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Abstract

Two orthonormal bases B1 = {u1, . . . ,ud} and B2 = {v1, . . . ,vd} in the complex space

of dimension d, Cd, are said to be mutually unbiased if the square of the magnitude of

the inner product of any vector in B1 with any vector in B2 is equal to the reciprocal

of the dimension d, in other words |〈ui,vj〉|2 = 1
d
, for i, j = {1, . . . , d}. Mutually

unbiased bases are used for optimal state determination of mixed quantum states

[42].

It is known that in any dimension d, the number of mutually unbiased bases is at

most d + 1 [1]. Ivanovic [22] found a complete set of mutually unbiased bases for

prime dimensions. His construction was generalized by Wootters and Fields [42] for

prime power dimensions. There is a strong connection between maximally commuting

bases of orthogonal unitary matrices and mutually unbiased bases. Based on this

connection, there exits a constructive proof of the existence of a complete set of

mutually unbiased bases for prime power dimensions [1]. This thesis is an exploration

on construction of mutually unbiased bases.
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Chapter 1

INTRODUCTION

Definition 1.1. The dot product of row vectors u and v in complex vector space

of dimension d, Cd, is defined by

〈u,v〉 = uv∗ =
∑d

j=1 ujvj,

where uj and vj are the jth components of u and v respectively. Two vectors u and

v are orthogonal if 〈u,v〉 = 0.

Definition 1.2. A basis B for a vector space H over a field F is a set of linearly

independent vectors such that any vector in the space can be given as a linear combi-

nation of the vectors of B. Basis B is orthonormal if all vectors in B are mutually

orthogonal and of unit length.

1.1 Quantum Systems

In physics, a quantum state is a set of mathematical variables that describes a

quantum system. For example, the set of 4 numbers (n, l,ml,ms) are parameters

that define the state of an electron within a hydrogen atom as follows

(1) n is the principal quantum number,
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(2) l is the azimuthal quantum number,

(3) ml is the magnetic quantum number,

(4) ms is the spin projection quantum number.

For details see [12].

If d parameters are used to identify a state of a quantum system, they can be presented

as a vector in d-dimensional space H. Thus every state of the system corresponds to

a vector from H. This vector is called a ket vector or pure state, and is denoted

as a d-tuple

|ψ〉 = (ψ1, ψ2, . . . , ψd) .

The Hermitian adjoint of |ψ〉 is denoted by 〈ψ|, and can be expressed in matrix terms

as

〈ψ| =



ψ1

ψ2

...

ψd


.

In this context we shall distinguish vectors by bold typeface, v, and the Hermitian

adjoint of v by v∗.

In order to describe a quantum system whose state is not completely known, a mixed

state tool called the density operator or statistical operator was developed by
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Von Neumann [37]. If a quantum system is in one of the states ui ∈ Cd, 1 ≤ i ≤

d, ‖ui‖ = 1, with respective probabilities pi ∈ [0, 1], then set {pi,ui} is called an

ensemble of pure states and the density operator is defined by

ρ =
d∑
i=1

piu
∗
iui,

d∑
i=1

pi = 1.

ρ is a d×d matrix containing d2 entries which can be identified by d2−1 parameters.

Density matrices provide a more general way of describing a quantum system than

pure states. Moreover, pure states represent special cases of density matrices. An

observable is an Hermitian matrix of the form

A =
d∑
i=1

λiv
∗
ivi, (1.1)

where {v1,v2, . . . ,vd} is an orthonormal basis in Cd and each λi ∈ C. A measure-

ment corresponding to the observable A on ρ is given by

Tr(Aρ) =
d∑
i=1

d∑
j=1

λipj|〈vi,uj〉|2. (1.2)

It is well known that in a d-dimensional state space, it is enough to have d + 1

observables of the form (1.1) to determine a density matrix of a quantum system [10].

Wooters and Fields [42] showed that if we find d + 1 observable, A1, A2, . . . , Ad+1,

where the kth observable is given by

Ak =
d∑
i=1

λki v
∗k
i v

k
i , k = 1, 2, . . . , d+ 1 (1.3)
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where for each k, {vk1 ,vk2 , . . . ,vkd} is an orthonormal basis in Cd, each λki ∈ C, and

for all i, j ∈ {1, 2, . . . , d} and k, l ∈ {1, 2, . . . , d+ 1}, k 6= l such that

|〈vki ,vlj〉|2 =
1

d
, (1.4)

then we have an optimal set of measurements–meaning that the probability of error

of finding the state of the quantum system is minimized.

For example, let

ρ =
1

2

 1 + a b− ic

b+ ic 1− a


be the density matrix of a quantum system. Define observables A1, A2 and A3 as

follows

A1 =

 1

0

( 1 0

)
−

 0

1

( 0 1

)
,

A2 =
1

2

 1

1

( 1 1

)
− 1

2

 1

−1

( 1 −1

)
,

A3 =
1

2

 1

i

( 1 −i
)
− 1

2

 1

−i

( 1 i

)
.

Then the measurements on ρ using (1.2) are Tr(A1ρ) = a, Tr(A2ρ) = b, Tr(A3ρ) = c.

Thus ρ is identified by A1, A2 and A3.

The argued property of the bases in (1.4) leads to the following definition.
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Definition 1.3. Let B = {u1,u2, . . . ,ud} and B′ = {v1,v2, . . . ,vd} be two orthonor-

mal bases in Cd. They are said to be mutually unbiased bases (MUB) if and only

if

|〈ui,vj〉|2 =
1

d
, (1.5)

for all i, j ∈ {1, . . . , d}.

Definition 1.3 can be generalized for more than two bases. m orthonormal bases

B1,B2, . . . ,Bm are mutually unbiased bases if each pair of the bases are mutually

unbiased bases.

Example 1.4. For d = 2, the following are 3 MUBs

B1 = {(1, 0), (0, 1)} , B2 =

{
1√
2

(1, 1),
1√
2

(1,−1)

}
, B3 =

{
1√
2

(1, i),
1√
2

(1,−i)
}
.

1.2 The MUB problem

Mutually unbiased bases have a special role in determining the state of a finite-

dimensional quantum system. One application of mutually unbiased bases is that

they minimize the error in determining the state of a finite-dimensional quantum

system from measurements as described in Section 1.1. See [9] and [10] for more

details.

Mutually unbiased bases were introduced in the literature of quantum mechanics in

1960 in the work of Schwinger [34]. Ivanovic [22] provided a construction of d + 1
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mutually unbiased bases for odd prime d-dimensional spaces. It was also shown in

[22] that d+ 1 is an upper bound for the number of MUBs in Cd. When this bound

is attained, we say a complete set of MUBs of dimension d exists. Complete sets of

MUBs exist in all prime power dimensions [42] but it is unknown whether they can

be attained in non-prime power dimensions.

Although the notion arises from a problem concerning physical systems, MUBs are

a mathematical structure, and will be treated as such. There are still many open

problems and conjectures. For example, is there a complete set of mutually unbiased

bases of dimension 6? The main question in the study of MUBs is: for a given

dimension d, what is the maximum number of MUBs? Zauner’s conjecture [44] states

that there exists a complete set of d + 1 MUBs in dimension d if and only if d is a

prime power.

1.3 Outline

In Chapter 2 we will discuss constructions of MUBs and also the relationship between

MUBs and special classes of unitary matrices. Then we introduce Pauli matrices and

Spin matrices— unitary matrices which provide the conditions that lead to the MUBs

construction. Moreover, in Chapter 2 we give a construction of MUBs using difference

sets. In Chapter 3 we will consider the connection between MUBs and 2-designs and

show that they are equivalent. In Chapter 4 we give a combinatorial construction
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based on Latin Squares. Finally in Chapter 5 we will discuss the case of real MUBs.
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Chapter 2

CONSTRUCTION OF MUTUALLY UNBIASED BASES

In this chapter we demonstrate a construction of MUBs using orthogonal unitary

matrices and some algebraic constructions for MUBs.

2.1 Construction of MUBs using Pauli matrices

Definition 2.1. Let Md(C) be the set of d×d complex matrices. We say U ∈Md(C)

is unitary matrix if UU∗ = Id, where U∗ = U
T

, and Id is the identity matrix

of order d. The operator ∗ is called Hermitian adjoint. If U = U∗, then U is

Hermitian.

It is well known that if U is a d × d unitary matrix, then U has d orthonormal

eigenvectors in Cd (see [20]).

Theorem 2.2 ([1]). Let B1 = {v1,v2, . . . ,vd} be an orthonormal basis in Cd. Suppose

there is a unitary matrix U such that Uvi = βivi+1, where βi ∈ C, |βi|=1, 1 ≤ i ≤ d,

and vd+1 = v1. Assume that the orthonormal basis B2 = {w1,w2, . . . ,wd} consists

of orthonormal eigenvectors of U . Then B1 and B2 are MUBs.

Proof. Let U be a unitary matrix which applies a cyclic shift modulo a phase on

the elements of the basis B1, i.e., Uvi = βivi+1. Let Uwi = λiwi, where λi is an
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eigenvalue of U . Since U is unitary, |λi| = 1. For every 1 ≤ j ≤ d, the inner product

of wj and v1 is

|〈wj,v1〉| = |〈Uwj, Uv1〉|

= |λj〈wj, Uv1〉|

= |β∗1〈wj,v2〉|

= |〈wj,v2〉|.

Continuing in this fashion we obtain

|〈wj,v1〉| = |〈wj,vi〉|, for 1 ≤ i ≤ d.

Since {v1,v2, . . . ,vd} is an orthonormal basis in Cd then

wj =
d∑
i=1

〈wj,vi〉vi.

Therefore

〈wj,wj〉 =
d∑
i=1

|〈wj,vi〉|2

=
d∑
i=1

|〈wj,v1〉|2

= d|〈wj,v1〉|2

= 1.

Thus, |〈wj,vi〉|2 =
1

d
, for all 1 ≤ i, j ≤ d. So B1 and B2 are MUBs.
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By Theorem 2.2 if we find a unitary matrix U that acts on an orthonormal basis

B by shifting vectors in B cyclically up to a unit complex number, then the set of

eigenvectors of U and B are MUBs. In this section we examine a special class of

unitary matrices called Pauli matrices that satisfy the hypothesis of Theorem 2.2.

Results are due to S. Bandyopadhyay et al [1].

Definition 2.3. The Pauli matrices are a set of four 2×2 complex matrices which

are Hermitian and unitary. These are usually indicated by the Greek letter σ as

follows

σ0 =

 1 0

0 1

 , σx =

 0 1

1 0

 , σy =

 0 −i

i 0

 , σz =

 1 0

0 −1

 .

For any prime number p, Pauli matrices σx and σz are generalized by

P =



0 0 · · · 0 1

1 0 0 · · · 0

0 1 0 · · · 0

...
...

. . .
...

...

0 · · · 0 1 0


p×p

, Q =



1 0 0 · · · 0

0 ω 0 · · · 0

0 0 ω2 · · · 0

...
...

...
. . .

...

0 0 0 · · · ωp−1


p×p

,

where ω = e2πi/p.

Let {e0, e1, . . . , ep−1} be the standard basis for Cp. All algebraic operations in the

indices are reduced modulo p which is a prime number. It is easy to see that

Pej = ej+1, Qej = ωjej, PQkej = (ωk)jej+1. (2.1)
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The following lemma characterizes the eigenvectors of PQk for every 0 ≤ k ≤ p− 1.

Lemma 2.4 ([1]). For k ∈ Zp, the eigenvectors of PQk are

wk
t =

1
√
p

p−1∑
j=0

(ωt)p−j(ω−k)sjej, 0 ≤ t ≤ p− 1, (2.2)

where sj = j + · · ·+ p− 1.

Proof. By direct calculation and using (2.1)

PQkwk
t =

1
√
p

p−1∑
j=0

(ωt)p−j(ω−k)sj(ωk)jej+1

=
1
√
p

p−1∑
j=0

(ωt)p−j(ω−k)sj+1ej+1

=
1
√
p

p∑
m=1

(ωt)p−m+1(ω−k)smem

= ωt
1
√
p

p∑
m=1

(ωt)p−m(ω−k)smem (2.3)

= ωtwk
t .

Equality (2.3) is because ep = e0. Thus, wk
t , t ∈ Zp, are eigenvectors of PQk.

It is easy to check that for each k ∈ Zp, PQk is unitary. Moreover, the set of

eigenvectors of PQk, Bk = {wk
t : t ∈ Zp} is an orthonormal basis for Cp. We show

that each unitary matrix U = PQl permutes vectors in Bk up to the scalar factor

βkt = ωt+k−l, which has norm 1, as follows

PQlwk
t =

1
√
p

p−1∑
j=0

(ωt)p−j(ω−k)sj(ωl)jej+1

11



=
1
√
p

p−1∑
j=0

(ωt)p−j+1(ω−k)sj−1(ωl)j−1ej

=
ωt−l
√
p

p−1∑
j=0

(ωt)p−j(ω−k)sj(ωk)j−1(ωl)jej

=
ωt+k−l
√
p

p−1∑
j=0

(ωt)d−j(ω−k)sj(ωl−k)jej

=
ωt+k−l
√
p

p−1∑
j=0

(ωt+k−l)p−j(ω−k)sjej

= ωt+k−lwk
t+k−l. (2.4)

Fixing k, l ∈ Zp, let Bk = {wk
t : t ∈ Zp} and Bl = {wl

t : t ∈ Zp} that is, the set of

eigenvectors of PQk and PQl, respectively. According to (2.4), U = PQl acts on Bk

by permuting wk
t to wk

t+k−l, up to a scalar factor ωt+k−l, for each t ∈ Zp. Writing

b = k − l, then U cyclically permutes vectors wk
t ,w

k
t+b,w

k
t+2b, . . . ,w

k
t+(p−1)b, up to a

scalar factor, for Uwk
t+(p−1)b = ωt+pbwk

t+pb = ωtwk
t .

Further, if k 6= l then {0, b, 2b, . . . , (p−1)b} = Zp, since p is prime, and so U cyclically

permutes the orthonormal basis Bk up to a scalar factor. By Theorem 2.2, the basis

Bl of eigenvectors of U and the basis Bk are mutually unbiased. Thus

P,Q, PQ, PQ2, . . . , PQp−1 (2.5)

provide a set of p+ 1 MUBs in Cp.

Example 2.5. Here are the four MUBs in C3 we have constructed from the eigen-
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vectors determined in Lemma 2.4

B0 = {(1, 0, 0), (0, 1, 0), (0, 0, 1)} ,

B1 =

{
1√
3

(1, 1, 1),
1√
3

(1, ω2, ω),
1√
3

(1, ω, ω2)

}
,

B2 =

{
1√
3

(1, 1, ω),
1√
3

(1, ω2, ω2),
1√
3

(1, ω, 1)

}
,

B3 =

{
1√
3

(1, 1, ω2),
1√
3

(1, ω2, 1),
1√
3

(1, ω, ω)

}
,

where ω = e2πi/3 and the bases are the eigenvector sets for the following generalized

Pauli matrices

Q =


1 0 0

0 ω 0

0 0 ω2

 , P =


0 0 1

1 0 0

0 1 0

 ,

PQ =


0 0 ω2

1 0 0

0 ω 0

 , PQ2 =


0 0 ω

1 0 0

0 ω2 0

 .

2.2 MUBs and unitary matrices

In this section the relation between MUBs and a special class of unitary matrices in

Md(C) will be considered.

Let A = [aij] be a matrix in Md(C). The trace of A is denoted by Tr(A) and is

defined as follows

13



Tr(A) =
d∑
i=1

aii.

Define an inner product for all A, B ∈Md(C), by

〈A,B〉 = Tr(AB∗). (2.6)

Two matrices A and B in Md(C) are orthogonal if 〈A,B〉 = 0.

Theorem 2.6 (Spectral Theorem[20]). If U is a d× d Hermitian or unitary matrix,

then U can be decomposed as

U =
d∑
i=1

λiv
∗
ivi,

where the λis and vis are the eigenvalues and eigenvectors of U respectively. Moreover,

{v1,v2, . . . ,vd} is an orthonormal basis in Cd.

Definition 2.7. Let A = [ai,j] be an m×n matrix and B = [bl,k] be a p×q matrix with

entries in C. The Kronecker product of A and B is an mp × nq matrix denoted

by A⊗B, and is defined by

A⊗B = [ai,jB].

For example, let

A =

 2 0

−1 3

 , B =

 5 3

2 −4

 .
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Then

A⊗B =



10 6 0 0

4 −8 0 0

−5 −3 15 9

−2 4 6 −12


.

