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4 STUDY OF THE INFLEXION POINTS

w@miaamm ol the Relutivs oo~
verisnes of the Hessian %o dls-
sover sll $he points of Inflexion,
Inflaxion triangles, znﬂamm
Pangsnts), |
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OUPLINE:
A« The Geneyal Gass ~ The Genarsl Ternsry Cuble -
homaogensous coordinates.

Ba  Partionlsr sxenples:

&

I+ The ourve xiﬁ + ¥o© 4 3B 4 emyEaxy = O

1.8, %x° + ¥ 462741 & O

&8, QDarxtesian coordinstes - the graph,

b.  In homogsuaons coordinates -

 The problenm disenssed throughout for
this examples |
411 nine points of inflexion found with
the 12 lines, and 4 inflexion trisngles,
and the Hine Inflexion Tangenis.

IX. Discunaion for such enrves &s,
Xy, v=x%-ax41

XXt Fx-1-0
8, In sertain coorfinstes - with graphs,
¥, In Homogsneous ooordinates whers the
transformation nasd is
®. %
&*amé s yn a
- In Homogensous a@&xﬁ?ﬁ&tam whara the



- tranaformation @aa& is

S
*1 t X ¥

g = xﬁ(
o X ¢ Xy ~ Xg

Illustyatad by the onrve
33?3

$a84 313 t *&%zr* x %% g ﬁa»ﬁggmw xR xg

- 33.3£37$§ - 3@$ e 0



The Genersl Ternary Oublo
£ (x; %y xy = O nmay be writhen in ite most

goneya) Tors thus:
£z 03 x84 053x° #03x® + 0y mP

05 Py, + 05 EEE o+ oy xz® xg
+ By m&ﬁ xy, + By xgﬂ Xz '-j- Gap ¥ X X = 0 {3}
8inee we sre here desling with homogeneous
geoordinates, it is peymiassible %0 so chooss the

triangls of reference that 2 (00L) L8 u point on the
ONYYe. Then in the sqnation (1) &ll the torms

exeept o, x,% vanish, i.e. 053 %% = O,

3
Hemes oy = O and the ferm inm %3 is 1soking.
fo effset this change of the triangle of refersnss,

le% ( 8y, 83 aglﬂi be & point on the onrve £ & O,

%e then need only suhjscd the ?ﬁ?&a&l&ﬁ %0 ths

tranaformation, —

‘?5»
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312:9113’1 + ol vz ¢+ 0lz ¥s

xi./u?m"
/[Q, C St ;ﬁ »osé/"f"
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X013 Ty +t%g Ty t %7

3

Xg oz Opy Tyt P Ty t %2573

X3 =205 73 + 032 ¢+ Oy gy
Whers oi; = ai, and odp, oi; chosen

- 80 that
%1 %z %3

1 % %m
Then Transforsstion T nakes
Ax =, my) = (83, 8, ., 83 ) sorrespond
to {¥3: 790 ¥3) = (001 )
Our £ now ey
£z xg% (0 = 4 09 Xg ) + %5 (05 % *“vxz ¢ 030%;%g)
+ (0 %% + 0g 3% & 0 X% 05 %y % )
=Xg® 2 4 xy £p + Sy ¥here fL 48 a

homeogensons fancsion of x; and x, of degres 1.
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%y Xy &+ oy Xy
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61 xiﬁ # Qﬁ xas .4. 04 2{13&4, (36 ::%33 xy

1€ £, were mmimw se¥o, the partisl
derivatives of £ with Tespoot 0 xﬁ. Xy, 688 X,
would sll be saro. Bu we aro here dealing with the
non-singnlay oubie only. Thevefore £, ocannot he
| identieslly mero and may b introduced as a new
variable in place of x;.
Lot X, = -fﬁg X; ¢ 0y Xp

RO o= ey
whenoe xl - aﬁ [ X3 - gﬁ] - Qﬁ . ‘1 - .-.-.. xg

.. ) -—}- -
e BX + BX, whers B o 8, Nl *é};
Then by this txamaf@xmaﬁian. dropping the lharas |

we have :
] . v Y
’535%,2;{‘ Xy {95 (mxy &+ nmxp)” + oz X8 + 044 fmeg 4 nxy) xg}

0y ( mx3 4+ m‘giﬁ + 0z %5 4+ o, (mey 4 nxy ) Xy
o ﬂé 325 fm} + Wg"}o | Where s, %, o, @&, Wysnsssans

B, a?a funeiions of ei { 4 =1, B, 3, 4, )



L

The last sxpresaion |
= XgB gy + Xl axy® ¢ Wz, 4 0XpR)

sl

m %% ¢ my 3B my xR my %8
z Bl xy o+ %iwﬁ + 0% Xy 4 Mag}"? 7

whexe £ = my m° ¢ my x4 mgm wP 4wy xS

1f we now replage X, By Xy ~ = (ax; 4 bxgl,

~ we have:
F =

'\‘f{iﬁa - % {axy + bﬁa}} {m;lz " ml'xi% + %3‘3} + %
2

£

ﬁﬁg Xy # 6 Xy 3‘»32 + 8 ?ﬁza 4 bgfm‘i Xg
A ﬁ«i *y Kgﬁ + & xg»:@

Whore &, b, o, 4, are functions of &, b, o, Fhenas

-
-

,xgﬂmi'-b 'axgamﬂ 4 0
Whexe e 1 written for ¢ to avoid confusion,

and 0= 63 %% 4y X8, & 8y X X o+ 4 X8

Let us denote the second partial derivative with
respset Yo xi and x§ By 6L .



