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ABSTßACT

Thîs thesis is concerned with lt'near ttme-t'nyartant

systems with numerator dynamics in their forward transfer
functions and a tÍme delay in t,he feedback path.

Theorems on the Control I abi I i ty and Stabi ì i ty of

such systems are presented. The major part of the thesis

investigátes the problem of finding a control which will
bring the output of the system from some initìal state to
zero in minimum time and keep it there afterwards. Necessary

conditions for such a time optimal control to exist are

derived. Based on these conditions, the optimal control

can be found by an iterative procedure. The pattern search

of Hooke and Jeeves is introduced. Two examples are given

to demonstrate the techniques of finding the time optimal

control.
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CHAPTER I

I NTRODU CT I ON

I. GENERAL INTRODUCTiON

in the mathematica'l formul ation of a physicai process,

it is often assumed that the.future behavior of the system

depends only upon the present state, and tlrat the influence
of the present state is instantaneous. The latter assumption

leads to a system of ordinary differential equations, which

satìsfactorily describes a great variety of physical processes.

For many plants, however, this description is inadequate; and

the mathemati cal model s cannot be readi'ly derived un j ess

rel ati ons i nvoi vi ng time deì ays are admi tted. The time deì ay

may arise as a result of the distributed nature of the

process, inherent transport lag, or as a consequence of
1

mathematical approximations These processes with

hereditary effects can be described by a system of differential-
2

di fference equati ons

In recent years, considerab'le attention has been

1

A.T. Ful'leF,"0pt'imal Nonlinear Control of Systems
with Pure Delay", International Journal of Controj , Vol.B,

', ' No. 2 ' 1968, PP. 145-.¡ 68.
: .rlj i.Í

2
R. Bel I amn and K. Cooke, Di fferenti al -Di fference

Eq uati ons , ( New York : Academi c Pr
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devoted to the optimal control of these systems with time

de'lay. Due to the di f f i cul ti es i nherent i n the analyti c

treatment of the differential-difference equations, most of
these investigations are on systems wÍth onìy poles in their
transfer function, or on the optimaJ control of systems whose

target set consists of a singte poiht, which is usually the

origin of the state space. very little attention has been

directed towards the problem'of obtaining the optimal control
for systems with zeros in theìr transfer functions (i.e. systems

wi th numerator dynami cs ) , o'r of contro'll ing ttre statê of a system

to a target set which is more than one singìe point in the
.l'

state sp_a.ce. Many physi cal. processes, ho.wever, can only be

approximated mathematically by system models wilth numerator

dynamics. It is important, therefore, to establish techniques

for the optimal control of such systems

I I. THE PROBLEM

This thesis is concerned with the problem of obtaining

the iime optimaì controls for systems with zeros in their
forward transfer function and a pure tÍme delay in the feedback

path. This type of problem arises quite frequently in feedback

control processes, where there is often an inevitable time lag

in the transmission of signals between the sensing device and
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the controller. Figure (I-t
t.¿i I I be consi dered.

) deplcts the class

3

od systems that

with'numeratorF'igure (I-l)" BÌock

dynamics.and time delay in

'','.
.Dl agram of a system

':.

the feedback.

.lì
_rì
,ij

lr::!

where N(s) and D(s)

speci fi cal ly,

N(s) - b s

are polynomlal s

.'.'.'.'.'

k-t

Th'e'transferlfunctioñ, H(s), is of'the form

H(s) = r-t

wl th 'real coeffi c i ents ¡

:. ,,., ,

t-2

ln

S "..;
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and D(s) = s

where

and i

n n-l+a s +
n -'l

+as+a
lo

for a'l l

than n.

4

I-3

i = 0rl12r...rn-ì

I-5

ai and bj are real constants

= 0,lr2r...rk, and k is less

Suppose that

v(t) = u(t) - y(t-t)

where u(t) is the cohtrol

t..: lr(t) l. l; y(t) is th

Then the transfer function

si ngl e-output p'lant whi ch

I i near di f f erenti a'l equati

force which i

e output, and

H(s) represe

can be descri

r-4

s assumed bounded,

r¡ the time delay.

nts a si ngl e-i nput-

bed by.the n-th order

0n:

[Dn +

where þ = d ldt,'kcn.
The probl em i s

which will drive the
t

i ni ti al state

to the

e optimal control strategy

of the syst,em from some

.n-l Dn-l + i. e

= [uook i

vao(o) = y(to+o),

fi nal state,

+ ulD +

br-t Dk-t

aoJv(t)

+ + b-D + boJv(t)
I

I '. 
rrl

::,'i.-::i
tjlrirlìil

'to find th
output y(t)

oe[:t ;01 I-6

vr,*"(o) = o,

in minimum time t*.

o e [-t, 0] l, -7
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Si nce sys tems wi th numerator dynami cs i nvol ve deri v-

atives of the control variable, it is often more desirable to

convert the system state from one co-ordinate system into
another in which the derivatives of the control disappear.

In so doing, the target set is usua'lly transformed from a one-

point set to a smooth k-fold in the neu, co-ordinate system.

Hence the problem of controlling the output state of the plant

with numerator dynamics to the zero state is equivalent to the

problem of controlìing a system from an initial state^to a

function in the state space.

III. A BRIEF SUMMARY AND

PREV I OUS RELATED I,'IORK

: ' The second chapter of this thesis deaìs with the
i

' transformation of the state variab'les of the pìant from one

,,,,.,1 co-ordinate system into another which does not involve
'':
. . derì vati ves of the control force, u ( t) . Vari ous transformati on

,'.t techniques for the ordinary systems without time delay have

been deveìoped, and treated quite exhaustively in t iterature;
?see, for example, the papers by Lee",.Athanassiades and

ì,.;.:: _r- :ì

3
E.B. Lee, '¡0n the Time-optimal Reguìation of Plants with

Numerator Dynamics", IRE Transaction on [utomatic Contro],
Vol . 6, No. 3, 1961 , pp.35T¡52.-
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Fa'l b4, Lani ng and Batti n5, and Hutchi nson6. Most of these

techniques are also applicable to systems with time delay.
1

l,lestdalT has taken some of the results from previous

studi es, f or exampl e, f rom 
'hlei ssB and Buckat o9, to estab'l i sh

control'lability and stability criteria for the general 'l inear

time-delay systems. Chapter III restates, extends and proves

some of these theorems presented by l,lestda'l i n order to

obtain more complete and easily agnt icable conditions on

M. Athanassiades and P. Falb, "Time 0ptimal
Plants with Numerator Dynamics", IRE Ï¡tnsaction on
Control , Vol . 7 , No. 4, 1 962, pP. f4- - -

5
J. H. Lani ng and

Automatic Contro'l , (New
R.H. Battin, Bglndqm Lrqcesses in
York : McGraw-mT¡;t9õtJ pp. I9F197 .

the Contro'l lability of Delay-Differential
on Control , Vol . 5, No. 4, 1967 ,

Contro'l for
Automatic

6
C. E. Hutchi nson, "Mi nimum-Time Control of a Li near

Combi nati on of State Vari abl es " , Techni cal Report No. 63.l I
(Stanford, Cal i forni a : System Theory Laboratory, Stanford
University, Aug.ust, 1963)

7
.lohn A.S. l,lestdal, "Time 0ptimat Control of Linear

Systems with Delay" (Unpub'l ished Master's thesis, The
Uni vers i ty of Mani toba , I 969 ) .

,.8
L. l'lei ss, "0n

Sysyems", SIAM Journal
pp.575-587.

9
A.F. Buckalo, "Expl

of Linear Systems with Time
Automatic tontro'l , Voì. 13,

icit Conditions for Controllabiì ity
Lag " , I EEE Transacti ons on
No. 2,1968, pp. 193-195.

j. ."_ | rii'

. l :l
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cancellation, control'labitity and stabiìity of the time delay

system with numerator dynamics. The idea of cancel'lation and

stabiìity for ordinary systems without delay has been

investigated by Butman and sivanlg as well as by 0gatall.
It is found that most of these results can be appìied to
systems with numerator dynamics with or without time delay.

The optimal contro'l probl em for time del ay systems has

been investigated extensively in literature. In many of the

studies of !h. optimal control problem, the dellay system was

considered to have a distinctive difference from the ordinary
differentia'l equation system. Howe-ver, Repinl2 and Ichikawal3

showed that the dynamics of a time delay could be approximated

by a system of ordinary differential equations, if their
dimensi onat i ty i s al I owed to become i nfi ni te. Chapter IV

'10

S. Butman and R. Sivan, "0n Cancellations, Contro'l lability
and 0bservabili!y", IEEF Trgnsactions on Automatic Contro'l,
Vol .9, July I 964, pp. 3T7:31€. j -

State Space_4nalysis of Çontrol Systems,
Prentice-Hall Inc., 1967), pp. 388:X92;

¿'
12

Iu.M. ReÞin, "0n the Approximate Replacement of
lvstems with Lag by 0rdinary Dynanical Systems", Journal of
Applied Mathematics and Mechanics, Vo1. 29, No. 2, T965[ -pp. 254-264.

l3
K. Ichikawa, "Pontryagin's Maximum Princip'l e in

0ptimizing Time-Delay Systems", Electrical Engineeiing in
,Japan, Vol, 87 , No. I2,- Dec. l OOf,l[7E:af-

It
K. 0gata,

(Englewood Cl íffs;

.j t tl
. :. :i.i;
.¡ 

'¡.1ii::]
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fol I ows Ichi kawa's approach to obtai n the optimal sondi ti ons

for the I inear time-invariant system with de'lay. The time

optimal probl em has been i nvesti gated bef ore, see, f or examp'le,

the papers by 0guztorelil4, Kharatishvilil5, Ragg and

Stap'l etonl6, Ba'lakirevlT, and StebbinglS. These studies were

only concerned with the problem of reducing the error to zero

in minimum time, without consideration of the problem of

keeping it there afterwards. In other words, these studies

lvere on the attainability problem rather than on the settling

14 ¡

M.N. 0guztoreli, "A Time 0ptimal Control Problem for
Systems Described by Differential. Difference Equations",. SIAM

+u,rnal Qn Control , A-I-3, '1963, pp, 290-3'10

l5
G. L. Kharati shvi l i , "The Maximum Pri nci pl e i n the

Ihggr.y of 0ptimal Processes with a Delay", Soviet Mathematics -
Dokl¡d.v, Vol . 2, 

.l 
961 , pp. 28-32.

l6
B.C. Ragg and C.A. Stapleton, "Time 0ptima'l Control of

Second 0rder Systems with Transport Lag", Internatjonal Journal
of Cont,rol , Vol . 9, No. 3, I969, pp . 2ß-2V.

: _i:r .: i

t7
V. S. Ba'laki rev, -"The 'Pri nci pl e of the Maximum i n the

Theory of Second Order 0ptimal Systems", Automation and Remote
contrôl , Vol . 93 , No. B,' Aug. 1962, pp. 948:9'56.

]B
J.D. Stebbing, "An Investigation into the Time 0ptimaì

Control of Linear Systems with Deìay" (unpublished Master's
thesis, The University of Manitoba,. 1967).

¡:'.l
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problem. hlestdallg considered the settling problem; however,

he only dealt with a one-point target set. In systems with

numerator dynamics, the target set is usually a function in

the state space. The time optimat regulation problem for

these systems i s equi val ent to that of control I i ng the state

of a delay system to a smooth k-fold and keeping it there

afterwards. Very little attention has been devoted to this
problem. Chung and Lee20 have considered the optimal contro'l

prob'lem of steeri ng the system state to a target set G; how-

ever, they used quite a general cost index and specified the

fi nal time. Chapter IV, therefore, aI so i nvesti gates the

transversal i ty condi ti ons for thi s type of settl i ng probl em,

in particular, on plants with n poìes and one zero. Chapter

concentrates on the second and third order systems with onìy

one zero; two examples are given here

Prggress in the field of optimal control for systems

with delay has been hampered by the difficulties involved in

the ana'lysis of differential-difference equations. It is
'mportant, therefore, to deveì op effi ci ent a1 gori thms to

handle these equations. In sy'nth.es.izi'ng the optimaì contro'l

t9

20

l.Jestdal,

V

loc. cit..t
;l

t

D.H
Time Del ays "
pp.54B-575.

Chung and E. B.
SIAM Journal on

Lee, "Li near 0pt i ma'l Sys tems wi th
, 4, .l966,Control , Vol
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f or time del ay systems, especi al'ly i n the case of systems wi th

numerator dynamics and where usually more than two system

parameters are i nvol ved, i t i s almost impossi bl e to obtai n

a sol ution unless some sort of mul tidimensiona'l direct
search strategy is used. Krur..2l has developed a method for
solving the problem of optimal control based on the theory of
Dynami c Programmi ng , and MacKi nnon22 i ntroduced an aì gori thm

for the numericaì calculation of an optimal control by means

of a variational calculus approach. However, both methods

depend on known terminal timei therefore, they cannot be used

for the time optimal contro'l problem. McAu'luy23 has rec.ently

published a method for finding the control function u(t)
which minimizes a function of the fina'l values of the state
variables PIx(t])l by means of a gradient method. Again

McAulay's method requires that the terminal time be known.

Appendix A introduces a multidimensionaì direct seanch strategy,

21
J . D. R. Kramer Jr. ,

Time Lag", Information and

22

of Linear Systems with
" 3, 1 960, pp . 299-326.

wi th Time

"0n Control
Control, Vol

D. MacKinnon, "0ptimal Control of Systems with Pure Time
De'lays using a Variational frogramming Approach", IEEE Trnasactions
on Automatic Control, Vol . 12, No. 3, June 1967, pþ.-ZSS-:ßT-

23
R. ,i . McAu I ay , "A Grad i ent Me thod f or Sys tems

Deìays and its Appl ications to llaveform Desi9h", IEEE
on Aut9mati c Contiol , ,Vol . 14, No. 3, ,lune I 969, ÞÞ,-
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the pattern search of Hooke and Jeeve r24. Dìfferential-
difference equations can be solved quite easiìy on the IBM

System 360 digital computer by means of the Continuous System

,,,,,;.;..il Modelling Program (CSMP s/360). Coupled with CSMp s/360,
by adjustment of the system parameters methodicalry in
accordance with the pattern search strategy, the time optimaì

control for the deìay systems can be obtained quite easily.
some of the computer programmes used in this thesis are given

in Appendices B and C.

24
R. Hooke and T.A. Jeeves, "'Direct Search' So'lutionof Numey'ical and Statistical Problems'r, Journal' of the

Associati on for Computi ng Machi nery., Vól . T, pp ,a1772n,
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CHAPTER I I

TRANSFORMATI ON

Consider the prob'l em given in Section (I.2). In many

practi cal schemes, the time op.tima'l control i s usual ly a rel ay-

type control . Consequently, plants with numerator dynamics
)

may cause discontinuities in some .of. the variables used to

describe the movement of the system; therefore, it is often

more desirable to consider the problem in a co-ordinate system

which does not involve derivatives of the control variable"

Under such a transformation, the target is usualìy transformed
' from a one-point set to a smooth k-fold. Chapter II is devoted

j to the problem of finding such a state representation of the

system, and on the resulting target set under such a transfor-,

analogous to that for ordinary systems without time delayl 
"

.,1

I. TRANSFORMATION

Consider the pl ant (I -5) " The numerator poìynomiaì ¡l(s)

in the transfen function is assumed to be of order k = (n-'l);

M. Athans and P.L" Falb, 0ptimal Control,(New York:
McGraw-Hi I I Book Company, 1966 ) pF; TEFI f



h v(t)
n-l

,n

t¡Ãrlçtç.;-il;+r-!f t!ffi
l

l3

I I -I

TT-2

II-3

+b
.o

bn_lsn-l * bn-zrn'2+ ... + brs

t.::.1.\.::::{ì

f'

i.e.

H(s)
sI

y(s) N(s)
=-=-=v(s) D(s) + un-lrn-l + + uls + ôo

i n the control force, a

components x., (t), xr(t)
In order to eliminate the derivatives

state vector x(t) Ís constructed with

..., xn(t)2 such t,hat

,2
Note that this transformation technique can only be

appl i ed to the time de'lay systems wi th lg(ln -l ) . If k=n, then
x,(t) = y(t) - h.u(t) + h".y(t-r). It would be impossib'le to
obtain an explicit relatiôn of y(t) in terms of x(t) and u(t).

