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ABSTRACT

In this study, a new approach to the synthesis of dri-
ving point impedance functions is considered.

The proposed new technique applies the real part pad-
ding method to relocate thg‘even part zeros of a nonminimum
biquadratic function so that one of a number of specified
favourable conditions will be satisfied.

It has been illustrated that the new approach yields
a simpler network as compared with other methods in the
classes of techniques that do not use either transformers
or gyrators. Various combinations of coefficients of the
given biquadratic nonminimum impedance function determine
the realizability in_oﬁe:of the specified netﬁorks. Proof
of the method, as well as illustrative examplés are provided.

in the text.
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CHAPTER I
INTRODUCTION

In general, all existing techniques of realizing pos=-
itive real functions can be classified into tWo groups. This .
classification is based on whether or not the manipulation
which disturbs the location of‘the even part zeros is applied.
For a positive real function, the Zeros of it's even part ex-
hibit quadrantal symmetry.

The synthésis techniques bglonging to the first group
vsubtractﬂa'Cert&in amouﬁt.of poéitive real}number_from the
given function so as to cause a set of the quadrantal zeros
~fo~be'relocatéd on fhe imaginary axis in the complex s-~plane,
prior to the removal of the set. These realizations will, in
'geheral, require the use of ideal transformers, as was demon-
strated by the‘Brune‘(l) realization. However, Bott and Duf-
fin (2) showed that by employing the use of an excessive num-
ber of elements, ideal transformers may be avoided in the
;realization;

The second group does not disturd the even part zeros
in the complex s-plane. The methods in this group begin im=-
mediately to femove whole sets of zeros either at once, or
set by set. This group has an advantage over the first group
in that the tedious procedure for finding the maximum amount

of permissible real part that may be subtracted from the
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given funotion‘is eliminated., However, in general, the éecond
group of techniques requires ideal transformers or gyrators
for realizations in cascade structures as was demonstrated by
Hazony (4). If the constraint on the network structure is
eased, a network may be realized with a sﬁaller number of ele-
ments than its counterpart in group one which avoids the use
of transformers and gyrators. This realization was developed
by Kim (5). Synthesis procedures, belonging to this group,
advocated by Miyata (6) and Kuh (7) results in simple reali-
zations, requiring no transformers or gyrators agd except for
%he simplest functions, considerably fewer elements are neces-
sary than are required for the techniques discussed previously.
Unfortunately, the épplicébility of the twp procedures depends
upon the locations of the even part zeros in the s-plane, con-
sequently, only reStricted classes of positive real functions
may be realiged,

The new approach suggested in this investigation ap-
. plies the concept of real part padding. This manipulation
shifts the sets of even part zeros from their original pos-
itions, relocating them somewhere between the locations of
group one and group two, such that they,now occupy favourable
regions in the s-pléne. When the even part zeros have heen
placed in these favourable regions, simple.realizations are
obtained containing reésonable numbers of elements. The éon—
ditions corresponding to these favourable regions in which the

even part zeros are to be relocated, have been found (8), (9).



Leaf 3 omitted.



CHAPTER II
DISCUSSION OF THE PROPOSED TECHNIQUE

In this chapter, the function class, upon which the
new method will be applied, is defined. With this defini-
fion taken;into consideration, a discussion of the theoret-

ical basis of the technique will be undertaken.
I. DEFINITION OF THE FUNCTION CLASS

 Thé function class is the general, biquadratic, driv-
ing point impedance function %(s), and may be written as
K(s + 88 +~ao)

2(8) = =y : (2-1)
8" + bls + bo

The function Z(s) is the driving point impedance of a lumped,
linear, passive, bilateral, and time-invarient network. The
assumption is made that fhc quantities a1y a5y bl, b09 and K
are real, positive, and'non-zero numbers., As a result of the
acove definition and assumptions, Z(s) is a positive real
fﬁnctionuof the complex variable s, Since the coefficients
are positlve real numbers, the necessary and sufficient con—

dition that the function Z(s) be a positive real function of

ffthe complex variable s is

5 .
(y ;i b ) ‘f.albl o _ (2-2)
Because the coefficients of Z(s) are non-zero, it is auto-

matically mlnimum reative and minimum susceptive, since it

has no poles or zeros, respectively, on the imaginary axis in
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the complex plane. No generality is lost wiﬁh the assumption
of non-zero coefficients, since the case that does occur with
zero coefficients may be handled by reactance or susceptance
reduction, yielding a simple and economical realization.

This case being solved,.it is of no further interest.
II. THE PROPOSED TECHNIQUE

The principles underlying the proposed technique are
quite simple. vIt is based on the fact that the zeros of the
even part of a positive real function exhibit quadrantal sym-
metry. PFor the general biquadrétie'function Z(s), as defined
eérlier, a8 typical set of even part zeios would appear as

shown in Pigure 1.
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Pigure 1. Zeros of the even part of 7Z(s) exhlblting quad-
rantal symmetry.

From Figure 1, the zero of the even part of Z(s) located in
the first quadrant is defined as

8, = Oy + JW.o v (2-3)

The real part, o and the’imaginary part, w_, of the even

o’ o)

-part zero s  are positive ‘quantities.



In general, the even part zeros shown will not be
~ located such that the desired realization-is possible. How-
ever, since the funcfion being dealt with is nonminimum, the
even part zeros may be relocated by extracting a portion of
thelminimum resistance from the function. A re&ainder’func-
tion, zl(s), may be written as

zl(s) = Z(8) = R,
or (K - R )s? + (aK - bR )s + a K - bR

I :-::2

The remainder function must be positive real, consequently,
the value of the extracted resistance, R09 must not exceed
that of the minimum resistance, Rm’ of the original function
%z(s). The subtraction of R from Z(s) tends %o shift the
even part zeros towards the jw-axis. If, as a éonsequence of
shifiting even part zeros, one or more of the following re-

lations (8), (9) are éatisfied;

6] = Wy, - | | (2-5)
o Uy + WV, = 0, V< 0, - (2-6)
& - WV =0, V>0, | (2-7)
v, =0, ‘ (2-8)
& =0, 2,(0) = 42y (w), (2-9)
& =0, z(w) = 42,(0), (2-10)

then the synthesis of the given function, Z(s), is complete.
The quantities‘Ul and Vl are defined by the equation

where U, andxvl are the real and imaginary parts, respec-
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tively, of Zl(s) evaluated at fhe even part zero Sq From
Eq. (2-4), it may be seen that the location of the even part
zeros in the complex plane, of the remainder function, is a
function of Ro‘ A proper selection 6f Ro’ where possible
values of R° range from zero toithe value of the minimum res-
istance of:Z(s), causes the even part zeros to shift, so that
one or more of the conditions in Egs. (2-5) to (2-10) may be

satisfied, resulting in the network shown in Figure 2.