?h@é the Hessisn of P,

&, e s

H - P : . ir
m:i%ﬁ“ E ‘”‘ﬁie Tyl

ﬁ*f%& ’ “&z

| Oy T Rxs

Opy + 265, BoXy

1]
ot
o

Sinoe the Hesasiasn is &8 osovarisnt of index 8,

B gg? h, whexe 41 is the determinant of
the tyranaformation that repleced £ %y ¥, Henve
the Heasian ouyve H = 0O, ia the same ourve s
h = 9. In investigating the properties of 2 . o,
B 6, we nmay therefore vefar %o ths triangle of
roferance TLor whish theliy a&ﬁatsanm are H » 0

ad B = 0O,

T



ILLLSTRATE A POINT OF INFLEXION.

,,-’POINT ar L NeLg ¥ oN

A paupf of mﬂamon rs,iby dcfunahon, :
;!! Pomft folry | 1h¢" c.usrve. whcre fhc

tnf!zcmon t;mgmr {aauﬂ fhmugh fhrza

r:omcldcni Pomh on Yhe | c.urvﬁ.

W 2EVTTd




. Bxsmining the squation H = 0 given on the
previous page, we see that the term in x5 | is
| laékiag 1 @ =0, 1.8, %the point ? (0, 0, 1) ia
‘on the Hesslsn onxve if € o 0 . Also, the line
% = 0 meets F o0 Aa% the points given by,

oxy %? + A% o 0, —ninse ,all the
n&&&r kﬁxm# oontsin the faptor X%, = 0O -
Jegs X% ([ wxy 4 dxp) =0, and
thase yai&&a-a&&m&&ﬁa:ax P 4% and omly AL
e=0, .0, 8x° o ’,
P i8 then & point of Inflexion.
~ Points of Inflexion are points $hal separate sros

goncave npwards from ayss coneave downwards, or points

Ba

a8t whioh the tangent mests the ourve in three golinoldsnt

pointa.

See graph on Plste 4, -
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Honoe we amky deducs that Lor s more non-singulsr
oubic onrve € - o svary mim of “4nfexion

M%MM

of the onyve with its Hessian ama. A Bud sonverssly,

I£ now we waxe %o sliminate xz hetwesn
._:t : 9, &6nd hxo, the resnliing homogensous
mi&%m in x;, %, has st méaxt one aet of
solntiens =x1 x.b.  Henos 2 . 0 and

B = o have at leant  one ocommon ook x‘ﬁ

for the volues mil xt of x  amd Xpe

and ainee a1l interssotions of £ . o and.
A « 0 ares in flexion points

{ x 3 xa‘ :c:i) is an inflsxion point

o2 £,  If we subjeet the wvariabls %o the

tranafornstion:



104

®ow Sy Tyt Me ¥yt %y T
Tys Xp o= Gy Vi v Opp ¥y ot %23 T

Xy = By T3 + O ¥2 0+ O3 Up

Whers ol &"ﬁii
: (tis = A&
the point £xi¥ . zal . xﬁl } besonmes

(i".‘.‘ 35‘: 3- &3’

the yein$‘ (001 ).
I% a8 betfore we now tysnsform £ into ¥
in which @ 48 now sere, we have
F oz x%= o+ '@
' Where é z 8 %3 4 by x, % x, § 0y %y %% 4 &xgg

wh@xa & pannot be sero, Loy theon

% (x® 4 ey x4 mX g 4 exxR)
ar 8
w ax

4 = an
-

a9

would sll vanish at the point for whish x; = o

b

L1

@ = o, and the enxve would have & singuler point,
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1

Py e

%aylaains g by d Eﬁ& we have

g

Yhere O = 8, % . yx %xﬁ + ax K, + Xy
- Beplacing =, dy xzi = X3 + 6% |
Whare we 8o agtaxmina g 'ﬁhaﬁlﬁhs aauﬁi&a&a&ﬁ ot
xgg x;  is sexe after the tzanﬁxaxmﬁﬁiani w6 have
Pz x4 #, whers ¢ = xzmv+ 3 xy xig +8 xxa |

We now sss that th# HBessian of ¥ is

&13 ﬁma B Xy § Where 0L3 is the

H = : _ ; asoond partisl
derivative of 0 with
2xy 0 B xy % *ospact to xiy xJ

Sy S

ot
i
]
B
s

2 x

11

v

s S s RS

S e )

33{53

2
= ~4%, Cup

-+

Bxy 10y &

| Oy %a
: ., 4+ ﬁ&ﬂ% 6 1
- %zg e 6x 4+ %’m}. gé 2
6 ’bxi 6 xg {

11

S e

z -~ B4 x, +?sxi£~§x1 +_%x“ﬁ”’“a9
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Elininating x;° betwsen ¥ - 0, H = 0,

. Wa get fxon H g 0

a:;f = 8% ! —b%xia + axy %z + bxp? )
 Then substituting in F = 0

B ‘318 { - »e ﬁig -+ 8%y Xp 4 M{eg)f‘

e 3&2% (‘}Iaﬁ - B MEg 3'&13 - M;&} = 0

Whenog x;‘ + 6 '.imgg %% + 4 ax :\:3,."5 . B ng-i"’ = 0

 Tnis then is the oquation sstisfied hy points of
inflsxion of the curve £ = o0, We see Lusediately
that the point { O 0 1 ) is & point of Anflexion.

