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ABSTRACT

In the analysis of experimental data, the experimenter
is faced with the problem of attempting to isolate the
particular effect due to an individual treatment or combination
of treatments, Methods have been proposed to accomplish this
purpose but the various methods are known to give widely
differing results in many instances, This study considers
these methods and their properties in order to recommend which
methed is the best to use (1) in a general situation and (2)
when pérticular situations are encountered either in the design
of the experiment or the philosophy of the experimenter,

The study includes an outline of the following procedures,

(a) Ieast Significant Difference (ISh)
(b) Fisher's Modified technique
(¢) Tukey's Allowance procedure
(d) Scheffé's test
(e) Dunnettfs test
(f) Student-Newman-Keuls procedure
(g) Tukey's 1953 procedure
’(h) Duncan's New Multiple Range Test
(i) Schefféls Modified technique

with particular emphasis given to the method of application and
critical velues used in each, As an aid to the understanding
of the differences between the critical values of the different
procedures, a deseription of the distribution of the range and
the tables of the range, studentized range, and special tables
for Duncan's New Multiple Range Test and Dunnetit’s test is
given,,

The procedures are compared on the basis of.several
experimental situations and statistical techniques, These

situvations and techniques are such that should they be




encountered in an experiment, the multiple comparison technique
to be used in analysing the experiment is indicated, The effect
on the choice of the test procedure by the inclusion of a
control treatment in the experiment and by the & priori speci-
fication of the treatments to be tested is considered, The
statistical techniques of confidence limits, all possible
contrast and an F-test in the analysis of variance are discussed,
As a guide in the application of the methods and an illustration
of the topics considered, a series of four experiments is
analysed and presented,

It is found that in the analysis of an experiment with a
control treatment, Dunnett's procedure should be used, If the
tests are specified g priori, the ISD procedure is valid but
this is the only situation in which it may be applied, Scheffé's
method is very insensitive but should be applied to the testing
of contrasts involving more than two means, Tukey's Allowance
procedure is recommended if confidence limits ave to be
placed about the true treatment mean difference, In the general
situation, a strong recommendation is given to the Student-
Newman-Keuls procedure,




CHAPIER I
THE PROBLEM AND DEFINITIONS OF TERMS USED

In the statistical analysis of experimental material, one
of the most common questions te which an answer is desired is
whether observed results are caused by particular con@itiona
imposed upon the material by the experimenter or by the operation
of chance factors only., The decision as to whether or not the
treatment or variety effect in general is due to chance, offers
very lititle difficulty to the statistician, When an atitempt
is made to isolate the particular causal effect or effects,

increased complications are encountered,

I, THE PROBLEM

Statement of the Problem

In recent years, statistical literature has contained
many articles dealing with this particular problem of determining
the individual effects, As a result, the statistician is faced
with a wide variety of differing procedures all rurporting to do
the same work,

In spite of the claims of the various authors, it has
been noted with great frequency, that the application of sach of
bhe methods.to the same data will result in a host of different
conclusions, Since the methods do not give identical resulis,
it should be possible to find ome which is superior or certain
situations in which a particular method is the best to use,

It is the purpose of this study to examine these proposed
methods to determine (1) whether for é given set of experimental
conditions there exists a best methed, and (2) whether the
characteristics of a method are particularly suitable or

unsuitable for various types of experimental conditions,



- Importance of the Study

The ability to isolate a particulér treatment or varietly
as being superior to other treatments or varieties is becoming
ihcreasingly important, Larger and more complex experimental
designs are being used in many scientific fields such as
agriculture, chemistry, and medicine for the purpose of putting
a new material .or group of materials to a discriminating statis-
tical analysis, Many of these experiments are easily analyzed
to the stage where the next étep is the actual isolation of
the causal effects that are statistically important, If, at
this stage, a procedure is used which is not wvalid, is too
sensitive, or is not sensitive enough, not only wili misleading
results be obtained, but much valuable scientific work will have
been lost, It is very important that some guidance be given to
those people who may be faced with this problem so that the
information available in the data will be fully utilized,

II, DEFINITIONS OF TERMS AND PROCEDURLS USED

Throughout this study several terms and procedures are
used freely., The following is a listing of several of these
terms together with their definitions and symbolic representation,

Population

" A population consists of all possible values of a variable,
It is usually desired that the parameters of the pépulation be
obtained so that the population may be fully described, By
virtue of the fact that the population may be infinite or
finite, it may or may not be possible to obtain the actual
parameter values,

Sample .
A sample is a part of a population, The usual situation
encountered is that it is impossible to observe the entire

ropulation at any one time, For the purpose of studying the
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characteristics of the population a representative part of it
is obtained and inferences agbout the population are made on the
basis of the sample results,

Statistie
A value obtained from a sample with a view to characterizing
& parameter of the population fiom which the sample; is obtained,

Avithimetic Mean

The sum of the values of .a number of varisbles divided‘by
the total number of variables, Siandard notation refers to the
wean as (x) if obtained from a sample, or Q/z) if obtained from
a poputation, The arithmetic mean is calculated by the use of
the formula: _ Eil

X =

5
4]
where:E:denotes the summation over the i saﬁple values, The.

arithmetic mean is a measure of location or central tendency,

Variance. or Mean Square

The population variance is the average value of the squared
deviations of the individual variables from the population mean,

Symbblically it is represented by ch and written:

2
c? - P = )

N

The sample variance is an unbiased estimate of the populatien
variance and is represented symbolically by 52 whers

= .2
SZEg lé:Cxi - X )
n-l

The variance is a measure.of the dispersion of the variables
~about their central valus,
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Standard Deviation
This is defined as the square root of the variance and
is denoted by (&) for a populaticn and (8) for a sample,

Standard Error

Since it is possible to obitain a large number of samples
from a population, it is to be expected that statistics
calculated from these samples will themselves be subject to
random variation, & measure of this variation is the standard
deviation or standard error of the sample statistic, The
standard error referred to most frequently in this étudy is
the standard error of the mean, denoted by (Si) for the sample
values, The relation between the standard deviation of the

variables and the standard error of a mean is given by:

Range
The range of a sample is defined as the.difference between

the maximum and minimum values in the sample, It may be

wrltten symbolically as:
X .
max, min,

Standard Range

The ratio of the range of a sample to the standard

deviation of the population from which the‘sample is drawn,

Studentized Range

The ratio of the range of a sample to the sample value
of the standard deviation, It may be written as:

W
=5

The values of the range and the standerd deviation are obtained

from independent samples,
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Degrees of Freedom

A term which is used to denote the number of independent
comparisons that can be made among the members of a sample,
Throughout this study, the degrees of freedom will be denoted
by "fn o

Analysis of Variance

A procedure by which the total variation contained in a
set of observations may be separated into components readily
associated with defined sources of variation used to c¢lassify
the observations, The variation is measured as the sum of
squares of the deviations from the mean., To illustrate the
procedures and terms closely associated with the analysis of
variance, an example is presented,

. The observations in Table I are percentages of barley
kernels dehulled during an abrasive test, The object of the
experiment, arranged as a randomized complete block:with six
complete replications, is to test for differences among hull

characteristics of four barley varieties,

TABLE Y
PERCENTAGES OF BARLEY KERNELS DEHULLED DURING
AN ABRASIVE TEST

et e
Varieties
Replications
Parkland MC247 NDB16 NDBIl? Total
I 32,0 11,2 11,2 27,2 81.6
11 29,6 8.4 19,2 36,8 94,0
11T 28,8 5.2 18,4 42,8 95.2
I 34,0 10,0 16,8 50,0  110,8
v 29,6 5.2 11,2 34,8 80,8
VI 24,8 3?6 732 35?6 71?2
Total 178,8 43,6 84,0 227,2  533.6

m st
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It is possible to obtain a sum of squares identifiable
w1th the variation among the total observations and to subd1v1de
this into effects due to the varieties; the replications, and
unexplained experimental error variation,

The total sum of squares is obtained by summing the squares
of the individual observations, Since the desired sum of
Squares is to be in terms of deviations from the mean, correction
of this total sum.of squares for the contribution due to the
mean is necessary, The correction factor is calculated as the .
square of the grand total divided by the number of observations,
The total sum of squares is thus found to be:

(32.00° + (29.6)° + (26.8)% + L.t (.87 + (35,62
_(,5;3;__3_3_6);2_=1+072061
2l

The sum of squares due to replications is:

(81.6% + (.02 + . .+ (11.2)2 . (533.6)° = 214,37
A 55

where the cbserved replicate totals are obtained from Table I
and the divisor four is the number of observations per
replicate,

The sum of squares due to varieties is obtained in a
similar manner:

(178.8)° + (430622 + (81,0)° + (227212 _ (533 6)2 = 3560.66
7y |

where the variety totals are obtained from Table I and the
divisor six is the number of replications,

The sum of squares for experimental error can now be
obtained by subtracting both the replicate sum of squares and
the variety sum of squares from the total sum of squares,

These sum of squares results may be summarized in the
standard analysis of variance table, Table II gives the
results as follows:
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TABLE II '
ANALYSIS OF VARIANCE OF THE DATA IN TABLE I

Source of Degrees of Sum of Mean

Variation Freedom Squares Squares
Varieties 3 3560,66 1186,89
Replications 5 244, .37 48,87
Error 15 267,58 17.84

Total 23 4072 .61

The column, degrees of freedom, in the analysis of variance
table is obtained by the application of the definition given for
this quantity. Among the twenty-four observations, twenty-three
independent comparisons can be made and as a result, the total
number of degrees of freedom for this experiment will be twenty-
three, In accordance with the three subdivisions of the total
sum of squares, the twenty-three degrees of freedom are divided
into three parts representing the number of independent
comparisons among varieties; among replicates and among the
experimental error, The number of degrees of freedom among
varieties and among replicates is one less than the number of
items which may be compared within each classification, After
removing the five degrees of freedom fof replicates and the
three degrees of freedom for varieties, the remaining fifteen
degrees‘of freedom are atiributed to experimental error,

