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ABSTRACT

The Reverse DF is introduced as a means of effec-

tivety analyzing nonlinea.Tt closed loop systems possess-

ing a high pass linear plantn and hence significant har-

monic components in the feedback signal. The technique

is applied to single-valued I zero-memory, time invariant

nonlinearities" The major restriction is to non-zero

sloped nonlinearities over a non-finite input range.

This reverse approach is applied to the DF, the rms DF,

and the DIDF with a high degree of success. The Pattern

Search of Hooke and Jeeves is used to solve the resulting

simultaneous nonlinear DIDF equations. Jump phenomena

predictions are also investigatedu with consid.erable

success for both a sinusoidally forced high pass system

and a low pass system forced by a triangular waveform"
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CHAPTER 1

INTRODUCTION

The idea of the describing function (DF) cannot be

attributed to a single person, as it r¡¡as almost simul-

t.aneously introduced by R.J. Kochenburger, A. Tustin,

I,{" OppelL, L.C" Gold.farb, and J" Dutilh [I p " 49] around

1950. This method has become wídely accepted. in the

study of oscillations in autonomous (time invariant and

unforced) nonlinear systems, and may be applied to a wide

variety of nonlinearj-ties including continuous and dis-

continuous, single-valued or with hysteresis " The popu-

larity of this approximation is undoubtedly attributed

to the simplicity of its use, as well as to its generality"

The DF method may currently be applied with some degree

of confidence only to low pass systems (Sec. 3.1) " The

purpose of this thesis is to develop an approach to study-

ing oscillations in a system whose linear plant is not

low pass" This approach would widen the scope of appli-

cation of the DF by removing in certain cases one of its

major restrictions vLz. the low pa-ss assumption.

1"1 PRACTICAL CONS]DERATTONS

This thesis will deal with the basic autonomous,

nonlínear, time invariant feedback system shown in Fig. 1.1.

The forward path consists of one single-valued nonlinearity
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followed by a linear plant, while the negative feedback
path has unity gain"

Fig" 1.1

GENERAL AUTONOMOUS NONLINE/\R SYSTEM

rn the conventional DF approacho the input to the
nonlinearity, e, is assumed to be a sinusoid" Due to the
characteristic behaviour of the nonlinearity, the output
m will contain the frequency of the input and its har-
monics. A"âi&#å*#tL1ndirion of rhe DF merhod, rhe
filter hypothesis (sec. 3.1), is now invoked. This means

that the (low pass) linear prant essentially firters out
the harmonics in m . Therefore, the signal in the feed-
back loop is nearly sinusoidal, which justifies the orig_
inal assumption of the waveform of e This DF approx-
imation yields accurate resurts in many cases, although
it sometimes fails when it is expected to work t or works

extremely well when it is expected to fail [1 p "L62]. rf
the linear plant were high pass instead. of Iow pass,

the harmonics inherent in m would be amplified and the

N

Nonlinearj-ty

L

Linear
Pi-ant



feedback signal would be highly distorted" In this case'

the sinusoidal approximation of e is very poor and pre-

dictions based. on the DF would be expected' to be poor.

In the high pass case, the sinusoidal approximation

should be made aL m. Signal balance is achieved by

talcing m through the nonlinearity to e, and m through

the linear plant to c, and equating c and -e" The

signal at c will be sinusoidal and -e will contain the

frequency of m and its harmonj-cs. Because the high pass

plant is no longer a source of harmonic distortiono the

predictions based. on the sinusoidal approximation at m

are expected to be good" This approach will be referred

to as the reverse method while the conventional- DF approach

will be termed the direct method.

This reverse method may be interpreted mathemati-cally

in another sense" The sinusoidal approximation is made at

m and the signal-f1ow is assumed in a counter-clockwise

directíon. This means e witl contain the frequency of

m and. its harmonics, and the linear transfer function will

be inverted" Hence, what was originally a hígh pass

linear plant is now 1ow pass (Sec. I.1"2) " This linear

plant filters out the harmonics in -e and the signal pre-

sent at m is essentially sinusoidal, corresponding to

the original assumption of m. Although mathernatically

sound, this interpretation is physically invalid as the

signal actually flows in a clockwise direction.



The reverse technique may not Jce applied to a non-

linearity possessing a zero slope over a non-fj-nite input
range, such as the ideal relay or saturation" The reverse

characteristics of these nonlinearities possess infinite
slope and hence have indeterminant eguivalent sinusoidal
gains 

"

The closed loop equations for the direct and reverse

methods and the mathematical signal inversion will be

more closely outlined in the following sections.

1"1"1 Closed Loop Equations

Fig " L.2

CLOSED LOOP SYSTE¡{

The nonlinearity is defined by the rel_ation m=f (e)

Applying the reverse technique, the reverse nonlinear

characteristic is used and. is defined by e=f-l(m) o.

*411 nonlinearities except those excluded. in sec" 1"1 wirt
have well defined inversions.

Nonli-nearity
m= f(e)

Linear
Plant
G(j(¡)



Direct l4ethod - The input to the nonlinearity is assumed-

sinusoidal "

e=Esinot (1.r)

m = f (e)

= M sin(t¡t + o,) + higher harmonics (L"Z)

cx, is the phase shift introduced by the nonlinearity.

The equivalent direct sinusoidal gain of the nonlinearity

is defined by:

Keq(E) =Sujo (1.3)
- -E;

The closed. loop equation is:

E - -irt ejo e (jt¡)

= -Keq(E) E c(jur) (1"4)

or -1 - K.q(n) c(jo) (1"5)

Reverse Method - The output of the nonlinearity is

assumed sinusoidal.

m=Msi-nr¡t

-'ìe = f *(m) (1.6)

= B sin (ot + ß) + higher harmonics (1"7)

ß is the phase shift introduced by the nonlinearity"

The equivalent reverse sinusoidal gain of the nonlinearity

is defined by:

Reo(M) =9"jß (r.a)?1 \Á¿l
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The closed loop equation is:

E "jß = -¡l c(jo)

or M Req (M) = -l¿ G( jo)

Req (M) = -G(jt¡)

(1.e)

(1" 10 )

branch 23 con-

the feedbacl< path.

In both cases n the equivalent sinusoidal gains l(eq (E)

and Req (M) are the DF expressions for the nonlinear
-1characteristics f(e) and f *(m) respectively"

L"I"2 Path Inversion 12,3f

Signal-flow diagrams are a means of giving a detailed

visual representation of the flow of signals through the

system" Signal-flow theory may be used. to justify the

mathematical path inversion of the reverse method.

The standard closed loop system may be characterized

by a flow graph of the following form:

Fig" 1"3

STGNAL-FLOüI GRAPH, DIRECT CASE

or

Branch L2 contains the

tains the lj-near plant;
nonlinear element;

and branch 31 is
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This flow graph typifies a system being analyzed in the

usual forward direction. The gain in branch 23 is G(jo) "

If the l-inear plant is high pass, the reverse

approach may loe used" Mathematically speakingo the closed

loop system may be analyzed in a counter-clockwise d.irec-

tion, beginning at the nonlinearity output" This means

that the mathematical signal-flow path is from output to

input of the linear plant" This requires signal inversíonn

which fol-Iows a general rule [3 p. 1153]: "The inversion

of any branch jk is accomplished by reversing that

branch and inverting its gain, and shifting any other

branch ik having the same nose location k Lo the new

position ij and dividing its gain by the negative of the

original branch gain gji. o " Applying this rule, the

signal-flow graph will now have the following form:

-E'r-q" L"4

SIGNAL-FLOW GRAPH, REVERSE CASE

The gain of branch

mearrs that what was

directiono i-s now a

32 is nov¡ -+--*jtl)
once a high pass

low pass systenr

" This essentially

system, in the fonvard

in the reverse direction.
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This is one of the major assumptions upon which the reverse

approach is based; that the original high pass system

becomes low pass in the reverse mode and filters ou.t the

higher harmonics produced. by the nonlinearity.
Unfortunatelyo although the concept of the path

inversion is theoretically Jååfor rro clear physical inter-
pretation exists. This reverse method appears to assume

signal-flow in the opposite direction to that in the direct
In *ra^f c4sg3

approach"¡ this is physically impossible, as the model is
in general, only valid for flow in one direction. There-

fore, this mathematical interpretation may not be used to
provide physical motivation for the reverse technique.

Its use is mainly to give one a feeling for the reverse

method, the idea that it may be appropriate in the high

pass case"

1.1. 3 Comments

This chapter has served to introduce the basic con-

cepts of the reverse approach and has provided arguments

to support its validity. The following chapters wil1 pro-

vide an application of this method to specific problems,

a definition of the boundary between the direct and reverse

methodo and certain low pass system applications.



CHAPTER 2

METHODS OF ANALYSIS

There are many methods of analysis which are readily

applicable to nonlinear systems. Two computer oriented

methods and. a mathematical approach were chosen to solve

for the nonlinear oscillations "

2.L ANALOG COMPUTER

Analog computers are widely used as tools to study

systems involving differential equations. The electronic
analog computer uses computing elements which operate

símultaneouslyo and whose outputs are voltages varying

with time. System simulation was performed on an EAI 580

analog computer" The fundamental amplitude and frequency

of the system oscillation can easily be d.etermined, using

Fourier analysis to determine the amplitude" Fourier

analysis may be implemented in several different ways.

