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ABSTRACT

The maln contnlbuülon of thls thesfs ls the

presenüaûlon of tho bheory of elect¡'ons ln metals leadlng

to the theory of superconducbiviby fn a lucld fo¡.mn The

general forrn of bhe Hamllbonlan of a mebal 1s denived 1n

bhe second. quantlzed formali-sm. The Fnohllch transformablon

whlch descrlbes electron-electron lnberacblons vla ühe

labtice ls dlscussed ln debatl and account ls taken'of

electron scneenlng by introductlon of plasma modes. The

BCS crlterlon fon the occurence of superconductlvlty ls
discussed. a¡rd. the BCS red.uced HamlltonÍan ls obtalned.

Flnally, a crlblcal summary of the varlous approxlmatlons

made ln bhe üheory ls given.
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1.

CT{APTFJR Ï

]N TRODUCTION

The atm of bhls thesls ls malnly pedagoglcal. The

üheory of elecbrons ln metals leadlng up bo tho moderrr theony

of supercond.uctlvity, as f. s presenüed ln the cunrent

llbenabure, prosents a formidable barr"ler to a graduabe

sbudent beginnlng work tn thls f1eId.. Unfamlllan concepts,

obscune approxlmations and lack of detall ln calculatlons

prosent difflcultles whlch requlre a conslderable amounf of

effont to ovencome. It ts hoped that thls thesls wllI provld'e

easler entry to the subJect bhan has hereüofore beon posslbl,e.

The second. purpose of bhts wonk ls to provlde a crltlcal summary

of the. nume¡.ous approxlmatlons whlch have beon made bh:roughout

bhe theory.

It at ftrsb appears bhab superconductivlty ls a

purely elecbronlc phenomenon and ls lndependont of ühe }attlce.

There 1s no appneciable change ln the sbrusture or othon

propertles of bhe latblce ln the tnansltlon üo bhe supercon-

ducblng sbabe. In addttlon to the d,lsappearance of all d"c"

reslstance bolow a crlbfcal bomperaburo T" u certaln thermo-

dynamtc quantlbLes behave dlscontlnuously at the transltlon

temperatu,Fêc These lndlcabe that a phase bransltlon lnvolvlng

the conducbion electnons occuns between the normal and super-

conductlng states" Fo and H. too¿orr(1) !n 1935 d,eveloped a

(1) H.Lond.on and, FnLondon, Procu Royo Soc. (London) A"lb9, Zf (f935);
PhysLca 2, 3l+1 (I%5):
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sB.blsfactory macroscoplc theory of supottconducülvlty whlch

adoquabely descrlbed'ühe elecbrodynamlcal propertles of

superconducüons.

Early abüempbs üo consüruct a mlcroscoplc theory

based on bhe electnons 1n a mebal meb with llttle successc

IL was felt bhat due to bhe large mass of bhe lons ln the

nrebal relatlve to the mass of ühe electnons, bho moblllty of

the ionà woul-d be boo small to contrlbute at all to supercon-
I

d'ucblvlty. It was generally fe1t, thaü some punely electronic

effect had hlthento been neglected ln bhe theony of meüals,

and, that conslderablon of thls offecü would setlsfactorlly
explaln supercond.uctivlüy. However, lrr 1950, Froh1l"fr(1)

proposed, a bheory based on the lnteractlon of electnons wlbh

latLlce vlbnatlons. I{e predicbed an rrisotope effecürr., ln
which the cnlbical temperature To hras dependenü on the mass

of bho lons composlng the mebal. ïn the same year, Maxwell(2)

and. Reynolds(3) et. a'I. lndependently d,lscovered ühls lsobope

effecb experimenbally, bhus conflrmlng Frohllch¡s hypobhesls

bh.ab superconducülvlty ls nelated bo ühe lnberactlon of

elecbrons wlbh the lattice, Frohllchts L95O theony of supen-

conductivity was based on the elecbronlc self energy, arlslng

fnorn bhe elecbnon-phonon lnberacblon, uslng perturbatlon

(1) H. Froh1lch, Physn Rev. , f2, Bl+5, (1950) 
"

(2) E. Maxwell, Phys. Rev., _Zg, I+77 (1950).

( 3 ) Roynold,s, Senln, l,Irtght, and Nesbltt, Phys o Rev. ,
19,1+87, (J.950).
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theory and falled üo account for suporconducülvlty. In the

sarne year, Bardeen(1) independentLy performed a slmlLar

calculablon uslng a varlatlonal mebhod'

rn 1 952, ¡'ror¿tcn(2) descrlbed a canontcal trans-

fornratlon of ühe Hamllbonlan of a metal' noglecülng ühe'

electronlc coulomb lntenactlon, ln Whlch the electnoa-phonon

lntorasblon led to an effecblve lnteractlon between oLecürons"

He showed. that an abtractlve lnberactton uras posslble between

elecbrons due to l-nteracblons vla the vlbratlng latblce. Thls

rnebhod was laben exbended, by NakaJlma(3) to tako account of

the coulomb lnteracblon. rn Lg54 Bohm and. Plnos(4) uslng

c).ó.sslcal mebhod.s had shown that a dense gas of eLectrons

contained. collecblve (plasrna) modes whlch tendod to screen the

fleld of lnd.lvidual electrons and bhat fon long wavelengths,

this collective motlon was predomlnant, whlle for short ÌJ&vo-

Iengths bhe lndlvldual partlcle aspecbs were lmportant. These

aubhors developod. a quantum mechanlcaL d.esenlptlon of thls

phenomenon ln :rgfití) which u¡as exbendod by Bardeen and Plnes(6)

tn L955 bo take account of bhe coupled system of movlng

elecbrons arxd lons. They found thab the long range coulomb

lnteractlon no longer appeared ln the Hamllbonlan bub was

(1) Bardeen J., PhysoRev,, n,l.67 r,l-gfo) t PhysnRev.,-@,567, (1950)

(2) Hu Frohllcho Proc" Roy" Soc.(London) L 45, 29lr(Lg52)

(3) Nakajlma S" Proceêdings of the Inüennatlonal Confenence on
Theo.Éettcal Physlcs, Kyoto and Tokyo, SeptemUer 1953,

(h) D. Bohm and D. Plnes, Phys. Revn, 95., 338, (L952)

$) D. Bofrn and. D. Plnos, Phys" Revo, %' 609, (1953)

(6) J. Bardeen and D, Pines, Physo Rev', 29' 111+0 , (L955) 
"
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descrlbed by hlgh frequency plasma osclL1atlons. On1y a sho¡'t

renge coulomb term remained.

rn 1957, Bard.eon, Coopen and schnleffer(t)(n""uafüer

referred bo as BCS) presented a bheory of superconductlvlty

based on the off-dlagonal parts of the electron Hamllüonlan

dertved by Bardeen arrd Plnes. Thls theory assumes conrelatlons

between pal'ns of electrons of oppqslbe momenbum and spln,

Cooper.(t)fr*a earLler shown that two olocbrons lnteracülng above

a fllled Ferml sphere by means of negabive matrlx elements could

form a bound. sbabe. The BCS theory was for¡nd to explaln nearly

all bhe phenomena exhiblted by supenconductors. The fheony has

been cnibl clzeð. because of bhe sweeplng slmpllficatlons used ln

bhe ealculatlon, and. tho dlfftculby of glvlng more than vague

jusbiflcatlon fon these slmpllflcatlons. A more senlous wea!¡ress

is bhab bhe effectlve elecüron Harnl}bonlan Ls not gauge lnvarlanü

and hence cannob adequabely descrlbe tbe electromagnetlc ptop€r-

blos dlsplayed by supercond,uctors" Later wonk, noüab1y by

And.ersor(3)"tra Rlckayzen(l+) has partlally ansrârerod. the questlon

of lack of gauge lnvariance.

Chapter II of thls thesls beglns with a dlscusslon of

the adlabablc approxlmatlon and lts range of valld.lby. The

ad.l-abattc appnoxlmabion assumes bhat the electrons follow the

(1) J" Bardeen, L.N. Cooper and J.R. Schrleffen, Phys, Rev.,
lq8, tt75, (1957) 

"

(2) L.No Coopor, Physo Rev. .L.9.k,0 1189, (L956),

(3 ) Anderson Po1i,l" , Phyq.. Rev. ,.^1f9, 827 , (f ç58) ;
Phys. Rev.u 110, 985, (1958)"

(t|) Rlckayzen, G., Physo Rev., 111, 81?, (rç58) 
"
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nobion of the lons at all frequencies and honce any lnberactlon

bebween bhem ls velociLy lndependenb. The general fonm of the

ITamiltonlan of a metal ls derlved maklng use of ühls approxl-

mabion and, based. on a mod.e1 tn whlch we conslder lone osclllatlng

aboub equlllbrlum poslblons and conductlon electrons free to

nove throughout the solld wlbhout belng concenbrated aü lon

sttes,. but nevertheless subJect to a perlodlc potentlal wlth

the perlodlclty of bhe lattlce. Use ls made of the second

quanblzed, formallsm ln deallng wlth both electrons and phonons.

Clrapter ïïI d.eals wl th tho renormal LzaELon of the metaL HamlL-

tonÍan. lrle requlre a model ln whlch we can conslden electrons

Iargely movlng fndependently of the labtlce. This 1s sbtalned

by means of the Fnohllch tnansformatlon whlch ln effoct

reorganlzes the torms of the Hamlltonlan by descrlblng those

electrons whtch conbribuüe to the phonon part of the Hanlltonlan

in te::ms of lattice varlables and bhose phonons whlch conbnlbute

bo bhe electronlc parü of the Hamllüonlan ln berms of electnon

variables. lrle inbrod.uce plasma vanlables lnto bhe Eamtltonlan

to bake proper account of the long range electronlc Coulomb

inberaction. Chapten IV deals wlth the BCS theory of super-

cond.ucblvlbyo Here vre have only attempted, to show the physlcal

reasonlng for conslderlng patn coruelablons and we d,lscuss ühe

BCS crlterton for the occurraence of superconductivlty. Chapfer

V is a surûmary of the appnoxlmatlons whlch ane made ln derlvlng

the BCS reduced Harnllbonlan.

The bulk of the matenLaL of thls thesls ls embodled

in Chapters II and III , whlch ls bhe quarrbtrm theony of
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it¡teracfion
elecbronteÅüã-méCals ln a fainly general fonn. The purpose of

bhe bhests has not been bo glve a revlew of ühe bheory of

superconducttvlty slnce ühere has been a tnemendous amounü

of work d,ono on tho bheor.y slnce the orlglnal ldea of BCS.

Rathen, the purposo of bhls thesfs has been üo nevlew ühe

bheory of electnons ln mebals and tndicate how the rosults are

used. Ín a theony of superconductlvlfy.
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CHAP1ER II

QUANTUM THEORY OF ELECTRONS IN METALS

2.1 Baslc Model of a Mebal

It was flrst suggested by Ðnude that the eLectrlcal

and ühermal propertlos of mebal"s mlght be con¡'elaüed by

âssumlng that mebals contaln free electrons ln thenmal

equlllbrlum wlth the aboms of tho solld. Thls hypothesls has

Ied, afber passlng bhrough sevenal stagos of development, to

the present plcbure of a metal. The plctune ls as 'folLowg:

bhe free neuLral aboms out of whlch we consbrucü a meüal, conslst

of nuclel sumounded by closoC shell,s of electrons, whlch

together constltute the lon ccnes, wlth ad'dlülonal valence

electrons outslde the closed sheIIs, lrlhen tho atoms are brought

bogethen to form a crysbal]lne lattlce, bhe lon cores occupy

bhe regular. array of sltes whlch we assoclate wlth the crystal

strucüure of a panblcular soIld. The lon cones wll,l- osclllate

aboub thel¡: equlllbrtum poslttons and wlll lnüeract wlth the

valence electrons whtch arê no longer bor.nd to lndlvldual lon

cores but are free to move bhroughout the soLld' These free

electrons, with thelr rôrave fr¡nctlons extendlng throughout the

Iaùbice instead of being concentrated aü lndlvldual lattlce

slbes, form a background gas lnslde whlch ühe lon cones moveo

Thls gas ls a plasma, capable of colLecü1ve motlon whlch tends

þo cancel ühe varlablons ln electrostaü1c pobentlal caused by

bhe tonlc motlon" The lndlvtd.ua1 elecËrons can also be

sca¡tened by the mobton of the lon cores. One expecüs also Ùhat

bhe free eLectrons wlll- tend to screen theln coulomb lnter-

actlons wlth the vtbrattng lons. !'Ie shall now lnvestlgate the
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criberton for conslderlng the valence electnons and, the lon

cores as essenblally decoupled from one anothen¡

2"2 The Adlabablc Aoonoxfunatlon
(1)

Fnom energy consideraü1ons, Ll appears pl'auslble

bhat the valence elecürons tend to follow the motlon of the

lon cores so as to keep the systom locaIly e1ectnlca1Ly

neubral. If the electrons carr effectlvely folLow ühe motlon

of the lons at all frequencles, ühe motlon of the electrons

r^¡111 be essontf.ally adlabatlc. In other words, wo can assune

that the electronlc sLates depend only on the Lattlce conflg-

unablon at a glven lnstanb and. not on lattlce d,ynamlcs. The

cr.lterlon for bhe valldlty of bhis polnb of vlow can be

dete¡mlned by assuming that only small, pertunbatlve cor¡recffons

ar"lse from solutLons based on the adlabatlc .approxlmatlon"

The exact Hamlltonlan for a metal may be wr'lüüen

He[ wv\
( 2.1)fi= +H

where He.l, lnc1ud,es bhe kinetlc energy of bhe eloot¡lons ar¡d the

interactLon of the electrons wlth the lons" ff we con,slder

ühe lons bo be lnstantaneously ln ftxed. posltlons, lue have

(1) The angument presented hene 1s fnom a rovlew artlcle by
G.V. Chesten (196f): Advances ln Physf.cs, 19r 357 and
ls repeated fon the sake of completeness,
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for the Schrodlnger equablon satlsfled by ühe elecürons

He[ (R) {^Q/! ) = E^{,,,. (yE) (2.2)

where r represents tho set of electron coo¡âdlnates and E

refers to the lnstantanoous poslülons of the lons, The wave

funcblon t{*e./\) lndicatos bhat ühe olectnonf.c staüe 1s

dependent on the lnstantaneous posltlons of ühe lons, The

exact Schnodlngen equatlon for bhe complete system can be

wrltten t

" );8*'Õ,. (2.3)H Qo'*= ê'^V^

whe¡.e @*, f r expanded, tn terms of the compl,ete seü of

funcblons {o,, as fo}}ows:

Õ*= ÇT,^*r.E)qf eß) ( 2.1+)

If we subsbitute this expnesslon lnto (2.3) and make use of
(2.L) we obtaln

( HeL+ Hro,t 
Ey^,Á\)t 

y^$ß') = t Ãy-*^(E) {^^ e/&,) (2.5)

lrle now allow fon moblon of the fonsn 1¡Io have H¿o.,o= f¡.,*+ V¿*

where T¿*, , bhe klneblc energy operaton fon the lons ls
glven as

çr-
t (2"6)

lrle have asstxred a monatomlc crysüa1 so ühat al,L the Íons have

the sâlmo masso We multlply (2.5) on the left by Q;tt$l
and. lntograbo over ühe electronic ooondlnatos to obtaln

mI.
I'Ol^ = -ÏtL

ã
^z
Vn,

-i!
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fn obbalnlng thls resulb we have made use of (2.6). If r¡e

now le t

(v¡o* * E *ry"-,-- Hll 4/*x o-i+Y*,^*aav = 9,,,^L^,"n(2.7)

A nnt = -*T{Q^n"vß,

B.',nr = #il

(,,laY' Vg

V*,, u;,,{àur,

¡

and

we have

( 2.8)

(T. + ytnn * Eou * B^.n.l!-,^^* 
hc^æLn,n¿=8.,",L*^ 

(2.g)

v¡here we have let C.,,t,v! = A,rrrr! * B^*,!. .'

Equablon (2.9) ls a matrlx operabon equatlon of the
A-^^.

f orm H [,^= 8*^L,*, whene |.r*,"tar¡ds f o¡r ühe colurnr vector

I L út tL,,vtr>- þ^^ ] a'd J# has matnÍx eremenüs

-iþl^¡= $¿nu + u4b1,, * E,n+ B^.*)3^4 + C**!. ff we set

C-^r= 0 our matrlx operator ls dJ.agonal. Eaoh L*,whlch ls a

solutlon has bhenefore Just one non-zero component. the

expanded. r^rave funcblon (2.4) has therefore Jusü one component

for each value of wt" , Þ^=þ^^ Ç*. From the d,iscusslon

preceed.lng (2.2) 1ü. can be seen bhat fon thls case the elect-
ronlc motlon ls completely adlabaülc, slnce the wave funcülon

for tho electronlc system ls üho same eLoctnonic wave functlon

rvhJ.ch we wnobe when we consldered ühe lons lnsbantaneousl,y at

rost. Tho A"4^g aro üho ternrs whlch lead to non-ad.labatlc
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motlon. l¡Ie shall now obtaln an esblmato of the lmportance

of bhe non-adlabablc berms by employlng per"turbatlon üechnlques.

If we treab the C*¿ as smaII, ühen to first orde¡r

of perbu¡batlon theorY

{Ln^= L U^'u:, (2,r0)
,Y1,' E^ - E*rt

where f f-.-t, the non-ad-tabatlc dlsbortlon of the wave

funcblon L'Ì', *rd /J,*^n, ls a solutlon of (2.g) wlth C^aL'Ì*
set equar to zeno. If t/-*r^t" smali" companed aoþ.tn^, the

adlabatlc approxlrnaülon ls vaLid. E"L*r^w111 be smalL lf

Ç*try!Ll,i)^, rc small compared to a typlcal energy'denoml.nator.

