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ABSÎnACT

In the analysis of experimental datao the experimenter

is faced with the problen of attenpting to isolate the
particular effect due to an individual treafunent or conbination
of treatments. Methods have been proposed to acconplÍsh this
purpose but the varíous methods are known to give widely
dSffering reeults in many inetances. This stu{y considers
these methods and their properties in order t,o recommend whieh

method is the best to use (l) fn a general situa'tion and (2)

when particular sí'buations are encountered either in the design
of the experfment or tt¡e philosopþ of the experirænter.

The study includes an outline of the follon:ing proceduresu

(a) Iæast Significant Difference (tSD)

(b) Fisher,s Modified technique
(") Tukeyts ÂLlowance procedure

(d) Scheffáts test
(e) Dunnettes teet
(f ) Student*lrlewman*Keuls procedure

(e) Tukeyts l-953 procedure

(h) Duncan¡s New Fmltiple Range Test
(¿) seheffá¡e Modj.fied technique

with particular emphasi.s given to the nethod of applÍca'bion and

critìca1 values used in each* As an aid to the understandì_ng

of the di-fferences between the cri'bical va-lues of the different
proeedures, a description of the distråbution of the range and

the tables of the rangee studentÍzed range, and special tables
for Duncanrs New Mtu1tiple Range Tesù and Ûuru¡ettss test is
giveno.

The procedures are eompåred on the basis of.aeveral
experirnental situations and statisüj-ea1 techniques" These

situatíons and teciinÍques are such thst should they be



encountered ín an experiment, the nultiple comparison technique
to be used Ín anaþsíng the experi¡ænt is Índíeated" The effect
on the choice of the test procedure b¡r the incr.uslon of a
contml treatnenÈ in the experÍment and by tù,* g priqri speci*
fleatfon of the treatnænts to be tested ie considered," The
statistieal- techrdques of confidencs fjmlf,,su a1l posslble
contrast and an F*test in the analyeís of varíance are diseussed"
As a guíde in the appLleation of the rnethods and an illustratisn
of the topiee eonsidered, & series of four er<perirnents íe
analysed and presented"

ït is for¡nd that in the analysis of an experåment with a
con'r'ror treatnent, Þrnnett0s proeedure should be used," ïf the
tests are specified a pri-o41" the r,sD procedure is valid butj:hls is the on\r srtuation in whích it nay be applied" scheffé¡s
method Ís very ineensitíve but shour.d be appried to the testíng
of contrasts involving more than two meaJtso Tukeyîs A1lowanee
procedure ís recofünended íf confid.ence rimits a¡e to be.
pJ-aced about the true treatrnent nrean differênce o fn the general
situation, a strong recolnnendaÈion is given to the student-
Newman*Keuls proced.ure 

o



CHAPIER T

$TE PROBi,EM A]JD DEFN¡ITTONS OF TFNMS USED

În the statlstical analysis of experSaental materÍal, one

of the aost conüion questions to whích an answer ie desired.fe
i.¿hether observed results are eaused by par'bieular eonditfons
inrpÕsed upon the naterial by Èhe experinenter or by the operaüion
of chanee factors onJ;r. The deci-sion as to i,¡he'Lher or n-ot the
tr'eatment cr variety effeet in general is dr:e to chance, effers
very' little dåfficu.lty to the s{:a'L.ietician" I¡Jhen an at'iiempt

i-s ¡naale '¿o fsolaÈe the pårticular c¿usal effect or effeets"
lncy'eased compl-Íeatione ere encounteredo

To THE PR0BLE]{

ëåe3srucs!-*ûå!he*gåsþlss
ïn recent yearså s'batistical literature has contaíned.

ns;n.p- âLr"ticles dealing with this partieular problem c:T determirrins
-Lire indj.vÌdual effþcts" .As a result, the stai:istícian is faced
r"ri'i;l-i "c riicle variety of dif,fering proeedures aU- uunporti.ng to do

the såfüe wori<.

ïn spÍte of the cJ-aims of tire r,raràous authors, åt has

been noted H:ith great frequency r that, the applicatíon of eaah of
'{,he methods-'bo'bhe same data wil-l-.::esu1t, in a host of Ci.fferen-ì:
*rrnclu.sionso Si¡:.ce the methode do not give ídentical results,
i'b shourd be possibLe to .find one rshich i s suFer'Íor or cerbain
si'buatír¡ne in r¿l'¡--ieh a particular methcd is tlre best -b.c use"

I'ì; Ís the purpose ûf this s'Ludy -bo examine these prepcsed

rr¡ethods tc determ:ine (L) u,hetÌrê¡' for a given set of expei:imental
ccnciiiions there exists a bes't, method, an¿ (e) l"¡lrethar tho
eharacl:eris'i;ies of a methoci are particularLy suitabie or
unsuita,ble for various types of ecperímental concli{:ions.
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I.çportar¿ce. of . the.Qtq4y

the ability to isolate a partåcular treatænt or varJ.ety

as being suporior to other treatments or varåetíes is becomÍng

increasingly inportanto Ïa,rger and more eomplex expri-urental
desiggrs are being used i¡ nargr seientÍfic fields su'ch as

agricultureu chemistryp and nedicine for tlie purpose of putÈÍng

a new rnaterial.or group of naterials to a discrÍni$aÈfng statis.-
Èica1 anaþsis" I{any of these experfmente are easily analyzed
'bo bhe siage where the next step Ís the aetual isolation of
'bhe oansal effects that are statistically i¡portanto ff, at
this stageå a procedure is ueed þrhich is not lralfde. is too
eensJtive, or is not sensitine enough, not only will misleadi-ng

results be obtained, bu'c mueh rraLuabLe scientÍfic work will have

been lost" Tt is very fuoportant that some guidance be given to
those people who may be faced with this problem so t,hai the
inlbrmation available in 'bhe data arill be -fully utj-lized,

ÏÏ. DEFTNT?ÏONS OF TERMS AI,TD PP.OCEDURES USED

Throughout this otudy several terms and procedures are
used freeþ. The follol¡ing is a listing of several of these
terms together with their definÍtions and symboric repreeentation"

Pes4"al*o-*.

/\ population consists of all possible values of a varíabIe.
ïi is usualþ desired that the parameters of the population be

obtai-ned eo tihat the population.rnay be fully described, By

virtue of the faet that the population nay be infinite or
finíte, it may or rË.y not be possible to obtain the actual
parameter r'ålueso

$p¡qrg
I sample ås a part of a populaèíono The usual sÍtuation

encountered i-s that 1t ås 5mpossible to obserye ùhe entire
population a'c ar¡r one ti¡re" For the purpose of studyíng the
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charaeterÍstics of Èhe popula{rion a, representatiue part of it
ia obtai¡ed and fnferences about the population are ¡nade on the
basis of the sarnple results"

s!,a}Êstig
A value obtained from a sample ¡u:i.th a vÍew to characteriziag

a pararneter of the population fþon rrùich Èhe sample; is obtained"

å¡'+3ä¡æ.L¿S_{e_q*,

The sum of the values of.a nu¡nber of variabres diuided by
the total- rrunber of variables. ste,ndard no.batlon refers to the
meå,n.as (Ë) if obt'ained from a sampreu oy (Á) if obtainod from
a population" the arlthnetic mean rs caleáated by the use of
the formula: îx.:.x *Lå

T!

¡¡here f denotes the sumrnai;ion over the i ealnple var-ues, The.
arithmetic mean is a nreaóu.re of rocation or cenl,ral tendeney.

lggå#g " sr. $pÊs_Fqqqrg
The population varíance ås the average value of the squared

deuiations of the individual vaÍ.iablee from the popuraùion meana
synrborically it, is represented. by Õ'2 and r.¡ritte*:

" F(**:/Ð2
6t=-{*L,f

ì\Ì

The sample varianee is an u:rbiaeed estimai:e of the population
variance and is represen'bect s¡rrnbolicarly by s2 r¡rhere

t \-r-- -= 12 :

S¿* å(xi *rc /**r:r-
The vari-anee is a Ineasure.of Èhe díspersion of the ¡rariables
about theír central value^
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F"#$qer.d .Ðeln.a{iipn
Th-i.s is defíned as the squåre root of the v-arianee and

is denoted by (d) for a populatlon and (S) for a sa.mple.

St+ndard_Fgfrrr

SJ.nce iÈ is poesible to obtaÍn a large nunber of sa^urples

from a populatíon, it is to be ercpected that statleÈj.cs
ealculatecl from these samples v¡iII themselves be eubjeet t,o

s'andom varÍatlon" A measure of thls variation ås the etandard
deviatíon or stånd,ard error of the eample statistico The

standard error referyed èo most frequenüLy in this 'study is
Èhe etarrdard emor of the nleâ,n,, denoted by (S;) for the sample

values. The relatåon betrnreen the standard dev-ia-bion of the
variables and i;he si:andard error of a meån is given by:

Beugg

The range of a sample is definod as the.difîerence betrseen

the na>rirn¿m and u-1n:imum values ln the sample " I.b mey be

un"itten. s¡"obolica1ly aa ;

?r = )t___ x .måxo mano

,standard Ranee

The latio of the rs.nge of a sample to the standard.

devj.aùion of the oopulation fro¡n which the sample ís rlrawn"

Þ,tu*estizså-tss*ffi
The ratio of the range of a sanple to the sanrple value

of the s'bandard deviationo Tt may be i¡¡riùten as:

The vaLues of the renge and tire stancarrd devi¿Ì:ion are obtained
frr:n independent sanrpleso

IÀ1
ar =eYA

I
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Degrees of Freedora

A te¡m wt¡ich is used to denote the ni¡¡ùer of i¡rdependent
comparisons that can be made anong the menbers of a.sanpleo
Throughouù this study" the degrees of freedon reirr be denoted.
bY tr¡rt.

Analysis of Variance

A procedure by which the totaL variation contairred in a
set of observations may be separated. in.bo conponents readiry
associated vüi'trh defined sources of variation used i:b classify
the observat'ionso The variation is measured. as 1,he sum of
sguares of the devÍations froni ihe rnean" To illustrate the
procedures and terms elosely associated ürith the ana-lysis of
variance, an exanrple is presented.

, The obseruations i¡ Table T are percentages of barley
kernels dehulled during an abrasive testo The object of the
experiment, affanged as a randomized comprete bl-ock w"iih six
eomplete replicat,íons, is to test for differences among hull
cha.raeteristÌes of four barley varieties,

TABËE T

PERCENTAC'ES OF BARI'ET ICERIüELS DEHULLED DURTNG

AN ABRASTIIE TEST

Fry.-qã
Var{eties

Replieations
Parkland MC2J+7 NDst6 N*gtt? Total

91"6

94"0
ac2

I10"8
80"8

lL"4

Total 179"9 l+3 "6 84.0 227 "2 533,6

ï
TT

ïïr
ÏV

V

VT

32.0
29"6

2g"g

3À"0

29 "6
24.8

LI "2
8./+
q2

l0"o
5"2

3"6

11.2

L9"2

18.4

16"8

l.L"2

7"2

27.2
?Ad

l+2"8

50.o

34.8

35.6
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ït is possible to obtain a sun of squar.es id.entifiable

w1th the variatÍon anþng t,he toÈar observaÈions ånd to eubdÍuide
this Ínto effects due to the varietnes, the replications, and
unexplalned e:rperinenùal eruor vari.atÍon"

The total sum of squares is obtained by su-urntng the squäres
of the lndíuí.dual observations, Since the desired sum of
sguares is to be in terms of deviations from the mean, correction
of this total sum.of squares for the eontríbutfon due to the
mean is necessary" The correetion faetor Ís calculated as the
square of the grand total divided by the nu¡lber of observations.
The total sun of squares is thus found to be:

ta'^(jz"o)'- + (29"6)t + (zg.g)¿ * ooo"".+ (34"g)2 -¡ {3i"6)z _

Lnl,na)z = t+Q?2"6L
2-l+

The sum of squares due to replications ie:
.-2 - D .9 ,.Gl# * $zs ..a_)1 = 2rtrt "i?¿$ -f

where the observed reprícate totals are obtained from TabLe ï
and the divisor four is the nunber of observaÈions per
replicateo

The su¡l of squares d,ue bo varÍetiee ia obtained in a
si¡úLar manner:

- 15å3** = 3560"66ö 2t+

where the variety totaì,s are obtained fron Table r and the
diuisor six is the nu¡¡ber of replications.

