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in part, the hamiltonian for nuclear motion of

arbitrary amplitude is formulated in terms of urthégonal
internal coordinates. A family of such coordinates is
diséussed and a particular system is derived (symmetric
representation). Flots of the moleculsar potesntial in much
coordinates serve to determine coordinates in which the
potantial approaches aeparability(1)= A linear molecule (G0~
iliustrates the diécusﬁimn,

In a sscond part, the set of l-dimensional Schrosdinger
equations involved in the previous hamiltonian are sl ved
numerically. A technigue (the Renormalized Mumerov mathod) is
adapted to various situations concerning both the shape of
the Schrosdingsr esgquation and the boundary conditions. £ new
algorithm is proposed as a genaralizatimn to unusual
situatianﬁ_in order to cover most of the situations arising
in the study of sither vibrational or scattering problems in

molecul ar guantum theory.
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FREFACE.

The purposs of this work 1

il
b

to point out some problemns

arising in the quantum—mechanical study of large amplitude

vibrations in triatomic moleculss. One of the problems

H
g

sncounterad in such a study concerns the choios a suitable

i

H

coordinate system in terms of which the binetic snergy

i

he potential remains the most

i

operator is diagonal while

o

separable possible. Such a search of coordinates systems has
heen a fundamental preoccupation in molecular guantom theory

h

T
i
i

during ths past decades spactrum of various

i

alternatives has besen initiated from the basic work of
Wilson, Decius and Cross 12 for small amplituds vibratién%n
S0 far, no “ideal" system has bsen proposed and it is
reasonable to think that such a system doss not exist.
Thersefore, our prepccupation remains in the ssarch of a
system apprmaching this ideal for largs amplitudea vibratimnﬁu
On the other hand, the Fecent developmant o compubar
technigues allows us to considar numerical solutions of some
problems as a valuable alternative to situations whare no
solutions (or at least whers long and tedious treatments were
regquired) were possible a few years ago. Without pretending

to solve all the problems, such a developmenl opens bthe way
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ta a new fashion of considering the theoretical approach in
ouwr field of investigation.

These considerations induce us tQ be preoccupied in this
work firstly with coordinate systems considerations and in
parallel with numerical solutions of the problems arising
from the formulation of the equations describing a E~body
system in this context.

Essentially, this work is a modest addition to the

{

fundamental work undertaken by R.Wallace in mmleﬁular guantum
chemistry in order to constitule a fmmtingAtD fuwrther s2aroch
pepecially in thes study of the M-body problem.

The reader may be discouraged by the length of this

dissertation, but the nature of the subjects treated and the

it

¢

will to present a complets suwvey over of the araas obligs us

to elaborate on certain points.
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CHARPTER 1.

IMTRODUCTION,

The pressnt thesis is divided into two parts.
(i): the derivation of the bamiltonian for the relative
motion of a three atomic linear molecule (C0-) leading to the

consideration of three l-dimensional Schrosdinger egquabtions

describing the zeroth-order approximation of the problamn.

(2y: the numarical solutions of these equabtions.

The Ingical procedure to be followed in simplifying the
quantumvmﬁahanical descriptimn o the 3-body problem {(as well
as the N-bodyy in field free space is Lo take agvantags of
the invariance of the potential with respect to branslation
éhd rotation. By doing so the rutatién~vib"atiun hamiltoni an
“may be exprassed in‘ﬁermz of the I relative coordinates
together with rotational (and trhanslational) guantum numbers.
It is unfortunate that almost allrcmmrdinatas describing the
relative motion are neither orthogonal to each other nor to
the BEuler angles describing rotation. In consequence, the
guantum—mechanical vibrational kinetic ensrgy opsrator
couples vibrational coordinates and vibrational stales
corresponding to different angular momembum guantun nunbers.
A choice of coordinates which minimizes such couplings is a
desirable ideal.

The separation of the center of mass motion from the
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{

remaining & coordinates in the center of mass/lab parallel

frame is obvious:; the separation of the rotational

=
coordinates was treated by Hirschfelder and Hignercd)

and by

(&)

Curtis et al These authors showed also how the

hamiltonian for the relative motion could be obtained by

I

integrating over the Euler angles. Unfortunately, the choice

af the coordinates referred to was pon—-orthogonal and the

resulting hamiltonian was of complicated form. In a series ot

(7}

later paper, Hirschfelder and Dahler , Jepsen and
. ; , . - 7 . - . -
leﬁﬁhF;Lder(B) and lesch+51der(” showsd how a “family" . of

orthogonal relative conrdinates could be defined but they did
not incorporate thess into the praviois hamiltonian. I a

(1-4,18) yarived the

series of recent papers, Wallace
expression for the thres—body hamiltonian in incorporating
the "family" of orthogonal relative coordinates into the
original %ramewérh of Hirschfelder for the B-body problem.
The resultant hamiltonian baing re—-pypressed in polare

coordinates, the "radial® coordinates are found to be

orthogonal to each other and to all "amngular" coordinates,

3

being themselves orthogonal to each other but not to the
Euler angles. Searching among the mamhers of the “family" of
coordinates, it is usually possible to find =2 "member" in
which the molecular potential approaches gsenarability.
Maximal orthogonality of roordinates and near potential

sepparability allow a partitioning of the hamiltonian into

I

"large” and "small” conponents where the "large" component is

4 .
of sufficiently simple farm to permit solution of its
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eigenproblen; the resulting eigenfunctions conshitute a
suitable.baziﬁ for a matriy respressntation of the entire
hamilitonian.

In the second ch

3

prer, aftter a brief discussion of the
Hirschfelder coordinates family for the N-body, we reastbrict
ouwr attention to the 3—-body problem. So far only thres
mEmbers of the "family" of orthogonal camrdiﬁateﬁ watre used
in the derivation of the hamiltonian, these representations
are designated in what follows by the Yl sorehet
representations since thay cmrréﬁpmnd to thres Y"physically®
representable coordinates. We prmpbmm here & general %ch&mé

parmitting the fransformation from one member Lo bhe others.

Furthermore,

«
o

i

s@ extend the " discrebe family" to a
teontinuons family® ﬁantainingvam infinity of mmmbéré whiioh
may be obtained one from sach obther in using Lhe pravioos
srhems. In particular a " member" appears to be particularly
interesting considering the geparability_m¥ the potential. We
called it the "symmetric' represantation since it is related
to the principal axes of inertia in a symmatiio MAanner.

The discussion of the hamilitonian of the J-body
constitutes the aim of ths third chapter=_Thm ranainder of
this chaptear im devoted to some featwrss of how the theory
may be applied in the case of the Clo molecula.

The second part of the thesis concerns the solubions of
the varipus Schroedinger equations resulting from the
treatement of the bhamiltonian of the Z-body. Two diftferent

forms of these efquations arise in such a traatement and
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various boundary conditions have bo be considered. The
"radial" equations which do not involve euplicitly the first
derivative of the eigensolution and the "angla' sguations
(similar to the Legendre equation) which invalves the firsh

derivative. Furthermore the shaps of the effective potential

o
0

function in the second kind of eguations lmads to finite

non-zero waluss of the eigensolution ab the hounds, which
represents non usual houndary conditions. So far +inite
difference technigues such as that dus to Sturm(1l’ T P T Dl -

recently, the log—derivative (L~D)(13)and FEenarmnal ized
Numerov methodfiaﬂiS)(R~N~H) carn bs applied to solve soms of
these equations Qnder zome specific buundary conditions
(i.e., for situations where Phe first derivative term 13
absent and where the eigensolution is zero at the bounds). In
a recent paper, Leroy and Nallatﬁ(ié) pytend the R-N-M so
that it may be applied to sruations which possass & first
derivative term and/or which are characterized by boundary
conditions other than Yo =8 at tha hounds. Such boundary
conditions arise in bound state problems for which the
potential is finite at the bounds and its gradient is
dif%erent from rero in addition to which the sigensolution
must satisfy the usual regquirensnts of continuity and b
sguare integrable. A complete and formal developsnent of the
theory accmmpanieﬂ by a new algorithm permitting the
evtention of the R-N-M to most af the situations encountered
in the present contaxt is pressntly achisved and will be

submitted soon.
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The second part is then presented as follows. In ﬁhapt@f
4. we resumne most of the principal featuwrss of bthe numerical
treatment of Secmnd~nrder ordinary differential eguations., We
emphasize particularly shooting and %ihite difference

methods. In chapter 5, the L-D and R-N-FM methods are briefly

D

discussed and simple problems illustrate the process. Th

extention of the methads to problems where Y0 is different

first

il

from rero at the bounds bub wherse it is known that th
derivative of the solution is zero at the bounds is
illustrated in the case of well-known problems and the
numﬁtical solutions are compared to btheir analyiic
counterparts. Chapter & consists of the Elabﬁfatimn of the
sochems able to be applisd to the very gensral problem
involving hoth the first derivative term in the egquation and
whers minimal information about the solution is available at

the bhounds. The scheme is tested over a problem wshere an

]

analytic solution exists (the Legendre eguation) and over
problem whare no analytic solution is available bul which may

be solved by another way ("complete set" expansion in terms

{

of associated Legendre polynomiale). Resulis are comparad.
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COORDINATE SYSTEMS

SCHROEDINGER EQUATIONS FOR THE Z-BODY SYSTEM.




CHAFTER 2. CODRDINATES SYSTEMS.

1. INTRODUCT IOM-FORMAL I5HM.

The instantaneous configuration of a system of N

is Fixed by N scalars which may bs

D

particies in spac

.

regardaed as the components of

il

pe Y
vachor X belonging o a

EN~dimensional vector space E-, where a basis B has been

defined {(figure 1-1). Let B be the canonical basis which

- u . - .
elements are e, = (2,...4,1,8,..8), 1 2t the (Zg+id B glok,

. - 51 o , . th . . ¢ ot t :
Then if x%* is the it cartesian coordinate of the Rl atom,

the vector ¥ is sxpressed in ths only manner:

(h-11

»h

[
Pt

o 2y um = y X
= Ty, % By leml,aa. Ny i=1,2,

and since B is an orthonormal basis:

(1-%

The position vector R® of atom « belongs to a S-dimensional

sub-space E¥ (which is the ordinary Z-D cartesian spacel) and

(il ,2,7)
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FIGURE {(1-1):COORDIMATES OF THE N-RBODY

K% is the vector position of particle « defined in a
thres—dimensional orthonormal frame by the components w &l
w3 and x %k,

-3
ie the bond distance vector defined by RP - RS

g 15 tha v

i

ctor doining the centers of mass of two

groups of particles.



v
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We may also define the vectors X' belonging to the

MN-dimensional subspacs E“'!:‘i such that:
(1-4) X* = £ u® e . (=1 away M)

The M dimensional space Exy may ﬁhen he ragardsd either as

the tensor product (see appendix 1) of the spaces Elgﬁ..gEN

]

: =3 #2 ]
or of the subspaces B lg E¥S and E¥;

b

Obviously the subspaces E¥ are mutually orthogonal and so are

the subspaces E*¥L, Therefore we have the following relations:

—— . Wy .
i O - SR R« SN - S
{(1—567 B 7{:‘“ = z-dil'l W e U(X?l
vi i i, o d
{(1-713 Al 4 i VLR "éij
S O
(1—-8) X1 R%r o= ey

. s , Sep L Do Su
The bond distance vectors RSP = RP-R® are vectors of the

b-dimensional spa

g

il

in
3
=

direct sum of the spaces E

® 2 - ot and Eﬁ

(Eaa = Ea(g Eﬁ), while the position vector of the center of

r=1E]

. - .
mass of the system R7 belongs to Eugye The vectors o defined

o
<
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..,,..

10

of

wherse r_{A) and (B are respectively the centers of mass
the two groups of particles A and B will then balong to the
Fa-dimensional space defined as the direct sum of the
subspaces E_ , « belonging either to group A or B and a besing
the number of atoms involved in A and BE.

Our {(idgal) aim is to find an appropriate coordinate
system such that the space Ezy could be expressed in the form
of a tensor product of three subspaces Ey, Ep and Ey related
reépec+i ely to the trahzlatimnﬁ, the rotations and the
vibrations of the svstem and mobually orthogonal In other

N v
words we wish to express X in some coordinate system such
that:
(1—-im) Y o= (gql,g®, ..., qoNe Lt
wherea qi are intarnal coordinates, ﬁi? coordinates related to

rotations (Euler’s angles for srampls) and #7' related to the
transiations. The new coordinates are relabtesd to the old ones

by single-valued continuous functions

that the metric tensor ¢ {(mes appendil

#1
least bloc :*dlaguta .
In order to simplify the writing, we

. NP <Y - S . -
consider the vectors R® as componsnts of
vector space defined on the field of the

R ) .

matrices (17) gueh that the orthonormal basis
=2 -
By = ((B,B,0) .., (1,1,10,02,8,8),...,8,
the «™D slot.

and wa wish ideally

23 be diagonal o at

shall temporarily

£,

Merdimensional

ATIES

invertible

wd £5

isw the set of

B,0y, (1,i,1) at
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N

RN N - S
(1—-11) X o= (RL,R%,. .., BN

wln

Let A be the MuM mabtriwx repressnbting the oparator

S -
transforming X into ¥ such that its components arse the (N-1)

bond distance wve

i
N

i

e g . .
rors REP and the vector position of the

M
]
s
s
o
=
u}
-y
=
it}
i
i)
173

{(1—-13

it

el B > B § AR
RS RS, L RSN BB,

.-—-’
or
m
=
1]
b
i
[
T
-
il
Iny
r
ji]
i}

M
foed
[y
o
o]

{1-1239 £ o= 0 ] -1 I . ew

Jur aim is fthen to Find somes mateix T osuch that applied
A ‘ . -A . 1 - )
to Y will provide a vector B wich components are orbhogonal

projections on the bhrae subspac

By Ep and By, that is
what we propase to sxplore in this chapter. A more formal and

detailed discussion of the material presented in this

i

i

I

introduction is certainely out of the purpose of

dissertation and is reserved for a further work.
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2, HIRSCHFELDER COORDINATES FOR THE MN-RODY PROBLEM.

te: Most of the material presented in this section is issued

}oto (P,

Lh

from the references |
For a system constituted by N particles, the kinetic ensrgy
is given by:
- e - ;-
(217 at == lai m) £ i
= . . . v - . .
the position vectors of the particle relative

to a fivced reference frame. As described in the first chapter,

ot

[y

we want to define, for arbitrary amplitudes of motion, 3 sab

-

coordinates (6,) such that the kinetic energy be of the form:

T

27 ' AT o YL 0SS
(2-2 2T = 1, 0%

We define the total mass of the system by M = Ljm; and the

of groups of particles ares

s . .
If we take (L7230 as the kinetic energy of the center of mass

wed axes to

P

of the system the vector doining the origin of the fi

the center of mass is obviously given by:
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1735 R A =

7o e 1 i . .
Rpy = 007 7E mgR

B ———
{247 By = M ;

Laet us define the following rransformation of the normalized
position vectors:

Y

e .‘ 172 .o o
(2-52 (ml) “ Hl Ekak
= y g P ard Fhe @ B

where the 5,; form a unitarmy transtormation and the G are
the coordinates obtained by this transfornation (the superscript

() will appear clear later in the discussion?. Therefores

g [ - .
{ T At T LR .. Wk
Ll L D T ‘5”“::

s oo unitary bransformalion, the new coordinates are

IJ{}
-
o
1
i
13
x-—‘

to the cartesians by

s
ot
“
{ 1
3
3
it
s
l:‘l
fea
-
<
i

e it - ’ I S
2T &h‘“) = L-Bkiam~'lv .

We may define thsa fnllowing vectors in the M-dimensional

y N
From (D-6&) it is clear that the vectors G, form an orthonormal

ot in the Medimensional space.

m

From (P-4 and (E-71 we <an chonse s
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[as }

(8- 8N = (SNi g owa "SNN)
wiheire for i=1,... 40Nz

PSRN - a1 A
{218 ij = (mj/h) e

The remainder of tha Skj_can be determined by the Schmidt
orthogonalization process. The coefficients of 8, are determined
. . L= . s s = >
in regquiring that @, be a linear combination of Ry and Ro soaoch

-3 —_—
that 8y be orthogonal to Sy and so on. In this manner we obtain

For J=l,a...,N-1¢

(2~11) Sy = —Lmpmy /MM, 1175 Ciskaid

i/

(133 S = LM /M a7 ' _ {d=k+1)

Using thiszs result, the vechtors Qh‘ are sxpressed by

-

(2-14) B = o M T P (R R D

(=1 4a-w by kml,ea yN-12
and

ey WL xS )
(F-15) Oy = v e R (Gl e u ey 0D

L5
i

©1 = (%) iem
learly Gy v of

13t

is equal to the sgquars rool of the total m

the system times the vector position of the center of mass. The
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other coordinates are proporbtional to a vector connecting the

center of mass of the previously considered particles to a new

e

particle. It is preferable bto supress the relation (2-14) as a

function of the vector position of the center of mass of the
prcv10151v considered particles (group &) in defining it bys

(M) = Egmgr, /Mg (o € Al

Then the vectorial coordinate Jjoining the group & to the group B

(2-17) BV e ppigMp s (M) 1V F O A S (B

Obviously i¥ a group consists of a single pa r+Lr10 MQ im the

N A
maz=s and r_.{(A) is the position vector of the single particle. It
appears therefore that different sets of coordinates may be

constructed depeh ing on how the N particles have been divided;

he kinetic ensrgy of the toftal system is the sum of the kinetic

rt

energies for the individual subsyslems.

Figuwre (2-1) illustrates some differsnt ways to partition a

ystem of & particles: each ball represents a particle, sach rod

i}

pa

oordinate vector and sach small loop a connection at the

enter of mass of the two 2nds of the rod. This form of

N

coordinates suggests a "mobile' representation introduced by

i

Hirschfelder and al.

"

Az this figurs illustrates, there are many differant se fﬁ

gsatisfving (2-2) and the nature of the problem will peemit o



FIGURE (2-1):HIRSCHFELDER COORDINATES: 6-BODY

Three different ways to represent the b-body system in
Hirschfelder coordinates: @ reprasent atoms and 0 represent
the centers of mass of groups of atoms. ® is the center of

mass of thes whole svstemn.
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decide which set is the most appropriate. We note that the first
. = . - -
coordinate Hy is common £ oall sets; in the rest of the
discussion, we shall drop the superscript (B) for this
caordinate. The pravious intraductimn of this supsrscriph is now
legitimated since different systems of relative coordinates may

be constructed for a system. A5 we zhall see later, a
¥ 3

'
ot

i

-
H

s-particle system may be represented by thres different

toehiles? and therefore thers svwist at least thres sehs of

rolative coordinates by which we Can eXpress the configuration
nf the system.
. . L= ey \ . o ' ‘
Each coordinate @ is then proportional to soma vichor
euyprassing the difterance hetween the position vectors of Lh

—

centers of mass of two groups of particles A and B

RN I - S
(2—18) q; (o= T - F )

We have now to show that the kinetic energy operator has the

ollowing form:

el % ':‘ ?1 r-"‘

{.4._"’19) BT = Ll leql ey b5

wheEres

FID LTS RN P PR L T

{22087 ﬁl HHlﬂglffNHllHBl)
2 no

and Q. = (i y 172

i 1 Tay
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The momsnta conijugate to these coordinates ared

2- = . B =T
(2-21) Moo= sy 3 By oy
and therefores:

2-22 ST = B /A = B P
o . it i iti

We note that for a particular “mobile", each coordinats

S {Ty . -3 .
g% is related to any of the other coordinates gy (Clin one of
. e . . ; -,
three ways: 1+ qk(t) joins the centers of mass of groups A and B
N e ' :
while g '~/ joins the centers of mass of groups C and D then the

three possibilities ar

i

"
B

Ul

(1Y A and B are completely independent of o oand D
(?y C and D are contained in sither A only or B only
(%7 A& and B are contained in sither C only or D only

These relation

i

guarantes that the Linetic ensrgy opsrator
contains no cross—terms.

In fived coordinates, the hamiltonian is given by:

The new set of coordinates is obtained by the transformations:

—n
(2~24) q; = LA 5r
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Cemes) Ry IR

We may therefore transform the hamiltonian to the new

coordinates:
’ -
(2~248) M o= {ifE)Ei(1fmibikﬁlﬁik&ilw’kﬂ'l +

oy

P -
DT = YT T LR (17 ms YA LA W
(2271 H (L/23E B DR (1/my 3 Ay Ay dar ety Vv

The guantity betwesn the brackets should therefore be:

{ TR TRET Y : 5 s 263 . T N
ot Ly {1/ ft!l )Hl l-iﬁl i “%::"’l-*

Therefors, if A& and B are two groups of particles and ﬁk(t)

betwasn tham:

m

the vector coordinat

R Ry Teu (LY o « - X b 71 ¢ e I o wh
(2-25) e = Mt o My — Lam?r?.ﬂp (x € A and § €B)
. " b ') 4 F

Then the A, are defined as follows:

in A

.
3
i
Cod
E}
-
D
it
=8
iy
I
-
“y
=
Lol
u

in B

J
i
—
Ta
§

}
2

ey
=
2
Py
e
=
-t
i}

252D ﬁiy = {9 it om: is neither in & or B

i



Ty

pagea 20

- - (1 . . y . . .
If ql(") is annther coordinate we can prove L9 in considering

the threse possible cases that:

(P=3T) LA Ay /my = @

- S
Finally,any set of coordinates (miFt’,QN) can gensrabe

- = ' : . .
another suitable set {QJ(P>,QN}? whera 1 and J = ly...,N-1 which

satisfies (2-2) by a unitary transformation R in the (N-1)

= () - 3 , .
2-34) @ = pyR; 0 iy 350y nna 1)

Squaring and adding over i leads to

{275 E-D'-E = ..o R, R ’ﬁﬁ (i - 44k 1)
i P % g 1.2_.-},‘4!{ i 3 1 »..3,...‘_:: L 5 34T gumnuy d

If K is unitary, then:

(2-34) E

=S - 5 . i = )
i 3Pk &k {(i=lyuea Dl
and
Lo L)
¥ A AT SO0 1 I i e ]
(237} LyET LRy (i, 0%y uen g N-1)

Thus any unitary transforoation applied to an arbitrary
. . —A ) o
acceptable set of coordinates (e} producss another acceptable

-
set of coordinates (E7).
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Note that some of the sets could be repressnted by a "mobile" as

B
e

shown in the figure (2-1) while the others ars purely "abstract”
models to be thought as a set of vectorial coordinates in the
{N-1) space and describing in & unigue fashion the instantansous
configuration of the moleculs.

We can suppose at that time fhat there sxists some

particular et (s) which will be repressntative of the symmebry

The system is completely defined by a se t of N vectorial

coordinates, i.e. by a set of 3N scalar coordinates.

Three coordinates locate the center of mass of the sy st
relative to the fixed axes and we had Eeén that the motion of
the center of mass could masily be separated from the rotations
and the vibrations. Furthermore thres angular coordinates
(usually the three Euler’'s angles) are needed to situste the

spatial configuration of the system relative to the fixred anes;

the IZM-6 remainder coordinates are the internal coordinates of
the svystem.
Since the present study is principally oriented to

three-body systems (therefore lyving in a plana) once this plane

is referred with respect to the fixed axes (operation which

nesds two angular coordinates) , we only neesd an angular exkibern

coordinate which locates the plane relatively to some fixe axis

-

of the molecule (i.e2. one of the principal axes of inertia other

than the axis perpendicular to the plane of the molecula).
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T NORMALIZED RELATIVE CODRDINATE BYSTEMS FOR THE THREE-RBODY

SYSTEM.

a)y Introduction.

The eupremssions derived in the previous sechion are guite

more simple in the case of A system of thres particles singe the
system lies in a plan and the number of reprassntations as.
tmohiles" is reduced to thres possibilibies (figure 22

We defins (figurs 2-3) the internal wvector comrdinate ?ij

boatwesn atoms 1 and

W

foud

o
&

b
3l

Yij i i

—s
whers the vector R

; is the position vector of the particle 1

Felative tn the ficed awes. The tobtal mass is M=myrmghos while
i
the partial masses of the various groups of particles are

detfined by:

P o : A
{225 , M By, {x € £}

in what follows the three representations of the figure
(-7 correspond to values of G respectively of 1, & and 3. The
value of the indice t for other reprasentations will he defined
from the context (in particular for a representation obtained

from =1 by a rotation through an angle @, b will take the value
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FIGURE (2-2) tHIRSCHFELDER COORDINATES: 3-BODY

The thres “"mobile’ representations of the thres body

mm. (a), (b} and (o} rorrespond respectively o the






FIGURE (2-3):VECTOR A&MD SCALAR FARAMETERS FOR OTHE E-BODY

The system of three differsnt masses 1,1,k lies in a
. . ; = (g B (kY b 14 e ] el g st O
plans. The couples (& "7 W=7 are the Hirschdfelder vecbor

coordinates

i
o

|
;

corresponding to b=k (see texb). xlby ism bhe

rederence fra ttached to the system and corresponding to

4
3
M
3}

e ,. . . " -3
inertia (5 is the center of mass). 2,

i

,

the principal o

53]

i
o
s
I

ie the vector Jioining G to particle k.



fig.}(2~3)
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"9,"). According to the previous section, any ssf can generate
1 = 3

another acceptable set by a unitary transformation (hare a

(18-20),

"kinematic" rotation In particular, we can concluode

that any of the representations 1, 2 or 3 should be obtained

H]

from anyone of the others. If we choose the representation 1 as

(2

reference: therefore t=2 will be obtained by some angle 8¢°"
; k 1

The goal of this section is Lo derive from an arbitrary
discrete value of t a gensral method to obtain the other
discrete representations t+1 and B+32 and in general any'other'
representations. In particular a “"symmetric” rmprmﬁantatiﬁn
which has beesn introduced at the snd of the previous section
will reveal to be of considerable importance. Furthermors, we

plan also to derive some relation betwsen bLhe orientation of

3

@0
]
.

e principal axes of inegrtia

fs

this symmeitric representation and 1

of the system.

