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ABSTRACT 

Laser powder bed fusion (LPBF) is an additive manufacturing process capable of 

producing complex metallic components; however, the rapid thermal cycles inherent to the process 

generate residual stresses and porosity. These residual stresses can cause part distortion, micro-

cracking, and reduced fatigue life, particularly in safety-critical applications such as aerospace and 

energy systems. Therefore, understanding the mechanisms governing residual stress formation and 

developing effective stress-relief strategies are essential for the reliable application of LPBF 

components. 

Hot isostatic pressing (HIP) is widely used to eliminate internal porosity and improve 

mechanical performance in additively manufactured materials. Although HIP has occasionally 

been reported to reduce residual stress, the specific role of externally applied hydrostatic pressure 

remains poorly understood. Under purely hydrostatic loading, the equivalent von Mises stress is 

theoretically zero, suggesting that hydrostatic pressure alone should not induce plastic deformation 

or enhance residual stress relaxation. This apparent contradiction forms the central motivation of 

this research. 

This thesis presents a mechanistic and qualitative investigation of residual stress relaxation 

using combined analytical and numerical approaches. Analytical investigations established the 

conditions under which hydrostatic pressure can contribute to stress relaxation. A computationally 

efficient thermo-mechanical finite element framework was also developed to generate LPBF-

induced residual-stress fields with reduced computational time while maintaining sufficient 

accuracy. This framework provides a fast tool for generating different initial residual-stress states 

that can subsequently be transferred to furnace and HIP simulations for systematic investigation 

of stress relaxation. 

The results indicate that temperature is the primary driving force for residual stress 

relaxation through creep deformation, whereas the contribution of hydrostatic pressure depends 

strongly on internal defects. In void-free geometries, HIP and furnace treatment produced nearly 

identical stress-relaxation responses because hydrostatic pressure did not generate deviatoric 

stresses. In contrast, internal voids converted the otherwise hydrostatic loading condition into a 

locally deviatoric stress state, generating a non-zero local equivalent stress around the void. This 

localized stress state promotes dislocation motion and the associated creep and plastic deformation, 

which contribute to residual-stress relaxation during HIP. Furthermore, elongated and irregular 
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voids produced greater stress reduction than near-spherical pores due to higher local stress 

concentrations. 
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CHAPTER ONE: INTRODUCTION 

 

 

 

1.1 Background 

Additive manufacturing (AM), commonly known as three-dimensional (3D) printing, has 

expanded the capabilities for fabricating complex metal parts by providing greater design 

flexibility, reducing material waste, and producing near-net-shape components directly from 

digital models. Among the various AM techniques, laser powder bed fusion (LPBF), which is also 

known as selective laser melting, is one of the most mature and widely adopted processes for 

manufacturing high-performance metallic components. LPBF is carried out by selectively melting 

successive layers of metal powder with a focused laser beam in an inert atmosphere, thereby 

consolidating the powder into fully dense structures and enabling the production of intricate 

geometries, such as internal cooling channels and lightweight lattices, that are difficult to produce 

using traditional subtractive or casting methods or cannot be produced using such methods. The 

layer-by-layer fabrication approach offers precise control over the geometry of the part and local 

material distribution, thereby making LPBF a highly attractive technique for aerospace, 

biomedical, and energy applications. Consequently, the process is now widely used to produce 

high-performance alloys, including nickel (Ni)-based superalloys, in complex shapes that meet the 

stringent requirements of gas turbines, biomedical implants, and other advanced engineering 

systems1–3. 

Despite its advantages, LPBF has a number of technical challenges that must be rectified 

to unlock its full industrial potential. One such challenge is its melt pool instability, which refers 

to the unpredictable behavior of the molten region due to fluctuations in energy input, powder 

distribution, or thermal gradients. These instabilities can lead to uneven fusion, keyholing, or 

balling, thus ultimately degrading the quality of the part. Another concern is splattering, where 

molten particles are ejected from the melt pool and redeposited on the part or surrounding powder 

bed, thus introducing surface roughness and increasing the likelihood of defects. Additionally, 

laser powder bed fused parts exhibit anisotropic mechanical behavior due to the directional 

solidification patterns and thermal histories imposed by the laser scanning strategy. This 

anisotropy can reduce reliability in structural applications, as mechanical properties vary 
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significantly with loading direction. Therefore, although LPBF offers many advantages, these 

intrinsic process challenges require careful control and post-processing4–6. 

A further critical issue inherent to LPBF is the formation of internal porosity. These pores 

can originate from the lack of fusion—where insufficient laser energy or inadequate scan overlap 

leaves unmelted regions—or from keyholing and vaporization, in which excessive energy creates 

unstable melt pools that entrain gas. Additionally, gas porosity may develop when evaporated 

metal or shielding gas becomes trapped within the rapidly solidifying melt pool. Although careful 

optimization of the parameters can significantly reduce such defects, which often achieves >99% 

density in many LPBF builds, completely eliminating porosity remains challenging, and even then, 

the issue can re-emerge and persist. Even when nominally identical processing conditions are used, 

variations in melt pool behavior, powder flow, and thermal gradients can lead to non-negligible 

differences in defect formation. The resulting pore morphologies range from near-spherical gas 

pores to irregular, crack-like lack-of-fusion (LOF) voids with high aspect ratios. Both types of 

defects are detrimental: internal pores act as stress concentrators that may initiate cracks under 

service loads, and clusters of defects can reduce fatigue life and the ductility of additively 

manufactured components. For safety-critical parts—such as turbine blades or pressure-retaining 

components—even a small number of defects can be unacceptable. Consequently, internal porosity 

is widely recognized as one of the fundamental technical limitations of LPBF-produced parts7,8. 

In addition to porosity, residual stress is another major challenge inherent to the LPBF 

process. From a mechanical integrity perspective, residual stress represents an important challenge 

to the reliable use of laser powder bed fused components, particularly in fatigue-sensitive 

applications. Not only do residual stresses undermine structural soundness but also obscure the 

true material performance, thus making it difficult to evaluate the behavior of parts during service. 

The layer-by-layer melting process and rapid solidification of LPBF impose steep thermal 

gradients within a part. As each new layer is fused, the underlying material undergoes localized 

heating followed by rapid cooling. These repeated thermal cycles produce non-uniform expansion 

and contraction throughout the build. Newly solidified, hotter regions are mechanically 

constrained by the cooler, surrounding material, thus leading to thermally induced residual stresses 

that remain in the component after it is cooled to an ambient temperature. LPBF-induced residual 

stresses often approach the yield strength of a material and can be manifested across the entire 

part, thus causing geometric distortion (e.g., warping) or even cracking if local stresses exceed 
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material ductility. Moreover, these internal stresses may degrade mechanical performance—

reducing fatigue life, stiffness, or load-bearing capacity—if left untreated in the as-built condition. 

Researchers have shown that in situ approaches, such as preheating the build platform, can mitigate 

residual stress by moderating thermal gradients; for example, elevated base-plate temperatures 

have been shown to significantly reduce the magnitude of stress. Nonetheless, even with optimized 

scanning strategies and high build-plate temperatures, substantial residual stresses typically 

persist, especially in high-strength alloys. As a result, post-processing stress-relief treatments 

remain essential for most LPBF components. This PhD research primarily focuses on 

understanding the mechanisms of residual stress formation and developing strategies to mitigate 

them by using advanced simulation tools and targeted post-processing methods9–11. 

To overcome these challenges, researchers and manufacturers in the AM field increasingly 

rely on post-processing techniques. One of the most common approaches is thermal stress-relief 

annealing in a furnace. This method involves heating the laser powder bed fused part to a sub-

critical temperature (typically between 600°C and 900°C for metallic systems) and holding it for 

several hours, thus allowing residual stresses to relax via creep and microplasticity. While furnace 

annealing can reduce residual stresses by as much as 60–90%, the process suffers from inherent 

limitations. Most notably, furnace annealing is carried out at an ambient pressure and thus has little 

effect on the internal porosity, which is unlikely to shrink appreciably without applied pressure. 

Furthermore, improper or non-uniform cooling after the annealing cycle may reintroduce residual 

stresses, especially if quenching is used. Consequently, furnace annealing alone is not sufficient 

to produce pore-free, stress-relieved parts suitable for critical applications12–14. 

Hot isostatic pressing (HIP) provides an alternative to conventional furnace treatment by 

combining elevated temperature and hydrostatic pressure, which can contribute to both stress 

relaxation and pore closure under controlled conditions. During HIP, the component is exposed to 

a uniform hydrostatic pressure—typically argon at 100–200 MPa—while being held at elevated 

temperatures for an extended duration of time. The combined influence of high temperature and 

hydrostatic pressure promotes time-dependent plastic deformation, thus enabling the material to 

plastically flow, collapse internal voids, and heal defects through metallurgical bonding. Unlike 

standard furnace annealing, HIP not only reduces residual stresses but also reduces internal 

porosity, thus addressing two of the most critical limitations of laser powder bed fused 

components. A number of studies have shown that HIP can reduce porosity to near-zero levels and 
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transform tensile residual stresses, which are detrimental to fatigue life, into compressive stresses, 

which are less likely to cause cracking. These changes can contribute to improved mechanical 

performance, including fatigue resistance, ductility, and fracture toughness. Given these 

advantages, HIP is increasingly being adopted as a standard post-processing technique for 

additively manufactured parts, particularly in aerospace and medical applications where structural 

reliability is essential. This PhD research specifically focuses on HIP as the primary post-

processing method for mitigating residual stresses and improving the integrity of laser powder bed 

fused components3,14–16. 

 

1.2 Research Motivation 

While the benefits of HIP for defect removal in additively manufactured components are 

well documented, relatively few studies have examined the specific role of externally applied 

pressure in residual stress relaxation. In particular, important knowledge gaps remain regarding 

how and to what extent HIP improves the residual stress state of laser powder bed fused 

components when compared directly with conventional furnace-based stress-relief treatments. 

Residual stress relaxation is critical for ensuring the structural integrity and dimensional 

stability of LPBF components, particularly in high-performance applications such as aerospace 

and energy systems17. Although furnace annealing is widely used for stress relief, it relies primarily 

on temperature-driven mechanisms and does not effectively eliminate internal porosity. In 

contrast, HIP introduces an additional driving force through hydrostatic pressure, with the potential 

to enhance both stress relaxation and defect healing12–14. 

Despite this potential, the mechanisms through which hydrostatic pressure contributes to 

residual stress relaxation remain poorly understood. It is unclear whether the improved relaxation 

arises primarily from enhanced plastic deformation under hydrostatic pressure, whether creep 

mechanisms dominate, or how internal defects influence the evolution of stress during HIP. 

Furthermore, because of the experimental challenges associated with measuring residual stress 

under high-temperature and high-pressure conditions, the time-dependent mechanisms governing 

stress relaxation remain insufficiently explored. 

Overall, the limited understanding of pressure-assisted stress relaxation and the lack of 

mechanistic insight into the role of internal defects highlight the need for a systematic investigation 

of residual stress evolution during HIP. Addressing these knowledge gaps is essential for 
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improving post-processing strategies and supporting the safe implementation of LPBF components 

in demanding engineering applications. 

 

1.3 Research Objectives 

The primary objective of this PhD research is to develop a mechanistic understanding of 

how hydrostatic pressure can contribute to residual stress relaxation during HIP beyond the 

relaxation achieved by temperature alone during conventional furnace treatment, particularly by 

identifying the conditions under which hydrostatic pressure can generate the non-zero local 

equivalent stress required to promote creep and plastic deformation. To achieve this objective, the 

following specific objectives were pursued: 

• To develop a computationally efficient finite element framework capable of predicting residual 

stress generation during LPBF. 

• To compare the effectiveness of HIP and conventional furnace treatment in reducing residual 

stress under controlled thermal conditions and thereby isolating the contribution of externally 

applied hydrostatic pressure. 

• To investigate, through analytical and numerical approaches, whether hydrostatic pressure can 

promote residual stress relaxation in fully dense materials and under different geometrical 

configurations. 

• To establish the mechanism by which enclosed internal voids influence pressure-assisted 

residual stress relaxation during HIP. 

• To systematically examine the effects of void characteristics, including morphology, aspect 

ratio, irregularity, and porosity volume fraction, on residual stress evolution during HIP. 

 

1.4 Research Contributions 

The original contributions of this PhD research are summarized as follows: 

First, a computationally efficient thermo-mechanical finite element framework based on 

the representative volume (RV) approach was developed to predict residual stress evolution during 

LPBF. The proposed framework significantly reduced computational time while maintaining good 

agreement with experimental data reported in the literature. Beyond reducing computational time, 

the framework provides a fast and routinely applicable tool for generating different levels and 

distributions of initial residual stress. These residual-stress fields can subsequently be transferred 
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as initial conditions to the furnace and HIP simulations, enabling systematic investigation of post-

processing stress-relaxation behavior without repeatedly performing computationally expensive 

LPBF simulations. This work was published in The International Journal of Advanced 

Manufacturing Technology (2023). 

Second, a coupled simulation strategy was established to investigate the evolution of 

residual stress from the as-built LPBF condition through subsequent post-processing treatments. 

Using this framework, the interactions between additive manufacturing-induced residual stress and 

HIP-induced stress redistribution were systematically examined. This coupled approach enabled 

direct comparison of residual-stress relaxation during HIP and equivalent furnace treatments under 

consistent numerical conditions. This contribution established a fundamental question addressed 

by the subsequent analysis: how can hydrostatic pressure generate the non-zero equivalent stress 

necessary to drive dislocation motion and the associated creep and plastic deformation that 

contribute to residual-stress relaxation, when pure hydrostatic pressure acting on a defect-free solid 

does not itself generate equivalent stress? The numerical findings associated with this contribution 

were published in the Journal of Manufacturing Processes (2025).  

Third, a combined analytical and numerical investigation was conducted to address this 

fundamental question by comparing defect-free materials with various geometrical configurations 

and materials containing internal voids under externally applied hydrostatic pressure. The results 

demonstrated that, in defect-free configurations, purely hydrostatic loading does not generate a 

non-zero equivalent von Mises stress and therefore cannot independently promote additional 

plastic deformation and residual-stress relaxation. In contrast, the presence of internal voids 

generates a non-zero local equivalent stress in the surrounding material, providing the shear stress 

required to promote dislocation motion and the associated creep and plastic deformation. Together, 

these analyses establish the mechanistic basis for explaining how internal voids enable pressure-

assisted residual-stress relaxation during HIP. The analytical and numerical findings associated 

with this contribution form part of a manuscript currently under review. 

Fourth, a systematic analytical and numerical investigation was conducted to evaluate the 

influence of void characteristics, including morphology, aspect ratio, irregularity, and porosity 

volume fraction, on residual stress relaxation during HIP. The results demonstrated that elongated 

and irregular defects promote higher localized deformation, faster pore closure, and greater stress 

reduction than near-spherical pores. These findings provide new insights into the relationship 
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between defect characteristics and the effectiveness of HIP and form part of a second manuscript 

currently under review. 

The scientific significance of these contributions has been recognized through publications 

in reputable peer-reviewed journals and presentations at national conferences. In particular, the 

work received the Best Presentation Award at the 36th Canadian Materials Science Conference 

(CMSC) held at the University of Waterloo, reflecting the novelty and impact of the research 

findings.  

 

1.5 Summary of Major Findings 

This PhD research provides a mechanistic understanding of residual stress generation 

during LPBF and its subsequent relaxation during post-processing treatments, particularly HIP. A 

reliable finite element framework based on the representative volume approach was developed to 

simulate residual stress evolution during LPBF. The simulations showed that residual stresses 

generated during LPBF are not uniformly distributed. High tensile stresses develop near the top 

surface, whereas lower and sometimes compressive stresses are found in the interior regions. A 

systematic investigation of LPBF processing parameters further showed that laser power, scanning 

speed, and build plate preheating influence the final stress state, with preheating exhibiting the 

greatest potential for reducing residual stresses through the reduction of thermal gradients during 

fabrication. Nevertheless, significant residual stresses remained even under optimized processing 

conditions, highlighting the need for effective post-processing strategies. 

To establish the theoretical basis for stress relaxation, an analytical investigation was 

performed to identify the conditions required for irreversible deformation. The analysis confirmed 

that residual stress relaxation requires non-zero equivalent stress to activate creep or plastic 

deformation and demonstrated that purely hydrostatic pressure cannot induce such deformation in 

fully dense materials. This finding provided the foundation for understanding the role of 

hydrostatic pressure during HIP. The analytical results further showed that the presence of 

enclosed internal voids can disrupt the hydrostatic stress state and generate localized deviatoric 

stresses, thereby promoting plastic and creep deformation around the void surfaces. Consequently, 

internal defects can create the conditions necessary for pressure-assisted residual stress relaxation. 

Building upon these findings, conventional furnace treatment simulations showed that 

temperature-driven creep could partially relieve residual stress; however, the extent of relaxation 
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remained limited by the initial LPBF stress field, and internal porosity remained unaffected. HIP 

simulations further revealed that the effectiveness of hydrostatic pressure depends strongly on the 

presence and nature of internal defects. In fully dense materials and in components containing only 

surface-connected defects, HIP produced stress-relaxation responses that were nearly identical to 

those observed during furnace treatment. In contrast, the introduction of enclosed internal voids 

altered the stress state by generating localized deviatoric stresses around the void surfaces. These 

stresses promoted creep and plastic deformation, contributing to pore collapse and greater residual 

stress relaxation. This observation confirmed that the beneficial effect of HIP is not universal but 

arises specifically from the interaction between externally applied hydrostatic pressure and 

enclosed internal defects. 

The influence of HIP processing conditions was further examined by independently 

varying temperature and hydrostatic pressure. The results demonstrated that temperature is the 

primary factor controlling the kinetics of stress relaxation through its effect on creep deformation, 

whereas hydrostatic pressure serves as an enabling factor that intensifies localized deformation 

around internal voids. Furthermore, the effectiveness of HIP was found to depend strongly on the 

characteristics of the initial porosity. Elongated and irregular defects generated higher local stress 

concentrations and experienced faster closure and greater stress reduction than near-spherical 

pores. Increasing the porosity level initially enhanced stress relaxation by providing additional 

sites for localized deformation; however, excessive porosity reduced this benefit because of 

mechanical constraints between neighboring defects. 

Overall, this research advances the fundamental understanding of pressure-assisted 

residual stress relaxation in LPBF materials during HIP. The study demonstrates that hydrostatic 

pressure contributes to stress relaxation only under specific conditions associated with enclosed 

internal defects and establishes the mechanisms by which temperature, hydrostatic pressure, and 

defect characteristics influence the post-processing response. By integrating LPBF simulations 

with post-treatment analyses, this work provides a unified understanding of residual stress 

evolution throughout the additive manufacturing process chain and establishes a scientific basis 

for the effective application of HIP to additively manufactured components. 
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1.6 Thesis Structure 

The research follows a sequential analytical and numerical approach. First, a thermo-

mechanical FE framework based on the representative volume (RV) approach is used to generate 

LPBF-induced residual-stress fields. These stress fields are then transferred as initial conditions to 

furnace and HIP simulations. Analytical stress-state formulations are used to examine the 

mechanical effect of hydrostatic pressure and the conditions required to generate non-zero 

equivalent stress. Controlled numerical comparisons are subsequently performed for defect-free 

geometries, surface-connected defects, and  internal voids. Finally, parametric simulations are used 

to investigate the effects of temperature, pressure, and void characteristics on residual-stress 

relaxation during HIP. This overall research approach is reflected in the organization of the thesis 

chapters, as outlined below. 

Chapter 1 introduces the research problem by providing the background, motivation, research 

objectives, and contributions. The chapter also presents a summary of the major findings and 

outlines the overall structure of the thesis. 

Chapter 2 presents a detailed literature review related to AM and post-processing heat treatments. 

The chapter summarizes existing knowledge on LPBF-induced residual stress, mechanisms of 

stress changes during AM, and post-processing pathways—particularly furnace heat treatment and 

HIP—that are relevant to understanding stress relaxation and evolution of defects in additively 

manufactured components. 

Chapter 3 describes the numerical and analytical methods and the governing equations adopted 

in this study. The first part of the chapter explains the numerical implementation of the LPBF and 

post-processing simulations, including thermomechanical modeling, heat-source representation, 

residual stress initialization, and FE model configuration. The second part introduces the 

fundamental mechanical principles that govern stress generation, redistribution, and relaxation. 

This section covers the underlying physics of plastic deformation, hydrostatic loading, stress states 

around voids, void-geometry-dependent stress amplification, and the analytical relationships 

among stress relaxation, PEEQ, and applied hydrostatic pressure, thereby providing the theoretical 

foundation for interpreting the simulation results. 

Chapter 4 presents and discusses the numerical results. The first section focuses on the LPBF 

simulations, including temperature changes, in-process stress development, stress components, 

and the influence of laser parameters and preheating on residual stress. The second section 
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examines the post-processing results through controlled comparisons between furnace treatment 

and HIP, including cases without internal voids, with surface-connected defects, and with enclosed 

internal voids. The effects of temperature, pressure, void morphology, aspect ratio, irregularity, 

size, and porosity volume fraction are then examined to clarify their influence on localized 

deformation and residual-stress relaxation during HIP. 

Chapter 5 summarizes the major findings of the research and highlights the key conclusions 

drawn from the numerical analysis and theoretical framework. 

Chapter 6 offers recommendations for future work by outlining both experimental and 

computational directions to build upon the thesis findings. The chapter emphasizes advanced 

characterization and modeling approaches to overcome current limitations and guide subsequent 

research efforts. 

Appendix A provides supplementary details of the numerical framework, including material 

definitions and constitutive inputs, the sequential LPBF-to-post-processing workflow, solver 

implementation, boundary conditions and pressure application, and the treatment of void 

deformation and contact assumptions. 
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CHAPTER TWO: LITERATURE REVIEW 

 

 

 

This chapter provides a review of the literature on the effect of the HIP process in reducing 

residual stresses generated during AM. Residual stresses are a critical issue in AM, as they 

significantly influence the mechanical performance, dimensional accuracy, and service life of 

manufactured components. To provide a structured context, the chapter first examines research 

conducted in the field of AM, with a particular focus on the LPBF process, which is one of the 

most widely studied and industrially relevant AM techniques for metals. In this chapter, the 

mechanisms of residual stress formation during LPBF, influence of processing parameters, and 

resulting microstructural characteristics are highlighted. Following this, attention is directed 

toward the HIP process to explore its role as a post-processing technique to alleviate the residual 

stresses, close the internal pores, and enhance the overall mechanical properties of additively 

manufactured parts. The review covers both experimental investigations, which provide direct 

evidence of the effectiveness of HIP through measurements and characterization, and simulation-

based studies, which offer valuable insights into the fundamental mechanisms that govern stress 

relaxation, densification, and changes to the microstructure during HIP. By integrating the findings 

from these two domains, the chapter establishes a clear understanding of the current state of 

knowledge and identifies areas where further research is needed to optimize HIP as a post-

processing treatment for additively manufactured components. 

 

2.1 Laser Powder Bed Fusion: Process Overview 

AM is a manufacturing process that fabricates 3D components by sequentially depositing 

layers of materials based on a computer-aided design (CAD) model18. Among the various AM 

technologies, LPBF has emerged as one of the most widely used metal additive manufacturing 

processes in the aerospace, medical, and automotive industries because of its capability to produce 

near-net-shape components with complex geometries and high dimensional accuracy. In addition 

to reducing material waste, LPBF enables the fabrication of customized components and intricate 

features that are difficult to manufacture using conventional subtractive methods. Although AM 
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has the potential to improve resource efficiency, its energy consumption relative to traditional 

manufacturing processes depends on factors such as material type, component geometry, and 

processing conditions1–3,18–21. Figure 2.1 illustrates the applications of AM in various industries. 

 

  

   

Figure 2.1 Applications of AM in various industries, Adapted from Ref. 22, under the Creative 

Commons CC-BY license. 

 

LPBF employs a high-power laser to selectively melt metallic powder in an inert 

atmosphere to produce near-net-shape components. The fabrication process involves the repeated 

deposition and selective melting of thin powder layers until the desired geometry is achieved, as 

schematically illustrated in Figure 2.2. 

Figure 2-3 schematically illustrates the fabrication sequence of cubic specimens produced 

by the LPBF process. Figure 2-3(a) presents the fabrication of the initial layers23. Figure 2-3(b) 

illustrates the final stage of printing, where multiple cubic specimens remain attached to the base 

plate. Figure 2-3(c) shows one of these metallic specimens after being separated from the base 

plate using wire cutting. As observed in this figure, on the XZ surface—where the Z-axis represents 

the build direction—my name (Rasool), along with the build number, is printed, which shows the 

capability of this process to fabricate parts with complex and customized geometries. 
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Figure 2.2 Thirteen sequential steps to fabricate an industrial additively manufactured part with 

LPBF process, reprinted from Ref. 3. Used with permission. 

 

When the laser interacts with the powder bed during LPBF, complex thermophysical 

phenomena occur within the melt pool, including conduction, convection, radiation, and possible 

chemical reactions at elevated temperatures5,24, as illustrated in Figure 2.4(a). Owing to the short 

interaction time between the laser and powder particles, melting and solidification occur rapidly, 

resulting in small melt pools17. The melting behavior and solidification characteristics are strongly 

influenced by processing parameters such as energy density, scanning strategy, and powder 

characteristic4,6,7,25. The energy density (E), which represents the laser energy delivered per unit 

volume of material, is defined as26  



14 

 

 
𝐸 =  

𝑃

𝑣 × ℎ × 𝑡
 (2.1) 

where P is the laser power, v is the scanning speed, h is the hatch spacing, and t is the layer 

thickness. During LPBF, the laser beam scans the powder bed at velocities of up to 3.0 m/s, while 

the layer thickness typically ranges from 20 to 100 µm depending on the particle size distribution 

and flowability of the feedstock powder8,27–30. 

 

 

(a) 

  

(b) (c) 

Figure 2.3 Fabrication sequence of cubic specimens using LPBF: (a) initial layers, reprinted 

from Ref. 14. Used with permission, (b) final build attached to the base plate, and (c) separated 

cube. 

 

2.2 Defect Formation in LPBF Components 

If the applied energy density is insufficient, the powder particles do not fully melt, thus 

resulting in LOF porosity. This defect is further aggravated by entrapped shielding gases or 

residual air present between the powder particles, which remain trapped during solidification31–33, 

as shown in Figure 2.4(b). In certain alloys such as stainless steel, nitrogen can even dissolve into 
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the molten pool and subsequently form pores during resolidification34. On the other hand, 

excessive energy input leads to unstable melt pool dynamics. High recoil pressure and localized 

overheating can expel molten droplets from the pool, which produces spatter that redeposits onto 

previously solidified layers. This causes uneven thicknesses of the layers, thereby promoting the 

so-called balling phenomenon9–11. Balling is manifested as bead-like solidified tracks that increase 

surface roughness, reduce dimensional accuracy, and degrade the wettability of the interlayers. 

The result is poor metallurgical bonding and the formation of incomplete fusion defects35–37. 

Another important porosity mechanism arises from keyhole formation, which occurs when the 

applied energy density is so high that metal vaporization creates a deep and unstable cavity within 

the melt pool12, as illustrated in Figure 2.4(c). Keyhole collapse can entrap gas, which leaves 

behind spherical pores that compromise the density and mechanical strength of the part. 

Furthermore, inadequate melting at the track boundaries or contour edges causes partially sintered 

particles to adhere to the surface, which leads to a poor surface finish and irregularities in the part.  

Another defect is the formation of elongated, columnar grains that grow along the build 

direction, as illustrated in Figure 2.4(d). These grains develop because of the steep thermal 

gradients and directional heat flow inherent to the LPBF process: the laser induces rapid localized 

melting followed by directional solidification, which promotes epitaxial grain growth from the 

underlying solidified layers. As a result, grains tend to elongate along the build direction instead 

of forming an equiaxed structure. This microstructural feature introduces significant anisotropy, 

which leads to directional dependence in the mechanical response of the material. This anisotropy 

reduces the overall strength uniformity and markedly shortens the fatigue life of laser powder bed 

fused components under cyclic loading13.  

 

2.3 Residual Stress Formation in LPBF 

Additionally, this method inherently leads to the development of significant internal 

residual stresses. During the LPBF process, the material is subjected to rapid and localized heating 

and cooling cycles as the focused laser selectively melts the layer of powder. These cycles create 

steep thermal gradients between the newly solidified regions and surrounding cooler material, 

which, in turn, generate substantial thermal stresses. Upon cooling, these thermal stresses may no 

longer relax fully and are transformed into residual stresses that remain locked within the part. If 

the magnitude of these stresses exceeds the yield strength of the material, localized plastic 
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deformation occurs, thereby producing permanent defects. Such defects can be manifested in the 

form of micro-cracking, warpage, distortion of the overall geometry, or even delamination between 

successive layers. These stress-induced imperfections not only compromise dimensional accuracy 

but can also deteriorate the mechanical performance and reliability of the final component, thus 

making residual stress management a critical aspect of optimizing the LPBF process, as illustrated 

in Figure 2.510,14–16,38–46. 

This behavior originates from the highly localized and intense heating caused by the laser 

during the LPBF process. As the laser irradiates a region, the material rapidly absorbs the energy, 

thus leading to thermal expansion. However, this expansion is constrained by the adjacent, cooler 

material that has not yet been exposed to the laser, which produces significant compressive stress 

within the heated zone. When these compressive stresses exceed the compressive yield strength of 

the material, the deformation transitions from being purely elastic to a combination of elastic and 

plastic deformation. Once the laser moves forward and the heated region begins to cool, the 

material undergoes thermal contraction. This contraction, however, is hindered by both the 

previously induced plastic deformation and resistance of the surrounding solidified material, thus 

resulting in the development of residual tensile stresses in the irradiated region. To preserve 

mechanical equilibrium, the neighboring zones experience compensating compressive stresses, 

which leads to a complex distribution of residual stresses, as depicted in Figure 2.6. Furthermore, 

as successive layers are deposited and solidified, they also appear to contract upon cooling, but 

this shrinkage is constrained by the underlying layers that are already solidified. Consequently, 

additional tensile stresses are introduced into the newly formed layers, thereby amplifying the 

overall residual stress accumulation in the part and increasing the risk of cracking, distortion, or 

delamination47. 

To investigate the parameters that influence the formation of residual stresses in LPBF and 

identify the factors that can either increase or mitigate them, both experimental approaches and 

numerical simulations can be used. Residual stresses can, in principle, be reduced through several 

methods. For instance, post-processing heat treatments are commonly employed to relieve stresses; 

however, such treatments add both cost and production time. Alternatively, controlling the thermal 

gradients and cooling rates during the LPBF process itself can also mitigate residual stresses. These 

in-situ stress relief strategies include optimizing processing parameters such as the laser speed, 

laser power, hatch distance, interlayer dwell time, and preheating temperature, as well as 
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modifying the scanning strategies. Nevertheless, experimentally determining the optimal 

conditions is not straightforward, since such trials are time-consuming, require specialized 

equipment, and are associated with high costs. For this reason, FE simulation is widely 

recommended as an efficient alternative method, as it enables systematic investigation of the 

influence of the processing parameters on residual stress development with greater flexibility and 

at a significantly lower cost. Moreover, the primary objective of this research is to study the HIP 

process as an effective post-treatment for reducing residual stress generated during LPBF. Since 

HIP experiments are very expensive and the number of feasible trials is limited, numerical 

modeling becomes an essential approach. In this work, FE modeling is employed to both analyze 

the changes in residual stresses during LPBF and evaluate the effectiveness of HIP in mitigating 

these stresses. 

 

 

(d)  

Figure 2.4 (a) Schematic overview of interaction zone between laser and powder bed; (b) lack-

of-fusion and gas-induced porosity; (c) keyhole-induced porosity; and (d) formation of elongated 

grains, reprinted from Refs. 24,36,39,48. Used with permission. 
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(a) 

 

 

(b) 

 

 

(c) 

 

Figure 2.5 Examples of defects commonly observed in LPBF-manufactured components, 

including layer delamination and cracking due to thermal stresses (a), cracking and distortion in 

bulk samples (b), and localized defects such as thin-wall corner cracking (c), reprinted from 

Refs. 38,39,41. Used with permission. 

 

The FEM is a powerful numerical technique that has become the most widely adopted tool 

for modeling residual stress distribution in additively manufactured components. Unlike analytical 
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models, FEM provides the flexibility to incorporate complex geometries, transient loading 

conditions, and coupled thermal–mechanical interactions, which make it particularly effective for 

simulating the LPBF process. This computational approach explicitly accounts for both the 

external loading history and intricate temperature variations that arise during the layer-by-layer 

fabrication process, thereby offering an efficient means to predict residual stress changes and their 

influence on the quality of the final part49,50. As a result, FEM has been the subject of extensive 

research, and a large number of models have been developed to simulate the LPBF process under 

various assumptions and levels of fidelity. 

 

  

(a) (b) 

Figure 2.6 Stress and strain changes during LPBF: (a) thermal expansion during laser heating 

induces elastic–plastic deformation, (b) cooling and contraction generate residual tensile stresses 

in the irradiated zone and compensate compressive stresses in surrounding regions, reprinted 

from Ref. 38. Used with permission. 

 

Early attempts to develop models for LPBF were predominantly based on simplified two-

dimensional (2D) simulations51,52. These models provided initial insights into the thermal cycles 

and stress development but could not capture the inherent 3D complexity of the process. With 

advancements in computational resources and modeling techniques, researchers began to employ 
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more sophisticated 3D simulations to gain a better understanding of the mechanisms that govern 

residual stress. For example, Hussein et al.53 investigated single-layer components fabricated 

without substrate bonding to isolate and analyze the stress states in overhanging structures. While 

such direct modeling approaches provide detailed physical insights, they suffer from critical 

limitations. Specifically, they require fine mesh densities and very small time increments to 

accurately capture the moving laser heat source. Consequently, these models often involve 

millions of nodes and elements, which lead to computational times that can extend to hundreds of 

hours for relatively small domains. As a result, direct modeling becomes impractical for simulating 

large-scale components or conducting parametric studies54–56. 

To address these computational challenges, indirect modeling strategies have been 

introduced. These approaches simplify the interaction between the laser and material, and reduce 

the required number of elements and increments, thereby reducing calculation time without 

entirely sacrificing accuracy. Among these strategies, four principal methods are commonly 

reported in the literature: flash heating, lumped laser passes, line heating, and the inherent strain 

approach55. In the flash heating method23, individual laser scans are neglected, and instead, groups 

of layers are assumed to be heated uniformly and simultaneously. While this drastically reduces 

the simulation time and provides approximate average values of residual stresses, the method 

neglects localized plasticity effects induced by the moving laser. Since these localized effects are 

the primary drivers of residual stress in LPBF, the accuracy of the flash heating approach is limited. 

Additionally, the approach fails to capture the influence of the scanning speed, as the entire layer 

is treated as a single heating event. 

Lumped laser models are another simplified modeling method, in which multiple discrete 

laser passes are consolidated into a single larger laser track. This approach further accelerates 

simulations and provides a general picture of the distortion and stress fields; however, lumped 

laser models reduce accuracy and are incapable of evaluating the effect of different scanning 

patterns or hatch strategies57.  The line heating model offers an intermediate solution by treating 

the moving laser as a continuous line source, which improves accuracy in representing thermal 

gradients and allows for the study of scanning strategies. Although faster than beam-scale models, 

the line heating model still struggles with representing large build volumes, and its predictions of 

cooling rates are often less reliable58,59. Finally, the inherent strain model assumes that the PEEQ 

accumulated during fabrication is spatially uniform and independent of geometry60,61. While 
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computationally efficient, this assumption neglects nonuniform distortions that arise in parts with 

complex geometries. Furthermore, the model ignores the detailed thermal history of the build, so 

that it is not suitable for studying transient effects or accurately predicting stress changes in 

geometrically intricate components. 

Despite the simplifications offered by these indirect methods, the simulation of large-scale 

parts remains computationally demanding, and important details such as geometric influences and 

different scanning strategies are often overlooked. Therefore, thermo-mechanical FE modeling of 

the LPBF process is typically restricted to relatively small domains or RVs rather than full-scale 

parts. To extend the applicability of the FEM, researchers have increasingly relied on user-defined 

subroutines such as USDFLD, UMATHT, and DFLUX, which are implemented within 

commercial software packages like Simufact.Additive, Ansys, and Abaqus to model custom heat 

inputs, material behavior, or boundary conditions62–64. However, the effective use of such 

subroutines not only requires a strong grasp of thermomechanical theory but also advanced 

programming skills in languages such as Fortran, which constitute a significant barrier to entry for 

many users. 

To address these challenges, the Abaqus AM Modeler plugin has been recently introduced 

as a solution, which integrates many of these complex subroutines into a user-friendly interface. 

This tool significantly reduces the difficulty of model development and accelerates the simulation 

setup for LPBF processes. Although there are few studies that have applied the AM Modeler41,65, 

the tool has shown promise in bridging the gap between computational efficiency and modeling 

accuracy. In the first stage of this study, a coupled thermo-mechanical FE model is developed by 

using the Abaqus AM Modeler, which incorporates the RV approach. This method evaluates a 

smaller domain that is statistically representative of the overall part, thus minimizing the 

calculation time while still maintaining sufficient accuracy to study the influence of the processing 

parameters. Using this approach, the effects of key variables such as laser power, laser speed, and 

preheating temperature are systematically investigated. The resulting predictions of the residual 

stress are compared against experimental data reported in the literature to validate the model and 

provide confidence in its applicability to real-world scenarios. More importantly, the ability to 

predict residual stress with high fidelity offers valuable insights into fatigue performance, 

dimensional accuracy, and distortion control, all of which are critical considerations for the reliable 
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deployment of LPBF-manufactured components in demanding industries such as the aerospace 

and energy industries. 

 

2.4 Post-processing of LPBF Components 

The preceding section described how the steep thermal gradients and layer-wise 

solidification with LPBF generate residual stresses, along with process-specific defects (e.g., LOF 

pores and micro-cracks) and microstructural anisotropy. These issues can reduce dimensional 

stability and fatigue performance if left unmitigated. To relax the AM-induced stresses, two 

industrial post-processing routes are commonly employed: (i) conventional furnace heat 

treatments (at an ambient pressure) for stress relief and (ii) HIP, which combines elevated 

temperature with hydrostatic gas pressure. Both treatments reduce the residual stresses 

accumulated during AM; however, HIP additionally collapses internal voids and heals sub-surface 

defects, thereby lowering local stress concentrations beyond the use of solely thermal exposure. In 

this section, a detailed review of previous studies on HIP is presented, which specifically focuses 

on the effect of HIP on residual stress mitigation in additively manufactured components. This 

review not only highlights the mechanisms by which hydrostatic pressure contributes to stress 

reduction but also provides context for the modeling approach adopted in this research. 

Additionally, HIP and conventional furnace heat treatments are compared, and the effects of 

processing parameters, including temperature, hold time, cooling rate, and hydrostatic pressure, 

on residual stress reduction are systematically evaluated using finite element simulations and 

validated against experimental data reported in the literature. 

Conventional furnace heat treatment is the most widely used and straightforward post-

processing route for stress relief, as the method relies solely on elevated temperature under ambient 

pressure to relax internal stresses. Conventional annealing in a furnace at an ambient pressure 

typically involves heating the part to an appropriate temperature (often 550–650°C for stress relief 

in steel or higher for superalloys/titanium), holding for 1–2 hours or more, then cooling at a 

controlled rate. This process allows recovery and recrystallization: dislocations rearrange and new 

strain-free grains form, thereby relieving internal stresses. For laser powder bed fused parts, a well-

chosen stress-relief anneal can eliminate a large portion of the residual stresses – for example, 

reducing the tensile residual stress from ~466 MPa (as-built) down to ~16 MPa66. Furnace 
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annealing does not involve applied external pressure; stress relaxation occurs purely from thermal 

mechanisms (thermal expansion, creep, and recrystallization) during the hold and slow cooling.  

In contrast, HIP is a post-processing technique extensively employed across a wide range 

of manufacturing sectors to produce components with superior quality and performance. Industries 

such as the aerospace, automotive, chemical, petrochemical, and medical industries rely heavily 

on HIP because of its ability to significantly enhance the structural integrity and reliability of 

critical parts. The process involves subjecting a material to a high hydrostatic inert-gas pressure—

typically in the range of 100–200 MPa—while simultaneously exposing the material to elevated 

temperatures within a hermetically sealed hydrostatic pressure vessel. At such elevated 

temperatures, the applied hydrostatic pressure often exceeds the yield strength of the material, thus 

inducing plastic flow and creep that collapse the internal voids, reduce porosity, improve overall 

density, and trigger microstructural changes beyond those of a simple anneal67–71. High 

temperatures (usually 70–90% of the melting point of the alloy) further accelerates diffusion and 

recrystallization, thereby enhancing stress relief. The hold time is carefully selected to ensure that 

even the thickest sections of the part reach thermal equilibrium and sufficient diffusion occurs for 

stress relaxation, while longer holds can compensate for the use of lower temperatures or 

hydrostatic pressure. Following the hold stage, the cooling rate is controlled to avoid the 

introduction of new thermal stresses. As a result, HIP-treated parts exhibit superior mechanical 

properties, including enhanced strength, improved ductility, and longer fatigue life, all without 

altering the external geometry of the component. Beyond these general benefits, HIP has been used 

in a number of specialized applications: to repair shrinkage defects and microporosity in castings; 

consolidate powders into fully dense solids in powder metallurgy; and enable diffusion bonding 

between dissimilar materials that are otherwise difficult to join through conventional methods48,72–

74. The versatility of HIP makes it indispensable for producing high-performance parts that must 

meet stringent safety and durability requirements. Figure 2.7 presents a schematic illustration of a 

typical pressure vessel set-up, while Figure 2.8 shows a representative HIP schedule in the form 

of a T–P–t profile: temperature (T) and hydrostatic pressure (P) ramp concurrently to the setpoints 

T1 and P1, followed by an isothermal–isobaric hold at T1 and P1 for a dwell time that drives creep-

assisted residual stress relaxation and pore collapse; finally, T and P are reduced at the same time 

in a coordinated cool-down/depressurization to prevent the reintroduction of thermal stresses.  
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In AM, HIP is increasingly recognized as one of the most effective post-processing 

techniques3,45,75–83. Its importance is particularly evident in LPBF, a process widely employed for 

fabricating a broad range of metallic materials84–87, including high-performance alloys such as Ni-

based superalloys18,20,43,88–91 which are extensively used in aerospace and energy applications. As 

discussed earlier, laser powder bed fused components often suffer from two critical issues: the 

accumulation of high residual stresses due to steep thermal gradients and rapid solidification, and 

the presence of porosity-related defects such as gas pores, LOF voids, and microcracks. HIP 

directly addresses these challenges by subjecting the material to a combination of elevated 

temperature and hydrostatic pressure. Under these conditions, several mechanisms are activated 

simultaneously: the plastic deformation of the pore walls, time-dependent creep deformation, and 

atomic diffusion. Together, these mechanisms promote the collapse and elimination of internal 

voids while enabling the redistribution and relaxation of residual stresses that originated during 

the printing process. The outcome is a component with enhanced density, reduced stress 

concentrations, and improved mechanical properties, thus making HIP an indispensable step for 

ensuring the reliability of additively manufactured parts3,13,22,92,93. 

Recently, increasing attention has been directed toward studies that investigate the 

densification of additively manufactured parts and elimination of porosity through HIP3,94–98. 

Unlike conventional thermal annealing, which operates at an ambient pressure, HIP applies high 

temperature and hydrostatic pressure simultaneously to collapse voids, heal micro-cracks, and 

promote microstructural homogenization. This capability makes HIP particularly effective in 

addressing defects that remain largely unaffected by standard heat treatments. For instance, LPBF-

processed Inconel 718 subjected to HIP at 1393 K and 100 MPa for 4 h exhibits nearly complete 

porosity elimination, with the porosity reduced from ~0.15% to <0.01%.  Alongside this 

densification, HIP dissolved the as-built cellular microstructure, thus resulting in more than 60% 

increase in ductility. These findings highlight the limitations of heat treatments performed without 

external pressure, as the pores cannot be closed or microstructural heterogeneities that act as stress 

concentrators are not fully eliminated. As the HIP process both closes pores and removes dendritic 

or cellular structures, the technology not only improves density but also reduces stress 

concentration within the bulk material99. Williams et al.100  reported that HIP of electron beam 

melted Ti-6Al-4V effectively reduces all internal pores to below the detection limit of X-ray 

computed tomography (~5 µm), thus resulting in nearly complete densification, apart from a few 
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surface-connected defects. Following HIP, the characteristic defect size is significantly reduced, 

which in turn increases the fatigue crack initiation threshold and extends the overall fatigue life of 

the material. 

 

 

Figure 2.7 Schematic illustration of HIP process, reprinted from Ref. 83. Used with permission. 

 

 

Figure 2.8 Typical HIP schedule (T and P versus time). 
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Extensive research has also been devoted to optimizing HIP conditions for specific alloys. 

For example, Lee et al.101 identified an optimal HIP process temperature of 1180°C for Inconel 

718, which resulted in significant reductions in porosity, improvements in segregation behavior, 

and enhanced tensile and bending strength. In a subsequent study102, they confirmed that using this 

processing temperature with a pressure of 1750 bars resulted in a remarkable 78.5% reduction in 

porosity and additional mechanical improvements, including increased tensile and bending 

strengths as well as improved elongation in tension tests. Similarly, Plessis et al.103 used x-ray 

microcomputed tomography, which is a non-destructive method, to track porosity changes in cast 

Ti-6Al-4V rods before and after HIP, which revealed that the pores are effectively sealed under 

HIP conditions through a combination of plastic deformation and atomic diffusion. In addition to 

its role in defect healing and stress relief, HIP can also reduce the overall LPBF processing time. 

This is because higher scanning speeds or larger hatch distances can be employed during printing, 

even though such parameters often increase the risk of porosity. The subsequent HIP cycle 

effectively eliminates much of this porosity through densification, thereby enabling a faster and 

more cost-effective build without sacrificing the quality of the final part. Moreover, post-

densification through HIP not only decreases the pore content but also homogenizes the as-built 

microstructure, thus leading to significant improvements in fatigue strength and reliability. In this 

way, HIP serves as both a corrective and an enabling technology: the process mitigates the 

shortcomings of accelerated LPBF processing while still delivering components with high density 

and mechanical integrity79. Beyond densification, HIP has also been consistently linked to 

improvements in fatigue performance104–110, primarily due to its ability to eliminate gas pores107,111 

that otherwise act as crack initiation sites. Poulin et al.110 reported that the smaller, healed defects 

generated by HIP substantially increase the threshold for fatigue crack growth in LPBF-processed 

materials. However, it is important to note that residual defects—sometimes up to 150 µm in 

depth—may persist in even high-density laser powder bed fused parts following HIP107, thus 

indicating that the process, while highly effective, is not universally capable of eliminating all 

imperfections. 

Both annealing and HIP alleviate internal stresses and improve homogeneity, which 

enhance ductility and reduce distortion by removing dislocations or pores that serve as stress 

concentrators. In many industrial contexts, the two processes are employed in sequence or 

combination: critical laser powder bed fused parts often receive a thermal stress-relief or solution 
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heat treatment in addition to a HIP cycle, which ensure stress mitigation. Nevertheless, 

comparative studies have consistently indicated that HIP provides superior overall improvements 

in mechanical performance relative to annealing alone. For instance, in laser powder bed fused Ni-

based alloys, conventional solution plus aging treatments improve the fatigue life by 

approximately twofold compared to as-built samples, whereas HIP extends fatigue life by a factor 

of four to five. This significant improvement is due to the unique ability of HIP to combine stress 

relief with defect elimination and microstructural homogenization99. Similarly, HIP-treated Ti-

6Al-4V and Inconel alloys consistently show higher fatigue endurance compared to the annealed 

alloys, largely due to the removal of internal porosity and development of beneficial compressive 

residual stresses at the surface of the materials112. 

