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The angular distributions of the scatteri_ng of alpha
partlcl-es at 65 x{ev have been fitted using saxon;l¡rloods and

derj-vative saxon-woods form factors for the rear and imaginary
parts of che optical potentiar respectively. The analysis
yielded a series of potential-s. The rack of uniqueness was due

to two types of parameter-ambiguity. The first type was that
the optical- par-ameters were allowed Lo vary, wlth the quantity

)v"ã kept constant. rt was found that the potential_s of this type
generated same number of half-i¡Javes inside the nucleus. The

second type was thaù the parameters could be adjusted so that
they produce one or more i-ntegral mul-ùipJ_e haLf-waves inslde
the nucleus such that lhe corresponding v,ravefunctions far away

fron the nuclear field v¡ere the same.

-iii-

ABSTR.[CT

This analysis defined the optical potentiaL for the
alpha particl-es fairJ-y vrel_I near the surfacen



T-1 iI'ITRODUCTION

Thei'e is a'cuï'rent, interest iir appJ-ying the distorted-wave-

Born-approx j-mation (Dr'/,''BA ) i'nethod to analyzj-ng hïele¡r
reaciions" I{owever, the distoriing potentials in ihe en-

trance ancì,/or exit channels nusi be known. These ar¿I
represenied by the salv-t<¡othecÌ l-ines in Dlag" ]" a and b

are the particl-es in the enti'ance channel, and c and d, the

particles in the exit channel-" They may be in the excitecl

s'cates. It is difficulb, in the pioneering days of searching

the nucl-ear forces, to ob'caj-n 'che exact j-nteracting potenti-a1s

r;ìiich may consist of the central, spin-orbit, exchange, ancì

'Lensor components" The many-body effects come inùo play if
tÏre inter^actj-on involves complex part,icles rather Lhan single

nucleons" Fortunately, a phenomenological two-body optical

model- potential can be founci by analyzing tlie,exper:imental

elastic scattering data for the relevant,particles at tlie

required energies. Such a potenlial v¡il-l- clescrj-be the

averaged behaviour of the int,eractlng parti,cles" This is the

i{nii;ial stiä':.,-ìus of the ühesis" Since it is impossible at

present to prepare a targei in a defj-nite excited süat,e,

tlhe optical model- potential obtainable ai'e only beÈween

(I)

ñLf i' ¡r¡t¡-PVI tlal ¿ úlL
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nucl-eon-nucleus inter-



action was Bethe t s

This simple model was unable to interpret the experimental

results at low energies, such as large capture cross-sections,

sharp resonance spacings, and the sensitiveness of the cross-

sections to energy, It ls because, at low energies (itO Mev),

the many-body effect is predomiant. Bohrfs compound nucleus

model successfully deseribed these phenomena. This model

considers the nuclear reactions in two steps, In the first
step, the target nucl-eus absor"be the incident particle to

form a compound nucleus state which lives a reletively longer

Iife than the nucleon transit time. In the seeond step, the

compound nueleus decays. The processess are deserlbed by the

following diagrams.

Vrr(r) =

real wel-I potentlal,

(3 )

j
I

ì

I

-vo ,

0,

rSR

r )R

a+A*C
C -. b+Br

or

C + a+A ( compound elastic ) .



The compound elastic scattering rnight occur. This is experi-

mentally indistinguishable fron the shape elastic scattering.
OnIy shape el-astic scattering will be considered throughout

the thesis.

At energi-es above about 10 l4ev, the compound nucleus effects
are greatly reduced" Fernbach et all) ahru proposed a complex

potential model. Their initial ldea was that the nucleon-

nucleus elastic scattering could be approached by the scatter-
ing of a wave by a refracting and absorbing sphere. It is
well-known in optics that the process can be described by

means of a complex index of refraction. The imaginary part

accounts for the absorptlon. They used TtrKB approxirnation

and rel-ated the imaginary parù to the mean free path of the

incident nucleon inside the target nucl-euso This enabled

them to reproduce the angular distributions for the smaLl_-

angle scattering.

(¿t)



T.2 PHYSICAL ASPECT OF OPTICAL MODEL

The optical model potential may be defined as the eomplex

potential which represents the energy-averaged behaviour of

the nuclear system in the direct interaction processê The

possibíl-ity of taking the average is limited by the energy

of the incident pa.rticles, i.e., the resonance energy E"

is larger than the spaeings f; betvreen levels" From the

experimental point of view, the opticaL model description

is satisfactory when the resolvíng- power of the deteetor is
Iow, and when the energy width of the incident beam is larger

than the individual leve1 spacings, Therefore the optical

model is applicable for energies of about I0 Mev in light
nuclei, in which the level spacing is of the order of

f 'y 0.1--0.1 Mev for incident energy E<5 Mev. The optical

model is more successful when it is applíed to heavy nuclei,

even when the energy of t,he ineident oarticle is lovrered to a

rl
few KeVa'.

