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ABSTRACT

In practice, the presence of censored and correlated data is common, especially in

long-term medical follow-up studies. There are not enough tools to handle such data

but the field of study is open for research and there are various possibilities to extend

existing results. In this thesis, the available nonparametric estimators are described

and illustrated using some censored data sets. To incorporate the correlation of

censored data, modification of the existing Nelson-Aalen estimator is discussed. We

have found that the modified Nelson-Aalen estimator performs better than any other

estimators for censored correlated data in the sense that this estimator minimizes the

sum of squares of forecast errors. Using the modified Nelson-Aalen estimator, an

analogue of the product limit estimator is also introduced. A functional version of the

delta method is discussed which is used to derive the variance of the product limit

estimator. Some hypothesis testing examples are presented with censored and

complete samples. Examples based on the Kruskal-Wallis test and Puri's normal

score test are of special interest since these tests are nonparametric analogue of the

one-way analysis of variance test (F-test). For normal samples, Puri's test is as

efficient as the parametric F-test and more efficient than the Kruskal-V/allis test.
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CHAPTER ONE

INTRODUCTION

The goal of survival analysis is to make inferences about a population with censored

observations. In some sense, it describes incomplete information for the width of

interval between an origin and an end point in time. Often, the end point corresponds

to death and the length from the origin to the end is measured in number of days,

months or years. The end point, generally called a failure, may also correspond to the

occurrence of any type of event, such as response to a treatment, development of a

disease, cancer recuffence, death of the patient or machine failure.

Imagine that a researcher in a hospital is studying the effectiveness of a new treatment

for a generally terminal disease. The major variable of interest is the number of days

that patients survive. At the end of the study there will often be patients who survive

the entire study period, particularly those patients who entered the hospital (and the

clinical study) late in the study; there may also be other patients with whom contact is

lost. One would not want to exclude all of those patients from the study by declaring

them to be missing data (since most of them are "survivors" and, therefore, they

reflect on the success of the new treatment method). Those observations which

contain only partial information are called censored observations (e.g., patient A

survived at least 4 months before he moved away and contact was lost). In general,



censored observations arise whenever the dependent variable of interest represents the

time to a terminal event. and the duration of the studv is limited in time.

The analysis of survival experiments is complicated by issues of censoring, where an

individual's life length is known to occur only in a certain period of time, and by

truncation, where individuals enter the study only if they survive a sufficient length of

time or individuals are included in the study only if the event has occurred by a given

date. Possible censoring schemes are right censoring, where all that is known is that

the individual is still alive at the end of the study; left censoring, when all that is

known is that the individual has experienced the event of interest prior to the start of

the study, or interval censoring, where the only information available is that the event

occurs within some (time) interval. Truncation schemes are either left truncation or

right truncation. Left truncation occurs, for example, when subjects enter a study at a

particular age (not necessarily the origin for the event of interest), and are followed

from this delayed entry time until the event occurs or until the subject is censored.

Right truncation occurs when only individuals who have experienced the event of

interest are observable.

Statistical methods for dealing with censored data might be divided into the following

categories: parametric vs. nonparametric, and univariate vs. multivariate. Parametric

methods assume that the censored survival times are drawn from a population with a

known distribution function (e.g., Weibull, exponential, etc.). Nonparametric methods

make no distributional assumption about the population and frequently rely on rank

methods and density estimation techniques. Univariate and multivariate methods are



being used to make inference about one or more characteristics of the population from

which the censored sample(samples) is(are) drawn and compare such characteristics

for two or moÍe populations using censored data. This thesis primarily concentrates

on univariate nonparametric methods.

The problem of nonparametric estimation of the survival function with censored data

has an elegant and efficient solution in the one-dimensional case: the Kaplan-Meier

(K-M) estimator. In a recent paper, Cai (1998) developed the asymptotic properties of

the K-M estimator for censored dependent data. However, in higher dimensions, with

multiple, possibly correlated survival times, the task is much more difficult.

One of the basic assumptions in statistical inference is that we have a simple random

sample from a population, which implies the observations are independently

distributed. For correlated data (e.g., time series data), we can no longer assume

independence; hence, the available estimation procedures for independent data cannot

be applied.

In practice, the presence of censored correlated data is coûrmon, especially in long-

term medical follow-up studies. In such settings, examples of censoring include loss

to follow-up, dropout and termination of the study. There are not enough tools to

handle such data and the field of study is open for research with various possibilities

to extend existing results. One possibility is to develop a nonparametric estimator like

the Nelson-Aalen (N-A) estimator to estimate the cumulative hazard function for

censored correlated data. A possible choice is to use the exponentially weighted

moving average (EWMA) smoothing technique to modify the existing estimator to



incorporate correlation. Alavi and Thavaneswaran (2002) applied such a modified

estimator to a number of data sets, including both independent and correlated data

with censored observations. In survival analysis, hypothesis testing procedures are

also a topic of considerable interest to compare the effectiveness of one or more

treatments.

Chapter one provides an introduction to the thesis. Chapter two describes some

coÍrmon notation dealing with different probability functions. Chapter three discusses

nonparametric inference procedures with censored and censored correlated

observations, including a discussion of the functional version of the delta method to

derive the variance of the product limit estimator. Some hypothesis testing examples

for one-sample and k (k> 2) samples situations are presented in Chapter four. Finally,

the conclusion of the thesis is given in Chapter five. The data used for different

examples are included in the Appendix. The computer package "R" has been used to

develop the required algorithms, which are included in the Appendix.



CHAPTER TWO

SURVIVAL FUNCTIONS

2.1 Introduction

The terms "lifetime", "survival time" or "failure time" are frequently used for data

that measure the time to a certain event such as the actual length of life of an

individual, the occurrence of some events, response, the development of a given

disease, failure, death, relapse, parole, or divorce. These times are subject to random

variations and, like any random variables, form a distribution. The distribution of

survival times is most commonly described or characterizedby three functions:

1) the survival function (also called survivorship function or cumulative survival

rate),

2) the probability density function (or density function), and

3) the hazard function (also known as hazard rate, instantaneous failure rate,

force of mortality, conditional mortality rate or age-specific failure rate).

These three functions are mathematically related. In the following sections, we will

discuss these functions along with their interrelationships.



2.1.1 Survival function

Let T be a non-negative continuous random variable representing the lifetime of an

individual drawn at random from some population. Then the survival function,

denoted by S(r), is defined as the probability that an individual survives longer than r:

S(r) = P(an individual survives longer than r)

= r(r >t)

From the definition of the cumulative distribution function F(r) of T,

S(r¡ = 1- P(an individual fails before time /)

- I- F(t)

S(r) is a non increasing function of time r with the following properties:

S(r¡=1 for /=0 and

S(r¡=g for t=æ

s{r}

I ${r}

t,$

ü.s

tl"6

2ß 3ü

(a)

3l 3rj

(b)

Figure 2.1 Two examples of survival curves.
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A survival model in terms of the survival distribution function S(r) can be defined

and described. An important part of survival data analysis is to fit models. Berkson

(1942) recommended a graphical presentation of S(r), called the survival curve, for

such a purpose.

A steep survival curve, such as the one in Figure 2.1(a) represents low survival rate or

short survival time. A gradual or flat survival curve such as Figure 2.1(b) represents

high survival rate or longer survival. One purpose of the survival curve is to find the

50th percentile (median) and other percentiles (e.g.,25fr and 75th) of survival time and

to compare survival distributions of two or more groups.

In survival distributions. the median is often a better estimator of the centre of a

distribution than the mean, because a small number of individuals with exceptionally

long or short lifetimes will cause the mean survival time to be disproportionately

Large or small. The median survival times in Figures 2.1(a) and z.I(b) aÍe

approximately 5 and 36 units of time, respectively.

2.1.2 Probability density function

A probability density function of the survival time T is defined as the limit of the

probability of failure in a small interval per unit time. It can be expressed as

P {an indíviduat dying in the time intzrvat (t, t + Lt)}

Lt/(/) = Hgà



The density function satisfies the following properties:

(l) f (t) is a nonnegative function:

f(t)>0 forallr>0

=0 for /<0

(2) The area between the density curve and the / axis is equal to 1.

The density function /(r) is also known as the unconditional failure rate at time t.

From this function, the proportion of individuals that fail in any time interval and the

peaks of high frequency of failure can be found.

f(t)

't"

(a)

Figure 2.2 Two examples of density curves.

The density curve in Figure 2.2(a) gives a pattern of high failure rate at the beginning

of the study and decreasing failure rate as time increases. In Figure 2.2(b), the peak of

high failure frequency occurs at approximately 1.7 units of time. The proportion of

individuals that fail between 1 and 2 units of time is equal to the shaded area between

the density curve and the r axis.

¿

(b)



2.1.3 Hazard f unction

The hazatd function h(t) of survival time Z is defined as the probability of failure

during a very small interval assuming that the individual has survived to the

beginning of the interval. It gives the conditional failure rate and can be expressed as:

P {an individual of age t fails in the time intertal (t , t + $lf > t}
*-,

This function is particularly useful with lifetime distributions, since it describes the

way in which the instantaneous probability of death for an individual changes with

time. The cumulative hazatdfunction is defined as

t

H(t)= Ín@)d*J'
0

and can take any value between zero and infinity. Thehaznd function may increase,

decrease, remain constant or indicate a more complicated process depending on

different situations.

The following graph presents five differenthazard functions, shown in Figure 2.3.

Fisure 2.3 Five different hazard functions.

9



(1) Models with increasing hazard functions aÍe coÍrmon in practice. For

s¡ample, patients with acute cancer who do not respond to treatment have an

increasing hazard rate h.,(t) .

(2) 4(t) is the so-called "bathtub-shaped" or U-shaped hazard function. It

describes a process whereby, after an initial period in which deaths occur primarily

from defects or infant diseases, the death rate drops and is relatively constant until

adulthood, after which it increases with age. The general survival experience of

humans is compatible with this type of hazard function.

(3) Models with a constant hazard function have a particularly simple structure.

An example of a constant hazard function l4(t) is the risk of healthy individuals

between 18 and 40 years of age whose main risks of death are accidents.

(4) Patients with tuberculosis have risks that increase initially, and then decrease

after treatment. Such an increasing, then decreasing, hazard function is described

by ho(t).

(5) Models with decreasing hazard functions are less coÍlmon but are sometimes

used. hr(r) is a decreasing hazard function that, for example, indicates the risk of

soldiers wounded by bullets who undergo surgery. The main danger is the operation

itself and this danger decreases if the swgery is successful.

10



2.2 Relationship among functions

The three functions f (t), S(t) and h(t) are mathematically related. If any model is

specified initially in terms of h(t), then S(r) and f (t) can be obtained. The hazard

function h(t) is defined as

.. P(t <T <t + LtlT 2t) _ Í(t)l-/+\ 
- 

li* 

-

"\''' ölô 
^(/) 

S(r)'

while the probability density function is the derivative of the cumulative distribution

function; that is,

f (t) = 4 r f,> = 4l-s(r¡1 = -s'(r)dt dt-

..hft\=-s'(r) =-4hs(r)S(/) dt

Integrating from 0 to r and using S(0) = 1, we have,

- [nç*¡a*= hs(/)
0

<+ H(t)=-ln'S(/)

<+ S(r¡ = exp[-Fl(r)]= exp 
'!nçr¡a*

0

e f (t) = h(t) expl-H (t)).

11



CHAPTER THREE

NONPARAM ETRIC ESTI MATORS

3.1 lntroduction

In this chapter, different nonparametric methods are discussed for drawing inferences

about the distribution of time to failure or some other event. In each case relevant

examples are included. When there are no censored observations, the survivor

function can be estimated by the empirical survivor function.'With censored data, the

well known nonparametric estimators are the product limit estimator (Kaplan-Meier

estimator) for the survivor function and the Nelson-Aalen estimator for the

cumulative hazardfunction. In section 3.4, these estimators are derived and compared

considering right censored data. But for censored correlated data (e.g., time series

data), we cannot use the commonly used nonparametric estimators. In this situation,

the modified Nelson-Aalen estimator is more appropriate. Using the modified Nelson-

Aalen estimator, an analogue of the product limit estimator is also introduced. In

order to obtain the variance of different nonparameffic estimators, we discuss the

functional version of the delta method. In the last section of this chapter, a recursive

algorithm is included to approximate nonparametric Bayes estimates using interval

censored data.

t2



We have also used the theory of counting processes to develop inference procedures

with censored data. Counting processes are concerned with following a group of

individuals who move among a small number of states over time. In survival analysis,

the states are alive or dead. Analyses based on counting processes incorporate

incomplete observations, of which right censoring is an important special case.