Let d ≥ 2 be an integer and let ω = e2πi/d. Since ωd = 1 and ωd − 1 = (ω − 1)(1 +

ω2 + · · ·+ ωd−1), it is easy to check that for any 0 < k < d,

d∑
j=1

ωjk = 0. (2.7)

Lemma 2.8. The existence of two MUBs B1 and B2 is equivalent to existence of

two sets C1 and C2, each consisting of d commuting d× d unitary matrices, such that

C1
⋂
C2 = {Id} and matrices in C1

⋃
C2 are mutually orthogonal.

Proof. Let C1 = {U1, U2, . . . , Ud = Id} and C2 = {V1, V2, . . . , Vd = Id} be sets of d× d

unitary matrices such that matrices in each set commute and the matrices in C1
⋃
C2

are orthogonal. Since the matrices in each set commute, they share a common basis

of eigenvectors [20]. Let B1 = {u1,u2, . . . ,ud} and B2 = {v1,v2, . . . ,vd} be the sets

of eigenvectors for matrices in C1 and C2 respectively. We claim that B1 and B2 are

mutually unbiased bases.

Since matrices in each set are unitary, B1 and B2 are orthonormal bases of Cd [20].

Finally, we show that |〈ui,vj〉|2 =
1

d
, 1 ≤ i, j ≤ d.
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Since Ui and Vj are unitary, by Theorem 2.6,

Ui =
d∑

k=1

λi,ku
∗
kuk, Vj =

d∑
l=1

λ′j,lv
∗
l vl, 1 ≤ i, j ≤ d, (2.8)

where λi,k is the kth eigenvalue of Ui and λ′j,l is the lth eigenvalue of Vj. Since

Tr ((u∗kuk)(v
∗
l vl)) = |〈uk,vl〉|2 and Tr(UiV

∗
j ) = dδi,dδj,d, then

Tr(UiV
∗
j ) = Tr

(
d∑

k=1

λi,ku
∗
kuk

d∑
l=1

λ′j,lv
∗
l vl

)

=
d∑

k=1

d∑
l=1

λi,kλ′j,l Tr ((u∗kuk)(v
∗
l vl))

=
d∑

k=1

d∑
l=1

λi,kλ′j,l|〈uk,vl〉|
2 (2.9)

= dδi,dδj,d.

We may write (2.9) in matrix form. Let M and M ′ be as follows

M =



λ1,1 λ1,2 . . . λ1,d

λ2,1 λ2,2 . . . λ2,d

...
...

. . .
...

λd,1 λd,2 . . . λd,d


, M ′ =



λ′1,1 λ′1,2 . . . λ′1,d

λ′2,1 λ′2,2 . . . λ′2,d

...
...

. . .
...

λ′d,1 λ′d,2 . . . λ′d,d


,

where ith rows of M and M ′ consist of eigenvalues of Ui ∈ C1 and Vi ∈ C2 respectively.

Since B1 and B2 are orthonormal bases in in Cd, it is easy to check that MM∗ =

M ′M ′∗ = dId. Moreover the last rows of M and M ′ are all 1 because the eigenvalues

of Ud = Vd = Id are all 1. Let A = M ⊗M ′∗, then in matrix form (2.9) says

AX = D, (2.10)
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where

X = (|〈u1,v1〉|2, . . . , |〈u1,vd〉|2, |〈u2,v1〉|2, . . . , |〈u2,vd〉|2, . . . , |〈ud,vd〉|2)T ∈ Rd2 ,

D = (0, 0, . . . , d)T ∈ Rd2 .

Since AA∗ = d2Id2 then X =
1

d2
A∗D is unique solution for (2.10). Since entries in

the last column of A∗ are all 1,

|〈uk,vl〉|2 =
1

d
, 1 ≤ k, l ≤ d.

So, B1 and B2 are mutually unbiased bases in Cd.

Now we show the converse implication. Let B1 = {u1,u2, . . . ,ud} and B2 = {v1,v2, . . . ,vd}

be MUBs. Define

Ui =
d∑

k=1

ωiku∗kuk, Vj =
d∑
l=1

ωjlv∗l vl, 1 ≤ i, j ≤ d, (2.11)

where ω = e2πi/d. We show C1 = {U1, U2, . . . , Ud} and C2 = {V1, V2, . . . , Vd} are the

required sets in the hypothesis of the lemma. Since B1 and B2 are MUBs in Cd, it is

easy check that matrices in C1 and C2 are unitary and commuting and C1∩C2 = {Id}.

It remains to show that matrices in C1
⋃
C2 are pairwise orthogonal with respect

to trace inner product. First we show this for two matrices Ui ∈ C1 and Vj ∈ C2,

1 ≤ i, j ≤ d, (i, j) 6= (d, d) as follows

Tr(UiV
∗
j ) = Tr

(
d∑

k=1

ωiku∗kuk

d∑
l=1

ω−jlv∗l vl

)

=
d∑

k=1

d∑
l=1

ωik−jl Tr ((u∗kuk)(v
∗
l vl))

17



=
d∑

k=1

d∑
l=1

ωik−jl|〈uk,vl〉|2

=
d∑

k=1

d∑
l=1

ωik−jl
1

d

=
1

d

(
d∑

k=1

ωik

)(
d∑
l=1

ωjl

)∗
. (2.12)

So, by (2.7), (2.12) is equal to zero. By the same argument, for 1 ≤ i, j < d, i 6= j

Tr(UiU
∗
j ) = Tr

(
d∑

k=1

ωiku∗kuk

d∑
l=1

ω−jlu∗lul

)
= 0,

Tr(ViV
∗
j ) = Tr

(
d∑

k=1

ωikv∗kvk

d∑
l=1

ω−jlv∗l vl

)
= 0.

Thus C1 and C2 are as required.

By the same argument as Lemma 2.8, we may extend the result of Lemma 2.8 as

follows.

Theorem 2.9 ([1]). There exist m MUBs in Cd if and only if there exist m sets

C1, . . . , Cm, each consisting of d commuting unitary matrices in Md(Cd) such that

Ci
⋂
Cj = {Id} for all i 6= j and matrices in

m⋃
i=1

Ci are mutually orthogonal.

Example 2.10. Define C1 = {U, I2}, C2 = {V, I2}, C3 = {W, I2}, where

U =

 1 0

0 −1

 , V =

 0 1

1 0

 , W =

 0 −i

i 0

 .
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C1, C2, C3 satisfy hypothesis of Theorem 2.9. Thus eigenvectors related to each set give

us 3 MUBs

B1 = {(1, 0), (0, 1)} , B2 =

{
1√
2

(1, 1),
1√
2

(1,−1)

}
, B3 =

{
1√
2

(1, i),
1√
2

(1,−i)
}
.

The following corollary uses Theorem 2.9 to give an upper bound on the number of

MUBs in any given dimension.

Corollary 2.11. There are at most d+ 1 MUBs in Cd.

Proof. Suppose there is a set of m MUBs in Cd. By Theorem 2.8 there are m classes

C1, . . . , Cm, containing 1+m(d−1) pairwise orthogonal matrices in the d2 dimensional

space of complex d× d matrices. Therefore 1 +m(d− 1) ≤ d2, so m ≤ d+ 1.

2.3 Generalized Spin matrices

Theorem 2.9 gives a way of constructing m MUBs from certain sets of unitary ma-

trices. In other words, the existence of m sets of orthogonal d × d unitary matrices

C1, . . . , Cm, each consisting of d matrices satisfying certain relations, provides m mu-

tually unbiased bases in dimensions d. In this section we describe a construction of

these sets of unitary matrices for prime dimensions p. The main results are due to

A. O. Pittenger and M. H. Rubin (see [30]). Henceforth we assume that p is a prime

number.
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Definition 2.12 (Spin Matrix). Let {v0,v1, . . . ,vp−1} be a fixed orthonormal basis

of Cp and ω = e(2πi/p). Define

S0,1 =

p−1∑
m=0

v∗mvm+1, S1,0 =

p−1∑
m=0

ωmv∗mvm, (2.13)

where vp = v0. For j, k ∈ Zp, we define the corresponding Spin matrices by

Sj,k = (S1,0)
j(S0,1)

k. (2.14)

To illustrate these matrices, here are the Spin matrices for p = 3. Using the standard

basis {e0, e1, e2} of C3 and ω = e(2πi/3), the corresponding Spin matrices are

S0,0 =


1 0 0

0 1 0

0 0 1

 , S0,1 =


0 1 0

0 0 1

1 0 0

 , S0,2 =


0 0 1

1 0 0

0 1 0

 ,

S1,0 =


1 0 0

0 ω 0

0 0 ω2

 , S1,1 =


0 1 0

0 0 ω

ω2 0 0

 , S1,2 =


0 0 1

ω 0 0

0 ω2 0

 ,

S2,0 =


1 0 0

0 ω2 0

0 0 ω

 , S2,1 =


0 1 0

0 0 ω2

ω 0 0

 , S2,2 =


0 0 1

ω2 0 0

0 ω 0

 .

Lemma 2.13 ([30]). Let ω = e(2πi/p). Spin matrices have the following properties:

(1) S0,1S1,0 = ωS1,0S0,1 = ωS1,1;
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(2) Tr(Sj,k) = 0 unless (j, k) = (0, 0);

(3) S∗j,k = ωjkS−j,−k;

(4) Sj,kSa,b = ωkaSj+a,k+b;

(5) The set of Spin matrices are mutually orthogonal;

(6) (Sj,k)
m = ωjk(

m
2 )Smj,mk, where

(
m
2

)
= 0 for m = 0 or 1.

Proof. Property (1): Let B = {v0, . . . ,vp−1} be the orthonormal basis in Cp from

which the Spin matrices are built. Then

S0,1S1,0 =

p−1∑
m=0

(v∗mvm+1)

p−1∑
n=0

ωn (v∗nvn)

=

p−1∑
m=0

p−1∑
n=0

ωn〈vm+1,vn〉v∗mvn. (2.15)

Since 〈vm+1,vn〉 6= 0 only for n ≡ m+ 1 (mod p), then from (2.15) we have

S0,1S1,0 =

p−1∑
m=0

ωm+1v∗mvm+1

= ω

p−1∑
m=0

ωmv∗mvm+1.

By the same calculation, it is easy to check that

S1,0S0,1 =

p−1∑
m=0

ωmv∗mvm+1.

Thus S0,1S1,0 = ωS1,0S0,1.

Property (2): By (2.14), since Sj,0 = (S1,0)
j and S0,k = (S0,1)

k, it is easy to check
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that

Sj,k =

p−1∑
m=0

ωmjv∗mvm+k. (2.16)

Since Tr(v∗mvm+k) = 〈vm,vm+k〉 = δk,0, using (2.16) we have

Tr(Sj,k) =

p−1∑
m=0

ωmj Tr(v∗mvm+k)

=

p−1∑
m=0

ωmj〈vm,vm+k〉

=

p−1∑
m=0

ωmjδk,0

= δj,0δk,0.

Property (3): Using (2.16) we have

S∗i,j =
d−1∑
m=0

ω−mjv∗m+kvm = ωjk
d+k−1∑
n=k

ω−njv∗nvn−k = ωjkS−j,−k.

Properties (4), (5) and (6) are direct consequence of properties (1),(2) and (3).

From Lemma 2.13 the set of Spin matrices of order p, {Sj,k : (j, k) ∈ Z2
p}, contains

p2 unitary matrices which are orthogonal. By Theorem 2.9, to obtain p + 1 MUBs,

we just need to partition the set of Spin matrices to p+ 1 subsets, each consisting of

p commuting matrices. The rest of this section is devoted to finding such subsets.

By Lemma 2.13 part (4)

Sj,kSa,b = ωkaSj+a,k+b, Sa,bSj,k = ωjbSj+a,k+b. (2.17)

Thus, Sj,k and Sa,b commute if and only if ka = jb. Define the set of indices as follows
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Z2
p = {(j, k) : j, k ∈ Zp},

and the symplectic product ◦ : Z2
p × Z2

p → Zp by

u ◦ v = ka− jb, (2.18)

where u = (j, k), v = (a, b) ∈ Z2
p. From (2.17), Su and Sv commute if and only if the

symplectic product of indices u and v equals zero. The following lemma shows how

to find subsets of Z2
p for which the corresponding Spin matrices associated to each

subset commute.

Lemma 2.14 ([30]). The p+ 1 index subsets defined by

Ca = {b(1, a) : b ∈ Zp}, a ∈ Zp,

C∞ = {b(0, 1) : b ∈ Zp},

partition the index set Z2
p such that Spin matrices associated to each subset are com-

muting and have the identity matrix in common.

Proof. We need to show the symplectic product in each class is zero and Ca ∩ Ca′ =

{(0, 0)} for all a 6= a′ ∈ {0, 1, . . . , p− 1,∞}. Let u = b(1, a) and v = b′(1, a) be in Ca,

then it is obvious that u ◦ v = 0. If b(1, a) = b′(1, a′) ∈ Ca ∩ Ca′ , then b = b′ and if

b 6= 0, a = a′ thus Ca ∩ Ca′ = {(0, 0)}.

For example, for p = 3 the index sets defined in Proposition 2.14 are

C0 = {(0, 0), (1, 0), (2, 0)}, C1 = {(0, 0), (1, 1), (2, 2)},
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C2 = {(0, 0), (1, 2), (2, 1)}, C∞ = {(0, 0), (0, 1), (0, 2)}.

Commuting subsets of {Sj,k; (j, k) ∈ Z2
3} associated to each index set are

C0 = {S0,0, S1,0, S2,0}, C1 = {S0,0, S1,1, S2,2},

C2 = {S0,0, S1,2, S2,1}, C∞ = {S0,0, S0,1, S0,2}.

Thus, eigenvectors related to each set give 4 MUBs in C3. In the next section, we

will find eigenvectors of Spin matrices for prime dimensions.

2.3.1 Eigenvectors of Spin matrices

By Lemma 2.13 and Lemma 2.14 the set of Spin matrices can be partitioned into

p + 1 commuting orthogonal unitary matrices. So, by Theorem 2.9 the orthonormal

eigenvectors of Spin matrices corresponding to each set defined in Proposition 2.14

give p+ 1 MUBs. In this section we describe a way to obtain the eigenvectors of Spin

matrices.

Definition 2.15. Let p be an odd prime number. For each u = (j, k) ∈ Z2
p\{(0, 0)}

and r ∈ Zp, define

Pu(r) =
1

p

p−1∑
m=0

(ωrSu)
m, (2.19)

where (ωrSu)
0 = Ip.
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For p = 2, the Pu(r)s are defined as follows

P(0,1)(0) =
1

2

 1 1

1 1

 , P(0,1)(1) =
1

2

 1 −1

−1 1

 , P(1,1)(0) =
1

2

 1 i

−i 1

 ,

P(1,1)(1) =
1

2

 1 −i

i 1

 , P(1,0)(0) =
1

2

 1 0

0 0

 , P(1,0)(1) =
1

2

 0 0

0 1

 .

A square matrix P is a projection if P 2 = P . If P is a Hermitian projection of rank

one, then by Theorem 2.6, there exists a vector v such that

P = v∗v.

The following theorem characterizes the eigenvectors of Spin matrices in terms of one

dimensional projections.

Theorem 2.16 ([30]). For each u = (1, a), a ∈ Zp, and u = (0, 1), there exists

a vector vu(r) ∈ Cp, for some r ∈ Zp, such that Pu(r) = vu(r)
∗vu(r). Moreover,

Bu = {vu(r), r ∈ Zp} is the set of eigenvectors of the set {Sbu : b ∈ Zp}. Thus Bus

are p+ 1 MUBs in Cp.

Indices of the form u = (1, a), a ∈ Zp, and u = (0, 1) are called generator of

the index sets Ca and C∞ defined in Lemma 2.14 respectively. The following lemma

provides properties of Pu(r)s needed for proving Theorem 2.16.

Lemma 2.17 ([30],[29]). (1) For each u = (j, k) ∈ Z2
p\{(0, 0)}, {Pu(r) : r ∈ Zp} is

a set of p mutually orthogonal Hermitian projections;
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(2) (ωrSu)
t =

p−1∑
m=0

ω−mtPu(m+ r), for t ∈ Zp and u 6= (0, 0);

(3) if p > 2 and u = (1, a), a ∈ Zp, or u = (0, 1) is a generator, then for any b ∈ Zp

there exists s ∈ Zd such that Pbu(r) = Pu(s);

(4) Tr(Pu(r)Pu′(s)) =
1

p
for generators u and u′ in different classes;

(5) Tr(Pu) = 1 for u 6= (0, 0).

