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ABSTRACT

Thls thesís Ís concerned wiÈh the derivaÊion of new ruave

adaptors for ghe Brune section, Ëhe Darllngton C and D sections,

and an adapËor for the Trr¡in-î structure.

These wave adaptors have been derlved by applying Martensl

and Meerkötterrs n-port voltage scattering matrix representation to

the correspondÍng reference netvork Lnterconnectíons .

The followlng results have been obtained:

â) The Brune, C and D adaptors are realized \,:ithout any

unlt elenìents.

b) The adaptors in a) are canonj.cal 1n the number of delays'

c) All the adapÈors consldered may have a reflectíon-free

port which nakes câscade synthesis possible.

d) The Brune and C adaptors requlre slx multíplÍers, four of

whlch are independent and two of which are identieal.

e) The D adaptor requlres a totaL number of eleven mu1Èip1iers,

seven of whích are independent and lwo pairs of which are identical .

t) itre mfn-f adapÈor requires Èen multipliers of whlch sèven

are independenÈ,

g) In a hardware teaLízatLon, all the adaptors eonsidered are

made to have zero output after a finite time for zero inPut by means

of a simple arithnetlc procedure.

Illlrstrative examples of fílters usÍng these structures have
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been deslgned, ancl slmrrlated on a mLnlconPuter' Theír respectlve ir[Pul-

se responses are obtalned and show no granularity andfor overflot¡ os-

cii-latíons, as exPected.

11



.t r- 9. z. r

Fíg. 2 .2

Fí9. 2,3

EIg. 2,4

Tig. 2.5

îís. 2,6

Fíg. 2.7

Fie, 2.8

Fi g. 3. L

Fig. 3.2

Fíg.3.3

!rg, J.4

Fig.3,5

Fig.3.6

Fig.3.7

!19. 4. r

Tíg, 4.2

LIST OT' ¡'IGURES

Direct connecËion of adaptors wíth reflectÍon-
free porEs

NeÈwork used to determine Rio

Model of acÈual nonlinear qtave dígital filter

Model of the k-port !¡ave digital fí1ter . . . .

Actual lmpl-ementâtion of the çave digital
filter of FLg. 2.4

Error of a sum

Error of a product

Eïror of a product by a quantized dePendent

nuLtiplier

The Brune section

The reference netstork of the Brune sectíon . .

Wave flov¡ diagran of Ehe Brune adaptor

Brune adaptor with PorÈ I reflectlon-free .

Circuit used to calculate Rin

EquivalenÈ form of the Brune secËion

Reference nelwot:k interconnections of Iig' 3.6

The Dar'11ngton D-section

The reference netltork of Fig. 4'1

10

l-1

20

.,4

¿L\

zr)

26

26

30

30

J4

40

40

46

46

111



f ig. 4.3

TLg,4.4

I'le. 4 . 5

I'le, 5 .1

F1g.5,2

Fig.5.3

Fig.5.4

¡'j.9. 5.5

Fls, 5' 6

I'f g. 5.7

I'ig, 5 . 8

Fíg. 5.9

Fíg.5.10

Fíg. 6.1

'FLg. 
6 .2

Fig. 6,3

Wave florv dlagrarn of the Darlington

D adaptor

Darlingf:on D adaPtor with PorE L

reflectlon-free

circuit used to calculaEe RIr, ' .

Reference net\tork Ln te r conne c t io ns

of the T\.rin-T ' : 
..

Network used to câlculate K

Netr¡o r1.. obËa1ned from I'ig' 5.2 upon

applying Thevenlnrs Theorem

Neü,rork used to calculate RT

Equivalent network of the net\'¡ork

shown ln Fíg. 5.2

Network obtâined from Fig. 5.5 upon

applying Thevenín¡ s Theorem

Network obtâlned frorn !'ig. 5.6 upon

applylng Theveninrs Theorem

Netv,¡ork used Eo determine tg

Wave flor¡ diagran of K

Wave flow diagrâm of the T!¡in-T adaptor

Quantization characteristlc fot z.

Logic flow diagram used to modlfy any

output b* to satÍsfy the as)'nPtoÈic

sEabiliEy conditíon

?ossible hardware realízation of the logie

f 1o',,r dlagram shown in Fig . 6. 2 r'¡ith K = 2

Alternate Loglc flow diagran for magnlÈude

truncation

51

57

5B

62

bz

63

64

64

66

67

67

69

7I

88

on

91

-tr 19, b. 4

1v

o)



!'1g. 6 .5

Ffs. 6.6

.f rg. Þ, /

r'19. 6 .8

Possible hardware reaLlzatlon 'of the

logj-c flow dlagram shou'n ln Fíg' 6,4

AtLenuaÈ1on characterlstlc of the

reference f 11ter

The reference ftlter of Èhe fÍrst example ' '

círcuiÈ with looP of capacltances

(cx, cy, cz)

EqulvalenE clrcult of I'1g. 6.8

Equivalent circutt of Fig. 6.9

Equlvalent clrculÈ of FÍg. 6.7

Equivalent clrcuit of the reference filter

îï:.::::'::,:::":':':' 
": 

::

Trånsformation of the Brune section

Ínto a ladder s tructure

Modlfled reference filÈer resulting frorn the

quanElzation of the independenE nultipliers '

Reference fÍlÈer of Ehe second example

Bridge-Tee s truc t ure

Realization of Zín . ,

Equivalent circuit of the reference fllter

l,lave cascade realization of the

given filÈe r

Modified equivalent circuit of lhe

reference f í1ter

Reference filter of the third exanple

lJave real.izatl.on of the T\,'tln-T fllter

93

96

96

ric.

ric'
!'1c.

ric.

6"9

6. 10

6"11

6,r2

6. r3

o?

o'7

o?

99

99

Fie.6.14

ris.6.15

Fig, 6.16

Tí9. 6 'L7

Fig.6.18

Fig.6.19

Fig, 6'20

TLe. 6.2L

r02

100

r15

r02

10?

111

11r

TL4

rÍc

!19

6,22

6,23

118

L26

r26



ric

Flc

'Eid

6.24

II. A

IT.B

Modtfied reference f il ter

TwÍn-T fllter

Th'ln-T filter wiËh current

source I. = G. e,
.LII

128

139

139

vl.



PHOTOGRAPH I

PHOTOGRA?H

PHOTOGRAPH

PHOTOGRA?I{

PHOTOGRAPII

PHOTOGRA?H

II

III

IV

v

VI

¡,IST OF PHOTOGRAEHS

Inpulse response of flfth-order wave

digftal low-pass fil te r

AËtenuaËion characteristic vs f/f= . .

Passband characteri sÈic vs f/f"

Attenualion characteristic vs 0

Påssband characteristic vs S

Impulse response of tenth-order nave

digit.al low-pass ftlter

Attenuation characEerisÈic vs f/f" . .

Passband characterístíc vs f /f"

Attenuatíon characteristlc vs Ô

Passband characteristic vs 0 ....

Phase of the filter vs 0

¡ínite impulse response of tenth-order
wave digital lorv-pass filter.

AltenuatÍon characterístic vs f/f" . .

Passband characteristic vs f,/f"

Phase of the filter vs Ô

Inpulse response of the Twin-T

wave digital fílter

105

105

106

106

107

PHOTOGRAPH

PHOTOGRAPH

PHOlOGRAPH

PHOTOGRA?H

P}iOTOGRA?}1

PHOTOGRA?II

!20

!20

LzT

12t

122

rvTI

VIII

IX

X

XI

XII

PHOIOGRA?H XIII

PHOTOGRAPH XIV

PIIOTOGRAPH XV

PHOTOGRAPH XVI

t23

123

t24

L24

130

130?flOTOGRAPH XVII Attenuation characterístics vs f/f-

PHOTOGRAPH XVIII !'inite inpulse response of lhe Twin-T

wave digital fil-ter
PHOTOGRA?H XIX Attenuâtion characteristics vs f/fo

131

131

v1í



ACKNOWLEDGEMENTS

The auÈhor wlshes Èo exPress hís deepest gratitude to his

supervlsor Professor G. O. lfarËens for his lnvaluable guLdance 
'

eucouragement and kind assLstance throughout the entirei course of his

post-graduate s tudy.

Financlal suPPort from Ehe University of Manitoba and the

Na!1onal Research Council of Canada Ís greatly aPPreciated'

v111



CONTENTS

A¡STRACT

LIST OF FIGURES

TIST OT' P}IOTOGRAPHS

ACKNOh'I,EDGEMENTS

CHAPTER I

T,NTRODUCTION

CITAPTER II

GENERAL T'ORMIJLATION FOR THE WAVE DIGITAL REAI-IZATION OF

THE T'I^IIN-T, BRUNE ' ÐARLINGTON C AND D SECTIONS

Z.L Reviel¡ of Martenst and Meerkotterrs method

2.2 AclaPtor wtth reflection-free por!

2.3 DependenÈ-mul t iP11er equations

2.4 Hardware realization

2.5 SEabjl-ity of the wave structures

under inves t igation

2,6 Calculation of error

CHAPTER III

I^IAVE ADAPTOR TOR THE BRUNE SECTION'ANÐ THE DARI']NGTON

C SECTION

3.1 l'lave flow diagram of the Brune section

3'2 Dep ènclent-nult ip lte r equation

3.3 Bïune âdaptor wiÈh reflecLfon-free port

t

íif

va t-

vara

I

7

L2

.L¿+

L7

z5

,o

ta

3J

37

fx



3,4 Calculatlon of output el:ror

3.5 Adaptor for equlvalent for¡n of the Brune sectlon . . .

3,6 Adaptor for the DarlingÈon c-sectfon

CHA?TER IV

WAW AÐA'TOR FOR THE DARLINGTON D_SECTION

4,1 I^lave flor,¡ diagram of the Darlington D-sectÍon . . . .

4,2 DependenË-mul tip lie r equaËions

4,3 Adaptor r¿ith reflectlon-free por!

4.4 Calculation of output error

CIIA?TER V

THB TWTN-T ADAPTOR

5.1 Wave flow diagram of K .

5.2 Wave flow diagram of Twln-T strucÈure

5,3 Dep endent-nult íp lier equatÍons

5,4 Twin-T adaptor ¡vi.th reflection-free port . .

5.5 Calculation of output error

CHA?TER VI

DESIGN PROCEDURE AND SIGNAI, TRTJNCATION SCITEME

6.1 Design procedure . .

6,2 Magnitude truncation method . .

6.3 Simulation

6,4 lllustratíve exanples

6,4.1 Firs! example : Iifth-order ellipEic

. 
low-pass f i1t er

6.4,2 Second exampJ-e : Tenth-order equlripple delay

and attenuâtíon low-pass f J.lter

38

42

43

45

45

56

(o

61

61

70

77

78

öJ

83

85

94

95

95

*

108



6.4,3

CHAPTER VII

CONCLTISIONS

A?PENDIX I .

A.PPENDIX II

REFERENCES

Third exanpte : 'twln-T fi1Èer . L25

133

136

r38

L42

xi



CI1APTER I

INTRODUCTION

It is r¿e1l known [1] that real-time dígital filters have be-

veral advantages over continuous-tÍme fllters. A greater degree of ac-

curacy can be attained ln thê digital filter reallzation. A greater

variety of digilal fílters can be bui1t, slnce certåin reâl-ízatÍon

problems do not arise, for example negative clrcuíL elements, No aging

process cân affect the paranìeters of the digital filÈer. In addition,

they can operat.e doltn to extremely low frequeneies where the size of

analog components becomes appreciable.

There are aË least three Ëechnlques for designing infinlte

lmpulse r:esponse recursirze dígital filters whlch are deríved from a

lransformation of the transfer functlon of continuous-time filters.

They are, nanely, the impulse invariance' the bilinear Èrânsformation

and the natched z-transform technÍques [2]. The resulting reaT.Lzatíon

wlll have either a direct form or a canonic form 4s mentioned by 0P-

penhei¡ì and Schafer'[3]. The sÈructure to be used must be chosen ac-

cording Èo the computatÍona1 coinplexity and malnly to iÈs sensÍtivlty

to finit e-regis t er-lengtlì effects. It is to be e4ected that sone of

these strucEures will bc less sensítive than others to quantization of

the parameters; i.e'r the sysle l function of the realízation ¡¿ÍlL be

a cl-oser approxl.matlon of the desired systen functiôn. Unfortuna-

1.



têly, no sysÈenatic meLhod has yet been developed for deterníni.ng the

best realízation given constralnts on the nu¡nb er of nultíplíer:s, word

Length, and tlìe nurnber of delays, In place of, a detailed mathematical

analysis of tlle parame ter-sens l tivlty probJ-ern, a comlTìon practical aP-

proach is the use of simulaEion for deËermining aeceptable quantization

of tlìe parameLers of a given net\{ork. Due to the fintte word length,

ze.ro lnpuL 1lmlt cycles and overflow oscillations can occur j-n recur-

sive digítal filters t4l, t5l, Meerkötter and Wegener [6] and Ve]:kroost

and Buttenrreck [7] have derived sÈruetures for a second-order digÍtal

fi1Èer secËlon whích ale free of liLit cycles wheu n,ugrritudu trunca-

tion is used for quantizatlon, and which do not have overflow oscilla-

tions, llo\,rever, for higher order convent.ional digítal filters, no ge-

neral theory has yet been developed to elinlnate those undesírable

oscíl.lations [8].

In order to obÈå1n a solution to these sensitívity and stabi-

J-íÈy problems of digiËal fi1Ëèrs' !'et!!¡els 19l has derived a class

of digtËâl fil-ter whlch has the stopband ínsensiËivity of ladder

structures combined wiËh the passband insensitivíty of resÍstance-

Èermínåted l,C filters. These so ca1led Have DigÍtal Filters I9l have

been essentially derived from the continuous-time filEers by applyíng

Ëhe bililLear transformaËion (defined as foll-ows) directly to Èhe

clrcuit element€ of the lineâr conËinuous-tine ftlter' In the conti-

nuous-tine fflter' the frequency s ís replaced by the frequency

variabLe V defined by



J

ánd for s = jro , (1.1) can be r+ritten as

, {dT lrfp = Ean ìi- = tan ì:-

1 + e "' (1.1)

(1.2)v = i0
It¡nere t = f
S

= the sarnpling interval; and voltage $/aves are used

as the sígnal- variables so lhat the reactânce el_ements are characteri-

zed. by a ð.elay ,

A l-ist of some circuit elements together rviLh their corres-

pondfng tùave fl.o\rr díagraras as d.erived by Fettrtreis l10l fs given in
Appendix I.

By mean.s of the wave adaptors lll] such âs the two-port adap-

tor,the n-port pârâl-l-el aclaptor and the n-port sêries adaptcr, ¡èttlÌeís

and Sedlneyer [12] have obtâined a true ladder \,,ave digital sËructuïe

from a res is tance- te rminate d l,C ladder neË\,Jork.

Such a wave digital realizatíon has the fo1Lorøíng advantages

over the conventional digital realization of a transfer function,

I'irst, due Èo the insensítivity Ín the stopband as r,rel1 as in the

passband, a d¡astíc reduction 1n Lhe coefficient vord length is possi-

bl.e 113,L4,L51 . Secondly, iË has been shoian by r.ettweis and MeerkötËer

[16] , and by Claasen et al.. [5] Èhât ít is ¡nuch easier to eli¡oínate

parasitÍc oscillaLions, both granul-arity and overf.lor¡,, in such a wave

structure. Thtrd1.y, though. tlÌere are handbooks of digital fj.lter syn-

thesis, l¿ 1s sÈi11 convenient to trânslate directly any well-knor,,n

cLâssical Ladder filter into å \t/ave digiÈal form,

It Ís knor"n thal resistance-terninated LC filters can be
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Tea!ízed by using Darlingtonts cascade synthe-sis âs lnterpreÈed by

GulLl-e¡rÍn [1.7] and Youla 118] ' ol: as Ín Fettr'¡eisr caacäde synthesLs

by transfer mat.rix factorizaLr.on If9.i ' The LC fllter Ís realized 111

both meÈhods by cascadíng zerotln' fJ-rst, second and fourth order sec-

tions. Iett\.reíst and Secllmeyerts Laddei: ¡oave structure is on1y capable

oÍ realLzíng tlansmission zeros on the lüagínal:y axis of the conÌPlex

s-plane. Using lhe ladder structure, a digital Brrrne section can be

realized r^¡ith five multipliers and four delays. However, one of lhe

port resisEarces is ndgatlve aud the resuJ-ting \'Jâve structure is not

guaranteed to be free of linit cyc1es [20].