It is worth noting, however, that the benefits of HIP can be marginal in terms of static 

strength if a part is already nearly fully dense and optimized. For a well-processed Hastelloy-X 

(Ni-superalloy) with ~99.85% density, HIP carried out at a temperature of 1160°C and pressure of 

100 MPa for 4 h only reduces porosity from 0.15% to <0.01% – a negligible change that does not 

translate to a strength increase. The HIP cycle in that case primarily coarsens the grains and anneals 

out the residual stresses, thus compromising some of the yield strength for more ductility and 

higher isotropy (yield strength declines from ~680 MPa as-built to ~315 MPa after HIP, while the 

elongation is increased from ~17% to ~40%). This underscores that the main benefits of HIP for 

high-quality laser powder bed fused parts lie in residual stress relief and defect healing rather than 

increasing the yield strength99. 

By contrast, research specifically focused on the role of HIP in managing residual stresses 

in additively manufactured components remains relatively limited compared to the extensive body 

of work on porosity elimination and microstructural homogenization. The available studies, 

however, demonstrate that HIP can have a significant effect on the residual stress state. For 

example, Qin et al.82 reported that HIP not only reduces the magnitude of surface residual stresses 

but also converts them from tensile to slightly compressive—an important improvement over 

conventional heat treatment, which generally leaves the surface in tension. In their study, the 

application of inert gas pressure during quenching promotes a more uniform contraction, thus 

resulting in a slight compressive stress (~−11 MPa) at the surface, whereas a conventional quench 

produces tensile stress (+48 MPa). Such compressive surface stresses are typically beneficial for 

fatigue life. Thus, applying pressure during heat treatment can, in some cases, reverse the sign of 
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the residual stresses—transforming detrimental tensile stresses into beneficial compressive ones 

at critical locations. Similarly, Zhang et al.113 observed that HIP effectively relieves tensile residual 

stresses in as-built samples and, in some cases, induces compressive stresses. This transformation 

is particularly advantageous for fatigue performance, as compressive stresses act to suppress crack 

initiation and slow down crack propagation, thereby extending the service life of additively 

manufactured parts. Moreover, several studies indicate that higher HIP temperatures further 

enhance this effect: the larger thermal gradients generated during the cooling phase encourage the 

development of compressive residual stresses. 

The peak temperature in either an annealing or HIP cycle is the dominant factor for stress 

relief. Higher temperatures promote greater stress relaxation by enabling recovery and 

recrystallization of the microstructure. For instance, laser powder bed fused Ti–6Al–4V has an as-

built elongated microstructure and high residual stresses; heating this alloy near the β-transus 

temperature (~950°C) facilitates recrystallization which substantially reduces the residual stress112. 

In general, a heat treatment must reach a sufficient fraction of the melting point of a material to 

relieve most stress – commonly around 0.5–0.8 Tm. Ni-base superalloys, for example, often 

require a solution treatment in the order of 1100–1200°C to fully relieve thermal stresses and 

dissolve strengthening precipitates99. If the temperature is too low, the residual stresses may only 

partially relax. Chen et al.66 conducted an experimental study on laser powder bed fused titanium 

alloy and reported that increasing the temperature from 280 °C to 380 °C under thermo-vibratory 

stress relief conditions significantly enhanced residual stress relief, with the axial stress reduction 

increasing from 62.89% to 72.91% under the same dynamic stress of 300 MPa. Thus, elevating 

the temperature generally increases the fraction of residual stress relieved (up to the point of 

complete stress relaxation). High temperatures also accelerate creep and diffusional relaxation 

mechanisms, thus enabling stresses to relax at a given pressure in a shorter period of time. 

The holding time also influences stress relief, although to a lesser extent than temperature. 

A minimum duration (often ~1–4 hours) is required to allow stress relaxation mechanisms such as 

creep and dislocation recovery to reach equilibrium. Extending the holding time can further reduce 

residual stresses, but may also promote grain growth. In practice, the required hold depends on the 

size of the part, thickness of the section, and diffusion kinetics. Thick components or materials 

with slow diffusion rates may require extended holds to ensure that the core is fully heated and 

stress is relaxed. The HIP process inherently allows for trade-offs among time, temperature, and 
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pressure; for example, a lower-temperature cycle held for a longer duration can achieve 

comparable densification and stress relief as those with a hotter and shorter cycle. In many cases, 

HIP treatments of laser powder bed fused alloys use holding times of approximately 2–4 hours as 

a practical compromise, which experimental evidence shows is sufficient to relieve the majority 

of the residual stresses99. 

The cooling stage is critical to avoid reintroducing residual stresses. After annealing or HIP, 

if a part is cooled too quickly, thermal gradients can generate new stresses. Slow cooling (furnace 

cooling) is often recommended for stress-relief treatments so that the part cools uniformly. Studies 

indicate that a more rapid cooling rate that exceeds approximately 20°C/min can introduce new 

residual stresses, whereas very slow rates of cooling (<5°C/min) minimizes thermal stress but may 

allow excessive grain growth. For example, a HIP-treated Ni-based alloy that is rapidly quenched 

(>20°C/min) has measurable residual stress due to differential contraction, whereas the same 

treated part cooled slowly is essentially stress-free99. In steels or titanium alloys that undergo phase 

changes, the cooling rate also affects the residual stress via transformation strains. A conventional 

quench can leave significant tensile stresses due to the volume expansion of martensite that forms 

in the cooler regions. In fact, Qin et al.82 found that in AISI M50 tool steel, vacuum furnace 

quenching after austenitization introduces tensile residual stresses at a pressure of 150 MPa, which 

even subsequent tempering cannot fully remove. By contrast, the same steel quenched under HIP 

conditions (high-pressure gas quenching) shows much lower residual stress. High-pressure gas 

allows rapid yet more uniform cooling and can suppress some of the phase transformation stress 

by shifting the transformation kinetics. The integrated HIP + quenching approach has been shown 

to reduce quench-induced warping or cracking. In essence, controlled cooling (moderate cooling 

rates or high-pressure gas cooling) helps to ensure that once residual stresses are relieved at high 

temperature, they do not return upon cooling. Many HIP systems now include precision cooling 

control: for instance, quenching in argon under a pressure of 150 MPa can cool parts quickly and 

uniformly, thus alleviating thermal gradients and resulting in significantly lower residual stress 

than an atmospheric quench82.  

The application of hydrostatic pressure fundamentally distinguishes HIP from a regular 

furnace treatment. Under high hydrostatic pressure at elevated temperatures, internal pores 

collapse via the plastic deformation of the surrounding material. This not only densifies the part 

but can also relieve localized residual stresses around those voids. In laser powder bed fused parts 
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that contain LOF pores or micro-cracks, the hydrostatic pressure forces those defects to close, 

which reduces stress concentration and can relax tensile residual stresses that are locked in around 

the voids. Essentially, if voids are present, pressure is an extra driving force for stress relief by 

eliminating the void volume that internal stresses might be trying to expand. Experimental 

evidence shows that HIP can reduce porosity to near-zero (e.g. <0.1%) and thereby remove one of 

the causes of internal stress hotspots99,114. 

At high temperatures during HIP, the yield strength of the material is greatly reduced, and 

the von Mises yield criterion is not directly pressure-dependent, as it is governed by the shear 

stress. Hydrostatic pressure contributes meaningfully to yielding only with the presence of voids 

to collapse. In a fully dense part with no pores, purely hydrostatic external pressure does not 

generate the shear deformation required to relieve residual stresses—unless the internal residual 

stresses combine with the external pressure to trigger localized yielding.  

Finite element simulations indicate that, in the absence of initial porosity, the extent of 

residual stress relaxation during HIP is approximately comparable to that achieved through thermal 

annealing alone. This observation is further supported by our published work114, which 

demonstrates that fully dense LPBF components exhibit similar levels of stress relaxation 

following high-temperature annealing and HIP treatment. By contrast, when voids are present, the 

pressure-induced plastic flow enhances stress relief substantially. The collapse of the pores allows 

the material to plastically redistribute and release the stored elastic strains that a thermal treatment 

at ambient pressure may not be able to fully alleviate66,114. It has also been observed that increasing 

the applied hydrostatic pressure in HIP can amplify these effects: for example, Maj et al.99 

conducted a study on an Ni-based superalloy and applied a hydrostatic pressure of 175 MPa rather 

than 100 MPa (at the same temperature and dwell time) which produced a more uniform grain 

structure and improved the tensile properties, thus suggesting more complete stress relief and 

defect closure at a higher hydrostatic pressure. Standard HIP practices for laser powder bed fused 

alloys, such as hydrostatic pressure of ~100 MPa for Ti-6Al-4V and 100–150 MPa for Inconel 

718—are already highly effective; however, moving toward the upper range of hydrostatic 

pressure (e.g., ~200 MPa) may yield only marginal additional stress reduction while imposing 

higher equipment and cost demands82. 

Optimizing the HIP process has traditionally relied on trial-and-error approaches, which 

are both time-consuming and costly due to the high expense of experimental HIP cycles and the 
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limited number of trials that can be realistically conducted. Consequently, the development of FE 

models for the HIP of LPBF-built parts is an attractive alternative option, which offers a powerful 

numerical tool to simulate the process without the need for extensive physical 

experimentation96,97,115. FE modeling can be used to predict the dimensional evolution of 

components, monitor the development and relaxation of residual stresses, assess the closure of 

pores, and optimize the processing parameters. These capabilities enable better control over the 

quality of the final part and improve the overall industrial efficiency of HIP-treated components. 

In particular, the FEM has emerged as a valuable method for understanding and predicting the 

changes in residual stresses during post-processing. However, simulating a complete HIP cycle is 

highly complex, as it requires accounting for thermo-mechanical coupling, time-dependent creep 

deformation, and, in some cases, phase transformations under hydrostatic pressure. To address 

these challenges, recent studies have incorporated advanced constitutive laws, such as viscoplastic 

creep formulations, into FE models, thus enabling more accurate predictions of residual stress 

relaxation and microstructural changes during HIP.  

FE modeling of HIP generally falls into three categories, based on the captured material 

constitutive behavior. Many studies use time-independent plasticity models (often adapted from 

soil or porous metal mechanics) to describe powder densification under hydrostatic pressure116–121. 

For example, cap plasticity models like Cam-Clay and the modified Drucker–Prager Cap (DPC) 

model are widely applied to the HIP of metal powders116,117,121. The accuracy of these models can 

be increased by combining them with a creep law116,122. These models relate yield strength to 

density, thereby capturing how the powder yields and compacts as the void volume decreases. 

Studies such as Abdelhafeez and Essa116 demonstrate the use of Cam-Clay and Drucker–Prager 

formulations in simulations of HIP with 316L steel powder, while Buljak et al.117 focus on 

calibrating a DPC model for ceramic powder compaction. Plasticity-only models can predict final 

shapes reasonably well but may neglect time-dependent deformation. Other works incorporate 

time-dependent deformation laws (creep or viscoplastic flow) to simulate the slow densification 

that occurs over the holding time during HIP123,124. In these models (which often employ a Norton 

power-law or hyperbolic-sine creep), densification is driven by thermal activation and sustained 

pressure, which are analogous to high-temperature creep in metals98. For instance, Abouaf et al.123 

developed an early HIP model that treats powder consolidation like a viscoplastic flow. Similarly, 

Abena et al.124 implemented a creep law (with coefficients fitted from high-temperature 
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compression tests) in their HIP simulation of Ti-6Al-4V, by using an ABAQUS creep subroutine. 

Xu et al.98 explicitly used a Norton creep equation to model the densification of Ti-6Al-4V castings 

during HIP, which resulted in a good agreement with experimental data reported in the literature. 

Creep-based models capture the time-sensitive pore shrinkage well but might need enhancements 

with an initial yield criterion for early densification. The most advanced simulations combine both 

instantaneous plastic yielding and time-dependent creep to cover all stages of HIP 

densification97,125–128. During a typical HIP cycle, the powder particles undergo initial plastic 

rearrangement and yield under hydrostatic pressure, followed by slow creep deformation as the 

material approaches full density125. To reflect this, researchers have formulated unified models that 

couple multiple deformation mechanisms. For example, Van Nguyen et al.127 proposed a combined 

model that incorporates plasticity along with primary and secondary creep behaviors. Wikman et 

al.128 similarly developed a material model that transitions from a plastic compaction response to 

a creep-dominated response as densification progresses. These hybrid approaches have been 

shown to improve the prediction accuracy of the final dimensions and density116,128. As 

Abdelhafeez and Essa116 reported, adding a creep component to a Drucker–Prager model reduces 

the shape prediction errors to ~1.5–4.8%, compared to 6% or more when using a purely plastic 

model.  Combined models leverage the strength of both plastic yield modeling and viscoplastic 

flow, which is crucial since HIP involves simultaneous high-temperature plastic deformation and 

creep over the holding time125. 

For powder consolidation with HIP, one of the most commonly used constitutive laws is 

the modified DPC model117. This yield model was originally adapted from soil mechanics and has 

a yield surface composed of a shear failure envelope (Drucker–Prager) and a compaction cap that 

flattens at high hydrostatic pressure. The cap enables modeling of volumetric plastic compaction, 

which makes it well-suited for porous powders. Studies have shown that the DPC model can 

effectively capture powder densification under HIP conditions. For example, Essa et al.120 modeled 

the HIP of IN718 powder by using a Gurson-type porous plasticity model for the initial stages and 

a DPC approach for tool design considerations, while Sundaram et al.121 employed a DPC model 

to simulate capsule-free HIP of sintered steel gears, which required an initial density ~95% for 

surface pore closure. Buljak et al.117 underline the flexibility of the DPC model and noted that it 

has been applied not only to metal powders but even to other particulate materials. 
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A limitation of a pure DPC plasticity model is that it does not inherently account for time-

dependent deformation at a constant stress (i.e. creep), which occurs during the holding period of 

HIP. To address this, researchers often combine the DPC model with a creep law for better 

accuracy. Abdelhafeez and Essa116 showed that enhancing a modified Drucker–Prager model with 

a creep component significantly improves predictions of the dimensions of the final part and 

densification history in the HIP of 316L stainless steel powder. The CEEQ allows continued 

densification beyond the instant plastic yield, thus mirroring real consolidation. Du et al.122 

provided a clear example of this approach: they simulated the HIP of selective laser sintered (SLS) 

304 stainless steel parts by using an ABAQUS DPC model combined with a hyperbolic-sine creep 

law. Their simulation showed that the relative density of the SLS parts increases from an initial 

~0.37 to ~0.90 after HIP. This substantial densification was achieved in the model by accounting 

for creep-driven pore collapse in addition to instantaneous compaction. The authors reported 

minimal shape distortion and good agreement between the simulated dimensions and the 

experimental data reported in the literature, with the discrepancy remaining within 6%. These 

results confirm that coupling a creep constitutive law with a powder plasticity model can capture 

gradual pore elimination during the HIP soak, thus enhancing the fidelity of FEM predictions. 

Once a powder compact or additively manufactured part reaches a high relative density 

(e.g. >90–95%), its remaining porosity consists of isolated voids in a nearly fully dense metal 

matrix. For this regime, a porous metal plasticity model like the Gurson model (or its extensions 

by Tvergaard and Needleman) can be very effective. The Gurson model, originally developed for 

ductile voided materials, introduces a yield function that depends on the void volume fraction, thus 

allowing the function to predict how voids shrink or grow under plastic flow129. It is essentially a 

modified metal plasticity model that incorporates porosity as an internal state variable. This model 

is most applicable when the material is nearly fully dense, typically above a ~90% relative 

density119–121,129. In fact, the ABAQUS implementation of Gurson’s model explicitly notes that it 

is intended for a dilute concentration of voids (relative density > 0.9). Several HIP simulation 

studies of high-density powder compacts or as-built parts have adopted Gurson-based models once 

the densification reaches the final stage. Xue et al.119 used a hybrid model that interpolated between 

a low-density cap model and a Gurson-Tvergaard model at ~90% density during the HIP of Ti–

6Al–4V powder. Essa et al.120 similarly applied a modified Gurson model to represent the powder 

in HIP simulations for IN718, given that the powder was pre-compacted and near full density. 
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Sundaram et al.121 noted that for capsule-free HIP to work, the part must initially exceed ~95% 

density so that surface pores collapse – a condition where Gurson’s assumptions (small void 

volume) hold true. The appeal of the Gurson model is its ability to predict void closure under 

plastic deformation for dense materials, which makes it a promising choice for simulating HIP as 

a post-process for laser powder bed fused parts that typically have relative densities around 99% 

with small residual porosity. 

However, it is important to recognize the limitations of using the Gurson model for HIP. 

By design, Gurson’s formulation handles plastic void closure (voids that contract as the 

surrounding material yields). The model does not inherently include time-dependent creep or 

diffusion mechanisms. During HIP, especially at high temperatures and with long holding times, 

creep deformation can significantly contribute to closing pores125–128. The Gurson model and 

classical creep laws are based on different assumptions and mathematical frameworks, which 

makes it challenging to combine them directly into a single material model. In other words, 

Gurson’s yield function (a function of instantaneous stress and void fraction) is not formulated to 

incorporate rate-dependent viscoplastic strain accumulation in the same equation. Van Nguyen et 

al.127 and Wikman et al.128 highlighted this issue: only a few formulations exist that couple multiple 

deformation mechanisms into one unified model125. While one could implement a sequential 

approach (apply plastic collapse then creep in separate steps), a truly simultaneous Gurson+creep 

model is non-trivial. In practice, researchers either use the Gurson model in the final stage of 

densification (when creep may be less dominant over plastic flow) or resort to the combined 

models discussed above. The Gurson model is very useful for high-density porous metals, but if 

long-term creep effects during HIP need to be captured, a separate viscoplastic modeling approach 

needs to be considered rather than a straightforward superposition with Gurson’s yield criterion. 

This is why some HIP simulations switch material models at a certain density threshold (e.g. from 

a creep-based model to Gurson-based plasticity once D > 0.9), rather than attempting to merge the 

two into one set of equations. 

Beyond the constitutive modeling of overall densification, a number of studies have 

specifically examined the closure of internal pores during HIP, through both experiments and 

simulations. Understanding pore closure is critical for cast or additively manufactured parts that 

contain trapped pores even at a high overall density. Recent investigations have shed light on the 

dominant mechanisms of void elimination and influence of HIP parameters. Xu et al.95 created a 
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controlled internal gas pore in a Ti–6Al–4V casting and monitored its closure during HIP via 

interrupted experiments and FEM simulation. They found that pore closure is rapidly initiated in 

the early stages of HIP; that is, during initial pressurization and heat-up, and then significantly 

slows down in the later holding stage. The simulations and micrographic observations showed that 

the pore volume is most dramatically reduced at the beginning of the cycle. Notably, even a 

standard full HIP cycle (920°C, 120 MPa, 150 min in their case) did not completely eliminate the 

gas pore. A small residual pore remained, thus indicating that typical HIP parameters might be 

insufficient to entirely close isolated gas-filled voids. These findings suggest that gas pores are 

harder to close than shrinkage pores, and extended HIP time or a higher hydrostatic pressure may 

be needed for complete healing. 

In an earlier study, Xu et al.98  examined shrinkage porosity in Ti–6Al–4V castings under different 

HIP temperatures (750–950°C, at 150 MPa). They observed that there is a temperature threshold 

at around 920°C, above which void closure is achieved. Specifically, shrinkage cavities in the 

casting were fully closed after HIP at 920°C and 950°C, whereas lower temperatures (750 and 

850°C) left some residual porosity. Increasing the temperature enhances densification up to that 

threshold, due to higher thermal energy promoting creep deformation. Their simulations with a 

creep-based model corroborated the experimental trend, thus showing accelerated pore collapse at 

higher temperatures. From a practical standpoint, they identified 920°C as an optimal HIP 

temperature for Ti–6Al–4V: high enough to heal voids effectively, but not so high as to cause 

excessive grain growth. Epishin et al.96 investigated void closure in a single-crystal Ni-based 

superalloy (CMSX-4) during HIP by using interrupted tests and crystal-plasticity modeling. They 

found that two distinct mechanisms contribute to pore elimination. Plastic deformation of the 

surrounding matrix is one mechanism: under HIP pressure, dislocations move and climb, thus 

causing the pore to shrink. The second mechanism is diffusion (a vacancy-driven process): at the 

HIP temperature (1288°C, ~0.9 TM for Ni-based superalloy), atomic diffusion leads to pore 

shrinkage through material transport, albeit more slowly. The study noted that plastic collapse of 

the pores dominates the initial and intermediate stages of HIP (reducing most of the pore volume), 

while diffusional pore rounding and final elimination become significant at longer times once the 

driving pressure for plastic flow is reduced. This aligns with the classic understanding that 

mechanical closure brings pore surfaces into contact, and then diffusion (if time/temperature 

permit) bonds the interface. Their work highlights the dual nature of pore healing: pressure-
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induced plasticity and high-temperature diffusion both play roles. Prasad et al.97 focused on how 

HIP parameters (hydrostatic pressure, temperature, holding time) affect pore closure in a Ni-based 

superalloy, by using a simulation-based approach. They employed a model that incorporates void 

evolution to study various HIP schedules. The simulations indicated that higher hydrostatic 

pressure and longer holding times promote more complete pore annihilation, as expected, but with 

diminishing returns beyond a point. For instance, increasing the hydrostatic pressure significantly 

speeds up pore closure in the early phase, and extending the hold time helps to reduce final pore 

size, but long holds only have marginal benefits once the diffusion mechanisms plateaued. They 

thus aimed to optimize the HIP cycle: find a combination of hydrostatic pressure and time that 

achieves near-complete pore closure without unnecessary overheating or grain growth. Their 

results, which were consistent with experimental data reported in the literature, suggested that a 

carefully calibrated HIP cycle can eliminate most micro-pores while preserving the mechanical 

properties. 

FE simulations provide valuable insights into HIP by enabling the visualization of not only 

densification but also the changes in stress distribution during and after the process, which is 

critical for predicting distortions and identifying the risk of cracking130. Void-containing materials 

(such as powder metallurgy compacts, castings with shrinkage porosity, or as-built additively 

manufactured parts with LOF) are a major focus of modeling the HIP process because the primary 

purpose of HIP in these cases is to eliminate internal porosity. The closure of pores is accompanied 

by complex material flow and can generate localized PEEQs, which in turn affect the residual 

stresses. Recent studies have devoted effort to modeling pore closure kinetics and the resulting 

stress fields in materials like titanium alloys, Ni-based superalloys, and stainless steels114,131. An 

integrated FE framework simulates the layer-by-layer AM (with residual stress build-up), then 

applies a HIP cycle to the as-built stress state. These studies have found that a post-treatment with 

HIP can relax most of the as-built residual stresses, even before all of the porosity is eliminated. 

The implication is that the thermal exposure and creep during HIP are very effective stress-relief 

mechanisms– sometimes more effective than a standard stress-relief anneal at ambient pressure131. 

Thus, beyond densification, the role of HIP in mitigating residual stress can be explicitly evaluated 

via numerical modeling. One notable study on Ni-based superalloy residual stresses during HIP is 

Bassini et al.73 on Astroloy. They used FEM to analyze how the HIP parameters influence micro-

scale residual stress and hardness in HIP-treated Astroloy powder compacts. Their simulations 
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indicated that higher HIP pressures can induce more plastic deformation in prior particle boundary 

regions, thus potentially reducing residual micro-stresses upon cooling. Experimentally, they 

measured the hardness and found that HIP at a higher hydrostatic pressure slightly increases the 

uniformity of hardness, thus indirectly suggesting a more uniform residual stress field (since 

hardness differentials are often related to residual stress). These findings align with the general 

simulation result that sufficient HIP pressure (in the order of 100 MPa) is needed for complete 

pore elimination in Ni alloys, whereas overly low hydrostatic pressure (e.g. 5–10 MPa) has a 

negligible effect132. In other words, modeling and tests concur that there is a threshold pressure 

below which pores simply deform elastically without collapsing, thus leaving residual voids (and 

possibly high local stresses around them). Once that threshold is surpassed, plastic yielding around 

the pores leads to rapid closure and a corresponding drop in internal stresses. For single-crystal 

Ni-based superalloys (used in turbine blades), internal porosity and residual stresses are also 

critical. While grains are absent, these castings often have micro-pores from solidification. Creep-

based FE models have been applied to simulate the HIP of single-crystal superalloys, which 

distinguishes the dislocation creep (plastic flow) from diffusion creep (vacancy diffusion driven 

pore shrinkage) regimes97. The studies have noted that in typical HIP conditions, both mechanisms 

contribute with larger pores closed primarily through dislocation creep (accompanied by local 

residual stress that can persist after cooling), whereas very fine pores heal by diffusion with 

minimal stress generation97,104. FE studies have reported that a minimum hydrostatic pressure of 

100 MPa is required to eliminate LOF pores at typical HIP temperatures. At much lower 

hydrostatic pressures (50 MPa), simulations indicate that the yield strength of the material at 1561 

K is not exceeded, so pores remain essentially intact97. This is experimentally confirmed: HIP-

treated 316L samples processed at 5 MPa show no porosity improvement, whereas those treated 

at 100 MPa become fully dense133. Such insights have been captured in FE studies by incorporating 

the creep law of the material: only above a certain stress (from the applied hydrostatic pressure) 

would the CEEQ rate become sufficient to collapse the voids. After HIP, 316L shows good residual 

stress results. As the material is ductile, it ends up almost stress-free, with only slight compressive 

stress at the surface from uniform contraction. Numerical models of laser powder bed fused 316L 

with HIP also show that nearly all tensile residual stress from printing can be removed. In Dye et 

al.134, neutron diffraction was used to measure the internal residual stresses in a HIP-treated 

superalloy turbine disk, and these were compared to an FE simulation of the HIP + cooling process. 
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The simulation accurately reproduced the compressive hoop stresses in the disk bore and the slight 

tensile stresses at the rim that the neutron data indicated, thus bolstering confidence in the creep-

plasticity material model used.  

While the general benefits of HIP in promoting densification and relieving residual stresses are 

well established, the influence of the initial void fraction, void morphology, and void distribution 

in additively manufactured parts on the final HIP outcome remains an important area of 

investigation. The morphology of voids—specifically their shape and size—plays a crucial role in 

determining how they deform and close during the HIP process. Non-spherical or irregularly 

shaped voids tend to concentrate local stresses at protrusions, edges, or sharp corners, which can 

facilitate localized plastic deformation and accelerate pore collapse under hydrostatic pressure. In 

contrast, spherical voids experience a uniform pressure distribution on all sides, which lack such 

stress concentration sites. As a result, they are more resistant to plastic deformation and therefore 

require higher temperatures, longer holding times, or larger applied hydrostatic pressure to achieve 

full closure97,135,136. Consequently, understanding the combined effects of void shape, size, and 

initial porosity level is essential for optimizing HIP parameters to ensure complete densification 

and defect healing in additively manufactured components.  

Comparative studies have shown that under the same HIP parameters, spherical pores close 

more slowly than elliptical or crack-like pores. Prasad et al.97 observed that large irregular or 

elliptical shrinkage cavities in a casting heal more readily than nearly round pores, which remain 

open longer due to the more uniform stress distribution that resist their collapse. Similarly, recent 

pore tracing experiments on HIP-treated additively manufactured AlSi10Mg found that irregularly 

shaped pores close faster than spherical ones during the HIP cycle136. Pore shape may also change 

during densification. Even if a pore starts out roughly spherical, the deformation is often not 

perfectly self-similar – a collapsing spherical void can become slightly ellipsoidal as the material 

flows inward135,136. The classic experiments of Kellett and Lange137 on ceramic compacts show 

that surface-connected pores do not close during HIP. However, pores located near the surface can 

induce significant surface damage during HIP. The observed cratering and puncturing associated 

with near-surface spherical pores, together with the accompanying changes in pore morphology, 

suggest that plastic deformation is the dominant mechanism that governs pore collapse137. In 

general, as the pores shrink, they tend to lose any smooth, rounded geometry and may morph into 

an irregular shape before the final healing. This is because different facets of the void may close 
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at different rates (due to the crystallographic orientation or local microstructural inhomogeneities), 

which give the final pore (if any remains) a jagged or non-spherical profile135,136. 

Alongside void shape, the size of voids is another critical factor that influences densification 

during HIP. Smaller pores—typically micro-voids less than 0.1 µm—tend to shrink more rapidly 

than larger ones under the same conditions. From a thermodynamic perspective, smaller voids 

have higher internal gas pressure and greater surface curvature, as described by Laplace’s law, 

which together provide a greater driving force for diffusion-controlled shrinkage and creep 

processes. Numerical simulations have confirmed this effect, which show that pores below a 

certain critical radius can vanish much faster, whereas larger voids require extended deformation 

and diffusion times to achieve full closure97. The experimental observations in Mishurova et al.138  

are consistent with these findings, and smaller pores with a similar morphology heal faster than 

the larger pores. This size dependence phenomenon suggests that, after the initial plastic-yielding 

stage of HIP, any remaining micro-pores can gradually disappear through diffusion and creep, 

provided that a sufficient holding time and suitable temperature are applied. Void morphology not 

only dictates the kinetics of pore closure but also the residual stress field left behind once the void 

has vanished. Sharply irregular pores tend to generate localized PEEQ and may leave strain scars 

after closure, while spherical pores collapse more uniformly, and produce minimal residual strain 

in the surrounding matrix. Ultimately, complete elimination of the voids removes stress 

concentrators and allows the material to equilibrate to a relatively low residual stress 

state82,97,135,136. Conversely, partially closed voids can act as persistent sources of local residual 

stress and potential initiation sites for subsequent damage or cracking. 

The location of pores relative to the free surface is another critical factor that affects HIP 

efficiency. HIP is generally most effective in closing internal voids deep within the bulk material, 

while surface-connected pores or cracks often persist even after treatment31,100,135,137,139,140. Such 

surface-connected defects are difficult to heal because the pressurizing gas can penetrate the cavity 

or the free surface allows the void to expand outward instead of collapsing. Williams et al.100 

reported that, following the HIP of EBM Ti-6Al-4V, all fully internal pores are eliminated, 

whereas defects connected to the surface by narrow ligaments remain partially open. Similarly, 

Nudelis and Mayr135 observed that pores in direct contact with the surface or those that contain 

oxide films resist complete closure even under aggressive HIP conditions. In such cases, additional 
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measures—such as encapsulation prior to HIP or post-HIP chemical milling—may be necessary 

to achieve full densification. 

The spatial arrangement of pores not only influences densification but also affects the changes 

in the internal stresses during HIP. Clusters of voids may locally relieve stress as they collapse, 

owing to concentrated plastic flow in that region, yet this localized compaction can leave behind 

a residual tensile stress halo that surrounds the densified area relative to the less-deformed 

surrounding material. In contrast, a uniformly distributed porosity field promotes more 

homogeneous shrinkage and stress relaxation. Ideally, the aim of using HIP is to obtain uniform 

densification such that the residual stresses are minimized throughout the part. One of the key 

advantages of HIP over non-isostatic treatments lies in its ability to equalize internal stress 

heterogeneities by applying uniform pressure in all directions. For example, in the post-treatment 

of LPBF-produced steel with HIP, researchers have observed that the process not only nearly 

eliminates porosity but also significantly reduces both the magnitude and scatter of residual 

stresses across the component. Any residual stresses that remain after HIP are generally much 

lower than those in the as-built condition and can even become compressive82,114. The proper 

selection of HIP parameters, in particular sufficient hold time and temperature, is therefore 

essential to enable full stress relaxation and achieve optimal material uniformity. 

Beyond the effects of void morphology and spatial distribution, the initial void volume fraction 

plays a critical role in determining the overall effectiveness of the HIP process. The initial degree 

of porosity strongly influences both the kinetics of densification and the processing conditions 

required to achieve full consolidation. In general, higher void volume fractions require more plastic 

deformation to eliminate all voids, and if the pores are large or interconnected, HIP might not 

completely remove them100,139, thus leaving behind residual stress concentrators that can 

deteriorate the mechanical performance. Many studies report a characteristic two-stage 

densification behavior: an initial rapid reduction in porosity dominated by plastic deformation, 

followed by a slower process toward full density as time-dependent creep and diffusion processes 

become dominant. This transition occurs because, as the pores shrink and the surrounding material 

densifies, the local driving stress around the voids decreases, thus reducing the rate of closure97. 

Overall, the healing rate during HIP primarily depends on both the initial void volume fraction and 

its distribution within the material. When the porosity is high, densification easily starts to occur 

due to the low initial stiffness of the material; however, excessive clustering of the pores can lead 
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to coalescence or mutual interference which impedes complete elimination. Conversely, at very 

low porosity levels—where only a few isolated pores remain—prolonged holding times are often 

required for diffusion-assisted closure. According to Cegan et al.139 , who investigate the effect of 

HIP on 316 L stainless steel prepared by using LPBF and characterized by using X-ray computed 

micro-tomography (XCT), the reduction in the percentage of void volume fraction from the initial 

state (after LPBF) to the secondary state (after HIP) does not show a direct and monotonic 

relationship with the initial void volume fraction. In other words, as the porosity generated under 

different LPBF conditions increases, the percentage of void reduction during HIP does not follow 

a purely increasing or purely decreasing trend. Specifically, within the initial porosity range of 

0.13 to 0.69, the percentage of void reduction first increases and then decreases as the initial void 

fraction increases from 0.13 toward 0.69. Similarly, Williams et al.100  who examine the effect of 

HIP on titanium prepared by selective electron beam melting and analyzed by using XCT, also 

report non-monotonic behavior. In100, a 100% void reduction was observed as the initial porosity 

increased up to 0.202. However, within the higher initial porosity range of 0.225 to 0.625, the 

percentage of void reduction decreased with increasing initial porosity. This further supports the 

non-monotonic relationship between initial porosity and HIP densification efficiency. 

An additional factor that influences the densification behavior and residual stress changes 

during HIP is the presence of trapped gas within the voids, such as argon from the build chamber 

or gaseous reaction products. Gas-filled pores behave differently from vacuum or empty voids: as 

the pore volume decreases under external hydrostatic pressure, the internal gas pressure rises and 

increasingly resists further collapse. This back pressure can substantially slow down or even stop 

the densification process, even if the surrounding material has already yielded plastically97,100,141–

144. Prasad et al.97 modeled this phenomenon and showed that small gas-filled pores (<0.1 µm) can 

develop internal pressure in the order of several gigapascals during HIP. The pressure may diffuse 

argon into the surrounding matrix, but if the gas remains trapped, the pore may reopen during 

subsequent heat treatments or in-service thermal exposure once the external hydrostatic pressure 

is released. Effective elimination of gas porosity during HIP therefore depends on whether the gas 

can either dissolve into the metal matrix or escape. Extended holding times at elevated 

temperatures can facilitate this diffusion, and in some cases, getter elements are deliberately added 

to alloys to chemically trap gases. Nevertheless, residual micro-pores may persist when insoluble 

gases remain trapped97,135. These unclosed pores are not only like small defects but can also 



42 

 

generate localized tensile stresses due to the internal gas pressure. Consequently, the chemical 

composition and gas solubility of the material must be considered alongside void volume fraction, 

size, shape, and distribution when predicting HIP efficiency and post-treatment material integrity. 

This research investigates the generation, changes, and relaxation of residual stresses that 

arise during the LPBF process, by using advanced FE simulations as the primary analytical tool. 

Residual stresses can significantly affect dimensional accuracy, mechanical integrity, and fatigue 

performance, thus making their understanding and mitigation essential for ensuring the reliability 

of additively manufactured components. In the first stage of this study, a detailed coupled thermo-

mechanical FE model is developed to simulate the LPBF process. This model predicts the changes 

in temperature, strain, and stress fields throughout the build, thereby accounting for the influence 

of key process parameters such as laser power, scanning speed, and preheating temperature, as 

well as the temperature-dependent behavior of the material properties. The simulation enables an 

in-depth examination of how steep temperature gradients and layer-by-layer solidification 

contribute to the formation of complex tensile and compressive residual stress zones within the 

part. 

In the second stage, the research focuses on the post-processing phase, where these residual 

stresses are alleviated through thermal and pressure-assisted treatments. Two primary routes are 

considered: (i) conventional furnace heat treatment under ambient pressure, and (ii) the HIP 

process, which combines elevated temperatures with high hydrostatic pressure. Using FE 

simulations, the time-dependent changes of the residual stresses during both treatments are 

analyzed, thus providing insight into the plastic deformation and creep mechanisms that govern 

stress relaxation. A comparative investigation is then conducted to examine the specific effect of 

hydrostatic pressure on HIP relative to the purely thermal effects of furnace annealing. This 

comparison demonstrates how applied hydrostatic pressure can promote plastic deformation and 

creep, thereby contributing to stress redistribution and greater residual stress relaxation compared 

with heat treatment alone. 

Finally, the study is extended to explore the void-related factors that influence stress 

relaxation under HIP conditions. Special attention is given to cases where the internal gas pressure 

inside the voids is assumed to be zero, to isolate the mechanical effects of the surrounding material. 

The investigation systematically examines how void morphology (shape and size) and void 

volume fraction affect local deformation behavior, densification kinetics, and stress redistribution 
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within the matrix. Variations in pore geometry are analyzed to determine their influence on the 

efficiency of pore closure and the uniformity of residual stress relief. This stage provides critical 

insight into the pressure-assisted plastic flow and creep mechanisms that dominate during HIP, 

thus linking microscale void changes to macroscale stress relaxation. 

The findings of this research advance current understanding of post-processing 

optimization for laser powder bed fused components. The study establishes a predictive framework 

for selecting optimal HIP and heat-treatment parameters—such as temperature and hydrostatic 

pressure—to achieve maximum residual stress relief and defect elimination. Ultimately, this work 

contributes to the broader goal of enhancing the structural integrity, mechanical performance, and 

service life of additively manufactured components used in demanding sectors, such as aerospace, 

energy, and biomedical engineering. 
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CHAPTER THREE: SIMULATION FRAMEWORK & GOVERNING EQUATIONS 

 

 

 

3.1 Simulation Implementation Framework 

This chapter provides a description of the simulation framework, governing equations, and 

numerical implementation strategies employed throughout this study. The primary objective of 

this section is to establish the theoretical and computational foundations necessary for constructing 

the FE models used in both the AM and post-processing phases. The physical mechanisms that 

underlie heat transfer, mechanical deformation, and residual stress generation are discussed 

together with their numerical representations to ensure a transparent modeling methodology. 

The chapter begins with an overview of the LPBF process, which represents the initial 

stage of material fabrication. In this section, the key thermal–mechanical phenomena associated 

with LPBF—such as rapid melting and solidification, cyclic heating and cooling, and the 

generation of residual stresses—are analyzed. The numerical modeling approach, including 

assumptions, boundary conditions, material properties, and meshing strategy, is presented in detail 

to capture the transient temperature and stress changes during the AM process. 

In the second part of this section, the attention shifts to the simulations performed during 

post-processing, including conventional furnace heat treatment and HIP. These simulations aim to 

characterize the relaxation of residual stresses, onset of plastic deformation, progression of creep, 

and closure of internal voids under elevated temperatures and hydrostatic pressure. The 

constitutive models used to represent high-temperature material behavior—including 

viscoplasticity and creep laws—are introduced and justified to ensure accurate representation of 

the material response during these high-temperature operations.  

 

3.1.1 Simulation of Laser Powder Bed Fusion Process 

Commercial software like Simufact.Additive, Ansys, and Abaqus utilizes FEM to provide 

accurate assessments of part distortions and residual stresses62–64. Typically, various user 

subroutines like USDFLD, UMATHT, DFLUX, and others are added to the commercial software 

packages for FEM simulations of the LPBF process. However, usage of these subroutines often 
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needs extensive knowledge of both thermodynamic theory and Fortran programming. The Abaqus 

plugin AM Modeler recently uses these subroutines as internal user subroutines to reduce the 

difficulty of simulating the LPBF process and simplify model development. There are very few 

publications on the use of the Abaqus plugin in AM process modeling41,65. In this study, an FE 

model is developed by using the Abaqus plugin AM Modeler tool to accurately evaluate the 

residual stress produced during the LPBF process. The model utilizes the RV approach to minimize 

calculation time, and evaluates the impacts of laser speed, laser power, and pre-heating 

temperature during AM on the resultant residual stress, which affects the component fatigue life 

and geometrical distortions. The predicted residual stress is studied and outputs of the FE model 

are compared with the experimental data reported in the literature. 

 

3.1.1.1 LPBF Thermomechanical Modeling 

It has been extensively shown in the literature that thermomechanical modeling is a powerful 

and suitable approach for predicting residual stresses and geometrical distortions in additively 

manufactured components. During the LPBF process, a variety of strongly coupled thermal and 

physical phenomena occur simultaneously—such as the movement of a focused laser heat source, 

rapid melting and solidification, material deposition, phase transformations, radiation losses, and 

heat conduction through both the powder bed and solidified material. The combination of these 

transient and nonlinear phenomena makes LPBF an inherently complex and highly dynamic 

process, characterized by steep thermal gradients and localized temperature fluctuations.  

Accurate prediction of residual stresses and distortions therefore depends critically on the 

precise determination of the transient temperature field throughout the build. Since the thermal 

history directly influences the mechanical response of the material—through temperature-

dependent elastic–plastic behavior, thermal expansion mismatch, and phase evolution—capturing 

the temperature distribution with high fidelity is essential. Consequently, the heat transfer analysis 

serves as the foundation of the entire thermomechanical simulation. Any inaccuracy in modeling 

thermal behavior, such as incorrect boundary conditions or simplified laser heat input, can be 

reproduced through a mechanical analysis but leads to significant errors in predicted residual stress 

and distortion49,50. 

 



46 

 

3.1.1.1.1 Governing Equations  

The transient heat transfer problem in the LPBF process is resolved by using a 3D heat 

conduction equation. To determine the temperature field, the heat conduction equation is solved 

by considering the initial conditions, surface convection boundary conditions, and a heat source 

model. The equation for 3D heat conduction is: 

 
𝜌(𝑇)𝐶𝑝(𝑇)

𝜕𝑇

𝜕𝑡
= 𝑘∇2𝑇 + 𝑞(𝑟, 𝑡) (3.1) 

where Cp, ρ, k, T, and q are the specific heat [J/kg K], density [kg/m3], thermal conductivity [W/m 

K], temperature [K], and volumetric heat source [W/m3], respectively. The variable r can be 

interchanged with each coordinate as required (i.e. X, Y, Z in the Cartesian coordinates). T stands 

for temperature, and t represents time. To analyze the effect of the pre-heating temperature, the 

initial temperature (𝑇0) at time 𝑡 = 0 was set to 25, 125, and 225℃. As the laser scans the powder, 

some of the heat dissipates into the environment through radiation and convection. On the scanning 

surface (XY-plane), the surface convection and surface radiation heat loss during the LPBF process 

are defined, respectively, by using: 

 𝑞𝐶𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑜𝑛 = ℎ̃(𝑇 − 𝑇∞) (3.2) 

 𝑞𝑅𝑎𝑑𝑖𝑎𝑡𝑖𝑜𝑛 =  𝜀𝜎(𝑇4 − 𝑇∞
4 ) (3.3) 

where ℎ̃ is the convection heat transfer coefficient (15 W/m2K) at the surface, 𝑇∞ is the ambient 

chamber temperature which is 25℃, and 𝜎 is a Stefan-Boltzmann constant. A radiation boundary 

condition with an emissivity (ε) of 0.4 was imposed on the top surface of the powder layer. The 

numerical values of the convection heat transfer coefficient and emissivity utilized in this study 

closely align with values found in well-established literature sources, specifically referencing41,145–

149. The thermal results were used as input for the mechanical model to calculate the thermal and 

total strains:   

 𝜀𝑡ℎ = 𝛼(𝑇 − 𝑇0) (3.4) 

 𝜀 = 𝜀𝑒 + 𝜀𝑝𝑙 + 𝜀𝑡ℎ (3.5) 

The total, elastic, plastic, and thermal strains, and the thermal expansion coefficient in 

Equations (3.4) and (3.5), are represented by 𝜀, 𝜀𝑒, 𝜀𝑝𝑙, 𝜀𝑡ℎ, and 𝛼, respectively. The total strain is 

used for an elastoplastic mechanical analysis to determine the residual stress in the LPBF process 

by using50,150–152: 

 {𝜎} = [𝐷]{𝜀} (3.6) 
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𝐷𝑖𝑗𝑙𝑚 =  

𝐸

1 + 𝜈
[
1

2
(𝛿𝑖𝑗𝛿𝑙𝑚 + 𝛿𝑖𝑙𝛿𝑗𝑚)

𝜈

1 − 2𝜈
𝛿𝑖𝑗𝛿𝑙𝑚] (3.7) 

 
𝛿𝑖𝑗 = {

1,   𝑖 = 𝑗
0,   𝑖 ≠ 𝑗

 (3.8) 

The fourth-order elastic stiffness matrix for isotropic materials and the Kronecker delta 

function in Equations (3.6), (3.7), and (3.8), are represented by [𝐷], and 𝛿𝑖𝑗, respectively. Also, E 

and ν are the Young’s modulus and Poisson’s ratio, respectively50,151.  

 

3.1.1.1.2 Modeling of the Heat Source 

To predict the nodal temperature and heat distribution, the heat input model must be 

accurate. The Goldak heat source model153 is an accurate heat input model which is widely used 

in welding and AM. The Goldak heat source model utilizes four geometric parameters, namely 

width (a), depth (b), front length (cf), and rear length (cr), as outlined in Equations (3.9), (3.10) and 

(3.11), to determine the distribution of heat fluxes. Note that the fractional factors of the heat 

deposited in the rear and front quadrants are 𝑓𝑟 =  
2𝑐𝑟

(𝑐𝑟+𝑐𝑓)
 and 𝑓𝑓 =  

2𝑐𝑓

(𝑐𝑟+𝑐𝑓)
 , respectively, and their 

sum is equal to 2. Figure 3.1 shows the Goldak heat source model. 

 

Figure 3.1 Goldak's double ellipsoidal heat source model. 

 

 
𝑄 = {

𝑄𝑟 , 𝑥 < 0
𝑄𝑓 , 𝑥 ≥ 0 (3.9) 

 

𝑄𝑓(𝑥, 𝑦, 𝑧) =  
6√3 𝑓𝑓  𝑃

𝑎𝑏𝑐𝜋√𝜋
 𝑒

(−
3𝑥2

𝑐𝑓
2 )

𝑒
(−

3𝑦2

𝑏2 )
𝑒

(−
3𝑧2

𝑎2 )
 (3.10) 



48 

 

 
𝑄𝑟(𝑥, 𝑦, 𝑧) =  

6√3 𝑓𝑟  𝑃

𝑎𝑏𝑐𝜋√𝜋
 𝑒

(−
3𝑥2

𝑐𝑟
2 )

𝑒
(−

3𝑦2

𝑏2 )
𝑒

(−
3𝑧2

𝑎2 )
 (3.11) 

where P and Q are the laser power and power density, respectively. In this study, the Goldak heat 

source parameters are c𝑓 = 0.05 mm, c𝑟 = 0.1 mm, 𝑏 = 0.07 mm, and a = 0.07 mm. The numerical 

values of the four geometrical parameters in this study are derived by following the direction and 

methodology outlined in41. Also, the simulations are carried out with different laser powers and 

speeds, and pre-heating under a constant layer thickness of 50 µm and a constant hatch distance of 

0.1 mm. Table 3.1 shows the identified parameters and their corresponding values. 

 

Table 3.1 Processing parameters of LPBF used in simulations with zigzag pattern 

Factor Unit  Value 

 1 2 3 4 

Laser speed, Vs  mm/sec 600 750 900 1050 

Laser power, P  W 120 150 180 --- 

Initial temperatures, 𝑇0 ◦C 25 125 225 --- 

 

3.1.1.2 Numerical Model 

3.1.1.2.1 Representative Volume Approach 

The FEM is an efficient method for solving heat transfer problems and can be used as an 

advanced tool to study residual stress during LPBF41,65. Abaqus CAE 2021, an FE solver, is used 

in this study to create a sequentially coupled thermo-mechanical FE model. The FE model includes 

two analysis steps. The temperature history produced during LPBF is determined in the thermal 

analysis by calculating the temperature field at different time steps. Afterward, the results are 

imported into mechanical equations to solve for the stress state154,155. The plugin tool AM Modeler 

and RV approach are employed to simulate these two steps. 

