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ABSTRACT

ïn the last few years there has been a tremendous

lncrease ln focus towards nonllnear control systems, and

the number of methods suggested to deal wlth these problems

i s r.nn'lrllrr inn-r"e¡sino

One of the most common methods, to be found 1n almost

any modern textbook dealing wlth control systems, 1s the

descrlblng function method.

Some of the suggested techniques deallng wlth non-

llnear elements lncorporating hysteretic phenomena (f.".

double valued nonllnearitles) are hereln revlewed.; and an

attempt 1s made to extend the analytlcal technlques to

physlcal elements (magnetlc cores).

A set of measurements i_s then made to determlne

devlatlons between the measured describlnq function of such

elements and the calculated one. It 1s found that the

analytlcal techniques do not, in some cases, yle1d satlsfactory
results, and therefore, it mlght be better to obtain for
symmetric multl-va1ue.d. polynomial nonllnearltles (such as

hysterests loops for magnetlc materials) speclal results for
special cases, slnce a generaÌ analysis appears hopelessly

unl,leldy.

An attempt to verlfy these concluslons 1s made by rneans

of an analog computer stuoy. A number of practical appllcatlons
for the type of elements belng studied ls then polnted out.
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CHAPTER I
INTRODUCTTON

The descrlblng functlon method of analyzhng nonllnear
',, systems ls based on three assumptlons !

(1) There ts onry one nonllnear element ln the syotem.
' (11) The output of the nonLlnear element depends only

:. on the present value and past hlstory of the lnput. No tlme-
varylng characterlstlcs are lncl-uded ln the nonllnear elementg. l

(11.1) ff the lnput of the nonllnear el-ement ls a elnusoldal
slgnal, only the fundamental component of the output 1s

consldered 
"

rndependent developments of essentlally the same method.e

were made by R. J. Kochenburger (r) ln the u.s.A., by i

L. c. GoLdfarb (2) ln the u.s.s.R., b{ A. Tustln (3) ln Great
Brltaln, by !'I. oppelt (4) ln Germany, and by J. R. Dutllh (5) 

l

1nFrance.E.c.Johngon(6)app11edthes1nuso1da1r¡ethod

lBmg.

Thedescr1b1ngfunct1onmethod.hasbeeng1ven1nmany

standard textbooks (Tr 8 airA 9), and need not be glven ln detall
here "

rnth1sthes1sweareconcernedon1yw1ththeapp11ca
l

{lonoftheFour1erdescr1b1ngfunct1onr¡ethodtosystemsw1th
hysteres1stypenon}1near1t1es,andespec1at1ytothose

lncorporatlng the magnetlc or dlel-ectrlc hysteresls phenomena. i
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When deallng wlth physlcal nonllnear elements, the degree

of success from a practlcal polnt of vlew 1s usually determlned

by the nature of the assumptlons that are made ln the attempt

to obtaln a tractable ansr,ver" However, workable sorutlons
can be obtalned wlthln certaln classes of the probrem.

For example, when the nonllnear iharacterlstlc ls
slngle valued., the lnput output reratlonshlp can be express-

ed ana1ytlcally 1n the fo1low1ng ways:

(t') as plece wise ]lnear
(rf) as a polynomlal

(fff) rr a transcendental functlon
To obtaln the descrlblng functlon for such nonllnear

elements, one needs to evaruate an lntegral whlch determlnes

the fundamental coefflclent of a Fourler serles. The derlvatlon
of certaln descrlblng functlons derlved from the plecewlse

expresslon is well known.

Those derlverl from the polynomlal expresslons are tn
the forms of gamafunctlons (B). when the nonllnearlty 1s

expressed by a transcendentar functlon., sâv¡ a segment of a

slne wave for the case of saturatlon, the correspondlng
descr1b1ngfunct1onformu1a1s1ntermsofBesselfunct1ons(B).

There are some dlsadvantages ln the analytlcal technlque
mentloned above: '
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(r) uany tlmes it ls necessary to assume unrearlstlc
approxlmatlons when the actual nonllnearlty ls nelther plece-
wlse l1near, an exact polynomlalrnor, a transcendental
func t lon

(ir) rn uslng certaln mathematlcal formulae, one 1s apt to
lose slght of the physlcaL plcture.lnvolved 1n the nonllnearlty.

However, these d.isad.vantages are comparatlvely less.
serlous 1n the case of slngle valued nonllnearltles than the
airticuttles encountered ln the case of double valued (o"
multlple-valued) nonllnearltles such as hysteresls loops and.

backlashes.

rn ad.dltlon, complexity also arlses ln the nature of
+l^^ nn^1{Lne app.lred slgnal. rf, for examÞ1e, a sufflclently large
drlvlng s1gna1 ls applled, the character of the steady state
sol"utlon usually becomes a strong functlon of the lnltlal
condltlon. Thus 1t becomes dlfflcuIt to predlct the resultant
operatlon accurately. Thls ls partlcularly true when the non-
llnearlty 1s also multlvalued, e.g", the B-H characterlstlc
of magnetlc materlal.

As mentloned prevlously, the purpose of thls thesls 1s

to revlew some of the most common technlques whlch are used.

to derlve the descrlblng functlon for double valued nonllnear-
ltles and to polnt out the d.evlatlons 1n actual results whlIe
deallng wlth physlcal elementsr âs compared to theoretlcal
results whlch were obtalned under the assumptlons mentloned

later.



4

Chapter II outllnes some of the technlques used to
evaluate the descrlblng functlon for double vaLued nonllnear-
ltles, and polnts out some consi-d,eratlons that should be

taken lnto account wh1Ie deallng wlth physleal- nonllnear
elements

chapter rrr presents the theory of magnetlc matertals
1n order to evaruate the approxlmatlons whlch wene used to
represent hysteresls loops

chapter rv dlscusses some attempts whlch were made to
eval.uate the descrtblng functlon for nonl-1nea:r erements ln
more complete,form.

Chapter V lnvestlgates the actual behavlour of hysteresls
type elements (magnetlc cores) by a serles of expeirlments. An

attempt to verlfy the results thus obtalned ls made through
the use of an analog computer etudy.

Chapter VI presents practlcal appllcatlong and concluslons
of thls work.



.ì:; t;.:

CHAPTER IT

TECHNIQUES CONCERNTNG THE DERTVATTON OF THE DESCRTBTNG

FUNCTTON FOR DOUBLE VALUED NONLINEARTTIES

Thls chapter presents Bome of the technlques whlch are

used whlle deallng wlth multl-vaIued.nonllnearltles. An

evaluatlon of these methods ln vlew of experlmental results
ls made later

ïï.1 Çources of Hysteresls 1n Control Systems

Conslder a slmp1e electromechanlcal Bervo controL

system as shown 1n Flg. 2.I.

Flg. 2"L¡ Baslc components of a slmpLe control system.

(r)
( rr)
( rrr)
(rv)

The baslc components of thls system are¡

the error senslng unlt
the controller ampllfler unlt
the motor

the output coupllng unlt,
one or more of these unlts generalLy has a hysteresls-

nonllnearlty, whose sotrrce could be:

Coupllng

Feedback
Element

type
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(i) Backlash 1n the output coupllng unlt.
( rf) The controller ln a contactor system whlch lncorporates
a contactor, e.9., â blpolarlzed (electronagnetlc) reLay,
possesslng hysteresls.
( rrr) rretc controrled erectromagnetlc devlces such as

amplldyne generators ln the controLler unlt, fleLd eontrolled
- motors, magnetlc amprlflers or any other type of saturable
reactor t::ansductor, dlelectrlc amp1lf 1er, etc.

That hysteresls rnlght arlse fnom sources (rr) on (rrr)
ls evldent. Backlash ln the output coupllng produces an

heredltary eff,ect when the load has negIlglble lnertla and

damplng, equaL to or greater than crltlcaL (3).
The functlonal characterlstlcs arlslng from such a

nonllnearlty ln dlfferent cases are lllustrated ln F1gs, A.Z(a)
throush 2.2(t) .

Performance of the system shown ln Flg, z,r ls dlfflcult
to anaì.yze when more than one form of hyeteresls occurs
stmul-taneously. Analysls of lnd.lvlduaI effects of these non-
Llnearltles has' however, been made.

The frequency response approach, lfi whlch the nonllnearlty
ls replaced by lts descrlblng functlon, has been found most
convenlent for stablllty analysls of nonllnear systems.

The descrlblng functlons for double valued nonllnear
elements whose characterlstlcs are observed 1n Flgs " 2.2(a),
2.2(b) and 2,2(f) have been dlscussed ln publlshed llterature,
( to, 11 and 12) 

"
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Flg, 2"22 Most encountered

systems

forms of hysteresls

L' Lì T/

(f)

: Á+r r/, 
"1*l I

r<- Az-l

Loops ln control
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Although these functlons dlffer 1n detalled propertles, a

common feature ls the predomlnance of nonLlnear effects at'

comparatlvely small slgna1 ampll-tudes, where. a reductlon 1n

the magnltud.e of transfer galn ls produced, together wlth a

laggLng phase shlft. Both effects lncrease as the s1gnal

amplltude approaches the hysteresls wldth.

The phase lags cause the system'rs stab11lty to be

lmpalred at small st-gnal leveIs, produclng sustalned oscllLatlons

of essentlally small amplltude ln an otherwlse stable system.

In order to derlve the descrlblng functlon for the

nonll-near characterlstlcs shown ln Flg. 2,2(c) through Flg.

2.2(e), lt ls requlred that the hysteresls characterlstlcs
would be expresslble by convenlent mathematlcal relatlonshlps.
The f orrns of Flgs . 2.2(c) through 2.2(e) requlre qulte a

compllcated mathematlcal relatlonshlp (f4) to descrl-be them.

A slmpl-lflcatlon, to be found ln most of the books deallng

wlth thls subJect (8, 9,10 and 11), ls obtalned by assumlng

a hysteresls curve shown ln Flg. 2.2(f).
The analysls of thls approxlmatlon, whlch corresponds

to the shape of the hystereslg loop presented 1n Flg. 2.2(f)
1s lntroduced flrst, due to the fact that thls model mlght be

lmproved upon ln order to represent behavlour of hystenesls

loops of the types shown ln Flgs. 2,2(c), 2,2(d) and 2.2(e).
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ïï.2 Derlvatlon of Descrlblng Function for Hysteresls'Type

Nonllnearlty, Uslng a Plece Wlse Llnear Approxlmatlon

A plece wlse l"lnear approxtriratLon for a hysteresls toop

ls shown ln Flg. 2.3. The relàtlon between the lnput and the

output, Vout, ls shown ln F1g, 2.3

vout

Átv- +o)
1n

C: (b

I 'out
!-

^-Þ )K¿

'l

¡vout=K(vrn-b )

Slope = K

r*

Flg' 2.3t plece wise llnear model for hysteresls nonllnearlty"
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The equlvalent galn: "Keq'; of such a nonllnear component

mlght be gj-ven ln carteslan co-ordlnates by: Gl = C(A) + JB(A)

where G(A) and. B(A) are the normail'Lzeð. Fourler coefflclents

and may be given by:
n2l'tl

C(A) = 
"å-l 

f(A sln e) s1n e dO, 1o phase component (a.f)
ll å J

o 
"2Írl

llB(A) = #-l r(¿ sln e) cos e de, quadrature component (z.z)
lr ã J

o
In.our ov¡n case, 1f we put X=A sln U and wrlte the lntegral as

a sum of lntegrals arlslng from each segment, we get:
2fr

rfr
G(A) =# I r(e sln u) stn U dU =l¡õ J

o
U2
n-

rfII
ffifi.l K(A sln U - b) stn U du +

o- 
p¿^¡ v uv

f;_u.,
tl+1|=-t r(A_b) sln U d.U +1l A_J ¡\

u2

1T +U2

+ 1 f--Ttf-l n(o sln u + b) sln u du +
J

fT-ur
2TLU1

''f¿- # | r(a-u) s1n u du +t, î J
îl+u,

2'Íî
I+11

K(A sln U-b) sln u du. (2.3)
Zll-tJ.,
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Because of synmetry condtitons ln the shape of the wave form
æn .i nn ¡r' *. 

^Fse-Lrrg or.r! or the nonllnear element (f (U) = -f (-U) ), we can

l-ntegrate only over a half-perlod., Thus, we get:
^ .U2

¡rl^\ ¿. Iq(A/ = :¡:-l r(a sln U - b) s1n U d.U +tt¡r I

ot'/
TT -V.r
^¡2l+7-/ r(a-b) stnudu+

ltb
TT

^2 l__,.. +TT/ ic(¿slnU+b) slnudU.
\),-

17-ur

Thls can be worked oút lnto:

(2.4)

G(A) = #L,ul + u2) + å(si-n 2u, sln 2ur) * + (cos u, cos ur) +

2C, 1+ 6f (cos Uz + cos u1) 
f 

.

Referulng to Flg. 2.3 one ;" see that Ur = arc sln blr a-t
IJZ = arc sln %, Ç = (be-b) r = (.q sln U2 - b)K, b2 = A

and b = å(ba-b1)=å(e sin u2 - A s1n u1),

Substl-tutI-ng lnto (Z.S) *" get:
r

c(A) =#[:', * u2 +.,gsrn zrr, + åsln 2u

we can slmllarIy derlve the expresslon
Un2

B(A) = å /o(o sln u - b) cos u du +tt a¿
o

2 'l-u,* ffiJ C.cos U dU +
u2

^Tf2t* TÃJ K(A sln U + b) cos u dU.

