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A B STRAC T

This thesjs presents a new and flexíble procedure for
analyzing stable crack growth in ductiIe materials" The

analysìs is based on an elastic-plastic finite element

method which calculates the stress and displacement fields
in the vicinity of a gnowing crack under monotonical ly
i ncreasi ng I oads. A speci aì type of el ement known as a

'breakable e'lement' together with a nodal force relaxation

technique has been incorporated into the usual fin'ite
el ement program i n order to simul ate stabl e crack growth.

ïhe effective strain value at the crack tip is used as a

f racture cri teri on, and subsequent'ly f or mi xed mode crack

probìems is further utilized to assess the direction of

crack extens i on .

An experimental program whi ch generated appl'ied stress

vs stable crack growth curves for center-cracked aluminum

sheets was undertaken to verí fy the numeri cal resul ts.
Experiments were conducted for both the mode I and the

mixed mode I oadinq conditions.

Numeri cal studi es veri f i ed that the proposed a'l gori thm

successful 1y both model led the stable crack growth and



tl

predicted unstable crack growth. Varyìng stress and strain
distributions in the region of the crack tip were anaiyzed

phenomenologically, and various crack típ parameters were

evaluated and assessed as fracture criteria"
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CHAPTER 1

INTRODUCTJON

l.t I ntroducti on

A wel I known fact i n the engi neeri ng fi el d i s that
many structures contai n fl aws or cracks, ei ther from the

time of fabrication or due to adverse ìoad'ing condÍtions

in service" A major concern for design eng'ineers'i s the

potentiaì growth of these flaws or cracks which may, under

particular loading conditions, trigger a catastrophic failure
A useful design methodology for the assessment of such

structural integrity and materials selection problems is

the engineerìng science of fracture mechanics [], 2f*.

Duri ng the past decade, the I i near el asti c fracture

mechanícs (LEFM) approach has attained a high level of

sophi sti cati on and acceptance by desÍ gn engi neers for
anaìysis of brittle fracture probìems, in which the on

of crack growth is usualiy tantamount to crack 'instabi

and structural failure. However,there existsa'large c

of fracture probl ems i nvol v'i ng the fracture of ducti I e

material s whi ch cannot be characteri zed compl etely by

the

set

lity
'lass

I rrl,LErlYl"

¿'Numbers in the bracket denote the references at the end of
the thesis.



Consi der a 'l arge sheet of ducti ie materi al w"i th a

through-the-thickness crack subjected to a monotonica'l 1y

increasing'load. The pìate of width, L.l, illustrated in

Fig. l.l (a) contains a central crack of 'length 2uo. The axial

tensi l e l oad u P, produces a uni form stress , o, at some

di stance far from the crack. The i ni ti al crack of ha I f
I ength, u0, at a parti cul ar I oad wi I I undergo an extens'i on

to a new stable ìength, u0 * 
^u. 

As the load increases further,

thi s process of 'stabl e crack growth' may be repeated several

more ti mes " Fi nal ly, a comhi nati on of appl ì ed stress and

crack length i s reached such that stable crack growth

continues w'i thout a further load increase. This transit'i on,

the onset of rapid crack growth, gêhera1'ly leads to complete

fracture of the sheet.

This experiment shows that undera monotonicaì1y

i ncreas i ng I oad to fai I ure ducti I e rnateri al s experi ence

cons i derabl e p'l asti c def ormati on at the crack ti p and a

si gni fj cant amount of stabl e crack growth pri or to the onset

of unstable fracture. Thus, a substantial margìn of safety

may still exist even when the onset of crack growth is

imminent. As a consequence of th'i s high resistance to

catastroph'i c f a j I ure, ducti le sheet material s are used

wi dely i n the aerospace and other i ndustri es . The obvi ous

requirement for rígorous design safety in these industries
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demands both a detailed understanding of the mechan.i sm of
stable crack growth, and an accurate procedure for predict-ing
unstabl e fracture.

Attempts at extendj ng the LtFM approach i nto the sta bl e

cnack growth regime are precluded by its inability to treat
the inelastjc effects aris'i ng from'l arge scale plasticity
and material unloading. In recent years the increasing
sophistication of digita'l computers has enhanced the selection
of numeri cal sol ut,i on procedures as an al ternati ve to the

mathematical complexities jnherent in the continuum description
of a growi ng crack. chi ef among these numeri cal techni ques

js the fin'i te elemc¡it method, a powerful and w-i deiy used

techn'ique for elastic-plastic stress analysìs problems.

This method has been used to obtain useful information such

as the stress, strain distribution about the crack tip and the

fnacture criterion governing the crack tip. !.lhile some

recent attempts at pr"edicting the unstable fracture of
ducti I e materi al s have been made, to date no reasonabl e

correl ati on has been observed between numeri cal and

experimental results under plane stress conditions"



1.2 0bjective of_Thesjs

Th i s thes'i s descri bes a research ef f ort 'leadi ng to
an elastic-pìastic fracture mechanjcs methodology designed

to treat large-scale yieìding and stable crack growth

problems. Due to slant-type fracture, the fracture of sheet

material is a three-dimensionar problem. However, for
simp'licjty a two-dimensional moder has been assumed. An

elastic-plastic stress analysis based on the finite element

variational technique t^Jas used to determine the distribution
of the stress and deformation fields associated with an

extendíng crack tip under p'lane stress conditions. The key

elemeni of the research is the development of a numerÍcal

techni que whi ch si mul ates stabl e crack growth i n ducti I e

materi al s. The proposed rupture stra'i n cri teri on i s sui t-
able not only for mode I fracture probrem but also for
determin'i ng the directjon of crack propagation in the mixed

mode fracture probl em.

1.3 Scope of Thesis

The thesi s i s di vi ded i nto ei ght chapters.

chapter I is an introduction to the field of stable
crack growth.



6

chapter 2 i s a general review of the deveì opment of
fracture mechanics concepts and computational fracture
mechanics.

Chapter 3 descri bes the fi ni te el ement formul ati ons ìn
elastic-plastic stress analysis.

chapter 4 presents a numerical modelling technique
for stable crack growth.

Chapter 5 i s devoted to a descri ptì on of the

experimental program which was carri ed out to check the

accuracy of the numerical analysis"

chapter 6 presents the resul ts of the case study for
mode I fracture probl em.

chapter 7 presents the resul ts of the case study for
mi xed mode fracture probl em.

chapter B i s the concl us i ons and recommendati ons

for further study.

A bibliography is presented at the conclusion of
the thes'is.



CHAPTER 2

REVIEl,J ON FRACTURE MECHANICS CONCEPTS
AND COMPUTATIONAL FRACTURE MECHANICS

2.1 Introducti on

The mechanisms of fracture which may be encountered

in engineering structures can be classified into two general

groups " ïhe fi rst category i s termed 'bri ttl e fracture' ,

which occurs in brittle materials such as gÌass, or in mild

steel at very I ow temperature. Bri ttl e fracture may al so

occur in most other engineering materials under very high

1 oadi ng rates or under the 'pl ane strai n' condi ti ons

encountered 'in heavy sectioned structural parts where the

di mens i ons of the ori gi nal defect are smal I compared to the

characteristic dimensions of the part. This type of fracture

is associated with relatively low fracture energy (i.e. the

input energy required to propagate the crack) and small

pìastic deformation prior to and during crack extension.

ïhe second type of fracture falls into the generaì category

of'ductile fracture'or high energy fractune*u and usually

'The term 'high energy' refers to the high input energy
requi red to propagate the crack (usual ly di ssi pated as
heat) , and shou'ld not be conf used with the hi gh time
rate of energy input as occurs in dynamic fracture.



occurs in non-brittle materials under'plane stress'
conditions. For example, thin-wal led tubes and shell
structures, composed of materials with high ductility,
woul d be expected to undergo I arge pl asti c deformati on

prior to and duri ng a rupture process.

Research i n the fiel d of fracture mechani cs was

init'i aììy concerned with invest'i gating brittle fracture
problems, since these types of failures are of more

d'isastrous consequences and easier to analyze than ductile
fracture cases " In thi s chapter, the concept of I i near

elastic fracture mechanics (LEFM) is briefìy described,

and the current I evel of deveì opment of el asti c-pl asti c

fracture mechani cs i s al so di scussed. A review of the

literature on the application of the finite element method

to fracture mechani cs probl ems i s presented at the end of

this chapter.

2"2 L'i near Elastic Fracture Mechanics

The I i near el asti c fracture mechan i cs approach to

eval uati ng stresses and d'i spl acements associ ated with

each fracture mode follows the Griffíth-Irwin theory [], 27

In this approach, the general stress field near a crack ti p

can be expressed as the superposi ti on of stress fi el ds due



to the three modes of fractune, each mode associ ated wi th

a kinematic movement of two crack surfaces relative to each

other. These deformati on modes, i I I ustrated j n Fi g. Z "1

are denoted as the opening mode, the edge sliding mode and

the teari nq mode.

- The openi ng mode (mode i ) i s associ ated wi th

I ocal di spì acements i n whÍ ch the crack surfaces

move apart i n a di recti on perpendi cul ar to these

surfaces (symmetric with respect to the x-y and

z-x p1 anes ) .

- The edge sliding mode (mode Ii) is characterized

by displacements in which the crack surfaces

sl i de over one another and remai n perpendi cul ar

to the ìeading edge of the crack. (symmetric

with nespect to the x-y pìane and skew-symmetric

with respect to the z-x pìane).

- The tearing mode (mode III) is defined by the

crack surfaces sliding with respect to one

another paral l e'l to the ì eadi ng edge of the

crack. (skew-symmetric with respect to the x-y

and x-z pl anes ) .

Gri ffi th theory 
- [4] , fi rst proposed i n I 921 , was

based on the assumpti on that i nc'i pi enL fracture i n ì deal ìy

brittle materials occurs when the magnÍtude of the elastic
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energy suppl i ed to the crack ti p duri ng an i ncremental

increase in crack length exceeds the magnitude of the energy

required to create the new crack surface during the same

incremental increase in crack length. This strain energy

rel ease rate G, or the el asti c energy made avai I abl e per

unit extension of the crack area, is:

(2.t¡

where is the potential energy of the structure and

i s the cracked area.

In 1956, Irwin i5] developed the anaiyt,icaì basis

of the elastic crack tip stress field theory, which jn

turn !¡,as the startÍ ng poi nt of modern f racture mechani cs .

In hi s theory the stress i ntensity factor+, K, Í s extracted

from the sol uti ons for stresses and di spl acements near the

crack tip and is a combination of appìied load P, crack

1 ength a and specimen confi gurati on.

^- dUu--ãT-

U

A

( = P.f (a, geometry)

K i s sai d to be the control I i ng parameter

field, because stresses and displacements

(2"2)

of a crack ti p

are proporti onal

+'K-. K". and f'!I ', "Ii
mode iII stress

II are defined as mode I, mode II and

i ntensi ty factors, respecti vely"
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to thi s factor. In general , the stress and di spl acement

fi el ds can be expressed mathemati caì ly as fol I ows:

o;;=Åf.r(e)+ (2.3a)jJ 6 rJ

(2.3b)

where r, ,0 is a po'l ar coordinate system at the crack tìp
shown in Fig.2.2. The truncated terms of equation (2.3)

are the terms with higher order in r, and for small radjus

of r (i.e. very close to the crack tip), only the first
term i s signifjcant. Crack extensi on wi I I occur when the

intensity of the stress field in the close vicinity of the

crack tip reaches a critical value. This means that
fracture must be expected to occur when K reaches a critícal
value, Kc.

^ K2G = q (2.4)

in which E^ = E (p'l ane stress)

where t is a Young's modulus and

v is Poisson's ratio"

Thus the consi stency of the two theori es, Gri ffi th theory

and Irwin theory, was apparent.

Irwi n et al t6l al so showed that there exi sts a uni que

rel ati onshi p between K and G as fol I ows:



IJ
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Fig. 2.2 Coordinate System at the Crack Tip
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Due to the sìngular nature of the equation (2.:a),
a plastic zone is aìways formed at the crack tip where

the stress fi el d exceeds the yi e1d strength of the
materi al . Si nce equati on (2.3 ) i s based on the theory
of elastìc'i ty, K has significance only when the
geometry of the crack or remaining ligament exceeds the

p'l asti c zone s i ze by a f actor of about b0 [] ], a cri teri on

which is met by the p.lane strain conditjon. In order to
use an experìmenta'l ìy determjned plane strain fracture
toughnesr KL vai ue as a fracture cri teri on, the Ameri can

society for TestÍng and Materials (ASTM) specifies the

fo'l lowing thickness requirement.
v2
t\Y 

^- ^ - lL> ¿.Ð
r¡'"ys

'.uhere B i s the thi ckness of the specimen and

o,,. is the yieìd strength of the materialy5

2"3 Elastic Plastic Fracture Mechani cs

Most of the 1 arge compl ex engi neeri ng structures
such as airplane frames, ships, pipelines, etc" have such

smal I wal I thi ckness that pl ane stress condì t'i ons prevai I

Al so, these structures are usual'ly composed of ducti I e

materials" Thus for many structural app'l ications, the

linear elastic analysis used to calculate the stress

\¿.")
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i ntens i ty factor K, i s i nval i dated by the formati on of
large plastic zones around the crack tip. current'ry, much

ef f ort i s bei ng devoted to the deve'lopment of el asti c-
p'lastic fracture mechanics anaìysis as an extension of
LEFM Il , 2]. Among the various techn'i ques the fo1ìow.ing

approaches are most popular:

( 1 ) Pl asti c zone correcti ons.