We shalL now estlmaÜe the onden of magnltud'e of

c ,,uu!!-'f),*. l¡/e cons lder Ã.*^tX'!* whlch equals

T@^,. lnfe can neplaco #ou¡

by the veloclty oPerator v¡ of the Jth lon. fn onder üo

obtaln a reasonable estlmate we shall rePlace vo¡
',/-')^,by l,

the mean value of the veloclty of the lons ln the lattlce.

hie bherefore have

#+ I **"vu¿ Væ at'va,

lo,**l É fi. r

hIe consld.er now the Schnodlnger equablon

nro, V* = E,^- Vrt

Tl v^uve¡ 'l^'url ( 2.11, )

which on wrlttng H* expllcitly becomes
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l*o;* v¿*t. ,vu,] v^r (ú\) = E,t, **¿ (ilL) ( 2.t2)

V.*Ë ts the elecbron-ion lnüeractlon and entens ühis expnesslon

slnce H*¿ conüains bhls lnberactLon as well as the electnonlc

klneüic energy. If we operabe on lhls equatlon wtüh 
7O*,

and. then multlply on bhe left wlbh tl** and lnüegrate over

the olecünon coondlnatos we obtaln

L[u.;'vs.V*,rdn= TW G'L3t
t" ò {

As the lons l-n the lattice movo about, the potentlal energy of

the lattlce ls changed by a smalL amounbn Thls extra

pot,entlal wfll inüroduco a dlstorülon of bhe erqaünonls lrave

functlons. lrlê can expand ühe olecbron lon lnteractlon term as

f,""* Tu* (r/Ei)+ 
? Vg¡r* (!./\

;,
(ilE )r

wnere R.3 are 'the lon equillb¡'lum poslülons. We assume lte-t
need. only consLder the flnst order" terrns as conünlbutlng to

the extra potentlal.. Fon a reasonable estlnate of ühe effect

of thls üerm, we neplaco (El - 3,o ) UV,,L , the averago dls-
{d

placernent of tho lons from ë¡qufliUrlum" Uslng thls value , -

bhe dlsüortlon of the elecbronlc fr.mcblon Q.* becomes

-Or. - l(. l., -,t
(E + .o

3,Pn = !" t, t ? Wfr W)-^' A-t ( 2.1II)

from sbandard flrst order penturbatlon theony"

Fo¡ an appleclabl-e dlstontlon of the elecüronlo

r¡rave functlon we requÍre thaf
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(2.t5)L

If we cornblne thls wtth (2.13) we flnd

lçlu-"vq'f''usÏ- ä G'L6l

where { f.s the average dlstance the lons have to move to

produco an appreclable dlsbortton n V^. If we l,üere to foLlow

a simllar" proced,ure we would f lnd thaü B,*r¡ ts smalL ln

magnltude compared. Ùo A^¿. hle have therefore'that"Crr¿ 
^L:\^frÌ,r.

We now considon the energy denomlnators of (2.10).

The matrix el-ements Ca"( connect states that dlffer by slngle

elecbron excltations. The Paull Exclusion Prlnclple forblds

all- transiblons except bhose from an occupled to an unoccupieô

stabe" The maJorlty of such sbates have an energy sepa:ratlon

of bhe order of ?L, the Ferml energy. For most transltlons,

Eal - E/w wlll bherfo¡'e be of bhe order of 7L . Thls ls nof

true of üransltlons from Just beLow to Just above bhe Ferml

surface, but tho number of occupled, states Jusü below the Ferml

surface ls smalI. For bhe case where ühe denominators are of

the orden of the Ferml energy we have

Crtml
En',J - E,nt

hv
m

ltre l¡n.ow that I .-^ fO5 cm/
o

much less than LO-v cill.

socr 7l,",^ ! ev, and )" cannot be

Uslng these values, w€ flnd that
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A or^t 2x10- 3
E"¡ E4

If bhts estlmate Ls col'recb, then the non-adlabatlc connecülon

to the wave functton ls very small and the adlabaülc

approxlmablon ls valld.

I¡ùe ìnow l¡rlsh üo esblmate where the adlabatlc

approxlmatlon, breaks down. Non-adlabatlc üenms have to be

consldored. tf the dlsbortlon 5Xrr,^,-^ts of the same order of

magnltud,e rr lll)-; lf C^,t^Á vr 1. Uslng the' above
Er¡ - b.a

values for I and !- ," flnd tLrat thls occurs when

lr*, - E-[ ¿_ 10-14 engs .-, Ë, tàæf',tt

where ttJa^"a4 Ls the maxlmum latblco frequency. We theref,o¡re

deflne a ttd.anger zonetr of electrons thaü lle wlthhfi t)^-'+
of the Ferml surface. Slnce the adlabatlc appnoxlmatlon

]oses valldlty ln bhls ttd.angen zonotr, any properüy of .the

soltd whlch depends on these electnons must be calculaüed by

baklng lnbo consld.eratlon the non-adlabatic tenms ln ühe

equaLlons of motLon"

2"3 Derlvatlon of bhe Hanl.lbonlart

Prellmlnary Dl scusslon

If we assume thab spln-orblü and, spln-spln

lntenacblons of the electrons can be negleeted, wê oa¡l

wrlte for the Hamiltonlan descrlblng a metal"

(a)
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H=f Pi'*T
? *rY* ?þ ,rb

{d1a-iâ"^ + le-.^t' ( 3. a.r)

The subscrtpt I labels the valence eLectnons and J refens to

the ions" fn this model, we are assumlng that the valence

elecürons are complotely sepanated from Lhe cLosed shells of

bound, electrons whlch make up bhe lon cores so that there 1s

no exchange between bhose two groups of electnons. If we

consld.er N lons !n our mebal, for electnlc neuünal!ty we

roqulne zN valence elecbrons whe¡re z ls the valence of the

atoms formlng ùhe mebal. The flrsb terryn of (3'a'1) ls the

ktnetlc'enengy of the valence electrons and' bhe'second Ùerm

represents tho lnteracblon bebween ùhese electrons and the

lon cores. I¡Ie are assumlng that ühls tntenactlon enengy ls

lndependenü of Lon velocltLes by conslderlng an lnte¡'actlon

whlch depends only on bhe lnstantaneous posltlons of the lons.

We are thus ln effecb uslng the adlabablo approxlmatlon whlcb'

was dlscussed ln ühe preceodlng sectlon. TIi.e.,^.ìå^ lncludes

the klneblc energy as well as the coulomb and excharlge

r.epulslon of the lon cores. Hc*.t represents the coulomb

lnteractlon of the valence electrons.

fn orden to ellmlnate lnflnlbles ln bhe separate

berms of eq" (3,a,1), slnce we shall be considorlng an lnflnlte

cr.ystal, bro suppose thab there ls subbracted from the elecüron-

ion lnteractlon the lnberactlon of a r¡nlfortn negatlve charge

r.rlth a unlforrn posltlve charge, fnom ühe eLectnon-electnon

v(rl - Ej ) + tl
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lnberactlon the self energy of a unlform negatlve Charge, &d

from the lon-Ion lnbenacblon the self enorgy of a unlforzn

poslttve charge. The posftlve charge denslty can be wnlüüon ag

o.
L,,lt.^

nO

(i*"" (r)

where ?å ls constant and represenbs a r¡ntform posltlve change

denslty" AIso we can wribe for bhe negatlve charge denslüy

flu(r)= få+P"(r) ,

Slnce bhe system ls electrlcally neutraL' ?"f = - f
The bobal enengy whtch we aro subtractlng ls glven by

l*1ttfl
+

( Pri' )'ÌT-tr"ìïr- - t

rPåI,
ln'-ntlt- - |

r( )

o
Lþ! l"'

1
2 dr drt .1'râ dî dc' r

+ dî d
o

Ib can be seen thab the total ener.Sy subtracted from the

separato üerms of (3.a.1) exacbly equals zoro. In tbe Hamtltonf.ar¡

(3"a"1) thenefore, Hc,..^{ ls acbually the coulomb ene¡rgy of the

valence electnons measured relablve to tho seLf energy of a

uniform d.ls,trlbublon of negatlve charge and, Il i-^-ipt- conüalns

ühe coulomb energy of bhe lons measured nelatlve to the self

energy of a'r¡nifor"ra dtstrlbutton of poslülve changen

(b) Labtlce Vlbratlons

Wo conslde¡' a set of ldentlealo charged,, small

lonic cores lnberacbing bhrough repulslve forces, langely

Coulomb. tle shall assumo thab we have an lnflnlte l"attlce

made up of these cores so bhab surface effecüs may be



neglecbed, and. ÍIe shall lmpose penlodlc boundany cond'ltlons

on our system. trrle shall assume further thaü the mlnlmr¡m of

potenbtal energy of a labttce of lon conos devold of valence

an¿ cond.ucblon elecbrons coruesponds to a laüülce conflguratlon

ldentlcal to bhat of the real crystal. If thls J.s not tnue,

then small osc1lIaülons of tho rremp.tyrr l"aütlce abouü the

real crystal equl}lbrlum sltes cannot be deflned. Slnce we

wtsh bo descrLbe these osclllatlons ln tortns of normal modes

vre musb assume the exlsbenco of thls mlntmum of potentlal

onorgy. fn derivlng bhe Hamtltonlan which descnlbeg tbe

labttce vlbratlonsrol4 the phonon Hamlltonlan, lÍe shaLl employ

a mebhod slmll-an üo bhab of Pel""Ir'(2)

a e e

17.

(3.b.1)

( 3 "b.2)

Vüe let ü 1 bo bhe displacemenü of an atom from
-v

ibs equlttbrturn posrtlon R I . B; ls the equll-lbnlu¡nt -t
positlon of the J¡tfr lon relative bo Ûhe onlgln. Then

þ,,,þu

o
= 53u

I

u - uo = 
fuà*¡;ysi 

s

f
RB

ù t.

If we let Uo be ühe pobentlal energy of oun system at

equlltbrtum lncIudlng the solf energy of a r¡nfform poslülve

charge, vÍe may oxpand the pobential enengy U ln a Taylon

senles:

r i't'tr
+ g¡ sp sj,n* e

(2) Pelenls R,Eo, (1955)¡ Quanbum Theory of Sollds"
(Oxfond: ûnfvorslüY Pross) "



18.

where $ and S ane tensors o{'second. and bhlnd rank respeo-

ttvely connectlng bhe componenbs of the vecüors whlch follo¡.

The subscrlpüs |n thls equatlon rofer to the posltlons of

the lons and nob bo bhe coord.lnato axos. the ¡"atlo of A üo

B has dimonslons of length. For reasonable fonces r¡e assì,me

that thls rablo ls of the order of bhe lonlc spaclng. 11

bhe lontc dlsplacemenbs are smalL compared' to thls dlstanceu

we noed. only conslder quadratlc berms ln ühe expånslon for

the poüentlal energy. Thore are no llnean üerms !n, the

expanslon slnce the flrsü dorlvatfvo must vanlsh at equlll-

brium. Slnco the tenson A¡,y ls relabod to the fo¡rce constanü

between the lons at posfütons J and Jt, lf, we assume that

the forces between the lons d.epend, only on the relatlve

disbances between the ions and. not on d'lnectlons of dlsplêce-

ment, the üensors $ are s¡rmmotrlc ln thein lndlces. Consld-

erlng only quadr"aÙlc tenms ln üho above expanslon rl¡e have

U z*
¡'l

(3.b.3)uo å o¡'Lì,i, 'vy

from whlch, employlng Hamlltonrs classlcal equatlons of

moblon, wê obtaln the equatlons of motlon fon oun sysfem

( 3.b.1+)

whe:re M ls the mass of each of the ldenülcal lons.

lrle now wlsh bo determlne the nonmal modes of our

sysbom, ühab ls vlbrablons ln whlch all lons osclllate wlth

the sane angular fnequency, J2 radlans/second, These normal
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frequencies, whLch aro d.ete¡rmlned sole}y fnom lon-fon

lnteractlons, w111 nob be bhose of bhe real crystal whlch

contalns many conduction electrons. The presence of tho

elecbrons ln bhe real crysüaI alters the lon-lon lnteractlon

and leads to a renormallzatlon of the normal froguencles.

Thls potnt wlll- be dlscussed tn greater detall at a lator

stageo lrle \ferÍ+y ühab bho lons all have the sarrle amplltude

of osctllatlon but dlff or ln phase. vto the¡refo¡re ?t¡ritê

-lf¿b + rI'Bio uo åoo ( 3.b.5)u
t

whero E ts some vector to bo determlned from penlodlc

boundary condlülons, E" ls agaln a vecto¡r fnom,the origln'-[ 
tbyJr 6.otsarnltto ühe lon at the LabLlce slte speclfled by Jr þ,oLs

polarlzatlon vector and. uo ls the amplltude of the dlsplace-

ment of the lon occupylng tho slte J = 0 at ü = 0. On

substituting thls expresslon fon u, lnto (3.b.1+) we obtaln

the equablon

M d g, = 
? *¡,y '8" "1E' 

(Ei' - Ei ) (3'b'6 )

In orden to obtaln the cornect valuss.fon !, vÍe appLy ou:r

perlod,lc boundary condltlons. ff we constd'er a cubo of

volume V and, lengbh L, bhe contponents of E must satlsfy the

nelatlon, "tUt" = ull'ta'L = elkel = 1. The componenüs of k a¡re

therefore real and a¡-e given by 2!n, , ?={ln , and 3I""T-tL
where ñ¡ r frL, and nå are inüegers" It can be Seen thet fhe
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vectors k and kr refer bo ühe same normal mode of vlbnatlon

tf (E - U')"Ei 1s a multlple of 2Ti- for any J. If we

inbr.oduce recf.procal lattlce vectors g such that 
"19'E¿t= 

f

for any J, sny two vecbors E and Et are equlvalent ln deffnlng

nonnal mod,es lf ühey dlffer by a lattlco vecton of the necl.procal

lab tice.

sLnce thore aro N lndependent values of k ln the

flrst Brillouln zone we have 3N independent modes of

vlbratlon. Thene are bhneo different modes of vlbratlon

for each value of I whlch are solutlons of (3.b.6), slnce

thls ls a vector equatlon and the $ are tensons of second

rank. In genenal, ühese solutlons have dlfferent fnequencles

JL. we label theso solutlons Ë. (8, a ) ar¡d -n- (8, r ) whe¡re

6 takes on values 1, 2 or 3. !,ìIe can express ühe most

general dlsplaeemenb as a llnear supenposltlon of partlcuLan

solutlons wlth arblürany coefflcients.

u. = Lcu,o "-lJì-(E,c)t 
+ 13'E¡" t¡o(g,s-)€,(E,c)

-¿ E-'" 
Erq

For bhe sake of convenlence r{e wrlte bhis as

(IM) -å 
fu-t^,, 

tr,l "lI"Et: E" (E,c )

where e*,o- (b) = ep,o- (0) e-lrL(k'r )ü.

(3"b"7) lnto (3"b.4) and maklng use of

that qå,q-(t) sablsfles tho equatlon

U. ã
{

(3"b.7)

( 3,b.8 )

0n subsbltuting

(3,b.6) we ffnd

e, .{* Q&,o = oQ&rn (8, q- ,l 2

whlch agrees wLth the tlmo dependence above. If we assume
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bhat -o (-E) = 12(k), I^Io flnd that &."(Y,r) = €.(-E'A )

by bak1ng tho complex conJugate of (3.b.6) sLnoe A¡,y ls

necessarlly a noal quantlüy. Al.so, slnco tho lonlc dlsplace-

monbs are real, fnom (3.b.7) we have

q-6',r = Q&,fi ( 3.b.9)

We now wlsh bo show bhat

+*l E" (k,(r) 
"tE"B¿ 

j -:t .lE.(!',r') elE"E; i = e (3.b-r0)

unless I = Et arrd 6. = 6-t, !'Je conslden flrst the su¡ìl

g = I e1(xt - 5)'E; . Suppose each lattlce polnt 'of ühe

l.crystäl bo be dlsplaced by a panblcular lattlce vecto¡r Ra.

ThLs changes every }attlce polnt lnto anothen lat.blce polnü,

slnce we are consldorl.ng an lnflnlüe crystal, and hence menely

r.elabels tho terms of the sum whlle the value of ühe sum

doesnrb change. However, each term of the sum Ls rnu1blplled

by the factor "l(Et 
- !)'8" and, hence the entlre sum ls

m'ltlplled by thls amount. I¡Ie have that S = S "1(!t 
- E)'E'.

Elther S = 0 or Et - F 1s a vector of bhe reclprocal laütlce.

For the sum not bo vanlsh, k and kr. musü be equlvalent. Thene-

fore g = Zr"tlu' - I)'Ei = * 54, &, for a lattlce composed of N
Þ

lons, !,fe r{ow consLder Wfl;r(yrr)" Qo(k,d). We multlply
(3"b"6) on the lefü by €,jt(X, C ) to obtaln

ucÍr<, q-') 8ìr(8, c- ) . Ç.(u, r\ = 7Ê;.ty,Ç- ) . L¡,1,. c,(E,c')elE" (Ei- E;:

t
Taklng the complex conjugate of thls expressLon and lnter-
changfng ç- and C/ we havo

Mr^+(k-,r ) Qì?(E,r) . €.(!, <,-') = |€"t\,a-r) .4¿, . Çjr(L,a-) e-$' tBp- eit
t
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Since S¿,;r Depends only on the relaülve poslülons of the

ions we have that å0,j, = 4,4 . Also slnce $¿ir ls slmmetrlc

1n its unwrltben spabial lndtces we have thaü

tox(k,a ).å¡¿, . Ço (9, cr/ ) = €.ß, c' ) '*¡,j, ' 6r'(k,c)

stnce we are consldertng an lnflnlte crystaL, üto can

conslder the lons as sylnmotrlc about any lon J" Thenefone

on subtractlon of the above two expresslor¡s we have

u [-rz"tU,r') --()t(E,q-{ €.-:i(k,Í). €.(E,ct) = 0'

tde see that (3.b.10) 1s tnuo pnovlded, ¡221t<,4 ) / Ía'(I, c').

If more than one normal vlbnatton for a glven k'have the

same frequency, the t, ( tt, C ) are not unlquely determlned

since the set of llnoar homogeneous oquatlons (3'b'6) has

more than ono lndependent solutlon, fn this case, wo Choose

our basic seb of solutlons such that (3.b.10) ls tnue tf

k / Ut and ç / ç- r. l¡rle have bherefo¡re ühe result

zuiÉ"(E,c )elg'Ei i ". f E" (x' , c' )"lE"u¿.J = NM5¿,1' Çc, (3.b.11)
t

Irùe wish now to relabel our equations by Lettlng

U süand, fon J and the bhree space dlreotlons and. I stand

for k and gF, ¿r({) ls bhen one of bhe components of

Ê.(y,r)el3'Eii " rnstead of (3.b.11) wo wrlte for the

orthogonall ty relab lon

T* ¿;'( f ) trt t71 = NM îr,f' ( 3.b.12)
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anfl the most goneral form for a component of dlsplacement

for a glven lon may be wrlbben ln analogy ltlth (3.b.7) es

I
\7,= (Nr'l)-ãla(f) t/(f) (3.b.13)

I
f f we mulbtply ühls expresslon by M e/( f) and srtro over 7)

we obtaln

/M sr*( 9 )u, = 
FTH* ¡È 

Ërx( f ) | o'( 'pt) tv( 9t')

whlch r^¡lth the atd of (3.b.12) glves

LÌq €rrr( Q) uy = q( /) (MN)
1/

q({ I = #* Çs;,t {t vl

t
2 ( 3. b.1l+ )

or (3.b.15)

substibuülng thls lnbo (3-b.13) and slmpllfylng we obtaln

try( t!) !t,

änd. since thls must be true for arblünany dlsplacemenüs we

have the completoness relatlon

( 3.b.16 )

!üe now wlsh bo lnvestlgate the onengy of the systen

of lons, From elasslcal mochanlcs v¡e can wrlüe fon the

kineblc energy of bhe lons

r = å T* oî = 
=+ ftnF,rr, 

â(f ) t,(ç') ätE't

slnco tt(-{) = E;*(91 and q(-g) = q*(f ) we have wlüh

the ald of (3,b.12) tLrat



m-1
2 L ã"( gl ,it flI

I o*,'l

?)+.