Ro
L) —— B Z (s

Figure*Z. Realization of the'given function Z(s).
The networks that realize Zl(s) are given in Appendix A, and
were developed from networks produced by Kim (8). The use
of these networks and_their aésociated element values realize
,Zl(s) with.six elements,‘consisting of two resistors, two
inductors and two capacitors. Consequently, Z(s) is realized
with a total o} séven elements. If conditioms in Eq. (2-9)
or Eq. (2-10) are satisfied,‘then a six element realization,
- in general, is possible, consisting.of three reactive and three
resistive elements (9).

The remainder of this study will be concerned with
finding expressions fdr the amount of resistance R09 that must

be extracted from Z(s) in order to satisfy ome of the condi-
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tions. Also, an attempt will be made to define the subclass
of the general class of functions as defined by Z(s), to which
the proposed technique will be amenable. This will be carried
out by determining the necessary and sufficient conditions on
the coefficients of the given function so that the proposed
realization technique may be applied successfully. A flow

diagram outlining these conditions will be presen%ed.



CHAPTER III
THE REALIZATION OF Z(s)

This chapter will be devoted to determining the amount
of resistance that must be removed from Z(s) in order to force
the remainder function, Zl(s), into the class of functions
that will satisfy at leasf one of the desired relations con-
~ tained in Eqs. (2-5) to (2-10). Consideration of the positive
real property of Zl(s) yields the necessary and.sufficient
con ditions on the coefficients of the given function, Z(s),

required for:.the specific relation to be satisfied.

I. DETERMINATION OF THE RESISTANCE Ro

Before developing specific éxpressions for Ro9 it will
be convenient to determine the quantities 019 Wy U’l9 and Vl9
in terms of the coefficients and the gain constant of Z(s)
and‘as functions of Ro°

Equation (2-4) may be rewritten in an alternate form
as the following,

(% - R) s?  (a;K - bR )s + (a K - bR )

_ ok -R) (K =-R) |
Z.l(S) = 5 o " o v (3=-1)
8~ + bls + b
or . .
2 R
z(s) = K (87 + 398 *+ a)) ) (3-2)

s + bls + bo

The coefficients in Eq. (3-2), ag, ao, and K' are defined as
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2 alK - blRo, v ‘ (3-3)
1 = _
X = Ro
‘;t: ' . -
éi = 8K - boRo, (3=4)
K = Ro
]
and K =K-R. | (3-5)

The function Z (s) must be positive real9 consequently, the
quantities al and ao, -and the gain conatant K , must be pos-
itive numbers. Furthermore, the coefficients of 7, (s) must
satisfy the relation

(= - [)24%%, o (5-6)
to ensure the positive realness of the function.

The even part of Z,(s) is given by

4 . N, (~s2)
Ev 2,(8)-= Bi—z—::—é-;-,
or K'E%4 + szgk(ab'+'bo'- alblg - R0(2b0 - bi)%
g A
X
o]
Ev 2,(s) = 'j 7 K’ o (3=7)

2y 2 2
+ (2bo - bl)s -+,bo
. From Figure 1, it may be seen that the even part numerator

of Zl(s)'can be written as

N(asz) = (8 = sl)(s + sl)(s - 31)(3 + Ei)g
or as
N(nsa) = s - 2(c§ - Wf)s2 + (G§ - w§)2 + 46§W§9 (3-8)

when the substitution
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is made. Comparison of the coefficients of s in Eq. (3=7)
with the like coefficients of Eq. (3-8) yields the equations

2 2 _ ' 2
-2(6l - Wl)(K - Ro) = K(a0 + b, - albl) - R (2b, - bI),
and (3-9)
2\ 2 _ |
(of = w2)2(K - R) = b (aK = bR, ). (3-10)
The similtaneous solution of Egs. (3~9) and (3-10) for ¢, and

Wy leads to the following expressions,

» - }é ) 2
- - @/ bo(aOK - boRo) f.K(ao + b, - albl) - RO(ZbO - bl)9
L7V L sx-r) J C 4(k - R)

| , (3=11)
= =73 — T p)
o po(aoK - boRo) + K(ao + by - albl) - R (2'bo - bl).
! L 4(K = R)) . 4(K = R_)

(3-12)
Equations (3-11) and (3-12) are the desired form for the real
and imeginary parts, respectively, of the even part zero:of
%,(s) located in the first quadrant of the complex plane.

Expressions for U1 and Vl’ the real and imaginary parts
of Zl(s) evaluated at 8,, respectively, may be found by sub-
stituting 84 = 0] + jwi into Eq. (3~1) and separating out the
real and imaginary parts., The expressions obtained are

2 2 2 2
K(Gl - W] + 8,07 + ao)(d1 - W] + D&y + bQ)

. 2
U, = + Kw1(261 + al)(ZGi +.b1) — R,
(62 - W + b6y + b )% & wi(26, + by)°
2 2
le(zai + al)(oi - W] + b0y ¥ bo)
2 2 .
V. = —WlK(QGi + bl)(ai - W] + a6y + ao)eu (3-14)

1.
, 2 2 2 2
(6% - W] + blci + bo)‘+ wl(ZGi + bl)

If the expressions contained in Egs. (3-11) and (3=-12) are
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substituted into Eqs. (3-13) and (3-14) for ¢ and wy, respec-
tively, then the equations for Ul and V1 become explicit func-
tions of the resistance Ro' |

The relations for the parameters contained in the con-
ditions (2-5) to (2-10) have now been determined. The next
gstep is to find the resistance9 Ro’ which, when extracted
from the given function, Z(s), will yield a positive real re-
mainder function, Zl(s), that belong to the subelass of funce
tions that satisfies one of the conditions given in Egs. (2-5)

and (2-10),

Case I: 61 = Wqo

When Eq. (3-11) is equated to Eg. (3-12) and the re~
sulting eqation solved for R09 the result obtained, in terms
of the coefficients and the gain constant of Z(s), is

K(ao + bO - albl)°

R, =

(3=15)
1 2 .

The value of Ro that solves this particular condition is de-
noted as Rl‘
Case II: oyU; + w;Vy =0, Vléi 0.

