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ABSTRACT

In thls etudy, a new approach to the synthesls of dri-
vlng polnt impedanoe functlons 1s consldered.

The proposed new technlque applles the real part pad-

ding method to relooate the even part zeroa of a nonminlmi¡¡a

biquadratlc functlon so that one of a number of specified

favourable condltlons w111 be satlsfled.
ït has been lllustrated. that the new approach yields

a efmpler network as oompared wlth other methode 1n the

classes of technlques that do not uee elther transformers

or gyrators. Varloue combinatlons of coefflclents of the

glven blquad.ratlc nonminimun inpedance function determine

the reallzabfllty 1n one of the speclfied networks. Proof

of the nethod, ee well aB lllustratlve eramples are provid.ed"

ln the text.
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CHAPTER Ï

TNTRODUCTION

In general, all existlng techniques of reaLizlng pos-

i.tlve reaL functions can be crasslfied. lnto two groüpsu This

cl,assiflcatlon 1s based, on whether or not the manlpr,rlatJ.on,

which d,lsturbs the location of the even part zeros is appJ-ied."

For a positive real functlon, the zeros of ftte even part êx-

hlbit quad.rantal s¡mnetry.

Ihe s¡nrtheole technlques belonglng to the first groirp

subtract a certalu amount of positfve real- nunber from the

glven functfon so as to cause a set of the quad.raatal zeros

- to. be relocated on the lnagtnary axls ln tbe coloplex s-planeu

prior to the ,removal of the seto lhese teallzations rviLLu fn
general, regutre the use of id.eal transfornerse as was d.emon-

strated, by the Brune (f) realtzatlon" However, Bott and. Duf-

fln (2) showed that by eroploying the use of an excessive nuxr-

ber of elemente; ldeal transformers may be avoid.ed. in tb,e

reallzationn
lhe second group doee not dlsturb the even part zeros

In the complex s-plane" llhe methods ln this group begin in-
nedÍ.ately to remove whol,e sets of zeros either at onceg ot
set by setu lhis group hae an ad.vantage over the first group

1n that the tedj.ous proced.ure for findlng the naximum anount

of permisslble real part that may be subtracted. fron the



given funotion is el1n1nated. Hor'¡ever, in general, the second

group of technlques requires ldea1 transformers or gyrators

for reallzations 1n cascade structures as was demonstrated. by

Ilazony (+), If the constraint on the ¡retwork structure is
eased, a network may be reallzed wlth a smelLer number of ele-
ments than lts counterpart in group one which avolds the use

of transfomers and gyrators. Thls reallzatj.on was deveJ-oped.

by Kln (¡). Synthesls proced,ures, belonging to this groupe

advocated. by Miyata (6) and Kuh (Z) resulté in slnp1e realL-
zatlons, requlrlng no transformers or gyrators and except for
the slmplost fünctlonsu coneLderably fewer ele¡aents &p€ n€c€s-

Bary than are required for the techniques d.lscussed. previously.
unfortunately, the appllcabillty of the two procedures d.epend.s

upon the locations of the everr part zeros 1n the s-pJ_anes con-

se'quent1y, only restrlcted claeses of poeÍtive real functions

may be real j.zed.

lhe new approach suggested 1n this lnvestigation ap-

plles the concept of real part padding. This manfpuLation

shifte the sets of even part zeros from their orlginal pos-

itions, relocating then somewhere between the locations of
group one and. group two, such that they now occupy favourabLe

reglons in the e-plane. lVhen the even part zeros have been

placed. 1n these favourable reglons, si.mple realizations are

obtalned containlng reasonable numbere of el-ements" lhe con-

ditlone corresponding to these favourable reglons 1n which the

even part zeros are to be relocated, have been found (g), (9).



Leaf 3 omitted.



CHAPTER II

DTSCUSSIO}I OF THE PROPOSED TECHNTQUE

In this chapter, the function c1aes, upon which the

new method wilL be applled, is deflned. yflth thi.s definl-
)i

tlon taken'lnto conslderatlon, a dleoussion of the theoret-
lcal basis of the technique will be und,ertaken.

T O DEFTNITION OF THE T'UNCIION CIASS

rtre functlon class 1s the generar, biquadratic, d,riv-
lng point 'lnpeda,nce functLon Z(s), and, may be written as

(¿-r)

The funotion z(e) 1s the drlvlng polnt Ínpedance of a J.umped,

Ilnear, passlveo blIateral, and time-invarÍent network. ib,e

assunption ls made that the quantltles 
"1, êo, bL, bo, ar¡d K

are real, posltive, and non-zero numbers. As a result of the
above deflnltion and assunptlons, Z(s) ts a positlve real_

functloa of the eonplqx varlable s¡ siace the coefflcients
are posltive real nu-mbens, the nece€sary aud sufflclent con-

dltton that the functlon z(s) be a poeltlve rear f¡¡nction of
the complex varlable s 1s

(ffi - dl; )z S*rbr ô (z-z)
Because the coefflclents of z(s) are non-zeTou it 1s auto-
matfcally ninlmum reatlve and, mlnlmum susce¡ltj.ve, sj,nce it
has no poles or zeros, respeotiveJ.y, on the im,agiaary axÍs in
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the complex plane. No generallty ie lost wlth the assrzrnption

of non-zero ooefficlents, slnce the case that doee occur vritb,

zeto coeffieiente may be handled by reactance or susceptance

reciuction, yleldlng a slnpJ.e and economical reallzation"
Thls cas€ belng solvedr,lt 1s of no further lnterest.

II. THE PROPOSED TECHNIQUE

[he prlnclpleo underlylng the proposed technique are

quite elnple. ït ls based on the fact that the zeros of the

even part of a positlve real function exhibit quadrantal sJm-

metry. tr'or the general blquadratic function Z(s), as'd.efined,

earlier, a typical set of even part zeros would. appear as

ehorvn ln Flgure le

Figure 1. Zeros of the even part of Z(s) exhlbiti.ng quad.-
rantal o¡mmetry"

From Flgure Iu tb.e zero of the even part of Z(s) located in
the first quadrant ls deflned as

uo=%+Jwo" (z-z)
fhe real part, oo, and. the lnaglnary partu wo, of the even

part zero "o are posLtlve .quantities.
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In general, the even part zeros shown wilL not be

located. such that the d,eslred reaLlzation'1s possj.bl-e. Hou¡-

ever, since the functlon being dealt wlth is nonñinlmr¡¡¡, tb.e

evea part zeros may be relocated by extracting a portion of
the mfnÍmum reslstance f,ron the funotlon. A remai.nd,er func-

tiorl , Z.'(s), nay be wrltten as

zr(s) E z(e) - Ro,

or (K - Ro),sz +,(arK - ¡r-n.)s + a.K - u.nr, 
( z_4)at(s) =

The remainder functlon must be posltlve reale co]¡sequently,

the value of the extracted resletance, Ro, mr¡st not exceed

that of the mlnimum reslstance, RE, of the orJ.gina1 function
Z(e). îhe subtraction of Ro from z(g) tends to shift the

even part zeros towards the Jw-axfs" ff r &s a consequ.ence of
sblflting even part zeroe, o¡te or more of the followlng re-
Iatione (8), (g) are satlsfied;

6i = wL, (z-i)

{.ur + w'V, - 0, vr ( 0, Q-e)
flût - *1v1 - oe vt ) 0o (2_7)

vI = or (e-e)

al -0, zr(o)=4zL(o.), (2-g)

q = or zr(æ ) - ¿+zt(o), (2-Lo)

then the synthesie of the given functlonu Z(s), fs complete,

The quantltles U, and V, are deflned by the equation

zt (sr) = ut * Jyr, (e-u)
where ut and. vr are the rear and imagtnary parto, respec-
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tlveJ.y, of zr(e) evaLuated at the even part zero "1" From

Eq. (Z-+), lt nay be. seen that the looation of the even part

zeros 1a the aomplex plane, of the remainder functl.on, is a

functlon of Ro. A proper selection of Ro, where possible

vaLues of Ro ra¡xge from z,eîo to the value of the miui.mum Íês-
lstance of Z(s), causes the even part zeros to shlfte so that
one or more of the cond.itlons 1n Eqe, (Z-5) to (e-fO) rnay be

satlsfled, resultlng ln the network shown in Flgure 2.