Auxiliary information, such as fixed-time and/or time-varying covariates, is readily

absorbed into the methodology.

In order to give an example of right censoring, suppose in a clinical trial, drug 6-MP

was applied to a group of 12 acute leukemia patients. Let, 7,Tr,.......,Tr, (6, 6*,7 , 9*,

10, 10*, 16, !'l*, 20*, 22*, 23, 32*- Starred quantities denote censored observations)

represent the lengths of remission times (in weeks). These remission times are

assumed to be independent and identically distributed (since those occurred to

different individuals) with distribution function F(t) and survivor function S(r).

Because of time and cost considerations, the investigator terminated the study after

one year and reported the results before all individuals realized their events. For the

lrl¿ individual under study, Ç represents a right censoring time. Here, the observation

6* refers to an individual who entered the trial 6 weeks before the end and whose

remission was still in effect at the end of the trial. The exact remission time T, for the

ith individual will be known if and only if 7,3 C,. If Ti > Ç , the ith individtral is a

survivor and his remission time is censored at time C . To conveniently represent the

data for this experiment, we introduce a pa:.u. of random variables (2i,6), where {

T3



indicates whether the remission time { corresponds to an event (4 = 1) or is censored

(4 =o).

Also, Z, = 7,, if the remission time is observed

= C,, if it is censored.

i.e. Z, = min (T,,C,) .

Individual

Kaplan-Meier esti mator

The observations are given as (2,,6,) for i=1,2,.....,r2. Given a right-censored

sample, the process

N,(r) = I (2,'t,6, =L), i=1,2,.....,n

is a counting process. N,(r) = 0 until the ith individual dies and then it jumps to one.

'We define two stochastic processes on [0,*). The first process deals with the number

ofuncensored observations less than or equal to r, given by

1

2
a
J

4
5

6
7
8

9
10
11

t2

zi

6
6
7
9
10
10
L6
fl
20
22
23
32

L
1

0
1

0
1

0
1

0
0
1

1

0

ci

6

;

10

i,
20

t

I
6

7

io

t6

22
23
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N(r)=I¡r,trl,

The second process is defined by the number of censored or uncensored observations

greater than or equal to r, defined as

.1
Y(t) =lr (2,>t) .

i=1

Heuristically, we define the term dN(t) as the change in the process I/(r) over a short

time interval lt, t + dt) ,

dN(/) = 
N[(r + û)-]- N(/-) ,

where r- is a time just prior to r .

The term dN(t) can also be written in the following form.

dN(t) =Y(t)h(t)dt + dM (t)

This model is analogous to the regression model Y. = pX,+e,,

where N(r) is the number of deaths up to time t, Y(t) is the number at risk just before

time t, h(t)is thehazardrate and M (t) is the zero mean, square integrable martingale

which corresponds to the error term in the regression model.

The K-M estimator of F is denoted by F,and is given by

/ rrrr-r\ ( ¿\
S1r¡ = t - F.1t¡= 

U [t 
- ffi )= I,,lt 

- î ),
where dN(s)=N(s)-N(s-), n, is the number of individuals who are alive and

uncensored just prior to r, and d, is the number of deaths attime t, .

15



For theoretical studies we define S(/) - U[t-iS) 
*O for practical purposes it

-( d,l
is defined u, fI I 

t-- l.
",ï,4[ n¡ )

For a continuous distribution function F on [0,*), the cumulative hazard function is

defined as

t1

H (t) = i.'\(il. = -ln[r-rtrl] = -ln[s(/)].j 1-F(s-)

3.3 Nelson-Aalen est¡mator

Following Aalen (1978), we can write the counting process corresponding to the ith

individual as,

I

N,(r) = J4{r)ø{r)ar +M,(t),
0

or, equivalently

dNt(t) =Y (t)h(t)dt + dM,(t),

where 4(r) is the number at risk (i.e. a process giving the number of individuals with

a study time { 2t, oÍ, Y,(t)=I(2,>t)), h(t) is the hazardtate, M,(t) is a zero mean,

square integrable martingale, which means for I = I,2,'....,n,

E[vt,P¡] =s and sup,E[tíol]."".

The empirical cumulative hazard function, or the estimator of H(t) known as the

Nelson-Aalen estimator, is given as

T6



É^e)= jä9 =n,+, (3.1)

where z, is the number of individuals that are alive and uncensored just prior to r,

and d, is the number of deaths attime t, .

Also, E(t) = "^p[-É"1r;].

v*lS,(r)] = (S,Ol),

_ a ¿rexp[-zÉ,(rr)]-2, ,?
J-)_. J

Alavi and Thavaneswaran (2002) modified the Nelson-Aalen estimator for the

cumulative hazatd function of independent failure times for a homogeneous

population, to incorporate dependence amorg the observations.

3.4 Gomparison of K-M est¡mator and Nelson-Aalen estimator

This data set has been taken from Lawless (1982). The data consists of the remission

times (in weeks) for a group of.2l acute leukemia patients. The group was given the

drug 6-mercaptopurine (6-MP). Censored times are starred, which means that the

disease was still in a state of remission at the end of the experiment.

6,6,6,6*,7,9*, 10, 10*, 11*, 13, 16,t7*,L9*,20*,22,23,25*,32'-,32*,34*,35*.

With this data set, we first estimate the survival functions using the K-M and Nelson-

Aalen estimators and plot them on the same axis. Figure 3.1 shows that the two

T7



estimated survival functions are approximately the same. Next, we compare the

estimated variance for those two survival functions. Figure 3.2 shows that the

estimated variance based on K-M estimator is lower than that of the Nelson-Aalen

estimator.

I

0.9

0.8

0.7

0.6

0.5

0.4
0.3

0.2

0.1

0

671013162223
time (weeks)

- t- 31r¡ for K-M estimator

---.€- 31r¡ for N-A estimator

Figure 3.1 Comparison of estimated survival functions.

0.035

0.03

0.025

0.02

0.0r5

0.01

0.005

0

671013162223
time (weeks)

- a v"r(SAl) based on N-A estimator

*e v"'(Str)) based on K-M estimator

Figure 3.2 Companson of estimated variance of survival functions.
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3.5 Modified Nelson-Aalen estimator for correlated data

Let T,Tr,.......,Tn be a sequence of true survival times for n individuals in a life table.

These random variables are not mutually independent and have a common but

unknown continuous marginal distribution function, defined as

F(x) = P(7, <x) such that F'(o) = o.

Let us assume the right-censoring defined by random variables Ç for the random

variables { in such away that one observes (2,,6,) where

Z, =T, nC, and ó', = I (7, < C,),

where n denotes the minimum and f (a) is an indicator random variable of an event

A. We also assume that the Q's' are independent of the {'s and are independent,

identically distributed random variables with distribution function

G(c)= P(c, <c) such that G(o) = o.

Now we want to draw nonparametric inferences about F taking into account the

censored observations along with their dependence'

The Nelson-Aalen estimator, as given in (3.1), is an estimator of an absolutely

continuous function H(t). The trajectories of U(t) aÍe right-continuous. An

absolutely continuous estimator for 11(r) has been studied by Thavaneswaran (1988).

Here, we introduce a weighted version of the Nelson-Aalen estimator for correlated

data and demonstrate its superiority over the usual Nelson-Aalen estimator. The

modified estimator has a form very similar to the single exponentially weighted

L9



moving average with slight differences. First of all, the weights are not exponentially

diminishing, rather oscillating between positive and negative values with most of the

weight given to the recent value. For a set of correlated observations zl, 22,.....,2n, the

exponentially smoothed statistic S, based on j observations is given by

S, = alz, +(l-a)2,-r+(L-a)2 zr-, *.....1 ,

or, equivalently

S, =ez, +(1-ø)S¡_1

for ; = I,2,.....,n, where So = Z is the sample mean.

d,
Here, Z, =2, where d, and, nj ate defined in (3.1), and a is a weight which could

'n,
J

be greater than 1. Note that

d=0 <+ S¡ = So =2,

i.e., if the observations are independent we expect to get Q = 0 .

For computing purposes an alternative fonn of the estimator of the cumulative hazud

function at a given time t (not necessarily an integer) is given by

n,G) = & z, + (a -DÊ,(r -1),

d,
where z, is a simplified form of writing 2,., def:lrrcd as z, =;, where n, is the

J

number of individuals at risk of experiencing the event of interest at time t, and d, is

the number of events that occur at time t i. zt caî also be thought of as an estimate of
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the conditional probability that an individual experiences the event at time t, given

that he has neither experienced the event nor been censored just prior to time r, .

In the counting process notation the estimator has a form

IL,., ¡ ,.dN(s)H\t)= lr(") yG) ,

0

where w(s) is a continuous function.

The main drawback of using the counting process technique is that it only allows for a

single event at a specified time, which is usually not the case in practice. Using the

counting process approach, when d ¡ =! (i.e., no multiple events at t ,), the mean and

conditional variance of the proposed estimator are given in the following theorem.

Theorem 3.1.

t stt/^\ n n

Let u(t)=Íør)ffi, where N(s)=åt,,tr, and Y(s)=É4ttl, and w(s) is a

0

smooth continuous function of s. Then,

1i¡ ø[ø1r¡] = Jw(s)ø(s)ds,
0

riu(Ê)or=lr%^

where 0 is the notation used for the predictable variation process, the conditional

variance, of a martingale. It can easily be shown that part (i) of the theorem follows

from the properties of ltô's integrals and, E'l'ttl¿¡r!Ù = [w$)h(s)ds .

d r(s) o
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Part (iÐ follows from the fact that

I

(u,)ft>= Jø1'¡4i'¡a',
0

and from the properties of stochastic integrals,

(É)(/) = j# ¿Ç,t), =' ffi ,(s)ds .

3.5.1 Example

The following data set is taken fuomZeger and Brookmeyer (1986). This is a time

series data and also a good example of censored correlated data. The data were

collected on the chemical composition of atmospheric deposition. The Environmental

Measurement Laboratory collected monthly data between 1977 and early 1980 at a

number of sites in the United States on the composition of dry deposition of NHo.

There are lower detection limits on the assays, which depend on the total quantity of

deposition collected each month; smaller volumes collected give higher detection

limits. Because of the detection limits, we have some censored observations. These

data are also correlated in time.

The data are listed in the Appendix (Table 1). Here, the time r indicates to the

monthly concentration of ammonia at the Lawrence Livermore, California, site. Of

the 43 observations in the data set, 3 were missing and 6 were left censored.
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The modified Nelson-Aalen estimator is used to calculate the sum of squares of the

forecast errors. The aim is to find the value of ø which minimizes the sum of squares

of forecast effors. When the usual Nelson-Aalen estimator is used, the sum of squares

of the forecast effors is 32.66, while the sum of squares of forecast errors for modified

Nelson-Aalen estimator is 0.2089.

Table 3.1 shows various ø values, along with their respective sum of squares of the

forecast erïors. From this table, it becomes clear that the a value which minimizes

the sum of squares of forecast errors is 1.75. Here, the forecast errors are defined by

forecast erïor = z, - ÊQ -I) ,

and the sum of squares of forecast(prediction) errors (SSE) is given by

-l- 
^ 

--t2

SSE= Llr,-H(t-Ð | .

Another example from the same paper concerns an autoregressive process of order

one (AR(l)). The data are listed in the Appendix (Table 2). Zeger and Brookmeyer

(1986) generated a single realization of length 50 from a Gaussian autoregressive

process of order p=1 with mean þ=0, first-lag autocorrelation 0 =0.5 and white

noise variance 02 =I. The data were left censored at -I.2 and eight observations

were censored.

Here, also, the a value which minimi2ss the sum of squares of forecast effors is 1.75.

