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ABSTRACT

This thesis designed and analyzed multiple trellis-coded modulation (MTCM)
schemes based on multiple quadrature-amplitude modulation (M-QAM) and similar
two-dimensional signal constellations for the Rayleigh fading channel. A method to
partition two-dimensional signal sets for MTCM was first developed. This partitioning
method was then used to partition 8- and 32-SQ as well as 8-, 16- and 64-QAM
composite signal sets according to two criteria that ensured optimum partitioning for the
Rayleigh fading channel. Next, a number of MTCM schemes based on these signal sets
were designed and their error performance were analyzed. Finally, component diversity
was combined with these MTCM schemes in order to increase their error performance.
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Chapter 1 - Introduction

1.1 - Background

The mobile radio communication field is expanding rapidly with the introduction of
a number of new systems such as cellular telephone and pager systems supported by
land-based or satellite networks. Unfortunately, the allocation of bandwidth to mobile
radio has not kept pace with the rapid increase of users [29,50]. In the United States, for
example, the number of users has increased on average by 80-100% a year in recent years
and this trend is predicted to continue for some time yet. As a result, some networks are
fast becoming congested. The recent introduction of more efficient, fully digital systems
to replace existing analogue networks has been helpful in slowing down this congestion

but the problem still exists.

Considerable research is being conducted in all aspects of mobile radio
communications to improve both the capacity and the performance of future all-digital
mobile communication networks. Network control techniques such as multiple access
have the potential to significantly increase the user base [1,30,34]. Unfortunately, these
techniques are difficult to implement in many mobile radio communication contexts
because of the rapidly changing morphology of networks as users enter and exit network
cells. Data compression techniques can be very useful as demonstrated by Stern [S1] and
will likely be incorporated in future systems. Research in antenna design may also be
helpful in increasing the capacity and performance of these mobile radio communication
networks [5]. The introduction of more efficient modulation and coding schemes is yet

another method by which improvements may be made.

The use of larger signal constellations to increase network capacity is a major trend
in the development of modulation schemes for mobile communications [60]. However,
loss in error performance is a major disadvantage of this approach. The use of

error-correcting codes can offset the loss in performance but only at the cost of an



increase in transmission bandwidth or a lower information throughput. Trellis-Coded
Modulation (TCM) and a variant, Multiple Trellis-Coded Modulation (MTCM), may be
better suited to mobile radio communications because they provide considerable coding
gains usually at no cost in transmission bandwidth, information throughput or power

requirements.

The design of TCM schemes for mobile radio communications is limited currently
to M-ary Amplitude Modulation (M-AM) and M-ary Phase Shift Keying (M-PSK) signal
constellations. The performance of TCM and MTCM schemes based on these
one-dimensional constellations decreases sharply with the number of symbols in the signal
constellation'.  Higher dimensional constellations such as two-dimensional M-ary
Quadrature Amplitude Modulation (M-QAM) are better suited for large signal
constellations. Unfortunately, the design of TCM and MTCM schemes based on
M-QAM and similar two-dimensional constellations has proven to be a difficult task up to

now.

It is useful to summarize the characteristics of the mobile radio channel as well as
some of the assumptions made throughout this thesis. More thorough treatments of this
topic are found in [7,32,36]. Figure 1.1 illustrates a typical mobile radio communication
scenario. In this scenario, a mobile receiver in a vehicle receives a signal emitted by a
fixed transmitter. The received signal consists of three components: the direct
line-of-sight component, the specular reflection component and the diffuse component.
The direct line of sight component is unaffected by reflection and propagates unimpeded
from the transmitter and the receiver. The specular reflection component is that portion
of the transmitted signal that is reflected to the receiver by a specular surface(s). This
component differs from the direct line-of-sight component by a phase angle. The diffuse

component is the sum of the multiple signals reflected by a multitude of non-specular

‘ The M-PSK constellation is two-dimensional in the cartesian coordinate system.
However, the phase is the only coordinate that differentiates the symbols in the polar
coordinate system since all symbols have the same amplitude. Therefore, the M-PSK
constellation may be regarded as one-dimensional.
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surfaces such as buildings and other vehicles. The envelope of the diffuse component
exhibits a Rayleigh distribution while its phase is characterized by a uniform distribution.

This fading is referred to as Rayleigh fading or multipath fading.

Figure 1.1 - Typical mobile radio communication scenario

In a typical mobile radio communication environment such as a typical urban
center, measurements have shown that the direct-path and specular components are
negligible most of the time [32]. When this occurs, the Rayleigh fading component
dominates and the channel is at its poorest. In this thesis, the radio communication
channel is assumed to be characterized solely by the diffuse component. This is a
reasonable assumption since congested networks are almost always located in densely
populated urban centres characterized by numerous large buildings and heavy traffic that

encourage diffuse reflections.

The system block diagram for the mobile radio communication channel used
throughout this thesis is illustrated in figure 1.2. The input bits are first encoded into
symbols of the signal set by the trellis encoder. This process is later described in Chapter
2. The symbols are then interleaved. The combination of interleaving and de-interleaving

has two purposes. First, it ensures that a series of consecutive symbols are not all



affected by a deep fade that lasts over many signalling intervals. Second, it allows one to
assume that the fading coefficients over any signalling interval are uncorrelated to the
fading coefficients over any other signalling interval. This assumption considerably
simplifies the analyses on which this thesis is based. The symbols are then modulated and
transmitted over the Rayleigh fading channel. It is assumed that the effect of the fading
on the phase of the received signal is fully compensated for either by tracking it with
some sort of phase-lock loop or with pilot tone calibration techniques [19]. The received
symbols, corrupted by fading and Additive-White-Gaussian Noise (AWGN), are then
demodulated and de-interleaved. Finally, the maximum-likelihood detection is performed

through a Viterbi decoder.

input bitsE> treliis F— .symbol —#»t modulator |
encoder interleaver I

output bits<t| Viterbi | g | symbol | gl jemodulator
decoder de-interleaver|

o

Figure 1.2 - System block diagram

This thesis assumes that channel-state information (CSI) in the form of fading
coefficients for each signalling interval is available at the receiver. This last assumption is
necessary because the error performance of two-dimensional constellations over the
Rayleigh fading channel is irreducible if CSI is not available. The CSI may be obtained
from channel sounding techniques such as the pilot tone-aided scheme [42] and pilot

symbol-aided scheme [11,48,50].



1.2 - Aim and scope

The aim of this thesis is to design TCM and MTCM schemes based on M-QAM
and similar two-dimensional signal constellations for mobile radio communications and
analyse their performance. This thesis makes no attempt to develop a mobile
communication system. The research is strictly limited to the search for TCM and
MTCM schemes for mobile radio communications. There is no claim that the schemes
developed herein can or will be applied in a practical system as the design of such a-
system involves the consideration of many factors; many of which conflict. However, the
research conducted for this thesis can be readily adapted to the search for TCM and

MTCM schemes that may be better suited for such an operational system.

Due to the nature of the material contained in this thesis, the reader would benefit
from an understanding of basic communication theory and particularly of modulation
techniques. There is a variety of reference material on these topics such as the textbook
by Couch [15] and they are readily available. The reader would also benefit from a basic
understanding of convolutional codes. This material can be found in textbooks by Blahut,

and Lin/Costello [8,40].

1.3 - Outline

This thesis is organized in five chapters. Chapter 1 contains the introduction.
Chapter 2 provides an overview of TCM and MTCM schemes for the AWGN channel.
The importance of signal partitioning is highlighted and a technique to partition a
two-dimensional signal set for MTCM is developed. Chapter 3 develops TCM and
MTCM schemes based on M-QAM and other two-dimensional constellations for the
Rayleigh fading channel. The performance of these schemes is measured and compared
with the performance of equivalent M-PSK schemes. Chapter 4 describes the component
diversity technique which can increase the performance of a communication system over

the mobile radio communication channel and shows how the technique may be applied to



the MTCM schemes developed in Chapter 3. Chapter 5 summarizes the results of this

thesis and suggests additional areas of research.



Chapter 2- TCM and MTCM for the AWGN channel

2.1 - General

This chapter briefly describes trellis-coded modulation (TCM) and multiple
trellis-coded modulation (MTCM) techniques. Both techniques combine coding and
modulation to improve the performance of digital transmission over band-limited
channels. They yield significant coding gains over uncoded multilevel modulation without
an increase in bandwidth or a decrease in the information throughput. Section 2.2 is a
brief overview of TCM which is included as background material. Section 2.3 addresses
MTCM. In particular, signal partitioning for MTCM is covered in section 2.3.2. A
useful method to partition a two-dimensional signal set for MTCM is developed. This
method will be used extensively in Chapter 3 to design MTCM schemes for the Rayleigh

fading channel.

The material in this chapter assumes that the communication channel is
non-dispersive and affected solely by AWGN. The criteria for designing trellis codes for
the Rayleigh fading channel will be covered in Chapter 3. The criteria for designing trellis
codes for other types of channels vary and are beyond the scope of this thesis. Readers

who are interested in this information are referred to [35,43,46,52,62].

2.2 - Trellis-coded modulation

2.2.1 - Basic principles

The first TCM schemes were proposed by Ungerboeck in 1976 [56] followed by a
more detailed publication in 1982 [55]. TCM has since been extensively researched and
some applications have been developed. Most notably, a TCM scheme has now been
adopted as the international standard for the coded 9.6-kbit/s two-wire full-duplex

voiceband modem [7].



In conventional uncoded multilevel modulation, the transmitted bits are modulated
into individual symbols of a signal set Q and the noise-corrupted received signal is
demodulated symbol by symbol. All received symbols are assumed to be statistically

independent. The demodulation is conducted by comparing the squared Euclidean
distance between the received symbols and each symbol of the signal set and by selecting
the symbol that minimizes that distance. The minimum squared Euclidean distance is

expressed as

L

where x represents the received signals corrupted by AWGN and x; represents the
symbols in the signal set. The performance of the symbol-by-symbol receiver depends on
the minimum squared Euclidean distance. The symbol error probability Plerror] is

upper-bounded [7] and, for large signal-to-noise ratio, closely approximated by

Plerror] < M- lerfc(—z-d&J

2 No

where M is the number of symbols in the signal set, N_ is the white noise power spectral

density and erfc(x) is given by

@

erfe(x) = T/gf [eat

It is useful to define the normalized squared minimum distance &2,
2

52 = dT"""‘logzM

where E is the average energy of the signal set. Using this quantity, the upper bound for

P[error] can be rewritten as



M-1,.(8 [Es
P[error] < 2 erfc[ > N@]

where E, represents the average energy per bit and is given by Ey = iogE M
2

. To design an

efficient communication system, the minimum distance between any two symbols in a

signal set must therefore be maximized for a given M and E,.

TCM differs from conventional modulation by combining a convolutional encoder

and an expanded signal set. Figure 2.1 shows a TCM transmitter. The information bits
are encoded through a rate n/(n+r) convolutional encoder with memory v. The expanded
signal set is 2"/2"=2" times as large as the signal set for the equivalent uncoded

modulation. For r=1 as is the case throughout this thesis, the expanded signal set is twice

as large as the original signal set.

n input rate (n/n+r) n+r bits | choose a symbol | symbol
. L .
bits convolutional from a subset of [ {ransmitted
encoder the signal set

Figure 2.1 - TCM transmitter

One of the n+1 bits is used to select one of two subsets of a signal set {2 and the n
remaining bits select one symbol from that subset. The particular subset chosen for a

specific signalling interval depends on the state of the convolutional encoder at that time.
The receiver recovers the original information bits by combining the demodulation and
the decoding in a single process. In TCM, the transmitted symbols are no longer

independent due to the use of the convolutional encoder but form a sequence x=(x,, X,,
X,, ..., Xy). The decoding is therefore conducted over a sequence X = (Xo,X1,Xz, ..., XN).

In this case, the minimum distance dZ,, between two sequences is given by



. =min (3 -l

i=0

that is, if the sequence (x,, x|, ..., X) is closer to the received sequence than any other

allowable symbol sequence. Because of the summation, dZ,, for efficient TCM schemes
is larger than d2, for an equivalent uncoded modulation schemes. The error performance

of TCM schemes is therefore superior to the error performance of equivalent uncoded

modulation schemes.

A detailed explanation of TCM is beyond the scope of this thesis. However, the

example in the next section should clarify its intricacies.
2.2.2 - Example of a TCM scheme

The following example of a rate 2/3 TCM scheme based on 8-PSK illustrates the
salient points of TCM. First, the partitioning of the signal set is discussed. A diagram
representation of the TCM scheme is then introduced, followed by an examination of the
convolutional encoder. In isolation, each of these topics may be confusing. Accordingly,

due to their interdependence, they should be studied together.

Signal partitioning refers to the decomposition of the signal set into subsets. The
8-PSK signal set Q@ for the example is shown in Figure 2.2a. The signal set is partitioned
into two subsets of four symbols each. These two subsets are further partitioned into

four sub-subsets of two symbols each as shown: Sub-subset 1 is composed of symbols 0
and 4; sub-subset 2 is composed of symbols 2 and 6; sub-subset 3 is composed of
symbols 1 and 5; andsSub-subset 4 is composed of signals 3 and 7. The composition of
the sub-subsets is critical as it determines the performance of the TCM scheme. Signal

partitioning will be examined in greater detail in section 2.2.3.

A trellis diagram for this example is depicted at Figure 2.2b. The trellis diagram

provides a graphic representation of a TCM scheme. Although different terminology is
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used by various authors, the following trellis diagram nomenclature is well accepted and
used throughout this paper. A node represents one of the possible states of the

convolutional encoder. Since there are only two nodes, the convolutional encoder for
this TCM scheme has a memory of v=1. The spacing between two nodes represents
one signalling interval. A transition between two nodes is referred to as a branch. Each

branch may be made up of more than one parallel path. The trellis at Figure 2.2b has two
nodes with two branches per node. Each branch is made up of two parallel paths.
Therefore, the trellis has a total of eight paths. Symbols from the signal set of Figure 2.2a
are assigned to these paths. Since there are two input information bits, there must be 2’=4
paths at each node of the trellis to ensure that all combinations of input bits are
represented regardless of the state of the convolutional encoder during that particular
signalling interval. The four symbols assigned to the four paths from the node at state 0
are 0, 4 ,2 and 6. Similarly, the four symbols assigned to the node at state 1 are 1, 5, 3
and 7.

