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ABSTRACT

The radiation properties for asymmetrical slot antennas on conducting uncoated and
coated prolate spheroids are investigated. The method used is based on the separation of
variables technique in the spheroidal coordinates. Analytic series expansions in terms of
prolate spheroidal vector functions are employed to formulate the electromagnetic fields.
The unknown expansion coefficients are determined by a system of equations derived using
appropriate boundary conditions. Foruncoated asymmetrical slot antennas, numerical re-
sults for near electric field, radiation patterns and aperture conductance are obtained. The
accuracy of the solution is attested by both examining the behavior of the solution over the
boundary region and comparing with published data for slotted spheres. The effect of the
slot length and the shape of the spheroid on the magnitude of the radiated field is also pres-
ented. For coated slot antennas, the solution is applied to obtain the radiation characteristics
of both symmetrically and asymmetrically excited narrow slots. Numerical results for the
: radiation patterns and radiated power are presented. Similarly, comparison with the corre-
sponding published data for coated spheres are also used to confirm the accuracy of the solu-
tion. Furthermore, the effect of coating thickness and other physical parameters on the radi-

ation power is investigated to show the resonance effects on the slotted spheroidal antennas.
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CHAPTER 1

INTRODUCTION

Radiation from a slot antenna mounted on a perfectly conducting object, with or without
coating, is a well-known problem in electromagnetic field theory. Analytic solutions to the
problem have long been of considerable interest to scientists and engineers, not only for
engineering applications in devices butalso because the solutions are starting points for veri-
fication of newly developed numerical and approximate techniques. There has been a fairly
large amount of work done so far concerning circumferential or axial slot(s) on circular and
elliptic cylinders,and rotationally symmetric or asymmetric slot(s) on spheres [1]-[7].
However, by comparison, very few theoretical studies have been carried out on slotted sphe-
roidal objects. This is mainly due to the complex nature and nonorthogonality of spheroidal
vector wave functions. Moreover, numerical computations of these functions are very diffi-
cult compared to those functions in circular and spherical geometries.

The study of radiation from slotted spheroidal antennas has many practical applications.
For example, with respect to the spheroidal geometry itself, it provides a better model for
the fuselage of an aircraft or space shuttle than a cylinder or sphere. One practical concern,
involving a space shuttle, is the effect of the heat—shielding tiles or the ionized coating on
the antenna of the space vehicle. Theoretically, one approach to study this problem is to
assume that the heat—shielding tiles or ionized coating may be represented approximately

by a confocal equivalent dielectric coating.

The research into the applications of wavefunctions in the spheroidal coordinate system

goes as far back as 1880 [8]. However, it was in 1941 when Stratton [9] first gave an analytic



solution for the radiation from a perfectly conducting spheroid, fed by a rotationally sym-
metric circumferential narrow central slot ( or a narrow gap ). His work aimed to setup a
model of practical dipole antennas by using spheroids with larger axial ratios, and gave ex-
plicit expressions for conductance and susceptance. Another more realistic model of a pro-
late spheroidal dipole was studied by Flammer [10] who assumed a finite width gap. Wait
has presented a review of the spheroidal antenna excited by a rotationally symmetric cir-
cumferential narrow slot [11]. Based on the theory of spheroidal wave functions by Flam-
mer[8], Sinha and MacPhie [12] improved the computation scheme for the eignvalues of
prolate spheroidal wave functions and radial functions. Furthermore, they discussed the ad-
mittance characteristics of an antenna system consisting of two prolate slotted spheroids, ex-
cited by rotationally symmetric circumferential narrow slots in parallel configuration [13].
In their work, each spheroidal dipole is equivalently replaced by a solid spheroidal conduc-
tor of the same size without a gap, encircled by a filamentary ring. Employing the transla-
tion addition theorems for vector spheroidal wave functions by Sinha and MacPhie [14], Cir-
ic and Cooray [15] have further investigated two spheroidal dipole antennas in an arbitrary
configuration. More recently, the effect of the ultraspherical gap field distribution on the
admittance of thin prolate spheroidal dipole antennas has been investigated by Do—Nhat and
MacPhie [16]. In their analysis, the geometry considered is still a perfectly conducting
spheroid with a finite width gap, but the gap field is of ultraspherical form. Numerical re-
sults were presented for the input admittance and current distribution and compared with
those of solid circular cylinder dipole antennas.

For complex and general geometrical configuration, namely, spheroidal antennas

coated with electrical or magnetic materials, only a few investigations have been carried out.




One difficulty of treating this class of problem is that for the spheroidal coordinate system,
both the angular and radial functions depend on the properties of the medium. There is no
orthogonality of spheroidal wave functions that can be applied when employing the bounda-
ry—matching technique. This situation does not pertain a spherical geometry or an uncoated
spheroid. Weeks [17] and Yeh [18] have respectively investigated a spheroidal antenna,
which is excited by a narrow gap and coated with a single coating. Some numerical results
for far—field patterns have been presented with different design parameters. When dealing
with the boundary value problem, Weeks uses Lengendre functions to replace the spheroidal
functions. In Yeh’s approach, the basic idea is to represent the angular function in the coat-
ing region as an expansion of the natural angular functions of the uncoated region. In eva-
luating the relative advantage between these two approaches, it has been noted [11] that
Yeh’s approach is highly convergent in comparison with that of Weeks.

From the above review, it is not difficult to conclude that nearly all analyses were con-
centrated on a basic geometric configuration in which the excitation is through a narrow or
finite gap, centrally fed by a field source. Obviously, in this rotationally symmetric configu-
ration, the field quantities are independent of the variable¢ ( except the array system).
Thus, if the applied field on the gap has only an 7 —component, then the excited magnetic
field has only a ¢ —component and at the same time Ey = 0. With these simplifications,
this three—dimensional problem can be reduced to one of two dimensions. Moreover, the
solutions of field components can be obtained directly from Maxwell’s equations by the sim-
ple variable separation technique. However, if the circumferential slot extends only part way

on the spheroid at a given angle, then it will lead to a non-rotationally symmetric geometric

configuration. Discussions or formulations treating the radiation problem have not been un-



dertaken for such an antenna configuration. The work presented in this thesis is mainly con-
cerned with this type of spheroidal antennas. The thesis also presents a study of the effect
of different design parameters on the radiation characteristics of the antennas under consid-
eration.

The basic geometry to be considered is a perfectly conducting prolate spheroid, with or
without coating, which is excited by a circumferential narrow slot with an arbitrary length
and location (azimuthal angle). The study is carried out using the analytical technique. To
be precise, the solutions of vector wave equations are first expanded in terms of spheroidal
vector wave functions analogous to those developed for the case of a sphere [9]. The un-
known expansion coefficients for the radiated fields are determined by enforcing the bound-
ary matching technique.

For the sake Qf completeness and to facilitate the explanation of notation to be used in
this thesis, Chapter 2 will be a brief introduction to the theory of prolate spheroidal wave
functions. The first part of Chapter 2 will be composed of a description of the geometry
of a prolate spheroidal system. Next, the scalar wave functions W, which is the solution of
the scalar Hembholtz equation, will be given. The angular and radial functions associated
with W, as well as the asymptotic forms of the radial functions will be described briefly and
explicitly. Finally, the derivation of different vector wave functions from this scalar wave
function will be presented.

In Chapter 3, the case of an asymmetrically slotted spheroidal antenna is considered.
The spheroid is taken to be perfectly conducting, and situated in free space. The circumfer-
ential narrow slot on the spheroid is of an arbitrary length and location, and is excited by

a sinusoidal field distribution. The solution is obtained by using the expansion—of—vector



wave function technique stated above. The unknown radiated field is expressed in terms of
a set of appropriate spheroidal vector functions which are chosen based on the radiation con-

dition at infinity and the ¢ — dependence of the excitation function. When considering the

boundary matching problem, a technique analogous to that used by Shoji and Giichi [19]
1semployed to set up simultaneous linear equations for the unknown expansion coefficients.
Numerical results for the radiation patterns and conductance are obtained. To check validity
‘and accuracy, data obtained when the axial ratio approaches one is compared with the pub-
lished data for a slotted sphere.

Chapter 4 presents a general solution for a coated spheroidal antenna excited by a asym-
metric slot. The basic geometry is taken to be the same as that discussed in chapter 3, except
with an electric or magnetic coating. The method used is similar to that used in chapter 3,
but the transmitted electric and magnetic fields in the coating region must be considered.
After evaluating the expansion coefficients of the transmitted and radiated fields by the
boundary value technique, the far-zone field and radiated power are obtained. The solution
is then applied to two cases of perfectly conducting spheroidal coated antennas. In the first
application, the excitation is through a rotationally symmetric narrow slot with a Dirac’s
function gap field. In the second case, the application is shown for a rotationally asymmetri-
cal slot fed with a sinusoidal electric field function. The properties of both cases are studied.
Numerical results are obtained for the far-zone radiated field and radiation patterns for cer-
tain parameters. Of considerable practical importance is the effect of the coating thickness
and other physical parameters on the radiated power. In a fashion similar to that of Shafai
[4], who studied resonance effects in slotted spherical antennas coated with homogeneous

materials, the resonance effect in slotted spheriodal cases is discussed. In addition, to check



the validity and accuracy of the solution, numerical results for both cases are compared well
with the known results of corresponding spherical cases when the major and minor axes are
approximately equal.

