r:i thE¡r

l:h;tt th*:¡

;r.nd n

'f,r * nnly

t:r n nnly

ËrrÊrãy npæratur

Ä itn l. .'-

i: nn.l. y

[,: i. rræj: i c

h¡rrni. I i-.nrrj. an i c Ëi r,'en bYl

("-ãf,) H

The new set of r,:nr,Jina.tesi is nhtæ.ini+'J by thu 'Lt-¡tn';-Fnrmati'on:

-s -5

I¡.................'rti 
lii*,'r- V

(i*:4 ) f,iÉt¡.¡ri

l-hr:r-e{ ore:

e¡
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I
Iil..lli ¡..lf'¡.

l,,Je rï.¡y therertor-e tr¡1ns'iorin ttle hnrniltoni.an 'i:o the net"¡

co,:r'd i nats¡ç:

î
1

q i-Jb, H

(:¡f

i J-l:) Xi { 1,rrri i f,t,,XlË:i grl:ri 1 rf 
' 

¡...rf 
' 1'l- V

--5 -\

(.7-:¿7 i H ( l-./:i Xr.ïl t ii { 1/rn; i Ëu j. Irñi t J rf i:.{' l.
-tr V

-ih'.: qLt*antity httr.+eerr the braci':et-'= shnlild tlrä:t-nfc¡t-t¡ tlr:l:

I -r-- r'H I ili { l. r'nr¡ i å1 hå:. I ht,, .1I.'. ].

Tlreref uT-Fi r i.'f rq and FJ

the vsctor cni:r-di n;.t;:¡

¡r.r-e' tr+n qr"nr-t¡:li flrc p.nr"Licls¡= a.rid Qk

betr¡lç' en l:hr¡rn;

({--.) i _..
J_b

( r--¿7 J

( .,4 -.ir kl ,l

( i"-.ii I I

---r (i ìËlir'-'
.S

Xo.rn r*r c4,/ 
t'lÄ

---si*rltr=rrr,/l'lir. (r.: € A
r- ¡' f' a_

.s.nil Ë, É. F¡

]-hetr {:hr: Êìil' eaÍ-el cieFincld å.s {nllLir"tråí

tsr i l':

l{.i t..

tr ì, l':

rri;'l'iE'

m¡ 'ríÏ5

t4

i+ ,-ui j.E in 
'q

i{ rrri is in 'ü

i.-f int ig¡ n':i{:.h,nr j.n ¡'l nr- E:( .:: -- ...1.: ,,
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tO dr ttt i"-i a¡ir:ther- ronr-ilin¡te þJEi ,:¡r.I'ì Fi-i:l\/Ð tq) i.n cnn=i'dr:r-j'nq

the. thr¡:e pas=Í b l e trilËe": th¿Li: ¡

( ?-f,.i ) Xi Ai ¡,ili 1 /tni. n

Fi nai I y r.+.nY çet

âì.n':l'l:ilEtr sr-ri tab I = set

s*ri-í:if i e= i..:-:] bY ã

di rrrens j. i:naL ãF.aËË:

c:f cnnr-di-na'L,e:ç in*, ttI

*ô: tt) ,dr.ri , t+he¡r'u' j'

n;¡.n cletteral:t=

iË Lr"",rN-L r'thírh

in ttre tl'J-Ii

,üt{i

Í:r.l-ld -i

urn i t at.',' 'L t- *tn:l Í nr- rnat i r:n Ff

i:-:i¿tr )
I

Glr tt' XjE:. 
r'L (t i

Sqr-raring anci arici ing clver i leadl;'l:ul

( j. r.j=1. e " " " yf'i*'J.l

{!-T5} f,it'i- xi E_i xt,F{i ,jEi trü.j.fl!,:
( j. i j î þ':=, "' " rl{-"1 )

If ti: is unil.+r-y, then:

-s .-\

å.j1,, (i'"1 r " " " r¡'iit ¿".in ) xiñi. jãi.lr

.aFrd

t"-I7) xi

Thr-.ts -:rrli" ltni ta.ry'l:-ranç:fnrru;¡t'i mn *ppf i -'d

ac:crz¡:t-;rbl e çet nÍ cr:''rrl j- n¡'f-r:ls td.. i ¡:r'urJr-'tr:r''s

:ieL, of rr:nrdi n.r. I:t:s td'r.. l "

l:r:r årtì ;rrb i. tt-æ.rY

ani:thr'lr ar:ræ¡r{:,:ib i e:



[] ;-:!' r:T Ë*

Nnte th¿rt =ome o{ l:.he :;Erts cor-tId hel

21

rÈrFrelËËnl:.*ld f:Y {{

n{:her- r-l.r't Ft.tl-f.l 1ythn

rt--L.:1 --l¡tlìLjl-l -L -L l::r d'--

".!.b.¡tr+.r'L."

ín the
:;hnvln in the {igr-tru (':-i) t'+hil.r¡

madels tn be i.haught- ås ;ì se'1, ní

(hl-1i space and describing in ã.

con{ i qltr.lti cn nf -uhe mnl e¿:r-tl e "

lqjt- Ëån sltppose *'l-- th¡.t f-irne

pariirltlar =eti=i r"rhirh wi.11 hr:

o{ the mnl e':ltl e "

.¡E¡c: lü¡'- i a I rr:i:tt-tl i rra'L,=s

lrnique i;t:;hi':n the instant¿rnÉÕLtË

'l::lra.t thei-e e:'í i =tsi

reprËç=nt*=.ti ve of

aì ñ fi.¡ Fr

'Llre symme'l-r-y

ihe sy=l:_*r-ri ie cr--r,:'.rp1ç:tely dn{inæd by;. set nf N Vertnri¡.1

rosr-di nate=, i , e . t:,/ a set nf .l['J sca] ;¡r c'*¡i:rdi nal:t'¡s"

Thi-ge ,-lnütrdinai-e= 1o,:.*ts lhe ci¡iitur n4 ni¡.== n'i t-he gysf-t'in

rel;ri-iva tn t-h* fir:ed å)í{3i5.=nd u'le had ãEEn t-l-r+.t'Lh'= motiun uf

the centi:r ni rïtå.s5 c¿:Lrld ,la=i1';* be :læp.=.ra.te,l -Frnrn the rnta{:inns

a.n,l i.he vibrai.ir,ns. Fr-trtl-¡et-frrEr-e thrc:æ an¡fLtlar r:ni:r-ulirr*.tteg

(lr=¡ra11y the threæ Er-rler- ''E a.ngL,=rl) ¿l.rt= neerlnii f-¡: sitr-L.rte 't:.ht:

sp.=tieI confiçr-rratinn oÌ'che systern rel¡.cir',= tn th+l fj.ilæd,ax{3Ei

the ¿-rf'l-,5 r,=nraínrier- rstrrdin*ai.Ëã åre i'hi* intsr-n;rl nnnrdj.næ.tn:¡ n{

the syst-em"

Since the pr-e=ent =tr-tr1y ís prinrip;-L L1' nt-ientæd to

three-body sy-ierns (ihæreft:re l.yiriq in -r. pia.nr"=i) nrlrrs this p1ð.ne

i5' r-eferred 1..¡it-h t-æ=pe,:t- tn i--he {i.l*nd ¿aä85 iupær-a't:ian whir:h

ne=d= trqo ;inglrlar conrdirr,al:e=l r rAJe çn1'/ need [r.l'i aingltl,.lr r:iltern

cnqri-dj.n¡.te r.Jhich Iora.t'es the pl.Lnn relå.i-ivnIy t.-:¡ *inrne {i;.: ¿r a:ti=

nf 'l:he rnnlecr-tle (i"e' r:ne r:f i:he pr:lnrip.rI

t-n the p1a.ne n-t

Ã)i qrËi fi'f i ner-t i. a n'Lh¡=r

than th'= ':rit i s per-pnndi rr-tl a.r- 'l:hel mnJ. a.rltI e i "
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f " i'trlRÍ'lill- Ï z Eìl RELATIVE tlûilFDINTSTI: [ìY$l-El'tS FNR TFiE ]-I{íIEE_FNNY

ËYSTEI']"

ai Inirodr-tctíon"

The expr-æs=inns der-ir.ed in the prævi.nr-ts s¿:ç:t:inrr.at-13 QLtitÉ

rrrñFr¡ .=,.iiûnJe in ihe ra.gg u{ a. gVäi{:t=.¡T¡ nf thr-nt:,: p;Lr-Licleg¡ giinrr.¡ thæ

=1,r5t-s,¡ lie= in .r. pLan ;¡.nd the nLr|ÍiLiÊ:t. n{ r-r3[.lrLîsÉn'batinnç: åtei

"mãLriie=" i:5 redr-tced tn th¡-et¡ pnr"s:it'..lili. l':i'e:: {fiqr-tr-*-- -f'-:i)"

i,j-= rje*inil {iiqr-rre :*f,i t'h,= in'l-er-n;rI \¡E:çtor- rr:nr¿linatu'Ê¡.¡

b,=rr,l*=n a.i:nr¡ç i *nci j bY:

I _r- '..ir I rij
J

fI

rr¡her-t? the .,'r:*t*. Ê; iç;

reiative tn 1:.hi= +iiled

i.he p;.rt i *t1 mc1.==Eg

cjef i ned by'"

r- -t- --! 7 l

i:hn p,:=i. ti. r:rr r,''=It'f,r rf

åÌ1 EË , Th F 'l: nt E l ilìå.s:¡ i l"

'Lh*r pa.r'l:.i cL e i

þi=¡n r-l-rnp-l-rnT r.qh i I e

J

R Í-1

n+ the var-ir:t-rs 6l'nt-tFs o'f par-tirl*:¡ are

Þ1..
H

Xc<rn.¿ { r,t ( il i

In r,.th¿r.t -tnil¿1lv= l--¡e f.hreæ r'i:iFr'{rËÊ:n'l:'r'l:ion"¡ r:'f th¡r {i.gt-trr:

(Z-1¡) cnrrr."ãp,lnd tn v¡.it-tet: u* {:, rr'lapec¡i'''r'1J'} r:l: 1r i '¡rrd '':" The

,¡aiLr* .,{ th*. ir-rrjire t {r:r'nl:h¿:r'r"F:Ft-,}'sÊ-lnt¡'r'l:.i.r:ln:i wil. I he clr,r'l:inç:'l

frnin i-lie ci:rr.Lç.:ilr- (in pai-ti.rur.l.*lr for ,.r. I-Fpl-Gll'åüllr'l--'nt'i.on r--r!:t'sirred

fr-r¡rn i:=i try $ r-ot:rtinn thr-nr-rgh ;¡.r'r a.riç¡1* aJr t. r^1i. 11 ta.l':Ëi th*r vaLt-.te
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F I üI.J[-.iE (?'-l) : l-i I i.:5L]HFEL-ilHIi: tiuilliD It{Ê-fi:Ë: f,-FiltY

three "rTrc-rbi 1E=" t-E:pr:e5en l:ati ç:ns t:f thc¡ threcl

ir l r:nrrespnnr.i t-¿:=pglr:{:i i'r¡l' !'' 'l:u

. !L-- J--.,'L
t.l"t L Iì L.llli LL'i'i¡-' c

l-hæ

=-y=ti:*itr "

sy=ti+rr'=

bndy

the/rì\Ll , ?

{tJ ?

ib i +nd

{ ï i ;¡.n'j
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FIËt.JF{Ë ('.j-;íi : VECTtll;: Êì l'i t S r: i4 L- É¡ ti [] É1 l'i:''å iT [:: ]- i:i F; ['j [r[]f;i Tl-{ír :T.-ErÜEY

'Ihe sy=tern n{ thr-ee d i'f 'f st-r:rit

pJ.a.nn" Tht: cur-rpies tË, tl':i ,fr- il':i r

r: clnr- d i, n¡.{:æ- rLlrr-eãp iitr.J i nç {--t:.1 'f' ::rl:'

r-,---i: É:-,i*EjnrË i r-¡.rne Eti-.e':h.=d l:r; l:l..rri:

Lh'* pr i nc:i p'.*I

i s. 'L.l..¡e:= vec Lr:r

c{}í '='; a+ i n s+r-'L i ¿¡. i il

-jainiri,I ü t-r: Ë.lr-l::i.r-: l.ci l':

rnir:i::€*s irjr[t 1i.eç in s.

ltr-r¡ t:l-tsl l-'li rçlcl-rf ti:1 iJ*rl- t'e:ç'L'nr'

(,:;çre {:'::i:'L } . rt lî'9 i ll 'Lhe

ry':i,t-.'=rii +îrltül {.L1r¡-Êl:lFrJnd i. ng

i. t¡.'ç.hi-' fEI'ì'LL=:r- rr'f r¡aggi "

tt:
J

å I..
r.,
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"Ê1"), Êrrurdinç tn f-he-: prËarviLrLt* -.;ËËti.r:rr, -:.ny r;r.11:. cfi.n ganr.'r'a.te

another- ec'-:epl-a.þ]g:-:et b,w ¿.ì. r-tni{:+ry tt-*.r.rrt;{nr-rnatiun ih*ræ a

"[,: ineiîã.'tiE" r-ntatínni1E-ÏLTii, In pai-tir:r-.tl;,rr-j Þr{r Êa1rl [:r]nçlr-tde

th*qt any ol the repræ';ent¿rtit:ni:; J., 3 oi'' f,:ihor-rIcl br,= nbl:a-inerJ

+rr:m a.nyone n{ the nthers" Ï-l l"l,= r:hnr:sr: thæ rÊ:1pl-r:1':ient¡.tinn 1 ar;

i-eierence¡ th=re+ore t=? wi L I bn i:h'l:¿¡.ined by :;t:nt. .-lttql*l Ë1 {;t)

anci t=f, by *r t3'.

The çcal oI lhis sectinn

di=crete .¡.EItte uf t ¿1 rjenç:ra.l

rji screte ri:pf-ÈçentEf- i,:ns'l:.-t- 1

i.'* tn 'Jnt-it:e {t-nrn æ.n ¡.rbif-r*r.r-Y

rnri.-iir.¡d tu nh't¡i n i:lt* n'Lhei-

¡r.l l ¿J

t.epres=ntetÍ an=. In pa.rti rltl ¡t- ,:r.

r,lhirh has been inl--rodlt':ed a.t {:li,::'

wi. 11 rer¡eaI i-ur Lre rlt ct:lrç;Íclr.':r¿r.i-rl.r*

p I an a1 =t: tn çlE:¡- i r,zs :;nme reI Ert. i i:n

thi= -yirrrnet.r-ir rÉpl'Êl el-tt;r{:i. r:ri .¡ncl

oi the =y=tern.

The three t'ertni- cr:nrri í n*r-Lt*:;

'l--'rl ¡r.rrd i n g,:lnr:r-a.1 atny Ð'LfìFr

" Ê3,¡mm,:.-"'[-- t- Í c " r nlf r- f..:Í;LTn't: a.t i mrt

qnd n+ t he pr-evi nr-t* sert i nri

i rnpnr L-.*rncr* " Fltrtfiçrr-rn¡tÍ-f;] ¡ t"JL=

L-lntl..¡n:r:n the'::r-i. un'l:.4.ti.$n n{

'i:.1-rcl pr'-irrr:ip;rl r;llir:ln; o{ i.ner-{:ia

d, t ot ) ,nr-* r:qr-.ti. val nr¡t: tn ?

sca.l*:,r csc:rdinal-ç-':¡. l-hrer-. r:rf f-lrnnr c{f,r'lñärn the pr:siti.nn n{'l:l-tr:

cElnter- t:{ rna=s e.ncí 1..¡E hat,rs 5tl'¡l-l i rf :¡t:'l:l: i. ':lrl : th.:Ll:. t hul

tran=,latít:nal ir.E npera{:nr iç .:.ep.lr-rl::1.r:, -l-trereì:f:rt'[:r I n't 'LhCl

rerr.Eininq cr:ri-rJin.Etes r^,i.Ll- çii'i:r-t.:,r.'Lc: l--.frr: F1+ne ,:{: thr,l rnnle:'t;r.rle

relatí'¡-= tn thæ f i.xed ;f,lÍr?'ã t^¡l-ri. l.r.,,l ¡. tlrÍr'd nn* w:i11 rjr*ii.rre'l:;trsl
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'l:hn t-'&lflt-{ã:ç.+ÈtFttal: i on

"t r*oin
..5

the discrete vært-nr G! ii. i

t:r-ht'ain the vectnr QËiii)

tr:l l; p r* e's r-" n rJ i rt

qJ.ven byr
J

Rj. t.rË

i:;j--1t't) 5_i.¡rGj (i i E¡.¡ {i }

Ê= sr-tgq¡l=i:ed Lry the -ti.qr-rt-i* t:t*5) I 'r' valttl: n{: l:h'æ ':rnqle *}

er;r-tal tn F"/7 'n/ü'wnltl.tl ¡:i-r::víd':l a r-nt¡.[:i.nn'¡r-tr::lt i:h'¡'t' th+:

sy'=iera r-epr-i=r;erlLr:d nV î= i., j. l. I hi: ':ä1,¿iltätÉltr-i. Ë r,:'¡1;.r.i:i vq:I'.r' t'-: 'l:lr':t

;-räE=Ë ç.¡htlr,=- the ,:nrnpi:nu:nLs r.Jj: ñ*1.{Ii a.rt* clll-tj'riæil" -t'h'= m¡.tnrj'*'l

¡-*:j.a.tæd f-,: this r*ata.iir:rr,:i:rt:;hj.'l:r-.tí-cl'* th+::iltLtl-i$-i:'L u{ th+ rt*¡':'l:

=æct i nn "
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5" Tt-lE "5YlTl-'iEl-RrÜ f-iËFltiF:.3Ët\lTAl- I Lli'{lã "

ð.) Ëenet-aI cå=e.

5i nce f rcrn åny r-!:lprs=en l--a't í nn t;e'ts a-F ci:nrd j. n¡.{:f3E

extrre=--ible by å "AûiliIe" [\tE Cnr-tLd perf':rrn ':t rr:t;:'l:inn thr-rlLj'rf,h {ån

r1nÇ18 Ë l+hich. çive= Ennther 1.,:':el¡:'l:arhlil s'=t nf ':nnrd j'na'tæ*, {or

r/ålLieÉ: tf,ri Ë ditf,-eren'L u{ iha='= n[::'L'.*irrçr':i ín thr:¡ ¡:r-uviuLt:;

çectitfÍ1=ì tdÊ: m.åì., æ:,.:l-rert tr:,:r!r'l:¿r.j.n i-13pl'-Ê--ËÉnt'¡.1:j.i:¡riu r,-¡hj'f:h f-'ennÜt

be eitpres=ible a.= "m{]bi1,=s"' In Ëi;irLir:t't1;ti'-, {:l-¡t¿ fuil'uuling

qur*-.,--.inn n.r.j.=*ç: is it å. p.ã{t-l:.i,-t,.tl.;¡.r'v;rl.r-t;: ct-t t! I'qhii:lt l+a¡-tl':l

rl,=nÈ:i-ã.i:e =, =.et sr-rch i:hat thr.-. ¡:mt:,r.lrrt:i,ri È:ilL::1rqY :lt..trf {rfiËri r^¡Í' l' I I;jn

s'yr:rnretri,: t-e:l;rlivel Y lÐ :;fiiÏìË: -f j':'le*Cl ijtlir::i n-f: ih'= mÐl'r'lt:t'tIe'l¡

F:cr the 9;,¡.1::Ë ,:i =iiirpliciL'y" I'ni" Ltã =tai-l-- 'l:rr::¡in{:hi='s]¡:it'r'+nr

desrribed r:r-igin'aly h:" the t'Êr't-ur d., t=i ¡'nd I'Ëi: Llu* r-nt¡'tr tl-tç-'

Ð.iie¡5 thrr:lr¡h ån anql e il? = É.r/?-'iÌ¡'4' "-".11 =irnlqn Í n -F:i 4t.'trtl (l*{¡} '

The rnairix rt=[jreËelrting i.*he rnt'atir¡rr i.i: r"¡ir"rl*n r"'t*i'nç the:r':trni'3

nr:ï-e.t i on ã.:; Í n thr: I a.st =ecr i' r:n L¡'/;

(3-i'ZJ. i
-t-

säi3) , t
.-1-r /7

1__ 4-

l^lller-i: I

I \¡-f



(r?- J.Ø3i h-:!
,!-

p,r.ql* {g

':t-¡-çí.-/il :J: çj niÍ.-.'/-j:'.¿i

The {r-¡1 Lntui nç r-el. +.tí ':''nli å.1'-tl t,r;.r.uÍ. l' -rr'leri verJI

r- ":- r gr.:",

\ i- .L u-r+ ,|

ÊpplyinË the rr;.trix t-,r Ë1ili, l'rE;r ah'i-.;'tit-rl

if-1FJ5) Srriãi , iEt (-Ji Ê!.-- r::l t.

,,*-t o- Ë.-.

thi ç ¡.;atrin rËprË'5en'[:.r; Lht* rili-'t'i::i. r:n

.j';/r-frrTl'ãir í {: !'-ËË¡rËisErlta j: i. on

The eilpliciï- iorrr s{ l:ire

J

iir¡t:ii 
" 1-l:îlF.lf

Let t-r5 d'=rrnf-e i-.he rn¿r.'t:r-i.x si:;1, iT:rt t:Y 'tilt* îiYlirtlill. il..¡ " Í:'l-ry'::iÍ i:s..[ .l r- t,,- .

fl{?t3ii'#':i {:r: tr',.-¡.trg''F i:r-m'Llt,-=
J

i. nr': i.-he Ë)-,frnlf Lr i r t*'1:)Fr-g3grfyri;ri-i rln B::;I {Ì;-:, iflÉil.t-ii rìq th=

:i n ñ:: i.

rrr¡.tr-ir i.:l given bY:

+

t l-- J. r¡,5 / I=r -- 
I J r'

+

,l
\

-l-hi= rnatri.it is =yrnnnirír:, nr::l-lrtt:rI ht,.tt nnt nt-thngcln;;r1. ,¡rrd i=

.í:hr..¡rr:+i:i-¿+ r¡,=t ¡. r¿:t,æ.í:irin st¿r.'i:t*Írl ,, [^ln t-rc1\¡Ë di*{:{].'ii :: 5in;Á1 ã'r"ril thæ

t:ic¡ ,lnva.LL.re:ir nf I1 -':¿ï-É:1/I.,,,,'::, I,ii/îi ¡:itlrli 'ri'/'I-inÉ1,rî:'

!dr-: E¿'.rr rje^iins j.n i::tiç '#¿r.i"iìÊ) 'f¿'i*iriurr i:hr: symrn':rtri.r
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re,frr-e!rÊnta.LiclnË. Ëor*ræ=puri,Jinü Ln t:hr-* b;"istl:. -R1 *.,d ñ;1; , f'L ¡l.ncl ll;"

To r-"aclr reprË:;enl--ati or', ^Rn , i t- cnrr e=ç:r:nris åt 9il/rltt'nEt'l:r'i. c

r-Ètpi*Ë,.t.5{1nf-at i ¡n ft - t¡Je nr:'l:e: ttr¡.rl--. '1.h,:¡l Ëlyr¡i¡n¡"''l;¡ j. ç; rÉ:Fl*f.-l!r'3rtt,:11; i. r:n i s

,lE]riVerl -f rrlrn the bagi': rLìËtl-fil¡Eltrt¡.t:i.,:n ,:tË þiÉI 11 å.'ii -Frnrir tl-tti:

otherE'. þie nrte alsn 'Lf-ral: tlrr,.: '-+.yrnine{:r*i.r rr..:frr-El'Ëlltr{:*,t'L:iun r:h{:ai.nr¡d

f r-orn the vector repr-ÐË)rjnt;r.tio., -n, t:l .fÊl ='r.li.rt!.n,¡ ¡:rrin't ,:r.:r-rL,J be

¡3bt¿rÍned in starting frt:tm'l-l-rr= tr+n n'l:lrr¡r rËF-¡r-(ît;{-llrt.,'li:i.nn'¡ i:;v

per'f r-'¡-rning rot*rtir-:nE; t-espertivel)' fi"F ("]É='Fd5ii /11-'fti/¿T a-nd

tTrt/¡1.* É?i4i " These ¡-esr-tItç; F,r'E nLii:airied cï irr:¡rl:1v il.i:m tht'

{ i gr-tr-e ( 
"-B 

} ar trån be det- i r'æd =1ñ'ål' 'r't í c;rI 'y b;'' f-h¡l pt*orr-:dr-trn

clisçt-ts.:ed in f-he serf-ít:n T Ie'c¡r-tatimr: i?*ü?]1.

Ë\s Ehúr,rn in the {igr-rre t3*'å}, th,-* nrirlj.n¡.1 pntnnf-i;r1 frrriÊlrgy

c;lrr-face i-ç3it*ins intart åç :i'l: L.ire: çVt;{:tm ir" rn{:¿"rf:r¿d -fiü fi t*ll-rlliEr

thror-tgh the +.nçle É7/2-ttl4"

hJe trê.n there{DrE cL.rncIr.tdm th.*.'L -Fnr- 
'-î. ,J j.vcln rEpl-É35Er.n'l:e.t j.nn

éJ

iao E.r.y Rï, the ç,ystein being dæstribnd by the cr:rnpnnen{:* n-t

R3, r,e, , the m¿r.=s-=ra.1e'cJ bnnri ci isl:*r.tt':n \¡rr':ttl!- rl,:t"çlin;,tte:; t{h j'rh

d;:{j.ne r^lithnr-it- .r.rribiçr-rity ¿a.Ft +.n'1 ì.er d3= Thi= ançle'Jæ1:innç ':lt íts

.L.r-rr-n ð. r-cltaticrn angle É3/?*rii'4 l.r¡nd:inrL'Ln rì.'¡ertçr:1 .:ll crt,::r'din;.ie
J

6=: th+.t t;e c*.1l.ed the syrrmæ'l:ric r-EFræ5Ê]nl:a.f-inn n{ thæ *ystent

f.,hÊ*rì {:he =ystem is rrigin¡.1 I1'' iJ*si:t-j.hnd br* tr,^rn ¡.rtri'Lr*.ry hnn':l

ci igtancæ vectnr conrclinates" T'her-e exi'sts there{nrç ãl nnçå1*{:Ð-fine

fúrrE¡lgpf:r¡id¡1ñEE be=tr.reen th,: tr.Ly ct+ nhnn:-,inq thr: l-etlf-{3:-iÊrt'L¿lti':n af

.Ll-ir.=: s.¡Stent in terrlg' nf 'rhe irll:t:rnal. Cnr:r-ili.nal:nç and {:ht*

dr:,Fj.nj.tj.r:r¡ n-F the symm,=tr-ic r'Ë:prr'rsiÉ]n.1,:',"'ti.nnni. Ïn,:'L:fie"r ¡¡¿1¡''r-Jç¡, r?'

lrrtÍ i::¡t-tt: ::yinrrrrti-ic l-E¡pr-c+l:ir:nl-;'r{::i nn ct::t-r-tltl¡--rondr' to rlvery rc¿ttslt:i'nt-¡ t-i:

dtg-f inn t[+ -Yutern
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pr;lçtu $'l

'.:cl t-ts. I fnå.!;'ii'i3{j: "

t-hm tïiree a.tnm-l¡, tlrern+ül-{'r, rl = s'I :: Hr

angle= É¡ å.rE È*tllt'-+.i. tr &Ø drlr,¡rrl'es" l-he

i ãr.t-Eã- i d-=n'i: i cal. ¡.nd thr.l fii ¿ì'råî eqLt'å'1 tn

f-hæ th¡-er" rrra.tr i. re:; lli ¿-1'r-Ë rlflLt+î'r1' tn I

Lclt rn be the ntå='s c"r{

f J-
6.- =: t"m¡'f,f j'l¿ *f-i.l the

é
'l--hree t-EFr-Ê5Êntal--i an= R

-15 degt-ee=" Thereft:re

4 r-tr? 1 fl\,..:.-IVJ/ 
' 

ri ati=¡+ f'
þ

'l
rl

T .-rL./1¡4 | ' -'l
þL 1J

I+ r^,Ë ,Jef in,: F.+ = r': iållt'ri:lifl¡¡4, tlinnr

( .f- l. i-,:ì,5-;r )

(:* l. üil-tr i

J

ñ=ti.,

tTo't.-¡

¿l-Fr 1: +' -1.-r=;;

ð.*ri: {- ål+l. :f;

c) rl¡.sr- n* i.wn i d '-=n r i c a.l. ,¡'l: ni-rrs "

Ëince¡ l_:h,= rhi:icÊ: o-i ihr+ r'Elpr-El.5fjnt;-l'L.i.r.:rr Íî) ¿rrhj. lL-a.r-y5 1.r,"":{:' Ll5

J

i:a.l:e R-r ;¡.n,l L;rbel by L a.n;l f, the ;lli¡n';; n{ Ëå'ftlE+ r-ii'It'5*i * -l'ltçlt-el: ÚrE3 t
¿l

,ï1 = na a.nrI É1 = È3. Tht-' r'ni:aiion r:{ G;' t'tlrnr-rçh t:l-rn i-r'ng1'e fi'J =

É1/t*.rI/41^¡íI1 qi.,,e 'Llre 
=ymm,=l'Lric 

f-(.?[]t-f:lliiÊlÏL''ai:j'nrr j'l't1:

J

{.7'-'.Lr/l? ) ß=..: T:R:

ür i.n t(-.'rrfif¡ c:f +;l-t'= ct:rr¡:nnr:r't't':;;

(':'-11iTl--¡i

(':- 1. 1 rr-'h i

{ /r -r..J
aT.-" L "''t L h1..:' r' l. :;l

I

D.::- r ¡ 'r:[ ]:--r l:j

;tr,l F "r-r J
.rtr .,ì-1-l

h;,-'-r.;t i -l

f:ìãÉ.,
.t.

n-'-.-''

..t-

-t-
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IÈ- ig inter'ær-,=ç't--ing ts nn'ts {=ee t¿.-hIe :-1} tl'ræ.t thc:

symrn,=trir-: rEpreËental:ion appraarhee rhs b¡.:.lir rE¡lfrf]1;iïlir.l:a{-inn

Gt -l a4 the ft¡.th t'J-ã.y ir, eil'ipt-ËË5 the ='r'Êãt€:r-t å'= l:hn r.-'i'tin m/rn3

decr-eases =in,:æ i-he;.nqie fi[,, tc:ncls tæ rErû ã.5 {llr''l1i;1 'tærrdì; tc:
ì ..

=-rç, Éit the lir-nit, a. systerr cnn=tit¡-rted b)' t ligirt p;rrtj.riqs

ati-aclrsd 'bs ê.n heavy sne r.rnlrlci irave it.s =.wtninetric rLrFr-ÊËr?nta.tinn

ider-rtíc.E1 l:u che b¡.=ir r'=Fr-ægen'l:.;,rti,rn"
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å " Silfql-rìR tünFi, I r\irll-Eti =

From sectinn L, +.ny vni:tnr-

either å.8 ä.n crlernent oi :{. å*n

ront-rJi. nate ü.¡ r:r:r-rLd bæ ci:ntlidrer-Ë-'d

r+h i- ch

J

é
GI

vect-nr -rãptT.[F

ûn i.lit¡ tht-*e:

rntirp c-'rn tan'i::. si d{ræ

':.1{ a r¡lrt'=:;i s.n

år l--D vnç'hn¡'

T t'i e r r"''f o I' çt

¿åL .-.Frd GI

syr;t*:nr

[1i-Lì Lhel

J-
Ltht: prt:jertíon= of

'Ír-rrlle *rttached Ðn ol' i¡.13 {ãn c':1 ernent nf
i

tlre

r.rl-ri ¡-l-r al a,¡an'þcrP Lr!-'-

cn'¡rd i n.-:t. --'.:;

.5LåL
'Lr+n ver:{:nr::' lllL ;ï.nd f-12'-'"

t-he siy nrd¡=ru-d =raLa.r-s cnn:;titr-tLtg,.:r tv'ly u{,1æ'ij.ni.ng ccJlÍìllletnIy

-uh= ín=ta.ntanãifr-tË rnn{i,1lrr';rf:inn rJf tl-rt::iL,/:i'LEÍ0" Thsr-æ eitj'st's flrì

i nf i ni ty t:i þJåys nf clef j. ni nq tllr¡t;r.. :iË,:?.i år'ã':nçrr-cli t-t-':t-el::" Ttre

.=r-.rl:jr.*ct ¿3-F this *ei:l:j.nn j.'* trl dr+'i::¿+riiìinE* EüinÊ p*ir.r-l:i':¡*tIa.i*:ic.*'l:: nl:

cnt:¡-din-rte,¡ in =lrch <ã. ri{'.s'.J 'l:h¿:,t L".l-rc¡ Llrr''nr-l ini:r:r-naI rnnrdin'rL¡i.+il,

r^¡i L 1 bs ,Jr.:{ i r-r,.:ri i n,:íep,:n,:le*ri'l:.i 1i ri-f 'l*l-t,¡,r t::.*.t-tilr* j..=¡-i -t¡',.,jrri-rr'.1 r'Jhi 1Êj i}

fnr-rr-'th conrd:in.r.te l+j.1.t rr-.-iÉ:.|. thtl p1,.,-rrfr,..: nf th';- '¡'y'i:t'*'nt tfl 'l:ir¡.+

in-i¿¡.n'l--anã'Ê]Lrcj prinr:ipæ.i. rfiliFli nf the rnnl.r*r¡-rL'=. -l-he f:t'ln rætna.i.ninq

eilt-e¡rr¿rL rnr:rcí inates år-Ê c.tt'tç1.r-''='ii.rl:in¡i tht= pl;lne r---Ia{;i.r¡sj.;- l-;:

'Lhe -F i :.1 t*d å)i c:1ti "

In thi:" :;,=ctinn, r"Jtl sh;r11 ,:lisi{:Lt15E the int¿lr-naI sca.lar'

t he .¡çgctnr:. ß

!J.' {l:
{i}'| r

ü.t-r{:i r¡lhi rl-r,:rr-r..:, ¡'ç.1¡;rpei: L,i r..n1y thre nr.'t-ms nf

t1- |

fl*a.i]

arrd

L¡'Ti'E¿11. ¿a.l-5 ã.f-E:1 i ndæpen'Jen'l: 'l: h t* r''i3 l {+f- Il r E l: r ¡.rîe "

In -:i. C-¿¡.r'l:s.lsi¿r.n -lrainr¡,, l:.he.l r:nlll[)(]l-ìL:]n'l:.:; n{ the cl i:;rrr:'tg r-.'Rr:tt]l'

Ë!r thnir ¿r.nüLÈ:r. tbvior-t'=Iy, t:hes'* l:ht-æs

cnr:r-di. n";.t:r: ñ.L ¿lr-Pt

(:'-11i) fili.- (ot t.t ., nt,jJLtl ['J,, üì31t'', Lì.:,rt'.t]i
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u¡e cie{ i nerj rhn p l. ;rnu= r'li th 'l-lre rr:nrd i. ria'tes L ;rnd : "

nrcier ti: F}.ípr-EEE t he i. nEt;'i.n'1.¡.nË¡:ll.l= ¿:r:n"F i. gr".'.t'*;.r.1:-i nn nI tht*

wi thc:r-rt ãny cnn'si clt*tr*:.tt i nn srht:t-rt :i-tt: pnsi.'hi,nn rela'hivnJ.y

{ i r'; e= ca}i EIE

ta cal rr-tl.:tæ

in i.erms o-F thn cnr:r'ri in¿+.'f:.e ¿*11. wt¡ h¿i.vn {:,:

srn{:i thsr f rÐm[J:

tlJ-

(.t- )

thei r ÊrÉì.i ã.r

Ei:art i n,f
å

L-.J-.i.-y* f r-nn E1;

r. i'-- l" L i,

'l:he r-r(rrrng ai ñ, t t i ;trirj-.-l

prndr-rctî t¡lÊ cnt-tId declr-tce

{ rnrr.r an'¡ r'i:¡prÈìsnnt,¡l:: i on [Jg nbL;linnd i.r'r 'l:[ræ ltsr-ta.].

ilrã j- r- æ.nq.l el "

å

GÊ=
Á å

h.sT.¡Rr Fn0 r

[AJe 'i i nd the c':tnpnnent:i a'f lT¿r:

( .¿- I .t.:',

( 3-'1 14 i

(3-'I1=)

r,.i-l.tbt

&1o =

G?
tsl

JJ

O:1c':stif .I: + üi:¡ËrJ$ i;ú'":'-'üi f 3-f
så--a1=inÐr1:. + Ë:-;'-Hj.n ( $;-ü) r11

tle ¡ht¿.in t'heretnrr+ f nr t-he 11ürrn'åi

,orur= = rr13ro*?ü'1.¡:r:l r-

- :f--,- ?. fc{-q'-r'::i"- ( fá-r-til tll :,':]: +

.la1t:arn:¡C:i[c¡"3 t 1d¡*Ði cnsü;,':lf :df:

tqrËil = c,:rË=i.,lfirl ¡.. + rr:-cÍsj.r,:i tÉ=*ot *

i.lu 1c<-i.:ii n *r:i. n i dr'*ü) cn:;(i1'rJ i 1d.:-a

1..¡here dtZ an,l rJ:f, ã¡.t-E thm hnrrd tJit;t:¿r.rrt:r¿s "rnd l-)-¡ .l:.hrs l::r::rlrJ arrgl.e

c-: i *rl-rJlrì +!':.
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ïn ni-¡er i-a ci e+ini+ thr-: tl-¡ir-il i.n'[:ç:r-n,:.1 cúrl]I-llina'[:e r, IIÇjr'l:he

.¡r:aJ.¡r pr-,:dltrt ie qiven tr1,,s

( r*'r 17 ) ôru"d=* =

-x1Ë=inË=osÊci1:Ë +

¡x-r:=i n { rl;-0} cn= ( Ê2-Ëi d3.-tt"

c<1e-qri Iîd=.ïtr85{lisi n t F-'-lltl'i

{-

¿ltr d b h er e{ L.1r'P ;

('J- l_ i çt )

,in-.1 ! 4 z

- "'-' -'l J rä,, *'" drren:,¡ r-a Ì 
uorr,*=
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i:l-l.19) 4i iJi'

t- i /3l- { e1 ) tt'.'r== { I-r- i*i s:i n I'r,:i

in-.,) 3d,'=i i. L.'- (¡-i =i.n Éri ì-

c{ 1 c{-q r l-r s d * r n x, fi '--, t-J i. : Ëi I ;: I I 
I /';l

.4-

t+lii le 'bhe *nçr-tIar rarrd:i'rrst:'r''l ir' r¡i''¡r:rt LrT:

t;i__ J. î3i i cc-.,ç õ 1:. =

[ (rns i d-.,¿li { u1 rd
J.:¡

s:=Ër.lt.,r i tÍ 1 ff 1.f'.: ra :5 il:?d t ;r:d :f :j -l r- r¡ 1. 

t- q';:tY

.ar.. -l-.

Í:j.n.r. I -1..1. I ii: shq:¡-ticl be j.rtf:lll'-,lll;'l: j.nrT l-.r: c¿il.crrl.;rtr'¡ i-.htl .-r'nç¡ l-t:
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bptr+een EnE of the syrnrneLric rËpresent¡'{:iu1n conrditra'{:*t

clne *f the rc¡{r¡rence reF¡-EEenla¡ion cr:srili.ate ñ, t t I '

Let the scrfl-ìr Prorlutrt:

GI
I- end

1.

E1rtr - "n, (1i í¡- 1

i3-i.3i) F.I ,1

where:

(:- IË4)

t 1 /I) 1 /'f t ot?d., ...: {.t:=Ét/.r

+ u=:,J2-tlri:sË= tcos f 
"i7 

-

---^ -^-.i ,/'f-1
IG. 1 

t-::arJ 
l_ :u :J."= r¿f'-'J = )¡' r J' i

1

+ si n É1r'Ii

sini4Srii -r

'Ihere{nre r-he angle hett^¡ee-n ñrtt*} *.n'J ñrtt'} ín' givæn L}''i 3

(:-1f=i cnsê{Iri-;r'ii

iË-1ff, j cnsË(i tt¡ jË)

F1 , l1 ,r,/er lqtt- 
"

Fi,i¡ oÐ.rei'l=ri-ig

{ri.ô (Õi

I n çener-;ri , t he '''ng 1 * be rr'^lee=n Ëli
't .r.r,rt 

-0¡ ð j. l.. c; i l,en b1r l

-jrË G JFí rt 1

Thisfnr-lnI*tI'rl.¡ilIber-tsetltlintherlelerminntj.nno'fl:hæ

orientatían ,,{ .t:he symnretr-ir: rr:nrrjj.na.te.:-, r-¡¡ia.tj.vn tn thËr

prin,--ipal ¡'xÉ5 nf ine'r'l-ia (a'p¡reincl ir: 5) "
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rHt,r:i-rr:rt :5

THF: llF*li'lI LTüi{ I Ë11\.1 Ftlti 1-l-iL: T'l'{}ill[:-*E l]Tf Y; [-lr]ir f'lill*Ë-üI.JLE,

1, II'JTRüTUf,TTNi''I"

Thi.= ;i-i;'.ptet-. is 'ler,'r:t':d t.n'i:l-ttl dt¡i*i.r-.';¡'tirin u-t 'h.ire

Schr,--;=di.ngei- eqr-r;itir:n= r:;iprr:r'rierJ ín l-nr-ln'¡ L-1',i'hhc¡ 1.[rr,-lc Í,rc'41'aF'

,:r:¡:rci inaf-e= clcltine'l in tht+ pt-':lt'ir:lt's ri-i.*.p{:s¡'" In æ. "Firsl:

çec-l--i-nn, h¡E recal. I the r;eneral 'fnr-m nf ttit-: hainil.tnni,.'¡n fnr the

i{-brd'¡ rr.st,læiiried by Ir-rrti.u and Hir-*;i::lt-tt-lltl¡¡t- irr rËi'frå'rr':nrË iå]

ãr¡-¡cj ï-ã:-eiípre==ed hy 1,4¿,rl.l.;rçi¡ irr r'(,r'iç..jI-r"+rì,:üt i1.rii" -[lrr*.i,1¡:pIj.ca'L:ii:n

nf th i = { r:;-rn { ni- t:hr: I-b,:'5r* ¡:':lil l-ll:. j. 't:r-tt*=i tht+ a.i m n-Í 'l:.hr,t :lecr:ncl

-erlinn +:hç:ræ I'lÉ $l-tilrlnt-i.ri.ÍE-'r thæ r'eilçt..t.l.i:'¡ ni t{s.1 1'nr.ñç?" l¡ltl

inLr-u-r¡'uce j.n the thircl *e,:ticin thn r*e'ç;r-tIts sbl:*j.nr+d j.n rh*tpt'=r

Z, In partirnl¿rr I'irl íntænd'þ-n -ihsvt th.lll- fclr åny "mç*tnhelr" o-F

the {ami L y ri-,c cnnt-,Jinatn.s n (a.nd ín p;r.r'-tict-tj.a.r 'Fr1r the

"syrnrnsl--r-ic" reprËgEIlL¡.t-inn)'l:hr¡ LlrÉí3riL(L prn¡-rert-i.ns n'Ë

EEpc-e.råbilit'r, r.¡{ thæ h;tnril.'t:mni¡¡.n r'*tin,:ì.in r-tn':h;.n6r':,.:J" [:'i.rra,1l.yu tire

L¡.E. 1, section cnn:-;it-rl--s in the ,.,FËIíc.=riion nf tl'tn v'ã.ri.fllls

r=:;urlts in tliæ tr;rtlE u-F tlr$ üi].-, rrrmLL"cttl.Ë {c:r l+h:irh ¿'JËÈ çive'l:he

pnl:ænii.aL E1n,:jrq)/ .:r-ç*-tã.fFs nbl:ainmd j.rr thn threlr.* "diliit.:rEte"

¡-epr¡s54r",t.rL.ictng;¡,nC in i:he "Ë)¡rTinr-*{:f:i.r:" f-t=:!-}I-ri:aïi4l'tt¡..|:infr" l'lie

:=ulrrtian,:¡i thæ elqr-.r+.f-j.rns cr:n.¡;l--if.:t.Lti:* tlre r:b-it*rh. r:l"f thn s*'jïr:nrtd

n.=r{- --_" '_ -
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?. THE HrIÏ'i I LTüþJ T.-i.¡U FüR fi SYsl'Ef{ tlfr f'l PÈl[i:T I rjt-Ë5,

In ter¡rrs r:i the e¡-trlidean

sf a sYstern nf Fi Particles n{

r^¡r i'Lten :

,:onrdinn{-es ilHl 'LliË [';.lI nPer¡rtc¡r

tnt:..:rI r1å.:3ã ['1=Xr*m rl ntå.v bs

{f,-Ii T

if,_.Ji (T + ÇiìJ

- th? r'?¡xo, i tm*) -1 ¡ 3'1,i ¡ ç''' ui ) 3 1

L+t

a-nd the Schi-adinger eqr-tarion b1"l

r.¡he:t-e V ig che pntenii'r'i Ënh:r-¡J'tr

Ë:r1 Ër'':lY oi 'i:he 
=r'st=¡rr.

