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Abstract

We present a detailed analysis of the three-axis stability of molecular cloud core model
geometries and the effects of three-dimensional magnetic field perturbations on simulated
polarization maps. We have previously developed a molecular cloud core modelling package
called "POLCAT”, which generates three-dimensional models of density and magnetic field
structures constrained by reduced y? fits to submillimetre polarization and continuum in-
tensity data. POLCAT fits provide insight into the underlying structures of cores, and by
extension, the initial conditions from which stars form.

The most commonly applied form of the virial theorem in an astrophysical context is the
scalar form, with relatively few applications of the full tensor form. We have found through
examination of the three-axis virial equilibria not only the expected families of spheroidal
geometries, but also families of triaxial ellipsoid geometries. In application as a POLCAT
stability check, we allowed our models to be slightly out of tensor equilibrium. We performed
tests with both synthetic data and data of the OMC-1 BN/KL region from the SCUPOL
Legacy Catalogue and BISTRO survey. We found that the virial criterion eliminated models
with unrealistic geometries. Additionally, magnetic field strength estimates from the virial
fits were in good agreement with independent measurements of the region.

A common method to estimate magnetic field strengths from polarization is the Chandrasekhar-
Fermi method, where deflections of B-field polarization vectors from an assumed large-scale
structure are assumed to directly equate to Alfvénic perturbations in the underlying magnetic
field. However, a limitation of this method is that polarization maps are two-dimensional
projections of three-dimensional structures, and the traced large-scale field may not be truly
representative of the underlying structure. To examine the how three-dimensional perturba-
tions would affect the polarization maps, we developed a method to propagate Alfvén waves
along POLCAT models’ curved magnetic field lines and compared the perturbed and unper-
turbed maps. After perturbing our models with both individual and cumulative single-mode
Alfvén waves, we find that patterns of deflection are highly dependent on the inclination of
the magnetic field to the line of sight, and each model geometry has a characteristic pattern

of deflection.
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Preface

This thesis contains two chapters comprised of the following accepted manuscript versions

of previously published works:

Chapter [3 Franzmann, E. L. and J. D. Fiege (2017). POLCAT: Modelling sub millime-
tre polarization of molecular cloud cores using successive parameterized coordinate
transformations. Monthly Notices of the Royal Astronomical Society 466, 4592-4613.

Chapter 4 Franzmann, E. L. and J. D. Fiege (2020). An Exploration of Tensor Virial
Equilibrium in Magnetized Molecular Cloud Cores. The Astrophysical Journal 899(2),
101.

The introductory sections of both these papers have been reworked in order to better in-
corporate into the thesis as a whole, and there have been additions in certain sections to
address comments from my committee. Additionally, the results figures from the appendices
of the first paper (Chapter 3) have been integrated into the text, and the data figures have
been moved to Appendix [B]

Contributions of Authors

I wrote both of the above papers included in this thesis, with my co-author and supervi-
sor Jason Fiege providing input, editing, and direction. The work summarized within was
likewise conducted by myself. Similarly, the rest of the thesis consists of my own original
work, excepting Chapter , Sections |7.247.2.4.3| (and derivations in Appendices , which
adapted and generalized the framework developed by |Scheurwater (1990) for propagating
MHD waves in curvilinear bases. However, I note that while I did rely heavily on [Scheurwa-

ter/s framework, I also rederived it in detail to use for my more complex model geometries.
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Chapter 1
Introduction

Molecular clouds are complex, clumpy, turbulent collections of gas and dust in the interstellar
medium. They range in size from the smallest 0.1 pc Bok globules to the most extreme
500 pc giant molecular cloud complexes (Bally, 1989) and are the sites of all known star
formation (Elmegreen and Scalo|, 2004; Hennebelle and Falgarone, [2012; Burkhart et al.|
2015)). Therefore, understanding the dynamics in these regions is essential for studying the
conditions from which stars form. The conditions in the clouds and the denser star-forming
cores are such that the magnetic field is effectively “frozen in” to the gas, meaning that
as the gas and dust of the cloud moves, the field moves with it. This exerts an opposing
force that resists gravitational contraction, and, as a result, influences the evolution of these
clouds and affects the initial conditions of the stars that form within them.

Polarized submillimetre emission from spinning dust grains embedded in the clouds pro-
vides information on the integrated magnetic field direction. It can also be used to indirectly
estimate the field strength. However, a notable limitation with deriving magnetic field pa-
rameters from polarization maps lies in their inherent degeneracy. Maps of integrated po-
larized emission naturally encompass contributions from all magnetic field directions along
the line-of-sight, which can mask some aspects of three-dimensional structure (Fiege and
Pudritz, [2000a; Crutcher, 2012)). As a result, information along the line-of-sight is lost,
and there are a wide range of physical density and magnetic field structures that produce
polarization maps that would be almost indistinguishable observationally.

Franzmann (2014) was focused on developing the polarization modelling package POL-
CAT, which is designed to model three-dimensional density and magnetic field geometries of
molecular cloud cores from their submillimetre polarization data. POLCAT uses the FER-
RET evolutionary optimization platform (Fiege, [2010) to explore a large parameter space of
potential models and fit their intensity and polarization maps to input data sets. The use

of FERRET allows for simultaneous fitting of intensity and polarization parameters, making
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PoLCAT a powerful tool for providing insight into potential structure and conditions of the
underlying cloud and — by extension — help shed light onto the environments from which

stars form.

While POLCAT makes excellent progress finding families of models that fit the input
data sets, it is essentially fitting a full three-dimensional structure to a two-dimensional
projection. The inherent degeneracy of the polarization maps leads to a wide array of core
shapes and three-dimensional magnetic field geometries that can produce excellent fits to
the data when projected. As a result, POLCAT is chiefly designed as a tool to explore the
range of core geometries that can describe observational data. However, the large sample
of geometries that POLCAT produces can include models that are unphysical, such as those
that are unnaturally flat or fields that are twisted to an extent that is unrealistic, and an

on-the-fly method to discourage selection of these very unstable models is desired.

A common method to study molecular core stability is to apply the scalar virial theorem,
which in its simplest form states that in virial equilibrium the total potential energy of a
system is equal to twice its kinetic energy. While we do not necessarily expect the cores
be in perfect virial equilibrium, they are not expected to be very far from it (Dib et al.
2007). There is also a less commonly-used tensor form of the virial theorem, which describes
stability on each individual axis. The scalar form of the virial theorem can be recovered by
taking the trace of the tensor. By applying a “virial constraint” to the models such that
the result of the virial equation is within some percentage of the gravitational energy for
each of the diagonal tensor components eliminates some of the more unrealistic geometries
and therefore reduces the model degeneracy in a manner that does not artificially limit the
parameter space. In addition, this method also places tighter constraints on the density
and velocity dispersion parameters and provides a method to approximate magnetic field

strengths, which we cannot measure directly from polarization data alone.

An indirect method to estimate the plane-of-sky magnetic field strengths from polar-
ization data is to use a variant of the Chandrasekhar-Fermi (CF) method (Chandrasekhar
and Fermi, (1953) with some correction for magnetohydrodynamic (MHD) turbulence (e.g.
Falceta-Gongalves et al., 2008|). The CF method assumes that the magnetic field consists
of two components: 1) a large-scale ordered component By, and 2) a random component
B, caused by turbulence, such that the total field is B = By + B;. Turbulence perturbs
the magnetic field away from the ordered structure, which causes disorder in the measured
polarization angles. This effect decreases as the magnetic field strength increases due to the
magnetic field lines resisting perpendicular motion. The CF method uses this property to
derive the magnetic field strength from the polarization angle dispersion by assuming that

all deflection from the ordered component is due to the turbulent field component.
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Limitation of the CF technique is that the two-dimensional projection of the large-scale
ordered field structure is typically inferred by rotating the polarization vectors 90° and
fitting with an ordered two-dimensional field (e.g. |Schleuning, [1998; Lai et al., [2002)). These
vectors are integrated quantities along the line of sight, and the final direction may not be
representative of actual the plane-of-sky field direction (e.g. [Fiege and Pudritz, 2000a).

In order to explore the effects of MHD perturbations on polarization maps, I have devel-
oped a method that propagates MHD waves through POLCAT models in three-dimensions.
By generating polarization maps of the perturbed model, I can explore the effect the per-

turbations have on the final polarization maps.

1.1 Motivation for New Techniques to Model Molecu-
lar Cloud Cores

Current models of molecular cloud cores do not easily lend themselves to directly fitting
observational data. Spherical equilibrium models are not difficult to compute. However,
magnetic fields result in anisotropic stresses, and therefore spherical models cannot include
a magnetic field. Spherical models are therefore too simplistic for the complex geometries
found in data. Self-Consistent field methods provide more complex spheroidal equilibrium
models threaded by magnetic fields (e.g. Mouschovias (1976al); Tomisaka et al.| (1988a); Fiege
and Pudritz (2000b)). However, there is no practical method to perform thorough parameter
searches of such models due to computational time and uncertainty of convergence, since not
all initial conditions converge in general (Fiege and Pudritz, |2000b). Similarly, simulations
are designed to evolve dynamically, which takes a large amount of time and computational
resources, and the structures they create are structurally random and sometimes transient
(Vazquez-Semadeni et al.; [2005; |Dib et al., [2007). Generating polarization maps from these
models provides insight into the polarization patterns observed in turbulent flows. However,
they cannot be used to fit detailed models of individual observed structures because of their
random nature.

With PoLCAT, we have a highly controllable laboratory to generate computationally
inexpensive theoretical models of magnetized cores on demand, which we can use to model
data via parameter search and y? minimization. The flexibility of our method also allows
us to use our models as a framework to explore how magnetic fields impact the shapes of
cores and the propagation of Alfvén waves through them. In this work, we take advantage
of POLCAT’s flexibility to study the three-axis stability of our model geometries — both in

general and those that fit observational data — and also study the effects that perturbations
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to the cores’” magnetic fields have on their polarization maps.

Our approach to estimate the three-axis stability of cores is to apply the tensor form of the
virial theorem, which is less commonly used than the more familiar scalar form. Polarization
maps do not directly infer the strength of the magnetic field. However, by assuming that our
models are in scalar virial equilibrium, we can scale the strength of the magnetic field so that
the model is in equilibrium. We then use this scaled magnetic field structure to calculate the
diagonal components of the tensor virial theorem, to estimate the tensor virial equilibrium
separately along all three major axes. This method is can be used to provide a constraint on
PoLCAT models to ensure that the results are close to virial equilibrium on all three axes,
to filter out extreme geometries such as long, spindle-like structures and extremely flattened
disks. Due to the inherent degeneracy of polarization data, such models can often reproduce
the structures seen in polarization data when viewed from finely tuned and opportunistic
angles. Tensor virial theorem therefore provides a mechanism to select less extreme models
that explain the polarization data equally well.

The perturbation of magnetic field lines by Alfvén waves forms the basis of the Chandrasekhar-
Fermi method for estimating magnetic field strengths. This method is employed by analyzing
the two-dimensional polarization vectors and measuring the dispersion in angles, which is
attributed to Alfvénic perturbations of a large-scale ordered magnetic field structure. By
visualizing three-dimensional randomized Alfvénic perturbations propagating through our
models and measuring the effects on their polarization maps, we can map the predicted
polarization angle dispersion and potentially provide an additional observable constraint on

the results.

1.2 Summary of Thesis Sections

The remainder of this thesis is summarized as follows. Chapter [2| presents an overview of
the virial theorem and observational techniques for determining magnetic field structure and
strength, as well as a brief overview of theoretical models. Chapter [3| presents an in-depth
summary of PolCat with results of fitting to test data (previously published as Franzmann
and Fiege (2017))). Chapter |4] describes the methods by which we compute the virial balance
for the core models, as well as an in-depth exploration of model geometries in three-axis equi-
librium (previously published as Franzmann and Fiege| (2020)). Directly following, Chapter
explores the range of allowed geometries under our proposed POLCAT virial restriction, and
Chapter [0 analyzes the results of applying the virial criterion to POLCAT fits, both to test
data and data from the SCUPOL Legacy Catalog (Matthews et al., 2009) and the BISTRO
survey (Ward-Thompson et all 2017)). Chapter [7| derives the method I use to propagate
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MHD waves through POLCAT models, and Chapter |8 describes how the definitions of the
previous chapter were applied, and discusses the results of MHD perturbations on PolCat

model polarization maps. Finally, I summarize my results in Chapter [0



Chapter 2

Molecular Clouds

Gravitational contraction is the main force that drives clouds to condense to form stars.
However, without the presence of other forces to resist that contraction, star formation
would occur at a much higher rate and shorter timescale (Crutcher} |2012)). Observational
evidence from polarized dust emission and Zeeman splitting of molecular lines shows that
these clouds are magnetized, and the internal conditions are such that the magnetic fields are
effectively “frozen-in” to the gas (Hennebelle and Falgarone, 2012). Charged particles in the
cloud cannot move transverse to the field direction without experiencing the Lorenz force,
and the neutral matter is collisionally coupled (albeit imperfectly) to the ions. This implies
that the magnetic field introduces a preferential direction of gas motion, and resists being
deformed. Therefore, the magnetic field has an effect on the turbulence, and it is magneto-
hydrodynamic in nature (Lazarian, |2004)). Because magnetic fields resist transverse motion,
they introduce a preferred direction to movement with statistical signatures distinct from
regular hydrodynamic turbulence (Elmegreen and Scalo, 2004; [Hennebelle and Falgarone,
2012)). However, while the collisional coupling effectively causes the field lines to be “frozen
in, this coupling is not perfect. Eventually, the ions gradually leak away through ambipolar
diffusion, which causes the field to weaken (Hennebelle and Falgarone, 2012) However, mag-
netic resistance and gravity are not the only important forces at play when it comes to the
dynamics of molecular clouds.

Despite the large disparity in cloud structures and sizes, scaling laws have been found
that relate mass, density, size, and velocity dispersion. The pioneering study by |Larson
(1981)) used data from a collection of molecular clouds and smaller cores ranging in size
from ~ 0.1 — 130 pc. He found several power-law relationships, including a relation between
the three-dimensional velocity dispersion osp and object size L of o3p oc L%, similar to
the 1/3 power index expected from subsonic, non-magnetized, incompressible Kolmogorov

turbulence (Hennebelle and Falgarone, 2012). However, the dataset used in Larson| (1981))

6
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was very heterogeneous, encompassing data from multiple different instruments, line tracers,
and sensitivities, and results from more homogenous study from a single instrument by
(Solomon et al.| [1987)) found a steeper index of 0.5. General power-law scaling is expected
from structures that are part of a hierarchy of turbulent motions (Elmegreen and Scalol,
2004; [Hennebelle and Falgarone, 2012). A point of interest is that results consistent with
the Kolmogorov spectrum continue to be found, despite the presence of magnetic fields and
supersonic motions.

Turbulence describes how energy injected at the largest scales cascades down to the
smallest scales, where it is dissipated as heat (Elmegreen and Scalo| 2004; Hennebelle and
Falgarone, 2012). In addition to influencing the clouds’ structure, interstellar turbulence
plays a large role in determining the clouds’ dynamics, drives chemical mixing and transport,
and is one of the main factors supporting clouds against gravitational collapse (Hennebelle
and Falgarone, 2012).

2.1 Virial Theorem

Molecular clouds are clumpy, turbulent structures. Gravity tends to cause clumps to coalesce
and contract, while turbulence has the effect of supporting the gas against gravity. A useful
criterion to describe the balance of the various energies present in the system is to use the
virial theorem. The most basic form of the virial theorem, which only considers gravitational
potential, states that, in equilibrium, the magnitude of the gravitational binding energy is
equal to twice the kinetic energy: |[W| = 27. This simplified analysis is commonly used in
observational studies (e.g. [Schleuning) 1998} (Crutcher] [1999). A fairly common analysis is

to compute a “virial parameter” a.; by taking the ratio which leads to

[ A — E — 50_2RC
vir — |W| - GMC

(2.1)

(McKee and Ostriker| [2007) , where o2 is the one-dimensional velocity dispersion, R, is the
radial size of the object, and M, is the object mass. For a virial-balanced, self-gravitating,
unmagnetized, uniform sphere with no external pressure, a.; = 1. Deviations from oy = 1
are used as an assessment of the balance between the kinetic and gravitational energies in
objects (Dib et al., 2007).

The presence of magnetic fields creates a more complicated scenario. Conditions in molec-
ular clouds are such that magnetic field lines are “frozen” into the gas and are dragged along
as the gas moves (neutral and charged material are collisionally coupled). However, the

magnetic field resists transverse movement, and therefore gravitational contraction perpen-
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dicular to the field direction. The magnetic field also contributes to net (albeit anisotropic)
cloud support. A more complete form of the virial theorem incorporates magnetic volume

and surface energy terms and external surface pressure:

1.
EI:QT+W+3(7—1)U+M+MS—TS, (2.2)

where W, T, U and M are, respectively, the volume-integrated gravitational, kinetic, inter-
nal heat, and magnetic energies, and Ms and T s the surface magnetic and kinetic terms.
The term I represents the second time derivative of the moment of inertia of the system,
and is equal to zero under commonly assumed equilibrium conditions.

Another useful parameter is the magnetic critical mass Mg, defined under conditions
where |W| = M. For a uniform field, under the condition that magnetic flux ® is conserved

under contraction: M oc B?R? ~ 72®?/R. Tt then follows that the magnetic critical mass is

)

Mq; = C@m

(2.3)

(McKee and Ostriker, [2007)) where cg is a constant dependent on the density and magnetic
field structure. Cores with M, < Mg are magnetically dominated (magnetically subcritical)
and the magnetic field alone is sufficient to support the cloud against gravity. Such an object
cannot collapse gravitationally without first removing some magnetic flux to reduce Mg. For
the case M. > Mg (magnetically supercritical) the magnetic field is not sufficient to support
the cloud against gravitational collapse, requiring additional contributions from internal heat
and turbulence to maintain support and prevent collapse.

The scalar form of the virial theorem is used most widely. However, because this form has
no directionality, considerable detail is lost. For a more in-depth analysis, we must examine
the stability along each principal axis. As such, we apply the tensor form of the magnetic

virial equation:
1.
5 ik = 27}k + ij + 5jk{('y — 1)U + M} - QMjk + MSjk - TSjk, (2.4)

which was derived by (Chandrasekhar| (1960). Taking the trace of equation recovers the
scalar form (equation (2.2))). The tensor virial theorem analyzes all three axes separately,
which is valuable for anisotropic magnetic forces.

The tensor form of the virial theorem is not often used due to the complexity of computing
the tensor components. However, there have been some theoretical studies that utilize it.
Zweibel (1990) used the tensor virial theorem to explore the effect of field strength on core

stability using an analytic approximation under very simple conditions. She found that the
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presence of a magnetic field reduces the size of gravitationally bound clumps and can support
the cloud at higher external pressures. Later work by Dib et al. (2007)) using the Eulerian
form of tensor virial theorem used simulations to assess whether cloud cores that formed out
of model molecular clouds were “virialized” and the relative importance of the virial terms
to the whole. Their simulated cores ranged from non-magnetic to magnetically subcritical.
They found that the surface terms were as important as the volume energy terms, and that

only the inner, high-density clumps were virialized (Dib et al.;, 2007).

2.2 Magnetic Field Structure and Strength

While we cannot directly measure magnetic fields in molecular clouds, astronomers have
developed multiple techniques to indirectly infer strength and directional information from
observable tracers. Every method has limitations, and so there is strong motivation to
develop new techniques that fill in the gaps of what we can infer about magnetic fields
(Gonzalez-Casanova and Lazarian, [2017). Here we summarize the most common techniques

relevant to the content of this thesis.

2.2.1 Dust Polarization

Molecular clouds contain a population of elongated dust grains. Even though these grains
comprise a small fraction of the total mass of the molecular cloud, they are large enough
in size that they preferentially absorb wavelengths of light into the blue part of the optical
spectrum, effectively robbing the background starlight of its shorter wavelengths. These
grains tend to spin around their short axis due differential scattering of anisotropic radiation,
and the spin axes tend to align with the magnetic field on average (Lazarian, 2007, Crutcher,
2012; Hoang and Lazarian, 2016|). As a result, these aligned grains have a larger emission
and extinction cross-section perpendicular to the magnetic field (Lazarian| [2007). This
causes them to 1) act as a polarizing filter on background starlight, and 2) emit polarized
thermal emission (Lazarian, 2007} Crutcher, |2012). The polarization of both of these effects
is perpendicular to the integrated POS magnetic field, allowing the POS field structure to
be mapped (Crutcher, |2012). However, while useful magnetic field vectors can be obtained
from the polarization of background starlight, this technique only provides information in
the outer regions of molecular clouds where the extinction is low (optical depth 7 < 1)
(Crutcher, [2012)).

The thermal emission from the grains is linearly polarized and falls in the range from

submillimetre to far infrared (Lee and Draine} [1985; Lazarian et all [1997; [Weintraub et al.|
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X
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Figure 2.1: The planar representation of elliptical polarization (both linear and circular).

2000). Information on the polarization angle of the electric field vector is obtained from the
Stokes vector. The Stokes vector has four parameters: [ is the total intensity, Stokes () =
I, cos2¢ cos 2y and U = I, sin 2¢ cos 2y represent the linear polarization, and V' = I, sin 2x
represents the circular polarization, with I, the intensity of the polarized light. Figure
shows how the angles ¢ and x parameterize the polarization ellipsoid. The factor of 2 before
¢ in Q,U, and V originates from 180° rotation degeneracy in the ellipse, and the factor of 2
before x results from degeneracy between two ellipsoids rotated 90° with axis ratios swapped.

For pure linear polarization x = 0, and the polarization angle can be derived from

¢ = %tam‘1 (g) (2.5)

This method only obtains the angular orientation of the electric field vectors with 180°
degeneracy. Mathematically, polarization vectors are not true vectors; rather, they behave

like vectors where the head and tail are indistinguishable.

While polarization maps provide some information on the overall direction of the under-
lying magnetic field, they provide no direct measurement of its strength. Additionally, the
physical characteristics of the dust, including geometry, composition, and degree of align-
ment with the magnetic field, also have an effect on the degree of polarization (e.g. (Goodman
et al.||1995; Lazarian et al.|/1997; Weintraub et al.|2000; Draine [2003). However, by using
“relative” stokes vectors it is possible to simulate the direction and fractional polarization of
the emission without depending on the exact grain properties, as in the approach of Wardle
and Konigl| (1990).

It is common for observers to trace the magnetic field in the plane of the sky from the

polarized emission by rotating the electric field vectors 90°. However, this technique is flawed,
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because the observed Stokes vectors result from integrating all field directions along the line
of sight. This takes a three-dimensional structure and projects it into two dimensions. The
effective integration along the line of sight may mask structural features such as helical twists,
or tangling of the field along the line of sight in the observed polarization vectors (Fiege and
Pudritz], 2000a; |Crutcher, 2012). As a result, there are multiple potential field structures
(and core geometries) that produce very similar polarization maps. This degeneracy was a
major influence for the approach we developed for our POLCAT modelling software, which
we discuss in Chapter [3

2.2.2 Alfvén Waves

Alfvén waves are non-compressible magnetohydrodynamic waves that propagate along mag-
netic field lines. Their existence was first demonstrated by Alfvén| (1942)), as a natural
consequence of motions of conducting fluid in the presence of magnetic fields. Starting with
Maxwell’s equations and Ohm'’s law, the electric charge density (J), electric field (E), and
magnetic field (B) obey

10B
E=--2" 2,
V x T (2.6)
4
V XxB= %J, and (2.7)
1
J = oc (E+ EV X B) (28)

(Alfvén) 1942 Jackson, |1975), where o¢ is the conductivity of the medium. Under conditions
of infinite conductivity (similar to the conditions in molecular clouds), equation leads
to

E—I—%va:O. (2.9)

In addition, the fluid is also susceptible to the hydrodynamic equations. For this analysis,

the important contributor is the force equation

dv

1
—=-VP+-(JXxB 2.1

where P is the mechanical pressure of the system and the total time derivative on the
left hand side is the convective derivative with respect to v. For Alfvén’s derivation, the
imposed magnetic field By is constant and lies along the z-axis, the velocity points along
the z-direction, and all variables are assumed to be dependent only on z and ¢. For this

construction, it can easily be shown that V -v = 0, and therefore the flow is incompressible,
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eliminating the V P term in equation ([2.10). Under these conditions, equation ({2.9)) produces
an electric field (and corresponding J) along the y-axis and an induced magnetic field b along
the x-axis. Additionally, the z-dependence eliminates the (v« V)v term from the convective

derivative, leaving

1
pg—: = ——(B X (V xb), and (2.11)
Ob ov .

Equating the z-components of equation (2.11)) gives

ov BO ob

—_— = 2.13

ot  4wp0z ( )
After taking the partial derivative of equation ([2.12) with respect to t, and equation ([2.13))

with respect to z, we can combine the equations to produce

Po B &b

92~ 1npoa? (2.14)

which describes the perturbed field as a wave propagating along the z-axis at the Alfvén

speed
By

CA0 = Twp .

This defines what is now also referred to as the “shear” or “torsional” magnetohydrody-

(2.15)

namic wave. More detailed analysis of the magnetohydrodynamic equations also yields two
magneto-acoustic wave modes, referred to as the “fast” and “slow” modes, which are coupled
with the sound speed of the medium (Goedbloed et al., 2019; |Carraro|, 2021)).

MHD waves are of particular importance in solar physics, where they are hypothesized
to be an important factor in the coronal heating problem, and a driving force of the so-
lar wind (Guo et al., 2016). In molecular clouds, Alfvén waves arising from MHD tur-
bulence are expected to contribute to turbulent support against gravitational contraction
(Curry and McKee, 2000 (Carraro, [2021). Additionally, Alfvén waves form the basis of the
Chandrasekhar-Fermi method (Chandrasekhar and Fermi, 1953), which is used to estimate

magnetic field strengths from polarization maps.

2.2.3 The Chandrasekhar-Fermi Method

The Chandrasekhar-Fermi (CF) method (or sometimes Davis-Chandrasekhar-Fermi method
(Davis, 1951} |Chandrasekhar and Fermi, [1953)) is a technique used to determine the strength
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Figure 2.2: The geometrical construction for the Chandrasekhar-Fermi method.

of the plane-of-sky magnetic field based on turbulent perturbations from an assumed ordered
distribution. The principle is based on estimating the effect that turbulence has on the field
structure. The stronger the magnetic field strength, the more it resists being perturbed by
turbulent motions. The total magnetic field in the plane of the sky is treated as a vector
sum of two components: an ordered component BE9S and a turbulent component §BF08,
as shown in Figure 2.2l Under conditions of flux-freezing, transverse perturbations to the

field propagate at the Alfvén speed

B (2.16)
Cag = —. .
" VA
For a general plane wave perturbation y = Ae*(#=vat) it follows that
(9ry)* = cho(0y)”. (2.17)

The displacement speed 0,y is equal to the one-dimensional velocity dispersion o, and 0,y
represents the deviation from the assumed ordered field:

Ay 5 BFOS
Oy ~ N =tan ¢ ~ 0¢ (2.18)

BPOS
o
where d¢ is the dispersion in polarization angle. Substituting back into equation (2.17)) and

rearranging we obtain
BPOS =\ /Azp—. 2.19
™56 (2.19)
In the original method outlined in |Chandrasekhar and Fermi (1953)), the ordered con-

tribution was assumed to be uniform and all deflection from this average uniform field was
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attributed to the turbulent component. However, if the underlying ordered field is not uni-
form — such as, for example, the expected hourglass magnetic field configuration expected
from gravitational contraction — the turbulent contribution would be overestimated, leading
to an underestimate of the magnetic field strength (Crutcher} 2012). A common modification
to minimize this effect is to replace the uniform (zeroth order) average field with one obtained
by fitting the rotated polarization E-vectors to an assumed, smooth two-dimensional field
(e.g. (Lai et all [2002; |Girart et al., [2006])). However, since the polarization observations
are integrated along the line of sight, any tangling of the magnetic field in the line of sight
direction leads to a reduction in the measured polarization angle dispersion (Crutcher, 2012)).
We also note that this method is very sensitive to the amount of smoothing used to deter-
mine the curved zeroth order field pattern. Greater/lesser smoothing results in greater/lesser
measured o, which in turn results in a lower/greater field estimate. Therefore, this method
is sensitive to the user’s bias when selecting a smoothing kernel. As a result, there have been
a number of theoretical studies exploring the technique to try to calibrate and obtain finer

modifications to the technique for more accurate results.

A correction factor commonly used by observers (Crutcher] 2012) originates from Ostriker
et al| (2001)), who performed a number of simulations to access the effects of this line-of-
sight smoothing on various magnetic field measurement techniques. They found that, for
d¢p < 25°, a correction factor of ~ 0.5 to the right-hand-side of equation produced good
results. Heitsch et al.| (2001) extended this analysis to the effects of map resolution, finding
that as the telescope beam width increased, the magnetic field strength was increasingly
overestimated. They also proposed a correction to attempt to get around the small angle
restriction by measuring the dispersion in local tan ¢, which also necessitated a correction
to avoid underestimation when |¢| — 7/2. However, a more desirable approach would be to
determine how turbulence contributes to d¢ without the need to assume a particular ordered

geometry.

Falceta-Gongalves et al.| (2008]) executed a number of tests on numerical simulations to
develop a different method. They expressed the total plane-of-sky magnetic field strength
BFPOS = BPOS 4 6B, and made a similar but simpler modification to the CF formula than
Heitsch et al.| (2001) to obtain

o

BPOS 4 sBPOS ~  SAmp—— 2.2

with d¢ measured from the mean field. They also studied the effects of resolution on accuracy
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and found that the degradation of accuracy with decreasing resolution followed

C
BPOS — pros <1 + W) : (2.21)

with R representing the observational resolution in pixels, and B§®® (the best possible CF es-
timation) and C' are constants obtained from the fit. They found that this method produced

magnetic field strength values within 20% or less of the known value of the simulations.

Another technique that does not assume a specific ordered geometry was proposed by
Hildebrand et al.| (2009), which uses the second-order structure function of polarization
angles (see §2.3.1). When the separation is small, the contribution from the ordered field
is linear, and when the separations are larger than the correlation length the turbulent
contribution is constant (Hildebrand et all 2009; (Crutcher} 2012)). This allows for both the
polarization angle dispersion and the ratio of the turbulent to ordered magnetic fields to be
determined. Application of the technique to M17 and OMC-1 yielded results that were an
order of magnitude higher compared to Zeeman measurements, but this was attributed to
not correcting for integration over the telescope beam and along the line of sight. A follow-up
paper (Houde et al., 2009)) applied this correction and reduced the discrepancy to a factor

of a few.

2.2.4 Zeeman Splitting

The Zeeman effect refers to the behaviour of certain spectral lines in the presence of a
magnetic field. A strong external magnetic field causes the magnetic moments of atoms and
molecules to be coupled to the field, which in turn causes lines from degenerate energy states
with nonzero total angular momentum to be “split” into multiple non-degenerate energy sub-
states (Heiles et al.,[1993). For the normal Zeeman effect in an arbitrarily oriented magnetic
field, this produces three elliptically polarized components: an unshifted component (7), and
two components (o) with frequencies v = vy+ Av, (Heiles et al., [1993; Crutcher et al., 2003}
Heiles and Crutcher], 2005). Thus far, Zeeman observations are the only method available to
directly measure the magnetic field strength of molecular clouds (Crutcher, 2012; |Crutcher
and Kemball, [2019).

Theoretically, Zeeman measurements should provide all of the information required to
directly measure the full three-dimensional magnetic field strength between the three com-
ponents (Heiles et al., 1993} |Crutcher et al., 2003; Heiles and Crutcher] |2005; |Crutcher} [2012;
Crutcher and Kemball, 2019). The linear polarization of the 7 component is proportional to

the plane-of-sky magnetic field strength, the circular polarization (Stokes V') of the ¢ com-
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ponents is proportional to the line-of-sight magnetic field strength Byog, and the frequency
offset is proportional to the total magnetic field strength via Av, = Z|B|, where Z is the

transition-specific Zeeman sensitivity
P
h

where h is the Planck constant, g is the appropriate Landé g-factor, and u is either the

(2.22)

Bohr magneton or the nuclear magneton depending on the properties of the species under
observation (Heiles et al.| 1993 Crutcher et al., 2003; |Crutcher, [2012]).

However, there are some practical factors that make detection of the Zeeman effect diffi-
cult. One such limitation is that in order to have a detectable Av, either the magnetic field
in the region must be strong, or the species must have a large Z(Heiles et al., |1993; Crutcher
et al., 2003; Heiles and Crutcher] 2005). The strongest Z factors belong to paramagnetic
species, which have Z comparable to the Bohr magneton (Crutcher et al., 2003; Heiles and
Crutcher, 2005; Crutcher|, [2012). Most of the important astrophysical tracer molecules are
diamagnetic (Crutcher, 2012), and so have Z comparable to the nuclear magneton, which
is smaller by a factor of 1840 (Heiles et al., [1993; (Crutcher et al., [2003). As a result, the
Zeeman effect has so far only been detected for OH, CH3OH, SiO and H,O masers and select
lines in HI, OH, and CN for non-mased gas (Crutcher, 2012).

With the exception of OH maser detections, the frequency offset Av, for all species is
much smaller than the line width dv, meaning that the frequency of the oL components
generally cannot be resolved (Heiles et al., 1993; (Crutcher] [2012). This prevents the direct
measurement of the total magnetic field strength from the offset frequency. In addition, the
linear polarization of the Zeeman components is much smaller than the circular polarization
by a factor of approximately Av,/dv (Crutcher et al., 2003; Heiles and Crutcher] 2005,
preventing measurement of the plane-of-sky magnetic field. As a result, only information on
the line-of-sight magnetic field component via circular polarization can practically obtained
(Crutcher], 2012)). However, statistical analysis indicates that for a large sample of randomly
oriented magnetic fields, the average full magnetic field strength is 2Bpogs (Crutcher et al.|
2003; (Crutcher, [2004).

2.3 MHD Turbulence Diagnostics

Interstellar turbulence is characterized by fluctuations in density and velocity that appear
random. However, analysis via a number of statistical quantities shows that there is under-
lying structure in the statistics of the gas motions and density fluctuations (Lazarian| [2004).

Because turbulence is a main factor in supporting clouds against gravitational collapse, it is
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important to study how it dissipates to allow for stars to form (Hennebelle and Falgarone),
2012).

To fully explore turbulent statistics, observers must obtain measurements of velocity,
density, and size. Unfortunately, we can only directly measure velocity in the line of sight
(LOS) direction via Doppler shifts, and infer density from the two-dimensional spatial dis-
tribution of emission in the POS. It is most important to measure the velocity fluctuation

statistics, as they describe the nature of the type of motions involved (Lazarian) 2009).

2.3.1 Statistical Tools

There are multiple statistical tools that can be used to obtain the structure of chaotic
fluctuations in velocity and density. Here I summarize the general forms of the most common
statistical tools used for this purpose. Definitions for this section are from Elmegreen and
Scalo| (2004) unless otherwise stated. The one-dimensional energy spectrum E(k) is related
to the power spectrum via E(k)dk = P(k)dk = P(k)dkP where D is the dimensionality of
P(k) (Elmegreen and Scalo, 2004). If P(k) is the full three-dimensional power spectrum
then E(k) ~ k*P(k).

For any observational analysis of turbulence, the two most fundamental observables are
velocity and density. For the velocity field, the power spectrum represents how energy is
distributed in the system with spatial scale (Brunt and Heyer| 2002b; Elmegreen and Scalol,
2004) and E(k) has an expected single power-law distribution

E(k) ~ [k|™* (2.23)

with power spectrum
P(k) ~ |k| 7P (2.24)

(Brunt and Heyer}, [2002a,b)). The power law index 3 of these spectra helps to characterize
the underlying physics of the turbulence.

The Kolmogorov turbulence theory describes the expected statistics for isotropic, incom-
pressible turbulence where energy is injected at the largest scales and cascades down to
smaller scales without dissipation (Elmegreen and Scalo, [2004). For size scale r, the kinetic
energy transfer rate follows € ~ v(r)?/t(r) =constant, with scale-dependent turnover time
t(r) = r/v(r). It therefore follows that v(r) oc I'/3, and leads to an energy spectrum with an
expected 3 of 5/3 (Elmegreen and Scalo, 2004; Hennebelle and Falgarone, 2012).