3

0r, written in a concise form, for i = 2,3,

(r) :¡] u('-r ) (t)hi.,
m=l

x (t) = y(t)
*ltr) = y(i -r )

l

Fo'l 1 owi ng the deri vati on techni que of Athans and Fal b3 ,

ci t.Atha ns and Fa I b , g-p..
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if h.¡ , hn_,n are

h.t

hn -,

=b
=b

n-l n-m-l
-Ë lrm i=l

for
n-l

= b - E i¡h¡o i'=1

proved that

h¡ui* 
lt

m = 1r2r.... ,(n-2)

II-5

.
II-6

TT-7

then i t

and

n

can be

x (t)
'i

; (r) =
n

x (r) + h v(t),
i+l f

for f = ll12r.""' ,(n-l)
n-l

- 
iå 

ui*.iu1 (t) u hnv(t)

Derivatives in v(t) have thereby been eliminated"

Recaì I that

v(t)=u(t)-Y(t-t)
-./

so that the diffenential-difference equation satisfied
can be written 'in the form

l, 0

0 I """ 0

e e : c. e o. o e .c e a

0 0 ,e e e 1

-a¡, -aZ o'."' -an-l

by

ii-8

x(r)

(

I

ï.

I

it (r)
*2(r)

n-l (t
in(r)

0

0

eo;

0

-ao

xr(t)
xr(t)

xn-, (t)
xn(t)

ri

(qq'n. cont'd. )
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-h
I

-h

-h n- I

-h
n

't

h

.,:

h_n- |

h
n

u(r)

aaaa

00
00

00
00

x (r-t)
1

x (r-t)

xn-r(L-t
x (t-t

n

)

)

+ II-9

ïr-10

or, more succinctly, as

¡-fr) = A x(r) + A å(t-.) + hu(r)
0l

Suppose that the t.ransfer function has only k-zeros

and n-poles, with k<(n-1 ). Substituting in

bn-l = bn-z =

and b¡. f 0, it can be

hold, except that

= bk*r = o,

seen that Eqs. (II-9) and (iI-10) sril l

= 0 II-ll

ir-12

i:,

and

n-k-l
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n-m-l
h - b - X h.a.n-m m i i*m

i=n-k

n-l
þ = b - x a.h.
¡ 0 lt

l=n-K

:-:l..-;;'J''..,É:)¿j|-]:J.:':ii'..:J-i-?;i/..l1..v.,.1:',1:|.:!."::i.:.'.

t6

II-I3

II-I4

Under this transformation of co-ordinate systems, the

ìi target set, of course, will also be changed. The following
secti on i s concerned v^Ji th the transf ormed target set. The case

of the dynamicaì system with k-zeros (k < (n-l)) witl be discussed. l

The net,,, target set, under this transformation, is êssentially
the same as that for the ordinary system without time delay. I

For the case þ = (n-l), the derivation is more straight-forward
. . and i s compl etely ana'logous . The deri vati on here f o'l I ows the

method by Athans and Fa'lb4

I I . TRANSFORMED TARGET SET

Suppose that there exists an admissible time optimal

contro'l u(t) (i.e. lu(t) I S I ) which steers the output y(t) from

some initial state ya (o), oe [-t,0], to zero in minimum time

t*, and keeps it there for all t ¿ t*. Then the output vector

Athans and Fa'l b, g-p_. ci t. , pp.. 647 -660.
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=0 II-.l5

for all t +*

x(t) =

Setting hl = hZ =

wi th n-po'les and k-zeros can

sys tem :

y(r)
y(r)

y(n-iii,,
y(n-l ) (t)

=þ =Q,the' n-K- |

be represented by

dynami ca'l sys tem

the fol 1 owi ng

x', (t) =

x (t) =
2

2(r)

(r)
3

=x

=x

X

X

x

x

(t)
n-k-l

x (t)
n-k

(t)
n-k+l

.'' (t )
n-k

(r)
n-k+l

(t)
n-k+2

;

aa

n-l
X a.x. -I l+l

i=0

hx
n-k 'l

h
n-k+l

(t)

(t-t) + h

x (t-t) +
l--

u(r)
n-k

h u(t)
n-k+l

=x

II-.l6

aaaaa

*ntt) =

aa

rrnx, (t-t ) + hnu (t )

r:,:¡.]:: ]

". a;..j



where

and

= y(r)

x (r)
n-k+l

h y(r-t)
n-k

+h
n-k

h u(t)
n-k

.18

rL -17

II-IB

t*

II-I9

x (t)
l

x (t) = y(r)
2

x (t)
n-k

x (r)
n-k+l

x (t)
n; k+2

'(;-L-l 
Iv (t)

(n-t¡
v (t) +

(n-k+l )v (t) u(t)y(t-t) - h
n-k

+h v(t-r) - h

.:

aaa

(k-1 )

u(r)
n-k+ln-k+ì

aa

. (n-l'x (t) = y
n

SettÍ ng y(t) = y(t) =

tha t
0, for t ì t*, implies

v

(r)
n-k

(n-t
=y ) (t) =

l.:;!j,l
:l:;iri:i

= ...'= x (t) = 0 for all
n-k

xr(t) = xr(t)

= h [x (t-t)
n-k l

t*.

u(t)l ror atl

t>

t>
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Let ¡(t) represent

components are the last k

!h. k-dimensional

components'of the

19.

vector whose

vector x(t)¡ i.e.

rL -20

t¿t*

II-2I
.:

it can be shown that

n(t) =

n (t)t'
n (t)

2

n (t)

x (t)
n-k+l

x. (t)
n- k+2

aaaaaaaaa

x (r)
n

Substi tutl ng

+ u(t)

' '. " ..t'
" ; .:'

. ;'l

n (r)
I l rl'

u(r)
h
n-k

into the las-t k-equati'ons of Eq. (II-20),
t:::'ì::i

a

!.(t) = q !(r)
l'

for all t TT-22

where

!;:l+i
ìi.:j

,':,.1 :,g:1,
,'''..,'''i
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- an-k ( -an-r+l ) ( -an -k+2 ) ( -un_r )

lr -23

?0

h_
n-k+l

n-k

hn-k+2

0

00
hn-k

h
n

hn-k

isakxkmatrix
The so'lution to Eq is

for all t > t* lI-24

matrix of tq.' ( II-22).

eQ 
( t-t*)

. (rr -22)

I.(t*),¡.(t) =

Q(t-¡*¡
where e i s

Let

s.T (t )

repres e n t
Then, for

the fundamental

II-25

Q ( t-t*¡
ethe fi rs

t ¿ t*,

n (t) =
I

t roh, vector of

q (t) n (t*)
ll

qk(r)l

the fundamental matrix

(t), n{t.}
k
l

i=l
TT -26



0ì"t x (r)
n-k+l

k
=f,q

i =l
(t) x (t,t)

i n-k+i

2t

TT -27

TT -29

II-30

II-3I

II.32

forallt>t*.

If u(t) steers the output y(t) to zero and. keeps it
there afterwards, then

From Eq.

deduced

x (t-.)
l

(rr-1e)

that

= 0, for all t > t* + r II-ZB
:-

and the constraint lu(t) I S l, it can be

and

x (t) = - h u(t)
n-k+l - n-k

hence that

for all t > t* + r
.,1

'-1...

: ;l:i

,-:i

.::.
'. i:

mpl i es that

known that

=b

S I for al'l t > t* +

.rìi: i:l' ,1!:l
'iiail.lrl

Therefore, Eq.

n-k

(II-3t) may be wri tten

4tr),n(ri>

'l
- _ x (r)

h n-k+l
n-k

Eq. (II-30), i n turn,

l

h
n-k

From Eq. (II-lz), it is

for all t ¿ t* + rsl

as
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: (tl, r(t.Þ

22

or

forall t¿t*.
.Let G denote the set of states of x gÍven by

G = { x: x = x = .... s x = 0;:l 2 n-k

1k
x q (t+.¡) x .(t*)b i='l i n-k+i

k

<l II-34

S 1;'for alt t > t* ) II-35

f lrrl, n(t.)

tk
d ilr ei (t+t) xn:k+i (t*)

The time optimal problem of steering the output V(t)
to zero in minimum time t*, and keeping it there afterwards,

therefore, t^êguires that the state aa*r(o), o e[-r,0],
belong to the set G f.or a'll t ¿ t*; hence G is called the

.target set.

l'lhen the pl ant has n-pol es and k-zeros, but no time
.E

de1ay, i t i s k.nown that' the target set

I =',

Ibid.

for all t ¿ t*] II-36
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Except for the term g_(t) and g(t+t), the two sets G and G'

are identical . Therefore, rather than reproducing proofs

which are completely analogous to those for the systems with-

,lr out, delay, three theorems are now stated without proof. The

interested reader is asked to refer to Athans and Falb6 fot^

detaÍ I s of the veri fi cati ons .

Theorem I I -l

]h. eigenvalues of the matrix Q are the zeros of the

system (II-l ).
':-

Theorem I I -2

The target set G, defined by Eq. (II-35), is closed and

convex, and the orgin ! = f. is an element of G.

:

Theorem I I -3

If any of the zeros of the system (II-t) lie in the

right-hand complex'plane, then the target set G consists of a

si ngl e poi nt, the ori gi n of the state space; i . e

J

G = {x: x = 0} II-37

I ::r :,.'.1
.:...:r' li;-l

l From Theorem II-.l, the vectbr g(t+r), and hence the

rbid.
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set G for the system (I I -'l ) can be constructed i f the zeros

are known.. ''

From Theorem ll-2, it can be established that if the.:
''':-:i.'.1: å^--^À ^^¡ ^ 

S^ -ì--^J --^J rt rr. i.:.'1;-'ì uarget set G is closed and convex, then the optimal control
must satisfy Pontryagin's Maximum PrincÍp1e7. Hence for the
I
I inear problem, the time optimal control must be bang-bang in

,,,,1.:,-,¡,] nature, untiì the trajectory intersects the target set G.
.. ::.. :.: 1

After intersection, the control u(t) must be changed so as to
keep the state ¡t*r(o), o e [-t, 0], in G for all t ¿ t*.

lOr l.(o) iD G, ,(:ì cal be found from Eq. (II-19).
.From Theorem II-3, it is ,..'n tnat if th; system (II-l)t -r -

I

contai.ns zeros in the right hand pìane, the optimaì control
probìem is essentia'l ìy ttre same as that f or systems without

'.:
numerator dynamics. This topic has been investigated by

weriaulB, therçfore, the case of 
:right 

hand plane zeros will
not be considered in this thesis.

' : .: 'i

L.I. Rozonoer, "L.S. Pontryagin's Principle of
MaxÏmum in the Theory of Optimal Systems", Avtqmätika i
Telemakhanika, Vol . 20, Nos. l0-'12, 1959,,pil-T4i[T:T4S8;re.cit.

B
,l .A.S. l¡lestdal, "Time 0ptimal Control of Linear

Systems wi th Deì ay" (unprrbl i shed Master's thes i s , the
University of Manitoba, 1969).

.'aì
:::ia:
:1 '.;:
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CHAPTEB I I I

CONTROLLABILITY AND STABILITY

The properti es of stabi I i ty and control I abi t i ty pt ay

an important role in the controì theory. Most of the criteria
used for testing the controllability of a dynamical system

with zeros can also be applied to the system with time deìay

in the feedback. This chapter develops some properties of

controllabil ity and stabiìity.

I. CANCELLATION AND CONTROLLABILITY

Consider the system

x(t) = A x(t) + A ¡.(r-t) + hu(r)
I

where A, A are constant n x n matri.ar,
01

þ = a constant n x I vector,

x(t¡ = an n-dimensional vector,

u(t) = the controì input,

and r is a positive constant representing the time delay.

Let t* be the initia'l time segment such thatto

I I I -.|

E. = {t: t e [to-t, to]] III-2
Lo

Let V represent the Banach space of rea'l n-vector-valued

ii
i

i
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?6

continuous functions, defined on Et , ârìd I, the linear space

of functions, defined on the intervål Itl, ¿*+t1. The system

(III-'l ) is said ,o be contro'l lable to a function g(t) e r
with respect.to the space of initial function y ìf, for any

given -0. e Y, there exists a time t*, lo
I

admi ssi bl e control segment ,lr- , t*+r] , such that

å(t;to,{,u) = g(t), t E It*, t$+r], where x(t;to,E,u) is the

solution of (III-t), starting at to, with initial function

O and control u(t)
The' system is said to be completely state controtlable

to g(t) if , for any initia'l set Et^, it is possibte to

construct an admissible control ufll Ê u, which wiil transfer
:

all given continuous initial functions o(t) to g(t) in the
- :..

fi ni te time i nterval Ito , t*+t] .

The following theorem establishes a necessary and

sufficient condition,for the controltabitity of a general
'l inear time delay system with a scalar input. proof of this

.,' theorem fol I ows that gi ven by Ìlestdal . "

1

:, u[to, t**t] dtnotes the segment of

,,.i y (tl^:. Y.':v:l-the_ intervat Ito, t**t]. U

admi ss i bl e control s .

2

r 
l^lestdal, gI. cìt., pp.U.n:

'l

the functi on

is the set of

1

rt:.

I
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,. ,:i':,t i

:.,:..:,r.1:¡ 0 t
'- ::: r.rhana T nahç^.nnÈa +h^:::,:i:, ¡lhere I represents the n x n matrix.

Theorem III-l
The system

x(t) = A ¡_(t) + A x(t-t) + hu(r)
0l

is completely state controllable if and only if no constant

nonzero row vector H exists, such that

-rs -l
H(sI - A - A e ) h = 0

I I I -3

III-4

III-5

Proof. Suppose that there exists a mn x I system such

x (t) - 
- 

[x (t) - x (t)]-.m rln m-l '. m

where m = some arbitrarily large integer

, x(t) = the n-dimensiona'l vector of the system ( I II-3)
and x. (t) = an n-dimensional vector, i=1 ,2, ,m.

1

Now

l+
-rs (

e = 'l im i
m+ó t

l
T s/m

'l m

J
III-6



It has been shown by Repin3 that

m+co for any function x(t) which

of continuity in the interval It

\(r) converges to ¡(t-r)
fulfills the requÍrements

-r¡ t*]; i.e.

-) @.

¡ â (m+l)n vector

(m+l )n vector

28

as

o

m III-7 ]+n(t) ' x(t-t) as

Hence the system (III-3) can be approximated by the

fol'lowing system of ordinary dìfferential equations of order
.' -: -,

..

..,. )_..

(m+l ) n:

å(t)
ål (t)

r{n(t)

III.B

III-9

III-IO.r'.: 
I

;ìl

x(t¡ =

B=

Repin, g-p.. cit. pp. 254-261 .

¡.

9.

0

¡ô
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and

A=

a (m+l )¡
matrÍx.

sys tem

q

_1
T

q

x (m+l )n matrix,

Then the system

where In is
(III-8) can

Ao

m_I
T

0

09.

9.

0

9.

m
_T'n
T

I

-1
.T

III-I]

III-I2

the n x n identity
be represented by the

I(t) = A X(t) + B u(t)

It is well known that the
'-:

state controllable if and only if
matrix P'', where

Pr

ìs 
:t 

rank

4
K.

( fngl ewood

tE:AB:...:An-lsl
:

It has been proven by Brockett and

system (III-tz)
the composi te

i s compl etely
(m+l )n x (m+1 )n

A.n'.

III..l3
E

Mes arov i c'

9gqtq, State 9pace Analysi s of Control Sj,stems_,
Cl i f fs ¡-]¡gn¿îce-FaTl-Tcæ67) , pp. 3ãil-

5
R. lll. Brockett and

of Multivariable Systems"
and Appl i ca ti ons , Vol . I l

M.D. Mesarovic, "The Reproducibi'l ity
, Journal of Mathemati cal A¡_elÆ_f_:-, frTy T965; pp--s-T4E-s-63; -

'i,::.ìr::.



that the matrix P'

nonzero roy't vector

!. (sI - A) þ = 0

tlestdal 6 has shown that i; thë I imi t as :m

-l -rs(sI - A) B = (sI - A- - A_e I ¡.

30

1l have rank n if and only if no constant

exi sts , such that

wl

!.

-1

...i J.:.

III-I4

I I I -I 5

III-I6

::.:.:

rl

Therefore, the

controll ab'le i f

B (sI
-Ts

-A -Ae )

system (III-3) will be

'no nonzero row vector

l-t

compl etely state

H exi sts, such that

!_

Q. E .0.

suppose that the sys.tem (III-l) represents a system with
.:.

numerator dynamics and the transfer function is

N(s)
H(s) E 

-. 