I+ 'the pn+-entí a.L i = i nriepencie=ni-

of må.=5 u then 'Lhe ='t-are

,:ipe*r'al).t:,i- +nd Fjt f,:'rlr-.* tnt*:¡. I

L'T t he prrsi. t j. nn i:f 'L'h'= center

be e:lp:ræ'*=eiJ .aã L'he Prndltrt

the_. prnd'-rct:s-l the ':pace= ET +nd Ef':\,

5p;{rE

end V

r-r'råy

.ä.5

( 3*;1i rg ¡l iF;Ë) Þ i.yt:i )

r.ll-rr,.r'e ú í= a. fr-tnr-t-Íon n+ t!-ri: r¿r'ri'eEi'¡'ir r-nur-din;r'tnç n'f thtl

trËJr-r'L.er c¡+ ínãsci æ.nd Q s f r-rn;'l:ir-rn nf 'Lhe :li\l*; cnl:rr-dì'nates yoi

âpç2¡.::j.tyÍnçLheconiiqr-traÌ:irnreieLivetotlrilt:f]nL't"':i-n{fì'ì¿i\rjilîr'

i t j. s Èïå5y t¡ =Ðe ih=rl Lir,= Ë,:tirned i ngt.+r' Êlqlt;'t: i' nri '"ielp;''r'rntns

irr{:s €ln erqltetínn in É r4hj't:h is the u"¡t'ta'1 eqr-t+ti'c:n'fnr- å -Fr"r+çr

pirrr-i:íc1e ¿:f rnas= l"l ¡nd åt'ì i*r¡uatj.nn in F r+hiçh ':Ïrl{i¡'rr:Ty i':i;
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c.¡.Ë::iÐEiatc=ri r+i.f-h the rn'f:.rtir-ln:i, +rirl l:.lre vi!:ii-¡.rinn=; n{ the

syst e..m :

" 
-{--¿ I i- ifi:l/:) f,Ê.i t a3¡a {yisi ) :i r- ViF E-r't ¡ 1S

r^lhgre the cnsrdinai.es y*i h;rvÉ=. been rn*gs-gc¿.Ie¡l ín 'ËnfrlE r,rjå.y"

Ljn,ler å tran=f nrrnatinn n+ 'thçt tit¡t t:l: r:nor-din.r.tre's (yoi I inl:n ;:\

-1ne¡,r¡ =et {q*',r the t';E nperet,:r tgl,:eg Lh'= r-tsr-ta1 {ni-m ( Lø} 
"

if,--s) T _.t{,-i¡=} ts-I.,'r¡. 
" _i 

i ü/.;qi i,li jolr'3 (;ì/Aq-i } l

r"Jh*rË i.h,= r':nr-ri inal:æ= qni h'ä.r-.'çl Lre:*n rr*inde¡;çcJ j'n l:he

{nl lar"ling r.iã.y: J,-x+i=j r ãr J å.rL? i:he sls:nien{:s rsÍ thr¡ r¡el:ric

i-en=r::r (=e= appendii:'ii and q th* rji+trp-r'rnín+.nt uf i:liiti. t-q*rr':;i;;¡--

I-F the nËr,J '=s:!u i---. t:t-r;hr:igi:na.i :i;¡-trh ër'Fr 'i:he nl''J, thrsn thçr mc*trir

t'=naç:i- is di;rÊ{-na.1 ,

The iii-=i- prnblæni i'l r'ïrlrr'; tn +-.ppi+i-+ïe !i1 ¿r'gçl; ic¡ l) i rll-.m 'Lv.Jr:

snb=et=,
.t ,:

I 
- 

L FÈi.Þ 
5 Þ I

f]nP t:ifnEt' i l--r-rtr:d -'-he tht-nÊr tliíf-et-n¡. I cnnrdin+fq::ib'r''

thei speriiying nri.i*nl:a.tir:n i-:i thæ llystsm s.nd l:.he3-

c-rL.htlr conl;ti t¡-tl--ed bY t'lra' e¡-tl:çi.ll.:

(ü1 r, . " r6ri'J-å) inva.¡-i..-=.rtl: t-.tni:Jer'

eií F r- Ëi5ç¡

and u4

r-rf r:hr:í ce -i cr L.he

pr-ErilctrLtp;ti r:n l'tj. i I

nf i Lr [:.errr¡.1 cnr:r-tli. tt.l{:t:s

rn'l:.a.tir:n=" In ntlrer" tlnr-dçi L:n

the fi-inrtinn,ã in *ì r:i(-tm ni ¡:ri-ndltrL=' n''i -ft-trri::: l:'inn* in f,1

{ ltnri i nns in Üi'" fjbr.,ir:L.t';;1r,. tl-rErÐ e;'li.çrs ár. rlr-r¡¡.t v+r-iaiy

i ri l: ¡rrn a i. r::c:t--¡rtJ i t-l.,rt:ti::; ' il¡-tt- -;ent:ltrtl

par l- i ct.tl ar vãl t--ti: ci i'l ;tncl r'r Ðr irIl )/

The pr:tent i a1 Ëntlr-Ð I/ Ðf)'-rt-':i'l'-/:lr'

Lin i.hen tr: ri+telrrni.rtr,t ti-rc: Lra's'h ,:hní re u l: rt- ,3.

pr-nb 1. rlrrr "

È:lí pr'Éjtï!;Êcl i n

ç:;:rr*'b. :i c t-t L .:r

j. :; r-t:rr-.r.;.r 1. I ,w
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i"=r.nr= n{ å Ta.-t,1o-=::er-ietgi.lr.br:r-tl:. 1-lrr* ei:1r-.tilihrir-.tr¡ ç:c:rtfj.r¡-tr¡.'Lj,nrt

if,!" 4s¡¡ ) :

(:i-åi V i¡.i i

i

Þ-ii, j 
u L l,, i .j 1 ct i- ã-_iå1Í- -.l: . .r{. ¡{ r

,J"1J-'1-'J
-þ -þ

i.;here Ëri n

{ orcE¡ci t¡

nsed (:f,i .

-1Ll- tt4i

I+ i.;e cnt-rl¡l r-¿=cr-tr.= the vikii-ai:ian.-r.1. hanij. 1i:nni¡-n tn a çr-rnt n"t

terrns de:-rcri hi ng i i-rde¡:endent r"fr1'I¡-'di. lnen=:i ¡rra'1 o*i: Í l' L ¿r"Lnr'=

Hç¡iÇti) = Xihiüi) thr,"n ths *ig.*n:ltæ. 1-.;',l:; t^!n'-tId Lrll sin¡.r1'æ pra'Jr-tc'l::;

sf .t:he 1-,jtnren=irnaj. f]iqËn:;1.;r.tr1!; ¡.rnij il*re fJVÉl'-s-rl-I vj:ht-':.'l:ir-rna'1

st]ir-rLicln- r+or-rid r-e,:ir-Li:,t tu Er-rti!.:, r-pci'r'Jr:i.t:inns r,F llí{-å r"rLrrnltpl*tJ

nistirinij- übvinr-rsIy çr-rrh i¡. *e¡:;rrt-er.'l--.inn j.'- inri:'-:=tiblr: ¡'nr! [+¡Èl Èlt-Ê1

rrrei;.e åFF-,'r'-r-lxir¡.a'Licltr::" -[r'¡i: lrj.çtnrir:a]' 'r"1":?'y9i 
niay b*

-ihe nsrrng.I rnr:,J¡l c6n9;j.gf.:.s, in nnçlæ':'l:it-t'.J ¿r.1 L c¡-thir ¡'nd

r.qlri. l.¿': ihç' 1n,:¡.1. mr:rie i:t:nç'i-ili:rih i girer terirr= i n -'-hÉ h;:rrri I t':n j ;ln

in droppinq .=il the crrJã:; l:ærms

The rrrerh,:d PrrPosed heræ is;

!ur¡J¡1 tsr-¡n= ,"r,, and \,a dg{ i nr:d å.'1i

t¿.:'vçn th'¡

'bo rJ i .¡i. de

{ ,:: I I ':jt¡r'Ë :

qr-ta.dr"-ltic Üne:å) =

'Lhe ¡:r:tnrlL i. al j- n'Lr

th= bæ.r= rJljÉf- ihe';Er j..:.,r.[:]. si' d¿rnr¡l:j. rtü eqr.ri ] j. L:ri'-.tm

vc ig l-_he rern.eininç¡ pn'hmnl-i.ai. " ,trr t.lh]:l{: tçl. 1ff!,'Jr.iï v

c¿1iclrj l-_he ,,=ep.:rrer.[:1c+" par''r. t:l: 'l:lrr.: [:i:tc.lul::i,:tir t/*,

,,nctn--Çe¡f *ar--1'nlE'r p.,ar{: ¿rnd 'r:.1-rc t'i:t:tfri¡:1c:Lc*" pc:'Lerrt:i;tr1

v¿r l. LtL"l:. .

o(üí) Frj.11 [r,=

'l-_ l-l cl

\.i=\/rr-l-\nr,' 
"
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ûbvj.or_rslv ttiil rnnj:.r-Íh¡-.rti,:n ni the flrJfì--r-rÊ:p.i'trltrlæ p*i.rt ':-f the

potential r,li11 rJe¡::etrd Ltptln i:lre :iya'hr'':m o{ cruordirr¡tel; in wlri¡:h

it i= eilpt-e=stl,J"

There-r ilra r 'l:he :irheme inay be (1!{ pr.Í:lg:;ed as { nI I ut+r; I

a) ro cietr.tr-tniile- i, lræ i:rr:rclin.*. 1.i:,*.y'*'l-ti='rn t"Jhi.rh minirnir{'!-p'Llil:l

cn¡rtribr-rtinn r¡{ the n,:n.-EÊpå.r¡.b1e p+.rt n-t thæ pt]'tanti;'r1 I +;!r j.=

opera.tinn i,s p,=r-fnrmilrj Lry plnt-t:lnçl '1".h'= pi:te'n'l--iå.:l- i-"Ilìi-rr-':-Jy

='r-.tr-iå.[¡3=' i3 r:nny-rJin¡.tns \¡s1.ry r+hí 1e l.:he t-clt-rr¿+indsr 'rre *r.l: thr::ir'

eqr_r:ilibi-j.L.tnii for.L-.1-r13'¡åriút-ri; r{fnrcl in*'Le ã}¡-F,Lt:tns.:incl clnterrrr:inr":

.Íilrrjnç them th*: 
=,,".'s 

l--.c=m -F ni- rqh i r:l-r thæ ':ont'r'i Lir-rt j' r:n ':l+ \'. i:l

minimæ.1 '

h ] t¡1 .j,:1. \''-= thn ';':+p;.r*r.b I e

=ern-order åPFrnlr i. ni'.r'l:i':r¡

r ) ¡1. s c oilp r-ti: r: æ F -F rl¿: Í--.9 ni

nf 'L.he çiep'ã.r'iiilf I $ .; L':te= "

Sinc'= i:he Pa'Lenti.;:.i

(V is t-tsr-ta11Y ã. rcttnrtinn

eigen=.nllttj.nns n+ (f,*4i

p;rr-t n-í l:l-tn hia.irri 1ï-rni;tn 'lr5 ¿-1.

¡f the Eu.[ r..tb.i nrr "

.L.hr: nr¡n*Ìi¡#F.Ðr-.ahl.t+ pa.r-t j.n f-hn b;ril¡is

{ r-rnct i nn i ti i n\'.¡.r i ani ¡-tndpr rr:t+t i rinll

n{ the i n{:ernal cn*rd Í na hr+x ) u thc¡

r+i 1.1 -tr:t-rn L)*ï1:,e$ n-F rË:FlrÈl:;Êlnts"l:j'i:n n{

the t.hrea" ,limençional r-s'tai:.ic:n qrclLtË" l-.'*t tU--l* ire ¿:tn

eÍgenfutncL,inrr ã[]rirí't-:led Lry the tr:t;¡l' ançlt1'*r ffinrnÊnl:L'tln [- æ'rrd

tl-ie qltantr-tnr nutrnLrnr re-lerririS ln tl-iil;: *nnipnnen't uf 'l--hri: å''nrJLtlã'l-

a{-rinÊntLrrn i.n" Th¡¿n it f"i :i.: tl-icl m;r'L,r-:i.¡l i-r:ll:Jr-E¡g;Êlrtirrq 'L'lrr¡ r-t::t¿:i'i:irit-r

a'í Lhe c,:tni-cl j. n.:t l:n t,lv=ïern , F ç;;11=L l';i I l. t¡c'r ijl' l' i n*''ar rt:ittl: j' t-r;:it i nn

of 'the* tlrr,,l- brl.,:n';tr5.rrq to thi= =;i''rnil L ("t' r'r:ii'¿rtínn l''li l l rr i';'; 'Lhtl

,=;¡¡t- r:f 
"L--F'l 

tlegt:.lrrgir.-"iì:tr qr-r,,rn'l:r-rrl llha'1.:ti:'ti") " II-r ¡:;tr-i::i'r:lt.l."rr' 
(:4'i 

"

[''¡i 1ll,.Li;1-li ) ïlr"Tl|- (R) 
rû.-t'u-L-
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I

rJhËÍ-Ê DLilìl** i'; 'L.h* s*t n{ r'r:tlFR:lEnl:¡.{:inn nne{-f icients {r:t*

!L

the Ltn ir-r-e,Jr-tribLæ rEFre'5ent¡l:inn r:-F thæ r-ni¿l:.i.nn ürnLlF" l.'J'::r

def ine å "s{:;rnde.rd rt:nf igr-rra'Licllì" in r:r-trlt å r+ey t-h.:rt ¿rI1

c*n*ir¡urr-eti¡:n= lçhich di-t{er nnLy hy o. F}Ltr-Ê} rnt*ti.nn corr*:;pnnd

ta the såme.:tandard rnnfi.çr-rra.i.inn, In ¡:r-*c'tire ttri{; g't¿.ndar-d

ccn-Fiqlrrai-.Í.nn i= d,-=iine¡d í¡-t {:gt-rns u{ l::hcl pr:-i't:i.nn l'li.th r-espr:c'l:

f-c: ihr-" r:entet- r¡f trrr.Ë= a.t '1,çsn "¡-rårtír:l.r**" il-l =.t-tcl-t ã. r'+ny tha"L

1:ni,-iicL* tr1r¡ is pr1;1,:e.d cin thç:l pu:liLj.v,.,l r-;lilí= r..Jhile par'l:iri'n

It'J:r j.Ë p1;.cnci nn i-.1-rc'posi'ti'¡e trelrc r:-r'f l:lts¡:¿i--ì= ¡:T':':tt'='

Tlræi-r¡-f ç1r-e r j. + Iì: i = i:hr: ð. r'nt;ll: i r:ri lTl;i.{:l- j. }: r,^lh i r:h Lrr- i. nçs f-hç

E yF't Lìín i n'L ç] t h e'si ;¡.rr d a.r'- d c':rr -l i q ltr 
"-="i: 

i r:i-t'[:h q":rr :

( f,.-? ) r,-.. tir L
l\ 5 =

L

detrend:i cn I ;* LtFr. n

+ Lcnr:'t i nn nt f,l'{-å

It i= EäsY

rEpr-Êsenl¡.ti ntr

tlr,: rel.'eL.i"'* cr:ir'f :i.q¡r-tr-.st:lnn ;,rrld t-*rl i. l: a

i n'Lærn.rI r:nsr-d i nate*,'

in slr{: i n ð.pp I y1 n';l 'l:h¿=.' nr-thng'=n+i i {:i' nf tht:

cni.¡f+iri,'-ntgî

(.-i'-- l. U-l /

the cj++ Í n i l: i nn (;1;*ç i rf lt-- L- a.nil t*e.l..:it i. nrr if,*Ei 'L.h;¡.1. s

)Ii=l-il i Fi i n . *-oot i Ft ) m"- Çfn rn

{.j-I1} ilt*fn
rsl

iEIlL- ( F: i m- 
'' -,t=.'"'L

Th:i.s", ar.;pr-essi.r-rn rrrE¿tn'r) th¿rt {:hr'l ili.r,¡'Lln{t-tni:l::i.r;rt rT'1.:r.y L:E| r.t:lpresri'n'J
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Ín t¿lrrni; ,:-t s¡. linu-.:rr cnrnbÍn¡.{:inn n'ì: prniJr-r.':t-: n't eigen{r-rnCtinng

dep*rrrji ng Ltpün rnt.:¡t i nn cnorrli rr+.'Les ¡.ncl ei r¡'::nf lr¡rc'Li ont;

dnpe¡di ng LtFen intærn;r1 c,:ni-,Ji n*r.f-'a':5" In ait-ra'¡j tçnrdç¡ b:y thi n

npera'l:ion Ì.Je EiíFr-Ët3l; th= rrp,ï.cEl EFt\,¡ Ínþ-o a telrtEnr prr:r:lr-rct n{ Ën

¡n,J E\r. The =ummatit:n in i.j-i1) ins{:e*rrj r:-F.;r sr'ngle {:erm eç in

i;i*f,) cor-rl,J be erlplaine,J -trnrn ths d+qenar-a'ry æ-[ t!'ie gr*nl'tp

t-Êf:rcsent.=tir-rns Iea.,iin,¡ to å. rnixinç {r-t thp --La"Ler=' -ihelri:{nl-El

Ín iheui-r*, if 14È sr-rlrs.l;itr-r,¿e if,--Lii in (f,-4)î !'J{1 -l.t*Elr ¡.hle tn

::.ep.*r-ate i--iir* l,ar-i.ai:1e.; cai-ìd r:hiL*r.in Ë-',:ìl-t,ì'l:j.c.lt-ts fl]ill:trr+ d:i.{ftili'ti.lrrt

i:unrLinns, E,,-r'1, çince rhr: IlL. tti) ar-,= l'.reI l--[:: riif,t+l-l 
(:15] 

? t"Jf:l citl*l

i n'i:r*çra{:* E\:'Er- i'he L-.he rnt'.:.L i nrr¡i

nqr-t;-t'hir:ns i-st- ï-he' -tt-rLr':l--j.rn= * L'-.

L*er noi+ Gir.,-¡ the.jLh =cni¡.1- rr.rnr-rjjine{:;,'r:t'Lhe r¡tir prs.r'l:icLæ

('.;¿..1s,: pr-ryir:lts ch'tpf-ær t:c'r thr: d':i+iníf'j'r:rr ci-Í Brr.jl ''c'rå rÉ'lt:n'Ll

ht*l.t:r lh;rc tir= fin-i ãre mr-tir-t;r1 1-;-':rthngnnal år: ca'r't'esia'n

lit,-,1-j*ctian:; ,:f i-hei v¿:çLnr ¡lü,:¡I-ci j.n;.te Gj hr-it these t'eçtnr-= ;1r'F

n¡:'!_ ar-th(]g,:na.i in Lhe nrdin*å.ry i:-rji iilEn'åic-'na1 rnrtËlsi ¿rn $p'*tcr.')

bei'tnr-æ åt r,:t¡.tion and în[,: tl-re cr:nrdin':rte a{l:r:r r.nt;rtit]n

r.:¡:resented bi' Ë = (tî¡¡.,') :

c m¡r cí i. n a'L ei:. .-r.n cl nh't,¡ i rt

þlr-"r have thr:lræ{nre t-he ltþi-å intrlt-rr¡.1 fr-rc.iFdi.n¡.i:eçl

i f,* t:i i =., [,,
x-jftj[,:0nj

i,--jjr r;jJ, rÞre

¡ o r =¡,;',

r Í31r =J1 t

u\

VJ

- l{--! r.r

- r 'r : irl-- i. ,'f

r -"lu--t _ I
'7-

(:.1- 1..J i
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Tht:=Ë certesi¿tn ranrdin.e'l:*= r^1i11 he ltsed l.;L'Lc'r ta der-i. I'e:

l:ire tli neti c energy nper-atnr " I'ie'¡er'l:hæL æ=:i,, s.i. nrr,: 'Llta.'çit+

cnorcl inaf-e:; ar-e n,:f- orthognn.lrl to {:hs [:t-tle:r':¡ nrir.l Iet::

describing'Lhe rntations and fnr-therrnnrn s,i.nrt¡'Lltt? mnl"çlctr.lnr

pntentia.l i:au gener-s.I " highly nrf,n--É¡ipf{r-¡.ble in n¡-tc[-t

conrdinat,=c, it i= pretq¡r¡.b1æ tn rË.1-i.?r{l:rru{i-ii!'Ll'itl,l t:å\l-'¡:}'*5iå.n

.Eca-Iei- ruor-rJin.r.tes in'i:si-i¡-rs nt 5':llïræ l': inrj n'i pnl''r.r cnni-dinåtiË5

iirrr-rtr-r.:.iLy nr-th,:gnn;-=1 )" Figr-tre i15-1*hi :i.l, 1Lt1i:h,r-å1.:cl'åì l-irc' rhni.cre

nr -t-tch å *ystem {t-1r-=.rr-¡l-1i ülr"'"rÇi,,l*l.r É:r"'", dtq-fi"

Frnn ths ev.¡rl.¡-.r¡.tinn af the rnetr-ir l:ærrsqrr, it ran Lrrl :;htl^Jn i:.ii¡ri.

the i-;tCiaL crf,--lÍ-ri i.na'cç= ri et-e i-rr-r'Lq-ta.l. lrrr nrtlrr-¡':lntr,-¿1 c-itrld

nriiioçona.1. ta l:he .=ngr-r1 .:.r r¡:ç:r d i ne.ì:¡1c, " i nt- L r-t'l j. 1q 'l-*htl [lu]- ei-

r:ã,ri-drnai-e-': .,r.rì,j i.:hai the in'l:Ër-n:lI ¿tnql-tl-'¡.r t::at:rrdin¡"[:r¡''l '-Ë'r{?

rri,-itr-r.llly 11r-th¡qsn*i tir-rt ncit t.o i.h,= Ë-¡-l.l.ni- r:u':t-rlj.ft.=t'Lr':s in {:h,,+

actir¡rl r,Jåy ':].i cleiininq Ì-h'= tr.J'l {j.r'¡i. l'er:'Lnt- cni:r"dj.nate:-"" Snmi:i.:

o.l-_h=r r$r?.f n-t cietsrrnining i:he ':rj.ç:nta.f-i':lri r¡-f the*iÉg r-.'ãcl:':lr-!ã ;å.rÈ':r

ect-,-tel ly csnsider-e,l in ccnnec'Lin¡r r'¡:i.'hh l:hr* ¡:*rr{:ict'tl'li'

o:-Íerrlatii:rn nf ihc- "syamr:tr-iË " f-i:'Ìpre:i'lnt-¡tt-inrt r*J.¡.L'j.r'sI"¡ t':

th,= prinrípal. õ-:'íEË n{ irrer-ti*:' t-¡f ì;:ht¡ mfliecltl+"

5i_nce r1:, r:.f and ï1i. å.[-Ë:r:r¿..1rü {hi, clil-f:irrj.'¡:.:iÜn"ã-Fthe

si:-:tn,jard rc¡n-tiçr-ira.iinn) " the eqr-t;r.L.iun's ':l¡'ilf 
j.niri'¡ tl-tt*

*f-rçlr-¡Jina.teç. ni nrientai,inn n-i: the ::yl;t:r'itn i'n tl:::t-mg nt i:he üi¡

I:.ji:(jtút-i =

¡:jR_j:Lltj =:

ü

n(.j*.1.'+ i
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F II:UF:E tf,-i-h) : FÚLêñ ttrl-]l.:Ð]i{,qïH3 Fjül:i l-HE hl*Fr]DY"



N -Body. potsr coord inotes "

z

I

Ín

v

,2

Qn
X

F tG. (3.1.b)
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i j Fi_j:tl:_i u]

|-Jçin4t:heprap*rtín:-,n-|in{ir.rit.r-Eimalrntatinn::t{Ë¡.tr.íInobt.¡.in

fr-nrn if,-1") the derí,¡.4'l:ir,'es r¡-F 1:ltæ cnnrdinat-e:: znl: l-!i'l:h

r-n=pect to the rir..,¡ ;ind r-rsi.nçl t-he f ar:t tl-ra,c :t*L depend= only

Lrpot'ìtheinternnlrr:nrclÍns.'l:q:'¡?r"JË'cilrì{Índbya

str-,:lj.ght{ût-[{¿-:ì.rll b¡-ri f-r-¡Cli,:rr-.tli r':rlr:r-,t1';¡.t:inn f-he ¡;ilF-¡feg:¡i'un n-i the

Érlrrcred i nger r=,ll-trf.ti r:)n 
"

Ë.r::, a r-e=urit, [,Ja.]1;ice {or-,.,rji1fi} 'l-hç+ +n1l.,,t';irtU ÊrQl-t+L''{:intrsn

i f,* 15 ) EL A? u--L i eü j t,,?

= trt* S_i ¡ . A:'r=Lr fiËt¡ . tr fifi¡ l,:

=. å.i.¡, l" tL/zrii t å.;:¡ '* (r'.,-r',/-r i:5i .."t ¡'1Ê'- i Ë c\ 1 ¡ , 1'r l.3l i}* 'r' uËrñ

ear L i. er- u the

-f urm I

Hg r=ûL*= iFii +ir¡ 
1x=L

x=DLrn= tÊ) +irr.lx*L

= [= r-DL*= 
(ft ) l+Âj' r,t'¡r,\L

In ter¡ns oi the pc:lar cnr'rdinate:;

[,: Ínetic energy r:pere'tor'Ëfln bs ¿n¡r-i't:l:Ëirr

where:

ta-E

C-!r¡tl

4-

dærc i. ned

i. n 'Lh.e

{ *-r.- 1Å ) T 1-Ø 'r T1

r¿rhr:f-r*:

+ Tt
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i;i-17) rT,7j =' -f,rrAlr¡;ir'r,= -, ir:,/r'ni íl/ilr':l

-i1/r-1ii t iï1s+f,r.,I ,.,-)ã -þ i:nl-nËr [[-(1..-{-Li'-tii:fiË:

-hiirl-:-Fr.r-:Ji t A"f /*1,?eÏ {- cr.¡tg3i}/;:lG;i -

rsc?Lì- {=+}n*l Xr.rt_r.r= i ll

+ ln tr l-?*.r,,-:i [ 1i: (L-n.+Ln-- {- Ln-L-n..r-i -!' Ln=Ë]

where the =ut¡lrlatian (:\'/tlr fl is 'Írç¡in ;5 t'n til*i'

r..+heræ th.e çr-rmrnatiun årrEl'irnin nrl'::=:l'Ln i'i-.l. tal-lci rl di'f'f':+r-t':n'L: n't:

[':

(f,-L?i llTr = --f,À-,-,/rr.Iff.t,'3Ë: -Ì- ii-l--n-r- +

corLì.-: tÉ, is+1) +Xnlnr ) lU-!. + fr?'-*/t1'?ffrt¡;lEl't

ratË'r tln(ç-1¡ r-i-L',= ) l5-

-t- xnLrt-'

þrhere thE Et-tinrrr;.t i utr

The term= h+ åtncl h.--

j.:-; aq.=in cJ\,¡{fr rl"=J tn l\'l-1"

æ.t-e dr':"t i næd bY:

if,-?iz) h.¡_ t L ( t._-r- il ) .-r¡ ( :;-r l. i i 'L Ì}

IL il.-{-1 i -r¡ (ç;-]. } I I /r{ i5-:1 i 1.

;rr-rri the t:per-.r.tclr:; lj å.rFi dr:-f Í nr¡rd hy I

t= .-1-r. c -,, t- t,l.-(. .i:,'-.,i¿ ,l ì-. {- tr-j t E;:h l.
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f, "'IHE Hfl['lILTr]i.iIfll.l Fú11 THF l-l-{FiEE-'FrlÜY ËYtil-Ë1"1"

1-he gerreral harni l tnni an de í i ned i n t he previ. ut-ts :;ecti un

fr:r th= N-b,:dy rs:,iLtr¿"s l:o .¡.'¡impIi.r=r- -l-arrn irt 'l:hl:'casæ r:f å

]-pi*r'ticIe= =ystenr. For a.ny vecf-nr rni-.rrdin¡.te sy='l:*rn

cgn=titr-tted Ur- d1 .ä.nfl d=, ¡1'-? uh'í:¡.ine,J in ch-'r.pt:et- f the¡

s¡i.pr''':s=i¡n= r:f the tìËÈ-+.1-+.r' Ënlrri:l j.n'llte:: {l o 43 An'J f{5 t'JhÍrh ¿tr¡=

clesigned here l.;:Lth Llre nn'l:.n'[:i.çn s.li: thr* pi-*vír:ltr::;çt:i'j.nn

ræ=pectir'æ1iy by ¡-1, t-r ånÈl t3:. In ni--ht¡¡- tlnr'J-"iî rl;.r.ncl r3;i.rE

the norfns i:f the r.*rtnr-s ñ1 sr.nd Ë? r+hile tl3 iei thæ;r.rigle

betrçeen ih=m ta.t:ing in nriricJ th*.t *-:he \¡E{:i:c't- ñJ ig rtríented i.n

the positil'e dirertion c'; thæ r'*¡.::itl or.d Ë= i.ç', nrj.etlt:ecl irrlhæ

positive direction nf t-he illl= ¡:lattrt*

Let Lr-E ta.[,:s the "rji'=rrÉts:" l-Fpr-e:;È+nt;ttion n'f "rÏÜt]i1¡r" '1 
"

Then¡ åE di=cr-r==ed prr:rlic:r-rr;J.r*. i;þs"r pntrrnti¡.1 i. n;tprte=sed i.n

the for-r'r.t:

(f,-:f,i Vir 1 rr=r Ë;) V¿{r1rt-;r1Gri -t- V,= (r 1 rr¡r 62)

where:

(f,--f4) \'E (.r- 1, r-:, Ê:)

t/(rl1F-1 ¡Ê1,)

the bar'¿ denate the¡

Ë¡ç rn'¿nti oned i n

i;(rl "r1rË2i t/(r1rr;¡O2l -t-ii'

eqr-.ti. l. i hr Í lrin v.:il. ltns "

rrr'Ft-r-i+nçi,ir i .lçå) r ã\n aI tertt*:.tr¡ dt.¡irirlitinri
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{ar {:I-:4.i Ít; prartÈlr-c-rtllf,li

if,_Ë5) l"¡ (r- 1 rt-3 r ü=) V(r1yr;eürl Ut: r-I5t'-;ijË-¡i {"

trr3¡:i {r-1*:-r-r-ï ivirj ?}'-;:.iÈf i

tÀlith sr-tch a rle{iní'l:ínn nf the pohr:rll:i;itì. {utnctinn u the

hami I ti:n i an tal::e= thg: -t nt-rn;

l{ H!¡l i- li-irlîr:rF?i {- T1 + l.Ì

t Jh=re:

-t-

i:i--"7i i-{ü = *tfii¡';)[t:i;lr1i -r- tir'r-1]fi/fr-i '-

,-i-!li¿¡+1 i-?sË-ll -t- \,(r'I er;ri33i

- t*n3¡:ii i 33/ í-].tI -r- iI/r-.-:,i ;i,/ ilril + V (t- 1. i r-: r t3¡i

- tfr3¡:i (r1--?+r,.-i) t Ët,'iiÐä + ç:nr.tl*... (A/lË._.) *

=:.=.:Ë3 - tl ir 1 : r.3 ¡ Ë';i J

(f,-?gi Ï;.

q.¡;-::g i 'i 
r

-fi3;r-n (L, =i,/rr-, 
: r Ai ü+=

-r-hr¡,* ( L, s ),¡rr 1 
Ë t ilr ilü."-'

i s.+ 1. ) r nt Éi3 1 Sn.

( li* I ] rn{:. É.;:-15_

-i.

k-l

f,i e¡.r I'¡ i-lg, i li =ep;tt-;r'b 1' r: a'nd

E,:l.r-rl:ion r:f t-hree J---di'mænr;inn¿iI

'ì-ht=: ¿1nr-¡l-tl. ¿¡r nqr-tatÍ on i- s¡ t i rr-'L1 -v

{3}qt=nvitlr-tl.j'¡? f'lÊ? ¿ir-.Ê Llrç¡n ':{rl'l.] i-'cl

i l:l sr:L ¡-tt i ¡:n rËLlLtt.¿',ls tn thr-'

*q lta.1:. i nn ll ,

r:nn'sidn¡-ncj¡ :i +'-Atn _j are'Lfræ

'*t:ll vEl {:he antJt-tl;rr eqlt.rti on +lf-
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l-ir:;t ånci t.: =tIve gt-tr{:etil:iv{+:[y tlrt:-' Lt'lr: r-+diaI r*qutn'Lions' ]-irr*

=eqlr*nce t:-t l-he op*re.L.j.nns ¡itr-s ¿-1.Ëi {alLllhr':ã:

t.:,-.r14,t

{..j'-':1 l.

HuliÐ:i tÊ=j (Q3).r * -/t*_itAot.j tü?) i'

H6 irl ) [R-=L, j, *:{r1i .r =: Er*L, i r.rl-h:51-, j u fr 
{r1i }

Hg ir-3) tFi'Ë j, O 
(r3) ;, = Eo¡ 

o f IFi "s j, U 
(r3i .:'

r.rhere Lhe h-rrniltnnian= ar-Ël de-li-nerl byz

{f,-f,f,i H6{Çri =37i]*:f -r'cntÊT8/AE

i:t-f,4i H6 ir1) = - tfr:" /7.j r"3?r'ArJ.;'l +'

".I*7tL 
(L+1i -?=3+ir5.,l:i .t- L,r{r 1}r.î,, fiTl,

if,-f,=i H6 ir.:) = - tirr/'J] [ i-Jii¡ ii,--.: -F

l"jir¡:f--.:Ð?)

i} .--¡ 
_.

-ç¡'-r -^r * (i.-_ -,1

i i¡¡'r J. 
! ã./ är- 1

Virler;yiii:)

i t/r.r i ;i/ ür:t
_Ft

zib t /r*..:l -t-

Tiiæ ¡e=r-¡i--h--r:rrjær- iligrln'fr-tnr:ti.nns ¿1r'4 l:hnrr nilprt¡s*e'i iiy th*

rì¡'-r-rdr lrl- -'r' ---'- - -

;.nd r.ii 11 cnn=iitr-rre a. b;l.çi:r'iinr thæ rc¡m[]i.i*l:.ç: e*içen¡:rrr:Lrlt:rn"

Fnr- ã- pc-r.rriticr-tlar ¡irnbl.r.lrn l:.hr: r:lrOir:r"' ç:'F .3n ð.FFf-ü[]ri¡.'l:u¡

r:n,-lrrlirrate =.y'=tenr cnnr;'tj.1--t-t{:.til'= i,irti* t:r:ir¡::i{:ai. r'L.rep i.rr .'htrn+ {5É:*rtsai

.tir;-rl: the :-:i-lp.Lr.r.bj. Iii:!, s-f '!:.trr: p'::l--.,'i¡ti..lrl. fr-r.n1l--ic:rt içi1l' fl*:penCl

L-rl..ri-ir-r t:lr i s r:ltai c+1.

Thr: ;¡.bnvi: ,lÍ:;cr-.r:'r';i. ¿:ln r-Ë:nt;¡.i. Trgr L-.rLtq.:' 'lllt* .='r.ily il-f l--hr:' "rrlerïhE+l''15"
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n+ thr -[;irr-ri 1y n-Ë ç¡¡¡þ¡çr-rn;Ll c,:nrrlirl¿,.t,:¡= n-F cher.pi.er I|" The nnl'y

¡equir.-einent ís tn -fix'Lhe riír:;t'/elç:L,nr r:r:ardinatr-: ü1 i.n {:hr:

pnsi'tivu-- directinn n{ ttre r-eilig and the Eetcnncl il-t j.n {:hr':

posi'Live h¿rlf n{ l:he ilür pIene. Th*: s-calar- rnnrclirra{:tl:;

obt.Eine,l in se,:tinn & at ct't.Lpter il ;¡.ræ thæ p':ì'æ.t- '::n':r'dj'n;j:eS

i ni--rodlrrecí i n thæ previ or-t's =erti un ' .$c f a.r thn threi+

,,lligcr-ets,,t-ÉpÍ-e.=entatinn's h¡.vp beæn t.e=i.ed Ðn sDrrll= tt*i'¡'tnnrii:

l1--¿t'rnr:isct-tleã'" -'i v+ith sLr.rtrr:l'¡i:i= It rent¡r'i¡-is tht:rr t-n intt-nilU¡:tl

other rnernbær= (i . n, nntr-di.E,cr'¡:'L:ei +rid pnr-ticr--ti;rr1;+'l-he:

"Eyrnmeltri.r" =y={:ern" Ft-æ1irninar"y te=t's nn rnnl'S':r-'ti'eg a'lr*na'dy

sturJiÊd h;rve çiven satis{aç'L.ni-y ¡-elÈitli= and t/JE F)ipr*rt Ín '3.

very nÉlår {r-rtr-rre j:n ':nfrrpl,=:'Le the ca.icr-tle.lían= {nr the:ie

rn.¡1eclt1æ'==

[.je pt-r:Fnse tn di:=ILt.== in the nent s'=ctic'n the tråt'$e c'-F thel

carbc]n dioxide malEtrLrlE r"tl'rirh cc]nE'l--ítntes cî.fi ín'L.ereçl:i.nq

i I J. ut:;tr*at-i,:n r.rher*.:rs the rrrul ecr-tI e i E I. i ne;tr'. Fjr-tt-thel-morÊ t the

discre'te r-EFre5Én'tation=. ¡:re=ent siî:lfnfl rJi't'-t j'c'-t1 l-:ii'::ä: tht:

Equri 1íbrir-rrn cr:n{igr-tr-+Li.an a'Í ¡. ra.'J j..¡.1 ':nnr-dina.te it¡ =erLl Nhich

1r:ade tn ån in{inj.i.e tern in equta'l::ir:n iT-;1¿tj' F:o1tlrr¡

srvtirifiæ'Lr-iÊ i-epreãenf-ai.innr :'ir-trh giir".t*r.tinn ':l':i-:'li n(ft nr-ige"
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Íìi\ili F-'ilTËht
-I. 

T ÉiL Ë¡'JËIïLìY 5 L! fiFÍU: t--ç : til-l ":'
4." CT]DF:D T f{A-TE5 5Y5TET"lE

a) F'-rtentiai i r-tnrt i nn .

i.le ron=i'ler in thi= i1'-Lut:;{:r-;¡'lian thr

TatyI nr çer i es thrnr-tgh f r'rr-rflh h-'ariJc¡r t'::rms;

í n'i--ei-neI cr¡ot-d i na'tes :

-þ

pn1-en'l: i. al. Energy i15 ;-ì

i rr qnner.Ll i- red

i ï--:17 i v Ei,.; jli.i jfi:i F:-i '{- .ï1 .r. -i ,;'¡..lii 
¡''j¡:¡[': t j.'r: 

-i-r:1,:.1: L
Ri n 

j 
¡1,1:¡.i1

ïf ftL and Rlj ar-n the i---¡nn'J =.|'r-o*'Lr:hinç 
cui'f,i-r--lj.n;l't::'ss;incï Fi:

hendinulcncrdin,.:te,t.heforrærnrtti.L....:tr.h.at:li:t-.:'i.nE'ldh:}¡

1 ea=t-=qLr¿aFE.5, ¡.d.j ur=.tnren.L obt"lÍ ric¡cl h:-v Ë'ar i = 
oor*,-, 

{ Ëit i ril*Ê I

Ë tl-r*u

!'iL l == E" øL4

i':.111= -1'7" 1Lå

r,tl-tt1=35"Ëåi

t.: --ri ÐTlLr. l_.1 J3- dÉ 'È I

l':. 1J = L"|l'5fi

t'il1J= --l."ll1'ir

Itll_ltJ- *:"f,ß:;

ir.t??.1= E" ii?1fl

!1.:lÍ ', ftJ " Jc;?Ï

t{'l3i=*fl. '515

i;.1 l íli'= :i " 55 Î

lin-¡2.r'=-FJ '84/=3

Thæ lrn i {-_s .,{ { orre cnns,t;rni::: .3.r*É ri*.itilrrni nmrJ s t..om *qu'#'t i ':n

("1_:37}byrequtiring.the¡:n'L'errtialenÊFüvl:c:hninrndr.lt.JlrÊnthe

conr6ína'teg' [i1 and R::: c1r.i:1 e:l¡:re:l*er1 in â;:ncl ËtI in rarli'tlns"

þieËå.nr_irere{or-eprri:ttr-iË\..s.1l.r.n:-,n'¡trr*¡:r.i'Læri'l::ia'1in

!,:ç,.È3Iringthe'thre..ect:r:r-dina{:r:r"¿rl.t-r¡r'tla'l:'i'vri:1y;r'b"Ll-rr'lit-

etqr-tílibr-rutrnsnrJvåì'ryinrJth':ll:hlllÛf-l-rf;lt-t:t:r:r'din':ì'11ç'1c'-$r-t':hpIn+-s

arLr pres-.É}n.l-{]d i n 'l:ire 'r i. r.¡lti-r'rs i,":1'-ii i$üìr-tl ií 1. ? líÍ +Lril líi ''':lr-{:
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'-E=.ifÊìcti.r.=l1r tlrs rnnrdínatl"= l-I, r"'r':'rtlcl Û;i"

This pr:tenLÍa.I eil¡:r-r-':;=inrr ís ut::¡::tj li+:t-s in ot-fler tn

i i 1 ilstr;rtæ th,e pr,:trÉ:3s; Ë'f,me nlül-{¡ +r.Cf l..lt-cltr:t re{ i l'1Ë''1fir+ni: nf t ht'l

pot--ni-iaI iä ¡eeded in viur,r 'Lc nh'L¿rin å. crlrlilflnL.{'n t:r:lutl:ion n'f

tht= Ëchroe,linãEr eqr-t*.tinna di':c'-rs*e'l j.n thr'l prrvÍ'n'-'ts s¡¡rtj'nn"

b ) {lor:rd i na tes :;Vst errrg.

