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ABSTRACTE

Since Canadian Whitefish contain a cyst Triaenophorus

crassu@,'it has been necessary for the Canadian Department
of Pysheries to sample shipments of Vhitefish 4o check on
the cyst content prior to export, Previcus sampling plans
have not proved effective for testing the cyst content of
the Whitefish shipments; and it is hoped that the plan
presented here will be effective. ’

This paper shows how to arrive at the sample size
and chance of acecepting & lot of fish, when it-may be
rejected in the;imporﬁing country., and when the Negative
Binomial Distribuition is the underlying theoretical distri-
bution,

In addition to providing a method of caleulating
gample size and paﬁ@rs this paper centaing a brie? hi@%éfy
of the previ@u@ sampling plens, a survey of some of the
mathematical aspects of the Negative Binomial Disitribution,
an example of how well the sctual eyst Prequencies fit the
Hegative Bincmial Ddigtribution and an examvle of a plan that
has different gsample sizes and powers for different levels
of rejection.

| As an Appendix, this paper contains an evaluation of
the Wegatlive Binomial Digtribution of the form (q«p)mk forb
p=0.01 (0.01) 0.99, 1.0 (0.1) 4.0; ¥ = 0.1 (0.1) 1.8 and
x = 0(1)n, where p and k are parameters of the Negative

Binomial Distribution and x is the number of eysts in a Pish.



CHAPTER

I

TABLE OF CONTENTS

PURPOSE OF THE STUDYceccseccocococcavonocse
IMPORTANCE OF THE STUDYccosesscoscsssoose
DEFINITION O‘F' TERMSQBOOQGQOOOOSOQGOBD008

Gystoa‘ﬂ.@.ﬁ.00000000000006009900’6

Investation Rat€ecccooccoscsccncooe
Critical Cyst Valu€eevesccsocsocoos
Sequential Samplingeccccocscccococee
Rull HypothesSiSceceoocoosscossasccosse
Alternative HypothesiSeeccesocccoscos
mQBQOWOQOQOQGOGQBGOOGOO&QQOOGOOOE

® 5 9 6 0 O8O O8O O0Q 0V 00006 0O CE QOB OO SO

Poweroeaoooaonoeoemeooaos@aoaooeooc

Accevntance RegiONeeccccscoscooocaosan
Rejection RegioN.csscoscscscsscocsn
Negative Binomial Distribution.....
Wormal DistributioNesscsscescsccocas
Poisson Tistributionceccooccooccscoscs
Arithmetic Meanacococsssososssssone
VariantCoocesecoooocscsosssocosocsae
SEeWNEe 8% cecsovconoscocossocscosssnsas
Kurtosigeescococcccsvnosscsossenccosa
.Likelihggdaeeeeceoeoaagaoooemeaesooo
Maximim Likelihood MethoGeoosocococecss
Moment CGenerating Functioneecscsoos
Chiosqua?’@d Testeoaoamcoaaoooeueeee
Degree of FPreedOMaccsscoscocsoncasa
Covariance MatriXececocssoscosocsoscos
Information MatriXscesoocoocseccooos
Efficlentyeccococscaccsoscccosocoocs

HISTORYcoecocsocosssoosncosonsonsossocneasss
PRESENT STATUSsccscocesccscosonsccccnnos
MATHEMATICAL COXSIDERATIONS OF THE NEGA-
TIVE BINOMIAL DISTRIBUTION. eevocevcecons
The Negative Binomial Distributionc...
sum of the Relative Frequenclie€S.csscseo
Moment Generating Function (MeGoPFodooo

Von=Central Moments o0f the NaBoDooeecsse

PAGE

W 0 OO AOGTHAVIVIVIUVISE S RS UIUIWUIVIWMNNON N 8

10
10
11
11



TABLE OF CONTENTS CONT*D
CHAPTER PAGE
Moments of the NeBiDoccoocccooossossocosas 13
Normal Approximation of the NeBiDecosoco 14
Properties 0f (MeGoPodevosovocososncas 14
Poisson Approximation of the WeBeDooswoo i8

The Efficiency of Pitting the Pirst Two
B‘goment33aooooeooesoocoowo&meeooeeooeoe 19

Notes on Efficiency of Moment Methodeeos 24

Approximation of p and k by Maximum
mkelihood@&eﬁaﬂa@0000@805@00006@:06@6) 24‘

The Variances o0f Kioecesocososscccscsvose 27
G‘QOdness Of Fj;’i;tcoebeeeec@@aaoeoaucwa@a:& 2?
Calenlating a Common k from Several
Samplegaaeaeeaoosse@oaooaoeoceaeaeueaﬁ 28
Effect of Sample Size on the MWoment of
}I@BQDG@QO&D@GQ@OQOOBQOQGQOQB‘:‘0&)000&6@3 28
PO‘&%T sf NQB@DQOO@@OOQOBQOBGQO&PQW@QGG&G\O 30

v FITTING OF NeB.De TO DATAcsovsoeccosscosoon 32
Summary of Fitting Method.ceecoocosonceos 33