Also, the wave diSital lattice I2Lf or Jaunan structre 122)

is ïestricted because it realizes only syrnmeËríc reference filtel:s'

Thus, other âdaPtoïs must be inlroduced lf we tranl to have a \'¡åve ¿as-

ca<1e synthesJ.s LranslaËed dírectly from a cascade syntlìesis realizaLion

1J:I the continuo us-t i.me dornaln' That such a rvave cascade syntllesis 1s

possibl-e has been shown by Nouta [23] by the introductÍon of tn'ave adap-

lors for ihe reciproc"l and non*reciPl:ocal zerotll ' fii:st' second-or:der

sections, In partícu:Lar, Noutars wave dtgital realizatjon of Lhe recip-

rocal. second-order section requires six nultipliers and three delays'

A direct realizatlon of the transfer funct:Lon of lhe second-ordeÈ sec-

tlon would ïequire ¿i nininiu t number of four multiPlie::s and a mÍnimrin

nunber of t\n¡o delays. For the reciprocal DaltlÍrrgton D section' Nouta

h¿s referred to scanlan and ]ìhodes [24] where the cascadi.ng of a fourth-

order: reciProcal section and a unit elenenÈ' lf translaled lnto lhe

wave dlgitaJ. form, would require Len lìlultjp1íe::s aDd seven delays' r."hi1e

Lhe canon:i-c numbers of multiplle]:s zrncl delays are, resPectively, severr
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and four. Hor^rever, Nouta hâs t'passifled", the int.roduced structures in

a strictly linear sense ouly and the given cascade synthesj-s procedure

suffers fron the dlsadvantage that each section can only be realized

wlth a cascaded uniL element'

Fahrnyrs digttal realizatÍon of the Ðarli.ngton C sectíon fron

a microwave strucËure using t\,7o-wire coupled line [25] is canonlc in

the number of delays but requlres a total nunber of ten multÍpl1ers.

Also, hls dlgíta1- real.ízatlon of the Darlj.ngLon D sectíon is canonic

ín the number of delays but the number of nultiPlíers would certainly

exceed eleven. Scanlanrs and f'aganrs 126] wave dígitâ1 lealization of

Ëhe C section reqriires flve multipliers and three delays. As in the

case of Iahmyrs paper, Scanlants and Ïaganrs paper does noE offer any

reaLIza|Lon schene by which the hardware reaLizaLíoî of the sectíon

wilL be guaranteed to be free of zeto ínput oscillations'

The purpose of Èhls thesís is to derive new lvave adapÈors for

the reclprocal sections mentioned above, namely r the BÏune section'

the Darlíngton C and D secËions with the follor'ring properLíes :

Firstly, wave digital realizatlons Ltith the canonic number of delays;

secgnd1y, wíthout any unit elements ; thirdly' with the possibilíty of

having ::e fle ction- f iee poïts' and fina11y, wíth a truncatlon scheme !o

guarantee zero jnput asymptotic stabiliLy'

These ne¡¿ wave adaptors have been derived by applying an

extended version of lufártens t and MeerköÈterrs [27] n-port voltage scat-

teïirÌg matrlx representation to the. considered sections. Also' by

following Martenst and Meerk?jtterrs schene for deríving a Brldge-Tee

adaptor, we present an adaPtor for the T\utilì-T structure which is used
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i.n clâssfcal cascade synthesls.

In Chãptel II, a brlef revlev¡ of MarLensr and MeerköLterrs

nethod and its extensíon to the Brune section, the Ðarlington C and

Ð sectlons aïe presenLed. A general fôrrnulation is deríved for the

case of an adaptor with a refLection-free port and for Ëhe ¡rdependent-

mul-Liplier e luaLj.onsrr \^7hich relate the dependent nul-típliers Eo Ehe

Índependent nulti.pliers. Problems in the hardware YeaLizaÈLon of Èhe

adapLors are dÍscussed and a theore¡r on the slabj.llËy of ttle investl-

gated structures is gíven. In order to ímplement magniËude truncationt

a fevr simple rules to calculate the output error of the'actual nonlL-

near filter output with respect to the ouÈput of the non-reaLízabJ.e

associated línear filter are gíven'

I]ì ChapÈers III' IV and V, respectively' the necessary formu-

las and wave flow diagrams for Ëhe design of the L'ave digital reêLiza-

tion of the Brune and Darlington C secLion' the Darlíngton D sectíon

and the 1\rin-T structure are Presented.

ClÌapter Vl provides a magnitude Ëruncation method which gua-

rantees the asynptotic stabilíty of the investi8ated adaPtors under

zero lnput, Detåils of ttre deslgn of these adaptors are given sËep by

step. Three illustrative exantples of filÈers whích have been designed

and simula.ted on a PDP 11/40 comPuter system are described'



CHÄPTER II

GENERAL }'ORMULATTON FOR THE IIAIT DIGITAL REALIZATTON

OF THE TI,IIN-T ' BRUNE ' C AND D SECTIONS

2.1. REVIEW OF MARTENS t AND MEERKöTTERI S METHOD

In this Èhesls' we extend Martensr and Meerktitterts nethod

to lhe case of a reclprocal n-port whlch may include ideal transformers.

Upon partitíonÍng the ports of the reference netLtork interconnec tions

into twp sets ; "link" ports and ttÈreett potts, Martenst and Meerkötterts

method is applicable if we arê able to !¡rite the rrcutset matríx" Q

and the I'circuit matrix B to express the vectors j- and v of

port curïents and voltages as a function of the 1ínk currents and

tree voltages, resPec !ívelY,

i = nr ig (2'1)

r, = oT v Q,2)'t

The subscripts t and I tdentify the tttree" and "link" ports,

respectively; the superscrlPt T denotes transPose' ltre note that B

and Q must saËlsfy the orthoSonality condition; í'e', BQT = O

In particulãr, Ehis is posslble with Èhe Brune section' the

7
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DarlÍngton C and D sectionê; ênd the folJ"orulng results tri1l hold.

Let Èhe lncldent ancl reflected rioltage wave vectors be deflned

as

a=v*Rl (2.3)

b=v-Rl Q.4)

respectively, where R is a diagonal maÈrix of the port reslstances'

then we have

b = sa Q'5)

where S 1s Èhe scâtterlng maLrLx.

Partltioning a=ta¿Ul,B=lU Brl where U denoËes

the unit maÈrtx, and c = o-l = I- !t i I accordfng to "link"^ - Lo crJ

and t'treett ports' and defining

K = IQcQrl-rQgcs = [c.+ QtcgQrrl-lQgc¿ Q'6)

yields the following equívâlent rePfesentatlons [27] :

(2.7)
c

T2

22

1l_

zoþ zqI - zqlrqT

U - 2KaT[

-U AT

[::][]:l[

(2.8)

OU
(2.e)



t: lt: :'ll::lt: :'l (2 .10)

We note that U is a unit maÈrix of approPriate dimenslons in each case

and al1 Ëhree matrices in (2.9) are self-inverse, hence

s = s-l (2.rr)

1.e., S is also self-ínverse;

From the definition of K (2'6) , it can be shown that

src = çs Q.12)

and (2.11) and (2.12) yteld

srcs = c (2.13)

Equâtions (2.12) and (2.f3) 
' respectively' correspond to the recÍPro-

city and the losslessness of the glven reference network.

Accordlng to Martens and Meerkötter, the maÈrix K has a

slmple network interpretation obtained as folLows : îerminate al1 the

ttlink" ports in their port resislances in seríes wíth a voltage source

and al1 the "tree" ports in thelr port resistances. Let eg denote the

vector of "link" voltage sources' then ve have

vr=Ke' (2'L4)

wtlere vt is the vectoï of response voltages across the "tree" port

res is tances .

2.2 AÐA?TOR WITH A REFLECTION - FREE PORT

In cascade synÈhesis' ft l-s useful to have a reflection -free
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port to avoÍd any delay-free loops l¡hr.ch Lead to an unreaLizable

wave flow diâgram rvhen we connect diffeJent sectlons together as

shol'n 1n fig. 2.1,. 
.

Iig. 2.1 Direct connectíon of ådaptors krlth

reflecEion-free ports.

îL9.2.I, port l of rhe adaptor B has been nâde re flec t ion-free;

the reflected wave b, is no longer dependent on the íncident

"r'
Let port I be a link port of Èhe n-port neiwork shor^ar in Fig.

2,2. If l,¡e vrant Èo make Ít a reflection-free port then we must have lhe

port resistance R, equal to the input resistance R,n of the reference

network interconnections r¿íth â11 the remaíning ports terminated in
their respective por! reslstances R2 , R3 Rn.

I{Íth Rl = Rir, , the entry sll of the S matrix is equal

to zero; Le,, no delay-free loop will occur. AccorclÍng to (2.g) , s'

L 2

br

Frorn

1.e.,

wave

2 1A B

-{
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11.

Rz

rrn

fLg. 2,2 Network used !o deEermine R1n'

equal to zero also neans tha! the (1'f) entry of the matrlx

f zqTK - U I ls .equal to zeto' In other word, lf we let

qij= tq[]il and ktr= [xJt,

then

"11 
=t2alK-ulrr=o

yields

R^

R.
L

Rn

t
,r,s¡1(2k¡r)-l=o
J -.1

(2.1s)

or
f

91r.2kr, = I - .I^ t¡1.2k¡r
)=¿

where È ls the total number of t'Ëreett branches'

(2.16)
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Expresslon (2.16) shov¡s Èhat the exÍstence of a reflection-free Port

reduces the nr¡nber of independent EultiPliers by one'

2,3 DEPENDENî _ MULTIPLIER EQUATIONS

The number of ltultiPliers required to realíze (2.10) is equal

to the number of elements of tlìe Eatrix K plus twíee Ëhe nunber of

nultipLlers which may be contained in the natrix Bt.

Glven a reciprocal n-PorÈ together \,/1th a set R of n Port

resfstances "i

R={ri,i=lton} Q.l-7)

and a set N of p transformer rátios

ñ={'" r=1rop} (2,18)

we obtaln a set of uultipliers

t = { t, , i = 1 to s } (2'19)

upon wrlting the natríces 2l( and Bt "

The set T may contain some or all the transfo'rner ratios of

the set N. In generaL' the nullber of el.ements of 1 exceeds the nunber

of independent paraneters of Èhe net\tork which determine the trânsfer

funcÈion. Therefore, there are independent mulÈiPlj-ers as tre1l as depen-

denÈ multipll.ers. The number of independent multipliers can be deter-

míned by lnspection : It is equal to the total nunber of Ports and
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transformer ratios minus one; i'e', u l- p -'1

Among the elernents of T, one can choose arbltrarily n*p-l

elements to form the subset M defj-ned as the set of independent mul-

tlpJ-íers

t"l={ *Íri=lton*P-l } (2'20)

, The remaíning elements of T form the subset of dependent mul-

tÍpliers

H={ hi,i=1to s-n-p*1 } Q'21)

WenoteLhat J= M+H ,where + denotessetuníon'

For ttre structures investigated l-n this thesís, each element

of H can be expressed explicitly as a function of the elemenËs of M

= f ,(mr, ^Zr. 
.. . ,*n+p-l) (2.22)h.I =f (M)

].

for Í=1 to s-n-p*l

Theseequationsexpressirrgthedependenceamongthemultiplíers

can be ãeterrnined by solvíng for the port conductance ratios of the

network from the set of multiplíers T atld then checkíng for consis-

tency ânìong these solutions, as follows :

From(2.I2),ítiseasytoderivethefol-lowíngequations

r'ù= $!, =

Ictl i trrQ¿l ij

toflrl,

to[x], i
(2.23)

L
KQL

oaTI
T T Itiltlt

lc¿J, IK] ji

(?..24)
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tC. ], IKAT] , . IKQTJ., .- r-.r = 
''" fJ = ____:-jJ (2,25)

lcrli IQsKrl{ Irq}l¡i

The desired ttdependenÈ-mulÈ tp Lier equatlonstt of rhe lnvestl-

gated structures, except for the Tv¡in-T structure for which we have

another approach, which wiLl'be Presented ln ChaPter V' are easlly ob-

tained upon checklng the conslsËency of the equations (2,23) to (2.25)

For example, we nìusÊ have

lctlt

lc!,1¡ IG¡l r-.r = ___:__:_ for k = 1,2,..,,r e,26)
I c.s,l r [ct]t

Icol."vJ

2.4 TTARDWARE REAIIZATION

In a hardware realization, all the multÍpliers of the set T

must be quantízed to some flniËe number of bits due to the available

finite rvord length. Thus' quantlzing the set M of índependent mulÈi-

pliers produces the set

M = { m.
a

1

b.
ôt

= ,i - oi ; i = l- ro n+p-1 ] (2.21)

where a. and b. are integers ånd o. is the coefficient quantization
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error.. of the J.nclepende¡Ìt lnultipliers.

Corresponrling to the set i , *" .ul, cêlculate the se-t i
def i.ned as

II = { h_ = f . ( M ) = h_.- ç, i i=IÈos_n_p+l } (Z.ZA)r r' - ]^ 'l'

where Ei ís the coefflcient deviation.

In general, the elements î. 
"uorro, 

be realized wÍth a finÍtet^
number of bits, These depeDdent nultipliers h. must also be quanËized

in a hard¡,¡are real"izatiolr, and are denoted by Èhe set

A, ^ ^ c.
¿ = { l"r = nr- 6r = -ä ; f = t Lo s-n_p*t }. (2.2s)

2r^

vhere c_. and d_, are integers and 6, is the coefficient quantizatÍonII

error of the dependenÈ nultipliers.

Sitìce Êhe coeffícÍent quantization errors cause error in the

dígital filterrs response (e.g,, impulse response, frequency response,

etc. ) '121, the choice of o. and 6i is not arbitrary but is deter-

mined by certain criterÍa given in the following.

We note at this point Èhat the choice of 6r. is determíned

by the nagnitude trurìcation technique r,¡hich wíl1 be preseuted in Chap-

Ëer VI. As w111 be seen from Chapter VI , the 6¡'s are in general

srnaller than the o-'s: j,n the following development, \re assume llìat

lhe <lependent multipliers are reaLized exâct1y (í.e., with infinite

precision).

l'ro¡ì the rÌe\{ seL

t¡hi clr <leternline ¿Ì sef

û, ur" 
" 

nr., calculate Llìe ne\,/ sets 1:ì. and

il of deviations from the orjgirì¿l valucsN

clef ined as
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B={8i

ßi

6, > 0 for i=1Ëdn+p Ì (2 .30)

where

i=Iton

J=1t.op

I r. - r.L for

for

.f'or any pa.rticular anal-og filter design, rherè is always a

certain tolerance imposed upon the component vâlues determined eiËher

by various sensitivÍty analysis nethods or just by experience fron

practlcal deslgn. In other words, glven a maxí¡¡rlm tolerance set.

Þ -ro .l ß_. _-__ > 0 for i=ttoftsrp] (2.31a)
"max - t ''i max ' l nax-

I,re musÈ have

ß, < ß. _- for t = 1 to n+p (2.31b)'].- a nax

as the condiÈion that the variation of lhe element values Dust satisfy

to neet Èhe required specifications,

The optimization problen can now be formulated : Gíven an ac-

ceptable deviation set tsIrâx of the oríginal sets R and \' \{e nust

calculåte a suitable deviation set E defined asnax

E--- ={o,____io,_^__>0 for i = 1to n*p-].' (2.324)
nlax - I nax lmax-

in such a way that

' (2.32b)lm, - m, I I oi 
="* =>

for i= 1 to n*p-l

and j= I to n+p

In this thesis, tìre n.'s ate given by dependent - îìulliplier-



L7

equatlons; L.e., the n.rs are ctlosen as dependent multipliers

and from Equations ( 2, 23)

explicit functions of the

other \,¡ord, \te can l^'rlte

rl = 8. ( 1"1 J

If the functíons

f-or j = n+l to n+p (2,33)

to (2.25), 1t can be seen that the r.'s are

n,ts and M or sÍmply functíons of M. In
J

n. = fj( tf )

for l=1

and

¡o i (2.34)

are continuous wíthÍn an
J

(n'lp ) -dlmens íonal neighborhood

ßkr"*t o ' k= '1 to n+P Q'35)

of M , then the optinization problem stated in (2.32) always has a

solutíon set Emax

So far, we have assr¡ued that the system is linear. Horùever ' ín

åctual- impleüentation, sLgnal truncation and dependen! multiplier

quantization will affect the performance of the filter. Thus' 1t ls

necessary to simulate the hardware reallzaËion of the fí1ter on the

computer if r,re v/ânt to know íts actual performance. The simulation

procerlure will be discussed in chapter vI. In the nexL sectíoû, v7e

wíll investigate the stabillly of the structrrt." und"t investigation'

2 .5 STABILITY OF Ti-iE WA\,E STRUCTURBS I'NDER INVESTIGÄTION

Besides the coefficíent quanLízaLion error of M and tÏ *"n-

tloned in the fast section' the result of processfng will naturally
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lead to values requirlng additional bits for their representâtlon, f'o tî

exarnpl.e, an nr-bit data input rnultiplied by an n-bit rnultiplier results

in a product rvhich ls 2m blts 1ong. If ín a ¡¡ave dígital filter we do

noË quantize the result of aríthnetic operatj.ons, the nr-lÏrber of bits

requlred ¡¿í11 increase indeflniÈely. Tvo connon methods are used to

eliminate the lower order bits resulting fro arithlleËic operaËions ín

such a recursive digíta1 fí1ter : truncation and rounding. Truncation

1s accomplÍshed by díscarding all bíts less slgnificant Ehan the least

significant blt r.rhich is reLained and rounding of a nu:tber to n b1Ës,

r,\¡hen Èhe number is lnilla1ly specified to nore than m bits, is aocon -
plished by choosi.ng Ëhe rounded resulÈ as the ûì-bit number closest f.o

the original unrounded quântity.

Il ís well kno\,rn thaÈ the ïesulting truncatíon error or

rounding error causes a deadband effect or linit cycle in the fl1ter

output [4,5]. A conunon type of limit cycle ís a zero input linit cycle

where the outpuÈ of a digítal filter remains períodic and nonzero,

after the Ínpul has been set to zeto.