Proof. Property (1): For p = 2, it is easy to check that Pu(r)Pu(s) = δr,sPu(r). Let

p > 2 be prime. Since for any r and s ∈ Zp, there exists i ∈ Zp such that s = r + i,

then

Pu(r)Pu(s) = Pu(r)Pu(r + i)

=
1

p2

p−1∑
m=0

(ωrSu)
m

p−1∑
n=0

(ω(r+i)Su)
n

=
1

p2

p−1∑
m=0

p−1∑
n=0

(ωrSu)
m+nωin. (2.20)

Let l = m+ n. Then from (2.20)

Pu(r)Pu(r + i) =
1

p2

d−1∑
m=0

p−1+m∑
l=m

(ωrSu)
lωi(l−m)

=
1

d2

p−1∑
m=0

ω−im
p−1+m∑
l=m

(ωrSu)
lωil. (2.21)

We have two cases for i in (2.21) as follows:

(a) if i 6= 0 then
∑p−1

m=0 ω
−im = 0, so from (2.21) Pu(r)Pu(r + i) = 0;
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(b) if i = 0 then (2.21) is equal to

Pu(r)
2 =

1

p2

p−1∑
m=0

p−1+m∑
l=m

(ωrSu)
l

=
p

p2

p−1∑
l=0

(ωrSu)
l

= Pu(r).

Thus, Pu(r)Pu(s) = δr,sPu(r).

Now we need to show for each generator of the form u = (1, a) or u = (0, 1) and each

r ∈ Zp, Pu(r) is Hermitian. For p = 2 it is easy to check that Pu(r) = Pu(r)
∗. Let

p > 2 and u = (1, a) then

Pu(r)
∗ =

1

p

p−1∑
m=0

((ωrSu)
m)∗

=
1

p

p−1∑
m=0

ω−rm
(
ωa(

m
2 )S(m,ma)

)∗
=

1

p

p−1∑
m=0

ω−rmω−a(
m
2 )S∗(m,ma). (2.22)

Using Lemma 2.13 part (3) for the index (m,ma), S∗(m,ma) = ωm
2aS(−m,−ma). So (2.22)

is equal to

Pu(r)
∗ =

1

p

p−1∑
m=0

ω−rm−a(
m
2 )ωm

2aS(−m,−ma)

=
1

p

p−1∑
m=0

ω−rmωa(m
2−(m

2 ))S(−m,−ma)

=
1

p

p−1∑
m=0

ω−rmωa(
m+1

2 )S(−m,−ma).
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Let m = p− n. Since S(n−p,(n−p)a) = S(n,na) and S(n,na) = ω−a(
n
2)(S(1,a))

n, then

Pu(r)
∗ =

1

p

p−1∑
n=0

ωr(n−p)ωa(
p−n+1

2 )S(n−p,(n−p)a)

=
1

p

p−1∑
n=0

ωrnωa(
p−n+1

2 )S(n,na)

=
1

p

p−1∑
n=0

ωrnωa(
p−n+1

2 )ω−a(
n
2)(S(1,a))

n (2.23)

=
1

p

p−1∑
n=0

ωrn(S(1,a))
n (2.24)

= Pu(r).

It is easy to check that ωa(
p−n+1

2 )ω−a(
n
2) = 1, which we have used it to get (2.24) from

(2.23). So, for any r ∈ Zp and any generator of the form u = (1, a), a ∈ Zp, Pu(r) is

Hermitian. By the same argument we can show that Pu(r) is Hermitian for generator

u = (0, 1) and r ∈ Zp.

Property (2): From Definition 2.19, Pu(r +m) =
∑p−1

n=0(ω
r+m)n(Su)

n. So

p−1∑
m=0

ω−mtPu(m+ r) =
1

p

p−1∑
m=0

ω−mt
p−1∑
n=0

(ωr+m)n(Su)
n

=

p−1∑
n=0

(ωrSu)
n

p−1∑
m=0

(ωn−t)m

=

p−1∑
n=0

(ωrSu)
nδ(n, t) (2.25)

= (ωrSu)
t.

The equality in (2.25) holds because

p−1∑
m=0

(ωn−t)m = 0 for t 6= n.
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Property (3): By Lemma 2.13 part (6), (S(b,ba))
m = ω−ma(

b
2)(S(1,a))

bm. Hence

Pb(1,a)(r) =
1

p

p−1∑
m=0

(ωrSb(1,a))
m

=
1

p

p−1∑
m=0

ωmrω−ma(
b
2)Sbm(1,a)

=
1

p

p−1∑
m=0

ωm(r−a(b
2))Sbm(1,a)

=
1

p

p−1∑
l=0

ωlb
−1(r−a(b

2))Sl(1,a)

= P(1,a)(s),

where the last equality comes from substituting l = bm and s = b−1
(
r − a

(
b
2

))
∈ Zp.

Property (4): For p = 2 it is easy to check that Tr(Pu(r)Pu′(s)) =
1

d
. Let p > 2

and let u = (1, a), u′ = (1, a′) be generators in different classes. Since (S(1,a))
m =

ωa(
m
2 )S(m,ma) (see Lemma 2.13 part (6)), then

Tr(Pu(r)Pu′(s)) =
1

p2
Tr

(
p−1∑
m=0

p−1∑
n=0

(ωrSu)
m(ωsSu′)

n

)

=
1

p2

p−1∑
m=0

p−1∑
n=0

ωmr+a(
m
2 )ωns+a

′(n
2) Tr(SmuSnu′). (2.26)

From Lemma 2.13 parts (2) and (4), Tr (SmuSnu′) = Tr(ωmnaSmu+nu′) = 0 except for

the identity matrix, in which case, the index is mu+nu′ = n(1, a) +m(1, a′) = (0, 0).

Since a 6= a′, the only solution is m = n = 0. Thus Tr(SmuSnu′) = 0 except for

n = m = 0. For the case m = n = 0, Tr(S(0,0)S(0,0)) = Tr(Ip) = p. So by (2.26),

Tr(Pu(r)Pu′(s)) =
1

p
. By the same argument, the result is true for the generators
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u = (1, a) and u′ = (0, 1).

Property (5): By Lemma 2.13 part (2), Tr(Sru) = 0 except for u = (0, 0) or r = 0. So

Tr(Pu(r)) =
1

p

p−1∑
m=0

ωrm Tr(Smu ) =
1

p
Tr(Ip) = 1.

By Lemma 2.17, Pu(r)
2 = Pu(r), so the eigenvalues of Pu(r) are 0 and 1. Since

Tr(Pu(r)) = 1, multiplicity of eigenvalue 1 is one, so Pu(r) is of rank one for any

non-zero index u and r ∈ Zp. Moreover the Pu(r)s are Hermitian (see Lemma 2.17

part (1)), thus by Theorem 2.6, for u 6= (0, 0) and r ∈ Zp, there exists vu(r) ∈ Cp

such that

Pu(r) = vu(r)
∗vu(r). (2.27)

By Lemma 2.17 parts (1) and (4), for generators of the form u = (1, a), a ∈ Zp or

u = (0, 1), the sets defined by Bu = {Pu(r) : r ∈ Zp} are orthogonal and projections

from different sets Bu and Bu′ , u 6= u′ have trace
1

d
. Thus if we consider vectors

derived from the factorization (2.27), then sets defined by

B′u = {vu(r) : r ∈ Zp}, (2.28)

are mutually unbiased bases.

From Lemma 2.17 part (2), for t ∈ Zp and generators of the form u = (1, a), a ∈ Zp

and u = (0, 1), we have

(ωrSu)
t =

d−1∑
m=0

ω−mtPu(m+ r)
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=
d−1∑
m=0

ω−mtvu(m+ r)∗vu(m+ r). (2.29)

(2.29) shows that for each generator u of index sets from Proposition 2.14 the set

{vu(r) : r ∈ Zp} contains eigenvectors of the set of Spin matrices {(Su)t : t ∈ Zp}.

Thus Theorem 2.16 is proved.

The following example constructs MUBs in dimension 2 using Theorem 2.16.

Example 2.18. The commuting classes of Spin matrices for p = 2 and generators

u = (1, 0), u = (1, 1) and u = (0, 1) are {S0,0, S1,0}, {S0,0, S1,1}, and {S0,0, S0,1},

where

S(1,0) =

 1 0

0 −1

 , S(1,1) =

 0 1

−1 0

 , S(0,1) =

 0 1

1 0

 .

The projectors are determined by B(1,0) = {P(1,0)(0), P(1,0)(1)}, B(1,1) = {P(1,1)(0), P(1,1)(1)}

and B(0,1) = {P(0,1)(0), P(0,1)(1)} where Pu(r)s are defined on page 25. So if we de-

compose projections in each class of the form Pu(r) = vu(r)vu(r)
∗, then we get the

following 3 sets of MUBs of the form (2.28)

B′(1,0) =

{
v(1,0)(0) =

1√
2

(1, 1),v(1,0)(1) =
1√
2

(1,−1)

}
,

B′(1,1) =

{
v(1,1)(0) =

1√
2

(1, i),v(1,1)(1) =
1√
2

(1,−i)
}
,

B′(0,1) =
{
v(0,1)(0) = (1, 0),v(0,1)(1) = (0, 1)

}
.
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2.4 Construction of MUBs using Spin matrices in dimension d = p2, p an

odd prime

In Section 2.3 we built a set of unitary matrices (Spin matrices) and we partitioned

this set into sets of commuting and orthogonal matrices. Indices in each class were of

the form defined in Lemma 2.14. Then using Theorem 2.9, the eigenvectors of each

commuting class of Spin matrices gives us MUBs. In this section we use a similar

idea to construct MUBs in Cp2 using Spin matrices.

In this section we assume p is an odd prime number. For indices u = (j, k) and

v = (a, b) in Z2
p, denote the tensor product of two Spin matrices Su and Sv by Su⊗Sv,

where Su is same as defined in Definition 2.12. Then

(Su1 ⊗ Sv1)(Su2 ⊗ Sv2) =Su1Su2 ⊗ Sv1Sv2

=ωk1j2+b1a2Su2Su1 ⊗ Sv2Sv1 (2.30)

=ωk1j2+b1a2(Su2 ⊗ Sv2)(Su1 ⊗ Sv1)

where u1 = (j1, k1), v1 = (a1, b1), u2 = (j2, k2) and v2 = (a2, b2) are in Z2
p. We have

used (2.17) in (2.30). So, Su1 ⊗ Sv1 and Su2 ⊗ Sv2 commute if and only if

(k1j2 − k2j1) + (b1a2 − b2a1) = 0,

or

u1 ◦ u2 + v1 ◦ v2 = 0, (2.31)
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where ◦ is the symplectic product defined in (2.18). Let

V4(Zp) = {w = (j, k, a, b) = (u, v) : a, b, j, k ∈ Zp}, (2.32)

and define the symplectic product of w1 = (u1, v1) and w2 = (u2, v2) on the four

dimensional space V4(Zp) as

w1 ◦ w2 = u1 ◦ u2 + v1 ◦ v2. (2.33)

The problem of finding commuting classes of Spin matrices is equivalent to partition-

ing V4(Zp) such that indices in each class satisfy w1 ◦ w2 = 0. Next we demonstrate

the procedure to find such classes.

Define the polynomial f(x) = x2 −D over Zp, where D is is not a quadratic residues

modulo p. In other words the equation x2 = D has no solution in Zp. There exist at

least (p− 1)/2 such values of D (see [3]). For p = 2, there is no such D.

For any positive integer n, there exists a finite field with pn elements; this is an ex-

tension field of the finite field Zp. In Algebra a finite field of order pn is called a Galois

field and is denoted by GF (pn). For details on Galois fields see [28, 36]. In this con-

text, we denote a finite field of order pn by Fpn . Let λ be a root of f(x) = x2 −D in

Fp2 . The Galois field of order p2 is representable in the form

Fp2 = {j + kλ : j, k ∈ Zp},

with operations as follows
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(j + kλ) + (a+ bλ) = (j + a) + (k + b)λ,

(j + kλ)(a+ bλ) = ja+Dkb+ λ(jb+ ka).

Let F2
p2 = {u = (α, β) : α, β ∈ Fp2} and define the symplectic product for u =

(α, β), u′ = (α′, β′) ∈ F2
p2 by

u ◦ u′ = βα′ − αβ′. (2.34)

Let us define subsets of F2
p2 for each α ∈ Fp2 as follows

Cα = {β(1, 0) + βα(0, 1) = β(1, α) : β ∈ Fp2} (2.35)

C∞ = {β(0, 1) : β ∈ Fp2}.

These are p2 + 1 sets, each consisting of p2 vectors and only (0, 0) is in common

between any two sets. If u and v are in the same set, u ◦ v = 0. The proof is same as

in Lemma 2.14.

Let α = j1 + j2λ and β = k1 + k2λ, ji, ki ∈ Zp, then u = (α, β) = α(1, 0) +β(0, 1) can

be written as

u = (j1 + j2λ)(1, 0) + (k1 + k2λ)(0, 1)

= j1(1, 0) + j2(λ, 0) + k1(0, 1) + k2(0, λ). (2.36)

(2.36) shows that F2
p2 is a four-dimensional vector space over Zp. Our goal is to relate

the symplectic product in F2
p2 to the symplectic product in V4(Z4) defined in (2.34)

and (2.33) respectively. We do this by defining an isomorphism from F2
p2 to V4(Zp).
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It suffices to define this isomorphism on the bases of each vector space. Let us define

a basis for F2
p2 over Zp as follows

A = {e0 = 2−1(1, 0), e1 = (2D)−1λ(1, 0), f0 = (0, 1), f1 = λ(0, 1)}. (2.37)

It is easy to check that any element (α, β) = (j1 + j2λ, k1 + k2λ) ∈ Fp22 is a linear

combination of the elements in A as follows

(j1 + j2λ, k1 + k2λ) = 2j1e0 + 2Dj2e1 + k1f0 + k2f1, (2.38)

where j1, j2, k1, k2 ∈ Zp. Let M be the linear mapping from F2
p2 to V4(Zp) defined by

its action on er and fr for r = 0, 1 so that

M(e0) = (1, 0, 0, 0), M(e1) = (0, 0, 1, 0),

M(f0) = (0, 1, 0, 0), M(f1) = (0, 0, 0, 1). (2.39)

M is a Zp-isomorphism—a one-to-one, onto mapping that preserves the linear struc-

ture. By using (2.38), (2.39) and above notations, we have

M((α, β)) = (2j1, k1, 2Dj2, k2). (2.40)

It remains to relate the symplectic structure of F2
p2 and V4(Zp). First we need the

idea of the trace of a field extension.

Definition 2.19. Let λ be a solution of the equation x2 = D in Fp2\Zp. For each

α = j + kλ ∈ Fp2 define the trace of α by
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Tr(α) = 2j.

It is easy to check that for any i, j ∈ {1, 2}

Tr(fi ◦ ej) = δ(i, j), Tr(ei ◦ ej) = Tr(fi ◦ fj) = 0. (2.41)

Theorem 2.20 ([30]). Let z1 = (α1, β1) and z2 = (α2, β2) ∈ V2(Fp2) and let M be

the linear mapping defined in (2.39). Then

M(z1) ◦M(z2) = Tr(z1 ◦ z2). (2.42)

Proof. In the notation of (2.38), let

z1 = 2j1e0 + 2Dj2e1 + k1f0 + k2f1, z2 = 2r1e0 + 2Dr2e1 + s1f0 + s2f1.

Since A defined in (2.37) is a basis for V2(Fp2) over Zp, we can write z1 ◦ z2 in terms

of basis elements. Using (2.41), we have

Tr(z1 ◦ z2) = (k12r1 − 2j1s1) + (k22Dr2 − 2Dj2s2)

= (2j1, k1) ◦ (2r1, s1) + (2Dj2, k2) ◦ (2Dr2, s2)

= (2j1, k1, 2Dj2, k2) ◦ (2r1, s1, 2Dr2, s2)

= M(z1) ◦M(z2).

For any z1, z2 ∈ Cα, z1 ◦ z2 = 0. So Tr(z1 ◦ z2) = 0. Using Equation (2.42) in

Theorem 2.20, we have M(z1) ◦ M(z2) = 0. Therefore, the symplectic product of
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elements of M(Cα) ⊂ V4(Zp) is equal to zero. It is well known [30] that if we want to

have the property stated in Equation (2.42), we need a basis of the form A defined

in (2.37).