The most basic method is to multiply the system

oscill-ation by a cosine and. sine wave of the same funda-

mental frequency, and then integrate over one period" A

switch is necessary to limit the integration to one cycle

of oscillation" For accuraLe results, the multiplying
sinusoid must have the same period as the system oscil.lation.

Figure 2"L gives a blocl< diagram summary of this approach.
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An alternate method, proposed by Fifer l4l, is
more complicated mathematicalty but is physically simpler
to rearize" This method uses the response of an undamped

harmonic oscil-lator which has been subjected to a forcing
function (here the forcing function i-s the system oscitla-
tion) " Again a switch is required to limit the analvsis
to one period of oscillation.

The latter method was chosen due Lo its high accur-
acy- This is possible as a result of the elimination of
multipliers which are necessary to implement the firsc
method- Multipliers on the analog computer are very
inaccurate for low lever inputs. A major disadvantage

of the analog approach is that saturation considerations
may demand a rescaling of the problem.

2"2 DIGTTAL COMPUTER

The digital computer is especially suited to find-
ing the solutions to the DF and the Dual rnput Describing
Function (DIDF) equations. A program available in the
computer library, called continuous system Modeling program

(csMP), enables simulation of the nonlinear system. A

discrete Fourier anarysis prograrn may then be applied to
one cycle of the system oscillation to determine the ampri-
tude of the fundamental and harmonic components after the

steady state oscillation is achieved.
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2.2"L Numerical Techniques in General

The solution to the set of q equations

91 (*L,*2,...r*p) = 0

g^-¿

9q (*L,*2r".',*p) = 0

is the set of p independent variables (*Ir*2,. -. rxp)

which simultaneously satisfy the equations 2"L" If this

set of independent variables is noL a solution to 2.I, then

not all the 9i will be zero, and

' "2 2 ,? +^ ^. * o2 (2.2)l9ll = 9l * 92 +""'* 9s

will be a non-zero value. Most numerical techniques

(including optimizatj-on methods) attempt to minimize such

a norm or residual error. The major difficulty in multi-

dimensional problems is that one cannot distinguish between

the absolute minimumo u.rrd loca1 minima-

In the simple two dimensional case, a local minimum

is d.efined as follows [5]: "Suppose that f and its

partial d.erivatives up to and including the third order

are continuous near the point (arb), and suppose that

f*(aub) =fo(a,b)=0

*Absolute minimum is the set of independent variables

(*10*2r.""rxp) = o

(2 "L)

(*I'*2, "..,*p) which simultaneously satj-sfies 2"L and makes

llgll2 = o -
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Then (a,b) is a local minimum if

^-^alrq (2.4)

Absolute and local minima both satisfy 2-3 and- 2"4

and therefore are mathematically indistinguishable'

except for the fact that the absolute minimum has a smaller

norm"

Equations 2.3 and 2.4 ma-y easily be extended to a

multi-dimensional problem" The specific task here is to

solve the DIDF equations o which consist of four equations

in four unknowns, for the a-bsolute minimum"

A solution algorithm or procedure suitable for execu-

tion on a digital computer must be constructed" Special

attention must be paid to the various errors prevalent in

this type of approach 16 pp.f-31.

Mathematical models of physical or natural pro-

cesses inevitably contain some inherent errors. These

errors result from incomplete understandi-ng of natural

phenomena, the stochastic or random nature of many processes '
and uncertainties in experimental measurements" Often,

a model includes only the most pertinent features of a

physical process and is d.eliberately stripped of superfluous

detail related to second-order effects. Algorithms that

use only arithmetic opera-tions and cerLaj-n logic operations

€ /- r.\ r /aob) t?-_-(u,ø) > ot**tot'" tyytt ,.y

f**(a,b) > 0 ."
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such as algebraic comparison are cal-led numerical methods.

The error introduced in approximating the solution of a

mathematical problem by a numerical method is usually termed

the truncation error of the method" When a numerical

method is actually nin on a digital computer after trans-

cription to computer program form, another kind of error,

termed round-off error, is introduced" Round-off errors

are caused by the rounding of results from individual arith-

metic operat.ions because only a finite number of digits

can be retained- after each operationo and will differ from

computer to computer, even when the same numerical method

is being used"

In light. of these inescapable errors, one cannot

expect to obtain precisely the absolute minimum by any

known methods" Two optimizatíon schemes were chosen to

solve the DIDF problem at hand. One method is the Newton-

Raphson iteration which found limited use because of the

difficulty of finding the necessary partial derivatives.

The other approach is a Pattern Search Optimizatj-on" This

is a very time-consuming method even on a high speed dig-

ital computer, but is a suitable method when solving a

nonlinea.r problem with many local minima" The Pattern

Search will achieve a convex regi-on independent of the

shape of | | g | | . These methods will be discussed in the

next two sections.
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2"2"2 Pattern Search

The "Direct search" solution of numerical- and statis-
tical problems was first introduced by R. Hooke and T.A.

Jeeves l7l. This method was then applied to the problem

of locating the minimum of a function by p"A. Macdonard t8l"
The flow chart of Fig " 2 "2 briefly outlines the procedural

steps of this algorithm"

"Direct search" describes sequential examination

of trial solutions involving comparison of each trial sol-
ution with the "best" obtaÍned up to that time together
with a strategy for determining (as a function of earlier
results) what the next trial solution rvill be. The appli-
cation of d.irect search to a problem requires a space of
points P which represent possible solutions, together
with a means of saying that pl is a "better solution"
than P., (written Pr C p") for any trvo points in the¿L¿

space" There is presumably a single point p* , the solu-
tion, with the property P* C p for all p I ex " In
these terms, the basic form of direct search is as follows.
A point B^ is arbitrari-ly selected to be the first-U

"base pointo'" A second. point, pl , is chosen and compared

with B^ Tf P., C B^ , p. becomes the second baseUIOL
point, B., i if not, B, is the same as B^ This pro-rl----u-
cess continues u each new point being compared with the

current base point" The "strategy" for selectingi nehi

trial points is determined by a set of "states" which provide
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Function
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Exploratory
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Fig. 2 "2

PATTERN SEARCH ALGORTTHMFLOT{ CHART OF
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the memory. The numT¡er of states is finite. The kind of

strategy used is dictated by various aspects of the pro-

blem, including one's knowledge of the structure of the

solution space. The strategy itself comprises the choice

of B^ , the rules of transition between states, and the
U

rules for selecting trial points as a function of current

state and base point.

Pattern search, a specific kind of strategY, is a

direct search routine for minimizing a function S (0) of

several variables 0 = (01,02,. . " ,ö¡) The argument 0

is varied until the minimum of S(0) is obtained, The

pattern search routine determines the sequence of values

for 0; an independent routine computes the functional values

of S(0) " This direct search procedure has been termed

pattern search because it is based on the d.etermination

of a "pattern" of simple moves that will give a successful

direction in which to move. The primary function of the

exploratory moves is to supply information for the improve-

ment of the pattern move.

The above optimization process has severaf draw-

backs. A fairly accurate initial guess of the independent

variables must be given" Starting at this point, the

opt.imization routine does not guarantee an absolute minimum

and may instead converge on a local- minimum" The program

attempts to minimize Lhe norm of eqn " 2.2, but will never

reach zero due to the inherent errors in the compuLer process 
"
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This leaves the question, At what point is the absolute

minimum reached,?" Th" o'smallness" of the norm or residuaf

which gives an acceptable result is a matter left to the

discretion of the prograîrmer" The process can be very

time consuming if the function evaluations are complicated.

Lastly, a problem may arise due to the different sensi-

tivities of the 9i to small changes in the independent

varíable= *j . This rnay require the minimization of some

normalized function instead of eqn. 2"2"

2"2.3 Neu¡ton-Raphson fteration 16 pp.319-320, 9f

The NervL.on-Raphson method is a well known method for

solving simultaneous nonlinear equations. This method is

based on a simple principle which will lce illustrated in

one dimension"

f (x)

x.
a-I

x, x,.-
l- l-+I

Fig" 2"3

T-D ÏLLUSTRATION OF NEIITTON-RAPHSON METHOD



An initial guess is made at the point *i-l

Through the point at (*i-trf(xi-t)) a straight line is

constructed which is tangent to f (x) at *=*i-1 The

intersection of this line with the x-axís gives the next

initial giuess, *i . This process is continued until the

function has been reduced to a preset level. The speed of

convergence depends entirely upon the initial guess, and

a local minimum may be found Ínstead of the absolute

minimum"

The case at hand is a four dimensíonal problem' but

is handled in basically the sarne manner" The set of

equations

i=I r 2 ,3,4

four independent

to the solution

is given by

to

(2 "5)

(2"6)

variables "

of 2.5,

9i(*ttx2rx3rx4) = 0 ,

may be written in the form

s(x) - 0

ce lv* ¡where x is a Ëo+ð vector of the

rf x.: is the ith approximation
-l_

then the next approximation ãi+t

(2 "7)

i=l ,2 ,3 ,4 and j=1r 2 ,3 ,4

(2"8)

äi+r =
-1

where A.
l_

where

is the matrix (ør, (xr) ) ,

agi (5i)
sij (åi, - --5i

The major disadvantage of this method is that the
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first order parti al derivatives of gi are required and

they can be easily found only if the nonlinearity is a

single-valuec1, differentiable curve.

