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Abstract

Modern statistical and machine learning models often involve high-dimensional pa-

rameters, latent variables, or complex hierarchical structures, leading to likelihood

functions that are both difficult to express in closed form and costly to differentiate.

With data volumes growing and architectures such as deep neural networks becom-

ing more complex, conventional likelihood-based methods struggle to provide reliable

inference and model diagnostics, giving rise to intractable likelihoods and gradients.

In response to these challenges, this thesis develops and evaluates new Kernel Stein

Discrepancy (KSD) methods for efficient and robust inference in intractable settings.

First, it introduces Gradient-Free Kernel Conditional Stein Discrepancy (GF-KCSD),

a nonparametric goodness-of-fit test that requires no gradient information. GF-KCSD

offers theoretical guarantees and strong empirical results, outperforming standard

approaches in importance sampling scenarios.

Next, the thesis investigates GF-KCSD’s interpretability and error control under mea-

surement errors, demonstrating its robustness and highlighting its ability to maintain

Type-I error control and stable power even when data are noisy.

Finally, while KSD-based methods (or score-based methods in general) continue

to gain traction, they often encounter mode blindness. To resolve this, the the-

sis proposes Mode-Sensitive KSD-Bayes (MS-KSD-Bayes), a weighted extension of

KSD that balances multimodal posterior distributions within a generalized Bayesian

framework. Across the Galaxy velocities and lung-cancer gene expression datasets,
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MS–KSD–Bayes shows improved mode sensitivity and comparable or tighter pos-

teriors relative to KSD–Bayes and gradient-based methods, within the light-tailed,

moderate-dimensional regimes we study.

Collectively, these contributions form a gradient-free, mode-sensitive suite of KSD

methodologies that significantly expand feasible statistical modeling for intractable

likelihoods, ultimately enriching the toolkit for modern data analysis and inference.

Keywords: Intractable Likelihoods; Intractable Gradients; Kernel Stein Discrep-

ancy; Mode Blindness; Measurement Errors; Multimodal Posteriors; Bayesian Infer-

nce; Goodness-of-Fit Testing.
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Chapter 1

Introduction

In recent years, rapid technological progress and expanded data-gathering efforts

have produced an unprecedented surge of large-scale, high-dimensional datasets

in fields such as genomics, neuroscience, economics, and the social sciences. These

extensive data offer enormous promise for predictive modeling—leveraging historical

patterns to anticipate future outcomes, thereby enhancing decision-making across a

range of domains. Yet, fully capitalizing on their complexity brings forth substantial

computational and methodological hurdles.

A core difficulty arises when these modern models rely on intractable likelihoods

for which neither the likelihood nor its normalizing constant can be conveniently

expressed or efficiently computed (Andrieu and Roberts, 2009; Filippone and Giro-

lami, 2014). Such situations often occur in hierarchical Bayesian structures, latent

variable formulations, or deep generative models, rendering conventional inference

methods computationally expensive or even impossible. For instance, in a Bayesian

setting with parameters θ ∈ Rd, the posterior distribution

π(θ | y) = p(y | θ) π0(θ)∫
p(y | θ′) π0(θ′) dθ′
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can become computationally prohibitive whenever p(y | θ) lacks a closed form or

requires large-scale numerical integration.

In addition, many widely used inference routines—ranging from Markov chain

Monte Carlo (MCMC) (Neal et al., 2011) to stochastic variational inference (Hoff-

man et al., 2013)—depend on ∇θ log p(y | θ) to efficiently explore the parameter

space. Where ∇θ log p(y | θ) is unavailable or too expensive to compute, these

score-based techniques may fail to provide reliable or timely inferences, motivating

the pursuit of gradient-free solutions.

Recently, kernel-based Stein methods (Stein, 1972; Oates et al., 2017) have shown

particular promise for addressing such obstacles, enabling goodness-of-fit assess-

ments and related tasks without requiring a fully normalized likelihood. The Kernel

Stein Discrepancy (KSD) (Liu et al., 2016; Chwialkowski et al., 2016) in particu-

lar leverages a Stein operator that bypasses direct likelihood normalization. How-

ever, its classical forms—including Kernel Conditional Stein Discrepancy (KCSD)

(Jitkrittum et al., 2020)—still assume that gradients of the log-likelihood are tractable.

This thesis addresses that gap by developing gradient-free kernel-based frameworks

specifically tailored to conditional modeling, while also tackling measurement error

and multimodal targets—two practical challenges frequently encountered in modern

data analysis.
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1.1 Core Challenges in Intractable and Gradient-

Free Settings

Computational Bottlenecks. In high-dimensional Bayesian problems, evalu-

ating log p(y | θ) or its gradient at every iteration can be a major bottleneck.

High-dimensional parameter spaces, multiple hierarchical layers, and the presence

of latent variables commonly lead to explosion in runtime and sensitivity to tun-

ing, making standard MCMC or variational techniques (Andrieu and Roberts, 2009;

Filippone and Girolami, 2014) computationally overwhelming.

Model Diagnosis and Goodness-of-Fit. Classical tests of model appropriate-

ness (for example, likelihood ratio tests or distribution-based tests) often presup-

pose a tractable likelihood function or cumulative distribution function. Under

intractable likelihoods, these approaches do not apply directly. Although the Stein

discrepancy resolves the need for a fully normalized target, it typically requires

∇ log p. Hence, achieving a completely gradient-free and likelihood-free discrepancy

remains an open challenge in the domain of model assessment.

Conditional Models. A significant subset of machine learning and statistical

tasks involves modeling p(y | x). Examples include regression with potentially

complex noise structures, multi-task learning, and conditional generative modeling.

Current Stein-based methods like KSD or KCSD (Liu et al., 2016; Chwialkowski

et al., 2016; Jitkrittum et al., 2020) must be adapted so that they can fully capture

these conditional dependencies without requiring the log-derivative ∇y log p(y | x)

to be tractable.
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Score-Based Approaches and Mode Blindness. Even if one manages to avoid

explicit gradients, standard KSD-type or variational methods can fail to preserve

distinct modes of a posterior distribution—a phenomenon sometimes called mode

blindness (Yang et al., 2018; Barp et al., 2019). This oversight is especially prob-

lematic for mixture models or other inherently multimodal settings, where ignoring

minor modes skews parameter estimates and can lead to misguided inferences.

1.2 Motivating Examples

These challenges are not merely theoretical; they appear frequently in many applied

domains. For instance, hierarchical Bayesian models in fields like genomics often in-

volve thousands of parameters and latent variables, making gradient-based MCMC

computationally infeasible (Oates et al., 2017; Filippone and Girolami, 2014). Simi-

larly, deep generative models such as Variational Autoencoders (VAEs) use implicit

distributions defined by complex transformations, where the log-likelihood gradient

is not available in a straightforward closed form (Kingma et al., 2013). Moreover, in

conditional inference tasks common to personalized medicine, modeling an outcome

y given high-dimensional features x can make the required conditional gradient,

∇y log p(y | x), prohibitively expensive to compute (Jitkrittum et al., 2020). Fi-

nally, in mixture models used to identify distinct sub-populations, such as different

cancer subtypes from gene expression data, score-based inference methods can suffer

from mode blindness. This causes them to incorrectly estimate the proportions of

each subtype, potentially masking the presence of a smaller but clinically important

group. These examples highlight the clear motivation for the robust, gradient-free,

and mode-sensitive methods developed in this thesis.
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1.3 Objectives and Research Questions

Given the above challenges, this thesis is driven by the following key questions:

1. How can we formulate a Stein-based discrepancy measure for conditional dis-

tributions without relying on ∇ log p(y | x)?

2. What theoretical guarantees ensure that such a gradient-free approach accu-

rately identifies convergence or divergence in high-dimensional contexts?

3. How can we incorporate measurement error while preserving Type-I error

control and interpretability in goodness-of-fit tests?

4. What strategies can overcome mode blindness, ensuring that multi-modal pos-

terior structures remain well-captured in gradient-free Stein inference?

Addressing these questions paves the way for a broader application of Stein-based

tools where explicit gradient evaluations and tractable normalizing constants are

simply unavailable.

1.4 Main Contributions

This thesis presents several advancements aimed at tackling the described chal-

lenges:

1. Gradient-Free Kernel Conditional Stein Discrepancy (GF-KCSD).

We propose a novel kernel-based discrepancy measure that extends the con-

ventional Kernel Conditional Stein Discrepancy (Jitkrittum et al., 2020) to a

5



fully gradient-free framework. By introducing an auxiliary distribution whose

log-derivatives are tractable, GF-KCSD can detect divergence from a condi-

tional target without needing ∇ log p(y | x). The method inherits theoretical

properties from classical Stein approaches and retains strong power for iden-

tifying model misspecifications.