(5)

Now we apply the above idea to the average cross-sections"

The energy-avera.ge of a euantity f (E) is defined by

where ¿ E includes

I= t# f'tu'r
aÉ.

many inclivi

dE' , (1-r )

dual resonance l-evelsn



the scattei'ing amplitude f<¡r spÍnless particles is

.iiiien oniy short rarlÉie forçes are consiciered So that the

Coulomb force is neglectecl the sum has a finite nurnber of

terms, The scaLterj-ng matrix elenenls 4O are related to the

pha^-e shifùs Q. Ot

-. î
4L: e.LoL c (1-3 )

the el-aslic scaLtering cross-section is then given by

^ * \..-r^¡tf : îf- ) (z.t+t) (r-
L4

(o)

1r)P¿(coso)"

%Iasr ic = þY-e !' +r) [ t- nnlt "

T'he energy-average of (í is

(r*z)

f,ø -'ií let¿*uelastic 
kZ

/:l

2

/î':-É
2

i(

4.¿ iu obtained fr:om the o;otical ¡nodel

first term in Eq" (f-5 ) represenbs the

r. I !. ,2,^1);fiJ lt- fi{i -dE
AP

T (z!-r

(r-4 )

/
>_,e/+ r) | lt-,-rult +

\

r ) lr- finl 2

\
I
I,.¡ll IIrl{-it¿r )

l- - \{.r-) /

calculatiofl" The

optical elastic



sca btering "

fLuctuat ion

\/ )

,- ^.:2 
-- 

.'2
ll"- ( l^ = li1,l^- i ii.l is r.Ìre

4-IL./_

of )1,r about its average" .vfe
\i(

as i;he fluctuation cross-sections.

Carrying ou'c'the energy-average for the reaction cross-

sec-uion, I/Je obtain

,rlf ) :
T{

,t 
I

:f' (zL+rt¡ç!"

lii \-+õ.: j+ ) tz!+L)tkt?

/-i: 4=- ) 'lz 
-!. + L)kt?

mean-square

thus define

The quaniiiy

(Í=
absorpt 1on

is bhe optical ilrodel absorption cross-section'

Eq. (1-5) anci (L-7 ) can be writLen

[' q'ï )
tì

i ,t- i4oi2 I i inr- 4rr? t ) .

(1-7 )

(]*6 )

.1' \---1

)l

=<'-uÑa elast ic 'op'c . ' "í1 t

Qf + r)(r- ln,i2)

These suggest that 6rt is due to compound elastic

7:¡íz-ur vabsorpt ion u...' :II



scattering. At l-ow energies it is possible to detect the
fluctuations by means of a high resolving por^¡er detector.
At higher energies the resonance l-evels crowd together,
and only the averaged cross-section is observed. The

fluctuation is reduced to negligible val-ues.

The optical model can also be applied to high energy

((ZOO Mev) scaùtering such as nucLeon-nucleus and pion-
nucleus eLastic scatteringso SpecÍaI approximation method

shourd be used. High energy nucl-eon-nucl,eus scattering, for
instancer Hâï be approached by irlatsonts two-body mur-tiple

scatteringg ) .

(8)

The detailed mathematical treatments concerning the foundations

of the optlcal moder r{ere given in the review artlcle by

Feshbach (1958) and in the nuclear reaction theory by Humblet

and Rosenfeld (1961).



1-3 TiJE PijEÌ.üOX{ENOLOGIC.4.L OPUC¿.L POTEÌTTIAL

T'he forces bcü.,teen a nucieon (oi' a cornple:< pariicl-e) arlci a

niicie,is âÌ'ti of Lhe two lyilcs, Coulornb anci nuci-ear.

' v(l) : v" " v.,

The Coulomb potential is v¡elI ,ino.r,rln and can be calcula'cecì

from the charge distribution of .che targeL nucleus. In the

foilowing anal-yses of t,he elasiic scat,tering betrveen tr¡lo

magic nuclei. '( + 016, the charge of a1-p;rrticte v¡i1l be

consiciered as a point charge, and the charge of oxygen

nucleus is uniformly ciistrÍbuted throughout a sphere of

:"ad ius Rc o

(e)

(

)--ì
It

r¡üe relaie R"

V

nno-2 *?'#- B- L;) for r { R^
. t-¿L R- 

v,

) (1-8)
¡7 17 I ^.*Llr g

r for r)R-.c

Nuclear forces are represented by the opüical poten'oial

to the atomic mass nr.r.îiiber A bY

^tll^
}T

c

Vr,(r) = Uf(r) + i\Ig(r) -¡ tl#t" fu r + i\,I\SOSO
.r ì-- n

SOÞSOzl U '/'

e)l l--



(10 )

For the {-particLe scattering the spin-orbit term is ornittecl"

Eq, (1-9) becones

Vr.,(r) = Uf(r) + iVlg(r), (1-9)'
where U ancì lI are cor¡stants or tpotenl,ial 

cleJ:t hs 
r. f (r)

and g(r), vrhich determine the form of the nuclear potential
and are functions of several variable parameters, are called

form factors of the optlcaJ- potential. There is an ambiguity

of choosÍng the form factors. At Least ten different functions

have been usecl by the pfevious' authors5 ), At mediurn Lrigh

energies ((fOO MeV) Lhe form factors shoui.cì sabisfy the

foÌlowing standarcls so that its parameters will- h¿rve

physicaL meaning and be comparable with the nucl-ear data

obtained from different experirnents, 0therwise ah," phenorneno-

Ìogical optical potenbial wil-l become rnerely a parametrizatio¡r

of the experinrent al data6 ) , , Th" reâl- form factor f (r ) shouLd

characteríze the fol"l-ov¡ing nuclear properti-es: (t) aLl the

nuclear forces fal"I off exponentially at large distances;

(,2) inside the nucLeus, owing to ùhe short-range charactef

of the nuclear forces, the net. force on the inciclent

partiile is a,pproximately zero. The Saxon-l¡loocls form factor

Ì

meets the requirements. f"*(r) is nearly constant when r( R,

Í l:'l : 

-

SW' t f-fúrr + exp (--l
( 1-I0 )



(11)

and falLs off quickly at rryR. For heavy nuclei, this eorres-
ponds approximately to the region vrhere the density of the
nuclear matter is falling rapidry. R is thus recognized as

the nucrear radius, and related to the atomic mass number A

in the usual way
I/"

ft = toA t.