1f fox .%& remsining poibts we me$ x; = 1,
we have & ania in =xg .
Xt + B WK 4Aax, - BB o 0 ~nn(B)
1t :ia. {321, 2 3 4,) 48 & xoot of (8)
¥ obtain from each xoot ¥i two poinks of
inflexton ( 1, #i 4 mgh)
Por if x' - 0, then m P2 0



13,

f1.8, {8) would have a multipls reot,
. wt o oewri? 4 sard -5 = 0

and ‘x‘a&gﬁhr +4 & = 0 (aw W@/&W«}

mast have 4 common zoob,
Dropping the subseript for convenisenss, we fimd
the condition for this as follows :

3%—3!&'—;& -w‘f&brﬁ‘gawgsbg

 §

5 & | 2 pet
M*ahw-}w T4 3% 4 BX
_mﬁigg' 3@9% 3ot} Bor .30
u-ax «@&brata’a, By ¢ 8¢ - »®

- abx * %5 r + ap> {a® + 453y + ia o+ %giax bgia 4-&'&33 ,5
- abx® - a% pap® | (8% 4 m‘“) »rt |

{aza-ekhg! r (a® %4’@%)&:* »® (a f?e&k&f’*3~
' (a® + 4 »%) I
renainder = - »? (a® + 4%

Heance for a doudble yoot B = 0O
or a®4+43%® - 0

= 333 *6“&&1 + 5“3-3

5 xp2 4 8 bx,®

153

osE gk

€ %y Xy wonld then sll venish

at (2h, ~8a,0) or { 3, G. 0) secording am
» & 0 ox B = 0. | |



kT

Henoe there mnst be sxa0tly nine points of inflexion
on any naﬁn§1nsnlar eubic, |
®e see, moxsover, that the gkzsaApatais

P (0, 0, 1), (1, x4y 4 x5')  1ie on thahva&xa&ghﬁ
iéna X = ¥ix; and P is sny of ihah
points }aﬁ infiexion #0 that we must haﬁé
| Emm§-§» wtraight iines, eueh pussing  through
ﬁkxéﬁ points 1 of inflexion. Any thres of
#h@@» form & %risngle. Henoe thers are four
inflaxion triangies,

- B8 pages £8, 829, fTor s partioular |

#xsmple wheve &ll $hese lines are fonnd -

We now proseed %o resduce ihe
squation to what has hesn oalled the
”ﬁ&n&nﬁaa& forn™ and  thense find the

inflexion $risngles eto.



4B

g%‘;ﬁ.}ri? s~ xg® 4 Bxg ( - %an‘t‘lgy ey Xg + B Xu0
s lx®x 4x,8 38 b’mg x® +ax3)

Using equation (8) 3his reduces to

(r1x - ‘%}E%B - ';;f {w& Xp % (r 4+ 8 b) “1}

Thus we have the inflexion triangle

| . g8 L .

= EL - xp0) WVFT x5 ¢ vd xp 4 kny) (VFE x5 ~ ¥x, - kK xy)

Uaing now the inflexion triangle
N ¥ ¥ =z 0, where
ri X1 - xz o F]_ “”““”””‘”“‘“‘““‘”“{;13

i‘lﬁ” 35 -]* ri .mg - im1 w B ;?‘awwm,«( 8)

(Bpte: Horeaftsr we shall write = for i )
Ai
Adding (R] und {3) we got

BVEFxy = Blyy, + wgiv
Wy = v, t Vg
Bubtyacting (8) fLrom (8)
FEy+ERy 2 Fp~Tp 2 D (Whews D = ¥, - ¥y)
‘4dding xy-(1) to this,
(5 4 K)X%, = 3Py § D emeemnenndB)
Shmilarly (x® 4 k) %35 - k¥y + FBermenn(B)
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e 3 . 2w 2w Badhe x B By
- Fow B o %3 T 3 ma x5 4 8%y T e e )
And wa have alzo the squation -
r* £ 6 pr® 4 4ar -3 22 2 0 cecommmeenl{11)
2 - B %?z - r“
4 ¥

Tata
P ® w w3, Shro® .0 gwrd. xd 3

e L

&0

Whenoe & =

?r-('r” + 'ﬁ@gnx t xg3 fi8ux g%, B f'{ "
= 242% 4 b) B,
1f in this sxpression we now mabstitute
 fox %, X, . Xy . Sheir values
¥y + 3

"Wl -g gt

1 51

%
-3
¥
p
,%\
-

B go%:

g—%r% ») | =%+ _

¥ %{" K¥y 4 ¥ (75 - 350))
‘ ™ 4 B

2o 6 prl . 4 )
U MR B

¥hare &z shove, K = s
whenas 2 ¢ k = m‘% ( £* # B)

ohis simplifies down %o

‘%‘ yg® - 3% *ﬁygwgyﬁ-é_f ¥® ¥ ) ¥y
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Henos o
, _ix ¢ 9p) 8 8 - B | B 5
e T2 7 toreie - 5172 1 (- o, w) Y

#ince !‘h & 0

8
TR L s
If the trunsfoymution

veplages y; ¥, ¥y by s; sy 3, rvespsotively
we have . y ; o
which ia the Canonical form of the Ternary Gubls,

To ind the Hessisn of this canonoial form

we have |
£ 343,283 £ 2
*%*, = + 6 B uug) &2 _ 5 gs 6B g%
85, 1 173 dsg = g+ 1%
g% . 6 ds uéfg : 6du
as, ® 1 az 8
) 2
2 a’t
. S A5 S
xdf 5 ‘ o
am; 7 PAE b 8 Baa,
2
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M bﬁi By oo '3 Bz . B %z
. h -4 5$ B 55 s &g s B ﬁl

s aimy sy + Pt 0 u
-t ast e -dats?

| =" mﬂ{ﬁz + 8% 4 “33} —s@%xﬁ‘ é By By By
Bince then
-4 gﬁiﬁ ?Vﬁﬁﬁ + ﬁgg }A63 %y By §$

EPEE LRSI L S S N
The squation %o the points of inflsxion may be taken ss

0 = h +3% ¢

And one infiexion triangle is
ga ﬁg 3$ : G - "‘~w-ty'~¢~wwn“wmw._..t1}

Ag&m from the intavsention of £ =0, K = O

¥%e pas that 3 5
£5° = i d

n

L

[¢]
23 - ~LAdvwhers b al, w, v
‘w heing an iwmsginary oude rood of unity.