Zfü 
-&

Figure 2. Reallzatlon of the given function Z(s),
The networks that real1øe Zr(s) are glven in Appendix A, and

were d,eveloped from networks produced, by Kin (g)" the use

of these networks and thelr assoclated element vaLues redtize
Z-r(s) witb slx elements, consisting of two resistors, two¿'
Ínductors and, two capacitors. consequenti-y, z(s) rs realized.

wlth a total of seven elements. If cond.itions 1n Eq. (Z-g)

or Eq. (2-Lo) are satlsfled., then a six element realj.zation,
ln general, Ls posslble, conslstlng of three reactive and three
resistlve ele¡qente (9).

The remalnd.er of thls study w111 be concerned. with
flndlng expresslono for the amount of reslstance Rou that mus-b

be extracted. from ?,(s) in order to eatlsfy one of the cond,i-
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tioas. Alsor ê11 attenpt will be made to define the subclass

of the genêral class of functlone as d.ef ined. by Z( s ) ' to which

the proposed technique will be amenable. This will be carried.

out by deterrining the neceosary and. sufficlent conditlons on

the coefflolente of the given function so that the proposed.

reallzatlon technlque may be applied successfulJ.y. A flow

dlagran outl'lning theee condltions wilL be presented.



CHAPTER IÏI

rHE REAtrzATroN oF z(a)

This ohapter wilL be devoted to d.etermtnJ.ng the amou¡.t

of reslstance that must be removed. from Z(s) 1n order to force

the remaind.er functlon , Z.'( s ) u lnto the class of functi.ons

that w111 satlsfy at least one of tb.e d.esired. relations con-

tained, ln Eqs. (2-r) to (2-LO). Consideratj.on of the positive

real property of ?,r(s) ylelds the necessary and. sufflcLent
con d.ltions on the coefflcients of the glven functlonu Z(s),

requlred for,the speclfic relation to be sattsfled.

TO DETERMINATTON OF THE RESÏSTANCE RO

Before d,eveloping speciffc,expressione for Ro, 1t will
be eonvenlent to deternlne the quantltles oI, \r UI, and V1r

in terms of the coefflciente and the gain constant of Z(s)

a¡ld as functlons of Ro.

Equation (Z-+) nay be rewrltten 1n an alterzrate form

as the following,
(K - *",r' . (alK - brRo)s +

(K -:Ro)

(aor - ¡ono)l
(K-R) 

ü_ o. dcZ1(s) =

or

zr(s)
s

lhe coefflcients

,2+b'u+bo

r .t.
"lu * "o/. ß-z)

are d.efÍned as

(¡-r)

= Kt(u2 *
+

1n

bI" n bo

Eq" (l-z), 0eararandK



tt1

.t.

"o

t

a.K - b-Rr J o,

LCI

\)-) )

tr-o,

" ß-'l)

K-R
o

= -È--9ir $-+)

\)-2 )and. K = K - Ro.

The function T'r(e) ¡ouet be poslttve reale consequentLyu the
¡foquantiti.es a1 and ao, and, the galn eonatant K , must be pos-

lt1ve nunbers. Furtherï¡lore, the coefflclents of zr(s) must

sattefy the relation

K-Ro

í-
( q/"i -J r) )2 S do, e-v o t/ o

to er.sure the posltive real¡ress of the functLon.

lhe e.lrell part of 2., (s) f e glven by

or

r{1(-*2 )
.Ev 21(s),,= or(8,

r'["a * ,2f ,"; - t" - "r.r,
K

. bo(.oK - boRo) 
fl

--c
Ke Åuv zr(s) =

"4 * (zbo bl)s2 o b3

From Figure 1, 1t may be seen that the evon part numerator

of Zr(s) can be wrltten ae

s(-"2) = (s - sr)(e r er)(s - Ër)(s o ã1)u

or as

lr(-s2) = "4 - ,(4. - *f )"2 + ("1 - *Î)t " uúú,
when tb,e substitution

sL=fL+Jwt

(:-e )
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i.s made, Comparlson of the coefficlents of s in Eq. (l-l)
wlth tbe i.lke coefflciente of Eq " (7-g) yieLds the equations

-r(ú- - *1)(K - Ro) - K(ao * bo -.Lb') - Ro(2bo - ol),
and (l-g)

(4 - *f l2tK - Ro) = bo(aoK - bono ). (¡-ro)
The sinlltaneous soLr¡tlon of Eqs. (7-9) and (l-tO) for c.1 and.

tr- lead.s to the f ollowing expresslons e

ar=
x(ao o b" - *l_bl) - Ro(2bo - r?_)

4(K - Ro)

+ K(ao + bo rl_b') - n (euo - ,l)"or rtr

4(K - Ro)
$-:-z)

Eqraations (5-L1) a¡r¿ (7-lz.) are the desj.red, forn for the real
ar¡,d. j.maginary partse respectlvei-yu of the even part zeroi of
Zr(a) located 1n the first quadrant of the coraplex p3.ane.

Erpresslons for U, and Vre the real- and, imaglnary parts

of Zr(e) evaLuated at uI, respectlvely, nay be found. by eub-

etituting "1 = oi + iwt into Eq" (Z-t) and separating or¡t thp

real and. imaginary parte" lhe expressions obtained, are

rtof * rf + at6'r u.o){of - *î + btöL + bo)

ux= . **lQct n *1)(26r + bu)
- Rou

(z-tt)* bldl + bo) iQa, + b1)

wfK(2cf + *l+ br%. + bo )

)(o?- *? *a"G+bvr-. = (¡-r+)
({ - *f o br% + bo) iQv, + br )î+

1nIf the expresslons contalned Eqs. (¡-rr) an¿ (l-:-z) are
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substltuted, lnto Eqs. (l-tl) and (l-t+) for dl and, *Iu respec-

tlveJ.y, then the equations for Ut and Vt become explJ,cit func-

tlons of the resistance Ro.

[he relatlons for the param.eters contained j.n the con-

d.ltlons (Z-¡) to (e-fO) have now been deternined. The next

step fs to f1nd. the resletanceu Ro, which, when extracted.

from the given functlon, Z(e), wiLl yJ.eJ-d a posi.tive real- rê-

matnd,er functlon, Zr(s), that belong to the subclass of func-

tlons that satlsfies one of the co¡rd.ltions glven in Eqs " (2-5)

and. (e-ro)"

Case ï: % = wr-u

lrihen Eq. (¡-r:-) is equated to Eq." (l-lz) and the re-
sultlng eqation solved for Ro, the result obtained.u fn tems

of the coefffoients and the gain constant of Z(e), is
K(a + b - a-b-)

1r - 
O O ,I I'e lz rr\

'r (2bo - bi)
The value of Ro that solves thls partlcuLar eo¡¡dition is de-

noted as Rr.

Case I.I: diüa + w-rV, = 0r Vr4 0.