When the medium is magnetized, the preferred direction of motion along the field lines

leads to turbulent anisotropy, with evidence from simulation and observation that most of
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the energy transfer happens perpendicular to the field direction (Hennebelle and Falgarone),
2012). |Goldreich and Sridhar| (1995) derived the energy spectrum while accounting for this
anisotropy, and found that kj oc k% /3, which leads to Kolmogorov scaling for the energy
spectrum perpendicular to the field: FE(k;) oc kf’/ 5, However, most numerical studies
produce a power law of E(k,) kl?’/ ? and the origin of the discrepancy and the correct
index are still a subject of debate (Hennebelle and Falgarone, 2012; |Alexakis and Biferale,
2018)). While these turbulent formulations were computed analytically, modern turbulence
theory and its connection to observation is derived from numerical turbulence simulations.

Because the observables only provide information in projection on the plane of the
sky, multiple techniques have been developed to try to reconstruct the underlying three-
dimensional spatial statistics from the limited observational information. This is compli-
cated, because the observed emission is affected not only by the density, but also by fluc-
tuations in velocity, and so the contributions of each cannot be easily separated (Esquivel
et al., 2007, Swift and Welch) 2008; Lazarian, 2009).

2.4 Models of Molecular Cloud Cores

Models of molecular cloud structures fall into two broad categories:

1. analytical or numerical models that assume detailed equilibrium, and

2. turbulent simulations of cloud formation, fragmentation and evolution, where conden-

sations emerge via stochastic magnetohydrodynamic perturbations.

The first category of models involves methods of varying complexity. For spherical core
models lacking a magnetic field, solutions can be found by solving linked ordinary differ-
ential equations (ODEs) describing the system. The simplest case uses Poisson’s equation
for self-gravitation and the equation for hydrostatic equilibrium, assuming radial symmetry.
A foundational example of this category of models is the self-gravitating pressure-bounded
isothermal core model described by [Ebert| (1955)) and Bonnor| (1956)). Other authors have
assumed a polytropic equation of state P = Kp? = Kp't'/"_ for example Curry and McKee
(2000). There are assorted variations on the same theme, such as the “ITNT” model of My-
ers and Fuller| (1992), the multipressure polytropes of McKee and Holliman I (1999), and
the composite polytropes of |Curry and McKee (2000). Each of these models attempts to
incorporate both thermal and non-thermal support via the equation of state. The “TNT”
model uses a composite equation of state that smoothly joins a primarily thermal interior,
representing the core, to a primarily non-thermal envelope structure. McKee and Holliman

11 (1999) use a similar construction that treats the total pressure as a sum of individual
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polytropes which represent the important non-thermal contributions, such as turbulent sup-
port. (Curry and McKee| (2000) use a Bonnor-Ebert-like construction of a core embedded in
a pressure-bounded medium, but split the core region into an interior and warmer envelope,
with specific jump conditions at a sharp interface.

The spherical equilibrium models have the benefit of being inexpensive to compute using
numerical ODE solvers. However, these models are also over-simplified, as they rely strongly
on spherical symmetry, do not explicitly incorporate turbulence (though they attempt to in-

clude it as a simplified isotropic pressure term), and neglect contributions from the magnetic

field.

Another common equilibrium modelling technique is the “self-consistent field method,”
which was first applied to this problem by Mouschovias| (1974), and greatly elaborated upon
by Tomisaka et al. (1988al); |[1988b; |1989; 1990; and [Tomisaka) (1991), which henceforth we
shall collectively refer to as the “TIN” papers. These techniques begin with a uniform
density and magnetic field in a spherical or spheroidal region, and then relax the structure
to equilibrium by self-consistently solving the equations of self-gravitating MHD using an
iterative algorithm. This method has an advantage over the spherical models mentioned
above, since it can produce magnetized, non-spherical cores that are in equilibrium, and
sometimes threaded by so-called hourglass magnetic fields, which have been observed in
nature (e.g. |Girart et al.| (2006); Doi et al.| (2021))).

The initial work of Mouschovias (1974) (and [1976a; |1976b) only considered gravity and
poloidal magnetic fields, which resulted in flattened core structures. The work of TIN ex-
tended this analysis to include the effects of rotation and toroidal magnetic fields (Tomisakal,
1991)). |Fiege and Pudritz (2000b) explored the application of cores containing both poloidal
and toroidal field components starting from a spheroidal region within a filament, often
finding substantially elongated structures dominated by the toroidal field.

Self-consistent field models are more computationally expensive than their spherical coun-
terparts in terms of both computational requirements and convergence time, and they are
complex to implement. They typically also assume azimuthal symmetry, although some ap-
plication to lateral slices of infinite cylinders with magnetic fields perpendicular to their long
axes have been explored by Tomisaka| (2014]).

Three-dimensional computational simulations can be used to explore the structures of
magnetized cores from an entirely different perspective. Unlike the models above, the cores
that form are usually not in equilibrium, and can potentially disperse under certain condi-
tions (Vazquez-Semadeni et al., 2005; Dib et al. 2007). Simulations begin with relatively
simple and often uniform initial conditions, but quickly evolve to generate structures such
as clumps, filaments and cores (e.g. Tilley and Pudritz| (2007); [Kudoh and Basu| (2008));
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Ballesteros-Paredes et al|(2018)). The resulting structures are dynamic, and can be studied

to connect their simulated properties to those measured from data. One important appli-
cation is using polarization maps derived from these simulations to provide a correction to
the Chandrasekhar-Fermi method (e.g. Ostriker et al. (2001)); Heitsch et al.| (2001)); |[Falceta-
\Gongalves et al.| (2008); (Chen et al|(2022)). However, while these simulations are powerful,

they cannot be used to fit individual observed objects due to the inherent randomness of the

individual condensations that naturally emerge from turbulence.



Chapter 3

PolCat Summary and Methods

This chapter is a pre-copyedited, author-produced PDF of an article accepted for publication
in Monthly Notices of the Royal Astronomical Society, following peer review. The version
of record Franzmann, E. L. and J. D. Fiege (2017). POLCAT: Modelling sub millimetre
polarization of molecular cloud cores using successive parameterized coordinate transforma-
tions. Monthly Notices of the Royal Astronomical Society 466, 4592-4613. is available online
at: http://dx.doi.org/10.1093/mnras/stw3380.

The structure of the paper has been reformatted slightly, and the introduction has been

reworked to better integrate with the thesis as a whole.

3.1 Introduction

In this chapter, we introduce our POLCAT software for modelling submillimetre polarization
and continuum maps. As discussed in Section [2.2.1] polarization maps provide information
on the direction of the underlying magnetic field, but are highly degenerate, in that mul-
tiple field geometries can produce very similar polarization patterns. To accommodate the
range of geometries possible in this degeneracy, POLCAT’s model-building framework was
designed to efficiently generate three-dimensional magnetized cloud core models with corre-
sponding polarization maps that can be fit for both continuum intensity and polarization
angle simultaneously.

PoLCAT’s basic operating principle is to use an advanced multi-objective optimization
platform called “FERRET”’ (Fiege, |2010) to search a space of parameterized coordinate trans-
formations, corresponding to a reasonable history of gas motions. The name “PolCat” is
a playful reference to its purpose both as a polarization modelling code, and the fact that

polecats are wild relatives of ferrets. The Ferret optimization software is discussed in Section

3.3
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PoLCAT’s transformations use the principle of flux-freezing in MHD to link a simple
initial cloud, uniform in both gas density and field, with a final core containing a realis-
tic density profile, which is obtained from a triaxially squashed/elongated Bonnor-Ebert
(Bonnor, (1956)) or polytropic sphere. Our library of transformations is designed to be repre-
sentative of the kinds of motions that a core might experience as it condenses from a more
diffuse configuration, and the library itself is extensible by the user. Our overall strategy is
to limit degeneracy by restricting the space of models to those that can be produced from
physically reasonable transformations, corresponding to previous motions of the gas.

While our current density models set up what is, in effect, a contraction from a uniform
density into a centrally-condensed profile, POLCAT is not limited to the assumption of an
initial uniform distribution. POLCAT’s transformation library is extensible, and, theoreti-
cally, we may apply any initial conditions to the cloud that we wish, such as magnetic field
topologies with closed loops. The extension of POLCAT’s modelling framework to other
geometries, such as filaments, is an eventual goal of development.

In its present form, POLCAT does not completely eliminate the degeneracy that is inher-
ent to polarization modelling, although we are developing new methods to impose further
limitations. We are not able to confirm any specific model geometry as the “true” model
representing the actual field structure threading the core. However, we are are able to
eliminate non-physical candidate geometries. Each run of the code provides a database of
three-dimensional models that may explain the data, while eliminating large swaths of pa-
rameter space that can be ruled out. Thus, POLCAT provides an in-depth exploration of
models, providing insights into both what can and cannot be determined from the data.
Our modelling strategy is data-driven in the sense that we focus on internally consistent,
empirical models with a great deal of flexibility and minimal physical assumptions, allowing

the data to guide the exploration.

3.2 PolCat Fundamentals

Polarized emission from molecular cloud cores gives us information on the plane-of-sky mag-
netic field component averaged over the line-of-sight. Total intensity I provides information
on the shape and density structure of the core, and the linear polarization parameters )
and U provide information on the core’s magnetic field structure and dust properties via
the strength and direction of the polarized electric field of the dust emission. It is common
practice to simply rotate the electric field polarization vectors by 90° to deduce the structure
of the plane-of-sky magnetic field component of the object. However, observed polarized

emission is the integrated result along the line of sight, meaning that the field inferred from
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a rotated polarization map may not bear much resemblance to the actual three-dimensional
magnetic field structure.

We created POLCAT to explore the range of possible three-dimensional core and field ge-
ometries that produce observed polarization patterns. POLCAT generates three-dimensional
parametrized models of magnetized molecular cloud cores and simulates telescope observa-
tions to produce simulated Stokes I, (0, and U maps, which are converted to I, polarization
position angle i, and polarization fraction Pf.q.. POLCAT uses the Ferret multi-objective
optimizer to search the configuration space of density and magnetic field structures, to find
models that best agree with observational maps (usually using only I and x,.). The details

of our modelling method are described in Section [3.2.1} and our parameter search method is
described in Section 3.3

3.2.1 Modelling Technique

PoLCAT’s approach to building three-dimensional models uses successive parametrized co-
ordinate transformations to transform a uniform field and density distribution into the final
configuration. To simplify ray-tracing of the three-dimensional model for polarization map
simulation, we require the final grid to be rectangular, with the z-z plane of the grid defined
with the same dimensions as the input polarization map. We begin with this uniform, rect-
angular grid, which we define as the “final” or “most-primed” system of coordinates (r™ for
n transformations). We apply the inverse of each coordinate transformation in reverse order
to the grid to take it into the “initial” or “unprimed” system of coordinates (r(*)), on which
the initial density p(® and field configuration B(® are defined. The density and magnetic

field of the core are then transformed forward according to

(n) q(n=1) . 7@Q)
B — J"T J .BO
— - (3.1)
det j(n) det j(n ). .. det j( )
and 0
P P (3.2)

~ et T det 70V .. dot 7O

where each J (k) is the 3 x 3 Jacobian matrix of the kth coordinate transformation with

elements ®
oxr:
g = Zh (3.3)

axg'kfl) ’

Figure [3.1] shows this process for a simple model with three transformations. POLCAT
models are defined by the list of applied transformation components and their corresponding

parameters, which it uses to generate three-dimensional core models. We then project this
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three-dimensional core model to create a simulated polarization map using a modified form
of the technique of |Fiege and Pudritz| (2000&), which we outline in §3.2.3] We outline the

main transformations in the POLCAT transformation library in Section [3.5]

3.2.2 Semi-Analytic Coordinate Transformation

In this section we show how to derive the Jacobian (equation (3.3)) to transform an initially
uniform region into a numerically defined, radially symmetric density profile. We discuss
specific transformations in the POLCAT library in Section [3.5]

For radial symmetry, a transformation from an initially uniform density profile to a
centrally concentrated core-like configuration behaves like a radial “stretch”. Assuming co-

linear axes, the coordinate transformation equation is therefore

/

We can link 7’ and r by mass conservation. We require a sphere of radius 7 in the less-primed
(uniform density) coordinate system to enclose the same amount of mass as the corresponding
sphere of radius r’ in the more-primed (centrally concentrated density) system. In differential

form, this condition of mass conservation becomes
dM = dmpridr = Amp/r*dr, (3.5)

which we can integrate, accounting for p being uniform in the less-primed medium, obtaining

r= (s [ 20 ar) ” (36)

However, realistic density distributions often do not have a closed, analytical form, which
requires them to be expressed numerically. Analytic approximations of core density profiles
exist, but often the result of equation is so complicated that they are impractical to
use. To eliminate the need to take numerical derivatives to compute the elements of the
Jacobian matrix, we can use equation and apply product rule and chain rule to expand
equation into the form

/

or’ pr? xixy v g r
ij — = - +—52“, 3.7
Jiy ox;  pr? r? r ( r? > rY (37)

where ¢;; is the Kronecker delta. Currently, POLCAT’s main density profile is that of a

general truncated polytropic sphere in hydrostatic equilibrium, with equation of state P o p”
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Figure 3.1: POLCAT model process for a 3-component model consisting of the transformations LinearTwistA (§3.5.2), POLY
(§3.5.1), and Scale (§3.5.4), in order of operation. a)-d) show the reverse coordinate transformation, starting with (a) the most-
primed rectangular grid, through (b) Scale, (¢) POLY, and (d) LinearTwistA. In the bottom row, (e) starts with a uniform
field and density defined on the transformed coordinates, then applies the forward transformations for the (f) LinearTwistA,
(g) POLY, and (h) Scale. Figure adapted from [Franzmann|(2014).

qc
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Polarization Map Projection

Figure 3.2: Internal model geometry demonstrating the direction of polarization map pro-
jection

and with density outside the truncation radius set to a constant value (see Section |3.5.1).

The commonly used Bonnor-Ebert sphere 1956) is a special case of our polytropic
model with v = 1.

3.2.3 Polarization Map Simulation

Here, we present our technique for simulating polarization maps, which is slightly modified
from the technique of [Fiege and Pudritz| (2000a).

To compute the simulated I, @), and U maps for our models, we first integrate the

following quantities along the line of sight (y-direction, see Figure [3.2)):

Y= /p dy, (3.8)
Yy = /p 9(p) (% - %) dy, (3.9)

q= / p g(p) cos 2 cos” yry dy, (3.10)

u= /p g(p) sin 2¢ cos® v, dy, (3.11)

with 7, representing the angle between the field and the plane of the sky (z-z plane by our
convention). Angle ¢ is defined such that ¢» — 90° is the angle of the plane-of-sky magnetic
field component counter-clockwise from the z-axis (North). Evaluation of these integrals is
computationally trivial due POLCAT’s final grid being uniform, with the y-axis parallel to
the line of sight by construction. The function g(p) represents our attempt to empirically

model variations in grain alignment efficiency and their ability to emit polarized light, which
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we assume to be a function of the local gas density. We parametrize g(p) as

B
o) = (1-1-2) (3.12)
Pmaz
where I' and 3 are model parameters. This function allows the effect of grain alignment
in denser regions of the core to be reduced, thus simulating the “polarization hole” effect
(Weintraub et al., [2000)). The effect of this function on the maps can be eliminated entirely
by setting either S or I' to a value of 0. We note that the analysis in this paper assumes
that B =1 = 0. However, POLCAT contains this functionality as an option to explore grain

properties and alignment.

The Stokes vector components are then calculated by

I = Cfluac (2 - 0622) R (313)

Q = Cruzq, (3.14)
and

U= C'flmocu, (315)

where Cfpy, and « are constants that estimate the dust grain emission properties (see |Fiege
and Pudritz 2000a). The flux constant Cl, is in units of Jy beam™! g7t cm?, and is
dependent on cloud temperature and dust extinction (Johnstone et al.; 2003). We may treat
Cliue as a free parameter, but we obtain better results if we fix this value to a reasonable

estimate. We choose an estimate of 5.18 Jy beam™! g=! cm?

using the method of |Johnstone
et al| (2003)), adjusted for the 20" effective beam size of the maps in the SCUPOL Legacy
Catalog (Matthews et all 2009)), which is our primary data source. Once the Stokes vector
components have been computed, we convolve each map with a Gaussian with FWHM
equivalent to the beam size of the instrument that produced the data. For our simulated

data, we set this to 20” to match the SCUPOL Legacy Catalog.

Position angle X, intensity of polarized emission Pj,,, and the corresponding fractional

intensity Ppq. are then determined by the equations

1 U
Xpol = 5 tanil (@) 5 (316)

Pflua: =V QQ + U27 (317)
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and

(3.18)

3.2.4 Fitness Functions

Our approach clearly divides the tasks of model generation, performed by POLCAT, from
the parameter search, which is controlled by Ferret. A setup file specifies the range of all
parameters that are to be searched, plus other control parameters required by Ferret to
control the search. POLCAT generates three-dimensional core models from the parameters
received from Ferret, simulates an observation to produce model polarization maps, and
evaluates their goodness of fit. These goodness of fit objectives are then sent back to Ferret,
which chooses the next set of parameter sets to evaluate.

Linear polarization data are typically split into maps of the Stokes vector components
I, @, and U, from which maps of polarized intensity Pf,,, fractional polarization Pfpqac,
and position angle of the polarized electric field vectors x,, are computed. Fitting to [/
alone only yields information on the core shape and density structure, and the polarization
parameters only yield information on the magnetic field. Ideally we must fit for the intensity
and polarization simultaneously. However, the approach of combining these quantities into
a single fitness objective is problematic, as the uncertainty in I is typically far smaller than
that on (Q and U. When combined into a single objective, the fit to intensity completely
dominates and produces polarization maps that are a very poor match to the input dataset.

Therefore, we take a multi-objective approach that does not combine the objectives.

In multi-objective optimization, the optimal solutions exist on a Pareto front, or tradeoff
surface, which has the property that for any Pareto-optimal solution, no objective function
can be further improved without degrading at least one other. In practice, the true Pareto
front may be difficult to find. Ferret is designed to seek a set of non-dominated solutions,
defined by the property that no solution in the set is equal to or superior to any other in
all objectives. With a sufficiently large population evolved over many generations, Ferret’s
final non-dominated set of optimal solutions should ideally approximate the Pareto surface,
although this is difficult to prove in practice, especially for non-linear problems like this
one. A dual-objective Pareto surface generally has a bend or “knee” where solutions that
are the most balanced between the two objectives reside. The benefits of a multi-objective
approach when attempting to fit to polarization data is that it allows for consideration of both
continuum intensity and polarization separately but simultaneously, potentially producing

models that can describe both the intensity and polarization characteristics. However, it is
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not straightforward to apply some statistical analysis techniques such as confidence maps
to multi-objective problems, due to the solutions representing the tradeoff between two
different fitness criteria. One potential approach for future consideration could be to use the
tradeoff curve to determine the equivalent weights of the two reduced y? values, to combine
them into a single factor (i.e. x> = wx7 + (1 — w)x5,). This value could then be used
to calculate confidence intervals, bridging the multi-objective approach and the standard
confidence interval approach.

The objective functions F'x that we minimize are given by the reduced chi-squared func-

tion x2:
N

o ! [(Xi)as — (Xi)o]*
Fx=xp=5—r—12. ; (3.19)

i= IX;

for N real-valued data map pixels (X;)p (with corresponding model map pixels (X;)as), and
v model parameters. Here X is a placeholder for I, x,0, and possibly Pprqc.

Computing the F)_, objective is complicated by the 180° cyclical nature of polarization

pol
vectors. To ensure that we are truly computing the smallest possible distance between the
data and the model angles, the difference between the data and model values must be less
than 90°. We first take the remainder of dividing the angle values by 180°, which reduces
the angles to their smallest equivalent between 0 and 180°, and take the absolute value of
the difference. Differences of greater than 90° are set to their equivalent value in the 0 — 90°
range by subtracting them from 180°, from which we compute the fitness value.

We obtain poor results when we use the Stokes vector components I, (), and U directly in
equation . In particular, we find poor results in the pattern of the polarization vectors
immediately outside the bend of the trade-off surface. Small changes in () and U have a
large effect on the polarization position angle x,,. Thus, while the simulated ¢ and U maps
are often reasonable fits to the () and U observational maps, they tend to poorly reproduce
the observed polarization angles. We instead replace I, () and U equivalently with I, xpa,
and Pfpq.. This reparameterization produces better results.

We find the best results from a two-objective fit using I and x,, only. Adding Pfpqec
as a third objective tends to prioritize fits to the polarization objectives over intensity, as
two of the three objectives are dependent ) and U. The results may become degraded to
the point where none of the optimal solutions match the input dataset, due to dilution of
the models over parts of the Pareto front far from the region of best fit in I and x,,. We
argue that for a selected model, the fit to the intensity map is more important due to the
polarization patterns being highly degenerate in general. While we may obtain a model with
a polarization pattern that fits the dataset, if the model geometry produces an intensity map

completely inconsistent with the data the model geometry can be ruled out.
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3.2.4.1 Fitness Penalty Functions

We apply a series of penalty functions to the fitness values to discourage the code from
selecting models in undesirable areas of the parameter space, such as locating the model
core at the edges of the map where the intensity is low. Note that this situation can occur
in a multi-objective approach without constraints on the fitness values, since a very poor fit
to I would not be disallowed if it were an exceptional fit in x,,.

Each penalty function P operates in the same way. When the penalty function is trig-
gered, it starts at a large discontinuous value that gets larger as the penalized violation gets
worse. If the penalty is not triggered, then the value reduces to zero. A P value is calculated
for every solution in the set and added to every objective in the fit. The magnitude of P
does not matter as long as it is much larger than typical values of the objective functions
and reduces to zero inside the allowed region. The three penalty functions that we use are
outlined below.

To prepare a dataset for use with POLCAT, the first step is to use an intensity contour
to “clip” the core out of a larger map while leaving enough of the background for context.
However, this technique typically leaves empty pixels (NaN) at the corners of the map
due to the generally ovular core shape. Earlier versions of POLCAT showed an occasional
tendency to centre the model in these areas as it could occasionally gain excellent fits to the
position angle map despite the poor fit to the intensity map. The first penalty function, P..,,
discourages selection of models centred on masked (removed) pixels, scaling with distance of

the core center from the nearest non-masked pixel:

0, where I(Ax,Az) is defined
Pren = 4100 x |1+ min (/(X = Aa? + (Z - A2)) |, (3.20)
where I(Ax, Az) is NaN

where X and Z are arrays representing the x and z positions of all non-masked pixels in the
map, and Az and Az are the coordinates of the model centre (offset from (0, 0), see §3.5.7)).
This penalty goes to zero if I at the model centre is not NaN.

The second penalty function P,,; discourages the code from selecting solutions with sur-

faces that intersect with the front and back of the model cube:
P =5x(A+ B) (3.21)

for A voxels at ¥y = ynin and B voxels at y = ymax With density greater than that at the

core surface. The jump in fitness value is implicit because A and B are integers. A scaling
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constant of 5 is enough for this penalty to be effective. Such models are undesirable because
parts of the core that extend outside the computational grid are effectively missing, and not
counted when we compute the polarization map. In addition, the code sometimes explores
nearly cylindrical solutions oriented with their long axes parallel with the line of sight. Such
models are not core-like and require a very precise and unlikely viewing angle. They generally
intersect with the front and/or back of our computational domain, and are therefore excluded
by equation ([3.21]).

The third penalty function restricts the acceptable range of fitness values to some specified

upper threshold:

Priv =Y _w; x /(100 x F;)? + (F; — F"ae )2, (3.22)

where 7 counts over the number of objectives, and w; is a logical constant with a value of 0
if F; is under the threshold F/"**, and 1 if it is over.

We include the second term, which scales with the difference between F; and the thresh-
old, to help “guide” Ferret toward more useful areas of the parameter space. This penalty

function reduces to zero when all fitness values are within the threshold.

3.3 Ferret

The Ferret Genetic Algorithm is a powerful multi-objective evolutionary optimizer, which
is a part of the QUBIST global optimization toolbox for MATLAB developed by co-author
JDF'. Ferret has been in development since 2002 and is distributed by nQube Data Science
Inc. (www.nqube.com), which distributes the software and applies it to data modelling and
optimization problems in industry. In astronomy, Ferret has been applied to the problem
of modelling the density structure of a filamentary molecular cloud (Fiege et al., 2004]),
modelling strong gravitational lens systems (Rogers and Fiege, 2011bla, 2012), kinematic
modelling of warped rotating galaxy disks (English et al., |2010)), and pulse profiles from
pulsars (Stevens et al., |2016]). Ferret is also the optimizer that drives PARETO (Pareto-
Aware Radiotherapy Evolutionary Optimization), an experimental treatment planning and
optimization system for cancer radiotherapy (Fiege et al., 2011)).

Ferret began as a real-valued multi-objective genetic algorithm (GA) similar to that
described by [Fonseca and Fleming (1993} [1998a,b|). Multi-objective optimization algorithms
are designed for problems that require optimization of more than one objective function.
Our problem is of this nature, since we wish to explore the trade-offs between fits to I, X,
and possibly Pfqc, as discussed in Section A multi-objective code searches for the

set of non-dominated solutions defined by the property that no solution can be found that
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improves any one objective without degrading at least one other. This principle is known
as Pareto-optimality, which represents an unbiased way to perform optimization of multiple
objectives. A code that performs multi-objective optimization in the Pareto sense does not
combine objective functions in any way, but rather attempts to sample a curve (for dual
objectives) or a multi-dimensional surface containing these non-dominated solutions. The

resulting solution set represents a database of models that are all optimal in the Pareto sense.

Several features have been added to Ferret since its inception, which are not typical of ge-
netic algorithms. For example, Ferret includes an auto-adaptation algorithm that optimizes
several of its own control parameters using a technique that is similar in spirit (but quite
different in implementation) to Evolution Strategies. Ferret also includes a unique type of
“linkage-learning” algorithm (Goldberg, |2002), which has the ability to break large parame-
ter search and optimization problems into smaller sub-problems, thus greatly simplifying the
search. With these features, Ferret is quite an unusual evolutionary code, which does not
strictly conform to the definition of a GA. However, the name “Ferret Genetic Algorithm”
is retained, partly for historical reasons, and partly because it remains closer to the GA

paradigm than to other types of evolutionary optimizers.

Ferret contains numerous other features that make it well-suited for the computationally
intensive polarization modelling problem at hand. For example, it contains built-in par-
allelization, which greatly decreases the overall run time by splitting the calculations over
multiple processors. It is a multi-population code with an automated zooming feature, which
allows each population to focus on its own particular region of the parameter space. This
technique is especially useful for problems that contains separated “islands” of solutions in
parameter space. Ferret also contains an integrated visualization system, which helps users
to monitor progress and understand the structure of the parameter space and trade-off sur-
face. The features of the software are discussed at length in a comprehensive user’s manual
(Fiege, [2010), which is included with the code, and also available on the nQube website.

It is important to note that POLCAT and FERRET are packaged together, but func-
tion as separate programs that work together at arms length (Figure . PoLCAT is a
self-contained model-building package that uses Ferret as an optimizer, but contains no op-
timization capabilities of its own. Similarly, FERRET is a general purpose optimization code,
which embodies no understanding of molecular clouds, magnetic fields, or polarization on
its own. POLCAT defines the parameter bounds, builds models of the density and magnetic
field, and judges the fitness of any given parameter set. Ferret’s role is to intelligently select
parameter sets where it wishes to search. POLCAT’s parameter space is moderately large
(typically on the order of approximately 13 parameters, although this may vary depending

on the transformation template chosen), and each evaluation is computationally expensive;
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Figure 3.3: An illustration of how POLCAT interfaces with FERRET
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thus, FERRET’s ability to efficiently navigate high dimensional spaces and map regions con-

taining solutions is crucial.

3.4 Dimensional Scaling

The model is computed in dimensionless units so dimensional scales must be restored to
compare with data. We define the dimensional units (r, p) as related to the dimensionless
units (7, p) in the following way:
r=roT, (3.23)
p = pop- (3.24)

In general, the magnetic field does not need to be scaled, as its only influence on the po-

larization map calculation is in its direction and not its magnitude. The radial scale rg is

defined as:
2
op
— 2
"o \/ 47 Gpy’ (3:25)

with py and oy — defined for our model’s purposes as the initial density and velocity dispersion

of the cloud — as parameters in the model. Since the Jacobian is dimensionless, the model

can be computed in dimensionless units and scaled back into physical units at the end of the
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computation.

3.5 Coordinate Transform Primitives

This section introduces the reader to the library of coordinate transformations that are
currently defined in the POLCAT software. We note that 1) not all transformations need to
be applied at once, 2) the sequence of transformations can be defined by the user, and 3) the
library can easily be extended by the user. We first discuss a numerically defined polytrope
transformation, followed by several simple analytic transformations. For a more thorough

description of POLCAT’s complete transformation library, see |Franzmann| (2014)).

In the discussion that follows, we define the “core axes” as the principal axes of the
triaxial core, which remain attached to the core regardless of its final orientation. For an

axisymmetric model, the core z-axis is the field symmetry axis.

3.5.1 Polytropic Sphere Transformation (POLY)

PoLCAT’s current basic density model transforms a uniform density and magnetic field
to that of a self-gravitating, equilibrium, pressure-truncated polytropic sphere, obeying a
polytropic equation of state

P=Kp. (3.26)

In addition to the dimensional scaling as defined by equations and (| -, we
also define dimensionless pressure P, polytropic constant K, grav1tat10nal potential ®, and

gravitational acceleration magnitude g:

P =olpP (3.27)
K = (o3/py K (3.28)
o = o2 (3.29)
g=(03/70)3. (3.30)

For convenience, we drop the tilde notation, but quantities will be assumed dimensionless
for the remainder of the paper unless stated otherwise.
The density profile inside the truncation radius is obtained by rewriting Poisson’s equa-

tion for gravitational potential V2® = p, in conjunction with the equation for non-magnetic
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hydrostatic equilibrium, pV® + VP = 0:

id

v 31
dg 2

< =p-= 3.32
=P 0 (3.32)
dp g

& R (3.33)

This transformation has five (dimensionless) parameters: K, the constant in ; v,
the polytropic index; p., the central density of the core relative to the initial density of the
cloud; pest, the density outside the truncation radius; and P, the external pressure. The
truncation radius is determined at the point of pressure balance P = P,,;, and the density
external to this radius is set to pey;. The result is a sharp-edged, pressure-bounded core
with an hourglass (centrally contracted) field geometry embedded within a uniform exter-
nal isothermal medium that contributes to intensity and polarization. We note that cores
produced with POLY are not precisely in equilibrium, which would require the inclusion of
magnetic field terms. Such models are generally too slow to compute and do not produce
a radially symmetric density profile, which is required for this method. We note that equi-
librium models such as those calculated by [Tomisaka et al. (1988a)) are axisymmetric, in

contrast to the non-equilibrium triaxial models computed by our method.

3.5.2 Asymmetric Linear Twist (LinearTwistA)

The asymmetric linear transformation twists the field parallel to the core z-axis by adding a
displacement to the azimuthal angle that scales linearly with height. The forward coordinate

transformation (in terms of cylindrical coordinates) is given by
¢ = b+ cruisez; 7 =15 2 =2, (3.34)

with ¢y being the model parameter governing the amount of twist. The end result is a

helical magnetic field with no change to the density distribution.

3.5.3 Symmetric Linear Twist (LinearTwistS)

This transformation behaves similarly to the asymmetric linear twist (§3.5.2]), but with the

twist being symmetric about the core x-y plane such that the twist switches direction at core
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7z=0. The forward transformation is
¢ = ¢+ cruisel2zl; T =1 2 =2, (3.35)

again with ¢, as the parameter governing the amount of twist. As with LinearTwistA,

the amount of twist scales linearly with z and does not alter the density distribution.

3.5.4 Triaxial Scale (scale)

The scale transformation converts spherical surfaces into triaxial ellipsoidal surfaces while
conserving volume. The amount of “stretch” on the x— and y—axes are defined by parame-

ters a and b, with the transformation itself given by
¥ =ax; y =by; 2 = z/(ab). (3.36)

The effect of this transformation on a spherical core is to transform it into a triaxial ellipsoid,

without affecting the central density or volume of the core.

3.5.5 Spheroidal Scale (scaleCyl)

This transformation is identical to the triaxial scale transformation but the stretch on
the x— and y-axes is defined by a single parameter, a, producing core shapes symmetrical

about the z-axis. The transformation is given by
v =ar; ¥ = z/a’. (3.37)

The Jacobian determinant of this transformation is unity, therefore this scale also conserves

volume.

3.5.6 Solid Body Rotation (RotateA)

This transformation is a basic three-dimensional rotation that orients the core axes relative
to our projection direction, or line of sight (the negative y-axis in our convention). This
transformation is performed by: 1) A rotation about the positive z-axis by angle ¢, 2) A
rotation about the positive z-axis by angle 7, and 3) A rotation about the positive y-axis by
angle PA.

After this sequence of solid-body rotations, 7 represents the inclination of the core z-axis

to the line of sight, and P A represents its position angle to the most-primed z-axis projected
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onto the plane of the sky.

3.5.7 Shift

The shift transformation moves the core away from the origin in the z-z plane by adding a

constant offset to the z- and z-coordinates.
¥=x+Ax; v =Ay; 2 =2+ Az (3.38)

The Jacobian for this transformation is the identity matrix. This transformation is required
because a dataset created by clipping the core out of the background may not be perfectly

centred in the map.

3.5.8 Other Transformations
The other transformations in the POLCAT library include:

1. A transformation which produces a singular isothermal sphere density profile,

2. Symmetric and asymmetric twists which substitute the linear angular displacement in
equations ([3.34) and (3.35) with a factor that scales as 2™,

3. A transformation that bends the core such that segments between z = z; and z =

2o + arg are mapped to circular arcs of angular size «, and
4. A bend that maps the z-axis of the core to a sinusoidal wave.

The analysis in this paper did not require the use of these transformations, and therefore
they will not be discussed in further detail here. For a more complete discussion of these
transformations, see [Franzmann| (2014)).

We note that POLCAT’s library is extensible; any transformation can be added as long
as the forward coordinate transformation, the reverse coordinate transformation, and the
Jacobian matrix can be computed. Additionally, the methodology of Section [3.2.2] can be

applied to any numerical radial density profile that can be computed by the user.

3.6 Model Tests

As a test of POLCAT, we generated test datasets from three of POLCAT’s basic model
templates: 1) a 4-component template consisting of (in order) POLY, Scale, RotateA, and
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Shift (noTwistBE); 2) a 5-component template that consisted of the 4-component template
with a LinearTwistA as the first transformation (basichBE); and 3) a 5-component template
identical to the previous, with a LinearTwistS transformation in place of LinearTwistA
(basicbBES).

3.6.1 Definitions

We refer to the generating model for a particular artificial test dataset as the “seed model”
of that dataset for the remainder of this paper. We note a difference in our terminology
between the “seed model,” which is the noise-free artificial dataset generated from the list
of transformations, specified by the parameter values used to generate the dataset, and the
“seed model template,” which specifies the class of models defined by the list of transfor-
mations only (with appropriate parameter ranges). We define the “artificial dataset” as the

seed model with added Gaussian noise, as discussed below.

3.6.2 Methodology

For an actual dataset, we normally run fits with multiple models to properly explore the range
of possible geometries (model classes) that might describe the core. Our main objective with
these tests is to not only evaluate POLCAT’s effectiveness at reproducing features of the seed
model, but also to identify trends in the results to create a “litmus test” of sorts, which helps
identify when the “wrong” model is applied to real data.

