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TiiE S"¡SfET,,ï 0F- 'THE fíËLILTti AT0lÍ

i).iJD A POSITRO3'I

b]'l

G.0e zkowslcå

AllsTitÉ,CT

Ti:re i;ossi'"i:f-1-ft-v oi the fort'n¿iticn of a baund stsue

fc'r the s'¡st,oi:r of,' tiie Fiycirûgen a^tom a:rd å pÕsi1;r'on and al"sc

íoz" tite sïßùem of a lietil,rin a'Lo::¿ zurc1 a p,:-ìsåtrorl is inve¡s1;:Ì-gated,

'rirtor,€ticaJ-ly * ThÈ theor¡r sf the Vari¿IDioriaL. nethcti I'o:,

d"etet'niriinr,; u¡;per. i;cr-rnr:is I'crr the êi't€3"S¡r of a ¡;l:ysleal l;r'stern

is developeri, Tire Variatj.o::rai raothod J-s appLåed tc s*vo"i'al

brie.rl ïrË)ve l'unctions for" 'r,iio sy*'T;ein of a ii-vci.r,ogeri ator¡r l-ld s,

posJ.';ror: . An eq.r:ivale:lL ÕnÊ dirúensio:lsl pr:'oL;1en 1s Í-orrrru1a'í;ed-

f or 'ri)e syn'i;el:r cf Ð" il;"ilye51gi1 ati)íi s¡C e"ì. lür)sitron, The rsolu.ti"cyl
Ì

*î,' tl:ri-s rr.rrûb-L€m cìetermlrres 'Lne besi: for:n of '',vÐ..¡* "fu;r*'Lion

for" tho s',istsni¡ -g.ilch that ti',e ene:'gy c:f tl:e s]'steni :is â

rnini¡num" The rosu1ts of the ¿e"-ì-ci;J.a'tions iJcl i:ol i::rlics.Le tte
'Ì:indirrg of the sys'bern of a iiyrlr.'ogen ato:n ai-ld" â ,ücsLïrcn. îhe

el-eineni: çf i¡¿]r:rne fûr" tire faur pårticle i¡).st,e'Íl tf-"a. i:lelfu.ui

fi.Ì:üm. erct a po -iiron. i.s der.Í.ved. Tire VsriaÌ:åonriL metliod is
api:L-l-ed 'io a -bi:¡"eo J.rarnrneie;' a:'ld a four pa-*a:.lle'Ler h:'j-aL. ,;:-ú.v2

fu;rci;lcrn :f'slr "che s¡'s'?:em ai{ a äeiiu.n ato:¡': ¿J:e ,À jro$:,i;1.c¡;-:, The

reeuLis eo not sl,r.ûi? 'ì:]ia.1; ti:e s;isi,crr fo:rni¡; a ì:*unil s,'t;a'cc, i.ri-ii

ä-{'e l..i.:onc.i'rsiit since -'i,i:r; l.'r:ri.atioirai ri:el}icc. prctt.Ld-*s ;n}"y

a?] u-ï-rÐÈ-r i:t;i-rna f*r' 'çY.* ÉtiÐrglr of â slisteru- gar¡r:r,ê.j- Íl'rçt"tivo-

c:ents ''in tho *¡ave fi-¡.¡relir:n fc:: -';i:e s"ir's'Loirr cf'a l:æ1ju.r* *t,otrt

a¡c a pos i'ilron Ð:re suggestec1,
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The experlmental- diseovery of the positive electlon

oT positron and subsequent annihilation eNperi.rtents verified

the earlier predtction of the existence of the positron by

Dirac" These experiments lent agreement to the view that

the posltron and electron are antl-partícl-es ln the sense of

the Dira.e theoryr arrc thus ean an¡lhilate eaeh other.

Ho,¿¡ever before annihflatlorr, tne el-ectron ar:'c pos-

itron may form a quasi-stable bounct systenrr slnllar to the

Hydrogeri atom. The possibl.e exístence of this system vra.s

suggested -ny Þiohoroviciel, Ruark2 lntrodueed the name of

positronium atom for the system" lriheeler3 lrr"¿estigated other

systems theoretieal-lyrand found that the negative Chlorine

ion and posltron forn a 'l:ound system" Hylleraas4 found that

two eleetrons and a posltron forn a bound state wlth a bind-

ing enelgy of ,z}i ev, Hylieraas and Ore) ir,vestigated t,he

system eonsisting of two electrons and t*-o positrcns¡ end

founc this system to have a binciin6, erlergy of' "l-lev, Cre6

lnvestigated the system of the negative Hydrogen ion and

positrone and obtalned a val-ue of .OV ev for the blndirig

energy,

CHAFTOH T

ITiTRODUCT IOI.,]

1 S.ì¡iolioroviclc, listrorr. l{ach." . 'Ær 9+r (19j4),
2 A.E.Ruerk, Phys"Rev" áde 27Ltr (19+i)"
3 J-A"bJhee1er1 An-ri, H"y.Àeal, Sei" jaË, 2Igz tr1946)
4 E"I{ylleraas¡ i]h¡'s"Rev, 7\r 4gI, (ii+7¡"
5 E.iïylleraes anc A"Ore, Phys" Rev " ZJ¡ +g3 y lt"ç)|)
6 A,0re , Phys, Rev. gl ? 665 1 (1-957) ø
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If thls upper bouno for" the ellergy 1s very elose to the

eneråy oi the systemu 1t is doubtful r'rheiher ihis sysiem

coulci exist in naturee sinee the value obtained by Ore is

very neer thermal energles, Darev',ych7 iras found the bindirg

energy of the system of the negative Hydrogen ion anci positrori

to be ,21 ev rafld has calculated the aienlhilation rate for
posirrons f,orning sueþ a compound,

In the ground state of the positronium etome ihe

splns of, the electron ard posltron may be parallel or antÍ-
d

paral lel " I'ositronlum l,¡ith the spins ant iparall-e1 1s called

singlet or parapositronium¡ arìd positronium wiih the spins

parallt;l- ls called triplet or orthopositronlun" It ean be
R

shor,n" ttrai for lor+est order, ã-mlhilatlon from the singlei

state resr-rlts fn the enlssion of +t v¡o photoilse and amihilatlorr
fror.i tlie triplet state is accornpanied by the emisslon of

t,hree photonse The ¡rean lífe of singlet posltronlura is ^¿t

t.Il X to'to sec" and the mean lÍfe of triplet posltrorúu¡r is ,-.,

l,* x lo-7 *u",8

Two physieal systems, the Hydrogen atom and posirron

ancì 'che Helium atom and positrorir will be lnvestlgaied lrr
lhls thesis in order to deteruine lf elther forms a bound

state" The three partlel-e system ¡eonsistlng of a Hycirogen

ato¡¡ and a posltron? ls of lnterest because only one eleetror;

sÉrves es â streen for the repulsive force between the nu.cleus

and the positrorì,

ç
U

$"DarewJeh¡ Thesis ¡The Interaciion betvieen a Fositron
and H-. unlverslt¡' of þlanÍt oT:a1 L967 "S"DeBenedetti and H.C,Corben, Ann,Rev"of i,iuel.ear Scå,

5þ rg6? (1954).
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Thus 1f lt ean be shor¡¡n that the Hydrogen atom and positron

forro a bound statee one could'bhen have sone neasllre of

eonfidence that the system consisting of the Helium atom and

the posi.trcn r.,-ould forn a bout"d st¿lte. This three particle

system will al-so serve to familiarize the investigator iç1th

the technlques il:volved in the sol-ul,ion ol" this type of

problem before pessing orr to the iliore co.mplieated four part-

icle problem, that isr the system of the Hel-iuni atom and the

posit ron.

Reeent experiments have been performeC by P¿.ttl art(Ì

al 'lrì
Graha-rn/ arrO by iCackerle and Stu.np*" on the a-rurihilation of

positrci'is in Helium. Certain dlscrepancíes exisi between tlte

experimental r:esults and their eurrent in'cerpretation. Paul

ârñ Grairam suggesied that the tiøc speetri;m for positron

deeay irr }ieliu¡l could be interpreteri as the resuil"i of three

conponerìts, Tlrese three coñponents were dr-Le to the aruúnilation

of sínglei atrr] of trlplet posÍtrotdum fcvme'i in the ileliumt

and the anninilation oí positrons in flight " They foi;nd

iha'c the ior.,6 -iiveci eomponenï had a nean life of 9.1 Xþ'8 S€cs

They in'cerpreied this âs ciu-e io triplet positron-iu¡n" Ï{over/er

the nean iffe of triplet positronium isrwt'l x t67 Sec" The

intermeCiate eoüponent wås found to have a mean life of ^.'
a

t.g3 x I0 sec, ihisetney inierpreted as d.ue to ihe annihllation

of free positrons" Hor.¡ever, Ðirae theory predlets a mean life
t-q

of .v 3x lo-'' sec. The short llvecl cornponent \,¿as founci to have

9 D.A , L, Paul arid R,L " Graham¡ Fhys " Rev " -]Q6, , 16 z (l-957 t
10 J"i{ackerle ancl R,Stri*p¡ 'Dhys, Rev" jAþ; 1úr QgrT)



-i0a mearr lif e of r. ¿t )o see.

the annihilatlon of' singlet
singlet posltronlum 1s i'llx

Ferre1111 attempted to explain the exlsterree cf the

long lived eomponeni in Helium by means of his I'Bubble Theory'r"

i{e shoived that it 1..ras energetieally favourable for positronium

to be in a reglon of lorver than average Hellum density, He

postulaiecl that onee ín this region, the posltronlum atom

t¿ould push away other Hellun atoms and ereate a'rbubble'r in
the liquiC, The piek-oÍ'f of electrons frorn the nearby Helium

atoms would then be reducedl and thus the ¡nean.tlfe would be

j-ne:"ease,3. Ferrell also proposed an e):perinental verlflcatlon
of the theory Tiy the ¡reasure¡eent of :tire mean life of triplet
positroniuru in tiquic iïelíun near the eritleal point. At thls
poin[, the caleulated mean -l-if'e is å the mean l1f'e ar 4"2oK.

Daniel and Stuinpl2 performe,l bhis experinental tesb of the

theory and found that thc results did not aåree v¡ith the

predietions of Ferrellfs theory,

The sugges+,1on j-s put forward in thls thesis that

the experimental resul-ts of Paul and Grahamr and of Waekerle

and Stunp could be explained if 1t couiJcì be shorn¡n ihat the

äel1un atom and positron forni a bound syst em" If the i{elium

aiom anc'l positron do lnoeed form a'oounci system, then'¿hc

mean el-eerron densily near t,he posit ion of tÌ:e positron

lvould be different iroul that found in pcsitronlum. This would

They interpreted this as due ro

posltroniun, The mean llfe of
- to

i Ò see.