In Section 3.1.1, the Abaqus plugin AM Modeler was discussed, which offers enhanced 

capabilities for simulating AM processes, thus eliminating the need for user-submitted codes. This 

plugin features a user-friendly graphical user interface (GUI) and maintains compatibility with the 

user keyword interface and subroutine structure of Abaqus. However, it can be accessed through 

table collections with string identifiers that start with 'ABQ_AM.' 
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The plugin effectively represents the physical aspects of AM processes, including dynamic 

heat flux modeling for laser beams and element activation for simulating raw material deposition. 

The plugin utilizes two types of data, Event Series and Table Collections, to manage simulation 

input data. Event Series specifies the timing (t) and spatial coordinates (x, y, and z) of events and 

is employed in this study to simulate the movements of the powder recoater and laser beam. 

On the other hand, Table Collections store essential parameters for each event, including 

those dependent on the field variables, temperature, and solution-specific state variables. For 

instance, in the Goldak heat source model, the Table Collections define four geometric parameters 

as outlined in Equations (3.9), (3.10), and (3.10), along with the heat absorption coefficient used 

in the modeling of moving laser heat sources. 

It is not computationally efficient to simulate the residual stresses of a real-size model 

accurately with current computational capabilities. Instead, the printing of the RV of an area 

can be used to estimate the average residual stress in that area148. Although the RV is a small 

volume, it is large enough to be representative of the entire component and used to predict the 

average residual stress under the same thermal and mechanical boundary conditions. In the RV 

approach, the aim is to replicate real-world conditions as closely as possible. This encompasses 

aspects such as environmental temperature, convection conditions, and radiation, which are 

mirrored to align with real conditions. Additionally, it is ensured that the printing parameters, such 

as laser speed and power, and hatch spacing, are set to match real conditions. The contact between 

layer and the base plate, as well as cooling time, are also configured to closely resemble real 

conditions. To provide a quantitative perspective, Bayat et al.156 conducted a study that focused on 

the number of tracks in a layer by refining the stripe widths in sequential flash heating, which vary 

from 15 mm to 1.5 mm. Their research showed a substantial reduction in deviation between the 

predicted and measured deflection, with the deviation decreasing from 35.7% to an impressive 

1.19% when selecting ten tracks in a layer. Based on the insights derived from their research work, 

it becomes evident that by having ten tracks in a layer, a layer with minimal deviation between 

predicted and measured deflections can be constructed. This significantly contributes to enhancing 

the ability of the model to accurately predict the deflection field. In this work, a hatch distance of 

0.1 mm is specifically chosen. Consequently, to accommodate ten tracks in a layer, the minimum 

width would be 1 mm, thereby adhering to the insights in Bayat et al.156.  
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In this study, AM Modeler is implemented by using the RV approach to simulate an actual 

physical process. The RV approach reduces the calculation time because the real model is not 

simulated, which includes over 1000 layers and tracks. This approach has a more efficient 

calculation time with respect to modeling accuracy as a beam-scale heat input model is used. This 

beam-scale model has the smallest scale for AM simulation and provides a high degree of accuracy 

and details. This FE model can incorporate the laser speed and power, hatch spacing, layer 

thickness, and pre-heating. Since the movement of the laser is simulated, it is also possible to 

analyze the created residual stress and thermal history for different printing patterns, such as 

zigzag, spiral-in, spiral-out, etc. Also, this FE model can simulate the effect of the cooling rate on 

the residual stress. Furthermore, this method can model the substrate to apply the boundary 

conditions according to the real process.  

 

3.1.1.2.2 RV Model Configuration 

For computational modeling, an RV of 1 mm × 1 mm × 1 mm (x × y × z) was used with 

a mesh density of 40 elements per 1 mm maintained throughout the powder layers in the model. 

This model represents the components with a real size of N×(1×1×1) mm3 where N is a natural 

number. The geometrical model of the LPBF process is presented in Figure 3.2, where the yellow 

line demarcates the powder and substrate. Thermal and mechanical modeling in Abaqus was 

carried out by using the DC3D8 and C3D8 elements, respectively. C3D8 is a 3D, eight-node 

continuum element employed in solid modeling. It's sometimes called a 'brick' element because it 

embodies an eight-node hexahedron, therefore resembling a cube. This element has been highly 

effective in simulating 3D structures with intricate shapes, thus providing accurate representations 

of curved and irregular forms. C3D8 elements are commonly used in structural and thermal 

analyses, as well as simulations that involve solid materials under various loads and boundary 

conditions. Meanwhile, DC3D8 is a variation of the C3D8 element, which features reduced 

integration for improved computational efficiency. Mesh sensitivity research was performed to 

establish the minimal mesh size needed for the thermal and mechanical models, in which the 

minimal mesh size from the sensitivity analysis was maintained. With high energy intensity and 

rapid travel speeds, LPBF is expected to have high thermal gradients. Achieving accurate 

simulations in LPBF requires employing finer meshes along the scanning path to capture the 
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intricacies of the heat-affected zone (HAZ), while coarser meshes can be utilized in regions farther 

away from it to reduce the calculation time.  

The thickness of the layer of powder is 50 µm. One physical layer of powder is represented 

by two layers of elements. The AM of the layers was simulated with the use of layer-by-layer 

element activation based on the use of a recoater or roller blade in the layer-by-layer deposition of 

the powder. The bottom region has an element size of 100 μm × 25 μm × 25 μm. Elements with 

dimensions of 25 μm in the X, Y, and Z directions were used to mesh the area over which the laser 

passed.  Furthermore, coarser elements were used in areas farthest from the laser heat source. The 

substrate and printed part have 92,800 linear hexahedral elements and 99,179 nodes. A fixed 

constraint boundary condition was assigned for the bottom of the substrate which prevented the 

nodes from moving in all directions. 

Each layer of powder was first deposited, and then the layer was selectively melted with a 

laser beam that followed a predetermined printing pattern. The printing pattern has a major effect 

on residual stress and part distortion. The local thermal boundaries that surround the melt pool at 

the time of solidification, as well as the overall limitations imposed by the build plate on the 

component, determine how the thermal stress changes during the LPBF process. Different 

scanning patterns can result in different boundary conditions that surround the melt pool, which 

can change the residual stress and distort the laser powder bed fused components. In this study, a 

zigzag pattern is used. As shown in Figure 3.3, a specific event series is created to simulate the 

movement of a laser beam so that the left edge of the layer of powder [position (-0.1 mm, -0.1 mm, 

0.05 mm)] is heated by the laser beam first. Afterward, the laser beam travels along the X-axis 

from the right to the left at a constant speed and laser power amplitude. The next track is scanned 

in the Y-axis, and then the next track is scanned from the left to the right along the X-axis. This 

pattern is repeated until all of the layers are completed. Figure 3.3 shows the examined geometry 

and tool path of the event series for Layers 1, 4, and 20. Scanning is performed on a solid substrate 

with dimensions of 1 mm × 1 mm × 1 mm (length × width × height). The first layer is added on 

top of the substrate and the second layer added onto the first layer. Layers of powder are 

sequentially added. These fill a total volume of 1 mm3 which comprises 20 layers of powder on 

the top of the substrate. The length of the tracks is considered to be longer than the top surface to 

replicate the skywriting process of the LPBF machine. 
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Figure 3.2 Geometrical model of LPBF process. 

 

   

 

Figure 3.3 Tool path of event series for Layers a) 1, b) 4, and c) 20. 

 

3.1.2 Simulation of Post-processing Heat Treatment 

Following the completion of the LPBF simulation, the residual stress field obtained from 

the previous stage was used as the initial condition for the post-processing simulations. These 

simulations are designed to analyze how the existing residual stresses change under elevated 
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temperature and hydrostatic pressure, and predict the extent of stress relaxation, plastic 

deformation, and void closure during the subsequent heat-treatment stages. In this study, two major 

post-processing techniques are modeled: conventional furnace heat treatment and HIP. 

The furnace heat-treatment simulation focuses on the effect of temperature and holding 

time on stress relaxation in the absence of external hydrostatic pressure. The simulation 

incorporates the residual stress field from the LPBF process as the initial state, which allows the 

material to undergo plastic deformation and thermally induced creep according to the temperature-

dependent constitutive relations. In contrast, the HIP simulation applies an additional external 

hydrostatic pressure, which acts in conjunction with high temperature to enhance the plastic flow, 

accelerate creep, and facilitate void collapse and pore closure. The combined influence of 

temperature and hydrostatic pressure leads to a more significant reduction in internal stresses 

compared to conventional heat treatment. As a result, thermomechanical–creep coupling becomes 

a key element of the numerical framework. 

Accordingly, a coupled thermal–stress FE analysis was employed to evaluate the time-

dependent changes of stress, strain, and creep behavior during the post-LPBF heat-treatment 

processes. The governing equations for heat conduction, mechanical equilibrium, and 

viscoplastic–creep response are presented in the following sections, along with the associated 

boundary conditions and loading parameters used for both the furnace and HIP simulations. 

 

3.1.2.1 Post-processing Thermomechanical Modeling 

Studies have largely shown that thermomechanical modeling is effective for predicting 

residual stresses in manufacturing processes49,50,157–160. Thus, in this study, a coupled thermal-

stress analysis is employed during the post-AM heat treatment process. In this work, Abaqus CAE 

is used to simulate post-AM stress relaxation heat treatments for a part produced by LPBF. A two-

part model was developed to simulate stress relief heat treatment. To accurately predict the effects 

of heat treatment on stresses and strains in the part, the model needs to capture the effect of 

temperature changes (e.g., heating from room temperature, holding at the desired temperature, and 

then cooling to room temperature) during the process. For this purpose, the model used in this 

study consists of thermal and mechanical components. The equations provided in the following 

sections are used to simulate the post-LPBF stress relaxation heat treatment.  
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3.1.2.1.1 Thermal Analysis 

An accurate prediction of residual stress over time depends on the accurate determination 

of the temperature field within the model, which makes heat transfer an important consideration 

in the analysis. A transient heat conduction equation was solved at each increment to obtain the 

temperature field during the post-AM stress relaxation heat treatment. The governing 3D heat 

conduction equation has already been introduced in Equation (3.1). 

 

3.1.2.1.2 Mechanical Analysis 

HIP causes the material to undergo plastic deformation and creep due to exposure to high 

temperatures and hydrostatic pressure for long periods of time127,128,161,162. Therefore, three 

constitutive components—the effects of temperature, creep, and plastic deformation—are utilized 

in this simulation to model residual stress relaxation. Several strain components contribute to the 

total strain. The total strain (𝜀) is represented in Equation (3.12): 

 𝜀 = 𝜀𝑒𝑙 + 𝜀𝑡ℎ + 𝜀𝑝𝑙 + 𝜀𝑐𝑟 (3.12) 

where 𝜀𝑒𝑙 is the elastic strain, 𝜀𝑝𝑙 is the inelastic (plastic) time-independent strain, 𝜀𝑡ℎ is the 

thermal strain, and 𝜀𝑐𝑟 is the inelastic (creep) time-dependent strain. The elastic strain (𝜀𝑒𝑙) is 

calculated by using the generalized Hooke’s law, which has already been introduced in Equations. 

(3.6)–(3.8)163,164. As the Young's modulus and Poisson’s ratio are temperature-dependent, they 

vary with the temperature calculated with Equation (3.1). The thermal strain is evaluated using the 

formulation previously defined in Equation (3.4) and is therefore not repeated here. 

For calculating PEEQ, the mechanical analysis employed a bilinear isotropic hardening 

law, with the yield strength and hardening modulus varying with temperature. The bilinear 

isotropic hardening model165, assumes that the stress-strain relationship is linear in both the elastic 

and plastic phases, with the yield point serving as the inflection point:  

 
𝜎 =  {

𝐸 × 𝜀                                                    𝜎 ≤ 𝜎𝑌

𝜎𝑌 +  𝐸1 × (𝜀 − 𝜀𝑌)                                𝜎 > 𝜎𝑌       
 (3.13) 

where 𝜀𝑌 is the yield strain, 𝜎𝑌 is the yield stress, and 𝐸1 is the hardening modulus. 

Studies have successfully demonstrated that the hyperbolic-sine creep law122,166,167 can be 

used to describe a long-term stress relaxation heat treatment. Additionally, the hyperbolic-sine 

creep law shows the exponential dependence of CEEQ rate on stress at high stress levels (
𝜎

𝜎𝑌
≫ 0), 

thus reducing to a power law at low stress levels. This law is commonly used to describe the 
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dislocation creep mechanism at high temperatures and stresses, as it effectively captures the non-

linear dependence of the creep rate on stress. This creep equation has been widely implemented in 

commercial finite element software and has been successfully used in numerous studies involving 

high-temperature deformation. The hyperbolic-sine creep law is written as: 

 
𝜀̇𝑐𝑟 = 𝐴[sinh(𝐵𝜎𝑐𝑟)]𝑛exp[−

∆𝐻

𝑅(𝑇 − 𝑇𝑍)
] (3.14) 

where 𝜀̇𝑐𝑟 is the uniaxial equivalent CEEQ rate, 𝜎𝑐𝑟 is the uniaxial equivalent deviatoric 

stress, 𝑇 is the temperature which is calculated by using Equation (3.1), 𝑇𝑍 is the user-defined 

value of absolute zero on the temperature scale used, ∆𝐻 is the activation energy, 𝑅 is a universal 

gas constant, and 𝐴, 𝐵, and 𝑛 are the material constants.   

 

3.1.2.1.3 Initial Residual Stress Field 

It is important to have a reliable residual stress field when evaluating the effect of a heat 

treatment since the amount of stress relaxation depends on the initial residual stress. In this study, 

the model in131 is used to obtain the initial residual stress field. This model involves a thermo-

mechanical simulation of the LPBF process with the use of the RV approach which reduces 

calculation time without sacrificing accuracy.  

 

3.1.2.2 Numerical Simulation 

The simulation procedure involves several key stages to accurately represent the physical 

conditions of the post-processing heat treatment. The simulation began with defining the initial 

loading conditions, which include the residual stress field obtained from the preceding LPBF 

simulation, as well as the thermal and pressure profiles that correspond to the conventional furnace 

heat treatment and HIP cycles. Next, specific element and node sets were defined for deactivation, 

thus enabling the model to realistically capture material behavior, stress redistribution, and pore 

evolution during the process. Appropriate boundary conditions were then applied to represent the 

mechanical constraints and thermal interactions between the component and its surroundings. 

Finally, temperature and pressure loads are imposed according to the actual furnace treatment and 

HIP schedules, thus ensuring accurate representation of the heating, holding, and cooling phases. 

These modeling steps are described in detail in the following sections to provide an understanding 
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of the numerical methodology adopted to simulate the post-processing heat treatment and evaluate 

its effects on stress relaxation, creep deformation, and void or pore closure within the material. 

 

3.1.2.2.1 Stress Relaxation Modeling Procedure 

Pure hydrostatic stress does not produce plastic deformation in metals and as such, the 

yield function is independent of hydrostatic pressure168. Figure 3.4(a) shows the von Mises yield 

surface in the principal stress coordinates. The yield surface is an infinite cylinder that has a radius 

of √2/3𝜎𝑦 around the hydrostatic stress axis, and plastic deformation in the material can only 

occur under shear stress. Planar problems, such as plane stress or plane strain, have an elliptic 

plastic surface, as shown in Figure 3.4(b). 

Although plastic deformation does not occur in defect-free materials subjected to 

hydrostatic pressure, additively manufactured materials often contain defects, such as porosities, 

which can lead to plastic deformation under such conditions. The presence of porosities in the 

material contributes to the development of equivalent stress under hydrostatic pressure. This stress, 

coupled with high temperatures that lower the yield strength of the material, promotes significant 

plastic deformation and creep. When external hydrostatic pressure is applied to a material, it 

generates internal stress. In defect-free materials, this stress is typically distributed uniformly. 

However, when there are defects like porosities present in the material, the stress distribution 

becomes non-uniform and intensified around the porosities compared to the surrounding material 

due to the irregular shape of the pores and the inherent stress-raising effect that they create. As a 

result, stress concentration occurs around these defects, which leads to regions with elevated stress 

levels compared to the surrounding material. These elevated stress levels create stress gradients, 

which act as internal forces that attempt to balance the stress around the defects. These gradients 

cause the adjacent regions to push or pull against each other. When the internal forces that generate 

shear stress exceed a critical threshold, plastic deformation occurs in the areas that surround the 

porosities. This enhanced plasticity allows the material to flow into voids and cracks, thus 

effectively closing them. Furthermore, the increased equivalent stress that acts on the material, 

especially at elevated temperatures, accelerates creep deformation. As a result, the combined effect 

of high stress and temperature not only enhances plastic flow but also facilitates the relaxation of 

residual stresses within the material. 
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Figure 3.4 Von Mises yield surface in principal stress coordinates: (a) in a 3D problem (b) in a 

planar problem. 

 

3.1.2.2.2 Finite Element Model Configuration 

For the computational modeling, a representative part with dimensions of 1 mm × 1 mm ×

2 mm (x × y × z) was used with a brick element. The geometrical model of the HIP process is 

presented in Figure 3.5, where the section line separates the as-built part from the substrate. 

Thermal and mechanical modeling in Abaqus/CAE 2023 was implemented by using C3D8T 

elements. C3D8T is an 8-node thermally coupled brick, trilinear displacement and temperature 

element employed in solid modeling. This element has shown that it is highly effective in 

simulating 3D structures with intricate shapes, thus providing accurate representations of curved 

and irregular forms. C3D8T elements are commonly used in mechanical and thermal analyses, as 

well as simulations that involve solid materials under various loads and boundary conditions131.  

Using this method, a 3D simulation was performed with the element deactivation method 

under specific pressure and temperature conditions. To introduce micropores randomly, certain 

elements were deactivated and effectively removed from the simulation, thereby eliminating their 

contributions to the stiffness matrix. Consequently, the deactivated elements were no longer used 

in the analysis. These randomly distributed elements were created by using Python scripting in 
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Abaqus. The selected elements were deactivated with the model change feature in Abaqus to 

simulate embedded micropores in the as-built part. 

A mesh sensitivity analysis was conducted to determine the minimum mesh size required 

for the thermomechanical model. Achieving accurate simulations in the HIP process necessitates 

the use of finer meshes in the as-built section, which contains a number of voids. Elements with 

dimensions of 25 μm in the X, Y, and Z directions were used to mesh the as-built region. 

Conversely, coarser meshes can be employed in regions further away from the as-built side to 

reduce the computational cost. The bottom region consisted of an element size of 100 μm × 25 μm 

× 25 μm. The substrate and printed part have 92,800 linear hexahedral elements and 99,179 nodes. 

A fixed constraint boundary condition was assigned to the bottom of the substrate which prevented 

the nodes from moving in all directions.  

Time-step convergence was also verified: several increment schemes were evaluated 

throughout the HIP cycle, and none produced appreciable changes in the predicted residual stresses 

or strains, thus demonstrating that the solution is insensitive to time discretization. With both mesh-

refinement and time-step studies completed, the FEM results are fully converged. 

In this study, simulation of the HIP process is conducted at different hydrostatic pressures 

and temperatures for an LPBF-built material that contained micropores. Figure 3.6 illustrates the 

temperature-pressure profile over time. The initial time point, t = 60 min, marks the transition 

between Stages I and II of the HIP process. The second time point, t = 240 min, denotes the 

transition from Stages II to III, while the third time point, t = 300 min, marks the end of the entire 

HIP process. From t = 300 to 366 min, the material is kept at under normal room-temperature and 

atmospheric-pressure conditions. During the process, the temperature is elevated for 60 min, 

allowed to reach 400, 500, 600, 650, or 700°C, and then maintained for 180 min. It then takes 60 

min for the temperature to return to the normal level, where it is maintained for an additional 66 

min. Concurrently, the hydrostatic pressure is raised for 60 min, allowed to reach 100, 200, 300, 

and 400 MPa, and maintained for 180 min, followed by a return to the normal level for 66 min. 

Table 3.2 summarizes the stages of the HIP process, along with the corresponding temperatures 

and hydrostatic pressures. 
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Table 3.2 Stages of HIP process, along with corresponding temperatures and pressures 

Time (s) Stage Temperature (°C) Pressure (MPa) 

0 - 3,600 I Elevated to 500, 600, or 700°C Elevated to 100 or 200 MPa 

3,600 - 14,400 II Maintained at elevated levels Maintained at elevated levels 

14,400 - 18,000 III Returned to normal levels Returned to normal levels 

18,000 - 22,000 IV Maintained at normal levels Maintained at normal levels 

 

 

Figure 3.5 Geometrical model of as-built sample with embedded defects. 

 

Figure 3.6 Temperature and pressure cycle during HIP versus time. 
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3.1.3 Model Assumptions  

Several assumptions were adopted to maintain a reasonable balance between 

computational cost and model fidelity. The LPBF process was simulated using a continuum finite 

element framework. The powder bed was represented using homogenized material properties, and 

the laser-material interaction was represented using Goldak’s double-ellipsoidal heat source 

model. Temperature-dependent material properties were incorporated throughout the LPBF 

simulations. Complex melt-pool phenomena were not simulated. In addition, radiation and 

convection heat-transfer mechanisms were incorporated through equivalent boundary conditions.  

For the HIP simulations, the hydrostatic pressure was assumed to be spatially uniform and 

applied hydrostatically to the external surfaces of the component. The solid material was assumed 

to be homogeneous and isotropic, while its high-temperature response was represented using a 

bilinear isotropic hardening model and a hyperbolic-sine creep law. Temperature-dependent 

material properties were incorporated throughout the HIP and furnace simulations, and internal 

defects were represented using simplified void geometries to facilitate systematic investigation of 

the effects of pore morphology, size, and volume fraction on residual stress relaxation. 

 

3.2 Fundamental Principles Governing Stress Analysis 

This section presents the fundamental mechanical principles that underpin the stress 

analysis employed throughout this study. While the previous section focused on the numerical 

implementation of the simulation framework, the purpose of the this section is to describe the laws 

that govern how the stresses are generated, redistributed, and relaxed during high-temperature 

processes. By outlining the underlying mechanics—elasticity, plasticity, and creep deformation—

this section explains the origins of the simulated behavior and provides the theoretical context 

necessary to interpret the results with accuracy and clarity. The concepts introduced here establish 

a solid and coherent foundation that links the governing equations to the simulation outcomes 

discussed in the subsequent chapters. 

 

3.2.1 Governing Principles of Stress Relaxation 

3.2.1.1 Conceptual Description of Stress Relaxation 

Stress relaxation is the gradual decrease in stress over time when a material is held under 

a constant strain, especially at elevated temperatures where creep or viscoplastic flow can occur 
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(Figure 3.7). Imagine stretching or compressing a material and keeping the material at that fixed 

length (without allowing it to return back to its original state). Initially, the material resists strongly, 

and the internal stress is high. However, if the temperature is high (or as time progresses), atoms 

and dislocations begin to move. The material slowly deforms internally to reduce the stored stress, 

even though its external shape does not change. This reduction in stress under constant strain is 

defined as stress relaxation. 

In essence, the material relaxes its internal forces through slow, permanent deformation. 

This phenomenon occurs in metals at high temperatures due to dislocation creep, and in polymers 

at room temperature due to viscoelastic flow. During HIP, the component is simultaneously 

subjected to a high hydrostatic pressure and an elevated thermal cycle within an inert gas 

environment. Residual stresses that originate from previous processes, such as LPBF, are initially 

high. Over the holding period, creep deformation enables the stresses to redistribute and gradually 

decrease—this is the stress relaxation process. It explains why HIP is highly effective in reducing 

residual stresses and closing internal voids. The material does not spring back; instead, it creeps 

internally until a balanced stress state is achieved. 

 

If strain ε is held constant: 

➢ σ(t)↓ with time 

because of creep or plastic flow 

mechanisms. 

 

Figure 3.7 Stress relaxation. 

 

3.2.1.2 Analytical Relationship Between Stress Relaxation and Plastic Strain 

The relationship between stress relaxation and plastic deformation is obtained as follows. 

The total strain rate can be expressed as: 

 𝜀𝑡𝑜𝑡𝑎𝑙 =̇ 𝜀𝑝̇ + 𝜀𝑒̇ (3.15) 



62 

 

where 𝜀𝑝̇ and 𝜀𝑒̇ are the plastic and elastic strain rates, respectively. 

During a stress relaxation test, the total strain rate 𝜀𝑡𝑜𝑡𝑎𝑙̇  is zero because the total deformation is 

held constant. Substituting this condition into Equation (3.15) indicates that the plastic strain rate 

is equal in magnitude and opposite in sign to the elastic strain rate (𝜀𝑝̇ = −𝜀𝑒̇). Since elastic strain 

rate is related to the stress rate by using Hooke’s law, 𝜀𝑒̇ =
𝜎̇

𝐸
 , substituting into the above relation 

leads to:  

 𝜀𝑝̇ + 𝜀𝑒̇ = 0

𝜀𝑒̇ =
𝜎̇

𝐸

} → 𝜎̇ = −𝐸𝜀𝑝̇ (3.16) 

This fundamental relation indicates that, under a constant total-strain condition, the rate of 

stress reduction (stress relaxation rate) is directly related to the rate of time-dependent inelastic 

deformation. For the present analytical treatment, creep is considered as the governing time-

dependent deformation mechanism. A commonly used relation for describing the dependence of 

creep strain rate on stress and temperature is the Norton power-law creep equation, expressed as: 

 
𝜀𝑐𝑟̇ = 𝐴𝜎𝑛𝑒

−𝑄
𝑅𝑇  (3.17) 

where 𝜀𝑐̇𝑟 is the creep strain rate, 𝜎 is the applied (equivalent) stress, 𝐴 and 𝑛 are material 

constants, 𝑄 is the activation energy for creep, 𝑅 is the universal gas constant, and 𝑇 is the absolute 

temperature. By combining Equation (3.16) with the constitutive relation given in Equation (3.17), 

the stress-relaxation rate can be expressed as: 

 
𝜎̇ = −𝐸𝜀𝑐𝑟̇ →

𝑑𝜎

𝑑𝑡
= −𝐸 (𝐴𝜎𝑛e

−Q
RT) → 𝜎−𝑛𝑑𝜎 = −𝐸 (𝐴e

−Q
RT) 𝑑𝑡 (3.18) 

For constant temperature and material properties, E, A, and exp(−Q/RT) can be treated as 

constants during the relaxation period. Therefore, stress relaxation curve as a function of time can 

then be obtained by integrating Equation (3.18), which yields: 

 
∫ 𝜎−𝑛𝑑𝜎 = ∫ −𝐸 (𝐴𝑒

−𝑄
𝑅𝑇 ) 𝑑𝑡

𝑡

0

→
𝜎(𝑡)

𝜎0

𝜎(𝑡) = (𝜎0
1−𝑛 + (𝑛 − 1)𝐸𝐴𝑡𝑒

−𝑄
𝑅𝑇 )

−1
𝑛−1 (3.19) 

Equation (3.19) shows that, under the stated assumptions, stress decreases progressively 

with time as creep deformation accumulates. The derivation assumes a constant total strain, 

constant temperature during the relaxation period, constant material parameters at the specified 

temperature, and creep deformation governed by the Norton power-law relation. It also represents 

an idealized scalar stress-relaxation formulation rather than the complete multiaxial stress state. 
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Therefore, Equation (3.19) is used to describe the fundamental mechanism of creep-induced stress 

relaxation rather than to reproduce the complete thermo-mechanical response of the HIP cycle. 

 

3.2.2 Fundamentals of Plastic Deformation and Stress Requirements 

3.2.2.1 Conceptual Understanding of Plastic Deformation  

Plastic deformation is a permanent, non-recoverable change in the shape of a material that 

occurs when the applied stress exceeds its elastic limit. Under loading, the material initially 

deforms elastically, and the deformation fully disappears once the load is removed. However, when 

the applied stress exceeds the yield point, the material enters the plastic region, where some of the 

deformation becomes permanent and remains even after unloading. In other words, when the 

applied load is removed, the material cannot fully revert back to its original shape, unlike in the 

elastic region. 

 

3.2.2.2 Condition for the Onset of Plastic Deformation 

Stress in a material usually acts in multiple directions (i.e., under a multiaxial stress state); 

therefore, a single stress component cannot be directly compared with the yield stress obtained 

from a simple uniaxial tensile test. For a general 3D stress state (i.e., multiaxial stress condition), 

yielding can be evaluated by using an equivalent stress criterion based on simple uniaxial tension 

tests. One of the most widely used criteria is the von Mises yield criterion, which is defined as: 

 

𝜎𝑒𝑞 = √
1

2
((𝜎1 − 𝜎2)2 + (𝜎2 − 𝜎3)2 + (𝜎3−𝜎1)2) (3.20) 

Plastic deformation begins when the equivalent stress in the material equals or exceeds the yield 

stress, which is expressed as: 

 𝜎𝑒𝑞 ≥ 𝜎𝑌 (3.21) 

where 𝜎𝑒𝑞 is the effective (equivalent) stress or von Mises stress, and 𝜎𝑌 is the yield stress. Both 

depend on the temperature, strain rate, and material properties. 

 

3.2.2.3 Role of Shear Stress in Plastic Deformation 

In crystalline solids, plastic deformation occurs through the movement of dislocations 

along specific slip planes. Dislocations can only move under the action of shear stress. Hydrostatic 

stress, that is, equal pressure applied in all directions, cannot move dislocations and therefore 
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cannot cause plastic deformation. Hence, the primary driving force for plastic deformation is shear 

stress, not hydrostatic (mean) stress. Shear stress promotes the movement of dislocations along 

crystallographic planes known as slip systems. 

From the perspective of the dislocation theory, there is a critical resolved shear stress (𝜏𝐶), 

which is the minimum shear stress required to initiate slip on a specific slip system within a grain. 

When the resolved shear stress (𝜏𝑅𝑆𝑆) that is acting on the slip plane equals or exceeds this critical 

value, dislocation movement occurs, which leads to plastic deformation. However, if 𝜏𝑅𝑆𝑆 < 𝜏𝐶, 

the dislocations remain locked, and the material behaves elastically. Also, if the applied stress only 

consists of hydrostatic components (equal in all directions), there is no preferred direction for 

shear, and thus no dislocation movement occurs. In such cases: 

 𝜎1 = 𝜎2 = 𝜎3 = 𝑃 → 𝜎𝑒𝑞 = 0 (3.22) 

Therefore, no plastic deformation takes place. The mathematical relationship between 

shear stress and equivalent (von Mises) stress also confirms this: if the shear stress is zero, then 

the equivalent stress is zero. For uniaxial loading (as in a tensile test): 

 𝜎𝑒𝑞 = 𝜎1 (3.23) 

and the maximum shear stress is: 

 𝜏𝑚𝑎𝑥 =  
𝜎1

2
=  

𝜎𝑒𝑞

2
   (3.24) 

Thus, the equivalent stress and therefore yielding is directly proportional to shear stress. If 𝜏 =

0 →  𝜎𝑒𝑞 = 0 → no yielding and no PEEQ. 

This explains why, during processes such as HIP, even though high hydrostatic pressure is 

applied, the material does not undergo plastic deformation solely due to hydrostatic stress. Instead, 

plastic deformation or densification only occurs when a deviatoric (shear) stress component is 

present and exceeds a certain threshold. Under pure hydrostatic pressure, yielding does not occur, 

and the material remains completely elastic, although its volume may slightly decrease due to 

elastic compression. 

 

3.2.3 Plasticity and Stress Response under Pure Hydrostatic Loading 

3.2.3.1 Conceptual View of Hydrostatic Stress 

Physically, when all normal stresses that act on a material are equal in magnitude, the stress 

state is said to be purely hydrostatic. Under such conditions, there is no difference between the 
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principal stresses in any direction, which means that the material experiences no differential stress. 

As shear stress arises from differences in normal stresses in different directions, the absence of 

such differences implies that the shear stress components are zero. As a result, the material cannot 

undergo any distortional or shape changes, and the only possible deformation is a uniform 

volumetric change associated with elastic compression or expansion. 

At the microscopic level, plastic deformation in crystalline solids occurs through the 

movement of dislocations along specific slip systems, which requires the presence of resolved 

shear stress on those planes. In a hydrostatic stress state, however, all directions are subjected to 

the same pressure, so no shear component acts on the slip planes. Consequently, dislocations 

remain immobile, and plastic deformation cannot be initiated. The deformation that does occur is 

entirely elastic and volumetric, governed by the bulk modulus of the material. Therefore, a fully 

dense material subjected to pure hydrostatic pressure experiences only elastic volumetric strain 

without any permanent changes to its shape or plastic flow. 

 

3.2.3.2 Analytical Demonstration of Zero Shear Stress  

In a continuous medium without voids, the normal stresses in all directions are equal and 

compressive under pure hydrostatic loading. Since all principal stresses are equal, there is no 

differential stress between the directions, and consequently, no shear stress component exists in 

the stress field. The maximum shear stress in a general 3D stress state is defined as: 

 𝜏𝑚𝑎𝑥 =  
𝜎𝑚𝑎𝑥 − 𝜎𝑚𝑖𝑛

2
 (3.25) 

For hydrostatic loading, 𝜎𝑚𝑎𝑥 =  𝜎𝑚𝑖𝑛 = 𝑃, and therefore the maximum shear stress is 

zero. If the shear stress (𝜏) is zero, the equivalent von Mises stress (𝜎𝑒𝑞) must also be zero, since 

the equivalent stress is mathematically derived from the deviatoric (shear) components of the stress 

tensor. According to the von Mises yield criterion, yielding occurs when 𝜎𝑒𝑞 = 𝜎𝑦, where 𝜎𝑦 is 

the yield strength of the material. Thus, if 𝜎𝑒𝑞 = 0, the yield condition cannot be satisfied, and the 

material remains entirely within the elastic regime, with no plastic deformation or irreversible 

strain. This conclusion can also be demonstrated analytically by using Cauchy stress 

decomposition. The total Cauchy stress tensor under hydrostatic loading is expressed as: 

 
𝜎 = [

𝑃 0 0
0 𝑃 0
0 0 𝑃

] = 𝑃𝐈 (3.26) 
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The stress tensor can be decomposed into hydrostatic and deviatoric parts as169,170: 

 𝝈 =  𝒔 + 𝜎ℎ𝑦𝑑𝐈 (3.27) 

where 𝒔 is the deviatoric stress tensor and 𝜎ℎ𝑦𝑑  is the hydrostatic stress, defined by: 

 
𝜎ℎ𝑦𝑑 =

1

3
𝑡𝑟(𝜎) =  

1

3
 (𝜎𝑥𝑥 + 𝜎𝑦𝑦 + 𝜎𝑧𝑧) =  𝑃 (3.28) 

Substituting Equation (3.28) into Equation (3.27) shows that the deviatoric stress tensor becomes 

zero under hydrostatic loading. Therefore, the deviatoric (shear) stress is zero, and the von Mises 

equivalent stress, which only depends on the deviatoric component, is also zero: 

 

𝜎𝑒𝑞 =  √
3

2
 𝒔: 𝒔 = 0 (3.29) 

Alternatively, using the definition of the von Mises stress based on the principal stresses 

(Equation (3.20)) and substituting the hydrostatic condition (𝜎1 = 𝜎2 = 𝜎3 = 𝑃), the von Mises 

stress is zero. 

Thus, both tensor decomposition and principal stress analyses confirm that under pure 

hydrostatic pressure, the equivalent von Mises stress becomes zero, thereby indicating the 

complete absence of any deviatoric (shear-producing) component in the stress state. As a result, a 

fully dense material under ideal hydrostatic loading experiences only elastic volumetric strain, 

with no possibility of plastic deformation or yielding. 

In addition to the tensor-based demonstration presented above, the absence of shear stress 

under hydrostatic loading can also be verified through a stress transformation analysis on an 

arbitrarily inclined plane. By employing the classical stress transformation equations, the normal 

and shear stress components that act on any plane oriented at an angle θ can be expressed in terms 

of the original stress components. Figure 3.8 is a schematic illustration of the normal (𝜎𝑛) and 

shear (𝜏𝑛) stress components that are acting on an inclined plane oriented at an angle β with respect 

to a reference plane perpendicular to the direction of the applied normal stress 𝜎𝑦. 

The figure shows how externally applied stresses are transformed into normal and shear 

components on the inclined plane through stress transformation. To determine the normal (𝜎𝑛) and 

shear (𝜏𝑛) stress components that act on an inclined plane, the following are taken into 

consideration: 
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Figure 3.8 Schematic illustration of stress transformation on an inclined plane. 
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1-The projected areas of the inclined plane on the planes normal to 𝑥 and 𝑦 are: 

 

𝐴𝑥 = 𝐴 cos(𝜃) = 𝐴 sin(𝛽) 

𝐴𝑦 = 𝐴 cos(𝛽) = 𝐴 sin(𝜃) 

 

These relations connect the forces that act on the faces normal to 𝑥 and 𝑦 to the forces that act on 

the inclined plane. 

 

2- Forces that act on the projected faces are obtained by multiplying the stresses by the 

corresponding areas. The stresses 𝜎𝑥 and 𝜏𝑥𝑦 act on the face with area 𝐴𝑥, while 𝜎𝑦  and 𝜏𝑥𝑦 act on 

the face with area 𝐴𝑦. The traction on the inclined plane contributes to the 𝜎𝑛 and 𝜏𝑛 stress 

components. Writing force equilibrium in the 𝑥- and 𝑦- directions gives: 

 ∑ 𝐹𝑥 = 0 (3.30) 

 ∑ 𝐹𝑦 = 0 (3.31) 

Applying Equations (3.30) and (3.31) and substituting the projected areas, the equilibrium 

equations can be written as: 

 

−𝜎𝑥𝐴𝑥 − 𝜏𝑥𝑦 𝐴𝑦 + 𝜎𝑛 𝐴 cos(𝜃) − 𝜏𝑛𝐴 sin(𝜃) = 0 

−𝜎𝑦𝐴𝑦 − 𝜏𝑥𝑦 𝐴𝑥 + 𝜎𝑛 𝐴 sin(𝜃) + 𝜏𝑛𝐴 cos(𝜃) = 0 

↓ 

 −𝜎𝑥𝐴 𝑐𝑜𝑠(𝜃) − 𝜏𝑥𝑦𝐴 𝑠𝑖𝑛(𝜃) + 𝜎𝑛 𝐴 cos(𝜃) − 𝜏𝑛𝐴 sin(𝜃) = 0 

 −𝜎𝑦𝐴 𝑠𝑖𝑛(𝜃) − 𝜏𝑥𝑦𝐴 𝑐𝑜𝑠(𝜃) + 𝜎𝑛 𝐴 sin(𝜃) + 𝜏𝑛𝐴 cos(𝜃) = 0 

↓ 

𝜎𝑛 𝐴 cos(𝜃) − 𝜏𝑛𝐴 sin(𝜃) = 𝜎𝑥𝐴 𝑐𝑜𝑠(𝜃) + 𝜏𝑥𝑦𝐴 𝑠𝑖𝑛(𝜃) 

𝜎𝑛 𝐴 sin(𝜃) + 𝜏𝑛𝐴 cos(𝜃) = 𝜎𝑦𝐴𝑠𝑖𝑛 (𝜃) + 𝜏𝑥𝑦𝐴 𝑐𝑜𝑠(𝜃) 

Dividing both equations by 𝐴, the following simplified relations are obtained: 

𝜎𝑛 cos(𝜃) − 𝜏𝑛 sin(𝜃) = 𝜎𝑥 𝑐𝑜𝑠(𝜃) + 𝜏𝑥𝑦 𝑠𝑖𝑛(𝜃) 

𝜎𝑛 sin(𝜃) + 𝜏𝑛 cos(𝜃) = 𝜎𝑦𝑠𝑖𝑛 (𝜃) + 𝜏𝑥𝑦 𝑐𝑜𝑠(𝜃) 
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3- Solving the above system leads to classical stress transformation relations: 

 

cos(𝜃) × {𝜎𝑛 cos(𝜃) − 𝜏𝑛 sin(𝜃) = 𝜎𝑥 𝑐𝑜𝑠(𝜃) + 𝜏𝑥𝑦sin(𝜃)} 

sin(𝜃) × {𝜎𝑛 sin(𝜃) + 𝜏𝑛 cos(𝜃) = 𝜎𝑦𝑠𝑖𝑛 (𝜃) + 𝜏𝑥𝑦 𝑐𝑜𝑠(𝜃)} 

↓ 

𝜎𝑛 cos2(𝜃) − 𝜏𝑛 sin(𝜃) cos(𝜃) = 𝜎𝑥 𝑐𝑜𝑠2(𝜃) + 𝜏𝑥𝑦 𝑠𝑖𝑛(𝜃)cos(𝜃) 

𝜎𝑛 sin2(𝜃) + 𝜏𝑛 cos(𝜃)sin(𝜃) = 𝜎𝑦𝑠𝑖𝑛2 (𝜃) + 𝜏𝑥𝑦 𝑐𝑜𝑠(𝜃)sin(𝜃) 

↓ 

𝜎𝑛(cos2(𝜃) + 𝑠𝑖𝑛2 (𝜃)) = 𝜎𝑦𝑠𝑖𝑛2 (𝜃) + 𝜎𝑥 𝑐𝑜𝑠2(𝜃) + 2𝜏𝑥𝑦 𝑠𝑖𝑛(𝜃)cos(𝜃) 

By applying standard trigonometric identities, the normal and shear stresses on an inclined plane 

can be expressed as: 

 
𝜎𝑛 =  

𝜎𝑥 + 𝜎𝑦

2
+

𝜎𝑥 −  𝜎𝑦

2
𝑐𝑜𝑠2𝜃 +  𝜏𝑥𝑦𝑠𝑖𝑛2𝜃 (3.32) 

 𝜏𝑛 =  − 
𝜎𝑥 − 𝜎𝑦

2
𝑠𝑖𝑛2𝜃 + 𝜏𝑥𝑦𝑐𝑜𝑠2𝜃 (3.33) 

These equations explicitly show that the normal and shear stresses on the inclined plane depend 

on the plane orientation (through 2𝜃) and the original stress state (𝜎𝑥 , 𝜎𝑦, 𝜏𝑥𝑦). In a hydrostatic 

condition, the normal stresses are equal in all directions (𝜎𝑥 = 𝜎𝑦 = 𝑃) and shear stress (𝜏𝑥𝑦) is 

zero. Substituting these conditions into Equations (3.32) and (3.33) shows that normal stress (𝜎𝑛) 

remains equal to the applied pressure, whereas the shear stress (𝜏𝑛) is zero.  

Hence, under hydrostatic loading, the shear stress on any plane is zero, and the stress state 

on every plane is purely normal with magnitude 𝑃. In other words, hydrostatic pressure does not 

produce a shear component regardless of the plane orientation. Therefore, both the tensor 

decomposition and stress transformation approaches consistently demonstrate that hydrostatic 

loading produces a purely normal stress state with no shear component. 

 

3.2.4 Stress Analysis Around Voids and Plasticity 

3.2.4.1 Conceptual View: Initiation of Plastic Deformation 

When voids are present in a material, the stress state deviates locally from the ideal 

hydrostatic condition. Although the macroscopic stress field remains hydrostatic, the local stress 
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distribution around each void becomes non-uniform due to the geometric mismatch between the 

solid matrix and pore surface. Mathematically, the local stress near a void can be expressed as: 

 𝜎𝑖𝑗
(𝑙𝑜𝑐𝑎𝑙)

= 𝑃𝛿𝑖𝑗 +  𝑠𝑖𝑗
(𝑣𝑜𝑖𝑑)

 (3.34) 

where 𝑃 is the applied hydrostatic pressure and 𝑠𝑖𝑗
(𝑣𝑜𝑖𝑑)

≠ 0 represents the local deviatoric stress 

that arises from the stress concentration and geometric constraints. This local deviatoric 

component produces a non-zero equivalent stress, given by: 

 

𝜎𝑒𝑞
(𝑙𝑜𝑐𝑎𝑙)

= √
3

2
𝑠𝑖𝑗

(𝑣𝑜𝑖𝑑)
𝑠𝑖𝑗

(𝑣𝑜𝑖𝑑)
 > 0 (3.35) 

which enables localized plastic deformation and creep around the voids even under overall 

hydrostatic loading. As a result, plastic flow occurs in the vicinity of pores, thereby promoting 

void collapse and progressive densification during HIP. 

In contrast, when the material is fully dense and homogeneous (i.e., void-free), the stress 

state is purely hydrostatic, which leads to 𝑠𝑖𝑗 = 0 and 𝜎𝑒𝑞 = 0. In this case, there are no deviatoric 

or shear components to drive dislocation movement, and therefore no plastic deformation occurs—

only a small elastic volumetric strain governed by the bulk modulus of the material. In summary, 

under pure hydrostatic loading, a void-free material experiences uniform elastic compression, 

whereas the presence of voids introduces local stress gradients and deviatoric components that 

facilitate plastic deformation and densification. 

 

3.2.4.2 Analytical Stress Field for a Void in an Elastic Medium 

If the component under consideration contains a void within an infinite elastic medium, the 

relationships derived for the ideal, void-free case undergo a fundamental change. Suppose that a 

spherical void of radius 𝑎 exists at the center of the medium. Owing to the spherical symmetry of 

the problem, a spherical coordinate system (𝑟, 𝜃, 𝜙) is adopted for the analysis (Figure 3.9). Under 

this symmetry, the principal normal stresses only depend on the radial coordinate 𝑟, and the non-

zero stress components are expressed as functions of 𝑟: 

 𝜎𝑟𝑟 = 𝜎𝑟𝑟(𝑟),      𝜎𝜃𝜃 = 𝜎𝜑𝜑 = 𝜎𝜃𝜃(𝑟) (3.36) 

where 𝜎𝑟𝑟  represents the radial normal stress, 𝜎𝜃𝜃 denotes the hoop (tangential) stress in the θ 

direction or the polar normal stress, and 𝜎𝜙𝜙 corresponds to the hoop (tangential) stress in the φ 

direction or the circumferential normal stress. The shear stress components in the spherical 
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coordinates, 𝜎𝑟𝜃(𝑟), 𝜎𝑟𝜙(𝑟), and 𝜎𝜃𝜙(𝑟), are zero due to the axisymmetric nature of the problem. 

The distribution of the normal and shear stress components in the spherical coordinates is shown 

schematically in Figure 3.10. 

 

Figure 3.9 Spherical coordinate system (𝑟, 𝜃, 𝜙). 

 

 

Figure 3.10 Schematic representation of stress components in a spherical coordinate system. 

 

Therefore, only two unknown stress components remain to be determined. The stress 

equilibrium equation in the spherical coordinates is expressed as171,172: 

 ∇. 𝜎 = 0 (3.37) 

For a general three-dimensional stress state in spherical coordinates, the radial equilibrium 

equation can be expressed as: 
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 𝜕𝜎𝑟𝑟

𝜎𝑟
+

1

𝑟

𝜕𝜎𝑟𝜃

𝜎𝜃
+

1

𝑟𝑠𝑖𝑛𝜃

𝜕𝜎𝑟𝜑

𝜎𝜑
+

2𝜎𝑟𝑟 − 𝜎𝜃𝜃 − 𝜎𝜑𝜑

𝑟
+

𝑐𝑜𝑡𝜃

𝑟
𝜎𝑟𝜃 = 0 (3.38) 

Due to the axisymmetric nature of the problem, the shear stress components vanish and the stress 

field is independent of the angular coordinates. Under these assumptions, Equation (3.38) reduces 

to: 

 𝜎𝑟𝜃 =  𝜎𝑟𝜑 = 0,      
𝜕

𝜕𝜃
=

𝜕

𝜕𝜑
= 0 →   

𝑑𝜎𝑟𝑟

𝑑𝑟
+

2

𝑟
(𝜎𝑟𝑟 − 𝜎𝜃𝜃) = 0 (3.39) 

Solving this differential equation yields the general forms: 

 
𝜎𝑟𝑟(𝑟) = 𝐴 +

𝐵

𝑟3
 (3.40) 

 
𝜎𝜃𝜃(𝑟) = 𝐴 −

𝐵

2𝑟3
 (3.41) 

where 𝐴 and 𝐵 are constants determined from the boundary conditions. Substituting Equations 

(3.40) and (3.41) into Equation (3.39) confirms that the assumed solution satisfies the governing 

equilibrium equation. 

