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Abstract

Spectral methods are used to solve partial differential equations numerically. When

the solution is analytic, the rate of convergence of the numerical solution is expo-

nential; that is, the error decays exponentially. In time-dependent PDEs, low-order

finite difference schemes and spectral schemes have traditionally been used for the

time and spatial derivatives, respectively. However, applying spectral schemes in

both space and time has been thought of recently. These methods have spectral

convergence in both spatial and temporal domains. This study consists of two main

parts.

The first part focuses on the analysis of space-time spectral methods for the

stream function formulation of the unsteady Stokes equations. In this part, proofs

of the condition number estimate and convergence analysis of the Stokes operator

are discussed.

The second part of this study focuses on solving PDEs in irregular domains

using space-time spectral collocation methods. One major drawback of classical

spectral methods is their inability to handle irregularly shaped domains, which is

why they have only been used sparingly in many engineering problems. In order

to overcome this, we propose a numerical method to approximate the solution of

PDEs in irregular domains using space-time spectral collocation methods. The main

idea here is to embed the irregular domain in a regular one and extend the data

from the physical domain to the larger regular domain. To achieve this, Huybrechs’

method was implemented for 1D Fourier extension of the non-homogeneous term with
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exponential accuracy. Further, we also successfully implemented a one-dimensional

non-periodic extension by modifying the Huybrechs’ method. For 2D domains, a new

method named ‘Alternating Non-periodic Extension’ was developed. This algorithm

uses non-periodic extensions combined with domain embedding to achieve a practical

solution methodology. Implementations for the 2D Poisson, Heat, Wave, unsteady

Stokes, Allen–Cahn, Schrödinger and Navier–Stokes equations on convex and non-

convex domains demonstrate spectral convergence. Convergence analysis of this

non-periodic extension is also discussed in this part.
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1

Introduction

Time-dependent partial differential equations (PDEs), such as the unsteady Stokes,

Navier–Stokes, and diffusion equations, are used to model many real-world physi-

cal phenomena. In particular, accurate and stable solutions to these equations are

critical in areas like fluid dynamics, heat transfer, and biomedical flow simulations.

Spectral methods are well known for their high accuracy when applied to problems

with analytic solutions. In such cases, the error in the numerical solution decays

exponentially with respect to the number of basis functions. This makes spectral

methods especially attractive in scientific computing applications where high preci-

sion is required.

Traditionally, time-dependent PDEs are solved using a combination of low-order

finite-difference methods for time derivatives and spectral methods for spatial dis-

cretization. However, this mismatch in discretization accuracy often leads to the

temporal error dominating the overall solution error, limiting the benefits of using

spectral methods in space. To overcome this, there has been growing interest in

space-time spectral methods that apply spectral discretization in both space and

time. These methods aim to address the limitations of the traditional approach by

using spectral schemes for both spatial and temporal derivatives. This advance-
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ment allows for more efficient and accurate numerical solutions, particularly for

time-dependent problems, by ensuring that both spatial and temporal errors decay

exponentially, leading to higher overall convergence rates.

Despite these advantages, one major drawback of classical spectral methods is

their inability to handle irregularly shaped domains, which is why they have only

been used sparingly in engineering problems. In practice, many physical and engi-

neering problems involve irregular domains, which may include curved boundaries,

holes, or non-convex shapes. Classical spectral schemes struggle in these settings be-

cause they rely on global basis functions defined on standard shapes like rectangles

or disks. While there have been many attempts to use classical spectral methods for

elliptic PDEs in irregular domains, there are far fewer studies on spectral collocation

methods for time-dependent PDEs in complex geometries. Therefore, the develop-

ment of a method that combines the high accuracy of space-time spectral schemes

with the flexibility to handle irregular domains represents a significant and timely

advancement in the numerical solution of time-dependent PDEs.

The goal of this thesis is to develop, analyze, and validate a high-order accurate

space-time spectral collocation method for solving time-dependent partial differen-

tial equations on irregular domains. By an irregular domain, we mean a domain that

is neither a square nor a disk, so that standard spectral methods cannot be applied

directly. In the first part of the thesis, we establish the numerical stability of the

space-time spectral scheme by analyzing the condition number of the discrete un-

steady Stokes operator. We then prove spectral convergence of the Stokes operator

using Chebyshev collocation in both space and time. These results ensure that the

space-time spectral methods are both stable and accurate on regular domains. A

central contribution of the thesis is the development of a new non-periodic extension

algorithm, which enables the approximation of solutions to time-dependent PDEs in

irregular domains using space-time spectral collocation. Finally, we demonstrate the
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accuracy and robustness of the proposed method through a broad set of numerical

experiments covering a variety of domain shapes and model equations.

The main idea of our proposed method is to embed the irregular domain in a

regular one. Initially, we assume the non-homogeneous term is analytic and periodic

in the extended domain. We use the Fourier spectral method to solve the PDE on

regular geometry and observe spectral error convergence in both linear and nonlin-

ear PDEs. Then we assume that the non-homogeneous term is only known in the

physical domain and perform an extension of the non-homogeneous term to the ex-

tended domain. We implemented Boyd’s technique [15] for this Fourier extension

and observed super-algebraic convergence only.

Next we applied the method introduced by Huybrechs [58, 59] to extend the non-

homogeneous term of the PDE from the physical domain to the regular domain with

exponential accuracy. In the 1D case, the fundamental idea is to achieve a spectrally

accurate Fourier series by extending a non-periodic analytic function f , defined on

the interval [−1, 1], into a periodic function over a larger interval [−T, T ], for some

T > 1. Huybrechs [58] extended his Fourier extension from the domain [−1, 1] to

[−2, 2]. The periodic extension of f from an arbitrary domain [−a, b] to [−T, T ] can

be achieved by applying a scaling to the Huybrechs method. We have implemented

1D Poisson and Heat equations using this Fourier extension and observed spectral

error convergence. To solve these PDEs we can use either Chebyshev or Fourier

spectral collocation methods.

Next we introduced an algorithm, Alternating Fourier Extension, that can be

used for the two-dimensional Fourier extension. In this method, we combine both

techniques; 1D Fourier extension and domain embedding. The basic idea of this

algorithm is to embed the complex geometry in a larger, regular (rectangular) domain

and then apply the Fourier extension in both the x and y directions separately until

the periodicity error in both directions is very small. We implemented the 2D Poisson
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equation defined in the square physical domain (−1, 1)2, embedded it in a larger

domain (−2, 2)2, and then applied Alternating Fourier Extension. Here we observed

spectral error convergence.

However, we observed spikes appearing in corners of the extended domain when

applying the Alternating Fourier Extension for a non-rectangular physical domain.

We were able to overcome this issue by implementing a non-periodic extension, which

we termed the Alternating Non-Periodic Extension. The basic concept of this new

algorithm is similar to the Alternating Fourier Extension. Here, we combined both

techniques; 1D non-periodic extension and domain embedding. The basic idea of

this algorithm is to embed the complex geometry in a larger, regular (rectangu-

lar) domain (−1, 1)2 and then apply only one non-periodic extension in both the x

and y directions. We have implemented the 2D Poisson equation, Heat equation,

steady and unsteady Stokes equations, Allen–Cahn equation, Schrödinger equation

and Navier–Stokes equations defined in convex as well as non-convex irregular do-

mains. Spectral error convergence is observed in each instance. Further, convergence

analysis of the non-periodic extension for the one-dimensional and two-dimensional

Poisson, Heat, Stokes and Wave equations is discussed.

An outline of the thesis is given in the remainder of this introductory chapter.

In Chapter 2, we present the necessary mathematical preliminaries, space-time

spectral methods for solving the stream function formulation of unsteady Stokes

equations and proofs of the condition number estimate and convergence analysis of

the Stokes operator.

In Chapter 3, we introduce methods to approximate the solution of PDEs in

irregular domains using space-time spectral collocation. Alternating Fourier Exten-

sion and Alternating Non-Periodic Extension are introduced for the two-dimensional

periodic and non-periodic extensions, respectively. Further, the convergence analy-

sis of the non-periodic extension, as well as the uniqueness of the solution on the
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extended domain, are discussed.

In Chapter 4, numerical experiments done in MATLAB are shown to demon-

strate the accuracy and efficiency of space-time spectral methods for solving PDEs

in irregular geometry.

This thesis concludes in Chapter 5 with discussions of future directions.

The main contributions of the thesis are as follows:

• Condition number analysis: We derive a condition number estimate of the

space-time spectral scheme of the 2D unsteady Stokes operator, using its stream

function formulation.

• Spectral convergence: We prove spectral convergence for the 2D unsteady

Stokes equation using Chebyshev collocation in both space and time.

• Non-periodic extension algorithm: We propose a new algorithm for non-periodic

extension from irregular domains to regular ones, extending and improving on

existing methods by Boyd and Huybrechs. We also prove spectral convergence

of solutions of time-dependent PDEs using domain embedding methods.

• Numerical validation: Numerical experiments confirm exponential convergence

on both convex and non-convex irregular domains, demonstrating the robust-

ness and accuracy of the method.

5



2

Space-Time Spectral Methods

2.1 Literature Review

Spectral methods are among the most important and dominant methods that are

used to solve ODEs and PDEs relating to various physical phenomena. They apply

global smooth functions to approximate solutions of ODEs and PDEs. The main

advantage is that, for elliptic differential equations which have an analytic solution,

the rate of convergence of the numerical solution is an exponential function of the

number of basis functions that are used. While Legendre or Chebyshev polynomials

could be used as basis functions for non-periodic boundary conditions, it is more

practical to use trigonometric polynomials when boundary conditions are periodic.

In spectral collocation, an interpolating polynomial is used to approximate a given

ODE or PDE at a set of interior collocation points, called Gauss-Lobatto points.

Two of the early studies on space-time spectral methods are [88] and [87]. These

works explain how to apply space-time spectral methods for PDEs with periodic

boundary conditions. Other references include [85, 67, 96, 97] and the references

therein. These works use Gauss-Lobatto quadrature and Gaussian quadrature based

collocations for space and time, respectively.
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Space-time spectral methods employ spectral discretization in both space and

time. See [89, 73, 75] and [74]. When the solution is analytic, exponential decay of

the numerical error can be observed as the number of spectral modes increases. Nu-

merical spectral convergence of space-time spectral methods has been demonstrated

by some researchers. The first rigorous condition number estimate for the heat equa-

tion first appeared in [73], where a simpler time discretization was also proposed.

In [74], they analyzed the method replacing Legendre polynomials by Chebyshev

polynomials. They further analyzed this scheme for various time-dependent PDEs

in [75].

One major drawback of space-time spectral methods is that time stepping cannot

be implemented. Unknowns have to be solved for all times simultaneously. There

have been many works that attempted to overcome the inability of time stepping.

See [30, 39, 57] and references therein for such attempts thereof. See [37] to obtain

an overview of four different time parallel methods. Moreover, references [9, 15],

[43] and [51] are some excellent works that review theory and practice of spectral

methods.

2.2 Basic notation and preliminaries

Let us briefly summarize the matrix notations that frequently appear in space-time

spectral methods. The n × n identity matrix is denoted by In. Consider a square

matrix M of size n× n. Another matrix [M ] of size (n− 1) × (n− 1) is obtained by

removing the last row and column of M . Similarly, [[M ]] of size (n− 2) × (n− 2) is

obtained by removing the first and last rows and columns of M . The transpose and

complex conjugate transpose of M is denoted by MT and M∗ respectively. Also, let a

denote the complex conjugate for any complex number a and, ℜ(a) and ℑ(a) denotes

real and imaginary parts of the complex number a thereof. Two vector/matrix norms,
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namely, the 2-norm and the ∞-norm, are denoted by |·| and |·|∞ respectively. Let

diag(v) denote a diagonal matrix whose diagonal entries comprise of elements from

vector v. Let M denote R or C.

Definition 2.1. The Kronecker (tensor) product of the matrix A ∈ Mp×q with the

matrix B ∈ Mr×s is defined as

A⊗B =


a11B · · · a1qB

... ... ...

ap1B · · · apqB

 ∈ Mpr×qs.

Two theorems that will be instrumental for this study are given below.

Theorem 2.2. Let A ∈ Mm×m and B ∈ Mn×n. Furthermore, let λ ∈ Λ(A) with

corresponding eigenvector x, and µ ∈ Λ(B) with corresponding eigenvector y. Then

λµ is an eigenvalue of A⊗ B with corresponding eigenvector x⊗ y. Any eigenvalue

of A⊗B arises as such a product of eigenvalues of A and B.

It follows directly that if A ∈ Mm×m and B ∈ Mn×n are positive (semi) definite

matrices, then A⊗B is also positive (semi) definite.

Theorem 2.3. Let A ∈ Mm×m and B ∈ Mn×n. Furthermore, let λ ∈ Λ(A) with

corresponding eigenvector x, and µ ∈ Λ(B) with corresponding eigenvector y. Then

λ+ µ is an eigenvalue of (In ⊗A) + (B ⊗ Im) with corresponding eigenvector y ⊗ x.

Any eigenvalue of (In ⊗A) + (B ⊗ Im) arises as such a sum of eigenvalues of A and

B.

Definition 2.4. For any matrix A ∈ Mm×n define

vec(A) = (a11, · · · , am1, a12, · · · , am2, · · · , a1n, · · · , amn)T .

That is, columns of matrix A are ordered one below the other to construct a

vector of length mn. The Kronecker product can be utilized to transform a linear
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matrix equation to an equation which is a combination of matrices and vectors. For

example,

AX + Y B = C ⇔ (I ⊗ A)vec(X) + (BT ⊗ I)vec(Y ) = vec(C).

Further, (X⊗Y )z = vec(Y ZXT ) for matrices X ∈ Mn×n, Y ∈ Mm×m and z ∈ Mmn.

Here vec(Z) = z, is the vector representation of Z.

Let N be some positive integer and PN denote the space of polynomials of degree

at most N . For polynomials in two variables x and t, PN denotes polynomials in

x of degree at most N for a fixed t, and in t of degree at most N for a fixed x.

Let TN denote the Nth degree Chebyshev polynomial and xj be the zeros of the

polynomial (1 − x2)T ′
N(x). We shall take x0 = 1, xN = −1 and x1, . . . , xN−1 as the

descending zeros of the function thereof. The set x0, . . . , xN is defined as Chebyshev

Gauss-Lobatto nodes in space. Similarly, the Chebyshev Gauss-Lobatto nodes along

the t axis are denoted by {tk}. Let

xh =


x1

...

xN−1

 th =


t0
...

tN−1



Note that xh excludes both boundary points x0 and xN , while th excludes only the

initial point tN = −1. For 0 ≤ j ≤ N , let ℓj be the Lagrange polynomial interpolant

in xj and degree N so that ℓj(xk) = δjk. It will be worth remembering that D, the

Chebyshev pseudospectral derivative matrix is defined as,

Djk = dℓk(xj)
dx

, 0 ≤ j, k ≤ N.

Further, let dh denote the first N entries of the last column of D. That is, dh =

D(0 : N − 1, N). For any continuous u in x, the Chebyshev interpolation operator
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is defined as,

LNu =
N∑
j=0

u(xj)ℓj. (2.1)

Let us also briefly remember a property of the Chebyshev quadrature. Consider any

polynomial of degree less than or equal to 2N − 1. We may write,

∫ 1

−1
v(x)w(x)dx =

N∑
k=0

v(xk)ρk, w(x) = 1√
1 − x2

,

where ρk is the set of weights pertaining to Chebyshev Gauss-Lobatto quadrature.

The (N + 1) × (N + 1) diagonal matrix Wh has {ρk} as its diagonal entries. A

continuous function v on Ω := (−1, 1)2 will have the weighted L2-norm of

∥v∥ :=
(∫

Ω
|v(x, t)|2w(x)w(t)dxdt

)1/2
.

The discrete norm corresponding to v is,

∥v∥N :=
 N∑
j,k=0

ρjρk|v(xj, tk)|2
1/2

.

For all such polynomials v of degree at most N , it is observed that discrete and

weighted L2-norms are equivalent:

∥v∥ ≤ ∥v∥N ≤ 2∥v∥. (2.2)

If v is a single variable function, the weighted L2-norm is also denoted by

∥v∥ :=
(∫ 1

−1
|v(x)|2w(x)dx

)1/2
.
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2.3 Space-time collocation method

Let us discuss a space-time spectral collocation to one of the simplest PDEs, the

one-dimensional heat equation. The spatial and temporal domains are taken as

(−1, 1). While (−1, 1) may seem unorthodox for a temporal domain, there is no

loss of generalization and it is evident that a simple transformation would suffice to

accomplish this. Now consider the 1D heat equation

ut = uxx + f(x, t) on (−1, 1)2, (2.3)

with boundary conditions u(±1, t) = 0 and initial condition u(x,−1) = u0(x). We

will calculate a numerical solution u ∈ PN at t = 1. The spectral equations are

(IN+1 ⊗D)uh = (D2 ⊗ IN+1)uh + fh,

where uh and fh are the vectors of u and f , respectively, evaluated at the collocation

points. We obtain two vectors ûh and f̂h by removing the corresponding boundary

and initial points from uh and fh, respectively. The linear equation can now be

written as

Ahûh = f̂h − (u0h ⊗ dh), Ah = (IN−1 ⊗ [D]) − ([[D2]] ⊗ IN). (2.4)

Let Uh and Fh be N× (N−1) matrices and, vec(Uh) = ûh and vec(Fh) = f̂h− (u0h⊗

dh). Then equation (2.4) is equivalent to the Sylvester equation [D]Uh−Uh[[D2]]T =

Fh which can be solved by the algorithm of Bartels and Stewart in O(N3) operations.

Observe that all unknowns over all times must be solved simultaneously.

Next, the spectral condition number estimate and spectral convergence of the heat
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equation will be briefly discussed. The spectral condition number is defined by,

κ(M) = maxλ∈Λ(M)|λ|
minλ∈Λ(M)|λ|

,

where Λ(M) is the spectrum of matrixM . A few important lemmas (see [74]) relating

to the condition number are mentioned below.

Lemma 2.5. Let N ≥ 1. Then the real part of every eigenvalue of [D] is larger than

some positive constant independent of N .

Lemma 2.6. Let N ≥ 1 and λ be an eigenvalue of [D]. Then |λ| ≤ cN2.

The next lemma is well known; see [91].

Lemma 2.7. Let N ≥ 2. Then the eigenvalue of −[[D2]] are real, bounded below

by c and above by CN4, where c and C are positive and independent of N .

The following theorem gives an estimation of spectral condition number of the

discrete spectral differentiation operator Ah. The proof relies on the above Lemmas.

Theorem 2.8. [75] Let N ≥ 2. Let Ah be the Chebyshev spectral collocation matrix

defined by (2.4) and λ be an eigenvalue of Ah. Then

c ≤ |λ| ≤ CN4.

Consequently,

κ(Ah) ≤ CN4.

Further, below theorem shows the spectral convergence of the heat equation.

Theorem 2.9. [75] For any integer N ≥ 2, let u be the solution of the heat equation

(2.3). Assume that u(x, t) is separately analytic in each variable. Define the error
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vector Eh as the difference of u evaluated at the collocation points and ûh. Then

∣∣∣W 1/2Eh
∣∣∣
2

≤ cN3.5e−CN .

Spectral convergence and condition number estimates for other linear PDEs are

shown in [75], [74].

2.4 Stokes Problem

The Stokes equations are a linearized version of the Navier–Stokes equations and

model incompressible viscous fluid flow with low Reynolds number. The typical

approach to solve such time-dependent PDEs is to use a low order scheme such as a

finite difference method for the time derivative and a spectral scheme for the spatial

derivative. In this study, we analyze a space-time spectral method for the stream

function form of the unsteady Stokes equations, which converges exponentially in

both space and time. The main objectives of the research are estimating the condition

number of the unsteady Stokes operator and proving the spectral convergence of this

scheme in space and time.

Let Ω be a bounded domain in R2 with a Lipschitz boundary. The velocity field,

denoted by u, is a vector quantity. We consider u ∈ V := (H1
0 (Ω))2 = H1

0 (Ω)×H1
0 (Ω).

The pressure, denoted by p, is a scalar quantity. We consider p ∈ L2
0(Ω), where

L2
0(Ω) :=

{
q ∈ L2(Ω)|

∫
Ω
q = 0

}
.

The norm of p is given as,

∥p∥0 =
[ ∫

Ω
|p|2

]1/2
, (2.5)

and the inner product on the space L2
0(Ω) is defined to be the same as that for L2(Ω),
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which is given by

(u, v)0 :=
∫

Ω
uv, ∀u, v ∈ L2(Ω).

The following two bilinear forms are defined for u, v ∈ V and q ∈ L2
0(Ω),

a(u, v) : =
∫

Ω
∇u · ∇v =

2∑
i=1

∫
Ω

∇ui · ∇vi (2.6)

b(q, v) : = −
∫

Ω
q(∇ · v). (2.7)

The bilinear form a(u, v), for all u = (u1, u2), v = (v1, v2) ∈ V , is an inner product

on the space V . The norm on the space V is denoted by ∥·∥ and it is defined for all

u = (u1, u2) ∈ V as,

∥u∥ :=
√
a(u, u) =

[∫
Ω

|∇u1|2 + |∇u2|2
]1/2

. (2.8)

Definition 2.10 (Inverse Laplacian). The inverse Laplacian is denoted by ∆−1 :

(H−1(Ω))2 → V . Let u ∈ (H−1(Ω))2, we say ∆−1u = v ∈ V if

∆v = u in Ω,

v = 0 on ∂Ω.

Here, ∆ is the vector Laplacian as v ∈ V is a vector having two components. Now,

we define V ′ as the dual of the space V , thus, V ′ := (H−1(Ω))2. The norm on V
′ is

denoted as ∥·∥
′
. For any f ∈ V

′ , the norm is defined as

∥f∥
′
:= sup

v∈V
v ̸=0

⟨f, v⟩V ′ ,V

∥v∥
, (2.9)
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or equivalently

∥f∥′2 =
∫

Ω
∇((−∆)−1f) · ∇((−∆)−1f). (2.10)

Definition 2.11 (Stokes problem). On a bounded domain Ω with a Lipschitz bound-

ary and for (u, p) ∈ V × L2
0(Ω), f ∈ V

′ the Stokes problem is given as,

−∆u+ ∇p = f in Ω, (2.11)

∇ · u = 0 in Ω, (2.12)

u = 0 on ∂Ω. (2.13)

The weak formulation of the Stokes problem for all v ∈ V and q ∈ L2
0(Ω) is

a(u, v) + b(p, v) = f(v),

b(q, u) = 0.

We now convert equations (2.11)-(2.13) into stream function form. Here, we treat

u and f as vectors with two components: u = [u1, u2]T and f = [f1, f2]T . Now we

define a stream function ψ such that u1 = ∂ψ
∂y
, u2 = −∂ψ

∂x
.

When considering a sufficiently smooth scalar function f , one may write

∇ × ∇f = ∇ × [fx, fy, fz] = [fzy − fyz, fxz − fzx, fyx − fxy] = 0.

This speaks to the fact that the curl annihilates the gradient. Thus, a model absent

of the pressure term can be obtained by taking the curl of (2.11).

∇ × (−∆u+ ∇p) = ∇ × f.

The other advantage of the stream function formulation is that the number of un-
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knowns reduces to one from three (u1, u2, p). This is a fourth-order PDE and more

difficult to solve than second order ones. Now, our new model is

∆2ψ = f2x − f1y in Ω, (2.14)

ψ = ∂ψ

∂ν
= 0 on ∂Ω. (2.15)

Here f2x = ∂f2
∂x

and f1y = ∂f1
∂y

. Similarly to the above calculation, it can be shown

that a stream function model can be obtained for the unsteady Stokes equation as

well.

ut − ∆u+ ∇p = f in Ω,

∇ · u = 0 in Ω,

u = 0 on ∂Ω,

u(x, y,−1) = u0(x, y) in Ω.

We take the initial time at t = −1.

Now, by taking the curl and using u = ∂ψ
∂y
i− ∂ψ

∂x
j, we have

−∆ψt + ∆2ψ = f2x − f1y in Ω, (2.16)

ψ = ∂ψ

∂ν
= 0 on ∂Ω, (2.17)

ψ(x, y,−1) = ψ0(x, y) in Ω. (2.18)

2.4.1 Space-time spectral methods for the Stokes problem

In this section, we discuss a space-time spectral method for the stream function form

of the unsteady Stokes equations. Here, we will consider the simplest case where the

spatial and temporal domains are both (−1, 1).
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Consider the stream function formulation for the 1D unsteady Stokes equation

(ψt)xx = ψxxxx + f,

with initial condition ψ(x,−1) = ψ0(x) and homogeneous Dirichlet boundary con-

ditions. Now, a space-time spectral collocation scheme for the 1D unsteady Stokes

equation can be written as

(D2 ⊗D)ψh = (D4 ⊗ IN+1)ψh + fh,

where ψh and fh are the vectors of ψ and f respectively, evaluated at the colloca-

tion points. A spectral approximation of the second derivative can be derived by

considering the corresponding boundary conditions.

Let ψ = ψ(x) be a polynomial so that ψ(±1) = ψ
′(±1) = 0. Let Z vanish at

±1 so that ψ(x) = (1 − x2)Z(x). That is, ψ automatically satisfies the boundary

conditions if Z vanishes at the boundary. By differentiating ψ twice, we obtain the

following.