Substitutlon of Eqe" (l-tl) an¿ (l-].t+) tnto Eq. (z-ø)

yield.o

rrK({ - *Í * "'fr o.o)(o'f"- *f + bltrr + bo)

+ rfr*, (z%. * *1) ( ea, + b1)

- Rocltd - *í + brf, n bo)z - Roarwf(zq. * u1)2

* *fr(2crri+ ar)(d - -l o bLsl_ + bo)



L7

3-t-ø)
õb/ì,1 €¿rÀu vYl t

Case III¡ *tU:. * *l-Vl = 0r Vl Þ 0"

lhe expreseÍ-ons for U, and. VI contained in Eqs " (3-t3)

a¡rd (¡-f+), respectlvely, may be substituted. into Eq" (2-7)

yielding
rrK({ - rî n *Lfi., * .o)(4 - *1 + bra, + bo)

n q*fr( 2nr + au ) ( ea. + b1)

- olRo({ - *f + brÕ, * bo)2 - ar*fno(za, * u1)z

- nolo( 2ø, + ar)( 4 - -î o bltrL + bo)

+ *fr(eq o br-)É- - *1 + *r.trr- * êo) = 0. ( r-re )
Equatlon (¡-fA) nay be sol-ved for R..,o by su,bstituting the âp-

proprlate relations for r, and *1. The resulting formula for
the resistance 1e

- *lr(z% + br)(d - *f + *rt + *o) = oo

lhe substltutlon of Eqe. (r-It) and

respectj.vely, lnto nq. (l-tø) yieLds

p
"2

K(arbr-to*bo),

when solved for the resietance Ro. The value

ance to be subtracted. 1n order to satisfy the

dltlon is designated as R2o

The mathematical nanlpuLations between

and. (r-.¡.7 ) are contained, in Appendix B'

(7-lZ), for
the result

ß-tt )

of the resist-
speeifled. con-

Eqs. (¡-re)

¡L? ( t-le )
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lübere R, fs d.efined, as that value of Ro whioh caÌ¡sea Zr(ø) to
be Ln the subcLass of functions that satiEfies the reJ-atioau

GUt - wrVr = 0r at i.ts even part zero"
I¿J.¿

the details of the derivation of Eq.. 3-tg) are con-

tained. in Appendix C.

Caee IV: vt=o'
From trq. (¡-f+)

of zr(sr) can be mad,o

cases are,

r" (2€t o *1 )q.

and

2o tL=0n

the J.maginary part

cases. these

1t nay be seen that
equal to zero in two

)- wi n br5 + bo)

ß-zo)

3_zt)
After substltution lnto Eq." ß-ZO) for c, and w,u 1t

*o = bou

beco¡nes obvious that there j.s no val-ue of Ro which will sat*

lsfy this equatlono XquatÍ.on (Z-ZO) nay be satisfied,, regard.-

less of the value of Ro, only if the coefficl.ents of Z(s) obey

the equality

3-zz)
Thle 1s d.emostrated fn Appendix D" Consequentlyo a suffÍ.-
clent cond.ltion that the glven function be of the subclass

of functions whlch has V, set to zero is given by Eq, (3-ZZ).

In this cas, resistance need, not be subtracted sÍnce the

function automatically satlsfies the condition V..' equaJ. to
¿

zelloo

Eowever, a biquadratic fu¡ection witb the coefficients
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*o and bo equal may be eas1ly realized by a four element net-
work oonslsting of one inductor, one capaei-toro and two re-
slstors, regardless of the numerical value of the other coef-

ffcientsr a1 and br" Consequently, a slnpler realization is
evalliable than that produced by the proposed technio*ueo

[he resistance requlred to meet the second. case may

be found, by solvlng Eq. (l-ZZ) for Ro. lhe ex¡rression that
1s obtained ls ldentical to the e:<pression for the minimum

reslstance of Z(s) except that the formuLa holds for an op-

posLte set of lnequaIlties. Thls appears in a d.lscussion of
the mlnlmum reslstance of a functlon and 1s given in Appendix

E. fh,e reslstance required. for condition (Z*ZZ) to h.old iså

+b o rt(2bo - ,1)

îFK ff(a^ - bÞä-u-
'f¡éH "LL

ulbLå (*o . bo) " bl,

aij 4. bo r

ß-20)

Y
R4 = K 

f;bI(

\J4b;qï 2

orr lf b| - 4bo equals zero, the eolutlon for RU thea red,ueee

to the folJ-owlng,

"lbL Z(ao bo)

Tb.e fo¡nulas showx 1n

1f the foJ-Ìowing sets

*oÞ
and

)2+ (*tbf 2^o 2bo
(z-z+)

Eqs. (l-Zl) and (l-Z+) arê vaLid. onJ.y

of condltlons hoJ.d u

bo, ß-zr)

o("o - to)* + bo(a, - bl)(aou* - rLb"

or 1f,

ß_zt )



and,

3-zt )

ß-za)
requÍrement

(7-2e)

ß-zo)
and the

arblÞ (bo - *o) + vfuo/uo.

However, it ís shown in Appendlx E that lf the coeffielents
of the functlon satisfy either one of the above two sets of

oond.ltj.onse then a five element reaLLpation 1s possible (four

lf the equality J.s satisf led ).
fhe proposed nethod. will realize the two casesu in

general, with six eLements and seven el-ementse respectively"

Consoquently, the eubclass of fur¡ctions vuhieh satisfy the

condltLot VL equaL to zero may be realized by technlques

whÍch yfeld &ore eoonomlcal realízations tlaar;: the new nethod..

Anattempt to obtain thie subclass by this nethod wor¡ld. not

be justified.

Case Vc fl - 0, ZLrc) = 4Z.,(oo ).

The eond,ltlon that the real part 6i be zero fs â. re-
quirement that ?,r(s) Ue a minlmum functlon. fn terms of the

coeffiaients of Zr(s), the requirement j.s
i-,c f(l/"å -¡/bo )'= arbr"

kifvu
Äl-so, 1n terms of the coefficlents of 2., (s), the

that zLrc ) uu equal to 42, ( ø) j.s

SubetitutÍon of

ai = 4bo" ì

Eq" (5-zg) tnto nq, (l-ze) yieLde
9¡*o-4bo=4arbrc

EquatJ.on (7-70) nay be solved for Ro equaL to R5,

result ls

) iì



Þ
2

(abo - ao)u t
' l7

G-'tl.)
lbo

provided the coefflcients of Z(s) satlsfy the equatÍon

bo(ro - bo) = Sboarb, - b1(4bo - ao). 3-lz)
Consequently, íf Eq" (l-lZ) is sati.sfied by the gJ.ven func-

tion, then a reslstancer Rs, rnay be subtracted and. the resuL-

ting function will be in the subelass of funetions that sat-
fsfi.es the cond.itions 1n Ðq" (2-9).

