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ABSTNACT

The expansion of the ldeal normallzed arnplituCe

response of a low-pass fllten in a sei:ies of LegenCr.e

polynomlals i,ras investlgated. This ser:1es was then

converteC to a national funstlon by the use of a PaCé

appr"oxlmant. The r"ange of lntegr"atlon, K, was varted

from 0 to 1. TT:e effect of thls rras to shift
the cut off frequency of the fllter. For the seconC ondei:

case the Buttenworth filter, Chebychev fllter and the

Bessel f1lter" could all be obtalneC by a suitable choice

for" the range of integnatlon.
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CHAPTER I

TIIE PROBT.,EM Ai\TD XM$IODS OF SOLUIION

I. The Problem

Ths iCeal l-oi,¡-pegÊ f il-te{. Any coupling neti,rork

bas a transfen function which can be writ'ben in the foll-ow-
ing form.

ff the magnitude and phase have

shovn in equation 2 anC 3 #espectlvely, th
is said to 'l¡e an ideal low-pass f ilter..

^ f t o1-1ü"
t- l' = IlT,¿(i¡¡)f ' I O dz Q"

LV

ßr-l = toü o<ú (€c

These characterÍsties are shown

figures I and 2.

T,rriutJ -- | T,^(t'-ll 
"i6<":t

(t)

the characteristics

e coupling networ.k

(2)

(3)

grapl:ically ln



lf,"tiol?

2.

Tbe time Celay for the ideal_ low-pass f1lten is
dlffer.entiatlng equation J.

Trc,.ot = To o<Q <4

Flgure 1

Magnltude Characterlstlc

of an ldeal Low-Pass Fll-ter.

Flgune 2

Phase Char"actenlstlc of an

Ideal Low-Pass Fllten

The tttime delay", t6(w),

¿ QcuolT, c*t =
d<¿

ls deflned by equation 4.

(tf )

obtained by

G5)
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J. L. Stewartl Ceveloped an erroï" cr.lterlon that lncludes

both the phase and magnituCe char.acteristics of a transfer

functlon. TbÍs methoC cou1C be used to appi:oximate

equatlons 2 and 5 slmultaneously. The usual

appi:oach, however, is to approxlmate only one of these

equatlons, Cepending on the glven specifications. The

approach taken in thls ¡,¡ork was to use the magnitude charact-

ei:lstlc and tben to examlne the phase of the resultlng
ti:ansfer functlon.

Rea_lisability. The tnansfer. function of a

networ"k conslstlng of passive elements is sald to be

realizable. Therefone the transfer function resulting
fi:om some method of approxlmatlon nust be reallzable to
be useful in practice. A transfer functlon is nealizabLe

if the denomlnaton has no ueros in the rlght half s pLane2.

I J. L. stewant, ttGener"alized Padé Approxtmatlon, ft

Plocegllngs L_-E _-8._, Volume 48 (Oecember,

1960) pp. 2oo7-2ao5.

Network Synthesls (Englewood Cllffs, N.J.

Prentice-flall , Tnc. 1958) p. L47.

2 N. Balabanlan,



4.

Polynomlal-s whose zeros all lle 1n the left half s plane

or are simple on the j,¿ axis ane Ilurwitz polynomlals.

The Hur.i¡itz testl on the denominator. of a tr.ansfer" function

deter.mines whether or not the function is realizable.

II Methods of Solving The Probl-em

The comnon allproach. The most conmon mothod of

appiroximatÍng tbe magnitude charactei:istic of an iCeal low-

pass fllten is to assurne a solutlon of the form.

r_--.le=4G)IT,r<rall = .l + e¿ Frac,,c)

Where:

1 s. Karnl, Neli¡onk-lhe-ory; êlqlysls and svnlhes1s (Boston:

A11y:: and Bacon, Inc. 1966), PP" 109 - 114.

ç acL as<i
Fn'cur,=t z>L üzI G)



tr

Many polynomials have been used to approximate

f'o(w). Tbe most common iJr use toCay are, Butterworth*,
oz)r

Chebychev', LegenCr"e2 anC Herniteî. The use of Ultraspher-

ical potynomials was examineC by Johnson and Johnson5 and

r^¡as shown to lncl-ude as special cases the Chebychev filter,
the Butter"worth filter, and also the associated Legendre

f ilter.s.
The Bessel filter6 is a good approxlmation of the

phase characteristics of an ideal loru-pass filter.