ψ
′′(x) = (1 − x2)Z ′′(x) − 4xZ ′(x) − 2Z(x). (2.19)

Let M be a (N − 1) × (N − 1) diagonal matrix with diagonal entries 1 − x2
j . Also,

take X to be a diagonal matrix of the same size but with diagonal entries xj. Here

1 ≤ j ≤ N − 1. Therefore, the spectral approximation of the second derivative

(denoted by B2) satisfying the four boundary conditions can be written as,

B2 := (M [[D2]] − 4X[[D]] − 2I)M−1. (2.20)

Similarly, the spectral approximations of third and fourth derivative can be defined

as:
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ψ′′′(x) = (1 − x2)Z ′′′(x) − 6xZ ′′(x) − 6Z ′(x). (2.21)

ψ′′′′(x) = (1 − x2)Z ′′′′(x) − 8xZ ′′′(x) − 12Z ′′(x). (2.22)

Then, the spectral approximations of third and fourth derivatives satisfying the

four boundary conditions are

B3 := (M [[D3]] − 6X[[D2]] − 6[[D]])M−1. (2.23)

B4 := (M [[D4]] − 8X[[D3]] − 12[[D2]])M−1. (2.24)

The resulting spectral equation for the Stokes equation is

(B2 ⊗ [D])ψ̂h − (B4 ⊗ IN)ψ̂h = f̂h − (ψ0h ⊗ dh),

where ψ0h is ψ0 evaluated at the (interior spatial) collocation points. The two vectors

ψ̂h and f̂h are obtained by removing the corresponding boundary and initial points

from ψh and fh, respectively. The linear equation now can be written as

Ahψ̂h = f̂h − (ψ0h ⊗ dh),

where

Ah = (B2 ⊗ [D]) − (B4 ⊗ IN). (2.25)

Now, consider the stream function formulation for the 2D unsteady Stokes equation

(ψt)xx + (ψt)yy = ψxxxx + ψyyyy + 2ψxxyy + f,

with initial condition ψ(x, y,−1) = ψ0(x, y) and homogeneous Dirichlet boundary
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conditions. The space-time spectral scheme is

{(
(D2 ⊗ IN+1) + (IN+1 ⊗D2)

)
⊗D

}
ψh =

{(
(D4 ⊗ IN+1) + (IN+1 ⊗D4)

+2(D2 ⊗D2)
)

⊗ IN+1
}
ψh + fh,

where ψh and fh are the vectors of ψ and f , respectively, evaluated at the collocation

points. Let B2 be the spectral second derivative (2.20) and B4 be the spectral fourth

derivative (2.24) defined for the 1D Stokes problem. Finally, we may write

{(
(B2 ⊗ IN−1) + (IN−1 ⊗B2)

)
⊗ [D] −

(
(B4 ⊗ IN−1) + (IN−1 ⊗B4)

+2(B2 ⊗B2)
)

⊗ IN
}
ψ̂h = f̂h − (ψ0h ⊗ dh),

where ψ0h is ψ0 evaluated at the interior collocation points. Here, the known bound-

ary and initial values have been removed. Thus, the linear equation to be solved

becomes

Ahψ̂h = f̂h − (ψ0h ⊗ dh), (2.26)

where

Ah =
(
(B2 ⊗ IN−1) + (IN−1 ⊗B2)

)
⊗ [D] −

(
(B4 ⊗ IN−1)

+(IN−1 ⊗B4) + 2(B2 ⊗B2)
)

⊗ IN , (2.27)

is the space-time Stokes operator.

2.4.2 Analysis

In this section, we estimate the condition number of the unsteady Stokes operator

and also prove the spectral convergence of this scheme in space and time. The

analysis presented here is original and constitutes a key contribution of this thesis.
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The condition number estimate is established for the Legendre discrete spectral

operator Ah, as deriving a lower bound is more challenging in the Chebyshev case.

For the spectral convergence analysis, however, we employ the Chebyshev spectral

collocation matrix.

We begin with some properties and a couple of well-known inequalities ([73])

which will be needed to estimate the bounds on the eigenvalues. An important

property is that for a polynomial v of degree at most 2N − 1,

∫ 1

−1
v(x)dx =

N∑
k=0

v(xk)ρk,

where ρk is the set of weights associated with the Legendre Gauss-Lobatto quadra-

ture. Let

xh =


x1

...

xN−1

 , th =


t0
...

tN−1

 .

For any continuous function v on (−1, 1)2, define the discrete norm

∥v∥N :=
 N∑
j,k=0

ρjρk |v(xj, tk)|2
1/2

.

Recall the Poincaré inequality for any v ∈ H1
0 (−1, 1),

π2

4

∫ 1

−1
|v(x)|2 dx ≤

∫ 1

−1
|v′(x)|2 dx,

inverse estimate for any polynomial v of degree N or lower

∫ 1

−1
|v′(x)|2 dx ≤ CN4

∫ 1

−1
|v(x)|2 dx,
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trace inequality for any polynomial v of degree N or lower:

|v(−1)|2 + |v(1)|2 ≤ (N + 1)2
∫ 1

−1
|v(x)|2 dx,

and finally the equivalence of the L2(−1, 1) norm and a discrete norm:

∫ 1

−1
|v(x)|2 dx ≤

N∑
j=0

|v(xj)|2 ρj ≤ 3
∫ 1

−1
|v(x)|2 dx

for any polynomial v of degree N or lower.

Theorem 2.12. Let N ≥ 2. Let Ah be the Legendre spectral collocation matrix

defined by (2.27) and λ be an eigenvalue of Ah. Then

c ≤ |λ| ≤ CN8,

where c and C are positive and independent of N .

Proof. Let Ahvh = λvh, and v ∈ PN ⊗PN such that v(±1, yl, tq) = 0 = vx(±1, yl, tq),

v(xp,±1, tq) = 0 = vy(xp,±1, tq), v(x, y,−1) = 0 and v(xi, yj, tk) = vijk, 1 ≤ i, j ≤

N − 1, where vijk is a component of vh corresponding to (xi, yj, tk).

The eigenvalue problem is equivalent to finding v ∈ PN ⊗ PN and eigenvalue λ

so that

(vt)xx(xi, yj, tk) + (vt)yy(xi, yj, tk) − vxxxx(xi, yj, tk) − vyyyy(xi, yj, tk)

−2vxxyy(xi, yj, tk) = λv(xi, yj, tk), 1 ≤ i, j ≤ N − 1, 0 ≤ k ≤ N − 1

v(±1, yl, tq) = 0 = vx(±1, yl, tq)

v(xp,±1, tq) = 0 = vy(xp,±1, tq)

v(xp, yl,−1) = 0

for 0 ≤ p, q, l ≤ N satisfying the normalization ∥v∥N = 1. There is no condition on v
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at t = 1. There are exactly N(N−1)2 collocation equations in N(N−1)2 unknowns.

Multiply the eigenvalue problem by v̄(xi, yj, tk)ρiρjρk and then sum to obtain

λ
N−1∑
i=1

N−1∑
j=1

N−1∑
k=0

|v(xi, yj, tk)|2ρiρjρk

=
N−1∑
i=1

N−1∑
j=1

N−1∑
k=0

vtxx(xi, yj, tk)v̄(xi, yj, tk)ρiρjρk +
N−1∑
i=1

N−1∑
j=1

N−1∑
k=0

vtyy(xi, yj, tk)v̄(xi, yj, tk)ρiρjρk

−
N−1∑
i=1

N−1∑
j=1

N−1∑
k=0

vxxxx(xi, yj, tk)v̄(xi, yj, tk)ρiρjρk −
N−1∑
i=1

N−1∑
j=1

N−1∑
k=0

vyyyy(xi, yj, tk)v̄(xi, yj, tk)ρiρjρk

− 2
N−1∑
i=1

N−1∑
j=1

N−1∑
k=0

vxxyy(xi, yj, tk)v̄(xi, yj, tk)ρiρjρk,

or

λ
N∑

i,j,k=0
|v(xi, yj, tk)|2ρiρjρk

=
N∑

i,j,k=0
vtxx(xi, yj, tk)v̄(xi, yj, tk)ρiρjρk +

N∑
i,j,k=0

vtyy(xi, yj, tk)v̄(xi, yj, tk)ρiρjρk

−
N∑

i,j,k=0
vxxxx(xi, yj, tk)v̄(xi, yj, tk)ρiρjρk −

N∑
i,j,k=0

vyyyy(xi, yj, tk)v̄(xi, yj, tk)ρiρjρk

− 2
N∑

i,j,k=0
vxxyy(xi, yj, tk)v̄(xi, yj, tk)ρiρjρk,

or

λ =
N∑

i,j,k=0
vtxx(xi, yj, tk)v̄(xi, yj, tk)ρiρjρk +

N∑
i,j,k=0

vtyy(xi, yj, tk)v̄(xi, yj, tk)ρiρjρk

−
N∑

j,k=0
ρjρk

∫ 1

−1
vxxxx(x, yj, tk)v̄(x, yj, tk)dx−

N∑
i,k=0

ρiρk

∫ 1

−1
vyyyy(xi, y, tk)v̄(xi, y, tk)dy

− 2
N∑

i,j,k=0
vxxyy(xi, yj, tk)v̄(xi, yj, tk)ρiρjρk

=
∫ 1

−1

∫ 1

−1

∫ 1

−1
vtxx(x, y, t)v̄(x, y, t)dxdydt+

∫ 1

−1

∫ 1

−1

∫ 1

−1
vtyy(x, y, t)v̄(x, y, t)dxdydt

−
N∑

j,k=0
ρjρk

∫ 1

−1
|vxx(x, yj, tk)|2dx−

N∑
i,k=0

ρiρk

∫ 1

−1
|vyy(xi, y, tk)|2dy
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− 2
∫ 1

−1

∫ 1

−1

∫ 1

−1
vxxyy(x, y, t)v̄(x, y, t)dxdydt. (2.28)

The complex conjugate of the above equation is

λ̄ =
∫ 1

−1

∫ 1

−1

∫ 1

−1
v̄txx(x, y, t)v(x, y, t)dxdydt+

∫ 1

−1

∫ 1

−1

∫ 1

−1
v̄tyy(x, y, t)v(x, y, t)dxdydt

−
N∑

j,k=0
ρjρk

∫ 1

−1
|vxx(x, yj, tk)|2dx−

N∑
i,k=0

ρiρk

∫ 1

−1
|vyy(xi, y, tk)|2dy

− 2
∫ 1

−1

∫ 1

−1

∫ 1

−1
v̄xxyy(x, y, t)v(x, y, t)dxdydt. (2.29)

Add and subtract (2.28) and (2.29) equations to obtain

2ℜλ =
∫ 1

−1

∫ 1

−1

∫ 1

−1
(vtxx(x, y, t)v̄(x, y, t) + v̄txx(x, y, t)v(x, y, t))dxdydt

+
∫ 1

−1

∫ 1

−1

∫ 1

−1
(vtyy(x, y, t)v̄(x, y, t) + v̄tyy(x, y, t)v(x, y, t))dxdydt

− 2
N∑

j,k=0
ρjρk

∫ 1

−1
|vxx(x, yj, tk)|2dx− 2

N∑
i,k=0

ρiρk

∫ 1

−1
|vyy(xi, y, tk)|2dy

− 2
∫ 1

−1

∫ 1

−1

∫ 1

−1
(vxxyy(x, y, t)v̄(x, y, t) + v̄xxyy(x, y, t)v(x, y, t))dxdydt, (2.30)

2iℑλ =
∫ 1

−1

∫ 1

−1

∫ 1

−1
(vtxx(x, y, t)v̄(x, y, t) − v̄txx(x, y, t)v(x, y, t))dxdydt

+
∫ 1

−1

∫ 1

−1

∫ 1

−1
(vtyy(x, y, t)v̄(x, y, t) − v̄tyy(x, y, t)v(x, y, t))dxdydt

− 2
∫ 1

−1

∫ 1

−1

∫ 1

−1
(vxxyy(x, y, t)v̄(x, y, t) − v̄xxyy(x, y, t)v(x, y, t))dxdydt. (2.31)

By (2.30) we get,

2 |ℜλ| =
∣∣∣∣ ∫ 1

−1

∫ 1

−1

∫ 1

−1
(vtxx(x, y, t)v̄(x, y, t) + v̄txx(x, y, t)v(x, y, t))dxdydt

+
∫ 1

−1

∫ 1

−1

∫ 1

−1
(vtyy(x, y, t)v̄(x, y, t) + v̄tyy(x, y, t)v(x, y, t))dxdydt

− 2
N∑

j,k=0
ρjρk

∫ 1

−1
|vxx(x, yj, tk)|2dx− 2

N∑
i,k=0

ρiρk

∫ 1

−1
|vyy(xi, y, tk)|2dy

− 2
∫ 1

−1

∫ 1

−1

∫ 1

−1
(vxxyy(x, y, t)v̄(x, y, t) + v̄xxyy(x, y, t)v(x, y, t))dxdydt

∣∣∣∣
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≤
∣∣∣∣ ∫ 1

−1

∫ 1

−1

∫ 1

−1
(vtxx(x, y, t)v̄(x, y, t) + v̄txx(x, y, t)v(x, y, t))dxdydt

∣∣∣∣
+
∣∣∣∣ ∫ 1

−1

∫ 1

−1

∫ 1

−1
(vtyy(x, y, t)v̄(x, y, t) + v̄tyy(x, y, t)v(x, y, t))dxdydt

∣∣∣∣
+ 2

∣∣∣∣ N∑
j,k=0

ρjρk

∫ 1

−1
|vxx(x, yj, tk)|2dx

∣∣∣∣+ 2
∣∣∣∣ N∑
i,k=0

ρiρk

∫ 1

−1
|vyy(xi, y, tk)|2dy

∣∣∣∣
+ 2

∣∣∣∣ ∫ 1

−1

∫ 1

−1

∫ 1

−1
(vxxyy(x, y, t)v̄(x, y, t) + v̄xxyy(x, y, t)v(x, y, t))dxdydt

∣∣∣∣
≤
∫ 1

−1

∫ 1

−1

∫ 1

−1
|vtxxv̄ + v̄txxv| dxdydt+

∫ 1

−1

∫ 1

−1

∫ 1

−1
|vtyyv̄ + v̄tyyv| dxdydt

+ 2
N∑

j,k=0
ρjρk

∫ 1

−1
|vxx(x, yj, tk)|2dx+ 2

N∑
i,k=0

ρiρk

∫ 1

−1
|vyy(xi, y, tk)|2dy

+ 2
∫ 1

−1

∫ 1

−1

∫ 1

−1
|vxxyyv̄ + v̄xxyyv| dxdydt

≤ 2
∫ 1

−1

∫ 1

−1

∫ 1

−1
|vtxx| |v| dxdydt+ 2

∫ 1

−1

∫ 1

−1

∫ 1

−1
|vtyy| |v| dxdydt

+ 2
N∑

j,k=0
ρjρk

∫ 1

−1
|vxx(x, yj, tk)|2dx+ 2

N∑
i,k=0

ρiρk

∫ 1

−1
|vyy(xi, y, tk)|2dy

+ 4
∫ 1

−1

∫ 1

−1

∫ 1

−1
|vxxyy| |v| dxdydt

≤ 2
(∫ 1

−1

∫ 1

−1

∫ 1

−1
|vtxx(x, y, t)|2 dxdydt

)1/2 (∫ 1

−1

∫ 1

−1

∫ 1

−1
|v(x, y, t)|2 dxdydt

)1/2

+ 2
(∫ 1

−1

∫ 1

−1

∫ 1

−1
|vtyy(x, y, t)|2 dxdydt

)1/2 (∫ 1

−1

∫ 1

−1

∫ 1

−1
|v(x, y, t)|2 dxdydt

)1/2

+ 2CN4
N∑

j,k=0
ρjρk

∫ 1

−1
|vx(x, yj, tk)|2dx+ 2CN4

N∑
i,k=0

ρiρk

∫ 1

−1
|vy(xi, y, tk)|2dy

(By inverse estimate)

+ 4
(∫ 1

−1

∫ 1

−1

∫ 1

−1
|vxxyy(x, y, t)|2 dxdydt

)1/2 (∫ 1

−1

∫ 1

−1

∫ 1

−1
|v(x, y, t)|2 dxdydt

)1/2

≤ CN4
(∫ 1

−1

∫ 1

−1

∫ 1

−1
|vt(x, y, t)|2 dxdydt

)1/2 (∫ 1

−1

∫ 1

−1

∫ 1

−1
|v(x, y, t)|2 dxdydt

)1/2

+ CN4
(∫ 1

−1

∫ 1

−1

∫ 1

−1
|vt(x, y, t)|2 dxdydt

)1/2 (∫ 1

−1

∫ 1

−1

∫ 1

−1
|v(x, y, t)|2 dxdydt

)1/2

+ CN8
N∑

j,k=0
ρjρk

∫ 1

−1
|v(x, yj, tk)|2dx+ CN8

N∑
i,k=0

ρiρk

∫ 1

−1
|v(xi, y, tk)|2dy

+ CN4
(∫ 1

−1

∫ 1

−1

∫ 1

−1
|vyy(x, y, t)|2 dxdydt

)1/2 (∫ 1

−1

∫ 1

−1

∫ 1

−1
|v(x, y, t)|2 dxdydt

)1/2

≤ CN6∥v∥2
N + CN6∥v∥2

N + CN8∥v∥2
N + CN8∥v∥2

N + CN8∥v∥2
N .
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Therefore, |ℜλ| ≤ CN8.

By (2.31) we get,

2 |ℑλ| ≤ 2
∫ 1

−1

∫ 1

−1

∫ 1

−1
|vtxx(x, y, t)| |v(x, y, t)| dxdydt+ 2

∫ 1

−1

∫ 1

−1

∫ 1

−1
|vtyy(x, y, t)| |v(x, y, t)| dxdydt

+ 4
∫ 1

−1

∫ 1

−1

∫ 1

−1
|vxxyy(x, y, t)| |v(x, y, t)| dxdydt

≤ 2
(∫ 1

−1

∫ 1

−1

∫ 1

−1
|vtxx(x, y, t)|2 dxdydt

)1/2 (∫ 1

−1

∫ 1

−1

∫ 1

−1
|v(x, y, t)|2 dxdydt

)1/2

+ 2
(∫ 1

−1

∫ 1

−1

∫ 1

−1
|vtyy(x, y, t)|2 dxdydt

)1/2 (∫ 1

−1

∫ 1

−1

∫ 1

−1
|v(x, y, t)|2 dxdydt

)1/2

+ 4
(∫ 1

−1

∫ 1

−1

∫ 1

−1
|vxxyy(x, y, t)|2 dxdydt

)1/2 (∫ 1

−1

∫ 1

−1

∫ 1

−1
|v(x, y, t)|2 dxdydt

)1/2

≤ CN4
(∫ 1

−1

∫ 1

−1

∫ 1

−1
|vt(x, y, t)|2 dxdydt

)1/2 (∫ 1

−1

∫ 1

−1

∫ 1

−1
|v(x, y, t)|2 dxdydt

)1/2

+ CN4
(∫ 1

−1

∫ 1

−1

∫ 1

−1
|vt(x, y, t)|2 dxdydt

)1/2 (∫ 1

−1

∫ 1

−1

∫ 1

−1
|v(x, y, t)|2 dxdydt

)1/2

+ CN4
(∫ 1

−1

∫ 1

−1

∫ 1

−1
|vyy(x, y, t)|2 dxdydt

)1/2 (∫ 1

−1

∫ 1

−1

∫ 1

−1
|v(x, y, t)|2 dxdydt

)1/2

≤ CN6∥v∥2
N + CN6∥v∥2

N + CN8∥v∥2
N .

Therefore, |ℑλ| ≤ CN8.

Thus,

|λ|2 = (ℜλ)2 + (ℑλ)2 ≤ (CN8)2 + (CN8)2 ≤ (CN8)2,

implying |λ| ≤ CN8.

To prove lower bound we want to show: |λ|2 = (ℜλ)2 + (ℑλ)2 ≥ C. By squaring

(2.30) we get,

4(ℜλ)2 =
( ∫ 1

−1

∫ 1

−1

∫ 1

−1
(vtxxv̄ + v̄txxv)dxdydt+

∫ 1

−1

∫ 1

−1

∫ 1

−1
(vtyyv̄ + v̄tyyv)dxdydt

− 2
N∑

j,k=0
ρjρk

∫ 1

−1
|vxx(x, yj, tk)|2dx− 2

N∑
i,k=0

ρiρk

∫ 1

−1
|vyy(xi, y, tk)|2dy
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− 2
∫ 1

−1

∫ 1

−1

∫ 1

−1
(vxxyyv̄ + v̄xxyyv)dxdydt

)2

= 4
(

(k3 + k4 + k5 − k1 − k2)2 + 2k5(k3 + k4 − k1 − k2)
)

(2.32)

where

k1 = ℜ
∫ 1

−1

∫ 1

−1

∫ 1

−1
(vtxxv̄)dxdydt

= −ℜ
∫ 1

−1

∫ 1

−1

∫ 1

−1
(vtxv̄x)dxdydt (By integration by parts)

= −1
2ℜ

(∫ 1

−1

∫ 1

−1

∫ 1

−1
(vtxv̄x)dxdydt+

∫ 1

−1

∫ 1

−1

∫ 1

−1
(v̄txvx)dxdydt

)
(since ℜ(z) = ℜ(z̄) )

= −1
2ℜ

∫ 1

−1

∫ 1

−1

∫ 1

−1

∂

∂t
|vx|2dtdxdy

= −1
2ℜ

∫ 1

−1

∫ 1

−1

(
|vx(x, y, 1)|2 − |vx(x, y,−1)|2

)
dxdy

= 1
2

(∫ 1

−1

∫ 1

−1

(
|vx(x, y,−1)|2 − |vx(x, y, 1)|2

)
dxdy

)
.

Since v(xp, yl,−1) = 0 for 0 ≤ p, l ≤ N , implying v(x, y,−1) ≡ 0 for all x and y.

Hence vx(x, y,−1) = 0, resulting in k1 = −1
2
∫ 1

−1
∫ 1

−1 |vx(x, y, 1)|2dxdy ≤ 0. Similarly,

we can show that k2 = ℜ
∫ 1

−1
∫ 1

−1
∫ 1

−1(vtyyv̄)dxdydt ≤ 0. Also

k3 =
N∑

j,k=0
ρjρk

∫ 1

−1
|vxx(x, yj, tk)|2dx

≥ π2

4

N∑
j,k=0

ρjρk

∫ 1

−1
|vx(x, yj, tk)|2dx (By Poincare inequality)

≥ π2

4 × π2

4

N∑
j,k=0

ρjρk

∫ 1

−1
|v(x, yj, tk)|2dx (By Poincare inequality)

≥ π4

16 × 1
3∥v∥2

N = π4

48 > 0.

Similarly, k4 = ∑N
i,k=0 ρiρk

∫ 1
−1 |vyy(xi, y, tk)|2dy ≥ π4

48 > 0.

In addition,

k5 = ℜ
∫ 1

−1

∫ 1

−1

∫ 1

−1
(vxxyyv̄)dxdydt
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= −ℜ
∫ 1

−1

∫ 1

−1

∫ 1

−1
(vxyyv̄x)dxdydt (By integration by parts)

= ℜ
∫ 1

−1

∫ 1

−1

∫ 1

−1
(vxyv̄xy)dydxdt (By integration by parts)

=
∫ 1

−1

∫ 1

−1

∫ 1

−1
|vxy|2dxdydt ≥ 0.

By squaring (2.31) we get,

4(ℑλ)2 =
(1
i

( ∫ 1

−1

∫ 1

−1

∫ 1

−1
(vtxxv̄ − v̄txxv)dxdydt+

∫ 1

−1

∫ 1

−1

∫ 1

−1
(vtyyv̄ − v̄tyyv)dxdydt

− 2
∫ 1

−1

∫ 1

−1

∫ 1

−1
(vxxyyv̄ − v̄xxyyv)dxdydt

))2

= 4
(
l21 + l22 + l23 + 2l1l2 − 4l1l3 − 4l2l3

)
= 4 (l1 + l2 − 2l3)2 ≥ 0, (2.33)

where l1 =
∫ 1

−1
∫ 1

−1
∫ 1

−1 ℑ(vtxxv̄)dxdydt, l2 =
∫ 1

−1
∫ 1

−1
∫ 1

−1 ℑ(vtyyv̄)dxdydt and l3 =∫ 1
−1
∫ 1

−1
∫ 1

−1 ℑ(vxxyyv̄)dxdydt.

By adding (2.32) and (2.33) we get,

4(ℜλ)2 + 4(ℑλ)2 = 4
(
(k3 + k4 + k5 − k1 − k2)2 + 2k5(k3 + k4 − k1 − k2)

)
+ 4 (l1 + l2 − 2l3)2

(ℜλ)2 + (ℑλ)2 ≥ (k3 + k4 + k5 − k1 − k2)2

≥ (k3 + k4)2 ≥
(
π4

48 + π4

48

)2
=
(
π4

24

)2
.

Hence,

|λ| ≥ π4

24 .

This completes the proof of the theorem.

Although the condition number is O(N8), which is quite large, the scheme
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remains well-behaved when N is not large, say N ≤ 25. Beyond that, the ill-

conditioning becomes apparent, with the error increasing rapidly, much more so

than in the case of second-order PDEs.

Numerical observations show a similar spectral condition number for the Cheby-

shev discrete spectral operator Ah, though proving the lower bound is more complex

due to the weight function. Now, we discuss space-time spectral convergence for the

2D unsteady Stokes equation.

Theorem 2.13. Let ψ be the solution of the 2D unsteady Stokes equation. Assume

ψ is separately analytic in each variable. Let N ≥ 2 and ψ̂h be the solution of

the space-time method with the Chebyshev spectral collocation matrix Ah =
(
B2 ⊗

IN−1 +IN−1 ⊗B2
)

⊗ [D]−
(
B4 ⊗IN−1 +IN−1 ⊗B4 +2B2 ⊗B2

)
⊗IN . Define the error

vector Eh as the difference of ψ evaluated at the collocation points and ψ̂h. Then

∣∣∣W 1/2Eh
∣∣∣ ≤ cN7.5e−CN .

Proof. Define

ψh(t) =



ψ(x1, y1, t)

ψ(x2, y1, t)
...

ψ(xN−1, y1, t)

ψ(x1, y2, t)
...

ψ(xN−1, yN−1, t)



∈ R(N−1)2
, fh(t) =



f(x1, y1, t)

f(x2, y1, t)
...

f(xN−1, y1, t)

f(x1, y2, t)
...

f(xN−1, yN−1, t)



∈ R(N−1)2
.
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A semi-discrete approximation of the 2D unsteady Stokes equation is

(B2 ⊗ IN−1 + IN−1 ⊗B2)ψ′
h(t) = (B4 ⊗ IN−1 + IN−1 ⊗B4 + 2B2 ⊗B2)ψh(t) + fh(t),

ψh(−1) = ψ0h,

where ψ0h is the initial data evaluated at the vector of interior Chebyshev Gauss-

Lobatto points (xh, yh); i.e., ψ0h = ψ0(xh, yh).