Another source of erl'or due to the finite ruord length repre-

sentation is the overflorv error r.¡hich occurs \ghen a diEiital fl1ter

computes a nunber that is loo large to be represented in ihe arithntetic

used in that f j.l-ter:. This kind of e::::or has aLso been knor.:¡ to prodnce

overflow oscillations [8,28]

Âs we have lnenlioned in the lntrcduction, 1t 1!a-" been pointe.l

out by Claasen et a1, [5] that iL is possibl.e to design a ruave di.giLal

filter of arbitrar:y or<1er, r,rithouL l.ir:iL cycles and overf 1ot./ oscil.la-
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Ëions. Uslng sj:ttple arlth$eLic operation , Fett\,üeÍs and Meerkôtter J16l

have been abl-e to guårantee the absence of zero input liinj.t cycles in

thá wave digiÈâ1 l-adder stïuctures for wLich all port ïesistances are

positÍve and moLeover are pseudopassive (loss1ess) accordÍng to the

pseudoporver funcÈion as origj-nally defined by lettweis [29].

In Lhe f ol-lowj-ng, tüe de::1ve a theorem which guarantees Lhe

zero irìput asynpÈotic stability of the r¡ave structures under j-nvestiga-

E l-on.

Partltioníng b =
[0, I [', I
L', l'"--LtJ

I tr, trrl
L 
tr,. trr)

accordíng f:o ports with delây and portsand G=
0Gtl

0 Gzz

r^Ìithout deLay yields fhe followJ.ng from the pseudolosslessness alrea-

dy shown ín (2.13) :

TTsircrrsrr + sà:Gzzszt = cLr Q.36)

Iron (2,5) we can wrlte the systen equalions

br(n) = srrar(n) + srrar(n) (2'37a)

br(n) = srrar(n) + sz2a?(n) (2'37b)

The next Ínput ar(n+1) Ís given by

ar(n+1) = x br(n) (2,37c)

where X ís a díagonal matrix the elemenls of r¡hich are eílher I or -1

depending on whether the reactlve element connecÊed at each port ís â

capacitance or an lnductance, respectively.

Due to tlÌe necessary quantízaLion error of Lhe depenclent ntul'-'
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ttpLÍers and the roundlng or trurìcation error nìenrioned above, the Lf-

near, pseudolossless dl-screte wave systenì S (2.37) which conlafns

the nultipl-ler sets l,f and 11 cannoÈ be physj.cally realized. A mocìe1

of the âclual,, finj.te*state, nonllneâr rsave digital filter with the

lnput ar(n) set to zero is shor+n in FÍg. 2'3, r,:here S represents lhe

nonreali.zable (Í.e,, with finíte precision) linear system (2.37) and

Q represents the signal quantizarion nonlj.nearities.

a1(n)

b, (n)

fLg. 2.3 Model of actual nonlinear \,rave digital filter

Upon defining the Lyapunov energy functíon

Y[ar(n) I = "lt"l c' ar(n) (2'38)

whlch fs poslÈive <lefl.nlte since Gl1 ls posltfve definlEe, we can

b, (n)

(¡r,H)

T o

t
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state the followí.ng theo::errr

Proof

TltllOR-EM : The actual fiirite*sÈate nonli_near real .Lzable

wave digí.tal systern of Fig. 2.3 is asymptorically stable

uncler zer:o input if th-e output signals are modifÍe<l j,n such

¿t !"?ay that the Lyapunov function defined in (2.38) is strictly

decreaslng.

With the input ar(n) set to zero, we have fron (2.37a) and

(2 .37b)

u, (n)
11

a, (n)S (2.39 a)

(2.3eb)b (n) srtat (n)
2

llrom tlre defínitÍon of the Lyapunov energy functíon (2.38) and (2.39a),

r¡¡e catì write

vlb (n)l = bT
I 1

G-
1

T T (2.40)="r (n) s 11 1S tt tt (t)Gt

Let us consider the difference

T (t"t) IcrtVla, (n) I - v [b, (n) J 1

rvhich can be rekTritten by using (2.36) and (2.39b)' as

VIar(n)l - vlbt(n)l (2.4r)

0 (2.42)

whiclr is posítivc¡. semi-def-inite since GZZ í, positive clefj-nite (semi -

definite s;ince br(n) could be zero even though ar(n) I O ).

Thus fo:: the linear part of the system shot'n in Fig. 2..3

, ur. (n)(n)

a tTrtr rt r,- I a, (n)

"lc"> tlr.rrrt rra, (n)

= ulc"> Grrbr(n)



Ylar(n)J > Y{ur(n)J Q.43)

and for the overalL nonlinear system, if Lhe output br(n) ls rnodlfled

by Q into an output b1 (n) ín such a Ìray that

¡ irt") | < | lr(n) | when br(n) I 0 (2.44)

1.e,, tf the vectors lr(n) and ûr(n) are given as

br(n) = Ibr, (n) ,ur, (n) ,. . . . ,br*(n) J

b, (n) = [b11(n) 'br, 
(n) '. .. ' ,br*(n) J

for a r¿ave structure with m delays, then we have

lurr(n)l < | lrr{n)l ror i=L tom, (2.45)

then we obtain for the nonll.near system

vlar(n) ¡ > vtbr(n)J > vl;l(r,)l = Vlar(n+I) I (2,46)

That is, the forward difference

AV= vlar(n+l) ¡ - vlar(n)l < 0 (2.47)

ís negative defini te.

Thus given any j.nput ar(n), (2.38) and (2'47) always hold

r.,lrenever (2,44) is satisfied, Then, according to LyaPunovrs asympto-

tic stabii-ity tiìeorem [30]' the nonlinear system is asymptotically

stable under zero ínput. In other words, once the input ar(n) is set

to zero, the outPut br(n) wfll be zero after a certain finite ti¡ne

lntervâ]. since the number of ståtes of the system is finite.
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2.6 CÀLCULATTQN OT }ìRROR

Letusredrawtlre'rnodelofchek-PorÈwavedigi¿alfllter

shown ln !'ig. 2.3 without including lhe delays and \'¡ithout Partitloning

the porLs into porÈs wtth delay and Ports withouË delay l'ie obtain

TLz. 2,4

b (n) b (n)

a (n)

where

¿(n) = [ar(n) ,ar(n) ,. . ' ' ,1(n) J

and

b (n) = [br(n),br(n)""''bo(n)J

are, resPectively, lhe inputs an<l outputs of Èhe linear s)-stem S

Due- to the quantizer Q ' vie have the r'odj-fj-ei outputs

[ {") = Iu, {") ,b, (n) , ' ' ' ' 'uu(n) I

such thaÈ the stabiliEY conditlon

îLg, 2.4 Model of Lhe k-porE wave di8itaL filter

I urt"l II bi (n)

1ã satisffed for I = 1 to k

(2 .48)



Since the sysLem S ls not realizable' the acLual jnrPlelìenta-

tlon of Ti.g, 2,4 1s glven bY Fig. 2.5

b (n)

a (n)

Fig' 2.5 Actual lmPlementation of the war¡e digltal

fllter of FLg. 2.4.

¡vhere S Ís nonlinear due to signal truncalion and not pseudolossless

due to the (luanEj.zatiorì of the depenclent nultiPliers'
 J 

^J

' Given an lnPut a(n), the outPut of S is b(n) ' To írlPlement

Q which modifles the si.gnal ff(.r) itto b(n), r¡e have Èo calÔulate

lc")

the oufpuE errors tb (n) defined by
i

¿, (n) = u, (n) -D. J.
].

Once the output errors eb

Corresponding to the inPut

U.(") for i = 1 to k (2'l'9)
I

(n) are knowr:, Q is imPlemented as follows
i

b. (n) . the output
1

^tuÎrt") = ir{n) +r, =u (n) -eo.(n)+Y, (2'50)

tu

ls obtained by adcling to the lnput br(n) a corrective ternr Y \vhich

compensates for the ouEPut erl:or eO.(n) in such a \ùay that

q

S

(u,tÏ¡
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b ttì.) I n, C"l I (2.5r)
].

In the follor'Jing section, rre assune that the hardr¡are reali-

zâtlon uses fixed-poj.nt arit.hnetic ¡,¡ith tr.¡ors co[ìplenent fepresentation

for the signals bet¡,'een builcling blocks. \'e vil1 present a few simple

rules to calculate the output error e(n) resulting from two sources :

the flrst from the signal trr.rncation after a nultiplication and the

second from the quantizaÈÍon of the dependent nultipliers.

IIULB 1I.1 : Signal trurìcation results in a posilive efror,

x*=x-Ðx i e*t 0 (2,52)

lrhere x* deììotes the truÌìcated value of x'

Proof : The proof of Rule ILI is given by Oppenhein and Schafer [3]

RULE TT.2 : The error of a sun of truncated terns is the sum of ttre

individual truncatíon errors of eâch tern.

Proof : ¡'or the flow diagran shotvn in FJ.g. 2.6 ¡ie have

s = v + 1. + ...... + x"* "1* "2à " '- " -'n*

= (x1- Ê- ) + ("2- ex^) + ..'.. + (xr.,- e* )
'^1 '^2 n

= /* ,L- . .**_) _ (c.. +c.. --,. . ,+c.. )'^1 '"2'''' ,, -{'LLn

= s - e.. (2.53)

RULE II .3 : The error of a tr..uncaLed pl:oduct of a trurlcatecÌ input by

arÌ exact rnu]-tiplier i-s equal to lile sun of t\io terrls : the
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*ro

i;r
*2 s*

e

n

Eig, 2,6 Error of a sun

L

"P

x.

ex

x.

x

ke +Ê-xk

Iig.2,7 Er::or of a product

p

Ê-= ke +eî,+ô- x.Pxkkx

Fig. 2.8 Error of a product by a quantized

dependenE nuJ. t j.p lie r.



2.7

Proof:

where

Proof

first one is the product of the truncation efror of the lnpuL

by the Íìultlpl-ier and the second is Èh.e truncation error of

the product.

I'ron the flow diagrarn shorvn in fí9. 2,7 r,re have

Po = (kxo)o - kx* eO = k(x - t*) - rk

= kx-(ke +Ê.)

= P - eP (2.s4)

sk der:otes the truncaEion error of the producË,'

RLT,E TT,4 : If the multiplierî in Rule II.3 has a quantizatioïl error-

^,ôt=k-L , then the error in Rule II.3 is augmented by

the producE ô,- tímes the truncated input.'i(

From the flow diagran sho\,¡n ín I'ig. 2.8 we have

tu'v
Po = ( kxo ),r = ko - e i = (k - 6O)xo - e f,

=kx.-óx -¡a =k(x-r)- ô.*,-e ]'"'.* -k"'* "k 'k.'* -k

= kx - (ke +e]+'xk

=P-¿
P

ôoxo )

(2 . ss)

By applying these sinpJ.e rules to any !.rave flor,/ diagram, it

is ahvays possible to calculate the output error because arry realízab1e

wave flow diagram would consj.sl only of adders and nultipliers wtllclì

are already Ínvestigated by these ru1es. I^Ie have seen fror:r (2.50) that

the correcLive term yl must compensate for the outpu! error er.(n).
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CoDsequentl.y, :Lt is r'ìecessary to hâye an exp1icit expressior] for the

output error. Thus, tlrc appropriate nodlfication scherne of the output

ls deferred tio ChapLer VI after rrre have deríved the out.pL!Ë error of

the structures under ÍnvesllgaLlon. In the follovring Chapters lII, IV

and V, \,¡e present the necessary formulas for the design of the adap-

Ëors for the llrune section, th.e Darlington C and D sections, and

the Tr.rin-T structure.



CEAPTER III

WA}E AÐAITOR TOR THE BRUNE SECTION AND

TIIE DARLINGTON C SECTION

In this chapter' we PresenÈ the ltave adaPtor for the Brune

section and the Darlington C section. We follor,¡ closely the general

formulation already given ín Chapter II to derive the wave fl-ow dla-

grant the dependenÈ-mult ip lier equation and Èhe calculation of output

error of the Brune section and the Darl"ingron C secÈion and of

their equivai.ent form.

3.I WAVN FLOW DIAGRAI'I OF THE BRUNE SEC1ION

The Brune sectfon and i-Ls reference network interconnec t lons

are shown, respectively, tn Fig. 3'1 and lig. 3'2.

The transformer equations âre

v5=nv3 (3.1)

i,!i =--.i^ (3.2)'r ^3 "-2

20
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1:n

L

c

Fig.3.1 The Brune sectlon

tt r2

+ i3
1:n

,4

J
v_

5

++

+

uz
.L

u4

Fíg. 3.2 The refe::ence net!,iork of lhe Srune section
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By chooslflg port 1 and port 2 aL "link" po::ts and by leÈting

the vectors L and v of port cul.xènts and yoltages be deflned as

. -Tt = I rJ_ L2 L3 L4 J

'rn = I vj- v2 v3 v4 lT

Ëhen (2,1) and (2.2) can be written as

1= _T.=ÉtL

(3. 3)

(3. 4)

(3.5)

(3. 6)

1

0

-1

-1

1

n

1

0

0

1

-n
f''I
þ,-l

-1.

1

l"

0

i.

Þrl
L"- I

QT,,

Irorn (3.5) and (3.6) we get

-r -l

I-1 J
B=I-.L -1

-n
(3.7)

and

Q[=
1n

11
(3,8)

Letting



J¿

00çl 0

Gz

0

0

0

0

0

00

GI+ G2+ G4

0

G1 o

oGz

Gl + nG2

Gl +G2+ G4

(3. e)

(3. 10)

(3 .11)

(3 .13)

Gg 0
G=

G3o

O G,4

Gt

enables us to krríte

QGQT

tacarl-1= *

= IQGQ'.] 
T

cr+ nzc, + c,

G, * nG,

hence

where

and flnally

-G1 - nG2

-Gl - ncz

G, + nzc, + J

^ 
= G3(c1+c2+c4) + c4(c1+n2cr) n lt-n)z"rc, (3.L2)

r¡ _1
x = IQcQ'l 'Q¿cs

Ir

¡ì

1

_t
¿.

I (1-n) cr+c,J c,

I cr-n (1-n) crl Gr.

irrc,- (l -n) c, J c,

Icr+(r-n) crJ G,

*i t ^12

kzt kzz
I



Upon deflnlng

9.r= 2k* t !,r= 2k*

9"3= Z kZ.' t 9"0= 2l<r,

Equatíon (2.5) can be r.rriÈten e),?licitly as

Ibf bzb3b4 lT= s I ur^r^ruO)T

where

[-'o'olIo-rool

1.,,,1
lo o o rJ

1-n-1

010

00

[r o o o-]

I o , n nl

| ',u,' 
ol

I lrroo rJ

1 o-1-l

o 1-n-11

o o 1 ol

ûooJ

(3.14)

(3. 15)

(3. 16)s=

I

0

0

0

and the resultLng wave floi.¡ diagraa is shor,m in Fig. 3.3

3,2 DEPENDENT - MULTIPLIER EQUATIO\

Fron (3.8) , we can r.rrite

11

n1
ai

,ka

ktt+ kzt

ttkll Þ k21

^12 ' ^22

nk, ^+ k^^

(3.17)

(3.18)l

l

I
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Fig. 3.3 Llave flow diagrarn of

the Brune adap to r.
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oþoi

ktt*n\rtkrt+nþ,

nkr¡tz\r+kr;.rrk,

kn+kzr+krz+kzz 

I
'krrnkzrtukrz+kzl

c3. le)

(3. 20)

(3.21)

(3,22)

(3. 23)

(3 .24)

Usíng (2,23) and (2.24) ylelds the followlng

- 
ktz * kzz

tktl + k2t

1 - ktr- krr- nkrr- nk,

. kr-l

n - nkrr- krr- n2krr- nk,
krz

Gz

Gi"

J

E

5

%

4

%

G,
4

%

I - kll- k2 r- k:'z- kzz

n2i

L - nkrr- krr- nkrr- k,
*22

Equations (3.20) to (3.24) must be consístent; i.e., we must have

G,
4

", _ % -ur, 
1 -(krt+k2r)- (k12+k22) 

(3.25)
G1 C4 kZt (J'-nkrr-krr) - (nkrrfktr)

Gz

and
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G^3

E-uu
c3 ktr
Gz

Gz

G:.

r -(hr+9r) - "Ckrz+kzz)
n Cr-n\r-kr r) - (nkrr+krr)

(3.26)

8y let.tlng

^1r'*21
krz * kz2

1,*22

;*21

1,*L2

;
'-11

\

Hz

X = nk- - *!rr t2L

v = 1 - ñ1, - v"*12 *22

Equation (3,25) can be rewritten as

l
x

H, (1 - u-v)

Y-X

nY-X

(3,27)

OT

*v - v r!¡ /r - u - v) + Vl"'"1**

and (3.26) can be re\^¡rit ten as

v t¡^ (I -u -nv)
¿

(3.28)

(3.2e)

x
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oï

nvY - ¡ IEz (1 -u - nv) + v.l C3.30)

Mul-rlpLying (3.28) by n gives

nvY = nÌ [ít(r - u rv) * v] (3.3r)

Subtracting (3.30) from (3.31) yields

X [ntl, (l-u-v)*nv-v-H, (l-u)tnHrvJ = 0 (3.32)

Since X is not zêro in general, the expressÍon insÍde the brackets

must be equal- to zeroi L.e,,

n [Hr(l-u-v)+ v(1+ Hr)J - v - Hr(l-u) = 0 (3.33)

Solving (3,33) for n yíelds the dependent-nìultip lier relatlon

Hr(l -u)+ v

Hr(l-u-v)+v(l+u2)

ktz
ol1 (1 - krr- k2ì + (krz + k22)

(3.34)

(3.3s)
k"" k,,

fi tr-urr-ur1-k12-k22)+(k n+k2z) (1+ k;)

3.3 BRUNE ADAPTQR WITH RE¡'LECTION-T'REE PORT

If we choose to nlake port 1 reflection-free' then according

to (2,16) we have
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{tt.zkrt=}-<1rr.zkrt C3.36)

Since qr, = Q21 = 1 , C3.36) can be written as

Zkr, = 9,, = r ^ 2kr, = r * i: (3'37)

Bquation (3.37) allows us to eliminate one ultiplier in the realiza-

tion of S . The resulÈing modified r,¡ave flow diagran is shown in Fig

3.4, We note that b, 1s índependent of uL from tlle wave flow dia-

gram as expected.