îT_ü.,

s1n U,

(z.j)

(2.6),f'
for B(A )

Thus, after eamylng out the same procedure as before, we get

(z.T)
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B(A) =+ (srn2 u, s1n2 u., ).
The above expresslons for o(A) and B(A) were derlved. und.er

the assumptlon of saturatLon cond.ttlons. rf, however,

saturatlon l-s not present, then we have the condltlon as ghown

ln Flg. 2.4.

2b 

-Ì

g= (a-r )K

I

(2.8)

sro¡e

Flg. 2,4t Piece wlse llnear mod.el for hysteresls when

saturatlon ls not present.

Thus U, beeomes equal to$ ,

U1 becomes equal ^_2bto arc sln "^'
At

out

and

C becomes equal to (A-b)K.
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Let us substltute these condltlons lnto the equati.ons of B(A)

and G(A) v¡hich were d.erlved before.

The form of G(A) when saturatlon 1s present ls glven by:
tr

n/n\ -(\ .--ctÊåtT7- (ur * Uz + fsi.n 2u, + fsln 2TIù. .

Substltutlng the new relations yields:

cÁå) 
"ã# $, + $ + fsin 2u1).

The form of B(A) when saturatlon ls present ls glven.

by:.

B(A) - -K ( o 2 ,, \Sat. 1T ' 
slnz u, srnz U, )

Substitutlng the new relatlons yields:

",{å) ra"# (1-s1n2 u,.) = þ "o"2 
vr ¡ (2.10)

UsLng the reLatlons

srnur=P= [r-*l , (a. tr)

(2.r2)

(2.9)

(2.13) ,

2 z (4b_4þ1 4b(..|_b)cos ul = l-sln uI = (= - ;*i = ã ì, Ãi

And substLtutlng (2.fÐ into (2.lO) we get:
n ¡/¡ \ _4p lr*ì"t\å / sãtT,. \ ¡i /

The equlvalent gaLn ln lts absolute value ls glven byI

lo"ol =F(A)2 + B(A)1å (2.14)

And the phase shlft of the ¡¡onlfnear element ls glven by:
, \t^, B(A)EgJ(A) = etÃl- or

9ot = êrc rs Ë1*f . (2.r-5)
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It should be noted, i-hrat throughout the entlre derlvation,
the width of the hysteresls loop (b) was assumed. constant,
and that the formulae are not vall-d for A(¡, slnce then the

output is actually zero.

The equJ-valent galn and, phase for both cases

in Flgs . 2.5 and 2.6.
1s shoi^¡n

tteq/ c lx"o7,
0.8

^^/^\-'"\é/
alrv.¿+

.o.2

K=1

A)b^=2
¿

o.B

(a) o" 6

^ll

o.2

100

-10

^^O-4V

-^O-Jv
tþl'lr nO

-^o-)v

Rol

A

Lo t2

+0 T2 i4A
100

-100

n^O-aW

-30
\"/

-50"

2Lá'R¡-r'iì' ^oU

FJ.g" 2.5: Descrlblng funetion
when saturatLon occurs.
( 
") magnitud.e (n ) phãse.

Fle. 2.6: Descrlblng functlon
v¡hgn saturatlon d.oes not occur,
( u) magnltud.e (b ) pf,ur" - 

shlf t.

A7or=2
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II.3 Additlonal Methods Avallable for Determinlng The

DescrlbLng Functlon of DoubLe Valued Nonlinearltles
In thLs sectlon, less coiltmon method.s lor derlvlng the

d.escrlbi-ng functlon for hysteresls type nonllnearlty wLrl be

mentloned briefly.
II, 3. L PolynomJ.al Curve Flttl-ng Meth-od

Thls method was proposed by C. Lakshml-Bal- Ln 1960 (15).

Accordlng to thLs method, a simple transformatlon Ls advanceil

for correJ.atlng the characterlstlc of a nonl.lnear element

wlth the harmonlc content j-n l-ts frequency response to slnusoldal
1nputs.B¡raprocessofcurVef1tt1-ng,thecharacter1st1e1s
represented by a polynomlatr. The frequency response to
sLnusoldar lnputs ls represented. as a Fourler serles. Ttre

poLynomf.al and. the FourLer serles are related by means of the

slmple tnaneformatlon :

X = sln O t{X{+f (Z.tO¡

The nonltnear characterlstic ls represented. as a
polynomlal 1n x (and therefore ln sin o) bv vlrtue of equatlon
(2.lb), and. by using simple trlgonometrlc ld.entltles, lt ls
posslble to calculate tne harmonlc content Ln the response of
the nonllnear element. This method Ls llmlted only to slnusold.al

lnputs..

Although this teehnlque yf.eld.s better results ln
comparlson to other technlques, Lt ls obvious that lt 1s

useress when the wldth of the hysteresls loop ls a functlon
of the lnput slgnaI.
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TT-?-2 Gnanhic Method*r. J. È

Thls method was prcposed by Y. H. Ku and C. F. Chen in
l.962 (16) lor evaluatlng the descrlblng functlon of hysteresls

type nonllnearltles. Accord.lng to this method, a clrcle wlth

radius A ls constructed to represent slnusoidal input A sln 0,

where O = wt. Then, output contour C wlth area q and output

contour Cv wlth area 8.., are constructed.. To slmpllfy, the

amplltude of the slnusoldal input stgnal ls taken as unity.
Thê area of the lnput unlt clrcle then becomes 7I-

,$Lso: the output contour C has its area glven by
fttr

A1 =/ ttn) srn e do , (z.rT)¡,J

where f(g) d,enotes the output as a functlon of e = wt. The

ratlo of the area 4.., to the area of the unlt clrcIe ls given
^ - rn27T

by:ar=j+- =+/ tCn) sinede. (2.1g)r .rff ,,, 
g

Thus, A, ls the Fourier coefflclent for the fund.amental

slne component of the output wave f(e). slmlrârlv, the output

contour Ct has lts area glven by:
2î
n81 =/ t(n) cos € de

o-

The natlo of the area 8.., to. the area

ls glven by:

R ,Frb.., = ;L = +/ r(e) cos o do.¿ 'rr n'l

(2.l-9)

of the unlt cLrcle

\ã- .4V )



Thus, bt ls the Fourler coefflclent for the

cosine component of the output r¡rave f (e).

The amplltude of the fundamental component

put wave is given by

17*¡

funda¡rental

I
vI -

^hÁcl¡. rl¿

(Á
F't

f

the phase shift ls'glven
o^-1 (¡r)vó

f ^ I .
\ o1l

by

of the out-

(z.zr)

(z.zz)

too cannot be

functlon of

As wlth the previous method, so thls one

used. when the wld.th of the hysteresls loop ls a

the lnput slgnal.

Iï"3.3 Block Diagram Met4gd

The foIlowlng method, presented by A. K. Mahalanobl-s (rB)

and A. K. Nath is based on the fact that generally lt is
possible to specify any double valued. nonllnearlty by three

or four di-fferent entitles" These are:
(f) the amount of hysterests wldth,
(if) the number of plece wlse llnear segments along wlth
thelr slopes, and,

(fff) the saturatton Level

ïn addltlon, there may also be a dead-band wldth, as

ln the case of three posttlon relays.

For a double valued nonllnear element whlch might be

speclfled in terms of the four entltles stated, above, 1t ls
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possible to represent the'double valued nonllnearlty by a

comblnation of elements, as shown tn Flg. 2.7.

The flrst element is a dead-band type nonllnear"lty wlth

the same wi-d.th as found ln the'origlnal nonllnearlty and. the

slope of the segments ls unity.

Flg. 2.7. Resolvlng mu1tl-valued nonlinear elements lnto slngle
vaLued nonllnear elements

Followlng thls element are two branches the upper

being a sJ-mple propor.tlonal element wlth a eonstant of pro

portlonallty equal to one, whlle the lower branch glves an

output of t (ha1f the hysteresis wLd.th), the stgn being de

termlned by that of the lnput derivative. Following these

elements ls another element of the llmlter type wlth slope and,

't.t*'1 .{-4q^ 1^+r¿''ru'¡6 .¡.sv€I equal to that of the actual nonllnearity. The

dead-band and the 1lmltlng effect mlght be e1lmlnated,, dependlng

on the actual type of double valued nonllnearlty under dlscussion.

Þr'nnnntinna'ìr ¡ vì/v¡ v!v^14!

Elemeirt

Ðeadband l II ì1"1Â-vrJ,Jrvv4

lotutl
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The result ls that a double varued. nonrlnearlty, N(i), ls
resolved. into iwo simple nonlinearltles.

ÀTf {t - ì\ï /*\ , ìf (dlrldt)¡r\À/ ^t1\tl - ,:Z(.lnæt 
)

't¡Ihere both Nt and N, represent a sl-ngle varued non-

linearlty to whleh the conventional method of derlvlng the
descrlbl-ng function ls apprÍeabIe, vJhat is now need.ed. is
knowled.ge of the equivarent gains oí, two or three slngIe
varued nonrlnearitles and of the rul-es of computing the
effectLve galn of these ln series or i_n paralrel. The former
are available from the li-terature, and as to the latter, it
can be proved that the effective equlvalent galn of two non-

Ilüearlties with Lndlviduar gains N, and. N, ln the mlnlmum

R.M.S. sense ls:
Ns = N. N,-

Ié'

when they are Ln cascade¡ and.

Np=Nr+N,
when they are in paraIlei.

Thls method is lnvaruable in slmuratlng d.ouble valued
nonlinearLtLes, and also in compensatlng hysteresls effects
in control systems by simulatlng wi-th the proposed. block
dLagram a posltl-ve hysteresls whlch would, cancel the effect.s
of the usual one by connectlng it into the system (19).

ït ls readily seen that for cases ln whlch the wtdth
of the hysteresls loops depend upon the input ampIltud.e, thls
technlque has no advantage over the one proposed ln sec. rr.z.

(2 D"\

(2 .24 )

(2.25)
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II.4 Validity of Previ_ous]y Stated Ïvfethods

All the techniques d.lscussed thus far mlght yleld
relatlvely reasonable resurts when applled to certaln types
of systems f.ncorpora'cing double valued. nonlinearlties.

However, a clear dlstinction must be made as to whlch
double valued nonllnear elements the results derlved. und.er

the preced.lng technlques might be applled..

Ït l-s a common practlce in most of the avallable texts
to mentLon the phenomena of hysteresls and backlash and to
apply the same descrlblng functlon to any nonll_near element

J-ncorporatl-ng elther of these phenomena.

The word hysteresis is derived from the Greek meanlng

",to rag behJ-nd" (20). Therefore, any element whlch would.

cause the output to Iag behind the lnput mlght actually be

classlfled as a hysteretic element.

There are, however, some baslc d.ifferences among all
these types of nonllnearltles whlch do not allow us to apply
lndiscrlminately the results which were obtal_ned. under
prevlous assumptions.

comparison of a backlash characterlstlc (Fig. 2.2(a) )

wlth either one of the hysteresis characterlstlcs shown in
Flg. 2.2(c) tÌrrough Fie. z.z(e) shows that the fund.aniental

dl-fference between the two types of characterlstlcs ls 1n the
dependence of the x and y lntercepts upon the magnltucle of the
lnput slgnal and ln the presence of saturatlon effects.
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Infhile the method.s d.iscussed. thus far rnight cope with

backl-ash characterlstlcs or wlth a combined effect of baekLash
and saturatlon or any type of d.ouble valued nonlinearity having
a constant r,¡ldth.; only the first method (sec. r.r.2) and. to
some extent the fourth method (sec. rr.3.3) mlght part1a1ly .

be put to deal with a hysteresis type nonllnearity rn whlch
the wid.th of the hysteresls loop is a function of the input
sJcrnql

Due to the complexity involved. in the mathematlcal
descrlptlon of this phenomena, very few attempts r^rere mad.e to
represent the mathematical model need.ed for the evaluatlon of
the describing function for this type of nonllnearity. only
three attempts in thls dlr'ection have actually been mad.e ,
the first by L. M. Vallese (Zt and Z?) who stud.ied the effects
of a hysteresis nonrtnearrty on the operation of a second.

order servomechanism by'applying the method of Kryloff and.

Bogoliouboff to make an approximate time d.omain analysls of
the system.

Additional work d.one by A" K. Mahalanobi.s (23) as wer]
as c" B" Near and Ð. B. Bunn (24) assumed a llnear rerationshrp
betlr¡een the wldth of the hys,ceresis lgop and. the lnput signal.

These publications referred to magnetlc hysteresls as
being the most rmportant and the most encountered. type of
hysteresl-s in contror systems. Need.less to sâv, there are
also other elennents lnvolved. ln the operation of controL
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sysfems that might present the salne type of phenonena, i.e.,
diel-ectrlc capacitors and. mechanlcar transducers.

However, by analyzing the behaviour of the magnetic
eiements, one can extend ihe results to d.ifferent types of
eIe¡nents, due to slmilarities ln the nature of the involved.
Ì'ìhannmon âr--vr.v¡.^v¿¡* a

Before presenting or evaluating the aforementLoned.

pubrications, it ls necessary io revj_ew some of the propertles
of magnetic materlals ln connection wlth the theory of
\ysteresls loops.
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T}MOR]ES COI'ICERN]I{G THE BE}IAVTOUR OF

T{AG]{ET IC ¡&ô,TERIALS

This chapter presents spme theories regarding the

behaviour of magnetic ma'ce:'ials, to the extent which they

are needed for the purposes of our dlscusslon.

