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SU14MARY

The slotted flap ìs a hjç;h lift deu'ice used to reduce the take-

off and landing distances of aiv'craft. The f'low around the slotted

flap, whjch deternrines the pressure distribution and effect'iveness

of the aerofoil s.ystem, js affected by the interaction of the wake

of the ma'in aerofo'ìl el enent and the boundary I ayer on the f I ap's

upper surface.

The present project has been undertaken to develop a viab'le

cal cul atj on method wh i ch can predì ct the above j nteracti on . The

p ri nr-:i p1 e of mornentunr f I ux bal ance has been ef f ectì vely usecl al ong

vlith Col es prof ì'le 'bo represent the turbul ent boundary l ayer and the

Gauss'ian profile to represent the wake. In addition the present

method has been 'improved by tak'ing ìnto account the transverse

pressure grad'ient.

This method has been tested by comparing the predicted results

with the experìnrental data of four cases of flow over an aerofo'il

system jnvolvìng the boundary layer and tvake interaction. It is

seen that the predicted development of the displacement and momentunt

thjcl<nesses of the shear layers and the sk'in-frict'ion coeffic'ient is

a good estimate of the real one. The pred'icted development of the

velocity profìles'is als0 consjstent wìth physicaì evidence.
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CHAPTER - I

I NT RODUCT I ON

lfigh values of ljft coefficients are requjred during take-off and

land'ing of aircraft w'ith suitable 'ì'ift-to-drag ratios so as to allow

the desirecl rates of cljmb and descent. Thjs is achìeved by changing

the effective shape of the aerofo'il temporarì1y usìng devices known

as f1aps. F1'aps fa11 jnto two categorìes which are (a) Powered {'laps

and ( b ) Unpowered fì aps. Powered fl aps provì rle hi gher va1 ues of I i ft

coeff i cì ent than unpowered f 
'laps because of the posi tì ve add'iti on of

energy jn the former case.

Powered flaps or iet flaps use iets of a'ir of sufficjent energy

to deflect the ma'in flovr past the aerofo'il and, 'in effect, increase

camber. Jets are also used to prevent boundary layer separatjon on

a fìap. These effects of the jet serve to jncrease the lift. Un-

powered flaps or mechanical fìaps are bhose that change the physìcal

shape of the aerofoil to create a flow pattern to give the desjred

I i ft. There are many types of mechan'i cal f1 aps 1 ì ke pì aì n fl aps ,

spìit fiaps, slotted fìaps etc. Plajn flaps serve to jncrease the

lift, but, because of the early separatìon that occurs on the upper

surface, not only is the increment ìn maxjrnum I ift coeffjc'ient I imìted,

but jt cannot be used to provìde h'ígh lift.to-drag ratios over a large

range of angì es of de.f,l ect j on of the fl ap. These d'isadvantages of the

pì aì n fl aps are overcome by the s.lotted f'ìaps, wh'ich al I ow a'ir to

flow from the hjgh pressure under surface, through the s'lci, to form
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a jet over the flap upper surface to keep the boundary layer attached.

Typìcal total head profiles involv'ing the wake shed by the majn aer0-

fo'il and the boundary layer on the flap, are shown jn Fig. l.

Many d'ifferent flow models have been used to predìct the lift of

mul ti -component aerofoi I s. Jacob and Ste'i nbach ( ì ) deveì oped a method

for evaluatìng the lift of a slotted flap aerofoil. The nrethod used

potentítal flow techn'iques to take into account the boundary ìayer

dìsplacement effect and also the separation of flow on the flap. The

flow separation was simulated by a source distribution on that part of

the f'ìap where there was separation. This method was not able to take

jnto account the separation on the w'ing nor the wake shed by the wing.

Very soon it was realised that'in some cases the wake shed by the wing

.influenced the flap boundary 1ayer, to an extent, llhìch would result

in early separation of the boundary ìayer. Thetotal head profiles

shown in Fjg"l provjde a good ìdea of the effect the visc0us ìayers

have on each other. Hence jt became necessary to develop a mathema-

tical model to pred'ict the interactjon of the wake shed by the ma'in

aerofojl anci the bounclary ìayer on the slotted f'lap.

Irwjn (2) devel oped an ìntegral method for predictìng the above

'interact jon. In thi s method the boundary 'layer was represented by

the power law profile and the wake by the Gaussìan profile. Thjs

method.rlso took into account the transverse pressure gradient. It
was quite reliable jn evaluat'ing the integral parameters of the wake

and boundary'laye,r. Also there was good agreement w'ith the measured

values of skjn-frjction, over most of the flap. But this method
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coul d not predict Lhe separat jon of the boundary ì ayelin the presence

of the wake. Also jt predicted the merg'ing of the wake and boundary

ì ayer to occur, too 'f ar downstream of the stat.ion at which ì t actual ly

occurred. The lim'itations of thjs method may be because of the follow-

ì ng reasons.

( I ) The power I aw whi ch was deveì oped from observations of turbu'ì ent

flow in p'ipes and channels is not a very good representation

of the velocity profile jn a turbulent boundary layer when the

streamwise pressure gradient is s'igni Ficant, and, more so, when

there js a transverse pressure gradjent.

(2) The relai.'ion used for pred'ictìng the skin-frjction coefficient

had been cjevel oped bv Ludw jeg and Ti'llmann, from measurements

i n th j n boundary ì ayers and i t may not be val'id for th'ick boundary

ì ayers with transverse pressure qradients.

(3) In applyì ng the momentunrintegral equatìon, the growth of the.

boundary layer and wake was negìected jn some of the terms.

K'ibria (3) made a modifjcatjon to Irw'in's method by usìng Coles

profile to represent the turbulent boundary layer instead of the povler

I ar¿¡. Co.les profile 'is a good representation of the vel0city profile

for boundary l ayers devel opì nq i n adverse pr,essure gradjents . But

Lhe analysis of the prob'lem was sìmpìified by neglecting the trans-

verse pressure gradìent. Kibria's nlethod was noL as successful as

Irwin's method ìn predìctìng the jntegraì propertÌes of the wake and

boundary 'layer. I t broke down at 1 arge streamwi se dj stances, ì n that,
jt could not predìct the proper quaìjtative var"iabìon of the wake ìength
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scales . Al so i t coul d nei ther predìct the possi bì 1 i ty of separatìon

nor the flow behaviour jn the regìon of separation. But'it coulcl

predict the nerging poìnt better than Irwin's method. 'lhe shortcom'ings

of this methr-¡d may be Lrecause of the following reasons.

(l ) The transverse pressure gradìent was not taken into account.

(2) The momentum jntegraì equation was used w'ith the same defects

as in Irwin's method.

The present work has been undertaken to improve Kibria's method.

It is believed that thjs'improved method can be used to provÌde a

reasonab'ly good estjmate of the dÍspìacìng effect of the viscous ìayer

r,¡h'ich, in turn ) can be used 'in conjunction with potent'ial flow models

to predjct the pressure distributjon around a sloLted fìap aerofoil.

The principle of operation of the slotted flap can be understood

v;i'Lh reference to Fig. 2. A potent'iaì core is entra'inecì by the l¡oLrnd-

ary ìayer deveìoping on the fìap and the wake shed by the wing. l/ith

the development of the flolv over the f'lap, the potential core dis-

appears and the wake and boundary layer merge. Thìs mergìng nray cause

the boundary layer to separate. 1t may also happen that the wake and

the boundary ìayer may not merge before the fiap traìlìng edge, 'in

which case the boundary layer would develop wìthout beìng affected by

the presence of the wake. It has been confj rmed experinrentaì ìy by

Foster, Irwìn and l{illìams (4) and Ljungstronl (5) that the maximunl

lift js obtaìned when the viscous'layers iust interact at the trailing

edge o f the f ìap. l'lence an opt jmum 'Fl ow devel opment for take-of f j s

one for which thr: merging occurs at the trail ing edge to gìve a high
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lr'ft-to-drag ratjo. The hìgh lift coeffjcient and hìgh drag requìred

durjng landing can be achieved by usìng larger flap deflections and

hence earlìer merging of the wake and boundary layer, with possjble

earlier boundary'layer separation. The merg'ing of the wal<e and bound-

ary layer and hence the'irinteraction is influenced by rnany factors

like the slot shape, flap shape and the angìe of def'lection of the

flap which determ'ine the pressure field to a ìarge extent, the slot

hei ght which determi nes the thi ckness o f the potent'i a1 core and the

relative lateral positjon of the flap and the main aerofoil whìch

determines the mergìng poìnt of the wake and the boundary iayer.

In the present analysìs ìt has been decided to develop the

equatìons jn such a way that the transverse pressure gradient can be

tal<en into account. The results gìven by the present calculation

method will be compared with four cases of flor,rr over an aerofoil

system, ìnvoìv'ing the interaction of the wake and boundary'layer.

Two of these cases are reported by Foster, Irwin and l,^Jilliarns (4)

and the other two cases are l^eported by Barjo et al (6) and

Ljungstrom (5).

Presurnab'ìy, the local Mach numbers'in these test cases are low

that the ìncompressibìl ìty assumption made in the present analysìs

is valid.
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CHAPTER 2

TH EORY

(j ) Introduction: The typìca'l forms of the velocity profiles that

occur with the development of a wake and a boundary'layer jn conjunc-

tion urith each other are shown in F'ig" 3. initjaììy, the wake shed

by an aerofojl element and the boundary layer developing on the ad-

iacent aerofoil element are separated by a'layer of potentiaì flow

(the potentjal core). r.^J'ith the development of the flow, the potentìa1

core is entrained by the boundary ìayer on one sjde and the wake on

the other, allowìng the merging of the wake and the boundary layer;

rqhere the wake and boundary'layer are separated by the potentìal

core'is known as'[he unmerged regìon; downstream of the merging po'int

is known as the merged region. The boundary layer and wake veìocìty

profile representatìons, their interaction and the sìmplified flow

model vrill be consìdered in the following sectìons of th'is Chapter.

('ij ) Boundary Layer: The bouncla ry ìayer concept was introduced by

Prandtl jn .l904. For fluids with low vjscosity, jt is the regìon

where the shearìng actìon predominates. This regìon can be either

lamjnar or turbulent. The present analysìs involves turbulent

boundary ìayers. The predìction of the velocity profile in a tur-

bulent boundary'layer and ìts assocjated characterìst'ics js diffi-
cuìt, especial'ly, if the boundary ìayer is tending towards separa-
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tion" -f-he power -law veloc'iLy profile suggested by Prandtl states

tha t

/'o- I

\"0 /

lln

whev'e UrO is the velocity at the edge of the bounciary layer and ôd

js the boundary layer thickness. The subscript 'd' denotes the di-

mensjonal I'orm of the varjables. Its sìrlpììcìty rvas spoììt by the

dependency of the exponent on the Reyno'lds number. Al so 'it j s

va'li d on.ly for boundary l ayer flows r^iith smal I pressure gradì ent.

I t i s l<nown that the bounclary 'l ayer regì on can be d j vi ded j nto

three regions" l-he innerp¡ost region'is known as the sub-layer where

the nrotion js determined by v'iscosity. 'Ihe riljddle layer ìs a tur*

bul ent reg'ion where both the vi scosì'ty and turbul ence have s'igni fì -

cant effects. The outer region is the fully turbulent region where

the motjon is s'im'ilar to the wake flow and js dominated by the eddv

vìscosity. 0n this bas'is a better representation of the velocity

profìle has been gìven by Coles (i), in the form

Y¿

ô¿

)'(+') G(xO,y¿)

(2.1)

l2 t\
ud

u'r,i
+

where U,-¿ 'is the friction veloc'ity and v¿ 'is the k'inematic vìscosìty.

Coles profile consists of two unjversal functions, the law of the

wa'll and the law of the wake. The law of the wall js a fepresentatjon
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of the velocjty in the ìnner part of the layer. It consists of

two regions, a 'l'incar regìon correspondìng to the sub layer regìon

and a logarithmjc regìon corresponding to the nljcldle reg.ìon" In

the I ì near regi on, the I ar,v of the wal I i s of the form

r
I

Yd ljrd \ /v¿u.,a\
l= \ * Ivd

(2.3)

(2 .4)

(2.5)

is zero at Y for val ues of

that
Yd urd

d vd

up to about 10. The logarìthmic regìon'is valjd for values of

(|4]|n) qreater than about b0" jt 'is of the rorrn
' Vd t"

Tlris express jon

Ycl Ur,C

s'lip cond'itjon the vel oci tt,sati sfi es

0. It is

the no

valid

)=Ê"(
Yd U'rcl

F +B
vd

e(xO,VO)

vd

jn whjch A anci B are empìrical constants and L = ln .l0.

The law of the walì 'is dependent on the type of surface but is in-

dependent of outs'ide condjtjons like the pressure gradìent, maìn*

streanrLurbu'lence etc. -the law of the wake js the representation

of the velocity ìn the outer part of the layer whìch is constrained

more by i nert j a than by v'iscos ity. It i s of the form

rd
Pt¡

6d
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where P is known as the profile parameter and

the wake functjon. Sjnce the sublayer ìs thjn

'i t 'is of I ow vei oci ty, 'i'[ has I j ttl e e.Ffect on

as a whole. l.lence ìt is usualìy neglectecj in

the boundary 
-layer prof i'le. So equatìon (?"2)

/vu \
'\¡a/

and

Lhe

'is known as

the fl ui d wi thi n

boundar.y 'layer

the representatjon of

reduces to

(#) f ,'
Jcl Urd

v¿

A.
L In (æ)

(2.6)

(2.7)

(2.8)

(2.s)

+B+Ptr

+ B + 2P sin

Y6

õ;

Coles (7) inrposed the fol'ìowìng normal is ing condition on the wake

functi on " uil

l(
Y6

do

,, ,t (

Iod

,. = ,,\tmax *l

Subject to the above conditjons, Coles (7) arrived at a series of

0

r¡
u,.ru

?_

val ues for tri for dì fferent vai ues of
Y¿

ô¿
from an j nvestj gati on

of several boundary layer flows. l-loughton and Boswell (B) have

reported that from a consideratjon of the above values, the wake

function has been approxìmated by a sjne functjon as

nJd

and have gì ven the fol 'low'ing f orm of the Col es prof i I e.

/v¿ \'\ql 2
¿0d

U

/ ,n u'.i 
\

\"0 I

2

rd
(2.r0)
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Using the free-stream veloc'ity and the chord ìength to non-djnlens'ion-

al'ise the velocities and the distances respectively, equat'ion (2..l0)

I eacls to

U

V

At
vU-rt IY

¿()
Lln + B -l 2P s'in (2.il)

UT

The absence of tl're subscrì pt 'd' ì ndi cates the correspondì ng va-

ri abl es are 'in non*dimensi onal form.

Coles (i) tested the profi ìe gìven by equatìon (2. I I ), not

onìy for several boundary layers developjng irr adverse pressure

gradìents, bu'L also for some boundary layers develop'ìng on aero-

f o j I s. The resul ts compared u,,el I rv'ith the experjmental ones. Al so

it js easy'bo v'isualize the concept of equìlibrjurn boundary la.yer

f lov'rs proposed by Clauser (9), by considerjng the Coles profìle"

It has been known for a ì ong t'inre, that al I constant pressure

turbulent boundary la.yers at al I streanlwìse staLions are identica'l ,

when p1 otted as
Ut -tl
I.r VCTS US

I
ö " Th i s f act was recoqn'i zed

by Clauser (9), who presunred that 'it would be poss jble to form

boundary ìayers develop'ing r'n pos'itive pressure gradìents, in such

a \,vay, that a certajn balance exists betvreen the nrix'ing processes.

This would result in the profìles at different streamwise stations,

coì ì a¡rsì ng on a sì ngl e curve, when plotted in the coordjnates of
u'i -ur;- VCTS US (f ) In fact Clauser (9) manageci to create
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experinental ly, two

pressure gradÍents.

f Y, \

\ u' 
I

such equì I i bri unr

The val ue of LJ.,

flows devejoping in adverse

is gìven by

At i$ u.,

V
ln + B + 2P (2.1?)

Ëquat'ions (e.ll ) and (2"12) can be used to y'ield the foì'lor,vìng

equat'ion

ui -u
-T; (2.r3)

If P js constant, jt js seen that the profiles are independent of

streamwise stations and the conditjon for equi'ljbrium flows js sa-

tisfjed. if the pressure gradìent causes a non-equ'ilibrjum bound-

ary layer, 'its effect can be accommodated jn thr: profile parameter

P which is, ìn genera'l , a functjon of x.

