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SUBDOMINANT EIGENVALUES OF GRAPHS

Jianwei Li
The University of Manitoba

ABSTRACT

Consider the set of all undirected simple graphs. The eigenvalues

A1 = )\I(G); )‘2 = AZ(G)a -7)‘1'1.: (Al 2 2 A'n)

of a simple graph G are the eigenvalues of its adjacency matrix A. The largest
eigenvalue A; is called the index of the graph, and the second largest eigenvalue A,
is called the subdominant eigenvalue of the graph. For two graphs Gi and Gy, the
notation G >» G5 means that G» is an induced subgraph of G.

The structure of graphs with small subdominant eigenvalues are studied here.
It is known that Ay < 0 occurs only for complete multipartite graphs. Graphs
with Ay positive but near 0 are constructed by enlarging certain complete multi-
partite graphs. These graphs in turn allow graphs with small positive Ay to be
characterized.

The maximum complete multipartite induced subgraphs of any graph G are
considered, and limit methods are used to investigate the structures of the graphs
with 0 < Ay < ~1+4 /2, or graphs with 0 < )\ < :%3-3@ All the simple graphs G
without isolated vertices such that G > K; as a maximum complete multipartite
induced subgraph and 0 < X2(G) < @ are constructed, and they are considered

as building blocks for constructing graphs with 0 < Ay < —‘/—5-2—_—1 All the minimal
simple graphs with Ay > —1 ++/2 are determined, as are all simple graphs without
isolated vertices such that 0 < Ay < —1 + +/2. The distribution and density of the
subdominant eigenvalues in the interval [0, —1 + \/5] are investigated. It is proved
that the set of the subdominant eigenvalues of simple graphs is nowhere dense in
the interval [0, —1 + /2]
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SECTION 1. INTRODUCTION

Consider the set of all undirected simple graphs W. The eigenvalues
A= Al(G),}\z = /\Q(G),)\g = )\3(G),. B e /\n(G), ()\1 > .02 A

of a graph G belonging to W are the eigenvalues of its adjacency matrix. The largest
eigenvalue \; is called the index of the graph; the second largest eigenvalue Az is
called the subdominant eigenvalue of the graph. For two graphs G; and G4, the
notation GG; » (9 means that G5 is an induced subgraph of ; and the notation
Gq =2 Gy means that G2 is isomorphic to GG;. Being roots of a monic polynomial
with integral coefficients, all eigenvalues of a graph are either integers or irrational.
In this paper, whenever an eigenvalue is expressed as a number in decimal notation,
it is understood to be accurate to the number of digits displayed.

Let

I = {} | A = Ap(G), for some G € W},
where 1<k<n, n=1223,...,

the set of k-th largest eigenvalues Ay of G.
First, related to Ay, it is well known that
(i) A1 > 0.
(ii) if Ay > 0, then A\; > L.
(iii) All the graphs for which A\ < V2 + /5 are known (see [1] and [5]).
(iv) Let 7 = (v/5+1)/2 (the golden mean). Forn = 1,2,..., let 8, be the positive

root of

Puz) =zt~ (1+z+z*+---+2™ ).
Let o, = B&/* + 7 Y/%. Then
2=y <@g < -

are all the limit points of Iy smaller than

V2 712 4[24 VB = lim a,,

( see {13] ).

(v) J. B. Shearer ( see [18]) proved that any point o with v/2+ V5 < a < +oo is
a limit point of Iy, and furthermore M. Doob (see [10]) proved that any such
point « is a limit point of Ik, for A =1,2,3,.....

1



Second, related to As, it is easy to see that
(i) A2 > —1, and

(11) if Ay > —1, then Ay > 0.
Also

(iii) the limit points of Tz in the interval [v/2 + /5, 0c), as a special case of (v) as
above, we know that any & with V2 + /5 < a < 400 is a limit point of IT5.
(see[10]).

More and more attention has been paid to the subdominant eigenvalue Ay of
a graph G. L. Howes (see [15]and [16]) has given conditions to determine whether
or not a family of graphs has an upper bound for Ay. By considering the relation
between the eigenvalues A;, ¢ = 1,2,...,n of a graph G and the eigenvalues s,
i = 1,2,...,n, of the complementary graph G of G, D. Cvetkovi¢ (see [6]) gave
partial characterizations for graphs with Ay < 1. The join GV H of graphs &G and
H is obtained from G and H by joining all vertices of G to all vertices of H. In
[6] and [19], D. Cvetkovié, and S. Simié gave some characterizations of graphs with
Ay < @ or Ay < @ by using the join operation, and they proved that the

sets F and F~ of minimal forbidden graphs with Ay > ‘/52""1, and Ay > —‘/—52—_*;

respectively are finite.

We wish to classify graphs with small second largest eigenvalue. G is a graph
without isolated vertices and with Ay < 0 if and only if G is a complete multipartite
graph, (J. H. Smith, for example, see [4], Theorem 6.7). Note that we include
complete graphs as a special case of complete multipartite graphs. In this thesis,
graphs with A2 > 0 are constructed by starting from complete multipartite graphs
and adding new structures that increase As.

In order to see what constructions are necessary, we cousider the induced max-
imal complete multipartite subgraphs contained in a graph with small positive Ag
(small will be made more precise later). For a given graph G, those induced maximal
complete multipartite subgraphs with the maximum number of vertices are called
the maximum complete multipartite subgraphs and denoted as MCM-subgraphs.
When there are several MCM-subgraphs of a given graph G, a convention will be
adopted to choose one of them. By using limit methods and considering MCM-
subgraphs, We are then able to classify graphs with 0 < Ay < —1+ /2 and graphs
with 0 < As < _—1‘5—\/5 containing complete graph as an MCM-subgraph.

Some prerequisite materials are given in Section 2. In Section 3, an im-
portant family of graphs with 0 < Xy < 3@ is investigated. All the simple
graphs without isolated vertices such that G > K; as an MCM-subgraph and
0 < A < :—lzﬂ@ are determined in Theorem 3.6. In Section 4, the structure of
graphs with 0 < Ay < —1 4 /2 is investigated. All the simple graphs without
isolated vertices and with 0 < XAy < —1 + /2 are determined in Theorem 4.2, and
all graphs minimal with respect to Ay > —1 + v/2 are determined in Theorem 4.3

2



(when we use the expression that a graph G is minimal with respect to Ay > o, we
mean that XA2(G) > « but no proper induced subgraph of G satisfies that property).
In Section 5, the distribution and density of subdominant eigenvalues \; in the in-
terval [0, —1+ \/5] are investigated. The distribution of subdominant eigenvalues Ay
of the simple graphs without isolated vertices in the interval (0,1/3] is determined
in Theorem 5.1. The distribution of the limit points of subdominant eigenvalues A,

of simple graphs without isolated vertices in the interval (0, _5"'T‘/3_’3} is determined
in Theorem 5.4.

11,
1} dense
e ™ s
} { >
-1 0 1 2
2++v5
11,
] dense
—-A.—. /—-—/\—
) : > o
-1 0 3 1 2
5 ; 33 TR
—1+v2
—14+v5

Let W be the set of undirected simple graphs. We also wish to consider limit
points related to the second largest eigenvalues of graphs in W. To do this, we

define Hl((o) to be I, ( the set of all possible k-th largest eigenvalues of graphs in
W) and H](;') to be the set of limit points of Hl(;'_l), for j =1,2,.... We determine
the smallest value of H(j), that is, we find the the minimal value for the

limit points of limits points of ... of limits point of

>
m times

of subdominant eigenvalues of simple graphs without isolated vertices is given in
Theorem 5.5. In Theorem 5.7, it is proved that the set IT, of the subdominant
eigenvalues of the simple graphs is nowhere dense in the interval [0, -1 + /2]



SECTION 2. PREREQUISITES

In this section, we will present some prerequisite materials.

Theorem 2.1. (Cauchy Interlacing Theorem)(see [4].) ILet A be a Hermitian
matrix of order n with eigenvalues A, < ... < A;. Let B be a principal submatrix of
order k with eigenvalues i, < ... < pg. Then Ap_pye S ps < Ag, fors=1,2,... k.

Theorem 2.2. (see [15]) Consider any graph G and any labeling of its
n vertices, that is V(G) = {vq,v9,...,u,}. Let A be any eigenvalue of A(G),

A# —1,0. Let £ = (z1,T2,...,2,)T be an eigenvector associated with \. Consider
any two vertices v; and v; of G, with

T; = {vp € V(G) | vy, is adjacent to v; and vy, # v}

and
T; = {vx € V(G) | vy, is adjacent to v; and vy # v;}.

T =1y, then z; = x;.
The follow theorem is essentially given in [15].

Theorem 2.3. Suppose that py(z), ¢+ = 1,2,3,...,k, are polynomials and
po(z) # 0. Let

P(n,z) = n*po(z) + n*'pi(z) +... + p()
Suppose that E, is a root of P(n,z), n = 1,2,3,..., and im&, = & < oo.
Then py{Z) = 0.

&

! will be a complete graph on [ vertices, or clique,
abbreviated K;, where every vertex is adjacent to every other vertex.

—&

! will be a graph formed by K; and one more vertex
adjacent to all the vertices of Kj; that is, Kjy;.

O

! will be the independent set of [ vertices, abbreviated K I
in which no two vertices are adjacent.



&

J ! will be a graph formed by two cliques on { vertices, where
every vertex in each clique is adjacent to all other vertices, that is, Ky;.

—0O

! will be a graph formed by K; and one more vertex
adjacent to all the vertices of K, that is K 1,0

In short, a solid line joining graphs A and B forms a graph where every vertex
in V(A) is adjacent to every vertex in V(B).

Two graphs G and H are said to be “L away from each other” if there exist
graphs G, and H such that A(G) + A(G) = A(H) + A(H) and every vertex of G
and H has valence at most L.

Figure 1.



In [15], L. Howes proved the following:

Theorem?2.4. Let G be an infinite set of graphs. Then the following statements
about G are equivalent:

(I) There exists a real number \ such that A\y(G) < ) for every G€ G .

(II) There exists a positive integer | such that for each G € G,
the graphs in Figure 1 are not induced subgraphs of G.

Let A, Ag,..., A, and Aq, Xe,. .., X, be the eigenvalues of a graph G and of its
complement G, respectively, both in non-increasing order; Let A = A(G) be the
adjacency matrix of the graph G and A = A(G) be the adjacency matrix of the
complement graph G of the graph G. Then A+ A = J — I , Where J is a matrix
whose entries are all equal to 1 and I is the identity matrix. Since the largest
eigenvalue of .J — I is n — 1, then Theorem 2.5. implies

Theorem 2.5. (see [6], Theorem 1.) For any graph G the following inequalities
hold:

Ai + S\j = —1+np 444, (2.1)
An—il + Ancjpt < =1+ n8pt1itge (2.2))
wherei,j > 1, 2<i+j<n+1, and 0p.q is the Kronecker §-symbol.

Corollary. (see [6].) Puttingi = j =1 in (2.1) and puttingi =n—1,j = 1
in (2.2), the following inequalities hold.

A+ A >0 -1, (2.3)

and
Ao+ Ap < —1. (2.4)

Let E,F,Y be subsets of R, the set of real numbers, E C Y, and F C Y.
Consider the subspace topology of R on Y, i.e. a subset Oy, (C;) is open (closed)
in Y if and only if there is a open (closed) subset O, (C) of R, such that

O, =0nY. (01 ZCUY.)

For the concepts and well-known theorems of topology on the real line R, see for
example [11] or {12].




Definitions.

(). A point o € Y is called a limit point of E, if every neighborhood of o contains
some points of E distinct from .

(I1). A subset E of Y is said to be dense (in Y), if ENU + 0, for all open subsets
UofY.
EM = {a]ais a limit point of F},

(III). A subset F of Y is called nowhere dense (in Y'), if for every nonempty open
subset U of Y ,there exits a nonempty open subset V of U, such that FNV = 0,
or F' is not dense in any open subset U of Y.

Theorem 2.6. (Bolzano-Weierstrass Theorem) Each bounded infinite set of real
numbers has a limit point in R.

- Theorem 2.7. (The structure of the open set in R) If U C R, then U is an open
set of R if and only if U is a union of countably many disjoint open intervals of R.




SECTION 3. GRAPHS WITH SUBDOMINANT EIGENVALUES
LESS THAN =145,

In this section, we construct all simple graphs without isolated vertices such

that G » K; as an MCM-subgraphs and 0 < Xy < —M by starting from a,
complete graph K; and adding new structures that increase )\2 and with a restricted

strict upper bound A\ < 1‘§f for A2. In Theorem 3.6, we will determine all
those graphs. This important family of graphs acts as a basis for graphs with

O<A2<£52“—“—1.

First, some families of basic “small” graphs as in Figure 2 will be considered.
These graphs are crucial for the constructions that follow.

ll lz ll E
l2

Ali Ja Bh,h
&
4 Iy {1 I3
Cu 1, | Dy, ty15

Figure 2.




Lemma 3.1. For integers ly, ly, where l; > 1,1y > 1, let Ay, 1, be as in Figure 2.

) —1+\/1+481
I =
1862 2

Hm A(Ay 4,) = =1+/1

Then
(D)
lim Az(Agl
lo—oo
(1)
{1 —o00
(I11)

0< Ag(A;l,gz) < -1+ \/§

if and only if
h 2>

(IV)

0 < XAy 1,) <

if and only if

or
ar
or

Proof. Because of Theorem 2.2, all the eigenvalues of Aj, 1, other than —1 or 0

can be found by solving
A -l
det | -1 A—1
0 -1

ie.

N+ @2—h~)A—2h+l - DA+ —1) =0.

1landly = 2.

~14+5
2

lleand12:3;
3123&Hd1223;
i 21 andly, =2
llzlaﬂdlgzz.

0
+1 -y =10
A=l +1
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‘The left hand side of equation (3.1) is a real polynomial. Since the roots of
(3.1) are all eigenvalues of a graph, they are all real numbers,

For s =1,
Api=Ki11,.12 h>1
NG

I} times

are complete multipartite graphs with A(A4;, 1) = 0. Soonly I; > 1 and I3 > 1
need to be considered.

For given integers l; and Iy, where [; > 1 and I, > 1, since Ay, 5, > A1 2 as an
induced subgraph, we have

)\2(11;1,12) > /\2(4‘11’2) = 0.311 > 0.

So A2( Az, 1,) (# —1,0) must be the second largest root of polynomial (3.1).
(I) Let I; > 1 be any fixed positive integer.

A2(Ay 1), 12 > 1, is a sequence of real numbers. By the Cauchy Interlacing
Theorem, Ay(A4;,,1,) is monotone increasing in ly. Apply Theorem 2.4 with [ = l; +1.
Then the equivalence of part(I) and part(II) in Theorem 2.4 implies that there is a
real number A such that Ay(Ay, 1,) < X for every graph Ay, ;, with I; > 1.Therefore
limy, o A2( Ay, 1,) exists and is a finite real number.

By Theorem 2.3, limy, o A2(4y, 1,) i8 a root of
A2~ A+ =0. (3.2)
Because Ay, i, > K, as an induced subgraph,

llim )\1(}151’12) Z tlim )\1(1{[2) = CC

Then limy, o, A2(Ay, 1,) must be the largest root of (3.2). Therefore

-1+ 1
lim AZ(All,lz) = + + 451 .

l2—>oo 2

(IT) Let I3 > 1 be any fixed integer.
Apply Theorem 2.4 with { = I3 + 1. This implies that

lim Aa(Ai, )

Iy —o0

exists, By Theorem 2.3,
| Hm Az (A, 1, )

I =00

11



is a root of

X -+ -1=0.

Because Ay, 5, > Ky, +1 as an induced subgraph,

lm /\1(}1;1,;2) Z lim /\1(K11+1) = XD.

Iy —oo 1=

Then limy, o0 A2{A;, 1,) must be the largest root of (3.3). Therefore

Jim Aa(Ay ) = -1+ Vi

(IIT) The result comes from Part(I), Part(II), Table 1, and that
Ay, = By, A A1 3) = Ao (F3) = 0.428007,

is a graph minimal with respect to Xy > —1 4+ /2.
(IV) This follows from Part(I), Part(Il), Table 1, and that
Agy = Fy, Mo(Fs) = 0.653165,

and
Az z = Fy, a(Fy) = 0.627719,

are graphs minimal with respect to Ay > (—1 + /5)/2.

Lemma 3.2. For integers l1, la, where l; > 1, Iy > 1, let By, 1, be as in Figure 2.

Then
(1)
llIIl Az(Bgl ;2) = —1 + 1 + 2l1
lg—roo ! 2
(10
JHm A2(By, 1) = Vi
(III)

0<A(Br 1) < —-1+V2
if and only if -

ly=1and !, > 1.
av)
VE—1

2

0< )\2(Bll,£2) <

12



if and only if

Li=1andly > 1;
or L =2andly,>1;
or L =3andly =1;

Proof. Because of Theorem 2.2, all the eigenvalues of By, 1, other than —1 or 0
can be found by solving

M-l =l 1
-1 A 0 =L _
det 1 0 A 0 =0
~1 -1 0 A
le.
A=+ 2 + 1A — 20 A + [y = 0. (3.4)

For given integers {;, and I, where [; > 1 and I, > 1, By, 4, > By as an

induced subgraph, B
AZ(Bll,lg) 2 A2(B],,:|_) = 0-311 2 G

and Ay (B, 1,) must be the second largest root of polynomial (3.4).
(I) Let i1 > 1 be any fixed positive integer.

By the Cauchy Interlacing Theorem, A2(B;, ;,) is monotone increasing in Iy.
Let ! = {; +1 in Theorem 2.4, Part(II). Then the equivalence of part(I) and part(II)
in Theorem 2.4 implies that there is a real number A such that Xa(B1,) < Afor
every graph By, ;, with Iy > 1. Therefore limg, o A2( B, 1, ) exists and is a finite
real number.

By Theorem 2.3,
Lim Ay(By, 1,)
Is—roo

is a root of
~2X% -2\ 4+ = 0. (3.5)

Because By, ;, » K4, as an induced subgraph, and

lim Al(Bl]_,lg) Z lh’m )\1(K1,12) = o0,
2— 00

32— 00

limy, 00 A2 By, 1,) must be the largest root of (3.5). Therefore

. -1+ V142!
lllm /\2(311712) = 3 ! .
200

13
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(IT) Let i3 > 1 be any fixed integer.
Apply Theorem 2.4 with { = 3. Then the sequence

is bounded from above. Then

lim Az (Bh,lz)
{1 =0

exists. By Theorem 2.3, limy, o, A2{By, 1,) is a root of
A1y =0. (3.6)
Because By, 1, *» K, as an induced subgraph,

lim )\1 (351’12) > lhm f\l (Kl,ll) = 0.

Iy —o0 1—00
Then
Iim /\2 (Bh,lg)

Iy —oo

must be the largest root of (3.6). Therefore

lim A2(By, 1) = Vs

11 — o0

(HI) The result comes from Part(I), Part(II), Table 2, and that
By = Fy, M(By1) = Ap(Fy) = 0.470683

is a graph minimal with respect to Xy > —1 4+ /2.
(IV) This follows from Part(I), Part(II), Table 2, and the fact that

Bs g = Fy, A (Fy) = 0.664834

and
By = F3, Mo (F3) = 0.642074,

are graphs minimal with respect to Az > (—1+ /5)/2.

Lemma 3.3. For integers Iy, ly where I; > 1,Iy > 1, let Ci 1, be as in the
Figure 2. Then

&

E]ijnoo /\2(011,12) =1y —1.

15



(1)

im A (Cy, 1) =

I, —oo

—14 /144,
5 .

(I1D)
0 < X(CLpy) <—14+2

if and only if

Lh=2andly =1.
(Iv)
0 < X(Ch,p,) < (VB —1)/2
if and only if

i 22andly = 1;
or {1 =2andl, =2;
or lLi=2andl,=3.

Proof. Because of Theorem 2.2, all the eigenvalues of Cj, 5, other than —1 or 0 can

be found by solving
A -0 —l
det| -1 A—-04+1 0 | =0

-1 0 A

ie.
A=l =N — (h +I)A+L(l —1) = 0. (3.7)

For Iy = 1,Cy 1, = Ki,4,41 are complete bipartite graphs. Then A2(Ci,) = 0.
So only /l; > 1 and I3 > 1 need to be considered.

For given integers Iy and Iy, where I; > 1 and I, > L Chup, > Ca as an
induced subgraph,

)\2(011,12) > Ag(Cz’l) =0.311 > 0.
So A2(Cy 1,) (# ~1,0) must be the second largest root of polynomial (3.7).

16
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(I) Let /1 > 1 be any fixed positive integer.
Apply Theorem 2.4 with [ = {; + 1. Then the sequence

A(Cr), b >1
is bounded from above. Therefore

lim /\2(011 ,12)

Ip—o0

exists and is a finite real number.

By Theorem 2.3,
tliIn )\2(6’11,;2)
5 =00

is a root of
A4+l —-1=0. (3.8)

Because Cy, ;, > Ki 1,41 as an induced subgraph,

J:Eim M(Cya,) 2 llim M (Kt pp41) = oc.
2—00 200

Then limy, oo A2(C, 1,) must be the largest root of (3.8). Therefore

lim /\2 (Cll,lg) = l] — 1.
{a—co

(IT) Let I3 > 1 be any fixed positive integer.

Apply Theorem 2.4 with { = I; + 1. Then the sequence A2(Cripp )yl > 1is
bounded from above. Then limy, o0 A2(C, 1, ) exists and is a finite real number.

By Theorem 2.3, limy, _, o, A2(CY, 1,) is a root of
A2+ A1 = 0. (3.9)
Because Cj, 1, > K, as an induced subgraph,

thm A](Cgl,lz) 2 lhm A](K;l) = 0.
100 1o

Then
tlim )\2(011,52)
1 —Co

must be the largest root of {3.9). Therefore

141441,
5 )

tlim )\2(011,52) -

18



(I1I) The result comes from Part(I), Part(II), Table 3, and the fact that

and

are graphs minimal with respect to Ay > —1 4+ /2.

(IV) This follows from Part(I), Part(II), Tuble 3, and the fact that

and

are graphs minimal with respect to Ay > (—1 4 v/5)/2.

Lemma 3.4. For integers Iy, Iy and I3, where I; > 1, I > 1, and I3 > 1. let

Cos = Fa, A(F3) = 0.642074

Csz = Fs, Ma{F) = 0.678363

Dy, 1,4, be as in Figure 2. Then

)
(1)

(I1I)

(V)

if and only if

(V)

Iy oo

Lim Ap(Dy, 4,0} =

lo—ro0

Coa = Fy, MCaa) = M (£y) = 0.470683

Ca1 = F3, A(Cs1) = Ag(F3) = 0.428007

(I1 — 1)l3
Ii +13

Em (D, 4,0,) =

lim Az(Dll,lz,la) = 11 -3

ls—oo
lg~+c0

lim AZ(DllJst) =13

la—o0
{00

0 < Aa(Dy 1) < —1+V2

h=2 1h>1

0 < A2(Dy, 15,) <

19

and I3 = 1.

—1+4++5

—ly + V1% + 4ly15
2

2




if and only if

ll = 2, 52 2 1 and 13 = 1,2,3;
or 1 =3, 6B > 1 and s = 1;
or l1 == 4, 12 2 1 and 53 = 1;
or ll = 5, lz = ]., 2,3,4 and l3 = 1;
or =6, [, = 1,2 and I3 = 1
or 1127 b = 1, and 3 = 1.

Proof. Because of Theorem 2.2, all the eigenvalues of Dy, 4, 1, other than —1 or 0
can be found by solving

A-lL+1 -l 0

det —11 A —*13 =0,
0 —l; A
ie.
A= (= DA =L+ )X+ (I — D)l =0 (3.10)

For Iy =1,D14, 1, = Ky, 1,41 are complete bipartite graphs. Then
(\2(D1>12yl3) = 0'
Soonly I; >1,13 >1 and I3 > 1 need to be considered.

