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Abstract

Two orthonormal bases By = {uy,...,uz} and By = {vy,...,v4} in the complex space
of dimension d, C¢, are said to be mutually unbiased if the square of the magnitude of
the inner product of any vector in By with any vector in Bs is equal to the reciprocal
of the dimension d, in other words |(u;,v;)|*> = %, for 4,5 = {1,...,d}. Mutually
unbiased bases are used for optimal state determination of mixed quantum states
[42].

It is known that in any dimension d, the number of mutually unbiased bases is at
most d + 1 [1]. Ivanovic [22] found a complete set of mutually unbiased bases for
prime dimensions. His construction was generalized by Wootters and Fields [42] for
prime power dimensions. There is a strong connection between maximally commuting
bases of orthogonal unitary matrices and mutually unbiased bases. Based on this
connection, there exits a constructive proof of the existence of a complete set of

mutually unbiased bases for prime power dimensions [1]. This thesis is an exploration

on construction of mutually unbiased bases.
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Chapter 1

INTRODUCTION

Definition 1.1. The dot product of row vectors u and v in complex vector space

of dimension d, C?, is defined by

(u,v) = uv* = 37, 7y,

where u; and v; are the jth components of u and v respectively. Two vectors u and

v are orthogonal if (u,v) = 0.

Definition 1.2. A basis B for a vector space H over a field F is a set of linearly
independent vectors such that any vector in the space can be given as a linear combi-
nation of the vectors of B. Basis B is orthonormal if all vectors in B are mutually

orthogonal and of unit length.

1.1 Quantum Systems

In physics, a quantum state is a set of mathematical variables that describes a
quantum system. For example, the set of 4 numbers (n,l, m;, m;) are parameters

that define the state of an electron within a hydrogen atom as follows

(1) n is the principal quantum number,



(2) [ is the azimuthal quantum number,

(3) my is the magnetic quantum number,

(4) my is the spin projection quantum number.

For details see [12].

If d parameters are used to identify a state of a quantum system, they can be presented
as a vector in d-dimensional space H. Thus every state of the system corresponds to
a vector from H. This vector is called a ket vector or pure state, and is denoted

as a d-tuple

’¢> = (wlaw%"'vwd) .

The Hermitian adjoint of [¢)) is denoted by (1|, and can be expressed in matrix terms

as

Ya
In this context we shall distinguish vectors by bold typeface, v, and the Hermitian
adjoint of v by v*.

In order to describe a quantum system whose state is not completely known, a mixed

state tool called the density operator or statistical operator was developed by



Von Neumann [37]. If a quantum system is in one of the states u; € C4, 1 < i <
d, |[u;|| = 1, with respective probabilities p; € [0,1], then set {p;,u;} is called an

ensemble of pure states and the density operator is defined by

d d
P:ZPiUfui, sz‘zl-
=1 i—1

pis a d x d matrix containing d? entries which can be identified by d? — 1 parameters.
Density matrices provide a more general way of describing a quantum system than
pure states. Moreover, pure states represent special cases of density matrices. An

observable is an Hermitian matrix of the form

d
A= Z)\iv;-"vi, (1.1)
i=1
where {v, Vs, ..., vy} is an orthonormal basis in C? and each \; € C. A measure-

ment corresponding to the observable A on p is given by
d d
Te(Ap) = > > Apjl(vi, up) [ (1.2)
i=1 j=1
It is well known that in a d-dimensional state space, it is enough to have d + 1
observables of the form (1.1) to determine a density matrix of a quantum system [10].

Wooters and Fields [42] showed that if we find d + 1 observable, A;, As, ..., Agi1,

where the kth observable is given by

d
Ap=Y MviivE k=12 .d+1 (1.3)

i=1



where for each k, {v¥,v5 ... vk} is an orthonormal basis in C%, each \¥ € C, and

for all 4,5 € {1,2,...,d} and k,l € {1,2,...,d+ 1}, k # [ such that

(Vi Vi =

1
> (1.4)

then we have an optimal set of measurements—meaning that the probability of error

of finding the state of the quantum system is minimized.

For example, let
1 1+a b—ic
025 .
b+ic 1—a

be the density matrix of a quantum system. Define observables A;, Ay and A3 as

follows

1|1 1| 1
RGO ]
—1

Then the measurements on p using (1.2) are Tr(A;p) = a, Tr(Asp) = b, Tr(Asp) = c.
Thus p is identified by A;, Ay and As.

The argued property of the bases in (1.4) leads to the following definition.



Definition 1.3. Let B = {uj,us,...,uq} and B' = {vy,va,...,va} be two orthonor-
mal bases in C¢. They are said to be mutually unbiased bases (MUB) if and only
of

[(wi, vi)[* = =, (1.5)

foralli,j e {1,...,d}.

Definition 1.3 can be generalized for more than two bases. m orthonormal bases
Bi,Bs, ..., B, are mutually unbiased bases if each pair of the bases are mutually

unbiased bases.

Example 1.4. For d = 2, the following are 3 MUBs

B, ={(1,0),(0,1)}, By = {%(1, 1),%(1,—1)}, Bs = {%(u), %(1, —z’)}.

1.2 The MUB problem

Mutually unbiased bases have a special role in determining the state of a finite-
dimensional quantum system. One application of mutually unbiased bases is that
they minimize the error in determining the state of a finite-dimensional quantum
system from measurements as described in Section 1.1. See [9] and [10] for more
details.

Mutually unbiased bases were introduced in the literature of quantum mechanics in

1960 in the work of Schwinger [34]. Ivanovic [22] provided a construction of d + 1



mutually unbiased bases for odd prime d-dimensional spaces. It was also shown in
[22] that d + 1 is an upper bound for the number of MUBs in C%. When this bound
is attained, we say a complete set of MUBs of dimension d exists. Complete sets of
MUBs exist in all prime power dimensions [42] but it is unknown whether they can
be attained in non-prime power dimensions.

Although the notion arises from a problem concerning physical systems, MUBs are
a mathematical structure, and will be treated as such. There are still many open
problems and conjectures. For example, is there a complete set of mutually unbiased
bases of dimension 67 The main question in the study of MUBs is: for a given
dimension d, what is the maximum number of MUBs? Zauner’s conjecture [44] states
that there exists a complete set of d + 1 MUBs in dimension d if and only if d is a

prime power.

1.3 Outline

In Chapter 2 we will discuss constructions of MUBs and also the relationship between
MUBs and special classes of unitary matrices. Then we introduce Pauli matrices and
Spin matrices— unitary matrices which provide the conditions that lead to the MUBs
construction. Moreover, in Chapter 2 we give a construction of MUBs using difference
sets. In Chapter 3 we will consider the connection between MUBs and 2-designs and

show that they are equivalent. In Chapter 4 we give a combinatorial construction



based on Latin Squares. Finally in Chapter 5 we will discuss the case of real MUBs.



Chapter 2

CONSTRUCTION OF MUTUALLY UNBIASED BASES

In this chapter we demonstrate a construction of MUBs using orthogonal unitary

matrices and some algebraic constructions for MUBs.

2.1 Construction of MUBs using Pauli matrices

Definition 2.1. Let My(C) be the set of d x d complex matrices. We say U € M4(C)
1s unitary matriz iof UU* = [;, where U* = UT, and Iy 1s the identity matriz
of order d. The operator x is called Hermitian adjoint. If U = U*, then U is

Hermaitian.

It is well known that if U is a d X d unitary matrix, then U has d orthonormal

eigenvectors in C?¢ (see [20]).

Theorem 2.2 ([1]). Let By = {vy, vy, ..., va} be an orthonormal basis in C. Suppose
there is a unitary matriz U such that Uv; = B;viy1, where 5; € C, |5;|=1, 1 <1 < d,
and vqy1 = vy. Assume that the orthonormal basis By = {w1, Wy, ..., Wy} consists

of orthonormal eigenvectors of U. Then By and By are MUBs.

Proof. Let U be a unitary matrix which applies a cyclic shift modulo a phase on
the elements of the basis By, i.e., Uv; = B;vii1. Let Uw; = \;w;, where ); is an

8



eigenvalue of U. Since U is unitary, |\;| = 1. For every 1 < j < d, the inner product
of w; and vy is
[(wj, vi)| = (Uw;, Uvi)]
= |Aj(w;, Uvi)|
= |61 {w;, v2)|

= [(w;, va)|.

Continuing in this fashion we obtain

|<Wj7vl>’:|<wj7vi>|7 fOI‘lSZSd

Since {v{,vs,...,v4} is an orthonormal basis in C? then
d
W, = Z(Wj,vi)vi.
i=1
Therefore

1
Thus, (w;,v;)|? = =, for all 1 <4i,j < d. So B; and By are MUBs. O
/ d



By Theorem 2.2 if we find a unitary matrix U that acts on an orthonormal basis
B by shifting vectors in B cyclically up to a unit complex number, then the set of
eigenvectors of U and B are MUBs. In this section we examine a special class of
unitary matrices called Pauli matrices that satisfy the hypothesis of Theorem 2.2.

Results are due to S. Bandyopadhyay et al [1].

Definition 2.3. The Pauli matrices are a set of four 2 x 2 complex matrices which
are Hermitian and unitary. These are usually indicated by the Greek letter o as

follows

0o = y Oz =

0 0 --- 0 1 10 0 --- 0
1 0 0 0 0w 0 0
P=1o0 1 o0 0 , Q=10 0 w? 0 :
0 --- 0 1 0 00 0 --- wrt
pXp PXP

where w = /P

Let {eg,€1,...,€,_1} be the standard basis for C?. All algebraic operations in the

indices are reduced modulo p which is a prime number. It is easy to see that
Pej = ej+1, er = wjej, Ple] = (Cdk)jej+1. (21)

10



The following lemma characterizes the eigenvectors of PQF for every 0 < k < p — 1.

Lemma 2.4 ([1]). For k € Z,, the eigenvectors of PQ" are
(WP (W ™)e;,  0<t<p-—1, (2:2)
where s; =j+---+p—1.

Proof. By direct calculation and using (2.1)

1 =t

PQ"wi = = 3w ) e

\/ﬁmzl
ti ¢ wt p—m wfk sm g
=t D e (23)

— wtwh,

Equality (2.3) is because e, = eg. Thus, wf, t € Z,, are eigenvectors of PQ". ]

It is easy to check that for each k € Z,, PQ¥ is unitary. Moreover, the set of
eigenvectors of PQ*, B, = {wF : t € Z,} is an orthonormal basis for C?. We show
that each unitary matrix U = PQ' permutes vectors in Bj, up to the scalar factor

BF = W't which has norm 1, as follows

PQ'wr =



= (2.4)

Fixing k,l € Z,, let By = {wF : t € Z,} and B, = {w! : ¢t € Z,} that is, the set of
eigenvectors of PQ* and PQ', respectively. According to (2.4), U = PQ' acts on By

by permuting w¥ to Wf+k_l, up to a scalar factor w'™ = for each t € Z,. Writing

_ : k ok k k
b=k —1[, then U cyclically permutes vectors w;, w; ,, W/ o, ... Wit (p—1)p> UP tO 2
k __ t+pbgk RPN .
scalar factor, for Uwy, , ), = w™P"Wi, , = w'wy.

Further, if k£ # [ then {0,,2b, ..., (p—1)b} = Z,, since p is prime, and so U cyclically
permutes the orthonormal basis By up to a scalar factor. By Theorem 2.2, the basis

B; of eigenvectors of U and the basis By are mutually unbiased. Thus

P? Q’ PQ? PQ27 st 7PQp_1 (2'5)
provide a set of p+ 1 MUBs in CP.

Example 2.5. Here are the four MUBs in C* we have constructed from the eigen-

12



vectors determined in Lemma 2.4

By ={(1,0,0),(0,1,0),(0,0,1)},

1 1
Bl = {ﬁ(l’ 1, 1)a —3(1,w2,w), _3<1’w’w2)} ’

1 R |

82 = {%(17 17w)7 _3<17w , W )7_3(17('071)}7
1 N |

83 {ﬁ(1717w )7%(17&] 71)7ﬁ(17w7w)}7

2mi/3

where w = e and the bases are the eigenvector sets for the following generalized

Pauli matrices

10 0 00 1
RQ=[0w 0 [ P=11001:
00 w? 010

0 0 w? 0 0 w
PQ=110 0 | PQ°=|1 0 0
0 w 0 0 w? 0

2.2 MUBSs and unitary matrices

In this section the relation between MUBs and a special class of unitary matrices in
M,(C) will be considered.
Let A = [a;;] be a matrix in My(C). The trace of A is denoted by Tr(A) and is

defined as follows

13



d

TI‘(A) = Z (077

i=1

Define an inner product for all A, B € My(C), by
(A, B) = Tr(AB"). (2.6)
Two matrices A and B in M,(C) are orthogonal if (A, B) = 0.

Theorem 2.6 (Spectral Theorem|[20]). If U is a d x d Hermitian or unitary matriz,

then U can be decomposed as

d
*
U= E )\ivivia
=1

where the \;s and v;s are the eigenvalues and eigenvectors of U respectively. Moreover,

{v1,Va,...,Vvq} is an orthonormal basis in C2.

Definition 2.7. Let A = [a; ;] be an mXxn matriz and B = [byx] be a px q matriz with
entries in C. The Kronecker product of A and B is an mp X nq matriz denoted

by A® B, and is defined by

A ® B = [am-B].
For example, let
2 0 5 3
A - s B =
-1 3 2 —4

14



Then

10 6 0 0

4 -8 0 0
A® B =

-5 =3 15 9

Let d > 2 be an integer and let w = €?™/?. Since w? =1 and w? — 1 = (w — 1)(1 +

w? 4 -+ wil) it is easy to check that for any 0 < k < d,

d
> Wt =0. (2.7)
j=1
Lemma 2.8. The existence of two MUBs By and Bs is equivalent to existence of

two sets C; and Cy, each consisting of d commuting d X d unitary matrices, such that

Ci (N Co = {14} and matrices in Ci|JCy are mutually orthogonal.

