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ABSTRACT

The georretrìcaì theory of clifira.ction by J.B. l(eìler, ìs us€rl

to solve for the fielcj scatterecl by an infin'itely long dielectrjc

cylincler, excited by a line souÌ^ce paraliel to the axis of the cyl'incler.

The geontetrjcal optÌcs rays are used to calculate thc fjeld due to the

incjdent, refìected and refracted rays, vrhile the surface rays are used

to deten¡jne the cjiffr'acted fjeld at a renrote observation point. it is

sholn tha'L the total field precì'icted by this rlethod, for cylìnder clìa-

nleters c¡reater than a r,ravel ength , i s ì n gooci agreelnent rvi th cx¡lerirnent

and vritir the more complicated nethods based on the ex.act solutjon.
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I NTRODUCTi ON

The stucly of scattering from dielectr'ic obiects has been stjtit-

ulated by nerv methods ol'radar meteoro'logy, and investigations of p1asnla

colurinns vrh'ich can be sínrulatecl by dielectrjc cylinders v¡ith the relatjve

permittivity less than unity. Furthermore, this investigation is

importan'L in that,'it rnay lead to sinrp'le solutions for the dielectric

wedge or more complicated dielectric boclies (grain insects, cancer tumors,

etc. ) r^rhi ch may be approximated by cy'l i ndri ca'l ot" spheri cal shapes .

A reljable nrethod for predìct'ing the field scattered by a dielec-

tric cylinder, ìs natui"aìly of interest to those engaged in the design

or applicatiorr of dielectric antennas or dielectric djscontjnuit'ies ìn

waveguide structures.

ì'he probìenl of scattering by a dielectric cyfinder v¡as studied

in a classical sense by Ray'leìg¡(19 ), ,,hile an exact solution ltas ol¡tained

by l^Jait07) and Streifer ancl l(oclis(tz¡. The exact soluijon, hov/ever,

presents serious coinputationa'l difficLrlties. A simple solution was

atienrpted by Kouyounrj'ian( 
9 ) using the geometrìcal optics ra.ys to cleter*

mine the back-scattering radar cross-section of the cyì'inder'. Thus onìy

the "g1ory" ray and the "rainbo'¡r" ray lvere considered and the results

are applicable only in the reg'ion of the back-scatter.

The purpose of this thesis is to apply the geometrical theory

of diffraction to the prob'lem of a dielectríc cyìinder in orden to pre-

dict the field at any location of the observatjon point due to all inci-

dent, reflected, transnitted and d'iffracted rays passing through that

point. The concept of the field on a ray ìs then used to derjve s'inlple
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expressions for the fíeld due to the various types of rays and the de-

sired fie'ld is finaìly obtained as the vector sum. The analysis is

restricted to an ínfinítely ìong cyìinder excited by a ìine source par-

allel to the axis of the cyìinder. Furthennore, the distance to the

source and the distance to the observation poÍnt are assumed to be much

greater than one wavelength at the frequency of operation and the dia-

meter of the cylinder is greater than a wavelength. These restrictions

may, however, be removed by considerinq the next higher order terms in

the asymptotic series so'lution.

The method is final'ly established theoreticalìy, by an agreement

with the ìeading terms of the asymptotic expansion of the exact solution

for the case of the Tl'l mode, and the diffraction coefficients are deter-

mined by comparison with this so'lution. The method is also in agreement

with the resu'lts of Kodis(18).

The Steady State solutÍon does not take into account the time

dependence, gjot.



CHAPTER I

THE GEOi'iTTRICAL THEOiìY OF DIFI-RACTION

1.1 Basic Concepts of the Rayj!S!!od

The geornetricai theory of ciiffraction as given by Ke1l..(1,2) ìs

based on l'laxrvell's Equatiotts. It emp'loys ray tracing diagrams as a means

of obtaining asynrptotic or approximate solu'uions to field prob'lenis. Accorcl-

ing to the theorry, fjelds travel along certain curves, ca11ed rays, deter-

nli ned by the I arvs of geornetrical opti cs and Fernat's pri nci pì e " The total

fjeld is cornposed of the fielci on the inciclent and reflected optica'l rays

plus the fielci due to the difi'racted rays. Di'ffracted rays are producecl by

inciclent rays rvhich hít edges or corners of bouirdary surr'a.ces leading to er.lge

rays emanating in all directions.

The field at an observation pc¡int is the surn of the fielcls on all
the rays passing thror-rgh that point. In general, the fielcl on each ray con*

sists of an ampìitude ter"¡n and a phase terrn. The ampìjtucle terrri is clepend-

ent on lvhether the source of the ray is a sphericaì, cy'lindiical or a plane

wave. The phase ternl is proportional to the distance of travel along the ray

and, the proportionality constant in free space is the lvave number, Ko

The anrpì i tude ternl i s deri ved i n accorclance wi th the opt'i cal form o'f, the

principle of conservation of energy in a narrorv tube of rays emanatíng frcnr

a small region of the v¡avefront, as shown by Keìlur(Z) fo. the varìous types

of rvaves

The r,rys incìCent on a dielectrìc scatterer are straight ììnes

extending front the source. For the case of a finite scatterer, they suffer

a unique nuinbe:'' c'i'r"efieciìons, dìffractions arrci rei¡-act.jols. Tiie i'jelcJ along
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al I the resul ti ng rays i s clete¡"mi ned by the part'icr-ll ar path, as wel I as

the properties o'f, the source and'lhe scattering body. The reflec'[ecl and

transnlitted fields ntay be compuLed r,'¡ith the ajd of reflection and trans-

mi ssi on coe'tf i ci ents once these rays are properly i clenti f i ed ancJ cl assi -

f i ed. Thus for a poi ni o'1 r.ef I ecti ori:
J K^S

ur(P)=[u¡(Q¡)n(Qj).' (1.1.])

vrhere R(Qr) 'is the reflÈction ceoff icient at the point of reflection ,,Q.',,
JJ

and ui(Q¡) is the incídent field u,c "Qj I'he cljstance "S" is nreasured

from "Qrrr to rrPrr

Diffracted rays are treated in a slightly differ'ent manner. To

íllustrate this, cons'ider the case o'f'an inc'ident ray t,angeiit to the sirr-

face of a curt,ed body shorvn in F'ig. (.l.1.1). The field on the inciclent ray

at Q on the surface i s:

ui (Q) = Ai (Q) uit'o 
Yi (Q)

where A, is the anrpìitude of the incident ray, and l(o v,.,

radians. The field on the surface djffracted ray excited

this incident ray, may be expressed as:

ud(Q) = A¿(Q) ui*o 
Yd(Q)

(t . t . z1

is the phase in

at Q due to

( t . t . s¡

The phase terms, v.¡ and vo are assumed equal at Q rvhile the diffracted

field is assumed proportional to the inciclent fìeld at a. Thus

Ad(Q) = D(Q) Ai (a)

where D(Q) is the cliffraction coeffjcient v¡hich depends on the nature of

the field, the surface properiies of the object at Q (concìuctivity and

cli el ectri c constant) , as v¡el I as the propagati orì co¡-rstant Ko The cli ffrac-
tion coefficìen t D(Q) is also depenclent on irhether Q is an edge, vertex

or a surface point.

(r.1.4)
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FTGURE (l.l.l)
A SURFACE DI FERACTED RAY

FTGURE (t.2.1)

RAYS TRAI{S}.III'TED THROUGH A DIELECTRIC SLAB

Rr*-l_-*t,, l--_-, rzt

lorr*l
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1 . 2 Appl'i catj on to a Loss I eåq_qf r5_!_tf*!gllqq

Consi cler a pl ane wave otrl ì que1y i ncì dent on ar1 i nfi ni te, homo-

geneous, dieìectrjc slab of thickness, b, clielectric constant, .t, and

with the electric field perpenclicular to the p'lane of Fìg. (1.2..l). The

transmiited field is to be deternrined ancl coi:ipared r.;ith the availabïe

exact solution. The phase reference is tal<en as that of the fundanrental

ray, AA'Þ l'rh jch traverses the slab once before reach'ing P. The ray rvhich

is reflected tlvice ìn ihe dielectric before emerging at P is shovrn as

CBAA'P,r,,rì11 be ahead in pÌiase compared to the fundantental ray. The differ*

ence i n opt'i cal path 'length , aL, i s gi ven by

AL=N(/\B+BC) -AD,

vlhere N2 =.r.
But AB = BC = b/cos 0.^ ,

AD = AC sin 0.' = 2b tan 0. sin 0., e

t'rhere 8t = ang I e of i nc'i cience ,

0. = angle of refractiorr,

and sin0t=l'{ sin0,^ (Sneì'l 'sLar'r)

AD = 2b tan 0. l'{ sin 0,"

ÁL = N Zb/cos 0r - 2b N tan 0. sin B,

=2Nbcos0, (1.2.1)

The phase ìag due to a ray crossÌng the slab once is:

K nL 2n I'l b cos 0r. 
0.2,2)ô=lz-

By the nrethod of images(3), th.re are an infinjte number of

secondaty rays originat'ing at the pìane r,rave front vihìch pass through P

after a unique nunrber of reflectjons. Each differs in phase from the fund-
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where tlre anrp'litude is nor¡rialized to unity and yo is a neur phase reference

calculated at P. As the slab is lossless, the amplitucJe reduction is due

to the multiple reflections at both interfaces of the slab. Nexi define

the r^rave matrix coe'fficients Rll, RZ2 " T12 and Tr., as follovrs:

Ri I = refl ecti on coeffi c'i ent at the free space-di electri c i nterface,

RZZ = re-il ecti on coef f i ci ent ai the d j el ectri c-f ree space i nt.erface,

T 12 = transm'issi on ceof f i ci ent through the free space-c.li el ectri c

i nterfa.ce - 't '. Rl1 e

TZI = transtnission coe'tficient through the dielectric-free space

i nter.f,ace - 1 ',- RZz

The field at P due to the funciamental ray is:

tE(P)ln=o = TlzTzl.j6 u-jl(ovo

amental by 2 n 6 r,lhere n is an ìnteger greater than zero.

of the sl ab, the el ectri 
!r 

t/,,ul,O ua P i s gi ven by

f(P)i = t' o o

= rjzTzl.io E(p) i

The field at P due to a secondary ray refìected trvice

tE(p)ln=l = T1zT21 *T.,, ui3o r(p)i

while the field at P due to n transmitted rays fs:

I tE(p)ln = Tr zrzt{uiu o oî, ,i36 o nf, uisu
n=0

In the absence

(1.2.3)

(1 .2.4)

( I . 2. 5)

1S:

-L

o o2r(n-ì) uj(2n-l)01 r(p)i

l- l-nll"l2no .l
= ['r'rrtfiïr;w, "l 

E(P)i ( r .2.6)
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For n -p - , Equatìon (1.2.6) becomes:

E(P) = r(P)i 
E-#?,-] uiu

Stratton(4) has shorvn the solution

for the specìaì case of a plane t{ave notrtally

slab. The resuìt given for the transnission

the above notati on, as f ol i or,rs :

E(P) =

4 E(P)i
u-j u (r.2.8)(l - zn)0 - zzt) eiô + (l o ltz)(i + zr,)

0n surbsti tuti ng for 2.,, and

(r.2.e)

vrhich is identícal to the r'esult prevíous'ly derjved by the r.ay methocl.