+

11 R"F'errel-t e Phys-" Rev,-- JAg e 16?
L2 T"B,DariLel and R" Stump, Phys.Rev,

, (Lgr7 ) "JJz s r,i' , (t',)59)"
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lead to dif'ferent annihilatíon rates and mean lives, 'øhích

mighi correspond to the experlaental results, Dare,,+yeh7 iras

shown that the meen life for two photon annihilation of pos-

itrons in the ground state of the sysiem of the negati-ve

Hycìrogen íon anci posi*cron iiffers from tl:e mean life of

singlet positroni-uro 
"

In chapter II ¡ the VariabionaJ- nethod for cie'r,er-

ulning Lipper'bounds for the energ,y of a system will be

dlseussecl" The s¡rst"* "orl.isting 
of a äydrogen s.tom and a

posi-tron t+i1l be lnvestigSated i-n chap-uer III" Chapter IV w111

ôeal wfth the possible binding of the system eonsist,in.g of

the lielium atom ano the positrorl" The conelusions reaehed

wiLl be reported fn ehapter V"



Ttre applicability of the Variatioria,l nethod to the

problem of cletermf nlng whether the systenrs, consÍsting of the

Iiel-ium aton and positron and of the lìydrogen aton and positron,

respeetivelye formô,bound state, shal1 be dlscussed. The

theory of the Variational meihoC for deterruirúng ðn upper
'i:ound for the energy ot'the grourrrl state of a systen shall be

developed" ït shall be shown how the rnethod rna-y be extended

to deterrnine upper bounds for the energy for excj-ted states

of e physical system, Using a trial r^reve funetion whose

lir.itial form i.s unspeeifieci¡ the Variational methoc shall be

applied ancÌ. a form for the function sÌrall be obtained. sueh

that the r-lpper bound for the energy shall Tre a mini-mum"

The Variational methoCl provlcìes a po-*erful means

for deternining an upper bound for the energy of e system in
a given state, Klnoshita2, using a trlal- Iáiave function

containing 39 parameters, obtalned the ground state energy

of the Heliun atom whfch was wÍthin ,OAOJ/; of the value

obtained experimentally" The effectiveness of the method

depends 'Lrpon ehooslng a trial wave functj-o¡r l.¡hich is a close

a.pproximation to the rrave funetlon oescrlbing the state of
the physical system"

CHAPTER I]

THE VARIATiOI'iAL i'ljiTi{OD

1
2

L"I.Schifr',
T,Kinoshi-ta,

í;uantunr l,leehanles, 2nd
Phys 

" 
Rev " fg5, l-+90,

Ed " p.I7l c

(Lú,57 ) "
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The form of nave function for the ground state is
known exaetly for the llydrogen atom and to a reasonabl.e degree

of approxl¡ration for the Helium atom. Trial l,rave functions
may be chosen for the syster:r of Hydrogen atom and positron
and for the system of Helium atoro and positron of' sj-milar

form to the llydrogen atorn wave function and Helium ato¡r lvave

fu-netlon, respectiveJ-y¡ assuuing that the states of the systerns

under conslderati-on are not greatly changed by the presence

of the posi-tron"

ilhe theory of the Varia.tional ¡nethod for the
ground state of a physieal systen sirall- now be developed, The

physieal system i-s a.ssumed to have a lowest energy state.

In Çuantum Meehanics¡ it is postul.ated that e

eorresponcience between the states of a physieal systenr and

the elements of a l{11bert space exj-sts. A correspondence

betiqeen the dynamleal varLa.bles for a physical systern anc.

llnear operators in the tiilbert space ls also posturated.

If Ç , \r are elemê*ts of the }Iilbert space anci if
j

d' is a lÍnear operator in the HilÏrert spaee, then the inner
produet of ? v,,ith d.\) is deflned âs¡

lq,nv = (xy,q)* ( 2-i)
Ií the Hilbert space is a function space, the

inner product of V with x r¿ is defined to be

(g,xq,) = f V*oV d,t \¿-¿)



ift (o*q,v) '- (q,dv)
If ø,=a.* I o( is saici to be an Hernitlan operetor"

líor'¡c(+ ls def'ined to be the Hermitian a.d joini of

Let H be the quantum nech¿inl-cal Haniltonian

H is assumed to ire an äerroj-tian operator " Let {¡ be

function for the systen"

Conslder the elgenvalue equation

Hr/o =Envn

}n i* sald to be an elgenfunction of the Ha,niltonian

erator H ,belonging to the eigenval-ue E¡ rthe energy

il th ståte 
"

or H , 
[u^1

systeru may

funetions

Since H ís Hernritian, the set oí eigenfunctlons

e form a conplete set. Henee any state Y of the

be expanded as a linear combinatlon of the eigen-

of H ø

Then,

Õtl

ú

(2-3)

?=
where cn are constanis"

operator.

a state

It can Ìre shol¡n that the elgenvalues of an lierrnitian

opera.tor are real, a.nd that the eigenfunetions of' an Herr¡ítian

operator belonging to ciiffereni ei-genvalues are orthogÕna1t

in the sense of the innet produet oÍ' the two eigenfunetions

being equal to zevo o

{2*+)

op-

of the

f.
n

Cn Vn Q-5)



That 1s¡ frorn equation (2-4f we have

l-l Yn = En ?n
H?¿ = E¿?n

(?n,1,¿) = ãn¿

lUrl "o"malized 
to unii;Y'

Deflr.¡æ the expected everage

H for a state V to be,

then

:issuming

operator

<ll> :
if V not normallzed,

. From (2-5) 
z

<H7

state energy of the systeme ancl f, , E,

of' successive excited states,
Í-nO., " 

Eog [,ç E="''

Zl ct'laLet E, be theÉ lor,rest energy'

CI

of the

(z'u) becomes,
(Çc^vn,4qft4ro)

(2-6)

(2-7 )

tç- t^,?-l-
= {t,C1i trrr

(Ç cn 116, ã cn V¿ )

Hamiltonian

Therefore, from (2-9) and (2-10),
<it ) t Eolcol¿+E, i.,1"#..

(2-u)

<H 7 7¿

Thls inequality¡ (2-1lb) e forms

¿:ethoci anci enahles one to flnd
state energy by ealeulatÍng trre

Hence,

<fl>

leve 1

,ete"

lqola+ lc,lL+...

or the

,be the

lcolllEoll,l'r
lçola + lc,la+ .' .

(2-',))

grounc

energÍes

>/ Eo
(2- llb )

the b¿rsis for t.lre Variational
an upper hounci íor the grounó.

ex¡:eetecl averâge of H o

(2-10)

(2-l1a)
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The expresslon for (H) 1s calculeted, usfng a trlal
wave funet Lon\)k,b,,r,t) where q , þ ,etc " are parameters end z ,

LL t etc" are coordinates. 'l'he(H)is a functl-on of these para-
ó

moters. The values of these paraneters are then varied so as

to obtafn a minirrrum value for (H) . Hence the best value fon an

upper bound for tho ground state onergy is obtained, for the

particular form of tnial rvave functlon sel-ected.

If the ground state u¡ave functlon 'Iiu, ås known

preeisely, then f¡'om ( 2-l+ ) t

anci from (2-11b ) ,

Tf the trlal l¡tave function{ represonts

cc¡mblnatlon of ground state and excited statos of

then from (2-11b),
lL!d- , r-rl*l '¿ -o

Iìence the effectiveness of the method depends upon

the trtal wave functlon V to represent the ground'

the system as noarly as possible.

HY, = EoVo

( t/', tty.¡ = Eon;ry

Ït l'¡111 now be shovrn Lrov¿ the VarÍatlonal method

may be e*tended to obtaln an upper bound for the energy of

a¡n exelted state of the physical system.

Lot E, be the energy of the flnst exeited state of

the system. If 1po r¡epresents the ground state of the systemt

a rflave furrctlon q 1s chosen sueh that,

(2-r2)

( 2-13 )

a ll-near3

the system,

chooslrrg

state of

(''1,o,9) =o ( z-r[ ¡



Then from (Z-tta) ancl

(q,nfu 
=( 4t9)

Fience from (2-1o), (q-,IqJ 7, E,
( 9'Q)

Henee ar1 upper bound is found for the energy of the

first excited state by ealculating the expeeted averege of'H ?

for the state Ç " Clearly tire methoa may be extencled 'bo higher

excited states of the systenr.

ït will now be shor.¡n hoi* the Va,riational_ nethod

may be applied to trial wave functions ¡r¿hose form i_s not

inltia.lly speeified I and the solution r.;i1l- determine the

Í'orm of the l.¡ave function such that the uppe:r bounc foy ihe

energy wiii be a minimum"

Conslder a trial idave function W for the systenr

with Hamiltonian H , where !=lþ,4,.,o,|,þþ.nð.t,X,. are coorclinates

an<l q,L,.., ere paraiueters for variationj ffre forn of the
- h,function L(v,\,"e,Ç )is specified, v¡hire thai of l(il rs uïÌspec-

ified "

(2^5) 
s

E,r I i,l' f E,- I b-lt *
| +¡l'+ lLrl\+ .. .

11

(2-75)

The methoci shall be illustrated T'or a one particle
systern" The extenslon to a rneny partiele system r¡ilt be elear"
The Haniltonlan operator H i'or the system may be r+ritten,

v¡here l{= lyrr r }1( is
+a.L

operator, and V

3 l'íote that 4,I .,tr need not be Cartesian coordinates.

H - -+v" + V

the mass of ihe

1s the potentlal

(2-16)

particle, yzis the Laplaeian

energy.



(2-i6)

But

Then by

lüor,¡ consider the in¡rer product

t.î(v,lv) '.J l- iuvzu + v !'l ¿v

V,1lvy =(Yì/)'t VV'ìl/

the Dlvergence Theorem,

I v.uvlrr .ls = {. -q v-V , ! d,5 =)J
The right hand side of (Z-t7) equals z.ero for quadratically

integrable functions es the radius oÍ' the sphere -i' oe ô

Then from (e-fU) and (z-l-g)?

[ _ Vv.V ¿r = I (v t))/ &ç (z_2o)
))

ilence the i.nner prociuct (rl,Hry¡ rnay be r,.¡ritten,

fron (2-2O) 
?

SPHÊ48

72

( ?, H VJ r then from

(2-r7 )

(2- 18 )

5 PN E/{E

v¡here V is the gradient operator,

(1,, H4,) = 
fL{aoV)L 

+V?1,.1 ¿y

H for
Consj-der the expeeted average

the state 4-L{-t,,6,..o,ÉJltt)r"itt, ì/

<H7 = fvflvdt,år,
Í rl"ùt,¿y,

rvhere cJ,E,,-i4d,r6..and &tr*%, Integrating over Át, I

(2-t9)

slnee ì{ llV contaj.ns(vv)', orrly first oerivati-ves of }tp oecur.

<N) = \ f tX' ,l,ildtz:

subject to the conditlon that the de¡:o¡rj-nator be a. eonstant"

Hence Q-23) is a conditloned integral.

4 See footnote on page LZa"

ite r,;lsh to mlni-mize the numerator of (Z-23¡,

f r 11) \' dt,

of the Hamiltonian

real "

(2-2r)

(2^22)

(z-zz) u""or*$

(2-23)_!-
rz
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În the slmple case considered. here, F , in the denomlnaton of
(2-23)r ls a eonstant. It Ls clear holeven, that ln a moro
genenal easor the linits of lntegratJ.on for /(, vr¡oul-d. l-nvolve

) and the element of volume would contaln a functj-on of
tt,{,...,,1) , Thls v¡ouId yleLdron integratlon over dG, , a functlon

FItr) 1n the denoml-nator of (2-23).



For an extrenum of the nu¡aerator of Q-23) ? ïhe

tion of Jr must vanish.

Henee, from (e-a3¡t
51,= O

But

Therefore, 6'It = o

sinee the variatÍon of a constant vanishes"

Thenl frorn (z-z4a) and (2-24b)t

lf=5I,-tr5J^=q
r¡here À is an undeternined multi-plier" The first variation

of I vanishing, subject to the condition that the first

varÍation of f1 vanish, implies that the flrst variation of

Ir 1.Il- ll- vanl- s n .

Ïx = <où:tR n/T

l_3

ffrst varia-

This is aehieved ff the Buler-Lagrange equatlon is satisfíed "

The lJuler-Lagrange equation for (2'25b) yieldst

Hence' o=[Jl,ß - ìFxlJ dr.

