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ABSTRACT

The geometrical theory of diffraction by J.B. Keller, is used
to solve for'the Tield scattered by an infinitely long dielectric
cylinder, excited by a line source parallel to the axis of the cylinder.
The geometrical optics rays are used to calculate the field due to the
incident, reflected and refracted rays, while the surface rays are used
to determine the diffracted field at a remote observation point. It is
shown that the total field predicted by this method, for cylinder dia-
meters greater than a wavelength, is in good agreement with experiment

and with the more complicated methods based on the exact solution.
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INTRODUCTION

The study of scattering from dielectric objects has been stim-
ulated by new methods of radar meteorology, and investigations of plasma
columns which can be simulated by dielectric cylinders with the relative
permittivity less than unity. Furthermore, this investigation is
jmportant in that, it may lead to simple solutions for the dielectric
wedge or more complicated dielectric bodies (grain insects, cancer tumors,
etc.) which may be approximated by cylindrical or spherical shapes.

A reliable method for predicting the field scattered by a dielec-
tric cylinder, is naturally of interest to those engaged in the design
or application of dielectric antennas or dielectric discontinuities in
waveguide structures.,

The problem of scattering by a dielectric cylinder was studied
in a classical sense by Ray]eigh(]g), while an exact solution was obtained

12).

by wait(]7) and Streifer and Kodis( The exact solution, however,

presents serious computational difficulties. A simple solution was

(9)

attempted by Kouyoumjian using the geometrical optics rays to deter-
mine the back-scattering radar cross-section of the cylinder. Thus only
the "glory" ray and the "rainbow" ray were considered and the results
are applicable only in the region of the back-scatter.
The purpose of this thesis is to apply the geometrical theory
of diffraction to the problem of a dielectric cylinder in order to pre-
dict the field at any location of the observation point due to all inci-

dent, reflected, transmitted and diffracted rays passing through that

point., The concept of the field on a ray is then used to derive simple




ix

expressions for the field due to the various types of rays and the de-
sired field is finally obtained as the vector sum. The analysis is
restricted to an infinitely long cylinder excited by a 1line source par-
allel to the axis of the cylinder. Furthermore, the distance to the
sburce and the distance to the observation point are assumed to be much
greater than one wavelength at the frequency of operation and the dia-
meter of the cylinder is greater than a wavelength. These restrictions
may, however, be removed by considering the next higher order terms in
the asymptotic series solution.

The method is finally established theoretically, by an agreement
with the leading terms of the asymptotic expansion of the exact solution
for the case of the TM mode, and the diffraction coefficients are deter-
mined by comparison with this solution. The method is also in agreement
with the results of Kodis(]8).

| The Steady State solution does not take into account the time

dependence, ert.



CHAPTER I

THE GEOMETRICAL THEORY OF DIFFRACTION

1.1 Basic Concepts of the Ray Method

The geometrical theory of diffraction as given by Ke11er(]’2) is
based on Maxwell's Equations. It employs ray tracing diagrams as a means
of obtaining asymptotic or approximate solutions to field problems, Accord-
ing to the theory, fields travel along certain curves, called rays, deter-
mined by the laws of geometrical optics and Fermat's principle. The total
field is composed of the field on the incident and reflected optical rays
plus the field due to the diffracted rays. Diffracted rays are produced by
incident rays which hit edges or corners of boundary surfaces leading to edge
rays emanating in all directions.

The field at an observation point is the sum of the fields on 511
the rays passing through that point. In general, the field on each ray con-
sists of an amplitude term and a phase term. The amplitude term is depend-
ent on whether the source of the ray is a spherical, cylindrical or a plane
wave. The phase term is proportional to the distance of travel along the ray
and, the proportionality constant in freelspace is the wave number, K0 .
The amplitude term is derived in accordance with the optical form of the
principle of conservation of energy in a narrow tube of rays emanating from
a small region of the wavefront, as shown by Ke]]er(z) for the various types
of waves.

The rays incident on a dielectric scatterer are straight lines
extending from the source. For the case of a finite scatterer, they suffer

a unique number of refiections, diffractions and vefractions. The field along



all the resulting rays 1is determined by the particular path, as well as

the properties of the source and the scattering body. The reflected and
transmitted fields may be computed with the ajid of reflection and trans-
mission coefficients once these rays are properly identified and classi-
fied. Thus fora point of reflection:

JKOS
0P = T Uy () Rl0y) ¢

where R(Qj) is the reflection ceofficient at the point of reflection ”Qj“,

(1.1.1)

and Ui(Qj) is the incident field at ”Qj“. The distance "S" is measured
from “Qj” to "P" .,

Diffracted rays are treated in a slightly different manner. To
illustrate this, consider the case of an incident ray tangent to the sur-
face of a curved body shown in Fig. (1.1.1). The field on the incident ray
at Q on the surface 1is:

U;(@) = A;(Q) e

where Ai is the amplitude of the incident ray, and KO wi

-
o ¥ () (1.1.2)

is the phase in
radians. The field on the surface diffracted ray excited at Q due to
this incident ray, may be expressed as:
K, v4(Q)

Ug(Q) = A4(Q) e (1.1.3)
The phase terms, Y5 and vy are assumed equal at Q while the diffracted
field is assumed proportional to the incident field at Q. Thus

A4(Q) = D(Q) A;(Q) (1.1.4)
where D(Q) is the diffraction coefficient which depends on the nature of
_the field, the surface properties of the object at @ (conductivity and
dielectric constant), as well as the propagation constant Ko . The diffrac-
tion coefficient D(Q) is also dependent on whether Q is an edge, vertex

or a surface point,



FIGURE (1.1.1)
A SURFACE DIFFRACTED RAY
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FIGURE (1.2.1)
RAYS TRANSMITTED THROUGH A DIELECTRIC SLAB




1.2 Application to a Lossless Dielectric Slab

Consider a plane wave ob]ique1y incident on an infinite, homo-
geneous, dielectric slab of thickness, b, dielectric constant, ep, and
with the electric field perpendicular to the plane of Fig. (1.2.1). The
transmitted field is to be determined and compared with the available
exact solution. The phase reference is taken as that of the fundamental
ray, AA'P which traverses the slab once before reaching P. The ray which
is reflected twice in the dielectric before emerging at P is shown as
CBAA'P,will be ahead in phase compared to the fundamental ray. The differ-

ence in optical path length, aL, is given by

AL = N{(AB + BC) - AD,
where N2 =€, '
But AB = BC = b/cos @r .

AD = AC sin Bi = 2b tan er sin 81 s
where 8, = angle of incidence,

6.. = angle of refraction,
and sin 8, = N sin 6, (Snell's Law)

AD = 2b tan er N sin Gr

=
—
4

N 2b/cos @r - 2b N tan er sin Or

i

2 N b cos 6, (1.2.1)
The phase lag due to a ray crossing the slab once is:

K0 AL 27 N b cos Gr
s= 0 - (1.2.2)

X

By the method of images(B)

, there are an infinite number of
secondary rays originating at the plane wave front which pass through P

after a unique number of reflections. Each differs in phase from the fund-




amental by 2 n & where n is an integer greater than zero. In the absence
of the slab, the electric field at P 1is given by
-l Ky¥y,

E(P)i = e _ (1.2.3)
where the amplitude is novmalized to unity and Y, is a new phase reference
calculated at P. As the slab is lossless, the amplitude reduction is due
to the multiple reflections at both interfaces of the slab. Next define
the wave matrix coefficients R]], R223 T]2 and TZ.l as follows:

R]] = veflection coefficient at the free space-dielectric interface,

R22 = reflection coefficient at the dielectric-free space interface,

T]2 = transmission ceofficient through the free space-dielectric
interface = 1 + R1] R

TZ] = transmission coefficient through the dielectric-free space
interface = 1 + R22 .

The field at P due to the fundamental ray is:

is -jKOwO
[E(P)) g = TyoTp e e
16
= T1570 e’° E(P) ; (1.2.4)
The field at P due to a secondary ray reflected twice is:
- 2. 33¢
[E(P)1, o7 = TqoTpq Rop €77 E(P), (1.2.5)
while the field at P due to n transmitted rays is:
- 38, 520 338 , 4 _j58
nZo [E(P)I, = TyoToyfe”” + Ry, €70 + Roy €770 + Lo,
2 (n-1) _j(2n-1)s |
+ 15, (1) I (2n-108) gy
1 - Rgg oians is




For n + « , Equation (1.2.6) becomes:

T, T .
E(P) = E(P), [ X 2;}25} el? (1.2.7)

Stratton(4) nas shown the solution of the boundary value problem
for the special case of a plane wave normally incident on a dielectric
slab. The result given for the transmission field may be expressed using
the above notation, as follows:

4 E(P)i

E(P) e 38 (1.2.8)

- 2,0 (1= 2,7) €% (14 Zy,) (1 + 7,7)

—

where Z]2 = N, 22] = %-, and R22 = (%—i~%& . On substituting for le-and

22] and simplifying, there resultis:

To,T .
E(P) = E(P), [ 12 21525} e’ (1.2.9)
1-Rse

which is identical to the result previously derived by the ray method.

1.3 Application to a Convex Cylinder

The geometrical theory of diffraction has been applied by Keller

to an infinitely conducting cy]inder(s’G) .

Each incident ray in Fig.
(1.3.1) which is tangent to the cylinder, gives rise to a diffracted ray.
The diffracted rays produced in this manner, travel around the surface of
the cylinder as surface rays. At any point on the cylinder surface, a
diffracted ray splits off from each of the surface rays along the tangent
to the cylinder, as shown in Fig. (1.3.2). Each of the diffracted rays

split off from the surface ray,consists of an infinite number of diffracted

rays which have encircled the cylinder different numbers of times.