As the size of the cores from the SCUPOL Legacy Catalog (Matthews et al., 2009) are
typically 10 pixels to a side, we have chosen simulated map dimensions of 10 x 10 for all of

our tests. We have generated five categories of seed model:

Case 1: A 4-component spherical core with RotateA inclination angle set to 0°, 30°, 60°,
and 90° (noTwistBE, four datasets),

Case 2: A 4-component oblate spheroid core oriented at 0°, 30°, 60°, and 90° inclination
(noTwistBE, four datasets),

Case 3: A 4-component triaxial hourglass field core flattened along the core’s z-symmetry
axis, with ¢ of 30° and inclination angles of 0°, 30°, 60°, and 90° (noTwistBE, four
datasets),

Case 4: A 5-component twistA triaxial core elongated along the core’s z-symmetry axis,
with a ¢ of 60° and inclination angles of 0°, 30°, 60°, and 90° (basichBE, four datasets),
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Case 5: A 5-component twistS triaxial core with the same shape as Case 3, oriented at the

same inclination angles.(basichBES, four datasets).

The input parameters for each seed model are shown in Table [3.1]
In addition to the Stokes I, 2, and U maps, POLCAT also requires variance maps for
each quantity so that it can compute the reduced x? (equation (3.19))) between the solutions

and the data. For our test data, we generated variance maps by

o7 =cil (3.39)
0'22 = CQPﬂuz (340)
O'z,v = CUPflm:; (341)

with each cy computed by averaging the median values of 0% /X (where X = I,Q or U
respectively) from a selection of SCUPOL Legacy catalogue datasets. After this step, we

produced the final artificial data maps X4, by adding scaled Gaussian noise via
Xaat = X + 0x x randn(size(X)), (3.42)

where randn(size(X)) is a random array generated from a Gaussian distribution with the
same dimensions as X, scaled by the uncertainty map ox calculated in equation . The
three-dimensional structure of the Case 1 seed model with the four artificial datasets for
each inclination are shown in Figure|3.4] For brevity, the corresponding figures for Cases 2-5
are shown in Figures in Appendix [B]

We performed fits to each test dataset using both hourglass and twisted field geometriesﬂ
(either with an asymmetric twist template, or both asymmetric and symmetric twist tem-
plates) with both spheroidal and triaxial geometries (between four and six different model
templates).

In total, approximately 400 individual runs were performed. The final merged trade-off
surfaces represent the cumulative results of at least three runs for each template geometry.
There were 106 solution sets after merging.

Due to the small size of the images used, it is not feasible to fit for the polytropic index
~v. As such, we have frozen v to a value of 1 for all runs. To test the effect of fitting a
non-Bonnor-Ebert polytropic model with a Bonnor-Ebert profile, we also generated several
test cases with v = 0.8 and v = 1.2 and fit them with model templates where v was fixed to

a value of 1, as in the runs on the Bonnor-Ebert sets. To further help the parameter search,

'We note that the twisted fields do also show an “hourglass” shape, with the field lines wrapping around
the hourglass due to the nature of the density transformation. However, we use the term “hourglass fields”
to refer to the twist-less models for simplicity.



Template Parameter Values

Case Name Sequence Po 0o Ctwist K Pe Pout Pout Qscale bscale ¢ Az Az { FI FXpol

(gem) (kms) () (ix) (pix) ()
1 Spherical POLY —Scale— 5 x 1072 1 - 0.8 150 0.2 0.1 1 1 0 0 0 0 1.04 1.25
Hourglass RotateA—Shift 30 1.07 1.20
(noTwistBE) 60 1.20 1.25
90 0.99 1.08
2 Oblate POLY—Scale— 5 x 10720 1 -~ 08 150 02 01 12 12 0 0 0 0 075 1.19
Hourglass RotateA—Shift 30 099 1.04
(noTwistBE) 60 1.22 1.39
90 1.06 1.37
3 Triaxial POLY —Scale— 5 x 10720 1 - 0.8 150 02 0.1 1 1.2 30 0 0 0 108 1.17
Hourglass RotateA—Shift 30 1.21 1.15
(noTwistBE) 60 1.27 1.49
90 1.15 1.35
4 Triaxial LinearTwistA— 5 x 1072° 1 5 0.8 150 0.2 0.1 1 0.8 60 0 0 0 096 1.28
Asymmetric POLY—Scale— 30 0.95 1.42
Twist RotateA—Shift 60 1.01 1.37
(basichBE) 90 1.17 0.95
5 Triaxial LinearTwistS— 5 x 1072 1 ) 0.8 150 0.2 0.1 1 1.2 30 0 0 0 137 1.18
Symmetric ~ POLY—Scale— 30 149 1.08
Twist RotateA— Shift 60 1.07 0.98
(basichBE_S) 90 1.11 1.09

Table 3.1: Parameters and templates used to generate the seed models for the test data. RotateA position angle PA is set to

zero in all cases.
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Figure 3.4: Seed model for the Case 1 dataset at 0° inclination (top), with all four of the
Case 1 artificial datasets (0°, 30°, 60°, and 90°, bottom). Corresponding figures for Cases
2-5 are located in Appendix .

we have also applied the threshold penalty (equation (3.22)) for solutions with F; > 25 and
F,. > 10.

Xpol

3.6.3 Bonnor-Ebert Test Cores

Here we present the results of fits to the artificial datasets specified in the previous section to
model templates with Bonnor-Ebert density profiles. Figures 3.7, and show
a selection of knee solutions from fits to each of the test cases, with the three-dimensional
structure shown on the left of each subfigure, and the model polarization vectors and intensity

contours plotted on top of the seed model and artificial data for comparison.

3.6.3.1 Fitness Values

In many cases, when a 4-component untwisted hourglass model was applied to datasets
generated from cores with twisted magnetic fields (Cases 4 and 5), the results were above
the fitness threshold penalties for both I and x,,. As an experiment, we relaxed the fitness
thresholds for these models to test if the restriction was causing the code to converge too
early, preventing it from finding a better region of the parameter space. However, this did
not improve the non-penalized fitness values, nor did it change the families of solutions

produced. Therefore, acceptable untwisted models could not be found when the seed model
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Figure 3.5: A selection of model solutions for Case 1, with (a) the 30° inclination seed model
shown for comparison. Each model shown shows a selected knee solution corresponding to a
fit with: (b) the seed template (noTwistBE) to the 30° set; and (c) the basichBE template to
the 30° and (d) 60° sets. Each pair of images shows the three-dimensional structure (left) and
polarization maps with intensity contours (right), with the selected model shown in black,
and the corresponding artificial dataset (red) and seed model (blue) shown for comparison.
Corresponding figures for Cases 2-5 are located in Section 77.

had a twisted field geometry.

For every test dataset that we generated, we calculated a fitness value for the parameters
of the noise-free seed model and its corresponding noisy artificial dataset. This gave us a
direct comparison between the models found within a solution set and the seed model. We
found that, for the seed models with a high degree of symmetry (i.e. the spherical and oblate
spheroid test sets), the majority of the applied models show fitness curves where the knee
falls in a region that is an improvement over one or both the seed model fitness values. In all
cases, if this behaviour was exhibited, it was from the seed template. This effect is explained

by the added noise perturbing the best fitting solutions away from the seed model.

3.6.3.2 Field Twists

Models with a twisted field component reduce to simple hourglass magnetic field when the
twist parameter ¢, is set to zero. Therefore, all four of the models with twisted magnetic
field components that we applied to the data had the potential to recover an hourglass field
geometry with their selected choice of ¢;;5. When a field twist was allowed, most of the fits

to the Case 1 (spherical hourglass) and 2 (spheroidal hourglass) datasets tended to select
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Figure 3.6: A selection of model solutions for Case 2, with (a) the 30° inclination seed model
shown for comparison. Shown are selected knee solutions corresponding to fits with: (b) the
seed template (noTwistBE) to the 30° set; (c) the noTwistCylBE template to the 30° set
(seed geometry), (d) the seed template to the 60° set; and (e) the basichBE template to the
30° and (f) 60° sets. Polarization maps are coloured identically to those in Figure 3.5,

small values of ¢y that did not produce significant twists. The exceptions were in the
60° inclination Case 1 set (Figure[3.5(d)), and the 30° inclination Case 2 set (Figure [3.6(e)).

Generally, spheroidal models did not produce twists when the seed model did not contain one.

For the Case 3 (triaxial hourglass) tests, approximately half of the applied model tem-
plates that allowed twisted field geometries did not reproduce the seed model geometry. The
solutions tended towards models with significant field twists, with the core z (field symme-
try) direction aligned perpendicular to the line of sight along the z-axis of the image as in
the example shown in Figure [3.7(f). This is illustrated in Figure which shows the core
z-direction (initial magnetic field direction) as a position on a unit sphere and the corre-
sponding two-dimensional projection onto the x-y plane with the points sized by c;is. For
core models with PA of 0° — such as the seed models that we used — the solutions should

be aligned with the line of sight in the z-y plane projection (xz,zz=0). Solutions with
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Figure 3.7: A selection of model solutions for Case 3, with (a) the 30° inclination seed model
shown for comparison. Shown are selected knee solutions corresponding to fits with: (b)
the seed template (noTwistBE) to the 30° set and (c) the 60° set; (d) the noTwistCylBE
template to the 30° set and (e) the 60° set (seed field geometry); and (f) the basichBE
template to the 30° set. Polarization maps are coloured identically to those in Figure .
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Poloidal Field Direction Projected Poloidal Field Direction
® noTwistBE
® noTwistBE B noTwistCylBE
1 B noTwistCyIBE A basic5BE
A basic5BE v basic5CylBE
v basic5CyIBE » basic5BE¢
0.5 »  basic5BEg <« basic5CyIBE,
4 basic5CylIBEg
| A
H 0 — e i=0 .
i=0 o i=30
~0.5 i=30 © =60
i=60 ° =90

i=90"

Xz

Figure 3.8: The core z-direction (“Pointing”) vs. twist parameter cy,;s for all Case 3 test
runs, in three-dimensions (top) and projected down onto the z-y plane (bottom). The points
are sized by ¢yt value. The black arrow represents the line of sight /direction of polarization
map integration. Each horizontal line on the bottom figure indicates all possible pointings
for ¢ of 0°, £30°, and +60°.

Crwist =, 1 mostly lie perpendicular to the line of sight (yz = 0), with the majority in the
x-y plane. This effect tapered off as the inclination angle of the dataset increased. Despite
the difference in geometry from the seed model, the polarization maps produced are nearly
indistinguishable from the test data (Figure 3.7(f), right). Thus a highly twisted model can
reproduce the features of an untwisted hourglass model, with the core z-direction in the x-y

plane, oriented 90° to the line of sight.

In all cases, we found that untwisted hourglass field models applied to the Case 4 (triaxial
asymmetric twist) and 5 (triaxial symmetric twist) datasets were unable to reproduce the
seed model shape and observed polarization patterns (Figures [3.9(e)-(g), and [3.10|(e)-(g)).
Not only were the fitness values exceptionally poor (, but the triaxial cores were
indisputably unphysical, and the maps were visually different from the dataset. Additionally,
there was a significant spread in the orientation angles for the cores. Solutions from these
datasets typically showed an approximately 90° difference between their z-axis and the z-
axis of the seed model, which, in turn, had an effect on the core shapes of the models (to
be discussed in the next section). This implies that an hourglass model fit to a core with a
twisted magnetic field cannot reproduce the observed polarization pattern.

When we applied model templates with the opposite twist geometry to these cases (e.g.
Case 4 fit with a symmetric twist), the resulting models exhibited tightly wrapped, unphysi-
cal magnetic fields (Figures[3.9(h) and [3.9(h)). This is in contrast to models using the correct
twist symmetry, which accurately reproduced the twist parameter (Figures [3.9(b)-(d), and
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Figure 3.9: A selection of model solutions for Case 4, with (a) the 30° inclination seed model
shown for comparison. Shown are selected knee solutions corresponding to fits with: (b) the
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Figure 3.11: Equivalent angles of 6 in each quadrant in the plane of rotation. Each angle ¢,
1, and PA can be characterized by the quadrant in which it falls and converted to equivalent
angles in the other quadrants.

3.10(b)-(d)). We conclude that we can distinguish cases where a core dataset containing a
field twist is fit with the wrong symmetry.

In all cases, the polarization produced by the magnetic field constrained the models’
rotation angles, which had an effect on the model shapes selected. This constraint on orien-
tation is expected, as the field symmetry direction is determined exclusively by the i and PA
parameters independently of the shape parameters a and b. Generally, POLCAT had little
difficulty obtaining the correct orientation angles when the model template had the correct

field geometry (regardless of twist symmetry), and some difficulty when this was not the case.

3.6.3.3 Core Orientations

The fit to x,o appears to have the largest weight in determining the orientation of the model
core, whereas I seems to most strongly impart the model shape. If there is a significant
discrepancy between the determined orientation angle and that of the model core, the shape
is more likely to be radically different from the seed model.

When we set the limits on the orientation angles, we allowed them to vary such that the
core z-direction (field symmetry direction) has the potential to be oriented in any spatial
direction. However, the symmetry of the model introduces complex orientation degeneracy
because the combined effect of the three angles ¢, i, and PA can produce exactly the same
density and magnetic field structure as another set. Additionally, the effect of computing

the polarization maps further introduces projection degeneracy; there are orientations that
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Figure 3.12: Two orientation angle quadrant permutations that produce iden-
tical polarization maps. The permutations that have this common map are

[¢,4, PA]: [Q1,Q1,Q1], [Q1,Q2,Q3], [@2,Q3,Q1], [Q2,Q4,Q3], [@3,Q1,Q1], [@3,Q2,Q3],
[@Q4,@3,Q1], [Q4,Q4, Q3]

produce polarization maps with identical intensity and x,, while the three-dimensional core
orientation is different from the original.

To explore the degeneracy of ¢, i, and PA, we characterize each orientation angle by the
Cartesian quadrant in which it falls (e.g. an angle greater than 90° and less than 180° is
classified as quadrant 2), and define equivalent angles in the other three quadrants (see Figure
3.11)). With this definition there are 64 possible permutations of equivalent angles. After
some experimentation with our most asymmetric model (basicBE), we find that these 64
permutations produce eight different polarization maps, and each permutation can be sorted
into eight “groups” of eight based on the polarization maps produced (Figure . That
is, for our models, any polarization map is at least eight-fold degenerate in orientation.

However, we note that the basichBE model is the most asymmetric model that we apply.
For spheroidal models, symmetry renders ¢ irrelevant and groups combine such that the
number of separate groups reduce to four (16-fold degenerate polarization maps). Similar
combinations occur with the hourglass and symmetric twist field geometries, as they produce
polarization maps with 180° rotational symmetry. We can use this result to restrict the range

of allowed angles in the fit, which simplifies the parameter space.

3.6.3.4 Core Shapes

Figures [3.13] and [3.14] plot the Scale parameters a and b (§3.5.4) adjusted for rotational

symmetry for all the solution sets for all five cases. Figure [3.13] shows solution sets from

templates with seed model magnetic field geometries, and Figure [3.14] shows solution sets
with incorrect templates applied. The dotted lines in each figure represent the seed model

values of a, b, and ¢ = 1/ab. Spheroidal solutions exist on the diagonal line where a = b.
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Overall, the datasets with 90° inclination to the line of sight showed the poorest agreement
with the seed model shape in all cases, and for all applied model templates. While some
solutions in a particular set may be close to the original shape, these solutions do not lie
on the knee of the fitness curve for their respective runs (dark green points in Figures
and . This was also true to a lesser extent for the datasets with 0° inclination, with
the exception of the Case 1 and Case 4 models. We now limit the discussion of core shapes
to those of the 0-60° inclination datasets, as these results are consistent across all the 90°

inclination runs.

While not all of the solutions obtained by fitting the triaxial hourglass model to the
spherical test case (Case 1) selected spherical geometry, those that did were primarily located
near the knee region of the fitness curve. There was one exception other than the 90°
inclination set. In the 30° case, the solutions were all clustered around a = 1.1 and b =
0.8, where a ~ c¢. When examined, these solutions are not particularly elongated and
are a reasonable approximation to spherical geometry as in the example of Figure (b)
Therefore, fitting an untwisted triazxial model to an untwisted spherical model usually results

i approximately the correct geometry for solutions near the knee of the tradeoff curve.

When a field twist was added, all cases except the 60° inclination set showed some
solutions with nearly spherical geometry. However, in the majority of cases these were the
solutions with the best intensity fitness and were not close to the knee of the fitness curve.
Overall, elongated solutions were favoured (e.g. Figure[3.5(d)). The results for the spheroidal
core (Case 2) tests were similar, with the solutions reaching the seed model shape in only a
few cases. In this case, adding a twisted field to the model did not improve the shape results.
A large portion of solutions selected models elongated along the line of sight such as that in
Figure [3.6{(e). However, twisted field models fit with a spheroidal constraint to the geometry

selected the appropriate shape in all cases except the 9P inclination datasets.

With Case 3, the majority of triaxial hourglass models fell into the correct area of the
parameter space, with the best results for the 60° inclination case. The largest discrepancy
fell in the 30° inclination case, where a significant portion of the solutions fell in the area
of the parameter space where z-stretch parameter ¢ = 1/(ab) is greater than both a and b
(prolate-like), including the primary knee region. Fits to spheroidal templates selected oblate
solutions in the low inclination datasets (Figure 3.7(d)), and prolate in the high inclination
datasets (Figure 3.7(e)). Generally, reasonable fits were obtained when an untwisted triazial
hourglass model was fit to a seed model of the same type. Fits were improved as inclination

angle increased.

When an untwisted hourglass field model was applied to the two test datasets generated

from twisted field seed models (Cases 4 and 5), they were unable to reproduce the original
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core shape. The triaxial solutions showed a tendency to select shapes extremely flattened
perpendicular to the magnetic field direction, while the spheroidal solutions generally chose
the opposite geometry to what was expected, such as the flattened core of Case 5 showing
solutions with prolate geometry (Figure [3.10|g)). However, in projection, the model core
shapes actually fit within the test data shape reasonably well. The large discrepancy between
the models found and the seed model is caused by POLCAT struggling to fit the polarization
vectors because this test deliberately used an untwisted model template. In all cases, the fit
to the polarization map was poor. Attempting to fit an untwisted template to a twisted seed
model often results in very elongated or flattened cores and generally results in a poor fit to

the polarization map.

As expected, solutions using a spheroidal template (either twisted or untwisted) fitted
to Cases 1 and 2 (e.g. Figure [3.6(c)) reasonably reproduced the seed model shape (except
the 90° inclination cases). Applying these templates to the triaxial core of Case 3 produced
results with varying degrees of success. In most cases, the solutions selected shapes that
produced approximately the same z-axis stretch as the test data. Of those that did not,
most were from twisted field templates where the solutions had significant field twists and
selected orientations with the core z-direction approximately 90° to that of the seed model
as in Figure (f) The single exception was the hourglass fit to Case 3 at 60° inclination. In
this case, while approximately half the solutions deviated between 50-70° in core z-direction
from the seed model, the other solutions in the set had deviations less than 20°. Upon
examination, these solutions were more inclined than the seed model and more elongated
along the line of sight. Generally, fitting a spheroidal template to a spheroidal seed model

produces reasonable results, as expected.

When we compare the results between fitting Cases 4 and 5 with models exhibiting both
the correct and opposite twist symmetry, we find that the magnetic field twist symmetry
has a negligible affect on the core shapes exhibited by the solution sets. Therefore, twisted
templates reproduce the correct shape regardless of the symmetry of the field. Howewver,

we remind the reader that an incorrect twist symmetry often results in extremely wrapped,

unphysical field structures (§3.0.5.2).

When we look at the spheroidal models fit to Cases 4 and 5 (excluding the hourglass cases
discussed above) we find that for low inclination angles, the solution sets again selected a to
produce an identical stretch on the core z-axis to the original triaxial core. However, at higher
inclinations this was not the case. The Case 4 solutions that locked onto prolate geometry
selected a lower scale parameter (more elongated) and the Case 5 solutions that locked onto
oblate geometry chose a higher scale parameter (more flat). This produced cores that were

very different than the seed model cores, and therefore not a good match. However, solution
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Figure 3.15: An example of knee solutions from the 60° inclination results for Case 3. The
seed model profile is indicated in black.

sets fit with either field twist geometry tended to retrieve the correct inclination angle. As
expected, POLCAT had difficulty fitting spheroidal model templates to triazial seed models.

Interestingly, the fits became more difficult as the seed model inclination angle increased.

3.6.3.5 Density Profiles

Here we resume our convention of using tildes for dimensionless quantities for clarity. The
central density pop. (g cm™3) of the Bonnor-Ebert profile for the knee solutions was poorly
constrained. As a result, there was a substantial variation in the central density of models
near the knee of the curve. Additionally, while cores often selected the same truncation
radius as the seed model, in cases where shallower profiles were selected, the cores sometimes
truncated outside this radius. However, all knee profiles for a dataset tend to converge at
the same density as that at the seed profile’s truncation radius (Figure . This may be
further complicated by the data resolution, as this convergence typically happened on the
scale of approximately one pixel.

Despite the spread of central density values, we find that there is considerable degeneracy
between the model’s central density and pressure and the elongation of the core along the line
of sight determined by the Scale transformation. In most cases, solutions with pgp. higher
than the seed model value corresponded to increased compression along the line of sight
compared to the seed model. Likewise, cases where the profiles were lower corresponded to

elongation along the line of sight (LOS). To quantify the amount of compression along the



3.6. MODEL TESTS 55

20 Central Pressure vs Compression Central Density vs Compression
N\, 101\,
\‘ 81 \s
\. r \
E ]-g ‘\‘ 3 6 L s\‘
> N\, ‘@« \s
a ~ 4 N\
%] \, < .
g RN X o\
& 4 Q\ C e \s
© \\ g 2 \\i X
£ 2 R[n < Vo
(@] \\ v N
o (Xl g 1 N \‘5
?\‘) 1r REOWY ~ 0.8 r ,
Tt NN = [ U
0o/ R zo°! N
S04l - G 0.4r by "0
z \~‘ z E &‘\;
| . \
0.2 \ E 0.2r 3
, L | L . AN . , . L .
0.2 0.4 06 081 2 3 0.2 0.4 06 081 2 3
Normalized LOS Compression («) Normalized LOS Compression («)

Figure 3.16: Log-log plots of central pressure (left) and density (right) vs line-of-sight com-
pression for all Bonnor-Ebert test cases (106 solution sets). Each set is normalized by its
respective seed model value on both plots. The dashed curves represent P,orm = o1 and
Prorm = o~ 1% respectively

line of sight direction relative to the seed model a, we must first determine the amount of
stretch along the LOS ¢ introduced by the scale transformation. To calculate this quantity,
we apply the reverse RotateA and Scale coordinate transformations to a unit vector along
the LOS-direction, as per the modelling technique described in Section [3.2.1} The length of
the transformed unit vector in this coordinate system, [, is 1/e. The amount of compression
along the LOS-direction normalized relative to the seed model is therefore o = &,,04e1/€sced-

Computing central polytrope pressure P and density p:

P = o2poKp, (3.43)
P = pofe; (3.44)

and normalizing by the corresponding seed model values pseeq and Pyeeq reveals a power-law
relation for both to the LOS compression. Values from a logarithmic linear regression show

_ ,—185 —1.54
a Pnorm =«

relationship, with the density following an approximate pporm = «
relation. This correspondence is exhibited on all of the Bonnor-Ebert test cores, as shown
in Figure [3.16] At present we do not fully understand the nature of this relationship, but we
are pursuing a plausible analytical explanation that may reproduce this intriguing scaling
law. This relationship is symptomatic of the degeneracy in our model, and understanding it

may result in an improved model parameterization.
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3.6.4 Non-Isothermal Test Cores

Many tests revealed that we are unable to constrain 7 at typical SCUPOL Legacy Catalogue
pixel resolutions. We have therefore restricted the polytropic index to the isothermal case
(v = 1) in our tests. The width of the profile at half maximum is often two pixels wide at
most, and much of the visible spread of the cores in the images are due to the point-spread-

function of the telescope rather than the physical extent of the source itself.

We provide contrasting results of fitting a selection of artificial datasets generated from
non-isothermal seed models with the same Bonnor-Ebert templates as in our previous analy-
sis for completeness. We restricted our analysis to inclinations of 30° and 60° of the equivalent
Cases 2-5 for both v = 0.8 and v = 1.2. This resulted in 42 merged solution sets.

While we used the same parameters as the Bonnor-Ebert (BE) sets to generate the
artificial datasets for v = 0.8, when we changed the ~ value to 1.2 this “puffed-up” the
cores enough that the oblate-like geometries (equivalent Cases 2, 3, and 5) were no longer
completely contained within the grid in the x-direction. Therefore, we adjusted the p, and

K values of the seed model to 7.5 x 1072 g cm ™3 and 0.7 respectively for these sets.

As in the main batch of tests, untwisted hourglass models could not produce acceptable
results when fit to the artificial datasets from Cases 4 and 5, and when these datasets were

fit with templates of the opposite twist symmetry the same high-twist results occurred.

The triaxial fits also had difficulty retrieving the shape parameters for the Case 2 (oblate
spheroidal) geometry, however, the solutions were clustered over a similar range of values for

the equivalent orientations in the BE fit.

When we plot the normalized central pressure vs the line of sight compression as in
Section for both v = 0.8 and v = 1.2, the results are not quite so well-defined as
Figure [3.16] However, this larger scatter is only due to 3-4 of the 42 solution sets in each
case. These models were all from fits to untwisted hourglass and symmetric twist templates
to the Case 4 datasets, which we do not expect to reproduce the correct geometry. When
these high-scatter sets were eliminated from the linear regression, we found power law values
of -2.1 (y = 0.8) and -1.9 (v = 1.2), which are consistent with the Bonnor-Ebert results.
When this scaling law is better understood, it may be possible to use it to constrain the py,

Pe, 00, and K parameters.

These cumulative results show that fitting models with a Bonnor-Ebert density profile to
a general polytrope is an acceptable approximation to datasets with the pixel resolution of
the cores in the SCUPOL Legacy Catalogue. For more resolved data, we expect the overall
shape of the density profile to have a larger effect on the results and allowing v to vary with

the fit may be more reasonable.
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3.7 Summary

This paper presented our PolCat software for modelling submillimetre polarization and con-
tinuum intensity maps of molecular cloud cores. PolCat is based on a novel coordinate
transformation method that appears to be unique in the astronomy literature. This paper
summarized approximately 400 test runs, typically run on 9-10 AMD Opteron cores, requir-
ing approximately 20 hours each. Our goal was to characterize the code in order to make
some general statements about its performance and our ability to correctly characterize core

shapes and magnetic field geometries. We briefly summarize our most important findings.

1. Triaxial model templates fit to spheroidal test data generally produces approximately

the correct geometry for solutions near the knee of the tradeoff curve.

2. As expected, fitting spheroidal model templates to spheroidal seed model datasets

produces reasonable fits that well-reproduce the data.

3. PoLCAT had difficulty fitting spheroidal templates to triaxial test data. The results
tended to approximate the shapes acceptably well, but worsened with increasing seed

model inclination.

4. As expected, untwisted hourglass models cannot reproduce polarization patterns pro-
duced from a core with a twisted field, and are likely to select geometries too unstable

to exist in nature.

5. Models that allow a twisted field can reproduce the polarization map features of an

untwisted hourglass model. The field lines in such models have little to no twist.

6. POLCAT can usually distinguish between symmetric and asymmetric twist symmetries.
Searching a model templates with the wrong symmetry often produced very tightly
wrapped magnetic fields, which are not likely to be physical. These templates still
produced cores with shapes very close to the seed model geometry. The fits to the

polarization map were generally poor.

7. Core shape has a complex relationship to the central pressure and density, such that
model cores with more compression along the line of sight often have a higher density

and vice versa. This is indicative of model degeneracy, which we are presently exploring.

8. Low pixel resolution maps (such as those in the SCUPOL Legacy Catalogue) cannot
be used to constrain the polytropic index . However, they can be adequately fit with

Bonnor-Ebert density profiles. Higher resolution maps may constrain ~.
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We can use these results to provide insight into POLCAT fits to real data.

Our analysis included a detailed exploration of degeneracies due to the symmetry of our
triaxial and spheroidal models. We discovered that the polarization maps are (at minimum)
8-fold degenerate due to the combined effect of the orientation angles and projection effects.
Understanding these orientation degeneracies can greatly help to decrease the size of the
parameter space. Note that the POLCAT runs discussed in this paper did not take advantage
of this information. Doing so in the future will almost certainly result in improved run times,
and a better characterization of the Pareto curve.

We are currently developing a method based on tensor virial theorem to eliminate solu-
tions that are very far from equilibrium (such as those in Figure [3.9(e)) from the PoLCAT
results. While we do not generally expect our polytropes to be in equilibrium due to exclud-
ing the magnetic field terms from POLY, we do not expect them to be extremely far from
equilibrium. We expect that the inclusion of a penalty function rejecting highly unstable
models will filter out unreasonable solutions, decrease the size of our solution sets, and limit

the degeneracy of our models.



Chapter 4

Exploration of Tensor Virial

Equilibrium in Molecular Cloud Cores

In the previous chapter, we outlined our model-building software package, POLCAT, and the
types of models it produces when fit to data. One issue with the code as it stood at the time
of the publishing of the original paper was the lack of a criterion for judging how “physical”
the solutions produced were. This motivated the development of such a criterion, which
we detail in the following chapter. The content of this chapter is the Accepted Manuscript
version of the published article: E. L. and J. D. Fiege (2020). An Exploration of Tensor
Virial Equilibrium in Magnetized Molecular Cloud Cores. The Astrophysical Journal, 899,
101. , available online at https://dx.doi.org/10.3847/1538-4357/abalb7.

The introduction in the following section has been reworked for better flow, and to avoid

repetition with the rest of the thesis.

4.1 Introduction

While POLCAT is a robust modelling package, fitting a three-dimensional model to two-
dimensional polarization and intensity data results in geometric degeneracy. Many models
allowed by the data are very flattened or elongated, and very far from equilibrium. There-
fore, to make POLCAT a more useful tool for observers, we require a constraint to ensure the
models it produces are physical. One method would be to use the tensor virial theorem (as
discussed in Section and apply a filtering threshold to reject models that are “too far”
from three-axis equilibrium. Whether or not cores are indeed close to equilibrium or not is
debatable. However, this technique may help to answer this important question by deter-
mining whether or not near-equilibrium models exist that adequately describe submillimetre

polarization and continuum data.
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This chapter establishes the theoretical foundation for a new triaxial virial constraint that
decreases POLCAT’s model degeneracy, which helps to understand the three-dimensional
fields that it infers from data. We present an in-depth analysis of the geometry of tensor
virial equilibria and provide a metric by which observed axis ratios can be mapped to cores

in virial equilibrium.

4.2 PolCat

PorLCAT is a molecular cloud core modelling package written in MATLAB. It constructs
models of magnetized molecular cloud cores by applying a sequence of parameterized coor-
dinate transformations to a cloud with an initially uniform density and magnetic field and
“observes” the results to create simulated Stokes I, (), and U polarization maps, which are
then fit to observations using evolutionary optimization methods. An earlier version of POL-
CAT is discussed in detail in FF1| (Chapter |3). Here we only briefly summarize POLCAT’s
basic principles, as well as some modifications that were required to implement the virial
criterion.

Each POLCAT model is defined by N coordinate transformations that are applied to a
uniform density (p(®) and magnetic field (B”)). The density and magnetic field transform

according to

B e a a7 e g P (4.1
and o
P = : (4.2)

et TN det Y det TV
where J is the 3 x 3 Jacobian matrix of the transformation.

To simplify the ray-tracing process, the “final” or “most-primed” rectangular coordinate
grid, ™) is defined first, then the inverse of each coordinate transformation in the sequence
is applied in reverse order to obtain the “initial” or “least-primed” system of coordinates r(%.
We then interpolate a uniform density and magnetic field onto the deformed coordinates,
and apply equations and to obtain the final density and field. When describing

"1 the transformation is denoted as

a single transformation in the sequence r™ — r(
r — 1. POLCAT transformations are a user-extensible library, but are required to be
one-to-one invertible.

The virial technique that we employ in this paper was developed to apply to POLCAT
models, and therefore defines the virial balance in terms of POLCAT’s model parameters.

Here we have a brief description of the parameters involved and their purpose in defining
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the model.

4.2.1 Scaling

To simplify the number of parameters required in computation, models are computed in
generic dimensionless coordinates, 7 = r/rg, that can be rescaled back into physical units
after the model is generated and before the polarization map is computed. The relevant

physical scales are the initial density (po) and velocity dispersion (oq) of the uniform cloud,

ro = % (4.3)
0 47TGp0' .

To reduce complexity in notation, we drop the tildes from the notation and the quantities are

and the radial scale rq defined as

assumed to be dimensionless for the remainder of this section.

4.2.2 The Bonnor-Ebert Sphere Transformation (BES)

This is a slightly altered version of the POLY transformation described in FF1|(§3.5.1)), where
the polytropic index of the density profile is set to a value of 1. This transformation converts
a spherical region of uniform density p(r) = 1 to that of a pressure-truncated Bonnor-Ebert
density profile p'(1’) with central density p.. The Bonnor-Ebert profile can be computed

by integrating the following linked equations in spherical coordinates with equation of state

P ="

V2o =y (4.4a)
PV + V' P =0. (4.4b)

Here P’ is the pressure and &’ is the gravitational potential in our primed coordinate sys-
tem. Equations and are, respectively, Poisson’s equation for gravitation and
the hydrostatic equilibrium equation, solved under the boundary conditions p(0) = p. and
®(0) = 0. To obtain the relation between 7’ and r, we assume that a uniform sphere of

radius r and p = 1 maps to a Bonnor-Ebert sphere of equivalent mass:

2
= 4WT2W = 4mp'r'”. (4.5)

The equivalent coordinate transform assuming mass moves along the radial direction is

/
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Figure 4.1: Normalized pressure profile of the Bonnor-Ebert sphere. The horizontal and
vertical lines connect specific values P,,;; to their corresponding radii.

When the result is scaled into dimensional units, the central density will have a value of
pope- We note that the constant o2 in the equation of state and the factor 4G in Poisson’s

equation have been cancelled by converting to dimensionless units.

Once we have the density profile and corresponding unprimed radii from equation ,
we truncate the profile at external pressure P = P,,;, which defines the radius of the sur-
face (see Figure , and set the density of the medium external to this surface to pe.:.
The truncation pressure P.,; is defined as a fraction of the central pressure in dimension-
less units, and p..; is defined as a fraction of the surface density ps, which is required for
pressure equilibrium with the external medium. We then compute r external to this surface
by integrating equation (4.5) under these conditions. The characteristics of the truncated

Bonnor-Ebert profile are therefore defined by three parameters: P..;, p., and peg;.

To save on computation time, we precompute and store a non-truncated Bonnor-Ebert
profile with a central density of 1, and rescale the density and corresponding radii to conform

to the condition p(0) = p.. The scaling relations for p, 7/, and r are:

P = pep” (4.7a)
N (4.7b)
r=p. o, (4.7¢)

where we have denoted the reference quantities with the superscript *. The p. 1/2 dependence
in equation (4.7b)) falls naturally from equations (4.4a)) and (4.4b)). This is also the origin of
the po dependence in equation (4.3)) above. The factor of p. V6 in equation (4.7¢c|) originates
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from integrating equation (4.5)) and solving for 7:

1 , 1/3 1 ) 1/3
r= (§ / o dr’) = pp (5 / i dr*l) = p. o, (4.8)

4.2.3 The Squeeze Transformation

This is a new POLCAT transformation that transforms a sphere into a triaxial ellipsoid with
principal axes a, b, ¢ without conserving volume. This is distinct from POLCAT’s original,
volume-conserving Scale transformation (see FF1 [§3.5.4]). The transformation equations

are

¥ =axr = (cx (4.9a)
y' = by = £cy and (4.9b)
2 = ez, (4.9¢)

where we have introduced normalized axis ratios ( = a/c, and £ = b/c. Characterizing the
ellipsoid by ((, &) has the advantage that cores with the same ¢ and & are the exact same
shape, but either larger (¢ > 1) or smaller (¢ < 1). That is, while (a, b, ¢) characterizes the
amount of stretch on each axis, ((,£) characterize the overall shape and redefines ¢ as the
overall amount of compression. The effect of varying (¢, ¢, ¢) is illustrated in Figure [1.2]
Here ¢ was chosen as the normalizing axis ratio because the the magnetic field is parallel
to the z-axis at the centre of the core. Using ¢ and £, we can easily characterize the core

shapes:

e spherical: ( =¢ =1;

oblate spheroid: ( =& > 1;

prolate spheroid: ( = ¢ < 1;

oblate triaxial: ¢ > 1,& > 1;

prolate triaxial: ¢ < 1,& < 1;
e necither: all other cases.