Making port 1 ¡eflection-free ís equlvalent to. setting the

port resistance R, equal Èo the inPut resistance R.r., when the other

poï:ts are terminated in thelr resPective resistances R2, R, and R,

as shor,m tn Fig, 3,5, Hence for practical purpose of design ' we

calculâte R, of the net\,¡ork sho¡¿n in tr'íg.3.5 by using simPle net-
l-n

work anal-ys Ls

l-n
(3 .38)

3.4 CAICULATION OT OUTPUT ERRQR

ln the following, we calcul.ate the error of each or¡tpuL in the

general case where all the multipliers have been approxí aEed; i'e' ,

r¡e have

t1

it

R^R^+ R^R,+ R^n, (1 - n)2
Z J ¿11 J+

-.--..n-R^+ n-R^ + R,zs4



-t

"z

b
Ĵ

a^
J

t4

bt

bz

b,
4

Ftg. 3.4 Brune adaptor ¡r'lth port 1 reflectton-free

\o
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l:n

R^
J Rl,tr

R,

Fig, 3.5 cÍrcuit used to caleul.ate R 
r.,

nl : I

l.
4

L

c

Fig. 3.6 Equtvalent form of the Brune section

u4

J. 1 a^nl: 1

t5

* u2 ++

3

Fig. 3.7 Reference netvrork interconnections of Fig. 3.6
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n

9,.
l_

ò
n

(3. 3e)

(3.40)

(3.4r)

L. - ô.1a for i= 1 to 4

( the superscript

By defining

denotés the actual value realized by hardr,rare )

s = a-- a^- a,IJ4

and

t = a2- a4+ n(- aa)

as shown in Ïig.3,3, we have fron Rules II.2 and II.4

e=0
s

"r = ôrÌ(- a3) + etu

since r1o= "1 , ^2*= ^Z r â3¡= a, r ånd ah*= ah .

Again by fnspection and by usíng Rules II.2 and II .4

.0, = Êre"* ôrso* ,T,l gz. r* 6z.o* .ïz

= ey,.+ .V^* LZr r* ôrso+ ôrto
L2

too= [re"* 6rs*f tl 
r+ 

L4'rn ô4'o* tl4

= ,T 
^+ 

el .+ t-f r.+ ô3s*+ ¿4È*
34

c-=e-+e.br o3 o4

(3.42)

(3.43)

(3 .44)

(3.45)

(3.46)

.tr* .lrr- rfrr* t* 
(.c2+ g4)¿rr'(ô1+6r) su+(ir-,-io) tu

(3.4i)
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D
- utf .b4f ne6rt ôrrb3,tl- e I

r?r* rTon n( e|r+ ¿T2) 1- (!'4+ n!.r-l)er* ctu

+( 63+ n6l)s,.. + ( ô++ nôr) t¡t 6r]b3,t

2

.\r* ,\on n( e!r+ u\r, n . i +(rl,/i n.er- l)e I

+(1,- s4-nø2) 6naa+ (ôa.l-nô,) so+ (60+ nôr)tr;t 6rrb3n

(3. 4B)

In the followlng sectlon' we will derivè Lhe r,rave digital- rea-

lizatlon of Ëhe equivalen! forn of the Brune section. It will be seen

thât al.l the prevl-ous r:esults are stl1l appl.i.cable upon makÍng some

simple raodl.f i ca tfons .

3.5 ADAPTOR FOR BQUIVA1ENT ¡'ORM OF THE BRTINU SECTION

An equtvalent fo::m of the Brune sectlon and its reference

netr.Joïl( in lerconne c t fons are shown, respectively' in Fíg'3.6 and Fig

3.7.

Tire transforrner equations are

15 - ttu3 (3. 49 )

t, - t1 = -n'C- 12) (3's0)

By choosJ^ng port 1 and port 2 as "Iinkl porEs and by letÈlng the



43

vecEors i and y of port culrents and'/yoltages be defined as

'i = I ì .i i , tTI t1 t2 :-, fO J- (3.51)

v = I vr v2 r,, ro JT (3.52)

then (2.1) and (2,2) can be vritten as

t=

1

1 - nt

1

0

1

0

-L

-1

0

1

nt- 1

-1

I

1

0

1

r. _l

I'r Il.t
L'z I

1.
LB (3.53)

(3. s4)

L

["rl
1"..1

T
a

By lettíng m = 1- n' , then (3.53) and (3.54) are similar to trque-

tions (3,5) and (3,6), Thus, all the results obtained so far are applí-

cable to lhe equivalent form of the Brune section.

3,6 ADAPTOR TOR TliE DARI,INGTON C - SECTION

The reference network interc onnec ti ons of the Darlington C

secllon is exactly the one shoi,m j.n Fig.3.2 or ín its equiralent forûì

sho\,r-n in Fig.3.7, All the results obtained.so far are applicable to the
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adaptor of tlre DarlingÈon C-section' Tlìe only differeÌlce is tha,t the

transformer ratio n is negatiye.



CHÄPTEB IY

WAVE ADAPTOR ¡OR TITT

ÐARLINGTON D-SECTION

In thls chapter, the wave adaptor for the Darllngton D-sectÍon

Ls derived using all the formulae and results already given in Chapter

lI. First, Èhe wave flow diagram is PresenÈed' then the dependent-rnul-

tlpller equations and the calculaËion of the output error are given.

4.1 WAVE FLOW'DIAGRA-I'Í OF TIIE DARLINGTON D-SECTION

The Darlington D-section and íts reference neÈwork inter:con-

necÈions are shonn, respectívely' in Fig'4.1- and Fig.4.2.

The transformer equaEions are

v- = n, v, (4.1)
644

i- + i. =, - n. i^ U.2)I442

uj = t5 t5 (4.3)

{ +i (4.4)tl t t5 = - n5 t2

45
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L,

1:n,

)

L5

c3 t-
Fig. 4.1 The DatlingEon D-section

a,
:n.

4
Ii-1+ * i2 +

+
4 6

1 ) +
a_

5
t2

t5

+

t3

1 .'

Tig. 4,2 The ref erence net\,¡ork of Iig. 4.1,.



By choosing port 1 and port 2 as "linlc'r porÈs and hy lettlng the vec-

tors i and v of port currents and voltages be deflned as

îri = [ 1r iz 13 t4 Ís ]' (4.s)

v = I t1 t2 .r, .rro t, lT (4.6)

lhen (2,1) and (2.2) ca¡ be wriËten as

1

0

-1

-1

-1

-l -l -1

-1 -n, -n-4)

0

1

t

ll=t

utt.o

QT

(4.7)

(4 .8)

-1

-n,4

-n-5

111

11415

100

010

001

T_. II'r I

L,,J

Irom (4.7) and (4.8) we get

J

)

(4.e)

and
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Qß

t-

I

L

L

1

L

0

1

00

Gz

G1

[.0 iol=['-l;J0

0

0

G1+G2+G3

G1+n4G2

Gl*t5G2

G4o

G-+n,G^r 4¿
)

cr+niGr+cO

Grh4t5G2

Gth5Gz

c.+n,n-G^L 4)L
t

c1+n;G2+Gs

c4 .10)

(4. il.)

(4 , Lz)

(4 . 13)

n-
4

t5

Letting

0

0

0

0

I

I

I

I

-l

I

I

I

I

I

0

00

G 0

0

0

G30 0

enables us to !¡rite

QGQT =

hence

Iaca-l -=

where

Atz

"22

A3z

I
À

Att

A2t

"31

At:

Azz

A:¡¡

A r, = crcrl-Grc.+c, cr+nf c, cr+,l! c, cO+ {r,r- n ¡2 c rc,

Ar, = (nr-nr,) (:ì.-nr) GtGr- c1G5 - n4G2G5
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^13 -

"2.L

nz2 -

^31 -

n3z -

.'.'

(nO-nr) (1-n*) crcr- GLG4- rL5cZG4

Atz

(r-nr)zcrer+ ctc5+ c2G5+ crca+ c3G5+ nic2c3

(nr-l) (l-n') c1G2- c1G3- n4I5GZG3

At:

Azs

(t-r,o) 2crcr+c 
LG 4+ czc4+ crc3+ cac4+ n;czc3

ctc4c5+ eZc,*95+ ctG3c5+ G1G3G4+ G3G4G5+ nl"Z"SrS

nlc r" r" on (t-n 
o)2 

c rc re r+ (t-n, ) 
2 ercrc,,+ {nr-no) 

zcrcrc,

IQCQT
_l 'a

and fiual-ly

+

K
t"TG

laca-l-
0

1

1

1

rl
"ol

j

n- i,l

I

G.
I

G2

'11

8zt

t:t

ttz

8zz

832

^tt ^l2

I
^

*21 ^22
(4. 14)

k^. k^^rI JZ

where

glt = GlIG4G5+ nr,(nr*-l)GrG--r n- (nr-l)GtGrì
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-22

-31

G, I(t-no)crcs+ Cr-ns)crc4+ i4csl

c, I (l-nO) crc5+ c3G5+ nr(,nr-n.) GrGaJ

c, I (n,-l) crc5+ n4c3c5t (nO-Dr)GrGrJ

c1 I(1-n5)c2G4+ G3c4+ nO (n4-nr) Grcrl

c2 I (n5-1) cl.c4f nrGrGOt (nr-n4) crc3J

2k

Equåtion (2,5) can be r^'ritten explícit1y as

Upon deflning

*L - 'o11

,3 - .r.2L

Ls = 2kSt

r¡he re

-1 0000

0-1 000

00100
00010
00001

01-1-n,-n,

0010 0

00010

01-1-n.-n-4J

0010 0

000r 0

0000 1

Lz

r,4

La

L2

'*22

'* 32

(4. r-5)

(4.L6)IbfbZt, lOu, JT= S I ara, uru.^rJT

0-1-t -l

000l

0000 0-1-1 -1

01000

e":12L o o

g3r'40 1o

.ø60 01

(4.17)

and the resulting wave flow díagram is sho¡,¡n in Fig.4.3.

Thls wave flow d:'-agr:aln requires leD Inultipliers. Since port 5
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^z

u3

a
5

-1

ñ\

t

-l

bt

b-
J

b.
4

b_
5

I'ig. 4.3 Wave flor¡ diagram of the

Darlington D adaPtor '

bz
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¡nust âccol¡nndate an in.ducÈance and a capacitance tn paraJ.lel, a lhree-

port parallel adaptor of ïettael.s and Sedfuneyer aith a refLectlon *

f::ee port can be tlire-ctl)' connected Lo the \dave flor^r <liagran shown Ín

ni-g.4,3 to form the compLete \,r'ave adaptor for the Darllngton Ð-sectj_on

T1ìis comp1eLe wave flor,' diagram tlìen requtres a ÈÕtal nu¡iber of el-even

rnuJ-tipliers, seven of which are l.ndependent multipliers by ínspectlon

of I¡ig. 4. 1.

4.2 DEPENDENT-MIILTIPLIEII EQUAI'IONS

Iron (4 .10) , r,re can tùrite

a;
111

1 n. n-45

dlt

dzt

(4 .18)

, l-utrn 
kzr+ k3t

a;K= |

L 
utttt4kzr+t5k31

kL24- k22+ k32

kt2h 
4kzz+" 5k 32

(4.19)

d dt3

ðzs
oi*i

L2

dzz
(4 .20)

¡n¡here

dtt = k1t* L2t* k3tI ktZl- kZZt kSZ

dr, = lrrrl' k)r+ krr-l- nO (krr+ rrZZt k jZ)

dl3 = kt:,+ krr-I. krr+ n, (lcrr+ kZZ* kSZ)
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dzt = kltt r4kzl* r5k3t* ktzt n 4kz2i n51r3z

dZZ = k1lt ,r4k21t n5k3tt t4(k'Zt" nOkrr* nrk r)

ðZS = ktlt r4kZt+ nrkrr'i. nr(krrt n Okrr* nrkrr)

Usfng (2.23) and (2,24) yiclds tl.Le fo11owíng

ktz-+ kzz* k3z

11 - (k11+k21+k3r) - (k12+k22+k32) l

I7-krr-n.krr-nrkrr-(kar+n4kZrhSk:r)l G.23)

I1- (kl1+k2r+k31) -n4 (kI2+k2 2+k3) l
(4.24)

InO (l-krr-nOk ,r-n rkrr) - 
(krr+nOkrr+nrkr, ) J (4.25)

I1- (kl1+k2 r+k3l) -ns (k12+k2 
z+k zz) l (4.26)

k:t

In, ( 1-krr-n 
Okr r-n rkr, ) - (k1t+tt,k21+.5kar_) -l (4.21)

I

Gz

Gl-

G^.'

E

J

%

9
G1

G,
4

%

Gs

G1

G-)

1

kntu+kzttusk3r
(4.2L)

(4.22)
I

o11

1
-t-
ktz

1

kzt

1

o22

1

k

By le È ling

k1r-r- k2 j.+ k31u

32
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v Ë k.".+ \z+ ksz

X = ht+ r4l.2lt r5k:t

Y = 1 - krZ* r4k22- t5k32

Equatlons (4.2L) to (4.27) can be rewritten as

G2-

G1

G^
J

E
G^

J

%

G,

%

G,
4

4
5

E

G-)

%
L"32

:
x

(4.28)

(4.29)

(4.30)

(4. 31)

(4.32)

(4.33)

(4 .34)

1-u-v

J- -u - nrv

1-u - n.v

n*Y - X

'tt

Þ*12

kzt

o22

k:l

r5Y - X

Equatlons (4.28) to (4.34) nusÈ be consi-stent; i.e., vre nlust have

Y-.X

Gz

Gt

1.

^12

rt

G"
J

E
G.

J

E

1*u-v
(4.3s)
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Gz

G1

G2

G1

Gt lt*22

Ç

o32

Ç

ç4

G4

Gz

1-u-nOv

nOY - ï

1- u- n

n5ï - X

(4,36)

(4 .37)

Upon letting

Gs

Gt

G-)
%

kl.z

o1l

*zz

Hr.

Hz

H^
J

k2l-

o32

^31

ne recognize ínnediately that Equations (4.35) to (4.37) are sinilar

to Equations (1.l/) and (3.29)

(4,35) and (4,36) síve

Hr(1-u)t'v

Thus

n.
4

(4 .38)
ll, (1-u-v) + v(1 + Hr)

o].2

Ç
(1-kr1-k2 

1-k3 r-k rr-k r r-k r r) + ( r + P. ) (kl 
2+k2 2+k3 2)"21 '
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and (4.35) and (4.37) yield

H3 (1-u) l- y

5
(4.3e)

Ìl(l-u-v)+ v(l t nr)

it " 
- krr- kz1- k31) + (k12+ kzz+ kzz)

ff ,r-orr-or1-k3r-k12-kz2-k32)+(1+ ff ,,urr*orr*orr,

4.3 ADAPTOR WII]H REI'LECTION-FREE PORT

If we choose to make port 1 refl ectíoa- free, then according

to (2,L6) we have

Sl.nce

Equatlon

tion of

4.4,

9rl.2krr = 1" - trr,2krr - 93r.2k3r (4.40)

9Lt= qZl= 93t= I ' (4'40) can be \,'ritten as

2ktt= \= r - 2(k2r+k31) = 1 - t: - i., (4.41)

(4.41) allows us to elininate one tru1tíÞ1ier in the realiza-

S . The resulting modified r'¡ave f 1or'r ilaera: is sho'.m in Fig.

Again, for the practi.cal purpose of design, rie calculate the

jnput resjstance R.n of the netrrork si:oi¡: i:. l:¿.-.5, the input resj;-

tance Rí., is given b1' símp1e net\,¡oïk ana.Ivsls ¿¡



tr

^2

"3

a,
.+

a_)

t4

n,

l- ;

bt

bz

b3

b,

bs

Fig. 4.4 Darllngton D adapÈor \,rith porÈ I reflec tion-free.

