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SUBDOMINANT EIGENVALUES OF GRAPHS

Jianwei Li
The University of Manitoba

ABSTRACT

Colsidel the set of all undirected simple graphs. The eigenvalucs

Àr :lr(G), Àz: Àz(G),...,À,, (Àr >... > À"")

of a simple graph G are the eigenvalues of its adjacency matrix ,4. The largest
eigenvaJue 11 is called the index of the graph, ald the second largest eigenvalue À2

is called the subdorninant eigenvalue of the glaph. For two graphs G1 and G2, the
n<¡tation Gt )) Gz means tir¿t G2 is an induced subgraph of G1.

The structnre of graphs with srnall subdomilant eigenvalues are studied here.
It is knowu that À2 ( 0 occtrs only for complete rmrltipartite graphs. Graphs
with À2 positive but near 0 arc constructed by enlarging certain compiete multi-
partite graphs. These graphs il turn allow graphs with small positive 12 to bo
characterized.

The rnaximum complete multipartite induced subgraphs of any graph G are
considered, aûd limit methods ale used to investigate the structures of the graphs
with 0 < Àz ( -1 + ^/i, or graphs with 0 < Àr < -tåú. ,qll the simple graphs G
without isolated vertices such that G Þ Kt as a ma;cimum complete multipartite
induced subgraph and 0 < Àr(G) < úf ur" constructed, and they are considered

as building blocks for constructing graphs with 0 < Àz ( {s{t. ln the minimal
simple graphs with À2 ) -I + \/t are determined, as are aJl simple graphs without
isolated vertices such that 0 < Àt < -1 + \/r. The distribution and density of ihe
srrbdominant eigenvalues in the interval [0, -1 + ^/i) ur. investigated. It is proved
that the set of the subdominant eigenvalues of simple graphs is nowhere dense in
tlre interval [0, -f + \42].
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SECTION 1. INTRODUCTION

Consider the set of all undirected simple graphs W. The eigenvalues

À1- À1(G),Àz = Àz(G),À¡:ìs(G),...,\n= l,'(G), (Ài >... > )",)

of a graph G belonging to W are the eigenvaJues of its adjacency matrix. The largest
eigenvalue )1 is caJled the iudex of the graph; the second largest eigenvalue À2 is

called the subdominant eigenvalue of the graph. For two graphs G1 and G2, the
notation Gt )t Gz means that Gz is an induced subgraph of G1 and the notation
G1 = G2 means that G2 is isomorphic to G1. Being roots of a monic polynomial
with integral coefficients, all eigenvalues of a graph are either integers or irrational.
In this paper, \¡¡henever an eigenvalue is expressed as a ltmber in decimal notation,
it is understood to be accurate to the number of digits displayed.

Let

flk - {À | ): ÀÈ(G), for some G eW},
where 1 < k < n, n:7,2,3,...,

the set of À;-th, largest eigeuvalues )¡ of G.

First, related to 11, it is well known that

(Ð Àr>o'
(iÐ if À1 ) 0, then À1 ) 1.

(iii) All the graphs for which 
^, 

< Jriæ are known (see [1] and [5]).

(iv) Let t: (JB+1)12 (the golden mean). For n:1,2,...,Let Bn bethe positive
root of

P.(x) - *n+1 - (7I rl 12 + .'. + r'-1).

Let an -- þtl' + p;t/'. Tlr.o

2:at 1a2 1...

are all the limit points of fI1 smaller than

r1/2 +r-1/z = \E+ß: ]g o^,

( see [13] ).

(v) J. B. Shearer ( see [18]) proved that any point a wiù fz ¡ r/5 ( o < foo is

a limit point of fI1, and furthermore M. Doob (see [10]) proved that any such
point a is a limit point of fI¡, for k : L.,2,3,... ..



Secold, related to À2, it is easy to see that

(i) Àz I -1, and

(ii) if À2 ) -1, then À2 ) 0.

Also

(iii) the limit points of flz in the interval lØTÆ,,-), as a special case of (v) as

above, we krow that any o with Jriæ < û < +co is a limit point of fI2.
(see[10]).

More and more attention has been paicl to the subdominant eigenvalue À2 of
a grapli G. L. Howes (see [15]and [t6]) ha"s given conditions to determine whether
or not a faniiy of graphs has an upper bound for À2. By considering the relation
between tlre eigenvaJues ),¿, i : I,2,. .. ,n o1 a graph G and the eigenvalues )¿,
i. : 7,2,. . . ,n, o1 the complenrentary graph G of G, D. Cvetkovié (see [6]) gave

partial characterizations for graphs with ì2 < 1. The join GVII of graphs G and
11 is obtained from G and .Ë1 by joining all vertices of G to all vertices of 11. In
[6] and [19], D. Cvetkovió, and S. Simié gave some characterizations of graphs with

^, 
< Ã# or À2 ( ú* Ot using the join operation, and they proved that the

sets .F and -F- of minimal forbidden graphs with 
^, 

>- ú*, and À2 > $
respectively are finite.

We wish to classify graphs with small second largest eigenvaiue. G is a graph
without isolated vertices and with À2 < 0 if and only if G is a complete multipartite
graph, (J. H. Smith, for example, see [4], Theorem 6.7). Note that we include
complete graphs as a special case of complete multipartite graphs. In this thesis,
graphs with Àz ) 0 are constructed by starting from complete multipartite graphs
and adding new structures that increase À2.

In order to see what constructions are necessâry) we consider the induced max-
imal complete multipartite subgraphs contained in a graph with small positive 12

(small will be made more precise later). For a given graph G, those induced maximal
complete multipartite subgraphs with the maximum number of vertices are called
the maximum complete multipartite subgraphs and denoted as MCM-subgraphs.
When there are several MCM-subgraphs of a given graph G, a convention will be
adopted to choose one of them. By using limit methods and considering MCM-
subgraphs, We are then able to classify graphs with 0 ( À2 ( -I + rt and graphs

$rith 0 < 
^, 

< JtÆ containing complete graph as an MCM-subgraph.

Some prerequisite materials are given in Section 2. In Section 3, an im-
portant family of graphs with 0 < )z a + is investigated. All the simple
graphs without isolated vertices such that G t) Kt as an MCM-subgraph and

0 < Àz < a|ú ur" determined in Theorem 3.6. In Section 4, the structure of
graphs with 0 < Àz < -I + ^/, is investigated. All the simple graphs without
isoÌated vertices and with 0 < Àz < -L + ^/t are determinecl in Theorem 4.2, and
all graphs minimal with respect to 12 ) -1 + \/, are determined in Theorem 4.3



(when we use thc cxplession that a graph G is rninim¿l with respect to.\2 ) a, we
mean that Àz (G) > a but no proper induced subgraph of G s¿tisfies that property).
I¡r Section 5, the distribution and density of stbrlominant eigenvalues À2 in the in-
terval [0, -l + tfz] are investigated. The tlistribution of subclominant eigenvalues À2
of the simple graphs withott isolated vertices ir the interval (0, 1/B] is determined
in Theorem 5.1. The distribution of the limit poilts of subdomilant eigenvalues À2

of simple graphs without isolated vertices in the interval (t, =+^] is determined
in Theorem 5.4.

dense

fI1

l
3

5+ y'îí
2

-1+,/,
-1+ "/52

2

\/ 2+ \/5

2

\/ 2+,/5

fI2
ø

Let W be the set of undirected simple graphs. We also wish to consider limit
points related to the second largest eigenvahres of graphs in W. To do this, we
define II[o) to be fI¡, ( the set of all possible k-th largest eigenvalues of graphs in
W) and nf;) to U" the set of limit points of IIf -t), fo, j : I,2,.. .. We determine
the smallest value of n!i), thut is, we find the the minimal value for the

limit points of limits points of . . . of limits point of

m times

of subdominant eigenvalues of simple graphs without isolated vertices is given in
Theorem 5.5. In Theorem 5.7, it is provetl that the set fI2 of the subdominant
eigenvalnes of the simple graphs is nowhere dense in the interval ¡0,-l + r,a\l.



SECTION 2. PREREQUISITES

In this sectiol, we will present some prerecluisite materi¿ls.

Theorern 2.L. (Cauchy Inte acing Theotem) (see [ ].) Let A be a Hetmitian
matúx of ord.er n witlt eigenvaJues À," (... ( À1. LetB be a pÌincipal sübmattix of
order k with eigenvalûes Fr1...1¡t1. Then À",-,r,+, I 1l, ( À,, for s:1,2,... ,k.

Theorem 2.2. (see [15]) Consider any gtaph G and any labding of its
n vertices, that isV(G) : {ut,uz,...,un}. Let À be a,ny eigenv ue of A(G),

^+ 
-1,,0. Let i.: (*r,*",...,rn)T be an eigenvector associated with À. Considet

any two vertices u¿ a,nd a j of G, with

T¿ - {a¡ € y(G) 
| u¡ is adjacent to u¿ and uÉ + aj}

ancl
T¡ : {u¡ € y(G) 

| u¡ ß adjacent to u¡ and uh + ui).

If Ti - Tj, then :r¿ ,= r¡.

The follow theorem is essentially given in [15].

Theorem 2.3. Suppose that p¿(r), i, : 1,2,3,. . . ,k, are polynomials a.nd
p¡(r) 10. Let

P(n, r) : nhpo@) * nk-1 p1þ.) + ... + ph(r)

Suppose that x- is a toot of P(n,x), n * I,2,3,..., and lim -," : t < oo.

Then p¡(n) :0.

a
I will be a complete graph on I vertices, or clique,

abbreviated I{¿, where every vertex is adjacent to every other vertex.

*€
I will be a graph formed by 1(¿ and one more vertex

adjacent to all the vertices ol K¡; that is, K¿+r.

C
I will be the inclependent set of I vertices, abbreviated K¿,

in which no two vertices are adjacent.



ffi
I I will be a graph formed by two cliqtes on I vertices, where

evely vertex in each clique is adjacent to a,ll other vertices, that is, K2¿.

-_-.,^\-/
I wil be a graph formed by R¿ and one more vertex

adjacent to all the vcrtices of K¿. that is K1,¿.

In short, a solid line joining graphs A and, B forms a graph where every vertex
in V(A) is adjacent to every vertex in V(B).

Two graphs- G and 11 are said to b-e '.L away from each other,' if there exist
graph-s G, and .tI such that á(G) + A(G) : A(H) + A(H) arcl every vertex of ê
and lI has valence at most ,L.

@
II

dv
TI#
,4,

(o)

(b)

(")

(d)

@ _c
tt

-_C-c
TI

il¿
IT

@@
IT

(")

(Ð

(e)

(h)

Figure 1.



In [15], L. Howes provecl the following:

Theorem2.4. Let Ç be an infrnite set of g,-aphs. Tlten tlte following statements
about Ç are equiva)ent:

(I) Therc exists a rcal number À sttclt tltat Àl(G) < \ fot every G €ç .

(II) There exists a positive húeger I süch tha.t fot each G € Ç,
the gtaphs in Figure 1 arc not induced subgtaphs of G.

Let 11 , )2, . . . , À,, and Àt , Àr, . . . , ,1, be the eigenvalues of a graph G and of its
complement G, respectively, both in non-increasing order; Let I = -4(G) be the
adjacency rnatrix of the graph G and Ã : A(G) be the adjacency matrix of the
complement graph G of the graph G. Then A+ Ã: J-I, where "I is a matrix
wltose entries are all equal to 1 and 1is the identity matrix. silce the largest
eigenvalue oI J - I is n - 1, then Theorern 2.5. implies

Theorem 2.5. (see [6], Theorcm 1.) For any graph G the fo owìng inequalities
hold:

À;*À¡ > -I*n62,¡¡¡,

À--¿+t I \n- j+t 1 ,1 I n6n+1,¡+t.

where i, j > 1, 2 < i + j < n | 1,, and. 6o,n is the Kronecker 6-symbol.

Corollary. (see [6].) Putting i: j: I in (2.1) and putting i -. n-t,j
in (2.2), the following inequaJities hold.

(2.1)

(2.2))

:1

(2.3)

(2.4)

and

ÀrfÀr>n-1,

lz+À,'<-t.

Let E, F,Y be subsets of r1, the set of rea"l numbers, E C y , ancl F C y.
Consider the subspace topology of l? on Y, i.e. a subset 01, (C1) is open (closed)
in Y if and only if there is a open (closed) subset O, (C) of R, such that

Ot:OnY. (Cl :CuY.)

Fo¡ the concepts and well-known theorems of topology ol the real line .R, see for
example [11] or [12].



Definitions.

(I). A poittt a €Y is called a )intit poittt of E, if every 
'eigltbor.hooc) 

of a contains
some points of E distinct ftom a.

(II). A subset E of Y is said to be densc (in Y), if E OU + Ø, for aJl open subsets
U ofY.
BG) : {a I a is a limit point of E} ,

(III). A subset F of Y is called nowherc dense (inY), if for every nonempty open
subset U ofY,there exits a nonempty open subset V of U, suclt tltat F fiv _Ø,
or F is not dense in any open subset U of Y.

Theorem 2.6. (Bolzano-weierstnss Theorem) Each bounded infrnite set of rea,I
numt¡e,¡s has a limit poìnt in R.

Theorern 2.7. (The sti'ucúure of the open set in R) If U C R, then U is at1 open
set ol R if and on[y if U is a union of countably many disjoint open intetvùs of R.



SECTION 3. GRAPHS WITH SUBDOMINANT EIGENVALUES
LESS THAN -rår'B.

In this sectio', we corrst.rct all simple graphs without isolated vertices such
that G ) K¿ as an MCM-subgraphs an<l 0 ( )2 ( aåú ¡t starting from a
complete gra,ph K¡ and adcling new structures that increa^se)2 and with a restrictetl
strict upper bound 12 < =+-lå for À2. In Theorem 3.6, we will deterrnine all
those graphs. This inportani family of graphs acts as a basis for graphs with
o<)z<vla.

First, some families of basic "small" graphs a,s in Figure Z will be considered.
These graphs are crucial for the constructions that follow.

At,J"

ch,t"

_/Y-aOWt' \-/
l2

Bh J"

A@o
hlz

D4¡r,t"

Figure 2.



Lernma 3.1. For ilúe.gers \, 12, whete h ), l,,tz > I, let A¿,,¡" be as in F.igure P
Then

(r)

¿]\! ^z( 
At, ¡"¡ : --l: [+Tf

(II)

,lim )2(,4¿,,¿,) : -1 + \/t,

(m)
0<^2(A\J)<-t+J,

if and only if
l1 ) 7 and 12: l.

(N)
. -1+ JB

U 1À2\A¿,.¿,1 . *-;

if and only if

11 =l ¿nçl 12:f,;
or \:J¿¡fl!2-f,;
oÍ lll and12:l;
oÌ' h :1 and lz ) 2.

Proof, Because of Theorem 2.2, all the eigenvalues o1 A¿.,¡. other than -l or 0
can be found by solving

ls -h o \detl-l À-t,+t -rz l=o
\o -i, 

^-t2"+1)
i.e.

^3 
+(2 -tL - rù^2 - (2tr+r2 -1)^+t1(¿2 - 1) :0. (3.1)
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The left haud sicle of equatio' (3.1) is a real polynomiai. since the roots of
(3.1) are all eigenvalues of a graph, they arc all real numbers.

For 12 : 1,

At,l: Ktl,t*tl h)7
¿r times

are cornplete multipartite graphs with Àz(h,J) : 0. So only 11 ) 1 and 12 > 1
need to be considerecl.

For given integers \ aml 12., where 11 ) l and 12 > 1, since At,,u)).41.2 ãs aÌ
itduced subgraph, we have

Àz(Au,t,) > \z(h,z): 0.311 > 0.

So À2(,4¿,,¿,) (+ -\0) rnust be the second largest root of polynomial (3.1).

(I) Let li ) 1 be any fixed positive integer.

\z(AL,¡"), 12 ) 1, is a sequence of real nurnbers. By the Cauchy Interlacing
Theorem, \z(AUJ) is mouotone increasing in 12. Apply Theorem 2.4 with ¿ : ¿1 + l.
Then the equivalence of part(I) ald part(II) in Theorem 2.4 implies that there is a
real number ) such that 

^z(h,n) 
( À for every graph .4¿,,¿, wiih /2 > l.Therefore

lim¿,-"o \z(AL.,u) exists and is a finitc real number.

By Theorem 2.3, lim¿"-.o Àz(At,J) is a root of

-À2-)*11 :9.

Because Atr,¿" )> K¿, aß an induced subgraph,

,,1T1 
r'1e"'"¡ I ,ìia lr(JTr') - oo

Then lim¿,-oo Àz(A¿,¡) must be the largest root of (3.2). Therefore

,,tTLÀr(á,,,,,) - -t+ t[+a]._.

(II) Let 12 ) I be any fixed integer.

Apply Theorem 2.4 with I : lz -l1. This implies that

.lim À2(,4¿,,¿,)
¿r +oo

.lim À2(,4¿,,¿,)

11

(3.2)

exists. By Theorem 2.3,



is ¿ root of

-^2-2^+/2-1:0. (3.3)

Becanse At,J, )) K¿,+r * an induced subgraph,

lim À1(,4¿,,¿,) >.lim À1(K¿,_¡r): co.
/, .-oo L\-(x

Then lim¿,-.o Àz(AUn) must be the largest root of (3.3). Therefore

,,1{1Àr(,4,,.,"¡ 
: -1 + \/tr.

(III) The result comes from Part(I), Part(II), Table 1, an<l that

At,s,: Êt, À(,41,3) : rr(4) - o.42loo7,

is a graplr nrirrimal with respect to À2 > -I * ,Æ.

(IV) This follows from Part(I), Part(II), Tabte 1, and that

Az,E: Fa, À2(¡'6) : 0.653165,

¿nd
Aqi = Fz, 

^2(F7):0'627719,
are graplrs rrinimal with respect to ,\2 ) el + vß) 12.

Lernma 3.2. Fot integers 11, 12, where \ ) 7, 12 ) 7,, Iet B¿,,¡, be as in Figure p.

Tlten

Q)

']i!!^'(8"'") 
- -r + [ + T 1

(ID

.Iim ),2(B¡,,¡,¡: 1/Ç

(rq

if and only if
0<^z(Br,,r")<-l+\/t

It:Iandlz)1.

(N)
Js-t

0 ( À2(B¿,.¿,) .1
72



if and onlv if

Proof. Because of Theoren
can be found by solving

h:7 and lz) I;
It :2 and Iz ) 1;

h:3andIz-7;
o1'

ot

2.2., all lhe eigenvalues of B¡,,¡" other than -1 or 0

."'(-i
í'):,

-1 -hÀ0
0À
-1 0

Àn - (tt *212 ¡ 11¡z - 2t2^ + I¡t, : g (3.4)

For given integers \., and, 12, where 11 ) 1 ancl 12 ) I, B¡,,¡, ) Br,r as ¿n
induced subgraph,

^z(Bu,¿") 
> Àz(Br,i) : 0.311 > 0

and )2(B¿,,¿r) must be the secotd largest root of polynomial (3.4).

(I) Let 11 ) 1 be any fixed positive integer.

By the Cauchy Interlacing Theorem, Àz(BU,U) is monotone increasing in 12.
Let I '= h * 1 in Theorem 2.4, Parr(II). Then thc equivalence of part(I) and pìrt(Ii)
in Theorem 2.4 implies that there is a real number À such that 

^z(Bt,,t") 
S À io;

every graph B¿,,¡, witlt lz ) 1. Therefore lim¿"_*oo Àz(Br.t) exists aná is a finite
real uumber.

By Theorem 2.3,

]i3'-Àz(84'"¡
is a root of

-2^2-2^+/r:0.
Because BhJ, )) KtJ, ß an induced subgraph, and

lim À1(B¿,,¿,) >.tim À1(K1.¿,) = "",lz-ro lz--+o<: ' -*o'

lim¿,*.o Àz(Bu,t,) must be the largest root of (3.5). Therefore

(3.5)

,]'r\^'(B',,',¡ - -r 
+ \Ã+'l 

'
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(II) Let 12 ) 1 be any fixed iltegcr.

Apply Theorern 2.4 wíth I : 3. Thel the sequelce

^2(Bhr,), 
h > 1

is bounded from above. Therr

"ll1 
À'(8"''")

exists. By Theorem 2.3, lim¿, -oo Àz(Bt, ,t) is a root of

-À2 + l, : 6. (3.6)

Becanse Btr,b Þ Kl,l, æ an induced subgraph,

lim Ài(B¿,,¿") > .ìim À1(K1.¿,): oo.
l¡ --+oo ¿, +co - " '

Then

,,111 
À,(4,,,,,)

must be thc largest root of (3.6). Therefore

]im ^2(Bt,,h) 
: \/12.

(III) The result comes from Part(I), Part(II), Tabte p, anrì that

Bzt : Ê'+, )(Ë2,1) : 
^2@4) 

:0.470683

is a graph minimal with respect to À2 ) -L + ^/r.
(IV) This follows from Part(I), Part(II), Tabte P, and the facr rhar

Bs,z: F+,^2@4\ - 0.664834

and
BqJ = Fs, Àr(FB) : 0.642074,

are graphs minimal with respect to ì2 ) (-l + \/S) lZ.

Lemma 3.3. For integers \, 12 whete \ ) 7,,12 ) 1,, Iet C¿,,¿, be as ìn the
F'igure 2. Then

(r)

,)i!¡\z(ct'''"¡=h-1'

15



(r)

0n)

(N)

lirrr À,fC, ,t_ -1 +\Æ+4T;
¿r +oo Z

0<^2(Ch,b)<-r+r/,
if and only if

11 : ) ¿,77fl 12 : l.

0 < À2(c¿,,¡,) < (/E - t¡ ¡z
if and only if

11 ) 2 and 12: l;
ol 11 :) anfl12:);
or h=2 andlz:3.

Proof. Because of rheorem 2.2, all the eigenval'es of c¡,¡, other trran -1 or 0 ca'
be found by solving

,", (j ^ 
-,,0i'*' 

-{') :'
1. e.

À'-(1, - 1)À2 - (¿1+12)À+t2(11-1):0. (s.7)

^ Tt.ir * I,Ctþ: KtJ"+t are complete bipartite graphs. Then 
^2(C1,r,) 

-0.So only 11 ) 1 and 12 ) 1 need to be considered.

For given integers \ and 12, where 11 ) 1 and 12 ) 1., C¡,,¡" )) Cz,r a.s an
induced subgraph,

Àz(Cu,u) >_ Àz(CzJ): 0.311 > 0.

So À2(C¿,,¿,) (l -1,0) must be the second largest root of polynomial (3.7).

16
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(I) Let 11 > 1 be any fixed positivc integer.

Apply Theoren 2.4 with l : h I1. Then the sequencc

^z(cr, 
r,), t2 > 7

is bounded from above. Therefore

')'r]-^'(c"''"¡
exists an<l is a finite real number.

By Theorem 2.3,

')i1Y\'(c"''"¡
is a root of

-À+tr-r:0. (3.8)

Because Cr, J" Þ Kr,¿"+t as an induced subgraph,

,l$Àt(cr''") 2,lTt Ài(1ft'r"+1) : oo'

Tlren lim¿r-.o \z(Cu,¿.) must be the largest root of (3.8). Tirerefore

tli!,-\z(c6'"¡:h-r'

(II) Let /2 ) 1 be any fixed positive integer.

Apply Theorem 2.4 with I : It * 1. Then the sequence Àz(C¿,,ù,11 > I is
bounded from above. Then lirn¿,-.o Àz(Cu,u) exists and is a finite rea.l number.

By Theorem 2.3, lim¿,-oo Àz(C¿,¡) is a root of

-)2+À*r2-s. (s.9)

Because C¿r,¡" )) Kl, a^s an induced subgraph,

,lim À1(C¿,,¿,) > ,lim À1(Il¿,) _ co.
¿l ..-@ ¿t +co

Then

']1aÀ'{Ú"'"¡
must be the largest rooi of (3.9). Therefore

'lS 
À'(q''") - -t+ "FTII'

18



(III) The result c<¡rlres from Part(I), Part(II), Table S, and the fact that

Cz,z : F+, 
^(Cz,z) 

-- 
^r(Êò 

: 0.420683

¿nd
Czt - 4, À(Ctr) : lz(4) - 0.428007

are graphs minimal with respect to À2 ) -1 + \/r.
(IV) This follows from Part(I), Part(II), Tabte S, and the fact that

Cz,a, = Ft, Àz(4¡) : 0.642074

and
Ctp: Fs, Àz(F¡) : 0.678363

are graphs minimal with respect to À2 ) (-L + \/S) 12.

Lemma 3.4. Fo¡'integers \, 12 and fu, whete h > l, 12 ) L, and fu t L. let
D¡¡"¡" be as in F'igure 2. Then

(r)

,lirn À2(D¿,,¡,,¡") : {-!!/¿-co tt I Ll

or)

lirn À"1D,,, t _ _tz]- t/lz2 +4IzIs
ll*oo -' "r"2""' 2

Gn)

,!y2Àt(nr,,,,,¿3)- ¿1 - 1

t!*co

,t\y^r(Dunn) - tt
li*oo

(ry)
0<^2(Dt,.t)<-I+^/2

if and onlv if

It =2., lz>l and 13:1.

-1 +,ß
01À2(D¡,,¡".¡"). -+

19
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if aud only if

h = 2, lz ) 1 and h:1,2,3;
ol lr=3, lz ) 1 and l¡ : 1;
or It:4, lz ), 1 and ls = 1;
or h = 5, Iz : I,2,3,4 and ls : 1;
ol lr :6, lz : 1,2 ald h : 1;
or h>7, Iz : L, and l¡ :1.

Proof. Because of Theorem 2.2, all the eigenvalues of D¡,,¡,,¡" other than -1 or 0
c¿n be foünd by solvilg

À'- (r' -1)À'-¿z(tr +ls)À*(t1 - 1)J2t3: a (3.10)

For 11 : 1., DtJ",t" -- KbJ"+t are cornplete bipartite graphs. Then

À2(D1,¡,,¡") :0.
So only 11 > I ,lz > 1 an<l 13 ) 1 need to be corrsidered.