~ Substitution of Egs. (3-13) and (3-14) into Eq. (2-6)

- yields
2 o 2
GiK(G§ -~ W] + a0y + ao)(af - Wy o+ blﬁi + bo)
+ G%le(261 + al)(ZGi + bl)
-2 2 27 n. 2
- Roai(dfy- Wi+ byo + b))% - R G wE(26, + by)
IS 2 |
+ WIK(261“+ al)(df - W] + byoy + bo)

o



13
2 2 . _
- le(201 + bl)(6§ - W] + a0y + ao) = 0, (3-16)
The substitution of Egs. (3-11) and (3«12), for 67 and wy,
respectively, into Eq. (3-16) yields the result
) K(albl - a  + bo),
2 . 2
) 01 |
when solved for the resistance Ro' The value of the resist-

R (3-17)

ance to be subtracted in order to satisfy the specified con-
dition is deéignated as R2.

- The mathematical manipulations between Egs. (3-16)
and (3~17) are contained in Appendix B.

Case IIIs oyU; - w;V, = O, vy 2 0.

The expressiong for Ul and Vl contained in Egs. (3-13)
and (3-14), respectively, may be substituted into Eg. (2-7)
yielding
2 2
GiK(Gi - W] + a0yt ao)(d§ - W] + byoy + bo)
2 B
+ GinK(Zci + al)(Zdi + bl)

2 ' 2 2 ‘ 2
- d%Ro(gi - W] + D0y + b))% ~ oywiR (207 + by)
e ad 2, | |
- wK(20y + ?1)(°§ - W] * D6y + by)
5 |
+ le(zdi + bl)(df - wi + a6y + ao),= 0. (3-18)

Equation (3-18) may be solved for R, by subs%ituting the ap=-
propriate relations for o3 and wlsvnThe resulfing formula for

the resistance is
K(a, b )

Ry
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' Where Ry is defined as that value of R, which causes Zl(s) e
be in the subclass of functions that satisfies the relation,
GiUl - lel = 0, at its even part zero.

The details of the derivation of Eq. (3-19) are con-

tained in Appendix C.

¢

Casg 1V: V1 = 0,

From Eq. (3-14) it may be seen that the imaginary part
of Zl(sl) can be made equal to zero in two cases. These
cases are,
1. (261 + al)(cf - w% + b0y + bo)
- (20 + b )(of = w2 + ajo3 +a)) =0, (3-20)
and '
2 w =0, (3-21)
After substitution into Eq. (3-20) for Gi and W15 it
becomes obvious that there is no value of Ro which will sat-
isfy this equation. ZEquation (3-20) may be satisfied, regard-
less of the value of Ro’ only if the coefficients of Z(s) obey
the equality ‘
8, = bge (3-22)
This is demostrated in Appendix D. Consequently, a suffi-
. cient condition that the given function be of the subclass
of functions which has V; set %o zefo is given by Eq. (3-22).
In this cas, resistance need not be subtracted since the
function automatically satisfies the condition Vl equal to

Z8YX0,

However, a biquadratic function with the coefficients
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a, and bo equal may be easily realized by a four element net-
work consisting of one inductor, one capacitor, and two re-
sistors, regardless of the numerical value of the other coef~
ficients, ay and‘bl. Consequently, a simpler realization is
availiable than that produced by the proposed technique°

The resistance required to meet the second case nmay
be found by solving Eq. (3-~22) for Ro’ The expression that
is 6btained is identical to the expression for the minimun
resistance of Z(s) except that the formula holds for an op-
posite set of inequalities. This appears in a discussion of
the minimum resistance of a function and is given in Appendix
E. - The resistance required for condition (3-22) to hold isg

. v 2
R4 = K Ebl(ao + bo) + 31(2‘00 - bl)

-

o,

bl(Qbo - b%) + 2£ 0(ao - bo)z + bo(al - bl)(aobl - alboﬁ?
(3-23)
or, if b% - 4bo equals zero, the solution for R4 then reduces
to the following, |
R,= Kz (a, - b0)2 + arby(ayb; - 22 - 2b0%3' (5-21)
R a;b, - 2(a - b,) i

The formulas shown in Egs. (3-23) and (3-24) are valid only
if the following sets of conditions hold,

aO > bov (3-25)
and '

a;by (a, = b)) + b2, (3-26)
or if, |

a8<b09 | o | (3-27)
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and

a;by 2 (b, ~ &) + biao/bo. (3-27)
However, it is shown in Appendix E that if the coefficients
of the function satisfy either one of the above two sets of
conditions, then a five element realigation is possible (four
if the equality is satisfied).

The proposed method will realize the two cases, in
general, with six elements and seven elements, respectively.
Consequently, the subclass of functions which satisfy the
condition V1 equal to zero may be realized by techniques
which yield more economical realizations than the new method.

Anattempt to obtain this subeclass by this method would not

be Jjustified.

Case V: o7 = 0, Zl(O) = 421(00).

The condition that the real part 6§ be zero is a re-
quirement that 2, (s) ve a minimum function. In terms of the
coefficients of 2 (s), the requirement is

2 0
(g} -2y 22 = a1y, (5-28)
Also, in terms of the coefficients of Zl(s)9 the requirement .

that Zl(O) be equal to 421(@9 is

L ey (5-29)
Substitution of Eq. (3-29) into Eq. (3-28) yields
a, = 4b_ = 431 1 o (3-30)

Equation (3-30) may be solved for RO equal to R59 and the

result is
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Ry = K (l{-bo - a ), - (3-31)
3%, :
provided the coefficients of Z(s) satisfy the equation
2
b (a, = b, ) = 3b 021Py = bI(4b, = a ). (3-32)

Consequently, if Eq. (3-32) is satisfied by the given func-
tion, then a resistance, R59 may be subtracted and the resul-
ting function will. be in the subclass of functions that sat-

isfies the conditions in Eq. (2-9).

Case VI: &y =0, 421(0) = Zl(oo)e

The requirement: that 42, (0) ve equal to Zq (eo) in terms
of the coefficients of Zl(s) is '

¢ .
I-?,-ao = boo ' (3"'33)
Equation (3-33) substituted into Eq. (3-28) gives the result,
]
C4ag = b 4a1b1 | (3-34)

The solution of Eq. (3~34) in terms of Ro equal to R6 yields

the equation,

{42
i

K (4a_ = D), o (3-35)
3%, '
which is valid provided the coefficients of Z(s) satisfy the
relation | -
bo(by = 8,) = 3boajb; = by (4& - bl - (3-36)
If the relation specified in Eq. (3-36) is satisfied, then
the resistance R6 may be subtracted from Z(s) leav;ng.a re—-
meinder which is in the subclass of functions that satisfies
the conditions in Eg. (2-10),

In both Cases V and VI, in general , a six element

P
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realization is possible, consisting of three reactive and
three resistive elements, and are shown,- together with cor- .

responding element values, in Appendix A.

