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Abstract

The purpose of this dissertation is to further develop the Unsymmetric Lanczos
Reduction (ULR) method as a practical approach to solve the advection disper-
sion equation. After spatial discretization by Finite Element (FE) method or
Finite Difference (ED) method, the ULR method uses two-sided Gram-Schmidt
M-biorthogonalization procedure to reduce the discretized system to a very small
system. Thus, large computational savings over classical time integration can be
achieved. Unlike other successful modal reduction methods, which use a one-sided
Gram-Schmidt M-orthogonalization procedure, it is known that the ULR method
sometimes fails because of (1) breakdown problems or (2) the numerical instability
problems during the time stepping scheme for solving the reduced system.

In this thesis, the Maximum-Pivot New-Start Vector (MPNSV) method and
the Switch method are developed for overcoming breakdown problems. When
breakdown occurs, the MPNSV method generates a new starting vector which
has a maximum pivot. If the breakdown is pathological, that is the maximum
pivot is still less than specified pivot tolerance, the Switch method can be used to
change over the ULR method to the one-sided Gram-Switch M-orthogonalization
method to continue the solution process.

The Eigenvalue Translation (ET) technique is also developed to stabilize the
reduced system. Because the reduced system is sometimes numerically unstable
due to the eigenvalues with negative real part, the ET method translates these
eigenvalues to the right half complex plane while keeping the others unchanged.
This approach ensures that the translated system is stable.

A robust ULR algorithm is therefore achieved that includes the algorithm

for monitoring and terminating the ULR procedure by evaluating the relative



residual error bounds. All of these improvements make the ULR method much
more efficient than the classic Crank-Nicolson method for solving the advection
dispersion equation.

Numerical experiments are also presented in this dissertation. The analyses of
the Root-Mean Square (RMS) error and the maximum error with respect to the
results from the classic approach yield insight into the efficiency and accuracy of
the ULR method. Experiments showed that the ULR method can save 95% of
the execution time of other standard methods.

The main contribution of the ULR method is the application of the method
to the multi-species decay chain problem. This method makes the “one-step”
approach which deals with advection, dispersion, decay and species transforming
in one step to be a easy task. However, there is a convergence problem in that a
common starting vector is required to ensure convergence for all species. In this
thesis, this problem is overcome by analyzing the residual errors and the right
hand side vectors of the semi-discretized equations of each species. All of the
simulations show tremendous saving in computation time over other methods,

and storage saving particularly for the multi-species decay chain problem as well.

ii
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Chapter 1

Introduction

1.1 Introduction

The research presented in this thesis focuses on unsymmetric modal reduc-
tion methods for solving the time-dependent advection dispersion equation. This
equation describes the mass transport processes of advection, diffusion, disper-
sion, absorption, and decay in the subsurface. More specifically, in the absence
of other sources/sinks and absorption in a solution devoid of chemical reactions,

the governing equation of the problems thus can be expressed as

: aC;
(1'1) % (D ) VC',') = v V0 — ;G + Zfitﬁbtct = _62‘,
t=1

where C; denotes mass concentration per unit volume of the i’th species, D a rank
two tensor of the coeflicient of the hydrodynamic dispersion, v the transport ve-
locity vector which depends on the spatial coordinates, 1; the decay constant of
radionuclide species , &;; the fraction of (parent) component ¢ transforming into
(daughter) component 7 and the upper limit of the summation £ is the number

of parent components transforming into component i (see [30]). The transport of
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single species without decay is mainly considered in this thesis. General radionu-
clide decay chain problems are discussed in Chapter 7.

The numerical method to solve equation (1.1) of single species with initial
and boundary conditions involves establishing a semi-discretized linear system by

using an appropriate finite element or finite difference method, that is
(1.2) Me + Kce =,

where c is the concentration vector of n unknowns at the nodes of the mesh, ¢ the
derivative with respect to time ¢, f a time-dependent force vector containing the
effects of the sources and boundary conditions, M and K are n x n “capacity”
and “conductivity” matrices, respectively. Here, M is positive-definite symmetric
and K is unsymmetric. In this thesis, f is assumed to be of the form f = bpu(t)
where b is a time independent vector and () is a scalar function of ¢. A detailed
formulation on a general form of f was given by [15] and is also discussed in
section 7.6.

Common numerical methods to solve equation (1.2) consist of various time-
stepping schemes [52], such as the Crank-Nicolson method. This method dis-
cretizes equation (1.2) in time, and then obtains solutions by recursive substitu-

tions. For instance, the Crank-Nicolson algorithm gives
~ - 1
(1.3) Mc*t! = Ke® + -2—At(ferl + 1),

where M = M + AtK/2, K =M — AtK/2, At the time step and s is the time

level. Provided the time step remains constant during the simulation, the recur-
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sive solutions to the above equation can be obtained by keeping the left hand
side matrix in the factored form, M = LU , followed by repeating the forward
and the backward substitution procedures. Because there are constraints on At
to maintain numerical stability, a large number of time steps may be required
to obtain accurate solutions [52]. In addition, because of these constraints, small
spatial discretizations must be used and consequently (1.2) is usually a large time-
dependent linear unsymmetric system [10]. Thus, computational “cost” is one of
the main concerns in solving these equations. Recently, there has been research
into reduction methods to solve these problems, for example the Symmetric Lanc-
zos Reduction (SLR) method and the Arnoldi Reduction (AR) method. These
methods project the large system into a very small Krylov subspace constructed
using M-orthogonal bases, giving a small-sized system of the first order differential
equations of the form

(14) Trw + Guw = g,

where T, and G, are m X m matrices, g is m-vector and m < n. Approximate
solutions can then be obtained by solving this reduced system. Either method
is economical in computation for solutions of (1.4) using a time-stepping scheme.
The SLR method applies the symmetric Lanczos algorithm [35] to the symmetric
matrix (K + K*)~!, using a three term recurrence to construct the tridiagonal
matrix 'I'y, and the full matrix G,,. Here, the superscript * denotes the transposed
matrix. The AR method applies the Arnoldi algorithm [2] to the unsymmetric
matrix K~!. In the AR algorithm, the recurrence involves all previously produced

vectors, (unlike the SLR algorithm where only three terms are used), resulting in
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matrices T, which is the upper Hessenberg and G,, which is an identity matrix.
Details can be seen in [15, 42, 43, 44, 45, 65]. Similar ideas have been used
previously in different applications, (for instance, [54, 20, 50, 41]).

Alternatively, in this thesis, the Unsymmetric Lanczos Reduction (ULR) method
is explored. This method applies a two-sided Gram-Schmidt M-biorthogonalization
process to the unsymmetric matrix K~! and forms two Krylov subspaces based
on M-biorthogonal vectors [35]. Two-sided three-term recurrence equations are
used to form these vectors, resulting in a matrix T, which is tridiagonal and G,
which is an identity matrix. Like the SLR and AR methods, the main advan-
tage of the ULR method is the large savings of computational cost over the other
time-stepping schemes, particularly for long-time period prediction.

The use of the Lanczos method for unsymmetric problems was discussed in the
early papers of Lanczos [35, 36], which is essentially an eigenvalue approximation
method. The detailed procedure can be seen in [63, 24]. Various algorithms
can be seen in the works of [25, 34, 46, 53]. Also, the Lanczos method has
been developed to solve system of linear equations by using residuals lying in a
Krylov subspace associated with the unsymmetric coefficient matrix of the system.
There are several algorithms variable, such as Generalized Conjugate Gradients
(GCG) [3, 4, 31, 32], Orthomin [59], Orthodir [68], Manteuffel-Chebyshev [38,
39], Bi-Conjugate Gradients (BCG) [18], Induced Dimension Reduction [61], and
hybrid combinations of CG generalizations and Chebyshev [17]. Others can been
seen in [12, 40, 49, 56, 62].

However, in the past, a number of mathematical challenges have hindered the

application of this type of method to the system of linear equations discretized
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from the time dependent Partial Differential Equations (PDE), such as advection
dispersion equations. One of these is the “breakdown” or “near breakdown”
problem which occurs when a zero or near-zero pivot (i.e., a zero or near-zero
value in a division) is produced. A zero pivot will cause the algorithm to fail and
a near-zero pivot may cause numerical instability [21]. This situation can not
occur in either the SLR or AR processes.

Another difficulty arises when a reduced system loses accuracy during the time-
stepping process (instability). Even when the original semi-discretized problem
(1.2) is stable with respect to time, (i.e., all the eigenvalues of the system (1.2)
have positive real parts [11]), the reduced system may not be stable. Note that
modal reduction methods are basically eigenvalue approximation methods. If a,
‘true’ eigenvalue is located near or on the imaginary axis, then an approximate
eigenvalue may be relocated to the left half of the complex plane. An example
can be seen in Chapter 5, Figure 5.2. However, generally, this situation can not
occur in the AR method; a detailed discussion can be seen in §4.1 later or [20].

The contributions of this thesis are:

e development of a Maximum-Pivot New-Start Vector (MPNSV) method to

overcome breakdown or near breakdown situations in the ULR approach,

e a solution for the case of a “pathological breakdown” by switching to an

Arnoldi reduction-based method from ULR process,

e analysis of relative residual error bound for single and multi-species, which

can be used to monitor and terminate the ULR process.

e development of an Eigenvalue Translation (ET) technique to overcome in-
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stability problems in time,

e successful applications of the ULR method to single and multi-species decay
problems and analyses of these applications including error comparison,

advantages, limitations and

e a solution for the starting vector of the ULR method applied to the multi-

species decay chain problems.

The main contributions are more fully discussed below.

Various methods of trying to overcome the breakdown and near breakdown
problems have been developed. For example, the well-known look-ahead Lanczos
algorithm (LAL) was provided in [51]. A “nongeneric” Lanczos algorithm was
developed in [26, 27] and an alternate method called the New-Start Vector method
was given in [66]. Some new algorithms that substantially mitigate the problem
of breakdown for nonsymmetric systems of linear equations were given in [31].

In this thesis, when breakdown occurs, a new starting vector with the max-
imum pivot is constructed and replaces the old Lanczos vector. A new Krylov
subspace is then formed by adding the subspace generated by this vector to the
old Krylov subspace. The resulting reduced system becomes a “special band ma-
trix”, with lower band width of one and an irregular upper band. This approach
is a modification of the New-Start Vector method of [66], so it is referred as
Maximum-Pivot New-Start Vector (MPNSV) method.

Unfortunately, the breakdown may be pathological; i.e., the maximum pivot
is very small or less than the pivot tolerance. It is then impossible to find a new

starting vector within the subspace which is orthogonal to the generated right
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Krylov subspace, because that the pivot of the new starting vector produced by
the MPNSV method is the maximum. If this situation occurs, the breakdown is
considered to be pathological and the Switch method is used to change over to
an Arnoldi Reduction method in order to continue the solution process.

Our implementation, which constructs a new starting vector, is different from
the one in [66]. There, a new starting vector is chosen randomly so that the pivot
may not necessarily be improved. If this situation happens, the method chooses
another new starting vector randomly. After a number of unsuccessful trials, the
method decreases the pivot tolerance to force the process to continue. Decreasing
the pivot tolerance could lose accuracy of the solution. The experiment in §5.2
shows that there is a balance between pivot tolerance and accuracy. Moreover,
if the right Lanczos vectors are almost linearly dependent, the maximum pivot
must be very small (discussion in §3.2). Thus decreasing the pivot tolerance will
cause numerical instability. A detailed discussion about linear dependence can be
seen in [19, 60]. The intention in developing the MPNSV method and the Switch
method is to develop a robust algorithm that can handle these situations.

In order to stabilize the reduced system which is generated by the ULR method,
the Eigenvalue Translation (ET) technique is used to translate all eigenvalues from
the left half complex plane to the right half while keeping all others in the right
plane, thus making the translated system stable. Although this approach to the
problem is new, the idea translating eigenvalues to stabilize a linear system has
been around for a long time. Eigenvalue translation has been exploited in [33] to
translate eigenvalues located far from the point (1,0) in the complex plane into a

vicinity of that point in order to improve the convergence rate of the GMRES(k)
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method. In [55], unstable eigenvalues are translated from one half complex plane
to the other half to ensure a stable algorithm for partial pole assignment in linear
state feedback using Projection and Deflation methods. Another approach for
overcoming this instability is described by Grimme at al [23] based on an Implicitly
Restarted Lanczos method to stabilize a system in which unstable eigenvalues are
discarded.

To test and demonstrate the ULR method, this thesis gives the results of
numerical experiments performed by the method, including error analyses and
comparisons of the ULR results against the classic Crank-Nicolson method. The
classic Crank-Nicolson method is defined as the directly applying Crank-Nicolson
method to equation (1.2) without reduction. Applications to the simple one and
two-dimensional examples are demonstrated. The representation of physical field
problems is studied.

Also, applications of the ULR method to the multi-species radionuclide decay
chain problems are developed. The existing “one-step” approach as referred in the
text [14] to solve these problems is numerically complicated. In this reference, it is
commented that “Most of the more general implementations of this scheme have
been for one-dimensional transport. Extending this approach to two-dimensional
problems is a formidable task”. In this thesis, the application of the ULR method
enables the extension of the “one-step” approach to higher dimensional problems.
The application includes a new method for choosing a common starting vector for
all species in order to ensure the ULR method is convergent. This convergence
is ensured for the single species model (see [16, 43]), but that result does not

generalize to the multi-species very well.
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These applications have showed the tremendous advantages in computation
time and storage saving. It can be concluded that the ULR method together with
the ET technique is an effective alternative for solving contaminant transport
problems in porous media, and in particular for the radionuclide decay chain

problems.

1.2 Organization of the thesis

This thesis is organized as follows. In the next chapter, a basic overview of
the SLR and AR methods is introduced. Chapter 3 deals with the Unsymmetric
Lanczos Reduction (ULR) method. The implementation of the MPNSV method
for handling the breakdown or near breakdown situation is discussed. The Switch
method for overcoming a pathological breakdown is also described, and the rela-
tive residual error bound which is used to monitor and determine the termination
of the process is given. Chapter 4 explores some of the theoretical aspects of
instability. This analysis includes a new method of Eigenvalue Translation (ET)
technique. In Chapter 5, 6 and 7, the ULR method is applied to the transport
problems in subsurface hydrology. The results of numerical experiments of these
applications are presented. Chapter 5 analyzes simple one and two-dimensional
problems. Chapter 6 illustrates the application of the methods to field problems
and Chapter 7 discusses radionuclide decay chain problems. Finally, the thesis
concludes with some remarks in Chapter 8.

Householder notational conventions with a few noted exceptions are used in
this thesis. Bold upper case and lower case Roman letters denote matrices and

column vectors, respectively. Bold zero,0, is a matrix or vector with all zero value



§1.2 Organization of thesis 11

entries. Lower case Greek denotes scalars. The superscript * denotes the conju-
gate transpose of a complex matrix or vector, or just transpose of a real matrix
or vector. m, n, £ are integers for dimensions of matrices and 4, J, k, T are index
variables. ¢ is the time variable. I, = [e,e,,...,e,] is the identity matrix with
dimension n, where the columns e;, i = 1,2, ..., n is n-vector whose components
are zero except that the 7’th is one. Sq, denotes the subspace spanned by the
column vectors qi, qg, . . ., q;, of the matrix Q;, i. e. Sq; = span{qi,qs,...,q;}.
Séj is the corresponding complementary subspace. R" is the usual linear vector
space over the real numbers with dimension n. || - || in this thesis represents the
M-norm defined by ||| = (x*Mx)'/?, unless otherwise stated. Throughout this
paper, n is the size of the original system (1.2) and m is the size of the reduced

system so that m < n.



Chapter 2

The Symmetric Lanczos
Reduction and the Arnoldi
Reduction methods

2.1 The Symmetric Lanczos Reduction (SLR)
method

In this chapter, the SLR and the AR methods are reviewed. Similar algorithms
and proofs of these results can be seen from [21, 15, 16, 42, 43, 44, 45, 65].

The SLR process begins by changing (1.2) to
(2.1) A7'Mé+c+ A7'Se = A lbu(t),

where A is the symmetric part of K, i. e, A = (K + K*)/2, S is the skew-
symmetric part, i. e., S = (K — K*)/2, b is a time independent vector and s(t)
is a scalar such that f(¢) = bu(t). The method generates a set of Lanczos vectors
1,42 .-+, 9m (M <K n) to form a M-orthogonal matrix, Qm = (qi, qs, . . oy Qm)
(. e, QLMQ,, =1,), as follows:

12
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Algorithm 2.1 Start from an initial vector ro = A™'b, then calculate for j =

0,1,2,...,m — 1, recursively,

1) Bim = (rMr))?,
1
9 gy = ——r,
() o1 = g, MA'Mq,,,

{ A~ Maq 41 — 10541 — Bi+14;, J#0,

4 r; - )
(4 rin A™'Maqj41 — 010541, j=0.

Thus, the matrix Q,, - [d1,92, - - -, Q] and the tridiagonal matrix

[ (631 52
B2y B3
o
(2.2) Ty = Fa o
Om—1 6771
] Bm O |
are formed.

From the above algorithm, the following equations hold

(2.3) AT'MQ,, = QT + rel,
and
(2.4) Q;,MQ,, =1,, and Q) Mr, =0,

where I, is the m x m identity matrix and the m-vector e,, is the m’th column of

matrix I,. Two equations in (2.4) are referred to as the M-orthogonality property.
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Based on equations (2.3) and (2.4), we apply the standard Rayleigh-Ritz re-

duction procedure to (2.1). Substituting the approximate transformation
(2.5) c=Qn,w

into (2.1), where w is the m-vector, and then left-multiplying Q;,M to the both

sides of the result, it follows that
Q,MA™"MQ,W + Q;,MQw + Q,MA™'SQ,,w = Q, MA bu(t).

Considering equations (2.3) and (2.4) and A~'b = ry = f,q1, the above equation

becomes

where E,, = Q;; MA™'SQ,, and T,, is a tridiagonal matrix (2.2).

The initial conditions for the above equation can also be constructed accord-
ingly. Once the solution is obtained by solving the reduced system (2.6), the
approximate solution to the original equation (2.1) can be obtained by substitut-

ing the solution w back into (2.5).