2. Robustness Under Measurement Error.

Real data often contain noisy or corrupted observations, posing additional

risks to model validity. We extend GF-KCSD to account for measurement

error by developing bootstrap procedures and kernel selection strategies that

preserve Type-I error rates. Our analysis reveals how moderate error levels

affect test power and provides recommendations for robust practice (Gorham

and Mackey, 2015; Fisher et al., 2022).

3. Mode–Sensitive KSD–Bayes (MS–KSD–Bayes).

To address multi-modality in posterior distributions, we develop a diffusion-

weighted, score-only Stein loss with a θ-independent, tail-vanishing weight.

By carefully reweighting contributions across modes, the method restores sen-

sitivity to mixing proportions so the generalized posterior retains distinct

modes rather than collapsing them (Yang et al., 2018; Barp et al., 2019).

This method preserves the Stein identity under standard boundary condi-

tions while remaining likelihood-free and compatible with unnormalized mod-

els. Under mild regularity, we give a kernel representation and an O(n2) V-

statistic estimator. Empirically—on multimodal and contaminated-unimodal

benchmarks—MS–KSD–Bayes recovers well-separated mode proportions and

matches KSD–Bayes in unimodal/robust regimes.
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4. Applications and Empirical Validation.

We comprehensively test these new methods in both controlled (synthetic)

experiments and real-world settings, including Brain MRI dataset, galaxy ve-

locity data and gene expression examples. Our empirical studies confirm that

GF-KCSD successfully handles intractable gradients in conditional models,

while MS-KSD-Bayes offers superior performance in detecting and quantify-

ing posterior modes.

Together, these contributions expand the scope of Stein-based inference from likelihood-

free to gradient-free methods that systematically handle multimodality, noisy ob-

servations, and conditional dependencies.

1.5 Thesis Organization

The remainder of this dissertation is structured as follows:

• Chapter 2: Gradient-Free Kernel Conditional Stein Discrepancy.

We introduce GF-KCSD, elaborating on its theoretical foundations and pre-

senting initial experiments that illustrate its capacity to detect divergence

even when ∇ log p(y | x) is unavailable.

• Chapter 3: Measurement Error and Robust GF-KCSD Testing.

Focusing on noisy or corrupted data scenarios, we analyze how GF-KCSD

behaves under varying degrees of measurement error. We describe bootstrap-

based variance controls and kernel tuning procedures that safeguard Type-I

error control and interpretability.
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• Chapter 4: Correcting Mode Proportion Bias via Mode-Sensitive

KSD-Bayes.

Here, we tackle the issue of multi-modal posterior structures. We detail the

diffusion-weighted Stein framework (MS-KSD-Bayes) give its RKHS/kernel

representation and an exponential-family conjugacy result, and demonstrate

empirical gains on synthetic and real data.

• Chapter 5: Discussion and Future Directions.

We conclude by synthesizing the main theoretical results and empirical find-

ings, reflecting on their implications for large-scale Bayesian modeling and

proposing future directions for integrating our methods with deep learning

frameworks and advanced measurement-error modeling.

Through these chapters, we highlight how gradient-free, mode-sensitive kernel-based

methods can substantially enhance inference in otherwise intractable models, fa-

cilitating robust goodness-of-fit tests, improved sampling protocols, and reliable

uncertainty quantification in contemporary data analysis.
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Chapter 2

Gradient-Free Kernel Conditional
Stein Discrepancy Goodness of Fit
Testing

In this study, we propose a gradient-free statistical goodness-of-fit test for deter-

mining if a joint sample (xi, yi) is drawn from p(y|x)πx for some density πx given

a conditional distribution. This test is an alternative to Kernel Conditional Stein

Discrepancy, which requires the computation of model derivatives and is therefore

impractical for complex statistical models. Our method, known as Gradient-Free

Kernel Conditional Stein Discrepancy, does not require the calculation of deriva-

tives, making it a great tool for tackling difficult problems such as evaluating the

performance of generative models. It is able to detect convergence and divergence

with the same level of accuracy as the gradient-based method. We also discuss the

application of this test in importance sampling and compare its performance with

two other conventional methods.
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2.1 Introduction

The goodness-of-fit test is a statistical hypothesis test that determines how closely

observed data matches expected data. Goodness-of-Fit tests can assist identify

whether or not two random samples are drawn from the same distribution. Clas-

sical methods as in Kolmogorov and Smirnov (Kolmogorov, 1933; Smirnov, 1948)

entail comparing the models’ cumulative distribution functions or their likelihoods.

However, recent statistical and machine learning methods including graphical mod-

els (Koller and Friedman, 2009) or deep generative models (Salakhutdinov, 2015),

intensely rely on complicated probabilistic models with difficult-to-compute likeli-

hoods or cumulative distribution functions. To tackle this challenge, Gorham and

Mackey (2015) introduced a measure that determines the maximum discrepancy

between the expectation over a class of test functions and the empirical expectation

of a given sample. The class of test functions is chosen in such a way that applying

the Stein operator to them yields zero expectation over the target distribution. The

closed-form of integrals over the target distribution is not required since the Stein

operator merely requires the derivative of the logarithm of the target distribution’s

likelihood.

The implementation of the Stein operator on the Sobolev space, which increases

the complexity of the test function class, is a barrier to adopting Gorham and

Mackey’s approach (2015). To deal with this challenge, Liu et al. (2016) and

Chwialkowski et al. (2016) introduced a likelihood-free method that is applicable

to high-dimensional distributions. Their work was inspired by Oates et al. (2017)

which was the first to investigate the use of Stein’s identity in combination with

kernel techniques to reduce the variance of Monte Carlo integration. It did not,
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however, specify the goodness-of-fit test. Liu et al. (2016) and Chwialkowski et al.

(2016) independently presented a nonparametric goodness-of-fit test as Kernel Stein

Discrepancy (KSD) in such a way that instead of using a class of test functions in

Sobolev space, they compute the Stein discrepancy in a ball Reproducing Kernel

Hilbert Space (RKHS) associated with a positive definite kernel. For discrete dis-

tributions, Yang et al. (2018) extended the kernel Stein discrepancy test in such a

way that can be used for the discrete domain. Jitkrittum et al. (2020) proposed

an extension of the KSD test called the goodness-of-fit test of Kernel Conditional

Stein Discrepancy (KCSD) for conditional density models. They successfully im-

plemented a kernel operator on the conditional witness function.

It has been demonstrated that the proposed discrepancies are effective statistical

tools with a wide range of applications like parameter inference and sampling (Liu

and Lee, 2017; Chen et al., 2018, 2019; Barp et al., 2019; Matsubara et al., 2021;

Hodgkinson et al., 2020; Riabiz et al., 2022; Fisher et al., 2021). In real-world

situations, however, gradient information of the target distribution is not always

accessible. In some circumstances, the gradient cannot be determined analytically

since the target distribution is only provided up to the normalization constant or

as in other scenarios, computing the gradient could be too costly (Andrieu and

Roberts, 2009; Filippone and Girolami, 2014).

To overcome this problem, Liu and Wang (2016) and Han and Liu (2018) proposed

the Stein variational gradient descent by employing Gradient-Free Stein operators.

Fisher et al. (2022) also introduced the Gradient-Free Kernel Stein Discrepancy

(GF-KSD), a computational method that is the result of integrating gradient-free

Stein operators and reproducing kernels. The GF-KSD has been shown to be effec-
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tive, but one drawback is that it only applies to models with marginal density, and

it is not defined for the conditional density.

The objective of this present work is on developing a comprehensive test statis-

tic that is capable of detecting any divergence from the given conditional density

model in the null hypothesis. We deliver a nonparametric, generalized gradient-free

conditional goodness-of-fit test that in the intermediary step does not require a

gradient computation and density estimation. This test is an alternative to Kernel

Conditional Stein Discrepancy (KCSD), which requires the computation of model

derivatives and is therefore impractical for complex statistical models. The main

advantage of the proposed approach is that unlike other methods in conditional dis-

tributions, this approach does not require gradients of the target distribution, which

makes it more efficient and cost-effective. In models where certain derivatives of the

target distribution are either prohibitively expensive or intractable, this proposed

method is useful. As a result, this approach can be used to address challenging

tasks such as evaluating the performance of generative models and latent variable

models.

The proposed method can detect convergence and divergence with the same level

of accuracy as the gradient-based method. For the practical part, the application

of this test in importance sampling is checked, and its performance is compared

with two other conventional methods. In conditional goodness-of-fit testing, the

Gradient-Free Kernel Conditional Stein Discrepancy (GF-KCSD, discussed in Sec-

tion 2.2.2) generalizes the kernel conditional Stein discrepancy (KCSD) (Jitkrittum

et al., 2020) and the Gradient-Free Fernel Stein Discrepancy (GF-KSD) (Fisher

et al., 2022).
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Paper outline Section 3.2 contains two parts, the first part presents the back-

ground method for the kernel Stein Discrepancy, KSD, and the second part defines

our proposed method, GF-KCSD, and all its essential properties, in Section 2.3 we

provide experiments using GF-KCSD. Section 2.4 contains the application of this

method in importance sampling and the conclusion of the paper is discussed in

Section 2.5.