Finally, in Chapter 5, conclusions are summarized and some recommendations for fu-

ture research are presented.



CHAPTER 2
PROLATE SPHEROIDAL GEOMETRY AND
SPHEROIDAL WAVE FUNCTIONS

2.1 Introduction

In this chapter, a brief introduction to the theory of the prolate spheroidal coordinate
system and scalar and vector wave functions will be presented. It can be noted that, although
there is no uniformity in notation, the coordinate system and notations used in this thesis are
mainly according to the comprehensive text by Flammer [8]. A description of the prolate

spheroidal coordinates is given in section 2.1. The definition of the vector wave equations

for E and H fields of an electromagnetic wave are given in section2.2. Theoretically, the
solution to the vector wave equation is formed from the solution to the scalar wave equation
in terms of the procedure set forth by Stratton [9]. Therefore, in section 2.3, there is a review
of the solution of scalar wave equation and the prolate spheroidal eignvalue, as well as the
angular and radial functions associated with the eignvalues. Finally, in section 2.4, different
vector wave functions are obtained from the scalar wave function by the application of vector

differential operators.
2.2 Prolate spheroidal coordinate system

As illustrated in Fig. 2.1, the prolate coordinate system is formed by rotating two—di-
mensional ellipses and hyperbolas about the major axis of the ellipses. Customarily, the z—

axisis taken as the axis of revolution. Let the semi interfocal distance of the confocal ellipses

be denoted by F. The prolate spheroidal coordinates (,%, ¢) are related to the Cartesian sys
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Fig. 2.1 Prolate Spheroidal Geometry



tem (x,y,z) by the transformations

x=F[(1-n})E* - 1)) *cos¢ 2.1)
y=FI(1-p)E - 1)]"sing 2.2)
z=Fné (2.3)

with 1 =&<ow, -1 =7 <1 and 0 < ¢ <27.
Asindicated in Fig. 2.1, § is aradial coordinate, # is an angular one, and ¢ is a cir-

cumferential one. It is readily noted that the size and the shape of the ellipses are specified

by the two quantities, the semi—interfocal distance F' and the eccentricity e, which is related
to the radial coordinate & by

e=1/E (2.4)
It is also worth noting that in the limiting case when the semifocal distance F becomes zero,

the prolate spheroidal system reduces to the spherical coordinate system. For F finite, the

surface & =constant becomes spherical as & approaches infinity; thus
FE —rand g —=cosf ,as & —

where r and 6 are the usual spherical coordinates.

2.3 Vector wave equation

The theory of electromagnetic radiation is developed by starting with the well-known

Maxwell’s equations. In general, a time—harmonic electromagnetic field ( time factor /97,
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w being the angular frequency) satisfies Maxwell’s equations [9]

VXE=—jw uH (2.5)
L O = =
VxH=jo (e-jIE=joc'E (2.6)
Where
€ =€ —jolo 2.7)

1s the complex permittivity.
In (2.5) and (2.6), E and H are the phasor electromagnetic fields, # and € represent the

permeability and permittivity of the medium, respectively, and o is the conductivity of the

medium. If the wave number of free space is denoted by %, , then,

ko =27 [Aq (2.8)

—0 (€)1 2.9)

where 4, is the wavelength in free space, and 4, and €, the permeability and permittivity

of free space, respectively.

Inserting (2.8) and (2.9) into (2.5) and (2.6) forw gives

-—a__'__ﬂ_-—- —
VXE-~= ](,uoeo)l/szH (2.10)

6 -

VxB-j— i F
(o € )

(2.11)

Taking the cross product of both sides of (2.10) yields
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VW .E-V2E - &k 2B 2.12)
€

(4 o

— € ko lE (2.13)

!

where u, = £ and € , = — are the relative permeability and permittivity of the medium,
Ho €o

respectively. Assuming a charge free space (=0 — V. E=0), equation (2.13) be-

comes

V2E + (U €, )k,2E =0 (2.14)

In the same fashion, taking the cross product of both sides of (2.11), we have

V2H + (U € , Yk,2H = 0 (2.15)

By setting k=2 ko= Je ) 2w fuo)'? k, (2.16)

where Z, is the complex refractive index of the medium and %, is the wave number of free

sp'ace, the vector wave equations for E and H fields can be written
V2E + IPE = 0 (2.17)
V2H + K*H =0 (2.18)
These are known as vector Helmhotz equations. For many problems in electromagnetic
wave theory, solutions of the vector wave equation are required. One of the methods of ob-
taining solutions to the vector wave equation is by the application of vector operators to the
scalar wave function. Hence it is necessary to consider the solution of the scalar wave equa-

tion.
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2.4 Scalar wave function

As mentioned above, the solutions of the vector wave equations (2.17) and (2.18) are

formed from solutions of the following scalar wave equation
(V2+ 5 =0 (2.19)

In the prolate spheroidal coordinates, (2.19) has the explicit form

R R AL AT P N E-n' & s a2 Tw_
E €Dt (gt ) @ -0 (2.20)

where /= kF. Inregions where # depends not on the coordinates, butrather on the properties
of the medium, the above equation is separable. Thus, following the notation of Flammer

[8], the basic solution can be written in the form

‘pm n = Sm n(h" n)Rm n(h‘7 E) giorf m¢ (2.21 )
where R, , and S, , satisfy
—Jg [~ I)ERm =@ - W& + E2_1 R, , =0 (2.22)
d 2 4 22 M
};7'[(1"77 )%Smn]-l_(;" mn_h'” ml—ﬂz)Sm"I:O (223)

Here, m and n may be taken as integers, since the solutions are to be periodic in both

6 = cos™' 57 and ¢ . Also, itshould be noted that Ay o(B), afunctionof & = kF, isasepara-



13

tion constant, and only takes those desired values of 4, (%) for which the differential equa-

tion (2.23) gives finite solution at #n =+ 1.

2.4.1 Angular functions

In accordance with Flammer [8], the prolate angular functions are the associated eign-

functions S,  (h,n7) corresponding to eignvaluesd_  (%). Generally speaking, there are

nn m.,n

two kinds of angular functions S’(i)n(h, 77) and S’(j)n(h.,n). However, only S’(;)n(h.,n) isused

frequently in physical problems due to its regular behavior over the entire domain Iy | < 1.
Hence, we simplify the notation by stating that S, ,(%,%) means the angular function of

the first kind. The prolate angular function can be expressed in an infinite series of the asso-

ciated Legendre functions of the first kind as

Sy = > A (WP, (2.24)
r=0,1,2 ...

where the prime over the summation indicates that the Z " is over only even values of r

when (n—m)is even and over only odd values of r when (rn—m)is odd. The expansion coeffi-

cients dr" "(h) originating in the calculated eignvalues are given by the following second

—order difference equation.
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Cm+r+1)Cm+r+2) 5 ma
n2d™
Om +2r + 3)(2m + 2r + 5) ria (1) +

! HAd™ "R +

2m+rm+r+1)—2m? -
+[(m+r(m+r+1)-4, ,+ Qm+2r— D)(2m + 2r + 3)

(r+ D(r+2)
Cm+2r-3)2m+2r-1)

R2d) ' (h) = 0 (2.25)

There are two non—trivial independent solutions to equation (2.25). However, of these two

solutions, only the one in which d*"/d™' — — h?/4r> — 0 leads to a convergent series

as r increases [8].

Itis also worth noting that from the general theory of Sturm-Liouville differential equations,
the angular functions S,, ,(4,77) form an orthogonal set on the entire domain Iy | < 1, that

is

+1 Nm’ " ifn=n
[ S8, 3 - e
-1 0 ifn=n

where N, is easily shown with the help of the normalization factor of the associated Len-

gendre function. To be explicit,

o]

(r+2m)!

N_ =2 '
m,n r=022 Qr+2m+ Dr!

(™ "h)* (2.28)
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2.4.2 Radial functions

The radial functions are the solutions of the differential equation (2.22). Obviously,

the eignvalues related to (2.22) should be those to which the angular functions S,, (%, 1)

belong. In a familiar fashion, the two independent solutions of equation (2.22) R’(’i )n(h., &)

and R’(’?ﬂ(h, &) can be expanded as the sum of an infinite series in the form [20]:

i
Rl(;,)n(h’ §) = (S 52 ) z ar” n(h')jm+r(h§) (2.29)
r=0,1,2, .. ..
2o112 2,
ORI R AL (U 230

where j,, (h&) and n,, (hE) are spherical Bessel and Neumann functions, respectively.

m, n

ar""(h) are convergent coefficients such that a/”"/d™) — ~h*/4r? =0 as r — o« .

