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ABSTRACT 

Because the usual linear model does not convey information pertinent to the 

randomization process, the hear model and associated expected mean squares are 

inadequate when randomization is restricted in some way. The iinear model is extended to 

incorporate such information by viewing the realized observations as a kaction of the 

potential observations, and utilinng the idea of bias or aliasing in a manner similar to 

fractional designs. In particdix, two areas of resuicted randornization are examined 1) 

resuicthg the run-order of a sequential experiment and 2) restrictions resulting from inherent 

structure of the experimental material (blocking). In both cases treatment effects and effects 

associated with the randomization process may be non-additive, in contrast to some of the 

previous work that has assumed such effects are additive. In addition, the nature of the 

resulting bias is examined. Rules are specifed that allow construction of pseudo expected 

mean squares that mdicate the presence of bias that results f?om restrictuig the randomizatio n 

process. 
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RANDOMIZATION AND THE LINEAR MODEL 

1.1 INTRODUCTION 

Randomization is a cornerstone of statistical experimental design and may be viewed 

as the foundation for inference (Kempthome 1955). Randomizing the assignment of 

treatments to experimental LU&S and randomizing the run-order of sequential triais averages 

out the inauences of uncontrolled or unrecognized factors. DifTerences in the mean response 

arnong treatment leveis can then be attributed to the treatments. However, in some settings 

complete randomization may be impossible, or at least impractical. Some designs are 

inherently or inhinsically restricted in the assignrnent of factor level combinations to 

experimental units as a natural consequence of the relationships among experimental units. 

For example, in animal experiments with litter as a blocking factor, litter, cannot be 

randomly assigned to the experimental units, rats. This inherent structure among 

experimental units wiIl be calleci a block structure. Other designs are extemdy or 

extrinsicaIZy restricted at the discretion of the experimenrer. For example, in an experiment 

with sequential trials, the randomization of run-order rnay be restricted due to cost or t h e  

constraints. This imposed structure will be called a segment stnictzlre. When randomization 

is restricted because of a block or a segment structure, it creates the potential for 

confo unding . 

An overview of the dual role of randomization in relation to block and segment 

structures is shown in Figure 1, a generalization of a paradigm originally presented by 

Milliken and Johnson ( 1984). The factor combinations to be studied for their effect on the 



response make up the treatment structure, e.g., Diet and Dmg studied for their eEect on 

tumor growth in rats. 

Extended Experimental Structure 

Experimental Structure 

(iiitrinsic) 

- - 

Figure 1 Paradigm relating treatment, block and segment structure to randomization. 

Factor combinations that naturaily group homogeneous experimental units make up the 

block structure, e.g., several Liners of rats are available and rats w i t b  a Liner are 

considered more homogeneous. Idedy these two structures should be considered separately, 

i-e., the block structure shouid not dictate the treatment combinations considered and vice- 

versa. The randomhtion of treatments to experimental units is constrained by the block 

structure (Randomization(B)). MiIliken defuies the experimental structure as the union 

of treatment structure and block structure and the specification of the randomization process. 

For example, a Randomized Complete Block design (experimental structure) is detined by: 

Table I Example of Experirnentai Structure 

Randomization(B ) f The assigrnent of all treatrnent combinations to 



Exiending the paradigm, factor combinations that do not define natural groupïng, but 

groupings of experimental runs imposed at the discretion of the experimenier, make up the 

segment structure. Consider an experiment in the automotive industry to investigate the 

effects of several factors on paint quality. The factors to be investigated involve two types 

of spray nozzle, and two oven temperatures for baking the painted panels. Because several 

hours are required to change the oven temperature, all runs at a given oven temperature will 

be completed before changing the oven temperature. The randomization of run-order is 

consuained by the segment structure defuied by the experimenter (Randornization(S)). 

Table Il Example of Extension to Experimental Structure: Segment Structure 

Randomization(S) The level of Bake Temperature is randornly chosen, j 
! Process ail mm at that Bake Temperature are run, in random ! 

order, before poceeding to the next Temperature f ---.-.--..-.--*-..--*.---.*--*---*.~.*.*..--..-*.-.-....-..--..--.-.---.- *.I.-.I....-*.)*-.-----.I---.---.. .-.*.*.*...*-.*-..*.--.. 

The extended experimental structure is the union of treatment structure, block structure, 

and segment structure, and the specification of both randornization processes. While both 

design and segment structures play an important role in experimental design, ihis information 

is not conveyed by the usual methods for modeling experiments. 

In many experimental settings the data is analyzed by way of a linear rnodel. 

Variation in the response variable is partitioned corresponding to ternis in the model and 

summarized in an ANOVA table. To test whether t e m  in the model are useful in 

explaining the variability in the response variable, appropriate F statistics are formed by 

examination of the expected mean squares (EMS). To form appropriate F statistics the 

numerator EMS should equal the denominator EMS plus a component that is a hinction of 

the term involved in the hypothesis. 



For example, suppose a cesearcher wants to test the following hypothesis based upon 

the accompanying ANOVA table. 

2 2 Intended Hypothesis: Ho: O, = O Ha: 0,>0 

The appropriate F statistic is M S m S E  because the additional component in the EMS for 

term A ai, is the object of the hypothesis. Under the null hypothesis the component 0: is 

zero and no variability in the response is attributable to the term A in the model. Under the 

alternative hypothesis the component a: idlates the numerator mean square and leads to a 

larger F ratio. A ~ ~ c i e n t l y  large F ratio is taken as evidence that the term is useful in 

explaining variation in the response variable. Under appropriate conditions this F ratio can 

be compared with an F-distribution with df, and df, degrees of freedom. 

However, if the model is misspecified then additional bias components may appear 

in the numerator EMS and the hypothesis being tested is one of joint or coinbined etfects as 

in (2). If the researcher forms the hypothesis test using the EMS of (l), when in reality the 

correct EMS are those of (2), then the hypothesis tested is not the one desired and such tests 

wili be called biased (no te: this is no t the classical det-kition of biased, Mood 1974, p. 425). 

2 2 2 2 Actual Hypothesis: Ho: 0, + % = O  Ha: O, + o,>O 

Sourçe gf MS EMS, E, 

A 
2 2 2 

dfA SsA MSA 0, + 0, + MSA/MSE 

E dfE SSE MSE O: 



So it is seen that the EMS, a function of the linear model, play a critical role in forming F- 

statktics and defuiing the hypotheses tested by those F statistics. Further. misspecification 

of the model can lead to biased tests. 

While the use and the uiterpretation of the hear model are founded on the pruiciple 

of randomization, the analysis is derived kom normal theory and incorporates no information 

about the randomization process. If a linear model is used that assumes cornplete 

randornization, when in fact randomization is restncted in some way, then the model has 

been misspecified and there is potential for bias. This bias remains concealed because it is 

no t represented in the misspecified model or correspondhg EMS. Consider, for example, 

how the randornized cornplete block design (RCBD) with one factor is fundamentally 

daerent hom a two-factor completely randomized design with no interaction (CRD). In the 

RCBD a block-treatment combination cannot be randomly assigned to an experimental unit, 

while in the CRD a treatment combination can be randomly assigned to an experimental unit. 

This fundamental ditference in the randomization process is not represented by the linear 

model, and the resulting potential for bias is not expressed by the EMS. This fact, ignored 

in many design text books, is acknowledged by some who suggest that the test for treatment 

is valid, but the test for blocks is not, though both appear unbiased according to conventional 

EMS: 

Examination of (the EMS table for the RCBD) will show that the expected 
mean square for blocks is of the sarne form as the expected mean square for 
treatments, and this suggests that a logical procedure would be to test (for a 
block effect) by calculating F=BIE (where B=MSB, and E=MSE). Why is it 
then that the statistician says this should not be done? The answer may be 
found by noting the manner in w hich the randomization was perfomed. YOU 
wiil recall that the treatments were assigned at randorn to the experimental 
units within each block but that the b1ock.s were fonned in a decidedly 
nonrandom fashion. Because of this feature of the randomized complete 
block design, a staristicnl test of the bIock effect should not be petformed. 
(Ostle and Mensing 1975, p. 380) 

This paradox of "see one thing, say another" results frorn understanding the fundamental role 

of randornization in experimental design while employing a hear  model that does not 



represent it. This issue was addressed by Speed (1991) in his comrnents on Samuels. 

Casella, and McCabe (1991). Samueis et al. (199 1) discuss the confusion arising from 

various pararneterizations of the mixed model and the associated hypothesis tests. Speed 

indicates a weakness in the usual linear model approach, stating %is mked model muddie 

is a self-innicted wo und that can only be healed by genuinely retuming to those notions and 

principles . . . of units and sampling and randomization" (Speed 199 1, p. 8 10). 

Rather than ignore the potential for hidden bias, modeling the extended experimental 

stmcture is preferable (Figure 1 on page 2), including the integrai process of randorniution. 

Explicit representation of the randornization process in the linear model makes its effects 

accessible for design, analysis, and interpretation. Po tential bias is then evident, alerting the 

experimenter to limitations on the interpretation of results and desired inferences. With this 

understanding and armed with domain-specitic knowledge the experimenter may choose to 

proceed or, perhaps at increased expense, to modm the design or randomization procedure. 

Such a synthesis of vital randomization information into the linear model kamework 

is presented by Kempthome (1955), Wilk (1955), Scheffe ( 1959), Anderson and McLean 

(1974% 1974b), White (1975), Lorenzen (1984), Lentner, Arnold, and Hinkelmann (1989), 

Lorenzen and Anderson (1993a), and Hinkelmann and Kempthorne (1994). This augmented 

linear model is used to compare the nature of hypothesis tests under complete randornization 

and under randomization with block restrictions. Sùnilarly, for designs with segment 

restrictions, information pertinent to the randornization process is combined with the h e a r  

model (Anderson and McLean 1974a, 1974b; Lorenzen 1984; Lorenzen and Anderson 

1993a). In both cases this synthesis ailows the iinear model to represent the effects of 

randomization explicitly. Much of the work on block restrictions examines the effects of 

nonadditivity or interaction of experimental unit and treatment eEects. However, previous 

results from other authors deaiing with segment restrictions are entirely dependent on the 

implicit assumption of additivity of segment effects and ueatment effects (Anderson and 

McLean 1974a, 1974b; Lorenzen 1984; Lorenzen and Anderson 1993a). In summary, the 



synthesis of randomization information into the h e a r  model cm be very instructive. Such 

a synthesis should address the po tential for nonaddit ivit y between treatment etfec ts and the 

effects representing the randomization process. We c m  then examine the sensitivity of 

inferences under various restrictions on the randomization process. 

We incorporate randornization information into the linear model in a novel fashion 

by casting the traditional experimental structure as a fractional factorial design. The full 

factorial describes, in some sense, the universe of potential observations. The randomization 

process determines which subsets, or kactions, of the potential observations c m  be realized. 

As in traditional fractional factorial desigos. the eEects of certain factors may be confounded 

with the effects of other factors. This confounding structure shows how the randomization 

process influences the EMS and corresponding test s tatistics. Finally, the traditio na1 analysis 

of fractional factorial designs assumes that the effects of confounded factors cannot be 

disentangled unless the effects of one factor are assumed zero. We again generalize this to 

examine the extent of the entangling, or the sensitivity to departures from the underlying 

assumption of strictly null effects. This will allow us to examine the strength of any bias 

resultkg from the specifed randomization process. 

1.2 RANDOMIZATION AS A FRACTIONAL DESIGN 

A simple example will demonstrate the effects of restricted randomization. 

emphasizing concepts while leaving the details of derivation for Chapter 2. Both complete 

and restncted randomization are presented in the frarnework of fractional designs. The 

experiment is i ist  presented assuming complete randornization and then modzed, due to 

some real world constraint, to incorporate a segment, or m-order, restriction. 

Suppose that the true average response in an experiment is an additive function of 

two factors, Temperature (T) and Humidity (H) (Le., there is no interaction). The researcher, 

who is not omniscient, is unaware of the effects of Humidity and designs a single factor 



experiment iavolving Temperature at two levels with two replications. Humidity changes 

over t h e  and is at lower levek for the first two mm and at higher levels for the last two 

m. The omission of Humidity from design considerations may not pose a problem (which 

bodes well for al1 those researchers who are not omniscient). With the experiment 

completely randomized there are six potential experimental sequences as  s h o w  in Table m. 

Table III Six Potential Experimental Sequences Under Complete Randomization. Dotted 
line delineates the low vs. high levels of Humidity. 

Humidity 
Leveis 

Temperature Levels for the 6 Sequences 

As far as  the experimenter is concemed, no matter which one of the six potential experirnents 

is realized, the two observed responses at each temperature are considered as replicates from 

a one-factor design and the analys$ proceeds as such. In this experimental design the effects 

of the l u r h g  variable (Humidity) are removed, on average, by selecting one of these six 

potential experimental sequences at random (i.e., complete randomization) coupled with the 

additive relationship between T and H. This "averaging out" takes place because any 

humidity effects (above do tted line vs. below dotted line) are just as likely to show up in the 

" within" treatment variability as the " between" treatment variability. For exarnple, the 

average of the mm with low humidity (above the dotted line) is taken across the sarne 

temperature in some sequences and across dserent temperatures in other sequences, and 

iikewise for runs with high humidity (below the dotted line) (Table III). 



However. because changes in Temperature settings are ditricult and costly the 

researcher decides not to completely randomize mn-order. Once a level of Temperature is 

randomly selected, ali runs at that Temperature setting are completed. in random order, 

before proceeding with the second Temperature setting. In this restricted randomization only 

two of the original six sequences are possible, as shown in Table IV. 

Table N Two Potential Experimental Sequences Under Restricted Randomization. 
Dotted line delineates Iow vs. high Ievels of Humidity. 

The potential for confounding between the effects of Temperature and Hurnidity is clear. 

Any merence between Temperature 1 and 2 is always observed with the difference between 

low Humidity (above the dotted line) and high Hurnidity (below the dotted line) (Table IV). 

The effect of low humidity vs. high humidity shows up only in the "between" temperature 

variation and not the "within" temperature variation, resulting in confounding of the 

temperature and humidity effects. 

How cm this intuitive argument be formalized? If we take a "hyper" view of the 

experiment (Table V), the six potential sequences under complete randomization in Table 

UI, can be viewed as a half fraction of a more general factorial experiment involving both 

temperature and humidity. The shaded portions of Table V correspond to the six potential 

sequences in Table m. The levels of Humidity have a one-to-one association with ru-order 

so only shaded combinations are possible. 



Table V Hyper-view of expriment. Shaded sections are a 44 fraction, and are the 
potentid sequences from Table III. 

1 FACTORS 1 

Now let 

z$= 

Ci = 
f i  = 

h, = 

th, = 

response of the i?' replicate receiving the if' treatment combination (r* 

level of T and the J* levei of H, i=1, ..., 2,j=1, .... 4. k =1) 

overall mean, 

effect of the t* level of temperature, T, 

effect of the$ level of hurnidity, H, 

additional effect of the ?' level of temperature in conjunction with the j* 

level of humidity, 

effect of the K" level of error, E, additional effect when the if' treatrnent 

is applied to the P replicate, 

Q&.) = quadratic fùnction of effects associated with the p"' term in the model. 

L€ the assumption of additivity between Temperature and Humidity effects is relaxed then the 

true response follows the model: 

q. JR = p +t ,+h.+th . .+~,  J Y (3) 



However, because the experimenter is unaware of the lurking variable humidity, a model for 

a one-factor completely randomized design is proposed. The treatment combinations for this 

design are the shaded portions of the complete design, or a half fraction of the complete 

design (Table V). The variability in the response variable c m  be partitioned according to 

the proposed effects model: 

where 

y, = response of the jm replicate receiving the ih level of treatment 

(i=l,.-., 2, j=l, ..., 2) 

p = overd mean, 

ti = etfect of the i" level of temperature, T, 

eii = effect of the j" level of error, E, additional efiect when the ib treatment is 

applied to the ja replicate, 

Partitionhg the variability according to the proposed model (4), and taking the expectation 

of the mean squares according to the true model (3) yields the following EMS table: 

This shows the reason for the additivity assumption that underlies the usual analysis of 

variance, i-e. additivity of treatment effects and effects associated with run-order. if the 

effects of Temperature and Humidity are additive then all th, terms are zero and the EMS 

table reduces to: 



The extra cornponent in the numerator EMS of the usual F-statistic is a function o f  

Temperature effects only, and one would expect a large F-statistic to indicate that 

Temperature is associated with a significant arnount of variability in the response. The lack 

of bias is the result of  the realized fraction being randomly selected from al1 possible 

fractions, i.e., complete randomization, coupled with the assumption of additivity between 

Temperature and Hurnidity. 

Under restricted randomization, the realized expenment is still a ?h fraction of the 

complete two factor design, but only two of the six potential sequences are candidates as 

shown in Table VI. 

Table VI Hyper-view of experiment. Shaded sections are a M fraction, and are the 
- - 

~otential seauences from Table IV. 

1 FACTORS 1 



This restricted randomization leads to the foflowing EMS table where the expectation is 

taken over the true mode1 (3): 

As before, we assume that the etfects of Temperature and Humidity are additive and the 

EMS table reduces to: 

In contra t  to complete randomization, even under the assumption of aclditivity the extra 

component in the numerator EMS contains a Hurnidity bias component. Unless all humidity 

efEects are zero, attributing a large F-ratio to the effects of temperature alone is impossible. 

This bias occurs because the reaked experirnent, while stiU randornly chosen, is selected 

fiom a specific, nomandom, subset of the six potential fractional designs (compare Table 

III and Table IV). The act of restricting randomization has disturbed the 

randomization-additivity combination that usually ensures unbiased tests. To achieve 

an unbiased test requires hrther assumptions about Humidity effects. An important aspect 

of restricted randomization cornes to iight by considering the strength of the bias component. 

For example, if Temperature and Humidity are nonadditive, the bias component will 

generally be much stronger (larger) for restricted randomization (7) than for complete 

randomization (5). The nature of the bias component is discussed more îülly in Chapter 2. 

Understanding that the effects of non-additivity depend on the randomization process 



is important. Some vague notion of this relationship is no t s a c i e n t .  the hnctions defining 

the bias components shouid be explicitly defined and carehilly exarnined to understand the 

cost of resvicting randomization. Assessing the cost of randornizing without recognizing the 

cost of not randomizùig can lead to poor design decisions. 

1.3 LITEWTURE REVlEW 

Kempthome (1955) discusses the importance of randomization tests, introduced by 

Fisher, in validating tests based on normal theory. Normal theory results, relying on 

distributionai assumptions and ohen too little data to validate those assumptions, is presented 

as a reasonable approximation to results of more robust randomization tests. The essence 

of randomization tests is to calculate the same test statistic used for the observed data for di 

possible combinations of the observed responses and treatment combinations. According to 

Ho, the treatment has no effect, and the observed test statistic cornes from the same 

distribution as those calculated from the pennuted data and is sirnply an observation from 

that distribution. If the observed test statistic is extreme, relative to the distribution of 

permuted test statisucs (e-g., larger than 95% of them), then it may be taken as evidence that 

the observed test statistic is not f?om the same distribution as the permuted test statistics and 

that the treatment atfects the response. This is done without appeal to the usual assumptions 

of normality and homogeneity. 

Kempthome (1955) showed tor a one-factor design that if randomization is complete 

and if treatment effects and experimental unit effects are additive then randomization tests 

lead to the sarne ANOVA table a s  that denved from normal theory. He also sho wed that the 

distribution of test statistics based on randomization theory and normal theory are 

asymptoticaily equivalent. First he defined 



a 1 -to- 1 transformation of the usual F statistic 

F =  MS( Treatment) 
MS( Erro r)  

Tests based on these two statistics are equivalent and under normal theory G has a Beta 

dh'bution and F has an F disuibution. It was then shown that the first two moments of the 

randornization distribution asymptoticdy approach the tïrst two moments of this Beta 

distribution as the number of replications increases. So, given sufl5cient sample size, the 

usual F-statistic yield's reasonable results even when the normal theory assumptions are 

violated because it closely appro.uimates the more robust randomization test. 

The key to developing the nonparametric randomization tests involves modehg the 

act of randomization (assignrnent of treatments to experimental units). This is done by 

d e f d g  a delta-dirac function (an indicator function) representing whether a particula. 

experimental unit receives a particular treatment combination. The joint probability 

distribution of the delta-dirac h c t i o n  is used to derive the expected mean squares and 

allows for the effects of the randomization to be modeled and appear in the EMS. Examples 

are presented for the randomized complete block design, Latin square design, and designs 

involving subsarnpling (W& 1955; Wilk and Kempthorne 1957; Hinkelmann and 

Kempthome 1994). 