2.2 The Arnoldi Reduction (AR) method

The AR method can be also used to reduce the size of system (1.2) to a small
set of equations. Unlike the SLR method where the Krylov subspace is formed

based on the symmetric matrix MA~'M, the AR method generates the subspace
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directly based on the unsymmetric matrix MK~!M. Thus, (1.2) is changed to
(2.7) K™ 'Mé+c = K lbu(z).

The reduction procedure is nearly identical to the SLR method.

Algorithm 2.2 Starting from a vector ro = K~ 'b, calculate recursively for j =

0,1,2,...,m—1,

(1) Bin = (I‘;MI‘J‘)%
1
9 . - g,
( ) q]—H 5j+1 QJ
(3) oy = q;+1MK_1MQj+1

@) WY = ¢MK My, i=1,2,...,5
J .
K_IMCI]'—!—l - Z’Yﬂﬂjﬂ—i — 419541 J#0
G) rn = i=1

K 'Mq; — a1q; j=0

Thus the M-orthogonal matrix Q,, = (qi,qs,...,q,) and the Hessenberg

matrix
A (e el
B2 ’Y§) ’
B3 a3 . ’
(2.8) H, = : : 1
" I ’Y7(n)~1 o
Om—1 ,},7(nm—1)
L ﬂm am .

are formed.
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Analogous to the SLR method, we also have the following results

(2.9) K'MQ., = QnH,, + rpel,
and
(2.10) Q.MQ,, =1, and Q) Mr, =0,

where I, is the m x m identity matrix and the m-vector €., 1s the mth column
of matrix I,,.
The same Rayleigh-Ritz reduction process as in the SLR method is used. Mul-

tiplying Q;, M to (2.7) and substituting the approximate transformation

(2.11) c=Q,,w

into the result, and using (2.9) and (2.10),

(2.12) H, W +w = e; 0 u(t)

follows, where H is the Hessenberg matrix (2.8). Similar to the SLR method, the
initial conditions for the above equation can also be constructed accordingly. Once
the solution is obtained by solving the reduced system (2.12), we may obtain the
approximate solution to the original equation (2.7) by substituting the solution

w back into (2.11).

2.3 Conclusions

In this chapter, the SLR and AR methods are briefly reviewed. Both methods
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are based on the Gram-Schmidt M-orthogonalization process to construct an M-
orthogonal basis for a Krylov subspace. The basic difference between them is
that the Gram-Schmidt process is applied to a symmetric matrix in the SLR
method, and a unsymmetric matrix in the AR method. Accordingly, the SLR
method uses a three-term recurrence, while in the AR method all produced vectors
are presented in the recurrence. Both methods tremendously reduce the size of
the system and are very economical in computation time for solving the linear
system (2.6) or (2.12). Thus, these methods stand out as potentially important
ways of solving transport problems.

Numerical experiments have shown that the either method can fail to per-
form well if the M-orthogonality is lost. Error analyses, e.g. in [8] indicate that
the rounding error significantly affects the M-orthogonality when applying the
Gram-Schmidt orthogonalization process ((4) in Algorithm 2.1 and (5) in Al-
gorithm 2.2). Various modifications to the Gram-Schmidt method have been
suggested to improve the M-orthogonality. For instance, the Modified Gram-
Schmidt (MGS) process [21], the Householder orthogonalizations [60], the Iter-
ated Modified Gram-Schmidt (IMGS) [29] and recently, the Ordering Modified
Gram-Schmidt (OMGS) orthogonalization [47). Based on the theoretical anal-
ysis and the examples presented in [47], OMGS appears to provide a powerful
alternative to other orthogonalization methods.

The basic concept discussed in this chapter will be generalized and developed

in the ULR method in the following chapters.



Part 11

Theoretical Aspects of the ULR
Method
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Chapter 3

Unsymmetric Lanczos Reduction
(ULR) method

3.1 Introduction

In this chapter the ULR method is explored for solving the equation
(3.1) K™ '™Meé +c =K 'bu(t).

This equation may be obtained by multiplying both sides of equation (1.2) by K~1.
Note that K™'M is an unsymmetric matrix. Unlike the SLR, this method uses
the two-sided Gram-Schmidt biorthogonalization method ([21, 35]) to generate
biorthogonal bases of a pair of Krylov subspaces. Unlike the AR method, the
ULR method is able to use three-term recurrence to produce the Lanczos vectors.

The current chapter is organized as follows. This section briefly introduces
the two-sided Gram-Schmidt biorthogonalization method and the New-Start Vec-
tor method [66] which are the bases of the ULR method. The New-Start Vec-
tor method has been used to overcome breakdown problems. Then in §3.2 and

§3.3, the Maximum-Pivot New-Start Vector (MPNSV) method and the Switching

19
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method are developed to modify the New-Start Vector method. §3.4 presents the
algorithm of calculating the relative residual error bound which is used to monitor
and terminate the ULR process. §3.5 gives the general algorithm for the ULR

method. Finally, §3.6 concludes with some remarks.

3.1.1 The two-sided Gram-Schmidt biorthogonalization
method
The discussion of the ULR method begins with the Gram-Schmidt biorthogo-

nalization process. Starting with the left and the right starting vectors qo = po =

0,
Kb

-2 g —_— ———————
(3.2) q1 = P1 K-1b]||’

and scalars y1 = (3 = 0, the Gram-Schmidt biorthogonalization process generates

a pair of sequences

(3.3) Qr ={a1,q2,...,qm}, and  Pp={p1,p2--,Pm},

which are defined in terms of the three-term relations, i. e.,

(3.4) Bimr1 = 1; =K 'Ma; — ajq; — 7q5-1,
(3.5) Vj+1Pjyy = s;=p;MK™ @;Pj — BiPj_1,
Jj=1,2,...,m, where

(3.6) a; = p;MK™'Mq,



§3.1.1 Two-sided Gram-Schmidt Process 21

and f3;11, v;4+1 are calculated from the formulae

s*Mr;
(3.7) Bir1 =lIesll, v = Jﬂ <.
J+1

Il - || is the M-norm. (p1,p2,...,Pm) and (qi,qs, .. ., Qm) are referred as the left

and right Lanczos sequences, and
{p, PIMK™, p{(MK™)?, ..., p{(MK ™')™}

and

{ql, K—qul’ (K_IM)2ql, ey (K_lM)m_lql}a

are the left and right Krylov subspaces, respectively.

In matrix form, it is easy to show that the following properties are true [43].

(3.8) P; MK'MQ,, =T,, P:MQ,=1I, P*Mr,=0
and
(3.9) K'MQ,, = QT + rpes,

where I,, is the identity matrix and T,, is a tridiagonal matrix

oy Y2
By Y3
B3 a3

Q1 Ym
B Qm |
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The property of P* MQ,, = I, is referred as the M-biorthogonality. Equa-

tion (3.9) can be obtained by changing equation (3.4) into the form

K_lMCIj = ¥;45-1 + ;95 + Bj11d41,

and assembling it from 7 = 1 to j = m in matrix form.
P, is the trail matrix (so called in [44]) and Q,, is used in the Rayleigh-Ritz

reduction. By substituting the approximate transformation
(3.10) c=Q,w

into (3.1), pre-multiplying the resulting by P* M, and by taking account of rela-

tions of (3.2), (3.8) and (3.9), the reduced system is obtained, i.e.,
(3.11) T,w +w =P, MK 'bu(t) = Bie,ult),

where ; = ||[K~'b|| and e; is the first column of identity matrix I,,. The last
equality holds because of K~'b = f;q; and biorthogonality of (3.8). The above
reduced system is a tridiagonal of size m, where m < n. Solution of (3.11) is

computationally trivial [45].

3.1.2 New-Start Vector method

Analysis of equations (3.4), (3.5) and (3.7) show that the Gram-Schmidt pro-
cess could prematurely terminate at step j (j < m) if:

(1) r; ;é 0, 84 ;é 0 and
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,: |siMq;1|
! [Is;ll
vanishes, or is numerically small. w; is referred to as the j’th pivot as
in [66].
(2). rj #0 buts; = 0.
(3). r; =0.

Termination in case (3) is an ideal situation, because the right Lanczos se-
quences define an invariant subspace and the approximation (3.10) is an exact
solution. Cases (1) and (2) represent serious problems. If w; = 0 or s; = 0,
the algorithm must terminate because non-zero vectors Pj+1 and q;y4; cannot be
computed. This is referred as the “breakdown” problem. Moreover, it might be
expected that the numerical process is unstable due to rounding error if w; 1S very
small, (see for example [63]). This is referred as the near-breakdown problem.

Note that the Lanczos and Arnoldi sequences in the SLR and AR methods are
M-orthogonal. Hence it is easy to see that both methods are special cases of the
two-sided unsymmetric Lanczos method described above. The pivots in each step
of the SLR and AR methods are always equal to one, and therefore there are no
breakdown or near-breakdown difficulties in these approaches.

In the ULR method, when case (1) breakdown occurs, i.e., w; = 0 or w; is
very small, r; # 0 and s; # 0, the New-Start Vector method chooses a random

vector x and then biorthogonalizes it against qi, qo, . . ., q;. This can be achieved
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by

(312) §;, =X — (51p1 — 52p2 I S 5jpj,

where 0; = qfMx for 1 < ¢ < j. If the new pivot w; greater than the prefixed
tolerance, the new left Lanczos vector pj+1 may be computed by the formula

S .

3.13 = —a
( ) DPj+1 s"Mqj1;

Otherwise the method uses another random vector. If after a certain number of
trials are unsuccessful, the method decreases the tolerance.

After the introduction of the new starting vector p,.1, the method continues
to construct biorthogonal bases. To this end, the Gram-Schmidt process should
be modified. Generally, the left and right Lanczos sequences are generated by the

formulae
K t
(3.14) Bingjrn = r; =K 'Ma; - ajq; — Y7 ;4
=1

kg“*"l * * - *
(3.15) AU = s =Py MK — oy upl -8 p)

K ‘
SD DL/ Y
~ J—kit T gk 4

where k! and kJ are denoted as the number of terms involving - in the construction

* : - (k341) _ (ki) . -
of r; and s; at step j, respectively, v, = ;1 ' is used in the next step, and

J

(3.16) o = q’MK ™' Mg;, % = p_,MK~Mq,,
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wheret = 1,2,..., k. If no previous breakdown occurs, kJ = 1 and k! = 0. Equa-
tions (3.14) and (3.15) therefore are reduced to (3.4) and (3.5). If no breakdown

occurs at step j, the New-Start Vector algorithm sets
(3.17) Et'=ki+1 and kY =4

Then equations (3.14) and (3.15) are repeatedly computed for j + 1. If the break-
down occurs at this step, s; and p;41 are reconstructed from (3.12) and (3.13).

The algorithm sets
(3.18) Et'=kl+1 and K=k +1,

and goes to the next step.
When case (2) breakdown or near breakdown occurs, i.e., r; # 0 but s; = 0,
there may be two subcases, k] = 0 or kI # 0. If kI # 0, the new vector s can

still be constructed by using the subspace Sp;. That is, the algorithm sets
(3.19) K o=ki—1

and then uses (3.15) to compute s; again. If kI = 0, the above approach can not
be used because k! becomes negative. Instead, the algorithm randomly chooses
a vector and then constructs a new starting vector by the formulae (3.12) and
(3.13).

Similar to the previous section, matrices Q,, and P,, are denoted by (3.3).
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Changing equation (3.14) into the form

1qu Z 7] j—t + a](h + ﬁJ—HQrHa

and assembling it from j = 1 to j = m results in the matrix form equation (3.9).
Note that T, is the m x m “special band” matrix with lower band width of one

and irregular upper band, whose i’th column for 2 = 1,2,...,m is of the form

(Oa e 707 Vz(k;‘)a 7§k;~1)a L) 7%1), (&7 /Bi—i—l, Oa ey 0)*7

where «; is the diagonal entry. It can also be verified that the relations (3.8) are
valid [66], which will be introduced by Lemma, 3.1 in §3.3.2.

According to the above algorithm, if the new pivot w, is less than the prefixed
tolerance, this algorithm utilizes another random vector. After a certain num-
ber of unsuccessful trials, the algorithm decreases the tolerance [66]. However,
decreasing the pivot tolerance will result in a loss of accuracy in the solution.
Table 5.6 in §5.3 shows an example when the pivot tolerance is decreased from
107 to 1071, the Root-Mean Square (RMS) errors (defined in §5.1) increase 3-6
orders of magnitude. So, according to an accuracy perspective, decreasing the
pivot tolerance may not be a useful approach in some problems. Moreover, if the
maximum pivot is very small, §3.3 shows that the right Lanczos vectors are al-
most linearly dependent. This will cause a loss of M-biorthogonality. [8, 60] have
given a detailed discussion about this problem in the orthogonalization algorithm.

On the other hand, even if decreasing the pivot tolerance is adopted, one cannot
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ascertain how many trials should be taken before decreasing the tolerance. If the
maximum pivot of new starting vector is less than prefixed pivot tolerance, any
further trial is futile.

Because of these problems, a “Maximum-Pivot New-Start Vector (MPNSV)”
method and a “Switch Method” are developed to improve the above problems.
The MPNSV method produces a new starting vector whose pivot is the maximum.
In other words, if the new pivot is less than a specified tolerance, any further trials
that randomly chose a new starting vector are unnecessary. This is referred as
a pathological breakdown. The Switch method switches the process to the AR
algorithm so as the pivots after switching will always be equal to one. The MPNSV

method and Switch method will be discussed in §3.2 and §3.3 respectively.

3.2 The Maximum-Pivot New-Start Vector
(MPNSV) method

3.2.1 New starting vector with maximum pivot

Analysis of the New-Start Vector method indicates that any non-zero vector x
which is M-biorthogonal to the subspace Sq,, that is x*Mq; = 0 for any q; € Q;,
can be chosen to be a new starting vector. In this thesis, the MPNSV method

tries to find a new starting vector §; such that

- ] b Aq]+1l — max |x qj+1|,
Bl sl T

where ©; denotes the maximum pivot at step j. Then pj1 = §;/ §7Mq; 1.

It is well known that if q;4; # 0, ;41 is the sum of two unique vectors g
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and g,, where g; € §$j and gy € §¢.. It is shown in [66] that g; is the vector
whose pivot is the maximum. Therefore g; can be chosen to be the new starting
vector §;. Thus §; can be expressed as a linear combination of q;;; minus the

base vectors in §,:

J
(3.20) 8 =81 = qjt1— Y 0k
k=1

Since q;M$§; = 0, for s = 1,2,...,7, the 0, k = 1,2,..., 7 are the solution of

1

equations
J
Z(Skq:qu:q;(qu+1a i:1727"~’ja
k=1

which can be expressed in the form of matrices
(3.21) Q:MQ;d = Q;Mq;;1 = h,

where the transposed vector d* = (41, 6s,...,d;) and h is a column vector. Since
Q;MQ; is a positive definite matrix there is a unique solution to (3.21) and
pivoting is unnecessary in the Cholesky factorization of the matrix.

Extra computational effort results mainly from the Cholesky factorization of
Q;MQ; = LL*, where L is the lower triangular matrix. Suppose that two suc-
cessive breakdown or near breakdown conditions occur at step j; and js. De-
noting j = j» — j; and Q;, = [Qj;, Qs], then the Cholesky factorizations are

mMQ;, = L, L} and Q;,MQ;, = L;,L? . Hence,

7171 J2 792"

L;L;  Q,MQ;

J1 J1751

;ZMQjZ - I: Q;f :IM[ Q;, Q; = Q;Mle Q}(MQj

=L;,L,.
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L;, can be written by
h L; ©
72 [ él L; } '

where B is of size j X j; and L; is the lower triangular matrix with size 7 x 7. B
and L; may be obtained by Cholesky algorithm on the new blocks Q;MQy, and
Q;MQ; only, since

L;L: L; B*

J1

Ly, L, = BLi BB*+L;L}

The algorithm for the MPNSV method is presented below.
3.2.2 Algorithm
Algorithm 3.1 Suppose that ji and jy (j1 < js) are the numbers of steps at

which two successive breakdowns occur (if only one breakdown occurs, j; = 0).

Q, ¢ =1,2,...,jo + 1 are right Lanczos vectors and Q, MQ;, = leL;‘.l, where

Q= [Q1,Q2,---,qj1] and

lll
l21 l22
L; = ) )
b lyyr o0 Ly,

(1) i =aMaq;, i=ji+1,0+2,....05 =1,2,...,7
(2) h; = qiquz—l-la 1= L2,... ,j2

(3) Fori=j1+1,...,50 and j = 1,2, ..., 1
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Lj=l;—ligxlig, k=1,2,...,7—1
(4) For j = j1 +1,...,j, (without pivoting)
Li=l;i—lLe*lix, k=1,2,...,5—1
Ifl;; <0
7, MQ;, is not a positive definite matriz or is ill-condition.

Then stop the process.

else
g =1li;j/li;
Lii =/l
end if

(5) Forj=ji+1,....,5o andi =51 + 1,51+ 2,..., 72
Lj=lL;—lLrxlix, k=1,2,...,5—1

(6) Form the lower triangular matriz Ly,

(7) Solve for d from the equation L;,L},d = h by forward and forward
substitution, where h* = {hy, hy, ..., hj,} (see (3.21))

(8) Set j1 = j, for next breakdown use.

(9) Return to the main algorithm (Algorithm 3.4).

3.2.3 Summary and remarks

(1.) Computation and storage.

30

Suppose that there are several breakdowns or near breakdowns occurring dur-

ing the process and the last breakdown occurs at step jm (jm < m < n). The

total cost of computation of the MPNSV method will mainly come from the

Cholesky factorization of one matrix Q5 MQy,, and forward and backward sub-



§3.2 The MPNSV method 31

stitutions. Each previous Cholesky factorization is only a corresponding part
of the whole factorization of Q;.MQ;,. Noting that the fact m < n and
that Mq,, Mqqy, ..., Mgq;, have already been calculated and stored during the
computations of r; and s;, j = 1,2,...,j,, the computation of the s is inex-
pensive in comparison with the method which picks up the new starting vector
randomly [66]. From (3.12), that method also needs to compute q*Mx and store
qGgM for 1 <i< jp.