-~
. . s ) .
The three vector coordinates G, ‘' are equivalent to @
i
asralar coordinates. Three of them concern the position of the

2

coenter of mass and we have sesn in section 2 that ths

translational EE operator is separable. Thersfore 2 of the

il
i

remaining coordinates will situate the plane of the moleculs

relative to the fixed axes while a third one will define the
plane relatively to some fived axis within the plane (l.e. 2
principal axis of inertia). The thres remaining scalar

coordinates are obviously sons internal coordinates which will

he derived in the next section.



FIGURE (2-4) :PRINCIFAL AXES OF IMERTIA: 3-BODY

Gy ' and Gy  are the ipstantaneous principal axes

m
P
oy
(=N
e
k)
o
-t
4

inertia in the plane of the molacula. Th

perpendicular to the

plang in . iy is an arbriteary
cartesian frams. The angle o is determined from bhe

of appendix 3

i

=

8]
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| <
| Y



By Definitions.

. s .
The valus ot qk{t) in

-

R .
(2R q 2
The indice t is not necess
o o

particle kB €

Let us detine also for

. -_) A f ra
= LmiRi+ijj).Lmi+m

-
A%

218

1
3

; .
i L

given here by:

ary since no confusion is possible

is the vecotor

inining
the coupls (L,1).

further ubtilisation the vector

{see figure 2-3) from the center of mass of the syshamn Lo
the particle k by:
-y A1y - - fu..u.-\ :
(2415 k4 b = {i-m L ¢ g b
Obpviously the following relations hold:

<3
A

-
LU e
-

(247350

where 1 indicates the ith

The following guantiti

masses will be of great he

R fi = Emimgm

QR 3

= By

1m,

/ i

i

(2-4b) Cw,

= my, (g tmsd A0
J i 3

+ oyt

3}

cartesian coordinate of the veoctor.
ma related to the various reduced

present discussion:

in the

Ip
E/H]lfﬁ

+mj)

mimj/(mi

172
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define the angles

[ml-i'.ﬁ/ (ml ~+~ml{) (m_j+mi-:;) 31/2

it . Y Crm e i/2
Emimj!(mi+mk)(mjlmk)3

and the normalizing

o~

tl
|
e

~

dy = [lmy/8) (lemy /1 342 = raga 3t/%

Ly derived

ifl
iji
P
et

The following identities are @&t

definitions:

(2—84F—az)
{(F—49-h)

(E—49—)

(2—49—F ‘}51 + is: -+ e == 4

(d.!. dj)wi

-~1732

=

from the above

251 COS&“;!{ =3 IE./(dlflen“j
(2—-32) tgd, = m /A

; . . et i~
(2-533 L Dl Cm A1) dsin=gy, = B DLl 710 Joos®g, = ]

(2-34) B Dl AFD Jaingg, = Dy L1 Gy, A0 Joowil

o sing, =

gy sing, = wpaeing; = f.{iik}'l"‘i

L (my +m gy / Gy ovmy, ) (mgemy ) 3172

; Vo7 , ;2
mkcagﬁi =3 ﬂ[xmi+mj)/(mi+mk)kmj+mk)]1



e are able t

Mo

. a (k7
coordinates Qi -

e

4 shall work out

iliustration and

Ymobillas®
wWhich

the sets

m

Refergnoe I

-

repres

Q

- om

darlve

cannot b

i
1
1)
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i . AT
mitmj/Himi+mk}3t

= ﬁinﬁiE(mktmi)fﬁmk+mj)]

cnﬁﬁjt(mjm/+ﬂf(mi+mh)]

defins the norealized relali

Felations (F-15) and

the

ation of the

the represent

from this resullt a general

Feprassnted i

by &

ions ("mobilles®).

Az an examples 1

x

iin figuwr

1

"mobhile®

Uy 2t gllp =
GROWUF B = (17 3 Mg =

Thersfore:
- RS
(2-61y By Y o=

1.

while

(2-&32) b " ==
2

Ymobhi

M

(2~17)

il

rmlation

Tt

+ o

(reference or discrete repressnbations) and

s work out the representabion of the
(2-23y. Using the relation (&2-1

mi 5 r',:li:"i) = Ri

Py —> -
Emi (:m-j\'*"ﬁ'l:rr:‘ AEa L (mrj:-R';\‘!‘ﬂ‘\:-‘.,'F\'::r.) / (m-—;.-l--m_-:;)

ey =
.. R I S P
[m?mgf(m2+mﬁili “LRz — Rald

FroweR

-\

Ry

obhbaing
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z
ift
Pt
e
fi]
T
o
il
Jut
.
W
3
il
-
[
Yt

as of paragraph (b)), we can wribss

g o, (1) L ;o
{d—ld R = HoUOSPxra b BpCOS@ol
. = Y . S

(2464 '—'x( 1 =OEAELD §5":::|"r_3‘-::'.

in general, let a "mobile® reprasentation defined by the

indice t (by the way, t is the indice of the single atom in the

represaentat

o ¥

[
]

ni, t being an elemsnt of the ovolic group Zo,+, we.

can write sithsr

(3]

P 5.8y . + o

Zm6a) By = o COSPEEanre paeg T BpaptRS e Py el
. — N . . -

{(R—&&) Q-fx(L} =g BLOR L ool gy )
O

s = ({3 - PR Ry e o
(Z2—55—a) Ql - == Lm.'r_._ (fﬁ.t_i,l']‘mt ),,:)-' M3s L (mt_x,‘iﬂt_;,j_ +

- > S
mt’i“ERt’i“a_) /! fmt_,_i-*mt+: L F'\'{: Jo= "“Dﬂtqt
= e . v - =2

\'2*-’35*{:\) 0'1 - = {m++jﬁli-+¢.=f (m_,._,l"j--rmt_l_:;.) 1 (“\.-]-_,_E Rt'l*] } o=

Bipg, ezl b+l , 042

-—
I+ will be convenient later o sxipress Lhe Gy onliy in

terms of two of the bond distance vectors ry . Since we can

—

-—
o .. .
¥ij Fj

s

L, owe can transform (E-6505) and (2-66&Y in

o

. -
replacing r

al

) - JEN
b, 2 BY Yo erd T Pead, tent

from (2-58), we have:

T » = S e e
(2572 “t+icm&¢t+2 + mt+2cm¢¢t+1 g
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and from (2-34),

Wy BiNgRpn = SpanBingde,y

L}
L

theretfore:

(2e59) S B b e CEShe

L o7l Ly RS LI S L R L N A At o o AL St A ol
-

S Wi 4 () . ¢ -

(27 QE = ut+251n@t+1rt+19t+z

The inverse transform is given by:

- - , (=1)pg. (8} IR
(271D R (@t;‘ 1’£0i(t' - ﬁmteﬁtiimg(i)i

— Ay L ) { -( .A“
(272 Ft+1;t+2 = [@t+:51ﬂﬁt+ 1 I}mz B}

while supressed in terms At their cartesian componenbs:

(37 IS R | !
w75 L RS R R e S T

it

‘ ( )
(2—74) Qz‘t)vl ﬁt+351ﬂ¢t+irlt+1$t+2

where 1=1,2,3.

Figure (Z-3-a) illustrates the relat

1

ionships betwesn tha

tpass-acalad® bond distance vertors o

- -
.trtgt+1, Mt+grt+1ﬁt+ﬁ and
-~ (+3
Cthe set of (G iy o b=l. The +

:

otential snergy surfaces are
2D

veually constructed with respect to the bond distance (and/or

bhond angle) coordinates, the coordinates appear Lo bhs Yeliawed”.

We shall note that sin

i+
iy

e the coordinates are vectors, this
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FIBURE (2-%):RELATIONSHIFS BETWEEN AMD THE BOND DISTANCE

COORDINATES

P . - e
a)ith projection of the couple (Qil,azl) and the iLh

projection of the mass eraled vector bond dishancs

. ) A -2 ud IS L,
coordinates ythax, #3043« This represents also the
transformation from a non—orthogonal cartesian systiem to an

orthogonal systemn (see appendix 2).

b The same system afiter a "kinad atic® rotation of angle

pexs
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FIGURE (2-4) s SYMMETRIC REFPREZSENTATION

[

25 Yiinematic”

The same system as in figure 2-0 atier a

rotation of angle 6=d-/2-4/4 corresponding to the symmsteri o

i

representation (sse seaction



Fig.(2.6)
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tyector! figure correspond to bhree figures in terms of scalar

projections.

N :
The Qi‘t) appear therefors as some linear combinations of

the "mass—scaled" bond distance vector coordinates. Bince the
system lies necessarily in a plane, any Einemaltic rotation
through an angle & is a unitary transtormation as defined in

(F—%4) and will provide another acceptable set of coordinates

= k)
Qi‘r’ given by:

- () == ey S ey
(2-75) g7 = @' Foose + B sing

-~ g - . P
(Z=78) -0 = —p Hlaing + 9N cese
Uesing (F—69) and (2-78), ws obtain:

k]
PR - = (r3 = KN
(277} G = HpCOSEry paq T O SRS S Rk DL R B
-

(2-78y  8;) = -upsing

- -~
i Fi et T papBin (e, =@ e,y pap

We may therefors sxpect to find the reprassntations

corresponding to the "mobiles" 2 and

% by a suitable choice of

tﬁe angle 6.

We note that the rotation of angle 8 is not a rotation in the

Fdinary space bub is an oparator acting in the Z-dimsnsional

-

. . : kY T (T
space which slements are the vecotors Gy =18y "~ A

This distinction has been introduced in section 1 (page 10 .
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TARLE (Z-13):

.
I
ey
T
=
5

i1
~
e
el
il
T3
2
T
~1

HE Z-RBODY.

m

!

- . | : - 3 : -
i M = i 4 Mo o #q # B

k] . P

-

1.6 1.988 1.8gg .817 817 LB17  AD.0D &, @il &H3. 68

1.060 1.688 2,800 2544 e Bhéd L. 000 54.74 4. 74 FiLEE

1.600 1.008 Z.080 .8%94 L8540 1,090 53,24 52,324 7H.5E

i3

1.7908 2.686 Z.022 594 1.@895 1.8%35 A3, 19 &5, 71 A5 PR

JEA L

1.0@n  1.6668 14080 972 »FTE Ao &HF &b &7 By s

2.7 2.BED 16080 1.7342 0 1.E4E 0 1.709 48,19 48.19 8. 462

.00 E.007 14080 1.510  1.618 2. 600Y 4%

M
™t
et

o
i
I
.S
3

.
Li
B
71
)

.o
-
F 0]
ina
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&)y Transtormation ta the other

discrebs

representations.

For the relabtions

the various listed below:

P
i
i
B8]
S

e

and (2-4&) we obtain

-
D el
ot A el

o - {. . - P
(280 Q- = tsi::_w_'i%l 1 :3!‘ o
>y s
§ Y A, . o gy e .
(Z2-81) Q= = bR OBE M
- e a2 =
(2282 s =
S P
{254 @ i = = T IOE bl gV

4
ale

- = T . -
{2-3d-a)R-"" = a151n¢7r1

valuss of ?1;« et us take for sxample
L]
reference and sxpress bthe obhse models

puprassions are btabulaled,
following

tabls

el

TARBLE

An

demonstrates

]

TErms

the

o f sams Lwo

the modsl 1LY as

- g3
in terms of rio and ros.

Pt

sating resallt

this.

ATl
= - -
Fe Iy Mo
=

b
it

B

';.,;'j

i g 0

m;ﬁinﬁl -

00y LR e

sl gy




We may now consider the 2 dimensional wvechbor spaces Eﬁq which

: . = > - R .
elements are the vectors Ro = (Fyoyrosd and the 2 cimensional

o . C o o g PN e Y e e (RY B (R
space EDE which elemnsnte are the veolbors mt = Gy 5 R Y. We
may defins on these spaces the operators:

{285 TpER

e By o8 TeRp=By

and

. B - -
(28 F‘E’:L‘.gi """" 24 E“l:‘i H F‘@mt*fﬁ.t B

where t takes the values 1, 2 and 3. Obviously the operators Ty,

Fa W gt

Ta, Tw and Rg are ZxZ matvices. In taking t=1 as references, we

-

may now determine by which angle € we must rotate the ayvatem "1

to obtain ths two obther ones. We haves

(2-87) Rgl; = FgT{Ra = O z 3

it}
-
-~
d
™
H
i
Y

-
{2--88) : G = T pr
& may be determined by solving the sguation:

2-839) Rg = Tp (T, 1

where T1"1 is given from the equations [QECAMN
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!}1‘1 " ‘“*l}(.-lmj'CDtg fl(:
-1

i ] (f.’(j::;?:"yiﬁﬁ‘f;x)

fs an example we will work oub the model "2%.

Hore r=% and we have to solwve:

= - cosdr and sin@ = singsy, l.e.: @ F A e

The results obtainsd for the other representations ara

presented in the table {(Z2~3) .

- -
The transformation which psrmits to transform Gp dnto G

ieca rotation through an anle 2 0= g8, .~ while the
v G t+2

-

N _
transformation from Gp into Gy is & roftation through an angle

-+

1

T
HY

G o= oF o+ Gy The

3

(2-fP-a) summarizes the proosss for
three different molecules. The valuss of the "rotation" angles
vary from 45 to &0 degrees. Figure {R-8-h) illustrates the case

.

F COa. In the figure (271, we illustrate an interesting

]

{

i

eature of the scalar proischbions of wveshors Qin Thye

construcrtion is as follows: we take the instantansous scal ar

projections (on axis iy of the two

honod distance
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. . = =2 . - o "
vector coordinates vy and va a5 sides of a triangle 0,A;B. 3 the
- 1 - . : -y . 4 - . r .
angle between vy and 7o 15 fo. Taking By, midpoint of the side

A; By, as center, wa diraw the circle of radius 6:0.. For any

5,0 .
. P
membar t of the family of vector coordinates 0, we have the
relation:
TR IR (- U I G S I S C
Q.i :i .':.-;Zt i..‘ it i i b 1 u

h othe

i

From thess considerations, we expescht to establi
relationships betwesan the “symmeteil i -ppresentation and the

ipstantaneous orientation of the principal axes of inertia.




FIGURE (2-7): "COMTINUOUS FoMIby® OF ORTHOGOMAL HIRSCHFELDER

£

COORDINATEDS

(0AR) . is the projection of the triangle formed by the

mass scaled bond distance coordinates with angle #-. Once
A = J

proijesctad on some axis, the vechbors by and G- fall on the

cirele of radius (06); and center S.
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FIGURE (2-8):5CH

m

FMaTID REPRESENTATION OF THE TRANGFORMATION

OF THE DISCRETE VECTORE @

a)For various ratios my/ms. NMote that for three erual

masses, the angles sgqual 120 degrsess and for an infinite ma

s, the angles ars 133 and 98

wog (He atom).

ju i
i
1

hyIllustration for ths C0-
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CO, MOLECULE

m, =My




4. SUMMARY .

The material discussed in the pravious sections may
introduce some confusion about the different ways of defining

the configuration of a three-body systemn. BEefore conbinuing our

s
-
<
1
i

tigation

]

, let us summarize the previous resul bs.

g

From table (2-2), we note that the configuration may be

-~
expressed in terms of the bond distence vector coordinates Ry,

- -
R and Re. A simpler way of defining the system would be fo

ER RO

i

express the configuration in LErms ot the

bond distance coordinates. We then re-define thess vectors

e
-
uy

o Y - . - -
Ze-Fl-al 1 = \le‘"i:,ﬁ::;l":g:‘.:'

vt - -
(2-F1~-Db) RE = {“1’"1259‘33‘”33)

> ) - -
P=Fl-c) Ry = (Maolf-os, 8

8

These repressntations are sgquivalent in the sense

rF
0
5]
T
Pad
T
1]
~

{

describe physically the same configuration of a systamy in the
prasent report, we shall concarn puraslves with ons

-
representation, say R, taking in mingd that we can pass from one

to the obther onsa,

s

In order to simplify the notations, we shall drop the indesx 2.

Fach of the representations (2-%1) may be transforasd into

the vector coordinates By by the 22 matrices Ty (1 is the

indey of the representation, J the index of the vector )



coaﬁz "“Dﬁﬁz -1 wcoﬁﬁl ca5¢1 i
Tyi™ Typ= Tyz
~:in¢3 ~Ein¢2 {5} ainél ﬁin¢1 i}
i C0s wcm5¢3 c3f¢1 mtmsé? -4
Tz1™ 2™ T
@ sinég “5iﬂ¢3 mﬁinﬁl Hingo 5}
~CQS§3 -1 i DS P v mtosﬁl swﬁﬁz
Tzy= Tp® =T
i | singx @ | ) | @ sinds ~singy ~Hings

Py -
(292 @oii) = T, . R

where the index i expresses bthe fact that the coordinates are

-
defined in terms of the representation R;. The three equilvalent

—

representations of ths same vector G ars given bys

(2-92) Ty;Ry TziRa TaiRa

1) @, (2 0, 5

ol

We note that the mabtrices Tjj havie sams determinant foar a

given representation:



_,_
i
i

1)
(33
EE4

o~

(@3]

e defined at the end of the last section the mabrices
representing the rotations of angle a—#; and w+gdy transforning

-

respectively the G

Pxy - . - . . ’
into the Qj and the Q. into the O; within
the same representabtion.

For the discrete representations, those mnatrices are glven

“plicitely by:

(2543

—COBP mingd, —cosd,  singg
o, . = o
“id 531

—sing, “CDEﬁF sing, —oOsg,

: 3 1 3
wWhsres
- -—

P T {ﬂ. . 1. Py _('-4‘
{2953 Jljml*L) QJ )

and
. - -
(2—2857 S'-Qiit) = (1. ()

The following relations are sasily derived:

a7 oL 8. L o= 8§ 2 :
(2 3 bjl i SEFEEE i
{ o 253 . o

L 73 ) \._AJ‘{\.J.LJ S.‘!ﬂ

-~y

wheare I is the 2x3 wuniit mabrix.
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s 8

8 (2} by the

The figwes (2-8) illustrate the rotations o
- v -_> : . ‘
angles 7-#- giving Q) and by W= (sguivalent to w-de b w-@y)

.. %
giving @z (2).

For an srbitrary rotation through an angle © starting i oim

. }

—
the discrete vector Qj(i) axpressad in the representation Ry we
obhtain the vector er(i} given by:
-> -
' T Y [ .11 - - {1
(21983 ”J@'J‘l) ij(l)
L a

gs suggested by the figurs (2-3), a value of the angl

equal to $-/2 -~ w/4 would provide a rotation such that the

—>
=m represented by R, will be mymmatric relatively to the

i}
-
U]
s
"ﬁ

axes whars the components of mﬁ1<2} are definsd. The matarial

ion constitubes the subject of the next

11‘

related to this robal
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S. THE COYMMETRIC REFRESENTATIONS.

a) General case.

Since from any rapresentation sets of coordinates

'per%nrm = rotﬁtibn through an
angle @ which gives another accephtable set of coordinates, for
values of & different of those abtaihéd in the previous
1=,&:,=r_tic3rﬁ.‘5‘3 we may expect to obtain representations which cannot
be supressible as Ymabiles'. 1ﬁ particular, the following
question arises: is it a particular valus of @ whioh would
gensrate a st such that thes potential energy gurfaces will b

symmatiric relatively to sone fived axes of ths molaocule?

Far the sake of simplicity, let us atart from ths systam

-_—

e

described originaly by the vector Gy (23 and let us robate the
aves throuoh an angle Qo = go /2174 an shown in Figurs (Z-H) .

The matrix representing the Fotation is given using the sSams

i

notation as in the last ssction bvs

(Z2—131)

g : e
An

s o

o o-1/Z

whare

¢
it
a3
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(Z2—-18&23 hnT o= Cosgs/E h osindn/E

The following relations are

(2—107) (A 7r= = 1 % sing

;s L o -~ + . |
(2—-1804) As Al I E I o e L

Rl

b N
fAoplying the matrix to QI'M), we obhbtaing

I

~18%)  Spmy g8y (E) = 0

Let u

i

X0

denote the malrin Sﬁm Trg hy the symbol To. Fhysi cally,

this mabrix represents the rotation needed to transtore the

-
vertor Ro into the symmairic respressntation Qg (B o2 ning the
i - et

=3
symmatric represantation in Ryl "

The explicit form of the matrix is given by:

- F3
(2-104) T = 2717

An P

i

This matrix is symmetric, normal bult not orthogonal and i

theredors ot a rotation matrisx. We have drf(T y o= Sin¢1 arnd the

4

231/'"r(vay5 SR oand 27 /*”flfiw S

Rl
]
1
10
o
—
v
o
3 |‘v
)

1 AT

e can define in the same fashion the sympebric
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. - - -
representations corresponding to the bases Ry and R Ty and Tora
3 - .
To each representation Ry, it corresponds a symmebric

reprasentation Ip. We nobe that the symmetric repressntation is

derived from the basic representation as

others. We note also that the symmebric representation obtained
- . ’

from the vector representation @4 {(2) as 5tarL1ng moint could be
obtained in starting from the two obher rwpro"mnlngmmh by
performing rotations respectively of (2¢3+¢3)/2w5ﬁ/4 and
(ZH/d~gn/4) . These results are obtained directly from the
figure(2-8) or can be derived analyticaly by the proocadure
discussed in the section I lequation (2-89)1.

fe shown in the figure (2-6), the original potential energy
surtace remains intact as if the svstem is rotated as a whole

through the

i

1

lin]

le ¢2/2~ﬁ/4=

We can therefors conclude that for a given representation

- g
Ri, s3y Ro, the system being described by the componsnts of
oD

Ra,i«2.,; the mass—scaled bond distance vector coordinates which
define without ambiguity an angle d-. Thiz angle defines at its

turn a rotation angle ¢3f2~ﬁf4 leading to & vectorial coordinate

an that we called the symmetric representation of the system

Ui

when the system is originally described by twd arbitrary bond

distance vector coordinates. There exists therefors a ong-to-one
correspondance betwsen the way of chonsing the representation of
the system in tE?ﬁg of the internal coordinates and the
definition of the symmetric repressentations. In obhsr words, a

unioque symmetiric rmpr@bwnLailon corresponds to every fashion to

define ths system
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§) Farticular case of three aoual massms.,

-

Let m be the mass of the three atoms, therefore,w = o %= #o

e s /2 : lms
g = [2m/51"° and the angles §

are sgqual to &0 degrees. The
w®
three repressntations Ry are identical and the 0; ars equal to

-15 degrees. Therefore tha three mabrices I'y are erqual to:

i
s
s

i e 7
" ho e -
{2~ 1‘.53’3"'&*‘1 7T = a v 12 + -L‘_l [ I
) Case of two identical atoms.

Since the choice of the rapresentation is arbitrary, let us

-
take Ro and label by 1 and I the atoms of Thareforas,

_ _ N .
®y T Mz and #4 = #=. The rotation of @ through the angls O =

-
g/ 2=1/4 will give the symmebric representation Bgn
) -
{Z2-189) Ron = TR
oyl
oF in terms of the components:

(Z—11@-2) Q== = wE

(2-11@-h) 059, = w2 "M EIASTr s o A Pl
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It is intereresting to nofte (see table 2-1) that the
symmetric representation approaches the basic represantation
Gy of the Rkth way to expreszs the system as the ratio m/ms
decrsases since the angle (), tends to zero as m/mn bends Lo
zero. Gt the limit, a system constitubed by & light particiest-
attached to an heavy one would have its symmetric representation

identical to the basic representation.
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&. SCALAR COORDINATES.