For given integers \,12 and 13, where \ ) 7,12 ) 1 and þ / L, D¡,,¿,,¡" )t DzJ,t
as an induced subgraph,

Àz(Du,¿"J) > Àz(Dz,r,r) - 0.311 > 0.

So À2(D¿,,¿",¿")(+ -I,0) must be the second largest root of the polynomial (3.10).

Let L1,L2 and tr3 be sets of some nonnegative integers such that

min{/1 llr€trr}>1,
min{12 llze Lz} > 1,

and
min{13 l13 € ¿3} > 1.

By Theorem 2.4, in order that the set

{\z(DuJ"J) | \ e L1,lz Ç Lz,h € h}
be bounded from above, among the sets tr1 and L2, at least one must be bounded
from above. Otherwise if both -t1 and ¿s are unbounded, then

snp{À2(D¿,,¿,,¿")lIt e Lr,l2€L2,fu e I.3} >,1j1 Àz(Dr,r,r):,[t)r(C,,,) :*.

*, 
1^ I,.' i, j.) :,
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(I) Let 11 ) I ald 12 > 1 be any fixecl positive integcrs.

Apply Theorem 2.4 with I = max{lr t 1, /s l1}. Ther the equivalence ofpart(I)
and palt(Il) in Theorcm 2.4 implies that there is a real number À such that

),2(D¡,,¿,,¿.) 1 À

for every graph D¿,,¿",¿" with 12 > 1. Therefore lim¿"roo \z(Du,t,,t.) exists and is
finite.

By Theorem 2.3, lim¿,--.o Àz(Dt,,t,J") is a ¡oot of

-(lr + ls)À + (¿1 - 1)13 : 0. (3.11)

Because D6,rr¡" )) Kt,t" ß an iuduced subgraph,

,,lS Àt(D"''"''") - ,lg5 À1(r(i'¿') - oo'

So lim¿,, --,"" Àz(Dh,t,,L") must be the largest root of (3.11). Therefore

'llå^'( 
Dt''t'r): Íffi

(II) Let 12 ) 1 and 13 > 1 be any fixed integers.

Apply Theorem 2.4 with I : Is * l. Then thc sequence

\2(D¿,,¿",¿"), \ > r

is bounded from above. Therr

,,lSÀ'(D"'"''"¡
exists and is finite. By Theorem 2.3,

.lim \2(D¿,,¡",1")

is a root of

-^2 - h^ t tzrs -- 0. (3.12)

Because D¡J,J" )) Kh+t as an induced subgraph.

lim À1(D¿,,¿,,¿") > .lim Àr(fl¿,+r) : -.ll-oo lr+co _ "'''

Then lim¿,-"o Àz(D¿-t,t,J) must be the largest root of (3.12). Therefore

"lå 
À'(D" 

" ' "' - 
-t' + t/E + a¿'h 

'

22



(III) The result comcs from Part(I) and Part(II).

(IV) The result cones from Part(I), Part(II), Table l, and the fact that

DtJ¡ : Czl : Fs, Àz(D¡,r,r) : fr(f¡) :0.428007

and
Dz],2: Cr,r: i'n, Àz(Dzt,z): Àr(¡n) :0.470683

are graphs minimal with respect to À2 ) -l + \/r.
(V) This follows from Part(I), Part(II), Tabte l, and the fact that

DzJ,+ : Cz,+ : Fz, Àz(Dzt,n): Àz(4r) :0.642074

DsJ,z : Cs,z = Fr, Àz(Dtt,z) = Àz(Fs) : 0.678363

D¡,¡,r : Fe, Àz(Ds,s,r) : Àz(re) :0.622979

Do,s,r : Fe, À2(D6,3,1) : Àz(Fg) :0.631361

and
Dz,z,t : ù0, Àz(Dt,z,t): Àz(Fro) : 0.620535

are graplrs urinin¿r.i witir respect to )2 ) (-1 + JS) lZ, arr,¿

tt-E

"1i31 

À'(D"'''' ): -t!'uu

wlrere the convergence is monotone and for all \ ) l, 12: 1, and ls : 1.

When /2 = l¡ = 1, (3.10) becomes

À' -(¿, * 1)À' - (¿r +1))rrr -1 : (.\2 +À-1)(À-t1) -1 :0,

and (-1 f t/5) 12 is not a root of this polynomial. Then ),2(D¡ 11) < e1 + 15) 12



Consider the set of all unclirected simple graphs W. For any graph G belonging
to W, the inclusion relation is a partial ordcr among the complete multipartite
incluced subgraphs of the graph G.

Deffnition. For G e W, let N(G) be the set of all indnced maximal complete
nultipartite subgraphs K,,,,r,...,," of the graph G. Let

and let

If
Krr,rr,...,r, €.M(G)'

then G is said to contain K,,,,,,...,,, as an McM-subgraph.

When classify all graphs in W according to their MCM-subgr:rphs, for: a graph
G e W; in the case that lJv4(G)l > 2, the following convention will bc adapted to
clroose one of MCM-subgrãph K,,,,",...,,, of the graph G.

Convention. ,Leú

7,,""(G) - max{¿ | K,,,,",...,,, e .M(G)}.

An MCM-subgraph K,,,,r,...,,, of the graph G will be chosen at Íandom among aJl

Krr,r",...,r, e "M(G)
such that t - T,- *(G).

In this paper, the MCM-subgraph of a graph G (chosen according to the
convention if there are more than one) is considered and the limit methods are used
to characterize the graphs with 0 < 

^, 
< aiú or graphs with 0 < 

^2 
< -l+rt.

Once no graph with given bound for À2 is missing, the characterization will be
complete. Therefore the convention will be adapted without any problern when
classifying graphs according to its MCM-subgraphs.

s-".(c):-^"{å,, 
I 
o,,," ,,€¡/(c)}

M(Gt: 
{o,,,, ., | ""í'ri=,;;:}rj:ì", }

24



Tlre graphs in tlte Figure 3 are minimal with respect to )2 ) =S6. fni. it
not an exhaustivc list for such graphs, but it is sufficient for the clisclssio¡ in this
paper'.

II
t:1r'1

Àz(Fr) : 1

Fu
Àz(Fr+) : 0.627779

Figure 3.
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Deffnition. tr'or irrúeger'.s t, k., h,tz,... ,h, whete t>2k, li > l, .i : I,2,... ,k,
let K¿;K¡r,¿",...¡o denote the graph

l(K2 u hKr)v(K2 u I2K1)v . . .v(Kz u tkKr)lv KFztt.

Tlre following figure gives the complernent graph of the graph Kt; Ktr,t,,...,Lo.

k¡Tu.,,*t-

The adjacency natrirx A(K¡; K¿,J",...Jt") of the graph Kü Kt,,t",... is given in
Tal¡le 5.

Then by Theorem 2.2, all lhe eigenvalues oI K6K¿,,¿",...,¡o other than -l or 0
can be found by solving

Prrrxrr,r",...,ro(\)

= {,^ -¿+,) -É 
"*ff#*} úu, 

+(¿¿ +1)À - t¿t :0,

where P7ç,.y,r,,r,...,,0 (À) is given by the determinant in the Tabte 6. 
(3'13)

o
t-2k

I¡

I
2

I2

@

ó
2



Definition. Fot integers t, k, h,t2,... ,h, whetet ) 2k+1.,ti > 1, ? : !,2,. . . ,A:,
Iet K¿; K¿,,¿,,...¡o lJ K1 denote the gtaplt

(,

t{ t,", u hKt\v(K2 u t2Kt)v ... y(Kz u tkK)lv KF2*_, }, zr, 
}vr<,.

The following frgute gives the complement gtaptt o! the gnph K¿; K¿,,¡,,...,¿o U I{1.

Rt;R;k::;ùK

The adjacency matúx A(K¿; K¿t,t2,...,r¡ l) K1) of the graph K¡;K¡r,¿,,... U Ilr is
given in the Table 7.

Then by Theorem 2.2, all lhe eigenvalues of Kü Kt,,t,,...,r* U Il1 other than _1
or 0 can be found by solving

Pxr¡ xr r,,r,...,, ou y t(À)

(ß
- { [À'- (t-2)^2 -t^+t -21 -t(' r la

k
.II[^, * (¿¿ + 1)r - ¿;] : o,

;-1

whete P6,,¡1,,,,,,...,r0 ur, ()) is given by the determi :nant i¡ Table n. 
Q''n)

^2+(lj+1)À-¿j
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*=__@
t-I

At¡-t, t ) 3

Iim¿-*oo \z(h,r-t): (-1 + r/t)12

r -) .)

At-2,2, t )> 3

lirn¿-"o À2(,4¿-z,z) : -L + li

At,t

Àz(-4s,¡) : 0.597951

<w
Az,t

\z(Az,t) - 0.545096

Glvg)-v(xù : Kt

Figure l



K¿; K1U Kl, t > 3

lirn¿*oo À2(K¿; IÇ U 1(1) : (-t + 15) 12

K¿;K2, t) 3

Iim¿-,* À2(K¿; K2) - (-B + ^hT)12

^2(H1) 
:0.586846

Glrç)-u(uì = R"

Fi,gure 5

ffi
H1



K¿;K1¡, t ) 4

lim¿-"o ),2(K¿; K11) : -I + ,rO

H2

^2(H2) 
- 0.570274

H3

Àz(ø¡) : 0.607332

Glvq)-v(x) : K,

Figure 6

34



K¿; K2lJ Kl, t > 3

lim¿-." À2(K¡; K2 U ta1) : (-1, + 
^tß)12

Glvq)-v6ò : Rs = U'
Figure 7

.a

Kt; Ktl U Kt, t )> 5

lim¿-oo À2(K¿;K11u Kl) - (-t + lE)12

T
Glvg)-v(x,) = KzU Kt Z

U .-. ,A

Figure 8.



K¿; I{2¡, t ), 4

lim¿-." ).2(I(¿; K2¡) : (-S + !m)þ

u)

Ha

^2(H4) 
- 0.602501

Hg

Àz(Ils) : 0.612279

u

Glvç¡-v1x"¡:Kz,ta 
rA ,

Figure I
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K¿;K1¡1, t) 6

Iim¿-"" À2(K¿; K1¡1) : *I + J,

Glvq)-v(o,): 1, 1, I : 
" ; 

^

Figure 10

lim¿_-oo À2(K¿; K1,1 u If1) _ (-t + \/5) 12

Glvq)-vtx,) = Kz.t t) Kt t
'u) . lu

Figure 11.

KüKz¡U Kl, t>5



KüKtJ1UKr,t>6

lim¿*.o À2(K¿; K1¡,1 u Ifl) _ (^/B - t7 ¡Z

ur

Glv(c)-v(t<") = Kt,t,tU KL - K3t) Kj = \
Fi.gure lp 

u u

38



K¡;K2,2, t) 4

lim¿-oo ),2(K¿;K2,2) _ (Å+ ym)/2

Glvçc¡-v1x,; : Kz,z !

Figure 13.

urr



K¿;K2,11., t) 6

lim¿*.o À2(K¿; K2¡ ¡) - (-J + 
^hz) /2

ur
Glvq)-u(x,)=KzJJa 

Nwu

Figure 1l



K¿;K1,1,1,1, t) I

lim¿--oo À2(K¿; K1,1,11) : -7 + \O

Glvg)-v6ù = Kr,r,r,r : K¿ j

Figure 15
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Definition. Fot u E V(G), defrne N(z) : {tu I to € V(G),u - u}.

Lemrna 3.1. Let G be a simple gtaph witltout isolatecl veúices, antl suppose
G Þ Kr, as the MCM-sttbgraph. If 0 < 

^2(G) 
< (-1 + ,/S¡ ¡2, tn"" G satisfüs the

following conditions:

(I) Each vettex u e V (G) -V (Kt) is adjacent to exactly q vertices inV (K¿), where
q and t must be one of the following:

q=7, and

A:2, and
A : 3, attd

Q:t-2, and

(3.16)

(3.r7)

(3.18)

1.1)
1.2)
1.3)
1.4)

>3;
-5;
-6;
>4.

So t<q:l.nr1.r,¡nv(Kùl<t-2. (3.15)

In patticular, if Glyç¡-y¡a,¡ = Kt, then G is one of the graphs ùt Figute l.
(II) Suppose u € v(G) - V (K,) and u € V (G) - v(Kò.

2.1) If u / u, then

eitttet (¡'/(.¿¿)nv(Kù)ç(¡/(u)nv(r{ù),
01' (N(z) n v(Kù) ç (ff(z) n v(K,)).

Without lost of gener ity, suppose (3.17) holds, then

l¡'r(u)nv(K¿)l:¿-2.
ht partict a4 if GlyG¡_y1K,) : Rz, then G is one of the gtaphs in
Figure 5.

2.2) If u- , then

(,nr1z; n ¡r(r,)) u (N1ø¡ n N(Kù) _ v(Kò. (3.1e)

In particular, if Glyç¡_y1x,¡: K2, then G is one of the graphs Á Figure 6.

(III) If 
lclv(c )-v6òl: 3, then G is one of the graphs in Figure 7, Figure B,

Figure 9 or Fiqure 10.

(VÐ If 
lclì/(c )-v(K,)l = 4, then Glvq)-v(x"\ is one of the graphs K2,1 t) K1,

K3 U K1, Kz,z, Kzt,t anð, Ka. and G is one of the graphs in Figure 11,
Figure 12, Fi,gurel?, Figure 11,, or Figure 15.

(V) Eaclr componert of Glyç¡-y1ç,¡ is a complete rnultipartite graph and only
one component of Glyç¡_y1y,) contains edges.
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Proof. Fo'a'y graph G with À2 > 0, G is 'ot a conplete rn'ltipartite graph. Trre'
G mnst coutairs one of graphs 2K2 : pr, Pq, = Fz and ,41,2 (see [4], Tireoìem 6.7).
So if 0 < )z < (-1 + t/ß) 12, then G ).41,2 as an incluceá subgr:aph. Therefore if
G )) Kt as al MCM-subgraph, tlien f ) B.

If G is a graph without isol¿ted vertices and 0 ( Àr(G) < (_t + ll)lZ, *en
G is connected. Otherwise G >> 2K2 : 4, 

^2(2K2) 
= 1 a contradiction.

For (I), let u e v(G) - VQQ.
If ¿ is not adjacent to any vertices in If¿, trren tirere is a vertex z an<i a path

which joins u and u, where z is adjacent to q vertices inV(K¿), with l < S<¡_zandl)3.Then

G)) Gt = )) P+: Fz,

a contradiction.

If z is adjacent to exactly q vertices, 1< q < t,inV(K¿), then l ( q<t_2
Otherwise if q - ¿, ¿¡"rt

G )) Kr+t

orifq:l-1then
G )) 1l .r,r,-.,r, z,

¿-1 times

which contradicts that I{¿ is an MCM-subgraph.

If
GlvG\-v(x,\ = Kr,

then

Glp¡utr"

is of the fotm,Aq,t_q with o adjacent to q vertices in V(K¿). By Lemma 3.1, q must
lieinoneof thecases 1.1), 1.2), 1.8) and 1.a). so Gisoneof the graphs in Figure l.

For (II), let z and o be a pair of vertices belonging to V(G) _ V(Kr).
Proof 2.1). If u ,y' u, and

neither

(n1z¡ n v(Kò) ç (,rr1t,) n v(x,)),

(n(u) n v(Kò) ç (N1u) n v(K,)),

u'e (u(u¡ìv(Kò) - (¡r(r) nv(Kù),

llor

then take
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and
z,/ € (¡¡(ù) nv(Kt)) - (¡r(") LV(Kù).

Then G )) Pq - GlU,-,,",,"1 : Fz, a contradiction.

Without loss of generality, suppose (S.17) holds, i.c.

(ru(u) n v (Kù) ç (¡¡(.u) n v(K,))

By Part (I), (3.15),
r < l¡¡(u)nv6t)l<t-2.

Suppose

1 < lN(u) ìv(Kùl <t -2. (3.20)

For t:3, (3.20) irnpties

1 < l¡/(,u) ìv(Kùl< 3_ 2 _ 1,

¿ contradiction. For ú ) 4, let

{u1,a2,a3} _c (r<, - N("))

and
a4 e(N(u) nv(K,))Ç (N(u) n v(x,))

Then

A1

G ) F¡ : G1,r,ur,u",on,u,,j = ,, +< :
IJ3

which is a contradiction. Therefore

l,^r(z)nv(Kùl:t-2,
and so (3.18) holds.

If
Glvç\-u(où = Rr,

without loss of generality, suppose (8.15), (9.12) and (3.fS) hokl. i.e.

l.nr1o¡ n v(el: q, 7 < q < t - 2

(n1t'; n v(Kù) ç (,ar1z)n v(K,)),
ancl

l.rr1z)nv(Kòl-t-2.



Here a^s a pairs (q, f) trust colresporrd to one of the cases in part (I), 1.1), 1.2), l.J)
and 1.4).

Then G is of thc form

Figure 17.

If 1.1) holds with q - 1, and ú ) 3, then (3.1S), (B.tZ) and (3.18) imply rhat,

G=Kt;KtUK1,t>3

as in Figure 5. Ther in (3.1a), ht k: L,lr : 1. The eigenvalnes of
G : Kü Kt U Ifi other thal -1 ald 0 rnust be roots of

Px,,x,ux,(À)

= {l^'- (t-2)^2 -t^+t-21 - 
(À-,11'z({+ì- 1)}. 

l.l, +z.l- ll(. .) 
^¿+2^_1 ) 1..

- À5 - (ú- B)Àn - (3¿-4)À3 - 2^2 +(3ú - z)À-ú+3
= ()2 +À - 1)[13 + (-¿+ 2)^2 +(-2t+3)À+ú -3]- À _ 0. (3.21)

Apply Theorem 2.4., Part (II) with I - J. Then the sequence

À, (c) - À2(K¿; K1 u ¡q ), ¿ > B

is monotone increasing and bounded from above. So

Årglr(K';rr u¡r')

exists and is the largest root of

-À4 -3)3 +B) - 1 : -(À' + À- 1)(À, +2À - 1) - 0.

Then
lim À2(K¿;K1u /r1) : (_r + ^/5)12.¿+ co

t-2-q
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From (3.21)

À2(K6 rÇ u Kt) I el + vß) lz, t > J.

Therefore
0 < ìr(G) = \z(Kt;Krurrl) < (-1 + \/5)12, t > J.

If 1.2) holds, then q : 2, and t: 5. Because G - z must be one of the graphs
itt Figure 4, G - u: Az,¡. Then (8.15), (3.17) and (3.18) imply thar G: Ili as in
the Figure 5. wíth

Àz (11r ) : 0.586846 < (_1 + \tß) 12.

If 1.3) holds, tÌre'q:3, and ú:6. Because G-¿must be one ofthe graphs
in Figure 4, G - u = -4¡,s, Then (3.1b), (8.12) and (S.1S) impty rhar G :-Ft, a
contradiction.

If 1.4) holds with q : t - 2, and. f ) 4, then (3.15), (3.17) aucl (3.18) impty
that G- K¿;K2, t ) 4 as in the Figure á Then in (8.1S), ler k : 1, ir :'2. the
eigenvaiucs of G : Kt; Kz other than -1 and 0 mnst be Loots of

P x,,x,(À)

: {,^ - r + r) - ,3(ì =t)'= } 
.ls, +tt -zlt' 

^2+3^-2J 
L'

: À3 - (¿ -2)^, - (3¿ - b)l -t2t - 4:0.

Apply Theorem 2.4 wilh I : 3. Then the sequence

Àr(C): À2(K¿:K2),t)3

is morotone increasing in ú and bounded f¡om above. So

]\À'(.x';x¡
exists and is the largest root of

À2+3À -2-0.
Then

]fiÀz(Kü xr¡ _ (-3 + ln) lz :0.561553.

Therefore

0 < )2(c) : Àz(Kt;Kt rrKl)< (-J+^/fi)12 < (_1+ ,fs¡¡2, t¿t.

Proof 2.2). If u - u,, but (3.19) is not true, then

(n(z¡ n ¡r(K,)) u (¡r(?,) n ¡¡(¡r,)) +v(Kò,
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If

take

Then

a contradiction

If

let

{w} -_ v(K¿) - [¡r(") u ¡/(?,)] .

Because of (3.15),

l¡¿t,)n N(K)l<t-2.
Together with (3.22), this implies that there is a u/, such that

z' e (lr(z) n ¡¡(r{,)) - (¡¡(r) n ¡¿(r,)).

Then

Gl{*,u' ,-,,} : Ps -- Fz,

a contradiction.

In particular, if
Glvg)-v(xò = Kr,

let qy, q2 be integers such that

llrlo) n V(Kòl: ql, where t < q1 1t - 2.,

and

llf(z¡ nV(Kùl-q2, where r<q2<t- 2.

witlrout loss of generality, suppose et 1 ez,, where 91 and q2 are il one of trre cases
r.L), 1.2), 1.3) and 1.4)

l(¡/(¿) n ¡¿(r<,)) u (n1u¡ n ¡¡(rr,)) l < t - L.

l(r1z¡ n ¡¡(rr,)) u (n1ø¡ n ¡r(rr,)) I < t * z,

r,y e v(K¿) * [¡¡(") u ¡¿(u)].

Glp,o,*,y1 : 2Kz - Ft,

l(r,r1z¡n¡¡(1r,)) u (,ar1ø) n¡¡(r(,))l :t -1.. (3.22)



t*qt

t-q,

Figure 18.

If 1.1) holcls with q1 - I and f ) 3, then

l(n1z¡ n N(K,)) u (¡¿(u) n ¡¿(rr,))l <l¡¿t") n ¡¿(Ir,)l + l¡¡(?,)n ¡r(K,)l
:qttQz<t+ú_2*t_I,

contradicting (3.19).

If 1.2) holds with q1 : 2,, attd t: 5, ther (3.15) ancl (3.19) implv that

q2 - lv(u) nv(Kt)l - B,

and G : H2 as it Figure 6, with À2(112) :0.570274 < (-l + ,/b)12.

If 1.3) holds with q1 :3, and f :6, then (3.15) and (3.19) implies rhar

øz: lw1"¡ ñV(KùI: 3 or 4.

If
(r2 : lN(u) nV(K,)l:8,

then (3.15) and (3.19) imply that

G - F12, with 
^2(Fn) 

:0.7820b1 > (-t +,/E)12,

a contradiction.

If
q2 : lN(u) nv(Kùl : 4,

then (3.15) and (3.16) imply that G : Hs as in Figure 6, with

Àz(ø¡) : 0.607332 < (-r + lù12.
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If 1.4) holds with q1 - t-21 t> 3, tlien q1 : Qz =t-2, ¿¡rl (3.19) irnply that

G:Kt, I{11,t)4

as in F'igure d. Then take Ã; : 2,1 : ¿r: f in (3.13); all the eige¡values of
G = Kt; Ktl other th¿n -1 or 0 can be fonncl by solvilg

P 7ç,;6r,r(À)

: 
{,, -, +1) -,Ji*} l¡, +zs - tl,

: ì5 + (-¿+3)À4 + (-4¿+6))3 + ex +6)À2 +(4¿ - 11)À _r+B
= (À2 + 2À - 1) [)3 + (-¿ + r)^, + (-zt + b)À a ¿ * 3] : 0.

Apply Theorem 2.4 with I - 3. Then the sequence

Àr(G) : À2(K¿;K1¡), t> 4

is monotone increasing in f and bounded from above. So

,lgg Àr(r<';r<r,t¡

exists ¿nd is the largest root of

14 + 4À3 +2^2 - 4À + 1 - (^2 +2^- 1)2 : o.

Then

;.\lå lr(r,;¡rr,t) = -t + ,/i,
and

0 < )r(c) - Àz(K; Kt,t) < -t + li. (_t + \/s)12, t > 4.

For (III)' tt 
I crw.¡-uto,tl: J.

l:, {"::,r_! =U_!G)-V(Kr): Then Gly16¡-y (tç): Gl{.,,*r is one of rhe graphs
from K3,,K2U Kt,KzJ and K3.

Case 1. If

'a
a

Glvg)-v(x,) : Rt =
u a a,tl
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tlren G m.st co'tain orrc of the graphs in Fi,gure 5 as an ind*ced subgraph,

By Part(II), (3.17) and (3.18), wiihout loss of geuelaliry, suppose

(r1u) n v(Kù) ç (¡i¡(?,)n v(Kò) c (a,r1z¡ n v(Kù), (3.23)

t l l¡¿({,) îrv(Kùl _ q <t_2, (J.24)
and

ln¡u) n v(Kùl = lr,i1z) n v (Kùl : t - 2. (3.25)
Because G must contain one of the graphs in Figure 5 as an induced subgraph,
only q in one of the cases 1.1), 1.2), and 1.4) need to be considered.

By (3.23), (3.24) attd (J.25), G is of the form

If 1.1) holds with q - l

as in the Fi,gure 7.

In (3.t4),take k: L,tt

other than -l or 0 can be found by solving

Figure 19

and f ) 3, then (3.23),(3.24) and

G-Kt;KzUK1,t>3

= 2.Then all the eigenvalues of

G: KüKz U.h-1, r > 3

(3.25) imply that

+3)-21

1

I) rr,

6)
_2^+

2(À-1)r(Àr+À-1
À2+3À-2

+ (5t - t2)^ - (2t -
-3f+5)) +(2t-5)l

P r,;xruxr(À)

= {i^, - (t - 2)^2 - t^ +t - 21 -t'
: À5 - (¿ - 3)À' - (4t - 6)^3 _ 2^2

: (À2 + ) - 1)[À3 + (-¿ + 2)^2 + (
:0.

t-q-2
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Apply Theorem 2.4 with l : 3. Thcr the sequence

À2(c) : ).2(K¿;K2u 1f1), ¿ > 3

is monotone increasing in f ¿nd botnded from above. Then

,il*rr(Ã-r; K2u K1)

eústs and is the largest root of

ì4 +4À3 _ 5À+2 : ()2 +3À _ 2)(À2 +l _ 1) _ 0.