Case VIs trl - Oe 4ZIrc) = Zr(oo ) "

The requirement: that 421 (0) be equaL to Z.r(æ ) tn tei"m,e

of the coefficients of Zr(s) ¿s

4*o = bo"

Equatlon (l-Sl) substltuted

( 7*17)

Eq, (l-Ze) gi.ves the resuJ-t,

G*t+)o = /[arbr.

of Eq. (l-l+) rn terms of Ro equaL to R, yiei-ds

R6 = _Ã_(+ao - bo),

bo(bo - .o) = Sboarb, - bl(4ao - bo)"

If the relatj.on specJ.fled i.n Eq" (l-Zø) fs
the reeistar¡ce RU may be subtracted, from Z(s) leaving a re-
maind,er wbLch Ls i.n the subclass of functi.ons that satisfies
the cond.ltions 1n Eq, ( Z-f O ) " 

'

In both Cases V and. VI n J.n general. u a si.x el-ement

into
I

4uo = b

[he solution
the equati.on,

which ls valid
relation

lbo
provld,ed. the coefflciente

(t-zs)

of Z(e) satisfy the

f o -.\\ )")o )

satisfied, then
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reallzatlon is possible, consisting of three reactive and

three resistive elements, and are shown, together with cor-

respondi.ng element vaLues, in AppendJ.x An

TI. NECESSART AND SUFFTCIENT CONDITTONS ON THE COEFFICIENTS

0F z(s)e ANÐ ÐXAMPTES OF THE REALIZATTON fECIINIQUE

In the prevlous sectlon, specific formuLas for the

amount of resistance required to be extracted. from Z(s) in
ord.er to satisfy a partlcul-ar conditlon glven by Eqs, (2-5)

to (Z-fO) bave been d.eveloped, It no\ry reaains to d.efine the

subclass of functions that will satlsfy at Least one of '6he

condi-tions" the necessary and er¡fficient condltions on the

coefflcients of the given functionu Z(s)u such that applica:
tion of the proposed, technique wilL yieJ.d. a re¡¡.aind.er fune-

tlon, Zr(s), that is ln a favourabl-e subclass, wi3-J- be deter-

mined through positive real conslderatlons of Zr(e)u and. by

the restriction that the reslstance to be extracted musi be

a positive real quantity.

As was stated, earlier, to ensure the posit1ve realness
/\l9tof Z1(s)r the quantities *1, &ou and. K as given by Eqs*

ß-1), ß-+), and. (l-5), respectivelyu muet be posltive.
Also, Equ G-ø ) nust be satisf ied by the coeff icients of
Z, (s)n
¿-

Caee I¡ ü1 = w1.

Since

Rlu glven by

use of negative

(7-15), must be

the

Eq.

resistance is to be avoided.u

posltive. This consldeTa'.'.
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tlon gives rise to the follovring two sets of con<iltionse

A. *o*bo-.LblàO,
2bo - bl > o, (t-tt)

and

B. "o * bo - "j-b' É O,

2bo-bl<0,
Equation (l-lS) substltuted lnto Eq. (l-Z) leads to the €x-

pression,

K(2bo - bl) - r(ao o bo - arbr)
>0. 3-tg)

2bo - bl
ïf the cond.itions in set A ho1d., the cond j.tions .L . ' 

.

.lbl - âo + roÞ Ol, ß-+o)
Ís obtaiaed. from Eq, (Z-Zg), but 1f the cond. j.tions j-n se-b B

holdu then the condltion

bl > *Lbl" - po + bo,

Ls obtained,. ,

fhe substitution of Eq. ß-lf ) into Eq" (l-+) Lead.s to

tb.e result,
a1(euo - bl)y ur(ao o bo - a1b1), ß-+z)

ß4a)

ß-+t)

provid.ing the conditlons in set A hoLd" If ,set B holds then

the result is

"t 
(bl zbo) Þ br(*lbr - âo - bo)" ß'+7)

Sinilarly, Eq. (l-tS) substituted into Eq"(7-5) yield.s the

f oJ.lowing J.nequalities e

ln(c-o.aLb'*.o-bo)Þ*obÍe (=-++)

1f case A hold.sr orr

.il i; -- ì,: . ;-¡ ji;



"obÍ Þ ("rbr ro uo)uo

if the conditions in case B hold"

It rnay be see¡l by substituting Ee" 3-l>) into Eq.

3-e ) tfrat thls lnequality ls autonatÍcalL satisfie<i, colt-

sequeatly, no nelv restrictions on the coefficients of Z(s)

is lntrod.uced.

In sunmatlon, the necessary and er¡fffclev¡.t cond.itions

on the coefficlents of Z(s) such that appl-icatlon of the pro-

posed method will yield a functton 2., ( s ) rvhich sat j.sf ies the

condii;i.on equal to w, aret1

A:

obo

'ouf '

20

{,2-+¡)

3-+ø)

Case

and

Case B:

toobo
Zbo - bî Þ

- *tbj. å o,

0e

bo Þ ,1,tlb'"- &O +

ai(zuo-tl)>br(ao - arbl)'

bo(aab, u "o - bo) Þ

2bo

tlbL - âo

Þ arb, - êo * bo,

t(ol - 2bo) Þ br(rrbr - ?o - b")u

3_47 )

If the coefflcients i¡r either Set Ä or Set B are satisfied by

the coefficients of the glven f¡¡nctj.on Z(s), then a realiza-
tion in the form of the network shov¡n 1n Figure A-7(a) is
possible 

"

tobl Þ bo(arb, o "o bo),

- bo å o,

Þ 0'bl
.2
or-

Exanp.le of C.ase ïo Consi.der the application of the
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technique to the folJ.owing biquad.ratic, dri.vÍng-point im-

ped.ance t

' z(sZ + 2"5s + 7)
Z(s)=-'

s'+ 2s +4
fnspeotíon of 'cho coef,f,ícients of, ø(s) showe the,t the GoïI-

d.itlons in Set A are valide consequently, the network in Fig-

ure A-2(a) is applicable, if a resJ.etance of the value R., i,e

subtracted'from Z(s). The value of R, as caLeula'ced. using

Eq. (l-t¡) is

E = I olulu

Íhe remalnd.er functionr, 2.., (s), i.e

u2'o)' + 2
Z,(s) = -d--"U st +2s+4

Use of Eqs" (r-tt) and (l-tZ) enable the calculation of o,

and w' to be mad.e. The resuLts are
I

trl = 1.19s *l_ = L,L9, . ,

It may be seen that thls eatisfies the, required conditj.olr"

The vaLue of s, (sf = 1.L9 + j1"19)r substLtuted. lnto Z,(s)J--

yields

Zl("f)=1"014+i0"174"
To determÍne the ele¡nent val-ues in the reaLízed networku

(f) Calculate the values of the mr¡ltiplicative constants

glven in Figure A-2(a),

KZ=2s K7 =].
(Z) Calculate the value of the parÊrqeters gÍven in

Eqs" (¿-r) to (A-5)r



Leaf 22 omitted"
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, (arbrK-o|*r"
Equation (Z-tl ) substltuted j.nto the above expression pro-

ducee the lnequal1ty,

ao à bo, 3-¡z)
By lnspection of the five conditions deri.ved aboveu it nay

be seen that the inequalities in Eqs. (1-5l) and. (l-EZ) are

superflous. Consequentlye tbe necessary and. sufflclent con-

ditÍons that the subtraction of R' epeclfied. fn Eq. (l-tl),
from Z(e) wj.ll yleld a new posltive real fu¡¡ctlon whlch sat-
f sf ies the case o %Ut + qV, = 0 e are

"o Þ bo'

"rbfà"oobot
and

tbi > "rbL a

If this set of conditions

shown in Figlnre A-2(b) 1s

o + þon

1s satisfied, then a reallzation as

possible 
"

Example of Cas.e IJ. The lmpedance to be reallzed is
+("2+s+L"75)z(s)=''T'

s-+s+1.0'
An lnspection of the coefficients of Z(s) i.ndicates th.a'c the

relatlons speclfied i.n Eqs. (7-+A¡, (l-+97, and (l->O) are

eatisfied" Consequently, a realization in the form of 'rhe

network ia Figure .q-2(n) is positive"

fhe value of R, 1s found. usi.ng'Eq" (7-17), and. the

result fs

R2 = f oh'm"
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The remainder functi.ono 2., (s), is
zr(s)=z(s)-1,