For given integers [1, Iy and I3, wherel; > 1,1, > land I3 > 1, Dy gaas > D1
as an induced subgraph,

Dy ,05) = Aa(Da1,1) = 0.311 > 0.
S0 Ag(Dy, 1, ,1,)(# —1,0) must be the second largest root of the polynomial (3.10).
Let Ly, Ly and L3 be sets of some nonnegative integers such that
min{l; [l; € L1} > 1,
min{ly | Iz € Ly} > 1,

and
min{lg I I3 € L3} > 1.

By Theorem 2.4, in order that the set
{%2(Dy 100,) | 11 € L1, 1y € Ly, 13 € Ls}

be bounded from above, among the sets L; and Lj, at least one must be bounded
from above. Otherwise if both L; and L3 are unbounded, then

sup{A2(Dy, 1, 05) [ 1 € L1, 1z € L, 13 € L3} > Jim Ap (D) = Jim Az(Cp) = oo

20
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l1+l3

where [ > 2, and I3 > 1

(31 - 1)l3

= 211“3190 Dy, gp0,) =

*
2

Table 4.
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(I) Let &y > 1 and l; > 1 be any fixed positive integers.

Apply Theorem 2.4 with ! = max{l; +1,l3+1}. Then the equivalence of part(1)
and part(Il) in Theorem 2.4 implies that there is a real number )\ such that

A2 (Dyy i 1s) <A

for every graph Dy, 1, ;. with l; > 1. Therefore limy, A2 (D, 1,.1,) exists and is
finite.

By Theorem 2.3, limy, o0 A2(Dy, 4, 1,) is a root of
—(ll + 53))\ + (ll — 1)53 = {. (3.11)
Because Dy, 1, 1, > K1, as an induced subgraph,

i A1(Dgois) 2 im A (K ) = oo,

lg—o0
80 limy, 00 A2(Dy, 1,,1,) must be the largest root of (3.11). Therefore

(I — 1)53_

ljgnoo Ag( ll,lg,la) ll + [3

(I) Let I > 1 and I3 > 1 be any fixed integers.
Apply Theorem 2.4 with [ = {3 + 1. Then the sequence

2Dty 15), 1> 1
is bounded from above. Then

Jim 2o (D, 1, 15)

exists and is finite. By Theorem 2.3,

lim Ay (Dy, 1,15)

ll — O

is a root of
- —AT A+ bl = 0. (3.12)

- Because Dy, 1,1, > Kj,+1 a8 an induced subgraph.

I —oo I, —o0

Then limy, o0 A2(Di—1,,,1,) must be the largest root of (3.12). Therefore

~ly + /I + 4y
5 .

Jim Ao (Dy, g,1,) =
11—
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(IIT) The result comes from Part(I} and Part{II).
(IV) The result comes from Part(I), Part(Il), Table 4, and the fact that

D3y1 = Cs1=Fs, Xa(Ds11) = da(F3) = 0.428007

and
D2’1,2 = C’g,g = F4, /\Z(DZ,I,Z) = AZ(F4) = 0.470683

are graphs minimal with respect to Ay > —1 4+ V2.
(V) This follows from Part(I), Part(II}), Table 4, and the fact that
Dy 14 =Coa=F;s, A(D214)=ro(F3) = 0.642074

D319 =Cs9=Fs, Aa(D312) = Aa(Fs) = 0.678363
Ds s = Fg, A{Ds5,1) = Ao(Fz) = 0.622979

Desi = Fy, Aa(Dsz1) = Aa(Fo) = 0.631361

and
D7,2’1 = FlO; Ag(D'z,g’l) = )\2(Fm) = 0.620535

are graphs minimal with respect to Ay > (-1 + \/5) /2, and

. -1++5
lim AQ(DLI,L;[) =

{1—c0 2

where the convergence is monotone and for all iy > 1, Io =1, and i3 = 1.

When Iy = {3 = 1, (3.10) becomes
Mol - -+ 12+ ~-1=N A=A -[)—-1=0,

and (—14 +/5)/2 is not a root of this polynomial. Then Ay(Dy, 11) < {=1++/5)/2.
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Consider the set of all undirected simple graphs W. For any graph G belonging
to W, the inclusion relation is a partial order among the complete multipartite
induced subgraphs of the graph G.

Definition. For G € W, let N(G) be the set of all induced maximal complete
multipartite subgraphs K, ,,. ., of the graph G. Let

i
Smax(G) = max {Z L Krl,rg,...,ri € N(G)} ’
g==1

and let

KTI,TQ,...,T't e N(G)7
and 37 7 = Spax(G). [

If
K”‘l L PRERP € M(G)1

then G is said to contain K, ,, . ., as an MCM-subgraph.

When classify all graphs in W according to their MCM-subgraphs, for a graph
G € W; in the case that |[M(G)| > 2, the following convention will be adapted to
choose one of MCM-subgraph K, ,, . of the graph G.

.....

Convention. Let
Tmax(G) = max{t | K, oy € M(G)}

An MCM-subgraph K, ., ., of the graph G will be chosen at random among all

.....

KT11T27"'7T1 e M(G)
such that t = Ty (G).

In this paper, the MCM-subgraph of a graph G (chosen according to the
convention if there are more than one) is considered and the limit methods are used
- to characterize the graphs with 0 < Ay < :—1:;—'—3@ or graphs with 0 < Ay < ~1++/2.
Once no graph with given bound for A; is missing, the characterization will be
complete. Therefore the convention will be adapted without any problem when
classifying graphs according to its MCM-subgraphs.
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The graphs in the Figure 3 are minimal with respect to Ay > ig——‘/—g . This 1s
not an exhaustive list for such graphs, but it is sufficient for the discussion in this

paper.

| |

3
Ae(F1) =1

<

Fy
Mo (Fs) = 0.664834

S——

3 4

Iy
A (Fy) = 0.627719

Iy
Aa(Fro) = 0.620535

Fy3
Ao(Fi3) = 0.637610

Fy
A2(F5) = 0.678363

&—O—

5

oy

Iy
Aa(Fy) = 0.622979

Fyy
Mo(Fi1) = 0.632035

Az(F1a) = 0.627719

Figure 3.
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Fy
Ao(F3) = 0.642074

Fg
Ao (Fs) = 0.653165

6 3

Fy
Xa(Fo) = 0.631361

=

Fiy
X (Frg) = 0.732051

Fyg
Ae(Fig) = 0.630315
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Definition. For integers t, k, ly,ls,... Iy, where t > 2k, 1; > 1, i = 1,2,...,k,
let Ky; Ky, 4,1, denote the graph

(K2 UL K )V(K; Ul KV - V(K UK VK.

The following figure gives the complement graph of the graph K;; K, 1,

121

K Ky,

la,onnls

The adjacency matrix A(Kt;Kll,lm,__,;k) of the graph Ky Ky, g, is given in
Table 5.

Then by Theorem 2.2, all the eigenvalues of Ky; Ky, 4,,.. 1, other than —1 or 0
can be found by solving

PKi;KII,lg,...,Ik (A)

. 2 k
{ (A—t41) - ZA2+U +1))A—l }.H[,\z+(zz—+1))\—zi] =0,

=1

(3.13)
where Py, ,, . (A)is given by the determinant in the Table 6.
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Definition. For integers ¢, k, l1,1a, ..., 1}, wheret >2k4+1,0;>1,i=1,2,...,k
let Ky; Ky, 1,1, U K denote the graph

k!

{{ [(Kz U f]K})V(Kg U ngl)V e V(Kg U lel)] VKt—Zk—l} U K; }VK].

.....

1

Ky Ky g, 0, UK
The adjacency matrix A{(Kj; Ky, 1,1, U K7) of the graph K; Ky, UK;is
given in the Table 7.

Then by Theorem 2.2, all the eigenvalues of Ki; Ky, 1,0, U Ky other than —1
or 0 can be found by solving

PKt;Kll,iz,...,lkUKl (A)

2{[)\3_(75__2))\2_”“_2]_sz(A_nz(AzH—I)}

= AZ 4 (Li+ 1)) - {;

k
JLN+ G+ 0)A - 1] =0,

=]

(3.14)
where Pg,.x; , ., UK, (A) is given by the determinant in Table 9.
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—®

t—1
Al,t—la t>3

im0 Ay (Al,twl) = (_1 + \/5)/2

As 3 Aja

A2(Az3) = 0.545096 A2(As3) = 0.597951

Glvioy—vik,) = K1

Figure /4
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Kt;Kl UKI: t Z 3

lime oo Ao (Ky; K7 U Kq) = (=1 +/5)/2

Kt;KQa t 2 3

limy o0 Ag (K Kp) = (-3 + \/ﬁ)/?

Hy

Ao (Hyp) = 0.586846

Glvgy~v(x,) = K2

Figure 5
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4
Kt;Kl,lz t 2

2
Az(Kt,’ Kl,l)
Iimt_,oo

Hy

(H) = 0.570274
Az

H;

(H3) = 0.607332
Az

) =K
Glv(e)-v(k.

Figure 6
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Kt;Kg UK]_, t23

lill’lt_.oo Ag(Kt;Kg U K}) = (“1 + \/5)/2

Glyay-vix,) = K3 &

Figure 7

Ky KoUK, t>5

limy o0 Ao(Ky; K11 UKy) = (—1+v5)/2
w
L J
Glv(e)-vix) = Kz UK &

U o—n U

Figure 8.



Ky Ky, t >4

limyg oo Ao (K Ka) = (=3 4+ V17)/2

w

ur
u v u U
H4 HS
Aa(Hy) = 0.602501 As(Hs) = 0.612279
w
Glvey-vik,) = K21 = /\
U v

Figure 9
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Ky Kipq,126

Hmy oo Ao (Ky; K1 31) = =14+ /2

w

Glviey-vik,) =1,1,1 = K3 = f
u v

Figure 10

KKy UKy, t>5

limy oo A2(Ky; K13 U Ky) = (—1+ v/5)/2

| y )
Glvey-viry = K2 UKy = |
W e v

Figure 11,
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Ky Kiia UK, t2>6

limy,oo Ao (K5 K110 UKY) = (V5 —1)/2

U T
Clvey-vicy =K UK =K UK =\
. . :I )

Figure 12
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Kt;KZ,Zn t 2 4

limg o0 A2 (K4 Ko 2) = (=34 V17)/2

G!V(G}_—V(Ki) =Kjyy =

Figure 13.
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Ki; K11, t>6

ey

Himy oo Ao ( Ky K211) = (=3 +/17)/2

U T

GIV(G)—V(IQ) = Ky g & E

W v

Figure 14
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Ky Kip11, t2>8

limg oo Ao (K Ki131) = =14+ V2

U T
Glv(e)-vix,) = Ki11,1 = Ky = Er
' Figure 15 w v

41



QT 24nbry

T eunbug

"1 2anb,g

31 aunbyg

“TT ounbiyg

‘01 dnbg

=

‘91 sanbirg

N

6 adnbig

"9 aunbng

L.

'8 aunbig

A g

42

¢ UnbLg

T3> |()A ~ (9)A| pue

ﬂHINM\/ > (D)% >0
‘qdeidqns peonpur syryredynw s1erdmon
[PWIXeW 8¢ ¢ < 7 Py < 5 2Ia7M

CX)A-©)A|5 pue H sydern) ¢

s aunbi,y




Definition. For u € V(G), define N(u) = {w | w € V(G),w ~ u}.

Lemma 3.5. Let G be a simple graph without isolated vertices, and suppose
G > Ky, as the MCM-subgraph. If 0 < X2(G) < (=14 V/5)/2, then G satisfies the
following conditions:

(I} Each vertex v € V(G)—V(K,) is adjacent to exactly q vertices in V(K:), where
g and t must be one of the following:

1.1) g =1, and 12>3;
1.2 g = 2, and =25;
1.3) g = 3, and t=6;
1.4) g=t—2, and t>4.
So 1<q=|N@w)NV(K)| <t -2 (3.15)

In particular, if G[V(G),,_V( k) = K1, then G is one of the graphs in Figure J.
(I1) Suppose u € V(G) — V(K;) and v € V(G) — V(K.
2.1) If u ¢ v, then

~ either (N(u) N V(Ky)) C (N(v) N V(Ky)), (3.16)
or (N(v) N V(EK;)) € (N(u)n V{(Ky)). (3.17)

Without lost of generality, suppose (3.17) holds, then
|N(w) nV(K,)| =t -2. (3.18)

In particular, if G[V(G)—-V(Kt) = K, then G is one of the graphs in
Figure 5.

2.2) If u ~ v, then

(N(u) N N(K:)) U (N(v) N N(K,)) = V(K). (3.19)

In particular, if GIV(G)—V( k,) = K3, then G is one of the graphs in Figure 6.

(I11) 1f ]GIV(G)MV(IQ)I - 3, then G is one of the graphs in Figure 7, Figure 8,
Figure 9 or Figure 10.
(V) It 'G|V(G)_V(Kt)‘ = 4, then Gly(g)_v(k,) is one of the graphs Ky U Ki,

K3 UKy, Kyo, Ko11 and Ky. and G is one of the graphs in Figure 11,
Frgure 12, Figurel3, Figure 14, or Figure 15.

(V) Each component of Glv(e)-v(k,) is a complete multipartite graph and only
one component of Gly(g)-v(x,) contains edges.
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Proof. For any graph G with Ay > 0, G is not a complete multipartite graph. Then
G must contains one of graphs 2K; = Fy, P, = F, and Ay (see [4], Theorem 6.7).
So if 0 < Xy < (—1+ v/5)/2, then G > Ay, as an induced subgraph. Therefore if
G > K; as an MCM-subgraph, then ¢ > 3.

If & is a graph without isolated vertices and 0 < \(G) < (=1 + V5)/2, then
G is connected. Otherwise G > 2K, = Fy, A, (2K3) =1 a contradiction.

For (I), let v € V(@) — V(K,).

If v is not adjacent to any vertices in K, then there is a vertex u and a path
which joins v and v, where u is adjacent to g vertices in V(K;), with1<g<t—2
and t > 3. Then

U
G>GE = D——A——q > Py =P,

a contradiction.

If v is adjacent to exactly g vertices, 1 < ¢ < ¢, in V(K), then 1 <g<t-2.
Otherwise if g = ¢, then
G>» Ky

orifg=t—1 then
G>»K 11,1, 2,
N e

t—1 times
which contradicts that K is an MCM-subgraph.

If
Glviey—v(x,) = Ki,

then
Gl‘{'ﬂ}UKf

is of the form A, ;_, with v adjacent to ¢ vertices in V(K;). By Lemma 3.1, g must
lie in one of the cases 1.1}, 1.2), 1.3) and 1.4). So G is one of the graphs in Figure 4.

For (I), let u and v be a pair of vertices belonging to V(G) — V(K.).
Proof 2.1). If u + v, and '

neither
(N() N V(K)) € (Nw) NV(K,)),
(N()NV(Ky)) C (N(w) NV(K)),
‘then take

u' € (N(u) NV(K)) = (N (o) NV (K2)),
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and

v € (N(v)n V(Ky)) ~ (N(u)n V(Ky)).
Then G > Py = G|(yw v v} = F2, a contradiction.
Without loss of generality, suppose (3.17) holds, i.c.

(N(v) N V(Ky)) C (N(u) NV(Ky).

By Part (I), (3.15),
1< |N@) V(K| <t -2

Suppose
1< IN(w) NV (K| <t -2 (3.20)

For t=3, (3.20) implies
P N(u) N V(K| <3-2=1,
a contradiction. For ¢ > 4, let

{v1,v2,v3} C (K — N(u))

and
Then
™"
U
G> Fﬁ - G{vl,vg,vg,v4,u,v} & U2 %
‘U ?
V3

which is a contradiction. Therefore
|N(u) N V(K,)| =t-2,

and so (3.18) holds.

I ]
Glv(e)-v(x) = Kz,

- without loss of generality, suppose (3.15), (3.17) and (3.18) hold. ie.
'JN(’U)QV(K,;)I =q, 1<qg<t—2

(N(v)n V(Kt)) C(N@)n V(K:)),

and
INw)nV(K)| =t—2
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Here as a pairs (g, 1) must correspond to one of the cases in Part (1), 1.1), 1.2), 1.3)

and 1.4).
Then G is of the form

Figure 17.

If 1.1) holds with ¢ = 1, and ¢ > 3, then (3.15), (3.17) and {3.18) imply that,
G——mKt;KI UK], t>3

as in Figure 5. Then in (3.14), let k£ = 1,1; = 1. The eigenvalunes of
G = K;; K7 U K other than —1 and 0 must be roots of

PK:;K1UK1 (A)

= {[A3—(t—2)/\2 —tA+t—2] ~ ( _,\12)2.&);3_1)} - [AF2) - 1]
=AY — (-3 — (Bt —4)A% — 2P (Bt —T)A—1+3
= (NP A= DN (—t+ 2007 F (=2t +3)A+1t—3] - A =0. (3.21)

Apply Theorem 2.4, Part (II) with [ = 3. Then the sequence
A2(G) =X(Ky; Ky UKy), t2>3
is monotone increasing and bounded from above. So
tlwlﬂo A (Ky; K1 U Ky)
exists and is the largest root of
AP =3B 1= (A2 A DA+ 20— 1) = 0.

Then
tEIEOAg(Kt;Kl UK]) = (—1 -+ \/5)/2
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From (3.21)
MKy KaUKy) # (=14 V5)/2, ¢ > 3.

Therefore ‘
0< /\Q(G) =z )\z(Kt;Kl U Kl) < (—-1 + \/5)/2, > 3.

If 1.2) holds, then ¢ = 2, and ¢t = 5. Because G — u must be one of the graphs
in Figure {, G —u = Az 3. Then (3.15), (3.17) and (3.18) imply that G = F as in
the Figure 5. with

Az(Hy) = 0.586846 < (—1 + /5)/2.

If 1.3) holds, then ¢ = 3, and ¢ = 6. Because G — « must be one of the graphs
in Figure 4, G —u = Az 3, Then (3.15), (3.17) and (3.18) imply that G = Fyy, a
contradiction.

If 1.4) holds with ¢ = ¢ — 2, and ¢ > 4, then (3.15), (3.17) and (3.18) imply
that G = K;; Ky, t > 4 as in the Figure 5. Then in (3.13), let k = 1,1 = 2. The
eigenvalues of G = K;; K, other than —1 and 0 must be roots of

PKt;Kz()‘)
2(A —1)2

:{(A_t+1)—m}-[)\2+3)\—2]

=X —(t 20X\~ (B -5\ +2—4=0.
Apply Theorem 2.4 with [ = 3. Then the sequence
M{G) = Xa(K; Ks), t >3
is monotone increasing in ¢t and bounded from above. So
tlingo Ay (Ky; Ky )

exists and is the largest root of

A +33—-2=0.
Then .
Jim Ap(Ky; K2) = (=3 + V17)/2 = 0.561553.
Therefore

0 <X2(G) = Xo(Ky; K1 UKY) < (—-3+V1T)/2 < (-1+/5)/2, t > 3.
Proof 2.2). If u ~ v, but (3.19) is not true, then
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|(N (1) N N(E)) U (N(v) NN ()| <t —1.

If
| (N (u) N N(E:)) U (N(v) N N(K))| <t -2,

take
z,y € V(K;) ~ [N(u) U N(v)].

Then
(;Huﬂnmdﬂ = 2K, = 1,

a contradiction.

If
|(N(uw) N N(K,)) U (N(w) N\ N(K))| =1 - 1. (3.22)

let

{w} = V(K;) ~ [N(u) UN(v)].

Because of (3.15),
|IN(w) N N(E)| <t~ 2.

Together with (3.22), this implies that there is a u’, such that
u' € (N{u) N N(K;)) — (N(v)n N(K,)).

Then
G!{w,u',u,v} = P4 = FQ,

a contradiction.

In particular, if

Glviey-v(k,) = K2,
let g1, go be integers such that
[N(v)n V(K:)| =q, wherel<g <t-2,

and
|N(w) 0 V(Ky)| =qa, whete1<gqp <t-—2.

Without loss of generality, suppose ¢; < gs, where g1 and g9 are in one of the cases
1.1), 12) 1.3) and 1.4)
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tmql U

Q1 +g—t

Figure 18.

If 1.1) holds with ¢; = 1 and ¢ > 3, then

[(N(u) N N(K))u (N(o) 0 N(K.))| <|N(uyn N(K)|+ |N(w)n N(K,)|
=1+ @ 14+t -2=1t-1,

contradicting (3.19).
If 1.2) holds with ¢; = 2, and ¢ = 5, then (3.15) and (3.19) imply that

qs = 'N(u) M V(Kt)l = 3,
and G = Hj as in Figure 6, with A3(Hz) = 0.570274 < (—1 + /5)/2.
If 1.3) holds with ¢1 = 3, and ¢ = 6, then (3.15) and (3.19) implies that

92 = |N(u) N V(K| =3 or 4.

If
go = lN(u) N V(Kt)f =3,

then (3.15) and (3.19) imply that
G = Fiz, with A3(Fi3) = 0.732051 > (=1 + v/5)/2,

a contradiction.

If
g2 = |N(u) NV (K)| = 4,

then (3.15) and (3.16) imply that G = H; as in Figure 6, with
A2(Hz) = 0.607332 < (=1 + v/5)/2.
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If 1.4) holds with q; =t —2, { > 3, then ¢, = g3 = ¢— 2, and (3.19) imply that
G=KuKig, t2>4

as in Figure 6. Then take k = 2,1y = I, = 1 in (3.13); all the eigenvalues of
G = Ky; K11 other than —1 or § can be found by solving

PK:;Kl,l(’\)
= {(A t4+1) Iy [A+2) —1]

= A% (=t 3 (— 4t + 6)A3 4 (=2t +6)A2 + (4t — 11)A —t + 3
= (A2 42X — )[A% 4 (=t + 1A + (=2¢ + 5)) +t-3] =0.

Apply Theorem 2.4 with [ = 3. Then the sequence
A2(G) = MKy Ky 1), t> 4
is monotone increasing in ¢ and bounded from above. So
Jim Ao(Ky; K p)
exists and is the largest root of
MAaX¥ 20—+ 1= (A2 +20 - 1)2 =0,

Then
Jim A (Ky Ki5) = -1+ V2,
— 00

and
0 < A2(G) = Ae(Ky; K11) £ ~1+ V2 < (=1 +V5)/2, t > 4.
For (II1), if
Glve)-vix)| =3,

let {u,v,w} = V(@) — V(K,). Then Glv(@)-vik,) = Gl{uw,w} is one of the graphs
from K3,K; UKy, Ky and Kj.

Case 1. If

.

Glv(e)-vix) = Ks =
: U e LI
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then G must contain one of the graphs in Figure § as an induced subgraph,

By Part(H), (3.17) and (3.18), without loss of generality, suppose

(N@)NV(K)) C (N(w) nV(KL)) € (N(u) N V(E)), (3.23)
LS |N@)NV(K)|=g<t -2, (3.24)

and
|N(w) N V(Ky)| = |[Nw)nV(E:)| =t —2. (3.25)

Because G must contain one of the graphs in Figure 5 as an induced subgraph,
only ¢ in one of the cases 1.1), 1.2), and 1.4) need to be considered.