We note that the “neither” category encompasses cores where the principal axis in the z-

direction falls between the principal axes in the x- and y-directions.
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Changes in Normalized Shape Parameters Changes in c for constant ¢, £
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Figure 4.2: Left: Core shapes as a function of { and £. Cores are labelled to classify their
shape: S (sphere), OS (oblate spheroid), PS (prolate spheroid), OT (oblate triaxial), PT
(prolate triaxial), and N (neither). Right: Two cores with fixed ¢ and & with different values
of c.

The end result is a transformation that produces ellipsoidal density isosurfaces given by

2 1 (z” y'2 2
TZE(F—’—?—'—Z)’ (4.10)
where r is the spherical radius in the less-primed (z, y, z) system. Because this transformation
does not conserve volume, the determinant of the Jacobian is not equal to unity and so the
density is modified:

gt _1r (4.11)

The earlier version of the Scale transformation from (§3.5.4)) was found to not suitable
for the present work due to the volume-conserving constraint on the stretch in the z-direction
(¢ = 1/(ab)). This constraint resulted in a reduction of the magnitude of the gravitational
energy for every value of a and b not equal to 1 (sphere), meaning gravitational energy
(always negative) never becomes strong enough to counteract the positive terms in the virial
balance. The new transformation adds flexibility to POLCAT by changing the volume of the
core (and thus scaling the density), so that there is potential for the gravitational energy
to increase in magnitude to balance the contributions from the kinetic energy and magnetic
field.
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4.2.4 The Linear Twist Transformations

To produce magnetic fields twisted around the z-axis, we have defined two transformations,

LinearTwistA and LinearTwistS defined (in cylindrical coordinates) by

r=r (4.12a)
¢ = ¢+ Cifi(2) (4.12b)
2=z, (4.12¢)

where C} is a constant > 0, and the function f;(z) = z for LinearTwistA, and fi(z) =
|z| for LinearTwistS. This transformation is performed prior to the Bonnor-Ebert sphere

transformation when used.

4.3 Tensor Virial Theorem

In Cartesian coordinates, the gravitational tensor is expressed as

Wi = -2 / / o) p(r) B T T = ) (4.13)
27 Jor Sy -1

However, this form is impractical to use for numerical evaluation due to the double integra-
tion over volume. A single integral may be simply computed by taking a sum of the integrand,
but a double integral must first be evaluated for every voxel in the three-dimensional coor-
dinate grid before the final sum. For a coordinate grid with 5123 voxels, direct numerical
evaluation of equation requires ~1.3 x 10® calculations to complete. But if we take
advantage of the symmetry of our density isosurfaces, there is a much more efficient method

to obtain all of the non-magnetic virial terms.

Chandrasekhar and Lebovitz (1962a,bllc) derived a method to compute the gravitational
potential and gravitational potential energy tensors for density distributions constant on
concentric similar ellipsoids, which were further refined by Roberts| (1962)). These results
have been summarized and tabulated in Binney and Tremaine| (1987). Defining

2
m? = a} x_; =a’r?, (4.14)

a;

where r is the radius of the ellipsoidal isosurfaces defined by equation (4.10) and a; is the

largest ellipsoidal axis ratio, the gravitational potential energy tensor in ellipsoidal coordi-
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Figure 4.3: Comparison of W, (top) and W, (bottom) computed at constant pressure using
the ellipsoidal formulation (equation (4.15)), red), and cartesian formulation (equation (4.13]),
blue) calculated on a grid of 713 voxels.

nates is then

asas [a;\’ ai R? m
Wy, = —2m°G—5" (J) Aj5jk/ p(m?) (/
ar \a 0 0

(Binney and Tremaine| 1987, Table 2.2), assuming negligible contribution from material

2

p(m’g)m’dmﬂ) dm? (4.15)

external to the core. Here r = R is the radius of the core surface, A; are geometry-dependent
function coefficients, and quantities a; represent any permutation of a,b or ¢ following the

rule a; > as > as. The function coefficients A; have different forms for the spheroidal and

triaxial cases and are summarized in |Binney and Tremaine| (1987, Table 2.1).

This form allows us to convert the three-dimensional double-integration into a one-
dimensional double-integration, which takes a fraction of the time to compute. We confirmed
the implementation of equation by direct numerical comparison of LUTSs computed
with equation using a relatively coarse three-dimensional computation grid of 71 voxels
per side. Figure shows W, and W, computed for multiple shapes at constant pressure
for both methods. There are small differences between the two methods at the extreme
values of ( and &, but the Cartesian lookup tables more closely approach those computed
with equation as the resolution of the computation grid increases.

Conversion of the volume kinetic term and surface kinetic terms to the same geometry

1
2 \%4 \%4

gives
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and

1
Ejk = = / Pemtmkdsj; (417)
2 Js

where P is the pressure of the gas (from our Bonnor-Ebert profile in with truncation
pressure P,.,; and v; are the components of the velocity vector. We note that the pressure
as defined in our computation of the Bonnor-Ebert profile described by is not purely
thermal, as the full one-dimensional velocity dispersion o7 = 02 + 02, includes both thermal
and turbulent motions. While we could include the turbulent support in the kinetic term,
there is a long history of models where turbulent pressure is absorbed into an “effective
pressure” (Myers and Fuller, |1992; |Caselli and Myers, 1995; McKee and Holliman 11, [1999;
Fiege and Pudritz, 2000b). Therefore, we set v; = 0 and define P = o2p as the effective
pressure supporting the Bonnor-Ebert sphere, with matching truncation pressure P,,; at the

boundary.

To take advantage of the ellipsoidal symmetry, we can also convert the expressions for
Tji, and Ejj, into a more manageable form. The volume element becomes (in spherical

coordinates)
dV = draberdr. (4.18)

Making equivalent changes to the form of T}, we obtain
Ti = 6jk27mbc/ alp(r' a,b, c)rdr'. (4.19)
0
For Eji, the surface kinetic term, P, is constant over the surface and we obtain

J

2
By = %abcR?’Pext(Sjk, (4.20)
where R is the radius of the core surface determined by the truncation pressure P,.;.

The magnetic field does not share symmetry with the density. As a result, conversion
to this coordinate system does not simplify the magnetic terms. Fortunately, the magnetic
terms are comparatively rapid to compute in Cartesian form due to being single integrations
over volume and surface, unlike the problematic six-dimensional integral of equation .

The Cartesian forms of the magnetic tensor components are given by

1

M), = 8—7T/BjBde, (4.21)
1

Dj, = — [ 2xB;(B - dS) (4.22)

J 47
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and

1
Qe = o / 1| BI2dS,. (4.23)

The magnetic field structure can be obtained by computing three-dimensional models within
PorLCAT’s computational grid at the specified resolution. We note that due to the triaxial
geometry of our models, only the tensor components along the diagonal are non-zero in all

cases.

4.4 Implementation

Although the ellipsoid forms of equations to are now relatively quick to compute,
we must also choose a high-resolution coordinate grid (typically on the order of several
hundred voxels to a side) to compute the magnetic components as accurately as possible.
To perform the surface and volume integration, we computed the fractional volume and
surface area elements contained in the voxels that intersected with the core’s surface, and
approximated each surface area element as a plane. This represents the triaxial ellipsoid
as a multifaceted polyhedron and allows for more accurate computation of the surface area
elements and volume contained in the edge voxels.

The field is computed on a much finer grid than for a typical POLCAT run, where the
size in the z-z plane is defined by the size of the image data. Taking this into account, we
instead pre-compute lookup tables (LUTS) for speed in computation.

At the moment, we only compute results for the Bonnor-Ebert case, leaving the general
polytropic sphere case (POLY from (Franzmann and Fiege, 2017) [§3.5.1]) for a later date.
We explore the following field geometries: hourglass field models generated with the transfor-
mations BES >Squeeze; helical hourglass field models generated with LinearTwistA >BES
>Squeeze; and symmetrically twisted hourglass field models generated with LinearTwistS
>BES >Squeeze. Each of these cases requires its own set of LUTs. We note that a typical
PoLCAT model also includes transformations to rotate and reposition the core, but these
have no effect on the tensor quantities.

To ensure the smallest number of dimensions in the LUTSs, we must examine how each
tensor component depends on the model parameters and factor out the parameters that have
an analytic scaling effect on the results.

The hourglass field models are defined by eight parameters: pg, 09, pe, Pest, Pext, @, b, and
c. The twist cases require an additional parameter C;. The parameter p..;, which defines
the density of the medium outside the core surface, has no effect on the tensor calculation.

As is, this would leave us with 7- and 8-dimensional tables which would be computationally
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Scale Factor Expression Rescales
5 —1/2 —1/2
UOpO Pe * *
oo Tgepeer T B
5 —1/2 —1/2
OoPo ~ Pe *
Wo 3275/2(33/2 Wik
03p73/2p71/6
M, B2 __* M;i.*, D™, Qi

0 gr3/2(33/2

Table 4.1: Virial table scaling constants

unwieldy. However, dimensional analysis allows us to factor out the dependence of many of
these parameters from the virial equation, allowing us to omit them from the stored LUTs.

When we compute VE;; for a particular model, we can then rescale the tables appropriately.

To factor out the parameters, we can express each fully dimensional tensor component
X;; as a dimensionless quantity X;;* multiplied by a constant, X,. With this method we
obtain the four constants summarized in Table , which allows us to to compute each X;;*
using the stored, unscaled Bonnor-Ebert profile ( with corresponding magnetic field.

The reduced tensors are only functions of the truncation pressure P,.,; (which defines
the surface radius) and the squeeze parameters (a,b,c) (a; in general notation), with the
addition of adjusted twist parameter C;* = p. Y %C, for the twisted models. This adjustment
to C} originates from equation (4.7¢). Further parameter reductions are possible on specific

tensor components, and are discussed in the following sections.

4.4.1 Non-magnetic tensor tables

As a result of the coordinate transformation method, the Squeeze transformation modifies
the density (and therefore pressure) by a factor of 1/(abc) (as per equation (4.11))). When

we take this into account in equations (4.19) and (4.20]), the axis ratio dependence cancels

out, making T3 and F;* independent of the model shape. Therefore these LUTSs are one-

dimensional tables as a function of the truncation pressure P,.;.

While equation for the gravitational tensor would allow us to make a similar one-
dimensional LUT for the integral that could be rescaled to the triaxial form, the functions
A; require evaluation of elliptical integrals that would increase on-the-fly computational
time. Therefore, we include the squeeze parameters in the LUT for computational efficiency.
However, we can make a further generalization in the table by computing equation (4.15))

using the normalized axis ratios ( = a/c and £ = b/c. The values read from this table can
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be properly scaled to the correct compression via
* 1 *
Wii (Pe:pta a, ba C) = _Wii (Pexta Ca 57 1) (424)
c

As a result, our initially 7- or 8-dimensional LUTs are reduced to three-dimensional W;*

tables with lookup parameters P,.;, ¢, and &.

4.4.2 Magnetic Tensor Tables

PoLCAT’s transformation approach to generating molecular cloud core models allows for
a similar simplification in the tables for the magnetic tensor components. For the final
dimensionless magnetic field component B;* = B* - &; with corresponding non-normalized

squeeze parameter a;,

B = a‘ZCBBE*, (4.25)

where BPF” is the magnetic field component in the ith direction for the core prior to the
triaxial squeeze transformation for all three model cases (i.e. B™ ™Y in the transformation
order). If we define VBE™ and SBE" as the volume and surface of the Bonnor-Ebert sphere
defined by the surface pressure, we can substitute these into equations (4.21]) and - to

obtain

% % af 1 BE*2 ;1 ,BE* i 2 sBE* *
M;; (Pextaavb7 c, Gy ) = abe {g/ av ] abcM (Pemct )7 (4-26)
and
Dyi*(Pagy,a,b,c,Cy*) = a i/xBE*BBE*(BBE*.dSBE*) _ DEEY (P, C) (4.27)
i exty t abc 47’(’ 7 7 (le i exty Yt .

(for the hourglass field case, C;* = 0), where the dependence on the axis ratios has been
absorbed into a scaling factor.

Equation does not factor the same way as the other two magnetic terms, but we
can perform a similar simplification if each @;* is split into a sum of three integral terms,

indexed by j:

a

3 2 3 2

* * j 1 * *2 * CL

Qii (Pext; a, b; c, Ct ) = Z a_l)JC |:§ /x?E B?E dS?E :| = Z b q 1 (Pecct7 Ct ) (428)
j=1 j=1

Therefore, we can reduce each of the stored magnetic tensor LUTSs to one-dimensional (non-

twisted hourglass) or two-dimensional (hourglass twist) tables.
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We note that the tensor LUTSs for both the symmetric and asymmetric twists are the
same, because the field strength and angle that the field makes with the surface normal is

identical in both versions.

4.4.3 Virial Equilibrium Computation

PoOLCAT does not determine a value for the magnetic field scale parameter B, because field
intensity cannot be determined directly from the polarization angles that we model. However,

we obtain an estimate by setting it to the value that results in scalar virial equilibrium

2T0T* + WoW* — TyE*
(Mo/B3)(M* + D* — Q)

Bi = — (4.29)

which simplifies to

Er —2T* — LW~

Bj = ajpop;

=1 (4.30)

/ /

2 Pe Y%into a scaling constant by, and defined
the expression in square brackets as the square of the dimensionless tensor-dependent field

strength b*[1]

Here, we have collected the common factor O'Op(l)

If the gravitational and kinetic surface terms dominate over the volume kinetic and
thermal energy terms, then a non-zero magnetic field strength is required to keep the core
in equilibrium. If the volume kinetic and thermal terms dominate, there is no value of the
magnetic field strength that results in equilibrium conditions, and a non-zero magnetic field

strength throws it further out of balance.

Substituting the result of equation (4.30)) into (??) and simplifying constants, we obtain:

0

1
=2T3" + W' + b M = My + 07 D" = b7Qu" — Bi” (431)
™

Normalizing each VE;;* by Ty simplifies the scaling, reducing the parameter dependence to

five parameters: P, a,b, c, and C;*.

!The scaling factor as stated in [Franzmann and Fiege, (2020) was originally by = cgpgp.. This was a typo
originating from an earlier iteration of our virial method, but has no effect on the results of the paper.
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Figure 4.4: VE;; = 0 contours for all three axes for four steps of ¢ to demonstrate how
equilibrium solutions were found. The curve in white represents the full set of intersection
points.

4.5 Analysis of Solutions in Tensor Virial Equilibrium

Final LUTs were calculated using a model grid size of 513 voxels per side for 100 values of
P..: between 0.001-0.5, 100 values of C;* between 0-2 for the twist tables, and 51 values of
¢ and ¢ spaced logarithmically between 0.1-10 for the W;;* tables. The odd number in the
coordinate grid ensures the inclusion of the core centre.

This section presents the results of analyzing the LUTSs to find solutions in tensor virial
equilibrium, which can be found by examining where all of the VE;; = 0 contours intersect.
We find that the contours allow for both spheroidal cores and, surprisingly, a selection of
triaxial cores that are in virial equilibrium. These triaxial solutions appear as “wings”
on either side of the spheroidal solutions when the normalized axis ratios are plotted, as
demonstrated in Figure [£.4, This is possible due to the restriction that the cores be in
both tensor and scalar virial equilibrium (), VE;; = 0). Therefore, if the core is in virial

equilibrium on two axes, then the third must be as well.

4.5.1 Hourglass Field Models

Examination of the intersection of the normalized VE;; = 0 surfaces for the tensor compo-
nents shows that all pure hourglass field cores in tensor virial equilibrium have their smallest
dimension along the polar direction (e.g. oblate spheroids). Additionally, all equilibrium
solutions have ¢ < 1, indicating that all the equilibria are compressed.

Figure (left) shows the distribution of equilibrium solutions for twelve pressure steps
showing both spheroidal solutions (confined to the line { = ¢ in log-log space) and triaxial

wings, adjusted for 90° rotational core symmetry. For all pressure steps, as the cores become
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Figure 4.5: Plots mapping the tensor virial equilibrium shapes for multiple pressure steps
at constant oy for untwisted hourglass models. Left: Map of normalized triaxial axis ratios,
adjusted such that ( > ¢ to account for 90° azimuthal degeneracy. The end points of each
curve are indicated by dots of the corresponding colour due to spheroidal overlap. Top
Right: The normalized axis ratios of the spheroidal solutions relative to the z-axis squeeze
parameter, c¢. Bottom Right: The azimuthal (2-y plane) axis ratio /¢ relative to ¢. Values
of ¢ < 1 indicate that the cores is compressed.

flatter (¢, increase), they also become more compressed (Figure [£.5] right top and bottom).

The triaxial wings first appear between P.,; = 5.6 x 1072 and 5.9 x 102 (BE truncation
radii between 6.97 and 7.11). These cores are highly compressed (¢ < 0.3), with their
maximum c-value occurring at intersection with the spheroid line, and decreasing as the
solutions become more azimuthally asymmetric (/¢ decreasing). As the truncation pressure
increases and the surface radius decreases, the solutions in the triaxial wings become less

flat, with smaller values of ¢ and ¢ producing shapes with the same azimuthal axis ratio /(.

The leftmost plots in Figure [4.5] show the effect of the ¢ value on the shape of the
solutions, with the spheroidal solutions on top, and the triaxial solutions on the bottom.
For all pressures, as the ¢ value increases for the spheroidal solutions (shapes become more
disky), the equilibrium solutions also become more compressed, with the highest pressures
resulting in the flattest equilibria. As the pressure increases for the triaxial solutions, the
wings shift towards rounder shapes overall while simultaneously becoming less compressed.
Therefore, cores with an identical azimuthal ratio of £/( are flatter and more compressed at
lower truncation pressures. In general, as ( increases, £ decreases in the wings, resulting in

cores that are flatter in the z-z plane and rounder in the y-z plane. The result is that the
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Figure 4.6: Magnitude of the gravitational tensors W,, and W, (left) and W,, (right)
relative to the overall shape (top) and compression (bottom) for the equilibrium solutions
shown in Figure Triaxial solutions are plotted with dotted lines. The triaxial zz values
are approximately the same as their spheroidal counterparts, and so are not visible on the
bottom right plot.

triaxial cores become more elongated perpendicular to the magnetic field direction as they

become more compressed.

Figures and plot the magnitudes of the gravitational, total magnetic, and
total kinetic terms of equation for both the spheroidal and triaxial solutions. As
expected, as the bounding pressure increases and the interior radius (and therefore enclosed
mass) decreases, the magnitudes of all tensor components also decrease. The spheroidal
solutions retain approximately the same curvature in the azimuthal tensors as the pressure

increases, but the zz tensors flatten out with increasing pressure. In the z-direction, the
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Figure 4.7: Plots of the aggregate magnetic field terms in Equation (4.31)), arranged identi-
cally to the |W;;| plots in Figure .

net magnetic terms are mostly negative, with only truncation pressures P.,; ~ 0.01 and
below having positive values at high compression. Therefore, the magnetic field is acting
to confine the core in the z-direction for most of the solutions in tensor virial equilibrium.
We note that the magnetic tensor in the z-direction is much smaller than the corresponding
azimuthal components, so the magnetic contribution to the scalar virial theorem is still
uniformly positive.

The triaxial solutions are shown in dotted lines in the same plots. The zz tensors are
approximately the same as in the spheroidal case, whereas in each of the pressure steps the
xx tensor is larger and the yy tensor is smaller than the spheroidal equivalent. While this
result may seem counter-intuitive due to the core size in the z-direction being the largest and

therefore most “spread out”, this may be due to the (a;/a1)? = (a;/¢)* dependence in the
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Figure 4.8: Kinetic pressure contribution to equation (4.31f), with pressures shown in Figure
[4.7) indicated in the same colours. The magnitude of T}; and Ej; are independent of shape,
and so depend only on the truncation pressure.

ellipsoidal definition of the gravitational tensor (equation [4.15). The shape map on the left
side of Figure shows that as £ (and therefore the core size in the y-direction) decreases in

the wings, the ratio /¢ also decreases, causing W, to be smaller in magnitude than W,,.

4.5.2 Twisted Hourglass Field Models

Examination of the normalized VE;; = 0 intersection surfaces show that the presence of a
twisted magnetic field has a strong effect on the equilibrium shapes. Figure (see insets)
shows that triaxial wings do occur at the same range of pressures as in the hourglass case.
However, varying the twist parameter while holding P,,; constant shows that as the twist
increases, the ¢ and £ values decrease. This moves the triaxial wings closer to the origin and
causes the spheroidal equilibrium shapes to become more spherical. Once the twist increases
above a certain amount, the triaxial solutions vanish, leaving only spheroids. As the twist
increases further, the solutions transition from oblate into prolate spheroids (Figure .
The exact C;* value where this occurs is dependent on the truncation pressure.

Figure 4.9 shows how the shape in the x-y plane relates to core compression, similar
to the bottom right panel of Figure [£.5 For truncation pressures less than 0.2, where the
Bonnor-Ebert density profile begins to transition from its core region into the r=2 asymptotic
tail, increasing the twist parameter causes the cores to become more compressed and moves
the azimuthal ratio £/ towards more symmetric values (see Figure , top). For truncation
pressures above 0.2, increasing the twist initially causes the opposite to happen until C}*
reaches a pressure-dependent value between 0.1-0.3. Once this value is reached, ¢ begins to
rapidly decrease until the triaxial solutions vanish. That is, at constant /¢, equilibrium

shapes are less compressed with increasing C;* until the turnover value is reached, and at
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Figure 4.9: Plots of azimuthal eccentricity for triaxial equilibrium solutions against ¢ for
truncation pressures of 0.0918, 0.195, 0.3431, and 0.5 at multiple twist steps, scaled with
identical axis limits to facilitate direct comparison between pressure steps. The small inset
on the bottom right of each plot shows the corresponding shape maps (as in Figure ,
left). Pressure values were chosen to highlight how the twist affects the triaxial equilibrium
geometry.

constant ¢, equilibrium shapes become more asymmetric as the turnover value is reached.

For the spheroidal solutions, as with the untwisted hourglass case, all ( vs ¢ curves
(Figure approach ¢ = £ = ¢ = 1 (spherical). This common intersection arises because
the magnetic field computed from the virial balance approaches 0 (i.e. non-magnetized) for
spherical solutions (Figure [4.11]).

As Cy* increases while holding P.,; constant, the curves in Figure begin to become
more vertical, transitioning from purely oblate to purely spherical shapes (( = 1). The value
of C,* for this change depends on the pressure, beginning at approximately C;* = 0.46 at the
highest pressure. Increasing the twist above this point produces purely prolate spheroids.
As C}" increases further, the curves continue to pivot into the prolate region of the plot and
become arched, with ¢ initially increasing to a maximum value (expansion) with decreasing

¢ before falling off sharply. Therefore, rounder prolate spheroids are closer to equilibrium
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Figure 4.10: Plots of normalized axis ratio ¢ of spheroidal solutions against ¢ for truncation
pressures of 0.001, 0.0054, 0.0522, and 0.2842 at multiple twist steps. Gaps in the curves are
due to the intersection points proximity to where the trace of the aggregate magnetic terms
M* + D* — Q* (the denominator in equation (4.30])) crosses zero.
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Figure 4.11: Plots of the dimensionless magnetic field strength as a function of ¢ for both
the non-twisted hourglass case for multiple pressure steps (top) and the twisted hourglass
shapes for P,,; = 0.2842 at multiple twist steps (bottom). Gaps and sudden jumps in the

prolate curves are due to numerical error where the trace of the aggregate magnetic terms
M* + D* — Q* crosses 0.

when expanded along the z-axis, and narrower prolate spheroids are closer to equilibrium
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Figure 4.12: The aggregate magnetic terms at P,,; = 0.2842 as functions of ¢ (top) and ¢
(bottom). The gravitational terms have the same overall shape, but with larger minimum
values.

when compressed.

The presence of a helical field has no effect on the kinetic terms in the virial equation,
and so remain the same as in Figure 1.8 Figure [£.12] shows plots of the aggregate magnetic
terms for twelve C,* steps at a truncation pressure of P,,; = 0.2842. The overall shape
of the curves is approximately the same between the aggregate magnetic tensors and the
gravitational tensors with the latter having slightly higher magnitudes.

For hourglass field models with no field twists, the azimuthal terms dominate over the zz
component in the trace of VE;;. As the twist increases, the contribution from the azimuthal
terms decreases and the zz term comes to dominate. This happens approximately where the

equilibrium shapes switch from oblate to prolate.

Generally, the equilibrium shapes for cores with a twisted magnetic field causes the oblate
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magnetic virial components to increase in magnitude, particularly for solutions with higher
compression. Once the solutions turn prolate, equilibrium cores that are expanded (¢ > 1)
have negative azimuthal magnetic tensor terms, meaning that the field is contributing to
contraction in the x-y plane rather than supporting against it. The minimum value of the
zz magnetic tensor increases with increasing twist, becoming purely positive.

As in the pure hourglass case, the triaxial azimuthal tensors (left half of Figure
diverge as the cores become more azimuthally asymmetric, and this divergence increases as

the shapes become more compressed.

4.6 Monte Carlo Sampling

We performed a Monte Carlo sampling of the shapes belonging to the hourglass equilib-
rium samples at random orientations to explore the range of projected minor to major axis
ratios B/A that could be observed from each population. Our Monte Carlo sampling was

implemented by the following procedure:
1. Select a random orientation relative to the line of sight.

2. Select a random value of ¢ and interpolate the corresponding ¢ value from the original
population of solutions (Figure [£.5).

3. Compute the projected axis ratio.

Once we have the projected axis ratios, we then bin the Monte Carlo sample in ¢ and B/A,
which gives a two-dimensional histogram of the relation between the projected ratio and the
intrinsic ratios. We do not intend these histograms as any sort of general statement of an
underlying physical distribution, as in Ryden| (1996) for example. Rather, we intend them
as a tool to find the most likely value of ¢ (with corresponding ¢ and ¢) from a projected
axis ratio under the assumptions of 1) the observed core is in tensor virial equilibrium at a

particular truncation pressure, and 2) whether the shape is triaxial or spheroidal.

4.6.1 Method

A general ellipsoid with intrinsic axis ratios (¢, £, 1) projects to an ellipse with axis ratios

(A, B) defined by the roots of

A — [P+ 1) +m*(C 4+ 1) +n*(C + A + (1P + m?C +n?C3¢?) =0, (4.32)
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where (I,m,n) is a unit vector in the line of sight direction as defined in the coordinate
system of the core’s principal axes (Vickers, [1996). If we orient our observational frame
of reference such that the line of sight is along the y-direction, we can redefine the vector
components in terms of the orientation of the core relative to the line of sight. Defining
the orientation as an azimuthal rotation by angle ¢ and inclination of angle 7, we obtain
(I,m,n) = (sin ¢ cos i, cos ¢ cos i, sin).

Our Monte Carlo sample consisted of 1 x 10° random values of sini between -1 to 1,
¢ between 0 to 27, and ( values within the selected equilibrium population, treating the
spheroidal and triaxial solutions as separate populations of cores. Since each ¢ and & in the
separate populations has a unique value of (, we can generate a random equilibrium solution
using ¢ alone. We chose to randomly sample sin? to evenly map the full range of polar
orientations. Once we had defined our sample, we solved equation to obtain the axis

ratio B/A, where A is the major axis and B is the semi-major axis of the projected ellipse.

4.6.2 Results

The top row of Figure shows two-dimensional histograms of the spheroidal and triaxial
samples at P,,; = 0.5 binned logarithmically by ¢ and linearly by B/A. We chose logarithmic
binning for ¢ to reflect the fact that the lookup tables are logarithmically spaced in the same
variable. The middle rows show the histogram normalized by the total number of the sample
contained in the B/A bins. This represents the discrete probability that a core with projected
axis ratio B/A will have a particular ¢ under the assumptions listed in the previous section.
The bottom panel maps the minimum and maximum B/A for the range of ¢ in the sample
at specific inclinations between ¢ = 0 — 7/2. The hard boundary where i = 0 and ¢ = 0 in
the two-dimensional histograms and probability distributions reflects the minimum possible
value of ¢ that will project a particular B/A, and does not reflect any externally imposed
limit on the parameters.

For any particular projected axis ratio, the peak of the histogram falls mostly along the
line where i = 7/2, with some minor enhancement along i = 0, ¢ = 7/2. However, this does
not imply that all the cores in this region of the histogram are at this specific orientation.
As the bottom panel of Figure shows, there are multiple inclination angles that produce
the same apparent axis ratio at various ¢ between 0 and 7/2.

One interesting result of this analysis is that there are some preferred ¢ modes for B/A
values in each tensor virial equilibrium population. This is emphasized in Figure 4.14] which
plots two slices from each of the two-dimensional discrete probability distributions shown in
the middle row of Figure [£.13] The distributions are sharply peaked despite having broad
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Figure 4.13: A sample of the Monte Carlo algorithm run for the triaxial sample of P,,; = 0.5.
Top Row: The two-dimensional histograms for the spheroidal (left) and triaxial samples
(right), binned to 100x100 with the ¢ bins logarithmically spaced. Middle Row: Discrete
probability of a particular B/A value having intrinsic ratio (. Bottom Row: Maps of the
projected axis ratios as a function of triaxial { for specific orientation angles. The angle
mapping for the spheroids is uniform across pressure steps.
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Figure 4.14: Vertical slices from the discrete probability distributions presented in Figure
for both the spheroidal (left) and triaxial samples (right).

bases.

Figure plots the most probable (i.e. modal) ¢ values for each projected axis ratio in
addition to the mean value for both the spheroidal (top) and triaxial populations (middle).
All spheroidal populations at all pressure steps had their most probable values along their
shared minimum bound (¢ = 0,7 = 0), while the mean values increased with the increase in
truncation pressure. However, this latter result is most likely due to the different maximum
¢ values at each pressure step, rather than any underlying structure in the histogram.

Likewise, the flat regions at low B/A in the most probable value curves in the triaxial
sample (Figure , middle) are an artifact of the maximum ¢ value in the parent population.
Following the ¢ = 7/2 curve to the minimum plotted B/A value would imply that the peak
in the distribution lies outside of the range of population ¢ values. Correspondingly, the
sharp dip in the most probable values of the triaxial P,,; = 0.0918 curve results from the
minimum B/A at the i = 7/2, ¢ = 0 orientation occurring at a larger value of B/A than for
the other triaxial samples. This causes the secondary peak at ¢« = 0 at the lower ( limit to

dominate the distribution (Figure [4.15, bottom).

4.7 Discussion and Conclusions

We have presented the results of tensor virial equilibrium computation for pressure truncated

magnetized Bonnor-Ebert spheres. Results from both non-twisted and twisted hourglass field
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Figure 4.15: Most probable (modal) and mean values of { as a function of projected axis
ratio B/A from the two-dimensional histograms for the spheroidal (top) and triaxial samples
(middle) at multiple steps in truncation pressure P,,;. The bottom plot shows the discrete
probability slice at B/A = 0.33 for P,,; = 0.0918 to illustrate the origin of the sudden dip
in the modal curve between B/A = 0.3-0.35.

models show that tensor viral equilibria only exist in a specific subset of model geometries.
Therefore, we can use this virial equilibrium criterion to successfully reduce the degeneracy
in models produced by PoLCAT. However, we do not necessarily expect cores to be in

perfect equilibrium. If we relax the VE; = 0 constraint to

|Wiil

<a (4.33)

where « is a threshold value of order unity, then our virial constraint becomes a physicality
constraint requiring that cores are not “too far” from equilibrium. Such cores may be
preferred by an Occam’s razor argument, since magnetostatic cores are necessarily simpler

objects than dynamic cores resulting from turbulent fluctuations.

While spheroidal equilibria dominate our solution space, it is particularly interesting
that we have found a set of triaxial cores that are in tensor virial equilibrium on all three
axes. It is unknown whether these equilibria are stable or unstable, but they warrant further

investigation. Such equilibria have not been previously found in studies of exact magneto-
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static equilibria (e.g. Mouschovias, [1976b; [Tomisaka et al., [1988a; [Fiege and Pudritz, 2000b)
because the self-consistent field methods employed by these works assumed azimuthal sym-
metry. One additional potential complication with our calculation is that magnetic fields in
low-density gas should quickly relax to force-free configurations, which cannot be guaranteed
in POLCAT’s modelling framework. The magnetic surface terms in the tables are calculated
using the field structure just interior to the truncation radius. As a result, the fields external
to the core may physically be out of balance with the internal fields, which would affect the
estimate of the magnetic energy. We have plans to investigate our new triaxial equilibria
with a three-dimensional magnetohydrodynamic code in order to determine their stability.

Work is currently underway to apply the virial criterion to fits of actual data. An earlier
version of POLCAT was applied to data without our new tensor virial physicality criterion,
and without the extensions to the code presented in this work, which allowed for very flat-
tened or elongated geometries that were far from equilibrium. Preliminary testing with the
virial criterion in place shows that it eliminates these unphysical extreme geometries while
the fit is still running. The next stage of this research will involve applying the current
version POLCAT to a variety of cores from the SCUPOL legacy catalogue (Matthews et al.,
2009) as well as new data from the JCMT BISTRO Collaboration (Ward-Thompson et al.
2017).



Chapter 5

Exploration of Non-Equilibrium
Molecular Cloud Cores Under Tensor

Virial Constraint

For application to PolCat runs, we desired a simplified parameter that we can use to assess
how far each solution is from tensor virial balance. To that end, we opted to express the
virial balance of each axis VEj; as a fraction of its corresponding gravitational energy term

Wi;. Due to cancellation of constants, this simplifies to

VE;  VE*
Wi =W

where VE;* is as defined in equation (4.31]). This allows us to compute a simple “upper

virial limit” that can be used to restrict solutions.

For actual POLCAT fits, we selected a hard upper bound for the normalized tensor virial
components of 0.2. As this places a restriction on the models, we also wanted to explore the

potential range of geometries that this criterion allows.

To map the parameter space, we used the ¢, £ grids from the lookup tables (513x513),
and generated a grid of 256 ¢ values between 0.2 and 2 (the default POLCAT limits). We then
used them to calculate the virial balance at the same 12 pressure steps (and corresponding
main C;* steps for the twist tables) used in the previous chapter, and rejected all results
where the magnitude of any of the R;; values were greater than 0.2, or the square of the
dimensionless magnetic field scale b* was negative. This latter condition omits all geometries

where there exists no solution that is in scalar virial equilibrium.

86



5.1. SOME NOTES ON CORE SHAPE 87

Shape Parameters

2
[ ]Oblate
[ IProlate
[ INeither 5
2
0
2 2

Figure 5.1: How location on the shape map relates to ellipsoidal geometry. The plot shows
ellipsoids with azimuthal ratios of 0.6 (right) and 1 (spheroids, left), and (s, values of /0.5,
1, and v/2 (bottom to top).

5.1 Some Notes on Core Shape

The utility of describing the our model shapes in terms of normalized ellipsoidal axis ratios
(¢,&,1) is that we can easily classify the shapes by plotting ( relative to £ logarithmically
(see Section , Figure . The resulting “shape maps” are symmetric across the line
¢ = (, which represents the subset of spheroidal solutions (henceforth we refer to this as the
“spheroid line”). Due to this symmetry, we can simplify the shapes by adjusting the ratios
such that ¢ > £ for our analysis. Figure [5.1] shows the effect that these ratios have on the

overall shape, as well as additional relevant quantities that we describe below.

To thoroughly explore the effect that the shape has on the virial balance, we can quantify
how triaxial the model is by calculating the azimuthal axis ratio £/¢. For { > £, the smaller
the ratio, the more triaxial the core, with ratios of £/¢ = 1 representing the spheroidal
solutions. Two models sharing the same £/ value have the same projected shape in the z-y
plane, and plotting curves of constant £/¢ on the shape map results in lines with a slope
of —1, parallel to the spheroid line (Figure . We have previously used £/¢ to plot the
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triaxial equilibrium solutions of the previous chapter (Figures and as it effectively
provides a view of the solutions looking along the direction of the spheroid line.

