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Abstract

The 46'48r50111prG)43r45r47Sc reactions were studied at a lxoton

enerry of 40.35 Iþv and with an overal-l energr resolution of about B0

kev rlülM.

Anonl¡r- rìistributions for states with excitation energies up to

about 7 Yrev in q3sc a¡d 45Sc a¡d up to 8.4 Mev ir't aTSc are presented.

The Jr assignments were il agreement with those availabfe i¡r l-iteratL:re.

For scrne states where rrìore tlnn one Jfr value was given, the measr.:red

argr-:-Ìar distributions were used to detemi¡re a Jr value

R-rth rnsitìwe nar-ìiw and -^--+-'--^ ^---'t' ^+-À^ñ --^*^ ^ì-^erved. The-- -- ¡ *-* lleBdL-LVe Pc1-t'ILy òLd'LË> wslE \JlJ>

positive parity states are excited mail-ly by pickup of two (fp) shell-

neutrons and an (sd) shel-l- proton while the negative parity states ar€

excited rninly by pic}arp of al-l the nucleons from the (fp) shel-l-.

In an attønpt to establish the (pro) reaction as a useful spectro-

scopic tool, the nricroscopic form factor (lßF) fornalisrn of the three

nucl-eon tr-ansfen reaction developed by Falk was applied. Ttris form

factor v¡as cal-culated usilg silgle-particle states c¿l-cul-ated in a Woods-

Saxon potential-, then expanded j¡ a harmonic oscillator basis . To

account for the truncation i¡r this expansion a cl-uster form factor (CFF)

tai-l- was altached to the ÆF.

Fjrst orrler catculations \.^rere performed assL-r'nilg the simplest

possible configuration fon the transferred nucleons. Subsequently, the

(l-fz, )n shel-l model- wave functions of Kutschera !.rere al-so used i¡ a m,cre
7c

¿etrif.¿ test. All corrponents with different neutron angrllar mcmentrrn

couplings \^rere considered, Reasonabfe agreelnent was obtaj¡ied fon nrost



l_]-.

of the states considered. liowever, the calculations point to the need

fon Ti and Sc shell npdel wave functions cal-sul-ated i¡ a broader basib

that j¡clude botli the sd and fp shelIs.

SheIL model e>lpressions for cal-culatj¡rg the spectroscopic anpli-

tudes needed for th-is rnicroscopic arnlysis are giverr.

The effect of j¡cl-uding different configurations for each t¡"ansi-

tion on the ca-l-culated arnlyzing po\der was also investigated to see to

r"ù,at extent there is serrsitivity to the details of the nuclear stuuc-

*rmoc
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Chapter l-

fntroduction

l-¡ri.i¡rp the last two decades rrtmy direct transfer reactions have

been utitized to erhract nuclear str-uctur-e i¡formation.

Sìnøle-nrrnleon nink-rn and str.inni¡s r€actions have been studiedu!r6fv ffsç+uvrf

er-1_ens-ivelv ancl have vie-lded imoortant i¡rfor,mation about spins and

pa.rities of enerry levels. The differeritial cross section for these

r.eactions is incoherent in the orbitat (.e,) and total angular monenta (j)

of the transferred nuc]eon 
(l-)'(2) ¡ll- coherent j¡r the principal quantum

number (n). The measured spectroscopic factors for each transition can

be directly compared with the calculated ones.

The more complicated two-nucleon tra¡sfer reacti-ons have two

i¡terestinp- advañr--ñ^- F;¡c+ as few other reactionS, they Can produce
--.JtrLdBE>r arr'ùL2

states in the fi:raÌ nucl-eus for which T > lf-|. Second, the differentia-l
A

cross section is coherent in the configuration of the trarrsferred nucfeons

a¡1d incoherent in the transferred total angr.:lar momentum. Ttie second

nrr¡nentr¡ makes the cross section sensitive to the signs of the components

of the nuclear wave fi.:nctions. This has the advantage that data can be

used to test not only the rnagnitudes of va:'ious components of the cafcu-

tated wave fi:rictions but al-so the relative signs, tìtis information being

inaccessibfe from single-nucleon reactions.

In the case of thrree-nucleon transfer reactions - or specificalty

for the (p,o) reaction of interest jn the present study - the situation

iq nonsider.¡h-l \/ Trnr€ comoficated than for two-nucleon transfer reactions

due to the presence of a thrird nucleon. The differentiaJ- cross section



2.

is coherent not only in n'Q.rj of the individual nucl-eons but atso jn

+.t-^ -la{-rr ---,l:r nomentr-ni (Jr) of the two neutrons.Ll le LU Lctr dl rËL¿-L(

In spite of this complexity the (p,o) reaction has nnny irtæesting

featLpes that cou]d vield a wealth of i¡rformation on nuclei and wave

fu¡ctions. These featrres Ï¡ave been docr¡nented by a numb'-r of authors

(3)'(4)'(5) -nd will be sunrnrized briefly here.

t. The (prcr) reaction can populate single proton hol-e states in

nuclei with tvo neutrons away from the sta-bility line. An example is

the reaction S8Ni(pro)55Co. Single proton pid<-up reactions ca¡:not be

employed to study 55Co due to l-ack of a suitable target.

2. Thre j-dependence 
(6)'(7)'(B). ï-re angular distrj-butions obser-

ved j¡r the (pra) reaction are dependent on the iotal- angul-ar mornenttrn

transfer J, as well- as on L, the orbitaJ- angular mcmentum. This is due

to the soi¡l_orbi-+- -r-^n.J-.i¡-r 
{-¿m in rhp nr-nton charnel_. Fig. (1.1)

-- --LL Ìr\rLúlL-IO-L Lsllll !¡ L¡re yr vLv¡

shows L=l angufar distributions for the two cases J=l+$=f+]/2=3/2 arÈ

J=l-S=I-l- /2=L/2 fon the reaction ll6sn(pro¡I13¡1 at 22 M.r, 
(4). 

This

property is used quite often in spin assignments aì-thougþ, unfortunately,

the ,T-<ìerrende¡ror. ^€ r-i. n ---'l =- distri-butions decreases as the orbital-
---3 

U-L Lirs d-rlËu-La

arrgula:r npmentum transfer L i¡crea="" (7). 
However, from the measr:re-

ment of the analyzilg power j¡r the (Êrcr) reaction 
(9), the s-irong J-

denondenoe noted fon T,=1 ansu]-ar' distribution appears agail in the
uuvçr ¡uu ¡e

arnlyzing power for the il6sn($ro¡1i3¡-t reaction at 22 Mev as shor^¡n jrr

Fig. (1.2). In Fig. (1.3), the J-deperrdence of the analyzirig powers for

the cases where L=3 a¡d L=4 are shoi^m together with the angula¡ distri-bu-

tions. While the anguJ-a:r distrjbutions show l-itt1e difference between

J=L+S a¡d J=l-S, the analyzi¡g powers show strong J-dependence. This



Fì d'€. C-"1) Angula:: distributions of soss

sections for L=1 fe¡ J=l+$=l/l

a¡rd J=L-S=I/Z for the reaction
rrÂ .lt3_ (4)
-"Sn(D.a)'-"In at 22 Mev
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property can be used for unâîbiguous J assignment'

3. The (prcr) reaction on target nuclei with seníority v=0 can

reach states in tne fj¡al nuclei with seniority v=3. Exanrples of such

a case is 46ri(pra)q3Sc og/2-) '

4. Another useful property of the (p,a) reaction is its ability

to excite states with both T.=T'=Y and Tr=Tr+1. This is not allowed

for example j¡l the reaction (dr3He) -

tlntji- five years ago quantitative microscopic calcul-ations employ-

i¡g the (pra) reaction l,ud been perfornr*d on rel-atively few nucle'(3)'
(10)r(11). t¡nlike the tr¡o nucl-eon tra¡sfer reaction which was formu-fated

and tested 
(12)r(13) 

i.¡r rTe¡ry i¡rsta¡lces as long as fiJteen years ago.

Nevertheless, over the l-ast two decades or so severa'l investiga-
lllrl

tors have strrdied the (prcr) and (crrP) reactionst'-'. However, generally

these were of qualitative nature; only i¡r few cases was a qr:antitative

arnlysis altempted. one of the earl-iest efforts to obtaj-n quantitative

i¡-forrrration from the (pra) reaction was conducted by Sherr and Ba5aren(]s) '

Ttre measr:rements and cal-culations were for selected cases of (1f7r^)3
/2

tre¡sfer to the gror.rnd states. Expressions for tra¡sition strengths be-

tween ground states were derived and reproduced the e>çerjmental trends'

Gror:nd state \^rave fu¡ctions were assumed to have a simple seniori$ (zero

for even A nucrei and one for odd A nuclei) . B-pn',(]) Ìras analysed the

(pra) data on uBTi, SIV: \5Sc and 5\Fe and was able to predict coffectly

the experjmental- cross sections usirg the wave fi-mctions of McOullen'

lr A\
Ba5anan ald Zamick (M.B.Z.) '--'.

/ ì ?\
Nol-en(f'l) h¿= presented a fulty nricroscopic description of the (pro)

reaction. Horuever, he did not apPly i-r i¡r anal-ysi-ng the (prcr) reaction
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on Cu isotopes. Instead he j¡rtroduced a simple spectator n'odel where

tÌ¡e tr+o neuüons were coupled to arrgu]-ar r¡on'entum Jr=0"

FalJ<(3)'(10) i¡troduced a fully nricroscopic form factor by starti¡g

r,'ith single particfe wave functiòns cal-cu-l-ated i¡r a l{oods-Saxon weIl,

which were then e>çanded jn a¡r Ïnsronic oscil-l-ator basis. Tnis improved
| 1\

form factor was applied successfu-l-Iy to l2C(orp)iSN\ // , 13OTe(pro)127Sb

l-lR) r,^ t,.^ z te1 "o,,(l-9)*to'and recently to 40r\2ca(pro)r/'rYK'-."' r^:here it was denrcnsirated

that in cases r.,here the iransferred neutrons come irom two rajor shells,

detajl-s of the nuclear wave functions becone i¡cre¿si¡rgty important -

srits(4) lta-o¿rrced a serni-microscopic description of the (pra)

reaction. He chose as a natr-r-,al- degrees of freedom for the three-nucfeon

tra¡sfer reaction the fol-lowing:

(a) a single-pa.rticle degree of freedom, describing the tnansfer

of the ...*¡¿ ¡¡1¡f-inla lthc nrnton).vI L¡¡e wu l.,/\4 ureru \ Lrre rÁ vçv¡

(b) a col-l-ective degree of freedom, describing the (col-]ective)

transfen of the rsnaini¡g Pai-r (the neutrons) -

Thus he was able to separate the structure and dyranLic parts. The nodel-

was used successfu-l-ly to predict t'ransition strengths of the (prc) reac-

tion on Sn isotopes.

Smith(20) p""""nted a theory for the (p,a) and (c,p) reactions

v,¡hich is derived from a generalization of the Ba5mnn a¡d ](al-l-io(2])

method for calculatìlg -rwo nucleon form factors. Startì¡g i^'ith sìlgle

par.ticle wave ñ-nctions gener.ated j¡ a VJocds-Saxon potential, he first

cal-cul-ated the two neutron wave fi:¡ction. Then the di-neutron is

t¡.eated as a i-lìass-t-\,'o pa*r-ticle a¡d coupled to the pl'oron to n'r=ke a tr-'i¡on

j¡l a OS i¡ternal- srate. The fol-m factor of the l-ai:ter palt was



calcul-ated as a two nucl-eon form factor but with unequal- rrESS. Tl-l-is

nrethod was restnicted to those reactions where the transferred partictes

are i¡r OS state of interna-l- rotion" T]-ris form factor is similar to that

used by Falk. The difference is i¡r the method of evaluation. Both form

factors start r^'ith sìngle-particl-e states calculated i¡i a ltloods-Saxon

potenti¡l . However, j¡l FalJ<ts for-m factor -uhese sìlgle-particle states

are e4)anded i¡l harnonic oscil-fator basis to pernrit anaty-tical eval-ua-

-l-¡'nnL-LUrI, whr-l-e rn Baynants approach ihe integration is done nunericaìl-y.

A comparison betrveen the two form factors gave agreement between the twc

methoCs as mantioned i¡i Ref. (24).

^.,(20)Snith t --' also oresented cal-cul-ations of the form factor v¡here the

sfugle-particle states were talcen to be harmcnic oscilfator wave firnc-

tions. A harù<el- tail was natched to 'uhe oscill-ator form factor to sive

the correct as¡nnptotic behavior.r'. These two form factors were for¡¡rd to

be essentially the same, aì-though they differed a bit iri the su.face

region.

Pelleøni¡r '(22) has studied the 34S (n-.r)31P reaction a¡d connarerl ìtUvJ¡1/14

with the reaction 32S (dr3He)31P. Tnis conparison rul-ed out the specta-

tor n-odef i¡r describj.g the (pra) neaction where the two neutrons were

^^''^r^r +^ -*-rfar r¡onrentrrm Jt=0.uuu}Jf ELI L\, Õ_t rBu

Recently Oberhunnier(23) stucìied ile low-Iyi¡rg states j¡r s3l.t-l usirig
qa.- / \ q2.,the )bFe(prc)trl"1n reaction. D^IBA calculations using a fuJ-ly nricroscopic

form factor resu-l-ted in good fits. However, the refative transition

sh-ength coul-c not be repr"oduced. It rças pointed out tliat the j¡clusion

of sna}l admixluresof additiorral proton she]l configurations coutd accor:rt

for rhe observed suenrths.
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In the present work the objective is to study the Sc isotopes 43,

45, and 47 through the (prc) reaction. Additionaf- st-uctLlre infornation

can be obtained tlrat ca¡rnot be obtai¡led througþ other reactions. Also

tlr-is study will- al-low us to lnvestigate the applicabiliry of -r-he micro-

scopic fonralisn for the (prcr) reaction on a series of isotopes.

The choice of these pa¡ticul-ar reactions was notivated by several

..-^!^-^ them:-L d-u LL,I'Þ , ÕJfiJJ lB

1. The availability of shett nodel wave functions for bo-r-Ìr the

target and ìùe residua-l- r,rl"tui(f6)'(25). These wave fi:nctions were

cafcu-lated j¡r the truncated space (If7, )n. AJ-though shel-l- nocel calcu-
72

lations with a broader basis are needed to describe adequately 'ihe Ti

:nrì Sr' 'iqofrrr¡.-q flro :.r=ì'l=Ï.-lo ôrìêq rr-n.)\Åà.- a lrq,efitl tesì-inø ørolinr] for.uru uç fJvLvlÀr¡ LllC dVcj.-LlcLIJ_It: Vl¡gÐ }/MIUU Q uJUf u LUULr¡6 élvu¡u f vr

mi r-rnsc'onì r- r-al cul-ations.

2. The Ti(p,a)Sc reaction has been studied before on a few occa-

. (26). ( 27) .(2Ð
S}ONS

tigations did not exceed the qr:alitative stage. lúi¡reover, onJ-y states

with excitation energies up to about 3 }iev wer€ identified. In the

nr-esent wo-r"k ¡ ¡,.-'-+-i+-+-;.,^ ---ìlrzsis wr"ll Ïro OfeSented fOf StateS Udthpr LÐLlrL wvrr\ a (l_L]dllL-LLd.L-LVg c1llæ-vÐrÐ wlrf æ !

excitation energies up to 8.4 Mev.

^ lr (^ - lta^3. The sìlgle hole structure of +5Sc and +/Sc lnve been studied using

the (dr3He) reactions by olr:luna(2g) arld ¡'taj¡te(3O) arld nore recently
r?1 I

by Doll'"". Tfre study of Sc isotopes tlrrough the (p,a) reaction will

pror,zioe addj-tional- j¡u-orration about the structi-:re of so;rie of these

states. q3sc llas not been studied bv the (d.3He) r.eaction due to the

fack of a sui-tabl-e ta¡set.
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The bombarding energy was chosen to be i¡ the neigþborhood of.40

Mev. Th-is was governed by the desjre to avoid compound nucleus contni-
/^\ /^^\

*.*-.^-(b) ,\3'¿) __r ___r _--^a^DuLr-on and good cyclotron behavior-u' a¡rd transnission at tlr-is

enerry"

Cl-r,apten 2 contains the details of the nricroscopic form factor.

Tlds form factor is calcul-ated usjrg single-par,ticle wave fu.nctions

cai-cuf-ated i¡ \,Joods-Saxon potential and expanded j¡r h¡rnonic oscillator

basis. A]-so contai¡led in clnpter 2 a-z-e the shel] n'odef spectroscopic

am¡litudes connectirs the initial- a¡d fi¡ral states for the three-nucleon

trarsfer reactions. These speciroscopic amplitudes a¡e needed for t]¡e

mi crrrsr-oni rl cal cufations.

The exner-imeni¡l nrry-edrnc ¡nrì setrln- ¡ rìeser"-i niion of the beam
Ì/t vuuu l-!

faciiity, ine el-ectronic cj:'cuirry and other experimenta-Ì deiail s ar-e

siven in cliaoter 3.

Ctrapter 4 contai¡s a brief theoretical- discussion about the nuclear

structure of Sc and Ti isotopes sunrrnrized from the existilg literatilr€.

clianter- 5 ^^.-*^j.-^ +L^ ^,,^^*i*^-+-'r r^+- fÕoether. w-ith rhe micro-v¡ra_uLUr w ULJIlLd-L¡lb LllC g.?(].-,CI'lJ.llgltLÕ.-L L-ld.LO. LLTBgLIIçl-'wILll L

scooic calculaiiOnS. The rnicfnsconic c.alc'lllat:^-^'r^-'-^ r-^^- ¡¡p¡f6¡'¡¡s¡l
---i-- *_L(JIIÞ. l-ilg.¡ILIU-[1.JDUU-U]U UQfUl.[qLJ(Jll> llcrvc lÆgll Wrrvrrrþu

"-. +-^ ^+--^^ Tn the fir.st- rj--'^ ^^.-€j-'.^ttions for the transferred-l-Jl LWL, ÞLd.EiEÞ. !l L¡re r!ÐL, ÐIlll!-r-LE U\JTLLJ-Etl-L'c

nucleons have been assuned, in order to investigate to wlet extent such

^^-c-i -,*-+-'^.-^uvrrrrËu-L.o.L-rL/rrÞ can account for the observed tra¡rsition strengths. In

+'h^ ^^^^-r ^:--e the mir-rr.¡sr-oniC Cal-CU_fatiOnS Ìr:rzo prrrnlm¡oä +he Shel-l-LITg >E\-(JIILT > Ld,BC L¡Iu IIIU] UJUUIJIU UdIULI-Id.L-!(J]IÞ IEVE EI.IIUIU-Vç(J L

niccel v;ave functions of Kutscïr"r.(25) rh."" the Ti a¡d Sc nucl-ei r^rere

ass-L¡red To have the structure of cl-osed 40Ca core coupled to (f'y)n.

Tne residr:al- i¡iteraction betr^'een nucfeons in tìe unfitled she]l rn'as

estirated from the e>4>er-i¡æntal data on tiu-ee dir'íerent ri.;c-bcdy systeins
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in rfzlz nuctrei: uts", a'sc and sqco. The wave fu¡ctions of the fi:,st
a¡d second excited state of each spin were calcuta¡sd.
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CtraPter 2

Ilicroscopic Description for the (p'a) Reaction

2.I The D{¡iB{ For¡rnlism of the (P,a) Reaction

Fig. (2.1) shows a diagramnatic representation of the piclo:p

reaction A(prcr)B.

The DhBA e>4>ression for the djfferentia-l- cross section can be

l??\
r.,¡ritten ariaÌogous to single-nucleon\o" / a¡d twc-nucl-eon transfer

(12 )reactions ---' as fol-lows:

åå = .rkþ ffi eq#"fÐ f^þ 
lrnwl 

2 (2'L)

cP

where

u and u aÌae the reduced rnasses of the pr-oton-target and aJpha-
'f\ fl

*"i¿å nucfeus, respectively. K- and K^. are the magnitudes of thepcr
v,¡ave m¡nbers i¡r the proton and cr charrrel-s, r'espectively.

T^., is the distorted wave trarsition amplitude'
uui

JO is the target nucleus sPin.

The transition amplitude T,.,., is given by'('u)'(35)
UW

rDnJ = r t €ro , qr", *ir' ([or, Lor)

. üBo lvpe - vralüpe ' " *l;' ,{ro, ,ro, Q'2)

where

J is the Jacobia¡ of transformation to the refative coordi¡tates
I D /AI Dl fr

'lr
r' and r (4)
:_ - u rs grven Dy :PA cxb

-3



Fig. (2.1) A diag::amatic representation of

the A(p.a)B reaction.
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'la

V-^ is the sun of all tr^ro-body i¡rteraction poterrti¡ls betl:een the
YA

proton and each nucleon jn the target nucl-eus A'

V.,.n is the optic¡l potential describj¡rg elastic scatterjng in the
YA

i¡rcident ch,a¡rrel.
(-)

xor' is the a distorted wave'

/+\
xì^' is the proton distorted u/ave."rA

Al-l nucl-ear structllre details are contai¡red i¡r the nucl-ea¡ rnatri.x

element < r!- lv - Í-. I t*..-u0, .upA - upAt ypA ,¡4!¡ l-r

matrix el-em.¡rt is in the construction of the fonn factor wb-ich is more

complicated thän that of tr^ro-nucl-eon tr"ansfer reactions. Besides, the

evaluation of spectoscopic arnplitudes (on equivalent]y, the overlap

ìnreo-n:l) ìs neerìort fon e¡c,h rnssibl-e tralsition. Fa-k(24) has descri-bed
!rL9ór q/

j¡r detajl- the cal-cul-ation of the form factor for descrjbjttg the (pro)
l'?tL \

reaction. Appendix A contai¡rs a copy of the PaPer by Fa-lk"-' and the

re¡der is neferred to it at th-is Pojnt, sirce no details r¿j-l-l- be given

here about the lengthy procedure of evaluating the nucle¿r nnù:jx elemerrt'

Slmbols and notations used in Appendix A a-ne adopted here.

0f particular i¡rterest to us is section 2.7 of Apperdix A whe¡e

e>pressions of the nuclear matrjx element and the nricroscopic form factor

are given. For completeness these expressions i¿iII be given hene.

Ttie nuclear matrix element is given uyt 
(2+)



.Bolvfer'"_ r (Jo¡LJMIJeMe) r^rrrr, I.ry1Lrudûut D Þ

f:' I' ''Jf'' :' : I
(t/2 v, lz vp I o o) .,,i, I*(Y,J',r) l;: í: ,, I lr, ;:71' )L "" J

rÏ,, (p,R) vl rnl (2.3)

.-Y
The function Fj,L (p,R) is the form factor for transfer of the configura-

+-'^* Í -rt r\ -nd is given by:L-LU.I¡ \Y ru )u ) dJ

n Pi +Pr+p 2+ ( 9" !+ 9.2+ 9" 3) / 2rj,, (o,R) = t,t, 
,rËrn3 n,nTtin "pr"p2u"3(å)

* . Pr9.rP29"2, JtlurulNtJrnt o, Jt > < N'J' P3g3,Ll2urulNlnorl >

* ,o;rr'+V=1^, (v,vo, s,o)\ul !,å-t, "-r] e.4)

tq

The proportiornlity consta¡it in Equ . (2.3 ) is the same for al-l-

(pra) reactions a¡d rerneixs as an overall (unspecified) nornnl-ization

consta¡t.

2.2 Spectroscopic Amplitudes

The sner.J-rt>scopic amplitude" Sl3 a:re :refated to the e>çansion co-
¡l-D

effi¡ipnr-q T lürJtrJ) as shourn in Equ. (2.7) of Appendix A." *AB.

The spectroscopic amplitudes for pr.:re shell rrodeÌ configurations

wer:e calcu-fated i¡r Ref. (l-2) fon tr¿o-nucleon tra¡sfer reactions i¡ the

neutrcn-proton fonrnlis:1. The same procedure will be extended to the

case of tlree-nucleon transfer reactions.

Tne COeffir-ì^-*- -r- (e rr r\ 'r^-,,^ +^ 1-^ --Ìents J-AB(örJ 'rùl nave ro De cal-culated for each
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configuration yrJ,rJ) as rnay be noted frcrn Equ. (2.3). The following will

illustrate how Igg(trJr,J) has been calcu1ated'

Consider a nucleus A with the outernost proton shel1 w having m

protons coupled to angular rnonrentu'n ßn. I-et t].e outernost neutron she]_l

be p havj¡rg n neutrons coupled to angular nromentLrn ßr-r. The wave function

of this nucfeus ca¡r be synibolizea u"'(32)

utlno

r-7,A

The circùlar arc i¡ròicates that the wave

j¡r tìe m protons a¡rd separately in the n

cates the order of couPlilg, i.e.:

functions has been antis¡''rr"rnetrized

neutrons. Ttre arrÐw j¡t In jndi-
ra

m'

ß+p

(

*L

Þ - r^'n a

Consider a sirnple transition j¡rvolvjng pickup of a proton from sheLl

w and piclorp of two neutrons frcrn the p shel-I coupled to angular ncnentun

Jr. SucTr a tr-ansition would be represented by:

f1A

f"

P n

l-B
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where øl j¡dicates vector couplilg to a resultant fO- tp d Yr, *

the arrgular ¡nomenta of protons and neutrons jn the residual- nucleus,

respectively. J is the totaf angular ¡rpnie:ttr¡¡ of the tra¡sferred group,

ard f- the residual- nucleus angular nrcnr-¡ltr-¡n"
E

Tìle e>çansion coefficients I* (vrJr rJ) are rePresented by the

overlap integral sl.inbolized by:

T:
-AB

(2. s)

To eva-l-uate the right-hard side, fuactionaì parentage exlxnslons

are made as fol-lows:

Consider fjrst a prr:ton removed from the w shelI:

Fe
coefficient of fractional-

(z e)

| ' =-+i^l^l.Jnef'e < tl > aS One-DA-f'LlC-Le parentage (cfp). (38)
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u and arr are additional qua:rtrrn nulnÞs required to corpletely

specify a state (usual.Iy seniority).