By (3.23), (3.24) and (3.25), G is of the form

Figure 19

I 1.1) holds with ¢ = 1 and ¢ > 3, then (3.23),(3.24) and {3.25) imply that
G=Ky;KyUK,, t>3
as in the Figure 7.
In (3.14),take & = 1,l; = 2.Then all the eigenvalues of
G=K; KUKy, t>3
other than —1 or 0 can be found by solving

Pgr.uk, (A)
= {[)6" —(t—=2)A —tA +¢t 2] - Z(A_A;)i(;‘;f;“”}- [A? +3)x - 2]
= X% — (t = 3)A* — (4 — 6)A% — 2)7 4 (5t — 12)A — (2t — 6)
= (AP HA- D[N+ (—t+ DM+ (=3t + BN+ (26— 5)] — 24+ 1
=0. (3.26)
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Apply Theorem 2.4 with [ = 3. Then the sequence
M(G) = M(Ki; Ko UKy), £>3
is monotone increasing in ¢ and bounded from above. Then
tl_lfjlo A (Ky; Ky UKG)

exists and is the largest root of
M -5+ 2= (A2 430~ (A2+ A1) =0.

Then
Jim Ao (Ky Ky UK = (-1 4 V5)/2.
From (3.26),
0 < Xa(G) = Ap(Ky; Ko U K1) # (=14 V5)/2, t > 3.
So

0<22(G) = Ma(K Ky UKy) < (=14 5)/2, t > 3.

If 1.2) holds with ¢ = 2 and ¢ = 5. Then (3.23),(3.24) and (3.25) imply that
G = Fy3, with A3(F13) = 0.637610 > (-1 + v/5)/2, a contradiction.

If 1.4) holds with ¢ =t — 2 and ¢ > 4, as in Figure 20. Then (3.23),(3.24) and
(3.25) imply that

G>»Ki1,..1,3
e

t—2 times
as in Figure 19, with
[K 1,1,...,1, 3' = ¢ + 1 > f.
N e’

t—2 times

This contradicts the fact that K is the MCM-subgraph in G.

Frigure 20
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Case 2. If
w
»

Glviey—vix,) = Ky UK &

U o—y U

then G contains one of the graphs in Figure 5§ and one of the graphs in Figure 6 as
an induced subgraph.

By (3.16), (3.17), (3.18),(3.19) and symmetry, only 3 subcases need to be
considered.

Subcase 1. Suppose

and

Then (3.19) implies that
(N)nV(Ky) 2 [(N(u) 0 N(K)) U (N(v) 0 N(K))] = V(K.

But then
t—2=|N(w)NV(K)| > |[V(Ky)| = ¢,

a contradiction.

Subcase 2. Suppose
(V{w) 0 N(EL)) U (N(v) N N(K:)) =V (Ke),
(N(w) NV(K)) 2 (N(v) NV(Ky)),
|N(w) NV (K)| =t -2,
(N(w) NV(KY)) € (N(w) NV (Ky)),

and
[N(u) N V(Kt)] =12

Then
(N(v)n V(K:)) € (N(w)n V(Ke)) =(N(u)n V(Ky)),
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and (3.19) implies that

V(K:) = (N(v) N V(K1) U (N(w) nV(K,)) = N(w) N V(K).
But then
t=|V(K:)| = |[Nw) N V(Ky)| = t -2,
a contradiction.

Subcase 3. Suppose
(NV(u) N N(EKy)) U (N(v) 0 N(K)) = V(Ky),

(N(w) N V(Ky)) C (N(v) NV(KL)),
IN(o) NV (K| =t -2,
(N(w) NV (Ky)) C (N(u)n V(K,)),
and

IN@u)nV(Ky)| =t -2

Then

(N)NV(ED) € [(Nw) nVE)) N (Nw) A N(K))]. (3.21)
Let
¢ =|N(w)NV(K,)],
where ¢ is in one of the cases 1.1), 1.2), 1.3) and 1.4).
From (3.27), |

g = |N{w) NV(Ky)| < [(N(v) nV(KL)) N (N(u)n N(K,))|

= |N(v) NV(K)| + |N(u) N N(EK)| - | (N(v) n V(K:)) U (N(u) N N(EKy))]
=t—-2+t-2—-t=1t—4. (3.28)

It 1.2) holds with g =2 and t =5, then =2 >t — 4 = 1, and (3.28) is false.
If 1.3) holds with ¢ =3 and t =6, then g =3 >t —4 =2, and (3.28) is false.
If 1.4) holds with g =t — 2, > 4, then (3.28) is false,

So only 1.1) is possible, with g = 1, ¢ > 3.
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If 1.1) Holds then ¢ = 1,¢ > 3. Take k= 2,1; = Iy = 1. Then by (3.14), all the
eigenvalues of G = Ky; K7 1 U K; other than —1 or 0 can be found by solving

PKtEKI,lUK1 (A)

= {[)\3 —(t—2)A* ~tA+¢ - 2] Z (A _/\12 Jr();i)‘l_l)} H[A2 +2X — 1]

=1
= AT —(t—4)X5 — (5t —8)A? —(5t—8))\4+(6t—15)/\3+(5t—16))\2 — (5t —18)A 414
= (M 42X~ 1)[A5 — (£ = 2)A% — (3t — 5)A3 + (3¢t — 10)A — £ + 4]

= (A2 42) - 1){()\2—1—)\— 1)[A3 - (£ = 1)A? ~ (2t — 5)A + ¢ — 4] +)\}
=0. (3.29)
Apply Theorem 2.4 with ! = 3. Then the sequence
AZ(G) = Ag(Kt;Kl,l UKl), t 2 )
is monotone increasing in ¢ and bounded from above. So

tlim /\2(Kt; Ki1U Kl)

exists and is the largest root of

M55 £ 5A% — 6% —BAT 15N~ 1 =(A2+ A~ 1)(A2 4+ 20 ~1)2 =0,

Then
tl.ljgo /\2(Kt§K1,1 U Kl) = (—1 - \/5)/2
From (3.29),
A2(G) = Xa(Ky; kg U Kq) # (=14 v5)/2.
Then
0<X(G) = MK K11 UKL < (14 V5)/2, t > 5.
Case 3. If

w

Glviey-vix,) = K31 & /\
U v

By (3.15), (3.16), (3.17), (3.18) and (3.19), without loss of generality, suppose
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= |NNV(E), 1<q <t -2, (3.30)

g = |[N(w)NV(K)|, 1< ga <t -2, (3.31)
(N{v) nV(Ky)) € (N(u) NV(K,)), (3.32)
IN(w) N V(K| =t -2, (3.33)
(N(v) N N(K)) U (N(w) N N(Ky)) = V(K,), (3.34)
and
(N{u) N N(K:)) U (N(w) N N(Ky)) = V(Ky). (3.35)

where g1 and ¢z are in one of the cases 1.1), 1.2), 1.3), and 1.4).

Then (3.34) implies that
q+a 2t (3.36)

If 1.1) holds with g; =1, ¢t > 3. Then

[{(N(v) N N(K)) U (N(w) 0 N(K))| <|(N(v) n N(K:))| + H{(N(w) n N(E&,))]|
<gr+t—2=1f-1,

which contradicts (3.34).
Similarly, if 1.1) holds with ¢, = 1, ¢ > 3, then

H{(N{u) N N(K)) U (N(w) N N(E))| < [(N()n N(E)| + [(N(w)n N(K,))|
2t*~2+Q‘2 :t""l,

which contradicts (3.35).

If 1.2) holds with ¢; = 2, ¢ = 5, then (3.31) and (3.36) imply that 1 < ¢ <
t—2=3and g1 +92 =2+¢q >t =5, which implies that ¢ = 3. Then (3.32),
(3.33), (3.34) and (3.35) imply that G = Hy, with

Ag(Hy) = 0.602501 < (—1 + v/5)/2.

If 1.2) holds with g2 = 2, t =5, then

N NV(Ky)|=t-2=4.

From (3.30) and (3.36), 1 < ¢; <t—2=3 and ¢ +q2 = ¢q1+2 >t =0>5, which
implies that g1 = 3. Then (3.32), (3.33), (3.34) and (3.35) imply that G = Hj, with

Da(Hs) = 0.612279 < (1 + V5)/2.
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If 1.3) holds with g1 = 3, t = 6, then (3.33) implies that
[N(u) N V(K| =t~2=4.
Then (3.32), (3.33), (3.34) and (3.35) imply that
G —w = P, with M(F1) = 0.632035 > (=1 + V5)/2,

a contradiction.

If 1.3) holds with g2 = 3, £ = 6 and ¢; # 3, then (3.30) and (3.36) imply that
l<q<t-2=4 and i+ = +3>1t=6.

which implies that ¢; = 4.
From (3.33),
IN(u)nV(K)| =t -2=4.

Then (3.32), (3.33), (3.34) and (3.35) imply that
G = Fiq, with \y(Fia) = 0.627719 > (=1 + V5)/2,

a contradiction.

If 1.4) holds with ¢) = g3 = ¢ — 2, ¢ > 4, then (3.32), (3.33), {3.34) and (3.35)
imply that
G = K4; Koy

as in Figure 9. Take k =2,1; = 2 and Iy = 1. Then by (3.13) all the eigenvalues of
Ky; K3 1 are the roots of

PK!;KE,l(’\)

2(A — 1)? (A—1)?
=d(\~ — _
{( t+1) AM3A—-2 A242x-1
=A% — (¢ = 3)A* —~ (5t — YA — (3t — 11)A? + (7t — 20)\ ~ 2t + 6 = 0.

}-[A2+3A—2]-[,\2+2A—1]

Apply Theorem 2.4 with [ = 3. Then the sequence
M2(G) = Ao(Ky; Ko 1), t > 4
is monotone increasing in ¢ and bounded from above. So
Jim Ao (K K1)
cxists a,nd is the largest root of
XN BN A+ 2= (A2 20~ 1)(A2 43N —2) = 0.
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So
lim Xs(Ky; Ky ) = (=3 +V1IT)/2,

and

0 < 2(G) = Xe(K; Kay) < (=8 + V17)/2 < (1 + v5) /2.

Case 4. If

w

Glyey-vik,) = K11 = K3 = i E
U v

By (3.15), (3.19) and symmetry, without loss of generality, suppose

|IN@)NV(K)|=q1, 1< <t -2,
|N(u)n V(K)| =g, 1< qp <t -2,
[N(w) N V(Ke)| = a5, 1 < g3 <t -2,
(N(w) N N(KL)) U (N(v) A N(KY)) = V(K),
(N(v) N N(K2)) U (N(w) N N(Ky)) = V(K),
(NV(w) N N(K)) U (N(u) N N(Ky)) = V(Ey),
I1<g1<g<qa<t~2

I

where ¢;,7 = 1,2,3 is in one of the cases 1.1), 1.2) 1.3) and 1.4).

(3.37)
(3.38)
(3.39

)
(3.40)
(3.41)

If 1.1) holds with ¢; =1, t > 3, then gy + g <14+t —2 =1 — 1, and (3.38) is

false.

Suppose 1.2) holds with ¢g; = 2, £ = 5. Because G — w is one of graphs in the

Figure 6, G — w must be Hy with g2 = 3. Then (3.39) and (3.40) imply that

(N(w) N N(Ky)) 2 (VKL — (N(v) 0 N(K)),

and
(N(w) N N(KL)) 2 (V(K:) ~ (N(u) N N(K)).
Then
(N(w) N N(K))=V(Ky),
and

@3 =|Nw)nV(E)|=t=5>t-2=3,
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which contradicts (3.37).

Suppose 1.3) holds with ¢; = 3, ¢t = 6. Because G — w is one of graphs in

Figure 6, G — w must be H; with ¢ =4 and

N(v) N N(u) N N(K;) = 1.

Then (3.39) and (3.40) imply that

and

(N(w) N N(Ky)) 2 (V(K:) — (N(v) N N(Ky)),

(N(w) N N(K) 2 (V(ED) — (N(u) 1 N(KL)).

Therefore

(N(w) N N(E) 2 {[V(K) ~ (N () 0 NED)] U [V(E) — (W) 0 N(E)]

and

= V(K;) — (N(v) N N(u) N N(Ky)),

g3 = |[N(w) NV(K;)]
= |V(K;) — (N(v) 0 N(u) 0 N(K))|
26-1=5>1t-2=4,

which contradicts (3.37).

If 1.4) holds with ¢1 = g2 = g3 = ¢ — 2, then (3.38), (3.39) and (3. 40) imply

that ¢t > 6 and G = Ky Ky 1,1 asin Figure 10. Take k = 3,l; =1, =3 = 1 in
(3.13). Then by (3.13), all the eigenvalues of Ky; K 1,1 other than —1 or 0 can be
found by solving

PKﬁKl 1, 1(}‘)
3

) 2
{()‘—t+1)“ZX§+—"“—} E[)\ +2) = 1]
= AT — (£ — )% — (6t — 9)A% — (9% — 20)A* + (4¢ — 1)A®
+ (9t —36)A% — (6t —23)A +¢t—4

= (A2 422 = 1D)2(N% — A2 - AN+ TA+£ — 4)

= 0.
Apply Theorem 2.4 with [ = 3. Then the sequence

A2(G) = MK Ki11), t>4
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is monotone increasing in ¢t and bounded from above. So
lim Ay (K¢ Ky11)
t—o0

exists and is the largest root of

A H6AT+ 00 —aXt — 9N L 6A — 1= (A2 420 —1)% =0,

Then,
Jim A2(G) = lim Ao(Kyi Kip1) = —1+v2, t > 6,
and .
0 < 2(G) = Ma(Ks; K111) € -1+ V2 < (=1 +V5)/2, t > 6.
For (VI), if

Glve)-viry| =4

then G contains at least one of the graphs in Figure 7, F' igure 8, Figure 9 or Figure
10 as an induced subgraph. Because 0 < A3(G) < (~14+/5)/2, 2K, and P, are not
induced subgraphs of G, and G IV(G)WV( k,) must be one of the graphs in Figure 21.

oo

- Figure 21.
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Case 1. If

Glv(e)—v(k,) = Ka &

then & must contain a graph in Figure 7 as an induced subgraph.

Because any pair of vertices in {v,u,w,z} are not adjacent, by (3.16),(3.17)
and(3.18), the set

{N(v) NV (K;), N(u) N N(K,), N(w) N N(K,), N(z) N N{K¢)}

must be a linearly ordered set with respect to the inclusion relation between its
elements. Without loss of generality suppose '

(V) NV(K) € (V) NN(E) € (Nw) N N(K) € (N(z) N N(K)), (3.42)

¢=|N@)NV(K)|, 1<qg<t-2, (3.43)

and

[N(u) NV(K,)| = |N(w) N N(Ky)| = | N(z) N N(Ky)| =t -2 (3.44)

Because G — u must be the graph K;; K> U K7 as in the Figure 7, ¢ must be 1.
From (3.42),(3.43) and (3.44), G is as in Figure 22. But then

G»Ki1,.1,3,
S
t~2 times
with
t—243=t+1>¢
which contradicts the fact that G > K, is an MCM-subgraph in G.

Therefore, in this case, no graph G satisfies the conditions.
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T
2 w
U
v
Figure 22,
Case 2. If
U £
[ e ]
Glyey-vir) = K UK, &
L ] L ]
W (%

then G must contain at least one of the graphs in Figure 7 and at least one of the
graphs in Figure 8 as an induced subgraph,

Thus G — w and G ~ v must he graphs K4 K13 UKy, t 2> 5 as in Figure 8,
with
IN(w)n V(K| =1,

and
|N(w) NV (Ky)| =1, (3.45)

Because w % v and by the symmetry of w and v in G, using (3.16) (3.17) and
(3.18), without loss of generality, suppose that

(N(w)NV(E)) € (N(v) N V(KL));

[N(o) V(K| =1t -2 (3.46)
But (3.46) contradicts (3.45) for t > 5.

Therefore, in this case, no graph G satisfies the conditions.
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Cuase 5. If
Glva)-vik,) = K1 UKy & I
L

ur U

then G must contain at least one of the graphs in Figure 7, at least one of the
graphs in Figure 8, and at least one graph in Figure 9 as an induced subgraph.

Thus &' — v must be the graph K; Ky UKy, t > 5 asin Figure 8 with

IN(w) NV (K;)| = 1, (3.47)
|N(z) V(K| =t -2, (3.48)
[N NV (K| =t -2, (3.49)
(N(z) NV (K)) U (N(v) NV(KL)) = V(Ky), (3.50)
and
(N(w) NV(Ky)) C [(N(w)nV(KL)) N (N(z)n V(Ky))]. (3.51)

So G — z must be the graph K;; Ky, U K as in Figure 7, with
N{u) NV(K;) = N(v) N V(K. (3.52)
Also G — w must be one of the graphs in Figure 9. Then (3.47)-(3.52) imply
that G — w must be the graph K; Ky 1, t >4 asin Figure 9, and
G=Kys Ky UKy, t25
is the graph of Figure 11.

Take k = 2,{; = 2 and I3 = 1. Then by (3.14), all the eigenvalues of G =
Ki; K3 1 U Ky other than —1 or 0 can be found by solving

Pr,x, 0k, (A)

:{[)\3—(t—2))\2—tA+t—2]

20 —1P2(N+2-1) (A—-12A\2+r- 1)}
AZ+3) -2 A4 2) 1
A3 2] A2 ra2n—1]
= AT — (£ = A% — (6t — QAT — (7t — 14)A* + (9¢ — 21)\°
+(8t — 28)A% — (9t —33)A +2t — 8
/\2+,\~—1)[)\5—(t—3))\4—(5t-—7)/\3—(3t--10))\2—(7t+24))\——2t+6]+3)\—2
| - (3.53)

=
=0
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Apply Theorem 2.4 with ! = 3. Then the sequence
A2(G) = M(Ky; Ky 1 UKY), t >4
is monotone increasing in ¢ and bounded from above. So

tlim /\Q(Kt; Kg,l U Kl)

exists and is the largest root of

A 6A At — 90 —8A2 9N —2
= (M +A-DAT+ 20 - DA +33—2) = 0.

Then
Jim 2o(G) = Hm Ma(Ke; Koq U Ky ) = (=14 V5)/2.

From (3.53),
A2(G) = Xo(Ky; Koy U K1) # (=14 V5)/2.

S0
0 < X(G) = Ma(Ky; Koy U Ky) < (=1 4+5)/2.

Case 4. If

U xT

Glviey-vik,) = K31 = ; l

w v

then G must contain at least one of the graphs in Figure 7 and at least one graph
in Figure 9 as an induced subgraph.

G — z must be of the graph K;; K, U K; as in Figure 7. Because the vertices
u, ¥, w are symmetric in G, without loss of generality, suppose

IN(w) N V(K| =t -2,

INW)NV(K)| =t -2,

and
' ]N(w) N V(Kt)l =1. ' (3.54)

64



Because w ~ z, from (3.19)

(N(w) "N (Kp)) U (N(z) N N(K,)) = V(K,).

But then (3.15), (3.54) and (3.55) imply that

| (N(w) 0 N(K)) U (N(2) 0 N(K))|
< |N(w) N N(E)| + | N(z) N N(K)|
<t+t-2=t-1,

a contradiction.
Therefore, in this case, no graph G satisfies the conditions.

Case §5. If

(7 Zz

Glv)-vixy =Kiaa UK = Ks UKy = : l

w v

then G — z must be the graph Ky; K3 UKy, t > 5 as in Figure 8 with
|N(w) N V(K| =1,

(N(w)nV(Ky)) C (N(v) nV(K,)),

“and
(N(w) NV(Ky)) C (N(u) NV(Ky)).

G — v must be the graph K;; K17 UKy, £ > 5 as in Figure 8 with
(M{w) NV(Ky) C (N(z) nV(KL)).
G — w must be the graph Kj; Ki1,1, t > 6 as in Figure 10 with

IN@@)NV(K)| =t -2,

|N(u)nV(K)| =t -2,

IN(v) NV (Ky)| =t -2,
(N(u) N N(K)) U (N(2) N N(K)) = V(Ky),
(N(ff»')ﬂN Ky)) U (N(v) N N(K,)) = V(Ky),
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and
(N(v) N N(K)) U (N(w) N N(K,)) = V(K). (3.65)

Then (3.56)(3.65) imply that
G=Ky K111 UKy, 27

as in Figure 12.

Then take &k = 3,1 = Iy = I3 = 1 in (3.14). All the eigenvalues of G =
K3 K111 U K; other than —1 and 0 can be found by solving

PKi;Kl,l,aUKl (’\)

:{[)\SH(t—Z)V—t)\«I-t—Q] SPCut VO R L )

2 3
Ry }-(,\ +22-1)

= (A2 22— 12N — (£ — 1)A* — (3t — 6)A3 + 2A% + (3t — 13)A —t 4 5]

= (A2 +ar— 1)2{()\2 FA-DA A — (2= TA+t45] - A} (3.66)
= A7 — (t = 5)X8 — (7t — 12)AT — (14f — 24) A% + (£ + 4))\°
+(22t — 66)A* — (£ + 8)A% — (14f — 64)A2 4 (Tt — 33)A — £ 4 5
= 0.
Apply Theorem 2.4 with [ = 3. Then the sequence
M(G) =Ky K111 UK, t2>7

is monotone increasing in ¢ and bounded from above. So

limn Az(G) = tlim Az(Kt;K]_,]_,] UK1)

t— oo

exists and is the largest root of

AP TAT 14X — X% 220t A TANE T 1
=(N+A-DA2+20 -1 =0.

Then
t&f{.lo MoK Ky 11 UKy = (=14 V5)/2.

From (3.66),
0< M(KuKi1a UKD #(-1+V5)/2, t>7
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So
0 < XKy K131 UKL < (—1+V5)/2, ¢ > 7.

Case 6, If

Glv(e)-v(k,) = K22 &

then G must contain a graph in Figure 9 as an induced subgraph and Glv(g)-v(x,)

is symmetric in «, v, w, and z.

Thus G — x must be one of the graphs Hy, Hs and K Ky asin Figure 9.

Because z # w, then (3.16) and (3.17) imply that

either
(N(z) nV(Ey)) C (N(w)nV(Ky),

(N(w) NV(KL) € (N(z) NV (K)):

Becanse z ~ v and « ~ v, then (3.19) imply that

(N(z) N N(K)) U (N(u) 0 N(K,)) = V(KS),

and
(N(z) N N(K:)) U (N(v) N N(Ky)) = V().

(3.67)

(3.68)

(3.69)

(3.70)

Subcase 1. If G — xz = Hy, then t = 5. Without loss of generality, suppose

[N{(u) N V(Ey)| =3,

|N(v) NV (K,)| =2,

and
[N(w) NV (Ky)| = 3.

Then(3.15), (3.67), (3.68), (3.70), (3.72) imply that
(N(w) NV(Ky)) = (N(z) NV(KL)),

and
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Then (3.69)}-(3.75) imply that G = Fy5 with
Aa(Fis) = 0.630315 > (=1 + v5)/2,

a contradiction.

Subcase 2. If G —x = Hj, then t = 5 and
N(u) N V{K;) = N(v) NV (Ky).

Then
IN(u) V(K| = |[N@)nV(E)| =t -2=3,

and
[N(w)N V(K| = 2.

From (3.15), let

g = ‘N(a:)ﬂV(Kt)l, then 1 <g<t—2=23.

If ¢ = 1, by (3.15) and (3.69),

= [(N{(z) N N(K;)) U (N(u) N N(K))|
< l (z)N V(Kt)l -+ [N(u) N V(Kt)l
<qg+t—2=14t—-2=¢t-1,

a contradiction.

If g = 2, then (3.67), (3.68), and (3.78) imply that
N(z)NV(K:) = N(w) N V(Ky).