The use of_ortþogonaf pqlynomials. Another method

of approximating the magnituCe character"istic of an ÍCeal-

low-pass filter was shol,rn by Kar:ni7. The magnituCe function,
t- tZ
| | tz (d)l , \,ras expandeC Cir"ectly in terms of orthogonal

polynomials. The resultÍng approximating polynomia] must be

1r lbic, pp " A4 - 347
2 rbic, pp. 14g - 158

7 Sheil-a Prasad anC others "Fil-ter Synthesls Usine Leeendre
Polylomials" Proceeäj¡gs f .E.E=- (VotI, ll4
No. BAugust Iffi

4 Y. If . Ku anC M. Drubin, "Netwonk Synthesis Using Legendre
anC Her"mitä Polynomialsr" J:
Franklin Inst. (nenruary t$Z)
ffi

5 D. E . Johnson and J. R . Johnson, "Low-Pass Filter"s Using
Ultraspher"lcal Polynomials", IEff
Transactlons on Circuit Theorv.

is66) ,pp. 164 - 69'.

u S . KarnÍ, o!-. cit, pp . 3TO - 7Tz
7 --- --^, r- pt_c, pp. to, - toö
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converted lnto a r.ational functlon. I{ar.ni suggests thre

use of a Padé appi:oxlmatton for thls conver:sion.

Tbo approach taken 1n thls wor"k rras the use

of LegenCne polynomlals to appr"oximate the lCeal_

magnftude characteristic and then using a Padé approxlnant

to convert lt into a r.atlonal functlon.



CHAPTER IT

APPROXTMATION PROBLEM

The fir"st step 1n networ:k synthesis is the

appnoximation of given iceal specifications. rt may occur

tbat the ti:ansfer functlon obtalnec 1n this manner is not

r.eallzab1e. If thls is the case anothen appr.oximation

must be made untlI a reallzable transfen function is
obtalneC. This pnoceCure is shown pictorlally ln figur.e 1.

specifica-
tions

Figune J

Steps ïn Network Syntbesis

The t'tdeal specifications" T¡rere prevlously defined
and now the method of appnoxlmation and conver"sion to a

r"ational- functlon wilL be discussed.

sion to
Rational

0btain
r.ansfer
unctlon

st fon



8.

I" Functlon to be Appnoxlmated

The metboC of appnoxinatlon ts to expand the

functlon lnto a serles of orthogonal pol5momials. The

functlon to be appnoximated is tLre magnitude squared.

Therefone lt 1s necessary that no terms of the fonm

( ep+r)
w\ -5 -/ appean 1n the appr"oxlmatlon . Thts is achieved

by making the ideal- specifications an even functlon as

shorrn ln f lgur"e 4. Tbe orthogonal polynomlal_s to be

used are the Legendre polynomÍal-s. The nange of Íntegratlon
is vanleC fnom 0 to 1" The effect of this ls to
vary the eut off fr.equency of the appnoximation. Thls

cuf-off fnequency 1s scaled back after: the rational function
conve::slon ls performed. The ldeal speciflcatlon to be

approxlmated ls shor,m 1n flgur.e 4.

Ffgur.e 4

Magnltuüe Chanacterlstlc of
an Ideal Low-Pass Filter. hrith

a Var"1able Cut-Off Fi:equency



o

II LegenCr"e Approxlnation

The expansion for any functi.on ln terms of

onthogonal polynomials is given by.

tæ -'tL +
tf-,,rõrl = l- C"P.r-t @)tG'' Lzo

where:

CL = Il 1T,,,-,f n,rr, u
Joo P"tf ,¿l dal

(1)

to B,

to +1.

The interval of orthogonality is fr.om A

or. in the case of Legendre polynornials, from -1

Equatlon 9 reduces

cr:'

The bar on top
approximation

Er.uin Kreyszig,

For the Legendr.e polynomials:

f'tD2. r.- zzJ-t f, ("t) d 4) = ffi
The odC ter.ms are zero because the

is an even functlon. Therefone the complete

C, ' ( zt- ,1) fo" ,rç-t J -
L=O,Zr"l ---"-h

Qo)

(1 1)

iCeal- function

solution becomes:

u. z)

,tL
of lf,,¿cî>l f i. useC to show that it Ís an
of thê iceal function lT,rc-, l'
ACyanceC EnglneerinLUethemgþlcs (wew
Yor.k: John Wiley and Sons, Inc . L962)p. 5L5.
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Tbls can be wr"itten as:
ll

I r,r'-, lt = Z" c^o, Prrn(''t) (tJ)

whene:
-11C^,n= (4orrt)J. fr^r-t J- ø1)-o

The fli:st ten even Legendne polynomlals and thelr
ffu.st integnal beti,¡een 0 and K are glven in
Appendix I.