Anderson and McLean ( 1974a, L974b) presented a rnethod that uses an explicit term 

in the hear model to represent the randomization process. An example was given 

contrashg the completely randomized two-factor design (CRD) with a single replication and 

the randomized complete block design (RCBD) pointing out hindamental differences and 

uidicating areas of confusing similarity. As pointed out earlier, the fundamental dif3erence 

in the manner that treatments are assigned to experimental units is obscured by the fact that 

the linear model and MOVA calculations are similar for bo th designs. Anderson and 

McLean (1974a, 1974b) incorporated a ierm in the hear  model, which they calied a 



restriction error, to represent the effects of the restricted randomization. This demonsuates 

the dilference between the two d e s i p .  The restriction error pro\ ides a high level or abstract 

method of representing the complex effects of restncted randomization as derived by 

Kempthome ( 1955)- W& (1955), and Scheffe ( 1959). It is easily integrated with EMS 

algorithms (Lorenzen and Anderson 1993b), making the results of more complex theory 

available to a broad range of practicing experimenters. 

Anderson and McLean ( 1974% 1974b), Lorenzen ( 1984). and Lorenzen and Anderson 

(1993a) discussed randomization of ru-order and the effects of restncting it in certain ways. 

Lorenzen (1984) provided a theoretical foundation for the results presented by Anderson and 

McLean ( 1974a, 1974b) with slight modification. The effects of the restnctio n error are still 

represented in the EMS but the row in the ANOVA table corresponding to the restriction 

error term (6)  is removed because it has zero degrees of freedom. However, the mode1 

implicitly assumed strict additivity between treatment and run-order (an experimental time 

unit). This is like assuming that temperature and humidity in Example 1.1 do not interact. 

or more generally, that there are no unknown or lurking variables associated with time that 

interact with the variables under study. Rather than assume that all nonadditive effects are 

zero, their effects on bias shouid be examined, especially because this bias depends on the 

randomization process. 

White (1975) focuses on the weakness of the linear model as a description of the 

experiment similady to Anderson and McLean (1974a, 1974b), but goes tùrther in 

characterizhg the natural structure of the experimental material. This inherent structure is 

considered separately from any imposed by the particular design. For example, an 

experiment may be conducted so that only one level of a factor is applied to a particular 

subset of the experirnental materiai (i-e., by demtion, the subset of the experimental 

material is the experimental unit, and is nested in the factor levels) or so that all levek of a 

factor are appiied to each subset of experimental matenal (i-e., the subset of experimental 

material is not the experimental unit, and is crossed with the factor levels). This structure 



is imposed as a result of the design, or treatment, and the combinations of factor leveis c m  

be randornly assiped to experimental units. On the other hand, nesting may be the result of 

inherent structure between experimental units and this structure is not subject to 

randomization. For example, a design may be chosen such that a rat is either crossed or 

nested with a factor such as dmg type, but the rat is Uiherently nested in factors Litter and 

Gender. While the drug treatment is subject to random assignrnent to the rats. the Litter or 

Gender ueatment cannot be appiied by the experimenter and so cannot be randomiy assigned 

to a rat While the label "treatment" may be a misnomer when applied to Litter and Gender, 

the usual linear models approach makes no merentiation between such imposed vs. inherent 

labeling . 

1.4 SUMMARY 

Randomization is an integrai part of, and fundamentai to, experimental design. 

Restrictions on the randomization process may be the natural result of structure among 

experimental units (design structure), or imposed in response to realistic constraints (segment 

structure). The usual linear model does no t convey information about the randomization 

process. and extensions to the linear model have been presented in the literature to model the 

randomization process for design and segment structures. 

The weaknesses of previous work on modeling restncted randornization are: 

(1) Segment restriction involved implicit assurnptions of additivity so the strength of 

nonadditive bias components was never examined. 

(2) Block restrictions have been presented in design specific format, i.e.. not generalized. 

(3) Denvation of the effects of segment 2nd block restrictions used extensive sumrnation 

notation that obscures the underlying structure and is cumbersome. 

(4) Results of segment and block restrictions were not unifed. 

The remainùig chap ters of this thesis CO rrect these previous weaknesses. In particular: 



(1) A general model formulation in the language of linear modeis, matrix algebra, will 

be developed (Chapter 2). Extensive and tedious summation notation used in 

previous fornidations is replaced by a compact and etfcient representation which 

abstracts the algebraic detail and reveals the inherent structure. The randomization 

process is viewed as acting upon potential responses to produce sets of realizable 

responses. This relationship is mapped into the familiar setting of complete and 

fractional designs where, as described in Exarnple 1.1, aliasing or biasing would be 

expected. 

(2) The two important elements: 

(i) description of the randomization process and 

(ü) d e f ~ t i o n  of the model parameters 

are separated in the development in (1). The two elements are in ef5ect independent 

and modification in one does not require adjustment to the other. Mode1 parameters 

can be redehed or removed without affecthg the mathematical description of the 

randomization process. 

(3) Additivity between treatrnent and experimental unit is no? implicitly assumed. The 

strength of the bias is examined for both cornplete and restricted randomization. 

Examples are presented to show the effects of lurkjng variables under complete and 

restricted randomization when additivity is not assumed. 

(4) Simple ruies are presented for generating expected mean squares (indicating presence 

o r  absence of bias components) under restricted randomization and allowing for 

nonadditivity. They can be used to identify the general conditions required for 

unbiased tests. 

( 5 )  The results for block restrictions will be derived usùig the same general frarnework 

as segment restrictions. Results win be general enough to cover cases involving 



split-plot structures and subsarnpling. 

(6)  The results for Segment and Block restrictions are uniued. 

(7) Results for segment restrictions are extended to allow fractional designs, e.g., 

Tapchi designs (Chap ter 4). 

(8) A cornputer prograrn has been developed that produces the quadritic form andior 

function of covariances involved in the EMS under complete and restncted 

randornizatioa It c m  handle arbitrary number of factors each at an arbitrary number 

of levels with multiple restrictions on factor levels or ueatment combinations 

involvine several factors. 



CHAPTER 2 

MODELING SEGMENT RESTRICTIONS 

This chapter deals with segment restrictions, ~ e . ,  those appiied at the discretion of 

the experimenter regarding the nui-order of a sequential experiment. The derivation (section 

2.1) focuses on the smtcture of the problem and thefunchon of randomization at the expense 

of extensive calculations. Section 2.2 parallels the denvation with a detailed example of a 

one factor design under complete and restricted randomization. Su bsequently, a generai 

method is proposed in section 2.3 that greatly reduces the burden of calculation by directly 

modeling the probability structure of the randomization process. This is done for a useful, 

but specific, subset of segment restrictions. An example of a two-factor design is presented 

(Section 2.4) for complete randomization and rando d a t i o n  that involves single and 

multiple restrictions on factor levels and a restriction on combined factor leveb. The detail 

presented in the one-factor example is not attempted and the focus is on results and 

interpretation. The existence and strength of bias components are discussed for various 

restrictions on randomization. Finally, generai mies are presented for generating EMS that 

show the presence and relative strength of bias components. 

2.1 DERIVATION 

The denvation of the generai result is first presented in tems of a two-factor design 

(A and B) but is easily generalized to any nurnber of factors. The two factor design is 

suffiCient to demonstrate many aspects of more complex designs including restricted factors, 



nonrestricted factors, interactions between restricted and nonrestricted fxtors, and 

replication. 

Consider an experinent with two factors (A and B) at I and J Ievek respectively. A 

total of K replicates of each treatment combination will be run. The IJ treatment 

combinations are applied to the IJK experimental units and the experiment is nin in a 

particular order indexed by 1=1 ,..., L, where kIK The experimental units are labeled 

l= 1 ,..., I K  To improve readability the syrnbol e (read "at" or "applied to") will be placed 

between subscripts representing treatment combinations and those representing run-order. 

Note: In the following notation the vectors p and matrices 2 are not uniquely identjfïed by 

subscripts. For example, p used in reference to the mean of the au,,, is dBerent kom p 

used in reference to the mean of the PUj,, Such terms will always be used in an identifiable 

context, deviating the r.eed for extra subscnpts. 

The notation used in the initial derivation is as foilows: 

z,,, = po tential response when the if' treatment is applied to the run-order, 

cci = effect of the im level of factor A (i=l, ..., I), 

pj = effect of the J* ievei of factor B (i=l, ...,n, 
ap, = effect of the interaction between the i?' level of A and J* level of B, 

LI, = effect of the P level of run-order (l=I, .. JJK), U -MVN(p, 2) (can be viewed as 

representing the main effects of any lurking variables with a 1-to- I 

correspondence to run-order), 

au,,, = eEect of the interaction between the i* level of A and Ch mn-order, 

au -MW(p, Z), 
P UjQr = effect of the interaction between the j6 level of B and P run-order, 

pu -Mv'Np, 21, 

CtpUqei = effect of the interaction between the i* Ievel of A, the$ level of B. and the $ 

nui-order, apU -MVN(p, 2), 



eiio = error term for the P nui-order receiving the i /h  treatment, E$ -N(O, O:), 

Q, = matrix of a quadratic form for ph term. 

y* = observed response for the kQ replicate of the ij' treatment. 

a,, p,, and crp, may be defined as fued or random effects. 

For segmented designs the run-order of the IJK units c m  be indexed by multiple subscripts. 

For example, l=mn, where rn represents ordered se_ments and n represents nin-order within 

segment m. If a two-factor design is restncted on A then m= 1 ,..., 1 and n= L ,..., JK, or if 

restricted on AB then m= 1 ,..., U and n= 1 ,...,K. Distinctions can be drawn between mn-orders 

in the same segment or ditferent segments without performing mental p a s t i c s  with the 

subscript 1. 

The variable zÿ,, is the potential response when the if' treatment is applied to the 

run-order, and is a function of both the observable and unobservable factors. 

~ ~ ~ ~ = p + a ~ + ~ ~ + a ~ , + U ~ + a U ~ ~ ~ + ~ ~ ~ ~ + a ~ ( l , , ~ + ~ ~ ~ ~  . (11) 

The potential observations in (11) can be wntten in matrix notation where lefi and nght 

subscripts indicate the row and column size respectively. 

where O/= [p. al, a2, ... , apUIm J (with P effects) 
X = design matrix relating z and 8 
E'= [ ~ ~ ~ ~ 7  E l I 2 ,  ---. J 

Of course not all zj@, are, or c m  be observed, only a subset or fraction of the potential 

responses appears in each possible realization of the experiment. For example, the tirst unit 

run (l=l) can only receive one of the IJ treatment combinations. For any realirable 

experiment a selection matrix, T, c m  be dehed that Links the observed responses (similar 



to Kempthorne 1955), y (in standard lexicographic order), to the potential responses, z. 

where T = [t ,,,,, t,,,,, --- . t ImJ and 
t,,, is a colurnn vector 

Each of the IJK rows of T corresponds to a realized response and each of the IL colurnns 

of T corresponds to a potential response. If a potentiai response is realized then the 

corresponding row and column of T contains a one, othenvise it contains a zero. Note that 

T is a random variable because it represents the realization of a random event, the realized 

run-order. Z is also a random variable because it depends on the random variable E and any 

random effects defined in 8. The T matrix (and its theoretical moments) carries information 

about the randomization process while z (and its theoretical moments) carries information 

about the effects specitied in the h e a r  model. 

In an ANOVA table the sum of squares for the ph row in the ANOVA table c m  be 

expressed as 

for some quadratic form Qe. 

Since y is in standard lexicographic order and the formation of surns of squares is not 

dependent on the realized run order, Q, is constant over ali possible realizations of the 

experiment. SS, is a function of two random variables, z and T, and its expectation c m  be 

taken conditionally. 

The inner brackets contain the expectation of a muitivariate quadratic form. This 



multivariate quadratic form can be expressed as a m a t h  of univariate quadratic forms by 

appropriate partitioning. The expectation c m  

Each element of Rp can be reexpressed as the 

then be expressed as the univariate elements: 

expectation of a bilinear form (Searle 197 1): 

The randomization process determines the fust two moments of T, required to solve for the 

elements of R,. As one might expect, determining the moments of T can be calculation 

intensive. A "brute force" approach is used in Section 2.2, i-e.. produce all possible T 

matrices and average the appropriate columns or cross products of columns. (The general 

method developed in section 2.3 does no t require the generation of the T matrices.) 

Having determined Rp, the expectation of SS, is now a quadratic form in z and is 

handled conventionaily. 

E(SS,) = E,(z 'R ,  z )  

B y substituthg z = Xe + E, and using standard results for manipulating covariances and 

traces, E(SS,) can be expressed a s  a function of the effects of interest as follows: 

The EMS, are found by dividing the E(SS,) by the degrees of freedom associated with the 

p" term in the ANOVA. The EMS,, a fùnction of 8, contai. al the usual components 

(observable effects) one would see in an ANOVA table, but may also include components 



representing lurking variables associated with run-order (unobservable etfects). For a 

specified F-test the bias component can be isolated by expressing: 

EMS-= EMS,,, + [EMS,,, - EMS,,,] 

Under E& [EMS- - EMS,] represents the bias component. Under H., [EMS,, - EMS,] 
represents the bias plus ueaunent components. This b i s  cornponent can be found by 

and substituting back into (19) in place of R,. In this way an EMS table cm be presented 

which clearly demonstrates the existence and form of any bias components corresponding 

to the specified F-tests. 

Taking the conditional expec tation, as described, functionally separates T,  which 

represents the randomization process, and z, which represents the observable and 

unobservable linear mode1 effects. These effects subsequently appear in the expec ted means 

squares, which are used in deriving appropriate F tests. Elements of z c m  be defuied 

independently of T, allowing various mode1 definitions to be examined without recalculating 

of the moments of T. 

2.2 ONE-FACTOR EXAMPLE 

A detailed example will now be presented to illustrate the ideas of the previous 

section. Suppose an experiment is designed to study the effects of a factor, A (with two 

levels), on a response of interest, y. The experirnent is to be replicated twice for a total of 

four experimental units. The experiment is sequential in that only one treatment c m  be 

applied to one experimental unit at a given time or ru-order. Six cases will be examined, 

outlined as follows: 



Complete randomization of treahnents over run-order: 

Case I .  1 : No Run-order effects (usual ANOVA), 

Case 1.2: Run-order effects are additive, 

Case 1.3 : Run-order effects are nonadditive. 

Restricted randomization of treatments over mn-order: 

Case 2.1: No Run-order effects 

Case 2.2: Run-order effects are additive, 

Case 2.3: Run-order effects are nonadditive. 

2.2.1 Complete Randomization of Run-Order 

ûefme: 

ziQ1 = response when the i<h treatment is applied to the p mn-order, 

cri = eîTect of the I* level of factor A, considered fured or random (i=l, .... I, I=2). 

U, = effect of the P run-unit (l=l, ..., IJ, J=2 replicates), U - MVN(p, 8), (can be 

viewed as representing the main effects of any lurking variables), 

auj,, = effect of the interaction between the P level of A and the ph mn-unit 

where aU - MVN(p, 8), 

ci,, = error term for the Cb run-order receiving the I* treatment, eiei - N(0, o', ). 

,, = matrix of a quadratic fonn for ph term. 

T = selection matrix Illiking yu and ziei. 

y, = observed response for the j'b replicate of the ia treatment. 

The ANOVA tables are presented in general form, but to examine the structure of the bias 

components it is assumed that the run-order effects, 9 and aU,,,, are random effects with 



constant variances (diagonal of correspondïng Z is constant). The bias components are 

written as a hct ion  of o, where a is an element of X. The assumption of constant variances 

allows us to examine bias components as a function of the correlation matrix. 

Now z defmes the po tential observations. 

For any realized experiment, y is liaked to z by a selection matrix T. 



The matrix T is dependent on the randornization scheme employed (cornplete or restricted) 

while z is dependent on the linear mode1 defintion, run-order effect either nonexistent, 

additive, or nonadditive. 

The sums of squares of the usual ANOVA are: 

QA and QE, the matrices of the quadratic forms for *'A'' and "Error" in the ANOVA 

table are: 

Under complete randomization 24 potential experùnental sequences can be realized 

- 
.5 -.5 O O 

-.5 .5 O O 

O O .5 -.5 

O O -.5 -5 

Q E  = Q A  = (24) 

- - 
-25 -25 -.25 -.25 

-25 -25 -.25 -.35 

-.25 -.25 -25 .25 

; - 2 5  -.25 -25 -25 



with equal probabiiity: 

Table VII Twenty-four potential experimental seauences under cornolete randomization. 

The realizable observations (y's for each sequence) c m  be obtained tiom z using a 4x8 T 

matrix (the subscript on T is an index to the sequence in Table W): 

For example, if the realized experiment consists o f  randomly selecting run-order 1 then 

29 



y = T, z, where z is defmed as in (22). 

To evaluate the EMS, requires. according to (17), 

E(ti,3, a column of E(T) 

and 

E(T) in (27) is the average of the 24 T matrices each selected with probability 1/24, and 

Equation (28) on the other hand requires that the appropriate outer product ( t ier t i /@[,)  be 

taken for each of the 24 T matrices and then averaged. For example using the first two 

columns of T, the outer product is: 

This outer product is computed for each of the remainittg 23 T matrices and the results 

averaged. 



From these moments the COV(t,, ,, t,,J is derived. 

These moments are used with QA in (17) to solve for %:,,,.,,2 (the element of Rp in row one, 

The remaining elements of R, are solved sirnilarly (at least the upper or Iower triangular 



submatrk, due to symmetry). For exarnple, having gone through the necessary calculations 

as described, RA is : 

The zero elemer~ts represent a unit run at a particular t h e  receiving both treatments, clearly 

an impossible event. Having detennined RA, the E(SS,J is the expectation of a univariate 

quadratic form and is found in the usual manner, incorporating an appropriate dehition of 

2. 

Before interprethg results a brief explanation of subsequent EMS tables is in order. 

Common deffitions, such as @(A), found in many textbooks that deal with anaiysis of 

variance are no t given. The bias cornponents for the pm term are hinctions of [MS, - MS J, 

which can be expressed as cross-products of observations within the ievels of the p' term 

minus cross-products of observations between levels of the p" term. Such bias components 

wiU be labeled as (W-B) for (Wirhin-Benvecn). This is simply a re expression of the usud 

formulas for sums of squares that paraIlels the form of the quadratic matrices, ,, and QE. For 

exarnple: 



The extra components in the EMS, are a function of MSE and can be expressed as cross- 

products of observations on a diagonal (squared observations) minus cross-products of 

observations within levels of factor E. Such bias components will be labeled as (D-W) for 

(Diagonal- Wthin). For example: 

Case 1.1 : No Run-order effects (usual ANOVA) 

The usual hear mode1 and ANOVA provide no means for representing 

randomization information and are equivalent to assuming no ru-order effects. This is 

accomplished by setting all effects involving U, to zero and z,,, = p + ai + E,,,. The general 

results are presented in Table VIU, Case 1.1. The test for main eEect A is unbiased using 

MSE as the denominator of the F-test. 

Case 1.2: Run-order effects are additive (reduces to the usual ANOVA) 



When the run-order effects are additive, all au,,, effects are zero and 

Ger = p + ai + Ui + eisi . Results in Table Vm, Case 1.2 show that an unbiased test for A 

exists using MSE as the denominator. The combination of complete randomization and 

additivity of treatment and nin-order effects leads to an unbiased test for k The effects of 

U are confounded with, or intlate the error term, E, but do not bias the test for A. Effects of 

unrecognized or uncontrolled factors do not bias tests if theû etiects are additive with the 

effects of factors cclntrolled by the experimenter- 

Lorenzen ( 1984) noted that the distributional assurnptions of the F-test only hold if 

the effects of U are not ked .  If there are k e d  U effects then the denominator of the F 

statistic involves a noncentral and does not follow an F-distribution. The test cm be 

modifed to adjust for the noncentrality of the denominator x', but throughout this thesis it 

is assurned that such effects are only random or serially correlated. Under these conditions 

the EMS(E) components can be combined, or pooled, resulting in EMS similar to Case 1.1. 



Table VI11 EMS l'or One-Cactor design- coniplele randornimiion 

I Case 1.1  : No Ruii-order en'ecb (usual ANOVA) 

l Cisc 1.2: Run-ordcr cfiécts are additive 

I Case 1.3: Ruii-order effects ürc rionüdditivc 





Case 1 -3 : Run-order effects are nonadditive 

With nonadditive run-order effects zisr = p + ai + U, + aui,, + E,,, . General results 

are presented in Table VIII, Case 1.3. Even with complete randomization the test for A is 

biased because components involving the au,,, effects appear in the numerator EMS. The 

bias component is a function of the average correlation between uni& receiving the same 

treatment minus the average correlation between units receiving different treatments: 

where aiU is the diagonal of zAU 

This constraint can be viewed directIy from the correIation matrix (elements t 

of the constraint equation are denoted by a 0 ) :  

hat are not part 

The bias component is the average of the shaded submatrices minus the average of the 

nonshaded submatrices. It should be noted that the number of lags of a given order is the 

sarne in the shaded and nonshaded submatrices. Thus, if correlations are of the same order 

of magnitude, they tend to cancel. This bias component is a rneasure of "interactionTT, in 

other words, it measures the strength of the dependency of the covariance structure on the 

treatment levels. Unless lurking variables exhibit extemely unusual covariance structures 

as a fùnction of treatment effects, randomization protects the experimenter from the effects 



of unrecognized or uncontroIled factors, to some degree. Bias that is a mesure of interaction 

will be weak bias. 