2"2"4 Continuous System l{odeling Program

The 3/360 CSMP is a problem-oriented program

designed to facilitate the digital simulation of continuous

processes on large-scale digital machines " The program

provides an application-oriented language that allows these

problems to be prepared directly and simply from either a

block-diagram representation or a set of ordinary differ-

ential equations. The program includes a basic set of

functional blocks with which the components of a continuous

system may be representedo and accepts application-oriented

statements for defining the connections between these func-

tional b10cks. The self-oscifl-ation of time invariant,

nonl-inear problems may readily be observed using this

pro9rarn.

2"3 EXACT METHODS

The exact method is a mathematical solution of the

closed loop equationu and involves no approximations or

error. It is applicable only to the simplest examples '

as more complex systems result in formidable ca-lculations.

It is for .this reason that the exact method wa.s seldom con-

sidered as a reasonable aPProach"



CHAPTER 3

TI{E DF AND TTS CALCULATION

ThroughouL, the history of control studies o linear

theory has become the most advanced and simplified form of

analysis. It is not surprising thatn due to the analytic

difficulty of nonlinear problems, an attempt has lreen made

to approximate the nonlinearity so that linear theory may

be applied. The remodeling must preserve the nonlinear

property of interest. One attempt to apply linear theory to

nonlinear problems has led- to the Describing Function (D}") 
"

The DF method developed through the harmonic linear-

ization method of Krylov and Bogoliubov [1 p"a6] and can

be attributed to a la-rge nurnber of authors " The DF is an

approximate technique used_ to stud-y the existence , fo¡m,

and stability of oscillations in autonomous u nonlinear

systems. Inherent in this method is an approximation of

the shape of the oscillation waveform" Then, the cond-i-

tions under which this form of oscillation v¡ill exist,

approximately, in the system must be found.

3 " 1 FORMULATTON OF TIIE DF

consíd_er the single nonlinearityo closed loop system

of Fig" 3"1; in general the nonlinear element will be one

^ç"

(a) static, single-valued

(b) Multivalued (hysteretic)
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(c) Dynami-c

This thesis will be restrícted to the static,

single-valued case. There are three basic conditions

involved in the DF [1 P"110]:

(a-) The nonlinea-r element is time invariant"

(b) No subharmonics .r" tçiiåå*+"ä #"*3"1åi;".o*"
i-n re€p€n€€ Ëo a s-i-n¡*se'i-daå i'nÊ*t"

(c) The linear element acts as a low pass filter

and attenuates the harmonics of m(t)

This is known as the filter hypothesis "

Fíg "

GENERAL AUTONOMOUS,

3.1

NONLINEAR SYSTEM

The DF method involves finding the describing func-

tion for the nonl-inear element, which is its equivalent

gain to a sinusoidal input E sin ot The ord-inary DF

for a general nonlinearity, ûl=f (eré) o is the complex quantity

r(t)=o Nonl-inear

El-ement

Linear

Pl-ant

Keq (E rur) = g (E rul) + j b (E, tt) (3"1)



where

and

-t fzrg(E,ar) -; Jo f (E sin u,Etrtcos u) sin u d.u (3.2)

r- /E ,.,\ - I [2nþ(-E;,oJ = nE ]0 f (E sin u,Eocos u) cos u du (3"3)

In general, the DF depends upon both amplitude (E)

and frequency (o) , and is complex, In the case of the

static, single-valued nonlinearity, m=f(e) u the DF is

real and frequency independent:

K eq(E,o) = Kåq-(E) = g(E) = += l'n f (n sin u) sin u du (3.4)
'E J0

where
tf2Tb(E) = -;o I f (e sin u) cos u du = 0 (3"5)

J0

If the nonlinearity is static but multivalued. then

it. cannot be expressed as a single-valued f (e) or even

f(e,è), but the DF can still be computed. In this case,

23"

(3"6)K'eq(E) : 9(E) + j b(E)

is, in generalo complex and frequency independent, with

tf2r
s(E) = -# | f (E sin u) sin u du (3.7)

J0

-t r2Tand b(E) = -:F I f (E sin u) cos u du (3.8)
Îï-Hj J ¡

<--It. must be remembered that the present value of

f(E sin u) is dependent on the past history of f(E sin u).

The linearized, closed loop system of Fig" 3"1 now

has the form of Fiq, 3.2"
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Ficr. 3.2

L]NEARIZED, CLOSED LOOP SYSTEI4 FOR CONyENTïONAL DF

3"2 FORMULATION OF THE rms DF 11 p.85, fOl

Various unconventional describing functions have

been proposed but these have not found widespread use as
contis te*t !Y

they require more work and do not, in generula1provide the

accuracy of the conventional- DF. It is apparent that as

the linear element of the closed loop tends toward a perfect

low pass filter, the error of the conventional DF and some

unconventional DF's tends toward zero" It is possible,

however, that an unconventional DF could provide better

accuracy for many practical systems since perfect filt.er-

ing is unrealistic.
In I96Iu J.E. Gibson and K"S" Prasanna-Kumar lf2l

proposed the Root Mean Square describing functi-on (rms DF)

for single-valued., instantaneous nonlinearities. This may

be applied to the system in Fig. 3.1" The rms DF is

obtained by equating the rms value of the equivalent output

sine wave of fundamental freguencv to the rms value of the

Keq (B,ul) c(j(¡)



nonsinusoidal output

to a sine-wave input.

alent energy basis "

near element

be justified

on is

25"

in response

on an equiv-

",]'du

of the nonli

This might

The definiti

-t l¿tt--+ | lrtu.,0 r-
san

rms DF = RMSeq (E) (3"e), ,2 .san u) ou

where E sin u is the input to the nonlinearity and

f(E sin u) is the output of the nonlinearity"

For instantaneous nonlinearities, the phase shift

through the element will be zero" The linearized-o closed

loop system is shorvn in Fig" 3.3.

Í.i^ ? ?

LINEARIZFD, CLOSED LOOP SYSTEM FOR rms DF

3"3 APPLTCATTON TO SYSTE}{ ANALYSIS

The remaining sections of this chapter will deal

with the equivalent gain obtained by the conventional DF"

*ru.nSeg(E) - Equivalent gain of the nonlinear element using
the rms describinq function.

{

- r2Tr¿ | tn_zr )o ,o

e(jo)
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Should. the rms DF be used¡ â simple su-bstitution of equiv-

alent gains is alt that is required to analyze the problem"

The DF-predicted oscillation may now be found

using the l-inearized model of Fig. 3"2. The calculations

are greatly simplified due to the constant coefficients

involved for each E and ûr . The DF method is simply to

constrain the loop gain to a sinusoidal signal to I or

xeq (E, ur) c ( jûJ) = -1

The cofiÌmon approach is to write eqn" 3.10 as

(3.10)

G(jo) = *nftõf (3"11)

t. t.
and then solve graphically" The linear pJ'ê+t, G(jtt) , is

plotted in polar form as a function of frequency ûJ , âs

in the standard Nyquist diagram. The "critical locu.s"

-t
^-*tE;,r- 

, for each of a set of values of tû | is plotted

on the same graph, as a function of amplitude E The

intersection of c( jûi) and ¡66|fi¡¡ , for which the ü)

values match normally corresponds to an oscillaLion" If

the DF is frequency independent, the intersection of G(jo)

and :=-+:- will lead. to oscilla-tíon.K'eq (E)

If the single-valued nonlinearity is odd and sym-

metric o f(e)=-f(-e) o the resulting oscillation will

usually involve only the odd harmonics, and no dc bias-
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3"4 STABTLITY OF OSCTLLATION

The question of limit cycle stability is posed in

terms of the behaviour of a theoretical limit cycle state

following amplitude and/or frequency perturbations. If

the limit cycle reLurns to its original equilibrium state '
it is called stable, whereas if either its amplitude or

frequency grows or decays, it is call-ed unstable. There

are a few general approaches to the stability question;

Loeb's criterion, the fncremental-Input Describing Function

(IDF) technique, and a graphical approach.

3"4,"L Loeb's Criterion [1 pp.121-f23]

This stability approach is based on the assumpti-on

of a certain specific form of perturbation about the DF
ir¡ t

predicted oscillation. The predicted oscillation Eo" o

is perturbed in amplitude by AE and in frequency by

Ar¡ + jAt , where At represents damping" A concise

derivation of the criterion may be found in Gille et al-.

[12 ]. This approach results in the evaluation of the fol-

lowing cross product to determine stability for frequency

independent nonlinearities "

â G(jo) 
*

ât¡

The oscillation

ouencv (e ,(¡ ) witl-¡---- - o' o'

-1
EEIÐ- (3"12)

^ñOEJ

at a specific amplitude and fre-

be stable if the resultant vector in



eqn. 3 "L2 ,

Similarly n

ant vector

criterion

evaluated at (Eoroo) t

the oscillation will be

points into the page. A

is shown in Fig" 3.4"

points out of the page"

unstable if the result-
basic example of this

28"

G(jt¡) Plane

-1
I

Keq (rJJ

â(- -+-iKeq
ðs

âg
ât¡

(Ef 
'(¡f )

lu r,^r)
-1

¡!v:

ofJ

Fig.

EXAMPLE OF LOEBIS CRITERTON

(s.,r¡^)

3.4

FOR STABILITY OF OSC]LLATION

âc
ãr¡

From Fiq. 3"4, intersections (na,utr) and (earurr) would

result in stable limit cycles, while an oscillation at
(Er,ur) would be unstable.