Figure 2.2c illustrates an alternate representation of a trellis diagram. This
representation is useful for the more complex trellises considered later in the thesis. The
representation only shows one signalling interval since the trellis diagram for each
successive signalling interval is the same, The number of parallel paths per branch is
indicated over the slash through the first branch. The symbols assigned to the paths
exiting a node are denoted to the left of the node. The lefimost two symbols are assigned
to the two parallel paths of the uppermost branch exiting that node. The last two symbols
are assigned to the two parallel paths of the next highest branch exiting the node. As
Figure 2.2¢ shows, the two symbols assigned to the two parallel paths between two nodes
at state 0 are symbols 0 and 4. The remainder of the representation is clarified by the

following comparison of Figures 2.2b and 2.2¢ .

Figure 2.2d shows the convolutional encoder for the TCM scheme. The two input

information bits are depicted as a, and a,. Only a, is encoded through the rate 1/2
convolutional encoder with memory v=1. Since the encoder has a memory of one, the
state of the encoder can take 2'=2 values, either zero or one. The encoded bit b, is used

11



to select one of the two subsets. The encoded bit b, is then used to select one of the two
sub-subsets from that subset®. Finally, the bit b;=a, is used to select one of the two
symbols from the selected subset. Table 2.1 shows the relationship between the input
information bits, the current state of the convolutional encoder and the symbol
transmitted and illustrates the various combinations. For example, assume the
convolutional encoder state is currently zero and that bits a;=0 and a,=1. From Table 2.1,
we find that bits (b,b,) are (01) and select sub-subset 2. Bit b,=0 selects the first symbol
in that sub-subset, namely symbol 2. Furthermore, the new state of the convolutional
encoder becomes 1. In the trellis, symbol 2 is assigned to the first branch of the
transaction from the node representing state O (current state of the convolutional
encoder) to the node representing state 1 (new state of the convolutional encoder).
Similarly, symbol 7 is assigned to the second branch of the transaction from the node

representing state 1 to the node representing state 0.

a, a, currentencoder | b, b, b, symbol new encoder
state selected state

00 0 000 ]

10 0 100 4 0

01 0 001 2 1

11 1 101 6 1

00 1 011 3 0

10 1 111 7 0

01 1 010 1 1

11 1 110 5 1

Table 2.1 - Relationship between the input information bits, the
current state of the encoder and the symbol transmitted.

The distance properties of the above TCM scheme can be studied through its trellis
diagram. The optimum decoding is the search for the path through the trellis that exhibits
the minimum squared Euclidean distance once the received symbol sequence has been

observed at the channel output. This search is best performed using the Viterbi algorithm

g This is equivalent to saying that the combination b,b, selects one of the four
sub-subsets.
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sub-subset 1

3 \ 0,4
sub-subset 2
sub-subset 3
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5 sub-subset 4
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(a) - Subsets for 8-PSK signal set

(b) - Trellis diagram representation
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(c) - Alternative trellis representation

comvolational :
o sncoder b»

a b | mapper | a
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(d) - Convolutional encoder

Figure 2.2 - Rate 2/3 TCM scheme based on 8-PSK
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[25,57]. Because of the noise in the channel, the received sequence. may not coincide
with the correct path (i.e., the sequence of transmitted symbols), but will occasionally
diverge from it and re-emerge after a time L. When this occurs, one says that an error
event of length L has occurred. The free distance of a TCM scheme is the minimum

Euclidean distance between any pair of paths forming an error event.

In the above example, first consider an error event of length L=1. Consider state 0
in the trellis and assume that symbol O is transmitted but signal 4 is decoded. This is
shown in Figure 2.3a. Since the transmitted symbols and the recovered symbols are
different, an error has occurred. In this case, the path diverges and re-emerges at the
same state (parallel paths) over a single signalling interval and therefore, L=1. The
squared Euclidean distance for this error event is the squared Euclidean distance between
symbols 0 and 4 which equals 4E. Next, consider the case represented at Figufe 2.3b
where the sequence of symbols 0,0 is transmitted and the sequence of symbols 2,7 is
received. The error event is now of length L=2 and the Euclidean distance over the error
event is

d?_, = d%(0,2) +d2(0,7) = 2E+4E sinzg- =2.586E

It is easy to show that no error events of length L >2 yield a lower Euclidean
distance than 2.56E. Therefore, the free distance of this code is d*;, =2.56E.

The performance for this TCM scheme may be measured against uncoded 4-PSK
(QPSK) modulation. This is a reasonable comparison because the information rate, the
bandwidth and the average energy are the same for both modulation schemes. The

asymptotic coding gain between two modulation schemes A and B is defined as

_ diesa/Ba

- d2..s/En
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(b) - error event over two branches

Figure 2-3 - Error events for rate 2/3 TCM scheme based on 8-PSK
The asymptotic gain of this TCM scheme over uncoded QPSK is

yzg-—%—f;l‘s—/i= 1203 = 1.1dB
The TCM scheme results in a symbol error performance gain of 1.1 dB over
uncoded QPSK. This minor improvement in performance barely compensates for the
related increase in complexity. However, greater improvements in error performance
may be obtained by using more complex schemes involving larger numbers of states. For
example, a scheme using the same signal set but with four states achieves a gain of 3.0 dB
over uncoded QPSK. For an eight-state trellis, the gain improves to 3.6 dB. These

figures represent significant performance gains.
2.2.3 - Signal partitioning and trellis mapping

It is apparent from the above example that the performance of a TCM scheme

depends on how the symbols are mapped to the various paths in the trellis. Many
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combinations are possible, some of which will actually lead to TCM schemes with poorer
performance than uncoded QPSK. For an optimum scheme, the symbols must be
assigned to the trellis paths so as to maximize d;,.. In [55], Ungerboeck describes a
simple procedure to partition one- or two-dimensional signal sets into subsets. He also
develops three rules that facilitates the optimum mapping of these subsets onto various

trellises. These topics are examined in this section.

Figure 2.4 represents the Ungerboeck partitioning of the 8-PSK signal set used in
the previous example. The set partitioning is conducted in three stages. At the first level
of partitioning (level 1), the eight symbols are divided into two subsets of four symbols
each in such a way that the minimum squared Euclidean distance between the symbols in
each subset is maximized. The process is repeated at the second level of partitioning
(level 2). Each subset at the first level of partitioning is further partitioned into two
2-symbol subsets. Again, the minimum squared Euclidean distance between the two
symbols in each subset at the second level of partitioning is maximized. At the third level
of partitioning (level 3), each subset contains a single symbol. The above procedure
guarantees that the minimum squared Euclidean distance between symbols in two subsets
emanating from the same higher-level subset is greater than the minimum squared
Euclidean distance between the symbols in two subsets at the same level of partitioning,

but emanating from two different subsets at a higher level of partitioning.

Once the set partitioning is completed, the mapping of the subsets to the trellis may

be conducted according to the three Ungerboeck rules. These rules are as follows:

Ul. To parallel paths are assigned symbols of the same subset at the lowest level of
partitioning where the number of symbols in each subset equals the number of
parallel paths;

U2. To adjacent branches are assigned symbols of the next higher subsets; and

U3. All symbols are used equally often.
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level 0

Figure 2.4 - Ungerboeck partitioning of 8-PSK

In order to design an optimum TCM scheme, the three Ungerboeck rules must be
satisfied. However, satisfying these three rules does not ensure that a trellis is optimum.
Many trellis codes satisfying these rules exist but only a small number of them are
optimum. Unfortunately, a easy to follow step-by-step procedure to design optimum
schemes does not exist. As a result, exhaustive computer searches are often the only
viable solution to generate optimum schemes. The duration of computer searches
increases exponentially with the number of states in a trellis and makes the design of

trellis codes with large number of states often impractical.
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The application of the three Ungerboeck rules is illustrated by reviewing the
optimum trellis at Figure 2.2b. Consider the two parallel paths on the branch between
two nodes at state 0. Note that the symbols 0 and 4 are assigned to the two parallel paths
in the branch and that these two symbols are in the same subset at the second level of
partitioning. Similarly, the two parallel paths in all other branches are assigned symbols
from the same subsets at the second level of partitioning. These symbol assignments to
parallel paths conform to rule Ul. In a trellis without parallel paths, rule Ul can be

ignored.

Rule U2 states that symbols from the next higher subset must be assigned to
adjacent branches from a node. Since symbols 0 and 4 have been assigned to one branch
of the node at state 0, symbols 2 and 6 must be assigned to the other branch since these
four symbols are in the same subset at the first level of partitioning. Finally, the symbols
1,3,5 and 7 must be assigned to the branches at the nodes representing state 1 since rule

U3 states that all symbols must be used equally often in the trellis.
2.2.4 - Convolutional encoder

A discussion on trellis codes would not be complete without considering the
convolution encoder. The general structure of a TCM encoder/modulator is shown at
Figure 2.5. There are n input information bits. A minimum signal set of 2" symbols is
required to transmit the 2" combination of input bits. Of the n input bits, m are left
uncoded. The remaining n-m bits are encoded by a convolutional encoder with rate
(n-m)/(n-m+1). The n-m+1 encoded bits select a subset of the signal set and the m
uncoded bits select a symbol within that subset. The memory of the convolutional
encoder determines the number of states in the trellis. If all n bits are encoded, then the
n+1 encoded bits select one symbol from the signal set and there are no parallel paths. In
general, the specific structure of the convolutional encoder is not important. It is
sufficient to state that such an encoder exists for a particular trellis code. For this reason,

convolutional encoders need not be discussed further in this thests.
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Figure 2.5 - TCM encoder/modulator

2.3 - Multiple trellis-coded modulation

2.3.1 - Basic principles

MTCM is a technique developed by Divsalar and Simon [18] to improve the free
distance of trellis codes. That technique has proven to be especially useful for the
Rayleigh fading channel. MTCM is a more general representation of trellis-coded
modulation. MTCM combines a nk/(n+1)k convolutional encoder with a 2*'-point signal
set to output k symbols in each signalling interval>. In each signalling interval, kn bits
enter the encoder and k symbols leave the modulator. As a result, the bandwidth
expansion relative to an uncoded 2"-point signal constellation is unity. The parameter k is

referred to as the multiplicity of the code.

Once again, it is useful to describe MTCM through an example. Consider the
optimum 2-state, rate 4/6, k=2 MTCM scheme based on a 8-PSK signal set shown at
Figure 2.6. The convolutional encoder inputs 4 information bits and outputs 6 coded bits

in each signalling interval. Since the 4 information bits may represent 2'=16 possible

: TCM is a special case of MTCM for which k=1.
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combinations of input bits, there must be 8 parallel paths in each of the two branches
exiting a trellis node. Each of these parallel paths is assigned two symbols from the
8-PSK signal set. We shall refer to the k symbols assigned to each path as the composite

symbols for that path.

(0,0)(0,4)(2,2)(2,6)(4,0)(4,4)(6,2)(6,6} 8
(0,2)(0.6)(2,0)(2,4)(4,2)(4,6)(6,0)(6,4)

(1,3)(1,7)(3,1)(3.5)(5.3)(6,7)(7,1)(7.5)
(1.1)(1,5)(3,3)(3,7)(5,5)(5,1)(7.7)(7.3))

Figure 2.6 - Trellis for rate 4/6 MTCM scheme based on 8-PSK

The squared Euclidean distance between two parallel paths is the squared Euclidean
distance between the two composite symbols assigned to these paths. In the example, the
minimum squared Euclidean distance between parallel paths is represented by the squared

Euclidean distance between the composite symbols (0,0) and (2,2) which equals
2d2. (0,2) =2(2) =4. The minimum squared Euclidean distance for the error event that

does not include parallel paths is the distance between the composite symbols (0,0) and
(0,2) over the first branch of the error event and composite signals (0,0) and (1,3) over
the second branch of the error event. The minimum squared Euclidean distance over this
error event is

2. = d?[(0,0), 0,2)] +d?[(0,0), (1,3)] = [0+2] +[4 sinZ% +4 sin23—8"-] =6

Thus dZ., = 4 for the error path length L=2. The asymptotic gain over uncoded QPSK is

die 4
y=—=-=%=2 = 3dB
d?)PSK 2

20



This represents a gain of 3-1.1=2.9 dB over the "standard" TCM scheme shown in
Figure 2.2b. Furthermore, the two-state MTCM code has the same performance as the
four-state TCM code for this signal set. Faster decoding is the advantage of keeping the
number of states low and the two-state MTCM scheme is preferable to the four-state

TCM scheme®. As a rule, an optimally designed MTCM code will always result in an
increase in d2,, compared to an optimum TCM code with the same number of states.

2.3.2 - Signal partitioning for MTCM

Signal partitioning for MTCM is different from that of TCM. Although the
principle upon which the Ungerboeck partitioning is based still applies, the procedure is
more complex since there are M* composite symbols in the signal set. A useful
partitioning technique has been developed by Divsalar and Simon [18] for the
one-dimensional constellations M-AM and M-PSK®. Unfortunately, their technique is not
directly adaptable to two-dimensional constellations such as M-QAM.  For
two-dimensional signal sets, the problem is identical to using a composite symbol set
distributed in 2* dimensional space. Furthermore, the composite symbol set does not
necessarily fall on a lattice in 2* space. Therefore, the partitioning techniques based on
lattices and cossets developed by Calderbank and Sloane [9] cannot be used. More
mundane techniques must therefore be applied. Two methods to partition
two-dimensional signal sets were developed for this thesis. The first method is a brute
force computer search that proved to be unwieldy for large signal sets. The second
method also involves computer searches for larger signal sets although these searches are

much more limited.

It is useful to visualise the signal set before conducting the partitioning. Since it is

difficult to visualise a signal set in 2* dimensional space, an alternative representation
g p

4 The decoding speed of the Viterbi algorithm usually decreases with increasing
number of states.
> It should be noted however, that although signal partitioning is conducted

differently from the Ungerboeck method, the three Ungerboeck rules that govern the
mapping of subsets to trellises still apply.
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must be chosen. Figure 2.7 is such a representation applied to 16-QAM with multiplicity
k=2. It is basically a two-dimensional representation of the four-dimensional composite
signal space. The 16-QAM signal set is duplicated and the duplicated copies are arranged
into a 16-QAM configuration. Each duplicated signal set is referred to as a block. The
individual symbols within a block are numbered from 0 to 15. Each block is also
numbered from 0 to 15 following the same pattern. Since there are 16 blocks of 16
signals each, the full composite signal set contains 256 composite symbols. Each
composite symbol is identified by two digits representing the block that contains it and its
location within that block. For example, the composite symbol (3,5) is the composite

symbol at position 5 in block 3.