2.2 Background Methods

Comparing distributions with discrepancy measures is a key component of statis-

tical and machine learning models. For the purpose of proposing our new test

statistics: the Gradient-Free Kernel Conditional Stein Discrepancy (GF-KCSD),

the fundamental materials are provided in the first part of this section. It explains

the Kernel Stein Discrepancy (KSD) test by Liu et al. (2016) and Chwialkowski

et al. (2016) which is the base well-known goodness-of-fit test we will discuss in Sec-

tion 2.2.1. In Section 2.2.2, we introduce a goodness-of-fit test using GF-KCSD to

show the efficacy of GF-KCSD in distinguishing distributions. The GF-KCSD is an

extension of both the Kernel Conditional Stein Discrepancy from Jitkrittum et al.

(2020) and the Gradient-Free Kernel Stein Discrepancy from Fisher et al. (2022).

This technique is specifically used to evaluate conditional distributions without the

use of gradients.

15



2.2.1 Kernel Stein Discrepancy (KSD)

A significant part of machine learning and statistical modeling involves the use of

discrepancy measures to compare different distributions. These measures allow us

to quantitatively assess the similarity or difference between two or more distribu-

tions and they play a crucial role in many common statistical techniques such as

hypothesis testing, model selection, and goodness-of-fit testing. One conventional

approach for finding this measure in probability theory is Stein’s method (Stein,

1972). The primary idea underlying Stein’s method is to utilize a Stein operator

instead of the characteristic function that is generally used to demonstrate distri-

butional convergence.

Consider two probability distributions P and Π supported on an open subset or

any convex set X ⊆ RD(D ∈ N), and their continuous differentiable densities p(x)

and π(x). Under suitable boundary conditions, we can define an integrable score

function sp(x) = ∇x log p(x) (Oates et al., 2017), which corresponds to the gradient

of the log-likelihood with regard to the input (Hyvärinen and Dayan, 2005), rather

than the commonly defined score function, which is the gradient of the log-likelihood

with respect to the parameter. For any test function g ∈ GD, g : X → RD, the

Langevin Stein operator of differentiable functions is defined as:

Tpg(x) = sp(x)
Tg(x) +∇T

xg(x), (2.1)

where Tpg(x) ∈ R. In this case, these test functions are vector-valued functions

for convenience and it is going to output a scalar-valued function that is always

going to be mean-zero under the target distribution. Stein’s method shows how

to yield expectation zero test functions for distributions that are known up to a
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normalization constant. Applying the Stein operator Tp on the test functions, meets

regularity and boundary conditions in Gorham and Mackey (2015, Proposition 1).

In particular, we have

Ex∼p[Tpg(x)] = 0. (2.2)

Equation (2.2), known as Stein’s identity, is used to construct Stein discrepancies

which are a type of Integral Probability Metric (IPM) that do not require explicit

integration under P . This can make the Stein discrepancies more amenable to

estimate, since expectations are often easier to compute than integrals. The Stein

discrepancy, as described in the work of Gorham and Mackey (2015) and Liu et al.

(2016), is as follows:

Sp(π, Tp,G) = sup
∥g∥GD≤1

|Ex∼πTpg(x)− Ex∼pTpg(x)| . (2.3)

The Stein discrepancy thus emphasizes the score difference between p and π. To

make it easier to compute and analyze, Chwialkowski et al. (2016); Liu et al. (2016);

Oates et al. (2017); Gorham and Mackey (2017) have applied the use of Reproducing

Kernel Hilbert Spaces (RKHS) (Berlinet and Thomas-Agnan, 2011) to the Stein

discrepancy, resulting in the Kernelized Stein Discrepancy. The Kernelized Stein

Discrepancy limits the test functions g to be in an RKHS GD associated with a

positive definite kernel k : RD×RD → R and their norms ∥g∥GD are jointly bounded

by one. Under the condition that the kernel k is Co-universal (Sriperumbudur et al.,

2011), as long as Ex∼π ∥∇x log p(x)−∇x log π(x)∥22 < ∞ based on Chwialkowski

et al. (2015, Theorem 2.2), Sp(π, Tp,G) = 0 if and only if p = π.

Rewriting the KSD in a way that makes estimation straightforward can be a useful
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technique for simplifying calculations and improving the accuracy and efficiency of

statistical analysis. Consider the kernel k(x,x′) is in the Stein class of p. Define

bp(x,x
′) as follows:

bp(x,x
′) = k(x,x′)sTp (x)sp(x

′) +
D∑
i=1

∂2k(x,x′)

∂xi∂x′i

+ sTp (x)∇x′k(x,x′) +∇xk(x,x
′)T sp(x

′),

(2.4)

where the
∑D

i=1
∂2k(x,x′)
∂xi∂x′

i
= trace(∇x,x′k(x,x′)). Subsequently, given a sample {xi}ni=1 ∼

π, the U-statistic (Serfling, 2009) and the V-Statistics of the squared KSD are de-

fined in Equations (2.5) and (2.6), respectively.

U-statistics:

Ŝ2
p(π) =

1

n(n− 1)

∑
i ̸=j

bp(xi, xj). (2.5)

V-statistics:

Ŝ2
p(π) =

1

n2

n∑
i,j=1

bp(xi, xj), (2.6)

where n is the sample size. Chwialkowski et al. (2016) successfully use the KSD’s

U-statistics to evaluate whether a given density model p is a proper model for a

given sample {xi}ni=1 ∼ π.

The KSD has several attractive properties, such as being a valid metric in the space

of probability distributions and being able to capture a wide range of different types

of discrepancies between distributions. It has been used in a variety of applications,

including density estimation, hypothesis testing, and generative modeling.
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2.2.2 Gradient Free Kernel Conditional Stein Discrepancy

(GF-KCSD)

The goal of this section is to propose the Gradient-Free Kernel Conditional Stein

Discrepancy (GF-KCSD) as a method for detecting the divergence between two

conditional density functions. In the first part, we explain how to construct the

Gradient-Free Stein Discrepancy following Fisher et al. (2022) for the conditional

density functions. All the problem setting in the conditional part is similar to that

introduced in Jitkrittum et al. (2020). All densities, from this point onwards, are

considered as conditional density functions.

Problem Design. Let x ∈ RDx and y ∈ RDy be two random vectors taking

values in X × Y ⊂ RDx × RDy . Let P(RD) be a set of probability distributions

on RD. For q, q0 ∈ P(Rd), we write q ≪ q0 to mean that for every measurable set

A ⊆ Rd, q0(A) = 0 implies q(A) = 0 (i.e., q is absolutely continuous w.r.t. q0). Let

p = p(y|x) ∈ P(RD) be a target model for the conditional density function of y|x.

Given a joint sample Zn = {xi,yi}ni=1

i.i.d.∼ πxy from a joint density πxy defined on

X × Y we want to define the conditional goodness-of-fit test. It should be noted

that πxy is only be seen in the joint sample Zn, and according to the Bayes rule, the

joint density function is defined as πxy(x,y) = π(y|x)πx(x). Thus the hypothesis

test for conditional goodness-of-fit is then defined as follows:

H0 : pxy
πx= πxy vs H1 : pxy

πx

̸= πxy. (2.7)

The null hypothesis means that for almost all x and for all y, the target model

p(y|x) is a proper model for the conditional density π(y|x). However, the alternative
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hypothesis states that there exists a set in X (S⊆X ) such that

∀x ∈ S, p(·|x) ̸= π(·|x).

The goodness-of-fit test in Equation (2.7) is useful in a variety of machine learn-

ing and statistical conditional models such as Bayesian classifier models in dis-

crete random vectors and regression models (both with heteroscedasticity and ho-

moscedasticity noises) in continuous random vectors. Insofar as the score function

(∇y log p(y | x)) is differentiable, the target model distribution can be any nonlin-

ear function such as a neural network. In order to use the Stein discrepancy (with

gradient or gradient-free), we need to define the Stein operator. In our case, since

we want to work with conditional distributions, we need to explain a bit about the

reproducing kernels and some of their properties in advance.

Reproducing kernels are widely used in machine learning and statistics because they

provide a natural way to define inner products between data points. In machine

learning and statistics, inner products are often used to compare data points and

measure the similarities or dissimilarities between them. Reproducing kernels also

provide a framework for defining feature maps, which are important tools in deep

learning. The development of the new test statistic will require vector-valued re-

producing kernels. We provide a quick overview of this idea. For advanced details,

please refer to Carmeli et al. (2010, 2006); Szabó and Sriperumbudur (2017), and

Sriperumbudur et al. (2011). Let X be a nonempty set, W be a real Hilbert space

with the inner product ⟨· , ·⟩W , and L(W) be the Banach space (a complete normed

vector space) of bounded linear operators on W . Bounded linear operators are lin-

ear transformations that map elements of W to elements of W , and are bounded in
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the sense that their operator norm is finite.