III.l The Magnetj-zati.on Curve

A typical magnetízaLion curve,. showing the relatlon
between B the induction and ti the field strength, 1o a specimen
'î'nir{a'lì¡r unmagnetized, is shorrn in Fig. 3"1.¡v vÀavs, rp p¡¡Vlvt¡ tl¡ I

ln the first region, the curve starts from the orlgin
wi-th flnite siope an/an ilo and rises so that lt ls concave

. upward, usually following the Rayleigh relatlon (Zj) .
\

l=/^+dri (3.1)/./u
where/,| Ls the normal permeabillty in the f ield. H, )=ff u^O

has a constant value and,y'/^ ls the inltla] permeablllty. Also,,/(J

n =//u =/oï.l ln2. ( 3.2),//l

The lnitial portlon of the crrve is said to be :"eversible

that is, the magnetLzat),on curve ts ap:oroxlmately retraced.

when the magnetlzlng field is dirninlshed.; thereby not gtvlng
rlse to a hysteresis loop"

In the reversible 'egion, lve have ffi, /" where

ßn = 1U =.uursible region.
./L/

In the second. portion of the curve" g miøhf. h,ë e õE mr-gnr oe one

hundred times larger than/r. This portion is not reverslb:le,
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i. ê. , when the f ield is dininished, r're would no longer reLl"ace

the original curve"

portion, we use the
I

rþ

ihe materlal at hand

27\

1 -__e)F = a+þH

large

Above the icnee¡ oF in the 'chlrd

gi-ven by Fröelich and Kennelly

are constants, dependlng upon

B

i

I
I

\,,

trl

-/l 

- 

JÀAT¡ J.Þ

¡

t

,t
I

t
t4^

t\;-rV 11

{

Flg" 3.t: Three sec'clons of the magnetlzatlon curve.

The coryespondence between these three reglons of the

magnetizatlon curve and the hysteresis loop is shown ln Fig. 3.2.
The process whieh occurs during 1-he magnetizatron of the

specimen may be crassifled as lrreverslble or reverslble,
according to whether or no'b the energy dlssLpated in heat ls
a relatlvery large or srnall frpction of the potentlal energy.

consid.ering these classifications, the three maln parts of the

magnetLzation curve may be identifled wlth the processes as

I'OtIOWS:
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I lt

reversible boundary dlsplacemeni,

ÍrceversibLe boundary displacemenrü, and,

reversible roiation.

-fr,11t¡n'l-ìnn -ì'a /lorrocaarrÁuv_u ua\Jtl IrJ. \rÕL1ùùgì)

Rota'i;ion

Irrevers i-b 1e
Bcundar¡r

T\{ ^^1a^^-"^n*-u )_>'rJ I(tr(;g.lltgll u

F.ctat

-co
"5 "s <o '?5 | ^ , .\rl (uersEeo.J

2q

curve and hysteresls

4

-2

-4

ç-

\r-)
.)
x

Fie " 3 "2 z Relatlon between magneil_zattori
loops lor 4-79 Permalloy.

Tr---ar¡an<-

Ê-lrlnnla¡"r¡
Tli erri ¡¡ør¡¡='a'rv Leu

I

),
e\,rer s ib 1e
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III"2 îhe Sha:oe of the Ï.{ysteresis Locp l¡Ihen ihe Applied Field

is of Low Ì.lasnitude+

An experimen'cal forrnula for -uhe initial portion of the

rnagnetization curve was given by Lord Rayleigh, and was

previously presenied in section IIï.1"
From (:"f ) we cafi see that by this formula þ=y' T,'hê'" Tr- -'"'---./- / o

becomes zero. A typieal relation betweenland H is shovrn in
Fig. 3.3. Lt..r'

¿w

Oersted

Flg" 3.3: Variation of permeabi-lity v¡i-th the applied field.

One of the questions to be answereC v¡hen deriving ihe

describlng function is: what are the shapes of hysteresis

loops for lov¡ excitations, and hor,.r d^o they shrink when the

field.. ls dlminished?

Raylelgh proposed a irodel- which quite agr.ees with
experinrents done later by Ellwood. (28),
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Accordlng to RayleigÌr, the hysieresis roops fcr 1ow

excltation are l-n the shape of parabolic segments. Thls {

parabol-a can be reìcresenteo by a straighi line with posittve
õaì-r.-fCrnrinn +ì^-,vv¡¿veur\Jr.¡ r,..,r '6he upper branch and. negative correction for
the lower one. The corrective terms must be equal to zero at
H = = H* , vrhere H, is the ¡:raxj-mum amplitude of the applied
fie1d" Also, the inltial slope of the parabolic curves as
they 'r eave the iips should b"y' -- ihe same as the lnltial slope
of the magnetizatlon curve. unoer these assuniptlons, it
Íoiiov,¡s t]nai
g =7-t*H. + K( n^,-tf ), I < <l

wherey'o =y'o o lH^, ancr K is a proportionaltty cons tant.
fn o:"der to evaluate K, r^re take the d.erlvatlve of. B wrth
t4êqlrêÊ 4- 1-¡ lJv vv ¡tJ

# =,p*-zKzt (:.+¡
For I{={n, we requlre that the siope of the upper branch wlll.be

,ru,, - 2Kfh., =/o../
¡Tho--,¡.1.n-ao

v¿ vJ

'r r:i - 1¡^r =/\_#_ ,ar|i,;,

ano the general equation would. be:

B = /lfxTr 
rry (n*2

- -111
-Hl

Recal1 il"=y -r
-- /- H^- = fro o Jn*,

and by substltutlng it into (S.0¡, we get

(J.OJ

ñ | ll\r^
/v (a .z\
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TÌre sJ_ope of the iower branch is
aB r, \-- \--
q;]l =,/Jo + Vr=m - Vl-j¡

ana Lt ts easi1y seen -r,hat for pr=

\\.'
,/Jo 

r,- ìq,, -r ì,.å, =,/o + a)nn,.

ïII. 3 Rejs.l-dua1 Indu.ction

Under the foregoing
ñ t lt l-- \ 2-a - lþ,- :- {rL) Ii-r írJì lFi/ v iIt/ --. 

¿àí 
t' 

rn
S.o i'r -ì n æ If-^ ..vvvwrrrö rr_v -r-nto the abcve\\ttrVrr.-

'a¡-lì-1

This is shown 1n Fig. 3.4.

this

â q ct¡mn'{-{ n:r a oevvq¡¡¡¡/ v¿V¡rD.

ñ¡

expressionr.hre get

H
m

sl one rr7^rr'i ¡l ?ros¿vyv YYvu¿g u(- êatìrâ1 Jrn
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ïfT.4 The Ccercive tror.ce Q4Êer the Foreeci Assu.n 'û ions
Setting B:O in the

0ranch (see equation\\\
JH.) H.. - -9- tu 2

\: '¿ \n-
¿

, tlt \---r- (l,r^ + rJH ) ltlvfn.C

above model.

Ìoop for lov¡

gener,al equation,

\fl=uJ

accord_ing to the

f_
¡i'neoretical curve
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ITI.5 Appr"cxlmation for Sinall Signal Inpu.t
' For very smal1 locps, i.e" for a \/êì4\r lnr^r H wev ei,y 1ov/ ñ¡¡r we

mL'¿':. also use the fcllowing ap.Ðr.oxirnation:

TÍ ;i 1¿ /J)',
n:ì \./-- , the loop becones very narrcv/, -r,hen the relation\ì

v
J^'o'¡r'raon -H o-d B-. is eiven by'che slcpe of the axi's¿-à." that*".. ,.c gL:

B- r--2'? rT{- '/ì ar q 
- 

¡ t¡t'%IP :ia.-....5: Y iil t) aa--c 
/l'x' - --,¿ç " (J.II)/T

Tlre reason for this approximatior: is shown ln Fig. 3.6.

(s.ro;

^ah-tcr < rì.*IÕ.J.vo and I{c for small signal_ lnput.



Experirreniqi Tests cf p,ayl-e1 s Assu.np-û1ons

-ìal

_L il"o

Since ftayieighrs expe:'irrrents, ,che most careful
nieâsurernents on the size and shape of hysteresis loops anC" also
on 'cne /,|and i{ curves we?e cone by Ellviood. (2g). Thè shape- \-- / -

of the i-oops thus obtained rvere sc¡nel^¡ha'u different, but lvithin
tlie rimits oi experinental- er?ors. comparlson beiween

Ellwoodts results and Rayteigh's resurts are shown in Fig. 3.5,
1.\ ')\)
u. lJ.

ITI"7 The Relation Between Coercive

and The A.oplled Field
From the theory presented thus far, r^/e can conclucle

t'nat, in v¡eak fields, 'rhe coercive force and. resldual induction
are p"oportional tç the square of the maxtmum field. streneth)
tt - t,,Ho " ( See Sec " III" 3, p.2tj )

llowever, in strong field,s, they approach limlting
values which are callec "i'Ìre coercivf i;y" and ',The Retentivlty',.
An exhaustive set of experinents d.one by sanford and cheney
(29 anci 30) ittustrates that the curves shcwing the relation
be'clveen H^ (the coercive force) and H.--; and. B_^ (the rernnantc ---- --'ri]'r r'
Íncuc-f ion) and }I* are sirnilar io the normal magne tLzatlon
ntt-Ê\¡ê

or diffe-rence betv¡een the above ¡nenttoned cu.rves

Force Residual Induetion

and the norrnal rnagnetizat,ion q-q¡ve is that 'bhey star.t frcrn ¡1re

n-r,'i o'i n
v¿ *ê 

-:¡
v¿ith an initiqi sicpe equ.ai tc zero, while the

i zat ion cu.r"ve starts v¡lth slope equal iotUo.

!IC U-
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l-t.t gIII.8 The Influence of ]¡iorki Fre on The Shape oí
liysteresls Loop

so far, no attempt has been made to take frequency into
account when deriving thd descrlblng function for nonllnear
magnetlc or dielectrlc elenents.

rt ls a well known fact -vhaf, losses ln such materlals
lncrease .rapldly wlth frequency, and also that sald losses
qÞê nr¡nnø{-rcnal to the areâ traced by the B-H (or D-E rvhereì/¡ v¡/v¿ vrv^¡oJ- vl'¡ u¡¡y dL lne r5_.ll \ Of IJ

lJ is erectric dlsplacement, and E ls the f 1eId strength)
characterlstlcs of such materlals. This fact suggests a
relailon betv¡een the frequency of the applled, signal and the
width of the hysteresls loop (whlch, of course, ls proportlonal
to the area of the 1oop).

Although there are many experlmentar formulae relatlng
losses ln the core to frequency \ZT and. JO), no expresslon
relatlng the wid.th of the loop to the frequency ls avallable.

If we assune operatl-on l-n a constant or verj- narrow band.

of frequencles, lt is leglttmate to assume that the loop
shape would not be appreclably changed wlth frequency, thus
ellminatlng thls factor from our carculatlons.

However, whlle trylng to prredlct a Ilmlt cycle rn a

control system, one. must take lnto account the fact tnat
lnstablllty mlght occur for more than one frequency, or for
quite a wlde band of frequencles, dependlng upon the systemrs

éo.-Lrr.
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The experlmental results whlch are shown 1ater clear'ly

prcve that frequency must be accounted'for. Most texrs
concerned wl-r,h the d.escriblng functl-on d.o not dJ-scuss

frequency depend.ent non]lnearitles. Nevertheless, sometlmes,

by transformatlon of the frequency dependent nonllnearlty
lnto a frequency lnd.epend.ent nonllnearlty and llnear storage
element, one can d.erive the descrlblng function in the conven-
tlonal manner.

' The flrst step in uslng such a method 1s to determlne
how the nonllnear element behaves through frequency changês,

and thl-s, of course, brlngs us back to the problem menttoned
before.

T-II.9 Proþosed Relation Betv¡een Frequency_ and Coercive Force

ally due to the complexity lnvolved in such measupements, and

their purpose ls to pnesent the probrem rather than soLve it.
rt ls well known t]nat losses In magnetlc material_s are

mainly due to two factors:
( 1) rron losses were given experlmentally by stelnmetz as
ï¡I - f¿ *-ff û 

'.',*h = KhÏllm watts, where Kn ls the characteristlc constant of
the core, f ls the frequency, B* maxlmum lnductlon and n the

varles between l-.5 and 2.

are glven experimentally by

another characterlstlc constant.

experlmental

\¿)

factor

current
r.r¡ t.l- -Wé U t/Þ .

whlch,

losses
V {ô
^te rù

The following d.erivatlons were not checked experlment-

^2^ 2le - flel' öm
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The total losses due to both factors would therefore
't^^.

\^it = W¡+P" = KnfB*n + K"fz"*t.

lTn^n) ',
"' J_

(3. f4 ) :,:,'..',:',,'.

Thls varue should be pro;oortlonar to the area of the.

hysteresls loop. The area of the loop may be found by
evaluatlng the lntegrat S - /eOU. (3.I5)

usually, graphlcar rJtiroas are used. to evaluate thls
j-ntegral; however, an approximate mathematlcal formula might
be derlved (Se and 33) by harmonl-c analysls.