Then
tim À2(K¿; K2 u K1) : (_r + \/i) 12.¿- cc

From (3.26),

0 < ì2(c) : À2(K¡;K2u Kt) I el +\/5)12, t> 3.

So

0 < Àr(c) :Àz(K¡Kz u1l1) < (_r+\/E)12, t>3.
If 1.2) holds with q : 2 and t :5. Then (3.23),(3.24) and (3.25) imply rhar

G =, Fn, wirh À2(¡'13) :0.637610 > (-1 + lt)12," conrradiction.

If 1.4) holds with q: t - 2 and.t) 4, as itt Figure 20. Then (3.23),(A.2a) and
(3.25) irnply that

G )) 1(J,r,.,r, a

t-2 times
as in Figure -19, with

ltgrl-r*1>r.
¿-2 ti¡nes

This contradicts the fact that K¿ is the MCM-subgraph in G.

Fìgure 20



Case 2. I1

i
Glvq)-v(x'\ : Kzu Kt e

U È.-.-.a ,U

tlren G contaius one of the graphs in Fi,gure 5 and o'e of the graphs in Figure, 6 as
an induced subgi.aph.

By (3.16), (3.17), (3.18),(3.19) and symmetry, only 3 subcases need to be
corsidered.

Subc¿rse 1. Suppose

(¡'¡(u) n ¡¿(K,)) u (,rr(u) n N(K,)) : v(Kù,

(lr1r,,¡n v(Kù) )_ (N(o) n v(K,)),

(ff1u) n v(Kt)) )_ (¡¿(,/) n v(Kù),
and

j.rr(ru) n v (I{,)l : t - 2.

Thel (3.19) implies thar

(,rr1.ru) n v(Kò) ) [(¡¿(¿) n ¡¿(Ir,)) u (¡/(?) n ¡/(1r,))] _v(K,).

But then
t _ 2 : lN (u) ìv(Kòl 2 lv (K¿)l : ¿,

a contradiction.

Subcase 2. Suppose

(¡/(u) n ¡r(r,)) u (¡¡(u) n ¡r(Ir,)) : v(Kt),

(.nr1?,¡ n v(K¿)) )- (,nr(o) n v(xr)),

l,nr1.nr) n v(K,)l : ¿ - 2,

(N1u)n v(Kù) Ç (N(u)n v(K,)),
and

l,nr(z)nv(K¿)l:t-2.

Then

(¡¡(?,) n v(Kò) ç (r(u) n v(Kù) :(N(u) nv(Kò),
EOrJd



¿nd (3.19) irnpìies that

v (K t) : (¡r(ù) n v (K ò) u (n(z; n v (K,)) : N þt) n v (K,).

But thcn

t : lv (Kòl_ l¡¡(") ìv (Kùl = t _ 2,

a contradiction.

Subcase 3. Suppose

(N(z) n ¡¿(lr,)) u (n1u; n N(K,)) :v(Kò,

(N(tu) n v (Kù) ç (l,r1.u¡ n v(K,)),

l.rr1o)nv(K,)l:t-2,
(n1,,¡n v(Kù) ç (ff12¡n v(Kù),

and

lnlz¡nv(K,)l:¿-2.

Then

(N1,u,) n v(Kò) ç [(n1t¡ n v(Kò) î, (n(z) n ¡¿(¡.,))] G.z7)

Let

q: l¡¡(?rl) nv(Kù,,
where q is in one of the cases 1.1), 1.2), 1.3) and 1.4).

Fïom (3.27),

s : l¡r(?,) ìv(Kùl < l(¡rt,l ìv(Kù) n (¡r(u) n ¡¡(I(,))l
* l¡¡(,) nv(K¿)l + l¡r(u) n N(n,)l - l(¡r(,) ìv(Kt)) u (¡r(u) n ¡r(K,))l
:t-2*t-2-t:t-4. (S.28)

If 1.2) holds with g - 2 and t :5, then q : 2 > t -4 : 1, and (3.28) is false.

If 1.3) holds with q : 3 and ú = 6, then g- 3 > ú - 4 : Z,and (3.28) is false.

If 1.4) holds with q - t - 2,t > 4, then (3.28) is fatse.

So only 1.1) is possible, with q - 1, ú > J.
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If 1.1) Holds then q: 1,1 > 3. Take I;: Z,h : 12 - 1. Thel by (3.14), all the
eigenvalucs of G : K¡ I{tl U Ki other than *1 or 0 can be founrl by solving

Px,rxr.rurc,(\)

: 
{'^'- (t -2)^2-¿À+, -4 -f,q+#îl} út, +2^- t)

- ¡7 - (¿ -¿)À6 - (5¿ - 8)À5 - (5ú - 8)À4 + (6¿ - 15)À3 + (5¿ _ 16)À2 _ (5¿ _ 18)À +ú _ 4

- (À2 + 2À - 1)[À5 - (t - 2)^4 - (3¿ - 5))3 + (3¿ _ 10)À _t+4]
: (À2 +21- t){(À, +.1 - r¡[.13 - (r- 1)À2 - (2¿-5))+r - ¿l +.1]'(' 't \' -J t "J
: 0. (3.2e)

Apply Theorem 2.4 wíIh I - 3. Then the sequence

^r(G): 
)'2(K¡;K1,1 U K1), t> 5

is molotoue increasing in f and bounded from above. So

,lin¿ Àr(l(r; KlrU Kt)

exists ald is the largest root of

À6 +5Àt +5À4 - 6À3 -5À2 +bÀ - 1 =()2 +l - 1)(À, + 2^ _ t)2 _ 0.

Then
tirn À2(K¿;K1¡ u 1{1) = (_1 + yø12.

¿+co

From (3.29),

À2 (c) _ ),2(K¿; fu,1 u r{t) # (_r + ^/5) 12.

Then
0 < Àr(c) : ),2(K¿;K11u11) < (-r + ^/5)12, t > b.

Case 3. 7f

u

Glvç¡-v1x,¡: Kz,t ? A',t \,

By (3.15), (3.16), (3.17), (8.r8) and (3.19), wirhout loss of generality, suppose
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q1 * l¡r(ù) ìv(Kòl. t I q1 1t - 2, (3.30)

n, -lu1u)nv(Kù\, L < q2 <t -2, (3.31)

(,nr1t; n v(Kù) c (ar1z; n v(Kù), (s.32)

l.rr1z¡nv(Kòl:t-2, (r.33)

(¡/(u)n ¡/(1r,)) u (¡r(?u)n N(Kò) _v(Kù, (3.84)

and
(.ri(z) n ¡r(K,)) u (ff(u,)n N(Kù) :v(Kù. (s.85)

where q1 and q2 are in one of the cases l.l), 1.2),1.8), an<t 1.4).

Then (3'34) implies that 
Qt r rrz )¿. (s.36)

If 1.1) holds with q1 : 1, ú ) 3. Then

l(¡,r(,,) n ¡r(r<,)) u (¡r(u) n ¡r(K,))l <l(¡¡(,) n ¡r(K,))l + l(,nr1-¡ n ¡¡(rr,))l
</-. | + t - / _ l,

which cortradicts (3.34).

Sinrilarly, if 1.1) holds with q2 :1, f ) 3, then

| 
(ar1z¡ n ¡r(1{,)) u (.rr(ø) n ¡¡(Ir,)) I s | 

(N1"¡ n ¡r(1(,))I + | 
(¡r(u,) n ¡¡(r,))l

-t-2+q2:t-1,
which contradicts (3.35).

If 1.2) holds with q1 : 2, t : 5, then (3.31) and (J.36) imply that I 1 q, <
t-2 - 3 and q1 !qz -2lqr>t = 5, which implies that Sz _ 3. Then (3.32),
(3.33), (3.34) and (3.35) imply that G = HE, with

^z(H4) 
:0.602s01 < (-t + \rß) 12.

If t.2) holds with q2 = 2, ¿ - 5, then

lnlz¡nv(Kùl:t-2_4.

trlom (3.30) and (3.36), 1 {q1 1t -2:3 and qn+ q2: %12} ú:5, which
implies that Ør = 3. Then (3.32), (3.38), (3.34) aud (S.3b) impty rhar G _ ¡Iõ, wirh

^r(Hl) 
: 0.612279 < (-L + \/Ð I 2.



If 1.3) holds with q1 :3, ¿ - 6, then (3.33) implies that

lnlz¡nv(Kùl-t-2*4.
Ther (3.32), (3.33), (3.34) and (3.35) impty rhat

G - w :¡'rr, with Àz(¡'rr) = 0.632035 > (-I+ Ji)12,

a contradiction.

If 1.3) holds with q2 - 3, ú - 6 and q1 f 3, rhen (3.30) ancl (3.A6) imply rhar

1( q1 ( t-2:4, and q1 { ez:hl g >¿_ 6.

whiclr implies that q1 : \.
Florn (3.33),

ln1"¡nv(x,)l:t-2:4.
Then (3.32), (3.33), (3.34) and (3.35) imply rhat

G : Ft+, wirh )2 (¡'ia) * 0.627719 > (_1 + yß) 12,

a contra<liction.

If 1.4) holds with q1 : ez : t -2, t > 4, thcn (3.32), (3.33), (3.94) and (8.S5)
imply that

G == KüKz.t
as in F igure 9. Take Æ :2,h : 2 anrJ 12: 1. Ther by (3.13) all the eigenvalues of
Kt; Kzl are the roots of

Px,rxr,r(À)

_f,^_ú+1)_ 2(À-1)2 _ (À-1)2 l.rrz_1.. )2+3À --- 
^; 

+tí-]' [.t'+3)-2]' [.]'+z.r-t]
- À5 - (¿ - 3)À, - (5¿ - z)À3 - (Bú - t1)À2 + gt - 20)^ - 2t r 6 : 0.

Apply Theorem 2.4 with I : 3. Then the scquence

^2G): 
À2(K¡;K2,1\. t> 4

is monotone increasing in f and bounded from above. So

,\a l'1r<''6''"

eústs and is the iargest root of

À4+5À3 +3t2 - 7^+2 _ (^2 +2^_ 1)(À, +3À_2) _ 0.
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,\* Àr(r,; Kz,r) = 1-z +,/n¡12,

0 < À2(c) - Àz(Kt; r{zt) < eJ + \try) þ < (_r + \fÐp

Case l. IT

'LU

Glvq)-v(x"): Kt]l: Kt= 

^
'un u

By (3.i5), (3.19) and symmetry, without loss of generaJity, suppose

llrlu¡ n v(Kr)l _ q, 7 1 qt < t _ 2,

l¡¡(u) n V(Kòl : qz, 1 { qz < t _ 2,

larlt )nv(r<ùl_qe,7<qt<t_2, (3.32)

(n1z¡ n ¡¡(Ã-,)) u (N(u) n N(Kù) :v(K), (3.r8)

(¡¡1.r,) n ¡¡(Ã-,)) u (¡¡(?1l)n N(Kù) :v(Kò, (3.3e)

(N1,u)n u(K,)) u (¡¿(u)n¡¡(I{,)) :v(Kù, (3.40)

1(q1 (q2 1q1t-2 (3.41)

where q¿, i :1,2,3 is in one of the cases 1.1), 1.2) 1.3) and 1.4).

If 1.1) holds with q1 :1, ¿>3, thenqlf 8z<I*t-2:t- l,and (8.3g) is
false.

Suppose 1.2) holds with q1 : 2,, t :5. Because G - u is one of graphs in the
Figure 6, G - t¿ must be f12 with Çz = 3. Then (8.39) and (J.+O) impiy ihat

(n1tu) n ¡/(K,)) ) (v(Kù _ (¡¡(r) n ¡r(r,)) ,

and
(lr1.ru¡ n ¡¡(¡r,)) r (v(x,) - (n(z) n ¡r(r<,))

(n1u¡n N(K,)):v17¡,¡,

q3 - l¡'¡(,.,) nv(Kòl- ú - 5 > t - 2 : J,

and



which contradicis (3.37).

Suppose 1.3) holds with gl - 3, ¿ - 6. Because G - t¿ is one of graphs in
Fzgure 6, G - t¿ must be f13 with Qz :4 and

N(u) nlr(z)n1v(K¿)-1.

Then (3.39) and (3.40) imply that

(N(tu)n ¡¡(1f,)) r (vGçù - (.rr(z) n ¡/(1r,)),

¿nd
(ru1to) n ¡¿(¡r,)) r (v6ù - (nr(z) n ¡¡(K,))

Therefore

(ru1.ro¡ n ¡r(K,)) r {lv tr,l- (¡¡(,) n ¡r(¡r,))l u lv (Kt)- (¡¡(,) n ¡¿(o,))l }
:v(Kt) - (¡rfrl n,n/(u) n ¡/(Ã.,)),

and
ør : llr1.u; nv(Kùl

_ lv(Kù - (¡r(u) n Àr(u) n ¡r(r<,))l
>6_1_5>t_2_4,

which contradicts (3.37).

If 1.4) holds with q1 : q2 -- q3 : f - 2, then (3.38), (3.39) and (3.40) irnply
that ú ) 6 and G = Kt;KtJ¡ as in Figure 10. Take k : J,h : /2 : h': Lin
(3.13). Then by (3.13), all the eigenvaJues of I{¿; K1,1,1 other than -1 or 0 can be
found by solving

P xr;xr,r,r(\)

: 
{,^ -¿+ 1) -å#i*} ['^, +2À - 1]

: 
^7 

- (t-4)Àu - (6f - 9)À5 - (e¿ - 20)À4 + (4t- 1)À3

+ (9ú - 36))'z - (6t - 23)^ + t - 4

- (À2 + 2À - 1)2(À3 - t^2 - 2t^ + 7^ +t - 4)

-0.

Apply Theorem 2.4 with I - 3. Then the sequence

Àz(c): )2(K¿;6fi¡¡), t) 4



is monotone increasing in I and bounderi frorn above. So

]\À'(x';K¡-'¡-':.¡

exists and is the largest root of

À6 +6)5 +9À4 - 4^3 -g^2 +6) - 1 : (À2 +2t - i)2 * 0.

Then,

,["¿,tr1c¡ : ]yyÀr(Nr; t<t,r,r) = -t + y'i, t > a,

and
0 < Àr(c) : ),2(K¡K1,1,1) < -1 + Ji. et + 15)12, t > 6.

For (VI), if

l"lu,.,-u,*",1: n,

then G contains at least one of tìre graphs in Figure 7, Figure g, Fzgure g ot r'iqure
-10 as an induced subgraph. Because 0 < À2(G) < (-l+\/S)12, 2K2 and. pa are not
induced subgraphs of G, and Glvq)_v6ù must be one of the graphs in Figure pl.

aaH

aaaa

Figure 21
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Co.se 1. 11

ux:

Glvq)-v(x,) : Rn o

'rt 
t,,

tlren G must contain a graph in Figure 7 as an induced subgraph.

Because any pair of vertices in {u,u,w,r} are not adjacent, by (3.i6),(3.12)
and(3.18), the set

{lr1z¡ n v(K¡), N(u) n 1v(r{¿),Iv(tu) n N(r{¿), ¡,/(u ) n ¡r(Ir,)}

must be a linearly ordered set with respect to the inclusion relation between its
elements. Without loss of generality suppose

(¡/(,)nv(¡f,)) Ç (n1z¡nN(¡r,)) e (N1,,¡n¡¿(r(,)) q (¡r(,,)n¡¡(Ir,)), (3.42)

o- llrtlu¡ nv6ù| r < q < t -2, (3.43)

¿nd

lnlz¡nv(x,)l: lN(u,)n u(x,)l: lN(z)n N(Kr)l*t_2. (s.44)

Because G - z must be the graph K¿; K2 tJ K1 as in the Fi,gure 7., q must be 1.
Flom (3.a2),(3.43) and (3.44), G is as in Fisure pp. Blt then

with

G >> K 1,1,...,1, 3,\'/
¿-2 times

t-2+3:t*I>t,

which contradicts the fact that G ) Il¿ is an MCM-subgraph in G.

Therefore, in this case, no graph G satisfies the conditions.
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t-3
lL

'a

u

Figure 22.

Case 2. ff

rH

Glvç)-v(x") : Kzu Rz =

then G must contain at least one of the graphs in Figure 7 ard, at least one of the
graphs in Figure 8 ¿s an induced subgraph.

Tlrus G- t¿ and G-ø must be graphs KüK1JU K1, t I 5 as in Figure g,
with

l¡¡(?r) n v(Kr)l:1,

l.nr1ø¡nv(Kùl-1. (3.45)

(3.17) and

and

. Because w ,y' u and by the symmetry of tr and o in G, using (3.16)
(3.18), without loss of. generality, suppose that

(rir1?,¡ n v (Kù) ç (n(z¡ n v (K,));

ln1ø¡n v(Kùl:t -2.
But (3.a6) contradicts (3.45) foï ¿ > 5.

Therefore, in this case, no graph G satisfres the conditions.
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Case 3. If

uiD

Glvql-r(x,): KzJu Kt = |.luu

tlren G must contain at least one of the graphs i^ Figure 7, at reast one of the
graplrs in Figure 8, and at least one graph in Figure g as an i'rluce<l s.bgraph.

Tlrus G- z must be the graph KüKt;U K1, t ) 5 as in Figure B with

l.'v1r"; n v(K,)l: t, (8.47)

ln(r)nv(Kòl:t-2, (3.48)

l¡/(?)nv(r{ùl-t-2, (3.4e)

(n1ø¡ n v(Kù) u (¡/(u) n v(Kù) : v(Kò, (3.50)
and

(N(ra)n v(Kr)) ç [(¡/(u)n v(Kò) ì (.nr1ø¡n v(Kù)l (r.51)

So G - ¿ rnust be the graph K¿; K2 U 1{1 as in Figure 7, wilh

N(u) ìv(Kù : N(u) ¡v(Kò. (J.b2)

Also G - ú must be one of the graphs in Figure g. Then (3.a2)-(8.b2) imply
tlrat G -'¿u mnst be the graph Kt; KzJ, t ) 4 as n Figure g, and.

G=KüKztUKt,t>5
is the graph of Figure 11.

Take k : 2,\ - 2 and /2 - 1. Then by (3.ta), all the eigenvalues of G =Kt; KzJ U 1{1 other than -1 or 0 can be found by solviug

_ 2() - 1),(^, +À- 1) _ (À- r)r(À, +À- 1)l
À2+31 -2 ^z+2^-1 I.[r' + s.r - 2] . [^'+ 2) - r]

7t-14)^4+(9¿-21)ì3
+(8¿ - 23)12 - (9¿ - 33)) +2t - 8

- 7))t - (sú - 10)À2 - (7t +z+)x - zú+ 6] + J) - 2

(3.53)
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:{a'- þ-4^2_ ù+t- 21

- 
^7 

- (t- 4)À6 - (6ú - e))5 - (

- (À2 +À - 1) [)5 - (r-B)À4 - (5ú

-0.



Apply Theorern 2.4 with I = 3. Then the sequelce

Àr(G) : À2(K¿;K2,1 u K1), t> 4

is rnonotone increasing il ú ¿nd bounded from above. So

]\^z(Kt;Kz,1u K1)

exists and is the largest root of

)6 + 6À5 + z^4 -9À3 - 8À2 + 9À - 2

_ (À2 + À - 1)(À, +2À _ 1)(À, +3À_2) : o.

Then

,[*lr(c) : ]4y\r(x,;xr,r uIfr) : (-L+yø12.

Fl-orn (3.53),

Àr(G) : À2(K¿; K2,1 u Kt) I er + JÐ 12.

So

0 < lr(c) : ),2(K¿;K2,1¡Kr) < (-1 +\/5)12.

Case l. If

Glvg)-v(x,) : KtJ I

then G must contain at least one of the graphs in Figure 7 a.,d at least one graph
in Figure 9 as an induced subgraph.

G - z must be of the gta"ph K¿; K2 U I{r as in Fi,gure 7. Because the vertices
1r,'ù ju) ate symmetric in G, without loss of generality, suppose

ln(z)nv(K¿)l:t-2,,

l,nirlz)nv(K,)l:¿-2,
and

ln(tu) n v(x,)l:1. (3.54)
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Because t¿' - r, from (3.19)

(r,i1tu)n ¡¿(K,)) u (ar1z¡n N(Kt)) :v(Kù.

But then (3.i5), (3.54) and (3.5b) impty that

¿ : l(¡/(?,) n ¡/(r<,)) u (¡/(r) n ¡i(rr,))l
< l¡¡(t{,)n ¡¡(¡r,)l + l¡¿(u) n ¡¿(I(,)l
<1+t-2:t-1,

a contradiction.

Therefore, ill this case, no graph G satisfies the conditions.

Case 5. If

Glv(c)-v(x,\ : KtJ,t tJ Kl : K3 U Kt =

then G-z must be the graph Kt;KtJU K1, t ) 5 as in Fi(rure I wrtlt

l,rrltu)nv(Kùl-t,
(.nr1tu; n v (Kù) ç (ff12) n v(K,)),

and
(r1tu) n v(Kò) c (¡¿(u) n v(K,))

G - ¿ must be the graph Kü KtJ lJ K1, t ) 5 as in Figure B with

(N1tu; n v (Kù) ç (N1z) n v (K,))

G - u must be the graph Kü Kt,t,t,, ú ) 6 as it Fi,gure 10 with

lnlz¡nv'll'ùl:t-2,
la,r1"¡nv(x,)l:t-2,
ln1ø.¡nv@¿tl-¿-2.

(n1z¡ n ¡r(r{,)) u (N1ø; n N(K,)) _y16,¡,

(n1z) n ¡r(rr,)) u (¡¡(?) n ¡¿(K,)) :v(K,),

(3.55)

(3.56)

(3.57)

(3.58)

(3.5e)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)



¿lld

Then

From (3.66),

(¡'/(?) n ¡r(1r,)) u (ff12) n N(K,)) : v (K,)

Then (3.56)-(3.65) implv that

(3.65)

G: K¿;K1,1,1 U K1, t>7

as it Fiqure 12.

Then take È - 3, lr - lz: l¡ : 1in (3.14). All the eigenvalues of G =
Kü Ktl¡ U K1 other than -1 and 0 can be found by solving

Pxr;xr,,,ruxr(\)

= {t^, - (t-2)^2 -r^+t-21 -3()-,t]'?({+ì-rl}.r,r,*2À- r)3(' ' ^z+2^-r )' '-'
: (12 + 2^ - t)2 lru - (¿ - l)Àn - (s, - 6)13 + 2^2 + (3¿ - 13)À - ¿ + 5]

- ()2 + zs-¡'z{1s' +)- 1)[)3 - rÀ'z -t2L-T)^+¿+b] - À] (s.66)()
: Àe - (ú - 5)Àu - (Tt - LÐ^7 - 04t - 24)^6 +(r +4)15

+(22t - 66)À4 - (¿+s).r' - O4t- 64)À2 + (2, -38)À -¿+b
-0.

Apply Theorem 2.4 wilh / : 3. Then the sequence

^r(G) 
: À2(K¿; K1,1,1 u K1), t > 7

is monotone increasing in ú and bounded from above. So

,\arr1c¡ = fuÀz(x,;rr,r,r uÃ-r)

exists and is the largest root of

À8 + 7)7 + 14)6 - 
^5 

- 22^4 + À3 + 14À2 - zÀ + I
: (À2 + ì - 1)(À2 + 2À - 1)3 : 0.

,li* Àz(r'; ¡'r,r,r u Kr) : (-r +,,ß) 12.

0 < À2(K¿; K1,1] u Iç) + (-L + 
'/B) lz, t > z

trt)



0<À2(K¿;K1,1,r ultr) < (_1 + r/i)lz, t>z

Case 6. If

Glvç¡-v1x,¡ : Kz,z ?

tlren G rnnst contain ¿ graph in Figure g as an induced subgraph a,nd. Glyç;¡_y1y,¡
is synrmetric in u,u,w, atd r.

Thns G - z rmrst be ole of the graphs Ha, H5 and Kt; Kzl as in Fiqu,re g.

Because r ,y' w, then (3.16) and (3.17) imply that

either
(¡¡(z) n v (Kù) c (¡/(¿¿J) n v(Kò),

(ru1.u;n v(K,)) ç (n1u)n v(K,));

Becausc u ñ u ând Í - ?, then (8.1g) irnplv that

(¡¿(r,) n ¡r(r(,)) u (ar(z¡ n N(Kù) :v(Kò,

(¡¿(Í) n ¡/(rr,)) u (N1o¡ n N(Kù) :v(Kù.

Then(3.15), (3.67), (3.68), (3.70), (s.22) impìy thar

(n1tu¡ n v(Kù) - (rrr1r) n v(K,)),

| 
(n1u¡ n v(Kù)l- 

I (¡¡(") nv(Kù)l _ t - 2 _ J
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Subcase I. lf G - r : H+, then f = 5. Without loss of generality, suppose

l.ar1z)nv(x,)l-3,

lnlo) n v(Kùl:2,

larlu;nv(Kòl-3.

(3.67)

(3.68)

(3.6e)

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)

(3.75)



Tlten (3.69)-(3.75) irnply that G: fi5 with

Àz(¡rs) :0.630315 > (-7+,/l)12,

a contradiction.

Snbcase 2. I1 G - r: Hs, then ú :5 and

N(u) nv(Kt) : N(u) nv(Kt). (3.26)

Then

lrlz¡nv(Kt)l_1ru1rl¡nv(Kùl_t_2:r, (r.77)

¿nd

l.nrltu¡ n v(K,)l:2. Q.78)

I\'om (3.15), let

q : lM(r) nv6)1, rhen 1 ( q < t _ z _ s.

I1 q:1, by (3.15) aud (3.69),

¿ : l(¡r(r,) n ¡r(n,)) u (¡/(¿) n ¡¡(r<,)) 
I

< l¡r(") nv(Kt)l+ l¡/(¿) nv(Kòl
<q+t-Z-l*t-2:t-7,

a contradiction.