Proof. Let C; = {Uy,Us,...,U; =1} and Cy = {V3, Vs, ..., Vg =14} be sets of d x d
unitary matrices such that matrices in each set commute and the matrices in C; | Cs
are orthogonal. Since the matrices in each set commute, they share a common basis
of eigenvectors [20]. Let By = {uj,uy,...,uy} and By = {vy,vs,..., vy} be the sets
of eigenvectors for matrices in C; and C, respectively. We claim that B; and B, are
mutually unbiased bases.

Since matrices in each set are unitary, B; and By are orthonormal bases of C? [20].

1
Finally, we show that |(u;, v;)|* = 7 1<4,j<d.

15



Since U; and Vj; are unitary, by Theorem 2.6,

d d
U, = Z Aigupug, V= Z )\;-7lVZle, 1 <4,y <d, (2.8)

k=1 =1

where A is the kth eigenvalue of U; and )}, is the Ith eigenvalue of Vj. Since

Tr ((upug)(vivi)) = (g, vi)|* and Tr(U;V}*) = dé; 4054, then
d d
Tr(U;V}") = Tr (Z i Uy Uy, Z )\;Jvl*vl)
k=1 =1

33 MV, T (ufuwg) (vive))

k=1 =1

& |l
I

I
M=

Ao | (ae, va) (2.9)

k=1 l=1

= d6; 46;4.

We may write (2.9) in matrix form. Let M and M’ be as follows

!/ / !/
)\1,1 )\172 Ce )\Ld )\1’1 )\1’2 R )\Ld
!/ / /
)\271 AQ’Q e A27d , )\2’1 )\2’2 e )\Z,d
M = . M = ,
!/ / !/
)\d71 Ad,Q . e )\d7d )\d71 >\d,2 P )\d7d

where ith rows of M and M’ consist of eigenvalues of U; € C; and V; € C, respectively.
Since B; and B, are orthonormal bases in in C¢, it is easy to check that MM* =
M'M"™ = dl;. Moreover the last rows of M and M’ are all 1 because the eigenvalues

of Uy=Vy=1T areall 1. Let A= M ® M"™, then in matrix form (2.9) says

AX =D, (2.10)

16



where

X = (JQa, vi)lP, o an, va) P, az, vi) P fue, va) P g, va) )T € R

D =(0,0,...,d)T e R¥.

1
Since AA* = d*I;z then X = ﬁA*D is unique solution for (2.10). Since entries in

the last column of A* are all 1,
|<uk,vl>|2:— 1§k’,l§d

So, B; and B, are mutually unbiased bases in C.
Now we show the converse implication. Let B; = {uy, ug, ..., us} and By = {vy,va,..., vy}

be MUBs. Define
d d
U, = Zwlkuzuk, V= Z(,ujlv?‘vl7 1<,y <d, (2.11)
k=1 =1

where w = €*>™/4. We show C; = {U,Us,...,Us} and Cy = {V1, V4, ..., Vy} are the
required sets in the hypothesis of the lemma. Since B; and B, are MUBs in C¢, it is
easy check that matrices in C; and Cy are unitary and commuting and C; NCy = {I;}.
It remains to show that matrices in C; | JCs are pairwise orthogonal with respect

to trace inner product. First we show this for two matrices U; € C; and V; € C,

1<i,57<d, (i,j) # (d,d) as follows

d
Te(UsV}) = (Zwm i Zw ]lval)

k=1

W T (ujug) (Vivy))

M=
M&

17



wik_ﬂ|<uk,vl>]2

M=
M=

T
—
o~
I

—

ik—ji L
d
11=1

( w"k) (iwﬂ> : (2.12)

So, by (2.7), (2.12) is equal to zero. By the same argument, for 1 <i,j < d, i # j
Tr(U;U;) <Zw“€ g, Zw hay )=0,

M=
B

w

o

QU= ﬁ

Thus C; and C, are as required. O

By the same argument as Lemma 2.8, we may extend the result of Lemma 2.8 as

follows.

Theorem 2.9 ([1]). There exist m MUBs in C¢ if and only if there exist m sets
Ci,...,Cn, each consisting of d commuting unitary matrices in My(C?) such that

C; ﬂcj = {1y} for all i # j and matrices in U C; are mutually orthogonal.

=1

Example 2.10. Define C; = {U,L1},Cy = {V, 1}, C5 = {W, s}, where

18



Cy1,Co, C3 satisfy hypothesis of Theorem 2.9. Thus eigenvectors related to each set give

us 3 MUBs

B, ={(1,0),(0,1)}, By = {%(1, 1), %(1, —1)} , By = {%(1,@'), %(1, _i)} ,

The following corollary uses Theorem 2.9 to give an upper bound on the number of

MUBEs in any given dimension.
Corollary 2.11. There are at most d +1 MUBs in C¢.

Proof. Suppose there is a set of m MUBs in C¢. By Theorem 2.8 there are m classes
Ci,...,Cn, containing 1+m(d—1) pairwise orthogonal matrices in the d*> dimensional

space of complex d x d matrices. Therefore 1 +m(d —1) < d?* som <d+ 1. [

2.3 Generalized Spin matrices

Theorem 2.9 gives a way of constructing m MUBs from certain sets of unitary ma-
trices. In other words, the existence of m sets of orthogonal d x d unitary matrices
Ci,...,Cn, each consisting of d matrices satisfying certain relations, provides m mu-
tually unbiased bases in dimensions d. In this section we describe a construction of
these sets of unitary matrices for prime dimensions p. The main results are due to
A. O. Pittenger and M. H. Rubin (see [30]). Henceforth we assume that p is a prime

number.

19



Definition 2.12 (Spin Matrix). Let {vo,vi,...,V,_1} be a fized orthonormal basis

of C? and w = e@™/P)_ Define
p—1 p—1
Sor =D ViVamit, Sio= Y WViVin, (2.13)
m=0 m=0
where v, = vq. For j, k € Z,, we define the corresponding Spin matrices by
Sixk = (S1,0)(So.1)" (2.14)

To illustrate these matrices, here are the Spin matrices for p = 3. Using the standard

basis {eg, e1,es} of C* and w = e¢®™/3) | the corresponding Spin matrices are

1 00 010 0 01
Soo=1010 [ Soa=100 1| So2=110 0 |

0 01 1 00 010

1 0 0 0 1 0 0 0 1
Sio=0w 0 |, Su=f0 0w, S2=|w 0 0>

0 0 w? w2 0 0 0 w? 0

1 0 0 01 0 0O 0 1
S20=10 w? 0 | S21=[ 0 0 w? |5 S22=| w? 0 0

0 0 w w 0 0 0 w 0

Lemma 2.13 ([30]). Let w = e®™/P) Spin matrices have the following properties:

(1) 50,151,0 = wSl,oSU,l = wSl,l;

20



(2) Tr(Sjx) = 0 unless (j, k) = (0,0);

(3) Sy = WSy

Js

(4) SjrSap = W**Sjransvs
(5) The set of Spin matrices are mutually orthogonal;
(6) (Sik)m = ij(gl)smj,mk; where (ZL) =0 for m=0 or 1.

Proof. Property (1): Let B = {vy,...,v,—1} be the orthonormal basis in C? from

which the Spin matrices are built. Then

— Zw"(va, Vo)V Vi (2.15)

By the same calculation, it is easy to check that
p—1

m ¥
51,050,1 = E W 'V, Vintl.

m=0

Thus 80718170 = CUSLQSOJ.
Property (2): By (2.14), since S;o = (S10)’ and Spx = (So1)", it is easy to check

21



that
Sik = WV Viik (2.16)

Since Tr(v}, Viik) = (Vins Vingk) = 00, using (2.16) we have

3
L

Tr(S;x) = W™ Tr(VE Vinik)

3
I
=)

3
L

wmj <Vm7 Vm+k>

(]

m=0
p—1
= 3" Wit
m=0
= 05,00k,0-
Property (3): Using (2.16) we have
d—1 dk—1
St = E e N Wk E w NIV, = w]kS_jﬁ_k‘
m=0 n=~k

Properties (4), (5) and (6) are direct consequence of properties (1),(2) and (3). O

From Lemma 2.13 the set of Spin matrices of order p, {S;x : (4,k) € Zi}, contains
p? unitary matrices which are orthogonal. By Theorem 2.9, to obtain p + 1 MUBs,
we just need to partition the set of Spin matrices to p 4+ 1 subsets, each consisting of
p commuting matrices. The rest of this section is devoted to finding such subsets.

By Lemma 2.13 part (4)
SjkSap = WS kit SapSik = w"Sjtakib- (2.17)

Thus, S, and S, commute if and only if ka = jb. Define the set of indices as follows

22



Zz% = {(]7 k) :jak S Zp}a
and the symplectic product o : Z2 x Z> — 7Z, by
uov = ka — jb, (2.18)

where u = (j,k), v = (a,b) € Z2. From (2.17), S, and S, commute if and only if the
symplectic product of indices u and v equals zero. The following lemma shows how
to find subsets of Z]% for which the corresponding Spin matrices associated to each

subset commute.

Lemma 2.14 ([30]). The p+ 1 index subsets defined by
Co=Hb(1,a) : b€ Z,}, a€Z,
Ce =1{b(0,1) : b€ Z,},

partition the index set Zg such that Spin matrices associated to each subset are com-

muting and have the identity matriz in common.

Proof. We need to show the symplectic product in each class is zero and C, N Cyp =
{(0,0)} for all a # a’ € {0,1,...,p—1,00}. Let u=b(1,a) and v = b'(1,a) be in C,,
then it is obvious that uowv = 0. If b(1,a) = V/(1,d') € C, N Cy, then b = ' and if
b#0, a=d thus C, N Cy = {(0,0)}. O

For example, for p = 3 the index sets defined in Proposition 2.14 are

OO = {(O’ 0)7 (17 0)7 (27 O)}a C’1 = {(07 O)a (L 1)7 (27 2)}7
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C; ={(0,0),(1,2),(2,1)}, Coo = {(0,0),(0,1),(0,2)}.

Commuting subsets of {S;; (j, k) € Z3} associated to each index set are

CO = {SO,Oy Sl,Oy 52,0}7 Cl = {50,07 Sl,la 52,2}7

CQ — {50,07 51,27 52,1}7 COO - {SO,Oa SO,lv SO,Q}'

Thus, eigenvectors related to each set give 4 MUBs in C3. In the next section, we

will find eigenvectors of Spin matrices for prime dimensions.

2.3.1 Eigenvectors of Spin matrices

By Lemma 2.13 and Lemma 2.14 the set of Spin matrices can be partitioned into
p + 1 commuting orthogonal unitary matrices. So, by Theorem 2.9 the orthonormal
eigenvectors of Spin matrices corresponding to each set defined in Proposition 2.14
give p+1 MUBs. In this section we describe a way to obtain the eigenvectors of Spin

matrices.

Definition 2.15. Let p be an odd prime number. For each u = (j,k) € Z2\{(0,0)}
and r € Z,, define

(W'S,)™, (2.19)

where (W"S,)° =1,



For p = 2, the P,(r)s are defined as follows

1|11 1 1 -1 1o
P(O,l)(()) - 5 ) P(O,l)(1> - 5 s P(l,l)(o) = 5 ,
11 -1 1 — 1
1| b —i 1| 10 100
P(l»l)(]‘) = 5 ) P(l,O)(O) - 5 s P(l,O)(l) = 5
11 00 01

A square matrix P is a projection if P? = P. If P is a Hermitian projection of rank

one, then by Theorem 2.6, there exists a vector v such that
P =v*v.

The following theorem characterizes the eigenvectors of Spin matrices in terms of one

dimensional projections.

Theorem 2.16 ([30]). For each u = (1,a), a € Z,, and u = (0,1), there exists
a vector v,(r) € CP, for some r € 7Z,, such that P,(r) = v,(r)*vy(r). Moreover,
B, = {vu(r),r € Z,} is the set of eigenvectors of the set {Sy, : b € Z,}. Thus Bys

are p+1 MUBs in CP.

Indices of the form v = (1,a), a € Z,, and u = (0,1) are called generator of
the index sets C, and C, defined in Lemma 2.14 respectively. The following lemma

provides properties of P,(r)s needed for proving Theorem 2.16.

Lemma 2.17 ([30],[29]). (1) For eachu = (j,k) € Z:\{(0,0)}, {Pu(r) : 7 € Zp} is
a set of p mutually orthogonal Hermitian projections;
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p—1
(2) (WSt = Z w ™P,(m+r), fort € Z, and u # (0,0);

m=0

(3) ifp>2andu=(1,a), a € Z,, oru=(0,1) is a generator, then for any b € Z,

there exists s € Zq such that Py, (r) = P.(s);
1 S
(4) Tr(Py(r)Py(s)) = — for generators u and u' in different classes;
p
(5) Tr(P,) =1 for u # (0,0).