FIGURE (1.3.1)
RAYS DIFFRACTED AROUND A CYLINDER

FIGURE (1.3.2)

DIFFRACTED RAYS EXCITED BY A SURFACE RAY



The diffracted rays passing through an observation point, P, are the tan-

gent rays from the cylinder to P. The field determined by Ke]ler(b) is:

-o -
D 2 e S

U(‘“;Q) v 0 2 —
( )/}(0

where Ds is the diffraction coefficient, og is decay exponent due to
radiation and t is the length of travel of the ray on the cylinder,
This is compared to the leading term of the asymptotic expansion of the

exact solution and the constants DS and o, are evaluated,

1.4 Conclusion

Keller's Theory has been tested mathematically for a great numbeyp
of problens where rigorous or exact.solutions are avai1ab]e(5’6’7). In
particular, the ray diagrams for the reflected, refracted and diffracted
rays have been established for problems similar to the case of the dielec-
tric cylinder. The geometrical optics ray diagrams for the dielectric
cylinder, will be further established by another method. It is expected
that the diagrams for the refracted and diffracted rays, as will be shown
in later chapters, are correct and should lead to a reasonable agreement

with published results where forward transmitted field data is available,




CHAPTER 11
DIFFRACTION BY A DIELECTRIC CYLINDER

2.1 Introduction

In this chapter, the geometrical theory of diffraction is
extended and applied to the problem of diffraction by an infinitely Tong
dielectric cylinder. The incident e]eciric field is polarized parallel
to the axis of the cylinder since it is due to a z-directed line source
located at the cylindrical co-ordinates (ro,wo) . For the perpendicular
polarization case, the ray method is stii] valid since HZ rather than E2
is then considered. For the more general case of oblique polarization,
the solution is obtained as the superposition of the parallel and perpen-

dicular cases in exactly the same manner as shown by Burke and Ke]]er(8).

2.2 Calculation of the Geometrical Optics Field

The scalar field produced by a time varying line source paraliel
to an infinite dielectric cylinder in free space, is determined using the
ray method. The basic parameters of the cylinder are the radius, "a"

and the index of refraction N , where

( r]/2=;—l> 1 (2.2.1)
0

and K]/K0 is the ratio of the wave number in the cylinder to that in

free space. The observation point where the field is desired, is assumed

to be at (r,f) with the center of the cylinder taken as the origin of the

cylindrical co-ordinates. Furthermore, if the origin of the polar angle

is measured away from the vector o s then QO = 0 and P is the angle between




10.

the vectors s and v measured in a clockwise sense.

In order to calculate the field U(r,B) at point P , a ray
diagram showing the incident, reflected, diffracted and refracted rays
must be traced. Since this field is the sum of the fields on all the rays
ﬁassing through P, the calculations may be presented in a step-wise
manner. The resulting solution must, however, satisfy:
(a) the boundary conditions at the surface (a,), which require that the
tangental components, (EZ,HZ), are both continuous;
(b) the Fresnél laws of reflection and refraction(4), and must also take
into account the multiple reflections within the cylinder that account

for the radiation component of the field.

2.2.1 Incident Rays

For certain values of Fgs s @ and @ , the incident rays may
reach the point P directly, as shown in Fig. (2.2.1). For such cases, the
incident field U_i ,» 1s calculated using the optical form of the principle
of conservation of energy. The principle states that in a time periodic
field, the flux of energy is the same at all points in a narrow tube of

(5)

rays The flux is proportional to the square of the field amplitude
multiplied by the cross-sectional area of the tube, and by the velocity of
propagation at that point. For a cylindrical wave, the distance between
a pair of neighboring rays is Ri do , where Ri is the distance from the
source, and do 1is the angle between the two rays. The amplitude, A(P),
satisfies the relation:

AZ(P) Ry do = AZ do (2.2.2)

where AO is the amplitude on the ray in question at unit distance from the




FIGURE (2.2.1)
INCIDENT AND REFLECTED RAYS

FIGURE (2.2.2)

RAYS REFRACTED THROUGH THE CYLINDER
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source, Thus
A

A(P) & —2 (2.2.3)

To adjust the incident field to be that of a source of unit strength,
Equation (2.2.3) is cocmpared to the leading term of the asymptotic expan-
sion of the function Hé])(KoRi) for a line source. This leads to

S

=\ fod
AO gk (2.2.4)
3K R S
The phase factor is e The field due to the incident rays is thus:
A JK R,
Ug ~ 0 e 01 (2.2.5)
/R

i
2 2 1/2
where R, = (yO trT - 2y, r cos ?)

2.2.2 Reflected Rays

The contribution to the field at P due to the rays reflected
from the surface, fs found by considering a pair of neighboring reflected
rays as shown in Fig. (2.2.1). When extended into the cylinder, these

rays intersect at a distance C_ from the point of reflection, SO . The

cross-sectional area of the tube bounded by the two rays is Cr de eval-
uated at the reflecting surface and (Cr + Qr) do at a distance Qr from
the point of reflection SO along either ray. Thus, in the Timit the ampli-

tude of the reflected field at P due to a ray from SO is:

2
2 Ao
A(P) (QY‘ + CY') do = *R" Cl" de
r _
A
and AP) v O (2.2.6)
RO '

r Cr
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i

where R distance from the source to reflection point, SO

r
_ ;.2 2 .2 1/2
= (ro - a” sin” ei) - a cos 81 .
Qr = distance from the reflection point, SO to P,
= (rz - a° sin? ei)]/z - a cos 81
1 2 ]
and e TR R (2.2.7)
r i ¥ _
JK(RgQr)

as shown in Appendix (A2.1). The phase -factor of the field is e

while the complete expression for the field at p due to the reflected

rays is 172 jKo(Rr+Qr)
. o *11 Mr R e (2.2.8)

Qr ~1/2
where Moo= (1 + zfd

2.2.3 Refracted Rays

The field due to the rays which enter the cylinder and are inter-
nally reflected m-1 times before being refracted out to the field point,
are shown in Fig. (2.2.2). Applying the energy principle again to the

portion of this discontinuous ray from S0 to S] , there results:

2
A2 (L —b)dfz:»l—\gb d-o
S] 1 ] : R] 1 i
hence A = _Ao b,
S, T
1 R] L] - b]
AO

:/ET\-?*/:—E’-*I-*'““ ) (2.2.9)
e
‘ 1

where AS denotes the amplitude at S] R %n is the distance from the source
1

to SO of the ray which traverses the cylinder m times before arriving at P,



14.

L is the chord length from Sm—l to S

0 and bi is the distance from

m
Sm—l to the point of convergence of two neighboring rays along Lm .
However, the convergence of two adjacent rays within the cylinder leads

to a caustic or a phase 1ag of w/2 as shown by Kay and Ke]]er(]o).

This phase factor may be taken into account by mulitiplying the amplitude

Ag by the term e “/2, i.e.,
1
A0 .
AS = , (2.2.10)
1 /ﬁ{ /1 - El ‘

b
_ . 1

since e /2, 1/ . Similarly, when the energy principle is applied to

the ray path from S] to 52 , and Sm~1 to Sm , the resulting amplitude is
multiplied by the factors; N] . N2 s e Nm , where
Ni = (1 -~ +— ) i=1,2,... (2.2.11)

by

The amplitude factor for the ray path from Sm to P is:

Q. -1/2

_ m
Mm = (1 + f; ) (2.2.12)

where Qm is the distance from Sm to P , and Cm is the distance from Sm
to the point of convergence of two neighboring rays along Qm .
The field preduced at the external point due to a ray which is

reflected (m - 1) times within the dielectric is given by:

-1/2

\ | m-1
Um(r,@) N AO N] N2 . eo Nm Mm (Rm) T]Z TZ] R

=
=

JK(rR +Q)+JK
e om m ] ;

L
(2.2.13)

nm™
—

where T12T21 Rzpm_] is an amplitude factor less than unity, resulting
from the transmission into and out of the cylinder as well as the m-1 internal

reflections,
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The field produced by all the refracted rays is:

Y U, (rog)r>a 0< |p] <20 (2.2.14)
m=1

in which the constants are determined from the geometric considerations

shown in Appendix (A2.2) and Appendix (A2.3), as:

. 2 ns
1 . 1 cos B _ a cos” 8
b, " a cos 6, [; " N cos By - N Ry cos eé]. ’ (2.2.15)
1 2 1 .
= - i=2,3,4... (2.2.16)
bi a cos Qr, L“bi—l
1 _ cos 6, N cos Bp N N 1 (2.2.17)
Cy cos O5)(L-b, ) cos B ~ a cos Bf a cos 6, °
and L=L;=2acos 8, i=1.2,3,.. (2.2.18)

Furthermore, since the ray path is completely defined by these velations,
it is obvious that for any given line source, observation point and
cylinder, there results a relation between @ and ei such that the unique

value of 8i may be determined from the following transcedental equation:
enf s P =20, +m (v -20) - sin” (dsine,)

- sin'] (2 sin @.) - (2.2.19)
. o i

where Fm is the smallest possible integer such that equation (2.2.19) has
real solutions, The solution of this equation is best obtained by graph-
ical methods as shown in Appendix (A4.1).

For the sake of convenience, Table (2.2.1) shows the various
types of rays reaching the field point P, In this analysis, the mth ray
arriving at the field point, contains no contributions from reflections of
higher order than m which might occur before the higher order rey 1s re-

fracted to the fieid point.




TABLE (2.2.1)

16.