( 3.b.17 )

( 3.b.18)

( 3.b.19)

(3.b.21)

Tf we revert to our former expIlclü notatlon we have

m_ 1<2d_
4'Í

If we substftute for u - fnom (3.b"?) lnto (3.b.3) and, make
r

use of (3"b.[) we obtaln

o t7L
a¿,r I

{"-
u-Uo 1

2 >-
&,q-

( k, a') ÀI
l

L

The tobal enengy of our sysbenr ls üherefone

n = È 
fufrâs.'l

(3.b.20)

Thls expresslon for bhe energy resembles the energy of a

seL of d.ecoupled barmonlc osclllators. trrle shall make use

of this resemblånce to quantlze bhe system. Fon quantlzatlon

of a harmonlc osclllabor !.Ie require the condLüf.ons

'*[.ru(&,ç'û lnu,rl']

[,:rtgl, arr({\J = - F Sr,,r,,Sq,e,

þ,rEt' þ/El, "r,({IJi^ o t g')) =0

If we mako use of (3.b.15) 'we obbaln

[a"r g ),q( f,)] = # *.,Fr'*({ 
) t,( ( ) [î","nJ

whlch with ( 3.b,21) and ( 3.b,12) becomes

[a"t g),q(,{\J = - #ì Es,q,

VJe bheref ore seo thab q( E ) and ått( I ) aro canonically

(3.b.22)



conJugato varlables. trüe label q"( !) = p( 9\ and

otg I = p*({ ).(t) ,, r" rovert agaln to our forrne¡r

expLlelt notatlon we have

r
lP* o¿i"l = lïr 5¿, d Sn,o'

rQ-

25.

(3.b.23)

( 3.b.21+)

Equation (3.b.18) becomes

r = å 
hoï,"þß,n

and ( 3.b.19) 1s now

1
E

uo = ,, irÞ(r, 
a ,1" gI,- e,{=,ou- (3.b.2r)

The tobal I{amlltonlan for the system of lons or üho phonon

Hamlltonian, ls therefore

"/"u= 
È L[lä nn,". .ino,n)T qå',o.qa,-l (3.b.26)

!ùe have shown bhat for each value of E whlch descrlbes

normal modeso the three dlfferont modes of osclllablon arê

orbhogonal. trIe assume bhab two of these components are

transvense and that ono ts longlbudlnaL. If we examlne only

bhe longltudlnal component, bhe phonon Hamlltonlan becones

Ç
Ç
Ë

Ð¿i-
.e.

p,
4

sfii¡ -ø,a) ( 3 "b.27)+

Slnce we have shown bhat tr¡o dlffenent Et are equlvalent ln

deflning normal modes of vlbratlon lf they dlffen by a vecüor

of bhe neclproeal latblce, ln bhe e¡(p.resslon above whenever

k runs out of bhe flrst Brlllouln zone ühe 9,¡ refers bo the

Hrr

(1)'v'üe introduce these varlables ln orden to establ'lsh a con-
necblon wlbh bhe phonon Hamlltonlan of Bardeen J" a¡d'
Plnes D,, Phys. Rêv. gg, 1140 (L955) 

"
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correspondlng E ir bhe firsb zone. In subsequent work we

shall ass!trne bhat elecbrons lnteract only wlth the longl-

tudinal componont of bhe labblce T¡Iaves. The üwo transverse

frequencles are ln bhls appnoxlmablon determlned entfu'ely

from lon-lon lnbenactlons. Calculatlon of the longlüudlnaL

frequencles of the real erysbal, however, nequlnes consldera-

tion of the electron latülce lnteractlon.

hle now wlsh bo lntroduce creatlon and, annlhllatlon

oporatons fo¡r the labülce waves. Theso are requlned fo¡l

facllltatlng Iaüer calculatlons. Jf wo substlüuüe -! fon E

ln (3.b.27), slnce bhe summatlon over E fs synrnetntc and

slnce qä = q-rs 
"ttd n;' = yL,

uf"= È k pÅ'- p.e ft!u o'[ o¿ )

Slnce np¿' ls neal

,ù= t ç(oÉ' or + (SÌË)'ran&)

Ïüe have the¡'efone thab AÊ = n-?U = ßaä)

wll} be real so !üe bako fL¿= -Cl-4 = çL'Ë.

bÁ and lbs he¡anltian conJugatu bä as

b&=ffi(p;;,'-rfltqr")

bË
I

'l zhfz*

Solving fon p6 td- , n+ and o[

+

(o-Ë b*&)

lrJL + b4 )

(3.b.28)

(3.b.29],

lhe frequqncles2
a

(p¿ + Lll-Aoä )

lfe deflne an operaüor

( 3. b.30 )

vre obtaln the rosults

P¡,
h J?*

2
+

&
p

t

Tl

2
(3"b.3r)
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4.&= I
t
å (u¿ - b_.¿')
¿J ¿)4

åq;:t = 1
2t)a

(u_s - -U')

Makf.ng use of the commubatlon :relatlons fon thrø qB and p&

wo obüain

Elecbron - Labtlco Interactlon

[' ''J (
Lr&, 

o4¡'l = ò.&,8

and ( 3,b.32)
:

[o*,%l = [u''åJ =o

If we substltute ( 3.b.31) tnÙo (3.b.2?) and note thaü the

sumrnatlon ovor E ln thls Hamllbonlan ls s¡rmetnic we have

nþ= #(u¿bä +ufiuo ) :
( 3.b.33)

Makfne ;"e of (3.b.32) thts becomes

,r r-t^ r'l .t L-;í-'t- -}.\ l?-h?lrìnfgà- ¿-'L J L)4\ ".& "/Ê t 2 ¡, r¿'-'¿-'
1&

üie """ofrr" the cornmutablon relabtons (3.b .22') as those

used bo d.escribe Bose-Elnsbeln type pantlcles. The quanüa of

energy of bhe system descnlbed by (3.b.31+) are calLed phonons.

b-Ë and bg are respecbively c:reablon and annlhtl'aülon

operatons f or phonons of wave numben k and b'ií bA ls the

occupatlon number of the phonon state'

If we conslder bhe electnon-lon lnte¡ractlon term

v(n. - R,), whlch wo wrobe ln (3.4.1), we may fo1)"owlng-r

(c)

L
í,¡



(1)
the exarnple of Bardeen and Plnes expand fhls term ln

28.

( 3. c.1)

por{ers of (R I - Eí) aboub bho lon equlllbrlum sltes and' -t -r
obüaln to flrst or<len

Lr(r,.tPotf
- R, )-t /,v{yr- \j) - +

(R, -,-) s?'Vuitrr- ei)

R. - R.o = u.e"t -t -ü
have

" . ',' t.::, ì. From (3,b"1) lre see thaü

ff wo substlbube f¡"om (3.b.7) lnto (3"c"1) we

1 lk.R:f-v(*,- E; ) = TtU- n/ -(IWI)-ã' Z^€u:Vu¡"(r¡- &j)afe'-^'oi ,r.c.zl':-1 -¿ - I
ú ' t i,j ( bþe-

In obbatntng bhls expresslon we have assumed' that the

elect¡.ons lnteract only wlth bhe longltudlnal component of

the lattlee r¡Iaves" This assumpbion neglects anlsotroplc

effects an.d. ls not really vatld parDlcularly fon shont wBVê-

lengths. The resultlng equatlons. howeven, aro less Complex.

trrle shall call the second ter"m of (3.c.2) the electron-phonon

interactlon Ha¡nllbonlar¡ and wrlte

(3.c.3)

The valence electrons see a potentlaL V(n) due to

the lons whero

¡<L
(21 (3.c"h)

T

H¡o,f = -(NM) 
-U,ZrE&.Tß,ott; Zl -q,* "rY'Eíà,ì,& -l

vtl - 
$r)

!v )

I
(1) Bardeen J" and, Plnes D,, (1955) ffrys. Rev., 99., 11,h0"

QI Thls pobenblal !s dlffenonb from thab wrl.tten by Bard,een
and Plnes. They conslder ln ad.d,lblon bhe subtractlon of
ühe potentlal due to a r.mlform poslblve charge.
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tr{o sha}l comblne V(r) wlth the klnoblc energy of the vaLence

electnons and wrlte for the eloctnonlc part of the Hamlltonia¡¡

neglecbtng the elecbronlc coulomb Lnberacblon

Hd = +l# . v{rr)] 13.c.5t

In conflguratlon spaco, the coulomb lnteractlon between

olectrons ls glven as

(ri - lr)1f
Lrl oä/*-

ì+i.lv¡- !¿
(3. c.6 )

(3.c.7)

we shall require 1f tfl
k. tr'Ie bherefore oxpand

expressed. ln tenms of wave vecbo¡rs

Ú tgl ln a Founler serles

lfctt=*= vl

mtr.]Liply thls êxpression through on the left by

vJe ob taln

( "' "-tE.r dr = f vt f ut(r.' - I).g
)r 

= 
T"J
b'u s*'4

/,7
âe

ik¡ . v,
e

where we have normallzed. ln a box of unlt volume. If we

í.
-1k.n

--Gll

dr

or -ik. re --or (3'c"8)

This tntogral d.oes nob converge" In order üo evaluate bhe

lnbegnal we lntroduce a convergence faetor "-Â" lnto Èhe

tnbegral where 7\ !s a poslblve real consüant" Thls corlV€r'-

gence facbon effectlvely screens the coulomb fleld of es.ch

electron so bhab i;he nange of the fteld ls no longer lnfinLte.

I{e have therefone

lo ^zvÁ = lä
J



v4 = l* - 
J:' l: lî ^rdc¿ 

r¿dn e
-Lrkt¿ - À r

lt

30.

( 3.c.9)

(3.c.10)

(3"c.13)

hTÎ-e¿
ï.ïE)'

f 
- 

X'¿rlr e
k7.

+î') ,fe

L*"
ÒL+ t

1k
lffi)z-T¿-

&

If we now let L go to zero wo have

\rþ

Subsblbublng thls into (3.c.7) r^Ie have

1Íø = L+* "1'E'¿
(3.c.11)

&

If we collect te¡'rns from (3.c.5), (3.c.3) and' (3'c.l'1")

rnaking use of (3.c.6) we have for the total elect¡'onlc pant

of tho I{amlltonlan

n."-tn = +l#. u({,)J -(N*r',-ufrrt a Vui rtr- î") o& u1&'

+$.LW uiE'(e;-l¿) (3.c,LZ)
o#j,&

We wlsh now to lntroduce the second quantlzed forrnallsm ln

whlch the electrons are descrlbed by occupatlon numbo"r.(n) ,"

ftrst lnb¡.od,uce f le1d operabors f (f) and f\tl whlch obey üirê

commubatlon rules for fermlons

,]ç
(rt 5ts - r!)

and

fç
r( ) gtz,,]* = [fI=, , fn("',] * = o

(L ) Fukuda N, , (f 960): Brandels Unlver"slty f96O Insültute ln
Theoretlcal Physlcs. (ßrav'.d oiS, tlAo)
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The anblconnnubatfon relaüion ls based on bhe lact that

fermlons requlre anbisynmotrlc blave vectors fon ühelr descnip-

tlon. In the second quantlzed formallsm, the Hamlltonlan

(3.c.12) ls wrltten

fl= [o\"t[*. v(s)] f Et dr

_(NM)

l*

nfgr', 
l€u.W;,t - Bi, q& "t'Et { il)ao (3.c"11+)

./uru" , {rt, (r(v''T#

$r t#e
r(rE1 I

) e 9 @') <! ltl

r

'[rle label bhe terms ln the flrsb, second, and thlrd and fourüh

llnes of thls expresslon as Hr¿ , Hüt, and Hc*^^4 nespectlvel-y.

Slnce Hen^^i- can be r¡nlbben ln conflguratlon space as

L- g',¡) r I )rTÍe
'è /< v?

4&
H

¡- L1 < ¿!l( eã 1*T
,,],þ fLcrv!

(rtke-

particle fi:nctlon s VE e.) fon bhe electrons whlch apply to a

the second quantlzed fonmallsm leads to the thlnd and. fourth

lfnes of (3.c.11+)"

lrle shall choose as a basls for tho field openators

the comple be onthonorma] set of Bloch staüos rel-abed to ühe

Hamtltonian (3.c.12). The Bloch funcblons are a seü of one

crystal r'rlth bhe lons flxed 1n equlllbnlum posltlons. The

Bloch equation for the ono partlcle functlons ls glven as



[* . v(r)J V.Qt - EÉ {*tYt (3'c'L5)

v¡here v(") ls deftned. j-n (3.c.[) and v(y + L) = V(I) where

L fs any latülce vector. The Bloch bheonem staües that

( 3,c "16 )V.ty+ l) = "iÄ"4 Voryl

32.

The elecbrons are descri-bed 1n an exbended zone scheme so

that the wave vector 5 is nob necessarlly ln the flrsü

l3rlllouln zono. For free electrons tho Bloch fr.¡ncülons are'

normallzed, plane waveso However, for elecürons ln a perlodlc

lattlco

where u r
K

(

(4tl = " 
16"r u^ (r )

) ls a funcùion havfng the perlod'lclty of the

(3.c.l7)

J.attfce such that u*(

are orthogonal ln bhe

(I) . The fr¡nc tlons f" tf,lro&)=16
sense t.h--af

fU¿r{n) d,(r)dr = So,n, (J.c.18)
J

In bhese expresslons we have assumed the BLoch functlons to

be nonmal-lzed ln a box of r¡nlt volume.

I¡ie now expand. the field operatons f tf) and tf *(r)

in terms of the complete set of slngle pantlcle Bloch fr¡nctlons

I ) /co {*tslr(

K

q ( c'¿ tfdx(r)z_
K

)r

Making use of (3.c.13) and (3.c.18) we ffnd

(J.c"19)



[",]' -rl-J+

;1

6o,*,c
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(3.c.2a\and

tf"o'c "'¿J * =
K

+r(r)[* . v(r)] *r,t=l

€u'VgrtLl o¿ ]

0
+

c * and. "¿, are respectlvoly annlhllabton and cneatlon ope¡rators

for electrons 1n bhe state K. The product c'g c* ls the

occupatlon number of bhe olecbronlc state K.

bhaf

I g dn

which r¡¡lth tho aid of ( 3 " c.15 ) and ( 3. c.IB ) becomes

tfnú- (3.c.L)

I¡le also have

If we change the ontgin of the Jttfr term to Rl we have,-t
making use of ûhe Bloch theorem (3.c.1[), that

ar_
H i.^t = -(mu ,-"J 

ã";u
,/,rrr[4 ,15"

¿

i(E + g - K').Ei ao

(3 -c.23)

If we make use of (3.c.1[) snd (3.c.19) ]te flnd

HnaL
ç^
EtÉ'

i,¿ c
K v,

L
þ

E* "{, "o

c.,

cn

H¿*r * -(rn¿;È!7.¿, u{rrîø ,.
-& vu; rr - nl)

-¿ euerE'Ei] (*tu (3.c.zz)

Thls last sum vanLshes unless

V + K - K' g

whene & ls a vecto:r of bhe neef.procal labtlce lncIud'lng zeroó

Since we are consldering oun Bloch functlons ln the exüended

zor\e scheme, & assumes all valueso Wê thenefone have thAt

( 3 " 
c.2r)
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Hi",t= 
hrZ,,t

where "*Ìt 
ls doflned as

'uis = -(NM;tlV-:i[net; vs.;tr - E;') "-lE'Eoi'J U *
Barcleen and. PLnes assume thls coefflclonü bo be lndependent

of K. ïn other words, the electron-phonon lntenactlon !s

lndependent of ühe elecbronlc stabe' They wnlüe üherefone

" e Q-& uË,r

"o,l& "gqauËLr.hHi,*t =

¡ e-1!.8 íJ +r *"d = -(NM)-

where

i/\itth the ald of

term

H

obbaln

x

b 

lvr:t {ns,""v,¿utr 
- ri

(3.c.25)

(3.c.26)

().c.27)

(3,.c.1h) and. (3.c,19) we obbaln the coulomb

c",l rÇW l u,u,' k*;*l "¡; "*" o.fVr,"'(r) "1!'r Qrrttl

x Q-*ço,) e-tE'r' ({,tr'lJ È LW "l' "srI"-- J y,L

ff we shlfü bhe onigln of each of bhese lntegrals by a laütlce

vecton and. agaln make use of ühe BLoch theorem as above we

rtW 
fu"u'' k"t: "'{, "ez+te.cE-Lif-,

er 1k.r
t's(sl

{r,.err,)J *in#cl c*-i!ço ¡ t

H
0ùr^L

^-/1"= f 
fu,ffË "¿l 

ciir. cs.*&c t!r& - fk*:t"ä "s
( 3.c.28 )



,¿

For free electron. Mä ls equal to Ë a'd 
's 

tho Fourler

coefflclent for the expansion of bhe coulomb energy. rf r¡e

makeuseofbhecommutablonre}atlon(3.c.20)wehave

35.

flgurablon spaco bhe d.enstty of partlcles ls
it-
LS (r - li) , where N ts tho nr'rmben of
i¿l
lt volumo. In the second quantlzed fo¡'mallsm

thab the denslty operaüor ls equlvalent bo

lrJe deflne the denslty flucüuaülon

er transform of f 
(g)

-Lk're -- d.r

H.---t = *kr!î, "'c: "rou.él "y,-& 
'Ævrf e¿ ct (3'c,.29)

The second terrn on the rlghb hand sldo of ühls expressf'on cafl

bocomblnod.wlbh(3"c"2})toglveaconstant,addltlve
(lnftntüe) borryn to bhe Bloch energles EU'

fn eon

gLven by P (r) =
t

partlcles Per un

tt can be shown

¿Jj*(r) f tsi '
r as tho FounL

f tr) =

operabo

Çu= I I ( r.
( 3. c.3o )

In the second quantlzed formallsm, maklng use of (J.c.19)

thls becomes

fl*=f fo.in "u Q;tr(Ð u-lE'I ,ltrftl dn (J.c.Jr)

Employlng the same argument used to obtaln (J"c.2B) Ìre obtaln

P.,r= ã "r-g "rÏQr-U 
(*) 

"-18's 4tovt d'n

whtch for bhe freo electron caso becomes

(e= \""u:r" "É
(3"c"32)
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the üenm ln k = O corresponds to a uniform backgrorxrd of

partlcles stnce(ß)= *, the avorå.ge partlcle denslty for a

box of unlb volume. lrle nobe that ?-+= P&'* = Ç"Ë cs-E .
6

For e]-ectrons ln a perlodlc pobenbtal., (3.c.32) does not

represont the denslby fluctuablon operaton. However, we shall

employ thls nobablon keeplng 1n mlnd thaü ?r, ls noü an actual

density flucbuablon operabor rrnless we are conslde¡rlng free

elecbrons. Maklng use of ( ).c.JZ) ln (3.c "25) and (3.c.29)

I¡Ie 8e b ,

tt
.r1 . L - T_r*

)e.