The radius paranete" .o has been obtained from other
sources of the nuclear data, ro ,: L.3 - ì-,/ fermis.

The interaction is essentiarry surface for right nucl_ei,
This is shown in the Fig. I and Fig. Zn

The function f(r) falls sharply or gradualry around r=R

according to the value of a ís rarge or smarI. a is referred
to as the surface rliffuseness parameter or the thickness
of the surface layer"

rt is rerativery difficurt to choose a function for- the
form factor g(r). The Saxon-!.Joods (vol_ume absorption) and

the derivative of the Saxon-lrtoods form factors have been

used in the present analysis. Both of them give good fits
to the experimental data according to the X ? stendard.
The derivative Saxon-'tdoods form seems more favorable, and

gives better account for the third bump of the an¡ ular
distribution at large angles" The normalized e"r(r) is



given by

S""(r) has a maximum at r:R (FiS. 2). The physical basis of
using this form factor for the imaginary part is that the

incident particle interacts more strongÌy with the surface

nucleons than wiüh the nucl-eons inside the nucleus due to
the Pau1i exclusion principle. The imaginary part is thus

not proportlonal to the nucleon density. Jon""IO) h." calculated

the radial dependence of the imagi-nary part of the optlcal-

potenülal using Fermi-Thomas approximation which assumes that
a Fermi energy can be defined as a function of nucl-eon density

and hence of radial position r. The calcul-ation reveaLed that
the imaginary part of the optical potential v¡as maximum at
the nuclear surfaee. The effectiveness of the excl-uslon

principle dimimishes as the energy of the incident particl-e

increases. The requirement that g(r) should be surface peaked

is removed.

(L2)

4exP t#l_ t_\ _ _bsw\- / (l+exPt{RIt2
(1-11)



(t3 )

Real Part of Optical PotentiaLs

Fig" I



(13 )
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(14 )

Fig,2

The imaginary nart (surface absorption)
the optical potenbials"
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CHAPTER II

TtiE oprrcAl MODEL ANALysrs oF 016( d,d )016

2'l- Theory of Optical Model Elastic Scattering ancl Programming

The differential eross-sections ean be obtained by solving

the Schroedinger equation if the i-nteractÍnp potenti-¡1 is
giveno However, the process is not reversible. One thing v:e

can do is to optimize the parametersof the phenomenolog.ical

optical- potential which r'¡ill give good fit to the experimental

data" The quantity we choose to measu:re the goodness-of-fit
)is y-* which is a measure of the difference betv,,een the

experÍmental and theoretical distributions,

(15 )

. îL nL'
whereil\f , and f , are the theorètical and experiment¡l-

numbers of counts respectively for the ith reasur ements,

In the present case only differential cross-secti-ons are

considered. The number ,rút'r, proportional- to the dirfer"ential
cross-section ÇtOtt measured at the centre-of-mass .ngle

Oi. We have



Í
where à 6U is
proport ional

Lization has

relationsr.

the sbandard deviation in statirstic's..'The

constant c characterizing the absolutê trorrllâ-

a deviation which can be derived frorn the above

Then,

(ró )

($ 6')2
n----i--"68'

Ìt =[r
I

6r (e

^-\--t_
i

where we have put 6f =6n for a goocì fit.
Now consider Xz as a functi.on of the optical parameters

which are invol-ved implicitly through 6r. The search routine
will vary these parameters automatlcally until a satisfactory
minimum of Xz is obtainecl. The search routine will- be ciis-
cussed' in theì folJ-owing secti<¡n.

6u{or)
t? " G(0¿)l"-.-__

Ç (ott

The elastic scattering routine (ul,scnr) will cal-cul-ate the

cross sections fir(or). All Èhe calcul-ations are performed

in the centre-of-mass system, in which a two-body problern

can be reduced to a one-body problene



l,tl'e start fror,r tlie Schroedinger pqriation

The relati-ve motion of the two part,icles is describeci

completely by this equation al-ong,with the relevant boundary

conditlons. In the presenù situation the boundary conditions

will be (l) that asymptotically at }argq ciistances the wave

function should consisb of a Coulomb-distorted plane wave

and outgoing spherical lvaves, and (Z) that ùhe radial
wave funcbíonstvani-sh at the origin.
Expand ,^lre) in terms of l,he spherical- Ìrarmonics

(, $r'+ v(', ]f (r) = nt!(r)'.

(r7 )

"f" |rl

where T^r2lr.2

d irect Íons

(2-1 ), one

- 
Lff U¿(k,r)

:\-/krt--
-{. rm

(2-r)

=2/E, ancì t an¿ 1 a"o unit vectors"along Lhe

! ancl I respectivety. Substit,ute (Z-Z) into
obtains the radial wave equatj-ons

I r¡ititåmr,

.2-dlt*
dr"

Rewrite this equati.on by

{+(n-v¡ -
¿å'

(z-,2)

.((,.t + t)

introducing the di-mensionless

'ì

| "0. =o'
)

\,

(z-t ) ,



quantities

One has

f: uZ -Z^eZ

iþ*, anct f :k".