More details about the expansion coefficients @/ "(h) are to be found in the dissertation by

Sinha [20]. The radial functions of the third and fourth types are obtained from

3 _ p -(2)
R (&) =R (1) + iR (h,8) 231)
@ (1 .»(2)
R (&) =R (1,8 R (h,E) (2.32)

The asymptotic behaviorof R\ (,&), R? (h,£), R (n,&) and R (1,&) isreadily ob-

tained by the asymptotic behavior of the spherical Bessel and Neumann functions as

hE — oo | and that is
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RS (&) — Zlg—cos[hg— (n+ 1)m/2] (2.33)

R (h,E) - % sin[h€ — (n + 1)/2] (2.34)

RO (h,E) — — ¢f 1HE-trsDm/2) (2.35)
m, n hg

RY (h,&) — 7}5— ¢ LHe-(rlia/2] (2.36)

From the asymptotic behavior of R’(S)n(h., &) and R,(:)n(h’ &), itis obvious that they have the
properties of diverging “ingoing” and “outgoing” spherical waves at infinity. Finally, the
wronskian relationships for the radial functions may be found from (2.22) in the usual man-
ner. Thus, for example,

d 2) dR(l) 1
RI(T?H d’g’ - —Ri(j)n d’g = ]’1(52 1) (237)

These relationships will give an important indication of the accuracy of calculating the radial

functions and their differentials.

2.5 Spheroidal vector wave functions

By the application of vector differential operators to the spheroidal scalar wave func-

tion given in (2.21), the spheroidal vector wave functions Mm ,and ]\7’m , can be obtained:
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M, ,=V¥, . Xg§ (2.38)
and Ny o=k X M, ) (2.39)

It is easily shown that the function M, andN are related by

m ,n m.,n

M. -V x N 2.40)

m, n m, n)

Where the unit vector § is an arbitrary constant vector, which in fact may be x, y, Z orthe
position vector 7. However, in this research, it is natural to choose ¢ to be the position

vector 7. The immediate advantage of this choice is that the far-zone field expressions,
being similar to the spherical case, will be obtained and may be used to check our derivation.
Moreover, to test our computation scheme, the numerical data when the ratio of major axis

to minor axis approaches one, is expected to agree with that of the corresponding spherical
case. Thus, setting ¢ =7 in expressions ( 2.38), we rewrite the expressions (2.41) and

(2.42) in the following more explicit forms

M"(j)=vq;(j) X 7
gmn zmn ’ 2.41)
N oy x g7 2.42
and i e (242

where the superscript j may take the value 1, 2, 3 or 4, indicating one of the four types of
spheroidal radial functions. The suffixes ¢ and o refer to even and odd ¢ — dependence, re-
spectively. Explicitexpressions for these prolate spheroidal vector wave functions are avail-
able in [8] or [20], but are also listed in Appendix A for the sake of convenience.

From ( 2.33) to (2.36), it can be shown that by neglecting the terms of orders higher

than I/ r, the asymptotic forms of A_/};E‘z and N;E431 in the case of the prolate spheroidal sys-
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tem, as h§ — o« ,FE —> r and 5 — cos8 , become as follows:

. h,cos6) 1 sin
M’ (4) n+1 m n( j kr , 2.43
Zmn,?] '_> ) sm9 kr (_ I)COSm¢ ( )
i h,cos 8) cos
M’ (4) n+1 m 11( 0 —j kr , 2.44
gm n,¢ —~0 dcosf sin kr ¢ sin e ( )
' ds, (h,cos@) cos
N’ (4) — (Y1 Emn S 0 —j kr , 2.45
Z mn,y 0 d(cos 0) in kr ¢ sin mp (2.45)
(4) N Sm n(h cosf) 1 eI kr Cos
_ . , 2.46
N L, ¢ - (]) sin 6 kr (_ 1) sm m¢ ( )
M 0 and (2.47)
(e) mn, &
N' (4) —- 0 . (248)
o 3

It is evident that the radial components of M (431 and N: ;5421 for large values of 4#& tend to

r(4)

zero. Theradiated field wave represented by M and N' (4) becomes a purely transverse

wave at a large distance from the spheroid.
2.6 Numerical computation of spheroidal wave function

In this investigation, we will employe the scheme developed by Sinha and MacPhie

[20] to generate the eignvalues4,, , and the expansion coefficientsd, ™" (h) of the angular

and radial functions. Itis also worth noting that the series representations of Rfi)n(h, &) given
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in (2.29) have very good convergence, whereas the one of R’(j)n(h, &) is an asymptotic series

which is not absolutely convergent for any finite value of #& [21]. An integral technique

developed by Sinha and MacPhie [22] overcomes this difficulty to a certain extent. Their
calculated results for R;(Z)n(h" &) for the values of 27 < 9 are of high precision. But if the

value of £ is larger than 9, the accuracy of the results becomes low [20].
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CHAPTER 3 .

RADIATION CHARACTERISTICS OF A SLOT
ANTENNA
ON A CONDUCTING PROLATE SPHEROID

3.1 Introduction

In this chapter, the solution to the problem of radiation by an asymmetrically fed slot
antenna mounted on a spheroidal object is presented. In this analysis, the slot field distribu-
tion is assumed to be known and of a sinusoidal form. The basic geometry to be considered

is a narrow slot with an arbitrary length and location. The radiated fields are expanded in

.. terms of prolate spheroidal vector wave functions. The unknown expansion coefficients are

" ._ detefmined by a system of equations derived from the boundary conditions. Radiation pat-
| terns and aperture conductance are computed for the slotted spheroidal antenna. To check
the validity of the solu;ion, these results, when the axial ratio approaches one, are compared
| with those of the corresponding sphere. In addition, calculated aperture conductance re-
sults are presented to show the effect of the slot length and the shape of the spheroid on

the radiated field.
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3.2 Formulation of the Problem

3.2.1. Geometry of the problem

Consider a perfectly conducting prolate spheroid with a narrow slot, as illustrated in
Fig.3.1. The semimajor and semiminor axes are denoted by ¢ and b, and semifocal distance
by F. Itis convenient thatthe spheroidal coordinates (E,m, ¢ ) are to be used for expressing

spheroidal antenna behavior. The slot of length 2L and angular width 2 Ay is located at

7 = 1o on the spheroidal surface defined by & =& .

3.2.2. Excitation Field

For a centrically driven slot located on the spheroid, as shown in Fig. 3.1, following
Mushiake [23], the tangential electric field distribution is assumed to be a common sinusoi-

dal form:

Vo . , ,
e msm[ko(L—blgb DI, bp | =L ,po—-Anp =15 <no+Ay
T (3.1)

0 otherwise

2 2 252,72
- , F
where h,, =F \/ 510 ;72 ,b=0b \/ 1- i;’?o . Vpis the voltage across the center of the

slot,and k, is the wave number of free space. The time dependence factor & ®! is assumed
and suppressed throughout. To develop a solution in the spheroidal coordinate system, it

is convenient to express Ey* as follows.



Fig. 3.1 Geometry of the slotted spheroid
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EZ (@) = Z E;xm cos me.

m=0

where the expansion coefficients E ﬂe”‘n are given by

Ly

ex VO . _ ’
nim (1 + 6m)n hﬂ(Aﬂ) X f Sln[k()(L b ¢)] COoS m¢d¢
0

Vo

=—F, =0, 1,2 ...
T hﬂ(Aﬂ) 1 m )

with {
X (1-costk,L)) m=0

2k,b’
7 [(k,b)? — m?]

m=

L )
[cos(m?)—cos(koL)] m#Z0 or # kyb

ésin(koL) m=k,b

3.2.3 Radiated Field

The radiated fields must be expanded in terms of the fourth kind of ]\712437 and N

23

(3.2)

(3.3)

(3.4)

m,n

vectors. Thereason for choosing this is that, at large distance from the spheroid, the radiated

field approaches a spherical diverging wave emanating from the center of the spheroid, see

section2.5. Inaddition, the components of the radiated field must have the same ¢ —depen-

dence as the corresponding components of the excitation field. Thus, the radiated electric

field is set up in the following form:

©w

= = (4 = (4

m=0 n=m mn mn

(3.5)
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where a,,, andf, , are unknown expansion coefficients. From (3.5 ) and the asymptotic

forms for M" (54) and N '24) as& — o, as given in (2.43) through (2.46), the far —zone

mn mn

radiated electric field for the slotted antenna is obtained as

g dhor 22 jS. (h,cos@ ) . .dS_ (hcosB )
E R _ n man + 0 mn X
g kor mz=0 lgmj ( sin@ @nn* S0 d(cos ) B cosimp)
(3.6a)
and
efk’ ® ds. (h,cos6 ) m S, (h,cos ) ,
n 9 MR mn .
ko ,2_0 ,E/ SN0 I sty %mn ™ sing  Pma)SINCTP)
(3.6b)

It can be noted that the forms in (3.6 ) are similar to those of the corresponding spherical

case [9] in the far-zone region, except for the angular function S,, (%, cos 8).