.Now, consider the neutron shell. Fcrr tr+o neutrons picked up from

the p shel-l coupled to angul-ar nome¡itwn Jr we can r',¡r'ite:

/n'y'
= I ¿. f'(u p*)

(z.z)

rlHere . {l > Ís a two-particle cfp.

Agairr x and yt are two additional

completely specify the state.

Al-so we can r"¡rite:

qr-raltun mmibers required to

V,6P

w

Fe

Ja

T
r

y.' lr'
I' T,

Pn r^

3>G,'z')

ri/r?
¡y, 

(n"

rÂ

(=. t)



where t ] is the ncrnnlized

Combi¡li¡gl the above result

the ovenlap integral I* in Equ"

¿Õ.

9-j spbol"

together with Equs " (2.6)

(2.5) r^rill be given by:

ard (2 "7) ,

utY^ t
rAB = rY

ytY
t̂,t

ttrtt

. rt (u en) {l
I

. pt (x ßr.,)

frn' vn' Je,f

l" rr Jr 
I

luo B' rA 
I

J) = (î) 
t" (i

. pt (x Br.,

lto t; tul

l"-r'rl
Luo 

u" toj

)
ì

Tne spectoscopic anplìtude i¡ this case IS

ì ,2

related to f^^ as
-É\-u

r^-
¿]lJ

) {lr(n-1) (u

yr,) ; p2 (J')

Qe)

foffows:

( 2.l-0)tk (' p2 r' r) = (î)t" cll

fY-oni Equs. (2.9) a¡d (2.L0), tlre spectroscopic ampJ-itrrde for a given

ira¡sition wifl_ be given by:

* t' p2 r', l,
)2

) {l

. r* (r,

o(n-2)

ap
P

(tt
\J

'r) tr,J
1'l
.Y

( 2 .r]_)
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Equ. (2.11) gives the spectroscopic anplitude for a tansition

which i¡volves picking up three nucl-eons from the outernost.neutron and

pr-oton shel1s, d1 the odrer shel-ls b"ing closed. In the case of two or

npre active shefls, spectroscopic anplitudes can be derived following

the same method ilhstated above. A nurerical exanlole for a sample

l-n:¡ej+-i^- ì- -jven in Annendìr B to i]l-usfuate -uhe r¡ork involved i¡rórvur !¡ ¡ryyu¡¡\'Ú

c¡'l cul-ati¡g each amplitude.

Sup--rposition of basic states

So fa-r., spectroscopic anptitudes have been evaluated assu.ning pr.rre

(basic) sheÌI mcdel- conr-igurations for the nucfear \.{ave fu¡rctions. For

the cases where the wave functions are fi¡rear conùi¡rations of basic

states the above resui-ts can be easily generaliz,ed.

Let the target A wave fi.nction be

(2.l.2)
J^ Jn

VM = tr/\^ q,M
A'A p P p"A

and that of the residuaÌ nucleus B be

JR .JÞ

{,M" = r B_ ù ," (2.13)
B'B q Y q'B

where the wave fu¡ctions {^ ancl rl' frìrq-n cnrnâ l-¡asic set, and A_ a¡rd B_ areYp *'Y Yq t"'"' 
p,*^* "q *-

coefficients determined from shel-l- node] cafcufations. Then S^? nmst be"AB "'*" - ""
repl-aced bv

l

I^ { B^ s-? (y, J', J) (2.14)
FqpqPq

and Equ. (2.3) ca¡ be u¡ritten as:



25.

1g

Tt is ìmrnntant to note that the signs of A^ artd B- .na S] are---- --u-- -- Y Y Pq

dependent upon the choice of the signs for the fractional- parentage

coefficients ¡sed j¡ their calcul-ation. Hence consistency of sign con-

vention is of prime concern in the use of the above in calcul-ations.

In addition, the nucl-ear structure calcul-ations of Ao and Bo involve

other" conventions as welI. These are discussed i¡r =."tion ir.r, .

Zero Range Approxj¡rntion

Fi¡ite ra:rge effectshave been studied for the (pro) reaction (e.9.

see Ref. 39, 4) and it was concluded that such effects are not very

impoytant. Oil this basis and due to the fact that the IX.^JBA finite range

code avait.¡t"(40) do"= not all-ow a spin-orbit potential j¡ the distorted

waves the analysis i¡r the present wor"k witl be l-imited to the zero range

calcul-ations. The zero range microscopic form factor is given by

Equ. (2.q) with f.-'-r: evaluated using a delta fi:nction interac¡ion- ís a func,-rìrì' '

ofvandv onlv.
N-

(r

z
YT



2"3 Inpl-ementation of Formalism
I 

"ÂlThe ¡ç,¡BA code lþJUß 2(óo/ has been nodified to cal-cu-l-ate anguJ-ar

distributions usi¡rg t¡e nuclea¡ rairix elerent given by Eqr:ation (2'l-5)'

The 3 Clebsch Gordon coefficierits appearing in this equation are alrea$r

included i¡ tìe D¡IBA code i¡r a s-ua¡dard calculation of cl-uster trensfer'

Hence, only srnmation over tlre terms y, Jt, P, I need to be inplejnented.

The exoa¡sion coefficients I* (YrJtrJ), calcul-ated separately as

itl-usirated i¡r App'srdix B for each t, Jr and J, are fed, toge"her witl

tìe wave ñrnction's anplitudes A- a¡d B^, as i¡put to the code |j{IJCK 2 'Pq-
'T?.a mì ^-cnn¡rì rr -Y-rr.rs rLLUr\r>L-Lr*:ru rorTn ïacror rj,r(OrR) is calculated for each Y, Jt and L

according to Equ. (2.4) usì'g tlie conputer code FF3FR(41). The norrna-

'lized g-j slnnbol-s are calcu-l-ated externall-y too, then fed as input to-

gether udth the form factor jnto the DttsA code "

The síng1e payticle states ,ar€ generated i¡r a VJoods-Saxon potential-

and then expanded i¡r a harnonic oscill-ator (H.0. ) series using tJee com-

frr"\
puter code of Netson-Macefiel-d\*'/. The H.O. expansion coefficients

a ar€ fed j¡rto FF3FR as i¡rput. The choice of VJoods-Saxon parameters
Pr-

a¡rd bj¡ding energies used wil} be descrj-bed jn the following section.

Tfre angular d,istrj-butions cal-culated by the nicdified II'JUCK as des-

cr-ibed above using the nricroscopic form factor and the nucl-ear structure

jnforr¡ation, shouìd differ from the experi:nentally rn'¿su:red crÐss sections

only by a norrnalization factor. This nor-,¡atization factor shou-fd be the

sanre for al-l states. In other words, the ratio o"*o/oth.o* shouJ-d be

consistent for alf states under i¡vesti-gation. tttis ,¿ift rep".se",t a

severe test for afl wave fi:¡ctions calcu-l-ated i¡r the fralework of the

shel_l- mcdel- for both -rhe target and the residual nucl-ei.



27.

Sign Conventions

As mentioned in the last section, for calculations that i¡volve

wave functions which are superposition of basic states it is irportant

tlnt the sar,ie sign conventions b,e used tlrrougþout for the cfprs i¡vol-ved.

rr4-"- {-}-^ ^ì - choices used in the shell--nr¡def wave function calcul-a-.J_l luÞ ¡ Ll rs ÞrËr r

tions should be ]sro¡^¡r. In other words, the sane cfprs shou-l-d be used

i¡r cal-culating the expansion coefficients in order to be able to use

the wave ñ:nction anplitudes directly.

Rrrthernore, sone other sign choices were nade i¡ eva1r.:ating the

microscopic fornafisn implemented above. These choices are sum,nrized

below and they shoul-d be consistent with the D,JBA code and the shell-

nrodel calcu]ations.

l-. Ttre order of coupting is given by L + 
" = J

2. The sign of tìe radial- wave function is positive as lrc

The sign conventions of Kutschera wave fi:nctions are the same as

those mentioned above.

2.4 Discussion of the microscopic form factor

The nricroscopic form factor given by Equ. (2.4) has been calcu-l-ated

using single particle wave fi:nctions generated in a \n/oods-Saxon r,;e11,

a¡d then expanded jn a hannicnic oscil-]ator senies. Ti-r-is procedr:re Ìns

been used uy ra:l(rO)'(19)'(tg) ir, =*aying the reactions 12c(orp)IsN,

40.42¡. ln ^\37r39¡¿ =nâ l30Tof.. ^'¡127q¡., l^|n'lr¡ n¡mrnnents in the t¡r.øef. *\I/' u/

wave functions where the protons and the neutrons t^Jere-eaqh coupled to

zero were considered. A reasonable agreement between theory and experi-

rn3nt was obtained-for r-nost states



)a

Fig. Q.Ð shcR^,s a plot of th-is rnicroscopic form factor for the

reaction 46Ti(pro)43sc for a repr€sentative state L;3, Jr = .Ç - fne

sjngfe-þicle states required for the generation of the form factor

were calculated j¡r a Woods*Saxon potential r^¡el1 with paranreters(44) 
"ho*,

in ta¡te (2.1). The triton experìnental- birrdirrg energy' of 22.89 }4ev was

divided arrÐng the tlu'ee tra¡sferred nucl-eons il proportion to the actual-

sernrntion eneno'ies of hnih nrrtton a¡id neutron ñ-om the -ua:'get. TneDu1-4 u Lrvr ¡ er ¡-l

binrlilp' enersies (B'E') used are shov¡-t j¡ tabl-e (2'2) ' The s¿¡re values

of B.E. of the nucleons r^rere used for other excited states si¡ce irì afl

cases the form factor tail- riras replaced bv a cluster tail '

.r4-^ ^'^--^ion of the sirrp-le-rpr.tir-'le si¡ies in harnonic-oscillator-Ll le g2(l.)dl lSrv¡ ¡ vr ç-1-,q Lrure Ð Lu L

functions was ljmited to 3 ter¡ns on-ly because of the greatl-y increased

computational- ti¡p invol-ved as the number of terms in the expansion was

increased (see Equ. 2.1-0 of Appendix A). Tfre computer code of Nel-son-

f lr'l \
lúncefieldt-" ,^ras used to perform the above e>çansion. The Ïrarmomc-

oscillator expansion coefficients together with the overlap of this

expansion hrith the single-particle wave fi:nctions are given i¡r table (2 -2)

The shell mcdel- oscillator paranreter was calculated from the fornmla(43)'

11-- 25 rv=0.02411 (-
A% Azh 

' (2.16)

Al-so slrown

sar¡re tre¡isition.

n'eters r = l-.17

'lne lraton

ration enerÐ/.

j¡r Fie . (2.2) is a plot of the cluster form factor for the

The cfuster wave fi:nction was cal-cul-ated wi-th para-

fm and .o = 0.65 fm.

cluster wes assllrì3c to be bor:no by i-rs e>qxrimental- sepa-

The lfF differs considenabty from the CFF i¡r -uhe nucle¿r



?q

¡ rÉ. Q.2) Conpa:rison between lfF a¡d CFF for
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?t

Ootica-l-I4rdel paraneters
single-particle states

used jn ¡ls cal cufations of the

Table (2.2) Ca'lcul-ated single-par-ticle binding energíes and wave-
function exoansions i¡r harmcnic-oscillator functions

Tab]e (2.1)

\! 
=\H

l^h ¡on] ¡ n

(1)

(2)
ovenlap of the expansion on the
original wave function.

V

(Ibv)

Varied

r
(f¡r)

1. 25

a

(tu)

u.õl

s.o.
Mev

6 .42

rs.o.
(flr)

J-. L.)

s.o.
(frn)

0.62

Rc

( frn)

\t rìû lê-Tì:YìT-l aì lê
ñ+-+^>LÕLC

Ktltñtno Ftnênñ¡

(l'1ev) TJ Tì

a
a)

Er,put =ior,(f) ou."f-p(2)
-r- uz

'l f- nor rf rrrn f .r€- 'ì-t7/, tt=u Lrvlr \ "tvr,

,f-\
| 1- Tlrrll-aìn ( T--L!V PrvLvtt \ r!T /

8.22

6.45

.99s2 .0734.044t

.9906 .r22 .0416

.9998

.9990



j¡terior. The It-F falls rapidly compa.ned to the cFT. lhis is due to

the tn¡-rcation i¡ the m:mber of terms in the Ïnrnpnic-oscillator expan-

sion. In order to correct this b--}nviour we replaced the Æ-F i¡ the

as¡npiotic region by the CFT wave function. Ttre pojnt of nntching is

taken at the radius v¡here the loEarithmic de¡.ivatives of the two ñrnc-

tions are eoua_f .

The IG-F calcul-ated as descri-bed above may actual-ly be of a l-inited

usefu-l1¡ess towards establishirg the (pra) reaction as a useful spectro-

scooic tcnl - The reason for tfr-is is that w-ith such a cornolic¡ted rìerpn-Lruù ¿o Ltq L w! u¡ Duu¡l q uvlltuf luo LgLl LlglÆtt-

dence of the form factor on the detailed struct-ure of each state. one

needs to ]<now the wave functions i¡r af] their detai]. lr'loreover. tJre

sìngle-particles states Ìlave to be cal-cul-ated for each tr"ansition to

f"eflect j-he ¡nnrrrnr.iate t-niton Se¡:r.¡tia)n eneññr -n¡l +Ìra- n.-n¡nrìe¡ inqI/I/rvyr!uLu L!rLvr¡ Ðul.,qaLrvlr crrç.L ËJr', alu Lltgtr E.¡Ì.,/u

an H.0. ser"ies. The la1ter i¡vol-ves a geat deal_ of effort.

A simolifìc¿iion to this Þrocedr.:re resu-l-ts if the sinole-oartir:leLU fr Lj¡u Ð!róI9 l.4 Llulg

states are taken to be oscillator fr.nctions. The obvious deficiencv of
the resulting form facton in the nuclear surface region nust be corrected

by attaching the CFF tail. Al-t other details of the nucl-ear structr:re

are incorporated as before. In other words, d1 possibl-e corrfigr.rations

Y and val-ues of Jr leading to a particular J value t^ril1 be considered.

Fig. (2.3) shows a comparison between the lfT calcul-ated \,rith 3

tems j¡ the H.0. expansion r^¡ith that ca-l-culated usi¡le the coini¡ant term

only. As nny be no-riced, hrth fonn factors ar.e sinrilar i¡ t}le nuclear

intet-ior- brri- noi llne>:i-rer-feri-l r¡- differ considerablv i¡ the esr¡,ni.rtoiio, wt¡ur uVJrÐIUÇrtJfJy !¡ Llrv UDJ

rr=gion. Ttris is expec-ced to have a mi¡rimal effect on iùe cafcufated

cross sections silce a cFF tail wirf be matched i¡ the exterior



Fig. (2.3) Conparison between CFF and MFF vdth

different ni:mber of terrns i¡r the

H.0. e>Pansion
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35.

r€gion in al-l cases

The angular distributions calcul-ated using tìese three .form factors

are shown in Fig. (2.4). Table (2.3) shows the relative D¡trBA erÐss

sections c¡l sulated with the two l"FF. F¿ch nieroscopic form

factor had a cfuster tail a-itached to it. Both PFF were norçnal-ized as

shou¡n in tabte Q.3). As may be rroticed, a1J- val-ues are consistent

with each othen within * 20%. Further. a comDa¡ison bet-ween the rela-
::'-^ ---iå'r^ saìËÌaed of both microscooic form factors at the outerL-LVS l¡taEIIILL]L-fC L 1- -- --- J¡uur vruvvru rvr

rrnxarrn is shol^m i¡l Table Q.4). Wi-t-h ihe exception of -rhe \ state' one

eroects ihe erc"or introduced into the ratio o^.^/o*.* due to ,=i.g oril-y a-e>Q. -th ---. --

singl-e H.O. term \^riD be about 24%. The error i¡i ihe \ =tut" \^ri11 be

l-arger (a factor of 'v 2) .

Fig. (2.5) shows another compa:'ison of the lfF for L=4, Jr=Lr+ for

both cases where one a¡d 3 terms i¡i the H.O. e>çansion were considered.

Fig. (2.6) shows tìe correspondilg angular disfributions. ù-rce npre the

nnj¡r differences between the two form factors are evident j¡ the asSnrp-

totic region where the one-term F.F. tends to fal-l faster tlnn the tlree-

terms F.F. However, the process of natch-ilg the tail- with a \,Joods-Saxon

wave function w-il-I el-imi¡ate ¡mrch of the error i¡rtroduced bv tìe trr.nca-

tion process.

Fila1ly, it should be noted that a further consequence of usirig onJ-y

the donri¡rant term i¡l the har.¡lonic oscillator expansion (i.e. assunilg

oscifl-ator functions for the single particle states), is -rlnt the form

facion sh=oe ser^*^-^i :L-' rìe¡enâc, onlrr cr¡ iìe shellS i¡vOlved bUt*- -*i - Õ-- rsl d Ls(l Ll LLÞ \!ly \-]clÆr rlal ul r..rLy \J.

not on the coupljt,g Jt of the -tr.¡c neutrr¡ns. In other v:orCs, t.]re form
r^lfactor fol. the tr:a¡sferz.ed config.rations l(nf 7r^) g (vf7r^)ll_ Ìras lhe
| '2 '2 vll/,



Fie" (2.4) Comparison of angular distri-butrons

ca-l-culated vrith different nu'nber of

terms i¡r the H.0. expansion
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38.

Table (2.3) Compa:rison between rel-ative DI,rlBA cross sections calcul-ated
using different form factors for the reaction a6Ti(p.s)43Sc

(a) Both F.F. ts a.re norrnal-ized to r:nity
(b) usjrrg the normal-ization of the F.F.'s given by tl:re conputer code

FF3FR.

Table (2.4) Com.oarison between the refative nngnitudes squared of IG-F
at the outer nraxi¡n

o(one term) -rJ" =rr)(l-Bo ) J" =3ò( 24o ) ¡r =z,rç32o )
-+J" =7ò(Z2o)o(full e>çansion)

\ c1,,

(b)

1.1

1R

1,)

rì

0. 85

4.2

r.2

4.1

Form Factor l+a ?+'-2 7+72 T2 ,,;

l"tFF (fir'l I exnansion)

IFF (one term only)

l_. 0

-l lr

1.0

)a

tn 1.0

J.U



--Ò (2.5) Comparison between IFF

L=4. Ttre configu:ration

sferred nucleons is :

nld. (1 3^) @ vl-f- Q12 '¿ tt2

a¡d CFF fon

of the tan-

2)
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Fig. (2.6) Angular oistrjbutions for ,Sn = 7à,

using MFF wi-th different nunber of

relTIts in the H.0. exPansion
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I

sane shape as the form factor for the con-figr:ration ltnfr, ) ø (vf7. )2| ''z 'tz 2

The only difference is i¡ the rnagnitude, and this will aPPear as an
7.

overall norn-alization factor deperrdent on Jr . This empirical result Ï¡as

-r-he advantage of al-lowilg us to write tle form factor as a part depen-

dent on the configr:ration y arrd the trunsferred angular ncn-ierrtrrm L, and

a pa:'t (norma-lization factor) dependent on the i¡rtermediate couplilg Jt.

Iience vJe can r¿rite:

F},L(R) = Nj, t-'-'I
L

(R)

T'- +1-i^ -'^-t onlv one form factor. shaoe is reouired for the D,ßAIL l. Ll l-Lb Wd.J/ vl uJ vl ru r v! r¡¡ -

calculation for each transition. A tabulation of NY-, vafues can be pre-
U

pared and used.
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Chapter 3

F;perinental Procedue

3.1 CYclotron a¡rd E;rternal- Beam Facility
'r+.'o Ì'j-h reso'lution beam li¡e shovm in Fig. (3.1) togelher w-ith tl.e¿r ¡ç r 461 ¡ I çDVf,U LM ¡ vual

56 crn sca-iteri¡rg clumhr was used in -rhese e>q>erì:n=nts. Tne proton beam

used i¿as produced by the i-hiiversity of }Þ¡-itoba 42r' sector focussed
f trR\cyelotront-". The axial- i:rjection system injects a b--am of negative

hydrogen ions verticalIy jnto ifle centre of the cyclotron at 11 K"r(46).

The io¡rs are deflected i¡rto the media¡r plane by an electrostatic mirror

and accelerated by a 28 keV RF voltage. ErLraction is achieved by

si-r'inninø -ihc i-wg el-ecirOnS ffom the nesative hrzrìrnopn ìnn 11c.'^- - +l-;-uru Lwv çIeçuvl¡D Ilvirr Li¡v iiu6uLrve iry\-LLUÈ;gll -L\Jll L,l.Þ-Lt1Ë Õ. LlLLll,

alu.ni¡uni foil causilg tìe nagnetic force to reverse and s\,.reep the beam

out of the cyclotron field.

The higþ resolution beam analysis system was buil-t on the 15o right
bo¿m line. For econornic reasons, space ljmitations, and the requirement

to ln¡rdle a beam with large emiftance, the system was chosen to consist

of tr..¡o 90o single focussing anal-yzing nragnets of 30 jnches bending

radius. The two nragnets bend in opposite di:'ections to each other, in a

rrìcrnner makes the disper"sions ad¿itive(47). The svstem

accepts as input a beam of hor.izontal enrittance as }.igþ as f5 mn.mrad

and provides at target position a beam of i¡itensity fø" tlnt of the i¡r-

tensiry on slits Sf shoi^¡ri:n Fig. (S.l-), and a fi¡lal- j¡tri¡rsic energy'
/t,ô\

resof ution AEIE = 5xl-0-4 \'+Õ '/ .

3.2 Scatteri¡lg Criannber

The 56 crn scaiÌer"ìlg chamben of ile high resol-ution b-,am fj:re has



lrE

Fig. (3.1) lfigh Resolution beam lj¡re
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a sÍngle rotating table vdth rlrilled grooves 10o apart for npuntilg de-

tectors. There are l-2 vacuum sealed connectors for detector connections.

The top of tlre chamber carries a vasuum 1oc]< and the target ladder slides

tJrrougþ this lock i¡rto the clnmber. The target ladder ca¡r hoÌd up to 3

targets at the sanre ti¡re, althougþ one place is norrnal-}y occupied by a

BeO scr--en used for viei¿j¡ig tle b-¿m. The vacuun was about 4x10-6 Torr.

T¡r order to improve eneqÐ/ resol-ution, the kinenatic n'atchi¡rg tech-

nique pr.escribed in Ref. (49) v¡as used. For a typic-=l b--am with charac-

tenisiic, lonot¡(49) of g0 nrn/nn"ad and a focussing pojxt 150 nrn beyond thev¿ vv ¡r!¡v Jls

target the detectors should be placed at distances shor'¿n jn Table (3.t).

Afso shor,¡r j¡ Tabl-e (3.1) are the solid angles subtended by each detector.

A srafl- solid angle r^¡as used for the forward detector in order to reduce pile-

up.

3.3 El-ect-r'onics

In the scattenjrg clnmber the c-particles were detected using coun-

ters at angula:r i¡terval-s of l-0o. The most forward tr¡o counters were

ielescorps c'onsistins of 
^E-E 

sificon surface bamier detectors while the

other counters consisted of si¡ele E sificon detectors. Ttre reason fon the

AE-E felesr'ôrrês WaS to elinri¡iate nrotons elasiiea'llv scaffe¡-ed frOm tar-

get depositirrg thejr full enerry in the E-detector after bejng defl-ected

90o j¡side the detector. These protons appeaf' as a br',oad peak at a
¡nSìtìOn nlc¡q.c fn l-Ìra ^-n=wi-'inl^ 

--Lc 
-nâ -rhlle. fhciì. ¡ìyaêqên.-'e mìøhfLr.-/ Ll ]s (}-]-/o_L L-LU-r-g ]-/gÕ-N> , Õl lLl Lt rLrÞ Lr lEr| }J-L EÐçl -- - ---€ - -

r-omnl inefc l-ho qn,onì-n*(l-7)

The ÁE detectors \.dere 100 um in -rÌìic}cÌess, rn'nile the E detectors

vrere l-000 pn, lvhich is mcre tha¡r sufficient to stop the t 40 Iþv c-

r,:¡-i'i¡le fmn i'^^ f ^ ^\ -^-^+-ì,:rvr' LrrE \pru./ ræurrons. The Q-value for the (pr3He) r"eaction is

about 12 Iêv iûfre negative, tJrus 3He spectrum w'il-l not complicate o-spectrum.



L!R

Table (3.1) Detectors Distances a¡d Solid Angles

Dectector Distance
(cm)

Solid Angle
Steraôi¡n i fo-e

#1 (nnst forward)

#2

#3

Jlt,lrl

Êl-\

17 .0

r-7.9

18.0

-ì? o

17 .0

lq ?

0.s226

0.6428

0.6688

0.6907

0.6078

0. B582



lrO

Fig. (3.2a) shows the electronics diagram used fon the ÁE_E
scopes' An 24lAm o-source and a reseðJ.h pur_ser vùer€ used for the
natclr_ing process.

?rr

LC-LC-

ø:l ll

Fig. (3.2b) shows tre eircuit diagnam used for the single E coun_
ters. Pai¡s of the single E detectors were routed through sepa-rare
ADC rs.

ss Sections
The ta'gets used for the present work e7e'e prepared by the ta:rget

division of the chalk River lùucfea¡ raboratories. b6Ti and soTi targets
wer€ Prepared by rollirrg Ti isotopes dor.,¡-r to a thiclcness of 333 yg/an2
and 269 pg/unz' respectively. The 4sTi target was pr.epar,ed by reducing
and evaporating TiO as a self-supporting qBTi target of thiclsress
60 ¡rglqm2 ' The isotopic conrposition of these ta'gets is shor¿r i¡ Tabre(3.2a).