( 3. c.33 )

and

Ha-.1 1<ãL-
R

"Ë f-o

lu*t 
?-u

Maklng use of the expresslon for qft ln (3'b'3r) we have

F['¿ ="9t* î
Yß,

I '+.

lhç:: lba - b':lr. \ v,! 0 a
Y é}LE' E .L' 4 I'>

= 'Tffi.o*Ë o& 
fe*' 

- v-i ug fa )

SLnce v-fi = ft¿')-:i we have

Hi,f, = r Çtol ba?Ë, - rÉ,, u4 fa)

where t'he elements D¿l arê glven as

I

(3.c.31+)

(3.c.35\

( 3. c.36 )'L
þ,ort n

ffi¡v

The flnal HamllbonLan of the systom can be wrltben

r:.,

(d) Summary



rìrhere from equatlons (3.b.27), (3.c.2!), (3.c.33) and (3.c.31+)

H

as ln Bardeen and Plnes

fl = III + Hh + If ¿,r-.-^

L
E Çn 

nAbð b&+ å)

37.

( 3. d.1)

( 3.d.2)

(3.d.3)

ÈÇ|n¿r vu *fr|qË q*) + Çr*c'É "+

+ 
Çn¿",t ?_a 

* * +*Ë ?-u ?r"

The flnst terrn on the right hand. sld.e of thls expresslon, oP

bhe longtbudlnal phonon Hamlltonlan, was derlved by conslderlng

only lon-lon lnteracblons. Thls expresslon w111 be nenormal-

leed. when we d.eal furbhor wlth bhe electrons ln'lnter"actlon

wlth the latülce vlbrablons. Hh ln (3.d.I) represents the

bransverse lattlce vlbratlons and ls uniquely deternlned from

Lon-Lon Lntera.etl,ons slnee we have assumed that eLectnons

inberacb only wlbh the longlbudlnal componont. H*^-;.-n

represents the lnteracùlon enengy of the lons et thelr
equlllþrlum sltes" In subsequent wonk we shall be only CoII-

cerned wtth H, " If we wrlte Il, tn berms of phonon creatlon

and annlhllablon operators we have bhat

Eoc¿ c* +H

Çrotoa(È, 
- DË u¿l+) * ÈÇttL?ul*+1



38.

CHAPTER ÏÏÏ
RENOMiIALTZATION OF TTIE ELECTRON-LATTTCE ]NTERACTION

3"1 Mottvatlon for Renormall zation

In Chapter If we dorlved the phonon lIamlltoniar¡

by conslderlng only lon-lon lntenacblons. hle mentloned,

however, that the pr.esence of the valence electnons ln the

labtice wlII affect the lon-lon fonces and lead to dlffenent'

phonon froquenc,les. The vlbratLng lattlce affects bhe

electionlc stabes as well, so bhat the valonce electnons

cannot be troabed slmply a.s a freo elecünon gser now wlsh

Lo reorganfze our lfamlltonlan 1n such a way thaü parü of the

phonons contnlbute to the elect::onlc parb of bhe Hamlltonlan

and part of the elecbrons contrlbuüe bo the phonon Hamlltonlan.

Þlathemablcally thls can be done by means of a unltary tnans-

formatlon whlch effectlvely lnbnoduces now latblce varlables

ln berms of orlglnal labtlce and. electron varlables and now

elect¡ron varlables in terms of orlglnal Iaütice and electron

variables. In thts way we can obbaln a descripülon of the

sysbem in whlch the electrons and. the lons are to some extenf

decoupled fnom ono another and. the'electron lattlce Lnteractlon

is as small as posstblee If ure constdor a nelr phonon vanlable

bl where

bt = Ubr,U&'u
-¡

where u ciepends on or:Lg;,i,nal lattice and eJ-eqtrron _var j_¿lble s
bhen b! contalns conbrlbutlons fnom the onlglnaleleåtvorr^.

,k,
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varlables as well as the orlglnal ùättf.cøi varlablgs.

Stmilarly, the new electron va¡'lables lnclude contnlbutlons

fnom tho phonofrs ¡ ff wo oxpress the transformed llamll"tonlart

!n terms of onlglnal varlables, bhe requlnement bhaü the

elecbrons and. phonons be decoupled w11"1 lead to renormaLlzed

phonon frequenclos and the electron-phonon lnteractlon v¡ll-l

cbnbrlbube to, an effecblve electron-elecbron lnteractlon.

¡lront"fr(1) first performed. a unltary t¡'ansforïnatton of thls

form ln whlch, however, he dld nob ùake accor¡nt of the electron

coulomb lnteractlon. NakaJf*.(2) lntroduced' a method by means

of whlch bhe êoulomb lnberactlon could be accounted for aq

weII. In section J.2 we shall porform a bnansfonmatlon uslng

the method.s of Frohllch and of Nakajlma.

7.) Iir.nhl f nhts CsnOnL¡ Á v!¡¡ cal T:'ansformaü1on

The startlng polnb of bhls sectlon ls the HamlL-

üonlan whtch was derlved. ln Chapter II, equatlon (3.d.3)

Hr L*Ev"-ë "t * +n {LÁt'iÅ btu * å)

+ LZ;@åau(¿-- D;"bJå€^) + f T*;?+fu

( 2,1)

'!,Je wish to transform thls Hamtltonlan so thaü our system w111

(1) Frohllch H " (l-952), Proc. Roy. Soco o A, 2L5, 29L"

(2) tgakaJlma S" Proceedtngs of tho Internaülona1 Conference on
TheoietlcaÍ Physlcs, Èyoüo and Tokyo, Sepbemben L953"
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be descrlbed by electrons and phonons whlch are eBsentlal'J.y

decoupled from one another. If S ls an oporaton satlsfylng

S.:t = -S then "S ls a untbary operaton.and ¡¡o carx perform A

tmibary tnansfor¡natlon of the fonn

Q..¿ -S (2.2')H ='e Hr e Hr

H 1s bhe transformed Haml).bonlan and descnlbes the samo system

as Ht. ff we oxpand. the expo¡rentlals ln powen serles we haVe

cIS
ee

fl=

whlch on gatherlng berms becomes

^ 2t ^2r(L-s+È . c.)Ht(I +s*È*. o c )

a-

and

H = Hl [t,"'l * å[s,[t,"1] + a a (2.3)

( 2.1+)

r¿hene the brackebs represent the usual commutaüors¡

Frohllch considers a form for" s r¿htch ls nelaülvely

simple and welL sutted. fon the calculablon (2.3) uslng the

form fon Hr glven ln (2"1). He consldors

t"* where s& = -V¿og + V¡,ru¿ -S:r¿e

Va 7 Ót¡,¡) c,¡r cr-&r' -

(2"5)VA'" = lþ"tg,Y¡ "Éi.- "t

Étg,¡l l.": c number whlch 1s assumed smalI,,of the same
: rvrek¡nE S snrell also,

onder of magnibude as tlne Dù^ and.-wlll be debenmlned ln suoh

a way as bo approxlmate the model whlch r¿as dlscussed ln

secLlon 3.1 as closely as possLblo"
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If our transformed Hamilüonian ls bo glve a

physlcally reasonable plcture of the metal, ühe berrns ln

bä b& in tho phonon varlables w111 dessribe norrnal modes.

\,rte thus assume thab any neasonable tnansformed vtave fr¡nctlon

whtch descrlbes the system w111 glve negllgtble expecüatlon

values f or othen quad,ratlc terms such as bl, b¿bd, bË bI¿,

eËc. where k I \'. If we fol]ow thls hypothesls then we ca¡l'

neglect berms wlbh S&Sd if k / 4'. From (2.3) and (2.1+) lte

have therefore (

H = Ht + T
(2.6'

l-[ta '"'1
+ åFr,[** ,"']l] . I c o

Thls calculatl-on cer¡ be perfonmed using the HantLtonlan Ht

as !t ls w¡:ltten ln (2.1). The calculabion ls more amenable

to dlrecb physlcaL lnterprebablon, hot,lever, !f we modlfy Ht

as was done by both Frohllch end NakaJlma by lnüroduclng

renorrnalized. phonon frequencles and new lnteractlon par"ametgrs.

Vile wnlte

Hr = H, * HI + H¿ (2.7\

where H.,, Hr and H¿ are nespecblvely zeroÙh, flrst and second

order quantlüles, blrltlng these out expllclü]y we have

Ho = 
ÇEs"é' "r 

+
f,t"rto4 

b.s . ÈÇJ:-ÇL'3

tH,r = I
.As k orrr(¿, - Dd' oí; 

çat

(2"8)

H

* È+*Ë ?u?u
TY (2.9)
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H¿*.]z zþ

. iJ( St¿- tJg)ug uu ( 2.10)

where CJ.¡, ls the renonrnallzed Lattlce frequency and D¿ are

new elecbron-phonon lnberactlon matrlx elements. l¡Ie have

assumed here that the renormallzatlon of the phonon energles

leads bo a second. order smaLl quantiby" Slnce D¡ ena Oj are

first or"d.er small quanbiblos, bhelr dlfferônce w111 be of aü

Least second order.

lrle shall evaluaLo (2.6) by collectlng berms ln

order of magnltud.e and shalI neglect terms of onder greaten

than the .second. tr{e therefore rewrlbe (2.6) maklng use of (2.7)

fi=Ho+Hr- 
Çt"U,"Å

+ H¿ - 
ãLrr,H,bl 

+ t Çlj*,fr*,*Jl (2.rr)

The calculablon of the requlnod corrmruüatlon relatlons ls

carrled. out expllcltly ln Appendlx I. The resulbs are meroly

sbabed. heren Fnom equablon (6) of thls appendlx we have

+ h.c.

where hoco stands fon he¡mltlan conJugabe and from equatlon (8)

ß,u'Çur"ä; "u'] = Ç''* E e-h)frt É 
(I{, k) 

"É "r+

"'tr' 
Çrtl 

Ddb'þ bdJ Lh ur{8ru,})b&"-[ ce-&

I

.ï

Comblning bhose two expresslons v¡e have

+ h"c



ÇL'*,"J 
= h'uu*- 

Es + Ë'c,4l [+(K'k)bs"¿' "*4

l+3.

l+ h.c. (2.l.,2)

ã*tt*'[t*'"J]

Fronr oquablon (f5) of thls appendlx we obtaln

= - 
hr"r-o 

-Er + ñ d4)bð b+olÓtr,ullt,o*-n - gr)

* ÈLtnrç-&- Eu * r-uJw,i+(K,E) fo"lri, 
* n.".] (2.L3,

where we have wrlbten n, for 
"å. "*. From equatlon (23,

. Ç[t*,",uJ 
= - 

H"*& 
- nr) ]"^Ó*(r, r') * n'"'] b¡a'bo

+ ,+[u* 
f*,Ycr 

- Ddi G frl
- fh*i (nç.h- 'u) ,orþ(E,x) 

f4',*Lre.) 
' ì (2.1h)

ïn obbalnlng ühls last expresslon, non-dlagonal terms Ln

G+,fu7 and þt,fAr,J have beon neglecbed.. Thls negLect ls

equlvalent to the nandom phase approxlmablon whlch ls dlscussed

ln moro detalI in sectlon 3.3. We are ln effect neglectlng

berms ln L:-¿ "g relablve to 
æ[ 

cr where Kr / X. Slnce
Vr9

f e.:; c_ ls equlvalenb to ?o, ühe average parblcle denslty,
3á' E - l*

hre are conslderlng only averago Values ln ühe summatlOn"

If we substltute (2.1,2) n (2.13) a¡d (2"11+) lnto (2.1I) lre

can wrlte

n = "(o) 
o u(1) * il(2) (2.15)

ls of order J ln smalL quantltles ;wher"e H
(J)

H
(0)

Ho
( 2"16 )



a¡.d

H(1) = H¡

+

u-[tr,"J

= ã{ß"s* -8, + Ër^tr"lf tr,ll .t%] b+c[%-E n.".]

l+l+'

(2,L7)

h.c

... å ç-*; f_ Lfu

H(2) = HL -ã_tt-,n,al* + ÇV*,[*r,tJ]

= ,Çloafl¡"Vb'* - Ð&' Y- ?-1

* ÈLtr.rs_1g-Es*hurel {Str,ulfe"(a,* 
* h.c.

.E'8
]

pftt,U -D*) -"*É ++ 
(K, k)(**.& -"ol brfl¡* * .l

( e. rB)

lrle can obtaln a value fon + (K, k ) by ellmlnaülng terms llnean

in b* trr ti(1) " Thts ellmlnates bhe electrcn-phonon tnteractlon

as compleLely as possible. !üô must take lnto accorlnü the

posslbtllty of vanlshlng denomlnators whlch t+ould glve a

d.ivergent serles" Thenefone foI1ow1ng Frohllch (L952\ op'c1t.

we wrlbe

ryé (I!, k I l] t"o-s - "",J

þtr,lr=-ffi,.

+ r(D&Þ"(o,El

1

0

,4Ll*
.4t
l¿

where A (n, k) 
= d(ic,ë) = 1f (Es-b -E,s+ t."l4f

(2,19)
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The fi¡ncblon A ls lnbroduced here to pneve"t gþ(ErE) fnom

becomlng lnfinlte. The energy ñg ls chosen lange enough to

make the serles ln Ötf,¡l converge. !,Ie notlce that üfo are

conslstent wlth our fonmen assumptlon bhat þtÇr[l be of the

same onder of magnltude as D4. I'le can 
::1o" 

fon D¿ by
,2)

ellmtnaülng the terms llnear ln bg ln H'-'u lrle üherefore geü
-

Di - pÀ = - å -&" 
++(8,r.)(ñr-&- 

ãr)

helnwhere we have replaced the operabors ng-& and nr by, t

expectablo¡r values.ñg-,ä and ão. Hence bhe electnon-laüülce

lnteractLon d.epends on bhe electronlc sbate of ühe "y"t"o,"(I)
hrlth the atd of (2.19) we have

or
^

D&= 2Íe 1-a K k (2.20))
1 nr.- L Eg_&- Er: + h¿Þ¿<

r¡Ie can solve fon U)Uby ellmlnating terms quadratlc ln b6

lnH (2) lrie se tc

ä(sze- rra) = ãi,t--* -Er o h¿.r,r) lÖ(E,k)1"

try'+(E,! (nç-b - Dx ) ( 2"2L)

where we have agaln r-eplaced the quantum mechanlcal operaüors

(1) In Chapter TI we had assurned bhab bhls maünLx elemenb !s
lndependent of I(. Thls assumptlon ts pr"obably sül)-I valld
lf rr¡ã restrlct õur calculabJ,ons to a nanrow band of
eLecûnons 

"

+ i(D.tsþx(r<,E) -
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ng-& and n* by thelr expectatlon vaÌues. Making use of

(2.19) we have

r(.ÇÀ¿-rJ3) =[ffi (ãE -ñr-a) (2.22)

I,.Je see bhat the phonon frequencles u¡111 depend on ühe

elect¡ronlc sbate of bhe system slnce the values ã'* andl,-L
depend on the sbate.

If we conslder (2.L9) we are lefü wlbh

Maki.ng use of (2.2O) and (2.2].) we have

whlch wlth the ald of (2.]-9) and (2.5) becomes

lo,utt (1 + À(K.I) ) (1 - a(K' .k) )

H(1) = ,k(D¿b¿f,r', - Dd'WfalA(E,E)

.+Ç*Ê?*?a

/
D¿ì'(1 + À(K,k ))(r -^(K"k))

(2.23')

( 
"¿,- 

cr-.b 
"Ìf+%Þ 

h, c. )

(2.2lr+')

H
(2) I

2

6Ki
Ef,-& - EË, + ErJ&

ff rve substltute (2.2l'+), (2"23) and, (2"8) tnto (2.L5) we

have for our transformed Hamlltonlan to second orcier

4ru"ä .u . íJ¿^rrbå,- on * Ç$ñ_ClÀ

+ L 
+(Dhbe?Ë, 

- Dlt Þü (r) A(K,k) . È4*f ?o(o

1 (c-É cç-& cþr cr, + h.c.)
4rEttE EfL& - EÉt + ãc¿a

(2 "25)
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I¡üe wish bo expness H completely ln üerms of Q4 and ln ühls

way ellmlnabo bhe term ln *ÇL.6, bhe unrenormallzed phonon

frequency. If we consider (2.22), this can be newrlüten

fol}owlng the example of Frohllch, op, clt, &e

lrle

rewnlto thls ln the fonm

Slnce Ñ = À ana 
fc¿r 

cts-b ,"ål¡="gl = f*,r(r* - np-g)"

-*F{{oo\'ã (1 +À( K k ) ) (x A(
E 4-U E*'* tJu "i, "r-g "'*i-U"g- 

t(flÊ-tÐ}

^-ir- ^ ^Jr- ^-g -Erb - Y-E- Ê

-t

J
-+tftr,. l'ç'T¿ l-¿el tî

(1 + K-k -r) ) (1 -À( Kr -k -k ))
Es'+

Kr k) ),

+ üu8,,¡,Ñ

I{akf.ng use of bhls re}atlon we can wnlto

1 lnr[' (:- + 
^ 

(K.lc) ) (r -a(K' .k) ) (cút cr-A c|t-* c¿ + h. c. )

(o,.Ì' (t +À(K, ))(1 -À(K"k))

r,11&
Ef,-&. - EE,+ ñcJC

-ÈLl
&i

h(firs- da) +
EU,-r, I Ef,+ h¿J¡

, -r<) )

(2.26],

k

- [o*[
t(r *^(K

KL4t

-k -k) ) (1 -^( Kr -k c'il cu,4 c¿-g

(2.27)



ff we substitute this expr.ession into
HaniiLtonian becomes

H= f Ec*c . [fi,,:*tUj?EE É K

'Ç'^o+ ?Ë - tË oä f* ) A (
-Èt

l+8.