3.3 Formulation of boundary condition

The unknown expansion coefficients in ( 3.5 ) can be determined by using the bound-

ary conditions that the tangential components of the electric field must be zero at the spheroi-

dal surface & = & except across the slot. Thus, the boundary conditions on the surface are:

Ey® attheslot,ie. &=&0, fo—Ap<n<mno+An and Ib' ¢l < L

E,R=
T (3.72)

0 otherwise

and

EgR=0 | (3.7b)
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Substituting for £¢* and ER from (3.3 ) and ( 3.7 ), respectively, multiplying the results with

cosmp (m=0,1,2...)for (3.7a)andsinmg ( m=1,2. .. ) for (3.7b), and apply-

ing the orthogonality properties of triangular functions, (3.7a)and (3.7b) reduce to

o (4 o
Z on s n)Rm m+n(§0’ ” + Zﬁ a —772)1/2 m nesnlPs 77)
“ @y, peenT (g 2) 1/2(1 772) 1/2 & i, mAn h(&% _ 772) 1/2 dn

E,(E2- 1) R4 ol &5- 1) m m+n( 50 (3.82)
X 0‘5[ EU m m+n( g‘))] —nSm, m+n(h’ ”)645[ (5%_172) dE +

..77 (4) Voko (1 _772)
55 . h =- Em
(l 172)(52 m nz+n( 77) i, m+n( EO)} 2/7(A77) \/ (5%__772)

and

@

(4)
1 —pH)Y2E2_ y1/2 ds h,m) R . (B0
( n ) (Eo ) m o g(}R(4) ( , EO) n, m+n -9 Sm, "H_”(h’ ) 3, nkn
n, ni+n d’?

prd E5-n% dn

(3.8b)

(4)
( 5 ) d (hn) d ] }
m m, mn m m+n (4)
—— S h, —_— o
h ﬂm, IIH'II[ (S% dﬂ [17 I, m+n( 77)] + (1 ) E [goRm m+ﬂ( E )]

Obviously, in both (3.8a)and (3.8b), theindividual terms in the series can not be matched

term by term. To setup a system of equations for the unknown coefficients and

m, m+n

B, min» the following technique is used: equation ( 3.8a ) is multiplied by the factor

E3-12%S,, nunsr» andequation (3.8b)by E3-#2)/E3- 1)V, . n.1> and the re-

sults are integrated over 7. The resulting system of equations can be written in the form:
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9]

2 O A 5 + By B (B )] =

m m+N ( 3.9a )
n=0

o0

Z m m+nc(m 1)\/ n(h’ EO) +13m m+nD;(n41)V n(h’ EO)] =0 (39b )
n=0

where m,N=0, 1, 2, ...... o . The known matrices A, B, C, D and F are given by

’(’14/)\/ 'T(h 50) - mgOan 132+n(h’ EO) [(5(2)_- 1)211 mNn (h.h+

+2(§6_1)+]2;71Nn ( h ’h')+13mNn ( h ’h')‘__l >
(3.10a)

B s §o>——-{[<350 DR D, ) +EoE- DR ), E0)] X

5 m m+n

X [E3~Dgpnn Ch )45, n, ChD1-2802E3~DR ) (b, E)yn, Ch B+

m, n+n

[0 o)~ D@~ 1)+ 2R ) 1, E0)-

S25E-D-LR Yty £ X Iy (I

dg m, m+n
2 m? (4)
+ Doy, i) — HPEG + - 1)] Lnn ChBR) D (B Eo)+

I mNn ( h ’h')
+m2Rm(,Lrln)-l-n(h’ gO)[(g(%_l)ISmNn ( h ’h')+216mNn ( h ’h')+ ! évg(z)_l) ]}

(3.10b)
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D gy =ER D (h, Ely v () —SR Y EL, (LB

m,N, n m, m+n dé: m, m+n
(3.10c)
1(7241)\’ n( EO) [go dE m( liln)+n( EO) +Rm( m)+n(h ‘EO)] 11 mNn ( h, h) +
m( iz)nwz( EO) i (h )+ Ch ]
)+ mNn Cn
@-0_1) O9mNn 2mN
(3.10d)
and
V L No+An
VY OQfolm /
Fm, m+N = WA Z J (1 - (§o 772) m, m+N+1(h"7] )5177
770—A77
(3.10e)
In the case of the narrow slot (A — 0), ( 3.10e) becomes
Voko
Fm, m+N = E \/(1 770) (50 770)2Sm, m+N+1(h” 770)
(3.10f)

Where 4, ,...(h) is the spheroidal eignvalue [8]. In the present case & = k,F, where, as
usual, F is the semifocal distance for the spheroid. The integrals
Lymnn @=1, 2, ....9)are given and evaluated in Appendix B .

In order to solve (3.9 ) for ¢ and B, the infinite series in ( 3.9 ) must be truncated
by setting a suitable number N, form, n or N. It can theoretically and practically be shown

that the amplitude of radiated field should dampen down quite rapidly when
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m, n or N> Ny. Sinha and MacPhie [21] have shown that for the perfectly conducting
‘spheroid, the number Ny depends on the electrical size k,a of the spheroid, and is approxi-
mately equal to the integer part of k,a + 4. Inthis case, to determine the value of N, for

the slotted spheroidal antenna, calculations are repeated for consecutive incremental value
of n, commencing with the value stated by Sinha and MacPhie [20]. This evaluation is ex-

ecuted until a reasonable degree of accuracy is achieved.

3.4 Radiation Conductance

Once the coefficients Lo A and 8 m, mn AY€ determined, the far-zone radiated elec-

tric field can be obtained from (3.6 ). Using (3.6), the total time —average power P, ra-

diated from the slotted spheroidal antenna can be calculated by integrating the poynting vec-

tor over an infinitely large spherical surface, and may be written in the following form:

1 2] [o o] o] . )
Fo= 270k> z Z z (1+9, Ny, o, manv +13m, min B, mn] X

0%0 = 0= ON=0 )
(3.1

x [A’m,m+nIlOmnN( h 7h)_h2[11mn1v( h 9h)]

where Zp = \/ Ho /€ o, the symbol * denotes the complex conjugation, and the two integra-

tions Iy, ,yand I;; . . »are given and evaluated in Appendix B.

The external slot conductance G, is then given by

Ga=P, [IVof (3.12)
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where V, is the slot voltage (see (3.1)).

An alternative approach to calculate the radiation conductance and slot susceptance is given
in [23], Following Mushiake [23], the amplitude of the slot voltage of the mrh mode along

the narrow slot can be defined as:

No+An
Vi & = I E;"’m hy dn (3.13)
ﬂo_Aﬂ
where E;"’m(m =0,1,2, ... arethe expansion coefficients of the excitation and given

in (3.3). For the present case of narrow slot, (3.13) can be approximated as:

V’n X 2E€x

o hy A (3.14)

The mth mode radiation admittance Y%, is defined as

I
Y¢, = G&, + jBG, =~ (3.15)
Vi

where G7, and By, are the radiation conductance and susceptance of the slot, respectively and

the current /,, is given by

%,
Ly~ —b f@¢(§o 1 ,¢) dp (3.16)
.

The radiated magnetic field distribution Hf;z on the narrow slot is approximated by its

)

mean value flﬁz,d,({;'o Mo P ), ie.

1 .
B, =5 Hy &0 o+ An §) +HY (o .70~ An ,0)] (3.17)
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where HY,  is given by

R__l_ - (4) (4)
n —Z =z nN'0¢ +13mnMe¢ ] (3.18)

man mn

For narrow slots, numerical results show that the external slot conductance G, , based on

(3.11), is in good agreement with 2 Gy,. Extensions of the present formulation to the
m=0

radiation by wide slot antennas and the scattering by the slotted spheroids are currently under

investigation.
3.5 Numerical computations and results

In this investigation, the scheme developed by Sinha and MacPhie [20] is used to

generate the eignvaluesA_  and the expansion coefficients d, ™" (h) of the angular and ra-

m,n
dial functions, with at least six figures of accuracy. The infinite series in the linear system
of equations (3.9) are also truncated to finite ones with the first Ny terms. This evaluation
for suitable values of Ny is chosen to impose a convergence condition that provides the
solution accuracy better than three digit accuracy.

To examine the accuracy of the solution over the boundary region, the tangential com-
ponent of the radiated electric field Eg has been calculated using (3.5) with 7, = 0.0. For

some examples, computed results for certain design parameters are shown in Figs. 3.2-3.4.

Obviously, these figures confirm that the tangential electric field satisfies the boundary val-
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ue stated in (3.7).

3.5.1 Radiation Pattern

The relative radiation patterns calculated for a center—driven slot which is near a half
—-wavelength long (2L = 4/2) and located on the equator (g = 0 or 6y = m/2) of the spher-
oid as illustrated in Fig. 3.1 are shown in Figs. 3.5 -3.7. As a further test of the validity
and accuracy of the solution, the radiation patterns for an extreme case, i.e., a spherical an-
tenna ( a/b = 1), are calculated and shown in Fig. 3.5 with ka = 1,2,3and 5. Also shown

are the corresponding spherical results calculated by Mushiake [23] based on the spherical
wave functions. It can be noted that our results are in perfect agreement with Mushiake’s

results. To examine the effects of the axial ratio a/b on the magnitude of the radiated field,
E—plane ( ¢ =0.0°) and H-plane (6 = 90.0°) patterns ( in dB) for the slot antenna with

some different values of a/b are calculated and shown in Figs. 3.6-3.7. From these figures,

onenotes that (1) when the slotlength 2L is fixed, increasing a/b increases the total radiation
power; (ii)foragiven k,a, the mainbeam (on the direction 6 = 90° and ¢ = 0° ) becomes
wider for H-plane and narrower for E—plane, as theratio a/b increases; (iii) as the electrical

size of the spheroid k,a increases, the side lobes is increasing.