ô
7(s'+s+2)

:"t-"+1
\

The values of cr* ar¡d, wI are found, from Eqs" (¡-ff) and (¡*fe)

and, are as followse

fl = 0.455E and *l_ = 1"098"

This value of "1 
(sf = 0.455 + J 1,098), substitr;ted, into

Zr(s) gives

zr(sa) = 1"29 - iL"77.
The values calcuÌated. for d* wL, UI, aad Vtl subetituted into
Eq. (Z-e¡, show that this cond,tition Ls eati.sfled" In ord,er

to d.etermlne the eLement values in the reaLiøed networku the

follow1ng calculatlons are madeo

q
ùft

Aß
"13

B/g

nlg

Zts¡ +

Figr.rre 4. The reaLízation of Z(s)
(1) Calculate the values of

stants givea in tr'igure A-2(b) u

Kt = 0"50u K5 = 0.50"

(Z) Calculate the
Eqs. (¿-r) to (t-5 ),

for Case Iï"
the multipLicat:lve corr-

value of the parameters given in



A=0.5018=
respectively" The

respond,ing eLement

Case ïII¡ trtUt- -

7,0e C = LoO, D = 0oL67c F

network shown ln Figure 4,

vaLuese reallzes Z(s),

*IV1 - 0, Vf Þ 0.

25

vev9

with the cor-

f q rry \\)-2) )

The substitutlon of the expressj.on for R= into Eqs" (l-l),

and

bo à âo, (i-i7)
respectlvely" Ït nay be seen that the conditions glven 1n

Eqs. (l-S+) arra (l-Sl ) are redund.antu consequentJ.y, the rÊ-

Latlons developed above may be reduced to the following set

of cond,itÍons o

"f'r^e^ \ v^9
L'rJ

rlbl à bo',-, &o,

and

"oblÞbo(rrbt+a

ditlons that the subtrac'clon of R' specified. in Eq" (¡-fg),

The faot that Rr, gÍven by Eq. (7-19), must be pos-

ltlve leads to the condltion,

"l_bt ã bo - êo.

ß-+), ß-5'), and (Z-0) yieLd.s the

bí Þ fubr * *o - bo,

bo Þ *o,

"obl Þ bo(arbr + ao'-

This set of relatlons are the

inequai.ities sLrov¡n below,
f e 

- 
,- \

\ )-)+ )

I e cæ \\)-2> )

L\bo ) , ß-so)

l^\
o uol n

necessary and sufficient con-

from Z(s) will yleld a new positive real function which sat-
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isfies the caser dfUl - lvrV, = 0" The network shot¡,r:t in Fig-

ure A-2(c) wilL then realize the new fune'clon 2.., (s)"

Exanp.\e of Case_ïïI" The glven impedance to be r€-
alized, is

z("2+L"5s+2)
z(s) = 

-
s-+ 2s +5

Inspection of the coefficients lndicate that the inequalitj-es

ß-57) , ß-ZE) , ar¡d (l->ø ) are satisf ied., thus the network in
Flgure l,-2(c) is applicable.

Ihe value of R, Ls determlned using Eq. (¡-fg), and

the result i.s

R5 = ] oh'm'"

The remainder functlon 1e

Z1(s) = z(s) - te

u2+s+L=;-;;;3
The values of trI and *I, caLcr¡Lated. from Eqs, (l-tl-) and

(7-Lz) are

Zr(sr)=0"478+i0.248"
It may be noted. that the vaLues of trIu *L, üLu and. Vt sub-

stituted into Eq. (Z-l ) show that this condj.tion is satisfied."
The foIÌowing calculations are raade 1n ord.er to d,eternlne the

, element values of the network 5.n Flgiere .4.-2(c)"

(1) The vah¿es of the nuLtipJ.icative constants in 3ig-

trl = 0u6O5, and *i- = L'169,

The substitution of rI into Zr(s) yj.elds
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^ ^t \ure A-ztc/ are

(z) the

to (l-¡) are

A = 1.0s

respectlveS.y.

gf.ven functlon

Kt = 1"0¡ KZ = 2"O"

values of the parameters glven in Ec*s " (¿-t )

B = 0"77, C = O"77s Ð = z.Oe F(s) = 0"73u

fhe network shov¡n in Flgure 5 wiLl reaLíze the

z(s).

Bu/ø

Zrs)

Figure ,. The realization of Z(s) for Case III.

Case IV: Vl = 0"

Ihe necessary and suffici-ent conditions for this case

were d.eveloped earlier in thj-s study. These are contained ir:.

Eq. (3-zz¡, Eqs. (Z-zf) and (7-zø¡, and. Eqs" (Z-zla) and (Z-27ø)"

However, for these condltlonse reaLizations uslng a smaLler

number of el-emente are posslbJ-e. ConsequentJ-yu a3.th.ough

this case can be obtained,, no ad,vantage ie offered. by doing

SO"

Case trg - 0' Z{0) = 4Zt(oo ),.[r"

Since

positlve the

the resistance R5, glven by Eq.

followÍng conditlon appJ-ies,

3-ll) , must be



4bo à ao.

Equatlon (l-ll) substltuted fnto Eqs"

the relati.ons

"o Þ bo'

and

2B

3-sa)
3-l) to (z-ø) yield.s

ß-rg)

bo(ro - bo) = ãboarb, uf{+uo "o).
f 4 /a \
l. r-ou /

The relatlons contained. in Eqs. (j-5e) to (l-AO) represent

the necessary and sufficient conditions that R^n subtracted.
J

from z(s), w111 yield. a new fu.nction, zr(s), vuhich satisfies
case v. The network that realizes 2., (s ) is given i.n Figure

.4.-2(e), An example problen is *ortul out beLow"

E+anple_of Ca.se V, The impedance to be realized, is

z(s) =
,("2+2s+6)

s +2s+4
A study of the rel-ations contained in Eqs. (7-5A) to (l-eO)

ind,icates that a realj.zatlon in the forn of Figure A-2(o) j.s

possible. From Eq. (1-lt), the resistance that must be sr¿b-

trasted Ls

R- = 2,5 ohms")

Z{sP 
-@

Ve

Figure 6. The real1zation of Z(s) for Case V.
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The remaind.er functlonp'2.., (s), j.s

.õ
z., (s) = o'5(s¿ + 2-s + 16)"
4 ("2+2s +4)

lb,e resultlng reaì.lzation 1s the reslsto" R5 j.n series v¡ith

a five element mlnimurn reeista¡rce bridge and is givenu aJ-ong

with the appropriate element values, 1n Figure 6 
"

Case VI: q. - 0, Za(oo ) = 4 4(A) "

Consideration of the fact that R6 r Siven by Eo^" (l-ZZ) ,

must be positive leads to the reJ.ationu

4uoä bo. (7-6L)

The substitution of Eq, (l-lf) lnto Eqs' (l-l) to (Z-ø) yields

the relatioâsr
bo Þ aor 3-øz)

and

bo(bo - âo) = Sboaub, - bî (4ao - bo). ß-al)
Equati-ons (l-ît) to (l-øl) are tÌ¡,e necessary ar:.d sufficient
cond,ltions that the subtraction of R, from Z(s) witL yield a

new function which satisfies Case VÏ. The network shown in
Figure A-2(f) realizes z(s),

Exa¡nple of Case Vï" The imped,ance .tobe realiøed 1s

z("2 + s5/6 + 1)
z(s)= ffi

since the reLatlons ln Eqe " (3-6t) to (s*øz)

a realLzation of the type in FJ.gure A-2(f ) ie
Frou Eq. (l-lS), the reslstance that nust be

are satisfied.,
posslble.

extracted. is



R, = 2/1 oruû.s "o

fhe remaiader function

4
Zr(s) = V

1s

("2 + o.25s + 0"50)

u2+ 2s+2

70

fhe reallsatlon that resultE ås the resÍsto* Rõ ín eeries

-"? i¿ \
á-{b¿ 

--tÞ

wÍth a minimì¡m resistance five eLenent brÍ.dge and is shov'in

1n Figure 'l "

E/s
nl8

"/a

Flgure 7 " The realization of Z(s) for Case VI.