(2-24a)

o=L( +l +F + 27FT
4\ â't't ¿I

itquatlon (2-26) nay be v;ritt€Ê âs ¡

tr" o ÁI' + ( r'- ß)X =s

x(l) = (q)Çt7)
alld 

\,4 
* A' o

Then eciuatioil (Z-Z7a) becomes,

g,,+(À-ü)y--O

(2-2\b)

Let

(2-25a)

and ç'+d-{ +Ú+ß*dt {'
As can be seen from the forns of Q-zBa)

the problem has noro¡ been redueed to an equlvalent

sional problem.

(2-25b)

(2-26)

(2-27 a)

(2-27b)

(2-27 e)

Q-zAa)

( 2-28b )

and (2-2Bb)e

one dimen-



Equatfon (Z-ZBa) represents the Schroedinger equatlon for

the problemrand (e-eBU) represents an effective potentlal

for the problem.

ponds

It
to the

Consicler the expected average of H ; then frotir

t2-2Ð, (1,,tiì,) =f [*Lv?)a+VÌr^]Le

For a mininum of the energyr 1t is required thate

S IvllV J't = o
J

subjeet to the eondition tha.tt

I tr, " 4t = l-ou¡rAr'ir
)

Henee we have a conditioned fntegrale and as ln

v¡tll nor,,' be shovn that ì" ln (Z-ZBa) corres-

energy for the original Problein.

(2-25b),
o = [ i t tt""l 

z +vry] -rr/'J

This condltion Ís achieved if the

is satisfied " The Euler-Lagrange

14

o = o-"(#;),h(ffi).h.furl
Then (2-30) yíelds

4o"l +L7-v)11 = o

It is seen that (2-J1) has the form of the SchroedlnËer

equation and ). corresponds to the energy" Hence À ln (Z-Z9a)

corresponcts to the eneÌ'gy, llquation (2-2Ba) nay then l¡e

solved for the equivalent one dùnerrsional problen, using a

numerical lntegration procedll.re 
"

The dependence of the nodes of the integral curve

d( = 5i É &t

Euler-Lagrenge

equation for the

(2-29)

equat ion

prob lem ì-s e

(2-30)ú_)v

(2-31 )
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or- Q-zBa) upon the energy will now be investÍga.ted.9(&)ühe

solution of (2-28a) e must be quadratlcally integrable, so

that an eigenfunctlon of the energy vanishes at )=*oÕ e

Equation (2-28a) ¡nay be solved expllcltôy for srnall 1 to

olrtain the 'oehavior of ft$)for small z6 ô

Conslder now (2-28a) 
e

Lett= -(]-i)
Suppose 1 ls less ur"fl in" lowest eigenvalue" Then the yct)

eurve rn¡111- not eross the I axis âs in Figure 1.

4(1) for 1 less than the eigenvalue.

As the energy ). is i.ncreasede the ratio 1S' becomesI'
more negativee from (2-28a) e and when À equals the lowest

eigenvalue, the f(1)curve v¡i11 approach the T axls

asymptotlcalÌy" -As the energy Â is further Ínereasede the

ratiolç'/becones more negatlve, and tine f fpcurve will erossqt
the axls. Thef(tr)eurve wlll- have a node whlch w111 aove tol¡ards

Flgure I

the left with lnereaslng À

t

r âs ln Flgure 2.

Figure 2
r



the qq\ curve will Trave a nodo Ln the flnite region of the T

16

i¡dl:en À equals the eneÌãgy of i;he fir-st exel-ted level,

axLs, and wLll appnoach the axis asyptotlcally for large T

An upper bound for the ground state enorgy may be

obtalned by chooslng an energy greater than the elgenvalue

for thls particular problem" Then the f (p curve will cross

the a ax.is in the ftnite r.egÍon, fhe pa::ameters are then
0

varled untll the dlstance of the node of the integral cuT-¡ve

f f7)fnon the orlgin J-s a mlnl-muü. Slnce decreasing the energy

À has the effeot of movl-ng the node away from the orlgln, the

closeness of the node to the onigin: fon a glven value of the

energy, l-s taken as a qualJ.tatlve measure of the amount by

which the chosen energy l1es above the lowest elgenvalue. Thus

by varylng the parameters to move the node closer: to the orlgfn"
one would in effect be improvi-ng the offectivo potentlal 1n

the senso of depresslng the corresponding lou¿est eJ-genvalue.

The energy i-s decreased untll the Í-ntegral curve has the pnopen

asyttçtotic behavlor. Tkrls enengy 1s the eigenvalue for tire new

problem r¡vhoge effectlve potential contalns the varied values

of the parameters. Tlr.1s gives al:t uppol3 bound for tire ênergy,

but lt ls possible to lmprove upon thls result by chooslng

betten values fon the paramoters with thls 1ov¡er value for
the erugrgy. Ttl.e parameters are varled agaln to lmprove the

effeetlve potentlal and thus depross the correspondlng

lowest elgenvalue" lVlth thl-s Jrrprovod effeetJ-ve potential,
the energy, obtal-ned from the prevlous ealculatlon, Ls greaten

than the olgenvalue whlch f.s requlned to insure the propen
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asynptotic behavlor of the lntegnal cur¡¡eo Hence the g(pcunve

nill cross fhe f axls in the f1nlte region' The pa":rameters

are then varied. so that the node is at a mlni:num dlstance

from the orlgln. tfsing the best values of the paraneters

obtalned by this pnoeedure, the energy 1s decreased untll
the ei-genvalue 1s reached and" the cf ttrlcurve has the proper

asymptotle behavlor' Thls procedure may be repeated untÍl &

lowest upper bound for the enengy for the type of trial wåve

function used. is obtalned. In thls wây¡ arì upper bound for

the onergy of the ground state of the physical system ls

obtained from the equlvalent one di-mensional problem*



In thi.s chapter the Va¡riatlonal- method n¡111 be

applfed to the problom of the possLble binding of the pos-

ltron to the Hydrogen atom, a thnee pa.nticle problem" Ttre

geometr"y of the three particle problem w11-l- flrst be oxamlned"

An element of volumo fon this conflguratlon space, whlch w111

allow the necessar"y 1-ntegratlons to be performed, w111 be

derived" The e:,-presslon for (¡t) for several trial wave functlons

fon the system of llydrogen atom and positron will be deter-

mined. The Varlatlonal method w111 be applied to a trla1
v¡ave functlon whose lnitlal form is unspecified, Thls p¡3o-

cedure v¡l-ll pnovld,e a fonm for the wave functj-on whieh will
cornespond to a lov¡est upper bound fon the enorgy of the

ground state of the system of Hyclrogen atom ånd posl_tron.

Conslder the confLguration space for the three
partlcle systom' Let the orlgln for the coor.d.inate system

be at the posttlon of the nueleus. Leth,r 9¡, f, be the polar
coordl-nates of the erectron relth respect to some arbitrary
lniti-al diroctlon and p1ane. Let h^ , g, r fl¡ be the polar
coordlnates of the posltron with respect to the vector L,

as pola.n axJ.s and some arbi.trany inltial planer &s in Fig"J q

THE SYSTE&I OF HYDROGE}ü ATOM AI.ID POSTTRO}I

CHAPTEN TTÏ

L7



X Flgure J

Coordínate system for Hydrogen ato¡o and posltron.

It is desirable to have a eonfíguratlon spaee for
the system wÍth the three inter-partlcle dlstanees as

coordinates. Deflne a vector D,^t as the eleetron-posltron
dtstance,

Thene

where,

1B

IJquatlon (3-J)

volune in the

Then,
d'l =

n,I =l[.-l,lt= ¡t,**ñ."-aflr nr/^,

8,t =Dl-D,

The elenent of volume ,lt may be written as,

d,l = n,t.lh, 4y, 4 ?, nrt dn, d,prd,(, (3-3 )

may be transforned to glve an element of

þ, -- C¡'l 0,

where T ll¿rt¿¿'q.lß the Jacobian of the transformatlon.
çJ I n, flt h,r.þtV, Ll

Hence from (¡-e) and (3-4) r

deslred coordlnates.

n,tr¿,t T ( ",r* ø q,arl 
^, 

,^ , htz,J¡"rJ"y ,!ç. (J-+)' ¿ U \n-,lrnrr-r?f/,

(3- 1)

(3-2)

J'f = R, À¡ 11,, h, &, ln,, d¡,, lf,d/, (3-5a)



with the llmltse
O -< rl¡ -< o6l

O S l\¡1ss oo

i,ì, -11 ( hrl.t?,*À¡r ln,-
-l-1 l&1{ I

ô< q, <en or
0 5 ?¡. _< 111

The expression given by (3-5a) ts the

volume Ín the configuration space "

particle 1 is, f or1'l = 4( h,,tt',lt,),

yt=i' *)' +z_L +?
ðntz dñ,ra I1t )fl¡ JÞ

and for partlcle A is¡

The Laplacian operatlng on the eoordinates of

u'= #,"*fu '+.#'. -+*fi, .f+i-^,)fu,. (3-z)

arìd the expresslon for the square of the gradient
operating on the coordinates of partiele 1 ise

O *< 1, 5 oo

O ( ltrl oo

hrls [,¡Étrr+,fls (3-5b)
- rS ¡..3 I

01 q, <Lt
0 f grtzr;
deslred elernent of

and for partlcle Z, the expresslon ls,
(".þ)" (#,)' - (#. )' + 

{t*,lr*l ßt,| ì!,\
Ln outtine of the deri.vations of (3_60, (3_Z)r(

is glven ln Appendix A"

(qf)'=Hr *(H.)" + Hi:¡.j iiþ)(#.)

19

consider the Hamlltonian operator for the system
of ilydrogen aton and positron, This is a three partlcle
system. Slnee the mass of the nucleus Ís,^¡ lBO0 eleetron
masses ¡ the motlon of the nucleus is negleeted and is
consldered at rest o

Let f, be the position vector of the orbital

\¡-
dm, (3-6)

(3-8 )

(3-e )

r (3-9 )3-B )
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electron wlth charge - É e and 1-et ¡, be the positlon vector
of the positron u¡ith charge + ( ¡ as in Flg.l. The potential
energy terns of the Hami.ltonian are due to the Coulonb

interactlon betr'reen pairs of partieles"

Then r by (2-16) e the llamiltonlan operator f or the
ground state of the system becomese

H = -tvt -1v^l -€1t1 ¡(.Èt

where K = 3¡ ; 
-yrt 1s the nass of

*¡
É = Þ!A^j:E!rrq,,f '

1ï

Then from (z-t7), Q-zt) and (3-10), the inrier
product Q,HV) f or the system may be i*ritten as ¡

(v,Hv)=ff*ì{,,q'v -tr'tv},y +' -ço^ -r}l^_\t'

or (?¿,Hì¿) =ilttq?)"+t\",',t)'-r# -# -#)Lt

+€1
ht

the

consider trial !¡ave funetions for the systen of
Hydrogen atom and positron, rt is assumed that the grounc

state is e state of zero angular momentum" A funetion of the

lnter-pariiele distanees only will now be shown to be an

eigen-functíon of the orbital angular momentum beJ-onging to
the eigenval-ue zero 

"

Let {, * {rbe the orbital- angular momentum. operator
for the two partlcl-es, where

d,*{^ = -tí,(Rtxv, +hrxvr) (3_Ea)

-1,s
E-

e lectron

(3- 10)

or posltron

Let(tn,,Ì,,rì,.)be a funetion of the inter-particle dl-sta.nces onry.

