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ABSTRACT

It has been suggesteo that our view or

physical geometry as being Euclió.ean be changecl and the

implications of assuming a finite phlzsicaJ- geometry

have been discussed by several auihors. rn this t]:esis

two-dimensional vector anallzsis is d.eveloped. fo:: a

finite geometry and two-d.imensional sou::ce--Í::ee eiectro-

statics is formulated-

The approach to the vector t'heory is through

complex analysis. The thesis revieivs the formalism by

wliieir ordinary Euelidean veet.or atlaiysis is formuiat'eel

in complex notation and extends this to finíte geometry

by d.eveloping the necedsary finiie complex theorlz.

The formulation of source-free electr:ostaLics

in Èhe finite geometry follorvs immed.iately from the

complex theory. Ii is t.hen seen that the familiar source-

free fields of ordinary electrost.atics appear es Èhe

pythagorean approximat,ion to certain finite geometry

f ieId.s.

l-v



oneposslbleapproachintheattemptto¡'esoivethe
dlfficultles ln mod.ern physics is i;o malie a fä::dane:'lal

change in our vlew of the physlcal geomeir¡r of i;he l"rorld"

Any scheme of physlcs, of tourseo assunes elùher explicltly

or lmpllcitly a partlcular physloal geomeiry" I'Ie can seek,

by changlng our a.ssunptlon concernlng the physlcal geomeiryt

to explaln certaln phenomena lthlch are puzzllng Xn the oLd

sÕLleme by seelng then ås ârislng nai:ura]-3-y florn the new

world geornetry. The example whlch cones to mlnd' i-s

EinsteLnss t'heory of gravltatlon: the tea]-lzatlon that space-

tlme 1s curved. lead.s to the expla.natlon of gravltatlon as a

dlrect geornetrlcal consequence" The theory undez' d'iscutsslon

in thls thesls posüulabes t|^at our physlcal georaetry ls a

certaln mathematlcalLy well lcrown structure ca]led a flnlte

geometr¡r"

A flnlte geometry conslsts of a finlte number of poinfs.

such a structure ls obtalned by taklng space to be co-ordinaa-

tized by a number flel-d of flnlte order lnsiead' of the reals"

That 15, 1f vqe choose the geometrlcal co-orcllnates of each

polnt In our geornetry from a number fieIcl of flnlte order

lnste.ad.

I
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ltnovnr Ln mathematlcs as a flnlte geomc-Lry"Ir2

T!" def lnltlon of a f leld. and the theory of f i-nite
flelds cen be found 1n most books on moclern argebra,3 lie

can clraracterlze a f Leld as the mlrilrnum structure on ',,rh1ch

ühere can be the usuar type of arlth¡re.blc lnvolvlng tlre
four operaitlons of add"ltron, subtractlon, muitlpll caiion,
and, dlvlslon"4 A f lnlte f 1eld, obvlously ¡ 1s a f leld v¡lth
a flnlte number of erements, Iror a flnlte f lerd we have

tlie follolvlrig Èwo fundamentar theorerns5: flrstlyr th¿rt

any flnlte fleld. has order pn wirere p ls some prime and

n sone lnbeger and^ the convelse , that for every prJ.me p and.

integer n there 1s a fierd of orcLer pn; and secondly , uyøf

- 
1ä.lt.o colsh dlscursses at sorne lengt?r the ciuestlorr ofa flnite geometry es our phy¡slca} georneõi"y and. gfves Í,efer_ence to the LnaLheroatlcs of .f inli;e [eornetrles ln Ii.B.. colsh,Phys" Rev. 1l_4, No.1 , 383 (lg5g) 

",A generaÌ reference fo{ r'ini.te geonetry ls Bo segre,Lectures ol l'!odern cleometi.y, (Ealzionl Cremonese, Ronerig6i),
ĴF'or exaniple, R.Ao Ðean, D-Leme4ts of hbstr,¿ict,iil-tej::.¿i"

( .Iohn \,llley & Sons , Inc . , Ne v¡' yõ¡E-Tø61; 

-- 

+r
ltryshaplrodiscusses thls properùy ancl r.elates lt to theuse of nunber flelds ln nhysles on p 

"1,,?6 of IoSo Shal_riro,Nucl"Phys. 2!, l+?+ (]960) o- 
- ¿- s '' - --

6-^o ^v¡iel'. J¡ p,223"
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any trvo f leLds of the sarne (flnite) orcìez' are lsonic r'y)n'tc,

Thus'r've can consJ.der bhere to be exacbly one fJ.eld of

ordrer pn for evqry primu. p and lnteger n; thls fleid ls

calLed. the Galols flelo. of order pn and 1s d.enoted by

Crl(pn) . Every f lnlte f ie1c. is some GFipn)"

g. fleld F is se.ld to be a subfiel-d of another fielo

I( lf , f trstly, K contalns F as a subset and, seconclly 2 LY;e

operaËlons which make K a fleld, when restrlcted, to the

subseù F, make F a field in lts ot^;-n r1ght,6 !'or a given

prlme p, every f lel-d C'l¡(pn) contalns GF(p) as a su.bfle1d,

and. Gts(p) ltself has no proper subfleld""T I'loreover, every

flel-d G¡'(pn), lncludfng GF(n) 1tse1f, is of characLeristic

p¡ 1o€. px = o for every x ln G]l(pt)6. In thi.s sense cF(p)

ls pr1m1tlve 3r:'d Cr(pn) f or nzZ ls notSi Gl+(nn, is a coûl-

plex structure based ott tn. slmpler fielcì GF(p) and thls

causes px to be zevo eveïL ln the larger fleld Gi¡(pn) .

In choosing a fielfl to replace tþ€ real nunlbers for"

our co-ordlnates ln physlcs, lìle c¿ìn see i;hat the primltive

fleld GF(p) rs analogous to the reals and. that 9F(pn) r,rlth

nè2Is related, to GF(p) ln the sarne way t1at the cornplex

numbers are related to the real-s" t¡Je -therefore use the

f iel-d. C.p (p) to co-ordlnat"L4,e our geometr;ro A convenient

6Ï.0r an explanation of 'cirese algebra.ic concepts see
Section 4.J of Ltef ,3,

Tïiet " 3, p "z,zj "

Bshaplro discusses Ùhis concept ir: Ref '4'.
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representaùlon of GF(p) 1s the f lej.d of lntegers; rnorl ¡.,

and, thls ls used. throughouü.