For exampre, the hysteresis loop can be represented. by
the foIlowlng paramdfu"1ç equatlons:
ñ
u - Dñ ùJ-II WU¡¡r (J.ro,¡
H = HI sin wt * Hi cos wt ,,- H3 sln 3 v¡t _r_

+ n3 cos Jwt + H5 stn 5wt * HÅ cos 5wt | 2 i-/ \. \J.r¡ /

The absence of even harmonics follows from the stip_
ulatlon tha'c the bottom half of the loop be symmetrical to
flra {-an Lnl.ê .urrs uut.¡ rJ.ar-r reversed. Dlfferentiatlon of (3.17) and sub_

stitutlon of lt along with (S.f0) tnto (S.tS) yleIds:
S = wB* H1 frrn *t cos wt dt - wB* r{i | "r,rt wt d.t -r¡¡¡ ,l '-m --t 

Jf 3wB, n: l"in wt cos 3ivt dt - 9*B* "å frin v¡t . sin 3wi dt +

rÊ-r,êgrâti8n rrom f,- o to f, = T (*r..rlt, =r{ ) a1l terms
but the seco6d. prod.uces zero and. we are left wrth

(a rA\s = wB* 
"i/i^2 *t dr =



Rrt nnmÏr{n-1 n-DJ uulrlur-rrLng trlgonometrtcal ldentltles,
J(

tIi, might be glven as H] = V6 (H^ + tF u_r , '--o v r ^.50

where Ho, n5o and Hg6 6 represent
B = 9, B = g.5Bm ârrd B = O.B66n*.

1-1aa .'a ì.. ^v¡rç v d..L ug

-L I-Iar u\
vv.vl, \J. tY ¡

val-ues of lI correspondlng to
This ls shown ln Flg . 3.7 .

Ir

Flg. 3.7 z parameters used. to estlmate roop area.

Therefore, the area v¡ould be
c - fr t¡¡o = -i (Ho+ F 

"5o 
+ r€o.o) Bm (:.zo;

and the losses would be
ñ\'l = + (Ho+ {7. n5o * ngo.o) B* ro-B Joules per cublc (s.er¡

lnch per cycle.

Tf the 100p ls square enough (compare wlth Flg. 2.2(d,),
2'2(e) , P.7 ; and. Photo 6, for Deltamax characterlstlcs), we
can assL¡lne H.oH5o*%6.6, so that (S.ar¡ can be wrltten as

I¡I = KL'B*'H., where H" ls the coerclve force.
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'tdhen equatrng the two expresslons arrlved. at for the

l-osses for a particular value of B*, we get
W .f ,. u oZ r¡ r'K'.t' + Krf- = K.H" le >c\ .

J \ ¿ ' 
4É l

This means that the relatlon between H^ and. the frequencyc
fo¡' a partlcular lnput amplitude mrght be approxlmated by

o
Hc = af + bf'. (3.23)

Fon each lnput amplltude, one flrst has to use graph
3-1, p.33, to flnd the value of H" coryespond.lng to thj-s arr;

plltude; then, to calculate ar and, a" and. to add. the co*ectron
for f.

rt ls easrly seen that d.ue to the extreme d.lfferences
betleen the types of materlals belng used, lt becomes useless
to adopt thrs formula generally. on the other hand., the
formula shows that the frequency shour¿ be accounted for. The
only way to cope wrth thls problem ls to obtain partlcurar
results for partlcular types of nonlinear elements.
ïïI.10 Summary

From the theory presented thus far, the fo110w1ng con_
cluslons concernlng the behavlour of the hysteresls loop ln
magnetlc materlals should be noted..
(r) For row fierds the magnetrzatlon curve is approxlmately
retraced when the frerd ls dlmlnlshed., thus not grvlng rrse to
a h¡rsteresls loop.
(2) For tow fleLd.s boË

porl,lonal to g^2. . 
h H" and' B* are approxlmateJ-y pro
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(3) For low fle1ds the loop may be approxlmated. by parabollc

segments

(4) For lntermedlate fle1d,s the reLatlon between H" and. H* 
.

may be taken as llñear
(¡) There are saturatlon values for H" and,B" known as
t'coerclvlty" and t'retentlvlty" . 

,

(6) The value of H," d.epends upon the frequency and lncreases

rapldly wlth.t..""r""l tn frequency. ,

It ls obvlous that when formlng models, lt ls lmposslble

to account for all these factors togetheri

The next chapter w111 present some attempts to d.erlve

the descrlblng functlon by conslderlng some of these propertles.
As can be expected, these functions wllt yleId satlsfactory
results onJ-y where these assumptlons hold,.



CHAPTER TV

EXTENSTON OF DESCRTBTNG FUT'ICTTON TECHXIISUES TO

GENERALTZED FORMS OF I{YSTERESIS NONLTÀIEARTTY

From the theory LhaL was previously presented, it is
obvious thaL a mor.e ccmplete model for magnetlc hysteresis
shourd be used ln order to obtaln satlsfactcry rJsults. rn

thls chapter, models of hysteresis ncnlinearlty are presented,

r { naÊr'l r¡ ÞÞ^ñortlonal to The Tnput SlEna1!¡r¡vF¡ 4J ¡ r vv

The model ltserf is basicalry the same as shown in
Fig. 2.3' Þ.9, the only dlfference being that the wldth b
depends 1lnearly upon the lnput amplitude A (zs and 24).
This reÌatlon may be represented. as a stralght Ilne. (see
Ellm il 'ì¿'ró. Trtro

wldth b

m=tg4
A

loopJl rt!.'t.I: 'Ine
r.rl l-l¡ onnl.l +!r^^lry I Ull al¡¡IJJ.L L,L¿lÌC

and their va1ld1ty 1s later checked by experlments.

IV.1 Plece V,rlse Linear Mcdel in 1,rthich The 1,r/idth of

varlatlon of the width of the hysteresis
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The slope rmt mlght have any posltlve value and. depend.s

on the nonllnear element under dl-scussLon. und.er tkrls
assumptlon, the hysteresis loop begtns from a mere polnt
located at the orlgln wlth a zero lnput amplltude and expands

llnearly wlth the lnput slgnal. That thls mod.eI does not
represent the actual behavlour of magnetlc materlal can easily
be seen by cornparlng the stralght line approxlmatlon (rig. 4.t)

\ r/

wlth the curves representlng the relatlon between Hn and I]*
(Grapfr 3.1, p.33). The maln dlfferences are:

The actual curve starts wlth a zero slope, 1.e. there
ls a region ln whleh the hysteresls loop has no wld.th, that ls,
the nonllnear element actually behaves as a Llnear element
havtng the galn # =rA+ al u,

whlch ls equal to/o for H = O.

(rr) The coerclve force reaches a saturatlon value and. does

not lncrease slgnlflcantly for slgnals exceed.lng the saturatlon
Ieve1. Thls ls also ll-lustrated. ln Graph 3.1, p.33. That 1s

to sâY., the relatlon between the coerclve force and the lnput
amplltud,e ls not L1near, at least, not near the orlgln or beyond

the saturatlon knee.

" Although these faets suggest a reJectlon of the 1lnear
model, lt 1s proved ln experlnents to follow that under certaln
condltlons, there ls ample justlficatlon to alLow for the use

of thls model wlthln a certain amprltud.e. range of the lnput
slgnal.

(4.r)

LIBRÁRY
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Therefore, we v¡111 agaln adopt the model used ln
Sectlon ÏI.2, p,9, and substttute into (2.6) and (a.B) tfre
relatlon b = mA ()r p\

some doubt may arlse concernlng the legltlmacy of thl-s

proced.ure, slnce, ln the integrals whlch were derlved, ln Sec. LT.z,
p. 9, b was assumed. as constant, whl1e now lt 1s a varlable;
and that therefore the valldlty of the prevlously derlved. exp-

resslon ls not, ln ihls case, consl-stent. However, referrlng
to the prlnclples upon which the d.escrlblng functlon technlque

ls based, wê recall that tlme varying elements are not lnctuded

1n the nonllnear charactarlstlc. Therefore, i-n order to
perform the lntegratlon ln the first case, we used. the assumption

upon whlch the technlque of Krylov and. Bogorlubov is based.

that A, the amplttude, is a slow]y varylng function of tlme

wtri-ch may.be consldered to be constant.at 1ts average val-ue

over a single cycle. But, lf A ls constant, rt implies also
that b ls constant over one cycle. Hence¡ wê can modf_fy the
prevlous formulae uslng the relatlon (4.2).

Assuming that saturation does extst, we prevtrcusly

fcund. that:
c(A) = f1Fl,u2)

and

B (A)

where

ITv1 -

¡ l¡¡ rY \= r2\11tv2):

arc ,tr, þ , uz = arc srn þ,



¿+l

and
n -hì¡b.-u:u't! h -PtþE-J. k ' "2 --ï--

If we now substltute mA for b'wê get

UI = arc sln (c/Un-n), U2 : arc s1n (c/WA+m) .

Thus, the descrlblng functlon becomes

lnput amplltude A and the slope of Flg. 4.I,
nfmV¡ ¡¡¡.

(4.3)

a function of the
Jr^. +1^^+ ¡p. +u; tnat lsr

Rather lnterestlng results occurred whlle checklng the

behavlour of our mod.el when saturation ls not present. under

thls assumptlon, we prevlously had (Z.g) and (e.f3). fhese

now become:
n/n\ k f . r- 6t,-G(A) = frlarc sln (r-am) +'tt/z + * sln 2(arc sln (r-em) )1. (4.4)
p/n\ -4km t-r *\ ttt r\rr(A) =Ë (1-m). (4.5)

rt ls now evldent that thg describlng functlon lF not
dependent u,pon the lnput ampljrtud.e. That is, the d.escrlblng

functlon shrlnks lnto a polnt in the Nyqulst pLane. Thls
point changes 1ts posltlon accord.lng to varlatlons of the
slope m 1n Flg. 4.1, p. 40. Thls ls a rather lnterestlng
result whlch clearly utlllzes 'che d,lstinctj-on whlch should be

made between varlous types of hysteresls nonllnearltles
Dlgf.tal computer+i evaluation of the formurae (4.4) and

(4"s) 
"usulted tn graphs 4.1, p.4¿{', and 4.2, p.u5. The critlcal

loci for both cases ls shown ln Graph 4.3, p. U6" In obtalning
these results, the galn of the plecewlse llnear mod,el i{as, for
the sake of convenlence, taken as k:l wlth a saturatlon varue
af a-Ãv¿ v-).

tr The computer used ls the I.B.M. 1620.
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Graph 4.1, p. 44, glves the varlatlon of the descrlblng
functlon together wlth lts real part¡ lmaglnary part, and

phase, as functlons of the parameter m. The amplltude A ls ,

not present, slnce 1t has no effeet on the descrlblng functlon
1n thls range.

rt shourd be noted that when m=or we have a slmple case
of llnear galn, and the descrlblng functlon ls represented
by 1<o as can be seen from graph 4.1, p.44.r op dlrectly from
fórmulae (4.4) and (4.¡).

Graph 4,2, p,45, presents the sltuatlon when eaturatlon
does occur. The descrlblng functron now varles wlth the lnput
amplltude as prevlously shown. For any value of m, the desc_
rlblng functlon beglns from an lnltlal value glven 1n graph
4.1, p.44. The representatlon of thls value on graph 4.2, p.45
1s actually a stralght horlzontal r1ne, due to the fact that
the lndependent varlabre ls now A rather than m. As the lnput
amplltude reaches saturatlon vaIue, (tnts value depends upon

the value of m, and may be calculated by: A^^. = gU\ -

sar. r'-ñ'f )' the
galn of the nonllnear element ls redueed accordlng to the ll1us-
trated curve. rt ls rnterestlng to note that the phase shift
remalns relatlvery constant throughout amplltude changes.

Ïn thls case, by letttng m=0, we get the known descrlb-
lng functlon for slmpre saturatlon nonllnearlty wlth galn
equal to l.



4B

The results of these graphs are comblned ln graph 4.3,
p.46, whlch lllustrates the crltlcal tocl for the nonllnear
element ln the Nyqulst plane. The descrlblng functton remalns

as a polnt for amplltudes lower than the saturatlon value.

once the lnput amplltude exceeds the saturatlon value, the
polnts would move along the I1nes ln the dlrectlon lndlcated
by the arrows.

Another modeL uslng the same relatlonshlp between b ãnd

H,n mlght also be used. The necesslty for such a model arlses
because of the dlfferences between typlcal hystgresls loops

of dlfferentimaterlals. whlle the flrst model mlght adequatel-y

represent the hysteresls loop for DeltaJnax, lt does not, for
example, represent the true behavlour of the supermalloy t:oo.
The latter may be represented ln a better way by elther uslng
eIllpses or parabolae as approxlmatlons (zt, zj and 32) whlch

would yleld unwleldy algebralc expresslons,

wlse llnear approxlmatlons as shown ln Flg.
Uslng the same method as before, we

fo11ow1ng expresslons for thls mode1,: when

U1 * (sln Uf-r) cos

^/a\ -2lr\Ai = * m.s1n
'll

ïf saturatlon ls
^/n\ 2 4,.G(A) = -#l (r-*)

tt L
n/ ¡ \. -2lJ\Ai .m.

oP., by other pleee

4 .2.

arrlve at the

saturatlon ls present:
,,tur I . (4.6)

J
(4.7)U.',

I.

not present,
I

'U/z ) r-m,

we gêt:
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Flg. 4.22 Plece wlse llnear approxlmatlon for hysteresls loop.

comparlng these results wlth the prevlously derlved

expresslon, we gee that for amplltudes lower than the saturatlon
amplltude, thls model ylelds a descrlblng functlon whlch ls
also a mere polnt ln the Nyqulst prane. However, for varues

exceedlng saturatlon value, the behavlour ls somewhat dlff'erent,
see Graph 4.5, p. 5t. Because the slope of the segment O - S

ln Flg . 4.2 ls t.2mf thls model ylelds lmpractlcal results
for m>0.5. A1so, for m = O.5, thls model colncldes exactly

wlth the prevlous model, and by comparlng 4.1, p.J+4 and 11.4,

p. 50, we see that the descrlblng functlon for thls case ls
the same for both models. (fne descrlblng functlon for thls
model was obtalned from the computer as shown ln graphs 4.4

. t, -\ano +.)/.
* I¡or A.l b- .
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IV. 2 Plecewlse Llnear Ivlodel ln trnlhlch the Wldth of the Loop

Is a Nonllnear Fu.nctlon of the Output Slgnal

From the theory pi"evlously presented, we concluded

that the coerclve force behaves ln the followlng manner:

/ r \ r:r .{ ^ F^.^ ,,^-.- 1 ^. ì { .r-..r ^\1/ ¡iö 1s zero for very low amplltudes

(2) H" ls proportional to tLt for low amplltudes.