I1 q - 2, thel (3.67), (3.68), and (3.78) imply rhat

N(r) ñV(Kt): ¡r(.) nv(Kt). (3.7e)

So

l.rr1z)nv(K,)l=l,nr1r,,)nv(K¿)l:q _2. (a.sO)

Tl.1 ¡v (3.69),(3.70), (3.76), (3.77), (3.79), and (3.80), c is a graph as in the F.isure
23. Buf then G >> f'5 as an induced subgraph with

)z(r¡) = 0.678363 > (-1+ \f5)lz,

a contradiction.



Fi,gure 23

If q - 3, then (3.67), (3.68), and (3.78) irnplv rhar

(¡i(.r,)n v(Kù) ç (ff12)n v(K,)).
Then (3.69), (3.70) and (3.81) imply rhar G: f'15, a conrràdicrion.

Snbc¿se 3. If G-r:KtiK21,t)4,thgn
I,rr1ø)nv(K,)l:¡-2.

(3.81)

(3.82)

G - t¿ rnust be one of graphs IIa, .ÉI5, and, K¿; K2¡ as in F,igure g.

Because r ald .¿¿ are symrnctric it Glyç¡_y11az), just as in Subcase 1 and
Subcase 2, in G - w : H+ or G - w: I15, then'there ii no graph that satisfies the
conditions.

I1 G - w : Kt; Kzt, t ) 4, then

lnlz;nv(Kòl-t-2 (3.83)

By (3.67), (3.68), (3.s2) and (3.84),

N(r) nV(Kt): ¡¡(r) nv(Kt).
ThenG-ø: KtlKzt f )4and G-w: KüKzJ, ú > 4 imply thai G: Kt;Kz2
as Fi gure 13.

Take A - 2,h = 12:2. Then by (3.13), aJl the eigenvalues of K¿; K2,2 othet
than -1 or 0 can be found by solving

P7¡";v','(À)

- í,, -+r1ì - 
4(l- l)'z- I . l^2 +z^ -zl2-1.t"-L-rrt- 

^r+J,_ 
z) L r

: (12 + sÀ - 2) [.\3 - t^2 - (3ú - s)À + 2t - 6)]

- À5 - (ú - B)À. - (6¿ - 7)À3 - 6t_ 2Ð^2 + e2t -36)À -4¿ it2 _ 0.



Apply Theorem 2.4 with l:3. Then the sequeuce

Àr(G) : )2(K¿;I{2,2), tì_4

is rnonotone increasing in f and bounded from above. So

]\À'{x';x'''1
exists ¿rd is the largest root of

ta + 6À3 + bÀ2 - 72^ + 4: (À2 + JÀ _ z)2 : g.

So

]*yÀr1tr,; Yr,r) : (-3 + \/17) 12,

and
0 < À2(K¿; K2,2) < (_3 + J17)12 < (_1+ ,/ù/2

Co.se 7. I1

UT
Glvg)-r(x,) = At,z ?

w .Ì)

then G must contai' at le¿æt o'e of the graphs ín Fiqure fl at least one of the
graphs in Figure g and at least one graph in Fi,gure 10 as at induced subgraph.

The fact that G - ¿ must be a graph in Fi,gure g implies that

G-r=KüKtJUKl,t>5

with

ln(u) n v(t<,)l:l. (3.84)

Because ¿ - u, (3.19) implies that

(l,r1z¡ n ¡¡(Ã-,)) u (¡i¡(?,) n ¡¡(1r,)) _ v(Kù. (3.85)

But then (3.15), (3.84) and (3.S5) impty thar

r - | 
(¡,/(,,) n ¡r(K¿)) u (¡'/(?,) n ¡r(Ã.,)) 

I: l¡r(,) ìv(Kùl+ l¡r(ù) nv(Kòl
<t-2+1:¿-1,



a corìtradiction.

Therefore, iu this case, no graph G satisfies the colclitions.

Case 8. If.

Glvq)-vtrc,l = KzJJ a

tlren G must cont¿i' at least one of the graphs in Figure g and at least one of the
graphs iu Figure 10 as an inducecl subgraph.

G - z must be the graph Kü KtJ,t ú ) 6 as it FiEre l0 implyiug that

lnlu¡nv(Kùl-t-2,

larlz¡nv(K¿)l:t-2, (s.86)

ald

ln1,ru¡nv(KÐl:t-2. (3.s7)

G - u is a graph it Figure 9 imply that

G-u:KüKzl
witÌr

t/(ta) n v(Kò _ N(r) Lv(Kt).
Then G must be the graph Kü KzJ,t as in Figure 11.

Take -K : 3, 11 : 2,12 = fu: 1 in (3.13), then all the eigenvalues o1 K¡; K2¡,1
other than -l or 0 can be found by solving

Pxr;xt,t,r(À)

:!,r_rrrì_ z(^-tl2 2(À-1)2 I ..'- 
1 

(^ - t + | ) - it + JÀ J - x-iã= I' (À' + 3) - 2l' o2 + 2^ - 1)2

- (À2 +2À - t)[À5 - ft -4^4 - (b¿ -6)À3 - (3¿- ls)À, + (Tt - 2T)^-2r+8]
: )7 - (ú-4))u - (7¿- 9)À5 - (tzt -28)À4 + (6¿+3))3

+(15¿ - 64)^2 - (11ú - 43)À * 2¿ - 8 : 0.

Apply Theorem 2.4 witlt I - 3. Then the sequence

^z(G): 
À2(K¿;K21¡), t> 4
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rs rnoùotone irrcreasing in I ancl bounded from above

]Y¿À'/.x' x''''';'

exists and is the largest root of

t6 + 7À5 +r2^4 - 6)3 - 15À2 + 11À - 2

: (À2 + 2^ - Ð2(^2 + 3À - 2) _ o.

,[a rr lc¡ : ]4y),2(Kt; Kz,r,r ) : (-s + \/rT) 12.

Therefore

0 < À2(c) : ]yy\r(xr; x\,,,) < (_3 + \/17)12 < (_r + ,/û12.

Case 9. I1

GlvG¡-v(x,): Kr.r.r.r : Kq=

then G must contain at least one of the graphs in Figure 10, and, Glyç¡_v1r,¡ is
symmetric about z, t,, .to, and r.

The fact that G -n must be a graph Kt;KtJ,t, ú ) 6, as in Figure -10 implies
that

lnlz)nv(Kòl:t-2,
lnlu¡nv(K,)l:t-2,
lnlu¡nv(K,)l:t-2,

(,nr(z) n ¡/(r¿)) u (N(o) n ¡¡(rr,)) :v(Kù, (3.e1)

(¡,r(?,)n¡r(r,)) u (1,r1ø¡n ¡¿(rr,)) _v(Kt), (3.e2)

and
(,nr(tu) n¡¡(n¿)) u (ar1z¡n¡r(¡.,)) :v(Kò. (3.e3)

Tlre fact that G - tu must be a graph I{¿;K1¡,1, f ) 6 as in the ii Figure l0
implies that

l.nr(z)nv(Kùl_t_2,
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(3.88)

(3.8e)

(3.e0)

(3.e4)



(¡¿(u) n ¡r(I(,)) u (ff(ø)n N(Kù) _v(Kù, (3.es)
(n1u¡ n ¡/(K,)) u (.nr(z) n N(Kò) :v(Kù, (3.e6)

ancl

(N1r") n ¡¡(r(,)) u (¡¿(¿) n N(K)) _ v(Kò. (3.e2)

Then (3.88) (3.97) imply that G must be a graph Kt; KtJ,t,t, f ) g as in
Figure 15.

Take À -- 4,1 : ¡, - fu - l¿ = 1in (3.1A). Thgll all the eigenvalues of
Kt; Krr,r",...,to other than -1 or 0 can be found by solving
Pxr;xr,r,r,r(À)

: {t^-¿+ 1) -,1(^ -,')' I . (^2 +2^ -t\4l. 
^2+2^-rJ- (À2 +2À - t)31¡, - (r+ t)À2 - (2ú -9)) +, -5)]

- Àe - (¿- 5)À, - (8t- rÐ^7 - QÌt-36))6 _ (8ú _ 46)À5 + (26¿ _ 66))4
+(8¿ - 68)À3 - Q\t - 100)À2 + (8¿ _ 39)À _ ¿ * 5 : 0.

Apply Theorem 2.4 with I : B. Then the sequence

Àr(G) : À2(K¡;K1111), t) 8

is monotone itcreasing in f ald bourcled from above. So

]\Àr(x,; Nr,r,r,r¡
exists ¿nd is the largest root of

À8 + 8À7 +20À6 +BÀ5 - 26À4 - 8Àr + 20)2 - B) + 1

:(À2+2À-1)4-0.

Then

]fi\z(Kt x''t'Ir) - -r + lz'
and

0 < Àr(G) : À2(K¡; K1,1,\r) . _1 + ,/2 < (_1 + ,/i)/2.

For (V), il G >> Kt as an MCM-subgraph and 0 < Àr(c) < (_1 + lfS)lZ, then
G>2K2=Ft,GÞPE:Fz

as induced subgraphs, and from the part (Iy), Case 7,

Glvg)-v(xù Þ At,t
as an induced subgraph. So each component oT Glyç,1_y1a,; must be a complete
multipartite graph' If there are two components of Glylq-ruir,¡ containing 

"åg".,then
G Þ Fz :21{2, wir'h )2(Fr) :1,

a contradictiou. So only one component of Glyç¡_y16,¡ contains edges.



Theorem 3.6. Lct G be a simple graph without isolatecl veúices and such tl¡at
G )) Kt a complete graph on t vettices as an MCM-sttbgraph. Then

0<Àr(G) <(-r+\f5)12

if and only if G is one of the following gtaplts:

(r) Az,z, As,s, Ht, Hz, Hz, H+, and, H5.

(II) An intluced sutrgrap.hs of one of the graphs Kü K¿,,t,,...,ro,
where t ) 3, 1<k <tf2, and L < l¿ < 2, fot i : 1,2,. . . , k,

(III) An incluced subgtaphs of one the of graphs K¿; K¡,,¡,,...,¿u U K1.
wheret) 3, 1< k < (t - I)12, and71l¿ 12, fot i _I,2,...,k.

Proof. Let G be a simple graph without isolated vertices and such tb.at G >) K¿ a
courplete graph ol t ver.tices as MCM-subgraph such that

0 < )2(c) < (-r+ vß)12.

Then the fact that G must contain á1,2 irnplies that ¿ > 3.

Fr-om Lcmrna 3.5. Part (IY); Case 1, GlvG)_v(x,l Þ RE. So if Gly16¡_1y1¡¡,¡
only coltains isolated vertices, then

l-.r
lclrtct-vrx,tl 3 3.

If l^.r
lclvlct-v1x,¡l < 4,

then frorn Lemma 3.5, G is a graph in Part (I), part (II), or part (III).
From now on, suppose

lr
lclvø-vtx"tl > a'

In this situation, Glvq)_(v(tc,) must contains at least one edge.

Flom Lemma 3.5. Part (V), each component of Glyç¡_y1y,¡ is a complete
multipartite graph and only one component of Glyçç¡_y16,¡-conìains edges.

Flom Lemma 3-5. Part (IY), Case l,
GlvG)-v(x,) Þ KsJ.

So if

Glv G) - (v (x 
") 

)) K h,¿,,...,t o,

where fr ) 2, and l¿ > l,i, - 7,2,. .. ,,k,
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then
7 < l.; < 2, i.: 1,2.,... ,l*. (8.98)

Florn Lcmma 3.5. Part (IY), Case L,

Glv@\-v(x,t> K2UR2.

So Glyl¿¡-y1¡1i) corrtãins at most two courponents. According to the number of
components in Glyç¡_y1¡¡"¡, there are two cases.

Case 1. Glyg;¡_v(Kt) only has one cornponelt.

Then the facts that
Glvç¡-v¡x¡

contains edges, each componcnt of

Glvç¡-v1x,¡

is a compiete multipartite and (3.98) implv

Glvç)*v (x,) : K¡ ¡,,...,r0,
where À: >2, I<It <lz1...<lt <2. (3.99)

I1 k - 2, then (3.99) implies thar

ll
,Glv rct -vr x,¡l - lK u ¡l < 4.

The structure of G is already clear from the Lemma 3.5.

Let Ã; > 3.

Subc¿r,se 1. Let k > 3, li:7, i, :1,2,... ,¡.

Glv G)-vwù = K4,r,,...,r0, = K t J,... J : Kx.ffi
Mathematical induction can be used on fr to prove that

G = K¿;K1,1,...,1, where I S k < t12.

,t times

Forfr:3,if
Glvg)-v(x") : KtJ¡- = Ke,
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let

tlren frorn Lernnra 3.5, Part (Iil), Case l, G = K¿; K1,1,1 .

For À:4, if
Glv(c)-v6,) = Kt J,t ) - I(c,

tlren from Lemma 3.5, Part (IY), Case g, G : Kt; KtJ,t¡.
For k > 3, suppose that if

Glvq)_vtr¡ = KtJ,...t : K*,H
then

G : K¿; K1¡,. .,1., where L < k < tlz. (3.100)H
For,k*1, A>3,if

GlvG)-v(x,): K tJ,...,t : R*+t,

È+1 tiEes

/\v\Glrt",-rt*,)) :v(K 
U ) : lu1. u2......¡ß+rÌ.

ß+1 times

Then

G - r¿+tlv(c-o;+r)-y(K¿ ) : Kt|,...,t,: Kr.x
By the inductive hypothesis (3.100),

G - {o¡+r} : Kt;KtJ,...,t,\-/
å times

wherel<k<t12,
and 1 ( l¿ 1 2, for i.:1,2,. .. ,k. (3.101)

The structure of the graph
Kt; KtJ,...,tH

and (3.101) imply that

116ò -få (rr,, n ¡¡(K¿))l :2Æ.
j=1

/t)

(3.102)



Because ùk+l N uj, j = 1,2,... , À, from (3.1g)

(¡r(,u+,) n¡r(tr,)) u (¡/(ùj) n ¡r(K,)) : V(Kù, for j : 1, 2,...,k.

Theu

(¡¡(,n+,)n¡r(r<,)) )_ (v6t)- (¡¿(,¡)n¡r(r<,))), br j _1,2,...,fr. (s.103)

This in turn implies that

(¡¿(,u+r)n ¡¿(Ã',)) r Ú tutr,l - ((¡r(,;)n ¡¿(K,))l
j=1

ß

:v(K,) - f-l [¡¿(,,) n ¡/(I{,)]. (3.104)
j=7

Also by the inductive liypothesis (3.100),

G - u¡: Kr;K!J;,!. (J.105)

È times

(3.105) implies rlìat

l¡¡(rr*') nv(Kùl: t - 2. (J.106)

Then (3.104) and (3.106) imply that, except for two vertices in

L

[ì l¡¡(,,) n ¡¡(Ã.,)],
J=1

u¡.u1 is adjacent to all the remaining vertices inV(K1). Then from (J.102),

lr,*,, -if ¡rr,,rn N(,.,)lI
j=7

,n:lvtx¡ - 0 l¡rr,rl n ¡¡(K¿)] 
I 
+ 2

j=i
:2kr2_2(k+1)<lv(Kòl_t. (3.107)

This implies that i; * 1 < tlz.

Therefore

G: K¿;K 1,1,...,1_: whereú> 3,3 < k+I <t12.\z
t+1 times



This cnds the induction.

For ll ) 1, let ,11 - lz =...- I*:1. By (3.13), all the eigelvalues of

G - K,:K,, ,

H
other than -1 or 0 can be found by solving

Px",xt,t,...,t,(À)

¡ ri'n€s

=f,^-¿+1)-À -(À-t)2 ìt ^2+2^-i]'t'l'+2^- 
t)ß

- (À2 +2À - r¡'t-t[r. - (¿+fr - B)À2 - et-2k- 1)À+ (¿- À_ 1)]
:0.

For 3 ( k < tl2, applv Theorern 2.4 with I : 3. Then

À2(G) : ),2(K ¿i K 1,1,...¡)

/b ti¡nes

is monotone increasing in I ¿nd bouuded from above. So

lim-À2(K¡i I{1¡, ¡)
l,: times

exists and is the largest root of

(À' +zx - 1)t = o.

.lim- )2(K¿;Kr,r,...,r) - -I + \/r,
!---l
A times

0 < À2(I(¿;K.1,1,...,') < -I + r/, < Fr + \/i)12.g_-i
¡ times

Let

-Iz= "'- ls l, ls¡t: Ig¡2 = ... - Ir:2, 0 { g <lc,

Glvg)-v@,) = K4¡",...,rr : ol1;} ry,
9 times ,t-9 times

Therefore

and

Subcase 2.

k>3, tl
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Lct

v,-!1''''j' iri(i<rr:
I {r,.,.r,.r} ifS + 1 < ¿ < À.

the V¿, i, : I,2, . .. , Å:, are maximum independent sets il Gly16¡_ v(K), and

*
v(Glur"¡-rro,l) = U Y,

i=1

A

Gt:G- ! {,,,'}. (J.to8)
i=s!1

Then
Gtlvgò-v(t<,): KtJ,...,t = Kt".x

G1 is a graph in Subcase l. Then the results in Subcase l imply thai

G1 =. K¿; K1¡,...,1., v¡here 3 < k < tl2. (3.109)\'r'
l times

Let
1(rr < i2<h< À;, and g <is<k. (3.110)

Because fr ) 3 and g < lc, i1,i,2 and i3 exist.

Let
Gz = Gl x ru {u r r,1 J)i2,1,1)i s,\,ui 3,2},

Then
G zlv ç 

"¡ -v 1x ") 
: Gl 1,,,,,,o, 

",,,ui3, 
r,?,,s,2 Ì : K z J,,t.

Lemma 3.5. Part (lY)., Case 8 implies that

G2: K¿; K2,1,1.

Then (3.110) and the structure of K¿; K2¡,1 imply that

¡¡(r¿",t)ìv(Kt): N(u¿",2)ìV(Kù, s <ü < k. (3.111)

Because G )) G, >> K¿, it follows that (3.11i) holds both in G and G1.

From (3.108), (3.109) and (3.111)

G= K¿;K1¡,...,7,.2,2,...,2 where 3 <k<t12,0<g <k.\/\/
g times À_9 times



If h : b - .-. - I¡ :2, sl :0, then fi.or¡ (3.13) all the eigelvaJues of

G =. K¿; K2,2,...,2 wirere I < k < t12ffi
other than -l and 0 cal be found by solving

Px.'xo o ' (À)
\-.r'

I rimês

: i,^ - ¿+ i) - 3'^; t"-)t^z 
+ rÀ - z¡Lt' 

^2+3^-2)': (À2 +sÀ - 2)¡"-1[r, * (, + 2k-Ð^2 - Gt -4k- 1)À+ (2t _2k_2)].
-0.

Apply Theorem 2.4 with l :3. Then the sequence

À, (G) : \2(K¿; K 2,2,....2)

k times

is rnonotone increasing in ú ald bounded from above. So

lin À.>(K,: Ko , .l¿_oo -. _ sip,
,( times

exists and is the largest root of

(À2 + JÀ -2)k : o.

]\^z(K t; x t,2,...,2) 
: (-J + \/IT) I 2.

ß times

Therefore
0 < 

^2(KüK!\:) < (_3 + 'h7)12 < (_r+ 1f512).

If
\=12:...-ls 1, ls¡1 = ln.,2:

then by (3.13), all the eigenvalues of

G : K¿; K1,1,...,7, 2,2,...,2, where 1
\/ !\/
9 times &_g times
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other th¿u *1 or 0 can bc forind by solvilg

PKr; Kt,t,...,t, 2,2,...,r. (À)
\_,-\_,:

I rihes ¡r-e rimes

_ f,^_¿+ t) _ s(^-rl2 _ z(fr -.o)(À- r)r\
t' À2+2À-l 

^2+3^-2 J
.(s2 +D, - 1)e. (À2 * 3À - 2¡r-ø

: (À2 + 2^ - t)!t-!(^2 i S), - 2¡r"-s-t
.[r'- (¿ +2k- s -6)Àn - (5t+s * B).\i - (3¿ -8r;+g+¿)À2

+(7¿ - 8À + g - 5) - 2t + 2k +2)
-0.

Apply Theorem 2.4 with / : 3. Then for fixed k and, g the sequence

^r(G) 
: \2(I{¡; K1,1,...,1, 2,2,...,2 )

ìñoìf*""
is mouotone iucreasing in f and bounded from above. So

lim^ À2(K¡; K1J,...,t, 2,2,...,2 )

ìffi oì-u-""

exists and is the largest root of

(À'+zx- 1)c(À2 +J^_ 2)h-s :0.

Then

,lia'l'1*'Kry W t: (-3+ 
^/17)12'

g times ,t-9 times

So

0 < À2(K¿;K1,1,...,1,. 2,2,...,2. ) < (-3 + /LT)12 < (-1 +,/5)/2.
g times É_9 tiroes

Case 2. Glyç)-v1r<,.¡ has two components. Then one component must be
an isolated vertex {gr}, and the other component which contains edges must be a
complete multipartite graph.

Let G3 : G - g. Without loss of generality, let

Gtlv(c")-v(x,) : KhJ",...,to ,

where fr>2, l<h1lz1...KI¡12. (g.ll2)
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Then

Glvg)-v(x,) : K¡,,¿,,...,¿o l) K1,
where l; > 2, 7 < h < 12 < . . . ( l¡ ( 2. (3.113)

Let k:2. trYom (3.112),

Gslvqù-v(x")=Kh,t,, L1\11212. (3.114)

F\'om (3.i13),
Glvq)-v(x,): K\,bU Kr, t1\112 12, (8.115)

and then
lcr I

, 'vrcl-v1r,¡l: lKt, t, U Kt I < ¡'

If 11 : 1 ot 12 : 1, from (3.115),

lctr't ,vt,c)-v(x,)l: lKhh U 1{r | < 4.

The structure of G is already known frorn Lemma 3.5.

If 11 : 12: 2. F'orn (3.1i4),

GtlvGù-v(x,) = Kr,r.

Then from Lemma 3.5. Part (IV), Case 6,

G -Y: Gt: KüKz,z, t) 4. (3.116)

Let

02 u1

Glv¡t-v(xò : Kz.z t) Kt ! T-l . sllus u4

The structure of the graph Kü Kz,z and (3.116) imply that

116,) -fi tr,,,, nv(Kt)ll:4. (8.117)



Then

and

G - {q,ua} ss Kr,

G - {q,ua}l¡,,o,,y} : K1¡tJ K1. (8.1i8)

fborn (3.118) ¿nd Lemma 3.5. P¿rt (III), Case p,

G - {4,ua} = K¡; K1¡ u K1, (8.119)

l¡¿(s) n v(K,)l :1, (3.120)

(¡r(y) n ¡r(1r,)) ç (¡¡(u1)n v(Kò), (3.121)

(¡r(y) n ¡¡(¡r,)) ç (l,r(or) n v(K,)). ß.122)

Becausc G is symmetric ir ul, u2,aJ,a4) the following also holds:

(¡r(E)n ¡¡(1r,)) q (¡¡(ù3)n v(Kù), (3.123)

(¡r(E) n ¡¡(1r,)) q (N(un) n v(Kù). (r.124)

From (3.121)-(3.12a),

l¡¡(y) n ¡r(¡r,)l ç ó [r,,,, nv(Kt)]. @.r2s)
i=7

Now (3.117), (3.120) and (3.125) irnpty rhar

t--lv(Kt)l>4*1_5,
andso 2_kS(r-1)/2hotds. (3.126)

Flom (3.116), (3.119), (3.120), (3.125) and (3.126),

G:K¿;K22UK1.,t>5.

Letfr>3.
' Ilom (3.tr2)

Gslv Gù -v (x,) : K 4,r,,...,to,
whereÃ>3, 1<h1'12 1...(l¡(2. (J.127)

From (3.113)

Glvq)-v(x,) = K4,4,...,tou K1,
where fr > J, 1 < h 1 lz 1 .. . < In < 2. (3.129)
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Then fron (3.127), Gs : G - y is a glaph satisfying the conclitiorrs it Case 1.

G - A : Gt : Kü Kt,,t",...,tu,
wlrere 3 < k <t12, Llh{12 1...11¡12. (3.129)

For 3 ( È < (¿ - L)12 and0 < s < ft, ler

, ll, if l<j<o:
":1r.ir.eiiiÍs¡.

Then

GlvG)-v6ù : Kt,J,,...,¿* u K1 = K1¡....,t, 2,2,...,2 lJ Kt......\_ .-_
9 times À-9 tiûrcs

Let

v,-{{u"}' iroli1s:- 
I iro.t.rr,rÌ. ifs+ t < i < A.

The V,,i - 1,2,. .. , À are na,ximurn indepeudent sets irr G3ly g;"¡_y1¡ç,¡, and,

L

v (Gilvrc¡_vtx,¡) : U v¡.
i=1

Then (3.127) and the structure of the graph Kt; Kr,,r,,...,t* imply that

,À
lvtx¡ - fì[¡r("u,,) n ¡¡(r¿)]l = 2fr. (8.110)

For any i. f j,
G1P,,,,,¡,,,u| : KtJ tJ Kt.

Then Lemma 3.5. Part (III), Case 2 implies that

Glx,u{o,,r,u¡,,,a} - K¿;K1,1u K1,

l¡¡(g) n v(Kùl - 1, (8.181)

(¡¡(y) u ¡/(r,)) E (¡r(,0,,) uv(Kù),
and

(¡¡(y) u ¡¿(1r,)) q (jrr(o,,r) uv(Kò).



By symmetr¡ tlie following also holds:

(¡¿(y) u¡/(K,)) ç (¡¡(,,,,) uv(Kù), i : 1,2,...,k.