IïI Converslon of the Appnoxlmatlon

lnto a Ratlonal Function.

A Padé appnoxlmantl 1s used to convent the Legendne

appnoxlnation into a natlonal function. This conversion is
very aceurate near the origln but the accuracy cecr:eases as

w approaches unlty, To improve the approximation 1n the

range of frequency whlch is gr:eaten ti:an unJ.ty lt was deciced to
have tbe lai:gest posslble Ciffenence between the onders of the
nunenator and cenominator: of the Padé appnoxlmant" That ls the
( O, 2n) Pade appr:oximant.

- ,2 (ot?.n', LI I t¿ (ot" 
ß rn ccol (/ 5 )

1 s. Kannt, Networb rheoru: Analysis. anc Þynthssis (Boston:

A11yn and Bacon, Inc " L966) pp. 367 - 168"
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These functions can be wr:itten down more explicitly as

lT,rcarl^ = do*drent¿-- - e"ne"n çte)

The coefflcients of equatlon 16 ar"e determined fr.om
equations lJ and 14.

Ernr*r'4t.LcÐ¿-

fn appendix II it i¡as shoi"¡n that the
equatlon 1/ wer.e given by

4^' - t tF,, d"n u^rn-^,1

--.?. crJrh (tz)
2.h

coefficlents of

0 8)

(/ q)

¡Abo ' -ã-

The pnoblem ls solved by chooslng values for"
n and K and detenminlng the appr"oxlmatfon of
the magnitude squared uslng the pi:evious equations. The

effect of K is very difflcurt to determine exp1lc1t1y
so the method 1n this wo'k is to chose spectfic values for
K and oxaruine the resulting magnrtuce approxlmation.



CHAPTffi IIÏ

$TE SECOND ORDER FILTER

The second onder case 1s relatively slmple but 1t

gave a good ldea of the effect of vaqylng K and tbe

problems involved i^rith tbls method of fllter design.

yleld s I

where:

I. Solutlon of Magnltude Chanacterlstics

Solving equatlons l-] anC 14 using n : 2

.2
lT,r rãrl' = do ' d.-' n &, u't,

do , 2 .95 n[, tr'- t.86 ß'

de ' ¿1.53 lal t'n') ( ßa

d.r 2 34.otï ñ(r'¿-t)(na

, t.,11

-.ss'e)
' .¿r z8)

(20)

(z t)

(2 2)

Substituting these into equatlons 18 anC 19 lt is
found that;

c2 3)

(zLt )

I
:.T clo

d^ì 
-do'

.(ro

lr'¿



1,.. = 7¡o.s Ine-Í] [fta-J.oqJ [, ßq-.qq ß¿ r.eszJ-t 23 (25 )

(eo1

(27)

(zB)

Gq)

The second order. tr"ansfer" function is given by:

T,, c,s) =

\¡ühere:
dord,t*JzEz

vn,
It-/4,a{4!,q
{L,

do=

d, =

dz '

II" ReaLizability of the Transfer. Function

It was prevlously stated that all practical tnansfer
functions must be r'ea1izabLe. A seconC orden transfer" function
is realizabre lf the following concltions ar:e met.

do > o
dL

¿¿

In appendix IfI
function is realizable for

o<ß<,1

QO)

(? 1)

(3 ¿)

it rn¡as shoi¿n that the second oi:Cer

all- values of K 1n the r"egion.



Lt...

The coefflcients bo and b4 are plotteC,
ln figune 44, as a function of K. From thls gnaph

the effect of the var'lation of K for" tbe second

or"der case can be seen. Fon a fr.equency greater than one

the dominent term ls b4. Therefore the langest attenuat-
ion ln the passband occur"s whe¡.e b4 is largest, or at a

K of about .9 The r.eglon wbei:e & is less than

one bz is negative and there is a ntpple jn the pass-

band. Tbis occurs for the negion . The ripple
is a maxfu¡un for a K of .9 It 1s lnter.estlng to
note that this is also whene the attenuation 1s a maxl^mum in
the stop band. Fon a K less than "T b4 is
r"elatively smal-I and therefor"e the attenuatlon ln the stop
banc is i:elatlvely poor. Ther"efore the for.m of the solution
can be deterrulned, in terms of K, fr.om flgune 4A.
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20 to 2J

14.