S .
From section 1, any vector coordinate By could be considered
gither as an elament of a &-D vector space which componenis are
- 't' - g
the projections of Q" and @-° on the three axes of a cartasian
i 2 .
frame attached on the system or as an element of a Z-D vector
- 't - ..
- [}
space which elements are the two vectors B1° and Qo Therefore
the siv ordered scalars constitubte a way of defining completaly
the instantansous configuration of the system. There exists an
infinity of ways of defining these scalars coordinates. The
subjsct of this section is to determine som2 particular seb of
coordinates in such a way that the three internal coordinates
will be defined indepsndently of the cartesian framse while a

7

fourth coordinate will redfer the plane of ths

1y

sveabtem to the
instantansous principal axes of the molecule. The two FEmalning

external coordinates are angles fTixing the plang relatively Lo

In this section, we shall discuss the internal @lar

coordinates: gy, g antd g-= which are ra ively the norms of

Qlit)ﬂ Qﬁ(t)

the vectors and their angle. Obviously, thess three

scalars are independent of ths refernce frame.

In a cartesian frame, the components of the discrete vector

-—
coordinate Qt ares:

fd

l
—
e
—
ol

= (Dii D‘!"x':“EJ“n,-"\l{"ql."-x-“\t._.m)

allalh

e
H)
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whers we defined the plane with the coordinates 1 and 2

alu

In order to express the i

4 !

tantansous configuration of the

system without any consideration sbout its position relatively

to the fixes axes in terms of the coordinate @) all we have to
o, (k) () |
do is to calculate the norms of By -7 and Dm ard the from

their scalar product, we could deduce their anglie.

>
Starting from any raprasen nixon g obte wined in the usual

{(Z-113 Q‘S‘ = H@TiRZ = F"‘aol

we find the components of (g

- = EY .

(2-1135) 07 = oyoostry o * wyoos (fa-0k oy
. - = N . Nt

(2—-114) B~ = —o5indr o + wygEin (a8 oy

e obtain therefore for the norms:

(2-11%) - (g%

I - T
(2—11&7 (g~ == ﬁ1*51n“@d1¢ + ﬁxhﬁln“(ﬁF”@) -

Zojaxpsintsin (go-0lcos umdimdﬂ1
where dys and doz are the hond distances and O the bond angle

of atom #2.
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. : PR €& .
in order to define the third internal coordinate oo™, the

acalar product is given by:

(Z~117) 8,%.8.% =

mimzdiﬁdgzc050251n\@E~M9;

. - -

[P ¥
9 o= fOJ"*’)nD;G]!quﬁmixO]

d
i
‘—4
e
s}
e

{

0
0
’N

o]

fomte

In particular for the symmetric representation where @ =

e

(2-119y  gy@F o=

o3 o s
L1720 Cog Y oedy ™ (I {asinga) +

{thoe ) “lm=={l-{+isingar -+
174
K1EWCQ§Q"CQSQﬂdjﬂ”mT]J
while the angular coordinate iw given by
(Z-120) cosiys =
o o
E(cma(ﬁﬁfﬁ}imlfdj?“ +
o = . ‘ SR SN o
C!:ﬁr"."‘:‘rj-.r'k“,‘ + C{-L(X*::;C:DESD-';H:‘lrj.d-p::;-‘/f:{]‘ q:z

3 T 8 T e 1 I
Finmally, it should be interesting to calculats the angls

-~
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-y
between one of the symmetric representation coordinate, Q]V
-
one of the reference representation coordinate &1(1)=

Let the scalar product

P

o> -
G‘-'j_( -G l.l':‘

it

L T e 4 s 1 L
(2 1213 Fl,i ‘;v

~

- 2 2 =2 . sy
(172 120k, %d o7 (cosdg /R + singn/2)

2 = A , -
+ pxtdartoosdolcosda /i - singo/lEr

zﬂflﬂﬁﬁﬂlﬂun*fl_iﬂﬁomi '3;,;2%—:,/ 1

A

. P - -
Therefore the angle betwesn @1(r) and Qlii) im given by:

(B—12%) case(l,lyr,1) = Pivll?r!qliqirn
in general, ths angle between G and @47 18 given byl
{(2-123) Ceosbii bty i) = Pi +J’9/q 6
where:
D134 . 3.8 . op. By . @
(2124 Fl,t oy e

This formula will be usetul in the determination of the

;"t

orientation of ths symmebric roordinates relative to the

principal axes of inertia (appendix 3.

and
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CHaPTER 3,

THE HAMILTONIAM FOR THE THREE-RBODY:CO- MOLECULE.

1. IMTRODUCTION,

This chapter is devoted to the derivation of the
Schrosdinger equations expressed in terms of the three sca 2l ar

coordinates defined in the pravious chapter. In a first
section, we recall the gensral {form of the hamiltonian for the
N~-body as defined by Curtis and Hirschitelder in raference ()
and re-—expressed by Wallace in referesnce (1@). Tha applicatimn
of this form for the 3-body constitutes the aim of the second

Mallace,. ke

o
e
[n}
-+,

caction where we summarizse the resulis
iptroduce in the third section the results obtained in chapter

2. In particular we intend to show that ftor any "mambert of

2l
ol

ha +am of coordinates B (and in particular for the

vteymmetric® representation) the useful proparties of

™

separability of the hamiltonian ramain unchangsed. Finally, the

last section consists in the application of the various

results in the case of the Cl- molecule for which we give the
potential ensrgy surfaces obtained in the three "discrete”
representations and in the "symmetric” representation. The

soplution of the equations constitubes the obisct of the seoond

pari.
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o, THE HAMILTONIAM FOR A SYSTEM OF N PﬁHTiGLE5=

In terms of the euclidean coordinates %%t the FE operator

of a system of N particles of total mass M=L_m_, may be

oK
written:

. bl I N 3! ':“
(z-1y T = —¢hE/or, (e " lradsam®iie

Xql x

and the Schrodinger eguation by:
(32 (T + VI%W = E ¥
where V is the pofential snsrgy operator and By the total

enargy of the system.

ial 1

i

I+ the poten indeps

2

dent of the position of the center

a1}
s

0f mass, then the state space may be esupressed as bhe procuct

of the spaces Er and Eg and ¥ as the product:
P T RV

where ¢ is a function of the cartesian coordinatas of the

center of mass and & a function of the IN-3 coordinates V.4
specifying the configuration relative o the cenbter of mass.
It is sasy to s=e thalt the Sehropedingse equation separates

into an equation in ¢ which is the usual eqguation for a fres

particle of mass M and an esquation in § which energy i



2

7y

12 59
assnriated with the rotations and the vibrations of the
systam:

{Fmedd) (-hE/2rr, 1a%/ay® I E ¢ W1 = Byl

whirs the coordinates v have been mass-scaled in somne way.

Under a transformation of thes st of coordinates (v®1) into a
. . s - 1@
new set (g%} the KE operator takes the usual form Cim,

- w BN A R LU T B A R i
(z-my T = -h¥/av0gT %y, azagtrgt et Fasag
8 o}

where the coordinates %' have besn re-indexed in the
following way: 3sg+i=j, g’ ars the slements of the matric

ensor (ses appendix 27 and g the determinant of this tensor.

v

1€ the new set is orthogonal swuch as the old, then the ametric

The first problem is now to separate the set (g*) into two
subsets, one constitubted by the threes exiernal coordinates

T3 7T - . . . - : I}
(515 5%, 57) specifying the orisntation of the system and the

ather constituted by the subsel of internal coordinates
(E17_=“5Q¢N~b) invariant wunder rotations. In other words to
express the function 8 in a sunm of products of Functions in st

fd of Ffunctions in GY. Obviously thers sxists a great variety

bl

nf choice for the internal coordinates. T second
prepccupation will be then to determines the bast choice, Tor a
1

particular valus of N and for any particular problem.

The potential energy operabor is usually sxprassed in
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tarms of a Tavliors series about the equilibrium condiguration
Fryd
E—A) P{m. ) = Y. k- :m.@. + %o T S
i—b) Viagd L173L1331m3 Ll,Jul §194 8§31 Foaan
wherese a;, = pt - @t \
i c.l A 4 {Qj}

£ we could reduce the vibrational hamilitonian fto a sum of
terms describing independsnt ong- dimensional ogscillators

Hy (B = E;h(@%) then ates would be simple products

i

o
m
i’:;
LD
!""
3
i

l"“
fix
"
N

af the i-dimensional Elﬂ ﬁtctzr and the overall vibrational

eolutions would reduce to supasrpositions of & unooupled
motions. Obviously such a separation is imp possible and we ars
forced to make approximations. Two historical ways may bs

ta

usmd(“" . The normal mods consi lecting all cubic and

i

]

te o in ne

he mocie consilsts

]
Jond
D
i
u

s

higher terms in the hamiltonian while

in dropping all the cross terms (sven the quadratic ones).
The method proposed here is to divide the potential into

1

two terms VD and ﬁc definsd ag follows:

iy o 1 e “qu/ .
-7 VD(D o= M U 1 +
x\;(n D ﬁq_ﬂ‘sgfjr‘l"‘b)) R V“’jisc:\:?t\?;’““u“:‘(N:'\!”‘b:‘}

rhe bars over the variables denobing eaquillibrium valuss.
Ve is the remaining potential. In what follows, vm(mly will be
called the "ssparable” part of the potential, V. the

“non-separable” part and the tepmplete potential VsVt
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Obviously the contribution of the non-separable part of the

potential will depend wpon the systen of coordinates in which

it is expressed.
Therefore, the schems may be aupressed as follows:

a) to determine the coordinate system which minimizes the
contribution of the non-sepnarable part of the potentialy this
operation is performed by plotting the potential snergy
surfaces (2 cmmrdlnﬁt@a vary while the remalndar are at {h@ir
equilibrium) for the various amﬂrdinéte syabems and determins

fem for which the contribuobion of V is

among them the sy -

!.xi

minimal.
h)Y to solve the separable part of the ha militonian as &
rero-order approdimation of the solubtion.

o) to compute effects of the non-

parable part in the basis

i

of the separable state

Since the potential function 18 invariant wunder rotations
(V is uauaily a function of the internal coordinates), the
gigensolutions of (I-4) will form bases of representation of
the three dimensional rotation group. Letb yﬁL be an
gigenfunction specified by the total angular momentum L.aﬁd
the guantum number referring to the = comporn2nt of the angul ar
momentum m. Then if F is the matrix representing the rotation
of the coordinate systen, PHWEL will be & lingar combination
of thes ¥mh belonging to the sams L {a potation will mix the

. . el ]
In partlmulﬂr(“q'=

set of 2L+l degensrate quantum stales)

) L ow ¢ opbr L.
(3-8) Prigh = EuDh (RO Wy
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wheara DL(R)mS is the set Q{Arepraﬁzntatigm copfficients for
the LEP i rreducible representation of the rotation group. )
define a "standard con%igurétion" in such a way that all
configurations which differ only by a purs rotation correspond

"ta the same standard configuration. In practice this standard

configuration is defined in terms of bthe position with respect

<t

to ths center of mas

i

of bwo Yparticles" in such a way that

3
ot
‘l

icle "1 is placed on the positive z-axis while particlis

o

2% s placed on the positive half of the xU=z plans.

Therefore, if R is the a rotation matrix which brings the

syatemn into the standard configuration then:

depends only upon the relative configuration and XWL i®m oA
function of 3N-4 internal coordinates.
It is sasy to sse in applying the orthogonality of the

represantation coefficients:

s ol ok #pl (R e 5.
(Z~1@) n Db Ry DR R = Sy

the definition (3-9) of x." and relation (3-8 that:

. - N #., 1

] 3 W L. oo | + ¢ b

E-110 ¥ in L (R ™ Ny

Thii EKpF:FE]LH means that the esigenfunction may be expressed
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1

in terms of a linsar ﬁgmbinatian o products D¥>aigen¥unctimn5
depending upon rotation coordinates and eigenfunctions
depending upon internal coordinates. In othar words by this
operation we sxpress the space bEpy into a tensor pfmduct of Eg
and Ey. The summation in (3-11) instead of a single fterm as in

€

%-%) could be euplained from the degensracy of the group

~

representations leading to a mixing of the states. Therators,
in theory, if we substitube (3-11) in (G-d), we are able to

separate the variables and obtain sguations for the different

. . . . - a3y
functions. Bubt since the D () are wellmkﬁmwn(““', WE CEn
integrate over the ths rotational coordinates and obtain

pauations for the funchtions ﬁan

: . .t 4 s .
et now G, ; the J"h aralar coordinats of the n particle

13

¥

(wee previous chapter for the definition of an: we recall

mutually orthogonal as cartesian

0

here that ths Qni AF

but thess vectors are

projections of the vector aomrdinatenﬁj

not orthogonal in the ordinary 3-dimenzional cartesian BRAace)
before a rotation and =z, the coordinate after rotation
represented by R = (Rjk):

Tl TR - = 'R 8 .
(3-12)  za = B3R 005

crrdinates:

3]

We have theraefore the Fh-&6 intsrnal
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Thoese cartesian coordinabtess will be used later to derive

the kinetic energy opsrator. Neverthelsss, since these

coordinates are not orthogonal to the buler riggl

[

=

i

describing the rotations and furthermora sinoe the molecular

potential iz, in general, highly non—-gseparable in such

coordinates, it is preferable to re-edprass the cartssian
sralar coordinates in terms of some kind of polar coordinates

(mutually orthogonal). Figure (G-1-b) illustrates the choice

of such a system (Fiseaa Ty Bragons g Opgmtn Fmoeeey Prg—g? =
From the evaluation of the metric tensor, it can be shown tha

the radial coordinates r; are mutually orthogonal and
orthogonal to the angular coordinates, including the BEuler

ar e

coordinates and that the internal angular coordinal
mutually orthogonal but not to tha Euler coordinates in the
actual way of defining the two first vector coordinates. Soms
othar way of detarmining the orisntat inn of thess vectors ars
actually consideréd in connection with the particular
orientation of the "symmetric " repressntation relatively to

the principal axes of inertia of the molecula.

Bince 2ym, Top and zqq are zero {by definition of the

L 4
standard configuration), the equations defining the
coordinates nf orientation of the system in terms of the Q.

alres

=



pags 65

FIGURE (3—1-b):POLAR COORDINATES FOR THE !\I*BD;)‘{“




N-Bqdy:polar coordinates.

y4
|
Qn '
92 r
lt,
2 N
q)n

FI1G.(31.b)
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Rl = @

JaeTed

ing}

3

Using the propsriies of infinitesimal rotations we can obtain

fram (I~-12) the derivatives of the coordinates =, with

~

rospect to the 8. and using the fact that X depends only
upon the internal coordinates, we can find by a

straightforward bot tediows raleulation the sxpression of the

1o

Sohroedingsr  equation.

}

ye, a result, Wallace %Dund‘im the following equationst

15 v a2y byaop. =
{ 159 Lupe 1 “:EES /8""_}}22
= 1 R Sk ) L .,
Bpdjj 3 /30 51, 30 5y
= PR /% oy 8 Y o A L4 S - e
é\JJ E(i!'-..l}[‘}.-:] (““,;;:-_':" "'l-;'-“ (;)1J Jé‘!‘?ﬁi -} ‘..:_é—l_] /a«l.:.:‘l‘»‘:.i b EE,H

p=3

. - L . . L
£ = E‘ED mS(F&.,‘ “ji}\"‘-

o
!

i .y ¥ . L
EED l'ﬂ‘E-(R) fi_.":;}.g

c = ¥ pb__(rr¥a L

SN 5,0 ME j'nf

Yin N

In terms of the polar coordinates daefined garlier, the

Linetic energy operator can be written in the forms
(Z—16) T =Ty + Ty + To

whearea:
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e I - .
(3-17) BTy = ~hPrass/ar,s ¢ (270037801

-
(17t 5[ As+r_ y = 2 el s e R
/vy he+b b * Bl T [ Ly -0

~hZ (TR TEY [T/ 88, + cotend/ 26, -

where the summation over n is from 3 fo [N R

el
|
et
T
3
-~
i

S P :
ry TR A 8008, byl ) T

- ST (L + (Fyes 3 T vt G ( o+ 3 -
cot@nf (Lo ,tho o) thesrl ) + B R ihylp. + cobly gty Yy, 1

where the summabtion are from n, k=3 to N-l and n different of

-4 5 o o S A
(3191 274 fia, /e rhasae, + Bl

. F ) - " »o . oy -
cot8n (histld)+E L )15, + hAm/rthhS/ﬂ@? + Lanm -

where the summation is again over n=3 to M-1.

The terms A, and a_ are defined by:

e
I
i

I

2) A, = CLO+L) ~s(s+r11H/2

.

(F—21) A FL(L+1) 5 (s—1)3+7%

it

-

and the operators 9 are defined by

N

(E 2 8N
— o
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ZT.THE HAMILTONIAN FOR THE THREE-RBODY SYSTEM.

N

The general hamiltonian defined in the pravious section

for the N-body reduces to a siaplier form in the case of a

CE-particles system. For any vechbor coordinate system

1.

iy
r
1

o2 the

2

10

1

' - —
constituted by 8y and O, we obtained in
spprassions of the scelar coordinates gy, 9o and o= which ars
che previous section

designed here with the notation of

respectivelly by i, o and 8. In other words, vy and ro are

AN

fous]

P
the norms of the vectors [y and G while 9~ is the angle
j. e Al g

betwesn them taking in mind that the vector By is oriesnbted in
i
—d

the positive direction of the z-axis and o, is orignted in the

positive direction of the x0z plane.

1

T

¥

Let us take the “"discrete" representation of "mobile" 1.
Then, as discussed previously, the potential is expressed in

the form:

{(Z-3233 V(r‘igrz,SE) = vm(riql‘“g‘,eg:’ “+ Vc(i‘"lgl’"zgeg}

where:

(Z-24) . Vplrq,ro,82) = Mg oy 8ad  Vilrg,ro,8) +

\."(r“l,,rz,@z)

il

the bars denote the equilibriumn values.

ui

{

fis mentioned in reference (18), an alternate definition
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for (3-24) is preferables

5) k}!ﬂ(f_lgfmgqﬁq) :::_V(l”lv,l"_g‘,@:i:' __;_'(‘}r{f..i 5!"296:3:‘ -+

Al

LR s -t -
\h“/ig(rl RS o

With such a definition of the potential function, the

hamiltonian takes the form:

il

{338 . H lel -+ &')C(ri"r:i?(;’:i} + T, o+

whsre:

=2 4 o ) s + -~
{E—~271 H@ = = {n x;;[S“fsrl“ + \ﬁ;rl;afdru —
ry CLL{LHL) s 17 4+ YVl ,1n, 8!

RS/ L85 Ar s {EquBQ.BFmJ + My gy B
o < (AR

A , = & = , r ey
— (=75 Gry T “)E‘“f&@” + oot@. (3730

2. < g P s e -
wﬁ“ﬂ+\L,5}/Erj“E£fd9? + {g+licotd-lb,

u
1
l—‘l

o

-
=
!

hEn_(L,8) /2r (TL3/38s — (s-1)cobfyls.

{3-29) Ty = @

fuad
1—«

Clearly Hp is saparable and gtion reduces to the

l'!

S
enlution of thres l-dimensional sguations.,

. . . .. . . - el
The angular sguation is firstly considersd; 1f -07; are T

pigenvaluas, we are then able to solvae the angular eguation

713

faal
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first and to solve successively bhe two radial equations. The

sequence of the opsrations are a2z Tollows:

-
w
i

o) Hp(82) EAS j(05) » = —A% IA% (8
(3—31) Hptrd ER®L 5 pryd s = BP0 GRS
(z-32 Hp(ro) IR % n(rg) s = ES; pLR7S;

Jy B

where the hamiltonians are defined by:

D B .. 7 P

{E-353 H@(e‘m) :8‘;/8::*:-"“ -+ C"Dt:)r'\afg“ “QS"C:E\ﬁmU-., - ‘\-’l{l’lgl"‘—\‘,t’?;\)
P - 2 o ;o s -

{Z—-324) Holr.3 = —(ﬁ“/ﬁ)uaﬂfﬁr S (R Y3 ey -

g i i i

o TEIL ALy 2R AT LT b VA ey Oa)

i 3 (N LA

e o 2T e o F e B o s . o5 2.
‘.-;""‘-;'-5) H”'sl“-—__‘l = '“(I“l"*f.:f} i 1 {:H‘“-"_;t"“ (8 l‘"“’\) z:g:/ 8]‘"-‘_’,’: TS .ifr“".;\.} B
VA g s, 8)

wooy et

The reroth-order sigenfunctions ars then sxpressed by the

== o= . Yy e R =0 (e B 3, .

LR g FLR Jjﬁ(rEJ.Lé J(CE)'

and will constitube a basis for the complets sigenproblem.
For a particular problem the choice of an appropriate

coaordinate system constitubtes the capi

in hhse senae
at the separability of the potsntial function will depend
unon this choice.

The above discussion remains brus for any of the "members®
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0

"';' 1]
i

he family of orthogonal coordinates of chapter 2. The only

in the

oot
e

requirement is to fix the first vector coordinate @

-

positive direction of the z-axis and the sacond - in the

positive half of the %0z plane. The scalar caordinates

obtained in section &4 of chapter 2 are the polar coordinates

introduced in the previous section. 8o far the thres

tdiscrete” representations have been tested on somne triatomic

(1-4) iy

molacul es with

i

oo

ame. It remains then o introducs
ather members (i.s. non—discrets) and particularly the
"symmetric” system. Fraliminary teats on molscules alrsady
studied have given satisfactory results and we expact in a
very near future to complets th
molacules.

We propose to discuss in the next saction the casese of the
carbon dioxide molecule which constitutes an interesting

illustration whereas the moleculs is linear. Furthermore, the

discrete repressntation

i

present some difficullbies: the

ot
~t

pquilibrium configuration of a radial coordinate is zero which

leads to an infinite term in egquation (3-34). For thes

A1 BE.

symmetric representation,
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["1
e}

jrd

4. CODRDINATES SYSTEMES AMD POTEMTIAL ENMERBY SURFALES:

a) FPotential function

We consider in this illustration the potential snargy as a
Taylor. series through fourth-order terms in generalized
internal coordinates:

ey - T mimdmk Low
{E—27 Vo= E _]i‘ 1_);‘ - + .-Li j i'ih R R ol }..] ,j':: :

- y
1 : 2

and R~ are the bong stratohing comrdinates and K

n

hending coordinate, the force constants obhtainsd by

e
lpast—squares adjustment ahtained by Farizeal 20 ape

kg = B.014 iz o= 1.268 Krm = 0397
Kygq= ~17.116 Bgpz= —1.51 by o= 615
Byqqq=25. 862 Byqqzs —2. 383 oy gon= F. 551
Ky mz=—3. 924 by ooz ©.00 K oamos—0 . B4

The units of foroe constants ara detarmined from @qua+1an
(Z—3%7) by requiring the potential energy fo bhe in mdd when the
. . i I . L2 .
conrdinates RT and R are pupressad in A and B oin radians.
We can therefore plot the wvaluss of the potential in

keaping the three coordinates alternabively at their

pauilibrium and var‘inr g two obher conrdinates. Such liks
3

are presented in the figuess (3-UE7 ware Mg, Ho angl W Ay
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respectively the coordinates ©my, o and G-,
his potential expression is used here in order to
illustrate the procsss; some morse accurabe refinamnsnt of the
potential is nesded in view to obtain a complete solubtion of

the Schroedinger squations discussed in the nrevious ssction.

Figures {(3-32)
dizcrete representation and the symmetric coordinates. Figure
{(E—-1-a) shows schematically tha trﬂnﬁ%mrﬁatign from mohile 1
ar tmbthﬁ sy mmestrio
1abelled by Y3, Again,

vipctions of the various

At equilibrioam, the
-
coordinate Bn for tmobile” 3 is zern and we are not able fo
=rlve the radial saguation. Furthermora, the potential
expressed in terms of the other representations (which are
videntical as shown in the potential esnergy surfacas plots)
i far from an acceptable se ability. The symmehric
representation in that case appears Lo be the best choice
since the problem encountered with tpohile” ¥ is avoided and
the potential should be more sepparable than in the other

coordinates.
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FIBURE (3—1):COCRDIMATES OF CO- MOLEGCULE.

Frojections of the vector coordinates on axis i. Atom 3

represents the oxygen.
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1AL, ENERGY SURFACES FOR Clo

L~
51
ot

r

~
S
nx

—-
e
R
"a

(il i

an

ANd Ha

sy
o ]
L e

angle~banding

i
ot

=arl

e

Y Casas,

i
Hii

5
Ymohils LV
"mohilse 2Y
Ymobile 3¢

syvmmeEtr Lo
ars the

¥
Y3 =

radial

'ty

two scalar coordinates vary while

at ite sguilibriom condiguration.

representation®

sealar coordinats

conrdinate.