.l.3 
lppl:_qation to a Convex Cy

The geometrícal theoi"y of cliffraction has been appì'iecl by Kel ler

to an infinitely conclucting cylinder(5'6) . Each incident ray in Fig.

(1.3.ì) v¡hich is tangent to the cy]inder, gives rise to a diffracted ray.

The diffracted ra.ys produced in this manner, travel around the surface of

the cyìinder as surface rays. At any point on the cylincler surFace, a

diffracted ray splits off fronr each of the surface rays along the tangent

to the cylinder, as sholn in Fì9. (1.3.2). Each of the diffracted rays

split off from the surface ray,consists of an infinite nunlber of diffracted

rays r'rh'ich have e:nci rcl ed the cyl i ncler di f ferent nunrl;e i^s o j" t'ines .

(1.2.7)

of the boundary value probìem

i nci derrt on a di el ectri c

field rnay be expressed using

where 712 = N, ZZI = + , and Rr, = fll-#l
7Zl and sinrpl i fy'ing, ther.e resul ts:

E(P) =n(P)i r*;þd uiu
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FTGURT (1.3.1)

RAYS DIFFRACTED AROUIID A CYLTNDER

FTGURE (1.3.2)

DIFFRACTED RiTYS EXCITED BY A SURFACT RAY
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through an obse'¡^vation po'int, p, are the tan-

to P. The fìeld cletel^nrined by Ke'll.r(5) is:
r u-ort 

I
,R- |oJ

tion coefficient, Gs is decay exponent due to

length of tra.vel of the rey on the cylincier.

leading term of the asyrnptotic expansion cf the

onstants D, and os are evaluated.

1.4 Conclusioir

Kellerrs Theory has been tested mathenlaticall¡, fon a great nurnber

of probìenrs rvhere rigorous or exact solutjons are availa¡le(5,6,7). In
particular, the ray dia.grams for the refleciecl, refracted ancl djffrac.tecl

rays have been established for prob'lems sinli lar to the case o.fl rlhe dielec-

tric cyìinder. The geometrical opties ray diagrams for the clielectric
cyìinder,rvi11 be further established by another nlethod. It is expected

that the diagranrs for the refracied and cliffracteci rôys, as r,¡ill be shor,¡n

in later chaptet"s, are correct and should jeacl to a reasonable agreenrent

with published results t'rhere forn'ard transrnitiecl f jelcl clata is avai lable.



CI.IAPTER I I

DIFFRACTION BY A DiTLECTRIC CYLINDER

2.1 IntrodLrcti on

ïn thìs clrapter, the geornetnica'r theory of djffraction is

extended and appìied to the probìenr of diffraction by an infinitely long

dielectric cyìinder. The incident eleciric field is polarized paraìle1

to the axis of the cylinder since it is clue to a z-clirected line soulrce

located at the cylindrica'l co-ordinates (ro,Øo) For the per¡rendìcula.r

poìarization case, the ray methocl'is still valid since H. rathei^ than E,

is then considered. For the more general case of oblique polarization,

the solution is obtained as the superposit'ion of the paraì1el and perpen-

dicular cases in exactly the same nlanner as sholvn by Burke and Kell..(s).

2"2 Calculation of the GeometrÌcal 0ptics Fie-'lcl

The scalar field prociucecl by a time va.ryìng ìine source para'l'leì

to an infinite d'ielectric cy'lincler in free space, is determinecl using the

ray nrethod. The bas'ic paranreters of the cyìínder are the radius, ',a',

and the index of refraction N , where

1/2 K,l{=('r) =*i' (2.2.1)

and Kl/Ko is the ratio of the wave nunrber in the cylinder to that in
free space. The observation po'int ivhere the field is clesired, is assunlecl

to be at (r,Ø) rvith the center of the cy'lincler taken as the orÍgin of the

cyìindricaì co-ordinates. Furthenlìore, if the orìg'in of the po'lar angle

is nreasured array l'ro¡n tlie vector ro , then Øo = o Ênd Ø is the angle beti¡een
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the vectors ro and r measurecl in a clockv¡ise sense.

In order to calculate the fielci U(r,g) at point p , a ray

diagranr shotr'ing the incident, reflected, cliffracted a.nci refra.ctecl rays

must be traced. Since this field is the sunr o'i= the fielcls on al'l the rays

passing through P , the cal culations rnay be presented in a step-r,rf se

manner. The resulting solution musi, however, satisf,y:

(a) the bouildary con<lìtions at the surface (a,Ø), urhích requ'ire that the

tangental conporrerrts, tl_r,Hr), are both continuous;

(b) the FresneJ larvs of reflection and refraction(4), and must also tal<e

into account the multip'le refìectíons y¡ithin the cyìincler that account

for the radi o.ti on coinponent o f the f i el d.

2 .2.1 I nc j ctent Iays

For certain values of ror F, â and p, the incident rays may

reach the point P direct'ly, as shov¡n in tig. (2,2.1). For such cases, the

incident f1eld Ut , is calculated using the opt'ical fonll of the princ'ipìe

of conservatjon of energy. The princíple states that in a time perioclic

field, the flux of energy is the sanre at all points in a. narro,rr tube o.l.

rays(5). The flux is proportíonal to the squar'e of the field ainplitucle

nrultjpljed by the cross-sectional area of the tube, and by the velocity of
propagatjon at that point. For a cyl'indrical r"rave, the distance betleen

a pair of neighboring rays is R.¡ dn , urhere R., is the clistance fronl the

source, and dn is the angìe bety¡een the tr.¿o rays. The arnplitude, A(p),

satisfies the relation:

nz(p) Ri ¿a = n3 cln (z.z,z)

tvhere Ao is the anipl itucie on the ray in question at unit clistance from the
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FTGURT (2.2.1)

INCIDTI'{T AND REFLECTED RAYS

FTGURT (2.2.?)

RAYS REFRACTED TIIROUGI"I THE CYi.iiiD[R

S.-9- b' cl
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source. Thus 
A

A(P) ^. - 
!- Q.2.3)

'q
To adjust the incident fjeld to be that o'î a s.ource of unit sirength,

Equation (2.2.3)'is ccmpared to the leadìng tei"nt of the asyrnptotjc expan-

sion of the function tÍt )tKoRi ) for a I i ne soui^ce. Th'is 'leacls to

o, =,m; ( 2.2.4)

JK R.
The phase factor is e o i The field due to the incjdent ra.ys is thus:

u."5 ui*oo.' (z,z.s)' /Ri

rvhere R, = (r3 o ,2 - rro , ,o, Ø)1/2 .

2,2.2 Ref I ected Bsys

The contrjbution to the field at P due to the rays reflec'ced

from the surface, is found by considering a pair of ne'ighboring reflectecl

rays as shor,vn in Fìg. (2.2.1). l{hen extended into the cy'linclero these

rays intersect at a distance C,. froln the po'int of reflection, So The

cross-sec'tional area of the tube bounded by the tlo rays is C. dn eval-

uated at the reflecting surface and (C,^ + Q.) clo at a distance Q,^ from

the point of reflection So aìong either ray. Thus, in the limit the anipli-

tude of the reflected field at P due to a ray from So is:

otol (Q. + cr) drì = f c. dn

A(P) ' 
Oo

4-'1;EFLr

and (2.2,6)
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tvhere R =r
=

^_U_'r

ancl +r

as shoi..¡n

rvhile the

rays i s

u¡h e re

hence

where Ar., denotes

to So of the ray

4[E_,
Vbr '

the arnpì i tude

'¡liii ch ti a'¡erses

poi nt, So

toP,

(2.2.7)

j Ko (Rr"_f Qr)
the field is e

due to the refl ectecl

(2.2.8)

(2.2.s)

the distance fronl the source

nl tinres bc io:.e al"i- j u;i ng at p,

di stance f ror,¡ the soul^ce to rel.l ecti orr

ft| - a2 si n' ur)1/z - a cos o., ,

di s tance f roin the ref I ecti on poi nt, So

("2 - a2 sin' n., )1/2 - a cos o,

2t {--
a cos 0. Rlr

in Appencìix (42..l). The phase factor

complete expression for the fielcl at

u. ' Ao Rl I 14. nr-1 /z .'*o 
(Rr+ Qr)

Q- -ll2
l'1,. = (t + e;)

of

P

2.2.3 Ref racted Rays_

The fielcl due to the rays utirich enter the cylincler ancJ are inter-
naìl¡' reflected m-l times before being refracted out to the field point,

are slrown in Fig. (2.2.2). Appìying the energy principle acrain to the

portion of thjs discontinuous ray froni So to s., , there results:

, A?.
oí., (Ll - bl) ct CI =.*i o., d n ,

ot', =

A
o

q-

at S., , Rn, it

the cyl i ncier

Il
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L* is the chord length fro;n Sn.,-ì to S,n , ancl bi is the distattce frcni

Sr-l to the point of convergence of trvo neighboring rays along L,

Hor,rever, the convergence of trvo adjacent rays tvith'in the cyl'inder leaCs

to a caustjc or a phase lag of r/Z as sholn by Kay ancl Kell.r(10).

This phase factor rnay be taken into account by rnulitiplJ,ing the anrplitude

Ac by the ter^in "-i 
r'/?, i.ê. ,

"l
A

o (2.2.10).U
ñ_-)l /R-; /T --rTI 'r\1 r I 

E-

. -i r/2sìnce e " "'' = 1/j S'inliìarly, r,rhen the energy princÌp1e is applied to

tlre ray path frorn S-, to S, , ancl S,n-l to S, , the resulting amp'litude ìs

multjp'lied by the factor's; I'1., , NZ e ... Nn., , tvhere

r{i = (r - l,-"' i - r "2,...

The amplitude factor for the ra¡r path from Sn, to P is:

(2.2.11)

(2.2.12)

(2.?.13)

0* -1/2
M,n = (t + f )

m

where Q, is the distance from S,n to P , and C,n is the distance from S*

to the point o.f convergence of trvo neighi:oring rays along Qm

The field procluced at the external point due to a ray vrhich is

reflected (m - i) times r^rithin the d'ielectric'is given by:

-1 /2
ur(r,ø) 'Ao t'll Nz Nm l'1m (Rm) ''" ,., zTzl *rrnt-t

nl

., 
*o(R, '. Q,n) + j t<., 

ill 
Li

where T nI Zl Orrt-t 'is an amp'l i tucle f actor I ess than uni ty, resul t'i ng

f ronl the transnii ss i on i n'co anrj out of the cyl i nder as t'¡el I as the m-l ì nternal

refl ecti ons .
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The fieìd produced by a'lì the refracted rays is:
@

I ur(r,(r),r>a o<Utl<zr (2.2.14)
m=l

in which the constants are de'i;ermined from tl..e geometric considera.t'ions

shorvn in Appendix (A?.2) and Appendix (Re.3), as:

l - I -|-.,-cosoj -u.or2o.¡ _-l_._==__rr_.,__ __-____+h_l , (2.2.15)bt acos0.L Ncos0¡ NRlcof0l '

l_21i4
\=aco-ç-tql i=2,3,4"' (2.2.16)

_1 =cos0.f Ncos0¡" li , i l
tÇ - cos Oiln--qì7 co'sTî - ã cos di " a cos-Ed

(2.2.17)

and L=Lj=2acos0,^ i=1,2,3,... (Z.e.tA¡

Furthernore, since the ray path is conrpletely defined by these r.e]ations,

it is obvious that for a.ny given line source, observation point and

cyl'incler, there results a relation betl.reen Ø and 0., such that the unique

value of 0t may be deter¡nined fronr t.he fol lorvíng transcedental equation:

ZnF* t ø = Z Oi+ m (n - Z 0r) - sin-l (fl .in 0.¡)

- sin-l {f rin G¡) (?.z.le)

u¡here F* is the smalìest possíble integer such thai equation (2.2.19) has

real solutions. The solution of this equation is best obtained by graph-

ical methods as shovrn in Appendìx (44.j).