While we know that two cores on the same £/( line have z-y plane cross-sections the
same overall shape, the actual size of the cross section and how it relates to the z-axis is
dependent on its position along that line. The normalized axis ratios ¢ and £ describe a
general ellipsoid with a z-axis ratio of 1, and so solutions with larger values of ( and & are
proportionately flatter than those with smaller values. A useful way to quantify this is with

the area of the z-y plane cross-section:

A
P €= <52ph’ (5:2)

where (g is the axis ratio of the spheroid with the equivalent cross-sectional area. The
larger the value of (pp, the flatter the model is relative to the z-axis and vice versa. Curves
of constant (s, appear as lines with a slope of 1 on the shape maps, meaning they meet the
¢/¢ lines at right angles (shown in Figure . These two quantities effectively rotate the
shape map 45°.

An additional benefit of quantifying the cross-sectional area in terms of (s is that it
allows for direct comparison with the plots of spheroidal equilibria in the previous chapter
(Figures and . We note, however, that two cores with the same (pn can look very
different depending on their /¢ values. For example, cores with large (spn appear like disks
on the spheroid line, but become cigar-like (simultaneously flat and narrow) the smaller their
¢/( is. Additionally, when we refer to core “flatness” we are referring specifically to the core’s

geometry relative to its z-axis (and correspondingly its initial magnetic field direction).

5.2 Hourglass Models

The left plot of Figure shows the range of ( and £ values permitted by the virial restric-
tion. As before, we have adjusted the parameters such that ¢ > £. The rightmost plots in
Figure plot the squeeze parameter ¢ against the area-equivalent axis ratio (s, (top) and
azimuthal axis ratio /¢, producing plots analogous to the corresponding plots in Figure .

While the R;; = 0 results (see Figure were entirely contained in the oblate region of
the plot, the looser restriction on R;; values has allowed for cores with triaxial oblate, triaxial
prolate, and “in-between” geometries (“neither” category in the shape map of Figure ,
with the outer boundary in these regions being identical at all pressure steps. The tip of the
furthest extent of the common boundary into the prolate region occurs at (spn ~ 0.65. This

Csph value appears to indicate a minimum out to {/¢ = 0.89, but this may be an artifact
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Figure 5.2: Plots mapping the allowed range of shapes for R;; < 0.2. Regions are plotted
with transparency due to overlap, with solid lines representing the outer bounds. Left: Map
of normalized triaxial axis ratios, adjusted for azimuthal degeneracy. Top Right: Squeeze ¢
plotted against (s,n, which expresses each set of (¢, ) as the axis ratio of a spheroid with an
equivalent z-y cross-sectional area and describes the degree of flatness relative to the z-axis.
Lines of constant (s,, are perpendicular to the spheroid line ¢ = £. Bottom Right: The
azimuthal axis ratio /¢ relative to c.

of our table resolution. Effectively, this means that there are no spheroidal or triaxial cores
more elongated than this for this range of R;; values. From the tip, the solutions remain
prolate-like, until the /¢ reaches 0.6 at the boundary between the in-between and oblate
regions of the plot. As the cores get flatter from this point, the borders diverge, with the

solutions belonging to higher pressure steps expanding out into smaller values of £/(.

At large values of (gpn, the maximum ¢ value along the spheroid line has expanded only
slightly from its equilibrium value into more flattened shapes. From this new end point,
the border solutions expand out approximately perpendicular to the spheroid line, reducing
slightly in (s as they reach their minimum £/¢. As the pressure increases (truncation radius
decreases) the top edges of the regions widen out into thicker versions of the triaxial “wings”
present in the high-pressure steps of the balanced case (Figure .

Both of the plots on the right side of Figure show a range where all pressures share
a common upper boundary. For the top plot, this is defined between (g, values of 0.63 and

1.4 where ¢ > 0.8. In the bottom plot, the shared outer edge above ¢ = 0.87 ranges between
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Figure 5.3: Borders of the dimensionless magnetic field strength b* as a function of azimuthal
axis ratio (left) and adjusted ¢ (right).

azimuthal ratios of 0.6 — 1. The range of (s,n and £/¢ values in these two plots maps directly

to same common border in the prolate/neither region of the shape map.

The top-right plot of Figure [5.2] shows that the range of ¢ values widened only slightly
from the balanced case, despite the large variance in azimuthal axis symmetry. The regions
as a whole resemble a needle, tapering toward a “tip” at higher c values and lower (g1, values.
The solutions follow the same trend as the equilibrium case, where the diskier the solution,

the more compressed it must be to stay within the acceptable range of R;;.

Figure 5.3 shows two views of how b* varies with shape. The plots show a common range
at b* =0 of 0.6 — 1 in the £/¢ plot (left), and 0.63 — 1.4 in the (s (right). This is the origin
of the common boundaries exhibited in all three plots in Figure [5.2 To have b* = 0, the
scalar gravitational potential energy must exactly balance the two kinetic terms. The two
kinetic terms are only dependent on pressure, and the gravitational term is dependent on
both pressure and shape. The fact that the same boundary in (, £, and ¢ appears at every
pressure step indicates that these geometries always balance the kinetic energy regardless
of truncation pressure (surface radius). Outside of this boundary, solutions in scalar virial
equilibrium no longer exist because there is no positive value of b*2 that balances the equation.
This would seem to indicate that highly filamentary structures with their field structures
oriented parallel to their long axis are not near virial equilibrium, which is not generally true.
However, we note that this analysis only encompasses cores with a Bonnor-Ebert density
profile and a non-twisted hourglass field, and we expect filaments to have different density

profiles to cores.
At all pressure steps, the model geometries with the largest magnetic field strengths
required to balance the virial equation were spheroids with the maximum amount of com-

pression (minimum c). The peak values occur for the model in this range with the smallest
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value of ( = &, and the field strength drops as the spheroids become flatter. The field
strength also decreases as the cores become more azimuthally eccentric (/¢ decreases), and
the range of b* values becomes quite thin. This masks that the range thins with diskier

shapes at the highest pressure steps in the b* vs (y,n plot.

5.3 Twisted Hourglass Models

Figure |5.4] shows plots similar to those in Figures [5.2| and stepping through C;* for
maximum, minimum, and two in-between pressure steps. The turnover point where “holes”
in the high-twist steps at P.,; = 0.1615 are appearing in the b* vs (s plots is where the
solutions are thinned out by the scalar aggregate of the magnetic terms in the virial equation
(§4.5.2) crossing the origin, which causes a numerical discontinuity. The much larger gaps
in the corresponding P,,; = 0.5 regions in the corresponding plot are due to where the peak
of the ¢ curve lies outside the parameter range. From the shape maps (Figure top row)
as the twist increases from 0 to around 0.65, the top left boundaries (highest (s, diskiest
solutions) move towards more spherical geometries, while the range of solutions protruding
into the prolate and in-between regions stays fixed. Once the twist increases past this point,
the solutions protrude further into the prolate region while the top border stays more-or-less
fixed just inside the oblate region. This top border represents the maximum border of the
region where b* = 0.

The wide triaxial “wings” behave the same way as their corresponding equilibrium cases,
sweeping forward and vanishing as the twist increases. At the highest pressure step, where the
wings survive for the largest range of C;* values, the width of the wings becomes narrower
in ¢ as C}" increases, but wider in ¢ until the wings vanish. In the equilibrium case, for
pressures less than 0.2, cores in the triaxial wings become more compressed as C;* increases
(Figure , which is also seen here. For pressures greater than 0.2, the equilibria became
more azimuthally eccentric while the ¢ value increased (less compressed) before the wings
vanished. The same behaviour is exhibited here, except it has also resulted in a widening of
the range of ¢ values in the wings as the twist increases. Once the ¢ values start to dip down
(as seen in the bottom right panel of Figure , the lower ¢ boundary of the wing appears
to dip out of range until the wings disappear.

When b* is plotted against (spn and ¢ in three dimensions, it can be seen that when the
curves turn into the prolate region of the plot, the appearance of the regions in the (g, vs ¢
plots are due to the solutions in this projection forming a “ribbon” that twists over on itself
as (spn decreases and b* increases. The hard boundary at the top of the “needle” caused

by b*? crossing the origin remains fixed at the same coordinates in Gspn and c. This result
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is expected, since this condition is caused by the trace of the gravitational potential energy
balancing out the kinetic terms independent of the magnetic field geometry.

At all pressure steps, as the twist increases the magnetic field strength also initially
increases. Once the twist increases past a certain point, the maximum b* progressively de-
creases (Figure , bottom row). The precise twist step where this occurs changes with
truncation pressure, with the critical C;* increasing with increasing pressure. Between pres-
sures of 0.001 and 0.1, the maximum value of b* for each pressure step decreases from a value
of ~ 9.5 to &~ 7. At higher pressures it gradually increases to a maximum value of ~ 10 at
P..;=0.5

For each individual pressure step at low C;* values, the model geometry with the largest
dimensionless field strength is the roundest spheroid with the minimum ¢ value as in the
hourglass case. Once the twist hits approximately C;* = 0.3, the peak model switches to the

flattest spheroid with the minimum c value.

5.4 Discussion

We originally developed this virial constraint as a way to exclude unphysical geometries from
PolCat fits. Previously, the only method we had of assessing whether a core was “unphysical”
was to accept or reject models by visual inspection of the geometry. Thorough examination
of the geometries within the virial criterion limit have revealed that some very eccentric
models that would have been rejected through visual inspection are theoretically physically
possible. However, these only appear at high pressures, we have only examined pressures up
to 50% of the peak of the profile. Interestingly, the population of solutions in the triaxial
wings for the hourglass models (Figure shows similar cross-sectional structure to the
self-consistent filament models with perpendicular field direction of [Tomisaka/ (2014]). We
note however, that in [Tomisaka| (2014)) the equilibria were computed in cross-section for
infinite cylinders rather than the finite filamentary cores we are seeing in the triaxial wings.

Overall, the compression parameter ¢ appeared to have the largest effect on b* at any
pressure step (and twist), with the solution with the highest b* also having the minimum
value of ¢ in all cases. This is due to the trace of the unscaled magnetic field tensors being
orders of magnitude smaller than the trace of the gravitational tensor, which also grows
much faster in magnitude as ¢ decreases than the aggregate magnetic terms. As a result, b*
needs to increase in magnitude to balance the virial equation.

The result of the magnitude of b* being larger for rounder cores in the hourglass case
is perhaps counterintuitive. For this field geometry, oblate shapes are expected due to

preferential contraction at the poles (absence of Lorenz force), and a corresponding resistance
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to contraction at the equator. It would therefore be expected that flatter geometries would
indicate a stronger magnetic field at equivalent compression and truncation pressure, but that
is not the case here. However, since the models are computed by mechanically contracting a
uniform density and magnetic field into the final configuration, the flatter models are actually
less contracted about the equator relative to the rounder model, leading to a smaller magnetic
field strength.

As the magnetic field twist increases, the dot-product between the field direction and the
normal to the flux tube cross-section (B Ag,x) decreases. While the flatter core has a more-
expanded equator compared to the rounder model, the expansion at the equator increases
the angle the twisted field makes with the flux tube cross section. Once C}" is greater than
~ 0.3, this effect dominates over that of the equatorial contraction, and the peak geometry
switches.

However, we do note that this method assumes that cores are in scalar virial equilibrium
to derive the magnetic field strengths, and this is not likely to be the case for general
molecular cloud cores. As such, the geometries determined by our method represent a “best
case” scenario. Future expansion into this area of the analysis could explore changes to the
model families when the magnetic tensor components are scaled by independent estimates of
magnetic field strength using Zeeman measurements or the Chandrasekhar-Fermi method.

However, this is beyond the scope of this work.



Chapter 6

Virial Balance as a PolCat Fitness

Penalty

The simplest method to restrict the Ferret solutions to the desired tensor virial factor is with
a penalty function, such as those we already apply for centering, surface intersection, and
fitness threshold as described in Section [3.2.4] For solutions that fail the penalty check, we
add an arbitrarily large value scaled by (1 + f) to all the fitness values, where f is a factor
that scales with discrepancy from the desired quality.

The virial penalty function follows this basic procedure:

e Use the Ferret parameters to interpolate the relevant tensor quantities and traces,

e Solve equation to compute b** (and use model parameters to compute by),

e Compute equation (4.31]),

e Compute R;; (equation ) by normalizing each V E;* by the corresponding %VVM*

Then we calculate a conditional “distance” from our desired threshold (in this case, 0.2) for

all three axes,
0 if R; <0.2,
di; = (6.1)
|R;;| — 0.2 if R; > 0.2.
We then add the three “distances” together. Occasionally, solutions require an unphysical,
negative b** (as defined in ) in order to be in scalar virial balance. This happens when
the total magnetic terms have opposite sign to the sum of the kinetic and gravitational
terms. Because there does not exist a solution that is in scalar viral balance in these cases,
we penalize this condition as well. Instead of using the negative value to compute the tensor

components, we set b*? to its absolute value. This causes the trace to be non-zero, and we

95
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add a fourth quantity to the penalty, d;., equivalent to the absolute value of the trace of
equation normalized by the corresponding factor of = > W;;* . The virial penalty
function is therefore

Pyir = Prin (dxx + dyy + dzz + dtr + 1) : (6~2)

The value P,,;, is the minimum scale of the penalty, which we determine by calculating the
mean of the square of each stokes vector dataset map to its corresponding variance map, and
taking the maximum of the three. Since this factor is much larger than the factors we were
previously using for the other penalty functions described in Section [3.2.4.1] we adjusted
those to the same scale (with the exception of the fitness penalty, which we did not apply
in this case). The following sections present the results of fits both with and without this
new penalty, for both test data (, and two polarization datasets of the region OMC-1
BN/KL (§6.2).

6.1 Fits To Test data

To test the efficacy of applying the virial restriction as a penalty, we first ran fits to test
data, similar to the analysis of Chapter [3] However, we decided to update the density model

to provide a more natural external envelope profile, rather than the flat envelope profiles we

have used previously (§3.5.1| and §4.2.2)).

6.1.1 Composite Bonnor-Ebert Sphere Transformation (CBES)

The BES model produces a core with a Bonnor-Ebert density profile embedded in a constant-
density envelope. While this is an acceptable model, we felt the flat envelope was unrealistic.
In order to produce more realistic envelope models, we switched to the composite polytropes
of |(Curry and McKee| (2000), and used their construction of an isothermal core embedded in
a warmer isothermal envelope. This model’s envelope attenuates naturally while allowing
the core region to remain distinct. However, we note that (Curry and McKee (2000) develop
their composite core-envelope models as further bounded by a tenuous external medium and
specifically search for critically stable solutions under these conditions. We are instead sim-
plifying the model by treating the core-envelope interface as the “surface” with the envelope
taking the role of the “flat” external density in the BES model, and not searching for specific
critically stable solutions.

The central core (r" < r’) uses the same stored Bonnor-Ebert solution as the BES trans-
formation and the virial tables, and the envelope is computed separately using the same

unscaled dimensionless coordinates defined in Section |4.2.2] computed outward from the
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truncation radius defined by P.,;. The radial transformation outside the truncation radius
is computed via equation [3.6]

At the surface interface, the boundary conditions are

genv(r*s) = gcore( s)/T (63)
env(r*s Peore (1) + 21In 7 (6.4)
ple=T (6.5)

where 7 = Teny/Teore > 1 (Curry and McKee, 2000). The density profile of the envelope is
P = P = Texp(—®’). This expression originates from the well-known analytic solution
of equation . We then rescale the resulting core-envelope system in the same fashion
as Section [4.2.2] With the above parameterization, we are left with a three-parameter model
in the central density scale p., the truncation pressure as a fraction of the central pressure

P,.:, and the jump parameter 7.

6.1.2 Test Data Generation

As in Chapter [3] we performed a series of fits to test data generated from a series of “seed
models.” We selected four triaxial geometries from the population of VEFit solutions where
the diagonal elements of the virial balance tensor VE;; were within 0.2 of the gravitational
value. Using these as a base, we generated models with the Bonnor-Ebert core profile,
but changed the envelope from a flat profile to a naturally attenuating one, based on the
composite polytrope model of Curry and McKee| (2000) (see Section . This resulted in

four “seed models” which we refer to as individual “cases” as in §3.6}

Case 1: an oblate triaxial core with an hourglass magnetic field,

Case 2: an approximately spherical core with an hourglass magnetic field

Case 3: a triaxial core with ( > 1 and £ < 1 with a helical hourglass magnetic field
Case 4: an approximately prolate spheroid core with a helical hourglass magnetic field.

Cases 2 and 3 fall into the “neither” geometry class defined in §4.2.3] Figure shows the
three-dimensional structure of each test model geometry.

Each of the virial-criterion seed models shared common p. and 7 CBES-component pa-
rameters, with py and oy parameters selected to scale the core properly in the model grid.
We generated two test datasets for each of these seed geometries, one where all orientation

angles were set to zero, which we hereafter refer to as “VO”, and one where the azimuthal
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Figure 6.1: Three-dimensional representations of the four seed model geometries (specifically
the VO models). Despite changes in parameters between the VO and NC/NE models, the
overall core and field geometry of both are identical due to careful parameter scaling.

and inclination angle were set to unique values, which we hereafter refer to as “VA”. The
parameters for these four test data cases are summarized in Table [6.2]

However, since all of these sets are in virial equilibrium to begin with, we also wanted test
datasets from cores that did not meet the virial criterion for comparison. Exploration of the
parameter space showed that the parameter that had the strongest effect on the balance was
the z-compression parameter c. Depending on the starting geometry, changing the ¢ value
significantly could result in an unphysical negative value of b*? (due to the requirement that
the core be in scalar equilibrium). These solutions would automatically fall into the penalized
region of the fit.

To contrast with the virial-balanced sets, we took each of the four virial cases and changed
¢ to make the core fail the virial check (i.e. at least one axis with |R;;| > 0.2). We generated
two non-virial seed models where ¢ was either smaller (“NC,” more compressed), or larger
(“NE,” expanded) than the original, with at least one of those selected to give a negative
b*? value. Under the virial criterion, such models would be penalized. Changing the z-axis
stretch ¢ necessitates adjusting the central density scale p. by multiplying by a factor of
Cnew/ Cola 10 keep the core the same size as the original virial dataset in the model grid. For
simplicity, these test datasets were generated only at the same unique orientation angles as
their corresponding VA set. Therefore, each of the four geometric cases has four correspond-
ing test datasets: VO and VA — the two within the virial limit — and NC and NE — the two
not within the limit.

For each of the resulting geometries, we generated artificial polarization data using the
method we outlined in Section [3.6.2] These maps have added noise, and so we can calculate
fitness values between each map and its generating seed model for comparison with the

FERRET results.

For each test dataset, we ran four tests: 1) fit to hourglass field with virial mode turned
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on and 2) off, and 3) fit to twisted hourglass field with virial mode turned on and 4) off.
Each of these tests were run a minimum of three times and combined into a single solution
set. All runs penalized fitness values above 25 for the reduced x? for intensity, and 10 for
the reduced x? of the polarization position angle.

For these fits, we enabled simultaneous X- and F-niching. The niching settings in FERRET
help fill out the fitness curve by calculating the number of nearest neighbours for each
solution, and favouring the solution with the smaller number when in competition with
other equivalently Pareto-optimal solutions (§3.3). With X-niching, this nearest neighbour
calculation occurs in the parameter space, and with F-niching it occurs in the objective

space.

6.1.3 Tweaks to PolCat

After some preliminary tests, we made some modifications to the TA_CBE_Sq_Sh template
(twisted hourglass). In general, we do not favour highly twisted models (i.e. models where
the field direction makes ten or more complete revolutions before hitting the core surface),
so we changed the fit of the twist parameter from linear to logarithmic to encourage FERRET
to more thoroughly map smaller values.

Another consideration was that the virial tables were dependent on the normalized twist
parameter C;* = Cype Y 6, which is more representative of the number of twists in the field
than C} is, due to how it is affected by the central density scale. Additionally, since the
virial tables specify limits on C}*, it is less efficient to fit in terms of C; as it is impossible to
restrict the fitness range to the table values for the same reason. In order to fit C;* rather than
C;, we needed to make a change to POLCAT’s parameter assignment framework, to allow
parameters to be expressed as functions of the values from FERRET, without hardcoding it
directly into the transformation functions. Once we made this change, we were able to fit
Cy" directly.

6.1.4 Results
6.1.4.1 Fitness curves

Because we are running FERRET with multiple objectives, the solutions in the final set
populate a “trade-off curve” — a surface where an attempt to further improve any one of the
fitness values produces a corresponding degradation in the others. Typically, this surface
has a sharp turning point, commonly called a “knee,” where the solutions have achieved a

decent balance between the fitness objectives.



Dataset Parameter Values Fitness
Case Type Po o0 o Pe T Pou ¢ § c ¢ Fr Fyou
(gem™) (kms™) (rad/2(©) ) )

1 VO  5.00E-20 1.339 — 150 5 0.0169 1.792 2.0146 0.4441 O 0 1.2166 0.9458
VA  5.00E-20 1.339 — 5 0.0169 1.792 2.0146 0.4441 65 12 0.9652 1.1869
NC  5.00E-20 1.339 — 93.1616 5 0.0169 1.792 2.0146 035 65 12 1.031 1.1333
NE 5.00E-20 1.339 — 372.6463 5 0.0169 1.792 2.0146 0.7 65 12 1.297 1.0679

2 VO 2.00E-20 2.3304 — 150 5 0.1615 0.9999 0.8812 0.9967 0 0 0.9625 1.1087
VA 2.00E-20 2.3304 — 5 0.1615 0.9999 0.8812 0.9967 80 24 1.1178 0.9717
NC 2.00E-20 2.3304 — 96.6453 5 0.1615 0.9999 0.8812 0.8 80 24 1.091 1.0389
NE 2.00E-20 2.3304 — 217.4518 5 0.1615 0.9999 0.8812 1.2 80 24 0.9905 1.1323

3 VO 2.00E-20  1.0008 0.6477 150 5 0.0169 1.0493 0.8818 0.6866 0 0 1.0235 1.1874
VA  2.00E-20  1.0008 0.6477 5 0.0169 1.0493 0.8818 0.6866 50 33 0.9939 1.1784
NC 2.00E-20  1.0008 0.6477 50.9104 5 0.0169 1.0493 0.8818 0.4 50 33 1.2231 1.0299
NE 2.00E-20  1.0008 0.6477 385.0099 5 0.0169 1.0493 0.8818 1.1 50 33 1.022 1.2486

4 VO 5.00E-21 0.5977 1.54 150 5 0.1615 0.7367 0.7404 1.2685 0 0 1.0188 1.1772
VA 5.00E-21  0.5977 1.54 5 0.1615 0.7367 0.7404 1.2685 21 58 0.9108 1.5601
NC 5.00E-21  0.5977 1.54 93.2231 5 0.1615 0.7367 0.7404 1 21 58 1.1544 1.2604
NE 5.00E-21  0.5977 1.54 182.7173 5 0.1615 0.7367 0.7404 1.4 21 58 0.9526 1.4684

Table 6.1: Parameters and templates used to generate the seed models for the test data.
zero in all cases.

RotateA position angle PA is set to

00T
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Overall, the minimum fitness values for intensity corresponded closely with those of their
corresponding seed models, while the knees favoured slightly larger values of F;. Some model
geometries actually had smaller values of F , than the seed model, which was common from
other tests we have previously run ( However, the knee solutions had RMS error values
between 1-2 times those between the seed model and the test dataset, but this was typically
within 1072 of the scale of the average map intensity. The RMS error for y,, values was
almost exactly in line with the seed model, except in the case of hourglass (ie. non-generating
template) fits to Cases 3 and 4. These showed RMS error angles of between approximately
35-55°, whereas the seed model had values of around 15°.

Tests run using the virial criterion typically had little influence on the fitness curves for
Cases 1 and 2 (hourglass). The merged solution fitness curves overlaid the corresponding
non-penalized fit with the same template. When applied to the hourglass template, there
was typically no overall improvement over the non-penalized run. The exceptions were fits
to Case 2 (approximately spherical) with the twisted template. For the VA and NC datasets
the non-penalized twist model had a much worse fitness value, whereas the penalized run
overlaid the two hourglass fits. The penalized fit to the NE dataset had improved F, .

Fits of the hourglass model template to test data for Cases 3 and 4 were universally poor.
The face-on test data typically produced results that were within the fitness threshold, but
the rotated sets never reached the fitness threshold for position angle. This indicates that
regardless of virial fit, a dataset with an underlying field twist cannot adequately be fit to
models that do not include one, repeating the results of Chapter 3|

Fits to the zero-rotation (VO) datasets of Cases 3 and 4 with the twisted hourglass model
actually showed the best fits without the virial penalty. The virial-penalized run occupied
the same area of the fitness space as the hourglass models. Otherwise, both solution sets

with the twisted hourglass model were almost identical.

6.1.4.2 Azimuthal Geometry

For Cases 1 and 2, all solutions near the knee were able to find accurate ¢ and £ values
while fitting with the seed model geometry (sans twist). Shape maps for these runs are the
first two plots of the top row of Figure (This includes the NC and NE datasets). The
distribution of shapes overall for the Case 1 geometry were tightly clustered around the seed
model parameters, whereas there was more spread in the Case 2 results. However, while the
knees of the non-virial fits to the VO and NC datasets did not find the seed model shape,
the knees of the penalized fits did.

Fitting these datasets with the twisted template (two leftmost plots in the bottom row

of Figure resulted in more variation in the selected shapes, and less accuracy in general
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for the knee solutions for the non-penalized runs. In these cases, enabling the virial penalty
led to better shape fidelity between the seed model and the knee regions of the solution sets.
The Case 3 and 4 fits with the twisted hourglass geometry also produced results clustered
around the seed model shape, with the exception of the penalized VO datasets, which were
both poor. However, poor shape matching to zero-inclination datasets was not an unexpected
result, based on previous fits to test data (see . Additionally, inspection of the twist
parameters for those two solution sets shows that they had twist parameters so small as to
be practically non-existent, which likely influenced the direction of the virial parameters.
As expected, fits with the hourglass model did not produce core shapes in any way close
to the seed values. This reinforces the results of Chapter [3, which found that a twisted
field geometry cannot adequately be fit without a twist. However, the knee solutions for
the penalized runs did appear to have more “reasonable” shapes. Interestingly, while all
the Case 4 solutions ran more-or less along the line ( = 1, producing shapes that are very
cigar-like, the Case 3 solutions mostly fell on a line of constant azimuthal symmetry ratio

¢/C. However, this line did not have the same ratio as the seed model.

6.1.4.3 Compression

Figure [6.3] plots the compression parameter ¢ for all datasets relative to the area-equivalent
spheroidal axis ratio (spn (, arranged transposed to Figure Each plot also has the
virial region from Figures and corresponding to their seed model P,,; and C;* values
superimposed on the background.

For the Case 1 and 2 VO and VA datasets, the virial penalty tightly constrained the
compression parameter to their seed values. The penalized NC solution set showed some
slight expansion, and the NE set compression. This is consistent with what we would expect
from the adjustment made to make the base models fail the virial check. The only non-
penalized solution set that showed a knee solution with the same amount of compression
was the fit to the NC dataset. The others were not constrained at all. The fits of these
datasets with the twisted model showed similar results.

The seed geometry fits to Cases 3 and 4 were overall more tightly constrained in the
azimuthal ratio, with the exception of the previously mentioned penalized fits to VO. The
hourglass fits to these cases were wildly unconstrained, with very few of the knee solutions
finding the seed model values. In Case 3, the penalized values for the VO and VA datasets
skewed high, whereas the Case 4 results skewed low. Overall, the virial penalty did show
slight improvement on the knee results.

While removing the virial constraint would have allowed fits to the NC and NE datasets

to select their corresponding seed values of ¢, we find that in practice they did not. Even
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Figure 6.3: Plots of compression for all runs, ¢ value versus area-equivalent axis ratio (spn
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when fit with the seed model geometry, none of the fits to the NC and NE datasets had ¢
values that were close. Overall, the non-virial fits favoured larger values of ¢ that indicated
expanded geometries. Despite the virial constraint not allowing the seed values for the NE
and NC datasets, the range of values allowed by the virial constraint provided a better
estimate than the unconstrained fits.

The compression parameter affects the size of the core in dimensionless coordinates.
Therefore, models with different compression compensate for the difference by adjusting the

density and velocity dispersion scales to keep the core the same pixel size.

6.1.4.4 Density Profiles

To determine how well the solutions replicate the density structure of the seed models,
several factors need to be taken into account. Firstly, the peak density of the final model not
only depends on p., but also the overall density scale py. Additionally, because the squeeze
transformation does not preserve volume, this results in the final peak density of the core

being scaled by 1/ det(J squeeze):
o LoPec
Ppeak = C é.03 .

(6.6)

Consequently, this scaling also folds into the pressure (and the velocity dispersion o through
the radial scaling) as well. Secondly, since the cores are all potentially different shapes with
different compression values, the truncation radii of the core profiles do not necessarily line
up.

In the analysis of Section [3.6.3.5], we defined a quantity «, which represented the amount
of stretch the core experienced along the line of sight (hereafter LOS) from the transfor-
mations performed after the Bonnor-Ebert core density transformation. This quantity was
obtained by applying the inverse RotateA and Squeeze coordinate transformations to a unit
vector centred on the core parallel to the LOS. We then used the length ¢ of the resulting
transformed vector to calculate @ = 1/e. This factor affects the scaling of the intensity
map, because the map involves integrating the three-dimensional core model along the LOS
direction. The final fully scaled LOS surface radius is therefore roar;.

The results of Section showed power law relationships between the LOS contrac-
tion « and respective peak density and pressure when they were normalized by their seed
model values. While those runs showed identical power law relationships present in all runs
to all test cores, this was not the case here. This is in part likely due to the substitution
of the squeeze transformation for the scale transformation, since the squeeze transformation
causes density enhancement. While some evidence of a power-law relationship exists from

run-to-run for individual test datasets with a larger spread in normalized LOS r, values, it
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is not consistent between runs.

However, when we look at the density profile and scale the radius with « to represent
the density profile along the LOS to the centre of the core, the radii line up. When the LOS
compression is taken into account, the radius from the core’s centre along the line of sight
becomes R = argr where r in this case represents the profile used to calculate the three-
dimensional transformation of CBES. The core’s truncation radius becomes R, = argr,.
When we plot ppeqr and R is normalized against the dataset’s seed model values, all solutions
approximately fall along the power 1aw ppear/[Ppeak]scea ¢ (Rs/[Rs)seea) !, the LOS surface
radius, except in the area approximately £0.2 around the seed model values. All solutions
outside this area adhered to the power-law relation closely. Figure plots the peak density
versus LOS surface radius, normalized with respect to their respective seed model values, as
well as density profiles of the knee solutions, normalized the same way.

For Case 1, all models fell within the +0.1 range of the seed values, meaning their core
density profiles closely matched those of the seed model along the LOS direction. Case 2 was
similar, but had a slightly wider overall range on the fits with the twisted hourglass model,
but the knee solutions were tightly clustered around (1,1). Both sets of knee solutions
produced good reproductions of the seed model density profile along the LOS.

Twisted hourglass fits to Cases 3 and 4 fit entirely between normalized ppeax ranges
between +0.2 and normalized LOS 7y values of 0.79 — 1.04. With the exception for the
penalized VO outliers, the knee solutions were also very tightly clustered around (1,1).
The hourglass fits were more disparate. For Case 3, with the exception of the penalized
VO set, all of the solutions fell along a straight line on the log-log plot, with normalized
Ppear approximately 0.05 lower than the (ry/[rs]seeq) ™ line, which appears to be a good
approximation for all of the other fits. Nevertheless, the range of values is still within 40.2
and all the knee solutions produced good fits to the LOS density profile. The Case 4 fits
fit more-or-less directly on the y = x~! line with normalized 7, values that ranged between
approximately 0.1 — 1. However, the penalized fits had the best results in the knee solutions,
which also reasonably reproduced the LOS seed profile. Enabling the virial constraint here
had a better effect on constraining the LOS density characteristics, despite field geometry
permitted by the model.

6.1.4.5 Field Geometry

Overall, fits with the twisted model template were able to replicate the C,* of the datasets.
The exceptions were the non-virial fits to the Case 2 VA and NC datasets which had C;* > 1,
with some models having C;* as high as 5. The first result is consistent with previous findings

from Chapter [3| where models with high field twists were able to replicate the polarization
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Figure 6.5: Two solutions from the non-virial Case 2 twist solution set. The knee solution
is on the left and the solution with the largest C}* is on the right, to show the “drift” effect.

maps quite well. The other exceptions were the outlier virial fits to the Case 3 and 4 VO
datasets, which selected C,* on the order of 1072.

Apart from the two sets in Case 2, the rest of the Case 1 and 2 fits produced results
with C,* values of less than 0.1. Twists on this scale are barely detectable when viewed in

three-dimensions. This presents like a slight “drift” in the field lines rather than a spiral

(see Figure [6.5).

6.1.5 Discussion

While applying the virial penalty often did not have an effect on the fitness curves, there
was some improvement in parameter constraint. Virial fits with the seed model geometry
produced cores that were tightly clustered around the ¢ and & values for the correct shape,
and had generally better fits for compression. While almost all of the knee solutions were
able to reproduce the line-of-sight density profile of the seed model, the virial fits did perform
slightly better. The virial criterion typically had little effect on the twist parameter, but did
select the correct twist when non-virial fits to the Case 2 VA and NC datasets produced high
twist models. The only exception to this was the virial fits to the Case 3 and 4 zero-angle
(VO) datasets, which selected C;* that were abnormally low.

While fits to the test datasets generated from the twisted hourglass model could not be

adequately fit without the twisted field component (except in the zero-angle cases), enabling
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Figure 6.6: The full BISTRO OMC-1 intensity map with main objects labelled (left half) and
datasets used for fitting (right half). The squares on the map of OMC-1 indicate the region
boundaries of the full resolution dataset (red) and the cropped dataset (cyan). Vectors on
the polarization maps are polarization E.

the virial penalty typically produced better fits to the azimuthal shape and compression in
the knee regions. Additionally, it improved the fit to the line-of-sight density profile.
Fitting the NE and NC datasets with the virial penalty enabled generally produced good
results fitting to the azimuthal geometry, and resulted both larger (NC) and smaller (NE)
values of ¢, which was expected due to how those particular seed models were perturbed away
from the |R;| < 0.2 criterion. The virial fits also reproduced the seed model’s line-of-sight
density profile better, though again with the exception of the zero-angle datasets. Overall,
the application of the tensor virial penalty was successful at constraining parameters, and

provides another tool to help assess the core characteristics.

6.2 Fits to Data: OMC-1 BN/KL

Previously, we have applied POLCAT to data from the SCUPOL Legacy Catalogue (SLC)
(Matthews et al.| |2009), with the results presented in |[Franzmann| (2014). This is a large
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catalogue of uniformly reprocessed data from the entire operational lifetime of SCUPOL
(1997-2005), the polarimeter on the SCUBA camera at the James Clerk Maxwell Telescope
(JCMT). Currently, SCUBA has been replaced by the updated SCUBA2 instrument and
its recently commissioned polarimeter POL-2. One large survey with this instrument is
the B-fields In STar-forming Region Observations survey (BISTRO), which is aiming to
produce a large high-resolution catalogue of the magnetic fields in the Gould Belt (Ward-
Thompson et al, 2017). While the survey is still ongoing, multiple papers on objects using
BISTRO data have already been published. Regions include OMC-1 (Ward-Thompson et al.|
2017, [Pattle et al. 2017; |[Hwang et al., 2021) and the Pillars of Creation in Orion (Pattle
et al., 2018), Barnard 1 (Coudé et al., |2019), and p Ophiuchus C (Liu et al., 2019), among
others. For this analysis, we are focusing on the OMC-1 dataset, specifically on the Brecklin-
Neugebauer /Kleinmann-Low region (BN/KL). We present POLCAT results of multiple fits
to both SLC and BISTRO datasets of OMC-1 BN/KL, with and without the virial criterion
|R;;| <0.2.