(a) and (b)) are souivalent repressntabtio

tihe

i



Mblecu]e: OCO
Transf: UNIV3 Th=8

Pot: Total
X3=-1.00

VI(Min)= 8@ cma-—-1
V(Max)= 14808 cma-1
Cnt Int= 2089 cma-1

Fig.(3-2.a-1)

7.16

) -




Molecule: OCO
Transf: UNIV3 Th=0

Pot: Total
X2= B.186

ViMin)= B cmna-—1

V({Max)= 14008 cmar—1

Cnt Int= 20880 cma-1

Fig.(3-2.a-2)

-.80

X3




Fig.(3-2.0-3)

Molecule: OCO -.80
Transf: UNIV3 Th=0

X3

Pot: Total
Xi1= 3.22

V(Min)= 8 cma-1
V(Max)= 14088 cma-l
Cnt Int= 2088 cma-—!




Molecule: OCO
Transf: UNIV3 Th=8

Pot: Total
X3= 1.00

V{Min)= B8 cma—1
V{Max)= 14080 cma—1
Cnt Int= 2808 cma-—1

6.7

X2 [

Fig.(3-2- b-1)
%]

W) ]




Fig.(3.2.b-2)

Molecule: OCO 1.80
Transf: UNIV3 Th=8

X3
Pot: Total '
X2= 5.70
V{Min)= B cma—1l
V({Max)= 14088 cmar-1
Cnt Int= 28880 cma—-1

.80

\ %




Molecule: OCO
Transf: UNIV3 Th=08

Pot: Total
X1= 3.87

VIMin)= B cma—li

. V(Max)= 14888 cm~-1

Cnt Int= 2008 cma-1

1.80

X3




Molecule: OCO
Transf: UNIV3 Th=0
Pot: Total

X3= 1,00

ViMini=
>V(Max)=
Cnt Int=

2 cma-1
14288 cma—-1
2988 cma-—-1

2.00

Xe

\|

8.0e

Fig.(3-2.¢c-1)




Molecule: OCO
Transf: UNIV3 Th=0

Pot: Total
X2= .80

VIiMin)= @ cma-1

V{Max)= 14080 cma-1

Cnt Int= 290880 cma-1

1'@@

X3

Fig.(3-2.¢-2)

- 7.85



Molecule: OCO
Transf: UNIV3 Th=0

Pot: Total
Xi{= B.85

VIMin)= 8 cmA—1l
V{Max)= 14088 cm~-l
Cnt Int= 2888 cmA-l

Fig.(3-2.¢c-3)
1.00

X3 T

-1.00




Molecule: OCO
Transf: UNIV3 Th=08

Pot: Total
X3=-1.080

V{Min)= @ cmAa-1
V{Max)= 14888 cms-—1
Cnt Int= 2088 cma-l

5.91

Xe

Fig.(3.2.d-1)




Molecule: OCO
Transf: UNIV3 Th=8

Pot: Total
X2= 4,91

ViMin)= B cma-1l
V{Max)= 14808 cmsr-1
Cnt Int= 28080 cma-1

-.908

X3

Fig.(3.2.d-2)




Molecule: OCO
Transf: UNIV3 Th=08

Pot: Total
Xi= 4,91

VIMin)= 8 cma—-1
V{Max)= 14088 cms-1
Cnt Int= 2008 cma-1

—ng

X3

Fig.(3.2.d-3)
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5. COMNCLUSIONS.

e
fer}
]
m
o
2
]
3
i

Our actual inveas in the thres-body problesm could

~ We have thes necessary tools to procesed to the best choicoe
in the various coordinates systems. An actual program psroifs
the transformation of the bond distance and bond angle

internal coordinates into any coordinate system member of the

i

. - . . /. - - :
family of orthogonal ocoordinabss From the refdinsment of the

potential, we can plot the potential energy

in any of
the coordinates and deduce the contribution of the.

1
LU

[t

non—separable part of the potenti

— The seroth-order approzimation of the molecular

vibrational eguation has been separated into three

i—-dimensional sguation, two of then are of "radial' type, thes

nther is of "angular® type. These equations are obviowsly not

a =

analytically soluble. Therefore, w2 must use numarical

i

mathods, that is the subjiect of the second part of this work.
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MUMERICAL SOLUTIONS OF THE AMGLE BEMDING EGQUATION




The numearical solution of the two

Sohroedingsr equations {(radial

conetitutes the aim of this second part.

general scheme able Lo solve ordinary

differential sigenvalus og with

conditions and

gerivative term.

Among the muliitods of nomsrical

adanted and

i nlnhlﬁr“

1
m
a
i
4
5
il
ft
-
.
i
i
b
£
a
3
,,
J
R
pout 3
b
i
ful
iy
"
(=3
i

knowledge, were never solved in such a

The present part of the

Followms

- review of numsrical me

general

in owr field.

a revisw of the renormalized

yi
';_:j

fo]
i

ampleas

—_ 3

'l

the new ol

derivation

L!J

o i thim

problems where the Mumsrov algorithm

~ the application of fthose

an analytic solution and to a problem

501 UTLOM.

kinds

and angular)

seoond

VA O

containing explicitely or not a +i

mathods

axbenced

dissortation is

focds

MNumsr o

il

cannoh be

Wi

of

deriv

ool
houndary

sl

pernitting

the so-called

which, at our

WAY W

I

having soms

method 111luste

it may

usen,

thout analyvbic

fivided as

I—-dimensional

ad i Fart

sierizh

ated

be applied to

algorithms to a problem having
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CHAFTER 4: GENERAL REVIEW OF NUMERICAL SOLUTIONS OF SECOND

ORDER DIFFERENTIAL EISENVALUE ERUATIONS.

NMTRODUCTION.

The subisct of this chapter is to present a very gensral
review of the methods currently wsed in order Lo solve

puations discussed in the previous chapter. The suh ject i

i

s large that our aim is bo present in the most simple way

srme basic slensnts of the numsrical technigues currently

[
1
D
i
=N
b
faet
=y
bt
il

Find of problems. In the pressnt context, the

i
i
fromed

ution of sguations is carcied out by a very largse var ity

../

of methods having their own properties of ACCUFACY,
simplicity and adaptability.
We have to solve numerically second-order ordinary

oi -

’1’1

erential eigenvalus sgquations of the Lype:

prasenting a largs variety of boundary conditions involving

yial, yibi, vy’ {a) and/or vy’ (b}. Furthermors, the ecuations
may present some singularitiesz ab the bounds.

As the new methods we plan to develop hers involve both
shooting and finite difference methods we shall smphasize

particularly thess two groups of techniguoes.
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]

We refer the readsr to gensral textbooks and ﬁuhli:atimhﬁ
listed in the bhibliography for mors details:references 27,
B, 31, 33 and 34 ars more formal ﬁemtbomkss reference 29
constitubes a survey of some problems arising in Boundary
values problems and Eefarmnceg IR, 35, 36, 41, 42, 4% and 45

are textbooks which emphasize more the applications of

numerical analysis.
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FLINITIAL AND BOUNDARY-VALUE PROBLEMS.

The numerical solution of ordinary differential eguations

P

can be carried out by ftwo categories of t©

i

chnigues depending
upon the specification of the conditions governing Lhe
problam.

Qhen all the conditions are specified for one value of
the independent variable (usually the initial point of the

interval of integration), the problem is said to be of

initial walus tvpe. For example, the following system:

{4-11 viind = F{,y) asmy g

gy = {x bsinog an arbitrary constant)
- r

The numerical methods solving this btyps of problem yvield a

sequance of approximations vy, = y Lt on the gat of points
g =y +ohg (n=@,1,2,c0u M), up = a anid iy = b owhare hy, 1s

the stepsize, usually constant. The basic assumption

concarning (4-1) is that f(x,y) satisfies a Lips

chibsz

(48)

condition with respect fto bths maxioum normi

{4--23 E%(x,y1)~f(xgy2}] v LBy yady for all eta?b]

1+ such a condition is met, it can be shown that there exists
a unigue solution to (4-1).
Wll-known olassical methods are available to solve

initial-value problems, among them, the Runga-Hutta mathods,
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the multistep method and Tavior seri

S TR A A L3 S
method \4—85-—.4—.5‘1‘5—3,‘1!_94'—.'1 .

In initial-value problems, the initial conditions at »
contain sufficient information for the solution be computed
at # = a+h and so on.

We shall concern Qurselvea with ﬁﬁe sacond category,  the

so—called boundary value problems where the conditions are .

specified at two different values of the independent variable

11
n
s

]

{usually the boundary points). We defins a ftwo point boundary

1

value problem by the following charactaristios:

(i)Y an ordinary differential sguation of degres n, or

equivalently (footnote 1) n first-ordes differantial

squations to solve over Lhe closed interval J=

(ii) r boundary conditions at x=a.

{iii) {n—-r) boundary conditions specified at w=bh.

Note that more than n boundary conditions lead to

insolubility of the system and less than n boundary

m

conditions to multiple solutions.
For example, we may have the following system for a

second order differential eguation:

a two point boundary valus

In the most general
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problem will be stated by the following system

0
1T
i
22

I

, B, and By ara nxn matrices while y{x), +060 and &
are f-vectors. Wsually, in the problems we shall concarn
with, the boundary conditions are partially 5@parated{'7’“m)

and represent then n indepesndent linear constraints on yial

and yih).

Since the problems encountersd in molecul ar chamnistry are

cond order ordinary difde Fential equations problems

moEtly se
and furthermore sigenvalue-sigenvactors problems, henoe

homogensous, we shall define them hy the gensral following

(z4)

mysitam T
45y LAE Dy (xd 3 = y"{x) — pixiy’ (x - gpitly = @ ad=uwis=h
xpy  a) * gy lal) = W Fpy by b gy by = @
cince LIyl is homogensous, &0 ars the boundary conditions.
in two point boundary wvalue problems, there is not
aufficient information at the initial point to start a

stap-by-step solution, hence a way must be found to determine

the missing initial conditions and an approach other than

n
Iy

sp-by-step integration must be used. The problemns have bsen

riety of technigue (54, 55)

attacked by a va ainong thams:

JAd

Ficard s methods, interpolation methods, variational methods,
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collocation methods, shooting methods and discrete
the two last methods will retain more specifically

. . ( .
attention since a complete ﬁurvmy(‘é> covering all

boundary methods shows that they are the2 most used.

1

“oobnote 1

mathoods,
our

two point

Ay given nth-order ordinary differential equation:
{

i "
L2 s w.}’t)

y ey = ogly,y ey

dift+erential equations:
Y = 9 YisYRes yYp o ©)
n-1 T ¥n
Yn—-2 ¥ Yn-i

|

Yy = Yo
213

s
J o
i
N
P
il
~C

v = va = yy = v

can he replaced by a system of n first-order ordinary
i
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EZL8HOOTING METHDDS.

Let the two-point boundary valus problem in its standard

|2

first-order form bes given by:

{(4~é) y©o= FG,yd or vyl o= F ey sYaae e Yg!
(i=1,2, 000 ,5)

with boundary conditions:
(4—7) y; (&) = oy {(i=1,2, ... k)
";-"i(D) = {,‘ol El:lk,‘_'l@unugiﬁ)

s that we have k boundary conditions at w=a and sk &

il
pd
i
iy
-

whers Bdkis. The system [{(4-&), (4-711 may be solved by

itial wvalus methods if we can find enough boundary values

at w=a or x=b, i.e. if we can obtain values for all the s
variables w: (%7 at a or b. Suppose we sstimate the values ot
vy () which are not alresady specified by {4-71, then we have

enough information to integrate the gystem forwards from x=a

and backwards from x=b. 1§ our estimates are correct, the

e

1 a

u

[
f
ot
]
i
i

forwards and backwards sol will be egu

0
i
h

intermediate point the range. The problem is then to
improve the initial estimates of the unknown boundary
conditions until the solutions matoch: this is the hasis of

the shooting method. Since s boundary values are specified

initially, so s unknown valuss have Lo he sstimabte in order
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to start the process: let us call them pye Posewe sy and

taks

ke
za

( i .

(imbkblsnee 380

01
-
~
L.
Fa)
i
i
™

(4-) y(b) = pjy (320, Fyuan g k)

The forwards integration starts with the sat
Eal,miy,,,,mk,pk+1g,.,?p§] and produces a solution y, Go,p)
function of theAparameterg Piogqrown gPge The backwards
integration starts with the sest Epl,pﬁgﬁq,?pk,ﬁk+1,",“,$53
and produces the solution yg (,p). The two solutiong are

computed as far as some matching point x=m in the interval

[a,bl. At this point they shou

ot
jul
juy
1]
™
i
]
iz
i
Pt
fd
"+ T
T
o

g valuss of

the parameter p are correct. 5o we net the following egquation

for determining pe
(418 Fipy = yo(u,p) — yplu,p) = 0@

1f the differential equations are linesar so is Fop % ana

we write (4-18) in the foarm:

(4113 Fip}

it
g

i
!

il
=

whers the matrix & and the veohor o ar

)
E

it

not known initially.

The solubtion of (4—-11) can be carried oul by choonsing s+l

vechors ptt’ﬁ t=R,1,7...,5 such that the difference
€3 . . .
ptdt, imlyR,a.. .8 are linearly independent. We then




the corresponding values F°F7 of Fipy by integrating (-t}

The results may be written:

]

a~~
I
i
s
iod
™
-
T
i
1
P
—
i
T
™~
T
Cand
L
|
=
—~
]
imd

(51,2 e ww g 8)

from which we can determine & and o and henoce solve the
mouations (4-11} for p.

For example let us consider the Mathisu eguation with

.

{4143 v b (a~-3agoosin)y = @

vy iy = v{(24) 3

<
-
]
i
—t
i
<
-
Fd
=,

It is kpown that a periodic solubion exists for certain

saluss of att ! We take the valuss of y{(B) and vy (@) as

parameters and compute a forwards solution v, (t,pt, obtain

the matching condition at 24 directly from the periodic

4]

roperty which gives an uatinn to solwve o p. Note that
P 7 =]

the value of y{(@) is undetersnined because the paramsters can

ity, the ratio vy @y/yih.

ﬁ‘

be reducerd to a single guan

The best-known method for solving the system (4-10) is
(35)

the Mewbon iteration which takes the form:

(4—15) p(t'i"j.) o p(t) - [J{p(t)).]"jf:(p(t)?

where Jip) is the jacobian materix [2F !8pj] pvaluated for

i
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(@
k]

parameters p. Starting with a suitable approvimation p 1]

caloulate successive corrections by using (4-15) in the form:
(A1 &0 LAdp

This represents a set of linear egquations for the corrections
to p(t) which can be solved provided the jacobian is
non—singular. To apply this method we have to calculate the s

. 3, < ;
F{ (t’J and the s elensnts of bthe

e
™

elemants of the vect

]
=

f

-~

P
jacobian matrix Jip Bhy, o7 ration of bthese derivatives

g
i
e
in
T
[l
'ul.

ig the lengthiest part of the process. In gensral , they may
be ohtained either by solving the variational equations for

the system (4-&) or by approximabing the derivatives usin

i)

5 (SR Hopefully in the praoblens we

r
i
i3
3
faat
il

simple difference gquobtils

atey COondc

i

rhed with, some sssier ways can be found as we shall
discuss in the next sesctions.

ore discussing the discrete methods, let us mention a

=i

B

!

particular case, the s alled "parallel shooting methods".

(]

]

-~

ab i on

Y

he

h]

s methods are usefull in problems where the integr

i3
31}

across [a,bl is difficult or impossible because ot

s (RRY o . . . .
instability "7/, Basically the methods consist in choosing
the mesh points unegually spaced according to the difFficulty

of interating (4—&) over diffsrent parts of the range: i.e.,

the points »; are close together whaere (4-&) is particularly

difficult to intﬁérat@(*@)n The basic idea is to computs the

solution over each subinterval (more or less) independently

”

of the results in the other subintervals. Then sisulbansously
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i

i

with attempting to satisfy the boundary conditions the

relevant continuity conditions

g1t

e imposed.at sach interval

intertface.
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4. FIMITE DIFFERENCE METHIDS.

The application of finite differenc

points boundary value problems is basic

=

Any derivative occuring in the differen

) their finite di$ferenae

or

replaced Dy app

o4
g
-

=

The method consists in converting

i+t irto a finihe

l’l‘l

tial eguations =3

eguations the solution of which wvields

discrete points. Ultimately, mosht appli

reducs to the solution of ge sysbems

with band matrice

gRuations {appencdix

gguation can be approximate by mary Tin

the choice of which ig a oonp

formeilas,

implicity, size of thea truncation ereo
consistency 273 The relative merits of

discusse texthoonk of numsricsal

Finally, the of linear algebralc g

hy & variety Df techniques among them,

direct mabtrix inversion, relaxation tec

iterative methods.

The choice of bthe finite

Trtenti

very important ion mu

but also

ACCUracy ility. The two

T

ancountered ara:

roxineations

e

approxina

» methods to two

ally straightforward.

tial eguations are

{appendix

st

of ordinary

¥ algebraiac

tions alt

i

~ations of the msthod

of linear algebraic

4y . The differsntial

ite

ronnl se between

ry, shtability and

various fTormulas are

(R7-31)

analysis

uations may be solved

Gaussian elimination,

Amigues, indirect

Formulas is of

st he paid not only to

e e C2Omniin !;n*obl»:—:-‘.-!msss

coulrae
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(i) to solve the set of linear algebraic finite ditference
gouations
(ii) to show that the solution of the finite difference
equations vy approaches the solution of the differsntial
equations vy ) at the point xg.
On the other hand, the choice of ths step size will

constitute a conpromise betwsen accuracy and spesd of

computation. One practical way to ascertain the adequacy of

the step size is to solve the problem for a step size h and

for a step size h/2 and compare the solutions (some

]
ﬁ.
i
P
o
ju]
et
U
e
o
O
]
l+
]
3
o
-]
-
_1‘3

wes are described later). Finally, since

1

the finite differsnce formulas involve thres of more points,
we may find that we have more variables than eguations.
Thersfore additional eguations must be introduced by forwards

or backwards difference fornulas. Thess sxbtra egquations

shrould be so chopsen that their truncation errors 15

i

approvimatively the same as that for the main body of

re the uss of

1

equations. Soms common ways to do this
Taylor ‘s series approximations and to differentiate the
differential equatibn and spprodimate it with a finite
difference expression (an Lxémple ig given at the end of this
mpoction?. We iliustrate thesse concepts by discussing the

simple second-order problem:

(A—17) wiom F (YT agugh

\/i’@) = y{b) = )

g
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T+ we take a uniform mesh Hy =& + omkl (ECnOMY and b=

{(b—a) /M, then a simple differance apprgximatinn(ﬁ7) gives

rise to:

(4-18) Lptyn? = b5 0ynay =2y Tyn-g
o v 3 -1 ’ — 3 = V;
'i‘[,--.n.,?n,.c..h {\,-n_k_l‘;ﬂ___l;'] = [

Yp = : Yy = B @

’

onoy S, A more acourate

mste

—
7

s

[un

in (4- does not deper

0

i

- vimakiom is oi ; s e m - (27,29 ,48)
approximation is given by NMumerov s algoritim # # H

—
B L, iy ) = RS L 2 oy — (LALEYDF (s Yok
(4—1%) Lpivpn? 2 Bt B 2Y Y g A (LALEY O ey s Ypet !
(R%E I S TONY SD 4 : = A
1A O svy? %\“ﬁ_lgynmlj A
Y & O H Yy & B Bna i

The approximate solution i

1

then obtained by solving eifher

i

fhe =z=vstem (4-18) or (4-19) of M+l equations in the N+1
Unknowms.
The linearized form of (4-17) with discretization (4-18)

ie for a homogenecus equation:

(427 Ly = —y"{u} + pOaiy (2} + qistyin) = 8

wheres

plx) = (3/73y ) FG,¥,y ") and qiu) = (3/AqvIF Giyy,y 7}



page 93

et the interval be partitionsd into an integral number N
af subintervals having the uniform 1@nghtlh = 1/W, the
partition points are denoted by 1y = ih and the corresponding
functional values in (4-20) by p; = p(xi),'qi wmogq (s ) and vy

71

approvimated by finite difference formulas, substituted into
3

ausemnbled into

unknown valuss

formuilas give only an approzimation to the trus derivatives,

there is an error {local truncation error) associated with

sach squation which we shall denote by 73 (1<i<n~-1). SBince

the sst vy 18 also a solubion, we can weite:

(A-21) Lo (y) = [5 + F + Qly + Bo = Ay + Bo =«

Ly is the discrete opsrator corresponding to L.
g, P, and G are (N=1)w (N~-1) matrices of coefficients

azsoriated respectively with the negative of the sscond

derivative, the second and third terms in (4-28)

r

B is an (N-171u7 matrix of boundary points coafficients

c is the vector of boundary valu

=
0
it
oy
18]

Y column vector of elemants vy (1oi<hN-12

column vector of elements v (1oiaiN-—-17

<
-
§
o+
b
o



The eguation which

solution is:

where now v is an approdimation to v.

~

—TETY
ol

zolving (4

non=singular, 1s:
(427 y -y = A&ty
[ %]

i€ the matrix is monotons (i.=2., for any ay:@
ie non-singular and it is freguently possi

: s A1 . ~ e o
may imim oW Sum ot A by a consbant
{A—248) [y — wi. < 5. R by Bl

e H 7 é. 1 3 3 1 J J- .1 ]
For example, & second order solution i
approdimations:
. - L E R 2
(425 y'; = (1/hF) 8%y + O™

; s PR

{4~28) vy = (l/homay; + 0(h=)
wihich, when substitubed into (4280 +tor
system of eguations (with VL

page

ia anlved

in place of (4-21)

94

o obtain

The

a numerioal

eryror oonmited by

provided that A is

obtai ned

vrEY, then

ki

hie to bound the

independent of BNz

ST A

From the

4

i1y au.e N1 produce a



page 9s

<3
e g { Y mn e Ay P g0 L b . -
(4027 Loy (5 (LA™Y Lugy Qugtugg gl

(1iEh)pj[uj+1mujM13 oy T &

- "

Ll@ = i H L\N B ’,‘J "._1'-*:-1.,.,“‘..,1'&!-"1)
multiplying by he/2s

(4-28) (h2/2)Lp () = b iy

i-i-1 R TR TR LN P

(d=lyaea yM-12
WS E

-~ 3 e
(4—329) a; = I+{h" /g,
{(4—%51 b, = (1/23C1+(h!2)pj3
(A--3510 o, o= (L/72Y0i-(h/2ip gl

and ths matrix O of equation (4-232) becomes:

ay Tty
D e )
e oy [
f = eesmsamamE e

"Bz Az TN

a2

“Bp-1 -t
i .

-t

I+ we 1mpose:

e

(432 vy = Dy » @ R 2PT
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whatr e

By
5

i
™

-
-
fed
-
o}
o

(4--33)

(435 Fagd & Loyl

{(4--3Z4) La.l = Eb 1+ Lo -:l F S 3IN-2

(4=Z7 ) Lay_yd ¥ [by—yl

The matrix A is then non-singular and the sclution of

s

(4-%1—z) can be computed by a simple dirsct factorization
O described slsswhara.
The looal trunL;,,Gn error in (4-24) can be stabed ast

2

(4-38) TPV W20 (Mg rBF ¥ M/ 120, 7 (35100

{ 4T M = maxfy =03, My = max by “H 1 (over La,bD)

i

The difference solubion converges o the exact solution as h
-y

tends to infinity and in fact, the error is at most O™

For equations in which p (=0, the error hounds are of TG Yy,

‘an he estimated in ths

!
oy

The errors of roondoff in momputing

sama Way. Lest Uj the computed guantities satisfvings
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P

(348

(/b (U = s

wt Ay Uy

firt hN

The gquantities Ay represent the local roundofd errors

committed in sach compubation. We define:

(4~41) RS A .

-y

[i+(h=/2)0,10E.1 < E + (h®/21v +

wheres

(44735 A= maxDal L ki)

u
=

ft

(A~44)

™
I
&3
Lod
it

[2gd

i
i

{445}

[T

max LE ;1 (L4 340

' -y .
whare i+ we reguirs that h™Q,/241,

{44

~4
m

(170,007 + 2x/h<]

Reagrouping (4-38) 5 (4-42) and (4473
= ping 3

Ll

sufficiently small hi:

(4487 Ly - Y

obtain

(3%, waw N=1)

o

hEL Mg+ 2R M) Z120,1 + W7 LR/ Dy ]



Remaril

Thae matriv 5 in {(4-212

(4-49) G = hTe

whsire WJ ie the band matris:
= -1
—~1 = 1
& -1 2 -1

i)
1]
i

b




9. EXTRAPOLATION TECHNIRUES.

Az mentioned earlisr some sxirapolation techniques are
available to improve the adequacy of the method chosen in

girder to solve a particular problem. The two best—known

P

techniques for increasing the order of a finite difference

method and thus improving the accwacy obtainsd from the

fu

2, formulas,... ars

i

different choices of the step si

discussed below.