(3-11)

(3-re) 
"



Let

É,( = -Lt{¡,t ll,vJt, + 4rv,nr* (,rv",'J} = tt r, ^
{r1 = - (- l'[ ryrr[ l, p, n, + /, v, n^+ (,^0. n,, ]j = -í l, nr^

, ((,n tJ + = -åf(r,-t,)^ kÐl 1,,. = o¿- -Er= J '

The extension to many partieles is e1ear"

A function of the inter-particle distances only is chosen

for the ground siate trlal \i/ave functionr slnce this function

r¡iIl be an eigenfunction for a state with zerc orbital
angular ¡uomentumo

4,: i+ 4r= *

The state of the l{ydrogen aton is assu¡red to be not

greatJ-y disturbed by the presence of the positron. This is a

reasonabl-e assumptlon, sinceT if the sysiem 1s bound¡ lt is
expeeted that on 'Ghe average the positron r¡¡111 be at a large

dlstance from the nucleus" I{ence a Hydrogen or exponential

type wave funetlon for the nuclear-electron coordinate Jt¡ ls
chosen. If the positron and Hydrogen atom form a bound systent

the electron and positron u¡ill form a system ivhich does not

differ greatly from the positroniun atom. I{ence a posltroniu¡r

type weve funer,ion is chosen for tne eleetron-positron distance 
"

This also is an exponential type functlon,

Semi-classical1y, 1f the Hydrogen atom and posi-tron

do lndeecl form a bound systernr it may be expeeted that on the

average the positron wil-l be at a large distance frorn the

nucleusl slnee it is repelled by ib" Hence a wave functione

r,¡hl,eh w111 satlsfy this condition, nust be ehosen"

4'r' t*,
2L
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Quantum mechanleallyu the probablllty that the posi-tron is

at the position of the nueleus must be zero" Thls is achíeved

Íf a power of the positron-nuclear distance oI an exponential

type function is chosen. Henee trial idave functl'ons for the

system are chosen t"Ot_:, 
nr a- Llh,+clntxl

The Varlational nethod ls now

wave functi-on (3-1+) rV = nre å(¡'ro¿nrJ 
'

By (2-8), the exPected average

<H7 = !|..!-ìP)@ffi

v= nl

ì/J e-

Then by (2-22)? (3-rr) and (3-r+¡u

<H> = j¿[ FL2-zLzu'),!" r +'v' -t-J:, 4,n"-*!fu

e- lr(n, ¡x h'a)

L( n, +¿ h,r Ê n")

( 3-1+)

(3-15)

(3-16 )

applied to the trlal

rvhere It ir giv

An outline for the method for performing the integrations

is found in Appendfx B, and the Lntegrals of (3-18)

explicitly evaluated are listed ln Appendix C"

en by (3-5a),

! t+'út

Equa,tion (¡-fg) may be '¡ritt€rr âse

<H) = t^ËAG) r e'ß(¿)

fr¡s<H)is nrinlmized with respect to Å by setting

Thene' <lr7 : - ß¿ REa

a-E-
or (tt7 = -(buL + tidt +:,tal + tqd.a + 7,ot' + t8* + L)z

+r (t +x,")(t+t)'(LKt + +d.1 ß)

of H isr

(

t'-'r'-t .tltr
' ll, n trL l12.)

(3-17)

\ v"¿t

3-18)

(3-19)

à( rr) ^r=Ve
¿h

(1,-20a)

(3-20b )



rtre (H) , (3-20b) i.s

Then,
(H7 =

whene ße4 Is a unl-t of energy,

energy.

si-mlLerly fon V=n:¿lhr+an'J"rr4 V=d 
f¿n'+nn'¡pnt) ,n"

mlnl-rmrm for (H) ls found to be -+ Ke'| .

T.'he energy of the Hydrogen atom 1n the ground state

Ls -t Ke+ " Slnce the bf-ndlng enengy of the Hydrogon atom ls
+

twlce that of the positronlum atom, the favourable mode of

dlssocl-ation of the system 1s lnto llydnogen atom and posltron"

Clearly the energy of the system of Hydrogon atom and positron

nrust be less than that of the Hydrogen atom 1f the systern f.s to

form a bound. state. Iíence, wlth trial ws.vo functions (3-flLlt

l3-]-5) and (3-f61, btnding l-s not l-nd.lcated for the system of

Hydrogen atom and positron, î'his resul-t 1s ln agreement wlth

that of Inokutl-, Katsuura and. Mlmural , who have shown that

blndlng 1s not lndlcated for the systemo uslng a trla] wave

function of the form tl=n{ -a{n'+a\úFn),

a ml-niuum for 4= O q

- r K€4
+

and Å-lr 1s the atomlc unft of
't

23

fhe Varlational method 1s now ap,c¡l1-ed to a lvave functlon

whose fonm ls not inj-tlaIly specj-fled. A wave functlon of the

f orm,

1s chosen,

I InokutL rKatsuura, and }iimu:'a,

V = e-'$'' 
fr'-Åtn'' 

?lh.)

Prog.Theor "Phys . 23_, 186, (f 960 i "

( 3_2t)



Then from (3-13b)

volume glven b.v (3-5a)¡ the

(H) = *Jt(n,ß +h'3

i^,rhere,
R = ?n. l^(t,.*rxi) e)+

hJ - n,P

2+

and (Z-227, using the element of
(tt) is, lir= 1å,, , ßr--LL

n¡ U.ul dt'^

w - rrrt I l<rl(: €-K'h'| 
-x¿ n'' 

J^,J,',,
Jt

U -- B n't I n, F," e- 
K'n' ^ r{1 h 'r cþ1. J.h n

)

p = ?fi,txa. IrÞ,+n,.) a-ßin,-/(¿ßr1 d"1,J,.t"r-
)

+ xe'U) f *n,u(#)'* (n,'s +T)fffi]t,. ß-zz)

T- gn'r I{*tn,n,.1 -n,]) a-KrFr-r(1r^ Jn,J^,.
JL

These are evaluated in Appendíx D"

S ' -8'll^ 
I

It is requlred ihat the numerator of (3-ZZ) be a

minínum subject to the condition that the denominator be a

eonstant. This is a eonditloned lntegral. Then, fro¡r the

theory of chapter fIr the Euler-Legrange equation must be

satlsfied, and hence from (Z-Zrc) and (Z-ZTa),

t VTf ¿ 
[¡a,1<'JT

Kr
7.

- K,h,- Bth,t
lìr e d¡r, þ,,

(n,z * h, f) a- 
ß'n. n,''l-þ.,, 

¿n,^

where

Equation (3-23a) is transformed by (Z-ZZø) anci the

condition (2-z7e) is imposed. The result is an equi-valent one

dimenslonal problem wlth Schroedinger equation,

4L +AAt +(l-B)1=6
d,t1;" J¡t -
Ä =r +L ¿U'r Il¿ U 6.

g= t(1-ü)y=e
¿J'r\-

( 3-23a )

(3-23b)

(r-23c )

( 3-e4a )



and effeetive potential e

ç

ü

The effective potential ís given 'by,

+

K, ( À,¡ rt Krt)
+ 11

= ¡¡,"1rr<f)

*f- k, r.(3 k 1+s/q') - {5-.Jtr/n.+[,( lß,r+ ki) - 
-J 

,,i - C* pi

The differential equation (3-24a) canrrot be solved

explicitly, but nray be solved by means of a nunerieal

procedure.A difference equation is formed fron the dfffer-
ential equationo

nf * C'' ¡: $13_-^'- ) + [ 
-ir+:]S n z ( !ü)] n zrf g! j J n 

.

Lete I = g*
ß-26)q' = 9n-3i-,

,' = çt- ,^-,
From (3-24a) and J3ìe l, the differenee equation

becomes e

g^*, = Lz - (^ -V) S 
*l 

?^ - v^_,

where 5 is a small interval of -tta "

25

f ?- 2Lrh I
\J

Thus if two Ínitial values of I are known,

s¡"iccessive vaiues on the integral curve may 'oe computed frorn

(3-27) . The tr.¡o lnitf aI values of q ere obtained by solvlng

(3-24a) l-n a series solutiorr for small I(1 " The approximatlon

of the effeetive potential ü e glven by ß-_zil for small

values of h, rj-s found to bee

ß-25)

V -+It:-

A serles sol-utlon nust be found for,
q" +(r-*^) E =o

ß_27 )

(3*28 )

ß-29)
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for sma11 Â* e

Let a solutÍon of (:-29) bey

I = nÍ Ë *"n* t¡-¡ol
Froro (3-3o), (3-29) becones,

Ë",a+,r,)(t+a,-,) ø,o nt'+ô'1 + AaLr..f*n- c.n hf*o-' = o (3-31)

Equatíng the eoeffielent of the lor+est poi,rer of å1to zevo,

. we Bet¡ ttt- t) Qo =q

Henee X-- t , since 9 ls required to be zero at n..s o

Equation (3-31) beeo¡rese

å tÄ.(¡,+,) 
qrhi-' + À qo. hl'' - ao Â;n j = o (3-32)

Equatlng the coeffíefent of n*^to zero in (3-32)r we Betr

4^+, = 1!,,r,10,i., , "' q' = ?(' nt tX¡1t+ I )

Hence a series solution to two terms lsl

1 ^' hr + S (3-33)
L

A numerical lntegratlon of the dlfferential equatlon

(3-24a) is performed using the difference equati-on (3-27) ¡

and the tr,.'o inåtial values of V fron the asymptotlc solutlon
(3-33) " The parameters are varied until the energy is a

minimun and the lntegral curve has the proper asymptotlc

behavlor" The energy À Ís found to approaeh a lÍmiting value

of -¡ re{ " Hence bi.nding of the system 'i,vhose state is describedl+ 
-k, n'- Kr n'l

by the wave funetfon ?=c T(nJir not fnclicated.

Thus the results of the computatlons, using trial
idave functions (3-1+) r (3-L5) s (3-16) and (3-21)e do not
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show that the Hydrogen atom and posítron forn a bound system'

Hoi,¡ever we are unable to eonelude that the physical systen

does not form a bound state, sfnce the Variational method

yields only an upper loound for the ground state energy.



' This ehapter v¡ill deal rsith the problero of whether

the lIelfu¡n atom and posÍtron form a bound system" A eorrfigur-

ation $pace for the four particl-e problem wi.ll be investigeted

and ân element of volurne in this spaee wil-lr be derived. The

Variational method for obtaining upper bounds for ihe energy

of a system wlIl he applied to tr,vo trial l'/ave functi-ons¡

eontaining three and fouv parameters respeetively.The pro-

cerlure for obtaining a minimun val-ue for ( H) of a systeuer"'hose

state ls descrj-bed by the four parameter wave functlon, will
be diseussed,

Conslder the configuratíon space for the Íour part-

icl-e system" Slnce the nucleus of the Helium atom has a mass

equal to 72AO eleetron nassese the motlon of the nucleus is
neglected" Since the nucleus 1s eonsldered at restr lt is
taken to be the origin of the coordinate system. Since each

novÍng partie'le has three degrees of freedom, the configuration

spaee for the systen will have nine dimenslons.

THE SYS]]EI,Í OF HELÏUM ATOM AI'ID POSTTRUI\

Ci.IAPTER IV

,1 i)

Let rl, be the posftion vector of the posltron 1 trt be

the position veetor of one elciron and n, be the position

veetor of the other electron,l
I ln the problem of the Hydrogen atom

the posltlon vector of the positron
vector of the el-ectron ','¡as år ,

and positrone chapterlll
\"/as ¿4 e Ð.nd the positLon
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The lnter-particle distances are deflned âs¡

À,= llt¡l hr=l!¿l It¡-l!¡f
(4- 1)

Sinee the sLx lnter-particle dlstances (+-1) arise

in the Harailtonlan operator for the system fron the Coulomb

lnteraction betv¡een pairs of partï.e1es, it ls ciesirable that

these slx dlstanees oecur as coordinates in the eonfÌ-guration

spaee of the system.In the folloviing the positron will be

referred to as particle 1r and the two eleetrons will be

referred to as partieles 2 and 3 respeetiveJ-y.