lrie r¡ust also conslder tha'ü lf our postul-a.be of a

flnfte physic,aL geometry ls to have any vallolty l'U rnust

glve the faml"llar Eucllde¿tn geometry as a goocl approximaLl"on

ln the realm of fanlllar magnltudes, that 1s, those nagttS--

ùud.es from ühe subnuclear to the macroscoplc that are.v¿ithin

the realm of present experlment. ThJ-s requirernent lmpl1es

tvro thlngs" Ì.'lrst1y, the ¡rrime p must be so Ìarge as to

make the polnts ln the geonetry nunerous enough anil dense

enough so that the f inlte geometrir is experlmentally lnd'ls-

tlnguishable from a continuous geoneiryo Jarnefelb9 has

estlmated that thls woulcL requlre 'r;he order of rnagnitucle of
¡ nO-L

p to be roughly 10ru o Secondlyp ther.e must be some l¡ray

. of approxlnatlng an orderlng ln the íiel-C G¡'(p) chosen to

replace the reals" r\n orderlng on a f ield lsrln general

terms, a rel-atlon sattsfying the Salìle axi.oms aS lrsn:a1l-er

the.n or eqLte]- torr ln the reals. It is a rel-ation v;hlch

al-Ior,¡s us to thlnk of posltive and. neg¿rtlve el-ements ln the

field"l0 .rhe fact thaù bhe real-s do have an ordering is

Very baslc to Euclldean geometry and our conception of spece

tn the llucllo.ean Sense. Iioiu lt is lrnpossibl-e to deflire an

9ç. Jarnefelt, .fünn" Acad. Sc1" Fenn1cae, Ser"AoIu r

iio.!6 (1951) 
"

IOtrolo clear lntrociutctlon to order, see Sec.3,2, j"),
and 3.1j, of Ref .J o
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oir'fering on Gl.'(p)r but to rnake flnlte georneNry a'pp'roximaþe

Euclldean geometr¡r l-n the reçiulred wâV¡ there rnugt exLst

a subseù of the fleld on whlch an orderlng can be In'croð.liced',

it could then be postul-aied. that measureinents of fanLL3r..r

magnitudes fal-l- into thl s ordered. subseù and it would foll.ovr

from these measurements alone th.aþ i;he space l-ooks Tjucl-ioean"11

The orderlng can be in1:roduced as follov;s:' ì,ie rnotice

that ln GF(p), half the non-zeîo elements are squares ¿.nd

haLf are non-squares; furihermore, the produ,ct of tv¡o squ.eres

or two non-squares is a square, and the product of a õquere

by a rloïr-square .ls a non-sqrro*" "12 This mot iva'ce s Lrs 'b o

def ine an element as being ".Llositlve'r lf lt ls a square ¿rncl

ttr:.egatlve'r lf lt Is a non-square" If i^re choose p so tha'ü

-1 ls à non-square (by baklng p of the for*13 p = 4n-1),

tiren minus a positive element ls a negati-ve eleruento

'fhls d.efinltlon cìoes noi lead to an orderlng of GF(p)

because the set of posltlves ls not cl-osed under addii ion

( 1.e. the orderlng ls not transitlve ) " i'iol'lever, lf the

prlme. p 1s of the formll p = g**-ql -1 where x is an ocld
1=I

1t
l-nteger and "'fì.., 

Q ¡ ls the produob of the fi.rst k odd prl.nes',
:L -I

IISuu p"384 of Ref.l for a rnore detalled d.lsct-isslon
of these matters v¡lth references to the Ilteratureo

1C-LLL,E" Dlcks;on, !,-fnggl -qgUlL (Dover Publ-lcatlons, Inc ",
I\ew YorÌc, Ig5B), See" 6], p"¿f--Ç_-

L3y 
" Kustaanheimo, i\.nn. Acaci" Sci, Fennicae Ser" .liuf o,

Lo 
" 
129 (L9 52) "
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tÌren ihe f1¡'st N elemen'bs of GF'(p) are sqì¡ares, vtLLb Ii *Qku
- ^1(^)01ïl ^oo l'hus for an enormoLì.s p, p - lgro*"", iV ls al-so

enormous, N - 1o1oo.

Thls set consistlng of the flrst irí elements of GF(p)

Ls t.re ordered subset mentloned earl-ler; iN ls c¿rlled. the

Pytlra¿;orean reglon" OnIy eLements frorn the Pythe,gore'àtr

reglon can be recognlzeC as observabl-e measurerflents fxom

r)he point of vlew of a lluclldean geornetryo

. l^Ihen we formul-a.te any physical theory ln our f lnlie
geometry, We must also dlscuss the special case of the 'bheo;'y,

ca1led. the Pythagorean approxlrnatlon, under ihe assum¡;tion

that all measutrements fall into the Pythagoreart regi-on, ã1ð.

we must relate thls to our view of tþs ganê phenonenon

lvhen a Eucl-ldean space is assuned.o

Thls thesLs is an ar:tempt to formul-aie eLecüros'catlcs

in a two-dlmenslonaL finiie geoneLry" After a reviev¡ of

some baslc mathematlcal properties of finite fields l-n the

latter half of thls lntroduciory chapteru the r¡athernatics

requlred for electrostatlcs 1s d.eveloped. ln Chapter 2o The

electrostatl-cs ls d.iscussed in Chapier J.

( B) IirNrTii i"JliI,D r\NAl,YSrs

'¡ie glve here severai þaslc

of ftnlte fleld eLements all of

propertles ancl identiiles
i,vhlch v,rj-ll be used Larter"
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L . '[,te have I¡ermat t s The or 
"* , 

f 4

For xe GIì(pn), xPn = x
,.,n-l îi x* O

Of Xlr = t ^ , r ì \

i-O N= 6 (L'L)

Thus anV nolynomlal over çir(pn) c:rn be reclucecl to art

equlvaì-enü form wlth degree sm¿:lLer than pn"

2o The mult1-pllcatJ-ve groLrp of nonzero elemenbs 'Lrt

ì4 lÉ
G!'(p^') ls cyclic.") Thls neâns that the:'e exlsts in çtr(pn)

a generator or prlmitlve element g such 'bhat every rronzero

eLement of OF(pn) ls some poiver of t srnaller 'cnan pn,

i.eo cF(pn) - f o] = lau I k=f , zo o o, p*-r3 (i"z)
Uslng 2, we can evaluate a sum of the fornt

=î
) ^.L

./^

=\
'/ vf

{_"
xecF (pn)
x#O

-re *T-t -lr V --É I, ioêo l-f r * rn (pt-I) for any lr:teger rn,

then we have a geornetrLc progresslon whicLr can be evaluatec

by tire standard formula vaIld. in any flelct o

pn-l
Y
.t/
Yr=

xe cI'(pn)
x$0

( Ëk)*

n.p-r*f

'l-l11- -

lr*

Y , --t'k=,/l\-l \t-tì:_ìi1--r

l4R"f" 3, p"86"

15lr"f. i, p,zzt+,



Tf .;I-

then we have,
n.Ð-r\ì

.'t I

lc=I

Thus

1, 1o€o J.f r =

n=p-.1

x e ct¡(pn)
x+0

4. lrie have ln G!'

rn(;on-l- ) for sorûe í'níegc r' í;1,

-l

T"

= f -1
¡)jo
L

(pJ'ilr

(p-r )

e)-Izat

(p-r-

5" The blnomlal

ls, we can erlrand the

and. Lts gener

lf r = o, pn-l , ?(pn-*) 1" . ,

otherwlse

(x+Y)^ =

coefflcleni (an int

lson ? s

[-ì

lonl?
1..\ I!l ., o

the orernl6

e)npanslon 1s vaIld.