−3
𝐵

𝑟4
+

2

𝑟
(𝐴 +

𝐵

𝑟3
− 𝐴 +

𝐵

2𝑟3
) =  −3

𝐵

𝑟4
+

2

𝑟
 (

3𝐵

2𝑟3
) = −3

𝐵

𝑟4
+ 3

𝐵

𝑟4
= 0 

The constants 𝐴 and 𝐵 can be determined by applying appropriate boundary conditions. At large 

distances from the void, the radial stress approaches the external hydrostatic pressure (𝑃∞). 

Therefore: 

 lim
𝑟→∞

𝜎𝑟𝑟(𝑟) = −𝑃∞ (3.42) 

From Equation (3.42), one of the constants is obtained as: Using Equation (3.42), the constant 𝐴 is 

obtained as the negative of external hydrostatic pressure, i.e., 𝐴 = −𝑃∞. To evaluate the second 

constant, note that at the void surface (𝑟 = 𝑎), the radial stress equals the internal pressure (𝑃𝑖) 

within the void: 

 𝜎𝑟𝑟(𝑎) = −𝑃𝑖 (3.43) 

Using these two boundary conditions, the second constant can be determined as follows: 

𝜎𝑟𝑟(𝑎) = 𝐴 +
𝐵

𝑎3
=  −𝑃𝑖  ⇒ −𝑃∞ +

𝐵

𝑎3
= −𝑃𝑖  ⇒

𝐵

𝑎3
= 𝑃∞ − 𝑃𝑖 ⇒ 𝐵 = 𝑎3(𝑃∞ − 𝑃𝑖) 

Substituting the constants 𝐴 and 𝐵 into the general solution, the stress field in spherical coordinates 

is obtained based on the formulation presented in the book Theory of Elasticity by Timoshenko 

and Goodier: 
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𝜎𝑟𝑟(𝑟) =  −𝑃∞ +  

𝑎3

𝑟3
 (𝑃∞ − 𝑃𝑖) (3.44) 

 
𝜎𝜃𝜃(𝑟) = 𝜎𝜑𝜑(𝑟) =  −𝑃∞ −

1

2
 
𝑎3

𝑟3
 (𝑃∞ − 𝑃𝑖) (3.45) 

When the internal pressure inside the void is zero, the stress relations in the spherical 

coordinates can be expressed as follows: 

 
𝜎𝑟𝑟(𝑟) = −𝑃∞ +

𝑎3

𝑟3
𝑃∞ = −𝑃∞(1 −

𝑎3

𝑟3
) (3.46) 

 
𝜎𝜃𝜃(𝑟) = 𝜎𝜑𝜑(𝑟) = −𝑃∞ −

1

2

𝑎3

𝑟3
𝑃∞ = −𝑃∞(1 +

1

2

𝑎3

𝑟3
) (3.47) 

At the void surface, where the void radius is exactly equal to 𝑎, the stresses reduce to: 

 𝜎𝑟𝑟(𝑎) =  −𝑃𝑖 (3.48) 

 
𝜎𝜃𝜃(𝑎) = 𝜎𝜑𝜑(𝑎) =  −𝑃∞ −

1

2
 (𝑃∞ − 𝑃𝑖) = −

3

2
 𝑃∞ +

1

2
𝑃𝑖 (3.49) 

The radial stress at the void wall (void surface) equals the internal pressure, while the 

tangential stresses depend on the difference in pressure between the inside and outside of the void. 

This imbalance between 𝜎𝑟𝑟 and 𝜎𝜃𝜃  creates stress concentration at the void wall, which can 

exceed the yield stress of the material, thus leading to plastic deformation and void collapse173–176. 

From a mechanical perspective, this behavior can be interpreted in terms of the deviatoric nature 

of the stress field. Although the far-field loading may be purely hydrostatic, the local stress state 

around the void is no longer hydrostatic due to the geometric discontinuity. This result can be 

further explained by using the concept of stress transformation. In a general 3D state of stress, 

stress components that act on an infinitesimal element are represented by a Cauchy stress tensor: 

 
[𝜎] =  [

𝜎𝑥 𝜏𝑥𝑦 𝜏𝑥𝑧

𝜏𝑦𝑥 𝜎𝑦 𝜏𝑦𝑧

𝜏𝑧𝑥 𝜏𝑧𝑦 𝜎𝑧

] (3.50) 

In general, the stress tensor can be expressed in terms of its principal components. When 

the coordinate axes coincide with the principal directions, the shear components vanish, and the 

stress tensor becomes diagonal: 

 
[𝜎] =  [

𝜎1 0 0
0 𝜎2 0
0 0 𝜎3

] (3.51) 

If the coordinate system is rotated by using an arbitrary angle θ from the principal 

directions, both the normal and shear components on the rotated planes change according to the 
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stress transformation relations. For a planar (2D) stress state, these relationships are given in 

Equations (3.32) and (3.33). When the coordinate axes coincide with the principal directions, the 

in-plane shear stress vanishes ( 𝜏𝑥𝑦 = 0 ). In this case, the shear stress on a rotated plane reduces 

to: 

 𝜏𝑛 =  − 
𝜎1 −  𝜎2

2
𝑠𝑖𝑛2𝜃 (3.52) 

This expression shows that any difference between the principal stresses generates shear 

stresses on inclined planes. In contrast, when the normal stresses are equal in all directions 

( 𝜎1 = 𝜎2 = 𝜎3 =  𝜎 ), the stress state becomes isotropic: 

 
[𝜎] =  [

𝜎 0 0
0 𝜎 0
0 0 𝜎

] (3.53) 

Substituting this condition into Equations (3.32) and (3.33) demonstrates that, under this condition, 

the normal stress (𝜎𝑛) remains equal to the applied stress (𝜎), whereas the corresponding shear 

stress (𝜏𝑛) is zero. Therefore, no shear stress is generated under isotropic (hydrostatic) loading 

regardless of the plane orientation. Conversely, when the normal stresses are not equal ( 𝜎1 ≠ 𝜎2 ), 

shear stresses develop on inclined planes, indicating a non-hydrostatic stress state. This analytical 

result is fully consistent with the earlier conclusion that the difference between the radial and 

tangential stresses (𝜎𝑟𝑟 ≠ 𝜎𝜃𝜃) around the void wall generates local shear components, which in 

turn promote plastic deformation and void collapse. 

 

3.2.5 Stress Analysis of Void-Induced vs. Surface-Connected Defects 

3.2.5.1 Stress State of Surface-Connected Defects 

When a defect is fully embedded within a material, the stress field deviates from the ideal 

hydrostatic condition because the internal pressure (𝑃𝑖) inside the void is not equal to the externally 

applied hydrostatic pressure (𝑃∞). This pressure difference generates directional stress variations 

that give rise to deviatoric components and local shear. The corresponding stress field for a 

spherical void in an infinite elastic medium has already been derived in Equations (3.44)–(3.49). 

The difference between the radial and tangential stresses at the void wall creates a local stress 

concentration. According to the von Mises criterion (Equation (3.20)), the equivalent stress is 

proportional to the pressure difference: 
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𝜎𝑒𝑞 =

3

2
∣ 𝑃∞ − 𝑃𝑖 ∣ (3.54) 

Therefore, when 𝑃𝑖 < 𝑃∞, a non-zero equivalent stress develops, which may exceed the yield 

strength of the material and promote localized plastic deformation and void collapse. Conversely, 

for open or surface-connected defects—such as through-thickness holes, surface recesses, or sharp 

re-entrant corners—where the internal pressure equals the external hydrostatic pressure (𝑃𝑖 = 𝑃∞), 

substitution into the same stress relations demonstrates that all principal stresses (𝜎𝑟𝑟 , 𝜎𝜃𝜃 , 𝜎𝜙𝜙) 

become equal to the externally applied hydrostatic pressure (𝑃∞). Under these conditions, the stress 

tensor is purely hydrostatic and the deviatoric stress components vanish. Consequently, 

substitution into the von Mises criterion indicates that the equivalent stress is zero. Consequently, 

surface-connected defects do not induce yielding under purely hydrostatic loading, since the 

equivalent von Mises stress is zero. Therefore, no yielding or plastic deformation can occur. This 

distinction explains why HIP is highly effective in closing internal porosity, while surface-

connected defects may remain largely unaffected. 

The same conclusion can be reached through stress transformation. For a general two-

dimensional stress state, the transformed shear stress on a plane inclined at an arbitrary angle 𝜃 is 

given by Equation (3.33). For a surface-connected defect under hydrostatic loading, the normal 

stresses are equal in all directions and the initial shear stress is zero. Substituting these conditions 

into Equation (3.33) demonstrates that the transformed shear stress remains zero for all plane 

orientations. Therefore, the stress state remains purely hydrostatic regardless of orientation, with 

no shear or deviatoric component. Consequently, no local yielding or plastic deformation is 

expected at surface-connected defects under purely hydrostatic loading. 

 

3.2.6 Stress Influence of Void Characteristics 

The effectiveness of an embedded void in generating shear stress—and consequently 

enabling plastic deformation— greatly depends on three key characteristics: void shape, void size, 

and void volume fraction (porosity). Each of these parameters modifies the local stress distribution 

and changes the equivalent von Mises stress differently. An understanding of their influence is 

crucial for predicting void collapse, densification, and stress relaxation during the HIP process. In 

the following sections, the influence of each characteristic is analyzed in two complementary 
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ways: a conceptual view, which provides qualitative and physical interpretations, and an analytical 

view, which derives the corresponding mathematical relations. 

 

3.2.6.1 Effect of Void Size 

3.2.6.1.1 Conceptual View 

The size of a void affects how far its stress field extends into the surrounding material. 

Larger voids influence a larger volume of material but do not necessarily change the magnitude of 

the stress at the void wall. This is because the surface stress is primarily governed by the pressure 

difference (∆𝑃 = 𝑃∞ − 𝑃𝑖) rather than the absolute void radius. Thus, as the void size increases, 

the stress field expands outward self-similarly, while the stress at the void surface remains nearly 

constant. This self-similar scaling behavior explains why the collapse behavior of large and small 

voids follows similar patterns when normalized by their dimensions. 

 

3.2.6.1.2 Analytical View 

If the radius of the void changes from 𝑎 to 2𝑎, the corresponding stress relations in the 

spherical coordinates are expressed as: 

 
𝜎𝑟𝑟(𝑟) = −𝑃∞ +

(2𝑎)3

𝑟3
(𝑃∞ − 𝑃𝑖) (3.55) 

 
𝜎𝜃𝜃(𝑟) = 𝜎𝜙𝜙(𝑟) = −𝑃∞ −

1

2

(2𝑎)3

𝑟3
(𝑃∞ − 𝑃𝑖) (3.56) 

At the void surface, where the radial distance 𝑟 equals the new void radius 2𝑎, the stresses 

are given by: 

𝜎𝑟𝑟(2𝑎) = −𝑃𝑖, 𝜎𝜃𝜃(2𝑎) = 𝜎𝜙𝜙(2𝑎) = −𝑃∞ −
1

2
(𝑃∞ − 𝑃𝑖) = −

3

2
𝑃∞ +

1

2
𝑃𝑖 . 

It can be observed that doubling the void radius (𝑎 → 2𝑎) changes the stress distribution 

within the surrounding material as a function of the radial distance, yet the stresses at the void 

surface remain constant. This behavior is consistent with the theoretical formulation of elastic 

stress around spherical cavities under combined internal and external hydrostatic pressure. 

During HIP, voids are subjected to both internal pressure (𝑃𝑖) and external hydrostatic 

pressure (𝑃∞). The difference between these pressures produces a stress gradient in the surrounding 

material that governs the onset of plastic deformation. The highest stress concentration typically 

occurs at the void surface, where the mismatch between internal and external hydrostatic pressures 
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is fully realized. Once this stress exceeds the yield strength of the material, localized plastic flow 

is initiated, thus leading to void shrinkage or collapse. 

Even when the void radius changes, the equilibrium boundary condition requires that the 

radial stress at the void wall to be always equal to the internal void pressure (𝜎𝑟𝑟(𝑎) = −𝑃𝑖). This 

condition is purely geometric and independent of the void size. Similarly, the tangential (hoop) 

stresses at the void surface only depend on the difference in pressure (𝑃∞ − 𝑃𝑖), not on the absolute 

value of the radius. Therefore, as the void expands, the surface stress remains constant while the 

stress field extends further into the surrounding material. 

In other words, the stress field scales self-similarly with the void size, which means that as 

the void grows, the region of influence expands outward while the surface stress remains 

unchanged because they depend solely on the applied boundary pressures. This self-similar 

behavior arises from the fact that the stress field satisfies the same equilibrium and compatibility 

conditions for any void radius, provided that the ratio 
𝑎3

𝑟3 accurately represents the geometric decay 

of stress with distance from the void. The term 
𝑎3

𝑟3 in the analytical solution mathematically captures 

how the stress intensity diminishes with increasing radial distance, thus ensuring that the overall 

stress pattern retains the same spatial form, and simply scaled to the new void size. Consequently, 

while the stress magnitude at the void wall remains unchanged, the zone of influence that surrounds 

the void increases proportionally with its size177. 

Therefore, the self-similar nature of the stress field around voids plays a key role in their 

plastic response during HIP. When neighboring voids are close to each other, their stress fields 

may overlap, thus causing localized intensification and accelerating plastic deformation. The 

magnitude of stress concentration and the resulting densification rate are both strongly influenced 

by the void geometry, spacing, and spatial distribution. Consequently, accurate prediction and 

control of void shape, spacing, and pressure distribution are essential for optimizing HIP 

performance and minimizing residual porosity. 

 

3.2.6.2 Effect of Void Shape 

3.2.6.2.1 Conceptual View 

The shape of a void has a decisive influence on the stress distribution in its vicinity. 

The geometry of a void plays a crucial role in determining how stress and strain are distributed in 
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its vicinity. Spherical or nearly spherical voids generate smooth and symmetric stress fields that 

decay uniformly with distance, thus leading to homogeneous deformation around the pore. 

In contrast, non-spherical geometries, such as elongated, flattened, or sharp-edged cavities, induce 

stress concentrations due to the geometric discontinuities and curvature variations at their 

boundaries. These stress concentrations increase the local deviatoric stress, which promotes earlier 

plastic deformation and localized yielding. Hence, sharper void corners or larger aspect ratios 

result in greater tendency of localized plastic flow. 

 

3.2.6.2.2 Analytical View 

To investigate the influence of void shape on the surrounding stress and strain fields, it is 

necessary to review the inclusion theory in Eshelby178, which provides the most fundamental 

analytical framework for studying the elastic fields associated with inclusions or cavities of various 

geometries. In the inclusion theory, there is the need for an ellipsoidal shaped inclusion or void to 

obtain a closed-form analytical solution. The reason is that the exact stress and strain solutions for 

a cubic or prismatic void in an infinite elastic medium are generally complex and often cannot be 

expressed in a simple form, except for certain specific geometries. However, for ellipsoidal 

cavities, Eshelby showed that stress and strain fields inside and around the void can be expressed 

analytically. Analytical solutions for ellipsoidal cavities show that both the internal and 

surrounding stresses are smooth and continuous. 

For voids of arbitrary geometry, such as rectangular or irregular shapes, stress distribution 

cannot be obtained analytically, and numerical methods are required. In fact, an ellipsoidal shape 

is smooth and continuous, which distributes the stress concentration at the corners (as seen in a 

cubic shape) more uniformly. Therefore, for simplicity and to maintain analytical solvability, an 

ellipsoidal void is often approximated as a rectangular void with semi-axes 𝑎, 𝑏, and 𝑐 along the 

𝑥, 𝑦, and 𝑧 directions, respectively. This approximation can estimate the internal and external 

stress states around the void. 

In the following sections, the method for determining stress and strain fields is analytically 

presented by using the inclusion solution in Eshelby. For an ellipsoidal void embedded in an 

infinite isotropic elastic medium, the stress inside the ellipsoid is uniform. The uniformity of this 

stress arises from its mathematical properties and geometric symmetry. In the inclusion theory, it 

was shown that when a void with an ellipsoidal shape is embedded in an infinite elastic medium 
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and subjected to uniform loading (such as external pressure or remote stress), the displacement 

field inside the ellipsoid varies linearly. This linearity of displacement causes the strain field, and 

consequently the stress field, within the void to be independent of position and maintain a constant 

value throughout its interior. The high degree of symmetry of the ellipsoidal shape, particularly 

the smoothness and continuity of the boundary curvature of the ellipsoid, is the main reason for 

this behavior, as every point inside the ellipsoid interacts with the boundaries and the surrounding 

medium in a geometrically symmetric manner. This is why the ellipsoid is the only geometry for 

which the internal stress within an infinite isotropic elastic medium remains uniform under uniform 

external loading. If the stress tensor in the ellipsoidal coordinate system is expressed as follows: 

 

𝜎 = [

𝜎𝑥𝑥 0 0
0 𝜎𝑦𝑦 0

0 0 𝜎𝑧𝑧

] (3.57) 

and if the cavity is subjected to a pressure difference between its interior and the surrounding 

medium (Δ𝑃 = 𝑃𝑖𝑛 − 𝑃∞), then the normal stresses along the principal axes of the ellipsoid, 

according to Eshelby178, are given as follows: 

 
𝜎𝑖𝑖 = −𝑃∞ + ∆𝑃

1

1 − 𝑆𝑖
, 𝑖 = 𝑥, 𝑦, 𝑧 (3.58) 

In Equation (3.58), Δ𝑃 represents the pressure difference, and 𝑆𝑖 denotes the components 

of the tensor for the void (ellipsoid) along each principal direction in Eshelby. For an ellipsoidal 

cavity with semi-axes 𝛼, 𝛽, and 𝛾, the components of the tensor in Eshelby are defined as follows: 

 
𝑆𝑥 =

𝛼𝛽𝛾

2
∫

𝑑𝑠

(𝑠 + 𝛼2)√(𝑠 + 𝛼2)(𝑠 + 𝛽2)(𝑠 + 𝛾2)

∞

0

 (3.59) 

 
𝑆𝑦 =

𝛼𝛽𝛾

2
∫

𝑑𝑠

(𝑠 + 𝛽2)√(𝑠 + 𝛼2)(𝑠 + 𝛽2)(𝑠 + 𝛾2)

∞

0

 (3.60) 

 
𝑆𝑧 =

𝛼𝛽𝛾

2
∫

𝑑𝑠

(𝑠 + 𝛾2)√(𝑠 + 𝛼2)(𝑠 + 𝛽2)(𝑠 + 𝛾2)

∞

0

 (3.61) 

These integrals are generally evaluated numerically. For a cavity, a simple relation holds: 

 𝑆𝑥 + 𝑆𝑦 + 𝑆𝑧 = 1 (3.62) 

Several common methods are available to equate or approximate a rectangular (cuboidal) 

cavity with dimensions 𝑎, 𝑏, and 𝑐 to an ellipsoidal cavity with semi-axes 𝛼, 𝛽, and 𝛾, which are 

described as follows. 
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(a) Simple Approximation 

In this method, the semi-axes of the ellipsoid are taken as half of the length, width, and height of 

the rectangular cavity, respectively: 

 
𝛼 =

𝑎

2
, 𝛽 =

𝑏

2
, 𝛾 =

𝑐

2
 (3.63) 

If only the overall geometric shape and relative proportions are of interest (and small volumetric 

discrepancies are acceptable), this approximation is sufficient. However, the volume of the 

ellipsoidal cavity obtained by this approach is not equal to that of the rectangular cavity as the 

volume of the ellipsoid is usually smaller. 

 

(b) Volume-Equivalent Ellipsoid Approximation 

In this approach, the volume of the ellipsoid is taken to be equal to the volume of the rectangular 

cavity, i.e., 

 𝑉𝑒𝑙𝑙𝑖𝑝𝑠𝑜𝑖𝑑 = 𝑉𝑏𝑜𝑥 (3.64) 

Usually, the aspect ratios of the geometry are kept while introducing a single scaling factor 𝑘: 

 
𝛼 = 𝑘

𝑎

2
, 𝛽 = 𝑘

𝑏

2
, 𝛾 = 𝑘

𝑐

2
 (3.65) 

Equating the volumes gets: 

4

3
𝜋(𝑘

𝑎

2
)(𝑘

𝑏

2
)(𝑘

𝑐

2
) = 𝑎𝑏𝑐 

Simplifying gives: 

4

3
𝜋

𝑘3

8
𝑎𝑏𝑐 = 𝑎𝑏𝑐 

𝜋

6
𝑘3𝑎𝑏𝑐 = 𝑎𝑏𝑐 

𝑘3 =
6

𝜋
 

and therefore: 

 
k = (

6

𝜋
)1/3 (3.66) 

Thus, the semi-axes of the volume-equivalent ellipsoid are: 

 
𝛼 = (

6

𝜋
)1/3

𝑎

2
, 𝛽 = (

6

𝜋
)1/3

𝑏

2
, 𝛾 = (

6

𝜋
)1/3

𝑐

2
 (3.67) 
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This ensures that the ellipsoid has the same volume as the rectangular cavity while maintaining 

proportional geometric ratios among its axes. 

 

(c) Equivalence Based on Second Moment of Inertia 

In this method, the second moments of inertia with respect to the principal axes are considered to 

be equal for both the ellipsoid and the rectangular box. This approach effectively retains the 

“effective dimensions” in each direction and provides a more realistic basis for comparing stress 

and strain distributions. Therefore, for a rectangular cavity with dimensions (𝑎 × 𝑏 × 𝑐):  

 𝐼𝑥
𝑏𝑜𝑥

𝑉𝑏𝑜𝑥
=

1

12
(𝑏2 + 𝑐2) (3.68) 

 𝐼𝑦
𝑏𝑜𝑥

𝑉𝑏𝑜𝑥
=

1

12
(𝑎2 + 𝑐2) (3.69) 

 𝐼𝑧
𝑏𝑜𝑥

𝑉𝑏𝑜𝑥
=

1

12
(𝑎2 + 𝑏2) (3.70) 

For the equivalent ellipsoid with semi-axes (𝛼, 𝛽, 𝛾): 

 𝐼𝑥
𝑒𝑙𝑙

𝑉𝑒𝑙𝑙
=

1

5
(𝛽2 + 𝛾2) (3.71) 

 𝐼𝑦
𝑒𝑙𝑙

𝑉𝑒𝑙𝑙
=

1

5
(𝛼2 + 𝛾2) (3.72) 

 𝐼𝑧
𝑒𝑙𝑙

𝑉𝑒𝑙𝑙
=

1

5
(𝛼2 + 𝛽2) (3.73) 

By equating Equations (3.68)–(3.70) with Equations (3.71)–(3.73), a system of three equations is 

obtained for determining the semi-axes 𝛼, 𝛽, 𝛾. Solving this system yields: 

 
𝛼2 =

5

12
𝑎2, 𝛽2 =

5

12
𝑏2, 𝛾2 =

5

12
𝑐2 (3.74) 

 

Therefore, the semi-axes of the inertia-equivalent ellipsoid are: 

 

𝛼 = √
5

12
𝑎, 𝛽 = √

5

12
𝑏, 𝛾 = √

5

12
𝑐 (3.75) 

This method maintains the geometric distribution of the lengths and provides a more 

realistic representation of bending or stress concentration behavior, since the geometric influence 
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in each direction is maintained. It should be noted that in this approach, the ellipsoidal volume is 

not necessarily equal to the rectangular volume (the ellipsoidal cavity is usually slightly smaller), 

because the equivalence is based on the second moments (which correspond to geometric 

spreading relative to the axes), rather than the overall volume.  

By calculating the Eshelby tensor components (𝑆𝑖) based on the second moment of inertia 

equivalence method, the normal stresses in the three principal directions for the rectangular cavity 

can be determined, from which the equivalent von Mises stress can subsequently be evaluated. 

Using this method, the equivalent ellipsoidal geometries and the corresponding Eshelby tensor 

components were first determined for several representative void configurations with different 

aspect ratios. Subsequently, the resulting internal principal stresses and equivalent von Mises 

stresses were evaluated using the Eshelby inclusion solution. The analytical results are summarized 

in Tables 3.3 and 3.4.  

The analytical results clearly demonstrate that as the void height increases from 𝑎 to 3𝑎, 

the equivalent von Mises stress increases significantly. This indicates that the stress difference 

between the principal directions becomes more pronounced, thereby generating higher levels of 

deviatoric stress within the surrounding material. Since plastic deformation is governed by the 

magnitude of deviatoric (shear) stress, a larger von Mises stress implies that the material 

approaches its yield limit more readily. Consequently, increasing the void aspect ratio intensifies 

local stress concentration and enhances the likelihood of localized plastic flow and yielding, even 

though all other loading and material conditions remain unchanged. 

It is important to distinguish between the uniform stress field obtained from the equivalent-

ellipsoid approximation and the local stress field in the surrounding solid at the surface of a 

physical cavity. The values summarized in Table 3.4 correspond to the uniform field associated 

with the equivalent-ellipsoid representation and are used primarily to evaluate the effect of 

geometric anisotropy on the relative differences among the principal stress components. They 

should not be interpreted as the actual stresses in the surrounding matrix at the cavity wall. For the 

limiting case in which the equivalent ellipsoid becomes spherical (𝑎 = 𝑏 = 𝑐), symmetry results 

in equal principal components in the uniform equivalent-ellipsoid field. Consequently, the von 

Mises stress calculated from those equal components is zero. This result explains the zero value 

reported for the cube/spherical-equivalent case in Table 3.4. However, it does not imply that the 

material surrounding an actual spherical cavity experiences zero deviatoric stress. 
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Table 3.3 Equivalent ellipsoidal semi-axes and tensor components for different void geometries 

Void Geometry Equivalent Ellipsoidal Semi-Axes 
Eshelby Tensor 

Components 

Cube (𝑎 × 𝑎 × 𝑎) 𝛼 = 𝛽 =  𝛾 = √
5

12
𝑎 𝑆𝑥 = 𝑆𝑦 = 𝑆𝑧 =

1

3
 

Rectangular cuboid 

(𝑎 × 𝑎 × 2𝑎) 
𝛼 = 𝛽 = √

5

12
 𝑎, 𝛾 = √

5

12
 (2𝑎) 

𝑆𝑥 = 𝑆𝑦 = 0.413 

𝑆𝑧 = 0.173 

Rectangular cuboid 

(𝑎 × 𝑎 × 3𝑎) 
𝛼 = 𝛽 = √

5

12
 𝑎, 𝛾 = √

5

12
 (3𝑎) 

𝑆𝑥 = 𝑆𝑦 = 0.445 

𝑆𝑧 = 0.108 

 

Table 3.4 Uniform principal stresses and corresponding von Mises equivalent stresses obtained 

from the equivalent-ellipsoid approximation for different void geometries. 

Void Geometry 

Uniform Principal Stresses 

from the Equivalent-Ellipsoid 

Approximation 

Equivalent Stress of 

the Uniform 

Equivalent-Ellipsoid 

Field 

Cube (𝑎 × 𝑎 × 𝑎) 𝜎𝑥𝑥 = 𝜎𝑦𝑦 = 𝜎𝑧𝑧 = −𝑃∞ +
3

2
∆𝑃 0 

Rectangular cuboid (𝑎 × 𝑎 × 2𝑎) 

𝜎𝑥𝑥 = 𝜎𝑦𝑦 = −𝑃∞ + 1.704∆𝑃 

 

𝜎𝑧𝑧 = −𝑃∞ + 1.210∆𝑃 

0.494∆𝑃 

Rectangular cuboid (𝑎 × 𝑎 × 3𝑎) 

𝜎𝑥𝑥 = 𝜎𝑦𝑦 = −𝑃∞ + 1.803∆𝑃 

 

𝜎𝑧𝑧 = −𝑃∞ + 1.212∆𝑃 

0.681Δ𝑃 

 

A physical spherical cavity perturbs an otherwise hydrostatic stress field because the radial 

traction at the cavity boundary must satisfy the internal pore-pressure condition. Based on 

Equations. (3.44) and (3.45), and by substituting the radial and tangential stress components at the 

cavity wall into the von Mises equivalent-stress relation given in Equation. (3.20), the equivalent 

stress at the cavity wall is 
3

2
|∆𝑃|. 
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Therefore, even a perfectly spherical cavity generates a localized deviatoric stress in the 

surrounding material under hydrostatic far-field loading. The zero equivalent stress reported for 

the spherical-equivalent case in Table 3.4 refers only to the uniform field of the equivalent-

ellipsoid approximation and not to the local matrix stress at the cavity surface. The Eshelby-based 

comparison is therefore used in the present study as a mechanistic indicator of the additional stress 

anisotropy associated with increasing void aspect ratio, rather than as an exact prediction of cavity-

wall stress. 

 

3.2.6.3 Effect of Void Volume Fraction  

3.2.6.3.1 Conceptual View 

Another key factor that plays a crucial role in determining the mechanical response of 

materials during the HIP process is the void volume fraction which represents the overall volume 

fraction of voids within a material. The number of voids significantly influences the overall stress–

strain behavior, plastic deformation, and densification kinetics. Voids can be a source of stress 

concentration within a material, thus reducing the effective load-bearing area and facilitating 

localized plastic flow under hydrostatic pressure and temperature. As the void fraction increases, 

the material becomes less stiff and more prone to deformation under the same external stress. 

However, this effect has a physical limit. Therefore, understanding the quantitative relationships 

among voids, stress distribution, and yielding is essential for accurately predicting material 

behavior during HIP129,179,180. 

 

3.2.6.3.2 Analytical View 

To analyze this effect, several analytical and empirical models have been developed to 

describe how void percentage alters the effective stress, yield strength, and PEEQ of a material. 

The following sections present these models. To study the influence of porosity on plastic 

deformation during HIP, several assumptions are made as follows: 

(a) The porosity fraction, denoted as 𝑓, is assumed to vary between 0 and 1.  

(b) The macroscopic stresses for a pure material that does not have any voids are denoted as 

𝜎0
1, 𝜎0

2,  𝑎𝑛𝑑 𝜎0
3 . 

(c) In the presence of porosity within a material, the stress distribution during the HIP process will 

be naturally affected, thus leading to variations in the magnitude of the effective stress. To account 
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for this behavior, several constitutive models have been proposed in the literature for calculating 

the effective stress as a function of porosity.  

The most relevant of these models, which depends on the degree of porosity within the 

material, are described in the following section. 

(1) When the porosity level is low, a simple model can be used to represent the increase in stress 

based on the reduction of the effective load-bearing area. This relationship is given as follows181: 

 
𝜎 =

𝐹

𝐴eff

=
𝐹

𝐴(1 − 𝑓)
=

𝜎0

(1 − 𝑓)
 (3.76) 

(2) As porosity increases, the material ligaments begin to interact and coalesce, which lead to stress 

concentration within the surrounding matrix. Consequently, more advanced constitutive models 

are required to accurately describe the material behavior under these conditions. The Gurson–

Tvergaard–Needleman (GTN) model182,183 is one of the most comprehensive and widely used 

models for describing the behavior of ductile materials containing voids. This model is particularly 

applicable to materials with a relatively high porosity level, where simpler models become 

insufficient to capture the nonlinear behavior of the matrix–void interaction. The yield function of 

this model is expressed as follows: 

 
𝜙 = (

𝜎𝑒𝑞

𝜎𝑦
)2 + 2𝑞1𝑓∗cosh(

3𝑞2𝑝

2𝜎𝑦
) − (1 + 𝑞3(𝑓∗)2) = 0 (3.77) 

where: 

• 𝑞1, 𝑞2, 𝑞3: empirical constants related to the type of material,  

• 𝑝: hydrostatic stress during the process, 

• 𝑓∗: corrected (or effective) porosity, 

• 𝜎𝑦: yield stress of the matrix material, and 

• 𝜎𝑒𝑞: equivalent von Mises stress. 

The GTN model accounts for both the growth and coalescence of voids during plastic 

deformation. By introducing porosity as an internal variable into the yield function, the model 

effectively captures the progressive degradation of the load-bearing capacity of the material under 

increasing hydrostatic tension, which makes it particularly suitable for simulating the HIP process 

and void closure behavior. The most common applications of this model are in HIP processes, 

powder consolidation, densification of porous materials, and modeling ductile fractures in metallic 

components. 
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(3) The Eshelby–Mori–Tanaka model is a micromechanical approach that considers voids as 

embedded particles within a matrix and accounts for their distribution and mutual interactions. 

This model incorporates the effects of void shape and interaction between the inclusions and the 

surrounding matrix182. The effective modulus for spherical voids is expressed as: 

 
𝐸 = 𝐸0

1 − 𝑓

1 + 𝛼𝑓
 (3.78) 

where 𝐸0 is the elastic modulus of the matrix material, and 𝛼 is a parameter dependent on the 

Poisson’s ratio of the matrix. The main advantage of this model is that it provides a direct analytical 

relationship between the matrix and voids. However, as discussed in previous sections, several 

alternative micromechanical models can also be employed to describe similar stress–strain 

behaviors in materials with voids or defects. 

To better evaluate the effect of porosity on the magnitude of PEEQ during the HIP process, 

a simplified analytical model (Model 1) is employed. In this model, the equivalent von Mises stress 

is calculated according to Equation (3.20). As discussed earlier, the effective stress increases as 

the load-bearing area decreases. Therefore, the relationship previously introduced in Equation 

(3.76) is adopted. 

Substituting Equation (3.76) into Equation (3.20), the effect of porosity on the equivalent stress 

can be evaluated. Accordingly, when the material contains a porosity fraction 𝑓, the equivalent 

von Mises stress becomes: 

 

𝜎𝑒𝑞 =
1

1 − 𝑓
√

1

2
[(𝜎1

0 − 𝜎2
0)2 + (𝜎2

0 − 𝜎3
0)2 + (𝜎3

0 − 𝜎1
0)2] (3.79) 

where 𝜎1
0, 𝜎2

0, and 𝜎3
0 are the principal stresses in the fully dense material ( 𝑓 = 0 ).This 

expression shows that the equivalent stress increases proportionally with the level of porosity, 

relative to the initial stress state in a fully dense material. The equivalent stress can be expressed 

in a simplified form relative to the initial stress state, as follows: 

 
𝜎𝑒𝑞(𝑓) =

𝜎𝑒𝑞
0

1 − 𝑓
 (3.80) 

where 𝜎𝑒𝑞
0  represents the equivalent von Mises stress in the fully dense material, that is, in the 

absence of any voids or porosity. It should be noted that the presence of porosity also changes the 

yield stress of the material, and this change will be explained in the following section. 
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It is well known that the yield strength of a material decreases with increasing voids. This 

relationship can be expressed empirically using the following power-law form183: 

 𝜎𝑌(𝑓) = 𝜎𝑌
0(1 − 𝑓)𝑚 (3.81) 

where 𝜎𝑌
0 is the yield stress of the fully dense material, and 𝑚 is an empirical constant that depends 

on the type of material and pore geometry. The value of 𝑚 typically ranges between 1 and 3. The 

condition for the onset of plastic deformation can be expressed as: 

 𝜎𝑒𝑞(𝑓) ≥ 𝜎𝑌(𝑓) (3.82) 

Substituting Equations (3.80) and (3.81) into Equation (3.82) gives: 

 𝜎𝑒𝑞
0 ≥ 𝜎𝑌

0(1 − 𝑓)𝑚+1 (3.83) 

 

This expression can be solved to determine the critical porosity beyond which plastic deformation 

begins: 

 
𝜎𝑒𝑞

0

𝜎𝑌
0 ≥ (1 − 𝑓)𝑚+1  →  1 − 𝑓 ≤ (

𝜎𝑒𝑞
0

𝜎𝑌
0 )

1
1+𝑚

 →  𝑓𝑐𝑟 = 1 − (
𝜎𝑒𝑞

0

𝜎𝑌
0 )

1
1+𝑚 (3.84) 

An increase in porosity results in higher plastic deformation. However, this increase has a limit, as 

for each level of porosity, the above relationship and continuum-based models must remain valid. 

 

3.2.7 Residual Stress Relaxation in Defect-Free Materials 

3.2.7.1 Conceptual View 

In a fully dense, defect-free material, HIP (or furnace heating) can relax the residual 

stresses. The key point is that stress relaxation requires plastic deformation or creep, which in turn 

needs a non-zero shear (deviatoric) stress (τ) or equivalent stress.  

With only HIP loading, the stress state would be purely hydrostatic (σ₁ = σ₂ = σ₃ = –P) for 

a defect-free material with initially no residual stress and only loaded by a uniform hydrostatic 

pressure. In that case, the shear stress τ and von Mises equivalent stress 𝜎𝑒𝑞 are both zero, so no 

plastic deformation would occur. One might argue that with HIP, if the material has no defects, τ 

should be zero under pure hydrostatic loading, and thus no plastic deformation should occur. 

However, in this scenario, the defect-free material already contains a residual stress field 𝜎𝑟𝑒𝑠 from 

the LPBF process. That residual stress is not purely hydrostatic; it typically has a deviatoric part, 

which means that inside the material, there are already non-zero shear stresses (τ) and a non-zero 
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equivalent von Mises stress  𝜎𝑒𝑞,𝑟𝑒𝑠. Therefore, the shear stress that enables plastic deformation 

during HIP in a defect-free material does not come from the applied hydrostatic pressure, but rather 

from the pre-existing residual stresses. 

When the part is placed in a HIP chamber, the hydrostatic pressure simply adds a 

hydrostatic component to this existing residual stress field. The shear part of the stress – which is 

what drives yielding and creep – is still the same residual deviatoric stress that existed before 

loading. As temperature rises, the material’s yield strength 𝜎𝑦(𝑇) and creep resistance decrease. 

Wherever the local equivalent residual stress  𝜎𝑒𝑞,𝑟𝑒𝑠 exceeds the reduced 𝜎𝑦(𝑇), plastic flow 

and/or creep occur, and the residual stress is partially relaxed. Thus, the shear stress that causes 

stress relaxation in a defect-free component during HIP does not come from the applied hydrostatic 

pressure, but the pre-existing residual stresses themselves. HIP in this case behaves, from a stress-

relaxation standpoint, essentially like a high-temperature furnace cycle: in both cases, the residual 

deviatoric stress is used as the driving force, and temperature (time-dependent creep plus reduced 

yield strength) as the enabling factor. The presence of pressure only changes the hydrostatic level, 

not the deviatoric driving force for plasticity.  

 

3.2.7.2 Analytical View 

Under HIP loading alone, a defect-free material with no initial residual stress experiences 

a purely hydrostatic stress state. As demonstrated previously in Equations (3.26)–(3.29), such a 

loading condition generates no deviatoric stress component and therefore produces zero von Mises 

equivalent stress. Consequently, no yielding or plastic deformation occurs, and the material 

undergoes only elastic volumetric compression.  

However, in the present case, the defect-free material already contains a residual stress 

field 𝜎𝑟𝑒𝑠 from the LPBF process. Let the initial residual stress tensor in the solid be 𝝈res. During 

HIP, a uniform hydrostatic pressure 𝑃 > 0 is applied, thus producing a hydrostatic Cauchy stress: 

 𝝈ℎ𝑦𝑑 = 𝑃 I (3.85) 

The total Cauchy stress during HIP is therefore the superposition of the applied hydrostatic 

pressure and the pre-existing residual stress field: 

 𝝈tot = 𝝈ℎ𝑦𝑑 + 𝝈res = 𝑃 𝐈 + 𝝈res (3.86) 

The residual stress tensor can be decomposed into hydrostatic and deviatoric parts as: 
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 𝝈res =  𝒔res + 𝜎ℎ𝑦𝑑res
 𝐈 (3.87) 

where the hydrostatic part of the residual stress is: 

 
𝜎ℎ𝑦𝑑res

=
1

3
 tr(𝝈res) (3.88) 

Accordingly, the hydrostatic part of the total stress becomes: 

 
𝜎ℎ𝑦𝑑 tot

=
1

3
 tr(𝝈tot) =

1

3
 tr(𝑃 𝐈 + 𝝈res) = 𝑃 + 𝜎ℎ𝑦𝑑res

 (3.89) 

The deviatoric part of the total stress is obtained by subtracting the hydrostatic component of the 

total stress tensor from the total stress tensor: 

 𝒔tot =  𝝈tot −  𝜎ℎ𝑦𝑑 tot
 𝐈  (3.90) 

Substituting Equations (3.86) and (3.89) gives: 

= (𝑃 𝐈 + 𝝈res) − (𝑃 + 𝜎ℎ𝑦𝑑res
) 𝐈 = 𝝈res − 𝜎ℎ𝑦𝑑res

 𝐈 = 𝒔res 

where  

 

𝑠𝑟𝑒𝑠 = [

𝑠𝑟𝑒𝑠,𝑥𝑥 𝑠𝑟𝑒𝑠,𝑥𝑦 𝑠𝑟𝑒𝑠,𝑥𝑧

𝑠𝑟𝑒𝑠,𝑦𝑥 𝑠𝑟𝑒𝑠,𝑦𝑦 𝑠𝑟𝑒𝑠,𝑦𝑧

𝑠𝑟𝑒𝑠,𝑧𝑥 𝑠𝑟𝑒𝑠,𝑧𝑦 𝑠𝑟𝑒𝑠,𝑧𝑧

] (3.91) 

 

Therefore, the deviatoric stress tensor does not change with the addition of the hydrostatic HIP 

stress: 

 𝒔tot = 𝒔res (3.92) 

Therefore, the von Mises equivalent stress during HIP becomes: 

 

𝜎eq,tot = √
3

2
 𝒔tot: 𝒔tot = √

3

2
 𝒔res: 𝒔res = 𝜎eq,res (3.93) 

where 

 𝑠𝑟𝑒𝑠: 𝑠𝑟𝑒𝑠 = 𝑠𝑟𝑒𝑠,𝑥𝑥
2 + 𝑠𝑟𝑒𝑠,𝑦𝑦

2 + 𝑠𝑟𝑒𝑠,𝑧𝑧
2 + 2(𝑠𝑟𝑒𝑠,𝑥𝑦

2 + 𝑠𝑟𝑒𝑠,𝑥𝑧
2 + 𝑠𝑟𝑒𝑠,𝑦𝑧

2) (3.94) 

Thus, the equivalent stress that controls yielding and creep is the same before and after applying 

hydrostatic pressure. The HIP pressure changes only the hydrostatic part (𝑃), not the deviatoric 

part. The yielding condition during heating may therefore be written as: 

 𝜎eq,res ≥ 𝜎𝑦(𝑇) (3.95) 

where 𝜎𝑦(𝑇) is the temperature-dependent yield strength. As the temperature increases, 𝜎𝑦(𝑇) 

decreases; and at some critical temperature 𝑇∗,  𝜎eq, res ≈ 𝜎𝑦(𝑇∗), and plastic flow/creep begins. 



90 

 

This causes stress redistribution and reduction of the residual stress tensor 𝝈res. After cooling back 

down, a new, smaller residual stress field remains. Crucially, the inequality above does not contain 

the HIP pressure 𝑃; only 𝝈res and 𝜎𝑦(𝑇) appear. Therefore, for a defect-free material, the amount 

of residual stress relaxation is governed by the initial residual deviatoric stress and the thermal 

history, and essentially the same whether the heat treatment is performed in a furnace or a HIP 

chamber with only hydrostatic pressure. 

 

3.2.8 Stress Relaxation under Combined Residual and Applied Stresses 

This section evaluates how stress relaxation can be increased and clarifies the relationships 

among creep rate, temperature, and the amount of deviatoric stress inside the material. Both a 

conceptual explanation and formal analytical derivation are provided. 

 

3.2.8.1 Conceptual View 

Stress relaxation occurs when internal stresses decrease over time under constrained 

deformation, and at elevated temperatures, this process is governed primarily by creep—a time-

dependent form of plastic deformation. When the total strain is constrained—for example, when 

the part is clamped or when parts of the material are surrounded by stiffer adjacent zones—any 

CEEQ that develops must be accommodated by a reduction in elastic strain. As previously 

established in Equations (3.15) and (3.16), this reduction in elastic strain directly corresponds to a 

decrease in internal stress. Since elastic strain is directly related to stress, 𝜎 = 𝐸𝜀𝑒, any increase 

in CEEQ produces a corresponding decrease in stress. Therefore, any factor that increases the 

CEEQ rate will proportionally increase the rate of stress relaxation.  

Creep in metals is primarily governed by temperature and the level of effective shear stress, 

both of which directly control the rate at which time-dependent plastic deformation occurs. 

Increasing the temperature enhances atomic mobility, dislocation activity, and diffusion-assisted 

mechanisms, thus resulting in a significantly higher creep rate and, consequently, higher stress 

relaxation within a given holding period. Likewise, a higher deviatoric stress—i.e., the shear-type 

component of the stress state rather than the purely hydrostatic part—provides a greater 

thermodynamic driving force for dislocation creep, thereby accelerating the rate at which CEEQ 

accumulate and allowing residual stresses to diminish more rapidly. Additionally, extending the 

holding time at elevated temperatures facilitates the development of more creep deformation, thus 
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further increasing the total amount of stress relaxation achieved. Together, these factors dictate the 

overall efficiency of high-temperature processes such as HIP or furnace heat treatment in reducing 

residual stresses within metallic components. 

Residual stresses inside a material inherently contain deviatoric components, even in the 

absence of external hydrostatic pressure. Thus, a fully dense material without defects can still relax 

stress during HIP, because residual stresses provide the deviatoric stress needed to activate creep. 

While only hydrostatic HIP pressure alone does not generate shear stress in defect-free regions, 

the situation changes when voids are present. HIP pressure that acts on these geometrical features 

produces additional deviatoric stresses that combine with the residual stresses. The residual and 

HIP-induced stress contributions must be combined in tensor form. Accordingly, the total 

deviatoric stress tensor can be expressed as: 

 𝑺tot = 𝑺res + 𝑺HIP (3.96) 

where 𝑺res is the deviatoric component of the initial residual stress tensor generated during 

LPBF, and 𝑺HIP is the local deviatoric stress tensor induced by the interaction of the externally 

applied HIP pressure with the void geometry. Since creep is highly sensitive to applied stress, even 

a modest increase in the deviatoric component of the total stress tensor (𝑺tot) can substantially 

increase the creep rate and, consequently, enhance stress relaxation. When only residual stresses 

are present, creep-driven relaxation does occur, but the rate of this relaxation is limited by the 

relatively small deviatoric (shear-type) stress available. However, when residual stresses are 

constructively supplemented by pressure-induced deviatoric stresses—such as those generated 

near pores or geometrical discontinuities during HIP—the total driving stress for creep increases, 

thus leading to a markedly accelerated relaxation response. This explains why the application of 

hydrostatic pressure can significantly assist with stress relaxation. Most importantly, this 

enhancement only occurs in regions where the externally applied hydrostatic pressure can generate 

shear components; in fully dense areas where the stress state remains purely hydrostatic, no 

additional deviatoric stress is produced, and creep-assisted relaxation remains minimal. Therefore, 

HIP can substantially accelerate stress relaxation in defect-affected regions, but not in perfectly 

dense regions where the pressure remains purely hydrostatic. 
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3.2.8.2 Analytical View 

As previously introduced in Equation (3.14), the hyperbolic-sine creep law is adopted to 

describe the creep-controlled stress relaxation behavior during HIP and heat treatment. This 

constitutive model relates the equivalent creep strain rate to the applied deviatoric stress and 

temperature, and is particularly suitable for high-temperature and stress conditions where 

dislocation creep dominates.  

For a constrained material element, the total strain remains constant during relaxation. 

Therefore, based on the strain decomposition previously established in Equations (3.15) and 

(3.16), any increase in creep strain must be balanced by an equal reduction in elastic strain, leading 

directly to a decrease in stress. Substituting Equation (3.14) into the stress-rate relationship gives: 

 
𝜎̇ = −𝐸𝐴[sinh(𝐵𝜎𝑒𝑞)]𝑛exp(−

Δ𝐻

𝑅(𝑇 − 𝑇𝑍)
) (3.97) 

where 𝜎𝑒𝑞 represents the von Mises equivalent stress calculated from the current deviatoric stress 

tensor. This expression confirms that stress relaxation only occurs when the creep mechanism is 

active, and that relaxation proceeds more rapidly at higher temperatures and under higher 

deviatoric stresses. Let the von Mises equivalent stress that drives creep consist of two contributing 

factors: 

 

𝜎𝑒𝑞,𝑡𝑜𝑡 =  √
3

2
𝒔𝑡𝑜𝑡: 𝒔𝑡𝑜𝑡 = √

3

2
(𝒔𝑟𝑒𝑠 + 𝒔𝐻𝐼𝑃): (𝒔𝑟𝑒𝑠 + 𝒔𝐻𝐼𝑃) (3.98) 

where 𝒔𝑟𝑒𝑠 originates from the initial residual stresses generated during LPBF, and 𝒔𝐻𝐼𝑃 arises 

from the local stress concentrations induced by pressure from HIP which acts on voids. 