V . SAMPLE SIZE AND POWRR. s eeocecoceceooscccns 35
EXamplecocosoccococccsasccsscansssacsccs 35

7T SUMMARY 50 e 00 000ccnsecccosscscossonssscssas 40
CONCTUSTIONS o e e e cevovecnocavcsococosoncasss 40
RECOMMENDATIONS .o eseosccoasscocnncsosacces 40
BIBLIOGRAPTY e o e evcoooooocosononcasonscos 42

APPENDIX I: The Negative Binomigl Disiri-
buti@nooaaaoecoscaoaooneooaooooe@oefaeaae ‘ié



TABLE

IY
IIT

LIST OF TABLES

PAGE

Hedium Whitefish Cysts from South Indian

ILake (1961)ccccccccossosssscccsccsosnsse 32
Maximum Tdikelihood Estimates of p and k... 33
¥xample of Sample Size,o€ ;, Power, and .. 36



CHAPTER I

PURPOSE OF STUDY
The purpose of this study is (1) to show how to

determine sample sizes required for Canadian Whitefish
Ingpection, when Whitefish shipments are sampled to det-

ermine cyst Triaenophorus crassus content per hundred

pounds of fisgh; and (2) to show how to determine the chance
of rejecting a bad lot of fish at the different levels of

acceptance,

IMPORTANCE OF STUDY

In the past few years, there has been an increésing
number of shipments of "hitefish rejected in the importing
country, when the shipments were originally accepted for
export in Canada.

Previous attempts to solve the problem were made
by Paul (1961) who used the FNormal and Poisson distribut-
ions to describe the underlying population of cysts. The
present plan for obtaining sample size and its respective
power is based on the Negative Binomial Distribution
(NoB.De)o This is the distribution that best fits the
data. |

The N.B.D, is better than either the Normal or the
Poisson distribution because the range of the parameters

found in the data apply directly to the N.B.D,, but not



to the Normal distribution or the Poisson distribution.
The relationship of these distributions will be discussed
in the mathematical section.

The application of the N.B.D. to Canadian Whitefish
Inspection and to gimilar problems is facilitated by the
tables in Appendix I.

DEFINITIONS OF TERMS |

These definitions are arranged such that they
follow one from the other and are not in alphabetical seq-
uence or as they occur throughout the remsinder of the

thesisg,

Cyst in this study means the larval stage of
Triasenophorus crassus, found in the flesh of Canadian

Whitefish which is the second host of the wornm.

Infestation Rate (I.R.) is the number of cysts in

one hundred pounds of fish.

Critical Cyst Value (level) is the number of cysts,

which if exceeded, in the sample, results in the rejection
of the lot; otherwise the lot is accepted,

Sequential Sampling involves drawing members of the

semple one by one and deciding afier each sslection whether

to accept the lot; reject the lot or to continue sampling.
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Null Hypothesis (Hos) is o statement about I.R.3

for example, the I. R. is ten cysts per hundred pounds of

fishe

Alternative Hypothesis (Hgsz is another statement

about I.R. which is different from that of the null hypo-
thesiss for examvle,the I.R. is thirty-five cysts per
hundred pounds of fish.

o< isg the probability of rejecting the null
hypothesis when it is actually true and is often ecalled
the probability of Type I errors In this study, it is the
risk of the insvection plan rej@eﬁing a good lot.

Q&Q; ig the probability of accepting the null hypo-
thesis, when the alternative hypothesis is indeed true and
ig commonly ¢alled the probability of Type ITI error. In
thig study, it is the risk of the importiﬁg couniry acceﬁt«
ing a bad lot of fish.

Power (1=4 ) is the probability of accepting the
H
alternative hypothesis when it is %true, and in this case is
the probability of preventing a bad lot of fish from being

@xpor%@d from Canads.

Acceptance Region is the interval where the cyst
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content of the sample is less than or equal te the @ritiea1.

cyst level and results in the lot being accepted for export.

Rejection Region is the interval where the cyst con-

tent of the sample is greater than the critiecsl eyst level,
and results in the lot belng rejected for expori.

Negative Binomial Distribution (N.B.D.) is a dis-
crete distribution in which the relative frequencizs ave
obtained by the following expression:

(kex=1)1 p~
x1(k-1)1 g% S
perameters of the distribution, q = l+p, p»0, k)0, and

P(x} = » Where p and k are

Z i3 a non-negative integer.

Normal Distribution is a continuousg distribution

represented by the following expressions

2
1/2(58 |
aF = : e éx, -c0E % Lo 0

2T

whers ;2 is the arithmetic mean andoris the standard

deviation.

Poisson Distribution is a discrete distribution

in whieh the relative frequencies are obtained by the Tol-

lowing expression:



. <@h_X :
P(x) = 2§?ﬂo , where m is the arithmetic mean of the
XQSe

Arithmetie Mean (X or m) is for this study the sum

of the cysts divided by the number of fish in which these

systs occurred.

Variance (s2 orgg?) is a measure of the variation

from,the arithmetic mean or'the average of the squared
deviations from the arithmetic mean. The square root of

the wvarlance is the standard deviation.