The swn of squares for experirnentar error ean nor¡ be
obtained by subtractíng both the replÌcate sum of squares and
the variety s'n of squares from the totar sum of squareso

These sum of sq¡¡ares resurts nEr be sunmarized i¡ t,he
standard anaþs5.s of variance tableo Table II gfves the
results as follo.¡,ûs ¿
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TABI,E TT

A}IAITSTS OF VARTANTE OF' TIü DATA ]N TABTE I

Source of
VariatÍon

Degrees of
Freedom

Sun of
Squares

Mean
Squares

Varíetles
Replicatíons
Error

Total

3

5

L5

23

3560.66
ehl+"37

?,67,58

-jæ

l+O72.6L

1186.89

48.87
17.84

The colurnn.n degreea of freedons fn the anal.ysis of varienee
table is obtained by the applieation of the definition given for
this quantity" Among the twenty-four observations, twenty:three
independent comparisons can be made and as a resultu the total
nunber of degrees of freedom for this expriment will be tnenty--
Èhree" rr1 aecorrlance v¡ith the three subdfvisions of the total
sum of squs.re$e ùhe Ëventy-Èhree degrees of freedom are dÍvid.ed
into three parts representing the nunber of independent
comparlsons anong varieties, aüþng replícates and anong the
experimental error" The nur¡ber of degrees of freedom among

varieties and among repríeates is one ress than the nunber of
i'i;ems which may be compared w:i-thin each classÍfication. After
renouing íhe five degrees of freedom for replicates and the
tlrree degrees of freedom for varietiesu the renaÍni:rg fifteen
degrees of freedon are aùtributed to experimental error"

The corumn headed rrmea¡¡ Bquare* is found sÍ:nply by divíding
èhe surn of squares for each classification by the degrees of
freedom appropriate to iÈo The value of ihe mean square for
error provides an unbiased estimate of the error variance d2.
This estimate, s2" enables the experi-nenter to obtai.n the
standard error of a variety mean. rt is found by earculating;

(:
x =F

/Ë
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where rÊrrî represents the nu¡rber of rreplicati.ons. rn this
exanple the val-ue ob.bained is:

c-

=, I"7e

HavÍng compreted. the anaþsis of variance table, the next
step in t'he analysis of the experir¡ent Ís to teet, the
hypothesis that each of the four varieties has shoù,n equal
*u",rì-t", The ùest ís achieved, by the use of the ratio.of the
mean square for varåeties to the mean Bquars for emoro This
ratio follows the F-distríbution a¡d lts vel_ue may thus be
compared v¡rith a critÍeal value obtained from the tabres of the
distr"ibubion of F in o¡der to Judge its'slgnificance, The
observed value of F in this case Ís found to be:

u8á.q9 = 66o53

17"8¿r

sÍnce the mean square for varietied earries three d.egrees
of freedo¡n and the &ean square error has flfteen degrees of
freedon, this ealcuLated F*statÍstic muet be compared. u:ith the
tabular F-ualue r*:ith three and fLfteen d.egrees of freed.om in
the numerator and denominator respectívqry. The critical value
appJ.icable in this case is obtained ae:

tro3r]ir(0"05) = 3.29

at the 0.0J probabillty level and,

F3rL5r(oeol) - 5.r$ã

a"b the 0"ol probab5rity levern sinee the calculated value
exceeds the t'abulated vaLue at probability level o"o1å i.t ean
be stated that the probabilliy that the carculated value.could
have reached. the varue 66rsi by chance is ress than 0.0I" The
earculated F*sÈatistíc is thus.declared to be highly riÍgniflcant"
Had,the F*ratfo e¡rceeded, the 0.05 eritical value but not the
o"01 rrarue, the ratío r,*ourd be declared sfgnificant," rt is thus
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necessary to reject the clai¡n thaË the variebj-es are all alike
and concrude that there is euÍdenee to support a claf-n that at
least one of the varieties Ís different from the resto

Contrêst

A contrast anong variety total-s ie defiåed as an5r linear
function of the variety totals of the form:

C¿ = *if\ * 
"ia% 

* ooooon * 
"ikVk

such that

"jJ. 
* ui2 + ooocaooo * *ik = 0

The contrast carrles w"ith it a eonponent of the varlety
sum of Bquåres rn¡ith one degree of freedomo The value of the
component of t,he sr:n of squares is sdcù-aüed as;

c?
a.ry

where

-22.2Di: *íI* o oLZ- * ooo."+ eík

and rrrrr i-s the nu¡:ber of replicati_one"

Orthoeon¿I Contrasts

lko contrasts of the forn;
cl = *ltVl * tLzva* ::.o" * @lkvk

Cz = *alVI * *azVz* ou'". * 
"akVk

are said to be orthogonal if the sun of:the products of
eorresponding eoefficients of the v. totals, is equar to zero,
Tluis nay be represented as;

*lluzÏ o oLï*zz * ur3u?: * oo""u * c*oak = o
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rf in a set of contrasts, every pair of eontrasts is

orthogonal, the set is said to be an orthogonal set of contrastso
rf any pair of conÈrasùs is not orthogorial, the set of contrasts
is saÍd to be non-orthogonal.

An Ímportant property of an orthogonal set of contrasts
is that the sum of the componenc aux' of sçruares will.be equal
to the sum of squares for the over*alL variety effect. since
each sontrast earcies one degree of freedom, it is possibre to
have es naryr contrasts.ae there are degrees of freedorn in the
variety sum of Bquares"

To illus'Lrate the contrast concep-bs, use is made of .bhe

variety Èotals obtained from the data in Table I^
*otl6 maru

227,2

si¡ce the sum of squaree for varieties eontai-ns three
degrees of freed.on, it is possibre to obtaån three contrasts
each carrying one degree of freedom. rt nighrr be of l_nteresÈ
to divi-de the varier,ies into two groups, orf,e contain_ing
va.rieties Parkland and lfO 2h? and the other contalning mgL6
utd NDB,'Z. Component sums of squares may thus be obtained.
representing the difference between -i;he.groups and. al.so bhe.
differences between the r¡arieties r¡¡iùhin eaeh of the groups"
?hese effects may be represented in terms of eombinations of
the eoeffici-ents of the variety totars as forro¡us:

PAIIKLA.IID

178"8

14C,2+7 '

l+3"6 8I+"O

1o

2o

?

-1
o

-1

*1

o

+1

+l-

*1

0

+1

+l-

0

ït is noted that each of these three effect,s is a
contrast since the sum of the eoefficie¡its for each effect
is zero" they also form an orthogonar set since the sum of
ühe cross products total zero for every pair of contragts"
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The numerÍ,c¿]. value fnr +-hese cûr¡¿rä.sf,s l^¡iil" be obta.Ìnerl

¿.s fo l^l-r:wn :

'| l1-1n r.. f ¿.t ,1 ¡,¡r^ ¡.1?r. \åg_;g*å-i#+"ri#.1;H**#*Ì^ =. jrí Ir.
\ '" i.r' ¡

'ì
,/c

,ö¡
'" lg?j.2g

* .1708" B5

is equa.l ho 35ËÐ.66

?able TI i"cr ihe s",nr

The sum af ihese *nrrTx¡nent sr¡nis of gc¡uares

wiri-ch is i<ieriiical, uitli the.va,lr"re qir¡en .in

+ii ,i" ..1

+1 +.i. .-.1

t 0 -t.1

ûf stuares d.ue tor y¿rj.etj.es.

Since each of i:bese eomËçnent,s is a su¡n of sc¡reres aråi:h

ónl: degrêe t¡f freedom, the parLÍ.*ulay *ffer.4"; may tre tes.aeri 'by

abÌi¡:.inånëî the ra'?*j^c of 'bhe value of i,l-re c,:ni:.:nent, ia .Lh* rnearr

sqr-:-ð,re fc¡r errç¡:" This rati.o is an l,-'.-raii.ir a.rrd. ri",,*¡r l:* r:onpared

n*i1¿h haÌ:u]^sr va"l"ue from the ta'ir.les"cf 'Lhe F-¿lå-qtriirrit.åo¡r rç.lth
l,he erpprcprj"at€ rieg:-*es. of freedoirL,,

Ån exarnpie of a. .non.--ùr'Lllrgonal set, *{ contrasi,s nia;y i;e
r:epr*sented in ter"¡i¡r¡ of lhe c¿:eflffcients eri Ì:,he v'aríeïy í:aua.Ir:
5.4 o

l

I

csnsi.deratÍc:r. of thesr* i;hr"ee effeeÈs incri-r¡i.rÌ,.lal-ly r.evears tha1,

in each *ase the swi of tiie coefflcienl,q i.s *ero. Ä.s clirtate,l
b;y the C¿r:fj.nition, ee-*h eff,eet is thuc e" e*nflrast. The si;rn

Üj.,ï':;"¡)dtri:t,l*1.'1;.:\,.:..:t'i'Y',..sll;iiiT.ii:g\ri¿::":í,!.îi.,:'i'i;'...'l.....'...-l:c¡l':f.r']j.;:'i,.:l.t,Ì.,

{n li:e 4hi'se Ðãj"r#rd {:Dtl.l}iTli¿ri.,i.r-'ns ûf rj."j'e¡:j.È :s,i ri¡:t zlextr år:.

evesïr ciaÊie üìd as a r"esurÈ ti':e se'i, iæ r:i¡n.-.er"ti:ei¡lr:naj-.

Tlre caicule,ted *ornpcnerit su¡n of ,squar{1s for these

*ontrasj;e are

1" J+58;[.,/r

?-,, 32rt.56

3 " 7-7A8,,{J5

The sum of fhese eomponent effeete is eqrral t,o p-j+95,,&5 whj.ch is
not equa-i ta the su.'tt üf $qualies fnr y;rrj..et,j.ec.