!
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tt

+

1 : n,
t+

I : n-)

R,
4

Rztl

Þ,.3

Ì'lg. 4.5 Clrcult used to calculate Rl.,
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R.
l-n

h
i1

)1\2
R2(R3+R4+R5)+R3R4 (1-n4) -+R3R5(1-n5) "+R4R5(n4- n5,

.-.."_2 ',)

R2+ ,(3+ nO RO+ ni R,

(4.42)

4,4 CAICULATION OT OUTPIiI ERROR

IÌì this seclíon' ¡,¡e calculate the error of eaih output ín the

general- case uhere all the Eul-tiPliers have been approxiuated¡ i.e. '

n-
4

n_
5

)1.I

n-
4

n-
5

9..
].

ô-)

ô.
4

(4 ,43a)

(4 .43b)

(4,43c)Ài ' for i=1 to 6

By definlng

s = aL- a3- a4- a5

r = az- a3+ nO(-aO)+ n-(-ar)

as shown in lig.4,3 , r.'e have fron Rules lI.2 and Il.J

0
s

(4.44)

(4 . 45)

(4.,16)

(4 . i7)

since ,1o= ul t a2x= a2, o3o= .3 , a 
LJ,<= 

e.4 ano u5r,= ,,5

Ily inspection of tlìe wave f 1or'r dia¿ran shcr.-n itr Fig. '. 3 enci by usíu6

tt 6. (-a.)+ ð-(-a-)- :."- + e .¿+' 4 )- J or. n-,)
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Rul.es TT.2 and ll./r , rve can write

tb gles+ Àls*+ t?r.r' ¿2tr+ \z'on 'lz

e,1., + é1.- + 9"2 eL+ ).rs*'r- lrto
'L '2

¿3es+ l3s*+ 
.uT, r+ 

9" +'t+ À+"o* 'I+
,Trn ,70 + .Q,4 er+ l3s*+ À4t*

g,e + À-s.+ ¿) + 9".e + l-t.+ â15 s 5 x r5 b t b x *6

e! + Ê1, + g-Ê * À-s.* ì-t.L5 L6 b t 5 x b x

3

b,
4

(4 .48)

(4 .4s)

(4. s0)

e_
b_

5

e,=e-+e-+e-bl o3 oA o5

= tLrn t?, * tLr* tLr*'To* eT6+ Q'2+ t'4+ t'ì eL

+ (À1+ 13+ trr)so + (12+ 14+ À6)t* (4,s1)

e. = - c + ¿. + r.r,¿. + ô,b,. + ea l- n-c, + 6.b.." + etuo2 a o3 4b4 44Ë 14 ,05 ))n t5

= t?,-* 
'T'r+ 

naGlr+ c?o)+ "r{c¡r'+ c¡u) - c. + c;.

+ U,Z+ n49,4+ .596) .. + (Àl+ n4l3+ nrÀr) sn 'r efi,

+ (Àr+ n4Ào+ 15À6) .n * 64b4n n ô5b5o (4,52)

This concludes Ehe derivation of the wave ad¿.tPLor íor tlìe l)arlington

D-section, In the next chaPter' \,/e will derive an adaPtor for the

'Jlwin"T s tructure.



CHÂPTER Y

THE TWIN - T ANA?TOR

In this chapterr the derlvatlon of the wave adaptor of the

l'win-T structure does noË follow Èhe apProach gíven in Ch"pt"t" III

anrl IV but it rather follows closely Martenst and Meerk'ótterrs deri-

vatLon of the Bridge-Tee adaptor 1271.

5.1 WA}E TLOW DIAGRAM OF K

the 8-port of ínterconne c Eions of the Twin-T structure toge-

Èher wiLh the chosen reference direcEíor-rs for the Port vâriables is

s hoB/n fn ¡ag,).r'

By inspection, Èhe number of "treei" ports ís four' Therefore,

if we derive K directly from (2'6), the wave flow diagram of the Twin-

T structure would requÍ-re sixteen multipli.ers, nine ol r^rhich are depen-

dent nìultipliers. IË would be cunbersone to determine the necessary

dep enclen t-nuJ- Eip lie r equations. To avoid this (tjfficulty, \re \"¡i11 derl-

6L
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l_

u7

i
Ĵ

+
+

J

f-.?
t)

6

Itr

+

F
A B

i1 í2 z'f

t5

+

+

+

îLg, 5,2 NetL'ork used to cel-culate K

+

J--.l

D

Fig. 5.1 Reference network in t erconnec t ions of the T\'¿in-T

R3

i,

A B

+

R.
5
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ve K fron lt-s ¡leEworl( interPretâÈl.on a¿ aentj-oned fn Chapter lI.

Tllus, porE ):esistances âre connected to the t'treerr pol:ts 2,

6 , 7 , I and port resisÈances in series wltll vollage sources al:e .con-

nect.ed to the "linkrr porls 1 ,3 r 4 ' 5 as shor¿n in I'ig.5.2.

To obtain a r,¡ave flol{ dÍagram for K , lhis nel!¿ork is no\r

anal-yzed in successive steps to relale the rrEreeÚ voLtages v2 , u6 ,

t7 , rg to the 'rlinkrt source voltages .l , "3, eO and er. MultÍ-

plier coeffi.cienËs are deflned as required in the analysis.

The first step is to apply Theveninrs lheorem to !íg.5.2 Èo

obtain Fig. 5 . 3.

Fj.g. 5.3 Network obtained from Fig. 5'2 upon

apPlYing Thevenlnr s Theorem'

çhere \ is the. input impedance and oT is the..open circuiÈ voltage

of the net\,'ork shown ín Fig.5.4'

Analysis of ttlis network by superpositi.on gives

Rr.
+

^ (s.1)

^

\

+ tr

where

\
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+ Ð +

A B

R7

+

uT

R-
t)

\ R2

Fig. 5.4 Net¡vork used to calcul"ate RT

+ -B

Fig. 5.5 EquívalenE ¡)eLl,¡ork of the networlc shoivn Ín Fig' 5.2.

T

A

+

F

R-
5

Rz
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À = R2 cR6+R7 ) IRs G4+R8)+'Ir4 CB' 1-R' ) J+&OB' CR2R6+R3ß5)

+R4R5R6 (Å3+R7 ) +RS (¡2+Â4+Rs) I R3R7+R6 CR3+R7 ) i cs . 2)

Ào= R2 I (R3+Rs) cR4-t-R8) +\ Gt7+R8),1 + (R3r'R7) Iß4R5+ßS cß4+Rs) l

+R2 I (R3+Rs) (R6+Ri) +R6 G7+R8) I + (R5+RS) iR6R7+R3 (R6+R7) l

(s'3)

and

"T = 43.3*AOeO*Aret (5 .4)

(s .8)

wh.ere

By deflning

Rt
A1

Iì.1+ \

we can write

tl = (I - At)"1 * Ar.,

= (r - Ar) e, -l' Ar CAaerì- 44.4* 45.5)

and Ì'ig.5.2 can t¡e redrai'n as sho'*m in Fjg.5.5'

o, = 
þt 

R4R7(R2+R5+R8) + Rs(RsR7- R2R6)l (s.s)

oo = \ {n, [{n.+nr) (R6+R7 ) +R6 (R7+RB) ]+(R5+R8) IR3(R6+R7)+R6R7l}* A^ L r 

,r,r,

o.=*[R6R8(R2+R3+R7)+R7(R3R8-R2R4)] (s.7)
-A

(s.e)
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.The fo11or*'ing steP consists of dpp),ying Theveninrs theorem Eo

I'1g. 5 ,5 to obtain Fig.5.6'

+ +

+

Fic

R^

R.B

Al

ó

5,6 NeÈr¿ork obtaÍned from Fig. 5.5 upon

applying Thevenints Theorem,

r¡here

rull Rz

nrlI nu

R7

(5 .10)

(s.11)

(s.12)
R6+R7

(s . 13)
R, + R^¿tó

R-. llR-- denotes the Parallel equivalent of Rx and Ry
x" y

Applying Thevenin's Theorem once more to ¡'ig'5'6 yields the

following F1g.5.7 , fron which we have

R8

The no taÈion

Az

R5

R2
AU (vr- eO)

,h

+

R,+ R_ + R.:¿5.ó
(s.14)
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RA R^
3

R2 I l(R5+ \)

T

Fig. 5.7 Net\,rork obtained fro¡n !'ig. 5.6 upon

appLylng Theveninrs Theorem.

+D

¡Íg.5.8 Nelwork rrsed to deternìlne tg

ï

ArlAu(vr-e.)- erJ

3

+ +

A^(v"- e,)

hR-
5

++ tB



6B

By definlng

R¿f
L-

t) \+ Rs+ tR2 ll(Rs+ \)l

As

\+ R:+ IR2 i I (Rs+ \) l

!¡e obÈain from ltig,5.6 and lig'S.7

rcB = er+ An {(Arvr-er)- ArlAr(vr-eo)- erJ}

u2 = (Arvr-er)- eu { (ervr-er) -Ar lAU (vr-eo) -e, J i

(s.1s)

(s.16)

(s.17)

(s .18)

(5 .le)

(s .20)

u7 = tcB

and from Flg.5.5

t6 = tr-

vl-

u7

The remalning v, can be deterrulned by exanining I'ig'5'8' tsy lettlng

^lo -
(5.2r)

we can wrlte

tB - (t2+ er)- Ar'[(vr+ er)- Ar(vr- e,)l $'22)

The equations (5.9), (5.17) ' (5.18) ' (5'19), (5'20), and

(5.22.) determine the sought wave flow diagrart for: lhe natrix i( !ühích

is shown in Þ'ig.5.9.

R-
5

--.*5ô



T

e^)

"4

t5

a

,2

u6

tB

P

Iig. 5 . 9 Wave f 1or,¡ <ilagrarn of K,

ô\
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5,2 WAVE ¡'LOW DTACRA,M OF Tli]N-T STR1JCTURN

¡roù I'ig.5.1, we can write

1t

13

l-,

is

íz

1-
t)

t-

ig

10

01

00

00

0L

-1 0

-l -l
00

00

00

l0

01

0L

-1 0

-l 0

1-1

_T.=otg (s.23)

i1

t3

t.
4

t_
5

Hence

B t

['

l1

I'
Lr

-1

0

-1

0

-l

-1

-l

0

0

0

1

-1

(5 .24)

(s.25)

and the S matrix of the TkTin-T structure can be written as

i=' 'l['
L o ulLo

e "l Fu

"'_ll,-

0l lî

'l It

B

U

The r:esulting wave florv diagram of the T\^/in-T ad¿lptorî is thus shown 1n

FÍg.5.10. fhe real.ization requires a total nunber of ten nultiPl-iers.
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^3

a,

)

^2

a-
f:t

*8

¡'ie. 5 10 llave flow diagrarn

of the T\,ríÂ-T

adaptor.

-1

-1

9."ft\

u2

t6

tB

-1
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I
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2

b1
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J

b.
4

b.
f

bz

t)

bl

b8
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5.3 DEPENDI'NT-I',TIJLTIPI,IER EQUATIONS

Since the Trvin-T structure has B ports, the number of índe-

penden! multipLiers is seven. We can choose arbitrarily AL, AZ, L6,

A7, Ag, O9, Al0 to be Índependent multipliers and \re will ï'tite the

dep endent-mult Íp liers equations for Ay AO, and A, by seekíng first

to deÈermine the port resisËances from the independent multÍpliers,

From (5.12) and (5.f3), \re can r.¡rite imnediaLeJ-y

(s.26)
R7

,.0

5
R,

4

r- Al

I -^-"8

Fron (5.14) and (5.21), we can write

':o, = 
or*\

Az .Rz

(5.27)

(s.28)

(5.29)\1- Ato
R-+R5A

Multiplying (5.2B) by (5,29) gives

\ _ *+ | l*a _ o+ 
___1q_

R2 R2 R2 R4* RB

(r- ero)(1- Ð
Ãz

(s.30)

Since AB
R8

R4+ R8
r¿e have frou (5.30)



R,
4

^,
Dfvidlng (5.29)

1-A1o

\.0

from which we have

SubÈracttng (5.16)

(5, f6) yÍelds

ou- on 
=

A9

(1 -\o)(1 -A2)

AzAS

by AfO gives

(s .31)

(5,32)

(5.3s)

(5. 36)

R-R,R"R¡.)+o'4
; 

=; 
.** 

=;
-'5 -'5 -'4 "8 "5

õt

* -,.L
JOt

AB

R-)
;

4

As Ato
(s.33)

1-Ato

from (5.15) then divldiDg the difference by

R6llR7
(s .34)

R3

RA

R3

Since A7
R7

R6* R7

"6 "9

^^"1 "9

we have

R6

R3

¡'ron (5 .15) and. (5 , 16) , ru'e cån wriËe

I - A_
6_-^,

R2 I l(R5+ \)
R3

"2 "5' \
r.r- 

^r- \ -\
R-

5
Ãz R"

1

Ato

Since

R2 ll (Rs+ \)

(s . 37)
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we have from (s.36)

Alo (r - A6)
(s.38)

Ag Az

Upon l.ntroducíng Ehe notation

A=L-A(5.39)xx

and uslng Equatfons (5.26), (5,27), (5,31), (5.33) ' (5.35) and (5'38) 
'

we can rvrite the foi-Lowing

R-
5

"J

R.
o

; J

Rs

R^
J

R,

4
R7

R"
.)

R2

R3

RB

R"
.)

A6-Ag

.Aj Ag

oro Ãu

Az Ag

Ãu Ãro 
-

Âz Aa 
^g

"6 "9

Ãz o,

A-
É)

Ã, os

(5.40)

(s. 41)

(s .42)

(s.43)

(5 .44)

(s.45)

R. R-45

\\

R_ R-/6

;;

R^ R,

;;43

ð¿r

v\
"6'^10---_

Az Aa A9

Inspection of (5.3) and (5.6) allows us to r,rrite



Br

-81B1+ 82

I
A,

wh.er:e

Instead of using (5,47) and

(s .47)

(5. 48)

(5.48) to evaluale AO , 1et us define

(5.4e)

(s.50)

1+
Bz

"t

(5 .46>

(s, s1)

31 = R2i(R3+Rs) (R6+R7)+R6 (R7+R8 ) l+(Rs+R8) IR3 (R6+R7 ) +R6R7l

82 = R2[(R3+R5) (R4+RB)+R4 (R7+R8) ]+(R3+R7) IR8(R4+Rs)+R4R5l

x=
B1

R;

Bz

ni
J

and

Y

then by using Equatíons (5.40) to (5.45) , \,¡e carl \'/rite

Ã.{eo-an) IÃreu{Ãraro+Ãro)+Ãu {Ã*aro+Ã -Ã. ^)+e^¡,Ã^ l

_?

^2"2^g ^Jnj"g

_a-
A; AlolAi(A9+A6) +(Ar,-Ac) {Ãr+rrÃr) I

_ a 1-
^ 

À' Ä- -\ ô I"2"2 "9 "l'^8"8

(5. s2)

and our first dependent-multiPl.ier equatíon

1

-Y1+ -

A4

X

(5. s3)
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Irom (5.46), (5.49), (5,50) we have

A
I= Br.+8, = Rã(x+Y)

and (5.54) we ¡can write

R4R7 (R2+R5+R8) +R8 (R5R7-R2R6)

-

R:
J

x+Y

x+Y

(s. s4)

(s. ss)

(5.56)

Froü (5.5)

l.I

.l

if r,¡e def in.e W as the numerator of 43.

AIso, from (5.7) and (5,54> , r,re can wrlte

:)

x+Y

x+Y

íf we define Z as Èhe numerator of A5

Again, irsing EquatÍons (5,40) to (5.45) allows us to wríËe

-)-(A6-A9)A; ArO [A7AZ+ A2(A7AB- A7^8)]

".*oé oí ot^zoa^toe

(5 . s7)

(A6-Ae) Ãr0Ã6{A8 IÃ6Ã7+AeÃ2Ã7r-(A6-Ae ) Ã2l+47 IAeÃ2AB-Ã6Ãs I }

,1

o, Ã, oà Ã, Ã, 'r, eu

(s.58)

deteruìirìe compl crely the lasL two dcpcn-Equatíons (5. 55) to (5.58)

dent-mu1tiplíer equatlons.
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From (5.8) , \'e can !,/rlte

R1

\

\

A1

1-Ar

Using (5,54) , (5.1) can be rewritten as

(s.se)

(s. 60)^
nl tx+vl

fro¡l r'rhích we derlve

^
RI

(s. 61)

R3 X+Y

We note thaÈ the numerator of (5.61) can be evaluated using Equations

(5.40) to (5.45).

Multipl.ying (5.59) by (5.61) yields finally

(5 .62)

L

.)

At

Ã,

R1 \

\R3

Rt

R^.'