So :
|N(z) nV(K,)| = [N(w)n V(K| =q=2

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

- Then by (3.69),(3.70), (3.76), (3.77), (3.79), and (3.80), Q' is a graph as in the Fzgure

23. But then G > Fy as an induced subgraph with
A2 (F5) = 0.678363 > (—1 + v/5)/2,

a contradiction.
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Figure 23

If ¢ = 3, then {3.67), (3.68), and (3.78) imply that
(N(w) N V(Ky)) C (N(z) NV (Ky)). (3.81)
Then (3.69), (3.70) and (3.81) imply that G = Fy5, a contradiction.
Subcase 3. f G —z = Ki; Ky q, t >4, then
|N(w) N V(K| =t 2. (3.82)

G — w must be one of graphs Hy, Hy, and K, ;K21 as in Figure 9.

Because  and w are symmetric in GIV(G)_V( K1), just as in Subcase 1 and
Subcase 2, if G — w = Hy or G — w = Hj, then there is no graph that satisfies the
conditions.

EG—w=HK4;Ky,, t >4, then
|N(z) N V(K| =t ~2. (3.83)
By (3.67), (3.68), (3.82) and (3.83),
N(z)NV(K;) = N(w) NV (Ky).

Then G-z =Ky Ky1t>4and G~w = K;; Ky 5, t > 4imply that G = Ky, Kjo
as Figure 15.

Take k = 2,1; = I; = 2. Then by (3.13), all the eigenvalues of K Ky 2 other
than —1 or 0 can be found by solving

PKi;KZ,Z (/\)
(A —1)?

_ . AT L hZa 912
—{()\ t+1) )\2-1-3)\—2} [A%+3x~2]
= (A +3XA - 2)[A® — A% — (3t ~ 9)A + 2t — 6)]
= X% — (t = 3)X* — (6t — T)AS — (5t — 21)A% + (12 — 36)\ — 4t + 12=0.
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Apply Theorem 2.4 with { = 3. Then the sequence
A (G) = MKy Ko ), t > 4
is monotone increasing in ¢ and bounded from above. So
dint Ao (K Ky 0)
exists and is the largest root of
A+ +5X — 122 +4= (A2 +30—2)% =0,

So
tlilgo A (K Ka2) = (=3 +V17)/2,

and
0 < A(Ki Kap) < (-3 +V17)/2 < (=1 + V5)/2.

Case 7. If
U z

Glvie)-vik,) = A1z = Vl

w v

.then G must contain at least one of the graphs in Figure 8, at least one of the
graphs in Figure 9 and at least one graph in Figure 10 as an induced subgraph.

The fact that G — = must be a graph in Figure § implies that
G—:E:Kt;Kl,l UKl, tz D

with
|N(v) NV (K] = 1. (3.84)

Because z ~ v, (3.19) implies that
(N(z) N N(K:)) U (N(v) N N(K;)) = V(K. (3.85)
But then (3.15), (3.84) and (3.85) imply that

t=|(N(z) N N(K,) U (N(v) N N(K3))|
= |N(z) N V(KL)| + | N(v) N V(K)]
<t-2+41=t-1,
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a contradiction.
‘Therefore, in this case, no graph G satisfies the conditions,

Case 8. If

Glygy—vir,) = Koy &

then G must contain at least one of the graphs in Figure 9 and at least one of the
graphs in Figure 10 as an induced subgraph.

G ~ z must be the graph Ky; K- 1,1,1 ¢ 2 6 as in Figure 10 implying that
|N(w)NV(K)| =1t -2,

|N(w) N V(K| =t -2, (3.86)

and
IN(w)NV(K;)| =t - 2. (3.87)

G — v is a graph in Figure 9 imply that
G—v=Kg; Ky,
with
N{w)NV(K;) = N{z) N V(K,).
Then G must be the graph Ky; K5 11 as in Figure 14.

Take K = 3,5; = 2,1y =3 = 1in (3.13), then all the eigenvalues of Ky; Ky 4
other than —1 or 0 can be found by solving

PK?.;K2,1,1(A)
_ 2(\ —1)2 2(A —1)?
- {(’\“t“)_ AT430—-2 A242A—
= (A 4+ 20 — D[ — (£ = 2)X* — (5¢ — 6)A% ~ (3t — 18)A + (7¢ — 27)A — 2t + 8]
= AT = (t = X — (7t ~ 9)A® — (12¢ — 28)A* + (6t + 3)A3

+(15t — 64)A% — (11t — 43)) + 2t — 8 = 0.

1}-(A2+3/\—2)-(A2+2)\—~1)2

Apply Theorem 2.4 with [ = 3. Then the sequence
A2(G) = Ma(Ke; Ko, t 2 4
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is monotone increasing in ¢ and bounded from above. So

Hm )\2 (Kt; K;g’],l )
t—o0
exists and is the largest root of
A TAR 122 —62% — 150% £ 11A - 2
= (A +22 - DA 431 - 2) = 0.

So
Jim A2(G) = Hm Ap(Ky; Ko ) = (=3 4+ V17)/2.

Therefore

0 < A(G) = tliglo Aa(Ki; K21,1) <(=3+V17)/2 < (-1 + V3)/2.

Case 9. If

Glyoy—vir) = Ki111,1 = Ky & E

w U

then G must contain at least one of the graphs in Figure 10, and Glv(a)-v( K, 18

symmetric about u, v, w, and .

The fact that G —z must be a graph K; K11, t > 6, as in Pigure 10 implies

that
IN(U) N V(Kt)] =t—2,
!N(’U) n V(Kt)l =1t—2,
IN(w) N V(Kt)[ =1t-2,
(N(w) 1 N(K.)) U (N(v) 0 N(K) = V(K),
(N(2) N N(K)) U (N(w) N N(K) = V(K),
and

(N(w) N N(K})) U (N(u) 0 N(K)) = V(Ky).

(3.88)
(3.89)
(3.90)
(3.91)
(3.92)

(3.93)

The fact that G — w must be a graph Ky;Ky13, t > 6 as in the it Figure 10

implies that
IN(z) V(K| =t -2,
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and
(N(w) N N(Ky)) U (N(z) N N(K,)) = V(Ky). (3.97)

Then (3.88)(3.97) imply that G must be a graph Ki;Ky111, t > 8 asin
Figure 15.

Take k = 4,11 =1l =13 = Iy = 1 in (3.13). Then all the eigenvalues of
Ky Ky, 4,1, other than —1 or 0 can be found by solving

PK#;K1,1,1,1(‘>‘)
4(A—-1)2

= {(A—H—l)—m} (A% 4+2) —1)*

= (N2 - 1PN -+ 1)A2 - (2t —9A +1t - 5)]

= X% — (£ = 5)A% — (8t — 12)A7 — (20¢ — 36)A° — (8¢ — 46)\° + (261 ~ 66)\*
+(8t —~ 68)A* — (20f — 100)A? 4 (8t —39)A — ¢ + 5 = 0.

Apply Theorem 2.4 with [ = 3. Then the sequence
A2(G) = Ma(Ky; Ky 111), £28
is monotone increasing in ¢ and bounded from above. So
Am As (K Ky 1,1)

exists and is the largest root of

A%+ 8A7 2005 + 8X% — 26)* — 8X3 + 2012 — 8)\ + 1
=(A+22 -1t =0.

Then
Jim Ay (K Kia) = ~14 V2,

and
0 <X2(G) = MK K112,1) € —1+ V2 < (-1 + V5)/2.

For (V), if G > K as an MCM-subgraph and 0 < A3(G) < (-1 + v5)/2, then
GP2Ky=F, G» P, =F
as induced subgraphs, and from the Part (IV), Case 7,
Glv@a)—vix,) ® A1
as an induced subgraph. So each component of Glv(e)~v(k,) must be a complete
multipartite graph. If there are two components of GIV(G)__V( k) containing edges,

then
G > Fg = 2.{(2, with )\Q(Fz) = 1,

a contradiction. So only one component of G’[V(G)_V( K,) contains edges.
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Theorem 3.6. Let G be a simple graph without isolated vertices and such that
G > K a complete graph on t vertices as an MCM-subgraph. Then

0 < A(G) < (=1 +V/5)/2
if and only if G is one of the following graphs:

(I) Azas, Asz, Hy, Hy, Hs;, H, and Hs.

(II) An induced subgraphs of one of the graphs Kj; Ki ot
wheret >3, 1 <k <t/2,and1<; <2, fori=1,2,...,k,

(III) An induced subgraphs of one the of graphs K;; K 1y,..0. UK.
wheret > 3, 1 <k < (t-1)/2, and1<; <2, fori=1,2,... .,k

Proof. Let G be a simple graph without isolated vertices and such that G > K. : &
complete graph on t vertices as MCM-subgraph such that

0 < A(G@) < (=14 /5)/2.

Then the fact that G must contain Ay o implies that ¢ > 3.

From Lemma 3.5. Part (1V), Case 1, Gly(g)—v(x,) % Ki. So if Glv(e)-(vik,)
only contains isolated vertices, then

’GIV(G)—V(K,)] <3.
If
’G[V(G)MV(K,)] <4,
then from Lemma 3.5, G is a graph in Part (I), Part (II), or Part (III).

From now on, suppose
IGIV(G)—V(K‘)I > 4,

In this situation, G|v(¢)—(v(k,) must contains at least one edge.

From Lemma 3.5. Part (V), each component of Glv(ey-v(k,) Is a complete
multipartite graph and only one component of Glv(@)-v(k,) contains edges.

From Lemma 3.5. Part (IV), Case 4,
Glv(e)—vx) » Ks.1.
Soif

Glv(e)-(vixy > Kiy ..
where k > 2, and ; > 1,i =1,2,...,k,
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then

1<L:<2, i=1,2,...,1.

From Lemma 3.5. Part (IV), Case 2,

Glv(ey-vik,) # Ky UK.

(3.98)

So Gly(g)-v(k,) contains at most two components. According to the number of

components in G|y (g)—v(k,), there are two cases.
Case 1. Gly(g)—v(k,) only has one component.

Then the facts that
Glvay-vik,)

contains edges, each component of
Glvie)-vix,)

is a complete multipartite and (3.98) imply

Glviey-vix,) = Kiy iy, 11
Wherek22, 1§11_§32$Slkg2

It k=2, then (3.99) implies that

GIV(G)—V(Kt)‘ = IKh,izl <4

The structure of G is already clear from the Lemma 3.5.
Let & > 3.
Subcase 1. Let £ >3, I; =1, i=1,2,...,k.

Glvie)-vik) = Ky 1, = K11,..1 = K.
s

k times

Mathematical induction can be used on % to prove that

G= Kt;Kl,l,...,lg where 1 < k S t/2.
S —’

k times

For k=3, if
Glviey-v(x,) = K111 = Ka,
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then from Lemma 3.5, Part (1L}, Case 4, G = Ky; K1y,

For k=4, if
Glyay—vir,) = K111 = Ky,

then from Lemma 3.5, Part (IV), Case 9, G = Ky Kiga.
For k > 3, suppose that if

Glv@-vxy = Kia,..1 = Kx,
S~

k times

then
G=K;Kia,..1, where 1 <k < /2. (3.100)
et

k times
For k+1, k> 3, if

Glvey-vixy =K 11,1 = Kpp1,

k-1 times
let
V(G!V(G)—V(Ki)) =V(K 11,.10 ) = {v1,v2,. .., 0641 }.
S
k+1 times
Then

G — Vit |[v(Gmvig ) vk = K11,..1 = K.

k times

By the inductive hypothesis (3.100),

G—{vpy1} =Ky, K1, 1,
~—

k times
where 1 < k < /2,
and 1<[; <2 fori=1,2,....k (3.101)
The structure of the graph
Ke; K14,
N
k times
and (3.101) imply that
k __
WWW{MMWQM&Mx%  (3.102)
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Because vpp1 ~ vy, j=1,2,...,k, from (3.19)
(N (vkt1) N N(K;)) U (N(v,) 0 N(K,)) = V(K,), for j =1,2,... k.
Then
(N(vgp1) N N(K)) 2 (V(Kt) — (N(vy) nN(Kt))), forj=1,2,....k (3.103)

This in turn implies that

(N(v;) N N(K,))]

C >
|

(N(Uk+1 N N(Kt
J=1

N(v;) n N(K,)]. (3.104)

T Y
L |

= V(Kt) -

[
Il
i

Also by the inductive hypothesis (3.100),

G—uw=Kg K, 1. (3.105)
Nt e
k times
(3.105) implies that
|N (o) NV(EY)| =t -2 (3.106)

Then (3.104) and (3.106) imply that, except for two vertices in
k
ﬂ [N(v;) N N(Ky)],

Uk+1 18 adjacent to all the remaining vertices in V(K;). Then from (3.102),

k41
V) - ([N 0 V()|
k
=|vE) - (Y [Vo) 0 ()] +2
=2k+2=2(k+1) < [V(Ky)| =t (3.107)

This implies that £+ 1 < £/2.
Therefore
G=Ki; K 11,1, wheret >3, 3<k+1< t/2.
——

k+1 times
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This ends the induction.

Fork>1, let Iy =ly=-..=[, =1 By (3.13), all the eigenvalues of

G=K;Kiq, 1,
N

k times

other than —1 or 0 can be found by solving

k times
A —1)2 :
= {(A—t+1)~k32(—+2)\—)_wi~}-(>\2+2»_1)’v

x(V+QA—U“4D3—U+km$ﬂ—{%—zk—UA+@—k—1ﬂ

For 3 <k <t/2, apply Theorem 2.4 with [ = 3. Then
A2(G) = M(K4; K11, 1)
N —
k times
is monotone increasing in ¢ and bounded from above. So
lim A (K Kyq4,.1)
t—oo N
k times
exists and is the largest root of

(A 22 -1k =o.

Therefore
lim A(Ky;; Kqq..1) = =1 +v2,
t—oo N e’
k times
and

0< XKy K1y,.1) < -14+v2 < (=1+v5)/2.
S —

k times

Subcase 2. Let
k23, 11_232:—-"'21921, lg+1=lg+2:'--:lk=2, Osg’<k,

Glvey-vig) =K, o, = K11, 1, 2.2,..2 -
| N

g times k—g times
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Let

v = J {viak it1<i<g
T {1)7;,1,'0.,;,2}. fg+1<e<k.

the Vi, ¢ =1,2,..., k&, are maximum independent sets in G]V(G)_WV(K”, and

k
V(G[V(G)—V(Kz)) = Vi

i=1

Let
k
Gi=G- ] {wa} (3.108)
ixzg4l

Then

Gilviey-vixy = K11,..1 = K.
N’
k times

(31 is a graph in Subcase 1. Then the results in Subcase 1 imply that

Gy = Kt;Kl,l,...,l} where 3 < k < t/2. (3109)
e’
k times
Let
1 <iy <y < i3 <k, and g < i3 < k. (3110)

Because k£ > 3 and g < k, 11,1y and i3 exist.

Let
Gy = GIKtU{’Uil,ls'U"z,l Wig,1>Vig,2}"

Then
Gelv(Ga) Vi) = Gliv, 1 wigavigivnga} = Koi,1-

Lemma 3.5. Part (IV), Case 8§ implies that

Go = K¢ Ky 11.

Then (3.110) and the structure of Ki; K5 11 imply that

N(U'is,l) N V(Kt) = N(Ui3,2) N V(Kt), g <ig <k (3.111)

Because G » G1 > K, it follows that (3.111) holds both in G and G;.
From (3.108), (3.109) and (3.111)

2 where3 <k<t¢/2, 0<g<k.

Ll RAAT)

G=K;Kig,..1, 22
gt

g times k—g times
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Ifh=lk=--=1=2 ¢g=0, then from (3.13) all the eigenvalues of

G = K¢ Koo

k times

2 where 1 <k <t/2

gees

other than —1 and 0 can be found by solving

132
:{()\~t+1)—:\22k—-—£:‘3%}(/\2+3)\—2)’°

= (N 43N =2 AT — (4 2% — 4)A7 — (3t — 4k — 1)\ + (26 — 2% — 2)].
= 0.

Apply Theorem 2.4 with [ = 3. Then the sequence
A2(G) = X2 (K3 K29, 2)
e’
k times
is monotone increasing in ¢ and bounded from above. So
lim A (K3 Kz, 2)
t—co S——
k times
exists and is the largest root of

(A +3) —2)% = 0.

So
11111 Ag (Kt;Kggz,___’g) = (—'3 -+ \/ﬁ)/E
t—oo N’
k times
Therefore

0 <X (Ki; Ko, 2) < (-3+V1T)/2 < (=14 v5/2).
~—

k times

If
Iy 232:--'21921, lg+1“—=lg+2=---:lk=2, 1<g<k,

| then by (3.13), all the eigenvalues of

2, Wherel1 <k <t/2,1<g<k.

-

G=K;Kia,..1, 22
et

g times k-g times
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other than —1 or 0 can be found by solving

PK:;K1,1,...,1,2,2,...,2, (A)
W

g times k—g times

_ oA=1? 2k - g)(A— 1)’
m{()\—t—kl)_)‘z_,_g,\_l_ A2+ 31 -2 }

AN 22 -1)9. (A2 43X ~ )b
= (A + 20 — 1)971 (A% 43X — 2)k—v~1
[N (t 42k — g - 6)A" — (5t 4+ g — 8)A3 — (3t — 8k + g + 4)A\?
+(7t — 8k + g —5) — 2t + 2k + 2]

=40

Apply Theorem 2.4 with [ = 3. Then for fixed & and g the sequence

A2(G) = X(K; Kv1,..1, 22,9 )
e i

g times k—g times
is monotone increasing in # and bounded from above. So

lim Ao(Ky; K111, 22,2 )
t—o0 N i’ A

g times k—g times
exists and is the largest root of

(AP 42X — 1)9(A2 43X - 2)F~9 = ¢,

Then
Hm Ay (Ky Kig,..1, 22,2 ) =(=3+V17)/2.
t— o0 S N
g times kg times
So

y

0 <Ap(KyKia,.0, 22,2 )< (—=3+VI7)/2 < (-1+5)/2.
Sttt N et

g times k-~-g times

Case 2. GIV(G)_V( %,) has two components. Then one component must be
an isolated vertex {y}, and the other component which contains edges must be a
complete multipartite graph.

Let G3 = G — y. Without loss of generality, let

Galv(aa)-vix) = Ki oyt »
where k> 2, 1<) <l < <, <2 (3.112)
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Then
Glvey-vir) = Kiy gy, U K1,
where ¥ > 2, 1<l <l < - < <2, (3.113)
Let & = 2. From (3.112),
Galvics)-vik) = Kng 1<k <l <2. (3.114)

From (3.113),
Glviey-vixy = K, UK, 1<l <1 <32, (3.115)

and then
IG|V(G)_V(Kt)’ = IKllJz U Kl] < 9.

Itly =1orly =1, from (3.115),

= |K¢1J2 UKII < 4,

]GIV(G)—V(Kt)
The structure of & is already known from Lemma 3.5.
Ifly =1 = 2. From (3.114),
Gslv(Gs)-vix,) = Kaa.
Then from Lemma 3.5. Part (IV), Case 6,

G- Y= G3 = Kt;Kg,g, i 2 4, (3116)

Let

Uy Ly

Glyvay—vix,) = K22 UK; & Y

U3 Vg,

The structure of the graph Ky; Ky 2 and (3.116) imply that

) |
lV(Kt) = [V () n V(Kt)]f =4, (3.117)

=1
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Then
G- {1)3,?)4} > Kt,

and

G- {’1)3,'04}|{v1,1,21y} = K;1 UK;.
From (3.118) and Lemma 3.5. Part (III), Case 2,
G —{vs, vy} = Ky K1y UK,
|N(y) nV(K:)| =1,
(N(y) N N(K)) € (N(v1) NV(Ky)),
(N() 0 N(K0) € (V) 0 V(K3)).

Because (7 is symmetric in vy, vy, v3, vy, the following also holds:

(N(y) N N(K.)) C (N(us) N V(K)),

(N) N N(KD) € (N(os) N V(KLD).
From (3.121)-(3.124),

4
[N(y) N N(Ky)] ﬂ N(v;) N V(K,)].

Now (3.117), (3.120) and (3.125) imply that

t=[V(Ky)|>4+1=5,

and so 2=k <(t~1)/2 holds.

From (3.116), (3.119), (3.120), (3.125) and (3.126),

G:Kt;Kz,z UK], t Z 5.

Let £ > 3.
From (3.112)
Gslv(es)-vix) = Kiyto,..ies
where k>3, 1<l <l <--- <[ <2
From (3.113)

GIV(G)—V(Kt) = Klialz,---,lk UK,
where k>3, 1<l <l <. < <2.
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Then from (3.127), G3 = G — y is a graph satisfying the conditions in Cuse 1 ,
)

G-y=G3 =Ky, Ky, 0,
where 3 <k <it/2, 1< <l <--- <} <2 (3.129)

For3<k<(t—-1)/2and0< g <k let

=L ifl<i<y
T2, ifg+1<i<k.

Then

]

Glva-vir) = Ki oy, VK1 = K11, 1, 2.2 UKy,
S——t N —

g times k—g times

Let
v = J vk, if0<i<g
v, vie), ifgdl1<i<k.

The V;,i=1,2,...,k are maximum independent sets in G3‘V(G3)_V( x,)> and

k
V(Gslvigy-vixy) = J Ve
=1
Then (3.127) and the structure of the graph K; Ky, 1,1, imply that
k

V(&) - ([N i) N(K)]| = 2k. (3.130)

=1

For any ¢ # 7,
Gl{vi,lﬂ’j.h'y} - Klal U K;.

Then Lemma 3.5. Part (III), Case 2 implies that

G'K:U{v‘-,l,vj,“y} - Kt; K].,l U Kl!

|N(y) N V()| =1, (3.131)
(N u N(K:)) C (N(vip) U V(K:)),

and

(N(y) U N(K)) € (N{u;0) UV (K).
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By symmetry, the following also holds:

(Ny) UN(K,)) C (N(wia) UV(KL)), i=1,2,... k&

Then
k
(N(y) U N(K,)) ﬂ (vi1) UV (KL)]. (3.132)
Also (3.130), (3.131) and (3.132) imply that
2k +1<|V(K:)| <¢t, andso k< (t—1)/2. (3.133)

From (3.129), (3.131) (3.132) and (3.133),

G=Ki;K1a,.1, 22,2 UKy, where3 <k < (t—1)/2.
S N~

> H

g times k—g times

Let
=)L ifl1<i<y
P2, fg+i<i<k
where 0 <g <k 2<k<(t-1)/2

From (3.14), all the eigenvalues of

G=Ki; Ky, .1, 22,.2 UK, where 2<k < (t—1)/2, 0< g <k,
e e Ve

g times k—g times

other than —1 or 0 can be found by solving

PKt;Kl,l,...,l, 2,2,...,2 UKl()\)
gA—1P N+ - 1)
M +2a-1
2k -g)(A 12N+ A - 1)}
A2 43X -2
(AP 22 —1)7- (A + 30 -2k 9 = 0. (3.134)

:{[As—-(t—Q))\zmt/\—f—t——Q] -
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If g =k, (3.134) becomes

EA—1)2(A2 4+ A —1)

A242)—1
= (A242x-1)%1 [)\5—(t+k~4)/\4—(3t—~k—3)A3+(2k-~4)/\2+(3t—3k-4)/\—t+k—|—2]

:{[A3—(t~2)A2wt)\—l-t~2]—- }(/\2+2A—1)’°

= {()\2+)\-—1)[)\3 — (k=8N — (2t —2%k— DA+t —k—2] —A}
(A +2x— 1)1 = (3.135)
If g = 0, (3.134) becomes

PK:;KZ,Z,

auay

26(A -1 (A2 4+ 2 -1)), ., A
Uy (A*+3X—2)

= [)\5—(t+2k—5))\4—(4t——2k—4))\3+(4k—-6))\2+(5t—6k—6))\—2t+2k+4]
(A2 43X —2)k!

z{[,x3—(tw~2))\2—t)\—i—t-—2] —

= {(A2+A—1)[A3— (t+ 2k — 4)A* — (3t — 4k — 1)\ + 2¢ — 2k — 3] —2A+1}
(A +3x—2)*1 =, (3.136)

If 1 <g <k, (3.134) becomes
PKt;Kl,l,...,l, 2,2,....,2 UKI(A)
e

g times k—g times

m{[,\3—(t-~2)/\2——t)\—]—t-~2]()\2+2)\~—1)(A2+3A—2)

—gA =12 HA D +30-2) =2k —g)(A = 1)2 (A2 + A= 1)(A2 424 — 1)}

(AT 420 —1)971(02 4 32 — )k 91
= [AT ~ (t 42k — g — T)AS — (6t + 2k — 13)A% — (7¢ — 10k + 3¢ + 3) 24
+(9t-+g—22)X° + (8¢ — 14k + 29— 2) A2 — (9t~ 10k + g —14) A+ 2t — 2k —4]
(AP +22 —1)971 (A2 4 32 — 2)kod

= {()\2—!-)\—1)[)\5 —{t+2k—g—6)A* — (5t — g+ 8)X% — (3t — 8k + g + 5)A?
+(Tt 4 g — 8k — 9)A + (=2t + 2k + 2)] +3A—~2}
(AT 20— 1) (A% 43— 2)F a1 o, (3.137)
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Apply Theorem 2.4 with [ = 3. Then for fixed & and g the sequence

A2(G) = A(Ky; K11,..1, 202,20 UKY),
S S’

g times k—g times

wheret >3, 2<k<(t-1)/2,0< g <k,
is monotone increasing in ¢ and bounded from above. So

lm /\Q(Kt;I{LI,...,l, 2,2,....2 UKjp)
t— o0 Ny e N e

g times k—g times
wheret >3, 2< k< (t—-1)/2,0< g <k,
exists and ( from (3.135), (3.136), and (3.137) ) is the largest root of
(A +22 =1 +3A -2 9\ 4+ A - 1) = 0.

