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tlhe describing f'tinc-Lion, sulrplenenf ed. b¡r Loebrs rJriteri-on,

is a i:ol,'erful , siinp'l s, ¿xrd. ,-¡i-d.el_y useci sia.bi_iii;r êna.l¡rsis for non_

1-ì neer feeclbacil control systerirs. in 'r,his 'bechiriçu-e, ihe describing

luncì;ion l-ocs-tes ;oossible iiÌri.t cJ¡cfes anC Loej:rs Criie::ion (or

Loe'brs Bnle a.s it is oi'ieir caL--Lec) r:rdi-cates rtire-r:her e.1.ci1 liidt
cycle i-s stable or unsiabl-e" TÌris iai;ter infor.¡lation is essential-

beca.use onll¡. a stable l-init cJ'cle i,.¡ill a,o.r¡ea1. as a ph¡rsiç¿L oscil_

latíon" Thus, Loel0ts üriterion ple;r5 a cr,¿cial role in the enal.-,¡srs.

UnforbrrnateÌ¡r, ìrotir -bhe d"esc::ibin¡,i r'u:ection netirod ¿Lnd, Loebrs

Oriterior'i are a.1o-ro>i;ra-be anct in boilr cases iire error is ver;- cliffi-
cul-t to es't,ina.te" lJev'ertlteless, loebrs Criterion does gi,re corr"eet

rezul'bs in a lar',qe m¡rùe-r of ¡:ractical cases. ljorvever, J-.or at least

one coiriz'ol sys-ban, Loebts cr"iter.ion gives erï.oneous results.

I. Ti-lji Fn0jit,l¡i

Çrrg+**eijqle_iitoåtg._

The ¡¡enesis of the protolem was the Íailure of Loebrs criier.jon

lbri;he sysLen 'in Fi,gire l"

1r r^^1^qo ¡U\jUc

Critériu¡n Géirérál-
31,6456(L951).

rrtshéirornènes Ìiérédita'j res cians les Servoinécanisnes; u::
rle StaÌri'l it,áil Ànnal-es d-es lété.^:¡.:,,niar*i ^.. ^ /'/t¡,\uç v uÉ,4_Lr uv, +![r!ç+yÞ _u:9¿_l:iåçag9,j!:j!-u"j*_?9j.orl9, Ð\L¿ ) i
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1o e¿cl:'i lt,ersec'bio:: cí ilr¿ iii¡-r¡uisb D-'le.3r"a;i,-iLlt ihe c::i1,j-ca.I -1-ocr-r-s,

il,ele corlcsiro-:d.s a. ij-nj-t c;rcle ',,"rÌiosE: Írequencl_r' is l,h¡.i oi i;ire jri)-cu-Lst

rì-ia¡¡r"all et '¿he i.ntersectj-on a.rici, øhose a.niplitu-d.e (,:,r\ ina.l' be re:'.cl- iro:r

ihe sca-l-ed c::i'bÍcal l-ccus at i;ìle iatersec-Lion. Loebrs Criterjon Þre-

cl-icts a. si:.able l-inj-l c;rcle if iþe./eciori¿ì.1 cros-q l-,rccìuct, C.enoieC s;m---------
-+Ã-l. -;/. \ -r , f -. *¿-.rf .¡:olicali;' by ÊL( j'',r) il q={--i,.^ ( i) 

þ , is aosi bive a-1, il:e ir L er sc:ction;
dw djiL cq & 

"an ,,rnsie,i:le ]-Íiai j: clrcle ii Lhe ,:¡"or-'¿1c1, i s nsgs-Ni-..-ç,- 'I'he::efore l,oel:rs

ûriierj-c::r. preciicts tha,t a.Il- l-imiL c,lrcl.es rn this s;rsie;l (i¡ro;i-rre I) are

siaÌ-le;, This i-s a. Íla,qi'¿.r'li coilir-¿rdicl'ì o:', oil Liie e-t¡reri-nenia]- .íl¡:"ci, i,h:;.t

on-Ì-;v i,he 1o',,¡esl, -fre:rr-:.o'.clt osci-ii i,iì,rr't (t'lhrch col:rr?silcrid,:i Lc l;ne ilir¡:i
l

j-rt,:t':eciio:,, ccllrrNi¡c; .ircìa I e!i to r"i-iir b ir tii-r:ui:e Z) is siai:le.''u

3

'jt:. i, e:lct r I c i'.'l: esi s,j.b. I eci,ive,.;

'r ¡-1¡.joL cì: jec ui-rie o.il Lhis l:hesis i-s Lo e-'rpìLa,i-:i r,rùJ¡ i.oe-Dl s C.i:i1:eri-o::

i¿:ils iii lhe exa.ni.,.le jusi citecÌ. ¡luir Lhe îericrel- ':Li-scussion or: -Li-ljl,

c-r.cle sl,al:í1.1 i¡.' ir:, CÌiapter II a:rcl ihe e:r¿¡-cL si,,.;l;i-l-i'b:¡ âila*lir'ei-5 oll Ûha.1t-

Lei'1.j,, bc'Lir oi làir:.h ar'¡: reqn'-r-recÌ.i,o::eso-'l-.¡e this i-,rob.l-e;n are e¿;"c]:. as

si :ni í'i ceL¡ i, ¡ s iile e::o-l-,:ina-iiol't if selÍ.

i-rai i-l ¿s.:is:g -p.å*:bg iluÊr
'.'iie i:.i,Lure oi Loebts Criie::ion in iìre ¡,r'evior,r-s e-r.e:''l)le c¡is'l,s dor¡.bt

u;.o'r its v:l-Lì-:lii-rt in ali, cc:llrol- s;r:r'r,erts. ì',o::eover', i:,'er-oosi'r1 iire reåson

ior'liris ie.i.-l,u,re, lh:-s s'br.r.li;i ílrrLhei'ìr-nier:ïiiltes c.oníiCeirce i-n1:he Crj-'Lerioit

ì:'L iìr.r-',.e,r'al ¿;.¡Lcl- i,:r.Lìre L:ositiv"e vector i-'rocli:-c-b iit par-Licu-ì-ar:. i;'r¡'LÌ'iernoi'e ii

?)
d' \.'. '¡¡liet

nìr 1,1 A-2-ì
|'],ê:.i-|/.-Lë

J . i'el eqri:1, a,ncl I Decaulñep l:'eedba.clr 0 cn1,r'oI,i.r¡sì.ens 
"

j.r .

l¡
'fhis r,','a.s es ì,al---l,.,,sirecl- i-r'ìde;rer-rde:rLh,' o r

$rrj-ìr.er siu-det:i,s a.f ihe Uil:iversj-ir¡ r:-[ i.La.i':ii-oba""
I ol./.

'-..ro :-.rl ^'r1ê c.lì1Ðltie::'l-t l-.'.'O

ie;:iirJ-e tt f jc5 :ìnrr. 'J¡:-:'c': j-n



sho.¡¡s ihai a r"d-:Lal:Ie alì;ernative ane,.]-¡r5is ,¿o -r_he Cescribin3 function

- Loeb iecirnioue e;:ists, at, re.:.s'¿ for a rcstricted cra.ss of s¡rsNs1is.

2. ÐilFil'lt'i_'iüiis

The ÍOl'l-or'rì .'-:ø ¡ìeFi,r'iii^:¡o are d.eei:red Suj'ficientl:v r:recise flOf

tlie lri4roses of 'uhis thesÍs:

r!_itr u v.y w¿ vÞ

,rin isola'bed- per.iodic oscil-laiioir Ín e. systern will_
5li:.ri'b ci¡cl e,- -Afl per.iociic osci}l-aiions ctisc¿ssed irerei¡r

'liret'eÍore Nìrey ace al-- h:li_t cl¡cles,

be cal-Led. a

¿;'s isel-abeC;

.t! ^'-.i-ì; r_ ^3 '- 
*-ii,¿ cvc]_ese vG!J¿:¿ u.\' uf, l-Ljrl

å s,-'-stsn r'rill possess a s'bai:r e (unsta.bre) ri:tit cycJ-e if i;he

linear varia,tional equation a'r:cui bhe liirlrb c.y-cle is s,,able (r-r_rrsbable).

'ihis ci.eÍinifion of a stable -l-imit cJ,cle is sirilar, tiiough no.i: as natÌ.ie_

inaùical-i-;. r1*orou.s, as ih¿t gi-øen ì:;r ila¡'¿sþ:_ for orbital siabi}j-,,:;. of
I

a rr¿ìJectorJ¡o

3. PùtrrJJ üi' TtL lI,fdlt¡-,IijRE

Loeb fi rsi propoundecl. iri-s crii;erion for l,esting iire s'babit:'-{¡

oi' li¡ú'i; cJ¡cles in -l-951"7 riil-l-e ei, aL forrn-r-lated thj-s criterion in
te:ms of the convenien-b cross procuct, rule sLafe¿ ea¡,rier. _Ln a laLer

.o¿ÌIjer, Loeb devel-oped. a rcre coí:cli-cai:ecl Les'i; i','Ì-rich in ürst ap;,roxlma-

¡ion redu-ced to1;Ìre vector rc-Ie, i¡uf even'bhis iiio::e coru.ll'ì ca.bed rule

/:iT rîiø^-^r--- ,^=.]-inee.r üSciIIe.;ions. n- 7j, 
:rorr¿rrvi or!J, ..ur¡_ 

_____:, :_o ¡4.

"t). .;a;yasìri, rJ.onl-Lnear u.sci[e!+.9¡1g-Ë_.-bÞiç_È{._'j.as-.Ler.:q, .Õp, ?O_Zl,¡j
t-:''.ôêl_ì l^ô ^ì-ts<vvv9 ¿vvo v¿9.

oi+ì ì I a a*. ¡l I ^,- ôi t-

' 

rvvo \Æô



1̂
1Iå.s no-t exact.' Irrrijler-'Lore, b-'¡ ass'¡,úng a dif ferentiar equeiion

throu-'nour (see :r{ua'r,ion (7) therein) he e:rclud.ed ti¡.-Le-lag sysier:s

( 1-rr=r..:nrqe -i,:r,.r¡ rnnu'i re a rìi l'frerr.nt,iaf-dif ference e,rllat,i nn for f,herr\ vvv*qv urv¡r r-vl v1.9

re.üresenruatlon). Grensted, :.tr tjrree ¿nLeres-Llng rraÌier.s, d.eveloped
10

a stabilit,y test ror irmrc cycles usl-rlË Lne operatronal calculus.

His '¡,'orK¡ itor,.rever, su:'iereci I'ron rne sêrrle snortconrirgs a.s ioe'ols,
t1

¡lanrely it was ai:.¡iroxin.a.te ar:d it excluded- tirre-Iag q¡steilsc This

ii'lesis surmounls tirese di:ificulties, but at ç,resent it is restricted

l--n 'i d o:l n a'ì r¡ nnn t.m'l q:¡qi a-n ¡

À., PL.{Tí üIi Tiüt TIíi4StS

Fjrst of ali, Ì:;'d-efi:rition a tilrdt cycle is stable or unsta'l¡le

accortìingly as the linea.r varia.tional equation aboui the }inì-t cycle

i-s sta'irle or unstable. Consequentl;ç in Cirapter II a netirod is d.evelo¡red.

tr: derive this v¿rj"e.tional equatìon in a general siigJ-e loop time-la.g

nonlinear ileedbaclc control q''sbøi. In thapter ïi-l¡ Nhe speclalizaii-on

o-f tÌris eo¡-rabion'bo bhe icleal- rela¡. sy's-r,en and the subsequent deductioü

^f- -ì+^ -+^1ìì']i'l-.* .¡-¡¡-rp-nf.ìaq l.rrinrq i.ho t.haci < ¡hiao*irrac, ¡'1 ^eã +()l. _LrJ :j ijUC|,UIITUJ' .r-- v¿li¡ov v¡¿v -O CCnSLIII-

nation. Tirdeedr nhen thj-s iinorr,ledge is cor-r-i'iecL i\rith tl-le extenileci i'larnel

o'J. Loeb, ll.i-recerì'r, tr,Cvances j¡ i'ionf-ì neat' ijerr.to 'fì:eor;trl , (f953) fn
iæ ed" ¡¿. rJlrlenburger, p. "26C-67 "

lrt -
l-u^,i-. ',. '.'. Grensied, rrThe r"recluenc¡ Response inal;r;sis of lion-lineer

J;-s;a,:s:" itgg-j.{*", Vol. i02, part c, L,a55, p,'"2LvLt-55"

lj, .ii, ìd. iirens'Led-, rr,ina!-ysis oÍ the Transient liesrronse of iüon-Linear
tonf rol 5;'sbe:.rsr" u"4";i.*._ lr-¿r1"_r, Vol . ô0: i-95i, -1t-t"le2'7-32.

;¡. tr. il. t"r¡ç¡1gNsd, rl.i"recueitcy ¡"es-ionSe ,'iethoC-s ,r.p,,-lied ¡;o i'lon-Liireaf
õJ''si;er:istr i-n r{gj:Le.s*s__ij-!Sat_rç.}_J:U;:resqil3, 7ol-. l, p-c. J-u!-IlÇ,

'lr
--'il'¡ assLúi-iirq a r¿.ii o¡rel onerator íorni ihrou';hou'b, Greirsted effec-

i;i.¡elJ- e:tcl'-rJ.e¿ ii-:re-lag.