GEOMETRIC RAY TYPES (Hij) AT THE FIELD POINT*

Lit Region

AMPLITUDE MULTIPLIED

RAY TYPE REFRACTIONS REFLECTIONS

| NO. OF NO. OF BY
Incident 0 0 1
Reflected 0 1 Rt
Refracted m=1 2 0 T2 Ty
Refracted m=2 2 1 Ti2 To1 Ry
Refracted m 2 m-1 T2 Toy R22m~]

Shadow Region

RAY TYPE REFRACTIONS REFLECTIONS AMPLITUDE FACTOR
Refracted m=1 2 -0 T]2 TZ]
Refracted m=2 2 1 T]2 TZ] R22
m-1
Refracted m 2 m-1 T]2 T21 R22

* 1 = no. of refractions

j = no. of reflections
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2.3 Diffracted Ray Fields

For a dielectric cylinder with N>1, a diffracted ray can be
produced only by an incident ray which is tangential to the boundary

(5’6). In order to satisfy the boundary condition of the problem,

surface
each tangent ray splits into three new rays at the point of tangency.
One ray continues along the path of the incident ray, and another ray
travels along the outer surface of the cylinder as a surface ray. The

third ray is critically refracted into the cylinder and leads to higher

order reflected, diffracted and refracted rays.

2.3.1 Types of Diffracted Rays

A field point may have infinitely many diffracted rays passing
through it, as shown in Fig. (2.3.1). There are four main types of such
rays which will now be discussed:

(1) Rays which start from the source, hit the cylinder tangentially,
travel along the surface on the exterior side, and leave the surface
tangentially to A,

(2) Rays emanating from the source which hit the cylinder tangentialily,
travel along the surface, are critically refracted into the cylinder,
traverse the cylinder, hit the other side, are critically refracted,
travel along the surface, and finally leave tangentially toward B,

(3) Rays of type (2) except that when they hit the other side of the cyl-
inder, instead of being critically refracted, they are reflected back
through the cylinder, hit another side, are critically refracted,
travel along the exterier surface, and Tinally leave the surface tan-

gentially to C.
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(4) Rays of type (2) except that when they travel along the surface,

instead of leaving tangentially, they are critically refracted again
into the cylinder, traverse the cylinder, are critically refracted,
travel along the surface and finally leave tangentially.

The vemainder of the diffracted rays are similar to the rays of
the third and fourth kinds except with higher numbers of traversals of
the cylinder which are due to either reflection or refraction.

For a surface portion of the diffracted ray, the phase of the
field increases in proportion to the optical length of the ray. In.
travelling along the surface, the amplitude of the ray decreases due to
radiation from the surface. The boundary surface is a caustic of the
diffracted fields. The field within the caustic layer is composed of
a number of different mbdes.‘ Each mode is characterized by its own ampli-
tude, and therefore its own diffraction coefficient and proportionality

(5’6). The constant given in (1.1.4) would thus express the dif-

constant
fraction due to one mode while the total diffracted field would be summed
over all modes. The amp]itudesbof the four types of rays, however, de-
creases exponentially indicating that the surface modes are evanescent

and their contribution is therefore numerically small compared to the

incident, reflected and first order refracted rays.
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2.3.2 Diffracted Field Calculations

To construct the diffkacted fields due to a dielectric cylinder,
let D]] . D]2 and DZ] be the diffraction coefficients for the field on
rays travelling in free space, from free space to dielectric and from

dielectric to free space respectively. Furthermore, define the angle of
.l \Y)

critical incidence as OC = sin ' 1/H , and ~E§-as the propagation constant

along the boundary surface with s denoting the mode number. Since the
wave is propagating in free-space, the real part of the vs/a is approx-
imately equal to Ko ; and since the surface rays suffer an exponential
decrease in amplitude, the imaginary part of vs/a (i.e. the decay expo-
nent), is positive. |
The field due to the rays which creep a distance %o+ around

the cylinder in a clockwise direction, or the distance & in a counter-

clockwise direction are:
v
iK (R+R) + j— 2
2 ~172 IR\t a "+
Uyns (r,0) ~ g o DYys (R RO) e

r>a 0<p< 2n (2.3.1)

where fq4 = a(zmn + P - cos'] - cos“] a2

-~

1/2 1/2
R = (rz - a2) "R = (r z _ az)

and n is any positive integer such that 24 >0,

The total contribution of rays of this type is the sum of (2.2.1) over all
possible values of n .

The contribution at an observation point due to type (2) rays
is due to rays diffracted at all points along the whole arc of length o

where 1

,Qm = a (2mn = P - cos

-1 a
'i: - 21; “'

B
%]
(@]
Wy

% - COS
0

m=1,2,3...
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2
2+
To sum over these rays, the factor | 52511 is introduced into the
25 0O
2~
expression for U, n+ (r,0) and [ dbz" is introduced into the expres-
0
stion for U2 n.- (r,p) where dtz is the infinitesimal arc length measured
from the point of tangency of the ray B to the point of second refrac-

tion of U2 . The diffracted field at B s

-]/2
2 dt
Up n(rsp) v L Ag DYy Dyp Dpp (R R) fo 2t
eJKO(R+RO) +J 2K, a cos B + j %g.ﬂzi - Ju/2
for rea = 0 <[@| < 2n (2.3.2)

where 2 K] a cos GC is the chord length of the ray in the dielectric and

~jn/2

e accounts for the caustic due to the rays travelling along the chord.

The third and fourth kinds of rays are also shoun in Fig (2.2).

%3
Here the amplitude contains the factors, Ros f §£§- and j D12021

a

x(ft3 ﬁég) dt, , respectively, where dtp 1is the infinitesimal arc length
meagured from the point of tangency toward the third point of refraction
of U3 : t3 is the arc length measured from the point of tangency of the
ray from C to the third point of refraction of U3 : dt3 is the infinite-
simal variation of t3 measured from t3 to the second point of refraction
(second internal reflection point).' This field contribution is:

ty
-1/2 234

3 dtoy dt
11s P12 Doy (RGR) f (Roo*DypPpy) =52 =52

JK (RER ) + J4Ky a cos . + j vs/a fgy = Jm

U nt (r,p) Z A D

e - (2.3.3)
The higher terms due to multiple reflections and refractions,
s . : 2 Max gy,
tead to small contributions with amplitude factors of Roo J & and
d

¢]
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12721 a

. 4 3
12721 dt
/ 5 [ Ry, + Dy,D fo 3 )

Hence, by the same consideration as before, this field contribution is given
by:

)
Up e (r28) = £ A DT D1z Dpy (R Ry)

24t ty t3 : -
dt, \ dt, / dt
2 o dtyy dtg [ dty
j Rop * Dyp Dy f (Rzz+ Do Doy j 3 ) i 3
0

o 0

-1/2

s s .3 *§_z s
JKO(R + RO) * JKy 6 acos B +j = e = J 31/2

e - (2.3.4)
The general expression for Um N+ (r, 8) is expressed using
. +
Wy =*~§E- for angular distance, as:
2 -1/2
Ynne (1) v LA Dpyg Dyp Dpy (RRY)
- 2 3
m-1 m-2 D, D,q w m-3
12721 “mx 2 “mx
[P‘zz e ¥ Rop Tm Tt Ryp (Dyplpy)” 3T
m-1-K K o K . wm”j”
t Ry (D Dpy) gy e b (DD

ej K, (R + RO) +j 2m Ky a cos 6.+ ] vs‘”mi - jmn/2

for r>a, 0< ()< 2n (2.3.5)

The total diffracted field is the sum of (r, §) for

m nt

allm.



CHAPTER III

COMPARISON WITH THE EXACT SOLUTION

The scattering from an infinitely long dielectric cylinder by a
time-harmonic field due a line source, parallel to the axis of the ;y]inder,
is investigated. The resulting field is expanded asymptotically as an
infinite series of produces of radial and angular wave functions. The inci-
dent, reflected, transmitted, and multiply reflected fields are evaluated
approximately using the saddle point method of integration. In additﬁons
the diffracted fields are determined by the method of residues(ll). The
procedure used is similar to that given by Streifer and Kodis(]z) except
for the comparison withbthe previous solution based on the geometrical theory

of diffraction.

3.1 Exact Solution

The field U(r,P) produced by an infinite line source with its elec-
tric vector parallel to the axis of a dielectric cylinder, is the solution

of the following wave equation:

(V2 + Kg) U= -8 (r - ro) 6(8) r>a (3.1.1)
(v2+K$) U=0 r< a (3.1.2)
U(a*,p) = U(a”,p) (3.1.3)
5 U(a',p) _ 2 U(a™,p)

o r - 3 T : (3.1.4)
Tim r? (-}g -5 KU) =0 (3.1.5)

roe
The resulting solution for the scalar field is evaluated in Appendix (A3.1)

- by the method of separation of variables. The result is:




Ur,p) = % Z o VP }451) (Kor>) J, (Kor<)

- P, {(]) (V r, ) Hi]) (Kor<j] r>a (3.1.6)

where r_ refers to the maximum of (rsro), and r_ = min (r,ro), and

9,03 93(Kga) - N aLKGE) 9 (K a) .
v (Kl HS]) (Ka) - N 9! (K;a) Hi])(KOa)

The summation in (3.1.6) may be expressed in terms of a repidly

converging sum of integrals using the Poisson summation formula, thus:

©

eIviP + 2mn) [ﬁg‘)(Kor>) 3 (K1)

=00

-p, 1k ) Hgl)(K0r<)]dv rsa 0<|Bl<zn  (3.1.8)

To obtain a physical interpretation of the equation, Pv is expanded into a

geometric series (see Appendix (A3.2)), as follows:

m
o W ok a)
Py =291 - ;ﬁfW*"‘;}‘ Ryp T L Rez “3"721325‘ _ (3.1.9)
(14).

using the logarithmic derivation functions

og' 12 (K a) - N Tog' H(Z)(K]af
Ryp = - z” 0 ‘(’2)' , (3.1.10)
log" HV (Koa) - N»]og' Hv (K;a)