E

D(s)

bn-îrn-l + bn-zrn-2 + + bl, + bo

h .' ^ n-l+an-ls + +ulr+uos

where D(s) = the denomi nator

s[+u -r[-l+n- |

polynomial

... + ult

of H(s)

+a
o

pp. 7-9,Ì'lestdal, g¿. cit.
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and N(s)

The n

A=
t

and

where

0

0

0

-a
o

.lh r
-h2

-hn-t

-hn

¡.=

a.aa

= the numerator polynomiat ol H(s)

= bn-lrn-l * bn -2rn-2 + ... + blt + oo

A

0

0

I

0

0

0

0

0

0

-a
ì

0

0

t

-an-1

III-I7

I I I.I8

III-:I 9

III.20

0

0

0

:

h1

h
n

b-n- |

n-m-l
b, - 

i:r 
hi ai+m

hr =

hn-t =

m = 
f , 1, 2, ... , o-2,
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If N(s) is of order k. < (n-] ), then

_Lr ll - . . . n
l

þ=
n-k

=Q
n-k:l

j-È::;'ì:.:ì

w., (s)

wr(s)

n-m-l
hn-r = bm - 

i=i-k 
hiui**

From Eq. (IIi-ì7), using repeated

can be deduced that

m = 011 ,2r ..r , k-l

ro}J operati ons , i t

TTT-21

TTT-22

-l(sI - A ),0 ItI - Aol
'h 

=

wn(s)

N(s)

sN(s) - hlD(s)

n,.a a a a a a a

,1-2¡r(s) I - 
i!i'n:i¡¿r*.,.0(s)

,n-lN(s) - nit"rn-i-ln.D(s)
i -l 1

I

I

I

I

)

The matrix (sI - oo)-t b. is said to have no cancelration
if and only jf the po'lynomiaìs wr(s), w2(s), ..¡ , wn(s) and

l:t - Aol have no common factor,, if (sI'- Ao) h has a

'¡

D(s)
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cance'l 'lation, then the system cannot be controlled in the

direction of the cancelled mode. The following lemma is

introduced to provide a necessary and sufficient condition

for cancellation in the transter matrix. Proof of Lemma III-t
f or the del ay system i s compl etely ana'logous to that gi ven by

.,
0gata' for systems without delay

Lemma III-1_'t
The matrix (sI - A ) h has a cancelìatÍon if and onìy

0

if the rank of the matrix
:

(

: A.,h : ... ' Aon-t¡. I rrr-23'u-
iS less than n.

As a consequence of the lemma, the following theorem is l

lêstabl i shed.

Theorem III-z
Consider the system with numerator dynamics,

!(t) = Aox(t) * Alx.(t-t) + tr u(t)

where AO, Al and h are given by Eqs. (III-t7), (III-lB)
and (III-19) respectively. A necessary and sufficient

TTI -24

Ogata, op. cit " , p;389



cond i ti on for

is that (sI

Proof.

rank of

is equal to

the matrix

nonzero rout

It is know¡r

(sI - Ao)

where N(s) and

polynomi al s of

Eq. (III-16).

From Eqs

P = t ¡.: A'h : ...

n. From Brockgtt and

P will have rank n if
vector H exi sts sugh

H(sI - Ag)-lh = o

th at

1

=-
.D(s)

oon-l¡. l

MesarovicS, it is known that

and only if no constant
''.

tha t

III-25

N(s)

34

the system to be completely state controllable
-lAO) 'h has no cancel'lations.

IIf (sI - Ao)-' has no cance'l lations, then the

-t 
h III-26

D(s) represent the numerator and denominator

the transfer function H(s) as given in

. (III-17) to (III-19), it can be deduced that

Brockett and Mesarovic, I oc. ci t
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-rs -1(sI-Ao-At. )
'D(s)+N(s)e-ts

35

N(s)

sN(s) - h1D(s)

oa'a'

nn-2tt(r) _ n;' 
,n-i-2h,0(r)- i=t I

,n-r¡r(,) 
;!l,n-i-tn.,0,,,

Itt -27

h=

Therefore.,

'1 D(s)

D(s) + N(t).]"t
1(sI - Ao) ¡.

III-28

the system (III-24)
i f no constant

h=

From Theorem III-'l , it is
is completely state controllabte
nonzero rob, vector H exi sts., such

-t
H(sI - Ao - At.-tt) 'h 

= o

'

Hence it can be concluded th'at if
vector H exists such that

-l
H(sI - A0) h = 0

then, ho constant nonzero rot¡,l v..to.
-rs -1

!_(st-40-Al. ) h=0

I TT-29

no constant nonzero rovu

ITT-30

H can make

proved that

if and only

that

':r..l:
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In other words, the system (lII-24) is completely

state controllab'le if (sI - Ao)-ln has no cancelrations.
Conversely, if the system (III-24) is not comptetely

state control I abl e, then there exi sts a constant nonzero

ro!r, vector H , su ch tha t
-rs -1

H(sI - A0 - At. ) h = O III-31

whi ch. impl i es that

-l
H(sI-AO) h=0 ¡II-32

-t
Hence P has rank less than n, indicating that (sI - A ) t¡ has

0a cancel I ation.

a. E. D.

From Theorem rrr-2, it can thus be concruded that the

de'lay system wi th zeros i s compl etely state control t abl e i f
and only if the rank.of the matrix p, where

p = [ h : Ao!. : .." i Aon-t¡. ]

II. STABILITY

consider the homogeneous 1 inear time-invariant system

wi th del ay:



1:.:::'Èf;i-*tl4".-- iä.<s{*4

37

!tt¡=Aox(t)+Alr(!-')

which represents the dynamical pìant wi

and u(t) = 0. AO and O., are as given in
(llt-'l8). Fisure (tlt'-t) depicts such

III-33

th numerator dynamics

Eqs. (III-17) and

a homogeneous system.

sense of: bounded-

roots of the

Fig.ure (t¡t-l ). Block Di¡gram of the Homogeneous

System with Time Oelay" "" -' 
'

Thêorem I I I-3

The system (III-33) is stable,.in the.. ,:

input-bounded-output, ìf and only if all the

polynomì a1

N(s).-"t = o

lie in the open left:hand plane.

III-34
a:_Ji

u(s)=



3B

D(s) =

.=

and N(s) =

the denomi nator po'lynomi aì

'h*un-rrn-l+ +urr+

the numerator polynomial in

bn-l rn-l + bn-2sn-2 * +

in H(s)

a
o

H(s)

b-s + blo

III-35

III-36

(rrr-e)

stable if
0.

III-37

Proof. From Eqs.(III-3) to (III-12), it has been shown

that the system (III-3) can be represented by a system of
ordinary differential equations. Setting u(t¡ = O, therefore,
the system (III-33) can be represented by the following system

of order (m+l)n, in the timit as m + æ:

' X(t) = A I-(t)

where the matrices'L(t¡, and A are as defined in Eqs.

and (III-11).
oIt is we'l I known- that the'system (III-36) is

1nd only if every'eigenvalue À of A satisfies Re{À} <

Now, the eigenvalugs of A c.an.be obtained bJ setting

det"(ÀI-A)=0

But

:i::i.l

' ' r:l
c.ft

ì

det. (ÀI
T

Athans and Falb¡ oÞ.

(t +, À1¡ I I I.38

(

cit,ltp.

D (,1)' + N(I)

lii
Êj

li
i.

149
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In the limit as m + @r

det. (ÀI - A) = tim (r * î)tn ID(À) +.-t^*(^)] rrr-3e
m'>æ

since the roots of ( r* t) arways lie in the left-hand-T
plane for m > 0 and r > 0, the.refore the system (III-33) will
be stable if and only if the eigenvalues of the polynomial

D(À)+e-ÀtN(r)=Q

lie in the left hand plane

III-40

Q.E.D.

Vari ous graphi cal techni ques' are avai 1 abl e for determi ni ng

the roots of the polynomial (III-40). ror example, the satche
Diagraml0 can be appîied to obtain the plots of f(s) = D(s)/N(s),
and the unit circje g(s) = -e-"t, as s encirc'les the right
half complex plane. The system wiir be stable if the two ptots
are completely disjoint; oF., if the two intersect, then if
ReIg(s)] > ReIf(s)] when f(s) I ies within the unit circte"
0ther methods that can belapplied are, just to mention a few,
the Direct.Nyquist plot, the D-decomposition and the root-locus
me thod

Appendix c gives a F0RTRAN IV'computer programne which

Bel I man and. Cooke , 9p. ci t.-, pp. 45 Z-4SS 
"

'¡0
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can be used to determine !h. stability of the system (III-33)
using the root Locus method, as developed by Huang and Lill.
Thi s method consi ders the equati on:

D(s)+KN(s)e-ts=0 I I I.4]

where K is the forward gain of the system. If the complex

variab'l e

s=p+ jr¡ III-42

then setting the real and imaginary parts of Eq. (III-41)
equ.a'l to zero, i t can be deduced that

I m I D (o , p ) ] . I m I N ( ur , p ) ] + Re I D ( ,,r , p ) ] . Re I N (, , p ) ]cot or =
ReID(t¡,p)]. tmIN(r¡,p)] - ImIO(,,p)].ReIN(r,p)]

and

= F(o,p) III-43

D(orp)
K= III-44

N(r,p)

. From Eq. (III-43), using p as a parameter, solutions

of ü) can be obtained graphica'l1y by plotting cot (rt) and

F(o,p) versus rD. From the solutions in o and p, the complete

etP

ll
I. Huang and L.L. Li, "Root Locus DetermÍnation of

Linear Systems with Transport Lag", IEEE Transactions on
Automatic'tontrol ,Vol " 12o" No" 3a 0cFT967;6;332:634"
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root I ocus, and hence the gai n cUrve, can be pl otted. l^li th
( = l, the correspondi¡g characteristic values of p of the
system (III-33) can be determined from the gain curve. The

system wilt be stable,if alt these pls are less than zero.

III. DOMAIN OF C.ONTROLLABILITY

Consider again the control process

l(t) = Aox(t) * ArL(t--) + hu(r)

whi ch represents

output of the sys

The domai n

of continuous fun

can be steered to
Banach space of n

control u(t) on s

control u(t) is a

lu(t)l S l" rf r
i s defi ned by Eq.

G = {x: x-=x =r2

the system with numera

tem is y(t) = x, (t).
of G-controllability

ctions x+ (o) = 0(o¡12t,g

the target set G in t
eal continuous functio
ome fi ni te i nterva I t
dm'issible if it satisf
he system has k . zeros 

"
(rr-3s); i.e"

" =x,ì-k=o' 1il,!, o,(

for all t > t*]

I I I.45

III-46

J

tor dynami cs. The

i s defi ned as the

¡ o e [-t, 0], whi

he n-dimensional

ns by an admissibì

.. [to, t*+t]. The

ies the constraint

the target set G

r+t)*n_k*¡ (t*)

set

ch

e

S l;

:i . ..t:
X-to

12
(o) = *(to*o), -T
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for the domain ofThi s defi ni ti on i s

Null Contro'l 'l ability given

s imi I ar to that

by l.lestdul I 3.

lneorem lll-4

Consider the system (III-45)

&(t) = A'x(t) + Alx(r-t) * !,r(t)
with control constraint

lu(t)ls l

40, A.l and h are as def i ned

(III-l 9) respectively. If
(a) the system is completely

(b) every eigenvaJue À of '

in Eqs. (III-17), (III-18) and

!

state control ì abl e, and

of all reaì

conti nuous

r l.o-
that if the

III-45

1-
\v

trt -47

III-48ü(s)=D(s) +N(s).-tt

sati sfi es Re[À] < 0,

then the domain of G-controilability is the set

functions x(t) in v, the Banach space of real

n-dimensional functions on the interval'[r--.,
Proof. It has been proved by l,lest¿alì,4:

,'':,',ì;:r":.ìi

',.,.'.'.;í.¡

l3

t4

Ì'lestdal, g-p.. cit.

Ìlestdal , s¿. cit.

, P. 13.

, pp. l3-.l4.
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system (1il-+s) satisf ies conditions (a) and (b), then all
xr(o) e coIto-t, ro]l5.un be steered to the origin of the
state space.

Now,. it has arso been estabrished in Theorem rr-z
that the set G, defined by (ltt-46), is closed antl convex,

having the origin x = 0 as an element. since alt
å¿(o) e co[to-r, to] can be steered to a point within G,

therefore, the domain of G-controllability is all
xr(o) e 6oIto-r, toJ.

q.E.D.

l5 
coIto-t, to] represents the set of rear functions

continuous for t e Ito-r, to].



CHAPTER lV
OPTIMALITY CONDITIONS

It h;s been shown by Ichiku"ul and Repin2 that the

dynamics of a time delay system described by a set of
differential-difference equations can be expressed in terms

of an infinite-dimensional system of ordinary differential
equations. It has also been established in Chapter II that
the target set G of the detay system with numerator dynamics

is c'losed and convex so that the optìmaì control force must

. 
tatisfy Pontryagin's Maximum Principle. This chapter is

i concerned with the investigation of the optimaì criteri,a
:

and the transversality conditions of the costate of the time

i optimal regul ation probl em. The resul ts obtai ned, êXcept

; for the transversality conditions, are similar to the
?

optimat ity conditions given by Kharatisþvi'l i- und hlestdal4.

.i

I
Ichikawa, loc. cit.

2
Repi n, l oc. cj t.

3
L.S. Pontryagin et. a'l . The Mathematica'l Theorv of

0eLiUgl B[gcesses, ' (New York: I nTFsci ence-pu5]ì-sheË1ñZ) ,pp. 213-226.

l^lestdal, gL. cit., pp,15-27,



I" THE ADJOINT SYSTEM

Probl en IV-l

Consider the system

L{t¡ = Aox(r) * Alå(t-.) + hu(r)

wi th conti nuous i ni ti aì functi on

where

45

IV-I

x(to+o¡ = I_ao(o) = CI.(o) , o e [-t, 0] tU-z

T

40, A1 are nxn constant matrices,

h is a nxl constant column mátrix,
x ( t) , the n-dimensi onal state vector,

and u(t), the control with constraint

IV-3

:'I V -4

such a problem is called a time optimal regulation problem,

or a settl i ng probl em.

lu(t) I s I

The problem is to f ind an optimar contro'r segment ,(to, t*+.r] 
i

that will steer the state r(t) from the initial state
xto (o) = 0.(o), o e [-r, 0], to the target set G in minimum

time t*, and to keep it there afterwards; i.e.

*t*"(o) ,e G, for all, t ¿ t*.

I



Theorem Iy-l

46

r v-5

which

targ e t
(rv-l )

Let t*
vec tor

Let u(t) be a time optimar control for probrem IV-l
transfers t.he initiat state x+ (o), o e [_r,0], to the
set G Let xr(o) denote the"lrur. of the system
on the time optimal ,lujectory corresponding to u(t).
be the minimum time. Then there exists a costate
e(t¡ such thar

(a) pf .l = -AoTp(r) - At,

where R_. 
T ¿enotes theI of 4..

T

u(t)=-sgn{i.Tp

sgn {0} implìes that

TP.( t*r )

u(r)u(r)

ns pose

(t)l

ns

can be repreqented

ifferential equatio

)

d

+

The system (IV-l
ordi nary vector

tra

(b)

where

Proof.

by the

te Ito, t*]

i s undefi ned.

matliemati cal ìy

&(t¡ = Aox(t)

l

Arq(t) +'rru(t)

&1 (t, : '.tr 
[x(t) - åt(r)]

-1lr(t) = m- tl.¡(t) - xz(r)l rv -7
ia.

å(r) ='# tåni,,,(t) ; +n(r)l



l
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where x (t) = L(t-t) as m+ær_m. . ;r 
IV_g

and x. (t) = x(t - E) is an n-dimensional vector-f' m

r = l, 2, , m

Eq. (IV-7) can be written more succincily as

itrl=Ax(r¡+gu(r)

where X(t), A and B are as def ined in Eqs. (III-9), (III-'ll )

and (III-10) respectively. The initiat state x+ (o) = 0.(o),L0

o e [-t, 0], impties an Í-ñitial condition

X(to) = Xo IV-IO

and the target set ða*r(o) e G, for t: t*, implies a target
set

IV-9

rv-t lÅ(t¡ e G' , for all t >'t**t

.-,.''i
::..: I

where G' represents the target set in the (m+])n-dimensional

space; i . e.

Gt = {X: x' !.,, Lz, , \ E G, for atl t ¿ t*+t}
IV-I2

so that G'is closed and convex if G is closed and convex.

Suppose that the costate vector corresponding to the

state is



4g

rv-'t 3

where w- (t) is an n-vector, i = I , Z, , rì, and wO(t) = w( t).
The Hamiltonian for the system (IV-9) is

TTTT
B(t¡ = [w (t) nr (t) e.c q, (t)]

rv-15

rv-t 6

H = 'r + (¡.t.1, u{t} + (nr(t), u{t}
: = 1 + (or(tl, urt) + (.,l'(t), o(ù + (lr(t), o(ù

- €rlo(t)-Lr (t)1, ur (t> -Çrr (r)-r.2(t)1, or(ù
+ "' .Gt+-,(r)-ç(t)1, q,(t>

From Pontryagin's Principle, it can be deduced thatS

and

Eqs. (IV-.l5) and (IV-16) imply rhar

u(t) = -sgn t!.Tw(r)] rv-t7
tTrand . u(r)=-noru(t) #wr(r)

ol

!.j(r) = * turttl - uj+t (r)l
IV-IB

( j = l, 2,,.. , il-l

ùrtr) = -A,Tw(t) -.}qn(t)

IV-14

Athans and Fal b, oÞ. ci t. , p. 383.