From (2.36) for any α = j1 + j2λ, β = k1 + k2λ ∈ Fp2 , λ2 = D, each element (β, βα)

in the class Cα is of the form

(β, βα) = (jk + jkλ, (k1 + k2λ)(j1 + j2λ))

= k1(1, 0) + k2λ(1, 0) + (k1j1 + k2j2D)(0, 1) + λ(k1j2 + k2j1)(0, 1)

= 2k1e0 + 2Dk2e1 + (k1j1 + k2j2D)f0 + (k1j2 + k2j1)f1.

Thus

M((β, βα)) = M(2k1e0 + 2Dk2e1 + (k1j1 + k2j2D)f0 + (k1j2 + k2j1)f1)

= 2k1M(e0) + 2Dk2M(e1) + (k1j1 + k2j2D)M(f0) + (k1j2 + k2j1)M(f1)

= (2k1, k1j1 + k2j2D, 2Dk2, k1j2 + k2j1). (2.43)

Thus classes in F2
p2 can be expressed by classes with elements of the form (2.43). So,

each element of Cα is mapped to an element of Cj1,j2 .

Lemma 2.21 ([30]). Let p be an odd prime. The classes given by Cα and C∞ defined

in (2.35) are mapped to the following classes in V4(Zp)

Cj1,j2 = {(2k1, k1j1 + k2j2D, 2Dk2, k1j2 + k2j1) : k1, k2 ∈ Zp},

C∞ = {(0, k1, 0, k2) : k1, k2 ∈ Zp}, (2.44)
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where j1, j2 ∈ Zp. Moreover V4(Zp) =
⋃
j1,j2

Cj1,j2
⋃

C∞ and the intersection of any

two classes is {(0, 0, 0, 0)}. Therefore the set of Spin matrices indexed by each class

is commuting.

Proof. First we show that in each class, the symplectic product defined in (2.33) is

zero. Let w1 = (2k1, k1j1 + k2j2D, 2Dk2, k1j2 + k2j1) = (u1, v1) and w2 = (2k′1, k
′
1j1 +

k′2j2D, 2Dk
′
2, k
′
1j2 + k′2j1) = (u2, v2) be two elements in Cj1,j2 . Then

w1 ◦ w2 = (2k1, k1j1 + k2j2D) ◦ (2k′1, k
′
1j1 + k′2j2D)+

(2Dk2, k1j2 + k2j1) ◦ (2Dk′2, k
′
1j2 + k′2j1)

= 0.

It remains to show that Cj1,j2
⋂
Cj′1,j′2 = (0, 0, 0, 0) for (j1, j2) 6= (j′1, j

′
2). Assume the

contrary. Let w = (2k1, k1j1 + k2j2D, 2Dk2, k1j2 + k2j1) ∈ Cj1,j2
⋂
Cj′1,j′2 . Then we

have the following equations

j1k1 + j2k2D = j′1k1 + j′2k2D, j1k2 + j2k1 = j′1k2 + j′2k1.

We can rewrite the above system as

k1(j1 − j′1) + k2D(j2 − j′2) = 0, k2(j1 − j′1) + k1(j2 − j′2) = 0.

Above system is homogeneous and has non-trivial solution if and only if k22D = k21.

But D is not a quadratic residues modulo p. So, the system has only trivial solution
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j1 − j′1 = 0 and j2 − j′2 = 0. So (j1, j2) = (j′1, j
′
2). Contradiction. By the same

argument we can show C∞
⋂
Cj1,j2 = (0, 0, 0, 0).

V4(Zp) has p4 elements, partitioned by p2+1 subsets of the form defined in Lemma 2.21.

Spin matrices associated to each subset are commuting. Thus we have partitioned

the Spin matrices of order p2 into p2 + 1 subsets of unitary matrices such that Spin

matrices in each subset are commuting and orthogonal. Thus by Theorem 2.9 we

have p2 + 1 MUBs.

For example, for p = 3, D = 2 is not quadratic residues modulo 3. The sets of Spin

matrices corresponding to Cj1,j2 , j1, j2 ∈ Z3 and C∞ defined in Lemma 2.21 are

Cj1,j2 =
{
S(2k1,k1j1+2k2j2) ⊗ S(k2,k1j2+k2j1) : k1, k2 ∈ Z3

}
,

C∞ =
{
S(0,k1) ⊗ S(0,k2) : k1, k2 ∈ Z3

}
.

2.5 Spin matrices of dimension d = pn, p prime

In Section 2.4 we described how we can partition the set of Spin matrices of dimension

d = p2 into the commuting subsets. By the same methodology, A. O. Pittenger and

M. H. Rubin (see [30]) partitioned the set of Spin matrices of dimension d = pn,

n ∈ Z, into the commuting subsets.

Consider the n-fold tensor product of the Spin matrices

U1 = Su1 ⊗ Su2 ⊗ · · · ⊗ Sun ,
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U2 = Sv1 ⊗ Sv2 ⊗ · · · ⊗ Svn ,

where ui = (ji, ki), vi = (ai, bi) ∈ Z2
p for i = 1, . . . n. Then

U1U2 =(Su1 ⊗ Su2 ⊗ · · · ⊗ Sun)(Sv1 ⊗ Sv2 ⊗ · · · ⊗ Svn)

= Su1Sv1 ⊗ Su2Sv2 ⊗ · · · ⊗ SunSvn

= ωk1a1+k2a2+···+knanSv1Su1 ⊗ Sv2Su2 ⊗ · · · ⊗ SunSvn

= ωk1a1+k2a2+···+knan(Sv1 ⊗ Sv2 ⊗ · · · ⊗ Svn)(Su1 ⊗ Su2 ⊗ · · · ⊗ Sun)

= ωk1a1+k2a2+···+knanU2U1.

By the same argument we see that

U2U1 = ωb1j1+b2j2+···+bnjnU1U2.

Thus U1 and U2 commute if and only if

k1a1 + k2a2 + · · ·+ knan = b1j1 + b2j2 + · · ·+ bnjn,

or equivalently

(k1a1 − b1j1) + (k2a2 − b2j2) + · · ·+ (knan − bnjn) = 0.

We may rewrite above equation in terms of the symplectic product as follows

u1 ◦ v1 + u2 ◦ v2 + · · ·+ un ◦ vn = 0. (2.45)

Define V2n(Zp) as follows

V2n(Zp) = {(j1, k1, j2, k2, . . . , jn, kn) = (u1, u2, . . . , un) : ji, ki ∈ Zp}.
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V2n(Zp) has p2n elements. Our desire is to partition V2n(Zp) into pn + 1 classes, each

consisting of pn elements such that elements in each class satisfy (2.45). This is doable

by defining a structure on Fpn analogously to the case d = p2 in Section 2.4.

Let us now briefly explain the process of partitioning V2n(Zp).

A polynomial is said to be irreducible in Zp if it cannot be factored into the product

of two or more non-trivial polynomials whose coefficients are in Zp. For any p, there

exists an irreducible polynomial of degree n over Zp [3].

Let f(x) = xn + cn−1x
n−1 + · · · + c0 be a an irreducible polynomial of degree n over

Zp and λ a root of f in Fpn , then f can be uniquely written in the form

f(x) = (x− λ)(dn−1x
n−1 + dn−2x

n−2 + · · ·+ d0), di ∈ Fpn . (2.46)

Any α ∈ Fpn can be written as follows

α = an−1λ
n−1 + an−2λ

n−2 + · · ·+ a0, ai ∈ Zp.

Define F2
pn by

F2
pn = {u = (α, β) : α, β ∈ Fpn}, (2.47)

and the symplectic product of two elements u = (α, β), u = (α′, β′) ∈ F2
pn by

u ◦ u′ = βα′ − αβ′.

Consider subsets of F2
pn as follows

Cα = {β(1, α) : β ∈ Fpn}, α ∈ Fpn , (2.48)
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C∞ = {β(0, 1) : β ∈ Fpn}. (2.49)

These give pn + 1 subsets of F2
pn , each consisting of pn vectors, only (0, 0) common to

any two sets. If u and v are in the same set, then it is easy check that u ◦ v = 0. As

with the case d = p2, it is convenient to express the index sets in (2.48) and (2.49)

in term of elements in Zp. So we need to relate each subset of F2
pn defined in (2.48)

and (2.49) to a subset in V2n(Zp). First we need a Zp-isomorphism map M from F2
pn

to V2n(Zp) like the map defined in (2.39). We just need to define M on bases of each

spaces. F2
pn is a two-dimensional vector space over Fpn and Fpn is a n-dimensional

space over Zp. Thus F2
pn is a 2n-dimensional space over Zp. Define a basis for F2

pn as

follows

A = {ej =
dj

f ′(λ)
(1, 0), fk = λk(0, 1) : 0 ≤ j, k ≤ n− 1} (2.50)

where the djs are defined in (2.46) and f ′ is derivative of f .

Definition 2.22. Let λ be a root of the irreducible polynomial f(x) = xn+cn−1x
n−1+

· · ·+ c0 over Zp. For each α = α(λ) = an−1λ
n−1 + · · ·+ a1λ+ a0 ∈ Fpn, define Tr(α)

by

Tr(α) =
∑n

r=1 α(λr),

where the λr for r = 1, . . . , n are the n distinct roots of f(x) in Fpn.
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Observe that fk ◦ ej is an element of Fpn . It is proved [30] that elements ej and fk

defined in (2.50) satisfy

Tr(fk ◦ ej) = δ(k, j). (2.51)

The reason for defining coefficients dj/f
′(λ) for ejs and λk for fk is that the equation

(2.51) holds only for these coefficients.

Using indexing beginning at 0, let M denote the linear mapping that maps A to the

standard basis in V2n(Zp) as follows

M(ej) = e2j, M(fj) = e2j+1, 0 ≤ j,≤ n− 1, (2.52)

where {e0, . . . , e2n−1} is the standard basis in V2n(Zp). When n = 2, M is as defined

in (2.39). For every vector u ∈ F2
pn , M(u) ∈ V2n(Zp).

By the same argument as in Theorem 2.20 and using (2.51), the symplectic products

in F2
pn and V2n(Zp) are related by

M(z1) ◦M(z2) = Tr(z1 ◦ z2), (2.53)

where z1, z2 ∈ V F2
pn and M(z1),M(z2) ∈ V2n(Zp) [30]. Now we may map each class

in F2
pn defined in (2.48) to a class in V2n(Zp) by the following algorithm.

Keep all notations as defined in this section.

Let α = an−1λ
n−1 + an−2λ

n−2 + · · · + a0 ∈ Fpn . Since {ej, fj : 0 ≤ j ≤ n − 1} is a

basis for F2
pn , then any element (β, βα) ∈ Cα ⊂ F2

pn can be written as follows

(β, βα) =
n−1∑
j=0

xjej + yjfj, xj, yj ∈ Zp. (2.54)
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M acts on (β, βα) as follows

M((β, βα)) =
n−1∑
j=0

M(xjej) +M(yjfj)

=
n−1∑
j=0

xje2j + yje2j+1. (2.55)

On the other hand, for z1 = (β, βα), z2 = (β′, β′α) ∈ Cα, z1 ◦ z2 = 0. By using (2.51)

we have

Tr(z1 ◦ z2) = M(z1) ◦M(z2) = 0. (2.56)

Thus by (2.55) and (2.56), if α ∈ Fpn , then M(Cα) ⊂ V2n(Zp) and the symplectic

product of two elements of M(Cα) is zero. So, for each α = an−1λ
n−1 + an−2λ

n−2 +

· · ·+ a0 ∈ Fpn , we associate a class M(Cα) = Can−1,...,a0 as follows

Can−1,...,a0 =

{
(x0, y0, . . . , xn−1, yn−1) : (β, βα) =

n−1∑
j=0

xjej + yjfj, β ∈ Fpn , xj, yj ∈ Zp

}
.

(2.57)

Similarly, M(C∞) = C ′∞ can be defined as follows

C ′∞ =

{
(0, y0, . . . , 0, yn−1) : (0, β) =

n−1∑
j=0

yjfj : β ∈ Fpn , yj ∈ Zp

}
. (2.58)

Thus the classes defined in (2.57) and (2.58) partition V2n(Zp) so that the symplectic

product of two elements in each class is zero. Spin matrices derived from each class

commute and are of the forms

Can−1,...,a0 =
{
Sx0,y0 ⊗ · · · ⊗ Sxn−1,yn−1 : (x0, y0, . . . , xn−1, yn−1) ∈ Can−1,...,a0

}
,
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and

C∞ =
{
S0,y0 ⊗ · · · ⊗ S0,yn−1 : (0, y0, . . . , 0, yn−1) ∈ C∞

}
.

Thus we have a partition for a set of unitary matrices (Spin matrices) such that the

Spin matrices from each class commute. Now we may use Theorem 2.9 to derive

pn + 1 MUBs in Cpn from eigenvectors of the Spin matrices from each class.

Example 2.23. For p = n = 2, an appropriate polynomial is f(x) = x2 + x + 1.

Then f ′(x) = 1. If f(λ) = 0, then λ2 = λ + 1 is the second root, given d1 = 1 and

d0 = λ2, since x2 + x+ 1 = (x− λ)(x− λ− 1). Then

e0 = λ2(1, 0), e1 = (1, 0), f0 = (0, 1), f1 = λ(0, 1).

The five classes of vectors in F2
22 indexed by α = j0 + j1λ , j0, j1 ∈ Zp, are

C0 = {(0, 0), (1, 0), (λ, 0), (λ2, 0)} = {0, e1, e0 + e1, e0},

C1 = {0, 0), (1, 1), (λ, λ), (λ2, λ2)} = {0, e1 + f0, e0 + e1 + f1, e0 + f0 + f1},

Cλ = {0, 0), (1, λ), (λ, λ2), (λ2, 1)} = {0, e1 + f1, e0 + e1 + f0 + f1, e0 + f0},

Cλ2 = {0, 0), (1, λ2), (λ, 1), (λ2, λ)} = {0, e1 + f0 + f1, e0 + e1 + f0, e0 + f1},

C∞ = {0, 0), (0, 1), (0, λ), (0, λ2)} = {0, f1, f0 + f1, f0}.

Under the mapping M defined in (2.52) for the case d = 22, the classes in V2(F22)

are mapped to classes in V4(Z2) as follows

C0 → C0,0 = {(0000), (0010), (1010), (1000)},
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C1 → C1,0 = {(0000), (0110), (1011), (1101)},

Cλ → C0,1 = {(0000), (0011), (1111), (1100)},

Cλ2 → C1,1 = {(0000), (0111), (1110), (1001)},

C∞ → C ′∞ = {(0000), (0100), (0001), (0101)}.

The Spin matrices corresponding to the above classes are

C0,0 = {S00 ⊗ S00, S00 ⊗ S10, S10 ⊗ S10, S10 ⊗ S00} ,

C1,0 = {S00 ⊗ S00, S01 ⊗ S10, S10 ⊗ S11, S11 ⊗ S01} ,

C0,1 = {S00 ⊗ S00, S00 ⊗ S11, S11 ⊗ S11, S11 ⊗ S00} ,

C1,1 = {S00 ⊗ S00, S01 ⊗ S11, S11 ⊗ S10, S10 ⊗ S01} ,

C∞ = {S00 ⊗ S00, S01 ⊗ S00, S00 ⊗ S01, S01 ⊗ S01} ,

where Sj,k for j, k ∈ {0, 1} are defined in Example 2.18. 5 MUBs are determined by

eigenvectors of the Spin matrices in the 5 classes.

2.6 Algebraic construction of MUBs for odd prime powers

In this section we present a construction based on Weil sums. First, some basic

definitions.

Definition 2.24. For α ∈ F = Fpn and K = Zp, the trace TrF/K(α) of α over Zp is

defined by
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TrF/K(α) = α + αp + · · ·+ αp
m−1

.

Henceforth, we use Tr instead of TrF/K for convenience. If we consider Fpn as n-

dimensional vectors space over Zp, it is well know that Tr is a linear transformation

from Fpn onto Zp, i.e., Tr(c1α + c2β) = c1 Tr(α) + c2 Tr(β) ∈ Zp for α, β ∈ Fpn and

c1, c2 ∈ Zp [27].

For each non-zero element x ∈ Zp, define a non-trivial additive character χx : Fpm 7→

C\{0} by

y 7→ ωTr(xy), (2.59)

where ω = e(2πi/p), a primitive pth root of unity. It is easy to check that for any

x ∈ F\{0} ∑
y∈Fpn

χx(y) = 0. (2.60)

See [21] for the proof.

The next lemma plays a crucial role for this section. You may see a proof in [27].