(2.) Condition number

An 4IP’ condition number will cause the Cholesky factorization to fail. Wilkin-
son pointed this out in his paper ([64]). Golub and Van Loan also gave an example,
where the dimension of the positive definite matrix is only 3 x 3. Nevertheless the
process breaks down, if it is rounded off to 2 decimal places (see [21]). This is a
disadvantage of the MPNSV method comparison with the method which choses
a new starting vector ramdonly. However, the conditioning of the matrices of
system (1.2) is always an important issue, because the accuracy of LU factor-
ization of K depends on its condition number. Detailed discussion can be seen
in [21]. The condition numbers of the “capacity” and “conductivity” matrices are
important to consider, no matter what method is used to chose a new starting
vector when applying the ULR method.

(8.) Pathological breakdown

It is possible that the new pivot computed from Algorithm 3.1 is still less than
a specified tolerance. In addition, if the new pivot is very small, (3.20) shows that
the right Lanczos vectors qi, g, . . ., g;4+1 are almost linearly dependent. Thus the

M-biorthogonality, P71 MQ,;, = I;4; is lost. Because the new pivot produced
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by the MPNSV method is the maximum, any further trial is unnecessary. Such
situation is referred as “pathological breakdown”. If this situation occurs, the
ULR process can be switch to the AR algorithm. This process will be discussed
in the next section. In short, the advantage of the MPNSV method is that one

can quickly check the situation without additional computational effort.

3.3 The Switch method
3.3.1 Switching to the AR method

The Switch method switches the ULR process to the AR algorithm so that
P, is always equal to q; in each step after switching. Consequently, the corre-
sponding pivot is always equal to one. However, this will partially lose the M-
biorthogonality. For example, if this situation occurs at step 7, it is considered
that the pathological breakdown occurs or qu4; is an almost linear combination
of q1,92,...,qm. Thus, gms; should be reconstructed again. To this end, let
Pm = Qm. Then gy, is reconstructed using formula (3.14) where j is replaced

by m. v ¢ = 1,2,..., kT are still formed from (3.16), but

kT
@n = PR MK "Man — 3 78 p5Mam—s.
t=1
Therefore, set P11 = Q1. Thus, it is proved in Theorem 3.1 that

p:ﬁqu 7é O, p:h-}—quj 76 07 1 S j S m — 13
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but

and

p:thm—l-l =0, p:n_;_lMQm = 0.

After that p; and q;, 4,5 > 7 + 1, continue to be formed according to this idea.
The detailed algorithm follows. For the sake of simplicity, k™ is replaced by k, in

the algorithm.

Algorithm 3.2 : Set ps = qm. Then, do forj=m,m+1,...,m.
(1) %) =pMK'Mq;, i=m—k,m—k+1,...,m—1

i—(m—k:)
(2) 7/ =pMK'Mq; — Y +piMaq,_,,
t=f—mt1
i =2, — 1
J—(m—kr)
(3) o = P;MK'Maq; - > +"p;Mq;
t=j—mt1
(4) If j =m — 1 go to (11)
J—(m—k:)
(5) rj = Bindj1 = K''Maq; —oyq; — > ’Y]('t)%‘—t
t=1

(6) Bj+1 = [|x;]]

(7) Check the relative residual bound (see §3.4, (3.89)).
If it is less than tolerance, go to (11)

) @i = g5

(9) Pj1 = Qi1

(10) Go to (1)

(11) Form the reduced system (3.11) and solve it
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Note the following points concerning this algorithm. Denoting
[Pr P2 - Pm1] =P1, [Pm DPmst -+ Pm] =P, [P1 Py =P,
[ @2 - an-1] = Q1 [Am Amit 0 Gl = Qo [Q1 Qa) = Qu,
in the next subsection, it is proved in Theorem 3.1 that
PIMQ; =1, P:MQ, =1, and PIMQ, =0,

where I and I, are (m— 1) x (M — 1) and (m — M + 1) x (m — @ + 1) identity
matrices and 0 is (m — 1) x (m — m + 1) 0 matrix. However, PXMQ; is not 0.

Furthermore, it is also proved that
P: MK MQ,, =I'T,,,

where IT" satisfies

orve [ 2]

where

H == P;MQl,

and T, has the form of
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T, =
|
T )
DTN yEAD L ylketmem)
R I I () Y et
e B e B e R ki
(3.22) S : CRNG
‘ m—1 m Tmr1
T o
B | am ’)’7(731
| Bt 41
’ /BTTH-Z
| 7D
i 1 - O, |

where q; for all i < m are diagonal entries, all ys in the upper-right corner are
computed from (1) in Algorithm 3.2, while these in the lower-right corner are
computed from (2) of the algorithm.

The proof of the Switch method is presented in the next subsection.

3.3.2 Proof of the Switch method

If no pathological breakdown occurs, [66] gave the theorem that the New-Start



§3.3.2 Proof of the Switch method 36

Vector method ensures equations (3.8) and (3.9) are valid, i.e.,
(3.23) P, MK'MQ,, =T, P:MQn=1, P*Mr, =0

and

(3.24) K '™MQ,, = QuTn +rpel..

This subsection shows the corresponding results for the Switch method. In order
to accomplish the proof, the following lemmas are introduced. Similar results of

Lemma 3.2 and 3.3 can be found in [66, pp. 187]. Here provides another approach.

Lemma 3.1 The two-sided Gram-Schmidt method with New-Start Vector method
produces M-biorthogonal sequences {p1,P2,...,4m}, {Q1, 92, -, Am} (M < 1)
and n-vector rp. Pr and Q,, are n x m rectangle matrices defined by Q,, = [a1,
a2, - Am] and Pry = [P1, P2, .- ., Qm). If no pathological breakdown occurs, then
equations (8.23) and (3.24) hold, where T, is an m x m special band matriz with

lower band width of one and irregular upper band, and its i, entry satisfy

aj’ 1= j>
=) 0<j—i<ki
25 T;=p;MK 'Mq;={ %7 » U<J7is,
(3 ) J b; q] /Bi, ] = — 1,
0, otherwise.

Lemma 3.2 Under the conditions of Lemma 3.1, let j be integer with § < m, and
let kI be the number of terms involving v in the formula for s} in equation (8.15).
Thenj—ki,j=1,2,---,m—1isa non-decreasing integer sequence starting at

1— k!l =1 and ending at (m — 1) — k™ 1.
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PROOF: According to equations (3.17), (3.18) and (3.19), k! is determined
twice, in step j — 1 and step j. There are two situations about process going
from step j — 1 to step j. (a) no breakdown occurs at step j — 1, then kf = k=1,
and (b) breakdown of case (1) or case (2) with k~! = 0 occurs at step j — 1,
then &7 = k=1 + 1. If breakdown of case (2) with kJ # 0 occurs at step j — 1,
k] = kI —1. This situation could be repeated y times until one of cases of (a) and
(b) occurs and then goes to the next step. Thus, ¥/ = kJ — 4 > 0. The increment

of j — k7 is given in Table 3.1 below.

Table 3.1: Increment of j — kJ

Step j — 1 Step j Increment
no breakdown no breakdown 1

or breakdown of case (1)

or of case (2) with &k =0

breakdown of case (2) with kI # 0 pu+1

repeated u times

breakdown of case (1) no breakdown 0
breakdown of case (2) or breakdown of case (1)
with k271 =0 or of case (2) with k! =0
breakdown of case (2) with kZ # 0 m

repeated 1 times

Lemma 3.3 Under the conditions of Lemma 8.2, for each positive integeri =1,

2, ..., (m—1) — k"1, there ezists a positive integer j < m — 1 such that

. i
* — kﬁ * * *
(3.26) p;MK™' = ’Yg('+1+1)Pj+1 +aipi + Bipi_ + Y ’Yz(?tpwt;
t=1
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or

i—i
(3.27) p;MK™ = a;pf + Aipi, + > 400l
t=1

PrOOF: Lemma 3.2 indicates that there are two cases: (I) There is a unique
integer j or there are several successive integers js (j < m) such that i = j — k.
(IT) There is a unique integer j < m and a some positive integer v such that
-1 —kit<iandi+v=j—kl.

For case (I), if there are several successive positive integers js satisfying i =
j — ki, the largest one is chosen such that i = j — kI < (j + 1) — k4*1. From

Table 3.1, there are three subcases matching this situation.
(a). No breakdown occurs at step j and any situation occurs at next step.

(b). Breakdown of case (1) or case (2) with k! = 0 occurs at step 7 and followed

by case (2) with kJ*! #£ 0.

(c). Breakdown of case (2) with kJ # 0 repeats several times until one of above

occurs.

If (a) occurs, from (3.15), it is obvious that (3.26) holds with i = j — kJ. If
(b) occurs, pj41 is not produced from (3.15), but from New-Start Vector method,
and (3.26) does not hold any more. According to equation (3.18), in the next
step, kI*!1 = kI + 1, here k/*! is temporarily used. Then 8;j+1 is calculated
using (3.15). That breakdown of case (2) with kJ*! # 0 occurs in step j + 1
means s;41 = 0. Therefore, in this temporary stage, (j +1) — ki*! = j — ki = 4.
Substituting s;4; = 0 into (3.15), replacing j by j + 1, k/ by ki*!, and then

replacing (j + 1) — kI*! by 4, Finally, replacing j + 1 by 7, therefore the upper
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limit k! = j — 4, (3.27) follows. For (c), the situation eventually is one of the two
subcases, (a) or (b).

Case (II) implies that the repeated breakdown of case (2) with k4 0 occurs
in step j, i.e., s; is temporarily calculated to be zero from equation (3.15). The
algorithm sets k7 = kJ — 1 immediately after when s; = 0. If the situation occurs
again, k] becomes kI. Set kI = kI — 1 again. Thus s; = 0 at any temporary
stage until such & that s; # 0. If (j — 1) — kI! < i < j — kJ, there must exist
a temporary stage at which j — kJ = i and 8; = 0 which is formed by replacing
kI by k! in equation (3.15). Substituting s; = 0 into equation (3.15), replacing
j— kI by i and kI by kI, finally replacing &/ in the upper limit of the summation

by 7 —1, (3.27) follows. This completes the proof. 0

Theorem 3.1 During the two-sided Gram-Schmidt biorthogonalization with New-
Start Vector process, assume that a pathological breakdown occurs at step m. Let
P1, P2; -+, Pm-1 and Qy, Q, - .., Qn-1 be produced from (3.14) and (3.15), and
Pm; Pm+tls -+ Pmy Qmy Qntl, -+ Om ond Yy be produced from algorithm 3.2.

Denote
P1 P2 - Pa1l=Pi, [P Pmi1 0 Pm]=Pa, [Py Py =P,

[a1 a2 - Gn1]=Q1, [Gm Gmt1 - Gm] = Q2 [Q1 Qu] = Qum,
where P, and Q.. are n X m matrices. Then

I, O

(3.28) T =P:MQ,, = [ oI,

} , P;Mr,, =0,
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where, II = P;MQ,, and PIMQ, = I, P;MQ, = I, are identity matrices.
Furthermore

(3.29) P; MK 'MQ,, = I'T,,,

where Ty, 48 an m x m matriz whose lower-right corner is a Hessenberg subma-

triz (3.22), 1. e.,

o;, 1 =7,
Bi, i=7j+1,

Tnlij)={ %5 0 0<j—i<K, <
f),](,j‘i), 0<j—1¢ and i>m—k™ j>m,

0, otherwise.

Here k! is the number of the terms involving v for forming x; in (3.14). When
Jj < m, a; f; and fyj(-j_i) are calculated from New-Start Vector process (3.25);

when j > m, all of them are calculated from Algorithm 3.2.

PROOF: Before step @, p1, P2, ..., Pm—1 and qi, g, ..., Qm_; are produced
by the two-sided Gram-Schmidt biorthogonalization with the New-Start Vector
method, Lemma 3.1 ensures that PIMQ; = I,.

For PTMQ; = 0 and P;MQ; = L, it is easy to see p;Mq; = 1 for all i > m,
from (6), (8) and (9) in Algorithm 3.2. The equation

(3.30) p;Mq; =0,

foranyi:1,2,-,--,mandj:m,Tﬁ+1,---,m+1Whenz’7&jcan be proved by

mathematical induction.
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Initially, it can be proved that (3.30) is valid for (I) j = 1, ¢ < 7, (II) j = m+1,
t<jand (IIl) j =m, s = m + 1.

For case (I), qm is produced from (3.14). Lemma 3.1 ensures that (3.30)
is valid for 4 < j because of equation (3.23), i.e., PiMr;_; = 0, and q,; =
Tm-1/Bm. For case (II), j = m + 1, r, is not produced from (3.14) but from
algofithm 3.2. Therefore, the approach to proving (3.30) is different. In terms of

(5) of Algorithm 3.2, it is obtained by replacing j by 7 such that

Pf MQm+1
1 L
= piM (K_lMQm — Qnlm — Y %(n)qm_t> .
/BﬁH-l t=1

=0

It can be proved that the above equation is equal to zero, noting that the M-

biorthogonality when 1 < 4,7 < m —1,

p:MK—qum :{ ’0)’7(—,571—@), ’T’

i,

T
_kr’

A5
A

<

from equation (3.25) and equation (3) in Algorithm 3.2. For case (III), since

Pm = Qm and Ppmy1 = Qepr1,
P:%HMQm = p;anQmH =0,

due to the result of case (II).

According to the principle of mathematical induction, under the assumption
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that there is a positive integer ¢ > 7 such that (3.30) is true for 1 < ¢ < ¢,
m+1<j<¥{ and s # j, it should be proved that equation (3.30) is also true
fortwocases (a) 1<i<{ j={(+1,(b)i=¢+landm+1<j<VZ

In the case (a), the integer set {1,2,...,¢} is divided into three ranges: {1, 2,
coom—kr =1} {m—krm—kT+1,...,m—1} and {m,m+1,...,¢}. For the

first range, noting that (3.17) and (3.18), i.e., K™ = k™! +1, and taking account

of Lemma 3.3, there is an integer 7 < m — 2 such that

p;MK™"Mq,

(3.31) - (’“Ypiﬂ +api AP+ Y fn‘?tp;;t) Mg, = 0,
t=1

where ¥ equals to 'yffﬁl or 0 in equations (3.26) and (3.27) respectively. Noting
that ¢ is in the first range, the subscript 7 +¢ in (3.31) satisfies 1 +t < 7 < m —2
and the subindex of the first term pZ,, satisfies 7+ 1 < m — 1. Thus the last

equality holds due to the assumption. This result is used to verify the following

equation:
P; Mdqey;
1 * -1 iy (t)
(3.32) = —p;M | K""Mq; — apq, — Z Yo et
Bet1 t=1
= 0.

All terms of pfMgq; in the above equation are equal to 0, where 7 is in the
first range and j = m — k", m + 1 — k™,..., ¢, according to Lemma 3.1 when

J=m—kTm—k"+1,...,m and the assumption when m < j < .
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For 7 in the second range, m — k™ < i < 7 — 1, equation (3.32) also holds,
according to the assumption, p;Mq; = 0 when 7 < j </, from Lemma 3.1, the
M-biorthogonality when m — k™ < i,j < M — 1, and from (1) in algorithm 3.2,
p!MK Mg, = ¢,

For 7 in the third range, M < i < ¢, equation (3.32) holds due to the assumption
and formulae (2) and (3) of Algorithm 3.2. For case (b), a similar approach to
the initial condition (III) can be taken. Thus, (3.30) is proved. This completes
the proof of the first equation of (3.28).

Noting that when j = m + 1, (3.30) implies the second equation of (3.28),
P; Mr,, = 0, hence complete equation (3.28).

Finally, (3.29) is proved by using (3.28). Rearranging formulae (3.14) and (5)

of Algorithm 3.2, assembling them for 7 = 1,2, ..., m, it follows that the relation
(3.33) K'MQ,, = Q.T» +10,...,0, Il = QnTm + rpel,,

where 0 is the 0 vector and e, is the identity vector with entries zero except the
m’th one. Pre-multiply the above equation by P}, M and use (3.28) to establish

(3.29). Thus the theorem is completed. 0

3.3.3 Summary and remarks

The pathological breakdown or almost linearly dependent of right Lanczos
vectors is due to the rounding error of computer machine and is closely related
to the condition number of the matrix MK ™M, which can be seen in [60, 8]. In
practice, this situation is very rare if the pivot tolerance is set very small. The

intention of developing the Switch method is to develop a robust algorithm that
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can handle all breakdowns.

It is easy to see that the Switch method can also be used to handle any kinds
of breakdown. The ULR process can be switched to the AR process immediately
after breakdown occurs.

From (3.22), it is easy to see that when /m = 1, (3.22) is a Hessenberg matrix.
This fact can also been seen from Algorithm 3.2. When m = 1, from §3.1.1,
kr = 0. Thus, in Algorithm 3.2, step (1) and the summation in steps (2), (3)
do not need to be executed, because the upper limit is less than lower limit
there. Hence, Algorithm 3.2 reduces to Algorithm 2.2. It is also obvious that
when m > m, or the pathological breakdown never occurs, Theorem 3.1 is just

Lemma 3.1.

3.4 Rayleigh-Ritz process and termination cri-
terion

If no breakdown occurs, the reduced system (3.11) has been derived in §3.1.2,
ie.,

(3.34) T +w = Sre ul(t).

If no pathological breakdown occurs, Lemma, 3.1 ensures a similar procedure to
derive equation (3.34). If the pathological breakdown occurs, it can be proved that
the same form of system (3.34) can be obtained. Substituting the approximate
transformation

(3.35) c=Qnw
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into equation (3.1), and noting that, K='b = 8,q; = 5,Q..e1,

(336) K_lMQmW + QmW = Qmﬁlelu(t).

results. Pre-multiplying (3.36) by I'"'P;,M, where I' is the non-singular matrix
given in (3.28), and using (3.29), (3.34) follows. The approximate solution of
(1.2), ¢ = Qmw is obtained by solving (3.34) for w.

In order to terminate the process, a residual error function is defined by sub-

stituting the transformation (3.35) into the original equation (3.1), i. e.,
(3.37) O (t) = KT'MQuW + Qpw — K~ bu(t),

where w is the solution to the reduced system (3.34). The following theorem is

an immediate consequence of result in reference [43, p. 225].

Theorem 3.2 In the ULR algorithm, after m steps, the residual error, defined

above, is bounded by

(3.38) 10 (O] < [Wan [l

where Wy, is the derivative of the last component of w, and r.,, is produced

by (3.14) or (5) in Algorithm 3.2 with j = m and || - || is any kind of norm.

It is easy to see that when r,, = 0, the corresponding approximation is the
exact solution regardless of round-off error. Furthermore, if the computations are
exact, the exact solution can be obtained in n steps, because r, = 0 in this case.