1

log' HS])(KOa) - N log HS])(K]a) -
Ryp = - . O (3.1.11)

_}og' HS])(KOa) - N log! Hiz)(K]a)A

where:

(5)
B PR L
tog i, =y~ a2



25,

Typ = T+ Ryy Top = 1+ Ry

Substitufing (3.1.9) into (3.1.8) leads to the result:

@

u(rp) = 1 gj VI ) Dk k) 0 (k)

(2) (2),,
. H(Kqa) (1), (1) H, (Kga)
* HTT’—] (k2 HG T (Kory ) HOPH(Ror )+ To,T0, TT—“Hl .2

m

m-1 H\()])(K]a)

(V) (1)
X m=1 RZZ (2), Hv (h0r>) Hv (k0r<) dv
HS (K]a)
r>a 0 <(f)<2s (3.1.12)
By changing v to -v , and using the identities:

H{) () = &IV {1 (z)

s

3

Hfi)(z) = e"jV"Héz)(z)

3,0 =5+ 0By,

equation (3.1.12) may be written as follows:

U(r,p) %gj JV[EH(]“n)““@] H\()])(KOY’>) H\()])(Kol”<)

-

~j2vr (1),
+e Hv (lo s

(2) ) M)
) H, (K0r<) ~2P_ HY (Kor>) HY (kor<{)av (3.1.13)
Since @ is subject to the restriction 0<(@)<2w , then for n>o , only
(3.1.12) will give a contribution to the field. Similarly, (3.1.13) rep-

resents the terms for n<o . These two equations may be written:
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-1 i

U(r,8) —%_ ) Li-iv[%(]—n)—@] {H\()I)(KOU Hi])“ol)

N= -

i

4 g-i2my H(l)(}, r) H( )(}\ r) - 2P, H“)(Kor>) H\()U(Kor“())?dv

(D
Z JJ“(@’Z““ 2 (k) 0 (Kr,) + ?)

' o H“ (kpa)
(2) ¢y (1)
H (l a) H (K a)
1) 1 -1

1 )y .
X Hg )(Kor>) Hi )(hor<{} d,Jr>a 0<[B|< 2x (3.1.14)

3.2 Geometric Optics Field

The scattered field is composed of a geometric optics field, and
a diTfracted field. The criterion for the identification of the geometric
optics field from (3.1.14) is the existence of real saddie points,
Voj(j = 1,2,...) such that O<|v0j[< Ky re - Each term of (3.1.14) is eval-
uated asymptoticq]]y in KO and Ky . Since the main contribution of the
integrals comes from the range in which |Re v| < K0r< , the Debye asymp-

(1) ¢
0

totic forms of HY r, ) and Hi])(Kor<), given in Appendix (A3.3), are used.
The resulting terms are identified with the corresponding ray terms given

in the previous chapter.

3.2.1 The Incident Field

The first term of (3.1.14) is rewritten as:
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od

Y‘,@ % {:[;’Jo (p+2mn) H\()])(KOY;) H\()]).(KOY‘<) dwv
_+f jv(@+2mn) H\()])(KOY‘>) H\()Z)(KOY'<) dv | r>a Oi[@[f_ 2w (3.2.1)

When the Debye asymptotic forms of Appendix (A3.3) are substituted in the
integrand, the resulting integral may be evaluated by the saddle point
method as shown in Appendix (A3.4). The resulting infinite series has

a real saddle point at n=0, The corresponding saddle point equations

for the first and second integrals of (3.2.1) respectively, are:

o -1 o

cos KB " + COS R g (3.2.2)
-1 Yo -1 Yo _ '

cos kor> - COs K;F: = 0 (3.2.3)

Equation (3.2.2) has a real nonzero solution only in the unshaded region
of Fig. (3.2.1), and (3.2.3) has a real nonzero solution only in the
shaded region. The geometrical interpretation of %9' is é]so shown in
Fig. (3.2.1). The positive solutions of both (3.2.8) and (3.2.3) corres-
pond to field points above the line 0S. The negative solutions of the
equations correspond to the field points below the line 0S. The result
obtained from evaluation by the saddle point method is:

y  JK R
Ui(r,@) " AO (R,i)"/2 e °1 o >a 0 <|p|< 2n (3.2.4)

which is identical to (2.2.5) determined by the ray tracing method,
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FIGURE (3.2.1)

GEOMETRICAL INTERPRETATION OF THE SADDLE POINT
OF THE INCIDENT RAY

P

FIGURE (3.2.2)

GEOMETRICAL INTERPRETATION OF THE SADDLE POINT
OF THE REFLECTED RAY




3.2.2 Externally Reflected Field

The next term of (3.1.4) may be rewritten as:

U(r.p) =3 5 GdvlBszmn) fp H‘(’?)woa-)- Sl ey n M ) au
r* e é - 11 E(T)(K a) v o> Ty 0 <
r>a 0<|f|<en (3.2.5)

Since the second term in the integrand of (3.2.5) is the negafive of the first
term in the integrand of (3.2.1), they cancel out. However, the incident
field in the unshaded area of Fig. (3.2.1) remains, as will now Be shown.
lthen the Debye asymptotic forms of the Hankel functions are substituted in
the first term of the integrand of (3.2.5), two real saddle points result.
One lies in the range, O<|v |<K,a; and the other is in the range K a<|v [ <K r.
For the saddle point which satisfies the condition K a<|v |<m r_, the
jdentity “51)(h0a) N hiz)(KOa) nons(]D). Yhen substituted in the inte-
grand, with R]] given by (3.1.10), there results:
()(K 2)

"1 ;‘(T(’;”‘“ ,
and the first integral of (3.2.5) is identical with the first integral of
(3.2.1), giving the incident field in the unshaded area of Fig. (3.2.1).

The external reflected field is determined from the saddle point
which satisfies the condition O<|v0]<KOa. The Debye asymptotic forms are
substituted for all the Hankel functions in (3.2.5). The saddle point equa-
tion of any term in the infinite series of (3.2.5) is found in Appendix
(A3.5) to be:

-1 Yo -1 Vo -1 "0 _ _
COs™ " g+ COs K"F“ 2 cos  p—= @ + 2un (3.2.6)

o > Oa

~ <

As shown in Fig. (3.2.2), this ecguation has a positive real solution only
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for n=o , with the field point lying in the Tit region above the line 0S,
and, has a negative real solution only for n=1 with the field point
lying in the Tit region below the Tine 0S. The solution of (3.2.6),
expressed in tevms of the physical angle 6, = Gi(r,fo,ﬁ), is the phys-

ical angle ei = ei(r,ro,ﬁ), is

Vg T % Koa sin Gi (3.2.7)
When (3.2.7) is substituted into (3.2.6) the resulting relation between
@ and 81 is:
R P sin" (=2~ sin 6.) - sin” V(2 sin 0.) (3.2.8)
2 -9 i o i r i T
which is similar to (2.2.19) obtained by the ray method. When (3.2.5) is

~evaluated asymptotically, the result shown in Appendix (A3.5) is:

L (RO

Ur(r,@) ~ Ao R]](R ) Mr e (3.2.9)

r

which may be identified with the corresponding term in the ray solution,

(2.2.8).

3.2.3 Higher Order Transmission Field

To find the field due to transmission through the cylinder, the

following equation is evaluated asymptotically by the saddle point method:

&

Um(r,@) - %’ %}2{1 (zem) Hg])(K0r>) Hi])(Kor<) T12To HSZ)(inz
' HvazE;a)

(1), m ,

R, -1 1y (42) d 0<|p|<2 1.2.3 (3.2.10)
\ — Vv Ir»>a < <Lm m = slgdes Y

2e HEZ](KTa) - -

The saddle point equation is found in Appendix (A3.6) to be:
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Vv Vv - Vv _]
COS_] 9 + CoS 1 I + 2m cos .,O - 2 cos %

Kr NK a K
0o > 0 < 0 0

\Y)
0

e P+2wn (3.2.11)

The positive solutions give the contributions of the field incident on
the upper half of the cylinder, and the negative solutions give the con-
tributions of the field incident on the lower half. When (3.2.7) is sub-

stituted into (3.2.10) the following result is obtained:

+
2w F_+ ) :

m =20, +m (v -20_) - sin 1 (& sin 81)
21 F - ! Y '

m

-1 a '
- sin” ' (——sin 8.) (3.2.12)
ry i

where sin er = %—sin 81 . This equation is vaTid only if either F; or
F& is determined as the smallest positive integer such that (3.2.12) has
real solutions. This equation is identical with (2.2.19) obtained from
the previous construction of geometrical optics rays.
The typical form of the contribution from any saddle point is shown

in Appendix (A3.6) to be:

- m~1
Up(rsf) « Ay Nyly s NMER T2 T T R

m
3Ky (R+Q) + 3K, izl L

e r>a 0<|P|<2n (3.2.13)

which corresponds to (2.2.13) of the ray solution.

3.3 Diffracted Field

Any integral in (3.1.14) which does not have a real sadd]e’points
may still be evaluated by the method of residues. When evaluated asymp-
totically, each integral leads to a contfibution to the diffracted field.

The expression (3.2.5) for Ur(r,@), has simple poles in the integrand
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which may be determined from the equation:

H(”'(Koa) H(Z)'(K]a) - G
v IR VR =0 3.3,
Hv“)(KOa) Hv(Z)(K]a)

Similarly the expression (3.2.10) for Um(r,ﬂ) has poles of order m~1 . The

approximate positions of the roots Vg of (3.3.1) in the upper complex

(6)

v~plane are

1/3
, Jn/3

S 0 € *

where 9 is a number determined by substituting the Debye asymptotic forms

: _
of HSZ) (K]a) and Hiz)(K]a), and the Airy function asymptotic forms of

Hg])kKoa) and HS])(KOa), from Appendix (A3.3), into (3.3.1):

' 1/2
; 173 A'(g.) Y
in/3 ;, 6 st . S
e (ka)  &w@y=3N [1 - (k”“]a)z} (3.3.2)

o S

where A(z) 1is the Airy function(]S).