3"4"2 IDF Stability Technique lt3l
The Incremental-InpuL Describing Function (IDF)

stability rtechnique is lcased on the calculation of the

equivalent gain of the nonlinearity to an infi-nitesimal

-'to (;-l-l
5eq-Ç--o _r,
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signal in the presence of the DF predicted sinusoidal

oscillation" This infinitesimal signal may be, for example,

a l¡ias or a sinusoid" A technique for calculating the

IDF may be found in Gelb et al" [1 pp.276-2781" The lin-

earized IDF system is a constant coefficient system and any

linear system st.ability technique (Nyquisto Routh-Hurwitz,

root locus) may be applied to it to determine stability.

3. 4 " 3 Graphical Technique

The graphical argument comes from linear system

theoryn which states: "If the limit cycle amplitude pertur-

bation is positive, a stable system configuration is

required to dissipate energy until the amplitude decays

to its unperturbed value; if the amplitude perturbation is

negative r ân unstable system configuration is required to

absorb energy until the amplitude groh/s to its unperturbed

value.o' This approximates local stability. An example

of this approach is shown in Fig. 3.5"

The shaded areas represent the stable regions " If

the system is at 3, a negative perturbation will drj-ve the

system into an unstable region" This will cause Lhe system

amplitude to grow until state 3 is reached again" A small

positive perturbation from 3 will drive the system ínto a

stable region, where the system amplitude will decrease

until state 3 is again reached" A similar investigation

of states 1 and 2 will show that states 1 and 3 are stable,
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t

Keq (E )

JU"

while 2 ís unstable.

c(jt¡) Plane

fag. J"5

EXAMPLE OF GRAPHICAL STABILITY TECHNÏQUE

3"5 ACCURACY OF THE DF APPROXIMATTON

The value of any approximate method of analysis is

limited by the confidence the designer has in the results.

In one case, a Leo deviation from the actual value may be

acceptable, while in another, a 0"1? or a 10% deviation may

be justified. Because no known standards are available,

a heavy reliance must be placed on logical and intuitive

evaluation. The validity of the DF method is primarily

based on intuition and experimental results "

The objective of this thesis is to show that the

reverse approach in particular examples is more accurate

than the direct approach. There are many different ways of

assessing the degree of accuracy and severat will be outlined.

c(j(l))
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in this section " This question of accuracy pertains only

to amplitude as both methods pred.ict the same fundamental

freguency of oscillation"

I'IC[. J"O

GBNERAL FORM OF FEEDBACK SYSTEMT THE DIRECT
METHOD ASSUMES A SINUSOID AT T, WHTLE THE

REVERSE IVIETHOD ASSUMES A SINUSOID AT TT "

The closed loop equations deríved in Sec" 1.1.1

are used to find the maqnitud.es of the fundamental compo..

nents at ï and rI by tfrl aire"t and reverse DF methods

respectively" These fundamental magnitudes may then be

transferred from the input to the output of the nonlinearity,

or vice-versa, through the linear plant. Simulation tech-

niques are used to find the actual waveforms, and hence the

actual fundamental magnitudes at f and II " One of the

following methods may be used to assess the "gioodness" of

the DF approximation"

Method I: Theory and acLual are compared at the nonlinearity

input" The two theoretj-cal values are the magnitudes

of the fundamental component at I (direct DF) and the

N

NonlinearitY

L

Linear
Plant
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fundamental component at II (reverse DF) transferred.

to I " The measure of error is defj-ned as the percent-

age difference Ï¡etween each theoretical value and the

actual magnitude of the fundamental component at I "

The better approximation (direct or reverse) is deter-

mined by which gives the lesser percentage error.

l4ethod II: Theory and actual are compared at the nonlin-

earity output" The two theoretical values are the mag-

nitudes of the fundamental component at II (reverse DF)

and the fundamental component at I (d.irect DF) trans-

ferred to II " The measure of error is defined as the

percentage difference between each theoretical value and

the actual magnitude of the fundamental component at

II. The better approximation (direct or reverse) is

determined by which gives the lesser percentage error"

MeLhod III: Theorv and actual are compared at both the

nonlinearity input and output" The direct DF approx-

imation at I and the actual fundamental magnitude at

I are compared to give a percentage error. The reverse

DF approximation at II and the actual fundamental mag-

nitude at II are compared to give another percentage

error. The lesser percentage error determines which

approximation (direct or reverse) is better"

Method fV: This method is an assessment of the harmonic

imbalance in the loop. In the direct case'

is traversed in a clockwise direction from

the loop

I. Considering



the return signal to l, the magnitude of the most signi-

ficant harmonic (usually the third) is compared with tire

magnitude of the fund-amental component" In the reverse

case, the loop is traversed in a counter-clocktn¡ise direc-

tion from II. Considering the return signal to II,

the magnitude of the most significant harmonic is com-

pared with the magnitude of the f und.amental. The ]cetter

approximation (direct or reverse) is determ'ined by which

gives the lesser harmonic imbalance.

The whole principle of the DF rnethod involves a-n

assurned. waveform at some point in the system loop" It see¡ns

only logical that the accuracy of this assumption can be

best assessed by determining the actual waveform at this

same point. Otherv¡ise, if the comparison is made at some

other point in the circuit, the assumption mtlst be trans-

ferred- through system blocks, and. this may introduce error

due to slight frequ.ency differences (and- hence a change in

linear gain) between theory and actual"

Methods I and II involve amptitud.e translations of

the reverse and direct appro><imations respectively, and

therefore are inaccurate. Method III is far bettero as the

actual and assumed waveforms are evaluated at the sarne

point, in each of the direct and reverse cases" This is

the method that will be used- in the examples of Chapters 4

and 7"

The fourth method gives an estimate of the harmonic

content tha-t is ignored in the approximation" The decision
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of direct or reverse being more accurate does not require
knowledge of the actual waveform at f or fr, and hence

greatly simplifies matters. This criterion may possibly
find use i-n determining, before simulation, which of the

direct or reverse methods will be more accurate. This

idea has not been thoroughly investigatedr âs this would

require the solution of many example problems in ord.er to
observe general trends.

rn spite of the above arg'uments, each method v¡ar-

rants special attention and the decision on which to adopt

is ultimately up to the user and his discretion.



CHAPTER 4

APPLICATTON OF THE REVERSE DF AND RE\IERSE TMS DF

The methods d.eveloped in the previous chapters

will now be applied to specific examples. Each system

is made up of a static o single-valued nonlinearity and

a high pass linear plant" In each case, the reverse DF

and reverse rms DF techniques will be compared with the

direct DF and direct rms DF.

4"L EXAMPLE 1

The system is made up

earity and the linear plant

of a gain-changing nonlin-
K S (S+ 

" 5) (S+1)m,

r (t) =o
KS(s+.s)(s+1)

(s+B) (s+10) (s+rs) 2

Fiq" 4"L

CLOSED LOOP SYSTEI4 OF EXAMPLE 1

As evident from llig" 4"20 this

oscillatory states. The state at tll

exhibits a stable oscillationo while

system has tr,vo possible

= 3.2L2 rad" /sec"
the state at (¡ = L"07



rad. /sec. is an unstable mode" Operating at û) = 3.212

rad" /sec" o the linear plant possesses high pass character-

istics in a sufficient range to include significant har-

monics; this is indicated by the Bode d.ia.gram of Fig " 4 " 3 "

-1
t

ra¡ f Ël¡\va \!/

-7'----@@@ @
/,\- 1 

^1

Lù:o ¡æ

G(jtJ) Pl-ane

uÞ3.2I2

FREQUENCY

Fig" 4"2

AND A}4PLITUDE

lc(:o) I

LOCI. EXAMPLE 1

1000

I 10 15 l-00

4"3

PASS SYSTEM, EXAI4PLE 1BODE DTAGRAM OF IiÏGiI
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The direct DF and direct rms DF methods are used to

determine the fund-amental amplitudes for various vafues

^.tr ^=ì n 1. L'rr ¡ssllmi ncr e (t) =E Sin 1¡ t " Then, aSSUming\J! YeI¡I f\, PI qÐÐUILL¡IIY ç \ L

m(t) =M sin o t o the reverse technique is used to deter-

mine again the fundamental magnitudes for various K values"

Simulation on the digita-I computer provided the actual

fundamental components of e(t) and m.(t)

TABLE 1

DTRECT DF AND REVERSE DF, DIGITAL SIMULATION T EXAT.{PLE 1

*
Measured _ujrror

E in E**

2,l4easured Srror
M in tr4* x

***
K E_D 14-

-Lf'

660

900

LL25

180 0

2250

2B 50

3375

3750

I.230

L.962

2 "6BB

5.592

8.592

15.580

29 " 450

57 "730

1"139

L.640

2 "L77

4.6L4

7 "32r
14"098

27 "76L

57.539

B "02

L9 .66

L6.97

2T.L9

L7 "36

10.51

6 "09

0 " 33

1"056

L "202

L"329

L "792

2.242

3.266

5.288

9 .322

1"053

1.159

L.2BO

L"677

2.083

3"075

5"043

9"306

U"¿J

3 "69

3 "92

7 "L4

7.6L

6.20

4.86

0 "17

E_D

,(*
9o

*tç*

- Predicted fundamental amplitude of
direct method.

ERROR - This is the error explained in

^ I r-\ ..^ ì -^ +].^g \ L,I L¿Þ JIIY LIIE

Method. IfI, Sec.
3"5"

M- - Predicted fundamental amplitude of m(t) using thett reverse method.
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TABLE 2

DIRECT rms DF AND RBVERSE rms DFn DIGITAI COI\4PUTER, E,-'AI4PLE I

I\ l-_D
l'{easured.