An operator-valued positive definite kernel (W-reproducing kernel) is a function

K : X × X → L(W) that satisfies certain conditions. In this context, X is a set

and L(W) is the space of bounded linear operators on a Hilbert space W . For each

pair (x, y) ∈ X × X , K(x, y) ∈ L(W) is a self-adjoint operator (an operator that is

equal to its own adjoint), and we have:

n∑
i=1

n∑
j=1

⟨K(xi,xj)wi,wj⟩W ≥ 0,

for every set of {xi}ni=1 ⊂ X , {wi}ni=1 ⊂ W and n ∈ N. Let WX be a vector space

of all functions from X to W under the assumption that X ,W are banach spaces.

For each x ∈ X and w ∈ W , define the linear operator function Kxw = K(· ,x) as

(Kxw)(z) = K(z,x)w for all z ∈ X . If there is a W-reproducing kernel K in real

valued reproducing kernel, then there exists a unique Reproducing Kernel Hilbert

Space (RKHS) GK such that Kx ∈ L(W ;GK), and under the reproducing property,

g(x) = K∗
x g for all g ∈ GK , x ∈ X . Under the aforementioned conditions, the

adjoint operator of Kx is defined as K∗
x : GK → W .

Taking into account that C(X ;W) : X → W is a vector space of continuous func-

tions, and that C0(X ;W) is a subspace of the C(X ;W) whose elements vanish with

the uniform norm at infinity. This means that the elements of C0(X ;W) become

arbitrarily close to 0 as the input values get farther and farther away from the ori-

gin, i.e. ∥g(x)∥W → 0 as ∥x∥ → ∞. We can consider a W-reproducing kernel K

to be a C0 if GK ⊂ C0(X ;W). It means that if all of the functions generated by the

W-reproducing kernel K are themselves continuous, then we can consider the kernel
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to be a C0 function. Moreover, if GK is dense in L2(X , µ,W) for any probability

measure µ, then a C0-kernel K is referred to as universal. This is because the kernel

is able to generate a wide range of continuous functions that are dense in the space

of square-integrable functions, which means that it can be used to approximate

many different types of functions in that space.

Assume that the positive definite kernel l : Y×Y → R be connected with the RKHS

Gl. For two vectors a = (a1, . . . , aDy), m = (m1, . . . ,mDy) that are the elements

of the set GDy

l where GDy

l =
∏Dy

i=1 Gl, the inner product of two vectors a and m

on GDy

l is defined as the sum of the inner products of their individual elements

⟨a,m⟩ =∑Dy

i=1⟨ai,mi⟩.

Consider a GDy

l -reproducing kernel K : X × X → GDy

l that is W = GDy

l . Assume a

real-valued kernel connected with RKHS Gk as k : X × X → R.

Definition 1. Let the gradient-free Stein operator be the one defined in Fisher

et al. (2022, Definition 1), but instead of the marginal distribution in the definition,

consider all densities to be conditional. For p, ρ ∈ P(RD) when ρ is absolutely

continuous with respect to p and given the fact that the score function of ρ is well-

defined and
∫
∥∇ log ρ∥ dρ < ∞, the gradient-free conditional Stein operator on a

differentiable function g : RD → RD in a way that its first derivatives are bounded

is defined as:

Tp, ρ g =
ρ

p
(∇ · g + g · ∇ log ρ).

When ρ(y|x) = p(y|x) the Langevin Stein operator is recovered. However, when

ρ(y|x) ̸= p(y|x) the dependency on the derivatives of p would be eliminated. Tp, ρ g
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can still be identified as a diffusion Stein operator in this case (Fisher et al., 2022).

We begin by noting that the gradient-free conditional Stein operator is defined

from the gradient-free Stein operator (Fisher et al., 2022) by replacing the marginal

distribution with the conditional distribution. The presence of ρ adds an additional

degree of freedom to Stein operators and gives them a greater range of flexibility

in their operations to explore the search space. It is allowing them to capture

more information about the function and thus reduces the number of independent

variables required to describe the function. The vanishing integral property in

Co-universal kernels is essential in Stein operators that form the basis of Stein’s

approach (Stein, 1972), and helps to define the Stein identity. This property states

that the integral of any C0-universal kernel over the entire domain of the kernel is

equal to zero. This property is useful for ensuring that the integral of the kernel

over any given region is independent of the kernel’s domain and can be used to

analyze the behavior of the kernel over different domains.

Proposition 1. In the case presented in the Definition 1, the discrepancy between

two conditional distributions p and π is defined as:

D2
p, ρ(π) =

∥∥E(x,y)∼πxyKxζρ(·|x)(y, ·)− E(x,y)∼pxyKxζρ(·|x)(y, ·)
∥∥2
GK
, (2.8)

where ζρ(·|x)(y, ·) = ρ
p
[l(y, ·)∇y log ρ(y|x) +∇yl(y, ·)] ∈ GDy

l . D2
p, ρ(π) is referred to

as Gradient-Free Kernel Conditional Stein Discrepancy (GF-KCSD). The second

expectation term in D2
p, ρ(π) (under the distribution P ) is zero by considering the

Stein operator as a non-standard instance of the density method in Stein et al.

(2004). In this case, the first expectation term in D2
p, ρ(π), which is the expectation

with respect to the distribution π ∈ P(RD) is zero if and only if p πx= π; thus,
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the value of this expectation can be used to determine how far π and p diverge.

By stating which test functions g are taken into account and then performing a

supremum over the related expectations, a discrepancy is obtained. In this study,

for the sake of computational simplicity, we assume that g is contained in the unit

ball of a Reproducing Kernel Hilbert Space.

Theorem 1. Let l : Y × Y → R and K : X × X → L(GDy

l ) (where L is a

Banach space) be two positive definite C0-universal kernels. Consider the conditional

witness function defined as rp, π(ω|x) = Ey∼π(.|x)ζρ(.|x)(y, ω) ∈ RDy and for all x,

rp, π(.|x) ∈ GDy

l , suppose that

1.
∫
(ρ
p
)2 dπ <∞;

2. for rx-almost all x, supx

{∫ ∥∥∥∇y log
ρ(y|x)
π(y|x)

∥∥∥2
2
dπ

}
<∞;

3.
∫
X ∥rp, π(·|x)∥2GDy

l

πx(x) dx <∞;

4.
∫ ∥∥Kxζρ(·|x)(y|·)

∥∥
GK

dπxy <∞.

Then D2
p, ρ(π) = 0 if and only if p πx= π, for almost all πx, x ∈ X , p(·|x) = π(·|x).

A.1.1 includes the proof in details.

The majority of the conventional kernels comply with Theorem 1’s requirements

which needs kernel K and l to be C0-universal. The Inverse Multiquadratic kernel

(IMQ), Gaussian kernels, Laplace kernel, for example, are real-valued C0-universal
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kernels (Sriperumbudur et al., 2011). According to Theorem 1, we need a GDy

l -

reproducing, C0-universal kernel such as K(x,x′) = k(x,x′)I where I ∈ L(GDy

l )

is an identity operator (Carmeli et al., 2010), and k is a real-valued C0-universal

kernel. In this study we use IMQ kernel described as follows to implement the

GF-KCSD:

l(y,y′) = (σ2
y + ∥y − y′∥2)−β, β ∈ (0, 1), σy ∈ (0,∞). (2.9)

2.2.3 Explicit Form of GF-KCSD

In order to construct the statistical test for gradient-free conditional goodness-of-fit,

we need to rewrite the D2
p, ρ(π) in a form that can be estimated easily as shown in

Proposition 2.

Proposition 2. For a positive definite kernel k : X × X → R, assume that

K(x,x′) = k(x,x′)I. Define the score function as sρ(y|x) = ∇y log ρ(y|x). Then

the GF-KCSD can be written as:

D2
p, ρ(π) =

∫ ∫
k(x,x′)

ρ(y|x)ρ(y′|x′)

p(y|x)p(y′|x′)
bρ((x,y), (x

′,y′)) dπxy dπx′y′ , (2.10)

where

bρ((x,y), (x
′,y′)) = l(y,y′)sTρ (y|x)sρ(y′|x′) +

Dy∑
i=1

∂2l(y,y′)

∂yi∂y′i

+ sTρ (y|x)∇y′l(y,y′) +∇yl(y,y
′)T sρ(y

′|x′).