2.2.2 Restricted Randornization of Run-Order 

Consider now the case where due to the nature of the treatment or cost constraints 

run-order is restncted on A The restriction irnplies that once a level of A is randomly 

selected, ail runs at that level are completed (in random order) before proceeding with the 

other level of k This implies there are two segments in this experiment, so run-order will 

be indexed by two subscnpts, m for ordered segments, and n for run-order within the nth 

segment. 

Define: 

q*,,,,, = response when the i* treatment is applied to the nm nui-order within the mh 

segment, 

ai = effect of the P Ievel of factor A, considered fked or random (i= 1 ..... 1, I=2), 

LI,,,,, = effect of the nm run-order within the nib segment (m=l, ..., 1, n=1, ...,.J, J=2 replicates), 

U - MVN(p, 2), ( c m  be viewed as represeoting the main effects of any lurking 

variables), 

cru,,, = effect of the interaction between the i* level of A and the rnn" run-order, 

where UU - MVN(p. C), 

q,, = error term for the mn" run-order receiving the i* treatment. - N(0, u2, ), 

Qp = matrix of a quadratic form for p" tem. 

T = selection matrix linking y, and qc,. 

y, = observed response for thel* replicate of the i* treatrnent. 

It is assumed that the nin-order effects, LI,,,,, and aui,,, are random effects with constant 

variance (diagonal of corresponding 2 is constant). 



Now z defines the potential observations. 

For any reaiized experiment, y is linked to z by a selection ma& T. 



Wth the restricted run-order of the experirnent only eight sequences are possible, as shown 

in Table M (there were 24 under complete randornization, compare Table W on page 29). 

Table M Eight potential experirnental sequences under restricted randomization. The 
dotted h e  delineates the segments. 

Each potential realization of a nin-order can be obtained from z using a 4x8 T mat*: 

For example, if an experiment is realized by randornly assigning run-order 1 to the 

40 



experimental units then y=T, z,  where z is dehed  in (43). 

To evaluate the EMS, requûes 

E(ti,,,,), a column of E(T) 

and 

/ 
COWiernJi /em ln 1)  =WiO,,,Jir@, ln 1) - E ( ~ ~ , , ) E @ ~ ~ ,  d 

E(T) in (46) is the average of the eight T matnces and is: 

E(T) under restricted randornization is the sarne as under complete randornization (19) 

because E(T) is a hinction only of the marginal probabilities, e.g., P(run-order n within 

segment m geets treatment i). The restricted randornization only affects the joint probabilities, 

e.g., P(m' run-order gets treatment i and rn' n' " run-order gets treatment i' ). According 

,) is averaged over the eigb T matrices. For to (47) the appropriate outer product 

example usine the first two columns of T, the outer product is: 

This outer product is computed for each of the remaining seven 7' matnces and the results 

averaged, giving: 



Because the joint probabilities are affected by the restricted randomization (40) differs from 

its counterpart under cornplete randomization (31). The COV(t,, , ,,t, ,,J under restricted 

randomization is: 

The rernaining elements of RA are solved similarly and yield: 



RA now contains more zero elements than it did with complete randomization (34). These 

extra zero elements represent a run segment containing two diaerent treatment levek or the 

same treatment level present in ciiffereut run segments. For example, the zero in the rirst ro w 

and sixth column of RA represents the Cûst nin-order receivùig treatment 1 and the second 

mn-order receiving treatment 2, while the zero in the Fust row and third column of RA 

represents treatment 1 applied to the fxst and third m-units. Under the restncted 

randomization scheme, as  defined, such events are not possible. Since RA, the matriw of the 

quadratic form in z, is ditferent under complete and restricted randomization the resulting 

EMS wiU reflect this dinerence. Once RA is calculated, the E(SSJ is the expectation of a 

univariate quadratic form and is found using standard methods, incorporatjng an appropnate 

defhition ofz. Again consider three cases: 

Case 2.1 : No Run-order effects (Usual ANOVA) 

With no run-order effects Case 2.1 of Table X is the same as if randomization where 

complete (Case 1.1 of Table WU). If an experimenter is absolutely certain that no 

uncontrolled variables change over time that might affect the response, and il the 

experimenter cm convince his colleagues of this fact, then randomization is not required. 

Case 2.2: Run-order effects are additive 

It was previously shown that complete randomization in combination with additivity 



of treatment and run-urder effects Ieads to unbiased tests (Table Vm, Case 1.2). Now, with 

restricted randornization, the test for A is biased by U components (Table X, Case 2.2). 

Even for the additive case, m e r  assumptions are required about the effects of U to obtain 

an unbiased test for A. This is the pnce that must be paid for disturbing the randomization- 

additivity combination that usually assures unbiased tests. 

The bias component is a function of the correlation matrix associated with U: 

where oi is the diagonal of 2 ,  and 
m indexes the segment and n indexes run-order within segment m 

This is the average correlation of units in the sarne segment minus the average correlation 

of units in difierent segments. This constraint can be viewed directly as a function of the 

correlation matrix of U: 

The bias component is the average of the shaded submatrices minus the average of the 

nonshaded submatrices. It shouid be noted that the number of lags of a given order in the 

shaded submatrices is different fiorn in the nonshaded submatrices. If observations close in 

time are more highly correlated than observations farther apart in time then the shaded and 

nonshaded submatnces will not cancel and the bias component may be appreciable. This is 

additional bias, above and beyond the bias that is a function of the interaction between the 

correlation structure and treatment level and will be called strong bias. 
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Case 2.3: Run-order effects are nonadditive 

With nonadditive mn-order effects zi,, = p + ai + Unn + aUiemn + Eiem . General 

results are presented in Table X, Case 2.3. There is additional bias in the test for A due to 

the nonadditive effects aU,,,. This bias component is a function of the correlations of: 

It cm be viewed a s  the comlation matrix (as before, components that are not involved in the 

constraint are denoted by a -): 

The bias component is the average of the shaded submatrices minus the average of the 

nonshaded submatrices. It should be noted that the number of lags of a given order in the 

shaded submatrices is different from in the nonshaded submatrices. If observations close in 

time are more highly correlated than observations farther apart in time then the shaded and 

nonshaded submatrices will not cancel and the bias component may be appreciable. This is 

additional bias, above and beyond the bias that is a function of the interaction between the 

correlation structure and treatment level and will be called strong bias. 



2.2.3 Simulation of Size of Total Restriction Error 

The conditions for unbiased tests and a description of any bias components were 

presented for complete and restricted randomization. If was shown that under complete 

randomization there are weak bias components due to nonadditive effects of mn-order and 

treatment. It was also shown that under restncted randomization there are strong bias 

components due to main effeccts associated with run-order and nonadditive efTects between 

run-order and treatment. If the structure of 2 and Z,, is completely general the total bias 

is a fùnction of so many parameters it would be d=cult to gain insight into the nature of the 

bias For this reason we narrowly d e h e  the structures for 2, and CA, and examine the bias 

under four scenarios by plotùng total bias as  a function of p. For completeness, p is varied 

from - 1 to 1, however, a more realistic range might be -0.3 < p < 0.3 or perhaps even 

O < p < 0.3. In generd the correlation matrices for U and AU have an AR(1) structure: 



Each of the four quadrants ofp,, are AR(1) where the correlation depends on the sequence 

of treatments, hence each quadrant is not necessarily symrnetric. We wüi assume constant 

varianceandfurther,let p,,=ap, p,,=bp, p,=cp, p,=dp and &=eo& Asaresult. the 

covariance matrices cm be defined as: 

In the following simulation we set e= 0.6 (variance for interaction effects is smaller than 

variance for main effect). p,,, pl,, p,,, p, are defined by the four scenarios described 

below and are appropriately labeled in Figure 2. 

Results are graphed for four experimental scenarios: 

(1) Run-order effects are additive (the seriai correlation of ru-order effects is 

independent of the treatments involved). This is the usud assumption that Ieads to 

unbiased tests when coupled with complete randomization ( a s ,  b=û, c d ,  H). 



This could occur if run-order effects were due to some Iurking variable that is 

unatfécted by treatment level, for example, ambient humidity changes over timc and 

has the same effect on the response regardles of the treatrnent king applied. No 

bias exists under complete randomization, but when randomization is restricted a bias 

component exists for ail p+O and increases in absolute value as Ipl increases. The 

absolute value of the bias component is larger for negative values of p than for 

corresponding positive values of p. 

(2) Run-order effects are nonadditive. Within one of the treatments, run-order effecis 

have higher serial correlation (a= 1, b d ,  c=O, d*). 

This could occur if the nin-order effects were due to some lurking variable associated 

with one of the treatrnents, for example, treaunent 1 involves water and treatment 2 

involves oil and the iurkïng variable is humidity. We might expect the correlation 

of run-order effects among treatment I responses to be higher than among ueatment 

2 responses. Under complete randomization the bias component is smaller than 

under restricted randomization, for all p +;O (in the range of interest) and increases in 

absolute value as Ipl increases. The absolute vdue of the bias component is Iarger for 

negative values of p than for corresponding positive values of p. 

(3) Run-order effects are nonadditive. When treatment 2 is followed by treatment 1, run- 

order effects have higher serial correlation. This is dserent from case (2) because 

one treatment is foflowed by a different ueatment, which crosses a segment boundary 

in the case of restricted randomization (ad, b=0, c=l, d a ) .  

This could occur if the treatments involved the same equipment, e.g., treatments are 

two synthetic compounds king produced by the same equipment. Residual material 

from the k s t  compound acts as a catalyst for the second compound but reverse is not 

true. Under complete randomization the bias component is smaller than under 



restricted randomization, for all p*O (in the range of interest). 

(4) Run-order effects are nonadditive. When treatrnent 1 is followed by treatment 1 or 

treatment 2 m-order eîTects have higher negative serial correlation. and when 

treatment 2 is foilowed by treatment 1 run-order etfects have higher correlation, 

(a=- 1. b=- 1, c= 1, d=O). 

This is an unusuai case where no simple example is apparent. Under complete 

randomization the bias component may be larger than under restricted randomization 

for p+O (in the range of interest). The absolute value of the bias component is larger 

for negative values of p than for correspondhg positive values of p. If one had 

enough domain knowledge to recognize a situation such as this, where restricting 

randomization wodd reduce bias, an experiment would be supec?luous. 

From the graph of the total bias component based on scenarios (1), (2), and (3) in 

Figure 2, the power of randornization is apparent. In the additive case (scenario (1)), 

complete randomization leads to unbiased tests whereas restricted randornization leads to a 

sizable bias component. Even when the effects of treatment and run-order are nonadditive. 

i.e., the assurnptions of ANOVA are violated, complete randomization exhibits l e s  bias than 

restricted randomization (scenarios (2) & (3)). 

Under complete randomization there is usuaily complete or substantial cancehg out 

of effects compared with restricted randomization (e.g., the shaded and nonshaded 

submatrices of the correlation matrices of the previous examples tend to be more equal under 

complete randomizatioù). Under complete randornization the proportion of correlations of 

specific lags is the same for elements with positive and negative coefiicients. Bias 

components of this type are cailed weak bias components. Under restricted randomization 

the proportion of correlations of specifc lags is not the sarne for elements with positive and 



negative coefficients. Bias components of this type are cailed strong bias components. 

While a weak bias component can be larger than a strong bias component. this occurs for 

unusual correlation structures, as in scenario (4). 





2.2.4 Sumrnary of the One Factor Example 

The one factor example, because of its simplicity, demonstrates details of the 

derivation and yields some interesting results. Under complete randomization, additive mn- 

order effects lead to unbiased tests. Nonadditive run-order efiects lead to a weak bias for 

tests. When randomization is restricted the test for the treatment effect, A, is biased even 

assurning additivity of treatment and mn-order effects. The test for A has a strong bias 

cornponent that is a function of the main effects of run-order, U. Nonadditivity between 

treatment and mn-order effects introduces additional strong bias components ignored in 

previous work (Anderson and McLean 1974a, 1974b; Lorenzen 1984; Lorenzen and 

Andeson 1993a). These results are summarized below, where the benefit of rando mization 

is apparent. 

Table XI Bias summarv for One-factor design. W: Weak, S: Strong 

Restriction on: 

None 

A 

Bias Components 

U 

- 

S 

AU 
I 

W 

S 



2.3 EXTENDED NOTATION FOR MULTIPLE RESTRICTIONS 

The notation for representing the effects of restricted randomization is extended by 

directly modeling the segment and within-segment structure. The previous examples for the 

one-factor design modeled nin-order effects as a hinction of U (LI,, and nU,,,). This was 

a clear way to inuoduce the methodology, however, representing multiple restrictions on 

randomization by multiple restriction tenns will be convenient, i.e., a term for each subscript 

that indexes run-order. With each restriction represented by a term in the model. rather than 

an additional subscript on an existïng term, effects of specifc restrictions are more cleariy 

delineifted. After defining the new notation, we revisit the one-factor design with restricted 

randomization to show the equivaiency of the two representations. 

For our purposes, multiple restrictions must be hierarchical in nature, that is, have a 

nesting relatio nship. Once a factor defmes a restriction, subsequent restrictions are applied 

within the previously defined segments. For exarnple, consider a factorial design with three 

factors, A, B, and C. Suppose a run order restriction is defmed by factor A, resulting in 1 

segments with JK run-orders within each se-ment. A second restriction could be defmed on 

combinations of B and C within each level of A 

For each factor that defines a hierarchical restriction, deme a segment factor, nested 

in any previously defined segment factors. The segment factor will have the same number 

of levels as the factor that defined the restriction. After al1 such segment factors have been 

defmed, defue a h d  segment factor, nested in all previous segment factors, with the same 

number of levels as there are nim. Construct the "true" effects model representing ail the 

usual design factors and segment factors, and appropnate interactions between. Note that 

there wiU be no interactions among segment factors because they are tùlly nested. 

Multiple restriction terms can be viewed as a redefinition of the run-order etfect, U. 

in tenns of hierarchically nested effects that correspond to segments. For exarnple, with two 

restrictions U can be modeled as: 



Equivalently, U c m  be expressed in matrix form as: 

where P, and P, are design matrices relating U to q and K, and 
q= c,U, K= cKU, A =  Cr- Pa- P K ~  

with ci defined to average within appropriate segments defined by (I 

Consider, for example, a two-factor design with fured factors A and B, with two and three 

levels respectively and two replications. Suppose that the foilowing run-order, or segment, 

restrictions are deîïned: Restrict on factor A, and restrict on factor B within A. Accordingly 

we dehe two segment factors, Say H and K, with two and three levels respectively. A final 

segment factor is deîïned, A. with 12 levels. The '?me" mode1 over which the expectation 

is to be taken is: 

The covariance of U can be expressed as: 

The covariance of any terms involving U, such as AU, can be similarly expressed as a 

fmction of q, K, and A. The covariance of z is then expressed as: 



The EMS for the terms in the assumed mode1 (the one to be analyzed once data is gathered) 

is taken over the me mode1 utilizùig z and CL as debed  above. 

An Example of the One-factor ANOVA using notation for multiple restrictions 

The results for restricted randomization were given in Table X on page 45, where 

mn-order was modeled with a single term with multiple subscripa. Results usinp multiple 

terms, one for each subscript, are given in Table XII. Assuming additivity, the test for A is 

biased by the segment main effect. Under nonadditivity additional bias exists as a result of 

treatment-segment nonadditivity. 







Table XïI  (run-order modeled by multiple ternis) was derived as an equivalent 

expression of Table X (nin-order modeled by a single term with multiple subscnpts). This 

equivalence can be shown, for example, between 

O;(W-B) and [O;(W-B) + O:(W-B)]. 

The elements of 8, and X, are dehed  respectively as: 

The bias components defïned in ternis of segment and within-segment effects are: 

The sum of the above bias components is equivalent to &w-B) : 



2.4 A GENERAL METHOD 

The "brute force" approach used to h d  the m m n t s  of T in the preceding one-factor 

example can be generalized and used for many different restriction rnethods. and even for 

unbalanced data It does not appear too ditficult in the example because there are so few 

possible T &ces (24 under complete mdomization) and they are of reasonable size (4x8). 

However, as more complex designs are considered, a more sophisticated approach is 

apparently needed. For instance. in the more complex case of two factors each at two levels 

with two replications there are 4.320 T matrices with size 8x32 (under complete 

randomization), which is clearly not amenable to the "brute force" approach. 

The general method presented for solving for the moments of T allows for any 

number of factors and restrictions on their randomization assuming the restrictions are 

applied hierarchically. The necessary design structure is set up and the marginal and joint 

probabilities of realiPng potential observations are solved for complete and restricted 

randomization. 



2.4.1 Notation 

We wiIl now generalize the notation used earlier. In particular we d o w  for K factors. 

the first KI of which are restricted in their randorriization. 

Let: 
KI = # of restricted factors 
K, = # of non-restricted factors 
K = Kl+K' = # of factors in the expenment 

l , . . , K , K  + . .  FK = f a c t o  1 , K. The fmt K, are hierarchically restricted. 

The last K, are not restncted 
FK, = Replicate or Error Factor 

L I , .  LK = # of levels of factor F, ,-.-, FK+, 
, fK + = index of factor FI ,..., F, ,, 1 54s Li 

The notation for indexing run-order uses segments (sets of run-orders within the same level 

of a restricted factor) and m-order within segments. 

S, ,..., SKI,&, *,,..., S,, = run-order factors. The first KI correspond to segments. 
The last K,+ 1 are d u m y  factors that index run-order 
wiihin segments. 

L ,  = # of levels of segment factor S ,,..., S,+, 
s I ,  s P I  = index of segment factor S, ,..., SK-,. 1 <sisLi 

K 
n L i  = # of treatment combinations (factor level combinations) 
i = I  

K - 1  
II Li = # of run -orders 
i =f 

We can now write the linear model: 

where 



A vector of realizable observations with factors and repiicates 

in lexicographie order y is sire ( tc L~) x 1 . 

=2,1, ..., l @  1,I ,..* I A vector of potential observations when treatment 

combination fi,&, ..., fK isapplïed to mn-order s,,s,, ..., s,. y 

A selection ma& indicating which potential observations are 



2.4.2 Obtaining moments of T 

We saw earlier (17) that to h d  the expected value of a quadratic form we need 

evaluate E(t/lh..Jfis l,s,..3KK ) , a column of E(T). and 

product of the columns of T. 

where 1, is an identity matrix of size a. (Any matrix 
with only one subscript is assumed square). 

j, is a matrix of ones of size a x b 
8 is the Kronecker product. (Each element of the first 

operand is replaced by its product with the second operand). 

For a aven treatmnt combination there are L, , r a b l e  observations (eg. Figure 3 boxed 

K +l 

submatrix of y) and n Li potential observations (eg. Figure 3 boxed subrnatrix of z). The 
i =1 

K -1 

potential observations are rnapped to the realVable observations by T, an L,., by n Li 
i =I 

K *t 
indicator matrix (eg. Figure 3 boxed submatruc of 2'). Each of the fl Li potential 

i =I 



1 
observations is mapped to a realizable observation with equal probability -. yielding 

K -1 

rI Li 
i =I 

K 

. This rnapping is identical for each of the n~~ treatrnent 
i =l 

i = I  





(Continued on the next page) 



and P is determuied according to the 4 possible cases as follows: 

( 1 )  iJ G=/: $7 i .  I r i sK)  and (s,=sil i. I < i d + l )  
(i.e.) sanie treatment is applied to sanie mn-order 

(si?s( for aï l e m  one i, K , + l < i < K + l )  
(Le.) sarrit: treatment combination is applied to a different run-order 

within the mm lowest level se--nt 

(3) i /  ((=d Y i ,  l s i sK , )  and %Ff:for al leart one i, K , + l i i < K )  and 

(si=sl Y i ,  1 s i r  K,) Md (sissi' for at lemr one i. K, + l  r i 5  K + l )  
(Le.) different îreatment combination is applied to a different 

run-order within the sanie lowest level secement 

(4) if ( f , ~ x  for ar l e m  one i.  1 sis KI)  and (si-si> for al leart one i, 1 s i s  K,)  

and (r  =r ') where 

r equak the subscript of the € i  ineqdity in (( =I;'). ( 1  51-5 K,) 
r 'equals the subscript of the fïrst inequality in (si =s(). (1 5 r< KI)  

(Le) different treatment combination applied to a different 
run-order in a different se-t 



Proof: 

The column vector ti, a column of T. has a single element equal to 1- the rest k i n g  zero. 