(2.25¡, the transformed

bo" I
?

+

+ K,k) * Àtl"t.'
2 E"t (-* Pa

c [,.& .or[-r cx (z.zgl
.t*II

".f_ ( i-L
F,¿d

1:ì l2
(r, -rrorna&/ - (h,Js )'

The fÍrsË ter¡n in this ÌJanriLtonian refers to the energy of
free Bloch particles whose states are described by occupation
numbers c i cß. The second term describes the phonon energy.L( -é,

The frequency u)¡¿ however depends on the el-ectroni-c state 5 as
was shown earLier (equation (Z.ZZ)). The third term of (Z.Zg)
refers Èo absorption or emission of vibrationar quanta by the
electrons and vanishes unLess energy is conserved wit,hin a range
4
le . The fourth term is the coul-omb interaction energy of the

"i".t"on" and the Last term is an effective interaction between
el-ectrons due to the Lattice vibrations, or phonons. This
Ll^.-:'l{---^i - Ii¡a¡nlrtoäia¡-r has ühe same form as that derived by Frohlich apart
from ühe electronic coulo¡nb energy term" Ilowever, his expressions
forf¿ruand D; vlere supposed to incLude ühe effect of screening
by the electrons, so that û^le-Sle) coul-d reasonably be considered

second order. Our expressions for unrenormarized phonon freq-
tlenci-esf|¿ and interaction parameters D; do not include electron
screening, and the couLonb term in (Z"ZB) does not adequately
describe the electrostatic interaction in a many-eLecËron system.
This poinü is discussed in deÈaiL in the next section, in which the
phonon renormaLization is further elucidated. i,'e have treaËed the
electrons as exhibiting only individual particle mobj.on, whereas
in fact the elecÈrons in a meËal are eapable of colLecüive notion
as well-. This collec-bive motion üends
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to screen the coul0mb lntenacbl0ns betweon elecürons. Thls

polnü ls dlscussed ln detail ln bhe next sectlon.

3.3 PLasma Varlab] es fon the ELoctrons

(a) Theonetlcal BackEround

It was shown by Bohnr and Plne s (1952)

dense gas of electrons, lnboractlng vla coulom

ft) ühat a

b fonceso

dtsplays aspects of both colLectlve and lndlvldual partlcle

motlon, The analysls was perfonmed classlcal3'y by

conslderlng the equablons of moblon of tho Fou:rie¡r

soefflclents of bhe d,enslty fluctuablon operator' The

collectlve behavlour |s descrlbable ln terrns of genenallzed

coord,lnabos whtch lnvolve all 0f the .el"ectron coordlnates.

These coord,lnates refer bo a normal mode of osclLLatf'on,

called the trplasma" osclllatlon' Tho eLectnon denstty 1s

for.¡nd to oscll1ate wlth a frequency

1- ( 3. a.1)

caIled. bhe plasma frequency, whene n ls the tobel numben

of electnons. In üheln equablon of motlon, Bohm and

plnes also have a bertn whlch ls present even ln the absence

of lnteractl0ns and. ls d.ue to the rar¡dom the¡rnal motl0n of

the lndlvldual partlcles, These aubhors for¡nd thaü ühe

organlzed collecblve bohavlour ls prodomlnant 1n phenomena

ÒP=(t**)

(1) Bohm D. snd, Plnes Dn, (']-g52), Phys. Rev., 95'338"
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connected wlüh dlsbances greaber than Àowhere À.ott the

classlcal Dobye lengbh, whlle fon dlstances less bhan thls

lengLh, the lndlvldual partlcle aspgcüs are the most lmportant.

Theneforo, thore ls a maximum htave vecbon k above whlch

onganized, behavloun fs not posslble and whene the lndlvldual

panblcle aspect need only be consldened.

In a subsequenb paper, Bohm and Plne, (fç5¡) (1)

have glven a quantum mochanlcal descrlpblon of the behavior¡¡'

of a d,ense electron gas basod on bhe long range coulomb

lnteractlons of the elsctrons " They conslder the electron

Hamllüonfan ln tho form:

tZl
lk. i)-L

L

2n ez[-
&riti

e ZÍrnøL ( 3. a.2)

(3"a.h)

-1Çt,Hr +

where the last term ¡'efers bo the self-enengy of the n

electron system" An equivalenb Hamlltonlan 1s lntroduced. In

berms of the longltudlnal vecto¡'pobenblal of the electno-

magnetlc fleld A(x) where å(¡) ls Fourlor analyzod ln the form

,b) = (hrrc"rrÇnu€^"1E'ã (3.e.3)

The electrlc fleld lnbenslby Ls üherefore

k^

([rr) f 
+Uu 

€n "1!"ð

Iâ LP^-€p elE'ë
4 -1È.

([Tr )

(1) Bohm D. and Plnes D., (I9r3), Phys. Rev,
The argrment ls repeated hene fon the sa

o2,Æ,ke of
609.
compLe tenoss o



" = Ç# . fitr+-ii þL€&. (p¿- 
Sln^"LE 

lt

2 Ti-ez s'T/_
''&'L

E n'Êt QnQ 'Ii_ 
ÇEeça

- zrln,Í 7 !" ( 3.a.5\
Tß-

Thls Hamll-tonlan expresses the correcb equatlon of motlon

when used ln conJr:ncülon wlth a seü of subsldlany condltlons

acttng on bhe wave fr¡r¡cülon of bhe system

?uV= o (3.a.6)

5]-.

In te¡'rns of these varlables, the equlvalent HamlLtonlart

becomeg

rihere
Iã (3.a.7)

ô
F¿ ft proporblonal bo bhe kr Ûh Fourler componenü of

7.U(¡) - 4nf{*) and hence ühe subsldtary condltlon lnsunes

that Maru¡el1rs equatlons wlll be satlsfled,. Equatlon (3.a.7)

serves bo provldo a relatlonshlp between the Fourlor components

of the elecbronlc denslty Pt = 7"-L!'ë¿ trd a set of fleld____: ______ _ v l.!S T
varlable" P& n In order to decouple the electnon varlables

frorn the new fleld quantlbles, Bohm and Plnes relate the

fleld varlables to the plasma modos by perfortning a canonlcal-

transformatlon whlch relates the P.& bo bho ?e' since fon

long wavelengths, the denslty fluctuatlons are almost entlrely

collectlve motlon. As a generaton for the t¡'ansfonmatlon, the

autho¡'s uso

+ ,"t(E 
+ L)

tu= La - r( LLT1 eL
kL ) L

L

-1k.X.e --u



g = -LT_^, t$flà ou ulE'li
l&[¿lk"\'L

+É)å e*
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(3,a.8)=-1 L(
l&l<tb.\

The sr¡rß¡tatlon ls l-lmtted bo berms ln lll< lx"l 'r"ce fnom

cLasslcal bheory these are the only values of 5 fo¡" whlch

collective behavlour can occur. Uslng bhls generaüor of e

uirttary transformaüIon, the transformed Hamlltonlan ls for¡nd'

to conslsb of the klnetlc energy of the electrone, a slmpl'e

interactl0n between the eLecbnons and bhe collectlve fleld',

a Haml]tonlan appnopnlate to a set of decoupled harmonlc

osclllabors .representlng a collectivo fteld

F,o.o= -È!¿-,(P&Lk*r.)Ëa¡Q-ø) ¡3.a-9)
\k\<r&"\

wlbh a fnequency df whlch ts Just bhe plasma frequency

(3"a.1), and, the shont range part of tho electnon coulomb

lnteracblon. Thls mebhod. has been extended by Bard.een and

Pines(I) to treab the coupled. system of movlng electrons and'

lons. The method of Bard.een and Pines ls dLscussod ln (b).

(b) the Method of Bardeen and Pines

In bhelr quanbum mechanlcal breatrnenü of bhe dense

electron B&s ¡ BoLrn and Ptnes effecttvely added new degrees of

f¡,eedom to thelr onlglnal HamiLüonlan by lntroduclng a seü of

new fleld vanlables, In ord.er bo lnsure that the enongy of

(1) Bardeen J" and Plnes D., (L955), Physo Rev., 22, llho"
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the system tùas unchanged. and thab bhe number of degrees of

freedom was kopb constanb, a set of substdlany condltlons

ï¡fere requlred to opels,be on the wave functlon of the syst€m'

The new fleld varlables r¡Íere related to üho collectlve

oscillaülons of the electron gas by means of a rxrltany trans-

formatlon. Followlng bhe exampì'e of Bard'een and Plnes we

shall employ thls sort of proceduro bo treaü the coll'ectLve

descrlptlon of couplêd elecbron-lon motlon, lrfe hope ln ühls

way bo obtaln the effective coulomb lntoractlon betqeen

eloct¡rons and account fon bhe effect of el'ectnon screenlng

on bho eLoctron-phonon lnteractlon and on 'bhe: phorion 1i'requencieso

!Ùo begln wlbh the total HaryilLtonlan for Ûhe metal

whlch we derlved^ ln chapter rr' (3'd'2)

.TqEvË?-L.È+roÊ?E?b (3.b.1)

Followlng Bohm and Plnes, a fleld' enengy term ls added' to

thls tnlbtal Hamlltonlan. The nev¡ fleld varlables wlll be

relabed to the normal modes of collecülve motlon of the

elect¡rons by means of a canonlcal- bnansformatlon. We Assume

that ln the pnesence of lonlc moblon thene stlLl" exlsts a

maxlmum l'Íave vecbor I" above whlch coLlectlvo motlon cannoü

oscuro I¡üe have bherefone for oun new HamlLtonlan

!f = H ",*F*', ?Êt'Pu ( 3.b.2)
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P.A ane vanlables as yeb undeflnod whlch commute wlth all

vanlables ln H,. lrlo lmpose a set of subsldlany condlülons

on the comblned sysüem üIave functlon

=Q fon ( 3.b.3)

hre now seok a canonlcal bnansforrnatlon whlch w1II tnansfo¡rn

H to lncl-ud,e a set of lndependent plasma modes. In ühe case

of bhe free elecbron Bâs, bhe transformablon releted the

fleld varlables to bhe electnon denstty fluctuatlons ?X.
Slnce we are noür consldering electrons ln lnteractlon wlth

phonons, we are led bo belleve that a pJ'asma mode w111 contaln

bobh electronlc denslby fJ"ucüuabtons and phonon coo¡rdlnates.

Wo thenefore requlre & bnansformablon whlch nelates the ?4 to

both (.g and, the phonon coordlnaüe Q4.

In analogy wibh ühe eloctron gas problem, Band,een

and Plnes conslder a transformatlon generated by

P+V ( lll< ls.[ I

" = 
'k'r'l** 

Ê¿ 
* %qd ea (3'b'h)

where Q4 ts takon to be a coondlnaüe conJugato üo the fleld
momentum P4 such that

t'- ' 
n4] =

Md occunrlng ln ( 3 .b.1) ls Jus b equal" t" $ ana u4 ls a

neal consüanb whtch w111 be determlned later ln a self

consisüent manner. If we use ühe above generator for ou¡

trarrsformatlon, the subsldlary condtü1on (3.b.3) becomes
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-1 D
'k

% v l=0 l¡l.l¡.1 (3.b.6)e

whene q, t ls the bnansformed, Ïrave functlon. 0n oxpand.lng

thts Ln a pohren senles and collectfng be¡ms we have

th
1.

o

{'- 
. å[% 's]-

I
ffi, [Þ*

.\v'= o llt.tl"\,1
'] 

+ aI ,t

Slnce Pg commuües wlth all- varlables ln iI, , wê have

F* ,r] = 
^l_^( ,rMÉ 

pt + 
",t-q_ùF* ,nu]d 

&l,¿]E"I

whlch wlth the ald of (3,b,5) bocomes

[r*,r] = rhtryitfl-& * ,.bq&) 
:

( 3.b.? )

(3.b"8)

( 3.b.9)

Slnce = 0 and. = 0, the subsidlany condlülon

becomes

( 3.b.10 )

In analogy wlth (3.b.7), the trar¡sformed Hamlltonlan tekos

ühe form

HT=H+ 1w + ... (3.b.11)

The expllelt calculatlons requlred. 1n (3,b.1I) ane done ln
Appendlx If . lile merely state the nesults of these calculaüLons

here. ble have fon the tnansformed Hamiltonlan, neglectlng

hlghe:r order terrns, a,s :+4. tte,U.'tgttL¿q.h .!qa4e{ortnation usiir,g

(3"b"f ) ¿lnd (3,r.t"2)

lfu''1 þ*'{

å ['''] ,r],r]F
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Hr = 
ãE- "Ê, 

c., . n,hkt p,+
.{(¿

mF "å ) r'É %l

. *,ñrÇ"j' '¿ 
+ { aä aJ

+

+

1
E

,-hj "Ë - 1M¿u4 ) q¡, 
ß + *,fuu.1unaøu

L !E,s - Eo-¿)M4Q¡c''i 
"r.-r&l¿tt',l

K

+ r 
,*h;na* 

nr . frLq'È q¿' . 
,hnii ''rVu

* ÈL"yÊ?-u?+ (3.b.12)
r&l>l&.1

To sÍmpllfy thls êxpresslon we wlsh bo make use of tho random

phase approxlmatlon ln bhe third Ilne of thls expresslon.

ln/e have from chapter rï rhaü 
[)g--Ë, 

= +"r 
(! + gt ) 'r¿ The

meân value of thts expresslon ls zeno excopt for bhe case

where k + Et = O. In bhls case the value ls lndependent of

!;, the partlcle, coord.lnabes and ls glven by n lf we conslder"

n electnons per unlt volume. The mean devlatlon ln thls case

1s just 1/rr(t) oo F blmes smaller than the mean vaLue ltseLf.t

The I ln our sununatlon cornosponds to Tomanagat s n and oun

A^ -)t to hls Fo ïn a metal thene are about 1012 electnons/cn3
\&*&t
and hence the moan deviablon 1s negllgtble nelatlve to the

(f) A pnoof of thls ls gfven by
Tomonaga S., (1955); Prog. of Th. Phys., ]å, No. 5"
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mean value. ble are bherefone safe ln assumlng bhat (u*'Er= o

wrless k = - Et. Thls J-s called bhe random phase approxlmation,

It ls based on the facb bhat for" a system of n parblcles

dlsbrlbuted, randomly ln a 'unlt volume, the nandom phases

1À'I; produce a mean value n for fx . In expr€sslons llke
t

(3.b.12) conbalnlng other vanlablet %A& , 1t ls convenlent

to appnoxlm"r" (AÏr¿ by lts mean value. Making use of thls
approxlmablon, the term ln the thlrd ltne becomes

n ç- UgugQ¡a4(Eu - Er-&) (3.b.13)
E',Éute,t

slnce wo have n electrons per r:nlt volume. If we lnüroduce

the effectlve mass approxlmatlon

EÉ, = # (3'b'11+)

thls red.uces to

27í eLn ( 3.b.15)
m

whlch r¡lth bhe ald of (3.a.1) becomes

Laäa¿
¡g¡et&4

&
( 3.b.L6 )

whene t)o ls bhe plasma frequency, lrIe seo ühat bhe fleldt-
energy term lnbroduced ln (3.b"2) and the lntroducülon of

gene:rallzed coondtnabes 1n (3.b.1+) leads üo osclllator

}lke terms ln collectlve var"lab1es. Thls formallsm ls a

convenlenË fo¡'m fon expresslng bhe collectlve motlon. Maklng

use of the ef,fecülve mass approxlmatlon ln the flfbh llne of

L$aiåa
l&t¿t&.l - ¿
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58.

,16) ar¡d (3.b.L71 ,

{r' L."¿# k'(K - àE) ",I "r-e 
a4

trstltut -

If we newrlto-(3.b.12) maklng use of (3.b

tho colleotlve Hamlltoniar¡ becomes

(3.b.u)

( 3.b.19 )

t = 
TEç"ð "r 

+ x,fofiW nu + to; - ufi ln¿ no]

. r k[is P'a + (t)'L+ "/ le¿ o*l

+,ñ*["Ë - iM¿u¿)qu?u. 
,hlrJonon¿

L*u*x. (E - àE) c¿ c*-¡e¿
î&l¿lh,'l'

L

' * ,fnÍo¿'' % . qe6 ou) *,F*"i* q¡ 
fl-ts

lE.¡71ëicl

, ÈT- M;?-Epu
t&GT¿.tol'-t'

The te¡m ln ühe second llne of bhls expresslon ls a

Hamlltonlan appropriato to a set of d.ecoupled harmonlc

oscillato.r.s, osclllatlng wlth a frequency ul " Thts

term descrlbes bhe plasma fleld ln terms of normal modes

whlch ls whaü we deslnodn 'The fil'st two terrns ln tbe above

Hamlltonlar¡ contaln the one elecünon Bloch enengles and ühe

phonon ênergy respectlvely. !r,le note that the phonon frequencles

have beon nenormallzed by the lnbroductlon of collectlve

elecbron "ootálrr*ües" 
The ffrsü üerm ln the thlrd Ilno

descnlbes tho eloctron-phonon lntenactlon whlch llkewlse
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has boen modtfied for long btavelongths by tho conslderaülon

of the collective moblon of the electrons. The next ,term 1s

a weak phonon-plasma lntenactlon whlch 1s customarlly

neglecüed.. The te¡"m ln the fourth llno ls an lnte¡ractlon

boùween the lndlvldual, el-ecbnons and the plasma, Slnce thene

ls a groat d,lspanlty between the frequencLes of the lndlvldual

electrons and the frequency of osclllatlon of the pLasma,

thls lnteractlon w111 bo smaIl" The nemalnlng terms fn the

Hamiltontan descnlbe the short wavo phonon fte1d, the sho¡rt

rângo electnon-phonon Lnteractlon, and the short range

coulo-rnb lnteractlon of tho electrong. None of these terms

ane modlffed by the consld,e¡'atlon of plasma varlables. l¡Ie

nobe bhat hre no longen have a long range couLomb lnberacblon

between elgctrons. This 1s because the collectlve moü1on of

tha a'laatronnn sr.-Feeng o'r:L the fteld of anv slvcn eleetronvt¿v v¡ev -'-v 9* - - --

wlthin a range glven by !c" l¡Ie now wlsh to transform thts

Ilamlltonlan ln order üo ellmlnate the elecünon-phonon

J.nbe:ractlon as completely as possible as T^t&s done 7n 3.2.