The Orion Nebula is a massive cloud complex that contains the closest region of high-
mass star formation to us, the Kleinmann-Low nebula (Kleinmann and Low, |1967), at a
distance of ~ 388+5 pc (Kounkel et al. 2017). The two brightest features in the OMC-1
region at submillimetre wavelengths are two large clumps, the Orion BN /KL region to the
north, and the Orion S core to the south (Figure [6.6)).

Density estimates of the BN/KL region by [Pattle et al.|(2017) (which uses the BISTRO
dataset) range between approximately 8.1 x 107! to 7.1 x 107! g cm™3. The polarization
angles of the region are consistent with an hourglass morphology (Schleuning) [1998; [Houde
et all [2004; Ward-Thompson et all [2017; [Pattle et al| [2017). Multiple magnetic field
strength estimates have been made through a variety of techniques. Zeeman measurements
have suggested values ranging from 0.1—0.44 mG in the LOS direction in CN (Crutcher et al.,
1996; |Crutcher, 1999, though this was from a region 3’ away), to approximately 1-16 mG
from OH masers in the BN/KL region itself. Modified Chandrasekhar-Fermi methods have
yielded values ranging between approximately 0.76 up to 3.8 mG in the plane-of-sky direction
(Hildebrand et al., 2009; Houde et al., 2009). Additionally Pattle et al.| (2017) have estimated
the plane-of-sky field strength range between 1.9 — 11.3 mG from the Chandrasekhar-Fermi
analysis BISTRO data.

SCUPOL Legacy data has an effective beam width of 20” and a flux conversion factor
of 227 Jy beam™! Volt~™!. The BISTRO POL-2 data has an effective beam width of 14.1”,
with a flux conversion factor of 725 Jy beam ™' pW~! (Ward-Thompson et al., [2017). This
factor is scaled by a factor of 1.35 times the typical SCUBA2 value of 537 Jy beam ™! pW!,

due to the presence of the polarimeter blocking some of the incoming light (Friberg et al.



6.2. FITS TO DATA: OMC-1 BN/KL 111

SCUPOL Legacy Catalogue BN/KL BISTRO BN/KL (binned) BISTRO BN/KL BISTRO BN/KL (cropped)
5 VN N N S S 5 10 I::\\ 6 \\i\\\
TR VATANENEEN AR PENANS S AN e N
LNRNENRNRN 4 NN NN NN
FTANNN N ~ S I VNN AN | AR L
AN\ NN s I AR N < R NN
—~ —~ —~ :{ §§§§§:\\\\\\\s,—\2\\\\\\\\\
2 [+ UV VAARNN =~ v ~fz [ VANN A N v EHARRRTTY 21 AN
EIRRRE! NNNNERIRR AANERH IR
S (IR W \\ N\ T \ \| T ~
N N \ EVRNRN N ' BN \ \ N PRI AR AP RN\ \ AVARY
5 ERERE SN RS \\\\\\\
o v NNV VAN S AN
HINMNER | ¢f DR
RRRNAY AR IR R
5 AVAN 5 AVMANAS ST WA |6 AV
-6 -4 -2 0 2 4 6 -4 -2 0 2 4 -5 0 5 5 0 5
x (pixels) X (pixels) X (pixels) X (pixels)

Figure 6.7: Full intensity map of the BISTRO OMC-1 dataset (Ward-Thompson et al., 2017,
with polarization maps of the extracted BN /KL datasets.

2016)).

6.2.1 Model Approach

For each final solution set, we combined solutions sets from six separate runs: three with
Ferret’s X-niching set to 0.25 (and F-niching set to 0), and three with F-niching set to 0.25
(and X-niching set to 0) (see Section [6.1.2). We took this approach due to the increased
complexity of actual datasets over our test data. Because the BISTRO dataset has a higher
resolution than the SLC data, we first binned the BISTRO dataset by 2x2 pixels, which
produces a similar resolution to the SLC data, in order to fine-tune our initial fits. We then
followed these with fits to the dataset at full resolution. The preliminary results of these
fits were underestimating the intensity of the bright core region of the data while producing
good fits to the diffuse envelope outside the core. As a result, we cropped the BISTRO data
further to try and isolate the central bright region. To aid in differentiating this dataset
from the others, we refer to the SLC and other two BISTRO datasets as the “larger regions”
versus the “cropped region.”

For each of the datasets we applied virial and non-virial penalized fits with the same
hourglass and twist models that we applied to the test data. However, as the template we
used for that analysis had C;* fit logarithmically, and we had previously applied models with
both logarithmic and linear fits to this parameter in the analysis of Franzmann (2014), we
decided to do so here as well. Therefore, we effectively applied three models to the data.

One subtle distinction with C;* is its comparative relevance in comparison to P..;. We
have defined C;* for the purposes of the virial table lookup to be independent of the central
density scale p., such that two otherwise identical cores with the same C;* but different p.
have the same number of twists along the core z-axis from equation at the surface.
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However, two otherwise identical cores with the same C;* but one having a larger P.,; has a
smaller number of twists before reaching the core’s surface, as larger P,,; truncate the core
at smaller surface radii. Therefore, models with high P,,; are usually less twisted than lower
pressure models at high C;* values. With this in mind, we computed alternate virial tables,
increasing the upper C;* limit from 2 (“low twist” tables) to 5 (“high twist” tables), and
performed fits using both.

In total, for each of the datasets we applied 48 separate fits: 3 model templates x 2 virial
modes (enabled and disabled) + 2 extra sets run with the C}*,, = 5 virial tables, with each

of those run 6 times.

6.2.2 Fitness And Residuals

The reduced y? values for intensity were very large compared to the test data. This was
expected due to the underlying dataset likely not being perfectly ellipsoidal, and the scale
of the uncertainty relative to both datasets. Typical reduced x? values at the knee for most
of the runs were on the order of approximately 300-1000 for intensity, and on the order of
about 100 for the polarization angle, with select runs on specific datasets having larger values.
While the large reduced x? values are not ideal, in this case the pixel-to-pixel fluctuations in
the fitting error are much larger than the formal uncertainty of the observations. However,
the mean absolute error (MAE) of the intensity (% >[I — Iata|) indicates that the high
reduced y? values were not necessarily indicative of the overall quality of fit, being typically
on the order of 20% of the mean data value. This was consistent with previous fits to the
SLC dataset from Franzmann| (2014). However, this was not the case for the virial fits to
the cropped dataset, which had MAE on the order of 120% of the mean data value for the
virial fits. Regardless of whether the virial penalty was enabled, this dataset’s knee solutions
were typically selecting the fitting limits of the o¢, P.., and ¢ parameters (Table , which
indicate some changes to the model need to be made. Switching on the virial penalty often
resulted in larger fitness values for fits to the larger regions as well, though not to the same
extent as for the cropped dataset. However, despite the fitness values increasing for virial
runs, the knee model geometries from the non-virial runs were typically very unphysical,
which we discuss more in the following section.

Overall, the intensity residuals of fits to the larger regions (SLC and both the binned and
full resolution BISTRO data) tended to underestimate the intensity at the brightest part
of the core by about 1-2x the mean data value, while fitting the surroundings much better
(Figure [6.8). This was the case even for solutions with the smallest F; and average RMS

error values. This was the motivation behind cropping the full-resolution BISTRO dataset
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Figure 6.8: Select solutions for each dataset. From top to bottom: SLC dataset, binned
BISTRO dataset, full-resolution BISTRO dataset, and cropped BISTRO dataset. From left
to right: Data polarization map, model polarization map with model vectors in red and

residuals are normalized by the mean dataset intensity value Iqq.

data vectors in blue, normalized intensity residuals, and x,, residuals in degrees. Intensity



Info Model Parameters
Dataset Run Type Po g9 Ct* Pe T Pout quueeze gsqu,eeze quueeze
(gem™) (kms™!) (rad/z(®)
SLC HG NV 3.14E-20 3.27 — 474.12  80.59 0.36  1.89 0.34 0.54
SLC HGV 1.04E-19 1.56 - 72.94 145 017  7.89 1.42 0.20
SLC TNV 1.08E-18 2.68 2.58 296.95 99.06 0.00 0.14 0.59 1.29
SLC TV (2) 7.92E-20 3.43 0.14 24226 1649 0.38 1.05 1.80 0.73
SLC TV (5) 4.03E-19 2.67 0.021 388.07 4.06 001 191 1.13 0.68
SLC T2 NV 3.98E-18 2.80 2.79 112.26 9746 0.00 0.10 0.67 1.38
SLC T2V (2) 2.46E-18 2.81 1.99 489.32 3.33  0.00 0.58 0.49 1.26
SLC T2V (5) 3.93E-19 2.64 2.85 452.84 100.00 0.00  0.68 0.54 1.25
BISTRO (bin) HG NV 3.51E-19 3.09 — 350.75 91.69 0.16  2.05 0.10 0.84
BISTRO (bin) HGYV 5.82E-20 3.79 — 460.37 20.38 0.48  2.15 1.13 0.62
BISTRO (bin) T NV 2.68E-19 2.85 0.038 70.94 9874 034 1.69 0.10 0.61
BISTRO (bin) TV (2) 2.86E-19 3.61 0.072 9433 1775 044 219 1.15 0.60
BISTRO (bin) T V (5) 2.19E-18 3.00 3.49 62.73 835 0.13 0.54 0.43 1.67
BISTRO (bin) T2 NV 3.73E-20 2.55 0.036 379.49 8730 0.29 1.64 0.11 0.54
BISTRO (bin) T2V (2) 1.91E-19 2.67 0 368.89 7.06 0.11 1.17 2.14 0.63
BISTRO (bin) T2V (5) 3.80E-19 2.94 3.85 371.55 853 0.10  0.50 0.41 1.68
BISTRO HG NV 5.90E-19 3.39 — 324.81 96.53 0.18 0.12 2.27 0.98
BISTRO HGV 1.28E-19 3.89 — 218.33 20.14 0.50 1.95 1.06 0.70
BISTRO TNV 6.64E-19 2.53 4.06 9433 2739 0.09 0.20 0.48 1.24
BISTRO TV (2) 1.87E-19 3.71 0.090 149.95 1992 046 1.08 1.98 0.68
BISTRO TV (5) 4.21E-19 3.53 4.68 279.24 1644 024 041 0.53 1.86
BISTRO T2 NV 1.56E-19 2.39 3.99 23842 1495 0.10 0.52 0.33 1.08
BISTRO T2V (2) 2.00E-19 3.43 0.048 191.09 1883 0.36 1.12 2.12 0.64
BISTRO T2V (5) 4.73E-19 3.13 3.98 312.42 1497 0.13 0.46 0.39 1.80
BISTRO (crop) HG NV 1.57E-19 0.40 — 429.65 7439 046 0.78 9.78 1.97
BISTRO (crop) HGV 1.45E-20 0.40 — 271.19 100.00 0.50  1.00 1.03 0.99
BISTRO (crop) T NV 1.79E-19 0.42 0.015 158.04 29.00 0.50 4.30 6.97 1.97
BISTRO (crop) TV (2) 1.03E-22 0.40 0.19 5.09 84.10 0.50 9.40 0.10 0.25
BISTRO (crop) T V (5) 1.55E-20 0.4 4.41 414.03 100.00 0.50  0.56 0.56 2.00
BISTRO (crop) T2 NV 2.50E-19 0.40 3.94E-04 32858 9543 043 0.76 8.74 1.99
BISTRO (crop) T2V (2) 3.65E-20 0.40 2.00 21797 99.98 0.50 0.67 0.79 1.56
BISTRO (crop) T2V (5) 3.51E-20 0.4 3.36 205.72 100.00 0.50  0.55 0.57 2.00

Table 6.2: Results from fits to the SLC and BISTRO data. Run Type: “HG:” non-twisted hourglass, “T:” Twisted hourglass
(log fit), “T2:” Twisted Hourglass (linear fit), “NV:” no virial penalty, and “V (N):” Virial penalty applied (Cy" yax)-

V1T

ALTVNHd SSHN.LIA LVO10d V SV HONV'IVE TVIHIA 9 HH4LdVHO



Info Model Parameters (contd) Fitness Residuals
Dataset Run Type 10) 7 PA Ax Az Iy Fy,. AT [Allrms  [AxpollrMs
() () ) (pix) (pix) (Taata”0)  (Laata?%) (*)
SLC HG NV 173.66 174.50 64.10 0.63 -0.46 9959.44 33.33 18.44 63.79 25.81
SLC HG V 103.00 181.71 67.25 0.58 -0.40 5410.46 99.62 12.95 65.39 28.44
SLC T NV 65.37  0.22 153.01 0.57 -0.39 5451.37 18.32 12.88 36.39 46.18
SLC TV (2) 93.93 33097 6322 0.58 -0.38 11655.33 19.38 22.84 48.77 44.80
SLC TV (5) 11.39 166.32 66.05 0.57 -0.38 4891.29 131.69 12.62 33.92 51.42
SLC T2 NV 55.42 358.40 154.55 0.58 -0.42 5375.84  15.63 12.64 39.32 50.67
SLC T2V (2) 12540 247 154.68 0.61 -0.51 5525.52 32.51 13.26 32.37 62.48
SLC T2V (5) 129.12 170.30 332.27 0.63 -0.56 7821.84 19.45 13.80 23.65 35.91
BISTRO (bin) HG NV 168.52  23.67 62.19 -0.09 -0.61 3258.38  584.66 24.55 111.66 64.77
BISTRO (bin) HG YV 174.18 161.13 60.72 033 -0.48 2680.87 1120.14  24.90 54.00 27.89
BISTRO (bin) T NV 179.39 319.11 62.37 0.13 -0.38 172723 376.34 19.90 83.36 45.13
BISTRO (bin) TV (2) 17254 21.71 240.27 0.33 -0.49 254493 930.56 24.50 48.15 27.76
BISTRO (bin) TV (5) 44.33 178.45 15257 0.24 -0.52 1855.14  T791.75 19.87 43.17 46.02
BISTRO (bin) T2 NV 179.55 322.09 62.11 0.20 -0.52 1655.53  435.68 18.95 73.49 37.34
BISTRO (bin) T2V (2) 98.74 187.38 60.59 0.28 -0.48 1709.72 4333.22  20.10 38.97 34.35
BISTRO (bin) T2V (5) 136.64 179.67 331.35 0.26 -0.50 1655.66  944.52 19.54 50.98 45.52
BISTRO HG NV 62.10 17749 62.21 -0.50 -0.83 710.19 217.34 24.38 82.89 51.20
BISTRO HGV 7.08 16553 62.18 0.24 -1.00 73736  324.91 28.39 57.94 64.01
BISTRO T NV 106.46 182.04 151.29 -0.01 -0.97 388.25 240.11 19.77 66.09 52.49
BISTRO TV (2) 83.92 18.09 24129 0.12 -0.89 705.27  261.39 27.80 64.47 63.40
BISTRO TV (5) 148.65 180.24 151.83 -0.05 -0.82  481.90 212.27 22.75 47.31 49.05
BISTRO T2 NV 34.41 1.62 331.33 -0.02 -0.91 440.43 227.75 21.21 52.34 49.07
BISTRO T2V (2) 85.09 1442 24120 0.00 -0.91 508.82 483.79 23.64 50.12 54.50
BISTRO T2V (5) 144.72 0.64 151.33 -0.03 -0.85  443.74 261.15 21.53 53.85 48.79
BISTRO (crop) HG NV 30.81 179.08 61.35 -0.35 -0.36  409.10 76.74 12.49 32.74 33.42
BISTRO (crop) HGV 18.76  182.95 6235 -0.47 -0.99 41109.55 173.17  187.68 261.23 66.19
BISTRO (crop) T NV 177.82 20.56 241.29 -0.31 -0.02  394.79 103.68 17.58 57.85 46.56
BISTRO (crop) TV (2) 9.56  346.87 146.60 -5.50 3.68 3644.60 192.98 50.06 90.34 39.36
BISTRO (crop) TV (5)  88.64 0.00 33812 -0.48 -0.99 1523042 265.22 11074  157.26 34.64
BISTRO (crop) T2 NV 36.76 178.70 241.38 -0.37 -0.44  452.92 64.17 12.70 46.51 69.04
BISTRO (crop) T2V (2) 103.11 174.51 152.33 -0.32 -0.91 26886.45 67.32 145.92 208.27 39.93
BISTRO (crop) T2V (5) 179.96 0.00 150.05 -0.40 -0.70 15433.65 99.26 112.23 167.98 13.15

Table continued
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closer to the central core. Doing so improved the intensity residuals for the non-virial runs.
For the virial runs, the models switched from underestimating the bright area by 1-2 times
to overestimating by approximately 6-10 times, except for the non-virial cases, and where
the twist was fit logarithmically with the C,*,,.. = 2 virial tables. Despite the improvement
in intensity fit on the non-virial models, the knee solutions were still unphysical because they
were unrealistically flat.

Fits to the SLC dataset had an almost universal difficulty fitting the field at the top
right edge of the map, except for the hourglass virial fit, which had more difficulty with
the entire right edge of the dataset. The binned BISTRO data was slightly better, but we
note that the problematic area in the SLC dataset appears to have been cropped from the
map when we extracted the BN /KL region from the dataset of the whole OMC-1 complex.
This dataset, and its corresponding full-resolution and cropped datasets, had more difficulty
accommodating the region to the bottom left of the bright region where there is a slight
change in direction to the polarization vectors (see Figure .

6.2.3 Virial Quantities

Knee solutions from fits to the SLC and binned BISTRO datasets without the virial criterion
produced models in scalar virial balance despite not using the virial penalty technique, which
produced a physical magnetic field scale b*? > 0 ( The knee solutions from the full
resolution BISTRO data (full and cropped) were not physical, meaning these models were
not in scalar virial equilibrium, and could not be in scalar virial equilibrium with the selected
parameters. In principle we could check for physicality of the magnetic field independently of
the virial criterion, but as this was developed for the purposes calculating the virial constraint
we do not currently have this functionality. We intend to incorporate separate unphysical
field strength rejection into the next update of PolCat. However, this estimate of the field
strength is dependent on the object of study being near scalar virial equilibrium, and this
may not be the case.

The magnetic field strength scales By derived from the scalar virial balance (equation
(4.30)) varied. The cropped BISTRO dataset had the smallest values, ranging from 0.115
1G for the virial hourglass knee model to 2.4 uG for one of the virial linear twist models.
The other datasets were closer in value to each other, and ranged between 30.6 4G and 0.273
mG. There seemed to be some general trend of the magnetic field scale decreasing as the
central density scale increased (see Figure .

The magnetic field scale describes the unit conversion of the computed magnetic field to

Gauss. For comparison purposes, we also took the mean amplitudes of the knee solution
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Figure 6.9: Field strength scale By (where exists) in relation to the central density scale p..
Each symbol on the plots represents a result from the whole solutions set of a POLCAT run.

magnetic fields and used By to convert to Gauss. The cropped BISTRO data still had the
smallest values, now varying between 0.28 to 8.3 uG, while the rest of the datasets varied
between 0.2 — 1.3 mG. These latter values were more consistent with previous measurements
(e.g. Pattle et al.| (2017), Hildebrand et al. (2009), [Houde et al.| (2009)), which would seem

to indicate that the assumption that the region is in approximate scalar virial equilibrium is

valid. The reason for why the fits to the cropped dataset are so low compared to the others

is not clear.

6.2.4 Model Geometries

Figure m shows the shape maps (see Section , and the bottom row shows plot of
compression c¢ relative to their area-equivalent spheroidal axis ratio (sn (see Figure for
the geometrical meaning of this quantity). Plots are separated by model type, with the
linear and logarithmic fitting on C;* shown separately. The overall appearance of the shape
map of the hourglass model resembles the results of fitting the Case 4 test data (twisted
geometry) with the hourglass model (Figure . These solutions were still found when we
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Figure 6.10: Shape maps and area-equivalent axis ratio relative to compression for all four
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(right). Stars indicate knee solutions.

fit with the twisted field geometry, but were much more concentrated in clusters. Models
that were highly azimuthally eccentric were mostly confined to the non-virial fits, with the
exception of some virial fits to the cropped BISTRO data. Figures and show what
this means in terms of three-dimensional field and density structure for the knee solutions.
While both of the low-resolution datasets contained solutions that were more reasonable
shapes, all of the non-virial fits to the SLC and binned BISTRO data selected models that
were very azimuthally eccentric around the knee of the fitness curves. This produced ellip-
soids with one axis very flattened perpendicular to the field, with the core closely resembling
a pancake with the field lines travelling across the disk rather than perpendicular to it (see
the top two rows of Figure , though fits to the SLC dataset with the twisted model
produced twisted fields while still being flattened perpendicular to the core’s z-axis. For the
full-resolution BISTRO dataset, these solutions only appeared at the knee in the hourglass
and logarithmically fit twist cases, with the latter also having a significantly twisted field
(Figure . The knee solutions for the cropped dataset produced “pancake” models for
both the hourglass and linear C;* fit models, and a very flattened oblate triaxial core in the
case of the logarithmic fit (Figure bottom row). Applying the virial constraint largely
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eliminated these types of models from the fit (Figure[6.12]). The main exception is from one
of the twisted fits to the cropped dataset, where the model is so enlarged that it is present
only as a segment of a sheet extending past the limits of the model cube (Figure [6.12)).

As was the case for the twisted test models, the compression parameter ¢ was largely
unconstrained (Figure bottom row). The fits with the hourglass model mostly appeared
to prefer compressed models (¢ < 1), except for the cropped dataset. In that case, the non-
virial fits were selecting models with ¢ at or equal to 2 (expanded to the maximum extent
of the parameter limit), and the non-virial fits had mostly ¢ < 1 with a few exceptions. For
the twisted fits, the solutions were mostly expanded (¢ > 1). However, solutions that were
compressed in these cases appear to have selected low values of C;*, making them effectively

hourglass models.

Comparing Figurd6.11] to Figure [6.12]it is clear that enabling the virial penalty caused
the model axis ratios to become more realistic, and provided much tighter constraints on the
compression parameter. The only exceptions were twisted model fits to the cropped BISTRO
dataset, which appear to have selected solutions at the tip of the highly compressed triaxial

“wings” that exist for the twisted virial lookup tables at high truncation pressures (§5.3)).

6.2.5 Density Profiles

Figure plots the peak core density ppeq.r in relation to the line of sight truncation
radius, and the corresponding density profiles of the knee solutions ( Core radius is
presented in physical units (pc in this case), as polarization map computation is performed
in physical units in the LOS direction ( and is most likely to cause better agreement

between the truncation radii as was seen in Section [6.1.4.4]

Once again there was a split between the cropped BISTRO dataset and the other three.
The majority of fits to the cropped dataset showed a range of peak densities between approx-
imately 1 x 1071 to 1 x 10717 g cm™3, and average voxel densities (i.e. cube average) between
8.9x107*-4.9x107%° g cm™® (excluding voxels with (z, z) coordinates in the masked region
of the polarization map). This range of averages is several orders of magnitude smaller than
the density estimates of Pattle et al. (2017)), although the peak densities are in the right
range. The average densities for the other datasets ranged between 1.4-2.05 x 107!® g cm™3
for the SLC dataset, and 4.05-5.6 x 107'® g cm ™2 for the BISTRO datasets, which is con-
sistent with [Pattle et al.|(2017). The binned BISTRO dataset had mean densities that were
approximately 25-30% higher than the full-resolution dataset, but this was also consistent

with the difference between their respective average peak densities.
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Figure 6.13: Peak density values ppear (g cm™) relative to the truncation radius in the LOS
direction (top row) and density profiles of the knee solutions (bottom row), separated by
hourglass (left), logarithmic twist fit (centre) and linear twist fit (right). Stars indicate knee
solutions.

6.2.6 Discussion

Overall the virial criterion had the desired effect of restricting the model solutions to more
realistic geometries, despite the apparent degradation of reduced y? values. This degradation
in values was due to the limits on the parameter space imposed by the virial criterion. We
remind the reader that we are fitting with highly idealized models, and that we are not
trying to model every subtle variation in the data. Rather, we are trying to capture an
overall large-scale field geometry and density structure, and such large values of reduced y?
are expected as a result. Reduced x? on the order of 1 in this case would need to be from a
model with a truly excessive number of parameters.

Virial fits to the large regions (SLC, binned and full resolution BISTRO) generally
favoured hourglass fields without a twist even when a twist was allowed, except in cases
where we fit with the C}* .. = 5 tables. The cropped BISTRO data selected twisted
datasets almost every time, but we are not confident in those fits for the reasons mentioned
previously. Therefore, we do not see any strong evidence for the twisted fields from these
results.

The fully-scaled central profile density was several orders of magnitude larger than pre-

vious estimates (except for the cropped BISTRO dataset), even at the knee of the fitness
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curves. However, the density of the envelope external to the core surface was in very close
agreement with the density estimates of |Pattle et al. (2017) from the BISTRO dataset.

One potential consideration is that the external densities from the model cubes also
contribute to the polarization maps, and this includes material along the line-of-sight. POL-
CAT’s model cube does not include potential contributions from all material between the
object of interest and our location. Theoretically, if we assume any intervening material has
a constant density, we could estimate its contribution to the intensity map using a constant
offset. However, we have previously experimented with adding a constant intensity offset
to POLCAT fits, and found that the contribution of such a term was negligible to the final
result and increased the degree of degeneracy in the solutions (Franzmann| 2014)). However,
the overall effect of this neglected material on the polarization position angle towards the
core should be negligible, because the calculation of the simulated Stokes vector components
is weighted by density (as seen in equations (3.8) to (3.11])). This is further aided by the
density models we have used for this analysis having a naturally-attenuating external density

much smaller than that at the core surface.

The fully-scaled average magnetic field amplitude for the knee solutions was on the order
of 0.2 — 1.3 mG for the large regions, and 0.28 — 8.3 uG for the cropped dataset. The
former range of values is in good agreement with the Chandrasekhar-Fermi measurements
from Pattle et al.| (2017) while the latter were at least two orders of magnitude smaller than
those computed from the Zeeman measurements of |Crutcher| (1999)). Since we computed our
magnetic field strength scale By based on scalar virial balance, the agreement between the
Pattle et al. (2017) measurements and the average field strengths of the knee models for the
larger regions lends credence to the assumption that the core is in scalar virial equilibrium.
The discrepancy in the cropped region would seem to indicate the opposite for the central

region, but we do not have confidence in those fits.

The difference between the fits to the cropped OMC-1 BISTRO dataset and the other
three needs more examination beyond the scope of this work. This dataset was consistently
selecting values for velocity dispersion gg, truncation pressure P,,;, and z-axis squeeze ¢ that
were at the edges of the specified parameter limits. Yet it was also selecting py such that the
coordinate conversion factor between physical and dimensionless coordinates r (,
remained consistent with fits to the other datasets. More experimentation with the dataset

is needed here.

Future expansion of this approach may include estimating the value of virial parameters
based on plausible magnetic field estimates, rather than relying on scalar virial balance.
Additionally, using the method to approximate the “standard” virial quantities outlined in

Section to provide analogues to the observationally-computed properties could provide
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additional observational insight when comparing the models to data.



Chapter 7

Alfvén Wave Propagation

7.1 Alfvén Wave Propagation in Uniform Media

The linearized ideal MHD equations for a magnetic field in a perfectly conducting thin
fluid with an isothermal equation of state are represented by the Navier-Stokes and Euler

equations. Neglecting gravity, the relevant differential equations are:

dp

T +V.(pV)=0 (7.1)
oy o 1

Par +p(V-V)V =—-0°Vp— EB X (V x B) (7.2)

%—?:VX(VXB) (7.3)

(Jackson, [1975)) assuming an isothermal equation of state P = o?p. Under static conditions,
V = 0, leading to the a zero left hand side for equation (7.2)). For small time-dependent

perturbations p;, b, and V we express the total magnetic field, density, and velocity field as

B, =B+ b(x,1) (7.4)
pr = p+pi(x,1) (7.5)
V. =V(x,t) (7.6)

where B and p represent the unperturbed magnetic field and density structures. While
this notation varies from the standard perturbation notation which uses By and py to indi-
cate unperturbed quantities, we have chosen this notation in order to avoid confusion with
PoLCAT’s constant magnetic field and density scales, which feature heavily in the following
sections.

Substituting the above expressions into equations to and neglecting second-

125
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order perturbation terms results in

)

L A (7.7)
%_Y — _%v(p+p1) —ﬁ[B X (V x B) (7.8)
+B X (V Xxb)+bx (V xB)

‘2_';’ _V x (V xB). (7.9)

The above takes into account 1/p; ~ 1/p. The static terms in equation (7.8]) vanish as

previously established, leaving

ov o? 1
Ez—?Vm—R[BX(VXb)erX(VXB)]- (7.10)

Assuming a uniform medium and magnetic field, equation ([7.10]) further reduces to

oo, 1

To derive the wave equation for v, we define the Alfvén velocity

B
C =
A0 Trp

And take the partial derivative of equation ([7.11) with respect to time, substituting in

equations ([7.7) and (7.9) to obtain

O*V
ot

(7.12)

—0?V(V V) +cu X VX[V X(VXcu). (7.13)

Assuming a plane wave perturbation with constant amplitude V(x,t) = ve®, with ¢ =
k - x — 1wt representing the phase of the wave, and substituting vector identities for the curl

expressions the resulting expression for equation ([7.13)) is equivalent to
— WV + (0g + o) (k- V)k + a0 - K[(Cap - K)V = (€ap - V)k — (k- V)cao] = 0. (7.14)

For a pure Alfvén wave, V is perpendicular to both By and k, causing multiple terms to
vanish, producing
w? = k. (7.15)
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Applying this condition to equation ([7.9) yields the equation for the perturbed field

B
1Bl (7.16)
Cao

b=—

We note that this standard derivation does not include the effect of self-gravity, which would
add a —V® term to equation (7.2)) and is relevant for gravitationally-bound objects such
as molecular cloud cores. However, this derivation for the standard case assumes general
compressible flow. We are only interested in the Alfvén modes, which are incompressible.
We can demonstrate that it is acceptable to ignore the self-gravity term as follows. From
Poisson’s equation of gravitation assuming the gravitational perturbation ®; and the density

perturbation p; follow the same form as the velocity with constant amplitude, we can write

V20, = 4nGp; (7.17)
= V2@, = —k*®, = 4nGp;. (7.18)

For incompressible flow, V -V = 0, and therefore equation (7.7) gives p; = 0. However,
even if we do not directly assume that the velocity is divergence-free, evaluating (7.7 gives

—iwpy +ipV -k = 0. (7.19)

For the Alfvén wave condition, V and k are perpendicular, and therefore p; = 0 inde-
pendently and gravitational perturbations can safely be neglected. While the next section
discusses perturbations with non-uniform fields and densities which would couple the shear
Alfvén wave to the compressive modes (Cramer, [2001; Goedbloed et al., 2019)), in Section
we show that we achieve the same result in the Oth order eikonal approximation

(small wavelength), which is our domain of interest.

7.2 Alfvén Wave Propagation in Non-Isotropic Media

While the uniform wave equations are useful to aid understanding, it is more complete
in our case to generalize to non-uniform media. In order to compute the necessary field
perturbations, we need to know: 1) basis vectors perpendicular to the field lines at all
points, 2) how the phase of the perturbation changes as the wave propagates through the
non-uniform region, and 3) how the amplitude of the wave changes as it propagates down

the curved field lines through areas of varying density.
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Scheurwater| (1990)) developed a formalism for the propagation of magnetic waves along
curved field lines by operating in a curvilinear coordinate frame where the magnetic field lines
lie along one of the principal axes. This is directly analogous to the coordinate-transformation
technique we use to generate our models. In |Scheurwater| (1990), the curvilinear orthogo-
nal coordinate frame has coordinates (u',u? u®) where u™ are continuously differentiable,
invertible functions of (z,y,z) (Cartesian coordinates) that incorporate the scaling of the
magnetic field. This new system is defined by setting the ordered magnetic field parallel to

u?, and defining u' and u? according to the Clebsch representation

ul u?
B =Vu' x Vi’ =V x <?Vu2 - ?Vu1> (7.20)
This leads to a vector potential of
ul u?
A= quﬁ - ?Vul + Vb, (7.21)

In this coordinate frame, magnetic field lines lie on the intersections of the surfaces u! =

constant and u? = constant. Scheurwater| (1990) defines their method in terms of the Ja-
cobian matrix for the transformation from Cartesian to the curvilinear system J = (Vu! x
Vu?) - Vu?. Drawing a direct connection to POLCAT, this Jacobian is the inverse of the
PoLCAT definition for model generation. To avoid confusion with the notation, we choose
to keep our notation consistent with POLCAT’s definition, and define the curvilinear basis in
terms of the forward transformation J rather than the inverse used by |Scheurwater| (1990)).

1. Because POLCAT generates models by computing

Therefore in this convention J = J~
an initial coordinate frame where the magnetic fields are uniform along a principal axis and
using Jacobian matrices to transform the field and density into their final configurations in

a Cartesian system, we already have the necessary tools to apply this method.

The main benefit of the |Scheurwater| (1990) method is that it allows for the simple
computation of the velocity amplitudes and wavevectors as they propagate down the curved
field lines using a ray-tracing formalism. However, in order to use these results we must first
prove that we can apply our more complex magnetic fields to the Scheurwater (1990) method.
In addition, Scheurwater| (1990) makes some assumptions that we do not, namely assuming
force-free or potential magnetic fields such that V X B = aB. This simplifies equation
and has the result that the metric tensor for the curvilinear system is block-diagonal, which

is not the case for a general POLCAT model.

In this section, we first connect POLCAT’s model-building process to the [Scheurwater

(1990) formalism, defining the necessary unit vectors. Then, we solve equations ([7.1]) to (7.3)
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in the curvilinear system to prove that we can apply the wavevector propagation equations
to our more complex case. We also discuss the application of the method to determine
the velocity amplitudes, but in this latter case the differential equations involved are much
too complex to apply directly. Therefore, we also derive an equivalent formalism using

geometrical arguments to compute the velocity amplitudes in order to obtain the perturbed
fields.

7.2.1 PolCat Jacobians

In the Scheurwater| (1990) method, the coordinate transformation is encoded in a single
Jacobian matrix. However, POLCAT uses multiple coordinate transformations applied in se-
quence to transform from the Cartesian system to the curvilinear system where the magnetic
field is uniform. Nevertheless, we can treat the multiple Jacobians as a single Jacobian to
apply this method, which we show below.

We define a simple Cartesian grid (z™), ™), V) = 2™ that we back-transform to a
curvilinear system (z(®,y© 2©)) = y™ where the density and magnetic field are uniform.
The magnetic field B®Y) and density p®¥) in the Cartesian system are computed using the

uniform magnetic field B and density p(®) in the curvilinear system by:

(N) s
P T g, 7 (7.22)
) TN gIN-1) 71RO
BY = = m (7.23)

Because determinants are distributive, if we define J = J™MFWN Y . FW  then the corre-

sponding determinant is 7 = det(J) = JMF7WV-1_ 7MW and we can write

Ny _ P 7 7.24

p 7 (7.24)
JBO

BW) — . 7.25

7 (7.25)

It follows then that J is the aggregate Jacobian of the direct transformation between the
uniform field space u™, and Cartesian space x™. This aggregate Jacobian therefore has

elements

o
oum

with non-zero determinant. Because we have defined the process this way, we have, in effect,

Trim = TN TN F0) = (7.26)

a single matrix that defines the transformation from a uniform, flat medium to our more
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complex model, as in [Scheurwater| (1990)).

7.2.2 Curvilinear Basis and Metric Tensor Definitions

In this section, we walk through the required bases and vector identities to apply the Scheur-

water| (1990) method, adapted for POLCAT’s notation and density formalism.