This nonzero component c m  only occur in one of the L,+, rows that correspond to the 

treatment combination king mapped fiornz to y. C d  this potentially nonzero subvector 

tib. The outer product of t,$ is size L,, x L, *, with ~ ( t g )  = P .  The rows and 

columns of P are indexed by the replication factor L,,,. 

E ,  is a square elementary matrit with the number of rows and number of columns equal 

K K 

to the number of treatment combinations ( n L i  x nLi) .  A 1 indicates the joint treatment 
i =I i =I  

combination associated with ti4 and ti.' . It follows that 

J 
~(5 . t :~ )  = E ~ @  ~ ( t & , )  = E,@ P. 

To find P, first define the events: 

A = {treatment combination ff2..& assigned to run-order s,s2 ... sK +,} 
/ / ,' B = ( treatment combination fx..fL assigned to run - order s, s, ... sK ., } 

Let p be defked as the probability of joint realization, i.e.: 

p = P(A and B) = P(BIA) P(A) 

S is an L,, x LK, matrix with nonzero elernents defined by possible nonzero values of 

tib and tieb . Let the nonzero values of S equal the reciprocal of the number of nonzero 

elements (al1 possibilities are equally likely). Then P = S p 



Four general cases give rise to P: 

(1) Same treatment combination, same mn-order. 

1 There are n L i  treatment combinations so P(A) = 7. (This is constant for 
i =I 

nr, 
I 

1 
cases (1) through (4)). Since A=B in this case P(BIA)=l, therefore p = 7 . 

pi 

Only diagonal eiernents of P are nonzero because in we are dealing with the same 

ILK* 1 run-order, and hence the same replication, so S = 7 and 

(2) Same treatment combination, different mn-order in the same segment. 

GivenA,thereare(L,,-1)waystorealizeBoutof n Li L,, -1 total ( ) ) 
possibilities. Therefore, p = P(BL4) P(A) = 

Only off-diagonal elernents of P are nonzero because we are dealing with a 



dinerent run-order, and hence a dinerent replication, so 

and P = S p  = 

(3) DBerent treatment combination, different run-order in the sarne segment. 

GivenA,thereareL,,waystorealizeBoutof ([i=:-i n LiLK+, ) - 1  ) total 

under different treatment combinations ail elernents of P are nonzero because any 

replicate in the first treatment combination may be realized with any replicate in 
I 

J ~ K  i the second treatment combination, hence S = - and 
(LK - I r  

(4) Different segment, any treatment combination, where r is the subscript of the 

first segment to be different. 
K -1 

Given A, there are L,*, way to realize B out of (L,-1) n Li total possibilities. 
i =r 4 



p = P(BiA) P(A) = . Since the run-orders are in 

i =r -1 

different treatment cornbinations, all elements of P are nonzero because any 

replicate in the fïrst treatment combination may be realized with any replicate in 

the second treatment combination , so S = and 
(LK -1 y 

2.4.3 One-factor Example Revisited 

We illustrate the application of the previous results by f ist  considering a one-factor 

exarnple under complete and restricted randomization 

2.4.3.1 Complete Randomization 

Consider a one-factor design with a single factor with two levels and two replications 

under complete randomization. Then: 



F, = factor A 
F, = replicates 
L, = 2 (# of levels of factor A) 
L, = 2 (# of replicates) 
f, = index for level of A 
f, = index for level of replicate 

SI, ..., S, = segment factors 
L ,,... L, = # of levels of S ,,.... S, 

Consequently, the treatments are indexed byf, wheref, takes on the values 1 and 2. These 

treatments are applied to mn-units Iabeled s,+ which take on the values 1 1. 1 2. 2 1.  22. 

Because randomization is not restricted, there is only one segment consisting of four mn- 

orders. 

The E(T) is: 

which matches (29) on page 30. 



t' , ,lis dependent on which of the four scenarios it corresponds to: The of E ( 5 p S 1 S :  @pSf 

1 .  Same run-order gets the same treatment. For example, the fust unit run gets treatrnent 

one: 

E, is given by: 

where r = l  and c=l  

and P is defined as: 

2. DHerent run-order within the same segment gets the sarne treatrnent. For example, the 

74 



h s t  unit run gets treatment one and the second unit run gets treatment one. 

t /  , J  = ml@Il t ;* lJ  
E(tfl@s,s2 

E, is given by: 

where r = l  and c=l  

and P is dehed as: 

which matches (31) on page 3 1. 

3. Dinerent run-unit gets a dinerent treatment in the same segment. For example, the frst 

unit run gets treatment one and the second unit run gets treatment two. 



E, is given by: 

where r=I and c=2 

and P is defined as: 

4. Different unit nui gets a different treatrnent in a different segment. Since 

randomization is not restricted there is only one segment, so this case does not exist. 

2.4.3.2 Restricted Randomization 

Now suppose that the experimnt has a run-order restriction on the factor, Le., levels 



of A are randomized, but ail reps at a given level of A rnust be run consecutively. Then: 

FI = factor A 
F, = replicates 
LI = 2 (# of levels of factor A) 
L2 = 2 (# of replicates) 
f, = index for factor A 
f, = index for replicates 

S1,...,S2 = segment factors 
LI ,... C, = # of levels of SI ,..., S2 

Consequently, the treatments are indexed by f, wheref, takes on the values 1 and 2. These 

treatments are applied to run-orders labeled s,s, which take on the values 11, 12, 2 1. 22. 

where s, indexes segments and s2 indexes run-order within segment. 

The E(T) is identical to the cornpletely randornized exampb: 

which matches (48) on page 4 1. 

/ , ,) is dependent on which of the four scenarios it corresponds to: The of E(!fl @ SIS2 ,*? 



1. Sarne m-order pts the sarne treatrnent. For example. the tirst unit nin gets treatment 

one. 

E, is given by: 

where r=I and c = l  

and P is defmed as: 

Hence, 

2. DifTerent run-order gets the same treatment within the same segment. For example, the 

lïrst unit run geu treatment one and the second unit run gets treatment one. 



E, is given by: 

where r = l  and c = l  

and P is defmed as: 

Hence, 

which matches (50) on page 42. 

3. Different run-order gets a different treatment in the same segment. For a single factor 

design with resuicted randomization this scenario does not exist. 

4. Different m-order gets a different treatment involving a different segment. For 

example, the hst unit run gets treatment one and the third unit mn gets treatment two. 



E, is given by: 

Ern = k  ;] 
where r=1 and c=2 

and P is defined as: 

Hence, 

2.5 TWO-FACTOR EXAMPLE 

Using the general method it is now feasible to investigate larger and more coq lex  

designs. Results, including a brief description. an ANOVA table, and summq, are 

presented for a two factor design, with fked factors A and B, according to the following 

restriction scenarios : 

1 .  cornplete randomization, 



2. restrict on a single factor (e.g. A: levels of A are randomized and then ail replications 

at a given level of A are run consecutively in random order), 

3. restrict on a fâctor combination (e.g. AB: AB combinations are randomized and then 

ail replications of a given AB combination are run consecutively in random order). 

4. restrict on a factor then restrict on another factor within the given levels of the frst 

(e-g. A B(A): levels of A are randomized and then, within each level of A the levels 

of B are randoniized and then all runs for the specified levels of A and B are mn 

consecutively in random order). 

Sirnilar to the one-factor exm@es, three cases are considered br each of the design 

scenarios: 

Case 1 : No Run-order effects (usual ANOVA), 

Case 2: Run-order effects are additive, 

Case 3: Run-order effects are nonadditive. 

The complexity of the underlying mode1 and ANOVA is increased due to the number of 

te- involved, so the detail present in the one-factor example is not attempted. Components 

that shed light on the nature of tests and the conditions leading to unbiased tests are discussed 

in greater detail. Again we shall assume that effects that involve run-order c m  be rnodeled 

as random effects with some general covariance structure C. It is further assumed that any 

three factor interaction components between A, B, and U are negligible, and while shown in 

the EMS table for completeness, they are not discussed in detail. 

The design under consideraiion is a coqle te  factorial with two factors A and B with 

1 and J levels respectively, and K replications. The ANOVA tables are specined in these 

general te rm while, for purposes of demonsuating the basic structure of the EMS 

components, 1, J, and K are set equal to two. 



2.5.1 Complete Randornization 

Consider a two-factor design with factors A and B where run-order is completely 

randomized. Shce there is no restriction or segmentation. run-order is indexed by a single 

su bscrip t : 

zGsl = p+ai+P-+a~-.+Ll,+a(/,ei+~(I,i+s,,, I Y 

where Z= 1 ... UK 

Results are summarized in Table XIX. 

Case 1 : No Run-order effects (usual ANOVA) 

As expected dl tests for main efFects and interaction are unbiased, but there rnust be no 

uncontrolled variables associated with time that a e c t  the response. 

Case 2: Run-order effects are additive (reduces to the usud ANOVA) 

When run-order effects are additive, tests for main effects and interactions remain unbiased 

although MSE is inflated to due to the presence of U components. The combination of 

randomization and additivity result in unbiased tests for ail effects. This assumption of 

additivity is implicit in Lorenzen (1984) and Anderson and McLean (1974% 1974b), and 

serves as the underiyng foundation for standard ANOVA. Lorenzen and Anderson (1993a) 

did comment that nonadditivity could exist but did not pursue the issue. 

Case 3: Run-order effects are nonadditive 

When run-order effects are nonadditive, the main effect tests for A and B are biased by AU 

and BU components respectively (third order interactions are assurned negligible). The form 

of the AU and BU bias components is the same, so only the AU coniponent is examùied in 

any detail. The AU bias component is a function of correlations among the aui,, effects: 



where cri, is from the diagonal of BA, 

The average correlation within the same ceatrnent must equal the average correlation in 

different treatments. This is a w a k  bias component, due oniy to the interaction between 

treatment and run-order, ie., the run-order correlation is dependent on the level of treatrnent. 



Table XII1 EMS for the Two-1:xtor design- complete ründoinizütioo 

..!a.!; ..... ~ ~ . ~ . ~ : ~ ~ ~ E ! . ~ ! : ~ ~ ! ~ .  .L~~U~! . .ROVA~. . .  . . ........ ... , . , ..*,..,.......... .......... . . .. . . . ................ . ................. . ................ . . . ............. . .. ....... . . . . ......... # ....... . ......... . ................. . . . . ........ . . ......... .... 
A: O: + J K O ( A )  

B: oz + IKQB) 

AB: o: + K@(AB) 

2 E oc 

Cüsc 2: Run-order ctkcts ürc: additive (Usuül ANOVA) ,...............................,.,... .................................... ............................ ...................................,.....,,.,.............,.,,................,.,.*,,.....,...,.,...,,.................................................................~..~.....~............ 

i 
1 AR: o: * KB(AR) 







2.5.2 Randomization restricted on a main effect: A 

Consider a factorial design involving factors A and B with a mn-order restriction on 

A. Once a level of factor A is randomly chosen, aIl levels of B and all replications are run 

in random order before proceeduig to another level of k If the restriction were instead on 

the second factor B, the results would hold by simply re labeling the two factors. There are 

now two sepnts  corresponding to the two Ievels of k The vector of potentiai responses 

c m  be re written as: 

Case 1 : No Run-order effects (usual ANOVA) 

Results are identical to Case 1.1 because there are no run-order effects. Tests for 

main effects and interaction are unbiased. 

Case 2: Run-order effects are additive (reduces to the usud ANOVA) 

When ru-order effects are additive, the test for the effec t of factor A is biased, while 

the tests for the effects of B and AB are not biased. This is the same result arrived at in 

Lorenzm (19û4). The bias component on the test for A is a hinction of the correlation of the 

q, and the K, which c m  be rewritten as  a fùnction of U, as shown on page 60. The bias 

component is the average correlation of effects within the sarne segment minus the average 

correlation of effects in Mereut segments. If observations close in tirne are more highly 

correlated than observations farther apart in tune then this is a strong bias component. In 

practice, it would usually be necessary to assume that there are no uncontrolled effects that 

change over time and a e c t  the response. This is the price that m s t  be paid for restricting 

randomization. Under c o q l e t e  randornization no such bias existed (see Table XXI) . 

If one were willing to live with a potential bias on the resuicted term then it would 

appear that tests involving other t e m  are una£Fected. One might conclude that restricting 



factors of saondary importance leaves tests for factors of primary importance unbiased and 

yields potential benefits in tinie and cost. For example, if the main effects of B or interaction 

effects of AB are of prirnary interest, then this restricted randomization appears to be a good 

design candidate. Such a conclusion is premature until the nature of potential bias due to 

nonadditivîty is examined. 

Case 3: Run-order effects are non additive 

When run-order effects are non additive, tests for A, B, and AB are all biased and the 

nature of these bias components is summarized in Table XXII. The additional bias 

components, for testing B and AB, are al1 weak bias components. In other words, unless the 

correlation is strongly dependent on the level of treatment. test for the etfects of B and the 

interaction effects of AB are relatively unbiased. Restricting on factors of las importance 

creates a strong bias in tests for those factors, but creates only weak bias in tests for the 

effects of other factors deemed more important. 













2.5.3 Randornization restricted on a treatment combination: AB 

Consider now a factorial design involving factors A and B with a mn-order restriction 

placed on AB, i.e., an B combination is randomiy chosen and all replications are run in 

random order before proceeding to another AB combination. Sepents ,  then. are dehed 

by unique combinations of the Ieveis of A and B. 

Case 1 : No Run-order effects (usual ANOVA) 

Results are the usual unbiased tests. 

Case 2: Run-order effects are additive 

AU t e m  now have a strong U bias component. 

Case 3: Run-order effects are non additive 

Additional AU and BU bias components appear for r e m  A, B, and AB. These are 

all strong bias components. In practice, one must assume no lurking variables affect the 

response of interest. 
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2.5.4 Randornization restricted hierarchically: A, then B within A 

Consider a factorial design involving factors A and B with a run-order restriction 

placed on A and then B within A A level of A is randornly chosen, then within that level 

of A, a level of B is randomly chosen and ail replications are run in random order before 

proceeding to another level of B. When aU levels of B have been completed, another level 

of A is selected at random aiid the process repeats itself. This is considered a hierarchical 

restnc tion, a restriction within a restriction- 

Case 1: No Run-order effects (usuai ANOVA) 

AU tests are unbiased. 

Case 2: Run-order effects are additive 

An terms now exhibt a strong bias component that is a tùnction of K. but the test on 

factor A is further biased by a component involving q. This makes intuitive sense because 

the levels of B are randomized to a greater degree than the levels of A (hierarchical nature 

of the restriction) . 

Case 3: Run-order effects are non additive 

An t e m  now exhibit strong interaction bias components that involve ic, but thz test 

on factor A is further biased by interaction components that involve q. This makes intuitive 

sense because there is more randomization among the levels of B than among the levels of 

A (hierarchical nature of the restriction) 



Table XVI EMS for the Two-factor design- restricted on A, and B wiihin A 

1 Case 1 : No Run-order effixts (usual ANOVA) 

AB: of + KB(AB) 

2 
k?? Oc 

--- -- - -- 

Case 2: Ruii-order etrècLs arc additive 
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2.5.5 Summary of the Tko Factor Example 

In each of the preceding four sections specific restrictions on the randomization 

process have k e n  addressed. AU those results are now surnmarized in Table X M  where 

the presence of bias components is s h o w  and each bias component is labeled as strong or 

weak. Under complete randomization the subscnpt that defines between and within, does 

not change in conjunction with the subscript that de fines run-O rder. The result is a weak bias 

component that is a measure of interaction only. For exarnple, run-order is defïned by I and 

for the bias component that involves au,,, the sarne levels of the subscript I appear in the 

befiveen and the within sections: 

When randomization is restricted, then the subscript that defuies between and within changes 

in conjunction with a subscript that defmes segments. Contrats among the levek of 

subscript that defme between and within are also contrasts among segments, i-e., they are 

confounded. The result is a strong bias component, one that conuasts observations closer 

in thne with those m e r  apart in tirne. For example, the subscript i changes in conjunction 

with the segment subscript m, resulting in a strong bias component. 

This also exp- why strong main effect bias components and strong non additive bias 

components that involve the main effect always appear in conjunction. 

In particular, the following points are surnmarized in Table XVII: 

a With cornplete randomization no strong bias components exist. 



With a restriction on A, there are strong bias components in the test for the effect of 

A, but ody weak bias components in tests for the effects of B and AB. If weak bias 

components are negligible then one can restnct on factors of lesser importance and 

maintain reasonably unbiased tests on factors of greater importance. in some 

practical setùngs this may reduce cost or increase efficiency. 

With the restriction on AB, tests for aIl effecü exhibit strong bias components. The 

eEect of segmenting has ken  spread among the tests for the effects of A, B, and AB. 

The magnitude of each component is l e s  than the strong bias component when the 

restriction is on A only. This is because there is increased randomization, i-e., more 

segments of smaller size are king randomized. 

With the restriction on A and then B withh A, there are two levels of bias 

components: those that are a function of the restriction on A and those that are a 

function of the restriction on B within A. Strong bias components exist for ail tests. 

but for the tests of B effects and AB effects there are no strong bias components 

involving q. This is expected because components involving q conuast the levels 

of A and these contrasts are averaged out when looking at the sums of squares for B 

or AB. Thus the bias associated with A effects is generally larger than the bias 

associated with B and AB effects. 



Table XVII Summary of bias for the Two-factor design under various randomizaiion scenarios 

1 Restriction 

1 On A, thrn B within A 1 A 

Bias Components (S: Strong, W: Weak, Shaded: undefined) I 

S j S I S  S I S I S  S  S S s b l s  
j s i  S 

I 

j s l s  W I S  S W S S  

i S I  s I S I S  w l s l s  w l s l s 



2.6 EMS RULES THAT MODEL THE: RANDOMIZATION PROCESS 

General rules are now developed, assuming nonadditivity of treatment and mn-order 

effects. These d e s  are amendments to Bemett-Franklin type niles and only indicate the 

presence and strength of any bias components, oot the exact form. EMS are generated for 

any hierarchicaily restricted, baianced, complete factorial design. Anderson and McLean 

( 1974a, 1974b) modified the usual linear model to represent restrictions on randomization 

and then applied the usual algorithm to generate EMS (Lorenzen and Anderson 1993b). 

The linear model is M e r  modifed to allow for nonadditivity of treatment and run-order 

effects. There has been much discussion in the literature about expected mean squares in the 

mixed model (Scheffe 1959; Searle 197 1 : Hocking 1973; Samuels et al. 199 1). In bief, two 

methods for calculating EMS compete, whose prirnary dBerences Lie in the parameter 

definitions for interactions between h e d  and random factors, and the associated covariance 

structure. Regardles of which of the competing mixed model definitions is used, the 

following adaptations generate EMS cornponents that represent restrictions on the 

randomization process. 

The niles work on the follo wing basis: For any term in the proposed model, Say A, 

the bias components are a îùnction of [MS,,, - MSJ which can be written as a hinction of 

cross-products within the same level minus cross-products between levels. For example, the 

bias components for A, Born a one-factor design, c m  be expressed as: 



2.6.1 General Ems Rules 

The following rules will reproduce the bias components found in Table XVII and 

indicate the stronglweak nature of the bias: 

Debe  factors and relationships. 

8 Define the usual design factors and their relationshtps. 

Starting at the top of the hierarchy, for each factor, or factor combination, that defmes 

a hierarchical restriction, define a segment factor nested in the det-dg factors and 

any previously debed segment factors. 

After aIl segment factors are deîïned, define a fmal segment factor. nested in ail 

previous segment factors. 

Create the lÜU effects mode1 using ail dehed factors and append an error term that 

includes al1 previous subscnpts. Label terms in the mode1 as fixed, random, or mixed 

(random with the restriction that the sum over subscnpts associated with fmed factors is 

O), in the usual manner (accordhg to either of the two competing methods for mixed 

models). However, any t e m  that contains a segment eEect should be considered 

random To avoid htroducing an excess of syrnbols (e-g.. H for the factor and q for the 

effect), segment factors and effects will be labeled with the same symbol. 

Calculate the EMS for terms that are not associated with segment effects and the error 

term, using standard algorithms for generating EMS (Lorenzen and Anderson 1993b). 

The expectation is taken over all terms created in step 2. 

Expand any component that includes both design and segment factors into multiple 

component, representing the segment factor main etfect the interactions between the 

segment factor and design factor. For example, just as we can expand B(A) as [B + AB 1 
we can also expand q(A)B as [q + Aq]B and write it as  [Bq + ABqJ. The EMS terms 

from Step 3 are expanded in sequential order and shown in [ 1. 
Components associated with segment main effects are strong bias components. For 

example, o i  is a suong bias component. Components associated with interactions that 

involve segment effects are strong bias components if they appear in conjunction with 



the segment main effect component, otherwise it is a weak bias. For exarnple, the 

component ai, is a strong bias component if it appears in conjunction with a:, 

otherwise it is a weak bias component. Indicate weak bias components in some manner, 

for example weak bias cornponents are underhed. 