(2) Crack openi ng dÍ spl acement.

(3) J-integrai "

(4) Crack growth resi stance R-curve.

ïhe above techni ques hol d cons i derabl e promi se for appraì s i ng

structural integrity in terms of an al iowable 'loading or

crack size. The engineering significance of each technique

is reviewed in the followinq sections.

2.3 .1 Pl as ti c Zone Correcti ons

The first attempt in extending fracture mechanics

beyond the LEFM limits involved a correction to the cnack

length to account for the effect of the plastic zone while

conti nui ng to use the LEFM approach. Thi s pr-ocedure,

proposed by Irwin [6], involved moving the crack tip to

the center of the p1 asti c zone, a di stance pv, i . e.

â+â+F
v

(2.6)
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The di stance r is evaluated as:

K2

;2-"ys
v¿.TIC

aT-ys

The size of the

the restrai ni ng stress

va I ue for the openì ng

(plane stress)

(pìane stra'i n)

p'l astic zone is obtained by

intensity factor (Z"B) with

of the crack, ( = o/nc

ty = zrl

(2.7)

(2"8)

equating

the K

_l
6n

A more rìgorous correction for the plastì c zone size
was proposed by Dugdaìe 17l" He assumed that yieìding
occurs i n a th.in str j p-1i ke zone at the crack ti p, êXtendi ng

the crack by a distance c-a (Fig. 2.3). The stresses in
this yielded zone are cons'i dered to be a continuous
distribution of po'int loads, which act to restrain the crack
from opening. An expression for the restraining stress
intens'i ty factor can then be obtained by integrating from

a to c wi th the appropri ate |iestergaard stress functi on as:

Aithough Irwin's plastíc zone correction gÍves consistent
results for small scale yielding, the limits of .its

appl i cabi 1 i ty are uncertai n.

K - , or, (f). cos ' fål
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Thus

1T K2Yr='v 16 õ'" ys
(2.e)

The pl asti c zone s'i ze cal cul ated by equati on (2"9 ) i s

about 20% bigger than that calculated by equation (2.7)

for the pl ane stress case.

2.3.2 Crack 0pening Displacement

l^lel I s [8] proposed that the fracture behavi or i n

the vicinity of a crack could be characterized by the

opening of the crack faces - namely the crack opening dis-

pìacement (C0D), as shown in Fig" 2.3. Furthermore, he

showed that the C0D concept was analogous to the G value,

thus the C0D val ue coul d be rel ated to the plane-strai n

fracture toughnest KIC. Si nce C0D measurement can be made

when there i s consi derabl e p'l asti c f l ow around the crack

tip, this technique gìves useful information for elastic-
p'lasti c f racture analysì s.

An extension of the Dugdaie analysis yields an

expression for the crack open'ing displacement normal to

the crack pl ane at the crack ti p, ô:

g=*þaenfsecå*, (2.10)
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wh i ch for o/ou,

Kí
ô -;-- (2.1t)

"vs*

Equation (2.1.|) impljes that at the onset of crack instability,
where KI reaches KIC, the C0D value reaches a critical value

6C. Under pìane strain conditÍons, unstable fracture will
occur upon crack initiation, âÍtd thus ôi = ôC. Like KIC,

â 6" value under plane strain conditiom is a material property,
t

and is independent of specimen geometry. However, under p'l ane

stress condit'ions, stable crack growth can occur after the C0D

value reaching ôi " The C0D value will rise to a value designated as

ôru*. (t 6i ), upon which unstable crack extension will occur".

Under p'l ane stress conditions, values of ôi and ô*u*. are

dependent on specimen geometry.

2.3.3 J-Integral

Ri ce t9] proposed a path-independent contour i ntegral ,

the J-integra'l , for a two-dimensional deformation f ield,
evaluated over the contour f in a counter-clockwise direction,
as illustrated in Fig. 2.4"

r ðu--r = J f"ay - Ti -* o'l
f

(2 "12)
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eraek

Fig. 2"4 J-integral.
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where w is the strain energy density function,
Ti is the surface traction vector (= oij nj),
ui i s the di s pl acement vector and

ds is a differential element of an arc ìength along f.
The J-i ntegral, deri ved under the assumption of non-

linear elastic material br,hav'i or,'i s defined as the elastic
energy release rate (per unit crack extension) to the crack
ti p. si nce Ri ce Ig] proved J to be path i ndependent, one

may evaluate J remote from the crack tip, where a well defined
elastic field prevails, ârd use thjs value of J to represent
the energy rel ease rate to the crack t-i pu that i s, paths

adjacent to or remote from the crack tì p produce the same

result. This scheme is suitable in the case of smal I scale
y'ieìd'ing, for which the concept of path independence of
energy release rate to the crack tip is assumed to remain

valid.

Just as K was found to describe the elastic crack tip
stress field inthe LEFM approach, Hutchjnson tl0] and Rjce and

Rosengren Ill] showed that the stress-strain fjeld at the
crack ti p may be expressed as

I

- ¡J\n+Toij = (Ë)" tij (o,n¡ +

n

Ç. - = iJlñlT ^ (a.\ +'ij - \Fi g.ij (urn/ f

(2.13)
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where r and 0 are polar coordinates centered at the crack

tip and n is the power hardening coefficjent in the assumed

uniaxial stress-strain law, which is of the form s o oh.

For the linear'ly elastic case, h=1, equation (2.13) reduces

to LEFM equations with J = K2/Eo.

Just as the plastic zone s'i ze governs the validity of
LtFM, so the sÍze of the intensely non-l inear zone restricts
the appl i cation of J-i ntegral approach. Accordi ng to pari s

[12], if the analysis usìng J is to be relevant, the size
of this zone, I, must satisfy

r-2+oyt

Further, if plane stra'i n behavior is to be maintained, the

thi ckness B must sati sfv

B> 25 J
oyt (2.15)

2.3"4 Crack Growth Resistance R-Curve

The c0D and J-integral methods described prev.i ously
rel ate thei r val ues at crack i ni ti ati on to Ktc under pl ane

Thi s restrictjon i s an order of magnitude less severe than

the corresponding LEFM requirement in equation (2.3).
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strain conditions. These varues may not be appì-i ed to
determjne the fracture toughness under plane stress conditions
The pìane stress fracture toughness Ky is generar ry z-r0
times larger than Kic and va.ies with specimen thjckness.

Representation of the fracture toughness of
thin sheet materials by a resistance curve has been

attempted by a number of scientì sts [.l3-.|6], and .i s sti I l
under development. The concept of the crack growth
resi stance R-curve is based on the observation that duri ng

the f racture process of most sheet materia.l s, the unstable
fracture i s aiways preceded by a certaí n amount of stabl e

crack growth under a monotoni cal ly ri si ng ì oad.

Fig. 2.5 illust¡^ates a typÍcal R-curve with the crack
ì ength as the absci ssa and the crack growth resi stance as

the ordi nate. The curve I abel ed KR i s the R-curve, determi ned

from experiment, with the stress intensity factor KR at any
crack length a bei ng that requi red to propagate the crack
from length u0 to a. The first stage of the R-curve is a

vertical line representing a ,no crack growth, situation.
The poi nt where the R-curve devi ates from a verti cal I i ne

is the initiation of 'stable crack growth'. As the crack
extends, the crack growth resi stance al so i ncreases. Thi s

increased crack growth resistance is due to the increased sjze

of the pì asti c zone and work hardened material ahead of
the crack ti p, whi ch i ncreases the amount of work rÊqu i red
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Fi g. 2.5 R-Curve.
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to move the crack ti p. Fi naily, a stage i s reached on the
R-curve where no i ncreased crack growth resi stance
accompanies crack growth, where the effects of increased
crack I ength and decreased ì i gament s i ze overcome the
effect of work hardeni ng ahead of the crack ti p.

The fracture cri teri on i n the R-curve concept i s that
for a given initial crack length u0, failure will occur
when the stress i ntensi ty factor from the appì i ed I oadi ng,
known as the crack driving force Kn, equar, KR. Note that
thi s condi ti on must be ful fi I I ed at the same i nstantaneous
crack iength a. Thus a family of Ke curves is drawn at
various applied stress levers or oz etc. The Kg curve
that ful fi I I s the fracture cri teri on i s tangent to the KR

curve at the critical po'int. The stress corresponding to
this Ke curve wi I I be the cri ti cal fai I ure stress for an

initial crack length a0. instabiiity occurs since at the
point of tangency of Ke curve w'i ll always exceed tangency of KR

curve for further crack extens ion.

ô K.,
u

ôa

âKR

âa

Ana'lytical studies on stable crack growth

indicated that the straìn field ahead of an ex

is governed by a roga.i thmic s'i ngu'r arity rathe
stronger inverse square root singuìarìty as in

117 
"

tendi

r tha

the

(2 .1 6)

I 8I ha v e

ng crack

n the

stationary
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case. This weaker sìnguìarìty is due to the extension of
the crack i nto the zone where the materi al 'i s less

p'l asti caì ly def ormed, thus preventi ng compl ete ref ocus i ng of

the strai n fiel d at the ti p of the extended crack. Thi s

reduct'i on i n strai n concentratj ons accompanyi ng the crack

tips may be one of the main reasons for stable crack qrowth.

2.4 Application of the Finite Element Method to
Fracture Mechani cs

Due to mathematical complexit'ies, onìy a few crack

problems, êncompassing sìmplìfied boundary conditìons have

been solved analytical ly. However, the finite element

method has been wi dely enrpì cyed to sol ve a 'l arge vari ety

of fracture probl ems. Thi s wel I known numeri cal techni que

is capab'l e of performing an elastic or elastic-p'l astic
stress analysis to any two-or three-dimensional crack problem.

Stress i ntensi ty factors under compl i cated geometry and

i oadi ng condi ti ons have been obtai ned us i ng the I i near

elastic finite element method. Stress analysis, the determination

of f racture cri terja and the predi cti on of f racture i nstabi'l ì ty
have been attempted us i ng the el asti c-pl asti c fi ni te el ement

method"
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2.5. ì Computqttqn of Stress Intensi t.y Factors

Kobayashì et al Il SJ and Chan et al [20] were the

fi rst to use the f i ni te el ement method to cal cul ate the

stress intensity factor. 0nce the numerìcal values of the

nodal di spì acements and the el ement stresses near the crack

tip are obtained, the K value can be carcurated using

equation (?.s) at several points. The K value at the crack

ti p i s eva I uated by extrapo'l ati ng these val ues to the crack

tip and by disregarding the first few points very close to
the crack t'i p.

hlatwood [21] calculated the K value by computing the

strai n energy rel ease rate G. The total strai n energy of
the structure, côl cul ated for a gi ven crack I ength, fiây be

I ackì ng i n accuracy for a certai n fi ni te er ement mesh.

However, there i s a cancel I ati on of these errors when takì ng

the di fference i n strai n energy for two di fferent crack

lengths, so reasonable accuracy is obtained with a

relative'ly coarse mesh.

A number of speciaì s'i ngular elements (l^l.i ìson lZZf 
"

Byskov [23], Hi 1 ton and Si h lZ4), Tracey t25l ) have been

presented to accommodate the singu'larity at the crack tip.
These elements are the result of incorporating both the

eigen-function expansions for the crack tip field conditions
and the finite element method. The theoretical backqround
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of this approach i s based on the mathematical properties
of the two numerical technìques employed, i.e. the asymptotic
expansion becomes i ncreas"i ngly more accurate as one approaches
the crack tip, whi'le the fl'nite element method is very
accurate everywhere except near the crack ti p.

Another cl ass of spec'iaì singular elements i s the
quarter point element, used in conjunction with the standard
isoparametric element. The Jacobian transformation from
physicai to isoparametric coordinates will produce spatial
deri vati ves (i.e" strains) which are singular at the crack
tip' if nodal points along the sides of the element are
positioned in a certain way. Henshell 126l and Barsoum lz7"
2Bl perceived that by mov'i ng the middle nodal point of a

quadratic ìsoparametric element to the quanter point closest
to the crack tip, the strajn singularity is achieved.

2.5.2 Elastic-Plastic Anal sis of a Stationar Crack

Swedlow et al [29-31] and Marcal and King l3ll
pi oneered the appl i cati on of er asti c-pl asti c fi ni te el ement

analysis to ductile crack problems. They analyzed edge_ and

center-cracked p'l ate under pìane stress and plane strain
condi ti ons u and reasonable agreement was obta-i ned between

the numerical and experimental results. since then the

numeri cal accuracy of these predi cti ons has been improved
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through the better descrÍ ptì on

behavior and improved computi ng
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for useful appì i ca

performed by Lars s

p1 asti c zones are

outer field of the

Preci se stress analyses at the

attempted by Rì ce and hi s co-workers

for small scale yielding of plane st
obtained for non-hardenj ng material

hardeni ng materi al [37]. These i nve
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I s [40]
the fini
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and Turner and Cheung [+t1 calculated the COD

te element method and showed that the

may be characteri zed by the cri ti cal val ue

Sumpter and Turner 1421" Parks [43] and Mìyamoto and

Kageyama 1441 showed that the finite element method can be

used to calculate the path-independent J-integral and the

crack i n i ti ati on can be characteri zed by the cri ti cal

value of the J-inteqral "
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2.5.3 tlastic-Plastìc Analysis of a Growjnq Crack

Kobayashi et al [45] and Anderson [46] proposed a

nodal force relaxation technìque simulating crack growth

i n the f in'i te el ement model . Hsu and Bertels [47] al so

proposed the breakable el ement concept whi ch can mode I the

crack growth. si nce then the f i n'i te el ement method has

been used to investigate stable crack growth behavior for
pl ane s tress [48-53] and pl ane strai n Is4-60] cases under

monotonicalìy increasing loading condition.