Define the error function eh(t) = ψh(t) − ψ(xh, yh, t) with components ej(t) =

(eh(t))j. Thus

eh(t) =



ψh(x1, y1, t) − ψ(x1, y1, t)

ψh(x2, y1, t) − ψ(x2, y1, t)
...

ψh(xN−1, y1, t) − ψ(xN−1, y1, t)

ψh(x1, y2, t) − ψ(x1, y2, t)
...

ψh(xN−1, yN−1, t) − ψ(xN−1, yN−1, t)



∈ R(N−1)2
.

Using the above equation, it is easy to see that the error satisfies, for 0 ≤ k ≤ N −1,

(B2 ⊗ IN−1 + IN−1 ⊗B2)e′
h(tk)

= (B2 ⊗ IN−1 + IN−1 ⊗B2)ψ′
h(tk) − (B2 ⊗ IN−1 + IN−1 ⊗B2)ψt(xh, yh, tk)

= (B4 ⊗ IN−1 + IN−1 ⊗B4 + 2B2 ⊗B2)ψh(tk) + fh(tk) − (B2 ⊗ IN−1 + IN−1 ⊗B2)ψt(xh, yh, tk)

= (B4 ⊗ IN−1 + IN−1 ⊗B4 + 2B2 ⊗B2)eh(tk) + (B4 ⊗ I + I ⊗B4 + 2B2 ⊗B2)ψ(xh, yh, tk)

+ fh(tk) − (B2 ⊗ IN−1 + IN−1 ⊗B2)ψt(xh, yh, tk)

= (B4 ⊗ IN−1 + IN−1 ⊗B4 + 2B2 ⊗B2)eh(tk) + (B4 ⊗ IN−1 + IN−1 ⊗B4 + 2B2 ⊗B2)ψ(xh, yh, tk)

− ψxxxx(xh, yh, tk) − ψyyyy(xh, yh, tk) − 2ψxxyy(xh, yh, tk) + (ψt)xx(xh, yh, tk) + (ψt)yy(xh, yh, tk)
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− (B2 ⊗ IN−1 + IN−1 ⊗B2)ψt(xh, yh, tk).

Therefore,

(B2 ⊗ IN−1 + IN−1 ⊗B2)e′
h(tk) = (B4 ⊗ IN−1 + IN−1 ⊗B4 + 2B2 ⊗B2)eh(tk) + r(tk),

(2.34)

where

r(tk) = (B4 ⊗ IN−1 + IN−1 ⊗B4 + 2B2 ⊗B2)ψ(xh, yh, tk) − ψxxxx(xh, yh, tk) − ψyyyy(xh, yh, tk)

− 2ψxxyy(xh, yh, tk) + ψtxx(xh, yh, tk) + ψtyy(xh, yh, tk)

− (B2 ⊗ IN−1 + IN−1 ⊗B2)ψt(xh, yh, tk).

For any analytic z such that z(−1) = 0, recall the definition of the interpolant

INz(t) =
N−1∑
j=0

z(tj)ℓj(t), (2.35)

where ℓj ∈ PN is the Lagrange polynomials with respect to the Chebyshev nodes,

ℓj(xk) = δjk. For 0 ≤ k ≤ N − 1,

z′(tk) = (INz)′(tk) + ϵ̃k

= ([D]z(th))k + ϵ̃k, (2.36)

where ϵ̃k = (z − INz)′(tk) satisfies

|ϵ̃k| ≤ CN2e−CN (2.37)

according to [83].
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Take z(t) = ej(t) in (2.36), observing that ej(−1) = 0, then

(e′
h(tk))j = e′

j(tk) = ([D]ej(th))k + ϵjk, (2.38)

where |ϵjk| ≤ CN2e−CN for 1 ≤ j ≤ (N − 1)2, 0 ≤ k ≤ N − 1.

Define

ej(th) =


ej(t0)

...

ej(tN−1)

 , Eh =


e1(th)

...

e(N−1)2(th)

 , R̃h =


r1(th)

...

r(N−1)2(th)

 ,

where residual vectors are defined by

rj(th) = (B4 ⊗ IN−1 + IN−1 ⊗B4 + 2B2 ⊗B2)ψ(xj, yj, th) − ψxxxx(xj, yj, th) − ψyyyy(xj, yj, th)

− 2ψxxyy(xj, yj, th) + ψtxx(xj, yj, th) + ψtyy(xj, yj, th)

− (B2 ⊗ IN−1 + IN−1 ⊗B2)ψt(xj, yj, th). (2.39)

In vector notation, the equation (2.38) is

E ′
h = (IN−1 ⊗ IN−1 ⊗ [D])Eh + ϵ,

where ϵ is a long vector formed by stacking together vectors [ϵj0, . . . , ϵj,N−1]T for 1 ≤

j ≤ (N − 1)2; and each component of E ′
h has the form e′

j(tk). Then, from (2.34), we

have

(
(B2 ⊗ IN−1 + IN−1 ⊗B2)e′

h(tk)
)
j

=
(
(B4 ⊗ IN−1 + IN−1 ⊗B4 + 2B2 ⊗B2)eh(tk)

)
j

+ rj(tk),
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or

(
(B2 ⊗ IN−1 + IN−1 ⊗B2) ⊗ IN

)
E ′
h =

(
(B4 ⊗ IN−1 + IN−1 ⊗B4 + 2B2 ⊗B2) ⊗ IN

)
Eh + R̃h,

or

(
(B2 ⊗ IN−1 + IN−1 ⊗B2) ⊗ IN

)(
(IN−1 ⊗ IN−1 ⊗ [D])Eh + ϵ

)
=
(
(B4 ⊗ IN−1 + IN−1 ⊗B4

+ 2B2 ⊗B2) ⊗ IN
)
Eh + R̃h,

or

(
(B2 ⊗ IN−1 + IN−1 ⊗B2) ⊗ [D]

)
Eh +

(
(B2 ⊗ IN−1 + IN−1 ⊗B2) ⊗ IN

)
ϵ =

(
(B4 ⊗ IN−1

+ IN−1 ⊗B4 + 2B2 ⊗B2) ⊗ IN
)
Eh + R̃h,

leading to

(
(B2 ⊗ IN−1 + IN−1 ⊗B2) ⊗ [D] − (B4 ⊗ IN−1 + IN−1 ⊗B4 + 2B2 ⊗B2) ⊗ IN

)
Eh

= R̃h −
(
(B2 ⊗ IN−1 + IN−1 ⊗B2) ⊗ IN

)
ϵ.

or

AhEh = Rh := R̃h −
(
(B2 ⊗ IN−1 + IN−1 ⊗B2) ⊗ IN

)
ϵ.

From (2.39), we get

|rj(th)|∞ ≤ |(B4 ⊗ IN−1)ψ(xj, yj, th) − ψxxxx(xj, yj, th)|∞

+ |(IN−1 ⊗B4)ψ(xj, yj, th) − ψyyyy(xj, yj, th)|∞

+ |2(B2 ⊗B2)ψ(xj, yj, th) − 2ψxxyy(xj, yj, th)|∞
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+ |ψtxx(xj, yj, th) − (B2 ⊗ IN−1)ψt(xj, yj, th)|∞

+ |ψtyy(xj, yj, th) − (IN−1 ⊗B2)ψt(xj, yj, th)|∞ .

From the estimate shown in [83],

|(B4 ⊗ IN−1)ψ(xj, yj, th) − ψxxxx(xj, yj, th)|∞ ≤ cN7e−CN ,

|(IN−1 ⊗B4)ψ(xj, yj, th) − ψyyyy(xj, yj, th)|∞ ≤ cN7e−CN .

Furthermore,

∣∣∣(B2 ⊗B2)ψ(xj, yj, th) − ψxxyy(xj, yj, th)
∣∣∣
∞

=
∣∣∣(B2 ⊗ IN−1)(IN−1 ⊗B2)ψ(xj, yj, th) − ψxxyy(xj, yj, th)

∣∣∣
∞

≤
∣∣∣(B2 ⊗ IN−1)[(IN−1 ⊗B2)ψ(xj, yj, th) − ψyy(xj, yj, th)]

∣∣∣
∞

+
∣∣∣(B2 ⊗ IN−1)ψyy(xj, yj, th) − ψxxyy(xj, yj, th)

∣∣∣
∞

≤ ∥B2∥
∣∣∣(IN−1 ⊗B2)ψ(xj, yj, th) − ψyy(xj, yj, th)

∣∣∣
∞

+
∣∣∣(B2 ⊗ IN−1)ψyy(xj, yj, th) − ψxxyy(xj, yj, th)

∣∣∣
∞

≤ cN4cN3e−CN + cN3e−CN ≤ cN7e−CN .

Also, for each t ∈ [−1, 1],

|ψtxx(xj, yj, th) − (B2 ⊗ IN−1)ψt(xj, yj, th)|∞ ≤ C(t)N3e−c(t)N ,

where c(t) ≥ c > 0 for t ∈ [−1, 1]. Thus,

|ψtxx(xj, yj, th) − (B2 ⊗ IN−1)ψt(xj, yj, th)|∞ ≤ c1N
3e−c2N ,
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where c1 = supt∈[−1,1] C(t) and c2 = inft∈[−1,1] c(t). Similarly,

|ψtyy(xj, yj, th) − (IN−1 ⊗B2)ψt(xj, yj, th)|∞ ≤ c3N
3e−c4N .

Therefore,

∣∣∣R̃h

∣∣∣
∞

≤ cN7e−CN . (2.40)

Furthermore, using Proposition 3.6 in [82] and the above estimates, it follows that

|Rh|∞ ≤ cN7e−CN .

Assume that Ah is diagonalizable so that there are diagonal G and invertible X

so that Ah = XGX−1. Let W = [[Wh]] ⊗ [[Wh]] ⊗ [Wh]. Re-scaling X if necessary,

it can be assumed that

|W 1/2X−1W−1/2|2 = 1. (2.41)

For any vector x, define the norm ν(x) = |W 1/2X−1x|2. The presence of the factor

W 1/2 is so that ν scales approximately like the L2 norm of a function in space and

time whose values are X−1x at the collocation points.

Theorem 2.12 says that |λ| ≥ c for any eigenvalue λ of Ah. Hence |G−1|2 ≤ c.

Since XGX−1Eh = Rh, it follows that

W 1/2X−1Eh = (W 1/2G−1W−1/2)(W 1/2X−1W−1/2)(W 1/2Rh)

= G−1(W 1/2X−1W−1/2)(W 1/2Rh).

Also we know that if ψ is analytic, then |r(tj)|∞ ≤ cN7e−cN for every 0 ≤ j < N .

Further, let zh be an unit N -vector so that |B2zh|2 = |B2|2. Then

|B2zh|2 ≤ |W−1/2
h |2|W 1/2

h B2zh|2
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≤ cN1/2∥z′′∥L2
ω

≤ cN9/2∥z∥L2
ω

≤ cN9/2N−1/2|zh|2 = cN4|zh|2,

where z ∈ Pn such that z(xh) = zh.

Therefore,

ν(Eh)2 ≤ |G−1|22|W 1/2X−1W−1/2|22|W 1/2|22|Rh|22

≤ 2c
N

N−1∑
j=0

|r(tj)|22

+ 2|B2|22
N−1∑
j=0

|ϵj|22


≤ 2c
N

N
N−1∑
j=0

c2N14e−2cN + 2(cN4)
N−1∑
j=0

c2N4e−2cN


≤ cN15e−2cN .

In the above, we used (2.37), (2.40), (2.41) and the fact that |M1 ⊗ M2|2 =

|M1|2|M2|2 for any matrices M1,M2.

If Ah is not diagonalizable, then there is some sequence (Ah)n converging to

Ah so that (Ah)n = XnGnX
−1
n for some diagonal Gn and invertible Xn so that

|W 1/2X−1
n W−1/2|2 = 1. Without loss of generality, take

X1 = I and (Ah)1 = G1. (2.42)

For any vector x, define

ν(x) = sup
n≥1

|W 1/2X−1
n x|2.

Now proceed as before with Gn and Xn replacing G and X, respectively. Then
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take n → ∞ to obtain, again,

ν(Eh) ≤ cN7.5e−cN .

The result of the theorem now follows from

c|W 1/2x|2 ≤ ν(x), x ∈ RN(N−1)2
, (2.43)

which follows from (2.42).

This completes the proof of the theorem.

This chapter establishes the numerical stability and accuracy of the space-time

spectral method by proving a condition number estimate for the unsteady Stokes op-

erator and demonstrating spectral convergence using Chebyshev collocation. These

results provide a theoretical foundation for the application of space-time spectral

methods to time-dependent PDEs.
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2.5 Nonlinear PDEs

2.5.1 Navier–Stokes Equations

The Navier–Stokes equations for an incompressible, homogeneous Newtonian fluid

over a bounded domain with a Lipschitz boundary are described by a set of two

equations. These involve basic physics concepts of momentum and mass conservation

where equations (2.44) and (2.45) describe the former and latter, respectively. Let

Ω = (−1, 1)2. The equation in non-dimensional form reads

ut + (u · ∇)u+ ∇p− 1
Re

∆u = f in Ω × (−1, 1), (2.44)

∇ · u = 0 in Ω × (−1, 1), (2.45)

u = 0 on ∂Ω × (−1, 1), (2.46)

u(x, y,−1) = u0(x, y) in Ω. (2.47)

In the equations above, u represents the velocity vector, p is the pressure, and both

are functions of space and time.

The non-dimensional quantity Reynolds number is denoted by the symbol Re.

This non-dimensional number plays a pivotal role in fluid dynamics. The magnitude

of Re is an indication to how significant inertial forces are compared to viscous forces.

For Re ≪ 1, it is possible to neglect the non-linearity (inertial effects) and the Navier-

Stokes equations reduce to the Stokes equations. Fluid flow can be identified under

two categories. At low Re, the flow is considered to be laminar. In this case, fluid

particles flow in an orderly, predictable manner. However, as Re increases, the flow

tends to be more complex. In many flows of interest, Re is substantially large. When

Re ≫ 1, the flow typically becomes turbulent.

Further, it can be shown that, taking the curl and using u = ∂ψ
∂y
i − ∂ψ

∂x
j, we can

obtain the stream function form of the Navier–Stokes equations;
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−∆ψt + 1
Re

∆2ψ − ψyψxxx + ψxψyyy + ψxψyxx − ψyψxyy = f2x − f1y in Ω × (−1, 1),

(2.48)

ψ = ∂ψ

∂ν
= 0 on ∂Ω × (−1, 1),

(2.49)

ψ(x, y,−1) = ψ0(x, y) in Ω. (2.50)

Now, a spectral scheme based on the space-time collocation method can be de-

rived for the unsteady Navier–Stokes equation:

−∆ψt + 1
Re

∆2ψ − ψyψxxx + ψxψyyy + ψxψyxx − ψyψxyy = f.

A spectral scheme based on the space-time collocation method is

−
{
D ⊗

(
(D2 ⊗ IN+1) + (IN+1 ⊗D2)

)}
ψh + 1

Re

{
IN+1 ⊗

(
(D4 ⊗ IN+1) + (IN+1 ⊗D4)

+ 2(D2 ⊗D2)
)}
ψh − diag

(
IN+1 ⊗ (IN+1 ⊗D)ψh

)
(IN+1 ⊗ (D3 ⊗ IN+1))ψh

+ diag
(
IN+1 ⊗ (D ⊗ IN+1)ψh

)
(IN+1 ⊗ (IN+1 ⊗D3))ψh

+ diag
(
IN+1 ⊗ (D ⊗ IN+1)ψh

)
(IN+1 ⊗ (D2 ⊗D))ψh

− diag
(
IN+1 ⊗ (IN+1 ⊗D)ψh

)
(IN+1 ⊗ (D ⊗D2))ψh = fh,

where ψh and fh are the vectors of ψ and f , respectively, evaluated at the collocation

points. Let B2 be the spectral second derivative (2.20), B3 be the spectral third

derivative (2.23) and B4 be the spectral fourth derivative (2.24) defined above.

Finally we may write

−
{
[D] ⊗

(
(B2 ⊗ IN−1) + (IN−1 ⊗B2)

)}
ψ̂h + 1

Re

{
IN ⊗

(
(B4 ⊗ IN−1) + (IN−1 ⊗B4)
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+ 2(B2 ⊗B2)
)}
ψ̂h − diag

(
IN ⊗ (IN−1 ⊗ [[D]])ψ̂h

)
(IN ⊗ (B3 ⊗ IN−1))ψ̂h

+ diag
(
IN ⊗ ([[D]] ⊗ IN−1)ψ̂h

)
(IN ⊗ (IN−1 ⊗B3))ψ̂h

+ diag
(
IN ⊗ ([[D]] ⊗ IN−1)ψ̂h

)
(IN ⊗ (B2 ⊗ [[D]]))ψ̂h

− diag
(
IN ⊗ (IN−1 ⊗ [[D]])ψ̂h

)
(IN ⊗ ([[D]] ⊗B2))ψ̂h = f̂h − (dh ⊗ ψ0h).

Here, the known boundary and initial values have been removed. This nonlinear

system can be linearized by replacing one variable by an old iterate in nonlinear

terms. Then a simple fixed-point iteration (k ≥ 0) can be used to solve it for small

Re.

Akψ
k+1
h = f̃h,

where f̃h = f̂h − (dh ⊗ ψ0h) and

Ak = −[D] ⊗
(
(B2 ⊗ IN−1) + (IN−1 ⊗B2)

)
+ 1
Re

IN ⊗
(
(B4 ⊗ IN−1) + (IN−1 ⊗B4)

+ 2(B2 ⊗B2)
)

− diag
(
IN ⊗ (IN−1 ⊗ [[D]])ψ̂kh

)
(IN ⊗ (B3 ⊗ IN−1))

+ diag
(
IN ⊗ ([[D]] ⊗ IN−1)ψ̂kh

)
(IN ⊗ (IN−1 ⊗B3))

+ diag
(
IN ⊗ ([[D]] ⊗ IN−1)ψ̂kh

)
(IN ⊗ (B2 ⊗ [[D]]))

− diag
(
IN ⊗ (IN−1 ⊗ [[D]])ψ̂kh

)
(IN ⊗ ([[D]] ⊗B2)).

A nonlinear preconditioning method, RASPEN ([32]), is effective for solving nonlin-

ear system at high Reynolds numbers. Details of its implementation are provided in

our previous work [82].
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2.5.2 Allen–Cahn equation

Consider

ut = ∆u+ au(1 − u2) + f(x, y, t) in Ω × (−1, 1),

with initial condition u(x, y,−1) = u0(x, y) and homogeneous Dirichlet boundary

conditions. Here a is a positive constant. A spectral scheme based on the space-time

collocation method is

{
D ⊗ (IN+1 ⊗ IN+1)

}
uh =

{
IN+1 ⊗

(
(D2 ⊗ IN+1) + (IN+1 ⊗D2)

)}
uh + a(uh − u3

h) + fh,

where fh is f evaluated at collocation points.

Deleting the known boundary and initial values, the final scheme reads

{
[D] ⊗ (IN−1 ⊗ IN−1) − IN ⊗

(
([[D2]] ⊗ IN−1) + (IN−1 ⊗ [[D2]])

)
− aI

}
ûh + aû3

h

= f̂h − (dh ⊗ u0h).

This nonlinear system can be solved using the simple fixed-point iteration (k ≥ 0)

{
[D] ⊗ (IN−1 ⊗ IN−1) − IN ⊗

(
([[D2]] ⊗ IN−1) + (IN−1 ⊗ [[D2]])

)
− aI + a diag((û(k)

h )2)
}
û

(k+1)
h

= f̂h − (dh ⊗ u0h).

2.5.3 Nonlinear Schrödinger equation

Consider

iut = −∆u+ |u|2u+ f(x, y, t) in Ω × (−1, 1),
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with initial condition u(x, y,−1) = u0(x, y) and homogeneous Dirichlet boundary

conditions. Here a is a positive constant. The spectral scheme is

i
{
D ⊗ (IN+1 ⊗ IN+1)

}
uh = −

{
IN+1 ⊗

(
(D2 ⊗ IN+1) + (IN+1 ⊗D2)

)}
uh + |uh|2uh + fh,

where fh is f evaluated at collocation points.

Deleting the known boundary and initial values, the final scheme reads

{
i
(
[D] ⊗ (IN−1 ⊗ IN−1)

)
+ IN ⊗

(
([[D2]] ⊗ IN−1) + (IN−1 ⊗ [[D2]])

)}
ûh − |ûh|2ûh

= f̂h − (dh ⊗ u0h).

This nonlinear system can be solved using the simple fixed-point iteration (k ≥ 0)

{
i
(
[D] ⊗ (IN−1 ⊗ IN−1)

)
+ IN ⊗

(
([[D2]] ⊗ IN−1) + (IN−1 ⊗ [[D2]])

)}
ũ

(k+1)
h − |û(k)

h |2ũ(k+1)
h

= f̂h − (dh ⊗ u0h),

û
(k+1)
h = ũ

(k+1)
h + û

(k)
h

2 .
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3

Space-Time Spectral Methods for

PDEs in Irregular Geometry

3.1 Literature Review

Spectral methods are among the most dominant methods with high-order accu-

racy that are used to solve PDEs in various fields such as fluid dynamics, quantum

mechanics, heat conduction, and weather prediction. However, in contrast to finite-

difference and finite-element methods, there are some drawbacks of spectral methods.

One drawback is that using spectral methods to discretize PDEs results in the solu-

tion of systems of linear or nonlinear equations involving full matrices. On the other

hand, traditional methods lead to systems with much larger but sparse matrices that

can be handled by appropriate methods to significantly reduce the complexity of the

calculations. Another major drawback of basic spectral methods is their inability to

handle irregularly shaped domains. However, there have been attempts to address

this shortcoming.

The numerical solution of PDEs in complex geometries presents significant chal-

lenges due to irregular domain shapes arising from physical constraints and phe-

42



nomena. Various strategies have been developed to address these challenges, such

as spectral element methods, coordinate transformation, and domain embedding. S.

Orszag [81] presented a technique that permits the efficient application of spectral

methods for solving problems in (nearly) arbitrary geometries. He introduced a new

iterative procedure to solve efficiently the full matrix equations resulting from spec-

tral approximations to non-constant coefficient boundary-value problems in complex

geometries. Also, K. Korczak and A. Patera [63] presented an isoparametric spectral

element technique to solve the two-dimensional Navier–Stokes equations in arbitrary

(curvy) geometries. Both these approaches usually involve finite-element precondi-

tioning or use of spectral elements which are similar to finite elements. Other works

include [61, 31] and the references therein. Spectral element methods require careful

mesh generation and refinement, which can be computationally expensive, and also

there is a potential loss of spectral accuracy near element interfaces, particularly for

non-smooth solutions.

Coordinate transformation techniques, on the other hand, map irregular domains

onto regular ones (e.g., a rectangle or disk) by defining a transformation between the

physical and computational domains [64]. This allows standard numerical methods

to be applied in the transformed coordinate system. These methods are limited by

the fact that analytical transformations are often unavailable for irregular geome-

tries, and poorly constructed transformations can result in a loss of spectral accuracy.

Domain embedding simplifies the handling of complex geometries by embedding the

irregular domain into a larger, regular domain and extending the problem data to

the larger regular domain. Unlike spectral element methods, it avoids the need for

mesh generation, and unlike coordinate transformation techniques, it does not rely

on the availability of an analytical transformation.
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Domain Embedding
Domain embedding methods, also known as ‘fictitious domain methods’ or ‘embed-

ded boundary methods’ are numerical techniques used to solve PDEs by embedding

a complex or irregular physical domain within a larger, fictitious, and regular domain

[6, 7, 13, 21, 24, 25, 36, 72, 48, 49, 94, 95]. With domain embedding, the original

PDE defined on an irregular domain is transferred to a regular domain. Doing so

simplifies the numerical computation significantly since numercial methods such as

finite element and spectral methods perform optimally on regular domains. When

formulating the problem, the governing PDEs for the problem are expressed in terms

of the variables defined over the larger domain and the boundary conditions of the

original domain are then imposed as constraints of the PDE on the fictitious domain.

Spectral Domain Embedding Methods: An approach that combines domain

embedding techniques with spectral methods is illustrated by Bueno-Orovio [22, 23],

who introduced the ’Spectral Smoothed Boundary Method’ which was implemented

via Fast Fourier Transform routines. This method approximates the solution of

PDEs in irregular domains with no-flux boundary conditions by employing a smooth-

ing term to integrate the boundary conditions into a modified equation suitable for

standard spectral methods. Despite its innovative framework, this method has two

main drawbacks: It generally achieves lower accuracy compared to traditional spec-

tral methods applied to rectangular domains and also it necessitates a large number

of discretization points when using uniform grids.

Another notable contribution in this area is from Stein [55], who proposed the

‘Immersed Boundary Smooth Extension Method’, designed to solve two-dimensional

elliptic and parabolic PDEs on general smooth domains using Fourier spectral meth-

ods. Similar to Bueno-Orovio’s method, this approach employs domain embedding

and approximates both the unknown solution and its smooth extension by solving
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a coupled, dense system of equations simultaneously. However, a critical limitation

arises from the inversion method used, which relies on an expensive precomputation

dependent on both the physical domain and the discretization.

Moreover, there have been several other attempts to use spectral domain embed-

ding methods to solve PDEs in irregular domains, [18, 20, 22, 34, 35, 72] and the

references therein. The reference [18] introduced the spectral smoothed boundary

method for PDEs in irregular domains. Also, the reference [20] introduced a novel

two-dimensional Fourier continuation (2D-FC) method for the biperiodic extension

of functions defined on arbitrary smooth two-dimensional domains. A fictitious do-

main method is introduced in the references [24, 25] that maintains spectral accuracy

for elliptic PDE solutions. This approach showcases how complex geometries can be

handled effectively using fictitious domains.