When the usual Nelson-Aalen estimator is used, the sum of squares of the forecast

errors is 40.31, while the sum of squares of forecast errots for modified Nelson-Aalen

estimator is0.2233.
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Table 3 . 1 . Sum of squares of forecast effoIS for various ø values.

ssE(N¡I, ) ssE(AR(1))

0.3
0.5
0.7
0.9
1.0

1.1

1..2

1.25

1.3

1.5

t.7
1.75

1.8

1.85

0.6156
0.4678
0.3804
0.3218
0.299r
0.2796
0.2621
0.2552
0.2482
0.2249
0.2t03

0.2089 (min)
0.2093
0.2135

0.6157
0.4689
0.3825
0.3250
0.3031
0.2846
0.2690
0.2623
0.256r
0.2383
0.2368
0.2233 (min)
0.2501
0.2640

3.5.2 Modified product limit est¡mator

In the literature, an analogue of the product limit estimator for censored correlated

data has not been defined. For correlated data, we have modified the Nelson-Aalen

estimator and determined the optimum q value by minimizingthe sum of squares of

forecast effors. This is a data driven method. Using the relationship

^î,(t)= exp¡-È,(t)1, we produce an estimate of the survivor function, which is

defined as the modified product limit estimator' We can also denote this new

estimator as

$ft) =expl-u(t)1. (3.2)
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3.6 Delta Method

The delta method has been used to obtain the variance of the MLE of differentiable

functions of the parameters with independent observations. A functional version of

the delta method is used to obtain the variance of different nonparametric estimators.

A new estimate of the variance of the product limit estimator is proposed and it is

shown that it has smaller variance than the one used in the literature.

Suppose a random variable Y has mean p andvariance o2 (denoted by Y - (p ,o'))

and suppose we want to find the distribution of some function g(f).Expanding g(Y)

about ¡t in aTaylor series,

s(Y) = 8@) + (Y - p) s' (p) +......,

ignoring higher order terms, the first two moments are

n(gg)) = s1t) ,

var(g(Y)) = o2 (g'(P))2 ; hence,

s(y) =(s@),or(s,@Ðr)

(where '=' denotes "is approximately distributed as"). Moreover, if Y Q N(p,oz),

i.e., Y has an asymptotically normal distribution, then

s(y) g N (s@),or{s'{Ð),).

For example,Tf Y - (/t,o') and g(Y) =Yz ,theî

g(y) = (u, ,o, {zÐ,) .
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If S(Y) = eY , then S(Y) = (e' ,o'1e"¡) .

The delta method also has a multivariate version; suppose

Itl- ffrr\,("'. "".'llIrJ [[p, J'[o", "? ))

and suppose we want the distribution of S(X,V). Then, since

the approximate distribution of g(X,f) is

t 
'!ql' *2o-.9t Ìs-.,3lgl'].s(x,v)=ls(a-,þ,),o'*[æl + ¿oxy w av ,\.ðyi 

I

If furthermore (x,r) Ç Norrnal,then s(x,y) f Normal.

The delta method is very useful in practice; for example, we can use it to get an

approximatevalue to, vor(!) o, vor(;y).
\v/

Following Thavaneswaran (1988), consider the semimartingale model X(t), with

dX(t) = h(t)Y (t)dt + dM (t)

where å(t) is a time varying parameter of interest, Y(t) is a predictable process and

M(t) is azeÍo mean, square integrable martingale.

Let H(t¡=ffirr,

'I(s)=f[f1s¡>O]

Then an estimate of I/(t) is
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a(,)=l*ffi,
which can be written as É(t) = nG)+ f,tg.

Under some regularity conditions, it can be shown that (Thavaneswaran, 1985) for

large values of /,

(tl
u, s "[",,J#fu*j

Then for large values of r, viewin g Ê, as a difñ¡sion pfocess of the form

dÊ,- dH,+dú,

and using lrô's formula (Elliot, L982) for any function gec'(twice continuously

differentiable), we have

ag (H @) = s' (H çt¡) au, +| s' (n <t¡) o \*),
llt2
(s(eør)), = J(s'(i?r'r)) a(ø),

Here, the notatio" (*), represents the conditional variance depending on time /'

Then, from .Irô's formula, it follows that

n, q 
^t(HØ,(túl¡,) 

implies

(t^ 1t t"r t^ tz r-- tl

r (,?, ) 
q *l 

I t' (n 6¡) an, . i I r' @rsl) a (ø ),, J( s' ( a1' >)' o @) ") l.[j"t 
"t 2d-t | \ /rd\-t t \ "1)
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3.6.1 Examples

We start with an example of the delta method in a stochastic process context, and in

subsequent examples, we use the delta method in a survival analysis context.

Example 3.6.1.1: Flasminskii and Ibragimov (1985) have studied nonparametric

estimation of a linear functional in a Gaussian white noise process. Here we consider

estimation of nonlinear functionals under Gaussian white noise. Consider the model

dx(t) = 0(t) dt+e dW" 0 <t <T

where e is a positive number, 0(t) is a time varying parameter and W(t) is a

standard Gaussian process having mean zero and vaiance t; i.e., for fixed /,

w(t)-N(0,/).

Hasminskii and Ibragimov (1985) have studied the estimation of F@) 
'

F(0) = l¡çu¡06¡au ,

õ

a linear functional of the unknown paraneter 0 .

They have proposed the estimator

Ê = r@)='lf fu) dx(u) .

õ

Then the variance process (quadratic characteristic) of the estimator is

I
/¡\ ^ F â/ \{F)=e'lf"luldu.
\ / J" \ /

0

Now consi der F(0)= "*p['þ(ù 
auf , unonlinear tunctional in 0(t) '

I

LO J
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^ l-'n^ -l

'We propose the estimator F = exPl leø> du I fot F, where
LõI

^ ['. I
Ê = expl laxg¡l= r'' -r [x1o¡ = 61

Ló I

To find the variance process of Ê , we use 1rô's formula with 8(x) = e' :

de*' = ex'dX. *{r*' ¿,,2

ex' =' le*u 
o(u)du+ e' ¡"*' dw, *!' þ*' ¿u

0 0 -0

Hence, the variance process of the estimate Ê = e*'is e ' '¡"'*' 
ou .

0

Example 3.6.'1.2: Suppose we want to estimate a functional of 11(r) , the cumulative

hazatdrate, in a censoring setuP,

N(r¡ = h(t)Y(t)dt + dM, 
'

where H(t) ='¡rçr¡ o, ,

õ

N(r) is the number of deaths up to time /, f (r) is the number at risk, M (t) is a zeÍo

mean, square integrable martingale, h(t)=# and the survival function is

(t\

S(r) = "-'' , 
Ê, q Nl U,, l-\at l,[ ' dr(s)r(s) )

s (t) = t-" 8'(*) = -€-"
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, ". l\ _'¡r_rrr,, h(t) ¿r. (3.3)(s(t:,, d r(r)

Hence, the variance process of an estimator of s(r¡ = e-ÊQ) is given by (3'3)'

We propose to estimat" (S1r¡), Uy

¡ -zit 1'¡ -'¡e 
-h(s) dN(s).

d r'(t)

In the literature the estimator,

'[-!dN(s)= 
>' +

d 
y,(r) ,í|,nj

has been used to construct confidence intervals for S(r).

(3.4)

(3.s)

Since e-' <L for x > 0, we note that (3.4) < (3.5).

Hence, an approach based on ltô's forrnula provides a smaller variance for the

product limit estimator than the nonparametric estimator in (3.5).

Example 3.6.1 .3: Robust Estimators.

In estimation problems with independent observations X' Xr,""",X,, the parameter

of interest can frequently be expressed as a functional 0 = g(F) of the underlying

distribution function. With no censoring present, the usual estimator is

ã = g(f,) , where { is the empirical distribution function.

With censoring present, a reasonable estimator is

â = s(F)= g(1- S) , *h"t. ,î = 1- Ê is the product limit estimator.
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That is, with censored observations, functionals of the survival function S(r), e.g., the

mean, etc., are estimated by functionals of the product limit estimator S .

Themean 0= s(F)=-[xdF(x)= j(t- F(x))dx
00

= ls(t)dt, a functional of S(r).
õ

For any positive random variable the nth moment, 0 = EIX'I (see, for example,

Shiryayev, 1984, p. 206) is

0 = g (F) =*!x' dF (Ð = n I *'-'( f - rlx¡ ) d* = n It'-' S (t) dt.
000

'When 
there is no censoring a nonparametric estimate of mean 0: nlXl is

^-e= B(F,)= !xdF^(x)=x = I(r- F^(x))dx,
00

where 4(.x) is the empirical cumulative distribution function.

For any nonnegative random variable X, the mean is

o = nlxl=-lsçt¡at .

0

With censoring, an estimator of the mean á is

^ l'^
0 = ls(t)dt

-a

and the nth moment, 0 = s(S) = n lt*t S (t)dt can be estimated by
0

o= s6)=nlt*'ilQ)¿t.
0
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For example, here we have a situation where ,î it u semimartingale; since ê is a

function of ^î, we can use ftô's formula to obtain variance process of 0. We now

obtain a semimartingale form for the product limit estimate S(r).

åtr(t\
By definition,

r- F(t)

where F(r) is the cumulative distribution function, h(t) is the hazardrate and I1(r) is

the cumulativehazard function. Hence, the survival function S(r¡=L-F(t) can be

written as

dS(t¡= S(t-)d(-uf'>)

s(r¡ =t+ [s1ø )a(-n@)). (3.6)
õ

'We note that, for every semimartingale X, (Elliot 1982, p. 156), the equation

z, =L+'lz,-dx,
õ

has a unique solution

z, = e*i f[(t+nx,)' where ÂX, = X, - x,-'
s<,

Hence, from (3.3), the solution for S(r) can be written as S(r) - e-H(t) .

Moreover, if we rry ro esrimate s(r) using Êçt¡ ='[ d¡l(Ð 
which is a discontinuous

d /(s)r(s)

tunction, then, .î(r) = r+ Jslr¡ a(-nø>).
0
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andthesoturion S(r)=r-tfr-¿¡rrtl'l l. a"(r)=ol
i=l[ Y(s)) L " J

turns out to be the product limit estimator

S(,) = r- ÏS,, -¡a(nç,¡),
0

(3.8)

where H(t¡ = H(t)+ M(t) .

Hence, (3r,1), =' !\çu-¡'a(ú),=J[St,-]'ffir'
0

An estimator of (SOl), proposed in Ordoukhani, Thavaneswaran and Samanta

(1991) is

lpr 
^

JLs(ø-).l 
gP =>s(,)+-

o 
'J r(s) /r,=, 

' r' nj

3.6.2 Estimation of functionals of S(f)

For any functional g(.) of S(r),

0 = 8(s(/)) =nþ*'s(t)dt can be estimated by
0

o= e{.S)=rlr*'i?)dt -

õ

Using the martingale central limit theorem (Liptser and Shinyayev, 1980), it can be

shown that asymptotically, as n-+.", i(r) becomes a diffrrsion process. Now we try

to find the variance process of

aa
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ê,=nÏu'-'il@)¿u.
õ

Using 1rô's formula, i.e., if

dX' = a(t'X')dt +b(t'X')dW'

then for any twice continuously differentiable function /(.)

I
df (x,) = f (x )dx, + ; f' 

(x,¡bz çt, x,¡dt

In other words, integration by parts in ordinary calculus may be related to the

following formula in Itô's calculus,

L'l"rrv \J-- - c/t/', 
t

; J-f 
'(x,)du = f (x) -,f (xo) - [f '{x¡ax, . (3.9)

0

When X,=W,, f (x) = x' , f'(x) =2x, f"(x) =2 , (3.9) becomes

t =w,' -w: -z'fwdw,,
õ

which shows that rules of ordinary calculus do not necessarily apply in stochastic

calculus.

We have noticed that S(t)can be written as

aiçt¡=-s1)nØ¿t-S7)¿u(t). (3.10)

tt

Hence, to find [Sg¡a" ot ,!u*'S1u¡du, we have to express the variance process

00

1

lSç"¡a" in rerms of stochastic integrals. Using 1rô's formula with
6

f (X) = X3, f'(X) =3X2, f'(X) = 6X,we have
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,' ¡*,ou = xl - xl -z' [xlax,

z' [3 çr¡au= s' (r) - "' - r iS @)' ¿3 @), (3.11)

where Xo = N is the initial value

(e\ 
=¡'f [sru-i-l 

o h(u) du. e.rz)\ /r rL 'l Y(u)

Hence, for the parameter 0=nlu'-'S(u)du, exptessed as a functional of S(r),
õ

^lwe proposa ê,=n)u"-'Sçu¡du as an estimator of d, which has the variance process

(for n = 1)

(á) =¡'[[.îr,-llo@du. G.r3)\ /r JL 'J Y(u)

An unbiased estimate of the variance of 4 is

,j¡sr,il'ffi*nry,
where n,is the number at risk at time r, .