Accordingly, the ratio between the creep strain rates with and without HIP-induced deviatoric 

stress at the same temperature becomes: 

 𝜀(̇res+HIP)
𝑐𝑟

𝜀(̇res only)
𝑐𝑟 = [

sinh(𝐵𝜎𝑒𝑞,𝑡𝑜𝑡 )

sinh(𝐵𝜎𝑒𝑞,𝑟𝑒𝑠 )
]𝑛 (3.99) 

The hyperbolic-sine function increases rapidly with stress. Therefore, even a modest 

increase in the effective deviatoric stress (𝜎𝑐𝑟) can produce a disproportionately large increase in 

the creep strain rate. Since 𝜎tot
𝑐𝑟 > 𝜎res

𝑐𝑟 and sinh(𝑥) is a strictly increasing, convex function, the 

numerator in the creep equation becomes much larger than the denominator—especially at higher 

stresses. Therefore: 
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 𝜀(̇res+HIP)
𝑐𝑟 > 𝜀(̇res only)

𝑐𝑟  (3.100) 

Furthermore, from the stress-relaxation relationship previously established in Equation (3.97), a 

higher creep rate directly produces a faster reduction in stress magnitude. Therefore: 

 ∣ 𝜎̇(res+HIP) ∣>∣ 𝜎̇(res only) ∣ (3.101) 

Thus, stress relaxation is significantly faster and more effective when HIP-induced deviatoric 

stress adds to the residual stress. Near voids, HIP pressure generates a local deviatoric stress 𝜎HIP
𝑐𝑟 >

0; when combined with 𝜎res
𝑐𝑟 , this increases 𝜎tot

𝑐𝑟, amplifies the hyperbolic-sine term, raises the creep 

rate, and consequently enhances stress relaxation and void closure. 

In contrast, in defect-free regions where the applied pressure is purely hydrostatic: 

 𝜎𝐻
𝑐𝑟 = 0 (3.102) 

Under this condition, HIP pressure does not contribute to the deviatoric stress term in the creep 

law, and therefore cannot assist stress relaxation. Any relaxation that occurs in such regions is 

driven solely by the initial residual stress state together with elevated temperature. 
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CHAPTER FOUR: RESULTS AND DISCUSSION 

 

 

 

This chapter presents and discusses the results obtained from the numerical simulations 

and analyses conducted in this research work. The findings are organized into two main sections, 

which correspond to the major components of the study. In the first part, the results and discussion 

related to the LPBF process are presented. This section focuses on the changes in temperature, 

stress, and strain fields during the LPBF process, as well as the development and distribution of 

residual stresses induced by the rapid thermal cycles characteristic of AM. The influence of key 

process parameters—such as laser power, scanning speed, and preheating temperature—on 

residual stress formation is analyzed and interpreted in detail. 

In the second part, attention is directed toward the post-processing phase, where the effects 

of the HIP process and conventional furnace heat treatment on residual stress relaxation are 

investigated. The results of both post-processing methods are compared to evaluate the role of 

hydrostatic pressure in promoting densification and stress relief. Additionally, this section presents 

and discusses the influence of void morphology (shape and size) and void volume fraction on the 

efficiency of stress relaxation during HIP. Various void geometries and porosity levels are 

analyzed to assess their effects on local deformation behavior, pore closure mechanisms, and the 

resulting residual stress distribution. Through this analysis, HIP and furnace treatments show a 

comparative performance, thus providing insight into the mechanisms that govern stress reduction, 

defect elimination, and the enhancement of mechanical performance in LPBF-produced 

components. 

 

4.1 Results and Discussion of LPBF Process 

4.1.1 Temperature Evaluation During LPBF Process 

The thermal history of the manufactured part determines the relationship between temperature 

and residual stress, as also discussed by Li et al.155 and Sandmann et al.184. Figure 4.1 illustrates 

the temperature history at a centroid point in the first layer over time. The coordinates of the 

centroid point are X= 0.025 mm, Y= 0.100 mm, and Z= 0.050 mm. The total simulation time for 
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the 20 layers is 400 sec. The plot shows rapid fluctuations in temperature, with each fluctuation 

representing a short heating process that lasts approximately 0.022 seconds, followed by a cooling 

process that takes about 20 seconds. 

The temperature distributions of both time and space change rapidly during the LPBF process. 

As plotted in Figure 4.1, the nodal temperature is particularly high in the first and second layers 

because the laser heat source is in close proximity to the designated point. The maximum 

temperature of the melt pool is reached during the first peak fluctuation as the laser moves across 

the selected point. The information plotted in Figure 4.1 demonstrates the dynamic nature of 

temperature changes during the printing process, with rapid fluctuations and varying spatial 

distributions. This information is crucial in understanding the thermal behavior of the part during 

printing and its potential effect on residual stress formation. Ding et al.185reported that the 

maximum temperature of the melt pool has an immense impact on the generated residual stress. 

They showed that a large expansion in the material leads to a large deformation in the surrounding 

material. The sequential changes in temperature during the printing process are related to the effect 

of remelting due to printing the top layers, which can result in thermal gradients and internal 

stresses within the part. The impact of these fluctuations becomes less significant after the seventh 

layer since the laser heat source is far from the point mentioned above. Since the fluctuation 

becomes constant after the seventh layer, it is concluded that the newly deposited layers can affect 

the quality of the part and fatigue life of the component up to the seventh layer beneath this layer. 

Thus, better temperature control enhances dimensional accuracy, mechanical performance, and 

reliability of the final part. 

The generation of residual stress is closely associated with the temperature distribution 

throughout the LPBF process. As the laser traverses the layer of powder, the powder particles at 

the focal point is rapidly heated, thus exceeding their melting point and resulting in the formation 

of a melt pool and a HAZ in the surrounding vicinity. The melt pool follows a defined trajectory 

during the laser scanning process, where it dissipates some of its heat through radiation and 

convection to the cooler environment. Simultaneously, a significant amount of the heat is 

transferred via conduction to the neighboring particles and substrates. Eventually, as the 

temperature of the melt pool decreases, a consolidated region is formed. The temperature 

distribution in each layer changes rapidly with time and space, as depicted in Figure 4.2 for the 

tenth layer at a laser speed of 600 mm/s and laser power of 120 W. When the laser heat source 
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moves to the next track, the temperature field increases. In this figure, there are many thermal 

gradients near the laser spot, which results in the formation of internal thermal stress within the 

component.  

 

 

Figure 4.1 Transient temperature history during laser scanning of first layer with laser power of 

120 W and laser speed of 600 mm/s.  

 

Figure 4.3 shows that the melt pool and temperature profiles exhibit a comet-tail 

morphology. Similar thermal and melt-pool characteristics were reported by Patil and Yadava52, 

He et al.186, and Arısoy et al.187 in their numerical studies of powder-bed fusion processes. The 

yellow area in Figures 4.2 and 4.3 shows that the thermal gradient in front of the moving laser 

beam is substantially steeper than that in the rear. This characteristic and the anisotropic shape of 

the melt pool result from the lower thermal conductivity of the powder material compared to that 

of the bulk metal.  
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(a) (b) 

  

(c) (d) 

Figure 4.2 FE model snapshots of the temperature distribution (in °C) during LPBF process at 

the tenth layer using a zigzag pattern: a) 1st, b) 2nd, c) 7th, and d) 8th tracks. (Please refer to the 

online version of this article for the color legend and additional details). 

 

 

Figure 4.3 Shape of melt pool and heat-affected zone on tenth layer. 
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4.1.2 In-process Stress 

Figure 4.4 shows the changes in the stress components S11, S22, and S33 as a function of time 

at a centroid point on the first layer. The coordinates of the centroid point are X= 0.025 mm, Y= 

0.100 mm, and Z= 0.050 mm. The planar stress components S11 and S22 are subjected to both 

tensile and compressive stress at every fluctuation. The observed fluctuation is attributed to the 

thermal dynamics during the AM process. When the component is heated with a high-energy laser, 

the material undergoes expansion. However, this expansion is constrained by the cooler 

surrounding material, which leads to the formation of compressive stress in the heated zone. Upon 

cooling, the previously heated zone begins to cool and contract with the removal of the heat source. 

However, the contraction is limited by the PEEQ that formed during the heating phase. 

Consequently, tensile stress develops in the heated zone. Bayerlein et al.188 conducted neutron 

diffraction measurements on a simple cuboid structure produced through laser beam melting. Their 

study revealed the changes in residual stresses at different stages of the build-up process. As new 

layers were added, tensile stresses were introduced into the material directly below, primarily 

within the build-up plane (longitudinal–transversal directions). Remarkably, this behavior was 

observed in the early stages of the build-up process. 

S11 and S22 fluctuate as the nodal temperature for the selected point is under the direct 

influence of the laser beam-heat input up to the seventh layer. S11 and S22 converge towards zero 

after the seventh layer which shows that their impact on the quality of the part is reduced with the 

printing of new layers. S33 behaves differently than S11 and S22. The latter two are influenced by 

the printed track directions as reported by Tangestani et al.58,59; however, S33 is influenced by the 

material deposition, constraint from the substrate, and printed geometry, as discussed by 

Chakraborty et al.189. S33 is almost zero up to the seventh layer built because the normal direction 

of the free surface is along a similar direction to S33 which leads to zero stress at the top surface. 

This observation is consistent with the findings of Li et al.155. By adding more material, the size 

of the printed geometry and distance of the selected point from the free surface increases during 

the process. As a result, S33 diverges from zero to the compressive stress. This trend continues up 

to the fifteenth layer where the created compressive stress is near the material yield stress, which 

becomes constant after the fifteenth layer. The stress recorded from a single node does not explain 

much about the laser parameters which is elaborated in the following section. 
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Figure 4.4 Residual stress history at centroid point in first layer at laser speed of 600 mm/s, and 

laser power of 120 W. 

 

4.1.3 Stress Components 

Heat input from the laser in the LPBF process is not uniformly distributed throughout the 

build area but concentrated along the laser path. Due to the uneven distribution of the heat input, 

thermal gradients develop, with hotter regions near the melt pool and cooler regions further away. 

These thermal gradients can create residual stresses in the part as it cools and solidifies. Figure 4.5 

presents S11, S22, and S33 on Layers 1, 10, and 20 at the beginning of the cooling process, at a laser 

speed of 600 mm/s and laser power of 120 W. There is a strong correlation between the residual 

stresses and direction of the tracks. The green traces elongated in the X-direction in Figures 4.5(a), 

4.5(b), and 4.5(c) represent larger residual stresses created along the track direction due to the 

greater distribution of heat input along this direction. As a result, a larger thermal gradient is 

generated in that direction, which results in the development of more stress. This observation is 

consistent with the findings reported by Tangestani et al.58,59. It is also important to note that the 

number of layers affects the distribution of the residual stresses in laser powder bed fused parts.  
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Layer 1 Layer 10 Layer 20 

   
(a) (b) (c) 

   
(d) (e) (f) 

   
(g) (h) (i) 

Figure 4.5 Residual stress distribution immediately after printing at laser speed of 600 mm/sec 

and laser power of 120 W for Layers 1, 10, and 20. 
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The yellow field on Layer 20 shows that this feature is more significant for the higher number 

layers. A larger thermal gradient could explain for this phenomenon as the thermal difference 

between the environment and the higher number layers is larger, which would create more stress. 

Also, the number of layers in a part can influence the residual stresses as the thermal history of 

each layer can influence the residual stresses in the subsequent layers. The heat input from the 

laser in LPBF is distributed more evenly in the perpendicular direction of the track, thus resulting 

in more uniform thermal gradients and lower residual stresses. S11 is larger in magnitude compared 

to S22 as shown in Figures 4.5(c), 4.5(d), and 4.5(e) as S22 is perpendicular to the direction of the 

track. However, since the laser changes direction near the edges for the zigzag pattern, S22 becomes 

larger than S11. This can be seen as the sides of the components are in green for S22 and blue for 

S11. Like S11, the stress in the Y direction is increased for the higher number layers. S33 refers to 

the normal stress perpendicular to the surface of the component. Figures 4.5(g), 4.5(h), and 4.5(i) 

show that S33 is negligible on the top surface of a laser powder bed fused part since the surface is 

not attached to anything and can move freely without any external forces acting on it. Thus, there 

is no S33 on this surface, which results in an independent residual stress in the Z direction 

(perpendicular to the top surface) across the different deposited layers. However, it is essential to 

note that residual stresses in the S11 and S22 directions are found on the top surface, which can 

potentially affect the mechanical properties of the part. 

 

4.1.4 Effect of Pre-heating on Residual Stress Distribution 

The pre-heating temperatures in commercial LPBF systems are generally restricted to 

approximately 200°C due to limitations in machine design and operational challenges associated 

with higher temperatures, as reported by Ali et al.190. In this study, the influence of preheating 

temperature on residual stress evolution is investigated over a temperature range of 25–225°C.  

The effect of pre-heating temperature on the created residual stress in the X and Z directions are 

presented in Figures 4.6 and 4.7, respectively. There is an inverse relationship between the pre-

heating temperature and internal residual stress. Figure 4.6(c) shows that increasing the pre-heating 

temperature to 225°C clearly results in a reduction in generated residual stress (S11) between the 

center of the component and substrate compared with Figure 4.6(a), where the sample is modeled 

at a standard temperature of 25°C. Also, a comparison of Figures 4.7(a), 4.7(b), and 4.7(c) clearly 

shows that the internal residual stress (S33) is reduced with increasing pre-heating temperatures. 
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When the substrate is pre-heated, a more favorable thermal gradient is created during the printing 

process. Specifically, pre-heating helps to reduce the thermal gradient between the heated material 

and substrate, thus minimizing the temperature difference and resulting in lower cooling rates 

during solidification. This reduces the development of thermal and residual stresses in the printed 

part, as the lower cooling rates allow for more uniform solidification and minimize the gradients 

in temperature and subsequent stress. As a result, increasing the pre-heating temperature can help 

to reduce the residual stresses in the LPBF process, therefore resulting in higher part quality and 

less distortion or cracking. These results are in good agreement with trends reported by Mirkoohi 

et al.191, who observed that increasing preheating temperature can result in a larger melt pool width 

and greater melt volume. However, the reduction of residual stress cannot be entirely attributed to 

fewer thermal gradients. Vasinonta et al.192 explained that increasing the pre-heating temperature 

leads to a reduction in generated residual stresses since a decrease in the yield stress of materials 

at higher temperatures is crucial for limiting the overall residual stress build-up. Also, they 

reported that the Young's modulus decreases at higher temperatures, which reduces the total 

residual stress build-up. Kruth et al.38 reported that  the stress state (tensile and compressive) in the 

build direction is different from the center to the surface. Thus, any change in the center would be 

opposite of that at the surface. The gap between the surface and center is reduced by increasing 

the pre-heating temperature, and the magnitude of the tensile and compressive stresses would 

converge to zero, which is beneficial to the fatigue life of parts. As discussed earlier, pre-heating 

does not influence S33 at the top surface since S33 is always zero near the free surface at the top.  

 
  

(a) (b) (c) 

Figure 4.6 S11 at laser speed at 600 mm/sec and laser power of 120 W on Layer 20 with pre-

heating temperatures of a) 25℃, b) 125℃, and c) 225℃. The components are cross sectioned 

from XZ plane. 
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(a) (b) (c) 

Figure 4.7 S33 at laser speed of 600 mm/sec and laser power of 120 W on Layer 20 with pre-

heating temperatures of a) 25℃, b) 125℃ , and c) 225℃. The components are cross sectioned 

from XZ plane. 

 

4.1.5 Effect of Laser Parameters on the Residual Stress 

The predicted residual stresses in the longitudinal (S11), transverse (S22), and build (S33) 

directions are illustrated in Figures 4.8, 4.9, and 4.10, respectively. The laser power is increased 

incrementally from 120 W to 180 W in the horizontal direction, while the laser speed is increased 

from 750 mm/s to 1050 mm/s in the vertical direction. These results were obtained immediately 

after printing Layer 20, which focus on the central stress field of the component. Figure 4.8 shows 

that there is a transition zone near the upper layers, where residual stress is higher due to 

insufficient reheating from the top-layer fusion, which is consistent with the findings reported by 

Mirkoohi et al.191 and Simson et al.193. 

The main mechanism that causes the residual stresses in additively manufactured components 

is rapid solidification and the heat from the deposition of new layers. Laser power and speed 

significantly affect heat input and solidification conditions, including thermal gradients and 

cooling rates. Figure 4.8 shows that reduced laser speed and increased laser power can lead to 

lower residual stress. A slower laser speed extends the dwell time, thereby intensifying energy 

input, altering the material thermal history, and affecting the residual stress in the final printed 

part. Longer exposure to laser energy fosters uniform temperature distribution, fewer thermal 

gradients, and reduced thermal stress. In addition, a slower laser speed leads to longer solidification 
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time, which in turn reduces the cooling rate, thus giving the material more time to relax and thereby 

lowering the stress during the solidification process. Manvatkar et al.194 confirm that the cooling 

rate is reduced with a slower laser speed. Also, a slower laser speed results in fewer thermal 

gradients and deflection angles, which is the distortion produced by the bridge curvature technique 

used in geometrically similar bridge-shaped components, as reported by Kruth et al.38. Wu et al. 

195conducted an experimental investigation that examined the residual stresses induced by AM in 

316L stainless steel. To gain deeper insight into the factors that influence residual stresses, they 

employed a dual approach. They utilized a destructive surface residual stress measurement 

technique, which involves digital image correlation combined with build plate removal and 

sectioning. In addition, a nondestructive volumetric evaluation method, namely neutron 

diffraction, was employed. The findings of their research revealed that an increase in applied 

energy per unit length (achieved by adjusting the laser power/speed) results in a reduction of 

residual stresses. 

Adjusting the laser power during printing has a direct impact on the thermal history of a 

material, which in turn, influences residual stress. Higher laser power increases the energy 

transferred to the material, thus affecting both the melt pool temperature and size. This increase in 

laser power can concurrently reduce both the surface tensile stress and compressive stress near the 

substrate by elevating the melt pool temperature and enlarging the melt pool size. These larger, 

flatter melt pools facilitate a slower cooling rate, thereby diminishing residual stress. Additionally, 

increased laser power can result in more uniform temperature distribution and fewer thermal 

gradients, thus further mitigating residual stress. Moreover, the increased energy input from a 

higher laser power can lead to lower rates of solidification by providing more time for the material 

to relax and reduce stress during solidification, which potentially results in lower residual stress. 

Levkulich et al.196 conducted a study to investigate the influence of processing parameters, such 

as laser speed and laser power, on residual stress in laser powder bed fused components, 

specifically focusing on Ti6Al4V. They employed various techniques, including hole drilling, 

contour analysis, and X-ray diffraction. Their findings revealed that increasing the laser power and 

reducing the laser speed both lead to less residual stress near the surface. Consequently, achieving 

lower residual stress while maintaining acceptable component density is possible by using a higher 

laser power and slower laser speed. 
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The results presented in Figure 4.8 clearly show that laser speed has a more significant impact 

on residual stress than laser power. This is because laser speed directly influences the thermal 

history of a material during the printing process, which in turn significantly affects the 

development of residual stress in the final printed part. In the LPBF process, the thermal history 

of a material is primarily determined by the laser speed. The effect of laser power on the thermal 

history of a material is generally considered to be secondary to laser speed. This is because the 

laser power determines the amount of energy delivered by the laser, while the laser speed controls 

the duration of exposure at each spot, thus having a more significant impact on the overall thermal 

history of the material. An analysis of the data in Figure 4.8 indicates higher tensile stress at the 

surface and compressive stress near the substrate. The surface of the part cools and solidifies faster 

due to its exposure to the cooler ambient environment, which leads to higher tensile stress as the 

material contracts upon solidification. Moving towards the interior of the part, the lower cooling 

and solidification rates result in the material remaining at higher temperatures for a longer period 

of time which causes compressive stress near the substrate. The outputs of the FE model agree 

with those of the experimental data reported in the literature. Shiomi et al197. conducted 

measurements of residual stress in a metallic model created by using LPBF. The experimental 

findings revealed a significant tensile stress that persists in the surface layer of the model. Mercelis 

and Kruth198 investigated experimental methods designed to measure residual stress profiles in a 

series of test samples produced with varying processing parameters. To assess the residual stresses 

within the parts, they introduced an innovative experimental model that relies on measuring the 

deformation of the component when the stresses are released. This method is known as the "crack 

compliance method" (CCM). The results of their research revealed that residual stresses in parts 

manufactured by using LPBF are notably significant. The residual stress profile exhibits two 

distinct zones of substantial tensile stresses at the top of the part, with a large intermediate zone 

characterized by compressive stresses. 

Figure 4.9 shows the stress is tensile on the surface and compressive near the substrate like 

S11 but at a smaller magnitude. This shows that the planar stresses S11 and S22 behave similarly, 

but the magnitude is dependent on the printing pattern. As explained in the previous section, the 

zigzag pattern has the strongest impact in the X-direction where most of the tracks are directed. 

Therefore, the stress is formed mostly in the X-direction, and the magnitude of S22 is smaller than 

that of S11. Thus, the impact of the printing parameters, including laser speed and laser power, is 
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smaller compared to the stress in the X-direction. During the printing process, there are no 

constraints on the top layer. Thus, only printing parameters such as the printing pattern, laser 

power, and laser speed influence the magnitude of the created residual stresses in the X and Y 

directions. On the other hand, the center of the geometry is always constrained by the substrate 

and has a lower temperature compared to the newly produced layer. This difference in temperature 

and boundary conditions exerts a cyclic thermal load onto the previously deposited layers. This 

cyclic process applies compressive and tensile loads to the previously deposited layers and leads 

to stress relaxation; thus, the central part of the components has less stress (in the X and Y 

directions) compared to the top layer. 

Figure 4.10 shows the S33 values for different laser speeds and powers. In the surrounding 

areas, the surface is subjected to tensile stress, which has negative repercussions for fatigue life in 

printed components. On the other hand, there is evidence of compressive residual stresses in the 

center of the blocks that can be beneficial for enhancing fatigue life. The impact of laser power 

and laser speed on the magnitude of tensile stress at the sides of the component is relatively minor 

due to skywriting that is used to change the direction of the laser for each track. However, the most 

significant impact of these laser parameters is observed at the center of the component, where S33 

increases with higher laser speed and greater laser power. Since the top surface is free and the 

normal vector of the surface is aligned with the stress direction, S33 is almost zero at the top surface. 

Therefore, it can be concluded that laser power and laser speed do not impact the magnitude of S33 

at the top surface of the part. 

 



107 

 

 

Figure 4.8 S11 immediately after printing at different laser speeds and powers on Layer 20. The 

components are cross sectioned from the XZ plane. 
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Figure 4.9 S22 immediately after printing at different laser speeds and powers on Layer 20. The 

components are cross sectioned from the XZ plane. 
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Figure 4.10 S33 immediately after printing at different laser speeds and powers on Layer 20. The 

components are cross sectioned from the XZ plane. 
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4.2 Results and Discussion of Post-Processing Treatments (HIP and Furnace) 

Figure 4.11 provides the FE analysis results of a sample built by LPBF processing by using 

the FE model developed in the previous stage. The color coding represents the distribution of 

normal stress (S11) within the material. In this figure, red, yellow, and green colors indicate areas 

of tensile stress, while blue color indicates areas of compressive stress. Figure 4.11 shows the voids 

within the material. In this study, two points, A and B, are examined, which are found on the surface 

of the as-built section shown in this figure. Point A is positioned on the surface of the yz plane, 

approximately 0.45 mm from the top edge in the z-direction and 0.4 mm from the left edge in the 

y-direction, directly in front of a void where the stress concentration is higher due to the proximity 

to this void. In contrast, Point B, also situated on the surface of the yz plane, is 0.05 mm from the 

top edge in the z-direction and 0.4 mm from the left edge in the y-direction, located far from any 

voids and, therefore, represents a region less influenced by void-induced stress concentration. Both 

Points A and B are under initial tensile residual stress. 

 

 

Figure 4.11 Normal stress (S11) distribution of LPBF sample after printing. 
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4.2.1 Stress Analysis of Furnace Treatment  

Figure 4.12 illustrates the changes in the strain over time at two distinct points – A (close 

to a pore) and B (further away from a pore) – within a material exposed to a temperature of 700°C 

in a regular furnace. During the heat treatment process, the material undergoes plastic deformation 

and creep due to prolonged exposure to high temperatures and the presence of initial residual 

stresses. The figure compares the equivalent CEEQ and equivalent PEEQ at Points A and B. As 

depicted, CEEQ at both points is significantly higher than PEEQ, thus indicating that creep is the 

dominant deformation mechanism. During Stage I of the heat treatment, CEEQ exhibits a gradual 

increase, whereas PEEQ experiences a rapid surge before stabilizing. The FE model results 

underscore substantial deformation driven primarily by creep, as CEEQ continues to increase until 

the end of Stage II, after which it stabilizes. 

The results also reveal that both CEEQ and PEEQ are higher at Point A compared to Point 

B. This discrepancy may be attributed to stress concentration around the pore at Point A, as voids 

within materials typically amplify local stress fields, thereby accelerating deformation 

mechanisms. Specifically, at Point A, the equivalent CEEQ reaches 2.74%, while the PEEQ 

stabilizes at approximately 0.28%. In contrast, at Point B, located farther from the pore, the 

equivalent CEEQ and PEEQ stabilize at 0.16% and 0.078%, respectively. This indicates that 

materials located farther from voids experience lower strains, likely due to reduced stress 

concentration. When comparing the two points, the CEEQ at Point A is approximately 1612.5% 

higher than that at Point B, while the PEEQ (PEEQ) at Point A is about 250% higher than that at 

Point B. These differences further emphasize the significant influence of stress concentration near 

pores on both creep and plastic deformation. 

Figure 4.13 depicts the equivalent von Mises stress at Points A and B during heat treatment 

at 700°C in a regular furnace. Initially, the residual stress decreases approximately linearly due to 

limited plastic deformation, as illustrated in Figure 4.12. This trend corresponds to the linear 

reduction in yield strength with temperature. As the yield stress decreases during heating, the  

capacity of the material to sustain elastic deformation diminishes, thus resulting in the transitioning 

from elastic strain to PEEQ (as the yield stress and Young's modulus decrease with temperature) 

and a subsequent reduction in residual stresses. 
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(a) 

 

(b) 

Figure 4.12 Comparison of CEEQ and PEEQ during heat treatment at 700°C, observed at (a) 

Point A and (b) Point B, as shown in Figure 4.11. 

 

Approximately halfway through heating, there is a sharp drop in residual stress, which 

coincides with the rapid accumulation of CEEQ. This observation is consistent with the findings 

reported by Dong et al.199, who highlighted the significant role of creep deformation in residual 

stress reduction during high-temperature processing. During the holding phase of HIP, the 

reduction in residual stress becomes less pronounced due to the limited development of CEEQ and 
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absence of additional plastic deformation. At Point B, in particular, CEEQ stabilizes more quickly 

because the driving force for creep (i.e., stress) is significantly reduced following the sharp drop 

in stress in Stage I. Consequently, the creep process slows down over time, which leads to minimal 

changes in CEEQ. Since no substantial PEEQ develops during the holding phase, the reduction in 

residual stress is largely attributed to creep-induced stress relaxation. A comparison of the stress 

reduction at Points A and B reveals that the von Mises stress near the pore (Point A) decreases 

from 488 MPa to 118 MPa, while farther from the pore (Point B), the von Mises stress decreases 

from 414 MPa to 4 MPa. The reduction in residual stress observed under furnace heating aligns 

closely with the numerical results reported by De Baere et al.157. 

Figure 4.14 illustrates the effect of temperature on PEEQ at Points A and B during heat 

treatment for different temperatures (500°C, 600°C, and 700°C). Both plots show a rapid increase 

in the PEEQ during Stage I, followed by a stabilization phase that begins at the end of Stage I. The 

extent of PEEQ varies significantly between Points A and B. Near a pore (Point A), the plastic 

deformation reaches approximately 0.28% at 700°C, whereas far from the pore (Point B), it is only 

0.078%. This indicates a substantial difference in strain response based on proximity to a pore, 

with plastic deformation near the pore being roughly three times greater than that farther away at 

the same temperature. This highlights the significant impact of localized stress concentration in 

regions close to pores. 

 

Figure 4.13 Equivalent von Mises stress during heat treatment at 700°C:  Points A and B. 
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Temperature plays a crucial role in the variation of PEEQ. Higher temperatures 

significantly reduce the yield strength (𝜎𝑦) and Young's modulus (𝐸) of the material, thus 

facilitating greater plastic deformation with lower resistance. The degree of stress relaxation due 

to the reduction in yield strength and Young's modulus of a material during heating is closely linked 

to the proportion of elastic strain that transitions into PEEQ. This relationship can be explained 

through the principles of metal plasticity that was expressed in Equation (3.12). When CEEQ (𝜀𝑐𝑟

) is negligible (𝜀𝑐𝑟 = 0), the total strain (𝜀) equals the thermal strain (𝜀𝑡ℎ), as any point in the 

material under uniform heating can freely expand and contract. Consequently, the PEEQ (𝜀𝑝𝑙) can 

be derived as: 

 𝜀𝑝𝑙 =  − 𝜀𝑒𝑙 =  
𝜎𝑦

𝐸
 (Room temperature) − 

𝜎𝑦

𝐸
 (Furnace temperature) (4.1) 

The disparity in the ratios of yield stress to Young's modulus at room and elevated 

temperatures determines the amount of elastic strain that transitions into PEEQ. Greater 

differences in these ratios allow for more elastic strain to transition to PEEQ, resulting in increased 

stress relaxation. This mechanism explains the significant enhancement in plastic deformation 

observed at elevated temperatures, particularly in regions near features that concentrate stress, such 

as pores. 

Figure 4.15 illustrates the evolution of CEEQ during heat treatment in a regular furnace at 

varying temperatures (500°C, 600°C, and 700°C), highlighting the effect of temperature on creep 

behavior. The data from Points A (near the pore) and B (far from the pore) show that equivalent 

CEEQ develops much more slowly and stabilizes at a lower plateau at 500°C and 600°C compared 

to 700°C, indicating reduced plastic deformation and stress relaxation at lower temperatures. At 

700°C, CEEQ becomes significantly more pronounced as materials exposed to elevated 

temperatures experience enhanced plastic deformation over time due to an increased rate of creep. 

This occurs because higher temperatures supply more thermal energy, facilitating dislocation 

movement within the crystal lattice. Consequently, atomic mobility increases, dislocation barriers 

are lowered, and the material softens, all of which amplify creep deformation. 

While the amount of creep is significantly higher near the pore than far from it, the distribution of 

creep across the stages varies due to the influence of location and localized stress concentrations. 

At 700°C near the pore (Point A), CEEQ rises gradually during Stage I, followed by a significant 

increase in Stage II, before stabilizing at approximately 2.74% by the end of the holding time. This 

indicates that substantial creep deformation primarily occurs during Stage II, as stress 
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redistribution takes longer due to the high localized stress. Conversely, far from the pore (Point 

B), CEEQ increases rapidly during Stage I and gradually in Stage II, stabilizing at approximately 

0.16%. Here, most creep deformation occurs during Stage I, where stress relaxation begins earlier 

and progresses more quickly due to the absence of concentrated stress and the lower initial stress 

levels. 

 

(a) 

 

(b) 

Figure 4.14 Comparison of PEEQ during heat treatment at points (a) A and (b) B under different 

temperatures. 
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The observed difference in behavior between Points A and B can be explained using the 

hyperbolic-sine creep law, which describes the non-linear relationship between stress, temperature, 

and creep rate. Near the pore, the local stress concentration is initially very high due to the presence 

of the void, causing elastic deformation to dominate during the early stage (Stage I). As creep 

progresses, the localized stress gradually decreases, delaying substantial creep deformation until 

Stage II, when the material undergoes a more prolonged relaxation process. In contrast, far from 

the pore (Point B), the initial stress levels are lower and more uniform, leading to a rapid onset of 

creep during Stage I, where stress relaxation occurs earlier and more quickly. 

Figure 4.16 illustrates the variation in equivalent von Mises stress at points A and B during 

heat treatment under different temperature conditions (500°C, 600°C, and 700°C). The von Mises 

stress is a key measure of the ability of the material to sustain loads, and its reduction indicates 

stress relaxation caused by plastic deformation and creep. The trends in Figure 4.16 align well with 

the observations from Figures 4.14 and 4.15, where higher temperatures led to greater PEEQ and 

CEEQ. 

At the onset of heat treatment, both points A and B show a sharp drop in von Mises stress, 

which reflects the material's immediate stress relaxation due to rapid plastic deformation. This 

initial behavior can be attributed to the high rate of PEEQ development observed in Figure 4.14 

during Stage I, as well as the slight contribution of the creep mechanism outlined in Figure 4.15. 

The decline in stress is more pronounced at higher temperatures, as the material's yield strength 

and Young's modulus decrease significantly with temperature, increasing the proportion of elastic 

strain that transitions into PEEQ. Elevated temperatures also enhance atomic mobility and 

dislocation movement, facilitating stress relief. 

At lower temperatures (500°C and 600°C), the von Mises stress stabilizes at higher levels 

compared to 700°C. For point A, stabilization occurs at approximately 305 MPa (500°C) and 190 

MPa (600°C), whereas for point B, the values are around 383 MPa (500°C) and 257 MPa (600°C). 

These higher residual stress levels indicate that plastic deformation and creep are less effective at 

lower temperatures due to limited atomic mobility, reduced dislocation motion, and a smaller 

proportion of elastic strain converting to plastic deformation, as described in Figures 4.14 and 4.15. 

At 700°C, the von Mises stress stabilizes at significantly lower levels: 118 MPa at point A and 4 

MPa at point B. This significant reduction in stress reflects the enhanced plastic deformation and 

CEEQ observed at this temperature. Near the pore (Point A), stress redistribution occurs more 
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gradually, as CEEQ primarily develops during Stage II (Figure 4.15). Far from the pore (Point B), 

the stress stabilizes earlier due to rapid stress relaxation during Stage I, consistent with the 

observations of PEEQ and CEEQ in Figures 4.14 and 4.15. 

 

 

(a) 

 

(b) 

Figure 4.15 Comparison of CEEQ during heat treatment at points (a) A and (b) B under different 

temperatures. 
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(a) 

 

(b) 

Figure 4.16 Comparison of equivalent von Mises stress during heat treatment at points (a) A and 

(b) B under different temperatures. 
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A notable difference at 700°C is the behavior of stress at the end of the holding stage 

(14,400 s). At Point B, the stress remains stable, while at Point A, a slight increase in stress is 

observed. This difference can be attributed to the localized stress concentrations near the pore at 

Point A, which may induce localized strain hardening after significant creep deformation in Stage 

II. In contrast, at Point B, the absence of such stress concentrations allows for continuous stress 

relaxation without any subsequent increase. 

 

4.2.2 Stress Analysis under HIP 

Figure 4.17 illustrates the evolution of CEEQ and PEEQ at Points A and B under HIP 

condition at 700°C and 100 MPa pressure. These results underscore the critical role of hydrostatic 

pressure in enhancing both creep and plastic deformation in additively manufactured materials. At 

Point A, which is near the pore, the CEEQ reaches 4.24%, indicating a significant increase in 

CEEQ compared to conditions without applied hydrostatic pressure. This represents a 55% 

enhancement in CEEQ compared to regular furnace heating. The PEEQ stabilizes at 0.34%, 

marking a 20% increase in plastic deformation compared to furnace conditions. The increase in 

strain near the pore is attributed to the amplified stress concentration caused by porosities, which 

act as stress raisers under hydrostatic pressure. These localized stress gradients generate shear 

stresses that promote dislocation motion, driving creep and plastic deformation. The large 

difference between CEEQ and PEEQ indicates that the dominant role of dislocation creep as the 

primary mechanism of deformation under HIP conditions. At Point B, located farther from the 

pore, the trends are similar, but the magnitudes are significantly lower due to reduced stress 

concentrations far from the pore. The CEEQ stabilizes at 0.25%, showing a 56.25% increase 

compared to furnace heating, while the PEEQ stabilizes at 0.08%, with negligible change. The 

smaller enhancement in PEEQ at Point B reflects the reduced stress concentration in regions far 

from porosities. However, the increase in CEEQ indicates that hydrostatic pressure still promotes 

significant deformation, even in areas with lower initial stress concentrations. 

The presence of porosities in the material leads to non-uniform stress distribution under HIP 

conditions, with stress intensification around defects due to their irregular shapes. These elevated 

stress levels, coupled with high temperatures that reduce the material’s yield strength, create stress 

gradients that drive plastic flow into voids. This process effectively closes voids and facilitates the 
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relaxation of residual stresses. The summarized information for these findings is presented in Table 

4.1 for ease of comparison and interpretation. 

 

 

(a) 

 

(b) 

Figure 4.17 Comparison of CEEQ and PEEQ during HIP at 700°C and 100 MPa pressure, 

observed at (a) Point A and (b) Point B, as described in Figure 4.11. 
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Table 4.1 Comparison of CEEQ and PEEQ between furnace and HIP conditions 

Point Condition 
CEEQ  

(%) 

PEEQ  

(%) 

CEEQ  

Increase (%) 

PEEQ  

Increase (%) 

A Furnace 2.74 0.28 - - 

A HIP (100 MPa) 4.24 0.34 54.82 20.14 

B Furnace 0.16 0.078 - - 

B HIP (100 MPa) 0.25 0.079 56.25 1.27 

 

Figure 4.18 illustrates the equivalent von Mises stress at Points A and B during HIP at a 

temperature of 700°C and an applied hydrostatic pressure of 100 MPa. The von Mises stress 

reduction during HIP is driven by the combined effects of creep and plastic deformation, which 

are enhanced under the synergistic action of elevated temperature and hydrostatic pressure. At the 

beginning of the HIP process (Stage I), both points exhibit a linear decline in von Mises stress, 

with greater reductions compared to the furnace condition. This reduction corresponds to the linear 

reduction in yield strength with temperature and mirrors the development of more plastic 

deformation intensified by hydrostatic pressure, as observed in Figure 4.17. By comparing PEEQ 

under furnace conditions (Figure 4.12) and HIP conditions (Figure 4.17), there is a 20.14% 

increase in PEEQ at Point A and a 1.27% increase at Point B. Approximately halfway through the 

heating phase, there is a sharp drop in residual stress, which coincides with the rapid accumulation 

of CEEQ, with creep playing a dominant role. By comparing CEEQ under furnace conditions 

(Figure 4.12) and HIP conditions (Figure 4.17), there is a 54.82% increase in CEEQ at Point A 

and a 56.25% increase at Point B. The greater plastic deformation and creep during the heating 

stage of HIP (Stage I) compared to furnace conditions is because they are intensified by the 

hydrostatic pressure. Hydrostatic pressure generates more stress gradients around the pores, which 

in turn generate more shear stress, the main cause of increased plastic deformation and creep. 

During the holding stage (Stage II), the reduction in von Mises stress continues, but at a 

slower rate, particularly at Point A. The slower stress relaxation is attributed to the saturation of 

creep and plastic deformation mechanisms due to the limited development of CEEQ and the 

absence of additional plastic deformation. At Point B, in particular, CEEQ stabilizes faster because 

the driving force for creep (i.e., stress) is significantly reduced following the sharp stress drop in 

Stage I. At the end of Stage II, the stress at Point A stabilizes at 92 MPa, while Point B shows 
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minimal residual stress of 3 MPa, highlighting the pronounced effect of hydrostatic pressure on 

stress homogenization. The stabilization during the later stages reflects the diminishing driving 

force for further creep as the residual stress is reduced. 

 

Figure 4.18 Equivalent von Mises stress during HIP at 700°C and 100 MPa pressure at points A 

and B. 

 

Comparing Figure 4.18 (HIP) with Figure 4.13 (Furnace Heating) reveals the critical role 

of hydrostatic pressure in accelerating stress relaxation. Under furnace conditions, the stress 

reduction at Point A (near the pore) was limited to 118 MPa, and at Point B, it was 4 MPa. 

However, the application of pressure in HIP led to further stress relaxation, reducing the stress to 

92 MPa at Point A and virtually eliminating it at Point B (3 MPa). This comparison demonstrates 

that the additional driving force provided by pressure in HIP is essential for enhanced plastic 

deformation and creep, resulting in more effective stress relaxation. 

Table 4.2 compares the von Mises stress at Points A and B under furnace heating and HIP 

conditions. The comparison shows that HIP can enhance stress relaxation. Under furnace heating, 

the von Mises stress is decreased by 370 MPa, or a 75.82% reduction. During HIP, the stress 

reduction is increased to 396 MPa (81.15% reduction), thus demonstrating the added effect of 

hydrostatic pressure in facilitating stress relaxation and plastic deformation. The additional 6% 

reduction near the pore is attributed to the intensified stress gradients generated by hydrostatic 
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pressure, which enhances dislocation movement and material flow into voids. At Point B, the von 

Mises stress under furnace heating is reduced by 410 MPa (99.04% reduction). During HIP, this 

reduction is slightly increased to 411 MPa (99.28% reduction). Although the change is smaller 

compared to Point A, it highlights the effectiveness of hydrostatic pressure in achieving near-

complete stress relaxation even in regions with minimal initial stress concentrations. 

The data in Table 4.2 underscore that hydrostatic pressure is a critical factor in enhancing 

both plastic deformation and creep, particularly in regions near defects. The elevated stress levels 

around porosities, combined with the applied hydrostatic pressure, generate significant shear 

stresses that accelerate dislocation movement. This process allows the material to flow into voids 

and close them effectively, which is not achievable with furnace heating alone. At Point B, the 

uniform stress distribution during HIP further facilitates near-complete stress relaxation, thus 

leading to exceptional material properties. 

 

Table 4.2 Comparison of von Mises stress: furnace vs. HIP conditions 

Point Condition 
Initial Stress 

(MPa) 

Final Stress 

(MPa) 

Stress Reduction 

(MPa) 

Percentage of 

Reduction  

 (%) 

A Furnace 488 118 370 75.82 

A HIP (100 MPa) 488 92 396 81.15 

B Furnace 414 4 410 99.04 

B HIP (100 MPa) 414 3 411 99.28 

 

Plastic deformation drives stress relaxation. Both the experimental data reported in the 

literature and the FE simulations performed in the present study demonstrate that voids close 

during HIP but remain intact after conventional furnace heating. This comparison indicates that 

the hydrostatic pressure applied during HIP generates greater plastic deformation and, 

consequently, more effective residual stress relaxation. This trend agrees with the observations of 

Atabay et al.200, who did not find pore closure in furnace-treated laser powder bed fused Inconel 

718, and Osman et al.201, who showed that standalone heat treatments applied after LPBF 

processing do not change the porosity. Song et al.108 reported contradictory experimental findings 

and suggested that these discrepancies could be related to experimental sampling limitations in 
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correlative imaging. They recommended μCT scanning of the exact same region of interest before 

(as-built) and after heat treatment. Unlike in a regular furnace where the amount of creep and 

plastic deformation are not sufficient to close voids in additively manufactured materials, the 

application of hydrostatic pressure during HIP introduces an additional driving force to enhance 

both mechanisms. The enhanced plastic deformation and creep in the HIP-treated sample are 

driven by the increased equivalent stress that acts on the material. The hydrostatic pressure 

intensifies the local stress gradients, thereby increasing shear stress, enhancing dislocation 

mobility, and promoting material flow into the voids. This effectiveness of HIP in closing internal 

voids was demonstrated in an experimental study by Atabay et al.202 where an X-ray micro-CT 

distinctly revealed a wide array of internal gas pores remnant in both horizontally- and vertically-

built LPBF processed samples and their absence in these parts after post-processing with a 

combination of high temperature and hydrostatic pressure. 

The closure of voids results in the redistribution and relaxation of the residual stresses, as 

shown in Figure 4.19. This figure compares the pore morphology of a HIP-treated sample to that 

of a furnace-heated sample at Point A. The HIP-treated sample shows significant transformations 

in pore shape, thus reflecting the combined effects of high temperature and hydrostatic pressure. 

Under HIP conditions, the initial flat surface of the micropore transforms into a convex shape as 

the material flows into the void due to creep and plastic deformation. FE simulations show that 

pore closure begins during Stage I, accelerates during Stage II, and is completed by the end of 

Stage II. During Stage III or the temperature and hydrostatic pressure reduction stage, the closed 

pore retains its shape without further changes. The FE modeling results, particularly regarding 

pore closure during HIP, align well with the findings reported by Cegan et al.139, Fryé et al.203, 

Hirata et al.204, Nudelis and Mayr135, and Plessis et al.205. In contrast, the furnace-heated sample 

shows minimal changes in pore morphology, as the absence of hydrostatic pressure limits the 

ability of the material to deform and fill the void. This behavior is also consistent with the 

observations reported by Cegan et al.139. 

 Figure 4.20 compares the changes of the PEEQ at Points A and B under varying 

hydrostatic pressure conditions with pressures of 0 MPa (furnace), 100 MPa, and 200 MPa. At 

Point A, the PEEQ increases with pressure, and stabilizes at 0.28%, 0.34%, and 0.55% for furnace, 

100 MPa, and 200 MPa, respectively. The addition of pressure enhances plastic deformation, as 

higher equivalent stress enables more plastic deformation. At Point B, the effect of hydrostatic 
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pressure is less pronounced, as indicated by very low change in PEEQ from 0.078% (furnace) to 

0.079% (100 MPa) and 0.082% (200 MPa). This shows that plastic deformation is more sensitive 

to pressure near pores, where localized stress concentrations have more impact. 

 

 

Furnace 

    

HIP 

    

Time (s) 3602 8054 12470 13632 

Stage I II II II 

Figure 4.19 Pore morphology changes of HIP-treated sample (200 MPa, 700°C) compared to 

furnace-heated sample (700°C). 

 

Figure 4.21 illustrates the changes in the CEEQ at Points A and B under varying hydrostatic 

pressure conditions at a temperature of 700°C. The results show that pressure during HIP 

accelerates creep deformation at both locations. At Point A, the CEEQ significantly increases with 
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increasing pressure, and stabilizes at 2.74% (furnace), 4.24% (100 MPa), and 5.89% (200 MPa). 

This substantial increase highlights the role of hydrostatic pressure in enhancing creep, as higher 

equivalent stress generated by pressure reduces the energy barriers for dislocation movement, 

thereby accelerating dislocation activity. This process assists in the closure of defects, which 

results in a denser material. The resulting densification alleviates stress concentration around 

defects, thus enabling a more uniform stress distribution and reducing the residual stress. At Point 

B, the CEEQ also increases with pressure but to a lesser extent, and stabilizes at 0.16% (furnace), 

0.25% (100 MPa), and 0.43% (200 MPa). These results indicate that although creep deformation 

is less pronounced with distance from the pores, the addition of hydrostatic pressure still promotes 

deformation. The observations align with the hyperbolic-sine creep law, which describes the non-

linear dependence of creep rate on stress. These findings are consistent with those reported in 

previous experimental and numerical studies. For example, Prasad et al.97 and Tammas-Williams 

et al.100 demonstrated that increasing the applied hydrostatic pressure during HIP promotes pore 

closure and enhances porosity reduction. Similar trends have also been reported in other 

studies135,137,139,167,206,207. 

The von Mises stress reduction at Points A and B is shown under three conditions: furnace 

heating (0 MPa), HIP at 100 MPa, and HIP at 200 MPa. The results highlight the critical role of 

hydrostatic pressure in accelerating stress relaxation through the mechanisms of creep and plastic 

deformation. At Point A, near the pore, the initial von Mises stress starts at 488 MPa. Under furnace 

conditions, the stress is reduced to 118 MPa. However, when hydrostatic pressure is applied, the 

stress is further reduced to 92 MPa at 100 MPa and 66 MPa at 200 MPa. This reduction corresponds 

to a 22.03% improvement in stress relaxation at 100 MPa compared to the furnace condition, and 

a 44.06% improvement at 200 MPa. The pronounced effect of hydrostatic pressure at Point A is 

attributed to localized stress concentration around the pore. The application of hydrostatic pressure 

amplifies the stress gradients and enhances both plastic deformation and creep, thus leading to 

significant material flow into the voids. 