^
----=

x+Y

5.4 TWIN-T ADAPTOR WITH RD¡'LE CTION" FREE PORT

By choosing porL 1 as a reflection-free Port, rve have



Rf = \ and from (5.8), we can \^rrite

AL
R,I

-t- \
(s. 63)

Absorbing Èhe facËors 2 ín 2K lnside Èhe r,'ave flow dia-

grarn of K shoLrn in Fig.5.10 ç¡oul"d enable us to deleEe the nul,ti-

plíer A, ln the r,rave floro diagram of Èhe Tlrin-T adaptor. Thus the

nunber of multiplÍers is reduced to nine,

5.5 CALC1JLATION O¡ OUÎPUT ERROR

For the lwin-T adaptor, the calculation of ouLput error is

rnore complícated due to the complexity of the \./ave flo\r diatran of the

matrlx K . Let us âssume that llìe dependent nrultipliers A, , AO and

A5 are qualltized values used ín hardrvare; i.e., t.'e have

.\, ^lI. = A.- ð, , for í=3,4,5
1al

1
2

From the wave flow <1íagram of K

^' ^.". + t-e-F = A3u3 * Au t+ ))

a = ô +^ t" "1 "1'

ìl = C_ 
"4

N =i Arì.t - e,

U = ^ 
l:- ô^' "7" "3

as shor,¡n in lig.5.9 , 1et us define

(s.64)

(5.65)

(5. 66)

(s.67)

(5 .68)

? ' ..:.
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w = u+(-Az)N = Ìr+ AåN (s.69)

Þ = ô +ì, (5,70)' -5 '2

ñ = p-aru¡ (5.7L)"8'

We not.e that â1.1 the lndependent multipliers have no quantizåËion error

and thaL the notåtlon Ar denotes -4.

these newly defined expressions allow us to wrlÈe

v^ = H+A) I,I (5,72)¿t)

u7 = uZ t "3 * À9 I4r (5.73)

t6=G-u7(J'74)

'B = P + AioQ (5.is)

Notlng thaÈ the inputs .1, .3, e4r and e, have no truncatíon error

and appLying Rules IL1 to II .4 to Expressíons (5,64) to (5.7f)

yae.td s uccess1very

(s.76)

(5.77)

(s.78)

(s. 7e)

(s.80)
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(47+ AåA8) ec + Aå Ê

c
u2

a, +'"4, + te; (s. 81)

(s.82)"P

"Q = tp - 0N = tp * AB tc - .Au (5'83)

Applying the sarne rules to ltxpressions (5,72) to (S,lS) gives

tu, = tH + A¿ et,t + uA¿ (s.84)

'u, = 'u, 
+ A9 ttr^I + tAn

= 
"H 

+ (A¿ + A9) ¿I{ + eA, + "o, (s,85)

ttu = tc - "t7 (5'86)

^ r Át ê -L."u, - "p - ^lo tQ t tAio

1r+ aio) (eH+Aåel^¡+ÊAr)-AioAs.c- Aio.au* ¿a;o(s.az)

To simpllfy the expressions of the output errors, \re choose to express

each outpu! error as a function of eG , The exact expression of each

outpuÈ error can then be obtained by replacíng eG by its value given

by (5.77) .

Inspection of the wave flow diagran of the Twin-T adaptor

shown 1¡r Fíg,5. l0 yíelds

u2
e

6
Al

to,

tA7'r-Äå(47+^åAr) Je. + Aå(Ai'oa*'¿å*.nr, * .n

(5.88)
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D
e

u7

lA71' (Aå+ Ae)(A7+ AàA8)l ec + (A¿+ Ae)(Aåuo**reà*.or)

b. v-bt)
eb

, + e. )n7 
^9

+ (e .,+ e
tt

-G

. 'r t',n7 ng
(e^,*

b

(s.s9)

(s. eo)

IL-47-(A¿+Ae)(A7r- AåAB)l ec - (A¿+ og) (oå.or*.aå*.oz)

bo ¿

to,

¡1r+ .tio)(A7+ A¿A7+ AåA¿A8)- AioAal rc - Àiorer* .eio

+ (1+ Aio)ieå(oå.¿s* roå* .or) + (eo,+ eor)J

(5 ' e1)

. 
(s.92)

-A-

.tle . + e^,) *:. (5.93)t^8 n2 
^g

Þ8

t1-(1+Ai0) (A7+A¿.{7+ÀåA¿À8)*AioÄal e. + .rioe

¿.
b3

ê-Lc-b- "b- "G
ot

¿ - e = A^L- +u7 u2 9 tì

A9 (Äi+AåAs) .cn .{9 (.¡rn

- -Lê
h- v v_ v-46tó "G

^g "lo

(s.e4)t* E

6

. )l
^j

and finally

- (r+ .,\l^) tÄl (e . - eie. +e ^,)+(e ^_rvo^7r^gn).\
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t oB õ2

AiO(A7r- Aå47+ l\åA¿As - As) .e + .¿io

+ Ai0t A¿(eA7* nå"or* ea;) + (eo,+ rA, - rAr)

(s. e5)

Having caleulated the output error of each adaptor and having

ot¡talned the necessary wave floru diagrams, \,¿e are now able to present

in the following chapter a deBign procedure using the lnvesÈígated

adaptors and a magnttude truncaLlon scheme which guarantees the zero

lnput asyûrptot.íc stâbi1Íty of the wave sÈructure.



CHA?TER VI

DESIGN PROCEDURE AND S TGNAÍ, TRiINCATION SCHEME

In this chapter, a general kTave cascade deslgn procedure from

a recfproeal analog ftlter is ouÈ1ined. Then a sígnal ÊTuncaËion sche-

rne to eliminate granularíÈy and/or overflow oscillations ís given. Me-

thods and means of simulatiolÌ of the hardware realization are presented.

Finally, three Íllustrabive exampLes of r+ave digital fllter using Èhe

invesÈigated structures are des crÍbed '

6.1 DESIGN PROCEDURE

It ís well. known that any linear'lossless, re-ciProcal, conli-

nuous-time reference fÍ1ter derived from Darlington câscade synthesis

or from Fettweist trânsfer matrix factorízatío'r- method requires for

its realizatton the fo1lowÍng reclprocal zeto-producing seclions :

L) the zeroth-order section such as the two-Port transfornter

whlch can be real.j.zed dígi.Èa1ly by Fettr^¡els lJ-01 or Nouta

t231.

83
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2) the first-order secÈ:f-on whicli consists of a reactive e1e-

ment in series or in shunt and vhich can be realized di-

gítâl1y by Fettveist n-Port adaPËors ll1l.

3) the seeond-order secÈions such as the Brune section and

the Dârlington C-sectÍon wfr-ich ean be reallzed diSitally

' by the adaptors given in Chapter III.

4) the fourth-order aection such as the Ðarlington Ð-seclion

which can be realízed digitally by the adaptor investiga-

ted Ín ChaPter IV.

Since these basic adaptors all have a reflectlon-free Port, a

wave cascade synthesis ¡qhich lranslales any linear, 1oss1ess, conti-

nuous-tl-ne refe::ence filter derived from DarlingLon cascade synthesis

or from Fettweist transfer matrix factorization method into a vave di-

gi.tal. form is thus possible, Srtch a general design can be outlÍned

as follows :

A) Fron the reference filter, r¡e can idenËify the c¿scaded

zero-producíng sections and drav¡ the equivalent k'ave casca-

de realizatíon using lhe reciprocal zerolh, first, second

and fourEh-order wave adaPÈors.

B) l{e choose the reflecLion-free Ports for the directlv con-

nected adaPtors of the equivalent wave cascacle realization'

This usually leaves one adaPtor \tiÈh no reflection-free

port.

C) For every adap to r

c.1) l^le altribule !o eaclì port resistânce its corLesponding
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parameter r. inrposed by Èhg elenent or source to \thich'1

the port belongs.

c,2) In case of a reflectlon-free port, the port resistan-

ce must be set equal to the input resLstance Rir,'

c.3) Fron the sets R and N' we câlculate the set of mul-

típliers T=MfH

( + denot.es seÈ union and R, Nr T' M and H are already

defined in Chapter II )

c.4) Gíven a certain tolerance on the sets R and N, we

quantlze the set M to get â suitable ""t i .

c.5) From the seÈ M , we calculate the set !l usíng the

dependent-muLtiplier equaÈions.

c.6) From the caleul-ation of the output error and from the

choice of the implenenÈation of the magnitude truncatlon

which is necessary to suppress zero lnPut oscillations '
and i,¡hich will be described in the next section' \'¡e can

decide on the quantizâÈ1on of

c,7) Using the sets M and I{ , \,¡e calculate the nev¡ set

of por:t resisÈances R whÍch is to be used in the cor-

respondílg adap to rs '

c,8) We repeat sleP c.l to steP c.8 for the next adaptol:

6.2 MAGNTTIJDE TR1JNCATION ¡'ßTI'IO])

^tuH to get the set H

The calculaÈion of the outPut errol: of the itlvesLigâled struc-
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tures has produced the fo11or'rLng result' 'If b is the exâct outPut of

the associated linear fllter of ¡¿fuich all tlìe dePendent rnultípliers are

reaLízed exactly and all Lhe T¡ultlplicat ioDs are- carried out exactly

(wlthor.rt any rounding or truncation error), then the actual t r-uìcated

output b* of the actual nonllnear filter r*'ith its dePendent nulËi-

plters quantized is

b. = b-e. (6.1)
xÞ

where tb 1s lhe calculated total error of lhe outpu¿ b

If N ls the tolal nrmber of nultiPliers of the realizui ort,'"

flor,r dlagram of an n-port network, then we can write for each eO

using for exarnple Expression (3.48)

,N
e- = X x. e,

b,l-l-

N

v, l1. 'f L,.I L A
(6.2)

where

x. and y, are positive constants detern.ined frop the cal-
AI

culatÍon of error in a Particular adaptor.

¿, 1s the truncation error after nulliPlier í
I

ZO is an ampl i tude-dePendent explessíon r';hích can be \qrl-tien

explicÍtly as

K
tzt z. ( + t... )1-]-^

(6.3)

where

z. are posiLive consLanls derernined fro¡: tne caLcu'ì"atiott oi
1'

error; z. are f ur]ctions of the qtlåntízacion errors of the
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dependent multipliers; j-.e,, 
"l = t. (ôf,ô2,. ,. ,ôr) ; ( L

is the total" nurnber of dependent multipllers )

Ai* cân be âny ínput a. ! or any outpuL b.r or any inËerne-

diat.e txuncated result inside the filter.

The -l- or - sign insíde the brackeËs is deterained by Ëhe

numerícal- calculatío:ì of output error.

The Theoren in Chapt.er II has given a sufficient condition

thaË guarantees the wave adaptor to be âsylÛptotically slable for zero

inpuE. Let b, be thè modified outputs, then Ëhey must satisfy

lbi I ¡.r1 (6 .4)

l,et us assune that the hardware leålization uses fixed-point

arithlììetic wlth twors complement represenEation for the signal-s bet-

ween building blocks. If there are n birs d0, dl, ...., dn_l ín a

nunber, lts vaLue is glven by

dol dt-d2d3,.. .. . d,n-r = - ., - 
;¡l 

uu

The highest valr.re which this nl¡nber can take is

lowest ís -1

2 * (6.5)

- ^ --:ì1-IL- ¿ ! anq rne

We note thaÈ \,re nusE provide enough additionai iront 'Òits

ínside the filter to avoíd discarcling any possible overf Iot,¡ i;hích na1'

occur before Lhe output stage' Thj.s can be done by inspection of the

wave flow díagran. A rul.e of thunb is to proi'ide n eaditic:el- ')iEs

for an adder of up to 2n inputs. Thus, t,'e have to Pro\-1i¿ iour adcii-

tional front bils for the l3rune, Ehe Darlington C a::d :r 3Captor if



BB

all the multlpllers are Less tl¡ân 3. , Jrr.ì four additlonal fïont bíts

for the Twln-T adap !o r.

,A.galnst possfb1e overflow oscÍl"Iations when the output is

elther greater than I or lo\.¡er than -1 , any nunber bO of the forn

(6.5) sarÍsfles (6,4) tn elther cãse ând is thus åcceptable. Hence,

we can reduce the output b either by â saturation characteristíc òr

by a "rnoclulo 2'r characterisLic as mentío¡ed by I'ettweis a¡rd ìfeerkõLter

[16] , and by Claasen et a1. [5]

Against granularity oscllJ-ations, wê can use the folJ,owíng

scher¡e. Lel us define

N
S^ = an upper bound of X x. e. = (Y i=l '

T

i=1
*i.i)In"* (6.6)

S_ = an upper bound of I y, e. = (
" 1=r t ¡

N

Xy
i=1

These bounds are easily found by letting, for example, ,i = 2-*1

For each ,í of (6.3), we can fj.nd an upper bound Z, r,¡hich Ís given

by Èhe quantizåt.ion characteristic shovm in FÍg.6.1 vhere q = 2-m+1.

i ei)ru* 6 '7)

f or z,
a

z.
J.

5q

4q

3q

2q

q

o

Fig. 6.l Quantization

châracLeristic

9, 2q 3q 4q 5q tL
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To obcain the correc¿ed outputs, i, fron the actual output

brn , the followlng logic flor+ diagram is giveu Ín FÍg.6.2'

Care should be taken \rhen the TnagnÍtúde of b* is less than

one of the upper bounds' To avoid error l-n thaÈ case' the outPut ís

simply set Eo zero whenever there is a change of sign after each cor-

rection as shor¡n in Ffg.6'2'

Since the Zrt t ^t" equaL to a power of 2 ' the producE

;. ( + Ai*) is simply obtalned by retainfng some of the nosÈ signifi-

cant biÈs of Aro. Therefore' no extra multiplier is required in the

ueaLlzation of the J-ogic flow diagram of. Tlg.6'2, ¡'or example, a possi-

ble hardr,¡are realization of the logtc flow diagram of Fig.6.2 t'iith

Y, = 2 is shown ín I'ig.6.3. We note that there are K iEeraLive ce11s'

Eac.h iterattve cel1 contains two exclusLve-or gates and one adder'

The rradd enable" j"nput of the adder (1) is controlled by the Oth

bit of the oulput b* which adds lhe Preset (- Sr.,) or ( sp) to b,k'

The exclusive-ór gate (1.) deÈects tlìe change of sign and clears

the ouËpuL regíster. The quantitíes lZ1 Ai* need not be stored síi'Lce

Ehey can be wíred dírecÈly from the Aro. the ouËput of the exclusive-

or !1ate (2> will enable the adder (2) to add +Zi Aix or O to

t'lìe input of the adder (2) Again, Lhe ouLpuL of the exclusíve-or

gaËe (3) r,¡il1 detect the change of sign and wiil set the oulPut re-

gister to zero, The oPeration of the next lterative cell is ldenEical

to Lhe first one.

Since the availabl-e range of the hardware is [-], 1 l, v¡e

have Lt-.| < I for i = 1 to K. Thus, it is possible to find
I t?r¡
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do= o do= 1

Fig. 6.2 Logic fl"ow diagram used to modify any ourput b,^

to satísfy lhe åsynpt.otic stabíIiry condition.

Actuâl output ,b*

b-> 0?

n
Èo b-

Add ( -s Add S

to b. P

í=1

b*>o? b. > 0?0b

i=K i=K
b b*

+A,.,) >0 zr(:lÀr*)
b*

Add

to

i = i+ 1



Èh
0 bir

Retis Ëer
Clear

b.

0 0

(-s) (s)nP
(2)

bit
Preset Èo 0

or 1 depen-

dlng on the
LogÍc flow

ot" bit

(4)

th
0

Preset to 0

or 1 depen-

ding on the

logic f l-ow

diagram. diagram.

Iig. 6.3 Posslble hardvare reallzatlon of the l-oglc flow itiagran shown Ín Flz. 6.2 wlth K = 2.

10
P

OUTPUT REGISTER

(s)

oth bir

Enable
Add

(3)
ADDER

tz uz*

o"" brt

Add

(2)
ADDER

"1 tln

oth btrEnable

(1)
ADDER

Add



OJ

do= o do= I

Actual output

b^.

slgn bít of
Check

b*

bO= bo.l".( sp+ zu)b0- bo - ( Sn+ Zu)

0b
sign bít o

Check

bo
sign blt

bo

Check

b
0

b

F1.g. 6.4 Alternale logic flow díagram for mâgnilude tÍuncation
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an upper bound of ZA

KK
zr, * ( .r- ri lr\i*l )"u-,. = ,t (6.8)* l.=1 i=l

An ålter:nale way to l0odify the outputs b* Èo saLisfy (6.4) is nor¿

glven by the logic flor,r diagran shown in Ii8,.6.4.

A possible hardware realization of this logic flov diagram is

shovn ln Fíe, 6.5

- (sn+ zu) (sp+ zu)

b*

cleâr

Fig. 6,5 Possible hardrvare reafizalion of the logic

f lor'r diagram shor,'n in Fig. 6 ' 4 '

Ìrher:e the Oth bit (the sign bit dO) of b* w!11 enabLe the adder tc

acld - ( sr+ zu) or ( sp+ zu) Èo b* anc che output re;ister is

cleared íf lhe outPut of the exclusive-or gate ís I ì i'e', Íf there

ls a change ol slgn.

Thd hardware reallzaÈiôlì of such a logj.c diagrarn is much si¡:r-

OI]TPlIT REGISTERADDER

Register

-Eh . .u br-toth btt

Add



94

pl-eï than the prevlous one since- the¡e aie no iteratj-ve eeJ-ls, llowever,

to avoLd large error, Zu nust be comparable 1Ír magnitude to SO and

Sr., , hence a loDger r47o rd length representation for the depeDdent mul-

Elpliers is necessary since the ,L'" depend on the quanlization error

ôrrs. T'hus, thê choice of ôt 1s deÈermined by the magnÍtude Lruncation

method used to eLiminate parasitic oscillatlons.