Shih et al t5il and Kanninen et al ISA1 jnvestigated

several fracture cri teri a characteri zi ng stabl e crack

growth by using the experimentaì ìy obtained appl ied load

vs stabl e crack growth curve as i nput i nf ormat'i on. The

fracture cri teri a exami ned i n thei r studi es i ncl ude the J-

integr"aì " its rate of change during crack growth dJ/da, the

crack tip open'i ng angle (CT0A), the energy release rate G

and the crack ti p force F.

Sorensen [56, 59] j nvesti gated stabl e crack gr owth

of anti-p'lane shear and p'l ane strain cases under an arbitrary
'l oad'i ng history. His results showed that while the stress

distribution ahead of a growing crack was found to be nearìy

the same as that ahead of a stationary crack, the strain
val ues were I ower for a growi ng crack.
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d'Escatha and Devaux

growth based on microscopic

voi d growth and coa'lescence

to predi ct the fracture pro

process of crack initiation
instability. Various param

crack growth were eva I uated

the J-integral and F.

Lee and Liebowitz

growth curve as an 'i nput

rel ati ons hi p between the

stable crack

.e. void nucleation

of thi s model was

teri al duri ng the

growth and crack

orrel ate stabl e

including CT0A"

[60]

de ve

. Th

perti

, s ta

eters

bvt

eva I uated

ì opment, i

e purpose

es of a ma

ble crack

used to c

his model,

[54]

1nï

pl a

used the app'l i ed I oad vs crack

ormati on, to produce a I i near

sti c energy and crack growth.

Newman [61 ] performed finite element analyses using

one of the fracture criteri a to determjne applied load vs

crack grcwth behavior and instability for a given specimen

geometry. He studied the effects of various parameters

such as mesh si ze, Strai n hardeni ng and criti cal strai n on

finite element fracture predictjons for both monotonic and

cyc'l ic ìoading conditions. l,rlhile some interesting
observations were made, ro attempt,s were made to correl ate

the predictions with actual material behaviour.

Varanasi [49] used ultimate tensile strength as a

fracture cri teri on to pred'i ct the unstabl e crack growth.

Belie and Reddy Iss1 used critical straín as a fracture
críterion and adopted the 'zeyo modul us-unl oad rel oad' scheme
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as a technique for crack growth model I ì ng. Even though

some comparisons were made between experimental results
and numerical resu'lts in these two papers, the accuracy was

very crude due to thei r unreal i sti c computati ona I method .

The elastic-piast'ic
used to i nvesti gate crack

conditio.ns with simplified

fi ni te el ement method was al so

growth under cycl i c ì oadi ng

assumpti ons [61 -63] .



CHAPTER 3

FINITE ELEMENT FORMULATiONS FOR ELASTIC-PLASTiC
STRESS ANALYS I S

3.,| Introduction

The fi ni te el ement method i s a versati I e numeri cal

techn'ique for the determination of forces and displacements in
a structure. Thi s method offers generous fl exj bi I i ty for
the'i ncorporation of non-l'i near material behavior (plasticity)
and changing boundary conditions (crack growth). Presented

i n thi s chapter are the f i ni te el ement f ormul at'ions f or

elastic-plastic stness analys'i s of planar type structures,
wh'ich were subsequentìy used for the analysìs of stable

crack growth i n duct'i I e materi al s.

3.2 Basi c Matri x Formul ati ons

The basis of the method is in the division of the

structure í nto a fi ni te number of di screte parts (el ements )

whi ch i nterconnect at theÍ r apexes (nodes ) and form an

idealized structure system as shown in Figure 3.1. The

displacements at the nodes are normally chosen to be primary

unknown quanti ties, whi I e the di spl acements 'i n the elements

are commonly assumed to vary according to some s'imp1e polynomial

functions, called shape or interpoiation functions. The displace-
nents are usually continuous across the element boundaries.
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NODË S

Fig. 3.1 Discretization of a Structure"
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The govenni ng matri x formul ati ons for the fi ni te

element ana'tysis have been wel I documented [64, 65] and are

brief'ly reviewed below.

Element interpolation Function:

{u} = [N]{u}e

where {u} is the displacement vector for any point within

an element,

tN] is the matrix containing the interpolation (or

shape ) functi on and

{uie i s the vector made up of the nodal di sp1 acements.

Strai n-Di spl acement Rel ati on:

(3.2)

where {e} i s the strai n vector and

tB] is the strain-d'isplacement transformation matrix

contai ni ng spati al deri vati ves of the

i nterpol ati on f unct'ion .

Stress-Strai n Rel ati on:

(3.3)

+
(3"1)

{e} = [B] {u}

{o} = [C]{e}

î' A 'e' superscript denotes the.element"
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where {o} is the stress vector and

tC] is the stress-strain constitutive matrix"

El ement Sti ffness :

where [rc]" i s the e.l ement sti ffness matri x and

v - denotes the vol ume of the el ement.

Global Stiffness:

lrl{u}" = {Q}

where iK] i s the gì obal sti ffness matri x and

+

IK]e = f, tBlT icltBl dv (s.+¡

(3.5)

{Q} i s the gl obal vector of appl i ed nodal forces.

The g1 obal sti ffness matri x IK] i s formed as an

assembl age of the sti ffness matri ces of each i ndi vf dual

element in the finite.element mesh. Equation (3.5) can

be used to solve for the unknown displacements {u}e after
applying appropriate boundary conditions. Strain and

stress components for each el ement are then subsequently

cal cul ated us'i ng equati ons (3.2 ) and (9. ¡ ) .

-A'T'superscript denotes the transpose of a matrix.



3.3 Elastic-Plastic Analysjs

A number of f i n'i te el ement computer codes based on

elastic-plastic stress analys'is have been reported in

the literature 166-72J. Among them, two major approaches

are commonly used, namely the i ni tial stress/strain and

the incremental strain methods. The latter approach is

adopted in this anaìysÍs since it is more practical to use

for the ana'lysis of crack growth. This method is essentiaìly
a step-wise linear incremental anaiysis to simulate the non-

linear eiastic-plastic material behavior. The derivations
presented here are based on the works of Ueda [66]" Yamada

et al L67f" Hsu et al [71 ] and l^lu 1721.

If the existence of incremental stationarìty of the

potent'ia1 energy i n a system of f í ni te el ements at a

ì i nearly approximated stress-strai n state i s postul ated,

the i ncremental sti ffness equati on of the structure i s

obtai ned as:

(3"6)IK]s {au}n = ilQ}ø

where IK]ø is the variable stiffness matrix,

{Au}u is the incremental displacement vector and

1lQÌø i s the i ncremental g1 obal I oad vector for

the ì oadi ng s tep 9".
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The variable stiffness matrix IK]g in equation (S.01

may be updated after each load increment to account for the

change'in the stress-strain relations of equation (3"S¡

due to the el asti c-pl asti c effects. For the el asti c

situation the procedure is simply a step-wise summation of

the i ncremental el asti c strai ns, {6ee}, wi th the sti ffness

matrix unchanged" b'lhen the stress level of one or more of

the elements of a structure exceeds the yield strength of

the material, these elements are said to have deformed

plast'ical'ly. Such plastic material behavior can be

accounted for by the formulation of If]" fn equation (3.4).

in addition to the elastic components, the total strain at

this step should also include the pìastic component {ôeP}:

(3.7)

To compl ete

it is necessary to

(t )

(2)

(s)

the elast'ic-plastic stress anaìysis,

have:

A yield criterion to ascertain the state of stress

at which initial yieldÍng is considered to begin.

A f I ow rul e rel at'ing the pì asti c strai n i ncrements

to the stresses and stress i ncrements.

A hardening rule to establish conditions for subsequent

yielding from a p'lastic state.
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Because of the complexity associated with pìastic deformation,

no un'i versaì 1y appì i cabl e I aws characteri zi ng the materi al

behavi or i n the pl asti c range have yet been deve'loped " Thus

any attempt to predi ct anaìytì ca1 ìy the behavi or of

structures in the plastíc range must begin wíth a choice

among the several available plasticf ty theories of one which

successfu'l1y combínes mathematical simplicity with a

reasonabìy faithful representation of experimenta'l 1y observed

materi a I behavi or "

3 " 3. I Von Mi ses Yi el d Cri teri on

The Von Mi ses yi eì d cri teri on i s cons i dered to be

the most practical and rel i abl e of the numerous yiel d

criteria. It'i s based on the theory that yielding of a

material is initiated when the distortion energy of the

material reaches a certain critical value. This is equiva'lent

to a combination of the principal stresses reaching a crjt'ical
value, so as to form a locus called the yìeld surface. For

an i sotropi c materi al , the yì el d surface i s defi ned by:

P'= J2-ri, =Jz-å"i, (3.8)

in which r? 

= i::r'_:"viaroric 
srress invarianr

2. "ij "ij
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oi .; = devi aton j c stress components
lJ

t- 'ij 'kk"i¡

and .ys, oy, are the experimenta'l 1y determì ned yìeld stresses

in pure shear and in uniaxial tension respectively.

This criterion further implies that if the state of
stress is such that F <0 then the material is in the elastic
region, i.e. {ôeP} = 0, while 'i f F =0 a plastic state has

been atta i ned and pl asti c behavi or must be taken i nto account.

3.3.2 Prandtl -Reuss Fl ow Rul e

The i ncremental Prandtl -Reuss fl ow rul e assumes that
the i ncremental p'l astic strai n components are a f uncti on

of the current stress state, the strain increments, and

work hardening parameter k, which is a function of the plastic
deformat i on :

uij = Kronecker del ra = Jt 
(i I i )

li (i = i)

{deP} = {deP} ({o}, {de}, k)

Nowu equation (3.7) can be written in the incrementa.

form:

(3.e)
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(3.10)

(3.il)

(3.r2)

(3.r3)

(3.14)

{de} = {dee} + {¿eP}

in which f rom incremental f orm of equat'ion (3.3)

From equations (3.10) and (3.11 ), it can be shown that:

which may be rewrjtten as

{dee } = [ce1 
-t ido]

{doi = [ce] ( ide] - {¿eP} )

tdo] = ¡çeP1 {de}

, F^ê0. a--Lr- *a-^r:^ 
--!,-i.. ^-lwhere IC"r1 is called the elastic-plast'i c matrix and is

exDressed as

IceP1=[ce]-tcPl

i n whi ch ICe] i s the el asti c matri x and

iCPl i s the p'l asti c matri x.

Equatjon (3. l4) indicates that the plastìc deformation

reduces the strength of the materì al by reducÍng the

magni tudes of the parameters i n the ICe] matri x.

To derive the ICup] matnixu it is necessary to obta'in

both the slope (H') of the tangent to the effective stress

effective plastic strain (o -;P) curve, and the flow rule



4?

descriptìon of the differential changes in the plast'ic strajn
component {¿eP} as expressed in equatjon (3.g). It js

apparent from Fig. 3.2 that

H'd;P = dõ

i n lvhj ch effectj ve stress o and effecti ve pl asti c straj n

i ncrement d;P u". defined as:

(3.r5)

-?r'¿o = (ä oì¡ oij)

= * [(oxx - orn)'o oi* o ol, + a olr)>" (3.16)

de-P= f å o,T¡ o,!, )u.

= + i(¿rl* - dely), + (¿.lv - d¿pz)z

- '. D o ), + 6 de?zl\+ \deiz - d.i* xy- ( 3. I 7 )

The Prandtl-Reuss flow rule representation with isotropìc
hardening states that the pìast'ic strajn component increments

are proportjonal to the deviatoric stress components (o,)

1011, or:

{dEP} = {o'} dÀ

where dÀ is a proportjonaìity factor.

(3.r8)
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3.3.3 Isotropi c Hardeni ng Rul e.

The general yie'lding criterion which takes only the

current stress state {oi and hardening parameter k into

account, is

and ìts differential form is:

rF | 
^rdF={Ë;} {do} +Ëi dk (3.20)

Equati on ( 3.20 ) can be expressed as fol I ows when the

pl astì c stra i ns are i ntroduced:

F ({o}, k) = 0 (3.re)

dF = r*l' ,oo, * åå ,år {¿e P} (3.21 )

substitut'ing equations (3.t2);;, (3.18) into equation

(3 .22) , one obta i ns :

T
.âF.' rnêr t().ì r rì 11\ âF . âk{*} LC"l ({¿e} - {o'} dÀ) + ãä tËt {o'} dÀ - 0 (3.22)

Solving for dÀ usjng equation (Z.ZZ¡, the follow'i ng equation

i s obtai ned:
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.Jl

Subst'i tuting

obtains:

loePì

wh ere

^r T{#} [ce] {de}

{#} [c'] {o' }
dF
ak

t âk 
'r -----_ J

OL

(? 23)
{o'}

equation (3.23) into equation (3.18), one

{o'} dÀ

{o'}

Ice] {o'}

T

]

between equati ons.