Fíglrrn.= if;*i) r-,=sr-rrrre *:ir,= r-Er'ril-tltr; i:¡l:{--;rj.¡-ted r+r'l:h thr: thr-nn

rji.=.cr,=re r-ç¡FresBtll--¡.'l:inn ancj the $'.rrïrnçi'Lr:ic cnr:r"di rr',ll:e'=' [:içr-tre

{-j-i-a.i çh,:l.lx srhern¿i.tir;-r.1iy Lh¿'l tr''.;r.ri*"-Ínrrri¡'l:inn -frnrn rnnbiln 1'

i-ËFi-=ËÉrtt.siirji-¡ tc] i-h* ¡¡ab j. l.es; i Ë-rl-lLl '::l f''l-r'li i:r: h'ir'= ryrnrnet-rir:

cnr:i-riin;t't";:l l.;hen the C'-rrbnrt .-i.l'lnt i"l; lAh'æl'l''3d i:1' r¡ïitr¡ ñç¡+'irrt

ihi-= fj.r;t-rre inv,:1'¡e::-. the i.:i;jrrtr:.r'ãi,3.rt ¡::i-t:r-li r¡':i:.Írrtr::,i nF tlir* v;'rrj't::t't*:;

crlri-,-iinate vertc:r= ñt, ñ=, ñ1'r'n'ri*l Ë,,,,r" trlt' a=qr-li-ij'hrittrnu 'the

Cr,:r-,Jina.l--e= Ë,- {Oa "rü,:lbi1el" .i ig;FrfJ;¡'nd t"'e et'F'tT ñülL ¡'Lr1o: rC:

ç¡i ve the t-a.,Ji aI rr,lLr-:tti rn ' Fr-rl-thæt-rntlt-Éì t lihe= pr:tent'i' a'1

eilpre=.==d ín tern'rs nf the r:ther r{!l:rçlãtrnta{:inn'¡ (lqlrir:h ã{rtl

,'rdentic¿tl " as çhoi'.¡n in thr* pni:en'L,i;¡'l' Ënãrãy '¡¡-tr-iit'¡:Ft; plritsi

is 1:år -Frnrn .ån acceptable se¡:etral-'ri. 1:i.{:'/'" i-he syminr':l:r'i'c

rç:-pr-r=5ent¡rl:inn in r:h.*f- ¡;å.ri¡1l ;r.p[]¡aåir'5 l:r: ba t:ir'¡ h¡1sl: rhniræ

,=;i nce the prn'n J. em errr:r:¡-rntr*r- t:cl r'.li i:l-r " irli.:,,r:i i I e " :l i ti ¿r.vni dç':l ¿rti':J

r:hæ pntenti.al .¡tri:i.rld h¡: iÏir:¡rE f;tr:ptrîLr'fib1c,: th;:,r.n ín lhe nthnt-

conrdi n¡. 1:eli"



i:i;.ÌfJ':,1 7¿,

FIr:UtiE {f,*1i : CÜüRC'iFjåTEË til' lll.l I'iili--i:nUi-l: "

FrnjeE'r-itflìE

repres=nt= the

o{ the vec.l:nr cnnr-clirrates ßn ;i:i$ i ' Ërtsm :3

rlr itgËn .
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FïüliF:E if,-:i) ; FTITEN-iIí-ìL Ë.NËF:tlY iiUnìFrìlli:il !jtlR rlÜ

Ïn fjväí-j/* tråËæ=,

th i r-rJ cr:c¡-dí na.ie i s

(4.): "rrni:iie i"

{i:i: "T¡ri:L'il"s:"

{ci: "rnnlii-l-e J"

scaler coordirr¿,ll:eç '/å1.ry ÞJlri l.e 'l:irt*

j. tg rÍr{L.ti 1 j. [:r j. r-rrn r-i-1n-l: j. 'J;-Lr"-Ef: i nn.

tt".rl,_:

--¡ fr

i rl i : " =j.¡i:-irne 
i-t- i c t-ritprË1':in:an{:at j. trr-¡ "

].í.: .,--:nd ií+ ¿ar-Ë i.he r-;*ilia. l :;rå1år cunrdin¡:'i:ç'= ¡.ncl )lli j.:¡ '[:iræ
L¿-

i:lnli 1 tl-'bend i nq canrrj i n.=ri:e "

i;is.ití-I',', {¡.i -ì.t-¡d (lJ) c-rr.Í-Ê} uqr-.tiw.'iì.1È,1I1 t f'Ë:l[)t-i*'*Ellì'i:i:tl::ir::Trg-



Mo I ecu I e: OCO

Transf: UNIV3 Th:Ø

Pot: Total
X3:- I .ØØ

V(Mi n)= Ø cma-l

V(Max)= t4ØØØ cm^-1

Cnt Int- 2ØØØ cm^-l

Fig.(3.2.q-1)

7. 16

XA

5.16
¿"¿¿ XI 4.?2



Mo I ecu I e: OCO

Tnansf: UNIV3 Th-Ø

Pot ¡ Total
X2= 6.16

V(Min)- ø cm^-l
V(Max): t4ØØØ cm^-1

Cnt Int= 2ØØø cm^-l

Fig.(3'2.a-2j
-.9Ø

X3

-t.øø
2 "22 x1 4 .22



F ig.( 3.2.q- 3)

Mo I ecu I e: OCO

Tnansf: UNIV3 Th-Ø

Pot: Total
Xl: 3.22

V(Min)- Ø cm¡-1

V(Max)- t4ØøØ cma-1

Cnt Int- 2ØØØ cma-l

-.8ø

x3

-t .øØ
5.16 x2 7 " 1Ë



Mo I ecu I e: OCO

Tnansf: UNIVS Th:Ø

Pot: Total
X3- l.ØØ

V(Min): Ø cm^-1

V(Max)- 14ØØØ cm^-1

Cnt Int- 2ØØØ cma-l

Fig.(3'2'b-1)
9.7ø

x?

4.?ø
2 "97 XI 4 "97



Molecule¡ OCO

Tnansf: UNIVS Th=Ø

Pot: Total
X2- 5 "7Ø

V(Min)- ø cm¡-l
V(Max)- 14øØØ cm^-1

Cnt Int- 2øØØ cm¡-1

F ig.( 3.2 . b -2)

l.Øø

X3

.8ø
2.9? xl 4 .97



Mo I ecu I e: 0C0

Tnansf: UNIV3 Th:Ø

Pot: Total
Xl- 3.97

V(Min)= Ø cma-l

V(Max)- t4ØØØ cm^-1

Cnt Int: ?ØØØ cm^-l

Fis.(3.2 . b.- 3)

t,øø

.84

x3

4.7ø xa 6.7ø



Mo I ecu I e: OCO

Tnansf: UNIV3 Th:Ø

Pot: Ïotal
X3: t.ØØ

V(Min): Ø cm^-1

V(Max)= 14ØØØ cm^-1

Cnt Int: ?ØØØ cma-l

Fig.(3.2.c-1)

2.øØ

XE

Ø.øØ
5.95 X1 7 ,95



Mo I ecu I e: 0C0

Tnansf: UNIV3 Th=Ø

Pot: Total
X2:.ØØ

V(Min)- Ø cm^-1

V(Max): t4ØØØ cm¡-l
Cnt Int: 2ØØØ cm^-l

F i g.( 3.2. c-2)

t .Øq

X3

-t.øØ
troqlr a LrL, X1 7.95



Fig.( 3.2.c- 3)

Mo I ecu I e; OCO

Tnansf: UNIV3 Th=Ø

Pot: Total
X1= 6.S5

V(Min): Ø cm^-1

V(Max)= t4ØØØ cm¡-1

Cnt Int= 2ØØØ cm¡-l

L.øø

X3

-t.øø
ø.øø XE 2.ØØ



Fig.(3'2.d-1)

Moleculer OCO

Tnansf: UNIV3 Th=Ø

Pot: Totaì

X3-- I .ØØ

V(Min)= Ø cm¡-1

V(Max): t4ØØØ cm¡-1

Cnt Int: 2ØØØ cm^-l

5.91

x2

3,91
3"91 x1 5.gl



Mo I ecu I e: OCO

Tnansf: UNIV3 Th-Ø

Pot: Total
X2- 4.9 1

V(Min): Ø cm¡-l
V(Max): t4ØØØ cm^-1

Cnt Int- 2ØØØ cm^-l

Fig.(3.2.d-2)

-. ga

X3

-l .øØ
3.gl X1 5.gl



Mo I ecu I e: OCO

Tnansf: UNIVS Ïh=Ø

Pot: Total
Xl- 4.91

V(Min)= Ø cm^-l

V(Max)= L4ØØØ cm^-1

Cnt Int= 2øØØ cm¡-l

-. 9El

Fig.(3.2.d-3)

X3

-t.øø
3.91 XA 5.91
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5 " r:n¡'lf,Ll-J'S I ûi!5 .

, fJxr actlr+1 inr.æ-=tig;*tir:rrs ín l:hn l:trr-nr-'--br:i,Jy pri:i:Iurn '::,:t-tl.ri

be resr-trle,J ¿-q.E t nI I û1"¡ç:.

t4æ hsavÊ: i.h¡l nsres::.ã.t*y'l--nnLs tu pr-n,:end {:n the hnst,-:h,:lj.c,¡

i n 'i.h,= var i c:r-t,; cnnr,J j. n;r{:ns -*Vs1:a¡rnr¡ " Ëtrr act t-t¡1 Friiill-*.:m p,:lrtni 'h i;

thr-- l-i-;r.n=-Fùlt*rrì*ll:i ün u{ 'Lhe Lr,:n,l cli::t¡¿nre iî.1*r,--i Lrclnd ."rìÇ} i, {]

inl:r:r'riaI cfi¡-ri-dinatn= in'Li: an'¡ cf:rtlrcl ílr,'¡i:n -*.*=L.ern fi¡ä:ainl;-t{3r nf '¡:lræ

f¿r,¡¡!f r,r ,:-¡ r:rLhng,::rraì. a,rrrtJi.nå.'LËr1Ë. F'r'nrn t.hr* r'=-iin,:*tlir=lnl.- n-[ 'i':l"i¿+

pr---rierrtial , t"JEl cå.n p1.n'i: Ll-rn ¡::n{:erii.ia.l erìrsr-';.v sr-tt-{cr{:r:TË. in ü(rìy r¡-Í

tfr= Ër-:üt-d i n¡.t:es e.ri,l clc+dr-t¿:e l:l-i'r L:'-lrìt:r Í hr-r{: i clt-t n{ tirn

ncln-'åeFã.ra.i:I c+ parL nf l:lrr* ¡:riterr'l:-i. ari 
"

Tirç: =r=i-i:'l--.fr*¡-rrrjtlr';:ll-J[)r'r]]Íini+l:i.nrl 
¡-f thç tii,:18Ër.r1.$.r-

viL¡ratit:rr,.¡1'=qr-tati nn fi.;r.el hËJeti -e¡:æ.r;,tted irli:n thilrL't+

L-dinrer'¡-:;i,:n.=l ¿rqr-t*,tion, tt^;': n+ tlr*lrn í(t-f: n"i: "r-;J.fí iå.I " l:'."'p.:t f.hr*

nL.her is c,{ "åTigL.r.lEùr-" 'L',"'pe, -[he¡':ltt et¡r-ta'tinng rai-t* mbvinlt^slry nrL

¿lfi¿llytic-+i i.y sr:ir-rhIË, -[i-rr:Jrr:'iÐrHr i.iri rn|.t'å{: L{.15s nLt¡TrËlf-ic;r1

methnd=, , 'Lhat i s 'l:hn :iltb j r+r'L n-i i'l-re r¡,¡r:t:nd ¡:;it- 1, ut 'l:ir i l: h,ût- l': ,



FË¡Fl 'f 1- tll L)

¡'.¡¡¡4FFi I f AL 5tl-ljl- I üru5 i]F -f i-j[x fll'JLì1.-Ë l]i:idi] I l'riü ËfiLIil-f I i-lN
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Tiri:: nLr'jt?r-j.':.*j. ='-:ir-.ttrr:rr n-i ''-ittir l::t^l'-: |.': in,lc;

S,:hrnr¡,:i i ngr:r r:r¡r-tef i ¿:nE

C,:n.;ti tr_tte_-, tl-i':¡ s-i_ rrt Oi

g en er a I sr h L"rrls? ai: I e 'l: a

d j -l- + çr-r=nt i a.1 æi gænr'+.1 rrl:

crrrrili. t Í r:ns ¡.rrci c':n'Lai n :í. nil

cr ni* i vrLt Í \'Ë+ t¡:r'irr "

llinr-:n,¡ tlr¿;

r?. =¡ i t-r'l::i c:n , t'trj

{ r ¡.d i ¿r. l. air d ,*rr c¡ t-t L ar' )

rhiE Eçrr*']Jr¡{l pr.:lrt" [dr=

sni ve r:r-r:i j. n-Ë.r')/ tiæ{:ül*rrl

nï¡:I i-r::i.tti.:.ii. r:r n,l'i: .3.

n-t i -'rl i. rnerr s i r:rr a l

cier- i ved i rr F a.r'L I

pr¡:JprJs;'Ll hËjre ;,t

r:r" ¡:i n r

bnr-.trtri.:.t-Y

l: i r-,:;t

r:i ir 1: r.:: rr cl u cl '1. l-i r¡

prriui. r:l i nq EiLr.ill-r

--11-.J!:'LJ -' 1.- d{ LL {i-'¡JL.-. -_

r.enc'i-n;.rL j. ;: '¡rj l"lltnrt:t-t-rr.'

; ri .,¡ l-¡ 'i- ¡¡ l-i i:r f1 ii

i'nrilthr:ri i;n

mr-rl'i i tr-tçi,= i:+ r¡L.lii':il"'i r:4.1. rii'sth.:rlg

r:-i rt B',.\t ü,. l- n '¡r' j. *-. f'r fnçi t+l-r i. C l-i

l{r..tir¡r:r-nv,-:rI qnr- i'Lhnr c;3ññr¡'h.

n -¡: i: h ,:.r 's n ;..r i. rl Lt l'- i. 'í: h ur i¡ t rl

tn .¡. pr-nbl.*+tit wj.ì:hnr-.tt

ul ir i ,- i-i . .a 'i- r1t ¡ rr

rna.y b'r-r ;rpp I i r:d tn

be t-tsed "

pr-citr I ern h*rvi nct

¡Ll+ri.';'zt i. C

rt ¡- r't Fr I ;'" r¡ ..",

r;r-rr: lr ¡i.l::nilt¡1. Ë:rflgÊ e l"t!3rÊ nEVer

Tltu' pr-rs::.Ënt pcnrr'

f n i. I ,:t¡lÏi ;

;J. 'rr¡ri':i-¡.L t-i3\ji Ëi,4j

i n.i:i=-'i-ç' ':t i n 'Jr-u- 'f i el 'l "

fl r-Ê1¿i.tït*¡ nf the

b i, = 
i" n-r p 1 e Ê:¡ ! í c-r rTrl:l J. ç-',¡

ti-r t: d'=r-i\'.LtiÐrl

prnb I erns r,^llrr=r'e the

tirt' ;rppi. Í r;,,t. i t:trt

::.ç: i '¡nd i- n t{.s.v 
"

r.r-i' il-rr cJi:,r;,i¡¡*l:at:i.nn is r-:l iviciild ,ti.g

i:'F nL.lrÍrËji'- i ca.l. rnettri:d:r ha.r,i rt'--:l ! ctrT1É

r-ei1 L--rrn.:Ll. i.:rs:d Írlt-trnçlrnt' in¿':'í:hr:d í l. 1t-t=tr-æ.'lin,l

.3.

c-{r arr a. I yt i c çn l. r-.t'[: j. nn nn cl

5L-l I Ll r:, i. Clr-t "
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llHrìÍr-f Eni 4: üEi'lE[iÈ1L iifi:vïb:tI r:lF i\iul'lË[ì:Iiifåi-- tii]L-ul-Iilllrì llË Ë11[t]l"lIi

I}RDã[i DIFi:-ãÊEN-i]:TìL ËTLi[:f'IVË¿I-I.Jã F-üUATTT]idS"

i- rh¡TftuDUtTiíll.l"

-ii-rÊ'î st-tbject nt thj.:i chap'Lær- isi tn prrsart'l: ¿\ \¿firy gnrrnr'*Ll'

¡-evis?L"r r:f the me'LI-¡ r':tjg cr-trren'i--Iy r''t'=i':ld in ordcsilL'n ='nlv'¡:

eqr-i.-a.{:irlnr, di::,çc-r=.:lijd i¡'r thi,:} pr-r:vi.¿:r-ts r:ha.pier" -[l-it* $¡-th:-ier:t is;'

:iú lar-r¡e th*ri: {-}Lll- 'll:!.r¡r i.i¿ t:ç: [-!r-L=r]ir--int* in thr+ fiì{-r'i'i'l:' r*inr¡::J'e l't+-i'y

::ünìr:,be.-ii: ri.l.t¡rnu+nt::; n-Ë t!-te'riL.tm{¡T'ir¿il l:a'::hni-qr-t*l:l L:Llr-rentLy

r-r.¡c:cl Ín tirig 1.,: 
j.nrl ç:'i pr-nhl['"fllç¡ " In t-hr pt-eSi:nl: Cr:n'Læ:l'L, t-hn

=,:1r-ttinn r:.Ì: ttr¡r-t+Lj.U¡ç j.S ¿:¡'i.r-riefl r¡itt t:)'+ VËJl*'?¿ 1.lt!*'lltl r.'"--nrj.rlt,r'

r:i rrrç:thnd= tra.,'j.ri-q thæj.r fi',r'rn prnptlr{:írr:'* nt '¡.ficl-trfi.frYt

si rnp 1 i. r: i. l:y ¡n'l s.,Jatp l;¿þ j. L i Ly =

þje h+ve l:n :i,=I",rt nLr-¡T|Frír.:r1J.y sE{:{:rtld--L]r,:ler {frr--li.nå.¡*y

tli f -ierrr:nti;rr'' eli genva'Ir-Lr+ e*qr-ta'ti c¡n'- r:f f-he f-)'pe;

y" (it i P (r: )-\i' iu ) -t-

pr':*nnt i. ng

y(,:r), '¡ibi t

rn.3.y ¡:tr-t+sen'l:

Ë1s; thr-l

:i,hni:'1,:i ng arrd

p er'"í: i c t-.t l. ¿'.r I Y

n E¡ L.J r-rr i¡ i lt i: il $ t'J r:? p: I ;t rr

-F i rr :i. t c+ tl i. r': "1" Ê..1r- ,3 n i- çt

¿1 i arçr. v,*r i nt v n{ baltncl*,ry ccrncl i'L-. j. nnl; i nvnl. vi nq

'i" iå.) ;¡.nd¡'r:r' y'(bi " F'ltrthur-n¡$Fgå,¡ l:he ¡¡r.¡r-.t;r-tinrrr*

gi{fffire sit'igr-tl-',r.r-i hi e:'.r *-ilL'h.he hnr-tndr"

'i.:r: dr+væl ':¡-r l-tt-'r'¡* i n',,'çrl v* tru'L.h

rne L. ir nd:; t'¡s.l :;lr,* I .l u+tir¡:: h æ.r i :r m

r: -l' t ç-.r r: l-r n i. r¡ t-.t,....1 :' "i: lr ¿.lt't: i: rn¡i: iil r f:)r-tp 1;
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[,].: re{ er- 4:h¡: t-Ëå.flh-lr 'l:t: g+nr:t-* 1 i¿:x l:hirn|.,::l ¿.-r.fid çLr..r[:r J. i r:¿t f: j. t:n':,

li:¡rerj in 'the h:lb1Íugra.phy fnr tïill-i¡ dmt.nj. l.:l;t-æ'fr.+t*nnri*s il?t

ALÃ t JI , :ì:I '?'l-l,l 
j4 Ë!.rl= rftEr'3 f ':rm+1, textbnÐI'':s r r{r{erttn4;{] ï:?

ronãl:itt-rt,== *r::.Lrr-vcty nf !!rlr'ïìL:r l--,r-nl:lems,nri.sirrq in Iinr-tnrJai-y

t,al.Lre= probleni= ¡.nd re-terclnreE ii, f,50 TCr, 4'L, 4Iu 4f, and 4'5

ê.Fr-a te::tbt:ot,.s t'lhich emplra;ii:n mÐre tl-rEì .sFPlir¿r'Linn*; r:f

r-¡LrirrËr-i ce1 ånå1 ysi s.
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.J 
" I t{ T T I fil_ r,åt!ü FÛLJi.ji¡í.:ìity.-vÊìt_t.JË rrrifiplul'¡ "

l-hc-. nLt¡TEricaI t;i:lr-ti:ínn nt nr-riin€\rï di.f'lr+r-æn'r:i':iL eqlt;rti.nnç

ci{rr be c¿rrr-j.erd olri, by f-r.JrJ,:.*te*gorin= r:Í i:æcl-ri-tit¡t-Ln:-" ¡l¡*pnnding

L(pËn the =p'=ri{ic¡.'t:inn n{ the rondi'L,i.nnc 4nvær-ni'ng'l--'ftt'l

prnb I ern.

l¡lhe¡ir .¡.11 ths cnndi{:Ínn'¡ ¿r.t-ûr cjpÊrrí-Fiæri {r:'r ûr1tÍ t';i.Ir-t'g n{

l:he iniJe¡:endenL'",.3.i-i.n!:l.e ir-t=.t-ta11'rllhu¡ inil--ial ¡::n:in{: nf j:he:

i nierv;.r1 c:-t i ntulgr:il: i. on i , thæ pr*nbl ern i'; =,,?.i 
Ll 'l:.n l'":'a r{:

i ni{:j."r1'.'.ãIt..r.E! i e, F:nr ei:e.inple, titt* trIl,=wiri,;l srYt;'ï:t+in:

r' ;1.- 1 I

l-he ri¡-rrneric¡:l mei:irr-ici=:snI'n'i. l-lfi '[-l-r j.s'l:.vpr= r'ì: pr-oi::l.nin yield,;¡'

y t ir,.., i nn t.he: Íif,l',; n"f Pní ni:s

y {i: i

rr I :¡ Ì =

= 'f ( X , \¡ ) ¡¡':i' :r;r ':i' :::þ

r¡: (È: hÉ*j.nq ¡-ill*¡ ;.:lt-bi'í:r.=.t-'Y ri:n':;'L';¡.n'l: )

5ri'lr.rü¡-nr{3 nf åppr*Ð}i i ma'Linns ..:'t-r :::

:'l ,-¡+i = l'ín + hn (n=Er 1ri'" ' " ?t"J) t

the ::tep=i =t' u Ltsr-lir.l -1. t' cnt-l'=t.¡.ni- "

crlncnrning (4-1i is 1:hat'ii:rrY)

c,:nditinn (¿:'&1) tcith rr:sperf: tt:;

\ ¿l--J,

;:: ;:i. Anii X¡¡ ïr b t,tlf rre 1t,.., i.S

Li 
"r.'¡ 

i r ;.i.ãËL.lfllËlt i ,:ln

¿ìr l-i ¡r:+rh i. l-:

th!:.jr irriLli i rrrL.trn nr:it-fTl Í

" L/t

I ttH

:,¡a'L:i.sfia:=

l-f (l¡ry1i-f iit"'¡-:i1 '':.= t-t1r1--y;ll, iir,'r *a.11 rl€[Et"b.l

If g,1-tr::l-ì ¿t i:lft-ldi'ticn i.:l rret: ï :i h. cnn l.:tl '¡hnl"ln '[:irat tlrure çJ]i:ili'l:ri,

å Llni.c¡t-ttl snl. lttir:n 'l:rl til'*1) "

lrJi:I1--1,:nnr.ln rla-..¡ic-al. ¡tit:i:hurrJ:; ;r.rË, ir.v¿r.i1¡.Lil.*'L.n $r:l'l'e

inil::i¿tI'-vallti¡ pr-nbli.lrrr::r iì.rillfn!l tliern, [-hr: Rtttr':l ':l-l':.trtt.¿ me{:lrndçr
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i. h e inur I t i r;'L np ¡rret- ir sd an cl l-ny L nr' ;,,.r' ;i. q¡r;

-.._añ -rñ ,1 ñ ¡¡1 ¡=1

fr¡eihnd \,i$ I 'r"i 5 
lFcr ì ¡1',l e'f .-,.t -

Iri ini.ti..--r.I-i'.:Ir-re Fr-'rblernç, the i¡-r:!.{:.i¿.r.1. rnndil:,:i.c¡nç *r.t }{n'rt

cnntain Elrrdl:icienL infoi-nr;r'Lic'n rt(f,r i:lre l;nII-ttinn be cnmpltti..ld'

a't :.i = *-þl-r and Et: t:n

hJe sh.:rII rnrlr,=rn ourselve+ r.ui'l:.lr tl-ier :l*rnnd Ë.i{'hBtfit-y, the

sn-csI l ed bnrtnd¿rry val lte prt:b i erns þJflßr-t3

=pstrified *.t

i r-r=r-ra I 1 ;t í: h e:

',¡.¡ 11 ¡ ¡¡r ¡!-r-1h I i:r'$

tl+s d i t -i erc¡ n't va.1 r-tn:: r:f 'L,he

bnlrnds.r-y

lrr¿ ï hp
-t

p,:i.ni.s) . ['Jr: rJælin*t

t h e r: nn d i. t:: Í nn:: Ãr(É

i ndepmnden'l: \'ari. ;ih L ië

ür tr.=JL1 nni. rrt trnL.rnrl¿r.r'-v
f---l¡'

-i':.]. l ntli nç ,:l¡¡.r.r-"--i.':l*¡r-i çiti. ':$s

ii) .-+.n c:i-,Jinå.ry'':i i+ier':nti;¡-1. e,:1r-t.Lti.r-',n o'f deqrnru l'1 r i:Jr

eqr-ri',,aieniL-w {-inninnts L) l'l l:ir:+'t--t:rdr.ri- di.'itnrmnti.;,r1.

eq,-i;il: i ons tu s,: j ve üt/!jr- tir*: ,:1 n*r:d i ril:p-:t-v+1 ,J rr: l- r,i , l¡ -l "

( i i i r- bortndary cnndi ri nn= .,i.t lí=iL"

tiii) {n--ri b'=r-tnd¡.rt' ,:nndÍi:i.i:Lt:: 5F'=':i.f ii:r--l at ;{=h"

ï..lste that mr-rre th.=n n bnundnrY cnnditi.nrrs le,¡.d tcl

in=ni.r-lbility t:-F the =yt;f-ern ¡r.n{J lt:ss' th+rn rt h':ltnd'r.r'y

cnndicinns tn m'-tlLiplæ's,:-'l.Lltintrs"

For enarnpl e, I'JE m.1"' f-t¡vg tht'-' "tr:1 1 nr+i nt;¡ s,'--tarn'{:nr å

=ecorrd order di{fere¡nri*l' qlqr-'tatir:n;

\ t+- .:7 ) rrlt ,t.-,1
¡ 

¡¡1 I

r-r i..r l =

-l ¡ r.¿ t/ \¡ I
' 

r,r 17 E 7

v'(b)

-_ ..- _-. - .r _.-t._

{Í l-''

I¡ i.hæ most çlerter+.1 rj,:r$!-a iI 't.arr-: ¡.rri. rrt l:rur-.tnrJ;,try vlr.l ¡-tçr
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pr-iltrl.=fi1 r.iili 'ne =i:ated by tire frl.lctt+irrq sy={:l::fili

( ¿+-/.1 ¡r

(/+-5) LiEi Iy(r:l J

x¿..r'' i*) +

i Fr¡i'..'ì -l 
=

P{¡ji[r,ixi] =

;-¡ ';' ;:::¡.; ';1. =þ

p gr::ËJ r J.F
I Zl

¿1,

wh=,r-i+ Ëìin), F".;..n,J E:b ¿-r.re rll.tn inåtrir'::; [']hile yi:': ], ì:{;':} €¡'n'l F¡

¿'c.Í'Ë n-\'Êtrt ÐÍ-=, U=r-.t;.1 1 V 1 i n n-he prDh.r I ern":; !'{e =h'3 ]. 1. c':nr:grn

,.Jj.Êh, the bnr-indary f:iiniJítinns;rt-Ë: pitl-tia11','5.:e[]r3l'ì.:r'r:FdtIT?lf-{}

Ëirìfi t-€3pi-uã=ãñi- t-hæn n ÍnrìepændnnL l.ini:¡.¡- r:nn5tt-itint:) nn y('li

.:rnd v ib )

Ëirrre ihe Fr,rtli"=m= E:ncILrntÊ!rËiEl ir'¡ Tnt]1Er':t.i1¿¡.r- chgr-rrisiL'r'y äre

,nL--'=.tl y sernnd Eí-ríËi- ni-d j- n;.r;L/ di ï';Í:rr:rl{:.í ål ÊlqLJ.å-'l: j- t:rn* Frc]hl 4:m'E

;rnfi -l-Urf thgrr¡-,,:¡-e =i4r,:n','¡..1-Lle--Ëíqt=nvËr:'l:nr-Ë Fr-'ÐblernA;u hen':e

h,:inngen=ÐLr=, t^J* =hail d=+ine Llrem bV thr: ç{!nerãr'1 'l:i:11{-rÞ-{Ínfl

I -:t.4 r,

¡¡r-r1i1¡r¡¡ \'-¡-ï¡ :

= y"i;t) -- pi:<i1""(:.: *'4g(iliY ã:

c=.1yia.i = Øi t-6i'ibi -l- F'i:'(b) =

[J i E.'i. =;1 'í.:=l¡

ül

since Ltyix) 1 is hnri'inqf=ns¡:llr5: sfi ãr'r'r-::' 'i:hs tinltndar-v finnditimn="

Tn f-r.rr--: poin.í-- tror-rnrJ*.ry \'':\11.iÊ1 pi-c:'nI¿:i¡t=, thæt-ct i'* rlilt

sr-r-Fficient j.nfcrrnatian ¡.t th,:' irr:il:i;tl poiili tn :i{:':\r'l: å

=.teÞ-bi,-=tep :r,¡i trt i ,:n , hen¿:t- <--¡. [4¿1y ilrLt.:51: be { nr-tnd lr¡ 'Ji:tærin j' ne

th= missinç ini't:ia.1 cnndj-tiq:-rns ¡.n,1 ¿rn clpprt]*-rch ':¡'Ll-rc¡r- th;rn

=.¡.e.p-bV-=iep Ínieqr-;rtinn r-iilr.={: hr-¡ r-.t'¡eri " 'iht-- prfibIRinr"" ir':.'r.rl¡-i b+äen

a.1:t;rc!,:æ6 t,'¡ a vãtrir:ty u{ 'Lt:1;lrniqtrgi';(:i4';il;J o'nt'-'¡tr {:ltt'¡rn:

F,Ír;-¡.r-cJ's, i-n,-=.i:h.¡d=-, inter-'pol.atii:n trrç,:[:.fintjs;r vå.ri.,r.'l:.lorìå.1 rnethn'fs,
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L:t:l i clri:r'r.t i ')n filL=thüdti , sl-ti:ul: i rtg nie{:hr:¡dE'i

{:he 'i:t^ro 1a:-r'r rnei.hods t+i 1l re'Lai n ffiL1l'-{i;a

atte,:ntic¡n since :{ r:r:inpIt:,1:el l=r,r-r,,uy (tlå}

bnnnrJ;rry meihnds shr:tç= that they åræ

;lnd d i::rr-* tr¡ nir:thudr ,

$frçïc:i f i c;rl I y nr-tr

cnvu*r- í n-g *1 1 tr.ln pni ni:

the rrrÕgt r-rsr=d -

r___.L.--J-.- {
¡- LJ,JL. llULrji I

ilrnv n i. 'n,Ën nth*r-rrdr:r' nr¡l i. n'rr-
..tni;,-' '. .(.i.) ,,(n--i¡.'.,(. 1:j = Eqyri-"-'r"""lT

crlr-¡ hr repiacetl by s =r*:ltern n{
di'i-ielreni:i ;rI eqr-reti ons:

Yn = qiYlrY2r"""rY¡rt)
\/ - = 1¡/n-1 tn
\_/=wf n-l /r¡-I

6,
J.t

rl i -t -i nr'=nt i.;¡.1

rl:i
t i rçt-orcler

r."rr¡ ¡;rf i nn:

nr-d i når-yn

v..,dl
r¡here r

tI

'¿
\-/ .-

ð.NCI
/n
Y l:.

Y1
t¿

d
n--

v

dr_

(1J

v1
(Ji

( n-- .1. )
I

l:l
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f, " ËHüfJ j- T i\i'3 l'iEl-Hi--lDS.

Let the 'tr.:æ-poin'L-. bor-rnriar.rr v;.:.i.r-re çrt-r:h1erl j.ri j.t-'¡ Ê3t¿.nd¿r'rd

f i rst-order 'i st-m be g i væn bY:

t 4*C] ) y' = iiitrY) I:lr Y'i

ti=Ir?. " ,. us)

"ii (:t ryl iY;¡, ".' ,Tsl'

r,li th boltn'i;.t-,w crndi ti nri=;

I rF-,Í ,r Y, ia)

Y1 ibi

c{i ti.=1r3r.""u1':)

ii=i¡,.+:[ï" "" riË).f, 
1

sn Í:haj: we h¿tvt= [': boltn'J.i.ry cnndi'tinns

r,lhæ;'-rl El',:.!,:'':.s' The =y=teat i (4-¿ri r (4*7i l

.',-n:'.t-i¡rl \'¿:tiLti: rr.reth¡'j-* i+ t'.t'3 f:].n -li'n':i

,r'l- r.a =:-:¡

f1i¿i.Ìil he

r¡nrr ¡nh

v'f l. Lt,i¡fã

¿t rtd ã*'[:] ,jr.t it =h t

E-l{r l. vii.r{l b y

tr i:r*rn,--.1 æ.i'- y va.1 r-tel:

f ':r- al l. thn sat i{Ëå. clr i{=b: ir.e' i-l t'Je r:'rn nl-r{:¿in

vari:rLr1e= yi {:Li :r't ;t r:r- b" Sr-t¡:ipi::'.;r: [']Ê r:sij.nraiæ th* v;ll-r-trsç n+

yi(rri i+hi;h ã-rE n,:t- .r1i-e.:r,J1, :;tlËiËi-Ëied bi' i¿1*7)" then r+ç: li¡tve

En,::iUÇh j.n{nrrnat-i,:n t,:.¡ irrf:s=çrEf-': t'ht= :iye'l-ern -Fnr¡'^¡;rrd"S -trÛffi :{"";{

anil baCtl+¡ar-rj= trgrn l{=L,. T+ OLtl- es:t-irna.teg; '.nrE {:nÍ-rer:'tt thæ

{ nrl.tar.d= end båtr [::tiårdÊ sr]. ltt i nnx r"¡i l. I tre erlr-ta.i. a.t

intc-"rrnerliatt= pt:int= nf {:h,:i r¡rnrJil" "l-hçr prnl::lern:i-s l:i-ren tn

inrç:r-o're the initi¿.1 e=i--inra*:e= o-t thn Lr.n[::rrffl",n L:r:r-tnr:l':Lry

c¡nditinn= r-tntii the snl. lt'Lic:l-l:i m¿.{:i:lr: 't-tri.* i.s''L'he: b'a1¡is n{

the.-.=hr:of-ing inethocl ,5ínct¡ :; bnltnd-:rry v*rlr-tr¡::,; ð.t-i.¡ 5pÉrj-{i*iJ

initial ly, ç!= s Lt.n!,:nn,/.tn va.lr..tFj= l-t.¡.vr= {:ç: t:n e:;tirna'l:r ín r:¡t^iitnr
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tt-t l;l-:art {:he p¡-,fçr=ss: l.æL t.ts r:r11. them p1: F,'fr"""r¡r=;'r'nd

l:å['.E:i

( 4*.Ë i

i4--9 i

Y¡ iai =

Y¡ ibi =

{j;=i.,;-rir,""r=)

tj==i:Íu.""ul:i

Y¡ {r: rP)

rJ

ñ.-.i

Tlre {sr-.¡¡l-rr-,J= inte,fr-æ.tinn siart-= þ{ith l:he :;æi

Iu1rs;l ,'.. rß[': rP¡,;+l:..'rF=1 clnsl ¡:rucit-tre:i a' '¡i:iLrtinn Y'.i:rrF)

f nnction c:{ the pårJifnetEï-s Fi:+i r " " " r[]r". The b¡.rl::ht{år-d!i3

int*gratÍnn:;t:rrts r+j.th rht*:;eL IFrrF.--:Ì ?Frb{[r¡,'rFç;-rlr"""?Ps:]

q\ni:l ¡:r'mrlnr:sl= 'tire :;û1¡-tiinn ï¡ iil "¡:i " 
-fhr"- {--t-rn =nl.u.ti,nntE ¿Ir-("?

cnrrrpr-tte¡ ;¡:l fer åË Ëclrni= rne.cclrinq pn:int il=¡1¡ in 'i:ltts j.n'hhlt-vi-"(1

[;r , h J ' È¡f- thí:; Foi ni-- tir=;" :;hr--¡l1d bs nr:1r-t*'l i' + t'he v¿¡'l Ltn'åE-Í

,l-.he p.;rr-arn*L,er p s.ræ c,;r-rei:t " Un t'Jr! i;r"=lt- 'l:he f nl l nt+i nç r*qur*+"Li nn

i '::t- d,=1:*:l'-rn j. n í ng p E

('+-Ivl) Fipi Y- (:l uP)

I+ thæ 'Jif+erentisl iinnar l:ü ís F{¡-r¡ tÏ41 nnfleqlrai i nn= år*e

the -Form:

FJ

r{,e tqritæ (4-1ti irt

i4-1i) F:(P) l+p tr=l¡

[,Jl-tË..r.L. {--hs rn¡.tri¡t f.l a.nrí tlrt3 ve;h':]r' r år'r-r'i f-rrJt lr:rìíJr,åJn :i.ni.ti;rJ'11"

'l-hr,.::inllti;j.on r:{ iil'-iii r*n [:s '::nrr:i-r¡ltj nlt'i. bY c-lr':rn':':inç1;-þl

\¡€:r(::.[:c'rr, ¡rtti, l-=Øt lr-:'],".r::':1t-t{:i'l ti-¡¡tt'Lhi.: ili+'iÊll-(ì11r:(ir'ãr ¡:(Eti

¡rt-:i 
i, .j=lrîr.-.Ì.- åirr? linæ;r.r-I'r' i.ud+lpænrlr-+nl:' hlel thæn r:*--¡.l.cr-.tl.'n'Lr:
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'r:h i.'t r-: Ðf- r* ÈitiF-r.Jn rJ i n g

'l-irt+ r-Ë.1:it-tl L.i: nìð.y bE

" -. f +. 1\.å.iLlFr= t"-' n-t Ftpi h;* i.rrf-eflr.nti.riç (4'*/j')'

þ¡r-itten:

r,11.-* I T ì

r. .¿f-- .l_ ..:, J

t+-'t4)

(4-15)

- {init-'-'

F{ji

ËìF itii

- {tlir

c

iìtp i_ii Filili i i-i=I rfr, " " ori,i)

{r-nni t"thich t+*l rå.n ¡leir¡rmine É\ en,l f, ;.tn'l ltr'-+n':æ '::!f¡1\'r-.1 thæ

nr;r-t.ntinns i4-1fi fLrr- F"

Fr:r' e;+a.rnp1.e ir:t Ltr: rnnsicier the I'la.{;:i-lj.nu. eqlt,:r.iÍ.nn r.,j.th

p=r- i i:dÍ c bnltnrja.ry rnndi'ti rrn=' ;

'!.

y i{.1)

-F i;-üij':n=]x)y = l!1

= v{'f,ríi ¡ y'tüli '-' t ..' 4l J

I't-- i::; [,ii'ti-rt='!"r ì:.h¡.t iì [jrji-i,--:'lÍr: g'=].r-ttj.r-¡rr itr]ri.::i:Ít +ni- ':r:fi:';r.j.r'i

v+]. lrcls,::{ -.(1:l'7i, l-Jæ i¡.i,:¿= the vå-l.lLtËlt! r.t'f i.{.ti-l i .:it-r,tl y'(lli æ.:;

p+.r,:-rrrretera anfl rnmpltie.-1.';Ðr'L'J,:,rci.s snl.r-.t'Lictn y-(il*¡r)u nlÏha'ítr

i:hæ rnetchirrg condj.ti.r¡n a-t:d diren'1,1y it-nrn {:he peri.nilir:

prnperty r¡.,hirh çir'== ån eqr-t;.Li.nrt tn --nL'+e {nt- p" lrìnte l:h*"1:

'L,hç-. vå1LrËj mi yiü) i:: LrnclÊ'tr:í-rniriecl l:f.r[¿i¡-t=e tlre ¡:.nrainr*t'r.Êrs i::,åll

br: r-edlrrs,:l to .¡r çin,f icl qr-r;-i.nì--i'i:Yr tt-rÉr r.Eti n ¡r' {ü)i /y (fi) 
"

The bç:='L*l:nc,l.¡n methacl f c:t- :-ral.vitrç the :¡y'stern {4*1"Ø) i:;

l:l-rr.: lrlel.¡'t:an j.teraiinn ('il) r^Jhirti t¡.[,:ær* tlie, {r.¡r'nr¡l

ll
q¡+1) i{:.) tJip(t))l'-lntp(tiip

r..;iiri,¡r-e* J (p) iz Ì:he -j¡rr,:L,i;Ln m;lt-ri.x Cili=i/iJf ¡-l r:t'#'Lt"'t''*Lmcl {nr-
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(u)
Ë1 . 5t.ar-'i.:i.nq l.ri.'Llr a s;lti'1.¿¡.1:l.e .:.Fl"irn:{iüliul-.iü11 Ë , l¡Je

til_rüfrËrrjçi\/È3 f,¡ri-r'u{:{:i':trs; hy r.tsi.ng i"1 -i'1; ) j.n th* {nrinã

(4--icri t.ir (r: (t' i I tp (t'+i ) {rip -.[=tp{ii'

This repr-eãi:ntiE ê. set Ëç l in'=ar eqlta't:.ir:n'; f ür 'thË: çnrrecti{]ns

ti: p{t} t',hich cån be sç:1r.r+,1 prr:tiiderJ thr... -i¿r.rnhi;ln is,;

n,:n--::;inqlr.l.ar. Ta.3,irp1y this rrre{:hr:d L'JF:' lr,:.vi;¡'Lo {:,',1J.r:t.J.L¡.t'-- the g

eirerrie'nrs, c¡-F ttre vertur ¡: iO tf-) i and the¡ :lüi elc:mr"lnt:.ç n|. the

-i¡.r,:r:hi¡rn ¡:n¡l:r-ir.: J ip (ti ¡ " The ,:':üìpll{:"s.1:ii:n ':'i: tiit'-'çiÊ cl'=ri\'¿''tivÈË

iE' thi.. 1.r:rrç1 Lírie.:S'l: ps.rt rrf the ¡:t-artlf35' In gutrt*r,ll. " l:l-ti*y nìi¡.'/

he æ!:t¡ri. ner:i æi ti-¡er b;,' 'seii vi ng j:l-rer \'¿¡.i'' i. a.t i. r:'ri'r.1. {Èr!Ll#tj: i r:ns { ut-

'Lhe 
=ys{:ç¡m i4-cri Br- by qlpl--'i-oii:Lni;¡'l:'il-llJ'l:l-tu'r dur-iv':¡'t:'i''¡q¡s; r-tr:inq'J

=ir-npie 4j.f {(.jy-{ätrrF qlt,:'Liç¡ntl;(i:il). Fir:¡::':ltr-r11.;r in 'h.l-r {ir pr-nbInm'¿; t'Jt*

.:Ìr[.] C.¡nrtlrnerJ tqi. l:hr :¡{*1ine r.l.:;.=i.tlt'- r..,ål'/t; Ëi:in he -inr-.tn'i å.5 t'tg: gh¡'i:l'

dr ::rltç.g í n'hhr'.- n¿-:ilt =q¡¡rì:i.r-rng"

l-::i--fnrrl dit;rr-rs:;inq th'= di.lri-r*,lte rrrs'thn'l:;, l.riL L¡.Ìi! mentinn å.

partirr-t1*r ':itFEt" i--he sn--ca11r,d "psr"lllt-'1 t:lrt:nl::irirJ nreLhncla""

Thæ:;e r¡rÉl'Lhucl* srr-E r-r.'_æ1:¡-rl. I in pt-':bleins v.JhL'!r-e tltr=r inLegr';rt'inn

å.rrt]s?, Iauh] is dj.+l:ír'-rit L1r- impnË;î3i.i:l 1æ b,¡r*rltsi¡ n{

ins{:abilii:yii:çi, E;E.=i,:-rJ.}lo¡ *-hEr rn*thr¡,ls ,:nnsil;t i.n rhnnsi'r'ig

t-lrl: me=h pnirrt= LtnLar{Lrr1lrl,)/ :;Fä(:Ëti +ccnrdínç '[:t:r {:hn dif{:ir:r.rlt1r

ur.t j.nl.:q¡ra{:inrJ (4'-Cr} r:ver ci i++ur*Ërrlt pt;r.r'{:s $-f thn r'iì.n'JEj; i''e.'',

t-.lre ¡.roints rti ,åre cl.t:ise tc-rçe{:her ¡.¡Lrt*rcl (4*t) it¡ p;,tr'l:i.ç:r-tl.:t.rly

dj.-F-fir:r-rIf: t¡1 inl:rl,-;t-+l:""(;ÍØ). Thæ tl.-t::;itr j.':Jç:4. j.:;{:n t:nrnF¡trtrl the

:iolr.r.h.ic¡r-i {fvr':jr each ,"iurbj.rr{:qrr¡aL intortil i:}r- Ie';gi :i.rtrJr-*5tt:ndmtt'l:. 1.y

n-F ih,¡ r*:;r,.rLtç j.n l:ire g'L.frer-.::;r-.thint-'.r-lrv¡. 1::' Tl-t,,*n sj.mr-tl.'L;,,inenr-.ttly
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Þr:i. ti1 aL-terrrp'tinn ra =at:iti;i'r' Llrç'¡

rn.l. ':,lt¡nn'h- rnni-i. nr-ti ty tonriÍ t:i. c:nll

i rlL,erf ,r.r:Er.