3.7.1 Empirical distribution function

If there are no censored observations in a sample of size n, the empirical survivor

function (ESF) is defined as

ã ¡.t number of individuals with survival times ) t . + \ rì
' 

t 
-v"n\'/ total number of individuals under study



S,1r¡ is assumed to be constant between two adjacent death times. That is, S"(r) is a

step function that decreases Uy 1 just after each observed survival time. In particular,
n

S,1r¡ = 1, for values of r before the first death time.

= 0, for values of t after the final death time.

equivalently, S, Q) =I- F,Q) .

where 4(r) is the empirical distribution function (e.d.f.), i.e.

1n
F,çt¡=rI¡ V,<r)"nÃ

_ I {{ . I f n .l 1r =., _,_
Ê,*,{t) = #äI (r,*) = #Lå I (r, < t) + I (r^*,. t)l hl"o,(t) + I(4., < t)]

e (n +r)F,*lQ) = nF,Q) + I (T,., < t)

e F*,çt¡ = := F,(r) ++ I (T,*t < t)(n+I) (n+l)

e F,*rçt¡= (1- ùF,Q)+wI (r,*r<t) Q.r4)

where
(n+I)

The relation in (3.14) gives the recursive form of the e.d.f.; that is, if we have an

empirical distribution function based on n observations, we can easily update the

empirical distribution function based on (n+1) observations and so on. However, the

resulting estimator need not be optimal.

Suppose we have the following survival times (in weeks) of seventeen patients:

5, lJ, 2!, 12, 45, 17, 28, 23, 27, 54, 39, 15, 57, 68, 7 4, 86, 32.
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With this data set, the plot of the empirical distribution function is shown in Figure

3.3. The relation (3.14) can also be generated using a recursive algorithm given in the

Appendix.

20 40 60 80

S urvivalt¡m e

Figure 3.3 Empirical distribution function.
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3.7.2 Nonparametr¡c BaYes method

Newton, Quintana and Zhang (1993) developed a recursive algorithm using

elementary facts about nonparametric predictive distributions to approximate

nonparametric Bayes estimates.

Suppose that an unobserved random sample 0r,er,......,0, from an unknown

distribution G determines the conditional probability structure of the observations

JI



Yr,......,Y,. We can consider 0, as real or vector-valued and observations can come in

various types. The unobserved random sample may be missing data or it may

represent parameters that fluctuate across experimental units. This recursive

algorithm is applied to an interval censoring problem considering 0, as a survival

time and { an interval known to contain d,.

The prior on the unknown distribution G is indexed by a positive finite measure

defined on the range 7 @ finite set) of 0, .Wedenote the prior measure by mo, which

contains the Bayesian information about G and may be factored into a probability

measure Gs representing a prior guess and a prior mass (predetermined weight)

a=mo(I). The prior mass ø measures the extent to which new information will

change the Bayesian opinion.

Conditional on data D={l}, for a measurable subset Bcl, the Bayes estimate

E\G(B)]DI coincides with the posterior predictive distribution G,(B) = P(O,re rlo)

and we want to calculate this distribution. The most simple case motivates the

general recursive approximation. The object of interest is the posterior predictive

distribution on /¿ = 1 .

G,(B)= P(0.,. Bl4)

= n{e(o,= Bl4)14}

=E{hG,@).*1"(q)14}

=fto,@).*r@s nlv,)
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Whereas the measute m0 = dGo represents uncertainty prior to observing data,

measure n4 = (a +I)G, encodes updated uncertainties. By accumulating

measures, we get:

ft\(B)=mo(B)+P0(0t. BlVr) tg'tsl

It is interesting to note that Bayes rule enters the second term in (3.15). The

coffesponding posterior calculations are driven by the prior Go on d (hence the

subscripting in pr). If no information is lost going from 0, to Y1, then the added

measure is simply a Point mass at á,.

The idea that predictive uncertainty can be encoded in single measure and that

learning occurs by adding measures lead us to the following recursion genetalizing

(3.15):

the

the

m,(B) = m,-r(B) + 1-r(0,. B 14 )

for l>1.

In terms of probability distributions

G,(B)= (1 - w,) G,-¡n¡ * w,1-r(0, e nlv,)

(3.16)

(3.r7)

where again the Bayes rule enters the second term takin1 G-t as the updated prior

distributionfor0,'Thenominalweightsafewi=rl(a+;)'Itisinterestingtonote

that relation (3.17) has a similar form as relation (3.I4) for the empirical distribution

function.

As constru cted, G, is not the exact posterior predictive distribution for 0,n, in general,

even though it is so when i=I.lt will be only in the case of no information loss,
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that is, when Y, = 0,. Thus the value of Q depends on the order in which Y1,......,Y, are

processed. What gives some credence to the recursion is that the dependence on

order can be relatively weak. The suggested algorithm then is to arrange in some

order Yr,......,Yn and to process them through (3.17) to produce an approximate

Bayes estimate G". Calculations being O(n), we can easily re-evaluate G,, oveÍ a

random sample of orderings and average the results.

The form of information loss that we have studied most extensively is interval

censoring. Rather than observing 9,e7, we observe an interval Y,Cl that is

known to contain 0, . The recursive formula (3.t1) is particularly simple for interval

censored data:

(3.18)

As an illustrative example, we consider a much studied data set on cosmetic

deterioration after radiotherapy of the breast. Each patient is monitored periodically

and a time to deterioration 0, is known either to occur either in an interval between

hospital visits or is right-censored and known to occur only beyond some maximum

observed time. This example has been considered by a number of authors. Our

goal is to illustrate how the recursive approximations work in a typical problem.

The data are reported in Table 1 of Gentleman and Geyer (1994). There are

n = 46 intervals in the data set. Associated with each woman in the study is a

time Q,(days) indicating the time after radiotherapy treatment that a defined amount

of change occurs in the treated tissue, and the ith interval is known to contain á, .
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Figures 3.a@) and 3.4(b) show the results of the recursive approximation (3.18)

using the nominal weighting scheme. We take Go to be an exponential prior with

mean equal to one half a year and we consider two values of a: 1 and 5. The left

figures show Gou for 100 random orderings of the data. We use sets 3 =10,01 to drive

the recursion for 0 in the grid {0, 7,2,. 100, 1000}. The outlying grid point

at 1000 days is included to account for mass beyond the range of data. The

average-over-orderings G; shown in the right-hand plots, is a very accurate

approximation to the correct posterior predictive distribution in this example. The

dashed line represents the prior c.d.f. Go for áe [0,100]. The Appendix provides

some code to implement the recursion using built-in functions in "R".

40 60

time (days)

Figure 3.4(a): G, for 100 random orderings (left) and the average-over-orderings

C,, (rigtrÐ with a = 1. Dashed line represents the prior c.d.f. Go.
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Figure 3.a(b): Gn for 100 random orderings (teft) and the average-over-orderings

G1 (righÐ with a = 5 . Dashed line represents the prior c.d.f. Go.

3.7.3 Gomparison

Newton, Quintana and Zhang (1998) considered estimation of posterior distribution

functions using a Bayesian method, with predetermined weights (i.e., prior mass)

o = L and cr = 5. This method is applied to independent, interval censored data. For

censored correlated data we have modified the Nelson-Aalen estimator and

determined the optimum g value as follows: using the EWMA method, we choose s

by minimizing the mean squared forecast errors, and obtain the estimate of the

distribution function with censored correlated observations by using the relationship

(3.2).
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4.1

CHAPTER FOUR

TESTING HYPOTHESES

lntroduction

In biomedical research, the comparison of populations based on sample observations

is very common. In this chapter, we discuss one-sample and k (k>- 2) sample tests that

compare the integrated difference between the observed and expected hazard rate.

Some tests use ranks instead of original observations and are easy to apply. In each

situation, we include examples to illustrate the testing procedures. Examples ¿Ire

based on censored, truncated and complete data sets. In section 4.2 and 4.3, examples

using censored data sets are considered, and in section 4.4 both complete and

truncated data sets are used. All tests discussed herein are based on large sample

approximations to the distribution of chi-square statistics.

4.2 One-Sample Tests

Suppose Y(r,) is the number of individuals under study prior to an observed event

ttmet,andd,isthenumberofdeaths(event)attime/¡,wheret,1t,<.....'..

Here, r, is the time when the last death occurs and T is the largest of the observed
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study times.

On the basis of the above sample observations, we wish to test the null hypothesis

Ho:h(t) =ho1) for all t <T

against the alternative hypothesis

H,:h(t)> hoQ) for all t 1T , with strict inequality for some /'

where, h(t) is the population hazard rate and hoQ) is completely specified.

The Nelson-Aalen estimator of the cumulative hazard function Ë1(r) is given by

Êçt¡_F,r,

We note that the ratio -4i- gives an estimate of h(t,) ,thehazard rate at time r,.
Y(t,) "

In the present study, the difference between a weighted version of the estimate of

h(t,) and the hypothesized rate is used as a test statistic. Let W(t) be a weight

function with the property that W(t)=0 whenever Y(t)=O. The test statistic for

testing .FIo is

zQ)=o(r)-E(r)

=fw G)*-'[w(s)åo(s)ds
i=l Y Gt) i
T t-,t t T

= lw(r)# - lw(s)tro(s)dsd "r(s) 
d

whete, dN(s) = fto(s)f(s) ds+ dM (s) .

Under the null hypothesis, the variance of Z(T) is given by
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vlz(r)l= jr'r,1ffir".
0'

For1argesamp1es,thestatisti"ffihasapproximate1yacentra1chi-square

distribution with one degree of freedom when the null hypothesis Ë10 is true. We can

a1souseÆasastatisticfortestingthenullhypothesis,F1oagainstthe

^lv 
lzçr¡l

a1ternativehypothesisH".C|ear|YunderHo,ffi,hasapproximate1ya

standard normal distribution provided the sample is large enough. Large values of the

statistic leads to the rejection of the null hypothesis .F/0.

The most popular choice of weight function is w(r) =Y(t) (the number of individuals

prior to the observed event time /), which yields the one-sample log-rank test' To

allow for possible left truncation ,let T, be the time on study and L, be the delayed

entry time for thej thpatient. 'When ? is equal to the largest time on study,

O Q) = observed number of events at or prior to time Z

and with W(t)=Yç¡¡,

vlzçr¡l=ä'[rtu,ffi*=å

since for the j th patient Y, (s) = 1; therefore

vlzçr¡l= Ë["0(, )]': =ilzo(r j)- HoØ)]
j=r j=l

where HoØ is the cumulative hazardunder the null hypothesis.

T. T,-t n r

f r,{')4{')ds=f I h(Ð¿',
i, i=l Li
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Other weight functions proposed in the literature include the Harrington

and Fleming (1982) family WHFG)=Y(t),S'(t)p [t-so(t)]o ,p20,q20, where

So(r)=exp[-ao(r)] is the hypothesized survival tunction. By choice of p and q,

one can put more weight on early departures from the null hypothesis þ much latger

than q), late departures from the null hypothesis (p much smaller than q), or on

departures in the mid-range (p = q > 0). The log-rank weight is a special case of this

modelwith p=8=0.

4.2.1 Example

In a study of the effectiveness of a combined drug regimen for the treatment of

rheumatoid arthritis, 40 white patients were followed for a period ranging from 1 to

18 years. During the course of the study, 9 patients died, so 31 patients were still alive

at the end of the study. The ages at entry into the study and at death for the 9 patients

and also the ages at entry and last follow-up for the 31 patients were as follows:
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Female deaths Male deaths Female survivors Male survivors

66,74

60,76

70,77

] I,8T

50,59

60,66

5r,69

69,7r

58, 7l

50, 68

\5 '7)

56,60

45,55

48, 51

44,55

33,51

44,50

60,70

55, 60

60,72

77,80

70,75

66,70

59,63

62,63

53,68

55,62

56,63

45,5t

48,6r

49,55

43,51

44,54

6r,10

45,60

63,72

74,80

70,76

66,72

54,70

Using the all cause U.S. mortality table for 1989 presented in the Appendix (Table 3),

we test the hypothesis that the death rate of these rheumatoid arthritis patients is not

different from that in the general population using the log-rank test'

To perform this test, we use the sex specific survival rates. Define

T¡ = time which shows the jth individual's age at death or the end of the study .

Z, = left-truncation time which shows the jth individual's age at entry into the study.
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Table 4.1. Computation of One-sample, Log-rank test.