From Lhe precedìng discussìons, jt can be seen that the

Coles prof ì le is ver.y suitable and re.ljable for representìng

the veloc'ity profile 'in a turbulent boundary layer. l-lence it has

been used j n the presen't anaìysì s.

f ,'. (#) - ro ..,r (X)

(iii) !1ÈG-:_:

there is no

in all cases

i n momentun,

l,Jakes 1=al I i nto the category of f ree turbul ence where

djrect effect of any fixed boundary. l'Jal<es are'f,ormed

of vjscous flow past bodies" It'is a reg'ion deficjent

caused by v'ìscosity in the flow fie1d over 1.he body
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which sheds the wake. The drag experienced by a body increases

wi th the s jze of the r,vake it sheds. High val ues of drag are asso-

cjated wjth thick wakes resulting from the separation of the bound-

ary Iayers on the body. Bod'ies that experience Iift create asymme-

trjc wakes. If the wakes are symmetrjc and the turbulence structure

'is unjform, there would be no mass or momentum transfer across the

Iine of minimum velocjty'in the wake. in the case of asymmetric

wakes, there js bound to be nlass transfer across the centre of the

w¡ke Also'Lhe posìtìon of the wake centre changes in a transverse

directjon wjth the development of the flow downstream.

Near the body the flovr is dependent on vjscosìty and thìs re-

gìon is known as the near wake. Thjs is the regìon of adiustment

from the boundary layer like flow to the self preservìng form of

the flow which occurs later" The ìength of the near wake region,

after whìch the wake collapses to a self preservìng type of f1ow,

'ii; a functìon of the boundary layer characteristics at the trailìng

edge of the body. As noted by Townsend (.l0), for self-preservat'ìon

to occur, the following condìtìon should be satìsfjed.

(rå) (2.1 4)

where UrO is the mainstream velocity,

Urd js the velocity scaìe and

Lrd js 'bhe ìength scale"

U,{ u+
m0

U
SO

h
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From the mo'Li on

fol I owi ng fornr

of

for

the large eddies Tovrnsend (.ì0) arrived

the mean velocìty varìatjon.

?^

at the

(2.15)

(2.16)

surface to the centre

distance from the

where the velocìty 'is

uo ( Umd - Ul d) txp
md

U

l"J t

/ _i_l2
FLîa

In thìs equation,

UIO = the velocìty at the centre of the wake and

Lsd = the length sca'ìe defined as distance from the centre

of the wake to the point where the velocity is

ur¿ [l - Exp(-0.5)] + ulo IExR(-0.5)]

Following Gartshore (ll ), Irwjn (2) adop'bed a sim'ilar but nrore

su.itab'le form for the wake" The outer half of the wake and the inner

haIf ofthe wake, known as the outer and inner wake respectìve'ly,

were defined by two djfferent self preserving profiies, as g'iven

below, in non-dimens'ional form.

0uter Wake:

['.(ï-ll
ve'loc'ity in the potential region at the edge o't the

tt _U-

where k

U
e

)U
e

=

(u. -U Exp

1n 2,

ô
¿̂

Lo

outer wake,

the distance from the aerofoil

of ihe wake and

the length scale defined as the

centre of the wake to the poÌnt

+u
'¿

U
e
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lnner l^Jake

[,(

\, 1J -u

)'l0
(uo ur) Exp 2 (2.17)

of the inner

the centre

U U
L

in the unnerged case where

UO = t.he ve'ìoc'ity ì n the potentì al core at the edge

wake and

l-l = the length scale defined as the djs'[ance from

of the wake to the poÌnt where the velocìty ìs

In the merged case,

U (u¡ - U., )ExR

uo *ul
- 2--*-

[,(

\/ -Ä" "z

)lt,l
U.,

J
(2.r8)

L

where u"
.)

the velocìty at the edge of the inner wake.

The same forms have been adopted 'in the present anaìys1s

Because of the exponent-ial terms occurring ìn the profiìe

representat'ions for the outer and inner vuake, these profiIes would

extend to 'infinitv" Hence the outer wake has been terminated at

y - ô2 nG'L'and the jnner wake at y = ôZ * Gl Ll where the choice

of the empÌrìcaì constants Go and G., is d'iscussed jn the next sec-

t,i on.

(iv) Interactjcin of the Wake and The Boundary La.yer I n the rrnmerged

regi on the th'ickness of the potentì al core regi on decreases w'ith the

development of the flow. The inner wake ìength 1., and the boundary
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layer thìckness, $, jncrease because of the entrainment of the flujd from the

potentì al core. As a resul t of the dì spl aci ng effect of the boundary 1 ayer

on the potentì al core the I ength 6, i ncreases " The outer wal<e I ength, 10, i n-

creases at a rate to accomuodate the net entrai nment of the fl ui ci frorn the mai n-

stream and from across the wake centre" Thus the development of the

wake and the boundary ìayer is almost jdentical to that of the res-

pective free layers. The merging po'int of the inner wake and the

boundary ìayer is dependent on the entrainment rates of the shear

ìayers. These entrainment rates are dependent on the intensìty of

turbulence in t.he flow field betvreen these shear layers, the inter-

mÌttency of the flow at the edges of these shear ìayers, the pres-

sure field and the relative th'icknesses of the shear layers"

In the merged region the boundary ìayer thìckness contjnues to

increase because of the entrainment of the fluid from above it"

The inner wake ìength 1., varies, depending on the pressure field and

the mass flow across the wake centre. The length ô, stììi contjnues

to jncrease because of the dìspìacing eff'ect of the boundary layer

The outer wake length LO'increases, subiect to the same constraints

mentioned earl'ier"

From the above discussjons, it is seen that there are not many

constrajnts in the selection of bhe constant Gg for termjnating

the outer wake. Irwjn (2) chose a value of GO such that ai

y = ôZ * G0 10, the velocity defect is 0.5% of the max'ìtlum velocity

defect. This condit'ion gives a value of G0 = 2.77 on us'ing the
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equat'ion (?- .1€') . The same val ue of GO has been adopted j n the pre-

s ent analysi s

0n the other hanc1, there are many constraìnts in the selectjon

of the constant G., for termjnatìng the jnner wake. It plays a part

'in the dìsappearance of the potenLia'l reg'ìon and is influenced by

the entrainment rates of the boundary ìayer and the inner wake.

Irwjn (?) carrjed out calculations for different values of G., and

found that a value of G., = 7.5 gave the best results when compared

wjth the experìmental variation of the momentunr th"ickness" This

value of G., will be used jn the present ana'lysìs.

(v) Sìmpìifjed Flow Model: The interaction of the wake and the

boundary ìayer js so comp'lex that jt is necessary to use a sìnrpl'ified

model to get an jdea of the type of resu'ìts that would be obtajned

by varying dìfferent parameters, before more exact and compìex rio-

dels can be used. 'Ihe sìmplifìed model is illustrated ìn Fì9" 4.

The following assumptìons have been made to arrjve at the simpljfied

f orni of the real f I or¡¡ model .

(l) The flap wì'l1 be represented by a fìat plate so that a carte-

sian coordinate systen can be used.

(2) The f I ow 'is treated as 'incompress j bl e and two-dinlens j onal "

(3) The boundary ìayer ìs assumed to have developed r'nto a fuììy

turbu'ìent flow right from the start of the calculation process.

(4) Each half of the wake js assumed to have a self preserving

profile with the minimum velocity layer havìng no shear stress
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and no mass transported across jt.

(5) 0n1y the nlean velocìty fìeld has been consjdered jn the derj-

vat'ion of the system of equations requìred to so.lve the flow

model, the turbulent velocìty components having been taken

ìnto account only in the representatjon o'F the shear stresses.

Also the jntermÌttency of the flow has been negìected every*

where except'in the use of the eddy*vjscosity concept ìn the

boundary ì ayer.

(6) The turbulence level in the potentjal core and r¡a'in strealn js

taken as be'ing negligìb1e.
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CHAPTTR 3

CALCULATI ONS

(j) Introduction In order to predìct the interaction of the wake

and the boundary 1ayer, a reìevant and physjcally consjstent system

of equations needs to be developed. These equations should jnvolve

all the variables occurring 'in the express'ions for the velocjty pro-

fj'ies of the wake and the boundary layer. To achieve this, the

momentum integrai equatìon has been used as a valuable tool.

(ii) t'4ome$qnJl*t_e-g.r,q] Fg_qq!_'lqn, The sjmplìfied Prandtl's nromentunr

equatì ons for a boundary ì ayer al ong a .Fl at surface, pì aced 'in I j ne

w'ith the free streani and the continu'ity equat'ion are

ðU

U
d

d

d

+
tUo -l ¡Pd I ðtd

¡Yd p âxd r:,âJd
(3.1)

(3.2)

(3.3)

(3.4)

d AX

AU

d

â*,1 Ey

where pO is the

rO ìs the

ðp

â'/ ,Y,0

d

statjc pressure and

shear stress given by

AU

ud av,"o %'J)

0
d

)
I
p

dv,
oa 0

d
I

d
p

These equatìons can be expressed jn non-djnlensjonal form as,

V
âU 19P * n,
âv

I
2

:i= 0

U
âU_+
ðX

âV

AX ôy

(3.5)
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AU ôV

ðx ay
0

=-KU

=u

5u-'.ðx ây

(3.6)

(3.7)

(3.8 )

(3.e)

ls.ro)

( no - R-¿)
where C

p (1/2 pU

lh
ay

ðU AV

äx ðy

Dâ[J. AUV

âx ay

)

Goldstein (12) has shown that the same approxìnat'ions for the

flow along a curved surface of small curvature lead to the foìlowing

set of bounclary ìayer equatìons in non-dìmens'ional form.

,, ðU - y ôU - , I r

'ã;'"at-\-21
Õ
L

and

ruhere r i s the radi us of curvature of-the surface and x, y are the

coordinates nreasured along the wall and at right angles to it. The

above set of equatìons rvas adopted by Irwìn (2) jn order to take

into account the transverse pressure qradjent. The same set of

equatìons wjll be used jn the present anaìysis with x, y be'ìng

cartesi an coordi nates.

The transverse static pressure gradient is manifested jn the
âu

term (#)in the equation (3.8). Hence equation (3.$) can be djs-

regarded. So the set of equa'Li ons (3. B) and (3.1 fJ) r'vi I I be used j n

the present ana'lysìs. By substìtuting for V Frorn the equation (3.10)

jnto 'Lhe equatjon (3,,8), the follow'ing equatìon is obtained.

.àc1p
C r'L OA

, Et
ây

(3.il)
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integrating between arbitrary 1ìmìts Y1 a.nd y. the general momentum

'integraì equation js obtaìtted

v 2

2
tdU \ !(-lOV
'ôx

il
"Yz

ðU

ðx )dv
AU

âX )dv

Jo

t,

.Jl-p

+

Jr
I

'r., 
I

r0

ðX
)dv (3.r2)

wj th the boundary
l
'condition that V -0

y=0

When the Navier-Stokes equatjon are applìed to the wake region and

simjlar s'irnpììfyìng assLrmptions are made, the set of equatìons (3.8)

to (g.lO) are obtained. Hence the generaì momentunr integral equation

(3..l2) Surns out to be the same for Uótn tne boundary'layer and the

wake region. Ìn order to use the momentum 'integraì equation effect-

ìvely, the shear stresses in the equatìon w'ill have to be evaluated.

This problem is consjdered in the next section.

(iji) Shear Stresses

,l¡l
I

Ity
0)

I
2 t)vt'( .,,

r2

cept to account for

i n effect, acts as a

Bouss'inesq introduced the eddy vìscosjty con-

the transverse turbulent momentum exchange which,

shear stress" It is g'iven by

tt ,ôu.= uT \nvl

t, = the turbulent shear stress

ancl

vJ. = the kinematjc eddy v'iscosity

(3.r3)

where

The I am'inar shear stress ì s gì ven by

AU
T v(

ay
(3.r4)
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where 'L 1= the I al,l'inar shear stress

and

v = the kinematjc viscosìty

Typìcaììy in a turbu'lent region the total shear stress r is g'iven by

T= T
I

+ T.t

- /.,¿., \ AU(v+v1) 5f (3.15)

But, at large distances from the wal1, the turbulence js well esta-

blished and the contribution of the laminar shear stress to the total

shear stress 'is small " Hence it 'is negìected. So, except near the

wal I , the shear stress at a po'int i s gi ven by

âlJ (:ì.r6)- = \\ I'"T\ ây

The express'ion for the eddy vìscosity ìs a compljcated and an

important one. In a boundary ìayer where the flov; is affected by

viscosity this expressìon js djfferent from that jn a wake where

the Flow is determjned only by inertia effects. l,,Jithin a boundary

layer itself the expression is determinecl by the exten'l to whjch the

viscosity affecbs the regìon. ln the sub-'layer region'it'is defjned

by a rnodi f i ed form of Prandtl 's mi x'inq l ength theory. In the outer

regìon jt is dependent on the boundary layer th'ickness. The con-

strajnt used in defjning the extent of these regions is the continuìty

of the eddy vi:r.os'ity. Smith and Cebec:j ('l3) have used the fol ìowing
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express'ion suggested by Cl auser

uT = (o.o'toa)(oi)(ui) (3.r7)

Th j s has beett f urther modi I'i ed by the jntermj ttency factor. An

approxì mate f orm of the i rr'[.erm j ttency f actor has been reported to

be gìven by Klebanoff as

so that

Y

uT

6lrl +5.5(Ë)

= (o.ot68)(t)(ôä)(ui)

(3.r8)

(3.re)

ThoLrgh as stated by Cl auser thi s expr^essi on j s val i d only f or

equ'il jbrìum'f'lows,'it has been tested jn severa'l non*equjlibriunr

boundary ìayer flows and has y'ieìded goocl results" So'it has beetr

used to compute the eddy v'iscosìty 'in the outer part of the boundary

ì ayer reg'ion wi th the resu'lt that

*,,T (0.0168)(r)(ôB)(uj) (3. 20 )

in the unmerged region and

uT = (o.or68)(v)(ðä)(u3) (3.21 )

in the merged regìon.

For the wake region, the approach of Townsend (.l0) lles been

adopted. The large edd'ies present in each half oF a wake fjow deter-
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mine the self-preservation of the flow. The self-preservìng type

of flow ìs estab'ìished when the tr¡ro sets of sddies ìn each half of

the flor,r are in a state of equilibrium with respect to their energy.

Townsend (.l0) has suggested the following expressjon for the eddy

viscosity assumìng that jt 'is constant across the flow region

riL
\)* = r=t t) (3.22)"T \R-. '.T,,{

This approximation js'in error only near the edges of the flow where

the flow is jntermjttent. Based on the equi'librium condjtìon of the

edd'ies, Townsend (10) arrived at a value of RfW lyìng ìn the range

lr4 to 21. Since in the present case the wakes are asymmetric and

not self*preserv'ing, a value of RT,^, = 40 suggested by In^r'in (2)

has been used.

Thus the express'ion for the eddy rrjscosìty is civen by

L
0

e
-U

Ït^J

for the outer wake reg'ion,

The shear stresses are determined by using the appropriate

expressi ons for the eddy v'iscos'i'Ly and the vel oci ty gradì ent j n

equatÌ on ( 3. l6 ).

('iv) Pressure f:ield: As has been reported in Appendix -4,

"T U (3 . 23 )

in the

C has been
p

R

general case where the pressure field is two-dimensjonaì,

represented by the equatjon

c
p

f(x)y + g(x) (3.?-4)
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uihere f (x) and g (x) are third order poìynomials of x. In the

test cases where the transverse pressure ç¡radient is absent, the

functìon g (x) has been assumed to be a ljnear functjon so that,

jn effec[, C^ has beerr represented by a straiqht lìne. Thus thepaC
ì ntegral jnvolvìng the pressure gradient (f)is determjned 'in

equat'ion (3.12). Further d'iscuss jon about the compar.ison of the for-

mulated pressure cljstributions with the experimental ones will be

found ìn Chapter 4.

(v) System of Equatìons:

(a) Unmerged Case: In this case the eiqht varìables involved are

U.,, ô and P occurring Ìn equat'ion (2.1.1), Ul ô, and [-o occurrìng in

equatìon (2. 16) i-l occurrjng ìn equatìon (tL.ll) and L, the thickness

of, the potentÍa1 core reg'ion" Hence a system consistìng of eìght

equatìons has to be developed. These are ¿ile eqtratìons obta'ined by

applyìng the momentum ìntegra'l equatjon to five djfferent layers of

the entjre shear region, the expressjon for the rate of mass ilow
du.

across the r,vake centre, the relation for (#) and the geometricaì

relatjon t-Z= (or-GrL.., ).