Skevmess ( d@g;} is a measure of the symmetry of

the distribution under consideration.

Kurtosis {5&2 is a measure of the peakedness of the
L .

distribution under consideration,

Tikelihood (L) is in this study a function of the

purber of cysts x which is dependent on the parameters

p and k from the N,BGD.Q and is expressed as I = £(=x3p.k)o

Maximum Tikelihood Method is a proeedure for

egtimating a2 parameter of a population by that specifie
velue which maximizes the likelihood from the sample,



Homent Generating Punction, is a function of a

veriable © which, when expanded as a power series in ©
yields the i th moment of the N.B.D. as coefficients
when the i th partial derivative of the expansion with

respect to © is set equal ta zero.

Chi-Squared Test (X2) is a test for the overall

goodness of £it of the observed fregquencies compared with
the hypothetical frequencies that fall intc the specific
cyst ¢lasges of the N.B.D.

Degress of Freedom (d.f.) are the total rmmber of
frealy egtimated cells minus the numﬁer of estimated
perameters. In the chiwsquared goodnems of fit test;
éd.%. are equ&i to n=1 for the freely estimated cells, minus
one d.fo for the estimate of p and one d.f. for the esti-
mate of k3 or a total of n-3 dafa@'wher@ p and k are par=

aneters of the N.B«D.

- Convarisnce WMatyix., For the ari%ﬁmetie mean X
2

and the variaznce 8% for which the covariance ie Ciys the

gquere matrix {Gi§§ is célied the ecovarianace matrix.
The diagonal elements are the variances of X and a°

reapectively.

Information Matrix is a square matrixz for which




n is the number of observations, and

® is a parameter of the digtributicn function

Efficliency is 2 measure of effective operation

whon comparing actual and possible estimates of the para-

nasers from the N.B.D.



CHAPTER II

The remainder of this thesis discusses the history
and presan% gtatus of the Whitefish inspection problems
the mathematical aspects of the N.B.D.; how the Waite-
fish cyst frequencies are fitted to the N.B.D.; and once
the pavameters of the N.B.D, have been estimated, how to
calculate from Appen@ix I, the power amnd eémpla size at

specific levels of@(@ﬁg and eriticsl cyst level,

HISTORY

Miller (1952) seid, "Trisenocphorus crozsus is &

tapeworn which, in one of itz immature stag@sgis very
gonmon in the flesh of Whitefish in Cenadian lakesa Here
it appsars as a yellowlish cys%t about one half-inch loggg
£illed with & viscous yellow fluid and a long, soiled,
thin worm, These c¢ysts while harmliess to man eand ani-
m&is; are objectionable in appearance and, when numerous,
render the fish unmarketable,”

The faet that the fish are unmarketable when they
are highly Iinfested, led the CGovernment of Canada %o pass,
wnfer the Figh Ingpection Act, a set of Whitefish Inspec~
tion Regulations (1954), and its ammendments (1958) %o
consrol the infestation rate in exported Whitefish,

Rennedy (1948) devised a sampling plan with suf-



ficient samples that was recommended to the Pisheries
Department as a means of selecting lots of fish that met
the export requirements. Oakland (1950) suggested a
sequential sampling method for Whitefish inspactioﬁ which
proved impractical because it required that the insveetors
return to the shipment of Yhitefish for further samples,
when the plan called for them.

PRESENT STATUS

At present the Fisheries Department is using a plan
suggested by Paul (1961) which is based on the Poisson
digtribution for small samples and the Normal distribution
for large samples.

This plan has not proved effective for emall samples
because the rangs of the parameters for which the N.B.D.
approaches the Poisson distribution, and the rangs of
parameters for which the N.B.D., approaches the Normal dis-
tribution, are not within the rangs estimated from the
sanple data.

On the other hand,the N.B.D. can be evaluated for
the range of parameters which applies to the sample data.
This is the justification for using the N.B.D. in this
gtudy.



CHAPTER IIX
MATHEMATICAL CONSIDERATIONS OF THE
NEGATIVE BINOMIAL DISTRIBUTION

Phis chapter ou‘tiine@ some of the mathematical

aspects and also some of the propertises of the N.B.D,

THE NEGATIVE BINOMIAL DISTRIBUTION (N.B.D.)

The N.B.D. is of the form (q»p)”k where k}. G,
pY0y g = lap and k is not necessarily an integsr. The
ratio p/q"li@@ within the limits of the common probebility

estimates,

1
Sinee 2= e
g ng 1+%

lim p _1im P S T
pses g  p-pes Lol = T

_ | P

-and '

lim p _lim = 2 20

p2e &€ " pdo Izp - T

Therefore, the limits of the ration % ares
2Dz
0 S 1

The general term of the N.B.D. is the (xz+1)th

term in the expsnsion of (q@pﬁgko




If one lets x = number of oyste (x=0s1;25c0.0)
then the general term yields the relative frequency for

x cysts.