IïI. Specific Second Order. Filters

values of K are used iJr equatlons

the follor.rlng resul-ts:

Speclfic
ytelding

lT,u cã,l'
¡l

I r,, ,; tl

¡T, " ";r'l'

lT,, , ,i,1' :

lT,¿( ôrl1=

I ûsing a K

filter. with

!f,,,õ,1" a

/,g? Þ 1.5 <.tà * /1.6Ø)q

.9¿5 +.{?3d¿ } t.t3c.t9

,?6

I

76€ ctt.

t.o¿ ' ,?92<.¡z t Q.ltcpa

t.o8 - /.SO dz +r/.?fld"

n. ,3

tç . .7

/'r..7¿lî

t4=.ï

TLre problem nornr 1s to detennine a suitable
fr"equency shlft for: these filters. The method useC 1s to
conver:t the fllter for ( : .9 lnto a Chebychev filter.
The other. fllters ar.e glven the same maximum error in the

pass banC. This is done so that the filter"s could be

companed. The magnitude of the fllters is also scaled dor,n:

a lÍttle so that lt never exceedeC one. The r.esul-ts are as

fol-lows:

of "9

Éof
the fol-l-owlng Chebychev

.754 was obtalneC,

I
t.lZS -.Sc'lè Þ.5 c.rq
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II. Uslng a K of .B the following fiLter
is obtained.

| 1 --.12 "I t¡¿rtÐ)t t.O¿l -,267<.¡? r,ió'6<(,l

If I, Using a K of .T4j the follor¡rlng

Butterworth fflter is obtaineC.

I f .tzS s1'1

IV" Tlsing a K of .T the fotlowing f1lter.,
simllar to a Bessel f llter., is obtained.

tzlT,2ca,l'"

The magnltude of these filters is plotteC in
1-t dtì3ô h¿ rós¿v ).

The maxi-mum r"ate of attenuation in the stop band

is obtained for a K of .9. The best approxlmatlon

near the origin is obtainec foi: a K of approxfunatly

.7. Fon K less than .T approximatLon became

tbis is not plotted.exceedingly poorer ln the stop band,

IV. The Phase Chai:actenistics of the

Second Order Transfe:: Function

For the prevlous seconC or.der" filtens the actual
tr"ansfer functions are obtainec from equations 26 to e9"

tZ
IT,rrã.,I :

the

but
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tT.

The results are as follows:

TI.

]TI "

Uslng a

f,rls) =

Uslng a

T,"cs) --

Uslng a

fr2 (s) :

I. Kof.9
I

t,o6 É .t t.ro?,lz

K of .B

t.ôL + . ??3S

Kof
r .¡v65à

745

IV. Using a

| ; .8C S t'

Kof.T
T,.:st'ffi¿

Fe:r the second order transfer function the phase is

determined from equations 1 and 4 '

Er,, I ='Ta;'[fu]
which yields the fotlowÍng time Celay

is plotteC in figure 6"

It can be seen

rrcu,t; ¡d,ffi (tt|

Tbe time Celay fon the second order fllters

(33)

from flgure 6 tfiat bY a suitaþIe

ttme delaY can be varieC from that

tbat of a Bessel filter.
cT:oice of K the

.î5et ¡a

of a ChebYchev filter to



lv
--

/V
o 

e¡
¡ 

s 
//z

 c
d

Z
'n

e 
O

e/
oy

_^

I a\ R b |-
l

ö-
'-.

 
'

t 1 i.
oi

\\l ìì'
, 

a 
õ,

j
'i 

::

qr
\

a'
 ^ 

,

\e
 ì-

ç 
\\

1,
\ 

\ 
,i

1n
l ,

l,l
 

i

r 
or

.. 
là

..,
\,.

..,
-.

. 
l

" 
1\

'Q
 

-\
.

;.r
.,ì

,e
,,

a 
gr

\ 
i 

,,,
o



L9.