The detaj I s 'j nvol ved i n these equatì ons ancl the coeffj ci ents

of these equations are given jn Appendix *A and the equatjons them-

s el ves are g'iven bel ow.

0uter lJake Regìon: The relations obtained by appìying the momentum

integra'ì equatìon (3.1ä,) to this regìon are



dô^ du. dL^
Mr (#) + nr(/) + M3(#) + N14(

dU

' r'ru(ff) + r'rutff) + lrr($f) = Nl

dLr

ctx'

)ELJ

(3. 25 )

(3.26)

(3.28)

is taken

for y., = 6, ancì V, = uZ * G0L0

d6^ du. dL^ dL.
Ms(#) n rrn{¿/) o r4l0(#) * 14' (a1)

dU
* urz(]n.) * lrr3r$lt . n,o{l}) = ru,

for J 6 and Y \o2 J. h2 2

ArirongsLthe shear stresses .(62 * G0L0), t(ô2* LO) and rS,

and Il2,, t (ôz * e oio ) and r6,

t ( uz n Lc) eval uated usì ng the vi scosit.v 6¡pt.ssion,

|^l)(ue-ut)
k

ç

whi ch occulin

the coeff i c'ients N are assumed to

be zero. lhe shear stress

equation (3.e3), 'is gìven by

(3 .27 )

Inner lnlake Reg'ion: The rel ation obtained by applyì ng the momen'bum

¿

'(uz n Lo)

i ntegral equatì on to th j s reg'ion 'is

dô^ du, dL' du
r'i,u(¿*') * Mlo(¡¡) o t1t7(-o-- )*r{tB(d-f)

n Mrståil - Nro{tj) = rrr,

for yl = (ôZ -GlLl) and lZ= 6?

The shear stress t(ôZ_GlLl) occurring in the coeffìc'ient ll,
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as zero

Boundary Layer Regìon: The relatjons obta'ined by using equat'ion

(3..]2) forthis region are

'for y., = L, and lZ = ô and

dU
(aÉ) * Þ125M^,

¿+

tr12 
I tþr + Mzz(:i) N,

+

dP
dx

d¿
(

+M dô
¿J dx

I + [ar6( )=N

(3.2e)

(3.30)
dx tr

J

forJ., =(6/2) and lZ=6
dU

In eval uat'ins the coeff i cì ents of t# I , toqil and tå*l j n the equat ions

(3.25) " 3.26), (S"Za¡ , (¡.Zg) and (3.30) the contribution of a snrall

regìon nealLhe surface has been negìected; the boundary layer pro-

file has been'integrated from y = 13" The reasons for this, are

gìven in Appendjx -4. The shear strest .ô js taken as zero and the

shear stress at r (¿/Z) is evaluated usìng equatìon (3.20) and ìs

gì ven by

,ça/z) = (o.ol 547) (uiltf .pl(? + nP) (3.3r )

The shear stress at y = L is gìven by)J

(3.3?)

These shear stresses occur in the coeffic'ients N and I'l
4

T¡
L¡

J
T

U2
Tì^l

t:
J
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Chang e o.F Mass Fl ow Across the !,,Jake Centre: The rate of change of

flow across the wake centre, Fu gìven by the equation

F

jz
dl
ãx I 

uoY

JL.
J

(3.33 )

(3.34)

i s taken as zero " l-'ience the f ol 'lowì ng equatì on ì s obtai ned.

d 6^ du. dL, du
Hz7(#) * rlz'(#) * t4zs(#) * n,ro(* ,

+M dP dô
3l ¡X ) * M:z(

dx
N.-

u

du.
Relation For (#): By clifferentjatìng the relatjon for Ui, equatìon

(2.12) with respect to x"the follott'ing equatìon is obta'ined.

dU
M33(#) n M34tlll '' r'rru{fi}) = ru, (3.35)

Referring to Fì9. 3(a)'it is seen that the thickness of the

potentìaì core 'is gìven by

(ô 
z

Lz t_Ir - o) (3.36)

which gìves the final equatìon.

Thus the set of equatìons (3.25) (3.26), (3.2e), (3.29), (¡. ¡C),

(9.:+), (¡"SS) and (:.¡e) form the system of equatjons required to

solve the flovr problenr in the unmergecì case" It'is seen that the

fls¡jy¿fives of all the unknownsrexcept L, which appears onìy ìn the

'last equation, ate coupled" Thus all the equations except the last
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one are solved sinrul baneously for the x-derjvatives of the variabjes.

The step-by-step conrputation techn'ique is descrjbed 'in the foì lowìng

sec'Ljon. The thjckness of the potent'iaì core is evaluated using

equatìon (3'36) 
"

The choice of the fjve layers, ìn appìyìng the momentum integral

equat'ion (S.lZ), requ'ires dìscussion. The presence of the shear

stresses'in the equatìon requìres the use of empirical re'latjons for

the eddy vì scos'ity. Thi s i ntroduces f urther approximat'ions 'into the

equation. Hence, the ìayers have been chosen whenever poss'ible,

such that the shear stresses at their boundaries are aìready known

(zero or r,,). In thl's analysìs,'these ìayers are the whole regìons' uJ'

of the outer wake, inner wake and the boundary ìayer. The other

two equatjons have been obtaìned by applying equation (g.iZ) to
parts of two out of the three shear ìayers.

ln the merged case, the development of the outer wake'is sub-

ject to the same constraìnts as jn the unmerged cese, but the inter-

mÌttency conrponent of the jnner wake turbulence structure changes

and could have a"large effect on the jnner wake shear stresses. This

r,loulci involve the use of a r,ljfferent edciy vìscosity expressjon. Hence

jn the system of equatìons for the merged case, equatìon (¡"rz) has

been appìied to part regjons of the outer wake and the boundary layer.

These part regjons are the half velocity and half thickness layers

of the outer wake and bounrlarv I a.ver respecti vely whìch are

sufficiently thjck. The outer half of the boundary ìayer has been
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chosen instead of the inner half as ìt requìres only the knowìedge

of the shear stress at y = 6/2 unl'ike the inner half which requìres

the shear stresS at y = 0, namely U2i, and lvhi clr may i ntroduce Son'le errors

in the system of equations.

in the unmerged case, the development of the outer Wake, jnner

wake and the boundary'layer ìs similar to that of the respectjve

free layers as jndicated jn sectjon (jv) of Chapter 2. Hence the

eddy vìscos'ity expressions suggested earlier would be riore or less

consistent with the turbulence structure present 'in the three layers

a nd any pa'i r woLrl d serve equaì ly vreì 1 . So the same two regì ons were

used for the unnlerged case

(b) Merged Case: In thjs case the variables jnvolved are the same

as in the unmerged case but for L, which d'isappears. A new unl<nown

variable U' the velocjty at the edge of the boundary layer,ìs jntro-

duced because o't the dÌsappearance of the potent'iaì core; jt

can no longer be calculated from the pressure fjeld" Hence a

s 1 ì ghtìy di fferent system of equat'ions needs to be devel oped. 'l-he

detaìls jnvolved jn these equations and the coefficients are given

'in Appendix -A and the equations are Ijsted below"

0uter l^lake Regìon The equations obta'ined by applyìnq the monlentum

ì n'Legral equati on (9. i Z) to th j s regì on are

duz

ãn- Rz

dur

¡x
d 1.,
(çe) +

oò"
R7(d)

and

dL
I

R + + Rq(R.
J

)

U

d X

dU
T

¡x
d

Pd J
+ Ro(Rs( + ãï {"

X
TI

d
Re(

for y., ô and y, = ó¿ * GO LO
2

(3.37)
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d6^ du, dL^ dL.,
Re(#) n Rlo(#) * Rlt(ã- ) * Rlz(#)

du jñ d¿. du"
* Rl3(#) * Rl4(ä) + n,u(ç¿) ' Rl6(f) = r,

Amongst the shear stresses .(ô2 * G0L0)

for y., = þ and V, = (0, + LO)

jnvolved in the coeffìc'ients T., and Tr, r(ô2 * G0L0¡ and .u* u..

taken as zero and the shear stresS r¡ ^ , , , is evaluated as in
\ Ò2-r Lo /

the unmerged case.

Inner l,jal<e Region: The equatjon obta'ined by apply-ing the momentum

ì ntegraì equation (9. I Z) to the jnner wake reg'ion ìs
dô. du., dL., du

Rl7(#) *RlB(#) *Rle(-¡r) *Rzo(#)
rñ dð. du"

* ozl(ä) + Rzz(#) + Rz3(af) = T3

t(0, * Lo)
and T.

o^
¿

\J.JÖ/

(3.3e)

(3 .40 )

for yl = (ðZ-GlLl

The shear stress r1

lz = 62

" ) occurri ng ì n T, 'is agai n tal<en as
1t

)

ô2-GtL

and

zer0 
"

Boundary Layer Reg'ion: The equations obta'ined by applyìng the

equatìon (3" I 2) to th'is region are

du rñ dô.
Rz4(#) ,R2stl*l -Rz6(#) =T4

for y., = L, and yZ = ô, and

du rn dô.
Rr7(¿*r) *Rz'(id) +Rze(#) =Tb

ô
3 r¡ = ,\r2 "3for y T and

(3.4r )



3l

The contrjbut'ion of a thjn reg'ion near the boundary ìs ne-

g lected as before. The shear stressês .ô. and .L" aPpe¿ring ìn
JJ

the coeffjcjents TO and TU are taken as zero and U] respectively.

l-he shear s'Lress tt " r js obtained by usìng the eddy vìscosìty\o3/Z) ìned by us'ing the eddy vìscosìt¡

expression, equation (¡.Zl).

Change of lfass Flow Across The llake Centre: The relation obtained by

assumìng a zero mass flow across the wake centre js
du., dL., du .,n

R3o(+) 1 Rsr(a/) ,l R:z(df) + R3?(å;)
00, oue

o R34(df) * R3s(¡;e) = ru

whereT.=F=0.o du"
Re I ati on For (-Oi)

(3 .42)

the boundary layer is gìven bY

AU ô^U

u3 = (T-) ln(ï-) n BU, + 2PU

Dìfferent'iatìng the above equation with respect to x , the foììowìng

equation js obtained:

du rn d6^ du-
R36(f,*:) *R37t-Íil -R3B(#) , R3e(i¡11 =o (3.44)

Referring to Fig. 3 (b) jt js seen that

6, = G., 1., , 63 (3.45 )

and on d'ifferent'iation, the following equation'is obta'ined.
dô^ dL. dô-

noo(¡*l) * R4l(a;L) * R4z(ao) = 0 (3.46)

The set of equations (:.¡z), (:.ga), (3.39), (3.4c), (3.41),

ß.qZ)" (g.q¿) and (9.+0) forms the system of equations for the

The expressjon for the velocity at the edge of

(3.43)
T
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merged case. unlike the unmerged case, the x-derivatjves of all the

variables are coup.led by a1l the equations jn this case' Hence it is

necessary to solve the system of equations S'imultaneously.

(vi ) Compu tation Technique A computer program has been deve'loped

to perform the cal cul ati ons. -lhe f I ow chart for the program i s g'iven

ìn Appendix -C for easy understanding of the program. The program

'itself is given'in Appendìx -0. Function subprograms have been used

to eval uate the rrumeri cal ì ntegraì t C7, CB, C-to and C.,U ' the pressure

ì ntegral s and the potenti aì fl ow vel ocj t'i es . The Si mpson' s method

with 400'intervals has been used in the subprograms to evaluate the

numerical ìntegrals. The numerical technìque used in the step by step

computation process is the finì be difference nlethod and the conputer

language usecl is the F0RTRAN (l,lATFIV) ìanguage. Double p'recis'ion js

used in the cornputations to ìmprove the accuracy of the calcu'latjons.

The system of equat'ions 'in both cases i s sol ved 'in matri x form,

QX = S, Where Q, X and S are matrices of the approp¡iate order'

X i s the co'lumn matri x contai ni ng the unknowns, nameìy the x-der j vat'ives

of the variables. It is gìven by X = Q*lS, where Q-l is the inverse

of the matrix Q. The subroutine used to evaluate this is the IMSL

subroutjne LEQT2F. Th'is is a powerful subroutine used ìn soivìng

systems of I j near equa [ì ons. It can be set to provi de vlarn'ings as to

whether the nlatrix is singuìar or the system of equations js

i I I -condi ti oned.

In each of the test cases,'Lhe most upstream station at whjch
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accurate data js avaì lable 'is used as the 'initial station. The pro-

gram ìs fed r,rith the values at the ìnitial statjon. The system of

equations for the unmerged case is solved. The variables are cal-

culated using the fìnjte difference formula

0 0 o99 o*
dX

(3 
" 47 )j+l

where

dv
dx

Q stands for a varìabìe,

for the x-derivative of the variable,

for the value of the variable at a station and0

ì +l for the value of the vaniable at the next station.

The value of the variab.le Lr'is calculated at the end of each step.

f,Jhen once i t becomes zero or negat'ive, the program proceeds w j th

the predictjon of the flow in the merged case.

The program is set to perform as long as the folìowing condi-

t i ons are sati sfi ed.

(¡) x < aerofoil length and

(ii ) cf* ' 0 (indjcating attached flow)

The flow is consjdered as the development of a wake and a boundary

ìayer as ìong as the value of (U, - |Jl) ìs greater than 0.0025.

The resul'bs of the program downstream cf the statjon at whjch this

condition js not satjsfjed are dìsregarded. Then the flow'is

treated as the development of an equìvaìent boundary layer, which ìs

a
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djscussed in the last section of this Chapter.

The step cijstance ax ìn equatìon G.ql) has been chosen to be

equal to 0.001. This resulted in a program requìrìng a bime of about

114 seconds for a flap distance of x = 0.286.

(v1ì) Inteqral Parameters: The usua'l ìntegral parameters used for

testing the reliabì1ìty of a ca'lculatjon method are the dìsplacement
*

thickness 6 and the momentum thickness 0 and the shape

parameter H, given by H - (0"/o). The calculation method can

be judged fronr a comparison of the predicted va'lues of these parameters

with the experimental ones. They are also representatjve of the

quantìtative effect of the shear flows on the hypotheticaì potential

flor^r so that these parameters can be used to simulate the effect of

the shear f I ows " l"hus they can be used wìth potentì al f I ow model s

to predict the behavjour of the rea'l fIow model.

The usual definitions ol' the dìsplacenrent and monrentum thick-

rlesses do not take jnto account the transverse pressure gradient.

It'ryring (14) has arrived at the definìtions of the dìsp'lacement thick-

ness takìng ìnto account'[he transverse pressure gradient and the

momentum thi ckness compati bl e wj th the dì spì acement surface. It
AC

has been sholn that by negìectìng the fact that (" 9) + O'iJ y'
these thicknesses are those automatically defjned a'long ìsobars.

But jn the present" anaiys'is no attempt has been made to use 'Lhe

corrected definitìons, as it was necessary to compare the pred'icted

values of the integral parameters with the experjmental results ob-

tajned from the usual definitjons. These definitions are gjven in

Appendi x -8.
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(viji ) Far Downstream Solubion: As the boundarv layer and the w.rke

develop adjacent to each other in the merged regìon, a partìcular

s i tuatj on may arj se v¡hen t.he i nner wake I oses i ts j den tì ty. The

velocity gradÍents and hence the shear stresses jn the wake beccme

negligÌb1y sma'ìl and a profile sjmilar to the one shourn ìn Fì9. 4

ìs attajned. This regìon js termed as the far regìon. A technique

sjmjlar to the one empìoyed by Kìbrìa. (3) has been used jn ana'lys*

ìng the far reg.ion. l,^Jhen the velocity defect (U3-Ul) becomes less

than (0.0025) tne u¡hole shear reg'ion has been repìaced by an equi-

val ent boundary I ayer hav'ing

(i) the sanie total dìspìacement thickness and momentum thicknesse

( j j ) the same nraj n stream vel oci ty U. and

(jji) the sanre frjction ve'locit¡, g.-

Treatjng the whole shear regìon as one sinqle 1ayer,'the total dìspìacemen'L

and monrentum thjcl<nesses denotecl by ôo, and eï are g'iven by the

f ol lowìng equations.