The error of (3.38) is a function of time ¢ and depends on the solution of the

reduced system (3.34). If the system (3.34) is stable, the error decreases as time
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¢ increases . Therefore, [|0,,(0)|| can be used to terminate the process.

From (3.34)
w(0) = T7.'[f1e14(0) — w(0)].

Usually, the initial condition ¢(0) of equation (1.2), and consequently w(0) is

zero. Thus

w(0) = T, Bre; 11(0),

and for all ¢, the following is satisfied,

[10m ()] < [[Wm (0)rm|| = 4][(T €1)um] | 1(0) [l

Defining the relative residual error bound at each step j as

16;(0)]]
3.39 0 = et
(539 = TR bu(O)]
it can be easily shown that
(3.40) 85 = B |l(T5  ey);,

where the ||-|| is M-norm. Thus §; can be used to monitor the process of generating
the Lanczos vectors, j = 1,2,---,m. If §; is less than a prefixed tolerance,
then process is terminated. Further, I(Tj—lel)j] can be simply obtained by QR

factorization of T; [21]. If T; = A;B; is its QR factorization, where A; is
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orthogonal and B; is upper triangular, and

(341) A]' = [ . aj] and Bj = ek y
£
where a; denotes the j’th column vector in A; and ¢ is the j'th diagonal entry

of Bj, then by substitution, it is easy to show that

_ Gy

(3.42) (T er); = =

where ay; is the first entry of the vector of a;.

From (3.40) and (3.42), it can be seen that only the column vector of A}, a;
and lower-right corner element, £;, are used to compute the relative residual error
d;, and a; and §; can be easily updated recursively from a;_; and &;_; in terms
of QR factorization and Householder Reflection (see [21]).

Set the initial values a; = 1 and &, = o;. The ULR method gives

T | u
Ti=| — — — — | —— |,
0 0 ﬂj ] 7
where u is a (j — 1)-vector and
u
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is the last column vector of T;. Note that T; 1 =A;_1B,_;, hence

[A}*_l O}T_ B ,I A
0 1 7

fj—l a;‘._lu

Defining a Householder Reflection matrix

oL [~§j_1 —ﬁj},

NGEEN =B &1

A; and B; may be obtained by

L Aj—-l 0 Ij_g 0
sl ]

where I;_; is an identity matrix, and

I, O
0 H,

o
I

§]~_1 a;-_lu
L ,Bj ay

It is easy to verify that A;B; = T;, A, is orthogonal and B; is upper triangular
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matrix. Finally, the updated row vector a; and scalar §; are obtained, i.e.,

&
(3.43) = [ m o1 m }

and

g — 5j(a§_1u).

(3-44> §j - m

Now the Algorithm for calculation of this relative residual error bound follows.

Algorithm 3.3 Let j = 1, a(l) = 1 and & = «;. Compute recursively for
Jj=2,3,.
(1) u(k) = T;(k, j), fork=1,2,...,j-1,

(T3(k,j) 1s THE k, j ELEMENT OF MATRIX T; )

£ B]a u

9 =
(8) a(k) = —ﬁa(l‘ﬂ),

(€ 1 ¢; SEE (3 41) (3.44) )
MATRIX A, (3 41) (3.43) )
)

_16 __(___
(5) (T e1); &

fork=1,2,...,7—-1

a(k),k=1,2,...,5: COLUMN VECTOR a; IN

(SEE (3.42) )

(6) 5; = |Bj1ll(T; ey);| (SEE (3.40) )
(7) & =&
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3.5 The General ULR algorithm

The general algorithm of the ULR method is summarized in this section. The
Maximum-Pivot algorithm and Switch algorithm are simply called without de-
tails. Note that they are presented in §3.2 and §3.3 respectively. The algorithm
for termination is also discussed in §3.4.

Given coefficient matrices K and M, right hand side vector f = bu(t) in equa-
tion (1.2), the ULR algorithm can be expressed as the following Algorithm 3.4.
The integers k. and k, denote the numbers of terms involving v in the formulae
forming r; and s; at current step 7, respectively (note that in the previous sec-
tions, the superscript index j for k] and %! is used to indicate the step number.
In the algorithm below, it is unnecessary to do so). The positive real number
€1 is the termination criterion. If the value z < ¢;, z is considered to be zero.
Another positive real number, ¢, is the pivot tolerance. The positive integer j, is

the number of steps at which the current breakdown occurs (see Algorithm 3.1).

Algorithm 3.4 : Starting with summation indices values k, = ky = 0, jo = 0
and logical variable afterbreak=.false., calculate vy = K™'b, B = ||ro||, p1 =
a1 = ro/B1. Then compute recursively for j =1,2,...,m:

(1) o5 = MK ™'Mq;

(2) v =piMK™Mq;, i=j-1j-2..,j-k

(3) r; = K~'Mq; — a;q, — tﬁ;'}ét)qj—t

(4) Bjz1 = ||x;|

(5) If (Bjr1 < e1)

go to (9) (breakdown case (1), terminate process)
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else

r; .
L (right Lanczos vector)
j+1

qj+1 =

end if

(6) 5 = pj_x, MK™! — a;_,p}_,. — Bi—ksP—py—1 — :Zsl’yj(?ks+tp;f_ks+t
(7) If ||s;]| < e1 (breakdown of case (2)) i
if (afterbreak)
Call Switch method (see Algorithm 3.2)
else
if ks =0
go to (8)
else
ky = ky — 1 (3.19)
go to (6)
end if
end if

else
o |s7Mq;41 ]
’ [Is;ll
If (’CUj > 62)
S;
iy T t t
Pjt1 SMa (left Lanczos vector)
ky = ko +1 (3.17)
if (afterbreak)
ks =k, +1 (3.18)

afterbreak=.FALSE.

(pivot)

51
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end if
d; (relative residual error bound, see (3.39) and Algorithm 3.3)

Zf (5_7 < 61)

go to (9) (terminate process)

else
j=j+1
go to (1)
end if

else (breakdown or near breakdown of case (1) occurs)

if (afterbreak)
call Switch method (see Algorithm 3.2)

else
go to (8)
end if
end if
end if
(8) ja =1

call MPNSV method (reconstruct s;, see Algorithm 3.1)
afterbreak=.TRUE.

go to (7)
(9) Form the T,, and solve the reduced equation

3.6 Conclusions

The ULR method is based on the two-sided Gram-Schmidt biorthogonalization



§3.6 Conclusions 53

method, the New-Start Vector method and the Rayleigh-Ritz process. Due to
the possibility of breakdown, near breakdown and pathological breakdown, the
MPNSV method, Switch method and their algorithms have developed in this
chapter. Thus the ULR method can recover from any breakdown.

This chapter has also defined the relative residual error bound and developed
an algorithm to compute the bound iteratively in order to monitor and terminate
the ULR process.

Solving the reduced system produced by the ULR method can be unstable.
In the next chapter, the Eigenvalue Translation (ET) technique is developed to

overcome this problem.



Chapter 4

Eigenvalue Translation (ET)
technique

4.1 Introduction

Although it is assumed in §1.1 that the semi-discretized linear system (1.2)
is stable with respect to time, the reduced system (3.11) may not be. Those
eigenvalues that are near or on the imaginary axis can be relocated into the
left half of the complex plane, for example see Figure 5.2. This relocation causes
instability in time, as w can possess exponentially increasing terms. Therefore, the
residual error function (3.38) could exponentially increase as the time increases.
If some eigenvalues are purely imaginary, the error could be oscillating. On the
other hand, because the non-zero eigenvalues of the matrix K~'M are reciprocals
of the corresponding eigenvalues of MK, those eigenvalues of K~!M which
are near to the imaginary axis and whose modulus are larger than one play the
dominant role in the solution of (1.2).

The ET method translates those eigenvalues of the reduced system (3.11) which

are in the left half of the complex plane and those eigenvalues which are on the

54
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imaginary axis to the right half and near to the imaginary axis, thus stabilizing

the system. The translation satisfies the requirements:

1. After translation, all the eigenvalues of new system must have positive real

parts, i.e., the new system is stable in time.

2. The translation does not lead to significant changes in those eigenvalues of

T, whose real parts are positive.

3. The new residual error (defined by (4.4)) is a minimum.

To this end, a right multiplicative transformation of the matrix T, is used to

change (3.11) into equation:
(4.1) Tl + Xp(D5'SDyS™! — 1) Y3 |w + w = Beju(t),

which is shown in Theorem 4.1 to satisfy above 1 and 2. In equation (4.1), £ is
the number of eigenvalues to be translated, Xy and Yy are m x £ real rectangular
matrices formed by the right and left eigenvectors corresponding to the eigenvalues
with negative real parts, Dy and Dy are ¢ x £ real matrices constructed from the
original and translated eigenvalues respectively (see (4.7) and (4.9)), The ¢ x ¢

non-singular matrix S is yet to be determined, and the system matrix is
(4.2) Tn[Ln + Xu(D5'SDyS™ — I,) Y7

In the next section, it is shown that S can be chosen as the identity, so that the
matrix becomes

(4.3) T/l + Xu(Dy'Dy — 1) Y,
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and the new system has a small residual error
(4.4) O (t) = K"MQuW + Qnw — K.
thus satisfying 3.
4.2 Eigenvalue translation
Let {)\;,x;,y;},7 =1,2,...,m be the eigentriples of the matrix Ty, satisfying,

Tij = )\ij
ViTm = \yj;.

We assume that x; and y; are normalized by

%0l =1,
(4.5) o 1, t =7,
i o, i#J
where || - || denotes the Euclidean vector norm. Without loss of generality, let

the first £ eigenvalues be those with non-positive real parts, i.e., \;, where i € L
and L = {1,2,...,/}. However, the multiplicity of any eigenvalue is larger than
1, i.e., for some ¢ and j A; = );, then only one is included in this set. Clearly,
the eigenvalues with non-zero imaginary parts appear in the subset L in complex
conjugate pairs. Let A; be the diagonal ¢ x £ matrix whose diagonal entries are
equal to A;, j € L.

Let X1 and Y, be the m x ¢ matrices whose columns are the right and left

eigenvectors, respectively, x; and y; for j € L, with the columns of these matrices
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arranged according to the numbering of the eigenvalues Ajin the matrix A;. From

(4.5), it is easy to prove that the normalization of X, and Y is
(46) YZX—L = Iea

where I, is the £ x £ identity matrix.

We form real matrices Dy, Xy and Yy corresponding to the complex matrices
Ay, X and Y as follows.

Define the 2 x 2 unitary matrix

1144 14
m“ih—iuwy

which can be easily shown to satisfy the following equalities,

U;U,=UU; =1,

UJS g]Up:{RQ)'%“M],

[x KU} = [R(x) + Im(x) R(x) = In(x)],

for any complex number X and vector x, where and ) and % denote complex
conjugate, and R(-) and I,(-) denote respectively the real part and imaginary
part of vector or scalar. The right hand side of these equations contains only real
matrices. Let U be the unitary block diagonal £ x £ matrix with non-zero 1 x 1
and 2 x 2 diagonal blocks. The diagonal 1 x 1 blocks corresponding to the real

eigenvalues in the same position in A, are equal to 1, while diagonal 2 x 2 blocks
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corresponding to the eigenvalues with non-zero imaginary parts are U,. Define

the real matrices

DU = UALU*,
(4.7) Xy = X,U*,
YU = YLU*

It is easy to prove that the following equalities are true,

(4.8) {TmXU = XyDy,

Y;Xy = I

Now, let us construct the matrix Dy in (4.2). Let Ay be a diagonal matrix
made up of the translated eigenvalues that are chosen freely by the user to mini-
mize the residual error of (4.4) as discussed at the end of this section. Similarly,
we construct the unitary matrix U based on the matrix AL as described above

and define the real matrix Dy by
(4.9) Dy = UA, U
We have the following theorem for the translation matrix (4.2).

Theorem 4.1 With Ay, A, U, U, Xy, Dy, Dy and Yy defined as above, for
any non-singular £ x ¢ matriz S, denote S = U*SU. Then the pair of matrices
(XLg,AL) contains the eigenvectors and corresponding eigenvalues for the ma-
triz (4.2). Those right eigenvalues of T, with positive real parts are still right
eigenvalues of (4.2).
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PROOF: Post-multiplying (4.2) by XS and taking account (4.8), we obtain
Tl + Xo(D7'SDyS™! — 1) Y3 XyS = XySDy.

Post-multiplying both sides of the above equation by U and noting (4.7) and

(4.9), we obtain
T[In + Xy(Dg'SDyS™! — 1) Y{]X,.S = X SA,.

This is the first assertion of the theorem.
The second assertion holds due to the orthogonality of the right and left eigen-
values (4.5) and the definition of Yy (4.7), i. e.,

Y[*JX]' = 0,
where x;, j ¢L, is a right eigenvector of T, with positive real part. Therefore
Tm[Im + XU(Dglsf)US_l - Ig)Y;}]Xj = Tij = )\ij.

This completes the theorem. O
Now, let us investigate the residual error of the system. Substituting (3.33)

into equation (4.4) and using (3.34), we have

Om(t) = Qu(TiW + W — feyu(t)) + rpel,w.
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Since w is the solution of (4.1), 0,,(¢) can be simplified to
(4.10) O (t) = [tme}, — QuTmXy(Dy'SDyS™! — 1) Y} W = Ew,

where E is an m X m constant matrix.

We can minimize the residual bound from (4.10), which depends on the choice
of translated eigenvalues Dy and the non-singular matrix S.

To this end, we denote || - || as the spectral norm on rectangular matrices.

From (4.10) and (4.7),

16mll < (Iemll + 1QmII Tl XL (DG Do llx(S) + DIYL) v ]

(4.11) = (llemll + )lIwll,

where £(S) = ||S||||S7!|| is the condition number of the matrix S, ¢ is a constant.
To minimize the residual error bound based on this estimate, max |);| can be
chosen as being very small and S = I, in which case mins(S) = x(I;) = 1 and

Hﬁyll = max[j\,-|.

4.3 ET technique algorithm

Based on Theorem 4.1, an algorithm for the Eigenvalue Translation Technique

(ETT) is presented as follows:
Algorithm 4.1

1. Compute the eigenvalues of the matriz Ty, and find an eigenvalue set

{A A, A} comsisting of eigenvalues with non-positive real part and \; #
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Aj. If there are multiple such eigenvalues, only one is included in this set.
Compute the correqundz’ng right and left eigenvectors. Normalize the eigen-
vectors to satisfy (4.5) and form the matrices X1, Y, and Ap. If there are
any complex eigentriples, transform them into real matrices Xy, Yy and

Dy as in (4.7).

2. Chose translated eigenvalues {:\1,5\2,"',:\g} to form the matriz A; and
then the real matriz Dy, where )\; # 5\]-, 1 # 7, and max;cy, lj\zl 1S very

small. Ezperiments show that 0.1 < A < 0.9 is appropriate.

3. Finally, form matriz (4.3), and the translated system is

(4.12) Tl + Xy(D5'Dy — L)YE W +w = Bequ(t).

4. If there are multiple eigenvalues of matriz T, with non-positive real part,
let
T = Tl + Xy(Dy' Dy — 1) Y},

and repeat above steps. Noting that those eigenvalues of new T, with non-
positive real part are the same eigenvalues of the old T, repeatedly com-

puting the eigenvalues of the new T, is not necessary in step 1.

4.4 Concluding remarks

This chapter has developed the ET technique and its algorithm to stabilize the
reduced system. Thus the ULR method is complete theoretically. Some remarks

follow.
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(1.) Computation

In the ET technique, all eigenvalues of reduced system need to be computered.
Because the reduced system is always small and already upper Hessenberg in form,
the computation is inexpensive, (calculating nonsymmetric eigenvalues usually
needs such stages: balancing, reducing to upper Hessenberg form, further reducing
to Schur form and then obtaining eigenvalues from the diagonal entries of the
Schur matrix (see [1, 21])).

(2.) Stability of the AR method

The stability of the AR method is discussed here. The conclusion is that, in
equation (1.2), if
(4.13) K+ (Kb

is positive definite, then the reduced system (2.12) from the AR method is stable in
time. The same result can also be seen in the paper of Gallopoulos and Saad [20].
Demonstrated below is a proof in different context.

First, it can be seen that if (4.13) is positive definite, then so is H,, + H%,.

This is because from (2.9) and (2.10),

H,+H, = Q,MK'MQ, + (Q,MK 'MQ,)*

= (MQ,)* (K + (K1) YMQ,..

As MQ,, is a full rank matrix, H,, +H}, is positive definite as well. Therefore, it
can be proved from the following Lemma which can be found in Young [67] that

all eigenvalues of H have positive real part,
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Lemma 4.1 A real matriz A is a matriz whose eigenvalues are all in the right
half complex plane if and only if there exists a real positive definite matriz B such

that the matriz C given by
C=AB + BA*

18 positive definite.

Applying Lemma 4.1 with A = H,, and B = I, H,, is a such matrix that all
its eigenvalues are in the right half complex plane.

(3.) Other stabilization techniques

Other methods have developed to deal with the unstable problem, for example,
those in [55, 23]). The former work translates unstable eigenvalues from one
half complex plane using Projection and Deflation methods. The latter work for
overcoming this instability problem is based on an Implicitly Restarted Lanczos
method in which unstable eigenvalues are discarded. The comparison of the ET

technique to these methods is an important topic for further work.
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Chapter 5

Simple one and two-dimensional
examples

5.1 Introduction

Numerical experiments performed using the algorithms described in Part II
are presented in this and the next two chapters. Various problems are tested.
The Galerkin finite element method is used to spatially discretize the governing
equation. Then the ULR method is carried out to reduce the size of the result sys-
tem and therefore obtain an approximate solution in terms of the Crank-Nicolson
time-stepping scheme (1.3). During the ULR process, reorthogonalization is per-
formed. All these computations were run on a SUN Sparc2 workstation at the
University of Manitoba.

These results give us some idea of the comparative effectiveness of the ULR
method with respect to the classic Crank-Nicolson solver, i.e., directly applying
the Crank-Nicolson time-stepping scheme to the equation (1.2) which is produced

by the Galerkin finite element method. The Root-Mean Square (RMS) error is

65
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designed to compare these results. The RMS error is defined as

(5.1) BMS — Fz:l(c(k) — (k)

n—1

where c(k) is the approximation solution on each node, cy(k) is the solution from
the classic Crank-Nicolson solver and n is the number of total nodes.