ïn the synthesls of the second or.Cen filtens
neaIizablllty conditlons are satlsfled foi: o < n S /

The problem of cboosing the value of K for a

specified filter may be solved from cur"ves of the most

dominant prameter.s vs. K, as in figure 4¿,.



CHAPTER TV

HIGHER ORDER FTLTERS

The methoC useC for the second order. fi]ter ls

to solve the equations fon a continuous range of K.

Thls becomes very Cifftcult f or higher or"Cer f llteirs "

Therefoi:e the methoC useC 1s to choose speciflc values

of K and examlne the ::esulting flltens.

I. Solution of the Thii:d Order Filter

It 1s found for the thlr'd orden case that the

tr"ansfer fr:nctions are realizable for only a small range

of K. The conCltions for realizablllty fon the thlrd
I

orCer case are show: ln th¡e book by Shlomo Karnl-.

The followlng thlrC order cases &re taken as

examples. Equations L7 t'o 1p are used for tbe solution.

Usinga K of .B6f
,z

lr,rrt,tl ' tm,6

1 5. Kar.ni, Netwgi:k Tk¡eo5g: ånalysis ang syntheslg (Boston:

Allyn and Bacon, Ine. L966) pp. 109 - 1I4"
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Uslng a

lr,rr-rl'

Fora K of

I r,, c*rlt =

of

"86r

l.o't -. ¿/ 6l qlq r . d6 Z <*16

A frequency shlft is agaln appried sucb that the naximun

devfatlon ln the pass band ts å o¡. The r.esults are as

follows:

For" a

tr !2-ttracc))t I f .ttl a¡¿t.ot3 c¿9 F.ootg?q¡6

The magnltuCe of these filters ls plotted Ín
flgune / wlth the Butterwonth, chebychev and Bessel Flrters.
All five fllters are given, by fr.equency shlftÍng, the same

maximum error in the ps.ss band.

The maximum attenuation in the stop band 1s for
the chebychev fllten, but in the pass band the total mean

squaned error is less fon the fllten obtalned fon a K

of .86f . The filter. obtaineC for a K of "5 haC a

magnltude response ver1r similar to that of the Bessel filter'.

Ãof
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fI" The Phase Chanactenlstlcs of the

Thi¡.C Or"der Functlon .

The actual tr"ansfer functlon is determineC for
these speclfic thirC order flltens.

Fora K of .B6f

I t¿<s) ' i,Ál r /. ? zS r r.+ffittl

Foi:a K of .5

f,rcs) =

From equations L, 4 anC 26 the tlme delay 1s determlneC

for the thir.d orCer. case "
T

T . t<^¡, = t¿" -¿,"'l t¿ ''=t:t*1
IJ " 

' J.-"J" * [.¿,' d, c'eL'l c^t'

The normal-ized time Celay for" these flltens is
plotteC in flgur.e 8.

The fllter obtalned using a K of "5 is
very slmilai: to the Bessel fllter. The f tl-ter obtaineC f or

a K of .B6f has a time Celay s1n1lan to the

Cbebychev filters"

r Y. H. Ku and M. Drubln "Network Synthesis Using T+egenCre
anC Henmite Polynomials. "
J. FrankHn Insi., (neliuary 11962)
p. L47 "
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Ifi. Solution of tbe Founth Or.den Fllter

The fourth onder" fll-ter 1s found to be r"eal-lzable

over a langei: range of K than the tblnc orcen fllter.
The ti:ansfer functions are tested fon rearizabirity in
the same manner as the tbti:d onden f ilter.

Tbe foll-owlng examples ere obtaÍned from equatÍons

17 to 19- A frequency si:ift is used to limit tbe maximum

error" in the pass band to I db.

Fora K of .95

lT,¿-rã,1' = 
t'.oS5-.3ôSc¿¿ r.€.1 ?<¿'r -.5o3¿o6¡.15'1 a

For:a K of .B

t= - 12- /_-
llr¡c.Ð)l / * ,66rf c"s¿- ,îlgqtq -.6gg¿Ðc t /./6g¿-tI

Fora K of "6

. t2
I T.^ r;'t l- = 

--= 

'--:*-"t tt¿cdrt tJ? -szSer" " .T?Bqtt -,6?c,r6..6g cz>8

The nagnituCe char.actei:istic of tbese filters is
plottec 1n flgune 9. Agaln a Buttenworth and chebychev

f lLter are plotted wlth a 1 db. maximum errror" in the psss band .
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It ls well- krrovn'r that the Chebychev f1l-ter has the

maximum attenuatlon in the stop band for a pi:escribeC maxlmum

er"ror in the pass banC. It is interesting to note that all-

the chosen filters have a r:ate of attenuation which fall-s

betveen that of a Butterworth filter and Chebychev filter.
The actual transfer functions af?€ CetermineC for

these filters.