CHAPTER VÏ

DTSCUSSIONS AND CONCI,USIONS

The development of the proposed technioge consisted'

of an attemp to the conditions specified in slx cases, Eqs"

(Z-f) to (e-fO), by subtractingu from a givezr biquad.ratj,e

d.riving-point impedance, Z(s), a resistance of a suitable

vaLue such that a new positlve reaL functiono Zr(s)u 1s pro-

dueed whose even part zero locations satisfies the colrd.itions

specJ.fied ln one of the cases" Associated with each of the

six cases is a network which will realize ZU(s) r¡¡ithout trans-

formers or gyrators and with an economícaI number of elements"

The realization of Z(s) then consists of the extracted resis-

tance Ro in series wÍth the network representing Zr(s). In

general, 1f Case I to VI are usedu seven eleuents are re-
qulred., and lf Cases V or VT are used., a sj-x ele¡aeiat real-
ization is needed,

In determlnlng the necessary and sr¿fficient cond.itions

on the coefflcients of the glverE nonmininum fuuctio¡r such

that subtraction of the appropriate reslstance yieJ-d,s a Zr(s)

which satisfies one of the Cases I to Vïr. it was found. that

the entlre subclass of funetione which cor¡Id be reaLi.zed by

Case IY, VI - 0, could al-eo be reaLlzed. more economical-J-y by

other networks. Caee ïV neaLtzes thts suclass of functions

wtth seven elements (six if the equalities in Eqs " (7-ZZ),

3-Zø ) , and (l-zl ) are satisf ied ) , while the other networks,
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as d,escribed. ln Chapter ÏIÏ and Append,ix Do reaJ-i.ze th.e säme

subcLass witb fj.ve elements (four if the equalltåes fua Eqs.

3-zz¡ , (l-ze ¡ , and (l-zl ) are satisf ied ) . This resuLts ln
a eaving of two elements over the entire subclass. Conse-

quentJ.y, applieation of the pnopoeed naethod, o¡l thls group of

functions offers no ad.vantage"

Furthermore, it may be notede uporl investigatJ.on of

the necessary and. sufficieilt condj.tions required. for Case f e

01 = wlr that thls case synthesizes a group of functlons

which 1s covered corapletely by Cases ïI, ïIïe and. IV" There-

fore, Case I is superfluous, and. may be discard.ed..

A comparison of the number of elements required. by

several existing techni.ques and the proposed method is given

in Table f. None oÍ the teehniques listed require id.eal traas-
formers oÏ, gyratorso

TASIE Ï
COMPARIS0N 0F rIfE PROPOSED TECHNIQUE \,r/ITH EXISTING METHODS

ON THE 3ASÏS OF THE NUMBER OF ETEMEIVTS R,EQU]RED

. Method. Nusber of elener¡.ts requJ.red.
ln general

Sott-Duffin
Modif ied Bott-Dr¿ff i.¡l

Miyata n + L ladder breakd,own

Miyata tree breakd.own

Proposed. method

t

'7I

n

0n the basis of îable I e i-b ie evid,ent that the new 'technique

is economicaL with repect to the nunber of elements required"

Howevers âs is evl-dent in the flow chart given Ín tr'igure 8e
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the proposed technlqr¡e will not correr aL1 the biquadratic ft¿¡.e-

tions, This method., along with the MLyata technique, laeks

the generality of applicatj.on which the Sott and, Duffin pro-

cedure possesseso In splte of this drawback, it nay be con-

cluded that when the n€w procedure appliesu a simple real-
izatloa results wlth an economical- number of elements"

SUGGESÎTONS FOR FURTHER STUDIES

The obvious suggestion is to attempt to generalize the

nethod to includ.e all posl.tive reaL bi.quadratÍc functions and,

possJ.bly extend the method to cover fu¡lctions, of .higher d.e-

grees. The extension to functior¡s of hJ-gher degree r¡.ay pos-

sibly be carried. out by some combínatlon of this method. with

Ktmgs tra¿sformerLess zero removal synthesis (5),
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FÍgure B. Flow chart of the synthesis procedure as applied

to the general biquad,ratic d.rivlng-point j.mpedanceu given by

Eq. (z-t)

yes to( bo? no

Itobi ) bo(rlbt + u, bo a9? ll b;>ânb, a^ + b^ ?

yes tlo v
Case ïV applies"

¡ a/ - \

.E'Lg " Jr-z \ CI. /
or subtract Z(O)

fl

\? no
Case ïV applies"
Fig" A-z(d.), or
subtract Z( oo.) .

yes

.\aablÈbo-ao?
ü

il *ttt Þ* to bo ?

I"uH ttoå ü*o flres' ß fechnique does Technique d.oes fi

fl not apply" not apply. fi

fr Use modifled Use modified tl

fl ¡ott-luffin" Bott-Dr¿ffin" ll

Case III , Fig. ¡.-2 ( c )
applies.

Specia] Cases¡

Case ITu Fle. A-2(b)

(1) .o = bo, sin¡rIe four el-ement realizations posslble.
(z) Ëf , *o4 bo É4ao u ôr ifu bo4roÉ bor

applies.

b (bo-.o) = 5boaabu uf(+ao-b"), bo(a"-bo) * Sboarb, tf(+uo-ao)
then Case VI, Fig. A-2(î), then Case Vr.:Fig. ¡,-2(e),
applies " êppJ.ies.
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.A.PPENDIX A

NETWORK RtrAL]ZATTONS ASSOCÏAÎED WTIH EACTÍ CASE

The follov¿ing resuÌts are taken from a paper written
by Kin (g), and are reproduced bere for reference purposes"

The general network is shown in Figure A-1.

ü" 6Þ/

t- $.ðå

Z{s} -Þ
p/<l \
¿Þl"a

J*
F{s}

Figure A-1" The general network as

the parameters shown in the network

as f o1lovus,

*rul + trvl

derLved. by Kim,

of Figure A-1 are defined.

(A-1 )

(¿-e )

( ul o ouf ) ( *rur erv, )"1 "1'1
2 "2tzørwr(uf + vÍ)î t"lttl\"l ' tl-'

B= (ú + rvÍ)(wru, + arvr)

(A*7)



2Éw-ñ_"
({ " *Í)(rvru, fivi)

The term F(s') is given',by
ô(cs'+L)z.(s)-es

¡'(s) = 
À- e

(As' + r) - Ðs2., (s)

77

(A-4)

(A-5 )

TÌre resulting networks

and. (a ) "

Hazony (4) states that F(s) is a poslti-ve real function vyith

a ra¡rk that ls four less then that of Zr(s)" Sínce the  r(s)
und,er consid.eration is a blquad.ratice the F(e) irl this ease

wllL be a constant and may be reaLlzed. as a resj-gtoru

the lntrod.uction of a positive muLtJ.pS-i.eat3.ve eonstantu

Ki, fnto the network of tr'igure A-l- cen be carried out ln such

a way that one of the serles eonnections may'be removed., Thie

yields a reallzatlon consisting of three serles connectior:.s

with the imped.ance level of each of the series netv¡orks raísed

by lts correÊpondlng K. These constants are such that if the

even part zeros of Z, (s) are suitable loeated, then one of the

constants w111 be zeyo. This Leads to the cases given in Eqs.