The six dimensional- configuratj.on space for part-

Lcl-es 1 and 2 ,¡t:-l.l- flrst be considered. Then the spaee l¡ill
be extended to lnelude partlele 3"In terms of Cartesian

coordinates¡ the coordinates of particles 1 and 2 are (1,,ç,,tr,)

and (rr,{r,Jgespectively.The three inter-partÍele distances

h,,h.,lìr1 âTê chosen to be three eoordlnates ín thls tr'¡o

partiele conflguratlon spaee" These three distanees form. a

trlangle 1n the space.The orientatÍon of, thls triangle in
the spece inay be corapletely speclfied by the Eulerian

angles (O,9,rl) ,2 Any conflguration of pa.rticles t and 2 1s

conpletely specified by the three inter-partlele dístances

¡¡,f¿.,ilr1e and the three Eulerlan angles (s,9,,t).Henee nçn2,n,z,t,cf ,'tl

are chosen to be the coordinates of the tiøo particle config-

uration spaeeo

n,r.l!r-3,i Ilr3 =lI¡-!,1 n"r=(!3-[rl

The element of vclu¡re for particles I and 2, in
terms of Cartesia¡r coordÍnates ls ¡

2 II.Goldsteln, Classlcal i"feehanics, ADD.-þJCg, p,102"
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In order to obtain the element of volunre in terms of ihe

coordinates of the configuration space, the transfornation

equatlons betr¡een the coordinates( L,\,,fr,,Lr,?r,1.) and the

coordinates(¡,,h^,h,r,e,E,vt) are needed" These may be obtained by

considering two orientations of the trlangl-e ¡'¡hose sides are

,h,,Þ1 and¡,xo The f,1nal orientation ls produced fæ'o¡a the initial
orientation by three suecessive rotations through the angles

q,e arrd y 1n the sense of Euler"

Thfs corresponds to the tra,nsfor¡ration matrixT 3u

(+-2)áT = At, "Lt, = e*, \, 1,&r4r 1,

wheres 
,I

lc.rt-t/cnf -r-tea^7aÄ4t q|Á-'!+unêøf t+! -",* V'.-r\
-- / l(+-3 )
| ={ -,,;V,-r? - (î'€/t^f*rV -o;Vt;q +c}tè úrq'-^V c-.-rV l^Of

\ ",* þ*9 - ^;o *"P @) o I\l
The lnltlal coordinates of particle I are¡0,0,,1,7 and the final-

coordlnar.es are(x,,'(,,tr,) . Let r[ be the angle betr'¡eenÂ, andh¡.

Then h,T= n,'+/trt - t h,Rrc-"-'za( (tt-4)

Ihus the lnittal coordj.nates of particJe 2 åre(¡1¡;1,0,n^c-\\

and the final coordinates are (x",f,",fr,-) ø

Thus the relatlons between initial and final
ccordi-n¿tes â'e e 

/*,\ _ io \[r,l = l [o I (+-5)
I i,/ \ n,i

i *.\ - ln,r.^'l \

f t. l =-r {-o '} (+-6)

\ ¡"/ t nrco'll

3 H.GolCstein p,1C9



Then from (,t- 3 )

x,
I,
]r

and

Aa= n^^^7 <-ttltcotq -n1^¡ãÌ b^Vù( :t 
* nLç)'1iÁ'^'V*tt+_Ol

1. - 
-:r;l: tl :f -3-l-''n '",.y'-t0 +nt^'l '-'¡ ;'

b.= nLr,^\ 
^,;Yt'-^ø + h^ c*r1 cttg

Hence the element of volurneot? for the cônfiguratlon
space in terms of (rr,,hr,h,,. ,6, g,!\) is I

ft = j þ'-*,t2.*At+'l *, &, &, , rto l,g d.ty (4-9 )
" \Ilrlll¡1rrg,rf ,T I

whereTi*,,1,|,Ìrf rlJ is the Jacobian of the transformation.
J [n, n.h'-. 0,9 1! I

Then from ({-+)1' (q-7) ancl (.t-S) ,tire Jacobian ise

.71:'t'l'1"t'-l..\ = ,, hr r,,. A;g (/t- 10 )" \,n,nrnr"g V V j

Hence an element of volune in the tr"ro partiele
configuration space 1s gfven by,

, (+-5) and (+^6)¡we Betr

È ht À'^"y -¿-,^ 0
: hr crtlt _u.r,O
= .111 cz1 Q

3l-

The confì-guratlon space v¡ill nor,' be extended to
partlcre 3. The orientation of the trlangre forned byh,,hr,fr,,

ls specified by the three Eu"lerian angles0,g,y " particle 3r

u'hose distance fron the origin is,trr, is introduced by choosing

ht as the polar axis for lr rand defining c,¡ to be the angle

beti.+een the plane formed by¡, and nr rand the plane formed

(4-7)

dt'- ¿t Jt. = À, /'rrñ,r A; e {ht L\rh,t de Jq lty

by Y, and .tr.

. -. \aS l-n ¡'].9, 
" 
+ 

"

. Let Ç be the angle betr¡¡een h, alli n3 witli

V = c,+t Ç (+ -,r)

(4-11)



T'hen fon pa::tlele 3, the element of volume

àt, = ni h" J¡- J-
But n,\ = rr,1+ n.¿ - 7 )1, n= þ
'The coord.lnate n,. may be lntroduced j-nto the element

X Ftgure l¡
Coondlns.te System for Four Partlcles '

dr3 = niJ(+m) u, dn,.tü

àtr= + hrh,iJ.at
Then for the three pBrtlcles, the element of

eonflgu.ratlon spaco becones,

hrt
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with
o -< hr< oo o É h,. S oo l/l/-n¡l É hrr'S h'+hr
ô-<h3(oo llì,-)?rl(hr¡ln,+n3 oSc¡çaTr 1l¡-17)
0(051I Ôs?S:-z 05vs17r

Tn the above, co 1n Flg " 4 1" the angle between the planes

intersectf.ng ln llr . If lnstead q, 1s taken as belng the angle

between the planes that lntersect It lr. , then tho element of

volume ls,

J-f = hrfr,*hrh,r't;,* g &, brh,^ hrJn,r/al Je J,y d'y (4*16 )

1s,

1l¡-r3 )

(l+-il+ )

of volu¡ne "

(l+-15 )

with
&t = hrh,z )1t h,t t;o lnr.Jnrh,r.h, ln,t La!-e dg Lzl (4-18 )

volume 1n the

t1 <

A<

o(

n^35 *
n,¡ 5
e éTr

os nsÉøç
in,j-n2)l f ÂrrÉ hrc+ñtz

0sft?:TT

lnj-¡¡¡!lÉ n¡Sñrth..
o r ôÉ 2Tr (4*19)
o s tlt4ztr
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The lnter.-electron d.lstance ,h^. may be introduced lnto

',,he element of volurne ([*16]r t'here,
1hir= trl+ n.a - 7hr¡rl* ,l * 4 + ,!.,4,1 r-^1 ,*, -J

Then the element of volume l-s given byu

d?:

However the Jacobiar¡ ln (l+-21) f s a complS"cated expresslon

d.ue to ([-20 ) and hence the element of volume (4-21) 1s not

suitable for the lntegratlons to be performed.

Hence tho elements of volume (l+-16) axd 1l¡-f8)

in the conflgunatlon space of the system wil] be employed

foir the evaluatlon of lntegrals anislng J-n thls problem"

fhe system unden conslderatlon consists of a

Ilollum atom v¿lth a nucleus of ehargetr€ fl¡çefl at the origin'

and wj-th two eloctrons, eaeh of charge - e , at lt æd !, res-

pectiveiy, and a positron of charge + e at }t, n Hênce the

Hanlltonian operator H for the system may be wr"itten as,

Azfr,lh,n,.Ar- rJ(W\ J4, Ån ,An ,^hr&* krrJe /g Ay (L+- zt )

(l+- 20 )

u¡hore 
^=aat ^ 

is the mass of the electron or positron; and

?,1v.1,,V31 a.re Laplacians operatlng on the coordlnates of part-

l-cles L, 2, and. J respectivelyn E'rom (2-2:") and (ì+-22), the

lnnen prod,uct @,Uy)tor the physieal system rnay be wltten as,

f-l =-Jv.1 -lvL-LV.t*l(."-zr'-rez -ez -ea +e2' K'¡ k L k r 6 -n, 
-ñ; T^ Ts Tr"

r,p,i{v)'J[ttoøit(v,r/)"+1rv,,Ð' n 4' r#' - *' -# #.4" l^, (4- a3 )

(Ll-22't
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t/here, fon a function of the interpa.:rticle d.istances,
(vy)' = (#,). - (#J' . (#,)' - (, ;,ïl'J),Hl#y,)

. 
[eË+T-'i)(#)( #") * 

(n,'o;?,,: - n.t):*¡¡y"¡

(v3¡'= ({y\'*/¿-ry\' */4=1 l" r/h,,'+n,'-n,'Va-y\,| ay\tdn¿J [Jn,.1 [Jn.¡/ \ n;ñ" /(dhr,il ]f,,r) ,r a,. \
r pú:ri:rr. yyl,) ( #y. ) 

. (t,.;: ; : ;,1, L#^ JiH,l 

+ - 2 + )

(v,,y)" = (yr)" " (#,, 
)' : 

(# j " - 
(^ .åiJ* -'l{Ër\#)

The ercpressions (+-24) are derived irr Appendix E " '

the ground state of the systern of 'the Heliuu¡ alo¡r

and positron is assumerl to be a state of zero angular

rcomentum" Ilence by an extension of the result of the prevÍous

ehapter , functÍ-ons of the lnter*partlel-e dj-stances only are

eigenfurrctlons of the angular momentum operator belonging to
the eigenvaJ-ue zero" Herice funetions of the inter-parti-cIe
ciístanees only r^¡í1,1 be consideyed as trlal wave functions

for the system"

It 1s further ass'r-tmec ì;hat the state of the ilel-iu.i¡.

atoru is noi greatly distur-bect by the presence of ihe posítron.

The toi,al i{ave funciion for a system of Fermlons is
postr:.lateci to be enti,cymmetric" In the grouncì state oi the

Heliuru ato¡n, the tvto. electrons ìrave a toial spin oÍ zero"

Hence ihe spin f,unction f or the systera is antÍsymtei:ric " TNius

'bhe spacial part of the wave function must be syinrrietric v¡ith

respect to the intereha.nge of the ti,¡o eleet:'ons.
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Since the state of the i{eLium atom is not greatly disturbed

by the presence of the posÍtron, trÍal wave functlons,

synrnetric v¡1th respect to the interchange of the coordinaies

of tire tç¡o electrons, are chosen.