The target trLichesses r^rere measured i:iitially by tJre energz J_oss
tecr'rique usi-ng an 24 rAm o-sor-rce. Another measurement was performed
usjrrg a proton npn_itor fixed at an angle of 20o. The proton optical
moder- lxrameters given i¡ Ref. (44) were used to ca-r-cul-ate p'oton er-as_tic cross section. Thus, tre ta'get thicl.ness can be ca-tcurated. The
uncerta-i¡rty i,' target thiclcress meas'red by tÏiÉ method is riaìnly dueto angura:r'uncertainty of 0-20. Tabr-e (3.2b) shows the resufts of both

n¡easurenrents ' The adopted vafues for tanget thicl.messes \^7ere taken to
be the weighted average.

The absolute cross section scale is accu'ate within ,v Beo.

k'oton nionitor measLrrements at a fixed scatteri¡g angre of 20o we.e
taken at alr ti¡es during the (pra) rr-:ns i¡ order to detect a'y ch¿¡ee in
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Fig. (3.2) Electronics diagram
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Ta-ble (3.2)a Isotopic Conposition of 46 
'48r50Ti Targel=("')

(t')4" per suppi-ier's ana]ysis.

Table (3.2)b Targets Thiclcness Measurements Resul-ts

Target 46Ti 4 7Ti
'* 

8Ti qeTi s oTi

'*6ri
4 8Ti

s oTi

Bl-.Zeo

tc2

a r\o,
L.VO

ô ìOL .I'o

^1O,- lO'o

r ô0-

14 .l-eo

99 .l-3eo

17 .Beo

I. Jto

0.19e,

2.jeo

ttz

I I7^

-a ltO,

-LÕl Bç L Energr loss
nethod

73lca-

Proton elastic
scattering

l- J lc^-

Adopted
value
,-,5 lc"*

46Ti

q 8Ti

( ñ-.- " t-l_

-ôT I I n< <l T | | |

61 t 6

270! I

327 ! 20

58r 6

267 ! L6

rñ<<< I Y

60 1'+

2ÂO+QLVJ : V



beam position on target.

3.5 Data Reduction and Analysis

The on-li¡re PDPLS/2O computen was used for data acquisition. Spec-
/tr4ì\

r-nm ana]rzciq end fiffiino r^rere done lrsinø the conrntrter corie Autofitt""'Ll ulll @IuJùlo uru IILL!¡ó wLlu uv¿ru u¡]v vvr¡t/sEv!

on tl:ie IBM 370/168 computen. However, preparing the input data required

by Autofit - irÉtiat pea}< guesses, reference peal<r... - \,vas done on the

off-tine cyclotron PDP 15/40 computer. The qualiff of the fits produced

by Autofit is shovm by a sanple spectrtim i-n Fig. (3.3).

An ener-øv calibration for each detector was nnde by perfornring a

l-inear least-squares fit. The states used were the g.s., 
"r*,1r+ 

ftont

rho ln ^) qna.*-r-,- -nr r-Ìrn n - frnm the (n-311g) sncntr¡rm- Cha¡frel_ zefoLIIç \}/ru.' ojeuL!'UllL étILl LIIC È;'Ð' ttv¡ll Lrru \I/t rlv/ uyçç

represented E=o. The excitation energy' of each pea}< was determi-ned by

aver"asins the values obtairred from at least four different scatrering

:no-leq- chlv ne-a]<s whose calculated excitation energies were consistent

withj¡ 15 kev over the whole angular l:ange were considered here.

Tl-re unce¡tainties i¡r the excitation energies reported in the present

work vary b-,tween l-0-l-5 kev. The excitation energies obta-i¡ed here will-

be used to identifv d1 states throughout the preserit work.

3.6 Optical Pbdel Paranreters

The optical rnodel potential- used is given by the expression:

+ ( " )z v^ ^') ¿.v.

rn c-
TI

,f-
åï(r.â )9" co
CÌ' SO- SO

Ir

v = v.(r.) - vf (rorro) - i tJf (rr,ar) + i woar¿ $ r (r*,ar)
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Fig. (3.3) SanPle sPectnrm
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rf(r'ar) = Lt a exl [(n -

V" is the cofrrnb potent-iel

r, el¡ /.ir] -r (3 "2)

l'J and wo are the votr¡ne and su¡face absorption potential_s *d v=.o.
is the spin-onbit potential.

For the a6Ti(p,o)43sc reaction it was found th,at the globa1 optie-at

potentiaJ- lxraneters fon the proton cÌËnne1 of Becchetri and Greenl.."(51)
gave betten fits to the e>peni:nental- data th¿rr the lxrametens given in
the Perey conpilation. This is in contnast to the case of a811 ur-r¿ s011

where the Perey compilation lË.rameters gave betten fits. The potentiaÌ
parameters for the o-cha¡inels for the tlu-ee reactions were taken from

Ref ' (44). The lniton cl-uster was assr¡ned to be bound by its setrxration
eners/ and the geometrical di¡ensions of the wetl were chosen such tlnt
the e>perimental angular distnibutions are ctoseJ-y reproduced. Detail_s

of the opticaÌ-ncdel- potentiaJ- paranreters are given i¡r Tabfe (3.3).

Fig' (3.4) shows tlre resul-ts of zero-range D¡JBA cal-cu-Iations fon
solne rePresentative states using the paran.reters in Tabl-e ( 3 .3 ) in order
to show the quality or the fits obta-ined by these parameters. rt should
be nrentioned here that clu¡ging the bound states pa.rameters improves the
fits for sorne states a¡d l^rorsens them for a few others. Tfre fi:ra] choice
of the trxrameters given here is a result of a conprornise reached after
fitting and exarnining a large n¡¡nber of states for- manv rìi ffqre¡¡ values

of J.

The I'well nratchilgrr procedure for choosirtg the optical potentials
fon poorly l-natched r"eactions, suggested by Dodd and Greid."(S2) u'a



at

Table (3.3)
43 45 47

opticäl- Model Pa¡ameters used for 46ra8r50Ti(prc) Sc' Sc' Sc

Reactions

tt'Al-lowed to var¡l to reproduce triton separation energy'. (n, 140 Mev).

\I r a t¡I wo "r t* v".o. "=.o. 
.=.o. ".

(Mev) (fm) (frn) (Iþv) (Ifev) (frn) (fïì) (Mev) (tu) (fm) (fm)

P

d

t

T. 46Ti (n_.r)43Sc¡+\ytql

44.64 1.17 0.75 6.1-4 9.08 1.35 .54 24.8 1.01 .75 r-25

202.2 1.395 .565 26.) l-.395 .565

(1) 1.17 0. 75

1.39

P

c

t

u. 48Ti(p,a)4ssc, soTi(p,o)47sc

44.85 1.1-6 .75 7.82 4.56 r.37 .63 24.16 1.064 .738 1.25

The sanre as in aGTi

r=1.17, â=0.65 for 4BTi, a=0.75 for 50Ti
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Fie. (3.4) Angular distributions for representatl-ve

states i¡r E7Sc. Tne sol-id li¡res represent

the result of CFF zero-range D[^]BA calcula-

tions using the optical rodel parameters

given jn Table (3.3)
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60.

applied successfu-l-ly to the (d,c) reactior,(53) ur,¿ the (p,c) r.eaction(20),

was tuied in- the present work. Tlie proton parameters given. j¡ Tabl-e.

(3.3) for the a8's061n,c) reactions were kept fixed. The c-scalJering
fqrr\ fcç,\

data of Rriest"-' vrere fit-ted usirrg the code Seekt"" to fi¡d another

set of optical potentiaJ- paranreters with real radius and diffuseness

ec.ual to those of the proton (r = l-.f6 a¡rd a = .75). The search for the

new IË.ralneters jnvolved only searc.h for the real potential ceptl V. It
was found ihat a va-l-ue of V = 234 Iþv was r€quired to reproduce the

erperimenta-l- q-scat-tering data with a X2ll{ val-ue comparable to that of

fuiest.

However, as rny be noticed from Fig. (3.5), the D.rlBA fits obtai¡ed

rreì-- 'l-Ì.a t.'o'ìl m,¡inhinø n¡r"¡moiêÌîq r^7êy-rê in oÕ-^*-'l 'l¡¡¡ ---i--iuÞr_rrB Llle wel-l- .-___-_-Þ - -. 6-Iìeful _LeSS ljdurSfâC-tOI!

iln¡ those obtai¡ed previously using Table (3.3). Thus thris procedure

was not pursued further.

Finali-y, it should be mentioned that the choice of the optic-¡l ncdel-

potential lxranreters i¡rtroduces an uncer"ta-i¡rty in the ratio ú^_^/o--.ex? rn
It was found that different optical lxranieters might produce comparable

€"+- --1-':ì^ --i-ìÁjno âifforcnr- felatiVe Val-UeS Of O,. fOf diffefentr_rL> wlrl-_Le y_Lc_Lu_UrË Lrrl-l_Ef EirL Ie_LdLIVe values Ineory
J val-ues. ft is estimated that the uncep¡¿;i¡1+rr in n /n is aborrt"' "e>ç'"th '
10eo for L va-l-ues of 3-7. This uncertai¡lW j¡creases to about 15% fon

,T - l.^ -=jnl¡z Ï.-^-,,^^ ^€ +-t-^ ^-Cill¡ior.r,¡ r-her.:r.iar- r-,f f}ro,anc¡l-len rìiqini_u - .2 JtÐ-lLLy Uijud.t-l>g (r_L Llle (JL__* _,.4ü.uLc:I,L)-l_ Ltlc: d-tlb__*

bution for this J val-ue.

Fig. (3.6) shor"'s anguÌar distributions for a large r,ange of Jr

val-ues. Tnese distnibuti ons v,tere cal-cul-ated using the opiical nicdef

lNrameters gìven i¡ Table (3.3). Ttlese distri-butions will serve the

pur'pcse of beìng a "yard stic]<" for Jr ¿ssìgnni=nt in chapter 5. The



,'ó. (3.5) Comparison

rr¡r-,amcier^S

Ât

between IX{BA fits usjng Perey

and '\¿e11 ratch,ing" parameters.
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Fig. (3.6) Cafculated angular" disfr"j_butions

for different ir values.
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dependence of these angular distni-butions on excitation energies is very

r+eak in th-is enerry range.



Chapter 4

Theoretic.al f¡¡srpretation of ttre nuclea¡ sfuuctr-rre of
Sc and Ti isotooes

4.1- Shell Model Studies

The earty theoretical investigations on tìe structure of the fp
shell nuclei \,ær€ camied out i¡r the franework of the spheric,rl shel1

nxrdel by Mcc\rllen, BaSmen a¡rd Zaniic]< (M.B.z.)(16)'(56). The wave func-
tions and specbra for nuclei in the fp shell up to 56Ni were calcul-ated

vrith effective i¡rteractions deduced from the 42Se spectrt¡n as it was

l'rrou¡r irr 1964- All vai-ence nucleons were restricted to the 1f7 shetl.
The calcurated spectra of rr.B.z. agreed welr for even-even ,,lr.r.i.
Figs. (4.1-) and (4.2) show respectively, the a6Ti a¡rd aBTi observed
spectra arrd their compa:rison with I4.B.Z. cal-cul-ations. Vlhereas the

cafculation agrees uel1 for the case of a6Ti the chief failu'e of the

theory i¡r even-even isotopes is the predicted 3+ r-ever at 3.0r_ Mev i¡
aBTi for wh-ich tåqre is no experfurental evidence.

The theoretical predictions ar€ fess successful i¡ tjre odd-even

nuclei than i¡r either the odd-odd or even-even. Th_is is pa'Lly due to
the configiration mixilg from the higher configu:rations, the effects of
which are rûf,r'e pronounced in the odd-even isotopes.

Eig. (4.3) shows in the first col-unu-l the q3Sc spectrun of negative
parity states as calculated by the M.B.Z. noder. Ttre e>çeri:nental

spectrum is spread over 3 colum, s. Oi-le notices j¡r¡rediately that the
.n,ttzzz)- caJ-cufation is quite inadequate from the point of view of the

nunrben of levels tìat are present, In addition, tJre lowest-spj¡ state



Fig. (4.1) 46Ti 
=p".trum compared with M.B.Z. calculation
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7I.

Fig.(4.3) Th" 43S. spectrum of negative-parity

states compared vr-ith the M.B.Z. tleory.
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i¡ tlre ÌI.B.Z. c¿J-cu]-ations is

nental-ly the lowest %- state

state at l-.1 lþv.

'7?

-Ïta-J" = % state at 3.4 IÞv, but e>çeri-

s at 400 Kev. There is ariother 3r2-

Figs. (4.4) and (4.5) shou¡ a ccxnlx:rison between lhe c:]cul¡.ted and

observed spectra fon 45Sc a¡d 47Sc respectively. The same renarks nen-

tioned above about the 43Sc spectrLrn are applicabl-e here. The e>çeri-

mental- energy' levels for 43Sc, a5sc a¡d 475. ¿rs given in Appendix D.

(ss)Flowers'--' j¡rtroduced the nert stage of sophistication in the study of

a3sc. Tfre 40Ca core r¿as still reþarded as j¡ert, but the tlrree exhra-

core nucÌeons \^rere allowed to occupy the complete 1f-2p shell. Appro-

oriate sinp-le-oarficle enersies wer€ deduced frnm the 4lca soectnnn. Tne

second cofurn-r of Fig. (4.3) shcn¿s the exper:imenta-l- l-evels that can be

rìesc'r"il¡ed bv -fhis npdel-. The Same conclusion Ìras been reached ¡lso bv

. . (sB)
JüÐKA ano ¿ailìl-cK

The third cohrnn of Fig. (4.3) l-ists tle level-s of those states

which are associu.t"d(60) -iaf, the K = 34-, 5p-2h rotational- band. The

last colu'nn lists states which do not yet have any tlieoretical- i¡rter-

pretation.

The shel-l nrodel calculation of M.B.Z. r^ias also extended by lip=(6t)

for the nuclei N = 28, 20 . Z,< 28 to i¡rclud" fd. I æ. an¿ rd-] ff"*'12 -' J.z *'" *- ?2 "4
nmfnn mnfr'61¡--1.-i^-- rTrl-^" ç,d-Lr(r.rr>. -Lrrey round tlnt the l-owest state of each JT is

nn-inly o¡ (If z,<,)n sl:ructr-rre for a]-l the nucl-ei studied. Al-flrough tl,e
L

snect-na nr-erìioterì irnnrrrved- nevertheless- the nneclicted Ml tralsion ratest u¡v yf uurvLus 14

were too smal-l-.
¡z1f \

Ko^Õnrrr¡ nr.-- -L- --\¿J) - - nfnmaâ - -or., /Jf 
.rD 

--- -L-rr\ELjErrL-Ly r..utschera'--' performed a nehi ,¡f7zt)"-type shel-l ncdel

calculation usìrig rrÐre recent experimentaf j¡rforrntion to deduce the

I
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I' r

FÌg. (4.4) -"Sc negative par:ity speclrum compared

w-itl:ì M. B. Z. cal-cu_lation.
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76.
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II.B.Z. cal-cul-ation.
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empirical tw+-body i¡rteractions .

shov¿n in fig. (4.6). These wave

wor.k"

'7 e,

The caÌcul_ated spectnun

fi:nctions will be tested

for 43Sc is

i¡r tJ-e present

4.2 Cluster In tion for Sc-i

The cfuster representation offers(z7) a nethod for predicting a

qualitative level- scheme for Sc-isotopes. Both positive and negative
parity spectu'a of IgF Ïnve been accounted for with the aid of this
*"thod(62)r The 1ow-Iyj¡g negative parity states of 43sc are pictured
to a'ise from the i¡tenaction of an unexcited 40ca core r^rith a 3H

cl-uster' The fowest oscill-ation permitted by the paul-i principle are
of the gth order, resuìtiog j-tt nrctions with possi-bIe angular nromentr¡n

1-' 3-, 5-' 7- Coupljrrg wit.i- the spin of 3H cl-uster gives nise to
5., ,;, 'rr, % states.

The positive par:ity states a:re pictrred to arise fr<rm the inten-
action of an r:nexcited 39K a¡d aHe cruster. The fowest perrnifred
oscillations are of the Ì2th order, with angurar nonentum 0+, 2* r 4+..
coupling w-ith 7r+ spi' of the 39K cluster resurt s tn î1, q., ,;, ,;, 4,

states. Ttre predicted spectrrmr is shov¡r i' Fig. (4.7). The cr_us_

ten representation is still qualitatively applicable for the case of
utS", but it is complicated for 47Sc.

4.3

An al-ternate way to describe so¡re of the states of the odd-nass sc
nucfei is to use the coflective modef to rnhich single-particte effects
Ï¡ave been coupled- Fig- (4.8) shows t].e Nirsson diagrram(76). From this
figrre, positive deforniations of rf7r, nucl_ei are e>q)ected to result j¡r
a negative-pa'ity level sequence 5r r;r t-2, Ç, witn a rotationar_ bdnd



'7q

l. 
^Fig.(a.6) '"Sc spectn¡n as pnedicted

by Kutschera 
(25).
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Bt.

lr?fig(a.7) -"Sc energ/ levels :

(a) qual itative cl-uster"-representation level_s

nodel l-evel-s 
(l-6 ) 
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sup€rjmposed on each of these j¡trj¡rsic states. lhat the Sc isotopes

with odd nass numbers l¡ave ¡" = Li rather i¿han 4 can be accourted for by

noting that tl:re band built on the { intrinsic state h,as a },-ighly nega-

tive decouplilg paraneter for t}re deformation range 0 < 6 -< " 27 as shown

in Fig. (4.9) and th,at this causes a depression of the T2 nen:ùler of that

band re]ative to its lã nember'.

Þnei+i17p 7.-*ìl-.' l^"^'l- -r--+j-- --:!L ?+"- lid-r'-LLy -Levc-Lb searting witl 5.., axe expected to occur at

excitation energies th,at varSz brith the an-nu¡it of defonration. The sn'nl--

l-est defornation (represented qualitatively by lìrre a in Fig. ('+.8)) is

exneeted for.4lSc and 49S.'- wíth one nucl-eon outside closed shell-s. TheUU'

45Se nueleus- wi-rh 5 na'tic,les (on I o¿rtiele and 4 hol-es) outside closed\v¿ r -t4 Lfe¿e

she'lfs, is e>pected to Ìnve the la¡gest deformation (Ii¡e d i¡r Fig. (4.8)).

Tne deformation of 43Sc (3 particles) is e>pected to be somer,vhat larger

than tlnt of 47Sc (t particle, 2 hol-es), because such a particle-hole

asyn-netrSr has been observed i¡r other defornied regions (l-j¡res c and b i¡r

Fig. (4.8)). TÌ-re tength of l-i¡res a - c ca¡r be taken as an indication of

the excitation enens/ at which the lowest positive parity state is expec-

ted to occun.

4 ^l+ Cnr-e-n]llq-rrarfir.l e Mrnde'l Tnter.nnei-.atìnnvv¿\- Hrur |4 L+e¿v ¡¿vsv¿ +¡¡çvr prçLuLfvr¡

The low-lyj¡g odd-parity states of 45Sc are pictur".¿(26) to uti=.

from intermediate couplìlg of a single proton j¡r the lf-2p nnjor shel-l-

to the 44Ca cor. i¡r either its 0+ sor:nd state or 2+ first excited state

at l-.156 Mev.

As shoivn:l Fig. (4.10) a good agreement is obiaj¡ed bei-ween fiäed

l-er¡el-s and their e>çerirnental counterpart. Afl the enerry level-s below

2 }ler.z ä-r.€ r{êl-'l accolrrrted for and a ¡.lcde} space -¡runcaii on allovring oni5' for-



Rh

Fig. (4.8) Sirgle-particle energz l_evel_ positions

as a function of deformation (l,lil_sson diasram),
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Fig. (a.9) Decoupling pa:rameten vensus deformation

fon Nit_sson orbit no. 14 of Fig.(4.8).
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the coupling betwe"n U7z2 
TU 

,r% proton states a¡rd the 0' +anð,2 core

particle orbi-states, is justified si¡rce the i¡clusion of further single

tal-S dOeS nOt ali-on l.lro nrcrlr'^r:ed StruCtr:re Of leve1S.

As fon the positive parity states it was found that(26) -h"y ut"
, -lpredcniinaatly a 1d37 proton hol-e wiflr l0' Id. 

- > for the 0.012 Mev state
,7222

- r^* - --'Iand l'¿ , Idr, > for a-l_1 othen fevels obtai¡red.
¡/t1\

Seth t'"' pt==ented a si¡rilar interpretation for the 1.40 Mev,

V2 state in a3sc onfy. Th-is will be discussed i¡ chapter S.



aq

Fie. (4.10) The results of core-plus*particle

coupling ca-l-cufations as conpared

ürith the exoer.imental- l-evel- scheme

- t, <^or -"5c.
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Cl-r,apter 5

E>çerimental Resul-ts and Ccrnpa:rison with
Microscopic Calculations

T¡t orden to test the rnicroscopic fornp.lism descnibed in ehapter 2

a¡d the wave fi:nctions of Kutsch."-(25) *" (pra) reaction has been

studied on the Ti isotopes 46, 48 a¡rd 50. The fofl-owing sections A, B

and c wirl give descriptions and resul-ts of the investigations.

Section A: The 46Ti(p,a)q3Sc Reaction

4.1 r-spectrun:

Tl-re (prcr) reaction of 46Ti isotope \^ras studied at a proton energy'

Of E^ = 40.35 1"1-.r Tlro omonr.'ncr n-n¡r'l-inlee 1defe deteCted USìng 6-- -P r¡¡v urrurõ.ur5 s y(.! LrurLr

silicon surface barrier detectors, as discussed j¡ chapter 3. Target

deta-il-s are also given in clnpter 3.

Fi- /q'r\ ôÈ^"- - +-ñr'^-l sr¡eci-r-,r rm fon 43Sc obtained at O. = 45o.f f6. \u.f ¿/ ÞrlLJtryD d. LyPrLjd,l rÌ.LuLrurr rvr '-ùU c)DL.r tf le]cl clt 
_LA¡

An overe-l-Ì enenry resolution of 70 Iþv Hdlil{ was obtained, resulting from

beam enerÐ¡ spread, beam divergence, enerÐ/ straggling in the target and

efectronie circuitry resofution.

States .jn 4 3Sc with excitation energies up to 6 .22 kev were observed

in the present work. These levefs are sumlarized in tabl-e (5.1). De-

tail-s of calculations and r:¡certailties in excitation energies are given

in nh¡nfen ?

'i-tra crcn+r1¡1 observed here resemb'les c¡ual-itativelv the erì Ma.r c-^a veu ¡¡elL rurqiuruu yu(!- -.,- -u t-lev btr-u(j-

frrûn of Nofen(63) o¡t-irred from the same r-¿ction. However, they did

not report any quantitative results.

Arrnns the r-1 ,'^..¡- F^-+,,*î nf thp qr¡pr.l_nm o].^,.- ì- Fì--,,, Safl-enÏ featüfes -- Lr¿¡r Ðrruwr, rr r_LB. (5.1) iS
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Fig. (5.1) Ttre q6Ti(prc)q 3Sc spectrr.rn
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the excitation of positive par-ity states at Low excitation errergies as

predicted by tle collective nrodel discussed in clnpter 4. For exanple,
.+ .+the 2, state at 0.1-5 lfev and the tz) at 0.86 Iþv state. Tne sane fea-

tue is observed as well jn both 45Sc a¡d 47Sc spectra.

A second i:rportant featu¡e of the spectrrm shou¡n in Fig. (S.l-) is the

excitation of higþ spin states. The levels at 2 . 99 and 3.12 lr'iev have

bo*en assigned to iìe values Jt = r9ã *ð lg2 on the basis of angular

distnibutions obta-i¡ed in the present work. Such assignnients agr€e udt}r

previous assignnrents(61+) fto* (arp) reactions. Selection rul-es inhi-bit

the ¡crolllation of ihese h'iøh cnin qenìnni+rz -fhnoo ct:toq ìn,Lr¡ç jryyuruLrvr¡ __ ,tll,ce bLdLgb _UI One

nucl-eon trarrsfer" reactions. Thus the study of the (pra) reaction is of
de¡ncnsmated advaltaee in such cases.

It nay be added tlnt the abililry of the (pra) reaction to excite

states with both T, and T. is denonstrated tlrough tìe excitation of the

level at 4.23 }bv with Jt = l andr = ,2. This revef is tìe isobaric

arralog (IA) of the 43Ca gror:r,d state. Ttris is j¡ agreement with l4.B.Z.

rnodel prediction(56) of q.17 }bv. A simple calcuJ-ation of Coul-omb dis-
placement 

"n.ogr(ts) pr.uicts such a state to Ìrave an excitation enerry

of 4.28 Mev. Similarly, the state at 5.23 Mev. { i= believed to be t}re
m - ? Ì^r. - 2 rr1 or -Ene 43Ca 0.gg Mev, }1 .+=+o ao:, -/2 srãTe. again, thr-is assignment is sup_

ported by the observed excitation energy' and the angula:r distrj-bution

shape, as will discussed i¡r the foflowing subsection.