Pe
-
=]

Ok

-+

o
&%
114



-~ B - B %
é‘l_ﬁ = : = %"é = &%
i”&g ,~. 5%&} 52 Zg = O
$.8. Wo have than the four inflexion triangles

By B3 8By z 0 memememecceinn 1)
839 4 3,8 4 5,8 - 3wy 2y 8y g‘muhwgwwcg}
’iig ’* s’:ﬁa t83° . 5w 21 %2 %5 = Oeoemnn (3)
~and 513 + 558 4 5,0 - B w® By Bp 5y gg,.mw,WMQ
From, say the firet inflexion trisngle 1

By %5 5, = 0, w9 sy then discover all the nins

points of inflexion, and find the squations %o %he

12 linea on whioh they lie by threen.
Ses pages 86 - 37 for s complate Aisoussion of

these points, inflaxion tangents eto.

19.



We may now turn our attention to soms

partionlsy axamplss,

Liet ns then first atudy the surve whioh

we obtain by let¥ing 4 =1, B = 1, 4in the adovs

mﬂ!‘ﬂ»g&l forn, i.8.

the ourve

Lot us use the variables = =y x3 ,

our squnation then is

xiaf'xﬁafxﬁzf 6x3 xpxg = O

We wish first to atudy $he ourve im Cartesisn

Coordinates,

The genexsl transformation is given by

gz

¢ Ap Xp ¢ 4Ap X3

G

+

+

Qg x;‘%

Be \x:a

L

é‘-. 33 xg";‘s

G %y

0y Xy

t B x5

- BT



By setting
&ge&stﬁlgggzﬁ

and 4 = B = 1
in the expresaion for s I and

3, e 3 = B; = B = 0
Bp = 03 = 3 -
in the expression for y, we hsve the paytioulsy Torm

x ‘
: S ¥ =
=, xg e ?

X
2

‘Phis 48 equivalent %o taking ome side of the trisngle
of rofersnce for the ¥ - axis, apother as the
% ~ axig, and lstting the third side receds %o &ﬁximisy,

IR el _ ‘ '
1€, using this paxt&nn&ax transformation

whioh, being very simple, 1is ocomson, we get %the
Caxrtesian squation

x® 5 ¥° 4+ 63y 4+ 1 2z 0O

{s) The guestion of singular points

ﬁgﬁ, = 5x% & 6x g%ﬁ s B ya + 63



B8,

For g&n@ﬂm points
Bxl x4 28 =0 .aﬁ(yfz) =0
Mml‘kmaéum. But thers #m no y@imﬁa on %he
gurve for which this san bs true. Hencs thors
- 8¥e no singalsyr points. |
{») We may then xamaaaé to ohtain m:mia‘ snd

graph the ourve.

- S FA
-1 {wy - wh) PRSI
-« 3278 ; o &
bl Q!" oy ﬂ
- 1ed : IOV
- g.% ] o o i v 4
© , 2.4 - 2.4 | Y
- &n? - B 2

48 « 1.7

hd '& i ?

3 e 1.9 , {

We have, Shen, osertsin delas Mt nsed
mors in the neighborhood of the origin, and

mpre negstive values,



But fox avary palr of wvalnes of the varisble we must

solve o oubie equasion, and the work 1is extrenely |

lengthy,. To sensdle us %o study this ourve
moxs sasily ws now rolate the axes throwgh.
45° since the ourve is evidently symmetrissl

with respest %o the line X - ¥ «

Using he tyansformstion formulas

o
3"

¥y = = sin o + ;?3' 6@ i
Tor € = 45°
e e I

Henes our aquation hecones
(2= ¢ (2

On simplifying and drepping the sosents we have

x5 B 8VEY L1 = 0
or x° 4+ 3VEx® 4y & -~BVE) 412 0

LAY P e Ly

23.




8olving forx yg we gat,
o X ey 1
32 - 3vy

We are now mors easily able to obiain &!&# requiside

' points on the ourve. The results are as follows:

13

-
3_ = O

x 1,089

£ 98B

2 .49
0

jwa i

® 1. é&.&&

éwﬂ’@ _

LI B A IR A

Henos %he ourve i3 entirvely oonfined
to the portion of the plane lying between

Cow

o8 1.4148

and x* - - 4.89



PLATE B

- FQilATION OF CURVE
XY XY #1=0

oR XTI Y Esxi - SEI T Q

-
¥

.1

™

T PoiNTs | o Imrurqu
! b S

3%

BINDINC.