Equation (3.2.5) can be written in two equivalent forms which will

show their physical interpretation:

i ((Gu(pram) (1) (1) “(2)“ )
U.(r,0) = %—fe"" CEH R r) HE (K e ) Ry TT('—T dv
r>a 0<[pl<2w (3.3.3)
is equivalent to:
e : H(Z)(K .
U.(r.p) = %;}re"Jv(ﬁ mn) Hé )(Kor>) H£1)(Kor<) Ry, _1_7__*___ G2V 4
r>a 0<[p|< 2n (3.3.4)

Similarly, the expression for Um(r,Q),
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e (2)
Um(r’g) = Q;}(edv(ﬂ+2nn) ToT m-1 Hg])(K ) HS1)(K ; H (Kgfz

Vv
g 12121 Ro2 o> o< AT o)
AP AV 0
1y e )" 2] (3.3.5)
— dv r-a 0<|[@l< 2 3.3.5
) e

is equivalent to:

_ d} [(m-n)27n -P] m-1 (1), (M),
Up(rs0) = ”s‘fe ’ T TaTay Rep T (gr, ) KD

-

(2) (1) m

W2 (K a) [V (k)

X ‘(’”( o” \(’2)( ‘a) dv r>a 0<f< 2n (3.3.6)
H (Koa) Hy (K]a»

3.3.1 First Order Diffracted Field

In order to evaluate Ur(r,@), the Hankel functions, Hi])(Kor>),

Hg])(KOr<), HE])(K]a) and HSZ)(K]a) are replaced by their Debye asymp-
totic forms, and HS])(KOa) and HSZ)(KOa) are replaced by their Airy Func-

tion asymptotic forms. Equation (3.3.3) is evaluated by the method of

residues in Appendix (A3.7) where the terms of the order *””"J_ZT"‘L
K,a (N°-1)%
are neglected. The final result is:
iK (R*R_) + Jv_w
) 2 “172 %V s¥1+
Ur(\,@) ~ g Ay Dyys (R RO) e
r>a 0<|@|<2n (3.3.7)

when compared to the result obtained by the ray method, (2.3.1), the
diffraction coefficient is determined as:

-1 -2

-2/3 )
[N°-11  [A(gs)] (3.3.8)

. 1/3
ﬂ(6) eJ‘Sn/]Z (Koa)

2 27
D = [£1
11s K0

A similar evaluation of (3.3.4) by the method of residues, yields
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' -1/2  GK (R#R ) + j v w
2 0 0 [
U](r‘,@) g Ay Dyys (R RO,) e (3.3._9)

For fixed values of @, r, res @ andn, (3.3.7) s used if, and only if,
014 > 0, and (3.3.9) is used if, and only if, oy > 0 . The two are
mutually exclusive, Thus, when the field point Ties in the shadow region,
(3.3.7) is used for n = 0,1,2..., and (3.3.9) is used for n = -1,-2,...
When the field point is situated in the upper 1it region, (3.3.7) is used
for n = 1,2,..., and (3.3.9) is used for n = -1,-2,-3... Also, when the
field field point is situated in the Tower 1it region, (3.3.7) is used
for n = 0,1,2,.. and (3.3.9) is used for n = -2,-3,... The missing terms
give the geometric optics field in different 19t regions as discussed
previously. Physically, (3.3.7) represents the portion of the incident
wave whose Poynting vector hits the upper surface of the cylinder tang-~
entially. It-decays exponentially while travelling clockwise along the
_cylinder surface for an angular distance W1y s and then leaves the surface
tangentially toward the field point. Similarly, (3.3.9) represents the
portion of the incident wave whose Poynting vector hits the lower surface
of the cylinder tangentially. It also decays exponentially while travel-
ling counter-clockwise for an angular distance wi. » and then leaves the

| surface tangentially toward P. For the sake of illustration, only the

positive case is shown in Fig., (2.3.1).

3.3.2 Higher Order Diffracted Fields
In evaluating (3.3.5) the Hankel functions are again replaced by
their Debye and Airy Function asymptotic forms. Equation (3.3.5) is

evaluated in Appendix (A3.8) for m=1 and the result is:
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) -1/2
Up(rsf) v [ Ag Diyg D Dy (RRG) - wp,
JK (R+R ) + 2jK,a cosB. + ju v, - Jjn/2
e 0 ° ] ¢ s e rra 0<(p)<2r (3.3.10)

-1/2

where Dyp = (N2 - 1) , Dpy =2,

21
when (3.3.10) is compared to (2.3.2), determined by the ray method.

By a similar procedure for the case of m=2 there results:

| 1/2
2 , ) 2

Ug(r,0) ~ g Ao D115 Di2 Dy (RR)) {%22 w3, + Dyp Dy wsf]

7T

JK (RHR ) + J 4K,a cosO. + jv_w,, - ju/2
e O ° 1 ¢ st r>a 0<(g)<2r (3.3.11)

where R22 = 1 by comparison to the ray solution.

3.4 Conclusions
The equation for the fields developed by the ray method have
thus been verified by comparison with the leading term of the asymptotic
expansion of the exact solution. Also the diffraction coefficients
obtained in the ray solution have been evaluated by comparison with the . .
exact solution. The extreme case corresponding to R22=1 may be explained

by employing two rays, where one is completely refracted, and the other

completely reflected at an internal surface of the cylinder,



CHAPTER 1V

DISCUSSION OF THE RESULTS AND CONCLUSIONS

4.1 General

The asymptotic solution for the scattering and diffraction of
a cylindrical wave by a dielectric cylinder, Qas developed in Chapter II
using the geometrical theory of diffraction. The solution was obtained
by constructing a few ray paths and determining the amplitude and phase
relations of the ray as it travelled along the path. At an observation
point, the-field was simply the vector sum of the fields on all the rays
passing through that point. In this problem, caustics were generated
and the calculation of the field on the rays passing through these cau-
stics was carried out following the method developed by Ke]?er(z’]o).

The two main advantages in using the ray method are:

(a) Simple computation of the scattered field which is due to the fact
that an asymptotic series is inherently more rapidly convergent than
the corresponding series in the exact solution,

(b) The agreement with experiment and the simple interpretation of the
solution with reference to physical behaviour which may be obtained
by retaining the first few terms of the asymptotic serijes,

The first reason was amp?y demonstrated when the ray solution
was compared with the laborous mathematical manipulations required to
determine the exact solution for the same problem, as shown in Chapter I1I.
The fields determined by the ray method were found to be leading terms
of the asymptotic expansion of the exact solution. The second reason

will be shown in this Chapter.
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4.2 Comparison with Experimental and Exact Results

Fig. (4.2.1) shows the experimental results of Kodis(]g) for

a polystyrene cylinder having a diameter of 1 inch or 2.03x at 24 Gcs.

17) is also

The exact solution, based on the theory of Froese énd Wait(
shown,

The results based on the ray method for the same cylinder geo-
metry, and Tocation of the source ond observation point, are also shown
for the sake of comparison. These results are based on equation (2.2.5)
for the field due to the incident ray, (2.2.8) for the reflected ray
field, (2.2.13), for the first and third transmitted ray fields. A
sample calculation for the field due to the various rays and showing the
graphical prbcedure used to determine the geometry of each path, is given
in Appendix (A4.1).

The agreement with experiment and the exact solution is good,
and the maximum error for the amplitude and phase are 8% and 60, res-
pectively. The error in the amplitude and phase due to the graphical pro-
cedure used to find the ray paths (Appendix A4.1) is estimated to be
+2% and +3° respectively. The ervors due to the uncertainty in neglecting
the contribution from the higher order rays, are of the order of 0.5% and
+19

, respectively.

4.3 Physical Interpretation of the Solution

An important feature of the ray method is that by considering
the first order (leading term) rays, a physical insight into the behaviour
of the field, is gained. The incident, reflected, diffracted and refrac-

ted rays are shown in Fig. (4.3.1).
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FIGURE (4.3.1)
FIRST ORDER RAYS
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Examination of the relative values of Ky and K(x + xo) in

Fig. (4.2.1) shows that the incident field varies very slowly in the

range 0<Ky<40, i.e.: JKR, jK /(x+xo)é + yé
AO e AO e
U. = E. ~ —— =
! ! Ry V(xex )6+ ye
A . ., 2
o JROx+x ) JKy~
~ e e 2Zx+xé) (4.3.1)

Hxkx )e + y°

Because Xo is very large, the ratio y2/2 (x+xo) is numerically small.

he reflected field U. is zero in the shadow region (Table 2.2.1).
This field is given by (2.2.8) fpr Ky>Ka and increases in amplitude as
y increases. The reflection coefficient R]] is small for N small, and
for a given field point, the reflected field decreases as the cylinder
radius increases.

The magnitude of the diffracted field is controlled by the dif-
fraction coefficient D]]s . Equation (3.3.8) shows D]1s is inversely
proportional to large powers of Ka and N, and thus, the excited surface
rays are numerically very small.

Except for Ky>>Ka, the dominant term in Et is due to the first
refracted ray. For Ky=0, the ratio (Et/Ei) is less than unity due to
the small reflection losses. The phase term of this ratio, however, is
proportional to 2Ka(M-1) which indicates resonance and antiresonant
regions whenever 2Ka(H~1) is an even or odd produce of = radians respec-
tively. Thus the phase rather than the amplitude term, is very sensitive
to the values of Ka and N.