Further, in the reference [40], a Lagrange multiplier approach is implemented

to solve Dirichlet problems using a fictitious domain method. In [41] the authors

extended this methodology to include direct numerical simulations of incompressible

viscous flow past moving rigid bodies, thereby illustrating the versatility of fictitious

domain methods in fluid dynamics applications. Also, they explored the applica-

tion of fictitious domain methods for second-order elliptic problems, addressing the

derivation of formulations and the iterative solutions using preconditioned conjugate

gradient methods [42]. In the reference [41] the authors demonstrated the application

of their fictitious domain approach in simulating particulate flow and flow past rigid

bodies. Their methodology included operator splitting techniques to manage the

complexities of fluid-solid interactions, showcasing the efficacy of fictitious domain

methods in practical scenarios.

Moreover, the paper [72] proposed an interesting domain embedding method

based on pseudospectral collocation, determining the unknown boundary function

on the fictitious domain’s boundary while ensuring that the solution satisfies the
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boundary conditions along the original irregular domain’s boundary. The main dis-

advantage of this new method is the assumption that the source term is known in

the extended regular domain. Often in real applications, this does not hold. Also,

this implementation is not optimal since in Legendre collocation, the nodes cluster

near the boundary of the rectangle which is outside the domain of interest.

Smooth Extension Embedding Method: Agress and Guidotti [1, 2] proposed a

‘Smooth Extension Embedding Method’, which reformulates boundary value prob-

lems as constrained optimization problems. The focus of this method is to minimize

the residual error while still satisfying boundary conditions without the need for an

explicit extension. The problem is reformulated as a constrained optimization prob-

lem where some error function is minimized, subject to boundary constraints. This

strategy derives a computationally efficient and accurate solution within the embed-

ded domain directly. Further, the reference [29] explores how complex boundary

conditions can be effectively and accurately handled by applying a smooth extension

methods to inhomogeneous elliptic PDEs.

Penalty Methods
Penalty methods are numerical techniques used to weakly enforce boundary con-

ditions in the solution of PDEs. By introducing penalty terms into the governing

equations, these methods allow for greater flexibility in how boundary conditions

are applied [1, 34, 35, 46, 86]. This is particularly useful in complex geometries

where traditional methods may struggle to enforce conditions strictly. The underly-

ing concept of penalty methods is based on modifying the governing equations of the

PDE to include additional terms that penalize deviations from specified boundary

conditions. This approach transforms the original problem into one that can accom-

modate some degree of violation of the boundary conditions, thus facilitating the use
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of various numerical methods without requiring exact adherence to those conditions.

Penalty methods enable flexible handling of complex geometries by weakly enforc-

ing boundary conditions. However, the challenge is to choose appropriate penalty

parameters to ensure stability and accuracy.

Elghaoui and Pasquetti [34] presented a mixed spectral-boundary element embed-

ding algorithm that effectively combines penalty methods with spectral techniques

to solve fluid dynamics problems. Their findings demonstrate the benefits of penalty

methods in achieving stable and accurate solutions in complex geometries. The refer-

ence [46] introduced the Smooth Forcing Extension Method, which employs penalty

approaches to manage boundary conditions effectively. Their method shows promis-

ing results in terms of accuracy and efficiency when solving elliptic PDEs.

Active Penalty Methods are an advanced version of traditional penalty methods

used to solve PDEs [86]. Unlike standard penalty methods that apply a fixed penalty

term to enforce boundary conditions, active penalty methods adaptively modify the

penalty parameters based on the local behavior of the solution. This dynamic ap-

proach aims to enhance the accuracy and stability of the numerical solution, partic-

ularly in fluid dynamics and other applications where interfaces and boundaries play

critical roles. The theoretical concept behind Active Penalty Methods is to further

the weak enforcement of boundary conditions by incorporating mechanisms that are

adaptive and responsive to the characteristics of the solution. The goal is to mini-

mize the errors associated with enforcing boundary conditions while maintaining the

physical accuracy of the solution. Active penalty methods can achieve greater accu-

racy in satisfying boundary conditions, especially in complex flows where traditional

methods may struggle. The dynamic adjustment of penalty parameters improves

the stability of the numerical solution but these adjustments can lead to increased

computational costs compared to traditional penalty methods.

Shirokoff and Nave [86] presented an active penalty method for solving incom-
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pressible Navier-Stokes equations, showcasing improved accuracy over conventional

methods. Their work highlights the effectiveness of adapting penalty terms in fluid

dynamics applications. The reference [2] introduced a smooth extension method and

discussed the advantages of implementing adaptive techniques that agree with the

principles of active penalty methods.

Cut-off Techniques
Cut-off techniques are numerical methods employed to manage boundary conditions

and address irregular geometries when solving PDEs. These techniques involve creat-

ing smooth approximations or modifying the characteristic functions of the domains

to enhance numerical stability and convergence [21, 29]. Cut-off functions are typ-

ically used to define the regions where the PDE is valid and to enforce boundary

conditions effectively. The theoretical foundation of these techniques is based on the

principle of modifying the characteristic function of a domain to create a smooth

transition between the solution domain and the exterior or background region. This

approach enables us to apply standard numerical methods that are known to perform

well in regular domains while minimizing numerical oscillations near the boundaries.

Since sharp transitions lead to numerical instabilities, a cut-off function is used to

apply boundary conditions in a smooth and continuous manner. These techniques

can be combined with finite element methods, finite difference methods, or spectral

methods to ensure that the numerical scheme effectively handles irregular geometries.

By employing smooth approximations of characteristic functions, cut-off techniques

improve stability and facilitate the application of numerical methods, although the

introduction of smoothing can lead to approximation errors, especially if the cut-off

function is not chosen appropriately.

Alfonso [21] discusses the application of cut-off techniques in spectral methods

for fluid dynamics problems, highlighting their role in managing boundary conditions
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effectively. Also, the reference [29] explores the role of cut-off techniques in main-

taining spectral accuracy while solving inhomogeneous elliptic PDEs, emphasizing

their effectiveness in complex geometries.

Hybrid Methods
Multiple numerical techniques are combined to create hybrid methods that improve

flexibility and performance. These are well suited for capturing local behavior while

maintaining global accuracy. Such hybrid methods are superior to single-method

approaches that may struggle to deliver the desired accuracy or efficiency when used

to solve PDEs in complex geometries. By integrating techniques such as finite el-

ement, finite difference, and spectral methods, hybrid methods provide a versatile

framework for tackling a wide range of problems in computational mathematics and

engineering. The core idea behind hybrid methods is to divide the computational

domain into subdomains where different numerical techniques can be optimally ap-

plied based on the characteristics of each region [5, 18, 76]. For example, smooth

regions may employ spectral methods due to their high accuracy, while complex or

irregular regions may utilize finite element methods. Special care is taken at the

interfaces between different methods to ensure that the solutions remain consistent

and that discontinuities are avoided. In some cases, iterative methods are employed

to update the solutions in adjacent subdomains until convergence is achieved, ensur-

ing consistency across the computational domain. By intelligently combining these

approaches, hybrid methods aim to exploit the respective advantages of each tech-

nique. Often, implementing hybrid methods proves more challenging than a single

numerical technique as the interfaces and coupling conditions need to be managed

very carefully. If not handled properly, the interfaces between different methods

can introduce numerical instabilities, especially if the methods yield significantly

divergent solutions.
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Bruno and Lyon [18] highlighted the advantages of combining spectral accuracy

with finite element flexibility by studying how hybrid spectral methods can be used

to solve PDEs in complex domains. Further, Lyon [76] explained the effectiveness of

coupling spectral and finite element techniques in capturing complex flow dynamics,

particularly in fluid dynamics applications.

3.2 Domain Embedding and Fourier Continuation

This section provides a more detailed explanation of domain embedding, as the pro-

posed technique in this thesis is based on this concept. There are only a limited

number of studies on spectral collocation methods for time-dependent PDEs in com-

plex geometries. Thus, in this thesis, we propose a numerical method to approximate

solutions of PDEs in irregular domains using space-time spectral collocation meth-

ods. By an irregular domain, we mean a domain that is neither a square nor a disk,

so that standard spectral methods cannot be applied directly. The main idea of our

method is to embed the irregular domain in a regular one and apply periodic or non-

periodic extensions [13, 58]. There are several ways available to extend a function

to a larger domain.

Strategies for smooth extension of inhomogeneous term: Methodologies

for extending inhomogeneous terms in PDEs have made significant progress over

the years. In 1996, Elghaoui and Pasquetti [35] introduced a domain embedding

method applicable to unsteady advection-diffusion and the unsteady incompressible

Navier–Stokes equations. This method was implemented by converting the PDE into

a semi-discrete elliptic linear problem using a finite difference semi-implicit scheme

in time. The reduced problem is then solved using a combination of Fourier ap-

proximations and a boundary element approach, which facilitates the imposition of
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boundary conditions. A key feature of this approach is the ‘periodic extension’ pro-

duced using Fourier approximation, which enables a smooth extension of the body

force from an irregular domain into a fictitious, regular domain.

Following this work, Boyd [13] presented a closely related methodology for solving

PDEs in non-rectangular domains. Boyd’s strategy involves extending the inhomoge-

neous term f(x, y) to the fictitious rectangular domain through a ‘window’ function.

This ensures that the extended function g(x, y) is periodic, infinitely differentiable,

and retains the value of f(x, y) throughout the physical domain. Boyd’s extension

technique relies on defining a suitable form for g(x, y) when f(x, y) and the bound-

ary of the irregular domain are described by a C∞ function. Under these conditions,

the solution to the PDE can be expressed as a two-dimensional Fourier series. After

that, Bueno-Orovio [21] developed a convolution-based extension method for cases

where the boundary of the irregular domain cannot be defined as the zero isoline of a

C∞ function. However, both Boyd’s [13] and Bueno-Orovio’s [21] methods primarily

focus on PDEs with constant coefficients, such as the Poisson equation.

Fourier-Continuation (FC) Methods: In 2010, the concept of periodic exten-

sions for solving the Heat and Laplace equations in smooth boundaries re-emerged in

a paper by Bruno and Lyon [18]. They introduced a numerical scheme that discretizes

the PDE in time, subsequently splitting it into sets of uncoupled spatial ODEs us-

ing an alternating direction method. To complete the time-stepping algorithm, each

spatial ODE is solved with high-order accuracy on the corresponding Cartesian line

through the FC-Gram method. This method is based on Gram Polynomials and

generates a Fourier series with period b > 0 for a smooth periodic extension of a

given function. It effectively resolves the Gibbs phenomenon and can be computed

at Fast Fourier Transform (FFT) speed [14].

The FC-Gram approach provides a highly accurate approximation with computa-
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tional costs equivalent to a single FFT, although it offers only fixed-order accuracy.

Influenced by this work, Lyon [69] developed a super-algebraically convergent al-

gorithm specifically for computing Fourier continuations of nonperiodic functions.

However, this algorithm is slower than the FC-Gram method and is designed to

produce a Fourier extension with a unique period b = 2.

To address the limitations of fixed periodicity, Huybrechs [58, 59] proposed new

algorithms aimed at computing Fourier extensions without the restrictions imposed

by previous methods. These advancements reflect the ongoing efforts to refine tech-

niques for handling complex geometries and inhomogeneous terms in the context of

PDEs, ensuring greater flexibility and accuracy in numerical simulations. One of the

main advantages of the Fourier continuation method is that high-order accuracy can

be achieved with a small number of grid points. Additionally, it can handle complex

geometries with arbitrary shapes and can be used to solve a wide range of PDEs,

including elliptic, parabolic, and hyperbolic PDEs.

3.3 Extension Techniques and Novel Contributions

for Solving PDEs on Irregular Domains

In this thesis, we consider three cases. In the first case, the non-homogeneous term

is assumed to be known in the extended domain. In the second case, the non-

homogeneous term is only known within the physical domain, and a periodic exten-

sion is performed to extend it to the larger domain. Similarly, in the third case, a

non-periodic extension is applied to the extended domain.

In general, the function is unknown outside the physical domain. However, in the

first case, we assume that the non-homogeneous term is analytic and periodic in the

extended domain. This was a first attempt to extend the method introduced in [72] to

time-dependent PDEs. Then we use spectral domain embedding methods to solve
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PDEs in the complex geometries. That is, first we embed the complex geometry

in a larger, regular (rectangular) domain using a domain embedding method and

then extend the solution of the PDE outside the complex geometry using a periodic

function. The solution of the PDE on this regular domain can be approximated using

the Fourier spectral method. Finally, the extended solution can be interpolated back

to the complex geometry which provides an accurate approximation of the solution.

Consider a bounded domain Ω in R2 with a complex boundary. Suppose f is a

smooth function. Define the PDE

−∆u = f in Ω, (3.1)

u = g on ∂Ω. (3.2)

The basic idea is to embed Ω in a larger rectangle and then apply the FC method.

Here, we consider the domain Ω to be a strict subset of the square R = (−π, π)2 and

we adjust the values on the boundary of the square so that u = g on ∂Ω. Here we

use the Fourier spectral method to solve the PDE on R.

Let xj be evenly spaced points in [−π, π), j = 0, . . . , N − 1 with N odd and Dh

be an N × N matrix, called the Fourier pseudospectral derivative matrix, which is

given by

(Dh)kk = 0, (Dh)kj = (−1)k−j

2 sin((k − j)π/N) , j ̸= k. (3.3)

Let M be the number of constraints to be imposed on the boundary ∂Ω. That is, let

(pi, qi), i = 1, ...,M (we take M = 2N + 1) be equally-spaced points along ∂Ω such

that u(pi, qi) = g(pi, qi). We generate M equally spaced points along the boundary

∂Ω by uniformly discretizing the parameter s ∈ [0, 2π) with step size ∆s = 2π
M

.

These points are then mapped to the boundary using a parametric representation

z(s) = (x(s), y(s)), depending on the geometry of Ω.
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For different domains, we define the boundary points (xi, yi) as follows:

• Circle: z(s) = r [cos(s), sin(s)] for some fixed r > 0.

• Ellipse: z(s) = [r1 cos(s), r2 sin(s)] where r1, r2 > 0 define the semi-axes.

• Butterfly-shaped domain: z(s) = r [cos(s), sin(2s)].

In each case, we define a vector of M angles:

si = 2π(i− 1)
M

, i = 1, 2, . . . ,M

and use the above parametric forms to compute the boundary nodes (xi, yi) ∈ ∂Ω.

This procedure produces points that are equally spaced in the parameter s, which

corresponds to equally spaced angles for the circle and smooth parametric spacing

for more general shapes.

Therefore the global system is

A W

V1 V2


u1

u2

 =

fh
g

 , (3.4)

where A = [A0; Ax; Ay], W = [W0; Wx; Wy] and fh = [f0; fx; fy]. The un-

knowns in the interior of R are denoted by u1, while u2 denotes unknowns along ∂R.

Here, A0 ∈ RN2×N2 is the discrete Laplacian Fourier spectral differential operator on

R corresponding to unknowns in its interior and W0 ∈ RN2×(N−1)2 is the boundary

differential operator involving terms along the boundary of the rectangle.

The matrices Ax and Ay ∈ R(N−1)2×N2 are the discrete differential operators

involving periodic Neumann boundary conditions on ∂R corresponding to interior

unknowns on R, while Wx and Wy ∈ R(N−1)2×(N−1)2 correspond to the differential

operators involving terms along the boundary of the rectangle. The components of

the M × (N +1)2 matrix V = [V1, V2] are the coefficients of the constraint equations.

54



Further, interpolation is required to relate values along ∂Ω and values in R. See

Figure 4.2 in Chapter 4.

This concept can be extended to solve time-dependent PDEs in irregular ge-

ometries as well. Here we use Fourier spectral method for space variables and the

Legendre collocation method for the time variable. The temporal domain is consid-

ered as (−1, 1).

Now let’s consider the stream function formulation of the unsteady Stokes equa-

tion defined in a complex domain Ω.

−∆ψt + ∆2ψ = f in Ω × (−1, 1), (3.5)

ψ = g on ∂Ω × (−1, 1), (3.6)

ψx = h1, ψy = h2 on ∂Ω × (−1, 1), (3.7)

ψ(x, y,−1) = ψ0(x, y) in Ω. (3.8)

Thus, the corresponding global system is



A W

V U

Vx Ux

Vy Uy



u1

u2

 =



fh

g

h1

h2


, (3.9)

where A = [A0; Ax; Ay], W = [W0; Wx; Wy] and fh = [f0 − (ψ0h ⊗ dh); fx; fy].

Here dh = D(0 : N − 1, N), where D is the Legendre pseudospectral derivative

matrix. The unknowns in the interior of R are denoted by u1 while u2 denotes

unknowns along ∂R. Here, A0 ∈ RN3×N3 is the discrete Fourier spectral differential

operator on R corresponding to unknowns in its interior and W0 ∈ RN3×N(N−1)2 is

the differential operator involving terms along the boundary of the rectangle.

The matrices Ax and Ay ∈ RN(N−1)2×N3 are the differential operators involving
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periodic Neumann boundary conditions on ∂R corresponding to interior unknowns

on R, while Wx and Wy ∈ RN(N−1)2×N(N−1)2 correspond to the differential operators

involving terms along the boundary of the rectangle. The components of the NM ×

N(N+1)2 matrix [V, U ] are the coefficients of the constraint equations corresponding

to Dirichlet boundary conditions on ∂Ω. Similarly, the components of the matrices

[Vx, Ux] and [Vy, Uy] are the coefficients of the constraint equations corresponding

to Neumann boundary conditions on ∂Ω. Interpolation is required to implement all

these constraint equations. See Figure 4.3 in Chapter 4. Moreover, with a fixed point

iteration, for instance, the above space-time Fourier continuation domain embedding

method can also be used to solve nonlinear PDEs. See Figure 4.4 in Chapter 4.

In the second case, we assume that the non-homogeneous term is only known

in the physical domain and perform a periodic extensions to the extended domain.

Initially, we implemented Boyd’s technique [13] for this Fourier extension and ob-

served super-algebraic convergence only. Then we applied the method introduced by

Huybrechs’ [58] to extend the non-homogeneous term of the PDE from the physical

domain to the regular domain with exponential accuracy for special domains. Subse-

quently, in the third case, we modified Huybrechs’ method to perform a non-periodic

extension with exponential accuracy for general domains.

We now review Boyd’s periodic extension method and Huybrechs’ method based

on half-range Chebyshev polynomials, which provide the theoretical foundation for

our work.

3.3.1 Fourier Extension - Boyd’s Method

Define ∂Ω as the zero-isoline (level set) of a C∞ function Φ(x, y). Rescale Φ(x, y) as

Φ̃(x, y) ≡ CΦ(x, y) where C is a constant chosen so that the level surface Φ̃(x, y) = 1

is a curve ∂A which is

i) contained within the extended domain and
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ii) is exterior to ∂Ω.

The basic idea for extending f(x, y) is to multiply it by a ‘window’ function

ρ(x, y) with the following properties:

1. ρ(x, y) ≡ 1 everywhere in Ω,

2. ρ is ‘infinitely flat’ everywhere on ∂A and its exterior,

3. ρ(x, y) is C∞.

Definition 3.1 (Infinitely flat). A C∞ function g(x, y) is said to be ‘infinitely flat’

at a point if g and all its derivatives are zero at that point.

Such a window function is ρ(x, y) ≡ H(1 − 2Φ̃(x, y)), where H is a smoothed

approximation to the step function:

H(x;L) ≡ 1
2{1 + E(x;L)},

where E is an error-function-like function such as

E(x;L) =



−1, x < −1,

erf
(

Lx√
1−x2

)
, x ∈ [−1, 1],

1, x > 1,

and L is an experimentally chosen scaling factor that specifies how rapidly the erf-

like, ramp, and window functions tend to their limits.

The extended function is then the product of f with the window function ρ:

g(x, y) ≡ ρ(x, y)f(x, y).

By construction, g(x, y) ≡ f(x, y) everywhere in Ω. Similarly, g(x, y) is identically

zero everywhere outside the curve ∂A.
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.
Figure 3.1: Fourier extension and error convergence for the 1D Poisson equation.

Figure 3.1 shows Fourier extension of f(x) = 1 − 3x2 using Boyd’s method and

the error convergence of 1-D Poisson equation having the non-homogeneous term f .

The convergence rate is super-algebraic and not spectral.

3.3.2 Half-Range Chebyshev Polynomials

Orthogonal polynomials play a crucial role in numerical analysis and various other

fields. Classical families, such as Jacobi, Hermite, and Laguerre polynomials, have

been extensively studied and applied across a wide range of mathematical methods

and disciplines. Here we focus on two families of non-classical orthogonal polynomials

introduced by Huybrechs in [58]: the half-range Chebyshev polynomials of the first

and second kinds.

These polynomials derive their name from the fact that they share the same

weight functions as the classical Chebyshev polynomials, yet they are orthogonal on

a smaller interval. Similar to their classical counterparts, the half-range Chebyshev

polynomials can be utilized in various applications, including approximation tech-

niques and solving differential equations through spectral methods. To effectively

employ these polynomials, it is essential to have a robust algorithm for their com-

putation. To address this need, Orel and Perne [80] describe an efficient method to
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construct these polynomials using modified Chebyshev algorithm.

3.3.2.1 Chebyshev polynomials:

Chebyshev polynomials Tk(y) of the first kind are classical polynomials. They are

orthogonal with respect to the weight function 1/
√

1 − y2 on the interval [−1, 1], and

normalized such that Tk(1) = 1. These polynomials are derived as solutions to the

Chebyshev differential equation and are characterized by the following relationship:

cos(kθ) = Tk(cos θ), k ∈ N, (3.10)

This equation indicates that cos(kθ) can be expressed as a polynomial in cos θ.

Chebyshev polynomials Uk(y) of the second kind are orthogonal with respect to the

weight function
√

1 − y2 on the interval [−1, 1], and normalized such that Uk(1) =

k + 1. The corresponding property to (3.10) is given by:

sin((k + 1)θ)
sin θ = Uk(cos θ), k ∈ N, (3.11)

which expresses the fact that sin((k+1)θ) is also a polynomial in cos θ, up to a factor

sin θ.

3.3.2.2 Three-term recurrence relation and modified Chebyshev algo-

rithm:

For the stable construction of a family of orthogonal polynomials, the recursion

coefficients αk and βk are required for each k in the three-term recurrence relation

(π1(x) = 0, π2(x) = const) :

π̃k+1(x) = (x− αk)πk(x) − βkπk−1(x), k = 2, 3, . . . (3.12)
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where

αk =
∫ 1

0
x(πk(x))2w(x) dx, (3.13)

βk =
∫ 1

0
xπk(x)πk−1(x)w(x) dx (3.14)

and

πk+1(x) = π̃k+1(x)
∥π̃k+1(x)∥ . (3.15)

Here, the polynomials πk are orthogonal polynomials with an integrable non-negative

weight function w(x). Unfortunately, the calculation of the recursive coefficients αk

and βk using formulas (3.13) and (3.14) can be numerically unstable. With standard

finite-precision arithmetic, we begin to lose accuracy starting from a small value of

k (for example, k = 12). To address this issue, we can apply a stable modified

Chebyshev algorithm for the computation of recursion coefficients, which is effective

with standard finite-precision arithmetic.

The modified Chebyshev algorithm:

The objective is to calculate the first N recursion coefficients αj and βj that define

the three-term recurrence relation given by:

π1(x) = 0, π2(x) = 1,

πj+1(x) = (x− αj)πj(x) − βjπj−1(x), j = 2, 3, 4, . . .

for a family of monic orthogonal polynomials πj defined over the interval (a, b),

ensuring that the orthogonality conditions are satisfied:

∫ b

a
πk(x)πℓ(x)w(x) dx = 0, k ̸= ℓ. (3.16)
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The main concept behind constructing the first N orthogonal polynomials is to use

the first 2N modified moments:

νj =
∫ b

a
pj(x)w(x) dx, j = 1, 2, . . . , 2N, (3.17)

instead of the initial 2N power moments:

µj =
∫ b

a
xj−1w(x) dx, j = 1, 2, . . . , 2N. (3.18)

Here, w(x) is the weight function associated with the orthogonal family from which

we seek the coefficients. The polynomials pj are orthogonal polynomials defined over

the same interval (a, b) as the family of πj being constructed, but with a different

weight function. They satisfy a recurrence relation:

p1(x) = 0, p2(x) = 1, (3.19)

pj+1(x) = (x− aj)pj(x) − bjpj−1(x), j = 2, 3, 4, . . . (3.20)

where the coefficients aj and bj are known explicitly.

Now, we present the algorithm proposed by Wheeler in [93].

σk,ℓ =
∫ b

a
πk(x)πℓ(x)w(x) dx, k, ℓ ≥ 1. (3.21)

The orthogonality conditions imply that σk,ℓ = 0 for ℓ < k. The input data for

the algorithm consist of the known recursive coefficients aj and bj, along with the

modified moments vj, which must be computed accurately. The output data are the

recursive coefficients αj and βj.
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Algorithm 1. Initialize:

α1 = a1 + v2

v1
, β1 = v1;

σ1,ℓ = 0, ℓ = 2, . . . , 2N − 1;

σ2,ℓ = vℓ, ℓ = 1, . . . , 2N.

For k = 3, 4, . . . , N + 1 compute:

σk,ℓ = σk−1,ℓ+1 − (αk−2 − aℓ)σk−1,ℓ

− βk−2σk−2,ℓ + bℓ−1σk−1,ℓ−1, ℓ = 2, . . . , 2N − (k − 1) + 1;

αk−1 = ak−1 + σk,k
σk,k−1

− σk−1,k−1

σk−1,k−2
;

βk−1 = σk,k−1

σk−1,k−2
.

The normalization factors can be calculated as:

∥π1∥2 = v1,

∥πj∥2 = βj∥πj−1∥2, j = 2, 3, . . . , N.

Since the two families of orthogonal polynomials are not monic, we compute the

recursive coefficients for the normalized polynomials as:

α∗
j = αj, j = 1, 2, . . . (3.22)

β∗
j = βj

∥πj−1∥
∥πj∥

, j = 2, 3, . . . (3.23)

The formulas (3.22) and (3.23) are derived easily by comparing the three-term re-
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currence relations for both monic and normalized polynomials.