SERVED FOR

RES

_HaTnvldn « {
L INELEXIOM TTANGENTS -
TRANSFORMED BAXi5 =




%’a are now in a position %o gmxm the ourve. See
sraph on Plate B.  The new axes are =, ¥ .
~ The graph slsc shows the onrve alé&rly with ref.
srenge %o the axes x, . 1% 1o with ysg#xd,$§l
the latter axes, i.8., for the squation
xg f e % 6 xy §~3 ; 0
or sﬁémf 42> +6m =, my o« O

that this suxve is ﬁiéamaaaﬁ‘

Passing then over %o homogsnsous

ocoordinates, we have
£ = %% 453,° v %+ 63 mpxy, = 0
a8 shove, 1T we sgain sxenmine for a singulay poing,
we see that
& . ax? t 8% %

s

K xga + 6 X %y

. {31



Llg

If thess are all sexo,  we hove
:x—xgvf g xp Xg = 0
2 ¢ 8x x5 =z O
| x5P 1- 2x %X 5 O
whioch ia tyue only for (0, 0,0) which cannod
Be considersd a{s' & point. Henoe there ocan be no
aingular point on this aurve.
We may then saquire &8 %o ths yaim;a
of mmmm
The Resstsn of 2-£x° 4+ %% 4 2, 4 63y 3y 3,2 0
10 b oz ~(mPex® e 4 8xoxpxg
Hones 0= £4+h s 9x; Xy Xy given
$he inflexion triangls x; =%, Azszg = 0.

How x,

s = 0O, meets the nuble in the points

foxr whieh
| w3 B
A ENE 0

1,8, in the paints for whioh

(% 4+ %5) %y 4 wxg) (x5 4 w Xg ) = O
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. D -
o %y we thorefore have the thres points of

inflexion.
(%) = (0, 1, <11, (%) = (0p wp ~1). (x°0) = (oy w2 <1)
Y14 D FWe de TS 3 ¢+ = WV 1"’-’-#.31 ,”(ﬂ;‘lw
The strsight line x, = O mests the onrve in the
points for whickh
%% 4% 20, (%54 %) (g 4+ wxy) (x5 + 9 %)= 0
The points of inflsxion
' 1 . ,
(xﬁ} #'!:’-& éi "‘"&30 (xgal b fxu Qs *Vl;‘\a ixa 1 = (3-- ﬂn ‘!"ng
lis on the lius %, =
The stralght line =g = 0, msets the curve in the
points for which

txig + xgsl = {xg ¢ %) {2 + wxp) {3y ¢+ wlx®) « 0
4.8, 3n $he points, -

(x5) = {1, -1, 0) {xg%) = (w, -1, 0) (55"} = (wE, 2, 0)
which shows that the straight line =xz = 0 mests the ourve
in thres inflexion points at% infinity, Only one of them is

real, namely (1, -1, 0.



- BB,

The Twslve Lines oomposing the
Four Inflexion Trisngles,

¥e saw that the points
' 1 i1 ; _— ;

g-‘m}_’o gxl 3; fx}. ) lis on xg:_ - (41 ~-w~»»-mm§£1)
.{mg} mél} {xg 1) ‘148 on e PREPY  JPE—— ]

{3 W e o b i i *wwww{ a’

{x3) (=) m%m} ils on xy

1

We find also %hat,

(x3) = (0, 1, -1}, (=) & (1, 0, 1) (3@) (1, wd, 0)
'3,.1;3- on the line z:; Xpg 4% = O -—,Qw-mm_ﬂwmté}
(2100 = (0, w, -1} (xpY) 2 (L, 0, -w), (xz) of% -1, O)
e £ )

1ie mzhaim$x1%wmg+w%:

cxﬁ; = (0, w8, 1) (2g"0) = (3, 0, -w8), (x5!} o (w2,-1,0)

lie on the 1ine x3 + ngg + WX = 7 JPSCANp——, ¥ 3
| ) ,

(%) = (0, 1, -1) (xg) = (1, 0, -w) = (w%, -3, 0)

lie on wx " Na &+ 3$ . 7] nw«wr«@wwwuwmu&unw&éuw(?3

(:&1] = (0, 3., -k}, ﬁxgll} bt {3.. 0, "‘*g) ixgll & (w, ~1, 0)

on thﬂ 13—!&” ”exj' + ﬂg + xig b G n»nwnnwﬂummwwwmfs)



B#.

(x,11) = (0, w5, -1), (%) = (1, 0, -1} (x3") « (w, -1, 0)
lie on the line x; + WXy 4+ X3= 0 JUTRRp—— L - }

(x,%) = (0, w, =) (xp) = (1, 0, -1) (x5*0) < (v, -1, 0)

110 on the line x; 4 ng@ ‘ , = 0 wserrmismmrennl 10)
(%) = (0, w. 1) (x31) & (1, 0, ~wB) (x3) = (1, -1, O)

lis on the line =1 » %3 4 Wx, =g .o.oo.....{}1)

(xlm) = {0, w%, 1) 'ixgjfi s (1, 0, -w) {x5) = ,€.1.' -3, 0)
1ie 'tm the line x; 4 xg-;. w2 Xg = 13' S — Y 3]
We have, ﬁﬁwxa, found twelve sivaight linea
sach passing through three pointa of inflexion, and |
'.5.13 all ws have shown nine points of inflexion,
'wxs. (xg), (x50, (xm}), (xgh) (x5h), (m*h), (xglh), (xgth),
lying by thress on twelve stralght lines. Any thres
of thess twelve atrsight lines form an Inflexion
Triasngle. Henoe thers sre four Inflexion Triangles.
Bvidently, the Hrisngls of referenos 4is the
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Two of the lines making up this trisngle,

nenely, X, = O and X3z 0, L.6., the y-axis

'ané the x-axis, lie in the finite parxt of

the plan® ~ 4.8, in part -

The Third line xz = 0 ia8 the side of the

%giangla of refsreonce which 'ky this ‘&maaaxarmaﬁiﬁu
wee % ok ¥ = ;"ig —

recedsd to infinity. In addition o $hess shres,

only ome of the %welve 1ines, is ‘resl, 1. 6.

the line 2, % X5 + % = O

This 4s %he 1ine that pusaen throwgh the
three real points of inflexion. Two of

these inflexion points lis in the finite

part éﬁ the plane,

tess (x) = (0, 1, ~1) (xp) = (1, 0, -1)



.