In this chapter, some basic models of the one and two dimensional advection
dispersion equations are used to examine and verify the suitability of the ULR
method. In the next chapter, the method is applied to two-dimensional field
problems, for the purpose of evaluating the overall effectiveness of the method.
In chapter 6, the radionuclide decay chain problems will be solved by the method.

All these applications indicate that the ULR method is highly efficient.

5.2 One—dimensional example

Consider the semi-discretization of the one-dimensional advection dispersion

equation

2
L¥C _ ac _ec

922 - 'U% = "é‘i", T e [O,Z], teE [0,00),

with Dirichlet boundary conditions

C(0,t) = ¢(1), C(l,t) = (1),
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and initial conditions

z=10
otherwise,

Cfa,0)= { *¥)

where C' is the mass concentration, v is the velocity and D is the coefficient of
hydrodynamic dispersion.

Assume that the flow velocity is 1 m/yr and dispersion coefficient is 10 m?/yr.
The Galerkin method is used to yield a semidiscretized system (see equation (1.2))
of size n = 499, where M is a tridiagonal positive definite matrix and K is the

tridiagonal unsymmetric.

Mesh size (m) | 0.006 | 0.0075 | 0.015 [ 0.03 | 0.06 | 0.1 [ 0.2 | 0.3
N, 86 58 66 65 95 [ 120 | 97 | 186
Reduced size Stability

50 S u S S s u S S
100 S u S u S S S S
150 s S S S S S S S
200 S s S S S S S S

Table 5.1: Breakdown and Stability behavior of the ULR method. Pivot tolerance
e = 0.001. N, denotes the step number at which the first breakdown occurs. u
stands for unstable while s for stable.

Table 5.1 shows the step number at which the first breakdown occurs (N;),
and the stability of the ULR method in various reduced sizes. The pivot tolerance
is € = 0.001. This table shows that the breakdown can easily occur in the ULR
method. The table also indicates that there are 4 out of 32 cases which are
unstable. For those unstable cases, there is only one eigenvalue whose real part

is negative when the reduced size is 50; while there are 2 such eigenvalues when
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the reduced size is 100. Obviously, the greater the size of the reduced system, the

less chance the instability phenomenon occurs.

ULR without ET
Reduced size | 50 | 100
Time steps RMS
1 0.178D-2 | 0.219D-6
10 0.603D-3 | 0.154D-6
100 0.532D-4 | 0.213D-10
1500 0.821D-9 | 0.934D-13
3000 0.162D-12 | 0.161D-12

Table 5.2: RMS error for the cases where the reduced systems are stable (mesh

size is 0.06 m).

ULR with ET

Mesh size (m) | 0.0075 0.0075 0.03 0.1
Reduced size | 50 100 100 50

Time steps RMS

1 0.771D-3 | 0.244D-10 | 0.261D-5 | 0.324D-2
10 0.334D-2 | 0.191D-10 | 0.156D-4 | 0.255D-2
100 0.391D-3 | 0.297D-8 | 0.308D-14 | 0.930D-3
1500 0.269D-12 | 0.275D-12 | 0.133D-12 | 0.187D-4
3000 0.266D-12 | 0.275D-12 | 0.135D-12 | 0.938D-7

Table 5.3: RMS error for the cases where the reduced systems are unstable.

Table 5.2 shows the RMS error of the stable cases to which the ULR method
without ET technique is applied. Table 5.3 shows the RMS error of the unstable
cases to which the ULR method with ET technique is applied. It is apparent

that when the evolution period increases in time, the RMS error decreases and
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approaches to zero. This is consistent with the analysis of residual errors of (3.38)
and (4.10), because the solutions w and W are stable in these cases.

Table 5.4 shows an execution time comparison between the ULR method and
classic Crank-Nicolson solver. For the stable case, the execution time is 29 second
and 1 minute 20 seconds when the reduced size is 50 and 100 respectively. While
the execution time of classic Crank-Nicolson solver is 13 minutes 22 seconds. For
the unstable case, the execution times are longer than stable case. It is due to
the additional efforts to translate these eigenvalues which have a negative real
part. However, overall time comparison shows superior behavior to the classic

Crank-Nicolson solver.

Reduced size | Stable case | unstable case
Mesh size (m) 0.06 0.0075
ULR solver 50 0:29 1:24

100 1:20 4 : 48
Classic CN 499 13:22 12:51

Table 5.4: Comparison of execution time between the ULR and classical Crank-
Nicolson (CN) solvers (minute: second).

5.3 Two-dimensional example

A simple two-dimensional example of the time-dependent advection dispersion
equation is designed to test the accuracy of the method for simulating transport

in a saturated system. The mathematical model is given by
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0%C 82C 82C 82C ocC oCc  oC
Doz gz + Dasgrot Daag o+ Deagry — Vo — Vs — 5
(5.2) =0,

where C' is mass concentration of species, Dyy, Dy, D,s, D,, are components of
hydrodynamic dispersion and v,, z, are components of groundwater velocity. In
this example, only one species is considered with no retardation or radionuclide
decay. The components of the coefficient of the hydrodynamic dispersion for an

isotropic medium are given by [7],

,02 2

v

Dm: = al—m—I-at——z—Jde'r,
M v|
v2 v?

D,, = at_m_’*'al“'z—’I"DdTa
|v| |v|

(u — a)vv,

D:z:z = Dzm:
M

b

where oy and o4 are longitudinal and transversal dispersivities, respectively, |v| =
\/m, Dy is the free-solution diffusion coeflicient of the solute, and 7 is the
tortuosity of the medium.

An example in the paper [57] is chosen for a test. This example involves uniform
horizontal flow in a rectangular domain. A continuous patch source, represented
as a first-type (Direchlet) boundary condition, is placed on the upstream bound-
ary. A representation of the problem is provided in Figure 5.1 below. A Dirichlet
boundary condition is imposed at the left boundary: C = Cy for 0 < 2 < 0.5 m

and C' = 0 for z > 0.5 m. The Neuman type boundary condition is imposed on
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the remaining three boundaries with 8C/8N = 0, where N is the outward normal
vector of the boundary. The longitudinal groundwater velocity, vy, is 0.1 m/day,
and the transverse velocity, v,, is 0. The longitudinal dispersivity, a;, is 0.05 m,

and the transverse dispersivity, oy, is 0.005 m.

2(m) 0C/0z =0
2
o = 0.05m
a; = 0.005 m
vy = 0.1 m/day 0C/ox
05T v, = 0.0 m/day —0
0 8C /87 = 0 z(m)

Figure 5.1: Domain of the two-dimensional example

The Galerkin finite element method is used to discretize the problem, with
uniform quadratic (six points) triangular elements. The code was written in
Fortran 77, using the BLAS and LAPACK packages [1]. In order to study the
efficiency of the ULR method, several examples were tested with various domain
sizes adhering to 1071 nodes. The possibility of the breakdown or near breakdown,
the behavior of the convergence and the execution time were investigated. The
relative residual error bound (3.39) or (3.40) is used to terminate the recursion
and the tolerance is set to 1078, The maximum number of Lanczos vectors is set to
100. The termination of the process depends on either of the above requirements

being satisfied.
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In all these samples, the ULR processes are terminated at step 100. So, the
reduced sizes of all these examples are 100. Table 5.5 lists the step number
at which the first breakdown occurs (V) and stability for three different pivot
tolerances e = 1075, 1071%, 10715 and different domain sizes zx z (m). The symbol
(—) means that no breakdown occurs during the process and * indicates that the
reduced system is unstable and the ET technique is applied in these cases. It
is clear to see that the larger the pivot tolerance, the more likely a breakdown
problem is encountered. Furthermore, the larger the grid size, the more likely
the instability problem is encountered. This is evidence that the stability of the
reduced system is closely related to the stability condition of the semi-discretized
system (1.2). It is known that there is the grid Peclet number which is the
indicator of the stability of the semi-discretized system (see[11, 30]) and the grid
Peclet number is direct proportion to the grid size. A larger grid Peclet number of
a mesh, the semi-discretized system is more likely to suffer numerical oscillation,
and consequently the reduced system is more likely to be unstable. Definition
and detailed discussion about the grid Peclet number will be given in the next

chapter.

Grid size (z X 2 (m)) [ 25 % 2 | 25X 4 [B0x 2 | 75 x 2 | 100 x 2 | 100 X 4

€ Ns
107 16 16 14 17% 25% 13
10710 22 31 65 —k —% 38
1071 58 - - —% —% —%

Table 5.5: Investigation of breakdown and stability. N, is the step number at
which the first breakdown occurs. The symbol (-) means that no breakdown
occurs during the process and the * means that the reduced system is unstable.
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Behavior RMS error
e |N,|S| E | ¢ t1 | tio | tso | tio00 13000
10 | 17 |u | 7:22 | 0.3D-4 | 0.8D-6 | 0.3D-5 | 0.9D-5 | 1.0D-5 | 0.3D-14
1070 | — | u|6:53|0.2D-2 | 0.8D-2 | 0.2D-2 | 0.3D-3 | 0.3D-4 | 0.4D-8

Table 5.6: Results from the example with the domain size 75 X 2 (m). e denotes
the pivot tolerance, N, is the step number at which the first breakdown occurs, S
stands for stability, u stands for unstable, E; stands for execution time, § is the
relative residual error. ty, t100, £300, t1000 and tspee stand for ¢ =1, 100, 300, 1000
and 3000 days respectively.

The typical examples presented in Table 5.6 and Table 5.7 show the influence of
the pivot tolerance € on the accuracy of the approximation and the execution time.
The first part of each table lists the behavior of breakdown, the step number at
which the first breakdown occurs (V;), stability (S) where u and s denote unstable
and stable respectively, execution time (E;) and the relative residual error (§) of
equation (3.39). The second part of the table lists RMS errors at various times,
t=1(t1), t =100 (t100), t = 300 (¢300), ¢ = 1000 (t1000) and ¢t = 3000 (t3000) days.
The RMS error is used to measure the difference between the approximations

obtained from the ULR method and that from the classic Crank-Nicolson solver.

Behavior RMS error
¢ |[N,|S| E | ¢ 131 %100 t300 tioo0 | %3000
10 | 14 | s | 854 [ 0.7D-5 | 0.6D-7 | 0.2D-5 | 0.4D-4 [ 0.5D-15 0.0
1071° { 65 | s | 7:10 | 0.4D-2 | 0.9D-5 | 0.4D-3 | 0.3D-2 | 0.4D-4 | 0.2D-8
107% | - |s|3:39|0.8D-2|0.2D-4 | 0.4D-3 | 0.5D-3 | 0.2D-3 | 0.6D-6

Table 5.7: Results from the example with the domain size 50 x 2 (m). The
me%ning of the symbols can be seen in Table 5.6 except for s which is stands for
stable.
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Table 5.6 shows the case with the domain size 75 x 2(m) with two different
pivot tolerances. When the pivot tolerance ¢ is equal to or lower than 10719,
no breakdown occurs. Both situations are unstable and the ET technique is
used. In Table 5.7 where the domain size is 50 x 2(m), all three situations are
stable but two cases suffer breakdown. Both tables show that the larger the
tolerance ¢, the earlier the ULR process encounters breakdown, but the accuracy
of the solution improves. A large saving in execution time can be obtained in
the absence of breakdown and instability. This behavior can be observed for the
case with ¢ = 10715 in Table 5.7. Together with consideration of Table 5.5, it is
obvious that there is also balance between accuracy and breakdown. Decreasing
the pivot tolerance will postpone or avoid the breakdown but the accuracy in the
solutions is lowered. These tables also show that the RMS errors are not greater
than the relative residual error. This means that it is appropriate to use the
relative residual error to monitor and check the termination of the process, and
it can be easily computed. Furthermore, from Table 5.6 and 5.7, it only take less
than 10 seconds to solve for the concentration at ¢ = 3000 days, while the classic
Crank-Nicolson solver needs more than 35 seconds to solve the same problem.
When t = 3000 days, the RMS errors are lower than 107%. It is concluded that
the ULR method is very efficient for long time period prediction.

Figure 5.2 and Figure 5.3 show the eigenvalue distribution comparisons for the
case where the domain size is 75 X 2 (m) and the pivot tolerance ¢ = 10~1°, Fig-
ure 5.2 shows these distributions before and after the ULR method. These plots
show that the eigenvalues approximated by the ULR method seem to converge

from the outside of the convex spectrum. There are conjugate pair eigenvalues,
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which are plotted with O, relocated in the left half plane after ULR method, which
cause instability. Figure 5.3 plots the eigenvalue distributions before and after
the ET method. After translation, these unstable eigenvalues are transformed
into the right half: the real parts are set to be 0.1 and the imaginary parts keep
the same. And all other eigenvalues do not change.

Figures 5.4-5.6 show comparisons to the classic Crank-Nicolson solver. Fig-
ure 5.4 shows two comparison profiles between solutions of equation (5.2) by the
ULR method and classic Crank-Nicolson method in the longitudinal direction,
at the location z = 0 and at various time. The transversal direction profiles for
the same comparison purpose are shown in Figures 5.5 and 5.6 respectively. The

comparisons are given at various z locations and various time evolution steps.
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Figure 5.2: Eigenvalue distribution comparison between before and after the ULR
method for the case with domain size 75m x 2m. (a) Spectrum. (b) Focus on
the area { -1 <z <5 }. © is the plot of eigenvelue with negative real part.
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Figure 5.3: Eigenvalue distribution comparison between before and after the ET
technique for the case with domain size 75m x 2m. (a) Spectrum. (b) Focus on
the area —5 < z < 20. < is plot of translated eigenvalue.
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Figure 5.4: Comparison of the concentration solutions of equation (5.2) between
the ULR method and classic Crank-Nicolson (CN) method in longitudinal direc-
tion at location z = 0 and different time steps. Domain size is (a) 75m x 2m (b)

50m x 2m.
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Figure 5.5: Comparison of the concentration solutions of equation (5.2) between
the ULR method and the classic Crank-Nicolson {CN) method in transversal
direction at different x coordinates and at (a) ¢ = 100 days (b) ¢ = 300 days.

Domain size is 75m % 2m.
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Figure 5.6: Comparison of the concentration solutions of equation (5.2) between
the ULR method and the classic Crank-Nicolson (CN) method in transversal
direction at different z coordinates and at (a) ¢ = 100 days (b) ¢ = 300 days.
Domain size is 50m x 2m.
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5.4 Conclusions

This concludes the presentation of numerical tests of the ULR method on one
and two-dimensional examples. The above results show that the ULR method
including the ET technique is effective in overcoming the problems of breakdown
and instability in time. The comparison with respect to the classic Crank-Nicolson
method shows that the ULR method is efficient, particularly for long term period
prediction. The following are some specific remarks.

(1.) Setting of the pivot tolerance and the relative residual error
bound tolerance

Tests show a balance of the pivot tolerance between breakdown and the ac-
curacy of the approximate solutions. Higher pivot tolerance can result in better
accuracy. However, lower tolerance can postpone or avoid breakdown, but obtain
lower accuracy. Tests also show that the RMS errors are much smaller than the
relative residual error bound. Based on these tests, the following choices for the
parameters are appropriate and are used to next two practical applications: pivot
tolerance ¢ = 1078 and relative residual error bound tolerance 6§ = 10~3. However,
much is still unknown about the relation between these tolerances and the size
of problem (1.2). Nevertheless, it is recommanded that these settings be used for
applications of the ULR method to the transport problems.

(2.) The grid Peclet number

Tests also show that it is important to chose an appropriate grid mesh (or the
grid Peclet number) to balance the stability and the condition number. A coarse

grid with a large grid Peclet number can produce an unstable semi-discretized
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system (1.2), and consequently an unstable reduced system by the ULR method.
On the other hand, the coarse grid will improve the condition number of the
system (1.2). A detailed discussion on the relation between the grid size and the
condition number in the FE method can be seen in [9].

(8.) Storage limitation

The ULR method needs extra storage to store the matrix Q,, to construct the
Ritz vector, and matrices Q,, and P, to reorthogonalize right and left Lanczos
sequences (The SLR and AR methods have the same problem). This is one of
the biggest disadvantages of all reduction methods. It is recommended that a
sparse storage and a corresponding sparse solver be introduced ([37, 48, 70]) for
large problems. Storage is no longer a limitation for the decay chain problem, and
the conventional method requires more storage than the ULR method. Details
is discussed in Chapter 7. After all, given the inexpensive nature RAM and
new storage devices such as the digital video disc, storage is not considered a
limitation.

In the next chapter, the application of the ULR method to the complex two-

dimensional field problem is presented.



Chapter 6

Two-dimensional field study

6.1 Introduction

6.1.1 Conceptual hydrogeological model of the site

This example demonstrates the effectiveness of the ULR method in solving
complex field problems. These applications focus on a conceptual model loosely
based on the Whiteshell Research Area (WRA), which is shown on Figure 6.1.
It is located on the Lac du Bonnet granite batholith in southeast Manitoba,
Canada. A series of cross-section generic models, based on hypothetical situa-
tions, are designed and simulated. The geological features are similar to those
in WRA, see [13], but are purposely kept simple in order to be of general use in
understanding the ULR method being studied.

The groundwater flow equation representing the model for the steady-state
saturated groundwater flow is simulated and solved. This produces a velocity
distribution. The results from the flow equation are then used to solve the solute
transport equation, i.e., the advection dispersion equation (4.2). The govern-

ing equation for steady-state saturated groundwater flow in an inhomogeneous

83
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Whiteshell Research Area
Mg

Figure 6.1: Three-dimensional block view of WRA

incompressible fluid in a cross-section is ([6])

0 Oh 0 Oh 0 Oh 0 Ooh

where h is the hydraulic head and K., K,,, K,, and K,, are hydraulic conduc-
tivities. The flow velocity (the coefficient of the solute equation (4.2)) can be

obtained from Darcy’s law

K,,0h K,,Oh

o hddd _Kzza_h Kz:z: oh
6 Oz 6 0z

9 0z 0 Oz’

Uy = — and Uy, =

where 6 is the effective porosity.