Then

lim A(Ky; K11,..1, 22,2 UKi1)=(—14+v5}/2,
f—r o0 e

g timeg k-—g times

wheret >3, 2<k<(t—-1)/2, 0<g<k.
From (3.135), (3.136), and (3.137),

(K K1a,..1, 22,2 UKL # (=1+V5)/2,
N N
g times k—g times

wheret >3, 2<k<(t-1)/2, 0< g <k

Therefore

0< A (K3 Kia,.0, 22,2 UKp) <(=1+5)/2,
g times k—g times

wheret >3, 2<k<(t—1)/2, 0< g <k
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SECTION 4. GRAPHS WITH SUBDOMINANT EIGENVALUE
NOT EXCEEDING -1+ 2

In this section, we will investigate the structure of graphs with 0 < Xy <
—1+4+ v2. We will construct those graphs by starting from MCM-subgraphs
Ky, ro,...r and adding new structures that increase Ay but with restricted upper
bound A; € —1+ /2 for Ay. In Theorem 4.2, we will determine all graphs without
isolated vertices and with 0 < Ay < —1+4+ /2 and the proof of Theorem 4.2 also give
us all graphs minimal with respect to Ay > —1 + /2. These are listed in Theorem
4.3.

Let G be a connected simple grapli. Then there is a complete multipartite

graph K, ., . such that

.....

G>> KT117‘2;"':7.15
where r; > 1, i=1,2,...,¢, t> 2,

as an MCM-subgraph. Here we take the convention to choose an MCM-subgraph
K.\ 7y, a8 in Section 3. For any

uweV{(G) - V(Kﬁﬂ‘zw-w”)’

if 4 adjacent to some vertex in V(Krh,ﬂz,_"ﬁ), then v is not adjacent to all vertices
i V(K )
This is true since otherwise

G >> KT‘l ,7"2,...,7‘1,1 b

which contradicts the fact that K r1,7g,..,re 18 AXIMUIM.

Let
Vi={vij| 1<i<r}, 1<i<t,

be maximum independent sets in Ky, ,, . r,.

Then
G’U; V; = K’l"'l IS i T A

Definition. Letue G, V C V(G). Then the notation u ~ V means u adjacent to
all the vertices in V,

Definition. Let

K‘i"] ,Tz,...,?‘q;Tq+1 ..... Tt;K]J
wheret >3, 1<q<t~2, r;>1,i=12,...,¢t, (4.1)

38




denote a graph such that

as an MCM-subgraph and there is a vertex u; of the graph which satisfies the

conditions

and

KTL FUTERTE AP N R RPN o) ; K]- >>> KTi PR FRERRY K

{ul} = V(Krl,rz,...,rq;rq»l-l,...,rt;Ks) - V(K?"l,?"g,....,f‘t)!

w~V;, fori=1,2,...,¢q;
u A Vi, fori=gq+1,g4+2,...,t—1,%

e+ 1

rg+2

Krl 32T Tg 14T 2 K}.

wheret >3, 1<¢<t~2. r>1, 1<i<t.

Figure 24
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Definition. Let

Krl,rg,...,Tt;KSj
wheret >3, 1<s<t/2, r; > 1,i=1,2,...,t,

denote a graph such that
Kevirareirs Ks > Koy oy o,
as an MCM-subgraph and there is a subset Vj of the vertex set V (G} with
Vo = VI(Er iy Ko) =~ V(B iy ) = {tig, ua, 1),

Krl,'rg,...,n ; KSIVOZ K.s:
where

uj Vi, fori=t—2j+1,¢t—2j+2;
wj~ Vi, fori=1,2,....t—21—2 +3,6—2j +4,... 1.
j:l,?,....s.

In particular, if in (4.1), g =t — 2, then

K‘r‘1 ,Tg,...,?‘q;rq+1 ,...,’f‘t; K].
:Kﬁ PL FEERRY I 1 o g | :H; Kl
“—:Krl D yeeny Tyl Kl'

Lemma 4.1. The eigenvalues of the graph K\ ro,...re; K other than —1 and 0 can
be found by solving

PKrl,r2 ..... ry i, (A)
t—2s r s Az
= S/\—S“i’l—Z( : )_Z Tt Tt }
{ i=1 Atri j=1 At+1- H-?"t—gz;‘:-l B )\'1”":—3;;12
i 3
Tt—2441 Tr_2442 .
T (0 +7) - p+1— it ]zm 4.2
g ( ) H A+Tigip1 A+ Teegj40 (42)

where Py, .k, is the determinant of the matrix in the Table 9.

Proof. The result comes from applying Theorem 2.2 to the graph Ko irg,...rs K.
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-5

81

S¢

Ty — S¢

S

Sit1

Tigt1 — 8541

Figure 25
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In this section, simple graphs without isolated vertices with subdominant eigen-
value greater than zero and not exceeding —1 + /2 will be determined.

First, consider those simple graphs G without isolated vertices which satisfy

the condition
0 < X(G) < (=14 vV5)/2. (4.3)

If there is a vertex u, u € V(@) ~ V(K,, r,... ), which is not adjacent to any
vertexin K, .. ., then the fact that G is connected implies that there is a vertex
v € V(G) — V(Ky, rp,..r,), v adjacent to some but not all vertices in Kiyrgrres
and there is a path of length greater than or equal to 1 in

GIV(G)—V(K,-I,,-Z',_,,H)
which joins u and v. Then G > P, = F,, which contradicts (4.3).
Let

u & V(G) - V(Kﬁ ,7‘2,...,7‘,)7
'U,N'U,;’j, J = 1723-"752': 0 S 83 S Tia'i = 1;2,---,t (44)

as in Figure 25.

Because u must be adjacent to some vertex in Ky, r,,..r., SOmMe s; is nonzero.
There exists 7y, therefore,

1 <14 ¢, such that 1 < s; <7y, (4.5)
where u is not adjacent to all the vertices in K. ..., since otherwise
G >> Krl 200,710

which contradicts the fact that K:) r,,....r, 18 maximum. Therefore, there exists i,

1<4 <t such that 0 <s; <ry — 1. (4.6)
Case 1. Suppose
foralli, 1<i<t 5,#0, 1<s; <r,. (4.7)
Then
;=14 forallid, 1<i<t. (4.8)

Otherwise, if there is i3 7 i1, such that s;, # Tiy, then from (4.7), 1 < s, <7y, — 1,
which implies that r;, > 2, and, as in Figure 26,

:P4:F25

Gl
{ur'”il,l 7vi2,r;2 ,'Us'l,rl-l }

which contradicts the assumption (4.3).
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T — 8

where 1 <s; <r; -2, ry >3,

and 1 <s;=r;, for2<i<t¢

Figure 27
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If s;, =v;, — 1, then (4.8) implies that

G - ’U?:l,'f',‘l >> K’J"l,?"z,...,r,'l—l,...,?‘g,l‘

Then
G > Krl,'rg,...,nl—1,...,?‘.«,,1:
and
G -2 Kr'l,'r'g,...r;l yeraa®y Y
where

ittty —lb bt L= by by

By convention, K., yeons?iy —1,...,r¢ 1 Should have been taken as an MCM-subgraph
in (.

So in this case, without loss of generality, suppose

1<s1€m—2,r 23 (4.9)
1<s;=ry for, 2<i<t. '
Therefore
Glg,, yrr U}
is a graph as in Figure 27, where the parameters s;,7r; 3725 %+ .., Ty, must be chosen

such that 0 < A2(G) < (=1 + v/5)/2. It is not very hard to determine those
parameters.

Case 2. Suppose there exists i3,
1 <13 <¢, such that s;, = 0. (4.10)

Then
forany i # i3, i =1,2,...,, either s; = r;, or s; = 0. (4.11)

Otherwise, if there is a 44,44 # 43, and 0 < 8;, < Ty, then as in Figure 28,
GI{“:’“:‘4,17’”§3,1 gvi4,ri4} = P4 = FZ'

This contradicts (4.3).
From (4.6), (4.10) and (4.11), without loss of generality, suppose
u~vig, 1<i<g<t—1,1<j<r,.
Ifg=t—1, then G >» K| vy, r,+1. Which contradicts the fact that Ky g, 18
maximum. So :

U~ Yy 4, ISZSQSt—'Q: 1SJ$T2
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Because

Gl{usvi,l sU2, 1 1-"3'011 ,1}

is of the form Ag; 4, as in Lemma 3.1, ¢ and ¢ should fall into one of the cases
(3.1), (3.2), (3.3), and (3.4).

Therefore
Gl vy Ufu)

is a graph of the form
K{r‘l,’I‘Q,...,'P"q;’.l"q.+1,...,‘f‘g;Kl

with 1 < ¢ <t -2, ¢t > 3, as in Figure 24. There the parameters q,r1,79,...,7y,
must be chosen such that 0 < A(G) < (=1 + v/5)/2.

It turn out to be a difficult task to determine those parameters r1,79,..., 7y,
which satisfy 0 < A (@) < (=1 + V5)/2.

For example: Let t = 4, ¢ = 1. Consider the graphs Ky iy re,re; K1 given in the
Figure 29. From Theorem 2.3, the eigenvalues of the graphs K. .ry ryr,; K1 other
than 0 and —1 can be found by solving

A -7 0 0 0
-1 A —Ty —T3 —I
] —T1 )\ —T3 —7T4 = 0
0 -7 —T3 A T4
0 —*rr —T2 —T3 A

det

e,

3
Xt (=1 = r1ry — P7g — Piry — oy — ToTg — T3Ta) A

+(—T‘1T’2T3 — TiTary — 117374 — ?"27‘3?‘4)A2

+(T1T27‘3 + ryrors +riT3Ts — 37‘11"2?"37‘4))\ + 2ryrarsry = 0.

~ But then, for the parameters ry =6, ry = 244, 224,577, r3 = 4035, and ry = 18,
the corresponding graph
Kg,244224577 4035,10; K1

as in Figure 29 is a graph minimal with respect to A2(G) > (-1 + v5)/2.
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!

T4 Ta

T3
Kﬁ T2.,78.7) Ky

where r; > 1, 1 =1,2,3,4.

Figure 29

Second, consideration will be limited to the graphs with

0 < X(G)< -1+ V2. (4.12)

Definition. For fixed

jg: .9':1:2:-”1]‘3,
wherel < j; < jo < --+ < jp < ¢,

and for fixed

define
Krlsr2s“'arj1—i iéo!rj"l"i'l!""lrjz-lsooirj2+1}“')Tjk—13m1rjk+l}"'7ri—-157'1,Ks
to be
{KTI-:TZr"-sTjI—lsTjI ’Tj1+11-"17'jk—17rjk !Tjk“i-la"':lrf-—lsri,K‘g I TJg 2 1’ 1 S g S k}?

which is an infinite family of the graphs of the form Kelrg v Ko,

and define
A2(1:('-7’“1 sr29"'$7'j1—1 ;Oo}rjl-i-l !"'Jer"—l ,OO,’I"J'2+1 :-'-)rjk—l#ooyrjk—f-l;-.-'1Tt——1 »T't ; Ks)
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10 he

M (Koy 0 K) (4.13)

Tj, —+00

Tj, —roo

if the right hand side limit exists.

Definition. Let « > 0 be a real number. For fixed integers j;, J2y---,jr, where

1<75 <jo < <jp <t,
and for fixed integers r;, where

Kf‘l,rg,...,‘r‘jlml,00,?‘j1+1,...,1"3'2&,1,00,7“.;2.{..1,...,T‘jkﬁl,OO,Tjk+1,...,Tt“1,Tt 3 KB

is called a critical family for \y > «, if
)‘2(KTI 3725 T —1 SO T 41 ’---arjz—l,ms'rjg—i-l:-";Tjk—l »O0 T+t ,--.,1"1_!,’1“t; KS) > a’
and for all i such that
ii{jg|lﬁg§k},1§i$t,

either r; =1,
or

r; > 2 and

’\2 (Kr1 .,‘1"2,...,7‘]‘1_1,OO,T_.‘;1+1,...,7','_1,1"5—1,1",‘4_1 ""’Tjk ,OO,Tjk+1,...,T1_1,Tt 3 KS) S. Q.

If there is no confusion in the context, the statement “for A2 > @’ in the

Definition will be omitted.

From the Definition above, if

.
Krl,rz,...,r,-l._l,oo,rjl.l_l ,...,r,'zml,oo,rjz_;_l ,...,rjkml,oo,r_,-k_*_l yereey T2 KS

is a critical family for Ay > o, then in order that the condition

AZ(KTI y'-'wrji—larjl1Tj1+15'"57‘j2—1arjzarj2+ls---,'r'jk—l :Tjkyrjk+1 }ert;K's) S « S l+ \/E

be satisfied, at least one of the parameters r4,,1 < g < k must be bounded from

above.
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N T
ry T () 4 1

T3 T2 Ty T3 rs T2

K, ra.ra K1 K'f‘l rargre; K1 Ky, ra,rayrys Ko

where r > 1, where r; > 1, where ry > rqy > 1,
and ro > r3 > 1, and r3 > ry >y > 1, and r3 > 7y > 1.

Ky rg s K,
where ¢ > 3,1 < 5 < [t/2]
Figure 30
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Theorem 4.2. Let G be a simple graph without isolated vertices. Then ( satisfies

0 < X2(G) < ~1+4 V2, if and only if G is one of the following graphs:

(1) Koy ryry; K1, where 11 > 1,7 > 73 > 1,
for r; > 1, re > 1, and r3 =1;
=1, Ty > T3, and 73 > 1;
1 Z 1, T = 2, and s = 2;
ry > 1, g = 3, and ry3 = 2;
= 2, T > T3, and 3 = 2;
ry = 3-7, re =4, and r3 = 2;
ry = 34, 9 = B, and 73 =2;
=3, 9 = 6-8, and 13 =2;
ry = 2-4, ry = 3, and 73 = 3;
ry =2, ro = 4-7, and 73 = 3;
ry =2, r9 = 4, and r3 =4,
(ID) Kry rar,ry; K1, where 73 >1ry, r3 >y > 1,
for r>1, rg =1, r3 = 2, and r4 =1
L > Ta, ro = 2, ry = 2, and 74 =1:
1 = 3_7, Ta = 3, 'y = 2, and 4 = 1
7 =4, re = 4, ry = 2, and 7y =1
rq =1, ry =1, ry =3, and rqy =1.

(III) KT‘1 P T ) ; KS?

for rmZ2rm>r> 20,21
and Ti—9s4+1 = ]., Ts—_2s+2 = ]_, ey T = 1.

wheret >4 and 1<s<[t/2],

Proof.

Let u € V(G) = V(Kr, ry..r)s
UN'Uz',j: j: 1’2,,..’51', 0553 ST@,i:l,Z...,t.

as in Figure 25. Because the assumption in (4.12) is stronger than that in (4.3),

the formulas (4.4)—(4.11) hold.
Case 1. Suppose

foralld, 1<i<¢ 540, 1<s; <7y
- Then from (4.9}, without loss of generality, suppose

1<s1 < ~2, 1123
1<s;=7r;, for 2<i<1,

Then
GIKrl,rz ..... ri U{u}
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is a graph as in Figure 27. But then
G'{’“‘}vl,l ?vl,rl—la'ul,rl} = 0212 - F4’

with X
Ag(Fy) = 0.470683,
which contradicts 0 < Ap(G) < —1+ /2.

Therefore under the assumption (4.14), there is no graph satisfying the condi-
tions 0 < A2(G) < -1+ V2.

Case 2. Suppose there exists i3,
1 <i3 <1, such that s;;, = 0.
Then the same discussion as in (4.10) implies that

for any i # 43, 1 =1,2,...,¢, either s; = r;, or s; = 0.

Then, without loss of generality, suppose u € V(G) — V(K o)
U~ vig, 1<i<g<Ei—2,1<5<r.

Because
Gl{w1,1,00,10ee 500y 1}
is of the form A, ,, Lemma 3.1, Part (III) implies that g=>1,t—qg=21e.
g=1t—2,t>3
Therefore
GlE,, o vy Uu} (4.15)

is of the form K\ ry,...ri K1, t > 3. Here the parameters T1,72,...,Ty must be
chosen such that 0 < A2(G) < -1+ V2.

Let
{u,’U} - V(G) - V(Kﬁ ,'f‘z,---ﬂ"a)v t2>3.

Then from discussion above, both Glk,, . »ufu} and GlK,, vy Ufw} A€
isomorphic to the graph K, .,  .;K;, t> 3 with

.....

i—2
N(u) n N(Krlsr21"-""‘t) = U T/"';k3 | (4'16)
k=1

and s
N(U) N N(Kr_l ,T‘zs---,'Pt) = U V?k (417)
k=1 -
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Suppose
w v

Then
Gl = GI{U:'U,’ULl,’02,1,-.-5‘”:,1} 2 GI{Ul,la'f-’E,la---fU!.l} = Kt

as an MCM-subgrapli, and
V(G1) = V(K,) = {u,v} and u o w.
Then from (3.18), without loss of generality, suppose
(N(v) NV(KL)) C (N(0) N V(K)),

- From (4.16)-(4.20), without loss of generality, suppose

§—2
N@) N N(Kr, ry,p) = NO) O N(Ey oy ) = Vi 823,
=1
But then .
| Gi{u-)”yvl.l:'ut—l,l;'vt,l} == C\'2,2 — F4-
which contradicts the assumption (4.12).
Therefore,
for any {u,v} C [V(@) — V(Ky, s ).

u must be adjacent to v, and

Glvia)-vis,y ry...y) = Ks.

From (3.19), (4.16), (4.17), and (4.21)
[N(u) NV (Kpy iry...)] U [N () N 0O | —
From (4.16), (4.17), (4.21), and (4.22),
Gliww V(I g} = Koy, om; Ko, t 2 4.
Then mathematical induction can be used to prove that

G: K‘T‘]_,'f‘g,...,'f‘;;KS)
where ¢ >3, 1 <s<[t/2),m; > 1,i=1,2,...,1,

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

and the parameters r1,72,...,7; should be chosen such that 0 < A{G) < -1+ 2.

For different size ¢, to determine the parameters in (4.23), symmetry leads to

the following cases:
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Case I Let

t= 37 l=s S [t/z]? G = K'f'h?‘z,’l‘s;Kl?
with Ty > 1,7’2 Z ry > 1.

as in Figure 30.
Then from Lemma 4.1, the eigenvalues of K, ., ,.; K; other than —1 and 0
can be found by solving
(U T CR 7

Uq A —T a 0
1.7 1‘3;K1 = det ‘Vi -_1 )\ _T2 _TS
e T/Q 0 -7 A —T3

VE; 0 —ry =79 A

= M (=ryrp — rirg — vy — 71)AY = 2197973 A £ ryrgry = 0,

P

Apply Theorem 2.4 with { = 2. Then the
)\Q(Kﬁ,’f‘g,‘f‘s;KI)aTl 2 1,')‘2 2 3 2 1

are monotone increasing in r;,7 = 1,2, 3, and bounded from above.

‘Then by considering all possible combinations and using Theorem 2.3 on 5,
1 £1¢ < 3, the following can be proven:

(I1.1)
A2(-'Koo,oo,oc:; Kl) = rlh—lrnoo A2(K7“1 2,73, Kl)

mo&
exists and is the largest root of
22 -1=0.
Therefore
A2 (Kog,00,00 K1) = 1/2 > —1 4 /2 = 0.414214. (4.24)

From (4.24), the condition
0 < Ap(Ery ramy; K1) < 14+ V2

can not be satisfied for all possible nonnegative integer values of 1,7y and r5.

(1.2) |
}‘Z(KOG,OO,T:;; Kl_) = T,lh_llnoo Az (Kﬁ 72,73, KI)

Ta—rC0
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exists and is the largest root of
A2 + 2r3h —r3 = 0.

Therefore

Ag (KCO,OO,T'g; Kl) =—-r3 + \/E'\/ rs + 1. (425)
Let r3 = 1. From (4.25)

A2(Koo,00,15 K1) = =1+ V2.
Therefore

forry > 1,rg > 1,73 =1,
0 < A (Kr 13 K1) € =1+ V2.

Let 3 = 2. From (4.25)
A2 (Koo,00,2; K1) = =2+ V6 = 0.44949 > —1 + /2.

Therefore, K, o0 2; K7 is a critical family for Ay > —14+/2.

(1.3)
Ag (Kﬁ SO, 30 7 Kl) = Tgll—I)nOO ’\2(KT1 2y Kl)
Tag—Co0
exists and is the largest root of
A2 4 2m 20—y =0 (4.26)
Therefore
/\Z(Krl,oo,oo;Kl) = -7y + \/?"_1\/ r1 -+ 1.
Let 1y =1,
)\2(K1,oo,oo; Kl) =~1++ \/5
Therefore
forrm =1,r >r3>1,
0 < Ag(Ki,rp a3 K1) € =1+ V2,
Let Ty = 2,

A2{K3, 00,00 K1) = =2 4+ /6 = 0.449490 > —1 + /3.
Therefore, Ky o 0; K7 is a critical family for Ay > —1+ /2.
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A2 (KOO,‘!‘:!,T:A; K, ) = 'r‘ﬁmoo Az (Kf‘l 2,73y K, )
] —t
exists and is the largest root of

(T’g 4 rg + 1))\2 + 2rorg A — rory = 0.

Therefore

— 2.2 1
MoKy s Iy ) = 7278+ VI375 + rars(r2 + 75+ 1)

ro+rg+1
:—7‘2?‘3 + \/(?'2 -+ 1)(?"3 -+ 1)\/7‘2?"3 (4 27)
9+ 713+ 1 ’ '

For the parameters vy > r3 > 1, the infinite families satisfy the inclusion

relation
Koo,rg,ra; K, C KOO,OO,T‘;j; K.

In order that
0 < /\2(Koo,r2,r3;K1) S -1 -+ \/5,

one only needs to start from the critical family Koo oo2; K1 for Ay > —1 4+ /2
as in the (1.2),

Let 72 = r3 = 2. From (4.27)

AZ(KOO,Z,Q;KI) = 2/5 < -1 + \/5

Therefore

forrmy > 1,7 = 2,73 =2,
0 < XKy, 2,2 K1) < =1+ V2.