Proof. Property (1): For p = 2, it is easy to check that P,(r)P,(s) = d, sP,(r). Let
p > 2 be prime. Since for any r and s € Z,, there exists ¢ € Z, such that s = r + 1,

then

= (WS, )™ W™, (2.20)

= w™ (WS, w™. (2.21)
We have two cases for ¢ in (2.21) as follows:
(a) if i # 0 then P w=™ =0, so from (2.21) P,(r)P,(r + 1) = 0;
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(b) if ¢ = 0 then (2.21) is equal to

Thus, P,(r)Py(s) = 6, Pu(r).
Now we need to show for each generator of the form u = (1,a) or u = (0, 1) and each
r € Zy, P,(r) is Hermitian. For p = 2 it is easy to check that P,(r) = P,(r)*. Let

p>2and u=(1,a) then

Y wmeelE) sy (2.22)

Using Lemma 2.13 part (3) for the index (m,ma), S, .. = wmQ“S(,m,,ma). So (2.22)

(m,ma

is equal to



Let m = p —n. Since S(—p,(n—p)a) = Sn,na) A0d S na) = W~ (2)(5(1@))”, then

r(n— p n+l
ZW P ) S pnnye

rn a p "'H
= = Zw 2 (n na)
—— Z w’r’n a p "27‘+1 7(1(721) (S(l,a))n (223)

(2.24)

I
[N =
3
M1t
o

&

ﬁ

S

N

35

p—n+1

It is easy to check that W) eB) = 1, which we have used it to get (2.24) from

(2.23). So, for any r € Z, and any generator of the form v = (1,a), a € Z,, P,(r) is

Hermitian. By the same argument we can show that P,(r) is Hermitian for generator
=(0,1) and r € Z,,.

Property (2): From Definition 2.19, P,(r +m) =Y " _ (w"™™)"(S,)". So

p—1 1 p—1 p—1
S WP mAr) ==Y WY (W T)(S,)"
m=0 p m=0 n=0
p—1 p—1
_ Z(wrsu)n (wn t)
n=0 m=0
p—1
=Y (W'Sy)"d(n,t) (2.25)
n=0
= (wW'S,)"
p—1
The equality in (2.25) holds because Z(wn_t)m = 0 for t # n.
m=0
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Property (3): By Lemma 2.13 part (6), (Sppa)™ = w_m“(g)(S(La))bm. Hence

1221

Py1,a)(r) = = Z(WTSb(lva))m

p

m=0

1 L b
S g,
m=0
1 p] b
IS st
m=0
1 i b
o =1(r—a 1
=2 Celsy.,
1=0
= Puq)(s),

where the last equality comes from substituting [ = bm and s = b~! (r — a(g)) € Lp.
1

Property (4): For p = 2 it is easy to check that Tr(P,(r)Py(s)) = 7 Let p > 2

and let u = (1,a), v’ = (1,a’) be generators in different classes. Since (S(1,4))" =

m

w“(2)5(m7ma) (see Lemma 2.13 part (6)), then
p—1 p—1
Tr(Pu(r)Pu(s)) = = Tr ( (w" u>m<wsSu/)n>
_ wmrJra(’;)wnera’(g) Tr<SmuSnu’) (226)

From Lemma 2.13 parts (2) and (4), Tr (SpuSnw) = Tr(w™*Smutnw) = 0 except for
the identity matrix, in which case, the index is mu+nu’ = n(1,a)+m(1,a’) = (0,0).
Since a # o, the only solution is m = n = 0. Thus Tr(S,,Snw) = 0 except for
n =m = 0. For the case m = n = 0, Tr(S5(0,0)S0,0)) = Tr(l,) = p. So by (2.26),

1
Tr(P,(r)Py(s)) = —. By the same argument, the result is true for the generators
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u=(1,a) and v’ = (0,1).

Property (5): By Lemma 2.13 part (2), Tr(S])) = 0 except for v = (0,0) or r = 0. So
1 = 1

Tr(Py(r)) = = > w™ Te(Sy) = = Te(L,) = 1.
P p

]

By Lemma 2.17, P,(r)?> = P,(r), so the eigenvalues of P,(r) are 0 and 1. Since
Tr(P,(r)) = 1, multiplicity of eigenvalue 1 is one, so P,(r) is of rank one for any
non-zero index u and r € Z,. Moreover the P,(r)s are Hermitian (see Lemma 2.17
part (1)), thus by Theorem 2.6, for v # (0,0) and r € Z,, there exists v,(r) € C?
such that

P,(r) = vy (r) vu(r). (2.27)
By Lemma 2.17 parts (1) and (4), for generators of the form u = (1,a),a € Z, or
u = (0,1), the sets defined by B, = {P,(r) : r € Z,} are orthogonal and projections

1
from different sets B, and B,, u # u' have trace 7 Thus if we consider vectors

derived from the factorization (2.27), then sets defined by
B, ={vu(r):r €7Z,}, (2.28)

are mutually unbiased bases.
From Lemma 2.17 part (2), for ¢ € Z, and generators of the form u = (1,a), a € Z,

and v = (0,1), we have



U

—1
W v (m A+ ) v (m+ 7). (2.29)
0

3
]

(2.29) shows that for each generator u of index sets from Proposition 2.14 the set
{vu(r) : r € Z,} contains eigenvectors of the set of Spin matrices {(S,)" : t € Z,}.
Thus Theorem 2.16 is proved.

The following example constructs MUBs in dimension 2 using Theorem 2.16.

Example 2.18. The commuting classes of Spin matrices for p = 2 and generators
u = (1,0), u = (1,1) and u = (0,1) are {5070,8170}, {5070,5171}, and {5070,5071},

where

Sa,0) = , San = , S =

The projectors are determined by B(1,0y = {P1,0)(0), Pa,0)(1)}, By = {P,1)(0), Pagy(1)}
and By = {P0,1)(0), Po1y(1)} where P,(r)s are defined on page 25. So if we de-
compose projections in each class of the form P,(r) = v, (r)v.(r)*, then we get the

following 3 sets of MUBs of the form (2.28)

Bi1o) = {V(w)(o) = %(L 1), vae(l) = %(1, —1)} ,
B = {000 = S0 = -0}

Bty = {vo(0) = (1,0), v (1) = (0,1)} .
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2.4  Construction of MUBs using Spin matrices in dimension d = p?, p an

odd prime

In Section 2.3 we built a set of unitary matrices (Spin matrices) and we partitioned
this set into sets of commuting and orthogonal matrices. Indices in each class were of
the form defined in Lemma 2.14. Then using Theorem 2.9, the eigenvectors of each
commuting class of Spin matrices gives us MUBs. In this section we use a similar
idea to construct MUBs in C?’ using Spin matrices.

In this section we assume p is an odd prime number. For indices u = (j, k) and
v = (a,b) in ZIQ,, denote the tensor product of two Spin matrices S, and S, by S, ®S,,,

where 5, is same as defined in Definition 2.12. Then

(Sm ® Sv1)(5u2 ® sz) = Sm SUQ ® Sv1 sz
=wMtheg S @ SuSy, (2.30)

= wk1j2+b1a2 (Suz ® SU2)(SU1 ® Svl)

where u; = (j1, k1),v1 = (a1, b1),us = (Jo, ko) and vy = (ag, by) are in ZZ%. We have

used (2.17) in (2.30). So, S,, ® S,, and S,, ® S,, commute if and only if
(k1j2 = kaj1) + (braz — baaq) = 0,

or

Uy O Uy + vy 0 vy =0, (2.31)
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where o is the symplectic product defined in (2.18). Let

Vi(Z,) = {w = (j,k,a,b) = (u,v) : a,b, 5,k € Z,}, (2.32)

and define the symplectic product of w; = (uy,v;) and wy = (ug,v) on the four

dimensional space V,(Z,) as

Wy O Wy = Uy O Uy + V1 O Vo. (2.33)

The problem of finding commuting classes of Spin matrices is equivalent to partition-
ing V4(Z,) such that indices in each class satisfy w; o wy = 0. Next we demonstrate
the procedure to find such classes.

Define the polynomial f(z) = 2> — D over Z,, where D is is not a quadratic residues
modulo p. In other words the equation 2 = D has no solution in Z,. There exist at
least (p — 1)/2 such values of D (see [3]). For p = 2, there is no such D.

For any positive integer n, there exists a finite field with p" elements; this is an ex-
tension field of the finite field Z,,. In Algebra a finite field of order p" is called a Galois
field and is denoted by GF(p™). For details on Galois fields see [28, 36]. In this con-
text, we denote a finite field of order p™ by Fyn. Let A be a root of f(z) = 2% — D in

F,2. The Galois field of order p? is representable in the form
Fe={j+kX:jkeZ,},

with operations as follows
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(GHEN) +(a+0N) =G +a)+ (k+D)A,

(4 + kN (a+bN\) = ja+ Dkb+ \(jb+ ka).

Let ]F‘]QD2 = {u = (a,) : a,p € Fp} and define the symplectic product for u =
(@,8), 0/ = (o, §) € F2, by

uwou = Ba’ —af. (2.34)

Let us define subsets of IF?)Z for each av € IF 2 as follows

C = {B(1,0) + Ba(0,1) = B(1,a) : B € Fye} (2.35)

Coo = {B(0,1) : B € Fpe}.

These are p® + 1 sets, each consisting of p® vectors and only (0,0) is in common
between any two sets. If u and v are in the same set, uov = 0. The proof is same as
in Lemma 2.14.

Let o = j1 + joX and B = ky + ko, Ji, ki € Zy, then u = (o, ) = a(1,0) 4+ 5(0,1) can

be written as

u=(j1 + 722)(1,0) + (k1 + k2A)(0, 1)

= 71(1,0) + ja (X, 0) 4+ k1(0, 1) + k2(0, \). (2.36)

(2.36) shows that IF?)Z is a four-dimensional vector space over Z,. Our goal is to relate
the symplectic product in IF?)Q to the symplectic product in Vj(Z,) defined in (2.34)

and (2.33) respectively. We do this by defining an isomorphism from IF?DQ to Vi(Z,).
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It suffices to define this isomorphism on the bases of each vector space. Let us define

a basis for IFIQ)Q over Z, as follows
A= {60 = 271(17 0>7 €1 = (2D)71)‘(17 0)7 fO = (07 1)7 fl = )‘<07 1)} (237>

It is easy to check that any element (o, 8) = (ji + joA, k1 + ko)) € Fp2” is a linear

combination of the elements in A as follows
(J1 + JaA, k1 + ko) = 2j1e0 + 2Djseq + ki fo + ka fi, (2.38)

where ji, j2, k1, ke € Z,. Let M be the linear mapping from IFIQ)Q to Vi(Z,) defined by
its action on e, and f, for r = 0,1 so that

M (eg) = (1,0,0,0), M(ey) = (0,0,1,0),

M(fO) = (O’LO)O)a M(fl) = (0707()’1) (239)

M is a Z,-isomorphism—a one-to-one, onto mapping that preserves the linear struc-

ture. By using (2.38), (2.39) and above notations, we have
M((O{,/B)) = (2j1,k172Dj27k2). (240)

It remains to relate the symplectic structure of IFIZ)Q and Vj(Z,). First we need the

idea of the trace of a field extension.

Definition 2.19. Let A be a solution of the equation 2> = D in F2\Z,. For each
a = j+ kX € Fj2 define the trace of o by
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It is easy to check that for any ,7 € {1,2}

Tr(fioe;) =06(i,7), Tr(e;oe;) =Tr(fio f;) =0. (2.41)

Theorem 2.20 ([30]). Let 2y = (a1, 81) and 2o = (g, f2) € Va(F,2) and let M be
the linear mapping defined in (2.39). Then

M (z1) o M(2) = Tr(z1 0 29). (2.42)

Proof. In the notation of (2.38), let
z1 = 2j1e0 + 2Djoer + ki fo + kaf1, 22 = 2r1e9 + 2Drger + s1fo + s2/1.

Since A defined in (2.37) is a basis for V5(F,2) over Z,, we can write 21 o 2z, in terms

of basis elements. Using (2.41), we have

TI'(Zl o ZQ) = (k?127”1 — 2j181) + (k?22DT'2 — 2Dj282)
= (2j1, ]{?1) o (27”1, 81> -+ (QDJQ, k}g) o (2DT2, 82)
= (le, k‘l, 2Dj2, ]{52) e} (27”1, S1, 2D7’2, 82)

= M(z1) o M(z3).

]

For any 21,20 € Cy,, 21023 = 0. So Tr(z; 0 25) = 0. Using Equation (2.42) in
Theorem 2.20, we have M (z;) o M(z2) = 0. Therefore, the symplectic product of
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elements of M(C,) C Vi(Z,) is equal to zero. It is well known [30] that if we want to
have the property stated in Equation (2.42), we need a basis of the form A defined
in (2.37).

From (2.36) for any o = ji + joA, B = k1 + ko)A € Fj2, A2 = D, each element (3, fa)

in the class C, is of the form

(B, Ba) = (jr + jeA, (k1 + k2A) (1 + j2A))
— 1(1,0) + kaA(1,0) + (kujn + ajaD)(0, 1) + A(krjo + ko) (0, 1)

= 2kyeg + 2Dksey + (k1j1 + k272 D) fo + (k1j2 + kaj1) fi1-
Thus

M((B, Ba)) = M(2kieq + 2Dkgey + (kij1 + kago D) fo + (k12 + kaji) f1)
= 2k1 M (eg) + 2DkoM (e1) + (k1j1 + kojo D) M (fo) + (k1ja + kaj1) M (f1)
= (2ky, k1j1 + kojo D, 2Dks, kyjo + k2j1). (2.43)

Thus classes in IF?)Z can be expressed by classes with elements of the form (2.43). So,

each element of C,, is mapped to an element of Cj, j,.

Lemma 2.21 ([30]). Let p be an odd prime. The classes given by C, and Cy defined

in (2.35) are mapped to the following classes in Vy(Z,)
Cji gy = {(2k1, kyjy + kajo D, 2Dko, ki o + koj1) : ki, ko € Zy},
COO = {<Oa kla 07 k2) : kl; k2 € Zp}7 (244)
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where ji, jo € Z,. Moreover Vy(Z,) = U Cii jo UOOO and the intersection of any
J1:72

two classes is {(0,0,0,0)}. Therefore the set of Spin matrices indexed by each class

18 commuling.