At Point B, which is farther from the pore, the initial stress starts at 414 MPa. Under furnace 

heating, the von Mises stress is reduced to 4.03 MPa. With the application of hydrostatic pressure, 

the stress is further reduced to 3.83 MPa at 100 MPa and to 3.29 MPa at 200 MPa. These reductions 

represent a 4.96% decrease at 100 MPa and an 18.35% decrease at 200 MPa compared to the 

furnace condition. Although the overall stress reduction is less dramatic at Point B compared to 
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Point A, it shows the homogenizing effect of pressure in regions farther from stress concentrations. 

The nearly complete relaxation at Point B reflects the uniform stress distribution promoted by 

hydrostatic pressure. A summary of the von Mises stress reduction at Points A and B under varying 

pressure conditions is provided in Table 4.3. 

 

 
(a) 

 
(b) 

Figure 4.20 Comparison of PEEQ during HIP at 700°C at Points (a) A and (b) B under varying 

pressure conditions. 
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(a) 

 

(b) 

Figure 4.21 Comparison of CEEQ during HIP at 700°C at Points (a) A and (b) B under varying 

pressure conditions. 
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Table 4.3 Comparison of von Mises stress reduction at Points A and B under different pressure 

conditions 

Point Condition 
Initial Stress 

(MPa) 

Final Stress 

(MPa) 

Improvement 

Over Furnace (%) 

A Furnace 488 118 - 

A HIP (100 MPa) 488 92 22.03 

A HIP (200 MPa) 488 66 44.06 

B Furnace 414 4.03 - 

B HIP (100 MPa) 414 3.83 4.69 

B HIP (200 MPa) 414 3.29 18.35 

 

Figure 4.22 illustrates the evolution of PEEQ at Points A and B under HIP conditions with 

a pressure of 200 MPa, comparing three temperatures: 500°C, 600°C, and 700°C. At Point A, the 

PEEQ increases significantly as the temperature rises. At 500°C, the PEEQ stabilizes at 0.29%, at 

600°C, 0.45% and at 700°C, 0.55%. This indicates that higher temperatures enhance plastic 

deformation by lowering the yield strength, which facilitates material flow into voids. At Point B, 

the PEEQ exhibits similar behavior, with stabilization values of 0.05% at 500°C, 0.07% at 600°C, 

and 0.08% at 700°C. Although the absolute values are smaller compared to Point A, the trends 

suggest that the temperature dependence of plastic deformation remains consistent. The differences 

between Points A and B are primarily due to stress concentration near the pore at Point A, which 

amplifies local deformation mechanisms. The observed trend across different temperatures 

confirms that the mechanism of plastic deformation under HIP is driven by temperature-dependent 

reduction in yield strength and stress gradient effects. The higher plastic deformation at elevated 

temperatures highlights the synergy between temperature and hydrostatic pressure in closing 

voids. 

Figure 4.23 shows the development of CEEQ at Points A and B under the same HIP 

conditions and temperatures as in Figure 4.22. At Point A, the CEEQ increases significantly with 

temperature, and then stabilizes at negligible levels at 500°C, 0.29% at 600°C, and 5.89% at 

700°C. The pronounced increase at 700°C indicates that higher thermal energy enhances 

dislocation mobility, which leads to accelerated creep deformation. At Point B, the CEEQ follows 

a similar pattern, with stabilization values of negligible levels at 500°C, 0.30% at 600°C, and 
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0.43% at 700°C. The lower CEEQ at Point B reflects the absence of stress concentration, which 

limits localized deformation compared to Point A. The results show that the creep mechanism 

during HIP is temperature-dependent, with higher temperatures driving more significant strain. 

This observation supports the conclusion that creep plays a dominant role in void closure during 

HIP, particularly at elevated temperatures. 

 

 

(a) 

 

(b) 

Figure 4.22 Comparison of equivalent plastic strain during HIP at 200 MPa at Points (a) A and 

(b) B under varying temperatures. 
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(a) 

 

(b) 

Figure 4.23 Comparison of equivalent creep strain during HIP at 200 MPa at Points (a) A and (b) 

B under varying temperatures. 

 

A comparison of the effects of temperature (Figure 4.23) and hydrostatic pressure (Figure 

4.21) on the CEEQ reveals that temperature has more influence than hydrostatic pressure. Figure 

4.23 shows that at a constant hydrostatic pressure of 200 MPa, increasing the temperature from 

500°C to 700°C increases the CEEQ from 0.00001% to 0.43% at Point B, thus representing a 
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change of nearly five orders of magnitude and indicating significantly more pronounced creep 

deformation at higher temperatures. In contrast, Figure 4.21 shows that at a constant temperature 

of 700°C, increasing the hydrostatic pressure from 0 MPa to 200 MPa increases the CEEQ from 

0.16% to 0.43% at Point B, which is less than one order of magnitude. While temperature has the 

greatest impact on the CEEQ, hydrostatic pressure still plays a significant role, albeit not to the 

same extent as temperature. 

The FE modeling results align with the fundamental behavior described by the hyperbolic-

sine creep law. In this law, the exponential term exp(−
𝑄

𝑅𝑇
) captures the profound influence of 

temperature on the creep rate. This is because temperature provides the thermal activation energy 

required for dislocation movement. At lower temperatures, dislocations remain thermally locked 

and unable to effectively overcome the energy barriers. However, at higher temperatures, thermal 

energy increases exponentially, thus facilitating dislocation movement, which accelerates creep 

deformation. The FE model results in Figure 4.23 show this exponential effect, which is consistent 

with the strong dependence of temperature described by the hyperbolic-sine law.  

On the other hand, the equivalent-stress term in the hyperbolic-sine creep law has a less 

pronounced but still significant influence on the creep rate. The stress dependence enters the 

constitutive relation through the dimensionless quantity 𝐵𝜎𝑒𝑞, where 𝐵 has units reciprocal to 

those used for stress. At sufficiently large positive values of 𝐵𝜎𝑒𝑞, the hyperbolic-sine function 

approaches its exponential asymptote: 

 
sinh(𝐵𝜎𝑒𝑞) ≈ 

1

2
exp(𝐵𝜎𝑒𝑞)                                𝐵𝜎𝑒𝑞 ≫ 1 (4.2) 

This form is dimensionally consistent because the arguments of both the hyperbolic-sine 

and exponential functions are dimensionless. Under this high-stress condition, the creep rate 

therefore exhibits an approximately exponential dependence on equivalent stress. Consequently, a 

local increase in equivalent stress can substantially increase the creep strain rate. In the present 

HIP simulations, this effect is particularly relevant near internal voids, where the applied 

hydrostatic pressure perturbs the local stress state and generates additional deviatoric stress 

components. 

While this leads to an exponential increase in the creep rate with stress, the effect remains 

less dramatic than the temperature-driven exponential increase. Hydrostatic pressure contributes 

to creep deformation primarily by increasing the stress gradients and driving shear stress, thus 
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enhancing dislocation movement. However, its overall effect on the creep rate, as observed in 

Figure 4.21, is comparatively smaller than the exponential increase driven by temperature. 

The observed results are summarized in Table 4.4. Increasing the temperature 

exponentially accelerates the creep rate due to the thermal activation energy that drives dislocation 

movement. At higher temperatures, atomic mobility increases, and dislocations overcome energy 

barriers more readily, thus resulting in significant creep deformation. Conversely, increasing 

hydrostatic pressure contributes to the equivalent stress, which enhances creep through stress-

driven dislocation movement. However, the effect of hydrostatic pressure follows a slower, non-

linear relationship compared to the exponential effect of temperature. This interpretation is further 

supported by Prasad et al.97, who reported that, in void closure during HIP, temperature plays a 

more dominant role than both applied hydrostatic pressure and holding time. 

Figure 4.24 illustrates the reduction in von Mises stress at Points A and B under the same 

HIP conditions (200 MPa) and the three temperatures shown in Figure 4.22. At Point A, the stress 

decreases from 488 MPa to 249 MPa at 500°C, to 150 MPa at 600°C, and to 66 MPa at 700°C. 

Similarly, at Point B, the stress decreases from 414 MPa to 384 MPa at 500°C, to 257 MPa at 

600°C, and to 3 MPa at 700°C. According to Figures 4.22 and 4.23, lower temperatures result in 

less stress reduction due to the reduced activation of creep and plastic deformation mechanisms. 

In contrast, higher temperatures significantly amplify these mechanisms by lowering the yield 

strength and increasing dislocation mobility, which enhance stress relaxation. This comparison 

underscores the critical role of temperature in facilitating stress relaxation under a constant 

pressure. The results confirm that the mechanism of stress relaxation remains consistent across 

different temperatures, with higher temperatures intensifying these effects. This consistent 

behavior across a range of temperatures shows the effectiveness of HIP in improving material 

properties, particularly for additively manufactured materials with inherent porosities. 

 

Table 4.4 Comparison of effects of temperature and pressure on CEEQ and their corresponding 

mechanisms 

Factor Impact on CEEQ Mechanism 

Temperature 

(T) 

Exponential increase 

(dominant) 

Provides thermal energy for atomic 

mobility and dislocation movement. 

Pressure  

(𝝈𝒆𝒒) 
Non-linear increase (weaker) 

Generates stress gradients that enhance 

dislocation movement. 
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We discussed how LPBF induces residual stresses in additively manufactured materials, 

particularly the development of tensile residual stresses near the surface of components131. These 

tensile stresses can significantly affect the fatigue life of a material, as they are often the primary 

cause of fatigue failures due to their crack-opening nature. Figure 4.25 shows the normal stress 

(S11) after AM and HIP under a hydrostatic pressure of 200 MPa and at a temperature of 700°C, 

with stress values expressed in MPa. This figure shows how the hydrostatic pressure applied during 

HIP effectively transforms tensile stresses into compressive stresses, which is in close agreement 

with the experimental results reported by Zhang et al.113. The shift from tensile to compressive 

surface stresses is advantageous for the fatigue life of the material, as compressive stresses help to 

close micropores, which are potential initiation and propagation sites for cracks. By applying high 

hydrostatic pressure at elevated temperatures, HIP mitigates crack initiation and growth, thereby 

enhancing the fatigue life of the material. 

The data presented in Table 4.5 provides a detailed analysis of the normal stresses (S11, S22, 

and S33) in three orthogonal directions (X, Y, and Z) at Points A and B during AM, furnace heating, 

and HIP at pressures of 100 MPa and 200 MPa. The results emphasize the transformative effect of 

HIP in converting the tensile stresses generated during the LPBF process into compressive stresses.  

During AM, all stresses at both Points A and B exhibit tensile behavior, as shown by the positive 

values under the AM column. For instance, at Point A, S11, S22, and S33 are 48 MPa, 243 MPa, and 

6 MPa, respectively, while at Point B, they are 94 MPa, 15.8 MPa, and 30 MPa. These tensile 

stresses arise due to the rapid solidification and cooling inherent to the LPBF process, which results 

in the accumulation of residual stresses. Such tensile stresses are detrimental as they promote crack 

initiation and propagation, thus reducing the fatigue life of the material. 

The transition from tensile to compressive stresses begins with furnace heating. At Point 

A, furnace heating reduces S11 from 48 MPa to -83 MPa, S22 from 243 MPa to -60 MPa, and S33 

from 6 MPa to -130 MPa. A similar trend is observed at Point B, where S11, S22, and S33 are reduced 

to -3.8 MPa, -0.3 MPa, and -2.8 MPa, respectively. This reduction highlights the role of thermal 

energy in facilitating stress relaxation and redistribution. However, the furnace condition alone 

does not fully utilize the mechanisms of plastic deformation and creep, and the resulting 

compressive stresses are limited in magnitude. 
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(a) 

 

(b) 

Figure 4.24 Comparison of equivalent von Mises stress during HIP at 200 MPa at Points (a) A 

and (b) B under varying temperatures. 

 



136 

 

 
 

(a) (b) 

Figure 4.25 Influence of HIP process conducted under pressure of 200 MPa and temperature of 

700°C on normal stress (S11): (a) After LPBF processing and (b) after HIP.  

 

Under HIP conditions, the application of hydrostatic pressure significantly amplifies stress 

relaxation, thus converting tensile stresses into more substantial compressive stresses. At Point A, 

S11 decreases to -126 MPa at 100 MPa and further to -169 MPa at 200 MPa. Similarly, S22 

decreases to -92 MPa and -126 MPa, while S33 decreases to -190 MPa and -250 MPa at 100 MPa 

and 200 MPa, respectively. At Point B, even though the stress magnitudes are lower due to reduced 

stress concentration further away from the pore, HIP still promotes substantial compressive stress. 

For example, S11 is reduced to -14.4 MPa and -28 MPa, S22 to -10.8 MPa and -25 MPa, and S33 to 

-13 MPa and -27 MPa under hydrostatic pressures of 100 MPa and 200 MPa, respectively. 

The transition from tensile to compressive stresses is driven by the synergistic effects of 

high temperature and hydrostatic pressure during HIP. Elevated temperature reduces the yield 

strength of the material, thus enabling plastic deformation, while the pressure produces stress 

gradients that amplify the shear stress. This combination facilitates dislocation movement, creep, 

and material flow into voids, thereby leading to stress redistribution. As a result, tensile stress 

concentrations are eliminated, and the material experiences uniform compressive stress, which is 

highly beneficial to fatigue life. 

A comparison between the furnace and HIP conditions highlights the superior effectiveness 

of HIP. At Point A, the furnace treatment reduces S11 to -83 MPa, while HIP reduces it further to -
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126 MPa at 100 MPa and -169 MPa at 200 MPa. At Point B, the furnace treatment reduces S33 to 

-2.8 MPa, while HIP reduces S33 -13 MPa at 100 MPa and -27 MPa at 200 MPa. This underscores 

the critical role of hydrostatic pressure in enhancing stress relaxation and redistribution beyond 

what can be achieved through furnace heating alone. 

The increasing magnitude of compressive stresses with higher pressure during HIP further 

shows the role of hydrostatic pressure in amplifying the stress relaxation mechanisms. For 

instance, at Point A, S33 transitions from -190 MPa at 100 MPa to -250 MPa at 200 MPa, thus 

indicating that higher hydrostatic pressure drives more significant plastic deformation and creep. 

This effect is consistent across all the stress components and both Points A and B, thereby 

underscoring the robustness of HIP in improving the mechanical properties of additively 

manufactured materials. 

 

Table 4.5 Changes in normal stresses (S11, S22, and S33) with AM, furnace treatment and HIP at 

Points A and B 

Condition AM Furnace HIP (100 MPa) HIP (200 MPa) 

Location A B A B A B A B 

S11 (MPa) 48 94 -83 -3.8 -126 -14.4 -169 -28 

S22 (MPa) 243 15.8 -60 -0.3 -92 -10.8 -126 -25 

S33 (MPa) 6 30 -130 -2.8 -190 -13 -250 -27 

 

 

4.2.2.1 Effect of Void Morphology on Stress Distribution & Plastic Deformation 

Porosity formation in LPBF is strongly influenced by the processing parameters such as 

laser power, scanning speed, hatch spacing, and scanning strategy, all of which govern the energy 

input and melt pool stability. Kasperovich et al.12 and Nudelis et al.135,136 discussed the influence 

of processing parameters on melt pool behavior and defect formation, while similar observations 

have been reported in other studies141–143. Read et al.140 showed that porosity is significantly 

affected by the laser power, scanning speed, and their interaction. Likewise, Hasmuni et al.208 

emphasized that hatch spacing—controlling the overlap between adjacent scan tracks—also plays 

a crucial role in pore formation. Furthermore, Cegan et al.139 showed that scanning speed 

significantly governs both the morphology and spatial distribution of pores. At scanning speeds 
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below 1200 mm/s, rounded porosity is predominantly observed, mainly localized near the 

specimen edges. These pores comprise both large keyhole-type defects and smaller gas-type pores. 

Conversely, higher scanning speeds (~1200 mm/s) promote the formation of irregular LOF 

porosity distributed throughout the bulk material. This highlights the strong sensitivity of pore 

characteristics to variations in the scanning speed. 

In LPBF, three types of pores are typically observed: gas, keyhole, and LOF pores, as 

documented in previous studies100,143,209–214. These defects differ in morphology, size, and 

formation mechanism and can appear in a broad range of metallic materials processed by LPBF. 

Gas pores are generally small (typically below 100 μm) and nearly spherical. Their formation is 

associated with the protective gas used during processing and the difference in gas solubility 

between the liquid and solid phases of the material. During solidification, the solubility of 

dissolved gas markedly decreases. Consequently, gas accumulates at the solidification front and 

may nucleate into spherical pores when its concentration exceeds the solubility limit in the solid 

phase31. Keyhole pores develop when the process transitions to keyhole-mode melting due to 

excessively high laser power density. Intense localized evaporation produces a deep vapor cavity 

within the melt pool. If this cavity becomes unstable and collapses, process gas can be entrapped 

in the molten material, thus forming relatively large pores that are often located near the bottom 

of the melt pool36. LOF pores arise when the supplied laser energy is insufficient to completely 

melt the powder bed. These defects are typically large, irregular in shape, and may contain partially 

unmelted powder particles. LOF pores can originate from inadequate scan track overlap, excessive 

hatch spacing, large spatter agglomerates, or oxide layers that prevent proper melting and 

metallurgical bonding215. 

As pore morphology varies significantly based on the processing conditions, the geometric 

characteristics of voids—particularly their size, shape, and aspect ratio—are expected to strongly 

influence local stress distribution and plastic deformation behavior, especially under high 

temperature and hydrostatic pressure conditions such as those found during HIP. While the 

formation mechanisms of porosity have been widely investigated, less attention has been given to 

the direct mechanical implications of different void morphologies under combined thermal and 

pressure loadings. To systematically isolate and quantify the influence of void geometry, a 

controlled numerical framework was developed. 
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To begin the investigation, the effect of the aspect ratio—a key parameter that influences 

the mechanical response of porous materials during HIP—was first analyzed. In this context, the 

aspect ratio is defined as AR = Longest Dimension / Shortest Dimension, and four void shapes 

with the same cross-sectional areas (25 μm × 25 μm) but varying lengths were considered to isolate 

the role of elongation. These configurations ranged from a compact cube to increasingly elongated 

rectangular voids, with aspect ratios of 1.0, 2.0, 3.0, and 4.0, respectively. This preliminary 

geometric assessment provides the basis for the following numerical simulations and highlights 

how increased aspect ratio can amplify local stress concentrations and deformation. The detailed 

results and their implications are discussed in the subsequent sections. 

Four simulations were conducted at 200 MPa and 500°C to examine the influence of void 

shape—particularly the aspect ratio of voids—on the mechanical response of the material. As 

illustrated in Figure 4.26, four distinct void geometries are considered: a single cube (25 µm × 

25 µm × 25 µm, AR = 1.0), two adjacent cubes (25 µm × 25 µm × 50 µm, AR = 2.0), three adjacent 

cubes (25 µm × 25 µm × 75 µm, AR = 3.0), and four adjacent cubes (25 µm × 25 µm × 100 µm, 

AR = 4.0). While all of the configurations share the same cross-sectional area (25 µm × 25 µm), 

they vary in length—specifically 25, 50, 75, and 100 µm—thereby resulting in different aspect 

ratios and shapes which range from near-spherical to elongated forms. The red regions indicate the 

distributed voids embedded within the matrix. The first geometry (25 µm × 25 µm × 25 µm) is 

more representative of a spherical void, whereas the last one (25 µm × 25 µm × 100 µm) resembles 

a non-spherical or irregularly shaped void. In each simulation, two groups of points were selected 

for analysis: one group located near the voids, and another positioned at the four corners of the top 

surface—the farthest from the voids (Points A, B, C, and D).  

Tables 4.6 to 4.9 present the detailed simulation results for each void configuration. Each 

table includes the values for the accumulated CEEQ, PEEQ, initial and final von Mises stresses, 

and the corresponding stress reduction at the selected points after the HIP process. Table 4.6 

presents the post-HIP mechanical response of the material that contains the four adjacent cubic 

voids (25 µm × 25 µm × 100 µm), as illustrated in Figure 4.26(d). The selected evaluation points 

are categorized based on their proximity to the voids: Points 1–3 are near the voids, and Points A–

D are far from them. The data clearly show that the mechanical behavior significantly depends on 

the location relative to the voids. 
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(a) 

(b) 

 

(c) 

 

(d) 

 

Figure 4.26 Schematic representations of four different void morphologies analyzed in this 

study: (a) a single cubic void, and (b) two, (c) three, and (d) four adjacent cubic voids.  

 

At Points 1–3, which are closest to the void cluster, there is a substantial accumulation of 

both PEEQ and CEEQs. For instance, Point 1 exhibits the highest CEEQ value of 8.78 × 10⁻³ and 

a corresponding PEEQ of 8.40 × 10⁻³, thus indicating intense local deformation due to the high 

stress concentration near the elongated void. Similarly, Points 2 and 3 show higher CEEQ values 

of 6.72 × 10⁻³ and 4.49 × 10⁻³ along with PEEQ values of 6.19 × 10⁻³ and 5.62 × 10⁻³ respectively. 
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These localized deformations correspond to significant stress relaxation. The initial von Mises 

stress at Point 1, which was 530.5 MPa, is reduced to 213.5 MPa, thus resulting in a stress drop 

(ΔStress) of 317 MPa or a 59.75% reduction. Similar reductions are observed at Points 2 and 3, 

with stress reductions of 56.52% and 54.21%, respectively. This substantial stress relief is clearly 

the result of the active creep and plastic mechanisms promoted by both the applied HIP conditions 

and the local geometry-induced stress concentrations. 

In contrast, Points A–D, which are positioned far from the voids (near the top corners of 

the sample), exhibit negligible CEEQ and PEEQ. For instance, Point A shows a very low CEEQ 

of 2.35 × 10⁻⁶ and zero PEEQ. Consequently, the stress relaxation is also minimal, with a ΔStress 

of 16.7 MPa, which corresponds to only a 16.51% reduction. Similarly, Point B shows the lowest 

stress change of all points—only 6 MPa—despite a small CEEQ of 1.94 × 10⁻⁷, thus highlighting 

that the material in these regions remain largely elastic. 

 

Table 4.6 Effect of void morphology (four adjacent cubes) on equivalent creep and plastic 

strains, and residual stress reduction during HIP 

 Location 

Relative to 

Void 

Point PEEQ  

(post-HIP) 

CEEQ (post-

HIP) 

Initial von 

Mises 

stress 

(Pre-HIP) 

Final von 

Mises stress 

(Post-HIP) 

ΔStress 

(MPa) 

Stress 

Reduction 

(%) 

Near the 

void 

1 8.40×10⁻3 8.78×10⁻³ 530.5 213.5 317 59.75 

2 6.19×10⁻3 6.72×10⁻³ 486.6 211.6 275 56.52 

3 5.62×10⁻3 4.49×10⁻³ 501.7 229.7 272 54.21 

Far from 

the void 

A 0 2.35×10⁻⁶ 101.1 84.4 16.7 16.51 

B 0 1.94×10⁻⁷ 55.6 49 6.6 11.87 

C 0 8.25×10⁻⁷ 70.1 60.96 9.14 13.04 

D 0 3.24×10⁻⁷ 124.7 109.81 14.89 11.94 

 

Table 4.7 presents the results for the void configuration which consists of three adjacent 

cubic voids (25 µm × 25 µm × 75 µm). Similar to the four-cube case, deformation and stress 

relaxation are notably higher near the voids (Points 1–3). The CEEQ values in this region range 

from 2.60 × 10⁻³ to 3.43 × 10⁻³, while PEEQ varies from 1.14 × 10⁻³ to 1.87 × 10⁻³, thus indicating 

significant accumulation of PEEQ and CEEQ. The highest creep activity is observed at Point 2, 
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which exhibits the highest CEEQ (3.43 × 10⁻³). The initial von Mises stresses at these points 

exceed 530 MPa, with Point 2 reaching the highest stress (666.1 MPa), which is later reduced to 

433 MPa, thus resulting in a stress decline of 233.1 MPa (35%). Point 1, with a ΔStress of 175.2 

MPa, shows a stress reduction of 29.17%, while Point 3 shows the smallest decline (133.9 MPa, 

or 24.98%) despite having a high initial stress. These values highlight strong localized stress 

relaxation near the voids. 

In contrast, Points A–D, located far from the voids, show minimal deformation and stress 

changes. The CEEQ values range from 1.17 × 10⁻⁶ to 1.75 × 10⁻⁷, and PEEQ is zero at all points. 

Stress reductions are small, between 4.1 MPa (7.37%) and 16.1 MPa (15.92%), thus reinforcing 

the observation that the mechanical influence of voids remains highly localized. 

 

Table 4.7 Effect of void morphology (three adjacent cubes) on equivalent creep and plastic 

strains, and residual stress reduction during HIP 

Location 

Relative 

to Void 

Point PEEQ (Post-

HIP) 

CEEQ 

(Post-HIP) 

Initial von 

Mises stress 

(Pre-HIP) 

Final von 

Mises 

stress 

(Post-HIP) 

ΔStress 

(MPa) 

Stress 

Reduction 

(%) 

Near the 

void 

 

1 1.46×10⁻³ 2.82×10⁻³ 600.8 425.6 175.2 29.17 

2 1.87×10⁻³ 3.43×10⁻³ 666.1 433 233.1 35 

3 1.14×10⁻³ 2.60×10⁻³ 535.9 402 133.9 24.98 

Far from 

the void 

 

A 0 1.17×10⁻⁶ 101.1 85 16.1 15.92 

B 0 4.44×10⁻8 55.6 51.5 4.1 7.37 

C 0 8.24×10⁻⁷ 70.1 60.98 9.12 13.01 

D 0 1.75×10⁻7 124.7 111.3 13.4 10.75 

 

Table 4.8 summarizes the mechanical response for a configuration with two adjacent cubic 

voids (25 µm × 25 µm × 50 µm). Compared to the three- and four-void cases, this geometry results 

in moderately less deformation near the voids. At Points 1–3, the PEEQ ranges from 1.229 × 10⁻³ 

to 1.689 × 10⁻³, while CEEQ varies between 1.546 × 10⁻³ and 2.039 × 10⁻³. Point 3 exhibits the 

highest accumulation of both PEEQ and CEEQ. The corresponding von Mises stress reductions 

are significant but somewhat less than those observed in more elongated void geometries. 

Specifically, Point 3 shows the highest ΔStress of 214.7 MPa (33.75%), followed by Point 1 with 
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149.1 MPa (26.28%) and Point 2 with 130 MPa (23.99%). Despite high initial von Mises 

stresses—up to 637.3 MPa—the stress relief is less efficient compared to the longer void cases. At 

far-field locations (Points A–D), the mechanical response is minimal. CEEQ values remain low 

(ranging from 1.983 × 10⁻⁸ to 1.091 × 10⁻⁶) and PEEQ remains zero. Stress reductions in these 

regions are minor, particularly at Point B (2.2 MPa; 3.95%), thus confirming that regions far from 

the voids experience negligible mechanical activity during HIP. 

 

Table 4.8 Effect of void morphology (two adjacent cubes) on equivalent creep and plastic 

strains, and residual stress reduction during HIP 

Location 

Relative 

to Void 

Point PEEQ 

(Post-HIP) 

CEEQ (Post-

HIP) 

Initial von 

Mises Stress 

(Pre-HIP) 

Final von 

Mises 

Stress 

(Post-HIP) 

ΔStress 

(MPa) 

Stress 

Reduction 

(%) 

Near the 

void 

 

1 1.31×10⁻³ 1.54×10⁻³ 567.4 418.3 149.1 26.28 

2 1.22×10⁻³ 1.57×10⁻³ 541.9 411.9 130 23.99 

3 1.68×10⁻³ 2.03×10⁻³ 637.3 422.6 214.7 33.75 

Far from 

the void 

 

A 0 1.09×10⁻⁶ 101.1 85.2 15.9 15.72 

B 0 1.98×10⁻⁸ 55.6 53.4 2.2 3.95 

C 0 8.22×10⁻⁷ 70.1 61 9.11 12.98 

D 0 1.27×10⁻7 124.7 112.1 12.6 10.1 

 

Table 4.9 presents the response for a single cubic void (25 µm × 25 µm × 25 µm), which is 

the most compact void morphology. The deformation in the near-void region (Points 1–3) is 

significantly less than that in the other configurations. For instance, CEEQ ranges from 1.25×10⁻³ 

to 3.61 × 10⁻4 and PEEQ varies from 0 to 1.82 × 10⁻³. Only Point 1 shows relatively large 

deformation, while Point 3 has zero PEEQ and limited creep. Stress reduction follows the same 

trend—lower than in elongated voids. Point 1 has a ΔStress of 134 MPa (25.02%), while Point 2 

is 66.3 MPa (19.12%). At Point 3, a 69.5 MPa stress decline translates to a decrease of 15.46%, 

despite no plastic activity. These results underscore the limited relaxation efficiency associated 

with a single, compact void. At locations further away (Points A–D), the behavior is consistent 

with previous configurations—minimal strain, no plasticity, and modest stress relief 

(approximately 10–15%), which are indicative of a primarily elastic response. 



144 

 

The collective analysis of Tables 4.6 through to 4.9 clearly shows that void shape has a 

significant influence on localized plastic deformation and stress relaxation during HIP. Among the 

four configurations, the four-cube geometry (100 µm length) shows the most pronounced plastic 

and creep behavior near the voids, with the highest Δσ value reaching 317 MPa and a stress 

reduction of 59.75%. This indicates a highly effective stress relaxation mechanism near the 

elongated voids. In comparison, the three-cube (75 µm) configuration exhibits slightly reduced 

strain accumulation and stress relaxation, with a maximum Δσ of 233.1 MPa and stress reduction 

up to 35%. The two-cube (50 µm) case shows a further decrease, with the highest Δσ of 214.7 MPa 

and a maximum stress reduction of 33.75%. The single-cube configuration (25 µm), which is the 

most compact void geometry, shows the least effective response, with Δσ values not exceeding 

134 MPa and a maximum stress reduction of only 25.02%, accompanied by low CEEQ and PEEQ 

values, particularly at points with negligible plastic activity. 

 

Table 4.9 Effect of void morphology (single cube) on equivalent creep strain, equivalent plastic 

strain, and residual stress reduction during HIP 

Location 

Relative to 

Void 

Point PEEQ (Post-

HIP) 

CEEQ (Post-

HIP) 

Initial von 

Mises 

Stress 

(Pre-HIP) 

Final von 

Mises 

Stress 

(Post-

HIP) 

ΔStress 

(MPa) 

Stress 

Reduction 

(%) 

Near the 

void 

 

1 1.82×10⁻3 1.25×10⁻³ 533.5 400 134 25.02 

2 6.14×10⁻4 6.81×10⁻⁴ 346.8 280.4 66.3 19.12 

3 0 3.61×10⁻⁴ 449.5 380 69.5 15.46 

Far from the 

void 

 

A 0 1.00×10⁻⁶ 101.1 85.4 15.7 15.52 

B 0 1.94×10⁻⁸ 55.6 53.42 2.18 3.92 

C 0 8.20×10⁻⁷ 70.1 61.1 9 12.83 

D 0 1.26×10⁻7 124.7 112.1 12.6 10.1 

 

Across all void configurations, the far-field regions (Points A–D) consistently show 

minimal PEEQ and CEEQ and modest stress relief, typically below 16%, irrespective of the void 

shape. These findings affirm that the mechanical response during HIP is highly localized around 

voids and strongly governed by the void geometry. Notably, increasing the void length—and hence 
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the aspect ratio—leads to elevated stress concentration and intensified creep and plastic flow near 

the void, thus promoting a more efficient redistribution of residual stress under the applied high-

pressure and high-temperature conditions. 

This trend is further corroborated in Table 4.10, which summarizes the near-void 

mechanical response across the four geometries. As shown, the average von Mises stress reduction 

(Δσ) increases systematically with void length—from 89.5 MPa (19.2%) for a single-cube void to 

288 MPa (56.83%) for the four-cube case. Likewise, the average CEEQ rises notably with 

increasing void length, reaching up to 6.66 × 10⁻³ in the most elongated configuration. 

Interestingly, although the two-cube and three-cube geometries exhibit nearly the same PEEQ 

values (PEEQ ≈ 1.4–1.5 × 10⁻³), the three-cube configuration shows nearly double the CEEQ and 

higher stress relief, indicating a transition point beyond which further elongation leads to 

significantly enhanced time-dependent deformation and stress redistribution. This underscores the 

critical role of void aspect ratio in driving localized creep activity under HIP conditions. 

 

Table 4.10 Average plastic and creep strains, and stress relaxation (Δσ and %) for different void 

configurations 

Void morphology Avg PEEQ  Avg CEEQ Avg Δσ (MPa) Avg Δσ (%) 

4 cubes (100 µm) 6.74×10⁻³ 6.66×10⁻³ 288 56.83 

3 cubes (75 µm) 1.49×10⁻³ 3.05×10⁻³ 180.8 29.72 

2 cubes (50 µm) 1.41×10⁻³ 1.72×10⁻³ 164 28.34 

1 cube (25 µm) 0.813×10⁻³ 7.67×10⁻⁴ 89.5 19.20 

Notes: PEEQ denotes plastic strain, CEEQ denotes creep strain. 

 

Figures 4.27 and 4.28 visually reinforce the quantitative patterns reported in Tables 4.6 

through to 4.10. In Figure 4.27, the bar chart illustrates the average CEEQ accumulation in the 

near-void region for each void morphology. The data clearly show that as voids become more 

elongated—from a single cube (25 µm) to four adjacent cubes (100 µm)—the average post-HIP 

CEEQ rises substantially. Specifically, the four-cube configuration reaches the highest CEEQ 

value of 0.006, whereas the single-cube case yields only 0.000642, thus reflecting minimal creep 

activity. This trend supports the notion that longer voids introduce more higher local deviatoric 

stresses and stress concentrations, which intensify the creep response under HIP conditions. 
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Figure 4.28 complements this by presenting the average residual stress reduction (%) for 

the same void geometries. As observed, more elongated voids result in more residual stress 

relaxation. The four-cube geometry achieves the highest average stress reduction of 56.2%, 

followed by the three-cube and two-cube configurations at 29.7% and 28.7%, respectively. The 

single-cube case remains the least effective, with an average stress reduction of only 19.9%. These 

results align well with the data in Table 4.10, thus affirming that the void aspect ratio plays a key 

role in driving local plastic deformation and promoting efficient stress redistribution. Taken 

together, these figures provide a strong graphical visual that confirms the conclusion that longer 

and more irregular voids significantly enhance local plasticity, creep, and stress redistribution, thus 

validating the effectiveness of HIP in healing defects with complex morphologies. 

 

 

Figure 4.27 Creep‑strain accumulation versus void morphology. 

 

 

Figure 4.28 Residual stress relief versus void morphology. 
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The results obtained in this study showed that creep-dominated deformation, intensified by 

hydrostatic pressure, plays a dominant role in residual stress relaxation in laser powder bed fused 

materials. It should be noted that a portion of these findings has previously been published in 

Ref.114. In this study, the CEEQ remains an order of magnitude greater than the PEEQ, thus 

highlighting the dominant role of dislocation creep in stress redistribution during HIP. Notably, the 

current simulations, conducted under the same peak HIP conditions (500°C, 200 MPa), reproduce 

the same mechanistic hierarchy, thereby further supporting the consistency of the observed trends. 

Furthermore, the trend revealed in the present study—that more elongated voids (i.e., higher aspect 

ratio pores) promote faster closure of the voids and more stress relief—aligns closely with the 

experimental data reported in the literature for HIP-treated laser powder bed fused alloys. For 

example, Qin et al.82  and Prasad et al.97 reported that crack-like or elliptical pores tend to close 

more rapidly than near-spherical pores because of the higher local stress concentrations and 

enhanced deformation around elongated defects. Similar observations have also been reported in 

other experimental and numerical studies135,136,138. These studies consistently report that crack-like 

or elliptical pores close more efficiently than quasi-spherical voids, owing to the higher local 

deviatoric stresses that they induce, which in turn, drive more pronounced creep and plastic 

deformation. Together, these findings reaffirm the effectiveness of HIP in targeting critical defect 

morphologies and achieving exceptional residual stress relaxation.  

Thus far, the analysis has focused on the influence of void shape on the CEEQ, PEEQ, and 

von Mises stress, which shows that more elongated voids enhance stress redistribution during HIP. 

Building on these findings, the next phase of the study shifts to the role of void size, while keeping 

the aspect ratio constant. This allows for a more focused investigation on how increasing the 

absolute void volume affects local deformation and stress relaxation. 

Figure 4.29 illustrates the FE model geometry used to examine this effect, which features 

two large cubic voids embedded within the specimen. The red regions represent the voids, each 

with a significantly larger volume than those used in prior configurations. Positioned near the 

middle of the sample, these voids are intended to induce localized stress concentrations under HIP 

conditions, thereby amplifying the mechanical response and allowing for a more clear assessment 

of the size-driven effects. 
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Figure 4.29 Finite element model geometry illustrating two large cubic voids configuration. 

 

Table 4.11 Effect of void morphology (two big cubes) on equivalent creep strain, equivalent 

plastic strain, and residual stress reduction during HIP 

Location 

Relative 

to Void 

Point PEEQ  

(Post-HIP) 

CEEQ  

(Post-HIP) 

Initial von Mises 

Stress  

(Pre-HIP)[MPa] 

Final von Mises 

Stress  

(Post-HIP)[MPa] 

ΔStress 

(MPa) 

Stress 

Reduction 

(%) 

Near the 

void 

 

1 2.58×10⁻⁴ 3.78×10⁻³ 319.68 238.28 81.48 25.49 

2 5.11×10⁻⁴ 4.99×10⁻³ 450.28 318.28 132.02 29.32 

3 2.38×10⁻⁴ 3.41×10⁻⁴ 287.28 248.38 39 13.57 

4 1.73×10⁻⁴ 5.97×10⁻⁴ 295.78 247.98 47.8 16.15 

Far 

from the 

void 

A 0 1.46×10⁻⁶ 101.1 84.8 16.3 16.12 

B 0 1.99×10⁻⁸ 55.6 53.39 2.2 3.96 

C 0 8.21×10⁻⁷ 70.1 61.05 9.05 12.91 

D 0 1.06×10⁻7 124.7 112.2 12.5 10.02 

 

Table 4.11 presents the simulation results for the model with two large cubic voids, and its 

geometry is provided in Figure 4.29. The voids are embedded in the middle of the part and 

characterized by a regular, nearly spherical shape with a low aspect ratio, as clearly visible in the 
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model. These voids induce local stress concentrations during HIP at 500°C and 200 MPa, which 

are examined through accumulated CEEQ, PEEQ, and stress reduction. The table includes results 

for eight points, divided into two categories: Points 1–4 near the voids, and Points A–D further 

away from the voids. 

The results for Points 1–4 reveal moderate levels of PEEQ, which range from 1.73×10⁻⁴ to 

5.11×10⁻⁴, and CEEQ values between 4.99×10⁻³ and 5.97×10⁻⁴. The maximum CEEQ is recorded 

at Point 2, with 4.99×10⁻³, while the largest ΔStress (132.02 MPa) is observed at Point 2 as well. 

Stress reduction percentages vary from 13.57% to 29.32%, confirming that deformation is 

concentrated around the voids. Points farther from the voids (Points A–D), as expected, exhibit 

negligible PEEQ and very low CEEQ—in the order of 10⁻⁷ to 10⁻⁶—alongside modest stress 

relaxation (ΔStress below 17 MPa and stress reduction below 16.2%). 

Interestingly, when compared to the single-cube configuration in Table 4.9, the two-void 

model in Table 4.11 produces a very similar mechanical response. Although the voids in Table 4.11 

are larger in size, their shape remains highly regular and quasi-spherical, just like the single void 

in Table 4.9. This similarity leads to comparable values of CEEQ, PEEQ, and stress reduction near 

the voids. In both tables, the absence of significant geometric irregularities or elongation results in 

a limited stress redistribution, as creep and plastic flow are less activated than in cases with a high-

aspect-ratio or elongated voids. This comparison highlights a key insight: void morphology 

(irregularity and aspect ratio) plays a more dominant role in stress relaxation during HIP than void 

size alone. As shown in Figure 4.29, the regular, compact voids in this model do not generate 

sufficient deviatoric stress to promote extensive creep deformation. Therefore, the results of Table 

4.11 reinforce the conclusion that shape irregularity, rather than volume, governs the severity of 

local plasticity and stress relief in HIP-processed components.  

Up to this point, the analysis has examined the impact of void morphology—particularly 

aspect ratio and size—on the CEEQ, PEEQ, and von Mises stress. Building on these insights, the 

next phase of the study shifts attention to the role of void irregularity, allowing for a more focused 

investigation into how increasing geometric complexity affects local deformation and stress 

relaxation. For this phase, an L-shaped void with an aspect ratio (AR) of 2.0 but with pronounced 

irregularity is considered. This void maintains the same square cross-section of 25 μm × 25 μm but 

differs in structural complexity. Unlike the two-cube void configuration with AR = 2.0 (as shown 

in Figure 4.26(b)), the selected void features a distinct L-shaped morphology, thus introducing 
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internal corners and geometric irregularity. These features can significantly increase localized 

deformation and stress concentrations. Figure 4.30 shows the FE model of a specimen containing 

randomly distributed voids with this L-shaped morphology. Each void maintains a cross-section 

of 25 μm × 25 μm and extends 50 μm in two perpendicular directions, thus creating the 

characteristic L-shape. The voids exhibit a clustered distribution with notable shape irregularity, 

which make this configuration ideal for assessing the impact of irregular geometries on the HIP 

response. 

 

 

 

Figure 4.30 Finite element model of a specimen containing randomly distributed L-shaped voids 

(25 µm × 25 µm cross‑section; 50 µm legs in two perpendicular directions). 

 

Table 4.12 provides the post‑HIP response results for the specimens with L‑shaped voids. 

At Points 1–4, the deformation is highly localized: CEEQ = 3.23×10⁻²–6.35×10⁻² and PEEQ = 
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5.48×10⁻⁴–7.00×10⁻⁴. Most of the creep occurs at Point 3 (CEEQ = 6.35×10⁻²), while most of the 

stress relief is found at Point 4 (Δσ = 263.5 MPa, 64%). Points 1–2 also show substantial relaxation 

(Δσ ≈ 199.7–250.5 MPa, 51–56%). In contrast, the far‑field points, Points A–D, show no PEEQ, 

very small CEEQ (≈10⁻⁷–10⁻⁶), and modest declines in stress (Δσ ≈ 6–16 MPa, 10–16%), thereby 

confirming a strongly localized response. 

 

Table 4.12 Effect of void morphology of L-shaped voids on equivalent creep and plastic strains, 

and residual stress reduction during HIP 

Location 

Relative 

to Void 

Point PEEQ  

(Post-HIP) 

CEEQ  

(Post-HIP) 

Initial von Mises 

Stress  

(Pre-HIP)[MPa] 

Final von Mises 

Stress  

(Post-HIP)[MPa] 

ΔStress 

(MPa) 

Stress 

Reduction 

(%) 

Near the 

void 

 

1 5.48×10⁻⁴ 3.23×10⁻² 387.9 188.2 199.7 51.48 

2 7.00×10⁻⁴ 3.27×10⁻² 451.9 201.4 250.5 55.43 

3 1.55×10⁻⁴ 6.35×10⁻² 667.1 283.9 383.2 57.44 

4 6.76×10⁻⁴ 5.23×10⁻² 411.3 147.8 263.5 64.06 

Far 

from the 

void 

A 0 1.37×10⁻⁶ 101.1 84.93 16.17 15.99 

B 0 6.99×10⁻⁸ 55.6 49.54 6.06 10.89 

C 0 8.21×10⁻⁷ 70.1 61.06 9.04 12.89 

D 0 2.24×10⁻7 124.7 111.05 13.65 10.94 

 

Although the aspect ratio is the same (AR = 2.0), the irregular geometry of the L‑shaped 

voids produces a markedly stronger response than the usual two‑cube configuration in Table 4.8. 

The CEEQ near the void for the two‑cube case is only 1.54×10⁻³–2.03×10⁻³ and the maximum 

amount stress relief is 214.7 MPa (33.75%). By contrast, the L‑shape yields a CEEQ that is one to 

two orders of magnitude higher (up to 6.35×10⁻²) and larger stress reductions (up to 263.5 MPa, 

64%). On the other hand, the PEEQ for the L‑shaped voids (10⁻³–10⁻⁴ range) is lower than for the 

two‑cube case (≈1.22×10⁻³–1.68×10⁻³), and the much larger CEEQ confirms creep‑dominated 

relaxation, driven by the sharp internal corners and load‑path turns that enhance the local deviatoric 

stresses. 

The L‑shaped configuration of the voids is also similar to the case with the largest 

aspect‑ratio (four cubes) in overall effectiveness. Table 4.6 shows that the Δσ values reach 

317 MPa with an approximately 60% stress reduction and CEEQ near the voids of up to 8.78×10⁻³, 
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whereas Table 4.12 shows comparable or a higher percentage stress relief (up to 64%) and 

significantly increased creep accumulated (up to 6.35×10⁻²). These comparisons highlight that 

void irregularity can be as influential as, and in some metrics more influential than, the aspect ratio 

in increasing local creep and enhancing residual stress relaxation during HIP. The present 

simulation results are consistent with the observations reported by Prasad et al.97. 

 

4.2.2.2 Effect of Void Percentage on Plastic Flow and Stress Reduction 

To investigate the effect of the initial void percentage, a series of FE simulations were 

performed on a representative additively manufactured component subjected to a standard HIP 

cycle. Different initial levels of porosity were assigned to the sample to study the effect of the void 

content on the mechanical response during HIP. Microporosity was introduced to the FE model by 

using an element deletion technique, where a specific fraction of elements was randomly 

deactivated in the mesh to simulate voids. These deactivated elements do not contribute to the 

stiffness or load-carrying capacity of the structure, thus effectively acting as embedded pores. A 

Python script was employed to randomly distribute these voids throughout the sample while 

maintaining control over the total void volume fraction. Figure 4.31 illustrates the spatial 

distribution of the voids (in red) in two representative cases; for an initial porosity of (a) 0.25% 

and (b) 0.65%. As shown, the voids are randomly dispersed in the upper volume of the sample to 

replicate realistic as-built porosity patterns. This setup allows for controlled variation of six 

different initial porosities: 0.25%, 0.35%, 0.40%, 0.50%, 0.65%, and 0.80%. These values span 

from nearly fully dense (0.25%), which is representative of well-optimized LPBF builds, to 

moderately porous (0.80%), which is characteristic of less-refined printing conditions. Such 

porosity levels are consistent with the typical range found in as-built laser powder bed fused 

components by Cegan et al.139. All of the other material properties, including the elastic modulus, 

yield strength, and creep parameters, were kept constant across these cases. Therefore, any 

observed differences in stress relaxation, PEEQ, or creep behavior during HIP can be directly 

attributed to variations in the initial void content. 
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(a) (b) 

Figure 4.31 Spatial distribution of randomly generated voids (red) in finite element model 

for two different initial porosities: (a) 0.25% and (b) 0.65%. 

 

After initializing the stress state and porosity, the HIP cycle was simulated. A temperature 

of 700°C and an hydrostatic pressure of 200 MPa were applied to the part. The pressure was 

applied uniformly on all of the external surfaces, and the temperature was raised uniformly 

throughout the part to the target holding temperature. Both the hydrostatic pressure and 

temperature were ramped up over the course of one hour, then held constant for a sustained dwell 

time of 180 min. This prolonged hold at an elevated temperature under hydrostatic pressure 

provides sufficient time for creep deformation to occur, thereby complementing the instantaneous 

plastic compression that occurs during the pressurization phase. After holding, the pressure was 

released, and the part was cooled back to room temperature in the simulation. Thermal contraction 

during cooling, combined with permanent deformations from the HIP cycle, leads to the final 

residual stress state within the material. 
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To evaluate the outcomes for each initial porosity, the simulation results were analyzed 

with a focus on the PEEQ, CEEQ, and von Mises residual stress. The analysis examined the surface 

of the part, as surface stresses are critical for fatigue performance and often govern the overall 

residual stress behavior of the component. The top of the cubic sample was selected as a 

representative cross-section for a detailed analysis, since this region typically retains high tensile 

residual stresses in many additively manufactured components prior to HIP and is therefore a key 

target area for improvement.  