For the sake of convenience, Table (z.z,r ) shor,rs the various

types o'l' rays reaching the field point p. In thìs analysìs, the ntlt t.uy

arri vi ng at the f i eì d poi nt , contai ns no contr.i Lruti ons f rorn ref I ect.ions o.F

higher orclr:'i than ni 'r¡iri ch rl'ight occur before the highei- c;rclei^ raiy is re-

fracted to the fjeld poÍnt.
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TABLE (2.2.1)

cE0i4ETRiC RAY TYPES (r't.i I ) A't TilE FItr.D P0iNT*
.J 

-

El--!cs:s

RAY TYPE REFRACTI ONS REFLECTi ONS AI'IPLiTUDE MULTI PLT TD

I{0.0F r\0.0F BY

Inci dent 0

Refl ectecl 0

Rer"racted nr=l 2

Refractecl m'.2 2

Refracted nr

t o',',

o rvTzr
I TvTzl Rzz

nt-l T,,Tzlorrnt-'

Shadorv Relti on

RAY TYPE REFRACTIONS REI-LECTIOI'ìS AMPLITUDE F'ACTOR

Refractednr=l 2 0 I:,TZI
Refractednr=Z 2 1 TVTZIRZZ

Refractedm 2 nr-l Tn|ZlOrrnt-t

* i = no. of re'tractions j = no. of reflections
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2.3 Diffracted Ray Fields

For a dielectric cylinder ivith il>ì, a dì'tfracted ray can be

produced only by an incident ray lvhich is tangentia'l to the boundarry

surface(5'6). in order to satisfy the boundary conclition of the problent,

each tangent ray sp'lits into three nev/ rays at the po'int of tangency.

One ray continues along the path of the incident ray; anC another ray

travels along the outer surface of the cyìínder as a surface ray. The

third ray is critical'ly refracted'into the cy'l'inder and leo.ds to h'igher

order reflected, diffracted and refracted rays.

2.3.1 Types gl' Diffract,ed Ray:

A fÍeld poÌnt may have infjnite'ly many diffracted rays passing

through ìt, as shovrn in Fig. (2"3.1). There are four nrain types of such

rays which will nol,r be discussed:

(l) Rays rvhìch start from the source, hit the cyìinder tangentiaily,

travel along the surface on the exterior side, and leave the surface

tangent'ia1ìy to A.

(2) Rays emanati ng f rom the source rvh i ch h j t the cy'l i nder tangenti al ly ,

travel al ong the surtace, are cri ti caì 'ly ref racied i nto the cyl i ncler,

traverse the cyljnder, hit the other side, are critical'ly refracted,

travel a1 ong the s urface , and f ì nal ìy I eave tangenti a'l 
'ly tot"iarcl B.

(3) Rays of type (2) except that v¡lien they hìt the ot.her side of the cyì-

i nder, i ns tead of bei ng cri ti ca'l 'ly ref racted , they are ref I ected back

through the cy'línder, hit another side, are critically refracted,

travel aìong the exterior surface, and finalìy ìeave the surface tan-

geniiaììy to C"
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(4) Rays of type (2) except that v¡hen theyhaveì along the surface,

i nste¿rd of I eavi ng tarrgent'i a1 ly, they are cri t j cal iy ref racted agai n

into tiie cylìnder, traverse the cyl'incler, are critjcaì'ly refra.cted,

travel along the surface and fina'lly leave tangeniìa11y.

The renrainder of the d'iffracted rays are sinrilar to the rays of

the th'ird and fourth kinds except ivith higher nunrbers of traversals of

the cyì i ncier rvh j ch are clue to eì tirer reîl ecti on or ref racti on.

For a surface portion of the djffracted ray, the phase of the

field increases 'in proportjon to the opt'ical length of the ray. In

travelling along the surl'aceo the anrp'lìtude of the ray clecreases due to

radiation from the surface. The bounciary surface is a caustic of the

diffracted fields. The fjeld withìn the caus'bic 'layer is cortrposeci of

a nunlber of different modes. Each nrocie is characterized by its olvn anipli-

tude, ancl there.lore its oivn di'ffract'ion coeffjcient and proportionaìity

constant(s'0). The constant given in (1.1.4) rvouìci thus express the dif,-

fraction due to one mode rvhile the total dif'tracted field i'rould be sumnled

over all mocles. The anrp'litucles of the four types of rays, hot'tever, clê-

creases exponential'ly indicatinq that the surface modes are evanescent

and their contribuiion js therefore numericaiìy small conrparecl to the

i nci cjent, ref 'lected and f i rst order ref racted rays .
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2.3.2 Diffracted Field Calculat'ions

To construct the di ff racted f iel ds due to a cli el ectri c cy'li nder,

let Dr., , D1Z and Dr., be tire di'ffract'ion coefficients for the field on

rays travelling in free space, from free spa.ce to dielectrjc and fronl

dielectric to free space respectively. Furthermore, define the angle of

critical ìncidence as 0. = sin-l l/* , arrcl #., the propagatÍon constant

along the t¡oundary surface ivith s denoting the nrode nuniber. S'ince the

v¡ave is propagatíng ìn i"ree-spa.ce, the rea'l part of the v./a is approx-

irnately equal to l(o ; and since the surface rays suffer arì exponential

decrease in anrplitude, the inraginary part of vr/a (i.e. the decay expo-

nent), is posítive.

The fielcl due to the rays rvh'ich creep a distancê [or- around

the cylincler in a clockr.¡ise direct'ior1, or the djstance Lo_ 'in a counter-

cl ockr,¡i se di rect'ion are :

U.,nt (r,Ø) "
r
),
s

Ao o1r, (n Ro )-1/z.i*o(R+Ro) 
* iþ uto

r>a 0<Ø< 2¡' (2.3.1)

where glo = a(2nn !þ -.or-l fl-- cos-t +lto
and n is any positive integer slich that 0ìt t 0 ,

ft = (r2 - u')t'' Ro = (.02 - u')t''
The total contrjbution of rays of this type is the sum of (2.2.1) over all

possi bl e val ues of n

The contribution at an observation point due to type (2) rays

is due to rays diffracted at all points along the whole arc of'length 12.¡

vlhe re
ßn,= u (lt:it t P * cos-l * - .0.-l-| '" ^^'-i I I

l; - c¡i¡ LU) 
il'i

m = l r2r3.



To sunl over these rays, the factor
Lz-

express i on for U, n+ (r,F,) and I
stion for U, n - (r,Ø) rvhere Or, T,

fronr the poirrt of tangency of the ray

tion of U, The diffracted field ai

urnt ( r,Ø) * I oo 01.,, Dlz Del (RoR)

tJ, nt(r,fi) * 
Ioo 

01.,, ,., z Dzt (R Ro ft''I

-il,o(R,.Ro) 
+ i 2\ a cos 0ç +

e

21,

Ln,
L'Y

I 9?t is introduced jnto the
oa
diz _:ie:. ìs ìntroduced into the expres-d

the infinites'imal arc length measurecl

B to the pcínt of second re.frac-

B is
L2*'-dtzt
oa

.Ve
.l -aa L2¡ - irlZ

for r>a 0 :løl . 2n (2.3.2)

vrhere 2 f..., a cos 0, is the chorcl length of the ray in tlle clíelectric ancl

e-in/Z accounts for the caustic clue to the rays travelìing along the chord.

The third and fourth kinds of rays are arso shorvn in Fig. (2,?).

Here the anrplìtucte contains the fa.ctors , Rzzl:t+ uno yn3 þþ
a

Xt /tt 9p) ftz , respecti vely, *tlur. dtz i s the i nf i ni tes inral ar.c I ength

neasured fro¡n the point of tangency tolarcl the third point of refractjori

of u, ; t3 is the arc length measured froin the point of tangency of the

ray from c to the third point of refraction of u, ; dt3 is the infinite-
simal variation of t, nteasured from t, to the second point of refractíon
(second internal reflection point). This field contribution is:

-"' l 
rtt*zz+D 1rr r, lt gPl #

uioo(R+Ro) 
+ j4K., a cos 0c-r j vr/a 13* - jn

(2.3.3)

The hi gher terrils clue to mul tì pì e ref I ecti ons ancl rei"ractì ons ,
n 9.lt*

leacl to snral I ccntr"i b,ut'ions vrì th anipl i tude factors of Rl. i 
"*- !;4 arid
o



,uot DlzDz.,
I 

-=--ocl

Ito
L/,

r3
(Rez * DtzDzt I

o

oc"j V (rJs nlt

J
ûJ

nìt
6a- *
J,.

m-l(!-) Imtl

-t

m:J
j nr/Z

22.

( 2.3.4)

( 2.3. s)

-l

dt¡,dt3 I dt,l
a /._l 

a

+J+l
jf'

01,,

l,^

6a

Hence, by the same

by:

u4n. k,Ð =l Ao

-L¿-t

ll, {-ro 
DlzDzl

. i*o(n + no) + iKl

consideration as before, this field contribution is glven

-1 /2
Dlz Dzl (R Ro)

ÏtI ¿t^.
(Rzz+DtzDzt ) +). ,o

cos 0, + 4t - i 3¡t/2

The generaì expression for
9.mt,mt = j= for anguìar distance, as:

ur nt (r, Ø) is expressed usìng

-1 /2
un' n. (r,Ø) " I A

s
o 01,, Dr z Dzt (n

orr'zr 'Ír * on'-3
2 u.. "22

Ro)

(DvDzìz
l-m-l

V,,

... + (Dl2D2l )m-j

n-2
u'mt * Rzz

m-l-l( K o fol
,. R22 0v Dzt) -ßii¡¡ .l

ui 
Ko (R + no) + j 2nr K., a cos

for r>a,0.(Ø) .)-
Lil

The total diffracted field is the sunr of Un, n, G, Ø) for

al I nr.