(2.11)

Define Bρ((x,y), (x
′,y′)) = k(x,x′)ρ(y|x)ρ(y

′|x′)
p(y|x)p(y′|x′)

bρ((x,y), (x
′,y′)). Having a joint

sample {(xi,yi)}ni=1

i.i.d.∼ πxy an unbiased, consistent estimator for Equation (2.10)
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is given by

D̂2
p, ρ(π) =

1

n(n− 1)

∑
i ̸=j

Bρ((xi,yi), (xj,yj)). (2.12)

The proof is in A.1.2. From Equation (2.11) the GF-KCSD is clearly dependent

on the model p only through the density value, and is dependent on the model ρ

only through the ∇y log ρ(y|x) = ∇y log ρ(y,x). In this regard, the GF-KCSD is

unaffected by the normalizer p(x) and ρ(x) and can be employed with p∗ instead of

p ∝ p∗

C
, where C is an intractable normalization constant. Due to this characteristic,

GF-KCSD can be applied to posterior approximation problems. One critical aspect

of posterior approximation problems is ensuring a consistent approximation of the

target distribution. This can be addressed by convergence control; the next section

takes this worry into account in GF-KCSD.

2.2.4 Convergence Detection and Control

Convergence for a broad class of target distributions is indisputably determined

by the Langevin kernel Stein discrepancy for the kernels with slow decaying tails

(Gorham and Mackey, 2017). We must deal with equivalent convergence detection

in order to demonstrate that the proposed discrepancy (GF-KCSD) is consistent.

The initial step in setting the convergence detection properties of the GF-KCSD is

to configure its convergence-detecting settings. Huggins and Mackey (2018) provide

a basis for this configuration by defining the Lipschitz constant for a Lipschitz

function, which is a mathematical function that satisfies the Lipschitz condition.

This constant is used to measure the maximum difference between the values of the

function at two different points.
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The Lipschitz constant for a Lipschitz function h : RD → RD is defined as L(h) =

sup
y ̸=y′

∥h(y)−h(y′)∥
∥y−y′∥ , where y and y′ are two different points in the domain of the func-

tion. The well-defined tilted Wasserstein distance is then established between the

Lipschitz function h and a measurable function f : RD → R as:

W1(π, p; f) = sup
L(h)≤1

∣∣∣∣∫ hf dπ −
∫
hf dp

∣∣∣∣ , (2.13)

where π and p are two different probability distributions and f is a measurable

function. The well-defined tilted Wasserstein distance can be used to measure the

difference between the two probability distributions. Once the Lipschitz constant

and the well-defined tilted Wasserstein distance have been established, they can be

used to detect convergence in the GF-KCSD. The convergence detection properties

of the GF-KCSD are based on these two measures, which allow it to accurately

determine when a target distribution has reached a stable state and is not changing

significantly with further calculations. This is important for ensuring the validity

of the results obtained from the GF-KCSD.

In order to demonstrate the consistency of the GF-KCSD, it is necessary to show

that it is able to accurately detect convergence for a broad range of target distri-

butions. This can be done by comparing the results of the GF-KCSD with known

converged distributions and verifying that they match. By doing this, it is possible

to confirm that the GF-KCSD is able to accurately detect convergence and produce

reliable results.

Theorem 2. Let p, ρ be conditional distributions in P(RD) and ρ be absolutely

continuous with respect to p, the score function of ρ be well-defined (Lipschitz) and
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∫
∥∇ log ρ∥2 dρ < ∞. Let Kx = k(x, x′)I. For a sequence πn ∈ P(RD), we have

∫
∥Kx∇ log ρ∥2 dπn < ∞,

∫ (
ρ
p

)2
dπn ∈ (0,∞),

∫
∥Kx∇ log ρ∥2

(
ρ
p

)
dπn < ∞,

∫
∥y∥ ρ(y)

p(y)
) dπn(y) <∞. Consider l and k as a kernels such that all their derivatives

exist and are bounded. Then

W1(πn, p,
ρ

p
) → 0 ⇒ Dp, ρ(πn) → 0.

According to Equation (2.13), by considering the function f as the weighting func-

tion ρ
p
, the gradient-free kernel conditional Stein discrepancy Dp, ρ is able to detect

the convergence of πn to p.

Under the same theoretical foundations and assumptions as (Gorham and Mackey,

2017), the gradient-free kernel conditional Stein discrepancy generally does not give

weak convergence control. It is important to note that the GF-KCSD requires

a specific framework and is not simply an extension of the standard kernel Stein

discrepancy. The framework configuration can be founded on meticulously recasting

gradient-free kernels.

Proposition 3. Let ρ ∈ P(RD), p ∈ P(RD), and inf
y∈RD

ρ(y|x)
p(y|x) > 0 such that p

is continuous. Consider a sequence πn ⊂ P(RD) for which the preconditions of

Theorem 2 are satisfied. Then we have:

Dp, ρ(πn) → 0 ⇒ πn
D→ p.

The convergence detection necessitates extra conditions on ρ. Consider the weight

matrix M(y) = (ρ(y)
p(y)

)I which is a position-dependent matrix and Lipschitz, ex-
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plained in (Gorham et al., 2019, proposition 8). This means that the mathematical

function used to calculate the weight matrix must satisfy the Lipschitz condition,

which is a property of functions that limits the rate at which their values can change.

In light of this circumstance, for ensuring that the convergence detection results are

accurate and reliable, ρ needs to be equally concentrated as p.

In Section 2.3, we shall see that proper choices for kernel parameters and ρ lead to

a higher test power. Note that in Sections 2.3 and 2.4 we consider all the kernels

to be inverse multi-quadric (IMQ) kernels.

2.3 Experiments

In this section, we conduct an empirical investigation into the proposed tests using

different kernel parameters and different ρ as an approximation of p. Our initial

aim is to demonstrate how the proposed GF-KCSD can identify areas of difference

between p and π in the domain of the conditioning variable (x). The experiments

were conducted using Python and mainly the PyTorch library (Paszke et al., 2019).

In this study, we assume that kernel k(x, x′) = (σ2
x+∥x− x′∥2)−β and l(y, y′) = (σ2

y+

∥y − y′∥2)−β to be the inverse multi-quadratic (IMQ) kernels. Generally speaking,

the parameters of the IMQ need to be chosen with caution and they should be

specifically tuned to the problem’s configuration. The shape parameter, σ, is taken

into consideration as σ = 1. The other parameter is regarded to be β > D/2 as in

(Sriperumbudur et al., 2011), since we are considering univariate analysis (D = 1),

then we assume β = 0.5. However, we investigate different kernel parameters in

detail.
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The goal is to analyze the behavior of the proposed test (GF-KCSD). For this, a

number of sequences as (πn), n ∈ N are taken into consideration to evaluate the per-

formance of test statistic. As it is displayed in Figure 2.1, some sequences converge

to a given distribution p (straight lines) and others (dash-dotted lines) converge to

an alternative Gaussian target distribution. Since we are working with univariate

distributions, we should keep in mind that the distribution of these sequences (s)

lie in the set of one-dimensional probability space P(R). The sequences have been

chosen to have a sloped pattern (shifting in mean and variance). The powerful dis-

crepancy should be able to distinguish between the convergent and divergent nature

of these sequences.

This section contains two scenarios with respect to the way of choosing the ρ dis-

tribution. In section 2.3.1 we explore the behavior of the GF-KCSD based on the

assumption that the target distribution is conditional gaussian model, on the other

hand, in Section 2.3.2 we analyze the behavior of the proposed test statistic under

the assumption that the target distribution p, follows the conditional gaussian mix-

ture model. In order to inherit the desirable performance of the Langevin kernel

Stein discrepancy for which ρ and p are equal, we represent ρ as an approximation

of p in the discussion that follows. As a requirement in Proposition 3, the way to

choose ρ should satisfy inf
y∈RD

ρ(y)
p(y)

> 0, note that the distributions are conditional.

Given this explanation, each target distribution has its own setting for selecting ρ

as its approximation.
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Figure 2.1: Experimental slant sequences πn with fixed kernel parameters(σ = 1,
β = 0.5). The first row shows the sequences (straight line) converge to the target
distribution p(magenta), while the second row depicts the sequences (dash-dot)
that converge to different Gaussian distribution. (a) The target distribution is
conditional Gaussian mixture model. (b) The target distribution is conditional
Gaussian model.