lJe shall also determlno u¿ ln a self-conslstenü Ìüay. tr{e

shall d.o thls by means of tho Frohllch tnansformatlon

lntrod,uced ln sectlon 3(a) "
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(c) Fnohl lch lg Transf orrnatl on Iìeconslderod

In orden to breab the electrons and phonons as

d.ocoupled. from one anothor as blas done 1n 3.2, we shal,l

porfonn the Frohltch tnansformaülon on oun colLoctlve

Hamlltonlan (3.b.18). Thts w111 be done by conslderlng

separately tho long range and' shont range parts of the

Hamlltonlan. Slnce bhe shorb rango Ùerms are r.maffected by

the lnbroductlon of plasma variables, thls part of the

HamlLtonian ts transformed exacbly the same way as tn 3.2,

oxcept as a generator. of the üransformablon we take t =rffiù
lnstead of (2,1+)" lrle neod therefone constdon only the long

range part of the colleoülve Hamll"tonlan. '

Fnom (3,b.18), we wrlte for ühe long range parü of

the Hamlltonlan

HtnTT'o*ë "* . b,h"lot nu +(nË- "'iln¿ Ç
+ ÈI -,[i,¡, % + tucrz+.,[to¿ erl

ll&l<tkl '

. 
,fu,l.it 

- N&ua)n¿Êb * 
,fr,,rïuoon,u

(3"c.1)

The subsidlany condltlon acblng on the wave fr¡nctlon of the

sysbem ls from (3.b"10)

/-
Lr¿+t*+?-u*uå"g]{r=0 lEl .lE.{ (3.c.2)
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l¡io now lntroduce phonon creatlon and ar¡nlhlLaülon oporators

as ln Chapten TI. From (3,b.31) of ühat chapten we have

ng = tffitor*

=ff''ø
bJL )

*qdand ( 3. c.3)D']4

Making use of thls expresslon $te have

Aä.,[f t .sÚ"'u %] =,okloe(bË ba* å) (3'c'¡¡

and' 
+ 4

-È Z-"li qf a¿ b - L .h.,":,* (u4 u*+ $) (3.c.5)
¡&larhl - l&kt,!,\- E

where 1n the Labüer expl4ogsiorr we have neglocted terms ln

þUg ana their hermltian conJugate slnce wo expect that the

screenl.ng effecb w111 not couple phonon modes and' for bhe

actual grorxrd state wavo functlon the expectatlon val'ue of

quantlbles ltke these w111 vanish. I¡Ie also havo

whene we have defined. !i" ,o v"

1Ë = ,E-o,u;^ ''k'.b) (3'c"7)

If we subsblbute (3.c.1+), (3"c.5J and (3,c.6) lnto (3'c.1),

and make uso of (3"c"3) roe have for ühe Long range

Hamll tonian
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"1.¡¿.-

-rrä4**ú (u,ä b¿ + å)

+'BË"1 
\Lo*fld' - :fr-v¿(u, .,F#tras + a-s)

- ç * ! u. (E - åI) c¿r c*.* e4 (3.c.8)
ptiÉ¡,ð* - \- -'-' -È -ß

lle now transform thls part of bhe Hamlltonlan ln the same

b¡ay $fe transformed" bhe Hamllbonlan In 3.2. Howeven, stnce

bhene ls no couLomb berm ln (3"c.8), bhere ls no need üo

lntrodüco neI^I elecbnon-phonon lnberactlon matrlx, elements

lnto the Hamlltontan. lfe employ as a Seneraton fon the

t¡.ansf or**ttorr( 1)

qE

$= Z_ se whene sJn = -Y¡. uA + l¡*bif
rtl.tþt -

Yð = + + (K, k) "{ "s-ta

( 3, c.9)

(3.c.10)
and

#= Eþ+r(K,I) "dle "e

The transfo¡matlon of the plasma-phonon lnteractlon term

glves

Z "*F L(+$,E)cä cr-h + 5"s")Q&
t&l¿t3.4

Thls term ls much smaller bhan tho elecbnon-plasma lntenactlon

term slnce here the eoofflclent ls of at leasü seoond orde¡r

rn smarl qusrx 11rles ,'nfr:" d[å".i"i:'ät3t":t"?ht:'1:i.iÏit"t i"
the eLectron-plasma lnberactlon. !{e also neglect the

(1) Agaln @tX,t l ls asswrod to bo a flrst order srnall- quanülty.
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transformation of the el-ectron-plasma interaction since this

wiLl Lead to second order smal-l quantities linear in bU v¡hich

is smalL relative to the electron-phonon interaction terrn. As

in 3.2 we obtain therefore

K-¿e

accurate to first orderr ârid

^(
))

tEl
k

+

L

)c f,

i + I
a

I
2

(K,k)

Ee-E-Ee+hóh

E - EÉ + ãrJ& t¡"\ (3'c'11)

+ f ãr¡ø
t&l¿tk:l

bt bre
1-
; L- \,¿ry
- l&t.lk"(

1.4 I( k (ãs - l-*)
(3.c.!Z)

where l)+ is the renormalized phonon frequency. Comparing

(3.c.12) wit,h (2.22) , neglecting ht0¿. in the denominator on the

right hand side in each case ¡ wê can see the effect of screening

embodied in uk in (9.c.12) on the long range phonon frequencies.

lie again note that the long range phonon frequencies depend also

on the electronic state of ühe system. The transformed J-ong

range Hamiltonian (3.c.8) becontes

tn=4
*i"

c
¡<

Ec*ÉE

f - É,

L'a

E(

r'1ft

"ñ k

+

L 4å r* Pt - 4ir 't f* ) a (r,E)
t&lttþ.

L (*É. ,^titøf nol

(

t

,,,

ôlnl<l&.\

-T
t&t¿tþ.1

l<. ¡¿l

Án
-E 4,,ß ¿Ja

r.oe ( .Éo&

1.
--K

b-a) a¡

.o[4 . x,' "i-e cE

(3.c.13)

s_* L u
t&tct4"l

t r.{L_"
fal<tþ,|,ç

A,,1\ 2
+

(
ÉI ^^'s -lr. wJg

We now wish to determine the value of the constant

This is done in a sel-f consistent vüay by eliminating termsu.
¿r



to bhe ssrne order of accuracy 1n the subsldlany condltlon

as in the Hamtltonlan. 0n substttutlng tiff (3'c.3) lnüo

(3.c.2), bhe subsldlary condlblon becomes

[t*+ri'bPa* rffio'o(b-&-t¿l]ryr=0 (3.o'14)

fon l¡T . [E.l . lrJe now transfonm the substdlary condltlon

wlth bhe ald of (3.c,9). Considerlng only dlagonal te¡Íns

ln the commutato" [s¿,fl-.tl , wê have

[t^, ß"1 = Ç+-:r(K,k)b¿ 
(ns-&.- n+) ( 3.c.L$l

6h,.

ln the tnansfonned subsldlanYELimlnaülng terrns llnear tn bg

condltlon, w€ have therefore

ó +¡(K..k) (nr-& -:-nx )

whlch on maklng use of (3.c.11) becomeg

1t-*,;tb= -MbZ I

(vi u¿) (1 -^ (K.k) ) ( ttv-iz- - nrc) ( 3. c.16 )
Ee-E -EÉ+ïrtJ¡É

If we neglect all htgher orden terms ln S then from (3.c.1'6)
(r.)

the subsidlany condltlon bocomes

fr* * *+Pr]Çr r= o lgl . lE {
(3.c"17)

Ffnally, we note thab ühe trar¡sfo¡'med shont renge

I{aml}tonlan Ls from (2"27)

r& = -r¡t¿Z
K

(1) V'tusegr'= o$uSr 11 , whe*e
arrcl (3"c,L'/), ancl where St
transforLnation is g;i'uen in
Itroh-i- ic,h t:'¿¡.ns-r'lonnat ion is

Q,
,t,(t
fli

Vi and.f'Írccn" in (3"b'" 3) 
' 

.(3.c."IÌ¡) ,

hõ senera-tor of the Bohrn*Pi-nes
,',1" f ) ard S¿ , !he gernera'bor of the
ven in ( 3" õ,9) 

"



Ee"Ë- t,t *,Frautt^l¡(ug b¡o * å)

t | (D&br Pt, - DE W- ?, ) A(K,E)
l4lzl&.1,É
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+

+
h c

2

Eor - Eg. rJg

3.4 The Effecblve Elec tron Hamlltonlan

Maklng use of (3.c.13) and (3.c.L8), the complete

t¡.ansfonmed llarntltonlan tn ter'lns of pl-asma varlables ls

( 3. c.18 )

z_

l[=

*¿ * i<"(E - åE)"Êr r*-ru Q;*

l&t<tL.\,9

+f_
Él.t/<"('r

7t
n

,E 
(116, - Eß*å. dts "èl"Ucgcfi:g 

cr

+ I !-dÉ1-p$t--,=.---..=â c-)t ,- c..rc.ii r. c*,&rk¡,u,*,mffi;;¡ "Èl'¿"c"ð''\'r

+ b z- yrrï P-r Pr
rL\'tlgJ I

(l+"r)
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1¡here vJe omlt bhe second order elecüron-plasma üertn whlch anlses

from transformâblon wlth S, of the plasma-phonon üerrn !n (3.c.8).

If we wnfte the purely elecbronlc part of bhls Hamlltonlan,

wo have

1-+

H
"1

7=Lr*c¿r cÉ +
K lþl.tls"l,s,4

rcl- ,,8 nuà* c-tlr4 Qgc'{-U 
" ç

(l+,21

The second. and bhlrd borms of thls exprasslon represenf ar\

effectlvo elecbron-efectnon lntenactlon prod'uced by the

exchange of vlntual phonons. This ls the part of tfre botal

Hamlltonlan fon a metal whlch Bardeen, Cooper and Schrleffe¡r

use as a sbantlng polnb ln their theory of supercond'uctfof UylI)

In splbe of üho fact bhat ühe phonon froquencles were shown

to be dependent on bhe elecbronlc sþabe of the sysbem, the

authors neglect the phonon Harntltonlan ln theln theony. The

assumptlon horo 1s bhab the phonon frequencles are not

albened appreclably by the tnansltton bo the supercond'uctlng

state so ühat bhe frequency chango can be accounted for by

means of perturbatlon bheory once tho elsctronle Ìûave fr.¡nctlon

for the superconductlng state has been obtatnod. BCS neglect

also the plasma part of the Hamlltonlar¡ slnce tho pl-asma

energles are very hlgh and v¡111 noü bo slgnlflcanüly exclted

at low temperatures and hence w111 play no dlrêct role ln

supelrconductlvlty" The eloctnon-plasma lnteractlon ls also

and Schrleffer JnR.,L( ) Bandeen J.,
Phys" Rev,,

Coopen L.N " .
Q9r7) , lo8; LL75,
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neglected slnce this lnbenactlon ls very weak. The:atlo of
lm

lon üo oLecünon plasma froquencles ls of bhe ordenfü where

m ls bhe electnon mass and Ivl the lonlc mass. lrle thenefone

expect these waves of dlfferent frequoncS-es Ëo lntenact

weakly a¡d. we hence neglect bhe phonon-plasma tern ttuo. (I)

F¡rom ( 3. c.7 ) üte have

(l+.3 )

Makf.ng use of (1.c.16) bhls becomes

fiÉf= $"r I'.r.t' * M,l "rl )

h¿l'= #*tludf.ffilni
L

(1 - A (K,k) ) (n -n
Errk-% +, lttJg

n rLg z

K k

) )

or h L

la¿l
viL (l+.h)

1 _.ÊlE ( -Â K E,
V + ú¡

From (2.20) with the ald of (3.c.36) from Chapüer II we have

tt
l'¿ l" (l+.5 )tu'lt I *Ë [rIK Es-ta- Ee + ñrJ¡"

n

Bcs replace lldlt t^ (l+.2) by {o*lto assumlns thet fon small

values of k, the dlffenence ls not too great. Maklng use of

thls approxlmaülon, bhey wnlüe fon the effectlve eloctnon

Harntlüonlan of bhe sYstem

(1) See Noto at end of ChaPüen.
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:[¿.= 4r" cd cr.

*L .R

&,6,Él
Ec

D
L

Er'*& 6óÉ.
c'i,kcs'cü-& cc

(4.6 )

Thls Hamlltonlan can be shown bo commute wlth bhe toüa1

"Ë "ç and hence the total' numben of

the total numbe¡r of electrons 1n the

number operator N = L
,1

particles ls conserved.

sysbom and the enorgy wtII thus be slmultaneous olgenvalues

of tho wave funcblon describlng thls sysüom. Howeven, H¡L
in (l+.6) ls not gelrge invarf-anb, and bhus cannoü ba easlIy
used,.to describe eJ.ectromagnetlc pnopentles.,

Note:

l¡Ie wtsh bo make an estlmate of the coupLlng between

the elecürons and. the plasma. F¡'om (l+.1) tf¡e lntenactlon

coeffLclent ls glven bY

*** E. (E - åE)

'r¡üe neplaco the vecüons by üheln absolute values and slnce
t¿ L

*Ë.= Ë obtaln

(l+iie*)åå (K - åk)

In ord.er to obtaln a most llberal estimate of bhls coupllng,

bre Iet ]4 = O and replace K by Kf where KF ls the value of K

ab the Ferml surface" we have that KF = (3lÉn/u r¡hene n ls

the oLectron denslüy" The coupllng constant ls ühenefone

glven by

L+þLvizu?.u
ra'i'T&.ì 

"i - I -
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a lrle see therefone that the-,whlch approxlmabely equals l¡ x 10

lntenactlon 1s very weak.

If we consfder üho bare phonon fnequoncy, sfnco the

br s refer to unreno¡mallzod phonons, we treat the lons as a

plasma and obtaln

-ú= L llNz¿ea
M

where N 1s the number of lons per unlt vol.ume and z ls ühe

valence. From (3.a.1)

ordon of

Òí

{T-

where n = zN. The ratlo
Therefone ùhe ¡:atlo of lonlc to plasma fnequonclee ls of the

r- I
4tt ne

m

as was sbated above.

ITL M$f-. ts therefore glven by ñ.-\Lt¿'
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. CHAPTER ÏV

TTTE BCS THEORY OF SUPERCONDUCTTVT1Y

L.I Introd.ucblon

(1)
fn 1957, Bardeen, Cooper and Sch¡rleffon Pl3e-

senùed a theory of supCIlrconductlvlüy based on electronLc

palr correlations whlch was able to account for nearly aL1

of bhe expenlmenbal phenomena whlch a superconducton exhlblts.

The theory ls based on bhe effectlve lnteracülon botwoen

electrons due to the exchange of vlrtuaL phonons ürhlch tte

denlved ln Çhapter III, As was mentloned ln the. Last oheptort

thoso authors do not bake accor¡nt of bhe phonon part of the

tobal Hanrlltonian of tho metal ln the fo.mrulatlon of theln

theory. Slnce the phonons are assumed üo be effecblveLy

decoupled from the electrons as a resulb of the Frohllch

transformatlon, they should not affecü a theory based on the

elocbrons. However, we dld show that the phonon frequencles

are depend,ent on ühe elecbronlc süabo and hence the phonon

fnoquencles wlLl be changed. upon the tnansltlon of the meüal

to bhe superconductlng state, BCS ass¡¡ne ühat thts change

can be accounted fon by means of pertunbaülon theony once the

electnonlc süato functlon has been obtalned. The plasma panf

of bhe total HamlLtonian Ís also neglected slnce' as h¡e heve

shobm, the plasma frequencles are too hlgh bo be easl}y

excltable and hence ühe plasma modes wlll noü be expecbed to

(1) Jo Bardeen, L.N. Cooper and J,R" Schnieffen, Physo ReV",
1oB, Lt75,' (1957) 

"
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havo much offect on bhe bransltlon to the superconductlng

stå üe o

In thls chapben we &re gotng üo lllustrate how

the BCS neduced HamlLbonlan ls obbal.ned from the eftectlve

oLectnon Hamlltonlan whlch was derived ln Chapter III" BCS

choose a slmple trlal wave frrnctlon to descnlbe the supe¡r-

conductlng state ln berms of bheln red,uced HamlLüonlan. irle

shall merely lndlcate the fonm of the wave fr¡nctlon chosen

bub we shalL not perf orrn any oxpllclb calcuLaülons,

I¡.2 The Reduco.d, BCS Hamlltonlan

From Chaptot' IIf , equatlon (4,6) we have the

slmpllfled. offectlve ,alectron Hamtltonlan fon a meüaI

fi = ZE*tr + H.-.¿ . .+ "Ë*&"*"ëb "sK ,s,*tr&'-Ç -É'r&' ' ¿>':- 
le.r)

BCS have neglected bhe effoct of the screening by ühe

pl-asma osclllatlons on the rlphononrr lnberactlon, ble call
bhe last term of (2.1) the phonon lntenactlon slnce lt
arlses d.ue to exchange of virtual phonons betweon electrons"

As we saw ln Chapten fII, BCS replace l1|fËl'(equatlon ([.]+))

by lo,lt (equatlon (l+.5)) ln the effectlve electron llamlltonlan

for long wavelengths. The HamllbonLan (2,I) car¡ be wrltten

H=Ho*Ht (2"2)

whene Ht ls the sum of tho lasü bwo tenms of (2"1) and can

be wrltten as



since H..^.1 = àT-1{at pr. pru

r&tzr&'l 
I I ?-u ?*

H

72.

(2.3)

[r' N

(2.5)

and

TrD* in+['where vg

where k E

are

< *' - ^rL- "ÈrE c ß' cg'¿s
KI. K

.lnt O (r-k,)

c
E

t0"

tgl , and Ô(*) * o rot x<o
x>o

L
If we consider the self energy terms of H, , these

-K L V*'ro [6t 0L. = t_
E

Vu'ro^ÉwKl c orv a(rc
J"

&t Et &,É'

i-{ = z-Þ* trÉ * Hc-,nl +L
6,*t

&+o
(Er,-Er,*&) - (fioa)'

o

These terms can be absorbed into bhe BJoch energies and lead to

a renormalization of the Bloch energies of the electrons. Since

from (Z.U) VE,ro is a constant we can write

h r^l;.¡ l|¡, l' ¡r *c4t*& cd cc-g cL (2.6)
t(

where

^/ = F: * N V-, (2.7)E; = EK * N V*,,o

since Log I ¡, the total nurnber of parti.cles. The theory of
E,

Bardeeñ, Cooper and Schrieffer is based onJ-y on the off

diagonaÌ terms of the above interaction; the terms in the

r rphononr t j-nteraction for which k f 0. This is because the

seLf energy terms fead to too large a difference between the

norma.l- and superconducting state energies. They assume that

the self energy is essentiaÌIy the same in the two states' l^Ie

nor ter €u = E¿ - ç rvhere f is the Fermi enersv f = *':. .