II., NECESSARY AND SUFFICIENT CONDITIONS ON THE COEFPICIENTS
OF Z(s), AND EXAMPLES OF THE REALIZATION TECHNIQUE

In the previous section, specific formulas for the
amount of resistance required to be extracted from Z(s) in
order to satisfy a particular condition given by Egs. (2-5)
to (2-10) have been developed. It now remains %o define the
subclass of functions that will satisfy at least one of the
conditions. The necessary and sufficient conditions on the
coefficients of the giveﬁ function, Z(s), such that applica=
tion of the probosed technique will yield‘a femainder func;
tion, Zl(s), that is in a favourable subclass, will be deter-
mined through positive real considerations of Zl(s)g and by
the restriction that the resistance to be extraefe& must be
a positive real guantity.

As was stated. earlier, to ensure the positive realness
of Zl(s),'the quantities aiy a;y and Kv as given by Egs.
(3=3)y (3=4), and (3-5), fespectively, must be positive.

- Also, Eq. (3-6) must be satisfied by the coefficients of
Z,(s)e

Casge 1: Gi = Wy

Since the use of negative resistance is to be avoided,

Rl’ given by Eq. (3-15), must be positive. This considera: '
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tion gives rise to the following two sets of condi%ioné$

A, a +bo-alb120,

(o] .
2
| 2o, - b > O, (3-37)
and
B. a, + b, - ab &0, |
2
2b, - by £ O, (3-38)
Bquation (3-15) substituted into Eq. (3-3) leads to the ex-
pression,
2
K(2p - b)) = K(a_ + b - a,b,)
o 1~ o o JI1 wo. - (3-39)
2b, - b | .
If the conditions in set A hold, the conditions 1. ~=. ©
a,by = &, + b > by, (3-40)

is obtained from Eq. (3-39), but if the conditions in set B
hold, *then the condition '
2 ’ :
bT > ayby - &, + b, (3=41)
is obtained.
The substitution of Eq. (3-15) into Eq. (3-4) leads %o
the result,

a) (20, = b2) > bi(ay + by - a;b), (3-42)
providing the conditions in set A hold. If set B holds then
the result is

2 v ’

al(bl = 2bo) > bl(albl - ao hand bo)e (3-“’4‘3)
Similarly, Eq. (3-15) substituted into Eg.(3-5) yields the-
following inequalitvies,

' 2
bo(albl +a - bo) }naobl, (3-44)

if case A holds, or, '
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a bs > (ayby = a_ = b )b (3-45)
if the conditions in case B hold.
It may be seen by substituting Eg. (3-15) into Eq.
(3-6) that this inequality is automaticall satisfied, con=-
sequentlyg no new restrictions on the coefficients of Z(s)
is introduced. | |
In summation, the necessary and sufficient conditions
on the coefficients of Z(s) such thét application of the pro=-
posed method will yield a function Z,(s) which satisfies the
‘condition Gi equal to Wy are
Case A: "a_ + b =~ a;b; 2 0,
2b, - b5 > 0,
. alblu" ag * b, > b%,
2, (20 = B7) > by (a, + b, = 21b;),
b (a;by + a, - b)) aobip | (3-46)
and
Case B: albl -a, - bo 2 0,
w2 -2 >0,
S >ab - a + b,
.al(bi."FZbo) > bl(albl - & - bo)”
a,bs 3 b (a;by +a = b ). (3-47)
If the coefficients in either Set A or Set B are satisfied by
the coefficients of the given function z(s), then a realiza-

tion in the form of the network shown in Figure A-3(a) is

possible.'

Example of Case i» Consider the application of the
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technique to the following biquadratic, driving-point im-

pedance,

. 2(82 + 2,58 + 3)
72(s) = 5 °
' s + 283 + 4

Inspection of the coefficients of Z(s) shows that the con-
ditions in Set A are valid, consequently, the network in Fig-
ure A-2(a) is appliéable, if a resistance of the value R, is

subtracted ‘from Z(s). The value of R, as calculated using

Eq. (3-15) is

Rl = 1 ohm,
The remainder function,izl(s)y is
s%$+ 38 + 2,
Zl(S) - 82 + 28 + & “

Use of Egs. (3-11) and (3-12) enable the calculation of oy
and Wy to be made. The resulis are
¢ = 1.19, wy ='1,i9, ‘ .
It may ve seen that this satisfies the required condition.
The value of sy (sl = 1,19 + jl.19), substituted into Zl(s)
yields
Zl(sl) = 1,014 + jO.174.
To determine the element values in the realized network,
(1) Caleulate the values of the multiplicative constants
given in Figufe A-2(a),

K = 29‘ K = lo

2 3 .
(2) Calculate the value of the parameters given in

BEgs. (A-1) to'(Ans),




Leaf 22 omitted.
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| : ,
- 2}/b (K = Bp)( 2K - b R,) € a;b K - biR,.

Equation (3-17) substituted into the above expression pro-
duces the inequality,

a, = b, - (3~52)
By inspection of the five conditions aerived above, it may
be seen that the inequalities in Egs. (3-51) and (3-52) are
superflous. Consequently, the necessary and sufficient con-
ditions that the subtraction of R,, specified in Eq. (3-17),
from Z(s) will yield a new positive real function which sat-
isfies the case, GiUl + lel = 0, are

a, 2 b,

a1by 2 a8, = by

2
by > 810y = a  + Db,
If this set of conditions is satisfied, then a realization as

shown in Figure A-2(b) is possible.

Exampie of Case Il. The impedance to be realiged is

4(s® + 5 + 1.75)
Z(S) = —s -~ °
» 8% + 8 + 1.0

An inspection of the coefficients of Z(s) indicates that the
relations specified in Eqs. (3-48), (3-49), and (3-50) are
satisfied. Consequently, a realization iﬁ the form of the
network in Pigure Aéz(b) is posi@ive;
The value of R, is found using Eq. (3-17), and the
result is
Ry, =1 th.
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The remainder function, Zl(s), is

Zl(s) Z{s) - 1,

il

3(32 + S + 2)’

32 + s + 1

—
-

Ay

The values of ¢ and w, are found from Egs. (3-11) and (3-12)
and are asvfollowé, |

d‘l = 00455, and W. = 10098a

1
This value of s, (sl = 0,455 + j 1.098), substituted into
Z(s) gives | | ,

Z;(sy) = 3.29 - j1.37.
The values calculated for s Wy Uy, and Vlg'subs%ituted into
Eq. (2-6), show that this condtition is satisfied. In order

to determine the element values in the realized network, the

following calculations are made,

E 3 %? e Ya
L T
g V3 ==
éfz;) -
I/ =—= - g 3
&
© = LS

Pigure 4. The realization of Z(s) for Case II.
(1) Calculate the values of the multiplicative con-
stants given in Figure A-2(Db),

K, = 0.50, K, = 0.50,

3
(2) Calculate the value of the parameters given in

Egs. (A=1) to (4-5),
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A = 00509 B = 3007 C = 1909 D = 00167, F = 6009
respectively. The network shown in Figure 4, with the cor~

responding element values, realizes Z(s).