Status Age at entrY Age at exit

di Lj Tj Ho(Li) Ho(Tj) Ho(Tj)- Ho(Lj)

1

2
J

4
5

6
7
8

9
10

11

t2
t3
T4

15

T6

t7
18

L9

20
2T

22
23
24
25
26
27
28
29
30
3l
32
33
34
35
36
37
38
39
40

m
m
f
f
t

f
f
f
f
f
f
f
f
f
f
f
f
f
m
m
m
m
m
m
m
m
m
m
m
m
m
m
m

66
60
70
7T

50
60
51

69
58
50
55
56
45
48
44
33
44
60
55
60
77
70
66
59
62
53
55
56
45
48
49
43
44
6l
45
63
74
70
66
54

74
76
77
81

59
66
69
7l
7l
68
72
60
55
51
55
51
50
70
60
72
80
IJ
70
63
63
68
62
63
51
6T

55
51
54
70
60
72
80
76
72
70

f
f
f
f
m
m
m

0.16053 0.31861
0.09700 0.37999
0.225t6 0.41530
0.24309 0.59789
0.09269 0.17080
0.18470 0.29934
0.09829 0.38069
0.38069 0.44840
0.15818 0.44840
0.04526 0.18993
0.06493 0.26759
0.07019 0.09700
0.03362 0.06493
0.03987 0.04842
0.03188 0.06493
0.02015 0.04842
0.03188 0.04526
0.09700 0.22516
0.06493 0.09700
0.09700 0.26759
0.41530 0.54488
0.23081 0.34787
0.16053 0.22576
0.08932 0.1247r
0.11464 0.r247r
0.11116 0.35122
0.12706 0.216'18
0.13639 0.23506
0.07084 0.09829
0.08284 0.20000
0.08755 0.12706
0.06431 0.09829
0.06745 0.11867
0.20000 0.41300
0.07084 0.18470
0.23506 r.15706
0.57558 0.95829
0.41300 0.68120
0.29934 0.48"109

0.11867 0.41300

0.15808
0.28299
0.19015
0.35480
0.07811
0.1t463
0.28240
0.0677r
0.29022
0.t4467
0.20266
0.02681
0.03131
0.00855
0.03305
0.02827
0.01338
0.12816
0.03206
0.17060
0.t2958
0.11706
0.06463
0.03s39
0.01008
0.24006
0.08972
0.09867
0.02744
0.11716
0.03951
0.03397
0.05122
0.21300
0.1 1386
0.92199
0.3827r
0.26820
0.r8776
0.29433

Total 6.07495

48



The observed value of the test statistic is f =(g-6.0740s)'to.ol+95=1.408 with

one degree of freedom. The p-value of the test is 0.234. So, we conclude that the

death rates of the rheumatoid arthritis patients do not differ from those in the general

population.

4.3 Comparison of two groups of survival data

In the comparison of two groups of survival data, there are several nonparametric

methods which can be used to quantify the extent of between-group differences. Here,

we consider two nonparametric procedures:

the log-rank test,

the Wilcoxon test.

Suppose we have two groups of survival data, namely Group I and Group II. Across

the two groups (for the pooled data) there are r distinct death times, tr 1tr 1....'.'1t,.

At time ti, d,, individuals in Group I and d,, indliduals in Group II die, for

i=I,2,......,r. If there are no ties, that is, unless two or more individuals in a group

have the same recorded death time, the values of du and d,, will either be zero or

unity. We fuither suppose that just before time r,, there are Y,, and Y,, individuals at

risk (i.e., alive and uncensored) in Group I and Group II, respectively. The situation is

summarize d in T able 4.2.

a

o
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Table 4.2. Number of deaths at /, in each of two groups of individuals.

Number of Number surviving Number at risk

Group deaths at /, beyond r, just before rt

Yu- du Yir

d,, Y,r- d,,

Total Y,-d,

4.3.1 The log-rank test

Let h,(t)be the hazudrate for gfoupi (i =L,Z). Then our hypothesis set is

H o : hr(t) = hr(r) on [o,r]

against H 
":lq(t) 

+ hz!) on [o,r] .

The null hypothesis considers that there is no difference in the survival experience of

individuals in the two groups. One way of assessing the validity of this hypothesis is to

consider the extent of the difference between the observed number of individuals in the

two groups who die at each of the death times and the numbers expected under the null

hypothesis. Information about the extent of these differences can then be combined

over each of the death times.

In Table 4.2, ífthe marginal totals are regarded as fixed and the null hypothesis is ffue,

the four entries in the table are solely determined by the value of du. We can therefore

regard d,, as a random variable, which can take any value in the range from 0 to the

minimum of d, and 4,. h fact, d,, has a hypergeometric distribution, according to

which the probability that the random variable associated with the number of deaths

dil

Y,,

Yidi
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(¿,\( r,-d'l
[r,,.J[n - d, )

in Group I takes the value d,, is

The mean of the hypergeometric random variable d,, is ,^ =Y ,

i.e., e,, is the expected number of individuals who die at time r, in Group I.

So, n(a,rla,)- rr=ry

and var(dul¿,)=r,,=ffi

(4.1)

(4.2)

In the next step, we combine the information from the individual 2x2 tables for each

death time to give an overall measure of the deviation of the observed values of d,,

from their expected values. The most straightforward way of doing this is to sum the

differences d,r-€,, over the total number of death times, r, in the two groups. The

resulting statistic is given by U , =L(¿,r- e,r) .

i=1

The mean and variance of U, are:

E(U,)=0

var(u ,) =âru =r,

When the number of death times is not too small, U, has an approximate normal
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distribution. Also, Z =+ is approximately a standard normal random variable.
,lvt

i.e. Z =
+ YitYizdi(Y, - d,)

â--*o=¡-
Clearly, Wt=22 is approximately distributed as Ê, a chi-square random variable

with one degree of freedom.

The statistic W, summarizes the extent to which the observed survival times in the

two groups of data deviate from those expected under the null hypothesis of no group

differences. The larger the value of this statistic, the greater the evidence against the null

hypothesis. Since ,!W, nut approximately a standard normal distribution when

the null hypothesis is true, the p-value can be easily calculated using a table of the

standard normal distribution.

This method of combining information over a number of. 2x2 tables was proposed by

Mantel and Haenszel (1959), and is known as the Mantel-Haenszel procedure. Infact,

the test based on this statistic has various names, including Mantel-Cox and

Peto-Mantel-Haenszel, but it is probably best known as the log-rank test.

4.3.2 Example: Prognosis for women w¡th breast cancer

In this example, the data are the survival times of women with breast cancer, grouped

according to whether a section of the tumour was positively or negatively stained.
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This data set has been taken from Colletf (L994) and are presented in the Appendix

(Table 4). We test the null hypothesis that there is no difference in the survival

experience of the two groups of women using the log-rank test. The required

calculations are shown in Table 4.3.

We begin by ordering the observed death times across the two groups of women. The

numbers of women in each group who die at each death time and the numbers who are

at risk at each time are then calculated. These values arc du, Yit, diz and Y,r. Also, d,

and y, contain the total numbers of deaths and the total numbers of women at risk

over the two groups, at each death time. Next, we compute the values of e,, and

r¡t from equations (4.1) and, (4.2), respecúvely. Then, the log-rank statistic is

calculared from U , =Zdu-Ztu = 5 -9.565 = -4.565 and the value of var(U ,)

is Vr=Lur=5.929. Finally, the value of the log-rank test statistic is

wr=(-4.5es)' tsszs = 3.515.

The corresponding p-value is calculated from the probability that a chi-squared variate

with one degree of freedom is greater than or equal to 3.515. This probability is

equal to ZPr(Z tú515)=0.061. Since the p-value is greater than 0.05, we do not

reject the null hypothesis of the equality of two survivor functions at the 57o tevel of

significance. We also note that we have a different conclusion if the test is perfonned at

the 6.57o level of significance.
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Table 4.3. Construction of two-sample, Log-rank test (following Klein).

Yil L,L:T Y,, d,, Yi di

"(+:)
o,r-',r(+) rlt-lll',-0,)0,

1 l. Y, )lY,-r ) '

5

8

10

13

18

23

24

26

3l
35

40

4T

47

48

50

59

6I
68

69

7I
IT3
118

143

r48
181

L3

T3

t3
t3
T3

13

t2
12

T2

T2

f2
T2

I2
11

11

11

11

11

11

9

6

6

6

6

5

0

0

0

0

0

1

0

0

0

0

0

0

I
0

0

0

0

0

1

0

0

0

0

1

I

32

31

30

29

28

27

27

26

24

23

22

2T

20

20

T9

18

f7
16

15

15

10

8

-
6

4

1

I
I
1

I
0

1

2

1

1

1

I
0

I
1

I
1

I
0

1

1

1

1

0

0

45

44

43

42

4t
40

39

38

36

35

34

JJ

32

31

30

29

28

27

26

24

T6

T4

T3

t2
9

I
1

I
I
1

1

1

2

1

1

I
I
I
1

1

1

1

1

I
1

I
1

1

I
1

0.288889

0.295455

0.302326

0.309524

0.317073

0.3250

0.307692

0.631579

0.333333

0.342857

0.35294r

0.363636

0.37s0

0.354839

0.366667

0.3793r

0.392857

0.407407

0.423077

0.3750

0.3750

0.42857r

0.461538

0.5000

0.55ss56

-0.28889

-0.29545

-o30233

-0.30952

-0.3t707

0.6750

-0.30769

-0.63158

-0.33333

-o.34286

-0.35294

-0.36364

0.6250

-0.35484

-0.36667

-0.3793r

-0.39286

-0.4074r

0.57692

-0.3750

-0.3750

-0.42857

-0.46154

0.5000

0.44444

0.20543

0.20816

0.21092

0.21372

0.2t654

0.21938

0.21302

0.42045

0.22222

0.2253r

0.22837

0.23T40

0.23438

0.22893

0.23222

0.23543

0.23852

0.24143

0.24408

0.23438

0.23438

0.24490

0.24852

0.25000

0.2469r

Total
21 9.565L28 - 4.565127 5.929

r

Ztu (Ir Vr
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Moreover, it is shown by Anscombe (1948) that for moderately large values of {t

and Y,r, the statistic

Z*=

has approximately a standard normal distribution, where d., and d., are the total

number of individuals who died in Group I and Group II, respectively, and 41 and Yp

are the total number of individuals at risk at the beginning of the study over the two

gfoups.

a-b
We can simplify Z* as Z* - , where

A = sin-l
.,-l

, á=Slll -

andc 1

4Yrr+2 4Yrr+2

Taking values d.r=5,d.r=2I,Yrr=I3 and Yrr=32, from the data on the survival

times of women with breast cancer, we calculate

a=0.675

b =0.94L

J;

Yn+(3t4) Yn+(3/4)

Ji =0.162.

So, we get Z* = -1.638, with

p-value - ZP(Z> 1.638) = 0.5 - 0.4495 = 0.101.

Again, we do not reject the null hypothesis of the equality of two suvivor functions at
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the 5Vo level of significance. Anscombe's sin-l transformation of the binomial

proportions is useful when the sample size is not large.

4.3.3 The Wilcoxon test

The Wilcoxon test of the null hypothesis that there is no difference in the survivor

functions for two groups of survival data is very similar to the log-rank test. The

Wilcoxon test is based on the statistic

where d,, is the number of deaths at time r, in Group I and e,, is as defined in

equation (4.1). The difference between (J* andU, is that, in the Wilcoxon test, each

difference d¡.,,- €,, is weighted by 4, the total number of individuals at risk at time

r, . The effect of this is to give less weight to differences between d,, and Ç1 at those

times when the total number of individuals who are still alive is small, that is, at the

longest survival times. This statistic is therefore less sensitive than the log-rank

statistic to deviations of d,, from e,, in the right tail of the distribution of survival

times.

The variance of the Wilcoxon statistic U* is given by

V* =fY,"vu,
i=L

where v,, is given in equation (4.2), and so the Wilcoxon test statistic is

\--- / , \
u.,, - ) r,ld,,-€,, 1,w Z-¿ t\ tL trl

i=1
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**=+,

which has an asymptotic chi-square distribution with one degree of freedom when the

null hypothesis is true. The Wilcoxon test is therefore conducted in the same

manner as the log-rank test'

4.3.4 Example: Prognosis for women with breast cancer

For the data on the survival times of women with tumours which were positively or

negatively stained, the value of the Wilcoxon statistic is u* = -159 , and the variance

of the statistic is V*- 6048.014. The value of the approximate chi-squared statistic

Ww is 4.180, and the corresponding p-value is 0.041. The required calculations are

shown in the Table 4.4.