CHAPTER I I I

COI'ÌPI\RIS0i'l l,iiTl-l THE EXACT S0LUTIOti

The scattering fronl an infinjtely 'long d'ielectric c¡rlincler by a

time-harmonic field due a line soLrrce, paraìle'l to the axis of the cylincler,

is int,estigated. The rc'sult'ing field is e><pancled asylnptotical'ly as an

infinite series of produces of radìal and anguìar r,/ave functions. The inci-
dent, reflectedu transmitted, and nru'ltiply reflected fields are evaluatecl

approximate'l¡r u5ing the sacldle point nrethocl of integration. In addit'ion,

the diffracied fields are deterrnined by the methocl or' resiclues(ìl ). The

procedure usecl is sirnilar to that g'iven by Streifer and KocJis(12) .*.upt
for the coniparison u¡ith the prev'ious solution based cln the geonretricaì theory

of diffract'ion.

3. I Exact SoIution

The field U(r,p) produced by a.n infinite j'ine source r,¡íth its elec-

tric vector paralìel to tlle axis of a d'ieleciric cyìincler, is the solution

of the followíng tvave equation:

1v2+r..!) u=-ô(r-ro) {P r>a

1v2*rf)u=o r< a

U(uo,ø) = U(a-,[4)

¿-Ufd¿i - a u(a-,Ø)
Ar Ar

t¡1'u'(ål-ir.ou) =Q

The resu'lting solr¡tion for the scal¿ir f ielcl is evaluatecl in Appendix (43.I )

by the nethod of separation of variabìes. The result is:

(3.1. t )

(3. t.2)

(3.1.3)

(3.I .4)

(3.1.5)
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(t<or. )

H(l)
v r>a (3.r.6)

-i i oivØ [(]) (Kr)r'4 L c r v o >' v
V=_æ

- o" nl') 1r,.0.,)

H\
v

a)J; (Kl

(3.1.6)

using

I ) {r<or. )] ,ru

he equation,

as fol I ol'rs:

- p H(l)(r r ) u(v v ' O >' v

interpretation of t
Appendix (43.2)),

l-ø
lRll o TtzTzt I.
L '' '' m=l

obtai n

ometri c

_ ì f .- zL'

u( r,Ø)

(Ko..)]

t'lhere n refers to the nraxirnum of (r,ro), and r. = m'in (r,ro), and

N Ji(K.,a) J.,(r.o1)Ju(l'..,a) Ji(Koa)
P fil', -u ,u(r.,a) ufl)'1rou¡ * r'r

The summation in

converging sum of integra'ls

rr) Ju(Kor.)Fl",*,

(s.r.B)

into a

logari thnrì c deri vati on functi on, 
( I 4) 

,

log' ujZ){r<ou) - ru ros'

log' - N ìog'

Hf2){r.,u)

il
,j

:
a

1

l

f.\

I
()?

2

(

v
T
v

H

Hr-rf 
l ) 

{r,.ou)

og'

og'

lN

N

):
a

t,
o

K
o

)(

\

(t
v
rT
v

l{

H

3
og

Rz?= -

eth

Hjr){r,u)

H[j )1'¡

tFl')

(*

u(r,Ø, = *ni-- I .tv(P + 2nn)

To

ge

P
v

usrng

R'il =

a physical

seri es (see

n{2){rou)

4fn')

(Kou)

nra¡r be expressed in

the Poissotl sunlmation

o,ä',(,;s.]l

rìa O.|'il1!r

Pu is expanded

(3.1.7)

terms of a rapidly

formu'la, thus :

(3.t.e)

(3.r.r0)

(3.r.il)

vlhere:

loo,ti{j)¡.,1"v
j = f ,2,



T1Z= I -F Rll TZI = I + RZZ

Substituting (3..l.9) into (3.1.8) leads to the result:

u(r,Ø) =

equati on

u(r,Ø) =

H j2) {r<ou )

4qri.)
T 

lzT zl
H(2)(r< u)vO
HrlT(K a)vO
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(3.1.r2)

(3.r.r3)

å Il_oiu(Ø+z,,n, t,
,l+ 

þ,,

H(1)r

n13) (

Jr( z)

(3. i . l2 ) may be rvri tten

*l ( 
"tvrzt(r-n)-øl fo ã )__ I

tjt )tKor,) Ju(r(or.)

rl')tKor, ) Fr(l )(Kor. 
) +

i m-1
x t=l Rzz

r > a 0 <(Ø)<2¡r

By chang'inçl v to -v , and using the identities:

u(l)(r ,"v 'o ,.f o"

z)=

z)=

uiun ¡('l)121 ,

u-ivn¡¡(2)12¡ ,

å,nÍ')12¡ -r n(2)12)i ,

as folIols:

ujl ){r,,0," ,) H(l)(Kor.)

* .-iZvr n('l){r{0.,) H(2)(*0..) -zR_urrjl){r'-or,) nj,)(*0..

since Ø is subiect io the restriction 01$)rzn, then for n>o,
(3.1.12) wi'11 give a contr"ibutíon to the fieicl. Sinrilarìy, (3.1

resent.s the ternrs for n<o These tr,ro equat'ions may be v¿ri tten:

,J""

on ly

.13) rep-



u(r,Ø) =
(.;-" t 2r, ( ì -n I -ør f,, t r I

)*o (."

* 
"i" f "í'**'", {,n=o )_* t

*1;'
" 

\n=:

u-j 2rv

(Kor,) nÍt)1ror.)

_ 2P H(l)_vv I n(l)(r..

H(2)çr,,ou¡

I HfÐqJ

26.

(3.1.r4)

+ t.'( 
I ) (r(or,) rr(2) (Kor.) .l o"

I

( Ko.

[-.

-t-H(l)(r(orr) Ju(r.or.)

X H(l ) (r(or,) njt ) (Kor.)
H(2) rrc o) i*T1zTz1,fffi.Èt -,/"jt)(*,0)\*

|,,Tz[,,.,/

nìa 0<lþl< 2rx rr(l)(t,. " I H(l)¡< 
"v ' O >' v O .,] cl

3.2 lg!'netri c Opti cs Fi el d

The scattered field is conrposed of a geonretric optìcs fie1d, and

a djffracted field. The criterion for the jdentífication of the geonretric

optics field froin (3.1.14) is the existence of real saddle points,

uo¡(j = 1,2,...) such that O.luoj l. Ko ". Each ter^m of (3..l.14) is eval-

uated asymptotìcal'ly'in l'.o and Ki Since the niain contríbution of the

integra'ls conres fronr the range in rvhich Ine vl . Kor. , the Debye asy¡np-

totic forms of H(l)(roç ) and n5')tKor.), given in Appencl'ix (43.3), are used.

The result'ing terms are identified r,¡ith the corresponding ray ter'ms given

i n the previ ous clrapter.

3 .2.1 I'he i nci dent F'i e I d

m

22

\
'l

The first tem of (3.1. l4) is rervritten as:



u, (r,Ø) (fitzrn) 
uf l){ror,) nlt)(oor.) d u

27.

(3.2.?-)

(3.2.3)

(3.2.4)

(3.2.1)

t'Jhen the Debye asymptotic fonrs of Appendìx (43.3) are substituted in the

integrand, the resuìtÍng integraì nay be evaluated by the saddle point

method as slrorvn 'in Appenci'ix (43.4). The resulting inf injte series has

a real sadclle point at n=0. The c0rresponcling saclclle poìnt equatìons

for the first and seconcl integrals of (3.2.1) respect'ive'ly, are:

H(l )(K^r- ) rr(2)(r<^r.¡ ou I rra 0. I pl: znv 'o >' v 'o'<' 
I

.or*l a.a + cos ' *þ = t

.or-l -ja - cos-t 

"å 
= ,

ur(r,Ø) *Ao(or)-% ui*oot r>a o:lpl:zn

Equation (3.2.2) has a real nrnzero solution only in the unshaded region

of Fig. (3,2.ì ), and (3.2.3) has a real nonzero solution only in the
v

shaded region. The geonretrìcal 'interpretation of É is also silol,¡n in
o

Fig. (3.2. I ). The positive solutjons of both (3.2.3) and (3.2.3) corres-

pond to field points above the line 0S. The negative solutions of the

eqLrations correspond to the field points belorv the l'ine 0S. The result

obtajned fronr evaluation by the sadclle point method is:

rvhich is identical to (2.2.5) determined by the ray tracjng nrethod.
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FTGURE (3.2.t)

GEOi4ETRICAL INTERPRITATION OF THE SADDLE P()INT
OF THT INCIDEÍ{T RAY

FTGUP.E (3 .2.2)

GEOi'IETRICAL INTERPRETATION OF TIII SADDLT POiNT
OF THE REFLTCTED RAY
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3.2.2 Externally Reflec'i-ed Field

The next term of (3.1.4) may be

I rr(z)1r.ou)
rJr(r,Ø) = ¿- i .r '(Ø*T"n, 

lo,.|L 4'l ('t')

(43.5) to be:

-luo I vo ^ -lcos + COS Kr - ¿ cOS

0> o<

As shoi'rn 'in Fìg. (3.2.2), tnis equation has

i tten as:

¡(l)(K r ) ¡(l)(Ì( r ) dvv ' O >' v ' O <'

v
å= Qt Zrn (3.2.6)
t\o

o

a positive real solLrtion on'ly

rel^tì

,l
_l

r > a 0:lgl'2r (3.2.5)

Si nce the second ternl i rr the i ntegrancl of (3.2.5) i s the negati ve o't the fi rst

tem jn the in'cegrand of (3.2.'l), they cancel out. llorvever, the Ínc'iCent

fielcl 'in the Llnshadeci area of Fìg. (3.2.1) renrains, as tvil'l notv be shot,ll.

i,Jhen the Debye asynrptot'ic fonls of the lìanhel fLrnct'i0ns are substì tuted i n

the first terin of the iniegnancl of (3.2.5), trvo real saddle points result.

0ne ljes in the range, 0.lvol.i(oa; and the other ìs in the range l(oa.lvol.i(0r..

For the sactdle point v¡hich satisfjes the cond'ition Koa<lvol.i(0r., the

idenriùy Hll)(rou) ", - ti(2)1i<oa¡ holds(.l6). I,Jhen substitutecl in the inte-

gi"and, r,ri th R.,., g'iven by (3. I .10) , there resul ts:

H(2)rr u)
^ v 'oorr ¡-r¡fr"r '

and the fjrst integral of (3.2.5) is identical v¡ith ti¡e first integral of

(3.2.1), giving the incident field in the unshaded area of Fig. (3.2.1).