3.5.2 Aperture Conductance

Numerical results for the aperture conductance G, calculated for different design pa-

rameters are shown in Figs. 3.7-3.10. Inall cases, the conductance G, is plotted as a func-
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tion of L/A, , the ratio of the slot length to the wavelength in free—space. As the third check
on the accuracy of the solution, the extreme case, i.e the axialratio a/b = 1, is considered

again. The calculated results for a sphere with electrical size k,a=1.0,2.0 and 6.0 are

shown in Fig. 3.7 and compared with the known spherical results calculated from a formula
given by Mushiake [23]. Once again, there is a perfect agreement between our solution and
Mushiake’s results. The corresponding results for spheroidal cases are shown in Figs.

3.8-3.10 with three different values of k,a and a/b. The results given in Figs. 3.8-3.10 show
that for a given k,a the aperture conductance is increasing with the ratio a/b. For thinner
spheroids, i.e, with larger values of a/b ( = 2), the aperture conductance increases with

koa.  This is contrary to the results for spherical cases shown in Fig. 3.7.



ka=1.0, a/b=1.001 and 7, =0.0
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Fig.3.2  Tangential electric field with kya=1.0, a/b=1.0 and 1,=0.0
on the surface &, and lgp,| < lgp, .| =L/b' =m/2.
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ka=2.0, a/b=2.0 andn, =0.0

-200

Fig. 3.3

[ e B S S B B L

-150 100 -50 0 50 100 150 200

Tangential electric field with kya=2.0, a/b=2.0 and 1,=0.0
on the surface &, and ol < I¢p, .1 = L/b" = 7/2.



ka=4.0, a/b=2.0 andn,=0.0

Tangential electric field

-200  -150  -100  -50 0 50 100 150 200

Fig. 3.4  Tangential electric field with k,a=4.0, a/b=2.0 and 1,=0.0
on the surface &, and ¢, < Igp, ../ = L/b" = 7m/4.
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270 270

this work (a/b=1.0001)------ results by Y.Mushiake e al. [23] atng = 0.0

Fig. 3.5  Calculated relative radiation pattern ( H-Plane ) of a half-wave slot
on a perfectly conducting sphere
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a/b=1.2

Fig. 3.6 Calculated radiation pattern ( H-Plane in dB) of a half-wave
narrow slot on a perfectly conducting spheroid.
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Fig. 3.7 Calculated radiation pattern ( E-Plane in dB) of a half-wave
narrow slot on a perfectly conducting spheroid.
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Fig. 3.8 Aperture conductance G, versus L/A for a half-wave narrow
slot on a perfectly conducting sphere.
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Fig. 3.10  Aperture conductance G, versus L/A for a narrow slot on
a perfectly conducting spheroid for k,a=3.0 and 770 = 0.0 .
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Fig. 3.11 Aperture conductance G, versus L/A for a narrow slot on
a perfectly conducting spheroid for k,a=5.0 and 79 = 0.0 .
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3.6. Conclusion

In this chapter, an analytical solution for an asymmetrically rotationally slotted anten-
na on a perfectly conducting prolate spheroid has been presented. Explicit expressions for
the radiated fields and aperture conductance were derived in spheroidal coordinates system.
The radiated field was first expanded in terms of spheroidal vector wave functions, then the
expansion coefficients were determined by imposing the boundary conditions.

Numerical results for the radiation patterns and aperture conductance for the slotted
antenna were obtained for different parameters. The effect of the slot length and the shape
of the slotted spheroid on both the radiation pattern and aperture conductance were consid-
ered. In addition, when the slotted spheroid approaches the spherical shape, our results

are in a perfect agreement with the known results for a slotted sphere.



CHAPTER 4

RADIATION CHARACTERISTICS OF SLOTTED
ANTENNAS COATED WITH HOMOGENEOUS
MATERIALS

4.1 Introduction

In this chapter, the radiation characteristics of a coated spheroidal antenna excited
by a symmetric or asymmetric narrow slot is analyzed. This is an extension of the analysis
developed in Chapter 3 of a slot antenna on a conducting prolate spheroid. In this case,
however slotted antennas are coated with homogeneous materials. Similar to the analysis
used in Chapter 3, the solution of the wave equations is expanded in terms of the spheroidal
vector wave functions, and the unknown coefficients for the fields are determined by em-
ploying proper boundary conditions. But, since the slotted prolate spheroidal antennas are
coated with homogeneous materials, the transmitted fields must be considered, the solution
is more complicated due to the dependence of the angular function on the material properties
of the coating. Numerical results are presented for the far—field radiation patterns and radi-
ation power. Furthermore, the influence of various design parameters on the radiated power,
and the resonance effects in the coating materials are discussed. Inorder to check the validi-

ty and accuracy of the solution, computed data for spherical cases ( i.e when the axial ratio
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approaches one) are compared to known results of coated slotted spherical cases.

4.2. FORMULATION OF THE PROBLEM

4.2.1 Geometry of the spheroidal antenna

Figures 4.1 and 4.2 illustrate two cases of perfectly conducting prolate spheroidal an-
tennas which are coated with a confocal homogeneous layer of relative permittivity € , and

permeability u , , respectively. In these two cases, the semimajor and semiminor axes are

denoted by a and b for the conducting spheroids, and ¢ and d for the outer surface of the coat-

ing layer. Itis assumed that both of the spheroids have identical foci which are located

at z== F onthe zaxis. Designating the surface of the conducting spheroid by & = &; and

the outer surface of the coating layer by & = &, it then follows that

E| = —‘[f: — a(d®— b2 (4.1
and &= % = o(2-Py1? (4.2)

Two types of structure of slot antennas will be considered. As shown in Fig. 4.1, the
first is a so—called rotationally symmetric slot. It is a circumferential slot locatedat # =#
going all the way around the spheroid and is uniformly excited. The other is a rotationally
asymmetric slot with an arbitrary length 2L, and at an arbitrary angular location 7 =17 ,,

as indicated in Fig. 4.2. Obviously the first type is just a special case of the second one.



(1)

Source

(€0 to)

Fig. 4.1  Geometry of the slotted coated prolate spheroid
excited by a rotationally symmetric slot
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Fig. 42  Geometry of the slotted coated prolate spheroid
excited by a rotationally asymmetric slot.
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4.2.2 Excitation Field

To place our analysis in a more general context, we consider the asymmetrical configu-
ration illustrated in Fig. 4.2 and assume that the exciting electric field over the aperture is

¢ —dependent and polarized in the 5 —direction, and is given by the following form:

0

> Eifcosmg atE=E& ,po-An <9 <nmo+Ay and —¢o < ¢ < o
m=0

g = (4.3)

0 otherwise
and EG =0 (4.4)

where E5 (m=0,1,2...... o ) are expansion coefficients which depend on the virtual excita-

tion field distribution and will be determined later.

4.2.3 Radiated Field

The radiated field outside the coating may be expanded in terms of spheroidal vector
wave functions Mand N as described in the proceeding chapter. According to (2.43)

through (2.36), the fourth kind vectors AZ;?Z and ]V;E‘?z must be used here, since the physical

nature of the problem requires that only outgoing waves will be present for #& —> . Fur-
thermore, the components of the radiated field must have the same ¢ — dependence as the

corresponding components of the excitation field. Thus the radiated electric and magnetic

fields are set up in the following forms:
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ER=S S, M o, 6m,0) + 8, N P ho, &9, ¢)] 4.5)
m=0 n=m mn mn
and HR=j/Z, 5 S 0N Vo, &m,0) + 6, 3 ho,&.7,)] (4.6)

m=0 n=m mn mn

The coefficients y, ,and 6, , are to be determined by employing the boundary

mhn

matching technique, and hg = Fk,.
It is easy to show that if the asymptotic forms of 1\_/7: ;54’)7 and l_\Z ;5431 are applied to (4.5)

and (4.6), the far—zone fields may be written in the forms

hor 22 ds, (he,cos6 )
HR~_E, R Zo=— ¢ j(sin@ j—mn o _
’ ’ / koZor mgo n=zm d(cos 6) Yinn

mS_ (h,,cos@ )

m lZSin 6 5”1 ”) Sln(mqb)
4.7
and
dhor 22 m jS. (h,,cos0 )
H=ERZ=6 e mn\"0 ¥
0= 2 =g 2 2T sing  m
. dS, (hycos0 )
+5sin@ mc} (C(O)S ) 0,, Yeos(mep)
4.8)

Where Z, is the intrinsic impedance of free space.
4.2.4 Transmitted Field

In the coating region &; <& < &, the expressions for the transmitted fields must in-

clude “ingoing” and “outgoing” radial waves due to the fact that both the first and second

spheroidal radial function are finite. ~Thus the expressions for the transmitted fields are
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given by:

ET=S S @it Oy, &q,0) + BON hy, &1, 6) +

mn mn
m=0 n=m mhn mn

+d@ M Py, E,m,0) + BON Py, £, )] (4.9)

mn mhn
man mn

o0

HT=jz, > S 1@ ON D, &,0,0) + B0 M D h,E,m,0) +

mn mn
m=0 n=m mn mn

+a D N 2, &,m,0) + O M P hy, & )] (4.10)

nmin mn
mn mn

Where h; = ki F and o'V ,,3(]) a® andﬂ’(’f)n are unknown expansion coefficients. Zj is

mn mn’ mn

the intrinsic impedance of the coating layer.