*...¡"

...'î

-t
.J
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DESCRTPTTON OF METHODS

The ¡ultlpre comparisàn techniques that are discuseed
here differ among themselves in three lraya:

ao their purpose

b" theÍr application
co theír results

ïn spite of, these dífferences, simi-l"arÍties among the tests
nake it po*sible to group the metirods a.ccording to the eri.tieaL
values usedo f¡ t'hís chapteru each test ís presented, giving
arhere applíeablen a brÍ.ef historieaL and theoretieal aceount
of its development, å'bs nethod. of application and the deler-
rn:inatàon of the critical values used 

"
The followi¡g is a r-ist of the methods presented ín

'blr-is ahapter, grouped according to the form of the crltical
value or-va-Lues useda

ïo Fixed.CrÍtical Vatue

ao least, significant differenee
b. Fisher0o nrdi.fi.ed. technì.que
çô î:keyos allourance procedure
do Sehefféos tesÈ

. eo Þ¡nnett !s .best,

fI, IttLtiple Critl_ca3.¡ Valueo

ao Student-Heuman-Keuls proeedure
bo ?ukeyta ISFS procedure

eo Ðuncanûe New }ftútiple Range test
do Scheff,dre modjJied bechnåque

TO FTXED CRTTTCAT i¡ALtiE

The

perhaps the

ISD ¡nethod of
first meöhod

naking comparisons a$ong means, is
that was used ín making additio.rral



vJ,

tests of significa¡ree following a significant analysis of
variance F*test. Its uridespread use ie due to fte reLatÍve
ease of apprication and i.t,s correspondence to statistical
technÍques tclor¡n to most expçrfmenterso

The tesi Ís applied to differences between all possible
þi"" of rneans in the experi-ment. Each difference Ís compared

i+ith the critieal value or tsD and those dijferenees,whieh
exeeed the critical value are saíd to be sÍgnlficant"

The crltical value rnay be expressed as:

,F t(4,. r) sf;

where s; is the standard error of a treatment mean an¿ t(<, f)
is'{:he tabular va-lue of student,qe-4, distributíon with rrffs degrees
of freedon at the .(level of significaneeo The critieal r¡alue
aray also be expressed in teras of the etudentfzed range as:

q(<, 2, f) sfr

where q( 
"< ,2r'l) is the tabular value of the dlstribuèåon of

the sÈudentized saange f,or ùwo meanse at the o(revel of
sign-i-ficanee and lu:iirh f degrees of freedom"

some vmitærs have indicated that the LSÐ proeed,ure
should nob be applíed to all possible comparisons å¡rong pairs
of treatnent neansu but shourd be carried out in such a m'nner
that each nean r.rill appear on-Iy once in a pairo Horre\¡er valid.
thJ-o may be, nost experimenters use the proeedure as preoented
àbove.

&MMffi
Fisher (L935) has suggesì;ed a procedure whleh should be

followed when a non-signifíeant va-lue of F is obÈained ín the
ratio of mean sguare for treatments to mean square for erroro
ordinarily ín thfs sii:uaùion, -Lhe experímenter wouId. not wish
to proceed further i-n attemptíng to determine whether individual
pairs of treatments differ, As a guide to further experiment:
ation, however, a closer Loolc at the treatment dífferences
mighù be informative.



To ensure 'bhat only the large trea'tment dÍfferenc*, o"ül
declared signiffcant, the level of signifieance or the
probability' of declaríng a signifícant differenee wlren, ln
f,act, the dí^fference j-s noÈ signifieant, Ls made snprler^ The

net effeet of caugirrg the level of sigrr-1fl_cancen e( , to be
lowered ls that the critícal value is made 1arger, thus
re-ogiríng a larger treatment ¡nean differ€nce to exceed it,o

For the experiment 'besting lc Èreafunents, the new value of
the level of significance 1s obtained by dirrldlng { by the
nurnber of r+ays a pair.of treatrnent means nay be selee.i:ed from
the 3i treatment aeanso The crÍtícal r¡aLue may be written as

.E+ldlnk +\ <*
1¡r

r¡dre¡:e È( < fé), t> is the tabular value of studentrs-t
distríbutlon uíÈh f degrees of freedo¡n at the probabflÍty leve]".Þq /Cät and $; is the standard error of a treatment mÐano

ïhe critical rralue may also be expressed in tei¡ns of the
di.stríbution of the studentized penge:

Differences beùween aLl pairs of tneatment neaus are
obtained and eaeh conpareci wÍth the crltical value" llj.fferences
j:r e:ccess of ttre cråticar r¡aLue az'e eaåc to be sigielfåcant a,b

the e{ level of significaneeó

3*s.ile-å3Ås*å'is-HssgÊs#.
1\rkey (1954) j¡¡tr.oduced a procedure by rftleh it is

poseilrle to conetmei; eonfidencs fntervals about the true
poprrlation iuean dífferences" The usual approach to this test
houever, ls to consider it, as gi-aíng tests of, significance verr¡
si-aúlar i¡r nature to the rosi) procedure prev:tousþ mentÍonedo
The tesÈ has gained mrch popularity by virtue of its ease of
applíeatÍon ard because it takes into consÍderation the n'mher
of treatmen'Ls under test"
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Â11 possíble dlfferences betr¿een pairs of observed.

treatnent rrparlg are obtained and each difference is compared
with t,he critica-l value. rf the observed differ€nee e¡<eeeds

the critÍeal value, it is deelared sÍgnifícant and the tvro
treatnent means ínvolved are declared ào be from different
poptrlations o

The crltieal r¡alue used ln the tesÈ procedure is based
on the disùribubíon of'bhe studentized range and nay be
expressed asl

q( ô(, kÐ f) sf;

t¡here q ( < , ku f) ås the tabular varue of the studentfzed
range aÈ the o( level of sigr¡.tfåeanee for the k treatnent ¡æans
in the experiment, and rvi.bh f degrees of freedom"

fl"ctref-[4;p*T.Ss-bs-

seheffé (L953) douised a method for setecting significant
differencês â,mong a].l possibre contraste among means folrowing a
significant analysÍrs of varfance F-test" The nethod i_s such
,bha'¿ it io possihl.e to eonstruct, confidenes lirrìts abo¡rt the
tv-"ue 'raLue of the co:rtrast,, The more coí¡non approach.howerreru
is to use the ma-bhod for making teste of signifieaneeo

the eríticaJ. value for the tesÈ of significancee or
Èhe t¡al1oÌdaneerr for settring confid.ence rj.mfts, is hased. on the
F.-di.g'Lribui.ion r"aühe r than t he studentized range distribu bion 

"ït na;r be ex-pressed as:

e
x

where k is the nurrber of treabænte under test and. F -( ,
(k-'1, f,) 1s the upper -{.point of the F-distribution irith k=L
and f degrees cf freedom,

Thre di.fferences betv¡een al-l possíble pairs of obserued
t::eai¡nen'b meåns are obtained and eaeh differenee is conpared
vúíÍ:h this :ritical va]-ueo If the observed. difference exeeeds

'¿he e¡:ilíqal vaiue¡ the differenee is decrared. sign:ificant,
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Th:is method can be e¡ctended to eoves contrasts of ariy

form, involving argr nunber of Eeanso The critieal vaiue vrÍ_l_l

no ronger incorporate the standard error of a treaÈment ÍrÉanÞ

but l+f1l use lnsteadu the standard error appropriate to the
form of the contrast under.i:esto The crítieaL rrarue urill
reualn othe*rise unchanged"

Pr¡æÈÞie*gc*
Â fifth method proposed by Dururett (1955) is one .

r'<+commended for making all comparisons rsith a controL treatüent^
ïn its applicationu confì.dence ri¡nlts rna¿i be eonstructed about
the true differenee between treatment and controlu or teste of
signifícance may be applied. to the observed. differenees"

As in all prev:ious method.s, a si.ngle eritical value is
needed for decíding the significance of anr obser¡¡ed dåfferenae
be'tr+een treatment and eontrol, ArL the dífferenses betr*een
'breatments and the contror are .babulated and. eaeh d,iffere¡rce
is compared r¡ith the crí{:ical valueo Tf the observed differenee
exeeeds the cråtical value, the treatment inrelved ås"saíd to
be significantly differen'b from the controL treat¡nent" The
critíeal value may be written as:

/îu {.(, ke r) sä

where Ð ( <, ku l') Ís the multivariate anarogue of sÈud.entrs:-b
distr-ibution at the c( lever of signl.ficance for k Èreatmentsu
and w'ith f degrees of freed,om, Tables of D ( 4 , ku f) are
given by Dunnett (1g55) tor one.tai.led and ti¡¡o*,taiied tesi;
procedures"
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TT },IULTTPT.E CBTTTCAT VATTIES

St uÊe n! -Nç.qnan-l(e*u]-g_Bo ee gurg
student (LgzT) conelders the probrem of errors v¡hÍch

appear in repetítive rou'bine ana.lyses.such as night oceur in
a conmercial anaþtícaI chenical firm" Or¡er an e¡rbended peråod,
of t'Íme, experienee with the measuring of characteristics of a
given ¡raterial r'riJl provide 'bhe experimenter.vrith infoymation
about the experÌ¡rcntal values to be e:cpec.beclo student provides
a procedure for the reJec'bion of obsenr¿tíons whieh appear no,c

to be in line w:i'bh the expected resultso }lis procedure
invol-'ues the use of valu.es, Ri, from the Èables of the
distribution of the range¡ the varue depending on ilre nunber of
observa{,ions that have been mådeo

IÆt R- be the va^lue of the rånge expected from a samprell - ---Þ-
of size n, sueh that the chanee of.obser\ring a rånge greater Èhan
ñr, is less than so¡ne value of p (".g, p = 0"05). Tf ii: the
analysis an observed range r' is found to be greater than R.e
an additional observa'bion should be made. If the new range
rn.r-L is Less than Rn+l, the nost, discordant observecl value is
r"ejected and the nelr rn eompared wiÈh Rr" Tf r' i.s now 1ess
then lìrra the mean of the n observations ie accepted bu.b ff
r'r, is larger t,han R;r a further observatiorr is obtained and the
proceclure continued with the n*2 obser.uations, until fina].þ
a sample of a.t leaet n is obtained 1¡ning within ihe requ.ired
l-j¡rits.

Keuls (L952) used the results of thie proeed.ure and. also
i:reorporated the r¡ork done by Ner,man (r%g) on the sbudentized
rånge in presentíng a method for Judging aLL pairs of trea.bmenL
mean diffevenceso The procedure set forward by Keuls (lgsz)
incorporates varying e::itfcar uar-ues of the studentized. range
depending upon the nu¡nber of treafurent means ly-ing between the
'i,wo r¡eans beíng considered"
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ïf an ex¡:erirrlent involving k means is being considerecl,
'bhe difference involr¡i¡rg rhe largest and l,he small.es-tl,mears
would be eompared l^rith ü:e cr.J-tÍcal value for k mean$" The
difference Ínvoluång the jarg,est anc the second suralrest.woulcl
i:e compared vrith the criticar value for k=l means and. sÍmílarly
fr¡r a¿l possibre treatment <jifferences. The crit,ical -rralue

rnay be written as:

q (<a P, f) n=) 'ì ì-l' *5; Jþ ôooôo, ¡\

t¡here q ( <, p, f ) is the tabular v¿ilue of the studentized
range at the o<'level of significan¿e for p meå.ns rqith f. d.eeîrees
of freedoni"

The d.ífference between t¡e åth ano. ¡th .brea.Ì:uien-b me€,ns

ís d.eelared significant, i.f it exceeds the apprupria.be eriti-cal
value eorresponding to the subs,;t of p mesrrs wiilr the ith ¿nd

¡th *u*rr* as the rargest and sroaü-lest varues in r:he subse,b.
symbolieally the íÈh a¡r,l ¡th treaunænts are tiecr-ared
significantly' d.ifferenÈ if ,

lxi - xj | > q (o{,, Þ, r,)

'*¡here f # j = lu Zsooo" k and þ = Zp 3s .."" k"

The. only exception t,o the above mle of rejeetåon js
that a treabr¿e¡rti difference which falls within a subseti with
a ncn"-significant ra,nge shalr be declared non--signifieant.