(3) 
"" 

lncreases llnearly wlth Ç for mld-range amplttud.es.

(4) H" behaves accordlng to Kennelly formulae when approach-

lng the "knee".
| -\(5) Hc depends on the frequency of the lnput slgnal.

ït ls lmpractlcal to conslder all these facts together.

ïnstead, one can try to represent the curves of graph 3.1,p.33
mathematlcally, and then substltute thls relatlon lnto
prevtous formulae. Thls partlcular type of analytlcal
representatlon permlts the utlllzatlon of known results of
nonllnear ana1ysls.

It should be noted that formula (3.f2¡, whlch may be

wrltten as H,. =
.r1-¡¡¡

;a-a_5- , 1s emPlrlcal. In addltlon, ltdo -r 9o ,trih
ccltl

falls to represent the Hc curve for negatlve vaLues of Hm.

fn order to represent these curves analytlcally, hie flrst

show that the dependence between H" and i{* (excludlng the

low values of Hn ) may be represented by an odd functlon.
Therefore, generally one could wrlte:

observe that the actual curves of H"'and. H* (Graph 3.1, p.33)

H" 3olu* - P"^t * IH^5 + (4.7)
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To slmpIlfy, we use only the flrst two terms, and arrlve at:
H lom -Brurc *'m f -"rn

Thls analytlcar representatlon ls also an emplrlcar approx-

lmatlon whlch mlght be used to obtaln the "best flt" to the

experlmental curve ln the reglon of lnterest.
The coefflclentsdanafmay be evaluated 1n terms of the

Kennelly formulae; thls can be done for a glven range of
values as an'approxl¡¡atlon. For example, r{e note:
.;-o.fl^ â^v=4.q ËææÉ

(4.8)

(4.9)

(4. ro)

tt¡¡
m

a#ì !Ivr tt
¡11

Btn
)

TlrJ-L

¡t
¡u

ln a certaln problem ls
(4.8) tr¡e value

values of4,andf,
ln1tlal slope and

two approxlmatlons

same amplltude for

the

the

From thls we see that tf IL = O, the slope w111 be I/a¡ and

lf lL = oo , the slope wlll be

dlfferentlatlng (4.8) *" have

For II,.n = O, the slope 1s(.

Also, Hc can

H. = t/aZ 
"*

posslble value

substltute for

zero. On. the other hand,

v¡ rc .)
ñ =d -3 þ-Ìl*'.*.ln I ilL

Thus, uslngd= t/az wourd gJ-ve the same 1n1tlal s1ope.

be wrltten as
w.1

c

a2 l+i
¡¡¡

the maxlmum

max.r wê can

tJ^a
-P= Hm max a2 ( a2 + b2 ç-mtÐ

Uslng these

w111 have the same

H=H max.
m
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In order to check the behavlour of the descrlblng
functlon under such relatlons betweer Ho and \.,, an exper-

lmental curve showlng the relatlon between H" and H* for K - s

magnet .steeI, as shown ln Graph 4.6 was chosen. Thls curve

was approxlmated by use of the folIowlng three reratlons:
Hc = O for qr< O.5.

H"! O.6 H* - 0.3 - 7.5. 1O-3 
"*3Hc=O.O4nr+1.6 5Jifu.

(r)

\¿)

(3)

o.5 s ! 5.'Y

(4. n)
The coefflclents for these expresslons were calculated

experlmentally to achleve the "best flt" wlth the experlmental

curve. The experlmental curve and the approxlmated curve are

shown ln Graph 4.6.

Relatlons (4.rr) were substltuted lnto equatlons (4.6

and 4./) and represent the dependence of b upon A. The results
whlch were.obtalned by the computer are shown ln Graph 4.7.
rt should be noted that any type of Hc - q" curve nlght be

applled for thls check, notlng that relatlons (4.tr) should,.

be changed accordlngly.

As may be predlcted, the d,escrlblng functlon depend.s

upon the amplltude for allreglons ln whlch the wldth of the

loop ls not llnearry proportlonal to the lnput amplltude.
By settlng H" = Q for all lnput amplltudes, we w111 agaln
arrlve at the descrlblng functlon for slngle vaLue saturatjon
nonllnear1ty.
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Although thls model ls more complete than prevlous

models, lt does not hold for the whole range of lnput slgnals,
due to the fact that the lnput ls not slnusold.aI for large

lnput slgna1s.

rn order to check the valldlty of the proposed models,

we can use elther an analog computer slmulatlon for such

nonllnearlty or actual physlcal elements.

An experlmental analog computer set-up ls shown ln

{fg. 4.3_: Analog computer set-up for slmulatlng general
forms of hysteresls nonllnearlty.

Fig.

-|X^ ^=--l"Ì.

dvi-n

uarer

r3- | -W,*-ßv...L }n f rrl -PVln-xos )+
+ (dvrn-PVrn

rr I '1 a'a
IJ Á f v¿



5T

Thls set-up can be adJusted to the shape of any of the

models prevlously used. However, from a practlcal polnt of
v1ew1t1spreferredtoperformexper1mentsonactua1e1ements

rather than on slmulated ones. For thls reason, three magnetlc

cores were chosen. The experlments are descrlbed 1n the

followlng chapter



i::::;1i:l-ì': :

CHAPTER V

EXPERIMENTAL DERTVATTO\I OF TTTÉ DESCRÏBING FUNCTTON FOR

NONLTNEAR MAGNETIC CORES

Thls chapter presents a serles of experiments rvhlch

were carrled out ln order to determlne the actual descrlblng
functlon for nonllnear magnettc cores. The d.lfference
between the actual results and the calculated I,esu1ts ls then
polnted out and the reasons for these devlatlons are explalned.
V.. I The Nature of The Chosen Cores

Three typlcar hlgh permeablllty cores were chosen for
the experlment. These cores are usually used for magnetic
ampllflers, and therefore may be found. ln nunerous lnstruments,
1.ê., lnstrument amprifiers, control relays, modurators,

voltage regulators, frequency meters, magnetometers, 1lght
dlmmers, speed control systems, etc. The materlals used for
each of the three cores were z .

(t) Deltamax. A Jo/" nrcker-lron alroy havlng a rectangurar
hysteresls 1oop. Thls materlar ls wld.ery known for lts use

ln saturable core reactors, and. partlcularly 1n magnetlc amp_

1lflers.
Heretofore, very llttle a.c. d,ata on thls materl_ar has

been publlshed. The Dertamax characterlstlcs shown ln Flgs. ! .l
and J.2 were selected. from measurements mad.e on many d.lfferent
samples, and reprèsent what may be expected as average for
Deltamax
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All ihe a.c. data was taken under condltlons of sinusoldal
exciting current wlth a peak magnetlzlng force slightly grêater
than that requlred to reach saturatlon ln the core material.
under test condltions cf slnusoldal ftux ln the core, the

h¡rs¿u"""t" loop would appear substantialLy narrower t,han those

shown. Fig. 5.f shows the family of hysteresis loops for
Deltamax measured at various values of peak rnagnet Lzing force.
comparl-son of this family of loops with the curves for 4 -79 Mo

Permalloy, shown in Fig . 5.3, merely aecentuates the rectangular-
lty of the Deltamax hysteresls 1oop.

\2) 4-79 Mo Permalloy. This arloy has found. many appllca

tlons v¡here hlgh permeablllties at mod.erate to 1ow magnetlzing
f lerds are required,. The materj-al" conslsts of approxlmately
47; motybd.enum, ''()/o nre]xel, and. the balance ls lron. slmlrar
data representatlve of tÌre average propertles cf thls a1loy
are shown in Flgs . 5.3 and ,.4 .

(3) supermall-oy. This arioy 1s crosely related to 4-79 Mc

Pernalloy in chemlcal compositlon, exhiblts the hlghest initial
and maxlmum permeabllity,of any known comrnerclally available
materlal, and has the lowest hysteresis ]oss.

The cores are of the tape wound. varlety and are readlly
avallable under the manufacturer! s designatlon of

4 rZB-s4

4 rZB -pr
anc 4168-oz

.Qlrr-ropmc I 'ì ¡rz
^¡¡q r rvJ ,

It o¡+-'(9 Mo Permalloy,

De ltamax.

The actual cores installed for testlng are shown ln photos

3 and 4rp66su" Appendlx A for techntcai. data.)
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V. 2 Set-Up of The Cores for Testing

A transfer functlon analyzer* was used ln order to
find the flrst harmonlc of the output slgnal from the core.

ThLs lnstrument operates ln u rann"" simllar to that of a

conventlonal wave analyzer, but, ln addltlon, supplles lnfor-
matlon concernlng the phase shlft between the flrst harmonl.e

component of the outpui slgnar and the lnput slgnal. 'Also,

lt incorporates an lnternal computlng devlce whlch glves

dlrect lnd.icatlon of the value of the square root of the ln-
phase component squared plus the quadrature component squared.

A schematlc of the set-up used ls shown tn Flg. 5.5, and the

actua] set-up ls shown ln Photo 1, p. 65. ¡
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V. j $ept-s, Thab May 'ne Performed

A varletr ;;;;;;*" on the cores, due to rhe
fact that a plot of B vs. ll ls not acompletrsdescrlptlon of
the magn€ti-c characterlstic of, the cores for aLl modes of
eperatlon "

rn llnear systems, Lt ls sufflclent to know the response

to a slnusoldally applied. signal ln order to determlne the
behavlour of another arbltrary wave form. However, for mag-

netlc material, the Losses are so depend.ent upon the alllplltud.e
and frequency of thed.rlvlng slgnar, that generarly, many sets
of curves of B vs. H are needed. ln order to form a clear
plcture of the magnetlc behavlour. For example, Flg. 0.6 1s

a typl-cal hysteresis loop occurrlng when the fLux denslty B

ls malntalned slnusold.al thrroughout the entlre cycle. Flg. j.T
ls a plot qf the hysteresl-s Loop when the current is matntained,
as a square wave. The 100p ln the second case appears to
have become more 'ìsquareo".

Flg. 5.62 Magnetlc hysteresls
roop.

Fig. 5.7 z Hysterests 1oop
obtalned under sguare-.wavé
current drl_ve.
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Under certaln condltlons, the current mlght have a

slnusoldal wave shape or square wave shape (compare photos

7, p. TOand 12, p. TZ).

Another example whlch demonstrates the changes a

statlc square hysteresls loop mlght undergo when dlfferent
drlvlng s1-gnals are applled is shown I-n Fj-gs. 5.8 and 5.9.

The effect of s1nusoldally applled voltage and slnusoldally

applled currênt ls evldent.

Flg. 5.ö: Loop dlstortlon wlth
slnusoLdal applled voltage.

Flg. 5.9: Loop dlstortion wtth
slnusoldal, applled current.
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Ttrerefore, whlle testlng the cores, the followrng
questlons arise:
liow ts the d.escrf.blng functron gof.ng to be measured
(a) as a ratr-o of àutput voltage to lnput voltage?
(¡) as a ratlo of frux d.ensity to lnput current?
(c) as a ratlo of output voltage to rnput current?
(d) as a ratlo of output current and. lnput voltage?

. Iþ ls obvlous that each of these measurements would yleld
cojirpretely dlfferent resurts. More than thts, at tlmes we

cannot measure certaLn types of transfer functlons due to
there not berng enough cases ln whlch we can force the current
'l-h¡arr^!a +l^^ L- r- 'r,rr..'uug' Ene core to be slnusol_dal. rn actuaL appllcatl0n, lt
is usually far from belng slnusordar. (see photos g - 13;
pp. 7r,72.)

Thus, lt becomes meanlngless to deflne a d.escrlbing
ftrnaf{nn f.an¡q¡¡vvrv¡r J.(r¿' a nonllnear element of thls klnd wlthout clearly
statir¡g for whlch type of d.r1-v1ng slgnal lt was calcul,ated.

From a practrcal vrewpoLnt, we chose the describrng
functlon for the above mentioned cores under the condltlons
of glnugol-darry applred vortage measured between the lnput
vortage and the output voltage, slnce thls sltuatr_on ls the
most frequently encountered ln actual control systems.