   To evaluate the mechanical response near the surface, the top layer of FEs were isolated in 

each simulation. From this layer, the nodal values of the PEEQ, CEEQ, and von Mises stress were 

extracted. This facilitated the generation of spatial maps that show the distribution of inelastic 

strain and residual stress on the surface after HIP for each initial porosity. This process is shown 

in Figure 4.32 with the sample that has an initial porosity of 0.1%. Figure 4.32(a) shows the 

distribution of equivalent von Mises stress throughout the LPBF-printed sample after HIP. To allow 

a more focused analysis of the surface behavior, a single top-surface layer of elements is extracted, 

as shown in Figure 4.32(b). The extracted PEEQ, CEEQ, and von Mises values were then plotted 

across the X–Y spatial coordinates of the surface, which resulted in the contour map shown in 

Figure 4.32(c). This approach enables a detailed, location-specific analysis of the surface 

deformation and stress characteristics, which are especially important in assessing residual stress 

behavior relevant to the fatigue performance. 

Due to the presence of discrete pores, some very localized regions can exhibit abnormally 

high stress (for example, a sharp corner of a collapsing void might momentarily show a spike in 

von Mises stress). Including these extreme values in an average value could skew the comparison. 

Therefore, a filtering criterion was applied: any surface element with a von Mises stress that 

exceeds the mean by more than 2 standard deviations was flagged as an outlier and removed from 

the averaging. These outliers typically correspond to isolated stress hot-spots directly adjacent to 

the remaining pore sites. After removing the outliers, the average von Mises stress on the surface 

was calculated for each case. This average residual stress provides a single representative measure 

to compare the effectiveness of HIP on relieving stresses for different initial porosities. 

Table 4.13 summarizes the filtered average PEEQ, CEEQ, and von Mises stress at the top 

surface for each initial porosity. The expected trend is that a higher initial porosity leads to greater 

overall deformation (since more void volume must be compacted). Indeed, the results show that 
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as the initial void fraction increases, the inelastic strain (especially CEEQ) in the material 

increases. However, the trends are not strictly monotonic for the amount of strain: the CEEQ 

increases fairly consistently with porosity, but the PEEQ first increases and then declines at the 

highest initial porosities. Additionally, the residual von Mises stress on the surface, rather than 

decreasing with more plastic relaxation, increases markedly for the higher initial porosities (0.5–

0.8%) after removing the outliers. The following discussion elaborates on these patterns in detail 

and explains the physical mechanisms responsible for the observed behavior. 

 

 

 

(b) 

 

(a) (c) 

Figure 4.32 (a) Equivalent von Mises stress distribution in laser powder bed fused sample with 

0.1% porosity after HIP (700°C, 200 MPa), (b) isolated single layer of finite elements at the top 

of component, and (c) surface plot of equivalent von Mise stress for single layer. 
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Table 4.13 Average values of PEEQ, CEEQ, and equivalent von Mises stress at end of HIP 

process (P=200 MPa, T=700oC) under different void percentages 

Void 

(%) 
PEEQ CEEQ 

Post-HIP surface 

von Mises (MPa) 

ΔStress = 352–Post 

(MPa) 

Stress 

reduction (%) 

0.25 2.41×10-4 2.21×10-3 5.24  346.76 98.51 

0.35 2.53×10-4 3.38×10-3 5.19 346.81 98.53 

0.40 2.61×10-4 2.49×10-3 4.47 347.53 98.73 

0.50 2.26×10-4 5.16×10-3 7.46 344.54 97.88 

0.65 2.16×10-4 6.33×10-3 9.12 342.88 97.41 

0.80 1.47×10-4 8.23×10-3 11.8 340.20 96.65 

 

According to Table 4.13, the CEEQ on the surface increases with initial porosity, as 

expected. Quantitatively, the average surface CEEQ increases from ~2.2×10-3 at an initial porosity 

of 0.25% to ~8.2×10-3 at 0.80%, which is roughly a fourfold increase. In other words, the top layer 

experienced about a 0.2% CEEQ at the lowest initial porosity, which increases to ~0.8% at the 

highest initial porosity. This pattern makes sense because creep deformation is the primary 

mechanism by which pores are eliminated in HIP conditions. A higher void volume means the 

material must undergo more time-dependent viscoplastic flow to collapse and heal those pores 

within the given holding time.  

Unlike the CEEQ, the PEEQ on the surface does not simply increase with porosity – the 

data in Table 4.13 reveal that the PEEQ first peaks at a moderate porosity then declines at higher 

porosity. For instance, the average surface PEEQ is about 2.6×10-4 (0.026%) at an initial porosity 

of 0.4%, which is higher than the ~2.4×10-4 at 0.25%, but with an initial porosity of 0.8%, the 

PEEQ is reduced to ~1.47×10-4 (0.015%). In other words, a small amount of porosity (up to ~0.4%) 

increases the extent of plastic deformation, but further increases to 0.8% on average result in less 

PEEQ on the surface. Several factors related to the mechanics of void closure and material 

behavior explain for this non-monotonic pattern. 

Under an applied hydrostatic pressure of 200 MPa at 700°C, the material will plastically yield 

in the immediate vicinity of the pores early in the HIP cycle. A void acts like a stress concentrator 

– the surrounding material is subjected to a deviatoric stress sufficient to cause yielding at the pore 

surface. This localized plastic flow helps to initiate pore collapse by slightly reducing the void 

volume. At low overall porosity, only a few such yielding events occur (around the few pores 
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present). Much of the surface does not have any PEEQ at all because those regions are far from 

any void. Thus, the average PEEQ for a very low porosity sample is low. As the porosity increases, 

more pores are present to trigger more widespread plastic zones. Between an initial porosity of 

0.25% and 0.4%, the average PEEQ rose slightly (from ~2.4×10-4 to ~2.6×10-4) because more 

surface area was affected by plastic yielding near the pores. Essentially, the initial addition of 

porosity involves new regions in plastic deformation that were previously elastic.  

Plastic strain around each void is limited by the hardening behavior of the material. Once 

the material at a pore edge yields and deforms, it undergoes strain hardening, which increases the 

local yield strength. Under a fixed external pressure, there is a limit to the amount of accumulated 

PEEQ. After a certain amount of plastic flow, the material strength increases to the point that 

further yielding becomes difficult without additional load. In the simulations, the PEEQ near the 

pores showed the tendency to reach a maximum in the order of a few tenths of a percent (e.g., 

~0.28–0.5% PEEQ locally by the end of the holding). More importantly, once the material that 

surrounds a pore has yielded to this extent, additional void closure occurs mainly through creep 

rather than further plastic stretching. Therefore, there is effective saturation of PEEQ around each 

pore. 

With a larger initial porosity (0.5–0.8%), one might expect many more plastic zones and thus 

a higher total PEEQ. However, the presence of more or larger pores does not produce 

proportionally more PEEQ; instead, the material yields in more regions but to a similarly limited 

extent. The average PEEQ actually decreases at the highest initial porosity because the pores are 

closer together and much of the surface has already undergone plastic yielding. As a result, their 

deformation zones can interfere or overlap, thus altering the distribution of PEEQ. When two pores 

are in proximity, the material between them is compressed from both sides. This increased 

constraint makes it harder for the material to yield as freely as it would around an isolated pore—

there is less space for plastic flow because the neighboring pores are trying to collapse 

simultaneously. In effect, the plastic zones around the adjacent pores may merge or constrain one 

another, which causes the material to yield once to accommodate both pores rather than yielding 

independently for each. This interaction reduces the incremental PEEQ contributed by each 

additional pore at high pore densities. Consequently, the average PEEQ does not continue to 

increase; it can even decline if most of the new voids interact with the existing ones instead of 

generating new, independent yield regions. 
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Starting from an average as-built surface stress of ~352 MPa, HIP reduces the surface 

residual stress by roughly 97–99% across all porosities, which decreases the stress down to a range 

of 5–12 MPa. The least amount of surface stress post-HIP is found at an approximate initial 

porosity of 0.40% (~4.47 MPa), which correspond to the largest absolute decline (≈347.5 MPa; 

98.7%). Beyond this point, the surface stress increases with porosity, reaching ~11.8 MPa at 0.80% 

(a 96.7% reduction). Thus, while HIP consistently delivers a very large stress relief relative to the 

initial state, the residual surface stress after HIP varies non-linearly with porosity — dipping near 

0.4% and then increasing from 0.5% to 0.8% (Table 4.13; Figure 4.33). This behavior is explained 

in the following paragraphs.  

 

 

Figure 4.33 Average equivalent von Mises stress at top surface of sample after HIP as a function 

of initial void percentage. 

 

The residual stress after HIP is primarily from the differential plastic and creep 

deformations—different regions deform to varying extents, and upon unloading and cooling, some 

zones pull against others. At low porosity, deformation is highly localized near isolated pores, and 

the remaining material deforms mostly elastically. These localized plastic zones effectively relieve 

stress, while the surrounding elastic material can largely equilibrate without large internal stress 

gradients after unloading. Therefore, a mostly homogeneous, fully dense solid with one or two 
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healed pores will cool down with minimal residual mismatch. This is why the sample with an  

initial porosity of 0.25% has a very low average residual stress (~5 MPa) – apart from a couple of 

tiny regions near pores, the entire surface was essentially stress-free after HIP. 

As porosity increases, deformation becomes more widespread but non-uniform. Different 

surface regions undergo different amounts of deformation: some areas (near the pores) have 

compressed and crept significantly, while others (perhaps between pores or near fewer pores) 

deformed less. Once the HIP pressure is removed, these regions cannot all return to a stress-free 

state because they have permanent strain differences. The result is a patchwork of residual stresses. 

Notably, the material that underwent significant plastic collapse of pores becomes surrounded by 

material that did not deform as much, thus leading to internal stress as they are bonded together. 

As porosity increases, this heterogeneity in strain is more pronounced, so there is overall more 

residual stress in the surface layer. Furthermore, when the pores are close together (as in higher-

porosity samples), the material between them experiences multiaxial compression during HIP. 

This stress state is less effective at producing plastic flow than a uniaxial or simple shear state, as 

the material is constrained from all sides by the opposing pressure of the neighboring pore 

collapses. As a result, some of the inter-pore ligaments may not yield fully during the HIP cycle 

and instead carry high compressive stresses throughout the holding period. When the external 

hydrostatic pressure is removed, these ligaments rebound elastically, thus potentially inducing 

tensile residual stresses in themselves or the adjacent regions. In essence, closely spaced pores can 

trap stress within the material because deformation cannot occur freely in all directions. This effect 

can lead to higher residual stress concentration in high-porosity samples compared to those with 

isolated pores, which allow the surrounding material more freedom to deform. Paradoxically, 

while isolated pores (as in low-porosity cases) generate very high local stresses during HIP, they 

also allow the material to yield and creep sufficiently, thereby relaxing most of that stress by the 

end of the cycle. In contrast, clusters of pores (high porosity) form a stiffer, more constrained 

network that cannot fully relax, thus resulting in a higher residual stress after HIP. 

Additionally, strain hardening plays a crucial role in limiting stress relief at higher porosities. 

When a pore closes under hydrostatic pressure, the surrounding material undergoes yielding and 

creep, which reduces the local stress during high-temperature holding. However, as the material 

strain-hardens and creep slows down while approaching equilibrium, the stress is not fully 

eliminated around the pore. In fact, after significant creep deformation, a localized increase in 



160 

 

stress can occur near a pore, toward the end of the holding which is attributed to strain hardening 

in regions that have experienced substantial deformation. This means that by the end of the HIP 

cycle, the material that surrounds the pores may increase in strength (with higher yield strength 

due to accumulated PEEQ) while still retaining some residual stress. In contrast, such effects do 

not occur with distance from the pores, and the surface stress drops to nearly zero by the end of 

the process. In high-porosity samples, there are many regions adjacent to the pores where strain 

hardening has locked in stress—these areas can no longer yield to fully relieve the pressure-

induced stresses. Upon cooling and unloading, these hardened regions retain a portion of the 

residual stress. At low porosity, such regions are sparse, and once the pressure is removed, most 

of the surface relaxes to a nearly stress-free state. At high porosity, however, the entire surface is 

populated by hardened, deformed zones that collectively hold residual stress, thus leading to a 

higher average von Mises stress.  

The results of the present simulations are consistent with the findings reported by Tammas-

Williams et al.100 and Cegan et al.139. In particular, Cegan et al.139 reported that the reduction in 

void volume fraction after HIP in 316L stainless steel fabricated by LPBF (analyzed by using 

XCT) does not follow a monotonic relationship with the initial porosity. Within an initial porosity 

range of 0.13–0.69, the percentage of void reduction first increases and then decreases with 

increase in porosity. A similar non-monotonic trend is observed in Williams et al.100 for titanium 

produced by selective electron beam melting. In that study, complete (100%) void reduction occurs 

up to an initial porosity of 0.202, whereas for higher porosity levels (0.225–0.625), the reduction 

percentage decreases with increasing initial porosity. These findings support the non-monotonic 

relationship between initial porosity and densification efficiency through HIP. 

 

4.2.2.3 Effect of Void Geometry Type (Through-Hole, Surface Void, Sharp-Cornered 

Defects) on Plastic Flow and Stress Reduction 

Understanding the influence of the type of defect on local stress distribution is essential for 

explaining why only certain imperfections lead to plastic deformation during HIP. As illustrated 

in Figure 4.34, the geometry includes three distinct surface features: a through-thickness hole,  

surface recess (shallow circular cavity), and sharp re-entrant corner represented by the letter R. 

These geometries are often mistaken for voids; however, under HIP conditions, their stress 

response differs fundamentally from that of an embedded void. 
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During HIP, the external gas applies a uniform hydrostatic pressure 𝑃∞ on all exposed 

surfaces. For both the through-hole and surface recess, the internal surfaces of these features are 

directly in contact with the same gas environment. Consequently, the internal pressure that acts  

on these surfaces equals the external hydrostatic pressure, i.e. 𝑃𝑖 = 𝑃∞. Under this condition, no 

pressure differential exists across the defect boundary, and therefore no additional local stress 

concentration is generated in the surrounding solid. The resulting stress state remains purely 

hydrostatic and is identical to the hydrostatic tensor previously defined in Equation (3.26). As 

established earlier in Equations (3.26)–(3.29), a purely hydrostatic stress field produces zero 

deviatoric stress and zero von Mises equivalent stress. 

Since all three principal stresses are equal (𝜎1 = 𝜎2 = 𝜎3 = 𝑃∞), there is no differential 

stress and thus no shear component on any plane within the material. According to stress-

transformation relations, when the normal stresses are equal in all directions, the shear stress (𝜏) 

is zero for any orientation of the plane, and the von Mises equivalent stress (𝜎𝑒𝑞) also vanishes. 

Therefore, neither the through-hole, surface recess, nor sharp tip of the “R” feature can induce 

plastic flow during HIP, even though they appear geometrically discontinuous. The applied 

hydrostatic pressure merely causes uniform elastic volumetric compression. This concept 

highlights that only closed or embedded voids, where the internal pressure (𝑃𝑖) is lower than the 

external hydrostatic pressure (𝑃∞), can generate non-uniform stresses that lead to local shear and 

plastic deformation. 

As presented in Table 4.14, the FE results clearly show that the von Mises stress reduction 

at Points A, B, and C is nearly the same under both furnace and HIP conditions. This finding 

confirms that when the defect is fully open to the external surface, such as a through-holes, surface 

recesses, or sharp corners, the application of external HIP pressure does not provide any additional 

benefit compared to simple furnace heating. In such geometries, the internal surfaces of these 

openings are directly exposed to the surrounding gas pressure, thus leading to a uniform 

hydrostatic stress field with no differential or deviatoric component. Consequently, no plastic flow 

or shear stress can develop within the material that surrounds these features, and the von Mises 

equivalent stress effectively vanishes. 
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Table 4.14 Von Mises stress at 600°C: furnace vs HIP conditions 

Point Condition Initial Stress (MPa) Final Stress (MPa) Stress Reduction (MPa) 

A Furnace 478 47 431 

A HIP (100 MPa) 478 47 431 

B Furnace 425 43 382 

B HIP (100 MPa) 425 43 382 

C Furnace 359 51 308 

C HIP (100 MPa) 359 51 308 

 

 

Figure 4.34 Schematic mesh of R-feature model showing through-hole, surface recess, and sharp 

re-entrant corner under uniform HIP pressure. 

 

At all three representative points—Points A (sharp R edge), B (center of the circular 

recess), and C (top of the through-hole surface)—the stress relaxation is governed solely by 

thermal effects and material softening, not by pressure-induced deformation. Both HIP (100 MPa) 

and furnace treatments at 600°C yield the same reductions of approximately 308–431 MPa, thus 

confirming that the external hydrostatic pressure cannot influence stress relaxation in surface-
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connected defects. This behavior aligns with the theoretical explanation and previous reports. For 

example, Tammas-Williams et al.100 and Cegan et al.139 emphasized that HIP is effective primarily 

for enclosed or internal voids, where the externally applied pressure is transmitted hydrostatically 

through the material. Similar observations have also been reported in other studies31,137,205,209,216,217, 

which indicated that external hydrostatic pressure has no mechanical influence on open or surface-

connected defects. 

 

4.3 Validation and Limitations of the Developed Framework 

The finite element frameworks developed in this thesis were validated through comparison 

with experimental observations and previously validated numerical results reported in the 

literature38,82,97,100,108,113,135–139,157,167,191,192,197–207,209,216,217. It should be emphasized that no direct 

experimental work was conducted as part of this PhD study. Therefore, the validation process 

relied on published studies related to residual stress generation during LPBF, stress relaxation 

during furnace treatment, and HIP-induced stress relaxation. 

The primary objective of the validation exercise was not to achieve exact quantitative 

agreement with experimental studies, but rather to determine whether the developed models could 

reproduce the qualitative trends and governing mechanisms reported in the literature. Particular 

attention was given to residual stress generation during LPBF, stress relaxation during furnace 

treatment and HIP, pore closure during HIP, and the influence of processing parameters such as 

temperature, hydrostatic pressure, and defect characteristics. The following sections compare the 

present simulation results with published experimental observations and numerical investigations 

to assess the capability of the developed framework to capture the dominant physical behavior 

associated with LPBF and HIP processing. 

 

4.3.1 Validation of LPBF Residual Stress Predictions 

The LPBF residual stress predictions were evaluated by examining whether the developed 

finite element framework could reproduce the dominant thermal and mechanical trends reported 

in experimental and numerical studies on laser powder bed fused components. The validation 

presented in this section is based on comparison with the published studies listed in 

Refs38,52,58,59,155,184–198, which include both experimental measurements and previously validated 

numerical investigations. The validation was not based solely on comparing final stress 
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magnitudes, but also on assessing whether the model captured the sequence of physical events 

responsible for residual stress formation during LPBF. These events include rapid local heating by 

the moving laser, formation of a small melt pool and heat-affected zone, steep spatial and temporal 

thermal gradients, constrained thermal expansion during heating, contraction during cooling, and 

the accumulation of tensile and compressive residual stresses after solidification. 

The first indication of model reliability is its ability to reproduce the transient thermal 

behavior of the LPBF process. The predicted temperature history at the selected point showed 

repeated rapid heating and cooling cycles as successive layers were deposited. This behavior is 

physically consistent with the layer-by-layer nature of LPBF, where the heat source directly affects 

a material point only when the laser passes near that location and then affects it indirectly through 

reheating from subsequent layers. The fact that the temperature fluctuations became less 

significant after several layers is also reasonable because the selected point becomes progressively 

farther from the active heat source. This trend supports the physical validity of the thermal model, 

since residual stress generation in LPBF is governed by the same repeated thermal cycling and 

reheating behavior. 

The predicted melt-pool and heat-affected-zone profiles further support the validity of the 

LPBF thermal model. The simulations produced a localized melt pool with an elongated comet-

tail-shaped temperature distribution behind the moving laser. This behavior is consistent with the 

expected asymmetry of heat flow during LPBF, where heat is concentrated near the laser spot and 

is then conducted into the surrounding powder, solidified material, and substrate. The steeper 

thermal gradient ahead of the laser compared with the rear region is also physically reasonable 

because the material in front of the laser remains relatively cold, whereas the material behind the 

laser has already been heated. Therefore, the agreement in melt-pool shape and thermal-gradient 

distribution indicates that the Goldak heat source representation used in the model captured the 

main features of laser-material interaction sufficiently well for residual stress prediction. 

The predicted in-process stress evolution also agrees with the experimentally observed 

mechanism of residual stress formation in LPBF. During laser heating, the material attempts to 

expand but is constrained by the colder surrounding material, leading to compressive stress in the 

heated zone. During subsequent cooling, contraction is restricted by the surrounding solidified 

material and by the plastic strain accumulated during heating, which leads to tensile stress 

development. This alternating compressive–tensile response explains the stress fluctuations 
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predicted in S11 and S22 during the early layers. Experimental studies have shown that tensile 

stresses are introduced into the material beneath newly deposited layers during the build-up 

process, particularly within the build plane. The present simulations reproduced the same physical 

trend, which suggests that the model captured the constrained thermal expansion and contraction 

mechanisms responsible for residual stress accumulation. 

The spatial distribution of the predicted stress components provides an additional level of 

validation. The simulations showed that S11 and S22 were strongly influenced by the scan-track 

direction, whereas S33 behaved differently because it was governed more strongly by material 

deposition, substrate constraint, and evolving build geometry. This distinction is physically 

meaningful. In LPBF, heat input is concentrated along the laser path, producing stronger thermal 

gradients and higher stresses along the scan direction. Therefore, the larger residual stresses 

predicted along the track direction are consistent with the expected directional nature of thermal 

loading in LPBF. In contrast, the low value of S33 near the free top surface is also reasonable 

because the surface is not mechanically constrained in the build direction. As more layers are 

added, the selected material point becomes embedded within the component, and the build-

direction stress evolves because the local constraint state changes. This behavior explains why S33 

becomes more significant away from the free surface and supports the ability of the model to 

capture geometry- and constraint-dependent stress evolution. 

The model also reproduced the commonly reported residual stress distribution in LPBF 

components, where tensile stresses are formed near the surface and lower or compressive stresses 

are developed in interior or substrate-adjacent regions. This trend occurs because the surface layers 

cool more rapidly due to their exposure to the surrounding environment, producing contraction 

and tensile residual stress. In contrast, interior regions experience slower cooling and stronger 

constraint from the surrounding material, which can lead to compressive stress development. The 

present simulations reproduced this surface-to-interior stress variation, which is consistent with 

experimental observations reported using residual stress measurement techniques such as neutron 

diffraction, X-ray diffraction, contour analysis, and hole-drilling methods. This agreement is 

important because it shows that the model does not only reproduce local thermal histories, but also 

captures the larger stress redistribution pattern produced by thermal gradients and mechanical 

constraints during LPBF. 
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The predicted influence of process parameters further supports the validity of the model. 

The simulations showed that laser speed had a stronger influence on residual stress than laser 

power. This trend is physically reasonable because laser speed directly controls the exposure time 

of the material to the heat source, thereby strongly affecting cooling rate, thermal-gradient 

development, and the time available for stress relaxation during solidification. A slower laser speed 

increases dwell time and can promote a more uniform temperature distribution, reducing thermal 

gradients and lowering residual stress. This interpretation is consistent with studies reporting that 

lower cooling rates and higher energy input per unit length can reduce residual stress in LPBF 

components when adequate density is maintained. Similarly, the predicted effect of increasing laser 

power is consistent with the idea that higher energy input can enlarge and flatten the melt pool, 

reduce cooling rate, and reduce the magnitude of surface tensile stress under appropriate 

processing conditions. 

The strongest agreement with the literature was observed for the effect of preheating. The 

simulations showed that increasing the preheating temperature substantially reduced the 

magnitude of residual stresses. This trend is expected because preheating reduces the temperature 

difference between the melt pool, the substrate, and the previously solidified material. As a result, 

thermal gradients and cooling rates are reduced, which decreases the driving force for residual 

stress formation. In addition, elevated preheating temperatures reduce the effective yield strength 

and elastic modulus of the material, making it easier for thermal stresses to relax during fabrication. 

Therefore, the reduction in residual stress caused by preheating is not only a numerical outcome 

of the model, but also follows directly from the thermal and mechanical response of the material 

at elevated temperatures. The agreement between this predicted trend and published experimental 

and numerical observations provides confidence that the model captured the dominant mechanisms 

by which preheating mitigates LPBF-induced residual stresses. 

Overall, the LPBF validation demonstrates that the developed finite element framework is 

capable of reproducing the main qualitative trends and physical mechanisms governing residual 

stress formation during LPBF. The model captured the transient thermal cycles, melt-pool shape, 

scan-direction-dependent stress distribution, surface tensile stress formation, interior compressive 

stress development, and the relative influence of laser speed, laser power, and preheating 

temperature. Although exact quantitative agreement with any single experimental study was not 

the objective of this work, the consistency between the present simulations and published 
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experimental and numerical observations indicates that the predicted LPBF residual stress field is 

physically reasonable and suitable for use as the initial stress state in the subsequent furnace and 

HIP simulations. 

 

4.3.2 Validation of HIP-Induced Stress Relaxation and Porosity Closure 

The HIP-induced stress relaxation and pore-closure predictions were validated by 

examining whether the developed numerical framework could reproduce the experimentally 

reported differences between conventional furnace treatment and HIP. The discussions presented 

in this section are based on comparisons with the experimental observations and numerical 

investigations reported in Refs12,31,36,82,97,100,108,113,135–143,157,167,199–217. The comparison is important 

because both treatments involve elevated temperature, but only HIP introduces externally applied 

hydrostatic pressure. Therefore, agreement with published observations requires the model to 

reproduce not only temperature-driven stress relaxation, but also the additional deformation 

mechanisms activated by pressure in the presence of internal defects. 

The furnace simulations showed that residual stress relaxation can occur under temperature 

alone, mainly through temperature-driven creep. This trend is physically reasonable because 

increasing temperature reduces the yield strength and elastic modulus of the material, allowing 

part of the elastic strain to transform into plastic strain and promoting creep deformation over time. 

However, the furnace simulations also showed that, although residual stress was reduced, the 

internal pores remained largely unchanged. This behavior agrees with experimental observations 

reported for furnace-treated LPBF components, where standalone heat treatment reduces residual 

stress but does not provide sufficient mechanical driving force for pore closure. Therefore, the 

furnace results validate the temperature-driven portion of the model while also demonstrating the 

limitation of temperature alone in eliminating enclosed porosity. 

In contrast, the HIP simulations reproduced the experimentally observed trend that 

combined temperature and hydrostatic pressure produces greater residual stress relaxation and 

promotes pore closure. This behavior is consistent with experimental studies reporting that HIP 

can reduce porosity, close internal defects, and transform tensile residual stresses into lower tensile 

or compressive stress states. The present simulations captured the same qualitative response: under 

HIP conditions, the residual stress decreased more than under furnace treatment, and the material 

near enclosed pores underwent greater plastic and creep deformation. This agreement supports the 
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physical validity of the HIP model because it reproduces the key experimental distinction between 

furnace treatment and HIP: temperature reduces residual stress, whereas hydrostatic pressure 

enables additional defect-assisted deformation and densification. 

The reason HIP produces a stronger response than furnace treatment can be understood 

from the analytical framework presented in Chapter 3. Under purely hydrostatic loading in a fully 

dense material, the principal stresses are equal, the deviatoric stress vanishes, and the von Mises 

equivalent stress remains zero. Therefore, externally applied hydrostatic pressure alone cannot 

induce additional plastic deformation in a defect-free material. This explains why hydrostatic 

pressure should not be expected to enhance stress relaxation simply by being applied uniformly to 

a fully dense body. However, enclosed internal voids disrupt the hydrostatic stress state. Around 

an enclosed defect, the externally applied hydrostatic pressure is not transmitted uniformly through 

the missing material inside the void, and this creates local stress gradients and deviatoric stress 

components around the void surface. These localized deviatoric stresses generate shear stresses 

that can activate plastic deformation and accelerate creep. Thus, the numerical results are 

consistent with the analytical prediction that the beneficial effect of HIP is controlled by the 

interaction between pressure and enclosed internal defects, rather than by hydrostatic pressure 

acting alone. 

This mechanism also explains why the difference between HIP and furnace treatment was 

more pronounced in regions located near pores than in regions farther away from pores. In the 

simulations, locations in the vicinity of pores exhibited substantially greater creep and plastic 

deformation than regions farther from the defects. Under furnace conditions, this difference was 

caused mainly by the initial stress concentration around the pore. Under HIP conditions, the 

difference became more significant because the applied hydrostatic pressure intensified the local 

stress gradients around the enclosed defect. As a result, the near-pore region experienced higher 

equivalent stress, greater dislocation creep, and more localized plastic deformation. This behavior 

is consistent with the expected response of porous materials during HIP, where deformation is 

concentrated around defects and material flow into the void drives pore closure. 

The comparison between CEEQ and PEEQ further validates the constitutive response of 

the model. In both furnace and HIP simulations, the equivalent creep strain was significantly larger 

than the equivalent plastic strain, indicating that creep-dominated deformation governs residual 

stress relaxation during elevated-temperature post-processing. This trend is consistent with the 
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hyperbolic-sine creep law used in the model, which predicts a strong non-linear dependence of 

creep rate on stress and temperature. The increase in CEEQ with increasing pressure is therefore 

physically meaningful: pressure increases the local equivalent stress around enclosed voids, and 

the creep law consequently predicts faster creep deformation. This explains why HIP produced 

greater stress relaxation than furnace treatment even when both treatments were conducted under 

the same thermal cycle. 

The pressure-dependence of the predicted response provides further validation. Increasing 

the applied pressure from furnace conditions to 100 MPa and then to 200 MPa increased both creep 

deformation and stress relaxation, particularly near the pore. This trend is consistent with the 

physical role of hydrostatic pressure during HIP. Higher hydrostatic pressure increases the local 

stress concentration around enclosed defects, thereby increasing the equivalent stress available to 

drive creep and plastic flow. This pressure-assisted deformation allows the surrounding material 

to move into the void, which reduces pore volume and redistributes the local stress field. The fact 

that the effect of hydrostatic pressure was strongest near the pore and weaker far from the pore 

supports the conclusion that pressure is effective primarily through defect-mediated stress 

amplification, not through uniform hydrostatic compression of the entire component. 

The model also reproduced the experimentally reported difference in pore evolution 

between furnace treatment and HIP. During furnace heating, the absence of external hydrostatic 

pressure limited material flow into the voids, so the pore morphology remained nearly unchanged. 

During HIP, however, pore closure began during the heating stage, accelerated during the holding 

stage, and was largely completed before the end of the high-temperature and high-pressure hold. 

This sequence is physically reasonable because temperature reduces flow resistance and activates 

creep, while hydrostatic pressure provides the mechanical driving force required for void collapse. 

The predicted pore-shape evolution therefore supports the validity of the model in capturing the 

coupled role of temperature and hydrostatic pressure in HIP-induced densification. 

The influence of void morphology also agrees with the analytical framework developed in 

Chapter 3. Based on the void-geometry-dependent stress amplification analysis, more elongated 

or irregular voids are expected to generate higher local deviatoric stresses than near-spherical pores 

under external hydrostatic pressure. This is because non-spherical defects disturb the surrounding 

stress field more strongly and create larger stress concentrations around sharp or elongated regions. 

The simulations confirmed this trend: elongated and irregular voids promoted greater localized 
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deformation, faster pore closure, and larger residual stress reduction than more compact void 

geometries. Therefore, the morphology-dependent numerical results are consistent with the 

analytical expectation that aspect ratio and geometric irregularity control the magnitude of local 

stress amplification during HIP. 

The validation of the HIP model is therefore not limited to reproducing isolated 

experimental trends. Rather, the simulations reproduce a connected sequence of experimentally 

observed and analytically predicted behavior: furnace treatment reduces residual stress through 

temperature-driven creep but does not close pores; HIP produces additional stress relaxation 

because pressure interacts with enclosed defects; creep deformation dominates over plastic 

deformation during high-temperature exposure; higher hydrostatic pressure increases local 

deformation and pore closure; and elongated or irregular pores generate stronger localized 

deformation than near-spherical pores. This consistency between the analytical framework, 

numerical results, and experimental observations reported in the literature provides confidence that 

the developed model captures the dominant mechanisms governing HIP-induced stress relaxation 

and porosity closure in LPBF-manufactured components. 

 

4.3.3 Limitations of the Present Numerical Framework 

Although good qualitative agreement was obtained between the present simulations and 

the experimental data reported in the literature and previously validated numerical results, several 

limitations of the developed numerical framework should be acknowledged. 

In the current model, stress relaxation is primarily described through plastic deformation 

and a stress- and temperature-dependent dislocation-creep mechanism. This level of modeling is 

sufficient for the primary mechanistic objective of the present study, particularly to investigate 

how internal voids modify the local stress state under externally applied hydrostatic pressure and 

generate non-zero equivalent stresses capable of promoting creep and plastic deformation. 

However, high-temperature stress relaxation may involve additional deformation and 

microstructural mechanisms that were not explicitly incorporated into the present framework. 

A more comprehensive model would therefore require the progressive incorporation of 

additional levels of physics. At the deformation-mechanism level, these may include diffusional 

creep mechanisms, such as Nabarro–Herring and Coble creep, as well as grain-boundary sliding 

and grain-size-dependent deformation. At the microstructural level, mechanisms such as 
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recrystallization and grain growth could be incorporated to account for their influence on the 

evolving material response during high-temperature exposure. At the pore scale, additional 

physics, including internal gas pressure, opposing-surface contact, and interfacial bonding, could 

provide a more complete representation of void evolution during HIP. Accordingly, the present 

framework does not explicitly account for the full range of deformation, microstructural, and pore-

scale mechanisms that may influence residual-stress relaxation during HIP. 

Additional simplifications are associated with the LPBF simulation itself. Melt-pool 

phenomena such as the Marangoni effect, vaporization, and keyhole instability were not explicitly 

simulated. Furthermore, the ABAQUS finite element formulation is based on continuum 

mechanics and therefore does not explicitly represent material heterogeneity. 

Internal defects were represented using simplified idealized geometries to enable 

systematic investigation of the effects of pore size, aspect ratio, irregularity, and volume fraction. 

Consequently, local stress concentrations in real LPBF components may differ from those 

predicted by the idealized models. Although mesh-sensitivity and time-step convergence studies 

were conducted, local stress concentrations near void surfaces may still be influenced by mesh 

refinement. In addition, explicit self-contact between opposing void surfaces was not incorporated; 

therefore, the predicted void-collapse behavior should be interpreted up to near-closure rather than 

as a representation of post-contact consolidation or metallurgical healing. 

Validation was performed through comparison with experimental data reported in the 

literature and previously validated numerical studies rather than direct experimental measurements 

conducted as part of the present work. Therefore, some discrepancies may arise from differences 

in material composition, processing parameters, specimen geometry, measurement techniques, and 

post-processing conditions. In some cases, increasing the processing temperature beyond a certain 

limit resulted in numerical convergence difficulties as the opposing void surfaces approached 

contact; therefore, the analysis was restricted to temperature ranges for which stable and converged 

solutions could be obtained. 

As a result, the present framework should not yet be interpreted as a fully quantitative 

process-design tool for direct industrial application. For example, determining the specific 

combination of pressure, temperature, and holding time required to reduce an initial residual stress 

to a prescribed target value would require a more comprehensive multiphysics model incorporating 

the relevant deformation and microstructural mechanisms, together with appropriate material-
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specific calibration and experimental validation. The present work therefore provides a 

mechanistic foundation toward such a comprehensive model rather than a complete industrial 

predictive framework. 

Despite these limitations, the developed framework successfully reproduced the dominant 

trends reported in the literature, including residual stress generation during LPBF, stress relaxation 

during furnace treatment and HIP, progressive void collapse up to near-closure, and the influence 

of hydrostatic pressure and defect morphology on deformation behavior. Therefore, the model is 

considered particularly suitable for mechanistic investigations, comparative studies, and 

parametric analyses aimed at improving the understanding of residual stress relaxation in LPBF-

manufactured materials. Future incorporation of additional levels of physical fidelity could 

progressively extend the present mechanistic framework toward a more comprehensive and 

quantitatively predictive model. 
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CHAPTER FIVE: SUMMARY AND CONCLUSIONS 

 

 

 

5.1 Summary of PhD Work 

5.1.1 Residual Stress Generation in LPBF Components 

This PhD research investigated the generation and mitigation of residual stresses in LPBF 

components, with particular emphasis on the role of HIP as a post-processing technique. LPBF 

inherently produces high residual stresses due to rapid localized heating and cooling during layer-

by-layer fabrication. These stresses can approach the material yield strength and may lead to 

distortion, cracking, and reduced fatigue performance. In addition, LPBF components often 

contain internal porosity caused by trapped gas and lack-of-fusion defects. 

To study these phenomena, a high-fidelity thermo-mechanical finite element (FE) 

framework based on the representative volume (RV) approach was developed to simulate the 

LPBF process and predict the resulting residual stress field. The model incorporated a moving 

laser heat source and fully coupled thermal-mechanical analyses to capture the rapid thermal cycles 

and stress evolution during fabrication. The predicted residual stress distributions showed good 

agreement with experimental data reported in the literature. 

The effects of key LPBF processing parameters, including laser power, scan speed, and 

base-plate preheating temperature, were systematically investigated. The results demonstrated that 

lower scan speeds and higher laser power reduced cooling rates and thermal gradients, thereby 

decreasing residual stress levels. Among all parameters, base-plate preheating was found to be the 

most effective strategy for residual stress reduction because it moderated thermal gradients and 

reduced the material yield strength during fabrication. Nevertheless, even under optimized LPBF 

conditions, significant residual stresses remained, indicating the need for post-processing 

treatments. 

 

5.1.2 Mechanisms of Stress Relaxation During HIP 

The central objective of this research was to determine the additional role of hydrostatic 

pressure in HIP-assisted stress relaxation compared to conventional furnace heat treatment. An 
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analytical investigation confirmed that hydrostatic pressure alone cannot produce yielding or 

plastic deformation in a fully dense material because it does not generate deviatoric stress. 

Consequently, pressure-assisted stress relaxation requires internal defects or geometric 

discontinuities capable of breaking hydrostatic symmetry. 

Using the LPBF-generated residual stress field as the initial condition, both furnace and 

HIP simulations were performed under identical thermal cycles. For fully dense components 

without internal porosity, HIP and furnace treatments produced nearly identical levels of stress 

relaxation. Since the applied HIP pressure remained purely hydrostatic, no additional plastic 

deformation was generated beyond temperature-driven creep. Similar behavior was also observed 

for surface-connected features such as holes, cavities, and notches, where pressure remained 

symmetrically balanced. 

A fundamentally different response was observed when fully enclosed internal voids were 

introduced into the material. Under HIP conditions, the hydrostatic pressure generated localized 

deviatoric stresses around the void boundaries, thereby promoting creep deformation and plastic 

flow. This accelerated void collapse and enhanced residual stress relaxation beyond that achieved 

through furnace treatment alone. These findings confirmed the central hypothesis of this work: 

HIP becomes more effective than furnace annealing only when internal voids are present to convert 

hydrostatic pressure into localized shear-driven deformation. 

The combined influence of temperature and hydrostatic pressure was also investigated. 

Higher temperatures significantly accelerated creep kinetics, while increased hydrostatic pressure 

enhanced localized deformation around voids. The results demonstrated the complementary roles 

of temperature and hydrostatic pressure in residual stress relaxation during HIP. 

 

5.1.3 Effect of Void Characteristics on Stress Relaxation 

The final stage of the research focused on the influence of void morphology and porosity 

volume fraction on HIP effectiveness. Different defect geometries, including cubic, elongated, 

crack-like, and L-shaped voids, were examined through systematic FE simulations. 

The results showed that void morphology strongly influences pressure-assisted stress 

relaxation. Small and near-spherical pores generated limited localized deformation and modest 

stress reduction, whereas elongated and irregular defects produced significantly higher stress 

concentrations and greater plastic deformation around the voids. In particular, crack-like and L-
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shaped geometries amplified pressure-induced deformation and resulted in substantially greater 

stress relaxation. 

The porosity volume fraction was also found to affect HIP performance. Increasing 

porosity initially enhanced stress relaxation by providing additional sites for pressure-assisted 

deformation. However, excessively high porosity caused interactions between neighboring voids, 

restricting deformation and reducing the efficiency of stress relaxation. This behavior indicated 

the existence of an optimal porosity range for maximizing HIP effectiveness. 

Overall, this PhD work provides valuable insight into residual stress generation and 

mitigation in laser powder bed fused components by using advanced simulations to link the as-

built condition to the post-processed outcome. The research demonstrates that HIP is not 

universally superior to conventional furnace treatment; rather, its effectiveness strongly depends 

on the existence and characteristics of internal voids. By integrating LPBF process simulation with 

HIP modeling within a unified framework, this study establishes an important link between as-

built defect states and post-processing behavior. 

To further contextualize the findings of this research and to outline potential avenues for 

extending the current work, several recommendations for future research are presented in Chapter 

6. These recommendations are derived directly from the limitations and insights of the present 

study and aim to guide both experimental validation and advanced computational developments 

in the field of residual stress relaxation in additively manufactured materials. 

 

5.2 Conclusion 

This PhD research developed a thermo-mechanical framework to investigate residual stress 

generation and relaxation in LPBF components, with particular emphasis on the mechanistic role 

of HIP as a post-processing technique. By integrating FE modeling, analytical formulations, and 

systematic parametric investigations, the study established a fundamental understanding of the 

relationship between internal defects, pressure-assisted deformation, and residual stress relaxation. 

The major conclusions of this research are summarized as follows: 

1. A computationally efficient thermo-mechanical finite element framework based on the 

representative volume (RV) approach was developed to generate LPBF-induced residual-stress 

fields while reducing computational time and maintaining sufficient predictive accuracy. The 
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framework provides a fast tool for generating different initial residual-stress states that can be 

transferred to subsequent furnace and HIP simulations. 

2. Residual stresses in LPBF components are primarily generated by steep thermal gradients and 

cyclic heating/cooling during layer-wise fabrication. Tensile stresses approaching the material 

yield strength were mainly concentrated near the top layers, while lower or compressive 

stresses developed in constrained interior regions.  

3. Among the investigated LPBF process parameters, base-plate preheating was identified as the 

most effective method for reducing residual stresses during fabrication. Scan speed and laser 

power also influenced stress evolution; however, significant residual stresses still remained 

after processing, highlighting the necessity of post-processing treatments.  

4. A key mechanistic contribution of this work is the clarification of how hydrostatic pressure 

can generate the non-zero equivalent stress necessary to drive dislocation motion and the 

associated creep and plastic deformation that contribute to residual-stress relaxation. Pure 

hydrostatic pressure acting on a defect-free material does not itself generate equivalent stress. 

Accordingly, in the absence of internal voids, HIP and equivalent furnace treatment produced 

comparable stress-relaxation responses because hydrostatic pressure alone could not provide 

the additional deviatoric stress required to activate pressure-assisted deformation.  

5. The presence of internal voids fundamentally changed this response. Under externally applied 

hydrostatic pressure, internal voids disrupted the purely hydrostatic stress state and generated 

non-zero local equivalent stress in the material surrounding the void. This localized deviatoric 

stress promoted dislocation motion and the associated creep and plastic deformation, providing 

the mechanistic basis through which hydrostatic pressure can contribute to enhanced residual-

stress relaxation during HIP.  

6. HIP was shown to simultaneously reduce residual stresses and promote closure of internal 

porosity, which cannot be achieved through thermal treatment alone. The simulations 

demonstrated progressive void collapse under combined temperature and hydrostatic pressure, 

together with the associated redistribution of the local stress field. Moreover, the combined 

effects of high temperature and hydrostatic pressure promote a transition in the residual stress 

state from tensile to compressive in certain regions, which is beneficial for fatigue performance 

and crack resistance. 
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7. Void morphology was found to play a critical role in HIP efficiency. Elongated and irregular 

voids generated higher localized deformation and more effective stress relaxation compared to 

near-spherical pores. In particular, irregular geometries such as L-shaped voids produced 

significantly greater pressure-assisted deformation.  

8. The influence of porosity volume fraction on stress relaxation was found to be non-monotonic. 

Moderate porosity levels enhanced pressure-induced deformation and stress reduction, 

whereas excessively high porosity constrained deformation due to void interaction effects.  

9. Temperature and hydrostatic pressure were found to play distinct but complementary roles 

during HIP. Temperature controlled creep kinetics and deformation rate, while the contribution 

of hydrostatic pressure became significant in the presence of internal voids, where the applied 

hydrostatic pressure generated localized non-zero equivalent stresses around the defects. The 

interaction between these mechanisms governed the overall stress-relaxation response during 

HIP. 

10. The findings demonstrate that enhanced residual-stress relaxation during HIP is not caused by 

hydrostatic pressure acting directly on a fully dense material. Rather, it arises from the 

interaction between hydrostatic pressure and internal voids, which transforms the local stress 

state surrounding the void and activates deformation mechanisms that contribute to additional 

stress relaxation. Therefore, the effectiveness of HIP relative to equivalent furnace treatment 

depends strongly on the presence and characteristics of internal defects.  

Overall, this research advances the fundamental understanding of pressure-assisted stress 

relaxation in additively manufactured metals and contributes to the broader implementation of 

LPBF technologies through improved prediction and mechanistic understanding of post-

processing behavior. 
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CHAPTER SIX: RECOMMENDATIONS FOR FUTURE RESEARCH 

 

 

 

Future research should focus on both experimental validation and advanced computational 

modeling to further improve the understanding of HIP in LPBF-manufactured materials.  

Experimentally, advanced characterization techniques such as EBSD, SEM, and X-ray 

computed tomography (XCT) are recommended to investigate microstructural evolution, 

recrystallization, and pore closure after HIP treatment. Controlled studies under varying 

hydrostatic pressure conditions would also help clarify the influence of hydrostatic pressure on 

grain evolution, dislocation recovery, and residual stress relaxation. In addition, in-situ HIP 

observations using synchrotron X-ray or neutron diffraction techniques could provide valuable 

real-time insight into pore collapse and stress-relaxation mechanisms. Future studies should also 

evaluate different alloy systems and LPBF process parameters to determine the general 

applicability of the present findings and identify material-specific HIP responses. 

From a computational perspective, future work should focus on multiscale modeling 

approaches that couple microstructural evolution with macroscale stress-relaxation behavior. 

Incorporating recrystallization and phase transformation models into finite element simulations 

would improve prediction accuracy and strengthen comparison with experimental results. 

Furthermore, machine learning techniques could be used to develop efficient surrogate models for 

rapid prediction of HIP-induced stress-relaxation behavior. 

Artificial intelligence (AI)-assisted finite element modeling provides an additional 

promising pathway for further increasing the computational efficiency of the framework developed 

in this thesis. Rather than replacing the physics-based finite element model, AI could be integrated 

with the validated FE framework as a computational accelerator. High-fidelity FE simulations 

could be used to train AI-based models that relate processing conditions, initial residual-stress 

states, and defect characteristics to quantities of interest such as residual-stress reduction, creep 

strain, plastic strain, and local equivalent stress. Once sufficiently trained and validated, these 

models could provide rapid predictions for new parameter combinations without requiring a 

complete finite element simulation for every case. 



179 

 

AI-assisted adaptive sampling could further reduce computational cost by identifying the 

most informative combinations of temperature, hydrostatic pressure, holding time, and defect 

characteristics for subsequent high-fidelity FE simulations. This capability would become 

increasingly valuable as additional physical mechanisms are incorporated into the framework, 

including diffusional creep, microstructural evolution, and more detailed pore-scale behavior, 

because these extensions would substantially increase the computational cost of the simulations. 

Hybrid AI–FE approaches could therefore retain the mechanistic and physics-based foundation of 

the present model while enabling faster parametric investigations and more efficient exploration 

of increasingly complex multiphysics formulations. 