Lemma 2.25 (Weil sums). Let χ be the non-trivial additive character of Fpm defined

in (2.59), where p is an odd prime number and let f(X) ∈ Fpn [X] be a polynomial of

degree 2. Then ∣∣∣∣∣∣
∑
x∈Fpn

χ(f(x))

∣∣∣∣∣∣ =
√
d,

where d = pn.
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Ivanovic in 1981 [22] found the following construction for MUBs of prime power

dimensions. A.Klappenecker and M.Rötteler gave an elementary proof of the con-

struction in [24] by taking advantage of Weil sums.

Theorem 2.26 ([22],[24]). Let p > 2 be a prime number. For each a ∈ Fpm, define a

set of vectors by

Ba = {va,b|b ∈ Fpn},

where va,b is a vector of length pn defined as follows. Considering elements of Fpn as

an index set, the xth component of va,b is defined by

(va,b)x =
1√
d
ωTr(ax2+bx), x ∈ Fpn , (2.61)

where d = pn. Then the sets Ba and the standard basis, form pn+1 mutually unbiased

bases in Cpn.

Proof. The inner product of two vectors defined in (2.61) is

|〈va,b,vc,d〉| =

∣∣∣∣∣∣1d
∑
x∈Fpn

ωTr((a−c)x2+(b−d)x)

∣∣∣∣∣∣.
By considering possible cases for the values of a, b, c, d, if a = c and b 6= d the right

hand side is equal 0 by (2.60). If a = c and b = d then the inner product is equal to 1.

Thus Ba is an orthonormal basis for any a ∈ Fpn . On the other hand, if a 6= c, then

the right hand side evaluates to
1√
d

by Lemma 2.25, which proves that the bases Ba

and Bc are mutually unbiased. Since for any x ∈ Fpn ,
∣∣(va,b)x∣∣2 =

1

d
, the standard

basis is mutually unbiased to Ba for a ∈ Fpn .
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Example 2.27. For d = p = 3, F3 = {0, 1, 2}. Using the construction given in

Theorem 2.26, the bases are

B0 = {v0,0,v0,1,v0,2} =

{
1√
3

(1, 1, 1),
1√
3

(1, ω, ω2),
1√
3

(1, ω2, ω)

}
,

B1 = {v1,0,v1,1,v1,2} =

{
1√
3

(1, ω, ω),
1√
3

(1, ω2, 1),
1√
3

(1, 1, ω2)

}
,

B2 = {v2,0,v2,1,v2,2} =

{
1√
3

(1, ω2, ω2),
1√
3

(1, 1, ω),
1√
3

(1, ω, 1)

}
,

and the standard basis form 4 mutually unbiased bases. For instance v2,1 ∈ B2 is

calculated in the following manner

v2,1 =
1√
3

((v2,1)0, (v2,1)1, (v2,1)2)

=
1√
3

(
ωTr(2(0)2+0), ωTr(2(1)2+1), ωTr(2(2)2+2)

)
=

1√
3

(1, 1, ω) .

2.6.1 Algebraic construction of MUBs for even prime powers

In Section 2.6, we stated a construction for MUBs in dimension equal to an odd prime

power based on Weil sums. We cannot use Weil sums for the case p = 2 because

Lemma 2.25 does not apply in even characteristic. In this section we consider the

case p = 2. We use Galois rings for constructing MUBs for dimensions of the form

d = 2n.

A polynomial F (x) ∈ Z2[x] is primitive if it has a root ξ in F2n and {0, 1, ξ, . . . , ξ2n−2}

is the entire field F2n , and moreover, F (x) is the smallest degree polynomial having
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ξ as root. It is well known that there exists a unique polynomial h(x) ∈ Z4[x] such

that h(x) ≡ F (x) (mod 2) and h(x) divides x2
n−1 − 1 as a polynomial in Z4[x] [16].

For example, if F (x) = x3 + x + 1 then h(x) = x3 + 2x2 + x − 1. See [16] for an

algorithm showing how h(x) can be found from a given primitive polynomial F (x).

Let α be a root of h(x). In fact, α can be chosen such that it is a primitive (2n−1)th

root of unity. The corresponding Galois ring, GR(4n), is defined by

GR(4n) = Z4[α]. (2.62)

GR(4n) has 4n elements. Define Tn by

Tn = {0, 1, α, . . . , α2n−2}. (2.63)

Tn contains all the distinct (2n − 1)th roots of unity. Every element r ∈ GR(4n) can

be represented uniquely of the form

r = αj + 2αm,

for j,m ∈ {0, 1, . . . , 2n − 2}, see [39] for details. The map σ : GR(4n) → GR(4n)

defined by σ(r) = σ(αj+2αm) = α2j+2α2m is called the Frobenius automorphism

[[39], p.86]. Using σt to denote t-fold composition of σ, define the trace map Tr :

GR(4n)→ Z4 by

Tr(r) =
n−1∑
t=0

σt(r), (2.64)

where σ0 denotes the identity map. You may see a comprehensive discussion on Galois

rings in [16] and [39].
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Lemma 2.28 ([43]). Using the same notations as above and let i2 = −1. Define

Γ : GR(4n)→ C by

Γ(r) =
2n−2∑
k=0

iTr(rα
k). (2.65)

Then

|Γ(r)| =


0 if r ∈ 2Tn, r 6= 0;

2n if r = 0;

√
2n otherwise.

Theorem 2.29. Let GR(4n) and Tn be sets defined in (2.62) and (2.63). For αj, αm ∈

Tn, j,m ∈ {0, 1, . . . , 2n − 2}, define 2n dimensional vectors vαi,αj with kth entry,

k ∈ {0, 1, . . . , 2n − 2}, by

(
vαj ,αm

)
k

=
1√
2n
iTr((α

j+2αm)αk). (2.66)

Then, for j = 0, 1, . . . , 2n − 2, the sets

Bαj = {vαj ,αm |m = 0, 1, . . . , 2n − 2}, (2.67)

and the standard basis form 2n + 1 MUBs in C2n.

Proof. The inner product of two vectors vαj ,αm and vαj′ ,αm′ with entries defined in

(2.66) is

∣∣〈vαj ,αm ,vαj′ ,αm′ 〉
∣∣ =

1

2n

∣∣∣∣∣
2n−2∑
k=0

i
Tr

(
(αj−αj′+2(αm−αm′ ))αk

)∣∣∣∣∣.
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If j = j′ and m 6= m′, since 2(αm−αj) ∈ 2Tn then the right hand side equals to 0 by

Lemma 2.28. If j = j′ and m = m′ then right hand side is equal to 1. This shows

that Bαj is an orthonormal basis.

When j 6= j′, i.e., the vectors belong to different bases, then r = (αj − αj′) + 2(αm −

αm
′
) 6∈ 2Tn. Thus by Lemma 2.28,

∣∣〈vαj ,αm ,vαj′ ,αm′ 〉
∣∣ =

1√
2n

, hence Bαj and Bαj′ are

mutually unbiased.

The entries of the vectors vαj ,αm have absolute value
1√
2n

, so the standard basis and

Bαj are mutually unbiased for all αj ∈ Tn.

Example 2.30. For n = 2, h(x) = x2 + x + 1 is an irreducible polynomial in Z4[x]

with root α, such that α22−1 = 1. Let T2 = {0, 1, α, α2}. Consider the Galois ring

GR(42) = Z4[α] with 16 elements. Any r ∈ GR(42) is of the form r = αj + 2αm,

j,m ∈ {0, 1, 2}. For αj, αm ∈ T2, σ(αj+2αm) = α2j+2α2m, σ0(αj+2αm) = αj+2αm.

Using (2.64), Tr(αj+2αm) = σ0(αj+2αm)+σ(αj+2αm) = αj+2αm+α2j+2α2m ∈ Z4.

The 4 bases constructed in Theorem 2.29 are

B0 = {v0,0,v0,1,v0,α,v0,α2} , B1 = {v1,0,v1,1,v1,α,v1,α2} ,

Bα = {vα,0,vα,1,vα,α,vα,α2} , Bα2 = {vα2,0,vα2,1,vα2,α,vα2,α2} .

Applying (2.66) yields

B0 =

{
1

2
(1, 1, 1, 1),

1

2
(1, 1,−1,−1),

1

2
(1,−1,−1, 1),

1

2
(1,−1, 1,−1)

}
,

B1 =

{
1

2
(1,−1,−i,−i), 1

2
(1, 1, 1, 1),

1

2
(1, 1, 1, 1),

1

2
(1, 1, 1, 1)

}
,
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Bα =

{
1

2
(1,−i,−i,−1),

1

2
(1,−i, i, 1),

1

2
(1, i, i,−1),

1

2
(1, i,−i, 1)

}
,

Bα2 =

{
1

2
(1,−i,−1,−i), 1

2
(1,−i, 1, i), 1

2
(1, i, 1,−i), 1

2
(1, i,−1, i)

}
.

These four bases and the standard basis form an extremal set of five mutually unbiased

bases of C4. For instance, vα,1 ∈ Bα is evaluated as follows

vα,1 =
1

2
((vα,1)0, (vα,1)1, (vα,1)α, (vα,1)α2)

=
1

2

(
iTr(0), iTr(α+2), iTr((α+2)α), iTr((α+2)α2)

)
=

1

2
(1,−i, i, 1).

2.7 Construction of MUBs in non-prime power dimensions

All constructions described so far in this chapter are for prime power dimensions.

Assuming NMUB(d) represents the maximum number of MUBs of dimension d, we

see that for prime power dimensions d, NMUB(d) attains the maximum, NMUB(d) =

d + 1. So far there is no construction for non-prime power dimensions that gives a

complete set of MUBs. Zauner’s conjecture states for non-prime power dimensions

NMUB(d) < d+1 [44]. For example, d = 6 is the first non-prime power dimension, and

only 3 MUBs are known. The following lemma gives a lower bound for the number

of MUBs for any dimension d.

Lemma 2.31 ([24]). Let d = pm1
1 pm2

2 . . . pml
l be a factorization of d in to distinct

primes pi. Then
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NMUB(d) ≥ min
i
pmi
i + 1.

Proof. We know that for any prime power dimension pmi
i there exists pmi

i + 1 MUBs.

Let n = miniNMUB(pmi
i ). For each 1 ≤ i ≤ l, there exists n MUBs B(i)

1 , . . . ,B
(i)
n in

Cp
mi
i . For 1 ≤ k ≤ n, let

B(i)
k = {vi,jk : j = 1, 2, . . . pi}. (2.68)

Defined basses in Cd as follows

B′k =
{

v1,j1
k ⊗ v2,j2

k · · · ⊗ vl,jlk : j1 ∈ {1, . . . pm1
1 }, . . . , jl ∈ {1, . . . p

ml
l }
}

.

It is easy to check that B′1,B′2, . . . ,B′n are n MUBs in Cd.

Example 2.32. Let d = 6. For p1 = 2 we have 3 MUBs in C2 and for p2 = 3 we

have 4 MUBs in C3. So, we choose 3 MUBs in C2 and 3 MUBs in C3 as follows

B(1)
1 =

{
v1,1
1 = (1, 0),v1,2

1 = (0, 1)
}
,

B(1)
2 =

{
v1,1
2 =

1√
2

(1, 1),v1,2
2 =

1√
2

(1,−1)

}
,

B(1)
3 =

{
v1,1
3 =

1√
2

(1, i),v1,2
3 =

1√
2

(1,−i)
}
.

B(2)
1 =

{
v2,1
1 = (1, 0, 0),v2,2

1 = (0, 1, 0),v2,3
1 = (0, 0, 1)

}
,

B(2)
2 =

{
v2,1
2 =

1√
3

(1, 1, 1),v2,2
2 =

1√
3

(1, ω2, ω),v2,3
2 =

1√
3

(1, ω, ω2)

}
,

B(2)
3 =

{
v2,1
3 =

1√
3

(1, 1, ω),v2,2
3 =

1√
3

(1, ω2, ω2),v2,3
3 =

1√
3

(1, ω, 1)

}
.
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Using the construction given in Lemma 2.31, we have 3 MUBs in C6 as follows

B′1 = {v1,1
1 ⊗ v2,1

1 ,v1,1
1 ⊗ v2,2

1 ,v1,1
1 ⊗ v2,3

1 ,v1,2
1 ⊗ v2,1

1 ,v1,2
1 ⊗ v2,2

1 ,v1,2
1 ⊗ v2,3

1 },

B′2 = {v1,1
2 ⊗ v2,1

2 ,v1,1
2 ⊗ v2,2

2 ,v1,1
2 ⊗ v2,3

2 ,v1,2
2 ⊗ v2,1

2 ,v1,2
2 ⊗ v2,2

2 ,v1,2
1 ⊗ v2,3

2 },

B′3 = {v1,1
3 ⊗ v2,1

3 ,v1,1
3 ⊗ v2,2

3 ,v1,1
3 ⊗ v2,3

3 ,v1,2
3 ⊗ v2,1

3 ,v1,2
3 ⊗ v2,2

3 ,v1,2
3 ⊗ v2,3

3 }.

The construction in Lemma 2.31 is known as the reduced power construction.

From Lemma 2.31, we see for any dimension d ≥ 2, NMUB(d) ≥ 3. But it remains

to be seen whether for the case non-prime dimension d, NMUB(d) = d + 1. There is

numerical evidence that, if the dimension is not prime power, NMUB(d) < d+ 1 [44].

2.8 Difference sets and mutually unbiased bases

In this section we discuss the relationship between difference sets in a group and the

MUB problem. This material is based on recent work by C. Godsil and A. Roy [14].

In first two subsections we will introduce difference sets and character groups and

then we use these notions to construct MUBs.

2.8.1 Difference sets

Let D be a subset of group G. Define elements of group algebra C[G] as follows

D =
∑
d∈D

d, D−1 =
∑
d∈D

d−1, G =
∑
g∈G

g.
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Definition 2.33. Let G be a group of order n. A subset D = {d1, d2, . . . , dk} of G

with k elements is an (n, k, λ)-difference set if every non-identity element in G can

be expressed as a quotient did
−1
j of elements of D in exactly λ ways.

For example, D = {1, 2, 4} is a (7, 3, 1)-difference set in G = Z7.

A simple counting of elements did
−1
j of a (n, k, λ)-difference set shows that k2 − k =

λ(n − 1). From the definition of difference sets, it is easy to see that if D is an

(n, k, λ)-difference set then

DD−1 = k · eG + λ(G− eG), (2.69)

where eG is the identity element of G.

2.8.2 Characters of a finite abelian group

Let G be a finite abelian group. A function χ : G −→ C\{0}mapping the group to the

non-zero complex numbers is called a character of G if it is a group homomorphism,

that is, for all g1, g2 ∈ G, χ(g1g2) = χ(g1)χ(g2). It is well-known [21] that if χ is a

character of a finite abelian group G, then each function value χ(g) is a root of unity.

For instance if G = Zn, n characters χj for j = 0, 1, . . . , n− 1 and g ∈ Zn are defined

by χj(g) = e2iπgj/n. In general, a finite abelian group of order n has exactly n distinct

characters [21]. Let us denote the set of characters of G by G∗ = {χ0, χ1, . . . , χn−1},

where χ0 is the trivial character, i.e., χ0(g) = 1 for every g ∈ G. G∗ is a group under
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multiplication (χjχk)(g) = χj(g)χk(g), χ−1j (g) = χj(g).

Let D be a (n, k, 1)-difference set in G and let χj ∈ G∗, define

χj(D) =
∑
d∈D

χj(d), χj(D
−1) =

∑
d∈D

χj(d
−1), χj(G) =

∑
g∈G

χj(g).

By applying χj on (2.69) for λ = 1 we have

χj(DD−1) = k + χj(G− eG). (2.70)

It is is easy to check that for a non-trivial χj ∈ G∗, χj(G) =
∑
g∈G

χj(g) = 0 and

χ0(G − eG) = n − 1 = k2 − k. Since χj(DD−1) = χj(D)χj(D) = |χj(D)|2, so from

(2.70) we have

|χj(D)|2 =


k2 if χj = χ0;

k − 1 otherwise.

(2.71)

2.8.3 Equiangular lines

A set of m lines in Cd spanned by unit vectors x1, . . . ,xm is equiangular if there is

a constant c such that

|〈xi,xj〉| = c.

Let B1,B2, . . . ,Bm be m sets of MUBs. If for each 1 ≤ i ≤ m, we choose a vector

vi ∈ Bi, set as representative, then these vectors span a set of equiangular lines with

c =
1√
d

. So MUBs give a special case for equiangular lines. In this subsection we

give a construction of equiangular lines based on difference sets and then we extend

57



it to MUBs in the next subsection.