SUM 0P THE REIATIVE FREQUENCIES

The relstive frequensy function

. x L
Plx) = {Eix=1)1 P—  when summed from zero to
x1(k=1)1 ¢

infinity has a sum of unity.

MOMPNT GENERATING FUNCTION

The nmoment generating function of the Y.B.D. is

[>-4] &
ff? (x,8) = E @@x P(z) = E egx(}wx«vl)i pr
= e
- - x -
= (bl o B2y = (aope®)™"
o ! (k=-1)1 g ‘
=0

HON-CENTRAL MOMENTS OF THE N.B.D.

The non-sentral nmoments of a distribution }3.3_ areg
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given by %aking the i th partial derivative of the moment
generating function é (2,8) with respect to &, and then
gsetting © = Do

in order to obtain the moments in the next section,

it is necessary to have the following relationshipse:

8=0
kpe®(q=pe®)~(¥+1) kp
€=0
Pﬁ = 2 26
©=0
qupe@) (k'&"g}

kp + K(k+1§p2

i

At = PO | - 1pe®qope®y EH1) ir(ies1y pPe2
R

(qap@g) k+2}+?k(k+1)@ @gg(q@p@@)‘a’(kéz}

e +l)(kq2)pge§@€q pe?)” =(k+3)
= kpeSk(ksl)p? sk(k+1) (ke2)p2 ©=0
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{]

| 9=0 |

(a-pe®)" (542D 6k (1041)p%e 20 (gpe®y " (K+2) 3k
(kel)(k+2)p e (g-pe®)y~(E+3) (310(ke1 Y (k42)
02629 q-pe®) " (X*3) e (a1 ) (k42 (ke 3) pde 4P

(q-pe®)=(E+4)

= kpeTi(kel)p+6k (k1) (ka2)poak(ksl ) (ke?)

(ke3)pt

MOMENTS OF THE N.B.D.

The first non-central mcmén@‘yi iz the mean of the
‘aistribution.

}E,:z = Rp = mean

The second central memen%‘pg of the distribution is

the wariange,

=y = g - (a))?
Po = Epsp?aip?ak?p? = kpaip® = kp(Lep)
= kpq |

The third central mament‘gg is
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P3 = RyWRS - 264)°
P = Epe3k”p243kp? s 7p 4 3K 07+ 2kepO <3 (kp) (epekicel o)
+2(kp)°>
= kpq(q+p)

The fourth een‘&ral moment }14 is

Py ® Ritpirys () g3y
Py = Ep+TEPD 4 Thp? 1 6k7p 418K %7 11 200 S src byt

&

+617p% 51162 p 46k p4-4 (1cp) (lep+ 3 PpR e 3k
7P+ 3k%p o +2kp ) +6 (lep2) (lepak 2 pe +kp )= 3(kp) ¢

3

kpq(1+6pq>+3kngq2

The measure of skewnes @1 is given by pgfﬁgf 2

/B

The measure of kurtosis (or peakedness) ﬁg is given by

Paa

NORMAT, APPROXIVATION OF THE N.B,D,

Properties of Moment Gemerating Functions

IZ 2(x) is the frequency function of the random

variable x, the moment gemerating funection of q(x) is
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glven by

] fatm)
ﬁgq@ﬂ(e) = e i \Elp(x) @ x

Let ¢ be any cZﬁ%tant and let h(x) be a function
of x for which the moment generating function exists.
Then since g{x) represente an arbitrary function, g(x)

may be chosen as g(x) = e-h(x) and
: e

Bﬁﬁh(x}€9§ k=] jﬁga@oh{g)f(x7ﬁx = Eﬁh(x>fe@>

=]
¥ow, choosing a(x) = h{x)s+c then,

oD
ez yee(®)= ﬂemxm;mm

Lean a9

f
= % é}%@g°h(X3ffx§dx

. >88
e My (@)

-8

Using the sbove relastionshipe we can now show that
the moment generating function of the N.B.D. approsches the

modent generating function of the NWormel distribution.
The mean is p = kp and the standard deviation is
& w VKW

Tet ¢ = 5B o 22350
< v kpaq
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Then the moment generating function

M (8) = }1€ );

N =28 8
= @ %P ng@?’}
Now, the moment generating function of the ¥.B.D.
is %)(z%@) = (g-pe®)F

- =k
and then Mtﬁg}zse%% Ca-ped)
Taking logarithms of both sides yields

. e
iag@%‘t{@) =5 ’-"%?% ak 10ge(g°p@@ﬁ)oeoaeeeoesoeaaql)

@
Expanding et yields
e
@@ & 1 & 3' @}2 @ 35’ eoo

Bauation (1) mow becones

3

(%2

%

[ -]

k-3

/3
el

log M, (€) = “ii%;% = k log E =p (1%%?@3 @}
<128 g1 ,8.21 .8
= “%; = k log, Elwpw{@) @3@?@?%“@% 0o (2)

pqg‘%‘;’(%};}% eoo0 }

If k is large enough, thens =Vkpq can be made

. 32 gJ
large enough such that BZ§<1 and log (1=3)= -=2==§ = oo

et Z

&
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Equation (2) now becomes

o _ ,
165 %(@) b am . €QP<§%€§2+¢@Q}Q§ (g"ﬁ’%?(%}z'@'acc)gc’eaij
Collecting the terms of © yields

2 Ta2 '
9
log ¥ (@}EE E@«&ké E'g FT ¥ coce
Bu‘ts}a»kpzmd@ =z kpgq

1@@: M. (8) %E%} 8

o

If for r=5 the coefficient of 93 approaches zeyo &s
'k gpproaches infinity, then all succeeding terma for > 3

will approach zZero.