The minimum squared Euclidean distance between two blocks is the same as the
squared Euclidean distance between the two symbols in any block at the equivalent
locations. For example, the squared Euclidean distance between block 0 and block 6 is
the same as the squared Euclidean distance between symbol 0 and symbol 6 in any of the
blocks. The squared Euclidean distance between two composite symbols is therefore
equal to the sum of the squared Euclidean distance between their parent blocks and the
squared Euclidean distance between the two signals calculated as if they were in the same
block. For example, the squared Euclidean distance between composite symbol (2,3) and

composite symbol (5,11) of Figure 2.7 is equal to
d? =d%(2,5)+d%(3,11)

The number of composite symbols in the composite signal set is twice the number
of composite symbols required to design a MTCM scheme. The composite signal set
must therefore be divided in half before the partitioning. In the optimum composite
signal set, the minimum distance between the composite symbols should be as large as
possible. Selecting every second composite symbol in each block will accomplish this.
For example, if signal (0,0) of Figure 2.7 is chosen as part of the composite signal set,

then rejecting all (odd,0) symbols in the block will maximize the minimum distance
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Figure 2.7 - Representation of 16-QAM signal set with k=2

between symbols in the block. The same is true for every block. In addition, if
composite symbol (0,0) is selected as part of the composite signal set, then selecting
composite symbol (1,1) will maximize the minimum distance between the composite
symbols in the two adjacent blocks. Therefore, the composite signal set to be partitioned
is formed by selecting all (even,even) and all (odd,odd) composite symbols in the original

composite signal set. An equivalent composite signal set could also be formed by
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selecting all (even,odd) and (odd,even) composite symbols in the original composite

signal set.

Once the composite signal set has been selected, the set partitioning can be
conducted. Two methods to conduct the partitioning are described below. Partitioning
method 1 represents the brute force approach and its use is limited to smaller composite
signal sets.. Partitioning method 2 is an alternate method that can be used to partition

larger composite signal sets.

Partitioning method 1. The obvious method to partition the composite signal set is to
by divide the composite symbols into two subsets at each lower level of partitioning. This
partitioning is shown at Figure 2.8. Only one subset is shown for each successively lower
partition level. Unlike the case for the partitioning of a multiplicity k=1 signal set, the
squared Euclidean distance between composite symbols in a subset does not increase
with each new level of partitioning. In fact, the first two levels of partitioning do not
increase the squared Euclidean distance between composite signals in a partition. This is
due to the fact that some composite symbols have 8 closest neighbours. Therefore, there
is more than one equivalent way of partitioning subsets at level 1 and 2. For the case of
16-QAM, there are two equivalent ways of partitioning composite symbols into subsets at
level 3. MTCM schemes based on these equivalent subsets will exhibit the same

performance.

This first method of partitioning is cumbersome, especially for large numbers of
composite symbols. To understand why, consider that the only information available to
conduct the partitioning is the squared Euclidean distance between the composite symbols
in a signal set. The maximum squared Euclidean distance possible between two subsets
derived from this signal set may be also known. Assuming that this squared Euclidean
inter-subset distance is known, the problem is to combine half the composite symbols into
one subset so that the squared Euclidean intra-subset distance between the composite

symbols in that subset is at least the squared Euclidean inter-subset distance. The
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Figure 2.8 - Partitioning of 16-QAM composite signal set with k=2



second subset is then composed of the remaining composite symbols. Unfortunately,
there is no guarantee that the squared Euclidean intra-subset distance between the
composite symbols in the second subset will be higher than the squared Euclidean
inter-subset distance. In most cases, the squared Euclidean intra-subset distance between
composite symbols in the second subset will not be greater than the squared Euclidean
inter-subset distance and the two subsets must be rejected. Furthermore, even if both
subsets are acceptable, there is no guarantee that they will both partition into two
sub-subsets where the squared Euclidean intra-distance between the composite symbols in
each sub-subset is maximized. In fact, both subsets may not even partition into

sub-subsets with the same minimum squared Euclidean intra-sub-subset distance.

Therefore, to ensure an optimum partitioning of the composite signal set, each
acceptable subset at each level of partitioning must be analyzed individually. Since the
number of subset combinations increases geometrically with the number of composite
symbols, this method is unwieldy for large composite symbol sets. Experience has shown
that partitioning a 16-signal set with a multiplicity of k=2 using this method is
manageable. However, tackling a larger signal set would be very difficult. The next
subsection describes an alternate partitioning method which is much simpler to
implement. As a result, this second method of partitioning may be used for larger

composite signal sets.

Partitioning method 2. In the second method of partitioning a MTCM two-dimensional
composite signal set, the partitioning begins at the lower levels. Lower-level subsets are
then combined into higher-level subsets. This method is referred to as the reverse
partitioning method and is very.useful for designing trellis codes for the Rayleigh fading
channel as shown in Chapter 3. The technique takes advantage of Ungerboeck
partitioning of the basic signal set with multiplicity k=1. Figure 2.9 illustrates the
Ungerboeck partitioning of a 16-QAM signal set. The subsets at the fourth level of

partitioning represent symbol pairs with the greatest squared Buclidean distance
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Figure 2.9 - Ungerboeck partitioning for 16-QAM
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between them. These symbol pairs are called complement of each other. For example,

symbol 8 is the complement of symbol 2.

The partitioning is conducted as follows. First, it must be determined which
composite symbols should be paired together in a subset. Figure 2.9 shows how symbols
in a block are paired together using Ungerboeck partitioning. One should therefore
expect that a similar pattern exists for the composite symbol set and that composite
symbols (0,0) and (10,10) should be complements. This is in fact the case as illustrated in
Figure 2.8. Similarly, the composite symbols (2,2) and (8,8) are complements as are
composite symbols (1,1) and (11,11). In this manner, it is easy to pair all composite
symbols for which the constituent symbols repeat. This takes care of 16 composite

symbols from our set of 128 composite symbols.

Pairing the remaining 112 composite symbols is equally simple. Consider the
composite symbol (2,14). The complement of (2,14) is the composite symbol whose first
symbol is the complement of 2 and whose second symbol is the complement of 14 or
(8,4). The squared Euclidean distance between the two composite symbols is obviously
the same as the squared Euclidean distance between (0,0) and (10,10). All remaining 110

composite symbols in the composite signal set may be paired in this fashion.

Once all composite symbol complements have been identified, they must be
combined into subsets at the next higher level of partitioning. For larger composite
symbol sets, this is best accomplished through computer searches. In the current
example, this process leads to 64 subsets of four composite symbols each including the
subset  {(0,0)(2,2)(8,8)(10,10)}. At this level of partitioning, the subset made up of
composite symbols (0,4) and (10,14) will be combined with the subset made up of
composite symbols (2,12) and (8,6) or the subset made up of composite symbols (2,6)
and (8,12). Both combinations are equivalent. Once all subsets at a partitioning level
have been identified, the process is repeated at each successively higher partitioning level

until the original composite symbol set is obtained at level 0.
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This second method of partitioning is much quicker than the first partitioningr
method. Since the lower-level subsets are known, there is no ambiguity in selecting the
higher-level subsets. There may be more than one way of combining lower-level subsets
into higher-level subsets but the resulting subsets are truly equivalent and only one
solution needs to be retained. Because of its simplicity, this partitioning method will
handle large composite signal sets. Although 64-QAM with a multiplicity k=2 is the
largest composite signal set partitioned for this thesis, partitioning 128-SQ or 256-QAM
should be straightforward.

2.3.3 - Example: 4-states, rate 6/8 MTCM scheme based on 16-QAM

The following example of a multiplicity k=2, 4-state MTCM scheme based on a
16-QAM signal set illustrates MTCM for a two-dimensional signal set. The trellis for this
scheme is fully connected, meaning that each state is connected to all the other states by a
branch. Since 64 composite symbols are required to represent all possible input bit
combinations, there are 16 parallel paths for each branch. The signal partitioning for
16-QAM was conducted in the last section and is shown at Figure 2.8. The optimum
mapping is conducted using the three Ungerboeck rules and is illustrated at Figure 2.10.

In this trellis, each (An), 1 <n <8, represents the eight composite symbols assigned to
the same path. The various composite symbols represented by (An) are shown at the

right of the trellis.

16

A1, A2, A3, A4 ' A1-(0,01(2,2){10,101(8,8){1, 1) (3.9){11,11(9.3)
{4.4)(12,12)($4,14)(6.6)(5,15) (13, 1) (15.5){7.13)
A2-(0,2}(2,10}(10.8}(8.0){1,15) (3.1)(11,5}(9.13)
(4.12)(12.14) (14.6(6.4)(5.:){13.3)(15.11) (7.9)
AZ-(0.4}(2,12)(10,14)(8.6)(1.9) (3, {1 1.3)(8.11)
AS, AB, AT, A8 {4,10)(12,8){14,0){6,2)(5.7){13,5)(13,15)(7.43)
Ad-(0,6)(2,4)(10,12)(8,14)(1, 13)(2, 15M11.1(8.5)

{4.2(12.10){14,8){6,0)(5,9) (13, ){$5,3){7.19)
A5-{0,8)(2.0)(10.2){8,$0}(1.5)(3,13){11,15)(9,7}

(4.6012.4)(14,42){6. 14){5 1 1)(13.9){15.1}(7.3}
AB-(0,10)(2.6){10.0)(8.2)(1,1{3.3){11,11)(9.9)

A3, A4 A1, A2 (4,14){12,6){14.4){6,12){5.5){13,13}{15,15)(7.7)
AT-{0,12)(2,14){10,6)(8.4)(1,7}{3.5) (11,13}(9,15)
{4.8)(12.0){14,2)(6,10)(5.3}(13.11) (15-9) (7.1}
AB-{0,14)(2.6)(10,4)(B, 12){£,3}(3, 11}{11,9}(9. 1}
A7, AB, AS, A6 {4.0)(12.2)(14,10)(6,8)(5.13)(13,15{15,}(7.5)

Figure 2.10 - Rate 6/8 MTCM scheme based on 16-QAM
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The free distance for the code can be determined by examining the trellis. The
composite symbols assigned to parallel paths differ in both components and the error
event length over the parallel path is therefore L=2. The minimum squared Euclidean
distance over the parallel paths is represented by composite symbols (10,10) and (5,15)

and is
d?. =d2(10,5) +d2(10,15) = 4 +20 =24

The error event length, disregarding parallel paths, is L=3 and is represented by
composite symbols (10,10) and (10,8) for the first transition and composite symbols
(10,10) and (6,14) for the second transition. The minimum squared Euclidean distance

over this error event is:
d2. = d?*(10, 10) +d2(10, 8) +d2(10,6) +d?10,14) =0+ 16 + 8 + 8 = 32

The free distance of the code is therefore di.. =24 and the asymptotic gain

compared to uncoded QPSK is

_ die/EisoaM _ 24/10

y= = =12 = 079dB
d%)PSK/EQPSK 21

Although this result represents only a small improvement in P[error] over uncoded
QPSK, the information throughput of this scheme is 3 bits per symbol versus 2 bits per
symbol for uncoded QPSK or 1.5 times higher than uncoded QPSK.

2.4 - Summary

The performance of a TCM or a MTCM scheme depends on how the symbols are
mapped to the various paths in the trellis. For an optimum scheme, the signal set must be
partitioned in such a way that the minimum squared Euclidean distance between symbols
in each subset is maximized, regardless of the level of partitioning. In addition, these

‘subsets must be mapped into the various branches in the trellis in such a way as to
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maximize the dZ,, of the trellis. A failure to satisfy either one of these two conditions

leads to a less than optimum code.
Two partitioning methods were developed to partition a two-dimensional signal

set for MTCM. Of these two methods, the reverse partitioning method is clearly superior

and will be used to design MTCM schemes for the Rayleigh fading channel in Chapter 3.
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Chapter 3 - TCM and MTCM schemes for the Rayleigh
fading channel

3.1 - General

Although maximizing the free Euclidean distance d;,, of a TCM scheme is the main
design criterion for the AWGN channel, Divsalar and Simon [19,20] have shown that the
asymptotic performance of TCM for the Rayleigh fading channel is governed by other
factors. Section 3.2 examines these factors and discusses their implications in the design
of TCM and MTCM schemes for the Rayleigh fading channel. An extension of the
reverse partitioning method previously discussed in section 2.3.3 is developed for the
Rayleigh fading channel in section 3.3. In section 3.4, the reverse partitioning method is
used to design various TCM and MTCM schemes based on two-dimensional signal sets
for the Rayleigh fading channel.  Section 3.5 analyses the effect of increasing the
multiplicity of an MTCM scheme designed for the Rayleigh fading channel.

3.2 - Criteria for designing TCM and MTCM schemes for the Rayleigh
fading channel

Divsalar and Simon [19] have derived an asymptotic upper bound on the pairwise
error probability P(x —x) for TCM and MTCM schemes based on M-PSK for the
Rayleigh fading channel. The pairwise error probability represents the probability of
choosing the coded sequence X = (X1,X2, ...,Xn) when x= (X1, X2, ...,Xn) is transmitted.
This upper bound is given by:

y

kH[l + Es

4N,

A

[Xn — Xn

-1
) (.1)

P(x —X) <

At sufficiently high SNR, equation (3.1) simplifies to the asymptotic case

AN

Es R (3.2

4N,

|Xn —;(n

P(x — X) < (H
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Cavers and Ho [12] have shown that the pairwise error probability for other signal

sets has the form of equation 3.2 multiplied by a correction factor. The following
discussion therefore applies to all signal sets. P(x — X) is inversely proportional to the
product of the squared Euclidean distance along the error path. Therefore, the primary

design criterion for high signal-to-noise ratios (SNR) is the maximization of the length of
the shortest error event path L. The maximization of the product of the branch distances
along that path is the second design criterion. A TCM or MTCM scheme that meets
both of these criteria will perform optimally over the Rayleigh fading channel even

through d . does not achieve its optimum value over the AWGN channel.

The primary design criterion for the Raleigh fading channel introduces an important
limitation in the design of TCM schemes. Since the performance of the code is inversely
proportional to the length of the minimum error event path, trellises which contain a
parallel path (L=1), will perform poorly over this type of channel. This in turn implies
that trellises based on large M must have many states to avoid these parallel paths. For
example, the minimum number of states for trellises based on 16-QAM and 64-QAM
signal sets must be 8 and 32 respectively in order to avoid parallel paths. On the other
hand, it is important to limit the number of states in trellises for mobile radio
communications because the complexity of the decoder increases with the number of
states. An increase in decoder complexity results in additional cost and longer decoding
delays, both of which are undesirable. A search through recent scientific literature
indicates that most authors consider 8-state trellises [21,22] as practical for mobile radio

communications while 16-state trellises have not been considered seriously.