V. 4 Describl-ng Functlon T{easurements Under Sinusolda1

Annl i erì Voì tage -r,O Ccres

V. 4.1 Tests on 3T4178-Pl

Tests conducted. on this speclmen yielded the results
shown in Graph 5.I, p. 75. (See Append.ix .B for numerical

data. ) ft should be noted. that lt ls lmpractlcal to normalize

the input voltage wlth respect to the loop wJ-dth, slnce the

latter does hot remaln constant, but changes according to the

amplltude and frequency of the lnput slgnal as shown 1n

Graph 5.2, p. 76 . Measurement of thls curve cannot be per,
formed wlth sufficient accuracy to Justlfy normalLzation wlth
respect to the loop wldth

Normallzatlon of the input slgnal can be performed wi.th

respect to the saturatlon voltage. However, lt should be

noted that thls voltage ls linearly d.ependent upon the frequency

of the input signal as shown ln Graph 5.3, p. 77. Normallzatlon

wlth respect to thls quarrtlty 1s mad.e Later. Because the

actual resr:lt,s obt,ainecl for the cores under test cannot be

applled to any other magnetlc core, Lt was preferred. ro
callbrate the graphs in terms of actual lnput vortages. Thls

calibratlon proves extremely usefrrl in checking the results
obtal-ned by means of an analog computer, âs ln thls manner,

the amplitude of the osclllatlon may readlly be predlcted.

Graph 5.I, p. 75, preserrts the phase and magnltude

of the descrlblng funciion for three dtfferent frequencles.



T4

It may be seen that no slmilarl-ty exlsts between these curves
and the curves to be found. ln many textbooks dealing r,rlth hysteresls
type nonlinearl-t1es, (See }.ig. 2.5, p. 14).

on the other hand, there is, to some extent, agreement

between the experlmental and. theoretlcal results. comparlng

Graph 5-r, p-75 with Graphs 4.2, p. 4s and 4.4, p. 5o (whlch

were obtalned through digital cornputer calculatlons of the
thecretlcal models), lt is seen that for fluxes less than the
satlrra'clon varue, the descrlbing functlon remalns constant
ln amplltude and phase (excruding very low fields), as vras

predlcted by these models. However, over the saturation
point, the first two moders do not yield satisfactory results,
but the thlrd model (rn which the relatlon between the
coercl-ve force and apprled fleld approxlmates the actual
experlmental curve), predicts qulte slmlrar behavlour, but
not accurately enough to be used ln practicar appllcatlon.
The reason for the slmlrarlty and dlsslmlrarlty between

calculated and measured results ls given belov¡.

For low lnput signals, the input current remalns
sinusoid.al (see Photo 7, p. To), hence sattsfying one of the
assumptions under whlch the describlng function was calculated.;
whlle for large slgnals the input current ceases to be

slnusoldal (see Photos B through 13, pp. Tl and 72). Hence,

our model ls no longer varld, slnce for 1ts derivatl_on we

assumed a slnusoldal lnput slgna1.
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Concernlng the mld-range of lnput slgna1s, although the

current 1s not purely slnusoldal (See Photo L5, p.T9), there

1s st1Il reasonable agreement between the theoretlcal and the

experlmental models, that ls, the descrlblng functlon remalns

constant. The reason for thle ls lllustrated 1n Graph 5.2rp.76.
Thls graph shows the ratlo between the maxlmum lnductlon and

the coerclve force as a functlon of the lnput amplltude for
varlous frequencles.

It le seen that these curves assume approxtmately

constant values for certaln ranges. In these ranges, the

ratlo of the applled fleld to the coerclve fj.eld ls constant,

1.e.e the coerclve force changes llnearly wlth the lnput
amplltude. Examlnatlon of Graph 5.L, p. Tj, reveals that the
descrlblng functlon remalns constant only wlthln thls range.

Thls colncldes wlth the theoretlcal results.
ït should be noted that our thlrd model, eq. (4.6)and(4.7)

should be properly adJusted ln order to obtaln the best results;
that 19, the reLatlon between H. and H* ehould be as close as

posslbre to the H. vB. Ç curve of the actuâr core under test.
The effect of frequency on the propertleå or the non-

Ilnear element ls shown 1n Graphg 5.1 through 5.3, pp. T5 - TT.

One can try to normallze graphe 5.t and J,Z wLtr. respect to
frequency, 1n order to exclude the llnear frequency dependënt

elemèntr(ttre serf-lnducta¡¡ce of the coll) from the nonllnear
element.





Bo

However, as wttt later be shown, lt 1s unfortunate
that the serf-lnductance of the colL depends on lnput
amplltude and thus cannot be separated from the hysteresls
nonllnearlty

As prevlously mentloned (sectlon rr.4), a hysteret!,o
element tends to cause a rag ln the phase of the output
component. All the methods and technlques prevlously desc-
rlbed glve the phase shlft of the hysteresls element as a
la8- Thls holè true when deallng wlth mechanlcaJ. hysteresls

'and measurement of the transfer functlon 1s made between the
lnput and output poeltlons, but, ls not the case when deallng
wlth nonllnear elemento havlng characterlstlcs slmllar to those
of magnetlc cores.

A phase dlagram lllustratlng what actuarry takes place
whlIe drlvlng the cores le shown ln Flg. 5.10.

Output voltage from col1.
( Secondary)Vout

f= er,."" lead. angle.
_ïnput voltage

vlr, ( errmary¡co11.

ïnput current to coll.
Ilr, ( errmary)

Flg. 5.10: Phase shlft between lnput voltage and output voltage.
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rt ls evldent that wh1le the current lags behlnd the
lnput voltage, the output voltage leads the lnput voltage, (or,
ln the lossless,case where the colr'ls a pure lnductor 1n the
same phase aB the lnput voltage). Thus, the crltlcal locus
ls not ln the thlrd quadrant as would normally be expected,

but 1e 1n the seeond quadrant. The erltlcal Locl are shovrn

1n Graph 5.4, p. 82.

u. 4.2 Tésts on 4T4162-D2

up to thls polnt, we have seen that to some extent
both. theory and practlcal appllcatlon have been ln agreement

wlth one another, but, from thls polnt and contlnulng onward

we unfortunately flnd lncreaslng dlfferences between theor¡¿

and practlce; theoe wlll be dlscussed on the followlng pages.

The behavlour of the Delta¡nax speclmen ls shown ln
Flgs. 41, p.59, and J.Z, p.6O, as well as photo 6, p.ZO. The

results of the measurementg 1n thls speclmen are lLluetrated
1n Graph 5.5, p. 83. (see Appendlx B for numberlcal data. )

The behavlour of the descrlblng functlon for thls case

dlffers conslderably from elther the descrlblng functlon of
4-79 mo Permalloy'or the theoretlcal reeults obtalned. ln
chapter rv, becauee the descrlblnþ functlon starts from zeve,
rather than from 1ts maxlmum value, reaches a peak value, and

decreaseo agaln. These dlfferences Ile ln the characterlstlc
behavlour of the lndlvlduar speclmens under examlnatlon.
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The galn 1n the reverslble reglon Ls glven by'
dB tt 1--
ffi, =,/o + Vl-I.

That ls, for H=Or the galn Ls/o. By looklng at Flgs. 5.2, p.6O

and !.4, p. 63, lt ls seen that whlle the magnetlzatlon curve

for Permalloy has y'o x2o, ooo ( supermarloy ha>þo *,reo ,ooo)
Deltamax has an lnltlar permeablllty otl/rbxrrooo. Thls

means that wh1le the hysteresls Loop for permarloy and super-
malloy beglns to bulld up as shown ln Flg. !.11(a), the
Deltamax loop beglns as shown 1n Flg. 5.ll(b).

Thus, there'ls a range for whlch there ls no output
for a glven lnput.

,\(a) Permalloy and Supermalloy (¡) Deltamax

hysteresls loops near

-i

FJg. 5.11: Bêhav{our of the orlgln.



constant over the range ln whlch Ifu'r¡¡¿v¡¡Ë= const" that
H" = mH* (excludlng of course the reglon near the
The crltlcal Iocl for thls core are shown ln Graph

B¡

That ls, there ls a klnd of backlash effect for smalL

amplltudes, and therefore, ln the lnltlaI range the shape of
the descrlblng functlon for such cores would be slmllar to
the descrlblng functlon oerrveo for backlash, The behavlour
of thls core for lntermedlate and large slgnals 1s slmllar to
Permalloy. Graph 5.5, p. BS also presents the relatlon between
t" and \. The descrlblng functlon remarns approxlmater.y

1s,

orlgln)..

5.6, p.86.
V.5 Source edance Influence on The Derlvation of The

Descrlblns Functlon

-

rt was prevlously mentloned that for most appllcatlons,
the transfen functlon ln whlch vre are malnly lnterested should
be measuned between the lnput and output vortage.

Prevlous experlments show that when the lnput voltage
Ls slnusoldal, the theoretlcal modeJ.s yle1d satlsfactory
results (sonre types of cores o*Iy) for lnputs whrch were beyond
the saturatlon reve.l. However, magnetlc nonllnear eLements

usualLy have low rnput lmpedance (1.". generators, motors,
amplldynes, tranaformers) and therefore requlre a larger
current drlve.' rf the drlvlng generator has no lnternal
lmpedance the. lnput voltage to the nonllnear element would
remaln slnusoldal, although the current supplled by the generator



X',..

/ ,]'
{r/

t3c"
2)A.

r 2l:t
¿'ti'

---)ç-i)13:

---1'li\ I 100"
260'

q
O.''

-f.t

,r/\rr'
//:'/À



8T

ls not slnusold.al, also, no attenuatlon ln the magnltud.e of
the applled voltage would take place between the generator

and the drlven element.

0n the other hand, lf the source does have an output

lmpedance, the applled voltage would no longer be slnusoldal
due to non-slnuso1dal voltage drop across thls lmpedance.

Also, due to the formatlon of a voltage dlvlder between the

lnternal lmpedance of the source and the lnput lmpedance of
the nonllnear elen:e'n!, attenuatlon between the drlvlng and,

drlven element w111 occur.

unfortunately, the attenuatlon of thls voltage dlvlder
ls not a constant quantlty that can readlly be accounted for,
but rather changes ln an lntrlcate manner. obvlously, under

such condltlons the descrlblng functlon would. dlffer conslder-
ably from .the descrlblng functlon measured before.

The probreni ls of great lmportance 1n cases when one

td"es elther to llmlt the current through nonllnear elements

havlng 1ow le,put lmpedance by placlng a. reslstor 1n serles,
or, whlle uslng drlvlng generators of hlgh output lmpedance

ln order to obtaln slnusold.a1 current drlve.
I{hen deallng wrth control systems, one shourd be

aware that when placlng lmpedance 1n serles wlth such elements,
the stablllty of the system may be affected..

rn order to predlct operatlon under such condltlons,
a serles reslstance of 60o orrms was placed tn serles wlth the
co1ls (ttrus representlng an artlflclal source lmpedance).

Thls vaLue was chosen because lt ls a typlcal output, lmped,ance



of many standard sources. Results of these

shown on the followlng pages.

V. 5.I Tests -on 3T4tZ8-Pl

BB

experlments are

Graph 5.7, p. 89, shows the shape of the descrlblng
functlon for varloìs frequencles. (see Appendlx B for data
correspondlng to thls graph, ) comparlson wlth Graph 5.r, p. 75

accentuates the dlfferences between the two. The phase shlft
for low lnput slgnals 1s much larger than prevlously, and whlle
the previous descrlblng functlcn began from lts maximum va1ue,

it now beglns from a lower varue. The effect of frequency on

the descrlblng functtron is much more noticeable, and for lolv

frequencles the galn of the nonllnear element is conslderably
decreased.

A plot of the rnput voltage requlred to årrrr" the
core intc saturation vs. the frequency, and maxlmum equlvalent
galn of the nonrlnear el-ement vs. frequency are shown ln
Graph 5.3, p. 77. rt is seen that the saturatlon value ur"t".
l-lnearly wlth frequency. Thus, normalLzatlon wlth respect
to thls value ls actually the same as normallzlng the curves
from a frequency polnt of vlew

If, by so doing, all the curves shown in Graph D.B, p.9O
were to colnclde, this would prove that the nonllnear element
could be separated into a llnear storage element (seIf-lnductance
of the colI) whose lmpedance llnearry lncreases wrth frequency,
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and a hysteretlc nonllnearlty havlng an output dependent

only on the á.mpIltude of the lnput slgnal

Graph 5.8, p. 90 shows the normallzed curves from whtch

lt ls seen that such an assumitron (found rn most textbooks)

ls, ln thls case, not valld. Graph 5,8 also shows that the

effect of frequency on the cores lsespeclalIy notlceabre for
lnputs below the saturatlon IeveI. For hlgh frequencles the

descrlblng functlon becomes s1mlIar to the descrlblng functlon
of the theoretical models.