H&evlå.+9Æ PreÊeguyg

Tì:key (L953) proposed a method. ruhich offers a comproinise
between the Tukey alrowance proeedure anti the stucrent",Ne?rn&n--,

I¡reuls proeedu::e " The only change from the ,student=Newnan*.Keu1s
pnocedure is 1n the folm of the erÍtieal- value rvhieh now &ssumes
a vaÌue nf<iway betrqeen 'Lhe cråtj-cal val-ue far Tukey$s allorvanee
and the Strident-=Neu¡rnan-"Ke¡rJ.s rrro*edulîe.s -

ù*x
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If an experS.ment involving k means is being considered

and the 'brso neans under test are the largest and smarlest ln a
subset of p neans, the critical value nay be e*.tpressed. as:

å[n (*(o ku

v¡here d ís the leuel of sígnificanceu p is the number of ¡neans

in the subseù, k ls the totaL nu¡nber of reans in the experiment,
and f is the degrees of freedom. The values of q (4, k, f)
and q ( .(, p, .f) .are obtained, fron the tables of the
studenÈized rangeo

The ith *.r:r jth treatnent, means are decLarecÌ signi-ficantly
different 5-f,

l- | - t l- | . " --Tli, -.i; i > å Lo 
( (u ku r) + q i o(,pu r)Js;

lï o treatmen'¿ differense contained in a strbseù wkr-ich has a non-
signif-leant ra.nge she.ll be declared signíficanto

4ruen þ*-lIpg l$LltåplgÆnæ_Te sj
Þuncan (1955) has developed a testu very s5_mi.lar to the

prevtouslJ' mentioned Stud.ent-Siewman-Keuls procedure, for
naki:rg all possible comparisons among treatment meanso Tt
c.Íffers from the lat'ber test however in that it u.ses 'Lables of
the stl,udeni:ized range specÍally constr¡¡cted.for thls 'besto

Duncan (i"955) has defi-ned a new termo rrpro,ueetion leve|¿
( Y) ot the test of the hypobhesisf, =./zas the probabållty
of deciding that' there is no appreciabre d.Ífferer¡ce between the
meansrúC, andrilrwhen, i:r factu they are equal. Å ealcrrlation
of the protection level ihus meaeures the protection agaÍnet
wrongly fÍnding a signifieant, dÍfference between two equal
¡nearls., This rnay be denoted byl

Y : * l- aecision (1", 
_Z.J /r¿t, =,e21' L -tu f / , t-- J

u¡-here (!r.. Ð denotes ihaÈ the neans I and 2 d.o not díffer"

r)+q(-(,o,f)f sf;
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Extendíng this to the caee where three means are inrrolvedu
four proteetion levels can be found correspondÍng to the revel
defined f,or the two mear '¡ case, These nray be denoted by:

t, f deci.sion (t,z)¡r¿1, = l, J
*' I decision (trÐ/,/tt = /, J
P* f decÍsion (2,3)/,Åz = þ, J
= erfdeeision (lu2 ,Ð/y'ÅL =,ez:,ÅSl

ït is easily see¡r.that sinee o( is the proba.biJ-ity of
deeiding that two rneans differ when i.n fact they do not differu
d aan be expressed as 1- c{ for.bhe tr*o.mean case" Thus

if < is set, at 0"Oju F *U: .bhen be O.g5" The questlon that
erises i:r any test of A m€anse giuren that l, i" un
appropriate value for the two mean proteetion levelu i-s what
values )tr" Yro, ooooo u Vn should be regarded as satisfaetory
for the -bhree r*eane four nieans eoaoo t r*êErrl protection lever-s?

ï'i: is noted that a test on a subset of p means i-s aetual.ry
a test of whether (p*l) or.'i;hogonal contrasts between the true
population tneans differ frorn zero" If these (g_l) eontraste
ruere tested índiv:idualþ, each at the o( level of signifiea.nee,
tho probabiJíty of corr.eetry decid.ing that there is ncr
dl-fference bqbween the poprrlatÍon means wo'rd be gÍven by
il- -- ,{ ) 

t-"-. E'en thougi: ilría level is less than O.pJ,
Dunean finds i-t unobjectionable beeause of the choíee of CI"95
for each individuar Èestu The 'best, wae constructed wåth
protectS.on leveLs changing v¡ith the eize of the subset of means
being considered. The protection rever for the p mean subset
Èhus beeomes,

\./ VP-?.
Ä=/luþ v2

The critíeal value for the test may be lsrltten asÐ

d e,Ð .,

Y (r,:) :
Í (r"¡) =

{ ft,2,2)

N { Yr,^ ,p, f) sfi
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r'¡here N { X -ô +'\ +- +. -p¡ * t Fr f.) is ihe i:abu]år vallì.e of tl:e
distribu'Lion of the studentized range for p meåns at the
appropriate protec'bÍon 1evel based on the s,( level of
signifieance wj-th f degrees of freedom,

The ctifference betvueen the ith *d j-th treat¡rie¡rt rr,û;ans

is dee-Lared signÍficant if iir exceeds ü.re crir':ical- rruJ-u-e

appropriate to the subset of ¡neairs r,rith the ith anc ¡th rfle.ans

as the l-argest and snraJ-lest ne¡nbers of the su'nsej:" a.irC nr.ovjde¡l-'l'.h {-}ralso that the j "" and j t" lnsa.ns are not eont-,ained i.n a subset
t+¡hich has previouslJ. been clecl-ared. no-b significan.t;.

s-eLçtr-éi,slþAt$iç"È*Isç¡*iss

ït is fel-t 1;hai, a moclifiea'bion -i;o i;ïre r¡iethod. propcsed. b¡r
scheff6 (rgfi) núght be of varue in view of the appea.r of t,he
seçrential procedures of student*at-er.¡nan*Keuls ancl Du.nca.n"

The criti-ca.J- value is now o1¡tai-ncd ta,king. into eonei..,i.ey.=,

a'¿jorr the nu¡ùer of treairrent nieans in the sub,set. ?ì.ie value
may be expressed ast

/ufp-"î)*tr'ryG*r;:rT s-

where p is ihe number of means in the subse.i; and F_( , (_p_lnf)
is the upper o(point.of the F*di-strihrition i,;ith (p_-t) and
f deg:"ees of freedom.

The difference betv¡een Èv¡o neans is creela::ed sj-gnificant
provided it exeeeds the critical vaiu_e a¡:propríate to ihe size
of the subset of whích the 'bv¡o means are the largest a'd the
small-est, valueso

ÏÏT TÀBI,E OF CRITTTAL FACTORS

The following table, Tabre rrr presents a eonparison
of Èhe foru and the nu¡nerical value of the critiear val-ues
used by each of the tests in an experiment r,¡"ith ten treaùnent
meanso The numerical values gfr¡sn are cri.bical velue factors
onrys and must be nmltipried by the standa*d error of a. tres..b*.
¡¡ent nea:rs before the treatment mean differences can be tesi:ecl.
Â.11 values are given at the 0,0I level of sigritïcance u,ith ¿n
infinite nurrber of degrees of freedon a*d. for" various subse.L

i sizes.
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5,92 5ug2 5.92 5"92 5"92 5"92 5"92

2"75 2u75 2"75 2"?5 2"75 2"75 2"?5
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3"62 3.*, o,o, t+'"L6 t:,25 t+'.jg t+'"t+T

2"?? iògr¡"0, ¡"og 3'"L5 3'"23 3'"2g

2'.7? 3',14.6 3'"g5 t+'"47 t+'"7o 5'"3g 5',62

r) s*"x_
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CHÂEIER ]II

CONSTRUCTTOI{ OF TABTSS

.An understanding of the difference between h¡ncanls
teet and others necessitatea, an Ínveetígation i.nÈo the
construction of tables of the studentized range. hrncanss
test makes use of a table of pereentage points of the
studentized range whieh is different from tables used by Keuls
.(L952)s Tukey (L953)* and otherso An und.erstand.Íng of most
testing methods requlresn therefore, a eloser look at the
calcuration of eritícar values or pereentaç pointe used in
each case"

The present ehapter deaJ_s wåth the his,oorical and
theoretical background of the dlstrfbution of the range and. the
s'budentlzed rangeo Ðifferences betl{een the tabre eonstructed
for Bunean's test and the tables used for the tests pronosed

by others, are iJlustrated"

fO DTSTRIBUTIO}I OF Ti{E RAN@.

Hoel (1954) presenbs å,n exeellent text book d.escripti.on
of the derivation end uses of the distribution of the ra.ïrgeo

The general form of the distríbutíon of the ranç for a sample
of size nu which has u and v as its largest and emarlest
members i.s g'iven by i;he folrouÉng definítion: rf the eontinuous
variabre x has the frequeney funetíonu f(x)u and if x assumes

va.li¡es i¡ the lnterrral (rrb) onrÍ.' then the frequeney function
oL' the raJnge, g (w), for a rand.om sample of size n, is
expressed as:

fb-t¡ l- fu+rrr
s(r*) : n (n:r) Ju r(u) r,"*r 

LJ., 
r (x)

-l n*2*J du



The exact form of the distribution of the renge for a

sa"urple +f size t¡¡o.from a rrorral-ly distributed populatlon san

easlJ,¡r be obbai-ned, The frequency function thus beconss,

fb-w21 3"| :-ùn I z¡t

2l+,

e(w) = erp (-È oa) J*ffi

2z ltl. iecP. (- :; ) oo 
f

exp {+ 
(o+*)zj 4.,

.*o 
{-å [ "' 

* tu++,12]] *

,"T,' j*''

d3

[' "*o .f 
*{onor)z ? ¿.,

J_*' ¿ r J

=1
'ffIt

.. d#
il

j":-

ft*
da

Sl-nee sÐ

s(w) = *å*
ôtft

so that the :'esu1'1,

C(w) = *L enp
t ¡Ftc. ,,t tt

Ís obtai$ed"

Unfortunately, the form of the distribtrtion ís very
cumbersome for earn-ple siz,es Larger than 'buo, ¿nd åf tl're form

of the fi:equenc¡¡ :furietion f(x) is complør;"

In spi-te sf ihe difficurties i¡volved, T'ippe'tt, (1925)

has csnsi;-ruc'i:ed tables of '¿he probabiJ-ity :i-nteg:ral. of bhe

standar"dized ran,ge, basing his work on the nc¡men'bs of the

di.sti:ibu'Lion of the r:ange* 'Ihe numerical work r¡eed in ì:he

p:'epara'bion of 'bhese iables has proved to be very inaccurate
as a resLrlÌ; of r.¡hich Típpeùt¡s t¡ork noru¡ holds nore historical
than practical in'beresto Neverthel-ess, this uorlc has provided

the i:npetus and the basis for nouch of èhe more recent worlç

an 'bhis topie"

s a'<b s
,2,er(p,*f ,

t -'ez I
l+



25.
McKay and Pearson (1933) also give the distribution

funci:,ion of the range from samples of size no They gtve, in
partfcurar, the exact form of the distribution v¡t¡en the parent
population is rectangrrlar or straighÈ line" rn adctition to this
they,.derive the distrlbuÈion of the range for a snmFle of siøe
three dral,¡n from a no¡r¡al population and provide its rth momento

IÏ TABI,ES OF ÎIIE STUDF,TüTTæD RAN@

In most praetÍcal applÍcations of the theory fnvoluing
'hhe rarige, the only lanowredge a,vajåahle about the.population
standard derriation u I , is the sample estfmateu s. As a result
of thís, Newnan (1939) considers Èhe sanpì-ing dist:ríbution of

YC ¡rg = Sr the studentízed rangeq T:r particularo he catcuLates the
5fl and LÉ potuts of the probability integrar of the studentized
r&nges