It is not possible to reconcile these conflicting criteria solely through using standard
TCM schemes for large signal sets. However, the minimum error event length in a trellis
can be increased by using MTCM even though parallel paths are present. Most of the
schemes developed in this thesis have 8 states due to the practical considerations

discussed above. There is some discussion on 16-state schemes but optimum trellises for
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these schemes are not provided because the search for 16-state optimum trellises is

difficult and requires extensive computer searches.

The following example extracted from [20] illustrates the design criteria for the
design of MTCM schemes for the Rayleigh fading channel. Consider the trellis diagram
of Figure 3.1 for the k=2, rate 4/6 MTCM scheme for 8-PSK.

{0,0)(1,5)(2,2)(3,7)(4.4)(5,1)(6,6)(7,3} ;
{0,4)(1,1)(2,6)(3,3)(4,0)(5,5)(6,2)(7.7}

(0,2)(1,7)(2,4)(3,1)(4,6)(5,3)(6,0)(7,5)
(2,0)(3,5)(4,2)(5,7)(6,4)(7,1)0,6)(1,3)

Figure 3.1 - Rate 4/6 MTCM based on 8-PSK for the Rayleigh fading channel

The signal set can be found in Figure 2.2a. Observe that in order for the minimum
error event length to be larger than one, the composite signals assigned to parallel paths
must differ in both symbol positions. This holds true for the example and the minimum
error event path for that MTCM scheme is L=2. This fulfils the principal design criterion.
The second design criterion requires that the product of the squared distance over the
minimum error event path be maximized. In the example, if the all-zero path is arbitrarily
taken as the correct one, the minimum product over the error event path of length L=2

for the parallel paths is represented by composite symbols (0,0) and (1,5) and is equal to
d? =d?[(0,0),(1,5)]

= d2(0, 1)+ d4%(0,5) = 4sin’ T e 4 sinzS—SE = (5858)(3.4142) =2

34



For the two-branch error event path of L=2, this error event is represented by
composite symbols (0,0) and (0,4) over the first branch and composite symbols (0,0) and

(0,2) over the second branch. The minimum product over this path is equal to®

d? = d?[(0,0),(0,2)] » d*[(0,0),(1,3)]
=d2(0,0) » d2(0,4) ¢ d2(0,0) ¢ d*(0,2) =42 =8

Since the product for the parallel branches is the smallest, the performance of the
scheme will be determined by that product. In this example, the minimum squared
distance over the minimum error event path has already been maximized and this trellis is

optimum in the sense that no other signal assignment can yield a better error performance.

It is relatively simple to design a MTCM scheme that only meets the primary design
criterion for the Rayleigh fading channel. However, the error performance of such an
arbitrary scheme would likely be poor. Therefore, it would be preferable to design
MTCM schemes that meet both design criteria. Partitioning the composite signal set in
such a way as to meet the second design criterion is complex but possible. This problem

is resolved in the next section.

3.3 - Signal partitioning for the Rayleigh fading channel

Divsalar and Simon have developed a method to partition M-PSK signal sets for
the Rayleigh fading channel. The technique can be used for various values of k and takes
advantage of the high degree of symmetry in M-PSK constellations. However, the
distance between symbols in an M-PSK signal set decreases rapidly with M. Accordingly,
increasing the size of the signal set results in a rapidly diminishing return in performance.

For large signal sets, two-dimensional constellations like M-QAM are preferable.

2 Note that the pairwize error probability expression given at Equation 3.1
guaranties that each term in the product is at least 1. Therefore, the distance between
two identical symbols is considered to be 1 in all distance calculations involving a scheme
designed for the Rayleigh fading channel.
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Unfortunately, partitioning signal sets for these constellations is difficult because of the

lack of symmetry within these signal sets.

This thesis results in the partitioning of various constellations including 8-, 16- and
32-QAM as well as 8- and 32-SQ for the Rayleigh fading channel’. This partitioning is
conducted using the reverse partitioning method described in section 2.3.3 combined with
computer searches for the larger signal sets. A multiplicity of k=2 is assumed throughout

except when specifically stated otherwise.

The reverse partitioning method relies on the fact that the lower-level partitions are
known. These partitions are easily derived for the AWGN channel as discussed in
Chapter 2. However, the lower-level partitions for the Rayleigh fading channel are not
immediately obvious because the partitioning criteria differ from the one for the AWGN
channel. Therefore, it may appear that the partitioning of M-QAM signal sets for the
Rayleigh fading channel is complex. In fact, this is not true and it can be shown that the
lower-level partitions for the Rayleigh fading channel are identical to the lower-level
partitions for the AWGN channel! for many signal constellations. As proof, the following

lemma is used:

Lemma 3.1. The lower level of partitioning for the Rayleigh fading
channel is the same as the lower level of partitioning for the AWGN
channel for M-SQ signal sets and for M-QAM signal sets where M=2°, s

even.

Proof. To prove that this lemma is valid, it must satisfy both
performance criteria for a MTCM code designed for the Rayleigh fading
channel. Partitioning a M-QAM or a M-SQ constellation using the

partitioning method described in section 2.3.3 will always satisfy the

: SQ refers to skewed quadrature. A SQ signal set is a signal set that includes
every second symbol of a squared M-QAM signal set. For example, 32-SQ contains
every second symbol of 64-QAM.
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primary criterion since the two composite symbols at the lower level of

partitioning differ in both symbol positions.

The second criterion can be verified as follows: Consider two numbers a
and b such that their sum is a+tb=c. Then a=c-b. Let the product ab=d
or (c-b)b=d. This product is maximized when the derivative of d with
respect to b is zero, that is: 0=c-2b. This implies that 2b=c or that a=b.
For the Ungerboeck partitioning of a composite M-QAM or a M-SQ
signal set, the squared Euclidean distance between constituent symbols
of the two composite signals at the lower level of partitioning are
identical. Therefore, the product of the squared Euclidean distance
between the two composite signals is maximized. This effectively

satisfies the second criterion.

By taking advantage of the above lemma, the reverse partitioning of tﬁe composite
signal set for the Rayleigh fading channel is considerably facilitated because the
lower-level partitions can be designed as if they were intended for the AWGN channel.
They can then be combined into higher-level partitions according to the design criteria for

the Rayleigh fading channel.

The reverse partitioning method for the Rayleigh fading channel applies to all
squared signal sets, that is, signal sets where the symbols in the set can be circumscribed
by a square. For example, the rule applies to 16- and 64-QAM as well as 8- and 32-3Q
signal sets. The rule also applies to other (but-not all) signal sets such as 8- and 32-QAM

which are not circumscribed by a square.
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3.4 - Designing MTCM schemes for the Rayleigh fading channel

3.4.1 - General

This section deals with the design of MTCM schemes based on two-dimensional
signal sets with a multiplicity of k=2 for the Rayleigh fading channel. The reverse
partitioning method is applied to 8- and 32-SQ as well as 8-, 16- and 64-QAM signal
sets. The results of the partitioning are then applied in the design of MTCM schemes
optimally suited to the Rayleigh fading channel. These schemes are discussed in

sub-sections 3.4.2 through 3.4.6.

All the schemes discussed in this thesis have 8 or fewer states. It would have been
useful to design MTCM schemes for larger trellises. However, designing optimum
trellises becomes increasingly difficult as the number of states is increased. This is
because there exist no easy method to design optimum trellises other than exhaustive
computer searches. The number of possible mappings increases rapidly with the number

of states making these searches lengthy.

The error performance of the MTCM schemes designed in this section were
simulated on a GATEWAY 2000 4DX2-66 IBM compatible computer. The software
was written in C++ and compiled with the Borland C++ compiler. The simulations used a
multipurpose Viterbi decoder capable of handling schemes based on any of the signal sets
and multiplicity considered in this thesis. ~ The Viterbi decoder software was not
optimized for any particular scheme. The various data points are based on simulations
producing at least 1,000 symbol errors. Sub-section 3.4.7 compares the relative

processing times for some of the schemes designed in this section.
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3.4.2 - 8-SQ, multiplicity k=2

Consider a 8-SQ, k=2 signal set as shown in figure 3.2. There are (8)(8)=64
composite symbols of which only 32 are required to represent all combinations of
information bit pairs. No trellis based on this signal set may have more than 8 parallel
paths or the primary design criterion for the Rayleigh fading channel would not be met.
Therefore, it is sufficient to partition the signal set in such a way that the highest-level
partitions do not contain more than 8 composite symbols. Accordingly, the highest-level
partition is divided into 4 partitions of 8 composite symbols each. The partitioning for

both the AWGN and the Rayleigh fading channel is shown in Figure 3.3.

{ ........... .1, ..... .....;. 0

i 3 i

¢ ° |

: P 3

: 5 ]

. jZ
6 7

. ....,..,.... 3

Figure 3.2 - 8-SQ signal set

The composite symbols in the lower-level partitions are selected according to the
complement rule discussed in section 2.3.3. These 32 individual composite symbols are
shown in column 1 of Figure 3.3. Column 2 of Figure 3.3 shows the pairs of composite
symbols at the lowest level of partitioning. Lemma 3.1 ensures that the product of the
squared Euclidean distance between these pairs of composite symbols is maximized. In
the third column, the partitions.in column 2 are combined into a higher-level partition
according to the criterion for the AWGN channel. Since the constituent symbols of the
composite symbol pairs at this level of partitioning differ in both positions, both design
criteria for the Rayleigh fading chanriel are also met. Therefore, the partitioning of

column 3 is optimal for both types of channel.
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Figure 3.3 - Partitioning of 8-SQ with k=2

The fourth column shows the optimum partitioning at the last level of partitioning
that is of interest for the AWGN and the Rayleigh fading channel. The two sets of
subsets differ. Indeed, it is apparent that the optimum subsets for the AWGN channel
contradict the primary design criterion for the Rayleigh fading channel. The optimum
subsets for the Rayleigh fading channel therefore differ as shown. As a result, trellises
based on the Rayleigh fading channel are not optimum for the AWGN channel and vice

versa.

Figure 3.4 illustrates optimum trellises for 2-, 4- and 8-state MTCM for the 8-5Q
signal set. The symbol error performance of these schemes were simulated and the
results are shown in Figure 3.5. The performance of these MTCM schemes increases
with the number of states. Also shown is the symbol error performance of an optimum
8-state, half-connected TCM scheme, i.e., with a multiplicity k=1. The minimum error
event length for that scheme is L=3. The symbol error performance of that TCM scheme

is superior to that of the equivalent MTCM scheme. Therefore, there is no advantage in
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using an 8-state MTCM scheme for a signal set with M=8 since the equivalent TCM

scheme is superior.
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Figure 3.4 - :I‘rellises for MTCM schemes based on 8-SQ
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Figure 3.5 - P[error] in a Rayleigh fading channel for TCM and MTCM

schemes based on 8-SQ
3.4.3 - 8-QAM, multiplicity k=2

The partitioning rule described in section 3.3 may be applied to 8-QAM even
though that signal set is not circumscribed by a square. 8-QAM is a special case and
works because there are only 8 symbols in the signal set. The same is not true for
32-QAM. Figure 3.6 shows the partitioning of the composite signal set for the AWGN
channel. This partitioning does not contradict either design criterion for MTCM schemes
for the Rayleigh fading channel. Therefore, the optimum partitioning is identical for both
channels.  The trellis for the optimum 2-state MTCM scheme based on 8-QAM is
identical to the 2-state trellis of figure 2.4. |

Figure 3.7 plots the symbol error performance of optimum 2-state MTCM schemes
based on 8-QAM, 8-SQ and 8-PSK. As shown, the symbol error performance of the

optimum MTCM scheme based on 8-PSK is inferior compared to the symbol error
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performance of the other two schemes. The difference between the performance of the

schemes based on 8-SQ and 8-QAM is less than 0.2 dB at a symbol error rate of 10°.

For larger M, the symbol error performance of schemes based on M-PSK is also
expected to be inferior to schemes based on M-QAM or M-SQ signal sets since the
distance between the closest symbols in M-PSK diminishes faster for increasingly larger
M than in the case for the other two signal sets. For this reason, this thesis does not
further compare the performance of MTCM schemes based on M-PSK against the

performance of MTCM schemes based on two-dimensional signal sets.
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Figure 3.6 - Partitioning of 8-QAM with k=2
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Figure 3.7 - P[error] in a Rayleigh fading channel for 2-state MTCM
schemes based on 8-QAM, 8-SQ and 8-PSK

3.4.4 - 16-QAM, multiplicity k=2

The use of 16-QAM increases the information throughput by one bit per signalling
interval compared to schemes based on signal sets with 8 symbols. In the case of a M=16
signal set such as 16-QAM, there are (16)(16)=256 composite symbols of which only
half, or 128, are required for the scheme. Since there cannot be more than 16 parallel
paths in order to meet the primary design criterion for the Rayleigh fading channel,
schemes based on 16-QAM must have trellises with at least 4 states. It is therefore
sufficient to partition the composite signal set into 8 partitions of 16 composite signals
each at the highest level of partitioning. The optimum partitioning for the Rayleigh fading
channel is shown in Figure 3.8 at the appropriate levels for the 4- and 8-state schemes.

- The 16-QAM composite signal set can be found in figure 2.7.
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Figure 3.8 - Partitioning of 16-QAM with k=2

Optimum 4- and 8-state MTCM schemes based on 16-QAM are shown in Figure

3.9 using the partitions in Figure 3.8. The simulation results for these two schemes are
shown in Figure 3.10. At a P[error] of 2 x 1073 the 8-state scheme is approximately 1 dB
better than the 4-state scheme. This value is verified using equation 3.1. The asymptotic

symbol error performance of the 4-state scheme is determined by the product of the
squared Euclidean distance between composite symbols assigned to parallel paths which

is

6, 1 __ 1
(E/No)* 8e8  4(E/No)*

P[error] «

By comparison, the asymptotic symbol error performance of the optimum 8-state

MTCM scheme shown is also restricted by parallel paths and is
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which represents an improvement of approximately 0.97 dB over the 4-state MTCM
scheme. This value confirms the results of the simulations. Furthermore, it confirms that
equation 3.2 is relatively accurate when comparing the performance of two schemes
based on the same signal set. However, equation 3.2 is not accurate when comparing the
performance of two schemes based on different signal sets. This is not surprising since
the correction factors applied to equation 3.2 are different for each signal set as

previously stated in section 3.2.
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Figure 3.9 - Trellises for MTCM schemes based on 16-QAM

Although an optimum 16-state MTCM scheme was not designed, the symbol error

performance of that scheme may be estimated by comparison to the 4- and 8-state
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schemes using equation 3.1. Assuming that the parallel paths govern the symbol error

performance, we get

6 ,_ 1 __ 1
(E/No)? 16016  16(E/No)?