Ice] {o'} t9|lr)o'

..âF1ã-do Ice]

r¿'PrLV J

Ice] {o'} tFl Ice]' 'ðo

(3. 24)

{o'} (3.25)

(3. I 4) and equation (3.24)

(3.e0¡

(3.27)

{de}

s=

Comparison
yieids:

tcPl =

^r T
r ol Ir*r

OU

T
^1, 

I
r oK l.ì-l

o¿

(3.12),

r^ê-Lr I

df
dK

The elastic-plastic matrix IctP] can be expressed as:

IctP] Ice]

Ice] e
J

It is also shown 167l that:



^rrdrì
I 

-i 
=ov

ðF = _ ? u,ak 3 "

\¡,r Oñ ¡
- n-

T
.ðF.., .ðF.,1-t( î_r L \_JOU õU

I

-2o
¡t nt t^l"ll' "22"u12

+ uoàz

+ ^l, "22
v) o)z

(3.28)

(3. 2e)

(s. ro¡
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..-l \uu zzt

T
{ 

^t

The elastic'i ty matrix

th e form :

ô
Ic-]

v2
sym.

Thus

r^ê.
LU I ror ptane stress case takes

0

0

-V

't

2

Ice] ,*,t 3E

20 (l - v2)

^l"r I

rr^ |

"" I
(r

'l
I

and

Ice] Ice]

(nt +
'"1i oäz) (lvo),) (voi.,

(uoii + o'zz)'

- v)oiz(oìl +

(l - v)oi2(voj., +

(l -v),o ji
(3 .31 )

vL-
nlz r', .,2 \ z-tU \¡ l

vo)r)2 (oìl

nt ì"?2,
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Let

sr = u -:, 
(oir + vo)2)

s., - E (u
" (l - vt)

Q = 
E 

^lr.) "'I z" I +v ¡

^t + ñ1 \"l I "22',

9

n -¿'1U

si sl se

Sâ

sym.

(3 .3? )

(3.33)

Equation (3.31) may be expressed as:

Ice] ,t,t ttr Ice]

cç"l "3

çs-2'3
q2

J

and

^_T{#} [ce]

Substi tuti ng

equation (3"

o

TU

equati ons

2V), it can

rdF'r
dU Iojrsr o oàzSz * ZoirSrJ (3.34)

l'?

be

2e), (3" 33) and (3.34) into

deri ved that:

rcePl = E

'l -v2

v 0l
I1 0l

I -vl--r-l-J

q2
"1
<_-0

cç-1-2 s, s.
IJ-%-

çc" 2'3
Jfl

q2-3

"0

so
s-2
5;

sym.

sym.

(¡" ss)
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v'ri th

so =[õ'u, n (Si o.i I + Sz oàz + 25: oiz)

(l - E') õu + E'
FN
E.

(3.36)

in which Sl, SZ and Sg were defined in equation (S.Se¡.

3.4 Materi al Consti tuti ve Rel ati on

experjmental ly determi ned

relations of o and õ are

d f amì'ly of cont j nuous f unct'ions

E; (3.37)
1/n

E;

In the present ana'lysi s

el asti c-p1 asti c consti tuti ve

approximated by a general ize

L71 " 73f:

Ir
{r + 

|IL l'Ì

in which E =
3E

Zfi-+ vI and

[' =
3E'

where E'

"K

Lim
=ts e+æ Lt

is auxiliary stress close to

transition (as shown in Fjg.

i s a factor which determi nes

the trans i ti on .

the el ast'ic-p'lasti

3.3) and

the abruptness of
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The valuê H', which was defj ned in equation (3.13) as

H'= dõ

dðp

may be approximated by

Ht =
aãP/aõ

o¿

;l tl
rr
L¿ L

L

From equatjon (3.37), Et can

rel atí on:

be calculated by the f oì'lowi ng

n+l
Ëe

FI
F.

- -ì ñ + Ël^
_l vV . b s
Fl\
F'

aõ

(3.38)

nl n*l
ln
r
)

f-
I

f

I

'1' +

I
-IFll

I
r¡trl

)rr-t dõ

oe

{'.

r

Etr É,-A,t .r E'e
ÊN
E.

(3" 3e)
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CHAPTER 4

NUMERICAL M0DELLING 0F STABLE CRACK GR0t^tTH

4.1 Introduction

stable crack growth preced'ing fracture instab'i lity
in ductile materials may occur when the plast'ic zone size
at the crack tip is large as compared to the thickness of
the material . The prob'l em is of particular theoretical
i nterest si nce the p'l asti c zone behi nd the extendi ng crack

tip is unloaded to an elastic state, whire that portion of
the p1 asti c zone ahead of the crack ti p expands . The

vari ation of the crack tip parameters during thi s crack

extension process yieìds useful informatÍon which may lead

to a fracture criterion in the presence of large scale
yi e'ldi ng.

In order to accomplish this, proper imp'lementation

of the fracture criterion and the crack growth simulation
a'l gorithm is necessary. This chapter describes the proposed

numerical technique that simulates stabje crack growth in
the finite element model.
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4"2 Fracture Cri ter i on

The continuum equations governing the stress-strain
field near a growing crack tip may not be expected to

account for the microstnucturaì phenomenon of separation

i nherent i n the fracture process. The same i s true i n the

f i ni te el ement model'l i ng of a growi ng crack ti p, but f or

this analysis the difficulty is usua'l 1y obviated through

the use of a fracture criterion based on some macroscopic

field quant'ity. Extensive research to this point has

identified nine possìble requirements [57] which must be

ful fi I I ed by a candi date fracture cri teri on. However, an

acceptabì e fracture cri teri on sti I I rema'i ns open to di scussi on

Schaeffer et al 174J" Gavigan et al [75] and Evans

et al Ua1 attempted to measure the strai n f iel d around the

crack tip. Their results indicated that the strains af, a

smal I di stance away f rom the crack t'ip are i ndependent of
geometry and, to a jesser extent, of material. As a

consequence of this it is postulated that a rupture surface

exists as an extension of the von M'i ses yield surface 1771.

Fracture is assumed to occur when the state of strain at

the crack tip has reached the rupture surface; the

correspondi ng val ue of the effecti ve strai n i s used as a

fracture criterion. This value is calculated by numerically
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model'l i ng a stabl e crack growth exper jment. The ef f ecti ve

strai n correspondì ng to the maximum appl i ed I oad with no

crack extension is designated as the effective rupture

strain" ã- ruD.

4.3 The'Breakable Element'

The'breakable element'concept is based on the

successive reduction of the stiffness matrix of the crack

tip element during the simul ated crack growth " 0ne stiffness
reduction scheme that has been used jn the past to treat
crack propagation i n concrete structures [78] consi sted of
sett'i ng Young's modul us to zero. Another procedure lTgl used

a zero Young's modulus for the crack tip element to achieve

the singularity present in elastic crack analysis.

In 1976' Hsu and Bertels l47l proposed the stiffness
reduction scheme to model crack growth, referred to as the

'breakable element'. However, in their case study breakable

elements were s ki pped duri ng crack growth. After a simi lar
attempt to model crack growth by a simple reduction of the

sti ffness matri x [80] , the author found that the computati onal

accuracy can be' further improved by creating a pseudo nodal

po'i nt in the breakable element used in the stiffness
reduction scheme. This pseudo nodal po'int moves through the



breakabl e el ement as the crack ti p extends, produci ng

smoother crack growth.

In th'i s anaìysis breakable elements are positìoned

aìong the expected crack path (Fig.a.l(a)). The

f o'l l owi ng steps are then emp'loyed to s imul ate crack growth

i n the fi ni te el ement model at any gi ven I oad step.

Step I : Upon completi on of the stress analysìs at any

I oad step, the effecti ve strai ns i n the breakabl e el ements

are extrapolated as a smooth curve toward the crack tip
us i ng a I east squares curve f i tt'ing techni que [8] ]. The

best numeri cal resul ts were obtai ned by extrapoì ati ng the

average effect'ive strains at the centroids of the first
four elements immediately in front of the crack tip. The

di strì but j on of the ef f ect'ive strai n ahead of the crack t'ip

can be expressed as:

e(x) = ôlX3 * uZ*' + u3* + u4 (4.1)

where x denotes the distance from the crack tip along the

crack path and

al,a Z,â3 and u4 are constants derived from the least squares

analysi s of the average strai ns at the element

centroids (xl , *2" X3, tq) .
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if the extrapoiated strain at the crack tip, ðext. (ð(0.0) ),
does not exceed the ass i gned fracture cri terí on , ËruÞ. ,

.

then the stress ana'lysis proceeds with the appì icat jon of

the next I oad i ncrement.

Step 2: If ã.*t. exceeds õ"u0., the crack growth process

begins. Fig.4.l(b) illustrates schematically the start of

crack growth at load step i " The strains in the proportionai

l ength Ax of the breakabl e el ement adiacent to the c'rack ti p

(crack ti p element) are estimated to have exceeded ã.r0. .

Thus the portion Ax of the element ìs deemed to have

fractured and become i ncapable of carrying any I oad. The

amount of crack extension, AX, is evaluated by soìv'ing for

the value of x, in equation (4.1) at which ã(x) = ãrrO..

Step 3: For the next load step i+ì, the IK]e matrix of

the crack tip element is evaluated with a proportionately

reduced vol ume. The ori gi nal nodal po'ints at the crack ti p

are shifted by the amount Ax to the positions of the

pseudo nodal points, which specify the current location of

the crack tip. This nodal po'int shift changes the tBl

matri x, which i n turn reduces the IK]e matrix i n equati on

(3"4) as:

[K,]e = |. [e,]T tcl [B'] dv'
)vt

(4.2)
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where Ir']t i. the reduced IK]e matrix"

Ia'] i s the tBl matri x after the nodal poì nt shi ft and

v' i s the reduced vol ume of the crack ti p el ement.

0bvious'ly the nodal point shift in the tBl matrix results
in ìarger strain and stress increments in equations (3.2)
and ( 3.3 ) respecti veìy "

At thfs load step an additional portion, Ax', may be

found to exceed ã.r0. . Thi s i s deal t with simi 1 arìy as

outlined in step 2.

Step 4: The shifting to the new pseudo nodar points at
each load step continues so long as õ.*t. exceeds õ"r0..
when the aspect ratio of the remaining ligament of the crack

tip element reaches a critical value, the pseudo nodal points
are considered to have reached the next nodal pojnts, thereby
maintaining numerical stability. in this manner, the whole

element is gradualìy broken and simultaneously its stiffness
progressi vely reduced to and then mai nta'i ned as a zero

stiffness element.

4.4 Nodal Force Rel axati on

0nce the crack front has passed through a crack ti p

e1 ement, a nodal force rel axatì on procedure i s impl emented
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in order to redistribute the stress fie'ld previous'ly

supported by the crack ti p el ement before the el ement

breaks. The f o1'lowi ng al gori thm was devel oped f or thi s

purpose.

Step l: The nodal reaction force of the 'broken' crack

tip element (say element No" I in Fig. 4.2) is calculated

from the accumu I ated stress before the el ement breaks :

{F} = I, tBlT {o} dv (4"3)

Step 2: Si nce rel axati on occurs i n the di rect'ion normal

to the crack growth path, only the ì oadi ng di recti on

components of the reaction forces at nodes l8 and l9 as

illustrated in F'ig. 4"2 are appìied over five+ equal

incremental ìoading steps. A stress anaiysis on the whole

structure is performed wìth these nodal reaction forces,

while the external load remains constant. The increments

of dispjacements and stresses so derived are added to the

accumul ated di spi acements and stresses of the structure "

'It was found that i ncreasing the number of ì oadi ng
steps beyond five provided only a minimal improvement
i n the resul ts for a si gni fi cant i ncrease i n the
computational expense.
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Fi g. 4 "2 Appl i cati on of Nodal Reacti on Force "
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Step 3: The amount of crack extension due to the nodal

f orce rel axat'ion i s determi ned af ter the f i f th rel axati on

step usj ng the extrapol ati on scheme outl j ned j n the previ ous

section. if the extended crack tip exceeds the next nodal

point (.i .e. node 3 in Fig. 4.2)" contjnuous nodal force

rel axati on of the subsequent el ement ( i . e. el ement No. 2

in Fig. 4.2) must also be carried out. 0therwise, a further

joad jncrement is necessary in order to increase the strain

distribution ahead of the crack tìp.

In step ?" the stress analysi s for the entj re structure

requi res routi nes whi ch change the el ement sti ffness accordi ng

to the i ncrementa I theory of pl asti ci ty, s i nce the rel axati on

techni que resul ts i n simul taneously unl oad'ing of the newly

created crack surface behind and loading of the region ahead

of th.e crack tip. Thus the IK]e matrix i s calculated us'ing

the ICe] and ICep] matrices for the unloading and load'ing

el ements respecti velY.

The determìnation of element loading or unloading ìs

done i terati vel y usi ng a tri al app'l ì cati on of Step 2.

Initially all elements are assumed to contínue loadìng.

Equation (3.6) is solved and the jncremental stresses due to

the trial load step are added in the usual manner" For each

element the effective stress (õz) for the trial load step is
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compared with the effect'i ve stress (õl ) prÍor to the appl ication

of the tria'l step. The ì oadi ng and unl oadi ng el ements are

determi ned f or ôZ t öi and õZ . õ1 respectively (Fig. 4-3).