expression (x-ny)r

l¿rl
l'--l \"'t

lrt -¡lo

fq(f

¿_
k=0
ã cr.êvc"

6" rn the f ierd çn(pil) ,

.f. ^þ .-1:-k--k(x + y¡n = ë^ Cî; x'- "y"

tk^

16r.^" e n e.ryLLvLoJe p.87"

l-TObtalned by v;r.i-rlng (p-1)l = (p-1)(-o*2).., (p-k) (p-l-l;) 3

v¡hJ.ch J¡ecornes -1 = (-1) K 7-o2" o o o'k (p-I-k) I

r)

r--ì¡ Vr-¡{ '\¡*r where Cf is the binomlal (L,6)

(L "3)

1n

qÈ)

any field. That

(l,t+i

(i.5)



iiiow cP = G#i-tr

xeGF(po) ) and. so the only non-zero

expFrìslon are those for k = 0 and'

i{ence,

C¡'(pn) 1s of characterlstic

(x + y)P = xP + yP 1n c¡'(pn) (1"?)

? " È¡y stngle-va'uecl functlon from C¡'(pn) into GF(pn)

can ìre representëd. unLquely as a polynomlal ovei: CIil(pn) of

d'çgree smaller than pn, ThlF Ls done as f o}Içr¡s ' supf¡ose

the functlon f Is glven by lts value f(x') at every x¡ tn

GF(pn).

p (l"eo px = 0 for all

terms ln the binonlal

n - },o

Nolv (x-xr¡Pn-I =

" -11 r
' ' 1- (x-xt¡v -r

ir
L.

Therefore rve can r¡,r- 
-n-r -l

r(x) = L [t-tx-xt)p"-t .] r(x') tl"B)
FeGF(p')-

can be expllcltly erçanded to a polynomla] of degree

or less uslng Paragragh L aboveo

B" It 1s posslble to deflne in GF(p) the analogues of

d.lfferentlatlon and. integratlono

þ'lrst we coïlslder the derlvll|lve" Let f be a function

cF(p) lnto GI'(P) . l,'ie d'eflne.

whlch
iL.p-r

forallx+xl
forx=xt

= l-o{

{,r
rlt

both

for

for

from

XT

x¡



di-Lx'l as¡\,

To shorv that

a derlvatlve

SJ-'.]- ì--\ï ll
./ <rì - _,¿i

li^ ¡l

la -¿ f\

Ci3'(p )

thls expresslon

i^le appl.y it to

he

d
dx

lr -'l. - K

L akx

Il¡tÐ-: r(x)

1¡rd"eed, h¿¿s

the general

\-
{
h+0

r)-1
lr-1 5 â,.'{¡\

k=0

the propertl-e s o.1

pol-ynomlal

10

(r "g)

ì
-ç "ç
¿_ ¿_
h+0 k=0

"Z h-L
h*o

(x+ti)k +

p-1
r<-

-¿_
k=0

l/'"- ,-l K k-rn,m,/ -4 - a,.C x'- h-'Ám
lll-v

'o-1 Ì{-7 âì.x

k-n ''( ^ m-l-x ,/ n
L_
h+0

=<
/*h
,h4'0

-i

v

Z "u'
m=0

kâ.X

itlovr

rr--l
"r<-

',/
k=0

p-1

rl

-<-

h+0

Fo

1-

m

¿rnê

arrrx
k

=\
¿
hÉ0

"-Ln

(--
J
Ii0L

lll=1

otherwlse



Thus

exactly as expected of a derivatlveo

F.inally, bfe deflne a d.efinile lntegrai for ihe func-

tion f tha-t saÙlsfles the restrictlon that 1i be of d'egree

p-2 or less:

d_
dx

J
I tdx=- 7Jo h+o

n-1

Zk.u*k-l, slnce

k=0

Agaln, w€ exarnlne the ProPertles

applylng lt to the PolYnomial

-lxh4

r

I1

Ir

\/r '-9
J-

5' u.*kdo= - .Z^#^ k h*0

hf (rh)

(1.10)

Nov¡

of the expresslon bY
lJ- t- - \'7 

àr,xk oÃ
¡L- L.,

Y,l'1. 
*

-<< k,/t=¿__
t=1

p-2
= 7 a¡

k=0

18_---lI.To Davls, The Sunimatlo¿ oË S-erie"Þ. (Îhe l:)*?iPi7^
Press of frinlty Uåf versîf, ffi-¡¡|offi, -'lexas , \952') p '6?.

Ê}t-tr-* + lolver po,ñers of (xh-I).tB
k+1

p-2 k k.
h

k-=0

(1.11 )

-=
/
h+0

-1Xhk+I 
= 

.k
{¡t/E ¿--

t=J'



It can be seen that

they are nu1tlplled

give zero" OnI¡' ¡¡"
a nolr.-venl shlng sum;

for the lor^¡er

by tk+l, the

p-2
-,/

( rß-1 
' 

k+l
flrst ternn, Ë-
1t ls glven by

z
h*0

Tlrfe ls exettly the result cxpeoted of, a def'j"niEe ínte¡sral .

Note that our d.erivatlve and definlte lntegral az'e

the lnverse operatlons Of each other in the expected. WâY.

pollers of

surnnir¿ t ion

k+1akx . and. because
k+1

1 = -1, thls becornes

n -,

over h

will

^xdtr"€o ä" \ 
f =f

\-,0

once

vsi]-1

Lead to

Ilote also that 1n our d.eflnitlons of boiir the

d.erivatlve and lntegral, the operatlon -ã

11m
plays the part Ln cF(p) of ñ*O 1n ordlnary ana:Iysls. The

analogue of the limlt process at a polnt ln the flnite fleld

ls thus a globaI operation, lnvolvlng a Sum over all values

1n ùhe field and. dependlng on the value of tìre functlon

every'lvhere" Thls means, of course, that tte can take a

1fu01t and. therefore a derlvatlve and. d.ef 1nlte lntegral only

for functlons d.eflned everyurhere 1n the field."

1)

p-2

z
k=0

k-ri
a1- ì-, ì (1.12)



CTLA.P,TER 2

¡'Ii\TI'IE COIïPLEX ANJ-ILYSIS AI\D TI,IO-ÐIIvÍENSIONAI.