Then
k

(¡¡(y)u¡¿(r,)) ç ll [¡¡(,0,,) uv(Kù]. ß.tr2)
i.=1

Also (3.130), (3.131) and (3.132) impty rhat

2k+t<lv(Kùl(ú, and so k<(t_r)lz. (3.13s)

ftom (3.129), (3.131) (3.132) and (3.133),

G: K¡;K7,1,...,1,,2,2,...,2. Ulf1, where 3 < À < (t - l)12.
\-r- \/
g ti¡nes É_g times

Let

, ft. if 1(i(a:
":1r, l.s+tZi's*.'

where 0 < g < k, 2 < k < (t - I)12.

F\'om (3.14), all the eigenvalues of

G : KüK!,t,...,t,. 2,2,...,2,. lJK1, where 2 < k < (t - I)12, 0 < g < k,\-.- \/
g tir¡eB fr_q tiees

other than -1 or 0 can be found by solving

Px,t K t J,-..,t, 2,2,...,2 u tc r(À)\'-\,/
s tih€s È-s rihes

: 
{ f^' - (t - Ð^2 - t^ + r- a - O-}fflil

.(À2 +2À - r)0. (À2 + BÀ - 2)¡-e - o.
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If g - k, (3.134) becornes

Px,trtJ,...]ux,())
\.\,r'

: {t^t- (L- z)^2 -t^+L or *()-l)2(À2+)-l)ì '"l.- *¿J- N¡¿^-r l(À'+2À-I)"
: (À'+z¡ - r)o-1 [À5 

* (ú+k -4)À4- (3f - Æ-3)À3+(2fr*4)À2+ (3¿-3fr-4)À -¿+fr+2]
(

= ]tr'+)- t)[t3 - (¿+À-3)À2 - et-zk- t)À+¿-a-21 -)]()
(À' +zx - l)r-t - o. (3.135)

If 9 - g, (3.134) becomes

Px,;x2,2,...,2uxr(À)
\/

(. " 2l _2fr(À_J)r()r+)_1)Ì'r+¡.r_zlo=tL^"-(L-2\^'-t^+t -r sz¡ssa )
: [Àt - (t+2k-5)^4 -(4t-2A:- 4)À3 +(4k-q^2 +(5r_6À _6)^_2t+2k+4]

.()2+3ì-2)'¡r-l

= {tr'+l-r)[t3 -G+2k-4)^2 -gr- 4k- 1))+ 2t-2k-el -z¡+r]r '"''I
'(À2+3À-2)À-t:0. (3.136)

If 1< s < A, (3.134) becones

P rc, ; K t J,...,t, 2,2,...,z u x r ( À)
\a2\,r'

r times ¡-9 tjmes

= { U' - Q - 2)^2 - t\ + t - 2l(^, +2) - 1)(À2 + sÀ - 2)

-e(À- 1)2(À'? +.\ - 1)(À2 +31- 2) -2(h -r)(À - 1),()2 +À - 1)(Àr+2À- t))
-(^2 + 2^- r)e-r(¡z * 3) - 2;t-a-r

: [ì'- (t+2k- s-T)^6 - $t+zt - 13)À5 - et-r}k*3sr3)Àa
+(9t+s -24^3 +gt-t4k+2s -2)À2 - (9¿- 10k + s -r4)^+2t-zk-4]

'(^2 + 2^- l)e-r . (12 + 3À - z)k-s-L

: 
{f^' 

*À - 1)[À5 - þ +2k-e-6)À4 - $t - s+8)À3 - (Jú -8fr + s + 5)À2

+(7t + s- 8,t - 9)À + (-2r + zk +2)l+ 3À - 2Ì
)

.(À, +z¡- t)e-1(À2 * BÀ - 2;*-ø-t - o. (a.t3z)
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Apply Theorern 2.4 with I : 3. Then for fixed Æ and g tlie seqtence

Àr(G) : ),2(K¿;K1¡,...,1, 2,2,...,2 U Iç),
)ã.ínl'-**"

where f > 3, 2 < ¡ < (t - 7)12,0 ! s < k.

is monotone increasing in f and bounded from above. So

lim À2 (K¿; Il1, t,...,t, 2,2,...,2 lJ Kt),-L 
;ãu;7-*

. lryheref ) 3,2< k <(t-1)12,0 1g 1k,

exists and ( from (3.135), (3.136), and (3.137) ) is the largesr roor of

(^2 +2^ - 1)e(À2 + B) - 2)À-c(Àt +.1 - r; :6.

Then

tim Àz(Kr;Ifr,r,...¡ ?* u ¡rr) = (-r + \/E)12,

9 times /c- 9 times

whcre ú > 3, 2 <À S (f - t)12, o ! s ! k.

Flom (3.135), (3.136), and (3.137),

),2(Kt;Kt¡,*¡ ry uKr)*(*1 +^/5)12,
g times b-9 tiù€s

where ú > 3, 2 < k < (t -l)12, 0 < g < k.

Therefore

0 < Àz(Ã'r; Kr,r,...¡ W u Ã'1 )< (-1 +vß)12,
g times É-9 times

where f > 3, 2 <fr < (ú- I)lZ, 0 < g < k.

87



SECTION 4. GRAPHS WITH SUBDOMINANT EIGENVALUE
NOT EXCEEDING _1 + !a

ln this section, we \¡/ill investigate the structure of graphs with 0 a 12 <
-l + ,/t. We will construct tìrose graphs by starting from MCM-subgraphs
K,,,,,,...,,, and adding new structures that increase À2 but with restricted tpper
bonnd À2 < -1 + ,/Í lot )2.Iu Theorem 4.2, we wilì determine all graphs witùåut
isolated vertices and with 0 ( Àz < -llØ and. the proof of rheorem 4.2 also give
ns all graphs minimal with respect to À2 ) -1 + \/2. These are listed in Theorem

Let G be ¿ connected simple graph. Ther there is a co'rplete multipartite
graph K,r,,r,....,, such that

G )) K,.,,,,...,,.,,
where r¿>1, ¿:1,2,...,t, t>2,

as a' MCM-subgraph. Here 'we take the convention to choose a' MCM-subgraph
K,r,,",...,r, as in Section 3. For any

u € v (G) - V (K,,,,",....,,),

if ø adjacent to some vertex in V (K,,,,,,...,,,), then z is not adjace't to all vertices
\t V (K,,,,",...,,,).
This is true since otherwise

G Þ K r, ,,r,...,,, ,t ,

which contradicts the fact that K,,,,",...,,, is maximum.

Let
V : {oo¡ I I < j < r¿}, | 1 i 1t,,

be maximum independent sets in 11.,,,",...,,, .

Then
Glu\u : K,, .,'....,,,.

Definition. Let u_€ G, V CV(C). Then the notation u -t ^"un" 
u adjacent to

all hhe vertices in Í .

Deffnition. -Lef

K". "- -.:K,-, r .¡ 2 r....¡ 4,, q+ l !...!, ¡ . -- f -

wherct ) 3, l1q1t-2, r¡> 1, i=I,2,...,t,
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denotc a gtaph suclt that

K, , ,rr,. . . ,, o;, o 4, ,.. .,r, , Kt Þ Krr,rr,,..,r.,

aß an McM-subgruph and thete is a vertex u1 or the g:rapL1 which satisfres the
conditions

{u1} - V (K,,,,2,...,ro;rort,...,r¿i K 
") - v (K,,,,",...,,,),

and

Iut - V,. Ior i: r,2.....,r;
\ut *V,. for i: e* l.s+ 2,...,t -l,t

Krr,r.2,... rrqirq+1, - -.,rri Kt

where f ) 3, 1( q <t -2. r¡)> 7, I<i<t.

Figure 2l
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Deffnition. -Lcú

Krr,rr,...,r,; K",
wheÌct> 3, 1 ( s < tf 2, r¿ > I,.i:1,2,... ,t.,

denote a graph such that

K,,,,",...,,, ; K 
" 

)) I{,,.,",...,,,

as an MCM-subgtaph and therc is a subset Vs of the vettex set V (G) with

Vo - V(K",,,,,. .,,,; K") - V(K,,,,,,...,,,) : {u,1,u2,. .. ,u"},

Krr,r",...,rt; K tluo: K",

wltere

! u¡ *U. fori:t -2j +t.t -2j +2:
\u¡ - V,. [or i : 1.2.....t -2j.t -Zj +3.t -2j + 4,...,t.

j =I,2, . .s.

In particdat, if in (4.1), Q: t - 2, then

K r r,r2,... î e ;T-,1 +r,...,rr, K L
: K r r,r2,...,r" -";r, - r,rrì K t
=Krr,rr, ..,r,i Kt

Lemma 4.!. The eigenvalues of the graph K,,,,",...,,,; K" other than _l and 0 ca,n
be found by solving

P t<,,,,r,..., 
"r r x 

" 
(À)

:{"^-,+r-ïr=r1-)-i+lt ã\À+r¡l ?-^*t_;ft",,Æl
ts.ff(r+"'¡ IIf^*1--':-zttt *, I'-'r*' 1-¡. (4.2)

x=l ,=r, À*rt_zj+t À+ rr_2¡*21

where PK.t,,z,_..,,;x, is the determinant of the matrix in the Table g.

Proof. The result comes from appþing Theorem 2.2 to the graph K,,,,,,...,,,; K".
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ri+i. - si+l

F.igure 25



In this section, si'rple graphs witho.t isolated vertices with subclorninant eige'-
value greater than zero ¿nd not exceeding -1 + \O wi[ be determi¡red.

First, co'sidcr those simple graphs G without isolated vertices which satisfy
the condition

0 < )r(c) < (-1+ \/E)12. (4.3)

If there is a vertex u, u e V (G) - V (K,,,,",...,,,), which is not adjacent to any
vertex in K,,,,",...,,,, then the fact that G is connected implies that there is a vertex
u e U(G) - V (K,,,,,,...,,, ), .r.r adjacent to some but not all vertices in K,,,,,,...,,,.,
and there is a path of length greater than or equal to 1 in

Glv ç¡ -v ¡ r,,,,,....,,"¡

wlrich joius z and u. Then G )) ps _ Fz, which contradicts (4.3).

Let

u € v (G) - V (K,,,.,",....,,),
u - ui,j., j :1,2,... , s¿, 0 1 s¡ 1 r¿,i :1,2,.. . ,t (4.4)

as in Figure 25.

Becanse ¿ rnust be adjacent to some vertex in K,.r,,",...,,,, some si is norrzero.
Tliere exists i¡, therefoi'e,

t < io < ú. such thal, 1 ( s; ! r¡n, (4.5)

where z is not adjacent to ¿ll the vertices in K,,,,,,...,,,, since otherwise

G )) K,,,,,,...,,,,t,

which contradicts the fact tltat K,,,,,,...,,, is maximum. Therefore, there exists i1,

1 < zr ( t, suchthat 0 ! s¿. ! r¿, - l.

for alli, 7<.i<t, s¿l\, I¿-s¿1r¡.

si : ri, 1ú all i I i,1, L < i < t.

Case -1. Suppose

Then

(4.6)

(4.7)

(4.8)

71 s¿" 1r¡r-1,Otherwise, if there is i2 f i1, stch that s¿" f r¿,, then from (4.7),
which implies tha,t r¿" ) 2, and, as in Figure p6,

Gl 
lu,ur r,r ,urr,,r",oi 1,"¡, Ì P+: Fz,

which contradicts the assumption (4.3).
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where sr. ) 1. s;- ) 1-

r4'_sü )1, and r¿r-s¿"/7

Figure 26



wherel (s1 {11 -2, 11 }3,

and 1( si:r¿,for2<i<t

Figure 27
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If s¿, : r¡, - 1, thel (4.8) implies that

G - uü'rir Þ Kr¡,'2, 
'';r-7, '" 

.,1'

Then

and

where

G )) Krr,,",...,,i, _1,...,r1,1:

G )) K,,,,r,....,,,...,,,.,

rt + rz +..' I r¡, - 1 + .. . + rt + 1 : rr * rz 1 ... * r-i, +... + rt.

. ^By 
convention, K,r,...,rir_7,...,r,,1 should have been taken as an MCM_subgraph

il G.

So in this case, without loss of generalit¡ suppose

l7 < tt I rr - 2, rr ) 3:

t r i ", - "f ro. ,'2?; < t. ø.s)

Therefore
Gl x,,,,.",...,,,u1u¡

is a graplr as it Figure 27, wherc the parameters s7,rt)r2,.,. .. ,rt, [rust be chosen
such tlrat 0 < lr(G) < (-1 + t/t)/2. tt is not very harcr to deternine those
palameters.

Case 2. Suppose there exists z'3,

1 ( i.r ( ¿. srrch thât .c. : 0. (4.10)

Then
for any i + h, i :1,2,... ,t, either s¿ : rr) or s¿ : 0. (4.11)

Otherwise, if there is a ia,i,a I i3, and 0 1 s¿o 1r¿o, then as in Fi(ture pg,

Gl 1u,,rn,r,ur",r,u, o,"rn¡ 
: P+ : Fz.

This contradicts (4.3).

From (4.6), (a.10) and (4.11), without loss of generalit¡ suppose

u-ui,j,7<i<q1t-1, l. 1j <r¿.

lf q : ¿ - 1, then G Þ K,,,,,,...,,¿+1, which contradicts the fact thal K,r,,,,...,., ß
maximurn. So

u - ai,jl I<i<q1t-2, I< j <r¿.
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wlrere s¡":0, 0 < si¿ l ri¿,

I1fu, i.a<t,ü+i4

and r¿ ) 7, i -7.2,3....,¿.

Figure 28



Because

Gl 1u,u r, r,rr, r,...,o,r,r¡

is of the form A,t,t-q' as in Lemma 3.r, q ancl ú should fall into one of the cases
(3.1), (3.2), (3.3), and (3.a).

Therefore
G\x,,,,,...,,,u1u¡

is a graph of the form
K r ¡,r2,...,rqir,14t t...,rrl K t

with 1< q <t-2, t> 3, as in Fi.gure Ll. Thete the parameters q)r.1)r2, . . . ,t tj
must be chosen such rhat 0 < Àz(G) < (-I + \/S)12.

It turn ont to be a difficult task to determine those parametets r.t,12,.. . )r.t,
which sarisfy 0 < Àr(c) < (-I + r/t) 12.

For exarnple: Let t - 4, Ç = 1. Consider the graphs K,,;,.,,",,n1Kt given in the
Figure 29. Flonr Theorern 2.8, the eigenvalues of the grapirs K,,,,,,,",,n; K1 otlter
than 0 and -1 can be found by solving

Le.

À5 + (-rr - r1r2 - rlrz - r7r4 - rzr.J - r2ra- ryra)À3
*(-r¡2r3 - r7r2r4 - r1r3r4 * r2ryra)À2

I (ryr 2ry | r 11 21 4 * r1r3r 4 - 3r ¡ 21 3r a) À | 2r ¡2qr a : e.

But then, for the parameters 11 = 6, 12:244,224,577, ry = 4035, and r+:10,
the corresponding graph

K a;z++zz+sz z,aosr 1o ; K t

as in Figure 29 ís a gtaph minimal with respect to À2(G) > (_L + lt)12.

/^ *rt o o o\
l-r À -rz -r' -ro ì

det | 0 -r1 À -r¡ -r+l:0
t, s -î: -i: j, -;^)
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r3

Krr;rr,r",rni KI

wlrete r¡ > 1, i - 1,2,3,4.

Figure 29

Second, consideratiorì will be limited to the graphs with

Definition, Fot frxetl

0 < À2(c) < -t+ ',8.

ie,9:1,2' .',k,
whetel 1. it < iz < ... < ix < t,

r¿, i I {jgl 1 ls < k}., r < i <t,,

(4.12)

and foL frxed

defrne

Krr,ra,...,r¡r-,,& J.j r+t )...J- j2-r,ct¿,r-i2+r,...,1¡,-1,co,r¡o¡t,...,rt-r,rtiKs

to be

{Krr,rr,..,,r¡r-r,rit,r jr+1,...,T j*-trritc,l. jk+r,...,rr-t,rr; K" I f jo > 7rI < g < k},
which is an infrnite fatnily of the graphs of the form K,r,,",...,,,i K",

and define

Àz(Krt,rr,..-,r¡r-1,q),î jr+r,...,1. j2-\ d) )r j2+r,,.,,1, j h-1,æ,r¡ oar,...,rt-r,rtì K s)
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to be

- lirn-- À2(K,.,..".....,,; K-J t4.1S),rl -w

,ru:--."

if ihe right hand side timit exists.

Deffnition. Let a ) 0 be a rcal numbet. Fot' frxed integets h, j2,...,.j¡, whete

1<it<iz<"'<ir<t,
and for frxed integerc r'i, wherc

i ø Un l1 < s < kj,1 < i 1 t, and r¿) 1

Kr1,r2,.,.,r¡r,r,rxr,r jt+rt...J- j2 r rcrr,T j2+r j...,1 jte r,.â,r- jL+1,...,7-t-r,.¡,t; Ks

is called a c,-itical famiþ îot À2 > a, if

Àz(Krr,r",...,r¡r-7,c'r,rjr+r,...{-j2-r,s),rj2+r,...,rjtr-\too,rje+r,...,r!-r,rr;K")}a,

ancl for all i, sttch that

eithet
OT

'iø{jnlI<s<k},L<¿<t,

r¿:1,

r¿,,.2and
)Z(Krr,rr,...,r¡r-7,æt,r jr+t t...,ri -1,îi-t,ri+t,...,r j h,æ,ri t"+1,...,r.r-r,rr; K s) < A.

If there is no confusion in the context, the statement ,,for À2 ) a,, in the
Definition will be omitted.

From the Definition above. if

Kr¡,r2,.,,,r 
¡ r- r,rx, l' i r+ L,...,r i2- 7 1æ tr i z+7,-..,i"j tç -,,x),r¡ o¡t,...,ri K s

is a critical family for )2 ) a, then in order that the condition

\Z(Krr,..,,r¡ r. r,r jr î jr+1,...,' j2-1,7'j2,rj2+r,...,rjk-\,7.j*,r;¡"+r,...,rri K") < A < t + ^/2

be satisfied, at least one of the parameters rjo,l < g < Ii must be bounded from
above.
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K,r,,r,r"; K1

where ?'1 > 1,

ard 12 > rs > 1,

Krr,rr,,'",rn K1

whete ri > 1)

arìd 12 > r3) ra)

Krr,rr,r.,ro; K2

where 11 ) 12 ) 1,

and13)ra)1.1,

Krr,r",. ,r"; I{ ",
whereú)3,1 <s<[tl2]

Figure 30
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Theorem 4.2. Let G be a sinple graph without isolatecl vet'tices. Tlten G satishes
0 < Àr(G) < -1+ vD, if and only if G js one of the following graphs:

(r) K,,,,,,,"; K1,
for

(rr) K,,,,,,,",,o; Kt,
for

where rt ) 1,rz ) 13 ) 1,
11 ) 1, 12)_ 7, ald 13: l;
\ : l, rz )_ rt, ancl 13 ) 1;
rr I 1, rz:2, atd 13 : l;
11 ) 1, rz:3, and 13 : f,;
rt = 2, rz 2 rz, ¿nd rl :2;
rt = 3-7, rz = 4, ând 13 : 2;
rt :3 4, r2:5, a¡1d r3: );
rr : 3, rz : 6-8, and ry: l;
rt :2 4, rz:3, and 13 : g;

rt :2, rz : 4-7, ând 13 : J;
11 :2, rz = 4, and 13 : {.

wlìete rt2rz., ry)ralI,
11 ) 1, rz : 1,, ry :2., and 14 : 1;
11 > 12, rz :2, rt :2, and ra : l;
rt = 3-7, rz=3, rs=2, and ra-1;
rt : 4, r'z : 4, rS :2, and ra = 1;
rr=1. rz:7. r¡:3. and r+:I.

wlrere ú ) 4 and t<s!ltl2l,
for 11 ) 12 ) rt ) ...) r¿_2" ) \
and r¿-2r-¡1 = I.1't-2s+z : I.... ,rt : l.

Proof.

Let u eV(G) -V(K,,,,",...,,,),
u - ai,jt j =L,2,...,si) 0 1 s¿ 1r¿,i = 7,2,... ,t.

as in Figure 25. Because the assumption in (a.r2) is stronger than that in (a.B),
the formulas (a.+)-(+.1r) hold.

Case l. Suppose

for all i, I < i. <t, s¿ f 0, I1 s¿ 1r¿.

Then from (4.9), without loss of generality, suppose

(4.14)

G\K,,,,",....,,u\u)
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is a graph as in F,igure 27- BLtt thøn

GlP,'r'r,'r,,r-r,'r,"' Ì : Cz,z = Ê'+,

witlr 

^r(rn):o'470.83,
which contradicts 0 < )2(G) < -t + \/r.

Therefore.nder the assumptior (4.r4), the'e is no graph satisfying the condi-
tions 0 < Àz(G) < -L+r,O.

Case 2. Slppose there exists 23,

1 < i¡ ( t, such that s¿" : 0.

Then the sarne discussion as in (4.i0) implies that

for any z +h, i- I,2,...,t, eithel s¿:rr, or s, = 0.

Tlren, without loss of generalit¡ suppose u € V (G) - V (K,,,,,,...,n)

u - ui.j, I<i <q<t-2, I<j<r¿.

Because

Gl 1u,u,,r,ur,r,...,u,,,t¡

is of the for:rn Aq,t-q, Lemma 3.1, Part (III) implies that q ) l, t _ q:2,, i.e.q:t-2,t>3
Therefore

G1x.,,.,,...,.,u7u1 (4.15)

is of the fotm K,r,r",...,r,i Kt, t ) S.,Here the parameters r1,r2¡. .. , r¿ must be
chosen such that 0 < )¿(G) I -t + \/t.

Let

{2,,r,,} c V(G) - V (K,,,,,.....,,), t > B.

Then from discussion above, both_ G 
I x,,,,,-,...,,,u1u¡ ald G|K,,,"o,...,n u{r.,} are

isomorphic to the graph I(,,,,,,...,",i Kl, t i S wiih' '

¡¡(u) n ¡¡(1(",, -, ,,) :fi Ur, (4.16)

't= 1

and 
t_2

,a/(r.,) n,nr(K,,,,",...,n): U V¡0. (4.12)
å=l

103



Suppose

u * u. (4.1s)

Then
Gt : Gl{-,,,,,,,,2r2,r,...,ur,r} 2 Gl{,,,,,,,,r,...,,,,,} = Kt (4.1g)

as an MCM-subgraph, and

v(Gt) - V(Kt) : {u,u} and u y'- u. (4.20)

Then from (3.18), without loss of generalit¡ suppose

(n(u) n v(K,)) c (N(o)n v(Kù).

Fïom (4.16) (4.20), without loss of generality, suppose

t-2
¡¡(¿) n ¡¡(1{,",,,,,...,,,) :Iv(u) n ¡¿(r,",,,,, ..,,,) = l)u, t ¿ z.

i=1

But then
GlP,o,u,,,,u'-,,,,u',¡ : C2,2 : Êa'

which contraclicts the assurnption (4.12).

Therefore,
for any {2, z} q [y(G) _ V(K,,,,",.. ,,,)],

z mnst be adjacent to u, and

Glvg¡-v1*.,,,,,...,,) = K'. (4.21)

F\om (3.19), (4.16), (4.rT), and (4.21)

[lr1z) n v(K,,,,,,.,,,)] u [¡,r(?r) ìV(K,,,,",...,,,)] : K,,,,",...,,,. (4.22)

trÏom (4.16), (4.t7), (4.21), and (4.22),

Gl{u,o,v1tt",,,r,...,,,)} : K,',,,,...,,"i Kz, t ) 4.

Then mathematical induction can be used to prove that

G : Krr,,r,...,,,; K,.,
where ú>3, t< s<ltl2l,r¿>I,i_L,2,.-.,t, (4.2J)

and the parameters rt.,r2,... , r¿ should be chosen such that 0 < À2(G) < _l+ \rO.

For diffe'eni size t, to determine the pararneters in (a.2J), symrnetry leads to
the following cases:
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Case I. Let

t:3, t: s sltl2l, G: K,,,.",,";Kt,
with 11 ) l,r2)ry)1.

as h Figure 30.

Then from Lemma 4.1, the eigenvalues o1 K,,,,.,,"; K1 other than -1 ald 0
can be found by solving

u7 V1 V2 V3

"r(s -r1 0 0 \
PK,,.,,."";K,=." 

í; I ;t j, -:' -'; I

rr.\o -rr -r2 ) )
: Àa + (-rtz - r'LrJ - r2r3 - ry\À2 - 2rg2r3À* r1r¡.3 : e.

Apply Theorem 2.4 with l = 2. Then the

)2(K,,,,",,"; K1),rt ) I,rz ) r'3 ) 1

åÌe morotone increasing it r¿,i == 1, 2, 3, and bounded froln above.

Then by considering all possible combinations and using Theorem 2.J on r¿,
1 < i < 3, the following can be proven:

(r.1)
À2 (I{,-,"",""; K1) :

exists and is the largest root of

À2(K,,,.",,",; K1)

2^-1-_0.

Therefore
À2(Ko.'o,oo; K1) - t/2 > -l + l, :0.4I42I4

Flom (4.24), the condition

(4.24)

0 1 À2(K,,,,,,,";1{l) < -l + \/t
can not be satisfied for all possible nonnegative integer values oÍ r1,r2 arr.). r3.

Àz (1l"o,.o.,., i lfr ) : _ljjl À2(K,,,,",,",: K1)
r2+tX)

lim

(r.2)
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exists and is the largest root of

À2 +2rsÀ - rs :0.

Therefore
À2(K,o,oo,,"; K1) : -r, + \fü\/ry + t. \4.25)

Let 13:1. From (4.25)

À2(K,*,,-,1; K1) : -l + \/r.

Therefore

for 11 ) l,r2 ) I,ry = l,
0 1 À2(K,,,,.",1; K1) < -L + /i.

Let 13 :2. Ftom (4.25)

À2(K,n,"o,2; K1) : -2 + t/6 : 0.aag4g > -t + lt.
Tlrerefore, K,x,,n,ziK1 is a critical family for 

^2 
> -I + JZ.