All model simulations are carried out in the same domain which is divided
into five areas according to the different intensities of open fractures (Figure 6.2):
Area 1 (grey granite) is a sparsely fractured rock, which is assumed to be isotropic
with hydraulic conductivity 6.5 x 107! m/s in both directions. Area 3 (pink
granite) is a moderately fractured rock with the hydraulic conductivity in the

horizontal direction two orders higher than area 1, and in the vertical direction
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Figure 6.2: The cross-section model with five areas according to the different
intensities of open fractures: Area 1, grey granite, is sparsely fractured rock.
Area 3, pink granite, is moderately fractured rock. Areas 2, 4 and 5 are fracture
zones, which are volumes of intensely fractured rock.

five times that value. Areas 2, 4 and 5 are fracture zones with the hydraulic
conductivities in the horizontal direction two orders higher than in the moderately
fractured rock horizontal direction, and half this value in the vertical direction.
The hydraulic conductivities and corresponding effective porosities are listed in
Table 6.1 except that K,, = K,; = 0. For the solute transport problem, the
longitudinal dispersivity is set to 15 m and a transverse dispersivity is 1.5 m. The
molecular diffusion coefficient is set at 0.15 x 1078 m?/s, see Table 6.2. All these

setting are obtained from [13].

Rock mass area | Conductivity (m/s) | Effective porosity
Horizontal | Vertical
1 6.50D-11 | 6.50D-11 4.0D-3
2 6.50D-7 | 3.25D-7 1.0D-1
3 6.50D-9 | 3.25D-8 5.0D-3
4 6.50D-7 3.25D-7 1.0D-1
5 6.50D-7 3.25D-7 1.0D-1

Table 6.1: Conductivity and porosity value in five areas.
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For these simulations, various boundary conditions are considered. For the
fluid problem, two different boundary conditions are assumed. In the first case,
the base of the model is considered to be impermeable because geologic evidence
suggests no vertical flow at that depth. The top boundary of the model has pre-
scribed hydraulic head values equal to the estimated water table elevations. The
hydraulic head values on the left and the right side boundaries are specified equal
to the corresponding value at the top point of that side. In the second simulation,
both the base and the right side boundaries are assumed to be impermeable. On
the left and the top boundaries, the hydraulic head is set to the same as in the
first simulation. For the solute transport equation, four subcases based upon dif-
ferent source locations are considered. All of the sources are placed on the right
boundary and they are at a depth of 160 m < z < 180 m, 260 m < z < 280 m,
360 m < z < 380 m and 460 m < z < 480 m, respectively. It is also assumed that

there is no solute concentration gradients across the other boundaries.

6.1.2 Finite grid and Galerkin’s finite element solver

Galerkin’s finite element method ( [30, 52, 69]) is used to discretize both the
flow and solute transport equations, under the same domain grid mesh of 2567
non-uniform triangular elements. The grid is refined along the inner boundaries
where the hydraulic head gradients are comparatively high and the vicinity of the
source disposal sites where contaminant concentration gradients are expected to
be comparatively high, see Figure 6.3.

AQUIFEM-1 [58], a versatile two-dimensional finite element code, is used to

model the groundwater flow system. AQUIFEM-1 employs the Galerkin finite
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Figure 6.3: A view of the two-dimensional finite element mesh for the WRA
cross-section model.

element technique with linear interpolation functions and triangular elements.
Next, the ULR code is used for solute transport problem. The ULR code also
employs the Galerkin finite element method to spatially discretize the equation
and uses the ULR method to obtain an approximate solute concentration dis-
tribution. This code uses a six-point triangular mesh, consequently, three extra
nodes per element have to be inserted and the nodes must be renumbered as to
minimize the band width of resulting matrices. As the result, 5264 nodes are used

for solute transport model.

6.1.3 Parameters for the ULR solver

The model parameters for the ULR solver are given in Table 6.2. Termination
of the ULR process occurs if more than 100 Lanczos vectors are required to
satisfy a relative residual error of 0.001. Of course, increasing the number of
vectors can produce more accurate solutions, but with more computational cost.

Hence there is a balance of accuracy with computation cost. Experience shows
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Parameter Value
Number of nodes 5264
Number of elements 2567
Time step At 1 year
Maximum reduced size 100
Relative residual error criterion | 0.001
Breakdown pivot tolerance 1078
Longitudinal dispersivity 15 m
Transversal dispersivity 1.5m
Molecular diffusion coefficient | 0.15 x 107° m?/s

Table 6.2: Model parameters for the ULR solver

that a maximum size of 100 is appropriate for a problem with an original size of
approximately 5000 nodes. A detailed discussion about the relative residual error
can be found in §3.4 and §5.4. Experience also shows the RMS error is much lower
than the relative residual error. In this model, the relative residual error bound
tolerance is set to 10™3. The pivot tolerance is set to 108, As it was pointed out
in §5.2, a larger value of pivot tolerance can produce a more accurate solution,
but there will be more breakdowns. In practice, it is often important to choose
an appropriate pivot tolerance to balance accuracy with breakdowns.

The following sections will detail the performance and accuracy of these sim-

ulations.
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6.2 Case 1: bottom boundary is impermeable
6.2.1 Performance in solving the flow equation

In this case, the bottom boundary is impermeable, i.e.,

h
g—z =0, on z=0.
where h(z, z) is the hydraulic head (the solution of the flow equation (6.1)). Heads

on the top boundary are equal to the water elevation, i.e.,
h(z,z) = z, (z, z) € top boundary.

Heads on the left and right boundaries are equal to the corresponding values at

the top point of that side, i.e.,
h(0,2) = hy, and h(1400, 2) = hs,

where h; = 564 m and hy; = 600 m, the water elevations of the top points of these

boundaries respectively.

606
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Figure 6.4: Hydraulic head contour for case 1.
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Figure 6.5: Velocity vector distribution for case 1.

The computed flow field can be seen in Figure 6.4 and Figure 6.5. Figure 6.4
shows the hydraulic head contours and Figure 6.5 is the corresponding velocity
vector distribution. It can be seen from Figure 6.5 that the groundwater flow
is essentially downward in area 3, and horizontal in area 1 (see also Figure 6.2).
Representative average velocities in the z and z directions are shown in Table 6.3
for regions shown in Figure 6.6. Here, a weighted area average is used to compute
average velocities for each region. If there are n elements in a region with area

A, vy represents the velocity v, or v, in the kth element and Ay is the area of

60 61
- I\‘g\k
> \ .
>4 f\
242:::::m:::==:¥§~ S
I
121 m ! d a
0 X
0 280 560 540 7120 1400

Figure 6.6: Regions for the average velocity and grid Peclet numbers.
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Region | Average velocity (m/a)
X z

a -0.16D-1 -0.64D-3
b -0.44D+1 | +0.13D+1
¢ -0.51D+0 | -0.11D+1
d -0.18D-1 -0.15D-2
e -0.50D+1 | 4+0.18D+1
f -0.10D+1 | -0.78D+1
g -0.29D+1 | +0.20D+0
h -0.21D-1 -0.49D-2
1 -0.31D-1 | +0.73D-2
] -0.35D+1 | +0.86D+0
k -0.12D+1 | -0.61D+1
1 -0.11D+2 | +0.21D+1
m -0.58D-2 -0.16D-2
n -0.29D-1 | +0.45D-2
o -0.72D+1 | +0.14D+1
p -0.27D+1 | -0.26D+2
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Table 6.3: Average velocity in the x and z directions for regions specified by
Figure 6.6.

the k’'th element, then the corresponding average velocity ¥ on the whole region

1s defined as

1>
U= — kaAk-
Ak:l

In Figure 6.6, the domain is vertically divided into four blocks and regions are
labeled alphabetically from a to p. In the block with regions a-c, 1300.0 m
< z < 1400.0 m, in the block with regions d-g, 1000.0 m < z < 1300.0 m, in the
block with regions h-1, 500.0 m < z < 1000.0 m, in the block with regions m-p,
0.0 m < 2 < 500.0 m.

The regionsa, b, ¢, d, e, fshown in Figure 6.6, which are near to the con-
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taminant source sites, are of special interest. The average groundwater velocities
in regions b and e are respectively —4.4, —5.0 (m/a) in the x direction and 1.3,
1.8 (m/a) in the z direction. In regions a and d, they are —0.016, —0.018 (m/a)
in the x direction and —0.00064, —0.0015 (m/a) in the z direction, and in regions
¢ and f, they are —0.51, —1.0 (m/a) in the x direction, —1.1 and —7.8 in the z
direction. The average velocities in regions a and d are much lower than those
in the other regions. In the next section, it can be seen, from Figure 6.7 to 6.10,

region a is a pottentially good area to place a contaminant source.

6.2.2 Performance in solving the transport equation

The grid Peclet number is a good indicator for the onset of numerical oscilla-
tions in the Galerkin finite element solution, or the stability of the semi-discretized
system (1.2). Table 6.4 lists these numbers for each region. The grid Peclet num-
ber is defined as

Az v,Az

Pem - Dmm a'nd Pez - DZZ b

where vg, v, are element velocities and D,, and D,, are coefficients of hydro-
dynamic dispersion, (given in (1.1) and (5.2)). Az and Az are defined as the
maximum length in the z and z directions for the element, respectively.

For one-dimensional problems with linear basis functions on a uniform mesh,
Carey and Sepehrnoori [11] proved that the discretization of an advection disper-
sion equation is numerically stable when the grid Peclet number is less than 2.
For higher dimensions with non-uniform irregular meshes, the proper grid Peclet
numbers are difficult to ascertain. Huyakorn and Pinder in [30] point out that “ac-

ceptable numerical solutions with very mild oscillations are achieved even when
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Region | grid Peclet number
X z
0.14D+1 | 0.11D40
0.16D+1 | 0.11D+0
0.20D+1 | 0.92D+0
0.15D+1 | 0.26D+0
0.17D+1 | 0.13D+1
0.24D+1 | 0.10D+1
0.17D+1 | 0.66D+1
0.31D+1 | 0.12D+1
0.15D+1 | 0.47D+0
0.19D+1 | 0.15D+1
0.30D+1 | 0.18D+1
0.18D+1 | 0.84D+0
0.19D+1 | 0.79D+0
0.16D+1 | 0.56D+0
0.16D+1 | 0.19D+1
0.18D+1 | 0.12D+1

T O R E e~ TR w0 O oD

Table 6.4: Average grid Peclet number in the x and z directions for regions
specified by Figure 6.6.

the grid Peclet number is as high as 10”. Nevertheless, the numerical stability
of the discretization of solute transport equation is sensitive to the grid Peclet
number. As the number increases, numerical results become unstable which is
considered to be an artifact of the discretization. In [45], it is pointed out that
“the constraints of the grid Peclet number may be relaxed in the regions where
the mass front exhibits small gradients”. In regions where the velocity is very low
and which are not expected to cover the transport path, a grid can be coarser and
the grid Peclet numbers can be larger. Furthermore, as pointed in section §5.4,
there is a balance of the grid number, i.e., under the constraints of the stability,

coarser grid can improve the condition number of resulting matrices. More com-
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ments on the grid Peclet number can be found in [45]. In our simulations, the
highest average grid Peclet number is 3.1 in x in region h and 6.6 in z in region

g. The result of the performance shows the grid is appropriate.

Average grid Courant number
Area X z
1 0.46D-3 | 0.18D-3
2 0.28D+0 | 0.10D+0
3 0.45D-1 | 0.42D+0
4 0.17D+0 | 0.82D-1
5 0.11D-2 | 0.54D-3
Region X z
0.67D-3 | 0.47D-4
0.19D+0 | 0.11D+0
0.27D-1 | 0.84D-1
0.68D-3 | 0.11D-3
0.21D+0 | 0.15D+0
0.51D-1 | 0.33D+0
0.13D+0 | 0.41D-1
0.44D-3 | 0.37D-3
0.14D-2 | 0.11D-2
0.13D+0 | 0.62D-1
0.61D-1 | 0.78D+0
0.43D+0 | 0.17D+0
0.12D-3 | 0.15D-3
0.97D-3 | 0.41D-3
0.23D+1 | 0.66D-1
0.55D-1 | 0.30D+1

T OB B~~~ R =m0 A0 P

Table 6.5: Average Courant number of each area specified by Figure 6.2 and for
regions specified by Figure 6.6.

There is another criterion for the time step selection in the Crank-Nicolson
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method. This is the grid Courant number, which is defined as

= Uz At and Cr, = vat.

Cra Az Az

The time step size At should be selected so that the grid Courant numbers are
less than or equal to 1, see [30, 10]. In this model, the average grid Courant
numbers for each area and for each region shown on Figure 6.2 and Figure 6.6 are
listed in Table 6.5, respectively. These constraints are essentially satisfied.
Various subcases with different boundary conditions are tested. Denote ; =
{z = 1400, 460 m < z < 480 m}, Qy = {z = 1400, 360 m < z < 380 m}, Q3 =
{z = 1400, 260 m < z < 280 m}, and Q4 = {z = 1400, 160 m < z < 180 m}.

Then for subcase ¢, 7 = 1,2, 3, 4, the boundary conditions are defined as

( C(z,2) =1, (z,2) € 8,

Z_S. =0 (z, z) on the top and bottom boundaries,
§ ¢ _ 0 (z,z) on the left boundary,

oz

g_g =0, (z,2) on the right boundary, but ¢& .

Figures 6.7, 6.8, 6.9 and 6.10 show concentrations evaluated at £ = 100, 500,
1000, and 3000 years for each of the subcases. All plumes are obtained using the
ULR method with the setting in Table 6.2. In Figures 6.7, 6.8 and 6.9, where
the source sites are in region c, the zone of high concentrations moves downward
until entering the intensely fractured rock (area 4). The solute then travels along

the intensely fractured rock (area 4) with a higher speed. The leading edge of the
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plume eventually exits area 4 and spreads in a diverging pattern. In Figure 6.10,
the deposit site is in the region a where the groundwater flows laterally at the
velocities which are much slower than that in region b. At ¢t = 3000 years, the
peak concentration has migrated only a few meters and the leading edge of plume
has entered the intensely fractured area, area 4. It is obvious that area 1 is a
potentially safer place for contaminant source deposit as the lowest velocities are
present there. Area 4 is the least suitable where the velocities are higher, and
contaminant solute eventually enters and travels along that area. The best source

site is in the area 1 and far from area 4.

6.2.3 Behavior of the ULR method

Table 6.6 gives the behavior of the ULR method applied to the subcases. It
lists the size of reduced system (Sr), the relative residual error (§) calculated
at the termination step of the ULR process, the step number at which the first
breakdown occurs (NNy), the number of eigenvalues with negative real part (#
Eg), the execution time (or system time) comparison, the RMS error comparison
and maximum error comparison. All comparisons are with respect to the classic
Crank-Nicolson solver.

The first breakdowns occur between 40 and 50 recursive steps. Two subcases
have eigenvalues with negative real part , and ET stabilization technique is applied
in these cases. The results of the comparisons are very encouraging. The lowest
RMS error is of the order of 1078 at 3000 years, while the highest error is of
1073 at 100 years. The highest maximum error is the order of 1072 at 100 years,

while the lowest maximum error is the order of 107 at 3000 years. These results
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Behavior Figure 6.7 | Figure 6.8 | Figure 6.9 | Figure 6.10
Sy 100 100 100 100
4] 0.95D-1 0.16D+00 | 0.29D+00 | 0.66D-02
N, 48 47 46 43
# Eg 2 Non 1 Non
RMS Error
100 years 0.470D-03 | 0.998D-03 | 0.141D-02 | 0.193D-04
500 years 0.173D-04 | 0.300D-04 | 0.502D-04 | 0.708D-05
1000 years 0.493D-05 | 0.188D-05 | 0.730D-05 | 0.193D-05
3000 years 0.330D-06 | 0.330D-07 | 0.181D-06 | 0.148D-06
Maximum error
100 years 0.957D-02 | 0.173D-01 | 0.543D-01 | 0.447D-03
500 years 0.216D-03 | 0.536D-03 | 0.481D-03 | 0.206D-03
1000 years 0.862D-04 | 0.217D-04 | 0.680D-04 | 0.362D-04
3000 years 0.613D-05 | 0.333D-06 | 0.274D-05 | 0.196D-05
Execution time (hour:minute:second)
ULR method | 0:19:56 0:25:14 0:23:01 0:20:48
Classic CN 6:40:32 6:42:58 7:49:23 6:49:38

97

Table 6.6: Behavior of the ULR method and comparison with respect to the classic
Crank-Nicolson solver for case 1. S, denotes the size of the reduced system, § is
the relative residual error calculated at the termination step of the ULR process,
N, stands for the step number at which the first breakdown occurs, # Eg is
the number of eigenvalues with negative real part. Classic CN stands for classic
Crank-Nicolson method.

presented in Table 6.6 suggest that ULR method requires only about 5% execution

time of the classic Crank-Nicolson solver. The advantage of ULR method in the

computation time saving is promising.
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Figure 6.7: Contaminant plumes for case 1, subcase 1, (a) t=100 years (b) t=500
years (c) t=1000 years (d) t=3000 years.
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Figure 6.8: Contaminant plumes for case 1, subcase 2, (a) t=100 years (b) t=500
years (c) t=1000 years (d) t=3000 years.
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Figure 6.9: Contaminant plumes for case 1, subcase 3 (a) t=100 years (b) t=500
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Figure 6.10: Contaminant plumes for case 1, subcase 4 (a) t=100 years (b) t=500
years (c) t=1000 years (d) t=3000 years.
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6.3 Case 2: bottom and right boundaries are
impermeable

6.3.1 Performance in solving the flow equation

In this case, the bottom and right boundaries are impermeable, and the pre-

fixed heads on the top and left boundaries are the same as in case 1. i.e.,

(
_8_]3:0, on z =0 orz= 1400,
0z

! hiz,2) =z, (x, z) € top boundary,
h(0, z) = 564.

606
4851

364

2421

568

1215

o] 280 560 840 1120 1400

Figure 6.11: Hydaulic head contour for case 2.

Figure 6.11 and Figure 6.12 show the hydraulic head contour and the corre-
sponding velocity vector distribution. It can be seen from Figure 6.11 that the
gradient of the hydraulic head in area 1 (see Figure 6.2} is smooth. It is expected
that in area 1 the velocities are low. From Figure 6.12, it can also be seen that the
groundwater in area 3 flows downward and enters area 4. It eventually exits from

area 3 and enters area 1. In area 1, the groundwater flows essentially laterally
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Figure 6.12: Velocity vector distribution for case 2.

and eventually enters area 5 or exits across the left boundary. Table 6.7 gives the
quantitative details of velocities and the grid Peclet number for each region.