VÂCTOB. ÀNAI,YSTS

ft ls apparent that for the formulatlon of any cwo-

d.imenstonal vector theory, complex nuruber" notatioit and.

complex functlon theory can 'be very useful" Thls is true

in ordlnary analysls where one represents the iwo-ii-rnensional

lluclidean space by the courplex number systen; vector opera-

tions then correspond. ln a convenient way to operations wJ-th

conplex quantlü1es.19 .$ua analagous sltuation exlsts when

one ls deallng wlth a flnL'i;e fleld GF(p) lnstead of the

reals. An analogous extenslon of GF(p) can be consldered. as

the "finlte complex f1eldt¡ and. flnlte conplex analysls can

be oeveloped, Then, unCer the hypothesls of flnite geonetry,

one represents a plane in spece by thls complex fleld."

fn tirls chapter, complex number theory and complex

analysls are developed for flnlte geomeùry and. Ln Sectfon F)

vector einalysls for flnlte geometry 1s formulated ln these

terros u

(A) THE COI'iPLEX T¡II'ÍITE FIELD

By the complex f lnlte fleld. we meen the flel-d cp(p2),

whlch cen be consld.ered as the Cartesian prod.uct of the f leld

19suu Sectlon(E) of thls Chapter for e sumüary of thls
t heory c

13



14,

G¡'(p) with itself , or, very 1oosely, as the I'pLanet' lnrhose

abscissa and ord,lnate are ùhe rrllnestr GF(,c) . ïf iire prlrne p ls

of the fornr /.l-n-l- (n an inieger)zo' then ihe elerneat -1 1s no-ü

a squeÌ'e ln Gr¡(p)" In thls case, and v¡e iake this to be;he

case hereafier, ure cair. consLd.er ùhe conplex f1eLd. GF{pZ) to

be the trreal't fleld GF(p) wlth f = V- ad.jolned, Jusb as in

ord.lnary complex ana1ysL""2l The usual conplex notacion

can be used. here¡ 1o€" tfre element zeGn(p2) can 'oe v¡rliten

as z = x + ly r.rlth x and y 1n GF(p).

The algebra of f,ln1te Çomplex numbens ts ln many ways

simllar to that of ordlnary complex nuroberse There are,

however, several new features lnürod.uced. as a result of the

flnLteness of the field, and. some of these are glven below"

I. 1p - t4n-1 = (14n) (1-1)
-t

= (+r)(Ë)

= -(-1) (+)

=-{= -t (2"1)t
Zo If z=x+i¡rrthenrP= (x+fy)P

=xP+(ry)P by Par.6. of chap,2(B)

tor"" Iief .rJo
21-*I'lote, holvever, the followlng i-rnportant dLfference bet-

tr^Ieen finitç and ordlnary complex analysls:T:ie -f ;-:iiue ccn;oiex
fiel-d. Cl¡(p2) 1s not a]gèbralcally cl-osea;the:'e is no Fuird.a-
nentai Thçorern of l\lgebra vrhicþ lvould. sây tha; every polynonial
over cp(p2) has a zeio ln GF(pz). Thus tire:'e ex:st aiþebi'aic
e;<tensioãs of GF(p2) robtalned.- by adJoinli:g tc cf {p2)tne rooùs
of lrz'ed.uclble polynónlaIs over GF(pZ). rã f¿:ct, Cp(pn) exists
for every n.

=xP+tPyP=x-ly=z* (2.2)



^/t)

'Ihus tn,lclng thc prn power of a j."lnlte cott¡,\ex rturnTter

1s ec1ulv¿rlent to takl.ng Iis coi:nplex conJuga'be ,

3" Foranyz=xì lV¡

7P-'"1 = ,", = *2 + JrZ e,,.j.)
Thus zp+J- is the analogue of the moclulus-sc¿uareci. of

the complex numbe¡' zo lriote, however, tkpt uslng the 'cetrn

llrnodulusrl can be mlsl.eadlng ln view of i;he next pa.ta,gtapn,

4" In GF(p), there are p+l solutions 'Eo xZ + yZ = 1

and p+} solutlons to xZ + yZ = -1 22

ThIs ls a striklng; feature of flnl'be fieLd anaLysls:

Besldes what we may cortslC.er usual d.lrections23 t¡.l= À -i 1i.:. v;lth
t2,,.2- ì r-,

^ 
* f = .r, uhere are tlstrange" types of dJ-rections S= c¿.-¡i,ç

,)
^k LViiln Uí +8 = -.Lo

I

5. The <¡s¡s and. SIs defined. above can be used" as the basis

of a polar form for complex numbers" Any elercent z of

c¡(pz) can be represented. as one of

Z = 13(Ð

or z -r3 (Z"LV¡

'r;ith reGF(p) and. r posltlve o! ze-ro ancLr^¡ili-I=l , S:p-Fl= -i,
The set of al-I <¡¡8s alld. 9ss giv.e a1l posslble direciions of

22\ef 
"!z , sec ,64, i) "46o ,

Z3V¡,Lten vecl;or anll.lysis j-s f orrnulated l-n conplex
::otatlon, a conplex number of u.nlt rnod.ulus represenis
vecior or dlrectlono See Sectlon (E) of this Cha;oter"

vay'iable
^ .--^ I i-ê, Liflr u



./lo

compLex numbel-s ¿lncl c¿ìn 'oe considerecl as formln6. 'che ttu'n't'c

clrcletr. In thls sense 1t i.s aneilagous to Lhe set of y|+þ 3-j

for aII angles (1 ln ùhe orcìlrrary corn¡.;}ex pl:lne. " itio';e, 'riervír:ve'tu

ùlraû the S- ctlrecbJ-ons have no si;ric! zrnal-ogues j-ri Errai

SËS = -1; they do, though? represent h¿il-f the possiÌ:J-e dt:'ec-

tlons fn Cf¡(pz) ancl rnus'b be Lnci-uoecl ln the unlt clz'cl-e o

6" ïhe <¡.¡ss forn a groLrp rinder rnulilplicatl on24o i,Ío¡'eo,j'er

the grou;o is cycJ.l*cz1; there is a generator {rJOe suc n that

each LÀJ ls sone power, srnaller than p + 1, of û.JO

. (- -¿ ( n I ^io€,tûrÍ=i*ä l*=oeleoooepj trz"s)

The prod.uct of ttvo 33s is an <¡¡ and i;he proclu.ct o'1 a S

by an UJ is a V " Thus lf ,e,þ ls a genera?ov of the {.rr-

group and. go is any S, then the seü of al-I S's can be

v'¡r1t-ten as

Is3=Tso*ä ir=o,l,oo"epÏ (2.6)

In whaü follows, Lf we lrislt io sum over the inrhoie

unit cû'cle, includ.Lng both ihe ¿¡:es and i;he 5!s, vre sÌrall .

use the sym'bol 5 .

7, 1^le catl
Y)L
(Ð

q¡

Chapi;er i(B) .

use the above io evalua'ce sLilqs of the f'o¡:rn

The

ZLl¡ne axiouis of a groLìio can a.Il be r¡erifled:tne pi.oiìäci
oî ti',¡o (l¡ls is ¿llso en úrt; the complex nu,"nber z=L ls an to.¡ enq is
the u¡lt of ttre grolrp; evel"y eLenent t*1 has an i.nverse, bec:iu.se
{i:1P+1=1 a.nd. so u.ii-l t &rt-o

G.l11

gum

and

ent ls

?5,11" set of curs is a subgror-ip of Cp{pZl* {C-ï ',,;ìij.ch
?,. cyclic group" By Theorem 14', P,52 of Bef .Ju the seÙ oÍ
tu*8 s ls also cycllco

=ìô,/ t.t¿L
/..i

slxtil¿rr to i h¿rt in pa.ra.graph ( 3 ) of

::-,5



7*'"=4'/ ,/(ÅJ (_^
l(= U

i c;ok)'

p

Z
k=0

11.

and. ¿s =
ü

(ûl.n)k lvliich ls a geornetrJ-c pr"og¡"essL.on j-í
and or:Iy lf n * 0rp+1r Z(pr-I)r" ".