The external reflected fjeld is determined fron the saddle point

rihi ch s ati sf j es the concli ti on 0< I vo | .Koa. The Debye asyrnptoti c for:ns are

srrbstituted for all the llankel functions in (3.2.5). The saddle point equa-

tjon of any tenr in the infinite series of (3.2.5) is found in Appenclìx



30.

for n=o , vrìth the field point lyíng in the lìt region above the l'ine 0S,

and, has a negatìve real solution on]y for n=l with the field point

lying in the ì'it regíon belor'¡ the Iine 0S. The solution of (3.2"6),

expressed in ternis of the phys'ica1 ang'le 0i = 0i (r,ro,Ø), is the phys-

ical angle 0i = Bi (r,ro,Ø), is

uo = r Koa sin 0.' (3.2,7)

[{hen (3.2.7) is substituted 'into (3.2.6) tlre resulting relation between

Ø and 0.' is:

(ø )

L, 
: r\ = 2 0i - sin-l(*'in B.,) - s n-l(å sin 0,) (3.2.8)

rvhjch is similar to (2.2.19) obtained by the ray methocl. lthen (3.2.5) is

eva.luated asymptotica'lly, the result shor^,¡n in Appendix (43.5) is:

. _!. i (Rr+Qr)
ur(r,Ø) 'AoRll(Rr)-'2 Mru I ¡ (3.2.9)

lrhich may be identifjed rvith the corresponding terr;r in the ray so'lution,

(2.?.8).

3.2.3 HÍgher 0rder Transmission Field

to transmission through the cy'linder, the

asyrnptoticaliy by the saddle point nlethod:foì ì orvi ng

Un.,( r,Ø ) =

To find the field due

equation is evaluatecl

et

i ç {.j (ø+z'n) r'Í,)tB hJ:*

D m-.,ftÍt)lrrulf"22 
\4"\ -r.) /

The saddle point equation is found

Korr) ir(l ) (Kor.) rtzrztHjZ){rou)

4tÌ-..)
dv r>a 0<lþl<2r m = 1,2,3,., (3.2.10)

in Append'ix (n:.0) to be:



.v
-l oCOS ir-- +hlo>

The positive s

the upper ha'lf

tri buti ons of

sti tuted i nto

fr "*. Ø)
)_(
[2 Tr Fm - Ø)

.or-l 
"f 

¡- 2nr cos-l 
t9- 

- 2 cos-l "o-
o < l!ñoa 

o

ol uti ons g i ve the contr j buti ons o'f the 'f,i e

of the cylinder, and the negative solu'fio

the field incident on the loiver half. tlhe

(3.2.10) the folloi,¡ing result is obtained:

= Ø*Zrn

ld incident

ns g'ive the

n (s.z.z) 'is
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(3.2. il )

0n

cof-r-

s ub-

=20ir-m(r-20r) - sin-l sin 01 )

(3.2.12)

t'¡here s'in 0,^ = $ r'in B.¡ This equatìon is valict on'ly if either r.fr or"

F* is deternrinecl as the snlal lest positive integer such that (3.2.12) has

real solutiotls. This eqLration is iclentical v¡ith (2.2,ì9) obtainecl fronl

the prev'ious construction of geometrical optics rays.

The typicaì forin of the contribution fronr any saddìe point is shourn

in Appendix (43.6) to be:

(i

- sin-',tsin o1 )

Ur(r,Ø) ' Ao Nlt{z Nrþln,Rn,-u' T lzr zl
n1

iKo(Rm+Qm) + iKl .1., Li
l- I

R m-l
nl

v¿hich corresponds to (2.2.13) of the

o:lØl!,
sol uti on .

3. 3 D'i ff racted Fi el d

Any integral in (3.1.14) v¡h jch cjoes not have

may stiì'l be evaluated by the methocl of residues. Ì,Jhen

totically, each integral leads to a contribution to the

The express'ion (3.2.5) for Ur(r,ø), has s.impìe poles in

rìa

ray

(3.2.13)

a real saddle point,

evaluated asymp-

diffracted fìeld.

tne 'inieclranci
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H(l)ir< ul u(2)?r<"ulv'0'n,v'l_/-r

{Ð('tJ-" H(-Zllca)-u

Similariy the expressìon (3.2.10)

approxinraie positjons of the roots

v-plane ur.(6)t
r"l/3

v, = i(oa o g.tìll ujr/3 + ...

where g, i s a nuntber deternr j necl by s ubs t'i tuti ng the Debye asyrnptotì c for¡ns

of tl(2)'(talu) an¿ n(2)(rlu), and the Aiiy function asymptot'ic forms of

H(l)'(Koa) and H(l)(Kou), fronr Appendix (43.3), ìnto (3.3.1):

^in/3,, u rl/3 A'(9') l- v- il,lZe-'-,6, -G_J=jNl-(q", ..l (3.3.2)

r^rhere A(z) is the A'iry funct'ion(15).

¡¡hich nay be detemined froiir the equation:

r ì a 0<lPl< 2 n

(3.3.1 )

for U*(r,ft) has poles of order m-l The

v, of (3.3.1) in the upper coinp'lex

Equaiion (3,2.5) can be vrritten in tvro equivaìent forms rvh'ich r'¡ill

shorv thei r physi ca'l i nterpretati on:

r@.I
ur(r,Ø) = å ,[ uiu(Ør2nn) *Ít)(*0.,) rÍt)iro..)

¿@ F,,

ufz){rou) .l
nr'I-t') 

.J 

ov

is equivalent to:

u,(r,Ø, = È [:jv(p+Znn)
nj')tKor,) u(l)(Kor.)

Hfz){r,ou)

;rlT(K a) 
-

v 'O

(3.3.3)

ui 2"".l d"

J

(3.3.4)

F,,

r> a 0.1Øl<Zr

Similarìy, the expression for Ur(r,Ø),
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, (*r,rlûl+2rrrr) 
- ^ m-l ,,(l),i, \ "(2)1r"oa)

u*(r, ,, = ,n 

.l "jv(p+Zirn) 
, rrr^ orä-t *it)tKor, ) tÍ')tKor.) Oî*;t

r(,,rr)r¡<.,u)\*
\4"G,/ 

cru r>â o'lPl< 2n (3'3'5)

is equivalent to:
¿ê

u*(r,Ø, = ,u 

l:iv[(nr-n)2" 
-P] TvTzl orï-] tÍt)tKor,) H(l)(Kor.)

- 
ffiffi (,$ìffi)'. cv F>â o<n< z" (3.3.6)

3.3..l Fi rsj Order Di ffracted Fi el d

In orcler to erraluate u,^( r,Ø), the Hankel functions, ll(l)1rorr),

tjt ) (Koro), nÍt )(rrlu) un¿ H(2) (Kla) are repìaced by thejr Debye asynìp-

totic forrns, and Hjl){f<oo) an¿ tt(2)(Oou) are replaced by tlreir A'irry Func-

ti on asyrnptot'ic forms " Equati on ( 3.3.3) i s eval uated by the method of

resiclues in Appenclix (43.7) rvirere the ter¡ts of the orcier[--l- --lerrç v'""' 
LKou trrr2-i lut-l

are neglected. The final result is:

u.(r,Ø) * | oo o1r, (R *o)-t /2 uiKo(R+Ro) 
+ ius'l+

r>a 0.1þ1.2n (3.3.7)

vrhen comparecl to the result obtained by the ray niethod, (2.3.1), the

di f f ract'ion coeff i ci ent i s deter^nii ned as :

01,, = ffi nrc)-'/t ui 5n/tz (,,ou)-'lt ¡*r-r 1-l tR(sr)r 
2 

(3.3.8)

A sinrilar evalua'¿'ion oi' (3.3.4) by the method o'i res'idLies, -vieìcls
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u., ( r,Ø) I
s

oo 01,, (R Ro)-ll2 .it'o(R+Ro) 
+ i "s'l- (3.3.e)

For fixed values of fl, re Fo, a arrd n, (3.3.7) is usecJ if, ancl on'ly if,
,l+ ì 0, and (3.3.9) is L¡secl if , ancl on'ly if, r,r.,_ > 0 The trvo are

nlutual'ly exclusíve. Thus, tvhen the fieìcl point líes in the shado.r^r regÌon,

(3.3.7) is usecl for n = 0,1 ,2..,, and (3.3.9) is usecl for n - -1, -2,.,.
l'Jhen the field point is sit.uaied in the upper ìit region, (3.3.7) is used

for n = 1,2,..., and (3.3.9) is used for n - -1, -2,-3.., Also, v¡hen the

fielcj fiejd point js situated jn the lorver lit neg.ion, (3.3.7) Ís used

for n = 0,1 ,2,., aircl (3.3.9) is usecj for n = -2,-3,.., -lhe nrissing terns

give the geonretnic opt'ics field in different l'it regions as discussecl

previousìy. Phys'ical1y, (3.3.7) represents the portion of the incicient

lvave lvhose Poyntittg vector hits the upper suri"ace of the cylinder tang*

enti a1 1y. I t' decays exponenti a'l iy v,rh'i I e travel 'l 
ì ng cl ocklf se al ong the

cyìinder surface for an anguìar distance ar14 , ancl then leaves the surface

tangenüÌal'ly tor.rard the field point. Similarìy, (3.3.9) represents the

port'ion 01" the incident v¡ave whose Poynting vecior hits the lovier surface

of the cylinder tangentiaìly. It also clecays exponential]y r,rhile travel-

ling counter-clockrvise for an angular clistance o.,_ , and then leaves the

surface tangenti a1 iy torvard P. For the sake of i I I ustrati orr, o¡]y the

positive case is shor,rn ín F'ig. (2.3.1).

3 .3.2 H j çlher Order Di ff racted F j el cls

In evalLrating (3.3.5) the Hankel functions are again repìaced by

thei r Debye and Ai rry Functi on asymptoi'i c forms. tquati on (3.3. 5) i s

evaluated in Appendìx (43.S) for m=l and the result is:
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t)r(r,r) " I Ao o1l, Dtz Dzt (R Ro)-t'' ,r,,

jro(n+Ro) + 2jKla cosO, + jusr,+ - jnlZ
e " rìa Or(Ø)_Ç,i (3.3.10)

r^rhere D1z=(N2-,)-'/', ù21 =le

u¡hen (3.3.10) 'is conrpared to (2.3"2), deternrinecl by the ray method.

By a sinrjlar procedure for the cäs€ of m=2 there results:

uu(r,Ø) " ! o, 01.,, Dr z Dzt (R Ro )-1/2 lRzr,r*o Dr2 or, ,å.,1

L -zT-l

.j*o(R+Ro) 
+ j 4l(]a cosOco jus'3+ - jn/Z 

r> a 01(lt).2, (3.3.il)

where RZZ = ì by comparison to the ray solution.

3.4 Conclusions

The equation for the fields developecl by the ray metliocl have

thus been verified by comparison with the leacling ternr of the asymptotic

expansíon of the exact solut'ion. Also the cliffraction coeff.icients

obtained itl the ray so'lution have been evaluated by conparison lvith the

exact solution. The extrenìe case corresponding to RZZ=1 may be explained

by employing turo rays, where one is compìete1y refracted, and the other

completeìy reflected at an internal surface of the cylinder.



CHAPTER IV

DISCUSSION OF THE RESULTS Ai,ID CONCLUSTOi.IS

4.1 General

The as¡rrnptotic solution for" the scattering and diffractíon of

a cyìindrical vrave by a clielectric cy'ljndel", r,Jas clevelopecl in Chapter iI
using the qeolnetrical theory of diffraction. The solution rvas obtained

by construct'ing a fetv ray paths ancl deterniining the amp'litr¿de and phase

relations of the ray as it tral'elled alorrg the path. At an observation

point, the fjeld rvas simply the vector sunl of the fjelcls on all the rays

passing through that point. in th'is prcblern, caustìcs l,{ere generated

and the calculation o1= the fìeld on the reys passing thr"ough these cau-

stics vras carriecl out folloving the nlethod cleveloped by t<eller(2,.l0).