Proof. First we show that in each class, the symplectic product defined in (2.33) is
zero. Let wy = (2ky, kiji + kojoD, 2Dko, k1jo + koj1) = (ug,v1) and wy = (2k], ki j1 +

khjoD, 2Dk}, k) jo + kbj1) = (u2,v2) be two elements in C}, j,. Then
wy 0wy = (2k1, kijr + kaja D) o (2ky, kyjr + kyja D)+
(2Dks, k1ja + kajr) o (2Dksy, kyja + koji)
=0.
It remains to show that Cj, j, (1 Cj 5 = (0,0,0,0) for (ji,j2) # (j1,Jz). Assume the

contrary. Let w = (2ky, kij1 + kojoD, 2Dk, kyjo + koj1) € Cj, 4, (1 Cjr . Then we

have the following equations
Jiki + joko D = jiky + joka D, jika + joky = jika + joki.
We can rewrite the above system as
k(i — 1) + k2 D2 — j3) = 0, ka(j1 — j1) + ka(j2 — j3) = 0.
Above system is homogeneous and has non-trivial solution if and only if k2D = k?.

But D is not a quadratic residues modulo p. So, the system has only trivial solution
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J1— 77 = 0and jo — g5 = 0. So (j1,j2) = (j1,7%). Contradiction. By the same

argument we can show Cy () C}, ;, = (0,0,0,0). O

Vi(Z,) has p* elements, partitioned by p>+1 subsets of the form defined in Lemma 2.21.
Spin matrices associated to each subset are commuting. Thus we have partitioned
the Spin matrices of order p? into p* + 1 subsets of unitary matrices such that Spin
matrices in each subset are commuting and orthogonal. Thus by Theorem 2.9 we
have p? + 1 MUBs.

For example, for p = 3, D = 2 is not quadratic residues modulo 3. The sets of Spin

matrices corresponding to Cj, ,, j1,J2 € Zs and Cy defined in Lemma 2.21 are

le,jQ - {S(2k17k1j1+2k’2j2) 0%y S(kg,k1j2+k2j1) : kl) k? € Z’3} y

Coo = {S(O,kl) ® So,ky) : K1, ko € Zg} )

2.5 Spin matrices of dimension d = p", p prime

In Section 2.4 we described how we can partition the set of Spin matrices of dimension
d = p? into the commuting subsets. By the same methodology, A. O. Pittenger and
M. H. Rubin (see [30]) partitioned the set of Spin matrices of dimension d = p”,
n € Z, into the commuting subsets.

Consider the n-fold tensor product of the Spin matrices

UlISu1®Su2®”'®Sun7
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Uy=5,, &S, ®85,,,
where u; = (ji, ki), vi = (a;,b;) € Zf, for i =1,...n. Then
UrUs =(Su; ® Suy @ -+ ® 5y, )(Sy; @ Spp, @ -+ ® Sy,
= Suy Spy @ SuySpy @ -+ @Sy, Sy,
_ Gharthatethang G 96 6 ©...©S5, S,

_ Rathkeastthaan (Sy; @ Sy, @+ @5, ) (S @Sy, @-+-®S,,)

_ wk1a1+k2a2+~~+knan U2U1 )

By the same argument we see that
UpUy = whidrtbeizt+bain ], [,
Thus U; and U; commute if and only if
kiay + keas + - -+ + kpa, = biji + bojo + -+ + bpjn,
or equivalently
(krar — bijr) + (k2az — baja) + -+ - + (kpan — bnjn) = 0.
We may rewrite above equation in terms of the symplectic product as follows
UL 0V, + Uy 0 Vg + - + Uy 0 v, = 0. (2.45)
Define V5, (Z,) as follows

‘/Qn(Zp) = {(jbkl?j%k?a s 7jn7kn) = (ul?uQ’ T 7u”> j“kl = Zp}
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Van(Z,) has p* elements. Our desire is to partition V5,(Z,) into p" + 1 classes, each
consisting of p” elements such that elements in each class satisfy (2.45). This is doable
by defining a structure on F,» analogously to the case d = p? in Section 2.4.

Let us now briefly explain the process of partitioning Vs, (Z,).

A polynomial is said to be irreducible in Z, if it cannot be factored into the product
of two or more non-trivial polynomials whose coefficients are in Z,. For any p, there
exists an irreducible polynomial of degree n over Z, [3].

Let f(x) = 2" 4+ ¢p,_12" ' + -+ - + ¢y be a an irreducible polynomial of degree n over

Z, and X\ a root of f in [F,n, then f can be uniquely written in the form
f@)=(x =N (dprz" '+ dpor" 2+ +dy), di €Fpn. (2.46)
Any a € Fy» can be written as follows
Q= A A NV a2+ a, a; € Zy.

Define an by

F2. ={u=(a,B8): a,B € Fp}, (2.47)
and the symplectic product of two elements u = («, 8), u = (o, ') € F2, by
uou = fa’ —af.
Consider subsets of an as follows

Co={B(lL,a):BeFnm}, acFpu, (2.48)
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Coo = {B(0,1): B € Fpn}. (2.49)

These give p™ 4 1 subsets of IFIQ,H, each consisting of p" vectors, only (0,0) common to
any two sets. If v and v are in the same set, then it is easy check that uov = 0. As
with the case d = p?, it is convenient to express the index sets in (2.48) and (2.49)
in term of elements in Z,. So we need to relate each subset of Iﬁ'gn defined in (2.48)
and (2.49) to a subset in V3,(Z,). First we need a Zj,-isomorphism map M from F2,
to Va,(Z,) like the map defined in (2.39). We just need to define M on bases of each
spaces. Ff)n is a two-dimensional vector space over F,» and F,» is a n-dimensional
space over Z,. Thus F2, is a 2n-dimensional space over Z,. Define a basis for F2, as

follows

Az{ej:%(l,O),fk:)\k(O,l):OSj,kSn—l} (2.50)

where the d;s are defined in (2.46) and f’ is derivative of f.

Definition 2.22. Let A be a root of the irreducible polynomial f(x) = 2" +c, 12"+
o4 ¢y over Z,. For each a = a(N) = ap N1+ + a1 A+ ag € Fpn, define Tr(a)

by
TI“(Oz) - Z:ﬂbzl Oz()\,,),

where the A\, forr =1,...,n are the n distinct roots of f(x) in Fyn.

42



Observe that fj, o e; is an element of Fy». It is proved [30] that elements e; and fj
defined in (2.50) satisfy
Tr(fr oe;) = 0(k, 7). (2.51)
The reason for defining coefficients d;/f/(\) for e;s and A* for f; is that the equation
(2.51) holds only for these coefficients.
Using indexing beginning at 0, let M denote the linear mapping that maps A to the

standard basis in V5, (Z,) as follows
M(ej) = ey,  M(fj) =egjr1, 0<j,<n—1, (2.52)

where {e,...,ea,_1} is the standard basis in V5,(Z,). When n = 2, M is as defined
in (2.39). For every vector u € F3., M(u) € Van(Zy).
By the same argument as in Theorem 2.20 and using (2.51), the symplectic products

in F2, and V5,(Z,) are related by
M (z1) o M(z3) = Tr(z1 0 29), (2.53)

where 21,2 € VI, and M(z1), M(22) € Van(Z,) [30]. Now we may map each class
in F2, defined in (2.48) to a class in V5,(Z,) by the following algorithm.

Keep all notations as defined in this section.
Let @ = ap 1 A" '+ a, oA 24 +ag € Fpn. Since {e;,fj :0<j<n-—1}isa

basis for an, then any element (5, fa) € C, CF zn can be written as follows
n—1
(5, 50./) = ijej + yjfj, Tj,Y; € Zp. (254)
=0
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M acts on (f3, fa) as follows

n—1

M((8,Ba)) = M(xje;) + M(y; f;)
=0
n—1
=D wjes + yseaii. (2.55)
=0
On the other hand, for z; = (5, fa), 2o = (8, f'a) € Cy, 21 025 = 0. By using (2.51)

we have

Tr(z1 0 z9) = M(2z1) o M(2z3) = 0. (2.56)

Thus by (2.55) and (2.56), if & € Fyn, then M(C,) C Va,(Z,) and the symplectic
product of two elements of M(C,) is zero. So, for each a = a, A\"! + a, 2 A" +

-4 ag € Fyn, we associate a class M(C,) = C,, ;.. 4, as follows

n—1
Can_1,...,a0 - {('IOvyOa s 7xn—17yn—1) : (B7Ba) = ijej +yjf]7/6 S JF;l)"7x]'7yj S Zp} .

J=0

(2.57)

Similarly, M (Cy) = C’_ can be defined as follows

n—1
C!)o = {(07y07' e 707yn—1) : (076) = Zyjf] :B € ]Fpnvyj € Zp} . (258)
=0

Thus the classes defined in (2.57) and (2.58) partition V5, (Z,) so that the symplectic
product of two elements in each class is zero. Spin matrices derived from each class

commute and are of the forms
Can71 ..... ap — {Sxo,yo X ® anfl,yn,1 : (xO) Yo, -3 Tn-1, yn—l) S Oan,l ..... a0}7
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and

Coo = {SO,yo X SO,yn71 : (07y07 s 707yn—1) € C’oo} .

Thus we have a partition for a set of unitary matrices (Spin matrices) such that the
Spin matrices from each class commute. Now we may use Theorem 2.9 to derive

p" + 1 MUBs in CP" from eigenvectors of the Spin matrices from each class.

Example 2.23. For p = n = 2, an appropriate polynomial is f(x) = 2> + = + 1.
Then f'(z) = 1. If f(\) = 0, then \* = X+ 1 is the second root, given dy = 1 and
doy =N, since x> +x+1=(x —\)(x — X —1). Then

€y = )\2<1,O), €1 = (1,0), fo = (O, 1), f1 = )\(O7 1)

The five classes of vectors in F3, indexed by o = jo + j1\ , jo, 1 € Ly, are

Co ={(0,0),(1,0),(X,0),(X*,0)} = {0, €1, €0 + €1, €0},
Cy = {0,0), (1,1), (A, N), A0} = {0,e5 + fo,e0 + €1+ fi,e0 + fo+ f1},
Cy = {0,0), (L,A), A, A%, (A1)} = {0,e1 + fi,e0 + €1+ fo+ fi.e0 + fo,
Crz = {0,0), (1, A%), (A, 1), A%, M)} = {0,e1 + fo + fi,eo +e1 + fo,e0 + fi},
Coo = {0,0),(0,1),(0,1), (0,X*)} = {0, f1, fo + f1. fo}.
Under the mapping M defined in (2.52) for the case d = 22, the classes in Vo(IFy2)
are mapped to classes in Vy(Zs) as follows
Cy — Coo = {(0000), (0010), (1010), (1000)},
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Cy — Cp1 = {(0000), (0011),(1111),(1100)},
Cy2 — C11 = {(0000), (0111), (1110), (1001)},

Coo — C'_ = {(0000), (0100), (0001), (0101)}.

The Spin matrices corresponding to the above classes are

Co.0 ={S00 ® Soo, Soo @ S10, 510 ® S10, 510 ® Soo} »
C1.0 ={S00 ® Soo, So1 ® S10, S10 ® S11, 511 ® So1},
Co.1 ={S00 ® So0, Soo ® S11, 511 ® S11, 511 ® Seo}
Ci1 ={S00 ® Soo, So1 @ S11, 511 ® S10, 510 ® So1}

Coo ={S00 ® So0, So1 ® Soo, Soo @ So1, So1 ® So1},

where S; i for j,k € {0,1} are defined in Example 2.18. 5 MUBs are determined by

eigenvectors of the Spin matrices in the 5 classes.

2.6 Algebraic construction of MUBs for odd prime powers

In this section we present a construction based on Weil sums. First, some basic

definitions.

Definition 2.24. For a € F = Fy» and K = Z,, the trace Trp k(o) of a over Z, is
defined by
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m—1

Trp/k(a) =a+aoP +--- +oP

Henceforth, we use Tr instead of Trg gk for convenience. If we consider Fy. as n-
dimensional vectors space over Z,, it is well know that Tr is a linear transformation
from F,» onto Z,, i.e., Tr(cia + c38) = ¢1 Tr(a) + o Te(B) € Z,, for o, 5 € Fpn and
c1, ¢ € 7y, [27).

For each non-zero element x € Z,, define a non-trivial additive character x, : Fym —
C\{0} by

y > W@y, (2.59)

where w = e®™/P)_ g primitive pth root of unity. It is easy to check that for any
x € F\{0}

> xaly) =0. (2.60)

yern

See [21] for the proof.

The next lemma plays a crucial role for this section. You may see a proof in [27].

Lemma 2.25 (Weil sums). Let x be the non-trivial additive character of Fym defined
in (2.59), where p is an odd prime number and let f(X) € Fpn[X] be a polynomial of

degree 2. Then

Y x(f@)| = Vd,

J,‘EIFPTL

where d = p".
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Ivanovic in 1981 [22] found the following construction for MUBs of prime power
dimensions. A.Klappenecker and M.Rotteler gave an elementary proof of the con-

struction in [24] by taking advantage of Weil sums.

Theorem 2.26 ([22],[24]). Let p > 2 be a prime number. For each a € Fym, define a

set of vectors by
Ba = {Va’b‘b € Fpn},
where v, s a vector of length p™ defined as follows. Considering elements of Fpn as

an index set, the xth component of v,y is defined by

(e = Lgmoia

Vd

where d = p". Then the sets B, and the standard basis, form p™+1 mutually unbiased

, z€Fn, (2.61)

bases in CP".