One noiices from table (5-l) that amrnq the states excited i¡ the

ln ^ì rc:¡;inn -{-}ro.,-\P:u/ lvouL-Lurr ulere are some states tf-t ul ,-ro- (or orùy very v:eakly) excited
/Âtr),(66) ' r^a' .(67)by tìe (crp)\uv' )\--l a¡d (oï,irr)'-'' reactions. These states are of positive

oa;.itw: e-o- ^+ '+ + ^^ ,, ?+r/@¿LJ. E.Ë- 0.15 l"ev, 2z) 0.86 }i=v, ,à;2.87 l{.ev., Lz; S.zr l.rev, >.2



Table (5.1) Data Sunmary for !3Sc

Ë<citation Energies (Mev)

:(p,a)* {o,p) 
(65) (6Li,t) (67)

T?TU

I n'^--^: "-''"^(64)' (b)
AdoPteo varue

0.0

n lq

0. 86

1.17

0.0

very weakly
excited

n aq

l.18

I.41

I Ol

I x<

I.LÕ

/ 6/

2.98

3.r2

"/2

ì+/2
J

'/'z

72

'7-
72

I
¡\ r ¡

tzz)
ì- ?-'4rY2

ì ì--'/2

t72

u;,tr;
a

72

..2

'22

0.0,

0 .151,

0.845, >;

0.855, t;

r.r lY ) v2

1.401 , v;
-+I.b5L'' /2

I.Bll0, >;

1.82s (L;,rr;)

2.141- (3-2,V¡+

2 .244 (%,vù-

2.289, T2

2.634 (s.z-rLÐ-

2.875

2.987 (722-15,.2)-

3.123 (5.2-19.2)-

-+3.806 ) t;
1+.235, 7;
5.236 (3rr-tVÐ+

6 .222, r¿

ñrì

t_.18

l_. 81

1. B3

2.29

2.63

2.99

3.r2

4
.+y2

,õ

^+,2

1.40

1.65

1. B3

I 1a

2.25

2.87

2.99

3.47

3. Bl

4.23

5.23

6.22

%
.+
,2

i r+t'n
(a) Present v¡crk
(l-,) l,isierì onlv are states \^rith i-nterest to nrcconf r.¡nnl¿
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and 6 '22 Mev, '.i. The disappearance of these states frcrn the stripping
reactions speclna confirms that these states are mai¡ly proton hofe states.
However, these' positive parity states h,ave been excited i¡ the reaction
't2ca(3Herd)+:t"(64) through the rerativery large two-hofe components j¡r the
42ca groi:nd state(69), (70), (71)

on t]le other Ïn¡d there are states observed jrr both the (arp) and
(6li,r) reactions th,at are not observed in the preserit (prc) wcrk.
Examples are l.l' yev, %; Ì.81 lr'rev, %.nd 2.Zg l{*,v, ,õ. The observa_
tion of these states in sÈrippirrg r.eactions but not in a picÌ<up reaction
indicates tìat these states are nn-inry particle states r^¡ith the rTrain

config'r'ation (fp)3. rn order to observe these states in a (pra)

'eaciion the target shouÌd contai¡r an appreciabfe amo,nt of configr:::a-
tion nrixi¡rg in the 

'fs, 
and 2R3, she*s, which apparentry is not the

case for 46Ti- Finalry states like 0.0 r,rev, ,õ;1.83 IÞv, 1172 and 2.gg
I'lev, ,vì are observed here and in the strippirrg reactions (crp) and
(6li'r)' Ti-ris is an i¡dication tìat the nrai¡ corr-fig'ration of these
states íi ttrr^)3. Tl-ris is supponted by tre prediction of the M.B.Z./2

¡ode1 for these states.

4.2 
,

Angura:' distri-butions obta_i¡ed fon states (on group of states) in
43sc are shou¡n ìn Figs. (5.2) tlrough (s.6) j¡crúsive. The eïT.rs shoi.,¡n
are the quad::atic sum of the statisticaf and fittirg errors, which are
given by the code Auto'-'t(50). Tne soÌid ri¡es are the results of ze.o-
range DrBA cafcu-la¡ions usirg a cfuster form facton. The tr.iton cruster
was bou¡rd by its expenimental- separation eneng¡ whiÌe the dinensions of
the l^locds-saxon v"'er-f v,¡e¡re chosen to r.eproduce the e>çerirrenta] a¡s,ur_a'



q7

Fig. (5.2) Anguì-ar distri_butions for the negative

pa:rity states 0.0, Vi; 1.40 l"lev, V; *rd

1.B3.Ibv, ,r;. Thre sol_id lj¡es are the

results of cluster zero-range DI,,IBA

cal,culations 
"
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Fie. (s.3) Ancrrl'ì e¡ rìi qtnihrri-innq fnn .l-Ìro nnc¡'r-r'-rnMõl4l¿ ulo Lr ruu Lf,ut lÐ ,L(Jl-. Ll tç l_^Jò_L L_LVI:

par.ity states 0.15 Mev, Ti; 0.86 Mev,

r* 1+'t2 and 2.87 I{ev, /lz. The solid fi¡res

are the results of cluster zero-ranse

D.üBA calcufations 
"
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Fig. (s.4)

101.

Angular distributions for the higþ spin

states 2.99 Mev, tV; ard 3'12 Mev, t7;'

Tfre solid l-i¡es are the resul-ts of zero-

range cluster D[',ìBA cai-culations '
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r ré. (5-5) Angular dislributions fon the IAS to

+sg¿(f=)2): 4.23 Mev, Ti; S'23 IÞv,

'å. ^a 
6-22 lkev, 'Å' The solid l-i¡ies

are the results of zero-range cluster

tfu'lBA calculations '
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Fig. (5.6) Angu-l.ar distri-butions for the states

. 1.65 Yrev and 3.8Ì Mev, No definite

JT assigrment has been nnde



U)

_o

3
c-o
L)
E

to

5

20

to

5

2

I

Ex=3'BlMeV

t

,r=){,,Jo= s/z+

?o 30 40

0.*
50 60 70 BO 90

(degrees)

(P,e)ot s.
= 4O.35 PvleV

CFF

-lx-l

-[



l_07.

distrjbutions as discussed in clnpter 3. The optical npdel paranreters

are shcn¡n i¡ table (3.3). The c-alculated angular distnjbutions Ïnve .

been norr¡nlized by eye to the e>peri:m-ntal- distributions. The c=lcu-

lated angr.:1ar dislributions confi¡ned the loo¡^¡-r and previously deter*

-1Imr¡ed rJ' va-l-ues for lJre states 0.0 Mev, 7/z;0.15 l'Þv, tàt 0.86 l"lev, 1zå

a¡rì l-83 i\4=v- lì- tu !L- ^-\en hanä- the ¡¡fcufated distribution for'72. \JlI L-llg (JLlref rla¡u) LrrÇ ua

r-ilre state 2.99 Yrev was used to neke a r:nique Jr assignnient of rsfi. Th-is

-ì a,,¡'ì ,,-- ^ì,,^n 1-he .=qqi onrnon + ,7. I 5. r- ¡---- -^*,-(61+)reve-L vlas gt-ver. *.- *---(J--.---- l'/2- "/2) ir()m T-räy woß Du.t ar-L

-?T - -T ì(-othen J" val-ues gave an j¡ferior fit to that of J" = t5/2. For some

oilier states it was difficult to n-ake spin assignnrents due to the sjmi-

l-arities in tìe a:rgular distributions for different J transfer, or to

rrx-1" statistios- or to the rnssìÏ¡ilìtv of over-laooirs states wi-ihin one

^^-r' n* ^---*-rfe of this is-iùe state l-.65 }4ev Grz)* which could be}-EdJ\. ¡!] Cxdl.l4-

fit-ted by nnre than one J val¡s, though both of them do not actually reproduce

the data wel-l-. A sinrilar case is the state 3.Bl Iþv. Both tlese states

are shov¡n in Fig. (5.6) and wil-l- not be considered for quantitative

-'- -'ì , ,^; ^dICLLVÞ-LÞ.

4.3 DinlBA Cafcufations - Microscopic Form Factor:

The nricroscopic form factor formal-ism j¡rlroduced and i-:rplemented as

described ir chapter 2 was used i¡r order to get quantitative j¡rforn'ation.

Such cal-culations need detail-ed wave fi.mctions together with spectro-

sr-onir-;mn'litrrd^^ -^ ri^^"^^^r e¡r.lier- in r-h¡nter, ? anà ¡nnendix B. How-ÐuvlJaL cJttu_LILLILIËS d> (IL>t-Ll,>ÞELl so_! ffcl IlI Ll .tct]'/Lçr ¿ @r\f aplÆt

ever, as a zeroth ord." cal-cu-l-ation si:lple confi-gurations for -r-he tra¡rs-

fer-red nucleons wer€ assr¡led i¡ order. to test to r^,,hat extent such con-

fiorrr":iiône r.7-ì'Ìd be abl-e to e>plain the observed feat¡1res i¡r the (pra)

reaction,
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ft was assu1pd that '+6Ti c¿¡t be represented by a doubly closed

4oca with two exbra-core 1f7. protons and for:r erbra-core 1f7. neutrons.
lz

Both protons and neutrons have seniority zero. The negative parity

states are then populated by picking i4> a 1f7, proton a¡ld two lfz. neu-tz '/z
n

trons coupled to at angular rorn¡¡itwn.Ir >, o, dependent on the J" va-l-ue of

the fj¡al state. Tne positive parity states are populated by picking up

a (2s-l-d) shefl- proton and ir¡c lf7r, neutrons. Fig. (5.7) shcws a dia-

snanrat-i c TaeDr-esentatiOn Of theSe WaVe fUnCtiOn. 'fho nrzer^l:n i¡teø.al* -r- --entation of these *u,r" f,-"tior.-
T r.r-r ^-l^','l-+êd :q rrì.ìâqnyrì¡toâ -in nÌ¡anten ? Mtrtr .ìôlrneq¡1{lnrìino fnf4g waÞ Uõ-LULLLC1Luu ao }/f çDur-L!/gL^| \-IrO.}jLEI' ¿. lua UvaaED},V¡\.,l!¡ó Lv

these configr.rrati ons were cal culated and CFF tails attached as previously

descr.ibed -

The zero rurrge D{BA cal-cul-ations using -uhese lfF are showr ìn Figs.

(5.8) to (5.11) inclusive. Also shcun are the cluster transfer fits for

comparison purposes. The MFF fits are better tha¡r the CFF fits for sonre

states wh-iIe r^rorse for others.

Tabl-e (5.2) shows the resul-ts of this zeroth ord"" calcul-ation.

Cotu¡n 6 shows tlie ratio o /o.- for states i¡r q3sc whereexP rneorS/

o.. (o.. ) = lrJ. o-.*^ N is an overa-l-l- normal-ization factor i¡clucLins-theorv'-th' *D¡'IBA)"-'

1-"o."rrred factor,s i¡r tl1e forrn faetcln Ð-rT)p-rìam and factors irt IX,iIJCK 2.

o,.,.-n is the D',iBA cross section c¡'lculated by the code D{UCK 2 usjrg the
L .ry.öf\

Mf l-'desc.n1 þ¡p¡-l ¡'¡l,plnorslv- 'l'he nonsianr-v of this ratio is a¡ i¡dication

^F --^^-^--{- ì-^jT.7êên ê.*Õñircnl-:nâ thpr-'r'\t As shov¡n i¡r tab]-e (5.2) -tl]e(J-L d-81 EÉlltCJlL 1-lgLwgglr gif.LJ=I _t-lllg.ttL øru L¡rçv!J. r-.

r.atios o^_^,/o*.* are in agreenent r^'ith one a¡othen for nrcst of the statesexp Tn

- witnj¡ a factor of 2.5. Exceptions are the states 1.40 I'rev, 7õ *rd
.a+2.87 Ií=v, ,2. Tlús is an i¡löcation tllat for these, in particrrlar, the

siurpl-e tnrâVe func¡ions assur"ed a:.e i¡adequate and mole de-cai l-ed wave
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Fig. (5.7) Sirnple wave fr.:nctions foo 46ri(pro)43S.
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Fig. (s. B)

I1l.

Angulan distributions for the states

0.0, 4; f.40 }bv, % nd 1.83 Mrev,

tr;. The sofid lines are the resul-ts

of zero-range PFF DI{BA calculations.

The dashed l-i¡res are the CFF firs.
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Fig. (5.9) Angul-a:l di-sbri-butions for the positive

pa:rity states 0.15 IÞv, ,ït 0.86 Mev,

1+ -+z2 artd 2. 87 Yev, 7ä. The sol-id ti¡es

are the resul-ts of 2ero-ra¡ge nricroscopic

DdBA calcufations. TTre dashed l-i¡les are

the resul-ts of cl-uster ca-l-culations.
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Fig. (s.10)

tì -

AnguJ.ar distr"j-butions for the high

spin states 2.99 Mev, tV) and 3.I2

Mev, "rz. The solid Ìi¡es are the

results of zero-range microscopic

D\¡tsA calculations. The dashed ]i¡res

are the clusten fits.
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Fie. (s.11)

1r_7.

AnguJ-a:: distr"ibutions for" the isobanic

arralogs of the low-lyìng states of 43Ca,

the T=12: 4.23 Mev, ,õ; 5.23 lr'rev, t¿

and 6.22 lfrev, {- states. The solid lines

are the resu_l_ts of zero-range I,FF D^JIBA

cafcul-ations. The dashed li¡es are the

r"esult of CFF fits.
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Cornparisons of o"*/o* for states

q 6Ti{pro) q 3Sc reaction

i¡ q3sc fron the
Table (5-2)

I 
urri , I 

u.S" t
configurations of

transfe-rred nucleons o"*/o*('t)
No of
nodes

N
*71

stater ul

0'0, 4

-L

0.15, %

+
0. 86, 'ò

l-.40, 
",

1.83, tr;

t*

2.87 , 72

2.99, t7;

3.!2, t7;

4.23r 7;

(b) nËt/z(t

(c) nrð3/2(r

(c) nr"yr(t

(b) "o rh.rt

(c) n1d., (1 3¿)
"/2

(d) ntf 
TzQ 

7¡r)

(d) t)|r,0 7¡r)
't2

(b) "fi 7,rQ Tz)

7¡r) e "ßtr/z(o 
o)

3/2) e trzrrfo o>

12) ø 'o'rrr'o 
o'

7¡r) ø ,tszrrfo o>

= 1.0
(a)

(a)
0.75

2.5

0.1-

?r

ll

(a)

(a)

(a)

(a)

(a)

(d) ,tf 
TzQ 

7¡r) ø "trzrr<z 
z>

ø ulsz.r, Q 2)
I2

ø ,lszr, (2 6)
.t2

ø ulszr, (2 6)
't2

s vlJ2", (o o)
tt^tl

l-.8

I.t

nq
(a)

(a)

(''')An overa-l-l- normalization of 46.3x1-06 was used for the gror:nd state'
l\'1lY. r.lee text for defi¡rition

\.I

rf

(b) f 
k3gs > = luoc. doubly cl-osed shel-l ' | "f lzo 

74). "ttrli

(c) f 
r+3gs > = luoc. doubly cl-osed shel-f ' I tj.t 'tlorc o' 

:"tï'?:o

lcool
0)

(c, f '-or.- - - I -* --- L _L , T,

(d) f 
r+35s > = luoc. doubly c]osed shel-l ' I nf 

T2Q 
7/2) * úf 7/2(v :J
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fi:rictions are needed to predict the observed strengths. Also, it should

De po::rTeo ouï that for the 2.99 lÞv, 172- state it was assu,ed that tlre

two neutrons trensferred are cor:pled to,-Tt = 6 and not to 4 for example.

The explanation for this is that the value

factor and the overJ-ap integral for Jr = 4

the product of the form

nmch sma]ler tlu¡r that for

Jr = 6 resnltinq in a larger o -/o,. ratio._,Þ _- _ _ Ç elQ.-t.].l
( 1)\

In regards to -ul:le 1.40 }þvr 7f, state Johnstone and Pa¡rne"" poirited

out that this state ca¡not be understood i¡r terms of an Qiz, )3 configura-
72

tion and an unexcited core. They showed that the major conq>onent of this
/?.\

state should be 5p-2h. This pictLrre is not very different from Sethts\/r''

vreak-coupling core-excitation picture for the same state where he sug-

gested that the dc¡ri¡iant comtrrcnent of the wave function is i:he one i¡r

which the a2ca core is excited to its Ol f.gg õr--{-^ -r-}.¿ rf nroton isLLr -LLÞ U2 t. OO >Lõ.Ler LllE rr,r, OtvLv¡¡ f,o

weakly coupted to it. The 0l state i¡i 42Ca is }rrovar to have nrore than
L

1tro, t,^.. ^^-^^:'ìent r¿ith lJre hole.ìÕmrìxlnênt nr-¡arìomìnantlv i¡ the ldalJþ +P-Lf! Uulll.I-ÄJlfcJ.tL WIL-ll LflE ll\Jfç uulrtllrsllL PtLuvrr¡lra¡LlJ !r "*'"r2

cÈoll 'F:lrina such a component intO consideration r¿il] reducg o-,__ __-theory

considerably silce the nr¡rrber of nodes will be one l-ess th,an the mmber

shou¡n j¡ ta¡le ( 5 .2 ) . Tfr-is will bri¡rg the ratio o.*/oa. ratio i¡rto l-j¡e

with other states.

As for the 2.87 lr'rev, 7) state it is cfear that the pure hole state

nir--fr¡r'e r"rith the tr¡o neutrons côrrnled tr-r ¡ncnrl,ar nprnenturn Jt = 2 is in-

aàoatl:ie ir¡ r-ipnrr-lrìtrne tlre e>rne1.ìm-ni¡-ì lrz oÌ¡qer-'^l ^+$^ñ'-Èl- Thi S Sllø-AUç\Jrué LE LLJ l EPl- -- -r -- -- - -* VgLl Þ LI cl lË Lll . ar uu u u6

gests a more conplicated structr-:re for th-is state. iJnforiuri¿fsly no

other infor-,ration is availabl-e about this state i¡r the l-iter.ature,

of

is



LzL"

For the $ state one expects tÌ¡at the ratio o"*o/otÏ, rlilr be higþer

by a factor of c,2.3 because of the reason discussed i¡ the.texL p.3S..

A nrore realistic calculation should use shel-l npdel vrave fr-nctions.

As discussed in etrapter 4 there are only trvo complete sets of she1l

n-odel wave fi:nctions ava-ilabfe for both Ti and Sc isotopes, one is the
/56) 

-*r +r-^ ^!L--' i- +L^ ^-r^--r-!-. (25)1't!.8.2. model'"-' a¡d the othen is the c_alcul-ation of Kutschera . t¡r

tJre present r+ork the Kutschera wave ñ-mctions \^'ill be used since they
employ a more recent set of two-body n'ntrix elernent. Ilrthermore, they have

the advantage of using the sane sign convention adopted i¡r the nricro-

scopic formalism discussed in chapter 2. Kutschena provided a tabula-

tion of the cfpts, so the same va-l-ues can be used in the calcul-ations

of the ovenlap j-:-rtegrat T* as were used j¡r the shell npdel- calculations.

Tabl-e (5.3) shows tìe ratios ooo./o*h for the negative pariry states

using the Kutscher€. wave functions. The overlap integral was cal-cuÌated

for each possi-bIe configuration as prescribed jn Appendix B. ù1e notices

inrnediately the improvement j¡ the ratio" o"*/o*1, over those i¡ tabfe
(s.2) .

lútoreover, by inlroduci¡g the 5p-2h component i¡r the \^7ave function

of the 1-40 l'j--v, T2 state as discussed previously, the ratio o"*o/oth
increased from 0.1 to 0.7. It should be mentioned tÌ¡at the wave fi:nction
of this state (given by wave fi:nction 'rf', irl tabl_e (5.3)) has a sign

ambigu-ity. The signs shov¡ri gave a reasornble va]ue for the ratio
d /^ rm-^ ,ì+hôn cim ^lr^-itexÞroth. -Lne uLircr- Þ-rËrr urr,rc€ gave a r¡mch wor-se vafue.

For the l-.83 l.'rev, l,[ state, the str-engrh was pr.edicted correctly
jldicatjng th,at this state is rnirLly of 3p-0h srructL:re. A si¡rj_1ar

conclusion has h'-en r-'e¡r'hcrl hrz l,¿nisl<(74). The excìtation of ,uhis state



Table (5.3)

122.

Conparisons of ooo-/o*h for states

a6Ti(pro)Q 3Sc reaction using slell

jn q 3Sc frorn the

npdel- wave functions

-llstater tJ lu6ri t
configr:rations of

trensferred nucleons
, (h)

o 16..e)q) tnI 
ats" t

0.0, T;

1.40, ,õ

l-.83, tr;

2 .99, t%.

3.12, tv;

(a)

(a)

(a)

(a)

(a)

(b)

(f)

(c)

(d)

(e)

All possibl-e

Al1 1rcssi-ble

Aì-l possible

A1l- possj-b1e

nlf zrr(I 'rr)

configurations

configurations

corrfigurations

con-figurations

ø vw.fi(2 6)

= 1.0

o.7

1.0

0.7

0.8

(a) 0.855

+o>+

(b) 0. 7BB

,õ, *

(c) 0.815

,,; ,

(d) 0.87e

,%,

l"ß21(o o) ø t:7J7a(o o); o+' +

.oe6 l"tfrrf,(2 4) ø vrffi(2 4); o

l"ßVr(I 722) ørlrr2(o o); 4' +

0.22 ,rtfzzz(I 7z) ø vlffi(2 4);

lnLfzrz(r 7t ) ø vnzlQ 2); tli'

7t2) e vrf V2(2 2);

Q 7/ù e, vtrVz(2 a);

lrrfTr(r 71) e ú112(2 4) ; t7z> + 0.477 ,trtfTtz(r 7t) ø'frT2(2 6);

0.496 l"UV2(z
+

0.562 lr7-f 7rr(I

,,, ,

+ 0"s0s ,ntf1z

2) a v1f74(z z);
72

(e) 1.0 ltr:rf -t?(o o) e vü7,1(o o); o* ', '/2 ./2

(f) /:71 lnrfT/z(r 7/ù ø vw)r(o o); 7/z' + lm ,ntfTtz(r 7t) ø

vflb ù "aãå(o 
o)

(e) l.o lnrrTtz(I 7t2) e vur2(2 6); t% '
lh) 'ì-"ne crr¡er-all nor-malization l{ is 47.2x1-06. Tt was adjusted to yield a
\¡¡l ri¡ç v

value of 1.0 for the gl'ou:rd state
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r ç.r .l-n Doïn r.-r,r rrJ arld (arp) reactions as nrentioned earl-ier lends further

support for this conclusion

Altlrougþ the (Lf7_)n node] c-¡lculations gave satisfactory results,
4 

r Â,ar
it is important to i¡rclude the 1f7. - Zpa. mixing'""'. This is so be-72 '/z
cause the energ¡ difference is so mlall that the 2p3. and If 7, confisur^a-- '.2 --- -- //2 ---'t

tions are nrixed. Anotler reason for the need to j¡rcl-ude tJre configura-

tion nrixi¡rs fnom 2pq. - Ifs. shells is tÌ¡at the a 3Sc spectr.rm caÌcuÌated.o ---"' -.t/2 ^^% -.
rÂnl

lrr¡ I-lnr.rcnet""' }- .r -l'l^.;-- +Ì.,uj ilruw,r' crrÈ tìree exLra-core nucl-eons to occupy the

compl-ete l-f2p shetl, agrees beÌter udt}r the e>4>erj¡iental- one. However,

i¡r onier to use such wave functions one needs a simil-ar calcul-ation for

the target nucl-eus. Such calcul-ations are not currentl-y avail-able to

uD.

The uncertaj:rty of the ratio o^-^/o*- sho\.ffi i¡r tables (5.2) ande>4) ïn
(5.3) depends on tle quality of the fit and the size of the error bars.

A trroical value of rrnoer'f¡intv is about l-59o for most of the states. Tfris

increases up to about 45% for the 0.86 Mev, t{ state. It shoul-d be noteá

that the rncertainties n-rentioned above are due onl-V to the normal-ization

procedr.re. Other uncertaì¡rties due to approximations j¡r tle calcufation

of the lfF have been discussed earlier il clnpter 2.

Section B: The aBTi(p,a)qsSc P.eaction

8.1 o-spectrr¡n:

The 48Ti{p,o)qssc reaction was studied at a proron energy' of 40.35

Ì{er'. The energing o-particl-es r{ere detected usi¡lg -the sar,e detection

svstem rserì fnr- ihe 46fi(n-n) n¿¿g¡ion described nr¡=viollslv-in eh¡nier.3-Áa\¡,)s/r\4uJ"'-,4IlLçr

^'r 
l

ruf, g?fl_rg-L _r_Jilgl I Ló_L L]g Lo.r_IÞ o_r rLi Lc._ -- -- 
-*.1

/- a^\ . - t <Fig.(5.12) shou.rs a qrpÍcal specrrurn of 'rSc at 0-,=l_, = 25o. Tne

overai-l enerry nesol-ution was about B0 kev FWIIM resulting from the same
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Fig. (5.12) Tne 4BTi(p,o)qssc speclnnn
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I 
'A

factors discussed i¡ section A'

States,j¡r q5sc r^rith excitation energies up to ¡' 7 Mev were observed

and they aïe slmrrga-izeð tn tabl-e (5.t+). The excitation energies given

tlere were calcul-ated as pressribed jrr clnpter 3 '

One may notice fron table (5.4) tbat the nr.¡'nber of states excited

strongly enougþ to exhract angular dislrjbutions j¡r tJre present (p,c)

study is much less tlun tìe m¡lber of states observed j¡r single-particle

( 3l)plcKup , ror exanple. Th-is featu:^e is also observed i¡ tle strrdy of
loo \

rhe 48rifñ-.r)45Sc reaction at B0 M,ev\löl. Th-is belnvioi-r'ldght be due
rr\yrul

to the coherence property of the (pra) reaction r"'here cancellation of

amplitudes can occur.

ùtherwise, the mai¡r featLìres of the 43Sc spect¡rrm discussed i¡r

section A were observed again j¡r qssc includi'g the excitation of the

6.68 Mev, 7j s:cate which is the IA of the 4sct g'=' T = 7z' Simple

c¡tculations oredict th-i-s state to have a¡r excitation enerry of 6.75 IÞv,

r¡hile the M.B.Z. nodel- prediction is 6.48 Mev' Both are in reasonabl-e

agreenient \^rith exPeriment.