In regions a and d (see Figure 6.6), the velocities are of the order of 107°.
In regions ¢ and £, velocities are more than four orders higher than in region a
and d, and those in vertical direction are at least ten times higher than those
in horizontal direction. Even in the intensely fracture rock, region b and e, the
velocities are as low as —0.013, —0.080 m/a in the x direction and 0.001 and 0.026
m/a in the z direction. Because of the low velocities, the constraints of grid Peclet

number and Courant number are easily satisfied as seen in Table 6.7 and 6.8.

6.3.2 Performance in solving the transport equation

With the parameter settings by listed in Table 6.2 and the same source loca-
tions tests as in Case 1, four subcases are presented. The solute migrations for
each subcase are depicted in Figures 6.13, 6.14, 6.15 and 6.16. When the source
locations are chosen in region ¢ (see Figures 6.13, 6.14 and 6.15) the zone of peak

concentration moves slowly downward along the fluid flow and enters area 4. The
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Region Average Average
velocity (m/a) grid Peclet number
X z X z
a -0.88D-6 | -0.19D-5 | 0.45D-3 | 0.51D-3
b -0.13D-1 | +0.11D-2 | 0.11D+1 | 0.31D+0
c -0.30D-2 | -0.16D+0 | 0.31D+0 | 0.89D+0
d -0.37D-5 | -0.20D-5 | 0.21D-2 | 0.57D-3
e -0.80D-1 | +0.26D-1 | 0.16D+1 | 0.11D+1
f -0.11D-1 | -0.22D+0 | 0.90D-+0 | 0.95D+0
g -0.24D-1 | -0.73D-2 | 0.15D+1 | 0.61D+0
h -0.84D-5 | -0.51D-5 | 0.91D-2 | 0.38D-2
i -0.19D-4 | +0.44D-5 | 0.11D-1 | 0.84D-3
j -0.13D+0 | +0.23D-1 | 0.18D+1 | 0.11D+1
k -0.12D-1 | -0.31D+0 | 0.15D+1 | 0.17D+1
1 -0.14D+1 | -0.15D+0 | 0.18D+1 | 0.81D+0
m -0.21D-5 | -0.17D-5 | 0.22D-2 | 0.15D-2
n -0.16D-4 | +0.28D-5 | 0.90D-2 | 0.73D-3
0 -0.29D+0 | +0.59D-1 | 0.14D+1 | 0.12D+1
p -0.16D-4 | +0.28D-5 | 0.90D-2 | 0.73D-3
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Table 6.7: Average velocity and grid Peclet number in the x and z directions for
regions specified by Figure 6.6 for case 2.

solute merely travels a short distance in area 4 rock unit and then exits into
area 1. Figure 6.16 shows the plume when the source position is placed in region
a where the velocities are very low. So, the transport in this region is diffusion
dominant (note that, in general, equation (4.2) is not diffusion dominant, because
the velocities in the other regions are not low enough to be ignored). After 3000
years, the solute has only traveled a few miles. The migration patterns can be
seen clearly in Figure 6.17 which depict the plumes of four subcases at one million
years. It can be seen that the peak concentration (0.2 ~ 1.0) of each subcase has

traveled a few miles, in the vicinity of the deposit site even after one million years
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while the scattered solute (concentration 0.001 ~ 0.2) disperses in a wide area in
area 1. In Figure 6.17 (a), because the deposit site is near the surface, the solute

eventually exits from the ground surface.

Average grid Courant number
Area X z
1 0.11D-6 | 0.17D-6
2 0.32D-1| 0.23D-1
3 0.37D-3 | 0.14D-1
4 0.54D-2 | 0.20D-2
5 0.66D-6 | 0.34D-6
Region X z
0.36D-7 | 0.14D-7
0.57D-3 | 0.19D-3
0.16D-3 | 0.12D-1
0.14D-6 | 0.15D-6
0.32D-2 | 0.21D-2
0.46D-3 | 0.14D-1
0.11D-2 | 0.69D-3
0.17D-6 | 0.30D-6
0.89D-6 | 0.66D-6
0.48D-2 | 0.18D-2
0.51D-3 | 0.15D-1
0.63D-1| 0.45D-1
0.46D-7 | 0.10D-6
0.61D-6 | 0.26D-6
0.93D-2 | 0.28D-2
0.34D-3 | 0.25D-1

T OB HE =R e R D O D

Table 6.8: Average Courant number for areas specified by Figure 6.2 and for
regions specified by Figure 6.6 for case 2.

6.3.3 Behavior of the ULR method

Table 6.9 lists the behavior and error comparisons for the ULR method in these
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subcases. There are no breakdowns and no eigenvalues with negative real part in
the reduced system in the subcases depicted in Figures 6.14, 6.15 and 6.16. The
example of Figure 6.16, where the velocities in the surrounding of the source site
are of the order of 1078 (region a), the size of reduced system is only 69. The
highest RMS error is the order of 1074, the lowest is 107%. The highest maximum
error is the order of 1072, and lowest is the order of 1075, A great execution
time saving can also be obtained. Like case 1, the execution time of ULR method
for time of 3000 years is only about 5% of that in the classic Crank-Nicolson
solver. For time of one million years, the largest execution time for subcases (b),
(c) and (d) is only 39 seconds, while (a) needs 7 hours and 54 seconds. This
is because that, in subcases (b), (¢) and (d), no breakdown occurs during the
ULR process and there is no eigenvalues with negative real part in the reduced
system. Thus the reduced system is tridiagonal and the time-stepping solver is
very economical. Particularly, in the subcase (d), the reduced size is only 69 and
the saving of the execution time is the greatest. The comparisons with the classic
Crank-Nicolson solver were not made, but according to the comparison for 3000
years, it is expected that the classic Crank-Nicolson solver for one million years
would require 140 hours CPU time. These results sufficiently demonstrate the

advantage of the ULR method.
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Behavior Figure 6.13 | Figure 6.14 | Figure 6.15 | Figure 6.16
Sr 100 100 100 69
) 0.70D-02 0.59D-01 0.28D-01 0.30D-3
Bk No. 30 Non Non Non
# Eg 3 Non Non Non
RMS error
100 years 0.616D-03 | 0.883D-03 | 0.296D-03 | 0.318D-04
500 years 0.169D-03 | 0.132D-03 | 0.563D-04 | 0.125D-04
1000 years 0.592D-04 | 0.655D-04 | 0.171D-04 | 0.152D-04
3000 years 0.304D-05 | 0.515D-04 | 0.137D-05 | 0.181D-05
Maximum error
100 years 0.760D-02 | 0.322D-01 | 0.103D-01 | 0.666D-03
500 years 0.363D-02 | 0.416D-02 | 0.254D-02 | 0.438D-03
1000 years 0.911D-03 | 0.226D-02 | 0.749D-03 | 0.292D-03
3000 years 0.312D-04 | 0.270D-03 | 0.532D-04 | 0.435D-04
Execution time at 3000 years(hour: minute: second)
ULR method | 0:29:08 0:17:46 0:21:59 0:17:10
Classic CN 8:33:17 7:02:05 7:13:42 6:43:14
Execution time at one million years (Figure 6.17)
@ 0) © @
ULR method | 7:54:56 0:38:55 0:39:30 0:27:30
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Table 6.9: Behavior of the ULR method and comparison with respect to the
classic Crank-Nicolson solver for case 2. Symbols, see Table 6.6.
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Figure 6.13: Contaminant plumes for case 2, subcase 1, (a) t=100 years (b) t=500
years (c¢) t=1000 years (d) t=3000 years.
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Figure 6.14: Contaminant plumes for case 2, subcase 2, (a) t=100 years (b) t=500
years (c) t=1000 years (d) t=3000 years.
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Figure 6.15: Contaminant plumes for case 2, subcase 3, (a) t=100 years (b) t=500
years (c) t=1000 years (d) t=3000 yeaurs.
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Figure 6.16: Contaminant plumes for case 2, subcase 4, (a) t=100 years (b) t=500

years (c) t=1000 years (d) t=3000 years.
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Figure 6.17: Contaminant plumes for case 2, four subcases at time of one million
years, (a) subcase 1 contoured from 0.001 to 0.2 by 0.01, (b) subcase 2 contoured
from 0.001 to 0.2 by 0.01, (c) subcase 3 contoured from 0.001 to 0.2 y 0.01, (d)
subcase 4 contoured from 0.001 to 0.4 by 0.02.
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6.4 Concluding remarks

This chapter describes the simulation of a groundwater field problem with the
ULR method. Tremendous computational saving (about 95%) compared to the
classic Crank-Nicolson method can be obtained. The simulation of the transport
at one million years gives a good insight into the advantage of the ULR method.

Experiments show that the refinement of the grid is necessary, but there is a
balance of the condition number and stability of the semi-discretized system (1.2).
A finer mesh grid could cause larger condition numbers but can improve the grid
Peclet number. A study of this tradeoff is worth further investigation.

Experiments also show in these simulations that the boundary conditions of
the hydraulic head gradient determine the steady-state fluid flow patterns, and
consequently determine the migration patterns of the solute, if the hydraulic
properties of the media are fixed. When the bottom and the right boundaries are
imposed as impermeable (case 2), the flow velocities are decreased, especially in
the bottom-right corner. Therefore, the bottom-right corner is the best place for
the deposit site of a contaminant source.

The simulations in this Chapter are undertaken in the absence of the radionu-
clide decay and generation owing to parent-to-daughter transformation of compo-
nents, which is referred as decay chain problem. Because the governing equations
for each species in the decay chain problems have the analogous form, it can be
expected that a big advantage can be obtained from solving those problems by

ULR method. This is studied in the next chapter.



Chapter 7

Two-species radionuclide decay
chain problems

7.1 Introduction to decay chain problems

Radionuclide transport involves species decay and generation owing to parent-
to-daughter transformation of components. For example, simulating transporta-
tion of two or more species, C; and C5, the decay chain is of the type C; — Cy —
Cs, etc. The mathematical model for two species transport can be expressed by

a system of two advection dispersion equations

oC
(7.1) - = vV (DVC)-v V0 - mb,
oC.
(7.2) —5;‘ = V- Dy Cy)—v -0 — poCy+ 111Ch,

where p; is the decay constant of radionuclide species C; (D and v, see equa-
tion (1.1)). The decay constant y; is defined in terms of the species’ half-life,
(t12); as

(7.3) pi = In2/(t12)s.

114
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Equations (7.1) and (7.2) represent a simple case where the ratio of parent compo-
nent decaying into daughter component to the initial amount of parent component
is one (& = 1 in equation (1.1)). The description of general decay chain problems
in given in [30].

The radionuclide source itself also involves parent-to-daughter transformation
of components and species decay. Thus the boundary conditions are also transient.
Denoting C;(t) as the concentration of species 7, for ¢ = 1,2 on the boundary I'y,

and write

Ci(x,t) = Ci(t), x €I,

then C;(t) can be described by a set of mass-balance equations:

dC -
(74) d—tl = —,ulCl,

dC - -
(75) ——-—dtz = —,LLQCQ + ,LL101.

In the above equations, —MCH and —Mzéz are species decay terms and ,ulé’l in
equation (7.5) is the species generating term from the C; — C, transformation.
It is not difficult to obtain the solutions for these ordinary differential equa-

tions (7.4) and (7.5), i.e.,

(7.6) C, = Clemt,

CPin CPm
CO i 1 e-—uzt + 1 e—/ut’
(2 [ — o fia — g 7 pe

(G + Clmt)e™™? P = iz,

(77) Oz -
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where initial values C? are constants. The general equations of the boundary
conditions like (7.4) and (7.5) are known as Bateman’s equations. The analytical
solutions of them is given in [5]. More detailed discussions of the boundary

conditions can be found in Harada et al, [28].

7.2 Application of the ULR method to decay
chain problems and analysis of the residual
error

In this section, an application of the ULR method applying to the decay chain
problem is described. The major advantages of this method are large savings in

computation time and storage.

7.2.1 Solving the decay chain problems by the ULR
method

Using a common finite element grid, equations (7.1) and (7.2) are discretized

to a set of the first order differential equations

(78) MC1 + KCl + ,Lthcl = fl,

(79) MC2 + KCz + ,LL2MC2 - ulMcl = fz,

where ¢; is the vector of species ¢ concentrations on unknown nodes, M and K are
“capacity” and “conductivity” matrices respectively as introduced in §1.1, and f;
is a time dependent vector formed by boundary conditions and other source/sinks.
The ULR algorithm 3.4 is applied, using the starting vector K~'a, where a is an

arbitrary vector. Note that the starting vector for the ULR method is not the
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simple f = bu(t) as described in equation (1.2). A discussion of starting vector a
will be presented in §7.3. From Theorem 3.1, the important relations like (3.28)
and (3.29) are established, i.e.,

— ¥ _ Il 0 * _
(7.10) =P, MQ,, = [ oI ] , P>Mr, =0,
(7.11) P* MK~'MQ,, = I'T,,,
and
(7.12) K'MQ,, = QT + rme’,,

where, II, P,,, Qm, T, and r,, are defined in Theorem 3.1, and m is the size
of reduced system. The Rayleigh-Ritz process as introduced in §3.4 is used. By
replacing ¢; in equation (7.8) and (7.9) with Q,, w;, pre-multiplying both sides of
these equations by I'"'P* MK ™! and taking account of (7.10), (7.11) and (7.12),

the reduced equations are obtained simultaneously

(7.13) TmWi + W, + uTwwi = TP: MK,

(7.14) T,Wo + Wy + s Trowy = TPLMK ™', + i Twy.

7.2.2 Computation and storage saving

The great advantage explored here is that only one ULR process is required to
reduce two or more equations, including computing the LU factorization for one
n X n matrix K in the ULR process and two small m x m matrices of the form

T + At(I, + 1 Tr) and T, + At(L, + 42Tr) in the Crank-Nicolson scheme.
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The Crank-Nicolson scheme requires the storage of four small m X m matrices
of the form T, + At(L, + 111 Tw), T — At(Lyn + 11T, T + At(Ln + 12 Th)
and T,, — At(I,, + p2Tm), where m < n. The classic Crank-Nicolson solver on
equations (7.8) and (7.9) requires the LU factorization for two n x n matrices of
the form, M + A#(K + ;M) and M + At(K + pusM). and storage for four n x n
matrices of the form, M+ At(K + p; M), M — At(K + 1 M), M + At(K + poM)
and M — At(K + psM). Obviously, if more decay species are involved in the

problem, then a larger saving of computation time and storage may be achieved.

7.2.3 Analysis of residual error

One problem however arises. That is how to choose the starting vector for the
ULR process. The choice of a starting vector has a large effect on the accuracy
and the convergence speed of the ULR method. In equation (7.8), when K~'f;,
the steady-state solution is chosen as the starting vector, a faster convergence
can be observed than any other starting vector. A discussion of this issue can
be found in [43] and a recent paper [16]. This assertion can be investigated by
the analysis of the residual error. The residual error of equation (7.8) and (7.9)
are defined by substituting ¢; = Q,w; and ¢; = Q,,W» into equation (7.8) and

(7.9), and then rearranging the results, namely,

(7.15)  O™(t) = K 'MQuw; + Quw: + 1K MQuw; — K™'f;,
(7.16)  0°(t) = K MQuws+ Quws + 1K 'MQw,

— K "MQ,w; — K7,
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where m is the reduced size. Substituting (7.12) into (7.15) and (7.16) , consider-
ing (7.10) and (7.11), and that w; and w, are the solutions of (7.13) and (7.14)

respectively, equation (7.15) and (7.16) become

(717) ggn = QmP:(nMK—lfl - K_lfl + rmefn(v'vl -+ Wl)

(7.18) 07 = QuPiLMK™'f, — K'Yy + rpel (Wo + pows — wy).

The last term of the above equations decreases exponentially as ¢ increases. The
ULR method with ET technique guarantees that the reduced equation is stable
in time. However, the first two terms on the right side of the above equations
affect the convergence of 67" and 67* if their norms are large. If the steady-state

solution is chosen as the starting vector for equation (7.8) only, it follows that

(7.19) K™'f; = Biq1 = £1Qumen,

where §; = ||[K~!f}||. Thus the sum of the first two terms of right hand side of

equation (7.17) vanishes by substituting (7.19) into it, i.e.,

(720) QmP:zMK—lfl - K—lfl - ﬂl(QmP:nMQmel - Qmel) =0.

For decay chain problems involving more than one species such as equation (7.8)
and (7.9), it is impossible to choose a suitable starting vector as f; # f5. This
problem can be solved by further investigating the structures of f; and f, as

discussed in the next section.
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7.3 Analysis of the starting vector for the ULR
method

This section investigates the structures of the right hand side vectors f; and
and finds that these two vectors are parallel each other. Therefore, it is possible to
choose a suitable starting vector for both equations (7.8) and (7.9) and apply the
ULR method. Here, the simple case is discussed where the 2nd-type (Neumman)
boundary condition is zero and there are no other source/sink sources. The more
general conditions will be discussed in §7.6.

Equations (7.8) and (7.9) resulting from Galerkin’s finite element method are
only applicable at unknown nodes, i.e., the 1st-type (Dirichlet) boundary nodes
are excluded from these equations. During the finite element process, the following

equations are first derived, i.e.,

(721) Mél + Kél + ,Uz11\7.[61 = fl,

(7.22) M¢, + K&, + usMéy — My = 5,

where C; is the concentration vector at all the nodes on the domain grid including
the 1st-type (Dirichlet) boundary nodes, the matrices M and K in equations (7.8)
and (7.9) are submatrices of M and K obtained by partitioning out several rows
and columns from M and K. These rows and columns correspond to the 1st-
type boundary nodes. The f; are zero vectors in this case, because the 2nd-type
boundary condition is zero and there are no other source/sinks. The right hand
side vectors in (7.8) and (7.9), f;, may be obtained by transferring the information

from the 1lst-type boundary nodes to the nodes within the same element see
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[52, 69].