The tu¡o main aclvantages in using the ray nrethocl are:

(a) Sinrple corltputation of the scattered fielcl r,rhich is due to the fact

that an asynlptotìc series is inherently more rapidly convergent than

the corresponcÌinq serjes in the exact solution.

(b) The agreement r'r'ith experiment and the sinrple interpretatjon of the

solutÍon t'rith reference t,o phys'ical behaviour which nray be obtained

by retaÍning the first ferv ternrs of the asymptotic series.

The first reason u/as arnp'ly demonstrated r.¡hen the ray so'lution

lvas conlpared trith the laborous nrathematical manipulations requ'ired to

determine the exact solution for the same problern, as shov¡n in Chapter III
The fields deten¡ined by the ray rnethod nere found to be lead'ing ternrs

of the asyrnptotìc expansion of the exact solution. The seconcl reason

trri j I be shoi,¡n in this Chcrpter.
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4.2 lspgr::llgi]ll¡psru'e$gl ancl [:xact Resul ts

Fig. (4.2.1) shovrs tlre experinrental results of ro¿ir(ls) for

a polystyrene cy1ìnder hav'ing a diameter of I 'inch or 2.03r at 24 Gcs.

The exaci sol uti on , basecl on the theory of Froese and l,lai t(t Z1 
i s ai so

s hor'¡n

The results based on the ray nrethod for the sarne cyl'inder geo-

ntetry, and I ocat j on of the source ond observati orr poi nt, are al so shor,ln

for the sake of conpanison. These results are basecl on equation (2.2.5)

for the field due to the'incident ray, (2.2.8) for the ref'lected ray

f ield, ('2.2.13), for the first and third transmjttecl ray fields. A

santple calculation for the fjeld clue to the varjous râ¡r5 un¿ shorvjng ihe

graplri cai proceclure used to deternri ne the geometny of each path, i s gi ven

in Appendix (n+. t 1.

The agreenrertt r'r'itlr experiment and the exact sol uti on i s good,

and the rnaximum error for the amplitucìe ancj plrase are 87á ancl 60, res-

pectively. Tl¡e error in the ampìitude and phase due to the gr^aphical pro-

ceciure used to find the ray paths (A¡rpendix A4.l) is estinrated to be

t2% and t3o respective'ìy. The errors clue to the uncertaìnty in neglecting

the contributicln from the higher order rays, are o'f, the order o'F 0.5îá anci

+lo, respective]y.

4. 3 flyl:gl_irterpretati on

An impor'tant feature of the ray nrethod is that by considerìng

the first order (leading tenn) rays, a physica'l insight into the behaviour

of the field, is gairted. The incident, refleciecj, dìffracted and refrac-

ted rays are shorvn in Fìg. (4.3.1).
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--Kx =l

(a) inciclent & Reflectecl

( b ) Di ff ractecl

(c) Refracted Ray:

FTGURE (4.3. I )

FIRST ORDER RAYS



Exanri nati on of

Fig. (4.2.']) shor¡s that

range 0<Ky<40, ì.e.:

values of Ky and 1..(x + xo) in

field varir,.s very s'lor,rìy 'in the

it( {xÐ\Y-tlz
Âau

o

lTf+x-Jz + F
jK(x+x^)

e'e

U. = E. 
",1l

the rel ati ve

the i nci clent

J KR*
^t/\o e

=
/R:

1

Ao
2

Jl( y
21ITXJ

40.

(4.3.1){..r.lr;7
Because xo 'is vcry 1arge, the rati o y2/Z (x+xo) 'is numerica'l1y snlall.

The reflectecl fielcl U,^ ìs zero in the shadoi.r region (Tab'l e 2.2.1)"

Thìs fielcl is given by (2.2.S) for K¡,>Ka ancl increases in anrplitude as

y i ncreases. The ref I ect j on coeff i ci ent R., ., 'is snral I for l'l srnal'l , and

for a gìven fjeld point, the reflected field clecreases as the cylinder

radi us i ncreases

The nragnítude of the diffracted field is contno'l'led by the cljf-

f ract j o¡r coeff i cì ent D., .,, Equati on (3. 3. B) shovrs Dl l, i s i nverseìy

proportì onal to ì arge po',,/ers of Ka and l'{, and tlr us , the exci t ed surface

rays are nunreri cal 1y very smal I .

Excep'i: for Ky>>l(a, the donrinant term in tr'is due to the fjrst
refracted ray. For Ky=0, the ratio (E,/Er) ìs less than unity due to

the snalI refIection Iosses. The phase tenl of thjs ratio, hoi'rever, ìs

proportional to 2i(a(i{-l ) rvhich indjcates resonance and antiresonant

regions i.rhenever 2Ka(li-l ) i s an even or odd procluce of n rarli ans respec-

tiveìy. Thus the phase rather than the ampìitude tenir, is very sensitjve

to the val ues of Ka and il

For 0.iV.Ka, the reflection losses increase rvhi le the path ìength

SSoSIP is orrìy s'l'igirtìy cliffereni froin the incident ray path, SP, par-
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tjcularly for small values of Ka. Thus the amplitude ratio decreases as

Ky i ncreases vrhi le tile phase ternr re¡naì ns practi cal ly constant as shorvrr

in Fig. (4.2.1). l'he constant phase reg'ion 'increases as Ka increases

and i,l decreases , resul ti ng i n a narror,rer axi al beanr, or focusi ng i n the

forv¡ard regì on.

At l(y = [(a, one incic]ent ray excites reflected, refractecl and

diffracted rays at the tangency point, Q. The contributiorr from the dif-

fracted and reflected rays is neglisible comllared to the re'Fracted rays.

regi on

phas e

Thus tire oscillations in the anrplitude and phase terms in the

KyoKa are due to the refracted ray field and occur tvhenever the

ter¡r changes by r r^ad'ians, i.e. ,

Kls so + I't(sosl) * slP - s Pl = tr , t = 0,1 ,2... (4.3.2)

increases and the period ofAs Ky j ncreases , tlre vari ati on i n (4.3.2)

oscìllatjorr increases for this regÍon"

For Ky>>l'.a, tire amp'lìtude o'f't.he reflected ray becomes of the

order of that of the refractecl ray, but the trio are out of phase by about

n radians. The field thus osciIIatcs about the value of the incicjent

field and the oscillations decrease as Ky ìncreases. The values of Ka and

N have little effect on the field in this reg'icn.
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4.4 Concl us i ons

The ray ntethod has thus been found acceptable for determ'ining

the fieìd, not on'ly in the bacl< scatterìng regìon, as was shoivn by

Konyounrjjun(9) ¡ut also for ihe nrore general case of a field poínt loc-

ated anylihe re around the di el ectr j c c,v'ì i nder.

The ray nlethod has also been found adequate for interpreting

the oscillations in the scattering pattern, attd the dependence of the

fjeld on tire djaileter and dielectric constant of the cyf inder, as vrel'l

as on the loca.tion of the source and observation point.
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APPENDiX (A2. r )

DERTVATT0N 0F TQUATi0N (2. r.6)

The distance C,^ at r,¡hich tr,vo ne'ighbcring rays converge,'is

found by Kouyounrj'ian by consjclering the ç¡eometry of Fig. (42.1)(9). For

AtL

(A2.t.t)

a srnal l Àcr ,

^0. 
- aa Â0, * aa

R 
--1_.__-= 

[ ':-= a Acr"r cos gi "r cos ei u

By el'irnìnating ao. there resLrlts

ì _ 2 ,l
Ç=--q-ç 

(A2'1'2)

rvhich is the l'f irrlor Larv of Opt'ics for a convex reflecior, equatìon (2.2,7).



tI 
^

\'\ Ct'rt F
\

FTGURE (A2. I )

REFLECTED AND REFRACTED RAYS
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d0'^'t -- '
d8.t1

6..=acosÇ

APPENDTX (A2.2)

pERrvATr0N 0F EQUATT0N (2. l. l0)

The distance b, at r¿rhich tlo neighboring rer.racted ra.ys

in passíng through the dielectric cyì'inder, is found by considering

geornetiy of l-ìg. (A.l.l)(9). For snrall ary

A8 - Aa Âa -Â0
Rr cosQ, = bt .*q*= a 

^0

Elimjnat'irrg zta and taking Iimits gives:
d0,

cos 0.' -¿6i
I ...-n cos-O--rr

Snel I's LavJ

sin B.' = N sin 0.

Taking derivations

cos0rdOi=Ncos

dOe _ cos 0.'

ã-%- - N cosT;

. t_ I
n,, - a cos-,

By the nlirror lavr of optics

t*2
6î a cos 

_6-t

siven by (2.2.16).

converge

the

(A2.2.1)

(A2.2.2)

(A2.2.3)

(A2.2.4)
[,
for

I d0^r¿

a concave

I

cos o., u .orze., I
N-cos-€.^

refl ector,

i = 213
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APPENpTX (A2.3)

Ttvo neiç¡hboring rays, which are refractecl out o'f the cyìinden,

meet v¡hen extended. The d'istance C' froil the cy'linder surface aìong the

ray extension, is found bJ, corisÌderjng the geonretry of Fig. (A2.2). For

smal I as ,

r10.^ * ¡ç¡ 40. '" ¡s(l - n.,)-."-O;= Cl .*-O¡= a Åo.

El inii nati ng no and taki ng f inri ts gi ves :

[o u.i d o.¡

ì ='o'?. ltç- -9.-,.q-cosEl l_-f -q -acoTT.'
It¿

I _cosOr [tt cosO. N I Iq - co6rE L"Ðc*q 
- õos 0t " a cos Çl

i = 1,2,3

t'¡hich is equati on (2.2.17) .

(A2.3. r )

(A2.3.2)



.-.'' j a

^o'tu.

(A3. r .5)

(43.1.6)

(A3. I .7 )

(ns.l.s)

APPENDTX (As. r )

pERrvATr0N 0F- EQUATi0N (3.1.6)

Goertzel and Tral 1 I 
( l:) gi u. the parti cul ar sol uti on for raclj a-

ti on by an i n'f,i n'i tely 'long cyl i nder as bei ng:

u = + [ sjuØ Ju (toro) H(l ) (Kor)r nro (n¡. ]. r )
v

= + | sjuØ Ju (tor) rj')tKoro),r.ro (A3.1.2)

v
The solution of the homogeneous equation is:

(A3. r . 3)

(A3"r.4)

e fìeld sees only the l'ine source

a.r.ro i s:

u. n"(t ) t*orl

r=a

on tjt)('aor), F,ro

tn t(t)(,,o.), F.ro
v

ctrjc cylinder

Jv ( Ki r), r:a

om the cylinder, t

tion in the region

(Kor) r¡(tl,Koro) +

Ju (K., r)

ndary condi ti ons a

e

r

u

\)

n

u

J
V

cn

bou

,:B

vØ

iel

cn

ef

sol

[,
L'

j

j

d

,þ

nc

rJ

l

v/

vØ

he

ce

j

e

s

e

e

n

0

l

\)

v

t-il

ri
[J = '+I

41,
V

=*,J f'4t
v

Insi de the

u=+lei
v

At a dista

ft=
''rì

The genera

u=+lei
v

For r<a ,

u=i-lei
U

Applying t

u(uTp) = u(a)Ø)



Ju(Koa) H(l)1t<oro)

J
( a',Ø )

+ r3n r-rft)ir'.ou¡ = cn Ju(r.,a¡

49.