!e

and

j = 1,2, ... , m

Then the fol I owi ng rel ati ons can be obtai ned :

Let p.(t) = U(t)

¿¡(,, :# uj(t)

¿(r) = -noTl(t) - p.r(r)

p.j (r) = I te, (r) - L¡*1 (t)l

IV-r 9

IV-23

:': _. .':r

IV-20j = l, 2r... , fi-l

%(r) = * ¡-n.,Te(t) + &n(tl:

and u(t) = -sgn {LTp.(r)} r u-21
':.;l

Taking the Laptace transform of Eq. l,(IV-20)6,'t't can

be shown that:

. ìl
t 
.,,

:

P, (s) = *tr nrTe-(s) \u-zz

In the limit as m + @ ,

p., (t) = AlTg(r).ts

which implies that

p.1 (t) = nrTe(¿+t)

I chi kawa , þ_9.. ü"

tu -24
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Therefore,

and

-nore(t) - n.,Tt(t+.)

-ssn {hTg(t)}

p(r )

u(t)

ru -25

for t r [to, t*] IU-26

Q.E.D.

For the system (II-9) with k

tr.ansfer function,

zeros in the forward

and

Ao=

A'r =

0

0

0

-ao

0

0

- hn-k

0

-al

0

.:.

0

0

0

1

:

0

-42

0

0

0

' 'r'

-an-l

0

0

0

I

0

0

0

ru -27

I V.2B

ri.iì
i1..;ì:l

From Eqs. (IV-25) and

be formed:

(IV-26), the fol1owíng coroìlary can

0 .r.
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.,:..ll::::::l"i

5l

Corol I air IV-l

consider the systen with forward transfer function,

. v(s) b¡sk + bt-lrk-l + + b1s t bo
H(s) = --:-- =

v(s) ,n + u ,rn-l + + a-s + an-l l- -o

and time delay in the feedback path. The control u(t) has

constraint lu(t) l s l. For u(t) to be time optimal, it is
necessary that

(a) p.¡ (t) = aopn(t) - 
t=i-L 

hipi(t+t)
IV-30

nrtr) = ui-lpn(t) - pi_l(r),

i = 2, 3, , n.

n
and (b) u (t) = -sgn { x h., p. (r) } IV-31. i=n-k I I

where

p.T(t) = [n., (t) nr(t) pn(r)]

is the adjoint corresponding to the state vector x(t)
describing the system (IV-29);

hn-k = bk

and h =b -n-m-tn-u.Iì-¡ m i=n-¡ i l+m

LU -32

IV-33



m = 0, 1r 2, ... , k-l

For the system wi th k zeros, from Eq. ( I i -35) , the

target set is

52

G =.. {x: tl =*2= . . . =*n_k=0;
lk

\ ,3r e.i (t+t)*n-*+'¡ (t*)

- l¡

for all t > ttri tV-34

Let ôG denote the boundary of the

aG = {x: x,=x-= =x .=oi I i I ..t z n_¡( lbo i=l ,l

s

(t

et G. Then

+t)xn_k+., (t*)

for all t ¿ t*Ì IV-3S

AG is a smooth (k-l)-fold
In general, the target set is in such a form that no

easy aìgebraic expression can be written for ðG. Rather than

spending a lot of effort in search for an algebraic expression,

only dynam'icaì systems wi th one zero wi t I be cons i dered f rom

noì,,, on. 

-
I I. TRANSVERSALiTY CONDITTONS

I':":::::ii:ì¡ Consi der the dynamical system whose transfer f unction

has onìy one zero, i.e.



b1s + bo
H(s) =

53

IV.36

I V.3B

IV.39

where. ô. , b. = real constants.1J
The control process wi th a time de'ray i n the f eedback

can be represented by the fol Iowing systems of differential -
difference equations:

Ittl = Aox(t) * Atx(r-t) + hu(t) IV.37

where

n n-ls + d _s +
n-1

.+as+alo

0

0

I

-an-l

Ao=

A] =

0l
01

00
-ao -a]

0

0

0

-hn-l

-h
n

0

1

0

-42

0

0

0

0

0'

0

0

0

0

0

0

0

0

0

0

l

i

ln
lì::t

i*

I
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x, (t)

Then

0

0

0

hn-1

h
n

h -=n-l

h-
n

Suppose

= v 1+\n2'ul

and

and

where

þ=

u(t) =

1

oo - an-ibr

th at

= ... = x -(t) =n_ï.

¡

0, for all t > tr(

for all t ¿ t*

forallt>t*

x-(r)
xt (t-r) - l'

or

xn (t*) e-ß( t-¿*¡

IV-40

IV-4I

IU -42

I V-43

I V-44

I V.45

xn(t) =

$=
t:

þ
br

':'.''.i

,:...:,ì

From Eqs.

-blr(t) = xn(r)

Hence the target

(rr-20)

= *n(t*)e

set G is

ro (rr-s5),

-ß(t-t*)

def i ned by

it can be deduced that

for all t ¿ t*+r IV-46

the relation:



55

G = {I: *l="2= =rn:l=9; lxn(t*)l

for al'l t

É' lbt 1.,ßt,

> t*)

for all t r [t*-t, t*]

ru -47

Futhermore,

tn(t) 
* u(t)x., (t-t) = -bl

Since both lxn(t) I and lu(t)
therefore lx., (t-r)l also

Schwarz's inequa'l ity, it can

for all t ¿ t* IV-48

I are bounded for al I t I t*,
bounded for all t ¿ t*. Using

be deduced that

lx., (t) I s t1 + .-ß('-t*)J for al l t e It*-t, t*]

However, thÍs is only a crude upper bound. for lx., (t)1.

Derivation of the exact boundary for lx., (t) I in the interval ,

t e It*-t, t*], is quite involved, and is beyond the scope

of this thesis. At thìs point, it is sufficient to realize

that a least upper bound does exist for lx., (t)l in

t e It*-., t*]. This least upper bound can be described by

a bounded posi tive real de creasi ng function y(t) defi ned

on t e [t*-t, t*] such that

I V.49

Let the delay system be represented by the equivalent

i nfì ni te-dimensi onal system



..:'t,: i

¡trl = AX(r) + Bu(r)

where B and A are as defined in Eqs.(III-'¡ 0) and (III-1.l).
Then the target set G' in the (m+l )n-dimensionaì space is
specified by the equations:

xt(t) = xr(t) = :.. = x -.,.(t) = o

56

Iy-50

IV-5]

::, ,ii.::::i

..:: i,'._ì:l

lxn(t) [ s lb.l leßr

lx., ., (t)l s v, (t*)

lx., ,(t) | s y2(t*)

IV.52

fort>t* IV-53

lx.,r(t) I s ym(r*)

where x'tr(t) represents the first component of the state
ve c tor

x_(t) = å(t-tt)tm

and yr(t) = v(t-Ç);

yr(t*) ì tr_., (t*) ¿ ¿ y(t*)

If there exists a time optimai control whi ch steers
the output y(t) = x.¡ (t) f rom some initial state V¡o (o),
o e [-t, o], to zeror ârìd keeps it there, at f, = t*, one of

t

i

IV-54 i

'. .. )
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i es :

point of the target set G,

and none of the equal í tí es

e target set G at a point in
of the equai i ti es i n Eq .

he trajectory hits the
I

poìnt of G and som.e equajities

rior of G, ancj some of the

tìsfied.
i i I ustrate the time response

d cases (c) and (d) respectively.

the. f ol l

(a) The

¡.c

Ín

(b ) The

the

(iv

int
( c ) The

in

(d) The

equ

tr
a

of x., (t)

owing consi,derations appl

trajectory hits the end

. ar lxn(r")l = lblleßr,
Eq. (iV-53) is satisfied.
trajectory intersects th
inierior of G, and none

-53) is sat'isfied; i.e. t
erior of the tu.gut set G

trajectory hits the end

( IV-53 ) are sati sfi ed.

trajector"y hiis the inte
alities in (ïV-53) are ga

igures (IV-l ) and (IV-2)

for cases, (a) and (b) an

1

¡\
I

::1i¡i

Figu

and none of

re (iV-l). x., (r)
the equal i ties i n

is steered

(IV-5s) is

to the target

s ati sfi ed .

¡:

xl (t*)=0
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(Z*-r)

Fìgure (rV-2). x., (t)
and some of the equal i ti es i

reaches the

n ( IV-53) are

target *l =0

satisfied.
at t=t*

iv-55

consider first the case when the trajectory hits the
end poìnt of G, so that G' is specified by the equations:

lxn(r")l = lbll.ßt

xr(t.k) = free

Cons i der the costate

Pri nci pl e, i t can be

r = l, 2,

!.(t¡ asain.

deduced that

o¿ = l, 2,

From Pontryagi n's Maximum

rr¡

,m

wo(t*) = k ,

ur(t*) = o ,

r,:riar?:riìj!J

1,.

l

;

Case

and r = l, 2, , m

TV-56
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IV-57
j = l, 2, e .. , m

59

Recal I that

qnd

Therefore,

and

that

n(t¡ =

P.j (t )

u(t )

=+ui(t)

P.r(t*) = q ,

p.,(t*) = ko , cr = ì, 2, ..e ¡ Iì

r = l, 2, , m

IV-58

rv-59

From Eqs. (IV-20) to (IV-24), it can be establ ished

')

p.., (t) = nrTl(t+t)

= AlT p.(t + 
(*t).1

D-2
(t) = p.t(r - frt

(t) = e1 (t - Lt-l )rl = n.,T t(t * fil

Therefore in the limit as m + oo ,

TA,' p(t+r¡ = q f,or
I

Hence if the trajectory hits

t e (t*-t, t*] I V-60

the boundary of the target
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set G, the costate

g(r) = - Ao

wh ere

must satisfy

Ï p(t) - o.,t

the cgndi ti on

g(t+t) for t e Ito, t*]

n.,T u(t+t) = o for

or", more simply, the condi tions

n., {r¡ = aopn(t) + bl pn-., (t+r) + (bo - an_tbt )pn(t+r)

e Ito, t*-t]

t e (t*-t, t*]
rv-6'l

ru -62

.tr:.t-r.i.;r-:r 
l

' '::'1" 
r'_ -::,::'

for t

and

p.(a) = a p (t)I on

and

Ri (t) = a.¡ _1pn(t)

with the terminal conditions

Po(t*) = *o ,

for t e (t'r-t, t*]

- pi_l (t) for t r [to, t*] IV.63

i = 2, 3, , n

ct = l, 2, r n IV-64

if the trajectory hits the interior of the target set

G, the necessary conditions that the costate must satisfy are

I.r': I

i

Case

r-i.:1.'



ì'.i:.i

Pontryagin et. a1.', loc. cit"

the same as those in case (a), i.e. Eqs. (l.V-Ol) to (IV-63)

still hold, except that the terminal condition is notv

p (r*)
ct

pn(r*)

=kot

= 0.

ct = l, 2r... , h-l

and
I V-65

that the costateFrom cases (a)

P.(t) must satisfy the

¿(t) = - nore(t)

wi th
T

A.¡ 'g(t+r) = Q for

Condition (IV-66) is exactly the
6Kharati shvi I i' .

target

defi ned

*r

and (b), it can be seen

condi ti ons :

T- At'g(t+r) for t e Ito, t*J

I V-66

t e (t*-t, t*]

same as that given by

Suppose that the trajectory hits the end point of the

set G, and at some poin, rl,r*1(t*¡ on the boundary

by the equatities of Eq. (IV-53), such that'

(4".) = xr(t*) = .e . = xn_r(t*) ='Q

lxn(r*)l = lblleßt

å¡(t*¡ = free, i = l, 2, ... ¡ t ¡ y*2, n*3, ..., m

(eq'n cont'd)

Case



and

Then, i n

and

or that

pc[( r* )

pj(t*)

=kt
c[

=0,

ltl,r*t (ti) | = Y.*r (!i)

x- .-rr = free, j = 2,I r l"* I

addi ti on to the termi nal

3, ; n

condi ti ons

62

IV.6B

,m

there may be a

P-r*1 (t*) =

k r
0

0

0

fq IV.69

I V.7O

IV.71

Now from Eqs.(IV-21) to ( ïV -24) ,

p-, (t - lr)lm

it is known that

T\-
mt

n., (t) = Þr*., (t - þl
Let

I

Tt = la r
rfl

'ràT'

: .-.ì . :.-l

>0 Iy-72



then g.,(t.) = 0 for t e (t*.-t,,t*]
l:-
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ru-73

excePtatt=t*-Tl

In Section ( IV-1 ) , it has been shou,n that

p., (t) = n.,T l(t+t) 
.

The re fo re

ru -24

nrT e(¡+t) = g. fo'r t e (t*-t, t*l
TU-74

except at f, = t* - r' .

Hence if the trajectory hits the end point of G, and

if, at some point

lxl,n*l (t*) I = Yr+l (t*)

i s sati sf i ed, then the costate must sati sfy the neces.sary

condi ti ons

etal = ¡ noTa(t) - n.rTe(t+t) fon t e [to, ¿*-tJ

' ,u -7sa

and p(a) = - noTp(t) for t e (t*-d, t*l ly-75b

with AlTglt**r-r.*.)' f .o' I IV-7Sc

and po(t*) = k cr = 1".2, e .e ,.h IV-7Sd

since Eq. (Iv-75) is a system of tinear differential-

I i''.
¡ i:
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difference equations, it can be. represented by a linear

combination of the equations

p.(.)=-AoTe(t)-Al

wirh AlTp(t*.) - q

and po(t*) =

TP-(t*.) for t " Ito, t*] T\ -7 6a

IV-76b

IV-76c

IY-77a

ru -77b

IY -77 c

ru -77 d

for te (t*-rrt*]

k , e = l, 2, ... t n

).:

and the equations

P.(t)

p.(t)

wi th

and

- noTu(t) - nrTe(t+r)

-noTl( t) for t e

e.,Tl(t**t-t') É q

for t 'e [to, t*-r]

(t*-r, t*]

If the traiectory intersects the target set G, and more

than'one of the equality conditions in Eq. (IV-53) are

satisfied, then the costate p.(t) can be dgscribed by a linear

combination of the solutions of to: (IV-76), and of Eq. (IV-77),

each of which satisfies the corresponding termina'! conditions

n.,Te(t+t) f q at t = t*-t'+ t*-t',1 1j "." IV-79

where t*-r', t*-tl', ... , are the instants in which the

equa'l i ti es i n Eq. ( IV-53 ) are sati sf i ed

i

I

T

m'
:t:.i.'.-jj
.,:: | .i

:r::ll:r.:lii

r..i
:..1
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Substi tuti r r
ng in AOi and Al: from Eqs. (IV-38) and

(IV-39) inro Eqs. (IV-76) and (Iv-171, the cosrare g(t) can

be expressed as a linear combination of the solutions to the

,..1 fol I owi ng equati ons

R., (t) = aopn(t) + btpn_.¡ (t+t) + (bo-blun-l )pn(t+t) 
, y-79a

for te[to,t*-r]

pl (t) = aoRn(t) for t e (t*-t, t*l

o.¡ {a¡ = a¡ 
-1 Rn(t) - pi -, (t) f,or t . [ro, r*] IV-79c

. ,i = Z,3r .,,, r ll

withpo(t*)=ko¡0=lrZr...¡hIV_g0

and ,. ''

I V-79b

trV-Bì a

rv-81 b

f,or t = t* - ro



and

and

p-(t*) = 0

66

rv -82b

I V.B3

rv-84

It is interesting to note that the resurts obtained
here agree exactly with those given by tlestdalT who used a:,

'.1-l reversed time approach.

Case (d)

l'lhen the tra jectory hi ts the Í nteri or of G, and the
boundary poi nt

I *l ,r*l ¡¡*) I = Yr+t (t*)

foìlowing the derivation as in case (c), it can be shown that
' Eqs. (IV-76) to (IV-82) still hold, except that the terminal

conditions in Eqs. (IV-76c) and (Iv-80) now becomes

po(t*) = ko = l, 2r.co , ft-l

pn(t*) = o.

:.t. ::1
:::.':,;:rt:l

::':'l i.:f:'Ii

ì

.