The column headed "mean square®™ is found simply by dividing
the sum of squares for each classification by the degrees of
freedom appropriate to it, The value of the mean square for
error provides an unbiased estimate of the error frariance(fz°
This estimate, 32, enables the experimenter to obtain the

standard error of a variety mean, It is found by calculating:

S= = 32
x s

r 4
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where "r" represents the number of replications, In this
example the value obtained is:

SE = .12382&
= 1,72

Having completed the analysis of variance table, the next
step in the analysis of the experiment is to test . the
hypothesis that each of the four Varieties has shown equal
resuitso The test is achieved by the use of the ratio.of the
mean square for varieties to the mean square for error., This
ratio follows the F-distribution and its value may thus be
compared with a critical value cbtained from the tables of the
distribution of F in order to Judge its'significanceo The
observed value of F in this case i§ found to be:

1186,89 = 66,53
17,84
Since the mean square for varietiesd carries three degrees
of freedom and the mean square error has fifteen degrees of
freedom, this calculated F-statistic must be compared with the
tabular F-value with three and fifteen degrees of freedom in
the numerator and denominator respectiveély., The critical value
applicable in this case is obtained as:

f3,15,(0,05) = 3429
at the 0,05 probability level and,

Fé;lS,(OPOl) = 5,42
at the 0,01 probability level, Since the caleculated value
exceeds the tabulated value at probability level 0,01, it can
be stated that the probabiliﬁy that the.calculated value.could
have reached the value 66,53 by chance is less than 0,01, The
calculated F-statistic is thus.declared to be highly significant.
Had the F-ratio exceeded the 0,05 critical value but not the
0.0l value, the ratio would be declared‘significantq It is thus
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necessary to reject the eclaim that the varieties are all alike
and conclude that there is evidence to support a claim that at .
least one of the varieties is different from the rest,

Contrast
A contrast among variety totals is defined as any linear
function of the variety totals of the form:

C. = e V. + e,V + covces + ..V
i i

11 i2'2 ik'k
such that,
cil+@i2+ 00000.000 .ﬁ‘@ik‘-‘-o

The contrast carries with it a component of the variety
sum of squares with one degree of freedom, The value of the
component of the sum of squares is calculated as:

¢
J.,
r D,
1
where
— 2 2 2
Dy =gy oy Foeeat oy

and "p" is the number of replications,

Orthogonal Contrasts ’
Two contragts of the form:

Cp = ey F el +oeeee + 0, W

Cp=reqVy T eVly + s +e

2k
are said to be orthogonal if the sum of ‘the products of

gorresponding coefficients of the Vi totals, is equal to zero,
This may be represented as: .

C13%21 * €580, +-013©23 * co0eo €1 = 0
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If in a set of contrasts, every pair of contrasts is
orthogonal, the set is said to be an orthogonal set of contrasts,
If any pair of contrasts is not orthogorial, the set of contrasts
is said to be non@orthogdnalq

An important property of an orthogonal set of contrasts
is that the sum of the component sums of squares will.be equal
to the sum of squares for the over-sll variety effect, Since
each contrast carries one degree of freédomsvit is possible to
have &s many contrasts.as there are degrees of freedom in the
variety sum of squares,

To illustrate the contrast conceptsg use is made of the
varlety totals obtained from the data in Table I,

PARKLAND MC247 - NDBlé NDBll?

178.8 43.6 84,0 227,2

Since the sum of squares for varieties contains three
degrees of freedom, it is possible to obtain three contrasts
each carrying one degree of freedom, It might be of interest
to divide the varieties into two groups, one containing
varieties Parkland and MC 247 and the other containing NDB 6
and ND

B117°
representing the difference between the -groups and also the.

Component, sums of squares may thus be obtained

differences between the varieties within esch of the groups,
These effects may be represented in terms of combinations of
the coefficients of the variety totals as follows:

1 +1 +1 =1 =1
2, +1 =1 0 0
3. 0 0 +1 =1

It is noted that each of these three effects is a
contrast since the sum of the coefficiernts for each effect
is zero, They also form an orthogonal set since the sum of

the cross products total zero for every pair of contrasts,
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The numericsl value for these contrasts will be obtained

Y rs'\"‘
Sl B .
2lde = 228 54

== 1523.25

= 1708, 85

The sum of these component sums of squares is egual to 3560.66
which is identical with the.value given in Table II for the sum

of squares due to varieties,

£

each of these components is a sum of sgquares with
one degrse of freedom, the particular effect may be tested by
obtaining the ratic of the value of the component to the msan
sgquare for errcor, This ratic is an F-ratio apd may be compared
with tabular wvalue from the tables.of the P-distribution with

the appropriate degrees of freedom,

in

An example of a non-orthogopal set of contrasts may be

3

represented in terms of the coefficients of the variety totals

ass
1. +3 -1 -1 -4
2, +1. +i =1 =1
3. 9] 0 +1 1
I
Consideration of these three effects individually revesls that [
!
in each case the sum of the coefficients is zero.. As dictated 3

a

by the definition, ezsh effeect is thus a contrast, The sum

of roducts of the

in the three paired combination
every case and as 3 result the 1
The calculated component sum of squares for these
contrasts are
L. 458,04
2, 328,56
3. 170885
The sum of ithese comronent effects is equal to 2495.4%5 which is

not equal to the sum of sgquares for varieties.



CHAPTER II
DESCRIPTION OF METHODS

The multiple comparisbn techniques that are discussed
here differ among themselves in three wWays:

a, their purpose

b, their application

¢, their results
In spite of these differences, similarities among the tests
make it possible to group the methods according to the critical
values used, In this chapter, each test is presented, giving
ﬁhere applicable; a brief historical and theoretical account
of its development, its method of application and the deter—
mination of the critical values used,

The following is a list of the methods presented in
this chapter, grouped according to the form of the eritical
value or.values used:

I, Fixed.Critical Value

a, least significant difference
b, Fisher’'s modified technique
¢, Tukey's allowance procedure
d, Scheffé's test
e, Dumnett's test
II. Maltiple Critical. Values
a, Student-Newman-Keuls procedure
b, Tukey's 1953 procedure
¢, Duncan’s New Multiple Range test
d, Scheffé’s modified technique

I, FIXED CRITICAL VALUE

Least Significant Difference (1.SD)
The LSD method of making comparisons among means, is

perhaps the first method that was used in making additional
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tests of significance following a significant analysis of
variance F-test, Its widespread use is due to its relative
ease of application and its correspondence to statistical
techniques known to most experimenters,

The test is applied to differences between all possible
bairs of means in the experiment, FEach difference is compared
with the critical value or LSD and those differences.which
exceed the critical value are said to be significant,

The critical value may be expressed as:

V2 t(e, £) Sg

where Sz 1s the standard error of a treatment mean and t{e, £)
is-the tabular value of student's<t distribution with “fw degrees
of fresdom at the «{level of significance, The eritical wvalue

may also be expressed in terms of the studentized range as:

(=, 2, £) s}‘z

where q( « ,2,f) is the tabular value of the distribution of
the studentized range for two means, at the o level of
significance and with f degrees of freedom,

Some writers have indicated that the LSD procedure
should not be applied to all possible comparisons among pairs
of treatment means, but should be carried out in such a manner
that each mean will appear only once in a pair, However valid
this may be, most experimenters use the procedure as presented
shove,

Fisher's Modified Technique
Fisher (1935) has suggested a procedure which should be
followed when a non-significant value of F is obtained in the

ratio of mean square for treatments to mean square for error,
Ordinarily in this situation, the experimenter would not wish
to proceed further in attempting to determine whether individual
pairs of treatments differ., As a guide to further experiment-—
ation, however, a closer look at the treatment differsnces
might be informative,




To ensure that only the large treatment differences be
declared significant, the level of significance or the
probability of declaring a significant difference when; in
fact, the difference is not significant, is made smaller. The
net effect of causing the level of significance, o¢ , to be
lowered is that the critical value is made larger, thus .
requiring a larger treatment mean difference to exceed it,

For the experiment testing i treatments, the new value of
the level of significance is obtained by dividing < by the
number of ways a pair.of treatment means may be selected from

the &k treatment means, The critical value may be written as
T (oK -
fz'ﬁ( /(323 f) SX

where ©( @(/bg& f) is the tabular velue of student's—:
diStle&thﬂ with £ degrees of freedom at the probability level

O</b2q and S~ is the standard error of a treatment mean,
the critical value may also be expressed in terms of the
distribution of the studentized range:

al = /65, 2, £) 5

Differences between all pairs of treatment means are
obtained and each compared with the critical value, Differences
in excess of the critical value are said to be significant at
the < level of significance,

Tukey s Alleowasnce Procedure

Tukey (1952} introduced a proceduve by which it is
possible to construct confidence intervals about the tyue
population mean differences, The usual approach to this test
however, is to consider it as giving tests of significance very
similar in nature to the LSD procedure previously mentioned,
The test has gained much popularity by virtue of its ease of
application and because it takes into consideration the number
of treatments under test,
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All possible differences between pairs of observed
treatment means are obtained and each difference is compared
with the critical value, If the observed difference exceeds
the critical value, it is declared significant and the two
treatment means involved are declared to be from different
populations,

The critical value used in the test procedure is based
on the distribution of the studentized range and may be
expressed as:

Q(°<s I, £) Sff

where q (o<, k, ) is the tabular value of the studentized
range at the o level of significance for the k treatment means

o

in the experiment, and with ¢ degrees of freedom,

Scheffé's Test,
Scheffé (1953) devised a method for selecting significant

differences among all possible contrasts among means following a
significant analysis of variance F=test, The method is such
that it is possible to construct confidence limits about the
true value of the contrast, The more common approach.howeverp
is to use the mathed for making tests of significance,

The critical wvalue for the test of significance, or
the "allowance" for setiing confidence limits, is based on the
F-distribution rather than the studentized range distribution,
It may be expressed as:

J201) Fog, (L, 1) g

where k is the number of treatments under test and F e 5
(k=1, £) is the upper o{.point of the F-distribution with k-1
and f degrees of freedom,