Proof. The inner product of two vectors defined in (2.61) is

1 a—c SC2 —a)x
|(Vaps Vea)| = 7 D whllemerir o),

CEE]Fpn

By considering possible cases for the values of a, b, ¢, d, if a = ¢ and b # d the right
hand side is equal 0 by (2.60). If a = ¢ and b = d then the inner product is equal to 1.
Thus B, is an orthonormal basis for any a € F,». On the other hand, if a # ¢, then
the right hand side evaluates to 1 by Lemma 2.25, which proves that the bases B,

Vd

and B. are mutually unbiased. Since for any x € Fn, |(Va7b)m}2

= é, the standard

basis is mutually unbiased to B, for a € Fyn. m
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Example 2.27. For d = p = 3, F3 = {0,1,2}. Using the construction given in
Theorem 2.26, the bases are

1 1 1
By = {voo, Vo1, Voa} =1 —(1,1,1), —=(1, w,w?), —= (1, w?, w },
0 = {Vo0,0,Vo,1, Vo2 } { ( )\/§( )\/3( )

<1,1,w2>},

w

1 1
B = {V1,0,V1,17V1,2} = {—(1,(«0,(«0), %(170}2, 1),
By = {Va0, Va1,V }—{ia W), S (11 w), (1w 1)}
2 2,00 V2,1, V2,2 \/g ; ) 7\/§ ) a\/§ ) Wy )

and the standard basis form 4 mutually unbiased bases. For instance voy1 € Ba is

S
- Sl

calculated in the following manner

Vo1 = ((V2,1)o, (V2,1)1, (V2,1)2)

<wTr(2(0)2+0) wTr(2(1)2+1)7wTr(2(2)2+2)>

)

- 5l 8-

=—(1,1,w).

P

2.6.1 Algebraic construction of MUBs for even prime powers

In Section 2.6, we stated a construction for MUBs in dimension equal to an odd prime
power based on Weil sums. We cannot use Weil sums for the case p = 2 because
Lemma 2.25 does not apply in even characteristic. In this section we consider the
case p = 2. We use Galois rings for constructing MUBs for dimensions of the form
d=2".

A polynomial F(z) € Zy[z] is primitive if it has a root € in Fyn and {0, 1,¢,...,£2" 72}
is the entire field Fon, and moreover, F'(z) is the smallest degree polynomial having
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€ as root. It is well known that there exists a unique polynomial h(z) € Zy[z] such
that h(x) = F(x) (mod 2) and h(x) divides 22" ~! — 1 as a polynomial in Z4[x] [16].
For example, if F(z) = z° + 2 + 1 then h(z) = 2® + 22? + x — 1. See [16] for an
algorithm showing how h(x) can be found from a given primitive polynomial F'(z).

Let « be a root of h(x). In fact, o can be chosen such that it is a primitive (2" — 1)th

root of unity. The corresponding Galois ring, GR(4"), is defined by
GR(4") = Z4|a). (2.62)
GR(4™) has 4™ elements. Define T, by
T.=1{0,1,a,...,0*" %} (2.63)
7, contains all the distinct (2" — 1)th roots of unity. Every element r € GR(4") can
be represented uniquely of the form
r=al +2a™,

for j,m € {0,1,...,2" — 2}, see [39] for details. The map o : GR(4") — GR(4")
defined by o(r) = o(a? +2a™) = a® +2a*™ is called the Frobenius automorphism
[[39], p.86]. Using o* to denote ¢-fold composition of o, define the trace map Tr :
GR(4") — Z4 by

Te(r) =Y o'(r), (2.64)
where 0¥ denotes the identity map. You may see a comprehensive discussion on Galois
rings in [16] and [39].
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Lemma 2.28 ([43]). Using the same notations as above and let i*> = —1. Define

' GR(4") - C by

2" -2

T(r) =Y ", (2.65)
k=0

Then )
0 ifr €27T,,r#0;
T(r)| =4 on if r =0
NG otherwise.
\

Theorem 2.29. Let GR(4") and T, be sets defined in (2.62) and (2.63). Fora’,a™ €
Tn, jom € {0,1,...,2" — 2}, define 2" dimensional vectors Vi i with kth entry,

ke{0,1,...,2" =2}, by
(Vasam), = g Tr((@420m)0%), (2.66)
) k \/2_”'
Then, for j =0,1,...,2" — 2, the sets
Boi = {Vaiamm=0,1,...,2" — 2}, (2.67)
and the standard basis form 2" +1 MUBs in C*".

Proof. The inner product of two vectors v,; om and v, ;s . with entries defined in

m
Ne3

(2.66) is
on_2 - /
|<Vaj,am7 Vi’ am'> = 2% Z Z'Tr<(o¢7—oﬂ +2(a™—a™ ))O‘k> .
k=0
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If j = j' and m # m/, since 2(a™ — o’) € 27, then the right hand side equals to 0 by
Lemma 2.28. If j = j' and m = m/ then right hand side is equal to 1. This shows
that B,; is an orthonormal basis.

When j # 7/, i.e., the vectors belong to different bases, then 7 = (a/ — o) +2(a™ —

1
= hence B,; and B_; are

V2n

a™) & 27T,. Thus by Lemma 2.28, |(Vai am, Vo om')| =

mutually unbiased.

1
The entries of the vectors v,; ,m have absolute value —=, so the standard basis and

NG

B,; are mutually unbiased for all o/ € T,,. O]

Example 2.30. Forn =2, h(z) = 2> + = + 1 is an irreducible polynomial in Z4|z)
with root a, such that «*~' = 1. Let T3 = {0,1,a,02}. Consider the Galois ring
GR(4%) = Z4la] with 16 elements. Any r € GR(4%) is of the form r = o/ + 2a™,
J,m € {0,1,2}. Forad,a™ € Ty, o(a?+2a™) = a* +2a*™, 6%(a’ +2a™) = o/ +2a™.
Using (2.64), Tr(a?+2a™) = 0’(a/+2a™)+0(ad +2a™) = o +2a™+a¥ +20*™ € Zy.
The 4 bases constructed in Theorem 2.29 are

By = {Vo,o,Vo,1, Vo,mVo,oﬂ} ) B = {V1,0,V1,1,V1,a, Vl,a2}7

B, = {Voz,07 Va,1; Va,as Va,oﬁ} ) B, = {Va2,07 Va2 1, Va2,a; Va2,a2} .
Applying (2.66) yields
1 1 1 1
By=<-=(1,1,1,1),=(1,1,—-1,-1), =(1,—-1,—-1,1), =(1,—-1,1, -1
0 {2(7 Y 7 )72(7 7 ) )72(7 ) ) )72(7 ) ) )}7
1 1 1 1
=q=(1,-1,—2,—2),=(1,1,1,1),=(1,1,1,1), =(1,1,1, 1
Bi= {50 -1~ -0 5(L L LD, 50,111 5011, ],
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1
(1,—4,4,1), i(l’i’i’ -1),=(1,4,—1, 1)} ,

N — N =
N = N =

1 1
Ba2:{§(1,—i,—1,—i), (1,—1’,1,2’),5(1,2',1,—2'), (1,2’,—1,2’)}.

These four bases and the standard basis form an extremal set of five mutually unbiased

bases of C*. For instance, Va1 € By is evaluated as follows

—_

Va1 = 5 ((Va1)o, (Va1)1, (Va,1)as (Vai1)a2)

[\]

_ ; (iTr(O)7 ,L'Tr(ot—l—2)7 Z'Tl“((OH-Q)a)? Z.T‘r((a+2)a2))

1
- 5(17 —l.,Z', 1)

2.7 Construction of MUBs in non-prime power dimensions

All constructions described so far in this chapter are for prime power dimensions.
Assuming Nypp(d) represents the maximum number of MUBs of dimension d, we
see that for prime power dimensions d, Nypp(d) attains the maximum, Nypp(d) =
d + 1. So far there is no construction for non-prime power dimensions that gives a
complete set of MUBs. Zauner’s conjecture states for non-prime power dimensions
Nyop(d) < d+1 [44]. For example, d = 6 is the first non-prime power dimension, and
only 3 MUBs are known. The following lemma gives a lower bound for the number

of MUBs for any dimension d.

Lemma 2.31 ([24]). Let d = p{"'py?...pj" be a factorization of d in to distinct
primes p;. Then
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Proof. We know that for any prime power dimension p;"* there exists p;"* + 1 MUBs.
Let n = min; Nypp(p)™). For each 1 < i <[, there exists n MUBs BY), ., BY in

CPi". For 1 <k<n,let
BY = {vii.j=12. p} (2.68)
Defined basses in C? as follows

B;g:{ e v ®V§C’jl :j1G{1,...p’1m},...,jl6{1,...p7”}}.

It is easy to check that B, By, ..., Bl are n MUBs in C%. O

Example 2.32. Let d = 6. For p1 = 2 we have 3 MUBs in C? and for py = 3 we

have 4 MUBs in C3. So, we choose 3 MUBs in C? and 3 MUBs in C? as follows

Bgl) ={vy' =(1,0),vy* = (0, D},

o _Jo_ L _ L

B = {wt' = o0 = oo

W _ Joaa_ 1 ; :i i

B = {}" = (L= -0}
= {v}' =(1,0,0), (0,1,0) (0,0,1)}



Using the construction given in Lemma 2.31, we have 3 MUBs in C® as follows

;11 2,1 22 1,1 23 12 2,1 22 1,2 2,3
By ={vy @vy 7V1 ®V1 VT @V, VTR vy 7V1 ®V1 VT @V

/ 21 _1,1 2,2 23 .12 21 _ 12
32:{ ®V2 ; Vo ® vy aV2 ®V2 Vo m ® vy, vy ®V2 >V1 ®V2

Y

y 2,2 23 .12 2.1
15’3—{V ®v3 ,V3 ®V3 ,v3 ®V3 , V3T @ vy ,V3 ®v3 ,V3 ®V3

The construction in Lemma 2.31 is known as the reduced power construction.
From Lemma 2.31, we see for any dimension d > 2, Nypyg(d) > 3. But it remains
to be seen whether for the case non-prime dimension d, Nyyp(d) = d + 1. There is

numerical evidence that, if the dimension is not prime power, Nyyp(d) < d-+ 1 [44].

2.8 Difference sets and mutually unbiased bases

In this section we discuss the relationship between difference sets in a group and the
MUB problem. This material is based on recent work by C. Godsil and A. Roy [14].
In first two subsections we will introduce difference sets and character groups and

then we use these notions to construct MUBs.

2.8.1 Difference sets

Let D be a subset of group G. Define elements of group algebra C[G] as follows

D=>d D'=)d' G=)> g

deD deD gelG
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Definition 2.33. Let G be a group of order n. A subset D = {dy,ds,...,dy} of G
with k elements is an (n, k, \)-difference set if every non-identity element in G can

. -1 .
be expressed as a quotient d;d; " of elements of D in exactly A\ ways.

For example, D = {1,2,4} is a (7, 3, 1)-difference set in G = Z.
A simple counting of elements didj_l of a (n, k, \)-difference set shows that k? — k =
A(n — 1). From the definition of difference sets, it is easy to see that if D is an

(n, k, \)-difference set then
DD ' =Fk-eq+ AG —eq), (2.69)

where eg is the identity element of G.

2.8.2 Characters of a finite abelian group

Let G be a finite abelian group. A function x : G — C\{0} mapping the group to the
non-zero complex numbers is called a character of G if it is a group homomorphism,
that is, for all g1, 90 € G, x(9192) = x(91)x(g2). It is well-known [21] that if x is a
character of a finite abelian group G, then each function value x(g) is a root of unity.
For instance if G = Z,,, n characters x; for j =0,1,...,n—1 and g € Z,, are defined
by x;(g) = e*™9I /™ In general, a finite abelian group of order n has exactly n distinct
characters [21]. Let us denote the set of characters of G by G* = {x0, X1, -+ - Xn—1},

where g is the trivial character, i.e., xo(g) = 1 for every g € G. G* is a group under
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multiplication (x;xx)(9) = X;(9)xx(9), X; ' (9) = x;(9)-

Let D be a (n,k,1)-difference set in G and let x; € G*, define

Xi(D) = xi(d), ;D)= x;(d"), x(G) =D x;9)

deD deD geG

By applying x; on (2.69) for A = 1 we have
X;(DD™Y) =k + x;(G — eq). (2.70)

It is is easy to check that for a non-trivial x; € G*, x;(G) = ij(g) = 0 and
geG

xo(G —eg) =n—1=Fk*—k. Since x;(DD™') = x;(D)x;(D) = |x;(D)[? so from

(2.70) we have

) K if X = Xxo;
x;(D)” = (2.71)

k —1 otherwise.

2.8.3 Equiangular lines

A set of m lines in C? spanned by unit vectors x1, ..., X,, is equiangular if there is

a constant ¢ such that
|[(xi, ;)| = c.

Let By, B, ..., B, be m sets of MUBs. If for each 1 < ¢ < m, we choose a vector
v; € B;, set as representative, then these vectors span a set of equiangular lines with
c = % So MUBs give a special case for equiangular lines. In this subsection we

give a construction of equiangular lines based on difference sets and then we extend
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it to MUBs in the next subsection.
Let D = {dy,ds,...,dy} be a (n,k,1)-difference set in abelian group G and G* =
{X0s X1, - -+ Xn-1} the set of characters of G. For 0 < j < n—1 define vectors v; € C*

whose ith component is x;(d;) for d; € D. In other words,

v; = (x;(d), ..., x;(dy)) € CF. (2.72)

Then

2 2

(2.73)

2
(Vi Vi)™ = =

Z X;(di)xx(d:)

d; €D

> (xg ()

d; €D

Since G* is a group, x; x5 = Xi, for some 0 <! < n—1. Thus from (4.13) and (2.73)

we conclude

9 9 kQ if X1 = Xo,
[(vi, vi)|” = D) =

k —1 otherwise.