The Pseudo EMS constructed according to these niles now contains ail components shown 

in shown in Table XM and their strong and weak nature is indicated. They are referred to 

as Pseudo EMS because only the presence of nui-order bias components is indicated, not the 

form of the component. The rules will now be applied to ai! the previous examples in this 

chapter: 

Table XVIll Index to examples of Pseudo EMS generation 

DESIGN 1 RESTRICTION ON: 1 TABLE 1 
- -  - 

One-fac tor 

Table XXI 
,-----.------- -.--..-.*-.....*-.... I 
Table X X I l  

,w**.f.C..-.----.-----..-.----.---. I 
Table MUII 1 

1 A, then B within A 1 Table XXIV 1 
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-1 N T  CVC 

D O 0  





2.6.2 Rule Subset for Strong Bias Indication 

Under certain conditions the general d e s  c m  be simplified. This may be helpful for 

consulting work when a mode1 and associated EMS need to be constnicted "on the fly," or 

for instnictionai purposes in experimental design courses. This subset of the general rules 

is equivalent to those produced by Anderson and McLean ( 1974% 1974b), Lorenzen ( 1984). 

and Lorenzen and Anderson (1993a). There are two conditions under which the following 

subset of rules can be applied: 

1. Run-order effects are additive (the assumption made in previous work by 

Anderson ( 1974% 1974b), Lorenzen ( 1984), and Lorenzen and Anderson 

(1993a)), or 

2. Only strong bias components are of interest. Because strongly biased non 

additive components are present when the main effect bias component is present 

we cm interpret the main effect bias cornponent as  representing strong bias 

including any non additive effects that involve the main effect. 

The subset niles are as follows: 

1. Define factors and relationships. 

Defme the usual design factors and their relationships. 

Starhg at the top of the hierarchy, for each fartor, or factor combination, that 

defines a hierarchical restriction, define a segment factor nested in the 

denning factors and any previously defined segment factor. 

2. Create the fuIl effects mode1 using ail defbed factors but do not create 

interactions that involve segment factors, append an error term that includes 

previous subscnpts. Label te= in the mode1 as hed, random, or rriixed, in the 

usual mamer (according to either of the two competing methods for mked 



models). Segment effect are considered random 

3. Calculate the EMS for te= that are not associated with segment effects and the 

error tex-m, using standard EMS algorihm (Lorenzen and Anderson 1993b). The 

expectation is taken over all t e rm created in step 2. 

The subset niles are now applied to the Two-factor design, restricted on A, then B within A 

(see n b l e  XXV). The tk-coosuming steps, 4 and 5, are no longer required. The tests for 

ail effects, A, B, and AB, exhibit strong bias due to the restriction on B within A. The test 

for the effkcts of A exhibits additionai strong bias due to the restriction on A. Under 

nonadditivity these strong bias CO mponents include non additive components that involve 

the respective main efféct. 



Table XXV Subset of Pseudo EMS for the Two-factor design: restriction on A, then B within A 

Step 1 .................................... 
A 
B 
rlw 
~(ABrll 
WBll K) 
E(AB~KA) 

Step 2 
.............*........l.......lf........................................................................... 

Step 3 ,.....,.................,...............,*,.*...**...,..,...,........................,,.......,,..*....***....,,.....*...................... ! 



2.7 SUMMARY OF SEGMENT RESTRICTIONS 

Rando mization, assignment of treatrnents to experimental units or run-order of 

experimental trials, is a comerstone of statistical design of experiments. However, because 

of real world constraints it may be impractical to completely randornize. This introduces 

potential bias in tests concerning mode1 parameters. This bias usually remains hidden when 

analyzing data using textbook h e a r  model methods because the model provides no means 

for represenling the underlying randomization process. Previous authors have suggested 

modifications to the linear model to allow for the representation of pertinent randomization 

information. Such mod5cations produced usehil results but involved implicit strict 

additivity assumptioos. 

This chapter generalized previous results to d o w  for nonadditivity of run-order 

effects and treatment effects. This generalization aiso allows for the separation of 

information pertinent to treatoient structure and inforrnaiion pertinent to randomization. Bias 

components, including those due to non additive effects are explicit in the expected mean 

squares. The existence and nature of both strong and weak bias components were discussed. 

It was shown that, wMe non additive bias components may be weak or strong, the presence 

of strong non additive b i s  components is indicated by main effect bias components. If 

restrictions are placed on factors of lesser importance then factors of greater importance will 

be weakly biased. 

Rules were developed for construction of EMS that show the po tentiai bias present 

when resuiçting randoniizauon of run-order. These des are adaptations of Bennet/Franklin 

type rules and are applicable to the class of hierarchically restricted balanced coqlete 

factorial designs. The d e s  indicate both the presence of bias due to restncted rando rriization 

and the strong or weak nature of the bis. A subset of these des ,  effectively those used by 

Anderson and McLean (1974% 1974b), Lorenzen (1984), and Lorenzen and Anderson 

(1 993a), were also demastrated and interpreted according to two alterative conditions. 



MODELING BLOCK RESTRICTIONS 

3.1 INTRODUCTION 

Chapter Two dealt with restrictions in time at the discretion of the experimenter. 

This chapter deals with designs that involve inherent relationships among the experimental 

material that resuit in restrictions on the randomization process. These designs involve 

blocking- the non random grouping of similar experimental matpial. The effects of such 

restriction on randomization are not completely represented by the classical hear model, as 

pointed out previously by authors such as W& (1 9 5 3 ,  Kempthome (1955), Scheffe (1959), 

Anderson and McLean (1974a), and Hinkelmann and Kempthorne (1994). In particular, 

there has been discussion and disagreement on the whether and how to test for block effects 

(Hocking 1973; S m e l s  et al. 1991). In his review of Samuels et al. (199 l), Speed 

summarized eloquently: 

... this mked-mode1 rnuddle is a self-inflicted wound that can only be healed 
by genuinely returning to those notions and principles that authors claimed 
guided their thinking: populations of umts and sampluig and randomization 
procedures (Speed 199 1, p. 8 10). 

Examde 3.1 The CRD and RCBD: Confushg Similarities 

Two experiments are described in parallel to illustrate the apparent similarities and 

the differences between the CRD and RCBD. The CRD has two factors and is replicated 

once. The RCBD has one blocking factor and one treatment factor and is replicated once. 

The eEects of the two treatment factors in the CRD are assumed additive, as are the block 

and treatment effects in the RCBD. 



Table XXVI The CRD and RCBD: Confùsing similaities 

- - -  

CRD: An experiment is conducted to assess 
the effects of drug type and dietary salt on 
a response of interest. Four rats serve as 
the experimental subjects (ail from the 
sarne litter). 

DRUG 
A B 

SALT L o w I  O O 1 

- -. . - -. . - -. . . 

The linear model is 

where 

Y i k  = 

CL = 
Si = 
4 = 
Eijk = 

response of the kh rat receiving 
the ija treatment fi=1, ..., 1, 
j=1, ... J ,  k=1, ..., K, where I=2, 
J=2, and K= 1) 
overall mean, 
effect of the ih level of salt, 
eEect of the jh level of drug, 
additional error effect when 
the ijB treatment is applied to 
the k~ rat to receive that 
treatment. 

eiÜ - N(0, a,' ) and independent, 
ail other effects are considered h e d .  

Partitioning the sums of squares and 
calculating the EMS according to the 
defined model yields the standard EMS 
table for the CRD: 
.~-~~---------------.**---*-*..*-..-*-..-.~--~*-*-~-.*--*.*-. 

RCBD: An experiment is conducted to 
assess the effect of dmg type on a response 
of interest. Rats î?om two litters serve as 
the experimental subjects with both dmgs 
randomly assigned to the rats from each 
Litter. ,-C-C.-II--.-.-...CI-.--.-..--.--------.-.----------.-*..**-.--.-. 

DRUG 
A B 

Litter 

The linear model is 

where 

Yijk = 

P = 
li = 
4 = 
€# = 

response of the km rat of the ib 
lab receiving the ij' ueaunent 
(i=l, ..., 1, ~ = l ,  ..., J, k=l,--. ,K, 
where I=2, J=2, and K=l) 
overd  mean, 
effect of the i& level of litter, 
effect of the j* Ievel of drug, 
additional error effect when 
the jm treatment is appiied to 
the kb rat to receive that 
treatment LFom the ih iitter. 

Ii - N(0, a,' ) and independent, 
egk - N(0, a,' ) and independent, 
ail other effects are considered fixed. 

.------....-----*_.--.*-**.-*.*-*--------.--..-----.---------------------. 

Partitioning the sums of squares and 
calculating the EMS according to the 
defined model yields the standard EMS 
table for the RCBD: 



Sait 1- 1 .2 2 a, + JO1 

Error (1- 1 )  1 a: I Error (1- l ) (J-  1 )  CJ: 

..-C-..-----.----l*-~--.-----.--.--------..-- .**---UfU.--.IUII.~*------------------.-.-----*----*-* 

From inspection of the EMS it appears that From inspection of the EMS it appears that 
there are unbiased tests for bo th the Salt there are unbiased tests for both the Litter 
and Dmg e&ct using MSE as the and Dmg effect using MSE as the 
denominator of the F-test. denominator of the F-test. 

Design Information Absentfrom the Design Information Absent from the 
Linear Modei: Randomization Process Linear Model: Randomization Process 

Salt-Drue combinations are randomly Drug levels are randomly assigned to rats. 
assigned to rats. Litter of origin is not subject to 

experiment al CO nuo 1. 

Comparing the models and EMS tables for the two designs it is not clear that a 

fundamental ditference exists, in fact they appear virtually identic& The dEerence Lies in 

the process of assigning treatments to experimental units. In the CRD any Salt-Dnig 

combination can be assigned to a rat whereas in the RCBD only a level of Dmg can be 

assigned to a rat because its Litter of ongin is not subject to experirnental control. The 

sirnilarity of designs in Table XXVI is due to the absence of this information in the 

description of the linear mode1 and associated EMS. The "apparent" unbiased test for Litter 

is, in fact, biased, but the process of randomization must be explicitly modeled in order to 

demonstrate this. 

This chapter examines "Blocking" (which, for now, we generalize as the non random 

grouping of experirnental material) as a restriction on randomization. The approach used is 

similar to that used for restrictions in tirne, or "Segmentation", discussed in Chapter Two. 

Analogous methods can be used to mode1 the effects of blocking i-e., treating the realized 



observations as a randomly selected fraction of the potential observations. The ditference 

lies in the population of potential observations and the m m e r  in which randornization is 

resuicted. The methodology developed is general to the class of hierarchicdiy blocked 

complete factorial designs. Hierarchical blocking inters a hierarchy of experimental material, 

such as School, Class withiu School, and Student within Class, The levels of each of these 

factors cm serve as experimental units to which a factorial treatment structure can be 

randomly assigned. Designs in this class include CRD, RCBD, Split-Plot, Split-Split-Plot, 

etc., and c m  involve subsamphg at any level of experimental material. Once the 

methodology is developed, alternative models are presented based on v-g assumptions 

(e-g., the usual assumption of no block-treatment interaction is relaxed). Ln particular, the 

conditions leading to tests of Block and Treatment effects are examined. 

3.2 DERIVATION 

While the methodology is similar, the parameter definitions for blocking dBer from 

those of segmenthg as given in Chapter Two. Here, we focus on the intrinsic structure of 

the experimental material. Consider a Generalized RCBD (GRCBD: an RCBD where 

treatment is replicated within each block, see Gates 1995) with a single treatment factor and 

subsampling. First defme the conceptual mean, A,,, according to Wuk (1955). Agmn is 

the conceptual determuiistic component of the response if treatment j is applied to unit m 

(implies all subunits of unit m as well) of block i. For segmentation (Chapter Two) a 

notational convenience, @, was introduced to separate subscripts associated with the usual 

effects tkom subscripts associated with the eEects descnbing the randomization process. For 

blockiog the distinction is not as clear because the subscripts associated with the usual effects 

are also associated with the randomiiration process. The use of such a separator contons the 

order, farniliar to most users, that portrays the hierarchy of experimental material and its 

relationship to other factors. For this reason the notationai convenience of Chapter Two is 

not adopted for use here. An equivalent algebraic expression for A,, in t e m  of means 

and deviations fiom means is given by 



If "effects" are defïned according to Table XXW then A,,, may be reparameterized as 

These parameters are conceptual because alI treatments cannot be applied to a given 

experimental unit in a realized experiment. The following conditions are implicit in the 

parameter definitions: 



Table rCXVIl Parameter definiton for the GRCBD with subsampling 

i Grand mean: overall mean response of ail ûeatmenrs applied to 
al1 units in al l  blocks. 

pi =[(L -*-)] i Block effect: difference between the mean response of ail 
ueatments applied to ail uni& of bIock i and the 
overail mean response. 

i Treatment effect: difference between the mean response of 
ueaunent j applied to al1 units of al1 blocks and the 
overail mean response. 

pi, =[{qj.- -4-*) - (A,,-- f Blodc-Treatment in teraction: difference between the treamien t 
effect within block i and the overall treatment effect. 

i Unit-error effect: difierence between the mean response of al1 
treamients appiied to unit m of block i and the mean 
response of aü treatments applied to ail units of block 
1. 

=[(&in. -4,) - ($- Treatment-lTnit-erra interaction: difference between the 
treatment effect within unit m of block i and the 
treatment effect within block i. 

.--.--...-*-.-*--.- "--*....-"*--.---.-.-.~.-.-*---*-..-..**...*-*.--.-.-.----.-----.--......--*.-.*-*------------* 
i Subsampling-error effect: âifference between the response of 

a i i  treamients applied to sub unit n of unit m of block 
i and the mean response of all trearments applied to al1 
sub units of unit m of block i. 

W..  =[(aiFn -A") - (qirnrn -Aim)] Tratment-Subsampling-error in teraction: difference between 
rJmn the treatment effect within subunit n of unit m of block 

i and treatment effect within unit rn of block i. 

Let z,, be the potential response if treatment j is applied to unit rn, and hence subunit 

n of unit m of block i: 

The stochastic cornponent, E, , is part of experimental error and assumed to be distributed 

i d  ~(0,a:) (Unit-error effect and Treatment-Unit-error interaction kom Table XXW are 

detecrninistic components of experimental error). eYm may be an expression of treatment 



error (the inability to reproduce treatment conditions exactly) or  random fluctuations in the 

state of the experirnental unit (Hinkelrnann and Kempthome 1994). 6,, is part of 

subsampling error or may be an expression of random fluctuations in the subunits, and is 

assumed to be distrîbuted üd N(O,O;). 

The model for the potential responses can be wntten in matrix notation. 

6 where [PT P 2 5  .--Y TVIJdw E1129 ---, EIAw 1111, ' ~ 1 x 2 ~  ' I J M ~  

X = design matrix relating z and 0 
P = # of parameters in the model 

(To avoid the use of multiple design matrices (X matrices) all effects are included in the 

vector 0). Not aIl potential responses can be realized for a given experiment. For example, 

in a standard RCBD (a single replication within each block), if unit 1 hom block 1 is 

assigned treatment 1, then no other unit from block 1 cm be assigned treatment 1. For any 

reaiizable experiment a selection matrix, T, is constructed that Links the realizable 

observations, y (in standard lexicographic order), to the potential responses, z. 

where T = [t ,,,,, t ,,,,, ... , tIJMJ and t,, is column vector, and 

q - MV (O, 1 O:) and represents observational error 

T is a random matrix that represents the randomization used in the experiment. Each of the 

IJK rows of T corresponds to a realizable response and each of the IJMN columns of T 

corresponds to a potential response. If a potentiai response is realized for a particular 

experiment then the correspondhg row and column of T contains a one, otherwise it contains 

a zero. 



We have added an extra component, q, or observational error. Whde not necessarily 

a fuoction of the experimental material, observational error is, in practice, often "lumped 

with experimental error or subsamphg error. Because the nature of the experimental 

material is central to the results of this chapter, we briefly consider observational error in 

order to clearly distinguish from experimental error or subsampling error. Conceptuaily, q 

is realized when the observation is made, not necessarily when the treatment is applied to the 

experimental unit. In fact, it may be possible to m o d e  observational error after the 

experiment has k e n  performed. For example, consider an experiment performed to study 

the degradation of vitamins under various k z - d r i e d  sto rage CO nditions. The lab tec hnician 

who made the original observations used a flawed measurement technique. A second set of 

observations is made by another technician using a correct measurement technique and 

observational error is greatly reduced (a basic assumption is that the experimental material 

remaios in a stable state once the treatment is applied). One fuial point should be made 

regarding observational error. If observations are made sequentdly in time and are subject 

to outside innuences (fatigue of the observer, equipment warm-up, etc.) then observation- 

order ought to be randomized just as  nui-order is randomized. Consequently all the results 

of Chapter Two could be applied to observation order as weil as nui-order of the experiment. 

With an understanding of when observational error is produced, q wül be ignored resulting 

in the model: 

and 

y = T z  

In an ANOVA table the sum of squares for the ph term in the model can be expressed 

/ / SSp = y ' ~ , y  = z T Q , T z  

E(SS,) is found in a similar fashio n as in Chap ter 2: 
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where R ,  = E(T 'Q, 2'). The EMS, are found by dividing the E(SS,) by the appropriate 

degrees of fkeedom. The evaluation of the EMS, requires R, which, in tum, requires: 

E(t,,,), a column of E(T) 

and 

These moments contain information pertinent to the randornization process. Up to this point, 

the development of the results has closely pardeled those for segmentation, presented in 

Chapter Two. However, in blocked designs the population of po tential observations and 

rando mization process difTer from those of segmentation, so the general methodolo gy for 

findiug the moments of T is a point of departure. Before deriving the general methodology 

for hding these moments, an example is presented to demonsuate the results thus far. 

Example 3.2a Modehg the Potentid Observations for an RCBD 

An experiment is conducted to test the effects of two levels of a Drug. Tests will be 

performed using two rats from each of two Litters. A single observation will be made on 

each rat. Within each Litter the two Dnigs are randornly assigned to the rats. Three 

subscripts, ijm, index the levels of Litter, Dmg, and Rat, respectively. Given the experiment 

as described, the vector of potential responses, z is modeled as follows: 



For any realizable experiment y is linked to z by a selection ma& T, where the subscripts 

of y, ijk, index the Ievels of Lab, Drug, and replication within a Lab-Drug combination, 

respectively. 

There is not a 1-to- 1 correspondence between y and z based on sirnilar subscripts, ie., y,,, 

may be realized as either z,,, or z,,,. Specifically, a subscript of z that indexes unique 

experimental units within a block is mapped to a subscnpt of y that indexes the number of 

experimental units within a block for a given treatment IeveL For example. m indexes the 

mm Rat from Lab i regardless of the level of Drug, while k indexes the ha Rat from Lab i to 

receive the j* level of Drug. It is important to clearly define the subscripts because they are 

involved in d e f h g  the probabilities associated with the randomization process. 

For this experiment there are only four (equally probable) potential assignments of Drug 



to Rats and they can be represented by four T matrices: 

To evahate the EMS requires both 

E(tm), a column of E(T) 

and 

/ 
CO V(tgmCi $ 1)  = ~ ( t ~ ~ t ~ ! $ , ~  1 )  -E(tÿm)E(ti $lm ') 

Because there are only a few possible T matrices it is easy to show, for example, that 



and 

where t,,, and t,,,are the 1'' and colurnn of T respectively 

AU remaining pair-wise moments are found in a similar manner. With these moments 

computed, the EMS, can be found according to (163). The computation of these moments 

c m  be accomplished by brute force, however, t h  is tedious for the simple case and 

infeasible for designs of increased complexity. As was done for segment restrictions, a 

general solution is developed to calculate moments of T for designs that involve blocking. 

Exam~ie 3.2b Contrasting the Potential Observations for the CRD and RCBD 

To further cl- the dif5erence between segmentation and blocking, we continue with 

the previous example and show the vector of potential observations, z ,  for the CRD and 

RCBD. The populations of potential observations differ because in the CRD randornization 

is restricted at the discretion of the experirnenter (Le., there may be none), whereas in the 

RCBD randomization is restricted due to the inherent structure of the experimentd material. 

The T selection matrices associated with each z are not even the same dimension. 



Table XXVLll Potential Observations for the CRD and RCBD 

CRD: An experiment is conducted to assess 

the effects of drug type and dietary salt on 

a response of interest. Four rats serve as 

the experimental subjects (all h m  the 

same litter). 