The general expression of a vector field F in the curvilinear space is
F=F"f, =F,f" (7.27)

where f, and f™ are the covariant and contravariant basis vectors, and coefficients F™ and

F,,, are the contravariant and covariant vector components. The basis vectors have the form

or ox"
Fn=gm =ggmen (7.28)
= Vum = %en. (7.29)

We can replace the vector coefficients on the right side of Equation ([7.28]) with the elements
of the aggregate Jacobian transformation matrix as defined by equation ((7.26)) to obtain

Correspondingly, the vector coefficients in equation (7.29) represent the elements of the

Jacobian of the inverse transformation (i.e. JY), and the following identities hold:
" fo =0, Ff=fuft =1 (7.31)

Where 6, is the Kronecker delta, and I is the identity matrix. Therefore, we can also express

each basis of vectors in terms of the others:

flzj_lfzxfg f1:~7f2><f3
FP=T"fsx 1 Fo=TF < f. (7.32)
FP=T0"F1xF, f?,:jfle2

The factor of J enters the equation due to conditions ([7.31)) needing to hold. It then follows
that taking the cross product of two general vectors a X b in the contravariant basis can be

written

cxd=c"d"f, X f, =c"b"T crmnf". (7.33)
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Once we have the new basis, we compute the components of the metric tensor g

G = (Fr - £0) = TomTIin g =" ") (7.34)

with determinant
g=[(f1x f2)- fs]' = T* (7.35)

The metric relates the covariant and contravariant vector forms via
Fm=qg"™F, E, = gunF™" (7.36)

Because equation defines an “aggregate Jacobian” representing the transformation
from the initial curvilinear coordinate system to the cartesian coordinate system, we can use
it to obtain the basis vectors f™ of the curvilinear coordinate system u™. As such, not only
can we use the results of but we can also make the further statement

1 1

== (7.37)

due to our transformation technique. That is, the square root of the determinant of the
metric tensor is equal to the unscaled density structure p = p/py, where py is the density

scaling constant as fit by POLCAT.

In this new basis, the unperturbed, ordered magnetic field vector is expressed with initial

constant magnetic field strength scale By as

Tnze” .
= Boﬁ = pBofs = B’ f3, (7.38)

J v

where we define the term B® = B, to express B in the general vector form of equation

B =B,

(7.27)). Therefore, curvilinear basis vector f, describes the direction of the magnetic field
at all points, and correspondingly f' and f? are perpendicular to the field at all points by
equations ([7.31)). The corresponding vector magnitude is

Bl =VB-B=/pBy\/f;3 f3=7pBoy/9s. (7.39)

The constant factor By originates from a main difference between our formulation and that
of Scheurwater| (1990). [Scheurwater| (1990) incorporates the magnetic field strength into the
coordinate transformations, whereas POLCAT does not due to the model-building convention

outlined in equations ([7.24]) and ((7.25)). We also note that the factor of By used here is the
same By used in the implementation of the virial analysis (§4.4]), and represents the scaling
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Identity Curvelinear Definition
Magnetic Flux Density B - dS = Bydu'du® (7.41)
Line Element ds® = Gpun du™du" (7.42)
1
Surface Element dS = 3 5t e dudu” fF (7.43)
Volume Element dV = p ' du' du®du® (7.44)
Cross Product (contravariant vectors) cxd=p"epmncmd" f* (7.45)
Divergence V.F= ﬁi (p'F™) (7.46)
ou™
OF,
Curl VXF=pc"k"2f, (7.47)
ou™
Gradient VF = fmaa_F (7.48)
um

Table 7.1: Curvilinear vector identities, substituting p = 1/,/g into the corresponding iden-
tities listed in Scheurwater| (1990)

required to convert the computed model magnetic field from dimensionless to dimensional
coordinates (Gauss). Correspondingly, the Alfvén velocity expressed in terms of the new
basis is

B B3 p*B

0 3
pu— pum— = pu— 7‘40
Vi ot gt ol (740

with a magnitude of c49 = , /g33C?40. Further identities in the new basis are summarized in
Table as quoted in [Scheurwater| (1990) modified using equation ([7.37]).

CAo

7.2.3 MHD Equations in Curvilinear Coordinates

To derive the proper curvilinear equations, we once again operate on equations (|7.1)) to (|7.3))
in the same manner as in Section [7.1] This time, our goal is to reduce the equations to
a form where perturbation methods may be applied to the velocity amplitudes. To draw

direct comparison to the proof of Section and to extend to other ISM systems where
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self-gravity is not important, we keep density perturbation while omitting the gravitational
perturbation. Our motivation for omitting the gravitational term in this case is an extension
of the proof in Section [7.I] and is outlined in Section [7.2.4.1] The full derivations of the

curvilinear MHD equations are outlined in Appendix[D] and we summarize the results below.

Differentiating equation (|7.8)) by time, we obtain

%——%V%—M;ﬁ Bx(ng—?)+%—?x(VxB) : (7.49)
Expanding this out into our curvilinear coordinate representation yields
o*Vk _ :gkpa_f {avq op s 0*Va } e B3 ~@ (8g3q B agpq>
ot? p | Oud Oup ouPous dmpep Ot \ Our  Ou?
=525 2 (o)~ ()| ")

1 ob4 89 3 (9g 3 8B3 833
kp ov | g3 a3 _ Y9 gL
g dmpop Ot { (61#’ oud T\ Yas our I dus
where the time-derivative of the magnetic field (7.3])) has the form

q q m
o —B3<8V oV 5‘1). (7.51)

ot s oum

While this equation is too complex to be useful in its current form, we can simplify it
somewhat by applying the eikonal approximation. This assumes that the local wavelength
of the perturbations is much smaller than the scale on which the magnetic field and density

spatially changes.

7.2.4 The Eikonal Approximation

The Scheurwater| (1990) method for propagating waves down field lines originates from ap-
plying the eikonal approximation and using perturbation methods to expand the velocity
amplitudes of equation into an asymptotic series. The solutions for the velocity and
wavevector fall out from the 0'" and 1% order terms. While our more complicated wave equa-
tion is too complex to obtain the differential equations for the velocity amplitudes without
significant struggle, we can obtain the differential equations for the wavevector in the same
fashion of Scheurwater| (1990). We have provided mathematical proof in Appendix , and

summarize the logic an main findings here for brevity.

Assuming a plane-wave form for V with a spatially dependent amplitude, we can repre-
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sent the contravariant components of the velocity vector as

VE(x, 1) = v¥ (x)e el (7.52)

k

where v" are the contravariant velocity amplitudes and ) is the phase, such that

9 9
k=Vy= fmau—qfn, w= —8—? (7.53)

The eikonal approximation assumes the local wavelength A = 27 /k is small compared to
the scale of the spatial changes in the magnetic field and density (\,, Ag). When k and vk
are on the order of e = (kA)™! < 1, where \ represents the minimum between A\, and g, we

can apply perturbation methods to expand the velocity amplitudes in an asymptotic series:
o0

o = Z 5"vé"n) (7.54)
n

and scaling the physical scales by ¢ to enforce operations on small scales, we define

u™ = eu™ (7.55
Y = e (7.56)

with velocity amplitudes
o = o) (7.57)

t=ct (7.58)
keeps consistency for the angular velocity %—f = %—% = —w.This change of variable is useful,

because of the effect it has on the velocity series. Single derivatives result in

avk > 8 k S e—1
— n e
5 = S 5 (e ) (7.59)
o ovk —
=Y e [5 ag + ik,,vgfn)] eive (7.60)
9 _

where we have substituted k,. This results in only the second term contributing to

ouP
the 0' order velocity component. Higher order derivatives produce similar results, with the
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end effect being that the 0'" order expansion of equation ([7.49) has the much simpler form
0= w%fo) — (o5 + cio)kkkmv?{)‘) — (Soks) [ci‘okgvfo) — A ov0)3k” — ciokmvzg)éﬂ , (7.61)

which is just the version of equation ([7.14)) for the uniform field and density case written in
tensor notation (see Appendix [E| for full proof).

We can also write this equation in operator form as A’(co)mv?g) = 0, where
Ay = w2k, — (02 + gkt — (Cioks) 0k, + o sk gz + kmksclyy 05 (7.62)

In [Scheurwater| (1990)), this sets up an eigenvalue problem where the roots are the Alfvén
and fast modes. While our full expression is more complex than the block-diagonal form of
(Scheurwater, [1990)), the Alfvén condition w? — (ca9 - k) = 0 nevertheless falls out naturally
as the first root. In order for equation to meet the condition w? — (ca0 + k) = 0,
both k and c4p must be perpendicular to v(gy. The two other roots represent the fast and
slow modes, but we are only concerned with the propagation of the Alfvén mode for this
work. Additionally, it is worth noting that realistic MHD turbulence spectra such as the
Kolmogorov spectrum (E(k) oc k7%/%) contain most of their power in the long-wavelength
modes (Elmegreen and Scalo, 2004). As a result, while the derivations of this section apply
on the small scales, we need to investigate further before we are confident that Scheurwater’s
result of w = c4 -k being conserved along field lines holds at larger scales. Nevertheless, this
approach allows for preliminary exploration of the effects of magnetic field perturbations on

their resultant polarization maps.

7.2.4.1 On The Neglect of Gravitational Perturbations

We have previously claimed that the gravitational term in equation (7.49) can be safely
neglected under the eikonal approximation, and we outline our argument here. Returning

to the continuity equation
Opy
ot

and applying the vector identity for divergence from Table we obtain

— V. (pV) (7.63)

Oy _ SOV
ot~ PP aum

(7.64)

for the curvilinear coordinate frame. For the derivation of this expression, see Appendix [D]
Assuming that the density perturbation p; (and gravitational perturbation ®;) have spatially

dependent amplitudes with a similar series expansions to the velocity amplitude v (equation
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(7.54))), we obtain
£ Z 5"1'w5_1p1(n)eiE = —ppe Z " { ) 4 e el e (7.65)

where py(,) are the n'™ order asymptotic series coefficients of p;(as in equation (7.54))).

Therefore, the 0™ order (£°) equation is
wpl(o) =k- V(0)- (766)

As before, the pure Alfvén mode requires k L v (g, and so the 0 order density perturbation is
equal to zero. From the above manipulations, in can easily be proven that the corresponding

0" order term in Poisson’s equation is therefore

and gravity perturbations can be neglected in the eikonal approximation.

7.2.4.2 Magnetic Field Vector

From equation ([7.51)),

k k m
o B3(aV o 5"?). (7.68)

ot o oum°
Keeping with the eikonal approximation, we convert to ™ and ¢, and expand into the series

representation used before

00 r ie ! m ie™!
8;: zn: B3 5”“—8[0%; ] — E”H—a[v(g; ]5§] (7.69)
— i g | e (% i 5;3)
—~ | oud  Ou™ (7.70)
+ie" (ksvf,) — kmvimos)] e
The only time-dependent term in this expression is ¢?¥¢ ', which has i et = —jcet? / w.

Integrating both sides of the above equation by ¢ yields

w oud oum™

B3 81) (n o De—1
P 157 lgn ( ) _ >5k> +ie™ (ksvf,) — km%a’;)] eive, (7.71)

n
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Taking the Oth order coefficients from above, we then have

BB

o -
w

(k:gvfo) - k‘mv?gﬁg) e (7.72)

where we have substituted ¢/ = 1. According to the Alfvén condition of the wave equation,

the velocity vector vy must be perpendicular to k and B. Therefore k:mvzg) =k -v( =0,

leaving
k3 ;
b = == B, (7.73)
The quantity k3/w is (¢%,) ", applying this to equation (7.73]), and expressing in vector form
produces
1 )
b = —CTBB V(g)elw. (774)
A0

We note that the ratio B3/c%, = B/cap since both vectors lie along f.

With v(g) perpendicular to both k and B, and under the assumption that k || B, the
perturbation must lie in the plane normal to f;. Using this to define a set of orthonormal
unit vectors perpendicular to the field lines p,, we choose the first vector to be parallel to

the z-axis projected onto the propagation plane, and the second to be perpendicular to both:

Py = X —(X- f3)f3 (7.75)
g33
. 3 X p1
TN (776)

With these definitions, we can express a unit vector pointing in the direction of the velocity

vector as

vV = cos(¢)p1 + sin(¢)p2, (7.77)

with ¢ the orientation angle relative to p;.

7.2.4.3 Propagating the Velocity Vector

In order to propagate the velocity vector down the field line, we must obtain both the change
in phase and the change in velocity amplitude. The former can be computed by using the
Scheurwater| (1990) methods, but the latter involves the first-order component of equation
(7.50)), which is much more complex in our case than in [Scheurwater (1990). Instead, we
opt to do a geometrical analysis to obtain the propagation of the amplitudes, under the
assumption of constant energy density as the vector propagates down the magnetic flux

tubes.
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Obtaining the Alfvén Ray equations For Alfvén waves, the propagation is all along

the magnetic field direction and bends with it, maintaining
w = (cap + k). (7.78)

A similar analogy can be made with how light bends travelling through a non-isotropic
medium, and so we can take a similar approach by using ray-tracing. Scheurwater| (1990)
derived the necessary Alfvén ray equations, which I present here. For the complete proof,

see Appendix [F]

The total derivative along the field line is

dr

E — Cao (779)
dk
a = —VCAO - k. (780)

Because the field is aligned with the u? coordinate, the arc length element is ds = /gs3du?®
(Table [7.1)) which gives

dk Vcao

i -k 7.81
ds CAo0 ( )
dr 1

— = ) 7.82
=T (78

These equations can be written in vector component form as

3
dkm ks 8111(0/10)’ and (7.83)
ds V033 Ou™

du™ 1

Yoo (7.84)

% Vv 933 3

Equations ([7.84]) and ([7.83]) can now be used to propagate the Alfvén waves down the field

lines.

Solving the Alfvén Ray Equations Starting with p = 3 we see that we can write ([7.83))

in separable form. Separating the variables and integrating both sides produces

Sl dks(s) /saln(ci‘o(s’)) ds'
ds' = — . 7.85
/0 ks(s') ds 0 ous /033 ( )
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We have ds = /g3 du®, therefore

In(ks(s)) — In(ks(0)) = —In(cly(s)) + In(c’y(0)), (7.86)
A ~\1/2
e hy(s) = ks(0) cgzg _ kg(O)ggl i (7.87)

While we can use to also obtain k; and ko as functions of propagation distance s,
ks is important for determining the change in phase of the velocity propagation down the
field line. Calling back to equations the phase change along the u?® direction can be
determined by

Y —1p(0) = / ksdu® = ks(0)5(0)Y/2 / pu®) V2 dud. (7.88)

Since we're only looking at the Alfvén mode with propagation down the field line, u! and
u? are constant. If we assume each component of the turbulent perturbation at s = 0 enters
the system with an initial phase 1y independent of its (u!, u?) position, we can use (7.88) to

propagate the wave down the field lines via

V(O) = V(O)ew. (7.89)

Amplitude Propagation While equation gives us the phase propagation, we have
yet to obtain an equivalent relation for velocity. In order to obtain such an equation, let us
consider that the wave energy propagating through the flux tube must be conserved as it
travels from one end to the other.

While |Scheurwater| (1990) does outline a method for obtaining the velocity amplitudes
from the first-order differential equations in the eikonal approximation, applying this method
to our case results in a complicated differential equation that is difficult to solve in the
same way. Instead, we compute the velocity amplitudes during propagation down field lines
assuming conservation of energy flux density and the geometrical formulations of the previous
section. This assumption is consistent with the findings of Zweibel and McKee| (1995) and
McKee and Zweibel (1995), where the wave energy is constant along field lines under similar
assumptions.

We assume that the total energy flux within the tube is conserved at both ends, which
allows us to define this last quantity by geometry. We already know magnetic flux density is
conserved at both ends of the flux tube defined by a cross sectional area. In the curvilinear

system the magnetic flux density (®,;) is

d®y = B - dS = Bydu'du® = BydA. (7.90)
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Coordinates u' and u? are constant along field lines (which also have cylindrical symmetry
in the curvilinear system), meaning we can write du'du® as a pseudo-area element dA =
duldu? = 2rada where a = +/(u!)? + (u2)? is the cylindrical radius in the curvilinear
systemH

For the energy flux, we can write power transfer across a cross-sectional area from Alfvén
waves as

AP = €cap - dS = —L_ 5 dquldu® = ———ddy,. (7.91)

This quantity is also conserved as the wave propagates down the flux tubes. Therefore, we

can state ap
€
= — = constant 7.92
O@M \/47Tp0p ( )
and so o B2
v T (7.93)

P = = = =
Varpop  VATpop
where « is characteristic of the flux tube. As the waves propagate down the field flux tube

(constant «), Py, = Pous. Therefore
Einﬁi;l/Q = Eoutﬁ;ult/Q' (794)
Assuming equipartion, the kinetic energy density of the wave is € = 1/2pypv?, so it follows

~1/2 ~1/2
plPol = g2, (7.95)

which gives

Vin Pin

Therefore, if we perturb the field with a turbulent spectrum of waves we can obtain the

v ~ —1/4
out _ (pout) ) (796)

velocity amplitude at every «? position on the flux tube.

'Note that A is not a “true” area or circular cylindrical cross-section in the Cartesian system. However,

it is a conserved quantity of the flux tube with changes in u3.



Chapter 8
Propagation Code

In this chapter, we describe the methods applied towards computing the perturbed field
lines. We make the notation change for the 0" order velocity of the previous chapter from
v(oy to simply v, with the understanding that we are still referring to the 0% order velocity

vector and amplitudes.

8.1 Computation Setup

The eikonal approximation applies in cases where the local wavelength A is small compared
to the distance scale over which density and field structure change significantly. In our case,
we define the maximum wavelength A,.. to be the smallest dimension of a voxel on the
coordinate grid in dimensionless units. This defines a minimum initial wavevector amplitude
of kmin = 27/ Amax-

Our computation grid is quite coarse, to match the resolution of the input dataset in
the z-z plane. However, the wavelengths in the eikonal approximation are smaller than our
grid resolution. In order to calculate the perturbation, we subdivide the three-dimensional
model grid further, such that each individual voxel contains N3 sub-voxels where N is 5. The
perturbation is computed on this much finer grid, then the polarization map of the perturbed
model is computed and binned back to the initial resolution. This method compensates
for the small wavelengths of the perturbations, and approximates the nature of a physical
observation of the system, where the results are typically binned to lower resolutions to
enhance the signal-to-noise ratio of the data. As we are mainly concerned with the overall
statistical effects of the perturbations on the polarization angles of the data, this approach
allows us to obtain a reasonable estimate of the polarization angle deflections despite the

small size of the perturbations relative to the final grid size.

141
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Field Line Integration Paths

Figure 8.1: Field lines of integration to compute ¢ and k3 propagation. The black stars
represent individual (u',u?, u®) coordinates in the grid. The bottom plane is the entry point
for the wave. Because the propagation is computed in the curvilinear coordinates, the field
lines appear straight.

8.2 Propagating the Perturbation

To calculate the propagation, we first operate on the coordinate grid to transform it back to
the initial (u', u? u®) system. The field line that corresponds to any individual coordinate in
the grid has constant u! and u? coordinates down its entire length, as shown in Figure .
For simplicity, we set the start point for the wave propagation at the overall minimum value
of u? in the grid, and use these start and end points to compute an individual integration
grid for each coordinate to calculate the phase propagation. An example is illustrated in
Figure . Referring to equation , the phase is then calculated on these field line grids

via

u?(s)

b = 9(0) + ks(0) 5(0) / 5(s) " 2du (8.1)

u3(0)
For the transformations we currently use, the only transformation with a Jacobian deter-
minant that depends on coordinates (i.e. not constant) is the density transformation (§6.1.1)).
Therefore, the dimensionless density structure is just g% = 5/C;, where C; absorbs the

constant Jacobian determinant components. As the wave propagates, k3 (and therefore 1))



8.3. CHARACTERIZING THE MAGNETIC FIELD PERTURBATION 143

remains proportional to the ratio of 5'/? at the start and end points, C'; cancels, leaving

u?(s)

0=t KOO [ ) s (52
u3(0)

When POLCAT computes the reverse coordinate transformation for the density transfor-
mation, the high-resolution radial density profile is stored for use with the forward field
transformation. We can therefore interpolate this radial profile onto the field line grids
directly rather than using our coarser model grid, which improves the accuracy of the calcu-
lation. This method has the benefit that this calculation only needs to be performed once

for a particular base model and used to compute every following field perturbation.

8.3 Characterizing the magnetic field perturbation

The Chandrasekhar-Fermi method demonstrates that deflections from the mean magnetic
field direction are inversely proportional to the magnetic field strength. POLCAT provides
a model that includes scaling for the density and velocity dispersion, but not magnetic field
strength. In the analysis of Chapter [7] we defined a constant scale B, that contains the
physical scaling of the magnetic field. However, what is actually stored when POLCAT
generates a model is B/By = pf;, meaning our perturbed field b needs to be divided by By

as well to put it on the same scaling. From equations (7.74)), (7.40)), and (7.89) we find that

b VA .
TPo 72 ey, (8.3)

By By
where v is the velocity amplitude, and v is the unit vector in the direction of the velocity
perturbation. The constant vy = By/\/4mpg is just the physical scale of the Alfvén speed:
o = vap'/?, where ¢, is the Alfvén speed coefficient of the f; vector ( Substituting
equation , the expression for the velocity propagation, the field perturbation vector
becomes

b Vo .

B os p(0)Y4 /A eV = S—Z bev (8.4)

where vy is the amplitude of the incoming velocity vector at s = 0 on the ray path, and b
is dependent only on the model structure. The strength of the magnetic field perturbation
can therefore be dialled up or down via the ratio of the amplitude of the incoming velocity
v to the Alfvén speed scale v4. To set reasonable values for this parameter, we can use the
ratio of the energy of the Alfvén waves to the potential energy of the unperturbed magnetic
field B contained in the model cube.
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The magnetic energy of the unperturbed field Ug integrated over the cube is

B/By)? .-
Us = Bo%r / BIB) 1 (8.5)
v 8T

cube

= By*riUs (8.6)

where Ug is the magnetic energy computed in POLCAT’s dimensionless coordinates 51) .
Since we are calculating the energy in the whole cube, we approximate the integral in equation
(8-5) by )

- 1 S0 AT

Up ~ Z B2AV, (8.7)

where B; = B; /By is the normalized value of the magnetic field strength at the i® voxel,
and AV is the dimensionless volume that voxel. This is a coarser calculation than the more
refined method we employed in Chapter [4] but it is sufficient as we are concerned with the

whole-cube value instead of the interior-to-surface core value.

Alfvén waves are by nature electromagnetic, and therefore an individual wave has energy

density
E?
T 81 8

In the MHD approximation the electric field component of the wave is E = —%v X Bﬂ As we

Up (8.8)

have previously defined, v L B, and so E? = C%UQB2. We are not concerned with relativistic

velocities, so we may neglect this term. Therefore the total wave energy in the cube is

b? 9 37)(2) b~»2 ~
Up = —dV = B — — AV, 8.9
b /chbe 87T ’ TO 0124 ; 87T ( )
V2 -
_ g2y, (310
U4

The ratio of the two energies is therefore

0 _ 0

— = —. 8.11

The quantities Uy, and Ug are inherent to the base model, and we can set the velocity scale

1Ug here is the same as the scalar magnetic potential energy in Chapter |4, we have just switched the
notation to avoid confusion with mass in an upcoming section.
2See equation ([7.9), combined with the Maxwell-Faraday equation
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by choosing a value for Ry = Uy, /Ug and rearranging

g, (8.12)
VA Uy,

For the purposes of this analysis, we have chosen steps of Ry between 5-50%.

8.4 Single-Mode Alfvén Perturbations

Now that we have a method for perturbing the field with Alfvén waves, we want to know how
the perturbations affect the polarization maps. For this portion of the analysis, we focused
on perturbing the base magnetic fields with Alfvén waves of a single £ magnitude. For the
first part of this analysis we calculate the effect of a single wave polarized in the plane of the
sky to maximize its effect on the polarization map. For the second part, we perturb the field
multiple times with the same k amplitude, varying the phase and polarization of the wave,
as a proof of concept for future work using a proper turbulent spectrum.

We applied these methods to the same four test geometries that we used in our virial
analysis (Chapter [6]). For simplicity, we constrained our analysis to the virial (VO, VA) base
models (which share all parameters except orientation), rather than including the NC and
NE datasets. In addition to the VO and VA orientations, we also generated ten random
orientations for each of the cases studied, to help quantify the effect that the orientation has

on the resulting perturbation of the polarization vectors.

8.4.1 Single wave perturbations

For this portion of the analysis, we perturbed each base model with an Alfvén wave of
constant k£ and v amplitudes with random initial phase 1)y, keeping the velocity vector along
p1 (equation [7.75). This maximizes the effect that the magnetic field perturbations have on
the polarization vectors, regardless of the orientation of the base model.

For every test, we perturbed the model 50 times with random values of ¢y between [—, 7]
to produce 50 individual polarization position angle (o) maps. This method is equivalent
to taking snapshots at different times as the wave travelled through the model. We then

calculated a “deflection map” (Axpe) for each perturbation via

[AXpot(#, 3)]n = | [Xpot (5 )] — [Xpot (4, ) Imodet | (8.13)

where (i, j) represent pixel coordinates of the map, and n represents the n'" perturbation.
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Figure 8.2: From left to right: the three-dimensional structure of the Case 3 RO3 orientation,
with corresponding RMS deflection ([Axpo]rars) and standard deviation (oay,,,) maps, and
histogram of each of the individual [Ax,.], (lines) overlaid onto that of the [Ax | rars Map
(bars).

We then combined the 50 deflection maps by calculating the RMS value of each pixel

[AXpot(i; )] s = \/% D [Axpa(i, )12 (8.14)

This combined map represents the RMS error of the perturbations with respect to the
unperturbed model. For analysis purposes, we also calculated the standard deviation map

OAx,, Of the individual Ay, maps:

N

D ([AXpat(i: )] — Bl 1))

n=1

1

N -1

O-AXpol (27-]) = (815)

In all cases, all 50 individual perturbation maps (with random initial phase 1) with
the same v, k and Ry were similar to each other, but different from the unperturbed base
model, regardless of the distribution of initial phases. The average of the standard deviation
deflection maps were typically on the order of approximately 1° or less, but individual pixels

could have maximum standard deviations of up to 10° for the hourglass models, and 20-30°



Case 1 RO6

Case 1 - RO6

z (pixels)
b & AN o NSO ®

0
X (pixels)
Case 2 RO10

Case 2 - RO10

z (pixels)
b & AN o NSO ®

0
X (pixels)
Case 3 RO3

Case 3 - RO3

z (pixels)
b &S ANV o NSO ®

0
X (pixels)
Case 4 RO6

Case 4 - RO6

z (pixels)
b & AN o NSO ®

X (pixels)

Figure 8.3: Examples of average and standard deviation maps of [Ax,e]rms for all k steps for select orientations of all four
test cases with Case 1 in the top row, and Case 4 at the bottom. From left to right: the three-dimensional model of each base
model, the average of the [Axpo|rms for all k steps, the corresponding standard deviation, and the normalized histograms of

z (Pixels)

z (Pixels)

z (Pixels)

z (Pixels)

-5

0

x (Pixels)

Mean of [AXDN]RMS (all k)

x (Pixels)
Mean of [AXDN]RMS (all k)

5

x (Pixels)
Mean of [AXDN]RMS (all k)

10

10

Slt;\ndard Deviation of [AXpOI]RMS (all k)

z (Pixels)

 x (Pixels)
Slt;\ndard Deviation of [AXpOI]RMS (all k)

z (Pixels)

-10
-10 -5 0 5 10
_ x (Pixels)
Sltoandard Deviation of [AXpOI]RMS (all k)

z (Pixels)
)

-10 -5 0 5 10
 x (Pixels)
Sltoandard Deviation of [AXpOI]RMS (all k)

z (Pixels)

x (Pixels)

0.3

0.25

0.2

0.15

0.1

0.05

0.07

0.06

0.05

0.04

0.03

0.02

0.01

15

0.5

- Eormalized Histograms of [AXpOI]RMS (all k)

0.12

0.1

0 10 20 30 40 50
Deflection Angle AXpoI ©)
Normalized Histograms of [Axpol]RMS (all k)

5 10 15 20
Deflection Angle Axpm ©)
Normalized Histograms of [Axpol]RMS (all k)

0 20 40 60 80
Deflection Angle Axpm ©)
Normalized Histograms of [AXpOI]RMS (all k)

20 40 60 80
Deflection Angle Axpol ©)

each of the individual [Axpu|rars maps plotted over the histogram of the mean map in the second column.

7

SNOILVHYNLHAd NHAATY HAOW-HTONIS 78

Lyl



148 CHAPTER 8. PROPAGATION CODE

for the twisted field models. However, these represented extreme cases and were only one or
two pixels out of the whole map. Because the wave is propagated on a grid smaller than the
binned pixel sizes, the binning step averages out the effect of the varying initial phase, and

we find that most pixels for most maps are visually similar.

8.4.1.1 Effect of Varying the Perturbation Wavelength

We produced maps for different steps of k between k,,,;, and 100k,,,;, at Ry = 25% to examine
the effect that changing the wavelength of the perturbation would have on the polarization
angle deflections. Additionally, at the maximum and minimum values of k, we also computed
perturbations stepping Ry in increments of 0.05 between 0.05 and 0.5.

Overall, varying k > k,,;, (subvoxel wavelength) at constant Ry had negligible effect
on the resulting deflection map. For any given model orientation, the RMS deflection maps
between k steps were visually similar, with standard deviations on the order of approximately
0.5° or less, with the occasional pixel having a standard deviation of up to 5°. This is likely
also due to the size of the perturbation being smaller than the grid, which averaged out
the overall effect. The main effect that varying k& appeared to have was producing noisier
standard deviation maps as each step increased without increasing the maximum standard
deviation. The resulting RMS deflection maps at each k step were still visually similar.
Figure shows the average and standard deviation of the [Ax,.]rms maps for each k,
along with the combined histograms of each [Ax,0]rrrs map for each k step for a sample of
test data.

Figure |8.3| shows that the areas of enhancement in the deflection maps are slightly askew
relative to the z-axis line. This is likely due to the combined effect of the model’s azimuthal
and inclination rotation angles, as the k-averaged deflection maps for the VO (zero orienta-

tion) datasets are all symmetric across the z-axis line.

8.4.1.2 Effect of Varying Ry

Following from the previous results, we generated maps at different energy ratios (and there-
fore velocity scales) using k amplitudes of 1 and 100 k,,;,, rather than the full spread we used
previously (examples from the 0.05, 0.25, and 0.5 shown in Figure . As before, deflection
maps with the same incoming velocity amplitudes at both 1 and 100k,,;, were consistent
with each other. However, stepping Ry produced significant variation in the structure of
the deflection map, beyond simply increasing the scale of the deflections. The precise effect
depended on the core’s orientation, but the pattern of enhancement shifted towards different

pixels as the energy increased. This seems to indicate that as the energy scale increases,
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Figure 8.4: RMS Deflection maps for the models shown shown in Figure for Ry values
of 0.05 (left), 0.25 (centre), and 0.5 (right) shown on the same colour scale. As before,

the dotted lines indicate the orientation of the core’s z-axis.
structures are shown here again for convenience.

The three-dimensional field
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Figure 8.5: Mean polarization angle deflection as a function of orientation angle relative to
the LOS (left), deflection map for the Case 4 RO7 orientation (centre) and corresponding
field geometry as projected (right). The dotted line in the deflection map represents the
orientation of the core’s z-axis, terminated at the surface of the cube.

different areas of the field accumulate larger polarization angle deflections than they do at

lower energies.

8.4.1.3 Model Orientation

Different orientations of a base model perturbed with the same wave parameters produced
different deflection maps. The left plot of Figure |8.5[shows the mean value of each combined

RMS deflection map plotted against the angle the base model’s core z-axis makes with the
LOS.

In general, maps for the VO orientation typically had the smallest average x,o deflections,
while cores oriented with their z-axis close to the LOS typically had the largest. However,
the Case 4 models had two exceptions, VA and RO7, where the average deflection decreased.
The RMS map for the Case 4 RO7 model is shown in the centre of Figure [8.5. The reason
for this discrepancy is not clear, but as these orientations are quite close to having the
core z-axis pointing along the line of sight (as shown in the left panel of Figure , the
wrapping of the field lines is likely strongly reinforcing the polarization position angles in

the periphery, while cancelling out deflections caused by the perturbations when the field is

integrated (Fiege and Pudritz, [2000a). While the Case 3 models show a trend more similar

to the hourglass models, the two sets with similar orientations (RO1 and RO7) do also show
a slight decrease in average deflection angle, but not to the extent that the Case 4 models
do. With the deflection maps being so consistent, each orientation for a single base model

produced a unique pattern that was often drastically different from the others.
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8.4.2 Additive Perturbations

For perturbing the model with a series of Alfvén waves, we needed to make a slight change
to the amplitude scaling. Instead of the incoming velocity amplitude for each wave being
equal to vg/va, which would add an overly large amount of energy to the system, we make
the adjustment that the sum of the kinetic energy per unit mass of the incoming velocity
amplitudes be equal to the magnetic energy of the wave per unit mass. This is not the
precise wave energy of the total superimposed wave, but it is a reasonable approximation for

our purposes. In this approximation, the mean kinetic energy per unit mass for N waves is

therefore
T 1, , BZRyUs
N = D2y = 0 8.16
<M> 2< ¥ po NM, ( )
) -
= <”;'> _ grtvle (8.17)
VA NMp

where pg is the POLCAT density scale (, and M, = porgMp represents the mass of the
model, computed in the same fashion as the magnetic energies ( Our choice to scale
the amplitudes with the average kinetic energy is motivated by our desire to extend this
technique to actual turbulent k spectra, which define velocity as a function of wavenumber
(Elmegreen and Scalo, 2004 Hennebelle and Falgarone, [2012).

We then generated N = 50 random values between [—m, 7| for the initial phase 1), and
orientation angle ¢ ( Due to results of the previous section showing that varying the
perturbation wavelength had a negligible effect on the resulting deflection maps, we chose
k = kyn for all amplitudes. The starting model was then perturbed with each randomized
wave in succession before the polarization map was computed and binned back to the original

resolution.

We performed this computation for the same Ry steps as the previous section (0.05-
5), repeating each computation 10 times for each step. While this is a small sample, this
portion of the analysis functions something of a pilot study for future application to turbulent

spectra.

Each repetition of the calculation at constant Ry produced a large variation in Ax,e,
such that the standard deviation of the 10 maps was only slightly lower than the level of
the combined RMS map. While the areas of Ax,, enhancement were in similar locations
to the single-wave perturbations, the RMS deflection maps of the additive perturbations
were more symmetric about the midline perpendicular to the projected z-axis. Due to the

randomized ¢ angle, the overall Ax,, level was smaller than that of their corresponding
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single-perturbation map (Figure . Interestingly, the Ry = 0.25 map (and corresponding
histogram) actually had a more high values of Ax,, than the Ry = 0.5 map. A larger

sample of runs would be required to test this.

8.5 Discussion and Conclusions

In the hourglass cases, the largest deflections in the polarization vectors typically occurred
at or near the edges of the cores, where the field undergoes a sudden change of direction
due to the jump conditions at the core’s surface. This effect can be seen most easily in the
three-dimensional representation of the Case 2 RO10 dataset in Figure [8.3] While this is
also the case for the twisted hourglass cores, the twisted field also added additional areas of
enhancement. When the field is inclined (unless the inclination is near 90°), the plane-of-sky
projection of the field on one side of the core crosses and tangles, while the other forms arcs
and loops. The looped side creates a “wedge-like” area of deflection, and the tangled side
creates an “arc-like” area with sharp edges. These regions were consistent in all cases (Case
3 and 4 examples, Figures , , and , except those with inclinations that aligned them
very closely to the line-of-sight or plane-of-sky.

The structure of the deflection maps being so strongly tied to the orientation of the
field has interesting implications for the eventual application to PolCat fits. In effect, each
individual model orientation and field structure created a different pattern of polarization
angle deflection, which could act as a fingerprint of sorts.

Our tests with the additive perturbations functioned as a proof-of-concept for future use
with realistic turbulence spectra. While, in this case, we only perturbed the field with one
wave mode multiple times, the change in the structure of the combined deflection maps
relative to the single-wave perturbation at the same energy was still noticeable.

One consideration with this approach is that short wavelength modes could be expected to
experience significant damping before they could travel all the way through the core (McKee
and Zweibel, [1995). Additionally, the expectation for realistic turbulent spectra is that
most of the power lies in the long-wavelength modes, which does not fall under the eikonal
approximation. Applying such a criterion to large wavelengths would imply that the angular
frequency caq -k is conserved along the field lines at all wavelengths. We are not confident of
this assertion outside of the limits of the eikonal approximation at this juncture, but we do
have future plans to apply a three-dimensional MHD-code to the models to perform a similar
analysis. Comparing the results between MHD simulations and the method outlined in this
analysis under the general assumption of conserved angular frequency for all wavelengths

could potentially verify or refute the validity of this approach.