Overall, these future research directions will enhance the understanding of HIP-induced 

stress relaxation, pore closure, and microstructural evolution in additively manufactured materials. 
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APPENDIX A: Material Definitions and Constitutive Inputs Used in the FE Models 

 

 

 

 

 

 

A.1 Material Assignment 

Two nickel-based superalloy datasets were used at different stages of the sequential 

numerical framework developed in this thesis. The LPBF simulation employed Inconel 718 

(IN718) for both the deposited material and the substrate. The subsequent furnace and hot isostatic 

pressing (HIP) simulations employed the elevated-temperature material properties of Astroloy. 

 

A.2 Inconel 718 Properties Used in the LPBF Simulation 

IN718 was used for both the printed region and substrate in the LPBF model. Because 

LPBF involves rapid heating and cooling over a wide temperature range, temperature-dependent 

thermal and mechanical properties were employed. The incorporated properties included thermal 

conductivity, specific heat, coefficient of thermal expansion, Young's modulus, Poisson's ratio, 

yield strength, and density. These properties govern different aspects of the coupled thermo-

mechanical response. Thermal conductivity and specific heat control heat transfer and temperature 

evolution, while the coefficient of thermal expansion governs thermally induced expansion and 

contraction. Young’s modulus, Poisson’s ratio, and yield strength determine the corresponding 

elastic and plastic mechanical responses as the material undergoes repeated heating and cooling 

cycles. Table A.1 shows temperature-dependent material properties of IN718 used in the LPBF 

model. The individual properties were available at different temperature points because they were 

obtained from separate experimental datasets. Therefore, a common temperature grid was not 

artificially imposed. 
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Table A.1. Temperature-dependent material properties of IN718 used in the LPBF model131 

Temperature 

(◦C) 

Thermal 

conductivity 

(W/m◦C) 

Coefficient 

of thermal 

expansion 

(mm/mm◦C) 

Poisson’s 

ratio 

Young's 

modulus 

(MPa) 

Yield 

strength 

(MPa) 

Specific Heat 

( J/kg °C) 

16     1209  

19.85      427.14 

21 11 1.28E-05 0.294 199,947   

38   0.291 198,569   

87     1164  

93 13 1.32E−05 0.288 195,811   

99.85      441.74 

149   0.280 193,053   

200     1120  

204 14 1.36E−05 0.280 190,295   

260   0.275 186,847   

299.85      481.74 

308     1089  

316  16 1.39E−05 0.272 184,090   

371   0.273 180,642   

421     1065  

427  18 1.43E−05 0.271 177,884   

482   0.272 174,437   

499.85      521.74 

538  20 1.46E−05 0.271 170,989 1067  

593   0.276 166,853   

649  22 1.51E−05 0.283 163,405 1023  

699.85      561.74 

704   0.292 158,579   

710     969  

760  23 1.60E−05 0.306 153,753 875  

815   0.321 146,858 543  

871  25  0.331 139,274   

882     306  

899.85      601.74 

927   0.334 129,621   

953     138  

982  27  0.341 119,968   

990     134  

1038   0.366 109,626   

1093 29  0.402 98,595 74  

1226 30      

1349.85      691.74 

 

A.3 Astroloy Properties Used in the Furnace and HIP Simulations 

The main furnace and HIP simulations employed the high-temperature thermo-mechanical 

properties of Astroloy114. The actual Abaqus material card used in the production model contained 
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temperature-dependent definitions for thermal conductivity, density, elastic modulus, Poisson's 

ratio, thermal expansion, plasticity/hardening, specific heat, and creep.  

 

A.4 Plasticity and Hardening Definition for Astroloy 

Temperature-dependent plastic behavior was represented using an isotropic hardening 

formulation. For each temperature, two stress–equivalent-plastic-strain points were defined in 

Abaqus: the first corresponds to yielding at zero equivalent plastic strain, and the second defines 

the post-yield tangent response at an equivalent plastic strain of 0.01. 

 

Table A.2. Temperature-dependent plasticity/hardening definition used for Astroloy 

Temperature (°C) Yield stress at 

 𝜺𝒑𝒍 = 𝟎 (MPa) 

Stress at  

𝜺𝒑𝒍 = 𝟎. 𝟎𝟏(MPa) 

Approx. tangent hardening 

modulus (GPa) 

20 489.0 499.9 1.09 

200 449.0 458.96 0.996 

400 403.0 411.39 0.839 

650 206.0 209.69 0.369 

800 101.0 102.51 0.151 

1000 46.5 47.185 0.0685 

 

A.5 Hyperbolic-Sine Creep Definition for Astroloy 

Time-dependent deformation during furnace and HIP processing was represented using the 

built-in Abaqus hyperbolic-sine creep law: 

 

𝜀̇𝑐𝑟 = 𝐴[sinh(𝐵𝜎𝑐𝑟)]𝑛exp[−
∆𝐻

𝑅(𝑇 − 𝑇𝑍)
] 

  

Table A.3. Material parameters for the hyperbolic sine creep law114. 

Power Law 

Multiplier (𝑻−𝟏) 

Hyperbolic Law 

Multiplier (𝑭−𝟏𝑳𝟐) 

Eq Stress 

Order  

Activation 

Energy (𝑱𝑴−𝟏) 

Universal Gas 

Constant (𝑱𝑴−𝟏𝜽−𝟏) 

3.33E+25 0.86E-02  2.13 570066 8.31 
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The creep parameters were adopted from published material data and were not recalibrated 

against experimental measurements generated in the present PhD study. Thus, no inverse 

parameter identification or curve fitting was performed as part of this thesis. Instead, the 

constitutive parameters were adopted directly from published literature and implemented in 

Abaqus without additional recalibration or fitting in the present study. 

 

A.6 Applicable Temperature Range 

The Astroloy material card contains tabulated properties over a nominal range extending 

from 20°C to 1000°C. However, the principal post-processing simulations reported in this thesis 

were restricted to substantially lower temperatures, particularly the 400–700°C range investigated 

for furnace and HIP stress relaxation. As discussed in Section 4.3, simulations at temperatures 

above approximately 750°C under the investigated high-pressure conditions exhibited increasing 

numerical convergence difficulties and were therefore not used for the principal conclusions. 

 

A.7 Temperature Interpolation and Extrapolation 

Temperature-dependent properties were entered in Abaqus as discrete tabulated values. 

During the analysis, values required at temperatures between specified data points are obtained 

through the material-data interpolation procedures implemented internally by Abaqus. No user-

defined interpolation algorithm or material subroutine was employed for these properties. No 

explicit extrapolation option was specified. Accordingly, the standard Abaqus material-data 

behavior applies. Outside the supplied range of an independent variable, Abaqus retains the 

property at the limiting tabulated value. Therefore, the temperature-dependent constitutive 

response within the investigated range was based on interpolation between literature-derived 

tabulated values rather than independent analytical fitting of each material property. 

 

A.8 Sequential Numerical Workflow and Solver Implementation 

The numerical framework developed in this thesis consisted of two sequential modeling 

stages: (i) simulation of residual-stress generation during LPBF and (ii) simulation of subsequent 

residual-stress relaxation during conventional furnace treatment and HIP. Different thermal–

mechanical coupling strategies were employed in these two stages according to the physical 

processes being represented. 
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A.8.1 LPBF Thermal–Mechanical Workflow 

The LPBF process was modeled using a sequentially coupled thermo-mechanical 

procedure. In the first analysis, the transient thermal response of the representative volume was 

calculated during layer-by-layer deposition and movement of the laser heat source. The thermal 

analysis accounted for the moving heat input, temperature-dependent material properties, 

conduction, convection, radiation, and progressive material deposition. The resulting transient 

temperature history was stored in the thermal output database (ODB). In the subsequent 

mechanical analysis, this temperature history was imported and used as the thermal loading history 

for calculation of thermal strain, plastic deformation, and the resulting residual-stress field. At the 

end of the mechanical LPBF analysis, the resulting stress tensor field was stored in the ODB and 

subsequently used to initialize the post-processing simulation. 

 

A.8.2 Transfer of LPBF Residual Stress to the Post-Processing Model 

The residual-stress field generated by the LPBF mechanical simulation was transferred to 

the furnace/HIP model as an initial stress condition. The stress tensor field was imported directly 

from the output database (ODB) of the preceding LPBF simulation using the Abaqus initial-

condition capability. Thus, the residual-stress components stored at the final increment of the 

LPBF mechanical analysis were used to initialize the subsequent post-processing model. Only the 

stress tensor field was transferred from the LPBF ODB. The temperature field at the end of the 

LPBF simulation was not transferred to the furnace/HIP analysis. Similarly, no explicit ODB-

based transfer of accumulated equivalent plastic strain, creep strain, or solution-dependent state 

variables was specified. 

 

A.8.3 Initial-Stress Equilibration 

Importing a residual-stress field from a preceding analysis can introduce a small numerical 

imbalance if the imported stresses are not in exact equilibrium with the geometry, constraints, or 

loading conditions of the new analysis. No explicit UNBALANCED STRESS option was specified in 

the production input file. Therefore, the Abaqus/Standard default treatment applies. Abaqus 

introduces an artificial balancing stress initially and ramps this contribution to zero as equilibrium 

is established.   
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A.8.4 Furnace and HIP Coupled Thermo-Mechanical Analysis 

Unlike the LPBF simulation, the furnace and HIP stages were modeled using a fully 

coupled temperature–displacement analysis, in which the thermal and mechanical fields were 

solved simultaneously. The main input file contains: 

 

*Step, name=Step-1, nlgeom=YES, inc=1000000 

*Coupled Temperature-displacement, 

 

The coupled temperature–displacement procedure simultaneously calculates temperature, 

displacement, stress, plastic deformation, and creep deformation. This treatment is particularly 

appropriate for HIP simulations because elevated temperature directly modifies the elastic, plastic, 

and creep responses during pressure application.  

 

A.8.5 Element Deactivation and Introduction of Voids 

In the main parametric HIP models, internal voids were generated by removing selected 

finite elements from the active continuum: 

*Model Change, remove 

 

The element sets were selected according to the desired void distribution and, for models 

containing numerous randomly distributed defects, Python-based procedures were employed to 

facilitate element selection. After deactivation, the removed elements no longer participate in the 

constitutive response of the solid domain.  

 

A.8.6 Time Incrementation and Convergence Controls 

Automatic time incrementation was used in the coupled post-processing simulation. The 

input definition 

500., 22000., 1e-20, 500. 

 

specifies an initial time increment of 500 s, a total step duration of 22,000 s, a minimum allowable 

increment of 1 × 10−20 s, and a maximum increment of 500 s. The very small permitted minimum 

increment allows Abaqus to reduce the increment substantially when strong nonlinearities arise 

from temperature-dependent material behavior, creep, plastic deformation, or large local 

deformation around defects.  In addition, 
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deltmx=500. 

 

limits the maximum allowable temperature change at a node during an increment to 500°C. Abaqus 

can therefore reduce the increment size if the temperature evolution becomes too rapid. The 

DELTmx option is part of the automatic time-incrementation control available in transient coupled 

temperature–displacement analysis.  

 

A.8.7 Automatic Stabilization 

Automatic stabilization was employed in coupled analysis as a numerical convergence aid 

for the strongly nonlinear problem. An initial dissipated-energy fraction of 0.0002 was specified, 

and adaptive stabilization was activated to allow Abaqus to adjust the damping factor according 

to the convergence behavior of the solution. The allowable ratio of stabilization energy to total 

strain energy was limited to 0.05. The stabilization parameters were determined independently for 

the principal coupled analysis step rather than being carried over from a preceding general step. 

Importantly, automatic stabilization was introduced solely to improve numerical convergence and 

does not represent a physical damping mechanism or part of the constitutive response of Astroloy. 

 

A.8.8 Solver Strategy and Convergence Criterion 

The numerical model was solved using Abaqus/Standard with a nonlinear fully coupled 

temperature–displacement procedure. No user-defined convergence tolerances, custom Newton 

schemes, or additional solver-control parameters were introduced. Except for the specified 

automatic time-incrementation settings, temperature-increment control (DELTMX), automatic 

stabilization, geometrical nonlinearity, and increment limits described above, the analysis relied 

on the default nonlinear convergence criteria available in Abaqus/Standard. 

 

A.9 Boundary Conditions, Substrate Constraint, and Pressure Application 

A.9.1 Attached Build-Plate Configuration 

The LPBF-manufactured region was not separated from the build plate before the furnace 

and HIP simulations. Accordingly, the printed region and the underlying build plate were retained 

as a continuous assembly during post-processing, and a boundary condition similar to that used in 

the preceding LPBF simulation was maintained. 
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The lower surface of the build plate was constrained using an ENCASTRE boundary 

condition. This boundary condition was retained to preserve the constraint associated with the 

LPBF-generated residual-stress state transferred to the subsequent furnace and HIP simulations 

and to ensure consistency between the residual-stress-generation and post-processing stages. It 

also prevented rigid-body motion of the model during the subsequent thermo-mechanical analyses. 

The ENCASTRE condition should nevertheless be regarded as a modeling idealization. A 

component resting freely on a support surface in an actual HIP chamber may not be restrained 

against all in-plane motion unless it is mechanically fixtured. Consequently, the present boundary 

condition represents a relatively restrictive support condition and may influence the absolute 

magnitude of thermal and residual stresses, particularly near the build plate. However, this 

limitation does not affect the consistency of the comparative analysis because the same substrate 

constraint was applied to the furnace and HIP simulations and to all investigated pressure cases. 

Therefore, the differences among these cases can be compared under the same boundary condition. 

A released-part configuration was not investigated in the present study and may be considered in 

future work to evaluate the influence of substrate release on the absolute stress magnitudes. 

 

A.9.2 External HIP Pressure Application 

In the principal element-deactivation model, the external HIP pressure was applied to the 

pressure-exposed exterior surfaces of the model using a distributed surface pressure load. The 

pressure magnitude and its variation throughout the HIP cycle were controlled through an 

amplitude definition corresponding to the heating/pressurization, holding, and depressurization 

stages. In Abaqus, the distributed pressure load acts normal to the defined element surfaces. 

Therefore, the selected exterior surfaces were subjected to the externally imposed HIP pressure as 

a compressive normal traction throughout the prescribed pressure cycle. 

 

A.9.3 Enclosed Internal Voids 

The internal voids used in the main parametric simulations were generated by deactivating 

selected elements within the model. The surfaces surrounding these enclosed regions were not 

included among the exterior surfaces subjected to the applied HIP pressure. Therefore, the HIP 

chamber pressure was applied only to the exterior surfaces of the component and was not applied 

directly to the internal surfaces of the enclosed voids. 
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No internal gas pressure was specified within the void regions. Accordingly, the internal 

pore pressure was assumed to be zero, and the pressure difference acting across the material 

surrounding the void was governed solely by the externally applied HIP pressure. This assumption 

was adopted deliberately to isolate the influence of externally applied hydrostatic pressure on the 

local stress state and deformation surrounding an enclosed defect. 

 

A.9.4 Assumption of Zero Internal Pore Gas Pressure 

Real LPBF pores may contain trapped gas. As an enclosed pore contracts during HIP, the 

pressure of trapped gas can increase and oppose further collapse. This gas-compression process 

was not modeled in the present numerical framework. Instead, the internal void was treated as an 

empty region with zero internal pressure. Consequently, simulations represent an idealized 

condition in which the entire external-to-internal pressure difference is available to drive 

deformation around the void. 

This assumption is appropriate for the mechanistic objective of the present study because 

the primary research question concerns how externally applied pressure modifies the local stress 

field and residual-stress-relaxation response in the presence of internal defects. However, it may 

overestimate the mechanical driving force for complete pore collapse relative to a real sealed pore 

containing compressed gas. Accordingly, the assumption of 𝑃𝑣𝑜𝑖𝑑 = 0 should be considered when 

interpreting quantitative pore-closure predictions, while its influence on the mechanistic 

comparison among defect geometries remains internally consistent because the same internal-

pressure assumption was used in all corresponding simulations. 

 

A.9.5 Enclosed, Through, and Surface-Connected Defects 

The mechanical action of HIP pressure depends on whether a defect is isolated from or 

connected to the external pressure environment. For a fully enclosed void, the external HIP 

pressure acts on the exterior surfaces of the component, whereas no chamber pressure is applied 

directly to the internal void surface in the present model. Because the internal pressure was 

assumed to be zero, a pressure differential develops across the material surrounding the enclosed 

defect. 

For a through-hole or surface-connected defect, the physical situation is different. Because 

the defect communicates directly with the HIP chamber, the pressurizing gas can access the 
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internal defect surfaces. A physically representative model of such a defect should therefore apply 

the same chamber pressure to all gas-accessible surfaces, including the internal surfaces of the 

through-hole or surface-connected cavity. The pressure then acts on both the outer component 

surfaces and the exposed defect surfaces. Because Abaqus pressure is applied normal to each 

loaded surface, the resulting traction follows the local surface normal.  

 

A.10 Finite Deformation, Pore Collapse, and Mesh Treatment 

A.10.1 Finite-Deformation Formulation 

Geometric nonlinearity was included in both the main element-deactivation simulations 

and the auxiliary explicit-cavity model using the NLGEOM=YES option in Abaqus/Standard. 

Therefore, changes in geometry associated with pressure-assisted creep, plastic deformation, and 

thermal deformation were included throughout the HIP cycle. Pore deformation was not prescribed 

through a pore-shrinkage law but developed naturally from the thermo-mechanical response of the 

surrounding material. 

 

A.10.2 Cavity and Element-Deactivation Models 

An auxiliary model with an explicitly represented geometrical cavity was initially 

examined to demonstrate pressure-assisted deformation toward an internal void. The model 

showed progressive inward deformation and reduction of the cavity dimensions during HIP. 

For the main parametric investigation, however, internal voids were represented by 

deactivating selected elements. This approach enabled efficient generation of defects with different 

morphologies, distributions, and volume fractions while reducing preprocessing and 

computational requirements. The main simulations were developed primarily to investigate local 

stress redistribution, creep and plastic deformation, and residual-stress relaxation; pore shrinkage 

was an associated consequence of these mechanisms rather than the principal prediction objective. 

 

A.10.3 Pore Closure and Mesh Treatment 

The present simulations were primarily developed to investigate pressure-assisted 

deformation, local stress redistribution, and residual-stress relaxation around internal voids. 

Therefore, pore closure in this thesis refers to the progressive geometrical reduction of the void 

dimensions during HIP rather than complete pore elimination or metallurgical healing. The 
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predicted void deformation should accordingly be interpreted as an indicator of the pressure-

assisted deformation mechanism rather than as a detailed prediction of complete pore 

consolidation. 

Adaptive remeshing was also not employed. Mesh quality was addressed through the initial 

mesh design and mesh-sensitivity assessment, with finer elements used around defect-containing 

regions. At higher temperatures and pressures, increased creep deformation may contribute to local 

mesh distortion and potential surface interpenetration. These effects, together with strong 

constitutive nonlinearity and time-increment reduction, may have contributed to the convergence 

difficulties observed under some conditions above approximately 750°C. 

 

 

 

 



   ( r , 𝜃 , 𝜙 )


  E =     P  v × h × t


  𝜌 ( T )   C  p ( T )   𝜕 T  𝜕 t = k  ∇ 2 T + q ( r , t )


    T 0


  t = 0


  ℃


    q  C o n v e c t i o n =  h ~  ( T −   T ∞ )


    q  R a d i a t i o n =   𝜀 𝜎 (   T 4 −   T ∞ 4 )


   h ~


    T ∞


  ℃


  𝜎


    𝜀  t h = 𝛼 ( T −   T 0 )


  𝜀 =   𝜀  e +   𝜀  p l +   𝜀  t h


  𝜀


    𝜀  e


    𝜀  p l


    𝜀  t h


  𝛼


   { 𝜎 } =  [ D ]  { 𝜀 }


    D  i j l m =     E  1 + 𝜈  [  1 2 (   𝛿  i j   𝛿  l m +   𝛿  i l   𝛿  j m )   𝜈  1 − 2 𝜈   𝛿  i j   𝛿  l m ]


    𝛿  i j =  {    1 ,       i = j   0 ,       i ≠ j


   [ D ]


    𝛿  i j


    f  r =     2   c  r  (   c  r +   c  f )


      f  f =     2   c  f  (   c  r +   c  f )


  Q =  {      Q  r ,      x < 0     Q  f ,      x ≥ 0


    Q  f ( x , y , z ) =     6 √ 3     f  f     P  a b c 𝜋 √ 𝜋     e  ( −     3 x 2    c  f 2 )   e  ( −     3 y 2    b 2 )   e  ( −     3 z 2    a 2 )


    Q  r ( x , y , z ) =     6 √ 3     f  r     P  a b c 𝜋 √ 𝜋     e  ( −     3 x 2    c  r 2 )   e  ( −     3 y 2    b 2 )   e  ( −     3 z 2    a 2 )


    T 0


  1   mm × 1   mm × 1   mm   ( x × y × z )


  𝜀


  𝜀 =   𝜀  e l +     𝜀  t h + 𝜀  p l +   𝜀  c r


    𝜀  e l  


    𝜀  p l


    𝜀  t h


    𝜀  c r


    𝜀  e l


  𝜎 =    {    E × 𝜀                                                                                                         𝜎 ≤   𝜎  Y     𝜎  Y +     E 1 ×  ( 𝜀 −   𝜀  Y )                                                                 𝜎 >   𝜎  Y            


    𝜀  Y


    𝜎  Y


    E 1


    𝜎    𝜎  Y ≫ 0


      𝜀 .  c r = A   [ sinh ⁡ ( B   𝜎  c r ) ]  n exp ⁡ [ −   ∆ H  R ( T −   T  Z ) ]


      𝜀 .  c r


    𝜎  c r


  T


    T  Z


  ∆ H


  R


  A


  B


  n


   2 / 3   𝜎  y


  1   mm × 1   mm × 2   mm   ( x × y × z )


      𝜀  t o t a l = .     𝜀  p . +     𝜀  e .


      𝜀  p .


      𝜀  e .


      𝜀  t o t a l .


    (     𝜀  p . = −     𝜀  e .


      𝜀  e . =     𝜎 .  E


          𝜀  p . +     𝜀  e . = 0       𝜀  e . =     𝜎 .  E } →   𝜎 . = − E     𝜀  p .


      𝜀  c r . = A   𝜎  n   e    − Q  R T


      𝜀 .  c r  


  𝜎  


  A  


  n  


  Q  


  R  


  T  


    𝜎 . = − E     𝜀  c r . →   d 𝜎  d t = − E  ( A   𝜎  n  e    − Q RT ) →   𝜎  − n d 𝜎 = − E  ( A  e    − Q RT ) d t


    ∫    𝜎 0  𝜎 ( t )    𝜎  − n d 𝜎 =   ∫ 0  t  − E  ( A   e    − Q  R T ) d t → 𝜎  ( t ) =   (     𝜎 0  1 − n + ( n − 1 ) E A t   e    − Q  R T )    − 1  n − 1


    𝜎  e q =   1 2 (   (   𝜎 1 −   𝜎 2 ) 2 +   (   𝜎 2 −   𝜎 3 ) 2 +   (   𝜎 3   − 𝜎 1 ) 2 )


    𝜎  e q ≥   𝜎  Y


    𝜎  e q


    𝜎  Y


    𝜏  C


    𝜏  R S S


    𝜏  R S S <


    𝜏  C


    𝜎 1 =   𝜎 2 =   𝜎 3 = P →   𝜎  e q = 0


    𝜎  e q =   𝜎 1


    𝜏  m a x =       𝜎 1 2 =       𝜎  e q 2


  𝜏 = 0   →     𝜎  e q = 0   →


    𝜏  m a x =       𝜎  m a x −   𝜎  m i n 2


    𝜎  m a x =     𝜎  m i n = P


  𝜏


    𝜎  e q


    𝜎  e q =   𝜎  y


    𝜎  y  


    𝜎  e q = 0


  𝜎 =  [    P  0  0   0  P  0   0  0  P ] = P 𝐈


  𝝈 =   𝒔 +   𝜎  h y d 𝐈


  𝒔  


    𝜎  h y d  


    𝜎  h y d =  1 3 t r  ( 𝜎 ) =    1 3    (   𝜎  x x +   𝜎  y y +   𝜎  z z ) =   P


    𝜎  e q =     3 2   𝒔 : 𝒔 = 0


    𝜎 1 =   𝜎 2 =   𝜎 3 = P


    𝜎  n


    𝜏  n


    𝜎  y


    𝜎  n


    𝜏  n


  x  


  y  


    A  x = A  cos ⁡   ( 𝜃 ) = A  sin ⁡   ( 𝛽 )


    A  y = A  cos ⁡   ( 𝛽 ) = A  sin ⁡   ( 𝜃 )


    A  y = A  cos ⁡   ( 𝛽 ) = A  sin ⁡   ( 𝜃 )


  x


  y  


    𝜎  x  


    𝜏  x y  


    A  x


    𝜎  y  


    𝜏  x y  


    A  y


    𝜎  n


    𝜏  n


  x


  y


   ∑    F  x = 0


   ∑    F  y = 0


    − 𝜎  x   A  x −   𝜏  x y     A  y +   𝜎  n   A  cos ⁡   ( 𝜃 ) −   𝜏  n A  sin ⁡   ( 𝜃 ) = 0


    − 𝜎  y   A  y −   𝜏  x y     A  x +   𝜎  n   A  sin ⁡   ( 𝜃 ) +   𝜏  n A  cos ⁡   ( 𝜃 ) = 0


    − 𝜎  y   A  y −   𝜏  x y     A  x +   𝜎  n   A  sin ⁡   ( 𝜃 ) +   𝜏  n A  cos ⁡   ( 𝜃 ) = 0


  ↓


  ↓


      − 𝜎  x A   c o s ⁡   ( 𝜃 ) −   𝜏  x y A   s i n ⁡ ( 𝜃 ) +   𝜎  n   A  cos ⁡   ( 𝜃 ) −   𝜏  n A  sin ⁡   ( 𝜃 ) = 0


      − 𝜎  x A   c o s ⁡   ( 𝜃 ) −   𝜏  x y A   s i n ⁡ ( 𝜃 ) +   𝜎  n   A  cos ⁡   ( 𝜃 ) −   𝜏  n A  sin ⁡   ( 𝜃 ) = 0


      − 𝜎  y A   s i n ⁡ ( 𝜃 ) −   𝜏  x y A   c o s ⁡   ( 𝜃 ) +   𝜎  n   A  sin ⁡   ( 𝜃 ) +   𝜏  n A  cos ⁡   ( 𝜃 ) = 0


      − 𝜎  y A   s i n ⁡ ( 𝜃 ) −   𝜏  x y A   c o s ⁡   ( 𝜃 ) +   𝜎  n   A  sin ⁡   ( 𝜃 ) +   𝜏  n A  cos ⁡   ( 𝜃 ) = 0


  ↓


  ↓


    𝜎  n   A  cos ⁡   ( 𝜃 ) −   𝜏  n A  sin ⁡   ( 𝜃 ) =   𝜎  x A   c o s ⁡   ( 𝜃 ) +   𝜏  x y A   s i n ⁡ ( 𝜃 )


    𝜎  n   A  cos ⁡   ( 𝜃 ) −   𝜏  n A  sin ⁡   ( 𝜃 ) =   𝜎  x A   c o s ⁡   ( 𝜃 ) +   𝜏  x y A   s i n ⁡ ( 𝜃 )


    𝜎  n   A  sin ⁡   ( 𝜃 ) +   𝜏  n A  cos ⁡   ( 𝜃 ) =   𝜎  y A s i n   ( 𝜃 ) +   𝜏  x y A   c o s ⁡   ( 𝜃 )


    𝜎  n   A  sin ⁡   ( 𝜃 ) +   𝜏  n A  cos ⁡   ( 𝜃 ) =   𝜎  y A s i n   ( 𝜃 ) +   𝜏  x y A   c o s ⁡   ( 𝜃 )


  A


    𝜎  n  cos ⁡   ( 𝜃 ) −   𝜏  n  sin ⁡   ( 𝜃 ) =   𝜎  x   c o s ⁡   ( 𝜃 ) +   𝜏  x y   s i n ⁡ ( 𝜃 )


    𝜎  n  sin ⁡   ( 𝜃 ) +   𝜏  n  cos ⁡   ( 𝜃 ) =   𝜎  y s i n   ( 𝜃 ) +   𝜏  x y   c o s ⁡   ( 𝜃 )


    𝜎  n  sin ⁡   ( 𝜃 ) +   𝜏  n  cos ⁡   ( 𝜃 ) =   𝜎  y s i n   ( 𝜃 ) +   𝜏  x y   c o s ⁡   ( 𝜃 )


  cos ⁡ ( 𝜃 ) × {   𝜎  n  cos ⁡   ( 𝜃 ) −   𝜏  n  sin ⁡   ( 𝜃 ) =   𝜎  x   c o s ⁡   ( 𝜃 ) +   𝜏  x y sin ⁡ ( 𝜃 ) }


  sin ( 𝜃 ) × {   𝜎  n  sin ⁡   ( 𝜃 ) +   𝜏  n  cos ⁡   ( 𝜃 ) =   𝜎  y s i n   ( 𝜃 ) +   𝜏  x y   c o s ⁡   ( 𝜃 ) }


  sin ( 𝜃 ) × {   𝜎  n  sin ⁡   ( 𝜃 ) +   𝜏  n  cos ⁡   ( 𝜃 ) =   𝜎  y s i n   ( 𝜃 ) +   𝜏  x y   c o s ⁡   ( 𝜃 ) }


  ↓


  ↓


    𝜎  n    cos 2 ⁡   ( 𝜃 ) −   𝜏  n  sin ⁡   ( 𝜃 ) cos ⁡ ( 𝜃 ) =   𝜎  x     c o s 2 ⁡   ( 𝜃 ) +   𝜏  x y   s i n ⁡ ( 𝜃 ) cos ⁡ ( 𝜃 )


    𝜎  n    cos 2 ⁡   ( 𝜃 ) −   𝜏  n  sin ⁡   ( 𝜃 ) cos ⁡ ( 𝜃 ) =   𝜎  x     c o s 2 ⁡   ( 𝜃 ) +   𝜏  x y   s i n ⁡ ( 𝜃 ) cos ⁡ ( 𝜃 )


    𝜎  n    sin 2 ⁡   ( 𝜃 ) +   𝜏  n  cos ⁡   ( 𝜃 ) sin ( 𝜃 ) =   𝜎  y   s i n 2   ( 𝜃 ) +   𝜏  x y   c o s ⁡   ( 𝜃 ) sin ( 𝜃 )


    𝜎  n    sin 2 ⁡   ( 𝜃 ) +   𝜏  n  cos ⁡   ( 𝜃 ) sin ( 𝜃 ) =   𝜎  y   s i n 2   ( 𝜃 ) +   𝜏  x y   c o s ⁡   ( 𝜃 ) sin ( 𝜃 )


  ↓


  ↓


    𝜎  n (    cos 2 ⁡   ( 𝜃 ) +   s i n 2   ( 𝜃 ) ) =   𝜎  y   s i n 2   ( 𝜃 ) +   𝜎  x     c o s 2 ⁡   ( 𝜃 ) + 2   𝜏  x y   s i n ⁡ ( 𝜃 ) cos ⁡ ( 𝜃 )


    𝜎  n (    cos 2 ⁡   ( 𝜃 ) +   s i n 2   ( 𝜃 ) ) =   𝜎  y   s i n 2   ( 𝜃 ) +   𝜎  x     c o s 2 ⁡   ( 𝜃 ) + 2   𝜏  x y   s i n ⁡ ( 𝜃 ) cos ⁡ ( 𝜃 )


    𝜎  n =       𝜎  x +     𝜎  y 2 +     𝜎  x −     𝜎  y 2 c o s 2 𝜃 +     𝜏  x y s i n 2 𝜃


    𝜏  n =   −       𝜎  x −     𝜎  y 2 s i n 2 𝜃 +   𝜏  x y c o s 2 𝜃


  2 𝜃


   (    𝜎  x ,    𝜎  y ,    𝜏  x y )


    𝜎  x =   𝜎  y = P


    𝜏  x y


    𝜎  n


    𝜏  n


  P


    𝜎  i j  ( l o c a l ) = P   𝛿  i j   +     s  i j  ( v o i d )


  P


    s  i j  ( v o i d ) ≠ 0


    𝜎  e q   ( l o c a l ) =     3 2 s  i j   ( v o i d )   s  i j   ( v o i d )   > 0


    s  i j = 0  


    𝜎  e q = 0


  a  


   ( r , 𝜃 , 𝜙 )  


  r


  r


      𝜎  r r = 𝜎  r r  ( r )


                𝜎  𝜃 𝜃 =   𝜎  𝜑 𝜑 = 𝜎  𝜃 𝜃  ( r )


    𝜎  r r


    𝜎  𝜃 𝜃 ​


      𝜎  𝜙 𝜙


    𝜎  r 𝜃 ( r )


    𝜎  r 𝜙 ( r )


    𝜎  𝜃 𝜙 ( r )


   ( r , 𝜃 , 𝜙 )


  ∇ . 𝜎 = 0


      𝜕 𝜎  r r    𝜎  r +  1  r     𝜕 𝜎  r 𝜃    𝜎  𝜃 +  1  r s i n 𝜃     𝜕 𝜎  r 𝜑    𝜎  𝜑 +   2   𝜎  r r −   𝜎  𝜃 𝜃 −   𝜎  𝜑 𝜑  r +   c o t 𝜃  r   𝜎  r 𝜃 = 0


    𝜎  r 𝜃 =     𝜎  r 𝜑 = 0


              𝜕  𝜕 𝜃 =   𝜕  𝜕 𝜑 = 0 →       d   𝜎  r r  d r +  2  r (   𝜎  r r −   𝜎  𝜃 𝜃 ) = 0


    𝜎  r r  ( r ) = A +   B    r 3


    𝜎  𝜃 𝜃  ( r ) = A −   B  2   r 3


  A  


  B  


  − 3   B    r 4 +  2  r  ( A +   B    r 3 − A +   B  2   r 3 ) =   − 3   B    r 4 +  2  r    (   3 B  2   r 3 ) = − 3   B    r 4 + 3   B    r 4 = 0


  A  


  B  


    P ∞


     lim  r → ∞ ⁡    𝜎  r r  ( r ) = −   P ∞


  A  


  A = −   P ∞


  r = a


    P  i


    𝜎  r r  ( a ) = −   P  i


    𝜎  r r  ( a ) = A +   B    a 3 =   −   P  i   ⇒ −   P ∞ +   B    a 3 = −   P  i   ⇒   B    a 3 =   P ∞ −   P  i ⇒ B =   a 3   ( P ∞ −   P  i )


  A  


  B  


    𝜎  r r  ( r ) =   −   P ∞ +       a 3    r 3   (   P ∞ −   P  i )


    𝜎  𝜃 𝜃  ( r ) =   𝜎  𝜑 𝜑  ( r ) =   −   P ∞ −  1 2       a 3    r 3   (   P ∞ −   P  i )


    𝜎  r r  ( r ) = −   P ∞ +     a 3    r 3   P ∞ = −   P ∞ ( 1 −     a 3    r 3 )


    𝜎  𝜃 𝜃  ( r ) =   𝜎  𝜑 𝜑  ( r ) = −   P ∞ −  1 2     a 3    r 3   P ∞ = −   P ∞ ( 1 +  1 2     a 3    r 3 )


    𝜎  r r  ( a ) =     − P  i


    𝜎  𝜃 𝜃  ( a ) =   𝜎  𝜑 𝜑  ( a ) =   −   P ∞ −  1 2    (   P ∞ −   P  i ) = −  3 2     P ∞ +  1 2   P  i


    𝜎  r r  


    𝜎  𝜃 𝜃  


   [ 𝜎 ] =    [      𝜎  x    𝜏  x y    𝜏  x z     𝜏  y x    𝜎  y    𝜏  y z     𝜏  z x    𝜏  z y    𝜎  z ]


   [ 𝜎 ] =    [      𝜎 1  0  0   0    𝜎 2  0   0  0    𝜎 3 ]


   (    𝜏  x y = 0 )


    𝜏  n =   −       𝜎 1 −     𝜎 2 2 s i n 2 𝜃


   (    𝜎 1 =    𝜎 2 =    𝜎 3 =   𝜎 )


   [ 𝜎 ] =    [    𝜎  0  0   0  𝜎  0   0  0  𝜎 ]


    𝜎  n


  𝜎


    𝜏  n


   (    𝜎 1 ≠    𝜎 2 )


    𝜎  r r ≠   𝜎  𝜃 𝜃


    P  i


    P ∞


    𝜎  e q =  3 2 ∣   P ∞ −   P  i ∣


    P  i <   P ∞


    P  i =   P ∞


    𝜎  r r ,   𝜎  𝜃 𝜃 ,   𝜎  𝜙 𝜙


    P ∞


  𝜃  


    ∆ P = P ∞ −   P  i )  


  a  


  2 a


    𝜎  r r ( r ) = −   P ∞ +   ( 2 a  ) 3    r 3 (   P ∞ −   P  i )


    𝜎  𝜃 𝜃 ( r ) =   𝜎  𝜙 𝜙 ( r ) = −   P ∞ −  1 2   ( 2 a  ) 3    r 3 (   P ∞ −   P  i )


  r  


  2 a


    𝜎  r r  ( 2 a ) = −   P  i ,       𝜎  𝜃 𝜃 ( 2 a ) =   𝜎  𝜙 𝜙 ( 2 a ) = −   P ∞ −  1 2 (   P ∞ −   P  i ) = −  3 2   P ∞ +  1 2   P  i .


  a → 2 a


    P  i


    P ∞


    𝜎  r r ( a ) = −   P  i


  (   P ∞ −   P  i )


      a 3    r 3  


      a 3    r 3  


  a


  b


  c  


  x


  y


  z  


  𝜎 =  [      𝜎  x x  0  0   0    𝜎  y y  0   0  0    𝜎  z z ]


  Δ P =   P  i n −   P ∞


    𝜎  i i = −   P ∞ + ∆ P  1  1 −   S  i ,   i = x , y , z


  Δ P  


    S  i  


  𝛼


  𝛽


  𝛾


    S  x =   𝛼 𝛽 𝛾 2   ∫ 0 ∞    d s  ( s +   𝛼 2 )  ( s +   𝛼 2 ) ( s +   𝛽 2 ) ( s +   𝛾 2 )


    S  y =   𝛼 𝛽 𝛾 2   ∫ 0 ∞    d s  ( s +   𝛽 2 )  ( s +   𝛼 2 ) ( s +   𝛽 2 ) ( s +   𝛾 2 )


    S  z =   𝛼 𝛽 𝛾 2   ∫ 0 ∞    d s  ( s +   𝛾 2 )  ( s +   𝛼 2 ) ( s +   𝛽 2 ) ( s +   𝛾 2 )


    S  x +   S  y +   S  z = 1


  a


  b


  c  


  𝛼


  𝛽


  𝛾


  𝛼 =   a 2 ,     𝛽 =   b 2 ,     𝛾 =   c 2


    V  e l l i p s o i d =   V  b o x


  k


  𝛼 = k   a 2 ,     𝛽 = k   b 2 ,     𝛾 = k   c 2


   4 3 𝜋 ( k   a 2 ) ( k   b 2 ) ( k   c 2 ) = a b c


   4 3 𝜋     k 3 8 a b c = a b c


  k =   (  6  𝜋 )  1 / 3


  𝛼 =   (  6  𝜋 )  1 / 3   a 2 ,     𝛽 =   (  6  𝜋 )  1 / 3   b 2 ,     𝛾 =   (  6  𝜋 )  1 / 3   c 2


  ( a × b × c )


        I  x  b o x    V  b o x =  1 12 (   b 2 +   c 2 )


        I  y  b o x    V  b o x =  1 12 (   a 2 +   c 2 )


        I  z  b o x    V  b o x =  1 12  (   a 2 +   b 2 )


  ( 𝛼 , 𝛽 , 𝛾 )


        I  x  e l l    V  e l l =  1 5 (   𝛽 2 +   𝛾 2 )


        I  y  e l l    V  e l l =  1 5 (   𝛼 2 +   𝛾 2 )


        I  z  e l l    V  e l l =  1 5 (   𝛼 2 +   𝛽 2 )


  𝛼 , 𝛽 , 𝛾


    𝛼 2 =  5 12   a 2 ,       𝛽 2 =  5 12   b 2 ,       𝛾 2 =  5 12   c 2


  𝛼 =   5 12 a ,     𝛽 =   5 12 b ,     𝛾 =   5 12 c


    S  i


  a  


  3 a


  a = b = c


  a × a × a


  𝛼 = 𝛽 =   𝛾 =   5 12 a


    S  x =   S  y =   S  z =  1 3


  a × a × 2 a


  𝛼 = 𝛽 =   5 12   a ,   𝛾 =   5 12   ( 2 a )


    S  x =   S  y = 0 . 413


    S  z = 0 . 173


    S  z = 0 . 173


  a × a × 3 a


  𝛼 = 𝛽 =   5 12   a ,   𝛾 =   5 12   ( 3 a )


    S  x =   S  y = 0 . 445


    S  z = 0 . 108


    S  z = 0 . 108


  a × a × a


    𝜎  x x =   𝜎  y y =   𝜎  z z = −   P ∞ +  3 2 ∆ P


  a × a × 2 a


    𝜎  x x =   𝜎  y y = −   P ∞ + 1 . 704 ∆ P


    𝜎  z z = −   P ∞ + 1 . 210 ∆ P


  0 . 494 ∆ P


  a × a × 3 a


    𝜎  x x =   𝜎  y y = −   P ∞ + 1 . 803 ∆ P


    𝜎  z z = −   P ∞ + 1 . 212 ∆ P


  0 . 681 Δ P


   3 2  | ∆ P | .


  f


    𝜎 0 1 ,     𝜎 0 2 ,       a n d   𝜎 0 3  


  𝜎 =   F    A  eff =   F  A ( 1 − f ) =     𝜎 0  ( 1 − f )


  𝜙 =   (     𝜎  e q    𝜎  y ) 2 + 2   q 1   f ∗ cosh ⁡ (   3   q 2 p  2   𝜎  y ) − ( 1 +   q 3 (   f ∗  ) 2 ) = 0


    q 1 ,   q 2 ,   q 3


  p


    f ∗


    𝜎  y


    𝜎  e q


  E =   E 0   1 − f  1 + 𝛼 f


    E 0  


  𝛼  


  f


    𝜎  e q =  1  1 − f   1 2 [ (   𝜎 1 0 −   𝜎 2 0  ) 2 + (   𝜎 2 0 −   𝜎 3 0  ) 2 + (   𝜎 3 0 −   𝜎 1 0  ) 2 ]


    𝜎 1 0


    𝜎 2 0


    𝜎 3 0


   (  f = 0 )


    𝜎  e q ( f ) =       𝜎  e q 0  1 − f


    𝜎  e q 0


    𝜎  Y ( f ) =   𝜎  Y 0 ( 1 − f  )  m


    𝜎  Y 0  


  m  


  m  


    𝜎  e q ( f ) ≥   𝜎  Y ( f )


    𝜎  e q 0 ≥   𝜎  Y 0 ( 1 − f  )  m + 1


      𝜎  e q 0    𝜎  Y 0 ≥ ( 1 − f  )  m + 1   →   1 − f ≤    (     𝜎  e q 0    𝜎  Y 0 )   1  1 + m   →     f  c r = 1 −   (     𝜎  e q 0    𝜎  Y 0 )   1  1 + m


    𝜎  e q


      𝜎  r e s


      𝜎  e q ,     r e s


    𝜎  y ( T )


      𝜎  e q ,     r e s


    𝜎  y ( T )


      𝜎  r e s


    𝝈  res


  P > 0  


    𝝈  h y d = P   I


    𝝈  tot =   𝝈  h y d +   𝝈  res = P   𝐈 +   𝝈  res


    𝝈  res =     𝒔  res +     𝜎  h y d  res   𝐈


      𝜎  h y d  res =  1 3  tr (   𝝈  res )


      𝜎  h y d  tot =  1 3  tr (   𝝈  tot ) =  1 3  tr ( P   𝐈 +   𝝈  res ) = P +     𝜎  h y d  res


    𝒔  tot =     𝝈  tot −       𝜎  h y d  tot   𝐈  


  = ( P   𝐈 +   𝝈  res ) − ( P +     𝜎  h y d  res )   𝐈 =   𝝈  res −     𝜎  h y d  res   𝐈 =   𝒔  res


    s  r e s =  [      s  r e s ,   x x    s  r e s , x y    s  r e s , x z     s  r e s ,   y x    s  r e s , y y    s  r e s , y z     s  r e s , z x    s  r e s , z y    s  r e s , z z ]


    𝒔  tot =   𝒔  res


    𝜎  eq,tot =   3 2     𝒔  tot :   𝒔  tot =   3 2     𝒔  res :   𝒔  res =   𝜎  eq,res


    s  r e s :   s  r e s =     s  r e s , x x 2 +     s  r e s , y y 2 +     s  r e s , z z 2 + 2 (     s  r e s , x y 2 +     s  r e s , x z 2 +     s  r e s , y z 2 )


  ( P )


    𝜎  eq,res ≥   𝜎  y ( T )


    𝜎  y  ( T )  


    𝜎  y  ( T )


    T ∗


    𝜎  eq, res ≈   𝜎  y (   T ∗ )


    𝝈  res


  P


    𝝈  res


    𝜎  y  ( T )  


  𝜎 = E   𝜀  e


    𝑺  tot =   𝑺  res +   𝑺  HIP


    𝑺  res  


    𝑺  HIP


    𝑺  tot


    𝜎 . = − E A   [ sinh ⁡ ( B   𝜎  e q ) ]  n exp ( −   Δ H  R ( T −   T  Z ) )


    𝜎  e q


    𝜎  e q , t o t   =     3 2   𝒔  t o t :   𝒔  t o t =   3 2   ( 𝒔  r e s +   𝒔  H I P ) :   ( 𝒔  r e s +   𝒔  H I P )


    𝒔  r e s  


    𝒔  H I P  


        𝜀 .  (res+HIP)  c r      𝜀 .  (res only)  c r =   [   sinh ⁡ ( B   𝜎  e q , t o t   )  sinh ⁡ ( B   𝜎  e q , r e s   ) ]  n


    𝜎  c r


    𝜎  tot  c r >   𝜎  res  c r  


   sinh ⁡   ( x )  


      𝜀 .  ( res+HIP )  c r >     𝜀 .  ( res only )  c r


  ∣     𝜎 .  ( res+HIP ) ∣ > ∣     𝜎 .  ( res only ) ∣


    𝜎  HIP  c r > 0


    𝜎  res  c r


    𝜎  tot  c r


    𝜎  H  c r = 0


  ℃ ,  


  ℃ ,   and   c )   225 ℃ .  


  ℃ ,  


  ℃   ,   and   c )   225 ℃ .


    𝜎  y


  E


    𝜀  c r


    𝜀  c r = 0


  𝜀


    𝜀  t h


    𝜀  p l


    𝜀  p l =   −     𝜀  e l =       𝜎  y  E


  −       𝜎  y  E


   exp ⁡  ( −   Q  R T )


  B   𝜎  e q


  B


  B   𝜎  e q


   sinh ⁡   ( B   𝜎  e q ) ≈    1 2  exp ⁡   ( B   𝜎  e q )                                                                 B   𝜎  e q ≫ 1


    𝝈  𝒆 𝒒


    P ∞  


    P  i =   P ∞


    𝜎 1 =   𝜎 2 =   𝜎 3 =   P ∞


  𝜏


    𝜎  e q


  (   P  i )  


  (   P ∞ )


    𝜺  𝒑 𝒍 = 𝟎


    𝜺  𝒑 𝒍 = 𝟎 . 𝟎 𝟏


      𝜀 .  c r = A   [ sinh ⁡ ( B   𝜎  c r ) ]  n exp ⁡ [ −   ∆ H  R ( T −   T  Z ) ]


    𝑻  − 𝟏


    𝑭  − 𝟏   𝑳  𝟐


    𝑱 𝑴  − 𝟏


    𝑱 𝑴  − 𝟏   𝜽  − 𝟏


  1 ×  10  − 20  


    P  v o i d = 0