(18 )

.2d"! t 1 V"(f) Vn(f)
G- * ^_ -F: --E_
ol

The nunerj-ca1 int,egratÍon of this equation iscaruied out t,o

"?1" distance "r"* v¡here the nuclear potentiar 1s negJ-igible.

Outside of this region the interaction is the couLomb force
qnly. Eq.(2-3 ) becomes the well-known Coulomb v,rave equations

.2a Ll¿#*(roj

-tfftu =0.

which are

functigns

asymptot ic

2/T

sat isfied

'u!{' r )

forms at

W)up: o,

FL(f) ^.sin( f -ftnz] -+¡tz)

(2-3 )

by the regular

ancl cL({,f ).

large values of

Gr(il^,cos( f -{tnzf -++l*)

and 5-rregular Coulomb

They have the following

f

(z-+)

(z-s )



The Coulomb phase shift

f -O, and satisfies the

dt- : dt*, tañl(

The cornbinati-ons

(1e )

(L is defined such

recursion relation

G(- j.F¿ E e

.Ì.
A+L' '

represent the incoming ancl outgoing waves respectively. The

sÕlutions of Eq.(Z-4) can be writt,en

Gn + iF¿{*

-i( f -{tnzy

i( f -{uzy

l;'hat F¿ =0 at

=e

or

_Æ
2

üz= %uúG{ -

'¿ = gn(rr + igu(G¿ * ir¿ü ,

+ f¿)

Q-6)

where

20r:'r -Tt¿.
The scattering mat¡ix el-ements pqare obtained by joining

the soluti-ons of (2-3) and (2-t+) . Let e, be the solution

of Eq.(2-3), which is calculatecì by numerical integration

of Eq, ( 2-3);

{trT

iro) -{r(r¿ + t&)j

+14)

(z-z )



At matching radius r* one has

Qt"^) = gt[&t",t

(20)

where t
solving

are then

f;t"¡l :& (yrr:*-J) * iÂ(Q(r",-5) + i[(r,-.1 )tJ

l" r small radial
the two equations.

given by

+ íFt(G¿(r,)

where I(O) ls scaÈterÍng amplituOefl)

$# = lrterl2,

+ rF1(", ) )l

increment, F¿ i"
The differential

f"is the same as the Rutherford scatteri.ng amplitude

I(0) = f.(0)

(2-8 )

,

obtained by

cross-sêct i.ons

.*r
T,

/fc(o)=-#:exp(zí6
(zlls:.n T

The behaviour of the Coulomb wave funcrions f /{rf ) and

C!( {rf ) are quite different at different regions of Vrf )

space, especialty, when /and f are smallo

Q .( + t) uzrírþoPf, (cose ) .

zialrnsif ).

(2-9)



Different approximations should be used for clifferent t"gio."7 ).

t)

60

(zr )

5O

40

30

20

10

For the purpose of simplifying the programming and for the

present problem, only raethod B 7) will be used . f : O.63

and k * ?.83 fm-l for the *4-oL6 scatteri.ng. rn order

to avoid getting into the square regJ.ons, the numerical

, Regions i-n which different asynptotic
formulae should be used"



(22 )

integration of Eq. (Z-l) is carried out to a large matching

radius, "r- 20 fm. That corresponds to f = 56.6. This point

is in the B-region in the, pr-evious diagram.

Stnce Fn and Gl are solutions of the same differenl;ial
equation, they obef Lhe same recurrel¡ce relation

or

FÍ+L(f) +

ü+L= ßo.Fz- Aa?-i) /n,,. 
/ LïL,

where

/.

F¡ is calculated in the downward order of .(. by l{illerf s,(

method. Sj.nce F ¡ has the characLeristi-c thaù when ,¿ is,t

Iarger than some value f , the function decreases rapidly
with increas tng ..¿ r w€ thus start from

F"+-1ß)

+ þtrutrt,

and'u*= Qn+t)[

"Y*t= 0.

(In the program this

(2-e)

.Lt ¿+ 1)

is set cþ*r=1.0*IO-70. )

.l).



Then cF: = €, .
4

factor c can be

€ Ís a small number and the normalÍzation

deterrnined by using Eq. (2-9), it is

-1cE

The sùarting valus

(zt )

At ( FoGl-FlGo )

Set
Fî 1
ñ=i3t-- J-

The recursion formula Eq. ( 2-9) gives

-n nor ,-<

at the first run.

is calculated as follows:

r'-
.t-

W

Solving for j, one obtains

A v #*Lz=L/+-\r. -?trery)

/=*{,, f.rclÇ-fi¡¡i/'1. ¿ \ J 
.