3.3.2.3 Half-range Chebyshev polynomials of the first kind

Half-range Chebyshev polynomials have the same weight functions as the classical

Chebyshev polynomials of the first and second kinds, but are orthogonal on the

interval [0, 1] rather than on the interval [−1, 1]. Therefore, half-range Chebyshev

polynomials of the first kind are orthogonal on the interval [0, 1] with the weight

function w(x) = 1√
1−x2 .

Definition 3.2. Let T hk (x) be the unique normalized sequence of orthogonal poly-

nomials satisfying

∫ 1

0
T hk (x)xℓ 1√

1 − x2
dx = 0, ℓ = 0, . . . , k − 1, (3.24)

4
π

∫ 1

0
(T hk (x))2 1√

1 − x2
dx = 1. (3.25)

Then the set {T hk (x)}∞
k=0 is called half-range Chebyshev polynomials of the first kind.

Lemma 3.3. [80] The power moments for the the half-range Chebyshev polynomials

of the first kind are

µ2k =

(
2k
k

)
π

22k+1 , k = 0, 1, . . . (3.26)

µ2k+1 = (2k)!!
(2k + 1)!! , k = 0, 1, . . . (3.27)

For the construction of the recursion coefficients with the modified Chebyshev

algorithm, we use the shifted Legendre polynomials on the interval [0, 1] as a known

family of orthogonal polynomials pk(x). Since the polynomials for the modified

Chebyshev algorithm should be monic, the set of pk’s is given by

pk(x) = (k!)2

(2k)!Pk(2x− 1), (3.28)
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where Pk(2x− 1) represents the shifted Legendre polynomials. The recursion coeffi-

cients in the recurrence relation for the shifted monic Legendre polynomials are

ak = 1
2 , k = 1, 2, . . . , (3.29)

bk = 1
4(4 − k−2) , k = 1, 2, . . . (3.30)

The modified moments νk defined by (3.17) are computed using a symbolic com-

putation package from the power moments µk, given in (3.26) and (3.27), and are

plotted in Figure 3.2. Let pj(x) = ∑2N
j=1 cjx

j−1. Thus, by (3.17),

νj =
∫ b

a

2N∑
j=1

cjx
j−1w(x)dx

=
2N∑
j=1

cj

∫ b

a
xj−1w(x)dx

=
2N∑
j=1

cjµj by (3.18),

where cj are the coefficients of orthogonal polynomials defined in 3.28. To cal-

culate the shifted Legendre polynomials and cj, we use the MATLAB commands

‘legendreP(n, 2x− 1)’ and ‘coeffs()’ respectively. Then νj = sum(cj · ∗µj).

Figure 3.2: Modified moments νk for the half-range Chebyshev polynomials of the
first kind.
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The modified Chebyshev algorithm returns the recursion coefficients αk and βk

for the monic half-range Chebyshev polynomials πk(x) of the first kind and the norms

of these polynomials. We are now able to compute the recursion coefficients α∗
k and

β∗
k of the half-range Chebyshev polynomials T hk (x) of the first kind defined above via

the formulas (3.22) and (3.23).

Monic polynomials:

π1(x) = 0, π2(x) = 1,

πj+1(x) = (x− αj)πj(x) − βjπj−1(x), j = 2, 3, 4, . . . .

Non-monic polynomials:

π∗
1(x) = 0, π∗

2(x) = 1√
2
,

π∗
j+1(x) = ∥πj−1∥

∥πj∥
((x− α∗

j )π∗
j (x) − β∗

jπ
∗
j−1(x)), j = 2, 3, 4, . . . .

The first five half-range Chebyshev polynomials of the first kind are shown in Fig-

ure 3.3:

T h0 (x) = 0.7071,

T h1 (x) = 2.298x− 1.463,

T h2 (x) = 9.024x2 − 10.11x+ 1.924,

T h3 (x) = 35.818x3 − 57.827x2 + 25.144x− 2.296,

T h4 (x) = 142.663x4 − 301.254x3 + 205.607x2 − 48.791x+ 2.615.
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Figure 3.3: First five half-range Chebyshev polynomials of the first kind.

3.3.2.4 Half-range Chebyshev polynomials of the second kind

Half-range Chebyshev polynomials of the second kind are orthogonal on the interval

[0, 1] with the weight function
√

1 − x2.

Definition 3.4. Let Uh
k (x) be the unique normalized sequence of orthogonal poly-

nomials satisfying

∫ 1

0
Uh
k (x)xℓ

√
1 − x2 dx = 0, ℓ = 0, . . . , k − 1, (3.31)

4
π

∫ 1

0
(Uh

k (x))2√1 − x2 dx = 1. (3.32)

Then the set {Uh
k (x)}∞

k=0 is called half-range Chebyshev polynomials of the second

kind.

Lemma 3.5. [80] The power moments for the the half-range Chebyshev polynomials

of the second kind are

µ2k =

(
2k
k

)
π

22k+2(k + 1) , k = 0, 1, . . . (3.33)

µ2k+1 = (2k)!!
(2k + 3)!! , k = 0, 1, . . . (3.34)
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For the construction of the recursion coefficients using the modified Chebyshev

algorithm, we again use the monic shifted Legendre polynomials defined in (3.28)

over the interval [0, 1] with coefficients given in (3.29) and (3.30) as a known family

of orthogonal polynomials pk. The modified moments νk, defined by (3.17), are com-

puted using a symbolic computation package from the power moments µk provided

in (3.33) and (3.34), and these are plotted in Figure 3.4.

Figure 3.4: Absolute value of modified moments νk for the half-range Chebyshev
polynomials of the second kind.

The modified Chebyshev algorithm yields the recursion coefficients αk and βk for

the monic half-range Chebyshev polynomials πk(x) of the second kind, along with the

norms of these polynomials. We are now able to compute the recursion coefficients

α∗
k and β∗

k of the half-range Chebyshev polynomials Uh
k (x) of the second kind defined

above via the formulas (3.22) and (3.23).

Monic polynomials:

π1(x) = 0, π2(x) = 1,

πj+1(x) = (x− αj)πj(x) − βjπj−1(x), j = 2, 3, 4, . . . .

Non-monic polynomials:

π∗
1(x) = 0, π∗

2(x) = 1,
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π∗
j+1(x) = ∥πj−1∥

∥πj∥
((x− α∗

j )π∗
j (x) − β∗

jπ
∗
j−1(x)), j = 2, 3, 4, . . . .

The first five half-range Chebyshev polynomials of the second kind are shown in

Figure 3.5:

Uh
0 (x) = 1,

Uh
1 (x) = 3.783x− 1.606,

Uh
2 (x) = 14.912x2 − 13.586x+ 2.038,

Uh
3 (x) = 59.259x3 − 83.342x2 + 31.027x− 2.393,

Uh
4 (x) = 236.162x4 − 449.649x3 + 273.965x2 − 57.44x+ 2.701.

Figure 3.5: First five half-range Chebyshev polynomials of the second kind.

3.3.3 Fourier Extension - Huybrechs’ Method

The representation of non-periodic functions through periodic Fourier series presents

significant challenges, particularly due to convergence issues and artifacts such as the

Gibbs phenomenon, which occurs near discontinuities or boundaries. These chal-

lenges can limit the effectiveness of Fourier analysis in various applications, includ-

ing signal processing, numerical simulations, and data approximation. To address
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these limitations, Huybrechs [58] introduced a robust method for constructing pe-

riodic extensions of non-periodic functions. The fundamental idea is to achieve a

spectrally accurate Fourier series by extending a non-periodic function f , defined on

the interval [−1, 1], into a periodic function over a larger interval, typically [−T, T ]

for some T > 1.

3.3.3.1 Optimization Problem

Consider a function f ∈ L2
[−1,1] that is not necessarily periodic. The problem of

finding a suitable extended function g of f that is periodic on a larger interval has

been explored by Boyd [14], as well as by Bruno [16] and Bruno, Han, and Pohlman

[17]. These authors proposed solving the following optimization problem.

Problem 1. For T > 1 and positive integer n, let Gn be the space of 2T -periodic

functions of the form

Gn =
{
a0

2 +
n∑
k=1

ak cos πkx
T

+ bk sin πkx
T

, ak, bk ∈ R
}
.

The Fourier extension of f , defined on the interval [−1, 1], to the interval [−T, T ] is

the solution to the optimization problem

gn := arg min
g∈Gn

∥f − g∥L2
[−1,1]

.

This problem is called Fourier continuation by Bruno and coworkers [16, 17] and

Fourier extension of the third kind by Boyd in [14]. Fourier extension of the first

kind is a problem where f is known explicitly outside the interval [−1, 1]. Fourier

extension of the second kind is a problem where f is also known outside [−1, 1] but

has singularities there.

Huybrechs also analyzed above Problem 1 and used half-range Chebyshev poly-

69



nomials of the first and second kinds to solve the problem for T = 2. Define

Dn := Cn ∪ Sn,

where

Cn :=
{

1√
2

}
∪
{

cos kπx2

}n
k=1

, Sn :=
{

sin kπx2

}n
k=1

.

Note that the set Cn consists of even functions and the set Sn of odd functions.

The function space is the span of Dn, which for any finite n, forms a basis for a

finite-dimensional subspace of L2([−1, 1]); that is, all functions in Dn are linearly

independent and belong to L2([−1, 1]). It was proved by Huybrechs in [58] that the

set {
T hk

(
cos πx2

)}n
k=0

is an orthonormal basis for Cn := span(Cn) on [−1, 1] and the set

{
Uh
k

(
cos πx2

)
sin πx2

}n−1

k=0

is an orthonormal basis for Sn := span(Sn) on [−1, 1]. Here the functions T hk and Uh
k

are the half-range Chebyshev polynomials introduced in Section 3.2.2.

The sets Cn and Sn consist of even and odd functions, respectively. According

to this, we can expand an arbitrary function f ∈ L2
[−1,1] into a so-called half-range

Chebyshev–Fourier series:

f(x) =
∞∑
k=0

akT
h
k

(
cos πx2

)
+

∞∑
k=0

bkU
h
k

(
cos πx2

)
sin πx2 . (3.35)

Huybrechs in [58] proved that the solution to Problem 1 is a truncated half-range

Chebyshev–Fourier series.
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Theorem 3.6. [58] For a given f ∈ L2
[−1,1], the solution to the Problem 1 is

gn(x) =
n∑
k=0

akT
h
k

(
cos πx2

)
+

n−1∑
k=0

bkU
h
k

(
cos πx2

)
sin πx2 (3.36)

where

ak =
∫ 1

−1
f(x)T hk

(
cos πx2

)
dx, (3.37)

bk =
∫ 1

−1
f(x)Uh

k

(
cos πx2

)
sin πx2 dx. (3.38)

Here T hk and Uh
k are half-range Chebyshev polynomials of the first and second kinds.

3.3.3.2 Computing the coefficients

In this section, we follow the approach presented in [58] to calculate the coefficients

ak, bk using Gaussian quadrature. Both families of orthogonal polynomials T hm and

Uh
m have associated families of Gaussian quadrature. Denote by {yFKj }mj=1 the roots

of the half-range Chebyshev polynomials of the first kind T hm(y). Note that all roots

lie in the interval (0, 1) and that the associated weights are positive. The weights

satisfy

m∑
j=1

wFKj
(
yFKj

)j
= 4
π

∫ 1

0
yjT hj (y) 1√

1 − y2 dy, k = 0, . . . , 2m− 1;

i.e., the quadrature rule is exact for polynomials up to degree 2m − 1. Similarly,

denote by {ySKj }mj=1 the roots of the half-range Chebyshev polynomials of the second

kind Uh
m(y). The associated weights satisfy

m∑
j=1

wSKj
(
ySKj

)j
= 4
π

∫ 1

0
yjUh

j (y)
√

1 − y2 dy, k = 0, . . . , 2m− 1.

The weights can be computed efficiently in a numerically stable manner based on

the recurrence coefficients of the orthogonal polynomials [44]. Any set of orthogonal
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polynomials {pj(x)}Nj=1 satisfies a three-term recurrence relationship:

pj(x) = (ajx+ bj)pj−1(x) − cjpj−2(x), j = 1, 2, . . . , N ; p−1(x) ≡ 0, p0(x) ≡ 1,

(3.39)

with aj > 0, cj > 0. In our case, aj = ∥πj−1∥
∥πj∥ , bj =

(
∥πj−1∥

∥πj∥

)
α∗
j and cj =

(
∥πj−1∥

∥πj∥

)
β∗
j

with the corresponding p−1(x) and p0(x). We may identify 3.39 with the matrix

equation:

x



p0(x)

p1(x)

p2(x)
...

pN−2(x)

pN−1(x)



=



− b1
a1

1
a1

0 0 · · · 0
c2
a2

− b2
a2

1
a2

0 · · · 0

0 c3
a3

− b3
a3

1
a3

· · · 0
... . . . . . . . . . ...

0 . . . . . . 1
aN−1

0 0 0 · · · cN

aN
− bN

aN





p0(x)

p1(x)

p2(x)
...

pN−2(x)

pN−1(x)



+



0

0

0
...
...

pN (x)
aN



or, equivalently in matrix notation

xp(x) = Tp(x) +
( 1
aN

)
pN(x)eN

where T is the tridiagonal matrix and eN = (0, 0, . . . , 0, 1)T . Thus pN(tj) = 0 if

and only if tjp(tj) = Tp(tj) where tj is an eigenvalue of the tridiagonal matrix T .

We can show that T is symmetric if the polynomials are orthonormal. If T is not

symmetric, then we may perform a diagonal similarity transformation D which will

yield a symmetric tridiagonal matrix J . Thus,
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DTD−1 = J =



α1 β1 0 0 · · · 0

β1 α2 β2 0 · · · 0

0 β2 α3 β3 · · · 0
... . . . . . . . . . ...

0 . . . . . . βN−1

0 0 0 · · · βN−1 αN


where

αi = − bi
ai
, βi =

(
ci+1

ai · ai+1

)1/2

. (3.40)

As a consequence of the Christoffel-Darboux identity

wj[p(tj)]T [p(tj)] = 1, j = 1, 2, . . . , N, (3.41)

where p(tj) corresponds to the eigenvector associated with the eigenvalue tj. Suppose

that the eigenvectors of T are calculated so that

Jqj = tjqj, j = 1, 2, . . . , N (3.42)

with qTj qj = 1. If qTj = (q1,j, q2,j, . . . , qN,j), then

q2
1,j = wj(p0(tj))2 by (3.41). (3.43)

Thus,

wj =
q2

1,j

(p0(tj))2 =
q2

1,j

k2
0

= q2
1,j

∫ b

a
ω(x) dx ≡ q2

1,jµ0. (3.44)

It is interesting to point out that the first kind of quadrature rule can also be

applied to develop a quadrature rule on the interval [−1, 1], which is exact for all

trigonometric functions in G2m−1. We define 2m quadrature points and weights as

73



follows:

xTRj = 2
π

cos−1 yFKj ,

xTRj+m = − 2
π

cos−1 yFKj ,

wTRj = 1
2w

FK
j ,

wTRj+m = 1
2w

FK
j ,

(3.45)

for j = 1, . . . ,m.

The transformation x = 2
π

cos−1 y is applied to the points yFKj . This transfor-

mation maps the interval [0, 1] to itself. However, the resulting rule may be applied

only to even functions. The quadrature points are therefore mirrored to [−1, 0], with

halved weights, to select the even part of any given function f . As a result, the rule

is exact for all odd functions on [−1, 1].

Now we can compute the coefficients ak and bk as follows.

ak ≈
m∑
j=1

wFKj fe

( 2
π

cos−1 yFKj

)
T hk (yFKj ), (3.46)

bk ≈
m∑
j=1

wSKj
fo
(

2
π

cos−1 ySKj
)

√
1 − (ySKj )2

Uh
k (ySKj ), (3.47)

where fe and fo are even and odd parts of f . Therefore, equivalent expressions are

ak ≈
m∑
j=1

1
2w

FK
j

[
f
( 2
π

cos−1 yFKj

)
+ f

(−2
π

cos−1 yFKj

)]
T hk (yFKj ), (3.48)

bk ≈
m∑
j=1

1
2w

SK
j

f
(

2
π

cos−1 ySKj
)

√
1 − (ySKj )2

−
f
(

−2
π

cos−1 ySKj
)

√
1 − (ySKj )2

Uh
k (ySKj ). (3.49)

Figure 3.6 shows the size of the ak and bk coefficients of gn in the form (3.36)

for two functions f . The first function (left panel) is entire but not periodic. The

second function (right panel) is entire and periodic. The convergence rate for this

example is faster than exponential. The computations were performed in MATLAB
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in double precision using the algorithm outlined in section 3.3.3.2.

.
(a) f(x) = 2x2 + 3x + 1 (b) f(x) = cos cos πx2 + sin sin πx

2

Figure 3.6: Logarithmic plots of the ak coefficients and bk coefficients of gn in the
form (3.36).

Huybrechs’ method is defined to obtain a Fourier extension of a function from the

domain [−1, 1] to [−2, 2]. Figure (3.7) shows periodic extensions of two non-periodic

functions from [−1, 1] to [−2, 2]. By applying a simple scaling, Huybrechs’ method

can be modified to obtain a Fourier extension from any arbitrary domain [−a, b] to

[−T, T ]. Figure (3.8) shows periodic extensions from two arbitrary physical domains

[−a, b] to [−2, 2], where a = 1, b = 0.75 and a = 1.5, b = 1.5.

Figure 3.7: Periodic extensions from [−1, 1] to [−2, 2] for two different functions.
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Figure 3.8: Periodic extensions from arbitrary physical domain [−a, b] to [−2, 2].

The following Figure (3.9) shows the approximation error within the physical

domain between f(x) and g(x), where f(x) = 2x2 + 3x+ 1. Here, f(x) is defined on

the domain [−1, 0.75] and g(x) is the extended function on the domain [−2, 2].

Figure 3.9: Approximation error ∥f − g∥∞ where f(x) = 2x2 + 3x+ 1.

By utilizing the concept of one-dimensional Fourier extension, we introduced a

new algorithm that can be used for two-dimensional Fourier extension.
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3.3.3.3 Alternating Fourier Extension Algorithm

In the literature, Huybrech’s technique is usually applied to 1D problems and ten-

sor product 2D domains. We now introduce a new algorithm for two-dimensional

Fourier extension by combining both techniques; 1D Fourier extension and domain

embedding. The basic idea of this algorithm is to embed the complex geometry in a

larger, regular (rectangular) domain and then apply Fourier extension in both x and

y directions alternatingly until the periodicity error in both direction is very small.

The algorithm is outlined below. Suppose our rectangular domain is (−2, 2)2.

Two dimensional Fourier Extension - Algorithm

• Identify each set of endpoints [xi,1, xi,n+1] corresponding to equally-spaced

nodes yi, with y1, yn+1 being the minimum and maximum y coordinates of

the physical domain, respectively.

Figure 3.10: Periodic extension in the x-direction.

• At each yi, extend [xi,1, xi,n+1] in the x−direction to [−2, 2] using a one-

dimensional periodic extension. Say that extension is gix :
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(gx)[−2,2]×[y1,yn+1] =



g1
x

g2
x

...

gix
...

gn+1
x



.

• Then do the extension in y−direction using gx.

• At each xi extend [y1, yn+1] in the y−direction to [−2, 2] using a one-dimensional

periodic extension. Say that extension is giy :

(gy)[−2,2]×[−2,2] =
(
g1
y g2

y . . . giy . . . gn+1
y

)
.

Figure 3.11: Periodic extension in the y-direction.

• Proceed with the second subsequent x-extension from the smallest rectangular

domain R enclosing Ω to (−2, 2)2, and so on.

• Repeat this process until the periodicity error in both directions is smaller than

some tolerance ϵ > 0.
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This two-dimensional Alternating Fourier Extension algorithm allows us to solve

PDEs defined on special irregular geometries using the Fourier spectral method, as

explained in (3.4). Numerical experiments are given in Chapter 4.

However, we observed an issue when applying the Alternating Fourier Extension

method for non-rectangular physical domains. Consider the complex domain x4 +

y2 = 1 and say y1 and yn+1 are the minimum and maximum y coordinates of the

domain. Using the Alternating Fourier Extension, we first extend the domain in the

x-direction for each yi where y1 ≤ yi ≤ yn+1. The issue arises when extending yi’s

closer to the edge points y1 and yn+1, where the extension results in spikes at the

corners of the extended domain [−T, T ]. We were able to overcome this issue by

implementing a non-periodic extension.

Figure 3.12: Spikes at the boundary of the extended domain.
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3.3.4 Non-Periodic Extension

We now present a novel non-periodic extension strategy designed for general two-

dimensional irregular domains. This development constitutes a central contribution

of this thesis.

3.3.4.1 One-dimensional non-periodic extension

Suppose f(x) is defined on the domain (−a, b) where a, b ∈ (0, 1), and we are trying

to extend f , not necessarily periodically, to the domain (−1, 1). See Figure (3.13).

Figure 3.13: Non-periodic extension of function f(x) = ex(5 + 2x) from [−0.5, 0.5]
to [−1, 1].

3.3.4.2 Alternating Non-Periodic Extension Algorithm

We introduce this algorithm for a two-dimensional non-periodic extension. The con-

cept is very similar to Alternating Fourier Extension algorithm we introduced in the

previous section. Here, we combined both techniques; 1D non-periodic extension and

domain embedding. The basic idea of this algorithm is to embed the complex geom-

etry in a larger, regular (rectangular) domain (−1, 1)2 and then apply non-periodic

extension in both x and y directions. For the non-periodic extension, the yi’s are the
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Chebyshev Gauss-Lobatto points. The algorithm is outlined below.

Two dimensional Non-Periodic Extension - Algorithm

• Identify each set of endpoints [xi,1, xi,n+1] corresponding to yi, with y1, yn+1;

the minimum and maximum y coordinates of the physical domain, respectively.

• If the domain is non simply connected, identify each set of x endpoints corre-

sponding to y values.

• Take the number of points in each set to be proportional to the length of each

line segment.

Figure 3.14: Non-periodic extension in the x-direction.

• At each yi extend [xi,1, xi,n+1] in the x−direction to [−1, 1] using a one dimen-

sional non-periodic extension. If there is more than one set of x endpoints for

a given y, combine all intervals of x when implementing the extension in the

x− direction. Say that extension is gix :
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(gx)[−1,1]×[y1,yn+1] =



g1
x

g2
x

...

gix
...

gn+1
x



.

• Then do the extension for y−direction using gx.

• At each xi extend [y1, yn+1] in the y−direction to [−1, 1] using a one dimensional

non-periodic extension. Say that extension is giy :

(gy)[−1,1]×[−1,1] =
(
g1
y g2

y . . . giy . . . gn+1
y

)
.

Figure 3.15: Non-periodic extension in the y-direction.

This two-dimensional Alternating Non-Periodic Extension allows us to solve PDEs

defined on irregular geometries while at the same time, resolve the issue where the

Alternating Periodic Extension resulted in spikes at the corners of the extended do-
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main. This algorithm is also more efficient than the Alternating Periodic Extension

since only one x−extension and one y−extension is required.

Consider a bounded domain Ω in R2 with a complex boundary. Define the PDE

−∆u = f in Ω, (3.50)

u = r on ∂Ω. (3.51)

The basic idea is to embed Ω in a larger rectangular domain and then apply the

two-dimensional Alternating Non-Periodic Extension algorithm. Here, we assume

the domain Ω is a strict subset of the rectangle Ω̃ = (−1, 1)2 and we adjust the

values on the boundary of the rectangle so that u = r on ∂Ω. Here we use the

Chebyshev spectral method to solve the PDE on Ω̃. Let xj = cos(πj
n

) be Chebyshev

Gauss-Lobatto nodes in [−1, 1], j = 0, . . . , n and Dh be an (n+ 1) × (n+ 1) matrix,

called the Chebyshev pseudospectral derivative matrix, which is given by

(Dh)kj =



(−1)k+j

xk−xj

dk

dj
, k ̸= j;

− xk

2(1−x2
k

) , 1 ≤ k = j ≤ n− 1;

2n2+1
6 , k = j = 0;

−2n2+1
6 , k = j = n.

Here dj =


2, if j = 0, n;

1, if 1 ≤ j ≤ n− 1.
Let M be the number of constraints to be imposed on the boundary ∂Ω. That

is, let (pi, qi), i = 1, ...,M (we take M = 4n) be points along ∂Ω such that u(pi, qi) =

r(pi, qi). Therefore the global system is
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A
W

 [Uh] =

[[g]]

r

 . (3.52)

Here, A ∈ R(n−1)2×(n+1)2 is the Chebyshev spectral differential operator −∆ on Ω̃ and

W ∈ R4n×(n+1)2 corresponds to the constraint equations such that u(pi, qi) = r(pi, qi).

Further, interpolation is required to relate values along ∂Ω and values in Ω̃. The

unknowns in Ω̃ are denoted by Uh and g is the non-periodic extension obtained from

the Alternating Non-Periodic extension algorithm.

Furthermore, this algorithm works well for various types of complex geometries,

including circular, star-shaped, and other non-convex domains. When we have a non

simply connected domain, we need to identify each set of x endpoints corresponding

to y values. If there are more than one set of x endpoints for a given y, we need

to consider all intervals of x when implementing the extension in x−direction. For

example, consider a doughnut-shaped domain. Since it contains a hole, at some y

values we must consider two separate x−intervals, while at other y−values we can

proceed as before, using only one set of x endpoints when implementing the extension

in the x−direction. Also, to improve accuracy, we can take the number of points in

each set to be proportional to the length of each line segment. Numerical experiments

are given in Chapter 4, and the results verify that this method accurately handles

complex geometries, demonstrating its effectiveness across diverse domain shapes.

Huybrech’s one-dimensional periodic extension has a complexity of O(n2). Hence,

our non-periodic extension of two-dimensional domains has a complexity of O(n3).

For time-dependent PDEs on two-dimensional spatial domains, the non-periodic ex-

tension of the source term over all times takes O(n4) operations. The solution of the

linear system takes a complexity of O(n3 log n), assuming that the FFT can be used.

Hence the overall complexity is O(n4) with O(n3) unknowns.
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Recent work ([50, 52, 79]) demonstrates how to accelerate half-range expansions

using fast transforms, reducing the cost to quasi-optimal complexity O(n log2 n).