[

The first extrapolation

il

gchnigue is based upon the

uz

following resualt

) -~y B L@ T R Y
(4~50) Yp T YO T hTe Gy b O (emns=r

(4--51) e'ix) - pGoe G0 - gGOabo = —h</12 0=y Gy +

p(x)ycz)(x)i

On evaluating the approdimate solution at steplength hs=k and
h=k/ 2, wae find (in an obhvious notation) an improved solubion

-3 ~ “"'1
with error D(hl;:

(A-52) Ya = A/EYvan g (W/3)yy C1m=nd =)

15 a second technigue lebt us mention ths deffered
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correction {(Richardson’ s &

o

trapolation? which has besn put on
, -
a theorstical basis by Fereyra “”) I+ an approdimation is

calculated with a simple truncated finite difference formula,

the sriror at sach pivotal

o}
4t
o
o
i
Tt

it is reasonable to supp
point is a function of the size of the interval h. EBupanding

this function as a Taylor series, we can write:

(4=35) y — yih} = Bh + Ch* + ...

i

it is also reasonabls to supp Ly the terms on the ri gh#

i}

Emy

=

]
]

L!I

fis

b
i

decrease in size and, if thes finite diftference souation has

")

meaning that v} —-— v as h —— @,
I we calcuwlate several approdimate solubtions using the same
imple egquations bult with different intervals Figy Popueewy we
B, C,enes If we write y(r)

can eliminats the terms for yihed,

the solution v can be witen as a function of v (hp. )‘ For

example, it we take ho=hy/3:

(a-54) oy =y o oarmny@® - y Wy gt

For ho = hy /2 and 53 = ho/d, we have:

(a-sm) oy =y @esamy (P - (@3 o samy ) -

VAREE BN FL

7

I¥ we consider for erample the sooond-order differential

equation (4-28), we can replace it by the finite difference
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@ipdation:

(4-5h) (L+hp /2y g (B + (I=hp /Yy, (h) =~ (E-h%q )y, ()

Substituting the Y Trom the Taylor ssries expansion, we find

that the coefficient B in (4-33) is given by
- 2 2 PR
(4--57) (@57 8uTry, + p @/ 3xdy + OpYe = @

The successive later cosfficisnts are caloculated in the same

Ty

way el
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6. 5INGULARITIES.

In the numerical solution of differential sguations we
can treat accurately only well-behaved functions with no
singularities in the range of integration. Nevertheless it is

usually possible

H-
n}
3
il
il
8]
il
a
[y
id
Hy
5
x.a}
"
)
B
oL
e
-
s )
i
g
ip
3
[l
ot
i
—
i
o
o
ric
ol
o
L

the sxistences, position and type of singularity and to remove

it by transformations involving the dependent and/or
independent variables.
The theory of singular points is fully developed and

" : . . : (57}
results are available in standard texhbooks =77,

(38)

I a point x=c is a regular singular point® aof a linear

diftferential equation:
(58 Pl)y® i) + gy () 4+ rixivix) =

then a series solution (of Frobenius type) sxists near w=o in
the form:

(459} v o= (e-ed TR as (et (i=@,...,infinity}

where  is not necessarily an integer. The valuss of ¢ and
the a; are determined in the wsual way, i.2. in replacing
(4-59) and its derivatives in (4-598) and eguating the
coefficients of the different powsrs of % to zero. This

method gives at least one solubtion alt a regular singularity.
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Another interssting method‘waﬁ introducad by
JnCuTaylwr(qu, The method consists in considering the
gsolution vix) as the section of a suwrface Siy=y(x,L) by a
vertical plan, say t=0 and considering the nnqut o
continuation of v ), y(z) {z=n+it), which satisfies thes

differential eqguation:
(d4—&6@) yiiz,EY + plz)y’ (M,_ + glz)ylz,ty = @

owver fhe t*plaﬂeuand whose solutions rmdu o] +D those of the‘
Driginal Equatian'when t=it, The equatimn (4463 holds
throughout the t—plans awsy from the singularities of pdx)
and /or‘q(x;,'we CAan there%nre attempt to use it ﬁm integrats
as before bubt now we arg fres to choose a path which avoids
the singularitieéu This technigus is applicable without
difficulty when the singularity does nobt ocouwr at the
houndary points whereas it introduces extrapoints in the
difference sguations when the singularity is prassnt at a

bound and additional difference equations must bes introduced.
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7. HIGH-0ORDER FINITE DIFFERENDE METHODS

The previous discussion deals with approaches where
simple difference equations wers used to approrimate the
solutions of di%%arentiél @quatimnau.ThE prasant section will
concern with soms examples where the utilisation of higher
order diftference equations are used to improve the acowracy
of the approximstions.

As a first examplé, w2 shall reasumes é sixth-order maﬁhéd

proposed by R.A.Usmani & « The boundary value problem can be

“+

stated as follows:

i
i
ol
™
]

ii) o oand 8 are arbitrary fTinite conshbs

i1i) F{x) B for adtudb

j£3

ivy F and g are continuowus functions on the range as their
derivatives up to the sixth order.
In these conditions the system has 2 vunious solubtion and

using higher order difference squations, the solution (y{x,3)

satisfiems:
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(4-62)  (=1+A 0 Yn * (BVBoa)Vaey * 1400410 Yaes = Dhag

(n=@,1,...4N~-11}
whers the A, B, C and D are defined in terms of the +_, and g,
and their first derivatives. The system (4-62) can be written

in matriy notation as follows:s

{443

indl

MY = (J + )Y = 8
where M iz an nen tridisgonal matrix which may be written as
the sum of two nxn tridisgonal matrices J+& whsre ths non

zero 2lemsnts are:

(4-64) i3y = B3 A5 gaq T Jiey,y = L
9ii T Fii 93,041 iF Hivi,i !

and B =‘(bi) is a M-dimensional column vector swuch thats

{4657 by=Dy—-Ay; b;=Dy (1=2,3, ..., N=12 3 by=DyLy
The system (4-43) can be solved by any method presantad

previously. It can be shown that the discretization error ey

= y i) -y, is bounded by a factor of order in hs

m

(A=b) maxle; 1 = E  =0(h®) = (1/8) Mg (b~a) *h® (1g=i0=N)
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i

where
{(4—&72 MB = sup (297502488 (d ”/d””; (3 over La,bl

The second example proposed by J.N.Shoosaith® 29 cansists
(mm

in using high-order central-difference'™’ approximations to

the derivatives at mesh points sufficiently far from the

boundaries and using linear combinations of non symmebric

ns nesr Lthe bounds so as o

B
jui
et
il
™1
"5
H]
i
ot
o
Al
i
P
o

finite differences

force the total contribution of the highest derivative to the

(4

.L.
7 L.

resuliing linsar system bto ba onal

H
i
o
b}
e

Lt

i

matriy of the forom (§-49) .

i

As a speciftic att

solutions,; the sixth order central approximations aras

(G—aED Wi om BT (11T é4+(1f9m)§5iv 4 Oh®)y
(A—69) vy o= /hDE—(1/74) 57+ (1730 80Ty, + O(h®)

(153,80 ea ,N=3)

but we are not abls to use thﬁﬁévmﬁuﬂﬁimﬂﬁ at i=1,2,MN-1,M-2
because to do so would reguires the use of solution points

outside the interval La,bl. By substituting into (4-21F we

ars able to obtain N-S equations in the unknowns y, (1 =

ch for obtaining the

1,250 ,M~17. We shall consider an appros

s obviows approach

additional four eguations reguired. The oo
is to use sixth order non syvometric finite difference

fornulas for 'y oand v at i=1 @M1 N2,



For

(473}
+ 0

(A-71)

e amg ]

i
Yoi

The resulting

equations alrsady obizined

nolb

1%

discretizations near

patitarn
example

bhand of

Moan

the bounds.

it

il

aloshraic equations

monotons.,

zero sleaments
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!’1/1Eh:)LLE§yQ§ - 15'}-’1 - ‘}\;’: A+ i’q\;"’: - é‘l‘;'[:i. + ‘?,:153
(1712h) [=Zyg ~1By; 8yo = Gyx + yg1 + 0

o the N-S

1
3

i
o,

il
or
il

fad

it ism Foung the matriy A

:
LIt

§

Therefore, wusing combinations of such

bounds in order to form various

of cosfficients in the matrix A, we can force for
a row by row symmatric pattern in 8 such that the

in 5 tapsrs down in widbh towards



CHAFTER S: REHORﬁﬁLIEED NMUMERDY METHOD AND DERIVED METHODS.

1. INTRODUCTION.

The aim of this chapter i

il

to provide some numarical wavs

to solve the esguations derived in chapter 3. We recall that

the n-dimensional Schroedinger sguation describing the state

of a n—body system was split into n l-dimensional equations

gither of radial type or

of "angle-—bsnding” tvpe. The radial

sgquations can be stated as fol lowss

whareas the "angle—bending”" esqguations are stabted as follows:

(5--0-2) Wrind = pr iy’

Gt o+ gy (2 Win) = B AanEgs=h

and in both cases, the boundary conditions are:

(5-@-3)

1
-

“
bie
—
w
o
bod
=
~
:
b

]
]
8
[}
5
frmsd
o
&8
H
fomie
-t
B
n

Our preooccupation is

in the preceding chapter

particular case of (5-8-2) whare

to find among the methods desoribed

a mebthod capable to be wsed in both
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(G5-@8-1) and (5-0-2), sasily solved svern with boundary

1
]
sl
-t
i
]
=

conditions differs Wini=0 at the bounds (Usual
boundary conditions),; sxtendable to a svstem of coupled

equations and with the higher possible accuracy. This is the

subriect of this chapter.



o

[ anE

2. THE COQLEY-MUMEROV PIETHOD.

Let us consider the non~homogensous

W iny = Oy (I W) +

- g a
o H

¥iay

P
el o
]
jii
[

¥
i

the func

whesra

)
b

P . - ;
{520 Ghg = ROV, 000 — Al
A

Yo is a potential function depending
are the sigenvalues of the problem.

i thas

e
LR gy

(5-3) ¥opq * Yoo = EL02h
(5-4) Wopy — Yoog = D L2h SRy

where k=8,1,2

Diftferentiating twice, multiplying the
b N
we obtain:

respaective results,

i

53} L1732

Ch

~
LW L+ L - (R SRAY Ly
}[£n+l+inmij (s /24y Dy -

Yy (6) 4

LI

ey R 3y 4 .
(sncsizyy, RN - (hBraen

N

eigenvalus problem:

upon a paramsber s,

3

following powse

()
mn

(v 1}

1) 1T

results respectively

he/12 and h</6 and substracting (5-3) and (5-4) from the

s w“n'“ i 1 = wn e
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Replacing the second derivative terms by the discretization

=2

i)

of (3-1) and dropping the terms of the fourth order and

higher, we obtain after regrouping:

(57} Yoa 1 D1-Ty ey d = YoD2H10T, 01 4 W 01-Ty (1 =

(h=/12Y gy + 100, + go_q]

. - . . LRy
(5-8) W, [.5-T, = W g EaS0Ty g1 = (W21 DG,

ion (577 is known as bthe NMumsrov's alogoriths

]
i}
i

The =qus
whereas eguation {(3-8) is an algorithm which will be useful
later in order to determine the first derivative of the

solution. The local truncation srrors are respectivelly of

. % [ P e
the orders of (~h®/2amy ®7 ang -nS/9mw )

#

In the range a2V G0y, corresponding to unbounded state
+ two particles, solutions of (S-1) exist for all 2 and can
bhe approdimated using (50-7) to integrate outward starting
with boundary values Wﬁmm A Hlmm+ a amall arbitrary number.
For 20V (), the solutions of (5G-1) exist for a set of

discrete valuess of &3 the puwrposse of this section is to



2

determine the method used to find these discrebe valuss,
Some further transformations are currently used in order

to simplify the formalism and to decrease the number of she

it
i

1%
gl
]

in the computations.

Let us defino:

3

(5-18) (1=Ty @) ¥ — (W/1Drg, = F

(5-11) (R+10Ty, ) =Ty 7 = Uy

-1

e o ey (1 ;
(5-12) STy ) (1-Ty ) ¢

The sguations (5-7) and (5~8) baocons:

~
FE 4y - — . - ~y o= {hS/1 % R - . N
L 31.57) Fr\+j. Uh?nrn *Y'\"‘J. {h '1.‘..el_JHLLLJ + lJ.{‘x;_;n“l

(514 - 3 . - - g = W “+
L 140 “A5H+LFH+1 ”A5HM1FNM1 h¥

3 —
{h=/2

. - . -1
&-z)[qn_‘_l(.L l;\?n__!__}., !

Gr—1 2Ty -1

The boundary conditions sxpressed in terms of the F. are soms

n

more complicated and care must be taken az we shall ses
later.

The uwsual numerical procedurs for solving either (5-7) or
(G~13%) is to provide a first sstimate of 2 and integrate

forward from x=a to some point o using the appropriate

fil

initial valus WE o F@. Let us consider the case of bthe

,
]
oy

homogeneous equation (gxr = @), In such a case, the

algarithms take the siople foroms:

,.
!
]
el
o

Frap QT jnag? o U (18T, b b Wy (1T, ) = 0
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(5-14) Uy 5Ty nag) = Upog G5Ty nag) = R

(5-17) Frei = Uy nFn * Frog = 0

(S-18) An+iFnet = BqgFpoyp = h¥ry

5

2 resullting Y,

3
ot
e
1
i
£
i
Jamee
e
n
T
Q
=]
a]
2
[
o}
U
o
[
Hi
-,
|
HE
7T

th

£
values may be replaced by W ) = Yo, n=lyeeeyme The same

wdey

procedure is used to integrate backwards from “N}i o ®, and

vields valueg ¥ Ty nERNEFL ... am o sush bhat wm(h>mwm"’;1

Ty

Then a correction to A is determined by the differsnce

betwsen the slopes of the two curves at the matching point L

and the process is repeated until the Ltwo curves mest with

the same derivative. The correction D(A} is usually

caloulated 40 by usings:
ks
e _— Cw i : ..
(5193 i) v o= (W K,?:,”*l: (b:‘)z PW sy I%ae
a

are the deriv

i

£y and ¥’ (5}

’

whore W’( tives at " of the curves

P

resulting from the forward and backward integrations.

o

-
It can be shown 91 that the eigenvaluss of the differencs

egquations (3-13) or (G-17) are the zeroes of some appropriate

functions I'A! of the fri

1 migenvalus A

-

heese zoroes can be

)

caloculated by the MNMewton-Raphson method {(see appendix 3¥. The

first-ordsr correction isy

{(G--20) DOxY = =~ TUAY/T (Al
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il

and {for A near the real e2igesnvalue A by the second order

corrections:

(B5-21) D(AY = fA + (AX) 2@

e "
LA = i)

i
wa

a2

i

The determination of the suplicit Form of the function

@

(&) can be avoided in using one of the bwo mebhods discw

in the two next sections.
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L THE LOG-DERIVATIVE METHOD.

This method and the following one have been developped by
E. R, Johnson (3018 , they both share the following desicable
properties: they are simple and sasy to implement, the step

size can bhe Da

l«

asily changed and no linear depsndence or
cvert Low d ficulties ariss when prmﬁagating thﬁ‘ﬁmlutimn
through classically forbiden regions. Unfortunately, these
mathods are applicable only in eguations where the {irét.
derivative term is ahsent and where gGl=0. Furthsrmors, the
only boundary conditions used up to now ars Y60 =0 at both
bounds.

The log-derivative of W) is defined to beq
(G223 sy = Wi u) AW
Diffaerentiating equation (5-22) and using Eqg. (3-1), we obtain
the Rigcatti sguation:

r-,-r 7

(525 &7 )

e
i
O3

S
o~
o
Y
oL
0
.
i
H
o~
“r
~
I
it

This squation cannot be integrated by the wsual numerical
techniques because §() diverges for cartain values of M.
The log-derivative algorithm has no difficuliy propagating
the solution across the whole int@rvaln

The algorithm is as follows:



(1+hd .y Yagy ~ n7h

—~
)
H
1
£
i

wheres

(h=/3)ray n | =i, N

—~
we ey g = DR ST . Ea T3
(5-25) Up= 2(h%/3vay | A= A e N

2o v i Lo 1
8+8(1*(hL/ﬁ;qh?n: A N

sl
i
i

{57247 is a two term recurrence relation that can

2]

iterativiy solved forward once dp ls speciti

it is somewhat more convenient and

i
el
™
"%
U
i
s
I
N
i
=

In actus

efficient to solve for the guantitw:

It iz easy to shows
S T30 - = o — Y e ux =1
(G—-28r . =, (2 (P R

The initial term is calculated from the relationd

(559 ) 2 = (1 = Up) + hdlep
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Clearly once the initial value §0p) dis known to be infinity,
i s alsg intfinity providsd that dhamiin{inityu
The backward integration recursion formila can be obtainesd by

changing the sign of h and also changing n—1 by n+l in (85-328)

and the initial fterm for this integration is:
{533 T = UL o U)o hadlaggd

The result of doing the forward and the bachward integrations

Y X

ZI{HFJ at the

Camd
St
s
3
S
43
ot
[
~iny
i
<
i
bt
o
i

is a right valus
matching point x_ from which we calculate the differenca

Ffunction DiXx):

Jlearly this function is zero I+ A is an sigsnvalue.
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A THE REMORMALIZED NUMEROV METHOD.

albhescription of the method.

et us start from the algorithm (5-17) which is a thres

term recwrsion relation. et us divide the two members of

m

this relation by F_, and defines:

K

r n+i’n
ST 3 /F
e 5 Fr—1/t

Substituts this into (5-17) to obtain the two term recurrences

relationss:

{55 ALY "] = ii — ] A
{33545 R L. AR
£ e o —

(53230 S5 Un =

These squations can be iterated once the initial values Ry

1_..
’U

and Sy 8re speci %1nd(14 13 The va
conditions ¥ix)=0 at the btwo bounds ars obviously
Ry=Bysq=infinity; this constitutes the usual bmundary

conditions. The discussion of other boundary conditions is

reported in a later section. If the te*;tlmn is stopped al
any point x,, the guantities R Fn  are immsdiately

available with no additional caleoulations in the forward

itteration while the guantities . and S are available in

> corresponding o the
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the backward iteration. guantities, we oan

caloulate the solution ot the points s Mpad At M 10

within a normalization fachor:

el t — — - .X, ] o - ,l_
(S3-36) E o chl Th,n+1 ‘]Rn . Fl T} n~l] n+j

Ty W [ v i o “‘1
(5-37) g Fall=T,1

o T — -1 - B ot P et
= Fnli Thgnmij Ry = Fptl rh,nwll Sn

In this sense, we areg calculating a renormalized solution atb

fim in the log-derivative mebhod forwards and backwards
iterations ars perforesd which determine at some matoching

and o

g defining the correction

point % the valuss o
Function D{a).

In practice, we perform the backward iteration wEing

(5-30) , Byygq being infinity. 6% this iteration proceeds the
value of 5, is monitored and whan the condition 5,41 firast

poours, the iteration is stopped and this poinkt is by

definition the matching point x_. This is approximatively the

-

o solubtion is zero.

position where the first derivative of t©
The forward iteration is then carried out. During the
calculations, the nodes are counted (a node is located

hetween i, and x4 when Rg<@r. The func cion DEY is compubed

o - o e s U o oy e .
{5759} Dy = Eﬁm 41 (Dn%«'j, m.’ mm—-‘! f.-,,.\m f\ﬂ =l Y10l T?h’m)
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Two alternate definitions of D) can be wsed noting that

“lis true only if & is an sigenvalue. 1%

the equality R=H. .4
follows that the following functions are zero at the

siganvaluss:

Ca)
b
-
!
3
i
[ 2oad
=

(5-48) D,

(5—417) D l{d) = 85 - R

These two funcitions are very similar in shape to (5-39) and

it is easy to ses that they differ only by a term of order

Once the eigenvalus has besn caloulatesd, the relations
'(5~E4) and {(5-35}) are solved for this valus giving'the valums
of Roy Fayeea By, Bjgre = =8y « Bince the norealization is
arbitrary, wa let F =1 and we are able to compute the values
using (5-32) and (5-33) respectively for ndm and n>m.
Finally, using (5-1i6) we can compute the valuss of Wn=‘
bl mention also an interesting interpmlatimn formula

which can bes used in order to calculate the valus of the

solution at points other than the grid points.

Suppose we want to computs the solution at x betwesn x; and
Hi—gF
(5—-427 My W Mg b (Lesbh) 4 Miwmq = Mg —eh  (@al)

For convenience wae define g={l-x). lUsing the same procedure
B n

as in the sesction 1 and in putting xnm(hﬁiﬁbqhqﬁ, we finds

u
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- I Dy | o1 -1 .
(5--473) Wm = [ lmp) +6m] Lip™ ~ 8y W + (g “Kiw1)¥i~ii
The truncation srror for this formula is of order hq which is

the same as the cumulative srror o at a fived value af ¢ of the

Mumsrov algorithm.

Remark
A variable mesh-point may be used between points where
the integration is particularly difficult (at singular poinlts

for example). I+ we divide the interval h into (p+i}

subintervals of length h/p betwesn x, and ;4 and if Rwip
are the itersted values of the funchtion R on this interval,
then it can be shown that the value Ry, to be used in the

. . % 3 3
at = 2 k s e s ma e e e Y 4 .
ration iz equal to RY R s R i,ptl

by
oo
™
[u
o
m
5
’_J
el
B

b.fApplication to the Morse potential and the unsymmetrical

double minimum potentials.

' The functional form of both potentia als are giwven

by(14,51):
(5-44) Vix) = DOl-eupl—B O ,) 119 + Aexpl-C(x-xy,) ]
where the parameter 6 is zero for the Morse potential.

The parameters (taken from table | in red (31} are as

follows:
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i

D o= 31250cm

¥

B o=

- iy o |

e 2PHLFLELTA
-]

C = 28848 =

A = 100@0cm L

I
1

The analytic sigenvalues for the Morse potential are

(52}

calculated from H
(5-45) E, = 1808 (n+1/2)-8n+1/2)%

Comparison betwsen the analytic resulits and the numerical

o

results obtained with 2461 integration points are given in

i
]
. m.

a

g (G-1). The interval is [1,2.51 and the reguicrsd
accuracy imposed on the zeross of D(A) is only 1. The

-

results were improved with 521 gridpoints and convergencs

Results for the unsymmetric doubls minimlim potential are
given in tabhle (5-2) and compared with those obtained in
reterence (51). The diftfersnce is swmall bubt significant and

is probably due to differences in the calculated valuss of

i

the Morse paramster
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(2461 points)

o
m

Ny

)

!
i

Unevmmetric

double minidmum

£ calo

498. 088397
1482.00124
2449994510
S4PB1.9BTEG

AEET 99245

MRART O 9TAETT
H15H1.946413

T4 Be74%

THEZ . DAZRE
B777.90443
QOHLT.BF714
@441 BE9R4
11249, 838344

notenti

al

(261 points)

LN R - E

{(IVoresult

13@“ 57

205,317
4hhfu¢k
S144, 2464
HDHA, 22
TAG2. &4
7H14. 609
8911.545
FORE . 7AG

+ ¥ oim

et erence

1
22

fron
n

F"

17592, 504
aﬂhJu*b?

,..‘ Ly o

5144, 32
LDEA . T
7R92. 984
Thia. 8
B911.853
PADE ., F7E

{(51)



4. THE RENORMALIZED NUMERDY METHOD WITH ¥ Goy=0 AT THE BOLNDS.

ul

The purpose of this section is to discuss the mathod of

4

the previous section with boundary conditions different of

-

the ususal case ¥Wiyi=B at the bounds. We saw in section 3

-
i

that when the eigenfunction is zero at fthe bounds and non
rero in the vicinity of the bounds the itsrations may be

performed from H1=SN+1$in%inityu We propo

ijd
i
uy
i
3
3
ey
o
.
%
0
5
=
=
tH]

the valus first derivative of the

P

1
]
A
Al
e
]
o
jn
m
=
+
e
by
g
1
e
uy
0

gigenfunction egual to zero at one or both bounds (167,

ay Determination of R

|

From (5-18), using {(5-34), (5-37! and (3-38) we obtain

the following expressions for ¥ {x):

(5-44) ¥ o= (FL/hy DAL, Ry — ApqR

- \ -1 ..
= (Fn/h)Y LAy Sn+1 An—15n1

If #g is a grid point where ¥’ Gipi=0 then the following

equality holds:
= 3 g - o -1 ,'*
(5-47) ReRg—y = [SgSpeyd ~ = Ag.y/fgay

In particular at thea bound x=ai
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-

Ui

i
o

and at the bound

[ N — o " -1
(549 Sf"—!')"i = HN"‘E[QN’!‘E‘HNJ

i

]

This introduces the external points g and My therefors Ry

Pryrmys Ry and Byarp must be evaluated to apply the sgualities.

o

Using (3-324) and (5-35) respectively for Ry and Sg.py we

obhtainsg
{550 Ri = ﬁmuiiiﬁm+ﬁq)

i

(5-51) St = AUy 4 At A !