;

To check on the error , tr is then repJ-aced by .,(/= Z + tO,

and repeat the calcuLation. If the ,clifference between ühe

ratios 'r/r^ j-s less than O.OI%, then the last 
"F.L, 

value/o

:l
IOr



v'rill be used in the following calculqtions. otherwlse the
program will repeat the previous procedure again and increases

L by 10 each time until a satisfactory value of Å- is
obtained,

The irregular Coulomb hrave functi<¡n G ,t is
recursion upward in / and inward in r. The

and G., are obtained asymptoticalJ.y at large
l_

Define

(24)

f-n
(zn+l) t'

They satisfy the relatÍons

s.,=DS nLtn+I nn nn

e(n+l)f

/,t ..= D t + E(sn+I nn nn,

ìwith the initial conditions s = I ando

Put

calculated by

vaLues of G
o

oll
l'

^L.t=
L( f- +t )-n (n+r )*/2

2(n + L) f

s-l-s
¿- nt t=lt/ fl..

to- 0.

( 2-10 )

)



The summations of these dÍvergent

a suitable number of terms (n-15 ).
of Coulomb wave functions are

(25 )

Fa= tcosO^+

G¡= s'cos0l-

where g!= f -.t'tnz¡ -

To check the dependability

at." radial wave functions

of the Coulomb functions.

serÍes are cut off after
The asymptotic formulae

s lsin04

t. sin04 ,

Eq. ( ?-3) is integrated

raüic interpolabion and

{-61

of the

are then

a,

calculaL ion ,

tl¡e linear

(1,"

ì

Put QX(r) =

( 2-11 )

numerically by entployÍng the quad-

the Schroedinger equation

r) +SL(r-r))/r,

+f ) + toff'(r) .$*-rt) /t 
(z-tz)

+5)- ,q(
f//

=LA.k

.#[n'-

where V(r): V"+ V' r

seb Vr=O,

combinations

\v t"l
I'L*

Combine Eq. ( 2-3) ,

.(t 4*l)
2r

I)

(z-tz) , and (2-r3),

( 2-13 )



one obtains the recursion formula

t91o*t)= [(rz-roQu t,) )$1(r )-Qn tr-,r )rfft; | / erft+r ) .

The normalization factor ft
J4

because the first equation of
one and U" is cancelled out.

d<
1s started from the fol_lowing

(26)

fl;n = o, a* (-J) : o, ,4ro) : s('/+1)q1 "'- i),

al(O) = 0.

These are to satisfy the

Eq. (e-l ).

( 2-14 )

..iof ú_4 is nor, i:nportant,

Eq. (e-g) is oivided by rhe

The recurrence in (.'
val-ues:

second boundary

second

condltion of



2-2 AUTOMATTC SEARCH ROUTTNE 
./

(A ) Normal Equation Method

The search routine is designecl to finci the optical parameters

which correspond to good fil; to the experimental angular
distributions. This is to rninimize the quantity X'. In
order to standardize this quantitl, we then dlvide LZ by

N, the total number of experimental points.

Qz)

"v2-L_

')tPut T= t(*lr*zr.....), where *i 
"

parameters to be debermined. Assume

l_\-,Àt INL I

'^

dr (or ) - $to, )

where lvl indicates the mÍni*up, and 0, the st,arting point
in the parameter space. The sufficient conditions fc¡r a

mi.nimum are.

xr(M)= xr(o) + ax, ,

Jqto, t

a1' (ãÇ'i)*; o

From Eq.(2-16) a seü of
deduced by assuming that
near the mini-mum I{.

)2.

represent the optical
f has a minimum at

(i=l ,2r....)

(2-r5 )

Ii¡tear equations of *i can be

the starting point O is sufficiently

(2-l.6)



(ä)M= ,r_t,*r(o)+*j - z[,þþ*ffi1,

=rff, *-'68)o*(

(28 )

(j-r,2r....) (z-tz)
'

Neglecting the second-order terms, Dq.(Z-IT ) can be

rewtitten as

+ (Zn¿ order terms of

i'#'oÁ*r'
ox)J.,5;;',

Eg. (2-I8) provides a set of 'simultaneous equations

can be solved for ¿x. The derivatives are obtained

by the approximations

,H)o'oxu + (% - trt,æ)M = o,

.,ñ,J

ãor.-%(x..,+Jx-) - f ("-)
ål:j: 

--¡¿--J J*j

ãî, ef-All (5;| )t are replaced by $!{ ) O , becausê 0 is assurned
. J *"j

to,.be aü the neighborhood of M. -The rest of the probler,r is

=O,

(j=t¡z¡....). (z-rg)

whicir

nume.rically

(2-r9 )



to solve the simul_taneous

done by using IBM library

ft is apparent that the norrnal equation method is val_id
only when the sta:-ting point o is reasonabry near the
minimum. Otherwise the search becomes unstable. This is
il-rustrated in Fig. 3. The initiar var,es of the p¡rameters
are r=r?=I.20 fm, a=ar=0.J0 fmr U=I50.0 l.{ev, Wrr=16.0 Mev,
and h'"=0.0 Mev. The search ,'Íumped to the negative nnr-nmeter
spåee from the second to eleventh cycles.