The coefficient of term 3 is kp(l"”'w%ﬁﬁ

s
lin  ka(lep)(Ls2p) |, lim 1a2p , Lim Eﬂ 1 20 1_ 4
TP i D
T - A T «ﬁit@j

It can alse be shown that the ecoefficients of higher
powers of 9 approach zero.
It can then be seen that

%ﬁ;’i@ log M (8) = %a s and so



o i8
@Ms

1im Mﬁ(@? 2@5?

k=300

This is the moment génera%ing function form of
the Normal distribution. |

If the moment generating function of one distri-
bution approaches the moment generating function of another
distribution then the first distribution approaches the
second. Hoel (1954).

Therefore, the N.B.D. approaches the normal distri-
bution a8 k¥ approaches infinity.

POISSON APPROXIMATION OF THE N.B.D: TIIKS (1943)
If a basis of the probability function of the N.B.D,,

5 P(K} = (kex=1)1 p o
ﬁ xi (k=1)t ﬁ
approach zero while k is allowed to approach infinity suech

is employed and p is allowed %o

that lim kp = m3 then replacing g by l+ps

p=>0
k=
P(x) = lim él-@-ﬁ}"k(k«@-xal)! ¢ <Buy® 3
p,zm%)O xi (kml)g 1 COPONBOEOOAS
k=B

and if p is replaced by % o then equation (3)

becomes

R (147 L (eml ) (loexe2)e oo el ) (k) (EIFLE)Fo L0 (4)
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Buj;@ 1im (1%56‘& «am

and lim =X
ﬂ-eﬁi
Equation {4) now reduces %o

. o G OER. . PP
& P
b4 ]

®
which ié the form of the Polsson distribution. Therefore
if k approaches infinity and p approaches zero the 1imit of

the N.B.D, ig the Poisson distribution.

THE EPPICIBNCY OF PITPING THE FIRSY TY0 MOMENTS
PISHER (1950)

The va‘riazzc@gwgg of the mﬁma is gliven by@g & Kpde

and the mean p is given by p = kp,
p and k fitted from the population moments are:

@2@1@{1-@) A= kp
= kp + kpp E&%
= R+ PP -
. &2 .

po =& pn k =

? g@%ﬁ”ﬁ @‘?E

P

and similarly from the sample moments are:
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2 = =2
P%ASZI k@ xa
X 8 =X

To examine ths effieiéncy of the moment method, the deter-
minent of the (2x2) covariance matrix of p and k so esii-
mated is r_@quiredo

Since variasnce of 2 moment is

1 2 i 2., 42
V) = § &121““’ 22 PrPpal ¢ T %al} ‘

the variance of the gample variance Ro = 82 ig

; 2 2
but, Py = 0 80

V( & = E}l s Po j

‘The variance of the mean i = X 1is

& P
V(i)gwaﬁg

The covariance of two moments is

. 0 1 .
Cov (paps) = § Eﬁrépﬂlﬁ*@"’rpﬂ%’ml}

| r
Pe= gﬁ%”

Set r =2 and p= 1

gov (}Azgﬁm@ or Cov (s%%?z % E}Ef}&l}lg“?}lz}ll}
Cov (82, %)= }j%



+%o the (2x2) covariance matrix of ¥ and 8% for large
semples of N is, in general, _
%2 Pa 3"3
P‘s P4z }12

If p end k are substituted into the eovarianee
metrix, the following determinan% is obtained,

3 (ke kpa(q+p)
¥ kpg(qep) kpq(1+5pq)+2k2 242
2k2p§q5(k+13

Te derive from this determinant, the determinant

21

of the covariance matrix for the estimates p and k, 1% is

<

ne@&ssafy to multiply by %he square of the Jacobian

How this Jacobian is

i = 1
szwi pﬁk

Q

o%o the determinant of the covarience matrix of v

and k estimated by the first two moments is

E “%; E Ek‘?p 3(1:.}1)} - 2420k1)

P 2
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This may be compared with a eorré@ponding deter=
minant given by any method of efficient estimation.
- The most convenient way of doing this is.éo caloulate
.th@'r@@iprocal of the cqvariance matrix, which is the
information matrix, |

Using the gemeral term of the N.B.D., nemely,

B0z) = (kex-1)1 p*
x1(k=1)1 (Lep)=+E
We hava, '
iPE

Then, if the mean valie pk for x is substituied

the result iss '