One notices from Fig. (5.12) and tabl-e (5.4) that the (p,a) reaction

can excite states v¡ith spi's 1.)'2, 17i anð l9zz. Such Ìr-igþ spin states

ca¡'ot be observed i¡ the (dr3He) reaction. Ti-r-is represents one of the

advantages of stuoying the (pra) reaction, in spite of ihe considerable

difficulty in extracting quantitative i¡lformation from the low cross

sections to these states. These high spin states can be seen jl-the (ptpt)

reaction. Positive parity states appeer at energies as, low as 12 Kev'

The explanation of this very low excitation energy' is given in chapter 4'



Tab1e (5.4) Data SumarY

L27.

for 45Sc

(p,o)(76) (d,a¡r.r{3r'{p,o) 
(-)

0.0,
0 . 0t_2,

'2\
?'-4

0.0' ,õ 0'0, %
^+0.0I2, 
')

u.3ll) 22

0.543, %

0.'12, %
,+0.94, 4

I.067, %

.+0.94, ,2 nqll
.l+
'/2

1.24 )
I ì--72 L.2) ) tr;

1 ?q

?nq

_+
-n

'-/2

1. 3 (3r2r5.2)+

r.557, v2

f .8, fr t¿

2.Lr, t>;

2.29, ,;

) '7Lt

?aq

"/2

-+
%

72

,ol

? [R
e. I v)

q+
"/2

-L

'/2

? 7'l

I Q-"/z

72

1- (
'/2, 'I' = þ

3.57, rv;

3.69, re/z

(+
"/2

(a) present v¡crk.
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8.2 Angul-ar Distrj-butions - Cl-uster D{,tr84 Cfuster Calculations:

Figs" (5.13), (5.14) and (5.15) show the angu]-ar distr"i-butions

obtai¡red for states (or groups of states) in assc. The error bars

represent the cuadratic sum of t}re statistical a¡rd fittilg errÐrs. The

solid lines are the resuft of zero-range DttsA calculations usilg the
/ ^^ I

code D,{UCK 2\Óo) a¡d cluster form factors as discussed previously.

The Jr assignnents for the states 0.94 }lev, 1.24 I'lev, 1.78 }bv,

2.09 lúrev, 2.74 }bv a¡rd 2.95 Yev v,,ere taken from the literature(77). The

-Tr - ì+ .+ -+J" values ere \, "tz, 2), t7r, 'e ^d 
5zi, r"espectively. The D'IBA cal--

cufations are j¡ agreen-rent with ihese assignnients.

As nientioned earlier, the first excited state (Jt = '/l ri"" only

12 Kev above the ground state(31)'(77) (see al-so chapter 4) which nekes

it im¡rssible to resol-ve these two states. In a¡ aftenpt to anal-yze

this doubl-et a linea¡ combi¡ation of 7Ã and 3rl -.,*llar" distri-butionsz *'"

were used to fit the e>peri¡iental- distribution. It was found that the

l-inear combi¡ration:

r.o (g.s. , Tù + (o.o t o.r) (o.ol2 , ,;.)

save a reasonable fit to the data. Th-is relative strenp-th ratio between

tne $ ürò 7õ states is cl-ose to the natio between the 0 . 0, þ and 0.l5
^+lbv, 22 si"ates i¡r q5Sc.

A similar situation has been encor.rntered for the states at 3.69 Mev

- -17u'here nc single J" angi.t-]-ar distri-bution ca¡ fit the data. Carefuf analy-

sis of the peak r^'idth shov¡ed that this is actually a doublet consisting

or- the states 3.69 l/rev, 1% *ra 3.71 Yr-*v, ,;. Tfris is supporled by the

fit shov¿n in Frg. (5.15) where the linear combi¡ation:



Fig. (s-13)

L29.

Angutar distri-butions for the states

o.o, Ti q',a 0.012,'¿., I.24, tlã +¿i

2.74, %" The solid l-ines are the

result of cluster zerorrenge D,{BA

calculations.
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Fig. (5.14)

I ?l

Angular distrj-butions for the states
r+ q+ q*0.94, ,2 l-.78, 7z and 2.95.' "/2. Ttre

sol-id l-ines are the r.esul-t of zero-

ranse D,,IBA c]uster calcu-lations.
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Fig. (s.]s)

111

AnguJ.a:r distributions for the states

2.0s, '7i; 3.69, 'Vi; 3.71-, %. u'd

6.68 Mev, T;. The solid lines are

the results of D^IBA cluster zero-

range ca-lcufations.
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ì 
^T

1.0 (3.69 ¡þv, tsõ) + é-o t .r) f a.71 l"lev, ,;)

fits the data r+e11.

Ttre 1.78 l"þv state Ïras been assigned to the value l" = 5à on the

basis of the angular distribution. The value Jt = Grz, Ðr)* Ì-d b."r,

assipned to thi.s level from the reaction 46Ti(drsg.¡r+s5"(29). However
-*-rèt'--

from l-ife tj'ne npi.su.rerren's(78) and the (o,py) reaction a r:rrique assign-

.-T .*.nrent J" = 5zz has been obtained. Tnis is i¡r agr€ernent with or:r assign-

ment.

8.3 D{BA Cal-cu-l-ations - l{icroscoPic Form Factor:

A proceoure similar to thr,at descrjbed i¡r section 4.3 was foll-owed

in ¡na'lvzfns-l-he 48Ti(t,-.r)45sc r'¡=aetion usi¡s the l'tr-F. Z,ero order,aLJLut6 Lr¡u rr\ytql

cafculations where on-ly srmple configrirations for the transferred

nucl-eons aïe assulrpd \^'i11 be considered first. Tn these cal-cu-l-ations

the 48Ti nucleus \.ras assuned to be a doubly cl-osed 40Ca core with two

extra-core \f 7r, p*tons and six extra-core If V, neutrons. Aga-il, the

negative parity states are then populated by pickìng up a LfVrProton

and two 1f7, neutrons r^'ith the propen angular rncrnentum couplilg. The
',/c

positive parity states are popul-ated by picking uP a (s-d) shel-I proton

and two 1f7, neutrons. Figs. (5.16) and (5.17) show the resul-ts of
'/c

zerÐ-range D¡JBA calcul-ations using the microscopic form factor. \.{e

notice the arr¡litr¡ of the fit j^ ^^*---r-ì^ +,-l or somewhat betrer tlrant.t\J Lr\-g Lt rE \l L]o-L- --, - -Þ 
L-(Jllll-JÕ-L'ru-LE LL

tlnt of the cluster form factor fits.

In all the above calcul-ations the microsco¡ic form factor taif was

reol-aced by tJ.e CFF ta-il. The overlap jltegral I* was cal-cuf-ated as

rìeqcr.ìÌ¡ed ìn Arl--^-;ì-' Þ --'r È'/ the aid of the recirsion relations ofueÐurrucu !1 nul-¡=ll'J-lJi Dt arLr u)



Fie. (s .16 ) Anguta:r distri-butions for the states
L

0.0, '%. * O.OI2, %; 1.24 lbv, rr;
I q-and 2.09, t7z. The sol-id Ii¡es are

the result of zero-range nicroscopic

IÌ,VBA calculations. Tne dashed l-ines

are the cluster fits.
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Fig. ( s.l-7)

r_38.

Angula:: distributions for the states
-+0.94, ,å; 2.74, %, 2.95, Vi arø 6.68,

,;. The solid li¡res are the resuì-t of

zero-nange rnicroscopic DIIIBA calcul-ations.

The dashed lines are the cl-uster fits.
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Ref" (38).

Tabl-e (5.5¡ shcn¿s the natiot o.*o/otÌ, for states i¡ assc cal-cul-ated

| =nn^rvlin- -{-qveva-*¡ó .o tlie si-:lple picture 4."""i¡"¿ above. I,¡ith t}re exception of

the 3.71 IÞv, %.Sl the ratios o^_^/o-- are i¡ agreement with onee>Q rn
anotlter withrrr a factor of 3. Another exception is the 2.74 ltev, 1",

state. Tne ratio o.*/otl, for th-is state is t-wo orden of nngnitudes

Ìrigher than othe" r-tior. This is a direct result of the Iow value of

the structure factor:
ñ ñ Tl11 t-2 u Tl n TLr !3 !

I¿g(trJ'rJ) '2',ro l" lo 1212

j j J' TI : TuJrJ
I2

for these states. Table (5.6) shows the struct-ure factors for tle 2.74

Yev, ).2 and 3.71 lbv, 3., states compa.red to the ground state. It is

cfea:r that for these states th 'n - ;- -;--.r^-,,-r-.
= ,ttlz2l PfcÏLlre IS lJlaoecu,a.te.

r70.\PoÏù"" has suggested that the 48-.
Ti ground state contai¡rs a neutron

comrnnenr of rhe form [1f7s (3 5.Ð a ]-fs. (1 srz) l-, - .., wh-ich is as high as"_... ___ r2," ¿, " __7 ,_ .¿.,J _ U ..-__-- _r

20%. Furthernrore, the asTi(prd)t+7Ti reaction¡80) provides evidence for

the presence of 2p-she11 neutron components i-n the groi:nd state wave

function ilrrough tlie .Q,=l- transitions. Al-so the excitation of 3õ states
/^^\ /^r \j¡ ihe qari(¿r3FIe)4?Sc reaction\5u/'\rl-/ is er,¡idence that there is a

2p-shelJ- proton component j¡r the aBTi ground state wave function. Thus,

a shell nodel cal-cul-ation i¡ the 1f7- - Zpr- - tfs- basis is required to
"/z -4 '2

describe the observed stt^ength properly.

The states 0.0 lr'rev, 4; 1.2\ Irev, ttai; 3.6g Mev, 1% *ò 6.68 Mev,



Tabfe (5"S¡

I+I

Conp::i"son of o"*r/ot)^, for states i¡ q5sc fron the

qsTi(pra) Reaction - 7.ero orüer caJculations

state, rr luur:. ' l45sc ' #$.äfl"fft$"' hg o^*/o**(o)
N exP .trn

, 0.0,

n nl?

0.94,

1 ?Lt

l-. 78 ,

?na

n 1llL. ta )

?Aq

3.7I,

6.68,

rlf- (1
lz

nrdtn'

-'ì ç l1
¡r .uE \I

//z

nld., (ì-
-/2

n1f, (l
lz

?Tlf (1* 
Tz"

rlf- (1
l/z

nl-f ., (lt/2

rJ-f, (1
'/z

t7r)øvtrf,r{o

34)8úÊv2rc

Tr>øvts2^<z

s4)ØvËtr/zrc

Vì^t-rtr/zQ

vì*"utr/rQ

T)øvrlrlz

t¡)øvtrlrrQ

T)øvrczrrro

,ã

¿
-2

J

4

(a)

(a)

(a)

(a)

(a)

(a)

(a)

(a)

(a)

(a)

(a)

(b)

(c)

(e)

(b)

(c)

(b)

(b)

(c)

(b)

(b)

(b)

0)

0)

= l_.0

0.7

1.9

1.6

0.3

0.4

(102)

n??

1.1_

Etr

I ll

2)

0)

6)

2)

A'l

2)

0)

t l../2

I5'-4

'-/2

22

s+'t2

ìq-'72

72

r2S-r, Q V)øulflz.rr(0 0)-/2 L lZ

zrld.. (I s¡;ellfj (o o) 3%/z/z

(a) lu 
tTi t = lu 

0C- doubl-y cfosed shefl- >

(b) lqss" t = luoCr doubly cl-osed shel-l- >

(c) lqss" t = luoC. do'.rb]1' cfosed slrel-l- >

('*),An 
over.a-]f ncr:nalization ìJ of 24.6x1-06

See text for cefi¡ition of ]rl.

l*rlr(e 6)evlf6z.r{o ù
| {rti r,; (t 7..r)evrí}.ru Ð

I Cnrr' ) (o o) ¡nj ):16vÌf? (o o)' 72 -J 72

r':as used for the ørrrilnrì si¡ie-



r42.

Table (5.6) Structrre factors for few states in assc

qf:ta .TT configuration of transferred
nucleons

structure
factor

fì Ma' rv ¡ruv t
'7-,/2

"/2

?-
"/2

2.7t+ Yev ,

3. 71 Yrev,

nlf 722(1 
7.r) 8t vlfTrr(o

nlf 4Q 
7,2) ø v:f V Q

nr¡74T ?d ø vLf VrQ

o)

2)

2)

490

UUO

034
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7õ æe al-l descrj-bed r.¡e1l by the ,rf7tz)s pictui,e. on the other Ïn¡rd

the cross section predicted for the state 2.0g Lfev, ,ta i= hi$: ûEher

possibì-e va-l-ues of the neutron couplirrg angular mcnnentum Jr yield even

Ïr-igþer cross sections, resurting i¡ a lowe" o"*o/otÌ, ratio. A detaired

wave fi¡-tcìjon i-s needed where combi¡ation of ¿iffer.nt neutron couplings

are i¡lcluaed"

The 0'94 Mev, Li state is l.oov¡-r to be rainly a proton hol-e state.
rt is excited j¡l t}re 46Ti{dr3He)a5sc r-¿ct'on(31-) r^'iih a spectroscopic

factor of f'55. Tnis gives a val-idity to iJee si::ple pictlre assr-ur¡ed for
tÏÉs state. However, a:-r" tj states excited i¡r trre (pra) reaction dc

not app';r to be a Pure d5, hole arrd the structrre of these states is
likely irÐre coirpficated il nature. The spectroscopic factors extracted
fmm -l-ha ( à 3r¡. r/ 3l \
rf vrlr LrrË rur -ne) reaction"" i¡dicate tlnt the d5., hote strengtl is
fragnrented over at feast 14 different states,

The next degree of soph-istication is to use the shell- rodef lvave

functions of Kutsch"tt(25). The resul-ts of such carculations are shov¿rr

i¡ ta¡te (5.7). The ratios o."p/oth are consistent v¡itì each other.
As for" the 2.74 l"þv, 5f state, the theoretical- cross section was catcu*

l-ated using the empi'ic-ar wave function suggested by pohÌ(79) foo th"
aBTi gror-rnd state as nrentioned ea:dier. Tlie consideration of such con-

f i ør li-¡ti r-,n mi -ì - - Ì'.^, 
' -Ì'+ -+-'l-^ -uLfvr¡,r4^-Lr1Ë rJruuBJrL Lne ratio o^.^/o__ for this state from l_02 toe>ç tn

6'2 for the choice of signs shotm jn table (5.7). It is reasonabfe to
expect that the ratio o.*/o* for the % *rd s., states can be b'ougþt

i¡l li¡e r^'ith o't-her ratios if 2p3- and Ìf5 Þïci^- nnmannn:-c_2 -/2 - ,LUll cojjrlonenrs are jncl_uded

in ihe wave fturctions.



Table (5.7) Co,rparison of

aBTitpro)qssc

t44.

o /o..e>P rn
Reaction

for states i¡ q5sc fron the

r:si¡g shell nicdel wave functions

-flstate, d

configuretions of
transferred nucleons , (*)

o 16.,ex? TlrI 
uus. t

nn

1ru

2 .09,

2 'tu

3.71-,

(a)

(a)

(a)

(f)

(a)

(a)

(b)

(c)

(d)

(e)

(e)

(h)

ì l--2
'I 5-'-2

-2

ìq-- _t2

2

AÌÌ possj-ble
configurations

Al I nrcc,i ï¡l e
cortrigr-ir-ations

Al I rv-rsci hl e
configr.ir-ations

A'ì I l-neqi b-l e
configurations

al I T\-ìqqtñlê

coniì ørrr'ations Ð-
nflL^(l 7.2) ø vì.f i,rQ 2)

72

1.0

0.3

0.6

Ã2

0.7

2.r

(b) = lqsse,J= 7/z

(.] =lqsSc,J=t5

(d)=lqsSc,J=t%

.929 ,nutr r(o o) ø vrf67,r(o o)

-.37 l"r*7rQ z) ø vtf67,rQ 2)

-.02s l"ulaQ Ð & vrfl,rQ 4)

-.007 lrlÍ27,2Q ù ø vrf67.r(2 6)

> = 0.855 tntfT,z(I 7¡z) e, urc\rr(o o)

+0.tr96 lrlf zrr(I 7.2) ø ,tf|7,rQ Ð

+0.96 ,ntf zzz(l 7.2) ø uJ:t|zrrQ Ð

) = .738 ,nrf 7tz(r 7t¡ s v1f;2 Q 2)

-.2Ig lrTf ,rr(I 7,2) ø urf|,rrQ ))

-.237 ,nrf 7zz(I 7,2) ø utfl,r(2 6)

) = -5]7 ,n'f 722(r fTrr) e \)rfï/zQ Ð

-.418 lrrf 7,,2(I 'c) ø ul:\,;z 6)

-.608 ln-Jre(I 7rr) ø ,rc\rr(rr q )
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(e) = luss",J = 1% , = .987 ,nirfT,z(L 
7'zl ø vrfTr(2 6)

(f) = luuti, o+ , = /ú'2 lnttzTrrlp o) ø t"rr?rc3 se) eurfso(r Ðz)lr,-o '

+ /-o ¡ lnß1rr(o o) ø vlt|7rrb ò
-4(g) = luuS., 5, = I.O llnlfr.r(l 7'z) ø vlf).r(2 2)lr=ri'

(h) = lurS", Ll , = t.O llr.lJT.r(\ 7'2) ø vLf\,r(z Df 
,=rr'

("')Ar 
overa-l-l- nonrnl-ization N of 41-3x106 was used for the ground state'
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Section C: The 50Ti(p,a)a7Sc Reaction

C.1 c-spectnr¡nz

Ttris reaction was studied at the sane proton enerry used for" tlie
a6Ti and 48Ti isotopes. The emerging a-particles were detected using

tlie sanre setup descrjbed in previous sections. Fig. (5.18) shows a

tl,pical- spectr.rm of 4 7Sc obtai¡red at or* = ZSo . Similar to the studies

for -ihe othen ti,,ro isotopes the energy' resolution was about B0 kev.

States in aTSc with excitation energies up to 8.4 lfev l^¡ere excited.

However, the qTSc spectrrm is compficated by the presence of about l-Beo

L e-.- ''1'l_ l_sotopes rrr the target.

Table (5.8) sunrrLarizes the aTSc data obtai¡red. Afso sho-"n i¡r tabfe

(5.7) are levefs in 47Sc excited tlrrough (dr3He)(31) ard {t,o)(Bf)

reactions. Simila¡ to the discussion i¡r sections A and B there are some

states excited i¡r ilre (pra) reaction but not i¡i the other single-particle

r"eaction; aïÌcng those is the revef at 3.0g Mev r¿ith Jt = t5õ. This 1evef

canriot be reached by single-nucleon pickup. As in 4tS", the strength of
the ldq hol-e is fi.aom-nfcri mrs¡ severa-l- States as obserwed i¡ theJl¡

L

studies of the (dr3He) and (tra) reactions. However i¡r the (pro) r€ac-

tion only one fevel with Jn = 5à <2.38 }4ev) was identified. ùì the otlier
]r'anrì ì-lro e-l-æ'gths or- the lde a¡d 2sr holes are concent-naterì mainlw inurvrrÞ '.* -"% _/2 ) øE uullusi.lLld Lçu rrro¡rJ !l

one state for each(8l) -t .77 Mev a¡d 1.37 I'fev, respectivery. Tnis is
deducec r=rom the rneasr:red spectroscopic factot(92) of g.47 and t.71.
fhlrz nna lor¡aì r " -Tî r* ì ^-^ 'r^,,^-l ,.ì+l- r -*v¡rrJ v,c rEVç-! "rl-th J" = t/z anð one level with J" = V, vtete identified

in the pr-esent work.
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Fig. (5.18) Trre soti(p,o)47Sc spectruu'n
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Table (5.8)
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Data Sunnary for 47Sc

Ex (Yiev), Jr

(p,o) (-) (d,3He) 
(31) (b) (t,cr) ( B1) (b)

u.u, 72

¡
^ 

nn ?'u.tt) 2
I ll' I I-L.I'+r '72

Jì¡r.ól) v2

-1 .öJ, 22

-+2.38, %

t . o5, "/2

e nq i5;/2

J.+Y, -2

3.83

(%)

a IY

9B

63

LN,v'

6

Õ 7õ

0.0

.78

1.39

n 0-?v)

q1- ô 
-1lo I ) L-z

'l lr tr

]. 39 - .1,=0

¿.31/, L=l

3 .804 , 9"=2

E E?'ì n-l
J.J I_L) L-)_

5 .76 , 9.=2

5 .987

6 .62

taJ

(b)

nr"aqenl- r^rnnk

onlv levefs of irrterest are shov¡l
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C.2 Arrgul-ar Distributions - DttsA Cluster Calculations:

In Figs. (5.19) - (5.22) the angular distrj-butions obtai¡red for.

states on group of states i¡ aTSc are shoi^¡r. The errors shov¿n are the

quadratic sun of the statistica-l- a¡d fitting errÐrs. The sol-id lj¡es
r?Aìare the resu-l-t of zero-range D{BA calculations usj¡lg the code DJUCX 2'""'

and a cluster form factor as previously described. The spin assignments

fon the states 0.0 lr'rev, 0.77 l"Þv, 1.37 Mev, 2.38 Mrev were taken frcrn

existing literature(31)'(Bf)'(82). The D,IRA calcu-lations ar€ i¡r asree-

nr-¡rt wiih tìese assignnrents.

Ûn the basis of the observed aneÌi.l-ar distributions, Ìevels at l-.1-4

Yev, 3.09 I'iev, 2.65 }fev and 3.49 Iþ,v coul-d be assigned to Jr = ,r;r rtõ,

% *o %, respectively. Tne t\. *rò lsz2 statescannot be excited i¡
singte proton pickup reactions as npntioned earlier. Tfre .Q, = 1 level-

identified i¡r tle (t,a) e>çeri:nent(Bl) at 5.57f Mev probably corresponds

to the level at 5.57 lúiev observed in the present e>peni:nent. Howaver,

assuming th,at this level- is of 7p-0h \dth respect to aoca cor€) the DWBA

cluster calcufation c¿¡not reproduce the obssved disfribution with a form

factor having 4 nodes, as slrouni in Fig. $.22) .

the fevel- at 8.40 I'lev was assigned to Jr = ,rr. Th-is fevel is pro-

bably the T = 7/t isolmric anal-og of 4 7Ca gror:nd state. Th-is is jrr close

agreement udth I'i.B.Z. nodel- prediction of 8.404 yi=v and gur¿i.(83)

assignn"rent. A simple cafculation simifa:r to that performed for a6Ti and

aBTi preôicts this l-evel- to have a¡ excitation energ¡ of 3.48 Ì.þv. D¡,tsA

cal-cufation with Jt = þ reproô,ucesthe experj¡nenral angul-ar oisLnibution

fairlv well-.



Fig. (s.ls) ArisÌrfar" dì str"ìhutions fo " the nesaiiveryuLrvl¡r rvl Lj¡u I jeóu Lrvu

^---i+, ê+-+^^ ^ ^ 7- ì rr. r' ì ì-
]_rãr._L Ly 5 Ld Les u . u , 7z) -L ..L¿+ l"tev, ' /2

.anrì I Â ? Ìr'l¡. ¡ 5; . The sol i rì -l i¡eS.2. rrrç Ðvfru f.

represent the resufts of cfuster zer.r'-

range IX,iBA cafcul-ations.
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1T^

Fig. (s.20) Angu1ar' distrj-butions for the positive

parity states .77 Mev, 'àn ''37 
Mev'

tÅ.t *lo 2-38 Yrev, t¿' The solid lj¡res

are the resu]-ts of cl-uster zero-range

D{BA cal-cul-ations '
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¡ ró.

t_55 .

(5.21) AnguLar distrjbutions for the states

2.65 Mev, tr; 3-09 Mev, tfi and 3')9

I"Þv, 9Ã" The solid li¡es rePresent

the results of cluster zero-range

D.dBA calcul-ations.
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Fie. $.22)

1s7.

Angular distrj-butions for the states

5,57 Mev, %. *rð 8.40 Yrev, 7r{t=7t)'

The solid lj¡res represent the results

of cl-uster zero-range DidBA cal-cul-ations '
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Fig.(5.23)s}¡owstheangulardisfributionsforlevelsat3.S3

Mev, 5.7 lr'ev., 5.98 Yev a¡rd 6.63 Mev. These Jevels could not be fii:ted

by a single curve and nost probably they represent groups of states'

Infonration available jn the literature is not sufficient to j¡rvestigate

these states arry fur-trer.

C.3 DidtsrA Calcufations - lvlicroscoPic Forrn Factors:

The nrisoscopic form factors vrere calculated as described pre-

viously in chapter 2. Figs. (5.24), (5.25) and (5.26) show angular

distribution level-s jn a 7Sc and the resul-ts of zero-rEnge IX^IBA cal-cula-

tions using rnicroscopic form factors. The quality of the fits is com-

parable to that obtajned with cluster form factors'

Si¡Élar to the discussion of 43Sc and 45Sc we begirr the aTSc dis-

cussion i^ri-rh tÌ," ,.roth order calcul-ations. The ir-ansferred nucleon

con-figr:rations were assu-ned to be -uhe simplest possibl-e ones ' Positive

and negative parity states \,rer€ assulned to be populated in the same

fiËrnner descri-bed i¡ sections B-3 and C'3'

Tabl-e (5.9) shows the results of these calcul-ations' The ratios

o - _/o-- are j:r agreenent with one arrother withi¡l a factor ef "r' 3 for
e>4) tn

most of the states. The errÐr it o.*p/oth dt. to the normalization pro-

cedlire is of the sane orCer of niagnitude as tlat for the cases of a6Ti

-*,¡ 4 I'n;
AIU lI.

In st-rj-]ci¡rg disagreement are -uhe fevels 1.83 l'lev, % ^ð 5'57 I'fev,

%. Thre high o^-^/o-* raiios il]dicate that this simpte picture is i¡rade-
exp rn

quate to describe these two states. Silnilar behaviour Ìras been not j-ced

d,ring 'uhe discussion of q5Sc. Con-figr:ration nLixing night b'- the rea-

son for the high ratio as witl- be discussed at a late¡ stage'
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Fig. (5.23) Angular disbri-butions for the l-evel-s

(or grouPs of l-evels) at 3.83 Mev'

5.98 Mev and 6.63 Mev.
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Angular distributions for the states

0.0, 'rr; t.14 Mev, t'1, 
^d 1.83 Mev,

t2. The solid l-i¡es are the resul-t

of zero-range ItrlIBA cal-culations using

microscopic form factor. The dashed

l-i¡es are the resul-t of cluster

calcul-ations.
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f64.