For 0<{y<Ka, the reflection losses increase while the path length

SSOS]P is only slightly different from the incident ray path, SP, par-
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ticularly for small values of Ka. Thus the amplitude ratio decreases as
Ky increases while the phase term remains practically constant as shown
in Fig. (4.2.1). The constant phase region increases as Ka increases
and N decreases, resulting in a narrower axial beam, or focusing in the
forward region, _

At Ky = Ka, one incident ray excites reflected, refracted and
diffracted rays at the tangency point, Q. The contribution from the dif-
fracted and reflected rays is negligible compared to the refracted rays.

Thus the oscillations in the amplitude and phase terms in the
region Ky>Ka.are due to the refracted ray field and occur whenever the
phase term changes by = radians, i.e.,

K|S SO + N(SOS]) + S]P -SP|l=tn,t=20,1,2... (4.3.2)
As Ky increases, the variation in (4.3.2) increases and the period of
oscillation increases for this region.

For Ky>>Ka, the amplitude of the reflected ray becomes of the
order of that of the refracted ray, but the two are out of phase by about
m radians. The field thus oscillates about the value of the incident
field and the oscillations decrease as Ky increases. The values of Ka and

N have little effect on the field in this regicn.
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4.4 Conclusions

The ray method has thus been found acceptable for determining
the field, not only in the back scattering region, as was shown by
Kouyoumjian(g) but also for the more general case of a field point loc-
ated anywhere around the dielectric cylinder.

The ray method has also been found adequate for interpreting
the oscillations in the scattering pattern, and the dependence of the
field on the diameter and dielectric constant of the cylinder, as well

as on the location of the source and observation point.
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APPENDIX (A2.1)

DERIVATION OF EQUATION (2.1.6)

44,

The distance Cr at which two neighboring rays converge, is

found by Kouyoumjién by considering the geometry of Fig. (AZ.])(g). For

a small Ao ,

. - .+
A@] Ao AG1 Ao,

Rr cos Gi - Cr coS 81 = abo

By eliminating Ao there results

2
b)
P a cos Bi "

vl

-+

——]

(A2.1.1)

(A2.1.2)

which is the Mirror Law of Optics for a convex reflector, equation (2.2.7).



FIGURE (A2.1)
REFLECTED ARD REFRACTED RAYS

FIGURE (A2.2)

INTERHALLY REFLECTED AND REFRACTED RAYS



APPENDIX (A2.2)

DERIVATION OF EQUATION (2.1.10)

46.

The distance b, at which two neighboring refracted rays converge

in passing through the dielectric cylinder, is found by considering the

geometry of Fig. (A.I,T)(g). For small Ao

A8 - Aa Ao —A@r

fr e T eese T A ke

~Eliminating Ae and taking limits gives:

dop oy
. 1 - a—e-—— Cc0S 6] a‘@‘—
L 1 _ 1
b] a cos Qr Rr cos Br

Snell's Law

sin 61 = N sin er
‘Taking derivations

cos ei d ei.= N cos Gr d 62

d92 i cos 81
d@i N cos Sr ‘ )
cos 6. a cos 0,
LI 1 7. 1 - 1
b] a cos er N cos 6 N R] cos er

By tne mirror law of optics for a concave reflector,

1 2 1

= - - i=2,3...

by a cos 8, L - bi»]

given by (2.2.16).

|

(A2.2.1)

(A2.2.2)

(A2.2.3)

(A2.2.4)



APPENDIX (A2.3)

DERIVATION OF EQUATION (2.1.11)

Two neighboring rays, which are refrascted out of the cylinder,
meet when extended, The distance C from the cylinder surface along the

ray extension, is found by considering the geometry of Fig. (A2.2). For

47.

small Aa ,
AGF + Aa Aei + Ao
(L - b-l)—'éa-g“-é;: C-I "66‘5-—6-;——'= a Ao (A2.3.])
ETiminating Aac and taking limits gives:
d Bi d 91
cos B d 8 d 6
%“= o T C gse“"a]se
1 . cos 8. | 1 ac v cos 8, |
>
1 cos er N cgs Gr N 1
Ci cos 91 (L - bj) cos @i cos 91 a cos @t
i=1,2,3... ' (A2.3.2)

which is equation (2.2.17).
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APPENDIX (A3.])

DERIVATION OF EQUATION (3.1.6)
' (13)

Goertzel and Tralli give the particular solution for radia-

tion by an infinitely long cylinder as being:

_d 3 1 R
U _% % eIvP J, (K,r) H\() )(KO\))wro - (A1)
- %' ) eV Jy (Kgr) H\()])(Koro))mro ' (A3.1.2)

\Y
The solution of the homogeneous equation is:

_tdy 0, (M |
U= E'z e AL HS (hor), rr (A3.1.3)
\Y)
= + %—X eJVQ B H( )(V r), rer, (A3.1.4)
\Y
AV,
Inside the dielectric cylinder
U= %-Z el C, dy (Kyr), r<a (A3.1.5)
Y
At a distance from the cylinder, the field sees only the Tine source
An =0

The general solution in the region asr<r, is:

_dy v Dy e p ) ]
v=dye [qv(Kor) 1 o) + 8, 1M e (A3.1.6)
Y
For r<a ,
u=371eM ¢ ootk (A3.1.7)
Vv

Applying the boundary conditions at r= a

U(a/p) = U(a;p) | (A3.1.8)
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‘ Mg pyep yll - (
I (Kpa) Hy (K oro) + B HT/ (K a) = ¢ 9 (K;a)

U (a'p) = 2 (27p) (A3.1.9)

s

K, [J H“ (Kr,) + B, HE)”(KOa)]= K €, 9! (Ka)

Eliminating Cn these results:

3 (Kja) Ji(K a) - W I (K a) 91(Ka) ] ()

1
3 (K;a) Hf)”(Koa) - N 3K a) H(\)”(Koa)J

lov]
i

(Koro) (A3.1.10)

- P, HS)”(Koro) (A3.1.11)

as in Equation (3.1.7) where, in this region, Hg]>(K0ro) = Hgl)(Kor>) .
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APPENDIX (A3.2)

DERIVATION OF EQUATION (3.1.9)

The expansion of the equation,

P J ///) L,/,/na) - /\/ J‘V’(/‘/v) J/(/(‘ &) (£3.2.1)
[/( @) ~//({ @) - - N VTV//.’,Q /7/»1/(/35.@

is carried out using the identities,

. ; )
J‘f/(z) az/" /7/ /7) = /7/_/{7_)} (A3.2.2)
JF/I(Z'.) = é! LH[/}[Y) + /‘/;/A«)jl (A3.2.3)

Using (A3.2.2) and (A3.2.3) in (A3.2.1) and multiplying,

/? ,:._:L /7,/ "1:() /7/(/)//131’J r//l///’,»v)//,/(//) /\////1, /\of)// ('1/’) )L// (’Lfr / ("Q“)
S HY o) Hen) + i) /Jéy/{of) f\///f ee) ) r///,ﬂ)/ //m))

{’/ ‘3')1 2 y {2 ! ) oy !
N He (/ A/f, )(,f Q) H Z/M y = N Ha M lis) ) Ho)
H"’-(L’(kl") /{1 (/5:1) + /%7, //7’ a) /[/L(/fa ) = [\/ /// /1( &) /’]/(K, <) # // (" /) /7/1/((,/‘,)

1) W ) H0) B //‘J [ R Vo Al i Y

} / (’,") 2o n Vi,
o i j -4 /7/ (/’o(/) //y/"r,a) //( ke r7’ HV'(:""“) }‘!7 (K “ //V/h/)
Z / fice ) Hy ) 1Y ot Hvlld/"" 9 _ 190 -l ol
Hiay 1) " ) W) )

(A3.2.4)
Dividing through by L where: :

_(:)'
- (/‘.’.k) . N —I (/( a,) (A3_25)

{.2)

"‘]7/ (l\ é) ('{ I{/,




B ; {2 / al
Hp('%rr' «) /7(;/%;1,;4) /\/ J ]gj fi,2) =
: - NP
(2) R, — HY i) il e, 1 0r, )
1
P = ___I_ 4 H {//o/é) 1~
_I/ 5 .
L’ /‘/ “j/(/{ ¢ d—) i _. ( //( /}
a) » V2 2
Hy () )

Expanding the denominator in a binomial series,

r ('»’—) | 7%}
< | 4 Holkea) ) e
=o|1- 1 : [R,, +R, /?&&z iz R..
e

g (/ {l A

ls /1/,;"(/,&{ ) W)\ e -
s /‘/;///\,4 /\/ < ///v_f:f:) /?aa)'
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(A3.2.6)

_j

J

(A2.3.7)

e H ) e | 2 [ e
o , Z (i
[ » /:1_'1// {/(ntb) }/(/J/J /‘/‘7/ //)pfx)
. N 1' (\&Q,) !
- ' L.
) [ /2'}; ~ e o
/‘/z/ (t5:2) H1/ (/{f’“) W5 ) = 4 1, ”me L
. - T . //'”lﬂ) o7
TN B, s~ N e | = R
-f L ’ “Thzy /717 [K,//,
1l © -
o= 1 i - /?/1///{04) R” o (/?“ RZ?_ +4 [\)&2, + /?// *I—j); /7‘;,/5;
2 B //,C’)(/(M) Py U(M,)
I~ s ‘ ) i 4 -
(2 s . /‘/ }f{}'[/ ¥ -/
SR RS S D e L) M
- - 1 2) 22
<, /"/;/’(I('{’é’) Iy /-/‘L‘ [//1 7)

el

whicn is the expansion given by (3.1.9).
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APPENDIX (A3.3)

ASYMPTOTIC FORMS OF HANKEL FUNCTION

Debye asymptotic fomns(]5) for large argument and index, with

V< Z are:

H(])(z) ~n (—;--nzsinr)—]/2 glz(sint - TcoéT) - dn/4 z F(z)