To recapitulate, it can be concluded that if there
exists a time optimal controt which steers the output v(t)
of the nth-o"d.. dynamical system with oniy one zero from

some initial state to zero in minimum time t*, and keeps it
there afterwards, then the,foìlowi¡g'conditÍons must be

sati sfi ed :

I'lestdal , gg. cit., pp. I5-27.
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I V-B5a

I V-85b

l+it+iiiì:;ri.
l.:rir: :).;t;li. ì::::rr::r.
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(l) The costate g(t) must be a solution to the system of

di fferenti al -di fference equati ons

R1 (t) = aoRn(t) + hn-.tpn_l (t+t) + hnpn(t+.)

for t e [to, t*-t]

n1 ta) = aoRn(t) for t e (t*-t, t*l

n., {r) = ui-lpn(t) - pi-t(t) for t e [to, t*] IV-85c

i = 2r.3, ... , lì

(2) If the trajectory hits the interior of the target set G,

then the costate ¿(t), as defined by Eqs. (IV-85), must

sati sfy the termi nal condi ti ons

Ps(t*) = ko ¡ cr = l, 2, o.., n-l
r v-86

Pr(t*) = o

If the trajectory hits the boundary of G, then

p^(t*) = ko r cr = 1r.2, .e e ¡ rì IV-87
qrj

(3) If the trajectory intersects the target set G, and if at

some p.oi nt

lx., (t*-t'-; )l = y(t* - re - fr t r v-88

where r
-,
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is satisfied, then the costate e(t¡ is a'l inear combination

of the solution of Eq. (IV-85), with terminal condition
as described in (2') , depending on the situation, and

the solution of the foìlowing systens of differential -
difference equations:

n., ta) = aopn(t) + h
n_l Pn_, (t+t) + hnPn(t+r)

for t e Ito, t*-t]

for te(t*-r,t*l

I V-B9a

I V-89b

I V-89c

IV-90a

I V- 90b

er

P1

(r)

(t)
P=

i-

t(t) for t e [to, t*]

2r 3, ... ¡ lì

wi th

and

hn_lPn-.¡ (t**t.a¡) + hnpn(t't+r-r') f 0

p.(t" ) = 0

(4) If more than one equality conditions in Eq. (IV-s3) are

satisfied in the proces.s as the.output is steered to
the zero stater Sô¡t at | = t* - T' - rln, t* - r,, - r/rt,
t* - r¡rr -'t/n, and so orì, then the.costate ¿(t) is the

resultant vector of the superposition of the solutions
of equations similar to Eq. (IV-99), with termÍnal

condi ti ons sati sfyÍ ng

hn-l pn_., ( t+r ¡ .+ hnpn ( t+t ) f o rv-91



9?,
Tat | = tI - ru :; , .t: -.]. ' - å , and so on,

and p.(t*) = 0,

upon the linear combination of the solutÍons to Eqs.

(IV-85) and (rV-s9) 
"

(5) If the control has constraint lu(t)l S t for,ail t ¿ 0,

the n

u(t¡ = -sgn {!.T¿(t)l for t . [to, t*] Iu-g2

and

u(t) = x., (t-t) 
f 

xn(t) for r e (r*, r*+rl rv-93

u(r) = - Fxn(r*) e-ß(t-t*) ron r ¿ r*+ r rv-94
l

..'::,1:-¡j_'; t: :: ì
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CHAPTER 
T

EXAMPL ES

In Chapter IV, necessary conditions have been given

for the existence of a time optimal control, which brings the

output y(t) of the nth-order dynamical plant with one zero

from some initiaì state y+ (o) = 0(o), o e [-t,0] to the
Lo

zero state and maintains it-there for all t ¿ t*. Based on

these necessary conditions, the optimal control can be found

quite easiìy by means of an iterative procedure. To

demonstrate the technique, tlvo examples are given here.

From Eq. (IV-TS), it has been shown that the costate of
the system (IV-37) can be described by a system of differential-
di fference equati ons wi th advanced arguments , whi ch i mpl i es

that the adjoint systerh may only be solved for decreasing

time, The.costate can be obtained by means of the method of
steps; but this method ca.n be quite tedious. It is more

desi rabl e to impl ement the probl em on anal og or di gi tal computers.

However, most computers can only work iiì increasing time;
theref ore , to tackl e th i s synthes i s probl em of optima'l controì ,

it is necessary.to convert the costate to a system of linear
diff,erential-difference equations with retarded arguments,

and solve the adjoint in reversed time. A state z(t) is



.i l:i:J

!:. - -..1

defined such that

z(t) = g(t*-t)

7,1

y-l

Since the system considered is time invariant, to

simplify mathematicaì derivations, from now oh, it witt be

assumed that to = O.

' In Eqs" (IV-85) to (IV-94), let n(t¡ be replaced by

¿(t*-t). Then if there exists a time optimat contro'l for
the dynamical system (IV-37), the fottowing conditions must

be sati sf i ed:

(l ) z(t) must be a sol ution to the equations

;, (t) = -uorn(t) - hn-t zn-, (t-t) - hn.n(t-t)
tl -Za

for t e [r, t*]

zr(t) = -uo=n(t) for t e [0, t) V-zb

and
i

a

z. (t) = -a-_lz-(t) + 2., _., (t) for t e [0, t*] y-Zc

i = 2r 3, ".. , tì

(2) If the trajectory hits the interior of the target set

G, then ¿(t), as defined by Eq. (V-2), must satisfy
the termina'l conditions

i,:

zo(o) = ko ,

zn(0) = 0

lii-

v-3
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I f the traj ec to ry hi ts the bou ndary ð G , then

(3) If the trajectory intersects G, and at some point

lx., (t* - r' - *, I = y(l* - r, - fr) v-s

then z(t) is the superposition of the so'l utions of Eqs.

(U-2) and the equations:

z (O¡ = k^ ,cx,(I
0 = 1, 2, , n u-4

V-6a

v-8

, then

r*l V_9

I

2., (t) = - aozn(t) for

i., tt) = -aozn(t) - hn-lzn_l

for

(t-r) - hnrn(t-t)

t e [t, t*] 
V-6b

u-7

t e [0, r)

i., tt) = -ar-rzn(t) + zr-1 (r) for r e [0, r*]

i = 21 3, , n

wi th

hn-l tn-l (t'

and Z(O¡ = 0

(4) If the control

u(t) = -sgn

and

r) + hnzn(t' - t) f
:

r:...t1'r:::l

,..it- ::::l

where

u ( t ) has cons trai nt

{LTa(t* -t ) }

.t I t' ¿ 0

lu(t) I s I

for t e [0,
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u(t) = ,l (t-r) - F xn(t) for t e (r*, r*+rl-l
V.10.

u(t) = - L xn(r*) e-ß(t-tI) ro, r > r**.r,l

Eqs. (U-2) and (V-6) are differential-difference
equations with retarded arguments and can be simulated quite
easiìy on computers. To distinguish the two states in Eqs:

(V-e) and (V-6) from one another, the notations ¿(t) and

I(t¡, respectively, will be used.

Based on these necessary conditions, the time optimaì

contro'l can be synthesi zed by usi ng the fol'lowi ng procedure:
(l ) ApproxÍmate a mjnimum time t* iTFl; it is assumed that

the output can be brought from an i ni ti al state to
zero and maintained there in the time interval
t s [0, t*+1].

(Z) To simplify the probìem, it is also assumed that the

traiectory hits the enveìope of x1(t), as defined by

Eq. (IV-53), at t = tr - r,, -.c/m, and slides along

the envel ope so that

lxl(t-r)l = y(t) for t e i¡* - r'|t - ;, t* - r, - fr:
v-l l

where r¿r,,¿rt¿0

r'and r" are denoted as TPI and TiI respectively in
the computer program. It can be seen from the relation

ii
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u -12

v-13

(4) From sIG, the switchÍng instants TA and rB are obtained,
and hence the control segment tU].

(s) Applying the contro'l force u(t) as described by Eqs.

(V-g) and (V-l 0) , the system is simulated. The time

in which the output reaches the zero state is denoted

as tl = TEND - r¡ where TEND Ís the settling time.
Let ERRTF stand for the di f f erence. between t., and TF,

the finaj time ITF] wilj be equal exactly to the minìmum

- time t* if ERRTF = 0.

(6) By adjustment of the parameters TF, TpI, Z1O, ZZO, ylO,

Y20 ' etc . , the mi nimum time .t*, and hence the contro'l

hn_lzn-., (t,-r) t hn.n(¿-t) I.o

for t e l.',.r"]

that any shape of the terminar condition for the super-
imposed costate L(t) can be approximated by varying
T' and T".

(3) To generate the control ,(0, ¿*+tJ Iu], the terminal
conditions for the adjoint system 21O, ZZO, yl0, yZO,

etc. are a'lso approximated. Together wi th TF, r, and

r" the adjoi nt system is simul ated i n' reversed time to
obtajn SIG, where

sÏc = hT (å+ U for t e [0, t*]

ì.

Ii
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segment u (0, t*+r] ,

can be steered'from

there afterwards.

75

can be f9und, by which the output

an initiaj state to zero and kept

The system ( tV-gZ ) , of course, can be simul ated on

an analog computer, and the parameters adjusted by hand

after each run. However this procedure can be rather tedious

i f done manua'l ly. Use of the di gi ta'l computer i s more 
i

desirable

Simul ati ons can be set up qui te easi ìy on an IBM

System/360 computer by means of the Continuous System

Model i ng Program ( s/360 CSMP ) 
1 . Coupl ed wi th a mul ti -

dimensi onal di rect search subrouti ne, the system can be

simulated on a digitaì computer, and the parameter adjusted

in accordance to the search strategy to obtain the so'lutÍon.

The pattern search of Hooke and Jeeves2 is used in the

examp'les presented here. A bri ef descri pti on of the search

method can be found in Appendix A. The searcþ routine was
a

originaily written for use with F0RTRAN IV". To suit the

System/360 Coltinuous gystem Modeling Program (360-
c X - 'l 6 X ) j]Filãñ-uãT-(F7î:õ67=T I EM=fo-r" põrãffi, r¡ ,fe-õTìniðaffi Department , wi¡ i te P,I äi ns , New York ,
1 968.

Hooke and Jeeves, loc. cit.

MacDonald, loc. cif.

li'lrj
.:.I
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the purpose here, the routine is rewritten for use with
s /360 CSMp.

The search strategy wili be most effective if an
,,.1r., I,i',','' appropriate obiective function can be found to represent

the system. The objective function to be minimized, in
the time optimai probìem here, is ERR, where

ERR = E'l + m., ISEU * r2ISEX2 + v-r 4

El=IERRTFI+(ERRTF)2

ERRTF=t.l -TF v-l5

and iSE stands for integraì square error, so that
ISEU is the integral square error in u(t), âhd ISEX2 is the
integraì square error in xr(t) and so on for t à ¡*.. ü1 ,

^Z are arbitrary large constant multÍpìiers, so that a

run may be penalized for any deviations of the system state
from the target set G, i.e. x(t) É G, and for any inadmissible
control, i.e. lu(t)I ¿ l, for any t ¿ tl. Figure (V_l) gives
the general fl ow diagram of the probi em (IV_.¡ ) .

A SECOND ORDER EXAMPLE

consider a second order dynamicaì system with forward
transfer functi on
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t"::yìa'i31

_,5r/,/uLi.r€

çl/ç-t-tP./
-vt4ILrí/

Fi gure (V-l ) . General f j ow di agram of prob'l em (IV-l ) .

i'r:l

i:.:r

Iì:;ir'i+rr:.-.::
ì-::. :Ì'

-S!/lu/-;i7Ê
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EXC€{Ðt¡/e
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7B

u ^17H(s) =

del ay

u(t) s

;.Figure

s+l

s (s+2)

There i s

a control

for all t

a time

force

¿ 0.

feedback path,

iaint lu(t)ls
a sys tem.

of I second in

ati sfyi ng the

(U-Z) depícts

the

const

such

and

1

Figure (V-2). A Second 0rder System.

From Eqs. (II-3) to (II-10), letting
i

!

v(t-l

the control process can be described

L(r )

x., (t) = y(t)
xr(t) = v(t) +

+ At*(t-l) + hu

ì

= 
"Aol(t 

)
I

I
!

) - u(t)

(t)

V.JB

by the system

ia

H(,s) =

¿+1

a (,s+2¡

v-19
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where

and
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u -20

u -21

ol
ol

/\/io rl i-rI I A,=llo -zl I i l
\)(

( 'l!_=l I

\-t /

i.1t¡ = o
I

i., {r) = -21 (t-j) +

lx"(t*) IL_

Ao=

From Eq.

¿(o) = k

v.t (t) = 0

the target set(rv-47),

0;

for

22ft-1)

for

Q. for all t¿t*]
u -22

u -23

The costate descri bed i n reversed time, i s the I i near

combination of the solutions of the folìowing equations:

t e [0, ])

t e [l,t*]

t e [0, t*]

for

for

t e [0, ])

for

for

t e ['¡ , t*]

t e [0, t*]

i., {t) = -Yl (r-1) + Y2(r-'t )

)r{t) = zr(r) - zzzft)

, Y2(t) = Yt(t) - zY2ft)

I(o) = o

u -24
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BO

wi th Yt (r-i ) F Yz(r-t) I o for

whe re

t

T"

e [t'rttt]

) Tr > 0l>

The

because the

sys tem

matrix

1e) is
where

(lr= 

[-.,

P = t¡. : A'hl

(v-

P,

compl etel y state control l abl e

-'ì

2)

(v-ìe)

ecause

Theorem (IiI-3), the

ì nput-bounded-output

rank

F

boun

eq ua

sys tem

sense b

u -25

is stable in
the roots of

has

the

the

2.

ro¡n

ded -

ti on

,¡(s) =.12*2s+e -tt 
1 r*r ) =o

lie in the open ìeft-hand pìane.
control I abi j i ty i s the enti ne two

of real continuous functions.
The system (v-rg) was simurated on an IBM system/360

Model 65 computer. The minimum time t* and contror segment

'(0, t*l to: various initiar states were"found by means of
the pattern search. Figure (V-3), (V-4) and (V_S) show
the system responses and contro.! sggm.nts required to steer
the ouiput from three different initiar states to zero in
m'in]1um ,]ï_:l .ro mainrain ir.rhere afrerwards. The dashed

Hence the domain of G

dimensional Banach space

! : :._ 1 
_

i.: ': i :.: -
Ì:.:.'rI .:'
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lines in the figures indicate th.e natural responses of the

system (V-lg) when u(t) = Q. Fjsure (V-o) depicts rhe

trai ectori es on the (x., -x2 ) pl ane. The computer program

used for simul ati ng the second order system can be f ound 
',.,,1in Appendix B.

contruction of the optimal contror segment for th. '
system (v-lg) was first attempted using onìy the solution 

i:o,.,,,of Eq. (v-23) as the costate. In other words, keeping z1o ;','1-',',

and 7zo fixed, the optimal control lvas synthesized by a one y..; ,.
i:::' 

-i'r'

dimensional search on TF. However, in so doing, it was

' discovered that for certain in'itial states, it t,,ras impossible
tomaintainthesystemstatesinthetargetsetGwithout
violating the contiol constraint lu(t) I s I for t ¿ TF.

ThelinearcombìnationofEqs"(V-23)and(u-zq)wasthen
1

used as the adjoint system for the system (v-j 9) " Keeping 
i

Z1o and ZZo fixed as before, this became a five dimensional 
l

search: nameìy on TF, r,, r,'; ylo and yro. It t,ras found 
: .1that all initial states could now be steered to G and ,,,;,,.:,

maintained there. Tables (V-f ¡ and (U-Z) show some of the l',i-
l.l_ : :.: t.

data obtai ned

i_,1-::;.,:,.ì

l:.r'.,r: !
:
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B6

' x-lo I5l2l0

i *zo

"z.i lo
0

t.l7
0

I**

0

***
0

***

ERRTF *** *** ***

Tabl e

*** i ndi cates

i ni ti al state

(v-l ). A

that the

coul d not

one dimensional search

trajectory origi nati ng

be mai ntai ned i n G.

on TF.

from thi s

0

0.83
:

0.023 i 0 0.46 0.09 0.5.¡
t¡

9

I 
__ _1 0. e6 '¡ 0.68 t

r,:_r7g_ _l_,oi __;;; 1.¡s --rlr6--4.rg
0.00.¡ o.006 0.004 0.001 0.004 o. o0TF

T

F

R

T

R

i-
1

t

I
I

I
ì
¡F

íL
t

Tabl e (V-2¡ . A f '¡ve dimensi onal search.

: l:t:iì.:il
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A THIRD ORDTR EXAI4PLE

Cons i der a

0,2 second in the

third order system

feedback path and a

s+0.3
H(s) =

(s+t)(s+2)(s+5)

The controì force u(t) must satisfy the contraint

t) I

with a time delay of

forward transfer function

u -26

Ç

lr( <l
E v -27

Figure

dynamics and d ay tn

The process can be

A third order

the feedback.

system with numerator

by the system

+ hu(r)'

(v

el

_71

\ !.(t) = Aox(t)

represented

+ A,x(t-0.
| -'

!