\,¡e also inbrod,uce spin indices into the }lamiltonian (2.6) since
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C.f '
Slnce NV,4ro ls a constant we have that Eþ - El*¿ 1s equal to

E¿ - E*,*¡. ând, hence we can replace E*r - E*r*å by 8x, - Eg'*&

ln the d,enomlnator of the Ias t term. In the second term of

(2,8) we have 
,ãj f=ltr- rs,r) slnce cr,rcÊ1.,- ls the occupatf-on

number of a hole below bhe Fer-rnl surfaco wlbh momenttm -8.(f)

these are necessany for f'urüher developmenü. Spln inJíaeS

could have been canrled bhnough all bhe prevlous devel'opmenü

bub would have mado no dlfference to the pnesent ¡result. hle

wrlLe therefore for bhe Hamlltonlan apart f¡'om a constant

energy terrn r,vitir f denoting s,pin

H = Lty rÉ,r* [-låu\ tr - ,,r.-) + Hc-,l,
lql> ue tKl a Kr

The last ternr ln the Hamllbonlan (2.8) ls call-ed

the rrphonontt lnberaction as menbloned pnevlously slnce tü

arlses from vlrtual exchange of phonons between eLectrons.

Thls ttphonontt !ntenactlon w111 bo attractlve when the energy

d.lffenence At botweon bhe electronic staËes lnvolved ls

less than tho phonon energy t- ; when lUr- S¡+l < tu¡h .

BCS take as theln crltenlon for the occurence of supercon-

d.uctlvtty the condlblon that ühls atüracblve trphononrr lnber-

acbLon domlnaüe the repulslve coulomb lnteractton fo¡" those

(I) Fukud.a N., (1g60) : Bnandels Unlvensl"b¡.I960 Instlüute
ln Theoreúrôar Physlcs' (BvanJeis, l{6o)



74.

mabrlx elements whlch a:re of lmporbanco ln the supenconductlng

w&ve functlon. Thls crltenlon can bherefone be ercpressod as

-v=<-W*t'ç*.1, (2.9)

In order to descrlbe ühe ground state of a

superconducbor, w€ requlre a low energy stabe. Cooper(1)

eonsld,ened, bhe problem of a paln of elocbrons lnüeractlng

above a qulescenb Ferml sphore through negative maürlx

olements. He for.lnd thab the palr of elecbrons was able to

form a quasl-bound stabe; the lowest energy elgenvalue of

bhe system was separabed, f¡rom bho continuum by a voLr¡me

(1.e. number) lndependenü blndlng energy. If ühe maünlx

elements of our lnteracblon l^tere negative ln slg.l, wê could

thenefono form a low energy sbabe by fortnlng a llnqa¡r combln-

atlon of basls functlons wlbh expanslon coefflclenüs of the

same sf.gn. The lnteractlon energy would then be glven by

the number of conflguratlons connocted to some glven conflg-

uratlon tlmes an average matnlx element.

However"o for a general conflgurablon of Ferznl-DLrac

parbicles, the stgn of the matrtx elemenüs depend,s on the

occupablon of the sbates whlch ane unaffected by tho lnter-
u."tro.!2) rn the lnbenacblon, wê arê considerlng a palr of

(1) L.N" Coopen, Phys" Rev", ]-94, 1189,

(2) Thls argument ls lmplted by BCS ln
actually presenüed.

(1956) 
"

bhelr papêr but not
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partlcles taken from the stato (5f ,Kâ)

by moans of the oPerator

c'r(gt ¡ c(K") c*(Kl) c(K, ) ( 2.10 )

wo requlre bhat a sysbem of Ferml-Dlrac parblcles bo

descnlbed by an anülsymmeürtc !üave functlon. Thls means

bhat tho slgn of bhe staüe functlon changes for each lnter-

change of pantlcle coordlnates or moment,a. Therefone ühe

slg"r of a relatlve mabrlx element connectlng two states by

means of (2.L0) apant from ühe coefflclent ls glven by (-t¡N+ltt

where N and Nr are ühe tobal numben of occupied süaües beüween

Ji;i and K" tn bhe lnlbi.aL state and Kl and Kj, ln ühe finaL

sùaËo respoctivoly. Jn general, N+Nt ls equally llke}y to

be even or odd, so that matnlx elements w111 alte¡'nate ln

slgn and, we eannot therefore obtaln a cohenent low energy staüe.

fn onden to forrn such a 1ow energy state, wo nequlre a subset

of conflguratlons between whlch matnlx elements are pned'om-

irrantly negablve. Thts can be done by assoclaülng the electrons

ln palns, such that lf any member o'f a pain fs occupLed, the

othen ls alsoo N and N¡ w111 bhenefore always be even as wll'I

N+Nt and. hence bho mabrix elemont ls always negatlve slnce

fnom (2"9) we are conslderlng a negabf-ve coefflclont" Slnce

bhe lntenacbLon conserves momentum

üo the state (E¡ ,EL)

* E¿= Ei * 5LK

bhene w111 be a maxlmum number of paln-wlse lntonacülons

( 2.1"r )
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a¡1d bherefore the largest lnteractlon energy !f the total,

momentum of all the palrs ts the same. In collsldenlng the

l-ntenactlon of Ferml-Dlnac par"blcles, there !s a funthen

lnteracblon, whlch occurs only between partlcles of panal'Lel

spf-n, ca1J.ed bhe exchange energy, whlch tends üo weaken ühe

total energy of lnteractlon" Slnce hre desire as l,arge an

lntenactlon as posslble, wo consider palrs !n whtch the

eLectnons have opposlte spfn. For descnlblng the ground

stabe, Wê conslden pairs !,fhose botal momonüum 1s ze¡+o)

(2.L2)

lrle shall- now conslder bhe reduced plroblem ln whlch

ïfe üh1nk aboub conflguraËlons ln whlch bhe electnon sfates

are occupled. ln patrs such bhat lf }rf ls occupled, -3,'-€-

ls occupled. !,le deflne, therefore, annlhllatlon and clreetlon

operaüors fon Palrs as follows:

dÉ = c-vþcrt

d'i¿' = "il, c'ri's* ( 2.13 )

If we make use of bhe commutatlon rules for the crs from

Chapten If, equatlon (1.c"20)

Fr,''"oiÞ,1 * = 5",o5".,

I =orlj +For* r"s',0.'] * ["tt ,"¿t ( 2.Il+)
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vro can show the foLlowlng relatlons for the dçt

[u*,u¿i1L - ')
= (1 - nrt - Lc¡ ) 5u,,*,

F-'u-,]
=0

(2.t5\

Frorn bhe second of ühese relations and from algobralc consld-

eratlons lü would appear bhat the thlrd nelatlon should be

r* -'l

\a*rau, I * = 2dod*r. Howeverrconslderaülon of the commutatlon
t_J
relatlons fon the crs shows that the above ls the connect

expresslon. The second of these relablons ls a relatl-on

satlsfled by bosons. The oüher two relatlons are not, however.

Therefore, bho superconducting transttlon ls not a Bose-

Einsteln cond.ensation, wlth the ground state contafnhg $
Bose-llke electron patrs (each wlbh spin zero) all ln the sarne

zero-momentum sbate as had been conJectured, by Schafroth!1)

Schèfrothr s conünlbutlon of focusslng attenülon on the paln

cogelablons, ås bhe baslc mechanlsm ln supercond'ucülvlüy was

one of Ëhe maJor steps toward the present theony although 1ü

ls rarely aclmowledged..

lrle can wrlbe our olecünon Hamlltonlen (2"8) as

ßo,uu,] * = 2dod*, (1 -5r,*')

(1) Schèfroth, M.R., Physn Rev., É' th42, (1951+).
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'T- vå,*'"-É,*k,ocr',rc'[-4.,rr/cr,ú/ (2'16)

K,Kr, &,q<-r

r¡there Y&,g ls doflned ln equatton (2.1+). Slnce !¡e wlsh to

consld.er only pafr configuratlons fn whlch tho members of ühe

palr have opposlte spln and momentum, ühe ope¡raüorg Drñr and

d-É L w111 have ühe same expectatlon value. for any wavo

functton whlch ad,equately descrlbes the system. tie can bhene-

fone reï¡ælbe the fl¡rst two berms of (2ì16) ln üerms of pal¡r

operators as

2L Crd-g fu + z z- [8u I ana¿ (2.L?\
lKl>Kr= IKlar,=

The facto:r of 2 enters since fon each value of E there ane

bwo. elect¡rons, each of energy t* formlng ühe palr. The

lntonactlon term can bo wrltten

Y &,g'" t,*&, 0- 
( 6e'r s-&,r. ç¡ - "'Ë- U,u' 

c 6r,s- ) c L',ç'

= v&. 
ts' 

cð,*&,q-cçl*&,(-

( 2"18)+ Vl,r, 
"-'LL&s "-ü- &,0-' " L<,ç, 

cLc,s-

The flrst term on the nlght hand sldo cannot be expressed. ln

terms of palrs and so hlo neglect lt 1n our red'uced Hamlltonlan'

If we consLder only palrs whose total momentum ls zeno, wô

can wrlto for bhe last berm

,rr- 
* Z_ [s*l (] -nÉ,r)

[Eì< Kr

78.

uB\o' uð'u*' (2"19)
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where we have substlbuted, I{tt fep t(t + k. BCS essume fhat the

terms conbainlng palrs whose total momentum ls not zeno and

which are neglected 1n rod'uced Ha¡nlltonian w111, nob contnlbuüê

to tho ground state appreclably and. can be tneaüed by

porturbatlon theory. Maklng use of (z,LT) and (2.t9) we

w¡.lte for the reduced Hamllüonlan

The most genenal blave functlon of the system whlch

rnre ar@ conslderlng ls

V = L A(8,,8¿, d-:r d-;â o

!r 5¿
a6 [o)

H¡u.L= i-ki" dË L * 'k-Jn"l d*d'r

- /_uo,*r d¿ d.* (2"2o)
ÉtÉt

Ib ls thls panb of ühe botal lnteracblon that BCS consld,en

to be bhe most lmportant tn descnlblng ühe propdntles of

superconductors. The neduced Hamllüonlar¡ (2.2O) 1s fowrd

to commube wlth the üobal number openabor * = ã"Ë,-cÉ,ç,
and hence a wave fwrctlon can be for.rnd bo descnlbe the sysüem

such that the energy and the bobal number of pantlcles are

slmultaneous elgenvalues of tho wave funcbLon.

e 'Eú)
2

e o

tsrr--'Brt (2.2L)

r.¡here the summablon extends over all dtstlnct pair conflg-

uratlons, BCS relax the requiremont that the üotal numben

of electrons be an elgonvaluo sf the wave frrr¡cülon and

constnucü a hravo funcblon by maklng a Hantree-Ilke approxlmatlon.
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Thls means that the probablllby of flndlng üwo paln states

occupled tn bhe ground. state of the many eleetnon system ls
equal to the pnoducb of bhe probablllbles of flndlng each

palr sbabo occupled. The hlave functlon havlng bhis properüy

whlch BCS wnlüo ls

wlbh d k p< real and (and,

probablllty that fhe palr sbate

9o = JI- tdso ß"q¿. IÉ

(gl ã¿t-cE,-[.?")

o ì (2,22)

þå = l ron all K. ßÏ r" ühe

ts occuplod^ and, /-f,, * the

k+
L

probablJ-t ty thaü lt ls nob occupled. BCS calculate the

gror:nd state energ'y vanlatlonally uslng thls wave fr¡nctlon and

the reduced. Hamllbonlan (2.2Q) sub ject to the consü¡ralnü that

the total number of panülcles be consenved

= JrJ (2.23)

In onder bo treab oxcited stabes, BCS decompose the

total state lnüo süates in whlch they conslden slngl.e pantlole

excltatlons and. states ln whlch they consld,er excfted palns.

They wnlte a ïravê funcblon ln the form

V"*=Ír( d,,. + Ar dË)Jfj n* dË, - Éo, ,{r"Ë,, I ù e.zt+)

whene G, P and S speclfy the sbates occupled by growrd, palrs,

exclted palns and slngle parü1cì-es respectlvely. The energy

of the exclted stabes ls evaluated by uslng the neduced

Hamlltonlan as well as the Bloch energles fon slngì.e panticLes.



81 a

vatattn(1) and Bogolouoo(2) lndepend,ently found that the

gror:nd stabe vecbon of BCS ls relaüed to new collestlve

fsrmlon vanlables, fn borms of whlch one obtalns a slmple

classiflcatlon of the exclted sbabes and whlch greatly

slrnpllfy the calculatl.on. The new variables ane gfven as

€ -."

T(;;
ô(k 

"È1, 
- Ê tq- ) ßç "-g,-o

and f- ¡f d1' "É,ç- € (c- )Êr.Iu,-u-

whe¡'e bhe dra and þr are the samo es used above and

(2.25',)

1

t(ç-) = for
-1

çr=t
ç-=ü

The operabors Ç-:r ana f are Fenmion operators and satlsfy
ùhe corr¡nuüauion reiations for such openaüons, These openaüors

lead to a trquasl parbtclerrconcept slnce f-:l may be thought

of as creating a quasl-partlcle satlsfylng Ferml statlstics.
Valatln showed that the producbs

t ,p ^) = ç_o* f: - - ".. l-"^ lg) (2"26)
[ ] É,,ç; f¿,Çi : "'" Kqî/ ( Í,¡qì ) X:,Q, l5".,cn ' '

fonm a complete orbhonor¡ral set of state vectons and ane Just

bhe BCS exclbed stabes. In partlcular, ühe staber fr-;i-lqr>
and. f* fu_" lg) rep:resent. a I'slnglo pantlclef' and, a rrreal

(1) Valatln, J,Gn, Nuovo Clmonto, f, 843, (1958) 
"

(2) Bogolubov, N.N., Nuovo Clmento J_, 794, (1958).
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pairtr exclted stata respectivoly"

h.3 Cnltlcl sm,of ühe Theorv

. The maln crltlclsm orlglnally put fonth agalnsü

tho BCS theor.y was the.lack of deballed Jusülftcaülon of,.
appnoxlmatlons made in bhe d.erlvatlon. Since the orlglnal

publlcatlon of thls bheory, lndependent work by BogollrUorr(1)

êt. aI. who soLved the elecÙnon-phonon lntenactlon probl"em

dlfferently agreos with bhe ftnal BCS fonmulae fon the

gror:nd state and, one fermlon exclbed stabes to flnst orden

approxlmaü1on.

The most sertous obJectlon bo the BCS theory ls

the l-ack of tât{go lnvariance ln bhe effectlve electron

Hamtlüonian, , BCS chose a speclal gauge for ühe vector

potentlal and. derluud" MeLssner effecb fnom thfs. Schaftotn(2)

has a:rgued' that thls cholce of a gtuge ls an lndependent

assumptlon of the theony and !s equlvalent to assuming a

Melssnen effect lüself . And.en"orr(3) has atüempted üo justlfy

the BCS approach by shOwlng bhat bhe .reduced Hamlltonlan Ls

approxlmaüe1y gaqge lnvarlant and bhaü conslderaülon of the

plasma osclllatlons should favour the cholce of gqqge.

(1) Bogolubov, N.N., Zubarev, D.N., and Tser4gvqlFov, Yu.Ao,
ooü'l.ady' Ákad., Ñauk. s.s.s.R. W, 7BB, (1957),

(2) Scfrafrotn, M.R. , Solld Stabe Physlcs n (1960) , volume 10,
pp. l+71. ed; Seltz and Tunnbull"

(3) And.erson, P.!ü., Phys o Rev., 19, 827 , (1958) 
"
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Schafrobh does nob consider thls argument to be val"ld slnce

the relatlon of bhe BCS reduced Hamlltonlan to ühe rlgorous

many electnon Hamlltonlan ls nob well deflnod. The ¡nethod'

of Andenson has been exüended. by Rlck*y""rr(1) to glve a

gaEge lnvarlanü calculatlon of the Melssner effecb by

sürossing the collecbive aspects of ühe üheory of Bandeen,

Coopen and Schrleffer.

Sfnce the BCS theory has had such v¡ldespread'

success 1n describlng bhe experlmenbal sltuatlon, one musü

conclude that tho bype of paln conrelatlons whlch theln

trial wave funcblon slnglos out from ühe effectlve eLecüron

lntenactlon is the baslc mechanlsm of supercond.uctlvlty.

The maJor dlfflculty remalnlng ls to adequaüely derlve a

many eloctnon Hamlltonlan (!f bhls ls posslbLo) for va¡'Lous

supercond.uctlng systems whlch r¡111 not lose gttlge lnvarlar¡ce

ln the approxlmaülng processes. Oncê g&Uge lnvanÍance has

been losü, predlctlons concernlng electnomagneülc phenomona

ane lmpossible ol? at best uncortaln.

(1) Rlckayzen, Gn, Physo Rev', fll, BIJ, (fg58) 
"
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CHAP1ER V

SUlvl}iARY

In thls chapter we shall aütempb to sumrnarlze the

physlcal" assumptlons coruespondlng to the approxlmatlon made

ln üho foregolng bheory, aparb from the moro süralghtfort¡and

appnoxlmatlons such as neglecü of second onder smal}

quantttles ln serlos expanslons. We shall dlscuss the

approxlmatlons made ln obtalning bhe general HamtLtOnlan for

a metaI, !n renormallzlng the HamlLtonlan and ln obtalnlng

bhe ¡reduced BCS Hamllbonlan.

The flrst approximatlon which hle made !'tas ln

assumlng that the valence electlrons ln a metal are completeLy

separated. fnom the closed. shells of bound electrons and fhat

ühe ad,tabatlc approxlmaü1on could. be used to r"¡nlte down the

Hamlltonlan for a metal. trtle showed in Chapüen fI that the

ad,labaülc appnoxfmatlon was valld. except for the eLectnons

whlch lle wlthln a distanco tt ù,^,+of the Fermi surface where

cJ^*Ls the maximum latülce frequency, For electnons lylng

r,¡tthln thls zone, non-ad.taba.tlc bertns must be taken lnto

account ln the equatlon of motlon" Accordlng üo ühe BCS

theory ft ls the electrons üflthln thls zone whLch are

responslble for supercond,uctivlty. Che.t""(I) argues that

ln order to gtve a maühemablcally conslstent descrlptlon

(1) Chesto:r, G.V., Advances ln Physics, !9, 357, (1961) 
'page 363"
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I
of electrons for bhe purpose of a theory of superconductlvlty,

non-ad,labatlc terms should be accounüed for. lrle asswned

in obtalnlng bhe phonon Hamlltonlan that anharmonlc terzns ln

the lattlce potentlal energy could be neglected. There r¡ag

no Justlflcatfon for thls assumpblon' but raüher the theony

was constructed bo be conslstent with 1t slnce no new

a¡hayrnonic terms 'hlere lntroduced by the Frohlfch transform-

atÍon" ïn obtainlng a general fonm for the Hamll-tonlan of

a tüetal we also assumed ùhat bhe valence electrons,lnteract

only wlth the longltudlnaL labblco vlbratlons" Thls assump-

tlon neglects anlsotroplc effecüs and ls not rlgonous pantl-

culanly for short wavelengbhs. Thts approxinatlon ls not

really necessary for developlng the theory but lt d,oes help

to reduce the complexity of bhe resultlng equatlons.