E

I
I'leasured !;TîOT

1.1 in M

9o

Error
an -Ei

¡il--Þ

660

900

LL25

tB00

2250

2 850

3375

3 750

r.233

2 "006

2 "776

5"869

9 "022

16"148

30.310

58"585

1. 139

1"640

2 "L77

4 "6l-4

7 .32L

14"098

27 "76L

57 "539

8.29

22"35

27 "5L

27 "2L

23 "23

L4 "54

9 .18

I "82

1.053

l-.186

1.301

L"734

2 "L72

3.r77

5"181

9 "22I

1"053

1.159

T"2BO

L "67l-

2 "083

3"075

s.043

9 " 306

0.008

2.300

1"650

3 "770

4 "250

3. 310

2"740

0.910

20

z
l-rr^r"--"- 15

1000 2000 3000
Gain K

Fig.4"4

4000

ERRORS fN THE DIRECT AND REVBRSE DF I4ETHODS, Ev'AIIPLE



z
Error

Gain K
Fiq" 4"5

ERRORS IN TI{E DIRXCT AND RE\TERSE TmS DF I4ETHODS. BXAJ\4PLE 1

The digit,al simulation exhibits a fund.anental fre-

quency of 3.092 rad"/sec. for all the various K valuesu

which is 3.74e" bel-ow the Lheoretical frequency" The oscil-
lation amplitude increases as a function of system gain"

For large values of gain, the break points of the nonlin-

earity at t1 become insignificant and the characteristic
becomes almost linear" As a result, the harmonic content

of the nonlinearity output (and hence input) drops, and the

direct and reverse methods both beco¡ne very accura-te" Sim-

ilar linearization occurs for oscillation amplitudes only

slightly larger than 1.0.

The tabulated results ind.icate that the direct DF

and direct rms DF give very large errors for a wide range

of values of K " This rnay be attributed to the high pass

Iinear plant, which does not attenuate the higher harmonics



40

produced by the nonlinearity" The harmonic content of the

input to the nonlinearity varies with the gain K u having

a maximum third harmonic to fundamental ratio of 232 a-t

l( = 1800 " The largest error in E also occurs at K - 1800

i¡¡hich indicates a correlation between harmonic content

and error. The less sinusoidal the signal becomes at the

nonlinearity input, the higher is the resulting error in

the DF approximation, Because of the relatively large

errors involved, the sinusoid.al assumption at the nonlin-

earity input (direct method) is very crude.

In comparisonu the reverse DF and reverse rms DF

results are very goodo deviating from the actual by less

than 7 "6LZ " The harmonic content at the nonlinearity out--

put again varies with K , but only rea-ches a maxímum

third ha-rmonic to fundamental ratio of 3"462" The sinu-

soidal assumption at m(t) (reverse method) is therefore
-l .,^J-.i 1: ^Ã mLJqÐur!¿ss. r't.€ reverse rms DF offers a slight improvement

over the reverse DF.

4 "2 B)GMPLE 2

This example st.udies

of a cube root nonlinearity

plant K 53
(s+2) (s+50 )

the autonomous system made

L/3m = e*'- and the linear
up
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-t (s+z)3 (s+so)

Fiq " 4.6

CLOSED LOOP SYSTBM OF EXAI{PLE 2

The system possesses one possible limit cycle state

at 0r : L.L3462 rad"/sec" o which is stable" The ampli-

tude and frequency loci of this system are sirown in Fig"

4"7, while Fig" 4"8 gives the frequency response of the

linear plant. As in Example Io the direct and reverse DF

and rms DF methods were used to calculate the fundamental

oscilla.tion amplitudes at the input and output to the non-

lÍnearity. The actual amplitudes of oscillation were

found by simulation on the digital computer"

From digital simulation, the fundamental- frequency

of oscillation was found. to be 1.074 rad./sec" o which was

5.33? below the pred-icted va-lue. r/arying the gain I(

did not change the frequency of oscillation, but directly

influenced the amplitude of oscillation"
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u=I.L3462

FREQUENCY AND

lct:rt I

Fig" 4"7

Ai4PLTTUDE LOCI O EXA}4PLE 2

Fig" 4.8

BODE DIAGBA.I4 OF HTGH PASS SYSTE}4T EXAMPLE
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TABLE 3

DTRECT DF AT\D REVERSE DF f DTGITAT, SIMU&ATION ¡ E)GMPLtr 2

K tl
"D

2
l[easured urror

E inE

*.
Measured

-E;rror
M inM

M--R

r00
300

600

r250
2200

3000

4000

0.L47r
0 "7 643

2 "L6L9
6"5008

15.1788
24 "L705
37 "2L29

0"119
0"613
L "758
5 "25L

L2 "2l-0
L9 " t,20

29 "868

24 "08
24"64
22 "98
23 .8L
24"3L
24.46
24 "59

0 .5659
0"9802
1"3863
2 " 0009

2 "6545
3"0998
3"5794

0 " 541

0"953
1. 338

L"946
2 "54r
2.979
3"427

4"69
2 .85

3.65
2"82
4"47
4 "07
4.44

TABI,E 4

DIRECT TmS DF AND RE\IERSE TMS DF, DIGITAL SIMULATION, E}iAMPLE 2

K FÌ_D
Measured

-Er

2

l{easured r;Tror
M Ínl4

z
Error
l_n -E;

l{*

100

300

600

1250

2200

3000

400 0

0.154
0"801
2.265
6"800

15"9r3
25 .320
38.9 B0

0.139
0"613
1.758
5 "25r

12 "2L0
L9 " 420

29 "868

30.03
30"56
28 "85
29 "54
30 "22
30"38

30.50

0.551
0.955
1. 350

I"949
2 "586
3.019
3"486

0.541
0.953
1"338
r.946
2 "54L
2 "979
3"427

L "96
0"19
0 .97
0"15
r "76
1. 36

r"73
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rdoo 2ooo

Gain K

Fig" 4"9

ERRORS TN THE DIRECT AND REVERSE DF METFIODS, E>LA]iIPLE 2

9o

Error 25

20

15

1000 2000

ê¡i n K

tr''i cr. 4. I0LLY

DIRECT AND RE1IERSE :lMS DF

3000 4000

Ðirect

Errar

Reverse

Di-rect

ERRORS TN THE }IETHODS, EXAMPLE 2



45"

The direct methods give very poor resu.lts u the small-

esL error from the actual being 242. These large errors

result from the high ratio of third harmonic to funda-

mental- at the nonlinearity input, which ranges from 27% to

314 for various values of gain K The assumption of a

sinusoid at the input to the nonlinearity is very inaccurate.

In contrast, the reverse techniques yield very accu-

rate results " The error in the reverse DF case was less

than 4"692, while the error in the reverse rms DF case \^ias

less than L"96"ø" These good results stem from the fact

that the sinusoidal assumption at the nonlinea-rity output

is adequate, since the ratio of third. harmonic to funda-

mental at this point is l-ess than 10U for a wide range of

K values"

The major difference between this example and

Example 1 is that the cube root nonlinearity does not

approach a linear characteristic as the oscillation ampli-

tude becomes large or small" Therefore, there is no tend-

ency u for large or small K o for the DF and rms DF approx-

imations to become exact.

4"3 EXAMPLE 3

This systern has Lhe same high pass linear plant of

trxarnple 2, but the nonlinearity is now a preload with

parameters defined in Fig" 4"LL"
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Fig " 4 "IL
CLOSED LOOP SYSTEIq OF EXAMPLE 3

This system has the same theoretical- fundamental

frequency of oscillation of Example 2, as well as the same

high pass characteristics. Refer to Fig. 4"7 and 4"8 for

the frequency, amplitude loci and the Bode diagram for this

system.

As in the previous examples, the direct and reverse

DF and rms DF approximations vTere calculated for various

values of gain K . The system was then simulated on the

digital computer to determine the "exact" amplitudes of

the fundamental component at these values of K

The actual fund.amental freguency of oscillation was

1"105 rad"/sec" which was 2"62 below the theoretical value.

As the gain K was increased, the freguency of oscillation
slightly decreased and the amplitude of oscillation increased.