T

ð

(0, + GoLo)

0

ô2 + G0L0)

(l U
)dv (3.48)

(3. 4e )

U
e

A="T t$-rrr - 
[rav

0
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The equat'ions for ð*-,. and 0-,- are çli ven 'in Appenc.lj x -8. The d j s*

placement thickness and monienLum thicl<ness of the equìvaìent boundary

'layer are al so gì ven by the rel ations

T
ô

IuT

0-
1," r-- |

uT

Un(f )ti +erl
e

(3. 50 )

(3. 5r )

ré*l,.T
tl.5P2+3.18 P +2

U2 A2j
l-

)
't

e

l
uT U

where ô, and P, are the boundary layer thìckness and the profiìe

parameter of the equìvalent boundary 'layer respectìvely. Thus the

parameter5 ð, and P, are calculated. These equat'ions have been

oòtai'ned f rom the usual def j n'iti ons of the dì spì acement and momentur¡

thicknesses for the boundary layer and are identjcal to equatìons

{B-6) and (B-}l) with ô*8, 08, P, ô and U., rep'laced by 6i, eT, PT, 6, and

Uu respect'iveìy. 0nce the parameters of the equivalent boundary

layer at the start of the far regìon have been evaluated, the rest

of the flovr js treated as the growth of the equìvaìent boundary

layer ancl calculated using the equations and techn'iques for the

boundary I ayer reg'ion 
"



CHAPTER 4

RESULTS AND DiSCUSSIONS

The results obtained by usìng the present calculatjon method

are compared wi th the exper'ì mental resul ts of four cases of f 'ìow

over multl'-elenrent aerofoil systems. The geometrjes of the aero-

f oi I conf -iguratì ons used i n the test cases are shown i n F'ig . 5. Two

cf'these cases are the experìmental 'investigatìons of flow around

a slotted fìap reporbed by Foster, Irwìn and Williams (4) and,

for whìch a theoretical analysjs has been deveìoped by Irwìn (2).

Kibrja (3) deve'loped an alternatjve theoretical model for one of

these cases, the results of which are also ar¡ajlable for comparjson"

Ì;r these cases, the fulì two-dimensional pressure field over the fìap

has been measured. The other two cases are the experimental nteasure-

ments of Bario et al (6) and Ljungstrom (5) where only the surface

p ressure has been rneasured.

Test Case I : The geometry of the two-e'ìement system used j n th'is

case js shown in F'ig. 5. The flap defìectjon was 30!', the slot heìght

was 0.025c ancl the angle of attack was Bo. The experiment was con-

ducted in a low speed wind tunnel at a free stream velocìty of 6l

nl/sec. The aerofoìi systenr irad an unextended chord of 0.9.l5 m. The

chord of the fiap was 40% of the unex'bended chord. it has been re-

ported by Foster, Irwin and þJjlliams (4) that the above fìap deflec-
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tion corresponds approximately to the'landing confìguratìon" The

pressure data for this case has been gìven by lrwìn (2) and are

reproduced ìn Fìg. 6. For reasons gìven jn sect-ion (j) of Appendix*A

the statìc pressure coefficìent C,, has been represented as

C^ = f (x) y + g(x). lJhile evaluat'inq the coeff ic'ierlts occurring ìn
lJ

the functìons, the functÌon g (x) has been fitted at y=o; the func-

tjon f(x) has been fitted at suitable y vaìues. In fitting the

functìon g (x), the value of CO at y =o has been taken as beìng

equal to that measured by the surface pressure tap and not as beìng

equa'l to that determìned fronr the measurements of the static pres-

sure probe. Thjs has been done because it is known that as a re-

sult o'f the sharp obstructjon of the flor^r when the static pressure probe ìs

used near the surface, the nìeasurements are not as accurate as that o't the

static pressure tap.

The present method predìcts mergìng at about x = 0.25" 'lhe

varìations of U., , U, and (U3-Ul ) are shown 'in Fì9. 7. It 'is seen

that U decreases wjth djstance, unlìke in an ordinary wake where
I

o,rie would expect that jt woulci jncrease. This js because of the pre-

sence of an adverse pressure gradient, l(jbrja's calculation method

a'ìso pred'icts sjrnilar results except'For jncreasjng vaìues in the

vic'iniLy of the flap traìling edge whjch may be because of the use

of the momentum ìntegra'l equatìon in'its jnexact fornl,, The trend

jn. the varjatjon of U, ìs sinljlar ìn both nethods. It is seen that

(U¡-U., ) decreases wjth d'istance, reaches a nlinjnium in the vicin jty
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of the fIap traìì'ing edge and then increases.

The variations of 1., , LO and P are shown ìn Fì9. B irr compar'ìson

wìth that obtained by Irwin's and Kibria's methods. It is seen that

the trend jn the qualitat.ive variatjons of 1., and LO as obtajned by

this method and Irw'in's method is the same a'll aìong the flow deve-

lopment and d'ifferent from Kibrja's method which pred'icts decreasìng

va'lues near thetr'a'iling edge. Again, thjs is because of using the

momentum ìn'begraì equatìon'in jts inexact forrn. The values of 1.,

and þ predicted by this n¡ethod are lower than that predìcted by

l(jbria's rnethod. Thìs may because of the fact that the transverse

pressure gradìent has been taken into account. The iength scale

L6 of the outer wake as predicted by the present method continues to

ìncrease until the tra.i'lìng edge which is consistent with physical

evjdence" The same observations are noted in the case of L.t.

The trend in the variatjons of the profì'le parameter P is seen to

be sinljlar jn the present method as in Kibria's r¡ethod, the difference

being'ín the maximum value of P attained. The reason for this is

part'ìy related to the fact that the initial value of P deduced from

the data gìven by Irwìn (2) js different in both methods.

The curves of Hr, 08, H'., arrd 0j,,, are shown ìn Fig" f in com*

parison with the experìmental values and wìth the calculated values

of lrwin (2) and Kibrja (3). The values of l1U and e, pred'icted by

the present method are closer to the experimental values than the

other two methods. The reason for the ìmprovement over the I rl'in's
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method may be because Coles profile has been used, ìnstead of the

porrier I aw. Col es prof 'ìl e i s a better representati on for boundary

ìayers developing in adverse pressure grad'ients" In the case of

ll* and or* the present calculations are sìgnifìcantl.y closer to the

experìmenbal values than Kjbria's calculatjons. Sjnce the same

boundary ìayer and wake profiles have been used in both cases, the

reason for thì s r,ray be the exact form of the momentum integral equa-

tion used. The present method does not predict decreasìng vaìues

of e, and el' near the trajling edge like Kìbrja's method. The

reasons for this are the sane as that quoted ìn connect'ion with

L.l and Lg. The val ues of tlrr,, and oIIAJ as predi cted by the present

method also show a slight ìmprovement over that predicted by Irwin's

method" The curves of HOr, u'W and Cr-are shown ìn Fì9. 10. Im-

p rovements are n oted j n the pred'ict j on of ll't and 8Ot over the two

methods. In the case of C¡_ , the curve reaches a tnjnimutn at

about x = 0.36 and then ìncreases. This is related to the fact

that a short djstance upstream of this poìnt, the value of P starts

decreasing. The injtjal va'lue o'F C¡- used in the present lnethod

has been obtajned from the data gìven by lrwìn (2)" In the case of

K'ibr ia's method i t has been eval uated usì ng the wel I -linown Ludwì eg

and Tjllmann's empirjcal relatjon. Thus the injt'ìal values are dif-

ferent jn the two methods. llence it is not surprìsing that the

values of Cr_ as predicted b.y Kibrja's method are closer to the

experìmental values than those predicted by the present method. It
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has been reported ìn (2) that'tlot^r separatìon occurs at about x=0.3.

The velocity profìles are compared in n:ig. l'ì . The profi'les

at the two downstream statjons after the injtjal statìon as pre-

d'icted by the pesent me [hod are c'loser to the experjmental ones than

't he other two methods on ly i n some reg'ions of the wake anC the bound-

ary ìayer, But as seen earl'ier there 'is better agreement of the

ì ntegral parameters HU, 08, HI,,,, uIl,J, fl'l.J ancl o0,,, with the experi-

mental ones. Hence the compìete velocìty profìles are a gooci re-

presentatjon of the experjmental ones. At the last station the

fIow has undergone separatìon and none of the predicted profi'les

are close to the experimental ones. The posjtions of the max'imum

and minimum jn the velocity pro'tiles at all the downstream stat'ions

except the last one are quite close to the experjmental ones. This

ì rnpì i es that the growths of the wal<e and the boundary l ayer di s*

cussed earl 'ier i n terms of 1., , L.O and P have been pred'icted wel I over

nrost o'[ the flap" In particular there has been a s'ignifjcant improve*

men.l over K'i bri a ' s predì ct'ion of the vel oc j ty prof 'ì 1es. The reason

for this may aga'in be the presence of the transverse pressure gra-

dient and the exact form of the momentum integral equatìon.

Test Case 2: In this case, the two-element aerofoil configuratìon

'is alnrost the same as that reported jn Case'l , except that a smaller

slot hejght of 0.020c has been used. The experìmental pressure

distribut'ion has been compared wjth the formulated distribut'ion in

Fjg. 12" Agaìn there are not'iceable differences in the values of

The [..Jniver:;i'i','

üf IVlanilirir,;i

&llffiffiAFrillfì
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C,^ at y = o, the reasons for whjch are the same as that reported ìn
u

Case I .

The present me'bhod pred'icts merging at about x = 0"2. Sjnce

there has been early mergìng, the interactjon between the wake and

the boundary 'layer has been strong whjch affects the relative growths

of the boundary layer and the wake. The curves of Ul, U3 und

(Ug-Ul) are shown ìn Fig" 'l3. The values of U., and U, decrease with

x as noted jn Case I . The val ue of (U3-Ul ) 'increases r^rj th x up to

the nrerging point and then decreases up to the f lap tra'iì'ing edge.

The varjations of 1., and 1.0 ôre shov,in ìn Fig. 14. The I ength scales

Ll and Ln jncrease with distance as noted jn Case l" The curves of

HB,0B, H'^, and 0i,,, are shown in Fì9. .l5. There has been an ìmprove-

ment over Irwjn's pred'ictjon of these values as seen fronl the ex*

perìmentaì po'ints" The values of ell^J ut predicted by Irwìn's method

approach a cotrstant value near the trailing edge" This'is consjstent

¡ritþ the behavìour of l-., near the tra'i I'ing edge as pred'icted by the same

method, lvh'ich i s shot,vn i n F'iq. l4 . The curves c.'f H'l,!, 0¡r^r ând Cf* are

presented in Fig. 16. There appeôrs to be noticeable improvements

'in the predì ctìons of H01,, and oOU,¡. The present method pred'icts I ow

values of Cf_ near the trailing edge indicating ìmnlinent separatjon

of the flow. The in'itial value of Cr_ used jn Irr¡rjn's method,

probab-ly obtajned fronr the er-lrpirjcal relat.ion of Ludwjeg and Till-

mann, js 'lower than that used in bhe present method" Thjs is the

reason that the va'lues of Cr* as pred ic'Led by Iruv'in's nrethod are
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closer to the experinlental values than that precljcted by the present

method. The velocjty profiles as predicted by the two methods are

shown in F'ig. l7 jn conparìson wjth the experìmental ones. Be-

cause of the better prediction of HU, 38, lll,^,, 0IInl, ilCli, and oO,,,,, ì t

can be inferred that the velocity profjles; are a good representation

of the experimental profiles"

Test Case 3: This is the case for which experirnental nleasurements

have been reported b.y Bario et al (6). As shovrn in Fì9. 5, in this

case two symmetrical aerofoils were used" The tests were conclucted

jÍl a low speed variable pressure gradient wind tunnel to create the

flow patterir involvjng a utake and a boundary iayer" The chord of

the second aerofoi I uras 0.6r¡" The tes'ts were conducted at a free

stream velocity of about'lB nl/sec. The'Formulated pt'essure distri-

bution is cômpared l.r'ith the experjmental distribut'ion ìn Fì9. lB.

The pressures were present.ed on a small scale in (6). This could

be a source of error i n the formul ated di stri buti on rvh'ich has been

represented by two straì ght ì ì nes ups'i.reatil and downstreanl of

x = 0.4.

The present method predìcts mergìng at x = 0.65' l-he actual

merging has been stated tc occur at about x = 0.5. It is possible

that mergìng might have occurred as early as thjs because it was

reported that the boundary layer was not fu11y turbulent in charac-

ter and was undergo'ing transjt'ion in the region of the initjal de*

velopment of the flow" Sjnce the bourrclary 1a.yer rvas not fuìì¡l
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turbulent it ìmpìies that the values of C¡_ would be lov¡, The

predìct'ion of :kin friction coefficient C, has been conpared w'ith the

experimental results ìn Fì9. 19. It is seen that there ìs good agree-

nrent up to the nrergìng p0int after which the nreasured values of Ct

decrease rapidly with separation occurring at x = 0.88. The present

methoc! predìcts inlminent separatìon near x = 0.98. It'is understandable

that se¡rarat-ion cannot be predicted by Coì es prof ì I e because of the

presence of the logarìthmìc term. The predicted velocity profìles are

compared wjth the experìmental ones in Fìg. 20. It js seen from the
ur

velocjty profìle at the inìtjal stat'ion that the value of (+) is
"e

djfferent fronl the experimentaì value. This indicates that some

errors have been i ntroduced i n deduci ng the i n'iti al va'lues f rom the

f ì gures g'ìven i n (6 ) whi ch were pl otted to a smal I scal e. There 'is

good agreement of the velocity profjles wjth the experimental ones at

al I statì ons except the I ast one. The reason f or .[h'i s mi ght be the

fact that the rea'l flow was close to separation.

Test Case 4: The last case is the experimental work undertaken

by Liungstronr (5) jn order to

ìayers on the optìmìzatjon of

geometry of the three-el enren b

tests were conducted 'in a I ov'r

from the data and the figures

of the system was c = ì l m.

study the effect of djfferent viscous

a mul tj -el ement aerofoi I system. The

system used i s shown 'in Fì g. 5. The

speed w'ind tunnel . I t has been deduced

gìven ìn (5) that the unextended chord

Since sufficient information was not
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available to 'infer the free stream velocjty U*. at which the tests

were conducted, ìt has been assumed that the test was conducted at

^a free stream Reynolds nunber of about R"o = l.B x 10". Thìs yieìds

a free-stream velocjty of U* = Z5m/sec. These va'lues of c and U*

have been used in nondir'¡ensionalising the iength and velocìty va-

riab'les as jn the other test. cases" The formulated pressure d'is*

tribution has been compared with the experìmental djstrubution in

Fjg. 21 . Again, 'í:n thìs case, the experimental pressure distribLrt'ion

C^ was presented to a small scale in (5). This could be a source
TJ

of error jn the formulated pressure djstrubution which has been

represented by three stra'ight I j nes as shown 'in Fì g. 21 .

In thjs case the pressure fjeld lvas gìven as a function of the

distance on the mairt aerofoil surface. l-lence'in the calculatìons

for this case x ìs equal to the djstance measured along the aero-

firi' I upper surface " The total dì spì acement th i cl<ness of the f 
'ì ow as

pred'icted by the present method ìs compared wjth the exper'ìmental

results ìn Fì9.2?.. It is seen that there is good agreement beyond

the mergìng po'int up to a distance as far downstream as x = 0.73.

After x =0.73, the value of (U¡-Ul) as calculated by the present

method became less than 0.0025. This indicated that with'in a short

distance downstream the'inner wake u¡ould cl'isappear" Hence as sug-

gested 'in section (vii j ) of Chapter 3, the lvho'le shear layer has

been represented by an equ'ivalent turbulent boundary layer having

the same characterjstics. When the above concept is used, jt'is seen

that there is not good agreement wjth the experìmental results.
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This may be because the equìvalent boundary ìayer thicl<ness increases

rap'iciìy wìth imnlinent separatìon bejng predicted at x=0.88 whereas

the actual shear layer does not exhibjt separatjon even at the

tra'il ìng edge of the nra jn aerofoi I .

The pred'icted velocìty profìles are compared ìn Fì9.23.

l-here js fajr agreement at all statjons except the last one where

the shear layer has been represented by an equìva'ìent turbulent

boundary layer. Liungstrotn def'ìnes the merg'ing as the station at

whjch the jnner wake dìsappears. Thjs ìs sajd to occur between

x=0.4.l and x=0.59 as compared with'the currently predicted value of

x=0.73. But from the illustration given ìn (5) it is seen that the

dìsappearance of the inner wake must lrave occurred later^ than

x=0. 59.
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CHAPTTR 5

CONCLUSIONS

The jntegral calculatjon rnethod developed by irwin (2) and

modjfied by K'ibrja (3) has been'improved by takìng into account the

transverse pressure gradient and usìng the nlomentum jntegral equa-

tion wjthout nrak-ing any approximations. The results incjjcate the

f eatures wlrj ch are g'iven bel ow:

(j ) The devel opment of the 'i ntegraì parameters , the di spl acemen'L

and momentum thicknesses and the velocìty profiles, predìcted by

thìs method, are quite satisfactory when compared with the experì*

mental ones except near separation.