4.3 BOUNDARY CONDITION

The expansion coefficients given in (4.5), (4.6), (4.9) and (4.10) can be evaluated by

imposing boundary conditions which require that the tangential components of the electric

and magnetic fields be continuous across the interface € = &, and that the tangential compo-
nents of the electric field vanish at & = &, except at the slot.  The boundary conditions

may be explicitly stated in the following forms

EyT=Ey*® and EgT=E,% | E=E, (4.11)

H,T=H,X and HyT=Hs® | E=§&, (4.12)
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BT~ E,“ attheslotie. §=&1, no-Ap<np<no+An and ¢ < lp,]  (413)

0 otherwise

and EyT=0 at E=§ (4.14)

The substitution of the field expressions (4.5), (4.6), (4.9) and (4.10) into (4.11) to
(4.14) leads to a system of equations for the unknown coefficients. Obviously, in the sum-
mation over m in each expression for these conditions, it is not difficult to match term by

term due to the orthogonality of the functions cosm¢ and sinm¢gp. However, for the sum-

mation over n, the individual terms in the series can not be matched term by term because
of the dependence of the spheroidal angular functions on the property of the medium.

To overcome this problem, a method of handling the boundary-value problem of the coated
spheroid, similar to Yeh’s approach [18] mentioned in Chapter 1, isusedhere.  Explicitly

stated, the equations that stand for the continuity of # — components are multiplied by
@ =178 st marew (r1,7) at & = &1 andby E =228, iy i) at & =&,
The equations for the continuity of ¢ — components are multiplied by
E-PE - DTS, ety B at E=£ and by
E2-nHE- 112 o1 mi1en (P17) at& =&, Then the resulting expressions are inte-

grated overtheregion (-1 < < + 1). Bythe quasi-orthogonality of the spheroidal angu-

lar function indicated in(2.27) and the orthogonality of Legendre functions, an infinite sys-

tem of equations in an infinite set of unknown coefficients '’ |, B W o@ ,3(2) s Ymn and
mn mn mn mn

0,,, can be setup, and can be written in the form



St ANy, mEN Y By by, &+

m, m+n m,N, n m, m+n m,N, n

n=0

a? APy by ED+BD B (hy, by ED]=Foy e B, 1)

m, m+n m, N, n m, m+n m,N,n

Sl Dy, oy En+pY DDy by, B+

m, m+n m N, n m, m+n m, N, n

a® Py EN+BP D) (hy, by, E))] =

)71 m+n m, N II n, )77+IZ m,N, n

2[ O A, by, E)+BY By b, £+

m, m+n m, N, n m, m+n m, N, n
n=0

a? A2 (hy, hy Eo)ﬂg(z) B2 (hy, hi, &,)]

m, m+n m,N, n m, m+n m,N,n

= > W s v s 1 E) 48, B (o, I, E))]

m,N, n

Z[a“’ C o, b &)+ DLV hy, Eo)+

m,m+n m,N, n
n=0

+a@ 2,y E)+BD D)y, by, )]

m,m+n m,N,n m+n m,N, n

= > W msnCon n ilbor 11 &)+ 8, DS (Bo, By, E0)]

m,N, n
n=0

52

(4.15)

(4.16)

4.17)

(4.18)
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Z. 31 By, by &) Ay hy, E)+

m, m+n mNn m, m+n mNn
n=0

a® B2 (hy, mEN-P A (h1, h1, &o)]

m, m+n m,N, n m, m+n m, N, n

- 2 (4)
=ZWWmM%Mfa%m%Mmm&n (4.19)
n=0

5= DUy, by E)+BY Dy hy, £ -

m,m+n  m, N n m, m+n m, N 1

n=0
(2) (2) 2) (2)
m m+n m, N, 11( 1, g()) 'Bm m+n m N, n(hl hi, g(’)]
< (4 (4)
- z - Vm, m"'”Dm N, n(h(” h ’50) + 6;71 m+nCm N, ,7(h 0, hy, 50)] (4.20)
n=0
Where m, N=0,1,2,...... .  These matrix elements A, B, C, D and F of above expressions

are evaluated by

A;(njz\/n(x’ Yy, §)=—m§ R(j) (x, E)[(gz"‘l)z]lmNn (x, )’)+

m, m+n

£2E = Dlypyn (6 N+l yn & )] 4.21)

By ¥, )= {[(362 DR, e £)+EE - DR, (5, 1] x

X [E2 = Dlgpyyn (% W +HLspnn @ M-262E-DR D &, O, v, (% ¥

m, m+n
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L, o0 - PEIE -1+ mAR D) (x, £)—

m, m+n

d .
N 25(52 N I)ERm(,JnZﬂl(x’ g):l X 16 mNn (x’ 5) +

2

+ [A’m, m+n(x)_x2§2 + ] ]7 mNn (x, y)R () (x, 5) +

m
(EZ _ 1) n, m+n

2

] 17’71Nn (‘x’ y)R (j) (‘x? §)+

252 m
+ [A’m, m+n(x) —X E + @—2 _ 1) m, N+

i 1 I H X’ )
+m’R (&, 5)[(52_1)18,,,N,, O N+ 2y g O ”“LJ”Eg?f(l)—y ]} (4.22)

C (x, y, E)=ERY (x, By, 0 W=—=R D (x, B,y (6 y)  (423)

m,N, n m, m+n dg m, m+n

m,N, n d{;‘ m, m+n m, m+n

DY (x, y, §>=—%{[§—‘Z—R D e, E+RD (, BT,y G ¥+

+ _'%;1__1)__ Ugman @ W+, 0, & y)]} (4.29)
7 oA
Foit, mran@ &) =— f EZE -2, N1 O 1))
]
7 .+47
=— I %ﬂm@z —772)25m+1 ,m+N+1(x’ 7])(17] (4.25)

n o—A”
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In the case of the narrow slot(Azy — 0), (4.25) becomes

VOklEm
=/

Fm+1, m+1+N(x’ 5) == (1 _77(2)) (52 _77(2))2Sm+1 , m+N+1(‘x’ 170) (4.26)

Where x, y=~hy or hyand A (x) is the spheroid eignvalue [8] and, as usual, the index

m, m+n

J indicates the kind of the spheroidal prolate radial functions. E,, (im=0,1 ,2 ....)

are expansion coefficients of the excitation field function on the slot. The integrals

L N, f% Y) (p=1,2.9) are given and evaluated in Appendix B.

Once the coefficients y, , and 0, . are obtained, the far—zone radiation field ( that

m, n
is, £ — o ) may be calculated from expressions (4.7) and (4.8). Then the time—-average
radial component of the poynting vector in the radiation zone is given by

1
27,

1 - >3 A
p=y B X B b = (1Ey P+ 1Ey P) (4.27)

where ¢, is a unit vector in the radial direction. An integration of the expression (4.27) over

an infinitely large spherical surface gives the total radiation power, and it can be readily

shown that

P=

1 [ve] [o0] ] y B}
275 k(2) Z Z Z 1+ €m 0) [ym, mn?m, mN am, m+n 6771, 771+N] X
m=0n=0N=0

x M’m, m+n(h'0)110 mn N(ho, h‘O) - hfz)]ll mn N(h'07 hO)] (4.28)

where the symbol * denotes the complex conjugation. The two integrations I, , y and
Iy, » v @re also given and evaluated in Appendix B.

It is worth noticing that the analysis developed above is based only on a general bound-
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ary value problem. No assumption of an aperture field distribution along the slot is being
made. In the next section, these formulas will be applied to two cases of narrow slot

antennas on the conducting spheroid with coating.

4.4 NUMERICAL COMPUTATION AND RESULTS

The convergence properties of the linear system of equations ( 4.15 ) through (4.20)
are similar to those of the scattering problem of conducting spheroid with dielectric coating
which has been discused by Sebak and Sinha [24]. To solve these equations, the infinite
series can be truncated to finite ones with the first N, terms. Analogous to the approaches
pointed out by Sinha and MacPhie [20], the value of N, for the coated slotted spheroidal
antenna is chosen by repeating computations for successively larger values of Ny until the

desired figure of accuracy is achieved, i.e., at least three digit accuracy.
In the following two subsections, the above analysis will be applied to two cases of the

coated conducting spheroidal antennas.