\Y

-1/2 s .
HSZ)(Z) v (%‘HZSinT) e"JZ(S]nT - 1C0ST) A -JTT/4E 6(z)

.g_g%”(z) v sin© F(z)

_%ZAng)(z) v o-d osin 1 G(z)

where T = cos']

N<

For argument and index both large, andy~ z, the Airy function represent-

ations for the Hankel functions are:
K (2) « @) y aGg)
(2) 2
HY (2) ~ (2) x A(E)

D122y 2 g

m

12 (2) n B P an)

Soil @) 0 @) 42 aeg)

258 B )

. 3
21 @) v &) %) enle)

Y
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and 52 KD (@) w @) ) b Ay
where  y = <~§~>”3 e"in/3
. (%)1/3 e
g=y(v-2)

o
H]
=
—~—~
<
i
~N
~—
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APPENDIX (A3.4)

SADDLE POINT EVALUATION OF EQUATIOH (3.2.1)

oo 7/({/'f~u// 1

i)
U (h)=-4 S b H //m,) HV(k‘c‘:_;) ol 7/

Nz~ow
—

w._ ) g (7 /s N
+o Z(¢+27 ')/7/7 /f’u ) f /7//)//%’0 ‘Q) AV | Tza  ocbeor

~end

Substituting the Debye asymptotic forms:

- —
. i ~1 7/ ~-4 Ny
L o_e® SV L kvs | o fees )' o' Y "
T P R
A g Lo ST T RS
n= 5! it i feoi! L o
I R [ ot M(”’f«ow)J LZ'MZ/J =y
. -1 £ 77 ind
Ak, Y [ﬂuL{C«z/ »—[——/) /:‘Z/ Loz T(Zr - //4 ,4'#(0(1 ?77'31)
’ ~ l v l . ?
X £ d/// - £ (,[7/
-0 - T
— — -7 -1 ,1{ ol o AT
L‘%(«ww 2 eTE | = = h \/“* oo =i S|+
o FTl  Ryyy, KoYy N -

. o B
Py _;/_ < A.z/(hcz.rm) P [m—__ 2% - 7/_([:1./ 7 .,,/[C {)?, IR Y e m
& N £ e
Uz oo — s
e TI 5 : ,
o] oo 2]
oo "' ~ - -
‘ SV (Eem) 4 LW” ~ Vs I J l:(/[x V)T v
ol ) e

A7

= (oo ((/w K

~ I, -+ T, - (A3.4.2)




55.

By the Saddle Point method,

X -(;Hz)(/z  [Z7 X[ZC> o f+(/o) .
[ V% ] (3.4.3)

The phase tevm of I] =

V(& +270) /fmn Ve WZOQw*CpI"A” - v% ) Ve

Y ! |
Py . (A3.4.4)
N ( oense
At the Saddle Point, A5 (Prass) or
dH—ZJT?? = /Cavz//% ~- &,ﬂ;/;_?; (A3.4.5)
67> pa

which for a real saddle point is the same as (3.2.2). By evaluating (A3.4.4)
at the saddle point, there results, '

(e Sy e |~
~ N»—«JZN .,(// [(mr} z, )(Iof) w] >

U/uw v Jior)™ e TR
L/(’c) v /[r‘m;)l“?ﬂ‘J

T i ke | SR S

§T i, L £ _‘
£ ko R
o AJ’% (A3.4.6)
Similarly,
T, ~|= [J”Z %) 1/722’[%)‘] kR

b“ﬁ”*“ p—— ~ Az (A3.4.7)
?"(%L ol ‘rf*(rf?;)jl/z )R

Outside and inside the shaded area respectively, (A3.4.6) and (A3.4.7) are

identical to (3.2.4).



APPENDIX (A3.5)
SADDLE POINT EVALUATICHN OF REFLECTED FIELD, EQU/\TION (3.2.5)

2 d e ND]
U,(r¢) ~ 2 ACe )[)“ f?///o» Hz/ k) Hyfhy) o=/ (A3.5.)

Na—ed [ _om _
Yza  e<ldl 227

Expand RH and apply the Debye asymptotic forms:

-1 //

“g“ o ~d 2 el T N e e
J cw/z;’ﬁ_:i ’f“Ndﬂm/"/”?/ll—{%
L e - Y S =77
- - Ko & /ﬁlv> )
S =2 oy S = v
Ko TTHia

Substitute: ¥ =% Kot eem &=y
F]?“ = Coa é/c‘u/\'/ Lva Er oy (A3.5.2)
Loz G 4 N Coo Ov :

The coefficients thus make no contribution to the asympototic expansion of
[

the integrand.
/ . > AR aD
And /&z Koa |2 Lo /;Z.,/, - ,‘f LTS ’g,
T 5 . — ~f te Kot Kot 7
¢ ) 1 g L vlrem) R T o oo woes 0 ot
/\/ R 2
r (Y 'n:——o f h - /; Yl A - - . ".7//“ 1Y
koﬁ— Ay e L2 < ot I: R R S 7 5
S Mt | L
' =) 2z - A = e S A
"““r’[””w 7% T hn S K, Kz J’”ZL'““””’ Were | Jaore | Ao '
XL %, [Ir =~ %, v
~1 L~ 7 . N il >
LA gy L X 2y (-—:‘ o Yy At Ceo )
( oY ~ kery ) z Wk =l

| s ! Y - a N B :

iZf udﬁu@)\%}J o)t — ’]*%U@Q -t wﬂmf;]+JE%¢y¢;mgyJ

YL, < ; i
"

(N

| (A3.5.3)
The stationary phase point is:
| —) L
¢ denn = Lo "2 4+ oz R >, Lo /“’; ( A3 5 4)
f?-—)/; K¢ Ve } PES A3, 0.



Substituting in the saddle point equation (A3.4.3):
L [ B, o LTET T -2 /|
7 ‘\l/lc[rz'(/?/) J ) /7 J/ZI > } ~ A
o ”0 R v xR N PRk
“ PR T ﬂ .
= wﬁm I:Jv;/Z} = Jargy gy - m :[
~s "
J 81 /ﬁ[

/r/ =y /L) »zjr ) z.)//}fa/z [) />{} JV“Y/A/ a/{&/)‘;ﬂ,
[ [2]

2= iy o et

JI(o D) . C’f»:,g —r Cory J}r — G gﬂ,o_e — e bcc;/‘l
G gy O )( ):‘?‘ A d L e );

. | | Z > ;
4 o F—
(/ G == e Tl Ll Cer o4 £ 5«.&04}

Substituting,
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APPENDIX (A3.6)

EVALUATIOM OF THE REFRACTED FIELD, EQUATIOHN (3.1.13)

The following equation is evaluated by the Saddle Point method:

(=2

m() q)/ung afk/(/vHM T Ta, /?af //V(/w) 7//}'(,y) H,///b‘) /‘/7/ //(, a/7/
L SN HO(/‘M‘) / )(/(,/L)

yg,zc; 0 £ldl L2 (p3.6.1)

Substituting the Debyeasymptotic forms of the Hankel function:

L/.(>a¢f)w§§/ i) ey TR T

L i lay N2z

ws T’/; [&/(K‘:)})?«_‘ pz,) Yo, ( Jé(,p_):;)z, *W"’) Y,

i (\/(Hci&)vl—z/ V&f";M) + J(/(/(o Vo) v e

X a2 Hei
2 h,; ~pt - P! / _J n 1T
X .o (e i e (A3.6.2)
The saddle point is located at:
Lo gy == — 2 -1 7 —1 7% . ',Jv/;fg ez
(!)1“&//}1 = Tz yow + o 7Y, -+ At P -+ 2w A -/fjli,
(A3.6.3)

Evaluating the integral at the saddle point:

[/! gV /l), TZ_/ /?7?7-1@*2'). ‘]é‘,:‘_)»__-%b ’f“j szko"’))?:%& +J‘,£n/: Y—‘—)L“%‘L 2% U(’k'a)“:—l:'a —dJ ?%T

e Fier - e ]
Wl e T

(A3.6.4)

Let m = 2, Multiply through the denominator, where,

= S - J,{, I e e e M{

- % > (ef, R, otz 7] e o, 2 J )
#(?;
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”4([@&7&' R.. J‘—) +G’J’¢*7& /f,,))

titut =+ K in 6,
Substitute Vo }\Oa sin 0,

’/2,
(Di'f/\' = 2; /V(}}Ll?g, C(/'ﬂ-'@'y A’ \S3 44 /{35’%“ ‘Cf'f’/&'Y "f’ /\/Q},ﬂ /‘ﬂf i de”

N et L Y

— 4Rl torgs — Al G Fol — 4B ConFe —Ha ‘e

Na Cpo s oo L

= }?z. Loz 04/’/\//?2 Cai Gy =4 /82 Coe o ~4fi Lo En )
NReo Coa G Coa by : . _
\ ; .
6/3' /2 Rg/ /V ety — 4 }{1’- Lotz '(5*"" . s '(704/;'{;": ~i~ A/ 25 L Ty 444/5'1)

/\/' 1T ee oz By v Gy

= ﬁz, A/ }?2, Loz Cy "Zleefc"%% & “’4&&/64‘—7/2’69-:.-_' X
NR oo &y

& Cor 0 (/V/\)y_ Lo TY “‘4'/72,(—’//‘191‘: ~df. o T &7/(//) +- (} [ZJ /\L/\/ Loy TG i? Lo {\
- Tz @A'{/\//?z, o2y — G [0 Ere G’ — Gl o C?’-‘:c)

X '4’f¢€” O”/(, ‘I’/l/c(,/'.fzu/f.»c’/y,v))