The evaluation of Ry and/or Sy, nesds an estimate of the

i

value of A, at external points uy and /or Mg Sinoe the
tirst derivative of the esigenfunchtion is zero at the bound,
this inevitably accompanying the zero of the potential

gradient at the bound, we can make the approvimation V=Y y

(and/or VN+meH+1)= The corresponding initial valuess of R

and/or 5 are therefore:

(G-52) Ry = AUy /(A A
(5-53) St O M £ Aty ?

Furthermore since the potential is slowly varving near its

avtraemum and considering the fact that V appears in the



definition of A& multiplied by a factor h</17 we could set

Ay=Aa (and/or Ay TAy) and employs

ation has already besn emploved in the

literature’” in connsction with the doubles minimum

whers minimal information is available

..._}
3
o
-
i}
=
]
=
-1
bt
a
i}
r
iy
U
m

arding ¥Yix) or ¥ () at the bounds will be treated in the

Az illustrations of fthis original procedors we shall work oot

two standard equations having analybic solutions: fthe radial

harmonic oscillator and the Mathiew sguation.

In the first example ow attention has been restricted to
states having guantum numbar greater than zero. ALlD such

cases have ¥iu=0) = & and W (x=0) = @ and we have compared

n

the results starting the iterations from Ry=infinity and

Ry=Uy/72. In the second example, exept for s=0, all the levels

i

are doubly degensrate sine and cosineg series. Our method is

il

then appropriate since the odd selubtions correspond to ons
boundary condition and sven solutions to anobher.

The degree of accuracy reguired determines the values of
the input parameters, these being the integration bounds, the
number of grid points and a tolerance tactor regarding the

desired accuwracy of the results. This one depends upon the

i



i

s

uswal sources and types of 2rror. "Truncation error®” can be

reduced by diminishing the interval betweén adjaﬁent grid
points and, in limiting casess, by using extrapolation
technigues.

For the specific case of the unbounded intervals in which

¥(x) tends to zero as x tends to infinity a point Mg is

determined at which the eigenfunction is sufficiently closse

3

to zero and x; is taken as wpper bound. The acouracy error is
reduced by choosing the eigenvaluse tolerance factor
sufficiantly small to match desired acocuracy. Finally

"roundoff srrors" can be treated as shown in section 3 of the

chapter 4.

b} Radial harmonic oscillator.

The system to be considered is that of reduced mass m in

(53},

a potential of the torm :

(5-56) ViF) = (1/2)mwSr®

With a well-defined valuese of the angular momentum L, the

radial Schroedinger eguation is given bys

— D - S, oo
(5-57) [—$=/2my d=/drs + mwsr*/2 +

KEL LA D) /2mr® ~ B IRy (F) = @
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The eigenvalues of the equation are:
(55560 = I Ao
{(5-58] EHL "hlﬂ(.awﬂ FoL o+ EBSE

By introducing the dimensionless variable ¥(=r/a, where a =

'h/mw, the carres pmndlng gigenfunctions are given bys:

(5-59) Rop (3 = N Le"ptihf“)stjF( n,LAEA2 %)

whare the Fi-n,L+3/2:3%) are the confluent hypergeomsivric
functions and Ny 15 a ﬁmrmali:atimn factor. Dm%ihing Ty
principal guantum number A=Zn+l, each value of & greater than
one can be realired by several combinations of n and L, the
enargy levels being degenarate. In what follows, the

customary notation in terms of s,p,d,Ff,... states

corresponding to L=0,1,2,%,... will be employed (e.g9.,the

]
i
o]

ate 1-p corresponds to As=ly n=@, L=1). With that notation:

and with relations fu 58y and (5-59) the valuss of the
nalytic eigenvalues and eigenfunctions may be determined.

The numerical solution of sguation (5-57) prooeeds as

nressible as:

follows. This equation is e
(5—&0) (di/dsi)ﬁﬁ(ﬁ) = [y + LAL+1) /g5 — 2B IR, 08
the interval of integration being from @ to infinity. We have

to evaluate for which finite value of ¥ (§g), the

sigentunction is sufficiently close to rero (the analytic
7 7
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s

value at the upper bound). For fixed h, this is done by

alaectin

iy
i3
]

cessive valuss for 3 until the caloculated

i}

eigenvalue remains constant (g.g., for the S5-s5 state, =7 is

"‘i - -
suftficient). Since an error of 418 2 remains constant for

o
why

7y we conclude that the remaining error is dus to
truncation and the accuracy depends only on the number of
points of integration and the tolerance aet {Dr the
eigenvalus calculation. For ow purposés h was set at 83,
the tolerance factor being 1077 (bhe number of grid points
being a function of ¥;). A second interval fm=ﬂ15 Wa%

amployved to verify the CONVErgaencEs rate of the solutions. The

i

cype of boundary conditions musht also be specified. From its

1.

gefinition, the solutions are zero at 2= and at infinity.

=

Fatering to sguation (5-39), we observe that the first

dorivativ

o

the sigenfunction is zero abt w=0 for L:D

¥

i
ey
(353
B

0o
whareas 1t is non zero for L=0. For L:X8, thmrnFmr"; the
initial valus of R could be chosen either as infinity (since
the solution is zero at r=0) or as Wy 72 (since the first
derivative is zero at r=). In the case of L=0, ths initial
valua of R must be infinity. In both caszes, the initial value

of 5 is infini oy 72 sinoe the sigenfunction and its

ot
el

o~
ju}

first derivative are zero abt infinity. Tables (5-3) and (5-4)

illustrate respectivelly the results obtained for =0 and

ry
ot
1t
a
r

oth cases the analyitic eigenvalue caloulated from

7

airms of hw. A1l the results are

83
i
i
o
=
it}
g
o
3
n
m
rj
O
i
™

computed in taking §; =7 exept in table (5-4) where ()

indicates '¥mﬂ
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Eigenvalues: Radial harmonic oscillator (L=#)

N bl e 8

panal priLm
2E5 poinis 471 points
1.5 1. SEO&HH0 1. 50008
55 " 29999 =" =a000
55 7. 49999 - Sooan
1.5 11.4999% : 11.%@@@@
1505 15 49907 15 saa00



pagea 131

Finenvalues: Radial harmonic oscillator (=1}

o

O a3 IS0 O B 1)

Y -

NN O U B L R 3

ar e onon ol

foute
L

gnuin
2E5 points 235 points 471 points 471 points

A B A B

2. 45999 S 2. 500G . SEA00 2. 5HBE0
4.49999 4., 5808 4. SNDRG _ 4. SDAAG
& 49998 & . SADNEa & DRBSE . DDBEE
8.42998 3. 530008 8. 50H0na 8. S0Ring

18, 49997 1. 49995 13. 4959% 16. 500808
12.4979& 2249999 12, 49999 12, 55588

14.,49957 14. 58802 14, 560062 14,5060
145, 68065 16, 530041 16, SiAaa4g L 14. 50041
16.499%5 16H. 49997 16 ARFTT 16. 50060
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F16.54. Radial harmonic oscillator. L=0
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w
i
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ENFUNCTIONS OF THE RADIAL HARPOMIC

(c)

- {d3

n=1
n=z2
n=x



Radial Harmonic Oscillator (L=2) Fi6.5.2.
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H

Frrom these

H

results we conclude that the caloulation of bthe
sigenvaluss can be carried out with sguivalent accuwracy (Lo

he fifth decimal place) uwusing either set of initial

Pl

1

conditions for L=1. Similar accuracy was obtained for L=32 and
Comparison of the computed numerical eigenfunctions with
their analvitic counterparts showed very close agresmnsnt over

the entire rangs of integration (figures S-2).

) Torsional wibration.

Here we concern ourselves with the Mathiea souation. The

e . . . A
Hamiltonitan is given by(”ﬂ':

-.

(S-61) Hp = F=, 4 (V3/2) (l-cosio)

The Schrosdinger sguation may be writiten in the form:

(S3—62) Wiig) + (a ~ Zscosicx) = 0

Solutions ars periodic (period « o 24 and it can be shown
than there exists a set of eigenvaluss ag,(s) corresponding
to even solutions and a set b, (s) corresponding to odd

utions. The eigenfunctions are expressed as saries:

Tt

B0

% o § s " N B | " - .
{al cep (e,8) = LA 2m+pmm5($m1p)a

.
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L
|
i~
T
Hi

o (e L =2 A B )
sy (0,80 L E Em+pwtn\km+p;m

whére p=0 indicates a period of ¥ and p=1 a period of 24. m
varies from @ to infinity, (&) indicates the even solutions
and (b} the odd.

Thers Eﬁiﬁtﬁ a three-term recurrencse raelation among the

sffticients A and B. Since the concept of thres ter

recursion is closely related to the concept of continuouws

oh)

fraction: RS, the recursion relation may be interpreted
as the fundamental recurrence formula for some conbtinuous

5]

luss &

fraction, the roots of which are the sigsnv .

issociated with the even periodic solutions and b, with the
odd periodic solutions. Usually the sigenvalues and the

. - . . 17 ) .
eigenfunctions are evaluated from powsr saries (Y77 o may be

found in textbooks of mathamatical gpecial funochbions.

In the numerical solution, we wite the Mathisu eqguation

fu
]

=2 2 . P PR
G-64) (de/desiU (e = [dscose ~ (a/b) q s dU Sl
i ns
where (a/bl, denobte sigenvelues corresponding to the

I
parameter s and the quantum number n, the U,.(«) being the
eigenfunctions corresponding to a,{(s) or b (s). I+ =0, the
eigentfunctions are not degenerate. Otherwise, they are doubly

Y

degensrate, one even and one odod (Figures 5-37. In terms of
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FIGURE (5—-3):THE MATHIEU FUNCTIONS
(a): odd periodic solutions {(g=1)
{b): odd periodic solutions (s=1{)
() even periodic solutions (s=13
{ddy: sven periodic solutions (s=1@)
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FIGURE (5-4):THE MATHIEU FUNTTIONS

Eigenvalues for different values of the paramebter s.



FiG.54. Mathieu functions.
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standard notations, we

of the even solutions ca, (8) and.by
the odd solutions sanfs);

Since the interval of integrﬁtlan is
LB3,291, problems involving “"termination®
hare.

initial values of R and § since all

zearo at the two bounds. s the sven

first derivative
and

of R 5 are respechtivelly

arual to zero at bobh bounds,

sigenval uesg
"h' the eigenvaluas of
sithsr [B,v1 or

not axist

errors do

The odd solutions were computed using infinity as

of those solutions are
solutions have ﬁheir'
the initial
Uy 72 and UN4{!,u In both

with 181 and

caszes compubtations were carried out 2@l grid
points and a tolerance factor of 1370, The values of a, and
b, were computed for s=8,1,18,28,30 and 32 and compared with
those evaluated from the ssries axp:nzion5(47).,Tab1@5 (5‘%)
and (3-6}) respectively compares analvytic and numseically
obtained ei ige nvalum* corresponding to the sven and odd
solutions. In both cases the interval is [B,v3; (1) is the
analytic rmsulf obtained from reference {473, (&) are the
numerical results compubted with 181 grid points and (3) wi th

221 grid points. For low values of

to the

is

i

sixvth decimal place,

higher values of g8 and n. Such

rapidly either by employving morse integration points

the sre

e Or

the parameter s agrsemsnt

oF incresasing for

1 ohee rved o d1m1n1 sh

1_!
1-

or by

Wwsing the Richardson sxbtrapolation (appendix 3).

As an illustration figures (5-4)
vary with the parameter s for

concordance with the funchtions of

the odd and even

rEtrtaerane

show how the sigenvalues

solutions. The

(47) is

axact up
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o equation (odd solutions)
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to the Hth decimal place. In all examples considered to this
points, prior knowledge of the boundary conditions relating
to WO and/or ¥ ix) at k=a and x=b has besn assumed.

We shall trealt in the following section a simple way to

determine Ry and Sy, q when mimimal information is available

l"i{

oncerning the behaviouwr of the sigenfunction at the bounds.



4. GRAFHICAL DETERMINATION OF THE INITIAL VALUES OF R _AMD 5.

We discuss here the remaining case, that for which
minimal information is available regarding ¥ or W’Qx) at
the bounds. The problem is treated here in a graphical
approach using a double iteralbive prccegﬁ.and will be
attacked in another way in the next chapter;

Let us svaluate the sguations perbinent to hehaviour at
the 1owér bound, the corresponding eguations describing the

----- We can develop the

o
!

]
iz
m
#
3t

!
e

upper bound being exact ana

following relation from the equabtions {(5-%4) bto (5380

L
|
o~
&
A
i

= h (W /YD AGFA) /=TT + Ayl / (Ap+Ag)

= ha(}(l)hi -+ }51

whare §{x;) is the value of the log-derivative at the lower
bound and §; and #,; are factors depending upon the potential.

z

The potential at the bound must b

i

finite in this case and,

for the sole purpose of initiating the iteration, we shall

H

again assume that the value of the potential at the external
point is the same as at the pound, The iteration is starbed

assuming lezuifﬁ (a superscript has been added to denote a

new iterative procass). The values of R at neighbouwring

. _ , . - -7 '
points follow fraom the usual process will be hgma Fe™yenon

The following observation can now be mada. If ij happens to

bhe the cmrreﬁt value (which we might denote by Rir)
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reflecting the choice of the correct boundary condition, than
the graph of R versus gridpoint will be monotonic in the
vicinity of the bound. Note here that if 2 node is present
close to the bound, R is extremsly rapidly decrsasing and we
must locally divide the interval araunﬁ the bound (ses ramark
in section 4) in order to ha§e enouah significant points to
proceed at an extrapolation. I+ on the othsar hand,'Rig isoa
poor approximation, then the graph will not be monotonic but

will show a "fractuwrse” in the region of the first tew points

but will be monotonic for subs ~-“u:]ilr*ﬁL points. Extrapolabting

1

the Ynormal® part of the graph back to the bound will yield a
new approcimation to R, say ﬁjlu This can serve as the

1

tarting point for a new calculation, i.e. an "oute

., L - . . . . . ., i
iteration. Ouwr hypothesis is that the successive values Riu,

g
oot

@ . .
Fyty, Ry“,... conver: valus of R, R;". For the

[}
Hil
[
Q

ot
=
o
Iy
=
-
B
..!
v

g
i

two problems describsad in the previouws section and for the

1
H

problems discussed in chapter 6, the hypothesis certainly is
valid.

In practice the following procedure is smploysd. Starting

.. - B ., . . . .
wiith H1“=U1/23 three situations ariss Cors edpmmdlng Tt ths
hehaviouwr of the potential Vi(x) at the bound.

{a) Infinite potential at the bound,

In this case as Ty is infinite, the initial value R should he

infinity, since an infinite potential at a bound leads to a

rero value of the sigenfunction at ths bound. This is perhaps
the situation the most commonly encountersd harmonic
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Y

oscillator, Morse,...).

(b)Y Finite potential at the bound.

There are two possibilities.

(i) The potential has axbremsum.

I
3

In this case, Ay=AL, ¥ (=08 and theersfore Frys=Liy 72
{11} Tha first derivative of the potential is nonzsro,

This is the most gensral ocas

3]
I3
i

2 in which no acour

i

information is available from the potential function: Ry is
completely undetermined since the ratio §0:) is unknown.
Correspoondingly, starting with Rimmulfﬁ as arbitrary valus we

face the three situ

511
i

e
ju}
3
]

(e} ﬁzabﬁig: the sigenfunction iz Aithgr increasing ahd
positive or decreasing and negative at an extremum. The
requirements are satisfied only i1¥ the esigenfunction is zero
at the bound. Ifteration is {(as seen previously) started from

Ry"=infinity, for example figure 5-5,

(b3 R?m{xﬁlg and the discrete curve shows & constanh

U’v

decreasing behaviour. Here the choice Rimmuifixﬁjr is correct
and the eigenfunction is extiremal at the bound (for example

[N

figure S-&3

() qui“le and the discrete cuwrve shows o frachure betweosn

the se

cond and the third point. The next approxgimation is



pags 145

Discrete function R and eigenfunction ¥ versus the first
grid points n. RBI ig infinity and the funoction R is

monotonic decreasing.



F1G.5-5: Radial harmanic oscillator: L=0, n=4.

2 r

1

12

1
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FIGURE (3-46):THE MATHIEU EQUATION ce(@,2)

Discrete function R and sigenfunction ¥ versus the {first
girid points n. le = Uy/2 = 1 and the function R is monotonic

. . . XY, . e _
decreasing showing that E31 is the correct value.




ce(0,2)

FIG.5-6. Mathieu equation:

0

3
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FIGURE (3-7):ERAPHICAL. DETERMIMATION OF Rgi
{a) is the initial value le

(hy, (¢} are intermediate valuess

(d) is the final value of R™
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B

then obtained by the following relalions:

(5-66) Ry ¥ o= 2R BT - gy Rl (=l 2y 0w o F)

The valus RIH sarves to initiate the next iteration and so

on. The process is stopped at some valus § of b whare the

0

absnlute value of the difference R - ﬁikmi is lesser than

ik
some accuwracy parameter. At that point and in order Lo ensure
a monotonic variation of thea discrets curve at the bound, we
CAn uUse & ﬁccend pytrapolation:

(5-67) Ry o= R E o RoE - 2RE o RgH

where Rir iz the real valus to be used in the iteration.

a5 the convergenos of the Drocess.

T

Figure (5-7) illustra

The Mathieuw squation (=0, n=3I) is illustra

I
s

o in fTilgure

(5—&6) whers it appesars that U iw the correct starting

valueg. The radial harmonic oscillabor (=1, n=2) is

illustrated in Figures (5-8) and (5-9) with respectivelly

p | 15 y
F\' B.,.. . : i P 3 @__; i) H o o . s o G e - -y
omintinity and RyT=U /2. We can see, as expactad, that the

pigenfunction is exactly the same in the fwd Cases.
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FIBURE (G- sHMATHIEU EQUATION: E?EN SOLUTIONS

le is the proper value: W /2 = 1

FIBURE (5-2)::RADIAL HARMONIC OSOTLLATOR: L=, N=Z

k3

The iterations are started from two difderent initial
values (infinity and UjfE)u The computed sigenfunchions are

indentical since WA =¥ (@)=8.
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QﬂgEAlSO

JE-BENDINGY ECUATION.

el

CHARTER 6: SOLUTION OF THE "AMG

I.Two~term recurrence relations.

Our aim is to provide a numerical solution for the

ordinary sscond-order didfersntial sigenvalue equation:

(&1 gy = p Oy ¥ G0y b gy SO W k) = @ ad =g el
By o

with boundary condiftions:

(H—23 Wia) = 3 Wibhy = §&

where:
{H~T53

and wheare o« and & are arbitrary {known or not? constants,

péx) and g, o are continuous on the interval La,bl except
%

5
eventually at x=a and/or x=b, V_ &) is analytic or at least
may be esxpressed in the form of soms polynomial asxpansion

around the equilibrium configuration.

We want also to preserve the characteristics of the

renormalized Nomerov mebthod in order to have a gsneral schame

able to be adapted to sguations where p GO ¥ GO =0 and to
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various boundary condibions.
In order to reach ow goal we have to molve the four
$ollowing difficulties:

(i) The eupliciit pressnce of the first derivabive term
doss not enable us to apply directly the previous method
since the Numsrov algorithm applies Dnly to equatimng.where
the first derivative term is absen .

(iiy The presence of singular ities

f

wema and/or w=h leads

fony

to the use of some alternate methods around the hounds.

(1111 The constants o« and § ara not maeard ly kEnown
puplicitly. In certain cases, only minimal informations are

available from the

T3
Q
¥
{

toential function and some procedure as
the graphical extrapolation o an alternate mebhod must be
s .

{(iv) The function o, - iw nob necessarily positive on all the

L

(=N

nterval [a,bl. Therefors

i
rT
m
0
3
3
y
o
1

..... Loof egquation (4-213
. : - EELELY .
iz not of "monotons’ fing CFE 2 (mme appendix 4 and the

discussion of section 3, chapter 43, in particular condition

{(4-327 is not always fulfilled,

The plan of this chapter is am Follows: first, the
theoretical development of technigques able to solve the
considerad problem. Secondly, the application of these
technigues to a problem for which analytical solutions exists

(Legendre eqguationd. Finally the exben tion of the methods o

i

a problem for which no analytical solubion exists but whioch
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can be solved in another fashion (Legendrse sgquation with a

potentiall) and which is the "angle-bending" eguation

u

encaountered in the third chapter.

Difficulty (i) will be treated in fouwr wavs:

(a) using the algorithm (4-28) for two different values of
the interval h and h/2, the cumulative error being of order
3 . . . . .
h=.The use of the Richardson sstrapolation will vield a

. a4
result in BT

(b)) wsing a high-order algorithm with cumulative sreor of

§

(e In removing the faerm pO ¥ (0) by a change

il

he

il

of

{

dependent variable and applying directly the method of

chapter 3. {(d} in considering in equation (51 thes Lerm g
a5 pl)¥ (x) and developing a new algorithm in nt,

Difficulty (i1} has been treated in ths previous chapler
by & graphical fashion: we shall present in the {allmwing
section an alternate way which has the advantage to remove
the singularities at the bound and also prevent the opsrabor
L to be non monotons at tﬁﬁ bounds. Thera%mré this method
solvaes the difficulties (1ii) and {iv).

The general procedure is as {follows.

In the problem as stated in (éwl),'we replace any derivatives

by smome finite differsnce approzimations. Ths lins

3

Ak i el

N

i

difference sguations may be writhen in a8 very gensral way in

the form:
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(6-4) AY 4 + BY_ 4+ C¥. .y = B (@R

H

i

{a) = o

BT

Wib) = g

where A, B and C are som2 expressions depending upon the
values of p() and g, . (x) at various grid points.
.-

This thres term recurrence ralation may be sxpressed into

two term relation provided certain convervenoge criteria ars
met (Soy Db,

(&—3) R.o= —{B/Cy - {(A/0VR -

L& ¥ l".n (B/C (A/CHF ri—1

(6=8) S, = —(B/A) — (C/AYS ., "

@“Jh‘?.?f'(i‘?
LT e - W 2t
{(&H~T3 S Y17 ¥n
—fd e oz g
{(5H~E8) T :‘.jn__‘lf' .i'.’n

ayAlgorithm in O(h=): ALG(L).

Using (4-39), (4-28) and (4-31), we have:

J

(6-5) A = I+hpa/2 5 B o= - (2+12T) C = (l~hp,/2)

233
{s

and
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FEY S 2y AR, L

(6-1@) na i

!

Ry = U,/ (1-hp,/2) - [(l+hp,

1 { 1"“‘['1{3n

H

(h=-11) & U,/ (i+hp 72~ E(iwhpn,h)/(tlnpnfabla."n

'

in order to obtain an acowracy similar to that of

algorithm, the computations must be carried out for two

values of b (h and h/2) and the results introduced in thes

FRichardson extrapolation formula (4-54) will vield results
0(h%y . Then at each step of the cosputation R, and 5, ars
evaluated for h and h/2 and sxtrapolsted.

This procedure is asomswhat langithy since we use tTwo

ite

BYAn high-order algorithm in Ot raLso .

Az an example how an high-order difference fornula may
uzad, we choose an algorithm developsd by Albassiny and

= . " .
Hoskins 977 from cubic splines. Any obher high-order

algorithm may bs used in the samng way.

In this case:
- )
{51320 A == (1+hpn_1/2wh*qh?nmlfé)ﬁn+1
{AH—1735) B o= (1-hp,qte, T Clahpo gt o,y T hwqhsn5n

(6-14) (1=hppyg/2-h%ay o4 /60w,

whaiea

the Numairow

in

b=
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(6-15)  w, = (L+hpn_q/3) (1-hp /%) + h<p. _ip /36
(6-1&) ¥, = 1 — 7h(pa{=Pp_q) /24 = h=p_yPpoeq/ 12

The cumulative srror is here 1n D(hq),

- P . Ay aroegew
c.fA new algorithm in O™ ALG(E) .