The differences between all possible pairs of observed
treatment means are cbtained and each difference is compared
with this critical value, If the observed difference exceeds

the eritieal value, the difference is declared significant,
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This method can be extended to cover contrasts of any
form, involving any number of means, The critieal value will
no longer incorporate the standard error of a treatment mean,
but will use instead, the standard error appropriate to the
form of the contrast under.test, The critical value will
remain otherwise unchanged,

Dunnettfs Test v
A rifth method proposed by Dumnett (1955) is one .
recommended for making all comparisons with a control treatment,

In its application, confidence limits may be constructed about
the true difference between treatment and control, or tests of
significance may be applied to the observed differences,

As in all previous methods, a single critical value is
needed for deciding the significance of an observed difference
between treatment and control, All the differences betwsen
treatments and the control are tabulated and each difference
is compared with the critical value, If the observed difference
exceeds the critical value, the treatment involved is.said to
be significantly different from the control treatment, The
ecritical value may be written as:

/2D (¢, k, 1) 5,

where D ( o, k, ) is the multivariate analogue of Student’s-t
distribution at the o level of significance for k treatments,
and with £ degrees of_freedomo Tebles of D (5 k; £) are
given by Dunnett {1955) for cne-tailed and two=tailed test

procedures,
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IT MULTIPLE CRITICAL VALUES

Student-Newman-Keuls Procedure

Student (1927) considers the problem of errors which
appear in repetitive routine analyses.such as might oceur in
a commercial analytical chemical firm, Over an extended period

of time, experience with the measuring of characteristics of a
given material will provide the experimenter.with information
about the experimental values to be expected, Student provides
a procedure for the rejection of observations which appear not
to be in line with the expected results, His procedure
involves the use of values, Ri9 from the tables of the
distribution of the range, the value depending on the number of
observations that have besn made,

et Rﬂ be the value of the range expected from a sample
of size n, such that the chance of .observing a range greater than
R 1s less than some value of P (e.g. P = 0,05), If in the
analysis an observed range T, is found to be greater than Rng
an additional observation should be made, If the new range
Tl is less than Rn+i” the most discordant observed value is
rejected and the new T, compared with R,no If L is now less
than Rng the mean of the n observations is accepted but if
T is larger than Rﬁg a further observation is obtained and the
procedure continued with the n+2 observations, until finally
a sample of at least n is obtained lying within the required
limits,

Keuls (1952) used the results of this procedure and also
incorporated the work done by Newman (1939) on the studentized
range in presenting a method for judging all pairs of treatment
meén differences, The procedure set forward by Keuls (1952)
yincorporates varying critical values of the studentized range
depending upon the number of treatment means lying between the

two means being considered,
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If an experiment involving k means is being considered,
the difference involving the largest and the smallest.means
would be compared with the critical value for k means, The
difference involving the largest and the second smallest would
be compared with the critical value for k-1 means and similarly
for all possible treatment differences, The eritical value

may be written as:

q{e<s Py £) 8 P =25 35000005 k

where q { o(, p, f) is the tabular value of the studentized
range at the o level of significance for p means with f degrees
of freedom,

The difference between the ith and jﬁh treatment msans
is declared significant if it exceeds the appropriate critical
value corresponding to the subset of p means with the ith gnd
jth means as the largest and smallest values in the subseb,
Symbolically the 1™ and 5% treatments are declared

significantly different if,

~ " ~, 3 e
; Xi - Xj } > q ( o<{: Py L) Sx
where i #J=1, 2,.... kand p = 29 3, .... k.

The only exception to the asbove rule of rejection is
that a treatment difference which falls within a subset with

& non-significant range shall be declared non-significant,

Tukey's 1953 Procedure
Tukey (1953) proposed a method which offers a compromnise

between the Tukey allowance procedure and the Student.-Newman--
Keuls procedure. The only change from the Student-Newman-Keuls
procedure is in the form of the critical value which now assumes
a value midway between the ecritical value for Tukey's allowance
and the Student-Newman-Keuls procedures.,
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If an experiment involving k means is being considered
and the two means under test are the largest and smallest in a
subset of p means, the critical value may be expressed as:

%EQ(%s k, £) +q (=<, <5 f):l S;

where o( is the level of significance, p is the number of means

in the subset, k is the total number of means in the experiment,

and f is the degrees of freedom, The values of q (=, k, f)

and q { <, p, f).are obtained from the tables of the

studentized range. ; ' ‘
The ith and jth %reatment means are declared significantly

different if,
‘®i°’§jl >é [Q(%s k, f)""Q("(spz f)jsi‘

o treatment difference contained in a subset which has a non-

significant raenge shall be declared significant,

Duncan’s New Multiple Range Test
Duncan (1955) has developed a test, very similar to the
previously mentioned Student-Newman-Keuls procedure, for

making all possible comparisons among treatment means, It
differs from the latter test however in that it uses tables of
the studentized range specially constructed.for this test,

Duncan (1955) has defined a new term, ‘proteection level®
(2{) of the test of the hypothesis &, = &, as the probability
of deciding that there is no appreciable difference between the
means 4, and 4, when, in fact, they are equal, A ecalculation
of the protection level thus measures the protection against
wrongly finding a significant difference betwsen two equal
means, This may be denoted by:

Y = pr [deciSion (;-,&__-3)//6 '-’/!z:[

where (1, 2) denctes that the means 1 and 2 do not diffefo
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Extending this to the case where three means are involved,
four protection levels can be found corresponding to the level
defined for the two mear 3 case, These may be denoted by:

Y(1,2) = P [ decision (1,2)/4, = /av2 ]
¥(@,3) = P, [ decision (1,3)/ = A ]
Y(2,3) = P, [ decision (2,3)/ 4, =4y j

{(13233) = PrElecision (15253)//0(1 =4, =/a3]

It is easily seen -that since o{ is the probability of

deciding that two means differ when in fact they do not differ,
E{ can be expressed as 1 - <X for the two.mean case, Thus

if o is set at 0,05, ¥ will then be 0,95, The question that
arises in any test of n means, given that 8/2 is an
appropriate value for the two mean protection level, is what
values kﬁ33 3/ 5 oooocos E/n should be regarded as satisfactory
for the three mean, four Mear,; ,...0. N mMmean protection levels?

It is noted that a test on a subset of p means is actually
a test of whether (p-1) orthogonal contrasts between the true
population means differ from zero, If these (p=1) contrasts
were tested individually, each at the <X level of significance,
the probability of correctly deciding that there is no
difference batween the population means would be given by
{1 - <7()Fh&q Even though this level is less than 0,95,
Duncan finds it unobjectionable because of the choice of 0,95
for each individual test, The test was constructed with
protection levels changing with the size of the subset of means
being considered, The protection level for the p mean subset

thus becomes,

p-L
Y-

The critical value for the test may be written as,

WY o obs 0 5



where N ( zfp o ® B f) is the tabular value of the
distribution of the studentized range for p means at the.
appropriate protection level based on the = level of

‘significance with f degrees of freedom,
. .th .th
The difference betwsen the i~ and J7 treatment means

is declared significant if it exceeds the critical vslue

)

. 3, > » n .‘Lh
appropriate to the subset of means with the i"" and 37 means

as the largest and smallest members of the subset, and provided

e

.th .th R .
also that the 1™ and j° means are not contained in a subsget

which has previously been declared not significant,

Scheffé's Modified Technigue

Tt is felt that a modification to the mebhod proposed by
Scheffé (1953) might be of value in view of the appeal of the
sequential procedures of Student-Newman-Keuls and Duncsn

The critical value is now obtained taking.into consider-
ation the number of treatment means in the subset, The value

may be expressed as:

v 2 (p1) F o, (p-i, 1) 8=

where p is the number of mesns in the subset and Fod , (p=1,f
is the upper & point.of the F-distribution with {p=1}) and
f degrees of freedom, *

Lhﬂ difference between two means is declared significant
prov16~d it exceeds the critical value appropriate tc the sige
of the subset of which the two means ave the largest and the
smallest values,

IIT TABLE OF CRITICAL FACTORS

The following table, Table III presents 2 comparison
of the form and the numerical value of the critical values
used by each of the tests in an experiment with ten treatment
means, The numerical values given are critical value factors
only, and must be multiplied by the standard error of s trest-,
ment means before the treatment mean differences can be tested,
A1l values are given at the 0,05 level of significence with an

infinite number of degrees of freedom and for various subset
981zes



TABLE II1
COMPARISON OF CRITICAL VALUE FORMS AND FACTORS FOR VARIOUS TEST PROCEDURES

| Fbrm‘of the
Critical Value

Czlnical Value Factors
Various Subset sizes -~ p

2 3 4 5 6 g 10

LSD
FISHER 'S

TUKEY 'S ALLOWANCE
SCHEFFE'S TEST
DUNNETT 'S TEST
STUDENT-NEWMAN-~
KEULS

TUKEY 'S 1953

DUNCAN®S NEW
MULTIPLE RANGE

J2t (,8) 8z =q (X ,2,1) 52

k k
J2 ( 2/fCyy £) 52 =q ( /0,:2,8) Sg

q ( < s ks £) %; :

J2 (1) F o<, (-1, 1) 8-

J2 D (=<, k, £) Sz
q( <X, p, £) Sz
a0 v alGnn s

N( ¥,

Py o ? ps f) Sg

SCHEFFE'S MODIFTED /2 (p-1) F o, (p-l, £) 5

B e e S T

277 2,77 2.7 2.77 277 270 277
4;65 &;65‘9;65 h;65 a;és h;65 &;65
Mo Lk bk kT hk? b bk
5,62 5,62 5,82 5.62 5.82 5,82 5,62
2.75 2,75 2.75 2,75 2.75 2.75 2.75
277 3.82 3,63 3.86 4.03 129 447
3.6 3;89-4;05 b6 .25 438 447
2,77 2.92 3.02 .09 3.15 3.23 3.29

2,77 3.46 3,95 447 4,70 5,30 5,82
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CHAPTER III
CONSTRUCTION OF TABLES