(A3. r.e )

(A3.l.lo)

(43.1.11)

t,(l)(Kor,)

Ir
o

(alø)

+B
n

tl imj nati ng Cn these resul ts:

= - p H(l)(K r )v v o o'

as in Equatìon (3.1.7) lvhere, in this region,

au
ar

T
[,] "(t<oa 

)

= âu
ar

n ft 
) (*ou)] =rft ) (Koro) Kj Cn J i( K.,a )

tf')(Koro)

H(l)(í.. r ) =v oo'
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(A3.2. r )

APPENDiX (43.2)

DERI VATI0i'l 0F EQUATI0i'l (3.1.e)

Tlre expansion of the equat'ion,

Utø lliltrl- N J*l(,r,*, 1,,ú,,,.)

Jo,(t,o¡ Hl'ú,,,o) -- iV "T,i¡,r,,¡ l/{iQr,,¡
P,=

!ri ed out usi ng the i denti ti es ,

J',,r¿ = !ltlit,-, +

Ji¡,¡ = zlrtlií=, +

(þ,3 .2.2) and (43 ,2 .3) i n (43. Í

= i Ia|uø-ll,t¿-:!i
7-" 

l_tllll, a n\i(u,"t ', H'i'(

x ulioru%tLúfu,ò-t
H|\¡u,,¡ H!l'(n,,,) -, l/j)(,,,o) ,

F , sl!,,,.1

=l lr r- t/:tøø ) Ë!2z l^ H!,¿,,,."¡ I ttl*¿lL
L I tllÌ""'¡ t''

ls car

Using

í>
l:i

(A3.2.2)

(ns.z.s1

ltlu,q il:l',,,)
,ff\;;p/,Fù

tl?(,r,^) llI^,,,il
Wþ4t/t:l[l

,#::il
:r#8,)J

(A3.2.4)

'lF-, + ttieÅ

lí.,+ l/:bl
n (43 .2.1) and nrul'i;i plyi ng,

-¡ tlÍ)t, ¿ Llii,a *N(tih,,¿ ili:(u,gt

r H!i'þ,,t É1þ',, - ÌV (it!¿,,n) Í11,,,,)

ilßÀ-t-&"L * N (Í¡l(,',nt lif,,,¿ ,
')'{,r,o1 

tl?f',,a - N ( n!'¡n,a tlfþ"'t '
Ht)ir,,.l u?í,,¿ tJ,i)(:h,ù 

^, [i!,'it,,.)Eúnfl,-i ^' ur(lt * 'u ffiì-t
l: H!/fu-,)

T,'-ù /rl,(,r.4 - ull,*.,) - '' ffil

,m
Dividjng through by L "n.t.: 

,
L)r - H'i(r.4L -;--

11ï ß,,')
(A3. 2. 5)
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.=l
Z"

(¿),

n |¡,, (r',ò
J- tt

l.iri,i(,r, Ð

f)l\ rl

H;'(r,,') lì-"(;,,',) ¡. ; l'l'i {,r"5 "

lm,;mi + t\! Lm,,*)
l'¡0,^s r!ïtú,,,,)

(,.t',

I!fuOrtfu: t\! 
þt!/(í,")

utii /¡r,^l t)
Itt!¡i<,u; I-t zz"

L

Expandi ng the

r
n=;l

t_

i-tl,- 
2, ti 

-

=*[i.L

denonri na'bor í n a binonlial series,

"P.+

t^

I #3{n,,'" R"R.": (*lX)-oJ

l-l'u'ú,,") þ_.--__ I

fÚ(rd t -
f ¡¡!ú:,^t
( u,,r,; ÌlÌ?.)

(ffi,'R,{_
-?h: /L

tiì '
)

t\
.+

4*

R,-q'È
'hl = ¡

=,-l-rzl'

5 (:íJ':4)"'
4À=t I L/'í'(h,2),

t<S,

ll y'(r"d¡

n| (,t*)

I' t

tli,þ,a¡

Hf4-)

11¿¿.

*'r-r'. il
R'^ 

f I gz37)

+ tv#í# ¡,|;rt /n,,, ) \
N ¡tW; l

-/

(A3.2.6)

iÍi'(to,")
,u !¡,f:As-_-- 

-/ ^'= "

11?,1,,*)

{r 
, n (R,,R,z -r ß¿, +

/

ii
r)

,r

ì

u'hich is the expansion given by (S.1.9).
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APPENDTX (A3.3)

ASYI.IPTOTIC FORiiS OF }IAN}(IL FUNCTION

Debye asymptoti . forr, (1 5) for j arge argument anci i nclex, rvì th

v< z are:

Hjl )( ,) , (trnZSirt )-1/2 .jz(s'ih'r - tcost) - jtr/4 
= Fe) '

Hjt)(rl , (LirZsin.r )-1/2 e-iz(s'int - tcost) + i r/4= e(z)

*1-tlt)(r)'jsintF(z)
âZ "V \Ll Jrr¡ t

$ H(zl(z) " -j sin r G(z)

v¡here r=cos-l;

For argunien'L and index both large, anCv r z, the Airy funct'ion represent-

ations for the l'lankel functions are:

Hfr)(¿ " (î) v A(g)

nft)t') "(l) xA(r)

¡1(t),(z) tll vz A,(sr)

nl,'l' (z) ' -rll *2 A,(r)

* nft)r,t " (l) ,t o,(n)

f" Hf) ol " (l) *2 A,(t)

,\ rrl,t)'t ,l * (î) r{l nnrnt
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ancr -,\ Hf')'t 'l , (î) r4t t A(r)

vrhere ,={$)'/t.-i'r/3

^ = (?)t't uin/3

g=y(u-z)

t = x (u- z)
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APPEi'iDrX (A3.4)

SADDLE p0ri'lT EVALUATr0i,r 0F EQI.JATI0T{ (s.2.I )

ôo i-
U, (r,,1) = *-t ;:"- 

L

u"

l(l.n=¡r,),,('),,,1')'r ( r r^" '' llr'(r,,;) l-lrþr''¿ o(/

. 
E 

y'(dtzn',) t/i (,,"Ð fli(r"q ,4 yz¿i c<t¿-¿ù

o ¿ l(Þl 1¿)i- (¡\3.4. 1 )
Subst'ituti ng the Debye asymptoti c forärs :

.t, l{R{*L)^ '^ : \5<'

,far, (A3.4.2)
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(A3.4.3)

(A3.4.6)

T-
.-^\) | ¿ lt

t/ z-
\/ r-- , ,,t *U-¡
A(Zo) -u-L4L.-t'a-

the Sadcile Pojnt tnethod,

l' ¡--r't -. \I (^) * [ Xes o*fl'-) ¿ ^/c-

e phase terrn of I., =

7/ (,1,-rzrrn) "i- ,l n*ilr:l
'- T/ 'ro o- 

/ ''"/
' KJ.-

the Saddre poìnt. 
'! 

¡Pnn'*-) .= oee .òz

(l t- z,n h = .,c2,-;' íi
jch for a real saddle point is the san

the sadctl e poi nt, thet"e 
'-, i:

"l: * + t--- -L' l)Ú"+)'' xt L 4-

Itt'J¿W
-'L

fT- -i7z ;x,f,[o-¡-'/\-' /t;-,,r. e ''-e---Ë--'!

By

Th

At

l¡lr

at

lU',r.1" -";
(A3. 4.4 )

(A3.4. 5)

B.y eva'luat'ing (43.4.4)

_ ¿n"
2

7/,¿4'-;t

Ewlv.\"
)

l-"1-(v;'fr't
tjL

o,\.¿

,¿

*ßo
4.. -L

Sinri I arìy,

T- :E ut 
hcU':=W - JTHI ^ tko R"Lz*/l;;,"- -_--' ,"\-/ 

^t-*_---Ll "r-ft1' ,ffit;,.)1o I R.

0utsi.ie anc! ìnsicie tiie shadecl area respectìvely, (43.4.6) and (43.4.7) are

Ídentical to (3.2.4).

--__l
'2.'1rÐ"_l

(A3.4.7)
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APPEr'rDrX (A3.5)

SADDLE P0i¡{T EVALUAI-ICN 0t- R[FLECTED F]ELD, EQUATI0N (3.2.5)

, (\ë

^.,]..V * ./¿ì ,/(/ 'n=--Y

Expand R...., and apply the Debye

L(fr,Ð ,) "t (A3. b. r )

Yta- c ¿- lrþl Lzi-i

U, ú",d)
fi1' (,,,,) il !.' ( ¡,,,,)

l:"'r"') R,,

f ¿t7\

.v
K,, (>

(ti+ ¿

f.'

o¿

t I/l'4
'(-

-&

:4
laY>

(

J:"
-/ z

la

\
¿_
ttì -t9ltì -

Ar),

(r cl)'-*

j,(,frf ,
X.C L

asyrnptoti c forms :

+ N ) o*"';'#"
J ,aL,; 4¿'¿'' -Z- -l^ N i 'a'o- ^'' ¡íí;

*- /v M:T
lftLlloa-

u,

Subst'i tute: l/ =! K¿tL <zzn Q'+ ;

11 . = C¿'a ên' - N ,t-,=- {-t r" ,t ¿,_,- t^;Ìr/ ¿r"-- "r"
The coef'f,icien'Ls thus nrake no contribution to the

the i rlLeg rand.

(A3.s.2)

asynrpototic expansjon of

,T,

ry phas

f z,il tt

staii onar

(, -,

(2 n,t, o"n <-;' -!r, 
)/z' (l ,t,l< .<'+i o--'ff-) 

"
. T .____ -r

+ -l 
þ1,''':- f- 

rl z.;' /)
------ J i"

(43.5.3)
e point is:

= .r,:-c-.Jt ,?-, 1- ,(-¿---t31-" ?, ."..=--'ftr- (A3.S.4)tr-¡z ko'ru

"r,)" -- v''

The
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Substituting in the saddle poìnt equatìorr (43.a.3):

u,þ,ù -- 
[{_."