(r.3)
\2(K,,,,o,,.; rÇ) : ,ijk \z(K,,,,,,,",; Kr¡

exists and is the largest root of

À2 + 2ry\ - rr : 0. (4.26)

Therefore
À2(K,,,"o,.o; K1) : -r, + \/rtlr1 + I.

Let 11 : l,
Àz(Kt,*,"-; Kt) : -I + t/i.

Therefore

for 11 = 7,r2)ry)L,
0 1 À2(K1,,,,,"; K1) < -1 + Ji.

Let 11 =. ),

À2(K2,*,*; K1) : -2 + t/6 : o.aagag} > -L + \/1.

Tlrerefore, I{2,,o,66' K1 is a critical family for Àz > -l -l t/2.

106



(r.4)
À 2 (lf"o .,.,, .." : K1 ) _,.lim ìz(K,,,,,,,",;Kt)

exists and is the largest root of

(rz + rt+ 1)12 + 2r2ryÀ - r"2r3 = [.

Thcrefore

,t;_:|---

À2(K.o,,",,"; Kr, --rzrs 
r t/rlrä.* rzrz(rz * re + 7)

" 12+4+7
__r2rj+ t/î, +t)(r!+ Uv/rrr3. (4.27\- lai\+r

For the parameters rz 2 rt > 1, the irfinite fam ies satisfy the inclusion
relation

K*,,r,r"i K1 C K,o,or,,"; K1.

In order th¿t
0 < l2(Ko",",,, 

"; 
Kt) < -1 + Jr,

one only needs to start from the critical family K"o,"o,2;K1 for À2 > _7 + \/t
as in the (I.2),

Let 12 : rt : 2. From (4.27)

),2(K',,2,2; K1) :215 < -I + \/t.

Therefore

for 11 ) 1,,r2 : 2,ry - !,
0 1 À2(K,,,2,2; Kl) < -t + Jr.

Let 12 :3 ) 13 : 2,. From (4.27)

).2(K*3,2; K1) : -I + \/r.

Therêfore

for 11 ) 7rr2 :3rr3 :2,
0 < À2(K,,,s,2; K1) S -I + \4.

Let 12 = 4 ) ry : 2,. From (4.27)

À2(K,-,a,2; R1) - -8 +i2^/30 : 0.422064 > -7 + ,/r.
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Therel'ore, K,-,+,2; Kt is a critical family for 
^z 

> -L + rt.
(r.5)

À2(K,,,,o,,"; K1) : ,lim Àr(1l,^,,,",,",iK1)

exists and is the iargest root of

(rt +r")^" ]-2rtrsÀ- r1r3:Q.

Therefore

À2(K,,,"",,";K7) - -"" t lffi +:,íG' +' . Ø28)rr+T3

The formula (a.28) is symrnetric with respect to 11 and 13. For the independent
parameters 11 ) 1, 13 ) 1, because the infinite families satisfy the inclusion
relations

K,,,o,,,"1 Kt Ç K,.,,,o,,"1 K t,
and

Krr1".,r"; K1 C K,r,,n,,o,; Kt,
to obtain

0 1 À2(K.,,,o,,"; Kt) < -l + vO,

one olly needs to st¿rt from the critical family 1f"o,o",2; K1 ior ),2 > _l + rt
as in the (I.2), and the critical family K2,.","o; K1 Íot )z > _1 * 2 as in the
(L3). Only 11 ) 2 anð. 13 ) 2 rreed to be considered.

Let 11 : 2,ry : ).. FÌom (4.28)

Àz(K2,,-,2: Kt) : -1 + ,/r.

Therefore

for 11 : 2,12 \ r3 : 2,rt :2,
0 { À2(K2,,",2; K:) < -I + \8. Ø.2g)

Let 11 == 3,ry :2.,. From (4.2S)

À2(K,o,3,2; K1, -= 
-u 

: 
/* : 0.424808 > -r + \/r. (4.J0)

Th3refo¡e, 
_Ke,". ,2; K1 is a critical family for Àz à -l + ,/l. SV the symmetry of 11

1nd.rs in (4.28),_(4.29) and (4.30), we see that Kz,*Å; Kt is also a critical iamiþ
for À2 ( -1 + \/2.
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11 12 ,'3 ),2(K,,,,r,,"; K1)

^2<-7+\/, ^2>-t+\a
3 4 2 0.402613
7 4 2 0.413319
8 4 2 0.474376

3 5 2 0.406778
4 5 2 0.411471
5 5 2 0.414422

3 6 2 0.40954r
4 6 2 0.474430

3 6 2 0.409541
3 8 2 0.473770
3 9 2 9.414407

À2(K,,,,",,"; K1)
where 11 ) 3, 12 ) 4, ry:!

Table 10.
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T2 1'3 À2(K,,,,",,"; K1)

\z<-1 +,/2 
^2>-r+J,

0.398995
0.412824

0.415806

0.404918

0.414503

0.404918
0.473022

0.414430

0.410795

0.4t4474

oc

433
533
nÀ, Ì,

343

243
a,atr)

283

244
254

\2(K,,,,",,"; K1)
where 11 ì_2, 12>.ry:].

Table 11 .
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Now il order to finrì ¿ll rninina,l graphs of the forrn K,,,,,,,"; Kl with respect

19 
f, > -I + \O, we only need to star.t from the critical families K,o,a,2; K1 âs in

(I.4), an<t Kt*o,zi Kt and K2,,n,s; K1 as in (L5).

Fol 13 _: 2, becausc K,-,+,2; Kt and K¡,"o,2; /lt are critic¿l f¿milies for) > -1 + J2, <>nly rr ) 3 and 12 ) 4 need. to be considered.

Fîom the Table 10. For
rt = 3-7, rz : 4, ând 13 : 2;
rt = 3-4 rz : 5, and, r3 :2;
ri : 3 rz :6 B, aûd. rt :2,

0 < 
^2(K,.,,,",2; 

Kl) < -1 + yO.

All tlre nrinitlal graphs of the form of K,,,,,,2;Kl with respect toÀz> *7_l t/i
ate

Fs : Ks,+,2; Kt with .\r(4) : ),2(Ks,a,2; K1) :0.ar/.376;
Fa: Kssp;Kt wlth Àr(F6) : \2(K5,5,2;I{1) = 0.4L4422;
Ft : K+,a,2; Kt u'ith À, (4) : À2(Ka,6,2; K1) : 0.at44il0;
F6 = K3,s,2; K1 witlì ì, (Fs) : À2(K3,s,2; K1) : 0.a:.la07.

For 13 ) 3, because Kz,..,t; Kt is a critical family for Àz > _1 ! tf2, only
11 ) 2 atd. rz ) re ) 3 nee<l to be considered.

From the Taltle 11, lot
rt :2-4, rz = 3, and 13 :3;
rt :2 rz = 4-7, a,nd 13 : B,

0 1 ).2(K,,,,,,3; K1) ! -1 + li.

All the minimal graph of theform of I1",,,r,3;If1 with respect to 
^2> 

_L+1,
aIe

Ês = Ksp¡;Kt with Àr(4) - \2(K533;K1) : 0.415806;
Fn = Kt,,+,2;Kt with Àr(40) : À2(K3,ap;I{) - 0.414503;
F11 = K2,s3;K7 r¡/ith À2(41) : À2(K2¡s;K1) :0.414430.
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Fror¡r the Table 11, fot

rt : Z,t-z -= 4, ¿nd r'¡ = 4,

0 < ).2(I{2,a,ai K1) I _t + ,/i,
¿n<1

Êp : K2,5,a; K1 with l2(F12) - À2(K2,5,a; K) :0.414474

is tlre only minimal graph of the fotm K.r,,",4; K1 with respect to )2 ) _l + \/t.
Folr¡)2.r2)ry)g,

K,,',",,"; K1 )) Kz,s,¿i K, : Êrz.

There is no gr.aph of thc forn of K,,,,",,"iKt with 11 / 2,r2 > 13 > S which
satisfies the condition, 0 1 À2(K,,,,",,"; Ã-1) < -I + \/r.

Case II. Let

t:4, L: s <t12,
'i.e. s ,= l, ot 2,

G : Krr,,r,r",rn; K",
witlr 11 ) 12 ) I,r3 ) ra ) 7.

a,s írt Figure 30.

For s : 1, from Lemma 4.1, the eigenvaJues of K,r,,r,rs,,n,K1 other than _1
and 0 can be found out by solving

Apply Theorem 2.4 with I - 2. Then the

Àz(K,,,,r,,",,n; Kt),,r1 ) 12 ) 1, 13 ) ra ) 1

ut V1 V2 V3 Va

ur/À -rt -r2 0 0\
v, I 4 ,\ -r, -r3 -r^ |

PK,,,",,,"...;K, : det % | -l _ r.! À -"s -rn I

fr, I 0 -r1 -r2 ^ 
_rn I

rrn \ 0 _r1 -r2 -r3 ^ 
)

: À5 + (-rtz - rrrj - r1r4 - r2r.3 - t zr4 - rsr4 - rr - rù^3
* (-2r 11 21 3 - 21 1r2r 4 - 21 11 3r 4 - 2r2r 3r 4 - 2qr 2) ),2

(-3ryr2r 3r a I r 11 31 4 j r2ryra) ), ! 2ryr2r3r 4
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are ûÌoltotolte increasing ii r¿rr.;:1,,2,3,4 ancl bounded frorn above.

Then by corìsidering all possible combinations and applyi'g Theorem 2.3 to
cornbinations of r¿, 1 ( i, < 4, the following hold:

(il.1)
lz (1("o,oo,"",.o; lf, ) : -lgl- )z(K,,,,,,,",,o; K1)

iål*
14 --+oo

exists and is the largest root of

-3)+2:0.
Tlrerefore 

Àz (K.o,o","","o; Kt) :213 > *l + ,/r.
Since for 12 ) 1

Koo,oo,oo,ooì1lr ) K,o,,"1n,*i Kt f Iloo,"..,ooiKr,

we have

Àz (K"o,"","o,"" ; K 1) > 
^2 

(K,-,,",n,,o; K t) > 12 (lf-,.","" ; 1l1 ).

F\-orn (4.24)

À¿(Koo,oo,,"o; 1ú ) = t lZ > -I + \/r.
Therefore in order that

0 1 À2(K,,,,",,",,ò Kt) < -1 + \/t,

at least one of the parameters r7)rs)r4 must be bounded from above and
11"",r,"o,""; Kr is a critical family for -I + \/r.

(rr.2)
Àz (K.o,.o,"",'" i 

^ 
) : 

rillfu 
Àz (K,,,,",, 

",,n; 
K 1)

¡ã-oo

. exists and is the largest root of

-2^2-3ra)3f2ra-0.
Therefore

Àz(K.o,oo,oo.,"ni Kl : -3r4 + ^/ry\/gl;+a6. (4.31)

Let ra:1. ff'om (4.31)

Àz(Koo,"o,oo,r; Ilr ) _ I l2 > _1. + \/r.
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Thercfore K,n,o,'n 1i Kt is a cr.itical family for -l + ,/t.
(rr.3)

^z( 
K.o,,o,,^,, o; Irt ) = ;!'ï= 

\z (K,,,,,,,",, n; K 1)

exists and is the lalgest root of

-À3 + (-2r3 - 2r+ - 2) À2 - lr3raÀ * 2r3ra =. g.

Letr3:ra:1,

),2(K,n,o,,1.1; Kr ) - 
-5 +- /33 : 0.J7228t < -t + \/r.

Therefore

for 11 ) 12 ) l,r3 : L,r+ - l,
0 1 À2(K,,,,,,1t; Kt) 3 -l + ^/r.

Let 13 : 2,ra : 1.

À2(K,o,*,2,1; Kr ) : 0.419601 > -t +'/1.

Tlrerefore, K,n,o",zJl Kt is a critical family for )z > -I * tÆ.

(rr.4)
\z (K o",,,,*,, n.,, ) =,iîk Àz (K,,,,",,",,,; K 1)

exists and is the largest root of

-À3 + (-zr¿ - 212)À2 t (-Jr2ra + 14)À + 2r2r4:0. (4.J2)

Let 12 =.7, and ra - 1. ¡bom (4.32)

Àz(Koo,r,oo,r;.Iú) = 0.48f 19+ > -I + r/2.

Tlrerefore K*1' ¡ì Kt is a critica,l family for -I + \/r.
(r.5)

\2(K,,,,,,oo,oo; K,) = ,jjk 
Àz(K,,,,",,",,n; Kt)

exists and is the largest root of

-Àt + (-zrt - 212))2 I (rt + rz - Br1r2)À r 2r¡2 == 0. (4.33)
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Let 11 : rz : 1. F¡om (4.33)

À2(K1,1.,-,,o; Kr, : -t *rfr : 0.b6i553 > -r + ,/r.

Tlrerefore, Kt¡,,",,,o; Kt is a critical family for Àz > -I -l Ji.
(rr.6)

Àz(K,o,.,,,",,n; Kt) : 
"lr:: 

Àz(K,,,,,,,",,n; K1)

exists and is the largest root of

(-t", - rt - ra - 1)À3 * (-2r2r3 - 2r2r4 - 2ryra - 212)À2

l(-3r2r3ra { r3ra)À * 2r2ryra : Q. (4.J4)

In particular, if 13:7n: 1, then (4.34) becomes

(-r2 - 3)À3 -l (-6rz - Ð^2 + (-s', + r)\ + 2rz
:(À + 1) l(-r' - 3)À2 + (-srr+ 1) + zr2] : 6

Then

Àz ( K,o.,z,t,t; K, - - 5rz + t + v4t *itzP +Et"( 
" 

+ 3)r
Because the infinite families satisfy the inclusion relations

K'n',r,,",,n1 Kt Ç K*,,o,r",,n; K1,

and
K'n,'",",'',ì Kt C K*,'""o,'n; K1,

arguing as in the (II.3),
Katça,zlj Kt

is a critical family; and as in (II.4),

K,n,t,xr1, Kt

is a critical family. So in order that

0 1 À2(K oo,,,,,,,,ni Kt) < -l + ^/2,

only 12 ) |,ry / 2,ra ) 1 and 13 ) ra need be considered.

Let 12 - L,r3 =, ),7n - 1. trÌom (4.34),

À2(K,n,1,2¡; K1) : 0.a09S90 < -1 + ,/r.
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Therefore, for 11 ) 7,r2 :1,,¡r:2,r+ = l,

0 1 À2(K,,,1,2,1; K1) < -l + ll.

Let 12 :2,ry = ),,¡o: 1. F¡om (4.34),

\2(K."221; K1) = -t + '/i
Tlrerefore, for 11 ) 7,r2 : ),y, :2,rq = I,

0 1 À2(K,,,2,2,1; Kt) I -1 + ',4.

Let 12 : 3,ry :2,rn: 1. From (4.34),

À2(K,o,3,21; K1) :0.aß872 > -t + \/t.

From (4.105), (4.115) and (4.LI6), I{*,,3,2.1;Il1 is a critica.l family for _I + lt.
Let 12 : I,ry : f,,1"n: f . FYom (a.34),

À2(K,o,1,3¡; K1) : 0.42933r > -1. + y'z.

From (a.lf 3), K,>¿,t,tJ; Kt is a critical family for -L + \/2.
Let 12 == I,r3 : ),yn - 2. From (4.3a),

À2(K,o,1,2,2; K1) : 0.457427 > -t + ,u4.

Flom the assumption 13 ) 14 ) 1, which comes from the symmetry of 13 and 14 il
K,,,,,,,",,oì K1 and (4.113), Kæ,t,z,zl Kt is a critical familv for -t + ,/1.

(rr.7)
À2(K,,,,",oo,,^; K1) = ,JgL Àz(K,,,,',,",,n; K1)

exists and is the largest root of

(-rL - 12 - ra))3 + (-2rg2 - 2r1r4 - 2r2ra))2
*(-Jr¡2ra I r¡a ¡ r2ra)À + 2r1r3r4 :0. (4.35)

Because the infinite families satisfy the inclusion relations

Krr,rr,r'.,rn; K1 Ç K ro,r",r'.,rni Kt,

and
Krr,,r,*,,n1K1 C Krr,rr,n,*j K7,
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arguiìrg as in (II.4), I{ça,1,,o¡; K1 is ¿ critìcal farnily; alcl as in the (II.5),
KtJ,o,,o,; Kt is a criticaÌ family. So in order that

0 < 
^z(K,,,,,,oo,,,i 

Kt) < -I + \/2,

or y p¿r'ameteÌs 11 >_ r-2 ) 1, and ra ) 1 ueed to be consiclerecl.

Let 11 = 12 = 14 :1. FYom (4.35),

Àz(Iú,r,.",r ; lfr) : 0.a57427 > -r + \/r.

Therefore Kt¡'n,r : 1{r is a critical family lor -L * t/i.
(II.8) Now in order to find all minirnum graphs of the form K,,,,,,,.,,n; K1 where

ry > 12 > l,r3 ) ra > 1, with respect to À > -1 + r,,/i, oneonly nàed to start
fror¡ the critical families

as in (II.6); and

as in (II.7).

From Table 12,

K,-,,s,zJ; Kt,

K,n,t,lJl Kt

K s,,t ,z,zi Kt

Ktt.*"t; I{t

if rt = 3-7, rz = 3¡ rt :2,
rt:4, rz=4, rl=2,

oI rt:I, rz:L, r¡=3,

and ra :1;
and ra :1;
and ra -= 1,

tÌren
0 { À2(K,,,,,,,",,n; Kt) < -l + \/t.

Therefore, a,ll the minimum graphs of the form K,,,,",,",,o; Kl with respect to
À2 > -l I t/2 are

4l:Ke,s,zJ;Kt withÀ2(F13) -À2(Kgi,2,1;Kù=0.414248;Fu = Ks,+,zt; Kl with 
^z(F.+) 

: À2(K5,a,21; K) : 0.414255;
Fn = Kzt,s Kt Ìvirh À2(,Êi5) : À2(K2,1p¡;K1) : 0.420936;
Frc = Ktt,z,z; Kt with .fr(F16) : À2(K11,2,2; K1) : 0.ßBa4T;
F¡: K1¡,a¡;Kl v/ith À2(F1?) : À2(K1¡,a¡;K1):0.a23677.



rt 12 13 14 ),2(I{,, ,,",,",,n; K1)

^2<-7+\/, Àz>*tirt

3327
7327
8327

4421
5421

0.4It746
0.4L4024

0.413668

-1 + ,/,

0.414248

0.414255

0.420936

0.438447

0.423677

1131
2731

1131
2141

1122

-r+J'

\z(K,,,,,,,",,n; K1)
where 11 ) 12 ) 7, \ ) 14: l,

and the following conditions are satisfied:
if ra:1, then 11 ) 12 13, ry) 2, r+=l
orifra)2, lhen 11 ) rz) l, ry) ra) 2.

Table 12.
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For s --= 2. Frorn lernrna 4.1, the eigenvalues 01 K,r,,",r",,n; K2,
where 11 ) 12 ) 1,4 ) ra ) I, other than -1 anrì 0 can bã fôund by solving

P*¡r rI, 12 , 13,14 r ¡\ 2

: À6 + (-rrrz * r1r3 - r7r

l(-2rç2ry - 2r

*(-3r1r2ryra ¡

:0.

_Because bglh Krr,,r,r",rn, Kz - u1 arrd Kr,,¡r,,",r.¡i Kz - u2 aÍe isomorphic
to K,,,,, ¡,",,.,¡!{1, and from (4.124) K1),4,1 is a minimum graph with r"rp""i to
À2 ) -1 + \ttr, it follows that both rl a'd 13 rnust borurcrecl frorn above in order
that

Krr,rr,r",roì Kz < -l + ,/r.

(II.9) From (a.36), for
rt:7, 12:I, rs:7, and ra:1;

0 < Àr(Kr,r,r,r; Kt) : -1 + Ji.

. Th: onþ minimum graph of the form K,r,,,,,",,n, K2 with respect to
À2 ) -1 l- t/2 ]s

utu2VV2V3Va
ur(¡ -1 -r1 _ r2 o o\
,, l-t r o o -r¡ -"rl

¿ot%l-l o ) -r2 -rr -rnlVtl-t 0 -rr À -.¡ -rnlurlo -1 -r1 -r2 ) -r;l
yn \ o -1 -7:1 _,r'2 -r3 ^ J

4- I'2r3 '_rzr4 -r3r4* 11 -rz -13 -ra -I)Àa
1r2r4 - 2r1r3r4 - 2r2r3r4 - 2r1r2 - 2ryra)À3

r 1 r 2 11 + r 1 r' 2 r 4 + r 1 r 3 r 4 +' U U 
; ; r' : r' ; r: r::lÏ r r r, 

^
(4.36)

F1s : K2,1,1J; K2

Case IIL Let

\¡/ith Àr(F1s) : ).2(K21,1¡; K2) : 0.4a6658.

¿>5. 1:s<lt/21.
G : Krr,,",...,rrì K".

The following cases will be considered.

III.1 For ú : 5, s : !,G : K,,,,",,",,n,,") Kt from Lemma 4.1, the eigenvalues
of Krr,r",r",,n,r-;1(1 where r1 ) 12 ) ry ) 1.,r4 ) 15 ) l, other than -t and 0 can
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ut V1 V2 V3 V4 V5

ur(^ -r1 -r2 -r3 0 o\
v, I -t À -rz -r3 -,r'4 -r, I

PK,,.".."....,";K,(À)=tlet';l -i -;', :,, -:' _;: ]: I

u^ I o -r1 - r'z -r3 ) -r5 I

Yr \ o -rt -r2 -r3 -r4 ; )
: À6 + (..* ri rz * r7r3 -_r7t-4-r1rs * T'2r3 -r2r4 -r.zrs -rsr4-rJrs -r415-t1-12-ry)Àa

* (-2r1r2r3 - 2r1r2r4 - 2r1r2r5 - 2r1r3r 4 - 2r1r 3r 5 - 2r1r4r5 - 2r2r3r4

-2r2r 3r 5 - 2r2r4r5 - 2r3r4r5 - 2rg2 - 2ry4 _ 2124) \3
i(-Sr1r'2r3ra - 3r1r2r3r5 - Br1r2r4r5 - Jr1r3r4r5

-3r2r3r4r5 j r1r4r5 | r2rar5 { r3r4r5 - 5ryr24\)2
l(-4r1r2r3rar5 * 2r1r2rar'5 | 2r1r3r4r.5 | 2r2rsrar5\ \

:0. 
*3r1r2r3r4r5

be found by solving

Because

K r, ,rr,r",ro,rui Kr )_ Krr,rr,rr,ru; K1,

and K1¡,a1;K1 is ¿ minirnal graph with respect to Àz > -1 * 12, rs ) r5 ) 1
must bc bounded from above in order that

Kr t ,rz,rt,rt,rst K2 < -l + y'2.

For fixed 14 aûd 15, apply Theorem 2.4 wíth I = 2. Then the

Àz(K,,,,r,,",,n,,ui Kt),rt ) 1, rz ) rs ) 1

are monotone increasing it r¿,r == 1,2,3 and bounded from above.

À z (K,o,,o,."',, n,," ; 1ll ) .-,lL-- À, (1l",,-,. 
",,.,, " 

i K t)
;ål*

exists and is the largest root of

-2À3 + (-3rn - 3r¡ - J)À2 - 4rar5À3* 3rar5 : 6.

Let ra : rs:1. FÌom (4.37)

lz(Il".,oo,"o,r,ri Kl) : (-7 + lfÐl+:0.886001 < _t + vO.
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The only minimal graph_of the form of K,,,,,,,",,n,,"i K1
witlr respcct io À2 > -l + ,/2 is

Fe = K11,1,211K1 with )2(,Ê1e) : \z(Ktt.r,z,t;Kì =0.422b94.

(4.3e)

(III.2) For the general situation, by symmetry orìe may suppose without loss
of geuer¿lity that,

TlrcLefole. for r¡ ) 12 ) t3) l,t'4:t',:1.

0 1 ),2(K,,,,-,.,".tt, Kt) < -I + ,/t.

Becarrse

(4.38)

(4.40)

(4.4r)

then

i>5. 1_s<lt/21.
G : K,r,rr,...,,r; K",

where 11 > 12 > ... I r¿_zr,

and r¿_2,¡2¿_1 2 rt_2"+z¿ 2 I,
lot i.= 1,2,. .. , s.

K,r,,",...,r. K" - {u1,u2,.. - )ui-1)u¿+1). . . ,uù = K,,,,",...,,ri Kt,
for 1(ri (s.

It follows from (4.38), (4.99), (4.40) and (4.41) ihat if

0 < Àr(G) : )z(K,,,,,,...,,,;1{") < -I+ yO,

r¿=L, t-2s+l<i<t

G = K,,,,,,..-,,, 
-2,,1,L,...,7; Ks.,x

(4.2), al, the eigenvalues of the graph

G : Krr,.",...,r, 
-r,, t,t,,.. ¡ 1 K 

"\\-
2s Tiûes
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other tlian *1 and 0 ca,n be fourd by solving

D
' t<, r,,2,...,,1 -2",1,1.....1 ;K'\r,/

2r ti¡nes

( t-28

- { l)'?-(3s-2))*s-tl -(À2 +À-1)\-'i I(' -t '' ¿.' À-lr¡lj=t
t_2s

'(À2 + 2À - 1)'-' fI (À + r¿)
i=1

:0. 
@.42)

Apply Theorern 2.4 with I = 2. Then the

Àz(K,',,",...,,, -,,, r,r,...,r ; K, ),x
âÍe morotone increasing it r¿,i : L,2,.. . ,t _ 2s and bounded from above. Therr
in turn nse Theoren 2.3 on ri,L <. i 1t - 2s.

Fr'om (4.a2),

Àz(K"o."".....o"..1.1,....1 :I{,): lirn À,(K". 
",.....,, _,.. 1.r....,r ; K. )\--\-/ íj¿fË \./¿-2s üimes 2s tillles 

: 2s times

?.¿ -'2s + oo

exist and is the largest root of

(. ^ I
J [)' - {e, - z)^+" - i] - (t -2s)(À2 +2À - 1) }(r, + z.l _ t),-1 : o.l.")