P[error] o<
which represents an improvement in error performance of 5.5 dB over the 8-state
scheme. This is a significant improvement.
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Figure 3.10 - P[error] in a Rayleigh fading channel for MTCM
schemes based on 16-QAM and 32-SQ

A conventional TCM scheme based on 16-QAM requires 8 states to avoid parallel
paths. However, the error event length for such a trellis is only L=2. In order to
increase the error event length to 1=3 and make a conventional code competitive with
MTCM schemes, a trellis with 64 states would be required. Such a trellis is beyond the
scope of this thesis. The performance of the 8-state conventional TCM scheme is

estimated through equation 3.1

6 . 1 __ 1
(E/Ng)? 164  4(E/Np)?

Plerror] «
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The error performance of this scheme is identical to the error performance of the 4-state
MTCM scheme* Because of its lower number of states, the four-state MTCM scheme is

preferable to the 8-state conventional TCM scheme.
3.4.5 - 32-SQ, multiplicity k=2

32-SQ is illustrative of signal sets with 32 symbols. There are 1,024 composite
symbols of which 512 are required for MTCM schemes. This implies that there are 256
composite symbols for every node of the trellis. Since there cannot be more than 32
parallel paths in order to meet the primary design criterion for the Rayleigh fading
channel, trellises with less than 8 states need not be considered. The highest level of
partitioning will therefore contain 16 partitions of 32 composite symbols each. These 16

partitions are shown in figure 3.11.

The optimum 8-state MTCM trellis for 32-SQ is shown in Figure 3.12 using the
partitions of Figure 3.11. The simulation result is shown in Figure 3.10. As the
simulation shows, the error performance for this scheme is worse than the error
performance based on 4- and 8-state MTCM schemes based on 16-QAM. However,
32-SQ has a higher information rate at 4 information bits/symbol than 16-QAM at three
information bits/symbol. A more appropriate comparison weuld be to normalize the
E,/N, axis of Figure 3.10 by the information rate of each code or to compare the BER of
the two codes. This is left to the reader.

The symbol error performance of the 16-state MTCM scheme based on 32-SQ
compared to the error performance of the 8-state MTCM scheme may be estimated
through equation 3.1. For the 16-state scheme, the minimum product of the squared
Euclidean distance over the parallel path is equal to 640. This minimum product is equal

to 64 for the 8-state scheme. The improvement in error performance is therefore

4 This result was confirmed through simulations.
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10log(340/64)=10 dB. This substantial improvement is a function of the partitioning of

the composite signal set.
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Figure 3.11 - Partitioning for 32-SQ with k=2
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Figure 3.12 - 8-state trellis for MTCM scheme based on 32-SQ

3.4.6 - 64-QAM, multiplicity k=2

64-QAM is the largest signal set considered in this thesis. There are 4,096
composite symbols of which 2,048 are required for the scheme. Of the 1,024 composite
symbols per node, no more than 64 may be in the highest partition in order to maintain a
error event length of L=2. The minimum acceptable number of states in the trellis is 16.
The highest level of partitioning must have 32 partitions, each with 64 composite

symbols. This partitioning level is shown in Appendix A.

It was not possible to design an optimum MTCM scheme for this signal set due to
the large number of states and composite symbols involved. Furthermore, it was not
possible to estimate the performance of the scheme since equation 3.1 is not accurate in

such a case.
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3.4.7 - Processing time delays for various schemes

Figure 3.13 shows the relative processing time for the various MTCM schemes
designed in this section. The processing times shown in figure 3.13 apply to the general
purpose Viterbi decoder developed for this thesis. The nomenclature in Figure 3.13 is as
follows: s2k2 refers to a 2-state trellis with multiplicity k=2; similarly, s8k1 refers to the
optimum 8-state trellis with multiplicity k=1. Each bar in the graph identifies the number
of states and the multiplicity of the scheme for specific signal sets. As expected, the
relative processing time increases with the number of states in a trellis and the number of
symbols in the signal set. For example, doubling the number of symbols in the signal set
while maintaining the same number of states in a trellis quadruples the number of parallel
paths. This in turn quadruples the number of computations and comparisons at each state
in the Viterbi decoder. Doubling the number of states in a trellis while retaining the same
signal set doubles the overall number of computations in the Viterbi decoder.
Furthermore, the memory requirement doubles and more time is spent shifting data in

memory.

Because the Viterbi decoder is required to handle a large variety of schemes, it is
relatively inefficient. For example, the large number of memory manipulations results in
poor performance when applied to schemes with large number of states. A more efficient
implementation would reduce the amount of data shuffling in memory. Therefore, the
results shown in this section should not be considered representative for a practical
implementation. They are included only to allow the reader to get a general idea of the

relative processing times for various schemes.
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Figure 3.13 - Relative processing times for various schemes

3.5 - Increasing the inultiplicity

All the MTCM schemes considered up to this point have a multiplicity of k=2. It is
possible to use signal sets based on a greater multiplicity. This is equivalent to increasing
the diversity of a scheme. In order to increase the performance of MTCM schemes over
the Rayleigh fading channel by increasing the multiplicity and hence, the minimum error
event length to L=k, the number of states in a trellis must also increase. For example,
consider a 8-SQ signal set with a multiplicity of k=3. There are 8°=512 composite
symbols in this signal set and each composite symbol represents 6 information bits.
Therefore, there must be 2°=64 composite symbols at each node of the trellis. 128
composite symbols or one quarter of the available composite symbol set is required for
the scheme. Furthermore, since there cannot be more than 8 parallel paths to maintain an
error event length of L=3, there must be 64/8=8 states in the trellis. This scheme falls

within the parameters established for this thesis and is described in section 3.5.1.
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Increasing the multiplicity to k=4 with the same signal set would result in a trellis
with at least 32 states. Similarly, using a multiplicity of k=3 and a M=16 signal set would

also require a trellis with at least 32 states. Therefore, an increase in the multiplicity only
results in trellises with less than 16 states for small signal sets with M<8. The
performance of optimum MTCM schemes based on 8-SQ and a multiplicity of k=3 is

discussed below.

The performance of MTCM schemes based on 8-SQ and a multiplicity of k=3 is
examined here as an example. The partitioning of 8-SQ for a multiplicity of k=3 is
conducted using the same methodology as for a multiplicity of k=2. First, the 128
composite symbols are selected and paired at the lowest level of partitioning. For
example, the composite symbol (0,0,0) is paired with its complement (5,5,5). The 64
pairs of composite symbols are partitioned into 32 partitions of 4 composite symbols each
and then into 16 partitions of 8 composite symbols each. These sixteen partitions and the

8-state trellis are shown in figure 3.14.

Figure 3.15 compares the performance of this scheme with the performance of the
8-state MTCM scheme based on the same signal set but with a multiplicity of k=2. The
eﬁor performance of the scheme based on a multiplicity of k=2 is superior to the error
performance of the scheme based on a multiplicity of k=3. This is explained by
comparing the two trellises. First, consider the trellis for the multiplicity of k=2 shown in
figure 3.4. There are only two parallel paths and the pairs of composite symbols over the
parallel paths are complements of each other. Therefore, the product of the squared
Euclidean distance over the parallel paths is 32’=1024. Now consider the trellis for the
multiplicity of k=3. There are 8 parallel paths and the product of the squared Euclidean
distance over the parallel paths is 8=512. Since the performance of both of these trellises
is limited by the parallel paths, it follows that the error performance of the MTCM
scheme based on a multiplicity of k=3 must be inferior to the performance of the MTCM
scheme based on a multiplicity of k=2 even though the minimum error event length is

smaller. Therefore, there are no advantages in increasing the multiplicity to k=3 for an
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8-state trellis.

At A2 A3 A4 A5 ABG AT AB
A9 A10,A11,A12 A13.A14 A15A16
A3 A4 A1 A2 A7 AB A5 AB
A11,A12,A9 ,A10,A15A16,A13 A14
A8 A5 A8 AT A2 A1 A4 A3
A14 A13,A18A15A10,A9 A12 A1

AB A7 A8 A5 A4 A3 AZ A

A18,A15,A14,A13,A12,A11,A10,A0

Now consider a 16-state trellis. The trellis for a multiplicity of k=2 will have no
parallel path and the minimum error event length will be L=3.
multiplicity of k=3 will have 4 parallel paths per branch and the error event length will
also be 3. Since there are no parallel paths in the trellis based on a multiplicity of k=2, the

product of the squared Euclidean distance over the minimum error event length for that

(0,0,0)(5,5,5)(1,1,1)(4,4.4)(2,2,2)(7,7.7)(3,3,3}(6,6,6) - A1
{0,0,1)(5,5,4)(1,1.5)(4.4.0){2,2,6)(7,7.3)(3,3.2)(6,6,7) - A2
(0,0,5)(5,5,0)(1,1,4)(4,4,1){2,2,7)(7,7,2)(3.3,6}{6,6,3) - A3
(0,0,4)(5,5,1)(1,1,0(4,4,5){2,2,3)(7,7,6)(3,3.7}(6.6.2) - A4
(0,1,0)(5,4,5)(1,5,1)(4,0,4){2,6,2)(7,3,7)(3,2,317,7.6) - A5
(0,1,1)(5,4,4)(1,5,5)(4,0,0){2,2,6)(7,7,3)(3,3,2)(6,6,7) - A
(0,1,5)(5,4,0)(1,5,4)(4,0,1){2,6,7)(7,3,2)(3,2,6){(6,7.3) - AT
(0,1,4)(5,4,1)(1,5,0)(4,0,5){2,6,3)(7,3,6)(3,2,7}(6,7,2) - A8
(0,5,0)(5,0,5)(1,4,1)(4,1,4){2,7,2)(7,2,7)(3.6,3){6,3.6) - A9
(0,5,1)(5,0,4)(1,4,5)(4,1,0){2,7,6)(7,2,3)(3.6.2}(6,3.,7) - A10
(0,5,5)(5,0,0)(1,4,4)(4,1,1){2,7,7)(7,2,2)(3,6,6)(6,3,3) - A11 .
(0,5,4)(5,0,1)(1,4,0)(4,1.5){2,7,3)(7.2,6)(3.6,7}(6,3,2) - A12
(0,4,0)(5,1,5){1,0,1)(4,5,4){2,3.2)(7,6,7)(3,7,3}(6.2,6) - A13
(0,4,1)(5,1,4)(1,0,5)(4,5,0)(2,3,6)(7,6,3)(3,7.2)96,27) - A14
(0,4,5)(5,1,0)(1,0,4)(4,5,1){2,3,7)(7,6,2)(3,7.6)(6,2,3) - A15

Figure 3.14 - 8-state MTCM scheme based on 8-SQ with k=3
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trellis is larger than for the trellis based on a multiplicity of k=3. Once again, there is no

advantage in increasing the multiplicity to k=3 for a 16-state trellis.
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Figure 3,15 - P[error] in a Rayleigh fading channel for MTCM
schemes based on 8-SQ with k=2 and k=3

3.6 - Summary

In order to design MTCM schemes for the Rayleigh fading channel, two design
criteria must be met. The principal design criterion is the maximization of the length of
the shortest error event. The second design criterion is the maximization of the product
of the squared Euclidean distance over that error event. In order to satisfy the two design
criteria, a method to partition a two-dimensional signal set was developed for
two-dimensional signal sets that can be circumscribed by a square. It was shown that for
these signal sets, the lower-level partitions are identical to the lower-level partitions
obtained as if the scheme was designed for the AWGN channel. The higher-level

partitions are obtained by using the reverse partitioning method described in Chapter 2.
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To demonstrate this partitioning technique, 8-SQ, 8-QAM, 16-QAM, 32-SQ and
64-QAM signal sets based on a multiplicity of k=2 as well as 8-SQ based on a multiplicity
of k=3 were partitioned. A number of optimum MTCM schemes for 2-, 4-, and 8-state
trellises were designed for 8-SQ, 8-QAM, 16-QAM and 32-SQ signal sets.
Unfortunately, optimum 16-state trellises could not be designed. However, the error
performance of 16-state trellises based on these signal sets as well as 64-QAM was

analyzed.

Through analyzing the error performance of various MTCM schemes, the following

conclusions are made:

1. Increasing the number of states in a trellis always improves
error performance. The amount of improvement depends on the signal
set and is not always significant. The improvement comes at the expense

of a longer decoding delay;

2. For signal sets with 8 symbols or less, there is no advantage in
using MTCM for trellises with 16 or fewer states because TCM schemes
based on the same signal set exhibit better error performance. For signal
sets with more than 8 symbols, there is a definite advantage in using

MTCM;

3. MTCM schemes based on a multiplicity of k=3 can only be
designed to have less than 16 states if the signal set contains 8 symbols
or less. Increasing the multiplicity of a MTCM scheme based on such a
signal set from k=2 to k=3 does not result in an improvement in the

error performance of the scheme for trellises with 16 or fewer states.
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Chapter 4 - Component diversity

4.1 - General

This chapter examines a recent diversity technique developed by Giraud &
al.[28,38]. Other diversity techniques have long been used to counter the effects of
Rayleigh fading. Unfortunately, existing techniques are not well suited to commercial
user-based mobile radio communication networks. For example, frequency diversity is
costly in terms of bandwidth while space diversity, a technique that simultaneously uses
multiple antennas, is not compatible with small handheld terminals. Consequently,
Boulle and Belfiore's technique is better suited for mobile radio communication networks.

Their technique will be referred to as component diversity.

Boulle and Belfiore developed component diversity for use with uncoded
modulation schemes based on multidimensional signal sets. Section 4.2 reviews their
work with an emphasis on two-dimensional signal sets. Component diversity may also be
used in conjunction with TCM or MTCM schemes. The advantages and drawbacks of

combining component diversity with other TCM and MTCM are discussed in Section 4.3.