DRUG 
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RCBD: An experhent is conducted to 

asses the effect of dmg type on a response 

of interest- Rats fiom two litters serve as 

the experimental subjects with both dmgs 

randomly assigned to the rats from each 

litter- 

Litter 





3.3 A GENERAL METHOD 

A general method will now be developed for calculating moments of T for the cias  of 

complete factorial designs with hierarchical structure on the experimental materiai. This 

hierarchical structure irnpiies a hkrarchical grouping of the experirnental material. The 

factors that define these groupings wwill be called cluster factors (Milliken and Johnson 

1984), cab  them design factors). For example, the cluster factor School groups Classes, and 

the cluster factor Classes groups Students. Factors that defme the treatments or treatment 

combinations that are to be applied to the experimental material will be cailed treatment 

factors. For example, the treatment factors Temperature and Humidity, with two and three 

levels respectively, d e h e  six treatment combinations. Experimental units (EU'S) are the 

smaliest units of experimental material to which treatments are independently applied. 

Ditferent sets of treatments may be applied to experimental material from d8erent levels in 

the hierarchy, resulting in a hierarchy of experhental units (Le., split-plot type experhental 

structures). A Block is a cluster of experimental units, where ail appropnate treaunents are 

randomly assigned to the experirnental units within the cluster. Here. appropriate ueatments 

are those belonging to the set of treatments that define the experimental units. Observational 

units (OU'S) are the uni& of experirnental matenal on which observations are made, and 

may or may no t be the same as experimental units. 

The class of experirnental structures defhed above is quite broad as demonstrated in 

Figure 4 (a modifed structure diagram, Taylor and Hilton 198 1) where the hierarchical 

relationships arnong cluster factors and treatment factors are shown.. If a cluster factor is 

connected to any other factors by a strictly upward path (the path may include other factors) 

then it is considered nested in those factors. If there is no nesting relationship between two 

factors then they are considered crossed. The structure diagram is modified by imposing a 

design level super structure on it, represented by design levels O, 1, and 2 in Figure 4. A 

design level k (k= 1 ,. .. ,K) includes experimental unit E U ,  the treatment factors that defme 

EU, and any cluster factors nested in EU, that are not EU factors themselves or nested in 

other EU factors. Design level O iocludes any b l o c h g  factor for EU, and any cluster factors 



above the blocking factor. Cluster factors are indexed kom the top of the hierarchy using 

two subscnpts: the first (i= i ,..., IJ indexes cluster factor within design level, the second 

&=1, ..., K) indexes design level. Treatment factors with a common design level are indexed 

arbitrarily (from j=l, -*.J). The srnailest cluster units for a given level k will be caiied 

subsampling units (SSU7s), where SSUTs for design Ievel k are the blocks for design lrvel 

(k+l), and SSU's for level K are also the OU'S. The structure diagram demonstrates the 

repetitive and hierarchical tiamework used in development of the general methodology. For 

example, SSUTs from one level of the hierarc hy c m  serve as blocking units for the next level 

( e g ,  Cluster Factor 3,1). 

Design Level O rn 

Design Levei 1 i 

Figure 4 Modifed Structure Diagrarn for designs with blocking, replication, multiple 
levels of E.U.'s, and subsampling. 

In summary, the SSU7s of design level O are the blocks for design level 1. Each design 



level k (k=1 ,..., K) is defined by the independent application of treatment combinations to 

experimental unis (EU'S) which may be funher subdivided into hierarchical subsets of 

experimental material (the smallest of which is the SSU). The SSU's for level k are the 

blocks for the next design level k+ 1. The structure of design level k+ 1 is repeated for each 

SSU at design level k. The SSU's of design level O are the blocks for design level 1. This 

basic pattern of hierarchical design levels with independent randornizations at each level is 

exploited in the development of the general methodo10~ 

The foIlowing example is for a splà-plot design and demonsuates the modifed structure 

diagram for a specific design (Figure 5) : 

A school district wants to evaluate two methods of teaching science (based on 

rightfleft brain leaming styles). They are also interested in comparing three 

individual review methods: cornputer assisted review, standard homework 

assignments, and a combination of the two. Two schoolÎ wilI be randomly selected 

to be involved in the evaluation, with two grade seven classes fkom each school. 

Each of the teaching merhodr will be randomly assigned to a class from each 

school. The students in each class will be randomly assigned to the three review 

methoh. The fmal exam scores will be used to assess the effects of the teaching 

rnethods and review methods. 



Design Leod 1 1 

Figure 5 Modified Structure Diagram for Split-Plot Experimental Design 

Class is the experimental unit to which the treatment Teaching Method is applied 

and these two factors constitute design Level 1. School serves as a blocking factor 

for Classes and constitutes design Level O. Student is the experirnental unit to 

which the treatment Review Method is applied and these two factors constitute 

design level2. Class also serves as a blocking factor for Sntdents. 

The randomization of treatment combinations to EU'S is performed independently for 

each of the K hierarchical design levels. This means that the probability structure associated 

with the entire design c m  be built up fkom K independent and hierarchical subsmctures, 

where P(event, and event,,) = P(event,) P(event,,) for k+ k '. Given the hierarchical nature 

of the probability structure and the independence between the design levels, the Kronecker 

product is a natural operator to use because it multiplies each element of the Erst matrix by 

the every element of the second matrix. The theorems that define a general solution for the 

moments of T make effective use of this property. 



3.3.1 Notation 

We now defke a general notation similar to segmentation but with an added layer of 

complexity to distinpish between treatment factors and cluster factors that mode1 the 

inherent structure of the experimental material. 

Let: 

U, = i " cluster factor in the k " design level 
(i = 1 ,..., I,, k=[O,] 1 ,..., K where k=O is optional) 

5 = j " treatment factor in the k " design level 
(j = 1 , ..., Jk, k= 1 ,***? K) 

= # of levels of Uik nested within each level of the previous cluster factor 

( q î  -1)k for i> qk - ,,p -1) for i = I )  

L ~ .  = # of levels of T.k 
uik = 1 ,...Lu,, index for factor LIik 

- $k -- 1 ,  ...,LFfi, index For factor Fjk 

The hierarchy of factors in a structure diagram (Figure 4) can be equivalently 

represented as an ordered List, where factors withui a cornmon design level are bracketed: 

The structure diagram gives a visual, or more heuristic, description while the ordered List is 

amenable to algorithmic development and can be thought of as the basis for the theorems to 

be presented. This is the order of hierarchical models familiar to most users and will oken 

be referenced in shonhand ( c g . ,  U,,, U,, ,..., UIAK). 

The Uik factors and corresponding indices uniquely i d e n o  the experirnental material 

prior to treatment assigrnent (e-g., a specifc 

corresponding indices associated with realizable 

rat fkom a specific litter). Factors and 

observations do not uniquely identa the 



experimental materiaI, instead they identify replications within a treatment. Such replication 

factors can be defuied prior to the actual treatment assignrnent and are defmed as foilows: 

for each chuter factor Ua dehe a replicate factorR, (R for replicate instead of U for Unit) 

and index R, in t e m  of replication (e.g., the P rat from a specifk iitter to receive a specitic 

treatment) : 

R, = i' replicate factor in the kU design level 
( i=  1 ,... Jk, k=[O,] 1 ,... ,K where k=O is optional) 

L ~ l k  
for i= l  and k= 1,.J 

= # of replicotes of R, nested within the previous cluster factor (R,k-I,k,, 1 
and al1 treatment factors of the same design level (5 for j= l..J,) 

LiL' LU* for i=2 ,...,Zk and k= 1 ,... ,K 

= # of replicates of R, nested within the previous cluster factor (R,._,,J 

We can now write the Iinear model: 

where 

~ , z , . - ~ I  1 A vector of reaked observations with factors and replicates in 



A vector of potential observations with factors and units in 

iexicograp, orcier. z is size ((6 i = I  k -4  ÎhuJ [: fi..)) x I . 
j= i  k = i  

A seIection matrix indicating which potential observations are 

realized and is size 

For T, as defhed in (178), the columns indicate potential observations and the rows 

indicate realizable observations. For a given experiment, if a potential observation is 

realized then the appropriate row-colurnn of T is one, othenvise it is zero. The E(T) and 

, , , ) (the columns of 7') can be computed using the Kronecker operator, 
E(tffloY2D.-7%fl YIot+..Y*XI 

with potential observations associated with cotumns of the Kronecker operands and 

realizable observations associated with rows of the Kronecker operands. Working with an 

ordered list of factors, such as that found in (i76), the first two moments of T are given in 

Theorems 3 and 4 respectively. We wiil state and prove the general results, then show a 

specifc example. It should be noted that the elements of T are equal to one if an event 

occurs, and are equai to zero othenvise, so the expected value of an element of T is 

equivalent to the probability that the event occurs. In such circurnstances the expression 

"expected value" may be replaced by "probability". 



K 

where the Kronecker multiplier operator, @ , is defined such that 
k =f 

K 
@ Mk = Ml@ M,@ ... 8 MK, given Mk is a matrix 
k =t 

This c m  be rewritten in terrns of three components, B, C, and D as: 

= B.@[@ B.] 

where 



Pro* 

Subsmcntre D (defuies the conditional probability that a potential observation is realized 

for a given treatment and for a given design level k): 

Jt 

For each of the n~ treaunent combinations for a given design level k, there are 
j =l f'9 

*k 1, 

LRlk replications and nLq subsamples per replicate, for a total of n~ ,*  
i =2 i =I 

I k  

realizable observations. There are Lu I L potential EU'S and n ~ , ~  potential SSU's 
i =2 

4 
per EU for a total of n L ,  potential observations. The probability that a 

i =I tit 

potential observation becomes one specifc realized observation is - . [&) 
The probabiüty that the potential observations (represented by the colurnns of T )  

become specinc realized observations (represented by the rows of T )  can be 

represented by the matrix D = 

Substructure C (defines the marginal probability that a potential treatment is realized for 

a given design level k, because ali treatments are realized the probability is 1): 

Each of the ~ Ï L ,  potential treatment combinations for a given k is realized with 
j = I  9 



probability=l , represented by the matrix C = (+,J 

Subsmtcture Bk (for a given design level k, defmes the probability that a potential 

observation for a specified treatment is reaked by combining the conditional 

probabüities of substmcture D and the marginal probabilities of substructure C): 

Multiplying each element of the treatment probability structure, C, by the within 

treatment probability structure, D, results in Bk = 
(l,+..J " 

Complete Smtcîure E(T) (independent randomizations are performed at each of the k 

hierarchical design levels, the probabilities associated with design level K are 

multiplied by the probabilities associated with design level (K-l), and this is done for 

all k until ka): 

B,, represents the probability that the potential blocks for level k are realized. 

Blocks (for b l )  are not realized with probability 1 because the realized blocks 

are a h c t i o n  of the randornization performed at level (k-1). Multiplying each 

probability in B,, by the within block probability structure, B, can be perfonned 

by (&,@B~), which is the within block structure for level (k- 1). Bk2 represents 

the probability that the potential blocks for level (k- 1) are realized. Multiplying 

each probability in B,, by the within block probability structure, B,,, can be 

performed by (B,,@B,,), which is the within block structure for level (k-2). 

This continues until the within block probability structure, B,, is multiplied by 

each probability in its block structure, Bo, where 



Setting k=K results in E(T) = B, @ @ Bk - [:* 1 

Application of Theorem 3 is demonstrated for Example 3.2a (page 133) where the 

moments of T were found by brute force. First, dehe the foilowing: 

These results agree with those of Example 3.2a 



where E: is a nLUa x nLUa zero matrir with a 1 in row r and column c (1, ) (i> ] 

[il ,J x(a.4 zero matrix wi, a 1 in mw r anci and where E," is a n L ,  

column c 

and P, (written as the product of S, and p, to facilitate the proot) is defmed in one of six 

possible ways: 

/ / 
( 1 )  same Block: (u,= u, and fh=&,J V (m=O ,..., (k-1) and i = l ,  ... ,lm) 

/ same Treatment: Gk=4k V j= 1, ...Jk 

/ same EU: iilk=uz, 
/ same SSU:  u,=u,, V m=2 ,... ,Ik 



/ (2) same Block: (u,= u, and f. rm = f3 V (m=O ,..., (k-1) and i = l , . . .  J,,,) 

same Treatment: G ~ =  4: V j= 1 ,...Jk 

/ same EU: u,=u, 
/ different SSU: umk+ umk for at leust some ?n=2,...Jk 

/ (3) same Block: (uim= uim and ~~=f;:b t/ (m=O ,..., (k- 1) and i =  1 ,... Jm) 
/ same Treatment: Gk= $k V j= 1 ,...Jk 

different EU: u l k + u A  

/ / (4) same Block: (u,= u, and &,=hm) V (m=O ,..., (k-1) and i = I  ,... Am) 
/ different Treamient: Gk+ $k for nt least some j= 1 ,...,JI 



(5) different Block: (u,+ u b  or fh+&2 for at least sorne m=O, ...,( k-1) and 
i= 1 ,Jm 

(6) anything not defmed by cases (1) through (5) 
- .. 

The proof parallels substnictures B, C, and D from which the E(t, , 
1CP 2@-.*Ulfi 

I', %%Y , - - ' U ~ K ~  , ) i s  

built up using the Kronecker operator. 

Substmcture D (defines the probability that potential observations are jointly reaiized for 

a given design level k) : 

Given that the randomization of treatments to EU'S is independent for the K 

Ik 

hierarchical levels, for some level k there are n~,* realizable observations 
i =t 

(potentially nonzero rows) for each 20..P, , denoted by the subvector 



1 

t ', , , ) be the matrix of probabilities that 
t ~ l o Y D - . " r f i .  Let Pk = E(t;l,+.K P ,@,%...II IKK 

potential observations are jointly realized for a given k (P, is determined later). 

Subsmlcture C ( d e h e s  the probability that potential treatments are jointly realized given 

design level k, because al1 treatments are jointly reaiized the probability is 1): 

Because we are dealing with complete factorial designs where the joint probability 

of realizing any two treatments is 1, E," is a nt, L elernentary 
[:1 lJ[:I ) 

matrix wiîh a 1 indicating the joint treatments associated with t: and timl. 

Subsrnicmre Bk (for a given design level k, defines the probability that potentiai 

observations and treatments are jointly reaiized by combining the CO nditio na1 

probabilities associated with substmcture D and the marginal probabilities associated 

with substmcture C): 

Multiplying each element of the joint treatment structure, C, by the within 

treatment probability structure, Pb results in Bk = ( E / @  Pd. 

Cornplete Structure E(t, ' , , ) (independent randomizations are performed 
l @ ' L p - + K  U I ( T ~ . . . U [ f l  

at each of the k hierarchical design levels, the probabilities associated with design 

level K are multiplied by the probabilities associated with design level (K- 1 ), and 

this is done for all k until ka): 

B,, represents the probability that two potential blocks for level k are jointly 

realized. B l o c h  (for k>l) are not realized with probability 1 because the realized 

blocks are a function of the randomization performed at level (k- 1). Multiplying 



each probability in B,, by the within block probability structure, Bk, is 

accomplished by (Bk ,@ B 4, which yields the withh block probability structure 

for level (k-1). B, represents the probability that two potential blocks for level 

(k- 1) are jointly realized. Multiplying each probability in B, by the within 

block probability structure, B,,, is accomplished by (Bk ,@ B, ,), which yields the 

within block probability structure for level (k-2). This continues up to and 

inciuding (k=l) where Bo is the probability that two potential blocks for level 1 

10 

E/ , if exists 
are jointly reaiized, and where Bo = i =I 

Specification of P, = S,p,: 

(Table XXM can be used as a visual aid to indicate nonzero elements for cases 

(1) through (6). For cases ( l), (2), and (3) the nonzero elements are indicated with 

the respective case number. For case (4) and (5) all elements are nonzero, and for 

case (6) ali elements are zero.) 

Given events A and B d e h e d  as: 

A = { treatment f &... fJ$ assigned to EU il,,} 

B = { trearment f [J; ... f;$ assigned to EU ii /,} 

thenpk=P(A and 8) =P(BiA)P(A) andskisa nLh n~~ matrixofr ( ) ( i :  ) 



1 P nonzero weights equd to -. Hence, P, is a matrk whose r elements, equal to -, 
r r 

spread the probability of an event over the possible ways of realizing the event. 

/ / (1) same Block: (if,= u, and t/ (m=O ,..., (k-1) and i=1, ... Jm) 
/ same Treatment: J k = f i k  V j= 1, ..Jk 

/ same EU: u,=u, 
/ same SSU: r~,,=u,, V m=2, ...Jk 

Jk 

There are HL,# treatments so P(A) = 
j =r IA . Since event A equals event B the 

Events A (or B) is realized for alI n L E  SSUTs (diagonal elernents of 
i =I 



/ / (2) same Block: (u,= u, and fh=:M=fm) V (m=O ,..., (k-1) and i = l ,  ... ,i,J 
/ same Treatment: 4k=4k b' j= 1 ,...J, 

/ sarne EU: u,=u,, 
/ different SSU: um,+ u,, for at least some m=2 ,... 1, 

p, is defued as in (1) because it is only a function of treatrnent and EU. 

Two SSU's from a given EU c m  be realized in RL,* L - 1 ways, ) 
represented by the off diagonal submauix (see Table XXIX). 

Applyhg this within EU structure to all LRlk EU'S and dividing by the number of 

nonzero elements yields - - 

and P,= S,p ,  = 

/ / (3) same Block: (u,= u,  and fM=Am) V (m=O ,..., (k- 1) und i =  1 ,... Jm) 
/ same Treatment: f. ~k -& - V j= 1,  ...A 

different EU: u,,*u,/, 



. Conditional on event A, only L 1 of the remaining ( ~ * k -  ) 

(LUlk- 1) EU's can be assigned the treatment deFmed by event A, so 

the  fi^^ SSU's from one EU can be jointly reaiized with any of the n~~ SSUTs 
i =2 i =2 

P(BiA) = i) and pk = 

from another EU, represented by the submatrix of jointly realized SSU's ( 5.) 

(see Table XXM). There are ~ , l k ~ , k -  1) pairs of EU'S for which this can occur 

represented by the matrix of jointly realized EU'S - Applying the 

[ x) [$-] L 4 k  

I=LF* 
j =t - d 

within EU structure to the EU structure and weighting by the inverse of the 

-. For a @en treatrnmt, my of 

number on nonzero elements yields S, = 



/ (4) same Block: (u,= u, and fim=hb V (m=O. .... (k- 1) and i= 1 .... Jm) 

/ different Treatment: 4k+ & for at leust some j= 1 ,.... J, 

. Conditional on event A, LRu of the remaining LUIk-  1 EU'S ( 1 

cm be assigned the treatment debed by event B, ro P(BL4) = [ I )  and 

- 
I k  

. Any of the HLt SSU's from any of the L, EU'S 
It i =2 

Ii 

assigned one treatment cm be jointly realized with any of the n~~ SSU's from 
i =2 

any of the L,,, EU'S assigned another treatment. This is represented by the 

weight m a h  S, = 
~ L R ,  
1.1 (all elements of Table XXIX). So 



/ 1 ( 5 )  differeni Block: (uim+ u, or fm*&)  for ut leusr some m=O, ...,( k-1) and 
i= 1 ,...,I,,, 

A )  = ( 1  . Because randomizatian of treatments to E U 3  is independent 

among blocks P(BIA) = P(B) = P(A) = 

I k  

- 
1 . Any ofthe 

SSUTs from any of the L, EU'S from one block can be jointly realized 
IL i =2 

4 
with any of the HL% SSUTs fiom any of the LRlk EU'S from another block. This 

i =2 

is represented by the weight mauix S, = 

Table XXIX). So 



(6) joint realizations of SSU's that are not possible 
(anythmg not defined by cases (1) through (5 ) )  



Table XXM Location of nonzero elements of P, for cases ( 1 )  through (3). For cases (4) 
and (5) all elements are nonzero, and for case (6) al1 elements are zero. 
(1 )  = same SSU 
(2) = same EU but daerent SSU 
(3) = different EU 

Application of Theorem 4 is demonstrated for Example 3.2a (page 1 33) where the 

moments of T were found by brute force. First, define the foilowing: 



These results agree with those of Example 3.2a. 

3.4 EXAMPLE APPLIED TO A GRCBD WITH SUBSAMPLING 

The results of this section, specincally the EMS given in Table XXXI, are based on 

nieorerns 3 and 4 developed in the last section. We will consider the etfect of various 

models on the EMS and hypothesis tests based on those EMS. We begin with a futed eflècts 

model with additional random CO mponents that represent experimental error and samphg 

error (the model defined in Section 3.2) and through a series of assumptions evolve to a 

completely random model. In all, four modek are considered and for each we discuss the 

nature of tests for Block effects, Treatment effects, Block-Treatment interaction e e c t s ,  and 

the effects of experimental error. A high level map of the eEects provides an overview of 

the evolution from model 1 to model 4 (Table XXX). The corresponding EMS are found 

in Table XXXI. The effects are d e h e d  as fked, random, or both, and we also consider a 

rnixed Block-Treatment interaction efféct (Le., a random effec t with a sum- to-zero restriction 

over the subscript associated with the fixed factor). Two alternative definitions for the 

Block-Treatment interaction enects are of greater interest to us, specififally random and 

mixed, because they are at the root of the 'îvhetherlho w to test block effects" controversy 

arising from normal theory (Hocking 1973; Samueis et al 199 1). For a more detailed 

discussion of random and mixed Block-Treatment interaction effects the reader is referred 



to Searle (197 1) and Scheffe (1959). 