{s+z¡ 
3 (s+so)
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TABLE 5

DIRECT DF AND REVERSE DF, DIGITAL SIMULATION, EXA}4PLE 3

_Tì

I
lfa:crrraÄ Error

E inE

9^

l4easured -u.;rror
M in It{

M-
_tf-

50

100

300

500

1000

L250

1500

0 .L577
0 .325 4

I "IL92
2.L856
7 "6570

r5. 3353

46 "262L

0"110
0 "243
0"900
L"740
6"826

L4.633
43.902

43.11
34 "L7
24"42
25"58
L2 "L7
4.80
5 "37

1.094
1"161
L"4T2
1"710
3"133
5"074

L2 "825

1.141
1"140
1.400
1"593
2 "gLL
4"931

12 "245

4 "09
L "77
0. 87

7 .32
7.64
2 "90
L 79,

TABLE 6

DTRECT TmS DF AND REVERSE TMS DF, DIGTTAL SIMULATION, E)GMPLE 3

K Er
"D

l'{easured
ñ

z
Error
IN .HJ

14-
-r(

2
Measured -E;rror

M inM

50

100

300

500

1000

L25A

1500

0.175
0.359
L"22L
2"367
8"011

r5"793
46 " 865

0"110
0.243
0.900
L"740
6"826

L4 "633
43 "902

5B " 4B

48.L4
35 "77
36 " 00

17 "36
7 "92
6 "75

1.066
1"119
1"345
L "629
3"021
4"945

12 "707

1" 141

1"140
1"400
1"593
2 "gLL
./1 0 ?1
=.JJL

L2 "245

6 "54
I" 85

3.90
2 "23
3"80

0 "21
3.77
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z
Error
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300 600 900 1200 1500
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s z9q¿¡¡ r\

Fig " 4 "Lz

ERRORS TN THE DTRECT AND REVERSE DF METI]ODS, EXAI4PLB

900 1200 1500
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Fig. 4 "13

ERRORS IN THE DIRECT AND REVERSE TmS DF }4ETHODS, EXAMPLE 3
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Direct

Direct
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The same general trend. of the two previous examples

is again prevalent here. The direct method- approximations

are verlz poor, \,^/ith the maximum error in the DF case being

43.LLZ and in the rms DF case 5B"4BU. These errors are due

to the high third harmonic content in the nonlinearity

input - as much as 322 for small values of K

The reverse rnethod gives very good results o with the

error in the DF case being less than 7 "64? and in the rms

DF case less than 6 "542 " The third harmonic content in the

nonlinearity output signal is less than L2Z for all values

of K testedo and hence the sinusoidal approximation at

this point is quite good"

Because of the characteristic of the nonlinearity,

small oscillation amplitudes have high harmonic content"

This is reflected in the direct approximations o which ha"ve

very large errors. As the oscillation magnitude becomes

very la.rge, the nonlinear characteristic becomes fairly

linear and the direct and reverse approximations both

become quite accurate. In this case, it is difficult to

say that one method is more accurate than another"

4 " 4 COT4T4BNTS

A system possessing a- high pass linea-r plant can be

accurately analyzed by means of the reverse DF and reverse

rms DF. The reverse predictions were consistently cfose

to the actual values. In each caseo the harmonic content
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at the nonlinearity output vras much smaller than that at
the nonlinearity input. The reverse method does not offer
any improvem-ent on the prediction of the frequency of
oscillation, as both direct and reverse predict the same

frequency 
"

Only three nonlinearities and two high pass plants

have been analyzedo but the results are very encouraging"

A-n important point is that mathematical inversion (Sec"

L.L"z) is born out by these physícal results, even though

the signal travels in a clocl<wise direction. By mathemati-

cally inverting the signal flow, a high pass system becomes

lor¡¡ pass " This means tha-t mathemat.ically the reverse

method retains the filter hypothesis of the direct DF

method 
"

Although the reverse method works very well in these

chosen examples, it cannot be assumed. to hotd in general

unless a more thorough investigation of nonlinearities
and high pass systems is made" These results make this
method very desirable, but no doubt there are exceptions

to which this method may not be applied.

In each example, it was observed that the reverse

rms DF produced the most accurate approximation" This

rnethod d.eals r.vith equivalent energy and hence includes

harmonic content to a certain extent. This would be expected

to prod-uce hetter results than the reverse DF methodu

which only deals with the f i:ndamental component.
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THB DIDF AND ÏTS CALCULATTON

The Dual Input Describing Functi on (DIDF) is used

to improve the DF by assuming two components at the non-

linearity input instead of the one sinusoid in the DF

case" The input a.ssumption may be a sinusoid plus biaso

two sinusoids t or a sinusoid plus random noise 110 pp.402-

420f" This thesis will d.eal only with the two sinusoid.

case (the two freguencies being commensurate) " The non-

linearity output consì sts of a whole Fou-rier spectrum of
signalsu each frequency being a multiple (submultiple) of

the two input frequencies" Only the two output compo-

nents of the same frequency as the inputs ivill be consideredu

as the remainder are assumed. to be elimina-ted by the low

pass linear plant" The DIDF may also be used to predict

oscillations with biasn determine limits for jump resonance¿

and predict and analyze subharmonic behaviour.

5 " 1 FORI4ULATTON OF THE DIDF

The general autonomous nonlinear system of Fig" 3"1

will again be considered" The input to the nonling¿¡jrrz

is approximated by

e(t) = A sin tllt + B sin(nt¡t -l- 0) (s"1)

where is the phase shift between the two assumed wave-
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forms" Usually, n=3 as the third harmonic is most prev-

al-ent "

There are now two equivalent gains to be considered,

one for the fundamental component and one for the har-

monic" These equivalent gains are both functions of AoB,

û)¿ and ö u excepL in the case of static, single-valued

nonlinearities where they are independent of frequency o.

For such a nonlinearity, the equivalent gain of the funda-

mental component is

NI (A 
'8 , 0) = Nlr (A,8 ,0) + j *ri (A,8, ô)

and of the ha-rmonic component is

Nn(AoBo0) = Nrrr(A,8.0) + j *rri(4,8,0) (5"3)

(5"2)

where

Nlr (A,B, 0) =

Nli (AoB o 0) =

Nnr (ArB, ö) =

Nn. (A rB, ó) =

. r2rtr
-:ln¡ Jo

1 [2Tl
na jo

t l2r
rB Jo

1 l2rl
--lnB J6

f (Asin u + Bsin (n u + 0) )sin u du (5"4)

f (Asin u .l- Bsin (n u + ó) )cos u du (5.5)

f (Asin u * Bsin (n u + ö) )sin nudu (5"6)

f (Asin u 4 Bsin (n u + ó) )cos nu du (5"7)

The conditions for self oscillation ín the system

are determined by balancing each frequency component around

the closed loop" The resulting two equations are:
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^-^

Nt(4,8,Þ)G(jo) = -1

Nn(AuBo0¡6(jno) = -1

(5"8)

(s"e)

These rela-tions are depicted graphically"

Fiq. 5.1

LINEARIZED, CLOSED LOOP SYSTEII FOR DIDF

Each frequency component is balanced. separately,

the equivalent gains are coupled to each other through

variables A,B, and ó

Because of the complex nature of the equivalent

gains o there r¡¡ill be four equations in the four unknowns

ArBro , and 0 This set of simultaneouso nonlinear

equations can be solved by the methods outlined in Chapter

')

but

the

r(t)=o
Nf (A, B, 0) G (jûr)

r (t)=o



CHAPTER 6

APPLICATION OF THE REVERSE DIDF

The reverse DIDF rvill be applied to a specific

example using the techniques outlined in the previous

chapters " The predictions based on this method will be

compared with the d-irect and reverse DF and the direct

DIDF predictions,- and. with the acLual values obtained

through simulation" A discussion is included on the

accuracy of the DIDF as related to the DF.

6"L BY.AMPLE 4

This example may be termed a contrived system, as

the linear ptant equally attenuates the fundamental and

third harmonic" Alt the higher harmonics are sufficiently

attenuated to be ignored" This presents an ideal situa-

tion for application of the DIDF, as the resultant wave-

form is composed of essentialty two sinusoids - the funda*

mental f requency and its thírd harrnonic " The nonlinea-rity

was the odd. square root: m = lul% sgin e

The fundamenta-l freguency of oscillation, as found

by the DF method in Fig" 6"20 is L"28532 rad" /sec" The

third harmonic will have a frequency of 3"85596 rad"/sec"

The Bode d.iagram of the bandpass linear plant is shown in

-F'r-q" b"J"
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(s+z) 11

Fig" 6 "L

CLOSED LOOP SYSTEM OF EXA¡4PLE ¿"

Im

Fig" 6"2

FRESUENCY AND AI14PLTTUDE LOCI T EXAMPLE 4

u=L.2853 /
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lct¡rt I

Fig. 6"3

BODE DIAGRA-}4 OF BANDPASS SYSTEI,I' EY'AMPLE

The DIDF predictions were found using the pa-ttern

search optimization routine and the system was simulated on

the digital computer. In the direct caseo the nonlin-

earity input was approximated by e(t) = Asin ot +Bsin

(3r¡t + o) and in the reverse case the nonlinearity output

\,vas approxirnated by m(t) = Asin ot +B sin(3ot + 0)

The acLual fund.amental frequency of oscillation

was L.283 rad./sec. o which was only 0"183 below the DF

predicted frequencY"

The direct and reverse DF methods gave similar

resultso due to the chosen linea-r plant" This plant atten-

uates the fundamental and third harmonic components equally,

and hence the harmonic content at the input and output of

the nonlinearity is about the same. For each of the values

il
I

I

I

I

I

I

I

t

I
I
I

I



TABLE 7

DIRECT DF AND DIRECT DIDF, DTGTTAL SI}4ULATTON, EXAMPLE 4

DTDF

2s00

5000

7500

10000

14000

18000

0.8325
33 " 3300

7 "4926
13. 320 3

26 "L075
43 "I573

O.B8B

3"520
7.983

L4.26 7

27 "580
45 "952

6 "L9
5"40
6.14
6 " s8

5. 35

6"08

Predrd
E

0 "7828
3.145
7 "04L

13 "27
¿+. to
40 "59

O " BBB

3"520

7 .983
L4 "267
27 "580
45.952

11"95
10.65
LL.77
6"94

L0"23
11" 65

Meas fd % Error
11;ANJJ

TABLE B

REVERSE DF AND REVERSE DIDF, DTGITAL SII4ULATION, EXA},IPLE 4

DIDF

E Mo¡s|d Z E.frOr" ì-\
-u; r-n .tl

250 0

5000

7500

10000

14000

18000

t4-
l{

0.9684
1"9368
2.8455
3. B 736

5.4230
6 "9724

Meas I d
M

L.047
2 "085
3.140
4.l-97
5 " 834

7 "534

? Error
in ir4

I "5+
7 .O9

9.39
I " l¿

7 "45

Pred'd
i\r

1.040
2.079
3"118
4.L59
5"818
7.483

L "047
2.085
3. 140

4.l97
5"834
7 "534

0.7L
0 "26
0"65
O. BB

0.25
0 "7L

Nleasf d çà Error
14 in lt{

NOTE: EDr M* and ? ERROR are follo'¡¡íng the same conventíon

as in Chapter 4"
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of gain K usecl, the third. harmonic content at the nonlin-

earity input was about ZLe" and at the nonlinearity output

about 232 " This means that the sinusoid-al approximat.ion at

the nonlinea-rity input is slightly better than at the out-

putn and this slight difference is reflected in the errors

resulting from these approximations. The direct DF case

has an error slightly over 6Z o lvhile the reverse DF errs

by slightly over 7Z " This is a clear example of how har-

monic irnbalance at the input and output of the nonlinearity
plays an important role in d-eciding which method will result
in the best approximation.