(ji) The predìct'ion of skin frictjon coefficjent is also satisfac-

tory with qLrite low values obtajned jn the separatìon region"

(iij) The predìcted grolth of the wal<e and the boundary ìayer is con-

si stent wi th physi caì evi dence unl i ke Kj bri a's r¡ethod.

The present rnethod can be ìmproved 'if the fol I owi ng factors

are taken into account

(i ) The boundary layer profjle should be able to predìct separation.

(ii ) The flap shouìd be represented by a curved surface"

(iij) The wake mean velocity profìles should be represented by more

accurate asymmetri c profì I es than Townsend's uni versal I aw.

(jv) The eddy vìscosìty expressjons should be more compatìble with

the flow model.
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APPENDIX - A

(i) Tvpi cal Rel ati ons Occurri ng In The Svste¡ns of Equations of Chapter 3

Unmerged Case

Momentum I ntegral Equatì ons :

The exact form of the sìmp1 ified nromentum jntegral equatìon obtained

by using the notion of the order of magnitucles is

i"+.ú-'dv-uv
Y1

vl ðx

2v

2

âU

âx

v

I
0

=0

dy
AU

)dy + U

2
0

+

!c

I tlltþrov - (r
Y1

T

Yz Yl
(A-t )

As an exanp'le , the appi i cat'ion of the monrentum i ntegra'ì equati on i s

given 'in deta'il for the paì r of lìmì ts y., = ô, and y, = (ôZ * G0L0).

S jnce U(ôe * G0L0) = Uu and ,U, = U., , the momentunl integraì equat'ion

(A-l ) becomes

ô * GoLn 
)

I
ô2

(ô
?

(#)dy - u.

+ G^L^) O
rU U

l" " (*)¿v o u, I
00^r0

2 ?

(ô n¡GoLg )

J
Iuz

tllt'þldv - 'r(ôe 
*G010) n .u, = 0 

- 
(A-2)

âU
)dvðx

(A-3)

only, its partial der'ìva-

2

+

The fr'rst term in the equatìon (A-2) has to be 'integrated only over

the outer wake regìon. The other ternrs in equation (A-2) requìre the

veloc'ity profìles and their x-derivatìves over more Iimited ranges of the

ìayer. These relations are gìven below. in the outer wake region U 'is

g'iven by

v -ô^.
u = u - (ue -ul) E*pt-t (#).1eel t0

Sjnce Uo is, in effect, a function of xau^ " du^
tive (;Ë) ancl the total derivative (#) are the same.
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ðlJHence ( ) is given by,
ðX

aU

AX

dU y-6.2 dU^
(¿*q) - Ëxnt-k( q-') r(Ai)

Lj -U. y-ô^ Y-ô.,2 dtj.
- zk(+--L)(-, á) Expl--t ( r^ ') i(#)tû to 'o

2 _ -U2,2.d1n.
rxpr-k( Lf) r(#)U

e
II-U y-ô

L

?- 2k( )( )
L

0 0

+
-Y-ón 2 du,

Expi -k(*-r) l(¡f )
(A-4)

(A-5)

SquaÍ'i ng (A-3 ) I eads to,

u' = u3+ (ue - r, )' txpL-2k,'rõut,t-,

!-612
- 2U.(t.ju - ul ) txPl-k( Lt--)l
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Dj fferenti at'i ng (A-5 ) wi th respect to

qui-
âx = [ZUe+Z(Ue-Ul) Exp

x e the f ol I owi rrg equatì on 'is obtai ned

( v -6" 2)
) -zu(-.--t\ 1

lLoI
?U Exp

dU
e

¡x
Y - ðc

-k( ,---e)'0

Y - ô"
-lr ( L\

'\\ t t
'o

2 4
I

-2 (U^ - U., ) Exp
til

+ r4k(þ-5)trto

y-ôZ
) Exp

0

y * ôZ

-L^
U

)( ) Exp

Y - 6"
^t 

! ¿\*lKl. r /
LA

lJ

e

- 4ku

- 4ku

U^-U
U

L

2f

I
\

Y - 6,' 2l
I t /-\-K( r I (

'0)
dò

dx

2
r(

e L
C

(u^ - u, )2+t4k-i ' (
to

y-ôz ?.

) txp

Ì

-?_k(

dU

y-ô
L

0
)'l¿

0

2
U -U

L
0

2

y-ô ô)

-2(U^ - U, )trt

(

l-nr

v ,rl.,oto,/ 
J 

I\&-/)( txpe
Lo

2

2
e L L

0

y-ð

I
Ex

(

'i
v-¿^ z)

-2k( , -!\ t,'Lo 
J

dU

t(
dx

(A-6)

(A-7)

+ [ZUeExp -k(
Lo

In the inner wake region U is given by

ðuand ( ) is gìves by
ðX

\/-A 2

- (uo - ul ) txpt-r.i-rlii
r-l

( v -ô.,2

irxnt-k(-E-!) 
l

u-uo

duo

dx
âU

ðx Ì,

0
dx

U^ '- U., .Y - ô., Y - ôc 2 d62.
-zk(il)(!_-r) Expt-r,(1, o) r(f)

(uo-Ul),y-or,2,y-62? .dlr.- 2k -ï-,--1, rxpr-k,!-, r(#)

y-ô.,2 dul
+ Expf-k( L-) l(#) (A-B)
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In the boundary layer region U js gjven by

rJ = tl-l r.t$l n BU. + ZPU., sin2 (

AlÌand * ìs gìven by

1rY

26
(A-e )

sin2+ lzu
¡Dut
dx

y sin(fi) cos($)r(å*)

tfflrt
T

7PU n
T,

^L0

t (A-r0)

For clarity, each of the terms ìn equation (A-2) are derived

separately. The coefficients Ai, Bj, Ci, Di, Ej, Hj, Mj, Nj' R.i

and Ti that appealin the equations to folIow are g'iven in sect'ìon (ji )

of th'is appendì x.

Usìng equat'ion (A-6) to evaluate the first term in equation (A-2)

I eads to
(0, + GoLo)

{ ,^rt7.

"J 
(ä) dy = L2UeGoLo + Z(Ue - Ul )LoA3

6z

dU
- zueloA4 - z(ue - ul )LoA&l(#)

dô
(Zue)(u* - ul )ruxp(-te dx

2

0
¿)_ rr(

- (ue - u, )zrrxp(-zkefr) - lttpl

+ rzueloA 4- z(uu - ul )LoA¡rtþl

+ r4k(u. - ul )l;t -"4kue(uu - ul )A2r(ãþ) (A-r I )
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The second term i n the equatì on (A-2 ) has to be i ntegrated over the r^rhol e

shear reg'ion. It can be wrjtten as

(0, + GoLo) (or - G,1, )

AU ôU {r#Yö)
{"'0

u. ( U )dv + ) d.v
O 

)dv

tf$r av

e

(0, +eoLo)

U
e

ô2

r

ô^

i
-/o

un

3X

+ ðU aU

AX)ov*u"f ,",t?

)dv (A-r 2 )(
AX

(0, - G., L, )

The conventjonal Coles profile used does not properìy represent the

velocity profjle'in the sub-ìayer. It gives vaìues of U + -- as

y * 0. A fu'lìer represerrtation of the ve'locìty profìle should be nlade in

tlvo parts, 0. y < ôs , 6r. y < 6 where ð, is the sub*layer thickness.

-lhi s compl j cates the prof i ì e representati on becausu 6, vari es v'ri th the

devel opment of the fl ow. S'i nce the sub-1 ayer i s thi n, the I ow-vel oci ty

flujd jn the sub-layer contributes a very sma'ìl amount to the mass flux

and momentum flux. Hence a very small error js introduced by assumìng

U = 0 for 0 . ,y . L3 , where Lg is chosen such that jt is c'lose to

the surf ace but woul d not yi el d a negat'ive val ue for the vel oc'ity.

Negative values occur when (yUrlv). I so a suìtable value of LS ,

L^U
well within the sublayer,'is taken such that (jl) = Z. So equatÍon

(A-.l2) can be written as,
(62 + G'Lo) 

ô

/,#, dv + u

L^
J

( o, + GrLo)

U
{"
þ

Jg
u.

ír

ô. -
(_ê

A

Å(

u.

GlLt)

?9) ou
dXee

ô^
I
Eu" aU

A 

ðU
+ +

â

f ,)^
L

L ðG

)dv
2

X
)dv

(A-13)



in the potentìa1 regìon between

equatìon js used to e'liminaLe (

ËtrJ.)

, the continu.itY

term in equation (A-.l3)

ô \/< (or-G,1,)
âU ) so the second
ôx

'is transformed as

(0, - G,1., )

AU )dyÕx

Hence equation (A-13) can be written as

(0, + G.LO)
ô

./tffr o,
L^

U{
eJ0

AU

ue(vj - \/o)a

fJ6
U

e

u.

'( (A-r4)

(A-r5)

)dv + U (V, - V^)e t u'

(0, + GoLo)

AX

U+

îo^
¿
t"

e"J
aU

AX
r"

./*uz
)dv+u ðU

e ðX )dv
( or-G, L, )

it will be seen shortly that the normal component of velocity, V, in

the potentiaì region ìs neglected, because it js small. (Vj -V0) beìng

the d jfference of tr^¡o snrall Ðositjve rquant'itìes is still smal ler. Hence

i t i s al so negl ected.



56

Usi ng equati c,ns (A-4 ) , (A-B ) and (A-.l0) to substi tute for t#l i n

the boundary ìayer, jnner wake and the outer wake regions, equatìon

(A-.l5) recluces to

( o, + GoLo)

l" 1rr dU^
u u.i ({r! ) ov - ( ue ) (GoLo - LoAq ) (#)

0

o (ue)(GrLr -P+Lr)(#f)

n (ue)(ue - u, )ttxn(-kGå) - lltpl
n (ue)(uo - U, )rr - Exp(-kcltrfpl

* (ue)(LoA++r.,84)(
dU

dx

- (u^)tzr1u^ - u, )A" t(celL

dL
0

dx

dt_,- (rre)Lzr<1uo - ul )B2r(# )

* uurtflt.s - Lr) + +. B(ó - r-3) + zpcurt]þl

n (ue)(zu.rc6)(:Ii) - (ue)r
2 PUr'r CU -lc

J (-, -,t'ox '
(A-r6)

6

The third term ìn equatìon (A-2) is gìven by

(ôzI()a
(?
Å

Jo

Lu
ô

ut
ðu
.t, ) dy = u, ;itffl ¿v * urr{ (

aU )dvâx

ó')

Tt
(0, - G,1., )

Negìectìng the sub-layer and the change in the normaì component of

velocity ìn the potent'ial region as before, the above equat.ion reciuces to

+u ^ltdU

AX
)dy (A-r 7 )
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U ?,*ï, dv = (ur)(GrLr -B4Lr,,þ,

lô

+ u1 (uo - ul )l - rxp(-kcf)r(#)

* (uraol,)tþ, - tzkul(uo - ullrr,tþl

rf ru-Lr) ++- B(ð-13) + 2PCo,,þ,ut

I

+

+ (2u1u,cul{lf) - (

2U" PU :rC-lro
2

)(
d6
dx

(A-lB)

dU

6

Bysubstjtutingtheequatìons(A-ll),(A_16)and(A-lB)forthe

correspondì ng terms 'in (A-2 ) ;he nlotttenturn i ntegral equati on becomes

flue(ue - u,){rxp(-t<cfr) - l} - (ue- r,)t {Exp( -zuazo) - 1}

t d6,
- uu(uo - ul )i1-rxp(-kof)] + ut(uo - ur ){1 - Exp(-kcl)}r(dÉ)

du_

+ tueLoA4 - z(ue - ut )1043 - uult84* utLl84 l(#)

¡ r4K(u. - ul )2 Al - 2kue(uu - ul )A2r(þ)
dL "

+ t2kue(Uo - Ul )Bz - Zkul (Uo - ul )url(¿¡L )

n AC. dll

* t(ul - ue){t(o- Ls) -î+B(ò - Lr)+2PC6}t(6*r)

+ r(ur-ue)2urc6r(*l) + t(ue-ur)(
ZPU rC-

T5
)r (**)

ô

+ tueG'L. + 2(ue - ut )t-043 - unL.A4 - z(ue - ul )1044-j(#)

dU

- ul Lt 84I (
0

)+ IU L"B-el 4 - uect Lt +ulGlLl

(A-r e )= t(ôz * GoLo) - ru* - 
''"

dx
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du du^ du.,

The derivarives (#) , (#) and (#) are evaluated from the

l<nowl edge of the stati c pressure coef f i c'ient ,p ì n the potenti ai

regions,0uts'ide the shear layers, the rat'io of the normal velocity to

the longìtudinal velocity ìs equaì to the sìope of the streamlìnes' The

streamljnes are deterrnined by the dispìacement thicknesses which grow

slowly except near separatjon. Therefore it 'is fair to assume that

V << ti jn the potentiaì flow reg'ion. Hence the velocìty U jn the

potential region has been approximated by the equatìon

(A-20)

In the general caSe, the pressure field contains a transverse presSure

gradient. The experimental invest'igationsconducted by Foster' lrwìn and

IÁlilljams (4) and reported by Irwjn (2) whjch are used as test cases have

constant transverse pressure gradìents. Hence it was dec'ided to formulate

C-. by the follow'ing equation'
u

c
pU

co f(x)y + g(x) (A-21 )

(A-22)

In order to be accurate jn the representat'ion of the e;<perimental pressure

d'istr j bution the funct jons f (x) and g(x) were assrlnred to be third

order poìynomìals so that

r(x)
?

Dr *"

D-x-+A
^2U.X

o
g(x)

+ D"X
..)

a
U.X

L

+DD7*

J- + D
4

+ ( A-23 )
B

The coefficients Di were evaluated from the data oiven by lrw'in (2)' A

comparison of the formulated pressure distribution wjth the experìmental

ones are g'iven in Fjgures 6 ancl l? for the two test cases. Hence UA , Un
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and Ui have been approx'ima'tdd by the fol I ow'ing equati ons.

r
-LEl (62 * G0L0

e
U

uo

U.
I

a
J

(A-25 )

(A-26 )

(A-24)

(A-28 )

l-Er
j*E

62- Gl.Lt ) - Ë3

where the coef f i c'ients

f(x ) and g(x) respec

Different'iating th
dU

E¡ are the val ues of the f unct.ions

specific val ues of x.

uatj ons wì th respect to x , the fol ì owi ng
du.

a
J

El and

tively at

e above eq
dU

¡rU-L

0equat'ions for

dU
e

¡x

e
dx' dx and are obtai neddx

du^ ., dð^ dL,

#= (#J,ri(#-0,-*) n (ôz-GrLr)82 + E4l

du.-"'i 
= /-l \r,_ **uEz+E4ldx \ZUjl".l d

-l
7[*

e

duz

ãX-

dLo
*Go

dx

dU
M5(#) + rvutfif) o t, 

od*
Nr

( ) * (62 + Gor-o)r2 + r4l (A-zt))r rt (

(A-2e )

Substitutìng the equatìons (A-?7), (A-28) and (A-29) fordu du^ du.eu,l
drt , d*t , and dx respective'ly in equat'ion (A-.l9) tne equation

obtained by usìng the momentum integral equat'ion for the pair of l'inlits

Yl = ôZ and lZ = 62 * G0L0 'is

d ô. du, dL^ dL,
Mt (#) + Mz(#) + nr(¡/¡ + r'10(#)

+ (A-30 )

Rate of [,lass Fl ow Across the Wal:c Centre

The equation for the rate of change of the mass flow below the

m'inimum velocjty in the wake is given by
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d_
dx'

6,

{ U dyì = F (A-3r )

0

Agaìn, as before, tire sub-.ìayer region has been neglected and the above

equatìon has been'integrated from y = L3 and equation (A-3.ì) can be

wri tten as

dx ,{

(ôz

{
6

ãi
(o

GtLt) 6
2ô

d uav+9-t" ox
3

d

Again each of the terms are derìved separateìy for clarìty

Udy l+ t

?

ô

L
3

AU 6U

= l-,', ln(-f) + BU r.pU
LVT,I

dr_.
' ,1,, rf ePU.r ){sin2(H)l¿vr

Udy l=F
-GtLt)

(A-32 )

O

udv.r = :tt4tþ)rrn15¡)dvr + fr {
d

dx j, (BUr)t dyl
3

nLt
s j n(-;9) ï L. PU_ L, ..,I

o {-- ìio 1(PU.) - {cos(f)}(ìr)r(äi)

^r 
ðU- AL'

* r': ln(ï) + Bô + pô - f- ttnl
L^U

J,I
l- )l

,intþl du

- BL¡ - PL¡ +{--þ}(P6)r(#)
rL"

sìn(-f)
+[u0-L"u

T JT
+{ ](u.ôlrtlfl

II
(A-33 )
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ô Gtl 6)L L
?

dx
if

O
dx

1/?