4.4.1 Rotationally symmetric circumferential slot

As the first application of the above analysis, let us consider a so—called rotationally
symmetric slotted spheroid antenna coated with a confocal homogeneous layer whose elec-
tric property is described by € , and g, as illustrated in Fig. 4.1. The field distribution
across the slot is taken to be independent of ¢, that is,

ex . VO
U 2}147A7]

0@ -1,) (4.29)
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E-n»' /2

Ry 7 and V, is the applied voltage across the slot. Although this type

where h,7 =F

of slot has been discussed by authors such as Week [17] and Yeh [18], the effect of coating

thickness and other physical parameters on the radiation power has not been given. In this

case, the term Ej; in the expression (4.3) is obtained as follows

EZ=e, (4.30)

Thus, in equation (4.15) only the term of m=0 does not vanish and equals

Voki [
L JA-nD) @ -nBPS, piCno) 4.31)

Fy oy 8) =- x

where ¢, y=1form=0and ¢,,, =0 for m = 0. This ineffect means that the field compo-
nents, whose ¢ — dependance is of the form sinmg, are zero, and the summations over m

in all equations given in the proceeding section are reduced to only m = 0 term. It follows

that, from expression (4.28), the total radiated power is given by

00

[
= 7 k2 Z Z 61, 1+n 61, 1+N m’l, 1+n(h0)110 An N(ho,h'O) - h‘%lll dn N(ho,ho)] (432)
00 p=0n=0

Equation (4.32) shows the dependance of the radiated power on the geometric and
coating parameters. Clearly the dependence on the slot geometry, the angular location 7
and the coating is relatively complex. It is nearly impossible to express the dependence with
close explicit formulas due to the complexity of the mathematical expressions. However,

in order to study the dependence, the treatment used by Shafai [13] is introduced here. Nu-
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merically, the radiated powers are computed for certain parameters and shown in
Figs. 4.3-4.7.  In all cases, the power ratio P/P, , i.e. the ratio of the radiated powers
with and without coating, is plotted as a function of ratio d/A, , the ratio of the coating thick-

ness to the wavelength in the coating, with the electrical size k,a = 2.0 and the slot location
7o = 90° and 60°.

To test the validity and accuracy of our solutions, an extreme case a/b = 1 (i.e.spher-
ical case ) is considered. Figure 4.3 shows the computed P/P, for € , = 4and 9, whereas,

Figure 4.4 shows the results for the magnetic type coatings ¢ , = 4.0 and 9.0. Itcanbeseen
that these results are identical to those of spherical cases given by Shafai [13]. In his very
mteresting work, Shafai has shown how some modes becomes resonant for certain coating

parameters.

The corresponding results for the spheroidal cases with a/b = 2.0 and the slot location

Mo = 0. areshowninFigs.4.5-4.6. Figure 4.5 is for the electric type materials, and Figure
4.6 for the magnetic type materials. From the results given in these two figures, it is clear
that there are still significant resonant peaks, but the locations and magnitude of the peaks
are different from the spherical cases. Specifically, the number of the peaks is less.

In Fig. 4.7, the effect of the shape factor a/b of the spheroid on the radiation power
is considered with the parameters k,a = 2.0, 7, = 1/2(8, = 60°), u,=4.0, €,=4.0
and a/b =2.0,3.0and 5.0. One notes that as the ratio a/b increases, the resonance becomes

small and the curve shifts backwards successively.
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4.4.2 Rotationally asymmetric slot

The second application of our solution is one of rotationally asymmetric circumferen-
tial slots. As illustrated in Fig. 4.2, the narrow slot with length v2L=lo/ 2 and angular
width2 Ay islocated at # = g on the spheroidal surface defined by & = &;. For the purpose

of comparison with the known data, the electric field distribution on the slot is assumed to

be sinusoidal, i.e.,

Vo . , o
|2 sinfkj (L-blp D], ¢ <lpl=L/b ,n0—-Anp < 5 <no+Ay
. (4.33)

0 otherwise

and Ey =0 at E=& (4.34)

where b = F [(E% - 1)1 —77,2,) ]1/ 2, In the same manner, we expand the expression (4.33)

in a Fourier series, namely,

EZ@) = > EZcosmgp. (4.35)

m=0
It follows that

P,

Vo . '
ES = (L +0mm I X ({sm[kl (L—b )] cos mpdg

(4.36)
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Accordingly, by integration, the coefficients E,, can readily be found as

1
E(l —cos(kiL )) m=0

2kb’
7t [(kib)? — m?]

(4.37)

m=

[cos(m%)—cos(qu)] m# 0 or # kb

i?sin(le) m=kb

Substituting these values of E,, into the system of linear equations (4.15)—(4.20) and

(4.25) and solving them for the unknown expansion coefﬁcientsal(i)”,ﬁl(’pn ,al(j)n,

2) . . ST
,Bm " ,Bm’ pandy - give the solution of the far-zone fields. Consequently, the radiated
power can be calculated by (4.28).

Again, to examine the accuracy of the solution over the boundary region, the tangen-

tial component of the radiated electric field Eg has been calculated using (4.9) with

7, =0.0 and 1/2. Some of the computed results for certain design parameters are shown

in Figs. 4.8-4.9. Obviously, these figures show that the tangential electric field component
satisfies the boundary conditions stated in (4.13) and (4.14).

Some numerical results for the radiation patterns of both E— and H —plane with certain
parameters are obtained and presented in Figs. 4.10-4.12. As a further check, Figure 4.10
shows the radiation H- plane patterns for an extreme case in which the ratio of a/b is ap-

proximately taken to be one, and the coating is assumed to become transparent(
ie.€, =1 and u, = 1). Thus:this spheroidal slot antenna with a coating layer degener-

ates as a spherical slot antenna without coating. This has been investigated by Mushiake
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and Webster [23]. In comparison, the results calculated by the formulas given in [23] are
also shown in Fig. 4.10. Itis evident that our data are in close agreement with those reported
by [23].

In Fig. 4.11 and Fig. 4.12, the E —and H —plane patterns are shown for the spheroidal
antennas with slot length 2L =1 ,/2, €,=2.0and4.0, u, = 1.0 and the electric size
koa = 1and 3, for different values ofa/b. It is observed that from the results shown in
Figs. 4.11 and 4.14, for given k,a and k,c, increasing a/b may leads to the increment of

radiated power. On the other hand, if fixed a/b, the bigger value of k,a and k,c will lead

to more side lobes to occur,



ized ) ( atn =0.0)

67

ka=1.0, ke,=8.0 a/b=1.001
ka,=1.0, ke =3.0 a/b=1.2
ka =10, ke =3.0 a/b=15
g=4.0and =10

0

Near Field ( Normal

Fig. 4.8

: : : N K s
U T T T T T

-200  -150  -100 -50 0 50 100 150 200

® (Degree)

Tangential electric field with kya=1.0, k,c=3.0 and € , = 4.0 on the surface
Erand gl < g, |=L/b" =7:/2,3%/5 and 3n/4 .



68

i
(sl
S XN
i = |
$55
oco S
K_wzwzu 1,
kkk..m
Sog s
RTINS TI
ol
& o B
UL R - S
1o
HE
1
i
1 1

v-—"
-

PN,

-

—

m
e}

D

100 150 200

50

-100 -50

-150

(0'0="U3e ) ( pozIewLION ) PIOTA TeON

® (Degree)

3.0, koc=5.0 ande€ , = 2.0 on the surface

7/6,7/5 andz/4 .

Tangential electric field with koa
Erand @ < Ip, . |=L/b'

Fig. 4.9




69

270 270

— this work (a/b=1.0001) ----- results by Y.Mushiake ef al. [23]at 79 =0.0

Fig. 4.10 Calculated radiation patterns (H—plane)of a half-wavelength narrow slot on perfectly
onducting sphere (a/b=1.0001) without coating (€ , = 1.001 and u , = 1.0).




70

180

1
1
1
1

i
i
!
!
H
i
i

(a): (€,=2.0 ,u,=1.0 and 5o, = 0.0(6, = 909)

90
106——

\\\\\
aEemELL
-

180

270

(b): (€,=4.0 ,u,=1.0 and 5, = 0.0(8g = 90%)

—a/b=1.2 ———2a/b=1.5 —-—2a/b=2.0
Fig. 4.11 Calculated radiation patterns ( H—plane in dB ) of a half-wavelength
narrow slot on a perfectly conducting spheroid with coating.



71

100 -+ e
o T T — L _
S T T
M T T T e
=
e
5 90
aa)]
T |
g E e R
— - "
o
= 80 -
E —— a/b=1.2
= T LS
;:f i k, a=1.0k, c=3.0 and £,=2.0
«
B
70 5 e sy B S S A A
0 20 40 60 80 100 120 140 160 180
0 ( Degree)
100
<
<O
i ,
S :
= :
M
© é
g H
= ;
&
o =1.2
3 =15
ol I B B a/b=2.0
é,“ k, a=3.0,k, c=5.0 and ¢ =4.0
70 —
0 20 40 60 80 100 120 140 160 180
0 ( Degree)
Fig. 412  Calculated radiation pattern ( E-Plane in dB) of a half-wave

narrow slot on a perfectly conducting spheroid with coating.



72

The effect of coating thickness and some physical parameters on the radiated power
are shown in Figs. 4.13-17, where Pgis the radiated power from uncoated slot antenna .
In these cases, P/P, is plotted as a function of thickness /A, , the ratio of the thickness of
the coating to the wavelength in the coating.