Case III: oqU;-- w,Vy = 0, V1> O.

The fact that Rs, given by Eq. (3-19), must be pos-
itive leads to the condition,
(3-53)

The substitution of the expression for R3 into Egs. (3-3),

albl ?_ bo --'ao.

(3-4), (3-5), and (3-6) yields the inequalities shown below,

v S ab +a - by, (3=54)

o, >,a09 o | | (3=55) "

aob§ > by(aby +a =D ), (5-56)
and o

b 2 2, (3-57)

respectively. I% may be seen that the conditions given in
Egs. (3-54) and (3-57) are redundant, consequently, the re-
lations developed above may be reduced to the following set
of conditions,

2, 4 b09 ' _

} b ;',’_-; 8

8'.'I.bl = ~0 o’

- and v

2
a, by >'bo(albl taj - bo).
This set of relations are the necessary and sufficient con-
ditions that the subtraction of Ry, specified in Eq. (3-19),

from Z(s) will yield a new positive real function which sat-
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isfies the case, GiUl - wlvl = 0, The network shown in Fig-

ure A-2(c) will then realize the new function Zl(s).

BExample of Case III. The given impedance to be re-

alized is- >
2(s

Z(S) = >

s™ + 28 + 3

+ 1.5 + 2)

Inspection of the coefficients indicate that the inequalities
(3-5%), (3=55), and (3-56) are satisfied, thus the network in
Pigure A-2(c) is applicable.

The value of Ry is determined using Eq. (3f19)9 and
the result is

R =10hm°

3
The remainder function is

Z,(s) = z(s) -1,

82 % s +.1

82 + 28 + 3

@

-—
-—

The values of ¢ and wy, calculated from Egqs. (3-11) and
(3-12) are | |

&5 = 191690

The substitution of s; into Zl(s) yields

Zl(sl) = 004‘78 + 3002486 ]
It may be noted that the values of &y, Wy, Uy, and Vy sub-
stituted into BEq. (2-7) show that this condition is satisfied.,
The following calculations are made in order to determine the

element values of the network in Figure A=2(c).

(1) The values of the multiplicative constants in Pig-
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ure A-2(c) are

K 2

(2) The values of the parameters given in Egs. (4-1)

= 1009 K = 2000
to (A-5) are

A = loOg B '-'= 09339 O = 00339 D = 2009 F(S) = 00339
respectively. The network shown in Flgure 5 will realize the

given function Z(s).

o
&

G AP p ]
E %m e ;
| Zf egga % %/g
2(S) —— - &
b, & <
3 i : % 1%%

M
iy

Figure 5. The realization of Z(s) for Case III.

Case IV: Vl = 0,

The necessary and sufficient conditions for this case
were developed earlier in this study. These are contained in
Eq. (3-22), Egs. (3-25) and (3-26), and Egs. (3=27a) and (3=270b).
However, for these conditions, realizations using a smaller
number of elemehts are possible, Consequently, although
this case can be obtained, no advantége is offered by doing

S0

Case V: ¢, = 0, Zl(O) = é{-Zl(co)o

Since the resistance ng given by Eq. (3-31), must be

positive the following condition applies,
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4b > 8o | (3-58)
Equation (3=31) substituted into Egs. (3-3) to (3-6) yields
the relations

a, > b, (3=59)
and

- 2

bo(a, = b)) = 3b a;by = bI(4b, - a ). (3-60)
The relations contained in Egs. (3-58) to (3-60) represent
the necessary and sufficient conditions that R.9 subtracted
from Z(s), will yield a new function, Zl(s); which satisfies

Case V, The network that realizes Zl(s) is given in Pigure

A-2(e). An example problem is worked out below.

Example of Case V. The impedance to be realized is

3(82 + 28 + 6)

Z(s) =
'8 + 28 4+ 4

A study of the relations contained in BEgs. (3-58) to (3-60)
‘indicates that a realization in the form of PFigure A-2(e) is

possible. From Eq. (3-31), the resistance that must be sub-

tracted is
R5 = 2,5 ohms.,
@———ﬁzyk ,
| e Yo = S 1
LZN(S) ——m "y
\ gﬁ“;t Yoo == \p

Figure 6. The realization of Z(s) for Case V.
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The remainder functiongﬁzl(s), is

2
Zl(S) = Oos(S + 28 + 16)°

(82 + 28 + 4)
The resulting realization is the resistor R5 in series with
a five element minimum resistance bridge and is given, along

with the appropriate element values, in PFigure 6.

Case VI: o = 0, Zl(oo) = 4 Zl(O).

Consideration of the fact that Rg, given by Eq. (3-35),
must be positive leads to the relation,
The substitution of Eq. (3-35) into Egs. (3-3) to (3-6) yields
the relations, -
b, > oag, | (3-62)
and v
- 2
b (b, = a ) = 3b a;by - by (4a, = b ). (3-63)
Equations (3=61) to (3-63) are the necessary and sufficient
conditions that the subitraction of R6 from Z(s) will yield a

new function which satisfies Case VI. The network shown in

Figure A=2(f) realizes Z(s).

Example of Case VI. The impedance‘tobe realigzed is

2(82 + 85/6 + 1)

2(s) = 32 + 28 + 2

Since the relations in Egs. (3-61) to (3-63) are satisfied,
a realization of the type in Figure A-2(f) is possible.

Prom Eq. (3=35), the resistance that must be extracted is
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Rg = 2/3% ohms.
The remainder function is
4 (% + 0.255 + 0,50)

Z.(s) =3
1 s2 + 28 + 2

The realigation that resultd is the resistor RS in series

with a minimum resistance five element bridge and is shown

in Figure 7.

G AAA
M ad g V3
Z(5 —> |
(RN 553 i
&

Pigure 7. The realization of Z(s) for Case VI.