Locus iÌre reason for the faiiu¿-e

in fhe fourth ancl final- chapì,er,

are siatecl-, and ¡_reas of fur''r,her

of Loebrs 1"Lil-e is readi-])r u.t1covered.,

the -,,iorir is suiniarized-; co:rclusi_ons

research ar"e ou-ilined.
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'Ilä riiüdjlR vÀn I.rTIûi't.AL 3;tj /iljût,j

In order io de'Le;r.::rine the siabiii L,y of a li:uiN cycle it
is trecessar-' ro fj.nd the linear vari-a1;ion (or equ.i1.a-Lentl-r¡ the

iirs'b variaiìon) fro¡¡l the'ìir¡j,¿ c;u-cle, 'i'his nay be for.:.ncl ir¡. 
"no-

siiirr-¿ion oÍ iÌre ireri-odic solu.'bion plu-s a snarr pertr,-rba.iion (of

rurspeciÍied. Íorrrr) in 'bire systern eoJråtiotl(s) in i;ìre iracÌi1;ional-

r.¡a.;," ¿Íter r,ire ;oeriodic soluLion is cance¿-r-ed a:rcl al-i hieher

orcier ter'I¡s in'i;he var-iai;ion are discard.eô tÌre linear variational-

equa.ü-oir(s) rer,iai-ns (renai-ir). iie;rceÍorLÌ: this (tirese) equatio¡(s)

r,,.dll- si.iacl¡r Ì:e referued. to a.s-Lhe rrar.ia-Lj-on,:J- eciaaiion(s). I'io'*¡ iÍ
ihe s;rsis;ì! j-s specifj-ed b)'li si;aie ecluations|here l.¡ili be iri var.ia.-

''cional- ecrua.'uions al-so. iioriever, Lhe 1:resence oj' tj¡reJag iirrirh.es

i;hai: the staie (a-rcì- irence-i;he varia.i;ionaf) eclua-t,ions alle infin.,-te in
l.

nultber" 'lherefore, a rrìore convenj-ent method fo:: clerivirrq tire 'r¡aria-

i:ionaf equa'l-.ion for tine-l-a.g s;rsf,els j-s for:lul_eLeC j-n ì,his cherp,cer,

Ïn oariicular, bhe eq:li.ci L forin of ti:e varia-biona.l eouei;ion jlor- a

sabu.r:¿tinî s¡,-s'Lel is deduced-,

i\iexi;, a conl:ection bei;ween 'r,jre state ¡,F,rroacìr s:rd- o;oe.r:a;l--ionaL

a'o¡:r'oach for gei;ting i;he variaì:ional equabion is discussecl. for-bhe zero

-,1

il" A" Johnson, trSiate Space and
ljlgc-tr,o_pic-ç,"-k!!.çfg, Voi" Z, I:ic. l, Juty

Systens ïncorporating üelqv, tt

L966, ??, 2'7'/-7a"



B

1:i,r,e-,1-..r,J c,îr,;ir. l'hj-s is ;'o:.i-ci¡,lii l-r- :;o. ì1 jt'elitei:ks o'¡. thc,: iri.:1.-'l.erl-t-..:.ci,,1s

oi e--;ii¡ì;i-:'r,g s L¿ì,ll-; I +;ir ilr eol:er-iìs.

i'or cc:,,!-l-ei,eness, i,irc nol'iÐ-uto'l'lcnorrs case is ¡.r,-l-so iiscu:,:secì.,

a.lthor.r,:lil i;he r¡.:suits e,Te r-ror, usei']. i-n ti:e reina.i:-.¡i.eil oi tlte t,ile:¡'i s.
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-..::rich, if f(:) he s < Tlayf or series 1'd.ih respecl !r,o I(, becor^,es

r(p){r(""') f rs!J('r') +*l d:rr(-') +"'}+x' + u : 'j "..' 3-( d:{ 2t" dx-'-

.ihen ì,he ii-::ri b cl..cl-e sohr.iion,
F .'l

;',l --, J {'l -l I Ç J- .rr 
= 

(
"\l:/l¿\-! /l I

L-l

is ce,ncel l ea aüd tl:e iiilÌ:e:: orir,ei' terns j-n the i::cri'-trbe,Liott, t-i, arer d-'ì s-

c¿.rci.eC ,-qu-3.iio-l (3) redLrces i:o
f'l

t(p)iu5ii(x¡)þ -i-" r e
! dr. i

Íiince xr( L) is a peric',Cic fr,r.ncfi on o:l iime it, ioll-ows birat

d,{(r.t ) is also periorij-c anci of the sa-ne r:-,i,riccl, 'IiLerefore Ëci;¿.r';io,l (¿u)

dll
is a li':,ear diÍÍerential e,rr:-ation -'.óLh (iirne) peric.dic coefficients"

llhus bhe nonlinear pro'rJ-e;i of l-i'nii cycle sir-oilit,;¡ has been reC,ttcecÌ'i,o

ai'l etrri.¡Ð.1-r-:-Lj. (i,i:ne-.,"ari a-ble) l-inear probJ-er,r" 'ihi s is rrol su:l.rrr"i-si-ne ì-n

vi ew o-i '¿he lls.c'r, ili:.i, or-ti;r -l-.ì.near vari;,:i,icns f::o¡n t,he ,reri-odic sclti'i:iot: itere

ccrsi dered"

Cosqrifíl then r,::oceeded 'l,o cled.uce u( t) by seit,Lng xt ( i*¿t) ecu¿:l

io xr(t,)+u(t), Tirj-sr iro.,.iever, is a qu-eslionable 'bac1,j-c si-nce *ri¡ ¡et)

re1;:"eserLs ¿, ,:e;.'l,iirb¿¡'Uio': :J-o:g l,j'rc r:L:-,ii, c-:'cle ',Iher1=.s rl (t).¡Lu(i:) is a

irer-Luri:¿.'Liot: off fìte l-j-n¿ü c;'cle. Ií' 'i,Ìrese i;i'ro ¡re:'1;px:bed sclu',.ions are io

be j_d.eltical_ì-.' cr,u.el Ío:. ¿',_l_l- ii-ne, i',_rei, corLi'e::';,," 1:o iì:e 6¡i.;i.'.l,ij- r.','oi. esi s,

u('b) ca.n,ro1. 'ce :, .cer';r-rr,ba'r-io , oií ilre li::lìL c").cIe" The co:::leci "u,Iå.r¡ fo fincl

either r-r( b) cr anl¡ cf its prooeri;ies is ìr;' ¿. 
"o,',siC-er"a.'¿iori 

oí iite var"ja'¿ional-

equa[iol ( -qua.i,ion (¿*)).

the .nel,hoci jlor -r'íLrding 1,he v¡-r.ia.iiorai e,:,11¿,:fion ¡¡irren bJ. tos-

lfri-if lrra,rr e¡is-.ì-l;r be e>:'LencÌed io tlre ,ge:le::e.l_ i::c_.t_r.l_,i neê,r" tì;).sie;ij ,",¡i j,h Nj-:ie_
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l-e1 b;' i-ep1acc,:e.ri oí L(p) i:r lj-îure I b;' t)(p) u-'t', ì-i: r:ì:icc 3(p)

is a ::r'i:io,:â1, s--C,ile, a..,cl ruj-rit:ttl:r l,h'r.se Íii-lc r-i-o,r i,t .c ll.:.ci e-ãP

repr:ese.,ts a ')Llre ti:rre-cÌela)¡ oi g seconcls" Ìi'or ihe auLononol,ts casc,

the ucla;i' ir.a;r l-,e ei the:: in l,he for-u,'¿lrd or" -ìn t;he f eeCback p::.'Lh; i;ire
_ tfrt

e.r,rl;;5;ls is i:jle sarr.,e i:r '¡c'L,h c¡.ses. 5uÌ;s.l-i'',,ui:ie,1 6i i'(,o) e " for"

. | \ . . /,.
-\,Dj an lJr-a11Ai-r-o,"1 \/:/, rr1ga]5

o(p) *-@(uåi (.-.') ) +
rl '¡

sr 0 .â..o 5

r.¡l-'i ci-r 'i s ì-,he e:¡'rl icit, íi6¡¡1 6¡ 1,he varie.iior-ra-l- erua'Lion. for Lhe i;i¡rre-

la¡4 case " This e.iu-¿.biorl, i¡irici: is b¿sj c ioi: later i,rork, i-s e oi-i.iva-

leni io r,ìre s:-,.".fe::i i'l .ir j-:u::e /¡ belor,r"

- { -r, ',,

I'-LL-+iiRi,j lr

V,+itrlTI0r,rÅL,511;i'iii. ircli tll{I

i'¡

lloiesÍ l. ''he Í'u:rcfio:, ,li (xt ), -rs essetruip,.l'ì ,. I

e,lile,qa.ir-r facior (it:-s 1r"r'ioCi"tî i-j-ne r'ri'bh the sare tiei

Ii;ii; c;ircl e)" 'I,aken âs a r,,ihole, tiri-s relrese:t-L¿;tiol i s :.

ii,re¡-rr f eed-b:-c1< coi: brol- sjf :-ì1-eï'. i ùi;it ii:'.e-l-¿.1,i"

2, 'ihe s¡anbols, r(i) *rC c(l;), in lhis i'i-.;¡ure a::e

';o'Llrose il fhe slrsLem ;:epreseirl¡.iioir in i¡iqu-r.e ]"

r-i-.^ .,^-.i
!, !r ,!- V dL L-

'iod ¿s 'Lhe

iir¡.e-rrarj.¿.i:l e

ric j, re-!-aieci-

ü\ .ir I r:



i.

.rl !;_i-rcì r .:ôl -rt-

,ti:rrr bô ajt'i.:,';l-

_i ..-..,. ..'^l ^_. - -:-. -,- -..i,\. ..r:u-r --. - - -'.- ..-.:l 11..'.::" i: ...- .. :.t :-::

a
'-.- '. ï1.ï'-i :r ¿i).:t:,,.l e -'.r, ir_'r,i,oi:ì (i,1u,1.:_c . t4) ) " 

- .,.'lj-r.r

-.i j:,.....,.:i rì.j _,_'.',. -ì .; .,-..,ì . ...,.1.ì^,
r:-q: 1 --.v !-! L-t{-¿-' :9

'L-i ori Lc

I i-sl.ic:r

i.tl !,1 r.

'r,-l- C :'i:,¡i-

::'**.ìi,j:r rç.,j :.¡cr-¿ii rì

i,;e ve.i:'-i,:.r.i;:Lol¿-.,-i- c{ìui:l.ii L-,ir ¿,.r.',ii :-i,:; s:/:i¿.i;:, 1'ctlescili,:'.,,iì-on :'i-l-l- l.rl',..r l,c

j.erir.ri)il. for il:ie s¿,ì.¡urt-.taìiil r:,¡,tl:,c:,1 i -l-l-i:.1 i,ra.Lr:,," ir"r i":-lu-ic j.

rrr rìr-,t'í:-I 5

i;.-, LI::,i-:,:.1,ì 5 ..'r. L;l:Lt,!i,.i

, n-lC r' Lur-'i i:ì.i, il}.ï',

2)
Io '" Iodiì r1';c:: ir.r:.ri iì" -evi:l:o:rr,',-.,.-.+-i^.-c .r:2"

=i*':;::::Yr;::, 
i" ) :'

. .{ ì
-(, )f -1::r)fl- ,,' r -,

çJ

i,i .e; ì;ir:, ic¡,r:,j-t (r;.-clt ..,i jr ti .iic -i-c;;ti::) :j.: :l.ru:,Lì c, (I¡)"

i,:, ,.c c.f i,rL..:: 1,,,¡;i',: 
.i;:-r.rr:¡:.-l :.iiili,i.rorl i ¡ ¡ha L ;" :iti;ile \¡l,ii-ll-

--:r.r c-j::':-':eiì ]'f.i,-ì:lr.' Lll:Ì-l .:-¡iíj-n.i'L3-1,-;'¡rr"--¡,:iil -ii'r Liìe s',,::.i,e

:ti::i,iic.Ì l.i-rr,iì-::i 'i-,o i'J-i r¡-s';e,ii-¿ '.!.t..:t..c:: 3eiî. Lc r:cilr''eserl'LctÌ b;t

-tii.l- cr cli-.iI'e::'r:r-r'';i¿,.-l-*il,i-i-'.iÌ';:L',.:ìc c e,'.ni- i.,-.1,-, :,,:lú,, i;r ,t;. Li-.

,,:;l ::--lr:ci-i '-i,:rc*ì--,.-'; ,:cÌlL-i--'ìc'r ¡ i'i:r:iìb,,rc1.; cc-:;¡:oi 5:Ì¡:a't,eìi.s

ü;rI i:; e'_u;,'l



T2

to b, Therefore f(xt+u) cannot be e:çanded in a va-lÍd laylor series

at these points. Henee ùhe followlng direct anarysfs is emproyed.

The satr¡ration function is defined analybicalty by the rera-

tions:

f(x) : Pi,o

b
r.ùren B.td

and,

f(x) = Msg(x) r,¡tren å-:d )z b

which on penturbation beconne

f(x+u) = S(x+u) wtren 8.s+uä
b

and

f(xru) = !¡tggn(x+u) +fien @.x+uB >r' b ooooeeooooêocorcoe Zb,

sinee u(t) may be nade arbitrarily malt inÍtÍe]]y, lxJål will diffq"
from $-xB by less than any preassigned ntrnbæ for an¡r finite b. lhereforeo

the pæturbed soruÈion at the saturation output may be yrftten aa

f(xg+u) = f(xr) + ,g{u(*o+u) - u(xr-u)} oe.caoooo"o g
bt_ J

in drich u(x) ts the unit step functiooÍ Now, ¡{f(xr) Ís not defined at
dx

x8 equal to !b" However, if the derivative is assigned the value zero

at these points (r+iütTout loss of generarity) ttren Equation (g) nay ue

revæÍtten as

f(xe+u) r f(x0) + u$$(xg) ,.oo6o. øcooè.oooo oøøøø,o.o 9s
dx

a result wtrieh produces the star¡dard variatfonal equatioa given by

EquatÍon (5).

If xs (t) nas odd s¡rmnetry about its zero crossJ.ngs

4hd lf th.ru ze?oes 4re untf or^ly , pa."J
f U(o)=1

6b
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iheore.rns ¡,.¡;rcÌr i:ave been es'l;abiisiled b:,¡ ir.aiheii¿ticiais Íor 'che s'ba'i;e

valiu;Li.onai- erru.e.fions: i1oi.i, -Ð)' vi.r:tue oi' tne ¡;or:€rldix¡ a-c.:I;r ì;o ì:he

oi:era'bional v¿rie,tionsl- eclu-ation a-s l.¡e-Ì-l-" Sorie of these 'i;heorens and

.Lheir shortcoi;iiGqs are r:.ot'r reviel,¡ed-"

Tire 1:Ìrase varíaij-onel e1u.ai;iot1s are, il general , a sei oi lineaz"

iiifferen-bìai- eq'r¿r.Lio;rs :åfìr (i;i:rre) 1:e:rrcclic coefficients. S'-rch equ-al:io¡is

¡.re C.ijficufi;'i:o sol-ve iìrolth, i-n ¡:ri::ciple,'bite;' can be tr.a:rsiorned

i;o an equivalenb se'b of -linear corsiant coeffici-eirt eclr-rai:lons i:¡r ¿

I
ineorett, of Liapunov"- The sba.trilit¡. s¡ a Ii¡rrt c;'cle is ì;hus cl.eterir-1r:ed-

hrr c caf n'ír ì iirog¡ consieni, coefficient ecuaì:ions 'u;i:icir can reacjilr.r:rJ !r-.¿vrr vu¡ I !.u.r+:r/

be solved -i n a variei-,¡ o'í' ì^i,¿\¡S,

rl-i "" '' -:¡ ¡1'6-¿o'ri :-+ r-na:nh ^ I'l oerirei-, -åite tire Íor:l oí 'l:Ìre p'eirel"elv¡¿-:ú o v-¿!rwI v¡¡ u c4¡v.JIvav:¡, ¿ rvLjLrvu jc'.v v Ul:(i l\JI:if LJf ulIç È;Clf Vf'dJ 

/h

soluì;ion i-n 'ber,ns of characteristic e-.monan-l,s ',,;'ith per"iodic coefficien'i;s""

in tl:is Íor¡aul-etj-o:r'ì:ho sLacilit;y o.l' ihe:L:,":j-t c;rcle cì.epards on t:re sign

oi bhe r'eal pari of i;lre clla¡'¿-cterisLic e:1:oirent" ¡r..b no qeneral r-iethcd

irås Éi ve-n for î'j rditis tlrese exnor-lenis a;rd- the recLucbion theorerls availa'r¡le"*" )-

are oi liitie u-se in deternj-nir:g 'ulie cheraci:eris-¿ic e-qroira"its, e>lcept in

secolLcÌ order s¡l'eiels"

loih tire lrloqu-et ancl i,iaurnov inethoCs are incolrveaient Íbr feed-

bacl< s;'s'i;*rs beca.use i:he sJ¡sle;il nus-b r'irsi be converted- to a s'bate forrn,

iru-r'i,hermore, nei-bher of tì-lese nethods a1:. lr- e.t all- to f-he Ì,!ae-lag case

because 'blie a,oi.,ropriate equ.atiol:s are oÍ |he differen'bial--riiíÍerence

variei:l¡'.