Thus {v; : 0 < j <n—1}is a set of n equiangular lines in C*. So if there exists a

(n, k, 1)-difference set, then there exists n equiangular lines in C*.

Example 2.34. D = {1,2,4} is a (7,3, 1)-difference set in G = Z;. Define x;(k) =

eIk for j.k € Zz. Then vectors defined by
vi=(x;(1),x;(2),x;(4)), 0<j <6,

are seven equiangular lines in C3.
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2.8.4 Relative difference sets and the MUB problem

Definition 2.35. Let D be a k-subset of a finite abelian group G and N a subgroup
of G such that |G| = mn and |[N| =n. D is a (m,n, k,\)- difference set relative

to N if
DD ! =Fk-eq+ AMG\N).
If k =m, then it is called semi-regular.

Let D = {di,ds,...d;} be a semi-regular (k,n, k, \)-difference set relative to N in
an abelian group G. Denote the set of characters of H = G/N by H*. H* is a
subgroup of G* with k elements [31]. Denote the ith coset of H* by H} for 1 <i < n.

For each character x; € H, 0 < j < k — 1 define a vector in CF as follows

v = %(Xj(dl),...,xj(dk)) e CF. (2.74)

Define B; = {v; : x; € H},0 < j <k —1}. Vectors defined in (2.74) satisfy

(

[(vi,vid| =4 0, X; # xe butx;xg! € Hy: (2.75)
! therwi
—, otherwise.
C VE

See [35] for the proof. Thus bases B;, 1 < i < n, are orthogonal and mutually
unbiased. Since every component of v; has norm 1/ V'k, the standard basis also is
unbiased to each B;. So if there is a semi-regular (k,n, k, \)-relative difference set in
an abelian group of order nk, then there exists n + 1 mutually unbiased bases in C*.
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Example 2.36. Forn =2 and k=4, D = {1,a,b,a®b} is a semi-reqular (4,2,4,2)-
difference set relative to N = {1,a*} in G = Zy x Ly =< a,b: a* =b*> = 1,ab = ba >.

Let G* = {x0, X1,-- -, X7} be the set of characters of G. The character table of G is

1 a a* a® ab a®b d® b

vw/l 1 1 1 1 1 1 1
yvi|l -1 1 -1 -1 1 -1 1
Yo|1 -1 1 -1 1 -1 1 -1
s/l 1 1 1 -1 -1 -1 -1
vall & -1 —i & -1 —i 1
vs|l —i -1 & —i -1 i 1
e |l i -1 —i —i 1 4 -1

yill —i =1 & i 1 —i —1

Consider the set H = G/N = {N,aN,bN,abN} and its character set H* =
{x0, X1, X2, X3} It is easy to check that H* is a subgroup of G* and it has two cosets

Hf = H* and Hy = x4H* = {x4, X5, X6, X7} in G*. For each coset, we define a vector

of the form (2.72) in C* as follows

Vo = % (X0(1)7X0(a),Xo(b),xo(a%)) , vy = % (X1(1>?X1(a’)7Xl(b),X1<CL3b)) ’
Vo = % (X2(1)7Xz(a),X2(b),X2(a3b)) ., Vg = % (X3(1)7Xz(a),X3(b),X3(a3b)) ’
V4 = % (X4(1)»X4(a),X2(b)aX4(a3b)) , V5 = % (X5(1)’X5(a)’X5(b)7X5(CL3b)> :
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ve = = (xs(1), x5(a), x5(b), x5(a’)) , vz = = (x7(1), x2(a), x7(b), x7(a’b)) ,

N —
N —

where the values can be determined from the character table. Bases corresponding
to cosets HY and Hj are By = {vq,v1,Va,V3} and By = {v4, Vs, Vg, v7} respectively.

Bi, By and the standard basis in C* are 3 MUBs.

It is well know that there exists a semi-regular relative (p’, p’, p, 1)-relative difference

set in an abelian group of order p# for any positive integer ¢ and prime number p
[23]. Thus, for p = 2 we have a complete set of 2 + 1 MUBs in C* and this can
be considered as an alternative construction of MUBs for even prime powers that we
discussed on Subsection 2.6.1. Relative difference sets are not easy to find. Chris
Godsil and Aidan Roy in [14] found a construction for relative difference sets.
Let k = pi"'py?...p/", and m = mjin p;nj . By the reduced power construction, we
have m + 1 MUBs in C*. Moreover, if there exists a semi-regular (k,n, k, \)- relative
difference set, then we have n +1 MUBs in C*. So, this construction of MUBs using
relative difference sets give us more MUBs than reduced power construction if n > m.
There are still efforts to find semi-regular relative difference sets in an abelian group
that give more MUBs in comparison to the reduced power construction, but this
problem is open still [11]. In other words, it is unknown whether there exists a semi-
regular (k,n, k, )-relative difference set such that n > m.

Two sets of MUBs M = {By,Bs,...,B,} and M' = {B},B,,...,B..} in C? are
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equivalent if there exists an unitary operator U mapping M to M’. In other words

Now, we may ask if the construction using relative difference sets is equivalent to other
constructions that were discussed in this chapter. Still this question remains unan-
swered. For example, it is well known that there exists a semi-regular (392, 8,392, 49)-
difference set in Z2 x Zj relative to Z3 [8]. So, there exist 9 MUBs in C**2. Since
392 = 2372, by reduced power construction, there exists 9 MUBs in C?**2. The ques-

tion is: are these sets of MUBs constructed from different methods equivalent?

2.9 Conclusion

In this chapter we stated the problem of existence of sets of MUBs and the upper
bound for the number of MUBs. We demonstrated that for prime power dimensions
we can attain the maximum number of MUBs. We mentioned an interesting connec-
tion between existence of maximal commuting bases of orthogonal unitary matrices
and set of MUBs by Theorem 2.9. Then we constructed commuting classes of unitary
matrices (Spin matrices) that satisfy Theorem 2.9. We could not apply this method
when the dimension d is a product of different primes instead of being a prime power
(the simplest case that belongs to this category is when d = 6). We discussed a
construction for MUBs in non-prime dimensions in Section 2.7. Finally in Subsection
2.8.4 we examined that existence of (k,n,k,1)-relative-difference set in an abelian
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group implies the existence of n + 1 MUBs.
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Chapter 3

MUTUALLY UNBIASED BASES AND 2-DESIGNS

In this chapter, we explain the relationship between MUBs and 2-designs. First we

introduce some notations and definitions related to this chapter.

3.1 Definitions and preliminaries

Let S4 1 be defined as follows

Sl ={xeCl: (x,x) =1}

We say two vectors u and v in S%! are equivalent, u ~ v, if and only if u = e?v

for some # € R. It is easy to see that ~ is an equivalence relation. The equivalence

class for any x € S9! is defined by

x| ={y e 8 :x~y}.
Denote the quotient space S~/ ~ by

CS1t = {[x] : x € S},

Definition 3.1. A Borel set is any subset in a topological space that can be formed
from open sets (or, equivalently, from closed sets) through the operations of countable
union, countable intersection, and relative complement.
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Definition 3.2 ([13]). Let S be a topological space and ¥ be the collection of all Borel
subsets of S. A function o from % to the extended real number line is called a Borel

measure if it satisfies the following properties:
(1) o(E) >0 forall E € X,
(2) o(0) =0,

(3) for all countable collections {F;}icr of pairwise disjoint sets in
o (U E,) = Z o (E;).
i€l i€l

For S = S%71 a Borel measure o is called U(d)-invariant if for any d x d unitary
matrix U, and for any Borel set £ C S¢°!, ¢(UE) = o(FE). For more details on
topological properties of S9! see [33].

It is well known that there is, up to a positive multiplicative constant, a unique non-
trivial U(d)-invariant measure ¢ on the o-algebra of Borel subsets of S?1[33]. The

following functional analysis theorem plays a crucial role in this chapter.

Theorem 3.3 ([33]). Let o = (ov,...,aq) be an ordered d-tuple of non-negative
integers o; , z = (21,...,24) € C? and z* = 27 --- 254, Let o be the U(d)-invariant

Borel measure on St for which o(S41) = 1. Then

o2 _ al(d—-1)!
/sd—1|z |“do(z) = @—1+]a) o)l (3.1)

where a! = !+~ and o) = a3 + -+ + .
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Considering C'S?! as a quotient space of S, define the quotient map 7 : S~ ! —
CS4 1 by 7(x) = [x]. For any Borel subset A C C'S91 771(A) is a Borel subset
in S9! [32]. Define a Borel measure u for a Borel subset A C CS% ! by pu(A) =
o(771(A)), where o is the Borel measure on S 1.

Let f be a complex-valued function on S¢~!. The integration in Theorem 3.3 which
is on the space S?!, may be expressed as an integration on C'S?~! with the following
formula [5]

gans 1 20)07) = % /csm < / : ! (ewx)de) dp(x). (3.2)

Consider the special case f(x) = |(x,y)|*!, where k is a non-negative integer and

y € S471 is fixed. Since f(e?x) = f(x), by using (3.2) we have

Fda0 = [ fex)aut). 33)

gd—1

In this chapter we assume (x,y)? =1 for any x,y € C%. Moreover, ('}) =1 for any

positive integer m.

Lemma 3.4 ([25]). Let p be the unique U(d)-invariant Borel measure on C'S41 such

that p(CS4Y) = 1. Then for ally € S¢1,

/ 106, ) PPdp() = g (3.4)
csd-1

d+k—1Y°
(")
where k is any non-negative integer.
Proof. The group of d x d complex unitary matrices, U(d), acts transitively on C'S9-1.

Le., for any y € C'S4! there exists a unitary matrix U such that Uy = e;, where e;
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is the first vector in the standard basis of C%. Since |(x,y)[** = [(Ux, Uy)|*,
[ JewPauo = [ sy
CcS§da—1 CcSsda—1
[ lwxenPut)
CcSd—1
_ / [(x, e0) P du(x).
CcSd—1

Assuming x = (21, %2, ..., 24) and using Theorem 3.3 and (3.3), we obtain
kl(d—1)! 1
2%k k|2
d = d = = .
J o et = [ kPt = 5 = e

3.2 Quantum t¢-designs

Here we discuss the concept of quantum ¢-designs introduced by H. Barnum [2]. Then
in section 3.3, we will examine relationship between MUBs and 2-designs due to An-
dreas Klappenecker and Martin Rotteler [25].

Let Homgy(k) denote the subset of Clzy,..., 24,41, ..., yq| that consists of all homo-

geneous polynomials of degree k in variables z1,...,z; and homogeneous of degree
k in the variables yi,...,yq. In other words, for every polynomial p € Homy(k) we
have

plox, By) = o*B*p(x,y),
where x = (21,...,24), ¥ = (y1,...,y4) € C? and «a, 3 € C. We associate to each
polynomial p in Homgy(k) a function pg, by defining po(x) = p(x,X). Define
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Homy(k)o = {po : p € Homy(k)}.

Because of the homogeneity condition, py(e?x) = po(x), holds for every # € R and
po € Homy(k)o. So, every py € Homy(k)g is well-defined on C'S41.
Let x* = x® --- @ x € C* be the k-fold tensor product of x € C?. It is easy to

check that any polynomial py € Homg(k)p is of the form

d2k
po= e @x o)) (3.5)
j=1
where e; is the jth standard basis vector in C*™ and c; € C.
For example, if p(x,y) = 3ziy1y2 — dr172y? € Homy(2), then po(x) = 3237175 —

BX1T9T52 € Homgy(2)y can be written as follows
po = 3(x*? @ X% ey) — 5(x¥? @ X¥?, eg), (3.6)
where e, and eg are the second and eighth standard basis vectors in C!¢ respectively.

Definition 3.5. Let X be a finite subset of C'S4™' and p the normalized Borel measure
on CS?L. For a positive integer t, we call X a quantum t-design in CS?! if and
only if

% Z (x* @x%") = / (x®' @ x*") du(x). (3.7)

x| 2+
From now we just say t-designs instead of quantum ¢-designs and the case t = 2

shall be of greatest concern to us.
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Applying the inner product with e;s on both sides of (3.7) and using (3.5) we conclude
that a finite subset X of C'S9! is t-design if and only if

mr o me0 = [ meoduG). 35)

xeX
holds for any pyo € Homy(t)o. That is, (3.7) and (3.8) are equivalent. The equation
(3.8) says the average of any polynomial function in Homgy(t)y over the ¢-design is

exactly the same as its average over the Borel measure.

Example 3.6. Let X = {(1,0), (0,1), (1, 1), 21, 1), Z(1,4), Z(1, —z')} c s,

and let p be the Borel measure on CS*. Define w € C' as follows

1
=5 Z x%? ® x%? — / x¥? @ X*%du(x).

xeX cst

It is easy to check that (x*? @ X*? y®? @ y®?) = |(x,y)|*. Now,

(w, w) (¢, )| = = / (%, )| dp(x) / / (%, ¥)[*dp(x)dp(y).

x,yeX

1 1
Using Lemma 3.4 ford =k = 2, / [(x, y) [*dp(x) = S = 5 foranyy € ST
cst QP I

: 1 4 1
Since 36 Z l(x,y)|" = 3 then

x,yeX

Thus w = 0 and we have

— Z x¥? @ x%? = / x¥? @ X2 du(x). (3.9)
ost

xGX
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So X is a 2-design. For any i € {1,2,...,16}, the inner product of the left side of
(3.9) with each e; (ith element of standard basis) is equal to the inner product of the

right side of (3.9) with e;. So for any polynomial py € Homsy(2)o

1
5D m(x) = /051 po(x)dpu(x).