;rW -rf*"6f "[f6 - ¡-V,,,;,1

(43.5.5)

.- f;-
J 9rrtt,

/' \l/¿
t 

I lH,?.;';; -''"*' " *t* I \

r\., Ao R,, -rio,(t?r*Q") (43.5.6)

¡n ('n *)^
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APPENDIX (43.6)

EVALUATI0¡i 0F THE REFRACTED FItLD, EQUATIOiI (3.I.I3)

-11,. t,,

X *9'

X -e.
zu j (/F,, -/a;t7 ) -lI t é-/ /rz

The folìorvìng equat'io11 is evaluated by the Saddle Po'int

(i,,,þ,,r,) ,"#f; rfttt'nn) Tt"T,t n,:-' I't!)¡u,,¡ l[/¡-

L/L

ni(
7)
1:- \
/roly'

r. Ict))

:(6;çæ_,t

rnethoci:

,s Ht/t,",,t lH !r,r4;¡on /r,tm*,þWl
o Ll|l Lzir (43.6.1)Y Ìcu

Sui¡sti tuti ng ye asyirr¡ltoti c fonlls of the l-lankel functi ott :

%

Deb¡

(;I
the

U.,"(r',f') -- t
*i,r(¿¡z-ù?t).

R:., ;'i(ß,'f:F 
-z*e;tz )

,) r,,(Jt'
-uz''=-l:4rr, . )¿--lt

l/h it
a (A3.6.2)

The saddl e poi nt 'is I ocated at:

tþ+znn = *z'c"-.-t7"
6a,,

1- ,c¿'a-'#, -r ¿";'ffi * z)n t*--'ft-
(n:. e . e¡

poi nt:

JF,'f7" *i,Çaft 4zz''i JF4w - i q
Eval uati ng

Q^ a' [_t_' 
iJl 

gtTÉo

the integral at the saddle

-h,7,¡ ß:-'nti J(fu: +i
l//4lz I - ¿7"" Ire,ffi Fø ^rW)

(A3.6. 4)

Let m = 2. l4ul ti p]y through denomi nator, \'{here ,the

l¿?-/"-(e

-- [r:El
" Lti¿ )

R, = Yr' -(9*)" "1i) anci Q"

,J-r*-@'



Ão

- 4 ( R"Q,. +- /?¿ M
N

SubstitLtte vo = t Koa s'itt

(D,r^,)/'= z IvQ,í?, c,.*e,

¿o-*j'e.:'-/4. r, 
uaro7 *-'

/VA- Qu--2 fi-j -¿o--êr

Rrla'"-- ,., (tI/ ,?r. 4,22'Ç r -¿L Rz <n-o€-*' '*/-i-tt ¿u.-? ¿;-')
t-
L ft/ R ¿. '4'¿14' à't' ¿¿-. &Y

-l- Cì, ( e Rr¡ll ¿o--rJ-y - 4 Kr .&."..6t-.' * /i.t- ,<:.t><-7e-J t- Ai^, &-¿-tìv 1'-+ê4

N l( r, ,ë¿,'<'c9'-.- .3-¿-+êy

f,.t' ¿a-e- O; ( /t/rt,

-À1
-zo.uÍa)'l Vyn= "'-"" ^+ lr"--* '-" *4-----l fon, *--", -^ f"":-="'*-*-t' "t I

ê----z-ê t - 4 [? r rtr-. Uo' - 4. a, .,--=]-{+-- )

X '+a ¿-te.¿ - it/r.4<at<

=R, ¿¡-+ê,-> -Zßreo-o¿'-,

fy' ft, c-c-z- c-y

1- 4-(1f',

= R,

'e"-a, -4. lr- ¿".*-€-n' - +r¿ ¿..hen.' + A/r, .e-.a, ¿*-L!1

U R, "t*ê-" -/*t?¿- ¿,o--dÈ4' -/+a,;={ï-f-)
(A3.6.5)

the denontì nator, then

itr,(n;o) rizk'L
-¿-

ß,
F

l.'Jhen the

L{,Q ,!)

v¡hi ch i s

(f- rf,¿-2-ç-,

-rl /,7(
-in i, tu

i?" . l\/
' t ¿,t-- ) ¡ I

I

e

.l

.ít

¡
L--ì-
h1

ri

| ,-,

i ¡ir

It
lh

ll r

l¿,

rri i

ni't

I
4
!^,
LC

¡
!l

J/

x

/ i-
,__ -
lt-
|."r

phase

tj4, i'-i.-:

(3.i.r

+ qr)
C./

ken ì nto

t\/, M ,

nl=2
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APPEi,IDTX (n:. Z1

EVALUATTOii 0F EQU/n-rOi'l (3.3:3) ily TriE üFlllon or nrsiDuEs

The follo'rring eqiratìcn is evaluated by the method of Resjdues:

(J,t,d;),.,-t f l'ø-t>nt) llliß',¿ ll!'Ún4

47t"

,l //H?@
t-t,?9.,)V

'YÀ 
¿¿. o ¿^k// t-¿¡ (A3 .7 .1)

By the metliod of resìdues,

('

I 'ftq ,1= =
Jc-

nonri nator of R., ., cletermi

no contri bLrti on to the i

at each of the poles by

vØ:: 7

2ÍTJ res i d ues (A3.7.2)

nes the

ntegrai.

expanC'in

(,) +

The cle

makes

uateci

Thus

æ

Q,ft,a)- rnitã Ï"*

pole 'locations. Thus the second ternr

The transendental ec¡ua.ti o¡l i s eval -

g it in a Taylor series at the po1e,

l* -t ^ r/l./_-c() Oltlzt I('- -"v 
Try. (A3.7.3)

j z'(/+nt) 
H|j t,r,s ill) ru- ,)

+J ' //::)úItr,i,"-r )

ft!,i!,,"'t

M,o
'/(u",, (43.7. 4)

Emp'loying the i.JronsLion(16) results in:

u t,Ð --' -h è Í. l'(4'="? H,"(u",,1 H li&",.) (n¡.2.s)ls' =" 

þ i:t,"n;|" 6'//:¿,;)''!'rl

Substituting the asyiirp-to'tic fori¡rs ancl neglecting a1l ternrs O[t¿foa''6'7TJ :
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l)(r,,1')^' -ih-
¿1

>z
4'>'=c) ! t', VrW ¡*WlnW &)/,*-i-/o A,&lf

-jntr. l jrr((tz.nn)

['Jhere:

I, c, = )- Wß4 /v ,t?l¿)Jv Wlíf(,,.), " øTO/
= Úl,,,o r+ lYø - /'/!'!'"Ð õ+ /!!'/,"9

,þt.:/ ú(,,4 ,

= ilNÍËrþ-.¡"4ffi:l*, ú,,\,)I
þ v ^,il-- 

t('¿'(

z -l- t -iL .*t.t= Y1 *y'l/ú)l * TJ((k,,,)^-r)'"3 . 'Fe;l k,. \("
= hu--jn(72-K"r') - N'L-(';;l + ,ffi;ns'z'z)

(43.7.6)

u

r |-,r't",t 
( *- i * eroa-e) i- j nr'(4 ¡"n',)

L B¡ D,Í = J i it' 6'¿/:--j '%, k,*1-/o(u'-r )-' Vr¿,)''
Ano l,* = znnrö -u--lt*.;'i

(/,(r,Ð - Z- 11" D,Ë-!ixo(ß+ K¿) +i a"'/u '4t
Y-¿a Oztþl¿¿¡rs (Rn)Te (ne. z. t c¡
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Fron Appenclix (43.7)

l¿- rc)
U^o J

The valrre of the secon'J ter¡il

a.nd is neglected.

lv-'/

of (43.8.3)

þ-tat1
is found to be of higher order,

Thus,

IJ,('',è') u zrii à
y's

*z¿.l#)(#)%oi*

-jv'.
(Æ. s.5)

L.r D,.=(/v'-t)-/" D., = a /+/vD

lùrn = þ, zrr, * e.---la- * <:r--*t&- -a .c,i'.+r-
Y7 l<

:.
Then,

ur(r,ø) * 4 A" D,,:; 0,, D,, Ú? ß"1^r^" *-jr"{r'n')+'¡'4'"*.r;;:::;"'"

v,,hich is given in Equation (3.3.,l0).

(d,r Lî), -.,"'kl- e"-/tÌ*
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APPENDTX (n+. I )

SAJ4PLE CALCULAT]0i.1

From Fig. (4..l.'l), the -fielcj is cleternlined at

(A) The j¡cicient fjelci at p is:

the point t(y = 15.

l,lhe re

Let the

whe re

(B) The

u. n, Ao 
.'*oot'q-

Ri=ffi"ø
phase reference be yo = l(o

Ko = 5.03.

A
U., . 2f6- e'10

reflecteci field at P is:

u,^, Ao R, (Rr) 1/2 (.L * 
frl-t/t

Frorn Fig. (44.1.1) 0i = []lo , cleteririnecl by

cos 8, - [l cos 0
Rl I = ¡*-oi=-ilTrd = -' 780

05 crn

605=o

.roo(Rr+Qr-Ri 
)

cons tructí on .

Thus

By measurement, Qr = 5.5C cln , R, = Sgg.7B

t_2
Ç=ãdsq= ll'l
fo,- {r
ll+?-- =
t/ 'r

and
A

U n, - =-9-'r 248

Ljhen coilrpareci to the

Ur
O' t '0992

't

7 ,87B

ei Blo

incic.ient fieìd,

oj - eso
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(c) The fi el ct arll_ 
'

Fronr Fì g.

Th us

ul

(n+.1..l), oi = 46.b0, Rl = 599.l3 qr

Qj = 4-.89 cm, and L = 2.275 cn.

Rll = -.3492, TIZ=0.651, IZI = 
.l.349

i Ko(RloQt-R.,) + i i(tLt
Ao TrzTzl e

frÇlt;5 /q -riI' q' q

- I L coso., u.o,2o., I- a cor-g; 
L' 

- i[ cosq Rì]'{ cos-Ç 
I

I

E

lq
= .457

cos 0_r-cosq

= 35.5

to the incicìent

n, 0.340 ed-44o

þ:5-- ri -. r I
Ltl .* q - ã cos-q " a cos-i]

tu +-ui-440
fi e1 d,l,Jhen

u3t

ur

conrpa red

u1

u.
I

(n) The field at P ctue to the th'irci transmitted ray ís:

Ao TrzTzr orr' .dtto(R3+Q3-P'i 
) + 'i Ktl 3L

/rt /rrryq /ËLr\ {wrg ffÍry
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Fronr Fig. (itz.1 .2), 9i = .l5.90 , R3 = 598.71 cnt.

Q3 = 4..59 cin, L = 2.50 cnl.

' 
= 1.27 ui-21o

Rll : -o.z4z , Rzz= .z4z , *rr, = .05g6

112= 0.758, fZ1=i.Z4Z

/rT-n/cã= ffi = 1.833

,l-VÇ=ffi=il.3b7
{ | - Llbo = /1 - 2.50 X 2.987 = i 2.544.L

{ÃEf =m=0.4712

L ^ ^j looo ^ 
Ao 

^j-goout " f3¡6¡u e" I vw '" -r3-4-- t

l.Jhen conrpanecl to the incicient fielcl

ug ^ or8 ei-goou. "l

The total fielcl as a ratio of the incíderit fíeld is:
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À.---- -. --_t-
27,Y ,---''

FTGURT (A4.l.l)

REFLECTED AND FiRST TRANSI.IITTED RAY, Ky = 15

FTGURE (A4. I .2)

THI RD TRANSi,iiTTED RAY
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