ït Ís known tha'u the probabÍlíty distribution of S, the
sanple standard devia'bionr. ffiF be r¡ritten ån the forr,

p(s) = -*, . g Êjå::--- exp ( - åS,
,å*trã l*tå.r;r* 2$¿'

ffi;ii;e p(w) for the probability <iistributi.on of the range r,¿hose

precise value is knor,nr for" sampJ-es of siøe two and ilrree fro¡n ¿

n'ortial populatl.on" The expec'LeC rra,ltre of 'Lhe studentiued :eange

is exp::essed asu

n(q): J:'(q) dq

lFs-1 P(w)P(n)¿r'rds

since tr and S are Í_ndependent. Thr.rs,

l**f@
n (q) : j,* o (w) o w J" *t p (s) ¿ s

ñN

Eiw) I u* p(s)ds
vo
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Ti¡ipett (1925) has tabulal,ed for varJ."ing si¿ee ,cf n, the values
,l,ftof E {å)r thus if

^@n(',¡/o) \ds-l p(s)¿s
ü6

is considered, it is on\r necessar'y Ín the evalua+"ion of E (q)

to deterrninen
eo9I _.1

\ ds'-'p (s) ¿ s
ü6

S.uì:siituting the expression for. p (S) g'år,..en previouslyu 'b,his

integral becomes"

åt f*-r-z ,.
*.*j_** I S--- e:cp (*:j Ël) d's

I /r o\
2E \:--t) I tårl ff r-¿ c/ð ¿ ri

bJ' inaking'¿he su.bs-bi'L.u-bion

)**Lg := r*

2.52
'bhe i-ntegra-i- is found to be equ.al- t,o

_.p 1I dt I¡¡ì- t Jl t- 1\!
J.ã]*-L - Lã-\k:*}l

r¡i-r
I (.åf )

lltre il (q) nas iir. 'Lhis way been e:tpi:essod. as:

s (q) : E (H) [- ,¡î r [i* (r-i)] I
II i--rtL r rzf) ..t

llcro,rrran- (1939) he.s presen'beC a íabLe af the faetors .i:c¡ luirj-ch

E i*lf ) 5.s inrltÌ-pÏ5-ecl to gåve "i;he E (q).
Tri c::d.çr to o"atain sigg:ificance Levels for q. :.wfí,

it, i s ne*esså,ry 'bo cvaluate Èhe íntegralu
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p(q)dqJ;

Ner'.man (1939) has accomplished the evaLuatíon of ihese integrals
usj-ng various quadrature techniques. r'b should be noÈed that
for the sample of size truo, the i:rtegral corresponds to -bhe

posÍ-'ti-rre half of studenb?s-t distribution and the relati-on

Qn =

is thus obtaineo. a

¿r/ o{

This work hor"rever is based upon the inaccurate work of
Tlppeti; (1925) and the tables eonstructed thus eontain nan;r
errors' Recognizing the need for more aceurate tables, pearson

and Haril ey {rqt+z) recalculated and ta.bulated a nehr set of
'i:ables for the vange. This table expresses the probabiríty
that the range i.n a sample of n observa-i;iong j.s J-ess than a
gi'v-en rrultipJ-e of the popula'bion standard d.eviation"

f-n the follouíng 'yea.y Ð this team of pe¿rson a.ncl l{ari;ley
(1943) used this nev¡ "¿able of the range t,o derive.tables of
the Frobability Tntegral- of the Studentfzed. Range" Denoi:e the
probabilii:y integpal by fpr (q) r¡he:¿.e n is the size of the
fi¡'st sarnple from i.¡hich the rsnge is ealsula-becl ancl f c'lenoùes

the degrees o:f freedom in the standard cÌe'rriatio¡r esti-mated from
a sepa,:"at,e sa,mpl.e" The quanti'by fpr(Q) thus represen.bs the
clraiice that the rai;io q,: \r/S does not exeeed. the h_:nit Q"

As f a.poroaches infinity and 52 approache" 62, fpn(g)
tends toward Pn(R) of Ì;he ratio n: w/,6 taken ai; the poínt
R: Q" ït is possible then, by a Taylorfs e-ipansion, to
rep::esent ,frr(O) as a quadratic in f{"

[n r*rij:-" p (s) . ,] - -i

I2

*å-
ffP-(a) = p".,(g) -i-



28o

Í'lhere

and

I¡li'bh the aid of i;ables or r,r(e), an(Q) ana brr(Q) a table.of the
5fi and 1É points of i;he distribution of tbe studentized range
tlere construeted by 5:rverse interpolation.

Ì,Íay (tgSZ) notes that, this quad.ratÍc expansion breaks
dor'm for r¡ery small varues of f and large valuee of qo As a
result, comections and extensions to the pearson and Hartley
iabres içere obtained by an evalua.ti.on of the probabili.b¡r integr"al
at the upper tai1"

t¡¡hefe

bn(*)=#{4* E* ç*.'*}

E(u ' 
:,å *"[å$ j

pr (ÌrÆ > q) = cr [*i-u X Zrfl l 
t 
* p (*¡n) ¿ r*- *JoL Y Y I hi

arid

t1 
-V+

J.

frårl
and r.¡liere p (wfn) i s th.e upper ,cail pfotrabÍIity integr=aÀ of the
3"ange i.n a sa.mple of -size rro This in.i;egral ir+as e'rraluated by
nu¡reric al quad::a'Lu:re 

"
Pachares (r-g5g) extendeci this method io incrude the

Llpper 10Ø pojnt,s and offered eorreetions to many entrÍes in the
5% and lÉ point tabl-es presented by May,

The nost recent ancl most.accurate iables to date have
been ealcu] ated 'ny t{arter (rg¿o) " Tables are g5.ven for the
probability integrals of -both 'bhe :range and the studentized range,

É r,f¡I ^ 
- 

lÀ
) 1 .ll*o Þt. +t |l.t J
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ÏÏT TABT,ES FOR DUNCANIS i\iE!ú MULTTPI,E LANC.E TEST

As tuas poi:rted ouü previousl'-y, Duncan r s Ì\Tew Multiple
Range test requires the use of va'r}'ing probability l-eirels
depencling upon the number of mea¡¡s eoutained in a su-bset" For

example, Íf a subset contaÍn5ng tuo rûeå.ns is to be'i,es'i:ed a,'i;

the ixobability..r-evel O,95o a subset, of three means is.tes'i:eci
et i-,i:e ]e-i"el (0"?5)2 or a"9a25, four meâns at l-ev-el (0"g5)j
ar CI"857375¡ 'Ur,uelve meå.i1s a'b lerrel (c"95)11-cr 0,568811{) ¿nci.

sini.lariy fos" n nr€ans l*here the level j-s (0.g5)n*-1"

The ordjnary tesÈs such as Turkey¡s allor,vanee procedure

orLhe Stud.ent*Ner,ffÞn-Keuls procedure require thaj: regardlens
of the subseù size, al-l- tes'bs are carriecl_ out at the probabili.ty
level 0.95. As a result, the tables preriously diseusseÇl g"it¡e

values of the studentiøed raçge corresponding to thð level 0.g5

for every entrp- in the table. Duneanes test 'uhus requires a

speeia.l table with entrj-es based on the approprÍate p-r:o'babitity
level for a given subset size.

Beyer (1953) illus'i;yabes how the -,¡alues .in the .Lables

for {:he }üev¡ Multip1e Range test are obtained using 'bables by
Pearson and Hartley" As an example he uses 'r,he ease in which

the subset eontains three fleans, ås a resul-t of whieh, a.test.
on this subset is carried out at the probability leveJ- A"geZ|"
The exanrple also uses eleven degrees oi freedon in the
independent estimate of the s'Landard devåa'bion" Fbr given
values of QIa Qgo and Q, of the studenti.zed range, probabiiíties
Pl, PA, and P, are ca-leulated usi-ng 'b,he tables provided by
Pearson and Hartley (19å3) and rlho Taylorts expansion mentloned
preriousþ,

fPn (Q) 
= Pn(Q) arr(Q) 

+ 1

f2
The values P1e Pn and P, are found in such a
P, are above and beloru 'bhe probability 1evel
is closer to O"9Q25 than eíùher p, or Pr"

,1'f-?- bn(a)

way that ta, æU

O"9O25 and P,



n.w

3,50

3"25

3"00

Þ=

,1
I21

.1' tzi-

,l_f ïãr

Pr=
.11

o,g6te4 " #

o,gh3g * +
1

P-=0o91¿15+-+--J ¿].

P^ (q]
J
(-Ð.39)

(-.o"&6)

(*0" 5r)

30"

(*o"/+) = e,g?56

(0.2) = 0"9@/+

(0.1) = 0"8689

ïnterpolatÍan i.s then carried, orrt to find the value of Q

corresponding to the proba'büity Q"9O25" üsÍng a secoad degree
polynomíal, 'r,he ínterpolabed valt:e is found to be 3nA?,

f. seeond ease r'¡ith P = 2 a.nd f = æ is g5.ven illustrating
th.e use of the Pearsolr and Hartley tables (19Å.2) o .,ì: s5n-i.lar
procedure as above is cayried.ot¿t ie'ith the exeeptiorr that the
probabiljty leve-L ie ncw 0.95, The values used are siven as

fc¡llouls I

F2 (R)

0"9438

0"9482

o.9523

As a r:esul-t of interporatj.on using a second degree polyrlornial
å.s above, the value of R corresponding, to frr(R), is equal to
2"77 0

Nor'¡ consi.der a caee, to be used later, in -ruhj_ch the
subseÈ eonl:a,ins iwel-re ¡neans and the r¡al-ue of the stuctenti zed

vange is bascd on ninety-six degrees of freed.omo

ïn applyíng the Student*lttrewmn-l(eu1s proeedu.r-e, the test
on this $ubseil is based en the pzutrabil:ity tevel 0.g5" As a
:'esu'l t,;, interpo'l a'bion forbhe value of the stud.entfzed range
for" Èhis eubset procedes as fol.J_o'¡s: .Va.Lues of p1 a p, and p,
are obtained such tha'b P, is nearer 0"95 than either p, or Fr"
cor';'esponding 'i:o Èhese pz'obabii.ities, values of the studentized
räi18e¡ 8l-, QA and Q, are found and in'berpolation for the
appropria'be I i" carried out usi::g a second degree pol¡rnomial,

R

2,7O
2 ''r4

2,80
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¡rn\
96YL2\wr

t+.50 pI = ong3lz + --þ (-1"35) -rä*ã (*o.5) = 0"g21"08,1+

t+.75 pr= Q,g6z+ + s, (*r.05) + 
çã,16 

(+.r¡ = o"95rr2?

5"00 p3 = o"97gr + å (*o.?5) 
" #6 {-5,2) z o,g?eïpt:

ïnterpolation for P : 0o95 gives the value of I as h,Th"
For this same subset, v¡ith the same degree of freedomu

fiu¡:canrs &Îer¡ lfrrltiple Range Test reqi,rires that the.test"be
carried. out at the probabÌJity level (0.95)11 ar O"568S" The

i:ables given by Fearson ancl Flarüley (LglÞj) are agaín u.sed ancl the
sajEe procedu::e as abo'¡e Í,s employed for fínding the value of Q

co:eresponding *o P = 0o5688"

a 
96p12(o)

3"00 p, : 0.3g 2? + -# r*o.rgl * #u (0"5) = 0"3g08?g

3,25 p2 = 0.5222 + $6 {-O"Zr|") * Bh6 ß,2} = o.5l_J+Bg3

. 3"Sa p, : 0.6tr^&, o * (-r"?ö) J- ÉiB CU"t) = 0,6318o1

The value of, Q found by jnterpolation is 3"36.