For instance, if we consider the polynomial defined in (3.6) and using (3.9), then

1 1
<6 Z X®2 ®§®2, 362 - 5eg> = 6 Z <X®2 & §®2, 362 — 5eg>

xeX

Similarly, if we calculate the inner product of 3e; — beg with the right side of (3.9),

we conclude

§ o mix) = [ modn()
— po(x) = po(x)dp(x).
G 0 0510

3.2.1 Welch’s inequality

Suppose that X is a finite non-empty subset of S~1. Welch in [33] proved that vectors

in X satisfy the inequality

1
VPR > , 3.10
|2 > I y) Z (3.10)

x,y€X

for all integers k& > 0.

Theorem 3.7 ([25]). Let X be a finite non-empty subset of CS4™' and pu the Borel
measure on CS9~1. Then the following statements are equivalent:
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(1) X is a t-design,

(2) for all x € C%, and all integers 0 < k < t,

% 3 x y) ¢ = éji’;“i), (3.11)

yeX k

(3) the set X attains the Welch’s bound for all integers k in the range 0 < k < t,

that is

57 2 ey = o (312

(d+k—1) :
X, yeX k
Proof. 1= 2. Let po(y) = |(x,y)|?, for a fixed vector x € C? and integer 0 < k < .

po(y) is a polynomial function in Homg(k)o. Since X is a t-design, using (3.8) we get

1 1 2%
X > poly) = X > 1%l

yeX yeX

:<x,x>k/05d_1 <<X’;>%,y> u(y)
By Lemma 3.4 we have
k X * <X’X>k
o ()| 0 55

Thus

L < 2k _ <X7X>k
|X‘ Z ’< 7y>‘ <d+k71>'

yeX k

2 = 3. X is a subset of CS471, so summing over x € X in equation (3.11) yields

(3.12).



3= 1 Let x®* = x®---®@x € C¥. Tt is easy to check that (x®* y®F) = (x y)*.
Define w € C** as follows

W:L x%k @ xF) — x%k @ xOF X
SOICE )/Csd_l( ® X) du(x). (3.13)

xeX

By using Lemma 3.4 and assuming X attains Welch’s bound for all integers 0 < k <'t,

we can evaluate the inner product (w, w) as follows

1 2k 2 2k
o) = [z 2 e = g 2 |ty Praute)+
Loty Pduty)anto 3.1
csi—1 Jogd-1
1 2| X]| 1

- (d+llz—1) o |X|(d+'2_1) + (d+Z—1)

=0.

d+k—1

. )_1 by Lemma 3.4. Since (w,w) = 0,

The inner integral in (3.14) is equal to (

we have w = 0. Thus X is a t-design. O]

3.3 Mutually unbiased bases are 2-designs

In this section we use information from previous sections to show that MUBs are
2-designs and that the converse of this statement is also true in special cases.

For a given subset X of C'S?! let us define the angle set of X by
A={lxy):xyeXx#y}
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For example the angle set of a union of MUBs in C'S4"! is {0,1/d}.

For an element x € X and 0 € A, define

dp(x) ={y € X : [(x,y)|* = 0}.

If for any 6 € A, |0g(x)| is independent of x then X is called a regular scheme.

Our next lemma characterizes 2-designs in terms of regular schemes.

Lemma 3.8. If X is a complex 2-design consisting of d(d + 1) elements in CS4~1

such that A = {0,1/d}, then X is a regular scheme and |5% (x)| = d?* for anyx € X.
You may find the proof in [18, 19].

Theorem 3.9 ([25]). A set X with d(d + 1) elements in CSY' and angle set A =
{0,1/d} is a 2-design if and only if X is a union of d+ 1 mutually unbiased bases in

C.

Proof. Let X be the union of d +1 MUBs in C'S?"'. By Theorem 3.7 it is enough to
show X attains the upper bound in Welch’s inequality for 0 < k£ < 2. For k =0 it is

obvious since |X| =d(d + 1).

1

Since |(x,y)|* = 0 or < and for all d(d + 1) elements x in X there are exactly d

elements y such that |(x,y)[> = %, thus for k = 1 we have
1 ,  dd+1) ,1 1 1
x,yeX 1

For k=2, |(x,y)[* =0 or 5 for x,y € X. Thus
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1 d(d+1) L1 1
—_— Z (%, y)* = (1+d —+(d—1)0) = .
d*(d+1)2 ok d*(d+1)2 d? (27

For proving the other direction, if X is a 2-design with angle set A = {0,1/d} and

d(d+ 1) elements, by Lemma 3.8, ](5% (x)| = d? for all x € X. So, for any x € X exist
1

exactly d? elements, y € X such that |(x,y)]? = e Thus the sets By = {x} Jdo(x)

are d + 1 mutually unbiased bases. O

For example, the 2-design X in Example 3.6 is a union of 3 MUBs in C2.

3.4 Conclusion

In this chapter we discussed the relationship between MUBs and complex 2-designs.
We have shown that any 2-design in dimension d which consists of d(d + 1) elements
and has angle set {0,1/d} can be partitioned into d + 1 MUBs. So any construction
for 2-designs with the mentioned properties leads to a construction of MUBs (see
[19]). We have also seen that MUBs attain Welch’s inequality in (3.10) for £ = 0,1, 2.
Shayne Waldron discovered the relationship shown in Theorem 3.9 in the case of real
spaces [38]. Shortly afterwards, Andreas Klappennecker and Martin Rotteler [25]
generalized the result over the complex spaces, which is the case we have discussed

in this chapter.
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Chapter 4

MUTUALLY UNBIASED BASES AND LATIN SQUARES

In this chapter we consider the relationship between the existence of MUBs and Latin
Squares in square dimensions. A Latin Square is an s x s array filled with s different
symbols, each occurring exactly once in each row and exactly once in each column.

For example, here is a 4 x 4 Latin Square

1121314
4131211
2111413
314112

We will discuss Latin Squares further in Section 4.3. For more information about
Latin Squares see [7]. In Section 4.1 we begin by introducing some preliminary no-

tions.

4.1 Preliminaries

A vector m = (my, ..., my) € {0,1}%is called an incidence vector. The Hamming

weight of m is the number of 1s in components of m. Assuming that the Hamming
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weight of an incidence vector m € {0,1}? is s, the support of m is
supp(m) = {j1,...,js :my, =--- =m,, =1}, (4.1)
and indices are sorted, i.e., j; < -+ < Js.

Definition 4.1 ([41]). Let Y = {By,..., B} be a collection of k sets each consisting
of s incidence vectors of length s*, m;; € By, i =1,....k and j =1,...,s, i.e., my;

1s jth incidence vector in B;, with the following properties
(1) (m;j, my) =0, foralll<i<kandl1<j#Il<s,
(2) (m;;,my) =1, foralll1<i#c<kandl<jl<s.
Then we say that Y is a (k, s)-net.

Example 4.2. For for s =2, let

Bl = {mll = (17 1,0,0),1’[112 = (ana 17 1)}7
BQ - {m21 = (1707 1,0),1’1’122 = (07 1a07 1)}7

B3 = {m31 = (1,0,0, 1),1’1132 = (0, ]., 1,0)}
Then'Y = {By, By, B3} is a (3,2)-net.

Definition 4.3 ([41]). Let m be a vector in {0,1}% with supp(m) = {ji1, 72, ., js},

and let v € C* be an arbitrary vector. Define the embedding of v into C? controlled
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by m, denoted by v T m, to be the following vector in C¢

S

vim= Z vr€;, (4.2)

r=1

where v, is the rth entry of the vector v, and e;. the j.th standard basis vector of CY.

Example 4.4. For d =6 and s = 3, let
m = (1,0,1,0,0,1) € {0,1}°, v =(1,-1,i) € C3.
supp(m) = {1,3,6}. Using notations in Definition 4.3 we have
v+tm=(1,0,-1,0,0,i) € C.

An n x n matrix H = [h;,]7—1, hjx € C, |h;i| = 1, is a generalized Hadamard
matrix if H H* = nl. Generalized Hadamard matrices exist for any positive integer n
[17]. For example, taking w = *™/", H = [w/*]?, _, is an n x n generalized Hadamard

matrix.

4.2 Construction of MUBs in square dimensions using nets

In this section, we examine a construction for MUBs using nets. This construction is
due to P. Wocjan and T. Beth [41].

Let Y = {By,Bs,..., By} be a (k,s)-net with incidence vectors m,; € B, for
redl,...;k}, j€{l,...,s}, and let H = [hyp]jy—; = (hy]---|h,) a generalized
Hadamard matrix with columns h; ... hy of length s. Define sets B, by
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1 .
Br:{vzj:ﬁ(thmm) m,; € B,; j,lzl,...,s}. (4.3)

For r,r’" € {1,...,k} and 5,5/, 1,I' € {1,...,s}, let

1 / 1
vi;=—= W 1tmy)eB, vy, =—(htmy)ecB.

We want to show that the sets defined in (4.3) are K MUBs. We consider the following
cases.

(a) If r =" and j # j'. Since Y is a (k, s)-net, by properties (1) in Definition 4.1,
(m,;,m,;;) =0. So

> 0.

’ <V2j’ Vf',j'>

(b) If r =+" and j = j'. Since HH* = sl, (hy,hy) = s6(,1'). So

1
(Vi vi ) [ = 5 i b P

= 5(1,1).

So, B, is an orthonormal basis in C*.
(c)Ifr #r" and j,j" € {1,...,s}. By properties (2) in Definition 4.1, (m,;, m,/;;) =

1. Let m,; and m,,; have 1 in common in tth position. Then

r r’ 2
‘ <Vl7j7 Vl/’j/>

1 .
=2 \heshor|

1

52
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Consequently B, and B, are mutually unbiased bases for r # r’. Thus, if there exists

a (k,s)-net, then there exists & MUBs of the form (4.3) in C*’.

Example 4.5. By applying the above construction for s = 2, using the (3,2)-net in

Ezxample 4.2 and the Hadamard matrixz of order 2

(0,1,1,0),

1 1
H= ,
1 -1
we obtain 8 MUBs in C*
B, = {i<1,1,o,0), L 1,21,0,0), 22 (0,0,1, 1), —— (0,0, 1,—1)},
V2 V2 V2 V2
B, — {ia 0.1,0),—=(1,0,1,0), ~=(0,1,0,1), —=(0,1,0 _1)}
V2 T2 e 2 ’
1 1 1 1
V2 V2

83 = {_(170705 1)7 _(17 0707 _1)7

7 (0,1,—1,0)}.

V2

4.3 Nets and orthogonal Latin Squares

From the construction described in Section 4.2, we see that the existence of a (k, s)-
net and a Hadamard matrix of size s leads to a construction of k MUBs in C**. The
problem of finding a large collection of incidence vectors satisfying Definition 4.1 is
related to finding orthogonal Latin Squares. A set of Latin Squares {L1, ..., L} is
said to be mutually orthogonal (MOLS) if, for every two Latin Squares L; and Lj;,

1 # j, the symbol pairs formed by juxtaposing the two arrays are all distinct.
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Example 4.6. Following arrays are 3 mutually orthogonal Latin Squares

11234 11 23]4 112|384
i8] 2]1 314112 21143
201|413 il 3|21 314]1|2
34|12 2l1]4|3 1321

Here we briefly discuss the relationship between orthogonal Latin Squares and nets.

Definition 4.7. An orthogonal array, denoted by OA(k,s), is a k x s* array
A = [a; ;|, with entries from an s-set S having the property that in any two rows, each

(ordered) pair of symbols from S occurs exactly once.

Example 4.8. Let S = {1,2,3,4}. An OA(5,4) is

1111222233334444
1234123412341234
1234432121433412

1234341243212143

1234214334124321

Lemma 4.9 ([7]). Let {L,..., Ly} be a set of k mutually orthogonal Latin Squares
on symbols {1,...,s}. Form a (k + 2) x s* array A = [a;;] whose columns are

(4,4, L1(i,5), La(i,5), . . ., Lp(i, 5))T for 1 <i,j < s. Then A is an orthogonal array,
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OA(k + 2,s). This process can be reversed to recover k MOLS of size s from an
OA(k +2,5s), by choosing any two rows of the OA to index the rows and columns of

the k Latin Squares.

For instance, the OA(5,4) in Example 4.8 is derived from the 3 MOLS in Exam-

ple 4.6 by applying the construction in Lemma 4.9.

Definition 4.10. A transversal design of group size s, block size k, denoted

TD(k,s), is a triple (V,G,B), where
(1) V is a set of ks elements;
(2) G is a partition of V into k classes (groups), each of size s;
(3) B is a collection of k-subsets of V' (blocks);

(4) every unordered pair of elements from V' is contained either in exactly one group

or in exactly one blocks, but not both.

Lemma 4.11 ([7]). Let A = [a; ] be an OA(k,s) on the s symbols in X and V =
X x{1,...,k} (a set of size ks). Define B to be the sets of blocks B; = {(a;;,1) : 1 <
i <k}, for1 < j <s? LetG be the partition of V whose classes are G; = {X x {i}},
1 <i<k. Then (V,G,B) is a TD(k,s). This process can be reversed to recover an

OA(k,s) from a TD(k,s).
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Example 4.12. From the 3 Latin Squares in Example 4.6, OA(5,4) in Example 4.8
and Lemma 4.11 we have a TD(5,4) on V = {1,2,3,4} x {1,2,3,4,5} whose blocks

are

By = {11,12,13,14,15}, B, = {11,22,23,24,25}, B; = {11,32,33,34,35},
By = {11,42,43,44,45}, Bs={21,12,43,34,25}, Bg = {21,22,33,44, 15},
Br = {21,32,23,14,45}, Bs = {21,42,13,24,35}, B, = {31,12,23,44, 35},
Bio = {31,22,13,34,45}, By = {31,32,43,24,15}, By, = {31,42,33,14, 25},
Bis = {41,12,33,24,45}, Byy = {41,22,43,14,35}, Bi; = {41,32,13,44,25},

Big = {41,42,23,34,15}.