Lirrr-rrrt1ær'- 1r cr¡nd i. {--:i ¿::nç;'hhe

ir.f-ri* i,.lçt'==ed *.i el¡'::tr i rrtæt-v':,t1.
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.4." [: r ['.] ï ]-Ë D IFF ERENÌ:Ë lIi:-f l{iltJf-ì.

-fhe ð.FF1ir¿rtit]n üf {irrite dirË48rfr'frr:a flrÊt-hod$ tC] tr,"r(]

pilintË bnr-rnd-ri,-y r,¿¡rlur-. pr-üLtIen¡= iE b¿L:liË,r.1 1.1, si:r'aiglrl:{llr-t4¡-3.1*ll"

liny iJer-i\,åiive ËËcLtr-il'lg ín tlrr: dit-tei-en''ti*r.1 ÊqLlå'L:.innt år-Ë?

r-L+pl.jî.rE:nl b!. iheir -fi.nj.tr.,: di-f-t'rrE]rrr:ã Í:rl1 pr'fl}1: im¡r'l:ir:n{;; {'*¡:pend:i.:r

ti) "

-lhi: me.i:h¡d ,:un:;j.st.,; in t:utrvær'l:i.nr;l thp-l set ':l+ firdj'nãt-'/

dj.{+ere.:ni:j.+. I eqr-r*l:irn:i irrtr:.å.'ii.ni't"-r.¡ sif,l'l- n'i a. 1r¡i:ht-;rit:

e{:¡r-r;i.'ti.unç f:hs: s-'r-:l.r-tti;--lrt of tryiri.r:l*r',"'i.r".l 1'f* '3.PpF'iliij'm':r{::i'mns ''-t'l:'

i:ji.scr-etæ p*:irll:s, iJItirrr.nteJ.y. ltln::[:' ':'¡::¡:-r1ir;:tions r:l{ l:lre m*thnrJ

rt'lr-ít-tc* to thg gr:I r-tti arr u.f 1..lr.qe syr,.I:'ti.:nr- a{ ]. j. rlr.l+r .;lì. gehJr-;.tÍ. '::

É:r1Lt.:iir:nç r^lith Lrnnd rn;].'Ll*ic(*-'1i ia¡::1:*irdir: ¡t') " 'Ihe di{'f É3t-nn'l:ial

glllLri:rlion r:J(n be -r.pprnllin;|.tû1 Lrr¡ ril.:irii'-i:inii-æ di-l-fer-enre

fornrr-tl,:=, ths rhnice cl'f whiclr i'* a r:t:tinprntnisqr bæ'Lweæn

=i.mp1 írit'¡" =i=Er ctf i:l-t,;: tr-r-rnr:.:.ì:-inn'3r¡'-t:ii*, stabi ). it-y arrd

r'nsisif-ç:,rnr,vi:7i" -fhe r.¡1I¿i.Lj.t'æ rnerit* nf v;,'tt-in¡-.t.t -fr:t-rttt-tl.å'¡:3 -lir-É

c! i sclr=sed i n ån:./' textL:ç:r:i,: nÌ nLlm(*ri r'*1 -+n'¡l ysÍ' ri (Ë7*:5 1) '

Itrinel 1v, ihe .:st ct lirie.=.r- eJ.r.¡etrt-.1-r.Í,: *qr-ta.tinns fllã.:{ be :;n1r."=d

b:yGìvari,=tYa{tecl-lnirtrr.teså.|ît]nrJtl.tt'.,:m,fiat.ts=ianc*].itnin*r.Li.mn'

d:i.t-u-:,:l rn¡..l:r-i:r inr,ær":;j.r:fir re+I¡:r.;t;r.!ir:rt LtTrhrriqUn":;, in':[ ir-ært

i tnr.nt i ve ri.ret-hnils "

Tl-re rhni,:e n{ Ll-ri.t -fi.r-ri{:n tjj.-l-ii1¡r'{1r'ìri-{:-' -it:rrrlltl,,ns; j.s n'f ËÐL.lt-5e

vi.:I-y Ímpnrta.nt ¡¡n,J a.¡:.ti¡nl: j.nr-i rnr-trt hrr:l pai,rJ ni:lt nnI.y Ln

{îi:st.trã1cy t}Llt e1:;t: ir: r;l-.;rL:j.1j.'l:t,. Thr.r tl+,: fill:rl-{l r-flrririilfJl-l ¡:r-rbIr;;:rr1r;

rilrt r:Ü¡-trt'Lei- eci 1ní-fl i



(i ) tn sr-:lve the

*itrt-tat i t]n=

i i i. ) 'L.r: :ihi:r"r th¡.{:

p;rrtr* 9l

.;l:t r:f I inrr.rr .,il.qr¡[:i-¿rir { i r-ri'Lc.: cli.'ì:ì:(31-ri:ncr¡

Lf't¡: .solr-.t'i:i un n-f 'l:i¡e -i ini. tE¡ di{:{{lrú':l'.tcE¡

eqrtaL.i,:ns yh a¡:prÛæ.ches {:hm snlr-ttÍnn i:'f ì:h,= rli.f+tll-t-?rl'Lj.,:lI

eqlteLÍons yirí¡,; ) at i:.he p'::irii. lí[.."

fln the ntirer h¡.n,J1 tl-re rhniræ nf the -tep $i.rÊ l+i11

rons'Litr-tts å cornpi-umiE;ë bËL.i.J'=[3r] ;ttr:trLtr-,Ì.ry and spenrl r3'ic

cuinpr-r'tniinn, tne pr-.Lcti':al r^Jcì.y to.a'=certain the adeqr*iar:y mf

t-!-ic¡ 1:teF =.ir+:'ie tn::'::1vu.. the pr-nl::lent fnv- a stn¡: t;íxe h a.trd

{r¡r å Eiiep =:,i=t:l hif ¿r.Flij ':r:]fiìp'5rl-Èl 
'hhe snlr-ttinn'= {t¡uirre

r:xtr-;rpolati-nn techniqr-tt::li .-*r-cl dç:t;l:t*ibed ia.ter-i = fjin;l'1-1yu ï;i.r¡tç

i.he -Firrite,ji.f{ei,r-ÈinrËr- -fr:rmr-.r-l;,.s i.nr.r:1r¡s: i-hr-æi¡ Í:t- irilti*r:: pc:lin'i:.s,

r.Jt= rn,.¡.ì/, f inri th.rt hiF.;, hervçl rn{frEr t/{:\ria.blt¡g ih.ln +qr-t.:rtir:rns"

Tl-tç-,r-i.:l.cr-e ¡.clditiun"Ll E{Lr;rtj.'in$ rr,r-t*t. t,,= in-'-i-'=dt¿ce':i h¡:Y'frir¿.1#.t-rl'ri

c]r- bitË1,:Þ!åí-dË. di+{Fr-c:n¡rÈl ir:lr-rnr-rlai:" Tlre=e eittr;r e'qr.trt'l-ir:tll*

sl-ii:t-t.l-d be ='¡f '=hrosen tl-r;rt th,=ir trr-tni:¿tiitrn er-Ì-Ëìr$ j.'-l

¿:ìfil--1 t-rjll{im.s.ti.¡eIy the li'--r.fiìE r}.':ä'L:lrat tnr- t.h'= nrr-in hrutJir nl

eqr-i.*tinns, Strrl,=: ç¡:rîlrnÐn þ,.F.yç¡ tn ,:i':: thj.s ål-e thr uçe o-t

Ta;rl.ür's series +ap[-rr''n]íir¡r¿.rtic:irs ¡.rrd tn di+f er,=ntia.te Lhcl

,jj.-l+e¡-,=rrtial e,:lltatian and ¿ìpFr-Ð!{j.n¡ite it r.¡ith .1 {inj.te

di+feretìËÊ e-.irpressiurr i¡n ex.Lirr¡:l.e i:l gÍven a-'l: ilrn snd nf tl'ri:¡

r¡,::ctinn), þJe i 1 1r-ta'h,i-*rf.¡l l--hæs;a r:nrirept:s tt,,"3iorr-ts'l;ing'Lh'n

s i. r,rp I e ËL5,::crnd -c--rrcler ¡: r'nb l. e:rr::

Í

t¡ I ¡ ì

'= -f {xryoy'i

= s ; y(hi

i-r¡. ;'l {. [:\4.- L ,t J

lr,
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T + t-Je 'L.¡.[':e å

ib-.a),/hl? thern

r i srr to:

¡-.rnifclrn rnes;h {- nh i I,Z''. n',:. I'l i årñçl ti Ë

rîp[]r-Lrir i r-r;rt ì n¡1 (iiì7i gi ve=

lt =i ¿1

å si mpI e di'f f ËrLlncÊ

i¿1,*1Ð) L-¡ iyr.,i = r,-ËrYn+1-Iìlrr+Yn-1J
_.1i Iu.,ry¡rËh-t iyn*1-Y¡-,-1i I = [

Yu¡1 == l{ Y5¡ F Ø'l:n'':' hl

i-f + in (.'j'*17,t dns= n':t dæpen'i ¡rn Y

ãpFrr¡]iimeti'=n i= çi'''æn hy f'lr-ttnerr"¡v':;

I -rì. ffl'lf-Ë ¡r:r:ltf-¿l.te

;rI gai-i'hhm i'J7 ? ?T ? 4Ë)'

(4-.iç) L¡iyr..,) = f,-'?f Y¡+--!Y¡{-i.'n-ll -- (1/l':i [{ i:'.n,.,- i.rYrr+Li

Lr3-F i;.jnuyn) + f ii:r-.,-i rYn-il = fi

YØ = r¡: í YN = 'Û iî'i: n't: l"l

The åpFr-Ð)1 i mat'e =nl r-tt i nn i s

the =';r=tern {4-18} ar i4*19)

Ltn !::n'f t¡Jn5'.

The Iine+.;-Í:ed +pr-rn af

j, s. +or ;¡ homngene0Lts eqLtåti nn:

t'hen nb'l:a.i. næri h.r.' snl vi nç ei thær

in 'l:he l'J-r.[t:{ Fl'+1 etc¡ltari nrts

(4-'17i with riÍEcr-t¡ti.:":ri-ian (4-1fi)

i 4--:'¡r3 ) LiYi =

y (a) :: r{

i il.r ily ' ) -t i:* r',"'r Y ' ) +nd q (:'l i

ø--y"iri + p(:*i;+'(xi "t- qi:';iY(x)

; Y(b) = Ë'

p,rh s r- ei :

p(xi i iJ/il.r.) -t (r: ryry'i
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Let ttræ int,=i-v¡.I bn F-'.ilf-ti+-i'::)nn,J irrin éln in'l:rç¡r;'r1 rlLtfi¡hrËr N

oi:ir-tbini:erv.,ti= hs''ving tl-re utni-inr-m 1ærrght h = L'/þlî the

pe.rtii.i.cn prnin.L= .=.È-E denn{:sd hy },ij. = j.h ;r1d th':¡ r:urre=pnndinç

fr-rnctisnal ',,ålLr== án i4*:l¡i by pÍ = p(r;ii, Qi r:: r-1 (xi) æ'nd Y¡.

= lr{r:i}. At each nf t-he partiriorr ¡::uints,'Lhrj.+ derj.va'LiveË åre

êFpf-iritim:rte,J by iiniie rl-lic'r-Ëtll:Ë1 {nr-rir-tla':i, Er-ri::¡tit'r'tte+d intn

(4--Jti and the res,¡-t1'l:ing rliçcr-e'l-j';,rl-ici¡-r i'l-i t4*:l'ii are

.=rËsÊrir',-isd ini:,--¡ å =7=L=m uf l{-t l j.nn¿tr eqr-i*.1:' j.r:n1r j n th* N*i

Lrni:.iìfiÞlt-r ,,,;r.1ltt=Ë Yi il-'':: j.':: lil-I), Elnr,:rL.t':itl the {ir¡if-e r'l i-l:{erent:Ël

frr-rr,rl-t1+s gi'r.,= cn11, ã''fl .!'pprlf]ij.rrr¡'tinn tn Ihç.r tr-l-l.n rlt¡riva.i:i\r*]Ë9

.Lh=i-* i.s an Ëí-rclr {.i.nraI trr*tnc;r'r',i.nn ElrrLrt-i ¡.::sr-r':i.-=r'1:nrl r'¡j'th

=si:i-r =qut:.'l-- 
i nn l';h i '--h

i.i-¡= ==i- )"i i = aI=':

L4ç: ç:hEl I cl *nmtç: h:;r 'ri ( J"':'i'lirl*i ) ' Since

a -nII-tl:inrr r t\,ç;a r'lTr pl¡'-i[:eI

i /i!-":1 i L¡ ( ;'i [5 -r F -r" G-lY -]- [:rr: Hy- -l- Fi: = t'

r+hæræ:

Lhigtirerlisrr,=t.ecp*re-tnr|:ñr.¡..ÊiÌÍ1Ft-.lrrdinql--n[.-

Ë1F:a.n,Jü.¡:l-É([.J-1ix(N*linr¡.tri.t:t:gr:fEnt+-tir::i.entç

åãËr-rfi*rterl respectivel-v r+ith t[:rn n*ç1a.tive n{ 'hhn frt?l]tffid

d=ri'..;ltivertl-receconcJ'::nrJthirill:r¡rm=in{4-?l'1i

E iç an iN*i)xI rn¡Lri:l n+ hctutt-rd.nr-'¡ pni.n1:i:, rmmt'firientc

c i-ç the vai:t¡:r ni b':rlrrtrJar-y vci)'Llil:'ïäi rJ¡ ã (n: upi

y íg thr-a co].r-rmn \¿f:ct,nr n{ e].t:rint..:ltr'l:* Yi (j..{: i.{: 1.,|'-1)

.disthecclt-trnnver:tol-ntg].nrnçrr.Lç{i(l':.i.l.hl*].}
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'rtr,= ec¡r-t*,tion i+hi':l-r i..i s.,:,1.vt:ri tn nh:l:a.in -3. nL.tnl¡Hriral.

snir-ti-isn is¡

r jl- ,J J I -Er45,

rqher-e nn'.r, 'i is

=u-i i,i ng ( 4-:I i

non-Ei ngltl e.r ,

ån spFrû!{ i m¡.t i nr-i tn

in place nf t4-:1)

y, l-hn -1rrËr r:nmri¡j.{:cd bY

¡:rr'',':ided t-hnt ll iç

f rf --'f :l 1 H 'L

ï-i the rnai:r-iu L= nr':n'=tnl-is

i =. nnn-ci nqr-ti *.r årrü i- t i s
_1

ir¡ailirït.tr-il f-stlJ =r-trn 
rJf A ' by'

ii"æ=, {i::t'- ;T.n:'' iì'¡.'E , y-:'-t)}, theln Él

'Freqlt'*rr'L1. y pr:t='=ibl e tn i:¡r:r-tnd the

.¡. ':nnsl:.il'nt i ndtpenri*lnt n-f fiil

i4--Jii) t"* .r. Xjrì*lrrftrt'::: [r:1['r-i ti=l r - " " rl',1]

Fr:¡- e:ie,riple, ¡. =errn,J nrder- =r:lr-ttir:rt ilt nLitain'=i:l l:rr-rtn'Lhe

åp;-Jrilir i nlaì:. i nn s:

I ¡+'-i;f J

i4-.:6i

r+hirh,

=;v='L.ern

I (h:)(L/h*iåiVi -r- {

F:l

i1,/hi mé,1/i + tJ {lr"'}

l+hen =ltbE'i.if-r-ttr:rJ irito {4'-':fl} -iur- í'=l'r."'ul{-"1' prndlt':r'+ a'

i

].

o+ eqr-tations (ç'lith ìy'=t-ti



(4--:f .r) L¡ {r-r¡ i *(t.¡nili tur

-r- Él 
.i 
u,j

Lth¡ == ti
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.i- i--Ît-t¡'+'t-t.¡a 11 -þ

st

i*i=..1 .r,"" rtd-l)

( I ¡'il-r i p j t t .j -n 1--r-r¡.-- 1 1

Lttl = û' í

n-¡lr1'l:i pt,¡i nq L,y lrl/'::

/ -,1 --'-.il) ì tr,f ¡':i L¡ ir-r.i i -.'bjL.tj*i -1" ir¡Lt¡

{j=Ir"""rl'l-Li

1"li-r Ër- Ei I

t 4.-:? ) ;ì-'J

i r+-:ii¿ i b

= i-r.(i-rl.i:i rl-j

= t.L iti t l.{- {h/'ii p_i -1

= r.I/2i t i'-" ih/:¡i F.i lf i!-..:,.t ,

J

iC

end Ll-r= rna.i-i-ii: ê a{ equtni:i.on ('+-'::l) becnr¡s¡çn

.aj. *ci

-tt 2 -:t''3 '-c r

f-i

*b¡¡*t å¡¡*: *'cï,1-?

-bt.l__ l. ãírl_.1

I'; r4J'= i mp a=e I

i4-f::¡i q(x) J'= il#. '!'' Ø it .:i' '1r / ¡:r-;i'
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whËrE

(r;l--f,T) F'']ù = måiitp(x)l (a'':.il'''.b)

it +nilnt{ç'hhat:

(4.*f,4)

( 4-.55 )

(4--f,å )

(4-.-i7 i

fbjl -¡'

Ia.iJ ;,

te¡1 '?

t;.¡.¡_ 1 1

tr¡1 = bj -r' rj = l.

ir 11

tt-'jl + tc¡1 i ?''::j'i:l'J-':

." Ihi..¡-1]

-[hr,: r¡iæ.t-ri:'l rrt is then rrtrri-'tii'ngutl':lr ¡'nd

(4-l 1-¡.i rã.n be cr:rrii:t-Lted lsy a' çi j' mpl el

f:l d*t¡': r i b '=ri s: i =et'Jh '=r il "

-l-h¡-:l I æ,:;tL trutn':¡.''- i on Ei-t-Ðr' i ri i'1'-'i4 i

'ihe 
=,---¡l 

t..tt. i r"¡n n"i;

c! i r *c t -t .:i.L: i:: f:l- i r "l'L í nn r: f

ü.s.n b¡:: gt:¿L l:nd .itci:

(4.-f,8) [r-t¡-Y j ] fr?f tÍ'i4-r-iiF'-Éfi-C,/1.?fJ.Ì4.1 i-'i=i 5 ",, " II'Ji

u¡he're;

t 4*f,ç i I'if, rr1;{.}íf,y{f,) l, f{+ maxl-vt4i I (nver- l-arbl)

l-he dirÈ{Ër.-(eni:Él =t]1r.-rtj.nn 
(:ürl\"8¡rçËs Lu t'hæ eit¡'ct çc'-rl'r-tLic:n å'r5 h

tencl* Lo irr*:inity arrcl in {act, trr': t':I-r'(f,r j'g a'L tnr:out 0(hË}'

Far eqr-re'L.in¡s Írr r..ttri.rl-r ¡:(it)'"'['1" thc¡ rj¡rl-L-rl- L¡nr-tnrl::' ¡lrt* n{ l]il-r'l') "

Thc.-. Êrr-Ðl-:1 o-r rnr-rndl-,{i in rnnpr-ti:írrç:¡ rlltlìt-l bn e:'i{:j'rnatr'ld in {:htr

15{alrri: r.¡,:.ry. l--nt- tJ-j tlre catn¡-:t-tL-'t:tJ qr-rar'll::Lt:i'c'lil r=ai-irå'icyinçr



Ttr* qltantiiiers hj

rnrrrmi f-ted i n L-¿".Eh

[]rlflË: 9?

\n'-,/lJLr (L-l:]rr _l
h¡ã tJø :i:: ü+ hç-li UN p+'htq

re*pr'æsent ''--.itf,*' l ac.lI rnt-tndn-Fì: Ë¡-rnt*s

cnrnpr-rtat i nn " [rJç: def i nr::

{ rrr-41 ) Ë U
-1

Yj i j=l r.'" rl{
-1

.-¡.r-rC t4E rå.n { i nd l

i4-4'J)

,.uÍrËre:

I J-L--.i,L a. I

t ¿1.- /+.i| )

i ¿l*45 i

t +--r{.cr /

[ 1+ t n3¡: ) i:]., I I E-i ]

¿ = rr.+il [ ].¡ J

i:Eúl = th{4i

tEï..j1 = Ihtjl

E = max[EiJ

-J L:- ..r-

I I.: '1.: lì¡ ¡

t l. ':.. 1 ':- lï J

t+l-rerr'r j.+ t+e req,-tire thal:. h:íl**,/'f''iIc

I Ìr * .{1"-7 \ E';. (J../ü-Þ)[r' {- 3],,¡h¿l

11æ!rniipinq i4*f,8), (4.*4:ii ¿rnii (4'-'4.7i r t,ir:l nbf-aj.n 1:t:t-

çiLrl:riicientLy srnal I [r;

J
( 4.'-iì.Ê i t ¡-i Y-i l trl t. i Pl4-r";¡:''v'¡'¡-:;i ./ i.:tül-,¡ I + n--il r:th/üt# l



lic:rnar- l,:

p.:-ì.!çi 9g

*l

Tlrn ma|r-i.r: 5 irr {4-:i i h¿r.E tl-r ç* f nr¡nr

( 4-4ç )
(= --.fh*J

t'ihg:¡*rl ,1 i:,i L.lt¡,1 Lranci nr+.rri. ¡.::

--t

.- I

J

T

I

E] -:!.

--1
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3 " t--Xl-11êFüL-Êi'i- I ili-.r TIl]l-.llri i ütJËil "

A= rnentioned earl. i.t=r Ë,:iirrÊi æ;.r'l:r'¿tpol¿rtinn techr¡i.r:1r-res à1rÉ

avai L alr I e tn i rnprnve the arJeqr-ra.ry n{ t hr: me Lhccj rhrut;en i ri

si-ci*:r'to sr:1 1.,,s: å pg'r-tj.çr.ti+r pr-nh1r:ni= Tlrn tr-Jn bËst-1,:nãr4n

techni.que= far incræas-i.ng tlie ,:rd*r rf,rf, ¿r. iinite di.f{er-encru

n're{--lr¡¡' *tnd thr-t= i rrrpt-nrti rrg the å.c{:Lrrå.ry obtai n'=d {rrlrn f:lre

di{f t--,rr¡nt rhnices sf the -=tep =i;:e, rc,:rr-rnLrirã.ãe.. " åt-¡:-1

di:;cr-r=r;ed heiçr.¡,

Thæ -Fir=t e;.1 'tr;ipnl;rtinn tscl-¡nj.qur,= j..= b;r:,æ,1 LIF¡f,in tt-¡n

i: r-rI l ul^ri nç resr-rl- t I

I ¿tr-:ii?'l ì r-,t11
'a .x

lr'-c= (r:* ) '+' ü (h'"i
II

i4*Ijl. i Ë" ii: i

i 1.::: rin';;--fij1

q(xls(r:i _ í.|7 /1.:¡i [__y (/]1.) (., ]

+

r+h ere r

pir:)='(¡;) -t-

ôt5r ø n(b) ü)I

On er,,;l1r-tai-ir-rq the aJ:rprc:xirn;r't'¡* :;nlr*rti.r:n at s'L.r-:pLnnqtlr ft:::1.:' and

h=[,: ,/li, tJË.-Íind (i.n.3n nhl.inu=. rrçi{--¡itiün} .+n imprnvr:d:lolr-rti.nn

r.+i th Ê1rr{:r tr t n4 i ;

i4.*5!', ïn Ì Ã !7 \- - -yi'/ .i ,' f .1- t.. i -,- Årt lt,./.ü
(1/f,):o,rlrl,: f i r' :::¡ -:;' =[rJ ]

i:r'; i1. Er.:cnnr!' 'Læthnir¡t*te lÈ,ll-t Lt:i rnçli'il:,i.r:n Lli,e rJeii:Etf-Ê',rcl



Fcr.EE ¡oo

¡:t-1r'rFlËi:i'ln tFli.rh=-r.r-,:isnn's el.ltra.pnL,:.tinlii Hhich h¡.s heær¡ pr*rt iln

å'l:henrtl'Lic¡^1 b;,.=i= l-:,r.¡ F'r,t-ryr;.(3fr). l: -i .:lri --ì.ppr¡fl.airn¡riinn j.sl

c;iict-tl.eLerd ç+j th a simple trurrrcated .t:irri.'Ls dif riErrånt:æ f ormr-rIau

i'L is ï-Êåsnncî.biÊr t'n ÊLrpp':l=É lh.Et tfr¿.: ,:lr-r-,:r a.t e¿.ch pirrnta.l

pnint is:t fr-tnctinn Ð'i: the rri=e aS thn intr:i-v.¡1. l-¡" Iîrp,tnding

this fltnction a.z a Ta'¡lnr =er-i.=s, r^JË [Jrn r".lritE1:

(4-5ri ytrìt . -, :l
ffn -f Lr1-- -i

Ït i.:r *r.Lsn ræ;¡.gun¡.'-'rIe 't,: -=LlF,r--iú=s th¡n l:lis tærn¡E rrn the rigl-i'l:

eqlr*r.{: i t:n halldert-e¿rse in si¡e and, i+ thr-+ iinita" d:i.-ircn¡.-ence

iliÉ;inin'f thet y{hi y

ï + l+a. c*,1 cr-tl. at e =sr¡er-*.1 ã.pF¡'rlrí i rnete ç:nl ut i nn=

=r mpl. e eqr-.ta.t i i:n=

c¿,rr rsI i rni t-l,3't r= the

br-it r";i l:h di ii¡r-i:rir i nl:a¡-'¡¡.1 =

i,err¡= F, {l="."" It r{s p¡r-il:e

thr: sc¡lr-r'1.:ir:rr y r:ån be r'.iril:çr¡ -:rË ãt fr-rnr'[:ic:n nf

e::;.mp 1e o i + t'Je tal:e hr=h 1 ,/I:

( 4-54 ) f w {i} + ( i /?¡ ¡,, i'Ji O(J.) 1 + t{h4i

¿{'= I I iã

lrti nçl t hu" ÊiåmÊ

hi, lr;r.-'r r,'JËl

"{t-} 
fnr yihr.),

',"r(fir*) ' Fur

F,:f h? l-ri/? æ.nd h-r h:..r'"'l ì t^t{t h¿..l.\¡G X

r.. .l --;l:r J (1i 4î.i) [y('l;)
.r(1i 1 + flftråì

I+ r',le cün:;idær {t:r Ê}í¿.i.i'rFlEl'l:,hr::-;er:nnd--r:rder di"F-tclr''en{:i.¿r. I

eqt-t.rtinn (4*:l¡i, þle cð.r-1 rn¡:1a':* it hy 'Lhei fini{:e rJiftr.lri.?n{:(..?

,, t jJ 
1



p åriJ Êj lo t

Er.l Lr,irt i fln :

(¿Ì*fiCr j r,1.r.hFr_.rtl yr__r1 il-r) + ( 1-hpr_r'.ìi r*,___.1 (hi il::.-lr3qr_ ) y. (h i

=ü

Sr-rbstitr-rt-inq the yn {r-urn thæ Ta.y!.c:r :iÈrriæã Ê}.Fån-s!ûn,, r¡r':} {ind
'th.:rt the crefticienf- E in (4.-.5Ti isi gÍ.r.ren by:

( 4-*5.r ] .^?.- ?.\d--,/cH-lYr F,,. i íl/ ílil ) y,- -þ er-yr+ Ø

Thsr :¡rrcËe=:iive 1¡.ter- r,:lLr+-Fir:i.,:-rLrl:g; ,:t.r'tri rErIr:uIa.i:e,J iri t[-ti: sa.me

,.t.ã L, (:5'l i 
.

''-' I



rå'lÉ 1O2

i: " 5I l{Ëul_FtË T t- I E5 "

In the nLrnrEr-ic":rI solr-rtir:n r:-F di{{erenl:i*-rI eqr-r.:rtir:ns r{,8

cð.t't treat accurrately nnly r+ei1-'beh"rverj -Ëltnc'Linns v,¡ith nf-1

singr-tl.et-itieç: in the rånüË n{ intelçrerti.nn" Never-thelæ=ç it ís

r-tsltally po==ib1æ tn rerngni:,-r -Fr-r-rrn l:hr: dif+¿+ren'L,i¡. I eqlr,+ti.on=

thæ æiri:i{-_,=nrer pnsitinn;lnil .L;rpi: n-t si.nçr_t1;lrit'.+ *.rrrl tn t-ËmD\¿B

it by tr.*rrs,'iorni¡.tir,ns invnl./j.rrç the dr:penderrl- a.rid,/r:r-

i ncJepenrJen t r,--,rr i ;¡.1: 1 ç:s

Thæ'Lirenri' u-t =inr-1r-t1+.r ¡:ninl:s i:s {r*¿.1. ly'devr:I.npad æ.nd

r-r:=r-t.i{:s ar* ava.ilahlp i.n =t¡.n,1:irrJ {:etr:'hi:nnl':s t;i7i 
"

I'f a print '{=c is å. reç¡lrIar- t;i.rrçnIar ¡:rmintif,g} crí ¿r linear

dí "f -i tr-sn'r. i.:tL ÊqLrr-rt Í Dn i

i4-5ll) p (i: ) y" ir: ) {- q {:riy' iil)'+ r irr}ir(x) Iã

-[he r,;.r]. r-L*:t rr{ r a.n':j

tiren ¿a ãËi-i.eË çol¡-rtir:n (':f Fi-nb':nir-rç ty¡:e) r.:.li*t:; n.åår l{=r: in

the fo¡-rn:

(4-59'
7

(x--ci"lÍ*i (x--ri r (i=ü-ir.,, rin+íni.tyi

wl-rErË r i ç, nn'': trere'*=.nr* i i 1' ¡.n i. ntær:lelr "

{:he åi a.re d,:termi nt- cl i rr l:ht': r-rsr-r,:.1. r.r¿ty r

{4_3qi *rr d il= cler:i.vati.",s.}:i irr (4-"5üi ¡.ncl

i"e" in re¡:Ie.cin_l

rsrtrr-t;:t i ng th'=

x 'L.o i{ÈrÍ-r:" 'fhitlcnefii.ci.en{:s nf the di++er{:nt r-rnr"¡çl¡-s; nt

inei:.1ìrJd givr,s:rt l.ç:.¡sit nneil:;i:Iurti.nn;-¡.{:.i¡. rec;r-tl.+r'si.nqr-t1.rri. l:.y"



F;åçc.+ 1o3

Annther i nterr¿:+'L-:i ng r¡*:rlrncl t¡råË i n'tr-ctclr-tceil L:v

J"C" Taylr:r' (4?) . TFre rnsl:hnrl crrn:¡istçi in ct:nsiderinÇ 't:hu

solt-ttian yiLli å.8 th'= r;ectinn n+ Ë:r. sr-trl:are !ily=y(xrli by a.

vertical plan? '=rry t=E *q.nd cnnEider-inr¡ tlrc+ ¡.n+lytir

corlf-inlratinn o* yix ) , y (z ) t==:r+i.t) r r^lhir:h satis.i:iæ,s the

di{+erenti ;tI eqltation:

(¿1-åü) y" iz rt) .F pi:)y'(=r'1.) {- q(zly(r,ti tn

nvp:r'l:l-i¡= t-n1.:rne ¡.ncJ tihuse l¡oi.r-.rii.nne r-ndr-r':e tn'i:hn':le n-F tf-tr:

ri-Í qi na.1 eqnati un Þrl-rFn't=fl . -l-he elqltal--i. nn (4*,årn) hnl.¿lr;

throltghnr-rt the, t-pl.æ.næ .:,1.-t4J.::r.\i/ -Fr-nrn tl-tr: sin,¡¡-r1¡.ri i:.í':,'s' r¡{ p (:.1 }

.and/ur q {x i . þJe cÃ.n therr:{a¡-e a'1.:teinpL tCI LrlìE i't tn i.ntmgr-+t-n

å{5 tJL:J+fit-i3 br-tt n¡:ltr, l¡JE dt-{r::i -¡r-e,= tn rir,:ln:"e .:iì. p;ith t'lhirïr a.vnirJl;

the sinclr-ri¿.ritie=" Thig tçrhniqr-re :irç .:1.¡r¡:ì. i.c¡.hIn t+if-hc:r-r't

d:i. -F i i rr-iI t y- l+hen tl-ri: .¡ i nqlrl. ,-r.r i I:1, ijns:i; nnt üËrr.lr ,:Lt tl're

br--rr-rndary pni. nt= r.rherea.s i t i nt r-ndr-rrns t::.: tr'.r.pni. n'L,s i n the

di -F+erencE eqltsti nng t.lhr*n thr si nç¡lt1;tri. l:1, i s pt-Ê*sËnf- at Ët

bo'-tnrí anci Erjdition.ql di+ferenc{r ç,rqr-t,.å'h.i.nnçi rnlts'F- b'E intrnrjlrrmrj,



ilr-"r.tJtJ lO+

7 " H I6il -ORtiËñ F I hII TE D I Ff:ElIHl{ilf: HËTHilÐË "

Th,= previ':lLlE disçr-rl;ginn riËals with i+ppraa.rhc¡g r.-Jlrere

=inrple dit+er-ËncE eqlr.*'tion's h,ei-it LrsÉ,1 t,: årppi-Ð){irn;i1:e the

sallt'L,inns nf diff*rt:nti¡-l clqr-ta.{::i.nnç" Thc-" pre=en't:.'sertion wi. 11

rLlnr*rn r.,ith '=-.rrnË E:iEì.rrip1t¡Ë i.thnr-e thn r-rti L i=¡.tinn 'f"{: higher*

t:i-der- di-fferE:lr-rtr= clqr-tarinnç,3t*Ê'r-tsed tn inrf:rnvn t-lr'* ä.Ë[Llrr?.{:v

n+ ths åpprDi{ j. m;.t' i ons "

¡ls ;i. -iii-st e:.r;.rripIeu r4È3 r'ÊS|-rifrfJ .:?. gi. i; th-nr-dr+r* rue'l:hnd

Thr-l bnltnd.nr-,w vaL ¡-tn pt-nLil ern ca.n i:epr-npnsed by FÌ" A" Usrn.¡.ni

=tatçd åã inl i 'f !,rs r

I Jl-È. I I t¡tt d'1-,1 :

t, l¡i =

:¡lr ¡.l. I

t;,YJ /

+(rriy(x) -l- r¡(Xi

wlh) = È,
¡ ,*' P

-: -:" .-, .j'!-r

C4

r/lnerF

i) ¡{. -¡;':l- =þ

iii rr a.nd f,.:ìr,3 å.t-b i tr;.ry'{j r ni tel ran:,'r.*-+.ni¡

a',:. r:'t:. biiíi {(x},.rã i,:r

i v ) -t rr.fid Ë ¿ir-FJ trÐnt Í nr-rn¡-rs { r-rnct i nntl Ën fi-he r-Er.ñÇF c-tri thei r-

tler j. vÃt i vEs LrF tn f he si. ir f-h nriler .