The direct and reverse ÐIDF are very poor and very

good respectively. The direct DIDF produces a \,rorse approx-

imation to the fund.amental component than the direct DF"

This is contrary to expect.ations, as the DIDF was intro-

duced as an improvement to the DF. This apparent contra-

diction is investigated in the next section. On the other

hand, the reverse DIDF predictíons are very accurate, erring
from the actual by less than 0"88? for all the values of K

used. Because of the high pass(or bandpass)nature of the

linear planto the reverse method was expected to be more

accura.teo and this was born out by physical experiment.

The nonlinea-rity does not become approximately linear
for large or small inputs, and- hence neither the direct or

reverse methods will become exact" This is reflected in
the relatively constant errors between predicti-on and- actual-

for all values of K used.
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6 "2 ACCURACY OF THE DIDF

The DIDF in¡as introduced to act as an improvement

on the DF, but in the d.irect case of Example 4 the DÏDF

approximation was worse. This result was unexpected' but

reflects the uncertainty involved when dealing with non-

linear systems. Thís may be a common phenomena, or the

chosen example may be one of the exceptions to the rule.

The DF method involves find-ing the minimum of a two

dimensional surface, but the DIDF immediately changes the

problem to four dimensions. In order to get an idea of

the process of finding the absolute minimum in the DF or

DIDF case, a contour sLudy was performed on the system of

Example 4 " Contours vlere d.rawn for constant values of the

norm of eqn" 2.2, the absolute minimum being located where

the norm equals zero. The labelled contours of Figs" 6"4-

6.7 indicate the value of the norm or residual. The con-

tours rlrere drawn as a functi-on of the DF varíables A and o

The contour of Fig" 6.4 shows the approximate location of

the DF solution while the D]DF solution contours are in

Fig" 6"5 (using as fixed parameters the B and Q values

of the actual DIDF solution) " To see how the DTDF solutíon

shifts as the third harmonic B and phase shift 0 vari-

ables are changed from the actual DTDF solution, tvlo more

contours were drawn" Fig" 6.6 shows the contour map of the

DIDF solution with B decreased 5% and S decreased 6.252

from the actual DIDF solution, A 10% decrease in B and
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a 12 "5e" decrease in Q from the actual DIDF solution pro-

duced the contour map of Fig. 6"7. From simulation, the

actual nonlinearity input waveform had an amplitude of 3"52

at a frequency of 1.283 rad./sec.

It can be easily observed that the approximate DF

solution is closer to the actual values than the DIDF solu-

tion" Hence, as was previously statedn the DF is more

accurate than the DIDF" The main pur:pose of these figures

is to show that the thírd harmonic and phase shift have a

pronounced effect on the contours of the DIDF solution,

and lrence on the location of the minimum. Fig" 6"6 shows

that the contours have been altered so that two minirrrã. appea,r to

exist, both being local minima¡ oT one being a local mini-

mum and one the absolute minimum" This raises the question

that perhaps the optimization routine used in Example 4

was convergíng on a 1ocal minimum nearby to the absolute

minimum, as this computer program d.oes not guarantee the

absolute minimum. This fact could explain why the direct

DIDF was not as accurate as the direct DF.

This points out one of the major difficulties involved

when dealing with a four dimensional nonl-inear problem"

The actual four dímensional contours are far more complex

than those in Figs " 6 "5-6 "7 and at times the results may

not meet expectations (ie. DIDF more accurate than DF) " În

these cases the absolute minimum could possibly be found by

applying other mathema-tical techniques" Therefore, the
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accuracy of

uncertainty

the DIDF is largely

as to which kind of

indeterminant, due to the

minimum has been found.

A

2.116

3.o68

3,tLto

3.¿ t¿

3,28't

3,35 6

3.12 8

3,5oo

Fig "

CONTOUR MAP OF

6"4

DF SOLUTTON
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2.52 Lt

2.57 2

Fiq. 6"5

CONTOUR MAP OF DIÐF SOLUT]ON
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Fis" 6.6

CONTOUR MAP OF DIDF SOLUTTON

WTTH B DECREASED 5? AND O DECREASED 6.252
FROM ACTUAL DIDF SOLUTTON
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2,1 ¿ ,t

2.97 ¿

3,i og

rig.
CONTOUR I\4AP OF

WITH B DECREASED lOE

FROM ACTUAL

6"7
DÏDF SOLUTION

Ar[D Q DECRËASED L2 "52
DIDF SOLUTION



CHAPTER 7

JUMP PHENOMENA PREDICTION

The describing function approach can be extended to

sLudy the behavj-our of a closed loop nonlinear system

under a specified excitation" Jump resonance is one of
the common phenomena exhibited in nonlinear control systems.

It is observed in some nonlinear systems under a periodic
excitation that when the amplitude or period of the excita-
tion is smoothly changed, the system output undergoes a

discontinuous change in amplitude" In many cases this
phenomenon is undesirabl-e, thus making the prediction of
jrunp resonance very important" The systems to be examined

in the following sections exhibit no self-oscillation,
making the response totally due to the forcing function.
The jumps wil-l be brought about by smoothly varying the

excitation amplitude"

7 "T SINUSOIDAL DRIVING FIINCTTON I14I

The example system chosen has a high pass linear plant
and a gain changing nonl-inearity as d.efined in Fig " 7.I"

The problem here is to predict at what amplitude of
sj-nusoidal excitation the system response wilt undergo a

discontinuous rise or fal1 in amplitude" Because a driving
function has been introduced.o the closed loop equations for
the direct and reverse method will be slightly changed from



(s+e) 3 (s+so)

Fiq" 7.I

SYSTEM FORCED BY SINUSOIDAL FUNCTTON

eqns. 1"5 and 1"10"

direct DF method is
The closed loop equation for the

-i rvRe'-=E*E K'eq(E) c(jtll) (7.1)

sin (t¡t + cx) andwhere e(t) - E sin ot and r(t) = ft
for the reverse DF method is

-t t<Re'- = [l[ R'eq(¡t) + M G(jûr) (7 "2)

where m(t) = M sín ot and r(t) = R sin(t¡t + ß)

Kreq(E) and R'eq(M) are the direct and. reverse equiva-
lent sinusoidal gains respectively for the static, single-
valued nonlinearity, and. are real. Since C(jo) is
complex, each equation may simply be solved by equating
its real and imaginary parts. A typical input-output
amplitude relation is shown in Fig.7,2"
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tcl

Fig" 7 "2

TNPUT.OUTPUT AMPLTTUDE RELATTON FOR
K=BOO, O=1.3 RAD./SEC., USTNG THE REVERSE DF METHOD

simulation \¡¡as performed on the analog computer to
obtain the actuar- amplitudes of the sinusoidal forcing
function at which the system response experienced jump up

and jump down discontinuiti-es.

For every cornbination of gain and. input frequency,
the reverse DF method gives the best predictions of jurnp

up and juinp down points. This approach was expected to be
more accurate, due to the high pass na.ture of the linear
plant" The harmonics generated by Lhe nonlinearity, and

amplified loy the linear pIant, cause d_istortion of the non-
linearity input signal. As a result, the nonr-inearity
output signar is expected. to be more sinusoidal than the
nonlinearity input, hence justifying the use of the reverse
method. The harmonic content of the nonlinearity input
and output waveforms was not ascertained experimentallyo
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TABLE 9

DTRECT DF AND REVERSE DFO JU}4P UP' ANALOG SII4ULATION

700

700

7s0

750

800

800

800

800

1.3
I"4
L"¿

1"3
L"2
1"3
L"4
1"5

^ 
Aa

0 "74
0 "22
0 " 50

0 "24
0.61
0 "97
N.J.D"

43 "5
51" 3

39.8
50.6
39 "4
32 .6

10"5
25 "9
28.8
LB "2

1" 3B

L9 "2
29 "4

0.2430
0 " 4852

N.J.P.
0 " 3009

0 " 1187

0"3690
0.6536
N.J"P"

0 " 4752

0.9313
0.1566
0.5910
0 "2367
0 "7255
I " 2550

N.J "P.

N"J"P" = No Jump Predicted; N"J"D" = No Jump Detected
*RD - Excitation amplitude prediction using the direct DF"
**** - Excitation amplitude prediction using the reverse DF.