This is achieved by decomposing the process into structured steps involving con-

version to shifted Jacobi polynomials, conversion to shifted Chebyshev polynomials,

and the application of fast cosine/sine transforms (DCT/DST). Incorporating such

fast algorithms into our non-periodic extension framework could further reduce the

computational cost of the extension and solution stages in future implementations.

After performing the non-periodic extension, direct solvers can be applied to

solve both linear and nonlinear time dependent PDEs defined on the extended reg-

ular domain. Since Gaussian elimination is computationally expensive, the Bartels-

Stewart [10] or Hessenberg-Schur algorithm [45] can be used instead to solve the

linear systems arising from the space-time spectral scheme. These methods are con-

siderably faster than Gaussian elimination and can be used to solve matrix equations

of the form AX + XB = C; A ∈ Rm×m and B ∈ Rn×n. Decompositions for the

Hessenberg-Schur algorithm are defined as,

H = UTAU, S = V TBTV, (3.53)

where H is an upper-Hessenberg matrix and S is an upper quasi-triangular matrix.

Forward or backward substitution can now be used to solve the simplified system.

HY + Y ST = F (F = UTCV, Y = UTXV ).

Assuming Sk,k−1 is zero, then it follows that

(H + SkkI)yk = fk −
n∑

j=k+1
Skjyj,

where yk is the kth column of Y . Now the solution can be found using X = UY V T .
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Therefore, the time complexity of the Hessenberg-Schur algorithm can be summa-

rized as follows. Firstly, we shall assume that 5
3m

3 and 10n3 operations [45] are

required for the Schur decompositions mentioned in (3.53).

• Reduce A to upper Hessenberg and BT to upper triangular matrices

H = UTAU 5
3m

3.

S = V TBTV 10n3.

• Update the right hand side

F = UTCV m2n+mn2.

• Back substitute for Y

HY + Y ST = F 3m2n+ 1
2mn

2.

• Obtain solution

X = UY V T m2n+mn2.

Thus, overall time complexity for the Hessenberg-Schur algorithm is given by

5
3m

3 + 10n3 + 5m2n+ 5
2mn

2.

Thus, the time complexity of solving a two-dimensional, linear, time-dependent equa-

tion using the Hessenberg-Schur algorithm is O(5
3N

6), where n = N and m = O(N2).

For example, consider the system (2.26). Take A1 = (B2 ⊗ IN−1) + (IN−1 ⊗ B2)

and A2 = −
(
(B4 ⊗ IN−1) + (IN−1 ⊗B4) + 2(B2 ⊗B2)

)
. Now we have

(
IN−1 ⊗ A2A

−1
1 + [D] ⊗ IN−1

)
ψ̂h = (IN ⊗ A−1

1 )(f̂h − (dh ⊗ ψ0h)).

Then the system is equivalent to the Sylvester equation A2A
−1
1 ψ̂h + ψ̂h[D]T = Fh,

where vec(Fh) = (IN ⊗A−1
1 )(f̂h − (dh ⊗ ψ0h)). Thus, the time complexity of solving

the above system using the Hessenberg-Schur algorithm is O(5
3N

6), where n = N

and m = O(N2).
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3.3.5 Analysis

We now analyze the proposed method for the Poisson, Heat, Wave and Stokes equa-

tions, with the objectives of establishing the uniqueness of the solution on the ex-

tended domain and proving spectral convergence.

3.3.5.1 Unique Continuation Property (UCP)

The PDE on the extended domain is non-standard. For example, for the Poisson

equation, −∆u = gn, where gn is f extended to Ω̃, the boundary condition is imposed

on ∂Ω instead of ∂Ω̃. We use UCP to show that the PDE is well-defined.

The unique continuation property is a fundamental concept in the theory of par-

tial differential equations. It asserts that, if a solution to a PDE vanishes within

a certain part of its domain, then, under appropriate conditions, it must vanish

everywhere. This property reflects the rigidity of solutions and has important impli-

cations in areas such as inverse problems, control theory, and the qualitative analysis

of PDEs.

UCP appears in several formulations, such as:

• Strong UCP: If a solution vanishes to infinite order at a point, then the solution

must vanish identically.

• Weak UCP: If a solution vanishes in an open (nontrivial) subset of the domain,

then it must vanish everywhere in the connected component.

The proof of UCP is typically established via Carleman estimates, which are weighted

integral inequalities tailored to the structure of the PDE. These estimates vary de-

pending on whether the operator is elliptic, parabolic, or hyperbolic.

The above two forms are explained for the elliptic Schrödinger operator −∆ + q

where q ∈ L∞(Ω) by Mikko Salo in [84].
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Theorem 3.7. [84] (Weak UCP) Let Ω ⊂ Rn be a bounded connected open set, and

let q ∈ L∞(Ω). If u ∈ H2(Ω) satisfies

(−∆ + q)u = 0 in Ω,

u = 0 in a ball B ⊂ Ω,

then u = 0 in Ω.

Theorem 3.8. [84] (Strong UCP) If u ∈ H2(Ω) satisfies

(−∆ + q)u = 0 in Ω

and if u vanishes to infinite order at x0 ∈ Ω in the sense that

lim
r→0

1
rN

∫
B(x0,r)

|u|2 dx = 0 for all N ≥ 0,

then u = 0 in Ω.

Furthermore, the following theorem illustrates the weak UCP for harmonic func-

tions. See Corollary 4.2 in [12] and Theorem 2.5 in [28].

Theorem 3.9. Let Ω̃ be a bounded connected domain in R2 and u be harmonic on

Ω̃. Suppose there exists a nonempty open set Ω such that Ω̄ ⊂ Ω̃ and u ≡ 0 in Ω̄.

Then u ≡ 0 in Ω̃.

Proof. Define ϕ = ux − iuy. Let p(x, y) = ux and q(x, y) = −uy. Then

px − qy = uxx − (−uyy) = 0

py + qx = uxy − uyx = 0.

Therefore, ϕ satisfies the Cauchy-Riemann equations.
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Since u is smooth, ϕ is also smooth, and therefore analytic on Ω̃ by the Cauchy-

Riemann theorem. Moreover, since ϕ ≡ 0 in Ω̄, and in particular on the open set

Ω ⊂ Ω̃, the identity theorem from complex analysis implies that ϕ ≡ 0 in Ω̃.

Since ϕ = ux − iuy = 0, it follows that both partial derivatives vanish: ux = 0,

uy = 0 in Ω̃. Hence, u is constant in Ω̃ since Ω̃ is connected. But u = 0 on ∂Ω, so

the constant must be zero. Therefore, u ≡ 0 in Ω̃.

In addition, references [56, 65, 92] also address the unique continuation property

for elliptic PDEs. For parabolic PDEs, such as the heat equation, key references

include [8, 65, 92]. Moreover, the unique continuation property for hyperbolic PDEs,

such as the wave equation, is discussed in [90].

Theorem 3.10. Consider the 1-D Heat equation defined in the physical space-time

domain Ω × (−1, 1) where Ω = (−a, b) with 0 < a < b < 1 and the extended domain

Ω̃ × (−1, 1) where Ω̃ = (−1, 1).

ut = uxx + f(x, t) in Ω × (−1, 1), ũt = ũxx + f̃(x, t) in Ω̃ × (−1, 1),

u(−a, t) = 0 = u(b, t), ũ(−a, t) = 0 = ũ(b, t), (constraint) ,

u(x,−1) = 0, ũ(x,−1) = 0,

where f̃(x, t) = f(x, t) on Ω̄ for each t ∈ [−1, 1]. Assume f is smooth. Then ũ

is uniquely determined on ¯̃Ω × [−1, 1], assuming it is uniformly continuous on the

space-time domain.

Proof. To show that ũ is uniquely determined on Ω̃ × (−1, 1), consider solving the

following problem:

ũt = ũxx + f̃(x, t) in Ω̃ × (−1, 1),

ũ(−a, t) = 0 = ũ(−b, t),

ũ(x,−1) = 0 on Ω̃,
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where Ω̄ ⊂ Ω̃. Suppose there exists ṽ(x, t) such that

ṽt = ṽxx + f̃(x, t) in Ω̃ × (−1, 1),

ṽ(−a, t) = 0 = ṽ(−b, t),

ṽ(x,−1) = 0 on Ω̃.

Define w̃(x, t) = ũ(x, t) − ṽ(x, t). Then

w̃t = w̃xx in Ω̃ × (−1, 1),

w̃(−a, t) = 0 = w̃(b, t),

w̃(x,−1) = 0 on Ω̃.

Therefore, w̃ = 0 on (−a, b) × (−1, 1). By using UCP for parabolic PDEs, we can

conclude that w̃ ≡ 0 on Ω̃ × (−1, 1). Furthermore, w̃ can be uniquely extended to

ŵ : ¯̃Ω × (−1, 1) → R × (−1, 1) such that ŵ is uniformly continuous on ¯̃Ω × [−1, 1].

In fact ŵ ≡ 0 on ¯̃Ω × [−1, 1]. To see this, define ŵ(−1, t) = 0 = ŵ(1, t). Then

ŵ is clearly uniformly continuous on ¯̃Ω × [−1, 1]. Suppose w is another uniformly

continuous extension of w̃ to ¯̃Ω × [−1, 1]. Let x ∈ ∂Ω̃ and xn ∈ Ω̃ such that xn → x.

Then w(xn, t) = 0 for t ∈ [−1, 1] and w is continuous on ¯̃Ω × [−1, 1]. This implies

that w(x, t) = 0. Hence w = ŵ on ¯̃Ω × [−1, 1].

Theorem 3.11. Consider the 2-D Poisson equation defined in the irregular domain

Ω and the extended domain Ω̃ which is assumed to be connected:

−∆u = f in Ω, −∆ũ = f̃ in Ω̃ = (−1, 1)2,

u = 0 on ∂Ω. ũ = 0 on ∂Ω, (constraint),

where f̃ = f on Ω̄. Assume f is smooth. Then ũ is uniquely determined on ¯̃Ω,
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assuming it is uniformly continuous on ¯̃Ω.

Proof. To show that ũ is uniquely determined on Ω̃, consider solving the following

problem.

−∆ũ = f̃ in Ω̃,

ũ = 0 on ∂Ω,

where Ω̄ ⊂ Ω̃. Suppose there exists ṽ and h̃ such that

−∆ṽ = f̃ in Ω̃,

ṽ = 0 on ∂Ω.

Define w̃ = ũ− ṽ. Then w̃ satisfies

−∆w̃ = 0 in Ω̃,

w̃ = 0 on ∂Ω.

Thus, w̃ = 0 on Ω. By using UCP for harmonic functions, it follows that w̃ ≡ 0 on

Ω̃. Furthermore, w̃ can be uniquely extended to ŵ : ¯̃Ω → R such that ŵ is uniformly

continuous on ¯̃Ω. In fact ŵ ≡ 0 on ¯̃Ω. To see this, define ŵ = 0 on ∂Ω̃. Then ŵ

is clearly uniformly continuous on ¯̃Ω. Suppose w is another uniformly continuous

extension of w̃ to ¯̃Ω. Let x ∈ ∂Ω̃ and xn ∈ Ω̃ such that xn → x. Then w(xn) = 0

and w is continuous on ¯̃Ω. This implies that w(x) = 0. Hence w = ŵ on ¯̃Ω.

Theorem 3.12. Consider the 2-D Heat equation defined in the irregular spatial
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domain Ω and the extended domain Ω̃ where temporal domain is (−1, 1).

ut = ∆u+ f(x, y, t) in Ω × (−1, 1), ũt = ∆ũ+ f̃(x, y, t) in Ω̃ × (−1, 1),

u(x, y, t) = g(x, y, t) on ∂Ω × (−1, 1), ũ(x, y, t) = g(x, y, t) on ∂Ω × (−1, 1),

u(x, y,−1) = 0 in Ω. ũ(x, y,−1) = 0 in Ω̃,

where f̃(x, y, t) = f(x, y, t) on Ω̄ for each fixed t ∈ [−1, 1]. Assume f is smooth.

Then ũ is uniquely determined on ¯̃Ω × [−1, 1], assuming it is uniformly continuous

on the space-time domain.

Proof. By applying the unique continuation property for the parabolic equations and

following the same procedure as before, we can show that ũ is uniquely determined

on ¯̃Ω × [−1, 1].

Theorem 3.13. Consider the 2-D Wave equation defined in the irregular spatial

domain Ω and the extended domain Ω̃ where temporal domain is (−1, 1).

utt = ∆u+ f(x, y, t) in Ω × (−1, 1), ũtt = ∆ũ+ f̃(x, y, t) in Ω̃ × (−1, 1),

u(x, y, t) = g(x, y, t) on ∂Ω × (−1, 1), ũ(x, y, t) = g(x, y, t) on ∂Ω × (−1, 1),

u(x, y,−1) = 0 in Ω. ũ(x, y,−1) = 0 in Ω̃,

ut(x, y,−1) = 0 in Ω. ũt(x, y,−1) = 0 in Ω̃,

where f̃(x, y, t) = f(x, y, t) on Ω̄ for each fixed t ∈ [−1, 1]. Assume f is smooth.

Then ũ is uniquely determined on ¯̃Ω × [−1, 1], assuming it is uniformly continuous

on the space-time domain.

Proof. By applying the unique continuation property for hyperbolic PDEs and fol-

lowing the same procedure as before, we can show that ũ is uniquely determined on
¯̃Ω × [−1, 1].

92



Now we can prove that UCP holds for unsteady Stokes equation as well. Suppose

∆ψt = ∆2ψ on Ω̃ × (−1, 1),

and ψ = 0 on an open ball D in Ω̃ × (−1, 1). Define ϕ = ∆ψ. Then ϕ = 0 on D and

ϕt = ∆ϕ on Ω̃ × (−1, 1). So ϕ satisfies the heat equation. By the UCP for the heat

equation, this implies ∆ψ = ϕ = 0 on Ω̃ × (−1, 1). Since D ⊂ Ω̃ is open, there exists

a space-time cylinder B × S ⊂ D, where B ⊂ Ω̃ is an open ball and S ⊂ (−1, 1)

is an open time interval. Fix t ∈ S. By the unique continuation property for the

Laplace equation for ψ implies that ψ(Ω̃, t) = 0. Since ϕ = ∆ψ satisfies the heat

equation, it is analytic in t and x, which implies ψ also analytic in t. Hence ψ = 0

on Ω̃ × (−1, 1).

Theorem 3.14. Consider the streamline formulation of the 2D Stokes equation

defined in the irregular spatial domain Ω and the extended domain Ω̃ where temporal

domain is (−1, 1).

∆ψt = ∆2ψ + f(x, y, t) in Ω × (−1, 1), ∆ψ̃t = ∆2ψ̃ + f̃(x, y, t) in Ω̃ × (−1, 1),

ψ(x, y, t) = 0 = ∂ψ

∂ν
on ∂Ω × (−1, 1), ψ̃(x, y, t) = 0 = ∂ψ̃

∂ν
on ∂Ω × (−1, 1),

ψ(x, y,−1) = 0 in Ω. ψ̃(x, y,−1) = 0 in Ω̃,

where f̃(x, y, t) = f(x, y, t) on Ω̄ for each fixed t ∈ [−1, 1]. Assume f is smooth.

Then ψ̃ is uniquely determined on ¯̃Ω × [−1, 1], assuming ψ̃ is uniformly continuous

on the space-time domain.

Proof. To show that ψ̃ is uniquely determined on Ω̃ × (−1, 1), consider solving the

following problem:

∆ψ̃t = ∆2ψ̃ + f̃(x, y, t) in Ω̃ × (−1, 1),
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ψ̃(x, y, t) = 0 = ∂ψ̃

∂ν
on ∂Ω × (−1, 1)

ψ̃(x, y,−1) = 0 on Ω̃,

where Ω̄ ⊂ Ω̃. Suppose there exists φ̃ such that

∆φ̃t = ∆2φ̃+ f̃(x, y, t) in Ω̃ × (−1, 1),

φ̃(x, y, t) = 0 = ∂φ̃

∂ν
on ∂Ω × (−1, 1)

φ̃(x, y,−1) = 0 on Ω̃.

Define η̃(x, t) = ψ̃(x, t) − φ̃(x, t). Then for each fixed t, we have

∆η̃t = ∆2η̃ in Ω̃ × (−1, 1),

η̃(x, y, t) = 0 = ∂η̃

∂ν
on ∂Ω × (−1, 1)

η̃(x, y,−1) = 0 on Ω̃.

Thus, η̃ = 0 on Ω×(−1, 1). By using UCP for Stokes equation, we can conclude that

η̃ ≡ 0 on Ω̃ × (−1, 1). Furthermore, η̃ can be uniquely extended to η̂ : ¯̃Ω × (−1, 1) →

R × (−1, 1) such that η̂ is uniformly continuous on ¯̃Ω × [−1, 1]. In fact η̂ ≡ 0 on
¯̃Ω × [−1, 1]. To see this, define η̂ = 0 on ∂Ω̃ × (−1, 1). Then η̂ is clearly uniformly

continuous on ¯̃Ω × [−1, 1]. Suppose η is another uniformly continuous extension of

η̃ to ¯̃Ω × [−1, 1]. Let x ∈ ∂Ω̃ and xn ∈ Ω̃ such that xn → x. Then η(xn, t) = 0 for

t ∈ [−1, 1] and η is continuous on ¯̃Ω × [−1, 1]. This implies that η(x, t) = 0. Hence

η = η̂ on ¯̃Ω × [−1, 1].
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3.3.5.2 Convergence

In this section, we discuss spectral convergence of our method for the one-dimensional

and two-dimensional Poisson, Heat, Wave and Stokes equations. Throughout this

analysis, the notation ∥ · ∥ will be used to represent the L2(Ω) norm, where Ω is the

spatial domain unless stated otherwise.

Theorem 3.15. Let u(x) and f(x) be the solution and analytic non-homogeneous

term of the 1-D Poisson equation in the physical domain Ω = (−a, b) with homo-

geneous Dirichlet boundary conditions. Assume a, b ∈ (0, 1). Suppose that v(x)

and g(x) are the extended solution and the extended non-homogeneous term in

Ω̃ = (−1, 1). For any positive integer n, define vn be the solution of −v′′
n = gn on

Ω̃ where gn is the non-periodic extension of f to Ω̃. The error between u(x) and

vn(x) on the physical domain Ω can be defined as en(x) = u(x) − vn(x)|Ω. Then

∥en∥ + ∥e′
n∥ + ∥e′′

n∥ ≤ Ce−cn.

Proof. Consider the 1-D Poisson equation in the physical domain Ω and the extended

domain Ω̃ as follows.

−u′′ = f(x) in Ω, −v′′
n = gn(x) in Ω̃,

u(−a) = 0 = u(b). vn(−a) = 0 = vn(b), (constraint).

Let en(x) be the error between u(x) and vn(x) on the physical domain Ω.

en(x) = u(x) − vn(x)|Ω.

−e′′
n(x) = f(x) − gn(x)|Ω (3.54)

=
∞∑

k=n+1
akT

h
k

(
cos πx2

)
+

∞∑
k=n

bkU
h
k

(
cos πx2

)
sin πx2 .

∥e′′
n∥ =

∥∥∥∥∥∥
∞∑

k=n+1
akT

h
k

(
cos πx2

)
+

∞∑
k=n

bkU
h
k

(
cos πx2

)
sin πx2

∥∥∥∥∥∥
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≤

∥∥∥∥∥∥
∞∑

k=n+1
akT

h
k

(
cos πx2

)∥∥∥∥∥∥+
∥∥∥∥∥

∞∑
k=n

bkU
h
k

(
cos πx2

)
sin πx2

∥∥∥∥∥
≤

∞∑
k=n+1

|ak|
∥∥∥∥T hk (cos πx2

)∥∥∥∥+
∞∑
k=n

|bk|
∥∥∥∥Uh

k

(
cos πx2

)
sin πx2

∥∥∥∥ .
Since Ω = (−a, b), the norm of both families of Half-range Chebyshev polynomials

satisfies
∥∥∥T hk (y)

∥∥∥2
≤ 1 and

∥∥∥Uh
k (y) sin πx

2

∥∥∥2
≤ 1 for every k, where y = cos πx

2 . Thus

∥e′′
n∥ ≤

∞∑
k=n+1

|ak| +
∞∑
k=n

|bk|.

According to Corollary 3.15. in [58], the coefficients ak and bk of gn in the form of

(3.37) and (3.38), satisfy ak, bk ∼ ρ−k, where ρ > 1. This is verified numerically by

the logarithmic plots of ak and bk coefficients in Figure 3.6. Let |ak| ≤ C̃e−ck and

|bk| ≤ C̃e−ck where c = log(ρ), k ≥ n. Therefore,

∥e′′
n∥ ≤ C̃

 ∞∑
k=n+1

e−kc +
∞∑
k=n

e−kc


= C̃

(
e−c(n+1)

1 − e−c + e−cn

1 − e−c

)

= C̃
(1 + ec

ec − 1

)
e−cn

= Ce−cn.

Thus, ∥e′′
n∥ ≤ Ce−cn, where C = C̃

(
1+ec

ec−1

)
> 1 and c = log(ρ). This result says

e′′
n(x) → 0. Next, we show that ∥en∥ , ∥e′

n∥ ≤ Ce−cn.

Multiply both sides of the equation (3.54) by en(x) ∈ H1
0 (−a, b) (a Sobolev space

consisting of functions v such that v′ ∈ L2 and v(−a) = 0 = v(b)), and integrate

over (−a, b):

∫ b

−a
en(x)(−e′′

n(x))dx =
∫ b

−a
en(x)(f(x) − gn(x))dx∫ b

−a
e′
n(x)e′

n(x)dx− [e′
n(x)en(x)]ba =

∫ b

−a
en(x)(f(x) − gn(x))dx (By integration by parts).
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Since the boundary term vanishes, the weak form of (3.54) becomes:

∫ b

−a
e′
n(x)e′

n(x)dx =
∫ b

−a
en(x)(f(x) − gn(x))dx.

Then we get

∫ b

−a
|e′
n(x)|2dx =

∫ b

−a
en(x)(f(x) − gn(x))dx. (3.55)

By Cauchy-Schwarz inequality,

∣∣∣∣∣
∫ b

−a
en(x)(f(x) − gn(x))dx

∣∣∣∣∣ ≤ ∥en∥ ∥f − gn∥ . (3.56)

Using the Poincaré inequality (since en(a) = 0 = en(b)),

∥en∥ ≤ c ∥e′
n∥ . (3.57)

By (3.56) and (3.57) we get,

∣∣∣∣∣
∫ b

−a
en(x)(f(x) − gn(x))dx

∣∣∣∣∣ ≤ c ∥e′
n∥ ∥f − gn∥ .

Thus, by (3.55),

∥e′
n∥2 ≤ c ∥e′

n∥ ∥f − gn∥

∥e′
n∥ ≤ c ∥f − gn∥

∥e′
n∥ ≤ Ce−cn (Since ∥e′′

n∥ = ∥f − gn∥ ≤ Ce−cn). (3.58)

Now by (3.57) and (3.58), we get ∥en∥ ≤ Ce−cn. Hence e′′
n, e

′
n, en all decay exponen-

tially.
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Let Ω be a bounded domain in R2 and F ∈ C(Ω̄). For a given y, define

∥F (., y)∥ =
(∫ 1

−1
F 2(x, y)dx

)1/2

and similarly ∥F (x, .)∥ =
(∫ 1

−1 F
2(x, y)dy

)1/2
for a given x.

Theorem 3.16. Let u(x, t) and f(x, t) be the solution and analytic non-homogeneous

term of the 1-D Heat equation in the physical space-time domain Ω × (−1, 1), where

Ω = (−a, b) with 0 < a < b < 1, with homogeneous Dirichlet boundary condi-

tions and zero initial condition. Let n be a positive integer, and gn be the non-

periodic extension of f to Ω̃ × (−1, 1), where Ω̃ = (−1, 1). Let vn(x, t) be solution

of (vn)t = (vn)xx + gn on Ω̃, where

gn(x, t) =
n∑
k=0

ak(t)T hk
(

cos πx2

)
+

n−1∑
k=0

bk(t)Uh
k

(
cos πx2

)
sin πx2 ,

ak(t) =
∫ b

−a
f(x, t)T hk

(
cos πx2

)
dx,

bk(t) =
∫ b

−a
f(x, t)Uh

k

(
cos πx2

)
sin πx2 dx.

At a fixed time t ∈ [−1, 1], the error between u(x, t) and vn(x, t) on the physical

spatial domain can be defined as en(x, t) = u(x, t)−vn(x, t). Then ∥en(·, t)∥ ≤ Ce−cn,

t ∈ [−1, 1].

Proof. Consider the 1-D Heat equation in Ω × [−1, 1] and the extended domain

Ω̃ × [−1, 1] as follows.

ut = uxx + f in Ω × [−1, 1], (vn)t = (vn)xx + gn in Ω̃ × [−1, 1],

u(−a, t) = 0 = u(b, t), vn(−a, t) = 0 = vn(b, t), (constraint)

u(x,−1) = 0. vn(x,−1) = 0.
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For fixed t, let en(x, t) be the error between u(x, t) and vn(x, t) on the physical spatial

domain: en(x, t) = u(x, t) − vn(x, t)|(−a,b). Then

(en)t − (en)xx = f(x, t) − gn(x, t)|(−a,b) (3.59)

=
∞∑

k=n+1
ak(t)T hk

(
cos πx2

)
+

∞∑
k=n

bk(t)Uh
k

(
cos πx2

)
sin πx2 .

Thus

∥(en)t − (en)xx∥ =

∥∥∥∥∥∥
∞∑

k=n+1
ak(t)T hk

(
cos πx2

)
+

∞∑
k=n

bk(t)Uh
k

(
cos πx2

)
sin πx2

∥∥∥∥∥∥
≤

∥∥∥∥∥∥
∞∑

k=n+1
ak(t)T hk

(
cos πx2

)∥∥∥∥∥∥+
∥∥∥∥∥

∞∑
k=n

bk(t)Uh
k

(
cos πx2

)
sin πx2

∥∥∥∥∥
≤

∞∑
k=n+1

|ak(t)|
∥∥∥∥T hk (cos πx2

)∥∥∥∥+
∞∑
k=n

|bk(t)|
∥∥∥∥Uh

k

(
cos πx2

)
sin πx2

∥∥∥∥
≤

 ∞∑
k=n+1

|ak(t)| +
∞∑
k=n

|bk(t)|
 . (3.60)

For each t ∈ [−1, 1], since f, gn are analytic, there exist continuous c1 and C1 such

that ak(x, t) ≤ C1(t)e−c1(t)k with both c1 and C1 positive and bounded away from

zero. Similarly, we have bk(x, t) ≤ C2(t)e−c2(t)k.