Now if, for every element of the T'D(k, s) constructed in Lemma 4.11, we consider
a vector of length s* whose ith entry is 1 if it belongs to B;, otherwise 0. Then we
have ks vectors which can be partitioned such that the properties in Definition 4.1
for being a net are satisfied.

For example if we consider the set of blocks in Example 4.12, B = {By,..., B},

then for element 34 € Bs, Bs, Big, Big, the incidence vector is

m;, = (0,0,1,0,1,0,...,0,1,0,...,0,1) € {0, 1},

where supp(ms4) = {3, 5,10, 16}. So by the constructions in Lemma 4.9 and Lemma 4.11

we have the following theorem.
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Theorem 4.13 ([7]). Each of the following is equivalent to the existence of k MOLS

of size s.
(1) An OA(k +2,s).
(2) TD(k +2,5).

(3) A (k+2,5)-net.

Construction of MUBs using nets as in (4.3), which requires existence of orthogo-
nal Latin Squares, is called the Latin MUB construction. This is because from
Theorem 4.13, the existence of k£ orthogonal Latin Squares of size s is equivalent to a
(k + 2, s)-net. Thus from (4.3) we have k 4+ 2 MUBs in C**.

Let Nyors(s) denote the maximum number of MOLS of order s. It is well-known
that Nyors(s) < s— 1. Further when s is a prime power, we have a complete set of
orthogonal Latin Squares i.e., Nyors(s) = s—1[17, 26]. No construction for a com-
plete set of mutually orthogonal Latin Squares for non-prime power orders is known
at the present. Beth [4] showed that there is a number sq such that for all s > s,
Nyors(s) > sts. Thus by the Latin MUB construction, Nysp(s?) > sms + 2 for
all positive integers except for finitely many. So, by the Latin MUB construction, we
conclude

normalmatrizes lim Nypp(s?) = oo. (4.4)
S5§—00
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4.3.1 Latin MUB construction in dimension 4

Although in some dimensions the Latin MUB construction gives a better lower bound
for the number of MUBs compared with reduced power construction, in some dimen-
sions it doesn’t. In Section 4.4 we will discuss on dimensions for which the Latin MUB
constructions gives better lower bound. In this section we shall see that there is no
basis By in C* that is mutually unbiased to the 3 MUBs of dimension d = 2% from
the Latin MUB construction in Example 4.5. Whereas we know from Theorem 2.29

that in dimension 4 we have 5 MUBs.
Lemma 4.14 ([6]). A (s+ 1, s)-net spans R*".

Proof. Let Y = {By,Bs,...,Bs;1} be a (s + 1,s)-net. Since a (s + 1,s)-net has
s(s+1) incidence vectors of length s?, and the inner product of each vector with any
vector from a different set is equal to 1, thus for any i € {1,...,s?}, there is exactly
one vector in each block that has 1 in the ith position. By adding all these vectors

from each of the s + 1 blocks, we get the vector v; = (1,...,1,(s+1);,1,...,1). Let
82
w:ZVj =(s(s+1),s(s+1),...,s(s+1)).
j=1
Then

- 2(s+1) ((s(s +1)v; —w).
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Lemma 4.15 ([6]). Let X = {By,...,B.11} be a set of s+1 MUBs in C¥ constructed
from the Latin MUB construction. If there exists a an orthonormal basis B in C*°
mutually unbiased to bases in X, then for any vector w = (wi,ws,...,wse) € B,

1 .
]wi]:g, fori=1,...,s%

Proof. X = {By,Bs,...,Bs1} is a set of s +1 MUBs in C** derived from the Latin
MUB construction. So, X is derived from an (s + 1, s)-net, Y = {By, By, ..., Bsi1}.
Let H = (hylhy|---|hy) be a generalized Hadamard matrix of order s. Fix r €
{1,2,...,5s+1} and fix i € {1,2,...,s*}. From the Latin MUB construction in (4.3),
for j € {1,2,...,s}, u; = \/%(hj 1T m,;) € B, where m,; is an incidence vector of the
block B, such that supp(m,;) = {i1,...,%s}. Let w = (wy,...,w,) be an arbitrary
vector from a new basis B in C**, that is mutually unbiased to the s + 1 MUBs in
X. Let w; = (wy,,...,w;,) be a vector in C*, whose i;th component is same as 7;th

component of w for each i; € supp(m,;). Since w is unbiased to the vector u € B,

therefore
)] = [{ by,
u,w)|=[( —=h,w
) \/g E
1
= —. 4.5
: (4.5
For j =1,...,s, the inner product of w and u; = \/(hj 1 m,;) can be written
1 ~ % T
—Hw, =v', (4.6)
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where v = (vy,...,vs) is some vector in C* with |vg| = %, for 1 < k < s. Since \/%H is
a unitary matrix, then (w;, w;) = (v,v) = é Since (4.6) is true regardless of choice
of m,;, we get the system of equations for each r € {1,...,s+1} and i € {1,...,s*}
as follows

(s, (o, JweP) = Y0 g (4.7)

iyEsupp(my;)

—~

‘fi}’h Wz)

» |

The system of equations (4.7) has a solution |w;[* = %. By Lemma 4.14, incidence
vectors from a (s + 1, s)-net span R**. So the system of equations corresponding to

(4.7) is full rank and has unique solution |w;|* = %. O

Now, Lemma 4.15 may be used to show that there is no new orthogonal basis B, in
C* mutually unbiased to the 3 MUBs in Example 4.5. Assume the contrary. Assume
w to be a vector from the new basis B4 unbiased to the 3 MUBs in Example 4.5.
By Lemma 4.15, all entries of w have the same modulus. Thus without loss of
generality assume w = %(1, wy, we, ws) is a vector from the new basis B such that

|wy| = |we| = |ws| = 1. Consider the following vectors from Example 4.5

1 1 1
=—(1,1,0,0) € By, =—(1,0,1,0) € B, =—(0,1,1,0) € Bs.
Vi \/5( ) 1, V2 \/5( ) 2; V3 \/5( ) 3
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Since w is mutually unbiased to vy, vo and vs,

[(vi, W) = [{va, w)[* = [{vs, w)|* = (4.8)

or equivalently

|1—|—w1|2:|1—|—w2|2:|w1+w2|2:2. (49)

It is easy to see that (4.9) has no solutions. So, B, does not exist.

4.4 Discussion of Latin MUB construction

The construction for MUBs in this chapter was based on the existence of mutually
orthogonal Latin Squares. The Latin MUB construction for prime power dimensions
of the form p** gives p® +1 MUBs whereas we we know that that there exists p®® + 1
MUBEs in that dimension. But in some dimensions the Latin MUB construction gives
us a better lower bound for the number of MUBs. For example it is well-known [7]
that Nasors(30) > 4. Thus from Theorem 4.13 we have Nyr5(30%) > 6. Whereas
from reduced power construction in Theorem 2.31, Nyyp(30%) > 4.

Wilson [40] showed Npors(s) > 6 for all s > 76. Therefore by the Latin MUB
construction, Nyp(s?) > 8 for s > 76. For the case s = 2 (mod 4), s > 76, the
minimum prime power in s is 2. So by the reduced power construction Nyp(s?) > 5.
Therefore, the Latin MUB construction gives us better lower bound for the number

of MUBS in these dimensions.

87



Chapter 5

REAL MUTUALLY UNBIASED BASES

In this chapter we restrict the MUB problem to real space RY. We will give an upper
bound for the number of real MUBs. We will we show that for some dimensions, real

MUBSs don’t exist.

5.1 An upper bound for real MUBs

Theorem 2.9 applies to real MUBs. In other words, the existence of m classes
Ci,...,Cpn, each having d commuting real symmetric d x d matrices such that for
i # j, C;(C; = {I;} and matrices in G C; are mutually orthogonal, is equivalent to
existence of m MUBs in R o

Let Cy, .. .C,, be the classes as mentioned. The union of these classes has m(d—1)+1
real symmetric matrices and span of these m(d — 1) + 1 matrices is a subspace of the

space of real symmetric matrices. Since the dimension of the space of real d x d

symmetric matrices is d(d + 1)/2, then

38



d
So, the number of MUBs in R? is less that or equal to 3 + 1.

Example 5.1. Define C; = {U,1,},Co = {V, 15}, where

C1,Cy satisfy hypothesis of Theorem 2.9 for the real case. The eigenvectors corre-

sponding to Cy and Cy give us 2 real MUBs in R?

By = {(1,0),(0.1)}, By= {%(1,1»%(1,—1)}.

We may also find a lower bound for real MUBs depending on the existence of MOLS
by using the Latin MUB construction introduced in Chapter 4. Let us denote the
maximum number MUBs in R? by Nyr5(R?). If there exists a Hadamard matrix of

order v/d, then Nyvp(R?) > NMOLS(\/E) + 2 for any positive integer d.

5.1.1 Real MUBs and Hadamard matrices

A d x d matrix H with entries in {—1,+1} is called a Hadamard matrix if HH? =
dlly. In this section, we find some restrictions on the existence of real MUBs in a given

dimension d by using Hadamard matrices.

Theorem 5.2 ([15]). If there ezists a Hadamard matriz of order d, then d is 1, 2, or

a multiple of 4.
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Proof. Let d > 3, and let H be a Hadamard matrix of order d. We may multiply rows
and columns of H by —1 or permute two columns and H will still be a Hadamard

matrix. Then first 3 rows of H can be arranged as follows

1 111 1 1 111 1
1 111 1 |1 —1] -1 -1
1 11-1 -1 1 1 ]-1 -1

Let j,k,l,m denote the number of columns in each sector shown. Then by the or-

thogonality condition we have
j+k+l+m=d, j+k—1l—m=0, j—k+l—m=0, j—k—-1l+m=0.
The sum of the above equations is 47 = d. Thus d is a multiple of 4 as claimed. [

Let Bi,...,B,, be m mutually unbiased bases in R?. Without loss of generality we
may assume B; is the standard basis. For 2 < ¢ < m, associate with every basis
B; a matrix H; whose columns are vectors in B;. Since all the bases are unbiased to
H, =1,, then H;s are Hadamard matrices scaled by L So, by Theorem 5.2, if there

Vd

exists at least two real MUBs in R¢, then d = 2 or 4/d.

Proposition 5.3 ([6]). If d > 2 and 4|d, but d is not a square, then Nypp(R?) < 2.

Moreover, Nypp(RY) = 2 if and only if a Hadamard matriz of order d exists.

Proof. Assume B, B, and Bs are three bases for R? that are mutually unbiased.
Associate with every basis B;, for i = 1,2, 3, a matrix H; whose columns are vectors
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in B;. Without loss of generality we may assume that H; = I; and the first column of
the matrix Hy is x = %(1, 1,...,1)". We may do this by multiplying each rows or
columns of H;s by —1 if it is necessary. This does not change the absolute values of the
inner products between the column vectors of By and Bs. Lety = %(hl, ho, ... ha)"

(with h; = £1) be the first column of Hs. Applying the MUB condition to the first

column of Hy and Hj implies that

|6 y) =~

Since h; = *1, for 1 < ¢ < d, it is obvious that if d is not square the last equation
cannot hold.
Therefore, Bs cannot exist.

If there exists a Hadamard matrix H of order d, then the columns of H scaled by \/Lg

comprise vectors of a basis B which is mutually unbiased to the standard basis. [J
Lemma 5.4 ([6]). If d = 4s® for an odd positive integer s, then Nypp(R?) < 3.

Proof. Assume the contrary, that there are 4 MUBs in R?, By, Bi, By Bs, where By

is the standard basis. Let vi € By, vy € By, vy € B3. Without loss of generality we

may assume vi; = 2%(1, 1,...,1). Consider a partition of vy and v3 as was done in
Theorem 5.2. Here we denote —1 by “—". Let
Vo m (1 AL | e
2s
v3:2%(1,1,...,1|—,—,...,—|1,1,...,1|—,—,...,—).
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Denote by j,k,l and m the number of positions in blocks as shown in vy and vz
respectively. By applying the MUB condition to the vectors vy, vy and vs we obtain

the following equations

(vi,vi) =j+k+1+m=4s* (vi,v3) =j—k+1—m=+2s,

(vi,vo) =j+k—1—m==+2s, (vo,v3) =j—k—1+m=+2s.

Adding all equations together gives

.9, s(E1£141)
J=8+ ==

The equation in the parenthesis can only have values +3 or +1. Since s is odd, it

follows that j is not an integer—a contradiction. The result follows. ]

For the case d = 4's%, where ¢ > 1 is an integer, if there exists 2s MOLS and a
Hadamard matrix of order 2’s then there exists at least Nyrors(2's) + 2 real MUBs

of dimension 4°s?. For details see sections 4.2 and page 83.

5.2 Conclusion

In this chapter we discussed the dimensions in which real MUBs can exist and we
saw that in comparison to complex MUBs, dimensions for which real MUBs exist are

limited. We found g—i—l as an upper bound for the number of real MUBs of dimension

d.
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One main question on real MUBs is the following: if d = 452, s an odd positive inte-
ger, does Nprp(R?) = 3 always hold, or only for certain values of s? In this chapter
we also showed if for any d = 0 (mod 4) a Hadamard exists, then Nypyp(R?) > 2 .

Finding examples that exceed the lower bound still is a goal.
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