'l þ{-1J-
IloL

p

L
k=0

= 1 lf n = 0, p+lr Z(p+L) r. o o

otherl¡ls e

{so urok) 
*

,.^71

0 Z i*o

1.7

I^íe can use

I {-r
=J
t*
Lo

tite se

1-^¡t=w

i'1.

1f n = or2(ir-r1),4(p-i1)rooo

lf n = (p+I)13(p+1)rooo

otl¡erv¡i se

i;o evaluaie sums of the form

)=nl_s

Y
,/ .:n

./ .J

5
¿.'il
\.åJ

(2,7 )

Õ ^^0, ui

ment lonecl

_r^-\r.
{
lo
L

co ur se vJe

in Chapte

5L
ÜJ

if n = o, z(p.,!) ,ooo

Of tlefl,r¡iSe

5
5,

have

î1
for. tl.re f ieid Ot¡(pz) any resul-c

for ¡he p;eneral .f inite field. Crir(pn) 
"

(2"9)

\L"7)



The se lncl ud.e:
2

(a) zL' = z

(b) muli; tplloatlve èr,roup of Ci¡(p2) 1s cyc!"tc

( c ) slngle-v¿rIuecl f unctions f rorn C\-(l¡2) lzlto G'I'lpz)

can be wrlt'cen as polynomlals ltlùh de¿'ree lecs

than p2"

( il) i\Ndü,yrrc lruì'icTroliíi ri,t G]¡{'p2)

ì,';e consld.e¡' iìotr €ì functlon f deflnecl on'c'he conç'Lez

plalne ¿ìnd vrlth v¿rlues in Lhe complex plane"

In ordlnary coniplex analysis we carr conslo,e¡' 'i to be

a functlon of the tlvo real varla'oles x and y, wi--Lh z = 1'- +'LYo

Ue can also consld.er the d.omäIn of f to be e>ltenclecl so th¿:"ì;

x and. y take on alL complex as v;el} as real values (i:y v;rlt-

lngr f expllc1tly ar; ã function of z = x l- iy and formaiiy teiring

x and, y as complex) " Under thls condltion vle c?t'I\ consicer

the ecluatlons

z=x-i1y

z''(= 'x - iy

to be a change from one sei of lnd.epenoent complex va:'i¿t'oIes

x a.nd. y to anol;her, z and. z*. The chain rul-e gives u.s

àr. = I rÈi - r ijl Èå* = I ¡iiC + i'i.îi
Òz - Z, iòï - - ñ) and t* : -ã. *ln- * ðFr (2'i0)

Ì,iov¡ it cau be 
"."n26 

'char, the Catrchy-Ê.lemann eqttailons oll -i,

L8

26L.Vo Ahfors, Compje{ Anal.rsis, (llcGraw-lirllr Inc " ,.rc¡66)
Í)"2? "



ùlre coild,ltlon that f be :rnerrytlc, are exac,cly equS_vr:,"!en'c

ùo the condit'Lon

or tirat f :not be an expJ-iclt functton of z-,? bu? an|y of zþ

rf f is analybrc bhe tot¿rl deriv¿:ti"" j'å exis f,t; ¿.na rs
òf

ea LraJ- to :--òzo
we can use this lcea to exi;end to f i.nlte ¿eornei,ry .b]r.e

concepb of an ana.lytlc fuziction. lrie na.ve rn cF(p2) 'ú,!La.u
l-\zìi = zto Nolr¡ f can be writ'ben as a polynornial ln z of.,

degree p"-1 or smalIer. rt r-s appair,enc 'cyni the anaro¿ue of
tlre condltlon $, = 0 ln ordinarry anarysls is the corrcli clon
rn cir(p2) thaù f bu- a;oorynornlal of degi'ee sruarler than p;
ln tìrls case f rnrould. contain por,i'ers of z onJ-y and not of
q):e oP i,nan--Å4b^.1 -, ¡^-^r-^^ r-r-4" : /¿- o .¿iççordlhgly vre deflne the arralytic f ur:cì,ions in
cp(pz) to ue the poiynomiais rn z oí degree p-l or sr¡ailer,2?

ït wirl be seen lrr u'i'rat follolrrs ühet oui" deflnitron of
anaLyticliy flts tnio ihe coiriplex finite theor'y as Lir siioulC"

(g\ rHe oÐnrvrrr_]ry: ru oi¡{i:2)

ft is possible to ini¡'oouce e de¡.ivai;1r¡e, ln Ci¡(pz) in
rnuch the sarûe way as vras done for GF(p) la ciral:ie:: f " ri

òf;;')r = 0{)â

.L)

?7rn" rea'ier l,;ill noi;e rvhen he reads ytef "28-i.hai; oLlI.
def initlon of anal¡rf icity is ba¡;ed oA a con"oie beiy üi ff.eren,c
arguntent from that of I(ustaanheirno, yrho Í'J-z'st, intr-oi.u.ceci '¿ìra-.
concepi ln ill'(p2) ln iÌef"2E. Kustaánheinors arguineriL 1s b¿i.seo
on l''rhai he con,sidei.s the an¿;lcgLie rn Glr'{p2) of tire ii:'ec-bionai
cierlvatlve. Duf (z) " ilis d.lreciional- cierlrraiive¡ holqevez., cìces
,t?tr,,F?yç t^h" properby tliat Dgf (z) and Dçf (z) Í:e ilre coin¡;onei.i'isa! 9J::4L for non-anarytic f,--and for ihís inrpor,'bant re¿ìson b,'e
do no'ùzint¡.od.uce the f Oea a{; allo



r{as first
merit from

definiil on

lntroduced by Kusta¿:.nhelmo28

oldlnar¡' conplex anai¡r51S to

of Df (z) as the avera.ge of

l^rl

JJt\Ll -

for all non-z,ero val-ues

I:-b-

¿\s ln Chapter 1, w€ can see thai thl s

the analogue of a derir,'at1r,'e by applying lt

-=

h;

. lí€ us ecl ¿rn argv-

raoi lvat ive Ìr1s

ihe quoùients

2,of h ln GF(p-) :

Po1¡'nomlal

-q\

/_
't^ Lll r

ti-¡Ð---!-{-ù
h
!I

1,,1e get

^2-j¡--Tl) ¿_'ì,-^
I1,-\J

f(z+h) - f(z)
h

k=0

a-zn =lr¡t

- -11,c),1 . a

quantlty 1s lndeeci.

to ihe geneT".L

I
h+0

(2"11)

ZBP" i(ustaanhemo and B"
þ'er¿:icae Ser , ¿i. f o , l'{o "A)7 "

2

"<<-
¿_
k=0

/_
h;e0

h+o

i-, -.k k
| \z+{\) *z

ôlì^*i{ l rr

2Ð"-íÀ=-

¡i-=o

_2.l) -I--=
l_

k=0

1r
*<
I

fi=0

^l.l }c-rn, n-LàkumZ n

I
i

k.-ia_z n
¿1-

quist, i{nn" /icaa " Scient 
"



'ì\ow we cen

1
h+0

and.