Therefore, by 3.60, we get

∥(en)t − (en)xx∥ ≤

 ∞∑
k=n+1

C1(t)e−c1(t)k +
∞∑
k=n

C2(t)e−c2(t)k


=
(
C1(t)

(
e−c1(t)(n+1)

1 − e−c1(t)

)
+ C2(t)

(
e−c2(t)n

1 − e−c2(t)

))

=: C̃1(t)
(
e−c1(t)(n+1)

1 − e−c1(t)

)
+ C̃2(t)

(
e−c2(t)n

1 − e−c2(t)

)

=: C(t)e−c(t)n. (3.61)

Thus, ∥(en)t − (en)xx∥ ≤ Ce−cn for some positive constants c and C where, C =

supt∈[−1,1] C(t) and c = inft∈[−1,1] c(t). Now we need to show that ∥en(·, t)∥ also
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decay exponentially for all t ∈ [−1, 1].

Multiply the error equation (3.59) by en(x, t) and integrate over the spatial do-

main (−a, b) to obtain

∫ b

−a
((en)t − (en)xx)en(x, t)dx =

∫ b

−a
(f(x, t) − gn(x, t))en(x, t)dx. (3.62)

∫ b

−a
((en)t − (en)xx)en(x, t)dx =

∫ b

−a
(en(x, t))ten(x, t)dx−

∫ b

−a
(en(x, t))xxen(x, t)dx

= 1
2
d

dt
∥en(·, t)∥2 − [(en(x, t))xen(x, t)]bx=−a +

∫ b

−a
|(en(x, t))x|2dx

= 1
2
d

dt
∥en(·, t)∥2 + ∥(en(·, t))x∥2 . (3.63)

The last equality holds since en(−a, t) = 0 = en(b, t).

Further, by Cauchy-Schwarz inequality,

∣∣∣∣∣
∫ b

−a
(f(x, t) − gn(x, t))en(x, t)dx

∣∣∣∣∣ ≤ ∥f(·, t) − gn(·, t)∥ ∥en(·, t)∥

≤ C(t)e−c(t)n ∥en(·, t)∥ (By (3.61))

≤ Ce−cn ∥en(·, t)∥ , (3.64)

where, C = supt∈[−1,1] C(t) and c = inft∈[−1,1] c(t).

By substituting (3.63) and (3.64) to (3.62) we get,

1
2
d

dt
∥en(·, t)∥2 + ∥(en(·, t))x∥2 ≤ Ce−cn ∥en(·, t)∥ . (3.65)

Let E(t) =
∫ b

−a |en(x, t)|2dx, so

d

dt
E(t) + 2 ∥(en(·, t))x∥2 ≤ 2Ce−cn

√
E(t)

E ′(t) ≤ 2Ce−cn
√
E(t)
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y′(t) ≤ Ce−cn where y(t) =
√
E(t)

y(t) ≤ y(−1) + Ce−cnt.

Since y(−1) = 0, y(t) ≤ Ce−cn for each t ∈ [−1, 1],

∥en(·, t)∥ ≤ Ce−cn. (3.66)

Theorem 3.17. Let ψ(x, t) and f(x, t) be the solution and analytic non-homogeneous

term of the 1-D Stokes equations in the physical space-time domain Ω × (−1, 1),

where Ω = (−a, b) with 0 < a < b < 1, with homogeneous boundary condi-

tions and zero initial condition. Let n be a positive integer, and gn be the non-

periodic extension of f to Ω̃ × (−1, 1), where Ω̃ = (−1, 1). Let ϕn(x, t) be solution of

(ϕn)txx = (ϕn)xxxx+gn on Ω̃. At a fixed time t ∈ [−1, 1], the error between ψ(x, t) and

ϕn(x, t) on the physical spatial domain can be defined as en(x, t) = ψ(x, t)−ϕn(x, t).

Then ∥en(·, t)∥ ≤ Ce−cn and ∥en,x(·, t)∥ ≤ Ce−cn, t ∈ [−1, 1].

Proof. Consider the stream function formulation for the 1-D unsteady Stokes equa-

tions in Ω × [−1, 1] and the extended domain Ω̃ × [−1, 1] as follows.

ψtxx = ψxxxx + f in Ω × [−1, 1], ϕn,txx = ϕn,xxxx + gn in Ω̃ × [−1, 1],

ψ(−a, t) = 0 = ψ(b, t), ϕn(−a, t) = 0 = ϕn(b, t), (constraint)

ψx(−a, t) = 0 = ψx(b, t), ϕn,x(−a, t) = 0 = ϕn,x(b, t), (constraint)

ψ(x,−1) = 0. ϕn(x,−1) = 0.

For fixed t, let en(x, t) be the error between ψ(x, t) and ϕn(x, t) on the physical

spatial domain: en(x, t) = ψ(x, t) − ϕn(x, t)|(−a,b). Then

en,txx − en,xxxx = f(x, t) − gn(x, t)|(−a,b) (3.67)
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=
∞∑

k=n+1
ak(t)T hk

(
cos πx2

)
+

∞∑
k=n

bk(t)Uh
k

(
cos πx2

)
sin πx2 .

Following the same approach explained for the 1-D Heat equation, we can obtain

∥en,txx − en,xxxx∥ ≤ C(t)e−c(t)n, (3.68)

where C(t) and c(t) are continuous with the latter bounded away from zero.

Thus, ∥en,txx − en,xxxx∥ ≤ Ce−cn for some positive constants c and C where,

C = supt∈[−1,1] C(t) and c = inft∈[−1,1] c(t). Now we need to show that ∥en,x(·, t)∥

and ∥en(·, t)∥ also decay exponentially for all t ∈ [−1, 1].

Multiply the error equation (3.67) by en(x, t) and integrate over the spatial do-

main (−a, b) to obtain

∫ b

−a
(en,txx − en,xxxx)en(x, t)dx =

∫ b

−a
(f(x, t) − gn(x, t))en(x, t)dx. (3.69)

∫ b

−a
(en,txx − en,xxxx)en(x, t)dx =

∫ b

−a
en,txxendx−

∫ b

−a
en,xxxxendx

= −
∫ b

−a
en,txen,xdx+

∫ b

−a
en,xxxen,xdx

= −1
2
d

dt
∥en,x(·, t)∥2 −

∫ b

−a
en,xxen,xxdx

= −1
2
d

dt
∥en,x(·, t)∥2 − ∥en,xx(·, t)∥2 . (3.70)

Further, by Cauchy-Schwarz inequality,

∣∣∣∣∣
∫ b

−a
(f(x, t) − gn(x, t))en(x, t)dx

∣∣∣∣∣ ≤ ∥f(·, t) − gn(·, t)∥ ∥en(·, t)∥

≤ C(t)e−c(t)n ∥en(·, t)∥ (By (3.68))

≤ Ce−cn ∥en(·, t)∥ . (3.71)
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By substituting (3.70) and (3.71) to (3.69) we get,

1
2
d

dt
∥en,x(·, t)∥2 + ∥en,xx(·, t)∥2 ≤ Ce−cn ∥en(·, t)∥

≤ Ce−cn ∥en,x(·, t)∥ (By Poincaré inequality).

(3.72)

Let E(t) =
∫ b

−a |en,x(x, t)|2dx, so

d

dt
E(t) + 2 ∥en,xx(·, t)∥2 ≤ 2Ce−cn

√
E(t)

E ′(t) ≤ 2Ce−cn
√
E(t)

y′(t) ≤ Ce−cn where y(t) =
√
E(t)

y(t) ≤ y(−1) + Ce−cnt.

Since y(−1) = 0, y(t) ≤ Ce−cn for each t ∈ [−1, 1],

∥en,x(·, t)∥ ≤ Ce−cn. (3.73)

Using the Poincaré inequality (since en(−a, t) = 0 = en(b, t)),

∥en(·, t)∥ ≤ c ∥en,x(·, t)∥ ≤ Ce−cn. (3.74)

Theorem 3.18. Let u(x, y) and f(x, y) be the solution and analytic non-homogeneous

term of the 2-D Poisson equation in the irregular domain Ω with homogeneous

Dirichlet boundary conditions. For any positive integer n, let vn(x, y) be solution

of −∆vn = gn on the extended domain Ω̃, where gn is the Alternating non-periodic

extension of f to Ω̃. The error between u(x, y) and vn(x, y) on the irregular domain

Ω can be defined as en(x, y) = u(x, y) − vn(x, y)|Ω. Then ∥en∥ + ∥∇en∥ ≤ Ce−cn.
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Figure 3.16: Irregular and the extended domain

Proof. Consider the 2-D Poisson equation defined in the irregular domain Ω and the

extended domain Ω̃. See Figure (3.16).

−∆u = f in Ω, −∆vn = gn in Ω̃ = (−1, 1)2,

u = 0 on ∂Ω. vn = 0 on ∂Ω.

By UCP (Theorem 3.11), vn is well defined on Ω̃. Define the error function:

en(x, y) = u(x, y) − vn(x, y)
∣∣∣
Ω
.

Then

−∆en = f(x, y) − gn(x, y)
∣∣∣
Ω

(3.75)

∥∆en∥ = ∥f − gn∥.

In the Alternating Non-Periodic Extension, we perform one non-periodic extension
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in the x−direction, followed by one in the y−direction. Therefore, for fixed y,

en,xx(xi, y) =
∞∑

k=n+1
ãk(y)T hk

(
cos πxi2

)
+

∞∑
k=n

b̃k(y)Uh
k

(
cos πxi2

)
sin πxi2

∥en,xx(xi, ·)∥ =

∥∥∥∥∥∥
∞∑

k=n+1
ãk(·)T hk

(
cos πxi2

)
+

∞∑
k=n

b̃k(·)Uh
k

(
cos πxi2

)
sin πxi2

∥∥∥∥∥∥
≤ C1(xi)e−cn,

by Theorem 3.15 and for some bounded C1.

Similarly, for fixed x,

en,yy(x, yj) =
∞∑

k=n+1
ak(x)T hk

(
cos πyj2

)
+

∞∑
k=n

bk(x)Uh
k

(
cos πyj2

)
sin πyj2

∥en,yy(·, yj)∥ =

∥∥∥∥∥∥
∞∑

k=n+1
ak(·)T hk

(
cos πyj2

)
+

∞∑
k=n

bk(·)Uh
k

(
cos πyj2

)
sin πyj2

∥∥∥∥∥∥
≤ C2(yj)e−cn, for some bounded C2.

Define Ĉ1 = supx∈[−1,1] C1(x) < ∞, Ĉ2 = supy∈[−1,1] C2(y) < ∞. Let xi, 1 ≤ i ≤ n−1

be interior Gauss-Lobatto nodes. Therefore,

n−1∑
i=1

∥en,xx(xi, ·)∥2ρi ≤
n−1∑
i=1

Ĉ2
1e

−2cnρi = 2Ĉ2
1e

−2cn (3.76)

n−1∑
j=1

∥en,yy(·, yj)∥2ρj ≤
n−1∑
j=1

Ĉ2
2e

−2cnρj = 2Ĉ2
2e

−2cn. (3.77)

We know that

∥∆en∥2 =
∫∫
Ω

(e2
n,xx + e2

n,yy + 2en,xxen,yy) dx dy. (3.78)
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By Cauchy-Schwarz inequality, we get

∣∣∣∣∣∣
∫∫
Ω

2en,xxen,yy dx dy

∣∣∣∣∣∣ ≤ 2
∫∫

Ω

e2
n,xx dx dy

 1
2
∫∫

Ω

e2
n,yy dx dy

 1
2

.

Since 2αβ ≤ α2 + β2 for any real numbers α and β, let α =
(∫∫

Ω
e2
n,xx dx dy

) 1
2

and

β =
(∫∫

Ω
e2
n,yy dx dy

) 1
2

, we get

2
∫∫

Ω

e2
n,xx dx dy

 1
2
∫∫

Ω

e2
n,yy dx dy

 1
2

≤
∫∫
Ω

e2
n,xx dx dy +

∫∫
Ω

e2
n,yy dx dy.

Given y, define X(y) ⊂ [−1, 1] such that (X(y), y) = Ω ∩ {(x, y), x ∈ R}. Given

x, define Y (x) ⊂ [−1, 1] such that (x, Y (x)) = Ω ∩ {(x, y), y ∈ R}. Extend the

definition of en to [−1, 1]2 by extension by zero. Thus, by (3.78), we get

∥∆en∥2 ≤ 2
∫∫
Ω

(e2
n,xx + e2

n,yy) dx dy

= 2
(∫ 1

−1

∫
X(y)

e2
n,xx(x, y) dx dy +

∫ 1

−1

∫
Y (x)

e2
n,yy(x, y) dy dx

)
. (3.79)

Let E1(y) =
∫
X(y) e

2
n,xx(x, y) dx and E2(x) =

∫
Y (x) e

2
n,yy(x, y) dy. Suppose [a, b] =

X(y) and [c, d] = Y (x). Take x̃i =
(
b−a

2

)
xi+

(
a+b

2

)
and ỹj =

(
d−c

2

)
yj +

(
c+d

2

)
. Thus

E1(y) =
∫
X(y)

e2
n,xx(x, y) dx

= b− a

2

∫ 1

−1
e2
n,x̃x̃(x̃, y) dx̃

= b− a

2

n−1∑
i=1

e2
n,x̃x̃(x̃i, y)ρi + ϵ1(y),

where |ϵ1(y)| ≤ ce−γ1n for some positive γ1 and ρi are Legendre weights. This implies
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that

∫ 1

−1

∫
X(y)

e2
n,xx(x, y) dx dy =

∫ 1

−1
E1(y) dy

≤ b− a

2

n−1∑
i=1

∥en,x̃x̃(x̃i, ·)∥2 ρi + ce−γ1n

≤
∫ 1

−1
K1e

−2cn dy

≤ 2K1e
−2cn, (3.80)

by (3.76). Similarly,

E2(x) =
∫
Y (x)

e2
n,yy(x, y) dy

= d− c

2

n−1∑
j=1

e2
n,yy(x, ỹj)ρj + ϵ2(x),

where |ϵ2(x)| ≤ ce−γ2n. Then we get

∫ 1

−1

∫
Y (x)

e2
n,yy(x, y) dy dx =

∫ 1

−1
E2(x) dx

≤ d− c

2

n−1∑
j=1

∥∥∥e2
n,yy(·, ỹj)

∥∥∥2
ρj + ce−γ2n

≤
∫ 1

−1
K2e

−2cn dx

≤ 2K2e
−2cn, (3.81)

by (3.77). If X(y) and Y (x) consist of more than one interval, we sum the error over

each interval.

Hence, by substituting (3.80) and (3.81) to (3.79), we get

∥∆en∥2 ≤ 4(K1e
−2cn +K2e

−2cn) = Ce−2cn,

∥∆en∥ ≤ Ce−cn. (3.82)
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Now we show ∥∇en∥ and ∥en∥ also have an exponential decay. Multiply the error

equation (3.75) by en(x, y) and apply the Green’s first identity:

∫
Ω

∇en · ∇endΩ =
∫

Ω
(f − gn)endΩ

∥∇en∥2 =
∫

Ω
(f − gn)endΩ. (3.83)

By Cauchy-Schwarz inequality,

∣∣∣∣∫
Ω
(f − gn)endΩ

∣∣∣∣ ≤ ∥f − gn∥ ∥en∥ . (3.84)

Using Poincaré inequality (since en = 0 on the boundary),

∥en∥ ≤ c ∥∇en∥ . (3.85)

By (3.83),(3.84) and (3.85) we get,

∥∇en∥2 ≤ c ∥f − gn∥ ∥∇en∥

∥∇en∥ ≤ c ∥f − gn∥

∥∇en∥ ≤ Ce−cn (By (3.82)). (3.86)

Further, by (3.85) and (3.86) we get,

∥en∥ ≤ Ce−cn.

Theorem 3.19. Let u(x, y, t) and f(x, y, t) be the solution and analytic non-homogeneous

term of the 2-D Heat equation in the space-time domain Ω × (−1, 1), where Ω is

the irregular spatial domain. For any positive integer n, define vn(x, y, t) be solu-
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tion of (vn)t = ∆vn + gn on Ω̃ × (−1, 1), where Ω̃ is the extended spatial domain

and gn is the Alternating non-periodic extension of f to Ω̃ × (−1, 1). At a fixed

time t ∈ [−1, 1], the error between u(x, y, t) and vn(x, y, t) on Ω can be defined as

en(x, y, t) = u(x, y, t) − vn(x, y, t)|Ω. Then ∥en(·, ·, t)∥ ≤ Ce−cn, t ∈ [−1, 1].

Proof. Consider the 2-D Heat equation defined in the irregular domain Ω × (−1, 1)

and the extended domain Ω̃ × (−1, 1). The spatial domain Ω is as in Figure (3.16)

and the temporal domain is (−1, 1). Then

ut = ∆u+ f in Ω × (−1, 1), (vn)t = ∆vn + gn in Ω̃ = (−1, 1)2 × (−1, 1),

u = 0 on ∂Ω × (−1, 1), vn = 0 on ∂Ω × (−1, 1),

u(x, y,−1) = 0. 0 = vn(x, y,−1).

By UCP (Theorem 3.12), vn is well defined on Ω̃ × (−1, 1). For a fixed t, the error

function is defined as:

en(x, y, t) = u(x, y, t) − vn(x, y, t)
∣∣∣
Ω
.

Then
en,t − ∆en = f(x, y, t) − gn(x, y, t)

∣∣∣
Ω

(3.87)

∥(en,t − ∆en)(·, ·, t)∥ = ∥f(·, ·, t) − gn(·, ·, t)∥.

In the Alternating Non-Periodic Extension, we first perform one non-periodic ex-

tension in the x−direction, followed by one in the y−direction. For fixed t, let the

non-periodic extension in the x−direction be denoted by gx. Therefore

∥en,t − ∆en∥2 =
∫∫
Ω

(f − gn)2(x, y, t)dxdy

=
∫∫
Ω

(f − gx + gx − gn)2(x, y, t)dxdy
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≤ 2
∫∫

Ω

(f − gx)2(x, y, t)dxdy +
∫∫
Ω

(gx − gn)2(x, y, t)dxdy
 . (3.88)

By Theorem 3.16, for fixed t and y,

f(xi, y, t) − gx(xi, y, t) =
∞∑

k=n+1
ak(y, t)T hk

(
cos πxi2

)
+

∞∑
k=n

bk(y, t)Uh
k

(
cos πxi2

)
sin πxi2

∥f(xi, ·, t) − gx(xi, ·, t)∥ ≤ c1,i(t)e−c2,i(t)n,

for some continuous positive functions c1,i(t) and c2,i(t) for t ∈ [−1, 1]. Thus

n−1∑
i=1

∥f(xi, ·, t) − gx(xi, ·, t)∥2ρi ≤
n−1∑
i=1

c2
1,i(t)e−2c2,i(t)nρi = C1(t)e−2C2(t)n. (3.89)

Now, using gx, we perform the extension in the y direction to obtain gn. Since

this is a one-dimensional extension, the corresponding one-dimensional results hold.

Therefore, for fixed t and x we get

gx(x, yj, t) − gn(x, yj, t) =
∞∑

k=n+1
ãk(x, t)T hk

(
cos πyj2

)
+

∞∑
k=n

b̃k(x, t)Uh
k

(
cos πyj2

)
sin πyj2

∥gx(·, yj, t) − gn(·, yj, t)∥ ≤ c3,j(t)e−c4,j(t)n,

for some continuous positive functions c3,j(t) and c4,j(t) for t ∈ [−1, 1]. Thus

n−1∑
j=1

∥gx(·, yj, t) − gn(·, yj, t)∥2ρj ≤
n−1∑
j=1

c2
3,j(t)e−2c4,j(t)nρj = C3(t)e−2C4(t)n. (3.90)

For fixed t, and for a given y, define X(y) ⊂ [−1, 1] such that (X(y), y) = Ω ∩

{(x, y), x ∈ R}. Similarly, for fixed t, and for a given x, define Y (x) ⊂ [−1, 1] such

that (x, Y (x)) = Ω ∩ {(x, y), y ∈ R}. For each fixed t, extend the definition of f − gx
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and gx − gn to [−1, 1]2 by extension by zero. Thus, by (3.88), we get

∥(en,t − ∆en)(·, ·, t)∥2 ≤ 2
(∫ 1

−1

∫
X(y)

(f − gx)2(x, y, t)dxdy +
∫ 1

−1

∫
Y (x)

(gx − gn)2(x, y, t)dydx
)
.

(3.91)

Let E1(y, t) =
∫
X(y)(f − gx)2(x, y, t) dx and E2(x, t) =

∫
Y (x)(gx − gn)2(x, y, t) dy.

Suppose [a, b] = X(y) and [c, d] = Y (x). Take x̃i =
(
b−a

2

)
xi +

(
a+b

2

)
and ỹj =(

d−c
2

)
yj +

(
c+d

2

)
. Thus

E1(y, t) =
∫
X(y)

(f − gx)2(x, y, t) dx

= b− a

2

n−1∑
i=1

(f − gx)2(x̃i, y, t)ρi + ϵ1(y, t),

where |ϵ1(y, t)| ≤ c1(t)e−γ1(t)n for some positive γ1. This implies that

∫ 1

−1

∫
X(y)

(f − gx)2(x, y, t) dx dy =
∫ 1

−1
E1(y, t) dy

≤ b− a

2

n−1∑
i=1

∥(f − gx)(x̃i, ·, t)∥2 ρi + c1(t)e−γ1(t)n

≤
∫ 1

−1
K1(t)e−2c1(t)n dy

≤ 2K1(t)e−2c1(t)n, (3.92)

by (3.89). Similarly,

E2(x, t) =
∫
Y (x)

(gx − gn)2(x, y, t) dy

= d− c

2

n−1∑
j=1

(gx − gn)2(x, ỹj, t)ρj + ϵ2(x, t),

where |ϵ2(x, t)| ≤ c2(t)e−γ2(t)n. Then we get

∫ 1

−1

∫
Y (x)

(gx − gn)2(x, y, t) dy dx =
∫ 1

−1
E2(x, t) dx
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≤ d− c

2

n−1∑
j=1

∥(gx − gn)(·, ỹj, t)∥2 ρj + c2(t)e−γ2(t)n

≤
∫ 1

−1
K2(t)e−2c2(t)n dx

≤ 2K2(t)e−2c2(t)n, (3.93)

by (3.90). Hence, by substituting (3.92)and (3.93) to 3.91, we get

∥en,t − ∆en∥2 ≤ C(t)e−2c(t)n

∥en,t − ∆en∥ ≤ C(t)e−c(t)n. (3.94)

Thus, ∥en,t − ∆en∥ ≤ Ce−cn for some positive constants c and C where, C =

supt∈[−1,1] C(t) and c = inft∈[−1,1] c(t). Now we need to show ∥en(·, ·, t)∥ also has

an exponential decay for all t ∈ [−1, 1]. For a fixed t ∈ (−1, 1), multiply the error

equation (3.87) by en(x, y, t) and integrate over the spatial domain Ω:

∫
Ω
(en,t − ∆en)en(x, y, t)dΩ =

∫
Ω
(f − gn)en(x, y, t)dΩ. (3.95)

∫
Ω
(en,t − ∆en)en(x, y, t)dΩ =

∫
Ω
en,tendΩ −

∫
Ω

∆enendΩ

= 1
2
d

dt
∥en(·, ·, t)∥2 +

∫
Ω

|∇en|2dΩ

= 1
2
d

dt
∥en(·, ·, t)∥2 + ∥∇en∥2 . (3.96)

Further, by Cauchy-Schwarz inequality,

∣∣∣∣∫
Ω
(f − gn)en(x, y, t)dΩ

∣∣∣∣ ≤ ∥f(·, ·, t) − gn(·, ·, t)∥ ∥en(·, ·, t)∥

≤ C(t)e−c(t)n ∥en(·, ·, t)∥ (By (3.94))

≤ Ce−cn ∥en(·, ·, t)∥ , (3.97)
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where C = supt∈[−1,1] C(t) and c = inft∈[−1,1] c(t). By substituting (3.96) and (3.97)

to (3.95) we get,

1
2
d

dt
∥en(·, ·, t)∥2 + ∥∇en(·, ·, t)∥2 ≤ Ce−cn ∥en(·, ·, t)∥ . (3.98)

Let E(t) =
∫

Ω |en(x, y, t)|2dΩ, so

d

dt
E(t) + 2 ∥∇en∥2 ≤ 2Ce−cn

√
E(t)

E ′(t) ≤ 2Ce−cn
√
E(t)

y′(t) ≤ Ce−cn where y(t) =
√
E(t)

y(t) ≤ y(−1) + Ce−cnt. (3.99)

Since y(−1) = 0, y(t) ≤ Ce−cn for each t ∈ [−1, 1],

∥en(·, ·, t)∥ ≤ Ce−cn. (3.100)

Theorem 3.20. Let u(x, y, t) and f(x, y, t) be the solution and analytic non-homogeneous

term of the 2-D Wave equation in the space-time domain Ω × (−1, 1), where Ω is

the irregular spatial domain. For any positive integer n, define vn(x, y, t) be solu-

tion of (vn)tt = ∆vn + gn on Ω̃ × (−1, 1), where Ω̃ is the extended spatial domain

and gn is the Alternating non-periodic extension of f to Ω̃ × (−1, 1). At a fixed

time t ∈ [−1, 1], the error between u(x, y, t) and vn(x, y, t) on Ω can be defined as

en(x, y, t) = u(x, y, t) − vn(x, y, t)|Ω. Then ∥en(·, ·, t)∥ ≤ Ce−cn, ∥en,t(·, ·, t)∥ ≤ Ce−cn

and ∥∇en(·, ·, t)∥ ≤ Ce−cn, t ∈ [−1, 1].