An understanding of the difference between Duncan's
test and others necessitates an investigation into the
construction of tables of the studentized range, Duncan's
test makes use of a table of percentage points of the
studentized range which is different from tables used by Keuls
{1952), Tukey (1953). and others, An understanding of most
testing methods requires, therefore, a closer look at the
calculation of critical values or percentage points used in
each case,

The present chapter deals with the historical and
theoretical background of the distribution of the range and the
studentized range, Differences between the table constructed
for Duncan'’s test and the tables used for the tests proposed
by others, are illustrated,

I DISTRIBUTION OF THE RANGE,

Hoel (1954) presents an excellent text book description
of the derivation and uses of the distribution of the range,
The general form of the distribution of the range for a sample
of size n, which has u and v as its largest and smallest
members is given by the following definition: If the continuous
variable x has the frequency function, £(x), and if x assumes
values in the interval (a,b) only, then the frequency function
of the range, g (w), for a random sample of size n, is

expressed as:

b utw N2
Cglw) =u (n=l)j f(u) £ (utw) [5 £ o(x) dx] du
a

u



The exact form of the distribution of the range for a
sample 2f size two from a normally distributed population can

easily be obtained, The frequency function thus becomes,

b-w , 2 29
g) = 2| 1 exp (-3ud) L exp {u%_- (i f
e - Jaw .
bew _
ww;ﬂmj exp{cé[uz-!-(uw)z]}du
’W a
nhew wz 5
=m3;,,,.g exp (=5 ) wp{@(uﬁi)"}du
and since - oo = 8<b £ =0
. 9
glw) = 1 exp ( é‘ﬁ?) exp {‘w(ufg)z { du
v L e 2
so that the result
. )
glw)= 1  exp {-w )

ST b
is obtained.
Unfortunately, the form of the distribution is very
cumbersome for sample sizes larger than two, and if the form
of the frequency function £{x) is complex,

In spite of the difficulties involved, Tippett (1925)

has

4]

constructed tables of the probability integeal of the
astanderdized range, basing his work on the moments of the
distribution of the range, The numerical work used in the
preparation of these tables has proved to be very inaccurate
as a result of which Tippett's work now holds more historical
than practical interest, Nevertheless, this work has provided
the impetus and the basis for much of the more recent work

on this topie,
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McKay and Pearson (1933) also give the distribution
function of the range from samples of size n, They give, in
particular, the exact form of the distribution when the parent

population is rectangular or straight line, In addition to this,
they derive the distribution of the range for a sample of size .
three drawn from a normal population and provide its rth moment

II  TABLES OF THE STUDENTIZED RANGE

In most practical appllcatlons of the theory involving
the range the only knowledre available about the.population
standard deviation, 0 , is the sample eétiméte§ S, As a result
of thlsg Newman (1939) considers the sampling distribution of
q= S’ the studentized range, In particular, he calculates the
5% and 1% points of the probability 1ntegral of the studentlzed
rangeﬂ

It is known that the probability distribution of S, the
sample standard deviation, may bz written in the form,

2

1 » |

n(s) = £ 2 50T exp (= =25 )
o2 (r-2) l Zlf) C)'f 2

Write p(w) for the probability distribution of the range whose
vreécise value is known for samples of size two and three from a
noymal population, The expected value of the studentized range

is expressed as, o

E(q) = jqp(q}@q
o 03
= jf o) p (2) d wa s
ove
gince w and S are independentg Thus,
e : €
E(q)mjwp<w>dwj08‘°lp(8>ds
© [
=1

i
&l
~~

5
s
wn

o
—
2
o
Q,
1#3]

o
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Tippett (1925) has tabulated for varying sizes of n, the values

of E (%), thuse if
o2
E (w/s) 5 c g1 p(8)ds
4]

is considered, it is only necessary in the evaluation of B {q)

to determine,
[e«]

§6s"lp(s)ds
(4]

A3

ubstitubing the expression for p (S) given previocusly, this

Oy

ntegral becomes,

e
<

o
£ =l R
- gt 2 exp {_=f 82) a3

~
P8 =z
568 °

the integral is found to be equal to

The £ (g) has in this way been expresssd as:

s@=5@f Fr [ @)
[&n

Newman (1939} hes presented g table of the facbors to which

).
In order %o obtain significance levels for ¢ = w/5,

~~

E {w/¢ ) is multiplied to give the E

it is necessary to evaluate the integral,
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<><=j p (q) d q
Qe

W/Qaa
{p (W)[E p (8)a S] d w;

o J
Newman (1939) has accomplished the evaluation of these integrals

it

using various quadrature techniques, It should be noted that
for the sample of size two, the integral corresponds Lo the
positive half of Student?s<t distribution and the relation

doe = [2to

is thus obtained,

This work however is based upon the inaccurate work of
Tippett (1925) and the tables constructed thus contain many
errors, Recognizing the need for more accurate tables, Pearson
and Hartley (1942) recalculated and tabulated a new set of
tables for the range, This table expresses the probability
that the range in a sample of n observations is less than a
given multiple of the population standard deviation,

In the following year, this team of Pearson and Hartley
(1943) used this new table of the range to derive.tables of
the Probebility Integral of the Studentiszed Range, Denote the
probability integral by an(Q) where n is the size of the
first sample from which the range is calculated and f denotes
the degrees of fresdom in the standard deviation estimeted from
a separate sample, The gquantity fPﬂ(Q) thus represents the
chance that the ratio q = w/S does not exceed the limit Q.

As f approaches infinity and 5 approaches c?z, an(Q)
tends toward Ph(R) of the ratio R = w/g taken at the point
R =Q. It is possible then, by a Taylor's expansion, to

represent an(Q) as a quadratic in fwlc

SCREXCRE RSO IER0
£
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Where 2
a (@ =1 9B . g dPn§
L . dr
and h‘ 3 2 ’
(CRFNLEL PR A RPN
B2 @ 3 @R @R

With the aid of tables of Pﬁ(Q)ﬁ an(Q) and bn(Q) a table of the
5% and 1% points of the distribution of the studentized range
were constructed by inverse interpolation,

- May (1952) notes that this quadratic expansion breaks
down for very small values of f and large values of g, As a
result, corrections and extensions to.the Pearson and Harﬁley
tables were obtained by an evalustion of the probability integral

at the upper tail,
b

Oo e
Pr (/S 3 q) =G, ) L.p (wh)dw
| 5 q Q W .

whers ,
o~
A8 =1 exvi.f.ﬁ}
¢r§%f z q2
and

C, = _2 ‘{%JEE}f
[C3)

and where p (w/a) is the upper tail probability integral of the
range in a sample of.size n, This integral was evaluated by
numerical quadrature,

Pachares (1959) extended this method to include the
upper 10% points and offered corrections to many entries in the
5% and 1% point tables presented by May,

The most recent and most accurate tables to date hawve
been calculated by Harter (1960). Tables are given for the
probability integrals of both the range and the studentized range,
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III TABLES FOR DUNCAN'S NEW MULTIPLE RANGE TEST

As was pointed oubt previously, Duncan's New Multiple
Bange test requires the use of varying probability levels
dépending upon the number of means contained in a subset, For
example, if a subset containing two mesans is to be tested at
‘the probability . .level 0,95, a subset of three means is.tested
at the level (0095)2 or 00,9025, four means at 1®ve1-(0095)3
or 0,857375, twelve means at level (0095)11.0r 09568800 and
similariy for n means where the level is (Oogﬁ)nmlo

The ordinary tests such as Tukey's allowance procedure
or the Student-Newman-Keuls procedure require that regardless
of the subset size, all tesis are carried out at the probability
level 0,95, As a result, the tables previously discussed give
values of the studentized rapge correspending to the lewvel 0,95
for every entry in the table, Duncan‘s test thus regquires a
special table with entries based on the appropriate probability
level for a given subset size, '

Beyer (1953} illustrates how the values in the tables
for the New Multiple Range test are obtained using tebles by
Pearson and Haritley, As an example he uses the case in which
the subset contains three means, as a result of whiéhg a.test.
on this subset is carried out at the probability level 00,9025,
The example also uses eleven degrees of freedom in the
independent estimate of the standard deviation, For given
values of ng ng and QS of the studentized range, probabilities
Plg Pz‘9 and P3 are calculated using the tables provided by

Pearson and Hartley (1943) and the Taylor's expansion mentioned

- previously,
Py (@ _P(@ L1 a(@ .1 b(0)
£ 2
£
The wvalues P

19 P2 and P3 are found in such a way that Pl and
&
P3 are above and below the probability level 0,9025 and Py

is closer to 0.9025 than either Pl or ?30



B 00
p. (O 3
p ' :’Ll f 1 (=0i4) = 0,9256
3,50 Pl = 0,964 + 'i‘i"‘ (*‘«0939) + -fé-i*- & °

| L
3.25 B, =0.9439 + 3 (-0,46) + == (0.2) = 0.900k

‘ - L 1) + L -
3,,00 PB - 099113'5 + 11 (==~0051) + 121 (Oel) = 008689

Interpolation is then carried out to find the value of Q
corresponding to the probability 00,9025, Using a second degree
polynomial, the interpolated value is found to be 3,27,

& second case with p=2and f =e is given illustrating
the use of the Pearson and Hartley tables (1942), 4 similar
procedure as above is carried.out with the exception that the
probability level is now 0,95, The values used are given as
follous:

R Py (R)
2,70 0.9438
2,75 0,9482
2,80 0,9523

As a result of interpolation using a second degree polynomial
as above, the value of R corresponding. to Pn(R)3 is equal to
2,77,

Now consider a case, to be used later, in which the
subset contains twelve means and the value of the studentized
range 1s based on ninety-six degrees of freedom,

In applying the Student-Newman-Keuls procedure, the test
on this subset is based on the probability lewvel 0,95, As a
result, interpolation for the value of the studentized range
for this subset procedes as follows: .Values of Plg P, and P