Beyer (-1953) has ea1cu1a.ted. complete tables for Duneanos

test, basi:rg his v¡ork on the pioceclures set forr¡ard by pearson

ani Fiartley (rg&3) o Tn orcter ùo gaJ.n â.ecur&cy, he exbended the
Taylorrs expansÍon of fPr.{Q) to inc-t-ude üre term in f-3"
thecking hio result,s againsi. the tahles preparecf by Hay (Jg5Z),
a iúgh degree of aecuracy was notedo



ff TABI,ES FOR DU}üI\IETTIS PROOETIURE

Consider the case i¡ which one treatment is compared

t¡ith the controlo Confidsngs firnìts mey be placed about the

true treat¡nent nean difference basing fhe proeedure on the

well knoun Studentrs-t distríbution" The limits uould be

found Ì:o be;

32.

preassigned jcínt
are found sueh that"

tc-:ã +
LO

d,'rm
'¡r-lrere dr¡ åe ehosen such that"

Prob ( li.l (d") *P

The constan'b drË or d 0 Ín the ease of a one sided

confi.dence l!üi'b* can be found from the 'bables of the

d.istlibution oí Stud.ent t"--b,

In generalízing Ì:his proeedure, where eaeh of p treat-
¡nents i s compared l"rith ì,Ìre controls ít is clesired that sepanate

eonfidence lj-¡nits for each of the p dÍfferenees be found such

thaù the joini; eonfidence coefficient is equaL to a preassigned

valu-e P, (O < p< t) " For the tr.¡o sided confidence lfuni'i;s, the
lntervaL rrill be found to be of +-he form"

+ ^fl lc4 ù I r**+-, ru. !åvLo
i :1, 2rouroc¡ px" JCao

ïn order for these liraits to harre 'bhe desired
l!

r:onf id.enee eoefficien'b P, tire p eonstants d.U.

prob ( !t:.1 * oi, irrl.d!,"."."r l.ol < ai) = e'¡

ThÍs requires that the joint, dist¡:åbution of the Èrîs be knoinrn"

h:nnett and Sobel (L951+) have found that this dís'L,ribution j-s

the multàvariate analogue of Studentea-t dietrítrutíon". Tables

are gíven for both the one:sÍded and the two*sided corufidenee

ini:erval approaches"
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CÍIAPTER T1¡

CO},IPABISON OF ¡æ?HODS

ïn any attenpt to evaluate the test,s available to an
experimenter, for locating signiffcant differenseCI follo*ring
a significant a.na\rses of variance F*üest, saveral faetors
mus'i; be kept in mind, The design of +,he experínen'b, the object
of ùhe æcperiment, and the philosophy of the urperfunenter w:irl
eaeh infruenee the decås:i,on as to r..ftich tes-b procedure is to
be used"

The present, ehap'Ler considers several itene rdhÍch are
of ímportance in the selection of a .Lest to be usedo These

i"Lems may be lis'bed ae .fol-lows ¡

ao Treatments versus eontrol
b " Á,nalysis of all possÍb1e co¡rtrasts
co Confidence li¡rits and teste of significance
Co å pgå_oSå and g pggLgälegå comparisons
eo the effec{, o.f a príor F*test

A series of examples are gi.ven u¡hÍch seïve.to illustrate ma.rr5r

of the points raísed throughout this study,

Ï TREATT.M\ITS 1¡JIRSUS COÀITROI

ïn the design of'an exp¿rimçnt, one of the treatments
i.nelucted may be a {:ontrol treetmenì:o rte purpose is to pernr,Ìt
comparisons -bo be made betrseen a given treatment and this
contz'o} treatment sueh i;hat a significanee stat,ement may be
¡nade, i'egarding 'bhe effect of -Lhe trea.tment ín relation to {,he

con'Lr'olo Tn this si'r:uation, it may not Lre Èhat all possible
comparisons arlong 'breatrnent ineans is d.esired, bu{: only
co.mparisons between the con'urol- and each of .i;he other trea"bments"

l:r order to aehieve 'che desirecl resufùse use may þ6
raad-e of eertain of the proeedures outrineci proqiousry, Tukeyrs
e.-T.1or.¡ance procedrire or Scheffers proce<lu:.es i"¡i]l give
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significance tesùs or eonfídence interval staternents about these
specific treatnient mean dÍfferenceso Dunnett (Ig53), found
that fhese Èwo procedures, since they were deslgned for a much

mor€ general applícation, give confidenee åntervels whrich are
too r"'ride" By eonsÍdering the control versus treatment situation
on\r, Dunnettts test procedure ig abre to eonsilruct confidenee
i¡tervals such that the probabilÍt¡, that all the confidenee
intervals of this type Ín the erperiment are si.uru_ltaneously
co:'rect is equal to some pr,eassigned specific probabiríty level.
The confidence lirnits so co¡rstructed are p]-aced about the true
npan difference between a .breatnent and .L,he controlo

Dunnettts procedure is der:igned. for maki:rg a specifia
bype of comparison" rts use in other inore gëneral sÌÈuations,
i.s never justifiedò

IT Ä}JAITSTS OF ALL FOSSÏBT,E CONTRASTS

ïn many experimental si'buai:íons, the most meaningftd.
proeedure rnay not ?¡e the comparísons arnong alJ_ passibJ-e pairs
of'creatment means" By ùhe very nature of the breatmenÈs
themselves, the logical procedure niay be to divid.e the treat-
ments into groups and compare rlhe treafuuent means on this
grouped basis" The deeision as to r*heiher to consider the
problem as one irrvolving alr poasible eontrast eompar_isons

+¡l-]..i res'b r.¡ith the experirnen'ber, Once tire deeisior¡ h¡as been
marLe however, Lhe 'L,estÍ-ng of the 'i;i.eaj¡nent means becones the
responsibility of the starlistícian,

The meihocl.s outlined by Duncan {1955), Tukey (]-gfi)
and l(euls (1952) are appl.icable orrly f'or the case of al.I
possible paÍred eomparisons and shoul'l be used only in that
si'cuation. seheffórs proeedure has been designed principalry
t;-¿th the eonbrast problen in rnind.
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The use of Scheff6ts nethod has been shor¡¡n to be more

sensiti.ve than Tukeyrø allora'ance test for the contrast sítuatlon"
rt Ís noted particularly that the critical value in scheff6re
test lncorporates the standard error of the partÍcular contrast
involved" By virtue of the fact that this standard error sriLl
in generaL be s¡raller tha¡¡ the standard. error of the difference
beùween tr¡o treatnent means, confidenee Li$-its eone.bructed by
scheffé3e method wÍlJ- tend to result Ín shorter i¡.Ler.¡als then
thoee found by using Tukeyrs allowanee proced,ure"

The situaùion Íe reversed houever, rn¡hen eonsidering the
aul]. possitrl-e patred compar"ison approach, seheffd i¡dåcates
ühis fac'b and cautions thaÈ in consåderíirg trea.bment means two
aÈ a timeu Tukeyrs aLlorr¡ance procedure is prefemed.o

I'lhen considering the topie cf eontrast,s, it ís inportanl
to note the differ€nce i-n procedu¡=e involved in orilrogonar ancl

non"-orthogona.l sets of contras'L,so rb was mentfoned, that it Ís
possiJrle to obtain an orÈhogonal set of contras,cs containing as
ineny eontrasts ae there are degrees of freedom ín the sum of
squ.ares for ts.eatments in ihe analysis of variance o Trlhíie i,¿
is possíble Lo obtain a greaÈ many orthogonal sets in å^riy one
expe:*iment, the se'i; of contrasts to be used. is generalry.
prescribed r¡hen the experiment is at the designing stage"
Thi-s bei-ng the case.? each separate contrast may be tes-Led
agai.not t'he experimentar error by the use of the F-statÍstic"

0n the other hand, if the contra,sts are not oz',r,hogonal-

as ''r.¡ou-l-cl i:e the case in considering arr poerible conire.st,sr,
the 'bes'Lj.ngl,';ould ha,ve to be carriecl ou.b by .bhe use of seheffd¡s
'¿echnåqueo It j-s tÌifficult .bo see where a situ.ation jn lchich
a1.1 pcssible eontrasts were to be consÍderer1 nr_ight arise" ri;
seens much more probable that ttre e:cperi-menter", from past
experience or because of a parÈicular ai-n in nd:rdn would be
abl e to i-*struct the sta'¿i.s+.iciårr ån'bo designíng arr experilrcnù
capatrle of testing hÍs material r¡ithout havi_ng to rcsorÈ to a
!¡rocedur.e sucit as -i;ha.b proposed by Seheffd"
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TÏ] CO¡IFTDENCE TTMTTS A$TD TESTS OF S]GIIFTCA}üCE

WhiLe the emphasis here has been towards the signifieance
test." ¡*here the observed treatment, difference is .Lested. io
determi-ne whether the dífferenee is significantly different"from
zero,$ much is to be said for a confidenee interval approach"
Procedures such as Tukeyes aIlot¡ance, Schefféss tesi; and

Bunnett?s, ean easi.ly be used to set 100 (1 - <)% confidenee
lÍmita on the difference betv¡een the populati-on vaf-ues of the
breatmenÈ meê.nso

/{ confidence interval statement is, in reality, a test
of an ínfínite number of hypothesis. The li¡its s-bated give
the upper and lower bcunds beyond which a value is said. to
differ significantþ, aÈ a given probabitity levelu from .bhe

true value. rf,, jJr setti-ng confi-dence lÍnits about an observecl
dj.fferenee betureen treatment mearrs, ít is found that the lirnÌts
do not enciose zeroÐ-the Ì;reat¡nent means involved are saíd to
rj.if-t'ec' significant3-y. Th:is, of course, is exaetly the same

in:formation thaÍ: could he obtained from a test of signifícance
o-f the difference bei:v¡een 'Lhese meäns, The ad.rrantage in
usi-ng the confidence limits is that a reasonable assurance ís
giv-en that ihe actual value of the true Ì:yeatment mean cÌifferenee
J-ies beÈr.qeen these stated limi'bs.

For the 'b''¡o mean case, significance test statements and

+onfi-d-ence li¡ult statements are r¡ery siruilar. rt is when ihe
irmJ-tiple eoirfidence li¡rlts are applied to i;he all possible
co¡lpar"isons procedure that difficulty is encountered in the
inte::pz'etation of the confidence l-i¡d-t resurtso nyan (1959)

has noteci ihe possì.biLity of inconsj-stencies or contradie{:ions
in results obtained f::om a.pplying bo'th significance 'Ç,ests and

eonfi dence Ii¡oits ''o the saJne exp€rimenip-1. si-Lua,¿ion. In
par"ticular he poini:s out tha'u it ma¡. happen that 1Í-mits for a
d-ifferenee T¡etween treatment meerrs conta.in zero u-hereas, using
some significance tesb proeedure, t,his difference may be
declared" sigrúfícantlJ¡ Cifferent fro¡u zeroo l{e explains that
'íhe procedures appu-cab'i e to lhe confidence ri¡nit approaeh
empl.oy a. si-ngre rÊa-1Lo¡ra.nce!¡ f'o¡: all treatment, d.iffec,enses -ïn
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äÌ experiment regarâdless of Èhe size of the subset j-n which

the two means occur, howeveru the more powerful signlficance

procedures use varying criteria dependÍng upon how many means

there åre the subset.