Tabk XXX Summary of effects associated with the four modek. F:fvced, R:random, 
M:mYced (random with sum-to-zero constraints over subscript associated with the 
fixed factor). 

Model 1: F i e d  Effects Model 

From a practitioners point of view this model is of lùnited use because the assumption 

of fmed blocks eîkcts restricts inferences to those blocks actudly run in the study. However, 

it serves as a starting point from which to explore more usefbi models. 

Block: The test for Block effects is biased whether MS(B1ock-Treatment interaction) 

or MS(Error) is used as the denominator because their EMS contain a Unit 

component that is not present in the EMS for Block. 

Treatment: The usual test for Treatment effects using MS(B1ock-Treatment 

interaction) in the denominator is biased because there is an additional 

Pz component in the EMS(B1ock-Treatment interaction). One wouid expect this 

in a two-factor fixed effects model, which is what we have by assurning Block 

eEects, as well as treatment effects, are fixed. The test using MS(Error) in the 

denominator is also biased because, while TU components are present in both 



EMS(Treatment) and EMS(Error), the coefficients differ. 

Block-Treaünent interaction: The test for Block-Treatment interaction effects using 

MS(Error) in the denominator is biased because, while -cri components are 

present in bo th EMS(B1ock-Treatment interaction) and EMS(Error), the 

coefficients differ. 

Model 2: Unit and subunit effects are additive, subunit effects are random 

The results based on mode1 2 are sirnilar to those of WiIk (1955) with the addition of 

random components due to experimental and observational error. As in Model 1, we are 

Limited by the assumption of hxed Block effects, however, because there is a test for 

Treatment effects, it serves as a stepping Stone to Model 3. W& (1955) argued in favor of 

assuming Treatment-Unit additivity because blocks are forrned, or chosen, in order to 

minimize the heterogeneity of the experimental material within a block While there may 

be large ditferences in experimental material fiom block to block, there should be relatively 

srnail ditferences between the units within a block. So, while Treatment may exhibit 

nonadditive behavior across blocks, it may be reasonable to assume additive behavio r across 

units within a block We are also assuming that the effects of subsampling or t a h g  repeated 

measures within a unit are modeled a s  random effects. 

Block: Tests for Block effects are biased for reasons stated for Model 1. 

Treatment: There is an unbiased test using MS(Error) a s  the denominator. This 

requires replication of treatments within blocks. 

Block-Treatment interaction: The test for Block-Treatment interaction effect using 

MS(Error) in the denorninator is unbiased. This requires replication of 

treatments within blocks. If this test is n ~ n s i g ~ c a n t ,  the SS and df associated 

with the Block-Treatment interaction effects can be pooled with those for Error, 



resulting in a more powerful test for Treatment effects. 

One could test for the joint effects of experimental error and unit effects by foming 

the ratio MS(Error)/MS(Su bsample). If nonsip~icant then hinher pooling 

could be done to increase the power of the test on treatments. 

(Comments on pooling are not meant to address the issue of whether and when to 

pool, but only to point out the existence of unbiased tests and the potentiai for 

pooling.) 

Mode1 3: Block effects are random 

With random Block effects inferences can be made to the population of blocks 

represented by those actualiy run in the experiment. This assumption is common in the 

development of the n o r d  theory RCBD as weil, and allo ws us to address the %hether/ho w 

to test block effects" controversy. The controversy has two Ievels: 

i) Normal theory: Should BIock-Treatment interaction effects be modeled as 

random or mixed, resulting in an unbiased or biased test of Block effects 

respectively (Searle 197 1 ; Hocking 1973)? 

ii) Recognition of the randomization process: Regardless of which definition is 

used for Block-Treatment interaction effects, the test for Block effects is not 

performed because the peculiar nature of the randomization process is 

recognized (Ostle and Mensing 1975, p. 380). 

We do not attempt to resolve the controversy in the normal theory arena because it deals with 

secondary issues as far as blocking is concerned, i-e., How to defme the parameters and 

covariance structures. The essence of blocking is a moditication of the randomization 

process and by directly modeling this process, randomization theory provides an alternative 

and more complete resolution. 



Block: The test for Block effects is biased for the reasons stated for Mode1 1. It does not 

matter whether the Block-Treatment interaction e ffec ts are de fined as random or mixed, 

the Unit effects introduce bias. 

Treatmen t: The test for Treatment eEects using MS(Block-Treatment interaction) in the 

denominator is unbiased regardless of whether the Block-Treatment interaction effects 

are defined as random or rnixed (this is true under normal theory as well). It is not 

necessary to replicate treatment w i t h  blocks, which can greatly reduce the required 

size of the experiment. 

Block-Treatment interaction: The test for Block-Treatment interaction effects using 

MS(Error) in the denominator is unbiased. This requires replication of treatments 

within blocks. If this test is nonsignifcant, the SS and df associated with the Block- 

Treatment interaction effects can be pooled with those for Error, resulting in a more 

powemil test for Treatment effects. 

One couid test for the joint effects of experimental error and unit effect by forming the ratio 

MS(Error)/MS(SubsampIe). If this test is not significant then further pooling couid be done. 

Mode1 4: Unit effects are random 

Ifblocks are made up of a large number of units, boom which a random sample of units 

is drawn for the purposes of the experiment then the resultant tests are equivaient to those 

of normal theory: 

Block: If Block-Treatment interaction effects are modeled as random effects then 

there is an unbiased test for Block effects using MS(B1ock-Treatment) in the 

denominator. If Block-Treatment interaction effects are modeled as mixed 

effécts then there is not an unbiased test for Block effects. In this case the mode1 

should be appropriately defïned by considering the parameters and their 



associated covariance structure (Hocking 1973). 

Treatment: The test for Treatment effects using MS(B1ock-Treatment interaction) 

as the denorninator is unbiased, 

Block-Treatment interaction: The test for BIock-Treaunent interaction ef2ècts using 

MS(Error) in the denominator is unbiased. This requires replication of 

treatrnents within a bIock. 

Error: The test for experimental error effects using MS(Subsamp1e) in the 

denominator is unbiased. This requires subsampling or repeated measures on 

a unit- 









In sumrnary, the test of primary importance is that of ueatment effects and there are two 

conditions under which an unbiased test exists, bo th requirÏng Treatment-Unit additivity: 

1. If Block effects are fked and treatments are replicated within blocks then 

MS(Error) serves as the denominator, but inferences are restricted to those 

blocks actuaily mn in the experiment (see Model 2). 

2. If Block effects are random then MS(B1ock-Treatment interaction) serves as the 

denominator (see Model 3). It is not necessary to replicate treatments within 

blocks. Inferences apply to the population of blocks represented by those 

acnially run in the experiment. 

The test for blocks is usually of secondary importance, because blocking is used as a 

variance reduction technique. Ln order to test for Block effects the Units within blocks that 

are run  in the experiment must represent a random sample tiom a large population of units 

within those blocks (see Model 4). If this is true then the resulting tests are equivalent to 

those derived according to nomal theory and one must stiu decide whether to define the 

Block-Treatment interaction effects as random or mixed in order to determine if there is an 

unbiased test for Block effects. However, it is common to encounter the situation where 

Block effects are considered random while Units are not considered a random sample from 

a large population of units within a Block (Model 3) resulting in a biased test for Block 

effects. 

3.5 GENERAL RULES FOR PSEUDO EMS 

We win show how to augment the usual Luiear mode1 to incorporate information about 

the randomization process. We will also show how to construct pseudo EMS (indicate the 

existence, but not form, of cornponents associated with the randomization process). 

Treatment-Unit additivity is assumed but the experimenter is free to define Blocks effects, 

Treatment effects, and Block-Treatment interaction efTects as desired. 



The foilowing definitions are used in generating the EMS: 

If the levels of a h t  factor change for each level combination of a second set of factors, the 

index for the levels of the first factor are nested in the indices for level combinations of the 

second set of factors, or alternatively the indices for level combinations of the second set of 

factors contain the index for levek of the Fist factor. For example, if the levels of factor B 

( indexed by J] are ditferent for each level of factor A (indexed by 13 then j is nested in i, or 

alternatively i contains j. We shall refer to indices (or subscripts) that contain other indices 

as container indexes (or subscripts). Any subscnpt that is no t a CO ntainer subscrip t is called 

a noncontainer subscript. For example, the effects for A and B respectively are: 

where i is a non-container subscript with respect to a and 
i is a container subscript with respect to because it nests or contains j 

The concept of container subscripts is expressed by some authors (e.g., Lorenzen and 

Anderson 1993b) with notation that places container subscripts in parentheses, for example: 

Given that the order of t e m  in a mode1 corresponds to the naturai hierarchy of factors 

(see Figure 4 on page l a ) ,  the effects of blocking can be described as follows: 

If the Units within a block (or more generally a cluster factor) are associated with 

fked effects then a corresponding fuced component appears in the EMS associated 

with aU ternis fkom the Unit tenn up to, but not including the term associated with 

the block (or cluster) factor. 

This is demonstrated in Mode1 3 of Table XXXI, where a fured component associated with 

the Unit effects ( u 3  appears in the EMS(Error) which is associated with Units, the 

EMS (Block-Treatment interaction), and the EMS (Treatment), but no t the EMS(B1ock). 

Previous work by Anderson (1974a, 1974b), Lorenzen (1984), and Lorenzen and Anderson 

(1993a) incornpletely modeled the complement or lack of this bias component. Here its 



existence (but not fom)  is directly modeled using the folIowing process: 

1. Define the usual effects model. 

2. For each term in the model associated with clustered units that are not a random 

sample from a much larger population of units within the cluster: 

a. immediately follow it with a duplicate term marked with an asterisk, 

b. delete any container subscripts horn the asterisked term that are not 

in common with the tenn associated with the cluster factor. 

3. For each nonasterisked term in the model (term of interest) the EMS are 

generated by taking the expec tation over ail subsequent ternis in the augmented 

model (candidate terms). For nonasterisked candidate terms the EMS are 

calcuiated in the usual manner (Lorenzen and Anderson 1993b). For asterisked 

candidate terms the followùig rule is applied: 

If any noncontainer subscript of the term of interest is not a container 

subscnpt of the (subsequent) candidate term then a h e d  effects 

candidate component (a) is included in the EMS. 

This rule is the result of modeling units within blocks or clusters as Exed effects 

and the restriction that units are not randomly assigned to blocks or clusters. 

This process is demonstrated in the following example. 

Example 3.5a General Rules Amlied to a GRCBD with subsamolinq 

Two coatuig processes are to be tested for their ability to decrease brittleness of 

extmded plastic parts subjected to sunlight. Six Parts are exmded from a mold at 

a time, separated, and then coated. The position of the mold in the extruder cannot 

be precisely controlled. 

The experiment will consist of five extrusion nuis (Blocks). The two coatings 

(Treatments) are randomly assigned to the six parts (Experimental Units) in each 

run After a speci6ed amount of tirne in an artificial sunlight chamber the parts are 



tested for bnttleness. Two areas (Subsamples) of the part are tested due to 

variability in the testing procedure. 

Step 1: The usud effects mode1 for this experiment can be written as: 

Step 2: While it might be argued that Parts within the mold for each run are representative 

of a large population of potential Parts that could have been created, because of the 

positional effects within the mold we will assume that Parts from a mold run do net 

represent a random sample from a large number of such parts. 

a: The term representing part effects is duplicated with an asterisk. 

b: The container subscript j of the asterisked term is not in common with the 

subscnpts of the term associated with the clustering factor, pi ,  and is deleted. 

The augmented mode1 is: 

K 
where the additional terrn is defined such that Xei;=0 

k =I 



Step 3: For each term in (209) the expectation is taken over the terms in (212). Table 

XXXII sumrnarizes the application of the new d e  for each term of interest- The resulting 

EMS are shown in Table XXXIII[, 

Table XXXII Application of new d e  to the candidate term E,; 

Candidate term ~~i where 

i is a container subscript and 
k is a noncontainer subscri~t 

The noncontainer subscnpt i associated with BIock is a container 
subscript of the candidate term therefore no component is added 
to the EMS(B1ock). 

- - - 

The noncontainer subscript j associated with Treatment is not a 
container subscript of the candidate term therefore a component 
O,. is added to the EMS(Treatment). 

The noncontainer subscript j associated with Block-Treatment 
interaction is not a container subscript of the candidate term 
therefore a component a,. is added to the EMS(Block-Treatment 

interaction). 

The noncontainer subscnpt k associated with replication is not a 
container subscript of the candidate term therefore a component 
a,. is added to the EMS(Error). 

The candidate term is not subsequent to 6,,, in the model. No 

component is added to the EMS(S ubsample) 



Table XXXm Example of General Rules for EMS for Blocking: a GRCBD with 
Subsampling 

1 Block (Run): 

Treatment: 2 IKL xt; a6 + @.. + oE + K L o ~ ~  + - 
(J-i) j 

Block-Treatment interaction: cri + 0,. + o: + KL O;, 

1 Subsample (Area of Part): a: 

The test for Treatment effects is unbiased using MS(B1ock-Treatment interaction) in the 

denominator. However, there is no unbiased test for Block effects because no term for the 

denominator can be found that includes an asterisked component. The test for Block- 

Treatment interaction effects using MS(Error) in the denominator is unbiased. The test for 

Error effects (Parts) using MS(Subsamp1e) in the denominator is biased. These results are 

comparable with those in Table XXXI where form, as well as presence, of components is 

shown. 

Exam~ie 3.5b General Rules Amlied to a Split-Plot structure 

A school district wants to evaluate two methods of teaching science (based on 
rightlleft brain learning styles). They are &O interested in comparing three 
individual review methods: cornputer assisted review, standard hornework 
assignments, and a combination of the two. Two schools (S) will be randomly 
selected to be involved in the evaluation, with two grade seven classes (C) from 
each school. Each of the teaching methoh (T) wiil be randomly assigned to a class 
kom each school. The three review rnethods (R) will be randody assigned to the 
pupils (P) in each class. The final exam scores will be used to assess the effects 
of the teaching rnethodr and review methods. 



The linear model associated with this design is: 

and ~ ~ = X R , = ~ T R , ~ = ~ T R ~ ~ = O  
jzl [ = l  j=I 1 =l 

Neither classes wahin a school nor students within a class are a random sarnple from a large 

population so application of Step 2 yields the augmented model: 

K .U 

where the additional terms are defined such that C C i =  P,,=O 
k= l  m =I 

Application of Step 3 to the augmented model yields the EMS found in Table XXXIV. 



t e *  



The test for Teaching mthod is unbiased using MS(Schoo1-Teaching interaction) in the 

denornulator. The test for Review method is unbiased using MS(Schoo1-Review uitenc tion) 

in the denominator. The test for the Teaching method by Review method interaction is 

unbiased using MS (School-Teach-Review interaction) in the denominator. These tests of 

treatrnent effects are usually of primary interest. Additionally, the test for the School by 

Teaching method by Review method interaction is unbiased using MS(C1ass-Review 

interaction) in the denominator. The test for the CIass by Review method interaction is 

unbiased using MSmpin in the denoniinaior. The test for Class, which under norrnal theory 

would be unbiased ushg MS(C1ass-Review interaction) in the denorninator, is biased due 

to additional 0 components. 

3.6 SUMMARY OF MODELING BLOCK RESTRICTIONS 

The usual linear model and associated EMS do not incorporate information pertinent to 

the randomization process. This means there is relatively iittle ditference in the models and 

EMS of designs thai involve blocking (a restriction on the randomization process) and those 

that do not. This has resuited in some confusion over teshg for block effécts (Searle 197 1 ; 

Ostle and Mensing 1975, p. 380; SameIs et al. 199 1). The methods presented in this chapter 

extend the iinear model and associated EMS to incorporate information pertinent to the 

randornization process and rnake the effects of blocking expiicit. 

The methods are general to a rich class of hierarchical designs which includes the CRD. 

RCBD, and Split-plot, and may involve subsamphg. Additionally, sinip1e niles for 

generating EMS (Lorenzen and Anderson 1993b) were extended to model the effects the 

restricted randomization process. Several examples were given, and it was shown that in 

general the tests for fixed effects are similar to normal theory, but the same is not tnie for 

tests of effects associated with factors that block or cluster units. Ody if units used in the 

experiment are considered a random sample fiom a large population of units within each 

block or cluster, are the tests for block or cluster effects uobiased. The controversy over 



testing for block effects is resolved by modehg the randornization process. 



CHAPTER 4 

PUTTING IT ALL TOGETHER 

4.1 INTRODUCTION 

In this chapter two extensions to modeling restricted randomization are considered. 

Fust, the segmentation of fiactional designs, and second, the combination of the results for 

sepntation and blocking. Rather than denve results from fkst principles. this chapter w d  

focus on ways to directly apply the results of previous chapters. In conclusion, we will 

review the work presented in this, and previous chapters, and indicate how the computer 

code used to tind EMS for segmenting and biocking can be accessed via the Internet. 

4.2 SEGMENTATION OF FRACTIONAL DESIGNS 

The purpose of a fiactional design is to reduce the required size of an experiment by 

sacrificing information relative to effects of secondary importance while maximuing 

information relative to eEects of primary importance. This is accomplished by selechg a 

subset of the treatment combinations to be run in the experiment according to well defhed 

criteria (Box, Hunter, and Hunter 1978; Peterson 1985; Das and Giri 1986). The general 

approach to mode1 the effects of segmenting and blocking aho views the realizable 

observations as a fraction, or subset, of the potential observations. However, this fnction 

is selected according to a random process, unlïke fiactional designs where no random process 

CO- into play in the selection of the treatment combinations. Segmentation of a fractional 

design can then be modeled as a two stage fiactional design- the first stage is the nonrandom 

selection of a suhset of treatnoent combinations, and the second stage is the random selection 



of the treatment-run-order combinations to be realùed. Our intent is no t to present rnethods 

for creating kactional designs but to mode1 the effects of segmenthg a specified hctional 

design. For a review of fractional design the reader is referred to O ther sources (Box et al. 

1978; Peterson 1985; Das and Giri 1986). 

Comider the following example: 

Ini- an -nt is planned that involves three factors, A B, and C. each at two levels 

and a single replication. There are eight treatment combinations indexed by the levels of A, 

B, and C: 

111 112 121 122 211 212 221 222 

There are 64 potential observations, the union of the eight treatment combinations and the 

eight possible run-orders, indexed by the levels of A, B, C, and run-order. 

Because of cost constraints a decison is d e  to run a fkaction of the original eight treatment 

combinations. The fiaction is chosen in such a way that the effects of factor C are 

completely confounded with the interaction effects associated with factors A and B, or we 



may sirnply state that C is confounded with AB (irnplies that A is confounded with BC. and 

B is confounded with AC). Often effects of higher order are assumed negligible (e-g. 

interaction effect associated with factors A and 8)  and information obtained on the 

confounded effêcts is atuibuted entirely to effécts of lower order (e-g. niain effects associated 

with factor O. Applying the methods described in Box et. al. ( 1 978) the selected treatment 

combinations for the fractional design are indexed by the levels of A, B. and C respectively: 

112 121 211 222 

These four treatnient combinations define a haif fraction of the original eight treatment 

combinations. 

There are now only 16 potential observations z', the union of the four treatment 

combinations and the four possible run-orders, and they are indexed by the levels of factors 

A, B, C, and nui-order. It shouid be noted that the indices associated with A, B, and C only 

run over the levels defined by the haJf fraction, not ali possible levels of A, B, and C. The 

potential observations associated with the Eraction z' c m  be selected lrom the original 

potential observations z with a nonrandom selection matrix T'where T' is defined according 

to the criteria for fkactional designs (Box et.ai. 1978): 



In a marner similar to Chapter Two, the four realimble observations y can be written as a 

randomly selected subset of the potential observations associated with the fractional design, 

z', and a two stage selection process unfolds: 

Using the sarne approach as in Chapter Two it can be shown that 

This solution invoives R,  = En(T'Qp T )  , s i m k  to the expectation seen in Chapter Two, pre 



and post rnultiplied by the nonrandom matrices T*' andT' respectively. While such a 

general approach could be used to derive the EMS components resulting from fnrtionation 

and segnmtation, the general class of fractional designs, such as those described by Das and 

Giri (1986), does not lead to an easdy dehed expression for Rp such as that in Chapter Two. 

The dinculty is not a hinction of modeling the randomization process, because even if the 

randornization process is ignored there are no sirnple rules for generating the EMS for these 

designs. However, there is a s d  yet important subclass of hctional designs for which 

the results of Chapter Two cm be directly applied Le. the matrk R,, cm be expressed as 

descnaed in Chapter Two. This subclass is dehed by those designs where each factor bas 

2' levels, where s is a positive integer and can be unique for each factor @as and Gin 1986). 