ì-t. -
i ,(¿+l I (¿+Zl (,s+51

2l v-28
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v -g+

From Theorem (r t I -e ) , the system i s compi etely state
control I abl e because p has rank 3.

The adjoint system, in re'versed time, can be described
by a linear combination of the folìowing equations:

2., (t) = -1023(t) for t e [0, O.Z)

zl (!) = -'l 023(t) - zz(r-0.2) + 7.723(t-o.z) for r e lo.z, r*l

zr(t) = z1 (t) - 1723(t)

. 
u for te[O,t*]

zr(t) = zz(t) - 823(r)

ilit¡ =-loY"(t) for re[0,0.2)rJ

i., {t) = -10y3(r) - y2(t-o.z) + 1.7y3(r-0'.2) for r e 10.2, r*l

..1
,:r

wi th 7(0) = k

and

v_35for te[0,t*]

with YZ(t-0.2) - Z.Zy3(t-O.Z) f 0 for t e lr,, t,,l

Y2(t) = v',(t) - 17vr(t)

From Eqs. [V-9), (v-10) and (-y.13],

ir{t¡=vr(t)-8y3(r)

where 0.2 > r" ) Tr > 0.
--:

:ì.:
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u(r) - -sgn {sIG} for t e. (0, t*l
v-36

where stq = {22(r) + 7.T|3GI} + ivr(t) - t.7y3U)}

u.37
and u(t) = rl (t-0.2) - xr(t) tor t e [t*, t*+0.2]

= xr(t*) e-0.3(t-t*¡ v-38

for t ¿ t*+0.2
using u(t) = 0, for air t ¿ 0, the system (v-ee) is

found to be stabl e, because simul ati ons show that the system
state I(t) eventually settles down to the origin from any
arbitrary initial state.

::i:,:.. ì

construction of the time optimar contror u(t) ,,,,as

attempted, ôt first, using onry Eq. (v-¡+) as the costate.
However, i t was di scovered that for the thi rd order system
(v-28), it was impossible maintain the system state in the
target set G without vioiating the contror cgnstraint
lu(t)l S l, for t ¿ TF. The synthesis problem was then tackled
again using the superposition of Eqs. (V_34) and (V-35) as the
adjoint system. The problem, using pattern search, now

became a seven-dimensionar search probì em: name.ry on TF, z1 o'ZZo, T'., T", Yl o and Y Zo. Figure (V-e) and (V-g) show the
subsequent system responses from two di fferent Í ni ti al states
and the correspondi ng optimal control segment , (0, t*+0.2]Fi gure (v-l o) t s the proj ecti on of the trajectori es on the
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(x1-xr), ["3-*z) and [x1 .xr) p'lanes. Tb.e.eflputer prggrar¡l

used to si'mulate tire system tV-28) can be found i.n Appendix B.

In the exampi es , i t was assumed that the trajectori es

will hit the interior of the target set G, rather than the
boundary aG. Attempts have been made to force the trajectory
to the boundary âG of the target set. However, these w.ere

successful only for certai n i ni tial states i n the state
space; and the amount of computer time requíred prohibited
a detai I mappi ng of the i ni ti al states from whi ch the system
state can be steered to ðG. Derivation of the conditions,
which determines when the trajectory would hit the interio, t'

of G, and when it would hit âG, is rather involved, and not
as straightforward as in the case of dynamical systems without
time de1ay, and is beyond the scope of this thesis. However,
it can be mentioned that in the case of the second order
system (V-19)' those system states, that could not be maintained
in the target set G after hitting the target at an interior
point without using a superposition on the adjoint system,
could not be steered to âG as well. From the examples

considered, it can be concluded that a boundary region does.
exist for x., (t-t), for t e It*, t*+t]; therefore, to bring
the output of the system from an initial state to zero in
minimum time and keep it there afterwards, it is required
that the adjoint must be a linear combination of the solutions

..!.:..-,:, -::ì
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of Eqs . (\f-e ¡ , [y.0 I and [v.z ¡.
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To give an approximate ideq of ttr-e conputtlg trìme,

assuming that a reasonabìy good ini tial approximation has

been made on the values of the system parameters, a typical
run on the second order system requires approximateìy nine

minutes, and on the third order system, approximately twenty

minutes of central Processing unit (cpu) Time on the computer

in order to obtain the optimal solution. The number of
iterations and computer time required to obtain the time

optimal control, of c.ourse, are highly dependent on the

inì tial guess of the val ues of the paran'!eters to be adjusted.



CI{APTEB .Vr

CONCLUSIQNS AND PBQBLEJ\JS

rOR FURTHER STUDTIS

The movement of a controì process with numerator
dynamîcs can be descri bed i n a co-ordi nate system which does

not involve derivatives of the control function u(t). The

transformation technique used is appl icable to systems with
or without time lag. In the regulation problem, the target
set is transformed from a one-point set to a smooth k-fold.

It has been proved that the system with numerator
dynamÍcs is completeìy state ,control lable if and onìy if no

cancellations occur. This condition is similar to the
control I abi I i ty cri teri on for systems wi thout del ay. From

controllabiiity, it has been further derived that if the
system i s stabì e, al I i ni tia'l states i n the Banach space of
real continuous functions can be steerêd to the target set
G by using a bounded controj lu(t)l S l.

The optima'l i ty condi ti ons for the de'lay system wi th
only one zero have aiso been given. In,working out the
exampì es, 'i t was di scovered that, for some cases, the system
state couid not be brought to the target set G, and kept
there, uniess the transversality conditions were appìied.
It would certainly be desirable to extend these conditions

i ¡l:
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to systems Wittr m0re than one zeyo.

The deìay sJ stem with. numeratQr dynamics only hrings
out a particular case in the optimal control of system state
to a function in the Banach space. l.Jhen the target set
consists of more than one sing'le point in the state space,
the generaì attainabi'lity and'settiing problems are practically
I eft untouched i n I i terature . More research on time del ay
systems could be directed to this area. It is berieved that
extra necessary conditions can be obtained by a study of the
target set and the set of attainabiiity.

From the investigation of the delay system with onry
one zero' .it appears that no easy conclusion can be drawn on

the condition which determines when the trajectory wourd hit
the interior of the target set G, or when it would hit the
boundary. It wourd be desirabre if some comprete theory
coul d be devel oped i n thi s area

The IBM System/360 digital computer provides faci I ities
for soì vÍ ng the time de1 ay probr em i n the form of
Continuous System Modei ing program (s/360 CSMp). Coupìed
with some direct search strategy, sojutions to the deìay
system can.be obtained fairly easi ìy by trial and error.
The pattern search of Hooke and Jeeves has been rewritten
for use wi th s/360 csMp. The search strategy handl es the
problem quite efficienily even when the system involves i
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three or r4o)4e paran1eters that requilre qdjustif',9. By suitahl e

representati.on of the objecti.ye f unctlìon to be optrlmi zed, the

search strateg.y shoul d be abl e to lrandl e probl ems wi th any

general cost functi onai .
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APPTNDIX A

PATTERN _SEARCFT

I. INTRODUCTION

The synthesis probrem.for a 'l inear dynamical control
process with time delay can be solved by simu'lating the system

0n a computer and obtain the optimal control by trial and

error. If the plant involves two or more system parameters

that require adjusting, the optimal control will not be

readi ìy determi ned un'less some scheme of sequenti a'l search
strategy is used. simulation of. the system can be set up on

an IBM system/360 digital computer with the heip of the
continuous system Modeling program. The dÍrect search strategy
used in this thesis for synthezing the time optimal control
for the deì ay system wi th numerator dynami.cs i s the pattern
search method of Hooke and Jeevesl. It is felt that if an

objecti ve functi on can be set up properly, the pattern search

R. Hooke and T.A. Jeeves, ','Direct Search, Solution ofNumerical and Statistical prob'lems,,, Jo'u¡naì òf tf¡e-Ãssociationg c.g-tltPTting Machinerv, v9l. 8, npiii:Tgd=¡; ppDJ.-l^lîTde añdT-iïht'l er. È.,,,n.t¡i-i.,"," nr n
tol c.g_rlrpTting .Mai¡jÆ-ry, Vot. B, April.li-6ì; W.Tz7Z-lJ.J. wìlde and c.S. Beight'ler, Foundations of'0otirnization-u.u. r,r rtqe ano L.5. belgnt¡er, Foundations of 0ptimization.
(E.lglewood cl irrs: prenlrce-HáiffizË FffiffiiË'J.hl. Bandler, lgptimizarion Merhods fór óómóutãI-niãåa-öãitgn,,,
PWç $ o _t 5l-e g g-r j cAL-E n g i n eeri r¡.s pu u i i ãã i iõ n' ( ¡ i ; r T ñã ò ïunî ve rriÏy õF Mãnï.rõEã;Fã6ñuary, fi'ogÏffiËA'.
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should be abìe !o handle the linear time delay problem with
any cost functional " [.lhen the program is set up to search

for the optimal control, care should be taken in handling

the parameter constraints of the system. The interested
reader is a.sked to refer to Bandler2 and Box3 for a detail
discussion on para meter constraints

TI. PATTERN SEARCH

Pattern search is a direct search routine for minimizing
an objective functÍon E(w) of severaì variables, where

lvT = (wt wi '... wk). The argument g is varied until the

minimum E(g) is obtained. The pattern search routine determines

the sequence of values for w, white an independent routine
computes the f uncti on val ues of E (u.) . 

.Fi 
gure (A-l ) shows a

'two dimensionaì example of pattern seaich.
"'A' poi nt *f i s arbi trarî ly sel ected to be the f i rst

"base poiilt", whÍch is denoted as !1 , with E(gl) = e(!t) = El-,

Suppose that: an exploratory movelmade lrqr !t tn the +w.,

direction-to gz with increment s1 results in an objective

:a'r;:j
ii::i:rJ Bandler, op. cit., pp" 14-22.

M.J.9g*,.."4 comparison of several current 0ptimization
Methods' and the Use of Transformations in Constrainl problemsi',
Computer Journal, Vol. 9, May t966, pp, 67-77,

--
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w3 is
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on value 82. El; thgn *2 is .1!uined. The exptoration

tinued by incrementing wZ to w9. Suppose that

= E3 .82, then U3 is retained in place of w2, and a

"exploratory moves" is said to have been compteted

designated as the second base point {
A "pattern move" is now made from ú to w4, so that

ú =l¡2 _tl A-t

::ti

.!

¿4 is hot immediately compared with E3. Instead, a local
;ei¡toration is carried out about w4 to correct the tentative

second pattern. Suppose that a move in the previous

successful+wldirectionto,5isasuccess(i.e.E5<
and subsequent moves in the *wZ direction is a failure, then

w5 b..o*.s the third base point !3. The-pattern search

continues with another pattern move to *8 so that

If the pattern move and subsequent

fail, the pattern is destroyed, and locaì

are started at the previous base point ú
expedition locates a better point, then a

A-2

expl oratory moves

started again. But if, as in Figure (A-l

is found, the parameter increments are

whole procedure is restarted again at
point, in this case ú. The search is

,8 =l# -{

t:

expl oratory moves

. If this scouting

nelv pattern i s

), no better point

duced, and the

previ ous base

rmi nated when the

re

the

te

r:!:;!:riì i
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parameter increments fall below a prgsgtected value.

A flow diagram of pattern search is given in Fìgure
(n-Z). The sequence following the labet C is for an

initial set of exploratory moves from a base point when a

neu, pattern must be estabìished. The sequence foilowing @
is the basic iterative loop consisting of a pattern fo'llowed
by a set of expl oratory moves. The sequence control s

the reduction of step size and termination of the search.

ïn the time optimal controt probrem for the systems

with deìay, the objective function is chosen as the difference
between the estimated minimum time tf, and the actual minimum

time t*, based on this initiat guess, for the state to be

steered ,to.the target set G. The independent routine for
calculating the value of the objective function is a

simulation" of the system in this case. A computer program of
pattern search rewritten for use with s/360 csMp is presented

fn Appendix B" This program is based on another computer

program written in FORTRAN IV.4

5
P.A. MacDonald, "Locating the Minimum of a Function

Þv. lqttern search", Deóartment oi Electricar Engineering
Pu bl i cati ohs, . g9:TR-lZ;lÃGTTt ;(ilanî[õEa, Tpiil I gog)-'

i:a



- , ,u :-.: ¿.:i
l:Ìa:a':Ìal

107

,áa/ao/e /rt, a/
¿ìîe/ áase p/.

Sfarl
al Be¡"

n;./

tulay'e

Iy/ora/ogr
Itlo ves

/s ?.esr/ y'caa/

ra/ae /cÁa' #e/
al Sose Tarhl ?

for pattern se¿rch'.*

':. ::

r;:,i

,tj
li.i
!.:.-
i:'

:1. l

figure. A-2. Descriptive fLow diagrara

tf
Hooke and. Jeevesr .S.. gÉ,rp. 225.

/s Vreter/
/cea/- --t/c/ue
áe/oø #a/

a/ êas¿ H f

/s s/cn sae

S/of



::.::::i.t:+i

AIISNPII 
P.

S/360 CSMP PROGRAI4MES

Both the second and third order examples given in
Chapter V were solved by simulating the system on the digitaT

computer and constructing the optimal control by means of

pattern search. Figure (B-t) gives the computer program

used for simulating the second order example with an initial
condition of xro = 6 and *2o = 0. The s/360 CSMP program

used in the third order example with the initial condition

ilo¡ = (4, o, o) is given in Figure (B-2). Both the second.

and third order examples used the Pattern Search Package,

which can be found in FÍgure (B-3).

ltlr
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Ìl ri:rÈ* llpTI¡411,1- "gTF,ÊrTf;Gy FtA (S+Il/S(S+Zt *r.;**,:--,-- q 5-D SgjlÊ.CH

T¡JIT1.iì[.
FïX..¡ !i!1 !i4, NIB rL I)4 IT, XS rI r ITrJr K
Êi'ilF,åclì :ì{Ð}, M{8) r l,{{S}r T{ß}
ct j\s I lrlB=0 r N=i r J=0
CnLl5T I.5=1r tr =3. r IT=0

*"---- tlSiR SIJFpLIí.in Ii'-lIT I,ô"L CilNlüITIttJs

C ilN.l i f K= Ì5

CçNIST SL=0o!. r F,Hü=C'oFr LAMBf"Ê,=Ooûcic:- r LIMIT=t00r H=L0000oCI
çnN$T Z!0=Eo 0r Z2Êì=Go
CfiÞlgî X3"ß=å"0r XZO=0o
C{:lttlSlf TF=FoiJr Yåß=5o0r ypfi=ßo
TêBLF l¡,{2}=r}o5r l',l(3 )=0oô
CnNST 03,=O
\ln s 3lr
TF {I$ OI'ìËO T) Gfl TfJ å3"
nf LT,s =-1L

*---* CHêit]GFri Syt5rii",1 Fþ,.F,ftMþt'r'FF¿ INíTû Cil-USt?INATST W{ I I

W{1l=,41-lG(TF}
W ( /+ ) =0o l"*Yt'l

I þj{5!=û"nÈY2,1
I

*:-"-* Ii!ITI,4LIZË Bå"SË PüINTr IFjCF,ÊfafiNT, Cüt{TRf,iL Fjû"
.:

??, 1:,, Í=., i ' 
o

${J)=tELT$,
,.,,,, F;2 MIJ)=û

' , :,Ì'1 ú) Cf NT I NUr
'.'.

;1: .¡:.I']:i .T*'-'_ CH'å.NG[ì Ct-ì-TiiS,T]INJÀTfi VIîLUË] B$\CK TN SYSTEM P,,,qR$.MËTËÍA VALUË:'';'

TF=lXP(ì^j{¡"}l
flf, =e¡drþj{ p I
hJJ=¿r-*ihl(? )

TP I=3-. 0,i 5 I ¡,! ( l'tT ):È5 I I'J ( l^lï I
î I I = {,1" C_TpI } sCnS { hlI I)Ècts, { hlI | +T.FI

f. : ..:r:l:-r ;.i:':..