Angr.ùar distrjbutions for the states

^+ ,+
0.77 YÞv, 3ò; 1.37 l"bv, 12 and 2-38

Yev, tà. The solid 1j¡es represent

the resu-]ts of zero-nange D^IBA calcu-

ì -¿:^'.- ..^-i-- *ir-roseonic fOrm faCtOf .-Ld Ll-Lri l> LrÐx rË lrLe! ----r

The dashed l-i¡res are the resul-t of

cfuster calculations.



165.

50

2

a
t

o.5

uoT¡ (P,e)uts.
Ep = 40 '35 Mev

MFF
- CFF

2.O

lo

50

2

I

20

to

EX=O.77 MeV

JT=3/Z+

$-

(n

-e

_+

c
E

b
E

E

{

20 30 40

0t*

Ex=2'38MeV

$ + JT=s/?+

50 60 70 Bo 90

(deg re e s)



166.

Fig. (5.26) AnguJ-ar' disfrj-butions for the states

3.09 Mev, '7it 9.49 Mev, %; 5'57 Yrev'

U and B-40 Mev, V;' The solid lj¡es

r€Ðresent the resuJ-t of zero-range

DdBA calculations usi¡lg rnicroscopic

form factor. The dashed li¡les are the

resr:-l-t of cluster ca]culations'
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As for the rest of the states it is not surprising that the zeroû

order calcul-ations viere able to reproduce reasonably the observed tcansi-

tion strength. Th-is is rainly because the shell nndel- calculations of
/.ttr\

Kutsc'hen:\t"/ ored.icted a simple wave function for the 50fi gtorttd state.

The level-s 0.77 Yrev, tI ^a 1.37 Mev, $ *"n observed i¡r the (d,3He)

,'"l \reaction"" \ritl spectroscopic factors 3.54 arrd 1.71-, respectively;

i.e. over B5eo of tlle shell nodel- sun rL:l-e. Thus assuning tlnt these

states a:.e pure proton hol-e states is a reasonabl-e fjrst approxi:nation.

Tne theoretic¡'l cross section predicted for the 1.14 l"iev, i!- state is

about tr+o tj¡ies larger tha¡r tJre e>perinenta-l- one. A nrore complicated

structr-:re may be needed to descrj-be tlÉs l-evel properJ-y.

Prr¡ton oiclc.n r-e¡c'tions indicate(3l)'(Bl-) -t-Ìnt the strenøfh of the

1d. ho'le is fr--^-+-^,r ^"^- -t least 10 states with the state 2.38 Mev,-"5/, t ¡ufç lò r|aÉillErrLEL-r \JVSI' o-

-J-5,' ]--..-'--- -^*-r.- lo% nf fhp lrì- hole sfrength. This ni=ans tl:rat thet2 tDv_LlLB -\-,liry IU? (J-L Ltlg _Lt_ls/.

---,*^-+--i^- ^€ - T-),ì ]r-le hole siatÉ- -'.- ^-r^,.ì-.l-;*q ilro rr¡J--in n /ø.. foro.òÞt-UTIPL-I(Jl-t Lrl- d. y|au r¡uru oLULC -Llt Ld--LUL,|.-Id.LIIrB L.tlc Iat-- ra*p,,th ---

this table is i¡rcorrect and the agreement \^rith the vaJ-ues j¡ table (5.9)

is fortuitous. Assunilg a different configr,r:ration for the transferred

nucleons for th-is state such as lr1dr. (1 3b) ø v l-f7. Q Ðfs. predicted'/2 ' '/2 -/2

= -n:l-i r, ¡ / n -.r^i ^1-o r_o.L_Ll.J ,exD, u, 
h 

wltrLjl.r l-Þ dll (J.r

rÊnt \dth tìe (dr 3He) reaction resul-t should be interpreted as this
state havirrg a rnore complicated structure and its components i¡-ferferirrg in such

way that the outconie resembl-es = nrrrc 'l¿l- offggf .* I.*" -"Uz "--

The study of the reaction soTi(p,d)qeTi by Kashy(80) provides evi-

rìence of 2n^ neutron aonixtures i¡l the p-r.ound l-evel- of 50Ti inrrcuph the"r. J/o -
L

observation of .c = l- transition. In a mixed-configuration shell-model-
r'â'l I

cafculation for nuclei v,rrth N = 28 and 20 < Z r< 28. Iipst"" cafculated
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Tabl-e (5.9) Comparison of o /o,. for states- e>p rn
soTi(pra) Reaction

-i^ 4 /Q^ fmm J-Ìro!I UU IAVI¡I L¡¡ç

-nÞLd.LC, U I sor;| -- I 
utS" ,

confrgurati-ons of
transferred nucleons o /o.G)e>4) rn

No ot
nodes

0'0'

O.77 Yev,

1.14 Yev,

1.37 IÞv,

1. 83 l'lev,

2.38 l"bv,

3 .09 lúrev,

5.57 Mev,

B .40 IÞv,

nlf T (l 7r¡)
72

nld" (I 3r")
þ

nlfz (I 7t")
'/2

nZst,(I tt2)

rlÍ7/2.(I 74)

rrl-dç (I srr)
"/2

rLf ztz(I 7lz)

nlf 7tz(I 722)

rIfzO(I 722)

a .',tfl. (o
'12

ø .,f3. (o
72

e vrr9 (z'/2

e urd (o
72

avü3 Q'/2

e urd (o
72

ø vlf? Q'/2

a vLf7z2(2

s vrr? (o'2

,õ

^+'/ L̂

ì l--72

l+-/2

-/2

-+tr2

"a

7-'/2

(a)

(a)

\d..,

(a)

(a)

(a)

\ é./

\ d,,f

(b)

(c)

(b)

(c)

(b)

(c)

(b)

(b)

lh)

o)

o)

t)

n\

?\

2)

o)

--ìrì= -L.U

t'ìL.L

nl]

.)0

tL k

u.v

t_ .6

16.0

(a)

(b)

(c)

(d)

|50Ti'=|uoc.doub1ycfosedshe11,|nrc}.(oo)evu|-(oo)>' '2 './2

|u7S"'=|uoc.doub1ycfosedshef}>|nIf7.QL2)ø"rr!-(crJ)>'"/2''4
wliere cr is the seniority of the 6 neutrons coupled to angu-lar nomentum

la7S" t = luoc- doubly cfosed shett , 1"trzr-(o o)j-l(I j) s vlf|- (o o)' "/2 '/2

An overall- nor,rn-lization N of 33.0x1-06 was used for the g:ound state.
See text for" defi¡l-ition of N.

J.
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the wave functions of soli as a mixrure of the proton configurations

(rf7r^)2 a'd Qr:,^2p:^). Tl-re 48c.a was assumed to be a good cr-osed'z '/z '"Þ
(87)core'-''" They found th,at the gr<l:nd level of 50Ti is about Bseo pr:re

(rf zrr)n - An empirical- wave fünction was constructed of the form:

l50fi g.s. > = lu8C. doubly closed cor€ >

{0.e2 lrÛl (o o) > + 0.39' '/2

c
l.nzPi (o o) >Ì'4.

The wave function for the residual nucleus was assumed to be pure (ff" )t.- '/2
Rplp:fin- 'J-.}- o ,¡\ç!ÆoL!lË urc calculatiorrs for the 5.57 Mev, 322 state, the ratio o.*rl*
decreased to f-5 from 16.0. The sign choice was r¡nde on empirical basis.

The other sign choice gave a larger va-l-ue. Th-is aga-il if fustrates the

imporLance of con-f,iguratio¡r mixìng i¡ the nricroscopic treafonent of the
(prcr) reaction,

Tabl-e (5.10) shows the ratio= o.*o/otn for a few negative parity
states i¡ a3sc using the Kutscheïra(2s) shell nrodel- wave functions. Th-is

realistic calcufation could not be extended to i¡rclude all observed

states, ujce the 1.83 Mev, 5.57 lúrev and 8.40 Mrev states, for exanple,

because of lack of wave functions. rdave functions siven in Ref. (25)

are only for the fowest two fi¡res of each spirl.

NeverLheless, one notices iìat for the l.l4 }bv, 1iz2 state the \

ratio o"*/o-h llas j-:rproved, wh-ile for the 3.09 yrev, ,% state the ratio
has decrease¿ from f.6 to 0.6.

A shell- m¡del- calcufation tliat i¡cl-udes lf, - zD. - rf. ÞrÐLon- ,/2 -- 5O E- " ç.4t

conponents is needed i:r order to extract mcre quantitative i¡lformation
for" this reaction.



Table (5.10)

(t') An overal-l-
a*-*^

I
I ( ñ-.(a/ 1""14, u >

(b) luts", V; ,

r^\ t+/c'^ 1-t\u/ l 'ùur - 72 t

7rr) ø ,tlf6-, (2 Ð

zr) ø ulrf6, (z 4)-22
I

h) øvlf", Q 2)

7r")øurfX,.z4)
'72

-L̂,) ø vl-f; (2 4)-72

T"l ø"tr6, Q 6)-72
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Conparison of o- /o,. for states i¡ aTSc from. ele tn
soTi{prc) Reaction using the Kutschera shell nodel

wave fr:nctions

nor,malization factor N of 25.7x1-06 was used for the sound

,tR
= 1.0 lnlfz. (o o) ø vÌfì (o o)'7272

(d) luts", ,îi , =

-11uusLvt v I 
tori ' la7s" t

confi-gi:rntron oï
t'ansferred nucleons o"*/o*('*)

0.0, '/,

"l 'ìr' ll--L.-L.ir -72

J.UYr'72

(a)

\d./

\4.1

\ IJ.'

(c)

(d)

AJ-l possible
configr.rrations

AI I Tnqqrñtê

configr.rrations

A | | T-Yìqql l-r lê

configurations

-'lrì
= _-L. U

0.9

0.6

.928 lnlf7- (I 7zç) ø v1f? (o o)'72'22

-.370 lrl-:f zrr(I

-.025 l:n:_f 7rr(I

= .926 lrJ'f 7rr(I

-.376 lùf 7rQ

-. 639 lrl-f 7r(I
+.769 lnLfTrQ

-.03s lnrfTrzT 7ù ø "rc6rr(2 6)
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Chapter 6

Sunma¡v and Conclusions

The 46r48r5011çpra)43r45'47Sc reactions r+ere studied at a proton

enerry of 40.35 Mev. The choice of the bonrbardi¡g energy' was such th,at

comtrrcr.nd nucleus effects are negligible. The overall eners/ resolution

was about B0 Kev ffifil{.

States r^iith excitation energies up to about 7 }fev in both a 3Sc

and 45Sc and up to about B Yrev in aTSc hrere excited. The excitation

energies for al.l. observed states agreed well with tJee values given in

the fiterature. Tfie error j¡r the excitation energies \,ras about 10-15

Kev. Due to the high density of states jn the Sc isotopes, only states

whose cal-cu-l-ated excitation energies did not var¡z by riÐre thän f5 Kev

from angle to angle were considered for arnlysis. Angular distri-bu-

tions for t}re energilg a-pa:rticles were erbracted over the ansular

r¡nøê fnn 'ì 50 - ?qo Ttro cnin =--i --o-+- 
.TT-,--r aòDrglrrrcrrLÞ u for ncst of the states

were taken from the existing literatLlre. For those states wher€ rÐre

th,an one vaf-ue of J was given, the argr-:la:r distrj-butions shape could

frequently be used in nraking a definitive assignnrent. Thus the 2.99

Mev, 3.12 Iþv and 5.23 Mev states of 43Sc were assigned to r7i, r%

--td 3¿, respectively. The I.7B Yrev state of 45Sc was assi gneò to sÅ.

SinLita:nly, the 1.14 Mev, 3.09 Mev and 2.65 }4ev in aTSc uTere assigned

+^ 11- 15- -^,¡ 5- -^-^^^+-'--^eO -7Zt -",t2 anl1 /1 1 tv>pe-.-rv=1y.

Both positive and negative parity states were excited. The posi-

tive parity states aïe excited by pickìng up two (fp) shefl neutrons

a¡rd one (sd) shefl proton, while the negative parity states are excited
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bv oickir-rs un three (fo) shel-l nucleons. ù.re of the i¡teresti¡rs featrr€s-J.r"*\¡ylu:¡v+

of the spectra of the odd Sc isotopes is the appearance of positive.

parity states at very lou¡ excitation energies. This behavior¡n can be

qualitativeì-y understood ñ-,om the Nilsson diagram. Similar behaviour

has been observed i¡r the i9F spectn¡n.

fsobaric anaJ-ogs of the low-lying states of the Ca isotopes were

observed j¡r tle Sc specfua. Tne excitation energies of all- states agreed

wefl with the iùeoretical_ predictions.

In order to extract spectroscopic inforniation, the micrr¡scopic form

factor for the (prcr) ¡eaction formrlated by FalJ<(2u) r-= used. Tfris

form factor \^ES calcul-ated usirg single-particle states calculated jn a

ItToods-Saxon potentiaÌ a¡d then e>+>anded i¡ a ha¡'nonic oscil-l-ator basis.

Due to the complexiry of tlús kirrd of calcu-lation tlnt invol-ves large

numbers of terms i¡r the e>pansion, on-Iy the donri¡ra¡lt term j¡r the expan-

sion was considerd, i.e. the single-particl-e states uiere taken to be

harmonic oscill-ator functions. Th-is trr-¡ncation simplifies the ca-lcu-l,a-

tions considerably. The nni¡r effect of this trr-ncation is to cause the

form factor to faII rapidly i¡r the exterior region. No significant

difference is i¡toduced i¡r the i¡rterior reeion. To correct for th-is

difference and to be able to reproduce the angular distr"j-butions correctly

the MFF tail was reÞ]aced bv a CFF tail_.

F,>rnr"essions for cafcufati¡rs shell nnrìe-l sner-irnsnonìc' arnnlitrrdeswru t ' t u L! 16 ur r DPçU La VòLiU1JJU O.lltlrr L uueu

needed in applying the shell nv:del wave functions to this reaction studv

were der-ived.

As a finst order cal-culation tire for,ralism was tested assun-rins the

siinplest possìble con-fig,:rations íor the tr.a¡sfert-ed nucl-eons. The ta¡Eet
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nuclei were assulIed to be represented by a si:rp1e (lrf7, )n picture'' The'72

agreere.nt with the experiment was vrithín a facton of 3 for most c¿ses-

For sone of the states tl1¡e disagreerent laras as high as tvro orders of magni-

tudes as discussed j¡ fur.ther detail- beIow. m" Li *tð ü states j¡r qssc

a¡rd 4 7Sc we¡e for¡nd to be ma-in1y proton hole states. Tnis is in agree-

n'ent \^rith the resul-ts availabl-e from the (dr3He) reactions on a6Ti and

f ?"r \48Ti. The 2.37 Mev, Vl state in aTSc is not a pure 1d5 state(ót/. How-'72

ê\/ê-n- ihe l"îF-F nrrecicted the obser,¡ed s-r-rength c.orrectly assur'ing it to be

a our-e lcl. hole state. This agree¡rent with experi:rient must be considered
- *"J/n

for'hrìtorr=l - Ínrp r'ômD'lie-ated strucùre for this state is i¡dicated-f uI'L L[ L(JLLÞ . d l.l[Jl- E UU]llU..uUq Luu

lúitre realistic calculations were performed using the (1f7 )n shell-
72

nrodel wave fgnctions of Kutsch."-(25). AJ-thougþ ihe agreement with e>çeri-

ments was better tlu¡r that of the first order calcufations, sone disagree-

ment remained for some states. ft was fou¡d that the (l-f7. )n t-,re furic-
72

tions are ilcapable of describi¡rg the %. *tò 72 states. The structrire

amol itudes fon t]r" %. "nð % states from pickup of tlrree 1f7, nucleons*.^r*- ¿ --- - Z2

rnê \/p-r'r/ sm¡l'l a¡rì nrixins from tìe 2p.. and 1fq subshells nust be con--v2

sidered. This suggestion is supported by the spectroscopic factors

neasured for some states excited in single-nucleon trensfer reactions-

These states shoul-d not be excited unl-ess cerLain configuration mixing

exists j¡ wave fi¡-rctions. On the other iËnd, tle Kutschera r^¿ave fi:¡ctions

descrj-bed wel-l the higþ spin states (Jr = tr;, 17i *rð l%) i¡dicating

fh:* rho nnnficnrr.:fìon mix-i nø is less sis-rifica¡rt for these states.LlrqL Lr¡9 uvrrrfÉ14

An i¡rter-estirig feature of the (pra) reaction is -rl:le excitation of

states \^rith T = T, as ivell as ihe T. states. It wou-Id be interesting

to cor.ioar.e the str"engths of both transitions. Hov¡ever, this requires
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the calculation of spec'broscopic factors i¡i t}re JT representation for
each state. Tfris procedure was for:nd to be complicated and difficul-t

to ca-l-cul-ate for the case of the (pra) reaction si¡ce it i¡rvolves 3

particle cfpts.

The uncertaintv j¡ tlre calculated cross sections have two different

sources. Tne first, due to tn¡ncation j¡ the Ìrarmonic oscill-ator e).pan-

sion will be discussed shortl-v. Ttre second is due to the choice of the

optical mcdel trxr,anreters. It uras found that sligþtly different optical

nocef pa.r'anreters, yielding essentiaÌly a fit of conoa¡able qualiry,

could cha-l-rge the cal-crrlated cross sections by 15eo on the average. Ttre

fast factor could be considerrabty reduced if polarization data u¡ere

avaifable. SiïuÌtaneous fits for both crr)ss section and analyzing power

ShOU]d he'ln to select ¡ l¡ninrre qet r¡f nntìn:l -n'la'l n¡n¡-¡ì-¡-ur¡vuru rrsry Lv __*__ moOe_L pAIaJIetefS.

The sensitivity of the analyzilg power to nuc1ear stnucture details

was j¡rvestigated using the nricroscopic for¡ralism. Figs. (6.1) and (6.2)

show the a¡,alyzing powers fon the Iì *d 7t2 states using the MI-F and

different configurations for the tra¡sferued nucleons. Al-so shoi^n are

the analyzing powers catcul-ated usì¡g the cFF. For the 3zf state the

resul-ts shou¡n in Fig. (0.1) indicate tlnt there is no n.nrked dependence

^€ +]-^ ---ì-.--:*or rne anaryzrng power on the configr:r,ations used i¡r tìe MFF calculation.

lùeither are the l'FF predictions very oiffer.ent from the CFF pnedLictions.

For the fi siate, although configurations with different nunbers of
nodes (N) gave slightly different analyzing powers, these nevertheless

are not di fferent from the r.espective cluster pr-edictions. Thus, v;e

concfude that no significant rnicroscopic structure jrformation ca¡r be

obtai¡red r-rom the a-nalysis of the a¡af yzi-r,g pc-\rer. Hence, the n-ai¡l



(6.1) The cal-cul_ated a:ral_ysirrg pcx,jers
for the 50ri(pro)47S. 

, J-=3/2- state
at 40.35 Mev using different confi_
gr:rations fon the tlansferred nucl_eons.
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caf-cul_ated analysjrrg pcrder

tlrc 7/2- state ir, 47s.
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manifestation of structi:re details are nn¡rifesteC j¡ the strength of

transitions. 0f course, anal-yzing power measurernents are still useful
€^* r.i ^+i--..: ^Linø l¡efr^rpon i - O+ 1.fu| uÐL_urBLl_LÞrr_-Õ __ ¿ __72.

A normalization between the experimental cross sections nreasured irr

thre present work and the zero range t[.rtsA calculations using the ]G"F is

obtained by roriting:

tth (ub/str) - N oDn/BA = o"r.p

where N is a normafization factor. defined il chapter,2. Tabfe (6.1) shows

the resu-l-ts obtai¡red for" the reactiorrs 46,48,50111prG)43,45r47sc at 40.3s

Mev. The difference in the values of N is due to different structi:res and

variations i¡r the optical model parameters and it is difficult to isofate

the ¡ar-t dtle to onfr'c.¡l model rtarameters.

The relative measured cross sections for the ground state trensi-

tions fon the 46r48r50Ti targets wer€ found to be l- : 0.8 : 0.5, r€s-

pectively. Assuning a simple picture for these transitions (i.e.

rlf7,-(17,) Ø vlf|, (o o)), the cafcufated spectroscopic factors are'/z '/2 '/2
') ..1 : I : ¿2, which is a reasonabl-e agreenent.

For a more c¿reful- comparison of the ground state tnarrsitions, Ì^7e

compare the sqr.:are of the magnitudes of the form factors at the outer

nnxima. Tnis way the effect of different optic-af model parameters is

elimj¡nted. Using Kutschera wave fi:¡rctions, the preòicted relative

tnansition slrerrgths were for:nd to be ] : 0.8 : 0.g fon Ti 46, 48 and

5n nocnoni-ìr¡a'l'-_) _ -*"",y.
The uncerta-i¡ty jn the ratio o___/o,., due to the tn-incation ofe>q) tn-

the H.0. e>pansion, for each isotope separatel-y was forind to be about

nlto- ¡^-^ _rr rT -7I l+t4-ó tor all J" va_l_ues studied with the exception J" = rzá where the
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Tab1e (6.1) l'lorniatization factors between experiment and theory

fsotope N for zero-order
c¡'ì cu-l-ations

N for calcrilations using
Kutschera wave fi:nctions

46Ti

'* 
8Ti

s oTi

46

1ltLA

JJ

3x106

6xl-06

0xl-06

47.2xf06

41. 3x106

25.7xf06
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rrñ^ôrl-r;ñ+a' r'^ -^ 1--: -1- ^^ - c-ulìcertal-nEy IS aÞ rl-rËr.r d.> d r-dctol" of tu 2. There is no explarration at

the present ti¡e

In conclusion, we can say th,at the ¡ric'roscopic fornafism used here

together with the sirplifications introduced provides a powenñrl tool
j¡r ext-ractirrg quantitative i¡formation frcrn the (pra) reactions. How-

ever, tlere is a need for conplete shell nrodel wave functions for both

target and residuat nuclei i¡i the 2s-l-d-If-Zp basis j¡ order to nnke

use of the fornal_ism ñr]tv
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INVESTIGATION OF MICROSCOPIC FORM FACTORS
FOR THE (p, a) REACTION r

\\'. R. FALK, R. ABECG 1' a¡d S. K. DATTA

Cyclotron l-ahorororv, Dcpartmenr oJ Phrsics, lJnircrsit!. of ltlanitoba, Il'innipeg, Canada

Received 27 Ìrlarch 1979

(Revised 2 Jul¡, 1979)

Alrsfract: Microscopic form factors for the three-nucleon transfer (p, a) reaction are described, r¡'ith
special emphasis on their comparison u'ith conventiona] clusler form factors. Consjderable dif-
ferences in shape of lhese form factors is found, especialìy in thc surface region. An extension of
the earlier zero-ranÊe descriptions of the microscopic form factor to include finire-ran-ee effects, is
formulated and tested. Center of mass corrections, the a-particle size parametcr, and non-local
cor¡eclions in the single-particle stalcs, all have a strone influence on the shape of the microscopic
form factor. The implicarions of these obsenarions for the extracrion of nuclear srruct;re
information is discussed, especialì-v as this affects the commonly used procedure of replacing the
microscopic form factor r*'ith a cìuster l-orm factor, in the actual D\\ÌBA calculation.

l. Introduction

The distorted wave Born approximation (DWBA) analyses of multinucleon
transler reactions (e.g.(p, a), (d, 6Li) etc.) have generally ernployed cluster form factor
descriptions of the translerred nucìeons. This procedure is simple to implement and,
using the radius a¡d diffuseness parameters of the bound state as empirical quantities,
acceptable fìts to the shapes of experimental angular distrjbutions can usually be
obtained ¡-6). Interest in exl.racting nuclear structure information from these reac-
tions has Ied to va¡ious microscopic approaches in describing the form factor ¡ - 3' ? - e).

Although a number oi (p, ø) analyses have been performed using microscopic form
factors, some with considerable successs'to), other investigators have found that
much inferior fits to the angular distributions were obtained t r). Our recent investiga-
tions have shown that microscopic form factors differ considerably in shape from
the corresponding cluster form factors that give acceptable fits. This difference in
shape accounts for the featureless shape and rapid drop u'ith increasing an_sle of
the calculated angular distributions frequently observed.

Despite these deficiencies one still hopes to obtain relative cross-section predictions
in order to interpret direct reaction data in terms of the nuclear structure ol tne
participating nuclei. It is with this in mind that u'e present the follou'ing discussion
of microscopic three-nucleon form lactors, including an extension of the earlier

t Supported in part by the Natural Sciences and Engineerìng Rcscarch Council ofCanada.1t Present address: TRluMF, universíty ol-Brirish co)umbia, \¡ancouver. canada.



I H\

\À,- R. F,A,LK er a/-

zero-ran9e (ZR) theory to include finite-range effects tt). An undersra¡ding of the
sensitivity of the details of the microscopic form factors to various parameters thar
enter the calculatíon is esssntial to assess the reliability of the extracted nuclea¡
strucl ure inform ation.

Numsrous argumsnts ca¡ be advanced as possible causes for the differences
and/or deficiencies in the microscopic form J'acrors noted above These are briefly
summa¡ìzed beìou'_

(i) AIpha-parÍicle sìze. Arima t3¡ has sugresred thar the a-particle chanees its sÞe
as it approaches a nucleus. Il is shou'n in the discussion ro follou, rhar rhe ø-particìe
size is a sensiri'e parameter in rhe calculated form factor shapes.