In these

ltsing hígtier

sat:L s;f i e:;;

c.t:ndi t i nn:l tlrr: sy':ltem h¿r.:; .å.

orcier- di { f erÈr'ìif:¡ EtLlr-rè\i: i r--'r1:å -

r-rniqi-r.n snlurti.on ¡.nd

the solr-r'L.inrr (ytxr,i )



p*1iJe lo5

(--1+*n+1) Yn {- ('f{-Ên+i } Yn-rJ. {-

(n=ürIr.'.rN-l1

, -- 1r-f,r.1r_ 1 i yn{_:¡ Fn+'L( ¿1*/i: )

( 4.-å4 )

r+heræ the Ai E5 C.=.nd iJ å.t-e- dc-'-tined in tei-i-n= oi thr¡ +n a.nrJ qn

and their fir=t deri'¡ativFË. The =y=tern (4-å3) carr he ¡¡ri'L.ten

in ¡¡r¿r.tri:i nt:',-åt-inn sE -toI lnlqlË:

i4-å3) i'iT tJ + üiY E

r.¡hL=r{* f'l i.=. J.¡*r niín tridi;-.çut-t.-.=. I nia.trj. lt I'lhirh rn+.y b,:'t'Jritten å.i.1ã

the çnm af il";r--r ni:n i:ridi;.gnn*l rna.tri.re= 'T+rI! r'¡here the nnn

iËr¡f, e1':rngntg åf EË

-'1L

r,Llj i .ct,l- L

Ji ri+L
Qi ri-r1

¿! = i. = ,-l
'1-l-1j1

f,ii ei+1ri = r+íir

*aFrd F (h. ) is å f'l-dirtensirnaL cnlutrnn t'ectnr su*l't 'l:hat:
I

(4-å5i br=D1-Aii bi=üi {i=lrJr.. ' 't{-!i i b¡.¡=l}¡¡--Ë¡.¡

Thr: =y= 
r-ern i 4-åf, ) r;rn

¡:r'evínut=1y" Tf- tr;1r't be

ñ '/ i )i n ¡ -yn i. s hc:ltncled

be :¡,:lved by' ;r.ny method pre::**n'ted

shc.'-'r.lrr th¿.'h- th* disct-e'Li.iaf,inrr ri¡r-rnr E)

hy ..-i. f ;ri:tr.:r n{ nr-der in hål

t1

( 4.*'åC-¡ i mar't I rl1 J E '=ü (fr6 i ( J. /ll l [.l.' i h-a ] rhd; I 1 .:'=i ':" =l\l 1



t^l lì i-..1 t- Et

[]¿1.':lr:l lO6

s LrF ( :il c/,/ r:üJ :i 4. r3 üi i i d Ë / rJ ) 
.,.8 i y (. x ! larbJLf vf¡ r'

rr'-ii: å3- t l-/r':) .i4.r- tr/vrÃ) åå:y, -r- ü {F¡d'-'i

'f Ê:ilri-å- (L/4) åli-r-(i/ï{¿1).\51;+¡ -F ü{hÉi

i ,rj.-¿17 ) t'lB

'lhæ seccnrJ eir*rrnpI e prnpn.;ed i::¡ ,T. l\1, Shnn=ori t¡-,t iã9) cnnsi çL=

in r-t=inç hiçh-order cenLral--rli t-it*.en,=e {i3i åF[]rÐxima'Lions tn

the derir,*L.i.,,,es ¡.t rle:ilr pnj.nt:,,¡r-r+-tici¡:n{:1.y {¿r.r- -Ír-r:nr tlra

bur-tnda¡-ies ¡.nd lt=Íng li.nn;rr cnmt-¡ina{:inrrs uÌ n'rn l;r*nrnir:'L.r-ir,

{i.nitr¡ di-i+Ët-Ëncrl ci i:;':r-e'1,Íraii¡:r-rü t*¡!rã.i-'f--iir.r [r':r-.rnclti Ìit].;¡.ç tn

fnri:tE tl-ræ trL¡.1 cnn'i^r'il-¡r-rt:lorr ürc l:lii",r higherl:. dç,.r-;i.v;*L.rvr¡ tn thre

r-ti+:"t-t1'l:.i.nE lineai- ei¡=tetil'[-'::'l].lil':tì'th'¡¡ {¡:r-r"n ':1:.:,r i-.ri':l i;¡.':1r:n.=.1.

ril.ì'Lr-i. l: rJf the f nrnr (+-¿ltîi 
"

Ã-- - *i + i,: ¡.{:.tumpt tn ohta.i ri lii. rll-r rir-d-?r- ¡.rr:nra-{:ÊÌ-l:r Èl :alrHL J- ï 1 r: ¿ì.r- Lut¡lFrE Ëtf ÐtlI..LL tl fi j. üfl fjf-fi _?f- .*1.Ë|:i_tf ¿

l:i::' ir-.t'Li,:n=., 'khre si.¡li:i-r {]i'-d,'.r cænL.r-¡. 1 .:í¡,ËlLtrËiiiin,r.'tinnç .i'.t 'i+i

( +-/::ilJ J
r ,ll

( ¿1-å9 )

ii=.li ,4".. " ,f'l-f,)

bt-t'L t^Je EÌrs3 n'rt ¡.b1'= tr'r-t.*t'¡ l:lri¡:;¡: f,.ililt.l;:ri-i.nn.li;.t i*,ir3rN-i.?hl-3

'nt.-:c,¡r-r'se ta,li: .5cl r,^l¡:r-tld requ:ire:i thn t-rr:[-l n.'¿.'¡nlr-rti.ilrr ¡:nint:.*

t-rr.rtpide tlre ÍnLe¡r-r"*r.I [*-r.,b1" L:.;1' sr_.r.b-*'f.i.tr_rl:j.pü i¡t.n (4,-3Li ¡,,{{l

i.irr= able 1.-n ohtain l\t*s eqt-r.*tinris ín'l-:. liei lln[:]Íìr.ir4Fr*i yi (i Ë

1r?r..,rfri-1i,, l¡le çl't..¡1. 1. L:nn$id,Er ilrt {r.l:rirr'r.-!.:ri:!l l:{:Jr nh'L,.¡.i.ninç¡ the

¡rdcJi.tian;r. 1 -Fflltt- ÉlclLte:r.tinns t-eqr-.t:Lt'"':."tJ" l-hr¡ nii:lr,¡L fll::vi.':¡-.rî', a.ppt-n..-r.rh

i.s 'cr:r LrriËr .=ix'[h nrdr,rr- rinl-ì i:yi-nrlrltri.r tirri.-h.äl di'ii'i:ñ:r-r,rrìËE:

{r.¡ri"nlrl;,iç-" -fcr y"i ;rnrl y'i ¡f. j.=lr:rhf-Lìf.J--?



pcl'l13 I o7

l:nr riiÍ.¡.ri'tir i. E ,

(4*7üi - .ll
.l 'I 5w.,--l I

d. r-;.-. -l- 'l ll. r¡ --

-r- n th4i

&Y ¡.7 + V'* -l,¡J

\ ¿T-./ I i .i 'i = ii,.'l':.h)[*_riyen --tüyI FJyI -t- Y,r -l -l- il th4 )

The rEELrltir-rg alçebr-aír EqLr.å.'L.inrrt¡

Fr¡Lr.3.t j. nns æ.I r-ra.+,:iy c:biei rieri br-rc i t

i -* n tl: mt-art ':'r: ¡rn '= , 
-[h 

æf- e+ ':]r- e , r_t= í n g

di:;r:r'r:ti.r¡i.l:i¡:ns nÉ1.3.r' thn hnr-lnul.¡ i. rr

sr-ri! ad-ini-+n*:d tn 'Lhæ t.J*S

í s + nr-in,:l that ti'1,.¡ matr- i. ¡l êl

Ç$r'itrL-r i n,j.'L i nrrs n{ çr-rch

¿3riJer ì--Lr -F nrrn VAr- j. rJç.5

p*.ì:i: r.-r n 
=.

e;l 'rnip 1 re

b-q.nd cl f

c'i: c':çrif rri=tli::T in ï-hæ

¿r r-üþJ by rËlr"J =yrnnrq'l:r- i r

nun ;r3rÊ rlsmt:nts in 5

ülrå{:-ri}í A? tJÊ? rå.n {r:.lr-r:e {:ift*

pe.tt,=r-n in Ë :-ìLt':h tft.ni: the¡

'i.¿tf-te:rt: dr:i+n i n v*i cl'Lh {:t:r.¡¡.r'dn

tilel Llut-trriJ:-'.



F,:r.'J{äì lo8

Ël-{ilF'TER 5 r FiËiiilfii'iÍ-ll.- I IËû I'lUi'li:tir:V t'li:Tt"lüD r:ii{ti ül:ft I Vt:li l{inTF{üDii "

I " I ï{l-lì:tltUiiT I ilÍ'l "

The stirr ni thi= ch.=-.pi,a.r i= {:n prnvide ËÐmEt

tn snl.ve thr= eqr-ratii:ns cjeríved in ctiap'L.er :." t¡Je

-F i n'J -¡.mtfrlLl th':l

rnnthnd r,*pa.i:I rl

n Lr n¡ Ê¡ t- i c a I tA,.r1./ g

r"erc+.1 f i:h;¡.t

n¡'='l:lrr:rf.s dr*r;r:r i. tieil

the n*-rii rn'r¡-t=i rnel Srlrrr-:¡:di nçer- Ëqlr¿rtí nn desrr-ibing f-he si{:.a.te

af ¡{ n--hnd;- =.i.;5t-s¡ r^i¿iE =pl.i.t inì:.u t-t J.-diin*n=.ir:naI *qr-r;.f-iurrs

ili'l:l¡rlr n-i r¡.di.:tl t.fpe ilr c¡-f r¡åi.I'lrJl.E*-'bendit-ìi:l "'ir*prrl , l-lr* r*¡.'Jj.¡.1

r-qr.te'h.:i. nn= c.å.rr L¡e =ta'L,ed ås ,i rI .L {-Jh}f*:

t :r-Ur-'-t ,l

tllt':r'tl;rs; the " å.n,J L e-bend i nrJ " *qltir.l:. i nn'g ,!.r'Ë r;l:*-,'l:ed år:i -t nl I Ðt^Jg:

(:1-ü*:l ) lij¡r 1.., ì p(x)\[''(x) l- 4hs(r'lir'[r{¡li lZ ¿':i. =;.r.i'=þ

Errd i.n br:l--h tråEe=, t-he LioLrn'l*ar-v çr:rrrJitinn:i å,ri.',1

I r'-r--t-.t- a- ¡ 0 ){=r?. 1h

lllæ-rrli., (5-.Ø-. 1i i:-" ;r.

pir.ritJ'ix)=i.1 "

[)r-tt* prËÐccLtp.r.t. i r--rn i s

i n '[:lrc,l prr:c=di nç ch.rp'Ler

p.'rr l:. i. cr-.r1. ;r.r ñ*Ee n F { i:j*.81-.:l } r^¡trer'¡

.l:.n

tn L¡n r-.tsr*d i n hn'Ltr
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n.å'.iitli3 i5*l¡*1) Ãnd i5^ft.-:1 ) ? Ëåìãii:/ !iË:l.,",ctr:l (j.l\¡,r;r.l t.J:i{:.h hr:r-rnclary

cnrldi.tinris di'¡{Fr,-Ê.:nt {r'-:nr Ii(:.ti=fJ ¡.t the hnr_.rr-rd:; (r_rl;r_.r¡.1

hot-tntJiLrrT t:ntrci i'tir:n=i r eitì:e.lnil .r.Lrl.e t:c ,:i. 5'='1rtÍJrï r:-F r::¿:ir-rr:1ri,l

6rqrtå{tir¡nl; a.nri l'lith the higl-rei- pnllsiblrs,-ì.rrLri-,:,.riy" fhri= j.s ths:

slth j e,-:t nf 'l:h i s trl-r.,-ì.ti'l: --r .



Flit':tÈi I I O

;i " 1-11[: i]rlt]i*i::Y-l'lUi.'1Ëli:LìLi Í{Ë-f Hilü "

L*:t Lt::i r'f,nsider- t,lie nnn--hcfrÌ-rnqÊ'"1*r{*nr-ts ,sifienv¡.1.¡-rtr prni:li=rn:

(5-1)

t',hriri-l thr {:r.tni:l--inn r!r.- i.: ¡:l+-ii.nç¡¡1 tir.¡:' a ¿1:ì3

i=-:i rl- l': t;l i i,V- ix i

t'J-il'{i i= .3. pnt¡:n'tí;.i -fr-tni:tiuri rír.lp*nrii.n':1 r.rË},:}n å. Fitr'.fl,rn*itÉ*r- s.j h

.:-ìi-¡= the rií çenu+ì r-ra= 'f-F thn ç'r-nb1r.riri"

Lrt- l-t:å ÊtlÍF:1nC the =,:.¡1.r-rL,inn 
1å'ir.ti in [_irc: ,in1].nr,+:in'¡ 

[-rc]r/J,sí-

ser- i rls;

U"txi = q;=t:,1)U{;.{} ¡- çtr:)

'I'{a.i = L/. q ìJi(h) :; F

lli r l¡l- n-r- l. -n- t
l¡i ltf*n* i =n- I

= iI¡.. i- ri-r i lli': ) ¡ {.11.,: i ! Jìsr., { l': i

= f,t.. [:?h iiir-r'1) ¡ ttll,:,r,l] I jrirrì {f'r+:l }

s 'J' := *-. .j' = lr

t h r.: t- Er'r; tJ. 1 l: rir r ffi.*; F; çtc t i r.,a I,w

{:1'-.f;) ;rnd t5*4.i -frnm the

iS-f,i

{5-4}

¡¡here l,:=ØtlïË:"""

tt :i -t + nr* ent i :rt i ng tr^¡í re, r'nr..rI l: i. p 1 :,' i. n çJ

bi, lr:r,¡1: a.n,J hf/¿ ;.nd :'Llb:jl:r'..r1:'l--j.nil

r'==peri:ive r-eslrlts, F.tÈ.,:ll:i:+i.tr:

i5--5i t 1i:i Ivn+i+wn-- j. ] iiif ¡:t+] f-ì,1i"¡1..r-I"t'1þ','n--1.:i

( Íiir 1,/ i. L1 ) ïrr., t :l i <nL t +ut:si nrr-, 
( d:r ) -r-

lÍttn ..t"



(5--á) (1.i?i trtn_F1-.ù'n_11

E- JE:\
( l"i'r,/ l. Ll[J ] lTn t '-' t -F

på.üÈÎ l¡ I

i rrrj¡:lq. i [ ìu" n-r- ].--u,',-,_ 1 ll l-r iU ' 
,.,

i-.ieF'.1- ;icÌ. nç the =err:r¡,1 der-iv¿iti r:e

nf ( 5- 1 ) a.nd dror,F i n,J thc¡ tçr-rrr:;

'l:nr-rritr by'th'¡¡ nli. sc¡-rlt i r¡.ti. rrri

mf 'L,he fnr-rr-tl-i nrdçlr,:rncl

-t- un.*1ti*Tärn_._Il

..T..*.-.r-n*/ t:.1j Lqn-!.I

h:i gher- r tJrs obi:;.ri n =rf i,er ¡-ær-¡ror-.rpi.n4 I

(5-7)

(hJ,/1IiIqr,.-.1 + ifiEn + ã¡r-11

15-Oi Ðr,_F1 [ " 5-Ti.rn_ri. ] Un__i t " 5-'rÀrn__.11

8n-L + i1i¡'hi'Ài'nl

HhÊrL. t{Ë pr-t't:

i5--c) -F^
'A:fl

,, ?,,-..r.n-/ I"jJ q),n

{5-7i i.:i l.:it-lr_rr*in ¿\.=; thtl

t5-'ði is .s.n aI gnr- j. h-l-rrn

tl-rÊ 't i. r'r't

-l-he 
=qr-ta.t i nn

þJhEi-€råB eqr-re,ti crn

la.ter in n¡-der to

l"lltnttlt-':r,.' Ëi {,tI cJ{lr i thm

r¡rlrich pri. l1 L¡e Lr'åefLrI

salu'h.i nn. The lt:cal trlrnca'l:inn Ei¡t-r-nr-s

deterrni r¡tl dæt- i ç:;rf-:'. \,ts n'f t hæ

.l,r-el r-r..1'åFi*rl::i. vftl I :r'

/g\
¡. iti.4 Ì uI \ L, /

LJ'i'

the {:rr-dærE nf t-nÉ¿:+mi U,-., 
(åi .:å.nd (*h5

In the r*..ncte ;i::li,/- ili i r cift-rË?:3prJn'J j. nç tr:l lrnbnr-rndæd s'haÈes

n-i tr.rr: p+r-tiri*=, =nlLli:i.ûn:; n{ {:i*.i.i r+:ciE'L, fnr- ¡.I1 }, ¿rnd çår1

b:n å.pprciiíimnted Lt=inË iü*'7i i:n i.nl:i..','gr-crte:., or-r'L.r,q¡.rd 
=.L.:-r.r-'L,ing

tJi.{..fi Lroltnd;rry \,/;tlLteË V,¡1"=o .J¡.tld r,li.¡*'*'-t- å.'ï,m'-¡. 11. a.r*hi.tr-e.ry nt.rinht:r.

Fur- ¡'::.t/=(il)5 the:;nlr-tf:inn':; ni iIt.-'l.i r.:¡li.sl: -Ícir ;t g;st n-t

ditiicrete r,'¿rir-rr:E n{ }"i{:hcl FL.rrFüç:-i n-t tlri.* t;i,lrL.i.nn i.:l'L.n



p*.rJr:r t l2
dei:r:r'rni.ne the nel--hnd r-r'Eed to f i.rid tirE!-rÍJ rJiçi':r*i:u v¡.1. lrer,,

Snme futrt-:het* tr.an=*nrma.'tir-rnç å!-i* cr-rr-r-erlLIy r..trrÊ,--J in nrder'

f-n ti. mpl i {,¡ thr," -tctrm.+1 i En¡ .+nd f-r.r ,leËr-elár.-s,l f-fre n¡-.rrnbr:lr. t:f :;t,aps

i n the corn¡rr-rt..r.t i un=.

Let uts de{in-.:

(5_ 1fii tni¿ i¡) Ën nF

i=-1 I ) t:-r-iråT¡,rri (1-T:1r.,)-. I

{=--1?i i.5---tir.) {1-T¡,,ri*1

tJ hun

'*hut

Th* *qir,:rtinns (5*7i a.nd i. --Ëi bar:n;¡*rt

tS-i;ïi F--.,.I IT J.
I t-. r:*he l-t' fl

lrs¡-r¡l nLrrirer- i r.:rl

n-l- J.
(hr,'ljligr.rl-Iu1+F a_ lt-. 1'-l'r*fi*

l.:_'- l ¿¡ J "fr 
5 [-t-] i.' n-F i.

iì¡ 
" 
¡- L 

Fn-. 
.i.

hti¡'n +

Ttie b':r-tnda.ry ':onriitii-rn:-r Eft¿pr-Ë'iäF:-rrJ ir-r tnrrn:l ,:¡{ 'htie Fn å;r.r-rs ã.ü}ifiÈr

rrìü:'-e riliTiFlir¡rted and c,trë rnlrçt bËl t,!.1.,:{3n åã r.J{t cihall. srEs¡

1a.ter- "

The

( :l- .f .::, )

-t nr- r.l;rr- d

ini'Líal

is tu p:rnv'ide

a.-_-- !-:f I Llll¡ ;'i-'.1 L¡J

v¿,t I t-t,= lJ.^ ür
UJ

5

pr':cednræ {r-.¡r- =nLvi.ng ej.tlrnr (5-.7i Ðr

f i r,:='l: rlißt i rn,l'l: r.l flra L ¿r.n cJ i n {: nã r nt e

Ë,û!-r¡Ê pni. nl: xrn r-tsi. ri'J tl"¡¿.:' .Ð.pFJrrJþlt*i;,r*e

Fø" L.et Lrr-i cnni;:i.derr {:he rai:e nf the

{g(xi = &ii, ïn :lr..rrh .:i. r¿ì$ril , tt"re

isr rn¡:: L e 'F,:r-rTls Ë

i-r DiirOrJ canË?Ð1.15 eqr-ra't i Crn

.lI r-¡r.:ri thrns'1.,¡l:e tht:

{¿t
(5--L5ii lltrrr_t ( L-T'r, nl, 1 ) ?_.(*j-r-lt{,ta _. 1l( fr9ll

-þ Ullr.* I i I *-f .r , rr _- 
:1. 

)



(. -i.C¡, ,r,.-1 t ":ì-Th,n+1)
(5-i7) F¡¡1 - UÀr.,Fr., -F

i5-1Ëi A¡+1Fn+1 - An_1

F).:LrjÊ:l lt 3

rU ,(-5.--l-.. ..ì-i-r--I'- *',årn-r'1.'

n*1 ui

hv'r,

tr

F.,- 
L

fr Ìf'r,,

*Çínce (5-1i is hcrrngen,=ar_r= in U{::) .L,hæ resr_tl{:in_q "I-n

v.*.Ir-res mey he' i-b-plared by ,,-r,'t, = Un./Utrn: fl=L,,, " unr" The sa.rnr:

prtrrtìil,JLlrP í= ¡-tsed l--r: inrsEr-.¡i--r: tl¿\r!.':rr¡å.rr:Js {r-n,rr }{lrl+l f:,n n,";r.n,J

'¡j.t,Icls vaiLt,¡-i *r, tOt, n=['Jl-i r. ", ,rîr sr-r,:l-r th¡.t U*(h)=llrn{-ti=1,

lhen ra- cür-r-tlrti.nn in h is de'L,c¡¡-rninr+d 'L.lt,= d i. { { Ër-È..:inËeh)'

-. J-
cLLbætl.:sen t-he slnpe+= a{ the tr.¡n L:r-lrvit.tì thæ m,s.ti:h i nr-; pni n [: ].Í 

n-l

r+i'tlrand L,lræ prar:e=s l-E rr:p,=.ni.ed r-rirrj.t L.l¡tl Lç+n cLrr-vee; ni*r,:r

thr: *i:r.mgl .le:'-iy¡l-!i-¡s. fiie,:r-lr-r-elcl:i.nn Iii;."1 i.E; ttr,r-r,-¡..l.-l.y

r¡rl- c¡-r1å'ri=d {i/: i by r-r=i ng:

{5-t_?i U{.ÀJ l- W (¡: ) lËdr:

;.t

r^rht:rE¡ U t-¡ r anri ì¡. CLTTVÊç5the rieri. v;¡.t:i veg at ).t'r n.È thæ

Errd tlë.Ë[::r.{irl-drest-rl'l:ing {¡-Lrrn

It-. tr*n i:e =hoi+n

i nteflra'1. i u¡r::: "

n{ Í:l-r,¡ rf i. -F{erErrËÊ

(bi årË

f orl.J.ardthe
tJl,l

eqlra.ti nn=

{ lrnrt Í trn::

c,El. rr-rl ..ted

{ i. r':i;t--nrd*r

ih;rt i.htr r*i i-¡r,.lnva.1 r-.rr-ls

(5'-15) ær- (5-17i are tl-re rLlrroÊts n.F sr:iltË;rpprnprirlte

f { ili ní l:he tr i ¡rl. ei. 4':.lnr,.t l. LtÐ À. Thr*:¡n irrr*nË$ cån L}¿-l

b;- i.:he I'Je'l+t nn--R;r¡:lr.liorr mn l:l'rr::rJ i r¡,ee a¡"rpt:nd i x T i " 'l-hæ

ri:t-rec'r- í un i g; r

\ iJ --.¡:l lfj / u r.,\..1 I (.l\,'/l (.l\,1



pi.?.'JEt I t+

å.nd rdËr- h lrçr,¡r the i-ç;rl eiqenvallre Li.: h'l thr: =r:jctjnd nrdt*r

L: L']r'r rii:'l: í cjfì i

t f,--..i.r. J níaì Áh + i.å¡.) IËl

tr'tl-rËf'È3 5

.åh = À-ilæ

a.nd r

Ë!=I" thüìi,/3f ' {årli

Tht: cl¡lti:¡-rnin¡. 1--it:n ¡f ihe eitpl iri. l: Ì,:i-rn

clnEJ n+ the f:r,;':

nf tir,l1'i:¡-rn'-:ti nrr

rre'[:hndt* d i =rlr';g"edI i i,) rirn h'= E',,ni ded i n lr=i ng

in ttie twn neilt sectir-¡ns"



pil.ËËr I I 5

;1,, l-i-1h- l".Uii-ilEil I VÊ-l- I V[: iIË1-Hr:]Ïi.

Tl-ri.:¿ rirethnd ¡.rrd the {o11ol';ing rlnË h.et,r: been clavs'i.upped by

F,F-:,ifnhn*cl., {1f,-'15) r thery L¡nf-h s;l-¡':rre the {nllnwing cle=i.r-*-r.hl.Ë

prnper-tiesc thi-:y ,3i'-e s.imple a.nd r=i':\sy to Írnplement-r 'l:hrl *'L.e¡:

'=r.3Fi cån he *::rr:iIy rh.=:ngeri .rnd ncr Iinæa.r ,Jependæn{:êl uf_

nvur{Iul^¡ cl j..i+icr-t1'l:ies arisit ulhnn prnpa.,;æ.tinç thr.l r*nlr-t'L,inn

i-l-rt*r:r-:.'Jit c1JÌs:"j.'::aì. 1.y -For-i:j.r-l¿.ln i"r.i::{iär1rr. Unfor"f:r-trt¡.'l:.nl',¡r th*çe

rnethr-rd= år'Ë ,3.1-,1-Ìlic;lh1ç: nnly in ec¡ltatinn- t'rl-tt*t-t+ {:l-tl¡ fi.r:;L

d,lr'ívatj.vt: ter-ä¡ il;;rhsr:nt ¡lrid i.Jl-rr=r-Ë3 giil]=Ð" Fr-trLhr*rmãrFr lh¡t

nnl.y br:lrnrJs.r-,v cnndj.'l:innr: ut'¡lr..d LIFJ t,: nilhJ *lr-¡g Ui¡l)=Ø ilt bnth

bnr-.rnd:l

-fl-rçr f.i:,;*dur*j.v*.tive n{ II(rli isr d*l-ti.nnrl t,: b,¡l

[,i.-t+*:rr-ænTi¡.'Ling eqr-tatínn (5*I3) ;¡.nd utsing Ër¡" i5*Li r HF nhtai.n

t lr e [:t Í c a{--'L í eq r-ræ.t i on :

i5*i?i ,5 tn )

(5*:.5) 'i'i;ri -l- r¡¡(xi

lU'ix),itfi:ri

{- fi-- \li J ø

i n i:eqt*+l:.+nl Lty

rJ i vc;"i-'g r=ç; rq c;l-

'thr* r-r:;r-.r;,,rL nl¡.iner i ual.

I f.., I c il t' 'L, .a i n v.:1, l. t..t g-' -x c-r f )í

;r.1 4nr i i.hni hari nn di -¡: f i r-::r-.t1.'l:1" Ë'rt-tll:rh¡T;r.'i: i rig

'Llre wl-ro.[ *:: i n f:c.,r-va].

{ u1. I citJÊi i

-ih j. *; e+r¡uta.t i. nn cann¿:rt- be

teclrtr i qr-ttes bc:üstt-t$n

Tire L oq-''Jni- i. v'lt i. vr.l

the r"o1 t".tL:i,:n åËrü!i5

-flrc.- ¡. 1.,;nr i {:hm j.:; ãrs}
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i 1r-l-r Án-- J. 
i -'1 

,år,--. t h'-- l iir.i

u'lherr-':

=-n

strn

(h:,/.:) qh, 
r.'

-., 1 ,-.t:-ì--.j':rr tl = .rtn -/.1,,1 4i_n-n

B+Ê i :L- ihlr;ii q, 
", 

i - J'

¡À t t 
'

rt -til I l\l

n=ll: ¿1. I " " " r hl'*':

tr=lrj5".,Tlq-'L

i5*:¡¿i i i= :1. t-+lc ierm r*cLrrri*-*ncti rel*.1:inn 'i:lr;li. {:åin t:n

i 'h r.'r;:,i i v i. i' se I v'=-d * or +l-=.1- d {-.rn r ù¡ åø 15i iã[)L?c: i {: i. ei:i r

lt= --r ì çI - r-- -r a1 -, ¡¡: å {x¡¡) ufi '/h

In ;rctt-t¿,.1 pr-e':'tice i't i.x =nrneu'¡tra'l:' mr:lre fot"r\¡'{"EI'li't"'n't +:ti'J

ef -Ficient to :=n1ve f or i--h': qt-t¡.trti i:'¡;

Ir :ll* Laã.=v 'L.n 
=hnw:

I {- hå.,

"-1
( 5-;¡E i tt

('1 -n'-l

l"he initi¡I terrn is csLct-tlated 'frr¡m'hhe rel"r'L'innl

ilì

(5--;--li 
=¡¿

h å (r¿i(-t U,¿ i -þ



l-J;r'JE:t ll?

r-li.e'*.r1y r:ni:Ei'i:.ire in:i.ti+1 v,:¡.1Lre ð,(u*i i.s¡r,.rrrJt'ttl {:n lrrt+ írlfiní'l:y,

rfl is .rllia i.nf inì.ty pravided l:i-r,:'i: tli,{4ilinf irrj.'h..¡,,

T'ire ljårr:|.':ÞJå.rd inreqre.tinn r-i*':r-rr-:¡ic:n.ì:nrrnr-r.-Lå. Cå.rl he nh:tei.ned L:y

i:hs,tnging thü* si.qn n-t h snd;r1çn changing r¡-1 by ri+1 in tÍ*ÍE)

.:.nd'l-he ini'l:iaI terr¡ tr:r thÍ= integratinn it::

l\i hå{r;¡xi(t rJ

Tlre rs..l:;t-tI t nf ri,=i nri

i s: cì. ri 6irl: l.;ll. utæ =r. 
(

mai.r:lririg Fr:inL-. ].í,r, i;t-nm

+ lrnct: i. nn ÍJ { }'i :

( .:r-.-r J. J

th': -tflr-.r..!rri-rj,:.¡.n,1 tlir.

;.n cl ¿r. I a"F 't v,å i Lr'=

b ã.¡: l:: r,{ fi.'.' Ël j. ¡ i- e'J ¡-.+ l--. j. n n :'i

¡. ir.t ) ;¡T- þir'r*I'.'fÏitit

? i'rJ I" r "'fli'

r-Jh í rh r,JE cai cutl .:.te f-he d i. f i: rli-Ên{:fir

* 1 "'m'

tlisar'-1y ihi:-= -Fr-tnrtÍnn i * =crn i.f 7, i.:: ,-:rn t*i?Ë,ìnv;llLtEl"
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il . Tl-ii:. i{[:i'.!nF:i']'iìl-- I ¿ED i'iLJf.iEti'LlV i.lËl-l-ltiû,

¡. ) L¡r¡sc r i F'L i urn ü+ t li e methcd,,

l'-et LrE =t.¡.rt {rnm the a.l qr:r i thin (fr-L7 i l+hi clr i s: å thre'*:

tei-m r;:'::Lrr=iurr rslaf-Ínn. Let Lr'F divicle i-ire l-lun nri,lnr!:ærç n{
-th i :; r-el at i c:rr l: .r, Fn a.n,:i deri i ne I

i 5; .-T? i trr"n f:' ìl:'n-i| il

t -- {f t _¡l-¡ lr

st-.tL¡:-'tit¡-ttr.r thi.'= int'= {5-L7i'i,: nbL.ein thn i.:r+o t¡:rrn r-ËrL,.rrr?nËr.l

ræ1 .: l- i- nrr:; i

t;l--..:,rl , fìjn

t J-..i,*! J ¡f-n -' --fi-F I

ittt-n

n

Theça *qr-t,:.tinn= cã.n be i'f:er-Eted Ênf:{3 'l:he

¡ i n l5iæ.nrí Ë¡il+1 .:Lre =petrified\r-ilrr/o Thr+ vai'-tç,

rnnditinns ìl{x)=[4 at thæ'Ls^,o bar*rn'J,¡ Ëtr-Ë

R 
1 =lìpa I = i n f i n i'Ly i tl-.r i. =' rr-rfi 5l- i tt-t'Leç;

t:nrrcl i.tiun's" -l-hr= diccr-r=::ion n-f nther-

'" ':t- r ti:lp Ðn d i. n g

n[:r. j. nlrsl. y

the lrrs¡-.r¡.1 bnnndeiry

L¡nltnd¡.t-y cc:ndi l:i ans i l¡

i t-er-¡r't í nn i:-= *'hopped a'l:

íniti.-ll v¡.Ir-res Fl oI

I ¡ I I ¡ tH

r-epnr"L.erj in îa. iater ç:e'ç'tj.nn,

¿Ìnry' pri:inL lÍrr the qurantj.ties

;tr¡¡r. i. I ah l. ':r r^r i '1.: h n fl ad cl i l: :'. on ¡. I

i inmrril i. *.tel. y

i.n 'Lhe'l {rrrwa.i-rJ

.çre avail¿.hIe in

i + th,l:

11 r¡fa - rt .r df f-r.'fi ? .'fi*.1.

c¡.1 rr-rl. ¡.'1. i r:rrs

itær',.l.'L:ion r'rlri 1e thr: qna.nti L.:ir::: .$n and 5n+.j.



l-lt-r!f? I I I

'Lhe l-)Ë.':I.,:t^JÈì.r-rl i. l:,=t-'-'itinn" [i:rr:lrn 'i-irt:¡l:lL¡ çll-tå'.ntii.:i tl;r ["Jç.j! l.;{r1

n.,\1Ër.tL.:tf-e i'fre Íiü1Ll'l:i.'::n.s.i: thc ¡rninL- iirrr xr.l-r-1 +nd :'Ín.-l'l:¡-r

l+iihin ;r nornla.liz+.Linn'f¿r.t:l*nr:

{ 5-f,,: )

i 5-:t7 )

ln-¡- i. = F* t 1-'T

ìln = FnIL*l'.tl

Fr-r I I *Th, 
n-- I ] 

*' t utr.,r- 
l. 

*'__..1

' :lFi
r'r 9 l-i 1- J.

-_ 
.¡
I

n

Fntl.-TÀrn_il nìlr',*' 
J.

_ll.rtrn['l---[hun*,I] -þn-- .t -.i

In iiris E,¡3r'!.ÊË,, r,.,¡,8 ¿¡.rË ce. lrlrl,l'ling Èì t*ËnDr-rn¡.Li:¡çltl t;':;'l. ltl:i.nr¡.¡.1:

s.=ich sí-s:F =

fì'= in lhs Lnri --,:1,':r'i.vetiv* rrrr¡'l:hnrJ i,;ri'la.¡.-riE ¡r.nd h;-r.rl':l+¡.t-':i*;

j.tei-¡.{:ínn= åri3 per--inr-rrefl r¡.rl-rich,je*ttli-¡nin= a. l: *ilfilt.ì n¡.,-'1.{::chin$

pnini: il* tfr*r vË-rlLtE]ã ri-i Fin,, .*rnd S,r, i1æ-f ininr,i 'Lh* c..nr-t-{lcl:j''::n

innct i nn fr i hi "

Ïn pl-r:I,:ti,-iE, l.+JË per"tnrn Li-ir-+ bü\'::[':t'l¿ii-'J iier¿i"i:inn lt*;j n4

i5*f,5i, sl..t-nt bein,¡ i¡r.f in:ity" Ërx 'l:hi* itær-æ.tinn prncnr:ds l:he

v;r.Ir-rt: c:t lj. i= ¡¡unit-nrud år.t.¡d t'rhi:ri thæ ,:rndi'Li.nLi Ën'':. I {irn;'l:

0f f r-r.r-Ë, the

definitiort

itnration i:: .sLripnr:rJ ¿t.nd thr'= ç:ain.[: i.:l tly

pr=i ti nn ¡there

rna.tclr i nq

'LI-r¡* 'rr í r=t

Tiræ {':t-w:rrtJ i Lerat i (]rr i -'

c¡. I i:r-tI ati t:n=, i:he nudes

i-'i:i.r,lesri ).{ n ¿lnrJ }i n-r- I t'lh*:n

.- - tt¡.!,'| _
?'l r--¡¡il ä

lti-n-'t

tl-re pni.ni: r.íni, Ttr:li= i-* åpFr-n)Íirna'L'iveIy tþs

cler-ivstrve nf the =nlt-ttinn is zer'fl.

l:i-ren r:¡¡.r-r i çltl rr-tt, Dr-rr- i. ng the

,at-Ë crr-.trt'1,r,:çl { a. nr:ds i tl; l. r:ra'ted

[i:n'{:r-¡i' ]"hçl {r-.r.n':t.ir:in I} {E} ia cnrn¡-iurl:erí

(5-tr?) D(E)
--ilr('I--T^ 

--)Êli*-i {lirï'-fifri..-J. r,,,,,



Ttt¡ ¡. lter-ri¡.1:e de-Finii-ir:n= n'f

[]ð.ãr--r l2Ô

t](Ei r;r.n be

trr-rç-: nnly í{ h

{ltni:t i r:n'::; ¡.r-e

nç;ecl nnti ng that'

i:; .::tn r¡igrsnva.Ine. It

r{¡rn at thn

f h¡. Fi,-.1r r,ã I i i.-¡

-f ':i i c't^tg i_hai

r. i n¡-¡rt¡.,r'l I t t=.= :

( 5'-4m )

the {ol I n¿ç j. nq

-1 R-ilt
tt :

I

f,.-i:\i =
¡ 1l

-_{r-t ¿
' 'Í¡1-- l.

rT¡+ L

t ;,-¿l-.!. /

Thr==s tr,t,: -flrn':l--iang .Ð.rÊ L./Ery .¡iini. 1¡.r- in

it i= sd'=y io =se thai they dit.fer nnty

h-.

iJnr'= the æiËenv'e.1lre h.rs bgen ':;,rl.r¡-t1=r.tFd-o

(='-f;¿1 i .rnri i5-:;5) are =nIved *r:r- tlri-s vå1r-lÍ3

sl-r*.ne tn i5*.f,çi ¡.nd-' '-'r

by å ì--r?I-r"It {l l: arder

:{i*1 = :ici'-r,:h (ü'1.#.:: 1}

ptrr:cedltt-e:'

r^rt¡ f i. nd r

!-r-3' *.,1 r *::t. = " rr"i¡¡r

;r i- l-r i t_ r- æ. i- .,=, I t'.J trJ L t t

r-l-F F- r-r=í nu ( 5-f,: )¡I

Fin.r.l.iyr r-r=inç

['Je rrrent i r:n

l.;hich Ëån b= Lr-=Êd

sol r-rti rn at pni nf-s

Er-rnnose r..¡e r,.r+nt 'Lr:

"t-L=

fq--.J.:Ì

i.hr¡ r'r:J. ai:i nns

g i vi nç 'L,he val Lre=

ü: Õ ci.nre'l:ltie n¡-¡r-in¡.-].:i;ra.ti.nn i.s"lqt.E.rrm ¡ L,

F*= 1 ¡.nd !.Je ;.r.t*¡¡ ;¡.h I ¡: t,: rr-:mplt'l:n the VA.l. lre:;

a.nd (5-f,f,i r-er:lpæcti..e1)'' -tnr n.':.n¡ ¡.nrí n.:.rn"

(5-iti ç.¡e ':¡.n cntnpt-tf.e l:ne \.¿r.I Lrc-t¡ L1.l: U,a

a.1 so ð.r-l i nterest i ng i ntei-pnI .:,'1, i on { n¡-rnr-r1¿.

in nr-riær- l--s ra.lcr-rIsL.e ths l,a.1r-re n{ t.he

nther th*rn thæ gri'J pnin'l--s"

compr-rtn tha snLr-rtÍnn ¡.t- lrtr il-=j{:-HËtEtÍ1 :qi €rñEl

Fnr- cLlrìvenien':e r^,8 clefintl p=iL--fi), U'=ing the ã#.nre

cr-= j-n the sr*ctir:n I ¡-ind irr pr-r'L.tirrg tn=. 1¡I: ,'r){.\rrr,



prï\!r;] I 2l

I -¡--¡l 
1. I

_.t -_{ --.1u_. = [taú) t-F.¡,_.] '[{È'-¡;,)u.r,¡. t I
_{icr ''*l{i_.1)r+Ii*II{-

The 'rrltnca.tit:n Err,*ìr- 'inr t'his -iornrr*r1;l is a't- nrdnr h4' r*hich ir¡

the '=ÈirrìÊ-å ¿r.s f-he rttrr¡-rl. ¡.ti ve arr-nt* a'L .n -l ixed val r-r'= n-f l¿ a{ the

Nlrrlerr:v a.I goi-i thrn.

Flr-.rirar h:

A \¡årr-i.qble ns:ih*piiinL nrð..\¡ L:e ¡-r':;':*,1 L'eí:preen prli,nts r,"¡hæræ

l:he integr:.tinn is p.:rrticr-:.1*r-1y dí{-ficlrl.t (;rt singr-r1.,ar pain{:s

rcor- Êl:åmp1çii " Ii r{Ë dividr,¡ 'L.l"rr¡ Ín{:nr-v¡rl. h j,ntn (pt-1i

sr-rh i nt ei-va-L is ai I en-6th h ¿p bi.:1,¡,+r*r':.:r-l ): i. .,:r.ñrJ :i í -r- L ,:rnrj :i ri Rr'i p

ãrE l:hu= iter-a.trid'¿¡.1Lres nf the.{nncti.nrr Ë. nrr thi,* interv*I ,

'Lheir i t trãì.t-t be :;hni.,n th¡.'l: 'Lhr= v.'¿r.1. L.rçl iïi + i lln bc r-,t*ir-Td i n ttr'=

{nrr--her iÈ-eratio. Í-- Êer-rrirr'L,n f.i-*i i.. fi*Í ::.,,, R'toí n¡:-r.Í.

b " fipp l i ca'L, i nn to the f'lnr'=e pnt r:n'L i al xnri the ltn::.ymnrr:tri r.a1

dnlrbl e nri ni rnr-rrl paL,i=nti a.l. s"

The furnciianal {nrm n{ both poten'1,Íal:; årÊ çiven
r-,,,(14u51-].,¿l

i q-r-n_i ll f y I D[ :[*er:p t--F-i ix--r: -,. ] I l: -i- lle¡rnt-Cir:*r:-ijl¡LJ

ç'¡hr:re the par*ernrter A

l-l-¡r¡ pår¿1meJ':Rr-'ii ( tal':r:lr

f CI I l. []rÀrr5 ¡

:i'¡ :Fi-cl iiür- {:lre l'1,¡rse ¡:ntrin{:iaL

-¡rnn t*-rhlrl L in r-r=-t (51)i ð.r-E) åi:



Fr¿Ì!tm l2-2

il = IltSucm-I
,,r, =Í-1L-, È r::¡ Cf.._r ? r{.t:'_,I-l

O _-ñ
L - iu,uJf{

rq = i. frØi4ûlcm'- 1

c
){.:! = J."¡Èì

c:ib = 1"6rì

Th*: a.n.¡.1ytí,: æi,fEnvå\1¡-tt*= -Í:c¡r- tt-re [.'tnr-st: p,:terrtj.;,r1 $rE

cåIrLrIated fr-n¡n (5") 
:

i 5-45 ) Er, lEEliZr (rì{-1. /:} .-E {n'r-J. /?i i

llnmp.rri st:n bgtl^leen f-i¡r.l ¡.n,:11 yti c r-,=cir-.tI l:s,--rr-id

re=nI te trb't¡.i nE¡d r+i tlr iå I i n-,-erçr'n'[: i. mn .-*i ---L-
l-rlJ1 I I ¡-'::

----.t J-¿-_,jll ll_.! ¡-l ll:'

th,:. nr_rrner-ifaI

ärçir çir¡s¡n írr

i"eqr-.t:i. r-ædi-*bÌp i5*'1.)" '[irs ini:er-v+]. iE t1rl"5l

rl r I lf ¿lf v

re=lrl ts

i mpa=ed ¡:ln the z ernës n{ ii ( }"} i s

r^J,=r-Er irrprerr'æd r.;ith 5:1 gF'icj¡räi.nt-

onì.y "1" Thæ

and':'f n\¡Ë:r'gÉf'ltrE

flrl-l ilêË _

Fe=r-rlt--= -tor- i,he

rJivæn in tnble

rri+ei-Êntrs (51) " The

is prnb.r.b!.y rjlre tn

i.he I'lnr*e par'.:rrnnter

Lrn'=vmffrel-t-.i r: dur-.rbl æ mi n j. rnr-trn pntent j. *r.I åre

(5-:i a.nd {:oirrF¿1r-erJ þJj.{:h thnse nbt¡.ined in

di+ferË.*n':rii i:; *r"n*.1. I L¡¡-ri 5j.r"lni-F:i.r.-¡.nt ¿r.n¡:.|

dif fÉrç:l-1r{r,:ì i,n 'Lhe: r*r.Irurla't:ed r..a.l.Lres ml:

F



[],3.!lf:? l2ì

T*+bi.il 5-i : l"inr-s;r+ pntnntiaS. {IåI pnÍ nts i

E ¿rn a. I c ¡.1 r:
n l-l

Ën

ü
I
T
.J

1
Ë
-t

.L

?
i)

111
1t
1T

49Ë
J.4Eï::
?45r1
.j,.1[¡ ,r

J":JII

f UJ:JUJ

7f_l r Èf

1Ë¿i+t
I 1:58

4ç# " t¡øLl?7
1rì.Ë3 " ú:l'Z i:]4
Ë44.ç" çct61ü
.54.Ð I " ryti;Z.5t¡
/t :F.:F-T ¡a ñ-1 r. Ê'-f.*¡._¡/ r /LJ.¿r.JJ

5357 "ç7*"'r7
'å1r.ì1" ?å41i
7n4.+ " ri?7q.ç
-f¡-1.a._r¡-Á'..-tt.ltaI '/ ¿') ¡l^ " ÈJ i:-1d. tJ i-j

877-7 " Ç[ð{'4iï
c//:r.l' 7 " Ë]ç714

Lt4.dì.1.,, FJ:içË14.