4.2 - Component diversity

Figure 4.1 is a block diagram of a system using component diversity. Information
bits are mapped to an individual symbol of a signal set . A component interleaver is
used to scramble the components of the transmitted symbols. At the receiver, the

received symbols are component de-interleaved before maximum likelihood detection.
The key to the performance of component diversity is the use of the component
interleaver and de-interleaver. In addition, there is a restriction on the multidimensional

signal set used to modulate the information bits. These two issues are discussed below.
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Figure 4.1 - Component diversity block diagram

The component interleaver is illustrated at Figure 4.2 for a two-dimensional signal
set. Let x,..x, denote n symbols with co-ordinates (x,,,x),) ... (X,;X,,). The two
components of the n symbols are entered sequentially into the interleaver n symbols at a
time. The symbols y,...y, transmitted over the Rayleigh fading channel are composed of
the two components each of the inputted x symbols For example, y=(x,;, X,,»). The
transmitted symbols are therefore not the symbols to which the information bits were
mapped, but "pseudo-symbols" generated by the component interleaver. At the
de-interleaver, the original symbols are regenerated from the "pseudo-symbols". Because
the two components of the original symbols were transmitted over the channel during

different signalling intervals, they were subjected to different fading coefficients.
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Figure 4.2 - Component interleaver
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Assuming an infinite length interleaver, the fading coefficients for the two
components of a symbol are uncorrelated. In this case, an upper bound on the

asymptotic pairwise error probability is given in [28]

R -1
I'E; ~ 2
PE > x s( _S‘Xi_xi]
X —>x) ]i;l4N0 I

where LE, is the SNR.
No

The pairwise error probability decreases as the number of terms in the product
increase, that is, as the number of distinct components between pairs of symbols in the
signal set increases. Therefore, in order for component diversity to be effective, each
symbol in the signal set must have unique components. Essentially, no two symbols in the
signal set may share the same component. Furthermore, the distance between symbol
components in any one dimension should be maximized. This is illustrated through the
following example. Figure 4.3a is a 8-QAM signal set. Symbols 0 through 3 all share the

same y-axis components. As such, this signal set is not useful for component diversity.
Figure 4.3b illustrates the same 8-QAM signal set rotated by an angle ¢ =n/8. Each
symbol now has unique components in both axes and this signal set is more appropriate
for component diversity. In general, there exists an angle ¢ , which any signal set may be
rotated by, so that each symbol in the signal set has unique components and the distance

between components is maximized. Appendix B demonstrates how to calculate the

optimum rotation angle for various signal sets.

In the above example, it should be apparent that there are 64 possible
pseudo-symbols transmitted while the original symbol set is composed of only 8 symbols.
The average energy of the pseudo-signal set is the same as the energy of the original

signal set. Figure 4.4 shows the P[error] for uncoded 8-QAM modulation over the
Rayleigh fading channel using component diversity for angles of rotation ¢ equal to 0 and
22.5 degrees. The P[error] for normal uncoded 8-QAM modulation is also shown as a

reference. As shown, component diversity does not lead to an improvement over
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uncoded modulation if the signal set is not rotated. However, the combination of

component diversity and an optimally rotated signal set results in a drastic improvement

at large SNR.
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Figure 4.3 - 8-QAM rotated by ¢ = /8

Plerror]
1E+0
&
I uncoded 8-QAM
1E-1 ¢ with component
b diversity - rotation
[ angle=0
1E-2 |
A uncoded 8-QAM
B with component
1E-3 ¢ diversity - rotation
angle =22.5
1 E_4 1 n L N 1 1 L L L | L L 5, L i 1 " x N | s L N 3
0 5 10 15 20 25
Eb/No (dB)

Figure 4.4 - P[error] in a Rayleigh fading channel for uncoded 8-QAM

with component diversity and rotation angles of 0 and 22.5 degrees

As a last note, it must be mentioned that component interleaving requires memory
in order to hold the fading coefficients for each signalling interval since there is a delay
after the de-interleaving before the fading coefficients can be used for decoding. The

amount of memory required increases with the length of the interleaver. Since correlation
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between the fading coefficients of the two component of a symbol limits the performance

of this technique, increases in memory correspond to increases in performance.

4.3 - Component diversity combined with MTCM

Component diversity may be combined with MTCM schemes designed for the
Rayleigh fading channel to further improve their performance in a fading environment.
Figure 4.5 illustrates a typical implementation. The component interleaving is performed
after the information bits have been mapped to a sequence of symbols by the trellis
encoder. The component de-interleaving is performed before the decoding. The fading
coefficients for each component of each symbol in a sequence must be stored in memory
until the individual symbols in the sequence are decoded through the Viterbi decoder.
The use of memory is disadvantageous because of the increased complexity and cost of
the receiver. However, this disadvantage may be offset by the increased error

performance which results from combining component diversity and an MTCM scheme.

input biss[f:> trellis | | component | _|

) modulator
encoder interleaver

output bits<___1 Viterbi | g | companent | gl 4o modulator
decoder de-interieaver

CesD

Figure 4.5 - MTCM and component diversity block diagram

This section presents simulated results from the combination of component
diversity and two of the MTCM schemes from Chapter 3, namely 4-state 8-SQ and
16-QAM schemes. The results are presented at Figure 4.6. Also shown are the
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performance of 4- and 8-state MTCM schemes based on 8-SQ and 16-QAM but without
component diversity. It is apparent that the use of component diversity substantially
increases the performance of both 4-state 8-SQ and 16-QAM schemes. Furthermore, the
use of component diversity and 4-states MTCM schemes results in higher error
performance than doubling the number of states of the MTCM schemes. In other words,
the disadvantage of using more memory for component diversity is offset by the quicker

decoding due to the smaller number of states in the trellis.
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Figure 4.6 - P[error] in a Rayleigh fading channel for MTCM
schemes with and without component diversity
4.4 - Summary

This chapter described a recent diversity technique known as component diversity.
The advantages and disadvantages of using component diversity were examined. The
main disadvantage of this technique is the requirement for memory to store the

transmitted symbol component fading coefficients until they are needed for decoding.
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The main advantage is the significant improvement in error performance for both uncoded

modulation and MTCM schemes.
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Chapter 5 - Concluding material
S.1 - Summary

This thesis designed and analyzed TCM and MTCM schemes based on M-QAM
and similar two-dimensional signal constellations for the Rayleigh fading channel. This
work was pursued in an effort to increase the channel capacity of mobile radio
communication without increasing the bandwidth or power requirements.  Although
methods for designing TCM and MTCM schemes based on M-AM and M-PSK for the
Rayleigh fading channel have already been developed, there was no method to design
TCM and MTCM schemes based on two-dimensional signal sets. Two-dimensional
signal sets have better distance properties than one-dimensional signal sets. As a result,
they lead to better error performance for a given data rate especially for large signal

constellations.

Chapter 2 reviewed the basic principles of TCM and MTCM for the AWGN
channel. It was shown that the performance of a TCM or a MTCM scheme depends on
how the symbols are mapped to the various paths in the trellis. For an optimum scheme,
the signal set must be partitioned in such a way that the minimum squared Euclidean
distance between symbols in each subset is maximized, regardless of the level of
partitioning. In addition, these subsets must be mapped into the various branches in the
trellis in such a way as to maximize the free distance of the trellis. The obvious method
that partitions a composite signal set by dividing the composite symbols making up a
partition into two new sub-partitions was found to be awkward for signal sets with 16
symbols or more. To handle larger composite signal sets, a new method referred to as
the reverse partitioning method was devised. The reverse partitioning method proved to
be relatively simple to implement and can be used to partition relatively large
two-dimensional composite signal sets. The method assumes that the lower-level subsets
are known. The lower-level subsets are then combined in increasingly large subsets at

higher-levels of partitioning.
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Chapter 3 began with an examination of the criteria for designing TCM and MTCM
schemes for the Rayleigh fading channel. There are two criteria that must be met in order
to design optimal TCM and MTCM schemes for the Rayleigh fading channel. The
maximization of the length of the shortest error event is the principal design criterion.
The maximization of the product of the squared Euclidean distance over that error event
is the second design criterion. It was shown that MTCM schemes are required in order
to satisfy both criteria for large signal sets. The problem of partitioning two-dimensional
composite signal sets for MTCM while satisfying the two design criteria for the Rayleigh
fading channel was then addressed. It was shown that for two-dimensional signal sets
such as 8- and 32-SQ and 16- and 64-QAM which are circumscribed by a square, the
lower-level of partitioning for the Rayleigh fading channel is the same as for the AWGN
channel. Consequently, the reverse partitioning method developed in Chapter 2 can be
applied. This result was used to design MTCM schemes based on two-dimensional
composite signal sets and their error performance was analyzed. The effect of increasing

the multiplicity from k=2 to k=3 was also investigated.

Chapter 4 examined component diversity. This technique is useful to improve the
error performance of both uncoded and coded modulation schemes over the Rayleigh
fading channel. It employs a component interleaver to ensure that each symbol
components is affected by a different fading coefficient during transmission. For
component diversity to be effective, a major restriction on the signal set must be satisfied.
Each'symbol in a signal set must have distinct components and the differences between
the components must be maximized. It was shown that existing signal sets can be rotated
by an optimal angle in order to satisfy this condition. The disadvantage of using
component diversity is the requirement for additional memory to hold the symbol
components fading coefficients until they are needed for decoding. Finally, the
improvement in error performance of two MTCM schemes designed in Chapter 3 was

examined for the case when these schemes are combined with component diversity.
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5.2 - Conclusion

The work conducted for this thesis leads to the following conclusions:

The reverse partitioning method is useful to partition two-dimensional
composite signal sets for MTCM. The method may be used for

relatively large signal sets.

The optimum partitioning of two-dimensional composite signal sets that
satisfy the two criteria for the Rayleigh fading channel may be performed
using the reverse partitioning method if the signal set in question is

circumscribed by a square.

For signal sets with 8 symbols or less, there is no advantage is using
MTCM for trellises with 16 or fewer states because TCM schemes based
on the same signal set exhibit better error performance over the Rayleigh
fading channel. For signal sets with more than 8 symbols, there is a

definite advantage in using MTCM over the Rayleigh fading channel.

Increasing the number of states in a trellis always improves error

performance for a given signal set but results in a longer decoding delay.

MTCM schemes based on a multiplicity of k=3 may be designed to have
less than 16 states only if the signal set contains 8 symbols or less.
Increasing the multiplicity of a MTCM scheme based on such a signal set
from k=2 to k=3 cioes not result in an improvement in the error

performance of the scheme for trellises with 16 or fewer states.

Lastly, the examination of component diversity in terms of its usefulness

concluded that the main advantage of this technique relates to the
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significant improvement in error performance for both uncoded
modulation and MTCM schemes. The main disadvantage relates to the
requirement for memory to store the transmitted symbol component

fading coefficients until they are needed for decoding.

5.3 - Proposal for future work

Three issues addressed in this thesis were left incomplete and deserve further

attention.

1. This thesis only developed MTCM schemes with 8-state trellises.
Designing optimum 16-state schemes is fairly complex. However, the
gain in error performance of 16-state MTCM schemes compared to
MTCM schemes with fewer trellis states may make the exercise
worthwhile. The partitioning for a number of signal sets has already
been done in this thesis and the results are directly applicable to MTCM

schemes with 16-state trellises.

2. The only composite signal sets considered in this thesis, except for
8-QAM, are composite signal sets based on signals sets that can be
circumscribed by a square. For these composite signal sets, the
lower-level of partitioning is identical for the AWGN and the Rayleigh
fading channel. As a result, the reverse partitioning method can be used.
There may be other signal sets which are not circumscribed by a square
but for which the lower-level of partitioning is the same for the AWGN
and the Rayleigh fading channel. Some of these signal sets might have
better distance properties than the signal sets considered in this thesis.
MTCM schemes with better error performance could be designed based

on these signal sets if such is the case.
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3. The reverse partitioning method might also apply to signal sets
circumscribed by a cube or hypercube for three and four dimensional
signal sets respectively. It could be of interest to verify whether this is

the case.
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Appendix A - Partitioning for 64-QAM

The 64-QAM signal set is shown at Figure A.1. Figure A.2 shows the partitioning
for 64-QAM with multiplicity of k=2. There are 32 partitions of 64 composite symbols
each. This partitioning is relevant to a MTCM scheme based on a trellis with 16 states.
For schemes based on larger trellises, the partitions in Figure A.2 must be sub-partitioned
into subsets with fewer composite symbols. The composite symbols in Figure A.2 have
been arranged so that the sub-partitioning is evident. The sub-partitioning is done as

follows.

First, consider the partitioning of the composite symbol set into 64 partitions of 32
composite symbols each. In this case, each partition in Figure A.2 must be divided into
two subsets. One of the subset contains the first 32 composite symbols shown while the
second subset contains the last 32 composite symbols. In turn, both subsets can be
further partitioned into two sub-subsets each. Again, the first half of the composite
symbols in a subset form one of the sub-subset. The last half of the composite symbols

form the other sub-subset. The same pattern applies at each level of partitioning.