On the basis of this calculation, we reject the null hypothesis of the equality of two

survivor functions at the 57o level of significance. Unlike the log-rank test, the

Wilcoxon test leads to a different conclusion.
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Table 4.4. Calcalation of the Log-rank and Wilcoxon statistic (following Collett).

Death time dil Yil diY,,d,, Yì ê¡T r¡t @u-",,)tr!Ç Y,(du-e,,) Y,",,

5

8

10

t3

18

23
,24

26

3I

35

Q
4T

47

48

50

59

6l

68

69

7I

tt3
118

143

148

181

0

0

0

0

0

1

0

0

0

0

0

0

1

0

0

0

0

0

1

0

0

0

0

1

I

13

t3

13

13

T3

13

t2

t2

T2

t2

t2
12

12

11

11

11

11

11

11

9

6

6

6

6

5

I
1

I
1r

1

0

I

2

1I

1

1

1

0

1

1

1

I

1

0

I

1

1

1

0

0

JL

3L

30

29

28

n
n
?ß

?A

LJ

n
2I

n
n
19

18

T7

T6

15

15

10

8

7

6

45 0.2889

M 0.2955

43 0.3023

42 0.3095

41 0.317t

40 0.3250

39 0.3077

38 0.6316

36 0.3333

35 0.3429

A 0.3529

33 0.3636

32 0.3750

31 0.3548

30 0.3667

29 0.3793

28 0.3929

n 0.4074

2ß 0.423r

?A 0.3750

16 0.3750

14 0.4286

13 0.4615

12 0.s000

9 0.5556

0.2054

0.2082

0.2109

0.2t37

0.2165

0.2194

0.2130

0.4205

0.2222

0.2253

0.2284

0.23t4

0.2344

0.2289

0.2322

0.2354

0.2385

0.2414

0.244r

0.23M

0.23M

0.2449

0.2485

0.2500

0.u69

-0.637

-0.648

-0.658

-0.67

-0.682

t.44t

-0.667

-0.974

-0.707

-0.722

-0.738

-0.756

1.29r

-0.742

-0.76t

-0.782

-0.805

-0.829

1.168

-0.775

-0.775

-0.866

-0.926

1.00

0.894

-13.001

-t3.002

-r2.999

-r2.999

-13.001

27.00

-r2.00

-24.00r

-rr.999

-t2.002

-rr.999

-rr.999

20.00

-10.999

-11.001

-11.00

-11.001

4r5.94

403.08

389.95

376.97

363.94

351.04

323.97

607.2

287.97

275.99

264.03

25r.99

240.03

2r9.97

208.98

197.97

186.98

-11.00 175.98

14.999 165.01

-9.00 135.01

-6.00 60.006

-6.0004 48.00

-5.9995 4r.997

6.00 36.00

3.9996 19.999

Total 9.5652 5.9289 -9.324 -159 6048.01

uwVL

r
5

Le,t
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Table 4.5. Comparison of two-sample tests, breast cancer data.

Test W(t,) zr(T) o?, T" p - value

Log-Rank

Wilcoxon(Gehan)

Tarone-Ware

Peto-Peto

Modified Peto-Peto

Fleming-Harrington

P=0,q=I

Fleming-Harrington

P=I, q=0

Fleming-Harrington

P=L,q=I

Fleming-Harrington

P=0.5,Q=0.5

Fleming-Harrington
p =0.5, q=2

1.0

Yi

Y.,,,

S(r,)

s(/,)4 l(Yt+I)

t^l
l1-S(r,,) |L '',-"t

,î(r,-,)

S1r,-,¡[r-Sfr,-,)]

s(r,-,)o'[t-So,-,1]"

S(r,-,)n' [t - Sfr,-,1]'

-4.565

-159.0

-26.922

-3.509

-3.4t2

-0.962

-3.603

-0.7099

-1.677

-0.227

5.929

6048.135

178.865

2.992

2.8TT

0.687

3.155

0.2r8

r.043

0.074

3.515

4.180

4.052

4.1t5

4.T47

1.347

4.T15

2.3I2

2.696

0.696

0.061

0.041

0.044

0.042

0.041

0.246

0.042

0.r29

0.101

0.407

From the above comparisons, we can see that some of the tests are statistically

significant but some others are not, depending on the weight functions. All tests

whose weight functions are monotonically nonincreasing turn out to be statistically

significant at the 0.05 level; all other tests are nonsignificant at the 0.05 level. This

means that group differences of hazardrates occurred early in the survival experience.
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An important consideration in applying the tests is the choice of weight function to be

used. A variety of weight functions have been proposed in the literature. Different

weights allow us to present tests that can be more sensitive to early or late departures

from the hypothesized relationship between samples as specified by the null

hypothesis. In some applications, other weight functions I4(.) may be more

appropriate based on the investigator's desire to emphasize eithet late or early

departures between hazardrates. For the two-sample tests, the log-rank weights have

optimal local power to detect differences in the hazardrates when Íhehazard rates are

proportional.

4.3.5 Conrparison of the log-rank and wilcoxon tests

Of the two tests, the log-rank test is more suitable when the alternative to the null

hypothesis of no difference between the survivor functions of the two groups is that

thehazardrate at any given time in one group is proportional to thehazard rate at that

time in the other group. This is the assumption of proportional hazards, which underlies

a number of methods for analyzing survival data. For other types of departure from the

null hypothesis, the Wilcoxon test is more appropriate than the log-rank test for

comparing two survivor functions.

In order to help decide which test is more suitable in any given situation, we make use

of the result that if thehazardfunctions are proportional, the survivor functions for the

two groups of survival data do not cross one another. To show this, suppose that

he) ]s the hazard of death at time f for an individual in Group I, and l4(t) is the
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hazard at that same time for an individual in Group tr. If these two hazards are

proportional, then we can wnte l4Q)=õ4Q), where, 6=exP? +1 is a constant that

does not depend on the time t.Integrating both sides of this expression, multiplying

by -1 and exponentiating gives

- [n,@) 
au - lanr1,¡au

eo =eo (4.3)

-'P'rruu
Now, we know, S(t¡ = , a , so if S,(r) and Sr(r) are the survivor functions of the

two gtoups, then from equation (4.3), we have

sl(/) = [sr(t)]'.

Since the survivor function takes values between zero and unity, this result shows that

S,(r) is gteater than or less than SzQ), according to whether ô is less than or

greater than unity, at any time r. Thus, if two hazard functions are proportional, their

survivor functions do not cross. This situation is shown in the following figure. This is

a necessafy, but not a sufficient condition for proportional hazards.

1.2

1

0.8

0.6

0.4

0.2

n

S,(r) = [Sr(r)1ô= [Sr(/)]'

Sr(¡) = (l+ t)e-'

Figure 4.I(a): Survivor functions when á > 1 .

S,(r; = [Sr(r)]o'

1.2

1

0.8

0.6

0.4

0.2

0

(b): Survivor functions when á < 1
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Specifically, a test will be developed for the hypothesis

F1o:S,(r)=Sz(r)

that the two distributions are the same. This can be handled by treating observations

from both distributions as coming from a single population and by defining a dummy

regressor variable x that takes on the value 0 or 1 according to whether an observation

comes from the first or second distribution. The hazard functions for the two

distributions are then l4Q)=4(t) and l4Q)=hoQ)eq, where fto(r) is the baseline

hazard function. These are called the proportional hazards alternatives and the two

distributions are identical if and only if 0 =0. This is equivalent to assuming that

S,(r) and Sr(r) arerelatedbY

sl(/) = lsr(r)]'-o'

where õ +t.

The family of hypotheses represented by H. in (4.4) is sometimes referred to as the

Lehmann famity of alternatives; it specifies that the two distributions have

proportionaLhazardfunctions. The test of Ho obtained below should consequently be

so that by testing that, 0 = 0, one is testing the hypothesis

rr'o : S,(/) = sz(r) vs. H.: Sr(t)= [Sr(r)]'

powerful against alternatives in 11".

Suppose that random observations are taken on

population having a survivor function S,(r) and on

(4.4)

individuals from the first

individuals from the second

Yil

Y,,
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population having a survivor function Sr(r). Some observations may be censored. We

regard the two samples together as a single sample. Then the survivor function for Z,

given x, caÍr be written as

(t\

s(rlx) - expl - [rølx)au I\õ )
= lso (r) ]"*0,'r,

where the dummy variable x signifies whether an observation is from that first (x = 1)

or second (x = 0) population . Let tr < tz <

lifetimes in the combined sample and let d, represent the number of deaths at /i .

Further, Iet Yu and, Y,, be the numbers of individuals in the risk set R; at /, who are

from the first and second populations, respectively, and Let d,, and d,, denote the

number of deaths at ti among individuals from populations I and IL YiliY,r=Y, and

d,, + d,, = d¡. rJnder this setup, the log likelihood for 0 becomes

where, D, =Zduis the total number of deaths among individuals from population I.

The score function and the negative of the second derivative of lnL(e) ate

mr(e) = Dtl -Z¿,tn (4, + Y,,t')
;-t

u(o)=V-D,-âfF*;

[Lawless (1982), p. 349]

(4.s)

ðzlnL
and

I(0) =
a02

_i d,YuY,ree
- fr |v,rr'+y,,)'
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The likelihood equation U(0)=0 is readily solved by iteration to get the MLE

Inferences for 0 can be obtained by the likelihood ratio method, by tteating ê

being approximately N (t,r'1a¡) , or by treating U (0) as N (0, /(d)) .

The score function provides a particularly simple test of the equality of S,(r) and

Sr(r) without the need to compute á. In particular, under H o : 0 = 0 , the statistic

0.

L =--------1-;
l¡(o)1"'

(4.1)

is approximatety distributed as ,nf(O,t). Large absolute values of Z provide evidence

against equality of the two distributions. From (4.5) and (4.6) the expressions for U(0)

and (0) are

u(0) = D, -i lh'=Y,

r(o)= f d'Y"^Y" 
.

L¿ VLi-l r:

4.4 Tests for more than two samples

The comparison of k (k > 2) samples has been considered by many statisticians; for

example, Kruskal and Wallis (1952), Mantel and Haenszel (1959), Breslow (1970)

and Peto and Peto (1912). k-sample problems aÍe a generabzation of two-sample

problems. For k samples, we test whether the k independent samples can be regarded as

coming from the same population; i.e., we test the hypothesis set
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H6: S1Q) = ^lz(r) ='....'.... = Slr) for all r

against Ho; S¡(t ¡ + S;(r) for some I /j.

We discuss these tests in the context of a data set on T37 bone marrow transplant

patients. The data are included in the Appendix (Table 5). Patients were grouped into

risk categories based on their status at the time of transplantation. The three groups are

as follows:

Group L, consisting of 38 ALL patients; Group 2, consisting of 54 AML low-risk

patients; and Group 3, consistin g of 45 AML high-risk patients.

Without any truncation, we perform the Kruskal -Wallis test and an extension of the

Median test.'We define, for I = l, 2, 3

n¡= ith sample size;

3

¡¡ =ln,i

R,= sum of the ranks for the ith sarryle in the combined ranking of all samples.

The Kruskal-Wallis statistic F/ is given as

n 3prz
H = Y-FA--¡l¡,¡+t)

N(N+I)ãnt \ /

For moderately large samples, the null distribution of the statistic .Fl is approximately

chi-square distribution with (k - 1) degrees of freedom.

For the given data,

¡7 = ---9-( 
z!W' * +st-?.'s" 

-247-7-'s'? )- t$zt +t)
137(137+1)[ 38 s4 4s )

=14.771

65



At the 5Vo level, the critical value of a chi-square variable with 2 d.f. is 5.99.

We therefore conclude that fr survivor functions are different at the 57o signiftcance

level.

Next, we want to know which population(s) differ(s) from which others. Several

methods of simultaneous multiple comparisons between the locations of all pairs of

the k populations have been proposed. We include here a procedure discussed by

Dunn (1964).It gives conservative results but is the simplest method available.

The treatment pairs that do not differ significantly are those for which the sample

means (n,, n-, ) satisfy the inequality

.=ßwnefe l(. = j.
ni

A systematic method of generating all differences 
lO-- -Frl is shown in the following

table.