Let 73 = 3 > r3 = 2,. From (4.27)

A (Koo a2 K1) =—14 /2.

Therefore

for i > 1,7y =3,73 =2,
0 < Ag(K-,-l’;;,g;Kl) < -1+ \/5

Let ry =4 > r3 = 2,. From (4.27)

-8+ 2v30

- = 0.422064 > —1 4+ /2.

A (Koo K1) =
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Therefore, K 4,2; K7 s a critical family for Ay > —1 + /2.

(L5)
/\2(Kr1,oo,r3§Kl): lim ’)\Z(KTI,’PQ,T:;,;KI)

Ty 00
exists and is the largest root of

(T‘l + T'3)A2 + 2ryrg A~ riry = 0.

Therefore

—r173 + A/Ti7% + rira(ry +r
Mo (Ery oo,ry3 K1) = — \/:"134-7'31 sl (4.28)

"The formula (4.28) is symmetric with respect to r; and r3. For the independent
parameters ry > 1,73 > 1, because the infinite families satisfy the inclusion

relations

Krl,oo,ra;Kl - Koc,oo,rg,;Kl:
and

K’r'l,oo,'r';;; K, C Krl,oo,oo,; Ky,
to obtain

0 < X2(Kr,y 0,055 K1) < =1+ /2,

one only needs to start from the critical family K s0,00,2; K1 Tor Ay > —1 + V2
as in the (I1.2), and the critical family Ky 6,005 K1 for Ay > —1 4+ 2 as in the
(I.3). Only ry > 2 and r3 > 2 need to be considered.

Let r; = 2,73 = 2., From (4.28)
M(Kzc02; K1) = =14 V2.
Therefore

forry =2,79 213 =2,73 =2,
0 < Aa(Kapy2; K1) < =142 (4.29)

Let r1 = 3,73 = 2,. From (4.28)

—6 + /66
5

M(Koosa; K1) = = 0.424808 > —1 + /2. (4.30)

‘Therefore, K. 3,00,2; K1 18 a critical family for Ay > —14+ /2. By the symmetry of ry
and 73 in (4.28), (4.29) and (4.30), we see that Kj o 3; K; is also a critical family
for Ay < ~1 4 +/2.
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1

e N

o W

o

o

T2

R

oL By B |

[~ r R s

o

?‘3 A? (KT1 ,TZ,T'3; Kl)

A < —14+V2
2 0.402613
2 0.413319
2
2 0.406718
2 0.411471
2
2 (.409541
2
2 - 0.409541
2 0.413170
2

’\Z(K'f‘hfzﬂ"s; Kl)
where r; >3, 70 >4, r3 =2

Table 10.
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Ao > —14++/2

0.414376

0.414422

0.414430

0.414407



1

[0 S ]

b2

T2

73

A2 (K'l"l ,7‘2,1"3; K].)

Ay € ~14+/2 Ay > —~1++2
0.398995
0.412824

0.415806
0.404918

0.414503
0.404918
0.413022

0.414430
0.410795

0.414474

Az(Krlsr2aT3;K1)
where r 2 2, Ty > 3 = 3.

Table 11.
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Now in order to find all minimal graphs of the form Ko\ ryry; K1 with respect
to Az > —1+ /2, we only need to start from the critical families Ko 4.2; Ky as in
(L4), and K3 o 2; K1 and K3,0,3; K7 as in (L5).

For r4 = 2, because K49, K7 and K3 02; K1 are critical families for
A> —1++/2, only 1 > 3 and ry > 4 need to be considered.

From the Table 10. For

71 = 3T, ro = 4, and r3 = 2;
r =34 9 = 5, and r3 = 2;
ry =3 9 = 6-8, and ry = 2,

0 < MoK, o2 K1) < =1 + /3.

All the minimal graphs of the form of K. ry0,25 81 With respect to Ay > —1+/2

are
ﬁ5 = K3’4,2; Kl with )\2 (ﬁg,) = )\z(KgA,g;Kl) = 0.414376;
.Eﬁa = K5’5 Z,K]_ with /\2(F6) = /\2(K5,5,2; KI) = 0.414422;
Fr = Ky, K, with Xy (F7) = Ay(Kyp.0; Ky) = 0.414430;
Fg = K399; K1 with Az(ﬁg) = /\2(K3’9’2;K1) = (.414407.

For r3 > 3, because Kj o 3; K is a critical family for Xy > —1 + V2, only
r1 = 2 and r2 > 73 > 3 need to be considered.

From the Table 11, for
ry = 24, 9 = 3, and r3 = 3;
7 w2 ro = 4-7, and r3 = 3,

< )\Q(Krl,rg,a;Kl) < -1+ \/5

All the minimal graph of the form of Ky, 7,3 K1 with respect to Ay > —14+4/2
are

ﬁg = K5,3,3;K1 with )\2 (ﬁg) = /\z(K5,3,3;K1) = 0.415806;
Iy = K314,3; Ky ) _With /\2(1‘7‘10) = A (K3,4’3; I(}) = 0.414503;

i = 1(2,3,3; K; with )\g(ﬁll) = Az (K2,3,3;K1) = 0.414430.
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From the Table 11, for

r1=2,72 =4, and r; = 4,
0 < X (Kp4; K1) < —1+ V2,

and
ﬁlg = K2,5,4;K1 with )\z(ﬁlg) = AQ(K2,514;K1) = 0.414474

18 the only minimal graph of the form Ko, rp.4; Ky with respect to Ay > —1 + /2.
Forry > 2,7y > rg > 5,
Ko ryrss K1 K5 4; Ky = Fiy.

There is no graph of the form of Ky rawg; Kb with 7y > 2,75 > r3 > 5 which
satisfies the condition, 0 < Ao(K,, r, ;1 K1) < —1 4 V2.

Case II. Let
t=4, 1=5<t/2,
t.e.s=1, or 2,
G = Kﬁﬂ"zﬂ“:s,?‘q;KS?
with ry > re > 1,73 > 74 > 1.
as in Figure 3(0.

For s = 1, from Lemma 4.1, the eigenvalues of K., 1, rs i K1 other than —1
and 0 can be found out by solving

ww Vi Vo V3V

up f A —rg —ry 0 0
Phrepgria =8 Vo | 1 =4y X opy gy

Vf} 0 —7T1 —T2 A —T4
V; 0 -1 —7Ta —73 A
= /\5 + (—?‘1?‘2 — TIP3 — P74 — T3 — TaPy — r3rqg — 11 — 'I‘g)As
+(—2'r‘1?‘2?"3 —_ 27‘1?"2?‘4 - 27"17'37‘4 — 2?’27’37‘4 — 27‘1?‘2))\2
(=3rirarara + rirgTy + Tar3ra)A + 2ryrerary

Apply Theorem 2.4 with { = 2. Then the

AZ(KTl,T‘z,Ts,T‘.;;Kl):TI Z 72 Z 1:T3 2 T4 2 1
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are monotone increasing in r;,7; = 1,2, 3, 4 and bounded from above.

Then by considering all possible combinations and applying Theorem 2.3 to
combinations of r;,1 <7 < 4, the following hold:

(IL.1)
)\2(Koo,oo,oo,oo; KI) = Tlglloo AZ(KT‘MTLTS,H; Kl)
A
T4—C0
exists and is the largest root of
~3A+2=0.

Therefore

/\2(Koo,oo,oo,oo§K1) = 2/3 > -1+ \/5

Since for r4 > 1
Koo 00,00,00i K1 2 Koo,rg,00,00 K1 2 Koo,oo,00; K1
we have
A2 (Koo,00,00,000 K1) 2 A2 (Koo ry 00,001 K1) = Ao (Koo 00,003 K1)

From (4.24)
A2 (Koo 00,00, K1) =1/2 > ~1 4+ /2.

Therefore in order that

0 < )‘2(Kr17r25r397‘4;K1) < _"1 + ﬁ’
at least one of the parameters ry,ry,74 must be bounded from above and
Koo,1,00,00; K1 18 a critical family for —1 -+ /2.

(IL.2)
Az (Koo,oo,oo,m;Kl) = 1'1151»100 AQ(Krl,rz,r3,r4; Kl)

T —+ 0O
T3 —00
exists and is the largest root of
—2X% — 3reds 4 2r, = 0.

Therefore

-3 +/9 16
-)\2(Koo,oo,oo,r4; Kl) = Tt \/?E rat . (431)

Let r4 = 1. From (4.31)
Me(Koo,c0,0013 K1) = 1/2> =1 4+/2.
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Therefore Koo o,00,1; K1 is a critical family for —1 + /2.

(IL.3)
/\Z(Koo,oo,rg,m§ Ifl) = rlllgloo ’\Z(Kn 2,75, Ty Kl)

Fg— 00

exists and is the largest root of
_)‘3 + (_2T3 - 2T4 - 2)A2 - 3?‘3?’4)\ -+ 2’1"3’]‘4 == ().
Let rg = r4 =1,

-5+/33
)\Z(Koo,oo,l,l; Kl) = ——"2“—

Therefore

for 11 21y >1,m =1,y = 1,
0 < MKy 11 K1) < ~14 V2.

Let T3 = 2,7‘4 =1.
Ao{Koo002,15 K1) = 0.419601 > —1 + /2.

‘Therefore, Ko c0,2,1; K1 is a critical family for Ay > —1 + /2.

(I1.4)
/\2 (KOO,?"z,OO,T‘4; Kl) = T}%}}loo AZ(KT‘l,Tg,T‘3 ,T‘.»;; KI)

r3—o0

exists and is the largest root of

—A3 4 (—2ry — 2r9)A? 4 (—=3rory + T4)A + 2rary = 0.

Let rg = 1, and r4 = 1. From (4.32)
A2(Koo,001; K1) = 0.481194 > —1 4+ /2,

Therefore Koo 1,00,1; K7 Is a critical family for ~1 + /2.
(IL5)
Az (Kﬁ,?*z,ooaoo; Kl) = lim A (KTL,T‘z,Ta,T‘4; Kl)

Ti—+00
roa—00

exists and is the largest root of
2%+ (=2r; ~ 2r)A% + {r1 472 — 3rirg) A 4+ 2ry7g = 0.
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Let ry =73 = 1. From (4.33)

_ =34+V17

A2(K1 100,00 K1) = = 0.561553 > ~1 + /2.

2

Therefore, K7 1,00,00; K1 18 2 critical family for Xy > —1 + V2.

(IL6)
A2(Koo,r2,r3,r4§K1): lim Az(Krl,m,rg,m;Kl)

exists and is the largest root of

(—'?‘2 — T3 —Tg — 1))\3 -+ (—2?‘21‘3 — 27‘2T4 — 2?‘3?‘4 — 27‘2))\2
+(—3?"27’3T4 ~+ 7‘3?‘4)/\ + 2rorsry = 0.

In particular, if r3 = r4 = 1, then (4.34) becomes

(=12 — 3)A% + (—6ry —2)A% 4 (=372 + DA+ 2y
=(A+1)[(=r2 = 3)A% + (=5ry + 1) 4 2ry] = 0.

Then

—5rg + 14 /(1 — 5r3)2 + 8ry(ry + 3)

22 (Koo vy 1,155, ) = 2(ry + 3)

Because the infinite families satisfy the inclusion relations
KOO,T‘Q,T;;,T‘:‘ ; Kl g KOO,OO,T3,T4; K]. b

and
Koo,rz,r;;,m; Kl g Koo,'rz,co,'r.;; Kl ’

arguing as in the (IL.3),
Koo,oo,Q,I; K

is a critical family; and as in (IL4),
Koo 100,15 K1
is a critical family. So in order that
0 < A3(Kooramamas K1) < =14 V2,

only ro > 1,73 > 2,74 > 1 and r3 > r4 need be considered.

Let Ty = 1,7‘3 b 2, ry = 1. From (434),
A2(Koo1,2,1; K1) = 0.409890 < —1 + /2.
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Therefore, for ry > 1,7y = 1,73 = 2,74 = 1,
0 < A(Kra21; K1) < 14 V2.
Let vy = 2,73 == 2,74 = 1. From (4.34),

A(Koo22,1; K1) = -1+ V2

Therefore, for r1 > 1,7y = 2,73 = 2,74 = 1,
0 < A2(Kp 2215 K1) < -1+ V2,
Let ry = 3,73 = 2,74 = 1. From (4.34),

A(Koo 32,15 K1) = 0415872 > —1 + /2.
From (4.105), (4.115) and (4.116), Koo 3,2,1; K1 is a critical family for —1 + /3.
Let 7 = 1,73 = 3,74 = L. From (4.34),
M(Koo1,3,1; K1) = 0.429331 > —1 + /2.
From (4.113), Ko,13,1; K1 is a critical family for —1 + /3.
Let 3 = 1,r3 = 2,74 = 2. From (4.34),
A(Koo1,2,2; K1) = 0457427 > —1 + /2,

From the assumption r3 > r4 > 1, which comes from the symmetry of r5 and 74 in
Kriirars,rsi K1 and (4.113),  Koo122; K is a critical family for —1 + /2.

(IL7)
A2(K?’1,T2,OO=T‘4;K1): lim AQ(KTh?‘z,?‘aﬂ‘q;Kl)

Ty 0O

exists and is the largest root of

(—r1 —7re — 1) N3 + (—2r179 — 2r17ry — 2rarg ) A2
+(—"37‘1T27‘4 + rirg + ?’21‘4))\ + 2rir3ry = 0. (4.35)

Because the infinite families satisfy the inclusion relations

K‘rl,rg,oo,r.;; Kl - KDO,T‘z,OO,'F‘4; Kla

and
Krl T2 10097‘4; K]- C—: Krl ,?"2,00,00; Kl?
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arguing as in (I11.4), Koo 1,00,1; K1 is a critical family; and as in the (1L.5),
K1 1,00,005 K1 is a critical family. So in order that

0< AZ(Krl,rg,oo,r.;;Kl) S —1 + \/§,

only parameters r; > rq > 1, and 74 > 1 need to be considered,

Let r1 = ry = 74 = 1. From (4.35),

Ao{K11,001; K1) = 0.457427 > —1 4+ /2.

Therefore K 1 o0,1 : K7 is a critical family for —1 + /2.

(IL8) Now in order to find all minimum graphs of the form K\ ryrere; K1 where
ry 21y 2 1,y 2> rq > 1, with respect to A > —1 + /2, one only need to start

from the critical families

as in (IL.6); and

as in (IL.7).
Trom Table 12,

if ™= 3ﬂ7,
= 4:
or r =1,
then

Koo301; Ky,

Keo1,3,1: K

Koo1.2,2; K1

K11 00,13 K
r9 = 3, ry = 2, and 7 =1;
9 = 4, T3 = 2, and 74 =1;
g =1, T3 = 3, and 74 =1,

0 < /\2(Kr1,r2,r3,r4;K1) S. _1 + \/ﬁ'

Therefore, all the minimum graphs of the form K. r1,72,r5,mq ) 581 With respect to

Ag > -1+ V2 are
€13 = Kg32.1; K1
{114 = K5 491, K1
Fis = K313, Ko
€16 = K13,292; K1
Fy7 = K145 Ky

with A (Fi3) = Ag(Kp32.1; K1) = 0.414248;
with )\2 (ﬁm,) = /\2(}{5,4,2’1;}-{1) = 0.414255;
with Ao(Fi5) = Ay (Ky 1 51; K1) = 0.420036;
with Ag(ﬁm) =X\ (Kl’l,zjg; Kl) = 0..438447;
with Ay(Fi7) = Ag(Kq 141 K1) = 0.423677.
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™

2

T3

L )\2(-[{?"111“2,"‘"3,7‘4; Kl)

A2 € —14+/2 Ao > —14+2

0.411746
1 0.414024
1 0.414248
1 0.413668
1 0.414255
1 -1 42
1 0.420936
2 0.438447
1 —1++2
1 0.423677

A2(Kr1 2T T Kl)
where 11 2> ry > 1, rs>2ry =1,
and the following conditions are satisfied:
ifrg =1, thenr; >ry >3, 13 > 2, rg = 1.
orifrg > 2, thenr; >ry > 1, r3 > 7y > 2.

Table 12.
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For s = 2. From lemma 4.1, the cigenvalues of Kr) ryrsry: Ka,
where r; > 1y > 1,73 > r4 > 1, other than —1 and 0 can be found by solving

v o w Vi Vo V3V
1 (/\ -1 —ry —-ry 0 0 \
ug | =1 A 0 0 —r3 ~r
il-1 o0 A =Ty =Ty —ry
Vol ~1 0 ~r X —ry —r
Vs 0 -1 —rp —rs X  —r
Vi \ 0 -1 —r1 —ry —r3 A )

2/\6+(-—T‘1T2 m?‘1?‘3—?°17‘4—7‘2?"3 —T2T4—-?"3T4“-?”1 —Tq ~T3 — Ty —'1))\4

PK = det

T1aTg,Tg,. Ty ;K2

H(=2r17a13 — 2rymary — 2r1rary — 2rarsry — 2r17ry — 2r3rg )2
H(=3r1rerary 4 rivers + rirary + rir3ry + Tarars + g + 7arg ) A2
F4r1Tor3Ta A — P1raTaTy
= 0. (4.36)

Because both K, ,, 1 r; Ko — u; and K, o ra,res Ko — g are isomorphic
t0 K, ryrer; K1, and from (4.124) Ki1,4,1 is a minimum graph with respect to
A > —14 /2, it follows that both r1 and r3 must bounded from above in order
that

KTI,Tz,Ts,Tq;KZ S -1 + \/5

(I1.9) From (4.36), for
ry =1, ro = 1, r3 =1, and 7y =1;

0 < XK1, K1) =-14++/2.

The only minimum graph of the form K, rarg,ras Ko With respect to
Az > —1+V2is ~
Fig = K2,1,1,1§ K, with )\Z(FIS) = )\g(Kg,l,],I; Kg) = (.446658.

Case IIT, Let

£>5, 1=5<[t/2),
G = KT11T2’---:rt;K3'

The following cases will be considered.

LI Fort =5,s=1,G = Ky ryrg.ra.05; K1 from Lemma 4.1, the eigenvalues
of Kry ryrarars; K1 Wherte 7y > 1y > > 1,14 > 75 > 1, other than —1 and 0 can
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be found by solving

I SO O (O 7O
u1(A -ry —ra —r3 0 0\

Vi -1 A —Ty —T3 —7T4 —7s

‘/2 -1 -1 A —Tr3 —T4 —Tjy
PKr1,|~2,r3,r4,r5 ) (A) == det

VEJ, -1 -1 —T9 A —T4 —T5

I/4 0 =7 i ~{q )\ —7y

Vi \ 0 —ry —ry —r3 —pg A /
= ,\G-l—(——rlrgwT1fr3—r1T4mT1r5—rgrg—rgr4—rgr5 —T3T4—T375 —T4T5— 7y —ry—73) A
+(=2r1rary ~ 2riTery — 20 Tors — 27 raTy — 2rirars — 2r1rars — 2rorary
—2rar3ry — 2reTars — 2raTary — 2riry — 27y — 27‘2?3))\3
+(=3r1rarary — 3rirorary — Sryrerars — 3rirarary
—3rararars + r1Tars + rorars + rarars — 3rereTs) A
+(—drirorsrars + 20 rorars + 2ryrrars 2rqryrars)A

+3ryrararyrs

Becanse
KT‘1=?“2,T3,7‘4J‘5;K1 - KT‘L,T'QJ‘S,T‘-;; Kl?

and K 41; K, is a minimal graph with respect to Ay > —1 42, rg > 15 > 1
must be bounded from above in order that

K‘I‘l ,1‘2,1‘3,7‘4,’!’5;K2 S _I + ‘\/.2“

For fixed r4 and rj, apply Theorem 2.4 with [ = 2. Then the
A2(KT1,7‘2;7‘31T4,7‘5;Kl):'ri 2lre2r3 21
are monotone increasing in r;, 7 == 1, 2,3 and bounded from above.

)\2 (KOO,DO,OO,Tq ’TS; K]-) = T:}l__l}loo Az (K 1.72,73,7¢ ,T‘5; Kl)

To-—o0 .
Ta—0o0
exists and is the largest root of
—2X% + (=374 — 3r5 — 3)A% — dryrp g + 3rars = 0. (4.37)

Let r4 = 75 = 1. From (4.37)
A2(Koo,00,00,1,1; K1)} = (=7 +v/73) /4 = 0.386001 < —1 + /2.
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Therefore, for ry > 7o > r3 > 1,9y =15 = 1,
0< /\Z(Kf'z,?‘z,?"a,l,l; KI) < -1+ \/i-_) (438)

The only minimal graph of the form of K, ,, vy re; K1
with respect to Ay > —1 + V2 is

F1g - Kl,l,l,Z,i;Kl with )\z(ﬁlg) = )\2(.[(1’1,1’2,1;}-{1) = 0.422594.

(4.39)

(IL1.2) For the general situation, by symmetry one may suppose without loss
of generality that,

t>5, 1=s<[t/2]
G = Krl,:r‘g,...,m;Ks,
where 1 > rg > ... > 1o,

and Ty_geq19i—1 2 Te_getb2i > 1,
fori=1,2,...,s. (4.40)

Because

Krl,'r‘g ..... T4 Ks - {ulauﬂ.a cerny Ui—1, Ugd1y ... 5ut} = Krl,rg,...,'rg;Kla
for 1 <i<s, (4.41)

It follows from (4.38), (4.39), (4.40) and (4.41) that if

0 < AZ(G) = AZ(KT'l,Tg,...,Tt;KS) S ........1 + \/ig

. then

ri=1 t-2s+1<i<¢
and
G = KT},?"E,...,T-;_gs, 1,1,...,1 ; KS'
W—/

235 times

From (4.2), all the eigenvalues of the graph

G - Kr11r23'"art——257 111!"'11 ; Kg

2s times
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other than —~1 and 0 can be found by solving

PKrl'r2 """ r1-~23'1519"'s1;K8
e

23 times

m{[)\g—(Ss—Q))\—l-s—l] A2+ 2-1) _Z

t—2s

22 -1 T+ )

= 0. (4.42)

Apply Theorem 2.4 with { = 2. Then the

AQ(K‘I‘l 325, T 2g, 1,1,...,1 ; KS)
N e

25 times

are monotone increasing in r;,7 = 1,2,...,¢ — 2s and bounded from above. Then
in turn use Theorem 2.3 on r;,1 < i < ¢ — 2s.

From (4.42),

A2 K oo,00,...000, 1,1,...1 ; Ks) = oo A A (K o 11,015 Ks)
N e ey e e —
t—2s times 2s times . 2s times

Tt,_,'gs.—ﬁm

exist and is the largest root of

{[,\2 —(3s—2)A+s—1] — (t —25)(A2 +2) — 1)}()\2 +22-1)*1 =0

(4.43)
Also
thm /\Z(Koo,oo,...,oo, 1,1,...,1 ;K.s) - _}}% Az(KTl,rg,...,ri_ZS,1,1,...,1;Ks)
—oo T S Té_)oo Ny e’
t-25 times 2s times . 25 times
Ty _pg—+ 00
t—oo

exist and is the largest root of

(A?42)0 -1 =0, (4.44)
| Then
llm A2 (Kooc0,..00, 11,1 s Ks) = =1+ 2. _ (4.45)

t—2s times 2s times
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Therefore, (4.39) (4.44) and (4.45) imply that
fort > 5,1 <s<[t/2],
0 < A2(G) = Ma(Ky, pgyr Ko < 14 V2
if and only if
ry > 1, 1 <4<¢t—2s,

and =1, t—25s4+1<i<¢.