Let D = {d1, d2, . . . , dk} be a (n, k, 1)-difference set in abelian group G and G∗ =

{χ0, χ1, . . . , χn−1} the set of characters of G. For 0 ≤ j ≤ n−1 define vectors vj ∈ Ck

whose ith component is χj(di) for di ∈ D. In other words,

vj = (χj(d1), . . . , χj(dk)) ∈ Ck. (2.72)

Then

|〈vj,vk〉|2 =

∣∣∣∣∣∑
di∈D

χj(di)χk(di)

∣∣∣∣∣
2

=

∣∣∣∣∣∑
di∈D

(χjχ
−1
k )(di)

∣∣∣∣∣
2

. (2.73)

Since G∗ is a group, χjχ
−1
k = χl, for some 0 ≤ l ≤ n− 1. Thus from (4.13) and (2.73)

we conclude

|〈vj,vk〉|2 = |χl(D)|2 =


k2 if χl = χ0,

k − 1 otherwise.

Thus {vj : 0 ≤ j ≤ n − 1} is a set of n equiangular lines in Ck. So if there exists a

(n, k, 1)-difference set, then there exists n equiangular lines in Ck.

Example 2.34. D = {1, 2, 4} is a (7, 3, 1)-difference set in G = Z7. Define χj(k) =

e2iπjk/7 for j, k ∈ Z7. Then vectors defined by

vj = (χj(1), χj(2), χj(4)) , 0 ≤ j ≤ 6,

are seven equiangular lines in C3.
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2.8.4 Relative difference sets and the MUB problem

Definition 2.35. Let D be a k-subset of a finite abelian group G and N a subgroup

of G such that |G| = mn and |N | = n. D is a (m,n, k, λ)- difference set relative

to N if

DD−1 = k · eG + λ(G\N).

If k = m, then it is called semi-regular.

Let D = {d1, d2, . . . dk} be a semi-regular (k, n, k, λ)-difference set relative to N in

an abelian group G. Denote the set of characters of H = G/N by H∗. H∗ is a

subgroup of G∗ with k elements [31]. Denote the ith coset of H∗ by H∗i for 1 ≤ i ≤ n.

For each character χj ∈ H∗i , 0 ≤ j ≤ k − 1 define a vector in Ck as follows

vj =
1√
k

(χj(d1), . . . , χj(dk)) ∈ Ck. (2.74)

Define Bi = {vj : χj ∈ H∗i , 0 ≤ j ≤ k − 1}. Vectors defined in (2.74) satisfy

|〈vj,vk〉| =



1, χj = χk;

0, χj 6= χk butχjχ
−1
k ∈ H∗i ;

1√
k
, otherwise.

(2.75)

See [35] for the proof. Thus bases Bi, 1 ≤ i ≤ n, are orthogonal and mutually

unbiased. Since every component of vj has norm 1/
√
k, the standard basis also is

unbiased to each Bi. So if there is a semi-regular (k, n, k, λ)-relative difference set in

an abelian group of order nk, then there exists n+ 1 mutually unbiased bases in Ck.
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Example 2.36. For n = 2 and k = 4, D = {1, a, b, a3b} is a semi-regular (4, 2, 4, 2)-

difference set relative to N = {1, a2} in G = Z4×Z2 =< a, b : a4 = b2 = 1, ab = ba >.

Let G∗ = {χ0, χ1, . . . , χ7} be the set of characters of G. The character table of G is

1 a a2 a3 ab a2b a3b b

χ0 1 1 1 1 1 1 1 1

χ1 1 −1 1 −1 −1 1 −1 1

χ2 1 −1 1 −1 1 −1 1 −1

χ3 1 1 1 1 −1 −1 −1 −1

χ4 1 i −1 −i i −1 −i 1

χ5 1 −i −1 i −i −1 i 1

χ6 1 i −1 −i −i 1 i −1

χ7 1 −i −1 i i 1 −i −1

Consider the set H = G/N = {N, aN, bN, abN} and its character set H∗ =

{χ0, χ1, χ2, χ3}. It is easy to check that H∗ is a subgroup of G∗ and it has two cosets

H∗1 = H∗ and H∗2 = χ4H
∗ = {χ4, χ5, χ6, χ7} in G∗. For each coset, we define a vector

of the form (2.72) in C4 as follows

v0 =
1

2

(
χ0(1), χ0(a), χ0(b), χ0(a

3b)
)
, v1 =

1

2

(
χ1(1), χ1(a), χ1(b), χ1(a

3b)
)
,

v2 =
1

2

(
χ2(1), χ2(a), χ2(b), χ2(a

3b)
)
, v3 =

1

2

(
χ3(1), χ2(a), χ3(b), χ3(a

3b)
)
,

v4 =
1

2

(
χ4(1), χ4(a), χ2(b), χ4(a

3b)
)
, v5 =

1

2

(
χ5(1), χ5(a), χ5(b), χ5(a

3b)
)
,
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v6 =
1

2

(
χ5(1), χ5(a), χ5(b), χ5(a

3b)
)
, v7 =

1

2

(
χ7(1), χ2(a), χ7(b), χ7(a

3b)
)
,

where the values can be determined from the character table. Bases corresponding

to cosets H∗1 and H∗2 are B1 = {v0,v1,v2,v3} and B2 = {v4,v5,v6,v7} respectively.

B1,B2 and the standard basis in C4 are 3 MUBs.

It is well know that there exists a semi-regular relative (pi, pi, pi, 1)-relative difference

set in an abelian group of order p2i for any positive integer i and prime number p

[23]. Thus, for p = 2 we have a complete set of 2i + 1 MUBs in C2i and this can

be considered as an alternative construction of MUBs for even prime powers that we

discussed on Subsection 2.6.1. Relative difference sets are not easy to find. Chris

Godsil and Aidan Roy in [14] found a construction for relative difference sets.

Let k = pm1
1 pm2

2 . . . pml
l , and m = min

j
p
mj

j . By the reduced power construction, we

have m+ 1 MUBs in Ck. Moreover, if there exists a semi-regular (k, n, k, λ)- relative

difference set, then we have n+ 1 MUBs in Ck. So, this construction of MUBs using

relative difference sets give us more MUBs than reduced power construction if n > m.

There are still efforts to find semi-regular relative difference sets in an abelian group

that give more MUBs in comparison to the reduced power construction, but this

problem is open still [11]. In other words, it is unknown whether there exists a semi-

regular (k, n, k, λ)-relative difference set such that n > m.

Two sets of MUBs M = {B1,B2, . . . ,Bm} and M ′ = {B′1,B′2, . . . ,B′m} in Cd are
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equivalent if there exists an unitary operator U mapping M to M ′. In other words

{U(B1), U(B2), . . . , U(Bm)} = {B′1,B′2, . . . ,B′m}. (2.76)

Now, we may ask if the construction using relative difference sets is equivalent to other

constructions that were discussed in this chapter. Still this question remains unan-

swered. For example, it is well known that there exists a semi-regular (392, 8, 392, 49)-

difference set in Z2
7 × Z3

4 relative to Z3
2 [8]. So, there exist 9 MUBs in C392. Since

392 = 23 72, by reduced power construction, there exists 9 MUBs in C392. The ques-

tion is: are these sets of MUBs constructed from different methods equivalent?

2.9 Conclusion

In this chapter we stated the problem of existence of sets of MUBs and the upper

bound for the number of MUBs. We demonstrated that for prime power dimensions

we can attain the maximum number of MUBs. We mentioned an interesting connec-

tion between existence of maximal commuting bases of orthogonal unitary matrices

and set of MUBs by Theorem 2.9. Then we constructed commuting classes of unitary

matrices (Spin matrices) that satisfy Theorem 2.9. We could not apply this method

when the dimension d is a product of different primes instead of being a prime power

(the simplest case that belongs to this category is when d = 6). We discussed a

construction for MUBs in non-prime dimensions in Section 2.7. Finally in Subsection

2.8.4 we examined that existence of (k, n, k, 1)-relative-difference set in an abelian
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group implies the existence of n+ 1 MUBs.
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Chapter 3

MUTUALLY UNBIASED BASES AND 2-DESIGNS

In this chapter, we explain the relationship between MUBs and 2-designs. First we

introduce some notations and definitions related to this chapter.

3.1 Definitions and preliminaries

Let Sd−1 be defined as follows

Sd−1 = {x ∈ Cd : 〈x,x〉 = 1}.

We say two vectors u and v in Sd−1 are equivalent, u ∼ v, if and only if u = eiθv

for some θ ∈ R. It is easy to see that ∼ is an equivalence relation. The equivalence

class for any x ∈ Sd−1 is defined by

[x] = {y ∈ Sd−1 : x ∼ y}.

Denote the quotient space Sd−1/ ∼ by

CSd−1 = {[x] : x ∈ Sd−1}.

Definition 3.1. A Borel set is any subset in a topological space that can be formed

from open sets (or, equivalently, from closed sets) through the operations of countable

union, countable intersection, and relative complement.
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Definition 3.2 ([13]). Let S be a topological space and Σ be the collection of all Borel

subsets of S. A function σ from Σ to the extended real number line is called a Borel

measure if it satisfies the following properties:

(1) σ(E) ≥ 0 for all E ∈ Σ,

(2) σ(∅) = 0,

(3) for all countable collections {Ei}i∈I of pairwise disjoint sets in Σ

σ

(⋃
i∈I

Ei

)
=
∑
i∈I

σ (Ei).

For S = Sd−1, a Borel measure σ is called U(d)-invariant if for any d × d unitary

matrix U , and for any Borel set E ⊆ Sd−1, σ(UE) = σ(E). For more details on

topological properties of Sd−1 see [33].

It is well known that there is, up to a positive multiplicative constant, a unique non-

trivial U(d)-invariant measure σ on the σ-algebra of Borel subsets of Sd−1[33]. The

following functional analysis theorem plays a crucial role in this chapter.

Theorem 3.3 ([33]). Let α = (α1, . . . , αd) be an ordered d-tuple of non-negative

integers αi , z = (z1, . . . , zd) ∈ Cd and zα = zα1
1 · · · z

αd
d . Let σ be the U(d)-invariant

Borel measure on Sd−1, for which σ(Sd−1) = 1. Then∫
Sd−1

|zα|2dσ(z) =
α!(d− 1)!

(d− 1 + |α|)!
, (3.1)

where α! = α1! · · ·αd! and |α| = α1 + · · ·+ αd.
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Considering CSd−1 as a quotient space of Sd−1, define the quotient map π : Sd−1 →

CSd−1 by π(x) = [x]. For any Borel subset A ⊂ CSd−1, π−1(A) is a Borel subset

in Sd−1 [32]. Define a Borel measure µ for a Borel subset A ⊂ CSd−1 by µ(A) =

σ(π−1(A)), where σ is the Borel measure on Sd−1.

Let f be a complex-valued function on Sd−1. The integration in Theorem 3.3 which

is on the space Sd−1, may be expressed as an integration on CSd−1 with the following

formula [5] ∫
Sd−1

f(x)dσ(x) =
1

2π

∫
CSd−1

(∫ π

−π
f(eiθx)dθ

)
dµ(x). (3.2)

Consider the special case f(x) = |〈x,y〉|2k, where k is a non-negative integer and

y ∈ Sd−1 is fixed. Since f(eiθx) = f(x), by using (3.2) we have∫
Sd−1

f(x)dσ(x) =

∫
CSd−1

f(x)dµ(x). (3.3)

In this chapter we assume 〈x,y〉0 = 1 for any x,y ∈ Cd. Moreover,
(
m
0

)
= 1 for any

positive integer m.

Lemma 3.4 ([25]). Let µ be the unique U(d)-invariant Borel measure on CSd−1 such

that µ(CSd−1) = 1. Then for all y ∈ Sd−1,∫
CSd−1

|〈x,y〉|2kdµ(x) =
1(

d+k−1
k

) , (3.4)

where k is any non-negative integer.

Proof. The group of d×d complex unitary matrices, U(d), acts transitively on CSd−1.

I.e., for any y ∈ CSd−1 there exists a unitary matrix U such that Uy = e1, where e1
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is the first vector in the standard basis of Cd. Since |〈x,y〉|2k = |〈Ux, Uy〉|2k,∫
CSd−1

|〈x,y〉|2kdµ(x) =

∫
CSd−1

|〈Ux, Uy〉|2kdµ(x)

=

∫
CSd−1

|〈Ux, e1〉|2kdµ(x)

=

∫
CSd−1

|〈x, e1〉|2kdµ(x).

Assuming x = (x1, x2, . . . , xd) and using Theorem 3.3 and (3.3), we obtain∫
CSd−1

|〈x, e1〉|2kdµ(x) =

∫
CSd−1

|xk1|2dµ(x) =
k!(d− 1)!

(d− 1 + k)!
=

1(
d+k−1
k

) .

3.2 Quantum t-designs

Here we discuss the concept of quantum t-designs introduced by H. Barnum [2]. Then

in section 3.3, we will examine relationship between MUBs and 2-designs due to An-

dreas Klappenecker and Martin Rötteler [25].

Let Homd(k) denote the subset of C[x1, . . . , xd, y1, . . . , yd] that consists of all homo-

geneous polynomials of degree k in variables x1, . . . , xd and homogeneous of degree

k in the variables y1, . . . , yd. In other words, for every polynomial p ∈ Homd(k) we

have

p(αx, βy) = αkβkp(x,y),

where x = (x1, . . . , xd), y = (y1, . . . , yd) ∈ Cd and α, β ∈ C. We associate to each

polynomial p in Homd(k) a function p0, by defining p0(x) = p(x,x). Define
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Homd(k)0 = {p0 : p ∈ Homd(k)}.

Because of the homogeneity condition, p0(e
iθx) = p0(x), holds for every θ ∈ R and

p0 ∈ Homd(k)0. So, every p0 ∈ Homd(k)0 is well-defined on CSd−1.

Let x⊗k = x ⊗ · · · ⊗ x ∈ Cdk be the k-fold tensor product of x ∈ Cd. It is easy to

check that any polynomial p0 ∈ Homd(k)0 is of the form

p0 =
d2k∑
j=1

cj〈x⊗k ⊗ x⊗k, ej〉 (3.5)

where ej is the jth standard basis vector in Cd2k , and cj ∈ C.

For example, if p(x,y) = 3x21y1y2 − 5x1x2y
2 ∈ Hom2(2), then p0(x) = 3x21x1x2 −

5x1x2x2
2 ∈ Hom2(2)0 can be written as follows

p0 = 3〈x⊗2 ⊗ x⊗2, e2〉 − 5〈x⊗2 ⊗ x⊗2, e8〉, (3.6)

where e2 and e8 are the second and eighth standard basis vectors in C16 respectively.

Definition 3.5. Let X be a finite subset of CSd−1 and µ the normalized Borel measure

on CSd−1. For a positive integer t, we call X a quantum t-design in CSd−1 if and

only if

1

|X|
∑
x∈X

(
x⊗t ⊗ x⊗t

)
=

∫
CSd−1

(
x⊗t ⊗ x⊗t

)
dµ(x). (3.7)

From now we just say t-designs instead of quantum t-designs and the case t = 2

shall be of greatest concern to us.
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Applying the inner product with ejs on both sides of (3.7) and using (3.5) we conclude

that a finite subset X of CSd−1 is t-design if and only if

1

|X|
∑
x∈X

p0(x) =

∫
CSd−1

p0(x)dµ(x), (3.8)

holds for any p0 ∈ Homd(t)0. That is, (3.7) and (3.8) are equivalent. The equation

(3.8) says the average of any polynomial function in Homd(t)0 over the t-design is

exactly the same as its average over the Borel measure.

Example 3.6. Let X =
{

(1, 0), (0, 1), 1√
2
(1, 1), 1√

2
(1,−1), 1√

2
(1, i), 1√

2
(1,−i)

}
⊂ CS1,

and let µ be the Borel measure on CS1. Define w ∈ C16 as follows

w =
1

6

∑
x∈X

x⊗2 ⊗ x⊗2 −
∫
CS1

x⊗2 ⊗ x⊗2dµ(x).

It is easy to check that 〈x⊗2 ⊗ x⊗2,y⊗2 ⊗ y⊗2〉 = |〈x,y〉|4. Now,

〈w,w〉 =
1

36

∑
x,y∈X

|〈x,y〉|4 − 2

6

∑
y∈X

∫
CS1

|〈x,y〉|4dµ(x) +

∫
CS1

∫
CS1

|〈x,y〉|4dµ(x)dµ(y).