The third (xy) = (1, -1, 0) 1iss "st infinity.”

In oartesian ogoordinates the line
Xy 4+ Xy 4%y o= 0 48 the line
| X + F 4+ 1 s 0. 1% pannes through %he inflexion
points (0, -1), (-1, 0) 4n the finite pert of - he
plans, Ses graph om Fiste 3. |

The four 4nflexion triangles &8 assn  for
the gmémi guss, Page 19, are given by

“§*4*a g =z O **“”f"“”*“"“;“;“”“£13

B L I B A P I I £

x5 + x5 4 X2 - Bwx oxp 33 Y « RERR——
23 28 + %% ~ BwiE HyEG 2 0 commmemenn(4)
Whexs w is an :Lmsim& sube xoot of unity.
only the firat of thess triangles is entirvely
real. 4And svyen this téamla osunot bs ocompleted

in the finits part of %he plane. (Ses Plate 3B).



That the $walve lines given above aorrespond
in psivrs of thres %o the 4inflexion triangles
whose squations havs Just Dbeen given, msy

- ganily be verified, thus <Lor example:

0 ;.{xg + Xz + Xz) (%3 5 wxp 4 sﬁzg} {xy ¢ w#xﬁ + ﬁ*g@ﬁ)»

AR AR E R R

by satysight multiplication.

INPLEXION SDANGHENTS.
Let the tangent at the points

1} - (0, w, -1) De

(3‘1

xg + wxﬁ -] ﬂxi

substituting for x; in the eguation of the

&MQ, we @ee %hat the equation

384

, 5 - | .
(xg + wxg)™ - ma‘(xg$ + zﬁ$} + 6 n¥(xp + W x)xy Xy =0

mast have two asqual yools

{xg + wxg) = 0



Henoe (x, 4w %3] mast satisfy the squasion,
xg +wxg)® 4 P (x® . womg xy + w2 xR
+ 6 n® X, %5 = O
In that case X, = - W Xy must sstisfy the egustion.
mmaa‘—gmw‘xﬁ xa},ww&xgﬁ + B %g Xg = O

mw? xy8 (mw’gmgﬂ.fmwgm@%, 6wxg® a0

&n ﬁ’g - 6 we
4 5
; o ,
n = v - B - = 2 wh

Henge ounr aquation.

e B
Xy )

| 2 - |

+ &m Ry Xy = 0
Becomen,

v ,MW*&% 3@ = 0
(%p + wxg)” + 8 {xg" 4w 25%) 4 déwxg 3= O

{x, ¢ m_ﬁ)* + 8 xplx, + W xg)' + 8 wxixg ¢ w n,s:a}ﬁ: 0

1.0, 9(xy +wmgl® o 0



4.

.whemiam our original equation

(xg + wxg)® 4 n® (x84 x5 p 60® (x4 wxg) xp 3y = O

has (xz «w x5) as Lactor thriee, 3..4&.» rodnsas $o

{xg + W xg 3§ = O

Thus the straight line xg 4 W x; = Bwt x5

masts the onxve &t three esinsident points ab

{0, w, ~l)o 1% follows that

By + rw Xy g # w* x;, 3s the mﬁlwian tangens at

the point of ianflsxion i»x;ii‘) = {0, w, ~3)
@Wl@ly we nmsy show that she other

posints of inflsxion hevs inflexion tangsnis &e

follows:
Boink:

{x3) = (0, 1, 1} Bp + Xz = Bx
!Kg_lll s {0, ng -1} g + ngg = B wxy
ixgl = (34-' 95 ~1) 7 2?23 + Xy e B 2

£J§g}') - {1, 0, -w)] , By + WSy =z g ngg;



3B,

Poing:

1%

7{32111 (1, 0, ~w*) | Xy + WXy

®
o
3
-

w

(xg) = (1, -1, 0) | X + %3 = B xE3

B
*3

»{xaj“} = f{w, ﬁ‘ls 0) : Xy + WX s &W
Cxdl) . (wR N % . wR -
{xz"4) = (w5, -1, 0) ¥+ NRy, = BwWxg
Thus we have found the nine inflexion
tangenta, three of whioh are renl, namely:
¥y + %y = B x; st the inflexion point (x;) = (0, 3, -1)
Xz + xg = 8 x5 ab the &nﬁl@x&ng point (xz) = (1, 0, -1}

at the iﬁﬂlaxian.ﬁainﬁ {xg) = {1, -1, 0)
(Bes Plate 3).

:!21?:8:2 = g‘&ﬁ

Por our transfoynmation

X = ok ¥y e 2
| %3

Xy
the last infisxion tangent 48 ovidently tangent %o
the ourve at Anianity" and the i#tlaxiam point
x, = (1, -1, 0} lor E@ ~<><3:§ in ocartesions), |
is & point st 4nfinity, according %o the ﬂﬁnwanziaﬂ

adopted Dy Booher, "Introdunction 3$o RHigher Algshrs,”
Beut. &, Page 12.