Let us examlne the reasons for these devlations more

closely. As mentloned before, one of the reasons for the

dlscrepancy between the two serles of tests t6 due to the

presence of a nonllnear voltage dlvJ-d,er between the drlvlng
generator and the non llnear element. Graph 5.9, p. 92

shows curves for lnput lmpedance of the col] vs. lnput amplltud.e

for varlous frequencles. (rne lnput lmped.ance was calculated
by dlvldlng the lnput amptltude (R.I'I.S.) by the flrst
harmonlc of the lnput current. )

From these curves lt ls seen that for Low slgnal lnputs
the lmpedance ls very low because . the permeablllty of the core
ln thls reglon ls Iow. Thus, much of the apprled voltage
appears across the 6oo ohm reslstance and. the lnput to the
col] 1s very low" rncreaslng the lnput amplltu'de moves the
worklng polnt lnto the hlgh permeablllty reglon, thus lncreas-
lng the colI lmpedance.
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Hence, the value of the descrlblng function 1s

increased. once the saturatlon polnt ls exceeded, the
permeablllty of the core becomes very low and. lts lmpedanee

drops consld.erably. As a result, the value of the dêscrlblng,
functlon ls rapldly decreased. uslng Grapln j.9, p. 92 and.

the value of the source lmpedance, lt ls posslble to construct
an attenuatlon curve whlch wlII show the attenuatlon for
each frequency and lnput amplltud.e. Then, by mult1pLylng

Graph 5.r, p. T5 by the attenuatlon curve shown ln Graph 5.g,
p. 92, one amlves at a corrected form for the descrlbing
functton. (See Graph 5.IO, p. 94.)

rt ls shown that the origlnar graph and. the corrected
graph do not completely overrap. Thls is because lntroduclng
reslstance ln serles aLso changes the current wave shape.

(See Photos B and !, p. Tf .)
The descrlblng functlon and the factors affectlng it

are shown ln Graph 5.11, p. 95, and lt ls thus shown that the
describlng functlon ls more or less constant where VH"
assumci a constant value. rts maxlmum value and rate of
lncnease or decrease depend closely upon the lnput lmpedance

and varlatlons of co11 lmpedance wlth amplltude and frequency.
Graph 5.r2, p. 96 shows the crrtlcal locus for thls new

case. comparlson wlth Graph j.4, p. Bz shows that lt is not
dlfflcult to arrlve at a system whlch would be stable in the
one case and unstable 1n the other.
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V. 5.2 Tests on 4t4t78-54

A similar set of tests iuas conducted on supermalloy.
PrecâDSê of the similar behavlour of'these twe materials, the
resurts cbtained r"" *rr"h the saüre as for 4-79 Mo permalloy.

These results are displayecl 1n Graphs 5.13 through 5.L5, Þp.
98 - loo- The data for these graphs is glven in Appendix B.
V. 5,3 Tests on 4r4f68-le

mer,vhat different results were obtained. for Dertamax.
As rnentloned before, the initial slope of the magnetlzaticn
curve for thls material is relatively 10w. Hence, for a

eertain range cf input amplitudes there rs actualry no ou.tput.
As a result, thls erement acts much the same as a backrash.
nonllnearlty

verrflcation of thls conclusion may be obtarned. by
examinatlon of Graph 5.16, p. IOI (See Appendlx B for data),
where the comblned effects of series resistance are added.
As expected, the curves develop from zero galn due to ,,back1ash,,

effects and the high attenlratlon which ls caused by the nonllnear
voltage dlvlder.

Normalization cf these curyes with respect to saturaticn
amplltudes (i.e. with respect to frequency) and. tc the
maximum galn is given in Graph j.lZ, p. lO2. It is again
seen that any attempt to dellberately separate the linear
storage device from the nonlinear characterlstic would. not
y1eld satlsfactory results.
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The lnput lmped,ance for thls materlal 1s glven ln
Graph 5.18, p. 104 . Agaln we can form an attenuatton curve

by uslng these graphs wlth the value of lnput lmped.ance from

whlch one set of curves may be derlved from the other set.
(attnough the derlved curve and the measured curve d.o not

colnclde wlth eachother completely, st111, thls curve can be

employed lf one wtshes to take lnto account the lnfluence of
source lmpedance. ) Graph 5.Ig, p" 105 shows the two sets of
measured curves - the attenua tlon curve and a derlved curve

for 6 and. 10 cps.

Graph 5.2O, p. 106 shows the crltlcal locus for thls
case" ït ls seen that the relatlve locatlon of these locl
ls approxlmately the same as prevlously, however, the amplltude

scallng ls dlfferent. Also, 1n thls case, a stable system

may become unstable when source lmpedance ls varled.
V. 6 Analog Computer Verlflcatlon of_ The Results

In order to verlfy the results for the measurements

referred to ln prevlous ehapters, a typlcal control system

was slmulated on an analog computer*. A transfer functlon of
a voltage regulator havlng as lts .elements an amplld.yne and.

generator was chosen, and the cores were tnserted. ln serles
wlth the system as shown 1n Flg, 5.J.2, p. 1lOT.

*The computer used was: Pace TR-10, Electronlcs Assoclates, rnc.

Long Branch, New Jersey, U.S.A.
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241r IOO_fL

1-2z Slmulated control system.

Tests were carrled out for the

and the galn of the system was

a llmlt cycle wlthin the closed

n of the llnear eÌements ls

avl

Permalloy and Deltamax

varled ln order to
loop. The transfer'

f7'].n

3oBO

{ ró. -).

cores,

obtaln
f r rn a # .l a¡ u¡^v v ¿v

o(s) = ( l+S) ( 1+o .255) ( 1+1. 15)

The Nyqulst dlagram for thls functlon ls plotted 1n

Graphs 5.2l-, p. 108, and 5.22, p. lO9, together wlth the

critlcal Ioc1 for PermalLoy and Deltamax respectlvely.
rt 1s crearly seen that lntersectlon between the

cr1t1cal locl and transfer Iocl occurs ln the second quadrant

rather than 1n the thlrd, due to phase lead rather than phase

lag of the output voltage from the nonllnear elements.

K

fO /uF
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By comparlng Tabl,es 5.1 and J.Z, pp. 110 and ll1, whlch

represent results obtalned from the computer, wlth Graphs 5.zI
and. 5.22, pp. lOB and. 10! respectively, lt ts seen tlnat the

predlcted results conform v¡ith the measured results. S1leht

dlfferences occur due to the fact that the lnput to the non-

linear element ls not purely slnusoldar, and also because for
each llm1t cycle frequency we must use a crltlcal locus

correspondlng to thls frequency. Thls can be done only by

the "cut and try" method.

The effect of the source lmpedance on the stablrity of the

system ls also lllustrated ln Graphs 5.ZL and J.ZZ, pp. lOB

ano 109.
0sc i llations

System Galn Amplltude+

Source Impedance =

w rað/sec.
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TabIe 5.lz Frequency and Amplltude of Limlt Cycle for permalloy
Core
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TabLe 5.22 Frequency and Amplitude of Llmlt Cycle for Deltamax
Core.

fn order to check the low amplitud.e branch of the

crltical ]ocus, one needs to simulate a transfer function
which would lntersect the locus 1n the manner shown ln
Fig. 5.l-3, p.112.
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IT2

(crfr,ico?.
Locus

lrgaaStable Oscillation

The requirements for low amplitude llmit cycIe.H.ì õ h | < .
a !Êi. J. LJ .

Locus (i) may be simulated by a transfer function of
.'lrqrnthê trrrro r I È 'lnnlre ()\ h., inrrapÈ.1 nn - /^\urÌe uyfJe 

-- 
\-,i 4r¡vvr.-^^si locus (3) which is

\v

the locus oi an n-C lag network.

By simulating these rnodels, oscil-Latlon took place in
the systeni; however, the results were not in complete

agreement wlth those predicted., as it is dlfficult to
at.nàf-'¡^.¡ 

-^ 
a 4..^aq^+1^* <r..*^4r)rrrurlçùr¿ç a bransfer functlon whlch wouLd lntersect the

crltlcal locus exactly at the frequency for which thls
locus v,'as derlved. Photo 14, p. T9 shows the computer set-
up, and Photos 15 and 16, p. 79, show csclllatlon when

there 1s a llmlt cycLe ln the system.
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CONCLUSICN

It was shown that the theoretlca] models representing
hys-r.eret1c elements v¡ou1d. not yield. satlsfactcry results when

used generally, and wlthout distinction, to derive the

describing functlon for hysteresis non11near1tles.

A common mlsconceptlon is to identify a hysteresls
nonlinearlty with a backlash nonlinearity. This cannot be

done ln cases where the wldtf of the hysteresis loop ls
dependent ùpon the lnput signal.

Although only magnetic erements were consldered ln
thls thesls, lt shouLd be noted. that the concept of hysteresis
covers a multltude .of sins in other areas as weLl. For

example, there ls the known mechanlcal hysteresls phenomenon

whlch is to be found 1n transd.ucer components such as sprlngs
or pressure capsules and whlch arises frcm the imperfect
response of the mlcroscoplc crystal gralns lntegrated over the
macrcscoplc dimenslons of the strained transd.ucer elements.

v,lhen load-cycring a steel spring for lnstance, 1t ls observed,

that lncreaslng numbers of distcrted. and partly dlslocated.
crystals do not return to their original- shape and posltlon
after the load has been restored. The magnitude of the
residual deformation depends on the maxlmum stress applied,
but, 1s lndependent of tlme (frequency) (aB).
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The load deformation d.lagram is shown in Fig. 6.1.

Defcrmation

/'Fig. b,1: Mechanical .hysteresis for a steel sprlng.

It can be shown that ihe area.of the loop represents

the energy disslpated in heat. Another example can be

ta.ken from the area of ferro-el-ectric materials whlch are

the dielectrlc analog of ferrcmagnetlc materials, (trrat is,
they have a hlgh dierectric constant and electrcstriction
s'lrni iai. i.n hish ner meabil itrr en| mecr.ot.,qtrainf ìnn ø. n \urr¡r¿rs¡ vv r¡!ór¡ ,Vsf r¡lçov rI¿ UJ o.r,¡.\,È ¡ll4åLlg UUD vr r\z 9J\Jlt¡ c Vlt. ) .

Thus, thelr uses are al-sc paralle} to those of magnetic materials,
and they can be used for electrostrictlve transd.ucers, dielectric
amplifiers and storage devices.
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Ferro-electric mater"ials ere dielectrics r,vhich

avì-rihì-r- ^ i'r'-te-nesi s 'í:rrna ?e1atj-On be'tV¡een the Apptied f ield-¿\rrJ_rr -L r/ a !rJ ù ucL.cÞIÈi uyIJe l.elaLl_orÌ oe-ü'$/e

and the electrical displacement. (See Fig. 6.2.)

!-.: :l'ì .â i ai \i-:':6ììa 'fl. ì\* -v--!- vvr eraOvrr/

Fie. 6.zz . Hysteresis loop for dleiectric materials.

. The quantity E^ is a function of E, and. also, 1n this
case, of the r""qu"n"|. The area of the loop 1s again pro-
nnr¡j-'ì nno'r #a the heai loss (49) 

"
yvÁ v¿vÀ¡sÀ vv

Thus, it is seen that t:'eatment of such erements by

use of the conventional describing function (2.5, 2.8) cannot
be justified, slnce this d.oes not take into account either
the relatlonship between input vortage and input current for
example, or the losses which occur in the materlal.

/n. - , \

i rlsp ra cement J
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I Ir. ord.er tc modify the above mentioned func-r,ion, one

should flrst derive equivalent parameters which reflect the

fundamental nonllnear propertles of the eLement in question.
fTlì.r¿oô ñôÞôñ^J-o.r.q mqrr ¿iananrl ,r,-^^ lmnl -ì f- lrzla n a r.rnì 'l õ õlrrçùs IJc.I'c.r¡lç t/çf Ð rlral uç}Jçr1\,t (,tIJUi.r d.ltlUIJ_ t/L1LIC d,Þ WgIJ- dÞ

frequency, and must be found experimentally for the interval
of interest, since pure theoreiical assumptions do not yield
c¡liqfani-azrr reSultS. VP¡en inVeStigating the SyStem OVerus v ¿uÄ sv vv¿ J

v¡ide frequency ranges, it may be advantageous to lntroduce a

suitabl-e number of sub-ranges within which the frequency may

l^^ 4.al-^*us L,d.¡!vrr. a.Ð d. constant. The derived theoretical models

(Cirapt, IV) would. yield. satisfac-uory results only if the

element ln question were tc behave according to the assurnptions

made while deriving these model-s. Slnce the materials that
{nnnnnnna{-a {-ha }r¡¡a4-ararria nhenOmena fìiffef- øy.eef, lV ffOm One4^¡vv¿ yv¡ q vv v¡¡v ¡¿J u vvÀ r 

":" ¡J¡¡et¡v¡¡rurts uÀ¡ ¿ v¿ ó¿ çq 9!J ¿

:nother'- if; is felt LlnaL rather than makê â qenenatizedsr¡vv¡¡vr t 1v ¿u rvlv vtlsv ¡ qv¡¡ç¿ v¡¡gt¡ ¡¡tqA9 g óvr¡v¿ aLLL

analyslsr a particular analysis for each eiement ln quesiion
i c nonrr{narl4u ¿ vYu+
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APPEI\IÐIX B

Nu¡nerlcal Ðata for Gra¡hs

rîr^Lì^ Þ r " r\qr,-.â fn-n êi.tl¡h 6 'l n TãI c"rJIç U¡ I c vAVA !\J! \;I G-JjI 2. L) tl. t )

lñrrrr? \/^ | f-ôð^ | õl- uôs*â^qì 
^ 

¡ ìr1-_ñ:1tJ-rrpL,(u vv¡uaÉç Iùu rr.g.r::!L/!l-L(, \./uuuL¿u

0"05 Volts
o "25o"5
Cì 7Ã,'x'+r

,n Qn
nQx

ôo6
1I

rl 'i

o .25
o"5
{t /h

r'¡^-

a) 2Ã

| ')r^
lh

te | )

I
2 2qr;-)t
)Ã

O.Oi4 volts
¡ ,7 t-¡l¡

I u,/
/^\ : Jr

22tr.