(/-
.rontrX,,-agi n, - " S. Or*in ar:. liÍf ereir-blgl_lg!99f9Æ. Iìeacj.ing Ì-ass. :-r 'l' ' . ,ì æ--'------:î=-2T-----=--Z-i-"ì-t'-

l{u:c]J_SOn-.;eSJ-eJ' ;-ll0l_i-snL'll,, uo:i].1ênir, I nC. , -J-V3¿e p:). I4b-I/# 
"

L"c' i.la¿¡a.siri' iro4l!4-qLÈqa-L-qti-o4c -till-iryglc4-S,qi¿etq: Fp. gi¿-86"
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Iìoi,uever, bi'|he ne-bi'iod of Üiie'pier iIÏ, it is possibl-e io tra:rs-

forn il.le difíereni;ial-Ciíference vari¿i'bional- eirrral,ion of 'tlle tirne-la3

:.el:r¡ cotrt rol sr¡St,eiil '¿O a SiA.bilrt,;' eqU-iValen'¿ l:Lnear ì:i:Ae-inVafiant
a v-!u¿/ v* v¿

sl,:stg.iL anci ì:lie::eþ.;-, to circut':'ieít'i: ihe sì:ortccl:ún3s o-i ì:l:e previor-'.s

iheore;ls in. a restr'ìciecl class oÍ iir,:e-] a.3 s;.'sie::ls. 'fhis -bra.nsfor:.:ia-

'biolt sesscbtes Liaprinout s in tìlai; '¿i.le s'oa-oii-i'b;r c¡nes'¿ion oí a linear

i'i;:1e-varj-ab]-e sJ¡s'Leril is red.uced to a lj-ir.ea,r i;ine-inva::j.airt 1:'roblel'

'jhere ar.e ¡1¿.ny s)¡sLerl1s, l':ole'urer, íor vÈlicl:l i.ia-ari:.ovls'¿hecr"erä a¡]plies

r.nen the ilethod of Ci'rap-ber IfI d.oes irc-L'

the opera'bional rrletlrod- is rea.5l .¡ e::Lendecl -bo nonau1,oirornous s;'s-

iei;s b.i. cotsj-derin.g ihe cÌriving ír-rnctJ-on, r(t), in l¡i¿1ttre j, not iden-

ticali¡, zero" Ihe sysi;oii cliíferenbial- (-d-ifiererce) eqtr-ati-on then be-

:"(p) (r (r-c) ) -c(t) : ¡ o.oeo coooûocôo.."." 10.

f Feq uc.t'ies
i,-i'i i. 

"-,'".i 
t]lãi;; i" ríerler a.l , ::rultip-i-es ( su¡er'l-iarnonícs) or suÌ:-nu.l-i,i.-rles--2 -'"------ --- 

ry

ísubharno,l-cs) oÍ'iire inlitti drirn-n3 ÍuncLìon r(t)"' S.r;o1-'ose s(1,) is
\ e !:v¡¡\4¡

i,he ,r_ th sub isu-;oer) harinonic of r(ì;) a;L the ouipub tiien for al-l t
m

'bhe relaiion

s (t-þnT, )= " 
(t),

lr.

in r"¡hich n, fü å:re l¡osi ¿j-ve integers

Íiec1" Srrb sti'i; ul ioir of s ( i ) l- ui'¿ )

fica-rion c¡Í iite res'ul i -Éel-ds

7
üoiabirr¿.t i-cn i,o:les

the 1:erio:L of r(i) is saiis-

.lcur a'¿ion ( tcì ; , aod. sir.r.oli-

¿nd T
T

for c(t)

JÐ

IN

ale no'i; consiCerecl, l:et e.



L'/

r(p) (u.4! (r - u)) +
^1'
v¿

'ìf
Lr = ü oo rr

as -i;he varia-tÍonal- eqr-rai,io'r for the noi'lau-tono¡ricus cese. 'fhis equaiion

i;irich is o:i'¿he sane l;asic Ío:::i as ihe e-utcnomous c¿.se is a l-Ínear dif-

íeren,.ial (-differetrce) ellu-a'bi-on r.,rith Lj-rne lteriodic coeff icients.

'iÌ:e period of ihe coeilficien'l;s is'Lhe i:eriod. of cl:f (t-") r',ritich,
d-a'.

in turn, is il.e oeriocÌ- of r(i) - "(t). 
If s(i;) is a subherlttoni c oÍ

r(t) .l;¡en Lhe ì,,eriod of l,ire coe.ííicie¿'ii;s j-s tÌ:e.celiod- of s(t), iìle

Ii:c-ì-i; c;rrcie. Cn ihe o1-her ha:rd., if s(t) is a su-per-haruonic of r(t)

'uhen i,he cceffici ents assr;-ne Lhe ,oeriod of r(t) (r';hich is not tile lj-:nii;

c:,'cle period.). 'fitu-s, i:he .¡reriod oí tire coefficients in tj'le none'l-tono-

¡1ous case need. irct be"bhe saìrre es tire lii¡j-i; c-rlcle period.



Ci{ÀiTT¿R III

STABTLLtY Oir LI.!.îIT CTCl,ttS III Arj'IüI'JoiitUS Î.t]'ffi "

LirG firiLÄY Cti\1'ROL SÏST:ìiis

Tn l;iris cha.pter, '¡þs ria,'nel (and s,'r'csec-uentl¡' 'the Isypkin)

Locus for a rysÌ;ar,r lri'i;h ¿n ideel- rela;' is exbended tr: include

.i;i'1.:e-1a¡;; Uhis ena-Ð]-es lin.i.ì; cJ¡cles -i;her"ein to jre cìel,ernirreci e:ta.ctly.

'i'he cìescri-i:ing Í'unc-Lion cor-i] d ha.ve been used for this ;lu.rpose, -i".r'b

si:rce i-1, is an âpr:.1'e;4iina,te nte'LhoC- an inte::secl,ioir of thc liycruis¿ Ðia-

gra,r tri.i,ir ii-re ci.iiicai l-ocu-s does not ¡,;u-ara.ri''uee a linit c¡'cle" 'Îì:us,

a neaningless siiua.1;i-olr cor-r-ld h¡ive ari-sen in r.¡¡.:Lch bhe sbab:i-ii-f¡r 6f

a fal-se l-i-:r¡ii c,)¡cie uas being invesii'1aied b;r a:r e;ract tesù" Sucir

¡ --iì-,.rJ-in;r â^Ì1rêi¡êìâ, -ì s ,rre¡cllrried. wi'bh ¿.:r: e>lact, netlrOCì iike ti'le iianelC, Df, U-LéU¿U-IJ ^lV!/9i j! t LÐ -rf 
vvrq\

l¡OCLl5.

'llie ne:cL sbelt is'uo s.1:ecial-:Lze ihe v:riai;io:reJ- elpaiion i-'or the

-oi-":-¡i¡iir., -rrc'r-eiii. cl.e¡¡el-oi:ed in Üi:al¡Ler .j.-i 'bo '¿Ìre case of an id.e¡l- rel-a-¡.ùGirU-.. Q.vLi!: ù.) o ur

this equa;Lior-r is their soived- b;' sr::rpled claba. ne'¿hoCs" ?ìris solu-'r:iou,

io.;ebìrer råi;l': l;le exi,endeC ilanel i,ocLr-s, cons'i:ituies a colrl!1ei;e .urd

e-r(icr, lr;,ú1, c;'cle ¿.:d- ii-:ib c;'cLe sfa,:irii:;¡ a:ral-;'sis for' ¡:ìle ,:arti-cula.r'

case of a 'bi;r+l aS rel a¡' cont::ol sysi;er,. Ïitis tecìrniqu-e is 'Uiretr r-rsed

''co anal.:rse, in cl,etall-, i:.re s;'sLe.'n wlj-ch initiaied 1'he st'r'r.cl;r. :ritÌl t'he

¿.rcl oÍ this s,,lrrlio:r. an e:çcla:raiior-r is ofÍ'ered.[or tire Íaj]-ure of Loebls

:iui-e,



Ir/

jiie chap'ber concl-lCes r,w-i 
'bh a reiiarit on the conlecf,ion beir'leen

ioebl s ürìteriol ¿::rcj. a ru-ie ioy i,!re 'r-'s)rpkin .¡loc'.'.s¡ to"e'i,ller 'iiih a

rigorous c]-erivd;ìon of the laiter rLi'l e'bo su-.¡tplarrt tire fal-l-acious e:"rst-

ing orre.

I"

Iiri s cüscttssicn, tirou,3h si-:rl-i-la.r' ì;o

jiers fro:l l;re I atier l:v ihe -ì nclu-sion oil

'Li-ie 'Lil,,e-J-a,3 s¡'s'is:i in ii'i¡lwe I is 'i;o be

-ì n ì;he ai-ttononous sf a-ie.

--./.r.\ I ,.1'\Lil _ U Uri

func-Liou of s,

ro'i- bh 'biso sr¡rif cìles

t,'ir:e ori;];r is choe eu

rÌrat oí' Gij-ie ej,

]"... +i ^'1.- incl U!.- -ç-!o 5 o

i '¡rr,>ql- -ì ori- orì inr.u-Lrf \* v

.-¡ i.* i nrrl r --

-l 'i r..-i J- a:r¡-i a cvJ v4vr/

fro'ue:
.+lt Lt n

l-'e ..

.},.-/',ìô¡ ììa-êf 
^d

IrIGlli:iui I

Li.iililil'L iiiö- r,,'G ii-ü i, ¡'r Ot-:ii'illì,Ül SÏSÏiili

C+(s) is a si;a-ble rniirìniun 1-'ha-se ra;bione,i-

stmple non - zero poles.,?
sJ¡lt e1,.ric ¡reri od.ic solut,iou of' per:i-od- T,

j-s assurneC io e,çis'b for )r(t) and if ti-re

i*Gilie et al", Q-!'.*-È., 9P" l+51--5L..

2'"'i'he nonli;reariiy is s;rnrei;:ric, so a. -rei'ioC'ìc scrltrt'ion i,1l"l- 'rre

^'t ^^{:l.i ÐL, o

?
'ûscil-t-a'bioirs ','¡ith itto::e iha:r -u-,to switches Ðer Ìler:'iod ¿'re not

consiC.ered. irere. Sol;e ircr'!< in'bìris er:ea hê.s been done for ihe zei"o iiine-
la,g case b;.'" iiufti usi'g a (sba'"e) ':te'L.ix iì;1) 'Ïoâch' 5ee l' j-i' ìtu'rti' rrA

iieiliocl r:'c:: the ¡i;ract lleLe::riún¿.bion oi' l'erioùi-c iiotì ons in i'lela; tionrrol
J)'s',,enstt s l;.gç.*_-gåj;_(i].r'iroir il ,"i " , June ).]6J ,



:¿o

io agree r,,¡iiit ea.i.iier.'*¡ork then v(t), as sÌtot'in in l'ilure 9, I'i-11 iu'¡:tp

j-ror;i -ì- to f il at i;he ii:le origin' Colsequen'bli'r a rinns ic plus coilt-

luiabio:r o; 'i;he relay lriust ile.ve occr-l¡red T secorrc.s earli-er, na"ttrel;r af

ì; ec¿ual r,c -T . U-t bhe pr.inci;ole of ca.usal-i'b;'r'Ui:e ou-uput, c(t), at t

equal io -ã is cletermine'J bJ¡ çhe e>"citai;ion, v(t)' Íroln i ec|:als -@

to t eo;ral-s -T , 'Ihe erçlicii forir of v(t) in this ra:e¡;e d-epend-s on¡he

i-en¡;bir of 'lela;. ( ä ) y'elative '¿c iÌie li:i-Li; cycle pe'iod leng¡h (Ti ' rn

par.ticr-rla;,, a uniclle posiiive i;r,teger, 'in. iîay lle cl-efi:red- for ea'ch value

^l' ¡lr 
^ta^L^ 1-lra-l

tJ: I ÐU-VI] U¡¿ UV

z
/ -\(r¡ - l)\ --'

^-¡ ô^ìr-ì rr:l oiri.'i rrUJ

_T.-
¡lti- -L

is sabi síiecl"

-l -/ "l ,/ Ìil
; \ "\ î';-

Ll¡-a

"' L2b

,t¡i r l--

it¡i r-*"x
,llt-"-- t-- rtt

Ìtll-i l

lt*-ri L*---J

üF iæ D.[I;{T'

,he excita'Lion, v(i)r. consi¿ered- as a seqlr-ence cf d-elayed siep



2J

func'Lions o-i Ìreight Ìt, is gi"ven by

f m @ l<- "lv(t) : r.{{-r)"-r.r(t*,ltl) -þ, I(-t)-- lu(*AI) - u(t+(t-r)!} lþ "" ê o ô. á .. ", Lj
| - r..--'..1{.r - Z- :¿ ')

in:|rich U(U) is'¿::e u:rj-i, stei¡ Í'.'.:rci-io:. ijuhsl,i'i;uLj-o,-. oÍ Lhe appropri:ri;ely

cel,a.-veci uniu siep respoìrse oÍ G(s), cienoied by cì(f+aplrrop::''i o-r,e d-eLe,;¡), for'

each c',el a).ed u-nit st,ep fr:-rci.i o;r in it::;u-a|iol ( 1 3 ) jrroctuce s

c(r) : i,fi-r)nq(i-Flg.) ¡-Ëi-ri" þtt+r{) - q(r+(r.-r)I)il .ø..û .". r4
| ?- k:na+t ' 2 Z-)

îoz' 'Uire respor-^Lsje ¡t l,he oul,pui oi' n,iie s]¡r'ì;ern"

iíow, C'(s), bei.ng r'¡.r¿io,raJ- .11¡..¡r l,e e-':nresseC j-n a ¡ar'L,ia't .Í:i:¡¡ciio;:

Ai

I i.i øçëþëooåûð L5
?ã::ã..-a J r.'a

+Ìi
he i "" pole vurih residr.-r.e l',t ancì i; Ís ¿he 'Lot,al- n'.xl'i:er oi

llie rinil sielr resl:onse ofl G(s) is i]eter"nined frorr

6+ j*t' I I . Str,jt+(s) t,; I lt(s)c--cls ê¿c,. aaeo.øo.."6.. L6
L sJ 2tfils

l.
ç'-!æ

eliroalls]-o:l e.5

\-u(sj *
ì

ì' Jí¡laôlr -4. I q l-4:1 !l.1lvj: j--]

. ,' '-/ \
Pc.es oj ir\5 / "

/, \ --{-q( f ,) -J_

ril'i cir on i-nvers-i on yi eld-s

f ¡l :: ., i-. 1

,l(t) = {-f,iir !ii1e:'f iiJ(t) oo.oo.oeêo oøoêoâdor..øê¿s",o"ou L7
lu4_-l1¡=' E i=ì pi r

in ierns oi'L,ire sr.'n'bols of L:iu.:.Nion (f5)" ;iur;si;i'l,ul;i-on oi thís e]íltïes-

sion f or g(t) j-n ,!qu.a.ti-on (f¿r) gives
t' r.. ìì )l ,..1l-:---¡\- rl :¡.J-,¿ -pili P,, -,11 l<piÏìc(t) : r;j(-r)"'l*It,t1- TÌiiePi'"".ä/l * Il_r"'"''{r - " '-?.) f(-r) 

-u'-zf
t 'ì5pî ;r È ;r pi F.n, r



-a

\
pi(ai+l-), I'"i

)

rechrces to
pii n -l,iir.il - e -''l'.-I)

r.rìlic::: o--l su-:.¿..',,ion of lhe qeo;teti.ic
f r¡ - or ., -,.i ltr.;,',J)

c{t) = t..[(-l)"'[- Èr r: ot-'t'" "2'1
| ' r .4'-i -- ,å'-i= |r Lr:r lî .-';î I

N n+1
, Ti'*e'rL:

¿:I

sirlpl-ì,li-es fo

il'Lr ll
- -,/ r\ I ra;r, !-_\ { ) _-¡

I I l-

I i..r pi

ì.j Tr; ( i+niT)
^rr- 1'1) i\' e '-

J

N:T
pí(1+ e ¿)

.:irich

c (r)
ilì

l,,rlÍcÌ:

c ('u)
ät

ou. i:iiif e::ei-r.i;i e-'¿ion 1ti\res

. . iì 'l c; i 'i,¡'i.l r )- 1i.:( ll lar' ^'r' ,'- ¿;r\-r_J LJ\IY
l: I

__ ¡n
f J-;\

l-l-e '<

20b.