The stress state prior to the trial step is then re-

establ i shed and the crack i s extended as outl i ned above

wi th the 'loadi ng and unl oadi ng el ements now 'identi f i ed "

4.5 Compu tg-!' Code 'TEPSCA '

A finite element computer code TEPSA [7,l] (Thermal

Elasto-Plastic Stress Analysis), has been employed in th'is

'investigation for the numerical modelljng of stable crack

growth. Ihe TEPSA code was origina'l 'ly deveìoped to model

the thermomechanical behavior of CANDU nuclear fuel elements

(axisymmetric ana'lys'is)" and features linear displacement

tri anguì ar and quadri I ateral s impl ex el ements. A p1 ane stress

version following the formulations in Chapter 3 was implemented

and verified by the author with a number of case studies.

In general the numerical results from the TEPSA plane stress

versi on were i n excel I ent agreement wi th both ana'lyti caì

sol uti ons and resul ts from other computer codes. The crack

growth model l'i ng scheme as descri bed j n thi s chapter was

subsequentiy i mpl emented to form a new vers i on , TEPSCA.
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CHAPTER 5

EXPERIMENTAL TESTING PROGRAM

5"1 Introduction

Th j s chapter descri bes the experì mental testì ng program '

the ob ject'ive of which was to obtain the app'l ied stress vs

stabl e crack growth curves for center-cracked al umi num sheets

subiected to a .monotonica'l 
ly increasing 1oad. The

experjments Were conducted under both mode I and mj xed mode

'l oading cond j ti ons. In addi ti on to observi ng the crack

growth behavi or, Strai nS were measured at vari ous I ocati ons

on the speci':lens over the course of the tests.

5 .2 Experi mental Program

5.2.1 Test Spec'imens

The specimens were machined from 0.064 jn. (l '6 mm)

thick 2024-T3 alclad aluminum sheet" Thjs ductile a11oy

exhi bi ts very l'i ttl e ani sotropy i n sheet f orm. The nomì nal

chemi cal composi t'i on and mechani cal properti es are gì ven

respectì vely i n Tables 5. I and 5.2.

Two types of specimens were empl oyed, name'ly those

for the mode I and mixed mode (45o incl i ned crack)
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Tabl e 5.1

Chemical Composition of 2024-T3 Alclad Aluminum Alloy

Cu

Mg

Mn

4 "5%

1 .5%

0.6%

Table 5.?

Mechani cal Properties of 2024-T3 Al clad Al umi num Al I oy

Yi el d Strength 45 ksi (3'12 MPa)

Ul ti mate Tens i'le Strength 65 ks i (450 MPa )

% Elongatí on 18%
â/1

Modul us of Elasticity 1 0.6x1 0' ps i ( 7.3x.| 0- MPa )
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specimens. Detai I s of the shape and d'imensi ons of each

specimen are presented in Fjg. 5.1. The specimens were

oriented such that the ro'l 1i ng di recti on was al i gned

para'l ìe'l to the l oad'i ng di recti on. As wel I , they were

pnepared i n batches to mi nimi ze the effects of the

preparati on procedure of i ndivi dual specimens on the

experimental results.

A 1/4 in. (6.35 mm) diameter hole was drilled through

the center of each s pec i men . From the ho I e , two symmetri c

cuts, each 0.012 in. (0.305 mm) wide and up to 5.4 in.
(13.72 cn) long were made. In an attempt to simulate more

accurate'ly a crack in the specimen, the end of each saw cut

was then 1 engthened and tapered usi ng a fl at sharp

jeweller's file, leaving the overall'l ength of each cut

at 6 jn. (15.24 cm). It has been demonstrated that there

is I ittle difference in the fracture reistances of a

fatigue crack tip and that of a 0.001 jn. (0.0254mm) radius

crack tip [14]. Accordingly, a razor blade was subsequentìy

used to produce a 0.001 ìn. (0.0254 mm) radius at the tip
of the s imul ated crack.

5.2.2 Test Equi pment

Al I of the tests were carried out i n the Metal I urgi ca'l

Science Laboratory of the Department of Mechanical Engineeri ng,
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I oad
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wavef

The University of Man

material testi ng syst

capable of applying a

+ 55 kips (244.64 KN)

(122.32 KN), under lo

control, in a variety
1,000 Hz.

Each end of the spec

grip, which was fabrícate
recommendations [82] and

maintai n load'ing symmetry

jarvs jol'ned to a fork-lik
Each end of the specimen

24 bolts tightened to 100

adequate gri p/specimen cl

i tob

êm(

xial

and

ad c

of

ing an Instron servohydrauljc

1332). Thís apparatus is
s to a static rating of

tigue rating of + 27.S kÍps

I , strai n control or stroke

orms at frequencies up to

imen was cìamped in a jojnted

d accordíng to the ASTM R-curve

reference [83]. In order to
, each gri p consisted of two stiff
e mounti ng bol t at the mach'i ne enC

was fixed i n the gri ps by using

ft-l bs of torque, ensuri ng

amping.

Buckl ing of the centrar portion of the specimen had

been observed during preliminary testing. To avoid this
prob'lem, rigid face plates were affixed adjacent to the

central portion of the specimen. Lubrication was al so

provided between the face plates and the specimen. The

initial clamping force between opposing face plates was

onìy a few pounds, insuffìcient to alter the test results
significantly"
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A set-up of the

specimen is presented

the cl ampi ng system i

testing machine loaded with a

in Fig. S.2(a). A closer view of
s shown in Fig. 5.2(b).

5.2.3 Test procedure

The tests were performed under load control led conditionso
with the road increasing monotonicalìy fnom ze?o untir the
fracture of the specimen. A seri es of crack r ength measure_
ments were takeh over the course of each test. The machi ne
was haited at various road revers and the cnack rength was
measured using an x-y vernier microscope with a magnification
of 30x. Measurements were taken only after suffi ci ent time
had eìapsed for the crack to stabirize. Arthough most
cracks stabir ized wÍthin seconds of haìting at a particurar
load' near the instabÍ1ity condition severar minutes were
allowed for the position of the crack tip to stabirize.

A constant cross-head speed was mai ntai ned throughout
al I the tests, whi re the road-dispìacement curve was recorded
on a Riken Denshi X_y pìotter (Modeì D_tZ Bp).

Strain varues were obtained from erectricaJ resistance
strai n gauges attached at ei ght r ocations to the specimen
(Fig.5.3) tor both a mode I and a mixed mode test run.
The strain gauges used were precision strain gauges of type



72

3O"48 cm

Axis of

11.43.* --J

tu10D8 I
+

¿1//¿'/

Symmetry

u
no" 7

no.4

a

no. I

n

no" 5

I
I

no.2

t
no.3

rl

MODË n
no" E

no" 6

rl

3"8lem

30.48 cm

ll.43em

3.81 cm

Grip

,,r^;l-r,

Fi g. 5. 3 Strai n Gauge Locati ons .



?aIJ

CEA-l 3-250Ul,ri-350, manufactured by Mi cro-Measurements (M-M)

with a strain limit ofThey rruere 0.25 ìn. (6.35 rnm) long,

5%"

5.3 Experimenta I Resul ts

5.3.T Crack Devel opments

As it u,as difficult to photograph the crack profile
through the microscope duríng the test, piastic tape lvas

used to repl icate the crack path usi ng the fol 1 owing

procedure.

A small amount of acetone was fÍrst used to soften

the tape before it was attached to the specimen surface.

The tape was removed when d.y" carrying with it a replica
of the crack path. To improve the refl ecti on and contrast
of the replìca, powdered chromium was sprayed onto the tape

surface. A photograph of thi s tape was then taken through

a mi croscope.

Fig.5"4(a) is a photograph showing a rep'l ica of the

crack profile while Fig. 5.4(b) presents a closer view of
the bent crack region for a mixed mode spec.imen.

Fig. 5.5 shows a photograph of a section from a

fractured mode I specimen. As expected, the crack path

was perpendicular to the loading plane. It was also
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Fi g. 5 " S Fractured Mode i Specimen After the Test



to

observed that the crack surface through the thickness vúas

at a 45" angle to the plane of the specimen, a typical
fracture mode of thin sheet. A definite explanation for
the 45o slant fracture has not been foundo but it obviously
i s associated with the maximum shear stresses occurri ng at
the 45o angl e Í n the strip necki ng zone. Thi s mechani sm

produces a three-dimensional pl astici ty effect ahead of the
crack tip.

Fig.5.6 is a photograph of a section from a fractured
mixed mode specimen. In this specimen, the through-the_
thi ckness sl anted fracture surface produced di fferent crack
initiation angles for the front and back surfaces. However,

after a short di stance of obl i que crack propagati on , tne
crack path quickly changed to the crack path for a mode i
specimen, i.e. perpendicular to the loading p'lane.

5.3.2 Applied Load vs Stable Crack Growth

A seri es of curves of the monotoni ca1 1y i ncreasi ng

I oad pl otted agai nst stabl e crack growth 1 ength are presented

in Fig. 5.7. crack length ìn this fi gure r/vas measured Ín a

di recti on perpendi cu I ar to the 'loadi ng di rect j on . For the
mode I specimen, crack initiatÍon occurred at a stress level
of 13.8 ksi (95.2 Mpa). After approximate'ly 0.lB - o.zl in.
(4.57. - 5.33 mm) ot stabie crack growth had taken p1ace,
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unstable crack

ksi (.l48.2 MPa

initiation was

20.8 ksi (143.

at 28.0 ksi (l
(6.35 - 7.11 m

propaga

). In t
observe

4 MPa).

93.,l MPa

m) of st

These resul ts

significant amount

crack propagati on.

the mi xed mode case

case.

tion began at a stress I evel of 21 .5

he mixed mode spec'imen, crack

d at a hjgher stress level of about

Prior to unstable crack propagation

), approxìmately 0.25 - 0.28 in.

abl e crack growth had been observed.

s how that ducti

of stable crack

The amount of

was far 1 arger

5.3.3 Variation of Strain 9istributim

A pl of of the normal strai n, ryy, for the mode i

specimen under an increasing stress is shown in Fig.5.8
(for the locat'i ons of the strain gauges, refer to Fig. 5.3)

Three pairs of straìn gauges, No's I & 3, 4 & 6 and 7 & B

were each mounted at the same verti cal I ocati on on ei ther

si de of the verti cal centre I i ne of the specimen to check

the loading symmetry. The symmetric load'i ng condition was

well maintained as is evident from Fi9.5.8. In addition,

the fol lowing items were observed for the mode I specimen.

79

le materials exhibit a

growth pri or to unstabl e

stabl e crack growth i n

than that i n the mode I

(t )

gau

The normal strai n increments from al I of the strain

ges were I i near wi th respect to the appì ied stress prior
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to crack i nì ti ati on.

(?) Strain gauges No's 2 and 5, located along the vert'ical

centre I i ne of the spec'imen , di spl ayed a decrease i n the

strai n i ncrements after crack i ni ti ati on , whi I e the remai ni ng

gauges showed an increase. This can be attributed to the

fact that in the region near the growing crack the remaining

specimen 1 i gament carri es more I oad, an effect that spreads

to regions farther from the growth area. Thus the specimen

carries more load near its edges than along the centre line,
and consequently the strains at strain gauges No's 2 and 5

rwere a'lways I ower than those at the other gauges for any

gi ven j oad.

(3) Strain gauges No's 7 and I located closest to the

crack t'ip on each sjde of the symmetry line, showed the

greatest stra'i n i ncrements with the approach of the crack

tip.
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The variation of ryy for the mixed mode specimen is

plotted in Fig. 5.9. Items (l) and (2) documented for the

mode I specimen were al so observed i n thi s case. in addi ti on,

the followings were observed for the m'ixed mode specimen.

(i) Strain gauges No's l, 4 and 7" located on the left side

of the specimen, s howed h'i gher strai ns than thei r counterparts

on the right. This was a consequence of the h'ighly stressed

crack ti p bei ng posi ti oned much cl oser to the strai n gauges



on the left side than those on the riqht side"

(2) As the crack propagated, the strain values at

gauge No.8 surpassed those at strain gauge N0.7,
iatter was within the reqion of load redistribution

B2

strain

s i nce the
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6 " 1 Introduction

FINITE ELEMENT ANALYSIS, OF MODE i FRACTURE

The TEPSCA finite element computer code with the

numeri cal model 1 i ng techni que descrÍ bed i n Chapter 4 was

used in a mode I type crack case study of 2024-T3 aluminum

sheet. The numerical predictions of stabl e crack growth are

compared with those previously obtained experimental'ly.

Variations of the strains and stresses obtained during the

numerical símulation of stable crack growth are presented,

and crack tip parameters such as the crack opening dis-
placement, crack openíng ang1e, crack tip open'ing angle and

nodal reacti on force are di scussed. The chapter ends wi th a

discussion of the development of the plastic zone size.