From the results shown in Figs. 4.13-4.17, it is noticed that (1) for certain coating
thickness and design parameters ( k,a,a/b,n,and € ,), radiated power is enhanced and be-
comes resonant; (2) Figures 4.13 and 4.15 illustrate the results for the spheroid with the ratio
of / b=1.5. For such asmaller value of a/b, the coating thickness is near uniform, and
the resonance peaks are higher and narrower. In contrast, those results for « /b=20, ie.
for these cases of higher non—uniform coating thickness, are shown in Figs. 4.14 and 4.16
where the resonances are highly damped. This situation is similar to that of the slot antenna
on a coated elliptic cylinder investigated by Richmond [7]; (3) Figure 4.17 shows the results
for ky,a=2.0, a/b=2.0and0, = 60°. For this location of the slot, both even and odd
modes of the excitation field in the expression (4.26)contribute to the radiated power and
enhance the resonance effect. In this case there are still significant resonance peaks, even

though higher nonuniformity a/b = 2.0 may lead to damping of the resonance, as shown

in Fig. 4.16.
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4.5 CONCLUSION

An analytical solution to the radiation problem of asymmetrically excited narrow slots
on dielectric—coated perfectly conducting prolate spheroid has been presented in this chap-
ter. The problem was treated using the technique of separating the wave equation and the
boundary conditions for given aperture field distributions along the slot. The radiated field
and transmitted fields were first expanded in terms of spheroidal vector wave functions and
the expansion coefficients were then determined by imposing boundary conditions. After
evaluation of the expansion coefficients, the far—zone fields and radiation power were ob-
tained.

The solution was firstly applied to analyze the radiation characteristics of a rotational-
ly symmetric narrow circumferential slot on a perfectly conducting spheroid coated with a
homogeneous material. The effect of coating thickness and other physical parameters on
the radiated power was investigated. Further application was given for rotationally asym-
metric circumferential narrow slots on spheroids with dielectric coating. Numerical results
were obtained for electric field over boundary region, radiation patterns and radiated power,
and the effect of some physical parameters on the radiation power was discussed.

The accuracy of the solution is evident from the numerical calculations. When the
coated spheroid approaches the spherical shape excited by either a asymmetric or symmetric
slot, the calculations agree well with the known results for a coated sphere. When the coat-
ing material tends to become transparent, our calculated results came into agreement with

the known results for an uncoated spheroid. Our calculated results also showed that, for cer-
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tain coating thickness, some modes become resonant. This greatly enhances the radiated
power and affects the radiation field.

In addition, it was observed that the radiation patterns and power were modified by the shape
factor a/b of the spheroid, the magnitude of the dielectric constant of the coating and other

physical parameters.
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CHAPTER 5

SUMMARY AND RECOMMENDATIONS

The problem of radiation from a perfectly conducting slotted spheroidal antenna has
been investigated in this thesis. In Chapter 3, discussion focused on an asymmetrically
slotted antenna on a perfectly conducting prolate spheroid without coating. The analysis
was carried out by separating the wave equation and enforcing the boundary conditions in
the spheroidal coordinates. The radiated field was first expanded in terms of spheroidal vec-
tor wave functions, then the expansion coefficients were determined by imposing boundary
conditions.

Numerical results for the radiation patterns and aperture conductance for the slotted
antenna were obtained for different parameters. The effect of the slot length and the shape
of the slotted spheroid on both the radiation pattern and aperture conductance were consid-
ered. The accuracy and validity of the solution was obtained by examining the solution over
the boundary region. The tangential electric field on the conducting spheroid was calcu-
lated, and the results confirmed that the tangential electric field satisfies the boundary condi-
tions.- The solution was also examined for the case where the slotted spheroid approaches

the spherical shape (a/b = 1). The results were in a perfect agreement with the known

results for a slotted sphere. Calculated results also show that the radiation characteristics

of the antenna are apparently modified by the design parameters of the electric size ka, the
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slot length L and the shape factor a/b.

In Chapter 4, slotted spheroidal antennas coated with homogeneous were considered.
Methods of analysis used were almost the same as those used in Chapter 3. An analytical
solution to the radiation problem of the asymmetrically excited narrow slots on dielectric—
coated perfectly conducting prolate spheroid was obtained. The solution was firstly applied
to analyze the radiation characteristics of a rotationally symmetric narrow circumferential
slot. The effect of coating thickness and other physical parameters on the radiation power
was investigated. Further application was shown for rotationally asymmetric circumferen-
tial narrow slots on spheroids with dielectric coating. Numerical results were obtained for
the far—zone fields, radiation patterns and radiated power. The effect of some physical pa-
rameters on the radiation power was also considered.

Good validity and accuracy of the solution is contested from our calculations. As in
the case of no coating, boundary tests were carried outand results showed that the boundary
conditions were well satisfied on intersections. Furthermore, when the coated spheroid ap-
proaches the spherical shape, the calculations agree well with the known results for a coated
sphere. Also, when the coating material tends to become transparent, our calculated results
came into agreement with the results for an uncoated spheroid. Our calculated results also
show that, for certain coating thickness, some modes become resonant. This greatly en-
hances the radiated power and affects the radiation field.

Although specifically the solution for radiating from prolate slotted spheroidal anten-
nas has been discussed, the solution for radiating by oblate spheroidal antennas can be ob-
tained from that of the prolate one by replacing the prolate spheroidal wave functions with

the oblate ones. Also, it is naturally of interest to extend the effort from narrow slots to finite
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width slots and from the circumferential slots to axial slots. Another potential study is the
investigation of optimum designs for the slotted spheroidal antennas, taking into account the
shape of the spheroid, the location and length of the slot, the electric property, and the thick-
ness of the coating. Finally, the analytic method could be extended to obtain the solution

to the scattering problem from a perfectly conducting slotted spheroid with or without coat-

ing.
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APPENDIX A

In accordance with the notation of Flammer [1], The prolate spheroidal vector wave func-

m R

tlonsM'(’) (h 7,& ¢) and N’(/) (h;m,E,¢) are as follows
711,
0

M (hin,&,)
Om, n
M’e(rjz)l (h - E ¢) 52_172)1,/1;fl __172)1/2 S’”v "(h'; 77)R1(In )n(h g)( ;1(12105 ¢ (A'l)
M —m& m
ij,) (; 7 £ ¢) = 52 2)1/2(1 2)1/2 ’” "(h 77) m, n(h g)( ;COS me (A.2)

. 2 a2 1/2 1- 2 1/2
M’ES? n¢(h§77a§a @)= € ! ;2 _-(77 = [S_Sm n(h n)Rr()lz)n(h &)~

Sl n)zé-Rf,’,’,,(h 15, me (A3)

N9 (h;n,&,¢)

o™
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» 2172

oM h,(gz_n2)1/2 ag 52 m, n
2 (g L d o)
nSm 11(h ag gz 2d§ m, ”( S)]"*'
T;Zsz 15 SR, '9]2?5 mp (A4)

» _(E2_ /2 _
NO i) -—2 =D [__[né; ) g

()m,n,g h@:2_772)1/2 m n( 77)] ( S)

dé: m n

+&

9 (-md)d 0 e
877 52_772 m n(h 77)]Rm (h 5)

m2§ ) cos
- (1 _772)(52_ m n(h 77)Rm n(h g)] sin ¢ (A-S)

d
[ %S, () IRY (E) -

— _m@ -2
N, (,6.9) & v

gung h(E*—1?)
1 . 0 sin
- 1_772 Sm, n(h7 77) d& [ ng n(h §) ]] C‘OSm¢

(A.6)
Where h=kd/2, and d=2F .
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APPENDIX B

Definition and Evaluation of Integrals

The integrals /,,,v, ,p=1,2, .11 in Chapter 3 and 4, which are defined later in this appendix,
are evaluated by employing the recurrence relations of associated Lengdre functions and the
following integrals

I

J’P‘u 171( ”)P'V m (n)dn —
-1

W+ m)! s

Qu+1) (u—-m)! H*v ®-1)

and

1
f Pu ()P, )y =0 ) v >

] _ 2 v +m)! .
ST hw_m_2yn " TH
o+ )EE Ly, w<p

W -m)!

(B.2)
+1

' S x)S
Il mNn(xa y) = j m+1’m+N;;l( )2'71, m+n( y) d)?
I-7

-1

) ! >
) Z ( ka k) d/’(n’ m+n(y) z dr m+1, m+N+1 (x)

k=0,1 : r=k
(for (n+N)=even);

=0, for (n+N)=o0dd (B.3)
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+1

12mNn(x’y) = j 77 m, m+n( ».n ) m+l, m+N+1( XN )d?]
-1

) z : Qm+k+2)! dn m+n(y) Z:_Zmﬂz(y)
TC L mt2k+ 3K @m+2k+ 1) (@m+2k+ 3)

]dk m+1, m+N+1 (x)
(for (n+N)=even);

=0, for (n+N)=o0dd
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I4mNn(x’y) = I 1'—772 = n;; Sm+l,m+N+1< X1 )d?]

-1

S ,(k+m+2)(2m+k+])! 1 N+1 nt, m+n
= 2 m+1, m+N+ d , _
k;m (2m + 2k + 3)k! k Odig1 )

>+ 2m) >
_9 Z = m, m+n(y) Z dk m+1, m+N+1 (X)
r=0,1 k=r+l

(for (n+N)=o0dd);
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