= RQ_ /V/?& ’Cf%fi\")‘ "Zﬁbd&‘?/??‘»t' '”Zd,d/ﬂ/Z/@/;' /i//? /’/—’J/é")’ "‘Z{— KZ/ (’6""6“"2' /45( &‘{/Lcj' i
/Vﬁz, Cee- Gy ]V /f; Cpeitry —2. ";:/ Coa S —-Zu/’c«—e/ &'

X j 4= Q‘o [Z/V/‘(zl 5’4“457 “4@ Lrea | — Ll L /V‘Lf}/z + N &y Cra it }
oz (/V/T& Loy vq‘}\b Lot — L0 Oz (/',«)

- Rl(gmi) i—) (H cez_) (A3.6.5)
b, b, G

=17 is taken into the denominator, then

‘jj\/é (RL-}@L) ‘f" J‘ Z /\/‘ L—

When the phase term, e
zb’ )/L’ ,/.,;« .:"3;,,/ 2 /?z, /\,/, /\/; /\//z A

which is (3.1.13) withm = 2 .
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APPENDIX (A3.7)

EVALUATION OF EQUATION (3.3.3) BY THE METHOD OF RESIDUES

The following equation is evaluated by the method of Residues:

. o ‘. /) P /A) .
)
([y@3¢)ﬂ/f% .~}7(§f2rﬂ %/ ﬁltJ /7 ( Y, ~¢/ya_J.~.j é/p/
- o - //7 (/\DA.
Yz oely) 225 (R3.7.1)
By the method of residues,
/F(Z} Az = 27 = vesidues (A3.7.2)
c

The denominator of R]] determines the pole Tocations. Thus the second term
makes no contribution to the integral. The transendental equation is eval-

uated at eacn of the poles by expanding it in a Taylor series at the pole,

9(z) = 7@ “/Z““) ;/’/56) (A3.7.3)

Thus
=0 szﬁﬁ+zvz) .
(L, () 2~J-g¢,§ ; 3 W by Hy ) Hf—/“/f;f)

( Ly Hlee) + Ly 1)
n (A Wiy N J“]/ ),

(R3.7.4)

(16)

Employing the Wronskion results in:

B J' = Z/( 4{‘7“2777’) ¢) 7]
U t,d) ~ Tz ; 2 A Hv ) Hlien) 3 5 )

Substituting the asymptotic forms and neglecting all terms O[l/ avil ]
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Jm[(/, ( z «Vonl‘{z) f-J/&,(Jﬁ 2
- 'Z”“Dy ] Jn (,f)J Eﬂ‘” ' “J%A‘f(fj):l&

—JTyz + 4w { Gizrn)

(/[(y) ¢ ) -~ }40» 0

IC._
WA
S{\/\é

é»

- X e

9. (A3.7.6)
W Ci V=g
Where:
o L’
,%)_..c, _ ) [H-(V(/n-a) ~y H b
v7Z {bV }f )(’f\—) /7[_7/(/”\/)
Wity &5 e ~ plhes) L 40k
Hy o) .
M/\/QV//({&_‘\/[;/) ‘7//
. 2 V3 ) i
=%YAC7)7“‘§’JAU)**nY//J)&y/\g) - N2 ,/)/a
Z I«
7y ]
2. 24
= Y9 Alg i A [fka)
3 / L(J) lie & ([{
= 2’_ J/uJ“(7/~A’JL -/\/2,'-__‘Zi_2] + - (A3.7.7)
Ko ("\/1 4 P (m g 2
AT 'Vj = K
3¢ -~y Pu’;j J
o7 V< V. v ~//V/ —’}/(a(], v
- (/VL"/) (A3.7.8)

1) ~ 3 3 B il AT
o (ﬁff 1/7)/4 (A3.7.9)

”J"O"f( e *"“'{‘ 1 el d o)
. T

L DE < ST e g
Avo A, < 2mard - &JI%“‘éélz |

S¢ t Fc +J /
(/(;()’/Cb)/\/ Z /%;' D//_5 «éJ//(I ’ ) /6 V> 0’41@/42‘7
s (ﬁ R.) /& ‘ (A3.7.10)
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APPENDIX (A3.8)

EVALUATION OF EQUATLON (3.3.5) BY THE METHOD OF RESIDUES

Evaluate the following equation by the method of residues form = 1:

)~ ]

— ]

JW"*”’)T YA /4,,/m )/4,,(,4) ) Helies [H, /w) Av
Hilrow | HE109]  (83.8.1)

Let m = 1, and consider T]2 TZ]‘ then the logarithmic derivation func-

tions are substituted and multiplied, the term is written as the product

of two Wronskians, thus:

J 7//;/?.’/! 3 i m—/% A .ﬂ%ﬂf . y (}(ﬂ)@) // (1)/}” )
(7 N ‘/z{?(’“ «) W)\ - 2) dv
/—/L’}{}{ozy — N /f.Z/ZL)(/-{Ia) ['Ip {/’wl) lHl/ [/511«)'] A3 8. 2)

fi(z

This is a function of the form F(z) = ) with second order poles at

v. . The residue of F(z) is:

S
/'? s | ofz )— ‘——“T(U - ﬁ{@) > za %z‘
[Qz. ,l 9%9 z=

Substituting the appropriate asymptotic forms of the Hankel function and

(A3.8.3)

neglecting all tems 0 [1/K a /NZ:TI] there results,
p C (drenn) + ) Jionf = *.244,—52}) «iy
b\ 1(’}&) -2y

3 = T Hicer)ri) Ty /k,;m) - /"" (WV )/

/J_TJC,) - P ,?/:r(_) -7, +2J(‘j,w) —r = 7/0%//) ~J 7%,
X ! e T
[;(w)/%ef% A [ (% Jio7 )™

— -_ -}
% (af» +271% = e E «a@’kf — & e T’va) (A3.8.4)

Eors



From Appendix (A3.7)

g = vl

The value of the second term of (A3.8.3) is found to be of higher order,

and is neglected.

Thus , "
~/ i _ é ZJ J"/

(),)¢) /\/ZI/J Z [ ‘( )] (dfl//h~<n—a-*— %lw 24@;’/:/& é:{—- /J/ 3

2Ky e (PR )/2
Jfo(f\fﬁp)‘/'z‘i’ff" Cre-Cry 'rJ 5 Ly, -J%b
i« [)] e

(A3.8.5)
LET D,. :(/VZ“/) “ D. = & AnND
éljz‘.;. = 05 7L Z7771 - ’&'ﬂ:l_{(\ - “ﬁt—':),\‘/—g:_ - 'aﬁ;/ ‘é’"(.
Y 7

Then, i o . -
JH [ Re) 4 fcconcn 4T Uhe =310,

[,{ {Y (f)/u 2_ /4 D// /);z Da-i (/?/D) é’-j;,L ot (A3.8.6)

which is given in Equation (3.3.10).




APPENDIX (A4.1)

SAMPLE CALCULATIOHN

64,

From Fig. (4.1.1), the field is determined at the point Ky = 15,

(A) The incident field at P is:

U, v AO eJKORi
1 /‘R-i‘“
where Ry = V(605)¢ + (2.98Y2 ~ 605 cm
Let the phase reference be Yo = KO 605 = o
where KO = 5.03.
A .
0o _Jo
Uivamg e -
(B) The reflected field at P is:
~1/2
-1/2 Qr

€

J KO ( Rl"+QY‘-R'i )

From Fig. (A4.1.1) 6 = 81° , determined by construction.

8. -

coSs i N cos Gr
C+ N

cOS 91 N cos Gr

Thus R]] = = .,780

By measurement, Qr =550 cm , Rr

1 2
S e = 17,1
Cr a €os 81

and

599.78 cm



(c)

The field at P due to the first transmitted ray is:

J KO(R]+Q]~R1) + K]L]

o i+ @ oG
] .
4 by

From Fig. (A4.1.1), 8. = 46.5°, R. = 599.13 cm

Thus

i
Q] = 4,89 em, and L = 2.275 cm.

= 1.349

RH = -,3492, T]2_= 0.651, TZ]
9 2 g
1 1 : cos 6, a cos” 6,
b] T a cos Gr " N cos @r - R] N cos Br_
= 457
1 : cos Br N cos Gr ) N 1
C] coS 81 L-b] cos Bi a cos 91 a cos er
= 35.5
1- %;-= i 0.197
4
]’*‘t—‘: ]3.2
1
A ~0 A 0
0 i 46 0 j-44
i v7rgy e S

When compared to the incident field,

. 0
U%-w 0,340 (I-44
1

(D) The field at P due to the third transmitted ray is:

u

3’\1

K (R.A0-R.) + § K. 3L
2 IRgingTlz=ng) T J 1
Ao Tialoy Ry e

/R3 /]+Q3/C3 /7—L/b1 /I~L/b2 /1~L/53
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From Fig. (A2.1.2), o, = 15.9° , Ry = 598.77 cm,
Q3 = 4,59 cm, L = 2.50 cm.
Ryp = ~0.242 , Ry, = .242 , R,," = 0586
Tip = 0.758 , T, =1.242 .

I+ Qg/Cy = VTH AT X574 = 1,833
V1 - L/by = Y1 - 2,50 X 1.137 = i 1.357
/1 - L/b, = Y1 - 2.50 X 2.987 = i 2.544
4 »,L/b] =V1 22,50 X 0.311 = 0.4712

A o A 0
0 i 100 0 i-80
Us v 13552 @ A T

When compared to the incident field

U
S0 018 e

Vi

i-80°

The total field as a ratio of the incident field is:

; 0 . 0 . 0
Tpy = 1+ 0002 €70 4+ 300 o174 4 g1g 80
1

= 1.27 37217
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cm

FIGURE (A4.1.1)
REFLECTED AND FIRST TRANSMITTED RAY, Ky = 15

FIGURE (A4.1.2)

THIRD TRANSMITTED RAY
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