2 3
are obtained such that P2 is nearer 0,95 than either Pi or PB”
Corresponding to these probabilities, values of the studentized
range, §53 Q2 and QB are found and interpolation for the

appropriate @ is carried out using a second degree polynomial,
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Q 96P12(®)
a;so P, =0,9352 + -—-»g (-1 35) 9216 (=0, 5) = 0,921084
k75 Py = 0,962 + ~Zz (<1.05) + x=r 9216 (-3, l) 0,951127
5;00 Py = 0,979L + =57 (=0,75) + 5557 9216 (=5.2) 2 0,97072%

Interpolation for P = 0,95 gives the value of Q as 4.7,

For this same subset, with the same degree of freedom,
Dmmcan's New Multiple Range Test requires that the.test.be
carried out at the probability level (0095}1l or 0.5688, The
tables given by Pearson and Hartley (1943) are again used and the
same procedure as sbove is employed for finding the value of Q

corresponding to P = Q,5688,

Q %Plz(f—z)
3.00 P = 0.3927 + L (:0.18) + 55, (0.5) = 0,390879
325 By =0,5222 + =gp (<0.7) + ghrr (3.7) = 0,514893
3,50 Py = 0,612 + =57 (<1,26) + sz (6,7) = 0.631801

The value of Q found by interpolation is 3,36,

Beyer (1953) has calculsted complete tables for Duncan's
test, basing his work on the procedures set forward by Pearson
and Hartley (1943), In order to gain accuracy, he extended the
Taylor’s expansion of an{Q) to include the term in fago
Checking his results against the tables prepared by May (1952),

a high degree of accuracy was noted,
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IV TABLES FOR DUNNETT!S PROCEDURE

Consider the case in which one treatment is compared
with the contreol, Confidence limits may be placed about the
true treatment mean difference basing the procedure on the
well known Student's-t distribution, The limits would be

- - . /1 1
=% 4+ d* 8 [ty
i A Ny W

-where d¥ is chosen such that,

Tound to be:

Prob ( |t] < d®) =P

The constant 4" or d? in the case of a one sided
confidence 1imit, can be found from the tables of the
distribution of Student23w£9

In generalizing this procedure, where sach of p treat-
ments is compared with the control, it is desired that separate
confidence limits for each of the p differences be found such
that the Jjoint confidence coefficient is equal to a preassigned
valve P, (0 < P<1), For the two sided confidence limits, the

interval will be found te be of the form,

X, = X i’ di S\/‘ﬁ;"“'l‘"é?“ i=15 zﬁgqqoqz [Y
i o :

In order for these limits to hawve the desired preassigned joint
i

confidence coefficient P, the p constants d; are found such that,

&

<d, [t2§<aggoooa;, |t g

Prob  ( gtl

7"
d)="p
< p)

This requires that the joint distribution of the ti“s be known,
Dunnett and Sobel (1954) have found that this distribution is
the multivariate analogue of Student’s=t distribution, Tables
are given for both the one-sided and the two-sided confidence

interval appreaches,
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CHAPIER IV

COMPARISON OF METHODS

In any attempt to evaluate the tests available to an
experimenter, for locating significant differences following
a significant analyses of variance F-test, several factors
mast be kept in mind, The design of the experiment, the object
of the experiment, and the philosophy of the experimenter will
each influence the decision as to which test procedure is to
be used,

| he present chapter considers several items which are
of importance in the selection of a test Lo be used, These
items may be listed as follows:

a, Treatments versus control

b, Analysis of all possible contrasts

¢, Confidence limits and tesits of significance

d. A priori and a posteriori comparisons

e, the effect of a prior F-test
4 series of examples are given which serve.to illustrate many

of the points raised throughout this study,

I TREATMENTS VERSUS CONTROL

In the design of an experiment, cne of the treatments
included may be a control treatment, Its purpose is to permit
comparisons to be made between a given treatment and this
control treatment such that a significance statement may be
made regarding the effect of the trestment in relation Lo the
control, In this situation, it may not be that all possible
comparisons among tre&tmenﬁAmeans is desired, bul only
comparisons betwsen the control and sach of the other treatments,

In order tc achieve the desired resulits, use may be
made of certain of the procedures outlined previously, Tukeyis

allowance procedure or Scheffe’s procedures will give
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significance tests or confidence interval statements about these

specific treatment mean differences, Dumnett (1953), found
that these two procedures, since they were designed for a much
more general application, give confidence intervals which are
too wide, By considering the control versus treatment situation
only, Dunneti's test procedure is able to construct confidence
intervals such thaet the probability that all the confidence
intervals of this type in the experiment are simultaneously
correct is equal to some preassigned specifie probability level,
The confidence limits so constructed are placed about the true
mean difference between a treatment and the control,

Dunnett’s procedure is designed for making a specific
type of comparison, Its use in other more general situations,

is never Justified,

II ANALYSIS OF ALL POSSIBLE CONTRASTS

In many experimental situwations, the most meaningful
procedure may not be the comparisons among all possible pairs
-of treatment means, By the very nature of the treatments
themselves, the logical procedure may be to divide the treat-
ments into groups and compare the treatment means on this
grouped basis, The decision as to whether to consider the
problem as one involving all possible contrast comparisons
will rest with the experimenter, Once the decision has been
made however, the testing of the treatment means becomes the
“SSpOﬁSlblllty of the statistician,

The methods outlined by Duncan {1955), Tukey (3953)
and Keuls (1952) are applicable only for the case of all
possible paived comparisons and should be used only in that
situation, Scheffé's procedure has been designed principally

with the contrast problem in mind,
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The use of Scheffé's method has been shown to be more
sensitive than Tukey's allowance test for the contrast situation,
It is noted particularly that the eritical value in Scheffé's
test incorporates the standard error of the particular contrast
involved, By virtue of the fact that this standard error will
in general be smaller than the standard error of the difference
between two treatmentvmeans, confidence limits constructed by
Scheffé’s method will tend to result in shorter intervals than
those found by using Tukey's allowance procedure,

The situation ie reversed however, when considering the
all possible paired comparison approach, Scheffé indicates
this fact and cautions that in considering treatment means two
- at a time, Tukey's allowance procedure is preferred,

When considering the topic of contrasts, it is important
to note the difference in procedure involved in orthogonal and
non-orthogonal sets of contrasts, It was mentioned, that it is
possgible to obtain an orthogonal set of contrasts containing as
many contrasts as there are degrees of freedom in the sum of
squares for treatments in the analysis of variance, While it
is possible to obtain a great many orthogenal sets in any one
axperiments the set of contrasts to be used is generally.
pregscribed when the experiment is at the designing stage,

This being the case, each separate contrast may be tested
against the experimental error by the use of the F-statistic,

On the other hand, if the contrasts are not orthogonal
as would be the case in considering all possible contrasts,
the testing would have to be carried out by the use of Schefféis
technigue, It is difficult to see where a situation in which
all possible contrasts were to be considered might arise, It
seems much more probable that the experimenter, from pasth
experience or because of a particular aim in mind, would be
able to instruct the statistician into designing an experiment
capable of testing his material without having to resort to a

procedure such as that proposed by Scheffé,
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ITIT CONFIDENCE LIMITS AND TESTS OF SIGNIFICANCE

While the emphasis here has been towards the significance
test, where the observed treatment difference is tested to
determine whether the difference is significantly different.from
zero, much is to be said for a confidence interval approach,
Procedures such as Tukey's allowance, Scheffé's test and
Dunnett’s, can easily be used to set 100 (1 - =)% confidence
limits on the difference between the population values of the
treatment means,

A confidence interval statement is, in reality, a test
of an infinite number of hypothesis, The limits stated give
the upper and lower bounds beyond which a value is said to
differ significantly, at a given probability level, from the
true value, If, in setting confidence limits about an observed
difference between treatment means, it is found that the limits
do not enclose zero,.the treatment means involved are said to
differ significantly, This, of course, is exactly the same
information that could be obtained from a test of significance
of the difference between these means, The advantage in
using the confidence limits is that a reasonable assurance is
given that the actual value of the true treatment mean difference
lies between these stated limits.

For the two mean case, significance test statements and
confidence limit statements are very similar., It is when the
multiple confidence limits are applied to the all possible
comparisons procedure that difficulty is encountered in the
interpretation of the confidence limit results, Ryan (1959)
has noted the possibility of inconsistencies or contradictions
in results obtained from applying both significance tests and
confidence limits to the same experimental situation, In
varticular he points out that it may happen that limits for a
difference between tresiment means contain zero whereas, using
some significance test procedure, this difference may be
declared significantly different from gzero, He explains that
the procedures applicable to the confidence limit approach

employ 2 single "allowance® for all treatment differences in
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an experiment regardless of the size of the subset in which
the two means occur, however, the more powerful significance
procedures use varying criteria depending upon how many means
there are the subset,

To criticize the confidence limit approach on this
basis would seem to be very dangerous, Involved in this
gituation is a confidence limit, obtained perhaps using Tukey's
allowance procedure, and a significance test, using the
Student-Newman-Keuls test, The criticism should not be
directed at the confidence limit approach in general, but at
the two.different procedures which yielded the contradictory
results, Had the confidence limit been replaced by the
significance test using the same Tukey allowance procedure, the
contradiction would remain, Since different methods.have been
used, contradictions of this type are to be expected,

To the experimenter, interested more in a yes or no
reply to specific questions, the test of significance procedure
is undoubtedly the more appealing, The statistician, however,
being interested in obtaining as much information from the data
as is possible, may well wish to adopt the confidence limit

approach,

IV A PRIORI AND A POSTERIORI COMPARISONS

In the designing of experiments, it is common practice
to specify exactly what tests are to be carried out following
the application of the design to an experimental problem, It
is widely held, that this specification of test z priori
justifies the use of classical methods, At the preseﬁt time,
the situation with regard to the effect of a priori specifi-