For a

T,rcs) =

For a

of otr

z

K

l.ozG¡2.2?S*

^iz a(JI 
" 

(J

¿.?¿.tz ì t.?653f .e cG sq

T,,lsl

For. a

J ¡ è.G6.t * c.z s2 t ¿.1q sJ ' f .o I sq

K of .6

T1,, ( s) a 
t nA r Z.¿t ÍS o ¿.qA Sa ¿.o.r s¡ r '8 o? ,tT

These fil-ters were testeC by the Hurwitz test anC

t^reire all- found to be realizable.



CHAPTER V

CONCLT]STONS

The object of this study was to appnoxlmate the

ldeal normalized amplitude response of a low-pass fllter
using the Legendr.e polynomlals and conver.t thls to a

r:atlonal- function by the use of a Pad6 appr:oximant. The

most dlfflcult pr"oblem rÁras the cholce of the range of integ-
r"atlon to rneet glven f 1l-ter: speciflcations. This problem

r¡as solved fon the second order case by plotting ttre

denominator coefficients in teims of K. Thenefore the

only sol-utton was to deter"mlne filter"s for. specific values

of K.

The filter detennineC had two var"lab1es, the

or"den of the fllter., and the range of lntegration , K,

in tbe pnocess of approxlmating the low-pass fllten by

Legendr.e polynonlals. By a suitable cholce of K lt
was posslble to obtain a phase response similar to that of
the Besse1 filter. of the sane onder, or an amplltude respor¡se

similar to that of the Chebychev fllter of the same order.
This method of approximation minimizes tbe nean squar"ed error
ln ti:e pass band. Therefore the pass band r.lpple ls usually
smallen than that of a Chebychev f1lten of the same orCer".

The attenuation in the stop band, however., is less than that
for tbe Chebychev fÍlter, of the same maxlmum devfation in
the pass band "
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0n1y for. the second or"der fil-ter was r.ealizabllity

determlned ix ter"ms of K. For hlghen order cases this
pnoblem ruay be solved by the use of a computer. This, hotøeven,

would stil1 be difficult on a computer because equations of

the same or.der as the filter, must have the roots determlned

In f1lter design cer"tain characterÍstics must be

met, or appi3oxinateC, sucb as passband ripple, rate of attenu-

atlon ln the stop band , or phase char.acteristics. The use of

this methoC of filter design gave no netbod of checking to see

if the speclfieC condition lrer"e met before the actual filter
was detennlned except for the second orCer case.

For cases r,rith n greaten than 2 the noots of

the fllterrs magnitude character'lstic r{rere hard to determine

anC therefore the tnansfer" function was Cifficult to obtain.

The probl-em of a proper fnequency shift was made dlfficult
bocause of tL¡e use of a Padé approximant. The Padé appr:oxlmant

becomes very poor as tbe radian frequency approaches one.

Because of tbis fact the rational functlonrs anplltude often cuts

off before the expected value, K. Thls makes it harC to

determÍne the proper frequency shift necessaray to glve a Cesirable

passband r.ipple. The hlghest oirCer coefflcients in the denomlna-

ton of the filter Cetermine the amplltude r-esponse 1n the

viclnlty of cut-off. Therefone tL¡e use of a PaCé approximant

in sone cases yields unsuitable values for tbese coefflcients.

Because of thls fact the third or"Cer filter ls not realizable

for" a lar.ge range of K.

If some other metbod was used to obtaln a ratlonal
function the problems of frequency shifting anc hlgher orden
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cases rney be avoiCeC. This n=thol might be one r.¡lrich

ap1:r.oxi-na'bes most accurai;Iy in the cenire of the passbanC.

The Pa:]ír aonl.oximant rnav be alter.eC io invol-ve nuael"ator

terms or a Cifferen"t atnount of Cenomi¡aior terms" A

possible sol-ution r,¡oulC be to Cetermine a l-ot of filters
using Cifferen'u val-ues of K anC n, using a coi'ttputor".