To test the dependability of this program a differe't
automatic search program illustrated in the nexù section
was used to do the search starting frorn tire same varues of
parameters. The differences between the optimum val_rres of
the opticaL parameters were r¡ithûn Z/o"

(2e)

e¡uations (2-l_8 ) . This cara be

subroutine,

Norrnal Equation
Method

Pehl-lVilliins
Method

Starting
Values

r=r I fm a=a t frn

1.308

L.3T6

U(Mev) lW.-(Mev)

25r.16

25L.2b

88.46

250 "93

i at tz;qfi

88, 
-a 1

90.00



(:o )

l'ig " 3

UnsLable Three Parameter Search.
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(B) Pehl and Trlilkins Method

ït is difficult in computer

incrernent 4 x for evaLuation

particul-ar fu¡ìction f,

(3 t)

If ax is too small, the caLcul-ated ff wifl not be correct

due to the errors generated by, the computer itself, and it
rnight cause computer ovèrflow. PehL and lrlilkins tried to

free from these troubl-es by using the follovring þrocedure:

Define

G.= --i E=Tqr o

9f
ãç - lk4x )

O"o*".r*ing to fincl a proper

of the derÍvatives of a

f(x)
¿.x

The direction toward

of
I zf(xr)

-T"\

The length of a step for the variablê x= is.I

the mlnimum is cletermined by the sign

.i
, ( f >o ).

--T-r
àî ,\

In our modification of the program,

'k r' xi{'0.01 =

df_

ex.
l-

-fì1
rl.O.0l¡¿ xi 

r

sj-nce convergence was



very slow, suitabre j-ncrements were estimated at the start.
rf during five iterations the sign "f È ff remains the same

the increment is doubled. conversely, once the derivative
ehanges its sign, the increment is reduced by half so that
t'he search will converge right at the bottorn of the va]_rey.

The computer stops searching for the optlmum val-ue of x,
when

ßz)

4X.

* "s o.or .
I

The search is consldered complete when aLL the parameters

satisfied this requj-rement. The standard may be changed to
meet the demand of a particular problem.

This automatic search routine does not involve the assurnþtion

that the starting point should be near the miniÍm.¡no It will
converge to the nearest minirnum if the calcuLation is started
with markedly differenù values of optical parameters. This

is very herpfur for the systematic analysis of parameter

ambiguities. One of the convergence searches is shown

in Fig. 4.
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3-1

?he

OPTICAL I4ODDL POTENTTALS AND PARAIUETER A¡{tsIGUITY

.(-016 Optical Model- potentials

using surface absorption üerm for the imaginary part of the
potenüial. The program luas normally run for arouncl 30 cycles
to satisfy the conditions for convergence. Thj.s <.lepencls on the

separations between the st,arting val-ues and the optimum values

of the optical parametêrso The coulomb radius parameter rc
wÀs fixed at 1.4 fm, The sensiti,veness of 1,he calcul-ated

differential- cross-sectj-ons to the variation of r" will be

discussed l-ater. Primary searches vuer.e started from various

experimental differentiaL cross-sectlons have been fitted

ßtr)

CHAPTER TTTæ

points in the parameter space to obtaln the whore set of
minima of Ì.' corresponcling'to goocl fit. rn order to get the

approximate separation between the successive minima, the

starting values vüere as follows:
the real cleprh v=60 to 3oo Mev with 10 l4ev spacing,

ahd the' geometrical parameters are

r-* rl : I.2 fm, a = at = 0.6 fm, Tl_= 20 MeV"O O ' -- --"' -'S

The parameüers representlng all- thg converged searches are

risted in Table 2. There are gaps between Y=249 Mev and 198

Mev, and v=136 and ?5 Mev. The searches vrere very unstable



V

(Mev )

305.2

288.0

275.2

256.9

249.r

(e"p )

198.3

L72.6

L35.9

(sap )

75.O

t

2

r =rtoo
(fm )

L.L77

L.2O9

l-.258

r,320

r,355

L "241+

1.3 85

L.25L

I.l+2O

(l^5)

l+

a:a I

(fm)

o.625

0.618

0.598

o,572

o "559

o.645

o.586

o"705

0.6ó8

Ì{e

(Mev )

29.1+

27 "L

26.2

25.8

25.O

22 "4

20.3

18.2

L6.g

6

7

34

27

3O

35

39

3O

l+?

47

88

Vr?o

9

l+23

l+22

435

t+47

t+57

307

33L

TabLe 2. -(-o16 optical. Potentials.

l
,t

2L2 III

15T IV

II
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Optical ltTodel Fit tlsing

'ttr.r= 88.5 l.Iev,

Fig. 5

Volume Absorptiono
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Opticat Model Fit Using Surface Absorption

r=
a=
\rr =

W=
S

r t = I.L77

a I = O.625

3A5 " 2 lvlev

29.& Mev

Fig,6

fm

fm
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Optical Model

excellent fit

around 45o.

Fit, V=288.0 Mev, \tl==2J "1 l4ev, It gives

to the experimentpl ooint at anp'les

Fig. 7
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Fig. I

Optical Model Fit, V = ??5.2 Mev, VI"= 26"2 Mev,

ße)
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(40 )

Optical Mode1 Fit, l/ = 256"9 Mev, W"= 25"8 l4ev.

Fig" 9
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Fig" 10

Optical I'{odel Fit, t[ =249.1 Mevu W"= 25'O BIev'
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Opticat Model Fit, \/ = 198.3

Fig.
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(43 )

Optical lvlodel Fit, \/ = L72"6 Mevo W"= 20"26 Mev.

Fig. 12
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Optical Model Fit, l/ = 135"8 Mev, W.= 18"2 Mev.

The fitting is rel_ativeJ-y poor at l-arge angles
ueing a shaÌlow potential"

(44 )

Fig" 13
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and no minima had been found v¡ithin these gaps.The fittings
are shown in Fig, 5-L2.