(4.43)

Also

ìim À2 (I(..".,-,...,co,.'1.r....,r. ; K") : 
", lg 

^z(K,,,,,.....,, 
_",. r,1,...,r ; I{, )\__\\/ Äål= \/

2s times 2s times 2s times

rr-lr, --¿+oo

exist and is the largest root of

(^' +zs - 1)' = o. (4.44)

Then
lim )"lK"o ... ...oo...1,1.....1 ; K") : -7 + t/i. 14.45)f+cc" 

ä##_"" ''
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Tlrerefore, (4.39) (4.44) and (4.45) imply thar

forf)5,t!s![tl2],
0 < Àr(G) : Àz(K,,,,",...,,,; K") < *1 + \/,

if and only if

11 ) 1. I <i 1t-2s,
andr¿=L, t-2s+1<i<t.

In particular, for s = t. F\-om (4. 3), (a.aa) and (a.ab),

Àz (Koo,.o,...,"o,r,r; 1lr ) = -- liu Àz(K,,,,,,...,,,. z,,r I{t)irlã/-2 timeß

", -:, 
-- oo

exist and is the largest root of

(À, - À) - (t -2)0, +2^_ t): (B _ ¿)À2 + (3 * 2¿)À +t _2:0.
Thel

)z(K"o.."....."o.. t.t; Kt) : -21 + 3 +-@_ 3% + 33 
< _1 + \/r,

¿\¿ - ,5)
t-2 times

and
lim- À2(1l.",oo, ...,,-,1,1i K1) : -I + 

^r4.
;ñ

In (a.a2),let s : l,rz: '.3: .. - r¿ 1. Then the eigenvalues of the graph

* : Kn,1,1,...,1 ;Iú
,Y1"

other than -1 and 0 can be found by solving

P Kn, t,t,...,t ;Kt
\'/
,-l ¿imes

(

- { r.r' -À) - tÀ2+2À - r)[--I1- +(¿- J)--1 1]1.r+11;1.1+r¡¿-3t L)*rr''- "'À*1r.r
(: ] tr+,ù(À2 _À)(À+ 1) - (À' +2À - 1)[r1(À+ t) + (r - B)()+,,¡] ]11+ r¡'-at)

-0.
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So

is the largest root of

Then

lz(1l"", i,1,...,1 ;Kr)\-/
t-1 tirìles

t^2+2(t-2)^-(r-2)-0.

-2(t-2)+!/rF4¡¡4Àz(K,-, r,r,.,.,r, ; 1(r) -\-¡l
¿-1 tiIlìes
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Ft :2K2, î, : pn, F, : Ar,r, îE = Bzt,
rr(Fr) : t. 

^z@ù 
- -rty't. ¡z(4) _ 0.428007. ¡r(Fn) :0.420683.

Fs - Ftz = K,,,,,.,"i Kt
wlrere r¡, i, : 7,2,3 are given

in Theorem 4.3 Part (II) .

F1s : K2J,1J; K2

Àr(Fts) : 0.446658.

Ftl - Ftz - K,r,rr,,",,,: K1

where r¿, i - I,2,3,4 a-,-e given

in Theorem 4.3 Part (III) .

F1s : K2,1,1,1¡; I{1

Àr(Ftg) : 0.4225s4

Minimal graphs F with respect ro Àr(-F') > 4 + ,/t
Fi,gure 31
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(Ð F' : 2Kz, î, - Pn,

(IÐ
,Fi : K6,a,2; K1

îe = Ks,s,z; Kt
Fz = KE,e ,z; Kt
Fe -- Kz,s,z; Kt
Fs = Ks,s.3; Kt
Fn = Kt,+,2; Kt
Fr = Kzp,s; Kt
F12 = K2,5,a; K1

(rrr)
Frz : KaJ,z]; Kt
Fts : Ks,+,zJ; Kt
Frs : KzJ,sJ; Kt
Frc : KtJ,z,z; Kt
Ft¡ = Krt,+]; Kt
F6 : K2,1,1,1; K2

Theorem 4.3. Let G be a sinple grap)t. Then G is a g¡aph ninintal with rcspect
to

Àz(c) > -r+^/2iÎ and only if G is one of the followittg glapls ;

Fr: Ar,,r, în = Cr,z.

witlr Àz (,Ê¡) - À2(K6,a,2; K1) : 0.4r4s16;
v¡ith Àr(i6) : )2(K5,5,2;K1) = 0.4Laa22;
with )2 (,F7) : À2(Ka,6.2i K1) = 0.4L4430;
witlr Àr(4) = À2(K3,s,2;K1) :0.ara407;
witlr 12(,Fg) : ),2(K5p,s;Kr) = 0.415806;
with ì2(¡'r¡) - À2(K3.ap;K1) = 0.a1450S;
witlr À2(Fr1) = Àz(Kz,e,s; Kt) :0.4I44J0;
witlr À2(f'12) : À2(K2.5,a;K1) =0.41a474,

with À, (,Êr3) = À2(K63,2¡; K1) = 0.aL4248;
with ì2 (-Fra) : À2(K5,a,2,1; K,1) : 0.414255;
with À2( r5) = À2(K21,3¡;K1) = 0.a20936;
with ì2(,Fr6) : À2(K1,1,2,2; K1) : 0.üB4aT ;

with À2(,F1z) : \z(Ktt*,t; Kt) :0.42J677;
with .\2(,F1s) : À2(K21.1¡ K2) : 0.4a6658,

(IV)
Ê6 == K1¡,1,2¡;K1 witlÌ )2(F1e) : Àz(Ktt',z,t;Kù = 0.422594,

Proof. Let G be a graph minimal with respect to ì2(G) > _l +,/2.

^If 
G isdiscon'ected, because G is minimal, G contains no isolated vertices, and

so G must be F1 :2Yt.
Suppose G is connected anrJ G I Fz = pE. Let

G )) K,,,,,,...,,,

be the MCM-subgraph in G. Then G must be one of the graphs of the form 4 Âg
as in the proof of Theorem 4.2.



SECTION 5. THE DISTRIBUTION AND DENSITY OF THE SUBDOMINANT
EIGENVALUES OF GRAPHS rN THE TNTERVAL 10, _r + \,a21

In this section, the distribution and density of subdominant eigenval¡es of
sirnplc graphs in the irterval [0, -1 + lZl *ill be deternriued. The reasons f.or
investigating this distribution are given in the Introduction.

It is well known that for a simpre connected graph G, the forlowing hord:

(Ð rr(G) > -1. Àr(G) : -1 if ancl only if G is a complete graph.

(II) If Àr(G) ) -1, then À2 > 0. Àz :0 if aud only if G is a complete multipartite
graph.

If )2 is a subdominant eigenvalne of simple graph G and 0 < 
^2 

< _l + ,/r,
theu the fact that G > zK2 impries that onry one compo'ent G1 or G contains
edges, and 

^2G) 
: Àz(Gt)

Although as the sets of graphs

{G I G is a sirnple graph and 0 < ìr(G) S -t + \/r}
+{G lG is a sirnple grapli without isolated vertices, and 0 < Àz(G) S _I+^/l},

as thc sets of real nurnbers

{À, I À, - 
^z(G) 

is the subclominant eigenvalue of a simple graph G,

and0( 
^z<-t+lij: {^, | 

^2 
: Àz (G) is the subdominant eigenvalue of a simple graph G,

without isolaterl vertices and 0 < 
^2 

< -l + \/rj
: {À, I À2 : Àl(G) is the subdominalt eigenvalue of a conlected simple graph G,

and0( 
^z<-1 

+r/ij.
We do not consider the set of simple graphs G with 0 < Àz(G) < _l + \Æ, but

only the distribution and density of the set of the subdominant Ligenvalues À2 of
simple graphs in the interval (0, -1+ rf2l; without ross of generaliti, suppose À2 is
the subdominant eigenvalue of a connected simple graph.

Theorem 5.L. In the interval (0, !1, among the subdominattt eigenvaJues of simpre
gtaphs,

(I) The sma,llest one is

(Àz)-i" : ),2(K1,1¡ K1) : \z(4p) : 0.S1il08.

(II) The second smallest one is

(Àr)r^¿ : À2(K2,1 ¡; K1) - 0.32I6J7.
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(III) The thitd smallest ona is

(Àr)¡,.¿ : À2(K3¡¡ K) - 0.325597.

(IV) For r ) I,the rth smallest one is

(Àz),_* _ ).2(K,,1¡; K1).

(v)

lim (À2)"-¿l,: JIL¡r(r",,,,;r,) = å.

Proof. Check all the graphs with 0 < )z ( -1 + /t Isted in Theorem 4.2.

For ú = 3, consider the graphs of the for.m K,,,,",,"| Kr., with 11 ) 1,
12)>\)7.

I1 12 == 7, = 1, the graphs are

K,,,tJì Kt, 11 : 1,2,3,. . . ,

From (4.60), the eigelvalue for K,,,,,,,";K1 can be founcl by solving

Pr,,,,,,,r,()) : Àa * (-3rr - 1)Àz _ 2r1^+11 == 0.

The formulas for the roots of (5.1) are complicated; the first three nurnerical values
for À2 aÌe

(À¿)*i* = À2(K111; K1): 0.311108,
()r)z*¿ = ),2(K2 I ¡; K1) : 0.S2L6JT,

(Àr)v¿: À2(K3,1,1;K1) - 0.325397. (s.1)

ftom (4.74),

"1i3; 
l, (r',,t, t Kt) : 113 (5.2)

If 12 > 1, then
Krr,,",r"i Kt Þ K1,2¡; K1.

.But
À2(K1,2¡; Ky): 0.384904 > 1/4. (5.3)

Forú)4,
K'1,'r,"','rì Kt Þ KtJ,tJ Kt,

but
À2(K1,1,1,1; K1) - 0.357926 > tls. (5.4)

Then (5.1)-(5.4) implv Theorem 5.1.
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Let À1,À2,...,)"" and )t,À2,...,.1,' be the eigenvalues of a graph G ¿nd of its
complement G, respectivel¡ both in non-increasing order.

Definition. (see [6]). An eigenv ue À of a gtaph G is called a main eigenvalue ir
its eigenspacc Ss contains a vectot: X¡ witlt the cootdinate sum li=ri¿ diffetent
ftotn zet:o.

From
A : A(G) : J _ r _ A(G) : J _ r _ A,

where.,Iisthenxnmàtrixwithallentriesl,andlisthenxniclentityrnatrix,if
À is an eigenvalue of G which is not main, thán G contains -) - t ;# "iÑ";"of thc sarne multiplicity as G.

Let

* : { * - lrr.rr.....r"}l ir, : o},
( '= )

Then dim(I4z) :n-7.

Also

rlim(,gr U W\: {"- l. if S;CW (i.e.) is rrot a rnairr eigenvalte of G):' I n. if S; ÇW (i.e.) is a main eigenvalue of G).

Therefore

dim(S¡ n lrz) : dirn(Sr) -t dimW - dim(^9Ã u I.4/)

_ 1 dim(S¡). if À is not a main eigenvalue of G;
I dim(S¡) - f . if À is a main eigenvalue of d.

If X is an eigenvector corresponding_to À for G such that Di=, "¿ = 0, then X
is-also 

-an 
eigenvecto. corrcsponding to -À- 1 for G. From (5.6)Jiïis an eigenvarue

of G of multiplicity p > 2, then -À - I is an eigenvalue of G oî multiplicity"at leastp-1.

Theorem 5.2. If
2<s<lt/21.

then for any
r¿ ) L, i, = 7,2, . . . ,t - 2s,

Àz(K,,,,.",...,,,_,",W; 1{,) _ _t + yO.

2s times
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U7

@@@

^'^'

11 12 Tt-2s Urr-2"+2,1 Urr_2¡

R, 
"", -,"*;V,, " -,K = (Ul=?, n, ) U þrr),

2s times

wlrere I ) 3, r¿>. l, i.=1,...,t_ 2s, t! s <ltl2).

K r r ,r2 ,. , . ,r" -2, , 1,1 ,... J,; K,

2s times

wheref ) 3, r¿>I,i,- 1,...,t-2s, I1sS[t/2].

Figure 32
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Proof. The conplemeut glaph

K;;=*,.r^r, K : sPz t) l'Ú' o,, )

- 
\,:' /

as in Fzgure 32.

If 2 < s < [tl2], then from (5.13), rØ is the smallest eigenvalue of

Rrr 
"^-,-*,1,t ":f ;4ffi

of multiplicity s ) 2. So -l + \/2 is an eigenvalue of

^ r¡, r1,...,11_2.,.1,1*..,1 ills
2s times

with multiplicity at lea^st s - I > 1.

From forrnula (2.4) irr the Corollary to Theorem 2.b,

Àz(K,,,,,....,,,_,. 1,1,...,1 ; K") S -l + \O.\-/
2s tirnes

Therefore

\z(K,,,,',...,,"-",,q,..J;; 1(,) : -1 + \/,
2s times

where r¿ > 1, i - 1,2,5,...,t - 2s, Z < s t[tl2].

Theorem 5.2 can also be proved directly from (5.1) anrJ, (a.42), because the
eigenvalues of the graph

Krr,rt,...,r, 
-2,,7,t,... J I K"
ffi

other than -1 and 0 can be found by solving

PK,r,,r,...,,, 
-r,, r,r,.,.,7; K 

"x
1ì'S 'j I' 4-1 À+r¡ )

t-2s
.(^2 +2^ - 1)"-' fI (À + r¿) : ¡.

i=1
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Theorem 5.3. If Àl is a linit poìnt of sul¡crominant eigenvalues of sìtnp)e gtaphs
¿¡d 0 ( Àä < -1 + t/2. Then therc are frxed intcgers

t>3,t>À>1,

frxed integers

llir<jz<...<jr<t,
and frxed integers

r¡ ) t,i. ø Un I 1 < s S kj, and 7 1 i 1 t,

suclt that
Krr,r2,,..,r-¡r-r,*!ri1+ 

r ),..,ri¡ - 1 ,crc, r¡ o-¡r,...,t,¡_1,rj K1

is one of the infrnite families of graplts listed in Table 15, and

À[ : À2(K,r,r",...,,.jr-1,corrjl+r,...,rjÈ_r,corrjÀ+r,. ..,,._ r,,r] K1)

is the lintit valne ror tc s,bdontinant eigenvalues fot' the conesponding infrnite
faniües of graphs.

Proof. Let {G,"} be à sequence of coltnected sinplc graphs such that

o < Àä _ ,qL )r1c"¡ < _1+ \/t. (5.5)

By considering subsequences, without loss of generalit¡ suppose

Gn : K,r,.,,.,^,...,r,.,^i K",
where f," ) 3, n=1,2,3,.,, (5.6)

are graphs in the list of Theorem 4.2. which satisfy the condition

0 < À2(G.) < -7 + \/r. (5.7)

trÌom Theorem 5.3, withoui loss.of generalityr suppose that in (5.6) s _ 1,

Gn = K,r,-,,r,,,,...,r".,^ j Kt,
tn )_ 3, n:7,2,3,.. . , (5.S)

are graphs listed in Theorem 4.2, with s = 1 and (5.2) satisfied.
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(r)¿:3
Kc¡,rJi Kt À2(K-,,1¡; K1) : ll3 :0.3933g3

(rr)t:4
K,xt,,2,t¡iKr Àz(K,,.,,.,11;K1) * *t-+t+F=-)'.9:-trtÐ
K,o,*,t:lKt Àz(1loo,"o,r,li/li)- -5+ã\./33 :0.JT22gl
K"o.1,2.1t K1 À2(K"o.1,2,1:Kr ) : 0.q0õSS

(rrr) ¿ > 5

Kø¡,t,t,...,tJ.1Kt )z (l(,-,r,r,...,r,r .;Kt): -(t-2)+\1'F=6t+4 < -1 + r/,
-'-¿-1 times t-1 tilncs

K¡6.oo....."o.1.1:K1 )z(K.".....""..r.r;K1 t: *t$ffZz+¡¡ < _1 + \/z
¿-2 times f-2 f ines

Koo,...,.o,rr,*r,...,rt 
-zJ J l) Kt

,¿ times

Àz(K,o,...,,-,,o*1,...,t.¡ 2,7,1U Kr) < -l + \/,
-,-

*h"r"nrt'ää <t-2.
and ..^.. /:";-".,-u -2) +v2|¿ -6|+4 (Àz ( K.o.....co,,¡+ r ,..., ", _ 2, r. r urlr )J =*""_vgp

¡r tim¿s

Àå - lim,'*"" (ìz)",
where0<^i<-l+y'2

t)3,rt )12)'..2rt-z )1, and r¿_1 ) r¿) I.

Table 13
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(r)r:3
K,o,*Ji Kt
K,,o,,rJi Kt

Krr,r' li Kt
Kt,r","oi Kt
Kl,,,o,r'"i Kt
Kæ,z,ziKt"
K*,s,zi Kt
Kz,n',2; I{t

(il)¿-¿
K s>,,n,t,1,i Kt

K,n,r2,t¡l Kt
KæJ,zJl Kt
Ke¿,z,zll Kt

lz(K.","",i; Ã'i) : -I + \/t
À2(Kçp.¡,.1;K1): -'"+'/a+?G'+'z) < -1 + vD

Àz(K,,,.".t; Kr) : -"+'Æ!:¡''+D < -r + \/t
À2(K1,,*.,-; K 1) : -l + \/2
À2(K_1.ça,":_K1) : *nç+ir."*u < _r+ vO

),2(K,o,2,2i K1l - 215 :0.4
À2(K,-3.2; K1) - -I + \/2
À2(K2,-.,2; K1) - -1 + \/2

À2(K.o..o,1.i: Ktl : -'+-^hi - 0.JT22B| < -L + \/t
À2(K oo,,,,1,1; K1) - -r"*t* q#'#**;,"*,) < 4 + It
\2(K"o,1,21 K1) : 0.409890 < -t + \/,
Àz(K,-,z,z,t; &) : -L + r/2

(ilr)¿ > 5

Kco..r.r....,r. r.: 1lr Àz(K"".r.i.....r.r : Xr¡ - :!!-2! @t*aP=a-+E < -l + ,/,
¿-1 tirnes ¿-1 times

Kçe,66.....co,1.¡ : 1l1 À¿(1("o......",.r.1 
' 
frl- =Zr$ffi < -L+ \/,

¿-2 times t-2 tírrÂes
K-,...,oo"r,.r,r,,..,r¡ z,r.r U Kr

l¿ times

Àz(Koo,...,"orv+1....,r¡-2,1,1 UKr)< -1 + \f2

*h"rubrtäl"r-r,

and
-tt -2)+v2t¿ -6t+4 SÀz(Koo.....oo..,¡+,,. .,",_r,r,r urfr)l="j-t,;F

-'-¡t rim€s

K11,r2,...,r¡ r-r,*,rj1+1 ,,..,?"i¡ - I co, r¡ ¡¡t,...,rt_r,rt.t K s
where 0 ( Àz(Krr,r",...,r:ir-r,æ,rir+1,...,rj¡-1Jco,rjr.+1,...,rr_r,rriKr) < _I+ \/,

t ) 3.,r1 ) 12 ) .. .2 rt_z ) 1, anä r¡_1 ) r¿ ) l

Table 11.
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Furthermore, for the purpose of determiuing

{Àä10< ^;<-r+,/r},
the lirnit points of fI2 in the interval (q,-l + lZ), to, the graphs of the form
K,,,,,,...,,,; K, with 0 < Àz(G) < _I+ \/2 hsted in Theorem 4.2, only s = 1 neecls
to be considered and finitely many graphs of the form K,,,,r,.. ,,,; Kt in the c¿ses
l_-= 3, or t : 4 ma.y be dropped. Therefore, without loss of g"o"r:aìity, suppose that
G-, n =' 1,2,3,... i' (5.8) are graphs that come from the infinite famities of the
form of K,,,,",...,,,i If1 listed in the following Tabte lJ. Table 1l is compiled from
the Proof of Theorem 4.2.

if in (5.8)

sup{t,} - 6ç,

by colsidering s'bseq*erces, one may suppose witrrout ross of ge'erarity that,

,'$f"': -'
Let

{u.} : v (G,,) - v (K,,,,.,,",-,...,,,.,...-),

n:I,2,8,....

Then from (5.8) and (5.9),

G nl {u-,u r,r,r",r,...,rr¿.,r } : Ar*-2,2,

anrl

Àä - _lie )z(G") > tim À2(A¿-_2.2) = -t + {2.t¿-tæ

which contradicts (5.5). Therefore

(5.e)

sup{t""}=l-,*(oo,

where ú^r* must be a positive integer.

Then the sequencc

Gn : Krr,^,rr,.,...,rr.,^', Kt, t- 2 3, n:7r2rïr.. ,

contains infinitely many different graphs and

3!sup{f,"}:f,,,.*(go.
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Since s'p",{f,,} is finite, by tlie pigeo'hole principle, there is ¿ positivc integer
t,

3<ú<¿ú,x
such that there is a subsequence {G,, } of {G,} which satisfies

Gnr : Krr,.,,,",n¡,...,rr,n¡i K1, l : L,2,3, -.. , (5.10)

wlrere ú is fixed for all graphs {G^,}, t = I,2,3,. .. .

The graph sequence

{G", l¿:7,2,3,...}
contains graphs with infinitely many different 

^z(G_).Consider the infinite sequences

{rr,^,}, I-t,2,5,...,
{r2,.,}, I-1,2,3,...,
{rt,^,}, I - I,2,J,,...,

:

{rr,n,}, l:I,2,3,....

For the sequence

{ry,,,}, l:1,2,3,...,
there are two cases.

Case 1. If
sup{r1,,,, I I :7,2,3,. ..} = *, (5.11)

let

{rt,n,,}, p=1,2,3,...
be a subsequence of

{n,^,}, l-1,2,3,...,
such that

p[Lrl.,,'o = oo' (5.12)

Case 2. IT
1(sup{r1,,o, ll =7,2,1,...}: r1,_"* ( oo, (5.13)

then {r1,,",}, I - 7,2,3,...} is an infinite sequence of positive integcrs and it is
bounded from above. By the Pigeouhole principre, trrere is a fixed pJsitive integer
f'lt

1! 11 ! r1,*u*, (5.14)
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alld a s[bsequence

of

suclì thâ,t

Fol the subsequence

of the scquence

there are two cases.

Case 1. If

let

be a subsequence of

such that

Case 2. If

{rr,,,,,}, p - 7,2,3,...

Irr,.,\, l:7,2,3,...,

,t.n,,: 11 forp: t.2,3,....

{",-,,}, P :1,2,3,. '

{rr,*,}, I : I,2,8,. .. ,

(5.15)

(5.16)

(5.17)

(518)

1( sup{r2,,"," ll:1,2,3,...}: r2,,o.* ( oo, (5.1g)

th"" {t?,i,,}, q - t,2,3,... is an infinite sequence of positive integers and it is
bounded from above. By the pigeonrrore principre, the¡e is a fixed pÃitive integer
T2t

I I 12 { r2,,o^*, (5.20)

and a subsequence

{rr,n,oo}, q - r,2,3,...
of

{rr,n,o}, p,= 1,2,3,...,
such that

rl,turpq 12 lorq:1,2,3,.... (5.2I)

we repeat this proced're to get r times artogether. witrrout loss of generarity
we may suppose for 1 ( i ( ú,
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either

,[1 ,,,',, _= _,
or there is ¿ frxed positive integer r;, such that

ri,nt : ri for I : 1,2,3,....

Let
l lli < jz <.-. < jx<t, (5.22)

be all subscripts which satisfy the condition

,[oj"rn,,",:oo, for l<g<k. (S.23)

Let

{ir,ir,...,i.t_t} : {i.li. ø Unl r S g < Æ}, anrt 1 < i < ¿}

where 1 1it 1iz... (í;t ( t. (5.24)

be all s.bscripts which satisfy the condition that there is a fixed positive integers

r¿o,0th,<t-k,

such that
ri¡,'"t:t'¿o, lot I:1,2,Jr.... (b.2S)

From (5.10), ald (5.22) (b.25),

G-. - K^- t¿l -'r1,n¡,..,,rr1-r,rt,rir,til+rtf,t,...,tt_tc. 1,n¡,fr-k,n_É+r,.r,..,,rr,.riK1,
I=7,2,3,,.... (5.26)

Þom (5.5), (5.7) and (5.22)-(5.26),

0 < )i: lim À,lG-)

-rliåK.r,-,,.ri¡-r,n¡,ri,.r¡,-¡1,nr....,¡¡-¡-r,nr.r,-,r,rr-Álr,n¡,....ri-t..¡,rt,,,iK7
: , li-_ À2(K 

",,,,,....,,: 
K1),Jr_a

rÌ j 2-+tþ

t¡o -"o
def . --: Àz( Ilrr,rr,...,rj 

! - t ,u:,,t r t+7,...î j2-7,cx',r. j2+7,,..,r- j k _t,æ{ jtr+|,.,_,r,1_, ¡,I K r)

< -r + 12. þ.27)
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observe the infirite farnilies ¿'d their correspo'ding rimit vaiues f'or the sub-
<lonrinant eigenvaÌucs in Tabte 1l- There ¿rc some varues Ài appearing repeatedry
as limit val.es for s*bdornirant eigenvalues for ihe the cliffeient infi¡ritã familics. 