CHAPTER VI
DISCUSSIONS AND CONCLUSIONS

The development of the proposed technique consisted

of an attemp to the conditions specified in six cases, Egs.
(2-5) to (2-10), by subtracting, from a given biguadratic
driving-point impedance, Z(s), a resistance of a suitable
value such that a new positiﬁe real fundtion, Zi(s)9 is pro-
duced whose even part zero locétions satisfies the conditions
specified in one of the cases. Associated with each of the
six cases is a network which will realize Zl(s),without trans-
formers or gyrators and with an economical number of elements,
The realization of Z(s) then consists of the extracted resis- |
tance RO in series with the network representing Zl(s)° in
general, if Case I to VI are used, seven elements are re-
.quired, and if Cases V or VI are used, a six element real-
ization is needed.

| In determining the necessary and sufficient conditions
on the coefficients of the given nonminimum function such
that subtraction of the appropriate resistance yields a Zl(s)
which satisfies one of the Cases I to VI, it was found that
the entire subclass of functions which could be realized by
Case IV, Vl = 0, could also be realized more economically by
other networks. Case IV realizes this suclass of functions
with seven elements (six if the equalities in Egs. (3-22),

(3=-26), and (3-27) are satisfied), while the other networks,
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as described in Chapter III and Appendix D, realige the same
subclass with five elements (four if the equalities in Bgs.
(3-22), (3-26), and (3-27) are satisfied). This results in
a saving of two elements over the entire subclass, Conse=
quently, application of the proposed method on this group oi
functions offers no advantage. |

Purthermore, it may be noted, upon investigation of
the necessary and sufficient conditions required for Case I,
0y = Wy, that this case synthesizes a group of functions
which 1s covered completely by Cases II, III, and IV. There=
fore, Case I 1s superfluous, and may be discarded,

A comparison of the number of elements required by
’several existing techniques and the proposed method is given
in Table I. None of the techniques listed require ideal itrans-
formers or’gyrators.

| TABLE I

COMPARISON OF THE PROPOSED TECHNIQUE WITH EXISTING METHODS
ON THE BASIS OF THE NUMBER OF ELEMENTS REQUIRED

Method | Number of elements required
in general
- Bott-Duffin 9
Modified Bott-Duffin 38
- Miyata n + 1 ladder breakaown ‘9
Miyata tree breakdown 7

Proposed method , 7
On the basis of Table I, it is evident that the new technique
is economical with repect to the number of elements required.

However, as is evident in the flow chart given in Pigure 8,
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the proposed technique will not cover all the biguadratic func—
tions. This method, along with the Miyata technique, lacks
the generality of application which the Bott and Duffin pro-
cedure possesses, In spite of this dfawback:9 it may be con-

"cluded that when the new procedure applies, a simple real-

ization results with an economical number of elements.
SUGGESTIONS FOR FURTHER STUDIES

The obvious suggestion is to attempt to generalize the
method to include all positive real biquadratic functions and
possibly extend the method to cover functions, of higher de-
grees. The extension to functions of higher degree may pos—
sibly be carried out by some combination of this method with

Kim's transformerless zero removal synthesis (5).
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Figure 8. Flow chart of the synthesis procedure as applied

to the general biquadratic driving-point impedance, given by

(2-1)
ves no
7 < 2% Bo? =
8 b23b (abs + 8 =D 1, 2 .
o1l 07171 o) o1? b,gyﬁ’ajbw—anﬂ-bm?
yes no % ' %no yes
§/Case IV applies. Case IV apnlxesa?
¥ Pig. A-2(d Pig. A-2(4), or
or subtract Z(0) subtract Z{oco).
‘ ' S
a4 g S by, - a,? a;b; 2 a, - b, ?
yes no \Ez’ \%,no yes
f Technique does Technique does
not apply. not apply.
Use modified Use modified
‘Bott-Duffin. Bott-Duffin.
. / Y | v v
Case III, Fig. A-2(c) : Case II, Fig. A-2(Db)
applies, applies.
Special Cases: |
(1) a, = b, simple four element realizations possible.
(2) Ir, a g b, L4a, Or irf, b ca L4,
2 2
b (b -a ) = 3b o210y = by(4a =b ), b (a =b ) = 3D o211 = bi{4b -2 )
then Case VI, Pig. A-2(T), " then Case V, Pig. A-2(e),

applies. | 7 applies.
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APPENDIX A
NETWORK REALIZATIONS ASSOCIATED WITH EACH CASE

The following results are teken from a paper written
by Kim (8), and are reproduced here for reference purposes.

The general network is shown in Figure A-1.

© g ]
i ’;5’" E(s)
/o é}} | ;
i ' ]
e
< e (s
_ /%3 % o | E(s)
é?;(ﬁﬁ —i : ; i, E
)
RAA ;
i '
o 5 7

Pigure A-l. The general network as derived by Kim.
The parameters shown in the neitwork of Figure A-l are defined
as follows,

WlUl + Givl

4= ’ ' (4-1)
2 2

26. w. (U2 + v2) |
_ jwy\Uyp + Vy .
B = ——1 (4-2)
(61 + Wl)(WlUl + @1V1)

C = Wjéul A ’ | (4-3)
(6§ + Wl)(WlUlv+ 61V1)




| 37
263w
170 N (Lmts)

D= ‘
(6% + wj'g_)(wlU1 - 61V1)

The term F(s) is given by
2 l)Zl(s) - Bs

5 (A-5)
(As® + 1) = Dle(s)

F(s) =

Hazony (4) states that F(s) is a positive real function with
a rank that is four less then that of Z,(s). Since the zl(s)
under consideration is a biguadratic, the F(s) in this case
will be a coanstant and may be realized as a resistor,

The introduction of a positive multiplicative constant,
Kig into the network of Pigure A-l‘can be carried out in such
a way that one of the series connections may be removed., This
yields a realization consisting of three series connections
with the impedance level of eéch of ‘the series networks raised
by its corresponding K. These constants are such that if the
even part zeros of Zl(s) are suitable located, then one of the
constants will be zero. This leads to the cases given in Egs.
(2-5) to (2-8), with a corresponding network consisting of
two of the series connections. In general, this results in
& six element realization for Zl(s)° The resulting networks

are shown in Figure A-2(a), (b), (¢), and (d).

’@ i
[

- Ks¢ & B jé K, E

= < Ko S ha
= D BT

2 - S

@gg » <§ f%g?n
& ‘ o

Figure A-2(a).. Case I, o) = w. Kyt

©



The multiplicative constants
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in Figure A-2(a) are

(U, +V )2 _
K, m et and K, = 1. (4~6)
2 ; 2 3
© E
%QEQ- % >
Z,) )
’ %2 —-— R f; %”%Y‘;
3 ®
¢ LS

Figure A-2(b). Case II, the
is satisfied.