2.3.1 Conditional Gaussian Model

Problem setting: We take into account a basic univariate problem where the

data generating distribution is πx(x) = Uniform (−2, 2), and the target model

is p(y|x) = N (y; 0.5(x + 1), 1). To define the convergence sequences πn ∼ s, we

put sequence distribution (s) equal to the target distribution p, while for the non-

convergence sequences, the sequence distribution (s) is N (0, 0.64). In this configu-

ration, we assume such as in the Bayesian approach that the target distribution p

is the posterior distribution, taking ρ to be the prior distribution. We define two

priors that both satisfy the requirements in Proposition 3: one has a tail that is

heavier than the target distribution ρheavy ∼ N (0.5, 1.75), while the other has a

light tail ρlight ∼ N (0.5, 0.64).
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2.3.2 Conditional Gaussian Mixture Model

Problem setting: We take into account that the data generating distribution is

πx(x) = N(0.1), and we assume the target distribution as follows

p(y|x) =
3∑

i=1

wiN (y;µi(x), σ
2
i )

where N (y;µi(x), σ
2
i ) is the Normal density, and µ(x) = 0.5(x+1) (−1, 0.5, 0.2) with

µi(x) its i-th component. The weight vector is w = (0.3, 0.6, 0.1), the mean vector

is µ(x) as above, and the variance vector is σ2 = (σ2
1, σ

2
2, σ

2
3) = (0.15, 0.2, 0.9).

To define the approximation distribution, in this configuration, we consider the

Laplace approximation and the Gaussian mixture model. In problems where the

target distribution p is differentiable yet computationally costly, it is practical to

use its Laplace approximation ρ instead. Given the explanation regarding the target

distribution, the computed Laplace approximation has ρ ∼ N (0.3, 0.20402) distri-

bution. Another scenario is when there is not any problem in derivatives of the

target distribution p and samples from it can be obtained straightforwardly, one

may consider ρ to be a Gaussian mixture model fitted to these samples which is

a more suitable and flexible substitute for Laplace. The Gaussian mixture model

here is computed using 100 samples from the target p. To choose the number of

components in the mixture model we consider the minimum Akaike Information

Criterion (AIC) and according to this criterion, the best number of components is

2.

The performance of our proposed test statistic for the different conditional target

models and their ρ’s (with mentioned settings) are shown in Figure 2.2. It is evident
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that two selected ρs (heavy-tailed and light-tailed) in the conditional Gaussian

model, can identify when πn converges or diverges from the target distribution

p. As for the selection of ρ, it depends on the application and the type of data. The

heavy-tailed ρ is suitable for capturing outliers in the data, while the light-tailed ρ

is suitable for dealing with data with fewer outliers. In addition, it is worth noting

that the selection of ρ also affects the convergence speed of the algorithm, the light-

tailed ρ can accelerate the convergence speed while the heavy-tailed ρ can slow down

the convergence speed. On the other hand, for the conditional Gaussian mixture

target distribution, using the Gaussian mixture model as ρ, the convergence to the

target distribution has a steeper slope than the Laplace approximation. It is clear

from the figure that the Laplace transformation convergences after n > 50.
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Figure 2.2: Experimental evaluation of the gradient-free kernel conditional Stein
discrepancy on the sequence πn. The first row displays the distribution of the tar-
get model p and its corresponding ρ. (a) displays the assessed GF-KCSD for the
conditional Gaussian target. (b) depicts the evaluated GF-KCSD for the Condi-
tional Gaussian mixture target. For the Laplace transformation. for n > 50, the
convergence is evident. While for ρ as Gaussian mixture model, for n > 10 the
convergence happens.
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2.4 Application

To illustrate the practicality of gradient-free kernel conditional Stein discrepancy, we

demonstrate how it can be applied to posterior approximation via Stein importance

sampling (presented in Section 2.4.1). This extension expands the scope of existing

algorithms to statistical models where certain derivatives of p are either prohibitively

expensive or intractable.

2.4.1 Gradient-Free Conditional Stein Importance Sampling

Importance sampling is a method used in statistical sampling to improve the ac-

curacy and efficiency of estimates. This is achieved by weighting the sample data

according to their relative importance or relevance to the population being studied.

By assigning higher weights to more important or representative data points, the

overall estimate is more reflective of the true population. Importance sampling is

a widely utilized technique in machine learning and statistics, yet its effectiveness

is limited as it requires the use of straightforward proposals with easily calculated

importance weights. Stein importance sampling is an effective and efficient tool for

sampling from a target probability distribution p, even when the distribution cannot

be differentiated (Liu and Lee, 2017; Hodgkinson et al., 2020). It involves sampling

from a tractable approximation of the target distribution ρ and then correcting the

bias in the samples in order to obtain samples from the desired target distribution

p. The technique has been successfully applied in instances where the statistical

model p can be differentiated, but Fisher et al. (2022)’s contribution removed this

requirement. They proposed a practical solution (gradient-free Stein importance
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sampling) to the problem of sampling from a target distribution p, even when the

distribution cannot be differentiated. Our contribution is to apply gradient-free

Stein importance sampling to conditional target distributions. We will analyze this

method, which involves generating independent samples (yn) from the same approx-

imate distribution ρ as used in gradient-free kernel conditional Stein discrepancy

(GF-KCSD).

To apply our proposed method, we need to extend (Fisher et al., 2022, Theorem 3)

to the case of conditional target distributions. This will allow us to use gradient-

free Stein importance sampling to accurately and efficiently estimate conditional

probabilities, even when the target distribution cannot be differentiated. By doing

this, we can extend the applicability of gradient-free Stein importance sampling and

improve its usefulness for statistical estimation.

Theorem 3. (Gradient-Free conditional Stein Importance Sampling) Let condi-

tional distribution p and ρ, satisfying the preconditions of Proposition 3. Assume

that
∫
exp(λ ∥Kx∇ log ρ∥2) dρ < ∞ for some positive λ. For independent samples

(yn) from ρ, the optimal weights are as follows:

α∗ ∈ argmin

{
Dp,ρ

(
n∑

i=1

αi δ(yi)

)
: 0 ≤ α1, · · · , αn,

n∑
i=1

αi = 1

}

where πn=
∑n

i=1 α
∗
i δ(yi), as n→ ∞, πn

d→ p.

The weighted samples are generated by multiplying each sample by its corresponding

weight, and then summing over all the samples. As the number of samples increases,

the distribution of the weighted samples generated by the importance sampling
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method converges to the true target distribution almost surely. This means that the

estimates obtained using importance sampling become more accurate and reliable

as the number of samples increases.

To demonstrate the effectiveness of gradient-free conditional Stein importance sam-

pling, we implemented it to approximate a posterior distribution. We analyze the

efficacy of GF-KCSD importance sampling in comparison with the performance of

two other importance sampling methods: KCSD importance sampling, and self-

normalized importance sampling. The experiment is run by first sampling a set of

points from the target and approximate distributions. These samples are then used

to calculate the maximum mean discrepancy (MMD) between the two distributions

using each of the three importance sampling methods. The three importance sam-

pling methods differ in the specific techniques they use to correct for bias in the

samples. We utilize the logarithm of the energy distance as a measure of the quality

of the approximation and compare the efficacy of these three methods. In general,

a lower logarithm of energy distance indicates that the two distributions are more

similar, while a higher energy distance indicates that they are more different.

Problem Setting: We consider the performance of each method for a different

number of samples n. As mentioned in Theorem 3, we are required to find the opti-

mal weights for conditional Stein importance sampling (with gradient and without

gradient). This optimization problem can be solved using a type of algorithm called

a splitting conic solver, which was developed by (O’donoghue et al., 2016). These

types of algorithms are typically used to solve optimization problems that involve

a combination of linear and convex quadratic constraints. There are three different

scenarios:
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• Different scale scenario: πx ∼ N (0, 1), p(y|x) ∼ N (y;x, 1) and ρ(y|x) ∼

N (y;x, η).

• Different location scenario: πx ∼ N (0, 1), p(y|x) ∼ N (y;x, 1) and ρ(y|x) ∼

N (y;x+ ν, 1).

• Different scale-location scenario: πx ∼ N (0, 1), p(y|x) ∼ N (y;x, 1) and

ρ(y|x) ∼ N (y;x+ ν, η)

where 0.6 ≤ η ≤ 1.4 and −0.5 ≤ ν ≤ 0.5. Figure 2.3 displays the result of each

scenarios. These results indicate that, "in correcting sample bias", gradient-free

conditional Stein sampling performs similarly to—or even better than—conditional

Stein importance sampling.

In the different scale scenario, for η > 0.8, the proposed method performed better

than the gradient-based approach. Moreover, when the number of samples increases,

the proposed method performs almost similarly to the gradient-based importance

sampling. In the different location scenario, for ν > −0.2 the proposed method

performed almost similarly to or better than the gradient-based conditional Stein

importance sampling. In the different scale-location scenario, for −0.2 < ν < 0.1

and 0.8 < η < 1.2 it is evident that the Gradient-Free Conditional Stein importance

sampling outperformed gradient-based approach. And in other intervals, its perfor-

mance was comparable to that of the gradient-based Stein importance sampling.