Thus,

see from

h'" ¡

zh+0

Paragra.p
('

'l-l

/*
Lo

h* =0

Yr 3 of Chapter l{ts) þha-1,

l1.l = l.

m+1

Ð

k=0
^d ¡t

l'or an analyiic function this certainly col:respond,s io ihe
citotal derivaù1ve d" ln ordinary analysis n i\ioreoveru

!\re can show that for a non-ernalytic functlon ('ølhich ha.s:no

iotal- derivative in ordinary .analysls) this derirraiive Ð! (z)

correspond.s to the partiarl # rr'ith conËt¿rnt z".i' dlscr-issed Ln

ihe last sectlon. Co:aslcer a.ïry non-a.nalytic ter"rn ^ir"k 1n

ùire polynonial-. It c¿rn be r^¡ritten as u,,k = a,,zrlp*l- t'o,

sone m ) 0 and some fr-"p" iùor'¡ D(a,^.zk) = kaluzk-l = Lurrrtt-'
strrce inp + != lin GF(pZ) 

"

But the aniilogue of the partial derivatt"" fU r¡ouid be

$ui"n"k¡ = fit^ur[ "*P) = $ rru, þ f.r"f 'o)

-, il -L1 ii,z¿r\ r¡ - i). 
!--}-rr:iP

= ¿L!< Y- z Lz^J - N-ok,

t 1r-1_ yekz

1r

r>

.l.J

1¿ r- r-> o ^'" -K- L
,y'n *lr-'l þ

l¿\È

k=0

2_'n -lr
\l-ì

-/ KA. Z/1¡
¡!

I1_U

2L

(2.L2)



t)

:rnd thls is equal to D ("krk).

Tìrus for a n.ol1-analytic functlon f Kustaart'neIc',rs3s

der'lvatlve Df (z) corresponds t. # " ii ls to be ke;-'i tn

nlncl that in order to properly thlnk of * 'ona. þ.,, as

partlal d.erlv¿rtlveS, the function f'{x+Iy) must t¡e tho,;¿Ytt o'f a.s

being extended to depend. on tr¡¡o cornpl-ex veriables x e-nd y"

fn irrhat follorvs we shalL often write iÈ for Kustaart?terrilrs

derlvatJ-ve and the preceding rellark ap^clles ln eac'^ caseô

iriote thaL ln the def inii;1on of i;he cìerlvative, the

sulo

h¿Gr¡(p2)
h+0

plays the part of lfu¡ in -ühe ord'rnary compl-ex plane. 'Ihis
h*>0

is exactly ihe sarÍe anaiogy as for the rea] aerivati.r¡e¡

mentioned ln Chapter' 1o

iiiote also ihat 1ÀÍe h¿ir/e assurned. 'chav the funciion f

is of degree p2-1 or less" Irt t¡h¿;'b foll-ov¡s vre a},tays iake

arguments of derir¡atives to be red.iiced'Eo this forrn"

.¿is Kustaanhemo poin'bs ou.t, $ rs linearr âs ln ordinary

ana1ysls" However, the procluct rul-e and chai-n rule do not

hold- ln general " l,íe have

and.

ò"
(re) = r # * s

¡. .l¡

Ez

..ì d
^-:.j:¿jz



only !{l-ren t}re degree of the ccxlblned

fOg are respectlvely less Einan pz

it wil-i be useful to v¡rite the

fornr" l¡y d,efini'cion

l^ie have that

Õ'î.

ëtz

TÌrls can be

i.^
i.J I

;;-
Lla

hÉ0

the

r¿+-ô "''l¿ 1_V t\

.\v;liere ¿] Is a sum over ikre lvÌrole ui:it circle end the facì;or
.t_ s
Z takes accounù of the fact inei every poln'b is suinmed t¡+lce

:F ..ç
lir r*t i

I'ie will- now show that if f 1s aneiyiic, the d.er'ivaj;1ve

*= can be v¡ritten as a Êurû over just tlie el-ernents in a slng'l.e
OZ

circle a'oout z lnstead. of a sum over the r,vhole plane.

i'ie w111 shor^r that if f Is anai-y'blc, i,{e can v'irite

Èg = +7_ f (z+li s ) (H5)-i Í'or any '¡r -.f o iz r.ir)ò¡z 2t -\-'--r's-- )' \r-or^r/

',ív'LEe f as p-i ir
f=-=-ç-- Iukzo

¿_
k=0

=-;
d

h;¿0

exrÐresslorr.Í; f g artu

seconcl term is zeîo, so

n-]t'( z+h)

l¡rltten as

-å Z¡r\=) 
1r(z+rç) 

(z"t3i

d.er'lv¿rt1ve in pola.r

5
¿_
h+0

r^-a
T1

1t)z.)

ll-'1,' ,, *L i rt'i{.1

ìl:
2 7

J

=

f {zt-HE )(nT )-'
r l.)--.L ìiI ": t.rit .r. '

b' "/' i' /" Y tFo Ìæo

.L P*'I K
r) iir- .\-¿r/)' .:__ L_ì;::^ ¿80¡t_ v r¡¡.

I =t -^-L .---1
= Ç/._ ll J-

I ì l¡
-¡ -t 

¡\

)' oL{tm'

^ 
jt i;-ni -_ m-l -Tl rn-lakÇ* z d LE

î

p*1
äì¡:ô

T.Á-ril lll

1.5
au ( z-rã'g )

._-_ ril



I r.ì

E_

Lþ;
i-lence t^Íe

m-]. !r)
Èt¿
Ì
lo

rr¡¡ l-
È5ç u

p-1
I
L

fü=l

ni-Él-

-=

Fo

ì- l- ì
aô"e"9 V þ

1¡ll\4

'Ihls ls an important property of all

ltiLl be related in ihe next sectioïI

tatlo¡r formula for derfvaüiveso

{u) rNTiìG¡i:\TroTi rii c¡'{p2)

Ilo attempt is made here to develop a gener'a.l- line
j-ntegral in CÌ(pz), because iire are not so rnuch lnterescei. in

cleveloplng a general complex analyglS es rde ale in hervirlg

just enough theory to rnake posslble a prel3-rnlnary fo:"llula-

tion of electrosiatics, 3'or thls pulrpcse it ls necessary

only to f1nd. a l-1ne lnteg:'al ar"ounC. e \rery specla.l c-"I-oseC,

contour- a clr'cle - and it v,¡ouid- remain another problern

to put ihis in the fra.mer,torl,: of a nore Eenef'al corn,oleic analy-

sls"

r-r-ì
-v

5
(__
k=0

l- ìkdt

lKa,-z
14!