Chapter 9
Summary of Conclusions

This thesis explored the use of tensor virial theorem and Alfvén wave perturbations as a
new tool for understanding magnetic fields in molecular cloud cores. Over the course of this

work, we have

e investigated tensor virial theorem in triaxial cores as a method to impose a physicality

constraint onto models of magnetized molecular cloud cores,

e developed methodology to understand the shapes of triaxial cores in light of tensor

virial theorem,
e explored both equilibrium and non-equilibrium models of triaxial cores,

e explored virialized models of the OMC-1 BN /KL region and made field strength pre-

dictions based on the assumption of scalar virial balance

e used theoretical results to numerically propagate waves along field lines to shed light

on the Chandrasekhar-Fermi effect due to curved magnetic field geometries.

This chapter touches on the highlights of the thesis from each of the preceding results chapters

in order.

9.1 Tensor Virial Theorem

The first development was to implement a tensor virial “stability check” such that unreal-
istically unstable models could be eliminated from POLCAT fits on the fly, and would also
allow us to provide an independent estimate of the magnetic field strength for our models
based on the assumption that the core is in scalar virial equilibrium ( Our intent was

to calculate each solution’s three-axis virial tensor and reject solutions with at least one axis

154



9.1. TENSOR VIRIAL THEOREM 155

outside our specified limit. This involved pre-computing high-resolution lookup tables for a
minimal set of model parameters, such that calculating tensor virial balance for each model
was computationally inexpensive. These tables, therefore, provided a store of information

on the virial balance for ellipsoidal cores with a Bonnor-Ebert radial density profile.

In Chapter [4, our exploration of the virial tables has yielded not only the expected
spheroidal equilbria that have been observed in simulation (e.g.|Mouschovias, 1976b; [Tomisaka
et al., [1988a; Fiege and Pudritz, 2000b), but also unexpected populations of triaxial cores.
These cores have similar cross-section and field-configuration to the infinite cylinder filament
models of Tomisaka (2014), but are finite in their long axes. The stability of these triaxial
equilibria has yet to be determined, and they may be easily perturbed out of equilibrium.
These cores appear at high truncation pressures (smaller core surface radii) and exist for
both hourglass and twisted hourglass magnetic field geometries. To see how the equilibria
would most likely appear when observed, we performed Monte Carlo sampling from the pop-
ulation of equilibrium solutions, oriented at random angles, and calculated the axis ratios
of the projected ellipses. The resulting two-dimensional histograms represented the most
probable value of ¢ ( for the observed two-dimensional ellipse axes, assuming either

spheroidal or triaxial virial equilibrium.

In addition to exploring equilibria, we have also mapped the range of solutions defined
by our desired virial criterion of 20% of the gravitational term (i.e. R;; = |VE;/W;;| < 0.2)
in order to thoroughly explore how the model parameters affect the tensor virial balance
(Chapter [5]). Additionally, we wanted to explore the available families of models that this

criterion allows.

We found that the virial constraint maps out a minimum range of ellipsoids where the
magnitude of the dimensionless magnetic field scale b*? (equation (4.30))) can only cause
scalar virial balance if the field strength is 0 (i.e. the gravitational binding energy exactly
balances the volume and surface kinetic terms). This range is common for all models, and
essentially serves as a “pivot” point as the permitted range of b* varies with shape. These
geometries have a limited range in the prolate region of the plot with a maximum (g, of
approximately 0.65, and a maximum of approximately 1.4, and have a maximum azimuthal
axis ratio of £/¢ = 0.6. These solutions also exist at a common upper limit of the compression
parameter c. In contrast to the range of ( and £ values the virial criterion allows, the range
of compression values is quite narrow. Additionally, the triaxial equilibria of Chapter [4] are
also present, and therefore there are some very azimuthally eccentric cores that can pass the
virial criterion. One implication of the existence of these equilibria is that more eccentric

core geometries could theoretically be possible in nature if they are found to be stable.
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9.2 Application of the Virial Criterion to PolCat Fits

To test POLCAT fits with the virial criterion, we generated test data based on four geometries
located within the regions mapped in Chapter [5} For comparison, we also perturbed those
geometries in such a way that they would fail the virial criterion either by having R;; values
outside of the specified range, or by having a negative value of b*?. The most effective
method for this was changing the compression parameter, ¢, to a value outside the allowed
range for the particular ({, &) values at the original model’s pressure (and twist) step. For
each the test datasets, we fit with an hourglass model and a twisted field model, both with

and without the virial criterion.

Overall, regardless of whether the seed model itself passed the virial check, enabling the
virial penalty usually did not affect the fitness curves for the test data. However, runs with
the virial criterion enabled typically selected compression values closer to the seed model,
even in the cases where the input parameters for the seed models had compression values out
of range. As had been previously established in the results of Chapter [3] fitting a dataset
generated from a twisted field model with an hourglass model typically failed to replicate the
seed dataset, in addition to having poor fitness values. However, enabling the virial criterion

in these cases improved the fit geometries in the solution set.

Once we had the test model baseline established, we moved on to fitting data of the
OMC-1 BN/KL region (Section [6.2). We used two data sources: The SCUPOL Legacy
Catalogue (Matthews et al. |2009), which is a uniformly-processed catalogue of data from
the operational lifetime of the SCUBA polarimeter, SCUPOL; and the BISTRO survey
(Ward-Thompson et al., 2017), which uses SCUBA2 and its polarimeter POL-2.

Fits to this region without the virial criterion typically chose geometries that were unreal-
istically flattened perpendicular to the field direction. Enabling the virial criterion produced
models that were more realistic. One result of note is that the fits did not seem to prefer
twisted field geometries, even when the model allowed for one, unless the virial tables were
swapped for ones with a higher maximum twist. Therefore, we do not see strong evidence

for twisted fields from these results.

Previous estimates of the magnetic field strength from this region have determined an
overall range of between 0.1 to 16 mG, with a range of 1.9 — 11.3 mG from Chandrasekhar-
Fermi analysis on the BISTRO dataset specifically (Pattle et al., [2017). We find that the
average magnetic field strength from our models was in a range of 0.2 — 1.3 mG for our
fits to the larger regions, which is in good agreement. This appears to reinforce that our

requirement for scalar virial balance is valid in this case.
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9.3 Alfvén Wave Propagation

We have extended the wave-propagation formalism of Scheurwater| (1990)) from those of force-
free fields to more general field conditions, proving that the same propagation characteristics
apply (Chapter |7, see Appendices @, , and .

Our goal when developing this method was to develop code that would allow Alfvén waves
to propagate through POLCAT models, with the end goal of using it to develop a three-
dimensional Chandrasekhar-Fermi analogue that we could use to provide an independent
estimate of magnetic field strengths. While we have not managed to accomplish this latter
goal over the course of this thesis, we have successfully developed code that propagates Alfvén

waves down the curved field lines of our models via the method of [Scheurwater| (1990).

Results of perturbing test models with both single and successive Alfvén waves (Chapter
7) show that the pattern of polarization vector deflections for a particular core model is
highly dependent on the inclination angle of the magnetic field to the line-of-sight, i. The
orientations with inclination close to the line-of-sight tended to produce more extreme vari-
ations in the polarization angle deflections Ay, for the hourglass models. For the twisted
models, the enhancement only occurred at the centre at the z-symmetry axis of the cores the

cores, as the wrapping of the field lines appeared to reinforce the position angle direction.

While applying a perturbation always produced a tangible deflection in the polariza-
tion vectors, we found that varying the wavelength had no noticeable effect on the pattern
produced at constant energy ratio Ry. This is likely due to our operating on the small-
wavelength limit, which means that our perturbations are always sub-grid. Varying Ry,
produced deflection patterns that, while similar in the areas that showed enhancement, nev-

ertheless had distinct differences beyond simply increasing the scale of the deflection.

We also observed that the cores exhibit shape changes in polarization deflections near
the surface boundary. This is likely due to the magnetic field undergoing a sharp change
in direction at the core-envelope interface as a result of the jump conditions at the surface.
The twisted fields in particular had a very unique deflection pattern, due to how the field
projects when inclined. These cores showed enhanced position angle deflections in an arc
along the surface boundary where the field appears to cross and tangle in projection, and
a “wedge” directly opposite where the field projects in loops. This characteristic deflection
pattern may be useful in identifying whether a particular object truly has a twisted field or
not.

Experiments with additive perturbations have yielded a useful modification to the velocity
scaling for the individual wave modes that we hope to apply to realistic turbulent velocity

spectra in future. Successive perturbations with the same wave mode at randomized phases
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and orientation angles around the field line did show some minor differences in the deflection
map structure versus the corresponding single-wave map at equivalent energy ratio. However,

the patterns were not entirely dissimilar.

9.4 Future Work

In future, we plan to apply this tool to more observational datasets from both the SCUPOL
Legacy Catalogue and the BISTRO survey to further test the magnetic field estimation, as
well as revisit the OMC-1 dataset to refine our results and model some of the other objects.
One interesting potential branch of the virial analysis would be to use independent magnetic
field strength estimates with the virial criterion in order to use the field strength to constrain
the geometries instead of the other way around. We are also preparing to collaborate with
other members of the BISTRO survey to provide fits to other regions under study, in order to
help provide insight on the underlying density and magnetic field structures of these objects.

While POLCAT is currently set up to only model molecular cloud cores, we do have plans
to expand into modelling filaments. Since both clusters of cores and individual isolated
cores are often embedded in filaments (McKee and Ostriker, [2007)), this will further extend
PoLCAT’s utility to observers. Another potential approach worth considering is comparing
orientations of the model magnetic fields to the expected large-scale field of the galaxy, which
could provide another constraint on the plausibility of models in the solution set.

One current limitation with POLCAT is the requirement for cropping individual cores
from larger datasets, as well as its inability to model several cores in the field of view at
once. This limitation originates from the currently implemented set of density transforma-
tions, as the significant motion of material required to contract a uniform density into a
centrally-condensed structure tends to obliterate any other nearby condensations. We are
exploring multiple potential approaches to this problem, including alternative density trans-
formations, and potentially “additive” models, where the individual three-dimensional cores
are generated separately and then combined into a single model prior to polarization map
generation. However, the latter approach loses some of the main benefits of the “history”
provided by the individual transformations, and also some of the physical significance im-
parted by the current virial method. Both multi-core approaches would also necessitate
resorting to numerical methods to calculate the virial parameters, rather than being able to
rely on the semi-analytic formulas outlined in Chapter 4

Additionally, we plan to further develop the Alfvén wave propagation method to incor-
porate realistic turbulent spectra. While the propagation method is too computationally

intensive to calculate on-the-fly like the virial criterion is, we may apply this to the final
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solution sets from POLCATfits to use this to characterize the turbulence in star-forming

regions.
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Appendix A

Acronyms

A short glossary of some abbreviations used in the text:

BES Bonnor-Ebert sphere, usually refers to POLCAT models containing the transforma-
tion described in Section [£.2.2]

BISTRO B-fields In STar-forming Region Observations survey (Ward-Thompson et al.,
2017))

BN/KL Brecklin- Neugebauer/Kleinmann-Low region, an area of interest in the Orion

Molecular Cloud complex
CBES The composite Bonnor-Ebert sphere transformation described in Section [6.1.1]

CF Chandrasekhar-Fermi (of or referring to the Chandrasekhar-Fermi (or Chandrasekhar-
Fermi-Davis) method of plane-of-sky magnetic field strength estimation (Chandrasekhar
and Fermi|, 1953])

LOS Line-of-sight, the direction along our sightline to an object
LUT Look-Up Table, a stored table of values that can be used for interpolation

MAE Mean Absolute Error, the average of the absolute differences between the data and

the model for the pixels in each polarization map

MHD Magnetohydrodynamic, of or referring to the dynamics of conducting fluids under

the influence of magnetic fields
ODE Ordinary differential equations

OMC Orion Molecular Cloud
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POS plane-of-sky, in the plane perpendicular to our sightline

RMS Root-mean-square, the square root of the mean of the differences between the data

and the model for the pixels in each polarization map
SLC SCUPOL Legacy Catalogue (Matthews et al., |2009)

VE Virial equation, mostly used as a variable representing the value of the virial equation

Virial test model categories (Chapter [6):

VO Test dataset generated from a virial-criterion-compliant core model with orientation

4

angles set to 0. Also referred to as “zero-rotation” or “zero-inclination” datasets.

VA Test dataset generated from a core model with the same parameters as the corre-

sponding VO dataset but generated at a specific orientation.

NC Test dataset generated from a non-virial-criterion-compliant core with the same over-
all geometry as the corresponding VO and VA datasets, but with a smaller squeeze
¢ parameter (more compressed). The model’s central density has also been adjusted
to keep the core the same approximate size as the VO and VA datasets in the model

cube.

NE Test dataset generated using a similar method to the NC dataset, but with squeeze ¢
adjusted to be larger than the corresponding VO and VA datasets (more expanded).
The model core’s central density has also been adjusted for the same reasons as the
NC dataset.



Appendix B

Test Data Figures from Chapter 3

This section contains the simulated test data maps used as input for the tests discussed in

Section [3.6.2] These figures show the three-dimensional seed model structure and simulated

polarization maps for Cases 2-5, similar to the Case 1 example shown in Figure [3.4]
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Figure B.2: Seed model for the Case 3 dataset at 0° inclination (left), with all four of the
Case 3 artificial datasets (0°, 30°, 60°, and 90°, right)
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Figure B.3: Seed model for the Case 4 dataset at 0° inclination (left), with all four of the
Case 4 artificial datasets (0°, 30°, 60°, and 90°, right)
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Figure B.4: Seed model for the Case 5 dataset at 0° inclination (left), with all four of the
Case 5 artificial datasets (0°, 30°, 60°, and 90°, right)



Appendix C

Volume and Surface Area Estimation

The computation of the magnetic field volume and surface terms for the virial lookup table
calculation is performed on a three-dimensional numerical model. Typical practice is to
perform volume integrals numerically is to use a high-resolution grid and treat each interior

voxel as a discrete volume element:
[ v =3 v 1)
14 i

However, this is an inaccurate approximation in our case, as our grid is rectangular but our
cores are ellipsoidal. This causes the cores to only partially intersect with the voxels at the
surface. Therefore, if we include the full volume of all voxels that intersect the surface in
our sum, some of the edge values are weighted more than others. A corresponding technique
for surface area would be to obtain surface area elements relative to the voxel faces. While
this would provide a reasonable estimate of the surface area elements, this technique is
problematic as it would draw connections between the voxel centres rather than the actual
points of intersection, which would also over or under estimate the surface area depending
on the amount of volume contained in the voxels. We would also need to interpolate the
magnitude and direction of the model magnetic field on each facet because they would be
offset from our grid.

To get around the volume integration problem, we treat the voxels that intersect with
the core’s surface (“edge” voxels) as containing only a fraction of the core’s surface. To
compute this fractional volume, we approximate the surface segment as a plane defined by
where the surface intersects the edges of the voxel (Figure . Computing the volume
contained between a the plane and the interior surfaces of the voxel is relatively simple.
Approximating the surface in this way has the additional benefit of defining a surface area

segment dS complete with vector normal.
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Surface Voxel

Figure C.1: An example of an edge voxel, with surface segment and intersection points
marked. The number of intersection points varies between 3-6 depending on the orientation
of the surface segment in the voxel.

The coordinates (z;, y;, z;) describe the centres of the voxels. First, we find all the voxels
that intersect the surface defined by r = r, in equation . These voxels fall into two
categories: 1) those with r; < rg, but at least one voxel corner (x2“ yo" 22%) having
ro“ > rg, and 2) those with 7; > r, but at least one corner (z!",y!", 2/") having " < rq.

These corner coordinates are described relative to distance from the origin, e.g.

. " (x; > 0)
r" = (C.2)
" (x; < 0).

1

Once we have determined these “surface voxels,” we then find the points p;, where the
surface intersects with any of the twelve edges of the voxel, which can range from three to
six points depending on the voxel’s location on the surface. These points define a plane
that approximates the chunk of surface contained within the voxel. The surface normal
n = (A, B,C)/(A% + B? + C?) is determined by vectorizing the points (i.e. vj = p; — p1)
and averaging their cross-products. Arranging the vectorized points in either clockwise or

counter-clockwise order also allows computation of the plane segment surface area via

-1
v X Vil (C.3)

MZ

dS:ﬁl
2 4

J

||
N
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Now that the surface normal has been obtained, the plane of intersection with the voxel

is then
_ D—Ax— By

C
where D is obtained by plugging p; into the plane equation Az + By + C'z = D. We can

z

(C.4)

now approximate the volume element by integrating between z = 2™ and equation
analytically within the confines of the voxel. For convenience, the voxel, the intersection
points, and the plane are shifted so that 2" lies on the z-y plane before integrating. Using
the in-out coordinate definitions, we can split the enclosed volume into two sections. We
have Vi between (™, y°“!) and (z'", X):

out __ ,in X, — in 1 . 1 .
y = Wyt = ) (D— S A +a™) = §B(y"“t+y’")) (C.5)

C

where X; = (By® — D)/A is between 2 and z°“, and V5:

1 A2
Vo= -— (X5 — X})

- 6BC .
+(2_ m) (X2_X1> (2_1AM_1BM> (CG)

where X, = (By™ — D)/A is within the same z-range as X;. The total volume enclosed is
therefore V.. = |Vi + V2|. However, this also includes volume above z = 2°%. To remove
this from the total, the voxel is shifted down again so that z = 2°“¢ lies on the z-y plane, the
enclosed volume V,,, is computed via equations and and subtracted from V4.
to obtain only the volume contained within the voxel of interest. For all voxels outside of
these surface voxels with r» > r,, the voxel volumes are set to zero so as not to contribute to

the integral.



Appendix D

Derivation of MHD Equations in

Curvilinear Coordinates

Here we walk through the full derivation of equation ([7.50|) from Section based on the

curvilinear coordinate framework of [Scheurwater| (1990).

D.1 Mass Conservation Equation

Beginning with the mass conservation equation (7.1)) and substituting the definition of the

divergence from Table [7.1| we obtain

ap 0

% —pau—m(F1 (V™) (D.1)

Substituting the perturbation approximations (7.5) and (7.6)) the equation becomes

dpop+p1) . 0

7 (=1 ~ m
5 P P (pop + p)V™), (D.2)

and neglecting the second-order perturbation term p; V"™, we obtain for the final form

8,01 _ avm
_ - D.
B PP 5 (D.3)

D.2 Lorenz Equation

The time derivative of the magnetic field in curvilinear tensor notation is the same as the

uniform case (equation ([7.9))

b
E:Vx(VxB) (D.4)
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To express this equation in tensor notation, first we turn our attention to the term V X B
V xB=(V'f)) x (B*f3) =V'B’f, x f3 (D.5)

Applying the cross product identity (equation ([7.45]) in Table and substituting B® = pB,

we can represent the above equation as:

V x B=V'pByp ' eusf" (D.6)
=V'Byesf" = F,.f". (D.7)

That is, this result describes the components of a covariant vector. From Table the curl

of a vector F is expressed

— e OFn
V xXF=j¢ kaumfk (D.8)
which implies
~ mnk avl
V X (V X B) = pBO Enl3 € afu,—m'fk (D9)

Because two indices in the Levi-Civita tensors are shared, we can simplify the product

k _ k _ Sk
Enz €M = — ez e = 0;03"

equation (D.4) as

— om§% . which allows us to write the vector components of

k k m
o —BS(W v 5k>. (D.10)

ot oud Oum °

D.3 Momentum Equation

Once the forms of the previous (much simpler) equations have been determined, we can

apply the results to the momentum equation (7.8]). We begin with equation ((7.49)

0?V o2 _0m 1 db ob
=—-—V— — B V X — — X (VxB)|. D.11
o oop . ot 47rp0ﬁ[ X( Xat)+8tx< xB) (D-11)
To help break down the derivation into manageable chunks, we define
ATy (D.12)
pop  Ot’ '
1 b
B=- B V X — D.13
mpop 8 ( 8 375) (D-13)
1 b
C=-— ~a— X (V x B) (D.14)
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so that we can write

0*V
= B D.1
BTE A+B+C (D.15)
and address each term separately.
D.3.1 Term A
02 8p1
A= -y D.16
pop Ot (D-16)

Substituting in equation (D.3)) and using the gradient operator definition in Table we

obtain

2
_ G0 O () SOVT D1
A pop Gup( P us (B-17)

2 ~ 2
oy |OVe Op  _ O°VI ]
=0 D.1
p [émq oup * P durdus / (D-18)
= A, f". (D.19)

That is, we obtain an expression for the covariant coefficients of A in terms of the contravari-

ant components of V.

D.3.2 Term B

1 db
B=- B V X — D.20
AT pop 8 ( 8 81&) ( )
Beginning with the term in brackets:
db r 0 (0b,
0 _ 5 _mn —n . D.21
VX g T Pe 8um(8t>fk (D-21)
Therefore
B3 o (0b
B=- mnk —)p D.22
ek O (T )t £ (D.22)
B3 p O (0by\ L,
- mnk__—~_ (T D.2
AT pop BE Gym ( ot > ! (D.23)
=B, f" (D.24)

once again substituting the cross-product identity ((7.45)). This yields the components of the

covariant form of B. Expanding the product of the two Levi-Civita tensors in the vector
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components and substituting b,, = ¢,,b? as per equation ((7.36)) yields:

1
By = ——— (o7 — apan) B <%)

AT pop du™ \ Ot

1 o (b & (b
= B? A 5 S
A pop [ oup ( ot ) ou3 ( ot )}
1 , 0 abe , 0 b1
~ dmpop {B dur <93q at) B (gpq ot )} '

Expanding the resulting expression via product rule gives us

B3 01 (Dgs,  Ogpy B3 o [ov o [ob
B,=— v e ~ | 93¢ o7 ) 93\ A |-
Ampep Ot \ OuP  Ou AT pop our \ Ot oud \ ot
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(D.25)
(D.26)

(D.27)

(D.28)

That is, the covariant components of B are expressed in terms of equation (D.10]), which

depends on the contravariant components of V.

D.3.3 Term C

1 0Ob
C = B
dmpop ot x (VB

Again, beginning with the term in brackets, the curl of the magnetic field is

B,
V xB= ﬁém”ka
ou™

therefore
1 ob
C=— mnk
AT pop ot
B 1 ik 8() aBn »
N 47rp p “pak € ot aumf
1 ob? 0B,
- men __ §men
AT pop 500 55)0t8m
B 1 o
N 47Tp0p ot

(D.29)

(D.30)

(D.31)
(D.32)
(D.33)

(D.34)

(D.35)

where we have expanded the product of the two Levi-Civita tensors as before. As in the

previous two cases, the end result is the covariant vector components of C. Utilizing B, =
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g43B? and expanding using product rule, we obtain for the covariant coefficients

1 ov 09s3  Ogp3 oB3 B3
— B3 q> )4 _ . D.
G Admpep Ot { (aup oud ) * (gq3 uwr I ua (D-36)

D.3.4 Bringing It Back Together

All of the above results produce covariant vector components, i.e.

02V,
o2

— A, +B,+C, (D.37)

where each of the terms on the right hand side involves spatial derivatives of V4. To make

the equation self-consistent, we use V¥ = "V, to obtain the complete wave equation

02V :gkp82‘/;, :gkpo_Q oV dp 45 02V ok B3 b1 (Dg3q Oy
ot? p | Oud Qup ouPoud dmtpep Ot \ Our  Ou?

ot? p
B? o [ ob g [
g ) g = = D
I 4z pop {93‘1% (m) 1y (at )} (D-38)

1 ob? 09,3 093 oB3 B3
_ kp -7 B3 YY9¢3  YYp3 _
g 47Tp015 ot |: ( ouP oud ) T (qu ouP Gp3 Oud

N\ A B L
o =P <aT —aum53)

where

(D.39)

as per



Appendix E

Derivation of the 0t® Order MHD
Wave Equation Under the Eikonal
Approximation

Here we summarize the manipulation required to use the rescaled variables defined in Sec-

tio to obtain the 0™ order wave equation (7.61]). As before, this is an expansion of the

corresponding manipulations in [Scheurwater| (1990)).

E.1 Change of Variable

We assume a plane wave form for the velocity with coordinate dependent amplitude:

VF(x,t) = v* (x)e el (E.1)
where v¥ are the contravariant velocity amplitudes and 1 is the phase, such that
o o
k=Viy=fmr—— =——. E.2

The eikonal approximation assumes the local wavelength A = 27 /k is small compared to
the scale of the spatial changes in the magnetic field and density (\,, A\g). When k and v*
are on the order of e = (kA)™! < 1, where \ represents the minimum between A\, and g, we

can apply perturbation methods to expand the velocity amplitudes in an asymptotic series:

vk = Za"vé“n) (E.3)

185



APPENDIX E. DERIVATION OF THE 0™ ORDER WAVE EQUATION

186
and scaling the physical scales by ¢ to enforce operations on small scales, we define
um = eu™ (E4
¥ =e (E.5)
with velocity amplitudes
o =, (E.6)
These definitions keep Vi = V ¢y = k. Making the further transformation
t=cet (E.7)
keeps consistency for the angular velocity 3 aw = 861? = —w.

To help break down the number of terms into manageable chunks, we once again split
the right-hand side of equation ([7.50)) into the three sub functions A, B, and C from the

previous appendix and modify them individually.

E.1.1 Term A

We have
op oVe  _ 9?V4
k
A =g b [Qul’ oud +p6u1’8uq] (E8)
o) 2 a( ez@a_l) 82(Uq ei@s_l)
— n prO ap 2~ (n)
;5 95 | ow T (E9)

which becomes:

vl ol . o L O 021
nkp~z(n> (n) OV y o Y
Z’E [p (5 dwow ' owt ow = 5 5o T gt
¢ ) (E.10)
RN N 2P O, O g
 Oul Oup (” oud JuP out Y ouP
0?vl ov! O, ok,
— n kp ~ 2 (n) . (n)
E 5 ( 8m8m+zeau_k:p+zea k:—l—zg—a v k:k;v )
(E.11)
9p V) | . Op | e
2 7F q “F e
T e ow g | ¢




E.1. CHANGE OF VARIABLE 187

where we have evaluated 2 T using equation (7.53)). Only terms that are coefficients of &°
are relevant for our current analysis, so we can define the further sub-expression representing
the €° coefficients af A*:

[A*] o = —g"ogk,k U(o) == —agkkkqvgo)e@s_l (E.12)
= —02(v() - k)kFeVs (E.13)

where we have made the substitution kqvgo) = (v(o) * k)).

E.1.2 Term B

For BF:
B o B0 (O O\, B[ 0 (o) o (o
dmpep Ot \ Oup  Ou? dtpop |77 OuP \ Ot PLous \ ot
(E.14)
— 2k B % (agi%q _agpq)
o Ot uP e
Ampop Ot \ OuP Oy (B.15)

g B o (o a (o
I dmpop [P0 \ 01 )~ o5 \ ot

To evaluate this equation, we need to first evaluate equation ([D.10)) in terms of u™, absorbing

the factor of £

ob? ov? 5 OV
625 = BS (EQﬁ — %—méq) (E16)
s (vl eiafl) o(v eﬂafl)
= Z e"B? (62 (8)$ —&? (a)u_m o4 (E.17)
- np3 281)?”) . q a q q fa*l
= Z e"B’ | ¢ i + zskgv(n) 8u (5 zekmv (5 . (E.18)

once again using equation ([7.53]) as in the previous case. For the first term in equation

(E.15)), we want terms that are coefficients of £°:

bl
221 =0. E.19
|:€ 8t :|50 ( )

Then, to evaluate the second term in equation (E.15)), we evaluate the spatial derivative
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of equation (E.18):

0%b1 - 0 ol o Temt
2 _ nY |p3( 2" "(m qg _ 2 (n) a | give
£ WA Z&: P B (5 e + iekgug,) —€ o 03 — i€km Uy 03 (E.20)
=  0B? ol 62;771 et
= Z 5"W (EQ% + i&?kgv?n) — g2 G 5" L 5" etVe
- u u
0! ok ovl OPom
+ "B | 2— (m) + 1€ _31121”) + icks o 2 ("_’53
outou’ out ou! outou™
Ok, oy =
—igﬁv%ég — ik, a(l)5§> eve (E.21)

ul
- (%q ov Uim
+e"B° | ick; 87 — klk:gv(n) — ik —= T 53

-1

+k,k;mv(;§)5§> e’

Once again, we want terms with €% from the above expression:

{ 0*b1

— q i@afl
W@JEO B [ Fuksvly, + kik 07y 53]6 . (E.22)

Substituting these expressions back into equation (E.15) we obtain

[B¥] o = =g b laﬁ—b_q} (8911 — 8@)

47 pop ot ouP Oyl
E.23
o B , 0201 B 2 0%v1 ( )
J AT pop T34 8@8% 20 I = B0 <0
i B
= —g"P - kyk v )+ kpkmv(o 5q
g 4w pop [ggq( ° 3 (E.24)

et

o~ ksksvly) + k3kmvgg)5g)] g

We can contract some of the indices in equation (E.24)) and substitute in the Alfvén speed
definition ([7.40)) to produce:

[Bk} 0 = _gkpc?402 [(—k’ ksv)s + gsskp k’va’O‘))

_ (E.25)
—(—ksksvoyp + gpakaknv(g ))] eite™

= [(kaAOk3CAOU(0)3 - g33CAOCAOk km”?g)) (E.26)
+<—3k’ 31{3 k+5k3 Skk m)] ihe1 ’
€A4073CA073Y () 3CA40CA073 MY () )| € .
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Inspection of the terms in this expression yields several expressions for the dot products of
the vectors v(g), k, and cy, allowing us to express equation (£.26) as

[B*] o = [(ca0 - k) (cao - vio))k* — (Vo) - K)E* — (ca0 - k)?v(p

3 sky] jipe? (E.27)
+(ca0 - k)(v(o) * k)cA053)} e .
E.1.3 Term C
For C*:
ko Obe 0 ) oB? oB3
k 9 3 [ 9943 9p3
=— — |B° | == - == — — g3 —— E.2
¢ dmpop Ot { (aup auq) * (gq3 our I ua )] (E-28)
ko Obe 9] 0 oB3 oB?
_ 2 97 OV 13 (0fe3  OYp3 _
= drpop O [B <am am) * <9q3 o 9 am)}' (E-29)
So [Ck} o 18
kp ob? 9] 0 oB? oB?
K] 97 | 2007 3(Y99e3  99p3 b~ Jb
€ =—43 {5 azL [B (am am) * (9‘13 o 9 am)} (E-30)
= 0. (E.31)
from equation (E.19).
E.1.4 Complete Oth order wave equation
Evaluating the left hand side of equation ([7.50) we obtain
27 7k 92(c"vk eie
CAAIIELA ) ) (E.32)
ot? ot
00 —\ 2
=) e, (ig—lg—?) e (E.33)
== el (=) e E.34
;5%)(&) ¢ (E.34)
From equation ([7.53)) B
9 = % = —w. (E.35)
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Combining this with the €° coefficients of the previous subsections (equations (E.13)), (E.27),
and (E.31))), we obtain

_ o*V* k k k
0= at2 + [A :|50 + [B j|50 + [C ]80 (E36)
0

et ie !

= Wy e — 0g(vio) - KK T+ [(cao - k) (cao - vio) K" — cho(vio) - KK (£.37)

— :
—(ca0 - k)zvéco) + (ca0 - k) (v(o) - k)cf”406§)] e
Which we can write in general vector form as
0= WQV(O) — (0(2) + CE}O)(V(O) . k)k (E 38)

— (ca0 - k) [(CAO ck)vi) — (ca0* V(o)) k — (Vo) k)cAO] )

= 0= wzvfo) — (o7 + cio)kkkmvzg) — (3oks) [ciokgv’(%) — vkt — ciokmvz{;ﬁg} (E.39)

This equation is identical to the wave equation in [Jackson| (1975|) before vector orientations
are applied. Continuing to follow the [Scheurwater (1990)) derivation, we define the tensor

operator A’fo)m such that A’(Co)mvzg) reproduces equation ([E.38]):

Ay = w20k, — (02 + Ag)hmk® — (oks) 0%, + A ksk gz + kmkscliy 05 (E.40)
Because A’(‘;O)mvg;) = 0 it follows that det A’(“O)m = 0 also. Evaluating the determinant of A](co)m
yields

det A’(“O)m =Wl — [(0?401{:3)2 — (Ao + 03)]{:2] wt (E.41)
+ (Choks)* (cho + 200)k*w? — (choks) ko5 = 0
= (w* = (Fpks)?) (w* = (05 + Go)K*w® + (Soks) ko) = 0 (E.42)

(here k? is the square of the magnitude of k). The first root, (w? — (3yk3)?) = (W? —
(cao - k)?) = 0 is the Alfvén condition, and the remaining roots describe the fast and slow
compression wave modes respectively. Notably, these roots exist for both the 0** and 1%
order solutions, as A’fo)mv(rf) is the real part of the ¢! wave equation.

Now that the Alfvén mode has been verified as a solution, we may now use it to obtain
k.



Appendix F

Derivation of the Alfvén Ray

equations

This proof is as presented in Scheurwater (1990). We include it here for quick reference.

From equation ([7.53))
oy
oud

since the wave is travelling along the magnetic field direction. Therefore, the phase can

ks, (F.1)

be determined by integrating k3 along the magnetic field line, and we must obtain the
propagation characteristics for k3, which is worked out in [Scheurwater| (1990). Returning to
the definition of k and w as functions of v, we obtain

ok  O0(V) oY

The wave vector of the Alfvén wave must obey
w = (cap+ k) (F.3)

at all points, therefore
ok
e + V(cao-k) = 0. (F.4)

Expanding the second term, we obtain

ok
E"‘CAQ'VI{—FVCAO'I{:O. (F5)
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Because the wave is propagating along the field line, we can express the first two terms in

this expression as the total derivative along the “ray path” r the wave travels

dk 0Ok
a—a—i‘CAo'Vk (F6>
ok dr
=—+—.Vk F.
ot Ta Y (F.7)
and so we can write
dk
% = —VCAO -k (FS)

and the group velocity along the ray path is

dr du™

i = Ingp = o F9)

These two equations are the ray equations for an Alfvén wave. Along the field line, the arc

length element is ds = |/gs3 du® which implies

ds du?
E:@E:@Ci‘“:cm (F.10)

which we can use to modify the ray equations (F.8) and (F.9) to obtain

dk Vo
— = -k F.11
ds CAo ( )
dr 1

~ £, (F.12)

% B \/933'

To get equation (F.11]) into a more usable form, we expand out both sides. However, we
also want to express the above equation in general vector notation, since evaluating equation
(F.11) involves gradients of basis vectors which makes it difficult to properly associate a

pointing direction. In order to match the pointing on both sides, we evaluate

ds CA0
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Starting with the left hand side, we have

e g g, o (F.14)
_ CZ‘; + (fp.%> km} 7 (F.15)
_ % ; (fp- Cﬁl’;m) %km} % (F.16)
_ ‘Z‘; + (fp-%> kZJ . (F.17)

On the right hand side, we have

Ve VCAO m Ip . Cem }

_ /{33 81n(cA0) km a.f3. m P
_ {\/@ i ]f. (F.19)

Therefore, in terms of the covariant components

d—kp—l—(f dfm> km ks aln(ci’m)_ kw Ofs o
ds Podu® ) (/933 V933 OuP /933 OuP .

While this expression does not seem particularly useful in its current form, we can make

(F.20)

some further simplifications using the definitions of the basis vectors. Due to the definition

of the contravariant basis (equation ([7.28]))

of, 0 0z" 0 0z" of,
dur o OB 93 dur © ou3 ( )
In addition, we know f, - f™ = d," so
ofp- ") 0f, . of™
§u3 — g A i 0, (F.22)
meaning the second terms on either side of equation (F.20)) cancel, leaving
dhy _ ks OWn(cao) (F.23)

ds V033 OuP

Equations (F.9) and (F.23) can now be used to propagate the Alfvén waves down the field

lines.
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