Tjie subscrj-:i has '¡een a.-iilir:eci l.c a.,-serl'-i, i:he

-fn 
¿ìn:ì-loE."' .i:o ijre zc::o .1,'ine-1a,4 ca.se,

Llefi:rccl cn ihe rå.n,qe

d,el,,encl.enc ê ort "fr-c

a I'la:lej i;"cnct,icn, il,.(E) is
2

ciÐ

- ... 1 *, n\ | j -- ( .¿,,t't* -L \-t.-t-;l / -r J Àr1 i-¿,-r-jl
22_

H (T)
!L! ?

Lt

'Ihis - ec:::et,r'ic ser'-ì es i¡hose
G(^c,) is a sba.Ì;le flinctj-on (ihat is,

cofiÏlon ï'Ê-.tio iu .I'i*
,;eal {p I is l_esll.he.nr-f

converges sìnce
ñ r- . \Zel-o ic1. A.I_L l_l 

"

,..'¡
/ - | ¡-f,_i\

D: {. -Ll-€ '- 
)



:¡ nc e .',lte s,rts'¿ e:" i. s

and iroaqi..er':i¡ llâlir.s
r"l

le{i, ( il)f :
iLìoi
!.-J

rnJti_.(i)l = \,('(+'l'.'* 2) " ¿

lìv¡.Lu¿.lioi: oi i;uafi.or:s (l2C

sr,rlf rn iìqur.Lions (Z-Z-a., ',:)

(:\{
ite jt, 1;'å- '' ' r*i

L n î'i'- ' t-" ì;

a.u-ronoïjious :i.nä Nlie osci -l-r.a-Li oti s;iri:le'L::i c, 'i'ire r"ea-1-

riåjr be wribi,eii a.s

(J-r-i) - c (-t) '""'22¿x (-Z.|.I) - - c,". n
T¡r:rÔ

and

r.¡r::-tc l, i s a:: e:l9J-ici i

f ::i':.c l.i- orr s;,'rr,b r,'l,ism.

lj- , L, clrclese ra.nel--

a., Ì: ) a.i.; .t ecu¡'ils

i.l (T) íor2;

r: / !1\
l-, t i j r-Cl.

a '-')?_

;
, ,l ^+ 

-l- .r.l i :a i- ,.,..: o.., ilì

cor:r1,,¡'j-ses iÌrc; ii"mel

procÌuc es

1,j
rlt' ri -T-

-l r-l

2::(-l) * ;,, opi( 
:r+çl)

i;1r e t:or,itlex t-l-,¡.lre

r,ecu-s, i j( il) . iì:j-r
:2.

) ?l¡

,,¡iiii i e.s 1;ht.: rlti':riì-i r1,î '..,::rarie'ì;er,
2

íoriluj-ai,io;r con i,;ins ihe usu.e-l-

'¿- -
I

\-). \-
.. ^ I

ì\Ì

.a-z
-l- 

I I
)

! -rlxr

/,

--.11/¡ If._. I | -r

and,

r\', lr; /¡n\, I
rm {f1,.;\-:i þ -

l'- 2 f
L'

i: l':--------;:-
1 J- ô-'T-
l-tv

.iorrl of ilc li',';:el- l'unci'io'r in ì:cr:lls oi' 'Lile 
':¡'r'L'ial

lhe sei cf ii,ryne--l- iii;nci'i'ons coveri-rlS ''llr- ;ossi'i:le

rl f fì lar
t-*2 >/ "(-â\ T*/î

r > å>i

i >i_>i
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c ¿1.::(:) . .irot'r ii iire Li;:le-

\zIl l:eíììj-ces !c

i,OCl-l.S a,S

,.,^ì +.,- ^--,1L{l l: U,'/ I I r- !i

a. sflec'ì al

:lcua.tion

(zera,:ire-la.;;) iìa.niel

I ¡:' -ì I ?, r)r.) i,he'r ;r i I

eo>

uiiich except fcr ''che

Loctr-s.

.,*¡

lf for soüre

J }'.1 \ i./
J_õ

is icl en i:ic al- 1,o Lhe usu-af ii,¡:r el

2l,zt.

'riie c oi:ri ì ii. o,r s íor a

{""
üe 1i1

L. r:t

ri:l-ue rnr J ÈrJ,/ J-.rn c .- .r:r ct o
1n-

T rc1"
.irlrq¡r.ì -r'{-

(r)1 = û7r

, ¡nrl / ,-..r-.-\;--lf \ u
r¿^ Í

,. [-ri.l{ i
L

o,i

si-ie d- siri:u.l-N¡;neou,sl J¡,

./ r:\1

lle:i': OCj. I_- . -. ì11S, CVef \;-m
,=, rrar'.:- i-.i.,ra irl ¡i l:Î'f"; rvl- q

i: ti(p) ccjlii-r't{s ¿-r. s-in.ile

1,' / ,,

, 'J)(.'¡ t,iro:r-b -ro¡-: oi

z er'o , .lve--r-it¡:.'r,i-oii c i

1
, -, lþ+-- (),n-l I'l -+' ì ?Ãr,': ,\ -." -/- ç I è o. ./'''

.i" - L 'J

1- * 'ìt , "a.*,:- .¡ .; ). t
.\.1m-I t i0.

(jjci;¿.iions (Zlra., b)) are s,ìti-

i,al-ì- posses;q â. I ji",:i'b c;.tc Le c,i

Lii,,' ,i¿i..,-,r--:'.ocu-s, ll(i), ..;-L:L 1,ì :

2
I i-r:ib cyci e 

"

ì"i¡-nci,ion .flor' íne ciìse i.n -i.'ri-ìi-c

'le Ìt:¡l.uce:i .lr:o::: .rr.,-rj-:tl'l.o:13 ( 2*?â

:'k-ì ni1 i.ì"le 'l i,l,-r-i; ¡.s P,rí ';encis -i;c

f .., -
... { :l-l- i --r- r^, . í -;¿r_ i::î,,

-11"'l "-), .r -, Ì¡, .. . e'- "-' 
- 2-)' I *---,** -l.- -, -'r-l----

l- -- -tri_ -- *-/i ( I ,¡- .,.:'ìr'i' '.

-bl:ese coird iLioÌ:ìs

il-ren'ulte s.¡:st-s'¡

in'¿ersecii orr. o.i.'

correstlo':]iL s io ¿r

'l]e 1i Aii'1.3 |

-l 'il. r--- :z ': i-. i .:1 ; ,r ¡rr'"'----' ""')

:i e îe ll å-1. i ir,-,¡ ) b.1,' L,

'i,.r'i :: I i i i. ri r¡ogr'-" :/--'--*
¿nttJ , -,í

-¿ef"i: (I.l l --;:ti *,'--') -

,!.1.)l\.4-l

¡í

(:j I 'i rri'i-, c--c j e i'nr ee.Cli \ii.,f_.:.t:'j'Ì'rj-s r.lcss ,oi :rí'ir.iì til¿ì,i firer'ç: -u,¡:l..ì---l- l-.e

u,l"



.'itc-----\el- i:rcr-is fo.r L--i-:', e-1¡-i q=.sl,r¡',q rcerl *nL be ccrti-i::uor-l.s

!'unc-bicns " Incieed, li(:!) i-s ccnbinl,*
2

¿,"i the ;oninl, ccìnls
-, -,f \ - /t1I G{\i)ir 3.1'lc: rir 3err1.râ.tlve l'L,l¡.L

i-s, c(i) :-nd r(i,)).:u'e cc:rLrnu-oi;.s),

6
¡.1, -le¿.si a.s fi.s;f a-" "I, icr' Ìarge p"

p'-
i;i'r,ii res,;pcn'c ic 'i t. l--i. lle con'l,inu-ous

is :,u-Lc j,.l-.' ?.s ]-_ Í'or -Ì :r3e :r"'-
-l

This r,'ìl*-Qe sc i-f G(p) Í¡l.'rs o.îf

LgaLÍv-e oi i'{(T')
?.

o"rt; .i-Í ü('o) Í;,rIì s o.j'-i' :'.i; l-

ilrar{i'l,ionel--l--,tr ¿. Fourier" Í,reri.cs a;'ìe-ì-*.;s-'-s oi the rel-:-;,¡ cori'¿rol

s:-i'sl,e:: (lf i;:r-rr.e Êr) led. 'l.o i;ìre Ts;;rpkin Locusr,,r-(r,,i), girren b;r

-,,.-(ii) : ¿; IÌ r-i(m,;) + #r ,¡(qd.|. .. o o ê.. ô 26
rT L tËlr 30 5, ". n--Lr'),5, " . n )

, -./ \ , rrl \ "j-n .,.ìl-ìch J(ni:) ¡nd t/(ni¡) ¿:'e rieíineC i:y
( ^.1

u(nw) ï a*{i-,i jn,,r)e-;nr'il[= [c(¡nr.r)l cos(Æ(.jni+) - nwr) .. ø o o ø ê ø o ø ê o ê 2'la,t"Jr

ancl

\r ( nri)

Iror ì;Ìie
= 

r*[,=t jnw) e

loee.-l- ].eLa:Í,

..^.. --l
-.jl]f!; LI l^¡ \l-.'"'" "J= 

ic( -i",,llsrn( /G( inr.¡) * ]n\rtr) . " . , z7h"

ih c co.rci i1;i clrs ,['or ¡ l i rril, ci,"c ] e ar"e

r,"þ,.u)] = o

Tiris foll.oìirs frolil i;iie i-;r:-'ur,¡f, .,¡eJr¡-e i;heorsn.

2ii¿
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eno-

ri
.¿e{¡-(:+)i ( c ...28b'

LJ

Thus,'lire f'enuencies ai; i^''L¡rich^'(t'¡) inì:ersects iÌre ne¡;ili'-ì ve r"e:l a'-js e'i'e

'i,ire fregr-rencj-es cÍ iir: linj-*u ci¡cies.

In tiie zey'o -riy,e-Lilg ce.se, l,Ìre surris :l-t: ,i.ru.¿',t'ions (ZTarb) a::'e re¡-C-

i1¡. srr--¡-rr¡;.'i,eil b-rr a, 'Lheore;;: fron co;i',i:l-e:". va-r'i-¡-l''1es. ln ihe Lr'-re-l ¿13 c¿l.E;€:

ito¡,.,,er¡cr,r ''r¡le Lireoyeiri {oes l-io L åç,i'ilr;, j'"oi'eot¡e:r: 'ij.ler''¿ seellls 'i:o Ï;e no

-" iir;cle -,.isJr No e\riil r..É i e 'L.he s e r-iu.as '

'.|'ilis j-¡ii!¿.-qse v,rc.s cÍ:,c,¡::veni;eC- br,r de:finin;,:'rhr: Tl;'plliii I-:'-t:tc-Lion:

^k) 
(:Ln analc¡;¡ i,rj-i,ir bne i,a:rei r"r',ncLj-clt) in i,e:r.,::s oí iÌre ei'r'orr sj-r¡nal

¿;.i 'biie s',"ri,chinpi .,:oì i'Ìb¡: as

¡r l.'.,) - l:,<-(:y+r¡\ t;:l (-r+n) o.øeø '"'"""29.¡fï\!,/ - *--]ji\ ¿r.::/ | .--l1r -'::,
Iif U ?,

on r;he trån.3e

(:,r-l)Í1u ( ,.rtr
-tn - .r:

'i n i,lir-ì-ch il is ì:he 1:osir;ive j-¡ft::1er deíi-nerl íor i;ire iÌa:üel- ii'unc.uion. 'l-i:e

resl- enri i:r:,a,1!::iar¡,. ¡;:r.ris o.i ihe lsr¡r:lli-i n i'lincii-o-: ¡¡-r'e rel-¿:,tecl i;o ì:Ìicse oí

-i;he ]i¿rnel !'unc i;ioi-r l:1,'

r'{.I., I ¡ /._ì, - r';'.-[l; I ¡ìt;:3J*à\;./f - rr.:i( i\,\;z'¡ ",.. "
lji!:!

f/ìi; L ;- ¿'

?(f :¡

lLlb.

¡.nd

l.{n- f ,.;i : -,"1i,-.( iù .",
I n J r- -2.t

il,e subsi;:i-i;u.r,ion ¡¡ 1i':uafions (Zja', c'), i-n Nitese relaiions procil-rces
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-.t-) ) r.,e )
-i -ìÃ*{-I-I ñ. F¡

' P1 La¡¿lç-a

î,sT, r-, ( ir¡ < fT.r
.l^y, f ,/ ,. I offautr -l-! \ r'i \ j;.{-t_

T

-L'o-ì1 tr? / ri I ?1"[,.- \ ..\ l_l__

:*T
ir.e co...; r-l-e)t ill i.-t1e :,i';1. ',' es 'b:rt l"unilj-ì1.'.: .::r..ê-ì'[ei',e!-

r,oc'.ls;rJl-( i,;) ,

:::l=1:=:ì=i:i : f: _i. : : !c_!¿c fiÞt:il _t!:c_ i qI l

S,rnce G(i:) i-s a r:.i;:ì-onål- ír-rnc'Lion, a.i ìri jt í're:ueacies .;( jr) -i¿;l-ls

cjl.f a'¿ ler.;:sf ¿:s ia.s'1., :is "]." ihe¡.'eÍo::'e, U(nr.i) a;^i:ì r,/(n'i) a-s ,q:'l-r¡en by ,i1¡¡¿*
1.;.

t-i-oäs (Z'7 a., a) , i'espec'b j-r'cL¡r, eâ.ch '!ericÌ io ze-r'o ¿-Ls w j-ncr:e e.sÐs. 'lirus¡ ¿ìil

P

irri;h ir-ei,uencies, the Ts;ri:kin iocus, iieiì-re,l rc:,' ir.ira.ii-cn (2ó), as;{Lc'bic:1-.7

àIj:--jro ê.Clt e5,

*^_ (ri)* 4! (u(r,r) + jv(r.) ) : il-'r,(j,.r) ...,32,
rT T'{

sj-i,ce i:ire l:rlilc:' cz'iLer" ltiir-i,ic'rnics ¿ire ;:re¡;i-i-tiì:i c corllÍ.,rei:j'eC ,-o Lhe jlirsi;"

..i:citce: il'e 'f s-,'';l<in L,ocLrs; i,iï,1'or: -lli:o'. i;ilr. 'l-,.r'tisL ljie.clt:¿Ìt i:.;' oralt- ,ì co1l-

;.:-iir:.lL oí' i1161r9¡'¿-r-cn¡,t-.].iL;t ¡;.i Ìli'jh Íreri,;r,rcnc-i es, -l"r-r,r.l,lernorer 1or. iln -ì-Cee-l

rel atr, f 1:e c i'jLt.ic :rl- -l 
ocr-l,s i-s coj. ¡ic,r-d e;ri ri''ult ihe 1s..,';tl:i,i cort,,uL ¡.L'ì cn l ine,

'l,h:r-" i-s, i"iiir i,l:o :f e,1,','¿i\r{l rc.:f ¡;ir s, Tnerq:-'ioi'r- 'i-i,o i=i ,:-¿qa^ i lcil f ¡eq'"r.en-
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Note: The subscript notation of the extended Harnel Locus

nrill- be used henceforth in preference to the prime notation of

Chapter II. For exâmple, Tm will be used to denoie the linrit, cycle

period rather than Tt.