(ií) Confgurotion space. Numerous pap€rs dealing u,it} one- and tq,o-nucleon
tra¡sfer rc- t ó¡ emp}asize the importance o[ a sufl]ciÃtl¡, Iar-ee conf rsuralion space
in caìculatine lransfer form facto¡s. Djrecf reactions, u'ith their sensitir.it¡,to nucJear
surface e,Tecls dsmaDd use of ar adequale conñ-suralion space. \¡a]lieres et al.ts¡
give examples of extended basis shell-model (EBSI,f) calcularions in u.hich rhe
resulting form faclo¡s for (t. p) reactions increase in the as¡,mptotic region b¡, as much
as 501, a¡d the outer marimum shifts to larger radius. Pinksron ró) emphasizes
fhe importance of core-excited components in the ground states olnuclei (..g- ,uO)
particularl¡'for pickup reactìons. His EBSM calculations based on a surface delra
interaction predict conslructive interference of higher-order confieurations and
hence an enharcement and extension of rhe form faclor in the nuclea¡ surface region.

(ili) Antis¡'ntmetrization bet*'een picked-up nucleons and rhe core- rn the standa¡d
D\\'BA trealment of cr-transfer Cha¡r et al. t1)have noted the seemingl¡, unacceptabl¡.
large radii required in th e ph en om enoloqical woods-Sa;t on pot enr ial u sed to generate
the a-core relative q'ave function. This relative u,ave function, generated in a polential
consl'ructed from a folding model, does not tale account of antisymmelrization
between the nucleons in the a-particle a¡d those of the core. Jackson-rs¡ has shoq,¡that explicit inclusion of antisymmetrization effects in such calculations results ina large increase of the rrns radius of the relalive u,ave function. The importance ofthese elTects in ø-dæay have also been lreated bl,several authors re.2o).

'(iv) Finite-range (FR) elfects- Conventional finire-range calculations using clusterform factors have been investigated previousry 2). In th]s paper finite-range micro_
scopic form factors are developed and investigat ed ro see to olhåt ex tent'they overcome
the dellciencies noted for the ZR microscopic form factors.

(r') Non-local elfects in the single-particle srates. The damping of rhe inreriorportion of the u'ave function that results u,hen corrections are applied for the non-local nature of the nucreon-nucreus inleracrion 2r.rr) i, much more pronounced
u'hen applied to three-nucleon fransfer tha¡ for single-nucleon transfer. Results ofcalculations to bepresenled shou'rhat the form factor is shifred to lareer radius (b¡,approximatel¡'0-l fm in o.ca) u'hen non-locar corrections are appried.



taÂ

(p, a)

2. l{icroscopic.finite-range three.nucleon form factors

The expression for the nuclear matrix element in the D$;BA' for a reaction
A(p, ø)B is given by "'")

( B rl I/ | Ap) : (i)- (i) 
r 

(',)r I 
r o t r,,t, 

^,t, 
od E, (2.1)

u'here the inte-eration d( is over all coordinales excludine the coordinates of relative
motion in the incident and outeoing channel. \\/e nou' proceed to express more
explicitl¡' the lerms appearine in the above inte_eral. Fig. I displays the relevant

Fig. I. Coordinates for the pickup reaction A(p, a)8. Particles I and 2 refer to the two neurrons and
particle 3 to the proton; collectively these three nucleons are represenled by the symbol I (triton). The

elationships u : Ir, and r : lr are used in the text.

coordinates, where the additional relationships u : lr rrand ¡, : ]r will be employed.
Separate treatment of neutrons and protons is assumed throughout.

2.1 . THE INTERACT¡ON, 
'/

For analytical simplicity, a spin-independent Gaussian interaction betu,een the
incoming proton and each of the picked-up nucleons is assumed:

t/ = t/re-tro: lrr,: | ,ro.*o (- þrrl), (2.2\
t= I i= I

where the ranpe of the interaction is 1lþ.The subsequent use of the expressi on (2.2)
in the integrâtion over Lhe internal coordinates causes great dilficult¡,because ol
the complexity of the angular momentum coupling. Thus the expressíon for the

R

lf
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interacÍion \4,as further simplified by writing

V = Vo{e-ß2ís2+uz¡¡"2p20.,+e- zpre.I*e_pr*.r}, 
e.3)wifh s2: p,+"-:o'r and v'2: p2+,4t2+4p.D.Eq.(23) differs from the full

;:1,:ì'J:Jii/;l;::: '*-o "'T' 
' 
2P: 'î u app.e?,ing in ri, and r],have been

on r¡' a sm ar r o' era'i:ïÍ;ïJ ï:: i,l ï.',Jït i ï:i',,î: å J ï rfu *f i lîdu' a series exparsion of the.rpon.nrJiterms invor'in-e p-u *,as made, u,here ûleaneular part \\'as re-expressed usìng the addition rheoremior the sphericar h¿rrmonics.The terms invor'ing p. r \À,ere ha¡dled similarr¡,. Simira¡ approaches in the 
'nire_

ran-se treatment of l['o-nucleon transfer have been discussed b¡,several autho¡s 2a).

2.2. ALPHA-PARTÌCLE WAVE FUNCTION

The outgoing e-parricre is composed of rhe incidenr proron and rhe rhree picked_up
iïtiff."ïmpte 

Gaussian form o,r, 
"rrrn'"d lor the spariat parr of rhe a_parricle

4

V!: N"exp(-ut,.ì 
,ri): No exp (- qrf,pr+)4r2+gu2¡;.

ff,îiJ:1,J.,;'iJ."'r.erer r¡ has a value of approximarer¡, 0.233 fm_, [ref. :s¡1

relalions ,i, : *r". 
:quivalent oscillator parameter r', for lhe a-particle through thã

2.3. Fln\AL NUCLEUS WAVE FUNCTÌON, 
¡2"

(2.4)

to the fixed
function of

The coordinates of the nucleons
cenler of the shell_model potenrial.

Cenler of
pOtent¡ol

Fig. 2. Nucleon coordinares of B and

comprising nucleus B a¡e referred
as shou'n in lìg. 2. Then, the u,ave

¿

î,,rt
<,/

/r.

t referred to rhc cenre¡ of the shell_model polential.
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(p, q)

B, ú", can be written as 26)

,l' rli," : dli,(68)R oo (runfr ¡ yf1R"¡, (2.s)

whered(d") isthewavefunctionof theinternalcoordinatesof B,andRoo aharmonic
oscillator function in its lowest quantum state, n : I: 0, with oscillator parameter
B times the nucleon oscillator parameter, r'. (In this ard subsequent expressiong
A and B a¡e also used to designale the mass numbers of nuclei ,{ a¡d B respectively.)
The distance betu'een the c-m. of B ard the center of the potential is giren by ir.
The result (2-5) follou's from a series of successive lv{oshinsk¡,transformations u,hich
converl the single-particle motion into internal (relati'e) and c.m. morion.

2.4. TARGET NUCLEUS \\¡AVE FUNCTION, Y^

\\/ith reference to the coordinates displal,ed in fi-s.2 the rarget u.ave [unction is
nou' expanded as follou;s:

{t olnî^{nu, Ëø, r t, r z, r.) : fr-ra 
.r'd,r 

or11,, l,l¡
x ei,nr 

"J 
It I J 

^ì[ ^)lc5lå((")noo(B],R;)];o(F ,)r1,,.r.|,t,.r,. 13), e.6)

q'here Jo"b" J'J)is an expansion coefTicient for transfer of three nucleons u,ith rhe
confìguration 1'= [(n,lrjr),(n,lrjr),(nr/rf.)]. These expansion coefl'icients .f ^, are
proportional to the corresponding spectroscopic amplitudes for rhe given t.ansirion,

(2.7)

,lt,t'tut r, r 2, r 3) : I
m!2ñ3

* L,(lr.,irntrlJ'mrr)ltþ""'i;,(rr),þ"",i:,(rr)-rþ,,,,t;,(rr.),1r",,,h;,{rr)1f ,y',,,.å,,ir.),

(2.8)

where )'t = (nJti) atd;, : (n2tj2).For thesubsequent transformarion to internal
and center of mass coordinales eqn. (2.g) must firsr be expressed in L-s coupling. This

sf,17,.r'.,¡ : (1-(Ð' .o 
^,1,,,,,,¡

The three-nucleon r¡'ave functions, ry'(r¡, rz,rs),with quantum numbers (J,JM), and
nucleon coordinates, again ¡eferred to the center of the shell model potential, is
further described in the following section.

2-5. WAVE FTJNCTON OF THE THREE TRANSFERRED NUCLEONS

The normalized and antisymmetrized wave function in i1 couprins of the three
transferred nucleons is given by 27)

2(1

f
ir

(J'm, jrmrlJ M)
+ ðr, r'r)]j
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result, for one of the above f erms is

ú"'t (r, 12, r3) : I¿'s'¿s e)_s¡alJ M)

" { Ð,(s' 
p' i p. lsr )zi,(3 X, L,(ip,

x {.T V).'tJ.rlU.)þ"r,,1.(r.X I (/,r., IJ.zlL):)ú",tr',i,(rr)1,"r,:!,(rr))r¡.
A A3 t-,;-,

(2.e)

Here neutrons I and ? have been coupred to a total angular momentum J,, u,hich
in turn is coupled to the third particle. the prolon. to ¡,ield â lotal an-sular momentum
J. The jntrinsic spin of the r*'o neutrons. s'. is zero. The square brackers [] are
normalized 9-l s-i'mbols expressing the transformation fromi1'to l-s couplin!.

The spatial part of this three-nucleon *'a'e function is nou' con'enientl¡, trans-
formed to internal and c.m. motion using tu,o successive Moshinsky lransformations.
A further restriction is imposed that only internal orbital a¡eular momenta
l' : I : 0 are retained. (/' is the orbital angular momentum of the rrvo neutrons
about their common center of mass, ard / the orbital angular momenlum of the
proton a¡d dineutron about their center of mass.) Without rhis simplifìcation enor-
mous complications follou' in the allou,ed angular momentum couplings and the
evaìuation of the radial intesrations. Details of the above transformation have been
given beforeT'8); the result is that eq. (2.9) can now be wrirren as

ú"'t (rr, rr r) :Lljr,

I j,f ti i,il
1 p rls p' ) tì,(t ) y],,(2)))

,r,.rnrr,l'i, 
i, 

tlb 
i,;]

x { | ( 0 0 I p 3 | sÄ ) z;, ( 3 ) [, L,(i p, I p,lw) xL u ) /i,Q)]l

x I a'n,a'o,a'r, L þJrprlr,J,lp, ¡\N,J,n'O,J')
PIP2P3 N'n'À¡

x (N'J'p./., Ll2p, ¡tlNLn0, L) x R,,o(2vu2)yf;(ú)x R"o(6r,i,r)Iäo(ó)

x R,rr(3vRl)yi(Ær).

The symbol g in the Moshinsk¡,brackets represents the nucleon mass. The e,, are
the coefilcients in the harmonic oscillator expansion of the sinele-particle íiares
generated in the fixed center shell-model porential; that is

t¡t' r;!,(r ) - | a'o,R r,r,1vr!)y,i'' 0 ¡)

(2.10)

(2.11)
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f /1.R \ -j
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2.6. CENTER-OF-MASS CORRECTIONS

combining the result of eq. (2.10) u'ith rhat of eq. (2.6) one further Moshinsky
translormation can be performed as follows:

LIB 1t, 3 ¡ln+ l* 
^¡ 

I ¿1. L)lR 
^.,.(A 

t' R: ) );l' (RA)l

(2.12)

If thec.m.motionof thel nucleonsisinitslou'eslquantumslate\\'ithnu: /o:0,
it follo*'s that NT : N and D : L- The Moshinsk¡' bracket is then 28) _i

(ooN¿, LlBp.3¡tl00Nr- L> : (J'- )n*'': r4j)n 
-''' 

(2.13)yBp+3pf \ ,l /
This term is relerred to as a c-m. correction term 2.2ó'2e¡. lt is to be noted from eq.
(2.12) that the motion of the c.m. of the three-nucleon cluster u'ith resDect to the
residual nucleus B involves the oscillator parameter (3BlA)t,.

Another c.m. cortection occurs if the single-parlicle states are calculated in a
potential referred to the c.m. of the residual nucleus B. This q'ave function ol relative
motion, expanded in a ha¡monic oscillator series. u,ould be

ó"'j(r") : a oR o¡(t',.r12) )í,'(t") (2.14)

However, follou'ing arguments similar to the ones used above to obtain the motion
of the three nucleon cluster relative to the nucleus B, it can be shown that the motion
of a nucleon relative to the d - I nucleons as given by the ñxed center shell-model
potential is (ci. eq. (2.11))

ó"'itr)

Thus, comparing (2.14)

)i¡(iB). (2.15)

I

The shell-model nucleon oscillator parameter l is
particle oscillator parameter r,,.o. used in the actual
u,ave functions, by a factor of A/(A-l).

(2.16)

(2.11)

thus greater than the single-
erpansion of the bound-state

: I o', (+)' 
*''' 

^ 
o,[(?) "*]

and (2.15), one obrains

",,: (_!_\'*"'o,,
\^ - r,/

!"p: (+)"
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2-7. NUCLEAR MATRIX ELEMENT

Collecting all the various terms given in the previous secfions into the nuclear
matrix element, the integrations over the internal coordinates du a¡d dp, u,hile
tedious and lengthy (because of the power series expansion of the integrand in terms
of u and rJ, can be performed. The result is

(B¡rll/lAp) cc I U Bi4 BJ ItlJ oM 
^\L).!¡t,lJ 

Ar\!¡4|prlÐ)
I) L! s ìtl ). p1

(2.18)

The function Pt'r(P,R), u'hich u'e call the form factor for transfer of the configuration
b,,J'J), depends on the radjal coordjnates p and Ã, a¡d is given b¡,

Fj.r(p,n) : s(r) I ...L.or,oo,or,(*)"+ 
p2+ p3+u'+tz+tztt2

P¡¡2P3 À'n'Àn \n - I,/

x (p tl fl zl z, J'lp, plN,J,n,O. J,)(N,J'p rtr. Ll2p, pll.t Ln}, L)

* 
,\ 

,^,(,,,,,,1;, j,;l I j, l, ^,^)]í(R)

" (+)' 
*''', 

n,.(,,, t,,, Ê, p) R x rl*=,,A,] (2 r9)

Results of all theinternal integrations are now contained in theoverlap integral .f,".
u'hich, in this ñnite range form factor, depends on p ard p, in addirion ro ' and r;.The factor g(7) results from the antisymmetrization of the two neutrons, jntroduced
in eq. (2.8), and has the value g: l, if tt: tz, and g: J2, if i,t * y, [ref.23¡].

3' characf eristics of the zero-range microscopic form factor (ZRMFF)
In the zero r¿ì'nge approximation the overrap integrar .I",, depends onry on rheratio of the oscillator parameters, r : ìd,/Ì,. The result is ,)

r,,,þ,) :[(z{i l)l]i 
_[(2n+ 1)!]i t 

"_ /=,\,-,nn\-' 2'n'! 2"t FGF(l+F\r.li (3.1)

Calculations of the-ZRMFF, Fl.¿(R), have been performed for aoCaþ, a¡3?Ka¡d are shou'n in fi-ss.3 a¡d 4- The sensitivity of the shape of theform factor to the
assumed value olthe a-particle osciilator parameler, r,o, arises through the dependence
or I^,'(e) on 

'o' 
ard is shown in fig. 3. Derairs of the woods-saxon parameters andbinding. energies used in the calcularion of the single-particle states were similar tofhose used for a2ca 

[ref. 
?)], anð are gi'en in lable t. The shell model oscillalorparameter had a value r,:0.256 fm-2, corresponding to r,..o.:0.250 fm_2. It isobserved tbat as r'" is decreased, or equivalently, the ø-particle size is jncreased, thefo¡m factor lends lopeak ar a Iarger radius in thenuclear surfaceregion. Considerable
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-"Co u =O.256 Ím-2

^^

ooco v=o?56 lmz

L= 2, 3 / zt l(t% | ;!o ø u r, r)

---- ZRMFF ,u;O4341m 
2

3

R(fm)

an--
f
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Í

lo"
o 3

R(fm)

L =o, t/z*,[rra.r.[ø zr,/2]

H.O,, N=3

------zRMFF.rio zes i.-'

-H 
o, N=2

)1

R(f m) K tTml

Fig. 3. ZRMFF for ooC4 L : 0 and L: 2 transfer, as a funcrion of Ìo. The tu'o Id,'' neutrons are

co-up)ed to tof aì angular momentum zero. ParameLers used in the calcuìation of these (numbered) cun'es
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variations in the interior region are also observed as Ì'o is varied. For values of r'"

ereâter than 0.434 a¡d for values Iess than 0.289, the calculated form factors differ
little from the ones calculated for these two values respectively. AIso shown in l'ig. 3

for further comparison are harmonic oscillator functions lor L :0 and 2 repre-
senting the motion of the mass-three cluster, calculated with a¡ oscillator parameter
o1 0.7 12 im - 2 1: 3t(A - 3)lA).

Nucleon bound state parameters in the previous calculations were selected in
accordance with accepted optical-model parameters and sinele-particle separation
ener-s.ies t¡. The dependence of the ZRMFF on these parameters is investieated in
lìg- 4 for ¿ : 0 a¡d L : 2 transfers. curves 7 a¡d 8 of fig. 4 u,ere calculated with
identical parameters except for the radius a¡d diffuseness parameters of the nucleon
woods-Saxon well u'hich were 1.152 a¡d 0.692, a¡d 1.25 and 0.65 fm respecrively
as given in table l. (The latter combination oi 1.25 and 0.65 fm is the one most
frequently used in the literature in DWBA analysis of single-nucleon transfer reac-
tions!) The form factors resulting from these calculations exhibit differences in the
position of the outer ma;iimum of about f fm, and decreasing differences in the
nuclear interior. For comparison, a mass-three cluster form factor (curve 9) calculated
as a bound state in a Woods-Saxon well with ro:1.20 and ao:0.50 fm is also
shown in fig. 4. The curve differs markedly from the ZRMFF in the nuclear interior,
and approximates curve 8 reasonablywell for R ) 4fm. Changing the nucleon binding
enereies as for curves l0 and 1t of fig.4 moves the outer maximum to smaller radius
as expected, in close accord with the shift in the cluster form factor of approximately
the same total binding energy. The foregoing remarks apply generally to the L : 2
form factors shown in the right hand portion of fìg. 4 as well, with perhaps a more
marked discrepancy between the cluster and ZRMFF in the nuclear interior.

Our experience with the use of these ZRMFF in DWBA calculations has shown
that they systematically yield angular distribution shapes which are less satisfactory
than those obtained from the cluster for'm factors, particularly when the smaller
radius parameter of ro : l.l7 im is employed. Other investigators have made similar
observations 3o).

In every instance, the number of nodes obtained in the ZRMFF is equal to that
deduced lrom the relationship

.3
ZN +L: l2n,+t,,

t= I
(3.2)

where n,, /, are the sinele-particle shell-model state quantum numbers. However,
energy conservation restrictions permit a ranqe of N-r'alues eiven by

2N + L -t 2(n' * n) : (2p r+ /r) + Qp z+ I r) + (2p.+ I r). (3.3 )

The Iarge deviation of the shape of the ZRMFF from that o[an oscillator function
with oscillator parameter v :0.112 fm-2 (curves 3 ¿¡d 6 in fig.3)would thus seem
to arise through the contributions from N-values other tha¡ that given by eq. (3.2).
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It is instructive to examine the behavior of the overlap integral I""'(c) given by 
"q'

(3.1).Thisisdoneinflg.5wheretheratios Irollooandl2sllooareplottedasafunction

of e . clearly, for t,aluÃ of ¿ considerably larger than unity, contributions from terms

fr,,fr *0 _or equir'alentl¡,, from aranleof N values - are signil.icant. (It should be

lolloo

l.o 20
uo /v

Fig- 5. Behavior of the overlap integral t" as a funcrion of ¿ : r'"/r"

noted that if the single-particle states are represented b1' single harmonic oscillator

functions, in place of an e*pansion, the resulting ZRMFF should become identical

to the oscillaror functions shown in fig. 3, in the limit v"/r' : l.) Presenting this in

further detail, hg. 6 shou's the contributions to L :0 and L : 2 form factors for

several values o[ N, a¡d the resultant form factors summing over all contributions

from N : 0 to N : 7. For the L : OZRMFF the term in N : 2 contributesto the

form factor rvith the same sign in the suriace re-cion as the (dominant) N : 3 term,

whereas the N : 4 term contributes u'ith the opposite sign. The consequence is

that the form factor is strongly enha¡ced in the region between 3-4 fm and decreased

forr>_4fm.SimilarobservationsaremaderegardingtheL:2formfactor.As
nored ear'lier, these ZRMFF q,ith their broad outer maximum pealing u'ell inside

the nuclear radius, fail to produce acceptable anguiar distributions u'hen used in

DWBA calculations. other parameters used in calculating the curves of fig' 6 n'ere

identical to those given for curves I and 4 of table 1'

In order to complete the discussion the ZRMFF u'e show in hg. 7 the result of

neglecting c.m. effects, and the role of non-local zt'22¡ corrections applied to the

sinsle-parricle srares. comparing curves 21 a¡d 22 in this figure u'e see that c'm'

effects are large in the nuclear surface region and be¡'ond. To a lesser exlent, 5'el still

important, is the furthsr enha¡cemsnt of the form factor in the surface region u'hen

ro

ã
G
t!
F-z

t
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_'=
C-
D
o

E.

l,!

12345
R(fm)

Fig. 6. Contributions to the l- : 0 ZRlvf FF from
the dominanl oscillator terms Àr : 2, 3 and 4, and

the domìnant lerms N : l, 2 a¡d 3 fo¡ the
L : 2 ZRMFF. The composite form fac(ors are

indicated b¡' f, and include lerms .lt : 0 to
N : 7. Cx is the coefTicient of the harmonic
oscillator funcrion rRr. determined from eq.

(2.1 9).

'-o | 2 3 4 5

R(fm)

Fig. 7. Dependence of the L : 2 ZRMFF for
ooCa on center of mass (c.m.) correctlons, non-

local effects, and on r',- Other details of lhese

(numbered) curves are siven in table l '

a non-localìty correction of 0.85 fm is applied to each of the three single-particle

bound srates. The effect of changing the a-particle oscillator parameter from 0.434

fm-2 to 0.289 fm-2 is seen to be comparable to these other effects.

4. Characteristics of the finite-range microscopic form factor (FRl\{FÐ

A computer code has been written u,hich performs the full calculation of the f inite-

range microscopic form factor (FRMFF) as given by eq. (2.19). One example of such

a form factor (for aoCa) for an L :2 transfer is shou'n in fi-e. 8. The p-dependence

of this two-dimensional form factor is indicated by the series of curves drau'n for

different values ol p' An interacfion range 1lþ:1'47 fm u'as used' The curve for

p : 0 is rather simila¡ to the correspondins curve (curve 14) of the ZRMFF of fig. 4,

q'ith the latter exhíbiting less damping in the interior re-sion and peaking at some\\'hal

sreater radius. Curves lor p * 0 in fìg. 8 exhibit an approximale Gaussian dependence

on p, and a shift of the ma:lima 1o larger R as p increases. Neverlheless, even for

p t 2 fm, the outer malimum occurs al a radius o[ only = 3] fm. Qualitatively

=Í
ztx
z()

to'

to'
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FRMFF , 
ooco, L.2

l/P =1 47 t^

I'-
f¡
o
^ to'
É
^
;

utZ345
R(f m)

Fi-e. 8. t = 2 FRMFF for ooca u,irh an 
'ï:::lïJi:ff .rtrtÊ : t.n fm. orher deraits are eiven unde¡

similar results u'ere obla;ned for other l-transfers, u,hich exhibited a dependence
on l'" and non-locality corrections similar to that of the ZRMFF.

The exact flnite range DV/BA code LOLA 3r¡ u,as modjfied 1o allou,the kernels
fo be calculated from the FRMFF F(p, R) This modificarion is necessary since the
form factor can no lon-eer be simply factored into a product of tu,o functions, one of
u'hjch depends on p onry, and the other on R onr¡,. Sample DWBA carcurarions forI : 0 a¡d t : 2 rransfer for ooca(p, a)3?K are pr.r.ntø in rig. 9. AIso shown for
comparison are three other calculations representing a conventional zero-range
cluster lransler (ZR cluster). a conventional finite-ran-se calculation (FR cluster), and
azero-ra]gemicroscopic form factor calculation (ZRMFF). Theproton and a-particle
optical-model parameters \\'ere kept lrxed for all these calculations and are shou,n
in table 2. u'ith the exception that the FR calculat jons contained no spin-orbit term
in the proton channer. (The code LOLA 3r)does not make pro'ision for spin-orbit
terms in the optical-model potentials.) These parameters are the same as those used
in ref i)' The p+ t bound-state parameters for the FR cluster calculation were taken
from the n * t oprical-model analvsis of Sherif and podmore 32;. The data shown in
thìs ñgure will be the subjecl of a forrhcoming publicarion.

Neglect of spin-orbit effects in the FR calculations u,ill affect the shape of theDWBA angular distributions because of the ,r'-dependence of the (p. a) reaction.
Horvever' it is knou'n 2'?¡ that these effecrs are not ver), pronounce.d for L:2
transfer in the A:40 region. carcurations \\,ere subsequ.nily,performed in ZR in
u'hich the spin-orbit potential $'as set ro zero.The differences in the an_gular disrribu-
tions with a¡d *'ithout the spin-orbit potential u,ere not substanriar. Fo¡ ¿ : 0
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,\i21t

o 20 40 60 80 loo

8c m (deg)

Fig. 9. I : 0 and I : 2 transfer DU'BA caìculations lor ooCa usin!. zero-ran-ce cluster (ZR clusrer),

finìte-range clusær (FR clusrer). z-ero-range microscopic (ZRMFF). and finile-ranee microscopic
(FRMFF) form facrors. The opricaì-model and bound-state parameters are given in table 2, u'ith further
details (on the corresponding numtrered cun,es) presenled in table l. The FR calculations conlain no

spin-orbit t¡rm in the proton channel.