^ 
ltlt

2-UÊ.

Phase Lead

22 Deg.
)tT
I

)t
f
.7
I

ìn
tt

7
4
¿
I¿
Ì
-LÍ
¿
I

t_

1
I
4

p.922
0"930
o.935
o"g4o
ô o2Ã
0"910
o .895
^ Qrn
n.ö'¿)

o "9ioô o¿rÃ

0"950
\J . -1jw

o .930

ô oâã
o"950
o "942Ô OTÃ
o.95
ô oÃÃ
o "91t5/l a)t.zv. >-t I

o.955
o "950
o.905

ô
ltr

a
1
!

't

0"029
o "oT2ô ]L"
o "2L6
Q "¿o)o.426

function (n.P" ),ratlo ll25}) ; then
(4T7-)

f - 'ìô o/s.

o "o29ô a\7)
U" I+J
rl 2'l Ã

U. JO
U"+J)
o " 50r_

¡¿ ïn order to obtain tÌ:e
lst harrnonic output by
input voltage.

describ lng
the turns

hlI ¡ 't I ñ | \7r¡¡9À vrrJ¿J

rì'ì r¡ i rì a hrr¿-l^^

the

** = Saturatl-on.
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Tab.Ie 8.1: (Continued)

fnput Voltage lst Harncn:c Ouùput

õ al^ ^ /-J- = 4V ç/Ð

O"OO3 Volts
^ 

nnQQV . V\./UU
0"015
U"UO
ar 1c

^ /rr

I t¡â

t<^

| <1

q
q

^
4.

f
'¿

2
¿
L-/

1
I
I
a

\J"\J.l- VUIUÞ
ôô?
o.o5
v"¿
/\ ll

ll h

2Ã

L- 6+çt
q

Phase Lead

J-tvg.

L26

ñm.?

ôaq
o "97oôoo
ôoo
o.99
o.99
noo
o "gB2
o "99
o"99
o. gB

ri'= In order to obtain the descrlbing functlon (O.f'.), mul-iip1y
the lst harmonic output by the turns ratio (æ¡q); trrên diviãe bythe input vo ltage . (]JflZ- )

{'-ts = Saturation"



,t'âr\ la ¡ .2. tì^+^Á ç!,!v D. L . y¿Lva

tlrvuu v\J¿vc-Aç+

0"01 Volts
arì
ô)q
aì Q-x'-)i

u.o

a) a\l
0"05
^1

a\?
n)t

^^
( ì I -^-'Ë

nA
u.o)

U., UI-
0"02
o"05
o"1
v"¿
{ì
o"4
u-o
o"7
nÊ
ôo
I

for Graph J"j, 1r. 83

ist i{ari,:cnic Ou';out

í - 3 c/s

O Vol-ts
o " 0065
0"018
o "o5o2o.060
o . o865
o " 0865
o " 0865

0
^ ^^/'-u " uuo)
o"0iB

o. 06
u. uÕo)

^ 
-aÃ,

^ 
tÊ.

u" 1o)

C) 17:.'

t-10c/s
o
n nnr ÁVôVV!V

o " 00564
n nrÁ
-^ nlrnV " L,ÎU
n a4o

^ nQr
Iì I<

v ¿:-l )
o "245
ñ.D)F,

Llçé.

127

D".t,""

^ 
e)tz

n Q,lrc

o .84
^ 

7D^
n 6nx

l^'l

^ x)t"z

nRr
ô oôq
noÃ
ôoÃ

o "922ar 417
o.862

o
u. jjo
a) iJ-/ L"

^ 
â.,2

o"84n A6,z

u "o99o"9r
Õ42
ôoD
cl oÊÃ
ô obÃ

lÞì
-J

\J

_LO

1al

i+
)¡t"

n

ô

)̂ta'

10

ô
<^
'¿Õ
ì-¡\

lI
r\
\J

U
ô

âr

'r- = Tn order to obtain tire desc:"ibing functLon (1.p. ), rnultilcl;'the l-st harnionic output by rhe turns ratio (a-qqo_) ; then diviãe-by
T-11â ì nnììi- T7^ I r-9ô^ / -^^ \v¡rç rr¿1;r"¿u vvrl;â$ê. (5OO)

-x-å! = Saturation.
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rlì¡i-, 1a R 2: lflnntr-nrrarì \
\ vvrr v4¡¿qÇg /

Incu'; Vol-'bage l-st ïiai"mon!.c Ouiput phase Lead D"F"-)r

^,|'. : l{) ft/Ç:"/ "
^ ^1,Ê --t) " ¿+) vol.ls

ô 2AÃ

i- Deg" 0"935l-. l-r'-x' Volts
L.2ì-
LEJ

1 a) oqÃ

-x'* rn order"'úo obtain'bhe oescribing functlcn (n.¡'.), muttip¿y
the lst harrnonic output 'oy the iu:'ns ratio (eoco); then diviàe-by
rne :-nput vortege. (5OO)

'Å''o : Saturaiion.



Tab Ie 8.3 : Data f or Gra'pb, 5 .7 , p " t9
Input r.¡c ltage I itaùu !üõu

2ã Ð4,;\-/ vva).

2L
l9

35
)t?-rJ
1+g

57
5T
6z
L^

n>

,r-
-r 2)

ro
r )t
!I

!

ì^^i /\-j

lJ"r ""

{l â4

U. CÕ

^ 
/ì 1Ã

^ 
¡)r

^nQv.al)
nrtr.
ADD
u. r-yo
at lÃÊ

v").

I I ^.4.

U"OO
n .4.

u. Õo)
a tQ.

^ l,âz
rìtrA

lt--

^ 
lt n'z

I) /^ \/^ | ïav.+/

ôE
I'--tr

2ã
-I
?q
ll-ltr
ã2q

a1
ô2

e,6
i
I r,à¿'x'

a_

?ã
Jr-
-

^ ^rô2q
^ll
^Ã
I

/ -X':i?

2ã

?ã
)t,-r

^ 'h

1s'c iiarnonic Ou',,plrt

f=3e/s
O.09 Vclts
I ) <2^v . J -J

u. oo
^ na'U.IC
a) B2cv.",J
n Ê,)r rv "9.-i )
n ÂlrqV ov.t )
a Q2.V.!/U
n Â,Qv¿vv
/\ AA\J.VU

^ìv.)L

^ ^-^-vevJ4)

rr r i Jr

.1 ¡irÃ
ô ?¿1

nP

I Ê\ f-l

r"o1
1 tLi
¡ ryCrL" i-)
r. Q,¡I.L'¿
I Ê"5

¡/I = lU e/S

0"065
c " r_92
n 

"'.rÊ
^ 

'7^í.
n R7r:,

| 1^.

I Êã

^ :/'

D Fî,^
¿.o !

Q¡O'

44

20
10

ro
¿a
?ã
<U
lra+J
lrtr-)
)rA

0.6
^ 

-/^'7
v. jvl

o "77
o. B1
Q"CÖ
4.9
ô c26
a) Oã
{ ) ¡*rå.

ît 77ç.
O.TCz
U.OJ/
u. )o

-)
jl
-i
.)

T2
av
2a
3o

à' = In o:'Cer to obtain the describing function (p"¡'.), divide
the ist harmonlc output by the input voltage 

"

:r:,! ¿ Saturation.
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Tabie 8.4; Daia f or Graph 5" i3, p. 98

input Vol-iaEe lst ir-aymcnic Output

v " -.i_ v ui t/Þ
C)2

2

?q
il

ltr

")

ôì
ô2
ô?6
ôÃ
l1
! h'r'f

a
2q
J
?q
'l_

5

0.i
^)l

a)Ã
1

2-\L'*

I

¡ ¡l'
U " UAi VOIl;S
^ 

-rl

^?Õv"J)
Õ77
w"yv
ô o¿l
rì î\7vo)l
ôoo
a) OO
ôco
ôQA

.arOO

v "vt+)
o "L2
o "27
^ 

lrnv "\-¿
a) O?
r Jl rr
j '7,ll

iÃ7
I \J¡I

cnn
)ô?
2ôtr'
2õ7

l: .i-u c/ s

r ttaùç !gau

oo ueq.
4-o
20
L2
¿L

Jo
43
/ro->
55
hn

OU
o(J
64

t) H' 'd

ô ¿t-6

0"60
^ 

'7'7
nQnv "vttt u<
a) O¿'.

aQ=

a "75

o "r7ô6ô

^ /r r

o "75
u"o+
u"oo
^Ã7u. yo
o "97o.97
ôao
¡ aÃ.v"2v

0.4ôtr
/\ r71

0.78
o.77
0.60
^ )t,z

0"39
^??o "28
o "26ô2?
0.21

rll)-
30

r /lJT

O

O
17r¡
¡Qal)
^i,)ï
Ita+a
ir q-r)
,lrQ

I4
12

Ir
I

¿i

)tT
)tr

10

ô n7Ã
o"2l-
(l 14

al it1
r¡oLvótv
¡ )r r

roÁL. tv
2 L,o
/) OOa.l)a)

'x' : rn order' 'co obtain '¿lie descriÌring function (n,p.), dlvlde
the lst harmonic output by the input voltage.
'x-ts = Saturatlon.
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Table 8"4: (Cont-nued)
-r:i--rit Vcltar:e l_s'; l{arrncnic Ou.tout Phase Lead

fr"5 Volts

f - 'lO o./<

a ¡t'
J.UO VO-t1,S

^/! = JU C/S

ô?
^ 

ltr
U "ar)n o7q
i )t.z

l_. yo
?J
5
¡

aU

Êo

o?q

f-50c/s

!Õ t)ôô:v vgz.
nlr
áu¡

¿-l)
ar
JI

ñ '- -'1

^ 
9,7

n -tQ.

u"oo

lrr

tr

ô2

ôq
,.1

-i Ã,

a-

?J
5
-7
I

$'x-*;'
AÃ
ô
oÃ,
io

ô,
ô?Ã
/ìÃ

I

2q
^

t)t
¡ "-ì

IO

TT
11
9
q

4
-
a
'¿

I
¿
+
5
B
t{ I

ô q2ã

ôC
ôa7
ô07
o.97
L
I

;
_!-

L
L
ôoo
v.Y {

u" rol

^ 
Jrr¡

ve-))

noÃ
A lrn

q
a)
Õ

-¡ )lIT
rlr 

^

describing function
'l-ha Jnnrr'r rrnl.f-¡-^vf ¿ç !t¡¡/ u u v v ^L va.óç .

o"Bo5
¡ Ct--
v.v),)

o'9r
o "95
o "99
1
l_

l_

o"99
o"gB

(o"¡'" ), d.lvide

7
I

Ã
-
t-
n
a-
)t

|-i

-;- = tn order to obtain the
the ]st har"rnonic output by

{-+Ê - saturation.
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ill 'l¿ Þ Ã" ñ¡.{-a¿sJie t.). uo.va

J!irJUU ViJ:úAraY

^)l

u"Õ
'1
4

I u. -^- t..

a

f or Gra-oh 5 " L6, _o " lO I
j st I-iari:ionic Ou.toui

J c/s
TlaæyvcÉ. 0nr

{ ì ')t'\

o "42
o.5o
o"¿t1
naA
0.28
v"11
0"1_6ô r)r
o. l_2
O"i0
o"09
o"0B

all
w"é.
0.4.
u"o
nÊ,
1ir-x-

2.O
I

?q
)tT

^ 
l'^

Q "t'r9
o "57
U"OJ
u"oÕ
^ â.¡w.Qa

i- - rn order tc obtain the descr.Íbing function (o"n.), d.ivid.ethe lst harrronic out;out by -r,he in.put voltage.
'F-ts = Saturatlon"

Phase Lead

44,'-a.J

?Ã
?^

t-

i) H' --

JraLi¿

\2
'irl

^,1¿Lt

28
Jrn
lrn

âñ
lr¡
OI
OJ
t.l<

O Vo1';s
0.02
U"UO
o.21
I | <h

rl  7
¡ ¡lì

lr^
|I Ltl

^ Jrn

A )J.D

^ 
)rn| ) 4/

o "42
o "4.2Õ LL)

'w._r_ vLJl_uÞ

^1

tìq
Õ 7'x-x
rìo
J.

/'\

;q

?6
4
Itr

/r Ê

o
A 

^A1
^ 

1 )t'7Vó:-ll

a) ,a
i ) ¿¿a-,

U"oi
a.79
^ 

Q-rw "l)cn Alr
n Q,)r

u, o--j.

u.Õo

f - ln n/ov/ ¿

0"02i
u" izo
rì 2d)
/r lt (.n

u"05
1"02
r nlr

o
o" 105

ô ¿Lq

v ")(u"ci
{} ^')
^ 

ir I
rì o,Q
a1 a\11

v. ¿L
C) 1O

Ltg

43
lq

5
5
5

2t
33
Lr, Lt,

4B

6¿l
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rl¡hl a'll Ã " (-ßn-nr-i.^,-^^ \¿Gv ¿u u " -) . \vV¡¡ V.:I-UÇla /

Tr:ou'b Voltaøe ist Har''rncr:ic Output
/I = l-U C/S

i,32 Vcl'¿s
i <íl
¡ <a\,
'. )t^
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j;' - rrr order to obtaln the cescribing function (n.p.), divide
the l:,- ;larrnonic output by the inpu'ü voltage
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