(Z-Z) to (2-e), wlth a corresponding network consistiug of
two of the series connections. In general-, this results in
a sl-x element realization for Z-, (s).

are shown in Figure A-2(a), (b), (c)u

'Zu{s}
KaË

lêPç\n Çi)
f,+¡v

Figure A-z(a).,., Case Ie or- = wr"

KcF



RA

The multlplicatlve constants

(u.., o v., )2
.11 ¿¿

^2 = ffiz,\o1 ul/

Z, s{sþ

¡ a/r \¡'Lgure å-Z\0/.

is satlsfled."

in Figure A-2(a)

and K, = 1. \/l-O i

þ,e F
$\q !*

Case II, the condition õ-lUl + wrV, - oe vr4 o

lhe nultiplicative constants Ln Figrare A-2(b)

K7=
2U- D(-V- )r l--m' and. Kt = A/C, (e-r )

Kqtr

Z,{vt 
-Þ

Figure ¿-2(c). Case III,

1s satisf ied. by Z-, ( n ) ,

lhe multipllcative corastants J.n Figure A-2(c) are

2U. Ð
Iæ1.2 = 

-u 

az:ra ñl = i"a c(wtvt + ó"1v1)

the condltlon, %Uf - vrrV, - 0e VlÞ0,

(.{-B )

) are given bylhe nultlplieative constante Ín Figure A-2(d



Kl = 1r and Kru ,t2= 'r'
79

(A-9 )

îr\
Var\s

\¿Ëv\t ¡

K+
tr-

Figure A-2(e)"

ie satisfied.

V { q,l 

-.Þ
{-^1.s{

l
IT

KeÞ

Figure A-2(d).

by zr(s).
The networks that realize the cases glven in Eqs.

(2-g) and (e-ro) are taken from a patr)er by sesb,u (9), and.

are shown in Figures A-2(e) and (r),

Z 
u(.s)

Case IV, the condition V., = 0 1s satisfied

Case Vu the conditlon q = 0e Z, (0) = +Zr(æ )

lhe element values in Figrare

R=2KnC=2þu.raildI,
I

'the element vaLues 1n Figure

g=X/ZeC=;+uand
*1'-

¿-2(e) are
4a- K

¿=il6
A-2(f) are

t â.K
J-¿€

%

( A-10 )

I ¡ rr \
\Â-¿.l-,,
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Case VI, the cond,ition %- - 0e 4ZL(O) = Zt(cotr'igure A-2(f).
ls satlsfied."

t-
2 lç\'¿-,uÐ¿ 

-Þ
c



APPENDÏX B

TII,I DEVEIOPMENI OF THE EXPRESSION FOR. R2

In this Append.ixu the d.evelopement of Eq" (7-ll), the

expression f or R* i.s discr¡.sed.

Xquation (l-tø) is rewritten in the followlng forrn,

Nwf(ze, + "r)(of - *í + bLtr + bo)

- r*1(2fr + br)(ul - *l + atrl + *")
+ rer(of - *f + tlfi. * .o){of - -î + brtr, + bo)

+ K cr.,*l(2fr.o *L)(ea, + br)
R^ = - r, - 

- 

-" 
(¡-t)"2 tr({ - *Í + brcr, + u")2 + tr*l(z6r o u1)2

.Equ.ation (n-Z) fs derived from Eq. (¡-f ) ¡y nul,tipJ-ying out

the terms J.n Eq, (g-f ) and caneell1ng where possi.bJ-e,

R2Ðo = aobo€, + q o *l)z*t + arurel({ o uuf) * {Go + bo)r n *r*f {uo lao) + ur(øf o *l)z + "u(cf - {t

ty-,1x
o

sion

ybe
6

(a K'o

The quanti

lhe expres

tivelys nâ

equation i
fÐ
Itr 
ü 
2bo

L

+ r(bo

+ aruo(erf . ,,1) + aour(of - *l). (B*2)

s set equal to the denominator of Eq. (B-l-).

s for f, and 5n.',Ees. (5-LL) an¿ (1-tz¡, respec-

substltuted. fnto Eq.. (S-Z), fhe resultÍ.ng

boRz)obr(urK-btRz) -t\bo(ao^K - ao&z)
..-.F--æ *-12

bo(aoK - boR2)

*.u -R2 
,.fi('oK - boRz)$r(ao + u" --ar¡r) - nr(zuo - ¡Í)flj

r(-Rz J



o blbo(aoK - boR2) * bo(.:.K btR2)

- b'(aoK - boR2

(rrK - b1R2)

oo("C, --52
K-Re
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" 
( 
""o,:-b."Ð."

t, f ¡r \+\.L - ¡tô/
é-

o. (B-3 )

After performlng sone argebraic manipr.tlation on Eq" (B-1),

1t becomes apparent that the term

K("rbr-ao+br)-o1",
nay be factored, out of Eq. (¡-5)u i-eading to the equatlon,

bo ( aoK _- boR., )

+ e1(aor - boRr) + (fuK brRr) + = ou (E-4)

K-R¿ K-Re K*R2
From Eqe. (l-l), 3-+), and (Z-¡), j"t nay be seen that 'che

quantltles K - R2o *oK - boRZ, and arf - btRe are posJ.tJ.ve,

also dL ls positive, by defialtion. ConsequentJ,y, Eq" (B-4)

can be satlsfiod. onl.y If ,

f ., 1lì
[K(E b., â,., * bo) - uln¡ 

H ,rr(-rJ'vüu

K(afbl - "o + bo) -
Tbe eolutlon of Eq. (B-5 ) for

Þtr2

tl*, = o"

Re ylelds

(B_5 )

the d.esired. result¡

(3-6 )

'o bo *l_bt ) - oe ( 2bo

K-Re

+(r - Rr)

(aoK - b"Rz



TH-Ð DEVEIOP},ÍENÎ

fn this Append.ixu

expressi.on in Eq. (f-lg)
' Equation (¡-fe) is

APPENDÏX C

0r, THE EXPRESSToN FOR R3

a d.evelopment of Eq, (¡-fg)
1s presented,

rewritten ln the following

+

++

from the

formu

ln '¡ \

+ r þrtrÕr (

; øu (of

q-(4 - -î o bldr + o)'+ *l*:.(2fi" + u1)2

Equation (c-z) may be derived from Eq" (c-r) by nuJ-tiplying

or¡t and conceJ-ling terms where possibi.e ln Eq, (C-t)" The

result 1s

Rrdl({ - ttÍ o br%_ o uo)2 + Rrarwf (zc- + b1)2 =

- rî)('o + bo) o *r(af o *l)2
+ ur(of - *|){of o *f) * eorwf(ao - rol"

The substltution of the expression for or"and

Eqs " ( ¡-f r ) an¿ (1.]z) , respectivery, into nq.,

the foLLowlng result after soae manipuLation,

2f1b1(brR¡ - *1K)" / o"("d bon,) -2bo(aoK - boRr)dI

+(r - Rr)

b"-*1br)-Rjbo(auo
bo ( aoK 

-- 
b"R, )- ZK(ao bo)

*l ) .r.bo G- - -1)

" er(ef " *î)'
4 * *f ) o *obof' + aou,*(of +

(c_2)