.7 .6 e o (o ¢ .1 .0
8 9 14 15

e o & o | & o o o
73 e & o e o o .1 6

e o o o & o o ®
055 e & e | & o o .48
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Figure A.1 - 64-QAM signal set
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(0, 0)( 4, 4)(36,36)(32,32)(2,38)(6,34)(38,2)(34,6)(16,52)(20,48)(52,16)(48,20)
(18,18)(22,22)(54,54)(50,50) (13,15)( 9,11)(41,43)(45,47)(15,41)(11,45)(43,13)
(47, 9)(29,59)(25,63)(57,31) (61,27)(31,29)(27,25)(59,57)(63,61)(12,30)(8,26)
(40,58)(44,62)(14,56)(10,60)(42,28)(46,24) (28,42)(24,46)(56,14)(60,10)(30,12)
(26,8)(58,40)(62,44) ( 1,17)( 5,21)(37,53)(33,49)( 3,55)( 7,51)(39,19)(35,23)
(17,37)(21,33)(53, 1)(49, 5)(19, 3)(23, 7)(55,39)(51,35)

(0, 2)( 4, 6)(36,38)(32,34)( 2,36)( 6,32)(38,0)(34,4)(16,54)(20,50)(52,18)(48,22)
(18,16)(22,20) (54,52)(50,48) (13,13)( 9,9)(41,41)(45,45)(15,43)(11,47)(43,15)
(47,11)(29,57)(25,61)(57,29) (61,25)(31,31)(27,27)(59,59)(63,63) (12,28)(8,24)
(40,56)(44,60)(14,58)(10,62)(42,30)(46,26) (28,40)(24,44)(56,12)(60,8)(30,14)
(26,10)(58,42)(62,46) ( 1,19)( 5,23)(37,55)(33,51)( 3,53)( 7,49)(39,17)(35,21)
(17,39)(21,35)(53, 3)(49, 7)(19, 1)(23, 5)(55,37)(51,33)

(0, 4)( 4,36)(36,32)(32, 0)( 2,48)(6,16)(38,20)(34,52)(16,34)(20,2)(52,6)(48,38)
(18,22)(22,54) (54,50)(50,18) (13, 5)( 9,37)(41,33)(45,1)(15,49)(11,17)(43,21)
(47,53)(29,35)(25,3)(57,7) (61,39)(31,23)(27,55)(59,51)(63,19) (12,20)(8,52)
(40,48)(44,16)(14,32)(10, 0)(42, 4)(46,36) (28,50)(24,18)(56,22)(60,54)(30, 6)
(26,38)(58,34)(62, 2) ( 1,21)( 5,53)(37,49)(33,17)( 3,33)( 7, 1)(39, 5)(35,37)
(17,51)(21,19)(53,23)(49,55)(19, 7)(23,39)(55,35)(51, 3)

(0, 6)( 4,38)(36,34)(32, 2)( 2,50)( 6,18)(38,22)(34,54)(16,32)(20,0)(52,4)(48,36)
(18,20)(22,52) (54,48)(50,16) (13, 7)( 9,39)(41,35)(45, 3)(15,51)(11,19)(43,23)
(47,55)(29,33)(25, 1)(57,5) (61,37)(31,21)(27,53)(59,49)(63,17) (12,22)( 8,54)
(40,50)(44,18)(14,34)(10, 2)(42, 6)(46,38) (28,48)(24,16)(56,20)(60,52)(30, 4)
(26,36)(58,32)(62, 0) ( 1,23)( 5,55)(37,51)(33,19)( 3,35)( 7, 3)(39, 7)(35,39)
(17,49)(21,17)(53,21)(49,53)(19, 5)(23,37)(55,33)(51, 1)

(0, 8)(4,40)(36,44)(32,12)(2,60)(6,28)(38,24)(34,56)(16,46)(20,14)(52,10)(48,42)
(22,58)(18,26)(54,62)(50,30) (13, 9)( 9,41)(41,45)(45,13)(15,61)(11,29)(43,25)
(47,57)(29,47)(25,15)(57,11)(61,43)(31,27)(27,59)(59,63)(63,31) (12,24)(8,56)
(40,60)(44,28)(14,44)(10,12)(42, 8)(46,40)(28,62)(24,30)(56,26)(60,58)(30,10)
(26,42)(58,46)(62,14) ( 1,25)( 5,57)(37,61)(33,29)( 3,45)( 7,13)(39, 9)(35,41)
(17,63)(21,31)(53,27)(49,59)(19,11)(23,43)(55,47)(51,15)

(0,10)( 4,42)(36,46)(32,14)( 2,62)( 6,30)(38,26)(34,58) (16,44)(20,12)(52,8)(48,40)
(18,24)(22,56)(54,60)(50,28) (13,11)( 9,43)(41,47)(45,15)(15,63)(11,31)(43,27)
(47,59)(29,45)(25,13)(57, 9)(61,41)(31,25)(27,57)(59,61)(63,29) (12,26)(8,58)
(40,62)(44,30)(14,46)(10,14)(42,10)(46,42) (28,60)(24,28)(56,24)(60,56)(30,8)
(26,40)(58,44)(62,12) ( 1,27)( 5,59)(37,63)(33,31)( 3,47)( 7,15)(39,11)(35,43)
(17,61)(21,29)(53,25)(49,57)(19, 9)(23,41)(55,45)(51,13)
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(0,12)( 4, 8)(36,40)(32,44)( 2,42)( 6,46)(38,14)(34,10)(16,56)(20,60)(52,28)(48,24)
(18,30)(22,26)(54,58)(50,62) (13, 3)( 9, 7)(41,39)(45,35)(15,37)(11,33)(43, 1)
(47,5)(29,55)(25,51)(57,19)(61,23)(31,17)(27,21)(59,53)(63,49) (12,14)(8,10)
(40,42)(44,46)(14,40)(10,44)(42, 12)(46, 8)(28,58)(24,62)(56,30)(60,26)(30,28)
(26,24)(58,56)(62,60) ( 1, 1)( 5, 5)(37,37)(33,33)( 3,39)( 7,35)(39, 3)(35, 7)
(17,53)(21,49)(53,17)(49,21)(19,19)(23,23)(55,55)(51,51)

(0,14)( 4,10)(36,42)(32,46)( 2,40)( 6,44)(38,12)(34, 8)(16,58)(20,62)(52,30)(48,26)
(18,28)(22,24)(54,56)(50,60) (13, 1)( 9, 5)(41,37)(45,33)(15,39)(11,35)(43, 3)

(47, 7)(29,53)(25,49)(57,17)(61,21)(31,19)(27,23)(59,55)(63,51) (12,12)( 8, 8)
(40,40)(44,44)(14,42)(10,46)(42,14)(46,10)(28,56)(24,60)(56,28)(60,24)(30,30)
(26,26)(58,58)(62,62) ( 1, 3)( 5, 7)(37,39)(33,35)( 3,37)( 7,33)(39, 1)(35, 5)
(17,55)(21,51)(53,19)(49,23)(19,17)(23,21)(55,53)(51,49)

( 0,16)( 4,20)(36,52)(32,48)( 2,54)( 6,50)(38,18)(34,22) (16,36)(20,32)(52, 0)(48, 4)
(18, 2)(22, 6)(54,38)(50,34) (13,31)( 9,27)(41,59)(45,63)(15,57)(11,61)(43,29)
(47,25) (29,43)(25,47)(57,15)(61,11)(31,13)(27, 9)(59,41)(63,45) (12,18)(8,22)
(40,54)(44,50)(14,52)(10,48)(42,16)(46,20) (28,38)(24,34)(56, 2)(60, 6)(30, 0)

(26, 4)(58,36)(62,32) ( 1,29)( 5,25)(37,57)(33,61)( 3,59)( 7,63)(39,31)(35,27)
(17,41)(21,45)(53,13)(49, 9)(19,15)(23,11)(55,43)(51,47)

(0,18)( 4,22)(36,54)(32,50)( 2,52)( 6,48)(38,16)(34,20) (16,38)(20,34)(52, 2)(48, 6)
(18, 0)(22, 4)(54,36)(50,32) (13,29)( 9,25)(41,57)(45,61)(15,59)(11,63)(43,31)
(47,27) (29,41)(25,45)(57,13)(61, 9)(31,15)(27,11)(59,43)(63,47) (12,16)(8,20)
(40,52)(44,48)(14,54)(10,50)(42, 18)(46,22) (28,36)(24,32)(56, 0)(60, 4)(30, 2)

(26, 6)(58,38)(62,34) ( 1,31)( 5,27)(37,59)(33,63)( 3,57)( 7,61)(39,29)(35,25)
(17,43)(21,47)(53,15)(49,11)(19,13)(23, 9)(55,41)(51,45)

( 0,20)( 4,52)(36,48)(32,16)( 2,32)( 6, 0)(38, 4)(34,36) (16,50)(20,18)(52,22)(48,54)
(18, 6)(22,38)(54,34)(50, 2) (13,21)( 9,53)(41,49)(45,17)(15,33)(11, 1)(43, 5)
(47,37) (29,51)(25,19)(57,23)(61,55)(31, 7)(27,39)(59,35)(63, 3) (12, 4)(8,36)
(40,32)(44, 0)(14,48)(10,16)(42,20)(46,52) (28,34)(24, 2)(56,6)(60,38)(30,22)
(26,54)(58,50)(62,18) ( 1, 5)( 5,37)(37,33)(33, 1)( 3,49)( 7,17)(39,21)(35,53)
(17,35)(21, 3)(53, 7)(49,39)(19,23)(23,55)(55,51)(51,19)

(0,22)( 4,54)(36,50)(32,18)( 2,34)( 6, 2)(38, 6)(34,38) (16,48)(20,16)(52,20)(48,52)
(18, 4)(22,36)(54,32)(50, 0) (13,23)( 9,55)(41,51)(45,19)(15,35)(11, 3)(43, 7)
(47,39) (29,49)(25,17)(57,21)(61,53)(31, 5}(27,37)(59,33)(63, 1) (12, 6)(8,38)
(40,34)(44, 2)(14,50)(10,18)(42,22)(46,54) (28,32)(24, 0)(56,4)(60,36)(30,20)
(26,52)(58,48)(62,16) ( 1, 7)( 5,39)(37,35)(33, 3)( 3,51)( 7,19)(39,23)(35,55)
(17,33)(21, 1)(53, 5)(49,37)(19,21)(23,53)(55,49)(51,17)
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(0,24)( 4,56)(36,60)(32,28)( 2,44)( 6,12)(38, 8)(34,40)(16,62)(20,30)(52,26)(48,58)
(18,10)(22,42)(54,46)(50,14) (13,25)( 9,57)(41,61)(45,29)(15,45)(11,13)(43, 9)
(47,41) (29,63)(25,31)(57,27)(61,59)(31,11)(27,43)(59,47)(63,15) (12, 8)(8,40)
(40,44)(44,12)(14,60)(10,28)(42,24)(46,56)(28,46)(24, 14)(56,10)(60,42)(30,26)
(26,58)(58,62)(62,30) ( 1, 9)( 5,41)(37,45)(33,13)( 3,61)( 7,29)(39,25)(35,57)
(17,47)(21,15)(53,11)(49,43)(19,27)(23,59)(55,63)(51,31)

(0,26)( 4,58)(36,62)(32,30)( 2,46)( 6,14)(38,10)(34,42)(16,60)(20,28)(52,24)(48,56)
(18, 8)(22,40)(54,44)(50,12) (13,27)( 9,59)(41,63)(45,31)(15,47)(11,15)(43,11)
(47,43) (29,61)(25,29)(57,25)(61,57)(31, 9)(27,41)(59,45)(63,13) (12,10)(8,42)
(40,46)(44,14)(14,62)(10,30)(42,26)(46,58) (28,44)(24,12)(56,8)(60,40)(30,24)
(26,56)(58,60)(62,28) ( 1,11)( 5,43)(37,47)(33,15)( 3,63)( 7,31)(39,27)(35,59)
(17,45)(21,13)(53, 9)(49,41)(19,25)(23,57)(55,61)(51,29)

( 0,28)( 4,24)(36,56)(32,60)( 2,58)( 6,62)(38,30)(34,26) (16,40)(20,44)(52,12)(48,8)
~ (18,14)(22,10)(54,42)(50,46) (13,19)( 9,23)(41,55)(45,51)(15,53)(11,49)(43,17)
(47,21) (29,39)(25,35)(57, 3)(61, )31, 1)(27, 5)(59,37)(63,33) (12, 2)( 8,6)
(40,38)(44,34)(14,36)(10,32)(42, 0)(46, 4)(28,54)(24,50)(56,18)(60,22)(30,16)
(26,20)(58,52)(62,48) ( 1,13)( 5, 9)(37,41)(33,45)( 3,43)( 7,47)(39,15)(35,11)
(17,57)(21,61)(53,29)(49,25)(19,31)(23,27)(55,59)(51,63)

(0,30)( 4,26)(36,58)(32,62)( 2,56)( 6,60)(38,28)(34,24)(16,42)(20,46)(52,14)(48,10)
(18,12)(22, 8)(54,40)(50,44) (13,17)( 9,21)(41,53)(45,49)(15,55)(11,51)(43,19)
(47,23) (29,37)(25,33)(57, 1)(61, 5)(31, 3)(27, 7)(59,39)(63,35) (12, 0)( 8,4)
(40,36)(44,32)(14,38)(10,34)(42, 2)(46, 6)(28,52)(24,48)(56,16)(60,20)(30,18)
(26,22)(58,54)(62,50) ( 1,15)( 5,11)(37,43)(33,47)( 3,41)( 7,45)(39,13)(35, 9)
(17,59)(21,63)(53,31)(49,27)(19,29)(23,25)(55,57)(51,61)

(0,32)( 4, 0)(36, 4)(32,36)( 2,20)( 6,52)(38,48)(34,16) (16, 6)(20,38)(52,34)(48,2)
(18,50)(22,18)(54,22)(50,54) (13,33)( 9, 1)(41, 5)(45,37)(15,21)(11,53)(43,49)
(47,17) (29, T)(25,39)(57,35)(61, 3)(31,51)(27,19)(59,23)(63,55) (12,44)( 8,12)
(40, 8)(44,40)(14,24)(10,56)(42,60)(46,28)(28,10)(24,42)(56,46)(60,14)(30,62)
(26,30)(58,26)(62,58) ( 1,45)( 5,13)(37, 9)(33,41)( 3,25)( 7,57)(39,61)(35,29)
(17,11)(21,43)(53,47)(49,15)(19,63)(23,31)(55,27)(51,59)

(0,34)( 4, 2)(36, 6)(32,38)( 2,22)( 6,54)(38,50)(34,18) (16, 4)(20,36)(52,32)(48,0)
(18,48)(22,16)(54,20)(50,52) (13,35)( 9, 3)(41, 7)(45,39)(15,23)(11,55)(43,51)
(47,19) (29, 5)(25,37)(57,33)(61, 1)(31,49)(27,17)(59,21)(63,53) (12,46)(8,14)
(40,10)(44,42)(14,26)(10,58)(42,62)(46,30) (28,8)(24,40)(56,44)(60,12)(30,60)
(26,28)(58,24)(62,56) ( 1,47)( 5,15)(37,11)(33,43)( 3,27)( 7,59)(39,63)(35,31)
(17, 9)(21,41)(53,45)(49,13)(19,61)(23,29)(55,25)(51,57)
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(0,36)( 4,32)(36, 0)(32, 4)( 2, 2)( 6, 6)(38,38)(34,34)(16,16)(20,20)(52,52)(48,48)
(18,54)(22,50)(54,18)(50,22) (13,37)( 9,33)(41, 1)(45, 5)(15, 3)(11, 7)(43,39)
(47,35) (29,17)(25,21)(57,53)(61,49)(31,55)(27,51)(59,19)(63,23) (12,40)(8,44)
(40,12)(44, 8)(14,14)(10,10)(42,42)(46,46)(28,28)(24,24)(56,56)(60,60)(30,58)
(26,62)(58,30)(62,26) ( 1,41)( 5,45)(37,13)(33, 9)( 3,15)( 7,11)(39,43)(35,47)
(17,29)(21,25)(53,57)(49,61)(19,59)(23,63)(55,31)(51,27)