14+ =

Now reversing %o onr Oartesian aaérﬁima@&a. we #es
that #h@l points of infiexion on %he finits pars
of the ourve ax&#

{x) = (0,1, «1}) S.0. {0, -1)
and (%p) = {1, 0, -1} d.8. {1, 0)
and the inflaxisn §&ngﬂn$ at (0, ~1) 4is é -1l=8x
I 3&ﬁ§ inolined at 5& ané;&r of 63080' %o the
| x - axis, and the inflexion ﬁmng&us at (-1, @3 in

&y

i

weee  inelined a% an asngle of 26° 40" %o x - axim.
Ses  graph on Rlats B,
The  %&&$¢ real inflexion 3Sangent
i8¢ X 4+ 3= 8 olearly aaimai&as with %he kigg
i

xt = VE which ws &&3¢¢varaﬁ 'whaa wa rotated $he

gxer throngh 48°,

86,
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For By our Sransforymation,

x = T -nl y = 57T

=

Foy the line < . VBT ’

xuy‘ﬁ"—y?‘ | ‘3'-: *yl

, 3 VE |
x - 3§ & & 3 2
Bes graph on Plate 3.

We have khm supplemented  the

genersl sass by fully discussing ths csnonieal

1

form for the values K= 1, B . 1

of the constants.



B8«

We émm now study driefly the ourves

X = ¥ ¥ '3 x* . 3x2+1 end

x° + 3% 141 = 0, oand apply the praceding
theory %0 the ocorresponding ternary oubiscs 4in
‘nomogensons sooriinates.

If wa oxsmine the ourve X » y@ for

singnlar points we ase that,

P | ‘
é =t F ° % = 8 y*
Henae theye oan be no singulay poink on this onrve.
Points of Inflexion.
: A A
& =8y # - oy

Thius ws have

e & e

o | - ¢ deoreasing aongave upwerd.

>0 + inorsasing sonosye Gownward.

2oint of inflexion.

14
o |
&
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Let the inflezion fangent %8 X o 1 ¥

Have m = 4%

Ay (x =0, ¥ = 8}

0

-~
-

1.8 X = D is the inflexion tanpgent st  the

ﬁ@’.ﬁ? ﬁ@g 9} ~ %he y-axis,

s plot the ourve we have the

vaineN:

Ty

Tx

B | 1428

1.4

i b
o9 | Q.60
.8 § 0,928
. 7 Qu 348

Q. 704
o QLTBT

e T

B ! 0,845

3
%
i
H

iy
B

*

CoLa

0B
WU
W04
208

D670 -
0.588 i
G.4564 jg
Q.45 !
0,89 :
0.534

0,87

QO

8es grsph on Plats 0.

If ws now pass $0 homogensous 'm@axﬁ&na$aa.

for the partioular Sransformastion

x z Xy

=3
onry aquation hesomes

EATNC 2 3
) lwE ] oFom % - %

L4
o



It now appears thst we are no longsr deeling

with & non.singular oudbio Loy

4t o .2 A . _ o at -

and 4% im olear that the paint (1, O, 0) 1is

a singular point., This sceming oonirediotion ocomes

from the feot that our tmaﬁamw&m.

X3 0

‘has, strietly spesking, no wmesning fLor "5 -3 O
When we speak of the point (xy xp 0) we a¥e
@wm@ sf aunantities #ﬂ & "poins,” which are
not the cooxdinates of any point. (See Boohs

"Introduotion %0 'Higher Algebra,” Seo. 4.).

Benos for this trenaformation ws need not oaXIY

. . |
onr investigsiion of %he ourve X = § 8By

farther.

40.
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Lat ns then examine the onrve
Jy = x* . 8x + 1

It has no singular points forx

ﬁ% = 1 = @

To. 4iscover pointa of inflexion we have

%%k = 8x° - ﬁ' | %z% z & X

41.

= 0

And when we examine the onxvs iun $he neigh-

bovhood of (0, 1) we see that (0, 1) is &

point of infisxion.

For the grash of this ourve see Plate D,

We £ind the valuss:

-0 | vk | BB

»
4

LA I 2 I S N |
. »
¥
ot
-
-]
ot
»
<




In homogsnsons coordinates this squation

beonnss

r + 1 = O
3 Xz

W
M
34
 §

v_i’:‘:" Jﬁgﬁgg - 313 * B Xy %ﬁ - ﬂﬁﬁ s O

%a 2 xf

iz | L s

484 sgalin we hwwa' & singular point (o, 1, 0)
_and sinoe we 4o not have a point on  the
. Gaytssian ourve ocoyvesponding to this we drop

onr investigation here.

&%,
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Pinally, et us exsmine 1the ourve
x® 4 ¥ &+ x4+ 1 =20
The question of singulay pe&n#u;
%«: 3 x* t l; % p 3‘5;?'?
The mwxéimkw of the points
¥ }’%’ « 01 40 not smatisfy the sequation,
henge thers sye no singulsr points on the suxvs,

Pointa of inflexion.
% wh % - B
sxt . i %§

. BE

x4 1

2 2

i'x _.‘{tsx 4+ 1) 6y - 3 ¥° &mm}

e (8x%+31)°
...-,a{fgx *1‘33' +'93:5’}

3 { 3 20 + 130
gpus  the asscond derivative pssses throngh the

%ﬁ
@ fo

value O, PTor ¥y = 0, which on oloser mm&mgwa
gives the point of inflexicn { -~ G638, 0 ).

(588 graph on Flate B.)
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The second derivative is slse sexe for

2 - (5x24 )%
e
Pr substitnting in the equation we ses that the second

- derivative wmwa& it

x>, 1) .