For example, suppose in (7.22) that node k is not a 1st-type boundary node
but with the 1st-type boundary node j within a same element. Denote that (I'; )]
to be the subset of such nodes j and (f3)g, (fz)k to be the k’'th entry of f, and
f'g, respectively. According to the finite element process, row j and column k
are partitioned from M and K to form matrices M and K, and the ( fz)j is also

partitioned from f;. The entry (f2)i is constructed by

(7.23) (B = Y. (R)i,

J€(C1)}

where (f,) is formed by using the following equalities, from equation (7.9),

(B2) = —Myj(E2); — Kij(@2); — oMy (82); + p1 Mg (é1);
= —Kii(&2); — My ((&2); + 1a(@); — 1 (&1);)
= —Kij(Z);.

The last equality holds because (¢;); and (&;); are Ist-type boundary nodes and
they satisfy equation (7.5).

Substituting the above result into equation (7.23) and taking account of (7.7),
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we can express (f3); explicitly as

.
_Cf_{)_'l.jl_l_ (_ Z Kkj) et

Ho — [y jE(Fl)}i

(o) =

C? -
+ (C’S + _1_L61> (“ > 'Kkj) e, P F o

H1 — Ha jey

{ (CS + C’{)ult) (-— Zjé(f&)fc Kkj) e Ht U1 = Uog.

For the nodes which are not related to the 1st-type boundary nodes, the cor-
responding rows and columns of M, K and the corresponding entries of f, remain
unchanged.

Similar results for the right hand side vector of (7.8), fi, can be obtained. In
summary, denote ¢ as a subset of nodes in which each node is related to the 1st-
type boundary nodes such as node k described above. If p; # py, then f; and £,

take the forms
f; = bje 4t and  f, = ble "’ 4 b2e #2!,

where by, b} and b3 satisfy

0 ) ko
) = { = Y. KO} kel
JE(T1)],
0 kol
~ 0
B = § - ¥ f, - kel
La — 4

J€(T1)]
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0 ko
0
B = - > R (cg+ C”“) ke,

Therefore equations (7.8) and (7.9) can be rewritten as

(724) M01 + KCl + M01 = flbe_’“t,

(7.25) Mé; + Kco + peMey — piMe; = Elbe™t 4 2pe#2t,

where
CP CP 1
€ — CO, é—l — 1 ’ 2 — CO + 1
1EOn GE T G=Gr T

and b is the vector with entries

0o, kg,
(7.26) by =4 — Z Ky, kel

jET1)
Similarily, if 11 = po, equation (7.8) and (7.9) can be rewritten as

(727) MC1 + KC1 -+ MC1 = C’lbe_’“t,

(7.28) Me¢;, + Key + poMeg — pyMe; = (Cg + C{),Ltlt)be'—“2t,

where b is the form of (7.26).

Equations (7.24), (7.25) and (7.27), (7.28) show that f; and £, are all parallel
to the vector b. Thus K™'b is the right choice for a starting vector. Therefore
the analysis of the residual error of the reduced system can proceed as before.

For example, if 11 # p2, the reduced system after the ULR method, (7.13) and
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(7.14), becomes

(7.29) Trwi+wi +mTonw, = £Bee™

(7.30) TpWo +wo+ 2 Trwe = &Bere ™™t + €28 101672 + 1y Trwy,

where §; = ||[K~'b||. The corresponding residual errors are (7.17) and (7.18). It
is not difficult to find that the sums of the first two terms in the right hand side
of equations (7.17) and (7.18) vanish. In a manner analogous to the derivation

of (7.20), they are

QmP:nMK_lfl — K—lfl = gl(QmP:‘nMK“lb — K‘lb)e"ﬂlt — O,
QuPL MK, — KU, = £4(QmPLMK b — K-'b)e !

+ gg(QmP:nMK_lb —_ K—lb)e—uﬁ =0.
Hence equations (7.17) and (7.18) become

(7.31) 07 (t) = rmeh (W1 + mwy),

(7.32) 07 (t) = rper (Wo+ paws — uiwy).

These equations show that the residual error in the ULR application to the decay
chain problem is stable as time increases. This issue will be discussed further in

the next section.
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7.4 Stability and termination of the process

7.4.1 Analysis of stability

The requirement of stability for equations (7.29) and (7.30) is that the real
part of all eigenvalues of matrix — T} (I+ 4, Tp), i = 1,2, are negative, or that of
T,.' + ;1 are positive. Denoting A\(A) to be an any eigenvalues of matrix Aand

Rey(A) to be the real part of the corresponding eigenvalue ), it follows that
MT+ wI) = MT2Y + .

Therefore, Rex(T;;' + /I) > 0 if and only if Rey(T;!) > —p;. Since

_ Re,(T,,
and Rey(T;!) = W’%—)—Ig),

the condition for the stability of equation (7.29) and (7.30) is
Rex(Tm) > — 1| A(Trm) 2

fori=1,2, or

(7.33) Rex(Trm) > max{—u|\(Tw) %, — 2| \(Tm)|?}-

The ET technique can be applied to equations (7.29) and (7.30) if this require-
ment is not satisfied. Recall that all details of the process have been discussed

in Chapter 4. After applying the ET technique, we obtain the translated system,
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for example,

ToWwi + w1+ Teaw, = € freie ™,

TrWo + Wa + o Trwy = Eafrere ™ + & Bee Mt 4 1 Ty wy,

where

T = Tw[l+ Xy(D5' Dy — 1) Y3,
When 1 = pg, a similar result can be obtained.

7.4.2 Monitoring and terminating the process

The analysis and algorithm are almost the same as described in §3.4. At each
step j during the ULR process, the relative residual errors for equations (7.24)

and (7.25) are defined as

iy 1@
(7.34) 100) = pogigm
and .

" [GKTpmi - gRT g

where 6] (t) is the relative residual error (7.15) and (7.16) at step j. The bounds
of &/(0) and 63(0) are computed to monitor the process. Because the initial
conditions state that w;(0) = w,(0) = 0, then from (7.29) and (7.30), it follows
that

(7.36) wi(0) = A& T e, and Wy (0) = By (€] + €2)T le,.
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Substituting equations (7.31) and (7.32) into (7.34) and (7.35), and noting (7.36),

bounds for the relative residual error at ¢t = 0 and at step j are obtained, i.e.,

o Il T
7 J
MO = k]

= |B1][IT; "eul],

and
;1118111631 + 1€ DI T e ]
(1€ + €DK =1b|

83(0) < = |Bin|lIT; e

These expressions are identical, therefore the relative residual bound can be de-

fined as

8; = |Binll| T7 el

which can be used to monitor the process by calculating d; at every step j. When a
prefixed criterion is satisfied, then the process can be terminated. The calculation

of §; follows Algorithm 3.3 in §3.4.

7.5 Numerical examples

An example problem is chosen to demonstrate the procedure developed above
and is also based on a conceptual model similar to the Whiteshell Research Area
(WRA) (Figure 6.1). The species transformation from ?4°Pu to 2*¢U is selected
from the first segment of an actinide decay chain *°Pu — 23U — 230Th —
28Ra — Th, see [22]. The half-lives of ?*°Pu and 23U are 6.54 x 10 and
2.34 x 107 years, and their corresponding decay constants, (7.3), are 0.46 x 10~*

and 0.13 x 10~7 (1/year) respectively.
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The geological and hydrological properties, and the finite element discretization
of the domain in this hypothetical simulation are the same as those of discussed in
§6.1. The boundary conditions for the flow and transport equations are also the
same as imposed for case 1, subcase 1, i.e., only the bottom boundary is considered
to be impermeable and the disposal site is in the depth range of 460 m < z <
480 m.

Two cases are simulated. The first case assumes that both species °Pu and
2361 are released from the vault room and the initial concentration of each species
is normalized to one. The second case assumes that only 2‘°Pu is released from
the vault room. Its initial concentration is also set at one and that of U is zero.
The parameters for the ULR method are exactly the same as listed in Table 6.2.

Migration of these two species for case 1 is depicted in Figure 7.1 and 7.2.
They are similar to Figure 6.7 in their travel paths and the spreading patterns of
the leading edge of the plume, but are different in the concentration of the various
species. For 240Pu, the contaminant source decays from 1 to 0.74 after 3000 years.
For #38U, during the same period of time the source increases from 1 to 1.13. This
behavior results from the decay constant of °Pu being much higher than that of
2367, and consequently, the speed of transformation from 24°Pu to #*¢U is much
faster than that from 22U to the next daughter. This phenomenon can also be
observed from Figure 7.3 where only 24°Pu is released. The concentration of 2*U
at the disposal site has grown from zero to 0.26 in 3000 years.

The behavior of the ULR algorithm is similar to that shown in the first column
of Table 6.6. The size of the reduced system is 100. The relative residual error at

the termination step is 0.95 x 107!, The first breakdown occurs at step 48. Two
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Time | Figure 7.1 (***Pu) | Figure 7.2 (***U) | Figure 7.3 (**U)
RMS error
100 years 0.465D-03 0.474D-03 0.467D-05
500 years 0.164D-04 0.181D-04 0.843D-06
1000 years 0.446D-05 0.540D-05 0.469D-06
3000 years 0.244D-06 0.415D-06 0.855D-07
Maximum error
100 years 0.947D-02 0.966D-02 0.952D-04
500 years 0.206D-03 0.227D-03 0.105D-04
1000 years 0.780D-04 0.944D-04 0.821D-05
3000 years 0.454D-05 0.772D-05 0.159D-05
Execution time (hour: minute: second)
ULR 00:22:13 00:26:00
Classic CN 13:51:13 14:03:31

129

Table 7.1: RMS error, Maximum error and execution time comparisons with
respect to the classic Crank-Nicolson solver for decay chain problems.

eigenvalues of the reduced system have negative real parts and the RMS errors

and maximum errors can been seen in Table 7.1. The highest RMS error is of the

order of 1074, while the lowest is of the order of 1078, The maximum error is of

the order of 1073, while the lowest is the order of 107%. Note the large reduction

in execution time. The ULR method only needs about 3% execution time of the

classic Crank-Nicolson solver.
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Figure 7.1: Radionuclide transport plumes for 24°Pu, (a) t=100 years , contour
from 0.01 to 0.99 by 0.1. (b) t=500 years, contour from 0.01 to 0.95 by 0.1. (c)
t=1000 years, contour from 0.01 to 0.9 by 0.09. (d) t=3000 years, contour from
0.01 to 0.74 by 0.07.
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Figure 7.2: Radionuclide transport plumes for 23U, (a) t=100 years , contour
from 0.01 to 1.01 by 0.1. (b) t=500 years, contour from 0.01 to 1.05 by 0.1. (c)
t=1000 years, contour from 0.01 to 1.10 by 0.11. (d) t=3000 years, contour from
0.01 to 1.26 by 0.13.
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Figure 7.3: Radionuclide transport plumes for 226U of case 2, where 23U is not
released from disposal room but is transformed from ?*°Pu. (a) t=100 years,
contour from 0.00 to 0.01. (b) t=500 years, contour from 0.01 to 0.05 by 0.01.
(c) t=1000 years, contour from 0.01 to 0.09 by 0.01. (d) t=3000 years, contour
from 0.01 to 0.26 by 0.03.
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7.6 Conclusions and suggested future work

By means of analysis and illustrative examples, the advantages of applying
of the ULR method to the simple two species decay chain problems have been
demonstrated; specifically computation and storage savings. For long period pre-
dictions, the method is extremely encouraging. Recall that in §5.4, where the
single transport problem is analyzed, the limitation of storage is a problem for
the application of the ULR method. Here, on the contrary, storage saving is an
advantage.

Further work on general multi-decay chain problems can be developed as out-
lined below. If the general decay chain problems involve non-zero 2nd-type bound-
ary conditions and other sink/sources, then the f; in (7.8) and (7.9) are not be

parallel to each other. They may have the forms

(7.37) fi = £+ &be

(7.38) f, = §+&be Mt 4 beH2,

where f; is a constant vector constructed from the non-zero 2nd-type boundary
conditions and the other sink/sources. It is reasonable to further assume that
fi=f=1 , because the 2nd-type boundary conditions and the other source/sinks
are the same for two species. Due to the homogeneous initial condition (the initial
concentrations on all unknowns are zero), equations (7.8) and (7.9) can be split

into several systems of equations. For equation (7.8), this is equivalent to the
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following two systems of equations,

(7.39) M¢) + Kej + iyMe; = |,

(7.40) Me! + Kc! + p1Mc] = & be 1,

where ¢; = ¢} + ¢/. The ULR method generates Krylov subspaces by using two
starting vectors K~'f and K~'b, respectively. That is, P’ , Q' and T, are
produced by starting vector K~'f, and P, Q" and T” are produced by starting
vector K~'b. Then in terms of Rayleigh-Ritz process, the above equations may

be reduced to

(7.41) T, Wi +wi +mT,wi = flei,

(7.42) T, Wi +w] +uTow! = &f{ere™™,

where ] = [[K™'f|| and 8} = [K~'b||, ¢{ = Q},w] and ¢] = Qq w/

Similar reduction process can be carried out for equation (7.9) except for the
term p1Mcy. The principle of the split is to make the each equation related to
only one starting vector. So, after substituting ¢; = ¢} + ¢{ and ¢ = ¢}, + ¢3,

equation (7.9) is equivalent to equations

(7.43) Meé; + K + poMcy, = £+ puMel,

(7.44) Méjy + Kej + poMey = &be ™t 4 gbe 2t 4+ 1y Mcl.

Thus, using the same Krylov subspaces generated by the starting vectors K—'f
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and K~'b, the above equations can be reduced to

(7.45) T, Wwo+ws + uT,,wy = f[rer + T wi,
(7.46) Thwy +wy + peThwy = &Blee ™™ + &8 ere ™t + 1T, w,
where ¢, = Q;, W5, ¢, = Q, W5.

In this approach, two ULR processes are performed, but only one LU factoriza-
tion of K needs to be computed. It is expected that same advantages as described
in §7.2 can be realized.

Another approach to the solution of the general equations is to construct equa-

tions (7.8) and (7.9) in block form, i.e.,

(7.47) Mé +Ke =f = f; + fe ™t 4 fe#2?,
where
~ | M 0 ~ | K+muM 0
(7.48) M“[O M} and K—[ M K—i—ugM]’
and

c . f = [ &b = [ o
(7.49) c=[ci}, flz[f;], fz_[éb], and fg_[gab}.

Equation (7.47) can then be split into three equations and reduced into three small
equations with three different starting vectors according to the right hand side of
equation (7.47). The size of the system becomes twice as large as the original size

and the lower bandwidth of K is significantly increased. Hence, the time involved
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in computing the LU factorization of K will be considerably increased. However,
sparse storage and iterative solvers may be used in overcoming this problem. A
detailed analysis and comparison of the above two approaches should be carried

out in the future.
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Conclusions
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Chapter 8

Concluding Remarks

8.1 Concluding remarks

The present thesis addresses the development of the ULR method to solve
the advection dispersion equation, with particular emphasis on methods dealing
with the breakdown and instability problems which occasionally occur during
the process. Robust algorithms including the MPNSV algorithm, switching algo-
rithm, termination algorithm for the process, and the ET algorithm are presented.
Applications to contaminant transport problems, including field problems and ra-
dionuclide decay chain problems are also carried out. The numerical results have
shown that this method can result in large computational savings for long term
period prediction. This conclusion is especially true in the absence of breakdown
and instability of the reduced system. The application to the radionuclide decay
chain problems also shows that the computation time saving of the ULR method
is large. In addition, the storage saving in this application is also promising.

The following is a summary of the results given in this thesis. Some open

questions that are important topics for further research will also be presented.

138
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e As a modal reduction method, the ULR method reduces a semi-discretized
first order differential equation to a much smaller size system. In the ab-
sence of breakdown, the reduced system is tridiagonal, or a special upper
Hessenberg with a lower band width of one and irregular upper band width.
Because the reduced system is very small in comparison to the original size,
great computational cost savings can then be obtained during the time-
stepping process. Experiments showed that the method can save more than

95% execution time comparing to the classic Crank-Nicolson method.

e The Maximum-Pivot New-Start Vector (MPNSV) method has been shown
to be effective in dealing with the problem of breakdown. The new pivot
produced by the MPNSV method is the maximum, so one can quickly check
whether the breakdown is pathological, and therefore determine whether to

apply the Switch method or not.

e The analysis of the residual error bound shows that as time ¢ increases,
the bound goes to zero since the ULR method together with the ET tech-
nique ensures that the solution is stable. This means that the ULR method
can be used efficiently to obtain more accurate approximate solutions for

predictions over long time period.

e Numerical experiments have shown that increasing the pivot tolerance (often
forcing earlier breakdowns) produces highly accurate approximations, while
decreasing the pivot tolerance can postpone or avoid the breakdown but the
method will lose accuracy. The choice of an appropriate pivot tolerance is

therefore a balance between the need for accuracy and the need to avoid
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early breakdowns with their associated extra computation costs.

e Relative residual error bounds can be computed recursively during the ULR
process. In addition, numerical experiments have shown the RMS error and
the maximum error (with respect to the classic Crank-Nicolson method) are
much smaller than the relative residual bounds. Therefore it is appropriate
to use the relative residual errors to monitor and terminate the recursive

procedure.

e The condition number of the semi-discretized system is important for the
application of the ULR method. If the condition number is high, roundoff
error will cause Cholesky factorization, which is used to construct a new
start vector in the MPNSV method, to breakdown and lose accuracy of LU
factorization of K. Experiments have shown that a coarse grid may improve
the condition number, but will increase the grid Peclet number, and conse-
quently the semi-discretized system may become unstable. Thus an appro-
priate grid size is important in the application of the ULR method. Theo-

retical substantiation is necessary for the observation of this phenomenon.

e The ULR method or the other reduction methods (for instance, SLR and
AR methods) can be used to solve the multi-species decay chain problems.
Because the governing equations of a multi-species decay chain problem
have the same structural forms due to the same hydrogeological and hy-
draulic properties, the application of the ULR method to the problem has

demonstrated great advantages over the classic approach.

e For the ULR applications to the multi-species decay chain problem, accord-
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ing to the analyses of the residual errors and the right hand side vectors
in the semi-discretized equations, it has been provn that one can find a
common starting vector to generate a single pair Krylov subspaces for all
equations. For the problems with complex boundary conditions, similar

results can be obtained.

e Experiments also shown that the ET method is effective in overcoming the
instability problem. Further insight into the comparison with the Implicitly

Restart Lanczos method [23] is desirable.

Although much research still remains to be carried out to give further insights
into the behavior of the ULR method, the analyses in this thesis will hopefully

promote its use as an option for solving contaminant transport in porous media.
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