L'I :l4rt " i3tði_;..rlri

-l-.*b 
L E' 5-'I * L.lnr; -¡r-u¡riet r i ': dnr-tbla niinitnt-rrx ncJtEntí¡.L i:tål pr:i nt:s i

n Enii.)

1f,ü]: - 5¿ì',2
?-ñÊ ={ r.JgUJJ".:'!l

4:l:7 " l!:7
S I4.,:l " ?d:4.
ht4$4 ";_:i7
Tña_¡ñ J:-1 ¡f w-t.¿_ ¡ ¡J7.-t

7ú'14. 'å[¡'-¡'
Ë911,545
9Ø?:ì.'7ç1ç)

--1-¡* ¡ --ltlt*n

ø
t
1l
T

r.l
ÉJ

CJ

1f fl;f " 5trJcl
a::':rrïlq ?'f.:iÕ
¿ ¡1.1*f à¡¡ â f-t
'T¡:-rL/ n.-¡'lr:

5 i 44." f;:&
åØ*)4'" 31.7
-7 ñr-1'a ñaa ¡/ lr7r:. r 7t3'-l'

-..: _tÀ-'t ìt L¡'-ru, ¡J J. _f s U.':U

891 1 " fl5.J
9t¿fl5 " T7:1

iL i rre:iu1t -Frrirn t-efr?t-Éni:e i51)



l--',-'1.,JË lL+

.4. Ti-{E ñ:EI'JÜRi']ÊL I ZËf,, I'{UÞ18ñ:I.]V f'IET!-{ÜT. i4I -f Ìl U I i r.; ) =Ê1 ËrT' ]-HF- FnUi\ltl$ "

Th'= pr-trpn=e n{ thi s =erj:i un íe to rii=':¡-ts= the ffiEtirrJd r:"l:

rnndi ï-innl.; d:if feirænt n'|-the previor-t= gectinn uith bn,-tniiary

tlre tt=r-t=a1 Ëc1ËË Uixi=fi ¡.t 'l:.h* bs¡-.tndE" t¡Je 'iå.t'q in s¡r*rtir:in ;f

th¿it i+lren the eiçenfutnc'l-inn i'-=1 =er-{f ;¡t rhe hnltnd.s

i:hs ii'=retinns,iEi-l-l in the virinity uf tlri: boltnds

f 'r-t:¡l F:i=5¡¡+1.=i nf Í n j. i',r " t'je Frt--rpclËÊ herr*'

si R1 .:rnd Sirl*1 {nr- i:lre 'tÍr=t det-iv;L'l:ivel

an,l nff l1

m.3.';r bF

'L.n d;¡ terrni. tie

o{ l:hr+

( Tå} .eiçenf urnctien equral to 3erü at $nÉf ilt- u\nth bnltnds

¡:*lr-i: nrrrred

+h- r¡='l ¡te=

( 5-4ó )

a) Detsrrrri nEt i c;n o{ F: a.nri 5n,-, ,
-æ--q\ 

¡ l.-

Fr-nm (5-LËi I r-r=inq i5-f,åi " (5-f,7i ¡.nrj (5*f,8) we pbt¡.in

{-he f nl lnt+ing expres=ions f nr tÍ' i:'l } :

_t
An_1Ên_1 r l

c1-n-

r+ ¡íE is EI gricJ point l.ther-c: lÍ' (ilgi =Ø f-hmn 'the f ¡::1I.mt+ing

eqr-rai i ry hr:i ciE:

(3-47 ) F:ãñE_ 1
rc,l f: 'l tL.JEdE-þ I r

In particltLar at th'= bor-tnd ii::cr.î

ôi._.t /rì¡+ I



t);l,-:llr l 2 5

and .lt l:he holrnd rt=b:

i 5-- jltl ) Ft 
t.

__{A0tllp.lËiÌl *

Êlq* ; t iì¡i¡-¡:.'rì¡¡ J 
* I(::-¿1? ) 5¡.¡_r 

1

\;r-';l I l

I Ê Él'\
\ .J --._'.j, /

Thi:r inirn'JlLræs tf-rçr ¡l¡.{tern¡.} p,:ínt..r x¿1 ;r.n'J r{f..ll_:I thç.r*æ{nr+ Ë,;1 ,

fii¡r1-r?' Êfi anci E¡.1-rl mr-ts'L be evallr"rtpd t': EipFIy the r..rc¡r-r.*litie:,:.

l-l:,;inç {5*jì4i .tnd {5-.f5} ra.spa,_:',_i.\"81,\, -inr Ri *.r¡r[ SN..¡-:lr ràJH

nh'i-.r. i rr :

t ¡-i:,r1, l tì:l ;: ËrÐU 1 ¡ ( Ë\Eì-l-iì.J )

Ei.lr- I = A¡.¡ -¡- ¡U¡'q.¡ i / i Él ¡.¡-t-Ër'Ur-'= ¡

-ffii¡ Ê\¡:aLlratinn t:-f F: 1 ;tnd/nr- st¡r-I nepdç ð.r*t Ëctiril.st'::, a-F th,=

val.r-re r:f Ëir, ;rt ettl:er-na. l. pní.nis i< Ø a.n,l/r:r- r¡r¡.r-I. Siincn thr:

'ii.rst cíeri.v¡.'l--i.v¡1 n-t the æi.qenfr-rnctir:n i-:i i':.lrn å-*: 'L.hæ br:rr_rnd,

i:hí = i nevi tah:1 i,, Èac{:firnpårnyi ng'F-he ;(:lrff nf 'Llre pnterlLi a.L

r"lr-ådient Ërt tlr,= bc'¡rrn,Jî t4Ë [rrr-r rl¿1,:e tlrr: .npprn]f irnatinn VØ=Vl

(;ir¡ri/ar tl¡1.ç3"=tJ¡1a1) . Ths¡ r:fli-l-€Epnnrlirrç i.niti¿il. r,nlr-rnç.; a{ R

.3nËi .,'Lfr 5 ;rre thr:ri:.¡rfrtli

fiI =, ÊLL,l/ (Êli-t-Êr:i

Sfrlr- J. ;:i É\¡r1-¡.1 LJ¡q4.1 i' (r*t¡U-t-râ*.- t ¡

Fr-.rrtli*rmÐr'Er:ji.nr:n 1:he pntnnti..nl. L'.:l::lnwly v;.i.r-',*,J.ri6 nr-3å.r i{--;

el:ltrr=¡ir-rrrr ¿rrrd consi.clr.:.rinç 'L.lre .i;:ct th;it V s.ppeulr*f3 in the



dr='rir-litinn n+ ¡+ rnnltiplied

êi=Ê:f (.rnd./o¡- Ëi¡...r ; 1=A¡qi and

F:rgË lL6

Lry ¿{ {;lrtnr- fr3¡t:¡ rrË.r cnnld stlt

einp J. ny:

f =-.q¿ I F: I : Ul,/"

I I /4'=hl+1 'rr{+lr r:tÉ 
-f 

\

TlrÍ = å.pprnäi rna.È-inn ha= .=.1 rea.dy beæn'=rrìÞlnye'J i n thel

lii-era.tr-r-r=(i4) in c,:nna.rtísn plj. l:h i;:hp ,lnr-rbl.n minin¡-rrn

nni;:nïì.:rl -r---'

The reina.ininfl trå,5Ë rul-ìere rrrinj.m¡.L in-tor-ma.tion itl .:rv¡.ila.ble

req;.rci inq tåix) r-rr- -!'' (xi a.L thi:: i:':*nd:s r+iI1 be tr-eated in l:he

ns:.1 t s,=rt i r,n "

i4= j. 11r-rsi.r.ai-i ons uf ihr:¡ or!. gi n¡.1 ¡rr-n':e,Jr-rr-r: r¡ln çh;r1 1. tlnr[,: nlt'L-

tr{.r st-a¡rda.rd =qr-r;ric'n= he'",ÍnË an¡.l.yL,ii: snilt'Licnçll'l:he r-a.di'rl

ir¡rinnn i r t:=,: i- I i ¿.tnr- ¡nd iiie i'ielh í. r,:r-r '=qr-.rat i nn .

In rhæ firsr Ëx.=.rnpLE ËLr.r- al:'tenLj.nn lrn:¡ hç'en rmi¡Lri.ç'l:ed to

st-;rj:e= har,ti nã qLtÊ{.ntum nr-tnb+r 4rela.'L:ær th¡.n -rF¡'-r:f " Êll, L =¡*rrh

råsËs have H(;.:=Øi = E ancj Ul'{ir=l,i) * Ø and r..Jl' h¡.1',,æ cnrnpa.reirJ

i.he re=nItÈ =ta.rting i-he Íte¡-Erl--i'::nli {r-nrn Ê1=in-iinity a.nd

F: 1=U1,/i-. In the =ect:nd Elíã.rnple, ei:e¡:t far s":ü¡ alL the levr:lg

<fl'-Ë dut-ri:1y riegen=rate =ine *.i-td rni:;j.nn-=erir*i¡" Ot-tt- mæth':d Ís

thc=n a'p¡rrirFrÍa'Le =ince the ndd ,:nlr-ttj.nnç cni-re*pmnd tn nnæ

L:r:i-rndery cr:ncl i i- í nn .=nd E\¿E:Fr snl. r-rt:i. nni; -r-r a.nnt tt,:,tt- '
-[he_. deçree c:f ar:cnrå\c)/ re¡ìLrj.rçd cleterminË,s thLî v*rlr-tes oS

ih= i nprtt FarÈrmÊtËrã I the:,e b*i nç l:he i ntegr-*.t i. nn bnr-tnds u the

nnnii:r+r' of grici poin't= and ð. l-r-rlr"lrancu 'tsrrl:r.rr reg;:.t*dinrtr h,frn

Ce:-.ir-ed årclry..crË! o{ the r-est-rlt:¡" l'his; Ðne depenil'* LtFon th*l



r-t:ir-t.ar.I s,:)L.trËEli ¿:1.nri types nf

l--1ð.9{: l2T

'-¡ri-Ër. tt-l'rLtnra.ti.nn et-r¡:it-" Eð.n i:re

interval he.h,l.J*en a-,1 -iacr=n{: gricln-heredr-tc:r.d by

pni n l:= +nrJ ,

t-echn i qr*te= "

For- rl-¡ç:

Uix i tendç

Cetermi ned

'ln zË?rfl *nd

climinísh:i.ng

Ín limiting

rndlr':.=d by chnnsí ng t-he

st-t{ f i. c í en L,1 y srn,:rI I

t'rt:nncln{f Ei-For-Ë "

c€rsEã , by r-rsi nq e;+'l:r-apal a.Li nn

trå.58 of l--hsr r-rnbolrnded intervaLç; in l^rhich

tend= tn infinit_y ã.paint x+ is

eigenfr-tnctinn is ç,r-tfficierlL, ly close

å{'= u.ppEr tlnr*rnd " Thr* Ef ËLu-ür.,:y E=r*r'.fr i s

ei genvei. r*re: tul æra.r¡re {actr-¡r

tc¡ ¡r¡atch desired ãrccLtrÃcy" FinJ. :l. iy

ËfìÈlr,*Jn i.n çectit:n f, n{ {:heçã{n be f.reai--nd å.5

sperj.{ic

tcr zero åË

at r.'rh i. rh the

:{f i13 t¡r[::en

cha.p'Ler 4

b i R.rd i a.1 h+rrnnn i c ¡sr í l. i a.t nr .

-l-he sy=tem f-o

a potenti;rI of the

tre con=i der-ed i:l that ,=l: rsdr-rcr+d inå.ãs rn i n

{ Orm \ J-r, .

(5-5å) V(r) t,L /?i mr^l3rl

t{i r:h ë. r^lel 1*clef i ned ve.1rræ o{ the angr-t1ar rnnrnentr-rm L u f-hs

radi-rI Sclrrt:c-"dinger eqr-rai-ion is givt:n by;

r - ittZ¡:m J cjî / dr? + **u2"î,¿3 -r-

firt.-il.-+i.) /tmrt EnLl[rr.,¡.(r)

t5-3-/ i

ø
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The eigenvalltes o{ the eqltation årtl;

¡E Ér¡!t ìJ-JCr i EnL =f-rr+i,ïn -l- L + f/")

¡{y intrncir-rring the clinrensÍ¡nl.es:¡ va.ria.Lrle ü=r./.¡.r.u torl-tere å::;

trlmr.l , the cLrrr-E=Fclnding eigenfltnct-inns å{.rË girren by:

f Ei-çiq \ ËnL([] f']r.,¡eirF {- gl'I,t'.:) EL{-lF t-n rL+lr:ir s}

t'.rl-lerÈr th= F{-nrL+Tir'?5 Si

l:urnctí cns rafi'l i'jnL í g ct

*rr-B the ':nn't 1 r-tÊnt hyper-çenrn*l--r i c

nnrrnal i=;rtinn'l:;rctnr-" De-lininq f-[rte

pr-inripr+i qLriLntLrn nr-rmbrr ¡1=In-t-[-, era.r:l-t r-.'a-iLte n{ A çt-e;r'L.nr- ttr¡Lrt

ctnÊ fån b,= re.rlirecl try çlever.-r.1 q:nrnbina'Linns nt n ¿nd Lr tht':

enerq:'/ leyel5, bt-:ing degenera.'L+:" In t"Jlt;r.L -ti:1. 1|:i!"1ßr th'=

cu=t-nm.qry rtcrL.-rticn in'herrns cf 5lF rdI't' r " " t;'l:atc's

Ëf:r-rE=;pündinq ti: L=Ðr 1 ?:,,Jr " . . i'li 11 br ;lrrrployecl (gl"I' uthr.l

s-taL,e L-p cnrr-Espnnds tn À=L i ï1r'FJ: L--'l ) . f{i tir {:hat nnLæ.tinn

¡n,l r.tith r¿:I;itic:nE i5-5L1i ;rni:i i5*5?) thæ l'a.l.ttgs Ð-t the

ana.l -,-t-i c ei gen'l.rI nes and ei gp:nf ltnrti nn:: m.ry'ne cle'Lar-¡ni.nud.

The nurrrrerical snlt-ttinn n{ eqr-tation l'7t-37} pt-n';neds i:r'i3

{oI 1c:h¡s, This eqltatinn j.s e*lpresl:ib.[e å'r:s

t, J--{:YJ J (cl3/rJx:in,-,t'$i t ii! + [- (1'+1] ./ ðl :F:nLl¡t/r( {)

th,:l inter-',.a1 of ín'Lt:çral:iun bt+iLrg irnrrr Ø to :in{i.ni. l-.y" ['Jtl h'ar/e

to evalL.r+ai--ã: {nr tqhirh "ti.ni.i:.e v,:tl.L.trl ÕF ä (ltç}5 the

ei.qeniutncti.nrr i* s;r-t-i:'fÍci.r:tlt.[y r:; Ir-i¡t.: h.n;rt¡rn (the ¿rrå,['¡'tic
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hnr-rnrJi " F:nr'l i.>rri:lcl l'r *'L.lri *

Er..l[ËESgi v{g våI L.tË-,!':i -i r:r- S

(r-*- 
-q " u

Irnt i .ì. t fril

'Lhe

i. ç.:; clnrrn í:y

i:¡.1rtrl. i.-".tn'l

t= r¡1- ,+ i ¡¡ -

cnns L.ant

clr..rn tn

rernai n= rclnr¡t:a.rlt: {nr
-{f=r-rfficient). 5Ínce *=rn ñtrrûr- nf ¿1.1.:11? r-ernaÍ ni:.

t+=7 :ls

for

¡, ì'7 r r.Je trûn¡: I nde that i-hril rsrnæ.i n i. ng É:rt-ur*

t¡-unratinn and ihe ;rr':r-¿rÐ.Ëy ,1epæn,:ll" nn1'y,. nn

pni n'L.s t:{ i ntegrati nn ¡.nd tl-rr¡ 'hnl elrnnr:e ç;eL

ei qe,nr.al r-re cal':r-tl¡rti nn, For ûLrr tlr.ri*ËiÐütîr; tr

the inLer¡.nre ia,:tar beinq 1.ül-5i{:he nr-.r.n¡btlt-

L:eirrç e Sr-tn':iinn nf ti+i= itr{jt(*r{.-¡r1 rl :i.n'Ler'¡¿.1

empL oyed l--': r,eri{';,' thsl t:ijnvÊrüt, nñ¡:i:r r-.;.{::u n{

lcì

th'l nlt¡nber n'f

{ nr- i:ht*

r{¿-r.s çiet ¡t " ø3 
"

¡r{ nr-i¡l rtrinÈar

ir= = Ç-;l 1.5 rq¡.=

tir*: sni. ¡-.rt i. n¡r=. l'he

i.,w¡::t.: cf bnt-tncí.:ry çrr-¡d j. Li.r:n= rnr-t=l: ,gl.xn Lln Ì:ilt,={:j.f j.q.:'j, F:r'nin :it-r¡

dr:+initiori, tiræ =nIi.ttir:n* r-ar-t3 TiËîr-ü .lt ¡;='Ël ¡1ìr-rd ;lt r'.n-Finil:).',

[i*ri'=i-ing {:n ËqLråt-iün (5-S?'), r¡rË+ n[::;ç.+r've f":lr¡'t '¿hil' {ir:;t

cirr-.iv.rï-i\'ã ni th+: ni.gænfr-ri-lL:l--irin i's ;'.."ii-ti ¡.{: :t=iï -tnr i._}Ø

+ll-lereas ii. i= nBn ;'ËrÐ .,inr L=Ø. Fnr L-:'tî tlrprn.frrr:, the

initi.:.1 .,,-al-LrE i:i R cu¡-.rld be rir':lirçin t*Íl:ht:i- ;r..ä i.ri..Fi.ni.t:y {'si.nræ

the -=alr-ttÍtrn í= =erfi;rt r-=Ø) or ar l.J1./I ir,inc+: thr,". {ir:tt

cierive't--ive i= ¡ei-n at r,=ld). Ir-¡ 'L,l¡r; r:,;l;e cif L=ûi, tl-lçt initierl

r.,:r.l.Lre s{ F: nu=t b,= i.n-f inity, In h;rLh c¡\.*.e:5, ttir:r ini.tial vr.rlLre

n{ S is infinity nr Ug-¡i,/i l;irrr::r¡ {:h'n rriqnn'fr-rnctimn nnd j.tç

first,Jerivative å.r-Ê iEr-rr at in{i.rri.ty, T;.rh1eE i5-..-ï) and {S*4}

i11t-rstre.tt-= r-rìËpr=ctivt:J. 1y {:he rnslrl.'ts nLii-¡rined .tnr- 1..-=ü and

l-r::1, ïn l¡nth r.E=es Lhes .tn;r1!.i:j.r r,li. r"¡mnvel url r¿r.l cr-tl ¿i'tntJ { rnrl

frw. ñ11. thi:l r,:rt..tl.t:; ,:r.r-et5-5Ei is eilpre=setJ

cnrn¡:r-.t Led i n t-al:: j. nq

i nd i- cate= E-i =tl ,

i, n ic+rrn:l ¡.:f

$-¡ '=7 erxrpt i. n 'L.:th l. it (I;-'4. i t,fi,tir'$ (-x )
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F 10. 5'1. Rodiol hormonic oscillstor. L = 0
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Radial Harmonic Oscillaton (L:2) FlG.5'2.
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Fr-c.in'thcl=r¡ r.nrurl tt: r¡J(: t:nn(:1 r-rde th¿l'L the calr¡-t].¿r'Li nn r:¡'F'h-tre

*i ge.:nt'*--1.1. t-t':r'':: ËÃrl bg:

f-hg f i.-Fth rie':irnal

cr:r.i-'r- i Êii ar-ti. wi'L.h alqr-ti r,'aI ænt å[Cltr-trr.lif i f'ri

e i. t l-r er' çæt n'f i n i. f- i. 
":i 

Ip 1 ace ) lts:i nr¡

cnndition= -inr L=1" Si.niil;rr ErüLrr.*{:y rrJ¿.r.g Ebt-r.inÊd {:nr L=I ¿'¡.n,:J

I --f

l-nmpa.r-i =nn nf tl"rE: ranipr-t{--ed nLtmfli-i i:4.1 gI r¡en{ r-tn': f- i nn'-= t li t-h

r I ose åqJt-tliåtirÊt-t'L, nr¡r:¡*

5*3) "

tlr=i r anal )-.'ci r cnutt-r'L.erp¡rrtl; *lt':ç'led vrrï!*y

i:hi: eni:i rr"' r-årlgs n-F i. rrtegro.Li nn i-Ë i qt-tt-':s

c ) Tnt-'¡ i r:n ra i '¡ i h'¡- a. l: :i nn ,

I.-i,-*i-,= r,.ril ctfnËËr'-rl Lft.tr:iEll.V'=:i t^li{:l-t thE. I'la.Ll"iir*r-t eqttri.*:inri" The

H.riniItntriarr i.= given ¡¡'-'(54) '

i5--f¡i i l-lt '{- (V-.,/3i i L-i:r:s,5s)
.:t

F p

Th¡= Ërhr':e'Ji nqer nqltäti nn rïå'r' bæ t'Ji-i ttnn i n the {at-rn:

( 
=-"å'J 

) tr"is) + (¡. ãgco--.?rx ) tÃ

5,:Lr-rti rrnti,rrEi pæri. ndi. r: {pæri ad rl Ðr- :t'iii ¡. n'l

th.:n there eili.s'l--.s a. sn'l: nf eigenv'*1lte:s ar., (s)

ta û:ven snllttinns and ,::\ *ert br, (s) cr:rrespr:nding

grir_rl-_icr-rg. -l-l-re eÍqr.-,.lrrrtt-ti-r{:[-ir:rt:] ürr-r:] ül]ípf-Í,*s1lËlic ¿\t3

i t ':.rrn b* {:i.hol.tt-ì

t:':lrrÊËlf rftrd i ng

tn odtJ

{¿ri cutr-, {Íxr13) Iln,Êtn;1¡-,-rpr:uti iilrnl-P ) t<

Cr::ì!- 1 ñC t
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(5-åï) itl ) rr;rjn i D{,,5i X*Fll 3s,-r-p -= :i n i :rn.+p i H

{r: i Bn fl

i+here p=E! i ndi r,Etes a. peri. nd ,f i d ã.nd p'=1 ür per-i. ncl Ð{ :n. fn

varies frcrrn E tn in'tinity¡ (*ai indi,:¿rteç; tlre EVFÍ1 s¡nllrtinrrs

and (b i ih¡: odrl

There e:tigts ¿r. three*'ter-rri r-ærLlrr-Én,:e r-eIati.orr å.rnnn-ü thæ

cnp{ {: i c i ents å and Et, Si- nce

[J

rel ¡rt¡:cí

'the canrnp'1. nf

tn thæ rnnrä.rpt

threæ'L.c*r-m

ni r:snt i nt-rütrr:re-rrLrr:ii Ðn i s rI nseI y

{t-=tr_:ti on= \-Jr I !t':,' ì thc] i nt':rpre{:erl

cnn'l:. Í rrr-tnu.sr,=f:LtrrËlnfe {urrnlrl ;r. {nr' ::ûfitÊ

thç¡ r,.,ri. rlil'nriã.1LtË1:; s.*

sr l. lt't: i nlr:. a.n d ba,

ncld periarjic =nlnLimns" [Jsr-r,*11ir the erigenv;rLr-res E¡-rd the

eigenf Lrnc+-iong åre s:valnated f i-nrn FÐFIer ":eris- {il 7) .,r rnåy be

+n¡-rnd in ter:itroo[':s nf r¡¿r.Èhein¡.tir*l]. sper:i;rI {r-rrtr:l::i.,:ng,i"

ïn the nLrinerical =nlltti.rtt, r¡¡R l,¡r'itp the f-i¡.'i-hielr elrlr:a1:.ir:lr

i5-¿r4 i (d7 /du,I ) Ur.,= i oi I I$cr-rsß: (¿r/Lr) n i=i JUr.,- ii::i

l+liert-r (;i/bi r., rjer¡a'l:,æ ei genvalnee rÐ¡-r-n!!pondi.ng l:n tl-rr*

p,:i-e.rnel:er :: ;ind tlt* qlrantltrl nttrnher- 11 r 'l:.hi* U,-.,o(*: i bei.nq thçl

eitSenì:lrnctic:¡rs cc!r-re::Ë(:ndir"iq'Ln ar-,,(t-.') nr- hr.r(s)" I-t ¡3"*fi, t.he

eigr.lrifutrrctinns ,år'Ê nn'l- ¡l¿;¡¡elr'¡r=,r-*r'1.tl, {J'L.ht:rr.vi.se, 'Lhr.tr,. ar-el dnlrl:r.l.y

11c'.3e1-riç]r-at'=, L.ltlËr F\/En åFrfi ÐnLl oulrl ({iq:¡r-tr-ns 5*-=li. l.n t*¡-nrçt t:'l:

t-æ':t-.tr*:;i nn t-gI 
'r'L-. 

i '::n rn;,iy Lrul

års; 'Llre f ¡-rndernen t¿i1

'f r.--r.c L i un , i:h': ro¡:t =
;-r.Ëãclr:i.*ted r.::i th thu=

rl{ l.lh i,:h J.r'E

riven ¡:er i. nd:i r: l+i tir fl-ri+
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(a. l: r:rlrj pc-riodic sulr-ttíon= {s;=Li

{b) r crdri per-ia,jic sulr-ttinn:¡ iE"'1i'?i

(c) l ËvËn perindic Eo-tt-ttintrs (s=1i

{rJi : svÊr-r per-i'=dic snllti--ir_lns is'=i.ü}
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gl:¿tnda.r-d n':t'r.t i ':t-is'; ¡ l4r{l str¿. 1. I

o{ {:fle Even solr_rticln:: ce*n (s)

íni'1.ial vaInes nf R.?fid

brw t'.-r." ti're Ri gentr*J. 1r.r-.s

thæ ei genval ltus clrt

t ,tJ r î'l 0r

'J r.; n nt' c-"¡l i ç:'L

F!aqrs l3B

dr*t;i 4n;+*-e

*.nd by rrhrt

the ndd =oIr-rti¿:ns een tx) "

Since the inler-vaI uf integr-;rtinn is, æítl-rer-

iÐr3î1, prnblems in,¡n1vínç¡ "iernr:in.3.tinn" et-r-úr5

h¿"re. -f-he odri snl lrt í on¡; r^Jtlra cnrrpt-rted lt=i ng i nf j. ni ty s.s

$ since aIl of those =nllrtiirnã å.t-F

:ç.lrt: at the tr-lo bolrnds" Ê:; tl-ræ çrr'Ën gnl¡-ttirln= hErl,E thr:ir

'fir=t derivatíve ÊeLrå1 tn rçrrcl a.'l: bçt:h bar-tndsr {:he initi.:rl

vaLurss r--{ ft ¿.n,1 .5.:r¡*e resperti.v.'r-., lIy U1/I +.n,J UN{-t,1;" In bnth

cå58-¡s compr-t'tatinnr; tJerH r.lr.rr:i.ed or-tt cqi'Lh 1l¡L a.nd 1iñ1 qrid

puint= a.nd å tnl.E:rsncc+ 'Í¿rrtr¡r ,--.ri: itT-å" Thr': v-rl.r-(ç:iã m.t å.n ;-r.r"ir.j

Lrr., r,Jere compr-t'Led { r:r-

thi:=r-= e'.¡s, l lratsd l:rnm

E=Ør J. r:ir¡r:l¿r'5ø and 5ñ s.nd

t hr¡ çlrr j. *= ni: p.*n=í trn- ( 47 )

rûfnp+T.f-ErJ t"¡:L'[:.h

T¡.i:Les (5*13l

gr.!ìËl (5-å) r-e=p*'c'Livelly ËilinFå.rË ¿rnaI ¡,tic .¡.nr[ nL.rfä,;:iri'::s.1 1y

ni:i.ained eigen'r.elLrçrË r{-1rre.;pon11 irrg to the even æ.nri ndd

çnIr-r'.inns. In bnth Ëå!;r:ri i,træ íntnr-r.a.1 i,¡ [flr,li1$ (1i isi the

ãñ.+Lyfic resltlt nbtainrd {rnrn rÊfer'-"nce {¡i.7i r i:l) a.rE' thæ

nt-trilËrics1 reslrlt=' curnpntrlrJ r.lith 101 grirJ pr:ints and (. ) with

3l¡ I gr i d pui nt= " Fnr- I nr¡r vral lte. c,f the p.r.r+.rnL='l:filr 'ã aç¡reenrent

is ta thu- si:rth rlelcirn.:Ll pl.aræu the Êt-rr:lt- ínrr-easing rrtay-

hrgher valr-res a't Ë ¡ricJ r-ì, !ir-rçh {:1rrßl- þJas nhceried tr: clirnini,sh

rapidly either i:ry r+rnplryinq milr'-¿.1 inf-ægr*r.tion puirli:..s ur- by

lt=ing thr: Rir:harrJs,nn ex'Lra¡::nla'hinn {nppen,Jiir .:I} 
"

A-= ån illt-t-.:tt-¡it'h-j.i:n -[i,*¡r..rre:ii i5-4] shnr,.l h.nr-, thn *i.genr,;ilr.r.e.s

r,¡¿r-y with tlre paramt:1:Rl"' s f or t.he add s.nd Êrvrln snllt'h-ir¡ns, l-lre

cnr-rn:crdå.nËË t^riLh 'hlrn -tLtnrh.inn::, n{'r-r-:-fÈtr-Ën,:e (4.:/) i.e; e}i;:rtl:: Llp
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!.- J-L. _LTJ L.I IL-:

p,ri nt:i r

f ¿r I,l, í .., I

t¡Je

lf<ågti lç¡

,5tl-i d¡:ri.m-:. I pla,:e, In å. 1. 1. nxåm[]i.i::¡:-r i:Lin$itlnrr:d tn thi.'s

pr-:inr- kFl,fç.JienãE ú'i: tl-¡e bournrJ.nr';.' rfinrl:it:i.nni; rel.a'L-ì.ng

¿ind /':r- ili ' t :.: i E L. ti =a ¡.nrj :{: :=b h¡.S bel,gn ð.Íí:tr-tnì{t'J "

shal I treat i n the f r:l I nr+í ng çc,c'l:i un a sl j. m¡:1e l.ta.,v tt:

arid S,n¡-r1 t+hen mirn:'.rn¡.1 infnt-¡n+tir¡n igi ¿'t\''tril.abledt=ternii ne RJ.

cnnrrrning thr: behåviLrl-lr 'l'f thæ einsnfr-tn':'f--i,:¡rt å. 1,{:hæ bnr-tnds"



pð{qfl I +2.

å. GR{ìFH I TíIL DETEf:iT'lI NA'T T Í]N ül-. ]-l{E It'iITÏf¡1.- VíILUES üF FT AIiID 5ì

hje di=cr-t== here the rem,¡ininq c;Åãe1 th.at 'Íor u-lhich

rninim;ri in{or-mation ig *t.+ilahle t-æg+rdi.nq rtJ(:':i Ðr tJ'(¡l} at

the bt]urnds, îhe prnblem is, tre¿",1:r:d here in a gra.phic¡.l

approach r-t=Í nq .3 dor-tb I e i tsi:r:l L' i Vs: prcre=ss end ¡"li 1 I be

at-t¡-rl:ed in Ennther r¡l-=.y in thn nerrt i:haptet*

Let Ll-s sv¡.1r-r¡.te thi,r æqr-raLÍririr=" pe-r'LinÐl-l-,- {-.n i:sfravin¡-tr a'{:

th.e Icr+er b,::uu-rcl , the rrrr-rÉË[-rfiri11 ing ei'qlt.*tíunç dF:5{:t-ihing f.lre

Ltptl=i- b,:r-in,l b=inç {:}:: .lrr,:r.n¡.lnqLlEiri" ['Jrl ':':r'rì 'J'*=vÊ]':]p the

ial-1n'+ting rr:i¡.tion frnm l:he r.:qltnl:i.,:nç (i:'-f,4) tn {5*l:.Ë}i:

(5-å5 i 'l- åtUi/ tt-1t+n=1

r+here å{nr} i= th-= r--,å.1r-lE n-t'l--hÊ] 1nç-'Jr:r-iV.1'l;ivs ¡.t ttle Int+er

[:,:,-tnci ;.nd äi a.nd F1 Eì.rE {¡'rf-nrç depenriinç LrpDn the pntentia'1 '

The potent i *r.1 .:rf- the balrn,l rri¡-tst L:': { j. n i tn i rr th i :; ':;'ì.t;e and ,

f sr- the snle pr-rrpn=e n{ initi.nh-inç the i'tÉ3rati.nn, f'I¡ä sh;rII

egaÍn q1s5Lr{nÉ th+'l: t-he \¡Ë11;L.tæ AÍ ttræ pntent j.;¡.1 +.t th-- e:rtsrnal

pnin.t-_ is the =årîe Elg at- 'i:he l--rnLrrìri" -l-hç itÊr*.tinrr i'* s'La.r'Le'l

. -- Fì t - --,-; -r.t- þ. a- frn¡¡r ¡ddsrl *rr diås=LtfnlnÐn1-:U1,/I{¡t.:l-.tpclrscr-ipth-r.shg+trg.ddndt.nrlpnn'L'ea

nËr+, i ¿s¡¡.i-- i ve pt-uress ) ' l-t-ie va.1 r-l'es ü-f F: ¡t næi' qlrLinr-tt- i ng

poi nis +r-:1. I or¡¡ f r.,ln thn LrÉ:r-lå1 pr-r:lcFs:3 r'ri l. I [:e li:'-.ØJ r [i:=ø

The {ol Ir:r+in¡ abserve'tinn cð.n nL'}t"J be rnacjr*' I'f [tlØ happen= 'Lt:

he {:he corrr:ct vel¡-te (which r"r(1 miçl"r'h clrirt-inte hy l:;:].r)

F{i : h (ll]' I/'irl) i: irl t+¡¡""} i i 1--f I) l

= h,5i:tIi ð1 + F1



[']cafln l+3

rÉ-FlEctinU the rhnire o{ t:he Ë:ifrrr:ïr:t [:unnii.,iLt*y rmrttlj.'Lir:rn, tlinn

l-h'e gr.+ph nf Fl I'e'¡-sr*ts gridpninl: r¡i11 Lræ mnrlr:'ht:nic i.¡-t 'l:hn

vi-rinity n{ the bor-rnd, lrlotsl hei-e t.f'r.:.t i'f .:t trn,Je i:l pi-æsunt

rlase to the bor-tnci, F. is exL.remæ1.y r-æ.pii:ìÌ. 1.'tler:ræ*rriirrç and HË

rnr-r=i. I ocal 1y di vi d= the i rrtei-v;rl ¡r-rnr-.rnrJ 'l:.hr¡ bi:i.tnri {rïË'!1 t-Erïì.nr[':

in s.ection 4't in nrder t,: h¡.ve ':nnltr;l-t =igni{icant: ¡rr:ínl--s tn

proceed at- ån extrapuL ;iii an " T'; nn thn nthilr- hanrJ, RIØ i:¡ ¿r

F,:tr-.1r åpprElrinration, 'hl'iæn the çr-,:.ph will. nr:'1. hç-'rnmnr:'Lntric bt-t't

r.liII ::hnl..l å. "fr.:ictl-{.t-=" in the r,:tçÍ,rin ,:f *-hr-=l -tífst {elr.^l pnin'l:S

blrt rqi. 11 L,e i-r¡mnotnnic -inr iit-tl.-rã,'=rilLr[:nl: p:nin'l-r+" E¡ti:.r,.-'.tpn1;rti.ng

the "r-r,:r-m+i" p;.r-t ci í-he gr-.Lnfi b¿t*[.,: icl'l:iitl bnr-tnd l'lr11 yitll.ci å.

nf.tr'i cf.FFt-oi: j. inaf- i nn t,-¡ Fj , s¿y ñ: i 
i ,, ]-h i c; l:¡j1n :1ãrY'3 Èr.1þ thr*

5¡¿r.¡{:inÇ pni.nt for å. net't calrr-tlatínn, i"e" ¿-ì.rl "nLtl:r:l'"

ir=raiinn, ütri- h.¡Fo'the=i.= it Lhs't tlis sL.tf,cltiii:-rãi'/Ê \''nJ.Lttll.s RlfJr

Ër1, t-:1îr..' trÐnvEr¡Je tcr thæ ,:n¡''r'ært v¡.Ir-tr ':-t Rr tîi."= Fat- f-he

tr+r' prabl.=rn-= desrribe'l j.n the pi-evil''r-t=:lær'tinrr and {r:r the

pi-r-.rb1erns discr-tr-=.sed in cha.pter h1 .ltrrsr hyç:n{:lrr,:'sj.s cc+r-'l:¡¡.j.nl}¡ j.:;

r'*rl i d .

In pr-actice the {ol lnr+ing pt-':rndr-.tr,= is enipluyed" .5t.erlinq

r.liï-h ÉlÐ=U1l2, thr-ee =it¡-ra.'Linrr'-.i ¡¡.ri.'=,=t {:fir-r-Ë-r:3pnrr'3ing tn t-hc:

br:h.rvi nltr n{ the pntenti;r} L/ (¡t } a.Í:. tht* bnr-.tn'l "

(.r] Tn{ini.te nc-r'Lenf-i4.1 at tirie hnt-tncJ',

In this cårre.ãE Tl is ínfinite, the* ini.tial. v;Ì1L.tr't F: s;hnltId he

in'iinityo

: ert: vålLlc.'

si.nce .3-n inf j.nj.tæ pn1:enti;,r.i. ¡.'1. ;t Lrnltnd l.*ad'¡l tn a

r:'i the rei'¡errfutn':'l:.inn."-rt'{:hel l:ut-tt-rt.J" Thii¡ j.çi perha.¡::l=

'F-hr: :;itr-tatj.nn L.ïrt nlf-jl: ctfrTlrTrilnl)/ r'rtcnLlrii-.rlt-ti*rJ {h¡.rmunj.r:



l-1 
,.?.Üi;] l4+

fifi.r::i.l I *rtr^li'', i'1nl-rir.l, " " " i .

ibi i:'i.riit+ n':{:nnti,rl o.i, tfre bnnnd,

There :r.r-Ër tr,ln pns=i tr i t i t j. r::;"

(i ) The pnrenl:ia.1 has En ElítrËmt-lrn"

ïri tiri.= rå..:rr3, AL=4.:., U'l.=E ¡.nd theere{rr-n lì: 1=U1,/1"

iii) The {ir-st d'=r-iv¿r}-i.ve r:{ t.h': potenti=rJ. i.ri, FrtrJrlî:iEr-r:r,

Thj.=- is the rnnsi. Çuãnr3Í-,:. I r:<?.,åe in r.+l-r:i.r:h nn ari:nr¿r.tn

:'.n{r¡rrr¡;il:i.rn is,.r'",å.i1¡.bi.e {rni-n tlre pnt*ni.i¡rl -Ër-.iircl:iunr [Trr i.-

':fimilLr:teli; r-tncierteli-mined =:Lnre'hir1= ratin,\t::ii iEi t-rnl.::r'¡rlr,Jn"

llarr-t¡=pn¡rdÍn,:lLy, ';'r,ar.iÍnç¡ r'ri L.h ËIfi=LJ 1¡:t as, ,:.r-tr j.{:r-s.r1r vaLLrL r+r=

i: åcL- the three si tr-r¡.t i nns. r

[4 .. -_ i.fi(',,ri F:-"..Fi.1 "i tfre e'iq'=n{ltri,:ti.crn i:l ¡¡ither i.nci-na.'llinq ¡nd

þ-1rr'.iiti.r,e crr- derrra.sing er.Fld nell,:.{:ivn a.t å.n el¡lf-r*mL.titr" Th¡r

reqi-tir-ernents,ïrE'=ati=-iied nniy i{ the ei.pcln'ttLln{::tj.r::}n ir¡ rmr{f,

a'r-: i,l-rË.¡ bolrnd" ltær-;-rtinn í*= i;r*=: Ë;Ê-".$n prr:vior-rs1y) gt¡.,r.r-l:ed -tr,::¡-n

t'RÌ' =i.n-Finity, -fnr eita.n:pi.'= {igt-rrr: 5-. "

itri Ff.*tå't: -"F: 1ü and the discr-æte trLJ.¡-v{t --hn;,,,tE;r si-.11.$t,r.n'1.

ci¡:cre..r.sin,J bnh¡.vinLtI-" Hçrreä 'Lhr= rhr:ire ÊJ.fl=U1,/?,=F{r. I i.s r:nrr.-ect-

,:nd the eiç;:nf ltnr:'tíc:r-r is e:r Lrcl¡naI ¡.'l: 'h. l-re br".¡¡-rnd {'t.n¡- i¡n*rnple

{ j. qltrr..: 5-'¿r i

iç ) Fi.¡ü'l: =Fi 1ûl .¡tncl thç: r-Ji gcrr:te i:l-rr-v{* s,l-rt:ror:; ,a {rar:'h.¡-rr-r¡ tre,ll:.¡lçlnrr

the sçr':':nd ¡.nd the thi.rd p,-:Íi-r't, l'hril n'=;-:t,:ipËlr*r)).{i.in+ti.nn is
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F ï LiURE ( 5-5 ) : THE Fr¡Ð I Êlt_ Hrliì¡''ìrlï.tI rl USË T t*t_ÉiTtJtì i L=ül . þl:;.4 )

Di screte {nnctí r:n F anrJ eiglln{urnctj.nn V v':r:lut:; l:he {irs'L

in{inity a.nd the {l¿nr:f-ian R is¡gr-i. d pc:i nts n " RÛt is;

n',nnnL,nn i c clerrea.sí ng "



F1G.5"5, Rqcliql hsrmonic oscillotor, [=Qn:{
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FIrSUFiE (5-åi : THE i'lê-fHIEU EËlUlìTItþl

Di screte { lrnct i on R ånci È:i gi¡n+ LrnË'1, i nn r,þ' versns 'L,lre 'f i r'*'L

gi- i. ci Püi nts n. ÊØ i = U 1/3 =

cie,:reasi nç Ëhohli n! {:hat Ëü f

L .¡.nd 'hhe 'Ê r-tnct i r:n R i :; mt:nntnn i c

the cnr-r'r:lrt vå. lLrÊi"LË
;ì..

i 1,
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FårJÊå l+g

1:fren obtar ned bv thæ tnl l. ut+i nç r-q:l ¿'.[:i nn l

t 5-i:å ) F,i.l" .-a tr¡ r'. i.4' 1.I Fir.i':-.':[ tl,,.=.[:':, ", " . + ]

Ttre v;tj.Lte RI l" 
=*r',,*= tt: ini.'i-:i.+tc: tfirs nËl¿{: iter¡.F-ír:n and sitf

tf,r'r, The pr,:ce=s is st':pped ¡.t 'sDrlìË:

ah.¡sn1 t-t{:r-- vaI ute n{ rhe d i f f eræni:n [i

Ê;oirre åtr Ë Ltr å.c :.. p a.r a.nie L er "

{ n{ l: whæt-e th*
t..* Ir:'-r i-- lel.sr;i¡r tha.n

val u's

flt 'l:lr¡.t- ¡-rui n{:

lh'= di.';rrr,r'l.t'+ ç:L.rr-\'Er ¡.t the hnr-tnd ¡ tA,E

{:Ê.n r-rsË å st:rond e:.r'i:ra.pnl.c.i,:lon

(5-å7) ËIt- = FiL[" + Rl[" :F'i;tt -'- *n.'"

r,+lrr.:r-'e FIt i=. the t-e¡.1 tål.Llæ tn Liel t-tçied j.n lhe j.teral:inn"

Fi gr-tr-æ Æ-7i i I -I r-t=træ.i-eg thr: {:nnVærçÐrr,::tl nÌ: thçl pr-ñf,Efr'ã-

-ihe i'i;ri:hier-.r eqr-r.=.tion 1s:::f-t, n='ll) iç i.i.Lt-t='tr',:.'ì:tiJ in ',-igltrr¡

(5--iri wherr-' Ít e'Fpr=år5 bh¿r'l: LJi.'i3'-[irÊJ i'çl tl-rt¡ ':r'-]¡-l-È:r'L t;te'rtinç

'¿al ltei" Tt-re radi ai herrnsni c o':.;ci I 1a'Lnr" ii..-'=.[ r n==I] í s

il..l.t.t:-'lt-¡r.ted in {iqr-tr-e= i5-Ei .?.ntl (5-ç} rqj.'1"-.h f-Eaã[-'êr::t':ivellly

ËlØ=ín{initr* a.nd ËtEì=l-Jl,¡?' l¡Je r:,-ä.rt fîÊì'ï1 'i'=i ÉliiF4Ëtr=.!dr't:l-r.lrL thr+

eÍgenfr_rnriinn is ei;a.rt1y the :;¡i.m¡r j.n {:lie ti.¡n,-:',:r¡lels'"

ancl i n srdetr' 'l:r: ensc-tre



F-r.ilg'ï l+9

FIüUli[ (5-E):fiiiTl-{TEt-i Eüt.JË'\l-Tt]i'.Jr f:-Vil\.| SL-]1....1J1-InlrlË

F,Øt ís the pronær \,¿rIuÊ: U1,rË T

FIGi-tfiE q5-'îi:fi.r:ìl_ìTAL t-lûË:i'll_l['.JIt l_ìsIIl.-L_r-lTi]Rl [...=-.r N=,ill

Th=' i'i:,:-,r:rtíun= i.r.r-e ;;tar-'Lclii -Fr-nrii tt.¡n di.-t-f ¡¡t-ent iní{:i¡r1

v,3i r-tu-:= { i n-l: i n i ty

iridi¡ntirai çinç:¡¡

and U j.,i:i .'Thn r-nrnpr.r'L.t*-rl çj. i¡nn{:lrnc'hi cinç-" ¿Tr-r..:

\l' (FJi',=1#' ifl i =.tð "
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Ul{r-ìF'l-!:ti ó: $rlLUTInN üF Tl-li: "Al'lrl[-Ë*BEl\lDIi'iü" ËtltJËl-iIr:lhl"

I " l-r+a'-'L*rrn r€lcL¡.r-r eni::e rel. æ.'k i on:;.