Q%m kepk A . - k_
P 142p+p : pa

. Thus, if k were given, them p would be efficiently
estimated from the sample mesn,
Similarly

The average of iﬁk for varying x is ikk



where (kexe1)1 1 N
5 E% +X o . .
M L (e 15 | 62 T (D)2

Igt » = % and l-r = 1

q
2
Lype= (1-2)F gkr(ig) + EL%E W} Ma}
= § + SECEITY
P
xe=1 )

Then determinant of the information matrix, namely
oo ok
) is
€0
8| < p%(z-1) 1k

ot

L ﬁ{ 20>k +z=-1)1

=2

If this is now multiplied by the determinent of the
ecvariance matrix, the inverse of the efficiency "L results.
It follows that
2
5 ] P %
a*(k+2)(k+3)

coed
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and according to Fisher (1950)

E approaches 1 when

KOY¥ES ON EPPICIENCY OF MOMENT METHOD PISHER (1950)

1) If p<1/9 for eny k or k»18 for any p then high

efficiency is assured,
VE) Por intermediate valunes
(1%)(3@2} >20 is efficient

These aspects are related here because they may
be of use;, but for purposes of this study, were not uged
because they were not within the range of valuesz obtained

from the date.

APPROXIMATE OF p AND k BY MAXTWMUM TLIKELTHOCD HATDANE {1942)

fhe (x+l)th term of the N.B.D. is

' p:d
B(x) = (kex 1)§k§§
xi(k=1)tq

GOV GO TR OOLILABUDOHAOEO L OO (5)

Let o, be the observed frequency of x, R be the

meximum value of x, the total number of observations

R n 1 B
K= > n_, and the mean of x, B = > XB_o
E% x 7 E = X
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Paking logerithms of both sides of squation (5)

rel
log B(x) = x log p - (k+x) log g =+ §§% log (kes)
B

=log xt
The logarithm of the likelihood is then
R

' R
s S B, log ¥x) = n gx log p = (k+x)
Xezl] x | % X

el
leog g + ﬁgg log (kes)=log xé]
a=

o obtein the mazimum likelihood estimaite of p, the
first purtial derivative of the logerithm of the lsikelihood

with reepect 4o p is bakens

%ZL g . X  kex
§P° 2> 5 Vo
x=0




R R
:g: xnx = '%gm’ kpnx
x=0 x=0

B = kp

Therefore p is estimated efficlently from the
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arithmetlc mean. Now, we obtain the best estimate for k

by taking the partial derivative of the logarithm of the

likelibood with respect to k and set it equal %0 zers, 1.@.

S A %‘; i
@ - n - 3 ; .
Ok T & x g: e e x=0 E+3E = ©
R R
==K log g+ o = o B_= 0
X&;@ m BzX 4 8

2 H
Let p = % » then 14p = ~e—

Bguation (6) then becomsse

B $HmyFo o o Bradeood
¥ g}@g (K@ﬁ)ml@g kﬁ = e N % "R & 2 !

Tal # oso ‘

n

%%ﬁ%ﬁ e PO POV OLOBOOCCO0SOTOE (?}
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To find the best estimate of k, obtain the first
=2
estimate by setting k = mﬁﬁiw - Then, by successive usge
B8°=% ’

of equation (7), we iﬁprova the estimate and obtain the
best estimate when the left hand side = the right hand
side of equation (7).

THE VARIANCE OF k

(1) Moment estimate of k

T (k) = 2k (k1)
By

Moximom likelihood egtimste of k.

£? = It¢
ka) = -

m— where
“i+d 71

k§ iz the i th estimate of k
and Zi iz the differehce between the two

sides of equation (7)

GOODEESS OF PIT

To test the goodness of fit of data suspected of
fitting W.B.D, use }{2 analysis with n=3 degrees of freedem

where B iz the number of elasses.
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CALCULATING A COMMON k FROM SEVERAL SAMPIES ANSCOMBE (1949)

METHOD A

(1) Estimate a common k from the values given

{2) Caleulate for easch samples

(8-1)82-(F-1-3) (£) (1eZ)

iy =
i (Z+k)?
{3) Then the procedure is to revalue k such that
Z‘I’ie()

where ¥ > 10,

METHOD B
(1) Estimate a common k from the values given.

(2) Calculate for each samples
U,= log (1 i? n - (1 E)Qk
1 10\ g o E

{E ) Egmn}

2(X+k)
where B ig the frequency of the zero clasgss

{(%3)s » »o Then the procedure iz ¢o revalue k sguch
that g via@

EFPRCT OF SANPLE SIZE ON TEE MOMENTS OF N.B.D,

{1) Mean: From page 13 we have

;3,1 zk@
Now, replacing p by np vwhere n is the sample

gize P nkp
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{(2) Variance: From page 13 we have:

P?gkpq
Now, replacing p by np where A is the sample
size J,= nkp(l+np)

(%3} Skewness: From pageld we haves

55, = 92p _ __142p
vkpa Vkp(I+p)

Now replacing p by np where n is the sample

size

- Consequently, the N.B.D, has the same wvalue for

gkewness as the normel distribution,
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(4) Kurtosise: Prom pageld we have:

Replacing p by np where n is the sample sisze

and so

lim = 5
na%@ﬁa ’
f=e®

Consequently this is the value of Furtosis for the
noraal distribution.