The arguements and moduLi of Tln corcesponcling Lo 1,Ìre conve,r.il

gent searches are shown in Fig. L3 and 14. AIl the rnagnitucles

of {¿ converge to unity around .(.:?O, This fndicates t}raL

the partial waves wiüh !.>20 ^re not important. The number

of partial waves taking lnto consj-deraüion was set equal

to 25 throughout the anaLyses.'

The radial wavefunctions for .n-:O, I, ancl 2 corresponcling to

the potentials (1) and (2) in Tab1e 2 are plotted in Fig.lJ
and Fig. 16. It can be expected tirat the amplitudes of the

wavefunctions inside the nucleus should be larger for. smaLler

absorptions, i,e. ¡.for smaller value of '[,f . According üo t]re

mode}, a nucleus acts partf.y as a particle-sink, the probability

&5)

density of the incidenl, particle inside 1"he nucleus is thus

larger for smaller absorptions.

The fittings,are good to about 0"r: 5Oo. The deviations

beti,ueen the theory and the experiment increase after
ecm= 5Oo partly due to increasing sLatistical errors at

iarge angles. The scattering seems to be in favor of the

potential with deeper weJ.ls. The potentiaLs (Z) to (f) in
¡ : .l 

. t'. 
, '



Table 2 give better overall fits, while the deepest and

shaLlowest give poorer fits, \ile thus expect that there will
be no optlnun point in the parameter space outside of this
region.

Fig. 5 shows one of the fittings using vol-ume absorption

term for the imaginary part of the potential. The feature of
flttlng iLl-ustrates that the optical modeL potentials

with vol-ume absorption are not able to reproduce the damped

osciLl,atj-on of the angular distributj.ons around O.*= 44o,

and give relatively poor fit at large angles. Only the surface

absorption gives good account for these regions. This lndicates

that the interactions near the nucl-ear surface are more important

for the o( -particle elastic scattering.

(46 )

The Coulomb radius parameter rc is vari-ed frorn O.L to 2.O fm.

There is no practical change in the differential cross-

sections. Thls is shown in Fig" 20. t" 1s thus fixed at

1,4 fm in the actual calculation.



(trl)

Scattering Coefficients

Fig" 14-A
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(4e )

The Amplitudes of the Radial Wavefunctions for-' ,f, =O, ln ¡ncl 2.

Fig. 15
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The Amplitudes

W"= 22.h Mev.

of the Radial Illavefunctions, V = l-98.1 Mev,

Fig" I6
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3-2 Optical-Parameter Âmbiguities 
.,.

The potential obtained by the opt,ical model analysis is not

unique. AIl the potential-s listed in llable 2 reprocìuce tlie

experimental differential cr.oss-sections reasonably weII.

The systematic behaviour of the parameters will be discussed

in the following.

(51 )

The radial wavefunctions for the s-vrave correspondlng the

optimumpotentia1sareshov¡nin^Fig.(1?),(r8¡,and(19).
/\11 of them have 'sïrnilar amplitudes and phases outside of

the nuclear field. ..In fact, from Section (2-I), the'scattering

matrix elenents fu corresponding to different potentials

wilL be the same so Ìong as they reproduce Lhe sane asymptotic

wavefunctions, regardless of the'detaj-Is of the wavefuncti.ons

inside the nuclear field. Thus, wh'ich potential represenLs

the actual interaction is not I i,solvable soJ-ely by means of

the elastic scattering "*p""i*"nt.

The systematics of 1,he variation of the parameLers can be

divided into, two categories. The firsü one is the cont inuous

type. That is, a smaLl- variation of a parameLer rnay be

cornpensated by the variations of other parameters. If we use

a set of optimum parameüers as a sfarting point for the

search routine, iÙ might convergè to a slightly differenb



(sz)

point 1n the parameter space leaving k_' n"u"tical-ly
unchanged. The second one is the discrete type. 0n1y certain
sets of parameters can give the correct angular distributions.
This type of parameter ambiguity will be dj-scussed in the

following scetions.

3-2.I U"3 Ambiguity

The potenbial-s in Table 2 can be divrded into four groups

according to the values of Vrf. The first five potentials
have approxì-mately the same ,r3. They form a group. The

groups v¡ith deeper wel}s have rnore elements than those of
the shal-lower oneso

V-r^ invariance becomes clear if one examines the wavefunctions.o

All the radlal wavefunctions corres$onding to the potentials

of the same group have the sane number of oscill-aÈions inside

the nucleus. In other words, V and ro are ailowed to vary

in such a way that the number of waves inside the nucleus

is kept constant. Since the wavelength::',r\ for a particuLar

parti-al wave is approxirnately the same inside the vre1I,

we can wribe

R=

^

consf. , (3-1)



u^
where R = roA'J

is equivalent to

For deep well-s, V))E, Eq. (3-2) becomes

^2-.R-V = const.

. Neglecting the absorption term, Eq" (3-1)

$3)

In this case, n is equal to 2"

R "/ E+V : const. 3-z)

(3-3 )



(54)

The Ampl-itudes of the Radial -Wavefunctions Ro,

They aII have the sâme number of oscj-ll"tions inside the

nucleus for the potentials in a. €roupo

Fig. f7
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(55)

The Amplitudes of the RadiaI Wavefuncti.ons Ro,

Fig" I8
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3-2.2 Potential Depth ÂmbiguitY

If we examine further the radiaL wavefunctions of the optlmum

potentials, it is clear they differ in that the wavefunctions

corresponding to the potentíal-s of Lhe same group have one

hal-f-wave more inside the nucleus than the next shalloluer

group. The same kind of arnbiguity has been found by Drisko

et "1o) in ]?63 v¡hen they did tlre optical model fit to the

"(-Ni58 
elastlc scattering aL l+3 l4ev. Austern interpreted

this type of ambiguity by ernploying !II'rB approximation.