As atr b tend Lo zero the s:-tura.tion nonlinearity approaches

the ideal relay and 5![(x') tends towarrl a train of impulses each of
dx

weight, A, givenby
m-

r-ìftlin {*t f .
At, Þ+U'¡ b I

leci wilh the

. . .. ê ê . o o... . o a o o o o. o. c o.. r o. . , , . 33

aid of

^+-- | -¡\
-ALrÀ \-c/ e øøc.to.e o....t.a..or.o 3L+

m

which may

(-z-at) (-t)

a Ta¡'lor approxination vririch becomes exact in the linl.i-i. The first

condition for oscillation (see Equation (2ba)) require,s ttrat x*(-")

be zero, Furthermorer from Figute 6r¿¡; is defined by

be evalua

X
n .m

x (-T-¿t) : -bm

for all b, fnsertion of these results in Equation (34) produces

b : arä(-u) "., 36

^An.oroo Jó

true *t ,fT
sampling funetion, 

H(ç1, 
written

7
His approach is guite different. Gill-e eb akr gp¡.j&..'

pp. /çJB-80.

ooôr. r.... 35

which, on rearrangønent, becornes

ttqf*.| = I ocoooocooo ..oooùooooôo..o..o.o.., j7
At.¡b-+o (6l i*{-Z)

in the linit. Substitubion of this l-imit in Equation (33) ¡,cields

/ì - ^ìrå-Ll!Lm î-l -tfu\-ql
a result which is in asreement with

The vari.rbie eaín function or
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iiol,es: I. 'ihe v¡r.j-ab,:e s .r:i--l:,l¿.ces ¡: i-n iirì s Í_i 3rr.s 
'¡oc',u-se 

a

';i'¡.Lilsi'orÌ:i raLlier" 'Lhe'ri a:r orlerå.io jt i äÌ,er r-.ret:ì.1.i-ot. c i t,he .l__r:':.ea: bl-ock

is c1e-"i reC.

2.. ¡( s.) cru¡.].s ç( s) e-Ts.
l,-'r'lle r¡ari¿li.ioi':a.-1- i..-):s'r,er is s;aìr-ì e i-i lJ--(s) ha.s no z;eroes il'r 'Lile ii-eli'b
t-1t -'

ir;,:.,trl s*pLane; if i- s r-'¡s'Uabl-e 'i n Lì r e co',.+,:rî,T:= c¿.se.

¿,."'ili'i;\;J3iri_ilLÀ'IICi'l ûF T;A Vi'J,,l-,^ ff[),i,ii, SYS,Ì-jllÌ
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stability techniques cannot be applied to it without considerable modi-
T2

ficaLion. Hovrever, undæ the r-transformation,

z I r -þ1r-1
which maps the unit di.sc of

left-hand r-plane, Fquation

. . c a o e . . . . o a o .. . . a . . . a . a c . . . a . a a a o o c a 54,

the z-pIane

Gl) becomes

Ínto the finite

t (r+r) = (r =-r)* - # o*"ot(nf"*-") ..oôô ...... 55

"t'-r) ifrffin-rt*¡

which is anenable to standard stabilÍty technþues. The summation in

Equation GS), ma)' be rcritten compactly as

Ln

$ * ^or(**_")/, rv:@

i:
o - Ftt"'¡* t*.Pir"*

r,rùrich Kir, ti, are defined bY

N
: Zrto* cocococ.oo oonoo 56

i=l#F=\- l-Yn'

ni(mT",o-t)
K* - Kie

... o c.. o o e . o. c e ... o. . '. o o c.. o ô 57a

and

-.rF
r : gFa'sm4 t .øøø.oco.ccco..ooccô êcc.orroo.ro 5?bo,

'E,. 
- 

rF

*Yi^sm - 1

That this suinrnation (Equati.on (5ó)) possesses the properties of a partial

fraction expansion of a stable rational (thougir not necessarily minimu¡r

phase) function is established by the following argument:

L2
the rymbo1, r, used. here is not related. to r(t), tl,e syrnbol for the

driving function.
l3- Deleted
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Sinee G(s) is a rational stable frrnetion (by assurnption) its
poles appear as negative real numbers and/or in complex conJugate pairs

with negatÍve real parts. l{oreover, ff the pole, pir Ís real then the

correspondlng residue¡ Ki¡ ls real and. if the polesr p1 and Þ¡r appear

as A eoaplex conjugate pair then the corresponding resid.ues, n, *U nj

do also. From this, it follov¡s that the poles and residues, r. *d Ki*,

eonform to the same pattern and., Índeed, in exact correspondence v¡ith

those of G(s) " Speeifieallyn if p1 and K. are real then r* and K.

are real also. Similar1y, if pi, pj and I(' K, are ccrresponCíng eomplex

conjugate pairs then so are rinr "j* *d Kjr, Kj*.

Furthermore, frrom Equation (SZU), each pole, rÍne of the sunmation

has a real part given by

rrnicl¡ red.uees to

**{"a*} : uzT"*[R"(pi)] -, ôe oooe ooooôooeoooeøooo.ceooo.o.ce 59L'mi w
f¡

after a fer,¡ manipulations. Since ne(ni) is negative foz' all I (because G(s)

i-s stable) it follows fron Equation (59) that Re(ri*) i* also, Therefore,

the sunrnation (Iquation (56)), is the partial- fraction expansion of a stable

rational function. Henee it can be e4¡oressed as the ratio of two polynonials,

that i-s, by

N

X Kl' = N-(r)
.:-r-.:- l¡l
¿-¿f 

- T.im qfÐ- .oooo oôo.o.c..oo.oo.Gô....oaÒc oooron" OU



in r¡hich the order of Ðr(r) exceeds that of N*(r). Insertion of th-is

e>rpression for the sunrnation in Equation (SÐ t gives

L (r+1) : (r - 1)* - N-(r) oo..ccor.oo..ô. oe.oø....o ólo*tfif ry
on the oth¡er hand, the zuccessive application of the z and r-

transfor.mations to Equation (42), produces

t*F-B = r+ it_[#ì cco..,co.,..ôo..câc.o.o...."" 62

r¡hich on substitution for L (r+I)from Equation (61) yields
"'(r-r)

t,,+H$ -- 1+ ^*;jÌ-ry*)o""c'ê"o"oo'o'c "o" 63

fro¡n which the stability equivalent system is constmcted in Figure 12.

FIGURE 12

TFß STÁ3IT.I TT EQIÍTVJiLENT SYSTET":

AJr-Ði-.,1t*( r)
"'1r+I)'^'Ttr'Ð
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th
The m*-- lirßit cYcle is stable if

system (Figure 12) is stable.

the mappings required to

t,sn are conveniently surmrarized'

and onJ.y if the stability equivalent

obiain this stabilitY

in Figure 13.

equivalent sYs-

-+
-_ Is- Ër Jnu

SM

z =rtlr-1

FIGJRE 13

TR,AI{SFORMATIONAPPTTEDTOTHEVARTÂTIOIÙALSYSTH{

(rrfliRE 1I)

5. .A,NALTSIS OF THE STABILITY EQUTVALE}ùT trSTH{

since only a simple yes or no suffices to ans.hlæ the question of

líiûit cycle stability, the Routh Test 5.s, perhaps, the n'ost appro¡rriate

of the standard. analysis teehnigres.

The Roqttr_Igst

From fouation (63), trre ordinary Routhian Polynoruial, P*(r)r is

given by
. m-I

tJ") : (r4- 1)^--D*(") * A*(r - r)\ (r) oo.ooô.oo. ." 6l+

which when evaluated at the origin gives

pm(o): o*(o)+ ab(-l)\tol o.cooooo6' oøocøo'â.o o.." 65n

Hor*revex'¡ Equation (38), gives & "t



?R

- 4,!

;-
x (-?)

m

or equivalently by

A z -214m

c (-?)
m

which, from Equations ( 22b and 23b) , evaluated at the lirn:it cycle

period., T , becomes

ll 
^itrl ó -¿yl r.occ. 67"mÆ

eu(-r)'".X ttre

A
m

66

i=I n 'lTlå* eya^mT
Substitution of T for Tn in Eouation

SMã-

ft
m

rf sPiTsm

after simplification.

0n the other hand, when Equation (55)

er¡aluated at the orisin and the cornr,on terrn

68

and Equation (ó1) are

elinrjnated one obtains

(6?) slves

* u P:.(mT^.--u)(-1)'*¡ r, *- *' sm -'

==';;;F,,0-

from r¿hich

: (-1)\(o) .o" 6J

Dn(9)
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N^,*
N (o) = D*(o) Ën.' epi(nrsn-")
m ¡rr t--1-t'-;-- ..r.. o.... o...o".. 70

1f eya'sm

is produced. fu¡stitution of A from Equation (68) and Nm(O)

fro:n Equal,ion (?O) in Equation (65), yietds

P (O) I9 .oôo.........c. ........o. ..... 7L,
m

Therefore, the reciuced polynomial, er(r), defined by

d*{r) = (r+r)t-}r*(r)i-Ar(r - rl\(r) eco.êo.o 72

is the appropriate pol¡n:o¡nial bo investigat,e for right-half

plane zeroes by the Routh Test.

Though the Routh TesL is siniple ancl adecuate ii; suffers

frorn two major disadvantages" First, because of the tine-lag

there will always be a nested infinit¡r of li:eit cycles occurrÍng
cQ.

at small periods. Besides the obvious impra.ctiÄifity of testing

an infinity of possibilities, each successive one ("" T"r tends

to zero) has a larger m, so tha.t, the erçansion of the binomials

and the subsequent collection of terms required to manipulate

Equation (f2) into the proper äouthian form (whieh displays the

coefficients e>çlicitly) becornes quife tedious" Secondr the

Routh Test gives no indication of the degree of stability of the

I i -i * a,,o'l a¿¿r¡.49 v_yv¿va

SlaÞili!¿_of the IiULLine case. The fi-rst aforementioned

difficulty with the Routh TesL is somewhat aJ-'l eviated by the fo] low-

ing discussion of the lirniting form (as m l^creases ) of the
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denomLnator of the closed loop transfer function of the stability

equfvalent system (Figure 1-2).

Substitution of Equation (68) and Equation (55) in

Equation (62) gives this function as

(-r)n(r-r)n

P. (rnT - r)l_ sm

K.e
1

p.T P.T
(l-e^a "*)r + I + e a sm

H|/4.)=t*
m \ r-r,

(r+1)m-1

P., (rn

I(.e -
l_

N
F

L
i=1

73

T -r)
SM

N

)
i=1

However, it wí1l be more

1+
convenient

. P. (mT
l- smt!.e

1

nT
'i- sm

e

to rvork with

t)

/rJ1 \H'lä+/ gÍven by
m \r-I/

"; (-i) = {,+r¡'-1.}.
l-=r

(-1)*+1

nT
em1*e

(r-1)t "r"o'(tt"*
- r)

74
N
F

L
i-l

(1

dù

P.T'- .i^ 1 Sm\-e )t
nT

+ 1 + e'l sm

InÈroduce dm'a function

defÍned by

which has the same zeros

rnT -r
sm

T
SM

l-u-
m

75

76

which frorn Fígure 9 saÈisfies

0-<d <l
m

for al-l m. From the above t$Io equations it

m increases T tends to zeto. such that
sm

is evident that as

mT remains finite.
sm
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InsertÍon of Esuation (75) in Equation (74) gives

. /r*1\ .*-f HH; (Ëi/ = (r+1)"' *.).
p.T d

K.e- 1 Sm m

-L_ ¡ñ¡
V'L^t_ smr+e

(-1)t+l (r-t)t
P.T d-a sm m

Kê
a .. 77

.. 78

N
\'t
L

i=1
p.T Þ.7

(1 - e r- srn)r * r + e'r- sm

r¡hich reduces to

. /r*1\ .m-1H'l-'i)= (r+1)
m \ r-I/

large mr (smalI

large s then

Lemma: If

s, rvhere K is

than unity, then

Proof:

is given by

(-r)*+1r'-rl* |
i=1

K.
t_

?-nTî- ti-sm-

Nr

\.
ì
L

i=1

v
-3a
2

t
sfor

for

t"*). If G(s) falls off more quickly Ëhan

I K' vanishes as shown by the followfng
i=1-u

G(s) asyriptotically approaches i for large
s

a constant and n is a posítive integer greater
N

I f,p, vanishes for k equal to 1, 2" 3...n-1.
1-tl-=r

From Equatíon (17) the step response of G(s), q(t) '
p.t

K. e' l-
l-

'l-

given by

p.t-a
. .... . 79

produces

NK. N

c(r)=-l * + I
i=l ''í i=l

fron rnhich the kËh .

1.

d^.-u c (t)
dr.-

which when eval.uated

d'-.- q(0)
dt^

derivatlve is

N k-l
= I K.Þ. es 1'1

l_-r

aÈ Èhe origin

N k-l
= I r.p.

t_' 1
l_=r

80.
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On the other hand, the lnitial value theorem yf-elds

*r(o)=ll:"["u e] 81

provided all the lorver order derÍvatives are zexo at the orígln

(zero initial condÍtions). Because of the asyrnptotic behaviour of

G(s) Equation (81) reduceé Èo

for all- k less than n. l^Ihen the right-hand síde of EquatÍon (80)

is set equal xo zero in accordance with Equation (83),
N k-l
I x.p. = oo 1'1

l-=r

1-

+,(o) =K1í-¡ *dt^ s+æ s

and in particular

t.

- q(o)=o
dt^

obtains for all kr'less than n. This is the desired result.
'l

Thus if G(s) falls off more quickly than ; for large s

N

then I *-' = 0 and Equatíon (78) reduces to
i--1

zrJ1 \ ñ Nl N

"å 
(#r) = (-1)'+1 (r-1)* .-1.*, ,1, (2 - p.r"rr)

i=l*ifi ---
N

n Q -p.T-r)- 'l- sm
a=_I

B2

B3

B4

85

in which the summatíon is ret¡ritËen as the ratio of two polynomials '
4nd

The coefficienÈs of the highestr*second highest powers in r l-n the

RouthÍan Polynomial- (which is the numêraÈor of Equation (85) are
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of opposite sign for sufflciently large m; therefore the

associated limit cycles (for large m) are unstable. This result

is esÈablished for the case in which all pi are negative real

as follows:

The highest power of r in the nuneratoT of Equatfon (85)

is tm*N-l. The coefficient of this term, A, is given by

e=rN-r$" i /-^\
sm . 

z, oj 
.', . (-Pi/

J=I TfJ

and Èhe coeffÍcÍenÈ of tm*N-2, B, is given by

n=zrN-2T K. 
N N N-1

"* jll , tr.+T,, (-nr) *,*T,s(-Pr) + "' ,*T,*t-nt"

'r[tT Ko i (-nr)
"* jll J i#j

which for sufficíently large m reduces to

,,,I.I N

B=-mTr\-rf K. II (-p.)
"*jlt JiJj -r_

B6

87

BB.