(0,38)( 4,34)(36, 2)(32, 6)( 2, 0)( 6, 4)(38,36)(34,32)(16,18)(20,22)(52,54)(48,50)
(18,52)(22,48)(54,16)(50,20) (13,39)( 9,35)(41, 3)(45, 7)(15, 1)(11, 5)(43,37)
(47,33) (29,19)(25,23)(57,55)(61,51)(31,53)(27,49)(59,17)(63,21) (12,42)(8,46)
(40,14)(44,10)(14,12)(10, 8)(42,40)(46,44)(28,30)(24,26)(56,58)(60,62)(30,56)
(26,60)(58,28)(62,24) ( 1,43)( 5,47)(37,15)(33,11)( 3,13)( 7, 9)(39,41)(35,45)
(17,31)(21,27)(53,59)(49,63)(19,57)(23,61)(55,29)(51,25)

( 0,40)( 4,44)(36,12)(32, 8)( 2,14)( 6,10)(38,42)(34,46)(16,28)(20,24)(52,56)(48,60)
(18,58)(22,62)(54,30)(50,26) (13,41)( 9,45)(41,13)(45, 9)(15,15)(11,11)(43,43)
(47,47) (29,29)(25,25)(57,57)(61,61)(31,59)(27,63)(59,31)(63,27)(12,36)( 8,32)
(40, 0)(44, 4)(14, 2)(10, 6)(42,38)(46,34)(28,16)(24,20)(56,52)(60,48)(30,54)
(26,50)(58,18)(62,22) ( 1,37)( 5,33)(37, 1)(33, 5)( 3, 3)( 7, 7)(39,39)(35,35)
(17,17)(21,21)(53,53)(49,49)(19,55)(23,51)(55,19)(51,23)

(0,42)( 4,46)(36,14)(32,10)( 2,12)( 6, 8)(38,40)(34,44)(16,30)(20,26)(52,58)(48,62)
(18,56)(22,60)(54,28)(50,24) (13,43)( 9,47)(41,15)(45,11)(15,13)(11, 9)(43,41)
(47,45) (29,31)(25,27)(57,59)(61,63)(31,57)(27,61)(59,29)(63,25) (12,38)( 8,34)
(40, 2)(44, 6)(14, 0)(10, 4)(42,36)(46,32)(28,18)(24,22)(56,54)(60,50)(30,52)
(26,48)(58,16)(62,20) ( 1,39)( 5,35)(37, 3)(33, 7)(3, 1)( 7, 5)(39,37)(35,33)
(17,19)(21,23)(53,55)(49,51)(19,53)(23,49)(55,17)(51,21)

(0,44)( 4,12)(36, 8)(32,40)( 2,24)( 6,56)(38,60)(34,28)(16,10)(20,42)(52,46)(48,14)
(18,62)(22,30)(54,26)(50,58) (13,45)( 9,13)(41, 9)(45,41)(15,25)(11,57)(43,61)
(47,29) (29,11)(25,43)(57,47)(61,15)(31,63)(27,31)(59,27)(63,59) (12,32)( 8, 0)
(40, 4)(44,36)(14,20)(10,52)(42,48)(46,16) (28, 6)(24,38)(56,34)(60,2)(30,50)
(26,18)(58,22)(62,54) ( 1,33)( 5, 1)(37, 5)(33,37)( 3,21)( 7,53)(39,49)(35,17)

(17, 7)(21,39)(53,35)(49, 3)(19,51)(23,19)(55,23)(51,55)

( 0,46)( 4,14)(36,10)(32,42)( 2,26)( 6,58)(38,62)(34,30) (16,8)(20,40)(52,44)(48,12)
(18,60)(22,28)(54,24)(50,56) (13,4T)( 9,15)(41,11)(45,43)(15,27)(11,59)(43,63)
(47,31) (29, 9)(25,41)(57,45)(61,13)(31,61)(27,29)(59,25)(63,57) (12,34)( 8, 2)

(40, 6)(44,38)(14,22)(10,54)(42,50)(46,18) (28, 4)(24,36)(56,32)(60,0)(30,48)
(26,16)(58,20)(62,52) ( 1,35)( 5, 3)(37, 7)(33,39)( 3,23)( 7,55)(39,51)(35,19)

(17, 5)(21,37)(53,33)(49, 1)(19,49)(23,17)(55,21)(51,53)

79




(0,48)( 4,16)(36,20)(32,52)( 2, 4)( 6,36)(38,32)(34, 0)(16,22)(20,54)(52,50)(48,18)
(18,34)(22, 2)(54, 6)(50,38) (13,49)( 9,17)(41,21)(45,53)(15, 5}(11,37)(43,33)

(47, 1) (29,23)(25,55)(57,51)(61,19)(31,35)(27, 3)(59, 7)(63,39) (12,60)(8,28)
(40,24)(44,56)(14, 8)(10,40)(42,44)(46,12)(28,26)(24,58)(56,62)(60,30)(30,46)
(26,14)(58,10)(62,42) ( 1,61)( 5,29)(37,25)(33,57)( 3, 9)( 7,41)(39,45)(35,13)
(17,27)(21,59)(53,63)(49,31)(19,47)(23,15)(55,11)(51,43)

(0,50)( 4,18)(36,22)(32,54)( 2, 6)( 6,38)(38,34)(34, 2)(16,20)(20,52)(52,48)(48,16)
(18,32)(22, 0)(54, 4)(50,36) (13,51)( 9,19)(41,23)(45,55)(15, 7)(11,39)(43,35)

(47, 3) (29,21)(25,53)(57,49)(61,17)(31,33)(27, 1)(59, 5)(63,37) (12,62)(8,30)
(40,26)(44,58)(14,10)(10,42)(42,46)(46,14)(28,24)(24,56)(56,60)(60,28)(30,44)
(26,12)(58, 8)(62,40) ( 1,63)( 5,31)(37,27)(33,59)( 3,11)( 7,43)(39,47)(35,15)
(17,25)(21,57)(53,61)(49,29)(19,45)(23,13)(55, 9)(51,41)

(0,52)( 4,48)(36,16)(32,20)( 2,18)( 6,22)(38,54)(34,50) (16, 0)(20,4)(52,36)(48,32)
(18,38)(22,34)(54, 2)(50, 6) (13,53)( 9,49)(41,17)(45,21)(15,19)(11,23)(43,55)
(47,51) (29, 1)(25, 5)(57,37)(61,33)(31,39)(27,35)(59, 3)(63, 7) (12,56)(8,60)
(40,28)(44,24)(14,30)(10,26)(42,58)(46,62) (28,12)(24,8)(56,40)(60,44)(30,42)
(26,46)(58,14)(62,10) ( 1,57)( 5,61)(37,29)(33,25)( 3,31)( 7,27)(39,59)(35,63)
(17,13)(21, 9)(53,41)(49,45)(19,43)(23,47)(55,15)(51,11)

(0,54)( 4,50)(36,18)(32,22)( 2,16)( 6,20)(38,52)(34,48) (16, 2)(20,6)(52,38)(48,34)
(18,36)(22,32)(54, 0)(50, 4) (13,55)( 9,51)(41,19)(45,23)(15,17)(11,21)(43,53)
(47,49) (29, 3)(25, 7)(57,39)(61,35)(31,37)(27,33)(59, 1)(63, 5) (12,58)(8,62)
(40,30)(44,26)(14,28)(10,24)(42,56)(46,60)(28,14)(24,10)(56,42)(60,46)(30,40)
(26,44)(58,12)(62, 8) ( 1,59)( 5,63)(37,31)(33,27)( 3,29)( 7,25)(39,57)(35,61)
(17,15)(21,11)(53,43)(49,47)(19,41)(23,45)(55,13)(51, 9)

( 0,56)( 4,60)(36,28)(32,24)( 2,30)( 6,26)(38,58)(34,62) (16,12)(20,8)(52,40)(48,44)
(18,42)(22,46)(54,14)(50,10) (13,57)( 9,61)(41,29)(45,25)(15,31)(11,27)(43,59)
(47,63) (29,13)(25, 9)(57,41)(61,45)(31,43)(27,47)(59,15)(63,11) (12,52)(8,48)
(40,16)(44,20)(14,18)(10,22)(42,54)(46,50) (28, 0)(24,4)(56,36)(60,32)(30,38)
(26,34)(58, 2)(62, 6) ( 1,53)( 5,49)(37,17)(33,21)( 3,19)( 7,23)(39,55)(35,51)

(17, 1)(21, 5)(53,37)(49,33)(19,39)(23,35)(55, 3)(51, 7)

(0,58)( 4,62)(36,30)(32,26)( 2,28)( 6,24)(38,56)(34,60)(16,14)(20,10)(52,42)(48,46)
(18,40)(22,44)(54,12)(50, 8) (13,59)( 9,63)(41,31)(45,27)(15,29)(11,25)(43,57)
(47,61) (29,15)(25,11)(57,43)(61,47)(31,41)(27,45)(59,13)(63, 9) (12,54)(8,50)
(40,18)(44,22)(14,16)(10,20)(42,52)(46,48) (28, 2)(24,6)(56,38)(60,34)(30,36)
(26,32)(58, 0)(62, 4) ( 1,55)( 5,51)(37,19)(33,23)( 3,17)( 7,21)(39,53)(35,49)

(17, 3)(21, 7)(53,39)(49,35)(19,37)(23,33)(55, 1)(51, 5)

80



(0,60)( 4,28)(36,24)(32,56)( 2, 8)( 6,40)(38,44)(34,12)(16,26)(20,58)(52,62)(48,30)
(18,46)(22, 14)(54,10)(50,42) (13,61)( 9,29)(41,25)(45,57)(15, 9)(11,41)(43,45)
(47,13) (29,27)(25,59)(57,63)(61,31)(31,47)(27,15)(59,11)(63,43) (12,48)(8,16)
(40,20)(44,52)(14, 4)(10,36)(42,32)(46, 0) (28,22)(24,54)(56,50)(60,18)(30,34)

(26, 2)(58, 6)(62,38) ( 1,49)( 5,17)(37,21)(33,53)( 3, 5)( 7,37)(39,33)(35, 1)
(17,23)(21,55)(53,51)(49,19)(19,35)(23, 3)(55, 7)(51,39)

(0,62)( 4,30)(36,26)(32,58)( 2,10)( 6,42)(38,46)(34,14)(16,24)(20,56)(52,60)(48,28)
(18,44)(22,12)(54, 8)(50,40) (13,63)( 9,31)(41,27)(45,59)(15,11)(11,43)(43,47)
(47,15) (29,25)(25,57)(57,61)(61,29)(31,45)(27,13)(59, 9)(63,41) (12,50)(8,18)
(40,22)(44,54)(14, 6)(10,38)(42,34)(46, 2) (28,20)(24,52)(56,48)(60,16)(30,32)

(26, 0)(58, 4)(62,36) ( 1,51)( 5,19)(37,23)(33,55)( 3, 7)( 7,39)(39,35)(35, 3)
(17,21)(21,53)(53,49)(49,17)(19,33)(23, 1)(55, 5)(51,37)

Figure A.2- Partitioning for 64-QAM
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APPENDIX B - OPTIMUM ROTATION ANGLE FOR
COMPONENT DIVERSITY

Component diversity requires that each symbol in a signal set possess unique

components.  Furthermore, the product of the difference between two symbol
components should be maximized. Each signal set should be rotated by an angle 6 in
order to satisfy the above conditions. This appendix develops a general expression for
the angle © in term of the symbol components for the two dimensional case. The
optimum rotation angle for 8-SQ and 16-QAM is then derived.

Let a,..a, be M symbols in a signal set. Let b,..b, be the symbols rotated
clockwize by the optimum angle 8. The components of a symbol b, in terms of the
components of a symbol a, are given by:

bix _| cos 0 —sinb || ax _| aixcos 0 —ajysin®
biy sin@ cos@ diy aisind +a;ycosO

Let d2, represent the product of the square of the difference between the
components of two symbols u and v. Then

42, = (bux ~bw) (buy = by’
= [(auxCOS B — auysin 6) - (axc0s O — avysin 9)]2[(auxsin8 + 2uyC08 0) — (a\xSin 6 + ayycos 0)
= [(aux — avx)cos 6 ~ (auy — avy)sin 6]2[(21ux — 2vx)SIN 6 + (auy — avy)COS E)]2
Let o0 = ayx — avx and B = auy — avy, then

d2, = [oLcos® — B sin 6] [ousin® + B cos0]’.
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Expanding and grouping the terms results in

d2, = (0.25200549 —202B2cos20 sin*Q +azﬂzsin46) +(o* + B = 20.2B2)cos20 sin’0

+(20*B — 20B*)sin O cos 9(00328 - sinze)

= (O'.B c0s26 + [az ; ﬁz) sin 28) 2

To find the optimum rotation angle, this expression is differentiated with respect to

0 and set equal to zero. This yields

(“4+B4;6“2‘32]sin4e+(9‘-3—ﬁ—;“—53)cos49=o B-1)

This expression is now applied to 8-SQ and 16-QAM signal constellations. First,
consider the 8-SQ signal set shown in Figure B.1. The symbols that are closest together
are of most interest because the product of the difference between their components will
be the smallest. Furthermore, there is some symmetry in the signal set. Therefore, only

the pairs of symbols 3,5 and 3,2 need to be considered.

1
] o 0
2 3
L ]
1‘ I3
5 4
@ ]
6 7
L L

Figure B.1 - 8-SQ signal set

For the pair of symbols 3 and 5, & =1-(-1)=2 and p=2. Entering these values
in equation (B-1) and simplifying yields
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sin48 =0

orG:(2n+1)%

For the pair of symbols 3 and 2, a.=4 and f=0. Substituting these values in
equation B-1, yields sin46 = 0. Therefore, the optimal angle to rotate the signal set to
maximize d2, is /8. By finding the new co-ordinates of the rotated signal set, it is

simple to verify that all symbols differ in both components.

Now, consider the 16-QAM signal set shown at Figure B.2. Again, the objective is
to maximize d2, for the symbols closest together. Because of the symmetry of the signal
set, only the pairs of symbols 6,5 and 6,10 need to be considered. The case for the pair of

symbols 6,10 is identical to the pair of symbols 3,2 for 8-SQ. For the pair of symbols 6

and 5, a=1-(-1)=2 and B=0. Substituting these values in equation B-1 yields an
optimal rotation angle of & = n/8 as above.

Figure B.2 - 16-QAM signal set
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