In particular, for s = 1. From (4.43), (4.44) and (4.45),

A2 (K co,00,...,00,1,1; K1) = Tlgglo Ao (K oy irgyirypai1,15 K1)
e

53— 00
t—2 times
Ty _g—00

exist and is the largest root of

(V=) —(—2N+2 1) =B =)\ 4 (3 20)A+£ -2 = 0.

Then
—2t+3 8t2 — 32t + 33
A (K o00,..00,1,1; K1) = F3+v T < =1+ V2,
—_— 2(25 - 3)
t—2 times
and
im A2 (K oo,c0,... 0011, K1) = —1 4 V2.
t—o0 N
t~2 times
In (4.42),let s=1,7y =r3 =.-- = p;, = 1. Then the eigenvalues of the graph
G=K,, 11..1;K;
t—1 times

other than —1 and 0 can be found by solving

PK”. 1,1,...,1 K

t—1 times

(=)= +22 - 1) [—F—+(-3)

T [ —
/\+?”1 A+1

] }(A +r)(A+1)3

Il

D e ——

123

A+r)(A =DA+1) = (N + 22 =) [rn(A+ 1) + (¢ ~ 3)(A + r1)] }(A + 1)t |



So
A(Keo, 11,1 3 K1)
N’
t-1 times
is the largest root of
tA2 20— 2)A — (£ —2) = 0.
Then

=20t —2)+/2t2 -6t + 4
A(Ko 10,1, K1) = ( ) ; X

t—1 times
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Fy = 2K, By =P, By = Ay 3, Fy = DBy 1,
M) =1 ME)= "B 2\ (F) =0428007. Ao(F,) = 0.470683.

™ 71 T2
2 T3 T4 T3
Fs - ﬁl? =~ Koy rss K ﬁls - J?'_'\17 & Koy g rares K1
where r;, ¢ =1,2,3 are given where r;, ¢ =1,2,3,4 are given
in Theorem 4.3 Part (II) . in Theorem 4.3 Part (II1) .
2 2
Fig = K3 11,1 K, Py = Ko1K
A2(Fig) = 0.446658. A2(Fio) = 0.422594.

Minimal graphs F' with respect to A (FYy>-1+2
' Figure 31 R
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Theorem 4.3. Let G be a simple graph. Then G is a graph minimal with respect

to

/\Q(G) >

~1++/2

if and only if G is one of the following graphs :

o~

() Fy =2K,, F,

(11)
f*js = Ky 42; Ky
Fo = Ky52; K1
Fy = Ky K1
Fg = K392, K3
Fy = Ks,3,3; K1
Fio = K343, Ky
11 = Ky 8,3 Ka
Fiy = Ky 54; K3

(111)
@3 = Kg391; K1
514 = Ks.4,21; 1
Fis = Kp,13,15 Ka
Fig = K11,2,2; K1
{*:17 = Ky 1415 K4
Fig =Kj111; Ko

(IV)

Fig = K1 3112.1; K3

Proof. Let G be a graph minimal with respect to A(G) >

IfGis dlsconnected because G is minimal, G contains no isolated vertices, and

so (G must be F1 = 2K,.

Suppose G is connected and G # F,

be the MCM-subgraph in G. Then G must be one of the graphs of the form F3 Flg

as in the proof of Theorem 4.2.

= P4, Fg, = A1,3, .ﬁl_ = Cz,z.

with As(F5) = Ma(Kg 405 K1) = 0.414376;
with Ay (Fs) = Aa(Ks 505 K1) = 0.414422;
with Ay (Fy) = Ay (Ky g5 K1) = 0.414430;
with Ao (Fs) = Ao(Ks 925 K1) = 0.414407;
with A2 (Fb) = (K 9.3; K1) = 0.415806;

with )\2(F10) = Az(Kg 4 3,K1) = 0. 414503
with AQ(FH) Ag (Kg,g’;;, Kl) = 0.414430;
with A, (Flz) Ag (K2’5,4; Kl) = 0.414474,

Il

with Ap(Fis) = Mo (Ks g3 K1) = 0.414248;
with Ag(Fia) = As(Ks 42,0 K1) = 0.414255,
with /\2( ) = (Kg 1,3 IJKI) = 0420936,
with )\Q(Fl ) = (K1 1,2 2,K1) = 0438447,
with /\Z(Fl )= 2(K1141,K1):0423677
with Ag(F}g) = (Kg 1.1 1,K2) = (0.446658,

with )\g(ﬁig) =
—-1+V2.

= P4. Let

G >> K?"l,T'g,...,?‘t
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SECTION 5. THE DISTRIBUTION AND DENSITY OF THE SUBDOMINANT
EIGENVALUES OF GRAPHS IN THE INTERVAL [0, =1+ /2

In this section, the distribution and density of subdominant eigenvalues of
simple graphs in the interval [0, 1 + /2] will be determined. The reasons for
investigating this distribution are given in the Introduction.

It is well known that for a simple connected graph G, the following hold:

(I) 22(G) > —1. A2(G) = —1 if and only if G is a complete graph.

(II) If A2(G) > —1, then A3 > 0. Ay = 0 if and only if G is a complete multipartite
graph.

If Ay is a subdominant eigenvalue of simple graph G and 0 < Xy € —1 + /2,
then the fact that G % 2K, implies that only one component G; of G contains
edges, and A2 (G) = Aa(Gy).

Although as the sets of graphs
{G | G is a simple graph and 0 < A(G) < —1 + V2)
#{G | G is a simple graph without isolated vertices, and 0 < M(G) € ~1+v2},

as the sets of real numbers
{A2 | A2 = A2(G) is the subdominant eigenvalue of a simple graph G,
and0<)\25—1+\/§}
= {2 | A2 = A2(@) is the subdominant eigenvalue of a simple graph G,
without isolated vertices and 0 < Ay < —1 + v/2}
= {2 | Az = A2(@) is the subdominant eigenvalue of a connected simple graph G,
and 0 < Ay < —1+ 2}

We do not consider the set of simple graphs G with 0 < M(G) < —1++/2, but
only the distribution and density of the set of the subdominant eigenvalues Ay of
simple graphs in the interval (0, —1 + \/5], without loss of generality, suppose )\, is
the subdominant eigenvalue of a connected simple graph.

Theorem 5.1. In the interval (0, %], among the subdominant eigen;ralues of simple
graphs,
(I) The smallest one is
(A2)min = A2(K1,1,1; K1) = A2(4;,9) = 0.311108.

(II) The second smallest one is
(A2)2na = A2(Ko11; K1) = 0.321637.
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(IIT) The third smallest one is
(A2)3ra = A2(K31,; K1) = 0.325397.

(IV) For r > 1,the rth smallest one is

(A2)rtn = Ao (K115 K1),

(V) .
Hm (A2)r-th = lim Ag(KTI 1;K1) ==
rooo r—oo e 3
Proof. Check all the graphs with 0 < A2 € —1+ /2 listed in Theorem 4.2.

For t = 3, consider the graphs of the form Kr rores K1, with vy > 1,
re 21y > 1.

I ry = r3 = 1, the graphs are
Keai1 K, m=1,2,3,...,
From (4.60), the eigenvalue for Ky vy ,ry; K1 can be found by solving
Pr, 1o (A) =X+ (=8r —1)A — 21 A+ = 0.

The formulas for the roots of (5.1) are complicated; the first three numerical values
for Ay are

(A2)min = A2(K1,1,; K1) = 0.311108,

(A2)2na = A2(Ko1,1; K1) = 0.321637,

(A2)ara = Ag(K3,1,1; K1) = 0.325397. (5.1)
From (4.74),
Iim Az (Krl,l,l; K1) = 1/3. (5.2)

If ro > 1, then
KTI’TZ:Tli;K}- >>K1,2,1;K1'

But
)\2(K1,2,1;K1) = 0.334904 > 1/3 (53)
For t > 4,
Koo, K1 > K115 K4,
but . :
)\2 (KI,I,I,I;KI) = 9357926 > 1/3 (54)
Then (5.1)-(5.4) imply Theorem 5.1.
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Let Aq, ,\g, ooy An and Ag, g, ..., ), be the eigenvalues of a graph G and of its
complement G, respectively, both in non-increasing order.

Definition. (see [6]). An eigenvalue X of a graph G is called a main eigenvalue if
its eigenspace Sy contains a vector X, with the coordinate sum E?:: x,; different
from zero.

From _ B
A:A(G’)zJ—I—A(G’):J——I—A,

where J is the n x n matrix with all entries 1, and I is the n x n identity matrix, if
A is an eigenvalue of G which is not main, then G contains —X — 1 as an eigenvalue
of the same multiplicity as G.

Let
W= {X = {21,%2,...,%,} Zmz = 0} ;
=1
Then dim(W) =n — 1.
Also

n—1, if 85 CW (ie.) is not a main eigenvalue of G);

dim({S5 U W) = {n, if Sx € W (i.e.X is a main cigenvalue of G).

Therefore

dim(85 N W) = dim(Sx) + dim W — dim(S5 U W)
. J dim({S5), if X is not a main eigenvalue of G;
| dim(S5) — 1, if Xis a main eigenvalue of G.

If X is an eigenvector corresponding to A for @ such that E?@ z; =0, then X
is also an eigenvector corresponding to —~A—1 for G. From (5.6), if A is an eigenvalue
of G of multiplicity p > 2, then —~X —1is an eigenvalue of G of multiplicity at least

p— 1L :

Theorem 5.2, If
2 <s<[t/2],

tbenfora,ny
' ri 21,1 =1,2,...,t— 2s,

A2 (KTI,’I"‘g,...,?"t_zﬂ,1,1,...,1 ; KS) == —_I + \/5'
N, e .

23 times
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Ug U2 U1

s — t—2s
Krlar2:"‘;7't—2s 11,1, Ks - (U‘L:l K'l‘"i) U (SP3)’

23 times

wheret >3, r; > 1, i=1,---,t — 2, 1<s<[t/2].

KrlyTQs"'1rt—2sa 151,""1 ; K3
S e

22 times

wheret >3, r; > 1,i=1,--- t — 2s, 1<s<[E/2)

- Figure 32
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Proof. The complement graph

t—2s
Koirari_ge 11,1 Ko = 8P U U K,
Nt

2s times

as in Figure 32,
If 2 < s <[t/2], then from (5.13), —+/2 is the smallest eigenvalue of

K’I‘i W2, T2y, 1,1,...,1 ;KS
\—V_J

23 times
of multiplicity s > 2. So —1+ /2 is an eigenvalue of

KT‘; V2 ey =g, 1,1,...,1 ; KB
S’
2s times
with multiplicity at least s —1 > 1.
From formula (2.4) in the Corollary to Theorem 2.5,

'\2(K7'1 P P AP 1,1,...,1 ; KS) ...<.. M_l + \/5-
N,
2s times
Therefore
Az(Krl1T2:"'!rt—23!}'117"'71 ; K3) = _1 + \/5
S

2s times

where r; > 1, i=1,2,3,... t — 2s, 2<s<[t/2).

Theorem 5.2 can also be proved directly from (5.1) and (4.42), because the

- eigenvalues of the graph
KT;[ T2y, Tr—2s, 1,1,...,1 ; KS
——

235 times

~other than —1 and 0 can be found by solving

PKrl.rz.-u,r‘;_zs,1,1,...,1;Ks

25 times

t—2s
:{[Az—(Bs—Q)/\+s—-l] ()\2+2,\~1)E A+TJ}

t—2s

A+ -1 [T +r) =0.

=1
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Theorem 5.3. If A} is a limit point of subdominant eigenvalues of simple graphs
and 0 < A} < =1+ /2. Then there are fixed integers

t>3,t>k>1,

fixed integers
L<ji<ja<...<jp <t

and fixed integers
ri 2 Lig{j,|1<g<k}, and1<i<t,

such that

K’rl T 2aeeesTy — 1300 TS 1sen P — 1500, T 1 50Ty 1T Kl

is one of the infinite families of graphs listed in Table 1 3, and

* .
Ay = ’Xg(Kﬁ,T‘27---;T‘j1—1aOOJ‘j1+1,---,Tjk—1100,f‘jk+1 ----- Tt—lﬂ"le)

is the limit value for the subdominant eigenvalues for the corresponding infinite
families of graphs.

Proof, Let {G,} be a sequence of connected simple graphs such that
0< A= lim A\(G,) < -1+ V2. (5.5)
n—0o0
By considering subsequences, without loss of generality, suppose

Gn = Krl,n 3T2,n1---y7‘in,n; KS’
where t, >3, n=1,2,3,..., (5.6)

are graphs in the list of Theorem 4.2. which satisfy the condition

0 < Xa(Gn) < -1+ V2. (5.7)

From Theorem 5.3, without loss of generality, suppose that in (5.6) s =1,

Gn = Krllﬂ,rz,n,...,mm" ) Kl:
>3, n=1,2,3,... (5.8)

are graphs listed in Theorem 4.2, with s = 1 and (5.7) satisfied.
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(D)t =3

Koo,1; Ky A(Koo1,1; K1) =1/3 = 0.333333
(I t=4
8rat 144/ (1=587r5)24-8r5(ra+3

KOO?.,«2,1,1;K1 )\2(}(00,,“2’111;]{1) — 2 \/(2(r2+23)) ra(rat3)
Koo,00,1,15 K1 A2 (Koo00,1,13 Ky ) = =538 — 0372981
Koo,2,1; Ky A (Koo1.21; K1) = 0.40989
(I ¢t > 5

\-‘,-—.J v, it

t—1 times t—1 times
Koo00,...,00,1,1; K1 A2(K oo, 00, 1,1; K1) = =HHSRAERHSS 1 1 \/5

t—2 times t—2 times

B0y ey 00, PR 1 eyt —g,1,1 U K
S’

h times

/\2 (Koo,...,oo,'rh+1,...,1';._2,1,1 U K].) < —]- + \/§
\ﬁ,—}'

h times

where 1 < h <t -2,

~214344/8:2 _32¢ 433

.,oo,rh_,_l,...,rt_2,1,1UK1)S 2({{—3)

and
_(t—2)+\/1£ 2!2—Si+4 SAZ(Koo,..

h times

A3 = Lm0 (Ag)n
where 0 < A} < -1+ /2
t23r2rg> - Zrg > 1, and 7,y Zre > 1

Table 13
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(II) t = 4

Koo 00,113 K1
Koo,rg,l,l; Kl

Koo121; K1
K221 Ky

(IID) ¢ > 5

Keo1,..11; K1
N

t—1 times

Koo,oo,...,oo,l,l; KI
N i’

t—2 times

h times

M{Kooo01; K1) = =14+ /2

- 2 Tol 1™
AZ(KOO,T‘Q,I;K].) = 2 :24_‘:22( 2+2) < _]. ”'i‘ \/5

bl 7‘2 (8] 1
Ao (Ko o0,1; Ky) = VD) g 5

A (K1 00,000 K1) = =14+ /2

- r24r3(rs
Ao (Koo g Ky ) = VDD gy
M(Koo2,2; K1) =2/5=0.4
A(Koo3,2; K1) = ~14++/2

A2(K9 00,2 K1) = ~1+ V2

M {Koo00,1,13 K1) = =5238 — 0379981 < ~1 4 /2

—~5r —575)2 48+,
Mol Koo 1,17 ) = Z2EHEVQ I Prbnatd) gy 5
A2 (Koo1,2,1; K1) = 0.409890 < —1 + /2

A(Koo221; K1) =—1++/2

M(Koo1,..11; K1) = ==2+ tztE_ﬁtM < ~1+4+/2
—

t—1 times
) — =203+ AP TR
A (K oo, 00,11 K1) = 2t+3"'2(,58_t3) 326433 1 4. 4/7
t—2 times

21,1 U Ky

Az(KOO,--.,DOTh+1,...,1"1_2,1,1 U K]_) < _'1 + \/5
N, s’

h times
where 1<h<t—2;

and _,, . ST
{t 2)+WS’\2(KOQ’_,_,QO,'P.&+1.....rt_g,l.IUKl)S_21+3+ TR

2(1—3)

h times

™ ,Tg,...,?‘jl..l ,OO,'r‘jl_l.l ,...,’r‘jkwl,OC,TJ',C+1,...,?“¢_1,T‘1«, 3 KS

Where G < Ag(K""l 7T21"'srj1—17oovr.?'1+1 !'“1T'jk-“~1;°o3r.fk+11"-:"'!—1,7‘1; KS) S _1 +\/§

t23ri2re > 2921, andry g > > 1

Tuble 14.
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Furthermore, for the purpose of determining
A0 <)) < -1+v2},

the limit points of Il; in the interval (0,—1 + v/2), for the graphs of the form
Koy py,.r; Ko wWith 0 < A2 (G) < —1 4 /2 listed in Theorem 4.2, only s = 1 needs
to be considered and finitely many graphs of the form Kp) ro....r; K1 in the cases
t =3, or t = 4 may be dropped. Therefore, without loss of generality, suppose that
Gpn, n=1,2,3,... in (5.8) are graphs that come from the infinite families of the
form of K. ; K1 listed in the following Table 14. Tuable 14 is compiled from

T1,72,.0,7

the Proof of Theorem 4.2.

If in (5.8) .
supii, § = o0,

by cousidering subsequences, one may suppose without loss of generality that,

lim ¢, = oo,
n—oo

Let

{'U»n} = V(Gn) - V(KT‘1,mT2,n.---a‘f't,,,n)?
n=123,.... (5.9)

Then from (5.8) and (5.9),
Gnl{un ,Ul'l,ﬁgll,...,‘vtn'l} = Atn'"‘2,27

and
A; = lim )\g(Gn) > lim )\g(Atn....QQ) =1+ \/§

which contradicts (5.5). Therefore

sup{t, } = tmax < 00,

where {y,, must be a positive integer,

Then the sequence
G = Krl,“,rg‘,,,...,nn_n;Kla bn 2> 37 n= 1a27 3,...
contains infinitely many different graphs and

3 < sup{tp} = tmax < co.
n .
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Since sup,, {t,} is finite, by the Pigeonhole Principle, there is a positive integer
t
3 <t < fmax

such that there is a subsequence {G,, } of {G,} which satisfies
Gy = Koy o ramgseirin, 3 K1, 1=1,2,3,. (5.10)

where ¢ is fixed for all graphs {G,,,}, 1=1,2,3,....

The graph sequence
{Gn 11=1,2,3,...}

contains graphs with infinitely many different A2(Gr).
Consider the infinite sequences
{'rl,n;}, [ = 1:2533'“ ?

{romt, I = 1,2,3,...,
{T33"1}5 l: 15213:"'7

{rem}, 1=1,2,3,....

For the sequence
{T’]_’n!}, = 1,2,3,.. .y

there are two cases.

Case 1. If
sup{rin, | 1=1,2,3,...} = oo, (5.11)

let
{Tl,mp}: p= 15233:---

be a subsequence of
{Tl,n;}; l = 192:33" ty

such that
lim 71, = oo. ' (5.12)
p—roo P
Case 2. If
L<sup{rin, [1=1,2,3,...} = 71 max < 00, (5.13)

then {ry,}, 1 =1,2,3,.. .} is an infinite sequence of positive integers and it is
bounded from above. By the Pigeonhole Principle, there is a fixed positive integer
1) .
1 _<. 1 S 'rl,maxa (514)
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and a subsequence
{Tl,mp }, P = 1, 2, 3, ..

of
{?"1’"!}, l=1,2,3,...,

such that
Tim, =71 forp=1,23,.... (5.15)
For the subsequence

{ram, ), p=1,2,3,... (5.16)

of the sequence
{TZ,TL:}? 1=123,...,

there are two cases.

Case 1. If
sup{ra,n, | 1=1,2,3,...} = oo, (5.17)

let
{rom, }, ¢=1,2,3,...

be a subsequence of
{rom, 1, p=1,2,3,...,

such that

lim 7y ,, = oo. (518)
gt OO Pg
Case 2. If
1 <sup{rem, [1=1,2,3,...} = rp max < o0, (5.19)

then {Tg,mq}, ¢ = 1,2,3,... is an infinite sequence of positive integers and it is
bounded from above. By the Pigeonhole Principle, there is a fixed positive integer

Ta,
1 S ) S 72 maxs (520)

and a subsequence
{‘rl,’ﬂlpq }a q= 1, 2, 3, Cos

of
{Tl,n;p}: p= 1:2a3:- v

such that
Ty, =T2 forg=1,2,3,.... (5.21)

We repeat this procedure to get ¢ times altogether. Without loss of generality,
we may suppose for 1 <4 <¢, : '
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either
lim r; ,, = oo,
— OO

or there is a fixed positive integer r;, such that

Timg =Ti for 1=1,2,3,....

Let
1<j1<ja< - <jp <ty (5.22)

be all subscripts which satisfy the condition

im rj o, =00, for 1 <g<k. (5.23)

{l—oo
Let

{inde, it ={i]ig {j, |1 <g<k} and1<i<t}
where 1 <4y <idp... <y <t (5.24)

be all subscripts which satisfy the condition that there is a fixed positive integers
.0 < h <t -k

such that
Tip i = Tig s for [ = 13 2: 3) v (525)

From (5.10), and (5.22)-(5.25),

Gn; = Kr

LimproesTig e l,nysTiy Tig1,ny LEERILA TS T8 BECTIT L Y ,Ttn—k—{-l,n! ey g K]-’

1=1,2,3,.... (5.26)

From (5.5), (5.7) and (5.22)-(5.26),

0<A3= lim Ay(Gn)

- lli)r(r)lo Krl,n“---ﬂ'il—-l,n;sril 1Ti1+1,nl,-")rt—-k—1,nl yrt—kyrt—k+1,nl3"'17'1—1,?1] y’rt,ﬂl’Kl
= lim (K K1)

7, oo 2 T1:72,...,T 441

i, —00

'I‘jk—N'.)O
=W :¢ K
- 2( LA R FRRPPE PR W= 1 o S PR 3 BN BTN (PP N1 o ST R PR .5)

1 1 2 2 k k

< =142 | | -~ (527)
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Observe the infinite families and their corresponding limit values for the sub-
dominant eigenvalues in Table 14. There are some values A3 appearing repeatedly
as limit values for subdominant eigenvalues for the the different infinite familics.