SÍnce A and B given by Equation (86) antl Equation (BB) respectívely

are opposite in sign the assertion Ís established. Hence for all m

larger than some critical- value all lfmít cycles are unstable. The

main rveakness in this result is that Ëhe critical m is poorly

delineated.

It is expected that a sirnilar result may be obtained for the

case ín which complex pi are allorved although no proof Ís atËempted

here.

Equations (S9) ro (94) inclusÍve and page 44 have been deleted'
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ter a fer,v manipulations are performed.. Again, the first two

coeNcients are of opposite sign (see Inequality (e].b)), herr"e

every r\it cycle vrith period snarrer than T j-s unstable" The

weakness in\is result Ís that the critical period, T", is
poorly delinrit Àïevertheless, a necessary conclition thaü

the Taylor E>çansio\¡" vatid recuires that

$nrt"*l <L
be satisfied for all i ancì

ä"<< NhÉ

for all i in terms of the critÍcal hal

rough idea of T^ may be obtained,

ConrngA!: The existence of a criti-cal- od has beqr esfab-

lished for all systerns (ursier consideratlon here)\ict-, behave

asymptotically as f or År, that is, for n equal to on\

rT Thi-s becomes

period. From this, a

t1¡rþ o

Tt. nlay be possible (perhaps by mathematical induction) to

Iish this for all n, thougþ such a proof is not atterpted he

The Nypuist Metho_4S

Èither i;he þquist or the dual- Nyqu-istä{ethod when applied

f,n f.he nnpn'l^^': funcüionr Å-L_þ-), is free froni the manipula-.-,,r"¡o&=î|e _* -
tive difficulties inherent in the Routh Test" on the other hand,

each ltlyquist' Diagram interse-ct,s its respective criticaJ- poÍnt because:-ñ-_- fu:I)=--*'The factor, (r+t) , along the Bromvrich Contour behaves
exactly the sa¡ne as a time--.dela¡' factor so that the dual lrlyquist Pjethocl
cloes åpp1y, itor a discussion of the dual Nyquist Diagr"* ãéut

F. Jones¡ Steþ-Liitl' of Feedþgck StrFLem Usine.Dila.l Nyquistl
Diaqramq, I"R"E. i"

l,{, Satche, Jcurnal o¡ Applied. liiechanics, beember, LJl4Ç,
pp, l¡lÇ-20 

"
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tlre ¡iouthian Pe1.-¡¡1om-ial- has a zero aL the origin. This means

tilat no esLiinaLe of lhe cegree of stabir-ilrr sf the tinit clrcle

can be obtai:ed fro:. either the irl¡rguisi or the cual ltyquist

iiethod. However, such an esbi,-rate is provided by the Ìrrycruist

Ðì.qrr^¡- fnn fho recl¡ced fUnCticn H¡lr ) dcf.inart þy¿qrrvururrr,,]¡arr, uer¿trçu

H'(r) = I-l-A L (r+-I)
m ñ III¡--îï

"t 
-(r:l) oa.èø ôcøoo.,eo.óo,.o 95,r

unfortunatellr, ihe dua1. l{¡'oui-"t Diagr.ail f'or llt(r) is complics.ted.

by fhe I factor and the nethocl -ioses;ruch of its efficac:¡.
r

Qg.vea.!: It .must be ernahasized that l^rhariever. rnet,hod is ern-

plo¡¡ed, each lirniN cycre is 't es'r.ed individualJ-¡¡, not col_Lectively.

Ttius, for each Linút c;.cle, either å new iìouthia.n polyno¡rial

must be computed or a new N;'quist Diagran constructed"
i,,ahoiijn both the lioulh and ltlyouist i'iethoCs are iatrj_nsj_cal'l-l¡

c':mberso;:re, if is rossible, witìr an;' of Lhe Nl¡:luist ìfethods for
a defiij-te trend to e,l-erge aiter co.isl,rucfinq onrrr a fer,¡ di_agrans.

lecause of this, the Ì'lycuist l.lethods ap-_ìearecl to be sr¡_cez"ior to

the Routh IesL fron a. s¡r5lsn point of view.

6, ¿i\T Eri.¡ù',PLE

'rhe exanpl-e tliat initia-lecl the stucllr (Fiqure 1) is now anaryzed
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by the metL¡ods developed in this chapter. The valuee of the system

consùants are glven bY

tí: l, (= L, pr -- -1, Kr = -r, pz= o, n, = I

whtch when inserted ln Equations (25a, b) p'roducer

m( ì r-*å
n"fH*CIlf = (-l)m(-z* ze ¿_* (zn - 1)J) .................,,, 96&

t'uZ, ,.a.-ä 
t+

and

r*[H-(f)l 
=fl(-r)^G 

- "t-41 o.. ... .. e.... o r. e ..... r. . ... .... 96b
l'" 2 ) -T

I* eZ

+!.
for the ¡¡"' Hamel Fu¡ætion on the ranget

1< g<L o
m\- 2 -m-1

The firsb four Hanel Functlons are plotted ln tandm in Figwe 13.

H¿(T)

\H4(EI
n"{xr¡r]

co rn mutation line
= Ts¡ = O.49sec.

5 : T.^: O.¿48 sec.Æ.
?¿¿(- È:.r I Tsr = 5.J5sec,

H'(T)

r^[ H(t)]

\
L

ï
¿

co<-T

. FIGIIR.E ]-3

HAMEI, LOCUS FOR EXA},IPLE
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The forn of th'e Hamel Locus strongly sugflests that this

system has'i,n:finitel¡r many lirnit cycles. This refutes the claim

of Gilte et al. that such a systen has only one 1init 
"y"1u.14

It is true, however, that t,his sJrsten has only one stable and

therefore one ph;rsi-cal limit c)¡cle. Indeed, that the liììLit

cycle with harf period of 3.J! seco:rds is stable is reaclily

established by the Routh Test as follows:

l-ro¡n Equation (óo) ancl Equation (56) it is evident that

N¡ob)nay be e>çressed by
"m\r )

N'n( r)
D*( r)

i\l *./*rli æ\
=¡1. IJf \ rur sÌn- t /

= ) XiazJ"t"
-i -fI --L' (r

which rdnen evaluated a.t

seconds) prod.uces

- uui'srn)r*1çepiTsm

the first limit, nrro] ø (n¿f period. 3.75

ON

[t, (r) = o.5(r -{-o.9tZ)I

D'fît
I' r f 1.0/.¡8

Substitution of

^A.c.oo cr.co..o.r."no. y(1

this e>pression in Equationafter simplification.

GZ;, produces

11(r) ; * *1.048{-¿r(r - 1)(c,5)("1-0.917) a / /9

r

the reduced. Houthian Polwnomial for the fjrst lirnit cycle, The gain

co'rstant, 4.,, is reedí.]--.r compuLed by eva.luating the numerafu¡" of

the above expression at the origin and by settirg the result equal

Lo ,u"o"L5 lihen this eeuation is solved for Alu lhe result is
l.l+

Gill-e et a1., _?.p,__e-L!", pp à40-I.
AF
¿J

For. a proof that the numerator of the rinht*hanrl side of
Eqtration (9ç) vanishes at the origin see pp.3|-g,
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2

Å = 
(-1) (1.048) - 2.?8^1 (o.s) (0.917)

which when reinserteo in EquaËíon (99) gives

100

ti=1.14r*0.905 101

after simplifÍcation. Since this reduced RouthÍan Polynornial is

obviously stable, the fírst limÍt cycle is also stable.

Itihen a similar analysís is applied to the adjacent lÍnit

cycle (half perioci 0.49 seconds) the reduced Routhian Polynomial

simplifíes to

pl(r) = 4.4313 - 8.t4r2 + 6.96x + 17.38 .. Lo2
J

vrhich is obviously unstable; therefore, the associated linit cycle

is unstable.

Furthermore, G(s) satisfies the conditions set forth in

"Stability of Ëhe limiting case"; hence for sufficiently large m

all limit cycles are unstable. In deducing this result the approx-

ímations
p.T

I + e-a s* L 2 103a

and
n 'I'P'¡

1 - e- r' sm ! ,.T 1o3b' '1Sm

r¡7ere assumed to holC for all í. Since p2 is zero these equations

are satisfied eractly for i equal to 2. For i equal to 1 Lhe

left-han<i sides are

1+.P1T"3 = t+e(-1)(0.248) = t.7B anci , -.ntt"3 = 1- e(-1)(0.248)=0.22

assuming a critical m of 3. If 107" error may be tolerated in

Equation (l03a,b) Ëhen all lirnit cycles with m greater than 1 are

unsËab]e. This conclusion is in agreement rvith Ëhe experimental facts'



An interesting sidetight is that, this systeri ma)¡ be rep-

resented in a "phasei pla¡ert in v¡hich the linif cyeles do not

alternaLe in stability in ac,:ord. wiih Poincarers Rule. Tfris

apparent contracl.iction, however, is easil;r e4:Iainedi The pre-

sence of time-Iag mearrs that the stale space has infinilel¡r

ma"ny staLe variables, Consequently, Lhe "phase plane" repre-

sentation isu in fact, only a phase sub-plane of the entire

system. Poincarel s i?u] e, however, applies onl¡r 16 trr.le sta.te

L6
or phase planes.

7" THE FAIlliltE Oi¡ i.oBrs RULE

In l,he derivation of his criterion, Loeb effectivellr assuxl.ed

t,hat the so'lution to the varialj-onal equation hlas a damped sinusoid
L7

at the titrLit cycle freguenc;'.=' It wlll be establisÌred in this

sec|ion, hol.rever, t,hat ihis ass-umpt,ion is invatid for each of the

limii cycles in the prevj-ous example, except the lowest frequency

one. This is why the ruLe wcrks for the lor,vesL freouency limit

cyc1e, Jret, fails for aI-L others,

the above stafements may be deduced fron the transient

response of the associated variat,ionâl sys-r,em (Figure tL). How-

ever, the auionotnous solufion for u*(t) presents sor¡'e diffícuJ'ty

as the z-transfoy'm ne'thod for finding the time res':onse of the oui-

pu'b canrrot be api:] ied directly in the autonomolls case'

l6
This aprrarent co,rtrad.iction together r';ith its e>ç-lana'bion

was firsb observed þ.,r Pr6fessor R. A. Johnson.

L7
J" Loeb" oP-" i-t,, L95L.



On the oÙher hand, Lhe z-Lta'nsform is appl'icable to

fhis system with ze'o irit ial conclitionurl8 *d r''rith the

non-zero driving fulction, a unit del ta function at the i;ine

origin. Fqrthermore, this driven syston is autonomous except

¡f. t,he ti-re ori ¿-'n Therefore- for aIL positive tiare, theoU ultv r\!1r.

characteristic nodes of ul'(t) of the driven systen are the sa:ne

as those of the autonornous system, fndeed, the fol lo'nring soàu-

tion to this driven s;rstem is sufficient to establish the invalid-

ity of the Loeb assumPtior.

Since Lhe z-Lransforrn of the unit delta funcLion is

u;rit¡r, Lhe z-lransform of the output, cr(t), for the mth varia-

tional- systerr is given bY

in uhich .Ç ancl Lo(a) are given b¡r Bquation (óg), ancl F"quation (Sl),

respectively. Substit,ution of the appropriate val-ues in Equation

(fO¿) for the first liniit cycl-e Ín the previous example gives

cl(a:) = tz"åZL@åSþz! 9r9+ou) .... o.c û o.o.., ô.". 1o5a
(z+ t)(z + 0,116)

after sin"plification or

^ 
/ \ 

- 
a aati.(z) =Zr_æ^-O"L77 _ oooo,oo.o. ooôco., 105b
z+L zl-0.116

in a partial- fraction erpansion. The oufput at a sanpling instant

is determirlud fro.19

1q
I(uo, -g-"_gi!,, pp, ó6-8.

t8
Foi' Lh e salre

is no mêjìrÕrr¡ sj:,ôT-A.îC
t) \r v\i¿

seconds l-a'¿er.
t_n

sir:1:ì,iciL)' ít has been assumed- i;he.i, 'uhere
1-l.ra ,-lol r.r .rrri t¡ {'n¡" iha l.i ma nri -i n J-n frJllU L(g.l-d.)/ UIIIL/ J-rL' uil(, 9rillv vt!:¿]i UU ç

c.( z) = iuLsld.---
f { ArnI,,'( z)



t '''-1"- --^.. loóc (nT ) = 1ÖC (z)2" oz ...cc.o..oo....'oco.ã..o..
' .qffi' mìn (r/:* etri ir..

l,¡here I. encloses al-l the sin,.grlaril,ies of 'bhe

integrand and n ìs a non-negative integer. The evaluation of this

inversion Íntegral I'ields

c.r(o) : o .oo....o......o..." ,..c.." 107a

for n equal to zero and

n-l n-l
c;a(3 "75n) = 2.32(-L)^" - - (0,1?7) (-O.tI¿) o o o. o,..., r 07b

ror positir¡e n, þ-rom a physical stan'l.ooint, EouatÍon (roZa) is ob-

vious because the time-dela;r in the forr^rard- path d'e1ays bhe effect

of the delta frrnction at, the outprtt by Y seconcìs.

Since the sysl,en is autonomou.s for ,oosíti-ve 'i;J-nne, the error

signal is the negaiive of Equation (fO?b) r^inicir is

-- /o.rr \ - .> cc( rln-l-L /n rc?lr-n 1ló)n-1.,..."". lO8u1\). 1)il - -'â)1.\-L) -l- \v"rrll\-wa-

for posibive n. Ihis is the solution to the variai;iona.I equafion at

-t-.h.a sernnlinø'ìnstanLs for a. oarticuiar set of ini-tial conclitions"urf v -\4LJ4 - i--^

åritself, Equation (fOA) d.oes not specif¡'a r:nicue Line furction

for the unsarirpled error signal, u.,(t). Horrrever, eil,her the modified

à-transÍorm or subniultiple sanplilf r^, be used lo approxinate u1(t)

to any desírecl clegrei: of precisi on, lhor.rqh such refinement will not

be required for what follorvs.

Fron a lernra in uhapter II it is kno.¡¡n that Ki1(K is a con-

sfant) is alvlays a solutíon to lhe varia.iional system. By identifi-

cation, hi, is represe-lied. by the iirsi terrn of llruation (fOS). Loeb,

in his analysis, co;r.i.rleiely ignored this steady sLale parf of ihe

solulion a:rd, althou,qh this was conceotualiy incorrect, it clid noi

read to false corrclusions because the sta'bil-it';r of the variational
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svste.ï (end henee the li:¡it, e.rele) does not denend on this

sieadl¡ slate solu-tion.

To aporoximate fhe unsarrpled error siqnal, u, (t), fro:n
I

f.he ¡mnl erl Þy1 ^'. ei r¡n¡l rr- l ? ?Ãn) t.hp fi r.ql'. t.e¡m i n Enrr: l-i nns+b:4e4, q1\)o t/r,t,

/ - ^^ \(]08), is replaced by

(?f15(Ð
i, ( a rtr.\ùI\).r)/

v¡ith z,ero error since I( was chosen so that I(i., was equal to bhe firsi

tern of EcruaLion (fOg) at the first sarnplinq instant, The second.

term is aproxirnated Ì:¡¡ a clamped sinusoid at bhe limil cycle freouenc¡r

of -q* or 0.839 rad.s" f sec. This proceduïe gi-ves
< / 4.

ur(t) : gÉeåil9- - o"L77e2"r5"-0" 5'.15i cos(O's39t) o ó o. o' o c o

'Æ-(c ryr¡ 20
-+t.x)q(),) r /r^¡\rçhÍch is ide:-rüida]. -flo ii"uation (108) at, the sa,'rplinq insian'bs"

cause of this it fol'lor.¡s that liquation (fO9¡ Ís at l_ea.st a, rongh

proximalion to r,cuation (rog). Thus, Loebts assurnption justified

the fir st liÍút, cycle.