2.5 Conclusion

We propose Gradient-Free Conditional Stein Discrepancy which is a measure of the

difference between two distributions, and it can be used in statistical testing and
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Figure 2.3: Evaluation of gradient-free conditional importance sampling in different
sample size and scenaros: First Row: under the scenario ρ(y|x) ∼ N (y;x, η), Second
Row: under the scenario ρ(y|x) ∼ N (y;x + ν, 1), Third Row: under the scenario
ρ(y|x) ∼ N (y;x+ ν, η).

machine learning. Compared to existing gradient-based methods, such as Kernel

Conditional Stein Discrepancy (KCSD), GF-KCSD does not require the computa-

tion of derivatives of the target distribution, thereby making it more efficient and

cost-effective. Moreover, GF-KCSD is particularly useful in models where certain

derivatives of the target distribution are either computationally expensive or in-

tractable. We have done the experimental investigation in a wide range of scenarios
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for checking its ability to identify the convergence and divergence from the target

distribution. The result shows that this approach is scalable and stable. Besides, we

utilized this method in importance sampling problem. The result evidently showed

that Gradient-Free Conditional Stein importance sampling achieved similar to or

better performance than gradient-base conditional Stein importance sampling in

terms of the logarithm of the energy distance in variety of problem settings. Future

work on the GF-KCSD can include extending it to deal with a discrete domain Y

by applying a Stein operator based on forward and backward differences. These

research ideas remain open for consideration.
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Chapter 3

Navigating Interpretability and
Alpha Control in GF-KCSD Testing
with Measurement Error: A Kernel
Approach

The Gradient-Free Kernel Conditional Stein Discrepancy (GF-KCSD), presented

in prior work (Afzali and Muthukumarana, 2023), represents a significant advance-

ment in goodness-of-fit testing for conditional distributions. This method offers a

robust alternative to previous gradient-based techniques, specially when the gradi-

ent calculation is intractable or computationally expensive. In this study, we explore

previously unexamined aspects of GF-KCSD, with a particular focus on critical val-

ues and test power—essential components for effective hypothesis testing. We also

present novel investigation on the impact of measurement errors on the performance

of GF-KCSD in comparison to established benchmarks, enhancing our understand-

ing of its resilience to these errors. Through controlled experiments using synthetic

data, we demonstrate GF-KCSD’s superior ability to control Type-I error rates and
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maintain high statistical power, even in the presence of measurement inaccuracies.

Our empirical evaluation extends to real-world datasets, including brain MRI data.

The findings confirm that GF-KCSD performs comparably to KCSD in hypothe-

sis testing effectiveness while requiring significantly less computational time. This

demonstrates GF-KCSD’s capability as an efficient tool for analyzing complex data,

enhancing its value for scenarios that demand rapid and robust statistical analysis.

3.1 Introduction

In the dynamic field of statistical and machine learning models, the rapid devel-

opment of complex algorithms has outpaced the development of robust model val-

idation and diagnostic methods. It is essential to bridge this gap to understand

the strengths and limitations of complex models, enhance their interpretability, and

identify areas for improvement. By assessing how well a model fits observed data,

these techniques enable model validation, interpretability, and finding ways to make

it better. Acknowledging that "all models are wrong, but some are useful" (Box,

1976; Box and Draper, 1987), the challenge lies not in validating the truth of a

model but rather in quantifying how much it deviates from the observed data (Gel-

man and Shalizi, 2013). This continuous cycle of model criticism, revision, and

reevaluation is a part of the data analysis process as illustrated by Blei’s Box’s loop

(Blei, 2014).

A cornerstone in statistical model criticism is the goodness-of-fit test, with tradi-

tional tests such as the χ2 test (Pearson, 1900), Kolmogorov–Smirnov test (Smirnov,

1939), and Anderson–Darling test (Anderson and Darling, 1952) being essential
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tools for practitioners to ensure their models match the real-world data. However,

these traditional tests often demand a fully specified model distribution, a limita-

tion in modern applications where distributions are frequently known only up to an

intractable normalization constant. This challenge arises in scenarios such as sta-

tistical models for network data, large-scale graphical models, and deep generative

models.

To address this issue, subsequent studies have developed a novel goodness-of-fit

assessment strategy. This strategy applies Stein’s technique (Stein, 1972), which

works directly with model distributions that are non-normalized. The foundational

groundwork laid by Gretton et al. (2012) in integral probability metrics showcased

the efficacy of utilizing kernel embeddings to compare distributions. Further de-

velopments, building on this by Gorham and Mackey (2015) proposed a discrep-

ancy measure based on Stein operators and functions in Sobolev space. In order

to improve goodness-of-fit testing methods for complex and non-normalized model

distributions researchers Chwialkowski et al. (2016); Liu et al. (2016) used the unit

ball of a reproducing kernel Hilbert space (RKHS) as the designated test function

class. After that, Jitkrittum et al. (2020) made further strides by developing the

kernel conditional Stein discrepancy (KCSD) test tailored for conditional goodness-

of-fit assessment. Notably, it is imperative to acknowledge that these methodologies

necessitate gradient computations, a computational aspect that may introduce in-

stability, as highlighted by Fisher et al. (2022). They presented the gradient-free

kernel Stein discrepancy (GF-KSD), a novel method for assessing goodness-of-fit

that does not rely on gradients. It uses kernel-based algorithms to calculate the

difference between model distributions and observed data, making it appropriate
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for complicated models and high-dimensional data when gradients are either un-

available or computationally costly. However, one shortcoming of the GF-KSD

technique is that it focuses on analyzing marginal distributions rather than condi-

tional distributions. Building on this foundation, Afzali and Muthukumarana (2023)

further expanded the application of gradient-free methodologies to the realm of con-

ditional distribution testing through the development of the Gradient-Free Kernel

Conditional Stein Discrepancy (GF-KCSD). This advancement integrates several

cutting-edge concepts, including kernel embedding of distributions, Stein operators,

and the application of gradient-free discrepancies within a conditional framework.

Such integration not only addresses the challenges of gradient instability but also

enhances the adaptability and reliability of goodness-of-fit assessment in the con-

text of complex modern data sets. The rest of this study rigorously investigates

empirical performance of GF-KCSD.

The effect of measurement error on non-parametric test statistics critically under-

mines the accuracy and credibility of statistical interpretations. These methods,

which avoid the assumption of a specific data distribution, are notably suscepti-

ble to errors in measurement. Such inaccuracies can cause improper data analysis,

which is fundamental to analyses that rely on precise data representation. As a

result, measurement error can substantially skew results, typically diminishing the

perceived magnitude of effects and decreasing the ability to discern significant dif-

ferences. These are important consequences that necessitate the implementation

of robust approaches to mitigate these effects and ensure more reliable statistical

analyses. This highlights the critical need to account for measurement error when

designing and interpreting research employing non-parametric statistics (Carroll
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et al., 2006; Delaigle and Van Keilegom, 2021; Fuller and Fuller, 1987).

In this work, we aim to (i) explore the critical values of the GF-KCSD test statistic,

(ii) evaluate the statistical power of GF-KCSD against relevant benchmarks, and

(iii) examine the effects of measurement error on the performance of the GF-KCSD

and established benchmarks. Understanding the distribution and appropriate crit-

ical values will enable principled hypothesis testing using GF-KCSD. Comparisons

with KCSD and other divergence tests will provide insight into the advantages of

GF-KCSD. Furthermore, assessing the impact of measurement errors is critical for

assuring the robustness of statistical inference, especially in actual applications with

noisy data.

Paper Outline: This paper begins with Section 3.2, which lays the framework

by explaining the key concepts and theoretical backgrounds required to understand

the study’s aims. In Section 3.3, we go into the methodology used to evaluate

the performance of the GF-KCSD approach, including a thorough discussion of the

features of measurement errors and their expected impact on GF-KCSD effective-

ness. Section 3.4 provides experimental examples that highlights the practicality

and effectiveness of the GF-KCSD approach for assessing statistical models. This

section is separated into two major subsections: one for synthetic datasets and one

for real-world brain MRI database. Finally, Section 3.5 summarizes our findings

and offers a discussion of the implications for future research initiatives.
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3.2 Foundational Concepts and Theoretical Back-

ground

Having established the challenges of interpreting test statistics in complex models,

we now turn our attention to an overview of the Gradient-Free Kernel Conditional

Stein Discrepancy (GF-KCSD). We will present the theoretical background and

fundamental principles, laying the groundwork for our investigation of GF-KCSD’s

critical values, type-I error and test power.

To grasp how GF-KCSD works, we first need to cover some background information.

We begin with an exploration of Stein’s method and its extensions, discussing the

Stein operator and Stein identity, which are crucial concepts that allow us to apply

GF-KCSD to estimating conditional probability densities. Moreover, the role of

Reproducing Kernel Hilbert Space (RKHS) in kernel methods will be explored to

highlight its value in embedding distributions and enabling gradient-free discrepancy

calculations. Our objective is to create a strong basis for the debate in the next

sections of this paper.