Proof. Consider the 2-D Wave equation defined in the irregular domain Ω × (−1, 1)

and the extended domain Ω̃ × (−1, 1). The spatial domain Ω is as in Figure (3.16)
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and the temporal domain is (−1, 1). Then

utt = ∆u+ f in Ω × (−1, 1), vn,tt = ∆vn + gn in Ω̃ = (−1, 1)2 × (−1, 1),

u = 0 on ∂Ω × (−1, 1), vn = 0 on ∂Ω × (−1, 1),

u(x, y,−1) = 0, 0 = vn(x, y,−1),

ut(x, y,−1) = 0. 0 = vn,t(x, y,−1).

By UCP (Theorem 3.13), vn is well defined on Ω̃ × (−1, 1). For a fixed t, the error

function is defined as:

en(x, y, t) = u(x, y, t) − vn(x, y, t)
∣∣∣
Ω
.

Then
en,tt − ∆en = f(x, y, t) − gn(x, y, t)

∣∣∣
Ω

(3.101)

∥(en,tt − ∆en)(·, ·, t)∥ = ∥f(·, ·, t) − gn(·, ·, t)∥.

Following the same approach explained for the 2D Heat equation, we can obtain

∥en,tt − ∆en∥ ≤ C(t)e−c(t)n, (3.102)

where C(t) and c(t) are continuous with the latter bounded away from zero.

Thus, ∥en,tt − ∆en∥ ≤ Ce−cn for some positive constants c and C where, C =

supt∈[−1,1] C(t) and c = inft∈[−1,1] c(t). Now we need to show ∥∇en(·, ·, t)∥ and

∥en(·, ·, t)∥ also has an exponential decay for all t ∈ [−1, 1]. Let

E(t) = 1
2

∫
Ω
(|en,t(x, y, t)|2 + |∇en(x, y, t)|2)dxdy.
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Then

E ′(t) =
∫

Ω
en,ten,ttdxdy +

∫
Ω
(∇en · ∇en,t)dxdy

=
∫

Ω
en,ten,ttdxdy −

∫
Ω
(en,t∆en)dxdy +

∫
∂Ω

(
en,t

∂en
∂ν

)
ds (By Green’s Identity)

=
∫

Ω
en,t(en,tt − ∆en)dxdy

=
∫

Ω
en,t(f − gn)dxdy.

Further, by Cauchy-Schwarz inequality,

|E ′(t)| ≤ ∥f(·, ·, t) − gn(·, ·, t)∥ ∥en,t(·, ·, t)∥

≤ C(t)e−c(t)n ∥en,t(·, ·, t)∥ (By (3.102))

≤ Ce−cn ∥en,t(·, ·, t)∥ . (3.103)

Since,

E(t) = 1
2 ∥en,t∥2 + 1

2 ∥∇en∥2 ≥ 1
2 ∥en,t∥2 ,

implying ∥en,t∥ ≤
√

2E(t). Thus, by (3.103) we get

E ′(t) ≤ Ce−cn
√

2E(t) ≤ Ce−cn
√
E(t)

or y′(t) ≤ Ce−cn, where y(t) =
√
E(t).

Consequently,

y(t) ≤ y(−1) + Ce−cnt. (3.104)
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Since y(−1) = 0, y(t) ≤ Ce−cn for each t ∈ [−1, 1],

∥en,t(·, ·, t)∥ ≤ Ce−cn, ∥∇en(·, ·, t)∥ ≤ Ce−cn. (3.105)

Using Poincaré inequality (since en = 0 on the boundary),

∥en(·, ·, t)∥ ≤ c ∥∇en(·, ·, t)∥ ≤ Ce−cn.

Theorem 3.21. Let ψ(x, y, t) and f(x, y, t) be the solution and analytic non-homogeneous

term of the stream function formulation of the 2-D Stokes equation in the space-time

domain Ω×(−1, 1), where Ω is the irregular spatial domain. For any positive integer

n, define ϕn(x, y, t) be solution of ∆ϕn,t = ∆2ϕn + gn on Ω̃ × (−1, 1), where Ω̃ is

the extended spatial domain and gn is the Alternating non-periodic extension of f to

Ω̃×(−1, 1). At a fixed time t ∈ [−1, 1], the error between ψ(x, y, t) and ϕn(x, y, t) on

Ω can be defined as en(x, y, t) = ϕ(x, y, t) − ψn(x, y, t)|Ω. Then ∥en(·, ·, t)∥ ≤ Ce−cn

and ∥∇en(·, ·, t)∥ ≤ Ce−cn, t ∈ [−1, 1].

Proof. Consider the 2-D Stokes equation defined in the irregular domain Ω × (−1, 1)

and the extended domain Ω̃ × (−1, 1). The spatial domain Ω is as in Figure (3.16)

and the temporal domain is (−1, 1). Then

∆ψt = ∆2ψ + f(x, y, t) in Ω × (−1, 1), ∆ϕn,t = ∆2ϕn + gn(x, y, t) in Ω̃ × (−1, 1),

ψ(x, y, t) = 0 = ∂ψ

∂ν
on ∂Ω × (−1, 1), ϕn(x, y, t) = 0 = ∂ϕn

∂ν
on ∂Ω × (−1, 1),

ψ(x, y,−1) = 0. ϕn(x, y,−1) = 0,

By UCP (Theorem 3.14), ϕn is well defined on Ω̃ × (−1, 1). For a fixed t, the error
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function is defined as:

en(x, y, t) = ψ(x, y, t) − ϕn(x, y, t)
∣∣∣
Ω
.

Then
∆en,t − ∆2en = f(x, y, t) − gn(x, y, t)

∣∣∣
Ω

(3.106)

∥(∆en,t − ∆2en)(·, ·, t)∥ = ∥f(·, ·, t) − gn(·, ·, t)∥.

Following the same approach explained for the 2D Heat equation, we can obtain

∥∆en,t − ∆2en∥ ≤ C(t)e−c(t)n, (3.107)

where C(t) and c(t) are continuous with the latter bounded away from zero.

Thus, ∥∆en,t − ∆2en∥ ≤ Ce−cn for some positive constants c and C where,

C = supt∈[−1,1] C(t) and c = inft∈[−1,1] c(t). Now we need to show ∥∇en(·, ·, t)∥

and ∥en(·, ·, t)∥ also has an exponential decay for all t ∈ [−1, 1]. Multiply the error

equation (3.106) by en(x, y, t) and integrate over the spatial domain Ω:

∫
Ω
(∆en,t − ∆2en)en(x, y, t)dΩ =

∫
Ω
(f − gn)en(x, y, t)dΩ. (3.108)

∫
Ω
(∆en,t − ∆2en)en(x, y, t)dΩ =

∫
Ω

∆en,tendΩ −
∫

Ω
∆2enendΩ

= −
∫

Ω
∇en,t∇endΩ +

∫
Ω

∇(∆en)∇endΩ

= −1
2
d

dt

∫
Ω

|∇en|2dΩ −
∫

Ω
∆en∆endΩ +

∫
∂Ω

∆en
∂en
∂ν

dS

= −1
2
d

dt

∫
Ω

|∇en|2dΩ −
∫

Ω
|∆en|2dΩ

= −1
2
d

dt
∥∇en(·, ·, t)∥2 − ∥∆en(·, ·, t)∥2 . (3.109)
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Further, by Cauchy-Schwarz inequality,

∣∣∣∣∫
Ω
(f − gn)en(x, y, t)dΩ

∣∣∣∣ ≤ ∥f(·, ·, t) − gn(·, ·, t)∥ ∥en(·, ·, t)∥

≤ C(t)e−c(t)n ∥en(·, ·, t)∥ (By (3.107))

≤ Ce−cn ∥en(·, ·, t)∥ . (3.110)

By substituting (3.109) and (3.110) to (3.108) we get,

1
2
d

dt
∥∇en(·, ·, t)∥2 + ∥∆en(·, ·, t)∥2 ≤ Ce−cn ∥en(·, ·, t)∥

≤ Ce−cn ∥∇en(·, ·, t)∥ (By Poincaré inequality).

(3.111)

Let E(t) =
∫

Ω |∇en|2dΩ, so

d

dt
E(t) + 2 ∥∆en(·, ·, t)∥2 ≤ 2Ce−cn

√
E(t)

E ′(t) ≤ 2Ce−cn
√
E(t)

y′(t) ≤ Ce−cn where y(t) =
√
E(t)

y(t) ≤ y(−1) + Ce−cnt. (3.112)

Since y(−1) = 0, y(t) ≤ Ce−cn for each t ∈ [−1, 1],

∥∇en(·, ·, t)∥ ≤ Ce−cn. (3.113)

Using the Poincaré inequality (since en = 0 on ∂Ω),

∥en(·, ·, t)∥ ≤ c ∥∇en(·, ·, t)∥ ≤ Ce−cn. (3.114)
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4

Numerical Experiments

In this chapter, we demonstrate the accuracy and robustness of the proposed method

through a broad set of numerical experiments involving a variety of domain shapes

and model equations. All the irregular domains considered in this chapter have

smooth boundaries to ensure that the solution is smooth. Spectral accuracy may

deteriorate in the presence of geometric singularities, such as corners or cusps (e.g.,

lemniscate or teardrop shapes). In all figures, the error is measured as the absolute

error in the infinity norm, evaluated at the collocation points.

This chapter is organized into two main parts according to the nature of the

non-homogeneous term.

In section 4.1, we consider the elliptic and butterfly domains, where we implement

the two-dimensional unsteady Stokes and Navier–Stokes equations, with the non-

homogeneous term analytic and periodic in the extended domain.

Section 4.2 addresses the case where the non-homogeneous term is only known

in the physical domain. It is further divided into two parts: periodic extensions and

non-periodic extensions.

In section 4.2.1, we consider periodic extensions, where we implement the two-

dimensional Poisson equation on the square domain using the Alternating Fourier
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Extension method. Since the Alternating Fourier Extension method is not suitable

for non-rectangular physical domains, we then proceed to non-periodic extensions.

In section 4.2.2, we consider non-periodic extensions. First, we consider two

convex irregular domains. On these domains, we implement the two-dimensional

Poisson equation, Heat equation, Wave equation, unsteady Stokes equation, Allen–

Cahn equation, Nonlinear Schrödinger equation, and Navier–Stokes equations using

the Alternating Non-periodic Extension method.

Next, we examine four non-convex irregular domains. The first is symmetric and

non-convex, the second is symmetric and non-simply connected, while the third and

fourth are non-symmetric and non-simply connected. The latter two domains are

specifically designed to investigate whether shifting an internal hole from the center

to a corner influences spectral convergence. This setup also allows us to examine

how the loss of symmetry or the proximity of geometric irregularities to domain

boundaries affects the performance of the method. For each of these domains, we

implement the two-dimensional Poisson equation, unsteady Stokes equation, and

unsteady Navier–Stokes equations.

4.1 Non-homogeneous term is analytic and peri-

odic in the extended domain.

We have implemented spectral solvers for the 2D Poisson equation, Heat equation,

unsteady Stokes equations, and Navier–Stokes equations defined in irregular do-

mains. Here we consider two different irregular geometries. The first irregular bound-

ary is an ellipse with axis lengths a, b and center at the origin (Γ(x, y) = x2

a2 + y2

b2 −1).

The second domain has the form of a butterfly with boundary x = r cos(θ), y =

r sin(2θ) parameterized by the polar angle θ.
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.
Figure 4.1: Elliptic domain with a = 2.5 and b = 2 and the butterfly domain with
r = 2.5.

Spectral error convergence was observed in each instance. For steady problems,

take f when the exact solution is ψ(x, y) = e1+sin(x+y). For unsteady problems,

take f corresponding to the exact solution ψ(x, y, t) = e(1+t)+sin(x+y), with the initial

condition ψ(x, y,−1) = ψ0(x, y). First, consider the numerical results for the Poisson

equation defined in irregular geometries.

Figure 4.2: Spectral error convergence for the elliptic domain and the butterfly
domain for the Poisson equation.

Now consider the numerical results for the stream function formulation of the 2D

unsteady Stokes equation

(ψt)xx + (ψt)yy = (ψxxxx + ψyyyy + 2ψxxyy) + f,

defined in irregular geometries.

121



Figure 4.3: Spectral error convergence for the elliptic domain and the butterfly
domain for the unsteady Stokes equation.

Next, we present numerical results for the nonlinear PDE, Navier–Stokes equation

defined in irregular geometries. Here, we take zero function as the initial guess and

apply a Picard iteration, terminating it whenever the infinity norm of the difference

of two consecutive iterations is less than ϵ = 10−13. Here, we consider the stream

function formulation of the unsteady Navier–Stokes equations

−∆ψt + 1
Re

∆2ψ − ψyψxxx + ψxψyyy + ψxψyxx − ψyψxyy = f.

Figure 4.4: Spectral error convergence for the elliptic domain and the butterfly
domain with Re = 10 for the unsteady Navier–Stokes equation.
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4.2 Non-homogeneous term is only known in the

physical domain.

4.2.1 Periodic Extensions

We have implemented 1D Poisson and Heat equations using the Fourier extension and

observed spectral error convergence. To solve this PDE, we can use either Fourier

or Chebyshev spectral collocation methods. Here, we use the Chebyshev spectral

collocation. First, consider the numerical results for the 1D Poisson equation. Here,

f(x) is defined on the domain [−1, 1] and extended it to the domain [−2, 2] using

Fourier extension. For the Poisson problem, take f when the exact solution is u(x) =

xex sin(2x).

.
Figure 4.5: Fourier extension and spectral error convergence for the 1D Poisson
equation.

Now consider the 1D Heat equation defined in the domain [−1, 1] × [−1, 1] and

extend it to the domain [−2, 2] × [−1, 1]. Here, take f when the exact solution is

u(x, t) = 6et+x sin(πt/2) sin(x).
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Figure 4.6: Fourier extension for the 1D Heat equation.

Figure 4.7: Spectral error convergence for the 1D Heat equation.

4.2.1.1 Alternating Fourier Extension method for the 2D Poisson equa-

tion

We implemented the 2D Poisson Equation defined on the square domain R =

(−1, 1)2, embedded it in a larger domain R = (−2, 2)2, and then applied Alternating

Fourier Extension method. Here we observed spectral error convergence.
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Figure 4.8: Fourier extension of a square domain for the 2D Poisson equation.

Figure 4.9: Error convergence for the 2D Poisson equation in a square domain.

4.2.2 Non-Periodic Extensions

4.2.2.1 Alternating Non-periodic Extension method for convex irregular

domains

We have implemented the 2D Poisson equation, Heat equation, Wave equation, un-

steady Stokes equation, Allen–Cahn equation, Nonlinear Schrödinger equation and

Navier–Stokes equations defined in convex irregular domains. Here we consider two

different irregular geometries. The first irregular boundary is Γ(x, y) = x4

p4 + y2

q2 − 1.

The second domain is Γ(x, y) = (x cos(c)+y sin(c))2

a2 + (y cos(c))4

b2 − 1.
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.
Figure 4.10: First irregular domain with p = 0.9 and q = 0.85 and the second
irregular domain with a = 0.75, b = 0.75 and c = −1.1π.

Spectral error convergence was observed in each instance. For steady problems,

take f when the exact solution is ex+y+1(x2y2 − x2 − y2 − 1)2 and for unsteady

problems, take f when the exact solution is ex+y+t+1(x2y2 − x2 − y2 − 1)2. For

unsteady problems, take the initial condition at t = −1, and perform the non-

periodic extension for the initial condition as well. First, consider the numerical

results for the Poisson equation defined in irregular geometries.

.
Figure 4.11: Spectral error convergence for the first and second irregular domains
for the Poisson equation.

Now consider the numerical results for the 2D Wave equation utt = ∆u + f

defined in irregular geometries with initial conditions u(x, y,−1) = u0(x, y) and

ut(x, y,−1) = u1(x, y).
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.
Figure 4.12: Spectral error convergence for the first and second domains for the Wave
equation.

Next consider the numerical results for the stream function formulation of the

2D unsteady Stokes equation defined in irregular geometries.

(ψt)xx + (ψt)yy = (ψxxxx + ψyyyy + 2ψxxyy) + f.

.
Figure 4.13: Spectral error convergence for the first and second domains for the
unsteady Stokes equation.

Now, we present numerical results for the nonlinear PDEs, Allen–Cahn equation,

Schrödinger equation and Navier–Stokes equation defined in irregular geometries.

For all nonlinear PDEs, we take zero function as the initial guess and apply a Pi-

card iteration, terminating it whenever the infinity norm of the difference of two
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consecutive iterations is less than ϵ = 10−13.

Allen–Cahn equation:

ut = ∆u+ au(1 − u2) + f(x, y, t).

Nonlinear Schrödinger equation:

iut = −∆u+ |u|2u+ f(x, y, t).

Further, we consider the stream function formulation of the unsteady Navier–

Stokes equations

−∆ψt + 1
Re

∆2ψ − ψyψxxx + ψxψyyy + ψxψyxx − ψyψxyy = f.

.
Figure 4.14: Spectral error convergence for the first and second domains with a = 0.5
for the Allen–Cahn equation.
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No of fixed-point iterations
N First Domain Second Domain
4 8 10
8 7 9
12 10 12
16 14 19
20 18 19

Table 4.1: Number of fixed-point iterations for the Allen–Cahn equation on first and
second domains for different values of N .

.
Figure 4.15: Spectral error convergence for the first and second domains for the
nonlinear Schrödinger equation.

No of fixed-point iterations
N First Domain Second Domain
4 11 12
8 10 10
12 10 16
16 14 18
20 17 21

Table 4.2: Number of fixed-point iterations for the Schrödinger equation on first and
second domains for different values of N .
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.
Figure 4.16: Spectral error convergence for the first and second domains with Re =
10 for the unsteady Navier–Stokes equation.

No of fixed-point iterations
N First Domain Second Domain
4 10 11
8 8 10
12 9 19
16 10 18
20 19 22

Table 4.3: Number of fixed-point iterations for the unsteady Navier–Stokes equation
on first and second domains for different values of N .

4.2.2.2 Alternating Non-periodic Extension method for non-convex ir-

regular domains

Now we consider PDEs defined in non-convex irregular domains. The first non-

convex domain is Γ(x, y) = x2 +y2 − (a+b sin(cy))2. The second non-convex domain

with a hole, whose inner boundary is defined as Γ(x, y)inner = y4

p4 + x2

p2 + y − 1 and

the outer boundary is defined as Γ(x, y)outer = y4

q4 + x2

q2 − 0.4y − 1. In the third

domain inner boundary is defined as Γ(x, y)inner = (x cos(c1)+y sin(c1))2

a2
1

+ (y cos(c1))4

b2
1

− 1

and the outer boundary is Γ(x, y)outer = (x cos(c2)+y sin(c2))2

a2
2

+ (y cos(c2))4

b2
2

− 1 where

a1 = 0.2, b1 = 0.2, c1 = π
6 and a2 = 0.75, b2 = 0.75, c2 = −1.1π. Fourth domain inner

boundary is defined as Γ(x, y)inner = (x−r)4

p4 + (y−r)2

p2 − 1 and the outer boundary is
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defined as Γ(x, y)outer = x4

q4 + y2

q2 − 1.

.
Figure 4.17: First irregular domain with a = 0.85, b = 0.1, c = 10 and the second
irregular domain with p = 0.3 and q = 0.9.

.
Figure 4.18: Third irregular domain with a1 = 0.2, b1 = 0.2, c1 = π

6 and a2 =
0.75, b2 = 0.75, c2 = −1.1π and the fourth domain with p = 0.3, q = 0.9 and r = 0.4.

The first and second domains are symmetric non-convex domains, while the third

and fourth domains are non-symmetric non-convex domains. The third and fourth

domains were implemented to examine whether the position of an internal hole shift-

ing from the center to a corner would impact spectral convergence. This setup allows

us to investigate whether loss of symmetry or proximity of geometric irregularities

to domain boundaries affects the performance of the method. However, based on

the numerical results presented, we observe that such changes do not degrade spec-

tral convergence, indicating robustness of the method even under those geometric

changes.
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First, consider the numerical results for the Poisson equation defined in non-

convex irregular geometries.

.
Figure 4.19: Spectral error convergence for the first and second non-convex domains
for the Poisson equation.

.
Figure 4.20: Spectral error convergence for the third and fourth non-convex domains
for the Poisson equation.

Now consider the numerical results for the stream function formulation of the 2D

unsteady Stokes equation defined in non-convex irregular geometries.
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.
Figure 4.21: Spectral error convergence for the first and second non-convex domains
for the unsteady Stokes equation.

.
Figure 4.22: Spectral error convergence for the third and fourth non-convex domains
for the unsteady Stokes equation.

Next, we present numerical results for the nonlinear PDE, Navier–Stokes equation

defined in non-convex irregular geometries.

.
Figure 4.23: Spectral error convergence for the first and second non-convex domains
with Re = 10 for the unsteady Navier–Stokes equation.
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No of fixed-point iterations
N First Domain Second Domain
4 11 12
8 10 9
12 11 9
16 16 14
20 19 22

Table 4.4: Number of fixed-point iterations for the unsteady Navier–Stokes equation
on first and second domains for different values of N .

.
Figure 4.24: Spectral error convergence for the third and fourth non-convex domains
with Re = 10 for the unsteady Navier–Stokes equation.

No of fixed-point iterations
N Third Domain Fourth Domain
4 12 14
8 10 12
12 14 21
16 21 25
20 21 24

Table 4.5: Number of fixed-point iterations for the unsteady Navier–Stokes equation
on third and fourth domains for different values of N .
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5

Conclusions

In this chapter, we provide a brief summary of main findings presented in Chapters

2 through 4 and outline potential directions for future research.

In Chapter 2, we focused on the analysis of space-time spectral methods for

the stream function formulation of the unsteady Stokes equation. We proved the

condition number estimate of the unsteady Stokes operator in Theorem 2.12 and the

convergence analysis of the unsteady Stokes operator in Theorem 2.13.

In Chapter 3, we proposed a numerical method to approximate the solution

of PDEs in irregular domains using space-time spectral collocation methods. The

main idea is to embed the irregular domain in a regular one and extend the data

from the physical domain to the larger regular domain. Initially, we assumed the

non-homogeneous term is known, analytic, and periodic in the extended domain.

We used the Fourier spectral method to solve the PDE on regular geometry and

observed spectral error convergence in both linear and nonlinear PDEs. Then we

assumed that the non-homogeneous term is only known in the physical domain and

performed a periodic extension to the extended domain. We implemented Boyd’s

technique [15] for this Fourier extension and observed super-algebraic convergence

only. Then we applied the method introduced by Huybrechs [58, 59] to extend
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the non-homogeneous term of the PDE from the physical domain to the regular

extended domain with exponential accuracy. We have implemented 1D Poisson and

Heat equations using this Fourier extension and observed spectral error convergence.

Then, we introduced an algorithm, Alternating Fourier Extension, that can be

used for the two-dimensional Fourier extension. In this method, we combined both

techniques; 1D Fourier extension and domain embedding. The basic idea of this

algorithm is to embed the complex geometry in a larger, regular (rectangular) domain

and then apply Fourier extension in both the x and y directions separately until the

periodicity error in both directions is very small. We implemented the 2D Poisson

equation defined in the square physical domain (−1, 1)2, embedded it in a larger

domain (−2, 2)2, and then applied Alternating Fourier Extension. Here we observed

spectral error convergence.

However, we observed an issue; spikes at the corners of the extended domain when

applying the Alternating Fourier Extension for a non-rectangular physical domain.

We were able to overcome this issue, by implementing a non-periodic extension which

we termed the Alternating Non-Periodic Extension. The basic concept of this new

algorithm is very similar to the Alternating Fourier Extension. Here, we combined

both techniques; 1D non-periodic extension (obtained by modifying the Huybrechs’

method) and domain embedding. The basic idea of this algorithm is to embed

the complex geometry in a larger, regular (rectangular) domain (−1, 1)2 and then

apply non-periodic extensions in both the x and y directions once. This algorithm

worked well for PDEs defined on both convex and non-convex irregular geometries.

Further, we proved spectral convergence of the non-periodic extension for the 1D

and 2D Poisson (Theorem 3.15, Theorem 3.18), 1D and 2D Heat (Theorem 3.16,

Theorem 3.19), 1D and 2D Stokes (Theorem 3.17, Theorem 3.21) and 2D Wave

equation (Theorem 3.20). In addition, we proved the uniqueness of the solution on

the extended domain.
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In chapter 4, we presented numerical experiments done in MATLAB to demon-

strate the accuracy and efficiency of space-time spectral methods for solving PDEs

in irregular geometry. First, we presented numerical results when non-homogeneous

term is known, analytic, and periodic in the extended domain. Here, we observed

spectral error convergence in both linear and nonlinear PDEs. Then we have pre-

sented numerical results when non-homogeneous term is only known in the physical

domain. We have implemented the 2D Poisson equation, Heat equation, steady and

unsteady Stokes equations, Allen–Cahn equation, Schrödinger equation and Navier–

Stokes equations defined in convex as well as non-convex irregular domains using

Alternating Non-Periodic Extension. Spectral error convergence is observed in each

instance.

For our future works, we will continue our ongoing work to prove that every

eigenvalue λ of B4 is real (ℑλ = 0), a problem that has remained open for more than

20 years. This result is crucial for deriving condition number estimates for higher-

order PDEs, such as the space-time beam operator, as it guarantees the stability

and accuracy of spectral discretizations for such problems. Further, we hope to find

an efficient solver using FFT to solve PDEs in irregular geometries using Alternat-

ing Non-Periodic Extension. Moreover, we hope to estimate the condition number

for the non-periodic extension algorithm. We would also hope to develop an effi-

cient numerical scheme for Delay PDEs based on the space-time spectral-collocation

method, which can be used to significantly speed up the computation of numerical

calculations. Since Delay PDEs depend on the solution at previous times, it is nec-

essary to provide a history function that conveys the value of the solution prior to

the initial time. Therefore, the space-time spectral method is really good for delay

PDEs, especially with large delays. The development of such a numerical scheme for

Delay PDEs will further enhance the significance of space-time spectral methods.
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