~r 4+ r+r(r+1
OolF e 1) 11 2 1p = (T EVEATERA s

= {AQ(Kl’m7r3’;K1) ’Tg 2 1} (528)

Let ry = 27, in Ag(Koo ry.1; K1); then

—7r2 + /75 4 ra(ry + 2
A2 (Koo 13 K ) = —2 VIt ra(ra +2)

9 +2
—2r 4+ /(2r)2 + 2r(2r + 2)
- 2r + 2
=7+ /12 +r(r + 1)
B r+1
= A2(Kr 00,15 K1), (5.29)
{A2( Kooy 11 K1) |2 > 13 2 {Ma(Ky oo n; K1) | 7 > 1}. (5.30)

Let ro =t — 2,75 > 1,t > 3; then

—T2 + /75 +ra(ry + 2
A (Koo, r 15 K1) = —2 \/r§+22(2 )

_—(=2)+/(t =22+t —2)

t
_ —(t=2)+ V22 "6t + 4
:

= A(Koo,1,1,...1,1; K1), (5.31)
N
t-1 times
)\z(Koo,zgz;Kl) = 2/5 =04 = AQ(KOO,]_,]_,___’]_,I; Kl). (5.32)
N —
9 times

Table 15 lists the first several numerical values of the infinite families
A2(Koo,r,1; K — 1) and A2 (Kr,oo,l; Kl)s
and Table 16 lists the first several numerical values of the infinite families

A2(Koor1,1; K1), Aa(Koo,1,1,..1,1; K1) and A2(K o6 00,...,00,1,1; K1 ).
S et S——

t—1 times t—2 times
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= O Ut W =

Tt = W G0

A2 (Koo,r,l ; Kl)

—r++/r24r(r42)
r+2

1/3 = 0.333333

(=1 +/3)/2 = 0.366025
(-3 +/24)/5 = 0.379796
(—2+ v/10)/3 = 0.387426
(=5 + 2v/15)/7 = 0.392281
(=3 +v/21)/4 = 0.395644
(=7 +4V7)/9 = 0.398112
2/5 = 0.4

(=9 + 6+/5)/11 = 0.401492
(—5+ v/55)/6 = 0.4027

Table 15.
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A (K 0o1; K1)

—r+/r34r(r41)
r+1

+ v/3)/2 = 0.366025
+ /10)/2 = 0.387426
+ V/21}/4 == 0.395644
= 0.4

+ V55)/6 = 0.4027
+ V78)/7 = 0.404537
(=7 + /105)/8 = 0.405869
(—8 +/136)/9 = 0.406878
(—9 + 3v/19)/10 = 0.40767
(=10 -+ +/210) /11 = 0.408307

(-1
(—2
(—3
2/5
(=5
(—6



S

0o -3 & Lo W

11
12
13
14

r>1 /\E(K-oo,r,l,l;Kl)

—574+144/(1—57)24-8r(r+3)

r 3(r+3)

1 (—1++/3)/2 = 0.366025

2 (=9 + v161)/10 = 0.368858
3 (=74 v/85)/6 = 0.369924

4 (—19 + 3/65)/14 = 0.370484
5 (=3 + v14)/2 = 0.370829

6 (—29 + V1273)/18 = 0.371063
7 (~17 + v/429)/10 = 0.371232
8 (—39 + 5/89)/22 = 0.371359
9 (=11 4+ 5v/7)/6 = 0.371459

1

—(t—2)+ V2T 6114
t

1/3 = 0.333333
(—1+/3)/2 = 0.366025
(—3+v24)/5 = 0.379796
(=24 +/10)/3 = 0.387426
(=5 +2/15)/7 = 0.392281
(=6 -+ 2+/21)/8 = 0.395644
(=74 4v7)/9 = 0.398112
2/5 = 0.4

(—9+6+/5)/11 = 0.401492
(—5+ v/55)/6 = 0.4027
(—11 4 1/264)/13 = 0.403698
(=6 4+ v/78)/7 = 0.403698

- Table 16.
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0 (—49 4+ /3241) /26 = 0.37154

A2 (K oo,00,...,00,1,1; K1)
\'ﬁ/-_/

t—2 times

—2t43+4 /81 —33¢133 .
5(i—3) , fort >4

1/3 = 0.333333

(=5 +/33)/2 = 0.372281
(=74 +/73)/4 = 0.386001
(—9+ v/129)/6 = 0.392969
(=114 +/201)/8 = 0.397181
2/5 = 0.4

(—15+/393)/12 = 0.402019
(~17 +/513)/14 = 0.403536
(—19 + v/649)/16 = 0.404717
(=74 v/89)/6 = 0.405664
(—23 + /969) /20 = 0.406438
(=25 + v/1153) /22 = 0.407084



Because of (5.28)(5.32), all the subdominant eigenvalues that appear in
Table 15 also appear in Table 16.

From (5.27), by checking the infinite families and their corresponding limit
values in Table 13 and avoiding the repeating graphs with the same subdominant
eigenvalues in (5.28)—(5.32), one see that Theorem 5.3 holds.

Corollary. If A} is a limit point of subdominant eigenvalues of simple graphs and
0 < A3 < —1+ V2, then there are fixed integers

>3, t—2>k>1,

and fixed integers
2 LE+1<¢ <,

where
Thil 2 Tht2 2" 2749 > L,rpq > 1 > 1,

such that
K

00,00 .00y, TR L1eey Tt — 1,713 K
k times

is one of the infinite families of graphs listed in Table 1 3, and

* — .
)\2 - AZ(KDO’OO,,..’OO,Tjk-I-I1'-‘yri—12""t’Kl)
e e

k times

is the limit value for the subdominant eigenvalues for the corresponding infinite
families of graphs.

Proof. For all the infinite families of graphs of the form
K s ey 1,00, 1y 15000753 41 ettt o3 1
listed in Table 13, the conditions
t>3, t—-2>k>1
are satisfied; the subscripts may be arranged such that
=L =2, ., 0r =k

and
Thil 2 Thtd 2 o002 Te2,Tee1 > T

Then Theorem 5.3 implies that the Corollary holds.
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Theorem 5.4. In the interval (O, =3 ‘g‘/ﬁ} , among the limit points of subdominant
eigenvalues of simple graphs

(1) the smallest one is
(A;)miu = 1/3 = A?(KOO,I,I;KI):
(II) the second smallest one is

. ~14++/3
(A2)gnd == —~2—\/-—(= 0366025) = Az(Koo,l,l,l;Kl),

(I1I) the third smallest one is

9+ V161

(’\2)37'(1 = 10

(= 0.368858) = M\y(Koo0.1.1; K1),

(IV) for v > 1, the (v + 1)-st smallest one is

=57+ 14+ /(1 —57)2 + 8r(r + 3)
2(r + 3)

()\S)(r—l-l)-st = == /\2(Koo,r,1,I§K1)a

(V)

) . . —Or+ 14/ (1 =52 +8(r+3
g, B = Jim, ‘/éma)) -
_ —5+33
= Ve

(= 0.372281) = M (Koo,001.1; K1).
Proof. Check the list in Theorem 5.3, Table 13 and Table 16.
The smallest limit point is given by t = 3, ), (Koo,1,1; K1) =1/3.

For ¢t > 5, among the limit values of subdominant eigenvalues of simple graphs
given by the infinite families of graphs of the form Kerg, o K1,

~3 424

M(Koi111,1; K1) = 5

= 0.379796

gives the smallest one for £ > 5; but

"“—3—2—-@ = 0.379796 > 0.372281 = :.5*“_2‘/_3—3
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For ¢ = 4, among the limit values of subdominant eigenvalues of simple graphs

given by the infinite families of graphs of the form Kpy vy gy K1,

143
A Koo n,1.1; K1) = —5
~97r 4+ 1+ /{1 —5r)2 + 8r(r +3
<MK r11;Kp) = \/;(T n 3; ( )
-3+ /33
< A2(}-{00,':30,1,1;}(1) = “—2}/_—5

where r > 1,

and
-5+ /33
A2(Koo1,2,1; K1) = 0.40989 > ——2—3
Then
-1
r=1, A(Ke1,11; K2} = —»«;—‘/g = 0.366025

gives the second smallest one,

—9 + /161
r=2, AM(Keop211;K3) = —%—6 = (.368858

gives the third smallest one, and

—5r+1++/(1-5)2 +8r(r+3
r2>1, A{Keri1; K1) = \/é(r+3)) ( )

gives the (r + 1)-st smallest one.

Then

=57 -+ 1+ /(1 — 57)2 4+ 8r(r + 3)

53, Aadrman = Jim, 2(r+3)

T 00

—3
= lim /\2 (Koo’r,1’1;K1) = )\2(Koo,oo,1,1;K1) = —%"@ = (.372281.

Recall that Hg) has been defined in the Introduction.
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Definition. Let
e =TI = {\ | Ae = \(G), for G e W), fork=1,2,3, ... ,
chl) = {)\,(j) | J\fh,l) is a limit point ofﬂg{o)}, fork=1,2,3,...,
Hl(f) = {/\f) ] /\Ecz) is a limit point ofl"Il(cl)}, fork=1,2,3,...,

T = (A [ A s 4 Jimit poin of TI®,
fork=1,2,3,...,

Theorem 5.5. For m > 1,
(I) If
A" e e n (o, -1+ v2)],
then there are fixed integers t and k,
123, t—-22>k>m,
and fixed integers r;,

where
Thil 2 Tht2 = 272 > 1, 71 > > 1,

such that
K

00,00,...,00, Th4 15Tt —1,7¢

k times

is one of the infinite families of graphs listed in Table 1 3, and
A;m = A2(1.{ ,oo,‘,‘,oo,T'k+1,---,'f‘z—117‘:;Kl)'
N —

o0

k times

is the limit value for the subdominant eigenvalues for the corresponding infinite
families of graphs.

(I) For m > 1,
mf[II5™ N (0, -1 + v2)]

§:A2(Km,l,1;K1); ifmzl;

—2(mn+2)43++/8(m+2)2—32(m+2)+33 )
( 2\&n5+2)m)3] ( = A K oo,00,..000,1,1; K1), ifm > 2.

m times
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Proof. For (I), use mathematical induction on m.
For m = 1, the Corollary to Theorem 5.3 implies the results hold.

Suppose for m > 1, Theorem 5.5. Part(I) holds.

“For m+ 1, let
A;m+! e Hgm-l—l)’
where -
0< A} < —-1+vV2 (5.33)
Let
{037 )n} € TISY,
where o
0<(A; )n<"’“1+\/§,
and "
0<A; = lim (A7), < —14+v2
For

(A" )y n=1,2,3,...,

by the inductive assumption, there are fixed integers
tn23: tn_Qanzm':

and fixed integers
Tin > lakn+1 Sigtna

where
Thotln 2 Thyd2n 2" 2 Tty_an 2 1, Te yn > Tt = 1,
such that
KOO,OO,...,OO,TJ::"-{-I,ns---s""tﬂu—l,n:rin,n;KI
kp times

is one of the infinite families of graphs listed in the the Table I 3, and
(}‘;m)ﬂ = Ag (I{OO,DO,...,OO,Tknwl-l.ns---srtnﬁl,n;'rt",n;K]-) (534)
S N~
kqy times

is the limit value for the subdominant eigenvalues of the corresponding infinite
families of graphs listed in Table 15.

If in (5.34)
. sup{t,} = oo, _ {5.35)
n . .
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by considering subsequences, one may without loss of generality suppose

lim ¢, = co. (5.36)

== 00

Then from (5.34)-(5.36),
(Agm)n 2 ')‘Z(K1,1,..,,1?K1) = Aa(At,_,2)

inp times

Then

w21

Ay = lim (A7), > lim Aa(As,—32) = =1+ V2,

Nn—00

which contradicts (5.33).

Therefore
sup{t,} = tmax < 00,
L

where ty,y is a positive integer.

Then the sequence

m
(A; )n = A2(I{roo,oo,..,,(:c:,""kﬂ+1,ns---ﬁ"'tn—l,nwrtn,n;}{']-)
N —

kp times
contains infinitely many different real numbers and

3 < Sup{tn} = fmax < 00,
n

sup,, {t,} is finite.
By the Pigeonhole Principle, there is a fixed integer t,
3 S t S tmax
such that there is a subsequence

(A}, 1=1,2,3,...

of
{03}, n=1,2,3,...,
such that
5 e = MK g o, Pk 1m0 ittt mporeomy K1 (5.37)

where ¢ is a fixed positive integer for all
(M Nyl =1,2,3,....
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Because
{kn,}, 1=1,2,3,...

is an infinite sequence, and
m <k, <t—21=1,2,3,...,
where ¢ > 3 is a fixed integer, by the Pigeonhole Principle, there is a fixed integer
E,m<k<t—2

and a subsequence
{kn, }, p=1,2,3,...

of
{kn}, 1=1,2,3,...,
such that i
kmp =k, p=1,23,....
Then from (5.37) and (5.38),
(’\;m)m,, = AQ(Koo,oo,...,OO,T'E+1.n,p ,,,,, Temlymy Ty ;KI)’
k times
p=1,23,..., (5.39)
where B
t>3, and m<k<t-—2 (5.40)

are fixed integers for all
{(A;m)nlp }’ p= 17 2:: 3> M|

and
Tiimg, 20 2 Tt-2m, 2 1, Te—tmy, 2 Tmy, > 1. (5.41)

Because
(8 ), 1P =1,2,3,...)

contains infinitely many different real numbers and both ¢ and & are fixed positive
integers in (5.46), by the Pigeonhole Principle, among the infinite sequences

{ric-l-l,mp}’ p=12,3,... ’
{ch+2,n1p}5 p= 172:33 T

{remy}, p=1,2,3,..., ' (5.42)
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at least one must be unbounded from above.

Because

Tﬁ+1,nrp Z TEJ-HFZ,“IP 2 Tt 2 Tt’mp, (5.43)

(5.42) and (5.43) imply that

sup{r,—c_!_l’mp [p=1,2,3,...} = cc.

Let
{riﬁ+1,ﬂrpﬂ }’ H= 13 23 3: v

be a subsequence of
{Tf"c+1,ntp }, p= 1, 2,3, feay
such that

im r; =00
sy k+1,nrpp ’

Consider the sequence
{Tl_c+2,mpu } H= ].) 23 3) cen

There are two cases.
Case 1. If
S“P{Tic-f-z,n,p“ l#=1,2,3,...} = o0, (5.44)

let
{TI::+2,HIP‘L }= v=123,...

be a subsequence of
{Tk-l-z,n[p# } ,'L = 1) 27 3: vy

such that
V]‘_l__;ngo T;C+2,TLIPH” = 00, (5'45)
Case 2. T
sup{r,—c+2’nrp# lp=1,2,3,...} = Tht2.max < OO, (5.46)

Then by Pigeonhole Principle, there is a subsequence
{Ti,’_l_g,nrp“y }, v = 15 25 3) P

of
{Ti;:-i-z,n;p“ } W= 13 2, 3: sy
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and a fixed integer
Thper Where 1 < TE+2 = Thto,max

such that
"Bt2nn,, T Thpooforv =1,2.3,.... (5.47)

In this case, (5.43) and (5.47) imply that,

00 > Tpyp = Tk, 2 Thtting,, 2 Ty, forv=1,2,3,...  (5.48)

We repeat this procedure to get ¢ — k times altogether. Without loss of
generality, we may suppose

lim 'rfc-i-l

7
p—+o0 My

Iim ry = 00
p—oo k42 anlp :

lm 7y, = co. (5.49)

p—oo

and
Tk+1,mp = Tlmc+1’ for r= 1, 2, 3, PN
Tht2,m, = Thies f0r p=1,2,3,. ..
Tem, = T3 forp=1,2,3,... (5.50)
where 3
m<k<k<t, (5.51)

and 75, 1,75,0,...,7¢ are fixed positive integers for all p=123....

Therefore, from (5.39) and (5.49)-(5.51),

0< A"

. i
= qlggo (A3 )mpq

= lim Ay(K,  Ky)

e ™7 T T \ T, T, ]
g—oc O0,00,...,0Q, k+1’n‘pq sy k’"qu TR n;pq 2 nlpq 3 n;pq
k times
= lim AQ(K T r 'KI)
: ; ey Tk Thflyee st 1,01
qg—oo 00,00 ,,..,00, R+1,n1pq LEad :ﬂipq 1 kF1lareny ) ;

E times
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= lim Aa(K

_ o, 00,...,00, 7L s Thn Tl 1y T 1,73 Kl)
Tk"l‘l.nlp — 00 ) yorey l k+1’nl})q qu
q

TE-}-E,nr — 00 k times
Pq
Tk,ny —00
Pq

def

= /\Z(Koo,oo ..... oo,T‘k+1w-,?*t—1,7't;K1)
k times
< —14++2. (5.52)

Then (5.111) implies that

t>3, m+1<k<t (5.53)

From the Corollary to Theorem 5.3, the infinite familes in (5.52) can be chosen
from Table 13 such that

m1

A2
is the limit value for the subdominant eigenvalue for the corresponding infinite
family of the graphs and & <t — 2 in (5.53). Then (5.53) becomes

t>23m+1<k<t-2 (5.54)
For Part (II).
If 7 = 1, from Theorem 5.4. Part (I),
inf [T5Y 0 (0, —1 + v2)] = (A )min = 1/3 = Ao (Koor.1; K1).
It m > 2, from Part (1),
infle TI8™ M (0, ~1 + V2)]
= inf{ NN e ™ a0, -1+ \/E)]}

= inf Az(Koo,oo,...,oo,Tk+1 peens Pt — 1,7 3 Kl)
N e’

t>3, m<k<t—2,

k times

0< Az(KOO,OO,...,OO,Tk+1:---:"'t—117'1;I{I) <-1+ ‘/5
N

k times

= inf )‘2(Koo,oo,...,oo,rk+1,---,n_1,n;Kl) k=m, t =m+2,

% times
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=X (K o, 00,11 K1)
N e’

m times

( from Table 13)

_ =2(m+2)+ 34 /8(m+2)? - 32(m + 2) + 33
- 2[(m +2) — 3] ’

Theorem 5.6. Let p > 0 be any nonnegative integer. If U, is an open subinterval
of Y =[0,-1+ \/5], such that

Up#0, Up CY = [0, -1+ V2], and U, nTI® =, (5.55)
then there is an open subinterval V,, of U,, such that

Ve# B Vu CU, CY =[0,—-1+ V2], and V, N 1T, = 0, (5.56)

Proof. Use mathematical induction on p.

For p = 0, (5.55) becomes
Up#9, Uy CU, and Uy nTIY = Uy N 1T, = 0.

With Vy = Uy, The Theorem holds.
For p = 1, suppose Uj is an open subinterval of ¥V = [0, —1 + /2], such that

Ur#0,U0 CY = [0,-14 2], and U; nTIY = ¢, (5.57)

where H(zl) is the set of all limit points A} of subdominant eigenvalues of simple
graphs.
Let Wy be a closed interval such that
W = a1, b)), Wy C Un,
where a1 < by, a; and b; are real numbers. (5.58)

If W1 NI, is an infinite set, then because W1 is bounded, so is W; N II,. By
the Bolzano-Weierstrass Theorem, there is a limit point A} of
Wi N1II; CIIz. Then A} is a limit point of 1 P

A3 e | (5.59)
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and A3 is also a limit point of Wi. The fact that Wy is a closed interval implied
that A3 must belong to W;. Then from (5.58),

; e W, C UI. (560)
But then (5.59) and (5.60) imply that
A e Uy NI

which contradicts the assumption (5.57). Therefore Wi N IT, must be a finite set.

Because W) N Il5 is a finite set and from (5.58), W1 is a closed interval with
positive length. Thus there is an open subinterval V; of Wi such that

Vi # 0, NWCW1 CU CY =[0,-1+ V2], and V; NTI, = .

Suppose for p > 2, that Theorem 5.6. holds, i.e., if U, is an open subinterval
of Y =[0,-1+ \/f], such that

Up#9, Up CY =[0,—1+ V2], and U, N T, = ¢,
then there is an open subinterval Vp of Uy, such that

Vp#8, Vua CU, CY =[0,—-1+v2], and V, NI, = §.

For p+ 1, suppose Uy, is an open subinterval of ¥ = [0, —1 + /2] such that
Upy1 # 0, Upp1 CY =[0,-1+ \/ﬁ], and Upyq N Hz(p+1) =0, (5.61)
where TT(**1 is the set of all limit points A" of IT().
Let Wy11 be a closed interval such that

W == [ap-i-l: bp-[»—l}a and Wy, C Upta,
where apy1 < bpy1,ap41 and byyq are real numbers. (5.62)

Wy n ng ) is an infinite set, then because W1 is bounded, so is the set
Wora N l".[gp). By the Bolzano-Weierstrass Theorem, there is a limit point A;Hl of
Wi NTIP) € TI®) | Then A" is a limit point of TIP),

A7 e Pty (5.63)

and A§p+1 is also a limit point of Wyyq1. The fact that Wyt is a closed interval
implies that /\E‘JhLI must belong to Wy, Then from (5.62),

L o

)\2 S~ Wp+1 c Up+1. (5._64)
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But then (5.63) and (5.64) imply that
N € Upyy nIIPHY,

which contradicts the assumption (5.61). Therefore Wpri N I‘Igm) must be a finite
set.
Because Wy, 1 N ng) is a finite set and from (5.62), W11 is a closed interval
with positive length. So there is an open subinterval Up of Wy,
Up ¢ Wp-f—l G Up-i-l CY = [Oa—l + ﬁ]:
such that
Up#8, Up CY = [0, -1 + V2], and U, NI = ¢.

Then by the induction assumption, there is an open subinterval Vp of Uy, such
that

Vp#0, Vp CU, CY =[0,—-14 2], and V, N II, = 0. (5.65)
Take V41 = V,. Then
Vo1 =Vp CUp C Wpi1 CUppa CY = [0,-1+ V7). (5.66)

From (5.65) and (5.66), there is an open subinterval Vpt1 of Upyq, such that
Vor1 #0, Vpr1 CUppn CY =0, -1+ V2], and V,py N T, = 0.

Theorem 5.7. The set of all subdominant eigenvalues of simple graphs is nowhere
dense in the interval [0, —1 + /2].

Proof. Let
Y =1{0,~1+ 2.

The theorem claims that
II: = {Az | A2 = X2(G), G is a simple graph }
is nowhere dense in the interval ¥ = [0, -1 + /2].

For m =0, let
0
(A3 Jmin = (A2)min = 0.311108. (5.67)

For m > 1, from Theorem 5.5, let
(A3 Jmin = I[TIT™ 1 (0, -1 + v/2)]

%:AZ(KOO,].,I;K].)? 1fm:1,

—2(m+2)+3++/8(m+2)2~32(m+2)+33 .
mt2) ;{/(mt:z)_);;] = )\2 (Koo,oo,...,oo,l,l;Kl): if m > 2.

m times
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(5.68)

m . . . .
Then (A} )min is monotone increasing in m and
2

lim (A3 )min = ~1 + V2.

T~ OO

Let

Io = (0, (Az)min) = (0, A2(K13,15 K1) = (0, 0.311108),
h = ((/\2)mina (A;)min) = (0311108, 1/3),

IQ = ((/\;)mina (/\gz)min) = (%: “_5—*;’\/_'33) 3

m—1

I?;l - ((A; )min: (’\;m )min)

_{=2m+ D) +3+/8(m+1)2—32(m+1) + 33
N 2[(m +1) — 3] ’
—2(m +2)+ 3+ 1/8(m +2)2 —32(m +2) + 33
2[(m +2) — 3] ’

(5.69)

Then

Y=[0,-1+V2=AUB
(05U (U 0" | U0+ ).
m={0 m=0 :

(5.70)

where
A= (U Im) (5.71)
m=0

is a union of countably many disjoint bounded open intervals, and

B= (U (Asm)mm) U{O, ~1+ fz} (5.72)
m=0
~ is a union of countable infinite many isolated points,
and AN B =1, (5.73)
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From (5.67), (5.68), and (5.69), for m > 0,

™ N1, =0. (5.74)

Let U # () be any open subset of ¥ = [0, —1 4+ +/2]. Then from Theorem 2.7,
U is a union of countably many disjoint open subintervals of ¥. From (5.76),

U=UNY =UN(AUB)=(UNA)UUnNB). (5.75)

Because B is a union of infinitely many isolated points, (5.69)-(5.75) imply that

o0

U (Uﬂ[m):UO(G Im):UnA;é(D. (5.76).

m==0
From (5.76), there is a fixed integer p > 0, such that

UNI, #0. (5.77)

Because I, is an open interval and U is a union of finitely or countably many
disjoint open intervals in Y, from (5.77), there is an open interval U, such that

Up# 0, and U, C (UNIL,). (5.78)
Then (5.75), (5.77) and (5.78) imply that
Up#0,U, CUCY =[0,~1+ v2],and U, N IIP = ¢, (5.79)
From (5.170) and Theorem 5.6, there is an open subinterval Vp of Uy, such that

Ve#0, VP C U, CY =[0,-1 4+ V2], and V, NI = §.

Then because U is any open subset of [0, —1 + V2], the open subinterval Ve

satisfies
Vo CU, CU C[0,—1+ V2], (5.80)

hence (5.79) and (5.80) imply that IT,, the set of subdominant eigenvalues of simple
graphs is nowhere dense in the interval [0, —1 4 /2], .
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