He expressed scatterlng matrix el-ements for each partial
wave as the sum of two terms, one due to the absorption in

the nucl-ear surface and the other due to the angular

momentum barrier and the absorption in the nuclear i-nterior.

From Fig. I4 we can see that low partlal waves v¡ith .(¿t3

are strongly absorbed. The higher partlaÌ waves are mainly

aff ected by the nuclear surface, while the l-ower ones

penetrate further into the nuclear j.nterion. For lor,u partial

waves the scattering coefflcients can be written

(57 )

'1.) R. M. Drisko, G.

2 (1963) 347.
**)N. Austern, Ann

1n-=
e2i "L(r),

R. Satchler, and R.

Ph:rs. 15 (fg0f ) 299"

(3-4 )

H, BasseÌ, Phys" Lett.



v¡here the phases

depihs by

(58 )

5¿1") arê rel-atecl Lo the potent,ial

3-5)

C¿ is a constant inciepencÌent of the poNenLial depì;h ancì ,y is
the classical turning point, io €. , E : V(r¿ ) " ilhis ùype of
parameter anbiguity can be uncÌei'stood from Bq. (3-l+) anci

la F \3-'5). If a series of potenùials r,viLh different depth at'e
I r .:.! rF^-such t,hat thel' generate tlie p'hases h which ¡.çlíffer

Oï 
"" 

integraÌ mulbiple of '7I , then ,Ç, are the sarne.

This type of parameter ambigui-1;y is not i-mportant for elasõic

scattering since it is deterinined only by the asyrnp-boiic

wavefunctions and Lhese are the saae for all- t,he porent ials

in i;he sei'j.es. Hor,vever, ihe DiriBA cafculatiot"B)of c:oss-

secr,io¡rs for nuclea:' reactions invol-ve.the integrations of

the wavefunctions throughout spece and are clearlyr sensii;ive
to the number of oscilÌations of the r,vavefuncti-ons inside

the nucl-ear interior" It is inportant in Lhis case to know

which poteniial is physical-Iy correcto

{.(ru) : c,,:} +

oe
(( .,t
tJ s"- (B-v

¿L

)-
" 

(r ):vr, (r )-
((t-+t) t Vz-7-_t dr"



(5e)

1A
)-3 The surface Region of --0" cptical Potentirl

Although the optical parameters cannot be determined

uniquely by the present analysis, it does deflne the optical

potential as a whole faírly well near the nuclear suì-fâce'

This is shot¡vn in Fig. I and 2. Al-1 the real parts of the

optimum potentials have the 5afiê type of su'faces. The

imaginary parts also resemble each other near the nuclear

Surface, These give another evidence that the interpctionL'

of -pa,ticle with the target nucleus is mor-'e imnor'tant

on the surface, although, a.s alread,v stated in the nreviou's

section, the nuclear volume also influences the an6-ular

distributions through the }ow partial wavese

)-b Summary and Conclusion

The optical model a.nalysis has become a stanclar'd method to finct

out the nucleon-nucleus potentials. They have been used

successfully in the D!\'BA calcul-ations of nuClear" r'eaetions,

The present work is to determi.ne the -Of6 optical potential-

in an attempt to extend the optical analysis to the interactions

involving composite particles. The applicabil-ity of this

method to the double magic helj.um nuclei can be expecteC"



(60 )

The optical analysis of the o( -O16 exnerimental data yields

a set of cornplex cotentials. All of them can reproduce

cuite well the angular distributions" lirlhich one of these

potentials is physieall-y correct cannot be deternlined by the

elasti-c scattering measurements only, Since the actual

calcul-ations of the el-asbic cross-sections me:'ely use the

asymptotic wavefunc ions, that is, all the notentials

r'¡hich can reproduce the same wavefunctions outside the

nucl-ear field lvill have the same angular distributions,
However the DV{BA calculations lnvolve the integ'rntíon of the

v,,avefunctions through space. It provides a way of judging

the potentials determined by the present analysis.

Two types of parameter ambiguity have been found for the

d-016 optical rotentials. The first type is that the

optical parameters are allowed to vary, r+ith the euantity

V"ã kept constant. The potentials belonging to this category

âre 1isted in groups in Table 2, V-"o invariance can be

understood by examining the wavefunctions. The amplitudes

of the tadial wavefunctions for a ¿ íven ,i "orresponding
to the potentíals in a group have the same number of half-
waves inside the nucleus. The second type is that the



parameters can be adjusted so that they produce one or more

integral multiple half-waves inside tire nucl-eus such +-hat

the corresponding amplitudes of the v,ravefu.nctions far away

from the nuclear field are the same. This is the formation

of the different groups of potentials on Table 2n Each

group has one more half-wave than the next shallower oneo

(ó1)

Although the opticaì- potential- is not uniquell' determined

by the p esent analysis, it defines the nhenomenological

potential ouite ,¡ê11 near the surface" This gives an evirlence

that the interaction of alpha particles ,¡¡ith the target
nucleus is more i-mportant on the nucl-ear surface,
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