The results coul-C be gr.apheC for Cifferent values of n

in tei.ms of banCpass ::ippJ-e, s'Lop banC attenuation anC

phase char.acieristics. Tben if certain specifications

lrere given a suitabl-e solu-r,ion coulc be Ceie:rmineC from

the gra;ohs. Ther.e r¿oul-C s-r,il-l be the pr'obleni of Ceierrnining

a suitabl-e fr:equency shif-r,. This coulC be solveC if a

relationship coul-C be founC bett'¡een banCpass ripple,
stopbanC atienuation anC the fr:equency shift.
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APFENDTX ]

The first ten even terms of the Legendre polynomial

are as follows.

Pocrt
P"c-l
P,r'>
Dt 6 cd)

P6c*,

8o(-)=

= hL¿g t u6 - J lS ,,.)q t 1os "t^ 
- 51

' #rfe uaS &)8 - L¿¡IL r,t" t Ç?Jo r¿4 - Í.eGa ,¿¿ , JJI

^*, Lqg l81e)'o ' !oss?s crs Ê ?o oro -'-too3o at4 , c, e s .'- e tf

1* P"n c at 4o.¡ for. these polynomials

L
*-" - *

tLss o.sa - 3ö -^ n 3I

The value of

are as follows.

r"vo

.l^
Jo

Íon

ç"
('

do

Pocø) J ,.¡ .

Prc'oJJ,.r'

P, {otJ*=
Pc (ast t,^7:

Prc-tJ.'
f,ot-)J*"

n

t I n"'r]
å t rx, -ro t<z o sJ

tft [t3 ß6 - e & nq r etnr- îl
fu [?15 ns - 171.6 ts6 t rJsG tçq -

#n[r tiq t¡'o - l¿ I5s tç8 o "x.¿a7o n6

lao ß". ,"1
-6ooG nq tltls n''øSl
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APPENDIX IT

The Cetermination of

appr"oxinant given by equations

the coefficients of the PaCe

(r¡I (16) anc (rZ).

1-

Lo'4

4 , Ø, utl -- 4, ,.stn

This can be newi:itten as:

-t - - 4rr-uo I

Then the denominator is dcåviCeC into the numer.aton

the Right hand sice and equatec to the coefficients
the left hanC side.

' 6o drrt' ÁoQ, -1 
* - -' - s - óod^nc.t1h

'I bo4" n drLrl ,*- - - - [t"ez^. bzd"^]cn"'

Ot?-rr

on

on

4 t &,of * 4-* 4nu*n
iÏo 

- t**' -ã,['o'a,nc"¿']uo ----

áo, dr.óz - - - - - dao-"^l I
L * éoLuatz * ¿re" atq - .- - - - óoïr^a>¿^
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An obser.vation of the fonm

1

ã;-^
.L- IS- do Lfrrdz,,

solution yields

(7 S)

(1 1)

of the

-Pto =

I"n' e^c^ 
- ^rf



APFENDIX IfI

Test For the Realizability of the

Second Orden Transfer Function

Equations 30, Jl an1 32 gi.ve Lhe conCitions for. the

real-iza.bility of a second or"Cer transfen functlon.
ft can be seen from equation 20 that for K

btween zero anC one that do is always positive. Ther.efore

from equatlon 23 and 25 it can also be seen that !."

anC -!-1 ar.e positive for. K in this region. Using

equations 27 32 the conditions for. real-izability
loecome.

-øo >o ø - Í
4rz,æ" zo 

^æ - z
L, 7 O tfr- 3

It has ah"eady been showr that conCitions IIï - 1

anl 3 are met. Condition IIf - 2 is met when -P,e is positive.
This occurs in the range 0<ß<,656 as can be seen from

equations 2L anC 24. It is necessary to pr"ove
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that when .ss6< t< < L condition III - 2 is
still- met.

Fr.om equatÍons, 21, 24 , 25, 20, 2L anC

22 condition IïI - 2 becomes.

which becornes:

(t<'- r.L3T)( x* - .?q6 rz r. z"t t) o o

This equation is r:ret fon O < ß < úffif and

is therefore met for the i:ange o<ñ<t in particular.
Tberefore equations 70, 3I and 72 are always met

f or O < ß < L and the seconC or.Cer. transfen function
is always r.ealizable.

1(7ro.s) [ ß,- I] [x" -I.ot|L,r' -.ei,.' ,.asú rIat.rrt¡(t- Ís') ( tr,- .rrul]'