CHAPTER 6

84

6.2 Fi nite El ement Model I i nq of the Mode I Specimen

As mentioned previousiy, there is a stress/strain
singu'larity at the crack tip. However, in this analysis

s'inguì ar crack ti p el ements have not been used, s'ince the

f i ni te el ement model 'l i ng of crack growth woul d requ ì re a

compl i cated al gori thm to mi grate the s i ngul ar el ement to the

tip of the extended crack.



in model I i ng the crack ti p usi ng non-singul ar type

elements, ìt js essential to incorporate a large number of

degrees of freedom. ll|ith this in mind and in view of the

computational costs involved, a mesh size varying gradual 1y

f rom very f i ne at the crack t'ip to coarse away f rom the

crack tip Was chosen for the finite element dl'scretization"

A finite element model of the mode I specimen is shown

in Fig. 6. I (a), with the detai I s of the refi ned mesh

surrounding the crack tip given ín Fig" 6.1 (b). Due to

symmetri c boundary conditíons, only the fi rst quadrant of

the specimen was analyzed. A total of 358 el ements were

used together with 269 nodes representing 496 degrees of

freedom. In order.to minimize the possìb'le discretization

effects on crack growth, el ements of rel ati vely smal I si ze

were distributed uniformly in the v'icinity of the crack tip.
A 'l ayer of i denti cal quadri I ateral el ements representi ng

the breakabl e ej ements was pl aced al ong the proiected crack

path. The 1 ength of each breakabl e el ement was 0 " 02 in.
(0.508 mm), that is #'uo. This fine mesh vúas capable of

producing an el astic stress concentration factor (the ratio

of the normal stress" oyy, to the applied stress, o) of

19.94 at the crack tip element, thus approaching the

theoreti cal s ì ng u 1a ri ty.
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Fig. 6"1

(b)

Finite t.lement Model: Mode I.
(b) Crack Tip Region.
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In addition to the material propertìes I isted 'i n

Table 5.2" the f ol lowing materia'l properties were al so

used in the computations, ok = 45 ksi (310.3 MPa), E' =

206 ksi (3.55 GPa) and n = 10.

6"3 Computatìon of the Fracture Criterion

In order to investigate numerÍca11y stable crack growth

in duct'i le materials underi ncreasing loads, a fracture
cri terj on must fi rst be establ i shed. The effecti ve rupture

strain, ;.^ - , was the fracture crjterion used in this' ruD.
invest'i gation, and was determined by the strain extrapolation
techn'ique previ ousl y descri bed i n secti on 4.3. The el ast'i c-

plastic stress analysis outl ined 'i n section 3.2 was performed

unti I the onset of stabl e crack growth for the mode I

spec'imen, occurri ng at the experimental'ly determ'i ned appl i ed

stress of 13.8 ksi.

Since the 'i ncremental stiffness theory was used

throughout the el asti c-pì ast'ic stress analysi s, smal I I oad

i ncrements were requj red i n order to fol I ow suffi ci ently
cì osely the stress-strai n curve of the material . A total
of 55 loading steps ranging from 0.1 - 0.3 ksi (0.69 - Z.07

MPa ) were used to reach the poi nt of crack i ni t'iati on. An

rrup. value of ll.5% was obta'i ned from the cubic strain
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extrapolation scheme using the first four breakable elements.

The effect of the finite element mesh size on ã.u0.

value was further tested for two more breakable element sizes
-1 'r

(TöO uo and 3¡O uo). As shown in Fìg. 6.2" the numerical
1study with mo uo r.sulted in ðrro. t ll.3% while the case wìth

#6 uo produced ã.u0. =11.5%. These resul ts i ndi cate that ãruo.

based on the strai n extrapol ati on scheme i s rer ati vely
insensitive to a range of crack tjp e'lement sizes, provided

that the mesh is reasonably fine to accommodate the strain
concentrati on at the crack ti p.

6.4 Prediction of Stable Crack Growth

A simulation of stable crack growth was performed by

using a value of ll.5% fo. ã.u0. in the previously described

breakabl e el ement concept and nodal force rel axatj on

aìgorìthm. Again, small load increments were utilized in
order to fol I ow the stress-strai n curve, a totar of 70

i oadi ng steps bei ng used from the poi nt of crack i ni ti ati on

unti I unstabl e crack qrowth.

Fig.6.3 shows the close agreement between the numerical

and experimental resul ts. The s1 oped part of the dotted I j ne

i ndi cates crack growth due only to I oad i ncrements. The

s'l ope decreasing (with increas'i ng crack growth) .i s exp'l ìcable
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from a phys'ical point of view, since the same load increment

should cause a larger crack extension as the width of the

rema'i ni ng I ì gament decreases. The i ength of the hori zontal

port'ion of the dotted I i ne, i ndi cati ng the amount of crack

growth due to the nodal force rel axati on , a 1 so i ncreased

consistent'ly. As can be seen from this ffgure, the f irst
ni ne el ements were broken through stabl e crack growth.

Numerical instabi'l ity was observed at the next load increment

of 21.6 ksì (148.9 lv|Pa) at which point unstable crack growth

occurred "

It was observed that the appf ied stress at the onset

of unstable fracture was about 56.5% higher than the appf ied

stress at crack initì ation. In addition, the total amount

of stabl e crack growth pri or to unstable fracture was about

7% of the ori gi na1 crack 1 ength. These factors i ndi cate

the margin of safety for ductile fracture after crack

initiation.

The numerical sens'itivity of crack growth to a change

í n the rupture strai n was tested. The appl i ed stress vs

stable crack growth curves for two ãruO. values (11% and 12%)

are shown in Fig.6.4. Crack initiation occurred at 13.5

ks'i (93.1 MPa) and instabi'l ity was observed at 21 .0 ks'i

( I 44.8 MPa ) for 11% rupture strai n, wi th correspondi ng

9¿
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values of 14.4 ksi (99.3 MPa) and 21 .9 ksi (151.0 MPa) for
12% rupture strain. Thus, these two case studies predicted

stress levels for crack initiation and 'instabiìíty within
+ 3% of those predicted using 11.5% as the rupture strain.

As descri bed i n the experimental resul ts, the fracture
mode for the so-cal I ed 'p1 ane stress' structure i s i n fact
a 45o through the thickness slant-type fracture, and is thus

a compl'icated three-di mens i onal probì em. However, as

demonstrated above, the current algorithm with the simplying

two-dimensi onal assumpti on can simul ate stabl e crack growth

and c1 oseiy reproduce the appì i ed stress vs stabl e crack

growth curve. The general 1y good agreement obtained between

the numerical and experimental results provides confirmatjon

that the numerical technìques used in this ana'lysis give

real i sti c esti mates of the el asti c-p1 ast'Í c stres s-strai n

fields occurring in the test specimens. These reasonable

resul ts were generated despi te the fact that the stress-

strain fields in the immediate vicinity of the crack tip
were not very accurate, since the small strain assumptions

meant that the large deformation producing crack tip blunting

coul d not be model I ed exactly.
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6 .5 Vari ati on of the Stra i¡ and Str ess Di stri buti ons

6.5.1 Strain Distribution

Fig.6.5 illustrates the variation of the loadîng

direction strain component,.yy, ut the eight locations

where strai n gauges were mounted on the mode I specimen "

The figure shows that the numeri cal resul ts are i n general

wel I correl ated wi th the experimental measurements . Some

di screpanci es are to be noted wíth i ncreased crack growth 
"

especially at strain gauge No's 7 and 8. This is attributed

to the fact that experimentally the crack path was not

exactly perpendÍcul ar to the 'l oadi ng pl ane, whi ch was

assumed fn the finite element analysis. In addition, there

was a slight difference between the numerica'l ly and

experimentaì 1y obtai ned crack I engths . The maximum di fference

between the experimental and numerical results is + 0.5%

before crack initiation and + 2% after crack initiation.

In thi s ana'lysis the amount of crack growth i s determi ned

by the d'istribution of the effective strain,;, ahead of the

crack ti p. Fi g. 6.6 s hows the ã ai stri butÍ on i n the break-

able elements ahead of the crack tip for the mode I specimen

immediately before and after the nodal force relaxation of

each breakable e'lement. The crack tip element attained an
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e value of approximately 12.5% before the nodal force

rel axati on . The marked poi nts 'in th i s f i gure were used

for the strain extrapolation. Looking at fixed points"

the red'i stribut'i on of the accumul ated stress f rom the

broken el ement 'i ncreases the strai n di stri buti on at each

pos'i tion ahead of the crack tip. Howevere us'ing the moving

crack tip as the reference posjtion after each nodal force

relaxation, there is a reduced stra'i n value at locations

measured rel ati ve to the crack ti p. Thi s i s a characteri sti c

of stable crack growth [18]. Thus, in order to reach the

fracture criterion, ãruD., additional load increments are

requi red to i ncrease the ä O'¡ strÍ buti on ahead of the crack

tip.

Since the ã value at the crack tip element cont'inuous'ly

increases immediately f o'l 1ow'ing each nodal f orce relaxationu

it is evident that a progressive'ly smal ler load increment
'i s requi red for subsequent crack growth. Eventual 1y, after
the nodal force rel axati on of the ni nth el ement, the strai n

distribution ahead of the crack tip is sufficient to promote

further crack propagati on without any further I oad i ncrement.

This implies that the instability conditfon has been reached.
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From the numeri cal resul ts, i t was ai so noti ced that
the element strain value in the crack line direction, exx,



was much snal I er than

The .r, value results
for the 45" slant-type

6.5.2 Stress D'i stri buti on

Fig. 6.7 shows the distribution of the effective stress,

õ, in the breakable elements ahead of the crack tìp for the

mode I specimen immedj ately before and after the nodal force

relaxation of each breakable element. Thjs figure il lustrates
that the õ distributjon ahead of the growing crack tip 'i s

invari ant with the positi on of the crack. As might be

inferred from the ã ¿istribution, the o distribution at

I ocatj ons measured rel ative to the movíng crack ti p drops

immediately af ter the nodal force relaxat jon. Howevrjr-,

comparing the ã distributíons immediately after each nodal

force rel axati on, they i ncreased consi stenly as succeedi ng

elements were broken. F'i na'l 1y the state was reached where

the o distribution immediately following the ninth nodal

force relaxation was jn fact greater than just before

the first nodal force relaxation. This again corresponded

to the instability condition.

that in the

in neck'i ng

fracture.

thickness direct'ion. e .-zz
and may be the main source
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The stress hi stori es for the three sel ected el ements

A" B and C shown in Fig.6.l are presented in Fig's 6.8
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through 6 .1 0. As can be seen i n these fi gures , the 1 oadi ng

directiOn StreSs compOnent" oyy, increases and becomes the

domi nati ng component for al I three el ements as the crack ti p

approaches . Thi s stress val ue i s reduced drasti ca1'ly duri ng

the nodal force relaxation, and approaches zeYo some tÍme

after the crack tip has passed. This certain'ly indicates a

correct s imul ati on of the crack growth process r s i nce the

tract'ion-free boundary condition imposed on the open crack

f ace requi res that the oyy val ue be zelo (assum'ing neg'l i gi b1e

devi ati on of the stress cal cul ati on po'i nts from the crack

su rface ) .

The specimen width direction stress component, oxx,

f or an el ement ahead of the crack ti p î s i ni t'i a'l 'ly tensì l e

and approximately one-hal f of the oyy va1 ue, becomes

compress i ve duri ng nodal force rel axati ons. Th i s i ndi cates

that for stable crack growth there are high compressive

stresses al ong the newly created crack surface ì n the crack

l'ine dìrection, represent'i ng a residua'l compressive stress

in a plastjca'l 1y deformed wake reg'ion.

t 0l

The shear stress component, o*y, in'itially a smal I

posi ti ve va I ue, becomes sl ì ghtly negati ve as the crack ti'p

approaches, and vani shes after the crack ti p has passed.
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A simi I ar vari ati on i n the oxx, o yy and o*y

d'i stnibut'ions has been reported by de Kon'ing et al [50] for

the p'lane stness case. This description of the stress

h'istory at particular locations on the specimen reinforces

the prev'iousiy made po'int that the el ements surroundi ng the

grow'i ng crack ti p expe¡ience essenti al ly the same stress

field as those surrounding the statìonary crack.

6.6 Vari ati on of Crack Ti p Parameters

Fì g. 6. I 1 shows four stages of the crack face profi i e

of the mode I specimen : i n the el asti c regÍme, at the

onset of crack growth, and before and after the nodal force

relaxatÍon of the first breakable element. This figure
j I I ustrates the consequences of the strai n s'ingul ari ties

associ ated with the crack f ace Þrof ì I es under monoton'ica1'ly

'i ncreasing loads. The elastic crack face has a sharp

profile, indicating the r-1/2 strain singuìarity which

domi nates at the crack tj p, whì I e the p1 asti c strai n

singularity during crack growth results in a more blunted

profì I e.
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The crack face profi les of the mode I specimen at

vari ous stages of crack growth are presented 'in Fi g. 6.12

As s hown i n thi s fÍ gure, the crack face profi I e becomes
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sharper after crack jnitiation,, SUggesting the possibiìity

of a change in the order and nature of the strain singularities

at the tj p of an extendi ng crack. Duri ng stabl e crack growth,

the crack face mai nta i ns the same profi I e 
"

Several crack ti p parameters such as the crack openi ng

displacement (C0D), crack openïng angle (C0A) and crack tip
openìng angle (CT0A) have been evaluated from the numerical

resul ts .

Fig.6.l3 shows the variation of the C0D,60, which

is defined as an open'i ng displacement at the locat'i on of the

origi na'l crack ti p. As s hown i n thi s f i gure, the C0D val ue

i ncreases .l j nearl y as the crack extends .

F'i g. 6.14 presents the variations of the C0A and the

CT0A at vari ous stages of crack growth. The val ue of the

C0A, do, is defined as

108

whe re '\"oi

4.,\"o "oi*o - -l-ã-
denotes the openi ng di spl acement at crack

i ni ti ati on and

i s the amount of crack extens'i on .