ür-rr.rini i= t¡ pt-trvide {a nLtrrret-ic.l1 solutti':n fnr the

ordinår-y sec':n'J-ni-rier di{:+ærenti¡1 ei genr"ellre æ'11-r+tinnr

I ¡1- I I .!t. f r., I

(å-:i Ui.a.)

p {x } II' tr:}'+ ehr*(rri ìii(x) r¡ ¡ 'J' :: r., .l' ::: l-r

¡li f-h bnnndarr- ct:ndi. ti LrirËs

uibi '¿

r¡lrere:

t'{.--:ï} n-
' 'lrt:3 [': (x i [\r:r i:t ] ì-t

an,i ¿lhær-e rr: and F å.rt= a.rbi tra.ry' il:ñ'f i^ln ãr nnt i cr:n:¡'L,.r.t-itÊã r

p(¡r) and er a.re corrl:ínr-tnlts Ën the int-erval [aub] c¡xcept
' '¡lt =

r*\'elri{:urel i. y at }í=¡i ¿rndr'nr i;=b, !,- (x i is sañålytic or at 1e¡irç;'h.

rnåy be nxpre=sed in the {nrrn uf Ë{fÍns pnlynnmi.a} er'tp,:rn:;i.nrt

.=rrclr-rneì the erlr-ti I i L¡r i r-trn cr:rt t i qr-:.r-a.f- i. r:n "

l¡.l,.= t^lant al g;c: tn Prrït;rïil-vt': tlrr.l rhgr*r*:tl::r i st i rg n+ Lhi¡

f-f:'ri¡t .r-¡ittl j. z efi irlr_trnç+ruV üt'_:tl:.i'lctf.l j. n nrdef- l--.n h¡.v4 ¿_rr. flËt-lEtr*¡t l, !;r:ltr¡mæ

;r.l:: 1r' tn b+ a.dapl:nd 'Lo r.:qnaticns hih(3rÊ+ p(xiìf '(rt)'=fi ;rnd tn



p;tçcr l5l

v¿\r :¡. c.)Ll1ì brr-tnda.ry cr:ntli. l: i nr¡ç

In nriJer tn ræ;l,cl-i tlLtf- qr¡;¡.1 t",'1': ti*avtl to :-rtfl\'/a th+ {nr-rt-

r':,:l L al.1:l ng rl i +'i i rltl'L i. r¡= ï

ii) The e:'lPIir:rl:'

clnsg r¡r:t b-nåhIL' L¡.::

prÉflÊnËn

tn åppIy

lrllrr¡erç1r., æ.L ';¡nr- i i:hm

rieri.v¡.live term iç

{ i r'r''1. d¡lr Í vsl: i vi: 'L:ærm

tl-rÊt Previ nuts mt+thn'l

nn 1''¡ tu eqr-t;rt i r:ns' ç''herr*

n"i the

di rect.l- v

*p¡:1. i rl=

¿rl-i **rrr t ,

si. nce the

l:tre f i r=r

d i r¡cr-tssi cln

{4.-.f,?i iç

( i. i. i Tii,ul pt-æ=enr:e ':ì: l;i' nqui' ¡'r i"i: i' e':s

tr:'i:l-re Lt:ãÈ ¡i t¡t:irrÊ ;-i.1 tr:rrr':r'l--e; rnetlrn':!'E

(iiilThr..¡,:DnËi:¡.nLt; rÉ .nnd Ë $r'if ni:t n*ru'l:':it*Í'1y h:nnwn

rlr:p, licitiy, Irl c':]T'l:e=in Ëå'ÍiL{1äi {-.J111y mir¡irn+l jrrl:urrn¡"ti'nns s'rr'J

.:r\.r*-.i 1..rt:1r: -lr-nrn i:he po'Lerrti.;,r1 {ltnct..imn ;r.l-ìd =ilfiìhl pt-n':edr-rrÊ ð'5

.l-_lrn r,¡raphj.r:a1 er:t-r-a.pnla'i:i.urr {:¡r-,.ån;:iI'[:er-n.:'.'Le rn'='hhi:d rnt.trst h¡=

r-rr; r= cl .

{j.vi -[lre -f r-tncií,:n q],r-ji i.i:i noL nn':r"'usari ly pu:iitivn 'f,n all th'=

íntet-w.....q.1 [¿r.-b1. There-fut.æ'L.lre n¡:r*t*;r{:nt. |-' n{ æi¡t'r.-l.t'i.':n (4_!j'i

i's nr: i: r:f ,,ÍnÐrrüt-,Jrr¡..,, t:j. nd ( lirS ' Ll :[ i ( Ëi,ee a,ppen,:J i. :'l 4 end lhe

c--f=ectinnj'chap.Ler4i,inçrar'ti.cnlarrnnrjitinn

nçi- ati tlat*:: {crI f j. 1 l erj "

-ihe pJ.an n'F thici clrap'Ler ir" åt'E'inl. l.cl'+l':l;'íj.r':lt'n tlre

tii*ar-etir;rJ. dr*v,=lnprle*nt uÍ {:.e,:hniqr-te:; ¡ri:1slLn n':Ive the

r:r.lll=:Lrlr,.¡r'r-.cl problern,, .SncmniJ.l-i.r, I:l"rr": ;rp¡:l'j ra'L-inn nf f:l-¡r=lse

tnchni.qt.ttl= to ð. pt-r:bletn -tnr r'lhi.ch a'n'p'jytrc;'rl snlt-ttj'an:l e:cj'fitg

il...t:i¡endr.e eqlra'Linn) " f::j.nal.1'/ lhe e:r'Lç:nl:.i.nn n'lc 'l:lri: rnr-etlrociç 'l:n

å prrobl.em -Fnr- r{hich nÍl.J.Fìi;rlytir:¡l. snlltl:inn É:tic't5i bt-t'l: t^¡hi'':h

g. L ïi =.r

ãtl'fìLtl*rd

a.nd /nr- la ñb I æ+dg

tlra hnLtncl-=.



Ër..r.üÊi l5z

r,::\n bæ sol vr:ri j. n ¡.nnthtrr { ¿äglr i nn i L-ngendi.'r,r

pnf-erni-iaI i and rqhirh is thr.¡ "á¡.nüItr*bend:lnç¡ "

ÉrtrL:lLrnl:ered. i n tlra" th i rrJ ¡::lr¡.pie¡* ,

lli+ficutlty (i) r+í11 i:r-.'Lrc=a{:ed in fr:utr

e':¡r-r.:rt i. nri 
',-.1i. 

th ¡r.

rnr¡¡iinn
- a _'-'

["Jå.\/E i

(si r-rsing thæ

tlre i nterr,*rl h

.'ln-" lne Lr.ãe û+

.Ã.rÊEr-tlt r.n h',

r:r-rrlr-rl at í r,n Ërrr:r bei ng r:{ order*

r;'ritråp,:lla.tian r+i I I yiu+1d .5,.

ttl) t-t=ing.= hj.ç!-i-,:ii-,J*rr';r.1.-!nrj.t.hrn r+i.'l:f-r r:¿-rm¡-r1.:r.'l:ive Êi.'r-ut- n..F

it

':f-¡:l¡31'- n

{c i In rerrrnr¡i n,f thæ 'l:rr-nr p (r i ì}" (u } hy .:i.

.eIgnr-ithm i4.*IBi f¡r-'L,r¡¡ di+{erent valr-.res c:..F

and h/':, 'Ll-rr:

ihe Fli ch¡.rdl;un

dæpt*nden{-- Y:-¡.r- i ;rb I e

ch.:ptt-.r 5. idi in

Ëis p (n i tJ' i:'; i and

s.nd .r.p¡:1 yi ng d i. rerl:1 y

cnn:;i tj+ri- i, ng i. n æ4r-t.:-i.t i nn

clevel nn:i nn ,3 rrel+ al tnr :i tl-lrrr i n h;1 .- _r_ " "p

cir-a.nq'= n-f Lhe

th'= me'hhmri r¡{

i =* i i t h¡..* 'l:¿¡¡-m r.:t i:r i

Di ++ i rlrl ty i i j. i h¿r'* benn tr-entald i n th¡+ pr-ev.'i nr-r.s ':h;.Fl;.er-

by ü. Çrrr.phic¡i façirir:n; þJ€: =hlr11 prr:=ent ir¡ 'l--he l:nllmwinç

sectipn ãn alternete þ,.:ty l*lhÍcir h¡r.= the adr,,eni:.tge tr¡ rÊrnÐ\¿'=t

th* si ngr-tI ar i L.i e:¡ ¡r.'L. tl-re bnltnr-l a.nd ,,.,tI sin p¡-r?r".Êfit th¡s o¡:æra.1:nr

L tn be nr:n rnrnntane ¿it 'L.hE: bn¡-rn,ls, -fhe:re{nrr: ih:'.s rnrthnd

snl.vei=, the iii{i:lrlrli:ies {ii.i) ¡.-r.r-ìd iiv}"

The general pr':r:edt-trn

T n 'tl-re prob l arn åç. ç L.'rtecl

by 'sç)rne { j. n j. te d i { -t srrenci.:

cl i. f f dir Ën c ea eq rra.t i un t; inir.y

tht'= {,:rnr n

i. :; å5 { c'1. L nþd=.

j.n (Cr*li, r4JÊ rel¡::la.rr.

;¿ppI-n;': i r-rr..¡.'l:,i nng;" Tirel

be ¡;¡-i i;: I:ç,irt i. rr #. \,/ÊÍ-y

å.ny clnr i v¿rt i r¡'*=

ï i nn¿,.r- i. :i: ærJ

gent*r..r1 Hi.ï.y :i. rt
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Ø (. ur.:.. n ¡!. l\l .r{ t1--¡.1.J
I t-- r

u!5¡

n-t- i =

ì#(b)
i F'

r+hÉlrË Élî El and f, s.re EoirrË

val. r_res clrc p ix ) e.nd e¿r. (:: )

-fh i g f-hree ter-rn rE!=L¡.rt-Ë:nrEl

i--r^.rn telrrn ¡-r:1at í an provi clerJ

Ì='Ê e/ 1

ntçrt \ ùrJ r Jã,' r

i¿r-5i Fi.t - r ril L,!

ËlípÌ-E'srli Ðns depnndi. n,¡ L.{i:}fin'i:þr':

¿''.t var i nLrs. gr i d p,-i n Ls

r-el.¡ti,:n rn.r.i- i-rrg er';pr-el*sr:d ir¡tr-r ¿i.

r:c¡r'l:¿r.i n r:clnvs.jr* vei'-l'JE3 cr- i {:ær Í s. Er.t-ä"*

_.t
ifì,1C) Fin-_1 '

_{
t L,./ l-l J |:-. . ¡

I t-i- r

r¡t.'n{È*.7i

c'-n

i /j*,å ) -n -tiJ¡'f-l,l

r.¡her-e.r

lii
n

(å*ti) ïfz

ê:l r-r=r-rErl the itet-*cÍ-inns rn...r.y b* prr'{urined r:n,:Èt thrs j.niti*.r.1

t,¿ì1 t-t+?s ftI -:ind Sirl* I are d¡=f i næri "

;,rlr:rl.qori'thm in nCf'?i : AL-Ë{1} "

L.lsing {4-:?ir (4*f,i3) ¡.n¡:J (4."-ï1), þi* l'r..1r,Ê!

n+1

n-l

¡ ¡ ¡1 \ 
^\f.f--r, H

¿rn d

l -rh p r.,,r: { }:{ ( t*'ttpn,r:?i



(ó*1.pJ) tin .. Un i i 1-hpr., /? )

= Ur.,/'(1J'hpn,/:i(å-1r.) sjìn

U.r / ì'[ 1 s.n tj r.I¡q 
'i U¡¡+ 1 ] ê.r Èl

ïn orriç¡r ti: nbLa.in å.n

aJ. gnr-j.tlrm, the cnrnpn"ratians nit-rsl:

v¡i.-l-¡-te:;,:-t h {h a.nd h,/:i ariri i:h*

prrçlF l5+

[ ( I'+h!:rr Ì:;i ,r ( I -hpr., /;:.i 7l:Tr¡+ i
t ( ,L*'ii¡:r., t:,lt i (.t r'hF'/: i -lS.-¡-i*1

sp'=cí{ieri"

å.r':Ltr-.:rry i¡i.míl.ar. tr: thai. n'f 'f:.he lrlr-tn'¡,Irnv

Fl' a.nd Ëin crãn br. itq:r-;rt-ed nnrE: ÊI ¿.nd 5r-r-pl. ii."e,thr* r'-.¡f-inr

h e r.rr r i ncl ant 'i nr t r+n

r-r'.lsr-rL lr i. n'l::rnrJr-.ri:eld l'. n 'Lhn

f-'lj. i:h.¡r-clcnn *::ltr.=lpni.e'Li r:rr f nrrniti a t4-54.) t¡:i I I

ilih4i" T'hr:n e.i Ëc1Ëf-r =iep nf i:i-rs¡ rr:m¡rr-rt.Ll:i.ni-i

Eu.'i+Lr-r;r'L.ed {ni- h ¡.nd lr,¡i ¿\rìd rr.ltr-.-r.pr:.[¡:*.Led,

T'irj. :i pi-ocedr-tre i= E,:lr¡-rÉitlhå.1:. Innçih'r- si ni:,=

il:ei-¿L'i::inn= ¡'h er"iEry =fep

L¡) dlrr hiçh--i:r-der -+1gni-i'tlrin ín Ll th4 ) rAL-Ë i:i),

fl:: ån t+¡l AInFr I e

chno=e an

haul ån high-ar-rfer- di.'¡fËrmrtËlr fur-¡nltiå nlü\v L.le

e1 r;or- i thm Cei,'eL ope*,J bY

yi r+1d rn=r-r1'Ls; i rr

ti:n +nrJ Sn .::tt-¡I

r,"¡ë LrÌËfr ti,.Jn

ut::*d ? t\,Èl

Flns[,: i.nË(57) fr-nrn c¡-rbíc splínF.-$. riny al-:hnr

a1gctt-itl-rm rTr.¡.y be lt=ed in 'L,he sÈl.iTlr; ÞJs.y'

In tlriÉ rå.Ì'5ei

t ¿l-- l- .j / ( t -¡hpn- 
1 /f ..hrq h, n--. , /å ) ur,-r..;t

!,5 * l.:,,1 ( 1-hp',-,-11 x,-, -t- t:[-r-hpn-.J. ] srr-r1

l. l-j-' .L t.I )

f-i

E

tr

ñl b.*.ssi n',+ a.nd

h i. q h--rit-rJ,lr

! h, r, Ïr',

¡rht-ræ

{" hIi



( 6- 15 ) crr.,

p,:{q$ t S 5

= { L-Fhpn.-1 /.J) { J.-hpr.,,/::i}

= i - 7hipr,,.n1-Fn-1)iã4

hIFn- 1Fr., /IC:

¡:trr,-- 
!. trn-l- I i 1:

.+

(ú-1å' En

Tl"re currnlrlative Êrrnr is het-e in U(h4)'

c.dl nÈÞr aiqclrithrn in ü{h4):AL-üiIi,

Ar-r ål!LEìrn.:ti.Ë e.Igorithm in Ûih4i q'.rhj.,:lt Ë¡in brl rudr-.ti:ibItl

i ntn the ÞJttrner-o.,.'= 
=.i. 

1q':t-i thm

i i; srbi¡enf- h*= bsen d,=ri vr,*c! í n

l.liren ttril + i rs.{:. dr:ri.v.n1-i. r.'e-''ter-rn

þir.: st.rrr frarn th;: reLa.tiorrs

t h i.: { ': i. 1. ':t+ i r-r q H;:r.} "

t5-7) .¡Lrd {ii'-Lïi " Fmr-

c tlt'lït:tt-i i. c'n': '= t;g I gt- :

[ ¿]-- l- / ,r V-,lI
lI í1--i-_ ì'n-' 'Àrr'

anrí

(å-1F) år, = ("5-Thrn),"('l*Tirn)

ldr.l ir'ãy cr:nçi de¡- th*

ín t5-1) . l.Je nbt'rin

fr-rnrti nn p ix l rir ix i a:i thæ -tr-r.nrLi on r¡ (1.: )

there-t rlre t'FËFr:c t i v,=i y I

(/¡*1.?i Yn+i. - t{:+1fn-i-Ir¡},t{i-'-flrrr..,iYrì + Yn+1 Ë

ii-r?¡ i3) tpr.,*i U' n-¡-1 -r J.i-'i¡:r.,iJ/,-.,'F Irlr--LU' n* I l

(ó-':ø) Él¡+1y¡+L - íår-r--Lyn--l = tnil¡i.i:)tpr-,-n1u',.,-¡-i. +' (13/hlu'*

Frr- L ltt'n- i. l



5ËUrJÉ'+ ;i¡-l -{. fiurñue-.rJu.$-t JÐl.j.E

L.lTìJ}cltl äf'1 puTr (þt-.t?) []t]l" {Ëi:-ç) uEËifr11ãqt . fi Múu ê1EU TLu I 'i:ë, rlf4

Ll*'U{rJr rJu,,d -l- ,-.ttJ -t t, d'dË -¡-
+'u¡ {çi-ç)

üJãLlr'1

[ ( 
=ud-Fil. d] (?/=Ll] -r- T I u, nq d- ti

t,{[ i 
t"' trll--T 

) .i 'l 
*lJ-*dr]r 

I -- T+uÁT+u$ {trr-?}

PUE'

i iþtjifr ur stlrtl:!r-;ci'1e

Gf.4+,HLj:!,'{'¡1ri:.r.r--¡:edeo-r'¡a,rrf, {r"1¡-?) FUp tbI-7i r,'T ñur::r,-Tdã,:l

T *u.,{ T *LlU

-t-

iu"{L,ud + uår¡o=u6 {- u. riu'Ybri tñ
{-

{uolb + u,,d +..urJ.+ t',d*dt;}u,ñ1 = ,,Iu,ñ,td] (¿¿-ç)

'f,'''{b'l * (itd*',.t}u.ñ, = ,tu,¡ìud:r {ïr*çi

¡iJTÈif.ciü Èr!1 tE :a--¡deq= rl{f I uclr+:1åË.

uT FË."t;:iqõ'iq F-,u'È'-lËif-lif Lll,-li*rilj- Ë3Ll+ J.cr É11JJã? irLJ+ frr-r'rtJdu-rp

Iir:ir [{}r),ifi(rtcl] uT (t'-Ë} pue (5:*.Ë} sLrc'îgu'ed:rs Èir-l+ riur.(TcldV

gS ¡ aiiu=d
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çJ

å+åhPnHn- 
i. 
+h= t p' r.,'r-pr.,? )

- ( I-T. - i -I r t: -r- f.rû.tr.. *-r-Jlrtt .artt
'-:¡ ,t T_fh- (F' n+pr'È{-5F' nT;r.r n-Fn*T;1, ¡ } 1

(å-:?i .n = ó-óhp,-.,Êr.,+L-FhI i¡:',-.,-rprf i

r-.llri¡rç,* r

( b-'JB ) b

( fr'- .-:' I l Ê-n

ulrer-t::

( ¡ar -..i .{ }

( å*f,ìi ) zn

(,5.-f,4) LI

¡.ncl

i å-:55 i IY-'n

n

t-ina11y the tr..rn*l:ern r-=ËLrï-r'{3ntrË rel+.ti¡--.¡r-rÊ c(ii-ì bn t'+r-i'L.tr.n å.rË

{ '-: I l. tf l¡lË :

_.1
i zn./Yft ) F{n__ I ''(un/Yn )

__.1
t Yn / 2r., ) !l¡¡-r L *ilt i7 )' '-n' -n '

rn = [*:r,, hpr.,A¡+I] i L-Thrn+!.l

= f '-Tr-, + hpnån--i lti-Thrn-11

= t t3+:l-?lTh, nnn :hËpn:lT"- 
r., 

ln

I {-

þJe rrnte that Fi' a.n'J Sn å.rÊr de+ j.nr'lcJ hr:r-e by';



Rn ur,-n1lur, '?ñd

P;,ige r5$

:in =: ljfr, 
- 1 '/ 'S,-.,

in npprr.5it-e ü+ their dç:f initir:n in (5*3:i end (5-115i ' The

Lr:3e o{ Fn å5 de-tinerj in i5*1Oi in this cå5f¡ pr-n';en'i:s Ê'tffmÊ3

di++icr-tltieç ¡.nd the üLtÉ'-=tinn r'nrna'in= opnn"

clerarly this algori{:hin re,lurcns to the Nlr-rrnernv 'aIçnrithrn

r^rhen p (lr ) =E ctnd -tr-trther-r¡nre t-n fql.Ê i 1) i-F trtÉ d¡np ttr* t-çlr-mË nf

rjegræe hiçher t-h¡.n f-3.

This å.1,Jt:ríthm presen{:s tirer-æ{t:rn the

l nc;i1 trltncat'í an Érrìrr.; =i mi 1¡r 'Lo thn'=æ

algnr-irhmu to prEsEr-\.8 ì:he 5cl-IFt¡¡F} t-t='=d Ín the prr.}vj.r)l-t!i

sæcti(]t'r,,-i a.nd tn be able tu snlve hn'l:h r-adi¡'I ancl

" Eri-ig I ¡,1*bgnr:l i ng " eqr-t;tt j. r:ns "

a.dr'=tn't¿rqç:'s tn ha've

l:'t the lriltrrq+r-nv
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'J 
" .Ënl. r-.r'L j. r::r-¡ ir;i ¿i. ch¿inte oì: 'l:lr': rr Lrrrt:t i nn "

-iher {i.r''¡'t deriva'l--i'"'e terrn p(xiV'{xi in idr*t) cån be

i-enrni'r¡d fitå.t[-¡erïEri.i,raIly h'¡ a *h;,rr-rgtl cl-f the iltni:tinr¡ ìl¡(xi:

i å-;1i; ) ut ¡'.. Ì

ThÍl- i':+.':J:i i,: årn ,=c¡r-i.:f-inn i:n¡- lqhi.cir f"l¡-rrrrsr':1.'g ;ll.qnr-ii-ltin m.'-ty

trp t-t:;,it:cl ,, llr:r,l=vrr, i:he ir¡.n::'ir:¡-rnai:icit-r mair L.¡e ¡:l:i'Í{ j.,:t-tIf^ ¡.nd

cnn'=¿i.rJnr-*d ni¡.iitern..ri-ir+. liy, i:.ltr,.r t-r-.:rnis{nrn¡,=rJ {r-¿n*l:i.r:rr ni+y hæ

h.+tJ1.7* ht!'n¡.',.r FËpËr:iail;- a.'L 'l:h'= L:nltrrtji;;" TI-iirs [,: it'til n{

'hr-n.ns,-tnr-rn;i.i:i.¡n iE gltcce-si.\,'$1.\¿ r-r:sgd i.n the l-i1.riruiiËrdi'ì;r.l:nrn *lrt,l

ll,rp- ..ãfÂiirr,-îìf'r'l-ir,r¡ i='ih¡t in {:,.1.s:ir.t 'I}l( l--t=rç¿ençir-æ't'..rpn æqua.'i;i.t-"rn::,¡ ì..1-..-_.-.'..f-.--'-'?!'.-.--.--¡I-'.-.'-.1.-.'-.

=r-rit¿rhl.e r:hançe nf ir-rnrtinn r,+ii. 1 qive r¿¡si-tl'L¡ l:.j.mj..1.¿r.t- l:n

rhn,;e ohì:.eineri Ín the hydrngnn ¿r.'l:rrr"

[.-ç: L Lr':l suhsi-- i tr-ri's t å_f,å i i. ntn ( 4,- i. i ;

(.5-:i7) :t" (ir i + t ip ix ilå (x) -'îfì' (r:) ) /Ft(¡':) l';t' ir:) "r'

¡ t4Àr.j.(li¡ìixi -þ p i:*)r:\' i:.r)

l\" tr) ) /É\(x) ll-{:.:i = t4

Ií- iE fìritli;v l-rr seæ the.i in rhi:i.tsingl

ærp[ ! ttt:t)p(ridr.r]i å-;5Ë1) l\ ix )

[:ht* :ry':;ternt (å-1 i br:,-:omes;
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f n^ - (:t i (.Li4.)p:¡ixi {1./:ip'{niIi{.(r:)-l-i å-Tç i

whi 1e the tinltnda.r-y ronci Íi,inn=- å.rt::

tå-49) .'íia]

þie i ntrorir-tre:

{å-41}

i dr-4';:i

'x,/åt¡.i î .t{iii ts/Í{(ðJ

F Í-t

The [.ir-rrneruv eLqni,-ithm Ë.sn t]r-. r..ll-it'L,en in tlre -ilrt-m:

t,i*.4..i) \r-i ( 1-'fn*1) { F+ L t'j.rn i )iTì ln¡-1{i*.fr'r,,-1} i¡-t-

i:Í. ri.rI 1y u i n per+orrni ng Í-hu Lt=utnl. ;;r-rbetitr*rtinnr

i å-.44 ) rr, ( 1-t'n ) Fil

l.Jt: Otlt*ai n l:he t-eL rr.'i- i an= n{ tlir rnn'lrrn'nl. i ; er-l ['Jr-tn'ii-'r[ir'¡ niæLhnd

(5-34i and (5-fÏ) uirere nr:-..Þrl

( êr* 4Yt J Un = {:-FLüin} / i i.-''t'r,i

Tlrj.:-, al.gorit-hm l^¡iIl be r'çll:e.*l-r-Ert ¡¡.* åLüi4') in l-'rlt.;-rt

'fnIlÐr¡tl;"
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l-ire r-r=æ of thi=. rnnl:tind -Fn¡- t:hn *'va. 1r-taLii:n ni l:h¿*

ei gr:n"Írtnct j.nns i mp1 ie*,r.

rnurltÍp1ying th*: {nnc'L,iotr

$LtFpli:rrrænt;,rry str:p r,:trsis;f:j.ng in

:t()i) hy tl(ui "rF¡çi rjãt-{3 mr-tr:{:. tJÊ tål::ell

€1irtfË:lcialIi* at the briurnds r"¡hnrs: Érlfrre ilndE:{:ertníns'L.inn rliåy

rnsr-rl.t:, Fcrr ei:;.rnple i.n 'L,lre Leçendr-r*--type eqltatinns, Ëitil) =

iL*x?¡--Ir: ¡.nrí Êi{-1}=ËriL} ¡-ar-ã in"Fini.ty;.nd cÐ.rÍt rnr-tet he tah:en

in'l:tie tgva.lr-tatinn o'f the hnr-tlrdr-rry rr¡nrjítinns i.n iC¡-'4Ø)"

Fltrther-rrrur-tl the chs.nçe o{ -tltnct j.nn m¿¡.y E¡rssent :;¡:lrnÊ1 pr-nbIern:i

cnncelrni.ng 'the voir-r¡-ne el.ærnent l.ltrícl-r ¡nn-=;'i- be vet*ifierJ {nr the

tr,:rng';"fnrn*lt'i.on.=.nd i'L i.$ nEtrf,li:iir.rÏ l:it {Tt.Ë.,r.1.:tË gLÌrÊ by r:¡}ir}.rïinirtg

the hr*havinlrr of tl-tx) .st the tr,::r-rncli¡ t-l-i"r.'t'l'ixi i.ç *.cLr-tal1y.l.n

F-{i:rÉ?[j Låb I E st:]. t-tt i on o{ i:hr: eqr-t+. I i' nn i rl ¡r]- I ttie=--

i nr L r-rd:l nç the bt:r-tnds and 'l:hat i'tr j. ç ti-,ni. r-tt i cn i c

*r -'* -

nnrrn;i1 i;,rahIe.

-_-..--.-!..-Í ti:'lll.lI ¡:.'¡

*'tr*r;l y u{

(16)

t.h*l bæh.*r,Ínr ni ttre Eû1.Lt'Éiontl ¡:-i æqr-tatiori (ó-'f,çi irt

{ ar ã. l-eçændre.'*tyF¡e nr¡r-r;i'L:i ntr "

Tn t¿rbIe (å-l i tìi'= t-Ëgl*trile thæ va.rious nirpr-es;innl; n-t the

Z, i. nvnl ved i n the ç*neraldisr:rete ft-rnrtir¡nE Un, Yn a.nd

a.lgnr-itlrms:

( fi-ll.á ) Rn = t U- ,/ Yn l
_.f

I zrl I Yn ] [;:n__..1 '

LY,n/ Z* JÍlì¡1_r-I
*1

þlel nr:f.t¡ th;¡f- -tor ítrLfii4i tJL? rnfly ¡.-:r..r'tartn the i.Lnr.'¡.i:i.nns Ín

r 58)

I'Jer¡nr-l:heieg:; in i-hs a.p¡-i1i.':¿-r'Li¡¡¡1;-:1 ¡¡¡:-r å.r'Ë rf:n¡:':Èrn t+i'l:lr thetle

dn n':'L pre=eni *.ny rnnjmr- iji';-iirr-rLLies" L'Jt: {:il.r-ry nltt'. ¿l

tun/znl

'tcrnt:l nf ÊliLhær tgn fti- Fn. In t-;nt-l:inq nr-tt the;r.ppIir:*-t.tinn:;, h,g
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rrr*rrð.r*[::ed th;rt ALËir+i r.lrfr'[:: É fæ.='Ler i.n 'L.er-nrs Ë]t'

Ëeinre prr.,'sa"nL,ir.,g thn ri.3::.LrLi..s o[::tni.neri {rnin ,¡.r.clr üf tlre

a.1 gnr i thr¡= rAiæ har.'= 'i:.n d i =cr-r='r' hr:t+ 'Lh¿l bot-tn'-1.:rry ,:nnd i t í an:¡

r,li I I be transl ated i n f-Ë'r-¡rlr, a+ l:he t;'[:ari:i. n!l vçr]. t-tfå,18 Rl. ¡.nri

..,¡q-i-, 
1

Ë__.tl
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TTIFLE å-1: FUI'lf,TInl'JS INVßL\.rËn TN'Tl-{E VfqHIÛUS f:ì|..-ËÜRITI-{t'15.

nun 7tn

HLtr ( l, ( UI

fil-lli;ii iVi

ALfr(4) iUji

ñr__ti (4i (F)

i^iit L.r e :

'f -Þ I ilT
"...-,fl

':l 'f_
( 

"+ 
L ØTn ) r:,-,--.l1-r'"pr r, 

"','T.,

l]-þ 1 f'17*-'n
._{(:-FIøTni iL*"ff.ri *

1- " 5hp.,

ff r J--t !-'fi 'n'

l ---[¡.+ |

1

4" SlrF¡

-r:H,-.,'{L*Tn._...f.i

I -Tn- 1

{
,L

l-
c{ =är, + hpr-rAr.,-1 i s = tln htrrr Ën-r 

L
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.i"Irri'l:i..rl v.cLLre= n,; F.: and 5 by sr:ri,=ts e:lpan'si.i:rr1 r¡,,

f,Je fjr-Ei=Ênt here ån nJ.'1,'.lrnate FJr1y' 'cs delLermir¡ss 'L,he

sterL i. nq vs.I Lres R 1 and tihl.+:t ní the i i-er,,rt i nrrs p;lre¡-q'1.*s the

[rnr-.tnrl*.i"¡. randitinns W(.*.] a.rrd U'itii +ïr-e nnL *:.:pl iri.tly 'Jef in*'rJ-

l-lrir:; ç'!F.',r n'i dnirrq lr,:¿:+ th+: +,-Jv¿.n{:.¡.El* r-¿:l.e.tivr: 'Ln tl-in t¡i*a.¡rhi*.ll

e¡ri-.r-.=ll:rn1+tir:n rl i:;r:¡-.rg=iri+ci ':T¡,lr'1ÍÍrr t.i: rr'll.ri-.¡r'¡iËi tír¡i prnblent n-t

s:iniJr-.rIErr-i.tii.:=. ¡'1, '[:.|-iæ i:r:nncís" h]t;l:;i.r:411,'' tlr'.:l methnd c:c:n,;i-t¡t,l¡ o{

eitpr;r.nrJi.rrrJ irr ¿i Frnhnliir-rs':;elr*j.¿+,=.'L:lrei l;r:llrtír.lrr *rrr:ttricl th¿-:

bL--ìLr.ncl:¡ fni- Lire çri.d pni.tlLs ,:i *rnçl a-Fh a.trd tn r:.:.1r:r-ti¿r.'Le '[irn

r.liLi.n f,lL r-.rsing thr*lsc¡ v*'rLLr'¡::"" I¡r rifline ilrtliÈriie ¿\!å r{,Er llh.=l1 l su*¡

j.r'r 'h.hn åFF1í,:.etj.nns, *r titlL-.te:r- r-s'Er-.tIt i.s rtl¡'t:*r.inæ¡J j.n s'l:ar-tj.rr,:l

tlre i l:er;r'i: i *n= r,li l:h F.3,='4¡=r' ',t'*,

¡. ) Fr cll: '=n i lrr= çe¡- i e= i..:i: n arr si nn ,

i{e rnrsl.l

snl ltt- i rn nì: ã.

. (Íilì
F¡$lnr.

her*'= tlre t l*L l *[:.r'tûtJn t-*--Chn i. qtt,-=

d i f f erc,n'i: i al eqr-ta'1,:i nn at-ar-tnd å.

t:{ er'r pa.nd i ng t he

g'i n'¡lrl ar

l-e i: t he *qr-ii'.t i r:n :

{{i--4-tf } p {r.r ) y" (:t } -t- q (:ri:,/' (ii) 4- r (:'tlyi:<) çl

li=¿i. i¡; c1 i-eqr-rlstr sirrçr-tIat' pn:irit i+ ¡:{a)'-fl;Lnci i'f l:he rþtn

'rnI I ur.+i. nq ¿:r:nd j. f- j. nnn i.4.rt: '[t-t]. -i i I L r:ri :
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I iin iií--r1i rl ix) r'p {ir i and f.i.mirt-ai?r i:'l i rp irl }

bi:'í;.h exi:;tç l'JhErec15 x 'Ll' nri'¡ Í-u 's.

In --n,:h rr:nditinrr= i,he eqr-t,.Ltintr {å*4il) h¡.:; a

Frnbnni.r-rs-iype s':1¡-ttinn n'Ë the {nt*ml

( r!-ï:;tZ i ;* i.:¿-a¡ c r.i;.lt; i){-a. I -i i
JJ

(j=frrIr3f"""i

r+h r:t- e {: h e 
=,'=¡'- 

i. es *_1 "'J

[;*-e.]'':.Ftr F: hr-inE lhs

si rrqlti.at-i'L',"'

-iiie dn'l:et-r-ní ¡r-q.i- i. nn n{

i.ri ta.[,: irrÇ

ica-4Ë) ¡nd

(ir*-a) -1 cDnvEåt-çifl13 -tr¡r aI l n çr-trh thai:

r-list;lnce -irnm ¡1 =.¡r. 'lç.r 'Lhn rte;trçlsl:

thæ cne{ -Í i c i ,tnts l: a.nri Ð..i i' ç; p*r--t nrrrrr"'ri

i:ire cieriv+L.iveç u{ Yti:l in i$'-iilili ;¡.t-rcl r-e¡:1;+.cinç in

rJægrere i n :{i i na.l 1'¡ i- n aqr-i':r.l:i ng ti¡æ i:8r'fii:" n-F sÐ'rnË

h " l-r*tl enrji- e--'L'./tre eqlta l: i n¡r'¡ r,+iihnirt- r:lta.trrTe n'f tt-tnci:ir:n "

Wr¡ çi--ìt-lËiflL=r here: the L-eçendr-e glqltatinn l.Jheru c1 patmntí*1

f ltnct i t:n V i:'t ) h.aË bs:en addPcl I

i dr-5l. i ìjJ¡! f !... I t ilx,/ (1.-:r?i I'g'tx) t- 1,/ i 1--xrl I rs3¡ ( 1*xl) .{-+

t/ /.¡ T ì -l l.lr' I '., ì uJ ( -' 1';. ;¿'1. L i

v-li 1-l-r ttre bnr-tnd;.t-;r r:nn,lilionl;:

(¿;_:l:li ,j¡i-*1) =i: (\. i U.(Ii ù
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v (:+ ) =r-ï rnrr-*fipnnd= tn t[.-re "pLtrÊ" [..Ë:,:6enrJre

L.he r:ë-rlit? { nr t^llri ch tl (x i i t-r ntfl'l ÍÉr*ci

-ftir:,:i"ì.-:l¡= t+hat-e

erqlt*rti nn r+hi i e

cort-esponcls t t:

in this cãËe ls

f-lre " i\rit:tr I e-'i:end i. n,J "

cleterrni nr+cl hY the

sæ':ticln 5) "

eqlt;i'Li on. The

eclr-tílibr-iltm nf

Lrpper* irnund

thre

pntæni'iaI (see

ClearLy )<=-'I iç s t-nqutla'r xinqr-ri'ar- pr:Í'nt" I{ \¡tr'li i:'

nilpr,e=-æci in J:*rm'r ç[ the'ftrl1ot+ing eilp'ansian:

{&-5;l) V (x i .îjiËìi (rl--il..o) 1 {i='[ rT, " " " i

t.,¡hr:re :"ie{ iz the e='ulr-ri1ÍLlr-ir'rm i:-i

tl-re pt-ncerir-rre dæscrÍbelil i'rr tí'tt:

thn pnÈ.*nt i. æ.1 tireri

ç:r-*r,'i or-t'l; Pa.ra.gr-;-Ph t

i. n l-t'.: i rt i..l

iq'=- { j. nr:[ :

(rr*54) c = -=!7

(&-55) =rg', = I

iå_5å) a'i = (sr-ç:*ihJ i4íã+i')

(í:,-57) å3 = [s4'-r5s]5-tl'sl i h-ii *4s i:a*:R, -r:

¿1. {hr-3À+?41 ) 7 / r"f,3 ic+l } (5+3) J

-l-

l'Jr.l¡.r-:+=-i.rth*soIr-ttianrûnythelnbeeuprÐÍrËFrii'nthe{Õr'nrr

a1 (:.r-i-1¡ s/l-r1' a3{l'r+L} s,/'f {-3
(x-p1i 5/? + +

( /¡-'58 ) tf (:* )

Fept'a.ring x br* *l' a'n'J Lry -1+h¡ wE rnay i:valuata' thr'¡ rat-'i'n

ÉL=U (-!.-r-h),/\! (*1i .