The multiplicative constants

condition SiUl + wlvl = 0, Vleg o

in Figure A-2(b) are

2U, D(=V, ) : ‘
Ky = L—L1_ ana x; = 4/0, (4=7)
e r
e ¢
= S st
Z,(s) —>
Ko € B SkE
5 Re ¢
o I |
g
Figure A~2(c)., Case III, the condition 31Uy = wyVy =0, Vl}%”O9

is satisfied by Zl(ﬁ)e
The multiplicative constants

2U1D _
, and K

K 1
G(inl + Sivl) N

o
-

2

The multiplicative constants

in Pigure A-2(c¢) are

1. (4=8)

in Figure A-2(d) are given by
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K, =1, and K, = U, | (4-9)
& -

e g :

LM‘,’, %@. é; %%g(:
= ¥
29{§§ —— \Mﬁ

| c L. & g Ka
= == =k.0 2 =
K.,D ‘E‘ ‘f =

o |

Figure A-2(d). Case IV, the condition V, = 0 is satisfied
by Zl(s).

The networks that realize the cases given.in Egs.
(2-9) and (2-10) are taken from a paper by Seshu (9), and

are shown in Figures A-2(e) and (f).

@

¢
l
H
A
7

!

|
-
—

Za@) —_— VY,

A,
L%

Figure A-2(e). Case V, the condition 63

= 0, Zl(O) =‘4Zl(oo)
is satisfied. ’ '

The element values in Pigure A-2(e) are

1 4alK ‘
R=2K, C= -éaa-—;Kg and L = T o (A-10)
O

'The element values in Pigure A-2(f) are
R=K/2,C=xt, and L =25, (A-11)
“1

2o
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Figure 4-2(f). Case VI, the condition &} = O, 4zl(o) = Zl(oo)
is satisfied,

’ .
R fgj e E;L
Z(s) — /]
L% SR
©




APPENDIX B
TH3 DEVELOPMENT OF THE EXPRESSION FOR R2

In this Appendix, the developement of Eq. (3-17), the
expression for R2, is discused.

Equation (3-16) is rewritten in the following forn,
2 2 2 '
KW1(2@1 + al)<@i - w] + byoy + bo)
- KW%(Z@i + bl)(6§ - w% + a6y + ae)
+ K@1(6§ —'wf + ay6] + ao)(6§ -'w% + b6y + bo)'

L2
+ K 61w1(261.+ al)(ZGi + bl)

R2 = ° (B“l)

2 2 2 2
61(6? - Wy * b161>+ bo) + ﬁiwl(ZSi + bl)
.Bquation (B-2) is derived from Eq. (B-1) by multiplying out
the terms in Eq. (B-l1) and cancelling where possible,
_ 2\2 -y 2y . 3
D° = aoboﬁi + (@% + Wl) &+ alblgi(ﬁf + Wl) + 5i(ao + b))

RZ o
2)2
1

—

K + GiW§<bo - Bac) +»bl(@§ + W + al(ﬁﬁ - wﬁ)

+ b (65 + w2) + a b (65 - wl). (B~2)
The quantityfis set equal to the denominator of Eq. (B-1).
The expressiogs for ¢} and wy, Eqs. (3<11) and (3-12), respec-—
tively, may be substituted into Eq. (B=2). The resﬁlting
equation is | ‘

& EZbo(aoK - boRZ) + bl(alK - ble)%

«bo(aOK - boRz)

X =-R

2

+ K(b, - ao%%fbo(aoK - b R,) |
; K - R, }

')gK(ao + b = ayby) = Ry(2b_ - bi@
| K - R2 ' J

- (aoK_- b R,




+ blbo(aoK - boRE) + bo(alK - blR2) ﬁbo(aoK - boRZ)

K - R2

- bl(aoK -boRZ)EK(ao + b, = a;b, ) - R (2b - by )?
| L 2(K - R,) | J
- (alK - ble)@{(ao + b - ay ) - R, (2b - bz)vé (a K -5 Rg)a
' K~ R, i 4(K - R,)
= 0. | . (B-3)

After performing some algebraic manipulation on Eq. (B-3)9

it becomes apparent that the term

Kuﬁb - a, + b, )--b1

may be factored out of Egq. (B-3), leading to the equation,

gx(alb -a +Db )~ bR Erwlﬁi;bo(aol{ - by Ry)

. 4(K = R,)

L=

+ oy(a K - b Ry) + (8K = bR, + (8K ~ b 32,(] = 0, (B=4)

2 kK - Ry K"szﬁ
From Egs. (3=3), (3-4), and (3-5), it may be seen that the

K~-R

guantities K = R2, aoK - boR29 and alK - blRZ are positive,
also 61 is positive, by definition. Comnsequently, Eq. (B=4)
can be satisfied only if,

, 2,
K(albl o ao + bo) e blRZ an Oo (B"‘S)
The solution of Eq. (B-5) for R, yields the desired result;
| " K(aib, ~a_ + b )

171 0 0

a
1

b



‘- 2K(ao - bo) bo(aoK - b R

APPENDIX C
THE DEVELOPMENT OF THE EXPRESSION FOR R3

In this Appendix, & development of Eq. (3-19) from the
expression in Eq. (3-18) is presented. ‘
Equation (3~18) is rewritten in the following form,
Kﬁi(df - wi + a0y + ao)(6§ - Wi + byoy + bo)
+qu%2g.-alﬂzq_~bl) |
- Kwi(ZGi + al)(ﬁi - w% + b6 + bo)
2

. 2 32 : -
+ le(Zﬁi + bl)(él - Wy * a.6y + ao> . (C-1)

R. =
3 5 55 2
51(6? - W+ byoy + b )2+ wiey (26 + by)

Equation (C-2) may be derived from Eq. (C-l) by multiplying

out and concelling terms where possible in Eq. (C«l). The

result is
2 2 ‘ 2 2
RBGi(ﬁf - W+ blﬁi + bo) + R36iwl(261 + bl) =
2 2 2 2 2
+ K%‘lbl@léﬁf + wl) + aobod"l + aobl(s‘l + wl) albo(é‘i - Wl)
‘ 2 L2 2\ 2 2 2\2
+ 6@(61 - Wi)(ao + bo) + al(ﬁi + Wl) + 61(61 + Wl)
+ 0, (o = wE)(2 + W) v 20w (a, - b, (c-2)