) + GtU0(

I 2

d

6?

É-r;iluov l
(or-G,1,)

dL
d6
dx )ldx

62 62

d -r,, , - d f
htJuodyr-ä-tJ

(l - tly - E¡) ¿yl

(62 - GtLt (oz

U

!-ö,, t
\ - L,

r )Exp{-k(-ï--:) }d5,1
t Lr

¡t

U dvl
'{

d

3/?
3/2

- d ,,-2 \.r r= - L(.- )il - rt(ôz-GiLt)'- E3]0x 'r.l' r (+){l - Eró - E,
,..l I J

= rt-[l ffz(62- GrLl ) + roi - rfltEzô + E4)

?En 2 I dôo(ì{uó-uÌ} * uo(df)
,tl

)l

+

Gt Uo(

b

U (A-34)

dL

dx

(A-35)

uo

-Gl
-U

L

d
ãX

L - l¡ ruo - ur )LrB4 l

(uo - ul ) (

0

dU

= tG,L1( dx
0

dLr

a;- %

du.. du"
- B¿Lr(#) * B¿Lltflr

By substituting the equatìons (A-33), (A-34) and (A-35) for'the

corresponding terms'in equatìon (A-32) tfre following equation is obta'ined



d6^ du. dL.,

uo(#) * B4Ll(#) - rBq(uo - ur)r(#)

ôU AL^ L.U
o rP rn (;.) + Bô + no - f rn (ì-)

,in tlþ) du-
- BLg - PL¡ + r--,l--l*-f (Pô )r (#)

sin (-J)
-u [u.ô - u.L, + { 

""'' 
* '}(u.rô)r(ål)

AU ðU
+ ¡---lL ln (+) n BU, + pU. - U,

OL

( A- 37)

rL 1J

du^ 2E^
* (GrLr - B4Lr ttffl = F r r:ér1u,3 - uo3)

U., Un
+ (+) (E.,0 + t,) - (;Y)ttl L + t,ou

y(PU.) - r.o,çþ¡ rrþlr(å*)

E?(62- Gl Ll ) + E+l (A-36)

sin(
ô+{ ï

0Equation (A-28) ìs used to eliminate ( ) jn equatìon (A-36) to gìve
dx

Nrrtpl *MZBtþt orrrtþt *F130rþl +M3rråil -urr{l}) = ruu

Rel at'ion For
dur

Ax

The veloc'ity U

AU

at the edge of the boundary ìayer ìs gìven by

ôU

ui=+ln(-f) *Bt.jroZPu, (A-38)

Djfferentìatìng (A-38) wjth respect to x, the followìng equat'ion

i s obta'ined.

# = rf -þr #. (zur)tåir - tþrtgfr (A-3e)
T

du.
By el ìm'inatìng (¡-*l-) between equatÌons (A-29) and (A-39), the

foi I ov¡j ng equati on ì s obtai ned.
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dU
M

T )+¡{ dP )+¡ldx ?Ã

Jouo
Ax

N
7

(A-40 )

(A-4'r )

JJ dx 34

Merged Case:

1'he equatìons obta'ined by usìng the momenturr integral equatìon

between specific pairs of ijmits are s'inrilar to those obtained for the

corresponding pairs of lim'its in the unmerged case. Hence only the

equation for the rate of change of mass f'ìowacross the minimum velocity
dU"

'i n th e wake and bhe equatì on f or (ilt) , whi ch di f fer f rom the unmerged

case, are gì ven here 'in detai I .

Rate of Change of l4ass Fl ow Across the llake Centre:

The equation for the rate of change of flow below the m'inimum velocity

in the wake ìs

ô
ôZ

o^
J

d

dx u oYl
ul.

d

3¡
f Udvl

.ì0

J'

å_ td u dyl
o1

J

6.,
d .l r ¡rtr'l
d* Ï 

u uJr
L^

J

t + F

0

d

dx

ô

t.

e- r{ox JL

AU YU

f 1n(--r)dy1

3

ô3ô,
I

-tl++-t/ eu dyl+OX Jt r "
Li

J

r',j, zPu tsi n2(H)lovl
L LO1

å

d

dx
)
J



d.fl
dx'd

46. ó.U
u dyl = t-T¿ ln(if) ., ß63 * Pô3

ô
J

3
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(A-42)

L

AL L^U
ln(ìl) -BL¡-PLs3

L

iiL-
sln( , -)

\ ,¡j\]1
J

dU

,in(lþ)
* [u_ô3 - L3ur +i[ --;l-r(u.ô¡) r (:+)

AU ¿^U
+ l-=J- .' 

n ¡ -r-J-) + BU + pU--L 'v ' r. 't

t(Pó¡)r(#)

L^ PU L. do.
1(PU,) - {cos(rJ¡l(ui¿) l(*1)

+{
1i

nL^
sin(-. -r-)

o..
.1+d

ð
2

11

ð
2

d

ãt
tfu¿yl=:_#tt, u ¿Yl

-GtLt).)
J (o

?

c
L-

6
ô

2

d

dx
rj u: ovt - å*

r{
Jru

ur )

(or-G,1,) ,_GlLl)
U

3

v - 6^
Exp{-k( ,-

I

?

) ]o¡' ¡

!o {urc,L, ) l; r(u3 - ur ) L lD
t-J

4

dL. du,
= Gl u3 (ãr,) r' Gt Ll (# )

dL., du"
- uo(u: - ur )(Ti) - uot, (-di) + BoLl (

dur

clx ) (A-43)

Flence by subst. j tuti ng equati oirs (A-42) and (A-43 ) for the correspondi ng terms
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'in equation (A-41 ) tne equatìon for the rate of change of mass f low 'is

obtai ned.

nrotþt ,R3rtþt * *rrtåþl * R33råÏl - orotþl * R3btþl = 
'u

dU )J
Rel ati on For (

dx

The velocitY at Y = ô3 is given bY

Di fferenti ati ng (A-44 ) wi th respect to

obta i ned

(A-44 )

X the fol I owi ng equat'ion j s

(A-45 )

AIJ ô^U

us=ftn(jl) *Bll.nZPu.,

orurþt **37{lfl ,orrtþl *R3et}^tl -o
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(ii) lnteqrals and Coefficients Appearìng ìn Section

The integrals Ai, Bi, C1 and lli the coeffic'ients

and T1 are g j ven bel or^r.

(j)

D.i , Ej,l'lj, Ni, R'¡

G

t
0

A

l'o
0

I
0

0

(n2) [nrp (-2kr2) ]dr

Ãz ( n2) [rrp ( -kr2) ]dn

A¡
G0

IE*p (-zxn2)]¿n 0 .7 527

G

t
0

I

í
0

I

Í
U

I

I
(i

I
0

0

A+

Ao

Irxp (-t<n )lon I .0633
2

?_

?

2

2

2
As

A

rì )lrxo (-2kn )ld,r

n
2

?

)[Exp (-kn ) l¿n

?

7
lEx p ( - 2kn ) ldn 0.6805

I

Ao
O

[:xp 1' ¡.n ) l¿n 0.Bl0t

0

rlf
-G

Br ) [Exp (-2kn ) ldn
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Bz
22

('r-)l_Exp (-i<n -)ldn
0

r
)

-G

0

f
- tl

0

t
)

-G

B
3

[rxp (-zfun 2)]4.
0.7526

d-y

c0s

COS

dv

_ry

Du4 [rxp(-kt?)]clrr 1.061

ô

tC I I n (=Y.qa)l

)J2

V

3
L

I
L"

J

t

ô
t"
l

L"
.1

f
L:

stn _ lTy

2ô

ô

Icz Iln vu dv

L
V

(v) [sin

t
?

3

Ò )
J ¡r!

26
(Slta.vC (v) [sìn3

ö

cq [sin4 (-:rX):¿.v
LO

L^
J

C
¡ T-Yr
r -'- /

Zô
rfuyll ov

5

ô

lt
L^

J

C.
b

)4h-
\)

ô

cl l
2 ô

Iln stn 2
d_v
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I
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APPEI'IDI X - B

Deri vat ion of the Inteqral Parameters:

(r) Inteqral Parameters of the SePar ate Shear Lavers

Boundar.y Layer

The d'isplacement thickness and the momentum thickness jn thjs region

are given by the following equatìons

6

f,
*î()D
U

I
Uq)dv

PU
+1--!)cos (

I

plrov

( B- I )

(B-2)

(B-3 )

(B-4)

(B- 5 )

The vel oci tY U i s gi ven bY

Usì ng the tri gnome tri c re'ì ati on ,

sin21S¡ = tålrr -cos{{xll

equat'ion (B-l) can be evaluated as

AU vU

u = tîl Irtîl n BUt + zPUr sin21$)

ô

f, ,i.,tr - flov"oll

*
ôB =,ilu,r - tlr-ft r.tSl ,þ

0
B

PU

)
T

U

. AU YU- ^ ,BU
= rvL$ - ttr,)rvrn(ï)-vrå - {f)tv ð

o
l

-i.,r,i .þ,ifl sinlS)rf

Si nce
vLJ

ryr n (:*) r [ends to zero as y lencls to zero, equation (B-5)

I eads to
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*
Dt)

ô = (o)( )lf o et
U

U

'f

i
(B-6)

(B-7)

(B-e)

( B- r o )

A slightly d'ifferent approach has been adopted in evaluating the

momentum thickness. The momentum thjckness eB be wrjtten as

ô

flrrr-þr
"LJ -l

2

+ zlN-¡1r
1

U ) - 1r -N.)rov0
B U

=Íor,-frlton * ze, - 6ä

6

-ô
I

{
"t0

2tì"(l -il.) dn + 2oB
'l

*
,\,B

The relation for the ve'locity at the outer edge of the boundary layer ìs

g i ven by

U.^6U
(r.) =itrt;l +B+zP (B-B)

T

using eqqatìons (B-3) and (n-e¡, the fol lowing relation is

o bta i ned

,ç') = - t rn(rru) + zp[-r - sin2tffl:

= t- f tnn + ?P cos?(il)l

T

So

11 U t - - ,\¡-iJl/ - L-\
I

AU

itj. ) 1n¡ +?(
I

).0r2{fl):
PU

T

U

Thus the fjrst term jn equatìon (B-7) can be evaluated as



BI

,j ,. h,'on 
= {,,tr, ' ,n',-0,tr,' .o,o(p) --fltfrrinn cos2(fl)ron

AU2 ^
= offfl'¡ntnZn - ziln. u znlå

I

* o(
PU ?nu

å
Jg

il +cos2nn+2cosrnldnT

U 't

u?

ô'1./
Ë

I

U" 6APL-_'t
a__

lnntl - sin' *!ldn
¿

T

U

0

AU? PU

=tô(d) (2)l+tu(d)
2 ¿PU

+
ô

z
T l

U

l
-4ôAP t* L L_ \

2ôAP,¿¡'L\
c

J,
U2'l I

U

U
2{ì nn)sln21fl¡ant

U

= o(
U

ô

u tl.5P

T

ÌJence the momentum thi ckness 'is gì ven by

il

2

A2
2

L
0

*
IuB

u,.2,- -^z ^ -.4P,.
tJ.-)'tl.5P-+3.lB¡.:_+2

I
l (B-r r )

(B- r 2 )

B

The shape parameter Hu is gìven by

2+ (3.18)(AP/L) + 2(A ?-)t
I T L

H Aui( +P)B
L

Inner Wake

t-he dispìacement th'ickness and monrentum Lh'ickness in this region are

given by the following equat'ions.
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*
6^

¿

= d t, -H-to,
Jr0
(or-G,1,)

6z

(B-r 3 )

(B-r4)

(B-r 5 )

(B-r6)

ô
It,-l

il

" .lCIY

'o

Hence ô can be eval uated as
Ihl

The velocity U is given by,

fr= 
r (H,) Expr-n1l-'2,2,

*

otl,J tfurtr -
62 - GlLt

J
(

.t=
"IInl

*

IW

;' (þj¡ rxpr-orl-j,' )',0,
J (uz-riP, I 'r

0

L
r"

J-,, ,la, rxp(-kn2)crn

ut
-ú:

(.,

) LrB+

where B
4

is the integraì g'ìven 'in sect'ion (iì ), Appendjx - A

The momentum th'icl<ness 0 ,,,, can be eval uated as ,

ô2

-fr
t)

(ó

,U '\uo/
- GrL

0

- \r

ô

{r - frt,rv
l)?

2U
{

J
o-ul l, 1

J * (Jo

)txpt-k(T-l*1U

L

) tay
(ôz - Gl

0
L

i:' ^,!nd,)2r*p' 
ol2

(6^-G-1") u
'¿ I t'

2

) lav



B3

U U U _il 2

U

l)0 0
0 L- B^

IJ
Lr Bq

)Ll83l) t 1., ar.

II^l U
0 0

UU

(r - (r
U U

0 0

where Bg js the ìntegral given jn section (ii ) of Append'ix A. The

shape parameter HlUl ìs given bY

B.
J

D

"4

(B-r 7 )

)(

H
hJ U

Irl - (l
U n

In the merged case o i s repl aced by 63

above equatì ons.

and U uo
1

by U, 'in the
J

0uter I,Jake

The d j spl acement thr'ckness and momentum thi ckness I'n thr's regì on are

gì ven by

¡=
"olnJ

(o
A

-f.uZ

, + GoLo)
*

rr -tr)ov (B-rB)

(B- r e )o 
ou¡

_{-[
C)

(o , + GOLO)

tfurrr -ftrov
2

The veloc'ity U js given bY

U ='t -lU,\
e

can be evaluated as
0l^l

u--u. y-ô" 2

-t--' ) Expt -k(llÉ) l
e'o

>k

(o

ìi
uz

, + GoLo)

,ue - Ul
til -e

ô

Hence 6

Ot^l

y-8"2
) Expi-k(-, !) lctvto

(B-20)
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momentum th'ickness 0er¡ cân be eval uated as
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APPEIIDIX - C

Fl.ow Chart

SlAJì1

Bvalu-ate Ht, cl, t 6/r, " (6 z* l,;,t w

Set U*, c,i, ¡r, n, I
At, Bf, Gn, G' to
predotoralnod valuoe

Evaluate l¿j , I{t ,Bvaluste \, ft
ser x,6z,ul, Lo,Lt,

u., P, 6, Lz, Ue, Uo,

ui,6i, ur,6iu, u¡*,

"ro, 
6ån, oou, How,

to lnltlal valuos
to calcufate the x
derivatlveg of the

variabèos,

t% 
. g!. dro. drr 

-úJ( -d¡.dx 'ð.x )

T2F

dI.L

&-

e subroutlne

d¿ and d6
olx dx

to calculate the x
derlvatlvee of the

varlablea,

d6z dut dI,o dtl du"
ä;- , &- , ¡ü-, æ- , ffi-J
dP d6^ and dU^
Ãru # #

the a na

Prtnt x,6, P

"u,si", 
t ro,

Ð o,t' Horc' ( u"

Lo, U], UB, O

;2' ur' (u3-r,

Hr w'b ow,

-ul), Ll'

o, ui, u3

t), C¡ø

06
&

B' B'

Celculeto 6e, Ul, IO, 1f,6,

u,É, P, W 3, L L and C¡æ

Calculate 62, Uf, L0' Ll,

u4, PrEtL2anà Cç-

x _'+ x* Ax x + x+ ôx- > Õ(Attecired Flowc

¡3 FIap Longth

use eubprogra,nr to
oveLBsÀt€ Us vo.luato U* , U ard U,

Buìlprogra-Bs to

fvr¡ePa.Ieo

Evafuate 6å, uu. %,
6i*, u*w" uro, 6ån,

6OW, *d HOw

Prtnt x,6, P,6i, t* Hn, eïu, tr*,

&n,6å*, oow, u'w, (u'-ut), r.1. r,o,

u1' tt"' uO' ul, u3' fu' [U'6¿,
(U3-Ul) encl 0*

sî0P
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APPENDIX . D

CALCULATIONS TOR THE SLOTTED FLAP MEASURËMENTS REPORTED BY I RWIN
FLAP DEFLEcTI0N = 30 DEG ; sL0T HEIcHT = 0,020c ANcLË 0F ATTAcK = I DG
VARIABLE DJRECTORY
NU - DIMENSlONAL K]NEMAT]C VISCOSITY
DLOG, DSIN, DCOS - BUI LT- IN FUNCTIONS
LMT 1 , LMT2 - LOWER AND UPPER LIM]T OF iNTEGRALS
DCPDX, CP - FUNCTION SUBPROGRAMS USED TO ËVALUATE PRESSURE INTEGRALS
AND POTENTIAL FLO\.J VTLOCITIES.
811,822 " FUNCTION SUBPROGRAMS USED TO EVALUATE NU[4ERiCAL INTEGRALS
C7,CB,C15 AND C16
I-T 1 , LT2 - VARIABLËS CORRESPONDING TO LMT 1 , LMT2 USED IN THE SUBPROGRA
-MS

OF ÏHE INTERVAL USED IN THÊ ËVALUATION OF THE NUMERICAL
SIMPSON'S METHOD
STANCE USED IN THE ËVALUAT]ON OF EACH INTERVALD,F,G - ABSCISSI\E USED iN THE EVALUATION OF EACH INTERVALN - NUMBER OF INTERVALS

MTRX,COL,ROl{, IA,MTRX]N, IDGT,WKAREA, IER,SQ,RO, IAl,SQIN - PARAMETERS O-F THE BUILT-IN SUBROUTINE LEQT2F USED IN SOLVING TIIE SYSTEM OF EQUATI
- ONS

DY1 - LEN
I NTEGRAL S

DY - STEP

GTH
BY

DI

OUBLE PRECISION X, Y, GO, G1, LO, L 1, 12, US2, U 1, UË, UO, U3, U], P, S, 52, 53, C

IF r UT, THETB, S1B, HB, THETIlil, S 1tU/, tlIh/, THETollJ, S10i4, HOil/, F

OUBLE PRËCISION A, B, C, E, K, L, D1, D2, D3, D4, D5, D6, D7, D8, E 1, E2, 83, E4, P

,U]F
OUBLE PRECISION A1, A2, A3, A4, A5, A6, A7, A8, 81, 82, 83, 84,C1,C2, C3, C4, C
, c6, c7, c8, c9, c1 0, c 1 1,c12, c 1 3, C14, C 1 5, C16, C1 7, C1B, C 1 9, H1, H2, H3, H4,
trJ

3,R1
R30,
, T6

N2, N3
15,R1
, t(Jt ,

I,M10,M
M26,M27
, R3, R4,
R21 ,R22
7,R38,R

D*t
D*I
D*!