"

{À2(r<,,.oo,1.:rrr ) I rr > tl : talp t " 
- rl

: {Àz(1fi,"",,",;¡fr) | r¡ à i}. (5.28)

Let 12 - 2r,in À2(Ko",,",1; K1); then

E +7"e'TÐ)2(Kço.,,.1: Ktl : -'2 -Ï- V 
rz , 2--

_ -2r + ,/@Yi u@lTÐ
2, +2

:-,+ lF +i6TT
r+I

: Àz(K",,-t; I(r),

{Àz(K.",,",t;Kt)lrz 21} I {Àz(Ir.,"",r;Kr) l' ì r}. (5.30)

Let 12 : t - 2,r2 > 1,t ) 3; then

ÇT+;,?;+ÐÀz(Ko,,,,.ti Krl -- -'3:ar, 
+ z

_ -(t -2) + vF -Ùr+¡A:Ð
t

-(t-2)+\/rF -w++
t

(5.2e)

(5.31): )z(K,n,t,t,...,t l; Kt),

-!-
¿-1 tiÊes

À2(K,-,2,2; K1) :215 :0.4 - Àr1-ll.",r, t,...,t Kt). ß.J21
;ffi

Tabte lS lists the first severar numerical values of the infinite families

À2(K*,,,,1;K - 1) and À2(K,,*¡;K),
and rable -16 lists the first several numerica.l var.es of the infinite famiries

)2(K"",,.1¡; K1). Àz (K.o, 1,r,...,r.1;-Il1 ) and )z(l(oo.oo....."o.r.ri.[lr).

,-1 times ¿-2 times
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r>7 À2(K,-,,',1; K1)

-,+ 1,., +i-(,+Ð

1/3 : 0.333333
(-r + \/5) /2 - 0.366025
(-3+^/24)/5-0.37e7e6
(-2 + \/10) lJ : 0.JBT426
(-5 + 2vîE) 17 : 0.Je2z8t
e3 + ^/n)/4: 0.8e5644
(-7 + 4.,/7)/s - 0.3e8112
215 :0.4
(-e+6\Æ)/11 :o.4ot4e2
(-5 + ^/55)16:0.4027

Table 15.

À2 (-IÇ,.".1; 1{1 )

(-1 + ,,/5) 12: 0.366025
(-2+'/n)12:o.J8z4z6
eJ+,/n)14 - 0.3e5644
2/5 - 0.4
(-5+J55)16-o.4o2z
(-6 + \/78)lT: o.4o4b3z
(-7 + \h05)18:0.40586e
(-s+/136)/e:0.406828
(-e + s/1e)/to :0.40767
(-10 + \/2n)/11 - ¡.4633¡t

I
2

t)

4

5

D

7

8

I
10
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r
1

2

3

4

5

tr

7

8
o

10

r'>1

:'.

Àz (1{"", r,r,...,r,r;Ifr )

-,-ú-1 times

-(t-2)+,/rF=6t+a
t

1/3 : 0.333333
(-1 + \/s) l2: 0.366025
(-3 + \/u) /b : o.s7s7s6
(-2 + ^/10) 13 : 0.s87426
(-5+2^h5)17:o.3e221r
(-6+2\/n)/s - 0.3e5644
(-7 + 4\/7)/s: o.Be81t2
2/5 - 0.4
(-9 + 6\/5) llt - o.4or4e2
(-5 + l1s)16: o.4o27
(-11+ 1164)113 - 0.4036e8
(-6 + \/78) /T - 0.40369s

À2(K,-,,,1,1; I{1)

(-1 + \/s) 12: 0.366025
(-s + 1161) lLo : 0.368858
(-7 + .,/Bs) I 6 : 0.s6e924
(-re + 3\/6s) 174 : 0.J70484
(-3+,h4)12-0.37082e
(-2s + \h273)/1S - 0.371063
(-17 + \/4'p)lr0 :0.371232
(-39 + 5/se)/22 :0.J713be
en + ;rt)rc:0.37r45e
(-4s + \Æ441) 126 : 0.37754

¿>3

t

.l
4

5

t)

7

8

I
10

11

12

13

74

ìz (K"o,oo,...,"o,1,r i Iú )

¿-2 ¿imes

"*utr@, forÍ)4
1/3 : 0.333333
(-5 + '/JJ) 12 - o.JT22BI
e7 + \/n)14: 0.386001
(-e+^/1'f)16-0.3e2e6e
(-r1 + \/2U)18 - 0.397181
2/5 - 0.4
(-15 + \/3s3) 112 : 0.4020re
(-17 + \/513)114 - 0.4e3536
(-1e + \/64s) I 76 - s.4s4717
(-r + læ) la: 0.405664
(-23 + \/96s) 120 - 0.406438
(-25 + \/n$) /22 - s.4s7ss^

Table 16.



_ _ _Because of (5.28) (b.82), aX the subclomilant eigenvalues that appear ir
Tal¡le 15 also appear il Table 16.

From (5.27), by checking the infinite fam ies and their corrcsponding limit
vaines in Table 13 a'd avoiding the repeating graphs with the same subdoiri.ant
eigenvalues in (5.28),(5.32), one see that Theorem 5.3 holcls.

corollary. rr Àä is a limìt point of subclominant eigenvalues or simple gtaphs and
0 < Àä < -l + ,/t, then tltete a¡'e frxed integers

t>3,t-2>k>7,
and frxed integers

r¿)7,k+l<i<t,
wltete

rk+1 >rk+2)...) r¿_2) l,r¿_1 )r¿)1,
suclt tltat

Koo,oo,...,cp, r111,...,r" - r,rr', K1x
is one of tlte infrlite families of g:raphs listed in Tabte 15, and

Ài : À2 ( K,-,.,,...,,n,,, 
o *,,...,,, -,,, " 

; K t)x
is the limit value fot the subdominant eigenvalues fot' the corresponding infrnite
fatnilies of graphs.

Proof. For all the infinite families of graphs of the form

Kr1,r2,...,r¡ r- t,*,rjl+1,.,.,?.i¡;-t,co, r¡o1r,.,.,rr_r,rri Kl,

listed in Table 13, the conditions

t>3,t-2>lr>7
are satisfied; the subscripts may be arranged such that

jt--t,,iz:2,...,h:k;

and
rt+t 2 rx+z 2 . -. 2 rt-z,rt_t )_ rt.

Then Theorem S.3 implies that the Corollary holds.
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Theorem 5.4- In the inter*i þ, =%@] ) among the rimit poitts or subclontiratú
eigenvalues of simple graphs

(I) the smaJlest one is

(Àä)",i,' : 113 : À2(K*,,1,1; K1),

(II) the secold smaJlest one is

Oi)r.o = -t tr* ,:0.366025) _ À2(K".,1,1,1; K),

(nI) ilte úlirr.l sm¿/lesú one is

(Ài)¡"¿ : o *rfl 
, : 0.868s58) : ),2 (K,.,2,1,1; K 1),

QV) fot r ) 7, tlte (r f 1)-s¿ stnallest one is

-sr+r+u(r-¡dtTe"GJÐ
2(' f 3)

()ä)r"+rl*' = = Àz(-K"".,.r.r;1(l ),

(v)

- -5 + 1Æ5(- 
0.J72281) : À2(K,o,o,,1,1; K1).

Proof. Check the list in Theorem 5.8, Table 13 and Table 16.

The smallest limit point is given by ¿ - 3, \2(K*¡¡; K1) : llf,.
For ú ) 5, among the limit values of subdominant eigenvalues of simple graphs

given by the infinite families of graphs of the form K,,,,,,...,,,; K1,

4+ \Æ4À2(1("",1,1,1,1;1(1):

gives the smallest one for ú > b; but

: 0.379796

*3 + tÆ4

, - 0.379796 > 0.372281 _

f 8r(r *
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For ú = 4, aurong the limit val'es of s'bcromin¿nt eigcnvar'es of si'rple graphs
given by thc infinite families of graphs of the form K,,,,.,,,_",.,.oi Kt,

Àz(K,o,t,t,t, K) - -L t2J3

< Àz(K- ^, r;K, ) - -5r + I + v4T:JiFJ e;(r + 3)
2(r + s)

( Àz(K"o,.o,r,ri Xt¡: -!JÆ,
where r ) 1,

and

À2(K,o.1.2.1: K1) : 0.40989 t -t 
; 

ú3

r : r. À2(Ko".1.t.t: Kù = -a+ú: 0.366025

Then

gives the second smallest ole,

r :2. Àz(K*,,2,t,.t; Kz) =

gives the third smallest one, and

r ) I, À2(K,o,,,1,1; Kt) :

gives the (r * 1)-st smallest one.

Then

-5r + 1+./E-TÐ'T #G+Ð
2(r + B)

-e+/161 : 0.368858

jgg Àr1K"",.,r,1;Ir1) - Àz(K"",oo,r,rìIri) = -u *,/" - 0.J72281.

Recall that nf) nas been defined in the Introduction.
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Deffnition, -Le¿

rru:nÍ.0): {ÀË lÀr,: À¡(G), ror G e w}, rotk:t,2,J,...,
nf;l - lrfl | .rf ) is a tinit point orn[o)], for k,= r,2,J,... ,

nf'?] : lrfl I À[') ," u rimit point orn[1)1, fot.k =.r,2,3,. . . ,

fr[*+r¡ - {Àf"+1) | .l['-+il is a ]imit porar oril[-)],
fotk-1,2,3,...,

Theorem 6.5, Fot m t l,
(r) rf

r|- e þ!*r n (0, -1 + Jr)],
tlten therc are frxed ùttegers t and k,

t>3,t-2>klm,
and frxed integerc r¿,

r¡)L,k+1<¿<t,
wltete

,r-k+l, > rh+2 ) ... ) r¿_2 2 1, rt_t ) r¿ )> I,
suclt that

Koo.oo.,..,oq, rt1 1.....r¡ - r,r r'#
is one of the infrnite families of gtaphs listed in Tabte 15, and

Àä- : Àz(K"","",...,oo,rÀ+1,...,r¿-r ,ni Kù.t#
is the limit value fot the subdominant eigenvalues rot the corresponding infrnite
families of graphs.

(II) For m> l,

ilr[n!*)n (0, -1 +,,Æ)]

ifm-1;

= Àz (1("o,oo,...,oo,l,r: Kl ), if m>2.
rr¿ times

145



and

Proof, For (I), use rnathcm¿tical induction on r¿.

F o-,- n¿:1, the Corollary to Theorem 5.3 implies re results hold.

Suppose fot m. ) 1, Theorem 5.5. part(I) holcls.

Formfl, let
Àî^*' çfrt'+l),

where

0 < ); < -r + \/2. (5.33)

Let

where

{(Àä-),} _c nt*),

m+t
0 < (); "-' ¡, < -1 + t/i,

0 < Àä"'*' : iim (Àå'" )^ < -1 + \/,

For

Qi')., ":r,2,3,...,
by the indtctive assumption, there are fixed integers

tn>3,tn-2>k.)m.

and fixed integers
ri,,r > 7)lin + 7 < i < tn,

where
1'k.+7,n > r'*^¡z,n 2 . . . 2 rt^-z,n 2 7, rü_t,n) r¿.,n) I,

such that
Koo,co,...,oo, rl. a t,^, ..,,t. - t,^,rt -,^ I K 1

¡ñ riÞes

is one of the infinite families of graphs listed in the lhe Table 15, and

(Àä* ), : À, (11.o,oo,...,"o,,"¡n 
+1,¿ ,...,r,n -r,,, ,,^,^;, Kt) (5.34)H

is the limit value for the subdominant eigenvalues of the corresponding infinite
families of graphs listed in Tøbte 15.

If in (5.3a)

sup{t",} - co, (5.S5)
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by colsiderilg subsequences, otìe tnay without loss of generality suppose

,1!11,: -. (5.36)

Then frorn (5.34) (5.36),

ei^)"> À2(Kr,r, ,r;Kt) : Àz(Ar^_",2).x
Then

À;'"*' : ,h (ìä-)", I fig )r1a,,"_ z,z) = _1+ 
^/2,

which contradicts (5.33).

Therefore
sup{t,,}=f,,'.*(oo,

where ú*o* is a positive integer.

Then the sequence

(Àä- ), = À, (Koo,.",...,oo,.À¿+,,n,...,r,r 
-r,n, ,,^,^l KùH

contains ilfinitely many different real numbers and

3!sup{ú,}:úmax(6,

srrp.{r,} is frnite.

By thc Pigeonhole Principle, there is a fixed integer t,

3<ú<¿*,*

such that there is a subsequence

{()ä-)",}, t : 1,2,3,...

of

{(^;^ )-}, n = t,2,3,.. -,
such that

Qi*)-, :ìz(K-oo,.o,...,oo,"&nr+r,¿¡,...,1"r*r,n¡,rr,-,iKt), (5.J?)

ñ
where I is a fixed positive integer for all

(\i*)^,,1 - r,2,J,....
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Bec¿rrse 
rA.^,). t: r.2.3, .. .

is ¿n infinite scquence, and

m I kn, < t - 2, I : I,2,J,...,

where I ) 3 is a fixed integer, by the pigeonhore principre, there is a fixed integer

k, m<k<t-2,
and a subsequence

{k,,,}, P:7,2,3, .

of

{k",}, l:I,2,8,...,
such that

k*,,:f, P-*7,2,3,.. .

Then from (5.37) and (5.88),

(Ài"' ).,, : ), (Ks,-:grÂ+r,-,n,. .,.,_,,.,,,,,,-, 
n 

\ K r),
i r¡-..

p :7,2,3,... , (5.89)

where
f ) 3, and ^ < t <t -2 (S.40)

are fixed integers for all

{()ã-)-,,}, p : 7,2,3,...,

and
rÉ¡t,n,o2"'2rt-2,nro21, rt-t,n¡, 2 t't,n,, 21. (5.41)

Because

{Qi' )-,, I p - 1,2,3,'..}

contains infinitely many different real numbers and both ú and fr are fixed positive
integers in (5.a6), by the Pigeonhole principle, among the infinite sequences

{'i*r,*,,}, p:1,2,3,. '. ,

{'i"*",n,o}, P : r,2,3,...,

:

{rr,n,o}, p=L,2,3,..., (5.42)
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at least one must be ulbounded f¡om above.

Because

rÉ+t,n,o 2rÈ¡z,n,o 2 "'2rt,n,r, (5.43)

(5.42) and (5.43) imply that

suP{ri+r,",¡u I P: t,2,3,'"} : -'

Let

be a subsequence of

such that

Consider the sequence

There are two ca,ses.

Case 1. I1
suP{r;+2,4¡pl, I p: t,2,3,. ..} = -, (5.44)

let

{ri,+2.n,,,"1, , : 1,2.1....

be a subsequence of
{,,"¡r,n,,,} p : 7,2,3,...,

such that
j:Lri,+2.n,o," : Ø. (5.45)

Case 2. If.

stPIr*¡z,nto, I p -1,,2,3,'..): r;*r,-,* ( oo, (5.46)

Then by Pigeonhole Principle, there is a subsequence

{'i*",n,o,,}, u : 7,2,3,.'.

of

{,i¡r,n,,,,} p' - 1,2,3, '.. ,

749

I-- ì ,, 
- 

1 o ot',t*l,n¡o,, J1 tL - L..,o....

{'t"+t,n,,}, P : 7,2'3,. .,

liq r;*r.-, - oo,
t'-@

{,o¡r,-,,,} tt: t,2,s,.. . .



and a fixed integer

such that

In this case, (5.43) and (5.47) imply thar,

æ ) rt+z = ri+2,n,r," 2 r1+r,nro,," > "'Tj,ntor,, lor u:l,2,Jr-.. (5.48)

\4/e repeat this procedurc to get ¿ - Æ ti-". altogether. witho.t ross of
generality, \4¡e may suppose

ol$ rr+r,,",o : oo,

ol\\ri+2,-,o = æ,

litn r¡.,, : so.
p+6)

(5.47)

(5.4e)

and

rk+t.nte: r¡*,. for p:7,2.3....
rk12,n¡o = rn*r, lor p:1.,2,3,.. .

Tt,n,, : r¡, lot p : 112,3,... (5.50)

where

m<l<k<t, (5.51)

aÛd rÈ¡t,r¡1¡2, . ' ,r¿ â'r€ fixed positive integers for all p : L,2,3,. .. .

Therefore, from (5.39) and (5.a9)-(5.S1),

0 < Àä-*'
: lim (Ài- )",q+oo - pq

: lim À,( K-;iä^2{lls"."o-..,"",-rEÊr,-rrq.....re,'¡eq.rtt+t,ntp,t,...rt-t,ntro,rr,.,ooiI(t)
i ti-.'

.- lim À'? (¡l.'",'"1;:fL rÍ+t,ntpq, "'rt ,nrpo,rr,¡1, ",r1-1,r1iK1)
i um."
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=',-,1T"*"oÀ'(K-oo,"o.....oo..rF',,.¡-.....r¡..nr,..r(!r.....,,-,.,,:K1)
'Po

ri-:J,,¡¡q -æ i r¡-'"

,u,.roo -
def . --
= Àz(K,.,,,o,...,oo,,"¡.,,.....,, _, ."', : K¡ )

ù rihes

< -1+ \/r. (5.52)

'IlÌen (5.111) implies that

t)3,m+l<À<f. (5.59)

Fl'om the corollary to Thcorem 5.3, the i'finite families i' (5.52) ca'be chosen
ftom Table .13 such that, 

Àr,"*,

is the limit value for the subdominant eigenvalue for the correspondi'g infinite
family of the graphs and i; ( t - 2 itt (5.58). Then (5.b8) becomes

t)3,m+1<tu<t-2. (b.54)

For Part (II).

IÍ m * 1, from Theorcm 5.4. part (I),

inf þ!1) n (0, -t + ^fz)l - (Àö)*," = rf J : ),2(K,_,1,1;K).

If m ) 2,, from Part (I),

infl€ IIt-)n (0, -1+ /t)]
: inr{.U- 

l 
.r;- . ¡4-, n (0.*r + /r')l}

(
-inr{'lz1K*.-....."o,.u..', ..',-,,",;1l') I t} J, rn< tr<t-2,t .# 

'

0 < )2 (11"",.",...,.", ,¡¡r,...,,r-r,rri I{1) < -l + \/r.

I 
À rrhêq

tt: inf { À2(K""oo,...,oo,r¡+r,....r,-r.r,;ff1 )l r ==m. t:ml2¡
tt-Yl
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0 < )2(K*.", .,oo!rr+r.....r,-r.î.,:lll ) < -1+
\-.-J -j

Theorem 5.6, f ,et p ) 0 be any nonnegative intege,-. If U, is an open subintetval
ofY : [0.-t + \f2]. such tltat

: Àz (("o,"",...,"o ,t$ Kt)

h rines

( 0rcm Table 13 )

Ue + ø, Ue g y : 
10, -r + \/rl, and tJ, ìnL") -* ø,

tlten therc is an open subintetval Vo of [Jp, such that

Vp * Ø, V, çUe çy: [0, _t + tfL], anaVeìTI2: Ø

Proof. Use mathernatical induction orl p.

For p - 0, (5.55) becornes

Ài e f¡r(t)

L52

Uo + A, Uo c U, anrt ¿/o n nto) : Uo ìÍIz : Ø.

With Yo : [/0, Thc Theorem holds.

For p : I, suppose [,! is an open subinterval of y _ [0, _1 + r/-2], such that

U1 + Ø,q _c y - [0, -r + \f21,, and I! r-ì f? = Ø, (5.57)

where frll) is the set of a,ll limit points Àj of subdominant eigenvalues of simple
graphs.

Let W1 be a closed interval such that

W : la1,b1l, Wt Ç tL,
where ø1 1b1, a1 and å1 ate real numbers. (5.58)

(5.55)

(5.56)

I|Wl ñ ff2 is an infrnite set, then because W1 is boundecl, so is lIl1 tì fI2. By
the Bolzano-Weierstrass Theorem, there is a Iimit point Ài of
W1 1r fI2 C fI2. Then lj is a limit point of fI2,

m l2)z -
(m+z) - 3l

(5.5e)



ard Ài
that Ài

is aìso a li'rit point of llz1. The fact that w1 is a closecl interval i'rpliecl
mnst belong to W1. Then from (5.58),

^ö 
e Wl ÇUl.

But then (5.59) and (5.60) imply ttrar

(5.60)

Ài € ¿ nil2(1),

wlrich contradicts the ass.mption (5.52). Therefore w1 ft rr2 must be a finite set.

Because Wt ñ flz is a finite set and from (b.5g), Wl is a closed interval with
positive length. Thus there is an open subinterval V1 of Wl such that

v\ +Ø, vcwt Çul cy: [0,_1 + tfZ], andVlñÍI2__Ø.

Suppose fot p_) 2, th¿t Theorem 5.6. holds, i.e., if uo is an ope. subinterval
of Y: [0, 4 + rt], such ttrar

Ue + Ø, Ue _c y _ [0, -t + \/-2], anð, (Io ñfaz@) - ,,
tlren tlrere is an open subinterv¿l Vo o1 [J.p, suc]r that

Ve+Ø, veçueçy _ [0,-1 +t/-2], anaVeìfI2:Ø.

For p * 1, suppose [/o11 is an open subinterval of y : [0, 
_1 + y'21 such that

Up+t I Ø, [Jp+t c Y : [0, -1 )- t/i], and, [Jra1nfI2(r+1) - fi,

where flr(r*l) is the set of all limit points ìj'+' ot nlp).
LeI We¡t be a closed interval such that

W = [or+r, åon1], and Wp¡1 C (Jp¡1,

where øo.l1 1bp¡1,ap¡t and óear are real numbers.

If We¡r.n ntP) t an infinite set, then because Wr¡1 ís bounded, so is the set
Wplr htlt] Ut the Bolzano-Wcierst¡ass Theorem, there is a limit point Àlo+. of
We¡1ìn!e) ç nlo), Then Àlo+' is a limit point of fl!p),

À|'*' E ¡ln+r), (5.68)

and )fo+' is also. a limit point ol we¡t. The fact that wr¡1is a closed intervar
implies that )jo+' must belong to lUoal . Then from (5.62),

(5.61)

(5.62)

Àlo+^ eWrq Ç[Jp+t.
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But therr (5.63) and (5.64) irnply tìrat

li'+t. Uo+, nfllo+t),
wlriclr contradicts the a^ssnmption (5.61). Therefore wp¡t ì fI!^) m'st be ¿ finitc
set.

. _ 
Because Wr*1 n [tf\ is a finite set and frorn (5.62), We+lis a closed interval

with positive iength. So there is an open subintcrval tJo of fue¡r,

U, Ç Wp¡t Ç Up+t C Y : [0, -t + \/-2),

such that
ue + Ø, Ue g y - [0, -L + \/-2], ard. (J, ìrlt") : Ø.

Then by the induction assumption, there is a' open subintervar vo of un, snch
that

ve+Ø, veçUecy: [0,-1 +{2], araveñfI2:Ø. (5.65)

Take 7o..,.1 : Vp. Then

vo¡t:vpÇuoÇwe¡rÇup+r cy : l0,_t+\f21. (5.66)

Fronr (5.65) arrd (5.66), there is au opel subinterval Vp¡t of [J.p¡1, such that

vp+t*Ø, Vr¡1 CLrp¡r Ç y _ [0, _L+\f2), ardvp¡t nfl2:Ø.

Theorem 5.7. The set of all subdontirant eigenvalues oI sintple grap]rs r's towlterc
dense in the interval 10, -1 + \f21.

Proof. Let
y:[0,_r+\/t].

The theorem claims that

II2 - {À2 I Àz = Àz(G), G is a simple graph }
is nowhe¡e dense in tl.re interval y : [0, _L + .f2].

For rn : 0, let
(Àäo)-,": (ta)*i" _ 0.311108. (5.67)

For r¿ ) 1, from Theorem 5.5, let

(Ài-)-i" : imlnl*) n (0, -r + \/Ðl
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(5.68)

Then (Ài"' )*¡" is rnonotoue increa^sing in

lim (Àä-)*i,

Let

10 : (0, (ìz)^r") : (0, À2(K1,1,1 ;Kù): (0, 0.S1110S),

1r : ((Àz)*i", (Àö)-t,,) : (0.311108, 1/3),
/ *\

.¿, - ((Àä)-,". ()å')*i,) : (+ =+*)
r- = ((Àä--')-i", (Àå-)*¡")

-2(m +2) +s +

Then

= 
ß,-

ãt:'d AìB -Ø.

155

where

,= rÜ'",)
\"n=o /

is a union of countably many disjoint bounded open intervals, and

' : ( ü r^;-r,.,") U1o, -t +./ij

is a union of countable infinite many isolated points,

r¿ and

- - r -f t2.

*)

(5.6e)

y : [0, -1 + ^fz\: ¿¿ s

') u f( ü,^'^,-,") u{,,-, * ,j],
(5.70)

(5.71)

(5.72)

tnf2)¿ -32(m*
(m +z) - 3l

(5.73)



From (5.67), (5.68), and (b.69), for nz > 0,

r-I) ¡ r-: Ø.

Let U I Ø be any open subset of y - [0, -I + 
^,a2] 

Then from Theorem 2.7,I/ is a union of countably many disjoint open subintervils of y. From (5.76),

(5.74)

(5.76).

u : U nY : U n (Au B) : (U n A)u (U ì B) (5.75)

Because B is a union of ìnfinitely many isolated points, (b.69)_(5.75) imply that

U (rrn r*) =ua
m=0

Fron (5.76), there is a fixed integer p ) 0, such that

uìIp+Ø (5.77)

_ Beca'se 1o is a' ope' iltervar and [/ is a ruion of f itery or co.ntabry many
disjoi't open i'tervals in Y, frorn (b.27), trrere is ar open i'tci'var [/o, s.crr that

hence (5.79) and (5.80) imply that fI2, the set of subdominant eigenvalues of simpre
graphs is nowhere dense in the interval 10,-I + lr].

UolØ, and,Ueç(UnIe). (5.78)

Then (5.75), (5.77) and (b.28) impty that

Up lØ,Ue cU cy: [0,-1 +tfz|,anaurnnf) :6. (5.29)

Fbom (5.170) and Theorem 5.6, there is an open subinterval Vo of Ue, such that

Vp * Ø, Vp ÇUp c y - [0, -t + \f2], and Vo o flz = Ø.

Then because U is any open sribset of [0, _l + \/-2], rhe open subinterval Vo
satisfies

veçueçu clo,-1+Jtl, (5.80)
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