TABLE 10

DTRECT DF AND REVERSE DF, JUMP DOWN, ANALOG SI}4ULATION

700

700

750

750

800

800

800

800

1.3
r"4
L"2
1.3
L.2
1"3
L"4
1"5

0 "2426
0.4846
N.J"P "

0 "2790
0"0940
0 "3L46
0 "620L
N.J.P "

0 " 462L

0 "9L29
0 " 1563

0 "5252
0 "L786
0"5906
r "L647
N"J.P"

0 ,4r
0 "72
0"175
0 " 4B

0 "2L5
0.55
0 "94
N.J"D"

40.8
48.5

4L.9
56"4
44 .6
34"0

L2.7
26"8
L0 "7

9 "4
L6 "9

'74

23 "9
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but the a.bove reasoning would be expected. to be borneout.

It is known that jurop resonance can occur in a non-

linear control system if the vector locus of the linear

plant passes through a certain region which depends only

upon the nonlinear part t15]" A" Fukuma and M. l.[atsubara

t15] further investigated the boundary curves of these

regions and found that they are defined. by certain equa-

tions as the envelope of the union of a large number of

circles" This approach, related to the d.irect DF, may be

applied to the reverse DF with only a few minor changes.

Following the method of ref. 15 the resultant equation,

pertaining now to the reverse DF, is

( 7.3)

l'

XvutI,
\/=n+M-t2 '"2 âM

G(jr¡) = h,(o) + j h,(o) (7 "4)

A region in which jump resonance may occu.r is assoc-
APiated with .òU- . 0 The application of eqn" 7.3 follows

the same format as in ref" 15" For a high pass system it

is expected. that the boundaries specified by eqn. 7 "3 would

be more accurate than those specified when using the direct

DF approach equations of ref" 15"
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7 "2 TRIANGULAR DRTVING FUNCTION

This next example was chosen in an attempt to apply

the reverse DF method to a different type of prolclem. u¡t-

t.il nov¡' this method has been apptied to high pass systems'

with the expectation that the nonlinearity output signal

is more sinusoidal than the nonlinearity input signal, and

hence the reverse approach should be more accurate" This

example will attempt to justify the reverse method for a

low pass plant and a triangular forcing function. The

rationale behind this idea is that , for a smoothing type of

nonlinearity, the nonlinearity output may be more sinu-

scidal than the nonlinearity input, which is a combination

of a triangular excitation and a nearly sinusoidal feed-

back signal" If this is so¡ the reverse DF approach should

resultinbetterpredictions.Thisideawa.sappliedto

the following examPle"

m
-_/
,/; K;-;-:--i

---b'l-q. I " 3

SYSTEM CHOSEN TO OBSERVE JUMP

VüTTH TRIANGULAR FORCTNG

PHENOMENON

FUNCTION
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This system was simulated on the analog computer,

and a Fourier analysis of e(t) , m(t) o and r(t) was

performed using the method proposed by Fifer l4l" Discon-

tinuous jumps in the system output were achieved by slowly

varying the amplitude of the trianEular excitation r(t)
at a fixed frequency. The direct and reverse predictions
of the junp points, in terms of a sinusoidal driving func-

tion, were found using eqns" 7"L and 7"2. At the instant
of any jurnp in the system response the triangular forcing
function was fed into the Fourier analyzer to determine the

magnitude of its fundamental component. This value was

cornpared wíth the d-irect and reverse predictions to obtain

a measure of error.

General trends are evident from these resu.lts. In

all but one case the direct method is more accurate in pre-

dicting the jump up, and the jump down is best pred.icted

by the reverse method in all but one case. An attempt will
be made to justify these results. As the direct method. is
more accurate for predicting the jump up, it would be

expected that just prior to the jump the nonlinearity input
would be more sinusoidal than the nonlinearity output. In

a similar fashionn the nonlinearity output would be expected

to be more sinusoidal than the nonli-nearity input, just

prior to the jump down.
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TABLE 11

DIRECT DF AND REVERSE DF, JUMP UP, ANALOG SIMULATION

20

20

20

20

30

30

30

30

30

2 "25
2"50
2 "75
3.00
2 "50
2.75
3"00
3 "25
3.50

3.100
2.296
I "7L3
L "277
4 "]-36
3 " 182

2"476
1.9 3B

1.518

2 "823
2 "LIs
1"600
I "209
3.762
2 "90r
2.280
1.805
1"431

3.125
2.265
r.667
1"230
4.275
3 "260
2"510
L.9 40

L"495

0 .80
r"37
2"76
3"82

3.25
2 .39
1" 35

0"10
I"54

9 .66
6 "62
4 "02
T "7L

12"00
11"00

9 "r7
6 "96
4 "28

TABLE L2

DTRECT DF AND REVERSE DF, JUMP DOWNT ANAIOG SIMULATTON

20

20

20

20

30

30

30

30

30

2 "25
2.50
2.75
3"00
2 "50
2 "75
3"00
3 "25
3"50

2 "793
r "904
L.349
0"988
3"808
2"603
1"840
1"348
1"019

2 "629
1"780
L.249
0 "907
3.630
2.475
I"736
L.260
0"944

2.625
r"775
I "225
0.89 3

3 " 810

2"460
1.650
L.232
0 "924

6"40
7 "27

LO.L2

10 " 63

0.05
5"82

11"51
9 "42

10.28

0 .15
0 "28
1"96
L "57
4 "72
0.61
5 "2r
2 "27
2 "L7

,.D

**R

Excitation amplitude prediction (,'¡inusoidal) using the
direct DF"

- Excitation amplitude prediction (sinusoidal) using the
R reverse DF"***Actual R - Amplitude of the fundament.al component of the

triangular forcing function at instant of jump"

ZError

%Error ZError
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A type of mean square (MS) error may be used to

determine how sinusoidal a waveform is " The MS of the

waveform and its fundamental component are found and a

measure of error is defined as:

MS MS.---waveform -'"fund"comp
I'lu 

^ 
lvv o---error MS \^TaveIOfm

( 7 " s)

Just before the system response exhibited a discon-

tinuityn the MS values of the nonlinearity input and out-

put waveforms and the MS values of their fundamental comp-

onents v¡ere found. These results have been tabulated"

TABLE 13

MS ERROR AT NONLINEARTTY INPUT AND OUTPUT, JUI4P UP

l1\

***MS* MSr

Tnput Input

z
MS* ffif Error

Output Output Output

z
Error
Input

20

20

30

30

2.5
3.0
3"0

3.5

1. 89

0"80
L.825
0"88

1"815
0 "792
r "764
0"841

3 "97
1" 00

3"34
4.44

0.888
0 "597
0.842
0 "673

0. 858 3.38
0 .58 B 1.51
0.806 4"28
0"652 3"05

*l4S__ - Mean square value of the nonl-inearity input (or\^7 output) v¡aveform.
**l4S€ - Mean square value of the fundamental component

' of the nonlinearity input (or output) "
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TABLE L4

MS ERROR AT NONLTNEARTTY INPUT AND OUTPUT, JUI4P DOWN

MS
w

Input

r0 "62
7 "04

L9.24
5"56

10"65
7"01

19 .13
5"55

0.20
0.50
0.56
0 "22

1"587
1"395
2.035
I "270

M'sr nrlot
Input Input

MS MS. Z-'-w -'- f Error
Output Output Output

20

20

30

30

2.5
3"0
3" 0

3"5

I.494 5"93
1" 311 6.02
L "9L2 5 "24
1.213 4"48

The error in the nonlinearity input a-nd output' for

the jump up case, is approximately the same and hence

nej-ther siEnal can be said to be more sinusoidal-" This

means that the direct and reverse predictions should be

equally accurate" In the junp down caseo the nonlinearity

input has much less harmonic content than the output, and

therefore the direct method should give the more accurate

predictions. These results do not support the expecta-

tions that were outlined earlier.

This discrepancy does not mean that the theory built

up in the preceding chapters has fallen apart" It just

means that, in this caseo the mean square error may not be

the best way of comparing the nonlinearity input and output

waveforms. Tn other chapters, the ratio of third har-

monic to fundamental was used as a guide for determining

which waveform (nonlinearity inpu.t or output) \,vas more
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sinusoidal" Perhaps if this measure, or any other, were

used in this example one might get correlation between

expecta-tion and actual "

The applicability of the reverse method to low pass

sysLems o in certain situations, is likely to result in
accurate predictions l:ut more work is required i_n this
aspect.



CHAPTER B

CONCLUSIONS

The describing function method may now be applied

to a lov¡ or high pass system, with a reasonable expecta-

tion of good accuracy. The reverse method has retained

the simplicity and generality of the original direct method"

The major obstacles encountered were the solutions of the

direct and reverse DIDF equations. Various high pass

systems and nonlinearities were chosen, but the pattern

search invariably converged to a local minimum instead of

the exact solution" This could possibly be overcome by

using different optimization routines "

This investigatj-on iras provided many avenues for

future work" The reverse method has only been barely intro-

duced and no limitations to its application have yet been

tabulated" It has yet to be applied. to the estimation of

subharmoni-cs " The id.ea of harmonic imbalance should be

further investigated so as to develop a general rule as to

when to use the direct or reverse method.lf From the worl<

descrj-bed so far, a possible general rule would be :

Determine the actua.l fundamental component and the most

significant harmonic component of the nonlinearity input and

output waveforms. Assume a sinusoid at the point where

the ratio of harmonic to fundamental is least, and apply

the appropriate method"el The DIDF problem led to the question



of DIDF a-ccuracv as compared with

study should be done in this area

some cases u a DIDF approximation

imation 
"

DF accuracy"

to determine

is worse than

80.

A further

why, in

a DF approx-
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