-t)¡

anal)rtlc functlon a.rn

'bo ihe Cauchry represen-

.We câll.

quite eas 1l-y 
"

¡ /.r

z = r jL"\' and

So

flnd the äilalogue of a closecì circle iniegration

In ordinary ana.lysLs we have in pol-ar form
:À

for a circular con'i;cL,rr, ð.2= ir .Lrvô(Þ
í.:;: , ;\

Í.ror = \r i3''Èlv(i0
\",r L

".i J
0t



't"le have

forrn the

irlov¡ the

all d.lre

Thtts

*ho

un

lnt
ctl
t_

À\

t ln GF(pZ), the grs (tne Gys plus the Sss)

lt cl rcle and hence ere the anaiogue of øiqb 
"

egratlon wtth respect to Ô ls r"ea3-iy a sun over

ons, the number of direcilons Uefne ¿fl
ç. ^ - CzTr iô dô
3r dz = ò ft_rg 

2Trø0

f 1n1te geone t"y t lvhen we sum lnstead. of integrat-

I d.irections,

beconae s ln

lng over al-

The number of

the anal,ogLle

z
5

l\+ \ fds ls r 2 rS r(z+rs ) ln flnlte geomeiry Q.l-s)TÍ .J- (
OE

where the clrcle has centre z ¿xoÕ. radlus ro Note r-Y)at lve have
I

'oeen able to find the analogue of t tlmes the lntegral and-

not the integral ltself.
The above argument, of course, can be consldered at

best a.motivation for the deflnltlon of our contour integral.

The validlty of the definltlon depends not on arguments of

formal analogy, but on whether our expresslon acts I1ke a

contour lntegral a¡rd. flts lnüo our complex analysis aS

a contour integra,l" Thls ind.eed. seems to be the caseo

Flrstly, Let us apply the closed - clrcle integratlon

lo an analytic functlon

f lr5

d lrectlons ls z(p+l) = 2 Ln cr(pZ) " Thus

of

number of d.l¡'ectlons

ÕÉ.t- ¿,

p-1

7
k=0

av.z
1-
.ló.



hte gelt

t/
/
5

= 
nrrl

and. ./ \'"'*= 0 for ¿111 m in ihe surninerblon, by Pa.regrzpli I(

oi' Chapter 2(A). Tirus tire }i-ne integrni of an anaLy'ctc

functlon a.rouird eny closed. ci'r"cle j-S å:ìero¡ âS recl'*Lrecl Lf

oi;r deflnlilons are 'bo have ¿lny meal1iilg. The an¿rlyilc

functions actually sai;isfy a sironger condrltion. If 'ç'Ae

\- 
{ o lrr¡rrl'a¡ rl7\ -l vli:n r:ha J-.1,r¡o T "tSLlm:laiJio:rr Z ls 'broken up ini,o f,he tr,'ro gumaations 1 ¿,.

3cù,JP
it can be seen thaü for an analytlc function both suien¿lllons

<{<:-
rS '/ à1.

l¡¡

.^ap-r
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Thl s

fornul-a ln

r (z)

glves the

ord.inary

_flrs
Zri \\'/

o

Flna}Iy, If we lntegrate the functlon

closed. clrcle wlth centre at z !ùe gef

exact analogue of the

complex analysl , "29

'2"*x

Thls has the form of Catrchyrs representatlon forin for the
â^

derlvatlv€ oJt

(n) rl+o-nlulslou¡u vnctoa ¡rt'¡El,vsls.

\,Ie shall flrst reviel.I Some noiatlon from ordl-rrary

vector anaÌysls and. afterwards extend. these concepÙs to a

finlte geometry using the conplex analysls dlscussed earl-ler"

(]) as mentioned. earller, two-d.lmenslonal vector

analysls can be represented very convenlently ln complex

notablon .

f (z+ys j
-2 *?¿5

èt

27

Cauchy'lnLegra1

. -; f {zi-rs )LL rE
E

=3-4
df
d,z

about

A vector (or vector fw:ctlon) ! = Vr I +

represented. by the complex numrber (or complex

Lf f ls anal-ytlc Q"l?)

29kef 
"26,

3oRe f "26 Ð
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V = Vr. + lvy" fn wkral, follo'¡s bje shall aLv,t-,tys uÊe Lnt.s

noi;ation; underllneci Iei1;e'cs stano for vectors and. Lite î:ãïre

ietters v¡lthouù und.erlining stanci foz' tire correÉipo t\d,tfig

ccmplex c¡uant ltle s 
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lrihen t,his is applied to a function

easily be seen that' it results in

The preceeding paragraphs have been a review of

certain ccncepts fronr ordinary complex analysis. The next

step is to extend the formalism in a consistent manner to

the finite complex plane. I{e wish to obtain, firstly,

expressions for curl F and div E in finite geometry and,

secondly, to show that, these expressions fit into a formalism

in analogy with t.he orclinary case above.

NoIv, the extension to finite geornetry of curl E

and d.iv E seems obvious: we can use the identity (2.2L\

from ordinary analysls, with a circle for contour C and

put,ting in the finite geometry analogue of limit and' closed-

circle integration. This gives

¿E1
ð22 div I {-

at curl E

E = [ +iB it, canXV

30

() )2\

U,^,
6->O

e
S E^&+

o
A

which becomes in finite geometrY

. T r_ 7 ii-X Ex(¿* l'-S )
-L,/ '*,a ./

¡L+ô \

tt-> O

l-r\¿.
l^\-^\N

r |C ÆLT

t)
---=:--ll¿t/

#-("S"=.À')
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HoweverrasimpleconsiderationshoursLhat
.this is not exacÈIy the natural analogue desired' here.

As v¡e saw in paragraph (2) above we can write in ordinary

analysís
- 'ifE*M = E'4à + i(þxE-)'q\

Both E.dr and. (EìßE).dr are invariants under linear

transformations, and. therefore E*dz too is a scalar.

However, in the extension to finite geometry considered

above, the analogous quantity rSE*(z +/LT) ís not an

invaria¡Èbecause of the existenCe of "strange" directiOns;

it reverses sign under a transformation '' = 3o'

where f is a ,,strange" clirection. A simple invariant

extension is tïqE E*t(z+n3¡'

_P=t I {N^,\=tn->-lÊZ-
5 - 

-t S'È""\--Y c

ït can then be easily seen that tSÉ#SÉ*(e-+r.-5)

is indeed a scalar.