- cation of tests versus the tests suggested by the data
a posteriori can not be dogmatically exclaimed, The decision
between the use of a classical method such as the LSD
procedure and a newer technique such as Duncan's New Multiple
Range test depends, very much, on the nature of the specifiedk

a priori tests,
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It can be stated emphatically, that the LSD procedure
should not be used for making all possible paired comparisons
between treatment means, The effect of stating, before the
experiment has taken place, that all possible comparisons will
be made does nolt alter the fact that these comparisons are
not independent and the LSD is not valid,

If on the other hand, a pair of treatments are selected
before the data are collected, a different situation is
encountered, This case is conceptually identical to the
selection of a pair of treatments at random from the set of
all possible paired treatments, This randomness validates the
use of an ordinary t-test or the LSD procedure for making the
test of significance, Simllarly, if several pairs of treat-
nments are selectad a priori such that the pairs are indepandent
of one another, the LSD may be applied, This latier condition
alsc applies to contrasts of several means and its ceeurence
indicates the use of standard techniques,

After having obtained the data, should it be decided +to
test the largest mesn against the smallest mean, & far different
situation arises, The test of this particular pair involves a
mich more complex result, Should this difference be declared

significant, more is being said .sbout the ex erimental resulbs
g 3

d.

han in a test of a random pair, In fact, the statement of
differences among all pairs of means in the subsel containing
the largest and the smallest means, As a vesult of this, the
probability that the difference between the largest and smallest

mean is significant is greater using the classical procedure

i
]

han is desired,

The main problem in the question of & priori and
2 posteriori specified tests is undoubtedly the independence
factor, Independence appears to be of less importance to the
newsr procedures designed for multiple comparisons, The LSD,

however, requires that the mean differences being tested be
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independent and as a result, if, as is very frequently the
case, the tests, outlined in the design of the experiment,
are independent, they may be analysed by this classical
procedure, Other non-independent situations, whether specified

&2 priori or a posteriori, must employ some other procedure,

V  THE EFFECT OF A PRIOR F=TEST

After obtaining the data from an experiment, the usual
procedure is te carry out the analysis of variance, A& test
involving the ratio of the mean square for treatments, and the
mean square for error is carried out usuvally at the 0,95
probability level, The effect of this P-test is to tell the
experimenter whether or not the observed treatment means may
be considered to have come from a common population with respect
to the population mean, Should this F-patio be declared
significant, the experimenter can state, with probability 0,95,
that at least one of the means differs from the rest, This
is a completely standard and well accepted criterion upon
which t.o base statistieal conclusions,

Of the multiple comparison procedures considered, all,
with the exception of Duncan's New Miltiple Range test, elither
incorporate this P-stabistic as the first step or have included

a step consistent with it, The Feratio can be considered as
e

]
o

s
a8 typz © st of the largest mean against the smellest mean

since, a

©w
5

a5 stated previocusly, this pair of means involves,

-

inferencewise, all the pairs of means lying between them,
Since the f-iest statistic may be applied at any desired
P,

smallest mean which is also carried ocut at the probability

probability lsvel

8

a range test of the largest mean with the

level P, will carry with it, much the same information,
Duncan (1955) has constructed a test eriterion which
tests the largest mean against the smellest mean at a
probability level much lower than that of the Festatistic,
The Wew Multiple Range Test may be applied regardless.of

whether en analysis of variance F=test is used or not, If one
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accepts the view that the F-ratio is insensitive to detecting
differences among a set of treatment means, Duncan's test
procedure will provide an appealing alternative to the analysis
of variance F=test, The more common view, however, is that the
F-statistic gives a well founded and a sensitive test of the |
actual situation, Duncan's procedure, by changing the
probability level of the F-statistic appears to unjustly run

the risk of finding significant differences when in fact none

The other multiple comparison techniques may alter the
probability level P, of the F-statistic but by raising the
level rather than lowering itg they cause the entire procedure
to remain consistent with standard procedure. The effect of
the chaﬁge is to ereate a test which is more conservative than
may be desired, Only a close losk at the consequences of the
increase in sensitivity, found in Duncan's procedure, and the
lowered risk of declaring too many significant differences with
one of the other technigues, will influence the choice of which

test Lo use,

VI APPLICATION OF METHODS

In order to illustrate the various procedures and to
show many of the points mentioned previously, a series of
examples is presented, The experiment concerns a test of
twenty=five varieties of wheat arranged in a balanced lattice
design with six replications, The series of four experiments
are related to one another in that the same varieties and the
same type of design are used in each case, The experiments
are members of a series in the Co-operative Wheat Test
program carried out at various experimental stations in Canada
in the year 1960 by the Canada Department of Agriculture,
Differences between the examples are primarily attributed to

location and other geographic factors,
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The analysis proceeds in much the same way as the
example cited in Chapter I, Sums of squares are calculated
for the replications, the blocks and the varieties, In this
particular design, the replicates, blocks, and varieties carry
five, twenty-four and twenty-four degrees of freedom respec-
tively, The mean square values are cbtained simply by dividing
each sum of squares by its appropriate degrees of freedom,

Since an P-test will be desired to test whether or not
all the variely means come from a common population, it is
necessary to examine the variety sum of squares very carefully,
The complication here is that the varieties cccur in different
blocks and as a result the effect of.the differences between
blocks has not been fully eliminated, It is thus necessary
to adjust the variety sum of squares for the block effect,

The mean square for varieties corrected, is divided by the

mean sguare for error and the resultant F-statistic is compared
with the tabular value obtained by entering the tables of the
distribution of F with twenty-four degrees of freedom in the
numerator and ninety-six degrees of freedom in the denominator
for the desired probability level, .

The standard error of a corrected variety mean is the
value obtained by incorporating the correction for block effects,
Since the analysis is carried out.using units of measurements
in grams, a conversion factor = 0,0647 is necessary to convert
means and standard errors into bushels per acrs,

Tables IX, X, XI, and XII summarize the results for the
four experimental trials considered, FEach teble gives the

location where the experiment was carried out and lists:

i, the analysis of variance and P-test
i1, the standard error of a corrected variety mean
iii, ‘the ranked variety means and muliiple comparison

results,
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In the analysis of variance for each location; the F-
statistic is of particular interest, The tabular values of
the F-ratio with twenty-four degrees of freedom in the
numerator and ninety-gix degrees of freedom in the denominator
at the 5%, 1% and.0,5% levels of significance are respectively
1,64, 2,00, and 2.3k, Comparing the F-ratio in each case with
the critical values gives an indication of the numbers of
variety mean differences which may be expected to be declared
significant by the various multiple comparison procedures,

Table IV lists the critical range factors for the 5%
level tests of twenty=five means with ninety-six degrees of
freedom in the standard error, These values given for eight
different techniques are the factors which, when multiplied
by the appropriate stendard error, give the critical values
necessary for carrying out the significance test, The values
in Tables V, VI, VIT and VIIT are obtained as the product of
the standard error of the corrected variety mean for a
particular locality and the values in Table IV,

The results of applying the techniques to the ranked
variety means for a given locality are presented in a graphical
form in Tables IX, X, XT, and XTI, It should be noted that
the ranked variebty means are lettered from & to Y with the
highest ranked mean being denoted by A and the lowest mean in
rank by ¥, As a result of this type of lettering, it may be
that a given variety will carry different letters in each
example depending upon its rank in relation to the remeining
means,

The lines joining the various letters may be interpreted
very simply, Any two ranked means underlined with a common
line are said not to differ significantly, Any two means which
are not underscored by the same line are said to be significantly

different,
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It is interesting to note the F-statistic from the
analysis of variance in relation to the.results of the eight
techniques applied to the variety means, The data from Foremost,
Alberta (experiment 1,) have givén rise to a non-significant F
value which is interpreted as meaning that there are no
differences among the variety means of this experiment, The
application of the multiple comparison procedures should be
expected to discover no significant differences in this case,

In fact, the LSD and Duncan's New Multiple Range test find a
sizeable number of differences in direct contradiction to the
conclusion reached by considering the analysis of variance
F-test, The remzinder of the test procedures do not find any
differences, .

The Lvansburg, Alberta experiment (experiment QO)has
yielded an F value which is highly significant but less than
the critical value at the 0,5% probability level, To be
consistent with this F-gstatistic result, which indicates that
there are significant differences amonglthe variety means, it
is expected that the test procedures will detect a few
differences, Once again, Duncan's test and the LSD as the
only procedures which show any significant results at all,

Advancing a further step in significance, the Reginae,
Saskatchewan experiment (experiment 3,) has given an F-.
statistic which is highly significant and exceeds the 0,5%
probability level critical value, The interpretation of this
significance is that there exists a greater number of significant
differences than in the previous experiment among the ranked
variety mesns, As is expected, all test procedures, with the
exception of Scheffe’s test and the modified Scheffe's procedure,
detect a sizeable number of significant differences,

The last example in this series, Mordem, Manitoba,
{experiment 4,) illustrates the application of the multiple
comparison technigue to data which have displayed an F-statistic
with an extremely large value,, The size of the F value is.such
that a large number of significant differences is expected, With
the exception of Scheffe's method, each test procedurs has

devecied meny significant differences,
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Comparison of Critieal Renge Factors for 5% level Tests of 25 Means with
£ =96

TEST Subset Biges = p

2 3 4 5 6 7 & 9 10 11 12 13 1, 15 6 17 18 19 26 21 22 23 2 25
Le Se Do 2,61 2,81 2.81 2,81 2,81 2,81 2,61 2,81 2,61 2,81 2,81 2,81 2,81 2,81 2,8 2,81 2,61 2,81 2,81 2.8 2,81 2,81 2,81 2,61
Fisher's S5kl Sobh S.hb S.kly Skl SbL Sohl 5.bk 5.k 5.0k 5.bk 5.0k 5.kh 5ok B.hh 5.kk 5.bk B.bk S.bk 5Lk 5.4 5,44 5.4L 5.4L

Tukey's Allowance
Tukeyts 1953

Students-Hownane
Eeuls

Duncan's New
Multiple Range

Scheffé's

¥odified
Scheffé's

* » * *

5.32 5,32 5,32 5.32 5,32 5,32 5.32 5.32 5,32 5,32 5,32 5,32 5.32 5.32 5.32 5.32 5.32 5,32 5,32 5.32 5,32 5,32 5,32 5,32