The substitution of the expression for ol~and Wy given by
Egs. (3-11) and (3-12), respectively, into Eg. (C=2) yields

the following result after some manipulation,

261b1(b1R3—a1K%Qibo(aoK - boRg) =2b (8K - b Rs)6y

4(K - R3)
! : 2
- & EOOK(ao + b, - albl)- - R3b0(2bo - bl)E

3)




= (a,K = b‘R3) b (a2 K - boRB)

1 1
K - R3
+ bl(aoK - boR3% bo(aoK - boR3>
\ K - Ry

- blg?(ao + b, - albl> - R3(2bO - b

2

- bo(alK - blRB)gK(ao - b, = a;b) - 33(2b0 - b] \

g

2(K - Ry) A

It becomes evident, after some agebraic manipulations, that

the expression

2
K(albl +a, - bo) - Rgb7,

nay be factored out of Eq. (C=3). The resulting equation is

29 e : ,
Ex(albl + a, - bo) - R3bl=§ Eol 'jbO(aOK -=,_b033) + 635,
| i} K - Ry

+b, /b (aK-DbR:) + b (ak - bRo)|
l%/ 0'"0 03 0“1 173 = 0. (Catt)
K - Ry 2(K - Rg) |
Since ﬁi is positive, and because of the positive real re-
quirement on the new function Zl(s) which causes the quantie
ties K - R3, aoK - boR3’ and alK - blR3 to be posi‘tive9 Eq.
(C=4) can only be satisfied if the following eguation holds,
2 _ o
K(alb1 +a, - bo) = Rgb] = O, v (C=5)
The solution of Eq. (C~5) yields the desired expression for
the resistance R3,
= (C=6)
1 e

R




APPENDIX D

THE MINIMUM RESISTANCE OF A BIQUADRATIC
IMPEDANCE FUNCTION

In the %seussion of the proposed.method9 a simple
technique for determining an expression for the minimum re-
sistance of a biquadratic impedance was found.

The minimum resistance of an impedance function is
defined asithe smallest value that the even part of the func-
tion along the imaginary axis in the complex s-plane. The
removal of this resistance shifts a set of quadrantal zeros
of the even part to the imaginary axis. The even part zeros

of a biquadratic minimum function would appear as in Figure D-1.
%u@

%w% ©

5 G
- jud (?}

Figure D~1l. The even part zeros of a minimum biquadratic

function.
From Figure D-1, it may be seen that'519 the real part of the
even part zero in the first quadrant, is zero. Equation
(3-11), the expression for oy, set to zero yields‘the result,
RZpZ (02 - 4p ) - 2mmE>§(ao - b)) - a;b (b2 - 2b0)§§_
+ K%(a, = b))% + a b, K3(arb; - 2a_ - 20 ) = O, (D-1)
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Equation (D~l) solved for R, the minimum resistance, yields
2
R, = K 5 by (a + bo) + al(2bo - bl)
2 [v (a, = )% + b (a; = by)(a by = a;b.) |
(D-2)

If the term bl - 4b equals zero, then the expression for Rm

reduces to ’ ,
_ 2 y
R = KE}aO - bo) + albl(albl - 2a - ZbOl% (D=3)
-2bo)

bi(albl»' 2a
‘The above expressions for Rm are valid only when the minimunm
real part of Z(jw) occurs at a finite, non=zero value of w
along the jw-axis. Kuh (7) found that the minimum real part
of Z(jw) is found at infinite w if the following conditions
are satisfied,
a, > by, ' (D=4)
al"ol%’;(ao-bo) +b§o |

In this case the minimum resistance would be

R, = 2(c0) =K. V (D-5)
If the following relations are satisfied,

a. 4 b

o} o4 (D-—6)

albléi (b - a ) +agb /b
Then the minimum real part occurs at zero frequency. The
- minimum resistance would be in this case,
R, = 2(0) = Ka /b _. (D~7)

It may bernoted, that if a biquadratic impedance sat-

isfies either the conditions in Eq. (D-4) oxr those in Eq.
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(D-5), then, in general, a five element (four if %he equality
is satisfied) réalization is possible. The realization pro-
cedure, in this case, starts with the removal of either Z(0)

or Z(co) as a series resistance and may be completed by iden-

tofication of components.



APPENDIX E

DISCUSSION OF CASE IV: V1 = 0

The development of Eq. (3-22) from Egq. (3-20) is dis-

cused.
The imaginary part of Zl(sl) may be written as shown
below,
. 2 o
vy = le'E(.QG"l + ai)(o{ - W]+ b6+ bo)
2 _ 2 ?
- (261 + bl)(éi - W]+ aj6; + agl& (1)

2 , 2 2/ n. 2
(Gf - W + by6y + bo) + WI(QGi + bl)
If the expressions for K', aj, and al, as given by Egs. (3-5),
(3=3), and (3-4), respectively, are substituted into Hg. (E=1)
then it becomes identical to Eq. (3-14), Since the condition
V1 equal to zero is desired, the numerator of the expression
in Eq. (E-1) is set %o zero. This leads %o the relation,

' 2 2 - _ -

ZGi(bo - ao) + (6] + wl)(bl - aj) + ajb, = alb; = 0. (E=2)
Equation (E-2) may be rewritten as follows,

"'- v 3 L] v *.v oy - L]

2 63(b, = al) + a1 (b Q/aobo) + by (efalb -~ al) = 0. (E-3)
In order to see if a solution to Eq. (E-3) exists, it is ex-
amined for the following three cases,

?
(1) b > al,
(2) b, < al,
and
(3) b, = al

In the first casey; it may be seen that for the speci-

fied condition, all three terms of the left hand side of Eqg.
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(E-3) are positive. As a result, no solution is possible.

In the second case, all three terms are negative for
the specified condtion. Therefore, no value of Ro can be
found which will satisfy Eq. (E-3).

However, if the condition bo = a; is satisfied, then
the left hand side of Eq. (E-3) becomes zero, with the result
that it is satisfied identically.

The substitution of'aé, given by Eq. (3-4), into cases
(1), (2), and (3) yields the results,

(a) b, > ag,

(P) b £ 2,
and

(c) b, = ags
respectively. It follows from this, %hat unless the given
function has the coefficients b  and a_vequal, Eq. (E~3) is
not satisfied. There is no value of Ro which can be extracted
with the intent of making the two coefficients equal each
other. Cbnsequently, if a function has 2, and bo equal, it
automatically has Vl equal to zero. A sufficient condition
that Vl be equal to zero is

a =Db . | | (B=dt)

o~ Yo
This proves Eq. (3-22).
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