6.3 SIMULATION

Having calculated the sets of nrulti-pliers i .rr¿ ft , ru

sinulate the fÍlter and obtain the impulse response of the !¡ave digital

f11ter.. A PDP 11/40 rÌin1-computer bas been used for the task. It is a

16-biÈ general- purpose computer using twors complement arithnetic !¡ith

8K of core nemory, The prograrnmlng languages used are

a) BASIC : By using BASIC, all arithmetic operaLions are

performed in floating-poínt r,/ith great accuracy Èhus there

ís â1host no truncatlon error'

b) ASSEMBLER : By using ASSEIIBI,ER' all the arilhnetic oPe-

ratl.ons of the hardr¡are wl-Lich. uses flxed-point aritbnìeÈíc

v/ith twors conipl.ement rePresentaEion are simulated irr

software, Magnttude truncation of every oulpuL signal ac-

cording Èo (6.4) is inpLemented.
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From the calculated irnpulse response using elËher BASIC or

ASSEMBLER, Ít is possible to deÈermine the frequency response of the

simulated flller by uslrrg an avaLlable subroutine language called

SPARTA whlch conputes the FFT of thà imputse response and yields

both the nagnitude and phase rèsponse of the fllter. A graPhics ter-

mlnal rvllj-ch is part of the PDP 11/40 sysËem ls used to display those

resPonses.

In the following section' we Present thl:ee illustraÈive exam-

ples of fllters using the Brune section' the Darlington D-sectÍon and

the Trvin-T sec tion '

6.4 IL],USTRATIVE EXAI'fPTES

6,4,f !'lrsË Example : Ilfth-order elliptic low-pass fí1Eer

The data of a ftfth order elliptic low-pass filter designated

as CC 05 20 36 is given by Zverev [31]. Ils frequency response is gi-

ven by Fig.6.6 and its circuit is given by Fig.6.7, where

Rr.= 1fù r cr= L'21"244 T ' c2 = 0'11019 F

LZ = L23669 lt , ca = 1.85307 ¡' ' c4 = 0. 30614 F

L4 = 1.040¡-t s ' cs = 1'.05244 F 'Rt=1Q

l,et us consider the círcuit slro\,J1l in Fig'6.8. First, \re de-
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AÈtenuation (dB)

A = 53. 02 clBmtn

A = 0,18 dB
max

I

I

I

I

I

I r .7 722

0 I 1.7013 2.7089

Nornalized frequency

f'1g. 6.6 AtËenuaEion characterisEíc oí the reference filter

Lz

+

TIg,. 6.7 The reference filter of the first ,exanple

L.
4

R1

tl
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c
v

cx c

¡'ig. 6.8 Clrcult with looP of capacítances (Cx' C ' Cz)

L
v

c
v

c"
X

T
-t c -ix

FÍg. 6.9 Equivalent circuj.t of Iig.. 6.8.

1:n

L

ct'

î

c _T

Ilg, 6.10 Bqulvalent circuit of. Ti.g. 6.9



98

conrpose the capacltance cx into lwo capScitânces and c"x s uch

thåt

c

^t ' ^llu'1_t/-u

ctc +crc +c cxyxzyz

(6. e)

(6. 10)

to obl¿ln an equlvalent cLrcult of Fig.6.8 as shor{n 1n Fig.6.9

Solving Equâtions (6.9) and (6,10) yiel-ds

(6.11)

l¡here c c +c
k=l+Y=zY >1 (6.12)

cczz

Irrom Guillemin [17], an equivalenL circuit of. Fíg'6.9 ís given by

l¡í9. 6.10 , where

)L=Lk'(6.13)
v

L

ç = -- 3- (6.14)
k

(6.i.s)
UfLzv

Applying tlìe above transformaEíon to the loop of caPacitances (Ca' C4'

cr) of Fíe.6,7 yields the circult of I'ig.6'11.

ApplyÍng again the trânsformâtion to the loop of capacitances (Cl, C2,

aä) yields the firral equívalent circuit of the reference filter as

sh<¡wn in F1g.6.1.2. r rvhere

cttx +cx

0

c_v

k

1

n=1--
k

<l

1..133225 H , CAl,
A

0.81.5285 F
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Lz

1:n^

t-

I'ig. 6.11 Equivalent circulÈ of Fig. 6.7

Rt

ur-

Rl

"l

1:n-
B

1:n^

+

FÍg. 6,12 Equivalent ci::cuit of the reference filLer

cz

ct t3 R.
5

cA

L.
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'LB = L.370243 11 , cn = I.989698 1¡

tt ' 0,225338 , tB =0.0499825

cï =1.:o¿la:r , RI = 0.9858390

and r¿hlch uses two llrune sections and a total number of five reactÍve

el-e ents. We can draur by inspeclion an equivalent wave cascade reali-

zation as shor.rn in l'ig.6.13

Fíg. 6,13 Wave cascade realization of the referer.rce fí1ter

which uses one tlìree-port parallel adaptor of l'ett\"eis and Sedlmeyer

and tvo Brune adaptors labelled B, an<l Bb. Port 3 of the para11e1

adapÈor and port 1 of Bu are chosen as refl-eclj.on-free porls. The

sÈructure is canonic in lhe nu¡nber of delays since the order of the

fll.ter i-s five .

Upon irnposing a 5% relative error on the set of dct)endetìt

nultfplJ.ers and applytng tlìe steps of design outlined in Secti.on 6.1'

we have the followlng setr of muLtípllers for: the r¿ave f j-l-ter

T

4

T

2
lrl

4

J t 2 11\
-l

¡
ail

Þ-

b

3 3

?T

2
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a) For Ba

9,,
.ta

I - ¡,^
51
64

-t -q-¿ .f ¿

2'+2 +2-

-L -^I-2 .:2"

0 .2307 s264

-1 _â
=¿-Ì.2

-1=-2"

^-z ^-4 ^-7 ^-8= I -¿ -Z -¿

= 2-3 + 2-4 - 2-6 + 2-9

= 0.047844678

,,
7

t3
b4

59
64

a

0

t.tta

oÄ

b) Ior BO

L+a

78816

13 x 139 9

Lt"

a"2h

l:¡ 256

å
B

-l
8

45

89
5tz

tB l-8 x 23

8653

c) Ior the parallel adaptor

1

16

Upon using the trans formation

0

shown 1n IÍ9.6,14 , whele

a
nC

1-n
(6.16)
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D

Í,

l:n

(-)

I'íg. 6,14 TransforÐ.aËion of ¡he Brune sectíon into

a ladder s tructure.

I'ig. 6.15 Modified reference filLer ¡esulting frîr:x the

quântization of the independent nul-tipliers.

cc

c

L;

t-

"1
R])ci

c; c:
4

cå cl
5
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tb

cc

(1 - n)'-

c

(6 .17)

(6 . rB)

L-
b

1.-n

l- (1 - n)2 (6 . re)

ar]d the above multipliers, \,Je can draw the corresponding rnodified J-ad-

der filler shown ín I'ig, 6.15 , where

Ri = 0.e85839 a, ci = L'2.04s0 r' cL= 0.10468 F

L:z = L24r2B II ' .å = L.B42jI ¡ ' c¿ = 0'31369 F

LL =7.02263 H '.i=L.0457s r' 'RÅ=rç¿

By comparing these ne\,¡ values ¡¿ith the orfgÍnal values, t¡e have at

most a 5"1 TeIatLve error in CZ . Tf rqe were able to reaLize línearly

fhe wave adaptor, lhen its pe::fornance would be slrlLllaÌ to Èhe conËi-

nuous strucÈure shorqn tn Fig.6.15. Instead' due to tlìe finite word

.length available ín the hardware realÍzation, Ëhe quantízed ultiPliers

i. arl¿ f- are used, upon chooslngA¡J

,." ^-2 ^, 
o -rl)ñn = 2'-2"-2"+2-'

t ^-4 ^-6 + Z-10tB = ¿ -¿

and the símplified nagnitude truncation scheme shown in I'ig.6.lr, it car.r

be shorvn that up to 3 bits are used lo modífy the ouLPuts Lo suPpress

granularity oscillations. In other vord, if tl.re signals at the delays

âre represented by n blts of the format dOA dldZ .. , . . . ' drr-l ,
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then the nagniL ude- t run.câ t e.d outpuls are obtained fron the actual"

outputs by addlng or subttacting af nLosf a numerica]- value equal to
1--

7 x 2- " accordÍng to tlle sjgn of the aetual- outpulsi i.e., we add

Íf the output is negalive a¡1d subtract íf Èhe ourput j-s posltj.ve.

SlmuLatíon of the hard¡,¡a're realLzalr|on i-s th.en carried out

by a program \,Jritten ín Assenbler language. Photogrâph I shotJs Lhe

lmpulse response r¿hlch 1s finite due to the nagnitude truncation of

the oul-put , PIìolograph II sho\.rs the at¿enuatíon character:istíc vs

the fractlonal bandwídth t/fs r¿here fs is Lhe samplÍng frequency or

operat-ing ftequency of the filter, Plrotogr:aph III slÌotvs the passband

characte r j-s t-.i c vs the fractioníri- barrdr,¡ldlh.. To corupare Lhese charac-

t.eristl.cs r"¡ith the orlginal attenuaLiorì characteristic sho¡rm in fig.

6.6, these graphs have to be plotLed agatn vs the frequency 0 =

Trf

Thus, the computer printouÈ for Photograph IV glves the

locati.on of zeros of transrnfssíon

,Þ1 = 7.7907

4'2 = 2'822

and the njnlmum attenuation Arir,Ì ín the slopband

Â-.,_= 5L,82 dB , for 1.7158 < 0 < co
nì].n

We lrote that 0 = - rvhen t/fs 0.5

The cotnpuLer printout for Photograplì V gives the nraxlururn ripple A]nu*

ln the pas sb and

þ,_-_.= 0.:,92 dB , for 0 _1 O < 1
max

These values which have been obfained \,¡lthòut usJ.ng'any {teration ín

f-an
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i:he optlnlzatlon procedure are close to the original" specíflcatlons.

If they âre to såtisfy the specifications, one could ahvays go back to

optfmíze the mulriplier. values or to sLart the design with ânother

set of netr,rork paraneters which exceed the ol:fgirìa1 specifÍcalions.

As a possíb.Le application' sucll a flfth order el"l,LpgLc wave

dtgital- ft1ler could be used tn PCM codecs thal convert voíce to

dtg:i.tal. signals as mentioned by Ialk 1321.

6,4.2 Second Exalple : Tenth order equír:lpple delay and afterÌuatíon

. lor,r-pass f llÈer.

The reference fílter of the secoDd exaruple has been taken froìn

Kwan and Bach i331. It is shoivn ín F1g.6.16.

The finile zeros ol trånsmission of thÍs filter are given as

fr = 1.0390514 j

fS = I'3472503 3

f5 = -' 31959 + .2092L j

f7 = ,31959 + .2092I j

-1.0390514 J

-r.3472503 j

-.31959 " ,2092L j

.31959 - .2092r j

t2

t4

f

t8

It is a tenElì-order equiripple delay and attenuation low-pass filter,

the speciflcations of rvhich are given by the fo1lowing :

a) Minimun stopband attenuation A*ír., = 63 dB , for 1'013 < r¡ < -

b) Maxirnum passband atcenuation riPPle Ar"* = 0.164 dB , for

0 < or .< 0,4 rad/s

c) A linear phase over

deJ-ay r = 15,355 s.

0< (d < 0,7 rad/s !¡lth a mean líne
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We note first Urat ¡fartensr ancl'Meerlcötterts Bridge-Tee adap-

tor l27l nlghL have been used togeiher !¡1t11 letLlrej-s I and Sedltneyerrs

adaptors [12] to reali.ze the f1l-ter in rvave digttal for¡r if the induc-

tance L6 \,/ere pos:itLve, Since L6 ls negaÈive, rve ruight not be abl,e to

guarantee the asymptotic sÈåbllity of the r¿ave filter unde:: zero lnput

The two loops of capacilances (Cl' C2' ca) aud (Cr, C4' c5) can be

transformed ínto two Brune sectj.ons using tbe Èr:ansformaÈion given in

the first example. For the reraaining Bridge-Tee structure' we proceed

1n the following manner.

Firs!, 1et us consider Èhe Bridge-Tee structure shown in f'lg.

6.17. Analysis of the structure yields the input imPedance Z,n ås

z rz 2(z 4+z ì +z 
3z 4Q, L+z 2 ) +z iz 5(z {1"2 ì +z { 5(z r+z z) (6.20)

z 
L(z 2+z 3+z 5) 

+z 
2(2 3+z 4+z ) +z 4(z 3+z 5)

z ln

Upon lettfng

zl

zz

z.
4

z"

L5" = 5,242296 s

L.." = 4.58035 s

" L.05375 x 8.83105 s2t-L6C6s- 1+

* " t'ttt-"

11
0. 389 32 sc8"

I 1

CTsl'
1

R-

I
2.44909I s * 

-

l. 040802

z"
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the lnput impedance Z.r,Ls) can be vritten as

342. 427 ).s4 +rL5 . 9lls 31-64 
. B 7"2+9 . 4376"n1

z. (s) =an
115. 02 8s5+45. 1265s4+119. 4105s3-t-33. 59 7"2+r1. 2 B"+0. 960798

(6.21)

Upon removal of a parallel capacitance C =
l-15'028 F= 0.3359204 F,
342.427r

isthe remainlng drj-ving-poinÈ i.npedance Z*(s)

z*(s)
1

z. (s) _ 
-Ln cs

(342. 427 ts4+ø4, I 7s 
2+1)+ (115 . 911s3+9 . 4376s )

(0. tgges4+¡0. 4 2664s2+0. g 6o19B)+ (9 7. 6193s 3+to. g 442")

(6.22)

If ZO(s) j-s to be realized as a resistil¡e1y termínated lossless net-

rnTork, then Ëhe zeros of t.ransuissÍon are the roots of the following

polynomial

p (s) = (342. 427 Ls4 +64 . 87 s2+1 ) (6. 189 6s4+ 30. 426 6 4 s2 +0.96 0 798)

- (115.911s3+9.4376s)(97.6r9:s3+tO .9442s)

= 2119. 48815s 
8 - 4g4. 1 27 56"6+119 . 122588s4-10. 53335s2+0. 960 798

(6.23)

Solving P(s) = 0 yields the quadruplet of zeros of Erans¡ússion

s^ = + 0.31.9613 + 0.20926I j (6.24)U-

whiclr corresponds to the given frequencies fr, f6, fl, fg,

I(nowing s0, ç'e can realize Z*(s) usin8 a Darlinglon D-sec-

t1on. Accorcling to Scanlan and Rhodes I34], the elenienl r,¡¡lues oi the



LL3

Darlington D-section can be found to be ¿he one given by IÍg.6,18 rvhj.ch

shows the real"ization of Z.rr(s).

Conrbinlng the capacli:ance C = 0.33592 P of IÍg.6.18 r'¡i¿h

C. and Èhen using Ehe transformation glven in Èhe first exanple yle1d)"
the realization of the given fiIËer r,¡hich features tr,ro Brune sections

and one Darlíngton D-section as shor,m ln !'1g.6.19, ùte note Ehat Èhe

real-izaEion contains ten reâctive elements. From Fíg,6,19, we can draw

the equLvalent rurave cascade realization \,¿ith the chosen reflection-free

ports as shown in Flg.6.20. The \,7ave realizaËion has tr,¡o Brune adapÈors

l-abel-led B" and BOr one Dârl-ington D adaptor labelled D, tr.ro 3-port

parallel adaptors of Fett\r/èis labelled P, and POr and one 3-porE series

ãdaptor of FetÈweis labell.ed S, It j.s canonlc .in Lhe number of delays

since the nu¡nber of delays is equal to the order of the filter whlch

is ten

. Upon imposíng a 3% r:elâËive er:ror bound on the sel of depen-

dent multipliers and applyíng the desigÌr sËeps outlj-ned ín Section 6.1,

we have the following set of nultlpliers for the l,/ave digíta1 fí1ter

a) For D :

'r d

îro

o
?ìã

_a -ô

9,

I
I

I

2^3

9"
3d

L tra

473
5L2

-1 ^4

-8

2
16

tsu 15
256

1d

-1,2

I r¿
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!'ou

c) for B¡

Lda

JZ
9 -,)

n4

b) Ior B. :

r-.4a

n
a

0. 136 6 05 85 r1

n_
5 - t, Lr7849L67

t
IA

0

0
3A

1 7
Iît" L

z-6 + 2-9

1r-a--La

2-3

9
512

-r
8

3
16

-12"

_.,2' -1,2

0. L606524636

Lt:u

9" ^.¿lJ

9ra

45

13

2

tl
64

I
32

L

4
-z

1, 0.r442006

d) l¡or Pu

0 L28
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e) For Pb :

f) Ior S :

cx_
b

LZ
64

19
J¿

-t -a:

o;
s

-1 -12-- -52 + 2

Corresponding to Ëhe above mulÈÍpliers, we would have a nodified refe-

rence filter as shown in FÍg.6.21. By comparfng the new elenìent values

wi.th the original values, it can be seen Èhat the highest relatlve er-

ror Ís 4,86',4 for the lnductânce of the Brune sectíon *hi"¡ i" âdjacent

to the Darlington D-section. ALl the other relative errors are less

than 3%.