POTER_OF THE K,B,D.
If o

K =

(kex=1)1 P~
zarrl xt (k-1)1 &%

and

5@ i (kex=1)1 m =
i X xi({k=1)t qlk‘éx
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then
e x
Power = 1 @ﬁ = g (levx-1)1 p%& -

In this case p is the probability under the null
hypothesis, Py is the probability under the alternate

hypothesis and » is the critical cyst level.



CHAPTER IV
PITTING OF H.B.D., TO DATA

To justify the use of the N,B,D., as the underlying
distribution of ecyst frequencies, the author will endeavor
to show how to fit the data to the distribution and aleo
calculate the best estimates of the N,B.D, parameters.

TABYE I, HMedium Waitefish Cysts from South
Indian Iake (1961)=

Cumnlative Expsected Expected

Cysts Frequency Fregquengy Probability Freguensy
o 666 1188 056198 672,067
1 302 522 025231 295,355
. 132 220 «10795 126.814
3 52 88 - 04542 54,022
4 20 356 - 01895 22,922
5 7 16 - 00787 9. 703
& 9 9 < 00555 T.117

Total 1188 1.00000 i188.000

# Data obtained courtesy of Area Director of Figher-
ies Winnipeg, Canada. :

Heen = 0,T567 Variance = 1,303

Estimates of p and k by moment methods ars:

P = 0.72197 k= 1,048

Successive estimates of p and k using meximam 1ikelihood

methods are summarized in the following table,
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TABLE IZ, Maximum Likelihood Estimates of

P and &k
Egtimate number P k
i 0-6879 1.1,
2 0,6638 1.14
3 0,6854 1,104
4 0,6852 1.1042
5 0,6854 1,10401

In practice, more significant digits than showmn
are regquired if a precise estimate of both p and k are
naaded,

The N.B.D, preobabilities for the Pfifth estimate
of p and k in Table IT are found in column four of Pable T,
The caleulated chi-squared goodness of fit is equal teo
2,112, which is not significant, hencs, the data Fit the
H.B.D,

SUMMARY OF PITTING METHOD

To £i% data to the N.B.D., it ie first necessary
%o caloulate the mean and variance of the data, p and k
ars then estimated from the firest two moments, The
moment estimates are then used to caloulate the maximum
likelibood estimates of p and k, and from these estimates
the probablilities for each of 0;1,2,...n eysts are cal-

culated. Then, a shi-sgquared goodness of it is ealculated



&nd compared to its eritical value with n-3 4.2,
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CHABPTER ¥
SAMPLE SIZE ARD POWER

The sample size and power are calculated using the
probability tables in Appendix I. Oakland (1950) used the
agsumption that k remained constant under both the null
and alternative hypotheses. This assumption will be adhered
to and so alsc will the essumption that the weight of the

Zizh remaing constant undey both the null and alternative

hypothesss,
EXAMPLE
Kull hypothesis H, s I.R. = 10 cysts/100 lbs, of
fiSho
Alternative hypothesis Hy: I.R.2 35 eysts/100 1bs
of fish,
e = (kex-1)1 p~ A
B 1 k+x COW2VOEHVVOIOEIPOGO S OO
":‘31’-9»1 X? {k"“ )g q
T (kex=1) pmy=
5 = ‘ﬁ—ﬁxga x1 (k@l)g qlk'rk

o (k.ﬁ,xcl)e plx -} 28000 e00D 000 E
Power s 1@#3 = 2% %1 (k=1)1q kex
XuPel =1

where ¥ is the critical cyst level, p is the probability
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under the null hypothesis and Py ig the probability under
the zlternative hypothesis.

In preparing Table IIT we set k=1.0 and weight/
fish = 1.0 lbs.

TABLE III. Example of Sample Size, e,
Power, and »r.

Sample

gize 1Y Py eZ Powar r
i 0.1 0.35 209091 025926 0
. 00826 06722 1
2 0.2 0.70 » LEGET ~AL17T 0
02778 -16956 1
- 00463 . 06982 4
3 0.3 1.05 (3.00) 2 23077 « 50000 0
- 05325 « 25000 1
01229 012500 2
00284 . 06250 3
4 0. & 1.40 < 28572 258333 0
. 08164 - 54028 1
«0233%3 - 19850 2
- 00667 11579 3
00191 - 06754 4
5 0.5 1.75 (1.70) © 33333 «62G63 0
+11111 « 39643 1
- 03703 < 24960 2
01234 15715 3
000411 09894 4
00137 06229 5