82 5% ¢9x - 1 s 0
Whenes, on farther exsminstion we find the point
of intlexion (.1073, - 1.08). See graph on Plate K
In oxder %o graph this ourve ws ohtein the |

. valnes:

# ]

+771 1. ~ Ledd
«781 . Ba “ BeBB

B79 ¢ B, o« B4
A28 1 4 - 4410

»
4 Y PO OCREEY Y LS
b I Pl
&
3
3
»
2
»
o
-

EEEEEEEEREEERE
]
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Raverting now 1o homogenseous soordinates

undar %he gmrmmmﬁm
x.

c . x 2 eny sanatior
X = ﬁ%g ¥y = = onr eqnation

x® 4+ ¥ 4 % 4 1 = 0, now bhsoomes

1]

EAEE A £,2 4 g0 0

£ - osx® 4 22 %ﬁay 3 x,?

& - 2w % ot B xy"
k3

andé the ourve hse no eingulsy polnt,
In this ocsss 3% 13 then svident that we =ight
procesd a8 in She general osae, ‘w‘ & ohksnge of
the Sriengle of x-‘sa:famm@, redueing She eguabion
to the .mmm forn thus discovering the ﬁim
points a# inflexton, the inflexion trisngles end

iuflexion tasnganis, |
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%o have ssen that the point (. .8835, 0, 1)
'ziaa on the aurve. Henece following she pre.
gednurs 4in the asn&ra& &éaé we gaui& changs
the %riengls of ryaference »ky the transformation,

Xy = =9 6886 g3
Rz = ¥z
%3 = ¥ + ¥3

0 ) —- ¢¢§$55

1 01 £ 0
1 0 1

Te
. Eﬂj,v
! ]

Where

80 Yhat for the new ﬁ;i&&gl@ of yefsyence

¥ ¥2 ¥3 = 0, the term in x,° would be lscking.
Sincs the method ie identical with that

ussd in the general ‘«&as. snd the ocalenlation

laborious, we Dproocsed a&ﬁ %0 the farther atudy

of the eurve '.x s ¥°  whieh our ya#t&@n&ar

trangformation failed %o threw any light on,



&7

¥e eoxaninsed the ogurves X = 3@ and
¥ a %0« 8% » 1 4in ocartenisn ocoordinstes and
dua %o the nature of the transformstion
-, %y T e .,
¥ oz g ¥ = == f£ailed %o apply %o Shen
' t; S - %3
the preosding theory, This was dns %0 the Zfaol
that for { x; xp 0 ) our trensformation has reslly
ne mesning. W nsed not, howsver, in homogeneous
. poordinates ommfine osurssives 3o the iriangle of
reference oomposed of the 3 - axis, the x - axis,
spd & line st infinity.
Let us take FTor our Sriangle of ref-
exence, the ¥ ~ axis, the x -~ axis, and $he 1ine

X+ ¥y= 1 whisch gives us the Sranstformation |

Px = B %, Pxp = Eg7y

Py = Bgx 4yl
Ve



omiats

Let k; = k3 = 3, ky = B
Then we have P2 X3 = X, P %z = ¥

? Xy X 4+ 5 -1

1}

 The determinant of this transformation is
B S B

6 1 0] 40

101 a1

s
£

Hence Fw 4l xi ‘ - xy
i ~Ey - ¥t xg Xt Fp - ¥

"
1

11

y = LBRE o . S ”*,}a““@
w ai xi - «levxg*%ﬁ xg*x’g”‘ﬁ

et us now study the ourve X = ¥° in homogsneous

Mbm&mfma for the &hove %mmmxmmam

Par egmation X - yﬁ. besones

! . -~
Xy + Xg - Xg (xy + Xg ~ Xp)

%y o *s® {for x,4+xg~%5 /0]

B ?3“1‘!‘ xp . xg}ﬁ
8

X { T 4 Xp - xg)gg- %2

U T *g? 4 2 xl%’ 8 "lag:‘v:%ixlxg xg'

-xg8 .,
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@ ﬁ:lg + Sg% 4 ggﬁﬁ ¥ Xy X - 4 X, Xy . Ko X

gie

ﬁgg EK}K& # 3‘331"3 - lexg - %xga

e
1
L 3]

- 2x %, - 2P oo 23 oxp

1

23y (x5 - %y - Xp )
T eBxy %Xy ¢ Rg - Xy )

B
£ 21

0; gives xy = 0

Sines owr Iranaformation would %He wneaningless for
ﬁl-l:'&gﬁ-{xagﬁ

Por this wslne of xy ,

%ig xg”*bﬁsg-‘ﬁxl%z#{xg-xsf‘?

. B

L - @ Ke

gannot both vaenish, And ws aee agsin thet the

Oarsesisn :anxva in question has no mingular point.

Sut we also mes that even ihis txansformation has
g&?am"ﬁa an equation which ws cannot ¢all non-singular

sines ( 101 ) is evidently s singnler poing.
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- Fox,

%ﬁﬂ' O 42 X1 + Xy = x4

%ﬁ%g than Demonss
Bx X 4 8% L gy {oxy ¢ Kg) - 5 wy®
z B3 %48 ﬁ?-s&?-ﬁmxz~3%%
= 0, if x4 = g .

Buy 4f x, 2 O, ws have 3 = xp

And 4% we take Xy s xy o 1, We have

§§1 = B 4 1. 4. o
T™his point sstisfiss the 'hmammng eqnation
of the ourve Loy
%243 2% 43 x84 8 n % - 8 ®
‘ -2 x, 3 - %% = ©)

for the point, (1, 0, 1), vanishes.