In performlng the F¡"oh-rtch tnansformaüion Ín

Chapter IlI, wê assumed. ühe quadraülc terms ln b¿bg, b{ bdt

bf etc. could be neglected for k / Ut. We argued, that lf

tlu transformatlon and. the model ls adequate, the 'ûüave frnc-

tlon d,escrlblng the system would glve zero expectaülon value

for these quanbltles" In renormallzlng bhe metal Hamllüonlan

use has been mad.e of bhe rand,om phase appnoxlmatlon. Thls

procedure has been wldely used, bub proof of lüs valldlby

usually d.epend.s on the speclfic sysüom under conslderatlon

and ls not stralghtforward, !üe have also made use of the

effectlve mass appnoxlmatlon assumtng bhe offectlvo mass üo
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be constant whereas, lrt fact, ft deponds on tho r¡ave number.

Thls approxlmatlon, hoidover, does not affect the BCS üheony

slnce expllclt use ls noÙ made of bhe tertn ln whlch ühls

approxlmatlon arlses. Ïn obtalnlng Lhe transfortned Hamll-

tonfan we have not been tonsisbent ln consfderlng üertns to

second order slnce we neglected, the second. ord,e¡r contrlbutlons

from eLoctron-plasma and phonon-plasma lnteractlons, buü we

attempted. to Jusblfy the neglect by onergy consldonaü1ons.

BCS have neglected a conslderabLe portlon of the

metal Hanlltonlan ln obbalnlng bheln effecblve elecbron

Hamllbonl-an. As was mentloned ln Chapten IfI, they neglect

the phonon enorgies, tho plasma energles, ühe electron-plasma

lnberactlon, the phonon-plasma lnteracbton and the resldual

electron-phonon lnteracülon. The model whlch they consfd,er

enables them to neglect the phonon and. eLec¡¡e¡-phonon

energles, whlle enengy conslderatlons alJow them to neglect

the remalnlng terms. The mosü serlous effect of neglectlng

bhese benms ls bhe resulting lack of gilnge lnvarlance ln

the remalnlng Hamllüonlan" BCS also neglect tho effeet of

plasma screenlng on bhe effectlve electron LnberacüLon vla

the latttce. They assume a coefficient of bhe samo fortn

f or bobh long wavelengbhs and short v¡avelengths whereas, lrl

facb, wê showod thab bhe coefficlents ldere dlffenenü. These

authors clalm that the d.lffenence ls small at long wavelengühs

and that the appnoxlmatfon ls Justlfled. BCS aLso negl"ect a
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numtrer of borms fn obbalnlng thelr reduced. Hamlltonlan from

the effecülve electnon Hamllbonlan. In partlculan, they

neglocb bhe tenms whlch d.o not lead bo palrwlse lnteracülons

bobween electrons. Thls p:roceduro ls best charactenlzed as

a choice of s,tmple t¡.la} wave fwrcülon rather than as a"

physlcal approxlmabion tn bhe Hamlltonian. Thls slmpllclty

may ln some cases be expressed 1n terms of physlcal appnoxl-

matl-ons. BCS also neglect palns of electnons fon whlch the

total momentum ls nob equal bo zerlo ln obtalnlng the reduced,

HamlltonLan. They asswno ühat tenms of this sont have Ltttle

effecü on the ground. stabo and can be tnoaüed as a pentun-

batlon.

The appnoxlmabions made ln the theony l-ead to a

modol of a'metal tn whlch bhe electrons and lattlce are

consldered to be dlstlnctly separated,. Slnce bhere are a

number of supercond.ucbors whl-ch d.o not sablsfy the rlgld

restrlcülons which have been lmposed ln obbalnlng the theoryt

but st1ll sablsfy the predlcülons whlch ühe üheorSr makes' we

anttclpabe bhaü bhe electron-laüülce lnteractlon problem

mtght be treated, 1n a dlffenent way whlch, howevor, would

l-ead, to essentlally the same results. TL¡e maln üheoretlcal

polnts whlch led to the development of the theory of supen-

conductlvtty and whtch have been dlscussed hene aro the

Frohllch bransformatlon whlch lndlcatod how to accurately

descrlbe the lnùeractlon between electrons due bo the lattlce

and the BCS tdea thab superconducütvity was d.ue bo Coopen

pair. conrelatlons between bhe fnteractlng eLecbrons"



APPM{DTX Ï

COMMUTATION RELATTONS REQUIRED FOR FROHLTCE TRANSFOM.,IATION

From Chapten fII, equatton (2.11) we have

From

88.

(1)

(2)

(3)

(h)

t'tl=Ho*Hl L
.l<

+ HL - Çþ^,",&]. *ãþa,t ,u,-JJ

ã"u"n cE * 
+ouury 

b& + f Un*

&rHJ

where from 1e.B)

s& = -(ru& * (g u4

= ã cþ ts,ul "Ë "s-b

(Ä

H o

and from (2.9)

tr-n* /t l,\ r-r^ hotra¡' ¿ V¡l¡ \ê.+/ wv !¡*Yv

ri,a = l(D¿b¿flb" - DË bË?) * NÊßoflo

Ypwith

SrL
K

k) c+r. cL-K. K
K

We r'¡lsh now to d.erlvo the relatlons nequlred ln (1).

Chapber II, equatlons (3"c.20) we obbaln the relaülon

"ä "4 "l "u - "# "¿ "'[ "& = Sr,f 'å 
c& - So,o"l "t

bfe conslden flrst

(5)
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whlch wlth the ald of (h) can be wrltten

Using oquatlon (5) this reduces to

oãr*oU f tU,lli-"f "r-& "Ëi "É, 
* 

"ÈT "s,"'å "u-e]

* 
ãt*oÈ' +"t5,x){"T-e "*"'ä1 

cE, - "ð "0,"'É-r

fr* , ã "r"Ër "J= F{,-V,rbr 
* Vs'"%, )E*,c'f, our

- Eu,"ä; 
"g 

( - [br, " YC*4, )

1
c K

T
I

[rU,]r*"f { 
r 

ã,"8-Er-u)buþ(E,E)

* T_@K - Eu-s)bd 4,,(5,8)"¿1s ",ç

U, al4< -r
-t

c'É cr-&

T (u.
¿-' I

E

E (6),, û^

trüe consLden now

ftU, Çtaa4u4 
v{

_ã{t 
aU þ(ri,&)T "¡-a 

(-¡¿kr b¿ + aQr ura4)

+ ÃDtlf .*(r,k)cf!, cr(bE:oer bU - oi ogorÉ.' )

Maklng use of the cornmutatlon ¡.elaülons (3.b.32) from

Chapüen IIo thls becomes

c
K

*'(ErE)b&* c
ÉItcla

s-trt_-
K

{ rr,ll s-& + bx-
&

(7)
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- ¿[ra ,"J = hr"r-o- 
EK + hoa l[{ tt,l)u* c¿ "v-b* 

o. ".J

f'u, "l

Therefo¡rô wo havo

Comblnlng (6) and (B) Ìüe have therefono

Sl<

If we make use of bhe fact ühat

[r*, Lt,'c^:¿ugï ro]= - ç-""f þ ts,rl b*oE cç-to* t 
l:JL&r5(g)

(e)

Maklng use of (9) and (l+) ble have

%[r&,"J = du;b*- y,*,,%,- ,{ou ã,ro n 
- En* T't^ldÓtg,gl"Ê, 

"o-a

* u¿, \rr*r- E* + hrù= )Ó*t[,E)"¿:a "uj
ïf r¡o neglect teims n Vrt, etc. thls can be wrltten

- 
ãJ.* 

b&(Ets-& - EF + \t^t¡r)É"tg',ElÉtg, E\"'[r&"r,"'É cy-4s

* o4oÉ. (Ex-& - E* + h c,tg) Þ,g, ,Ð +x(K,E) 
,ü "g--1\fU"- | 

lro)

In bhe same b¡ay we c&n show that

TJofot (Er,-& - EK + å u:& I Q tn,ll Ó"t5' , x)c'É cr-& 
"'Ê,-b" s,

E, K,'l

* bä orr(ry-t - EK + ãr^la)f*(E,x)ÓtS',E)"åie "u"Ëi,o*rnj 1u)

Lon
, 'ðJ

( 12)



$re have on subbracblng bhe flrsb Llnos of (f-0) and, (11)
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(13)

ã,t y-E - Eu * I t-rq) f tg,¡l Þ',(5' ,0, f r'So,*'

o%,r*-, 
- EF + hc.-:rg) þtS,Ulþ*'(E',&)f,"f "y-k'I,.b"d-

c¿n "r,"i, "r.-& 
)oË o¿= * 

"i,' "o -u"E A"v,I
J

,.&,fr'qJ] = -h*"r-E- Eu+ hu:4)u¿ b¿J@tt,ll\' t'*-* - 'r)

. filrts_b- Ets o t'r¡{{ rr,l)f¿'*Yd, + h

whlch wlth the ald of (5) becomes

Çr

- 
"'r'r&"g-& 

5r,r)bË b¿ * 
"'É ""-tur,'t¿rg"u,\

Çrt*,I E,s + tr"-rr*) lQ tu,ullt'o-u- 'r) bË b&

+ Çtno-, - EK + hd¡"1þtg,¡l ,'t "y-UVü

Ctlî C
ts

(j

Taktng bhe dlfference of tho second }lnes of (10) and (ff¡

lre obtaln

+ f-,t*-1" - E* + hrJ4) f*(5,¡)V4 c¡'-oc"
E

Tn bhese last two expresslons we have wrltten nur for

ff we comblne (13) and (11+)'we have Ühaü

]

(11+)

I c*. c ,,
?Ktç

Tô

oGt (15)
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l,rle now wlsh to evaluate üho nemalnlng commutato¡' regulned

ln (1). Wo conslder finsü

['n P;l = L { u"n¿ ) "'{,""",gl

=L b,
'K

K,z'

+

tsrF

lrle conslder also

, -Y4u4 +

ft

f +'u'o' "'Ë "r-t c'g-srcç' 
"i'La 

to' .4
{

cc.¡3
4

", Sr', 
"

ó *tE, u)rd, 
| "ü._g "s "ï,_kcK, 

- 
"È1_U "v,r,,ú-b" "Jl

which with ühe ald of (5) becomes

L ,[ - + (K, k) oru( ",ï c", Er,n,- 
"'É,-uc u-¿= 86",5)

I

+ Ö x(tc.k)b;ir
I -'- ,l\.

Sc,r'-& - 8'-k
("ï_,*." c

^,1
(16)

(r7)

(18)

( Ie)

If wo conslden only d,lagonal terms ln thls expanslon r¡e have

[ru, flnl = 
+þ(K,r)bl.('r-b 

- 'r)
In the saÍie way hto flnd ühab

[tu, ?-,-4 L+x(K,E)b.ð (rr-L - t.)

[r^,o*] = Xr*-%, bL - o+{*t

whlch becomes on maklng use of (12)

[tn,o,nJ = -X¿



In tho same lray 1¡o show ühaü
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(20 )

(2r.)

(22)

( 23)

[-s*,u2' \ = -Ya
L- ')

lüe conslden now

lrU,r(D¿flr be - n¿' u¿'fs )

= t%[,fSn,gË1 b,. n. flË [Su,+*] ]
toæ-{ o¿, I ta,fl^] * ['n''¿''] f.i

Making use of (17), (18), lff ) and leO) ühls beoomes

fra, rrooiç¿f b,¡ Då o¿,- fa)]

= oË o* 
ã,'r-n - 

n*l [t ,xþ*(Ã,]) + o.oJ

1 D¿ fx,*çr 
* L DÅYA 

Pa

If we'.rconslden

thls bocomeg wtbh tho atd of (fZ) and ¡fB)

ÈÌqÉLt" c-þ- n*)(ooþ (E,E) (ou * h.c")
E.

Oomblnlng (21) and (22) lÍe have

['*, wtfr,..Ã = ÈM.',[['* ,?Å ?+* pnþr,fr¡1

- Çl"u,t,J 
= -Ç=*rl3 - n* )[to*+"(K,E) + n'"J E' oa

+1
T[r*g¿,yg 

- DËO*fl4 - rhú(nr-rs- 's)1u¿ftu,¡)Ps" 
+rr.c)
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APPET{DTX TÏ

CALCULATTON O]F' TT{E COLLECTIVE HAI4ILTONIA¡I

From chapber III, equatton (3.b.1"1), Ìre have that

the collectlvo Hamlltonlan oan be wrltten

HT=H+

whero fnom (3.b.I) and' (3.b.2)

{,s],* [",r]

ut P-a-¡

h*tt'

+ r\*Ë ?-u?u

+ooeo (1)

(2)

" = ?u* 
cÊ, cu + È 

VrPd, 
P,, * nþ'6 ø* ) * ,F.,# '*

+ Lq,"h

and from (3"b"1,r)

q - L (iÙ1& eL* "¿tt) Q& (3)

i& ie i&"1

The flnst 1lne of (2) contalns zeroth o¡rder terms and the

second. Ilne contalns flnst orden terms. lüe assume ühat S Ls

a flrst onden small- quanblty. !üe conslden flrsü

slnoe

[g-r,'1 = 
,F,,Å*rnr [F*'Ê*]

pp cornmubes with q-* Thls equals

,ohrlr*rnuk'",i "s-& "'ü "vtÉ- "'*t "s-ti "Ë "o-+ 
)

(l+)
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lIn bhe same !ìIay Ì/üe show fhat \tu, S = 0. Therefore we have

FE*ifufl* ''J

']

=0

=0

$')

(6)and

since

i¡Ie conside¡' now

F*'n-u] = 0.

lrle conslder now

'd nr 
Fe,IT

+[ãtn"¿r %,,{ = +ãåf¡ri,*e¿)(ïi .*"'[ .o-& - cä cu-&c¿l c*,)

ßr('.
slnce 

?-U= Ç"-e 
cr-L and bhe cf s commute wlth 9*. l4aktng

use of (l+) of Appondlx I, thls becomes

* [ã"*"¿r "*,t] = - + -ãÁi t. - Er-r*)]iaarcë cs-te (?)

ts

- *,.[[Ftr,"úî "g ,tl ,t]

*i-ãXk(Er- Ee-& ) (lM¿)a¿a¡(",f 
"r-& 

c{, cot-t/ - cË, cr,-&,c¿|' cr-¡ )

ktY,6l

{,,il,*I{&Q¿Qrs(EE I 
Æe-b+ Es-&-E) fl;iu (B)

K

ïüe now look ab the relatlon

I

+V þ(n¿r 
o8 . tß10g, osl ,sl

ã

slnce q,-= q?l
€l{ dt

fu,iÍn*(np 
r¡e¿ - -qA u;¡ u¿l

and. 
[o*,nd] = o" Thls becomes
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å [u Çru¿r 
ua *nú o¿, o-,,u]

- *'[Þ Çtxr a *c,Í qË,quL ,'],']

"fr7_ Q,',Q+ru

å [å ,h,.i¿' %,']

*þ kiig L''] =,*Z,j,'*a Ê* 
* %t¿)'4*

* oË*îaa¿( 
- tt'p¡ÍEu * pJt 

ry 
q¿' ' pË1 1r.1e4 + thl*,-g )\

ïfe therefore have

lrre have from (9) ühat

L "4u*ar
t&t<r&"1

(e)

(10)

lrr)

t(rl ç -- rr
z]¡,l ,k,T¿'"¿&PB''v lalrt{cl- '1

= *,.ã*i4a4u4ag ( -1 h ) Su,- Ë

å L Yrqua¡¡a-¡
tkl¿tb\

T
2

\{3 t¿lfsa\

since Qf Qgand Lk= - %.

We now have

]-

ã ,*ä5li-n F u. o¿q,,¿,iä, [r* ,n¿] * lrs ,C ,01

F¡rom Chapter III, (3"b"5) ute have

F^'%'l = -råsE,{

Hence

(12)



l¡rle also havo wlth bhe atd" of (I2), 97.

(13)

- *"1[*,*ã*,'c, 'n 
,{,{

zñ, L,{t,** P-r 
* uur¡.) ( Nd 

f-¿ 
* \¡qU)

tts,lllrlic= l
['¿' ,rÃ1

,

whfch bocomes

From Chapüer IfI,
condlü1on

+ t 
F*.ik"¿q¿f-& 

. r ,k^{ qï nr

- Å.ttn¿¡r %,'] ,{ = È 
,h.yË?-u(*

[[*ft.iË Ð-,'J ,']I
m*ftF*.id"*,{

(3.b.L0) bre have for bhe subsldlany

tÆ, Y' = (ri',r* g_^ - "4tp) V' (rh)

If wo substltute the rlghü hand slde of thls expnesslon fon

P¿t lnto (12) !,re have

+F,kin 'n,'] = 
LF*.iå ? u?o - ",fuÅou&qer.43

-,EdÉ qË q¿ tr5)

If we add (14) and. (15) üre havo

(16)

= -i-äîËP,*fl^ - 
',ñøïr",sqruP-¿ 

" 
iãE"iÊnÉ 

nt

If we neglect alL berms of orden hlgher bhan second, wê obtain

for our collectlve Hamlltonlan making use of equatlons (5\,

(6), (7), (B), (9), (10), (16) and (2)



Hr= Ç"o"r "o 
- È,#*r[r¿- e *t4- 

"åln¿ e*]

+ *,-F*.(" o . "å e¿' eaì

. *;ã"t*tf*Q4Q¿(Eo ' Ær-ts* Es-,*-ilt (t-u

98.

( rz)

'E

. ,Hit illu"t') qu,-u.,nä,o'*aL

- of ã.-(Er - n*-.i")M¡Q¡"'Ê' 
"u-&h t&t.kJ,,s -

* È T-(,nË n+ . f¡iq,É %) +

l&l>l],c.t - ,MLn+78
* È 7-.,ryt ?u?u

l&l'lL"\- t