*fl
D

*$
*M
.*0
*R

OIJBLE PRECIS
,M16,M17,1''118

IO
,M
35

3, M4, M5, M6, M7, M8, M

1 ,M22, M23, M24, M25,
, N4, N5, N6, N7, R 1 , R2
6,R17,R18,R19,R20,
R33, R34, R35, R36, R3

N M1,M2,M
19,M20,M2

t
M2

1,
M2

R5,
, R2
aô

N1,
4,R
R31

6,R
,R2
40,

tvt

I
R

R

Mr3,M14,M1
I,M30,M31,
7, R8, R9, R 1

4, R25, R26,
R41,R42,T1

R1
a
Ttr

32
,R
27
I2

7

I

1

BO

M33, M34, M

1,R12,
R28, R2
ï3, T4,

t) OU
DOU
DOU
DOU
DOU

*DX,
REA
INT

BLE PRECISION LT1,LT2,LMT1,LMT2,B1 1,B22,DCPDX,CP
BLE PRECISION DLOG, DS]N, DCOS
BLE PRECiSION NU, NUND, RTU/
BLE PRECISION TOUll/, TOUS, TOU2, TOUS2, TOUGL 1 , TOULO, TOUGLO, TOUS3
BLE PRECISION D52DX, DU 1DX, DLODX, DL 1DX, DUTDX, DPDX, DSDX, DS3DX, DU3
DX

! ryTRX(7,7),MTRXIN(7, 1 ),II/KAREA(200),SQ(B,B),SQtN(8, 1 )

EGER COL,RO\d, TA, IDGT, IER,RO, ]A1
COL =
ROi{ =X=0
C=0
UIF =F=0
IDGT

R0=
IA1 ;
E=2
DX=
NU=
NUND
RTW =

^-trB=4
L-Z
K=0
D1 ;
D2=
D3=
D4=

1

7

114
s15
ot.u
0

4

B
7 1 828S
.001
, 0000 1 55
(NU/(C*UlF))

40.0
616
I
3026
6931472

=
7
o

ó
0

trr

66
44
OB



B9

D5=
D6=

DB=
CFIF
G0=
lJl :

PI =
L0 =
L1 =
52=
S1B =
THETB
HB=

5
141593
008827 2
007 5283
025
.0005444
0.0003478

5652 1 74
0567644
873793
044777 4
4220698
4897411
4951318

-06
-00

2

61
gB
00644

6
1

0

0
:0

2.
¿.

0.
0.
0.

0

UT 0

THETiI{ = 0.0018478
HIW = 1,2608696
THET0\tl = 0.0020652
HOW = 1,2391304
S1 IW = 0.0023298
S10W = 0.0025591
S = 0.00265
E 1 = ( (D 1+X*X*X )+ (p!,r.t*t )+ (þlxt )+þ{ )

Ë3 = ( (D5*X*X*X)+ (þg*t+t )+(D7xX)+DB)
E2 = ( (3.0*D1+XxX)+(!.flxp!+t)+þl)
E4 = ( (3,0*D5"X*X)+(2,Q*!g*t)+pl)
L2 = 52-(G1*11)-S

P = 3.1
U1 = l.
UE = 1.
U0 = 1,
UI=L
U3 = UI

LMT 1 = 0,0
LMT2 = G0
A1 = ((txx((-!

*2*Ll,ÃT2) )xLMT2/
A2: ((E**((-K

x.*LlÌ,î2/(2.0"K))

0)*K*LMT1+LMT1 ) )oLUl1/(4,0*t() ) - ( (E"*( (-2.0)"K+LMT
4.OxK)) + (0.7527/ (4.0*K))
*LMTI*LMT1 ) )*LMT1/(2.0*K) ) - ( (8"*( ( -K)*LMT2"LMT2) )+ (1.0633/(2.0*K))

A3 = 0.7527
A4 = 1 .0633
LMT2 = 1 ,0
A5 = ( (E**( (-2.0)*K*LMT1*LMT1 ) )*

*2*LMT2) )"LMT2/(4.QxK) ) + (0.6805
A6 = ( (E**( (-K)*LMT1*LMT1 ) )*LMTI,"xLl,ttï2/ (2. 0*K) ) + (0. 810 1 / (2.o*KJ
A7 = 0.6805
AB = 0.8101
LMTl = -G1
LMT2 : 0. 0

( (Ën"( (-2,0)*K*LMTI*
2Jl*ll,tI2/(4.OxK))+
( (E** ( ( -K )*LMT'14LMT 1

/(2.0"K)) + (1.0610/
0,7526

1/(4.OxK) ) - ( (E*o( (-2.0)*KxLMT
,0*K ) )

.0*K) ) - ( (E"n( (-K)"LMT2*LMT2) )

MT1 ) )*LMTI/(4,0*K) ) - ( (E"o( (-2.0)*K*LMT
0.7526/ (4,0*K ) )

)*LMT1 / (2.A"t<,)l - ( (Eo"( (-K)*LMT2*LMT2) )
2.0*K ) )

LMT
/ (4
/ It
)

B1 ;
*2*LMT
82=

f*LMT2
83 =

L

84 = 1.0610
TOUS = TOUGL1 = TOUGLO = T0US2 = T0US3 = 0,0
PR I NT 2OO
PRINT 210
lE l NI ??g, x, s, p, s 1 B, THETB, HB, S 1 I þ.l, THËT M, HI lÉ,l, S 1 Oul, THETOI,J, t_l0l¡j, UE _U 

1

PRINT 240
Pg¡NT 250, L 1, 10, U 1, UE, U0, UI, U3, 12, 52, UT, U3-U1, CFIF
PR I NT 230
WHILE ( X .LE. 0.4 .AND. CFIF .GT, O.O ) DO



90

LMT 1

LMT2
H1 =
LMT2
H2=
LM'I1
LMT2
H? :
LMT 1

I-MT 2
H4=
LMT 1ur^ -f tJ -

LMT 1

LMT2
C1 :
Ll =
^ô -vz-

x )+x! )x[tyl

=s2
= (52+(G0*10) )

(0 5" (DCPDX ( X, LMT 1, LMT2, D 1, D2, D3, D5, D6, D7 ) ) )

s2+10 )

5" ( DCPDX ( X, LfoîT 1, LMT2, D 1, 02, D3, D5, D6, D7 ) ) )

(DSI
) + (2.0*(LMT2-LMTl
N(PI*LMT2/(2.0'"S)))
S)))""4)*S*LMTl/(2,

S*LMT2l ( 2.0*
) - ( S*LMT2/
(S*LMT1/(16

( DSIN ( 2. OXPI
4.0*PI*PI))

N

S]N
/(3
MT1

(0
: (52-(G1"11))
- c1
( 0. 5" ( DCPDX ( X, LMT 1, LMT2, D 1, D2, D3, D5, D6, D7 ) ) )

= (2.0"NUND/UT)

( 0. 5" ( DCPDX ( X, tMT 1, LMT2, D1, 02, D3, D5, D6, D7 ) ) )

= S/2.0
( O. 5o ( DCPDX ( X, LMT 1, LMT2, D1, D2, D3, D5, D6, D7 ) ) )

= ( 2,0*NUND/UT )

-a
DLOG(LMT2"UT/NUND) )"LMT2) - ( (DLOG(LMT1*UTlNUND) )xLMTI )- (LMT2-LMT1)
(DLOG(LMT2*UT/NUND) )**2)*LMT2) - ( ( (DLOG(LMTl*UT/NUND)
) - (2.0*LMT2"(DL0G(LMT2xUT/NUND) ) ) + (2,0*LMT1+(DL0G(

((
c1
((
T1

* LMT 1 *UT /NUND ) )

PI )
(8,
,Q*
*LM
-(

))**{)*
0"PI )I))+
)+(
S+S/ (

.0*
P])
)/c,

+

C3 = ((
"(PI*LMT1/(**LMT1/(8.0
*(2.0+PI*LM
x!, Q*pj*pl )
x/Ç,ìì*Ç*e/l

C4 = ((
*/S ) )+S/ ( 16

õÂ - îAt,.+ - \,4

c15
c16
LMT 1

LMT2
\,r/
c17

2

T

)

4
L

)-
))*s
( (DS

S*LMT2/ ( 16.0*P
S/132.0xPl*PI )

N(PI*LMT2/S) )*

)

0
P

T
(

- (((DSI
+Pl))+ (

r)) - ((D
1/S) )+S*S
DSIN(PI*L

((DS]N
+ f Ç

((DS]N
*s*s/ ( 3
P I *LMT 1

N(2.
))
(PI*

.0xP
MT2 -
O*P I
-((

"/(2,0*PIC5"
,{,MT2*S/ (2
*LMT1/5) )

Lb=
*N(PI*LMT

Ul =

DCOS(PI*LMTl/
"PI)) + ((DSl
*S/ 12.0,*PIxPI
LMT2- LMT 1 ) /2 .

S ) )uS/ ( 2 . 0"P I

CB=82
LMT 1 =
C9 = ((
C9=C9
C10 = (

'x)+*))oLNtl

( UT , NUND, LMT
( UT, NUND, LMT

Ã*q

, LMT2, S )

,LMT2,S)

1*P
LMT
))
DS]

))
J/

(

(PN

4.0) + ((LMT2-LMT
(DSIN(2,OxPJ*LMT1
I*LMT2/S) )*S/(2.0

+ ( (DSIN(2.0,*PI*LMT2
16.0*Pi))
( (DSIN( PI*I-MT1 /S) )*S

1 )/B,0 )

/s))+s/(
*PI )) +

8.0)
) *S/
r))

))
((
.0
*S
((
1/
B1

*/g ) )x.g*g/ ({
C12 = ((*2/S\l"S/(16
C12 = Cl**s/(2.0+Pi)
C13 = ((

= B1

=82
=(;Q

= ((
= c1

S
N

)

0
)

1

1

)*LMT1*S/ (2,0*PI) ) - ( (DCOS(PI*LMT2/S) )*L
PjxLMT2/S) )*s*s/(2.0*PI*PI) ) - ( (DSIN(PI*

- ((DStN(P1*LMT2/S) )*S/(2.0*PI)) + ((DSI

2
0
D LOG(LMT2*UT/NUND) )*LMT2) - ( (DLOG(LMT1*UT/NUND) )'KLMT1 )- ( LMT2. LMT 1 )

( (DtOG(LMT2*UTlNUND) )**2)*LMT2) - ( ( (DLOG(LMT1*UT/NUND)
) - (2.0*LMT2*(DL0G(LMT2*UT/NUND) ) ) + (2,0*LMT1*(DL0c(

*LMT 1*UT/NUND) ) )

C11 = (((*(Pl*LMT1/(2,
**LMT1/(B.0xP
* (2 . 0*P I +L.MT2
*2,0*PixPI ) )

+LMT2*S/(2.0*P
**LMT1/S))"S*S

C14 = ((LM
*IN ( PIxLMT 1 /S )

(PI*LM
) + ((
2.0*PI
.LMT1)
e//.) n

DS]
0*S
r))
/s )
+(
0*P

OS
r)
/(
t¿
)*
UÏ
UT

S*LMT2/ (2.0'¡Pi ) )- ( S*LMT2/ ( B. 0oP I )
(S*LMT1/(16,0*PI))

+ (2.0*.(LlvlT2"LMTl ) )

N ( PI +LtúT2/ ( 2. 0*S ) ) )x*{) *
) ) )**4)*S*LMTt/ (2,0*PI ) )- (S"LMT2/(16.0"P1)) +

)*s*s/(32.0*Pi*PI) ) + ( (

( DSIN( Pi*LMT2lS ) ) "S*S/ ( 4
I*PI ))

DSIN(2.0*P]*LMT1/S)
.O*PI*PI)) - ((DSIN

Lfrî'l.2-LMT1 )/4.0) + ( (LMT2-LMT1 )/
.0*PI ) ) - ( (DSIN(2.0*.pt*LMTl/S)
2 - ( (DSIN(PI*LMT2/S) )"S/(2,0*P

+ ((DSI
( 16. 0*P i+ ((DSIN

O*P1*LMT

LMTl/S))
)

DC T1/
TIC I

xPI

*PI
LMT
LMT
T)

5
N

)

0
)

1

I

)"Lwttr*s/(2,0*PI ))
PI*[MT2lS) )"S"S/(2

DCOS(PI*LMl'2/S))*
'EPI)) - ((DSIN(PI

-((
0*P I

( (DSIN(PIxLMT2/S) )*S/(2.0*PI) ) + ( (DS

1(

a

, NUND,
, NUND,
NUND/U

,LMT2,S)
,LMT2,S)

0,,*

.5*S
D LOG,,- LMT2"UTlNUND ) )*tIIIT2 )

LMT2-LMT1 )

( (DLOG(LMTl*UT/NUND) )*LMT1 )



C1B
*LMT2*S/
**LMT 1 /S

))*
(Pl

:
la
))

(2.0*UIxP*C6)
(!, QxS*$xuT* ( S-LMT1 ) )

/L\ - (UI*A*(S-LMT1 )/L)

GO

)

)

-U1 )*10*43)
+11*84)
-U1)) - (2,Q+K*A2*UE*(UE-U1) )

*(UE-U1 )*10"43) - (UE*10"44) - (2

((
.0
*5
((
1/
((

U
(

T

9l

DCOS(Pi*LMT1/S) )'tLMTll-S/(2.0*PI ) ) - ( (DCOS(PI*LMT2/S
*pi)) + ((DSIN(Pt*LMT2/S))"S*S/(2,0*Pl*pt)) - ((DSiN
,,5/\2.0*PI*PI ) )

LMT2-LMT1l /2.0) - ( (DSIN(PI*LMT2/s) )*s/(?-.O*PI ) ) + ( (DS

S))"S/(2.0*PI))
(DL0c(S*UTl(2.0*NUND) ) ) )"A"UTlL) + (B'tUT) + (PxUT)
T*UT
0.01547)*S*UT*
0U2o ( ( 2,0*A*UT

C19 =*IN(P]"LMT
US2 =
TOUW
T OU2
TOU2
TOULO
M2 1 =
llt¿_ I

M2 1 =
M21 =
M21 "
M2 1 :
M21 =
lú22 =
ll22 =
M23 "M23 =
M23 =
lû24 =
M24 =
M24 =
ll24 =
M24 =
tÃ24 ,
M24 =
M25 =
M25 =
M25 =
M26 =
M26 =
M26 =