Fi gure (B=l ) . s/360 CSMP Program for the Second 0rder

Exampl e.
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Y',1û= _'1.0*dlfJ { 4, }

Y ?' =3 û*'W ( 5 )

11---'- tJ}]iq suÊ'trL I ;t ;ïy;"TEll :5Il,,ruLATIClN

SIJRT
Tf'-.hJCl=Lo ù-Ttr
F Z,= ( Z..Lf-ì- ZZll ) + ( Yl,{,I-YZC )
l.-lP= tr IJSþJ ( 5 Z r-1o C r Io 0 )

*1= I $i;_CW ( XlD r-1" o Ð r I o 0 l
D?= I I'jSrd { Xâ1--ì r -1 o 0 I } o 0 )

2,1.iì=5" 04-D:.'FD?
Ç.YY= I$a (TFJ, K._5 )

DYI..¡EMIC
*r +*,Ír.. THü,åDJnIþlT I9YSTFrq *+4:*

TB=Ttr-GB
e,: *È&s: THü SYST,Ë,ùI É-4.***

XI-D= äfrt.¡\Y{ 100r 3." 0 r X3. )

V 3",= { X 2 - X } Ð + U ) +Ct:} M P AR { T I Mfr r TF: 3" o tH- F }

.Ê.I=Z?D:ZIÐ
Z[=Til]TGf¡ L{ Zl.fir AZ }
ZID= n t.,åY( 1"CIÐr åo 0 r Zl
7?-Ð=nÐLAj Y ( Ï,00 r i." 0 r Z2
.6,3=C t'TMp,4. R { T I MÍ r 0 

" 
Ç99

,&2=Al.¡t-'43.
Z?=R-L:;åLf Ll Z-?nr Co 5 r A )

A=fi" S*ZT"
Y 2 ll = Y 2 tl*'C L Y s C U Y * {,}* " 

C-A 3 I #C yy +È,-1 3:$DE L,e{ y ( t, 0 0 r tr " 
0 r y Z }

YiX,l= Y3. U+C 1.Y+62 Y* { .ï 
" 

C)-¿f53 I +Ér3*nF:L'ß" Y { [0 0 r .X- o ü r YI I
ClY=C$MPAIì {T Ií\4F 

'TP 
I-1." C,H-5 )

C2Y=CflMF¡1,11{TT I rle0Ë:5rT IMf, }

Yå.=X¡lTGilL(0o rYlN)
Y?=il,tTËRL(0û,Y2|\!)
Ytrlt= ( Y2Ð-Y1n )*tnMF;åF, {T f MçrTF'I )
Y2hl=Yi.-2 oA#YZ
7-52= 21,-Z?
YS Y= Y3 :YZ
SIG=Z5Z+YSY
T':4F= {AND { 4A rT IltË-ãoF } } *L
T.3F= { ¡}Nrl (,åB I 2' 5-T IMfË } } +L
.4,Å,=-SIG*uP
å,:l=s I G$.LtF
L=Ct-)MPA,F(TFtTIMf;t
GJ:= I NTGtriL { 2" 5 r TAF )

FA=CCMPA,F'.{TFr?o5}
T$={TF-G.À)*¡FP,
GB= I l''iTGF L 0o rTBFI

i:,.r:::

:l'ì-:j -l .-. .:::.;1,

Figure (B-l) cont'd.
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enll

¿.r5

É'r3i!. I XLnr XZíl
t, ¡32 ) X-1. r X2
t:'r37) Z3.nr Z?n

lil

V7=( X.1D-?"tl+X?-lJ
xl. - I r..irGF L ( xL{1, vL
X? = I r\.lTGf. L ( x ll n, v?

*CÐMPdTR { T I M,H rTF-"tr "08-:5 }

UA=CtMPôr R{ T I Þ1Ë-TF r T{ )
UB=Cfi4PÊ ft { T I t4,f-TF, Tn )

8= n1, *X I
Tt4F=C Cll¡Fsr Þ, ( Q r 0, 00.1 I
UTtr= ( Xlfl*XZ ):lì (:o ()-r¡4p ¡

lf = {_f Þ f:-f M F + { }, o 0- L )',}. { :,1 o û +Z o Cr )rU,A- Z o O* UB } + UT F
f;X?=ABS(X2l-2"7Lt3
Cå=CnFFAF.{ÍiXe,0o }

cz=c.+(IoÐ*C1.'*D.3
Sljlí= UF*g¡teu { Ì. " 0- lMF t
$ X2= Ë X?*,11 X2'tC ?*; ( L o 0-T14F )
cU=CûMF,4:R ( 11, àS I UTF l r å " 

ûr3l- |
UË= { r-1 ßrq { UTF ) :& o 0 } +'ÊU
I S'ËX,?= I f.-ITGR L { 0" r 5X? }
ï $FiJ= I NTGP,L { 0o , SUiE I
rËirlD= I h!T GRL { Tr:ÀtCi} r TMF ,
TII''44=TIN1Ë:TF
T I 14ËF. û:€ LT=Ðo 002 r F I tJT I M=1.1+" 0
tr I f\lI.3H Tf:NIl=î I MA

TE Ê,1I I I.!ð L

4ì---- S'IT Ê.FFf{tP Ii},TE TBJFCT IVtr FU¡tCTIüN, ËitR
1ù,i-t x F=T[]1ND- T F- l. o 0
ic;1- =ïlîFTË siilFfrTF +_q B5 (,r-ìâRTF l
iiQF =tr !. + I "S fi X ? +-tr. 00 

" 
0* I SËU

**:-: lJS,FR, SUFPLI.Ën nES IRlsÐ FR I¡,iT nUT
þJF. f T,F

Wiì I ÏT:J

i{fì lTr
f¡\rRIfíl (Érc]51 YIìfr Y?il
'r'iRITfr '(f:ra14') TFr TFtr r TII
!{R I TÍ,j ({;' r34 } TF r T*htf} r Ti\ r TB
WN TTË {6,3S ) T:F.RTFI ISËUI ISHXP
FnRM;f\T (r X;.il = I F!"0oSr 5Xr r X2{J = | F!.ßo5}
FÛqvAT (r x1 = I F1û"5r 5xr I x?= | F10o5l
FflFM$,T (r Zln = | Fl0o5r FXr t LZA =' Fn0oSl.
FflRI4,ììT (' TF=rF3.0"5rFXrN TEND=tFt0o5r*5Xr I TA=rFl.ßoSrSXrtTB=rFtr0oFl
Ftiìu1,4T {r $3.RTF = rF&0o5rFX1t t$FU = rF,Ì.0oFrFXrr ISfrX? = rF3.0oSl
F¡f?q,'åT {,/' TF = I F1.CI"5rX.CXr I TPI = rFl0oSrntXrt TII = f F3.&oFl/l
Fnq\4,â-ï (r Yln - tF:"Co5r 5X, I yZ{J = tFS.OoFl

'::-,.r!

Fi gure ( B-l ) cont ' d.
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+rkrjFRDBLË Þ4 I i{PUT ST,4TfrMHNT,S*s*

. +( **.:.+***c A, iHI RD flfìDER, SySTtF;M ******+ *+***t T = Ðo? **4\4JÉ*
* ***¡*c** TfrRGËT I5 XI=û t XZ=tr X3 "L€. 1"061.g È+***4

. INITT,qL
sr!lR4,GF SIE)r M(8lr t¡t{Elr r{8.1
F I X ç D hlr M , N B r L I M I T r I "5 r i r I T r J I K

::: t$N;lï Xtrt=4"0r X2ü=0"¡ X3û=O6
:, CllNlST ZT0=20o 0 r ZZt]=Ðo t L3Ð=Ao
, CÍINST TF=5oÕr YIIJ=ûot YZû=-?óoÐr y3fi=]6oO
: !,qBLff lll{¿¡}=0o4r lN{51=0o3

Cnl'l5T $L=üo I r RH{ll=û.5 r LAI4BDA=0o0$0tr r LI MIT=100r H=tr CIûOo O
CûNST K=7
CC¡,15T NB=0r N=S r J=0 r I$=1. r I=l r IT=0
þr0s3 RT
IF {IS, ot{Ëo 1l Gü TÐ 61
DËl-TA =S L
W{ n" I =ALf¡G{TF I
ltll2l=0og*Znn
td { 3l =0" I }kZZn
!¡J{61=0"i4=y2t
}r{{7t=0o.11*Y3n
Ði) *7. J= tr. r K
T{J)=W{Jl

j ${J}=ÐffiLTA
I ge N(J)=o
: 6å CflNT I'lltiF

TF=EXP{t^J(1
ZL0=å0"t*!{
Z Aû= trflo 0 *trd

TP I=û"2;15 If{ { t'J{ 4' I *SIN { !,t{ 4 I I
TXI={0.?-TPI
Y?fi= tr 0" 0rlri,l { å
Y3CI= I 0o CI*H I ?

*CnS{H{5} )*CnS(h¡{g) f +TpI

CYY=f l3F'{TpI, K-?}
sÐR"
ïFf!Cn =C"2:TF
S Z= { ZZn-]" T4t Z3n I + { yZû-?"?sy3t I
UP=I NSld{ SZ r:l" 0r 1o 0 l

llYtl.È M I C

Figure (B-2). s/360 CSMp program for the Third 0rder
Exampl e.
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* t(+j*4jls* TlJg An Jt I NT **S***

Zl"= I i{TGr¡, L { Z !.0' DZL
Z2=INïGfiL( Zeû'DZz
Z3= I lilTGR Ll, 7.3* r DZ 3
DZ.ï.=-å CIo 0+23+f To?*Z3D- ZZnls,CZ
DZ2= 21"-&7 oO'ry.73
DZ3=27--Eo0*23
C Z=Cf,iMP9' fi ( T I MrE r 0 o å. 9A )

ZSL=Z?-*7 "7*.2372D= ZZn# 13." 0=C Z ) +ÐF;Lê.Y{ 50 r 0" 2¡Z2l*tZ
Z3S= L1A+ { 3"" 0-C Z ) +DËLAY {F0 r 0" Z r LS I*CZ-
Ytr =I h¡TGF t- ( Y10 r DYl. l
Y?=INTGRL{0"rDY?l
Y3=INTGnL (0o rDY3 I

rYl=-1û" osY3 +{ 70 ?*Y3D-YzD I
DYZ=Yt-lTu0*Y3
DY3=Y?-8" 0*Y3
C3, Y=CilMPAF. { T I'Mfi , TP I-1 o 0F*5 )
c2y=cctM[¡A.R (T I I +1o 0E-5 r,T trMñ I
Y?D= Y2 n+C 3"Y./kC 2 V* 1 I " 0*C Z I +C ¿*,llEL.A y { F0 r ûn Z ¡y?ly3D=y3fl$,Cly*cZy*cyy'h,{ l. "0-c z I +cz+DtrL,qyl 50 r00 2 r y3l
YSY=Y2-?" ?:fry3
-5 IG= ZSZ+YSY
T,AF= { ,,qHD { AA r T I M,q-1 "2 },} 

*L
TB.F= {Jrti\,|Ë(AB r L,?.-T tr|"1Ë },} *L '

Ê.¡\=-g I G+UP
4B=S IG*UF
L=Cll4P,AF.lTF'TIMfr
GB=IIiJTGF:L{t" rTBF
FÀ,=tCIMPfiR(TFt["2
Gûr-- I NTGtì L { X " 2 r T.A F }
T,A={TF-G,¿,.1$,FA
TB=T F- Gß

+ rk+*4åS* TH€ SySTffl'4 **ì*:Í(**

X3.=INTGFL{X3.0rV1 )

X2=ItrlTGÊL{X2CIrV2}
X3=I l'¡TGF L { X30, V3 }

VL= X?*CXËTt'tF
VP= { X3-X J. D+U I +CX
V3={ {*tr C" 0*X3,-1?o 0s¡2;¡ +Tl,lF-8" CIsX3+?o?{:( XLD-U) I sCX
XI D=ti'f; LAY { 5û r0o 2 r X!. I
cx--c{:ìMPA F. ( T I Mfr r T F- L o 0q-5 I
U,s'=C 0MPÊi R (T I MË-TF rT,A I
tJB=C0MPA fì( T I MË-TF r TB )

T¡4F=fi fì1'lFAR { Q r 0 o 00i" }

Fi gu re ( B-2 ) cont ' d.



lt4
0=-X2* ru. " CI-Q0 l +Q0
QQ=CNi'4PAR{ TF+OO 3, T I IlH }
UTF= { X}.0-X3 } * { l. " f)-TMF }

u=tJP *Tl"1F*c x* { - 3_ o 0 +2ô 0*uA-a, csuB I +uTF
f X3=f¡BS { X3 } -3.è 0åX I
C 1=C n¡,lP'ô È ( ç X 31 0o )

fl tJ=C0MP$.P, {ABS { UTF I r t, 001. }
UF= ¡ P,3S ( UTF l -1o0 ) *,ËU
5LJfi=UË+UE,+', { 1o 0-TMF }

"!X3=EjX3+FX3*C¡. * ( 1o O-TMF t
C2=C0MP,ô,R{ É,BS ( XZ ) r O" 00I I
XF2= (,å.BS ( Xe l 

'.*CZ. X2= XE2*Xç2* ( 1, 0*TMF l
FX3=Cn[lPA,F, { &BS { X3. } rO"00!. I
XË1.= (.4 BS { Xl" t } *HXI
5X1= XE 1*' XË&+ { I " 0-TMF )
ISff.J= IIJTGRL { O., SUff )
ISËXå= ItrlTGF L {0" r $Xl.
15ffiX?=INrTGtlL { 0o r.€XZ
ISfrX3=trNTGËL{0"rSX3
Tfr¡lD= I þITGRL { rËNCll ?TMF }

TII'14=TIfv1#-TF
FTNISH T1END=.TIMA
Tf MER ßËLT=0o0I I FIrlJTI14=ZSo0

TF'ìMI[!,8L
FqR I F=TiEiftlD-T F-0" 2
F],=ËFF.TF+¡IiFRTF+ABS ( FËRRTF }
ËRfi = iH !. +5 00* I 5Ë u+1, 0 0* { I sË x3 + I .sfi x? + I SF X3 I
Hp.Irfr {ór3X) xlu ¡xa?r X38
!1,RtrTç- {t,¡32) Xã.rX2r X3
HR.ITF {#r/ç.5} TFTTFITTII
WRIIH (É''33) LLD¡ Z2ß t V-3Ð
l4JRiTH {år44t YgDr Y2O, Y3fi
!t!î{ITF {6r3¿r ) TFTTFItIDTTATTB
I^1RTTfr {å,35} ERF,TF, ISfrU
i,'jRIÍE {É r4ó} I$f;X2r ISËX3
FnR!4isT {t xl"n = rFtooFr5Xrt x28 = rFl.o.5r5xrtx3{J = rFltoFl
FÐRr\4rqT {r X3. = I FX.0oFr 5Xr I X?= | FLtoSrSXrr X3 = rF!.0oFl
FCIR[4,A-T (r Z].t = rFl0oSr5Xrt l?tJ = fFS.0oFrFXrr Z3Ð = rFIûoSl
FßRVAT { I TF=r F3.0"5r5Xr I TfiNÐ=r FLQo5r5Xr I T&,=rF¡.0o5rFXr rTB=rFl0oF
FnRM'AT {r EiLRTF = rF.1ÐogrFX, r I.Sft,U = rF10o5}
F0R.M,AT{t Yl.-t = tFt0"5r 5xr I YZfl = rFl0oFr FXr r y3B = r FLtoFl
FnftMAT (t TF = rF3.üo5r5Xrr TPI = fFXooFrFXrr TII = rFlO.Slll
F0Ê.14,åT {r I5EX2 = rFl0oSrdrXrr tSfrX3 = fFl.CIo5l

+-*-J F.ÂTTffRÞ.I 'qEARCH R,O|.JT TNË

3:-
32
33
34
35
å4
úr5
/+iå

F'igure (B-2) cont'd.
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rrr-.--'d'Hiri pîiTTlË,N s,:"rlF.cH Ðê.cKiiG[:

*i---- ßuILi- It\i uu:j-PUT

UR,If E {f-,r3Çl l'lrNBr {M{J} rJ-lrKl
IF( Ii OFOO :[ ) GO Tfi 9f':!(:.._* U5FP, CAI\i SUPFLY ÐrSTsHr pRFTcISIflN FeIcTßR HFRË FnFrr(-=:-* PTiFM4TTUFH $TÐP DF F,UN
IF {ËPF. oLTç tlo0l,} Gn Tn ç7
IF { I.5 " ffiQo l. ) H=ffiF,F
I'i=C
IF (I,! OGTN LT,il4IT} GT TN ç[ì
IF {ilIB ,LTO ?) GN Tft T

þlB=l
I=1"
þ=fiQ.':i
GÍ] TN 6

4:.---.- ST,$.q7 fiXpL;lfìrqTßÊ.y MûVËS
3. IF (t¡{1.} otJî:, Ð} G0 Tn ?