The val ue of the CT0A, o.¿, i s def ined as the angl e f ormed

between the opposing crack faces at the extending crack ti p.
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ill

Fi g. 6 .l 4 shows that the cT0A becomes constant after a

cer tai n amount of crack growth, whi I e the C0A decreases

consistent'ly. The hìgh CT0A value at crack jn'i tiatjon may

be attrì buted to the crack b1 untj ng ,phenomenon of ducti I e

material s " As poi nted out by Andersson [46] ' crack

-i ni ti ati on may be governed by the c0A val ue, and the

subsequent crack growth control I ed by the constancy of the

cT0A. Thi s constancy of the cT0A has been observed

previ ously ì n p1 ane stress analysi s by de Koni ng [50] -

Sorensen's study t59] of a p'l ane stra j n analysi s, however '

indicated that the CT0A is strain-hardening dependent'

vari ati on of the nodal reacti on

redi stri bute the accumul ated

to the surroundì ng el ements

. The F val ues are constant

ar to the resul ts Produced bY

plasticity is defined

to the Yield strength

s val ue exeeds uni tY are

zone for vari ous stages

presents the

was used to

ken element

xati on stePs

rcent, simil

[58].
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of crack growth of the mode I spec'imen. Thi s p'lastic zone

init'ia11y expands more rapid'ly in the crack line direction.
However, the maximum zone eventual'ly i s positi oned at

approximateiy 45o to the crack I ine di rection as the crack

extends "

As the crack

I oads , the reg i on

tip unloads to an

zone ahead of the

in the translation

tip while 'leaving

(that is, residual

crack t'ip. As the

over a conti nuai ly
gross pl asti c'ity.

extends under monotonical ly i ncreasing

of the piastic zone behind the crack

elastìc state, while that portíon of the

crack ti p expands. Thi s phenomenon resul ts

of the p'l asti c zone ahead of the crack

a wake of permanently stra'ined materi al

plastic deformation) behind the moving

crack grows, the p1 astí c zone spreads

1 arger area, fi nal 1y reachì ng a state of

ïhe wake of residual plasticity behind an extending

crack is direct'ly related to the stress history, ductility
and strain hardening characteristics of the materjal. For

more ductile materials, it, is ìike'ly that this wake zone will
be Iarger and the d'ifference in applied Ioad Ievel between

crack j ni ti ati on and ì nstabi I i ty greater. Thus i t may be

pointed out that the stable crack growth behavior of a material

can be attributed directly to its abiìity to form a permanently

strained zone behind an extendinq crack.

lt3
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FINiTE ELEMENT ANALYSIS OF MIXED MODE FRACTURE

7.1

The Griffith-Irwin theory described in Chapter 2 was

devel oped primari 1y for mode I fracture probl ems. However,

for eng'ineering fracture problems of a practical nature,

the ex'i sting cracks quìte often are situated at an ang'le

to the applìed load, resul ting in mixed mode+ fracture
condi ti ons. As a consequence of thi s, m'i xed mode f racture

has recently received consìderable attention from'investigators
i n the fi el d of fracture mechani cs.

Introduction

CHAPTER 7

To predict m'ixed mode crack growth it is necessary

to determine both a fracture criterion and the crack path.

Various methods may be used in an attempt to determine the

crack path. The crack path can be pred'i cted by analyzi ng

local field quantitjes ín the crack tip regÍon such as stress

strain and strain energy density. Alternat'i vely the crack

path may be predicted by analyzing the varjatìon of the total

ll5

+
ueï1ne0 tn
and mode I

this thesis as a combined effect of rnode I
I fra ctu re



elastic energy of the structure with respect to a small

extension of the crack. 0riginally these criteri'a were

proposed primari 1y to predi ct onìy the crack 'i n'i ti ati on

angl e i n the fracture of bri ttl e materi al s . However, wi th

the aid of the f i nite element method, these techn'iques have

been extended beyond the i ni tial crack t'i p regíon to pred'ict

the total crack path.

Th i s cha pter beg i ns by revi ewi ng the vari ous cri teri a

used for predicting the crack path in the fracture of

brittle materials. The feasibilìty of extending these

cri teri a to the fracture of ducti I e materi al s i s d'i scussed.

In addition, a new criterion, which is based on the effective
strai n at the crack ti p, ì s proposed . Stabl e crack growth

in a mixed mode fracture probl em i s subsequently analyzed

following the same procedure used in the previous mode I

case study.

116

7 "? Review of the Prediction of Crack Path in Brittle Material

7.2.1 Maximum Tangential Stress Criterion

Erdogan and Si h IA+¡ have anaì yzed the

jn a plate with a central crack of 'length 2a

angl e ß to the di recti on of the axi a'l 1y appl

o (Fig. 7.1). The stress intens'ity factors

c rack extens i on

, 'i nclined at an

i ed uni form stress

K. and K., for
I II
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this mixed mode fracture problem are:

,. I

Ktt

They had assumed that the crack would propagate in the

radial di rection at which the tangenti a1 stress at the crack

tip (distributed with respect to local coordinate 0) is
maximum. That is the crack propagates in the direction at
which the stress component tending to open the crack tip
is a maximum. The angle of this direction, measured relative
to the in'i tial crack line direction,'is designated as 0o

(see Fig. 7.1)" where:

oltra s'in2g

o/na sínßcosß

Kt sineo + Klt

By usi ng equati on (7 .1 ) 
"

equation (7.2) to give:
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(z.l¡

Equation (i.3) is valid provjded ß is non-zero

a tri v'ial sol uti on f or equati on (7 .Z)) . There

solutions of 0o for each given value of ß (0

sin0o + (¡ cos0o

( 3coseo

Ki and Kll can be

l) = Q

j) cotß = Q

el i mi nated from

(7 .2)

(g = Q gives

a ne two

ß < r/2);

(7"3)



one is a positive value which is valid when the app'l ied

stress i s compress'ive, and the other i s negati ve, val i d

when the applied stress is tensile. Sjnce equation (7.3)

does not contajn any elastic constants, th'is impl ies that

the j n i ti al angl e of crack growth 'is i ndependent of materi al

properties. It should be noted that equation (7.3) may also

be obtained by equating the shear stress to be zero, since

zero shear stress and maximum tangenti al stress necessari 1y

occur at the same anql e .

The maximum tangenti al stress cri teri on was veri fi ed

experimenta'l ly by l¡li I I iams and Ewi ng [85]. Mai ti and Prasad

[86, 87] used the finite element method to determíne the

crack path in a perspex sheet having either a central crack

or an edge crack. In F jg. 7.2(a) Q., is the point within the

crack tip zone at which the tangential stress is a maximum.

QQI therefore represents the djrect'ion of crack extension,

and this extens'ion occurs when the maximum tangential stress

at Ql reaches a critical value. They predicted the crack

path QQIQeQgQ+ by tracing the locus of the point of maximum

tangent'i al stress for the stress fiel d that lvas present just
prior to the onset of crack growth. Excellent agreement with

an experimentally determined crack path was -observed.

ll9



r)

ïh i s cri teri on i s based on two bas i c

the crack wi I 1 spread i n the radi al

which the strain energy density is a

the onset of fracture is determined

val ue of the mi nimum strai n energy d

2\

Kipp and sih [90] numericaiìy empioyed the minimum

strain energy densf ty crÍterion to determine the crack path
'in a brittle materjal. In this case QQTQzQsQ+.. in Fig. 7.2(a)
is the locus of the minimum strain energy density pre-
determined by the entire stress field existing just prior to
the onset of crack growth. Mau and yang t9l I determined the
crack path by using a similar procedure to that of Kipp and

Sih. In addition, they applied a step-by-step analysis to
redistribute the stress fiel d due to an infini tesimal crack
extension. At each step, the crack was considered to extend
in the direction of min'imum strain energy density (AQla2QeQ+..

in Fig. 7.2(b)). There lvas negligible difference between

these two pnocedures, with both showing good agreernent w.i th
the experi mentai 1y determi ned crack path . Ma i ti and prasad

Ie01 have reported that although the minimum strain energy
density criterion is usefur for predicting the crack path for
an internal crack, jt is unsuitable for an edge crack problem.

hvp

di re

mi n

when

ens i

oth

cti
fmu

â

ty

eses [88]:
on a'long

me and

cri ti ca I

i s reached.
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7.2.2 Minimum Strain Enerq.y Density Criterion

in numerous publ i cati ons [88 - 90] Si h has advocated

the idea that the local strain energy density factor near

the crack tip, S, should be the governìng quantity for the

fracture process. The strai n energy densi ty factor at the

crack tip can be caiculated by substituting the l^Ii 1 I iams-

irwin asymptotic stress field f?l ínto the standard formula

for the strain energy density of an elastic solid" giving:

whe re

$ = ultKi + 2ulZKtKtt + uZZRit

url

aiz

I r,
TEu \¡

sin0,^

-t 

a

l6u t'

J-lr *
I ou-'
shear

-4v
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"22

u

K

+ cos0) (r - cos0)

=?

cos0 - (r

+ l) (1

modul us

(p1ane

Thus, S is a function of the angle 0 through the coefffcients

ô; i and theref ore gives a descri pti on of the I ocal stra'in
¡J

energy density for any radiaì ray intersecting the crack tip.

_3-u- ---ï-'ffv

1\'ì'tlJ

coso) + (

( p1 ane stress )

(7.5)

+ coso) (3 cose - l)l

strain)

(7 .4)



7 .2.3 Maximum Energy Rel ease Rate Cri teri on

Hussain et al [92], and Palan'i swamy and Knauss

cal cul ated the rel eased strai n energy assuml ng a

extension of the crack at various angles to the i

crack " In order to predi ct the dj recti on of the

propagation, it is then hypothes'ized that:

1) the crack wì I I propagate i n the radi al di rectíon al ong

which the elastic energy release per unit crack

extensìon is a max'imum" and

the onset of fracture is determined by some critical

val ue of the energY rel ease rate.

2\

This criterion leads to results identical with those

obtained by using the maXimum tangent'ial streSS criterìon"

s i nce the di recti on i n whi ch the maxi mum tangenti al stress

occurs is also the d'irection causing the maximum energy

release rate. As well, the crÍterion depends on a global

energy change rather than the near-ti p fiel d val ues requi red

f or the two previous cn'iteria.

Hel I en [94] appl'ied thi s cri teri on i n a step-by-step

procedure to study the problem of fatigue crack growth with

the ai d of the fi ni te el ement method . In thi s case

QQIQZQ¡Q+.. in Fìg.7.2(b) is the locus of the maxìmum energy

release rate, computed by assuming smal I extensions of the

crack . The numeri cal ly predi cted crack path shows good
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agreement with the experimental one.

As descri bed j n the previ ous secti on, vari ous methods

for predi cti ng the crack path j n bri ttl e materi al s under

mi xed mode I oadi ng condi ti ons have been proposed. In order

to predict the crack path jn ductile materials, a minimum

ef fecti ve strai n cri teri on i s proposed . Th'i s cri teri on ì s

based on two hypotheses, which are consistent with those of

the previ ously ment'ioned cri teri a:

Prediction of The Cnack Path in Ductile Materials

(t ) the crack wi I I propagate i n the rad'ial di recti on al ong

which the effective strain obtains a min'imum value, and

the onset of fracture is determined when a critical
val ue of the m'inimum ef f ecti ve strai n i s reached "

(2)

Hypothesis (l) is justified by

crack wi I 1 propagate j n the di recti on

energy (p1 as t'i c work ) [89] , and tha t
di storti on energy. Hypothes'is (2) i s

rupture strain concept used in the mo

i n Chapter 6. l,l'ith these two hypothe

predict not only the load at which cr

al so the di recti on of crack qrowth.
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The minimum strain energy density and maximum tangential

stress cri teri a were al so consi dered for predi cti ng the crack

path in ductile material. The strain energy density in the

elastic-pìastic range was calculated as:

although included elastic-plastic work, elastic strain energy

was a univalued function of the total work. The maximum

energy release rate criterion has, howevere not been impìemented

sínce it requires excessive computational costs to calculate
the released strain energy for every angle of a given small

crack extens ion "

w=
rç
t.I o.:; oe:.
) IJ IJ

o

the vari ous proposed theories. The mixed mode experimental
specimen, wi th a 4s" incr ined crack as described in chapter
5, was model I ed usi ng the fi ni te el ement mesh i 1 I ustrated
in Fig. 7.3(a) - The details of the refined mesh surrounding
the crack tip are given in Fig.7.3(b). The radiar rines
emanating from the crack ti p are uni formly spaced at I 0

degree intervals in the 0-coordinate. since the methods

for determi ni ng the crack path requi re the di stri buti on of
fi el d va I ues at equal di stances from the crack ti p, the
finite eiement mesh was completed by imposing concentric
circular lines around the crack tip. Conditions of line symmetry

Fi ní te el ement i nvestì gati ons were performed to test

1?5

(7 "7 )
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are non-existent in the mixed mode case" and accordìng'ly

i t was necessary to model the enti re specimen.

since the effect on the crack_ path of the stress re-
distribution due to crack growth has been found to be insignÍficant

1921, this uneconomical step-by-step procedure to readjust
the crack path was not adopted i n th'i s analysì s. That i s,
it was assumed the field conditions at the onset of crack
growth pre-determi ned the enti re crack path throuqh the
specimen.

Fig. 7.4 shows the variation of the effect.i ve strain
with respect to the angìe 0 at a few selected radii from the
crack t'i p at the onset of crack growth. The crack path was

subsequently determi ned by traci ng the I ocus of the m'i nimum

value of each curve.