LoO7 435 L5 463 hoT2 4,79 L.B5 L.9L £.95 £.99 5,03 5.06 5,09 5,12 5,15 5,17 5,20 5,22 5.2k 5,25 5,27 5.29 5.31 5.22
2,81 3.37 3.70 3.9k 4,12 L,.26 .38 4,50 4,58 L.66 L7 4,80 4,86 4,92 4,97 5,02 5,07 5,11 5,15 5.18 5.22 5,25 5,29 5,32

2.81 2,95 3.05 3.12 3,18 3.22 3,26 3.29 3.32 3.34 3.36 3.38 3.39 3.41 3,42 3,44 3,45 3.46 3.47 3.48 3.49 3.50 3.50 3.51

- * *

8,85 8,85 8,85 8,85 8,85 8.85 8,85 8,85 8,85 .85 2,85 8,85 8,85 6,85 2,85 8,85 8,85 8,85 8,85 2,85 8,85 8,85 8,85 8,85

* L4 L 4

2081 3,51 Lo02 hobd £o80 5,13 5.42 5,70 5,95 6,20 6,43 6,66 6,88 7.08 7.29 7.48 7.67 7.8k £,01 8,20 8,37 8,5, 8,71 8,85




Critical Range Values for 5% Level Test of 25 Means with f = 96 and 8- = 1.23 Bushels

TABLE V

Co-operative Wheat Test (Foremosnt, Alberta-1960) Experiment 1.

Subset Sizes = p

45,

i1

1é

17

Scheffé's 10.89 10,89 10,89 10,89 10,89 10,89 10,89 10,89 10,89 10,89 10,89 10,89 10,89 10,89 10,89 10,89 10,89 10,89 10,89 10,89 10,89 10,89 10,89 10,89

Modified

2 3 5 6 7 8 g 10 12 13 1k 15 i8 ig 26 21 22 23 2h 25
Lo 8. D, 3.6 3.46 3.46 3.46 3.46 3.6 3.46 346 346 346 346 3.6 346 3,46 346 346 346 346 3,46 346 3.46 3.6 3,46 3.46
Fisher's 6.69 6.69 6.69 6.69 6,69 6,69 6.69, 6,80 6,69 6,69 6,69 6,49 6.69 6.69 6,69 8,69 6,89 6,69 6,69 6,69 6,69 6,69 6,69 6.69
Tukey's 532 5.2 532 5.2 5.32 5.32 5.32 5.32 5,32 5.32 532 5,92 502 532 532 532 532 5.32 5.2 532 532 5.2 532 5.2
TUT'S 500 535 5.5 5.69 5.1 5.89 5.97 604 609 64 619 622626 6,30 633 6,36 640 642 645 646 648 651 6.53 6.5k
stﬁ@@n‘&u :‘k “ * . " P 'e - ° a a 2 2 a’ * » . . . - . . . .
Nowman 3.6 4.5 kiS5 b 5.07 52 539 5.5k 569 573 S 550 598 6.05 611 617 6.2 629 633 637 8.42 648 6,51 6.5k
Eeuls : . .
Duncan's New’ . : B : - - . . . o . . . . S . . . .
Maltiple 3.46 3.63 3.75 3.8L 3.1 3.96 L.OL 4,05 408 bJL 4,13 h16 A7 419 421 4,23 A24 4,26 4,27 428 429 430 A.51 4.22

o

Sohefpdts Joh6 .32 A9k 5.46 5,90 631 6,67 7.01 7.32 7,63 7.91 8,19 8,46 8,71 8,97 9.20 9,43 9.6, 9.85 10,09 10,30 10,50 10,71 10,89




TEST

Critical Range Values for 5% Level Tests of 25 Means with f = 96 and 8z = 1,62 Bushels

TABLE VI

¥

Co-operative Wheat Test (Evansburg, Alberta~1960) Experiment 2,

Subset Sizes = p

L6,

2 3 4 5 ¢ 7 & 9 1 1 12 13 1 15 16 17 1@ 19 220 2a 2 23 24 2
L. 8. Do bu55 5.55 4.5 4.55 h.55 k.55 .55 4u55 455 Ll55 LS5 4.55 LS5 455 L.55 4.55 455 L.55 L.55 L.55 4,55 4.55 L.55 4.55
Fisher's £.21 8,81 8.8l 8.8 8,8 8.8l 868 8.8 88 88 86 &8 88 g8 8.8 g.81 8.8 8.8 8,8 g8 8.8 8.8 88 &8l
Tukey's  g.62 8.62 8,62 8.6z 8.62 6.62 5.62 B.62 8.62 .62 8.62 8,62 8,62 8.62 8.62 8,62 8,62 862 8.62 8,62 8,62 8.62 £.62 8.62
?g?gy'a 6,59 7.05 7.31 7.50 7.65 7.76 7.86 7.95 8,02 8,08 8.15 8.20 £.25 8,29 8,34 8,38 8,42 846 849 8.51 854 8.57 g.60 8,62
Student- ’ B . y v . - . . . . . . . . . - . . . . .
Nowmane  4.55 5.46  5.99 6.38 6.67 6.90 7,00 7,29 7.42 7.55 7.68 7.78 7.87 7.97 8.05 £.13 8,21 8.28 8,34 8,39 8.L6 B85l 8,57 862
Keuls
Duncan's New' ‘ | ; - \ . - . . - - . . , . . . . . .
gzi%iple L.55 L.78 49k 5.05 5,15 5.22 5.28 5.33 5,38 5.1 5.k 5.8 5.49 5.52 5.5k 5.57 5.59 5,61 5.62 5.6, 5.65 5,67 5.68 5.69
Range

Scheffé's 14.34 14,34 14,34 14.34 1434 14,

HModified

»

»

3b 1h.3k 1k 3k Lk,

-

3L 14.3h 14,34 34.3% 14,35 14,3k 14,34 14,34 14,34 1434 1h,34 1434 14,30 14,34 14,34 143k

Scheffé's L.55 5,60 6.5 7.19 7.78 8,31 B.78 9,23 9.6k 10,0k 10.42 10,79 11.15 11.47 11,81 12,12 12.43 12,70 12,98 13,28 13,56 13.83 14,11 1434
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TABLE VIl
Gomapérativa wheat Test (Begine, Saskatchewsn~1960) Experiment 3:
Critical Range Values for 5% level Test of 25 Means with £ = 96 and Si = 1:3.0 Bushels

Subget Sizes =p

2 3 L 35 6 7 & 9 W0 1 12 13 1 15 16 17 18 19 20 2a 2 23 2 25

L. 5. D,
Fisher's

Tukey's Allowance
Tukey's 1‘953

StudenteNewmane
Keuls

Puncan'zs New
Maltiple Range

Behe ffé ig

Hodified
Secheffé's

3,09 3,09 3,09 3.09 3.09 3,09 2,09 3.09 3,09 3,09 3.09 3,09 3.09 3.09 3.09 3.09 3.09 3.09 3,09 3.09 3,09 3.09 3.09 3.09

5,98 5,98 5,98 5,98 5.98 5,98 5.98 5,98 5,96 5,98 5,98 5,98 5.98 5.98 5,98 5.98 5.98 5,98 5,98 5.9¢ 5.98 5.98 5.98 5.98

» * L4 * *

5,85 5,85 5,85 5,85 5,85 5,85 5,85 5.85 5,85 5,85 5,85 5.85 5,85 5.85 5,85 5,85 5.85 5,85 5.85 5.85 5.85 5,85 5.85 5.85
LobB L.79 k.56 5,09 5,19 5.27 5.2h 5.40 5.45 5.49 5.53 5.57 5.60 5.63 5.67 5.69 5.72 5.7k 5.76 5.78 5.80 5.82 5,84 5.85

3,09 3.71 4,07 4,33 4,53 4,69 4.82 4,95 5,04 5,13 5.21 5,28 5,35 5.41 5.47 5.52 5,58 5.62 5.67 5.70 5.7h 5.78 5.82 5.85

3.09 3.25 3,36 3.43 3.50 3.5k 3.59 3.62 3.65 3.67 3.70 3,72 3.73 3.75 3.76 3.78 3.80 3,61 3,82 3.83 3.8, 3.85 3,85 3.86

* * ¥ % . - - *

GTh 907h 9Tk 9oTh 9Tk 9uTh 90Tk DTh FoTh FoTh DT 974 9Th 9,74 97k 974 9.Th 9.7 9,74 976 9.7h 974 9.7k 9.7k

* -

3,09 3.86 4,42 4,88 5,28 5,65 5,96 6,27 6,55 6,82 7,07 7.33 7.57 7.79 8,02 8.23 8.4k 8,62 8,81 9,02 9.21 9.39 9.58 9.74
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TABLE VIII
Co-operative Wheat Test (Morden, Manitoba=1960) Experiment A;
Critical Range Values for 5% Ievel Tests of 25 Means with £ = 96 and Si = l;lé Bushels

TEET Subget Sizes = p

2 3 4 | 5 ) 7 a 9 i 11 12 13 14 15 16 17 18 19 20 21 22 23 2L 25

L, 8. D, 3.26 3.26 3,26 3,26 3,26 3.26 3,26 3.26 2,26 3,26 2,26 3,26 3,26 3.26 3.26 3,26 3,26 3.26 3,26 3,26 3,26 3.26 3.26 3.26

Pisher's 6.31 6.31 6.31 6.31 6,31 6,31 6,31 6,31 6,31 6,31 6,31 6,31 6,31 6,31 6,31 6,31 6,31 6,31 6,31 6,31 6.31 6,31 6.31 6,31

gg%iggice 6.17 6.17 6.17 6.7 6.7 6.7 617 6.7 617 617 6,17 617 6.7 617 617 617 6,17 6,17 617 617 6.17 617 6,17 6.17

TUSY'S 472 505 5.23 5.37 5.8 5.56 5.63 570 5.7k 579 583 5.87 5.90 5.9k 5.97 6.00 6.03 6.06 6.08 6,09 6,11 6,14 6,16 617
N Y
Heunan- 3.26 3.0 4.29 L.57 L.78 k9L 5.08 5.22 5,31 5.AL 5,50 5.57 5.64 5.TL 5,77 5.82 5.88 5.93 5.97 6,01 6,06 6,09 6.14 6,17
Aeuls

L3

Dunean's Hew ' ' : ‘ . . . . . . . . . . . . . . R ; . . .
gultiple 3,26 3,42 3.5L 3.62 3.569 3.7h 3.78 3,82 3.85 3,87 3,90 3.92 3.93 3,96 3,97 3,99 4,00 4,01 4,03 4,04 4,05 4,06 4,06 L.,07
Range

-

Scheffé's 10,27 10,27 10,27 10,27 10,27 10,27 19.27110.27 10,27 10,27 10,27 10,27 10,27 10,27 10,27 10,27 10,27 10,27 10,27 10,27 10,27 10,27 10,27 10,27

L) »

Modified 3 o6 4,07 A.66 5.5 5.57 5.95 629 6.61 6,90 .19 T.kb .73 T.98 8.2 8.6 8.68 8.90 9.09 9.29 9.51 9.7 9.9110.10 10.27
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TESTS
L. S‘ 5}.
Fisher's

Tukey ¥s Allowarice
Tukey's 1953

Student-Newman—
Keuls.