HH=H
Gn Tn d,

LIQ

'1t¡ 
ti

l,J t?,

?. IF
IF
s(r
Lt{ I

lÍ: lß13ú) (þl{JlrJ-3"rKl
fF {*t37t ("q(J}rJ=lrKl
Tf, (S,381 H,qRR

H OGT' çP,R } GCI TT 4,
l\,!{ I ) uËiQo3 ) G$ Til 3
=:F{II
=1,'J{i} + ?o0i1S(i}

M{I}=3
Gn rn qç

3 W{ I l=l^tt I ):;q ( I.)
14( J l=4
Grl rr1 Ê

4' H=FFTË
5 IF {M{Il oFj o 2 o0lc. ¡4(L oF:eo 3} Gn Tn 7ó ht(I)=hr(I)+s{I}

M{I}=?
G{l T fl qÇ

? f,,t{ I ) =3.
€ IF (I OGf,O K) GN Tfi ç

I=I+J"
Gtt rn *,

ç IF (ÞlB oGËu 1l Gn Tn 13

Figure (B-3). The s/360 csMP pattern Search Routine.
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,r,, IF (HH oGT" t-tì Gn Tn x[: !.tRITfi (ór4l.t HH

Gil rc 17*.---* Fñf¡rp5 i4tvI
li. ln ì,2 J=3rK

IF (r/',{Jl oGT" T(J} ,ANDo S{J) oLTo 0o ooo
' ol$o W(J) oLËo T{J} "Al'lD" 5(J} "Gffo CIol "s(.il=*5tJ}

P=T(J)
'f(J)=t¡rl{J)

,,,,i,.r L? l¡j(Jl=?"C*l^t (,J) F::ìi'::, tJFIfÍ: 16¡4?) (T(JlrJ=lrKl
HB= ll
ÀtEr - t

I=l
GÎ Tn 9s

,.:,t: 13 NB=c

",,;,,;: IF (H oLTo Hß} G{-l T* }5.1.ìi: t{fllï$ (úrø¡3} HB:.'.
H= F{B

:':;,¡,:, 0n 14, J=XrK
. '. '':'.:.ì:i: M{J)=O

I.,4. ht(J)=T(J)
I=3'
Gn rn 3

å5 lln I{^ J=t,rK
jj IF { \85(þJ(Jl-T{ J } I oGTo 0.S*DIILTA) Gü Tfi 13I 3.å C{r¡¡T rflur
, i-l IË (trlrsì .Lîo LÀtiBil.A,, GtJ rC q?
l nE L T¡ri = [..Hü * D,fi LTA
' n¡ { ^ ¡ rDf] tç J=nrK
I M{J}*_ßi 'lv / -ì/

i s{J)=RHfi,eS{.'}
lÊ f"J(J)=r{J}

I=l_., G,l Tn LnT I^JqIrf (Ér21. llrl
.. '-::j,.::.:

T 't-: I¡ i --L
'-i::::. .i Gti T* ÇÉ:

. -t.'.:. îR LJnITn,i lÉ^??t f\t::-t_ - !r !{RIT[: {f r23) ,n

',::1,,1,. ?3 FtAl\4,ÀT ( | I'iil C0trlçLU$ IfiN AFTF:P, t 13, t fiV jALUATIûNS I I
GC TC çt(.

ç5 ûî ?1. J=lrK
ôt iv1{ J )=0
ç q I',j= h! + J.

C$,LL F*Ë!ì UN

Fi gure ( B-3 ) cont ' d.
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''ü{Jl = | 8F10"5}
s(J) = r gFxcì"ó/)
H ; I Ftr0o5r 5Xr I gRF, 3r F10"5/l
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Figure (B-3) cont'd.
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APPENDIX C

STAB rL rTr

The stability of a system with time delay ..un be

determined by meant oI graphical methods. However, to do

a point by point plotting manually can be rather tedious
and time consuming. use of the digital computer and

cALcOMP Pen Plotter offers an easier approach to this problem.

In the case of the dynamical system with numerator dynamics

and a time detay in the feedback path, the method of Huang
'l

and Li'can be used to determine the stability of the system

Let

t:p+io C-t

and r be the time delay. Using p as a parameter, the

solution to Eq. (III-43) can be found from the graphs of
cot (ot) and F(o, p) which are plotted against o. Figure
(C-t).shows the F0RTRAN program used in computing and

calting the cALcOMP su.broutines2 to ptot these functions.

Huang and Li , I oc. ci t.

Programming CALCOMP_ Pen !l¡¡!terS_r (Anaheim: Cal ifornia
c om p u t e r-ffiitìiFinffi¡ae)z+ p¡ï



ll9

The system used [efe ts the second q¡der exqmple. Tb-e

r t'ntersectton ,pol'nts af !h.e f unctton Ffr,rrpl and cotCotl' can

th-en be used as ttre ltnput data for the second computer

i Program given în Fl'gure CC=e). From thÍs second program,

the root locus and gain curve (Eq.(III-44)) of the system

can be obtained. From the gain curve of the system, with
K = l, the characteristic values of p, and hence the stabitity
and domain of G controllabiìity can be found. Figures (C-3),

,':.'j (C-4) and (c-5) demonstrate the graphical technique that can

be used to determine the stability of the system (V-.l9).
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1.A/3517- "\0,.ôT'Ë = 7rlj23
?t.

'"', C
I

C_*--" T1 FII'.II THi:: CHr]IR.f'CTi:]RISTIC FL.fJTS i]F A. SYSTtrI.{ hlITH TPFrf\:LÜTF
C--:: Tr 1-lhlf;tr:':ii FUNCT IOill H(Sl=l'j(T l/Ð(;c) BY MEAII$ nF .q GR,4PHIC,AL MnTH{:lLl
C:--- DT:V*Li]PTD I3Y HUêl\]G 4NR LI

llI{r:Í\1.\ Iüi\i IBUF {i"ACIt) rX(500),Y( 500 }, Z{5ûCI1 rV (50t}
ç-*-- IhiIiI {.1T ZI[JG THii F'LfiTTiðR

C,Ê' LL ÐLNT5 ( IBLJFI 3 COO Ió }

,:,. C-*-* 5r-TTIiJG tF TH[rl {]FìIGIid
,,Ì,, CJ! LL ?L0T ( 0o r0o r:3 )

nr,s,L Ii\4f.ìrIþ'!fl
CnMPLFX $ r Dr,.&l.i
þ=-?5" Ð

M=0
ç--=- C,ÀLCULi'If, ;Ì,Nti FL{,'T CilT{td)

,.: Ill=û.
'',:,: I =0

FI=?o.ï.r'1.?
.:. !, t-t-,"_ f,j+fie I

I=I+3.
FCI-lT=Cll5 ( W ) /:î Iill { n- )

;rr,F 1=fi 3lì { trC lT }

IF{/4,':i o GTo ô"O} FCtT=*"0*FCfiT /þ,FA.
:l ( I )=!.'1

, V{ I }=-,trCnT
1^.llol=p 1- tt
I F (blì^J o LiËo 0o 17 I Gt TÛ 3
þJF iTE ( ér l0l" ) F{l[ìiT r ì,.Jr I

91"i. FflîìUAT {t FCÛT = | F10"f+riiXrt þJ= rFå"3r5Xrt [ = t I3l
GCj Tfl !5

i 3 N=,lll+{loÐl
t ËI=pI+3oLq"a
" IF (l^l oLTo ?OoCI) Grl Tf,¿i
I t:*.--: S.lfiLli THä R,4,rl'lG$ nF DÀT*l
I C4LL SC.å,LF {Xrå0o0r Irål

cs,LL lrcALfr (Yr1000r Ir,1.l
. .:r;., C-:-- TFIF X-AX I$
:':: ;j:' c,sLL ¡rrXIs{ ûo rl0oCróHv,l-,AXI5 ¡ +6r.1.0o0r0o r X{ I+3. ) rX { I+2 ¡ ¡
',,'.:, C-:-=' THtj, Y-.{,XI5
,.. ,,,, CêLL AX IS{ -0"5r 0o r*HF-=iùXI5r+ó,r f,Oo 0rg0o0r y( I+å l ry( I+A) }

C C;¡rLCULiliE Ahi{} F'LfjT F { F rtll
11. P=P+5o t
:l 3 1¿l= 0"

J=0

Figure (C-l ). Computer Program for p'l otti ng F(o, p)

and Cot (rt) versus tlr.



1.7. þJ=l,C+0" â
J=J+i,
5=C¡14PLX(Prrill}

C--*-: H{:ìl = {5+Lt/S(S+?}
t**-- Ð = THF DËNnt4I¡JATilrì ptlyt!{ìMI¿,L IN H{S tf:--:- È¡i = THíl tuUMiÊft,4TÐp pCLy\lrJMLåL IN H{S }

i,:l't=:5 +C þlpLX ( .1. o ü, Ðo I
[ =r!È:g +1" gÈF
Pirtì=lì ijAL ( [r]

Figure (C-l) cont'd.
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LA/35 /?5Ç l.;;VËL 1I

c
ç
C

¡,1Ê, I l.l UÊ,TF = 7ßA?-j

Il¡Ð=fl,I141G{D}
Ê[il"J=R1:/ìL ( Äl! I
I l¿ \=tr, I l4ri G { ¡ÌiN )

FËì¡,i= { I \4Ds' I 14Þi +fifiD**R,tfl } / { F.; Ð+ i 
'\41'l- 

I MD*RfiF, I
,AF =¿18$ { trPrd }

I tr (_¡,Fo GToÊ 
" 

CI ) FPH=ó" üf'FF1¡l/.fdF
t.JF: ITll li¡¡LÐ2) FP!ìrrPrl,lrJ

.ïn? F0l:.1,1f1,7 {r FPI^l = | F3"0o4r 5Xr t P= rF3.0o4r 5Xr I lÀl = | F10o4t5Xt
Ì,r J = r 13)
V(J)=l,l
Z{J}=FI}W
TF t¡.| oLli" ?0"ûl GC Tf 1?
V(J+tr¡=¡
VtJ+?l=X
Z{J+1}=Y
Z(J+?ì=Y

I+1. )

T +21
I+3. )

I+2 1

,,,,.,';:;;;;, c-*-* FL(.-,1T F(lr,rP} V;€. W lJi.qIlVG p ÊtS {â PAf{AMfrTEF.':'':;,::., CÊ.LL LINFIVtT, rJi3r0rCIl
I F { t4 

" 
I'j,io 3" I Gil Tn 1"e

P=P+0"5
iF lF "5Q" û") P=0"5
IF { F "ËQ" 5"0 } GC TO 3"5

3.,tv iF (P oLTo 2G"Ct) Gû Tn L1
I 1,4=1

P =^/to 5

. C---- ENiÐI¡lG THi FLüTTIl'lc FFßCËDIJRtr
Ì's cf'LL FLñT {ll?ooroorQÇQ}

, C+,t-t- 'ËXIT
i lit,iD

i

.,,, , :..]

Figure (C-l) cont'd.
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Ft-rìTP,¿l:f,i IV G L.;:VÌ:L :ì A ]'4".. Il',, D,A,TL. = 7û023 l"(

ût]0å
OCIc?

ociû3
,,1 000/+
..' 0û05' 0ÐÐå

00ú?
0ûf:$:r OCIfi9

'i 0c3. s
:

:j 0i)3. ?,

cì0tr?
001.3
ôn'f./.
00t,5
001d)
0û 17
00.L 8
00.1"'a
00 ?0

CI021

002e
fl023
O02¿+
nn ?q
cD-?s
CI0 2'7
Û'"1?8
ccz-q
tü30
t031.
CIo 32
c0 33

.t FÊiìMj\T
.n. CI 3. Fü R MyAT

C-*- INiTTIAL

c.

c
c
C-:.- TI trLi-ìT TH:I R,JOT LNCU"9 ê,NN G,'*.TN-CURVE FË}Fì TH€ SYSTIÊM
c-:-: (S+il/Ê,( +21

tìI¡4rN_{, InN F (3.5 ) r N{4.r15 } r Xl3.ç } ,y( 20 |,Zl?CI1 r IBUF{ 1000 
'cr¡'lpLiJx llr$'l\lr5

C*--- Íj = P + Jil
F F,îrL K

P[,erl I j,r!.J,It4D
hr-îtr:\_.1.j

14= 3
C-:- THiî VqLLJAS nF p ,.q[ln y{ ( n$f;GA I ,4RH $BTP,IFIËD FRnM THç CnTl W I Al
C--: F(N,bJ) PLflT

Fìi:.ûD {5r}ûX} (P(Il¡ I=1 rl'l}
çí-ÂD (5r!.1 {(þt IrJ)r¡=x1í!¡t¡=[1M)

15F5"2
g5F5 02
ZH PL,ÐT fìTUT T¡lF

Cß, LL PLilTS { i BL'F r TOOO I

CSLL PLûT{0"r{J.r-3}
I=0
Irl[ =¡4.r-i

? Nl.Ï=N$--Ï'
3 I=I+1.

X{I)=i){1)
Y ( I ) =1'J { tl3. r I }

$=flXF'{X(I)l
.$=f,,MPLX( X( I ) 'Y( I.) )

C::- AN = NUMSRATTfIR FLÛIYN:IMIAL
fl = 5+å

Al',1=$+Ctlpl_X { I "0 rÐ" }

C,-*: îl = tlljr{t4 IN'qTilR pûLYFìÐt{L0rL
C - 5(S+?l

D=54.S+,!o [.$;\
Rfill=F,lÂL ( D I
Il,,ìS=A,IM,'qG{ßl
F.[ìN=fl,fl,E,L { AN )

I l.iìfi!=ðr I ¡-1À G ( ,Ð,¡,t )
Ë,S=RËí,J*C üS ( Y ( I ) ) +II,4N*Si t\.1{ Y { I I }

IF {ABS(RSl .LËo 1"o,fi-e,} G$ T* ?
F"=FÊD'!.Ê^/F.5
GTTN4

7 Ê=3.Oo C

f K=48"5 { Íì )

IF (K oGTo 2ü"0 l K=20"0

Fi gure ( C-2 ) . Computer Program for p1 otti ng the

root locus and gain curve.
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Z{ I}=K
I4FITF {ú'i+) X{ I) rY{l lrZ(I}{¡ Ft-:.çi'¡*rï (t Ð = rFlCoù,täX¡ | f{ - | F3.0.J+rFXrr K,= r Fl.Oo4}
iF (I "LTo Àll Gil Trl 3
IF {NT. .LTU MI GÐ TN 5
J=I+n
Y(Jl=l{{..1.rN}
Cl\LL îCzlLq( Yr6ofi r Jr3 )

YII+3.)=Y{J+1 )

, oc 3,4
flrr 35
00 3å
c0 3?
003,î
CI039
AQ!+A
û1/r 1.

, ot+2_

i.-.;,..'i

Fi gure ( C-2 ) cont ' d.



' ''' ':. .

125
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c
t.
c

0 fJ¿r3

Dt)4t+
0C/+5
Ðaù,6
A4¿+V
OCzrB
00¿+?
005 0
oCI 51"

005?
0053
00 5¿r

0û55
CIO56
Ð057
rl0s,$
nn qQ

û0óo
tûÕ L
0'l62
n0ó3
0ûS/+
00ó5
00*6
c0$?
006 s
0fl6Q
0070
407?.

Y(i+2)=Y{J+2}
tì.$ LL 5[,1LÍfl { X rl¡"0r I r 3, }

CíÂ LL lìC'ô,Lry ( Ztóo0r I rl )

Pn.=X{I+},}
F?=X{I+äl
Ql =Y{ I +3. )

02=Y{l+?}
83"=7{ I+1 )

S?=Z { f +?-,
cf,LL qXIS(0,
CÊ\LL êrXI${0"
X{ I+X)=P1
Xl T+21 =PZ
Y(I+3.)="1L
Y{ I+A}=Q2
C$:LL 1- I\Ê ( X r Y r I r,ll r 3 r? I
ClA LL ÈLçf ( 

'1.2"0r0o r-3 )

IF {NI" oLTo M} ,Gfi Tn {ì
CiILL ô,XI5{fJo r0o róHP*,ÀX1.Sr-árS,0r0o rX( I+3-lrX{ I+?l I
C'-{,LL i+,XiS{ 0' rOo róHK-+\XI" rS róo0r90o0 r Z{ I+å I r Z{ I+2 }

Zl I+å I =5Ï.
Z(I+?!=;9?
CôLL L If\jñ lX, Zr I r..rI r2 I

C,8 Ll- ç'}L'JT {-12"0r0o r-3 )

I=0
IF (I.IìI OGTO å) Gfl TF 2
CÊrLL PLiIT{?4'o0r*" rçqq I
CA LL iX TT
Eî! N

r 0" r óHP-;{X I5 r -ó r Eo 0 r 0" r X ( I+3. } r X ( I +?.1 I
rÐ" r ÕHLJ-,+-XIS,¡ b ¡h"0 r90" 0 rY f I+1 1 rY{ I +2 }

Fìgure (C-2) cont'd.
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Filure (c-e ¡ . Þl ot of .Cot (rr) and F(o, p) versus t^r.
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