A s imi I ar procedure was performed usi ng the previ ousìy
mentioned criteria. crack paths were determined by tracing
the I oci of the maximum var ues of the tangential stress
distribution curves (Fìg. 7.5); the zero values of the shear
stress di stri buti on curves (F'íg. 7 .6); and the maximum

values of the work (performed on an element per un-it vo'l ume)

distribution curves (Fig . 7 .7).

Fi g. 7 .8 i I I ustrates the numeri cal 1y predi cted crack
paths together wi th the experimental 1y determi ned paths
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(see Fig. 5.6). Two experimental curves'appear since the

crack paths on the f ront and back f aces of the spec i men v,/ere

di fferent due to the fracture surface angf i ng through the

specimen thickness. The numerical 1y predÍcted

crack paths lie between the upper and lower bounds of the

experimental crack paths.

The maximum tangential stress criterion, êguation (7.2) 
"

yields a crack initiation angìe of 0o = - 53o, while the

minimum strain energy densìty criterion" êguation (7.4),
predicts 0o = - 51". Note that the negatjve sign impiies that
the crack propagation i s in a direction which is clockwise,

measured relative to the 'i nitial crack I ine dìrection
(Fi g. 7.1 ) . These equat'ions are stri ctly val i d onìy f or the

ínitiation angle of brittle fracture. However, the trend

that 0o from the maximum tangentíal stress cri terion i s greater

than 0o from the minimum strain energy densìty criterion is
evi dent throughout the predi cted crack path even for thi s
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ductile fracture. The crack path determined by the minimum

effecti ve strai n cri teri on al so provì des an accurate

prediction of the crack path.

In summary, all of the above mentioned numerical methods

for predicting the crack path produced simi lar resurts.
Howevere the ze?o shear stress criterion 'i s the simplest to



empl oy. Th i s

angìe of zero

i nterpol ati on

peak positions

method r 
1qu 

i res on1 y

s hear stress, whi ch

procedure than that

of the other curves

7 .4 Predi ct'ion

0nce the crack path was pre-determined, a finjte
el ement ana'lysi s was perf,ormed to predi ct the stabl e crack

growth behavior of the mixed mode specimen. Breakable

el ements t,úere arranged al ong the pre-determi ned crack path,

as shown in Fig.7.9. A ruptune strain of 11.5%, which was

obtained from the mode I anaìysis, was adopted here as the

fracture criterion.

Fig. 7.10 presents the numerical 1y computed appl ied

stress vs stable crack growth curve for the mixed mode

specimen, along wÍth the experìmental 1y obtained curve.

Thi s figure shows that crack ini tiation occurred at an

appiied stress of 20.6 ksi (142.0 MPa)" far higher than the

stress of ,l3.8 ksi (95.2 MPa) observed from the mode I

analys'i s. Thi s expected resul t i s due to the f act that the

component of the appi i ed stress actj ng to open the crack

faces is only a fraction of the total appl ìed stress. 0nce

the crack growth had jnitiated, the mixed mode specimen

displayed a hîgher rate of crack growth with respect to the

of Stabl e Crack Growth

the determination of the

is a more accurate

requi red to estjmate the

tJ5



Fig. 7.9 Finite Element Model at the il'lìxed Mode Crack T'ip.
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applied stress than did the mode I specimen. The reason

for thi s hi gher crack growth rate wi I I be dì scussed i n

the next section.

The fi rst si x breakabl e el ements were broken by I oad

i ncrements i n conj uncti on wi th the nodal force rel axatí on.

However, the seventh el ement wa s broken so1 e1 y a s a

consequence of the nodal f orce rel axati on of the s'ixth

element, that is wÍthout any further appìied load jncrement

Additíonal load increments subsequently broke the eighth

element, while the ninth element again was broken so'l e1y as

a consequence of the nodal force rel axati on of the eí ghth

element. A chaìn reaction of crack extensionswas then

ì ni ti ated when the crack growth due to the nodal force

rel axati on exceeded the ri ght-edge nodal poi nt of each

subsequent breakable element, result'ing in unstable crack

growth. Thus, ôt the i nstabi I i ty I oad of 26.3 ksì ( I 8l .3

MPa ) ã"*t. was aiways greater than ãruo. .

l38

Usìng erup. value from the mode I analysis, the finite
element analysis for the mixed mode specimen predicted the

appì i ed stress at crack i ni tiati on withi n 1% of the experimental

results and the appl ied stress at instabil ity within 6%.

The appl i ed stress at the onset of unstabl e fracture was

about 23% higher than that at the onset of stable crack



growth, with the total amount of stabl e crack growth bei ng

roughìy 10% of the initial crack length. These results
imp'ly that the m'i xed mode specimen has a sl ightly smar rer
safety margin than the mode I specimen ìn terms of the

'leak before break' concept " However, the m.i xed mode

specimen sustained much higher appl i ed stress values and

exhibited longer stable crack growth.

7.5

7 .5.1 Strain Di stributi on

Vari ati on of Strai n and Stress Di stri buti ons

Fi g. 7 .11 shows both the experimental ly and numeri ca'l 'ly

obtained variations of strain at the eìght strain gauge

locations on the mixed mode specimen (see Fig. 5.3). As

was observed with the mode I spec'imen, the two sets of
results correlate qu'ite well. Strain gauges nos. 7 and g

exhjbited some discrepanc'ies (1ess than s%) main'ly due to the

sl ìght difference in the crack lengths used in the numerical

analysis and the experimental measurement.

Fig. 7.12 shows the effective strain distribution
ahead of the growing crack tip in the mixed mode specimen"

before and after the nodal force rel axati on of each breakabl e

el ement" Because of the I ess severe strai n concentration
at the crack tip, the mixed mode specimen disp'l ays a flatter
strain profile than ihe mode I specimen and also requires a
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higher applÍed stress level to reach the fracture criterion,
;-,,^ than does the mode i specimen. Because of these twof uP.

effects the second breakable element of the mixed mode

spec'imen attained a higher strain value prior to the fracture
of the first element than did the second breakable element

of the mode I specimen. Thus, a smaller load increment than

was necessary for the mode i specimen was requìred for the

second breakable element of the mixed mode specimen to reach

the fracture cri terion. Thi s woul d account for the hi gher

crack growth rate with respect to applied stress for the

mixed mode spec'imen f oì 1owìng crack 'in jtiat'ion than that

observed for the mode I specìmen.

7 .5 .2 Stress Di stri buti on

The effecti ve stress di stri buti on ahead of the growi ng

crack tip for the m'ixed mode case at various stages of

crack growth i s presented i n Fi g. 7.1 3. As observed i n the

mode I case, the effective stress distributjon ahead of the

crack ti p drops after appl i cati on of the nodaj force

relaxation. However, the magnitude of this drop'is less than

that f or the mode I case. Thi s may be a f urther exp'lanati on

of the smaller mangìn of safety for the mixed mode case

f o'l i owi ng crack i niti ation.
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Figs. 7.14 through 7.16 present the stress histories
for the three selected elements A, B and C located at the
same posi ti ons on the specimen ( reì atì ve to the crack tÍ p )

as in the mode I case (Fig. 6.1 (b) ). These figures show

that the materi al adjacent to the crack path experi ences a

si mi I ar stress hi story as that for the mode I case. The

o,,,, stress component is the domjnating stress componentJJ

ahead of the crack ti p, and dimi ni shes rapi dly after the

crack tip has passed. This behavior indicates that the crack
growth simul ation was executed proper'ly for the mÍxed mode

anaìysis.

The o*x stress component i s rough'ly one-hal f of oyy

ahead of the crack tip, and becomes negative once the crack
ti p passes.

The o*y stress component ar so djsplays simi I ar behaviour

to that observed for the mode I analysìs. However, element A

disp'layed high shear stress after the crack tip had passed,

likely due to the geometrical influence of the dog-ìeg.
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7.6 Lqriation of Crack Tip parameters

at the

after

The profi'l

onset of

the nodal

es of the crack face j n the el asti c regime,

crack growth, and immediately before and

force rel axati on of the fi rst breakabl e
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element are shown in Fig. 7 "17. The profÍle of the crack

face in this figure is defined as the distance between the

upper and lower crack faces. This figure illustrates that

the mixed mode crack face has a more blunted profile than

has the mode I crack face.

Fi g. 7. I I presents the profi 1 es of the mj xed mode

crack faces at various stages of crack growth. The slope

discontinuity of the crack face profiles at the initial
crack tip iocation arìses due to the sÍngularity associated

wi th the sudden change i n crack growth di rect'ion at the

corner of the dog-l eg. A1 though the i ni ti al crack face

exhibits a more blunted profile in the mìxed mode case than

the mode I case, the subsequent crack growth produced profi 1 es

in the extended crack portjon which disp'layed a similar shape

for both cases.

148

The C0D, C0A and CT0A crack tip parameters are

eval uated according to the same definitions used in the

mode I analysìs.

Fig. 7.19 presents the variation of the numerically

computed C0D with crack extension for the mixed mode specimen

This figure show's that the C0D for the mixed mode specimen

i ncreases consi stently as the crack extends, atta'ining a

value slightly less than that for the mode I specìmen.

0bvi ously thi s i s due to the I ess severe stress concentrati on
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at the mi xed mode crack ti p.

The varìations of C0A and CTOA with cnack extension

are shown in Fig. 7.?0. As observed in the mode I case,

the C0A decreases consistent'ly with crack growth" After a

smal I amount of crack extension (la/ao = 0.025) the CT0A

levels off, and remains relatively constant at approximate'ly

0.073 rad'ians duri ng the subsequent crack growth " Thi s

value is roughly 10% lower than that observed in the mode I

situation.

The variation of the

crack tip element is shown

that F attains a value of

the mode I case.

From these observations on the vari ous crack ti p

parameters, the CT0A and F show promising s'igns for use as

fracture cri terj a. However, the F val ue appears to be more

independent of the type of fracture mode.
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nodal reacti on force, F, of the

in Fig. 7.21 " This figure shows

about 5,2 Newtons, the same as in

7 .7 Devel opment of the Pl asti c Zone

The boundary of

zone at various stages

s pec'imen i s pl otted i n

the numeri

of crack

Fig. 7.22

cally
growth

. /'15

computed plastic

in the mixed mode

observed for the mode
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case, the plast'ic Zone boundary translates as the craCk

extends, with the most prominent direction of development

occurring at g ry 0o. Due to the influence of the inclined

crack configuration, the upper half of the p'l astic zone was

l arger than the I ower hal f of the pl ast'ic zone '

r 55
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8.l

An experimental and elastic-plast'i c finite element

investigation has been conducted to ana'lyze stable crack

growth i n a center-cracked specimen subjected to

monotoníca11y i ncreas'i ng I oads. An improved breakable

element concept coup'l ed with a nodal force relaxat'ion

techni que was used to s'imul ate the crack growth process.

Al though nì ne d'i f f erent requi rements i ncl udi ng geometry

and computer model i ndependence have been 'i denti f ied, a

universally acceptab'le criterion for elastic-pìastíc

Conclus'ions

CONC LUS I ONS AND RECOM14ENDATI ONS

CHAPTER 8

f racture remai ns open to d'i scussion.

has demonstrated that the effective strai n val ue can be used

not only as a fracture criterion for the mode I case but

al so as a direction cri terion f or the m'ixed mode case.
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As shown in Figs.6.3 and 7.-l0, the numerical and

experimental results were in good agreement for both the

mode I and mixed mode cases. Ur;stable fracture was deemed

to occur in this analysis when a chain reaction in the crack

extension process was in'i tiated without further external

I oad i ncrements. The fini te el ement resul ts al so el uci dated

the vary'i ng distributions of the stress and strain components

The present i nvesti gat'i on



as the crack extended. Crack ti p parameters such as CT0A

and F were found to be fairly constant during crack growth

The proposed techni que has several advantages. it i s

completely generaì, so that it can be used with different
types of el ements f or simuì at'ing the crack growth. By

incorporatìng the present algorithm into any finite element

program e a gradua'l advance of the crack wi thi n an el ement

may be achieved without having to re-arrange the grid of the

finite element model . The use of the strain extrapolation
scheme allows a relatively ìarger element size in the

vìcinity of the crack tìp. Fina'l ìy the adoption of the

effectíve strain (a scalar quantity) as the fracture crìterjon
makes i t sui tabl e for al I modes of fracture analysi s.

8.2

Resul ts from thi s study were encouragi ng . Wi th thj s

experience in hand, the following reóommendations with regard

to further work i n thi s area are i n order.
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Recommendatìons

(t ) An in-depth study on the rupture strain value for a

variety of geometries would establish firmly the

vaf i di ty of usi ng õrup. as a fracture cri teri on.



.(2) Although quite complicated and

be most desîrable to develoP a

elastic-Piastic stress analYsis

permit more Preci se analYsis of

problems"

(s) A more precÍse modei for stable crack growth cou'l d

be achieved by refining both the strain extrapolation

scheme and the nodal force relaxation technique'

Further precision may be attained through the

implementation of an automatic load sel ection scheme.

expensive, it wou'l d

three-dimensÍonal

program, which would

sl ant -tyPe fracture

(4) A step-by-step ana'lysis using the nodal grafting

technique t95l would determine the crack path

under varying loading condftions.

lÃì
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Fina11y, the imPlementation of

the current program would esta

model for low-cyc1 e fatigue in

geometry su bi ected to general

creep analysis into

blish a comPutational

structures of comPl ex

1 oadi ng conditions "
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