TheSål-nElprorerlltf-rjcÈ}.nL:ul-tEe,:Jat.L'treLlppærb:r:utncJx=1
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¿\ rù1qLrl*tr ':;i.rigu. 1*--r.t- pniri{:. fnr 'l--h':*

=i nce i. t rnn=1: i l--r-ttes al sn

pLrre [-eç=ndre eqltatian"

r"Strluttion of Lenen,JrEl-i-_yf¡e etr-t¿r.tinns r."r ith rhånnn n"F

ft-tnctir:n"

In thi = c-¡.-=Ê, t-t=i ng

thr: e:lpan=i t:n ái-É: 'f i v'¡n

equa.ti.i:n ç6-l;Ç) ¡ the cn':.'-f { i.cients n{

h-v:

i å-5ç ) (=-l-1i ¡'3

=1

= tsI*-;l-l i i4. (s-r-1 i

(¿r'*,È:) *.: ticl (?rË-c-tr--1 ) +lr: (:ÉìI{-hi -n#:,' I i.Érc (îIc {-1. i ]

L

i Í_.-¿i?l ) å.n
t¿J

{å*å1 i si

-lhe

nrdrr to

[c,e c:[:tai n I

srlrÏe prncedr-lre ac pi-evinlt=i7 ':å'n hu= ':s't'r-i'ed L]*t in

ra.1 rr-rI ¡rte ñ: 
1

i L-l-x i ís'r-i. ) /3t t .'l- r.1 { 1.-t'i: ) -t- ;r.¡ { I-r-x } ll{,å*,f:.i i f- t:t )

*'nd t"tÊ can LlË.e Fi 1=',ti-r/,r-1 a.:;;tat*'i:Íng'¿åi't'te'

The eval r-tat- i rin ,:i F: i ærl pi-el"s,¡ nri j. ru ternrs n'f thæ { rrnrt i on

Fn;:"i1.-Tni-,\-n iç nlrt=rinærl iri thn tnLl.nr.+i.ng l*Jå.yi

-1.:rrt i. ng { r-t:n f-hsl

u¡r i te:

gæn*r'al rìtlLl{nL.j.r)n ¡.'L: thn q¡ri'J pni'nt Ì'ír'lr t'4ÊÎ

(h*t 4J 'l'1" 
,-, = Úa 1r',
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irrL.rl'çiplyin'¡ bnth sidæs hy nf¡fI .l.nd r-aplar:infi i.n'l:-hrl

eir pres=i. on n{ Fn we r:ht*.:i n I

( å*å5 i 'n 'Ti tn?¡t3)'I:."n

The *t*csnci cje¡'-í vsti'¡e nf ,t-ir: ) ¡.t gri d pni nt i. = de'Le.¡r-rni næ,J

'f rnm t å-'å.1i :

( å-í:ír ) '::L" i i: )

/ 
- 

r { \ 1ñ
f,{l--t'x\ \Þ-rL}"¿'

rì t:t-rir i (n-.ii ,/3 + F { l-r-:.r l i.s,--I i /'-T J-

t ¡lt r...f'e :

( å-r¡7 ) {ç3--'rt /q

( ib-'CrE ) Er a.i {s-rîi i:r+1i /4.

( C¡-.å9 ) ¡..-¡ {E+J) (r-e5i /4

ñ'=pt.;trinç in {å-å5} t{E* cän nb¡t.r.i n the \¡à-,r.1 LtÊB a-F F,-., af: x =- l.

C

anrl x=-L+h

tcle nnte

nnl.y i+

cl:l { -t er

,{" (-1) =ü"

if lìLË{4)

5¡-rr: h é:\ si t lta.{: i an

1,::? ( L5i .

Thrlr-e{ r:re ihe st.--r.t''t i nç

i. ç r.rtlrncl i n l:.=rme n'f Sr.,

t:r:ËLrr-s in 'Lhe lrydrnlnn

v.llt-tt+s R' 1.,i11
.t.

nr i.n 'L,nrnit; n'f

a'1,nnr 'l:t:t- 'Lh* cåu{tti

ancl there'f nre 'Lhe valltt: r:f Rl

here. that bnltndary rnnd i t i nn:: ct-tch tha't T- (* I ) =ü

clnt*r; n63't inipl\i'næ{:F:r::!l¿r.rj. 1y F(-1}=üï thi.s:¡j.tt-t.Lb.j.nn ü!:ËLtt-?t

[:n "

[.:rnth pruredr-u-æi. :ir'ãj tnstn,J in thn rte¡tl: :lr¡t'Liun ttj.th'Lhn



på.913 t 6g

"pL.lFÊ" Leqen,Jr-e-. æqlt+.tinn .:rn,l rnmpar*e,J r^tith the re'l',lr.1tç

nbtæ.ined +ro¡n',-ht= gr-;.phiral e:ltr'*.pm1+'L,inn techr-lÍ,r¡utn,



pnqln l?o

¿1.. ni. Ë,cLriããi Fn n+ the Lænenclr,.-,r "Egt+9.1"ir_çn "_

a)ü eral r:bservat i nn= "

tft: con-ider her-e the c.itsæ lr(lii=[,] in thæ

Th'= i nt rerva.L ni i n L.erJ¡--r.t i nn iç [*1,].1 ;rnrj

prnhlrlrn s¡: th¡.t

r.J8

eqt-ta.t-ion {å-5Li "

l,:nnh¡ thÊå

æ.n.rl yt i r g':1r-rt i nn:¡ ¡r{ Lh i'; ilLr-i- methncl'E car-tld

[:t¡ r.es{--nci .

In ¡frd'-tr- 't¿ ,:bta.ir-r .s. nLlnr'=r-i.r.¡..1. =n-1.r-rt:iãn,, L*l: r-r.6 tqril:n tlrs

eqrtaLinn in rhe {nrm:

4L. r ruwtt[_
-i-

Þ.¡hEr-Ê3 l

Ø

iå--75) p {i:)

t å'-7tr ) qr cçtr

r',{q'r.f:--/ / ) \!!--t i--l,
L-

anri the b¡r-rnd-lrv c*nd i t Í nns .:r.r-Ë;

..1
?.-, 1 I I -..,.:t

'_r __1 _1{1--r:*) 'Is*(1-x") i

vs[-tl)

ätl

t-1 P

ü ¡.r-lçl p being LÌni:: n{:}r.ln, Irlever-'l:hæl.eEs' l:hæ "ri:{fer'l:ive"

måy

f t-rni

be r-rçJñ-¡icjsred ;rË.'ti-rr-r'iiurrrrtir:n gl¡' { 1--l:il), Fu¡- s

pn'r.r:nti..r. I irr

pntænti.-r.L iril

irr-,tínihæ ¡.t trr:i-h t:nr-.trr,:i':r *1rñd f-í-ri*

pct'Ls:n{:iaL

rJi'Sfr:rent

i:1 Elt-tf , th i. 
=

niini.rnr-rm ri'í ifiæ I .irr.t ¡.:.-tlí1 [li;':*s..'..] -f J.gllre ({:-'l.i-l 
"



iAJi.th ån infinite p':fr-eni-iel.

:-=,'ltr ) that the ei çenvectnrs

pð.';EJ l? I

at the f-rDLtnd:i tåre

årE rert--r a.i. f-he

the pntenti.r.l- i = 3ËrÐ evet-,wtuher'= (nnte ths'

al ihe bound= {5Et59} ).

In t-hi= f nrrrr t{Ë rrð.y cansidet- (.&-74i a.s .¡.n ei4enva.lltæ

second-nrder differeni-iaI eqr-t*iinn with eigerrvalt-te* hL=L:(L-þ1)

anrl the cilrre=pnnding eigenf r-tnc'timns ¿ru= thr* Leçrn,lr-e

pnlynorni.r.ls i==?)i an'l .ã.8Ëncia{--æd Ltlgenrire f¡-tnrË-íanE; (::}Øi

s,ã. r '.. l' L"'''

l¡je recaIl here Eûine nf i.he Legendre f r-rnri.i 13r',=(5?i .nnd tht':

'iiglrrEs t,5-") iI1u=tr*,te tirs:j.r- beh':lviELrr'

r.f3rL ¡_q¡_+Ii

r'nãry æilper:t (for

b,:Undlã " F nr s=üJ I

i ndeterrnr nxcy [4/B

fi
'.f

1:
3.rå

:Ìü

e
i:

1:
'lT

(ó*ïir5-7Øs3+L5x i
¿l I/,1

_rÅ
f-

Fø
Ffi
F,Ø

P1
i:,1
Fi.
-Tt-'-

f]

r -{
l-

.-,EJr
-,Ør

ü
I
3

i
FJ

L

?

;g
f,
3

=i
= ¡';

= i1/3i (-ï:<¿-ii
= (. L / "i 

( 5:'; f,-.lil i
= { j./E} (f,5¡:4-f,8,-,?*J)
= r. 1/öJ

= * {I-r.
= -Ï:: il

-l'.-! 
:'

= ì1 i i-r:
= 15r: tl
= -15(1

a tn_,.,.¿) r/,::-

) (5nl-ti i1-xr) 1/:

-:r: - ,
-t-. -,4 a .J/ ,:

l,je nnte (=ee f iqltresi that l:t:t- 'å=Ø the: v¡.1lt+s n-t 'Lhæ

polynamia.ls at the bor-tndç ;rrr::

n'Ørt*tl i-t)L ; Füt_(1)

r^¡hi.[e f nr E,.:.8:

I



F=Lt-Ii=FsLi1i=u3

Fltr-thnr¡nore r -tor

;rt the bor-rnds i g

F,:lr;rÈ l'lL

,lær-i.v.n'ti.r's n{ the pc}1ir¡u*i.*t=

Eern l+hí1e= it- i.-= Ed?t-r¡ {or

s'i.l r the -t i. t*s'L

di+fr.rÊnt -lrnrn

s.r=:J. Fi nal 1 y the serond
:1

s'i.5 End =qr-tal to ¡era ¡.t

da:r*ivirtiuE i+ dil:-ferent frnrn Erlrcl {nr

th* bnnndç tr:t- _..._É

Ðr-.tE t4JL t'n ú-lLÞ t I I r

':r-e st.nr-'Lmc[ {r'nrn Fi1

The

l"lì*ir t .:' ,

nLrmerical sclJ.r-ttion:; ¿ti*Ê c¡.r-t-ierj

cr.i-ìd rìLtf (¿1 i r.lhern'Lhæ iier'¿rtinn:s

and St{* t obtsi ned bt;tlr'ir-t:m grltphical e,tttr*--e.p:r:i s.ti. nlr and tl-rn

inethnds" Fiçr-tr'= (å-4i is ¿!.n j.11r-r'Et.ratínn n'fEÉtr- I e5 elí F å.n 5 i. sn

the beha.vi or o{ the '{:ltnctinn IliÀ} fnt' ==J" 
-fhæ nncle':

corr-æ=pond tn
rr¡¡i nç¡n'.-¡.a I t tp.=*- a*'

th'S IEr-¡f{t:i Of tlr'= -Fr-tn':tinrr +n,J --ì.t-Ë1 the

nf tlre æqr-t**t i un t È*74 ) "

b)f'lr-tmer-ic+l s¡1. r-rt i rn t^¡i. thouf- Ëh¡1ñfi€1 n-f { r-tnrt i nn "

ALË t 1 ) rt'U¡ 6¡ç i.5 )

f,a.se s=Ø

Usi ng dlLG ( 1 i t{i l--l-t :t'l i a.nrJ /+Ð 1 pni n'l:s "

The i ni ti *rI v.rl Lti:tË F{t a.nd $f.,loi ,nrn deterrni ned ni ther by

thr¡ qre.phir:al L"iítrå.1--rnl.atir:n rlt- the ElxlrLq.n!Í'inn tr:rhniqlte¡ the

r,=-=t-tItE, ;rre =imilnr-. Ïn tirç¡'l:it-*-i tå{EËi¡., {iqr-tr-i: (å-f,-Êri

illutstrate= l:hæ cjiçcrt+'Le cLtrt'æ's c:f h: v1!l-:;Lt= gri.d t¡clints {ür

R1=U1,r.f .at =t=rr-ti.nç \¿{-:). l.L.tfl r,.¡fiile {igr-tr-u {Ê*'4-E: ) shntçE {nr l:.he

Eåme pnlynarnials the rLrrvËjË ohtained s;'L¿i.r-tirrg ir-uilt ñtr- a{'l-t':r

the extrapnlatiuns



p¿\Ëtct t13

r.re r-uirËd (å*5{:ì) {orIn the second

¿rnri ]{=1¡ ií=1-h

sbtai ned f r,:Tn

cr:lLrnns i1) and

brth å1çE't-i ''-hins

nrethnd= ltseci i n

Ëcì58 ¡

for

the t¿+n ."1,.T,:lt- i t irms "

{f,} r r^,rå nh'l:air¡r,=il

and in comp,:lr^:i.nç

f-he eval lra'h, i r¡rr nf

lí =.- 1{-h -F ar Ft I

Ês 14,Ë {:.*n see in Ë,:}mF.!.f-rr¡ã

Ërn er¡r-ti val ent #.ËrLtr',ãËy tqi th

cnL r*tmn.¡ (Ë) End {5} hc:t,h

'Lh(*. :ilriti.aL cclndi'Lions çi.ve

)íñ'-l r

5iU-rf" Tahltl tå-?) rclst-tr-nes i:he ræ:i¡rtIts

si mi I ar r-esril is "

Is.se t;.:'tZ

Ir-r thig cå=e b¡th gi-.Lphir:+1. æ:.:tr;rç:,:I..-r.Í:.j.nn.:l,nri,3l';l-l.Ilni-ii.Íln

i¡eclrmcJs =h¡ul 'l--h¡.ï tirn irri'Li,¡i v¡.i.r-ræ'E ilii Fl ærr'i 5 ilr-11ì in-ii.ni'l:i''.

Fi.çr-rr-e= {å-5-*i .Ê:i í l. 1r-t'¡t-:t*Er'L,e tt-¡t¡ pl'f}rn5i; n'i Ër;.pl-iiç¡,tI

el.: tr;rp,:I stl i çn f ¡r Ë'1.i e.nd thæ r,l:;:lrI 'l:'¡ +r.l'-{? çt i. vnn i rr i;rh I e

iå-f,i, Thæ tt== c{ in-f ini.{:.v.'.i-x.Ë st+.r-tinç1 I'aIr-.tt::: ':'í the

i t-ei-,:ri nn= 1,-=.=ds t-ç i na,-:cr-tra'l-n r-el:ir-r1'l::s tii:;F{1Ëi;.1L y f mr s=i.

lg-¿e teble= ti,-A) to {&.-5i 1" fi bettær åFprt:;iirna'l:.i.un h,Ë1.ã

sbl--ai ne,J í n =t;.r-ti ng the i'l:':.rr-¿rti r:rrs {r-nrn R.:'= {f,/!li= a.nrj SN-nL ñ

Er¡,,_:/Ht¡_t where the valr-retl' oi lii r¡.1ære cje'L,ermined 'trnm the

series eirp.ånÉion. Thi= ¡ne'Lhr:r1 i:l riævær-tirelaEs l i.rr¡iied SÐr'

vÊl-y hiçh va.L'-re=. a{ L sinçe f.l-r,l'fir-:lL-. nndn a'l 1---ltæ s.n1¡-.t'L.inn

appeË¡.r5 c 1a=e,t- i--¡ t-hæ bi.¡r-rnd årç: L.. i nct-e:å'-+ç:Í-' "

c"l'lr-r¡nericai sc:l r-tt i nn lr=i. nçt ,3. cha.nflç:: n'l- the f ¡-tnrt:i nn "

tìl__it t 4 i

Cagt¿ t=-.=ú

In {:het cjr.5e ,t(xi."[1 ct{: th,¡ Lrnr-tndr, E'.nd Fn it,; given b:yl



lf ra-|tr i3 I 'r +

(¿;*78i F,., = (h?iiil)ï-"ir:)

= i hr,¡ I t) [*. :E ( ].r-x i -"ji: -. i::;\i ü j ( l--r-r'r ) 
*'t' /î

-rt15(À:-Lj iâ41 (1+x \i/?

Al-Ë (4') in terinç t:-t l--he Fn içr i.niti.¡.t*d b)' ñ

terrns n{ the ,rn, itr*

111=5¡¡+1=i nf ini ti" Thçl

'--¡1l.r-rrtrn i4i = ftbr.i'::t-t=ì.y.,

r-æ'=t-ri ts =afid i t ci?n h':

fiìmr*E gri'1 painia i.z

r-rf l-r , 5ËÈ bei r+ri " iìç

v"¡1.r-re= Fjr lnri 5¡.¡i;in,J

t'L.s.Lrl e: it---É) r':':1 L.t¡ltnË

i t-er:rt i ans ;'.r,r started

r-'=--!åLrL ts ;:lÌ''Êl ni v.'en i frla.[:I r:
=

f-h i l; rrntlrn':J fin'=s n':t q i. i'e

ãi-r':Frn'l:h¡.'L thn cnnv!:*rgÉlnn:Ë-i

1=S¡¡"¡- .1 '=fl l4h i I æ l'. n

r.li th t lre r,.al r-iæ:¡

r. ¿r--"rl J r

¡.rctlra.tri

i n r-r=i rrg

Í r; a'Í nrdr.lrr,¿E*t- Y

in

$l nl'¡ {r*nvr:rg¡FnÈcr. r*r.i:r¡

çi{r':t i-nfi b, :it-nr-;rt-inri'¡ t¡tartncl'i:rt-lnt

hi gher \'¡r1 L.t¡l'':t) qi v'1" hei:rr:':r' rel'=;t-tI'1.-=

t.L,r f.¡:) i4./1"

ü¡.ç,= g,'tJ

Ërqa.i n T- ( rr ) =E ':rt

{pr ;-Í.J r.¡= rn¡-tst talle

tl-¡an in ths r:.r.=e ==14'

t.h¿¡ L:nr-rnds ¡.nri çirrrç: :\-"{: tÍi is¡

t-.he E{ãÍi'rË 'sl:¿rrl.i¡ril \,,ÌtlLlÊE {nr

F:,-fr- $=Ï, ',{-"i:ii ig finite al:

i n'f i n i. l::*'

ft and S

t he hn¡-rnrjs

an,l æqlral tn ;l and i:he iter¡.tinnç ::'l:.¡.rt fr-r:m v¿il.r-.tr¡ti

rJe,'l:errnineri b'¡ (,5-7Ë) " Fnr s.l.T, ìi." ix)=Ër ftJ.=Efrl.-l-'in-ti.nity" í\c;

-qhu,¡n ín n-¡.hIe¡ (S*å) ÞrE nbt;,rinrd;l':L:r-lr.*l:ç¡ rt¡rr-tl'l:s.i w:i.'hh thi.E

l¡ii,il i:.hací .

rl " [ìi¿i.t¡= n-t cc-1nverüet-ìcrt'

Thæ preii,iuLi= re='-tl.t; ':lt.l¡.1. l^,:iì:l"t tirn eÌ.genrt;,r1.t..r.,:,1:'" of thrl



l--e,=ir.:ndr-e eqr-teti nn ;Lnd

p*.U* ¡?5

bef-:r^Jeen ihi: di { f ers-,:'nt rrrethncl'*;

5ãfne inte¡''v.r.l lengtlt I-r"

mæthnds r.lhet-e ;'.n;11 yt i. c

cnrnp*r i ng the sr:1 lt't i c:ns

rqith ¡-].Fl i.nj--er-.'.'¡.1 h ¡rtrd

'- 'f fnp,3.r- F

uri f-h .3

Cr-.r-tomer- I -r¡ ï-he test'= n'F ntlrrrst- i r+1

snlltLinns .:r.r-'ê rìvå,i labl'e cnn:iíst n'i

the cictrLtr-åit! oi:iai ned

(here i'hs æig=nfr-tnr-t-inn=)

lr¡i i.ir .-r.rtnth'=r íntervai h' " lh* re+I ra.te r'f

n-i f-he 
=clL 

r-ti- i nn rrrå.tj Lle cief-,=t-il-ri n*ci .

',-r-Lrnc.-q.tio¡-ì Ër-rnt- ,:rt t-rrder hI r.¡hiLe

':trt¿¡.i neii

Fr nrrr t- h i :i

l- r*¡ I-ì L; F i- il ¡= l-l f- F

íìLG i J. i ha-- .:1.

Ërl--Ë { 4-i hêvu=

ç,=ç:i: i. un f, *-i cha.pt.ær- 4')

di:-'':r-ei.irarinn errt:r i=

tËlL-Gtli I .?,ñ.J h4

t'nr-rnii= 'f or the

Th,=r-1¡-r:¡f i r;,rl l'".

Èll--i: (:i i +rid

i'i-ltnca'rir}n ert-rJr:1 crc nrcJer h4"l¡l='[:]ficrþl içge

i.h;r't ihg .+.b='-:1.r-tt:'= v¡rlr-te nt tft'=

bolrnded

tALËif,i "ill.-6i4; i"

f ¡.r: Lnr- r't or-iier h3

Eh .;rnr:l tr* ¡.-:' hr: l:hnsç.:

i nrerr.al s i-r ,:.nd

lr r,¡ ;l

Le F-

va.l Lte= nh t ¿. i n ed I't i i: h

h!t-- (i , e, u äh ir. *:iræ aii=nl.r-ri-e vs. l.t-ts ni f-h'¡: filår!';1.'.Ínr-tÍn t:rrt-ilr- nt.:iiil I

Ur.,,--U{xr.,i I ¡fn i-í-ie whnle ini.ærv-+.1 t--1? 11 r-tsing iri " T!-rllref ür-Ë:,t

+rr- r'-llË i j- i s¡e shar-tld nblain Eh,/Eh ¡7=i /4' :r-nd i*t- Ël|_t3 t.5) i

ALË(+i, f-he ref-in =hrlrlrj be 1¡'iCr, Ël+c1r-rdirrg U'I ;rnrj !ifq*t tthiËfi

åre rJetç:rrnineci by thr.= 5Ëries e:lpansinn ancì theref nræ nc1L

i'L.er*lted , i.e=ta p=ricrrrned l.Jith 3I and 41 çi-i'J puints gi.r'e æ.

çnaiJ conrnrd.=nce {exæpt in the ra=e nf iil*Ë (4'} ., f nr ti"=Øi "

übvialt=1y å rrili-Ê detai led di-ct-t'=sirn o'F th j.s sirrh.r.jr*lt i*;

a¡-rt ur{ the pr-rrpr:se n''i thæ prersænt dissu-t-tatinn anci t,Je $hel1

reE'trÍci nr-.rr=elve:; tn Frrip¡::sE a. =cherle r^¡hj.rh å.F.rpr1ii.:r.r-{Id i:r H,fr-l:

r^¡iil'r great =;r'l:i=fartit:n in the "pLlr'!" LegElndr-e t--ãte;û¡ ¡rld a1':lt:

j- n Lhe "å.r,qt e-ben,lÍ nq " c;.t5F"

e:, llnnc l. r-t.:i ':n= : {lËnr::rå1 si:l-tr*tnt: '



F.åqË l?6

/ls =hr-ir.rn in thrl l-,r.L:1.æ t¿-,*¿-,1 - thll hr*.tt ri:Er-rIts ;.l.r.-Ët

nh L.=-¡.i ned by r.h'.r { Ê1 I nr.ri nç prn':er.ìr-ri-n I

s=t: íiLE if,)

clir t rapnl at i an rir

ciet ærrni ne F: 1 ;rn'j

Dr* ALË i l. ) r.'rí tir ni thr:r tl-in gr-+.prh i r*.1

'Lhe seriet; æir¡:;trrsint-r nr,=thni:J in nr-uir*.¡- 'L,r:

{:'-l'j-i- 
L

s, f:¡r-t i ng

=,:i t-tti an

13liilrîri1Ë.1'. ün=" ihe -F¡-¡.i-thnr'

rllL t.ãi.:inrj in min'l 'L,lrc:

Íi.-r, !ì¡r¡ { r'¡::" J., 11. i q R.=i I l-l¡.d-- 1 i=."1i ;,t'="¡

i. i-r:r.*.i: i. nri:i r'Ji-r*¡-È.ti:r.';;'Llræ r¡.¡r.l lre:: ü-t tlt',;t

år{r r,"T.l.i:Lrl..¡l:mçJ {rnrn thn ç:eri.;:r:

tr'*,r.ri=.'f r:r-ni¡rj:i.nn I. i.n-tn U Lr+li. nq fic?.i-r-i -liJ

r-'li:,.re¡*v¡.'L i'¡nr cl:i :icr-rs:led Etrat- l. :i i:r- .

t3.:.. Ë.:.. ¡{.: Éil rJ ( r+,! I l<i ¡ f¡J-l' '- -' '1'

LJï Lt lr¡ç=r.l- Lteg

"s,.=4råj -ì{4i ':ir 'rìLËiii ¡li.i.[-r tilr i:i¡.,j.r_l hr:th in.iini.',:.y"



E¡.r.ã# l??

T¡.'n 1 ul {:}*I:

Nr-rrler i ca.l c¡.i ':r-ti ¿.ted ei. genv+.1 lte= u-F

it)*f;il_Ëilir ?Ì¡1 points" tit ¿aF¡d Si..j*I
eilpansí t:n r¡reth.:d '
(ii : i:r[-Ë ( 1 ) , 4.ûi pni nt* r.ti th the gåme

c
"N+.1 "(Ii rÉìLG(ïi, -.r81 pnints
e:: p.r.nsi nn methnci "(4i r ALE (4) , :ti poini-="
(5) ;{rli3(L), iEl p,:i.nt=.

L.alg,=ndre eqr-taf i r:n i5=fr i "
arr¡ ca1 rr-r1 a b.ed l: ¡'*r-n tf'tt'-':

initiat YålLrËrï F:

;rFpi initi.¡.1 t"r¡. 1¡t.srg r:alrltl¿rtr¡d

1 *+nd

-Fr-nm the

U--1t'- Lì.[]h í ca.i i:s t r;pn1 a.i- i nn'

T.*l-¡ i. * å-li:

-[¡..rb I l¡ /:'-,i.:
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L egendre eq uation: Potentiat F ig.(6-1)
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Lesendre Polynomi als: g='l Fig (6-2-b)
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Legendre Polynomials:$=f F ig. (6-2- c)
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Lesendre Folynornials:S=3 Fig .(6'2-d)
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Ëi+ LrrEl iå-5i: Di-iferenl-- ei:,:rnplns n{ 'i:-he di'=ci-f*'tL= {r-tnst-':inrr En

foLL.he {irr=t çri,t pnint=. n a.nd't:he {-fl1-res[-rË:ndintl

ei qrn=nl r-tt j. nn::

iì.-tr l-eqri.:riclr-'"1 pnlvnrrni;tl P¡1" íiln ir-* iter'-¡rtr*6 n*i.ng f;;t.Ð=[j- i a

åt-rd Ë¡t+¡.ü=t-l¡{+:l¡?" The =hape a-f the ËLir-vE j-s nn'l: c*ntirr¡-.rntt:-=;

¡.nri inciicatç:s thaL f-fr= r-uaål veiltm shnr-tltj L-rc- Fl 1r'=i'n't:irii t'y"

iì*,:j: The Ëc¡.rnu= Eliíå.tîìtr.ie l+j.th tht* pra¡:*r'¡a.l.tr.tl Ë1''-*infini't'..""

Ë- I : Legen,lrr_- pnt ynæmí aI *=n , F,:r,üj i ¡; i i*f-ã.Leil r-tn;:i. nç

ftifl=ljir,f, -ihn ff-¡.rLLlrE in th¿: rL¡.1'*vE j.nqlj.ce.tæ:; h':¡i-tr: th¿tt: t'lttl

Fi-trFËr- veir-ts ::hnr-tl'J br: IæsseL- tl-rår'n t-' l.i'f"

B.-t: Ëarrril æ:lainpie +;rf-h the eiltrapnlåi:i':il vaj'ltt: fil 1r'-=t¡"?''+çl'T"

îhE: i-rartlrr-e i s carrerted ì the ni. gensulr-tti Ðn :¡hr:l'lir: m(jnntanic

ci=ri-e:+sí i-tg beh+-r'i ':r.
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5"Th= Leç=ndr-e *qr-ta'L.inn t.li"cll ;t pn'Len't:lai"

'Ihe et'-ir:,:ÊË= æ.'t,iained -Far ths¡ "pLtrEt" Luçnndt-ü} æqlt.ltinn

t,:l Li:-r'r: a. =j.nr í1çf.r çchnrrrcr tn ='nl.t¡,= the .lin.*,Iä'lnl-tfl

in¡-ir-rding ån :tr[:itr*rry pntenti.nl {t-tnr'l:i.nn V(r:). Thi.-q

í-- t-h= ";rnç1s-bænu{inçÌ" riqr-ia.tinn l-,irirh n{:{;LlÍ-r'i in

3 ;,.Í-r= l'Jh{-1'ã* nLrrilr?ric.,¡. 1 r=r¡1,-ti:inn cnn::.'L.it-r-ttnll the qn.å.I?*-'-

L g.=.'is Lrg

':'Í the disçarta.'Lir..rrr"- 
_._!

r_¡ t Lr -1' I the pr-ev j. t:r-rs sær: i: i r:n u ÞrL5

a.n¡ I æ*bend i. nq r:{ {:he:

.ån a'L.hur mi*l:lrr-rd r{r-jit-{.?

1_
l¡¡ ro 'i:est thn rne{:hnri= nf

li==rj E p,:t,=nt i. +.i rûrrË55p':lridi nç tr: ¿n

ec=t1*l ene gi nrr= re=ltl t.s obt*i rr+çJ Lt'¡

-:.v+.i1¡.t¡1e"

Th= pa:--'=¡-;l: i.=.1

ren'i= 'Lo 1 and i s

i :; rElr¡l .:¡.t - i. .;r.r-¡d 'i--s-*nr:l;; 'l:n Í n-f í ni. tÌ¡ c-r';i !Ì

eilpressi b J. t: i:ry tl-re {:r:I I n,,+:i nç çrrxp.Ð.nrii rJn i

I A- -'E'I v I r.' I XiAl. {x+ j.i i' ti*,.[ rlir. , , ]

1..,h=re th= Êìi €rr-E ct:n=i.nnt:l de{innrl -f rn¡n a rtl{inem*:nt prÐ{:ÈrËr3

Ë1t=p5=. 5?Éu Ê'f=1øå5" 1?' Ai'=1 1[i. ü;:, A4==1f,Lì" 8, f:1,='=-'r1'L,

H -, ---r,J - 
Li!4î /

r_t

þlil:h t-he=e p.e.i-.arn*:tËr':;, Vil.li ha.;l'L.he {nr-m i. l. l.t.tsi:r'*t..1,:J in



i:-çt-tr-n (&--i:ri " -i-hæ 
r.= Ë í*i:{:iv':l

" ¡:':'te:nt i al. " r:c:i:r-tr i. n'¡ i n Llr,=

'=- i (.1--il "'i ¡rnr! V i x ) , ïh i. r. i. s

f-,;i.r;f.l 192,

pnteni:ia.1 :i.:-t 'i.:he '$t-rrn nf l::he

" pu{t-cl " [.-r+g':+ndr-æ eqr-ti-rt i ,::n

i i. 1r-Lsti-a.t¿.:cl i.n ,ir'f Ltr'.;-r:i (h*.7 ) -i: nr

Ës.Es s=ü) r-e¡d¡-tces obviur..rl;lv tt: V(x) " Tl"re inter-r,aL

¿r.nd the r,,+.i-'i.nr-rs rrre.thc¡d:l h!ü:t-Ès te=lncl -Fr:r' rJÍ++sr-rln{:.

E'4r-iæ.'L,i nn (&*7t\i be;a¡ne= here:

lUil i,., I

J=1¡irli" Tlre

ìæ f-.1 1-lL J.T

v.i. 1Lri:r, uf h.

r..rF,,:n m o

i,5--',æ 1 )

n (:.r ) tii' ixi + !i.,:,riI (;.t ) {l(li

Q¡,:; , ,3 {:': ì' []. . _. '1
l''. t 1,

t r.: i:: ur-tn d år',' c: n r"r d :i. 'L i r: ir s

ï E¡ril ð.i:1 ihæ 1¡:)t\rFr LlC'ltnd

Thr: i=ü cå.ãË rú¡-rF=fJi:n'l= Èlr'ìcË rTìrJr{*

=r-irh thg,t thsr si'f nnf r-u-rrt i nn i s nÐ{:

L'¡-tl i = :{:1i-fJ ¿it f-hP

¡ei-o *.'1. the 1':t.rer

J ;.'Ð cårsg (:Êt-r-L?:a¡lßndË

eir¡*n{¡-rr-trLinn is r!=rü

beinr; nnn :ercÌ åt f..l-rrr

'[ilr::''æl:nre th'r'* i ni. tÍ ;rI

qi'-;ipl-i j. cal 1y nr

i: c L.lr Ë å.!ãÊs Si.l-* t

ÇLt j. c !': i. f i nr

:ercl .lh'l-hr¡

{r-nni th':: '=r,lriÐ= f.¡}:: Ft;ìi-ulifln

i s i nf i ni ty i:i. nr:e tll ix i l-:¿,r¡ril= tr*r

;Ìä lJ¡¡.¡1 /I i:;i.nce l:l-rtl {ir-r-"t dr:r'-ir,'*Ltj.vcl

r..rl-1p€?r hr:r-rrrd i .

bnlrnd" Th¿* f i.i''*i'h. rj,,=r-i.\.*tL-.:ivf..: L{E nrin

.s.n 'J i. = ï Err rI .å.'l: 'i: h tl Lrpptrr hor-rnd" l-hn

sltch 'l:lr*il i.hetn b':ttnd.,ar'r' cq:ndi t:l nn';:

¡.t bCIth FrnL.tncir; , i. f:*i

I oçqer bn'-.tricl hr-r'1, ;.:Ë:rrcr

-i i r'-::'l: dnr- i. v,¡.t i vn

,.¡t 'i:.lre r-.rp¡:r-:r r.lnìt,

v¡.1r-te h: I l-i.;r:; t-n LrEl çs'l¡- rr.pnI ;-'r.t nd æi i,htlr

irt ihn f,;.r'irût J=,FJ" In

r iÍr-{) v{1r')J

':¡-F II i:c ! i is

I Iflfì¡-1Í'_'r r -'

bni.rn'j

l-hç,'l r'{.r1ãLrl.j:fr ni thçl çra.plhi¿:.:.r. 1. ç.r}': tr$piJl-i,l'r:ír)ri n'f fii :1. .nr'Érir
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F:i gL-ti-e ( å*7 ) : Ef J:erti ve put-u=n'i.i aI 'ic:r'

t__Ì -i'

'rhe rrnele-hencli nç

{:l-re sltm r-r{ thneqlr=r'l: i nn i ace'L.yi ene i a.t; {:he r-L=Ë.Ltl L,
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F.:rflr'n l9?

gi.\rEÍn in t*r.bIe= {å-Ëi ¡.r-id (å-Í'i t-clrpni:t'iv+1)'-'*'iilll- [:;'::fl¡ ¡'¡1rl l:i'=]'

iJ=r.1 ) -:rnd ill.r-t=traLed i.n rtíçt-tt-e= (6--:inLì atr'J Iji ' tlr:iir¡:ari"linn

çlj.{:h the r:ilp.+n=ion rne}-ïrnci j.s r-.¡ivnn j.n tebl.ql (¿1-"¡) " In hnt't'l

cåË{ãËr{:trerrear:Ii-'¡ühi'sineriu-rithrÄl'-Ë{l-iåfitifìi-fl(r+iHil:h

,J j.-Í-trji.-r-r-rt væ.1¡-res af h å.r-ã ,:f,r-flF.:LrE¡d t+ittr 'rhel rr""=¡-'r'1t+ nbt'Lin+cl

b,¡ the rnûr-e curstain;.ry ilxp*.nsion r-Jri i:hæ eigenr':t-tnct'iclll in tr'"'r-ms

o.; Ët,'cctrïplgt-=,,.;38'í-- af åri:;r:rri+..|:æcl L.*';endt-e -[r*trt'::l:ir:]l-ìã'

Agr,=r+rrrent bgtç.;egn {-lre .Lr,..lo ic æ:l.l:.t-errtr*I'- rlngi'e l:r:r. hr.l{:tr

Fj.iJEli\,.'dlLlL?5 [g** t.=t--,-ì'e iå*j.t'] j:t ¿-îirltj eirlenfiinctj't:¡rl'¡ [l:.n t.lr,:¡

.ii,iì:fr cii:cirn,--.1 p1.:.r:e? :it--1rÏìÉ1 t--'i.üei-tl:r-rrtt:tj'nir= ér'rÊ'rj í11r-rxtratt*tl j'n

'f içr-tr-* iå--Ë't l*r i=Él

-ftrr: nLir-nrt-ir;ll irie-,-hndE F¡-Ë=ei-rtÊl'J l-ti*t-r: rj'--'e= l*rir'\¡ñ: thn ÇF¿1r:r't'

;dv:.n1-'.'-r'çe nt =peed r]i rr'rirr¡rutt;rti-nrt tr:qi:{.-h,',.r w:i.|:h itrr:l {art. t:i-ra.L'

ihE¡ -ír-trirLi,:n;i.1 -ic,¡*in nf thr r"i';t':n-ir-tnrLj'nns js i'rnm'-=l':jÍ'l'ti:1y

nbr:e:ln*rj r.*ther thrr-r tfie r-r,::,r-rs.i r¿erieE rf ;li-r-;errvelrLr:r

cc:e:{{i.ríerrt="
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tjr-l hl {: l- U :l I Ü l.li:i

få gr:n,=ral prnqr.s.in h;r.s hçti*'rr +rri.t'l:--tt in nrcl r.rt- l:n i;'n1.ve any

eqlte.iinn ':r,:Lt¡-i.rtE in the str-rrJ;' i:'f n--':.'i:nrli'r: :11'r-"lg'-r'- =i'ncal thEl

s,;l.t-tï:inn n'l t-he rÊi-ü nrri':'t- 1:rni:ii.*'-'lti:i't; r''il'lt-ti:i*lcl {:n 11

1-dÍnrsn'¡inrr.:i1 eqr-ra.ti,=n= F:n).ungitiç ril:i. lhelLn ths:'t*¡.¿ii¿rl t]r thn

"ã-,.!-rçl,t:-hc:iidinË" t';+pe. The unly p:.*r-*i.nrri*tr:r5 rlf:',=rjiË'çl .:{13 ín¡;r-tt

s.r-qt t:tre bnr*rrrds n{ the j.n'LËr\.,;ì1. {l-i i.n'l:':lçr;.tÍ.r:n , tlre v¡.1¡-ttl n'{:

.i:ir*3 ¡::nl:nni:i*.i ¿ri- tl-rr= çr-Írj ¡:ni.n'l-*i" l-ltt-.'Jal.t.tr.fi,-, nl tl-rn -t-ltnr:'l::irirti*

p i:r ) , i:: i;i i anri Q.rii: l tri thr: ç¡'lnnr-*r.l r:qr-tatínn ;ri't¡J L)Lll'iolt*l.y

thr: r..:irl.t-rr:,¡ n-i l:-he ci i++trr*r1i:. rJL.l;:lllL-.t.tfn tlLlrr.rlt'=i'::' -l'nt- r¡lhj.r:h {:her

eilr-r¿F-ir-rn ir¡ gçr1'¡ecl .ancl 'Lh¡: tjil¡:--:lpl:'d ;:l1;ËLtr,ãË'/-'r:{j t-tti;l

Ë1 i rJÊ:n\rÉ-r[f-nr=

-!-ire d,_=:Lerrnina.ti,=n ':{ tir+ h':lrnd,.::tr1, r:nn':l itirlri:; (i"e- the

giL¿rrt:inq valttes {or'rhr= itr¡r-atilrns) iç carritltl f'jll-l'l:

ar.r'L¡1rn,rtir¿rLly -from tl-rE {t:r-n n-i thn pni:ænl--iaI l:r-tnrtian l"'¡hj. l.e

.i-he chnj.cr.: n{ the algnr-ithin is cl*+r:i.cJed -ft-nrn the linut''rl,:rclge n{

i:he { r-¡.n':t i. nn= p i rr ) a.n'l h: i rl i *

S:ir: {ar the proqrarrr h¡.= bu:ert tr¡Si.:rsçl Slrt:t:t'l'¡l*{rrIlii On

v¡.rinr-t:t pr-nbI,:i:rrg r,;r-i,:h t'l-r(]Í:,{] sni:r.lUinlr:rmd in l:hi-l', i:lj.:i:5ertsltir:n

i.:r-r.1. ¡rI.:n nn thE h,*-cirnqen a{:c:,l , fliry ft-tnr;{:.i.nnç (¡rn'Lnn{:iarI irs

h:x ) etr: "

ÞJr:litririg b*irrç per--tect ? :;on¡tTi irrli,i*1. i. i:tr;.r.t :i. rins ¿\f-Êi ænvi aa6rurl

'$ clt: t..tr, r'q i. I t h cl ¡:: lt l: nn t h ein c-ì. ver-y neÈìr futtltri¡, anrJ 'Lht'l
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e:lrentir:n n{ 1:lre rcetlrnria ml'r Ë,fLtFiL"çl cli.'¡'ieí-'."nti,äi. t:r¡t-t*+.ti.r:l*r'¡"

*n hvL¡ri ci iti,-,.i:i'rcci bei.r-r,¡¿.:tr tf-re l. ng*'dmri v.¡r'l--.i "..+ -arìd tlt':+ VÏ\''iìl;

6,--.i-o6i4É) h.:.=. he=rr 'lt:velmped vr¡ry rGlL:'""n{::l.y ¿ind ti^¿{3er¡rr1'3 tu bti:

=ri- 1ee:;t eqiri.'¡iæn'í:. in tinr+ n-Í ËÊrÍrpLtt;r'1.ínn tn tlrn

r-EnL-1rfirå1ir;=r-i l.it-trnernv's rne'tl-rnd. Il:'¡ e¡lteni:inn t-r: prnhLem'¡

i nuol vi nq nürr trErd i t' i nn.il br:ttnrj*r.t-y conri i t i nng rni. gl-t{.:. F-¡E Ë¡.Fl

in'ter,-.a=i-ínç -FieId r:f *i:pl.rratinn in ¿ì rnni'inr-ri'Ly ¡:nin+- m'i vt.t{':

r^li-rh àhe [i:-Ê-=ir:lnji [''J':]r[': in cnnnr.+':ti.nn t^¡il:h ttræ nLtrnÉr'ir¿r].

=,=ir-i-,-ii:,n c'i f-l-¡Ë:5i:irr-nedÍngnr rqura.tinn n'i a. n*bndy prnl-r1em.



p.:rçËl ¿ol

rlr-:'irEÍ.ÌD I :: L : !'"rË(:Tr:if:i :iìF rìriËiii "

f . ile-i i ni ii,inri"

Nnie:r {r¡r ir,rni-Ê iletai1= +b,-rut 'rhr: m¿itærial n{ thi.'* ;.r.ppendiilu

=iiÉ r-;lÍi:i-æncs= {{:Øi and iå¿ri "

Ê .--'r=r:'LLrr- 5Þã.r:Êl üvet- tti* * i rcl. d l:. i =. ¿1 rrr:nrm¡:'l:1"' rår=t X n{

L.ngcether- r..¡i tii c¿ vi:'L,nr

=':ai¿.r'= r"Jith thæi.r'

eler*'-=nts {:l ,yî",.} c;rlLed vertn:*r-'

=rdci ition and a nr¡-tItipIi,:a.fi.r:n þ'r;

Hei l. --!': nsr.Jn prnpert i e= " f + ll: = F: iri.--a.]. = ) , Ll-rt:. vçli: hr-:r t¡Fir.ËËt x li
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