This motivates us t,o d.ef ine in f inite geometry

curl E + i div E = -Lz þz,LE'Éi 5 É*(e+rus)
,L+C E

= -ì-Z/ ,t'\€' s f Afz+ne¡
â-+o E

inle have an independent expression for the

derivatj-ve H in ef'(p2) and we can check the consistency

of the above procedure using paragraph (5) above"



we have (cur1 E) + i(div E) = 'L Z>'L-' E
/L,Fo S

tr{e take the complex conjugate of both sid'es

through by i t,o get:

(div E) + i (curlEl = i[; L4"' =O"=:
.*Ësance s ' as real. Now Eù- Eî=3Fçt and ts^-ã \

Pa -* --lHence \'-z' S' 5

Now this is exact.lY

d.erivative, and our

with paragraph (5).

and (divn) + i(curlE) =-ZZu'ç-rE(z+ri-s)
¡t +c¡ S

twice the polar form for Kustaanheimo's

vector analysis in GF (p2) is consis-r-ent'

I'a-l ç
-5

32.

b'1"+ra1)

and multiply

F (=+rr5 ¡ |
IJ

,b+l
1



CILAJTEB. 3

ELECTROST4.[TCS

In thls chapter we dlscuss souree-free electrostatlcs

ln the two-dlmenslonal flnLte geometry enplo¡'ing the vector

ân€rLysls developed ln the last chapter. The fl'¡'st prolrletr,

of cou.::se, 1s to formul-ate electrostatlcs and. the secor:d'

ls üo exanine the fleld.s, indicating thelr nature ln the

Pythagorean approxlmat lon.

Ro -q.. geth3l has shown that, 1Ð ordlnary space,

I\îaxweJl-rs equatlons on the fleJ-ds E and $ are exa.ctly equl-

valenü to the conÖltlon of analytlclty (the Cauchy-Blernann

eqLla.tions) for two certaln functlons constructed fron the

components of E Fna E" For a charge free regf-on these ur"32

-,0 ñE''-Ey*lE*
l,tor^r E'Û = lE'r' and H o

solìrce free reglon

and. H{' be ana1ytlc"

3lR. Ao Beth, J. App1. Phys. T-, 2568 (1966).

32i,tot" that our notatlon differs sIlghùly froro thaÈ
trsed by Beth. Beth uses the symboÌ Il for the functLon
Ev + 1E-., but we have alread.y establlsi1ed the conventlon
v"natEÊE*+18y.

and. HB = Hy * lH*

= lEå'¡ so ltlaxwelf f s equatlons 1n a

are equlvalent to the cond ltlon that E'x'

(3.1 )

33
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The sane sLbuatlon hoId.s ln flnlte geonetry"' The

condltions that
2?

cllvE=O and curlE=0J)

are equlvalent to the cond.ltlon that
\ñdÞ-^
ú=v t

whlch, when we take the complex conJugate of both s1cles,

becomes Þ-!ì*
ò2"' = o

Ttris ls exactly the condltlon that E'* be an analytic functlon

1n ze Thus we can say that the flelds for source-free Space

ln finlte geometry are the complex conJugates of the analytlc

functlons, or the functlons of the forro

Of course, the above ls also true for source-free aagixetlc

T'ICIdS..

FinaIIy, wê consider these fields in the

Pythagorean approximation. We give not a rigorous and

complete treatment but an outline of the investigation.

l.le rvill attempt to see the fields of ord'inary electro-

stat.ics as certain finite geomet,ry fields in t'he

Pythagorean approximation.

[,=
p-1

ko
a-z
K

33,rn" deftnltlon of dtv E and curl E 1n on(pz) ls given
ln Charlrì;er 2(E) .

(3 "2)
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Thiscanbeaccomplishedverysimplyasfollows:

any source-free field in ordinary geometry can be approxi-

mated by a polynomial function of form
i<

E* -- Z Lr**
ùt=t

By taking K large enough (immensely large if necessarlr but'

f inite) we can represent any source-free f iel-d in this \vey'

to within any experimental error. Vüe give K an appropriately

large value and consider it, constant. The experimentally

observed values of z and. E range from the very small to the

very large but, are f init,e in .both direct'ions. I^le choose

units for z and E so that all experimental values are very

large and experimentally -indistinguishable from integers

(complex integers).
!üenowpost'u}ateafinitegeom'etrywithbasic

number field cF(p). In the integer representation of

c¡'(p) the first N ínLegers (N-Inp) form a Pythagorean

subset, and we take N large enough so that' all t'he (integral)

experimental values for z and E are smaller t'han N ' VIe can

ihen consider the int,egral values of z and E as representing

elements of the pyt,hagorean subset of GF(p2) " Further,

the coefficients bo will be, experimentally, rat'ional

numbers and can also be considered' to represent finite

field numbers, not necéssarily Pyt'hagorean
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we no\^¡ consid'er t'he equation
!\

-L \\ 
^ ií¿.E^: /-voz

Þ=i

asanequationinthefinitenumberfield.Accorcling

to our formulat.ion of electrostatics, E is a sou=ce-free

fie1d. in the finite geometry' Moreover' to an observer

rvho assumed a Eucliclean geomet,ry and therefore could

perceiveonlyPythagoreanelements,thisfie]-dwouldappear

as a usual source-free electrostatics field of ordinary

geometry, according to our discussion above' hre can thus

say that every source-free field of ordinary Euclidean

electrostat,ics would. arise as the Pythagorean approximat'ion

to some source free finite geomet'ry field'

Therewill,oFcourse,bêmanyothersource-

free fields in the finj-te geometry which would not be

recognized.as ordinary source-free fields in the Pythagorean

approximation. The existence of these fields rvould predict

new effect,s within the framework of electrostatics; their

stud.y is a further problem and, not part of this thesis "



COi{CLUSION

l,iehaveglvenaforrnulationofsource-freee]ectro-
statlcs for a flnite geometr¡r, Lhe Pythagorean approxlmatlon

tothistheory,andthecomplexanâl¡zglgrequiredforthe
electro stai ic s .

The work could' be contlnued' on several- fi'onts" One
õ

couicl develop further the complex analysts Ln GF(p'); thls

vroulô. lnvolve def ln1ng the Llne lntegral for a general type

of curve, not necessarlly closed, âs well- as for closed

contours more general than the clrcle. The f lrst problent

here, of course, 1s üo establlsh the n'reanLng of the geometrl-

cal ùêrms ln a flnlte geomeÙry" The posslbllity of functions

analytlc 1n only a reglon or contalntng slngularltLes nlght

be consicrered" Thls seens necessary for a theory of el-ecüro-

stailcs that ls to lnclude sources "

Electrostatlcs, of course, coul-ö be extended ln other

ways than the lncLuslon of sources" The unlqueness of the

solutions under varl0us condltl0ns must be consldered;

thls would. lnvolve the analogue of the Dlrlchlet problem

and. lts Pythagorean approxlmatlon" '

Finally, there remains the investigation,of the

source-free finite geometry fields which in the Pythagorean

approximation would not be recognized as source-iree field's

at al-l. These would, be seen in the observable region as

new effects hitherto not considered' part of source-free

electrostat'ics
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