To criticise the eonfidence llmit approach on this
basis would seem to be very dangerouso Involved in this
situalrion is a confidence lìmits obtained perhaps using Thkeyfs

allowa¡rce procedure, ed a significance test, using the

Student-Nev¡man:Keuls test" The eriticism should not be

directed at the confídence Limit approach in general, buÈ at

the two.ciifferent proced.ures which yielded the contradictory

resuJ.tsn Had the confidence lirnit been replaced by the

sign:ifieance test using the same Tlkey allowanee procedureu the

contradiction would remain. Sinee dÍfferent raethods-have been

used, contradictions of this t¡4pe are to be e*:'1peeted"

To the experimenter, lnl[erested more in a yes or no

reply to speciflc qu"estions, the test of signlfícance proeedure

is r:ndoubtedly the rnore e.ppealing. The sbatistician, however,

being interested in obtairuing as ¡nrch lnformation from the clata

as is poesibleu nay well wish to adopt the confidenee límit
approach"

ÏV PRTORT AND A P0STERIORI C0MPARTSOI\iS

fn the designing of ercperÍrnents, ít is common practice

to specífy etactiy what tests are to be carried out followÍng

ttre applicatåon of the desígn to an experinental problem. Ït
i.s widely held., that' this specifícatfon of test a Príq.Ëå
justifies the 11ee of classical methode" At the present ti4e,
the sítuatÍon v¡ith regard to the effeet of g ¡¡.igå specifi-
sation of tests versus the tests suggested by the data

A pqqleripfi can not be dogmal:ically exclaimed. The decision

betr¡¡een the use of a classieaJ- method such as the LSD

procedure and a nel,{er technique such as D¡ncan0s }lew Multiple

H,a.nge test depends, rrery much, on the nature of the specified

e. f5åg¡i.! testso

A
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rt can be st'ated emphatically, that i;he rsD procedure

shoul-d not be used for nakíng all possibre paired comparfsons
betl¡een treatment means. The effeet of stating, before the
experirnent has taken place, that al_l possible comparisons will
be nade does not alter the faet that these comparÍsons are
not independen{: and the LSD is not vaLid"

ïf on the o'bher har¡ds a pair of .Lreatments are selected
before t'lie data are corLectecl, a dífferent situation ís
encoun-Leredo this case is coneeptualþ l-dentÍcel to .bhe

select:Lon of a pai-z' of trea'bments at random from the set, of
e.J-l possible pe.íred trea-bments, This randoïnnea.$ validates the
use of an or.dinary t-Jces'i or the LsD procedure for making the
t,es'b of sígnåficanee" Sinr_1larly, íf several paÍrs of trea,u_
¡nenis a.re sel-eeted È Ëå¿g* such that the paírs are independeni:
of one anoiher, the LSD may be applied, This latier eondi.bion
a-1-so applies to contrasts of several means and its occurenre
indica'Les 'bhe use of .sianclarC Èecluriquesq

Á.f'ber hauing oÌ:tained the data, should lt be deeided to
i:est the largest.mean agaiirsù the sríaltest mea,n, a fas, different
si-tuat{on ar'ises" The j:est of this partj.cular pair involves a
mu-ch more eomp.Lex resuli;o should this diffeîenre be dee r ared.
s5.gni-fican'Í:, more Ís being said.a.bout the experlnrentar resul.bs
th¿n in a test of a yanclom pairo In fact, the statemenL of
sÍgnificance is a craim -bhai; there exists one or rnore signifÍea:ri;
differences arnong all pai-rs of means in the subse,b containing
'i;Iie largest and the smarlest rneans, As a yesult of this, ihe
'rcrc¡bability that the differenre between the rargest and smal-lest
¡nea.n is significan'b :ri.s greater using 'bhe crassical proeedure
than is deeíred"

The n¿in prolrlem in the question of q pLioËL and

å IgËl-ç,{:Må specified tests is rincloubtedly the indei:endenee
factoro rndependence appears to be of less importanee to the
ner,/.rei: proceclures designed for nrultiple cornparisonso The LSD,

h.cl,¡iìr¡-era requires i:ha-b the mean crifferenees being tested be
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independent and as a resu.lt,? 1f, ae j.s very frequentþ the
câseÞ the tests, outlined in the desi"gn of the e:c'perÍ:nenùo

are indepen<ient, they may be analysed by thís classical
procedure" Other non:independent situations, whether specS.fied

g Þf,iaËå or Ê Eggþ¡¡_f¿_qti.-, nust employ some other procedure 
"

TI{E EFFECT OF A IETOR F*TEST

After obtaj.ni-:rg the data fr"om an experi-rnentu ihe usual
proeedure is to oarr1r out the anal-ys3.s of varierccen .& 'best

i:rvolv'ing the ratio of the rrrean ,square forbreatnents, and the
mearl squå:<.e fçy error i-s carrj-ed out usualþ at the 0"95
pro'oabili-ty leveJ-" The effect of this F-Èes'L is i;o tel] the
e*v-pe;'imenter i¡he1,hep or not the obser-sed 'breatmenï meåns måy

Ì:e considered 'to have come fro¡n a comncn population with respeet
'bo tire popnì-ation meano Shou1d this F:iro.'cio be deeiayed.

significanL., the e>:Þerimenter can state, wi'bh probabiliLy Açg|s

tha'L a"b least one of the means differs fi"om the resto This
i s a comp] e-bely sianctard and v¡ell accepÌ;ed crite::ion upon
¡¡,ü:i-e:t: f;o bage s'i:atis*',ical concJ-usioneo

0f 'L.ile rnul-tiple coiupari-son proceclures ccnsider"eti, all,
t¡:ì-th ì:he cxcep'bÍori of Duncanrs Neï,r l.inltipte Ra.ngre tesi, either
Í-i:corpoz'a'be 'i;his F-sta.'Listie as the fiz'st step or ha¡¡e inc-Iuded

a. step consi.si,ent r¡itn ít" The F-ratio can ì:e considereçJ. as

n, Í;yp: of ies'¿ of t!'re largest mea,n against the smallest roean

si:ice, as ldas stated preråcusþo this pä.ir of uteans involves,
j-r:fe¡:encer.rise, all i;he pairs of moans lying beLvieen thr?rn"

$i-i:.ce i;he F:tes'r; sr',a'l,isiic nay -be applied. at an;r desåz.ed

p::obabílity -1-err-el, P, a range tesÈ of the largeaù mee,n with the
süaIIest mean which is also carried ou'b at the probabiliiy
leveL P, r+ill cã,rry ldth iú, mu.ch i;he sa¡ne inforrnationo

[unean {1-955} has constru.e'bed- a tecÈ criìrerj-on r^¡hieh

tests 'i;he J-a:"gesi: mean agai"ast Èhe s$ìe,llest nean at a

pri:ba.-bility lerrel mnch lower than that of the F-s'batístie"
The I'lei,'¡ lfu-ltiple Range ïest may be applied regardless.of
t¡l:ether an anaþsis o-f r¡ariance F-Èes'c is used or no'to -[f one
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accepts the view that the F-r'a'i;io is insensii:ive io detecting
differences anong a set of treatsent means, Duncan.rs test
procedure will provide an appeal:'-ng alternative to the analysis
of varianee F-test. The lnore co¡nmoir view, howeveru is that 'i;he

F-statistic gives a l¡ell founded and a Bensitíve test of the

ac'bua]- situatríono tuleanos proceduree bl changing the
probabilíty level of the F"-etatístic appear.s to unjtrs'bJ.5r run
the risk of finding significant differences when ín fact none

existo

The other mu.ltip1e comparison teclmiques niay alter the
prababiJiÈy level P, of the F:statíetic but by ra.ising 'che

Level rather l:ha¡. lowerÍng i'b, they cause the entire proced.ure

to remain consistent wi-th standard procedure" The effect of
the change is to crea'te a tes'i: r'¡hich Ís more conservaÈive than
måy be desired" 0nJ-y a close loolc at the consequ.enees of the
insrease in sensitivi{:y, found ín Duncan0s procedureu and ì;he

lor,¡ersd rj-slç r:f declaring 'ino rnany significant differenees wiÈh

one of the other teclmíques - 1'ri11 influence the choice of i*hieh

test to use"

VÏ APPLÏCÄTTON OF METHODS

In ordec' to il-lustrate the various proeedures ancl 'bo

show nargr of ihe poini;s nrcirtiqned previousJ-y, a series of
e:;ainples is presented., The experirrent concerns a. test of
tuuen'by:fi-ve vai:ieties of wheat arranged in a bai¿nced latti ce

design t-¡iih six repli.ca.Lions" The series of four experimen-bs

az'e rela'L,ed to one a::other i n "¿hat the same varieties and. the
eame 'bype of design are used in each cä.Ee o The experiments
are r¿embers of a series i¡r the Co"=opera'bive Whea'b I'es'b

p-rlogram carried out at various experi:nental staàions i.n tanada

in the year 196O by the tanada Department of AgrieuJ-ture"
llíffere¡rces betrseen the examples are prirnarily attribu'bed to
l.ouatíon and oì;her geographic factorso
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The analysÍs proceeds in mucirbhe såme r{iay as the
exanple cited in Chapter I" Suns of squares are ealculated
fos' the replications, the bloclcs and the varietiee" In this
partieular designu 'bhe replicates, blocksn and varie'cies carry
five, 'i;vien'by-four and tv'renty*four degrees of freedom respec.,.

tivery" The mean squa.re val.ues are obtained slropry by d.fuiding
each sum of squares b,'¡ its appropriate degrees of freedom"

Since an F-'best will be desired to test whether or not
arl the rraríe'l-ü means come from a connron popula.tion, it is
necessary to exa:nine the variety sum of squares very carefully"
The complication here i.s that the variei;iee .rösur i:r dÍffe:renb
blocks and as a resuLt the effeet of.Èhe differences betv¡een
'L'locks has not been fully eli.n_inated" It is thus necessåry
'L;o adjust' the varie'by sunn of squares for" the brock effect"
The mean squål:e for varieties eorrected, is dj.vj_ded by 'i;he

inean scrr¿are for error and the resulta¡rt F*statistic ís compared
r¡¡ith t,he ta.b¡;lar value obùa.i.ned by enteri-ng 'che bables of the
distribuiion of F with twentJr*four degrees of fz"eedbm in [he
nulnere"tor and rrinet¡r*sül degrees af freedom jn 'bhe clenom:inator

for the clesired p::obabili'by level"
The st'¿indarri ei'ror of a corz.ected varie'i;y meaa is the

vaiue obtaj-ned by' incorpora'bing -i;he cor-rectíon for block e-ffects.
Since t'he anal-;'sjs is car.-ried ou-b.using units of measurenents
in g:'arns, a eoru-ersion factor = 0"061¡f is necessary 'r:o conr.'e:rl:

neä,ns and s'i;anclard er"rors into -nushels per- aereo

Tables rx, iíå lr, and xrr summaríze the results foz. .Lhe

fcur ex'pe¡:imen'i;a1 trials considered.o Each teble gives the
rocatio.n where the e:cperi'nent was ca.rri.ed out and lists ¡

io the analysis of -ua.ri-ance and F-test
ii. ihe ste¡Card error of a corrected variety nean

iÍi" i;he ranked variety means and ¡irultiple comparison
resultso
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In the analysis of variance for each loca'bionu the F.=

staÈistie is of psrticular interesto The tabular values of
the F.:ratio with twenty-four degrees of freedom in the

numerator aird ninety-six degrees of freedon in the denominator

at the sf,, L% and.0"5É levels of sign:ificance are yespectively

1"6àu Z,,OOI an¿ eJ-/,. ComparÍ-ng the F*ratio in each ca.se with
the critÍcal values girres an i¡rdication of the numbers of
'.rariety mean differences t¡hich may be expected to be deelared