If the Coulo¡ib interaction betr.¡een the tlo,o electrons

1"Ias not preserrt, the rdave func'bion for the ÏIelium aio¡r alone

r"¡ould be a product oí ti+o llyclrogen-1íke lleve Í'unctions.Herree,

as en epproximation, a procluct of tr,ro llydrogen-like i,rave

functions Ís taken as part of the ì/ave function for the sys-

tem of l{elium atoni and positron" ,ij.nce the nucleus repells
ihe positron, on the averagee the nuclear-positron distance
¡¡¿i]l be relatively large. Also the electron v¡ill- tend to be

farther ar,lay írom the nucleus, on the average, due to bhe

attraction of the positron, Then if the systeu forns a bound

state, the positron and eJ"ectron w111 form a nearly positronium

like systeär" Thus a posltronium-like wave funetj.on 1s chosen

for the electron-positron coordinate"

The f'unetion must be symrnetric wiLh respeet to the

intercirange of the tr*o eiectrons, particles 2 aird 3, Hence a

synmetrized trial wave function for the system is chosen to
be' 

T =l/.r !, = e-ullztßrì¡rtYn') + e (^n¡+Êh'rrf 
'(L) *-25)

where ot)e)y aTe pararneters for variation.
The notlon of the positron is aiso eorrelated to the

other electron, Hence a trial wave function v¡hich aecounts for
this correlatlon nray be r,rritten as,

1=T.*% = e-(*harpn¡alYn-rf 
5n'') 

r r-(d'¡t't+F'Îr3+Yn1f 
6D'1) (4-26)



where d,þ,Y,5 are para&eters for va-riation.

The Varlatlonal method r¿111 nor+ be applied to thre

three paraneter lrave functlon (+-25) " Thenrfroin(tr-23) and (4-2+)e

the (11) for the stateþ-25) may be wrltten asl

+154,..1'*''r;v.)(i, -El- ïrì 
=Þ",.- 

hì.:ËJ]g
@

Since there is symmetry between particles 2 ancl 3 {.n the

uave funetlon and fn the element of volune ¡it is elear ihate

lv:r" 'f ,/.'1"

Jo;t"çsl') *,

Ivi ¿t = [y.'4v) ¡¡' JR
Hence (ll) may be written ase

( EJ.43"+2.ìY1??)¿Y

(?¡a + ìfitt¿?tr4ì
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dþ4s- 4f\V,!'j

f V+ h,a l.f = ( 4,1, tr,, l-d
/ 114 J -¡-o

. ( ú^'( n,] + hJ - ir,.\ /v

-j

, \ lr¿h,1

I 4J. dr -- [ !{a, dft erc.J -ñ; i -n;

th: expression for<nz and the J-ntegrals are evaluated and

listed ån Appendlx F"

The ralnimun value for ( lI) must norv be found, The

(ll) may be wrltten as,

p'v,v,

LT
\+-27 )

( r7"'l rel,rf. ) df

v¡here A(<,fi,v)is due

to the potential

aT,Lzation.

(H) = d A(x,p,x)t n e' ß(x,pvl

f, 1, ^ 
ni#l)v,i "p'(''t1Ln,. ;., {,!,v,1 Lt

i - +_l' -+7PÈ4' *4!"' +!þ I lt

to the

energy

q. (x,p,r)
klnetic erLer &y terms e and 6(x,p,v)

terms e and C(x,F,r)is iue to the

(4-eg)

is due

norfl-
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r^¿ Q = o( c: frJeL É p

Since A, ß and C are homogeneous of degree-7,-t,-1 e

respectivels¡ in the parameiers, (4'29) nay be written,
( H) = {p'?A(a,t,c) + pe'ß(a,r,c) (4-¡Ol

ð<nr
Jþ

Then (4-¡o) beconnes,

<H)

The(H7may be minlmi.zed i^¡1th respect top by setting,

The value of (4-31) was computed. for various values of a

and c " The (ll) was plotted on a plane with o. and c as

eoordinate axes. Contours were drawn through polnts of equal

energy" fn this way the best values of the parameters and the

minj-sium value for (tl) were cluickly obtained,

f t e,r,c)

:o= LþA +cß
t4cc

- ßa(o, ', 
t) K eq

f ,A(e,r,c)C(q,r,c)

for
sinee (s-, o the wave funetion tends to the form v=dt*rr'+rni-6ht+rI11)

Thls wave funetion eorresponds to the system of the Heliu¡r

atome and thus the (il) actually represents an upper bound for

the energy of the Helj-um aton"

ït v¡as found that,
(H)

ç1--)æ Ò --tcø óil rS-lO

The Varlational method will now be applied to the

four parameter r{ave funetion, (4-26)u
V =V.iil = e-äñ'-F;:'iì nt*'1;u' i e,-Øhr+ßrr'3+Yra15 

fi¡a)

Then from (4-e3 ) and (+-2+) e the ( rt) for the state given by

(\*26 ) ís,

(4-31)



(u) = ß [(*p"

l [ + t( Ç{+¡']( r I o t + 
" 6}tJ,. + r v s tr.1 + ra p r+,,' )l dr

J ¡\ L\ _ n¡ll¡. _ /'

J lzr?"'*rv"v.l du

."Il:#Jë_.'_ïi _,]ff-'*' #-'#'-+:. o

ii'zl;
The symmetry bet'*¡een partieles 2 and 3 has been taken lnto

account" ? j-s the gharge of the nucleus,The expressi-on for(H)
and the evaluated lntegrals are listed 1n Appendlx G 

"

I zr¡." +ez.z¡.3 d,1

''nje rvish to mlnl¡elze 1H7 in order to obtain the

lowest upper bound for the energy of the systen. The (H) nåy

be wrltten as,

Let

Then beeause of

may be '',¡rftten

-p,*.'¡J8

<H>

Then 3 by the procedure use

= tÄ(¿,p,x,5J F etß(¿,F,r,s)
C (*,P,r,5)

L=L e--y d.=_L
¿ oÌ- 01

< H) = - Bt(', o-,.,.¿)

I A('4.,1) ((t'l',c,t)

Ì{ence the expression for. (H) r (Ç34) }ras

v¿íth respect to the variable ¿ . The ( H) ,

ninirnlzed with respect to 'the variahles L,

the horoogeneity of A , ß and L

(+-32 )

d.Èt 6- 
Zt, > = + o("4 ( t,!,,.,1) ¡ pa 6r ß( t,l^,c,L

The four particle system ccnsÍst1ng of the negative

I{ydrogen ion and positron was j-nvestigated by Daretrych+. He

found that a ¡nlnimum for (H) for the three parameter existecl,

Thus the best values of the parameters frorn the three para-

Lceter l.rave function could be used ulth the four parameter

+ L;"Darewyeh¡ Thesis, Llniverslty of l.ianitoba, Ig6L"

(t,þ,erd,)

with (4-¡o) and (4-31),

(4-¡¡ )

¡ (4-¡3)

l<c?

been rn-ini.mlzed

(4-:+) must no'¡¡ be

sand ¿ o

('+-¡+ )



wave function and then varåed sllghtly until the minimun

./U\ r.¡oa altl-¡inaÄ.\¡,/ rtqu vuU(r¿¡tÇu¡

Ho"*ever this procedure could. not be adopted for the

Helium atom and positron problem* since a ¡rlnimun for the

energy i'¡as not indíeated v¡ith the Llse of Lhe three paraneter

l/ave functlon" Thus no knorr¡ledge of the approxÍmate '¡alues
of tlie parameters for the four parameter wal/e functlon was

avallabl-e,The bes'b values of the paraneters.!,,c and d ¡ and

the eorrespondlng mÍnlmum value of 4l> eould be obtafnerl by

calculatlng (H) f"otr a th:'ee dÍmensional network of points@,.,J),

Tl¡ls procedure ivoul-d be dlfficulffesince the region in iyhfch

a ¡nininrurn for (illmight ex1st, was not known"

Another proeedure vias followed, ihis involved the

traeing of the location of the ¡nlnimum of (tl) 1inr..the sense

oí the best values of /-,. andd , for values ol Z from z=l

to Z=l , Z is the charge of tÌre nucleuso For Z-t the systenr

l¡ould consist of the negative iÍ¡rdlogen lon and positron¡s-nd

foc ?=2 the sysiem would consist of the Heliu¡n aton and

positron, The best values for the parameters for Z - r lrere

oeternÌned by Dare'"vych"

for

ïl e. è valuee Cíff'ering by a s¡nall ainount fron 2=l

is chosenr the values of the parameters ',-¡hfch will yÍeld
a rnini¡num for (H) e .,ti11 also cllffer slightly frorn the jrest

values obtained. for l=l c

A val-ue of Z=t.2r*u chosen, a.r:.d, a value ofrdiffering
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slightly fron the best val-ue forÈ=l ? tr\¡as flxed" The(H) v¡as

caicuiated forc and d. near the ?¡est values obtalned for?=t ,

A eontour graph was plotted. and the best values of c enð. Å e

and the rnLninuru val-ue of (tl)nere deterrnined, This was repeat-

ed f,or severa.l lr valuese until the best values ofl.,c and Å,,

and the miniuun for(HTidere obtained for?=!,2 . The process

vres repeated for ? --r,r,t.(,,1.9)t.9,\ . In this lrayr the ¡rLnimu¡r

for' ( l{) vras obtained,

The results obtained for (H7 were¡

<H) = -l't38 l(cr

The grour:d state energy of tÌ:,e HelLum atorr 1s -¡.afrff R€4,

This is equaL to -71J.4 ev, The energy of the posliÍve Helium

Íon and posítrÐnLum ls -60,25 et¡,Thus lt is energetieally

favourable for the system to qissocÍate into the Helfunr atom

and positron. Ilence bindlng of the system r¡111 be indieated

ff the value of (H) ís less than -tìr,rrre{hus ,ln both câsêse

binding of the system of lïelfuni atom a"nd posi-tron fs not

irrdj-cated" Hov¡ever r Hê are unable to concl-ude that the

Heliun atori anC positron do not for¡r e bound systenT since

the Variatlonal method yields only an upper bound for the

energy of a physlcal systetrr"

of L=Þ-! O C= Y =1.8'-Aa. x-f,*o



The possibl.e binding of the system eonslsting of the

Hydrogen atom and posltron r';as investfgated in chapterIII,
The Varlational method was applÍed to several trlat lIave

functions for the system. An equlva.lent one dinensÍonal

problem r*as fornulatede which would deiernine the best for¡n

of wave function in order that the energy be a mlnlmum,

The results whieh '¡/ere obtained did not lndicate

bindlng af thie system, Hoveverr as lrùas shorr'n ln chapter IIt
the Variational method yieldsirbnly an upper tround for the

energy of a systero, Henee it eould not be eoneluded tirat the

Hydrogen atom and positron do not form a bound state 
"

The problem night be resolved if a trlal wave

function, whieh more closely approximates the sta.te of
the systemr r.,vere chosen and were to indieate hinCing, Holr.-

ever another more pronrlsÍng approach might lead to the

resolutlon of the problem, Ber:rl,ey t hu* devlsed a method

for determlnlng lower bounds for eigenvalües I and has

applied thls method to the system of the Helium atom" The

applf^cation of thfs method to the system of Hydrogen atom

and posltron would yleJ-d a Lower bound for the energy of the

systen. Thus fron a knoviledge of an upper and 1or¿er bound

for the energyethe questionras to urhether the líydrogen atom

CHAPTTA V

c0rtcLUSr0lis

lor

and poSliron f'orro a bound systerno mieht be reso1ved"
î44' " (796D) 

"
^i6-æ-e4+*-?-,¡,';.:; -a.

.,-t'r':rt''':

' '.; -a -4"
.. .1.