*l u given by

(c-2) yield.s

- 'í,1

rar({ - *î + aro,, + "o)(cf - uoî + brd, + bo)

+ rqwf(2er ar)(2q - br)
rwf ( za,

rwf ( ze,

ar)(of-*l+brör+bo)
ur)(ef *rl * "'t' + *o) 

e

4(K - R7)



K-R3
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= (a'K - urnr) bo(aoK - boRj)

* b'(.oK bo(aoK - boRl)- boRrì

ït
the

aay

trtr

+a

lr
- br f;tr(t^ + b¿fl a o

- bo(arr - bfRS

afterbocomes evid,e

expression

K( a- b"-¿¿

be factored.
FÊ.
HK(arbr * âo
ñtt

K(aab, + uo bo) = R¡bl = 0n

solutlon of Eq. (C-¡) y1eId.s the desired

resistance Rlr

K(arblu*o-bo)
R5=-

,1

(c-1)
e(r - Rr)

sone agebraic manipulatlonsr'chat

- bo) - nruf,
Eq. (C-])" Th.e resultlitg equation j,s

- ",'îl h'

(c_5)

expression for

o

out of

bo)

*bI
oo (c-4)

Si.r¡,ce E is positlve, and because of the positive reaL Tê-

qr.a,irement' on the new functlon z, ( s ) which caì¡ses the quanti-
ties K - R5, .oK - boRl, and rLK - bfRl to be positiveu Eq.

(C-4) can only be satlsfied if the fo].lowing equation holcls,

The

the

"r.

trArrf
ü^rÍl*

(c-o)



APPENDIX D

THE MTNIMUM RESISTANCE OF A BTQUADRATTC

IMPEÐANCE FUT\CTION

In the d.pcr.lsslon of the proposed nethod.u a slmp1e

technique for determlning an expression for the ¡oinimu¡r re-
sistance of a blquad,ratic impedance was found.

The ¡cinimun resistance of an irnped.aace fr¡netion is
d.efined. â,s ,thê smaLLest vaLue that the eveÌr part of the func-

tion along the J.naglnary axis in the com¡iJ-ex s-p1ane. The

removaL of thls resistance st¡ifts a set of quacLrantaJ- zeros

of the even part to the lmaginary axis. Tlae even part zeros

of a biquadratic mlnlmu¡o function wor¡Id appear as J.n Figrzre Ð-L.

Flgure D-L" The even

functlon.
zeros of a nl.nlmum biquad.ratic

From Figure D-1, 1t nay be seen that
even part zero 1n the first quadranto

(l-ff ), the expressi.on for r., o set to

frr the reaL part of the

is zeyo" Squation

zeYa yJ.eJ-ds the result,
nfrufruf - 4bo) - 2ffi*þî,-" bo) *rbL(rl - ,ooü

part

+ Kz(ao - oo)t + arbrKz(.tbr 2uo zbo) = 0, (D-})



bo(ao - to)t + bo(a, bI)(*obL arbo)Iflr

-!
D-

)If the tern bi - 4bo equals zøTo, then the expressi.on for
reduces to

F lIl- ., , .il
R* = K ff ao bo )' + arb, ( *tbr 2ro 2bo )_X.

---("rh 
" ,"" 4bJ

\JJ-) )

lhe above expressions for Ro are valid only v.¡l¡.e¡¡ the mininum

real part of Z(jw) occurs at a finite, pes-2ero value of w

aJ-ong the jw-axis" Kt¿h (?) found that tb.e nj.ni¡¿um real- part

o,f Z(jw) is for¡nd at infinj.te w if the foJ.i-ovring cond.i.tions

'are satf-efied.,

ved. fo
n

ftul 
( 
"o

H

uation (l-f) soL

l,
Å\

Fa'!Y

TI

þ-6

r R*, the minlnum resistancee yield.s

+ bo) + ar(euo tî)

2)

R.
n'

br (4bo ,2ror4

2

ao Þ bo'

"rbrä (ao - bo) + u3o

In this case the mlnimum resistance wouLd, be

Þ
¡L

¡¡¡ = z(oo) =K"
ïf tbe foLlowlng relatlons are satS-sfied,

t¿h*o: "o9

tbrå (bo - âo¡ + aouf,/uo

Then the minlmum reaL part occurs at zeyo

mlnlmum resistanoe woul-d be 1n this casee

It may

lsfies either

(D*5 )

(l-e )

frequ.ency" Tne

Þ
¿L

m = 7,(o) = Kao,/bo. (D*7)

be:rnoted., that i.f a biquadratie impedance sat-
the condi.ti.ons 3.n Eq. (P-4) or those J.n Eq"
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(D-5), then, in general-u a flve elenent (four 1f tb.e equaLi'i;y

is satisfled) realLzatlon j-s possible" The reaLization pro-

cedure, Ln this c&se, starts with the renoval of either Z(O)

or Z(cæ) as a series resLstance and, rnay be completed by id.en-

toflcation of cor¡ponents.



APPENDIX E

DïSCUSSION 0F CASE IV: V. = Q
¿

Tb.e d,evelopaent of Eq. (l-ZZ) from Eo,, (Z-ZO) :,s dis-
cu.sed..

The imaginar¡r part of Zr(sr) nay be written as shov¡x

beIow,
F

vl = wlK'Lf rq. + "í)(4 - *rí + bl_ül + bo) 
q!

(z€t + b1)(4 - *l + ui€t + 
"å)j"

(ÕT - nl + brrr + to)t n *rf (26t + rr)'
ïf the expressions for Ke, *í, and .åu as given ìcy Eqs. (7-5)u

ß-l), and (S-+)e respectlvelye are s¡¡bstl-tuted J.nio ilq" (E-1)

then it beco¡nes ldentical to Eq. (r-f+)" Slnce the conditioa
vl equar to zero is dee1red., the numerator of the expression

ln Eq. (f-f ) is set to zere. Tllis Leads to the reÌ-ationu

Equation (¡-e) nay be rewrj.tten as follovrs,
2 dr(bo - ai) + ai(uo -W) * brkffuo 

"å)
In order to see if a soLution to Eq." (n-l) exists,
ami¡led for the following three cases e

(r) bo Þ *åu

(z) bo 4 uL,

and

(7) bo =
In the first

fied conditlon, all

t iJ-l. /

= oo (E-r)

Lt ls êx-

af"

caseeÌ it may be seen that for the speci-
three terrns of the left hand side of Eq"



Lþ9

(n-l) are positive. As a resrelt, no sol-ution ls possible.

In the second case, aLl three terms are negative for
the specified condtion" Therefores rro vaiue of Ro can be

found whioh v¡iIl satisfy Eq, (E-7)"

However, 1f the condition bo = ai fe satisfied, then

the left hand. side of Eq" (p-5) becones zøTo, vrith the result
that 1t is satisfied ldenticaily"

The substitution of aiu given by Eq. (l-+), J.nto cases

(f), (z), and. (3)'y:.eId.s the resuì-ts,

(a) bo Þ âo,

(¡) bo4 
"oo

and,

(") bo = âou

respeotively" It followe from this, that r¡nl-ess the given

functj.on has the coeffl-cients bo and ao,.'eqilal-, Eq" (n¿) is
r¡,ot sati.sfied. [here is no vah¡e of Ro which can be extracted.

with the intent of naking the two coefficients equal each

other. CoasequentLy, if a function has "o and. bo equal, 1t
automatically'has vl equal to uero" A sufficient condition
tbat V, be equal to zero ie

*o = bo"

Thls proves Eq, (3-ZZ) 
"

(¡-+)
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