Group j

Group I &

1 2 J

ln,-øz.z+l ln-- -s+.osl ln, -ss.ool

I 63.24 0

2 84.68 2r.44 0

a
J 55.06 8.18 29.62 0
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With k = 3 and a = 0.05, we get the value of

for l't and2"d sample as 20.12, for l't and 3'd sample as 20.94 and for 2nd and 3'd

sample as 19.18. Comparing these values with the differences l4 -Frl, we find that

group 2 differs significantly from both groups 1 and 3. We conclude that the survivor

function for group 2 differs from the survivor functions of groups 1 and 3'

For the extension of the Median test, we calculate the median of the three samples

combined. This pooled median is M = 538. 'We classify observations according to

whether they are less than or greater than or equal to the pooled median. We then

construct the following contingency table:

Sample <M >M Total

23 (18.86)

1s (26.803)

30 (22.336)

Total 68

The numbers in brackets represent the expected values under the null hypothesis.

38

54

45

1

2

aJ

1s (1e.13e)

39 (27.197)

rs (22.664)

r3769

The test statistic i, I'=ry with O = observed frequency and E= expected

frequency . This test statistic has approximately a chi-square distribution with 2 d.f.

The calculated value of chi-square is 17.345. Since this observed value is greater than

the critical value 5.ggl, we again reject the null hypothesis of the equality of survivor

functions.
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Using the sin-l transformation of the binomial proportions suggested by Anscombe

(1948), we construct the following table.

Sample

Sample size

ni fl¡t Ui

Reciprocal of
Variance
4n,+2 (4n, +2)U, (4n, +\U!

I

2

-J

38

54

45

23

15

30

0.889

0.559

0.952

r54

218

r82

136.963

t21.756

r73.34r

tzr

68

r65

8l12

0024

0935

Total r37 554=V 432.06 = Tt 354.907 = Tz

Here,

Ui = sin -r

The test statistic Z'=fr-T has approximately a chi-square distribution with 2 d.f.

From the data,

r 
--::;t-(43?:eq2

Since, this calculated value is greater than the critical value 5.991, we again reject the

null hypothesis of the equality of survivor functions.

'We 
have used the Median test to test the equality of three population medians. 

'We 
have

also used Anscombe's sin-l transforrnation of the binomial proportions in this

situation, because in the Median test we have in fact tested the equality of three

binomial proportions. Each binomial proportion is the population proportion of

observations that are less than the common population median under the null

l-^
ln., + -1" 8t- ^1t 1

\ln,tï4
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hypothesis. Using truncation, we can also test the equality of other types of proportions

created in any arbitrary manner.

Next, we truncate the observations for each group of patients for time periods over

1500.

We define, for I = 1,2,3:

p¡ = Pr(the lifetime of an individual chosen at random from the ithpopulation is less

than 1500).

Our hypothesis becomes

Ho: Pt = Pz= Pz

against Ho: p¡* p¡ for some I *i.

We construct the following table using the notations given below.

Here, U¡ = sin-I , i=I,2,3. Now,

3

and Tr=l(+v,+z)Ui, so that

Z'=rr-T

--.
Io, *tl8

^l 7

ï 1.;
5

rr=ZØY,+z)u,

69

Sample Sample size
v.ri

# of Death
Di Ui

Reciprocal of
Variance

4Yi+2 (4Yi+2)Ui (4Yi+Z)rJi2

I

2

a
J

38

54

45

36

36

38

t.321

0.953

1.158

154

218

r82

203.376

207.732

2r0.691

268.584

r97.947

243.905

Total t37 110 554=V 621.799 = Tt 7L0.436 = Tz



The value of this chi-square is 12.5406. This result also leads to rejection of the above

null hypothesis.

With the truncated observations, we calculate the value of the chi-square staústic using

the following contingency table. The value of the corresponding test statistic is 11.84

and we again reject the above null hypothesis.

Sample Sample size Number of Deaths Number
D¡ Surviving

38

54

45

1

2

3

36 (30.s1)

36 (43.36)

38 (36.13)

2 (7.4e)

18 (10.64)

7 (8.81)

Total 110 27

The numbers in brackets represent the expected values under the null hypothesis.

Now, consider another example of a randomized double-blind clinical trial comparing

four headache relief medications (active compound # 1, active compound # 2, nval

product, and control). We want to test whether or not there are statistically significant

differences among the four groups. The data set are included in the Appendix

(Table 6).

First. we calculate the Kruskal -'Wallis statistic.Fl as

¡1 =- !--É4-¡(¡r*r)
N(N+r)Ãn,

= _J_(zzq.s, +sr3.sz +464.s2 *lllé)_¡(os + 0
6s(6s+r)[ 10 12 14 2e )

r37

= 10.88
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The critical value of chi-square with 3 d.f. at the 57o level of significance is 7 .8147 .

We conclude that there is a significant difference among the four medications on their

effect of treating headache at the 5Tolevel of significance.

For this data set, we have one contro, Ooon"urrd three different treatment groups.

Now, we are interested in which treatment groups differ significantly from the control

group. So, a total of fr -1= 3 comparisons would be made withp = 3 sets of contrasts.

Treatment Group Sample size (n) 4 4
Active compound # 1

Active compound # 2

Rival product

Control

10

T2

T4

29

324.5 32.45

578.5 48.21

464.5 33.18

777.5 26.8r

The treatment pairs that do not differ

means (4,n-, ) satisfy the inequality

significantly are those for which the sample

(4.8)

The critical value of z in (4.8) for p = 3 contrasts with overall significance level ø is

always that quantile of the standard normal curve corresponding to the right-tail

probability a / 2p . With a = 0.05, the value of z is 2.394.
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Contrast Right-hand side of (4.8) Observed mean difference

ln'-n,l
Active #1 vs. Control

Active #2vs. Control

Rival vs. Control

16.5995

15.5369

14.73r0

5.64

2r.40

6.37

We find that only the second contrast is statistically significant which implies that

there is a signifîcant difference between active compound #2 and the control

medication. But there is no significance difference between active compound #1 and

the control medication. Similarly, there is no difference between rival product and the

control medication.

Following Puri (1964), we perform another test. We transform the data by replacing

each rank in the combined sample by the expected value of the observation having

that rank in a random sample of N observations from a standard normal distribution.

For this transformation we have used a special table given by Harter (1961). In the

Appendix (Table 7) we have included the expected values for N = 65.

In table 4.6, we have calculated the ranks and their corresponding expected order

statistics for the observations of four groups. Define,

þ = average of all expected values = 0

o' =vartance ofall expectedvalues

=!(sum of squares of all expected values)
N'

- 65'36 
= 0.959

65
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Tuj = ãverage of the expected values of order statistics for the jth group,

i = r,2,3,4.

Table 4.6. Ranks and their corresponding expected order statistics.

Active compound # I Active compound # 2 Rival product Control

Expected
Rank order statistics

Expected
Rank order statistics

Expected
Rank order statistics

Expected
Rank order statistics

5

I4
23

27.5

34

38

39

4l
49

54

-t.4724r
-0.81123

-0.39435
-0.2t303
0.03844
0.19337
0.23269
0.31249
0.65996
0.92329

2T

24
35

40

46

50
53

55.5

62
63

64
65

-0.47894
-0.35312

0.07694
0.27237
0.52252
0.70856

0.8659
1.01615

r.59732
r.75363
r.96965
2.34958

8

12

T6

T7

22
26
27.5

32
43

44
45
52
59

6r

-t.19252
-0.92329
-0.70856
-0.65996

-0.43625
-0.27237
-0.21303
-0.03844

0.39435
0.43625

0.47894
0.8rr23
r.2749
1.4724

2

2
2
4

.2.024287

.2.024287

.2.024287

-r.59732
-1.36698

-1.2749

-r.1r754
-1.04838
-0.98391
-0.8659

-0.75889
-0.61288
-0.54482
-0.54482

-0.31249
-0.15435

-0.11556

-0.07694
0.0
0.1 1556

0.15435
0.35312
0.56712
0.61288
0.75889
1.01615

T,TT754

r.19252
r.36698

6
n

9

10

11

T3

15

18

19.5

19.5

25

29

30

31

JJ

36

37

42

47
48
51

55.5

57

58

60

324.s -0.53078 s78.5 10.30056 464.s 0.42366 777.s -10.L93436
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"7-

It is known that

¿(ç,) =o and var(r*,)=ffi+, i = r,2,3, 4.

T*¡ _o

ffi
t/ ,r("-t)

The calculation of the statistic ,8 is shown below'

Puri's test statistic is defined as

t = f@ .r") t1
=NJ'L

g (N - n,) rft,
= È * æ@-")

n,(N -t)

+ 'r2
\-l= > n,---=
A to'

nj T*, Var(Tr¡) zj n,T*,1 o2

10

l2

T4

29

-0.05308

0.85838

0.03026

-0.35150

0.0824r

0.06618

0.05459

0.01860

-0.18490

3.33667

0.12952

-2.57723

0.02938

9.2t981.

0.01337

3.73620

Total

74

12.9988 = t



Puri (1964) has shown that the distribution of the test statistic .t under the null

hypothesis of identical distributions tends to approach the chi-squ¿Ire distribution with

(k-1) d.f. as the sample sizes become large.

The observed value of ^C is greater than the tabulated value of chi-square with 3 d.f.

at 57o level of significance. We conclude that there is a difference among the four

medications on their effect of treating a headache.

Here, we can also test which treatment groups differ significantly from the control

group. The treatment pairs that do not differ significantly are those for which the

averages of the expected values of order statistics (Tr,,T*,) satisfy the inequality

(4.e)

where Iu, is the average of the expected values of order statistics for the control

group. So, a total of only k -I= 3 comparisons would be made. The critical value of

z in (4.9) f.or p - 3 sets of contrasts with overall significance level a is always that

quantile of the standard normal curve that corresponds to a right-tail probability of

a | 2p. With q = 0.05, the value of e is 2.394.

Contrast Right-hand side of (4.9) Observed mean difference

lr*' -r*,1

lr*,-rr,l<,o

Active #1 vs. Control

Active #2 vs. Control

Rival vs. Control

0.8664

0.8110

0.7689

0.29842

1.20988

0.38116
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We find that only the second contrast is statistically significant, which implies that

there is a significant difference between active compound #2 and the control

medication. But there is no difference between active compound #1 and the control

medication, nor is there a difference between the rival product and control

medication. This test produces the same conclusions as the test of comparing all

treatments with a control using the ranks.

The Kruskal-Wallis test is a natural extension of the Wilcoxon rank sum test for two

samples. Similarly, Puri's normal-scores test is a natural extension of the

Terry-Hoeffding test for two samples.

It is known that the asymptotic efficiency of Puri's test relative to the parametric

F-test for normal samples is 1 and the asymptotic efficiency of the Kruskal-'Wallis

test relative to the F-test for normal samples is 3ln. Puri's test is as efficient as the

parametric F-test and more efficient than the Kruskal-Wallis test.
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CHAPTER FIVE

CONCLUSIONS

In survival analysis, parametric procedures are more efficient when the underlying

distributional assumptions are valid. However, when we use the parametric approach'

we end up having non-linear estimating functions with no closed form expressions

available, in general, for the estimates. For certain inference problems this difficulty

is successfully overcome by using nonparametric inference procedures.

In this thesis, nonparametric estimation techniques are discussed and compared for

different nonparametric estimators (e.g., K-M estimator, N-A estimator, modified

N-A estimator) and illustrated with relevant data sets. We have also discussed a

nonparametric Bayesian method. We have found that the modified N-A estimator

performs better than any other estimators for censored correlated data in the sense that

this estimator minimizes the sum of Squales of forecast elrofs.

Nonparametric tests are specially useful when:

o the sample sizes are quite small'

o data are measured on an ordinal scale.

sample medians seem to be more reliable than sample means.

little or nothing can be assumed about the probability distribution.
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o homegenity of the variances seems highly questionable.

Their power is more robust against gross errors than that of the t- and F-tests and their

efficiency loss is quite small even in the rare case in which the suspicion of the

possibility of gross erïors is unfounded. For fr-sample problems, the asymptotic

relative efficiency of each of the discussed nonparametric tests in comparison to the

corresponding parametric test is always greater than or equal to 0.864 and can be

large. The only assumption required for the validity of these tests is that the unknown

coûtmon probability distribution is continuous.