\ J- ''.ì"

"-i+ -
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The system of Hel-íuin atr:m and posftron was invest-
! L-1 f -, -t---r-.. ltt ñt-- ff--!-!l---a 

--!L^l ^*-a!^J L^LgaLeu 1tl cfIaIJLeI. IV o j_IIc va¿'¿eLrurri:tt rüuLrruL{ ì/J¿L'Þ ir.ppJ-rcu uu

a three parameter and a four paraneter tvfal h'ave f'unctåon

for the systemr in order to deternine r^¡hether the Heliu¡n

atom arid posiiron form a bound state"

The results obtained did not indieate binding of

tlie system, For each trial !;a"re funetÍon, eertain paraneters

vanlshed for a m.lnlmum val-ue for (H). The trlal wave funcbi-ons

reduced to the form of Hellum-type r'tave functions ior tr^¡o

electrons" Thus the velue of (H)l¡hlelì !,'ã.s obtained, repres-
ented en upper bouno for the energy of the lieliuni atom" It
is clear that an lnprorred tri-al vreve funciion might inciicate

bÍndlng of the systerr. The tr,¡o trial ,o¡ave f,unctlons did not

contaln terius rn'hicli -,'¡ould eoÍ'relate the notl-on of the tlro
el-ectrons"Tbe use of thls type of r'¡ave funciiorr Í.or the

Helium a.torn does noi yield a value for the energy r'¡hich ls
fn close egreement r.¡itir experinent.Thus e. ter¡r lnvolving the

lnter-eleetron coorclinate nust be incluried in the r'¡ave f'unctíon"

An equivalent cne cimenslonal probieni f'or the

Heliutm atom'øas formalated, It wã.s fr:und that a llnear
fu-ii.etion of the inter-electron coorclinate r.¡ould yleld Ð.

míninum energy. 'Ihj.s is in agreement i+ith the resul-t of
.1_z(-ireen et aI"

2 Green ei el, ¡ Jour"Chre¡r"Phys" 3!g 1061-, {"t959},
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However the four partlcle elernent c¡f vol-ume

invo'Lves five ir:.ter-partlcl-e dÍste.nces"Henee any tern of
(H) which contalns a]-l six distanees cannot þe evaluateci.The

síxth inter-pariicle distänce must be expressed ln terns cf

the other flve distances a.nd a angle, Such a term oeeurs

in (ll) 1f a linear functi-on of the lnter-electron distancê hsr

l-s added to the four paranreter kravÊ funetionr ancl the

integratlon.g eannot be períornred. The oif f ícuf by 1s overcÕße

lll a quaiiratlc funetion ef h13is chosen uith an adjusta'ble

paramete:: io approxlrnate tire linear funetlon over e suítahle

region" Thus a function of the i'ornre

! = (t+ us n^!)La-tn h1+ 13 
fi''tr/tt3+õ^'l)+ € (^ n3+ B,ì"+Ynt+ll'';J

þiäs cho$en" The expression for (Hlhas been eval-uatec and is in
the process of belng progranned for e eoi:iputer. liowever the

calculatio¡r is beyorrd the scope or' ihis tliesis.

A furtirer fnprovement o,f the 'vlave function may be

envisaged, One woulci expect thet, clr the everåger tire positron

would be at a large distance from the nucler:s lf the llel,iun

a.tom end positron Íor¡¡ a bound systen" i{enee a terneinvolvíng

'che nuclear-posiiron dísLarice /rr ewhieTr l,¡ou1d assure this,
shor¡ld be ineluded in. the tria.l r,,reve funetlon" A function oí

bhe form, V = [ l+ rL l?rr**f n,t](e-tnn'tpn/1+Y'FtliIn't *{:4¡r3+P'?"+Yn1+tn'rJ)

has the desired features and the integrals i*h.ich aråse ínay

be explicitly evaiuated,



LAPLACIAN A¡iD SÇUARE OF GRADTEI{T FOR TþiO PARTICTE PROBLBM

Let &,1 = !, -¿t 
' 

n,l = F,z + ìr¿ - 7l1,.Iz
nl -- -''. 

fr,i'l'*, a,)' =?a; oi¡.tiri-ã;l'
The gradient operatlng on the coordinates of particle

11s, V =¿ h '.+fr, .Lçf,
= !(* # .* f,.j,.+(*ä h "*#,.) . L(#,h,r**,,^)
=*(+ à, -'q1, t *,,) 

-+(E 
* -'+# *,1 ;¿(+ g. -'d il:i

APPÞJT{DIX A

Hence ¡

Siml1ar1y,

I{enee,

and 
F,()" =(vf) 'ft,t') = [#r'"(1"-f_)' - ( 'f ;l;- ^r)(+{,)[ #,")
þ'ü -(#,)' .(H,,r -/+#i;-\")( 

*f") (*#,) 
/r

The Laplacian operating on the coordinates of partlere
1is, v,a = *," rt,. 'ä,"

Nou¡

):-I:

v' =*È, -+,*,,
Vt' þ_L r I,z Lna d)11 -E; dt|a

Then
t2to1
-{¿¿ Xr*

àL
-!F-oAt

= h,@#) . *(à# #,)

= )n, 4þ + ån,= addr¡ ãî, E; ffi,,

* * (i,+)*$Ê #, "** *,(#.) * #,,{þ
: ¡Jn, \1 ¿21 + 2t-:-::- | *+td ttr dn,? g: * {r{,n 

^

= #.(+)'-'#â,"(+,J/*J
+ ¿^+ (*,-.,1t + )L lt -ã-h-; \f f J;rol 't,.

. *.# .s# u,4^"Wf #r
*ðLlt-z,tI

( z.*x, )¿ ìfrt



with simflar terms for I, and ?, o

Therefore the Laplacian for partlcle 1 is,

gt=àt-- *J-:, r1n,rt+n,t-nr?) ¿ .f -LL +LL' ¿n,z dh,¡' t T,r-f Tpn,, ï fi, firãñ,,
Slm11ar1y1 the Laplaclan for partlele 2 isr

o,'= *". * *,. . ( t lik; ^") #t,, - h;n, * #,,h,,

+5



METHOD FOR EVALUATI}JG INTEGRALS

In evaluating (t¡l,HU) ann (t/,ï) , integrals of the form

Let " lT-rl 
:o. tr* r

ì,,*.(o,{') = 
Ilr-;oït.-Fr-k}T 

¿4 I
v¡here K, r K, are parameters and 2.,r,1,6 are any eoordinates,

Dlfferentlating with respect to ône parameter under

the lntegral sign, l^ie get

ÂPPEI(DIX B

iJtiî" t 
Kx-''^* 

¿w¿'r

Then

Thus \,|,:ft)may be obtained from o"1l.lby dlfferentlation,
Conslder Taylorrs expansÍon of ,^!,?;i"labout f ,T= o 

"

"to

[,,", (a, b\ = (-, ,*o (*o)"( l")t î,,,..{o,01

\.,,11:i) = I- rf"g{ (il"(# F.,!t:o)

¡ (o,o) v¡1rh F(o,o) =arl, Kr7 Kpl(L

Slmi1ar1y 
[,(*0,t, 

nay be

F rq L) --tsú x
K¡,R7 

,

oeeuT o

F (o,o) o
/{- l, l( -1

Thus we get ¡

[,,[?'o) - e-n'] {+ I

¡= f l,o) i e-h.Ì I *^, 
ìßtt(t I J'/

the eoeffieient of fo1! ln the expansion of
l(e-*'l-c-*'tr/
#

( l{," -K¡)

obtained fro¡l the expanslon of

¡=(r<,1_xf)

+ e-*')(-zlI rl
- K'7, I+e 'al-*ß'

I 1.rl¿
-&l¡l



F,\9,t) =e-K'î(-.J**gì r.-*' k(tr<r\ 
ut

(,K" I T. Tl t .iî j

[,1],,) =€-k'?(+ +) *r-n''(++.#)
[ (¡,,) = q-^'t 

l-11K,'x,. *,t,R" ,,!!h ft) ,r-^'t( ,rn:!, - tü.k. +3?KK.1r-f,Kú")x',1(1 I -- Tr- ri' -T\) t -F: -ìf- -ïïaù -Ël

T,,(*l;r) =.'*^tlH-J -g **i,$ '++t) rrn''(-,ol' ,# -g ?)
l(t,o)=e-qTf-,.f"x,' - + ), "r''( L-{.!' - W -.¿-}-. )k,,k¿ \F Fl t¡. F -Ë T t

\,!l;ù- o"'[f. "# - H'g ) * .--n(-f.,+')

F.,lÍ,ot=.n'(-i+ -#J.o-(ff "+'-T+ -# rf+' 
+r' )

F(.0,¡) =d*'Y-y\' -+tr^ rúS + ry. - ,¿!_I. -flr) *i",71+t\ +1f¡.' I'(,r(¿ t:r fT- '-J1 
J-a- r j tË Ë/

Tio,o) = .-* u(#)

F(r,o) = .-^t(rl -#)

iÍ,,,) = e-"r(* -#.#.J

Fn{:,0) - .--t(# -#. , *,)

1,,!,,,ù--.-"t(# -t .*' "t)
F (¡,0) = e-t'r( \+ rl *l_i_ *:_f_Jk,k 

I if ilr,. 472 4t; l

a



II{TEGRALS EVATUATED FOR THE TWO PARTICIE PROBLEI.Í

The elenent of volume islr¡grr1 _h,Àr h,^ JJ|,,drr.$1,¿

v= hr"€ '{'þ'+*n'')

J 
v'.tt = slÌ'J n: 

,l,ji1,) 
h, = #!t *x,)

APPEI.ID]X C

lv'¿t
J )1,

[-r ¿r
Jhz

(":i ¿'
J r¡,¡

lp" n, 4t = rï'[i.,,t [. ( +,0) d,^L¿ n. i -L + rr /) -r1^ I ^ rh,zla ' L íAW ffi" 1

I v'nf d.r= Í¡i; -
J rrffi '|'\ 

- ' ' 
f, 

n'" F,,lii1) b,= '1'l I,+^, r h.. þ^,1

J+ l'' = ,""fit lr,',orl; dn'= t"lfr , . ful
f Vtn,t &E= gn* f 

*n-. 
F ( s,o) dn. = :rT'

J ïf-n; )" ' LL,IL* ' Tl;

)+U

I vt n,. "(t = vrrt [*n, F ( r,q) &r =

J-n¡ '' )" ^2h,,in*'

I vt d,T = Yr'l-n^ F (t,t) /,h =
J tt.. Jo 

't 
zl,,rto 

- -- 'L

-3 - J ItLLl^+(t+^)3 V6rl

-¿3il
2A1q+

rr.
L6 ¿"3



IÌ'JTEGBALS EVALUATTiD FOR THii bQUIVALEI{T O}JU DIþiBIlSI0iiAL PR0BL.[JÌ'I

R : er¡¿(k,t+rr,q) lC ].,,) + gTT,l<, x" I F lr.o) " Ff9,r) I-l-- H,,x.. T L K,K1 ¡<,,r<¡- j
= fTTl (K,t+ rxrt)la-""n'¡ ¡,n. - + t<,r<. ) * "-*'n'/ 

,,on. + + r,<. )J

r s,TzK,K,l. lli(Ër_E 
+++). ;-,ï!*+j õhll

þr : f n'¿ k,I<r F(g,o) = +Ilt K, K, I g- K¿ tr¿ 
- a- 

*' nt 
IT- ¡("k¡ L---f-- J

APPE}IDIX D

u = rir¿ f,f,', = tn'[-e-k'h¿(19. i#) *"-*'^'f-?+ .ry)]

P = vr'Kc'[ 1:, * l,[y,,f = tn'* *"L"--'t(l --rq -+1.0"'ï1,-H 
9J

-t*1, ty, 
\t¡'o) = -,+Ttr, l- 

x'n'-( +Kt) *.-*'n^(-**,^,,\ -L lÌr/ t f

+9

l- +nt k,.

t ß't k¿

I lç.',t) - Ftt,ùl
L *"*t ll,tkt J

f -- krll" /
le "'"'f -f.1x, +ft,n|-Ja¡<,t.,1.)re
L\-I3Jr-J3)

-.nJl
r-t J

_*,nrl ,^*,
I-I r'¡l{

+i z ì<,3,¡1e

Y3
-#'"s)J



SQUARE OF GRADIJ]I'IT OPERATORS FOR THJI FOUR PARTICLE PROBL!]I,í

Let

and

Then

v,+ =, (È

=tT,g*,

Thus

APPIi}IDIX E

l, = + 
(h,, n., 11,., X, , h,, , nr, )

I,z'0¡-!, ! 3 = fi3 - !, Irr --

,#, r *: t.r,# #y+(,fr # . 
W l+. #,+"1.t (l+ X. * #,. # j#, )

-W I+,- +p iå,) 
-+{* #,.+'*: W,,+,)r L(* #-,* #, W, i+)

Similarly,

Henee

(r,()" -- (v,1).(v,p)

UL= 4' ðL
hr d rl,

VrL = À" J¿t-+' ll¡ dh¿

Si

(r,,()'

v'{ = +#.* +å #,.#" #,,,
= (#,)' "(;,+,\' *(i{,)" - (",i:,ïi- " ) (#)G4,)

- i:-.
h,.