For designs of this subclass a fractionai design c m  be expressed as a complete design in a 

subset of the original factors with an appropriate relabeling of confounded effects. Because 

of this the pseudo EMS rules of Chapter Two c m  be directly applied by viewing the 

fiactional design as a coqlete  design in a subset of the original factors. We will 

dernonstrate the application of these rules in the following example. 

Examle 4.1 Segmentation of a Fractional Design 

Consider a haif fraction of a design with three factors, A. B, and C. each at two levels 

and two replications. The e8èci.s of factor C are completely confounded with the interaction 

effects associated with factors A and B, and we will assume all such interaction effects arr 

negligible, thus allowing us to focus strictly on the effécts of segmentation. Because of the 

high cost associated with changing the leveis of A the randornization of run-order will be 

restricted. A level of factor A is randomly selected and d combinations of factors B and C 

associated with that level of A and all replications are run in random order before proceeding 

with the next level of factor A. For example, a potential realization of the experiment is: 



The r d t s  of applying the segmentation des  fkom Section 2.6.1 are shown in Table XXXV 

where the test for the effects of factor A exhibits strong bias, while tests for the effkcts of 

factors B and C exhibit weak bias. The presence of strong bias is also indicated by 

application of the simplifïed rules of Section 2.6.2 and the resulting pseudo EMS are shown 

in Table XXXVI. 
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4.3 COMBININC RESULTS FOR SEGMENTING AND BLOCKING 

We wiU now define conditions under which the pseudo EMS rules for segmenting and 

blocking developed previoudy can both be applied to a design. Such a design would involve 

inherent restrictions due to the structure among the experimental material and restrictions on 

mn-order applied at the discretion of the experimenter. For example, a sequentid RCBD 

where al1 nios withui a block w d  be run in random order before proceeding with another 

block. We will approach the problem using a sirnple example which is easily generdized: 

an RCBD with two blocks, two treatments, and a single replication. 

Define z as the potential observations w here qjm, represents treatment j applied to unit 

k in block i in nui-order 1: 

It is helphil to think of the h s t  three subscripts of z as king "stretched". or repeated, to 

accommodate the possible mn-orders indexed by the fourth subscrip t. Combining 

segmenthg and blocking involves a two stage randomization process. Fust treatment 

combinations are assigned to experimental units, which involves the fïrst three subscnpts in 

the selection process (the fourth is carried dong for the second stage). Second the nin-order 

is determined according to the fourth subscript. Using such a two stage randornization 

pro- the realizable observations y c m  be linked to the potential observations as follows: 



T' and T B  are the seleaion matrices for segmenting and blockiog respectively. and are the 

same matrices obtained when segmenting and blocking are modeled separately. T~ selects 

the treatment combinations that are applied to the experimental units and is " Wetched" to 

accommodate dl the possible ru-orders by use of the Kronecker pmduct [,T,B@ 4. 
Having selected the appropriate assignmnt of treatrnent combinations to experimxtal uni& TS 

then selects the assigrment of run-order. 

With the problem formulated in this way, the effects mode1 c m  incorporate interaction 

effects involving unit and run-order. However, such generality cornes at a price- requiring 

the joint moments of T' and T ~ .  If we are willing to assume independence of effects that 

involve unit and run-order then the problem can be reformulated to show that the previously 

developed rules for segrnenting and blocking can be directly applied. The reformulation 

expresses the dtqlicative model involving TS and T* as a slIIlpler additive model. Under 

the assumption of independence the effects c m  be divided into two subsets which are the 

objects of the two selection matrices T' and T~ respectively. W& (1955) put forth an 

argument concerning assumptions in the RCBD that can serve as a rationale for the 

assumption of independence of effects that involve unit and run-order. W& argued that if 

blocking is effective then units within a biock are homogeneous, and while it may be 

unrealistic to assume that block-by-treatment interactions are neghgible, it may not be 

unredistic to assume that the unit-by-treatment interactions are negligible. Since run-order 

effects a n  be viewed as an aggregate of treatment effects associated with lurking variables, 

unit-by-run-order interactions c m  be viewed as  unit-by-treatment interactions, and Wilk's 

argument applies. 

The vector of effects cm written as two subvectors: one that involves unit effects (u) and 

another tbat involves run-order effects (O). The block and treatment effects are arbitrarily put 

into the subvector that contains the unit effects. 



p'= pB'l pS' = [p, p ,-.. pzzz, u,, u,,..., r 1 1 4  [O,. O,, *.*- pro,,,] 

Because tDc potential observations can be modeled as z = X p, indices associated with 

specinc elements of z are also associated with specifc effects or elements of P. Fxst z' is 

formed as e1ements of z are selected by [,T: 8 J4], where ~ ~ s e l e c t s  or chooses which 

treatnients are assigned to which units and carries dong ail the effects associated with block 

and treatment. The Kronecker product with I effectively "stretches" T~ so that ail effects 

assocïated with ru-order are carried dong. The selection matrix T~ is effectively only 

making choices among effects contained in the subvector P *. T' then selects elements of z * 

associated with run-order effects, those contained in subvector pS. Because of the 

assumption of independence of effects involving unit and run-order T~ and T~ do not have 

any effects in cornmon from which choices are made i.e. T~ selects from P and T' selects 

from pS . The same result can be achieved by use of an additive mode1 rather than a 

multiplicative model where the additive mode1 is a function of the potential observations for 

segmenting and blocking considered independently. 

For segmenting the potential observations are uidexed by biock, treatment, and run- 

order: 



The model for segmentation can be written as (see Chapter Two for details): 

y = ~~z~ where zS  = xS PS 

For blocking the potential observations are indexed by block, treatment, and unit within 

block: 

The model for blocking cm be written as (see Chapter Three for details): 
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B B  
y = ~ B ~ B  where z S = x  B 

If both segmentation and blocking are involved the realizable observations can be modeled 

as: 

y  = TszS + T B z B  

The surn of squares for the ph term in the mode1 c m  be expressed as: 

The expectation of the sum of squares is: 

Similar to Chapter Two, it is assurned that effects involving run-order are random, hence 

pf = O luid terms multiplied by ks vanish- It is also assumed that the covariance between 

effects associated with m-order and other effects is zero, Le. &.B C C = ZqBZs = O. hence terms 

multipiied by Czszs or C C also vanish. Such an assumption shouid not prove overly 

restrictive, for example oTr+ = O .  The expected sum of squares reduces to: 



The expression in the first set of brackets is the expected sum of squares associated with 

segmntation as derived in Chapter Two. The expression in the second set of brackets is the 

expected sum of squares associated with blocking as defined in Chapter Three. Under the 

specifed conditions the pseudo EMS rules for segmenting and blocking cm be jointly 

applied to a design. 

For the following example the simplitied des for segmenting (Section 2.6.2) will be 

combined with the rules for blocking (Section 3.5). 

Examoie 4.2 Combinine the Results of Segrnenting and Blocking 

An RCBD with two blocks and two treatments is replicated twice (i.e. treatments are 

replicated within blocks). The units involved in the experiment do not represent a random 

sample of units from within each block. The experiment is run sequentially and a segment 

restriction is imposed on blocks (a block is randorniy selected and ail runs within that block 

are nin in random order More proceeding with the next block). 

2. Define factors and relationships. 

Define the usual design factors and their relationships. 

S tarting at the top of the hierarchy, for each factor, or factor combination, that 

defines a hierarchical restriction, d e h e  a segment factor nested in the 

defining factors and any previously defined segment factor. 

B (block) 
i1(B) 



2. Build the efTects mdel. 

Create the hill effects model using al1 defined factors but do not create 

interactions that involve segment factors. Label te= in the model as hed .  

random, or mixed, in the usual rnanner (according to either of the two 

competing methods for mixed models), segment effect are considered 

random 

For each term in the model associated with dustered units that are not a 

random sample fiom a much larger population of units within the cluster: 

a imrnediatelyfo~owitwithaduplicatetemmarkedwithanasterisk, 

b. delete any container subscripts îiom the asterisked term that are not in 

common with the tem associated with the cluster factor. 

3. Cdculate Pseudo EMS. 

Calculate the EMS for each term not associated with segment effects or 

asterisked effects (the term of interest). The EMS are generated by taking the 

expectation over alI subsequent te= in the augmented model (candidate t e m ) .  

For nonasterisked candidate t e m  the EMS are cdculated in the usual marner 

(Lorenzen and Anderson 1993b). For asterisked candidate t e m  the following 

d e  is applied: 

If any noncontainer subscnpt of the term of interest is not a container 

subscnpt of the (subsequent) candidate term then a 6xed effects 

candidate cornponent (a) is included in the EMS. 



For example, consider the EMS for block and treatment. Pi has a 

noncontainer subscript i which is a container suhscript of the candidate 
term E& hence there is no @(E 3 component. T,. has a noncontainer 

subscript j which is not a container subscript of the candidate term E, 

hence there is a @(E 3 component. 

The factors, mdel, and pseudo EMS are summarized in Table XXXVII. The test for 

Block efTects using the MS(Block-Treatment interaction) in the denominator is biased due 

to blocking (kicks a @(E ') component) and due to segmenthg (additionai O& component). 

The test for Treatmnt effects using MS(B1ock-Treatment interaction) in the denominator is 

unbiased. The test for Block-Treatment interaction effect using MS(Error) in the 

denominator is aIso unbiased. 





4.4 SUMMARY AND SUGGESTIONS FOR FURTHlER WORK 

Randornization is the comerstone of experimental design and has k e n  viewed as the 

foundation for inference (Kemphorne 1955). While the usual methods for hear models 

ignore findamental information relative to the randomization process, several authors have 

adapted the Linear model to incorporate such information to v;uying degreees (Kempthome 

1955; WiIk 1955; Scheffe 1959; Anderson and McLean 1974a 1974b; White 1975; 

Lorenzen 1984; Lorenzen and Anderson 1993a; Hinkelmann and Kempthorne 1994). In t h  

body of Iiterature two fundamental roles of randornization are identined: the assignment of 

treatments to experimental units where those units are grouped into blocks. and the 

assignmnt of nin-order in sequentid trials where run-order may be restricted in some way. 

The dual role of randomization has k e n  dealt with by ÙnpIicitly mdeling block restrictions 

(the inherent grouping of similar experimental material) and segment restrictions (the 

discretionary restriction of run-order). However, some weaknesses of the previous work 

include: 

Derivation of the effects of segment and block restriction used extensive summation 

notation which can obscure the inherent and simple structure of the problem 

Segment restrictions involved iniplicit assumptions of additivity. 

Block restrictions were presented in design specific format ie. not generalized. 

Results for Segment and BIock restrictions were not unified. 

In this and previous chapters we have attempted to address these weaknesses using a general 

matrix based kamework for mdeling the effects of restricted randomization. 

This general method is based on selecting the realizable observations y from a vector of 

potential observations z using a selection matrix T, where y = T z .  The realizable 

o b a t i o n s  are a subset, or fraction, of the potential observations and the concept of alias, 

or confounding, carries over and can be represented in the EMS. The simplicity and 

compactness of the matrix model notation extends to the expression of quadratic f o m  and 

their expectations. This tends to focus attention on the fundamental problem structure rather 

than the machinery required to solve it. In some of the previous work this structure is 



obscured by excessive summation notation. A matrix based approach lends itself to 

implementation using commercially avaiiabie matrix based computer languages (all code was 

written using GAUSS 1992, and can be downloaded kom 

http ://www.math.shi.ca/-cschwarz/Restrict) . Whde the pro blem was fomulated using 

matrix notation and the resulting EMS bias components can be viewed as ' V i t h i .  and 

"between" submatrices, it was usehil to reexpress these components using summation 

notation to express the functiond form. The use of a syrnbolic programming language to 

automate this reexpression was explored (MAPLE V 1993) but it was deemed too complex 

to implement. Specifically, no simple way was found to implement the constraints on 

I I  

summation., for example O,, where i+i' (written in shorthand as xhi,P ) and to track 
i = l  f = l  i *i 

the number of elements in the summation (I(1-1) in this example). 

Segment restrictions- restrictions on the run-order of a sequential experiment- were the 

topic of Chapter Two. Previous results made the implicit assumption of additivity of 

treatment effects and run-order effects (Anderson and McLean 1974a, 1974b; Lorenzen 

1984; Lorenzen and Anderson 1993a), in fact, it was this implicit assumption that frst drew 

my attention to the area of modeling restricted randomization. The general solution allows 

unlirnited hierarchical restrictions on the randomization of nin-order and allows 

nonadditivity of treatment and ru-order effects. The issue of additivity is important because 

it is also underlies the usual linear model. When randomization is complete (the usual case) 

departure tiom additivity generally results in small or weak bias, but when randomization is 

resuicted departure frorn additivity can result in substantial or strong bias. However, it was 

also shown that strong nonadditive bias components always occur in conjunction with run- 

order main effect components (which are always strong). This means diat the simpler 

additive model is suf5cient to indicate the presence of strong bias when randomization is 

restricted. This substantiates previous results which relied on the implicit assumption of 

additivity. Simple niles were developed for generation of pseudo EMS (which indicate the 

existence but not the f o m  of bias components) for both the additive and nonadditive models. 



In Section 4.2 it was shown that these same rules can be applied to the srnail but important 

subclass of hctional desips where each factor has 2' levels (where s can be unique for each 

factor). 

Designs that include sequential structures in paraIlel were not discussed in detail, 

however it should be possible to extend curent results to cover such designs. An example 

of sucb a design might be an experirrient camied out in several labs or usine several machines 

in pardel. For each lab or machine the observations are sequential and subject to unique 

restrictions on randomizatioo. The methods presented in previous chapters could be adapted 

by constraining tune effects to be identical within blocks, however, this would assume that 

the ruus within dl blocks started and progressed at the sarne rate. It would &O assume that 

the effects of run-order are global, for example, the effects of some lurking variable such as 

humidity are the same in ditferent geographic locations. This is probably an unrealistic 

assumption in maoy experiments. A more general solution would dlow run-order to be 

restricted within blocks whde allowing unique run-order effects within each block. In 

general, it is unclear whether the run-order effects would be independent between blocks, as 

this would depend on the specific problem at hand. However, the rnethods for segmentation 

presented in Chapter 2 are probably sufEcient to indicate potentid bias due to restrictions 

even in such pardel sequential experiments. Consider a sequential experiment carried out 

sirnultaneously in several blocks, with a restriction on a factor, say factor A, within each 

block. Represent this design as though it is segmented on blocks and then segmented on 

factor A within blocks (hierarchical restriction). Because blocks are not actudy run 

sequentidy, the bias component associated with a test of blocks wouid not the correct 

structure. However, pnmary interest is in the bias associated with the test for factor A, in 

fact, typiCany one would not be interested in testing for the block effect. The bias cornponent 

associated with the restriction on factor A within each block exhibits the correct structure 

because it is a function of correlations within a block, 

The general approach used in segmenting should be applicable to blocking as well, and 
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bis was the topic of Chapter Three. The resulting pseudo EMS d e s  are su&cient to model 

unlimited hierarchical restrictions and unluinted levels of subsampiing in a broad class of 

designs. However, application of such nùes is no t as simple as it is with segmentation, and 

in general, it is may be simplerjust to adopt a"donot test blocks" viewpoint. Designs with 

nonhierarchical blocking, such as Latin squares, are excluded. For the simple case of an 

RCBD it was confirmed (see WiIk 1955) that according to randornization theory there is no 

unbiased test for blocks. Whether and how to test blocks has long k e n  a source of confusion 

and controversy in the field of Iinear models. The bias in the test for blocks exists because 

the units used in the experiment do not represent a random sample from a large population 

of units within a block. This type of bias c m  occur whenever homogenous expimental 

materiai is grouped and thus can occur as a result of subsampling as well as traditional 

blocking. If the units do represent a random sample of a large population of units within a 

block then the bias vanishes (though this is rarely the case in practice). 

Finally the results for segmenthg and blocking were combined. A general two stage 

randomization model was f k t  proposed: 6rst randomize the assignment of treatrnent to 

experimental units then randomize the run-order. Use of t h  two stage rnodel requires the 

joint moments of the selection matrices Ts and T ~ .  If it iS assumed that the effects of unit 

and mn-order are independent then it is possible to model the various effects using an 

additive rather than a multiplicative model and circumvent the need for the joint moments 

of the selection matrices Ts and T ~ .  Such an assurnption is not unreasonable, and under 

other mild conditions the additive model simplifies to two pieces which are the EMS 

associated with blocking and the EMS associated with segmenting. 



Anderson, V.L., and McLean, RA (1974a), "Restriction Errors: Another Dimension in 

Teaching Experirnental Staùstics," The Amricrin Statistician. 28. 145-152. 

Anderson, V.L., and McLean, R h  (1974b), "RandonBzed Complete Block Design," Desin  

of Exmriments A Realistic Ap~roach, New York, Marcel Dekker. 

Box, E.P., Hunter, W.G., and Hunter, J.S. (1978), Statistics for Exoerimenters. New York. 

Wile y. 

Das, M.N., and Gin, N.C. (1986), Design and Anitlvsis of Ex~riments, New York, Wiey. 

Gates, C.E. (1995), 'What Really is Ex~erimental Error in Block Designs?" The American 

Statistician, 49,362-363. 

GAUSS. Cornputer software for IBM PC-XT-Aï-PSR & Compatibles. Version 3.0. Maple 

Valley, WA: Aptech Systems, Inc., 1992. Disk. 

Hinkeltnann? K, and Kempthome, 0. (1994), Design and Analvsis of Ex~erirnents, New 

York, Wiley. 

Hocking, RR (1973), "A Discussion of the Two-Way Mixed Model." The American 

Statistician, 27, 148- 152. 

Kempthorne, 0. (1955), The Randomization Theory of Experimental uiference," Journal 

of the American S tatistical Association, 50,946-967. 



Lentner, M., Arnold, J-C., and Hinkelmann. K. (1989), 'The Efficiency of Blocking: How 

to Use MS(Blocks)/MS(Error) Correctly," The Amencan S tatistician, 43, 1 06- 108. 

Lorenzen, T. J. ( 1984), b'Randomization and Blocking in the Design of Experiments." 

Communications in Statistics, 13(2 l ) ,  260 1-2623. 

Lorenzen, T. J., and Anderson, V.L. (1 993a), 7kstrictions on Randornization," Desien of 

Ex~eriments A No-Name Amroach, New York, Marcel Dekker. 

L o r e m  T.J., and Anderson, VL. (1993b), Desi~n of Ex-periments A No-Name A~proach, 

New York. Marcel Dekker. 

MAPLE V. Cornputer Software. Release 2 for DosNindo ws. Waterloo: Waterloo Maple 

Software, 1993. Disk. 

Milliken, G A ,  and Johnson, D.E. (1984), Anahsis of  mess^ Data Vol. 1, New York Van 

Nos trand Reinhold. 

Mood, AM., GraybiIl, Ek, and Bose, D.C. (1974), Introduction to the Theory of Statistics, 

New York, McGraw-HU. 

Ostel, B., and Mensing, RW. (1975), Statistics in Research, Ames, The Iowa State 

University Press. 

Petersen, KG. (1 985), Design and Analysis of Experiments, New York, Marcel Decker. 

Samuels, M.L., CaseIla, G., and McCabe, G.P. (1 99 l), "Interpreting Blocks and Random 

Factors," Journal of the American Statistical Association, 86,798-82 1. 



Scheffe, H. (1959). The Analysis of Variance, New York, John Wdey. 

Searle, S.R (1971). Linear Models, New York, John Wdey. 

Speed, T.P. (1991), Comment on 'lnterpreting Blocks and Random Factors," Journal of the 

American Statistical Association, by Samuels, M.L., Casella, G., and McCabe, G.P.. 86. 

798-82 1. 

Taylor, W.H., and Hilton, H.G. (1 98 1), "A Structure Diagram Syrnbolization for Analysis 

of Viiriance," The Arnerican Statistician, 35, 85-93. 

White, RE (1979, "Randomization and the Analysis of Variance," Biometrics, 3 1, 555-57 1. 

Wilk, M.B. (1955), 'The Randomization Analysis of a Generaked Randomized Block 

Design," Biometrika, 42, 70-79. 

Wik, M.B., and Kempthorne, 0. (1957), "Nonadditivitia in a Latin Square Design." Journal 

of the American S tatistical Association, 52, 2 1 8-23 6. 



IMAGE NALUATION 
TEST TARGET (QA-3) 

APPLIED - A IMAGE. lnc = 1653 East Main Street - 
=A Rochester, NY 14609 USA -- ,== Phone: 71 6M82-0300 -- -- - ,-, Fax: 71 6/208-5989 

O 1993. AppiW Image. Inc.. AU Rights Resenred 