An alternate algorithm in D(hq} which can be reduacible

into the Mumesrov’'s algorithm when the first derivative Lerm

is absent has been derived in the T

We start from the relations (5-7) and (5-8). For

convenience we let:

(6~17) v, = Y (1-T,

and

(6=19)  ypaq - DOEFIOTy 0/ 01=Ty v + vogg
2 i e .
(hZ/12)Ip et ¥ pag + 180 Y + Poet ¥
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Applying the szpansions (53 and (5-4) to [p{sr¥ G

fud

dropping the terms of the fourth order and highsr as in

]

sechion 1 of chapter S, we obbtain:

R bl

Eyme D - W f= W f Yy - \

(6=21) Lp ¥, R A - N

e g TEETE A , - : 11 , e
(&H~22 [pn~~ n] W n(~—PnF’ i 4 pn +op ) + qi\.,n} '

Y lay , nP'n * Pr 85,0 T Priy,n’

Feplacing in {619 and (&-26) ogives respectivelly the two

algorithms in O¢h%e

:‘;m* F - i ~ ’\-_,(,‘_._ N R -
ST nP w PR Ta, n™PnTa,n 374007 Ty  n? F Y-t

e
al -3 i B
(h=/ V2 Didp o rhom s ¥
ard
oAy e - ST Y Tos Y
{&-2483 A1 YR+t L*hpn‘h,n'(i Taanfi?n A Y1

hY' L1 + (h*/&6) (p ' +p "~ ]

whera
(46257 . =

' = IPRP T T PRT F Ry Y dy nPn

F

We eliminats now W’n betwsaen (5~-33) and (&~-24) and we obtain

after rearranging the termsa:



O SN F = 3 -} 4
{H—24) AnYr-1 T Pevn

whar e

{(H-E7 a, = é+énanﬂ
(6—328) b, =

~(1=Ty

paga 187

A
“nYr+g

—yFhEip ey

S P

- I o :
Shop T+ p ™8P Ty n7 PR Ta,n?

e =
(6=29) €, = 6=bhp A the(p +p o)

Finally the two-term recuwrrence relation

+o1 lowss

(&30 Bo= (U /Y3
{ &30 Ry (Lnfsn;

-
4

-1

i v v
(Z /xn;R

Y o - T TV,
(&-3%1) =1 (Un/Ln) (Yn/Ln)qﬂ+1
wheras

e _ A n o
(&350 Y Loy = S PR B Tﬁ,ﬁ+l
(L3235 Zn = [*’.‘-‘.n -+ hpnﬁn*l] i 1””Th3n“1

(&Td) U, = [(2+18T,

B

— : 2 ":.‘T-
n A,n%n hopn Ty

11

Can bhe

e note that R, and 5. are defined here by

I}

written as
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n
5%y and (5-3FE) . The
5 case prasents somsa

: = =3 = m Yf Fals

R, yn+1fwn and 8 un*i.é

in opposite of their definition in (
usa2 of Fn as defined in (5-18% in thi

difficulties and the guestion ramains

Clearly this algorithm reduces to

when p(x)=8 and furthermora to ALB L)
' . gl
degrees higher than h™.

This algorithm presents theretors
local truncation errors similar to th

algorithm, to pressrve the schems use

coctions and to be able to solve hath
vangle-bending” eguations.

OpEn .
the Numerov algorithm

of

ui

it we drop the term

the advantages to have

-

nae of the Mumsrov

d in the pravious

radial and



Z.80lution by a change of the function.

The first derivative term pGoI¥ () in {(6-1) can be

removed mathematically by a change of the funchbion ¥W{xi:
{H—~E6) Wiy = X{x)aiu?

This leads to an eBguation for which Numsrov s algorithn may
be wsed. Howsver, the trangtormation may be didfficouli and
considered mathematically, the transformed function may be

hadly behave especially at the bounds. This kind of

transformation is successively wused in ths hydrogen atom and

our assunphion 1s thait in of Legendre btvpe equations, a
asuitable change of function will give resulits similar to

atom.

i
i
B
il
ju}
o
g 1
-
=
i
s
=20
]
'
my
o}
)
<
N
3
i
i3
i3
5

(&H—37) KO+ D pGAGH-R2AT GO Y/AG) TR (uy +

E{qug(x)ﬁ{x) ol () -

(&30 Al = eupl j{lfﬁ)p(x)dx]

the system (411 becomes:
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i}

{H~559) while) = [qh3§(33,+ (1/74)Yp5(x) — (L/2)p’ Gy IGO0
while the boundary conditions ares
(H—48) X{ary = w/ala)y 3§ Wby = pgiAdb)

e introdoce:

2 e
(&—d 13 G, S = gy g bud {(i74rp=~{x)y ~ (L/21p7 O1)
bl B 3
s s S R, 2 s T
42} 5 = 12 = + FIEAYAp AR - opT
{&—42) Tnﬁn { V28 s,n Ty (h=/7240) {pp~/ Pyl

The Mumerov algorithm can be written in the form:
(&85 ¥y (I ¥q? — (2+1@v N, Tyl LVt = 8@
Firally, in performing the usual substitution:

{644 ¥ (=70 = Fo

we obtain the relations ot the renormalized Numerov mebhod

(5354 and (8-35) whers now:

(H-45) U, = (241870 /L)

This algorithm will be referred as ALE(4) in what

follows.



page 6l

The use of thiz method For the evaluation of the

.

gigenfunctions implies a supplsesntary step consisting in

multiplying the function RGO by AGH and care must be take

pspeEcially at the bounds where ﬁmﬁe undetermination may
sult. For mcamplg in the Legendra-type squations, A{x) =

L O L i
e 17s and A(-1r=H{1} are and cars must be taken

-t
ot
-
[="
o |
-
T

~

in the svaluation of the boundary conditions in (6-48).
Furthermors the change of funciion may prea sent some prroblans

:

elanent which must be verified for the

O
et
-~

concarning the

transformation and it ig necessary to make sure by examining

the beshaviowr of X{(x) at the bounds that ¥(2) is acktoually an
acceptable solution of the eguation in all the space

.<58)

including the bounds and that this solution is normalizable
Movertheslsss in the applications we ars conoern with these

remarks do not present any mador difficulfi

D

e carry oubt a

i

study of the beshavior of the solutions of eguation (U39 in

(16) A faor a Legesndre—types sguation.
in table (&—1) wa resume the various expressions of the
discrete functions U, Y, and Z  involved in the gesneral

algorithms:

£y ] e S -t

(b-db) Ry, = [UL/YLd = LDZ,/7Y TR
—hi7 - U - -1

(6—4a7) 8, = [UL/Zn1 = [Y /7,198,

We nobe that for ALGB4) we may perform the iterations in

tarms of oither Wn or F In working out the applications, we

ne



pags 162

remarked that ALG4)Y works faster in terms of Fn'

Bafore presenting the results obtained from sach of the

algorithms we have ito discu

i
7
-
2

the boundary conditions

will be trapslated in terms of the starting values Ry aril

Sp -
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TABLE &6~1: FUNCTIONS INVOLVEDRD IN THE VQRIDUS ALGORITHMS.

Uﬂ Yl“‘l ZI“I
ALG (1) (W) 2H1ET, i-.Shp,  1+.8hpg,
ALE (3 (W) (2+IBT ) e —2h=p =T mp (LT b (=T
ALG (4) (W) 2+107T,, 1T 1=Thet

ALB (4) (F)  (2+10T) (1-T 3"t

ot

1
L

where

— e T " = g e 7
o =R b hpoAL g 5 e i 1= ]
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Folnitial values of R and

64

dE @HpANBLONS.

We pressnt here an altsrnate way

starting values Ry and 8y, of the i

houndary conditions ¥(a) and ¥ib) ar

This way of

the advantags

extrapolation @arliesr

1
il

i

singularitiss at the bounds. asmical

expanding in a Frobenius seriss the

bounds for the grid points a and ath

ratio Ry using these valuss. In some

e the a bebter regalii

applications,

A

the iterations wilth Ra=We/Ys.

a) Frobanpius series sepansion.

e recall hers the wasll-known

solution of a diftferential eguation
e

p Oy ) gy’ G0

¥=a is a regular singular point if

[ul

following conditiohs are fulfilled:

to determine the

terations whersas the

2 nobt sxplicitly defined.

relative to the graphical

th

T
iil

£

problem of

ly the method consists of

solution around the

and to calculate the

s a5 we shall soe

is obtained in starting

pehnigqus of expanding the

around a singular

14

{(2)=0 and i+ the two
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page

and Tim(—ar=r (&

both exis

LR ]

In such conditions the equation (648

Frobenius—type solution of the form:

Y/ i

hags a

(&5} yeom u~s.~a.)c<zjajf:»~a)lr (im@, 1,8 cna)
where bthe ssries Eiaituwa>3 converges For

=5,

the distancs from

1%
"

fin]

singul arity.

The determination of the cosffi

in taking the derivatives of vy in (&5

(&6-48) and Finally in sguating the terms of

b.legendre—-type equalions without change of

=

nearssh

&

i ia per{ocmad

and replacing in

ok

oy

samz o @@ in

(w3
"~

(51

H

Function.

We consider here the Legendrs squation where a potential

function Y(x) has begen added:

W ()

Vo AdW (i

with the boundary conditions:

52 Wi{-1) = Wity =

—~

!‘:_,
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The case wherae V) =0 corresponds to the tpura! Legendre
@quatimh while the case for which V) is non zero
corresponds to the rangle-bending” equation. The uppar bound
in this case is determined by the equilibrium of the

potential (see ssction Y.

Clearly x=-1 is a regular singular point. I+ Vix) i

9

S . e BT, B [— 1 1 ool o %
(&5 Vi) o= Ry Ay ﬁeq} (i=l, 2,041
whera Heg i= the equilibrium of the potential then in using

thae procedurs described in the pravious paragraph, we find:

(4~54) c = /2
(6-55) ag = 1
¢ | = ey 2
(&6-36) ay = (a<—g=-2a) /A4 {s+1)
A 2, - 7 ;
(6-57) an = [st+Se 48" (A-2)~ds (2A-2Ay—1)

4 (aR-2n+2A ) I/032 (s+1) (s+D) ]

Mear x=—1, the solution may then be sxpressad in the forms
(b-58) wexy = er1r 572 4 ay Gery B/E +'a3{x+1>5/3+9
Replacing » by ~1 and by ~1+h, we may evaluate the ratio

‘ le\g(_—l-kh) /W10

The same procedure can be used at the upper bound x=1
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since it constitutes also a regular singular point for the

pure Legendre equation.

c.8olution of Legendre-tvpe egquations with change of

function.

(1{3"59) o= (.—_—.;.1 3 2
{ &H—&1) ag = 1
(6-&1) a; = (3°-2A-1)/4(s+1)

e - - e e - .
(6-62) 8- = Ll (ECL“C"A“1)+ECﬁ2H1+h)+A“JKLibC(EC+1}j

The same procedure as previously can be carried out in

-

nrder to calcoculate Ry
ke obtain:z

{ b = -
(b&a) xGe) = Ly BTN S ay (m) o ag (he) =

and we can use R;=X./¥,; as shtarting valus.
The evaluation of Ry mupressed in terms of the function

-aniinn)Kn ig obtained in the following ways

]

21 souation at the grid point ¥ 1

starting from the gensr ¥y

#
et

f

wirites

i

RN

)Y A 3
(b=6A) R %
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e } . .
multiplying both sides by h*/12 and replacing in the

=upression of F, we obtain:

{h-—-6G)

(h—Hdd

Gl (BT

whsr s

b
i

Reaplacing

W

amd

W

17

doss not

onty if ¥ i{-Ly=@. Therefors the &

difFfer it
Such a si

1z e

Soth

d derivative of xG) at grid point x, is deternined

¢ s g e Y TR f e § Y F°0
whlu) o= H(l+H)(5 R EO LT L

i

A= (s5-1)/4
B o= ay (s+3) (s+1) /4
C = a2(§+E)(ﬁ+5)/4

~

in (55 we can obtain the valuss of Fn at um—}

—~1+h and therefore the valus of Hin

note hers that boundary conditions such that X(-1)=@

imply necessarily F(-1)=0; this situation ooours

I

arting values Ry will
ALG(4)Y is ussd in terms of @n or in Eerms of Fnu

ruation ococurs in the hydrogen atom for the cases

in the naxt section with the

i
i

procedures are test
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Legendre equation and compared with the results

sd from the graphical exfrapolation techniqua.
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4. Digcussion of the Legendrs Eguation.

a) BGenesral observations.

Wer conzider here the case VYigi=0 in the equation (A-51).

The interval

3

T integration is [—-1,17 and wse know the

3]
3J
]
s
~
‘—ia
!
X
i
0
st
[ad
fud
-
o
s
]
0
-y
fud
ey
Ed
H
i
1
g
o
et
o

problem so that our method:

1
pine
=

In order to obtain a numerical seolution, let us weite the

Iy T ey WD ey e ' fe ) WS fa g
(&—74) (d=/du=) W5 oy o= p Qo Gl W dwd o+ qL,ﬁij = i
wheres
;. . ) 2
{&—-75) plg)r = 2/ (1-1™)

foo g RIS IS Fy~1 -

{(&-78&) L,s = (1= D= (l-u) - a1

and the boundary conditions are:
(&=T77) ARG DI T

® and 8 being unknown. Nevertheless the "effective” potential

- -3 - )
s bhe function s~/ {l-x"). For ¢ different

H

1

may be considered
from zero, this potential is intiniie at both bourdds and the

. . o - .. -
mindmsm of the potential is s at w=0 [see figurs (H-131.



With an infinite po

i
it
i
T
-
T
1w
fuy
fual
)
hil
o
jul
=
a
o
1
=
1
=i
y) 1
~
i
T
E
s
*
a
5

a233) that the eigenvectors are zero at thes bounds. For s=0,

the potential is zero everywhers (note the indeterminacy B/70
. (52,59

at the bounds (98,392

In this form we may consider (4-734) as an sigenvalue
second-order differential eguation with szigenvalues X =L (L+1)
and the corresponding sigenfunctions are the Legendre

3

polynomials (s=0) and associatb

i

T

=0 Legendre funchtions (8307

F5, ().

it

{:

U

-
e recall here some of the Legendre functions 74 and the

figures {(5-2) illustrate their behaviour.

S . -Y“
* +1
s L . L(L+11
| .
F = 1 i)
F-’m - s =3
gl - z z
Frhe = (1/72) (3xi-1 &
ML = (172 (SxT=3R) i
kS . o
FO, = (1/8) (35 2-30xZ+3) 20
PAe = (1/78) (630 -7y~ +151) RSt
™ )
F'11 — __(1,,,,,.:..\1/’..:. 2
=it - 2 1/2
PLS = -1 &
1 S B By 173 a
Fle = —(3/2) (Gx7—1) (1-x") 12
Pem = 3{i—u*) &
2 = 2, g
F_.r_—-r = 1,.1.5(1‘-,1’)1_7 - 2
PR = —15(1-x®)y 3/ E 2

A

We note (see i

1

ures: that for s=0 the wvaluss of the

polynomials at the bounds are:
FB -1y = (~n0F 3 P = 1

whnile for sx@:
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FS (-1 =F% (1=

Furthermors, for si3, the first derivative of the polynomials
at the bounds is different from zero while it is zero for

gr=3.Finally the sescond derivative is different from zero for

25 and sgual to zero at the bounds for sx=3,

i

0O
r

The numerical solutions are carried out with ALGLY)
ALG (T and ALG(4) where the iterations are started from Ry
and Sy obtained both from graphicgl grtrapolation and the
series expansion methods. Figure (6-4) is an illustration of
the behavior of the function DAY for s=3. The nodas

cortrespond to the zeroes of bthe function and are the

)

"eigenvalues of the equation {(&-74).

Hi

MyMumerical solution without change of funcition.

ALB(l) AND ALG (5

Case s=@
Using ALG(LY with 221 and 481 points.

The initial values Ry and Sy, are determined either by

results are similar. In the first cass, figurse (6-3-A)
illustrates the discrete CUFVES.Gf I vmrzus‘grid points for

Ry=Uy/2 as starting value while figure (&6~4-B) shows for Lhe
same polynomials the curves obtained starting from HIF ather

the extrapolations.
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In the second case, we used (&6~858) for w=-1, w=-1+h for Ry
and ¥=1, x=1l-h for Sy4 . Table (é«E? resumnas the results
obtained from the two algorithms. AS we can see in comparing
columns (1} and (3}, we obtained an gguivalent accuracy witﬁ
both algcrit,ms and in comparing columns (2) and (3} bhoth
methods used in the evaluation Q§.th@ initial conditions give -

similar resulis.

In this case both graphical extrapolation and sxpansion
methods show that the initial values of R and 8§ are infinity.
Figures (6-5-81,A72) illustrate the process of graphical

<trapolation for Plv and the resulits are given in table

or =i

e
[y
1
"5
bt}
P
-
8]
a
n
pae)

U
1
[=N
i
faal
a
I
s
il
1
1
[
%
i
,~r
8]
-
B
[
pa)
bl
H
9

o
i
i1
.

jdd
—
Jomet

L

~

[gseme tables (5-3) to (&5 1. A better approximatbtion was
obtained in starting the iterations from R2=“EXW2 and Sy =
U/ ¥y-q where the values of ¥ were determined from the
series expansion. This method is neverthelass limited for

very high values of L since the first node of the anlution

appears closer to the bound as L inoreases.

-
i
b
-~
o
]
i+
o
o

c.Mumerical solution using a changs of L

Case ==0

In that case XG0 =@ at the bounds and F, is given by:
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(6~78) Frpo= (h5/712) %" Go)

L

R S, .,<./ .
={h=/ 12y [~ 253014y =7 — {52

+LIS(AS-1) /641 (1) 172

ALG(4Y in terms of the F, is initiated by Ry=84y,.=8 while in
torms of the X the iterabtions are sta ried with the valuss

tes are given in table (b6-32)

]-d

Bys1Tinfinity. The rasu

colunn (4} . Obviously, this mebthod doss not give acouwrate

results and it can be shown that the convergenoe in wsing
aore grid points is very slow (Convergsnos rabs is of order
of h, se= below). A in section b, iterations started from

values Ro and Syland higher values) give bettse resul s

1““

[table (&-54),columns (1) o (431,

Cage -0

fgain N{(x)=@ at the bounds and sinoce X80k ls infinity
for s4% w2 must take the sams starting valuess for R oand 8
than in the case s=0. For =3, k) is finite at the bou

and equal to 2 and the iterations start from valuss

.
o

determins v (A-78). For sk3, W00 =0, Ry=Sg.=infinity. As
shown in tabhle (546 we obtained accurate results with this

method.

doFRate of convergencsa

The previous resulits deal with the sigenvaluss of Lhe



age \MS

)

Legendre equation and compare between the different methods
the accuracy obtainsd with a same interval lenghth h.
Customarly the tests of numerical methods where analytic
solutions are available consist of comparing the solubions
(here the sigenfunctions) obbtained with an interval h and

t

Wit another interval h'. From this the rea

]
ot

rate of

i

convernence of the solution may be detsrmined. Theoratically
” L . . . M ot e .
ALG (1Y has a truncation srror of order hS while ALGOE) and

&4

(B4 have truncation errors of orders b We know (see

section 3 of chapter 4) that the zbsolule valus of the

. o " . . . =
discretization error is bounded by a factor of order b~

- . 4 PR _—
[ALGOIYY and ™ [ALG(Er ,ALE 43 1. Let Ep and Ep o he these

bounds for the valuss obtained with intervals h and

il
]

h72.(i.e., En is th absoli

i

valus of ths maxinum arror masl

Y- 31 on the whole interval [~1,11 using hY. Therefore,

n
for ALB{1) we should obtain E, /B, »=1/4 and for ALBIE)
ALG (4}, the ratio should be 1/ié&. Excluding ¥y and Wi,y which
are determined by the series expansion and thére%mrﬁ not |

iterated , tests performed with 21 and 41 grid points give a

good concordance (exept in the case of ALGB4Y), for s=0).
Dbhviously a more detailed discussion of this subjet is

out of the purposes of hhe presant‘dl-%&rtation and we shall

restrict owselves to propose a schems which appsared to work

with great satisfaction in the “pure" Legendre case and also

in the "angle-bending" case.

o, Conclusions @ general sochems.
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Az shown in the table (4—4&), the best results ars

B

o
®

obtained by the following proceduar
s=@@: ALG{ZE) or ALE{1) with sithsr the graphical
extrapnlation or the seriss sipansion mebthod in order to

determine Rl and SN+1“

By (5=2) as

the valuss of the
solution ¥ non-iterated are calculated from the seriss
expansions. The furthar transformation ¥ into ¥ being carried

ok b

king in mind the observations discussed esarlisr.

i3}

i
I
=
T
=
[X)
:.F::»
]
K
=
)

(3) with Ry, Sy,q both infinity.
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Table

Numerical calculated sigenvaluss of Legendre equation (s=0).
(D) :ALG(1L), 281 points. Ry and Sy are calculated from the
gupansion method.

(2ry:ALBE(1), 481 points with the same initial values Ry and’
Spi+1 e |

Z1rALG(3y, 2B1 points and initial wvalues calculated from the
svpansion mathod.

Ui

(4 :8LLB604) , E61 ints. Ry and 5, ars intinity.

3 i 1+1 . ¥

(Yl i1), 2801 pmgn+5. Ry and Spgq determined from the
graphical extrapolation.

Table &3

¥

igeEnvaluss of ngmnﬂrp suabion (s=1).
ta, Hy and Bpyy are infinitv.
ts, Ro, By calculated from expansion as

Mumarical calculated
(LysalGdly, 281 p
{2y eALGBLY, 261 pot

i

starting valuss.
(Zy:aLG (4, 201 points, Ry and Syguq are infinilty.
(4 ALG(4) , Ro and By caloulated from supansion as starting

valilss.,

-]
3]
)"‘r‘
Pt
r't

U
i
.I:I
o

Same legend as table 6-3 for ==L,

W
i
i

2

Mumerical calculated sigenvaluss of Legendre eguabtion {(s=3).
g g
(1):ALG{LY, 281 points, Ry and S,y are 1 i
(2)y:ALE(4) 201 points Ra and S ara calculated from
504D, P . 1
AHPANSL0MN. .

x...
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TABLE A-7: LEGENDRE
(13 (2 {3 (4
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Table &—-6: .
Comparison of ALG{1) and alG{4) for Legendre sguation using
Z@1 points. The resulits are the relative maimuwn deviation
between the calculated value of the sigenfunction and the
corresponding valus of the Legendre

funchtion: Dmax Ly (g d— 1J/V(”',; D R (U _
{i32ALE(4) with Fl, St calculated from SBLOANSLON a8
starting values. .

{Zizthe sams but Fay, Sy are the starting values.

{3 :the same with FR= and bH 1

{4y :the sams with Ry and “N ~

(312ALGLL) with Ry and Spyeq talouwlated f BHEANBLON aSs
starting values.

ries expansion for the Legendrs type

o are the pnram@t@“r (ame text), Ry the
nie Lterations. The Yangle bending"

g here with a potential as desoribed in the
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Table &-9:

Same legend for (J=08,K=1)

The "angle-bending” egual
(1) sigenvaluss obitainsd
caloulated from graphical

pages  18)

don (J=@0, =0 determina
t

he value of R1 using o
poextrapolated v .1UEG Ry
the values of H" (o
eigenvaluess E obtained

ation.

1o

from ALGILY with 2881 poir

exbrapolation, Yy, 18

(2) mame with 481 points.

(3} sams bt using Richar
(<3 t@Aulh: ophtainsd from

rovalues obtained from

clsmor @xhrag

TJ
i
it
T
-t

-

]
x
i

the seriss

the method of "complele

tion by
I points on
o(first
tewt). The
using Ry" as

viie and Ry
nfinity.

2R1 and 4893
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TABLE &6-8: ANGLE-BENDING ELM IATION: =8,

(1) (Z %
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Figure (&-1): "Potential® function for the legendre eguation

(5=0,1,2,%)



Legendre equation: potential.  Fig.(61)

10
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Figure (4-2): Legendres polynomials (&) and Legendrs

assotiated functions (bh,c,d).






Legendre Polynomials!: 5:1

Fig.(6-2-b)
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Figure (6-3): R, as a function of the grid points n for the

Legsndre squation (A and B and the bending equation (O and

A. Legendre polynomials PL {a.L=Sr bh.l=d; o.l=3% o.lL=2;

P

e.l=1}. Ry“=,/2 and the fractures have to bs corrected {(see

E. Same examples with the extrapolated valuss er"

zu

. e . ~ - o R
. PBending eguation (J=0) Hiumuifﬁ= a, =2y bok=ly o.k=@,

ing squation {(Js 2 and SN+im ars infinity.

s
]
2.
"
1 |
)

wi=}y!
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Ps

Figure (6-5): Different examples of the discrets function Rn

for the first grid pointe n and the cmrrespundihq

sigesnsolutions.

fi-1ly Legendrs polynomial Pzia e is iterated uﬁing Hlﬁmuifﬁ
Sa i D=ty /2. Th

e shape of the curve is nob continuous

and indicates that ths resal valueg should be leminFinityn

B-1: Legendre polynomial P3m= RoYoie iterated dusing

R @

3
1

=l /2. The fracturs in the curve indicates hers that the
oproper value should be leasser Than Uj£2n
B-Z: Same example with the sxtrapolated valus lemm‘94@?;

The fracture is corrected; the sigensolution shows monotonic

decreasing behavior.
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S.The Legendre sguation with a potential.