The Median test uses less information than any of the others and is therefore expected

to be less powerful. Its asymptotic relative efficiency to the F-test in the case of

normal populations with equal variance is 2ln =0.631. Anscombe's sin-I

transformation of the binomial proportions can also be used in conjunction with the

Median test. The Kruskal-Wallis test is a nonparametric analogue of the one-way

analysis of variance test (F-test). For normal samples, this test has an ARE of

3ln=0.955. Puri's normal score test is an improvement of the Kruskal-Wallis test

and as efficient as the parametric F-test. All the tests are much quicker and easier to

apply than the F-test and may perform better than the F-test if the normality

assumption is not satisfied.

This thesis is mainly concerned with applications of nonparametric estimation and

hypothesis testing procedures dealing with survival analysis. These procedures

include both well-known methods and some recently developed techniques' We have
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focused on the applications and comparisons of these techniques through several data

sets. The inference for censored correlated data can be extended in future research.
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APPENDIX

Table 1. Data List of Monthly Dry Deposition of NËIa as Measured at Lawrence

Livermore, California.

1977 1978 1979 1980

January

February

March

April

May

June

July

August

September

October

November

December

27

<16

<19

796

268

97

356

94

NA

53

546

332

51

203

t7I

321

402

460

2080

487

34

r28

79

<31

174

<36

<42

t69

223

750

NA

NA

rt7

99

<4r

29

138

168

107

253

M5

446

1260

Note: NA = not available.

Table 2.Datalist of 50 observations from an AR(l) pfocess with mean 0,

white noise variance 1, and frst lag correlation, 0.5; left censored at -L.2.

-0.2 -0.39 0.75

0.18 -0.28 1.18

-0.75 -0.29 -0.17 -0.58 -0.2

-1 -1.08 -0.15 -1.05 -0.04

<-t.2 <-1.2 r.4 <-r.2 <-1.2

0.3 2.02

-0.19 0.74

<-t.2 -0.94

0.54 <-1.2

0.64 -0.1

1.68 <-t.2 -0.r7

0 <-r.2 -0.59

0.73 -0.73 -0.57

0.23 -0.48

r.43 -1.15

0.42

0.06

1.29 2.55

2.01 0.8
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Table 3. Survival Functions of U.S. Population By Race and Sex in 1989.

White Male White Female White Male White Female

0
1

2
J
4
5

6
7
8

9
10

11

t2
13

t4
15

t6
17

18

T9

20
2I
22
23
24
25
26
27
28
29
30
31

32
JJ
34
35
36
an

38
39
40
4l
42

1.00000
099092
0.99024
0.98975
0.98937
0.98905
0.98898
0.98850
0.98825
0.98802
0.98782
0.98765
0.98748
0.98724
0.98686
0.98628
0.98541
0.98445
0.98326
0.98197
0.98063
0.97924
0.97780
0.97633
0.97483
0.97332
0.97181
0.97029
0.96876
0.96719
0.96551
0.96390
0.96217
0.96038
0.95852
0.95659
0.95457
0.95245
0.95024
0.94794
0.94555
0.94307
0.94047

1.00000
0.99285
0.99232
0.99t92
0.99160
0.99r34
0.99111
0.99091
0.99073
0.99056
0.99041
0.99028
0.99015
0.98999
0.98977
0.98948
0.98909
0.98862
0.98809
0.98755
0.98703
0.98654
0.98607
0.98561
0.98514
0.98466
0.98416
0.98365
0.98312
0.98257
0.98199
0.98138
0.98073
0.98005
0.97933
0.97858
0.97779
0.97696
0.97607
0.97510
0.97404
0.97287
0.97158

0.9377r
0.93477
0.93161
0.92820
0.92450
0.92050
0.91617
0.91148
0.90639
0.90086
0.89480
0.88810
0.88068
0.87250
0.86352
0.85370
0.84299
0.83135
0.81275
0.80511
0.79052
0.7750r
0.75860
0.74r3r
0.72309
0.70383
0.68339
0.66t66
0.63865
0.6t44r
0.58897
0.56238
0.53470
0.50601
0.47641
0.44604
0.41503
0.38355
0.35178
0.31991
0.28816
0.25677
0.22599

0.97016
0.96862
0.96694
0.96511
0.96311
0.96091
0.95847
0.95575
0.95273
0.94938
0.94568
0.9416r
0.93713
0.93222
0.92684
0.92096
0.91455
0.9r756
0.89995
0.89169
0.88275
0.87312
0.86278
0.85169
0.83980
0.82702
0.81324
0.79839
0.78420
036522
0.74682
0.72716
0.70619
0.68387
0.66014
0.63494
0.60822
0.5799r
0.54997
0.51835
0.48502
0.44993
0.4t306

43
44
45
46
47
48
49
50
51

52
53
54
55
56
57
58
59
60
6r
62
63
64
65
66
67
68
69
70
7l
72
IJ
74
75
76

78
79
80
81

82
83
84
85
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Table 4. Survival times of women grouped according to whether a section of the

tumour was positively or negatively stained.

Negative staining Positive staining

23

47

69

701.

7r*

100*

101*

148

181

198x

208*

2r2+

n', /1*
LL-

5

8

10

t3

18

24

26

26

3T

35

40

4T

48

50

59

6L

68

7L

76*

105r

707*

109*

113

1 16*

118

r43

754'.

162'"

188x

212*

2r7*

225x

82



Table 5. Data on L37 Bone Marrow Transplant Patients.

T for Group-l T for Group-2 T for Group-2 T for Group-3

2081
7602
1496
r462
t433
1377
1330
996
226

tL99
1111

530
tt82
tt67
418
4r7
276
156
781
t72
487

716
194
37r
526
r22

1279
110
243

86
466
262
r62
262

1

107

269
350

2569
2506
2409
2218
1857
r829
1562
1.470

1363
1030
860

t258
2246
1870
t799
t709
1674
i568
t527
1324
957
932
847
848

1850
1843
1535
1447
1384
4t4

2204
1063
481
105

64r
390
288
522
79

i 156
538
48

431
r074
393
10

53

80
35

r499
704
653
222

1356
53

2640
2430
2252
2140
2133
r238
r631
2024
1345
1t36
845
491
162

1298
I2T

2
62

265
547
34r
318
195

469
93

515
183

105

r28
164
129
122
80

677
73

168

74
t6

248
132
105

392
63
97

153

363

T - Time (in Days) to
death or on study time

Disease Group:
Group 1- ALL
Group 2- /J-J, low risk
Group 3 - AML high risk
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Table 6. Clinical trial for çsmparing four headache relief medications.

Active 1 Active 2 Rival Control

16.1

15.1

8.2
1.3

10.3

22.3
tr.6
19.4
t4.4

15

3r.9
26.4
27.7

18

21,.7

28.1

15.5

t4.6
19.5

22.9
10.6

10

tr.6
^aJ.J

9

24.7
8.8

r7.9
2r.6

8

13.3
11

10.2
t7.7
17.2
25.2

7.8
9.7

20.7
10.8
13.1

T2

9.7
5.3

t4.7
8.1

23.9
0.5
0.5

t4.9
22.9

0.5
25.r

I
5.8
2.6

13.6
9.3

19.1

24.5
16.3

1.5

tr.7
18.4
8.4
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Table 7. Expected values of normal order statistics.

n=65

I
2
õJ

4
5

6

8

9

10

11

T2

t3
14

15

t6
t7
18

t9
20
2l
22
23
24
25

26

27

28

29

30

31

32
JJ

2.34958
t.96965
t.75363
r.59732
1.4724r
t.36698

1..2749

r.19252
r.11754
1.04838

0.98391
0.92329

0.8659
0.81123
0.75889
0.70856
0.65996
0.61288
0.56712
0.52252
0.47894
0.43625
0.39435
0.35312
0.3t249
0.27237
0.23269
0.19337
0.15435
0.11556
0.07694
0.03844
0.00000

Source: Harter (1961), p.160.

Note: Tabular values are the expected values of the kth largest normal variate for a

random sample of size n = 65 from N(0,1); when preceded by a minus sign, they are

expected values of the hh smallest normal variate.
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ttRtt code for censoring example:

# Have left endpoints of intervals in a vector.

# "lefts" and right endpoints in "rights" and

# set "N" equal to the coÍrmon length.

lefts <- c(45, 6, 0, 46, 46,7, I'7,7,37,0, 4, 15, II,22, 46, 46,25, 46,26, 46,27 ,36,

46,36,37,40,|J,46,11,38,5,37,0, 18,24,36,5, 19,']-,'7,24,32,33,19,37,34,36)

rights <- c(Inf, 70,J,Inf, Inf, 16, Inf, 14,M,8, 11, Inf, 15, Inf, Inf, Inf,37,Inf,40,

Inf,34, M,Inf,48, Inf, Inf,25,Inf, 18, Inf.,12,Inf, 5, Inf, Inf, Inf, 1L,35,25,Inf,Inf,

Inf,26,Inf, Inf,InÐ

npcens <- function(lefts, rights, alpha = 1, K = 100)

{
if(length(left s) ! = length(rights))

stop("Lengths of left and right endpoints differ")

N <- length(lefts)

# Partition support (0, infty) into sets B.

grid <- c( seq(O,100,by - 1), 1000 )

ngrid <- length(grid)

grt <- grid[2:ngrid]; glt <- gridf1:(ngrid-1)]

cdfs <- matrix(O, K, length(grid))

# Exponential prior guess and prior sample size

gg <- exp( -gll(3 6512) ) - exp( -erü(365/2) )

go <- gg

# alpha <- 1

# Identify partition elements that may contain each survival time.

less <- function(x,y){ return( x < y ) }

ma <- t( outer(grt, rights, FUN = "less") )

mb <- outer(lefts, glt, FIIN= "less")

dmat <- ma & mb



# Recursion yields approximate Bayes estimate gg

weight <- l/(alpha + (1:N)) # Nominal weight sequence

for( j in l:K )

{
# weight <- l/(alpha+l:N) # Nominal weight sequence

ord <- sample( l:N ) # Permute censoring intervals randomly

for( i in l:N )

{
ok <- dmatlordli],1 # A-i

numer <- rep(O, ngrid-l)

numer[ok] <- gglok] # G(B and A-i)

denom <- sum( numer ) # G(A-Ð

gg <- gg*( 1-weightli] ) + weight[i]*numer/denom

)
cdfs[,] <- c(0, cumsum(gg))

ìl
# Repeat loop to see variation over orderings.

# cdf2 <- cbind(rep(O, K), cdfs)

gnavg <- apply(cdfs, 2, mean) # produces average cdf

# return(dim(cdfs), dim(cdf2), length( gnavg), length( grid) )

# Approximate Bayes estimate of distribution function.

par(mfrow = (c(1, 2)))

maçlot(grid, t(cdfs), type = "s", xlim = c(0,100), col = 1, lty = 1,

xlab = "time (days)", ]lab = "cumulative probability")

lines(grid, c(0, cumsum(g0)), lty = 2¡

plot(grid, gnavg, type = "s", xlim = c(0,100),

xlab = "time (days)", ylab = "cumulative probability")

lines(grid, c(0, cumsum(g0)), lty = 2¡

Ì
# Standard call: npcens(lefts, rights)

# with alpha=5: npcens(lefts, rights, alpha = 5)
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"FP'code for Empirical distribution function example:

t<- c(5, !7, 2!, 12, 45, !7, 28, 23, 27, 54, 39, 15, 57, 68, 7 4, 86, 32)

brks <- c(seq(O,65, 5), 100)

# mycdf <- function(t, brks)

{

# EDF function for interval survival time.

# t is the vector of event times.

# brks is the vector of end points (including flrst left and first right end point).

# if (brks[l] > ytll lbrks[length(brks)] < y[length(y)])

# stop("Data out of range")

y <- sort(t)

z<- cut(y,breaks=brks, labels=NUll, include.lowest=FAlSE,right=TRUE,dig'1ab=3)

tab <- table(z)

edf <- cumsum(tab)/length(y)

plot (brks, c(0, edf), type = "s", xlab = "Survival time", ]lab = expression (Ftn](t)))

abline (0, 0, lty = 2;

abline (1, 0, lty = l,)

mat (- cbind(table = tâb, edf = edÐ

rownames(mat) <- names(tab)

mat

Ì
{
# Suppose (n +1)th observation is 40.

# return(edf)

n <- length(t)

weight <- 1/(n+1)

brks2 <- brks[2:length(brks)]

I <- as.numeric(4O <= brks2)

edf2 <- ((1-weight)*edÐ + (weight*I)

edf2

)
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