+ Ìl,z-n;

I¡ -Àr

1lar1y ¡

,( ¿t-l'*/¿É \'
\J rrr j [dÌ,. /

+ /Li-¡*:-nf\
\ I1"ñrr I

#. - +#,
¿l- - å,=
J,trr ìî;

¿L-:J-
d /t¿

+[¿-( ìt *
\d ¡1.: I

lJ-4 \( Lþ \
\dh./\ Jn../

+/n..'+ nÍ- n^.1 /ÀÉ
t--rîffi;-1t cini

("'.-^;+3' -1 W")( #,)
+ (&#;#i"J W.)(#,,)

)/¿?l
Jt à h'J'l

+ /n..t+n,.t- n,lll-m/ Y^=)(#,,)



INTEGRALS I'VAIUATT'D AT'ïD THI' ]dXPRESSIOÌ{ FOR ( |l > FOR THi'

The elenent of volume ,after integrating over the
angular eoordinates isr

THRËE PARAI,{ETift TRTAL IÍAVE T-ÛNCTIO}J

APPEI{DTX F

, since the

!*=
Then,

\v:^' =

f 'lrv. ot =

or

!üave functlon 1s independent of angle.
^-(o{lt.r-'pn,"tYnr)e

dc -- l6T13 ¡1À," h¡ h,= h, r14z r!4,L rG r J,n,3

de = tLIT3 Arht h,rD,, dJtr-, b, &" ln,^dn,,

^ærr,n'I f (r,r) F(t,t) U
Jo ''zF r'('o ¿

rs n. [- F.( r,,) F (t,t) ¿r.t
J d+Y, p <+vt p

0

r(rr'f +("r+¡l + åd- -yffi ffi[{+
¡ = l1x+r¡"_ pzJ

a-.- "r
.t J.

Iu,r'(
¡,r'+ri.lJ-¡,I) *.=

Jlra.l¡1 I

+L0
p G+t)L(atp+t)<

(3 (¿(+rl"(dtptt.,¡"

n3ltffi

= ir,TÏt [ 
"olF'C- "

j *i (2,frç$-n,') ^, 
= ,'r' ÍlLÍft,, I{,';,)

r6TTl

¡l(a.+ YJ2 + s z ß2_ + szo ttt^¡t) I
É -Tt (a+Y;¡s (ar+þrv). ¡+J

I
+

æ

LF (,,,)
d,YJ f+ Y

+

l
B¿ 

(ac+ V

l=( x, c) +
P' rt

rrrþr{)t þ@+y)t (a.+palr

F,Í,':r',) 
rþ1P - r,? lÍi:ll

++
W+YJYJW

: tclT3f : î
| 't2 aa g+'rs

',1.ûJh,,

+ í(o,z)
u'lÊ

3 z plvPt Yr
I

F( t, tS - t,lF(o,c) F(t't)l /n,
2() 0 2ataF 2Yr6 J

=(a7+ø?) IñPf'J



5¿

!'v,w,(#;=L) &Y = ''n'jÌf.i,o,,,"r [il,'J 
+ 11y) [Í]1,) - rr,¿ FLo,o¡ [f¡,I"r',

* b+n3
(q+s+v, 1.r c

= l6'rt l-g G-t¡ |
L ß'tr r

- !qL 6+\) ß2' f 3l.x,c(a+rj ß3
(01+9+ vJ" lf G.'j-yffif,

-i+ + rt(íÌi)i rrE!".y)3-,ar('r+i'É -/ffi*+,ffi
+ 3lr-t¿la+Y'3rl -tt?(x+Y) ++8 I(ot+þ+v-¡ f ¿'- tãñffi¡ 'ffia 

J

Iq'¿t
J )1,

= ler3 f'"r
Jn,
0

| ¡,,1i, *r = 16î' [.]- F(r,r)
J Ì'ì, ) \, o{tY1 p

0

! ¡z ç3 f + <n+f)¿_bl 
LË_

* rag(a+y)¿tr
( 4+fÉ+f) ¿r-

FQ.,¿ Ftt,lJ dn, s t¿ntl o. + R:i,2ß Zfro r 
L@r ffi-l)z

-&.

- 

+_g_
+ y3(é(¿^ÊaJ 3 +73 ço¿z-pr.¡r

F (I,I) JJ1,
,( +Yr fj

fLt ¿r
Jht

I rl,"U. d-t =
Jhr

- /6ïrf:

^ !_+ t¿+.r)z +
IS

Fro,t) Fü,t\ pr, = l,¡-t f I Izß,zp ?ro -'r L@ttrj

rtrr-' [i= (o,i) F (t,l)
) ^+Y) F xrr, p

=/6Tl-3[e(¿+r) -rzl¿+i) +ar(*5f]rþ. + raÂ
L }',T- ]-- 

-- 
ñÇÇ1.¡.

t se (atr) 6 - tzt lx+t) oz + 4 ß' I(d+pfï)¡ 14 (q+p+Y) r'' ã¡¡Ê=r J

{ 0a a e4 nL +!{oc+¡¡pI¡ìTj{Jr Jt-- ,ì¡t*yjt*F

r t*tt 9!t)"þ2 !^tra-þ-ürl IÍó twl J

¿nt



l É,tr
Jng

I v^" ¿tJG

: ¡L If3

= l6'tÎt

t

i
F(r, l) Fc o, l) /r",
,a,aF lYr o

F ( r,o; tr(t,t) ¿q,
1t, xF 2r) o

,,Tr,h#ffi,J

( il-3L#frr.]

l-.+F--J-ffir"rît"

| .l"tl,. df, = ltfft [*F (r,o)

J il Jo n",p

+ffi

+fu.

t fi d,t = rc 13 [* [ ! 1,,) l(1r1) &^,
J iã l- n.. 1r¡r¡ otLF

ts\i

ffil
F(t,t) Jn,
d1y, p

d ß ,=
+ f þ+r) T' (x1-0tJ r

t<(l*)t f e¿a a-pe¡e

-'¡z(*+t) ¡l¿g(¿+,v\tP- -?.p -t?F I¿/'+ßryJ¡f3 (d+prYlIí- (¿irl¡I3 ¿¿+r)I+J

\+1h &t
Àr.¡

- rcn'[-

o¿

= lrli1 [r
J Âtr
0

+y
4 Ê 

) (a'*r')'

= t6TIt[ s- - ., + 5 =- .,, +-lo -lf+tatrrzpr(utprrJ t .raffiiFÑ>+ - ;i@p;+J

- r6Ìr3f v + ot,

t?771JA.:iezã-r-ir Up;fc@-frfl

&l 1l

4pr(xe-rr)r J

F(r,l) l(,r) ¿n" -
d+frcily Ê,P 

Ar

+ +(x+r)t
ß'J +



A ta, p,t) =

+ rC Vl (¿+v)¿ +)(a+v)B +o.J
t(+y)ap(arþ+r)/

r
l6TIll ,(t +znt+Ya

[ 8 a:p. ¡r

I (x,p,r)

f (xL lzxr¡ +ß"

= r613 

[

+ lk11)'- t("-rlp - p:J 5!.

--loc+v-l ¡a{+-v) 7

+ I 6 X Y [(¿.+ r)+ t : (a t r) 
rf¡ 

+ r : r a +r)lfs 
1 
t'¡ rrr +'r) pt +ßf I I

tø<+v¡: p. (a.+f3ryJ7 J

Eø('ÉaY3 (o<+P1r

+Fl+!t--+
( a+t) pç4ç 6tf )a | 3 (,( + /3+ y)r

¡e,,¡ú+r)'¿r byffi"l
t (x¿+ 3ag*"p7y/

*úæ+rjlvr[ae-ptrz æ(r+.îñ+ ffi

(x"+ 3xf+ y")

- l( x. f ( + l( [(r< +vllt oa]

(d¿ f'y ) a

T¿+

_ffiÌw

C(rt,p,'¡) -- l¿lTt[ç!*

- t(q+r) +p
?r<rpr¡r

(r(*Y)p (x+Ptt)a rt I
2 pt (a+¡ ¡'- J

+ xLLonvf rlta+,rltB + tzta+flLpi + ¡(x+flß3 +F4 fl(xt'1¡r Ft (ortp+r)

+ vo ì(r(ìr]a l¡ )



II.UEüRALS EVALUA'TIJD AND THE ÐGRESSIO1V FOR ( H) FOR THtr

The element of volume isr

d.U = rg13 Ir./ì,.Jìr l't,, h,&^h,rJ.nrJr.,,
or

FOUR PARA}4ET}ÌR TRIAL I'JAVI' FUNCTIOI.{

APPE}IDIX G

df = 16113 ¡rtr.n,rh,. ûr. ù" ¿.t'7 J^,rJa,3

Then, -(aÀr+pR¡,.+Yß¡t5n,3) r,r _ --r&n3+Fnr3l-Yht+6/t,1)V.=g' ' V.=C \

¡ -- (or1- p') Jf = (vl- 51) [! = (x¿-y') U = (p.-s')

j *f dd = ,rn'f- l:,'irù sr(,,',r'r) b, = türT3t ffi-¡f* - h -^- - F rJ

.fu.l#,# *É,-* -#h, *&.] .' #=lffi'* ffr.-fr*.-H,J

+#&ãLrlo,, - fo,. -,fu,. *frn;,] 
.l

{{

J"o,Jt =

.a
irrl.t{ Ftr,¡)

J d lyrr rr

Ivj t h,.'tn.t- n,tl ¿r . rL]T? li r n,olF(r,t) + F k,2)p(r,r) -n,¿
J 

' t n" no ) ) : 7lr,ip 2rt21 to'zrs zr/2f

F(r,¡¡&r==,nntfn . -+ +
Ê'{, Fr[ [ /x+vXp+s¡ (a+p+v+5) 1 T"+y) ipti+5jl

+ ,z - I
ãlyFp*S)z(Ã,t(stf *s) f 

J

+ ( 
"( "+,ß.) yJL | _L
ldr]I. L o*5

- rcrirf 
Y#L,-þ,,.-,ä,. * #-,.

-l +
É+5

-a. fr*-r¡.

i --L'lp+'¡ dfYJ

+ß
ûs +r)z

+ -!= l.-¡r -éJ-
e rz¡el ø;î,ì3 cã5.¡s

-fu,"J 
J

f ( o,o; l= (t,r)l ¿.,,
2dt?.A 2yrll' ¡

-. Ij_- i(a+t)¿)

- ßY - -"t /(B+sjr (a+r)J



(.1."{ J,.t*,t"t- n,tl ¿t =

J i-ñl

:

I 
,"r, ( 'ç.- i+-' ') ^t 

=

:

r.ri' [ir¡e,o) F(r, rJ +
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