Using Lemma 3.4 for d = k = 2,

∫
CS1

|〈x,y〉|4dµ(x) =
1(

2+2−1
2

) =
1

3
for any y ∈ S1.

Since
1

36

∑
x,y∈X

|〈x,y〉|4 =
1

3
, then

〈w,w〉 =
1

3
− 2

6
· 6
(

1

3

)
+

1

3
= 0.

Thus w = 0 and we have

1

6

∑
x∈X

x⊗2 ⊗ x⊗2 =

∫
CS1

x⊗2 ⊗ x⊗2dµ(x). (3.9)
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So X is a 2-design. For any i ∈ {1, 2, . . . , 16}, the inner product of the left side of

(3.9) with each ei (ith element of standard basis) is equal to the inner product of the

right side of (3.9) with ei. So for any polynomial p0 ∈ Hom2(2)0

1

6

∑
x∈X

p0(x) =

∫
CS1

p0(x)dµ(x).

For instance, if we consider the polynomial defined in (3.6) and using (3.9), then〈
1

6

∑
x∈X

x⊗2 ⊗ x⊗2, 3e2 − 5e8

〉
=

1

6

∑
x∈X

〈
x⊗2 ⊗ x⊗2, 3e2 − 5e8

〉
=

1

6

∑
x∈X

p0(x).

Similarly, if we calculate the inner product of 3e2 − 5e8 with the right side of (3.9),

we conclude

1

6

∑
x∈X

p0(x) =

∫
CS1

p0(x)dµ(x).

3.2.1 Welch’s inequality

Suppose that X is a finite non-empty subset of Sd−1. Welch in [33] proved that vectors

in X satisfy the inequality

1

|X|2
∑

x,y∈X

|〈x,y〉|2k ≥ 1(
d+k−1
k

) , (3.10)

for all integers k ≥ 0.

Theorem 3.7 ([25]). Let X be a finite non-empty subset of CSd−1 and µ the Borel

measure on CSd−1. Then the following statements are equivalent:
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(1) X is a t-design,

(2) for all x ∈ Cd, and all integers 0 ≤ k ≤ t,

1

|X|
∑
y∈X

|〈x,y〉|2k =
〈x,x〉k(
d+k−1
k

) , (3.11)

(3) the set X attains the Welch’s bound for all integers k in the range 0 ≤ k ≤ t,

that is

1

|X|2
∑

x,y∈X

|〈x,y〉|2k =
1(

d+k−1
k

) . (3.12)

Proof. 1⇒ 2. Let p0(y) = |〈x,y〉|2k, for a fixed vector x ∈ Cd and integer 0 ≤ k ≤ t.

p0(y) is a polynomial function in Homd(k)0. Since X is a t-design, using (3.8) we get

1

|X|
∑
y∈X

p0(y) =
1

|X|
∑
y∈X

|〈x,y〉|2k

= 〈x,x〉k
∫
CSd−1

∣∣∣∣∣
〈

x

〈x,x〉 12
,y

〉∣∣∣∣∣
2k

dµ(y).

By Lemma 3.4 we have

〈x,x〉k
∫
CSd−1

∣∣∣∣∣
〈

x

〈x,x〉 12
,y

〉∣∣∣∣∣
2k

dµ(y) =
〈x,x〉k(
d+k−1
k

) .

Thus

1

|X|
∑
y∈X

|〈x,y〉|2k =
〈x,x〉k(
d+k−1
k

) .

2 ⇒ 3. X is a subset of CSd−1, so summing over x ∈ X in equation (3.11) yields

(3.12).
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3 ⇒ 1. Let x⊗k = x ⊗ · · · ⊗ x ∈ Cdk . It is easy to check that 〈x⊗k,y⊗k〉 = 〈x,y〉k.

Define w ∈ Cd2k as follows

w =
1

|X|
∑
x∈X

(
x⊗k ⊗ x⊗k

)
−
∫
CSd−1

(
x⊗k ⊗ x⊗k

)
dµ(x). (3.13)

By using Lemma 3.4 and assuming X attains Welch’s bound for all integers 0 ≤ k ≤ t,

we can evaluate the inner product 〈w,w〉 as follows

〈w,w〉 =
1

|X|2
∑

x,y∈X

|〈x,y〉|2k − 2

|X|
∑
x∈X

∫
CSd−1

|〈x,y〉|2kdµ(y)+

∫
CSd−1

∫
CSd−1

|〈x,y〉|2kdµ(y)dµ(x) (3.14)

=
1(

d+k−1
k

) − 2|X|
|X|
(
d+k−1
k

) +
1(

d+k−1
k

)
= 0.

The inner integral in (3.14) is equal to
(
d+k−1
k

)−1
by Lemma 3.4. Since 〈w,w〉 = 0,

we have w = 0. Thus X is a t-design.

3.3 Mutually unbiased bases are 2-designs

In this section we use information from previous sections to show that MUBs are

2-designs and that the converse of this statement is also true in special cases.

For a given subset X of CSd−1 let us define the angle set of X by

∆ = {|〈x,y〉|2 : x,y ∈ X,x 6= y}.
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For example the angle set of a union of MUBs in CSd−1 is {0, 1/d}.

For an element x ∈ X and θ ∈ ∆, define

δθ(x) = {y ∈ X : |〈x,y〉|2 = θ}.

If for any θ ∈ ∆, |δθ(x)| is independent of x then X is called a regular scheme.

Our next lemma characterizes 2-designs in terms of regular schemes.

Lemma 3.8. If X is a complex 2-design consisting of d(d + 1) elements in CSd−1

such that ∆ = {0, 1/d}, then X is a regular scheme and |δ 1
d
(x)| = d2 for any x ∈ X.

You may find the proof in [18, 19].

Theorem 3.9 ([25]). A set X with d(d + 1) elements in CSd−1 and angle set ∆ =

{0, 1/d} is a 2-design if and only if X is a union of d+ 1 mutually unbiased bases in

Cd.

Proof. Let X be the union of d+ 1 MUBs in CSd−1. By Theorem 3.7 it is enough to

show X attains the upper bound in Welch’s inequality for 0 ≤ k ≤ 2. For k = 0 it is

obvious since |X| = d(d+ 1).

Since |〈x,y〉|2 = 0 or 1
d

and for all d(d + 1) elements x in X there are exactly d2

elements y such that |〈x,y〉|2 = 1
d
, thus for k = 1 we have

1

|X|2
∑

x,y∈X

|〈x,y〉|2 =
d(d+ 1)

d2(d+ 1)2

(
1 + d2

1

d
+ (d− 1)0

)
=

1

d
=

1(
d+1−1

1

) .

For k = 2, |〈x,y〉|4 = 0 or 1
d2

for x,y ∈ X. Thus
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1

d2(d+ 1)2

∑
x,y∈X

|〈x,y〉|4 =
d(d+ 1)

d2(d+ 1)2

(
1 + d2

1

d2
+ (d− 1)0

)
=

1(
d+2−1

2

) .

For proving the other direction, if X is a 2-design with angle set ∆ = {0, 1/d} and

d(d+ 1) elements, by Lemma 3.8, |δ 1
d
(x)| = d2 for all x ∈ X. So, for any x ∈ X exist

exactly d2 elements, y ∈ X such that |〈x,y〉|2 =
1

d
. Thus the sets Bx = {x}

⋃
δ0(x)

are d+ 1 mutually unbiased bases.

For example, the 2-design X in Example 3.6 is a union of 3 MUBs in C2.

3.4 Conclusion

In this chapter we discussed the relationship between MUBs and complex 2-designs.

We have shown that any 2-design in dimension d which consists of d(d+ 1) elements

and has angle set {0, 1/d} can be partitioned into d+ 1 MUBs. So any construction

for 2-designs with the mentioned properties leads to a construction of MUBs (see

[19]). We have also seen that MUBs attain Welch’s inequality in (3.10) for k = 0, 1, 2.

Shayne Waldron discovered the relationship shown in Theorem 3.9 in the case of real

spaces [38]. Shortly afterwards, Andreas Klappennecker and Martin Rötteler [25]

generalized the result over the complex spaces, which is the case we have discussed

in this chapter.
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Chapter 4

MUTUALLY UNBIASED BASES AND LATIN SQUARES

In this chapter we consider the relationship between the existence of MUBs and Latin

Squares in square dimensions. A Latin Square is an s×s array filled with s different

symbols, each occurring exactly once in each row and exactly once in each column.

For example, here is a 4× 4 Latin Square

1 2 3 4

4 3 2 1

2 1 4 3

3 4 1 2

We will discuss Latin Squares further in Section 4.3. For more information about

Latin Squares see [7]. In Section 4.1 we begin by introducing some preliminary no-

tions.

4.1 Preliminaries

A vector m = (m1, . . . ,md) ∈ {0, 1}d is called an incidence vector. The Hamming

weight of m is the number of 1s in components of m. Assuming that the Hamming
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weight of an incidence vector m ∈ {0, 1}d is s, the support of m is

supp(m) = {j1, . . . , js : mj1 = · · · = mjs = 1}, (4.1)

and indices are sorted, i.e., j1 < · · · < js.

Definition 4.1 ([41]). Let Y = {B1, . . . , Bk} be a collection of k sets each consisting

of s incidence vectors of length s2, mij ∈ Bi, i = 1, . . . , k and j = 1, . . . , s, i.e., mij

is jth incidence vector in Bi, with the following properties

(1) 〈mij,mil〉 = 0, for all 1 ≤ i ≤ k and 1 ≤ j 6= l ≤ s,

(2) 〈mij,mcl〉 = 1, for all 1 ≤ i 6= c ≤ k and 1 ≤ j, l ≤ s.

Then we say that Y is a (k, s)-net.

Example 4.2. For for s = 2, let

B1 = {m11 = (1, 1, 0, 0),m12 = (0, 0, 1, 1)},

B2 = {m21 = (1, 0, 1, 0),m22 = (0, 1, 0, 1)},

B3 = {m31 = (1, 0, 0, 1),m32 = (0, 1, 1, 0)}.

Then Y = {B1, B2, B3} is a (3, 2)-net.

Definition 4.3 ([41]). Let m be a vector in {0, 1}d with supp(m) = {j1, j2, . . . , js},

and let v ∈ Cs be an arbitrary vector. Define the embedding of v into Cd controlled
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by m, denoted by v ↑m, to be the following vector in Cd

v ↑m =
s∑
r=1

vrejr , (4.2)

where vr is the rth entry of the vector v, and ejr the jrth standard basis vector of Cd.

Example 4.4. For d = 6 and s = 3, let

m = (1, 0, 1, 0, 0, 1) ∈ {0, 1}6, v = (1,−1, i) ∈ C3.

supp(m) = {1, 3, 6}. Using notations in Definition 4.3 we have

v ↑m = (1, 0,−1, 0, 0, i) ∈ C6.

An n× n matrix H = [hj,k]
n
j,k=1, hj,k ∈ C, |hj,k| = 1, is a generalized Hadamard

matrix if HH∗ = nI. Generalized Hadamard matrices exist for any positive integer n

[17]. For example, taking ω = e2iπ/n, H = [ωjk]nj,k=1 is an n×n generalized Hadamard

matrix.

4.2 Construction of MUBs in square dimensions using nets

In this section, we examine a construction for MUBs using nets. This construction is

due to P. Wocjan and T. Beth [41].

Let Y = {B1, B2, . . . , Bk} be a (k, s)-net with incidence vectors mrj ∈ Br for

r ∈ {1, . . . , k}, j ∈ {1, . . . , s}, and let H = [hl,l′ ]
s
l,l′=1 = (h1| · · · |hs) a generalized

Hadamard matrix with columns h1 . . .hs of length s. Define sets Br by
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Br =

{
vrl,j =

1√
s

(hl ↑mrj)

∣∣∣∣ mrj ∈ Br; j, l = 1, . . . , s

}
. (4.3)

For r, r′ ∈ {1, . . . , k} and j, j′, l, l′ ∈ {1, . . . , s}, let

vrl,j =
1√
s

(hl ↑mrj) ∈ Br, vr
′

l′,j′ =
1√
s

(hl′ ↑mrj′) ∈ Br′ .

We want to show that the sets defined in (4.3) are k MUBs. We consider the following

cases.

(a) If r = r′ and j 6= j′. Since Y is a (k, s)-net, by properties (1) in Definition 4.1,

〈mrj,mrj′〉 = 0. So ∣∣〈vrl,j,vrl′,j′〉∣∣2 = 0.

(b) If r = r′ and j = j′. Since HH∗ = sIs, 〈hl,hl′〉 = sδ(l, l′). So

∣∣〈vrl,j,vrl′,j〉∣∣2 =
1

s2
|〈hl,hl′〉|2

= δ(l, l′).

So, Br is an orthonormal basis in Cs2 .

(c) If r 6= r′ and j, j′ ∈ {1, . . . , s}. By properties (2) in Definition 4.1, 〈mrj,mr′j′〉 =

1. Let mrj and mr′j′ have 1 in common in tth position. Then

∣∣∣〈vrl,j,v
r′

l′,j′

〉∣∣∣2 =
1

s2
|ht,lht,l′ |2

=
1

s2
.
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Consequently Br and Br′ are mutually unbiased bases for r 6= r′. Thus, if there exists

a (k, s)-net, then there exists k MUBs of the form (4.3) in Cs2 .

Example 4.5. By applying the above construction for s = 2, using the (3, 2)-net in

Example 4.2 and the Hadamard matrix of order 2

H =

1 1

1 −1

 ,

we obtain 3 MUBs in C4

B1 =

{
1√
2

(1, 1, 0, 0),
1√
2

(1,−1, 0, 0),
1√
2

(0, 0, 1, 1),
1√
2

(0, 0, 1,−1)

}
,

B2 =

{
1√
2

(1, 0, 1, 0),
1√
2

(1, 0,−1, 0),
1√
2

(0, 1, 0, 1),
1√
2

(0, 1, 0,−1)

}
,

B3 =

{
1√
2

(1, 0, 0, 1),
1√
2

(1, 0, 0,−1),
1√
2

(0, 1, 1, 0),
1√
2

(0, 1,−1, 0)

}
.

4.3 Nets and orthogonal Latin Squares

From the construction described in Section 4.2, we see that the existence of a (k, s)-

net and a Hadamard matrix of size s leads to a construction of k MUBs in Cs2 . The

problem of finding a large collection of incidence vectors satisfying Definition 4.1 is

related to finding orthogonal Latin Squares. A set of Latin Squares {L1, . . . , Lm} is

said to be mutually orthogonal (MOLS) if, for every two Latin Squares Li and Lj,

i 6= j, the symbol pairs formed by juxtaposing the two arrays are all distinct.
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Example 4.6. Following arrays are 3 mutually orthogonal Latin Squares

1 2 3 4

4 3 2 1

2 1 4 3

3 4 1 2

1 2 3 4

3 4 1 2

4 3 2 1

2 1 4 3

1 2 3 4

2 1 4 3

3 4 1 2

4 3 2 1

Here we briefly discuss the relationship between orthogonal Latin Squares and nets.

Definition 4.7. An orthogonal array, denoted by OA(k, s), is a k × s2 array

A = [ai,j], with entries from an s-set S having the property that in any two rows, each

(ordered) pair of symbols from S occurs exactly once.

Example 4.8. Let S = {1, 2, 3, 4}. An OA(5, 4) is

1111222233334444

1234123412341234

1234432121433412

1234341243212143

1234214334124321


.

Lemma 4.9 ([7]). Let {L1, . . . , Lk} be a set of k mutually orthogonal Latin Squares

on symbols {1, . . . , s}. Form a (k + 2) × s2 array A = [ai,j] whose columns are

(i, j, L1(i, j), L2(i, j), . . . , Lk(i, j))
T for 1 ≤ i, j ≤ s. Then A is an orthogonal array,
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OA(k + 2, s). This process can be reversed to recover k MOLS of size s from an

OA(k + 2, s), by choosing any two rows of the OA to index the rows and columns of

the k Latin Squares.

For instance, the OA(5, 4) in Example 4.8 is derived from the 3 MOLS in Exam-

ple 4.6 by applying the construction in Lemma 4.9.

Definition 4.10. A transversal design of group size s, block size k, denoted

TD(k, s), is a triple (V,G,B), where

(1) V is a set of ks elements;

(2) G is a partition of V into k classes (groups), each of size s;

(3) B is a collection of k-subsets of V (blocks);

(4) every unordered pair of elements from V is contained either in exactly one group

or in exactly one blocks, but not both.