& 0.6 2.1 « 37500 «6T742 0 .
14062 45890 1



TABLE III CONTINUED
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Seviple
8ize P Py et Power b
é 0.6 2.1 05273 » 31087 2
01977 . 21059 5
- 00741 014266 4
« 00277 09664 5
+ 00103 06546 6
7 0.7 2.45 (2.4) 41177 0 70578 0
16956 -49827 1
. 06982 035172 2
- 02975 - 24827 3
. 01184 017528 4
- 00484 + 12371 5
. 00201 . 08732 8
. 00083 06164 7
a 0.8 2.8 o 44445 073684 8]
219754 » 54 29% i
08780 - 40005 2
03903 « 29477 3
o 01735 021720 4
00771 - 16004 5 .
200343 211792 6
00153 . 08689 7
- 00068 06402 8
9 0.9 3.15 (3.1) « 22437 57169 1
« 10628 43226 2
05034 - 3268% 3
- 02384 0 24712 4
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TABLE IIYI CONTINUED

Sample

gize P Py v Power r
9 0.9 3.15 (361) 01129 - 18685 5
000534 - 14128 6

00252 210682 7

00119 - 08077 8

10 1.0 3. 50 » 25000 . 60494 1
+ 12500 - 47051 2

006250 « 36595 3

«0%125 « 28463 4

« 01562 - 22138 5

- 00781 « 17218 [

200390 « 135392 7

- 00195 - 10416 8

il 1.1 3.85 (3.8) 027438 62674 1
14372 0 49617 '

07528 0 39280 %

-03943 « 31097 &

02065 2 24619 5

01081 c 19490 6

000566 2 15430 T

. 00236 12216 8

00155 09671 9

The values in Table IIT are calculated as follows:
the arithmetic mean of the data is given by nkp and slso
by‘nw-gzmga ¢ where n is the sample size, w iz the weight
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of fish and I.R. is the infestation rate. Since we=1l.0 1bs.
end k = 1.0, then in this case, p and Py can be determined
directly from the null and alternative hypotheses. The
value of p is essentially np and the value of Py iz essen-
tially nPy o After p and Py have been determined, it is
necegsary to refer to the appropriate probabilities in
Appendix Y. Under the appropriate value of k, the probab-
ilities are obtained for 0;1,25...0n ¢cysts., These values
are used in equation A and equatiocon B %o find the values
forel and the powsr respectively when a specific valune of

v, the critical cyzst level, is chosen. Sueccessive inoreases
in sample size are used until a satisfactory relationship
between ©C and power are obtained, or until p reaches the
1inlt of 4.0.

Hotice in column 3, that for odd sample sizes, there
are two values for py. The value first listed is the cne
regquired in that specific sample size; and the value in
brackets is the one used in the ealoulation of the power.
This method was used because Appendix I does not comtain

the Pirst value ciided,



CHAPTER VI
SUMMARY

The N.B.D. has been shown o fit the distribution
of Whitefish eysts., A method of ecalculating the gquantitiess
pamnple size, e{ , power aand the critieal cyst level for
Phitefish sampling has been presented, The mathematical
chapter contains a survey of the properties of the N.B.D.,
and Appendix I contains the evaluation of the N.B.D. fer _
specifie wvalues that apply to the distribution of the cysts.

CONGIUSIONS
The K.B.D. fits the Whitefish cyst date and it is

pogsible to employ the tables in Appendix I to ¢al&u1mt@
the gample size,of , power and eritical oyst level under
specific values of the infestation rates for the cyst,

Triaecnophorus erassug, found in Canadlen Whitefish,

RECOMMENDATIORS

Further research recommended by the suthor is:

(1) A more extensive evaluation of the W.B.D. with
extended 1imits on its parameters, so that the distributionm
may be more readily apvlied to additional problems that
may arise in its avplication. This would be possible with
a computer faster than the I.B.M. 1620 which uses a card

output instead of tape or a typewriters
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(2) the compilation of a euﬁula%ive get of tables
of the N.B.D., which would prove even more useful in samp-
ling works

(3) a more extensive look at the effect of weight
of the Whitefish on the sample size, ©¢, power and critieal

cyst level.
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APPENDIX I

THE NEGATIVE BINOMIAL DISTRIBUTION

{(kex=1)1 p>

P(x) =
xt (k=1)1 q?+x
f@r‘
x = 0O{1)m -

1

P 0.0L (0.01) €.99, 1.0 (0,1) 4.0

B o= 0.1 (0.1) 1.8

4]

The tebles in this Appendix I were computed om
the two digital computers at the University of Manitoba,
the Bendlxz G-15D using Intercom 500, and the I.B.M. 1620
using Gotran, |

The entries in the tables have been rownded %o
five decimal places so that the sum of the successive
.pr@baﬁiliﬁi@a for x, from O to . n, is @qu&l to 1.,00000,.

The tables give the pr@babiliti@s for variations
in p, k¥ and x.

is p excesds 2.5, the peobabilities for values
of x greater than 32 have been summed and thig is in&i@ém
ted in the left hand solumm by a + sign.

So o o 6

%0 . 00001
33 - 00001

32+ 200002
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This method was used %o conserve the space taken
up by the higher wvalues of the tables.

The calculation of these tables took 360 computer
hours on the Bendix G-15D and alsc 95 computer hours on

the I:B.M, 1620,
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