T¡SLE 2

Optical-model parameters used in the D\\¡BA calculations for the distorted r¡'aves and the bound states

vt' rs. av. H'o') V," r,n. a,o fc

-o{
-o ¡vv

o

aoç6¡p,ofl K, Eo =42.5MeV

- 

ZR Ct6td

-FR 

Cdã

p + ooCa

a+3?K
1+3?K
p+t

r -309 0.549
r.ó6 0.35

44.85 I.t52 0-ó92 4.49
2 r 0.0 | .4t 0.59 20.2b) 1.20 0.50
52.3') t.488 0.144

3.92 4.32 r.014 0.526 r.32
1.30

r.25
I -10

') The radius and difluseness parameters for the surface term were the same as for the imaginar¡'
volume term.

b; Seìected ro yield the experimental separarion energy.
') Selected to yield the experimental separation energ),of 19.814 ltfeV.

transfer, the spin-orbit term has the effect of reducìng the minima in the neighborhood
of 20o and 44o. Hence, inclusion of the spin-orbit term in the FR calculations would
Iikely bring them more closel¡' in line \\'íth the correspondingZR calculalions in the

angular distributions of ñg.9. Without the spin-orbiÍ lerm the l- : ? transfer an-sular

distributions are modified mainl_y in the neighborhood of 60', \\ ith the sm alì m a;iimum
largeìy disappearing in these calculations. Thus, here also, inclusion of the spin-orbit
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ferm in the FR calculations would likely bring these angular distributions into closer

correspondence with the ZR ones.

While none of the DWBA calculations of fig. 9 represênt high quatity fits to the

experimental data rhey ma¡, all be considered acceptable for the poorl¡'l-matched
(p, a) reaction, keeping in mind the previous comments on the neglect of the spin-

orbit term in the FR calculations. lr'f icroscopic form factors for both the ZRN{FF

and FRMFF calculations employed nucleon bound-state paramelers ro: l'25 fm

and ao : 0.65 fm. Totall¡' unacceptable fits uere obtained il the radius parameter

ro: l.l7 im \\'as used in the form factor calculations. Thus u'e conclude that an

empiricall¡,adjusted radius parameter for the nucleon bound state parameler' to

the some*'hal large value of I .25 fm. ¡'ields form faclors. and subsequentl¡' angular

distributions, u,hich fit the data about as u'ell as conventional clusler transl-er calcula-

tions.

5. Nuclear structure information and microscopic form factors

The previous sections have shou,n that microscopic form factors for three-nucìeon

transfer. calculated accordin-e 1o the given prescription, have a broad outer maltimum'

and require a large nucleon radius parameter to produce acceptable angular distribu-

tions u,hen used in D\ /BA codes. An immediafe question u'hich then follou's is

hou,. and in rvhat manner, this microscopic information can be used in anal¡'sin-e

(p, ø) reactions in the extraction of nuclear structure information. A related question

is that of the implementation of this rather complicated and length¡' procedure u'hich

is not generally available as an experimenter's tool in analS'sing data.

Both questions have been dealt u'ith through I'arious approximations made to

the ZR equivalent of the expression for the form lactor, eq, (2.19). Smits r'2) and

Pellegrini er al.33) restrict the summations in eq. (2.19)by assuming oscillator func-

tions for the single particle slates and including onll' those lerms for which n : n' :0'
The latter approximation is a good one u'hen t'./r'= 1, that is' for light nuclei, but

for heavier nuclei (assumin-s r' = A-l)r the ratios of the overlap inle-erals Irolloo,

I ,oll oo etc. are not small as can be seen in fig. 5. On the other hard, non-zero values

of r¡ and n' imply smaller values of lv', because of the energlt conservation restriction,

and hence oscillator functions of relative motion R* with lewer nodes. These func-

tions u,ill clearly have their outer maximum at a smaller radius and hence contribute

less to the surface region of the nucleus- To the exlent that the DWBA cross section

is sensirive to the surlace region onl¡,, the largesl l{-value alone u'ill be important.

Their procedure. subsequently, \'as to replace the single-oscillator function Rn.,

representing the motion of the three-nucleon cluster relative to the residual nucìeus

B, u'ith a cluster u'ave function of the same N and L calculated in a \\Ioods-Saxon

potenfial. Since this can be carrieÅ out in standard D\\/BA codes and the angular

' The oscillator paramerer l for various nuclei sas calculaìed from the lormula given b¡ Bertsch ro¡.

r. : 0.0241 | 145¡Att3 -25¡A2!3¡.
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distribution calculated with this form factor, a considerabie simplification is intro-
duced. The nuclear structure information is then contained in all the remainins
lerms of eqs. (2.18) and (2.19) as normalization factors.

Another approach described below also calculates the angular distribution
assuminc a cluster transfer, but treats the nuclear struclure information, as a normal-
ization factor to the D\\/BA calculation, as follows 3t). The normalization of the form

factor, calculated accordins to eq. (2.19) (in ZR),

(s.l )

is computed. a¡d this result topether u'ith the remainin_s terms oleq. (2,18). considered

as the structure-containin_g quantit)'.
The follorving ligures (¡ 0-l2) contain num erous plots of the form factor normaliza-

tion as a function of r',/r'for various nucleon configurations. a¡d for a ran-se o[nuclei.
Since the dominant term in the ZRMFF occurs for r¡ : ,r' : 0, for u'hich the overlap
inæsral {,. is proportional to q-' : frlttO +¿)]t, all the form factor normaliza-
tions have been nrultiplied by the reciprocal of this factor to facilitate the comparison.
For all fhe results shou'n, u'ith the exception of the ooCa results in fi-s. I0, the singìe-
particle states were taken to be harmonic oscillator slates calculated u'ith the shell-

model oscillator parameter indicated in each figure. A full harnlonic oscillator
expansion of the Woods-Saxon single-particle states for ooCa u,as used for a feu'

selected cases only.
Fig. l0 shows the results for r60 in u,hich p-shell nucleons onll, q'.r. considered.

Examination ôf these curves indicales that the relative normalization of the form
factors cha¡-ees only little as lo is varied since the curves are ver)' similar in shape.
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An important factor in the case of such a light nucleus is the small value of the overlapintegral I,^'forn,n'+0.Theresurtsforõc"inrhero*..forr;onoffig.r0a¡efor
form factors in which the single particle states were calculaled in a Woods-Sa-xonpotential u'ith the sameparameters as used in fig. 3. These curves shourd be comparedu'ith the corresponding ones of fig. I I u,hich represenl calculations u,ith ha¡monicoscillator single-parf icle states. Indeed, the similarilies belu,een the corresponding
cut\res for fhese different calculations is remarkable, except possibly for the smallestvalues of e. The verlicar arro\\'in this and succeeding fieures indicates rhe 

'arue 
of¿ for u,hcih r.,: 0.434, its accepled value.

€=ua/u €=I/a/lt
Fig' ll'Formfactornorm-alizationsa^sgìvenbyeq.(5.1)for-'causingharmonicoscíl)arorsinele-parricle

srares Resurrs are shown rot confiirråtìon, from r¡. r¿,ï, jplnd If subshers.

Numerous curves in fi-s. il íor L-transrèrs L : 0 to L : 4show similar behavior,the normalization decreasing by a factor of about fhree as ¿ r,aries from r ro 2.Generall¡', these curves_comprise conñgurations u,here the singre parricre stareshave lou'er orbitar angurar momenta. A rather different behavior as a function of¿ is observed for thosr
ansurarmomenra",ï:::::i:lJ;ï:ril:J'î"å:".îîi:i:;ïi:J:îlï;i:il
pendenr of c or, jndeed, shou'an increase *,ith increasing c, a-fter an initial decrease.It is abundantll'clear from these results that the 

'alue-of¿ used in extracting thenuclear slruclure informatjon_from lhe DWBA anal¡,sis is an importanl and sensitiveparameter if man¡' confìguratìons are invorved. Indeed, in ..orring a major she¡ as
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in Ca- u'here both sd and pf nucleons need be considered in the target and residual
nucleus u'ave functions, large uncertainties may be present in the extracted nuclear
structure informalion. By fhe same loken, it is observed rhat for certain conñgura-
tions, qpanning all l-r'alues, relative insensitivit¡, to ¿ would result. The implications
for one of the simplifying approaches that considers onl), lerms in the form faclor
for n'hich n: n': 0, or equivalently, r'"/r, : l, musr thus be clearl¡,borne in mind.

More striking vet are the variations in the normalizations for form factors involvin_s
thel3oTe(p,c¡t2?Sbreaclion,asshoq'ninñ-e. l2.Theneutronorbirsconsideredarethe

to0

qal
;
x
clo
=
.N
oç

Z. tr)

LL

2.O

€=ua/u
2.0

€=va/7/
30

Fig' l2' Form faclor normalizatio¡s as given by eq. (5.1) for )3oTe using harmonrc oscillator single-
panicre states Resurts -';:",î: 

[: :;;i:u::"il;1,:5::l; lÍ*.ïl 
r h,, " neurron subsh-eils

]s*' 
2dt and I ho subshells. and the proron orbits the 2p, lf*, Ig. 2d and 3s, subshells.

Two m ajor groupings of t he curves are observed : those u,h ose norm alization increases
with increasing e, as represenled by all theconfigurations involvinq (ho)2 neurrons,
and the remaining curves *'hich shou' a monotonic decrease of the nãrmalization
factor u'ith increasing ¿. This qualitarively different behavior of the two groupings
of curves is not understood at present. Hou,ever, from classical considerations, one
expects that form factors comprised of nucleons u,irh large orbiral ansular momenta
to be largel¡' surface localized, a¡d hence exhibit quire a diflerent normalizarion
dependence on ¿. This is illustrared in I'igs. l3 and l4 u,here L:0 ¿nd t :4 form
factors respectively a¡e shown for dilïerent confìgurations. The ones involvjng two
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Fig. I3. Clusrer and microscopic form factors for t'nT{p, a¡r2iSb, and the corresponding D\\'BA
an-eular disrributions. The ZRMFF's have been normalized 10 the clusler form factors at lhe ouler

ma;iimum. The ìncorrect asymptoric behavior of rhe ZRlr4FF's u'as modified b¡'replacement with the

cluster form factor in rhe as,vmptoric region, prior ro calculating the angular distributions. Cluster form

factor binding energy is 16.?0 Me\/.
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h* nucleons are very strongly damped in the nuclear inlerior. In contrast, the cluster

foim factors exhibit quite a marked rise in the amplitude of the oscillations with

decreasing radius. Similar behavior was displayed for ZRMFF of all L-r'alues. Since

D\\'BA calculations using an inner radial cutoffhave indicated sizable contributions

from rhe nuclear interior in the generalll, poorl¡' L-matched (p,a) reaction t'to),

one mi_sht u'ell expect sensitivity to the interior details of the form factor and hence

fo the configurations involved in this reaction. D\\'BA calculations performed u'ith

an inner radial cutoff did. indeed, shoq' a marked sensitivit-r'to the radial cutof|

especiall¡'u,hen this cutoffoccurred u'ithin the broad outer marimum of the ZRN{FF.

Furthermore, the relationships betu'een the form factor normalizations and the

corresponding magnitudes and shapes of the D\\'BA a¡eular distributions turn out

to be complicated ones. This is shou'n in the righl ha:rd portions of figs. l3 and 14

u'here. for each of tbe form facfors,6Dn.Bn divided b¡'the form factor normalizalion.

is plorted. For the same L and Àr, the maeniludes differ rvideì1', and the shapes also

shou'strong variations. Optical-model parameters for the distorted \\'aves and the

bound states \^,ere taken from the anal¡'sis of Sn(p, e)In reactions b¡' Smits and

Siemssen t¡. The microscopic form factors, calculated using single-oscillator func-

lions for the single-particle states, u'ere modified in the as-r'mptotic region b¡' attachin-e

the cluster form factor tail before the angular distributions \\'ere calculated.

A quantitative summer¡' of these results is presented in table 3 ri'here dD*'s.A

for the cluster form factor is compared u'ith øoo,ro/(FF normalization) for the

ZRMFF. (The cluster form factors are normalized to unity.¡ The results for aoCa

are from the an-sular distributions shown in fig. 9 and the information given therein.

For this reaction, relative differences betu'een L : 0 and L: ? transfers for the

abovequantitiesappeartobeabout 20li,in additiontotheoverallfactorof about

Trel-e 3

Comparisons of- øoo."^ calculated for various form faclors

Reaction
Microscopic form factor

config (oiNorm) x 105') (6ic) x 105 b)

Cìuster
form facto¡

d,X IU'

ooCa{p, ø)3?K

I 3oTêi/ñ dt I 2 rqh
¡ aPr É/

(td.rr)å €) 2s,r¡
(ldr,r)ó €) td¡r:

(2d,,r)z €) 3s¡ ¡:
(lh,,,r)å E 3sr;:
(2d3à1 @ tgs,r

(lh,,,r)l @ t8s¡:

4.09 ')
1?) dì

1.26 ')
3.00 ')

71 ) rI

135 t)

3

2
0
2

0

0
6
'7

5

6.52
4.49

0.40
1.32

2.21
o.ul

4.85
a aÀ

0.3 t

0.&
I-t8
2.88

') l.-orm is the form factor normalization as defined b¡'e4. (5.1).
h¡ r = [outer peak ma.ximum (MFF)ioutcr peak manimum (cluster)]r.

') Cross section comparisons made at the peak in the ncighborhood of 26o
d¡ Cross section comparisons made at 36".

') Cross section comparisons made at thc peak in the ncighborhood of 38'
t; Cross section comparisons made at 24".
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1.4 betu'een the cluster and microscopic results. on the other hand, rhe T(p,a)
results shou' overall factors of 2 ø 20 betu,een the cluster and microscopic results
andrelativedifferencesof3tol0betu'een L:0andL:4transfers.Analternative
means of comparing thecluster and microscopic results is shou'n in the second last
column of table 3 uhere the masnitudes of the form factors at their ouler marima
are used as the basis of comparison. The conclusions reached above are ¡itrle altered
b¡' this change. Thus. representins the ZRlv{FF b¡, the equivalenr clusrer lorm facror
in DWBA calculafions, Ieads to Iar-ee uncertainties in the extraction of the relative
strenslhs of dillerent l-translers for a reaction Iike T{p, a)Sb, for rhe example giyen.
Furthermore, ihe approximation equivalent to serting r: l, must seriously mis-
inlerpret the relati'e stren-sths of rhe 

'arious 
contributions.

6. Discussion and summar¡'

Ìr4icroscopic form factors (l'\'f FF) for the (p. a) reacrion have been formularCand
investì-caled in the zero-ranse and finite-ranee approximation. The sinele-nucleon
states of the lransferred nucìeons require use of a \\/oods-Saxon radius parameter
of al least l-25 fm (together u'irh ao = 0.65), in their calculation. in order rhat the
MFF exhibit approximatel¡' 1¡. same radial Size as a cluster u,ave function calculated
u'ith parameters ro: 1.20 lm and do:0.50 fm. (The latter cluster wave function,
when used as the form factor in D\À/BA calculations, l,ields an-qular distributions
,eenerally in acceptable a-e.reement u,ith the experimental data.) Other faclors affecting
the radial size of the MFF include c.m. effects, non-local corrections in the single
particle u'ave functions, and the a-particle sìze parameter. An increase in [he rms
radius of the a-parricle from I.6l fm ro 1.97 fm (r,o : 0.434 - r,, : 0.2g9) shifts the
outer maximum of the MFF to larser radius by about 0.15 fm for aoca. cenrer of
mass corrections 1o the MFF enler throu-sh the modiJlcation of the oscillator param-
eler for the mass-three clust er (i.e. 3r'(r -3)lA) and are increasiner¡,important as
the mass of the tarset nucleus decreases. For aoC4 inclusion of the c.m. correction
shifts the outer ma;<imum to larger radius by abour 0.2 fm. A non-locality correction
of 0'85 in each of the three single-particle u'ave functions produces a qùalitatively
similar, buf someu,hat smaller effect, as the c.m. correction.

The MFF, in all cases. has a nluch broader ouler mariimum than the correspondin_e
cluster form factor, and also differs considerably from the clusler in the nuclear
interior. Angular distributions calculated for the MFF and clusler form factor
consequently shou'ed differences u,hich in some cases (e.g. r¡oTe) u,ere very larpe.
ln other cases, as for o0c4 much better agreement *,as obtained.

AII the pre'ious remarks appr-r equaill' to the FRMFF as u,eìl as the zRMFF.
In particular, much superior fits to the angular disrributions \r,ere obtained u.ith a
radius parameter of I.25 fm, rarher rhan with i.l7 fm, in calculating the single-
particle states. l'hus, inclusion of finite range effects fails to compensaLe for a form
factor *'here rhe outer ma;iimum occurs ar too small a radius.
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Differences in the clusf er and MFF are also clearly manifest in the relative magni-
tudes of the calculaf ed cross sections (for form factors of the same normaìizationl.
This has a most direct bearing on procedures u'here the DWBA angular distributions
are calculaled assuming cluster form factors u,hich have been normalized in some
manner to the MFF. The procedure described in the presenr u,ork of using the
normalization of the full¡'calculaled N4FF u'as shoq'n to Iead to consislent results
for the fu'o confi-surations investi-eated for ooca{p, a). on the other hand, for thet toTq¡r, e) reaction. for the confi-turalions and L-transfers investi-eated. the predicred
slrength of the ¿ : 0 lransfer ro that of the L : 4 transfer can be too small bv an
order of maenitude. This ma¡, explain in parr rhe recenr 3s¡ñnding rhar rhe I.l I lrlev,
1* state in I:tSb is observed u'ith a strength approximatel¡.sei,en times qreater tha¡
predicted.

The procedure adopred by Smits t't) in ri'hich ihe summations in eq. (2.19) are
reslrictel to onll'those lerms for u,hich n = tl':0 nlust also lead to lar-ee uncer-
tainties in the extracted nuclear structure inlormation in cerlain cases. depending
upon the nucleon configurations invol'ed in the transfer. Figs. t0-12 emphasize
this point shou'ine fhe dependence of the lr4FF normalization on the ratio r,r/v.

Relative magnirudes of the cross sections predicted usinq the FRMFF could not
be adequately invesf ieated because of the ver¡, lon-e compuration times inyol'ed.

Finall¡'. in making an overall assessmenr. the in-rportance of the differences in
the shapes of the cluster and MFF cannot be minimized. If the MFF describes the
ph¡'sical situation inadequately, some of the cffects mentioned in the introduclion
need to be incorporated in an extension of the theor¡,. The cluster form factor,
calculated u'ith the empiricall¡' selected radius and diffuseness parameters, continues
to yield the better dynamical description of the (p, a) and 1e, p) reactions at the present
time.

The aufhors are
factor calculations
ment \r'as obsen,ed

grateful to Dr. B. Ba¡,man u,ho performed a number of form
to serve as an independent check of our procedure. Good a-sree_
between these two methods of calculatine the ZRMFF.
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APPÐ'IDIX B

Sauple Calculation for the Spectroscopic Amplit-udes

Considen the reaction 46Ti(p,a)43sc- 
^ For" the purpose of illus-

Ë. ù.

tration we consider only the conponent of the wave functions of both

tarset ¿rrd residual- nuclei shovm below:

lt'ti, 0* , = lq0c. doubly ct-osed core > lnrfl.re 2) ø *f\,rQ 2) ro *....

lu'S", 'õ, = luOc. doubly closed cor€ > lrLfrTr/C. ?d ø vIfI.rQ Ð ,7.2*..

In the above e>4>ressions the symbols v and T r€pr€sent neutrons and
2

protons respectivel-y. The notation nlfT- (2 2) represents two tf7-72 ' '/z

protons coupled to serriori.!y 2 and angular nomentum 2, represented by

the first and second m,urlbers witfrin the brackets, respectively.

One possibitity of the transferred nucleon configuration is picking

one lf. nroton --r +'^ rF -eiltrrrns collnle-d to a¡øular trÐITìenrumvi¡e II 7,r^ Ptutut I dlL.t LwL, J-J-7 ,lrLuLrvrru uvul/ruu Lv (Jr6la(.! rrvrr¡!
¿72

From Equ. (2.11) tìe spectroscopic amplitude for the above transi-

tion is given by:

sr2 (; Tf, o z,r) = r!l', (l)tu . t 12 2t tlv)o ,,r>; ,,, u

422. 7,2(2 2i {17,2(2 Ð; 722(o)

l'r" z 7'zf
II
lro o ,,rl re.u
tl
ú z oJ

uP

TIU

The 9-i sr¡mlnl anrì tho nno-n=r'i-j el e r-fn ar.p eo¡a'ì to I _ Itle r-OnCenfuate},l4 L+ure Lr}/ @L uYu(:u Lv r. uvu u



now on evaluati_ng

The rel_ation

h.,. ( 3B)
-J.

209.

the two-parricle cfp.

between two-partiele cfp and one-particle cfp is given

' jn (o J) li jn-z{o, Jr); Jz(J,) > =

" . jn(o .r) {l jt-](or Jl ); j

"rt"t

Jc+J+2i

tJ
I
)
ti

J¿ò

a1 =

cl=

z i Jr-ì

r ilJ
the 6-j synbol.
i¡ ha¡d we have n=4. c1

a-r Jl - t.2

couf_d take the values I on 3.

(8.2)
where {

For the

For

For Jt t'r, Vr, tr, ,),

r. fOF c1 = 1, Jl = Lz: The contribution to Equ. (8.2) is given by:

{ | /, f 1 7 r .7Ll /2\t 22).> 22

G:-)2*2+l

2); ,., , . 7f,cz z>

/Bxi v,? ?\
Tables in Appendix C were used fon the
mentioni¡g that this tabfe is the same

l-ating his shell_¡¡rodel wave functions.

G.32678) (. s773s) (_t) tfsl (_l_)

/r*

(B. s)

one-particle cfp. ft is worth
one used by Kutsch"ou(24) j¡r 

".a.l-,_
Equ. (8.3) will neduce to:

- n^ñ^^- -. uJo1.3
(8.4 )



2I0.

" .';(z z) {l z.?¡z z,); ,,, , , (-1) 
'12+7 /ú

2
\ 7t2(2 Ð; 7.2

?-\zz\
I = '037

OJ

t.+?ô\ '7 1''^ o\ rl Turn 5 r 7 - | 1\2+2+7 /;t); '22 > <22\l'l)Il L2(3 )2); ¿2 - \_J_,t ró

- ^ -^^r^

-.ra- c, Ul = 22

a
I l)'- './n.L

= .04467

-1 T-le, "l

L

t\

(xl

2 2); 72

= 0.1443

) to (B.B)

a
I

,/2\

,À
(

OJ

(

ì

J

?

,2

0

R

fI. SjmiÌa:r1y:

(i) For c1 = 3, Jl = 322

T2

. rÅrc 3t)l

[' 
,2

lr' 2
(B.s)

(8.6)

' lLO

(8.7)

2+7 /T2

2(2

I oll

t/l/2

5
72

0

bn

%

q
-/2

n

oll

Ilz

1l

t

(E

F

{l

I

Fc

rl
1l

2

i

rr(

rf
L

)

7

2

)
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72

I

(

7./2

2

i)

5/2

-ill-l

4)

1

I

li72,

7./2

a

tin

(i

3

I

I

¿

ii

v)

11

rt:

a

a

/:

l.J

2

7
./2

(i,

¡lJ'

2

72

Ltu

. L;(

f
1

L

t¿
I

1t-t,
L

;ti-

,;

(
)

1

L

2\

\
1

I

47,

'7-<22

I

ubs

,l

J

(B.B)

4){l 'å<, %>r r/r, . (-r)2+2+

z) tl ll.s rÞr); Lz

ve i¡ito (8.2) we get:

2

,)r,

I,/2

4
7r" ('.

T2

|l
,/2

4

L2

clrI ìQtl-n
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4a¿
.2"{z Ð{l ,atz z>;4ç"> > = .09623 + .037r:2 + .52628 +.04467 + .1443

= 0.65644 (8.9)

substituting (8.9) into (8.1) we get:

OR

1.72
3'2 (7rz 7-z o 7.2) = ?.21339

"",I^- = = .65644fllJ r4¡2r4¡rz\l_/ - \2)

The above procedi:re has to be riep=-ated for aJ_l possi_bJ_e configi:ra-

tions of the trarlsferned nucleons tliat connect i¡ritial and fi¡al states.



Coefficients

2L2.

APPH\DIX C

of Fnastiornl_ parentage

-n-l nj" t(ot Jr)'{l J(".i}' ;
(Refenence 25)

(cfp) Tabulation
.'7
J=22

T

./,

atJt

l_. 00

=oo

v

.1

rl -

J

2

4

h

J

1
72

4
q
./2
q
_¿/2

lt-72

-72

otJt

l. 00

l_. 00

r_ .00

1.00

-!2o

=oov

I
0tJt

0.50

¿l

--^1-^-.ótto/ó

-.À+Dlv-l

-.781736
a^l 

^^^- . ó¿Ituó

- ( ??ñrr a.vLtvlu

24
trn

.886405

-. 246183

-.805823

.4r+38f3

-.+ /Õ /JI

26

- .600925

0 .57296

0.497418

0.72+743

.879049
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ñ-lll¡ - T

, J lrr, =IVz g7z 3Vz 3s.,. Sttz 3'7,

o o 1.00

2 2 .577350 -.253546 .524404 _.278174 _.500

lr q.??"qn
T .JI IJJU

a-
9 t t ¿9v

lrô1L

.36]873 .]-23092 .520137 .313823 -.389249

-.238366 -.267183 .426401 .597196

-, 5606t2 -. 15 Bl_14 . 754 854 - . 301st_l

-.175933 -.658281 .128388 .5q5497 .32C256

.387298 -.333712 .553912 -.439390 .469871

-.373979 -.483494 .798438

q

B
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APPH{DTX D

Frrerg¡ levefs of 43Sc, 45Sc and 47Sc

(From Ref. 64 and 77)
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