Lemma 4.11 ([7]). Let A = [ai,j] be an OA(k, s) on the s symbols in X and V =

X×{1, . . . , k} (a set of size ks). Define B to be the sets of blocks Bj = {(ai,j, i) : 1 ≤

i ≤ k}, for 1 ≤ j ≤ s2. Let G be the partition of V whose classes are Gi = {X × {i}},

1 ≤ i ≤ k. Then (V,G,B) is a TD(k, s). This process can be reversed to recover an

OA(k, s) from a TD(k, s).
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Example 4.12. From the 3 Latin Squares in Example 4.6, OA(5, 4) in Example 4.8

and Lemma 4.11 we have a TD(5, 4) on V = {1, 2, 3, 4} × {1, 2, 3, 4, 5} whose blocks

are

B1 = {11, 12, 13, 14, 15}, B2 = {11, 22, 23, 24, 25}, B3 = {11, 32, 33, 34, 35},

B4 = {11, 42, 43, 44, 45}, B5 = {21, 12, 43, 34, 25}, B6 = {21, 22, 33, 44, 15},

B7 = {21, 32, 23, 14, 45}, B8 = {21, 42, 13, 24, 35}, B9 = {31, 12, 23, 44, 35},

B10 = {31, 22, 13, 34, 45}, B11 = {31, 32, 43, 24, 15}, B12 = {31, 42, 33, 14, 25},

B13 = {41, 12, 33, 24, 45}, B14 = {41, 22, 43, 14, 35}, B15 = {41, 32, 13, 44, 25},

B16 = {41, 42, 23, 34, 15}.

Now if, for every element of the TD(k, s) constructed in Lemma 4.11, we consider

a vector of length s2 whose ith entry is 1 if it belongs to Bi, otherwise 0. Then we

have ks vectors which can be partitioned such that the properties in Definition 4.1

for being a net are satisfied.

For example if we consider the set of blocks in Example 4.12, B = {B1, . . . , B16},

then for element 34 ∈ B3, B5, B10, B16, the incidence vector is

m34 = (0, 0, 1, 0, 1, 0, . . . , 0, 1, 0, . . . , 0, 1) ∈ {0, 1}16,

where supp(m34) = {3, 5, 10, 16}. So by the constructions in Lemma 4.9 and Lemma 4.11

we have the following theorem.
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Theorem 4.13 ([7]). Each of the following is equivalent to the existence of k MOLS

of size s.

(1) An OA(k + 2, s).

(2) TD(k + 2, s).

(3) A (k + 2, s)-net.

Construction of MUBs using nets as in (4.3), which requires existence of orthogo-

nal Latin Squares, is called the Latin MUB construction. This is because from

Theorem 4.13, the existence of k orthogonal Latin Squares of size s is equivalent to a

(k + 2, s)-net. Thus from (4.3) we have k + 2 MUBs in Cs2 .

Let NMOLS(s) denote the maximum number of MOLS of order s. It is well-known

that NMOLS(s) ≤ s− 1. Further when s is a prime power, we have a complete set of

orthogonal Latin Squares i.e., NMOLS(s) = s− 1 [17, 26]. No construction for a com-

plete set of mutually orthogonal Latin Squares for non-prime power orders is known

at the present. Beth [4] showed that there is a number s0 such that for all s ≥ s0,

NMOLS(s) ≥ s
1

14.8 . Thus by the Latin MUB construction, NMUB(s2) ≥ s
1

14.8 + 2 for

all positive integers except for finitely many. So, by the Latin MUB construction, we

conclude

normalmatrixes lim
s→∞

NMUB(s2) =∞. (4.4)
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4.3.1 Latin MUB construction in dimension 4

Although in some dimensions the Latin MUB construction gives a better lower bound

for the number of MUBs compared with reduced power construction, in some dimen-

sions it doesn’t. In Section 4.4 we will discuss on dimensions for which the Latin MUB

constructions gives better lower bound. In this section we shall see that there is no

basis B4 in C4 that is mutually unbiased to the 3 MUBs of dimension d = 22 from

the Latin MUB construction in Example 4.5. Whereas we know from Theorem 2.29

that in dimension 4 we have 5 MUBs.

Lemma 4.14 ([6]). A (s+ 1, s)-net spans Rs2 .

Proof. Let Y = {B1, B2, . . . , Bs+1} be a (s + 1, s)-net. Since a (s + 1, s)-net has

s(s+ 1) incidence vectors of length s2, and the inner product of each vector with any

vector from a different set is equal to 1, thus for any i ∈ {1, . . . , s2}, there is exactly

one vector in each block that has 1 in the ith position. By adding all these vectors

from each of the s+ 1 blocks, we get the vector vi = (1, . . . , 1, (s+ 1)i, 1, . . . , 1). Let

w =
s2∑
j=1

vj = (s(s+ 1), s(s+ 1), . . . , s(s+ 1)) .

Then

ei =
1

s2(s+ 1)
((s(s+ 1)vi −w).
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Lemma 4.15 ([6]). Let X = {B1, . . . ,Bs+1} be a set of s+1 MUBs in Cs2 constructed

from the Latin MUB construction. If there exists a an orthonormal basis B in Cs2

mutually unbiased to bases in X, then for any vector w = (w1, w2, . . . , ws2) ∈ B,

|wi| =
1

s
, for i = 1, . . . , s2.

Proof. X = {B1,B2, . . . ,Bs+1} is a set of s + 1 MUBs in Cs2 derived from the Latin

MUB construction. So, X is derived from an (s + 1, s)-net, Y = {B1, B2, . . . , Bs+1}.

Let H = (h1|h2| · · · |hs) be a generalized Hadamard matrix of order s. Fix r ∈

{1, 2, . . . , s+ 1} and fix i ∈ {1, 2, . . . , s2}. From the Latin MUB construction in (4.3),

for j ∈ {1, 2, . . . , s}, uj = 1√
s
(hj ↑ mri) ∈ Br where mri is an incidence vector of the

block Br such that supp(mri) = {i1, . . . , is}. Let w = (w1, . . . , ws2) be an arbitrary

vector from a new basis B in Cs2 , that is mutually unbiased to the s + 1 MUBs in

X. Let w̃i = (wi1 , . . . , wis) be a vector in Cs, whose ijth component is same as ijth

component of w for each ij ∈ supp(mri). Since w is unbiased to the vector u ∈ Br,

therefore

|〈u,w〉| =
∣∣∣∣〈 1√

s
hj, w̃

〉∣∣∣∣
=

1

s
. (4.5)

For j = 1, . . . , s, the inner product of w and uj = 1√
s
(hj ↑mri) can be written

1√
s
Hw̃∗i = vT , (4.6)
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where v = (v1, . . . , vs) is some vector in Cs with |vk| = 1
s
, for 1 ≤ k ≤ s. Since 1√

s
H is

a unitary matrix, then 〈w̃i, w̃i〉 = 〈v,v〉 =
1

s
. Since (4.6) is true regardless of choice

of mri, we get the system of equations for each r ∈ {1, . . . , s+ 1} and i ∈ {1, . . . , s2}

as follows

〈mri, (|w1|2, . . . , |ws2|2)〉 =
∑

il∈supp(mri)

|wil |2 (4.7)

= 〈w̃i, w̃i〉

=
1

s
.

The system of equations (4.7) has a solution |wil |2 = 1
s2

. By Lemma 4.14, incidence

vectors from a (s + 1, s)-net span Rs2 . So the system of equations corresponding to

(4.7) is full rank and has unique solution |wi|2 = 1
s2

.

Now, Lemma 4.15 may be used to show that there is no new orthogonal basis B4 in

C4 mutually unbiased to the 3 MUBs in Example 4.5. Assume the contrary. Assume

w to be a vector from the new basis B4 unbiased to the 3 MUBs in Example 4.5.

By Lemma 4.15, all entries of w have the same modulus. Thus without loss of

generality assume w = 1
2
(1, w1, w2, w3) is a vector from the new basis B such that

|w1| = |w2| = |w3| = 1. Consider the following vectors from Example 4.5

v1 =
1√
2

(1, 1, 0, 0) ∈ B1, v2 =
1√
2

(1, 0, 1, 0) ∈ B2, v3 =
1√
2

(0, 1, 1, 0) ∈ B3.
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Since w is mutually unbiased to v1, v2 and v3,

|〈v1,w〉|2 = |〈v2,w〉|2 = |〈v3,w〉|2 =
1

4
, (4.8)

or equivalently

|1 + w1|2 = |1 + w2|2 = |w1 + w2|2 = 2. (4.9)

It is easy to see that (4.9) has no solutions. So, B4 does not exist.

4.4 Discussion of Latin MUB construction

The construction for MUBs in this chapter was based on the existence of mutually

orthogonal Latin Squares. The Latin MUB construction for prime power dimensions

of the form p2α gives pα + 1 MUBs whereas we we know that that there exists p2α + 1

MUBs in that dimension. But in some dimensions the Latin MUB construction gives

us a better lower bound for the number of MUBs. For example it is well-known [7]

that NMOLS(30) ≥ 4. Thus from Theorem 4.13 we have NMUB(302) ≥ 6. Whereas

from reduced power construction in Theorem 2.31, NMUB(302) ≥ 4.

Wilson [40] showed NMOLS(s) ≥ 6 for all s ≥ 76. Therefore by the Latin MUB

construction, NMUB(s2) ≥ 8 for s ≥ 76. For the case s ≡ 2 (mod 4), s ≥ 76, the

minimum prime power in s is 2. So by the reduced power construction NMUB(s2) ≥ 5.

Therefore, the Latin MUB construction gives us better lower bound for the number

of MUBs in these dimensions.
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Chapter 5

REAL MUTUALLY UNBIASED BASES

In this chapter we restrict the MUB problem to real space Rd. We will give an upper

bound for the number of real MUBs. We will we show that for some dimensions, real

MUBs don’t exist.

5.1 An upper bound for real MUBs

Theorem 2.9 applies to real MUBs. In other words, the existence of m classes

C1, . . . , Cm, each having d commuting real symmetric d × d matrices such that for

i 6= j, Ci
⋂
Cj = {Id} and matrices in

m⋃
i=1

Ci are mutually orthogonal, is equivalent to

existence of m MUBs in Rd.

Let C1, . . . Cm be the classes as mentioned. The union of these classes has m(d−1)+1

real symmetric matrices and span of these m(d− 1) + 1 matrices is a subspace of the

space of real symmetric matrices. Since the dimension of the space of real d × d

symmetric matrices is d(d+ 1)/2, then

m(d− 1) + 1 ≤d(d+ 1)

2

m ≤d
2

+ 1.
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So, the number of MUBs in Rd is less that or equal to
d

2
+ 1.

Example 5.1. Define C1 = {U, I2}, C2 = {V, I2}, where

U =

 0 1

1 0

 , V =

 1 0

0 −1

 .

C1, C2 satisfy hypothesis of Theorem 2.9 for the real case. The eigenvectors corre-

sponding to C1 and C2 give us 2 real MUBs in R2

B1 = {(1, 0), (0, 1)} , B2 =

{
1√
2

(1, 1),
1√
2

(1,−1)

}
.

We may also find a lower bound for real MUBs depending on the existence of MOLS

by using the Latin MUB construction introduced in Chapter 4. Let us denote the

maximum number MUBs in Rd by NMUB(Rd). If there exists a Hadamard matrix of

order
√
d, then NMUB(Rd) ≥ NMOLS(

√
d) + 2 for any positive integer d.

5.1.1 Real MUBs and Hadamard matrices

A d×d matrix H with entries in {−1,+1} is called a Hadamard matrix if HHT =

dId. In this section, we find some restrictions on the existence of real MUBs in a given

dimension d by using Hadamard matrices.

Theorem 5.2 ([15]). If there exists a Hadamard matrix of order d, then d is 1, 2, or

a multiple of 4.
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Proof. Let d ≥ 3, and let H be a Hadamard matrix of order d. We may multiply rows

and columns of H by −1 or permute two columns and H will still be a Hadamard

matrix. Then first 3 rows of H can be arranged as follows
1 · · · 1 1 · · · 1 1 · · · 1 1 · · · 1

1 · · · 1 1 · · · 1 −1 · · · −1 −1 · · · −1

1 · · · 1 −1 · · · −1 1 · · · 1 −1 · · · −1

 .

Let j, k, l,m denote the number of columns in each sector shown. Then by the or-

thogonality condition we have

j + k + l +m = d, j + k − l −m = 0, j − k + l −m = 0, j − k − l +m = 0.

The sum of the above equations is 4j = d. Thus d is a multiple of 4 as claimed.

Let B1, . . . ,Bm be m mutually unbiased bases in Rd. Without loss of generality we

may assume B1 is the standard basis. For 2 ≤ i ≤ m, associate with every basis

Bi a matrix Hi whose columns are vectors in Bi. Since all the bases are unbiased to

H1 = Id, then His are Hadamard matrices scaled by
1√
d

. So, by Theorem 5.2, if there

exists at least two real MUBs in Rd, then d = 2 or 4|d.

Proposition 5.3 ([6]). If d > 2 and 4|d, but d is not a square, then NMUB(Rd) ≤ 2.

Moreover, NMUB(Rd) = 2 if and only if a Hadamard matrix of order d exists.

Proof. Assume B1,B2 and B3 are three bases for Rd that are mutually unbiased.

Associate with every basis Bi, for i = 1, 2, 3, a matrix Hi whose columns are vectors
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in Bi. Without loss of generality we may assume that H1 = Id and the first column of

the matrix H2 is x =
1√
d

(1, 1, . . . , 1)T . We may do this by multiplying each rows or

columns of His by −1 if it is necessary. This does not change the absolute values of the

inner products between the column vectors of B2 and B3. Let y =
1√
d

(h1, h2, . . . , hd)
T

(with hi = ±1) be the first column of H3. Applying the MUB condition to the first

column of H2 and H3 implies that

|〈x,y〉| = 1

d

∣∣∣∣∣
d∑
i=1

hi

∣∣∣∣∣ =
1√
d
.

Since hi = ±1, for 1 ≤ i ≤ d, it is obvious that if d is not square the last equation

cannot hold.

Therefore, B3 cannot exist.

If there exists a Hadamard matrix H of order d, then the columns of H scaled by 1√
d

comprise vectors of a basis B which is mutually unbiased to the standard basis.

Lemma 5.4 ([6]). If d = 4s2 for an odd positive integer s, then NMUB(Rd) ≤ 3.

Proof. Assume the contrary, that there are 4 MUBs in Rd, B0,B1, B2 B3, where B0

is the standard basis. Let v1 ∈ B1,v2 ∈ B2,v3 ∈ B3. Without loss of generality we

may assume v1 = 1
2s

(1, 1, . . . , 1). Consider a partition of v2 and v3 as was done in

Theorem 5.2. Here we denote −1 by “− ”. Let

v2 =
1

2s
(1, 1, . . . , 1|1, 1, . . . , 1|−,−, . . . ,−|−,−, . . . ,−)

v3 =
1

2s
(1, 1, . . . , 1|−,−, . . . ,−|1, 1, . . . , 1|−,−, . . . ,−).
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Denote by j, k, l and m the number of positions in blocks as shown in v2 and v3

respectively. By applying the MUB condition to the vectors v1, v2 and v3 we obtain

the following equations

〈vi,vi〉 = j + k + l +m = 4s2, 〈v1,v3〉 = j − k + l −m = ±2s,

〈v1,v2〉 = j + k − l −m = ±2s, 〈v2,v3〉 = j − k − l +m = ±2s.

Adding all equations together gives

j = s2 + s(±1±1±1)
2

.

The equation in the parenthesis can only have values ±3 or ±1. Since s is odd, it

follows that j is not an integer−a contradiction. The result follows.

For the case d = 4is2, where i > 1 is an integer, if there exists 2is MOLS and a

Hadamard matrix of order 2is then there exists at least NMOLS(2is) + 2 real MUBs

of dimension 4is2. For details see sections 4.2 and page 83.

5.2 Conclusion

In this chapter we discussed the dimensions in which real MUBs can exist and we

saw that in comparison to complex MUBs, dimensions for which real MUBs exist are

limited. We found d
2

+1 as an upper bound for the number of real MUBs of dimension

d.
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One main question on real MUBs is the following: if d = 4s2, s an odd positive inte-

ger, does NMUB(Rd) = 3 always hold, or only for certain values of s? In this chapter

we also showed if for any d ≡ 0 (mod 4) a Hadamard exists, then NMUB(Rd) ≥ 2 .

Finding examples that exceed the lower bound still is a goal.
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