Insertion of the appropriai,e constants in Équation (fO¿r), for

the next l-imit cvcle (natt periorl O.À"9 seconds) yields

lna

p.^
'v-

for

C (z\ : q.g(o"grz, + o.QLÐ-_ c __ _ ., ".IIOa)' ) 
--

lrhich r'rhen e>:pressed a.s a partial fraction e>rpa.nsion becornes

^^1V
To prove this,

tíon (109), Since the
iately,

l.rr¡

rÐ

rorr'l raa t! vy¡qvv u

first term
3"7 5n
exact

110b

in the second term of Equa-
the result follorn¡s im-med-



q¡,

,,.¡irür on inversion b¡r the negative of Eouation (fOó) yield-s

. .n-l .n-l
ur(0,t,.9n) = -o "t+79(-r)"--+ o.oo9(-0"0309)

n-l
+ r.oló(1,82)" -sin(0.?59n - ?1,8") noo. 111

bhe first term of ilrích ¡epresents the steady sLate solution as be-

fore. Hovrever, the rsnaininq terilLs cs.nnot be apnroxima-ted b¡,' ¿

single clar',ped sinusoicl at the l-imit clrcle frequency because i'he

lasù and dominant term (the apptitude of r+hich grows v¡ith tine) does

nol change sign at bhe sa,'.pling frecuency,

Unlike the inluitive ciiscussion ,iusfifying Loebrs a.ssuryption

for the first linrit cycle, the above arp¡qment, constitutes a proof

tha.t Loebts a.ssumpl,ion is false for 'the second linit cycle. Fur-

thernore" it is reasonable Lo a.ssume (i;hough no proof is attenpted.)

that Lhe rule Iails for the same rea.son for the renaining }imit

cycles.

However, if the intuitive anaiysis used for the first limit

c;rcle is pursued for this second li'nit c¡'cle, further insight is

.gained into the failure of Loeb¡s Rule. Thus¡ the continuous error

sienal, ur(t), is nov; ap¡rroximated by

.,,- tr.') i -(o.,',zÐ *-(t) - o.ooge3"å8e-7"llt"ou( 6.tJ:')v3\w/

&r( o "ll)

^ A 1.221'
* t,otóe-'o-e*"-*-sin(L,55t' - 71.8) oôooo ooêoô . rLz

vdrich (as before) is identical to Eoua.tion (1ff) ai the sampling in-

stants. It is to be not,ed that, ihis solu|ion differs material.l-y from



t-ìre, rl.crriôr'ìs.r;'re in that ¡þs ]ast tenr, is not at the ij-nib cycleU¡¡V ì ':

frer:r:,g¡sy of ó"Äl- racls/second. Ihis facf ex-ola.ins r,"iny the rule

fails. If only tÌre íirsi and seconci t.s::'ns Ïrere present in Equatio;r

(ffZ), then the tim-i| c¡'c]-e r'¡ould be sbable as preC'icied b¡r the

rrrlc Tha r¡] e, hnr^¡c¡rer t,¡.ires no accorrnt of the third term ¡¡hichf UIg. ¿rlv I ulv9

is noi at, the -i-ir¡it cycle frequ-enc¡r but rn'hich actually makes the

lirri'¿ c)¡cle unstable.

It, i.s significc.rf that -r,he faiture of Loebtu ÌÌuls in this

exa:r;rle is not clue to any error in fhe describínq function approd-

:na'l,ion, -Lndeed., a sûmgle calcrrla.fion by l,he describirg fu-nction

nefhor-l ga.ve f ,L7 seconcls for the periocl of the first lirit cycle

Ir+nrst ease) as n.:îî,ìârnd t.n -/-50 seco:^,ds from the Iianel Locus,
\vvu¡rw v.r¿vl ra/v

Since fhís is ðn err:or of -l-ess than 0,5;ã, it, is obviou"s that the

dr:seri'oi'ro irlnet inn anrrrori 'rai,jon is ve.tici Í'or this exali;¡11e.uvJv¡ t\/r i:

g. L0jiB'tj RULE AjtD THit TSYPKIN LL)CUS RULE

Ln the previotr.s exs;nple, the fa.c'u tha.t bhe íirs'L lindt c;¡cle

is stable a.ricÌ the others unsl,abl-e does not contradjct the follot^ring
2I

rule derivecl b;r Gille et al. fot'i;he Ts;r;okin Locu-s' It si;ates

that a.n íntersection froil above the cornnutati-on }ire, for increas-

i n¡ tro":rre'rew pl r.r¡rrq r.enr.eqp''t.q alì u.nSi;able l imit C..vcl e v-ire]'eas¡ v\l (4 vr rvr/

one íroni belolv Ítâ..\,r l1 epresert either a srable or an unslable linit

r..wc'l ei. frlrt,her i nrrest,i øai,'i on i s e'l ì¡¡ârrq rêârri re'l lg C.eCid-e tl'liS .l-at-l,,YVIça J. ua UilLr

ter case,

2L
tli'l I o af ¡'l ^Y\ ail nñ , 0'l .ì1LrrIJ-ú su ct_Lsr lflJ_ç- 9.¿9r: \)P. L+CL-Ö)ô



'l'herefo¡'e, in al-l rel-al¡ slrsfe:s for ri,nich i;he describing

function mefhod cl 6ss]¡' approximaLes fhe Tslrpkin analysisu a posi-

five vecior rrroduci (r",rhich cor-respo'rds ,,,o an irtersection flron

belor¡ by fhe Ts1'pkin Locus) does;rot Buarantee a st,able linit

c:'cle as asseried by Loeb. Indeed, i.r the absence of -ftirihe:: i:-l-

.i'orr:rat,io:r, a posiür".e vector product gives no sL¿-Ì::il:ti. iniormation

lvhatsoever, This certainl¡r agrees v¡ith Liie results of the previous

exanple in v¡hjch ever)r lirlt c]'cle has a positirre vector nrocluct

associaied wiì;h it,; .;'et, one linj-t cycle is stable a.nd the oihers

are unsùable" 'Ihis ru.le for Lhe Ts¡'pkin Locu_s thus e>q2oses a

nraior i¡i l-ì ro i n Loebl s Cr.iterion in rel å\r q'r¡s1-,o,-,s ¡nr] f.hcrehrr.,.*¿ "* ¡ --++4rr¡) r.,i ruulLù ørL¿ ulrçl çv.y

casts the shadow of doubt upon the positive vector trroducl, in al-t

s-\,r $tems 
"

Unfortu_natel;', Gilj-e et al . annloyed specious reasonin.s fo

clerive 'r,his rule. ì'or exa-rr:ls, in lhe s;;'rnboìism of Lhis thesis" it
i q qr, rqoqf arl l-ho1'gin Lira.t the zero a.t s enual tn .jw . urhere w isu v ¡q.* w 

ln- ra

the ti:::i-t cycle frequency, be renoved fron r-{- 4J,-#( jw) to create the

nar,r -f..n^l"i^^ q / ' \ 'ILçr{ l. ulrc r,JO.ry Ð*\ Ji{/ r g1vell o}¡

s*( ir^r) : 1+ af,fi( ju') tt4

s-jw
m

vdrich is Lo be exærined for right-hatf p1a.ne zeroes by the iilyquist

Test' This tatt,er functiol, na:i",e-ly S-( ji^r), is noi; a sampJ-ed function
gt

because it, is nob periodic in its ar,e¡_rnent. '-[hus, in ap.lyi:rq the

i'.r¡ouisL 'I'esi,, the ellíre right-half pla're nusf be enconpassecl, nob simpl;r



the prinr'ary strip of i;he rieht-half llane (vinictr is suffici-ent for

a sampled funclíon). But, if the eniire inaqinary axis ntr-si 'oe

tre.versecl, it is a.n enrpby strateqy to ren:ve the ."j-ng1e zero at s

ecua} to j+i since lf ,ltt.1s), b.' vj-rLue of its periocìicifi', has"riL mm
infi¡it,eli¡ maily zeroes on ihe imaginary axis posj-tioned ¿r.L s equal_

f.n -r- i\.i ri?r,¡ +i5W iience the rìorirr¡f.i On is inVa-l-íd. ThiS-" + tJ"'11i, J.jJ"m, :¿/'":\ . ¡rv!¡uv, urrç Lrçt !v our-

does eof mean tha.t fhe ru-re is irvalid; in fact, ihe flolloi.ring ar.gu-

ment 1ends ccnsiderabl e su1:pori: to the ruie.

Perhaps, the simplest wa¡r fo attack ihis problell is i:o ap.,ly
Lr.^ 1\I--^.-ì ^+ rF^-J. t.n i.ho q:*n-tod :luncliOr, f -|- À_L:(S), for l.,triCh t,heur rqj 1!J r.j u-rù u r sÞ u uv ul¿ç Ðcir..I/rgLr . fil ¡t

aplrronri-a.Le s-;olare coniour (dei.oLed by c) is shor.¡r in Fi3ure l-4,

'he deùours at *¡1i

R*þl

* l1¡I
<J "riì

f-IGUiìE tÀ

TIìE s-FL¿NE CO¡iTOUn F0l1 1-l-\t6(s)

I
f

,
I

I
-_--û

are a},iays needecl to preve;rt, 't he conlour
2Lof 1.|- \1,:(s) sj-tuaLecl at l,hese pointsl-llr m'

'Itr n:. n¡ c, qi nr" i-.lrr-nr r oh J¡.h n z ê?r^ê q

Àdditional- cletours are re.¡uired

/_L

-Ln bhe il¡'qu1r¡ Tesi¡ the s-plane conNour nust uol, pass thror-r.gir
anlr poles o)? zeyoes o-i tire fu:lc'"ion -neinq -bcs|ed-,



if L(s) has any poles on ihe inagii:sï¡r ¿*i". The lj¡rit cycle r,rill

be etable, if as s l,races out 0, Lâ(s) does not encirelethe criticel

poinf, 1!-; Íi r,,,ílt be unstabtu oå"'¿."" Sone generaJ- properLies of

the sa.mptËci locus ¿re now d.erìuced.

In the neighborhood of the criiical point, the sarnpled- Iocus

nay be approximaterl b¡' the t-,vo ferm TaSrfs¡ Exparìsion at s equal to

.ii^i oi rranr lrr¡
."m, ã¿ v v¡¡ vJ

L-:i( iw+".i€) = i,r,¡-iri, \ , -^iO,'-'./ .
m.-.ïtr,-- , n --n,r.,rn)-i-re"5Ë[(jrv*) o,,6c ,. 114

iein r,'¡hi ch re" i s definea in ¡-i.E:re I4, Sfraight,îorward cliff erentia'l;ion

anC substiiution in Equation (Z3a) ancl Eouation (50)esLabl.ishes

r,;hich, since lrq is a positirre reaJ- nu:nber, proves thaf $pr(¡*¡ is a

?)4 (ts

real nu¡rber lvliose sig;r ì-s the sa:ne as d_(F.eII,n('Im)), The siqn oÍ 1,he
dr¡ -' 

;
latter cterivalive is easily reatl from "bhe l{*; Locus. Furi,hermoreq the

real 1:arl, of 1,hc llarrel Locus is equal to bhe i':aîiner),- cart oí the

Ts;rpi<in Locus. 'l'herefore, fhe 1:reviou.s elu-atíon na;r 6" rer,riLten in

ùerms of the fs¡¡pkin Locus as

rl
+_L-ñ(J"r) = k*ù_ lrnl-l,tw-)i) aoooocôâoô øe coõoð,.o.. lló
ds - ]ildi.r L lr r

rì
The sien or { (Iml-n-(wn)l ) is posiiive if ihe Ts¡rpkin Locus aporoaches

dwlr
ihe connutation fine ilro¡r bel-or,¿'ior i-ncreasinq w and negelirre ir, the

other cê.se, a íact r,irÍch is apparent for any pa.rticu.Iar li.*it cycle b¡r
22.

inspecüon of the Tsyplciu Locus, iìron irqu.a.fion (ff¡*)" the ìrehaviorr

of ihe sarnpled locus in the neighborhoorl- of lhe criLical point is su,l-

^^
tn

1 ^^,.^ ^.,+ ^f,uvuÐ vuuÐ
-^^^.t--ì.-^ ì ^t.l(Jvr4urv Y ril

the lJanel represerlation, tjre rlerivat,ive is }losi,i;ive i f Llle
the com..utaLion l-ine fro¡- i;he ri,qht, Í'oi" incre.".sirl T; it is

1,he op"oosibe case,
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itìarized. -qraphical-l )' in ifigure 15,

¿nother 3cners.I -fact about, the sampled locus (1.¡ricir is
ea.siry proved b¡," setbing s ecrual to zexo in Ecuaiion (50)) is
.¡-r.nl. Ì-ll-ln\ ¡^ ^ulrou !.'\v/ -Lb.:. reâ.I nr.rniber, This neansthat Lhe sa:aoled locus

:n

i-nteysects the real axis af s eoual to zero. IJol.rr if (I) this

inierseciio:r l-ies fo the riqlrt of the cr'ìtica.r poin-r, anc (2) irhe

sa::rpled locus does not cut the real axis for any other va.lues of

s as C j-s traced out then il-r",lth linlit c.r¡cle is stable for

di-j( jifi.ì) positive (I'igur.e 15r) and ¿nstable for' ðLJt(.ir,r ) nesativelL-" -- - ff.'' m'

d" ãs
(ltigure I5b)" This is the essence of the rrûe

r+ith |r""o sufficiency å.ssumptions appendeC,

derived bI/ Lrille et, a1,

¡ ¡"1 \
l_lïIIJ1r \ S ,/¡ì

i

r) -d!íì( ¡r^'*))o
ds'.

i'Iote:'1¡s Ts¡'pki_n Loeusr_ru(r+),
cuts the comrnuta"tion line frorn
below (no-u sho'nm).

r-rt!J; \ Ð /
11t

neli¡( s)

- ----*-*"_-Þ

b) CIfi( juç)(o
UD

iüe¿s: The Tsypkin Locusr_.¡-(Lr),
cuts the cor,rnufaLion lirre íron
above (not shotm) .

rì
I 'criticaL
I nnini.