Upon choosing

tu . -j ^-6 ^-8 ^-13tt4 = 2"+2 -2 -2--
tu 

"-3 , "-7 "-11 ^-72 l- 2-L4t5 = -1-z +2 -2---2--

i = z-3+z-5+2-8+2-rra

^J -j ^-6 ^-B ^-L2 ^_I4\ = 2'+2 +2 -2 '-2-'

and tlìe simp.Lified magniÈude truncatlon scl¡eme as shorum in Fig,6.4, it

can be sho¡,¡n that up Lo 3 bils are used to modify the outputs to

suppress granularity os cillat ions.

Sirnul.ation of Lhe ha¡drvare realization is carried out bv t\ro

programs, one wr:itten in BASIC and one written :-n ASSI]ÍBLLR, rvith

both using Èhe quantized ¿ependent multipliers t", lo, lO rna lr.
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RulnÍng the progxaü under BASIC lntroduces practically no

Lrulrcatlon error because alL al:ithrùeLlc operatlons produce resul-ts Ln

floating-poín¿ nunbers lJhich h.ave a \./ider range than flxed-poÍnt

arfthmelic . Pho¿ogr:aph VI shor¡s the írDpulse response of- the

fllter v¡hlch ls decreasing rapldly to\,rards zero. Photograplls VTI

and VIII sho\,/, respectlvely, the stopband and the passband atEenuation

characteristlcs vs the fl:actlonâl baDdrvldth f/f" . Photographs IX

and X show agaln the sâme curves in PhoLographs VII and VITI whlch

are plotted vs the frequency O = a"r't fr Eo permj.L a direcr

comparison with the original speclfications of ËlÌe contínuous-tine

ffl¡er. !'rom the conìputer printout for these pbotographs we have

a) zeros of tr:ansmission at óf = 1.OSO: , þZ = L.\BSS

b) A*tr, = 58.8 dB , for 1.0062 < 0 < €o

") Aru* = 0,15535 dB, for 0 < 0 < 0.4

Photograph XI shows the phase of the filter plotted vs þ which is

linear over 0< 0 a 0.7 \.'ith a mean time delay

= I5.294I sT
13

0.85

These vafues have been obtained Íf there is alnrost. no truncâtion error

Running the simulation under ASSE¡4BLER gives the follor+ing resulÈs,

Photograph XII shor,¡s the finite impulse response and PlÌotograph XIII

shows the stopband atcenuatioD characteristíc vs f/f". From the coln-

Puler pfintou¿ for these photograpbs we have a

A.-.,- = 59 dB , for 1 < 4, < co
Ììrn
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and t\¡ro zeros of, transmíssion at

01 = r'a248

þ2 = 1'2895

The computer pl:intout for Photograplì XIV gÍves a ma.ximum ripple

:\*^-- = 0.2323 dB, for 0 < O < 0.4nax

Photogl:aph XV shows the i)hase plotted vs (r r,rhich is stJ.ll linear

over 0 S 0 S 0.7 r.rfrh a slope r = 15.294t s . The curve

seems to be the sanie as the one already shor¿n in photograpl.r yJ.

I^Je note that truncåtion error in this case has degradej the

performance of the fiLter ín the passband. lrr t.he stopband, the zeros

are displ.aced but Lhe stopband attenuation ts sEÍ11 as good as the

one shown in Photograph V1.I.

6,4,3 third ExampJ.e : 1\,/in-T filrer

As reference filte¡ for the thj,rd example, \,'e have the fol*

lowing Twin-T filter shor,m in Tíg.6.22,

^ccording 
to Appendix II, if r,¡e let

Rt=R2-10

C3 = c6 = 1.5F

Lj = 1H

C^ = 1 ¡'
It

then we have Lhe transfer volrage function

ll
a

4f.)
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L-

Tíe. 6,23 l¡lar¡e reallzatÍon of the Twin-T filter

L,
4

R1

I\2

t1

F_i
c-

6
c3

L.

+

u2

Tíg, 6,22 Referer:ce filter of the thírd example

,1 bz.

bl ^z= 
o
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tv(s)= þ,=
( 

"2 + L. )3

2o6.¡5 . 333"5+l r,333s4-trL2, At4u3-r-10 . 333" 
2+5 

. 333st2Ì

(6 '25)

Iron (6.25) , it is seen Èhat the transfer funclion has thlrd-order

zeros of transmisslon at (A = ! I . The Twln-T fllter behaves as a

notch filter at Èhe frequency o = + I with â 3 dB rejection barld-

\^rldth over tlìe range 0.465 rad/s

lte írnnrediately can draw lhe equivalent wave reallzalion upon

1abelJ-lng rhe Trvln-T adaptor âs the bLock TT in Fig.6.23.

I,Ie note âgaln that the r:eallzatlon Ís canonlc ln the nunber

of delays slnce the order of Èhe filter is slx

tlsing the glven numerical element val"ues then folLowlng c1o-

sely the design steps detalted in Sec!1on 6'1, we have the following

set of multíplí-ers upon irriposj-ng a Lolerance of 0'57. on Lhe dePendeni:

multiplfer:s A3' A4' A, which âre , respectívely' 0.f36364, 0.5

and 0,136364.

î I

î,,

A¡

î4

As

îu

151
256

31
64

0.135931

0 .499556

0.13602

_3rå
512

_1 -',l -q -q2-+2'-2'-2"

^-1 ^-6z -z

2-1+ 2-3+ 2-4_ 2-6+ 2-9
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î.7

Ag

"9

î
"1CJ

5L2 z-1+ z-4+ 2-5+ 2-7_ 2^g

2-r-, z-4* 2-5t 2-7_ 2-g

2-L- 2-4- 2-6

307
5L2

-i-;
o¿{

8
z-L+ z-3

The raodÍfied reference filLer corresponding ro rhe above se! of nulti-
pliers Ís shoç'n in FiA.6.24,

Lt can be seen fror¡ Ifg,6,Z4 that the highest relaiive error
ls 0,567. for the inductance L7.

0.665507 11 0.665074 H

"l

o

o\

<)

\Þ
P

+ 1. 0033733 r

r,5059946 F r. !99999 E

0.9944 rl

Fig, 6.24 }lodified ¡eference filter.
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Upon c1ìoos lng

^, -? 2-7+ Z-8_ 2-r0+ 2-r3As = 2"+

l', = z-r - 2-r1

tu -? z-7o 2-8- 2-I0+ 2-L2A¡ = 2'+"

and Lhe sirnplÍfíed nagnltude Èruncâtíon scherrle as shorrrr in Iíg,6.4, it

can be shown.thât up to 3 bits are rrsed to rnodlfy the outputs to sup-

press granularity oscillatlons.

We Dote thaÈ Lbe 1o\'¡ tolerance 0.5% ünposed upon the depen*

dent multlpliers requlres a longer r,rord lengtl.r representatíon of the

quantized lndepenclent rnuLtípliers such as îU, î, "oa îr,

Simulation of Lhe hardwaîe trealizatlon has been again carried

out by two prograûìs, one r'rriËten in BASIC and one \.'ritten in ASSEMBLER.

Photograph XVI shor,¡s the irnpulse response of the filter

obtained from the BASIC progran. PhoÈograph XVII sho\,Js tr.ro frequency

response curves : Ehe fainter one is the f¡-equency response of the

ideal linear filter vs t/fs and Èhe brighter one is the frequency

response of the si¡uulated filter \{ithout truncation error vs f./f s.
The compuLer prjnÈouË for these cu::ves shows a displacerneDt of the

zeros of transnJ-ssion fron the orígÍnal Q = 1.0 to the frequency

0 = tan T(0.2588) = 1.057 , and a lower minimum attenuation in the

neighborhood of this zet:o of transmíssion probably due to the resolu -
tlon of Ehe llt¡T subroutine SPAIìTA.

The lmpulse response obtained frorn tbe ASSEIÍBLER progran 1s
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shorin !o be finjle ln I'hotograPh XVIII" ?hoto8'raph XIX shows t'be deg-

raclatlorr in pe::fornance of the h.ardwarc l:eal.j.zalion of the fÍl-ter r¡hen

th.ere is ¿runcation e]:ror : the fainter curve corresponds lo the frr'r*

quenc)¡ l:eslJollse of tlte f:i-l.ter when there is no truncat:Lon error and

is â duPltcation of lile bï j-ghter curve of ÌllotograPh XVII whlle

th.e briShter curve corresPonds to the frequency rcìsPonse of the actual

lrarclv¡a.re rea1;.zaLion of the given fiLter. Photograph XIX shows no

change i-n the passband but lt does shohT a slnâl.ler: atteDuaLion iD the

neí-ghborhood of rhe zero of transmlssion. this degradatlc'n of perfor-

mance is expected since the fílter has been "passífied" and fhus has

lost its good inserlsitivliËy p'l:operLy in the stopband'



cluPrER 1/I1

CONCf,USIONS

In thls thesis, \4rave adaptors for the Brune section, the Dar-

llngton C and D sections, ênd i:he Twin-T structure have been rleri-

ved together with the necessary formulas and ru'ave flow diagranrs for

thel,r realJ-zåtion ,

The rvave adaptors for the BrurÌe sectl^on, the Darlington C

and D scctÍons havc been reallzed níthout any unlt clemenEs and

since they a1l may have a reflectfon-free port, these sections together

wj.tlÌ Iett\veisr para11el, seríes, and Latlice adaptors as wel-1 as

I'ettweíst or l,loutars wave realizatíon of a transforner a::e sufficient

to translate any reclprocal cascade realizatÍoll resulting from

Darlingi:onts cäscâde synthesís or from !'eLtwelsr factorization of the

transfer mâtrlx lnto a true and dlxect \utâve dj-gr'-tal cascade synthesis.

The invesLlgated adâptors ¡nentloned above are canonlcal j.n

tlìe nunìber of delays, The wave adaptors for Lhe llrune section and 1-he

133
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Dârlington C-sectj-on eacb. requÍre a 1"'otal- nuaber of sj.x multipl.fete

of whiclr f:r,?o are identical rnultí.pJ"iers. The k¡ave reaIT.zatíon of lhe

Darllnglon D-secÈlon ::equi.::es a toËaL number of eleven mulËíp1Í-ers

of r¿hi ch there are t\,Jo pairs of ldenllcal multipliers.

The I'¡vin-T âdåptor requl-res a total nutnber of ten mulllpliers

of r¿hich seven are independent multiplíers. IÈ nay h.ave a reflection'-

free port, Ior the strucÈures lnvestigated in this thesls, the presen-

ce of a Ie flecLlon* f::ee port always reduces the total nr.¡nber of ]Dulti-

p l,Le rs by one.

lor the hardv¡are realizatton of Èlle invesligated adaPtors'

tlìe optÍmizatlon Problem for the quantizatLon of the independent mul-

tiplíers has been formulaled and proven to always have a solutj^on if

the dependent-multip 11e r fu¿cÈions are continuous. Although tire thesís

does not of.fer an optimizatioD technlque, such a technique can be

chosen anong tlre al::eady available programmi.ng techniques,

A sufficient condítion which guårautees the zero lnPut asymP-

lolÍc stabj.liLy of the invesLlgaËed strucÈtrres together with sone lîu-

1es to calculaLe Èhe output errors of the hardv'are inìPlenìent a tion using

fíxed-poínt arithrÌetic and tl¡ots complement aïithmetic rep l:eseDtatiolì

f::om tire wave flov¡ diagrams has eDabled us to presen! a nagnítude

truncâtÍon scheme which det.ermines the quantizatj.on of the dePendenË

urrltipliers and whích guarantees the zero Ínput asymPtotíc stability

of the hardware realizâllon by neans of a slnple arithneLic procedure.

Though the pe-rfo.rmance of these adaptors 1s exPected to be degraded

due to tlìis mâgnitude truncation procedure, the effect of such an error
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on tl'!ej.r perfornance still is sublecÈ to,furÈher ínvest.lgation,

Illustratlve exampLes of filters using the investigated adap-

tors have been desígned ând lmplenetìted on a s:nall PDP 11/40 conputer

Their respectÍ.ve impuLse responses âre obtaj-ned and shoiv no granulari-

ty and/or overf]-ow oscillåtlons, as expected.



ATPENDIX I

WAVE TLOI{ DIAGRA]'ÍS O¡' SO}IE BASIC CIRCUIT EIE}IENTS

In this âppendix, we present the wåve flow diagrams of some

baslc circuiÈ elements as derived by lettweis [10] upon applying di-

reclly the bílinear LransformaLion to Ëhese elenents' The insfanËa-

neous incident wave a(t) and reflected r'¡ave b(t) are defined by

lneans of â port resistance equal to the resistaûce consËarrt R occur-

ring Ín the definíÈíon of the eleüent under consíderation. The fol-1ol,¡-

Íng table will gíve the rlave flow diagrarns of sone basic clrcuiÈ ele-

ments such as a.resÍstive source' a resistânce R' an inductance and a

capacitance !ogether r¿ith the difference equatjons which result fro¡o

the wave digital realizâtion.

ELEMENT WAIE FLOl^l DIAGRÄM ÐIFFERENCE EQUATTON

R
t.

+ +

e(r)
<.-- b

Res l.s t ive source.

e a

b
a( t) = u 1.¡

r36
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ELEMENT I.IAVE }'],OI¡ DIAGRiIÍ DIFI¡IiRNNCE EQi'ATION

1
, à,+¡P ¡- +r+¡ a --'à 

t.ó.v -1{
- <.- b I

Resistance R,

a

b=0
ô

b(t) = 0

t

RV

<-- b

lnductance of impedance
RV

a

b

b (t) = -a (t-T)

1

+ a --+

- 4*- b

R
v

0 ap acl t ance of inpedance
R/V

b

b (r) = a ( r-r)



APPENDIX II

VOÍ,TAGE TRANSTBR FUNCTION OF THE T'I.IIi,i-Î STRUCTÜRË

LeÈ us consider the Twin-T filter as shorrrr in !'ig.II.A,. where

(1") , (2) ' (3) , (4) and (5) are the verrices of rhe nerr¿ork.

Upon transforning the voltage- source e1 into the Theveninrs

currîent source -1 G1.1 ,we have the equivalent nerwork shor¡n in

Fi.g, II. B

¡vhe re

L T,- I2,3
v (Y)

(rr.1)

According to Seshu and Reed I35] , r.,'e can \ir-ite

u2

rt

V (Y) I ( t ree-admi t tance producEs)

and

L T" is the sum of 2-tree produccs in !¡hich the ver-'I2,3

tÍces (1) and (2) are in one connected pârt a:ri the verte:t (3) is

ín the other connected parE.

The volfage transfer funclion can be rqli;ien froi: (1i..:) as

1.38
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(1) (4) (2)

+

,2

Y, Y.
5

"B

G"

(3)

"1

(3)

G2

Y6 Y"

¡ig. II.A Twln-T filter

Fig. II .B Tv¡in-T filter \nrilh current source Lr= Gre,

(2

+

u2

(3)

Y
4

Y

Y
6 J

I \l Y.II
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u2

"l

lt. lr L^

' ' rz.3t (rr.2)
v (Y)

and

where

Upon let tíng

' ', .,n " 
= Y3Y6YB+ Y4Y5Y7+ Y3Y5Y6+ Y3Y4Y5+ Y4Y5Y6+ Y3Y4Y6

V (Y) = G1G2(Y7YB+ Y5Y6+ Y3Y4+ Y4Y6t Y3Y5+ y3ygn y4y7

-F Y6YB+ Y5Y7) + c1Y3(y7y8+ y5y6+ y4y5+ y5y7+ y6y8

+ y5y8+ y4y6) + cry5(y6+ y7)(y4+ y8) + y7y8(y3y4

+ y5y6r- y3y6l- y4y5+ yzy6+ y2'tì + c2y4(y5y6+ y3y6

+ y5y7+ y6y8+ y6y7t y3y5+ y3y8) + y6y8(y3y4+ y3y5

+ y2y3-F y4y5) + y6y7(y3y4+ y4y5{. y3y5-t- y2y5)

+ Y3Y5 (Y4Y7+ VrrU+ YOYU)

Y3
J

I
L,S

4

1

L,s
5

C,s
b

Y-
4

o

Y- I
L-s



1.4L

Y8 c 
"s

u2

we have

rt¡here

and

trr(s) I
D

(rr.3)
"l

N cl Icac6c8l,4]- rt r"6+ c,cuLr(r,o+ r-r)s4 + r,7(ca+ cu)s2+tl

c{ecgL4LsLl(cr+ cr)s6 + I clc2ï,41,st 
7c8(ca+ c6)

-l- cac6c8(L4Ls-t L4L7+ r'rr_r) lss + I cl(cac8L4L5

+ c 
3c 6L 4L.t+ 

CaC8L4L7+ C3C6LSL7* CACSL4Lì + c2(c6c8L4L5

+ cac6l5l7+ C6C8L5L7+ CaC6L4L7+ CrCrr'rl,r) Js4

+ [ ctc2(c8r,4L5+ c 
6L 4L7+ caL5L7+ Ç 

6L sL7+ c sL,rLl)

+ c6c8(L4+ L7) + ca(c8L5+ C61'5+ CUr'r+ cuI,o) ls3

+ I L7(G1+ C2) (Ca+ C6) + l-4(c1c8+ Glca+ c1c6)

+ GzL 5(C6+ C*) Js2-È [ car. c6+ c8+ c1c2(L'+ L-) ]s

+(c1 + cz)
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