M26 =
IF

; (l.Q*(*(UE-U1
(!.f*[*[*lJT+Cfl

(A/r-) + P)
(LoS))+(PI8P"UT
(UE-U1)*([**(-(

(

L

)

/s ) )

) )/R
*UT*
c2/ (

TxP*

.0*A*B
+A*UT*
.0xB*U

T\d)
C1lL)
L*L ) )

"L ) )+( l4
r,A
(B

t-

1)

B*

)

c3
c8
(4
*, 1

(

(B
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/t
PI

+ (P*53)
) - (B*LMTl)
*LMT1/53) ) )



95

D¿)2 -
R34 :
R34 =
R34 :
R35 =
R36 =
R37 =
R38 =
R39 =

( UT*S3 )

( ( (DL0c(
R34 + ((
R34 - ((
((G1*Ll)
( ( u3/uT )

(2,O*UT)
(A*UT/(L
-1.0

= R5

= R6
= R7

= RB

=R9
= R10
= R11

= R12
= R13
= R14
= R15
= R16
= Kt/
= R18
= 0,0
= R19

- {L[|T1*UT) + ((UT*S3/Pi)"
S3xUT/NUND ) ) *A*UT/L ) + ( B*UT
P*UTlPI )* ( DSIN( PI xLMT 1 /53 )

DCOS( P]*LMT 1 /53 ) ) +P+UT*LMT
-(84"t1))
+(A/L))

DSIN(PI*LMT1/53) ) )

+ (2. 0* (uE-u1 )xL0*A3 ) - (

*L2+E4)* ( 1 . 0/ (2. Q"UE ) )

+(2. 0* (UE-U1 )*10"47 ) - (

LOl2,0 )x( 1.0-48) ) )"( (S

+(P*UT))
)

/s3 )

*S3 ) )

R40 = 1.0
R41 = -G1
R42 = -1.0
T1 = TOUGLO - T0US2 -

*UExL0*44 ) - (2. 0* (UE-U1 )*10*44
T2=TOULO-T0US2-H

xl . Q*lJ[*[Q*AB ) - (2 , 0* (UE -U 1 )*L
*!+(QQxlS) ) *E2+E4 )+( 1 . 0/ (2, 0*

= ï0US2 - T0UGL1 -
= T0US3 - TOUW - H4

OUS3-TOU2-H5

H1
))
2
0'k
UE
H3

0
)
n

+
(

(

(S
((
)-

( UE*GO*L
2+ ( G0*10
2.0*UE*L
((UE+U1)

+

A8

-l

=[
1,1
1,2
1Q
1Ã
1,5
1,6
1,7
l'0
2,1oo
)?
¿ 

't'l2,5
2,6n1
oo
3,1
'),¿

3,4âtr
3,6

3,8
A1
¿q
4,6
4,7r'1
5,5
5,6
5,7
Þ,I
6,2
6,4
6,5
6,6
6,7
6,8
7,1
7,5
/,þ
7,7

T3
I4
T5
It)
SQ
SQ
SQ
SQ
SQ
SQ
SQ
cn

SQ
SQ
SQ
SQ
SQ
cn
SQ
SQ
SQ
SQ
er\

SQ
SQ
SQ
SQ
SQ
SQ
SQ
SQ
SQ
SQ
SQ
SQ
SQ
SQ
SQ
Cal

S8
S8
SQ
SQ
SQ
SQ
SQ
c^

= R1

=R2
= KJ
=R4

= R20
= R21
= R22
= R23
= sQ(4,2)
= R24
= R25
= R26
= SQ(5,2)
= R27
= R28
= R29
= sQ(6,3)
= R30
= R31

= R32
= K.JJ

= R34
= R35
= sQ(7,2)
= R36
= R37
= R38

s0(4,3) = sQ(4,4) = SQ(4,8) = 0.0

sQ(5,3) sQ(5,4) sQ(5,8)

0.0

= 0.0

= 0.0sQ(7,3) sQ(7,4)
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7

I
B

I
B
N

N

N

N

N

N

N

L

SQ
SQ
S8
SQ
SQ
SQ
SQ
SQ
SQ
ca\

SQ
SQ

I
2
1

4
7

I

2
a

4
5
6
7
L

R39
s0(
R40
R41
R42
-1-l

8,3) s0(B,s) SQ(8,6) sQ(8,8) = 0.0

- T'

= T3
- tq
- Ttr
-LJ

= T6
= SQIN(8,1

CAL cOL,R
D52DX
DUlDX
D tODX
DLlDX
DUTDX
DPDX
DS3DX
DU3DX

EQT2T ( SQ,
= SQIN(1,
= SQIN(2,
= SQIN(3,
= SQIN(4,
= SQIN(5,

) = 0.0
O, IA1, SQIN, IDGT, uIKAREA, IER )

= SQIN(6,1
= sQIN(7,
= SQIN(8,

52=
ul =
L0=
L1 =
UT =
r-

ilc -
CFIF
L2=
U0=

52 + (DS2DXxDX)
U1 + (DU1DX*DX)
LO + (DLODXxDX)
L1 + (DLIDXxDX}
UT + (DUTDX*DX)

P + (DPDXxDX)
53=53+(DS3DX*DX)
U3 + (DU3DX*DX)

= (1, Q*ulxLJl )

(s2-(G1'"11)-53)
UI = U3

X+DX
( 52+ ( G0"10 ) )

CP ( X, Y, D 1 , D2, D3,04 , D5, D6, D7, D8 )

F

D

D

J
J

ND
t-

2-

a-
Q=
lQ -

UE

HETB
HTTB
HETB

E

E

E

E

E
ç,

T

T

T

1*X*X*X ) +( þl*l*1, ) + ( þl*[ ) +þ{ )

5*X*X*X ) + ( D6*X*X )+ ( p/*t ) +!g )

. 0*D 1*X*X ) + ( l. Q+!lxX ) +D3 )

. 0"D5*X*X)+ (!, Q+p$*X ) +D7 )

S"(UTlUI)o((A/t")+P)
= ( (2.0*(A/L)"(A/L) )+(3.18*A*P/L)+( 1.5"P*P) )nSo(UT/UI )

= (THETB)*(UT/UI)
= S1B - THETB

HB = S1B/THETB
1.0- (U1lUO) )*(Ll )*( 1,0610
.0/ I 1 .0- ( ( 0 ,7526/ 1 ,06 1 0 ) *
Sl IW/HIUJ

Slli{ = (

HI\{ = (1
THETIW =
S10W ' (

H0\{ = (1
THETOI¡J =

1.0-(u1luo)))))
1 . 0- (u1lut ) )*10,"1 . 0633
,0/ (1 .0- ( ( 0 .7527 / 1 ,0633 ) n ( I , o- ( U1 /UE ) ) ) ) )

S 1 Ol// HOl,/
PRINT 210
PR I NT 220,X, S, P, S 1 B, THETB, HB, S 1 IW, THET Il'J, HIW, S 1OhI, THETOW, IlOb/, UE

PR I NT 240
PRINT 25O,L1,LO,U1,UE,UO,UI,U3,I..2,52,UT,U3-U1,CFIF
PRINT 260

WHILE

'k-u1

END
STOP
f: ORMAT

*****'k**'{¡******'*'F*****r{rs**d(****!t<rÈ¡**************\ttF****+*******t<***4+
¡F***rt**,¡****x*' / t / /****r*********x***)È*********)F******{<*******y¡*

*+************x**)**)f**#* :.4***)ù¡is*rk,t:***************************'k****
*****Àk************,F***zt ,f ,t , ,5BX,,STA,RTING VALUES, )

200



o7

230

210

F0RMAT (' 0',' ****x*****+******+***+**************t<********'r***#+**
*********¡Í**************+*********x*,k*****x******************i.*#***
*****+*++*****/ / "'**********************+,**************x******
* * * * * * * * * * * tl¡ * * * * * * * * * * * * * * *'t + * * * * * * *'* * * * * * * *'F t( * + * * * * x * * *,fi * * * * + * * * * *
** * * *** *** * x *x* * * *x* ** *, )

X,' SOFBL' ,, POFBL,,2X,. S*OFBL,,3X,, THTOFB
OF i\{' ,4X,' H OF l\ll' ,4X,' S* OF

' (uE-u1)' )

,9X,' UE"9X,' UO,' 9X,' UI" 9X,' U3
3-U1 )' ,4X,'CFIT' )

, 1 X , F 8 . 5 , 1 X , F 8 , 5 , 1 X , F 6 , 3 , 3 X , F 9
7,4X,F6.3,4X,F7.5)
,3x, F9.7, 3X, F9.6,3X, FB.5,3X, F8.

1+DY 1 ) / (2. 0"S) ) )*(DCOS( PIx ( LT 1+DY 1 ) / (

UND) )

SIN(PI+( (LT1+LT1+DY 1l /2.0)/(2.0"S) ) )*
( 2,0"s ) ) ) * ( DLOC ( ( ( LT 1 +LT 1 +Dy 1 ) /2.0 ) *U

240

220

250

260

FORMAT (' O' ,' FLAP
*L' ,2X,' HOFBt-' ,3X,
*0\,/' ,4X,' THT 0F 0\d

FORMAT (' O' ,3X,' L*' ,10X,'L2' ,10X,'S
FORMAT ('0"1X,T5

x.7, 3X ,t 10.7,3X, F6
FORMAT (' O' , F8.6,

"6)

DJ S,S*

1', ,
t)t

/Q

OF
x,'
9X,
11X
1Y
trY

X,F

IW' ,

HOF,LO"
,, UT,
F7.5,
F9,7 ,

8.6),

¡)

,J,
otJ

2Y

THT
3X,
uf',(U

10.
9.6

RY /

OW' ,oY /

, bÀ,
1X,F
3X, F

3X, F

L
C

F0RMAT (' /,/*l+****+*'k******.x***************+***,k****************
*+**********x**x***)4<********,+*x***xxx*******x*ì<********************
***+**********' 

)

END
4: * * * * * * * * * * >F * * * * * + * * * * * * * * * * * * # * * * * * * * * * >* *'ß * )F * * * * * * * * rI * * *,1 * *'F * * + * *
********+*****'**************************'k*****'1.**+****¡ß***********
DOUBLE PRECISION FUNCTION B1 1 (UT,NUND,LMT1, LMT2,S)
DOUBLE PREClSION UT, NUND, LT 1, LT2, DY, PI, DLOG, DSIN, S, D, F, G, LMT 1, LMT2

+,DY1
I NIEGE R N

LTl = LMTl
LT2 = LMT2
PI = 3.141593
DY1 = ((LT2-LT1)/400.0)
DY = (DY1/2.0)
811 = 0.0
D0 10 N = 1,400

þ = (DSIN( PI*LT 1 / (2.0*S) ) ) *(DSIN( PI"LT 1/ (2. 0*S) ) )o ( DL0C( LT lxUT/
*NUND ) )

[ : (DSIN(PI*(LT1+DY1 )/(2.0"S) ) )*(DSIN(PI*(LT1+Dy1l/12.0*S) ) )*(
SDLOG( (LT1+DY1 )xUT/NUND) )

Q : ( D S I N ( P I * ( ( L T 1 + t- T 1 + D Y 1 J / 2 . 0 ) / ( 2 . 0 " S ) ) ) * ( 0 S I N ( P I * ( { L T 1 + L T 1 + D
*Y 1) /2.01 / 12.0*S ) ) ) * (DLOG ( ( ( LT 1+LT 1+DY 1l /2.0 ) *UT/NUND ) )

811 = 811 + ((DY/3.0)"(D+(4.0*G)+F))
LT1 = LT1 + DY1

CONTINUE
RETURN
END
*x**x**************************4(**:k*)*********rß*+**>t*****<**********
*<**>k**)k*********<'k*'X*)*****'k***********+**,k*'Flt*++)t-******************
DOUBLE PRECISION FUNCTION 822(UT,NUND,LM'I1,LMT2,S)
DOUBLE PRECISION UT, NUND, LT 1, LT2, P J, DY, DLOG, DSIN, DCOS, S, D, F, G, LMT 1

*,LMT2,DY1
INTEGER N

L.T1 = LMTl
LT2 = LMT2
PI = 3.141593
DY1 = ((LT2-LT1)/400,0)

/2.0t
1

T1)
400
* ( DSiN ( PI *LT 1 / ( 2. 0*S ) ) ) * ( DC0S ( P I*LT 1 / ( 2. 0*S ) ) ) * ( DL0G ( L

xTl*UT/NUND))
[ = (LT1+DY1 )*(DSIN(P

*2, 0*S) ) ) n (Ot_00( ( t_T1+DY 1 )

Ç = ((LT1+LTl+DY1l/2.
*(DCOS( PI" ( ( LT 1+LT l+oY1 ) /
*T/NUND ) )

822 = 822 + ((Dy/3,0)*(D+(4.0*G)+F))
LT1 = LT1 + DY1

10

L
L

DY = (DY1
822 = 0.0
D0 10 N =! ; (L

i + ( LT
*UTlN
0)*(D
2.0t /



9B

10 CONT I NUË
RETURN
END
************************++*****++,k******r¡**tx*****+*+****{<+*\t+***+
*****+**********{<*******t<+*************x***'F*******'+*+***+********
DOUBLE PRECIS]ON FUNCT]ON DCPDX(X, LMT1, LMT2,D1,D2,D3,D5,D6,D7 )

DÛUBLE PREC]SION X,LT1,LT2,D1,D2,D3,D5,D6,D7,LMT1,LMT2
LT1 : LMï1
LT2 = LMT2
DCPDX = ( ( 3, 0*Dt *X*X ) + ( !. Q*[l*X ) + ( D3 ) ) * ( ( Lr2+lI2/ 2. 0) - ( LT 1 *LI 1 /2.0

*))
DCPDX = DCPDX + ( (3.0*D5*X*X)+(!,Q*þ$*X)+(D7) )'k(LT2-LT1 )

RETURN
END
* x * * rk )k * * + * + + * * * * * * * * * * * * * * * * * n( * * * * * * *( * * * * *'k'* * * * * *: * * * * * *'* * * * * * * + * + *
****)õ'*:*******J<**>k,F******d<**rF*kx'l*******+*'**)Ft(**'4****x************

C

C

c
L

DOUBLE PRËCTSION ËUNCTTON
DOUBLE PRECISION X, Y, D1 , D2
CP = ( (D1"X*X*X)+([!+l*l)+
CP = CP + ((p$*txt*t)+(þ$*
CP = ((1.O-CP)**0.5)
RETURN
END
***x**xx****'k****'t(***********+***x******++*rF******x**t¡**ek*****+***
'*****x'*********x***************r*+*+*******+******************!F*,F**

CP (X,Y,D1,D2,D3,D4,D5,D6,D7,08)
,D3,D4,D5,D6,D7,D8
(D3*X)+(D4))*Y
X*X)+(D7*X)+(DB) )

L
L
e ENTRY
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U6

Test Cose | . : Foster , Irwin ond Willioms (4) Slot Gop 0.025C

Test Cose 2 Foster , Irwin ond Willioms (4) Slol Gop 0.O20 C

TesT Cose 3 .' Borio Et Al (6)

Test Cose4., Ljungstrom (5)

Fig. 5. Aerofoil Conf igurctions used for the Test Coses
(interoction over the hotched element has been onalyzed )
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o surfoce Pressure TopÌ 
Given bv Irwin (2)

STot ic Pressure Probe )
__-:__ Cp = f(x)y + q(x)

f (x ) = l234x3 - Bloxz +
l32x - 1.74

g (x) = - 69x3 l- 41.8x2-- 1.96x - 1.47

X =0.2O4

X =O.l14

X =O.376
o.l

X *O.2Bl

o.oB

o.06

.oz

o a.?

4.O

-t.4 -.1.2 - LO *O.B -0'6 - O.4 -O'2
cp

Pressure Field over the FlaP
Test Cose I 'ExperimentCIl Meclsuremenls reported by

Foster , Irwin ond Willioms
Flop Deflections 30" , Slol Gcp O.O25C , e = Bo

Fig 6
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Stat ic Pressure Probe
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X = O.281

I
J

Cp = f (x)y + g(x)

f (x)= -51.7x3*66.1x2-
44. |x + 8.80

9(x)=-6.2x5 -0.77x?*
6.6x - l.9B

X 'O.204

o ro

X =O.l14

Fig. l2 Pressure Field
Test Cose 2 '
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o o.2- t.4 -t.2 -t.o -0.8 -0.6 -0.4 -0.2
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over the Flap
Ëxperimentcl Mecsurements reported by
Foster, Irwin ond Willioms.
3On,SlotGopOOZOC, û = BoFlop Deflection
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