IIIGUR]' 15

lSiiiiiWltìUtt aU ¡;t( s)
m

I'JEIR TI#J CR]ÎIC;IL PCTNT
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There j-s (at 1east) or" genera.I case fcr r^.hich ,che íirst
assr,rmpticn is rLot required" Suppose G(s) (refer to Ìi'ieure g)

conLai-ns a s1nqle -L'riegre,tion then ii p is taken as zero (without
N

loss oí generalit;') i,he correspondin,g residue, Ii¡f, wilr be a posi-
t'ive real number. 1'o prove ihis, o'r_.serve i;hat since G(s) is
assuned to be a ra.Lic'nal , sta.ble, a,rcl rnini¡mm phase functi.on it nay

be e>çressed as

^/ '-Ì*{ iLr\S/ _ ,/ ,AiS
+=t=*_ Ò.o..oo,o..oooo è.ê6ooo......." 117¡i-2 islb . s'
j=o ¿

in r''rhich air b. are posi'tive reaf- nur¿bers for ari i ancl j. ,i.r.r. il.,Jfh

residue is ,given b;'

rtiv :#B{"*i"ü ..,c,oo.o..coê.e,oo. oooc.oo... r}B

r,.¡hich b;¡ virtue ,Þrrr=i.'i.,- (rilz\ I*\.i qc u¿u. r \ Jl_ / / DeCOIíÌe S

a^ oc.oc..ô.rooorrc..ao .r.r, l:l 9-g
h"o

in fhe iindt. Sj-nce ao a"ncì bo are both posi'bive rea.r nunbers, i{i,1 Í"
al-so" 0n j;he o'bher hand, substitr:tion of p61 eqrial Lo zero in ilquaLion
/ -¡ \\ )'J ) t l/Ierd s

of

:

l,;( s) -

for tl're sam¡:Ied fu.ncbion when G(s) contains a

s tencls to zero in iouatÍcrn lreo), Lä(c) tends

bive real number. iÌence, in this case, tä(0)

si-n¡1Ie irtegratíor-r. Ås

to4-@since ä-, is a posi-
.t\

is alrr.ra.-s to i;he rieht of
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the crifical poinL (r.,irictr is a negative neal nurJcer); Lherefore,

fhe first assr.urplion is nct reguired. Il shou-ld be no1,ed Lha.t

this renlark apl lies to the ¡rerriorrs exe;:lp1e (since it h¡.s one

in'r,e¡¡ra-r,ion Ín G( s) ) .

¿s the di-scussion is noL inLended- to be an e>'.hausiive

c-l-r¡Är¡ ^f +hi . prr'l o inr J-.ho 'l-qrrnl¿'in Ï.nnrr c 11^ {\rrl-.h on nnnnf q
ùuqv-J vi lvvqL,

r.ri I I hp ¡t.l-.onni-.4'l horc Tl¡o irilrnnqa nf f.hì e rìi qr'rrqq,i an i q nnl rrvlJ¿JL,v.Ilvi?(4}Jvuvvt+UV:LLJ

1,o e>,,r:ose ceriein fallacies in the existi-ng derivation and'bo 1-ay

a firm found¿¡.ticn llor furLher researcÌì, To t,his end" two possible

'rlheoremsrr are proposed for further str-lcl¡/:

rili-heorern lrr: if G(s) has one lrlsq¡a'bi-on then an i:rLer-
seciion fron above the corlì'ìrula.fion line for increa.sírg w by the
'Isypkin l,ocus â1t,'a.1's imolies a;r unsLable lirit c;'rcl e at the fre-
oueilcy of the ii:iersection, (Tl-.is theorerr r.¡ould eli,:ira.be lhe

"""o.,d 
assr¡¡ni¡Lion for j ntersec-,-ions froiri above.)

rìllheoren 2rt: If G(s) has one integrabion then the lorl'est
freciuency intersection oî the Ts¡rpkin Locus rviih ùhe com-:luta-
tíon line represents a stable or ,ur?stable linjt, cycle accordingly
as the intersecl,i-on occurs from belot^¡ or above the comlutafion line
-L'or increasi rg w. (fnis theorem .¿¡ouid. eli'rina'be the second assump-
ticn for the first or lor.r'est freeuency irtersection.)

No proofs are offered for these rrtheoremsrr, nor is it clained that

1-.horr ¡z,a i n f ¡nt. f.nrre Ì\ierrpnl--hal aec t.hav nnr¡ld i¡nnrrì da ¡ nn;r-t:l :9,v v,

ve,:ient startirg point for furLher ',.¡or1ç, I:r this corLrecLion, Gille

eb al-. cj-te a llussian referelce rthich l:i,qht be usefu'l , thouSh it
)2

l,¡as not revier^¡ed. 'ny the au,lhor of this Lhesis, 
--

"-t
G ,ie imai'k - C oeri orii cheslcilth rezhi,.'1al(h i usto -ichivasti-.., .: jæ-=Yaa:._ _

- ' 
/ -\ FF/ ë/^ Í r a-^\

!,:e!e.rny5n sr slerl, ji.uroï0.aLr Ka l- r eremeKnanrr(a, rir\ ) / : )rÕ")oY \LY7 ) ) ,



C]Jfu:T]trR IV

DTSTUSSICI'J OF R||SULI S

T. SUi'liARY

The failure of Loebt s iltile in the sir:l¡'le cortrol s)'siern

Cescrí'i:eC i:: Cìrapter J nrovided the nl¿jn justifÍcatiorr for this

bhesis. Cllapt,er II rr¡as clevobed 1,o a .qeneral discussion on liait

c.1'cle sÌ,abil-ity a'rC. served as a base Íor. Chapter IIf r./nerein an

ev¡ct, ¡n¡l r¡qi c l.r¿ts de'r¡e.l ctnpd í'nr^ l'i'-i+ ôr,a'l 6- .-¡l I ìmìf nr¡n'l a* ,"--.) u¿u rrqr svv elvruçq _l.VI II¡-_¿U V,J/ VrçÐ d,:lU rrit4U U.yUIU

slabilit;' .for au|cnornous tite-Ia.g ideal re]åy co:rtrol s)¡sfelìls.

This aralysis was then u.sed Lo solve Lhe original problem of

chap'Ler r; Lhe resnltin"; soli'tiorr prcvided consiclerable insiqh'i,

into wh¡. the rul-e r'ail-ed. Last of af t: a constnrctive criticisrn

of a rule for ihe Tsypkin Locus v¡as oj'fered and- ,"one inplications

of this rule ,nrere discussed.

2. COi'lCLUSIO¡JS

The first conclusio:r is ihab Loebts Rule _failed in the

e;:a ple ci'r,eC ir Chapber I because of un,justifieC assr¡¡otion in

the d-erivalio'r of the rul-e" -tn parbicular, it rn'as 1'roved that

fhe sorution to the variatio;rel- eflue.i,ion'irr,3s lof al-wa;rs a dar,rped.



aJ

sinusoid at fhe ljmit c;,'cle freruency a.s Loeb had assumerl in

his derivation. Therefore, nerther ihe s!-ilhL error in the

deser'ìlri ¡o filne t,ion ennnnr¡i:'.rat.i ôn nñì- i.ho :¡reqence of tlnev¡¡v l-l¡ vuv..

lag conlribi-rted in an¡' esse:tiaf ua;' to this jlailrrre. 'Ihe

second. impor'can| result was the Cevelopnent, in thapler 1Il,

of an exact li-if cycl-e a.nal;r5is for ti¡ire-la.g ideal- relay con-

trol sl¡s'r,ens to re,olace the a¡ roxir-ate describing fu.nction -
Loeb neNhorl. !'inally, a rule for the Ts.ypkÍn Locus suggested

l,lra'L a.,oosii.ive vector proriuct per se in lhe describi;iq func-

tioir - Loeb method was an inconclusive stabilit:r¡ tesL for

i darl re] ¡rr ¡nnf-n¡-l qr¡ql'.an¡q nnd f.Lranafnpo lr'¡ ìmnl i n:f i anJUg(:u I 9¿sJ VUt I U¿ V_L OJ Ð Vçrl!Ð O¡ llr UrrçI çf Vl \t, u,.', r¡ttl4JV'-'UrU:¡,

for other systens as lvell,"

3, FLTRTI-r¡1ft STUDY

Sone toÌ:ics for further research are:

I, the extensio.r oí the mebhod of Cha.-oter III"i;o oiher

on-of f elernenLs and ultimaLely, l.¡it,h the aiC o.i i4ehamnedrs

r,'nnl¡ fn l-ha oan6¡¿1. nonlineA1. el_emeit'r, COntaining SAj,U1' atiOÌì,

d p:d z^¡ ê ¡rr¡l hr¡qt-apaqi q

2. a detailecl sLudy irlo possible a.Iternatir¡es to Loebrs

iÌule for nonl-i'rea.rities other than those in (L) abover ,rsing the

resu-]Ns of Chapter fI as a starting -Ðoint,

3. an investigaLion into Lhe behaviour of the limitire

form of fhe Rcuihien ,'olynomial for the st,a.bility equivâl-ent

Á l.-^',rrrm¡a.l an ni'l-.¡!.r-L¡:¡gltLJ vu. vua v¿ uco
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sysfein Íor s;'stens in wlrich G( s) falls of f nore qui-ckl-y than

L (see Ohapter III) and

5-
l+. a complele exa'i'iinaiior oí the rule for Lhe 'Is;r1:kin

Locus startinS i',.it,h l"he "theore,ts¡r indicated i-n 0hapter III,
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iheoqg!: The variational- er:ualion obi;aíned b;r the opera-

iioral al;proåch is equival-enl to those obl,ainecì by the st,a.te ap-

proach for a nonli'lear feedback contr"ol sl¡sLe;n r'rii;hout ii-.le-lag

(Fiaure l-6 ) ,

rtT, I -

Fi,Guriit 16

COi{TBL)I, SYSTiili iir'l}i0uT TIi'ß-tÂG

Deiinit,ion: G(p) is a sLable, ratirnal,

ti-on of order iil"

i'_rqo{: Tìre s¡rsi,er ecu¿rtion j-n o¡era.tor

:r i nì mrrn 'lh ¡ sc ftrylg-

Pn'¿m i q ci r¡on hr¡

i,r( p) {r{*)i+¡tu){*} = o L2L

in r',ìrich ä( p), D( p) are pol;"nomials sa.fisf-.'ing

c( p) : i!(d
Ð(p)

L22o
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The o;"cler of D(p) exceeds

d , The pliase eou-â,tions
dt

the.t, of i'l(p) a",rl p denotes the ooerator

¡rra oi rran hr¡

!

-*t
!

- -hI
t!

funcl,ion, I-, be

{t,,.} 
: F(x, å,

X

Xò
I

Y
t

.\Tox
J'fdf

.6o.@" L23.

defined b¡z

i\i-l
1.. + \k; "," É '.rl) "..ooooû ".."" LZh

i{_I
ct

Let the

t,,: rlch becornes

in terms

na{ ¡*'i ^r1¡V uuUf UJ I t

in v"'hich

Norn- D(p) may be

*Lt *Z ooo "1,1,

ê]mFêqq

bha.t, is

t'l( p)

r1
I'J(p)tf(x)l - I¡(x1: þr .,. *iü) oû,oc êêG6ø ooo6o." L25

L.r

nî l.hr' nhnce rr¡ni ¡hl o. lÌlnrrlFi ^n

ijìqualicn (1.2.5) is r'¡ri-ti,en as

(fe3))" In veclor rnatrix

r,l(p),fr(x)] = o(¿l

r*-
i^it-
!-

lø
ll'
lôl-
i.1'T

" r27"

t¿o

i
4

^,1

hw

nnl r¡nnrni ¡l r"ri i.h real coefficients, âc,
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D(p) : laun l- n .ê.ûo ...oo ',' L28
k=o "

in i,virich 4",, is Lallen as u-nity r'rithout loss of ,3er.era.lity. B'¡ '¡ir'-i\l

frre of ;iquation (tZ6) anrl Equation (fZg) the phase equations can r'ìo-!'i

be expressed corepa.cll;r ¿g

*. I x.,'t o'.o'oe .'o "'Ò""" L29a
l- A-FI

for i ecual to l, 2, 3, ... ll-I and

ø 
- /a1 / 

',þ1
".\= -(it(¿)+f%1*r) êoooð,o.,o ..L29b
'u kro

llor i equa,l to itl.

Suppose ër is a (vector) oeriodic solution bo Lhe phase ecjua-

tiors- -hherr the reola.cement of x. ¡y 
"1 l- u* n rnhel:e u= is the varia-i ' a' '--" - *l- --

ti-on in ,iriu.a.tion (l-Zgarb) croduces

"i+;., = *l .--l- u. çooço'o'o'êèoo6' 13oa
I'i.I -L?J

for i eo'ral to l, 2-, 3, ,,, N-l and

' i'l-l
i:- + ü-, e -lr,(xrì- r¿) -{- J]*u- (*,- - -ì- u '\.i\J r\ \ - ;=-kt-'ic+-I' *k-pf)/ øèaoo'"' l3ob

rt-O

for i ecuaf- tc 1{. These recluce to

I31a

for i equal Lo \r2,r3u ".. itl-I and
Ii ir..l

/\...- 1n / o\ r \- \tiv -- -( à"# (;!r ) -r à t tt-rt) . ". .oóôo." 131b
J-r "dxj K-- o

for i eque.l fo N, l'/risl'¿he li-:it, cycle solufj-on is cancelle.L an¿ lhe
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h'ìohen nprìpr i.ei-¡¡g in the Va¡.iâ-ti¡nS ü.ìr ü^, Uo¡ .oo qr,, are neglected.
¿ ) 

_-1{

Equations (f3tar¡) corrprise lhe (linear) variationaJ- eouaLions obtai:ed

bw a. state âonroer:h. These nhass vâriê.tional erua.tions âre reduced fo".;

j-tra c-i ^at o nnor:fionaf ve.riational eíluaticì-l as follor^¡s:

i?rom Ecua-i;ion (L26), one obtains

Flvr-¡-rr\ i/ r \ - r;/ t <fil*l + ',',- )ì - ¡1 r*rl"/.., \lç_ \=- ,.=) _ tr(xr) = i'i(p),-,-_, r *r/r -.(p)i f(x.l)¡"". ", L3z
I r rj l. r;

',ni e.h f r.n m 'Îp-¡l nl. I s 'lh êñÌ.ê.rn heco:..es

't\'lr!f

f ".ât 
(:*t ) -ì- h,o,to in u., r ,. ', : ir/^lr '-/ '\

j:t Jåx l' v27 " ' tl'i - i'j\pJ{u1*:(t) -l-h"o'r'
l
-t

in u.. ¡ uor ,, , .\,,! . ". , L3i)
I a, rJl

ldhenc e

[]
\-./,
-l- 

|

'ìe nìrt-:irrad 'nrr onrr.=fins lino.an +..v\.( vJ vvqt.v¿..,.¡ -erms l-.I1 u1 , u^ o n o ürro
-L¿]\

fnsertion ol' the riqh'b-hand side of Ecuaiion (1.3À) in .llquatj-on (13fb)

pr"oduc es

eeoôo,ooo... L35

ÉÊI (:!' ) = i{(nlþ,q rfll}
udK. r. -OX - ,!-J

1?t,

Ll 1
r:n \
1 td\çv1,¡.¡-l /

fn
I

ur- = -(i"t( p) ,u, df (xl )!j.! t_-r-d.x r'

or
i't-l r ìorçu,, + L."q_q-,, -l- iü(n),¡u,gg1"1;¡

i\ k=O n lt-ru l. *¿X -.1

r,.,'hich, f rorn gqu-ation (12B) reduces to

r( p) i",1 -{- lrq p;f*-Èr(*t ¡} -- c
\-i L rd_.c L:
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Sj-nce xt is cl,efined a.s x] and r.r as u-, Lquation (t36) ,t1' be reca.st1l-

f I tr'!
i+(p){ug-r(x')i r-D(p) i"l= c c......oê......r37

Ldx .r !-.¡

r,¡hich is idenLic¡r-l to the varíational- eoua.iion obLailed b-L' the opera.-

tional ap.iiroach; il1erefore the iheoret is proved.