Duncan's New
Multiple Range

Scheffé's

Modified
Scheffe's

TABLE IX i | 49,
Co-operative Wheat Test (Foremost, Alberta~1960) Fxperiment 1, Results

Analysis of Variance and F-test

Source d.f, Sum of Sgquares Mean Square E
Replicates & 5 330281 66056 -
Blocks 2, 253334 10556
Varieties 24 - 135038 5793 )
(eorrected) 28 ‘ 75952 3165 1,60 (not significant)
Error 96 | 190019 1979

Standard Error of a Corrected Variety Mean S; = 1,23 Bushels
Variety Means Ranked in Order and Test Results

18.4 18,4 18,2 17.9 17.8 17.6 17.4 17.3 17,0 16,7 16,7 16,6 16,3 15.8 15,7 15,5 15,5 15.4 14.9 14,6 14,5 14,4 14,4 14,1 12,0
A B ¢ 3 E F G 7 I § K ¥ H N 0 P Q R 8 T U 7 W X Y
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Table X .
Co-operative Wheat Test (Evansbure, Alberta-1960) IExperiment 2, Results
i, Analysis of Variance and F-test

by .

Source d.f, Sum of Sguares Mean Square Fo
Replicates 5 ag, 584 17,917
Blocks 2l 189,828 7,910
Varieties 24 196,720 8,197 :
(corrected) 24 . 165,570 6,898,7 2,12
Error 96 312,733 3,258

ii, Standard Error of a Corrected Variety Mean $§’='1.62 Bushels
iii, Variety Means Ranked in Order and Test Results . . . . . . . . . . . . . . .
50,7 49,5 494 48,7 AB.T 48,2 LB.2 47,9 47,8 47,7 47,7 k7.1 L7.0 £6,8 L6.7 46,5 46,2 46,0 kh,6 Ll 6 41,5 13,0 42,9 42.3 42,3
TEST A B G D E ¥ G H I J K L ¥ N 0 P Q R s T U v W X Y

Fisheris

Tukey's Allowance

i

Tukey's 1953

Student-Newmane
Keuls

Duncan's New
Multiple Range

Schefféts

Medified
" Schefféis




i. Analysis of Variance and F-test ..
Souree dofy Sum of Sguares Mean Sguare _F
Replicates 5 73,90k 1h,781
Blocks 2, 73,089 3,045
Varieties 2, 176,775 7,366 ’
{corrected) 2L 146,423 6,101 3,65
Error 96 160,335 1,670
ii. Standard Error of a Corrected Variety Mean '$§ = 1,10 Busghels
iii, Variety leans Ranked in Order and Test Resultis,. . . . . . . . . . . . . . .
L6.0 43.6 43.1 42.8 42,5 L2.2 42,0 42,0 4le5 K15 A1.3 41.2 K09 KO3 40,2 40,2 40,0 39.9 39.5 39.3 38,5 38,2 37,6 37.4 36.3
TEST A B ¢ D E F G H I 4 X L ¥ N O P Q@ R S T U V W X Y
L. 8. D.
Fisher's

Tukey's Allowance

Tukey's 1953

Student-Newnan-
Keuls

Duncan's New
Multiple Range

Schefféls

Mbdified/
Scheffets

Co~operative Wheat Test (Regd

TABLE X1

_Suskatchewan-196C) Expewriment 3,

Besults
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TEST
L., 8. D.
Fisher's

Tukey s Allowance

Tukey's 1953

Student-Newnane
¥euls

Buncant's New
Multiple Range

Schefféis

Mbdified,
Scheffels

TABLE XII . 52,
Co-operative Wheat Test (Morden, Manitoba-1940) Experiment Results
Analysis of Variance and F-test

3

Source d.f, Sum eflgguares Mean Square Fo
Replicates 5 17,065 5,413
Blocks 24, 55,460 2,311
Varieties 21 617,610 25,734 .
{ecorrected) 2y £9C,378 24,599 14,29
Error 9é . 177,726 1,851
Standard Error of a Corrected Variety Mean S = 1,16 Bushels
Variety Means Ranked in Order and Test Results . . .

55,5 52.2 51,9 503 50,0 9.6 49.4 48,6 48,2 48,0 k7,5 L7.4 L6.8 45.5 L5.3 45,0 L5,0 b4,7 L4.2 44,1 43,8 43,0 41,8 39,2 35,7
A B ¢ D E F G H I g K L M H O P Q R S T U v W X Y
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Table XIIT gives, for each test procedure and for the
four experiments, the number of significant differences detected,
In an experiment with twenity-five means, the maximum number of

significant differences it is possible to detect is 300,

TABLE XITI

THE NUMBER OF SIGNIFICANT DIFFERENCES PER TEST
DETECTED IN THE EXPERIMENTAL SERIES

TEST EXPERIMENTS
1 2 3 b
15D 40 58 126 176
Fisher's 0 0 15 82
Tukey's Allowance O 0 16 86
Tukey's 1953 0 0 19 95
Student-Newman-~ 8] 0 21 107
Keuls

Trincan's New i3 29 7L 156
Multiple Range

Schefféls 0 0 0 20
Modified Schefféts O 0 0 59

From these resulis several items of importance can be

-

salized, As was explained earlier, Duncan's New Multiple Range
Test, by the lowering of the probability level of the P-test,

runs the risk of finding too many significant differences, The
examples illustrate this point clearly since Table XIIT shows

that Duncan's test ranks second only to the ISD in totel numbers
of significant differences found in each experiment, The striking
feature here is that the LSD and Duncan's test were able to find
some differences even in.the case in which the F-statistie

declared there were none,
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At the other extreme, Scheffé's test and.the Modified
Scheffé’s test are shoun to be very insensitive, IL is not
until the P-statistic reaches an unusually large value that
any'significant differences are detected, Even in this case,
however, only twenty-nine were located with Scheffé's prbéedure
and fifty-nine with the Modified Scheffd technique, These
values are very low in comparison with other procedures, The
Modified Scheffé technique, which seemed a promising one, is
still hampered with a very high critical value for the largest
subset of twenty-five means, The sensitiviiy has improved but
itsfshowing in these examples does not recommend its widespread
use,

The failure of the Student-Newman-Keuls procedure to
detect any differences in experiment 2 is somewhat surprising,
The size of the P-statistic indicates that differences should

be discovered, Its failure in this situation, however, serves

.
to illustrate that this procedure as well as Fisher's Medified
technigque and Tukey's allowance and 1953 procedures tend Lo be
conservative,

In an examination of Taeble XIIT, it is noted that no
two tests give exactly the same results in any of the four

experiuments,




CHAPTER ¥
CONCLUSICNS

It is now possible to offer to the practising
statistician some guidance as to which procedure should be
recommended for a given experimental problem, It is not
possible to state emphatically that in any one situation there
is one and only one test procedure which must be used, Some
of the techniques studied have been designed to analyse a
particular type of problem,  These special techniques may not
be the best for analysing the situation for which they were
intended however their use in any other, more general
situation, is not justified,

If it is desired to test each treatment against the
control treatment, Dunnettls procedure should be the method
applied and Dunnett's procedure should be used only in this
situation,

¥ orthogonal contrasts are designed into the experiment
prior to the collection of the data, the F-ratio may be used
for the desired hests of significance, The LSD may be applied
to tests dnvolving independent pairs of means specified & priori,
If, however, the contrasts are supplied after the data has been
cbserved, or if the contrasts are of the all posgible contrast
type, the LSD method is not valid and Scheffé's method is
prefarable,

Buncan's New Multiple Range test and the LSD procedure
are undoubtedly the most powerful procedures, The LSD, however,
should nsver be used except when independent comparisons are
designed into the experiment, Duncan's test appears to be too
sensitive and the risk of declaring too many significant
differences is great,

If it is desirsd to use a confidence limits procedure,

the Tukey allowance method is recommended,
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If significance test of all possible comparisons are
desired, Tukey's 1953 procedure and.the Student-Newman-Keuls
procedure give very similar results, However, since the critical
values are easier to obtain in the latter, the Student-Newman-

Keuls procedure is recommendsd,

| At the present time, there is no way, short of a long

and detailed szmpling study, of obtaining an empirical

comparison of all the methods presented here, A large volume

of work has been done on the concept of error rates as applied

to these methods, Unfortunately any attempt at comparing '
procedures by the use of this concept, runs into the problem
that statisticians can not agree as to which error rate is

most important, Until some procedure is outlined which is
capable of applying criteria to these tests which are acceptable
to the large body of statisticians, statistical philosophy

and personal experience will remain the principal guide lines

in the choice of which technicue is applied,
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