signifícanÈ by the various rnultiple eomparison proeedureso

Table IV lists ihe critical range factors for Lhe 5%

level 'bests of tr,ienty-five means with ninety:sÍx degrees of
freedom in the standard error" These values giverÍ for eight
different teehniques are the faetors whichu i.rhen mul-tiplied
by the appropriai;e s'bandard error, give 'hhe crÍtica.l values
necessarJ/ for caruying oui 'bhe significance test. The val-ues

in Ta.hles V.o VTp VfI and VIII are obtained as the product of
i:he stand¿.rd error of 'bhe eomected varieiy nean for a

pa:'ticuiar locali'L,y and rlhe vaLues j-n Tabl-e IV"
The results of applyj-ng the t,ecirnÍquos 'bo the rsnked

va::iety rrea.ns for a given locality are presented ir¿ a graphicaL
fo-¡':n ín Tables IX, X, XT, and lII. I-b should" be noted that,
'¿he rariked va.rieùy means are Let'be¡,ed from A to I rci.th 'r,he

hi-ghest ranked mean being deno'l,ed bJr Â and 'bhe lor,oiest mean j.n

rank b]r !. .¡1s a result of tlr-1e type oí' let'bering, it nay be

il,h¿.t a girren variety rnrill caruy different letters j_n eaeh

e,rcample clenending upon íis rank .ir.n relatiorr to the reme,inÍ.ng

f!l_3ålls o

The 'l ines joining '¿he variou"s le'bters rnay be interpreted
-rery simpl,v" é,qy tr,.Ea ranked neans underlíned with å eo¡runon

line ar"e said not to di-ffez" significantry" Árgr tr+o neans itrhíeh

are not uuderscored by the same line ¿r'e said io be significantry
dífferen1;.
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ït is interesting to note the F:statistÍe fro¡n the

anaþsis of r"aríance jn relation to the.results of the eight
techniques appried t,o the variety rmanso The da.ta from Foremost,
Álberta (experÍment 1.) have given rise to a non--sigirifieant, F
value which is interpreted as meaning that there are nÕ

dilferences efiong the variety means of this experi:ren.L" The

applicatíon of the nnútiple comparison proeedures shoul-d be

expected to discover no signÍfieant differences in thÍs easeo

ïn faet, the LSÐ and Duncanîs New l4ultiple Range tesb find a .

sizeabre nunber of differences in dírect contradiction'co 'bhe

conelusion ::eached by considering the analysis of vari.anee

F-i:esto The reniainder of the test proeedures do not find any

differences.
lhe Eva¡rsburg, illberta experirnent, (experi-rnenb, 2,) h.as

yíelded ai: þ- value whj-ch is.highly si,griificant bu.b 'tess than
'¿he crÍtical v¿hie at, the O"JS prol>abÍli.by level-" To be

eonsist,ent with this F*sta'bistic result¡ v¡hich j-nciicates ùha'L

there are significan'b differences &nrong the va.ri-ety rneans, it,
'í s exf-'ected tha'b the test procedures wi_1.1 deteci a. fe.'o

dj-fferences. Once againu Duncants teeù and the LSD as the
on1.y px"oced^u.res r"¡h-i.ch shor^r arr¡r signíficant resrú.bs at all"

Arivancing a. further step i-n signifícance ^ the Êegina,
Saskatche?rð.n exp€ri¡ent (exper:imen1, 3,) f¡as givern aJì F=.

sta.iistic whi-ch is highly signifiean.f and exceecls thc O"5S

proba.bÍJi.zy ierrer critj-cal r'elue. The in'berpi"e'ia'lion of this
significance j-s tha.t there exj-sts a. greater number of significani
dÍffer"ences than in the previous experÍ-meni arnong the renked
rte'riety mea,ns" As is expected, a1-1- test procedureso r'¡iü.r ilie
exceptioi-r of Scheffels test and tl¡e modifieci Seheffe rs proceitur.e*
d"eùect a sizeable nurnber of signifiea¡rt differences.,

The last example in this series, Ìiforden, l.Íanitoba¡
í;e:rpeyinent, l¡,,) illust,rates the applica.bion of the m:l.ùiple
comparison t',echni.ope to data i{hj-ch have disp}ayecl an F*statistic
wj-th an exirei:nely rarE¡e vêlueo, The size of'the F value ís.such
ihat a large nu¡nber of significant crifferences j-s expected " lfi,bh
'che excepti-on of scheffers method, each tesrt proeedure has
de'ieci;ecr mø.ny sigmifica¡rt dlfferenceso
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Table XIII gives, for each'best proeedure and for the

four experi-ments, the nu¡nber of significant dìfferences detected-
ïn aå experiment l.¡1th tv.'enty*51ve ¡tÉense the maxj-mum number of
signifícant differences i-t io possible to detecÈ is 300"

TABTE X]TT

THE ¡IUI'tsER OF SÏGNTFTCANT DT!-'FENENCES PER TEST

DETECTED Ïi\I TIfE ffiÈÐRTMENT/NL SERTES

*ËlwÆæs æ

1EìST
EIIFERïI,IENTS

23

ffil] 40

l¡isher îs O

Tulcey es Allo'¡¡a.nce 0
Tukeyts Lg53 0

Stuc.ent-lTeT{man- 0
ïteu.l.s

lh:rc¿.n ûs lt'er,¡ f3
l.luJ-i;i¡:le Rarige

Ëcheff6ts 0

Modi-fied. Scheffé rs'C

58

0

U

0

o

].26

J-b

'¡a

/l

F/1
IL

n

176

¿5¿

86

a(

107

1E^

ño

Fro¡n 'Lhese results sevez.al i'Lens of irnpoiltanse can be

:real.Ízed" As uae explained ear"'l.ier, Ðuncanrs Ne¡r Multipl-e Range

Test* by -bhe lo.r,uori-ng of the probability level of' the F--'L.esi,

r-rmg i;he ::,i.sls of findíng too :irany signíficant differences" The

e:ra-m;o1es il-lustrate this poin'b clearly since Table TIII sirows

tha'b iluncan0s'¿esl, ranlcs seco¡rd on-J-y to the LS8 i¡ total numbers

of si-gnÍficant diffcreirces found in eaeh experÍ-nent. The sti::ikj-ng
-featnre here is'i:hat Nhe LSD and Duncanog test'¿ere abre to fino
some di.fferenees e'¡en'i-n.'r,he ease Ín whieh the F-statistie
deei.ared tl:eye r¡ie¡:e none o
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At the 
'ottru* 

åxtremeu Setteffé-ts tes-L and.the þtodified
Schefféls test are shor+n to be l-ery Í:rsensitive. It is not
until the F-'statistic reacltes an unusualty J-arge value that
any signifisànt d.ifferences are deÈected, Even in this caseu

holrever, only tirenty*1ine r¡¡ere located rrith Scheífé's procedure

and fif'cy="nj-¡re r¡.ith the l{odlfied Scheff6 technio¡re" These

rualues are very lorrr in comparíson with other procedures" The

i'{odífied Scheffé technique, whieh seemed a prorci.sing one, is
still hanpered wi'Lh a very high eriti-cai- value for the]ar"gest
subset of 'bwenty*five ¡-neå.n$o The sensitivíty has improved but
its sho'øing in these examples cloes not reeo¡driend íts rridespread
uge 

"
The faål-ure of 'bhe S'bucten.b:$IelE¡ran=lteu-l-s procedure -bo

detect any clifferences in experi:nent 2 i.s somewhat surprising"
I'he size of' 'the F-statis-bi.c indi-e¿r.tes tha.'b differenecg shou-rd
'be d-iscovered" Tts fa.ilure in thj-s si-tua'Lion, however, serves
'ho iL]uetz"ate tha'i; ilhis irroced.ure as well as Fi-shec'es Mcdífiec-
'beel:n-1c'¡e arnd Tukeyss all-ol,¡ar¡ce and. Lg53 pyocecl-ures 'l;encl 'i:o be

*cngervaii,re o

ïn an e:<am-in¿-bioyr cf Te,bi.e TTII, iÌ: j-s notecl tha.t, n<r

È1.¡o t,es't,s ._?i ve exac-bly 'bhe saae resui_.bs in any of thç fou::
e.xÞer':-inenLs.



CHAPTER V

CONCLUSTONS

ft is now possible to offer to .tlie practising
statís'bician some guídance as ì:o i+hich procedure shoulct be
¡.econmencled for a gíven e:cperimental problem" Tt Ís not
possible to siate emphatiealþ that in any one situation there
is one and on-ly one iest, proceclure'r¡hich mrst be tìBedo some
of the techniques studied have been d.esigned to anaryse a
pa::'i;icular type of probiem, These special technj-ques may not
i:e 'L'he best for analysing the situation fcr" ¡,¡r:ich they were
ir:tended horr'ever i;heir use in any other, more general
situatj.on, is not justi"fied"

ïf i-t, is ciesi.red to test each tr-eatment agaÍnst the
con'brol 'i:reatnen'b., Du'*et'L?s proeedure shourd be the me.bhod
applted a¡:d llunne'b'Lîs p¡"ocedure should bo used only i-' thie
situ.a'bion"

Jf orthogonal con'bv'asts are designed in.bo .bhe experiment
prior to 'bhe cor-r-ec'L,ion of the craùao the F*ratio m,ay be used
fortire desired tes.l,s o:t sign:ificanee" The LSÐ nray be appi.ied
'bc' tests i.mrolr¡f¡ig íncÌepencrent pairs of neans speeifiecr g.Kisgå"
Îf, hower-er, the contrasts a*e suppl-ied afte¡ the crata has been
obser.ved., or' íf the conirasts are of the all_ poseib_l_e contrast
i;jrpee '*he LSD ¡rre '¿irod. is norl vaiid and scheffé es method Ís
pl"efe rable"

Ilunean's Ì'Tew Ì4uJ-i;ipre Re;rge tes'b end iire LSB prccedu..e
a¡:e rinclùubtedly tire nrost, pov;erful procectureso The LSD, hol.iever,
shou'id nÊve:r be usec e>reeirt v¡hen independent comparisons are
clesÍgned- into ihe expe*iraento Dunce.ngs test apJiears to be too
ssnsfi;Íve e,nd üre risk of declari:rg too rnany significant
d:L.t'fe¡.enees is g::eato

ïf it Ís desired to use a confj.dcnce lirnits -proced.r;re^

the Tukey allor,¡ance methocj- is recommendecio
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ïf signifiea:rce test of all possible comparisons are
desirecÌ, Tukeys s 1953 procedur"e and.the StudenÈ-Nei¡,man-Keu1s

procedure gåve very sùnilar reeultso However, since the críticaJ-
r¡af-ues are easier Èo obtai.n in the latter, the si;ucient-Nehrrngn-

I{euls procedure is recomnended-"

At the present time, there Ís no way, shoz't of a long
and de'bailed sanpling stu_{vn of obì,aining an.empiricaú-

compar'ison of alJ. 'bire methods presented here" À large volume

of worlç has been done on the concep'c of ercot. rates as applied
to fhese rethods, Unfortunai:ely aqy ai;temp'o at corapari_ng

procedures by the use of this cor¡septu runs ínto the problen
that si:¿'bisticians can no{; agree as to which error rate is
most, i:npori;ant" Until- some procedure is ouil^ined whi-ch is
cai:rrb-le of applying eriie;:ia 'bo these test;s which ai:e aeeepta"ble
'bo 'bhe J-arge body of statisticiansu statistical philosophy
and Ì:ersc¡naJ- expe:'ience l'¡ill renrain the principai guide lines
in l,he choice of uhich teehnique is applied"
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