The success attained for the "pure” Legendre sguation

a similar schems to solve the analogous
squation including an arbitrary potential funchion V). This

o

the "angle—-bending® equation which ocours in

i
A1
.
]
i
-
]
pu}
=
i
i

chapter 3 and whoss numerical solubtion constitutes the goal

of this pert of the disssritation.

g
]
[N
=
i

imr to test ths methods of the previous section, we
tused a potential corresponding o an angle-bending of the

acetviene sincs results obtainsd by an other mebthod were

s
Ul
&
i
13
5
o
‘'
-
i
tele
1
i
jul
b
i
i
"L
it

to infinity as

@Mpansion:

(6=7%)  Vix) = DAy erDd (im1,2,...7

whare the A; are constants defined from a ~afinemant process

(least—SOQUare. ...

For the purposs of the present btest we chooss these

narameTers as:

1

With these paramsters, Vix) has the form illustrated in
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fiogurs (&-&). The effective potential is the sum of the
potential® occuring in the "pure" Legendrs sguabion
2 =N i . . . . - - .
2/ (l-»") and VG . This is illustrated in figures (&-7) for
-

J=1,2,%. The case s=0 reduces obviously to V0. The interval

isz [~1,—-.11 and the various mathods were btested for different
values of h.

EFouation (&-74) becomss here:

{H—81) W {s) = pp{x) ¥ i

Py
——t
L
4
-
-
o
"
Yoot
=3
—.
-
S

5

. ' N . P B . g N - .
(&-31) G, g ) = (=S TR/ (ld®) 4 VG - B g

=]
o
i
]
i
=i
8}
3]
ifl
B
il
g
1
=
o
i
i
i
!
L
ijl
]

noe aore bo boundary conditions

is ot Zero at the  lowesr bound

i
i
+
-
W
i
o+
T
)
I
-
i1
o |
=ty
oy
'
n
o
P
I}
e}
et

o
2
rt
jt
48]

zero at the wpper bound. The first derivative is non

]

z2iro at the lowsr bound and is zero alt the upper bound. The
JxB case corresponds to boundary conditions such that the
eigenfunction is =z=ro at bobh bounds, its first derivabtive

being non zero at the lower bound but zero at the uppesr one.

Therefore ths initial valus Ky has to be extrapolated either

graphically or from ths series sepansion in the case J=8. In

both cases SH+1 is infinity

i ince Yixd tends to zero very

quickly) or as Uy /2 (since the first derivative of W00 is

zero at the upper boundl.

The resulits of the graphical apolation of Ry ars
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Figure (&-&): Fotential functinn Vi) for the angle-banding

spuation f(acetyleneg).
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Figure (A-71: Effective potential for the angle-bending
aquation {acetviens! as the result of the sum of the
"Legendre potential® funcition and the potential VGO . The

notential is infinity at the bound and becomss minioun closer

T
)
w
1
i
i
b
1
{ 't
0
o

to the bound as

1Ty

For J=0, ths potential is z2ero

at

s

he bound.
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FUNCTION POTENTIHL BENDING £QN HCCH F'OR J=1
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F1G.6.7.B.
FUNCTION POTENTIAL BENDING EON HCCH FOR J=2
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FUNCTIOV POTENTIRL BENDING EON HCCH FOR J*S
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giwven in tables (&-8) and (6-91 raespectivelly for E=0 and Smm
I R R e ] e e ot R}

(J=3) and illustrated in figures (63,0 and Dl wsmparwﬂmn
with the esxpansion mathod im given in table (H-F). In bhoth

. o C e AL R mme ALG () with
cases, the results obtained with ALG(LY and ALBE)

b

diftferent valuss of h ars compared with the aaults obtained

w

11'1

£ E

- o Bunansi f the sigenfunction in teras
by the more customary @xpansion ol the =ig

' i i - R Tl
of a "complete” set of assoc: bad Legendre funotions

..U

m

v, - 3 W T ¥
Aoreement betwsen Lhe two 18 axkromsly close for both

sioenvaluss [ses table (&-1001 and sigesnfunctions Lo the

by
-
k.
fal
i
o
I8
ot
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gigenfunchions are il1lustrated in
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-
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The numsrical methods presented hare does have the graat
advantags of speed of computation togeither with the fact that
he Functional form of the sinenfunctions is immediately

Whtainsod

l“l
|
331
pur
uy
Ipl
-
haal
g
]
]
o+
o
il
oy
it}
-
ifl
{0
5
w
o~
i
if
2
~

siganvechor

cosfficients.



pags 198

Figure (A-8): Some illustrations of the eigenfunctions of the

o

angle-bending equation (acetylene) for k=0,1,32,% (I=@.
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CONCLUSTONS

A general program has been written in order to solve any

equation oocuring in the study of n-atomic systems sinoe tha
solution of the rero ordse problem is  reduced ton
i-dimensional equations belonging sither to the radial or the
vangle-bending” type. The only paramsters neaded  as input
are the bounds of the intsrval of integration , the value of

the potentisl at the gri

valuss of the functions
pils), kix 1. (1) of the general equation and obviously

the values of the different guanbum number for which the

paquation is ired accwracy of the

eigenvaciors.

The determination of the boundary conditions (i.e. the

iterations) is carrisd ool

i

starting values for the

automatically from the form of the potential function while

4
[l

the choice of the algorithm is decided from the knowledge of
the functions pix) and kix).

So far the program has been tested successfully on
various problems such those encountered in this dissertatbion

but also on the hydrogen atom, Airy functions (potential is

H

k) eto.
Mothing being perfect, soms ameliorations are envisagsd

in a very near fubure, and the focus will be pub on the
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extention of the methods on coupled differential equations.

method beitween the log-derivative and the VIVAE

d
method (46) has bean developed very recently and seemns to be
at least eguivalent in tims of computation to the
renormalized Muomerov s method. Its exbention to problems
involving non traditional boundary conditions might be an
interesting field of exploration in a cmntinuity point of vue

with the present work in connection with the numarical
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AFPENDIY 1: VECTOR SPACES.
1. Definitions.
Note: for mors details about the material D{.thiﬁ appandix,
sxe ratsrences (A8 and (&&).
A vector space over ths fisld K ie a nanempty set X of

elements (M,v,...} called vectors togethesr with & vator
addition and & multiplication by scalars with thasire
well-known properties. I+ K = K (rﬂalﬁ>, th@ vaohor space is
a real vector space: if KB = 0 (complex numbsrs), X i3 a
compley vector space.

X° is a proper subspace of X if for a
and for any vectors xy and Mo, Then oo+

A linear

combination of the veotors ky,...,4, 15 an

suprassion of

{13

P

e

-+

Yl

na

the linesar combinations of the vectors of

a subset M of X ig the span (span(Mi) of M and is & subspaos
of X. A subset M of X whose @lements are Higoonyi. I8 said to
b linearly dependent i+ the expression (1) holds for soms
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Fetuple of scalars nob a2ll zero. If the relation holds for

w; =@ (all i), then the subselt is linearly indepandent.

I4 M is linesrly depsndent, at le

ast ons veotor of M ocan bhe

!Y

s

3
i
-
i
-Y
4
L
ﬁx
i
i
ot
.

inear combination of the others. For example,

it (1) holds for o, non zero, thaen

(23 o

M = :’:]EJJ"J l':,j:":j.‘,unu.—,tu”’i)

wheres

Riemann spaces and euclidean spaces

A metric space is a spacs on which a meiric has beasn

defined (that is a distance funchionlt. nmrmed space s

£
i

vactor spacs with a metric defined by‘a norm WOd with the
usual propertiss of a norn.

The dimension of X is n {(the maximum linearly indmpenﬂwnt
vaectors). Any subset of n+l vectors is therefore linearly

dependent.

Any set of n linearly independent vectors conshtitubtes a

e
M

-
i
%
o2}
3

suclidean vector spacs, bthe usual

1l
m

notation is

I+ B is a basis for E

M)
it
s

ne any vector of B, has a unigus

representation as a linear combination of elesents of B.
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f resl n-dimensional vector space could be represented by

1

£

2 spt of all the ordered n-tuples of ree

(%) » E. o= [n=(xl,...,&M1

)

the o' being the components of » relative to the basis Bn' | 23%

b
-

convention, ths elemsnts the basis are labeled with

subscripts while the components of a vector are labsled wit

(&1)

mupnerscripts indices

(Bynwyglyaaes@), 1 at the i siot,

oy oL
=

o

In a n—dimensional spaocs R covered by a basis B, 1
consider a l-dimensional subspace U determined by xg (82
where t is a real parameter varying continuously in sone

interval and i=l,...,n: ©; is called the arc of curve. Let

T

0 %(xlﬁu,nﬁﬁnﬁmj,n.nimn) be a prescibed fonchion continuous

in the interval [ty,t~1 and viewsd as a function of t. The
integral:

0

called the length of © and the space Ry 135 maic to bes
metrized by the above formula.

i NI O -V T i by Fhat b
A metric can be defined in prescribing that the

saquare of the arc dg is a pi sitive quadratic form in the

differentiale dx



d

[
-
s

whare the gy ;00 ars continuous functions in K. Buch a

metric vecthor space is called a Rismannian n-dimsnsional

veotor sp

If we can now operate a change of

) i i i . . ' .
that ds® = dxldud, the space R, is ravduced o an euclidsan

n—dimansional veohor spacs

the functions gy (00 will appear ol

|

Zainner product soaces

,-
e,
;
!
<
Zd
et
\
il
)
m
~
Pt

~i
it
-

V
b4
it
~n
L 4
=N
-+
-
b
H
&

.
s
-



The norm is

i+

¥ oand v oare orbthogonal
¥ iw orbthogonal to the

writm: LA

Clateladc

and vy

whille the norm 153

&l
host

Froperties.

y

Moy = o™i {x

pag e

defined Dys

{uwdom

-,
3

subset

i

R |

P ST bl
~

=n b

o hognna

208§

(o LB

o
.
=a

(Schwartsz

(Triangle

i

a € Az

B for all

F ocabhr = B

+ o

i linearly

ineguality)

inequality)

TR
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On any subspace B oF =

b

the inner product is

.
-
LA

consarved.

Minimizing vector

et M a suhzet of E_. For any x € B, there awiets & unigues v €

Plosuch that N{g-y) = & ( § = ind (Mix-y 3y, for all v e, I+

M is a subspace of E then @ = s-y is orthogonal o .

and BEY i = B +

wow ytx (y € R’y

]
A
o

s
i

The st of all veobors nrthooonal to a subspace

{(parp (MY is the prihogonal conpleasnt of KM

{(1&) : parp (M) = [z € Eqy = ogirth to M3

Tensor oroduct.

The product Xy @ X~ = X of twn wvectors spaces over the

came fisld besocomes a vertor spacs LF ows dadins the fwo

Ty - ORI T s Y S X L OEY [P R
(17 Gty gt F (¥ sy (s g+ sty

.
—
0
-
el
-
P
2
-
-
X
1
—
i
i
B
W
=
el
”
L::
bt
z
L 3
=)
-

0
o
g
T
P
]
)
r
1

3
;
u
M




et ¥ be a2 subspace of K. The coset of ¢ X wiith respe

to ¥ is denoted by 2+Y and is equal to (vexdyy; YV y € Y. Under

7

Lgaebraloc opsrationss

(197 (Wt )+ (Y ) = Qb ) Y

hess cosets constiftute the slements of a vector space called

guotient space of £ by Y and denoted by XY, Its dimsgnasion is

callad codimsnsion of Y and:
(213 codimY = dim{X/Y)

", 3

I ¥ is a subspacs of ¥ and oodimY = 1, bhen avery

]

slement of X/Y is called a hyperplane parallel to V.

If M is a subspace of E then £. = M + pearp {4

e ]
The operator F: BE. - M such that »x E, -2 vy = Fx is the

projection of B, onto i

Orthogonal and orthonormal sets

& orthogonal set is a subset of En whose elensnts are

"

pairwise orthogonal.

fan orthonormal set M is an orthogonal sst whose slements have



Any orthonoreal set is linearly independent.

There sxists a basis {(g;) of orthonormal vectors for avery

bt ) B ™
ooy ot . - f 2
(s PR - Ml

=t B (B g0== 8.0 Can be constructesd from an

Ko gew s g Mt anc e

- et Ui S S e
1L AT TINL LA

“an

;3 - . - e ]
{247 v F oDng — Epdupg,ep e (amignn=gnfig
(23) @ o= v ANy

The sum subsite

w
N
i
1
a3
ju]
!
bl
=y
i
4
-
o
Pl
i
i
e
1,

i vand side is bthe projecition

On BRAan {8y s . 2 g s

an orthonormal sst M is total in E_ if span(fh = B3 its

dimsnsion is nN.

Parseval eguality
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B
o
3

& orthonormal

it

&

-
I
fa)
5&
rt
e
3
3

Farseval

I+ » and v are column veohors:

.;_
i s Thmm g Mene
{ Mg Y 1y

—-p I n B0 i

Let T a linsar operator B

(e
~{f

S yyr = oK

tnitary

a1y —-— s Ty s
=y =N, = W

=3
k=48

gi1ven
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T
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ey

nrrojsction

equivalent to F Fo = FoFy

R

o J

Fiy orthogonal to Mo i

i

foute
Cen)
m
—

T} = SR S il ies B,
£? FyFo = FaPy implies Py
En fwighw rli -+ ""5.2:
Invariant subspace.

Let T:E, — Ey be a linea

feduction of an opsrator
A subspace M of B, redoces
pnerp (M) are invariant under T.

We have also  TFRL =

equivalent to FyFo =

proiection of E

T if TUD M and Tiparp (M

onto

210

onto PliEn)ﬂ P (1. This is

i1

-
n'

. ey o PiiE

orthogonal to Polz_ b,

e

Jder

Fo = PyFo is a pro

Bopancled £

™
farka

W

s

o ator.

3}

i

M oand PlT £ TPl then M

FeoT whersa 5 bhe projection:
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APPEMDIZA & FMETRID TENSOR.

We intend here fto present some mathematical relations

maling with

i
Y]
.
E_
e
2
b

currently used in th
non cartesian coordinatess. In such spacss the hamiltonian

meare complicatsd to handle and the

8
T
1y
;:;
i
U
i
U
-
i
P
EL
! 1t 1
;.._

ded in ordor

will give the necessary Ltools ns

to parform the caloculations. Forthsroors sorbing with non

s mrcountered in +hL

orthogonal coordinates systems such tho
report needs necessarily some fundamsntal resulits of the
study of tensors

: 3

Most of th

H
i}
o
o]

materi

r“(
13

f this ssction comes from the

references (&1-464)

e
lJ
]
I
1t
bl

FPreliminary defind

fopoint in a nedimsnsional space is an ordered n-tuple of

detinsd by Ltha n

A coordinate transformation

i=lynueyni

P
-
i
i
-
-
~
-
it
<
t
-
5
M4
.
:-3
z
a
"
.
S
—

where the w7 are the coordinates of the point in the original

refersnce frame while the vy are those of the final frame

I¥ the relations (B-1) are single-valued and continuous,
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L

then to sach coordinate set (y7) will correspond & unigus
{( 3. Thess relations define a transtormation of ooordinatoes
from one frame to anothser.

W shall uss the summation convention which consists of

12
=}
14
fi
7
N
o
-
!
P
et
i1
i}
¥
Zwd
3
)
o

drropping the summation symbol I for re

expression {(dummy index-—free index).

il

=

Co- and contravariant wvechor

T

i

I+ m guantities ﬁl?u“,gﬁﬂ in a comrdinate system (47)

related to n guantities Bl;,n= B in another coordinate

,\
=
;
R
i
s
=™
i)
3
o
-
a]
A0
ol
o
s}

{where p is the free inder and o the dunmy index vunning both

)

From 1 to n) they are called componsnts of & contravariant

vector.

Ay are related to the By by:

My
b
Y1
@
i
b33l
iyl
ot
Vit
-
1
il

Convers

"
H
s
~z
by
i
-
11
Rl
=
u
o]
[
s
faa
o
1T
I
]
e

(@-73) B. = [auY/avPIn

b
o
)
~
u
=
]
1
P

lled components of a covariant vector.

These vectors are also called fensors of first rank.

Do and contravariant tensors.

I a similar manner if o guantitiss A% in a coordinate

A ey e e E:}'J!"

ted to n® gquantities in anothare

Jowedd
oy

systemn (1) are rel
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they are called contravariant oo mpnnﬁn,m of a tensor of rank
twn.
Comver 1y, i+ s ArE related to ﬁpr by
s ) SRS A SRR - 5 4 I
(RLESES B_oo= [au®/avParax®savt 1A,
far s ! [ )
they are the componsnts of a covariant tensor of rank two.

Wa may also define mixgd tensors sk the | &
which is a mixed tensor of rank bwo.

Tensors of the same rank

subtracted component

From the similarity of

inner produckh ﬁmpngrqt and
- =t

of tensors. These ope

o |
E=Y

Matrices and ben

they can be comparad in

% S

fundamental

two vectors of the same

tensors
an

rations

SO

ition and thesir

space

arnd typs

by componsnt.

detine

Can

]

outer product CPVPge = ﬁprqu

are commubative and associative.

T Eoooncephs. Whils

WAY S, in their

et u oand v be

applicat

En and

Py

3

bee oa matrix which

transforms o inta v by v o= Au. This relation may be
interpreted in a different way. Suppose () are the

COmpoam mnta

el {

o |

defined an

the beesn

but whers

£ O T R T

a hans beran

whear e

g

e g

e oof bhe same veohbor LIn n

changad. Obwviously A

an
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regarded undsr the btwo aspects. In the first

the matrix

lomks like a tensor of ths ondd rank whareas in the second

case the maltrix bscomes rectangular and cannot theredors be

-

regarded as a tensor. Thus o fensor i always a mabteix but a

M line elemsnt ds is given by the guadratic form ( also

called metric of ths spacsd:

o~
)
i

i
o
.
1
i
[
=

s
A3
k3
I

15 called the metric tensor and constitubtss the

ohisct of this appendig. I the sxpression (O-4) can be

Christofrfal "svoabols.

e defins:

o

%

(@73 Cpgg,rid

it
et
-
58]
P
-~
[
U3
hs|
%
[a]
y
S
£
)
.
O
a

- 8gpq!3x

]
£
=

afd

oo

ke
AL
v
0
4
4
T
ey
i
~
=
g
3]
fomrt
N
W
i
by
=
11
hoy
%
.
.
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Covariant derivabivea.

l—‘
1
iy
3
o
3
3
-
1
Y~ e
o
e
.
T
i
]
s
ju g
™
il
i
wdy
[N
-
3
ju
o
~
£x

(B~ a = af_ S aut - TR A

while the covariant derivative of the tensor AF with respect

to 9 is denoted by AP - and definesd bv:
. A

(-1 ak =
!

ctangul ar systems the Christoffel symbols are zero anyl

SR L

fhe ecovariant derivatives ars the usual partial derivatives.

The distinotion

tes especially in the definition of

irn non orthogonal coordin

the Laplacian opsrator.

5

Z.n-Dimensional suclidesan spaces.

~smt the euslidean ne-dimensional

ey

et ue conszider at Fi
space where an orthonormal basis has been defined by: ().

The sguara of the length between two infinitesimally

PN

r+
i

is given Dy

neidghbouring poin

(1) ()= = 5 (i) ®



Let us define a new base (k7 such thate

e used here the summation convenbtion in omitting the symbol
L for repeated indices.
Falative tn the new base the components of s wveotor are glven

by some single-valued and continuous function:

therefors the old componesnts are given by:

hat the vectors which transform undse a change

W
]
7
a]
ol
]
o
i
iy
i
Ix
]

af hasze as the elemsnts of the base are covarianh whereas tive
vectors which transform as the inverss bransform are
contravariant.

Consider in the vicinity of a point P the infinitesimal

distances along the axis:?

o
jul
i
i
P

and recall the tontal derivabive relations:



The homogeneous guadratic form (1) beconss successively:

(7 (de)r® = ol ol dylay™

- in -
‘."J‘;-" (‘5\7
. m
o s RVl w RV
9 1m
wiEr e
{5y ’ o TR e ﬁ!l
4 1Im 2 omi 1% m
s 3 g b
TAF Lo
m 1
~. W01
ay oy

We have therefore the following ooy

%

1 e ML 1ogo, M 1 il s
at o= odet/ay™ pM. = y™/
¥ :

Thers sxists obviously nin+l) /72 irdependent cooponants g7 .-
; ¥ T

T gwample, in oa Zed space we Fraves

o z PP R [ fas iy o T AT
(73 (ds)* = g11\dx PR o (Y “+ @gqum"dm“
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F. Ripmannian spaces and the metric tensor (g,

Let dx® be the componsnts of an infinitssimal vector at

the point P{nla=,.-mﬁ}f wer have ssen bthat the infinitssimal

*

iwvEt by

l.,.
1]
i
[}
+
i
o
+X
i
]
fi
et
1
[}
et

o
e
Tl
—
o
.
.
E24}
o
i1
3
s
e}
' Taaed
i,
—
CatS
17
._
o
i
fin]
et

i

The components ;. are funchtions of the point F oand it 1

alar invariant under any changs

ju}
b
wr
jass
Bt
Y—X
"
¢l
It
3
i
]
el
o
il
i,
1
1
o
.

ars contravariant, the g,

form a symmetric covariant tensor called the mebric tensor in

1

Rismannian spac

3

e have the relations:

SEE . N .
Ll 9 im T BikF 1%

and

N
2]
W3
i
]

. . Em, o1 7
ik FriF % im

For ewample in a 3-d esuclidean space with an orthonormal

the simple forme

[
1

bhase, the tensor

o

il

o)

=

=

i
0 e
e
=
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Let g be the determinant of the tensor (g,

m
i
m
+l
=t
pus |
I

il by

)l

-
~

£y

the contravariant components of the tensor (g

ﬂ
Jomite
o

T

=N
ol
it
oyl
\s
Iul

is the minor corrssponding to the sleansnt o of

ik 1% corresponding to Lo ik

s ods o an invariant and is

The differsncs betwsen the concepts of ocovariasnose and
contravariance will become clearer with the following simple

Pet us consider Z-dimensional ourviling o orthogonal

: ; - =
coordinatss. Let g be & vector with components (q17 =, o).

in terms of The

A infinitesimal displacemsnt do is expres:

hase vectors (not necessarily of norm 1) bye

vectors divected along the tangent of

arl in the same

the coordinates curves. Any vecotor A is expre

~

way b

A = ale, { at are the conbtravariant components of Ak.
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We define now the thres vectors o' as the vectar products of
&, and @;-divided by the triple pro =g

m
§
it
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s
T
il
i
i
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i
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el
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The two bases ars reciprocal and we
1
ey o= s do,
- T
i

T
i
i
i

.

5 Beinn the covarisnt componsnts of A

i

L=

1t
)

T
L

can now deduce ths following

i

1j x'_‘; 1

therefor
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The two formulations of a sama
rass of non orthogonal coordinatess

is motivated in the

sy aten of

coordinates is orthogonal they are identical sinoce the fwo
reciprocal basss ars Lhe sans.
The following ussful relations may s ioved Ferom bhe
above without difficulify:
e __]!~"
{ Tl i1 g Ve .
- Hipd &5 4
U U A
9% T okl
f17 Slm ,;.1 Rl ik
XA T
. El : i 1
=3 1 o 1 L [ it
L e ) ] z 1 =z m'.g
o9 ; iky o 1
{19} det{g-"™) = g
in a change of axes the debterminant g is transdormed

according tol
g’ = 47g
whorFs A iz the determinsnt of the



csmction in order to show how the metric tensor constitutes a

uwseful tool in coordinats transformations. In the first
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e
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linear non-orthogonal
coordinates and transform them into an orthogonal system. In

the sscond erxampls we illustrate the use of g, for

curvilinear orthogonal coordinates (spherical and oylindrical

coordinatest.

¢
3
'

Mon~orthooonal rectilinear coordinates in the plane.
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The transformation relations betwsen the

b = ¥4

Tharefore:






Non-orthogonal rectilinear coordinates
in the plane. |

x2

FIG.(A-1.q)
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che detinition of (de)*™, we have:
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The slemsnits of the metric tensor are therefore given by
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We conclude that in non orthogonal rectilinesr coordinate
systems, the tensor is nob diagonal but the componsnts i
ara constants: the tenszor is independent of the point of the

space where i1t is calculated. 4 ths svstem is orthogonal

by Orthogonal cuwrvilinsar coordinates,

nacessarily constants and theretore The componenits g
unorn the point where the tensor is evaluated. fAs a first

erample, let us work out the cviindrical coordinabes ml:rv

£
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-3 t . . .. .
= oand w=z. The transformation velabtions arse
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three orthogonal indinits

it

local wunits: 2y = 1§ @~ = r and e+ = 1. Th

the slements of the mebric tensor ares:
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AFPEMDIX 4: JACORI MATRIDES.
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