3.2.1 The Stein Operator

The Stein operator, originally introduced by Stein (Stein, 1972), is a pivotal element

in statistical analysis, particularly within the scope of the Kernel Stein Discrepancy

(KSD) method and its extensions. This operator serves as a linear differential

operator that maps functions from a certain function space (often a reproducing

kernel Hilbert space) to the space of functions whose expectations under the target

distribution are zero. Let H denote a Hilbert space of functions. The Stein operator

50



Tp is mathematically represented as Tp : H → H0, where H0 is the subspace of

functions in H such that Ep[Tpg(x)] = 0. This operator transforms a function

g(x) ∈ H into

Tpg(x) =
n∑

i=1

(
gi(x) ·

∂

∂xi
log p(x) +

∂

∂xi
gi(x)

)
,

where ∂
∂xi

log p(x) is the gradient of the log-density of the target distribution, and

∂
∂xi
gi(x) is the gradient of the test function g(x) with respect to x. The Stein

operator thus combines the original function g(x) with information from the target

distribution. This allows it to capture how g(x) changes with respect to both its

original values and the density of the target distribution, resulting in Tpg(x) ∈ H0.

A fundamental property of the Stein operator is Stein’s identity, which states that

the expectation of Tpg(x) is zero under the target distribution. This identity is

critical within the framework of kernel Stein discrepancy approaches, acting as a

key property that supports their efficacy. It guarantees that the connection be-

tween the test function and the target distribution is correctly represented, giving

a trustworthy basis for model evaluation:

Ex∼p[Tpg(x)] = 0. (3.1)

Equation (3.1), not only supports Stein’s identity, but it also serves as the theoretical

foundation for the use of the Stein discrepancy techniques in statistical analysis.

Stein’s identity is fundamentally linked to the framework of the Reproducing Kernel

Hilbert Space (RKHS)—a Hilbert Space where functions are endowed with the

capacity for inner product operations, ensuring closure. Within this context, we
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consider the class of test functions to reside in an RKHS, specifically, gi ∈ H for

all i. Here, H represents the RKHS wherein each scalar-valued function, gi, is an

element, as discussed in seminal works (Chwialkowski et al., 2016; Liu et al., 2016).

In the well-defined framework of a Reproducing Kernel Hilbert Space (RKHS),

defined over a set X with a reproducing kernel k : X × X → R, we delve into the

analysis of function properties through RKHS’s inherent operations:

1. Inner Product: In the context of a reproducing kernel Hilbert space (RKHS),

the inner product between any two functions f and g within this space, de-

noted as f, g ∈ H, is defined by the expected value of their product under a

target probability distribution p(x):

⟨f, g⟩H = Ep[f(x) · g(x)]. (3.2)

This definition integrates statistical expectations with the geometric princi-

ples of RKHS, thereby enhancing the way interactions between functions are

analyzed within this mathematical space.

2. Norm: The norm of a function f ∈ H, reflects its magnitude and behavior

within the RKHS. It is calculated as the square root of the function’s self-inner

product:

∥f∥H =
√
⟨f, f⟩H =

√
Ep[f(x)2], (3.3)

where Ep denotes the expectation with respect to the target distribution p(x).

This norm serves as a critical measure, providing insights into the function’s

variance and its distributional characteristics across the space.
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This exposition not only highlights the role of RKHS in the fusion of geometric and

probabilistic principles in function analysis but also showcases its critical application

in statistical inference and the theoretical underpinnings of Stein’s method.

The mathematical foundation provided by the Stein Operator and the reproducing

kernel Hilbert space (RKHS) ensures a rigorous and systematic approach to the

analysis of functions within the context of kernel Stein discrepancy methods. Given

an observed dataset (xi)ni=1 with an unknown distribution p0, and a proposed model

with distribution p, we utilize a class of test functions g ∈ G in RKHS to measure

the Kernel Stein Discrepancy (KSD). Here, G represents the class of test functions

within the RKHS. The KSD is defined as:

Sp(p0, Tp,G) = sup
∥g∥G≤1

∥∥∥∥∥Ex∼p0 [Tpg(x)]−��7
0

Ex∼p[Tpg(x)]

∥∥∥∥∥
= sup

∥g∥G≤1

∥Ex∼p0 [Tpg(x)]∥ . (3.4)

The KSD is zero if and only if the two distributions, p and p0, are identical in the

sense that there is no statistical difference between them detectable by any test

function in the chosen RKHS. This method allows us to systematically assess how

well the proposed model p captures the true characteristics of the dataset {xi}ni=1,

which follows the distribution p0.

3.2.2 Conceptual Backgrounds of the GF-KCSD

The GF-KCSD framework emerges as an extension of the kernel Stein discrepancy

paradigm, tailored to address the complexities of conditional distributions. It does

not depend on gradients of the proposed distribution like some other KSD methods,
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so it’s not bogged down by typical computational limitations. GF-KCSD leverages

the gradient-free conditional Stein operator, as introduced by Afzali and Muthuku-

marana (2023), which enables a thorough examination of conditional distributions

that are both precise and computationally effective. This operator is defined as

follows, capturing the essence of its gradient-free approach:

ζq(y|x)(y,y′) = ω(y|x)ω(y′|x′) [g · ∇y log q(y|x) +∇y · g] , (3.5)

where ω(y|x) = q(y|x)
p(y|x) is an importance weight to correct the bias introduced by the

surrogate, q denotes the surrogate distribution, p signifies the target distribution, g

is the test function within the RKHS. This operator adeptly integrates the derivative

of the log-density of q with respect to y, bypassing direct derivatives of p, thus

embodying the gradient-free characteristic. Here, the function g ∈ Gd, where Gdy
l =∏dy

j=1 Gl, and Gl represents the RKHS associated with a positive definite kernel

l : Rdy × Rdy . This operator assumes that q is absolutely continuous with respect

to p, signifying that events with probability zero under p also have probability zero

under q. This scenario suggests that q provides more detailed information compared

to p, with the density ratio q
p

being bounded and ∇q being Lipschitz, meaning it

varies smoothly across the entire space and remains within a certain range.

Consider two random vectors, x and y, in the space X × Y ⊂ RDx × RDy . We

have a joint sample of independent and identically distributed pairs denoted as

(xi, yi)
n
i=1 ∼ p0xy . The joint density function is defined by Bayes rule as p0xy(x,y) =

p0(y|x)p0x(x) with p0(y|x) being unknown and only accessible through the joint

sample. The goal is to test the proposed conditional density function p(y|x) as

the true conditional distribution p0(y|x). This assessment is undertaken through
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a hypothesis test aimed at gauging the goodness-of-fit of the proposed model with

respect to an unknown marginal distribution, denoted as p0x . The hypothesis test

is formulated as follows:

H0 : p(y|x)
p0x= p0(y|x), H1 : p(y|x)

p0x
̸= p0(y|x), (3.6)

where p
p0x= p0 is specified that p(y|x) = p0(y|x), for p0x-almost all supporting points

x and for every y ∈ Y . Incorporating the conditional component involves multiply-

ing the Stein operator by the kernel function K(x,x′). As a result, the Kernelized

Conditional Stein Operator, denoted as Gq(x,y) = K(x,x′)× ζq(y|x)(y,y′), exhibits

injectiveness owing to the C0-universality of K(x,x′). This injectiveness serves as a

direct confirmation of the Stein identity property, showcasing the versatility and re-

liability of the Kernelized Stein Operator within the context of C0-universal kernels.

The key to the GF-KCSD is the Gq such that the expectation under the distribution

p vanish, i.e., for any function g ∈ Gl:

E(x,y)∼pxyGq(x,y) = E(x,y)∼pxy [K(x,x′)× ζq(y|x)(y,y′)] = 0 (3.7)

The Gradient-Free Kernel Conditional Stein Discrepancy (GF-KCSD) between con-

ditional probability distributions P0 and P is a discrepancy measure defined as the

supremum (maximum value) of the difference between the expected value of the

Kernelized Stein Operator under the distributions P0 and P , with respect to the

norm in the RKHS Gl:

Sp,q(p0) = sup
∥g∥Gl≤1

∥∥∥∥∥E(x,y)∼p0xy [Gq(x,y)]−��7
0

E(x,y)∼pxy [Gq(x,y)]

∥∥∥∥∥
Gl

. (3.8)
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Having a joint sample (xi,yi)
n
i=1

i.i.d.∼ p0xy , the estimator for the GF-KCSD is shown

as:

Ŝ2
p, q(p0) =

1

n(n− 1)

∑
i ̸=j

Gq((xi,yi), (xj,yj)). (3.9)

The explicit form of the GF-KCSD estimator for a joint sample {(xi,yi)}ni=1 is

presented as:

Ŝp, q(p0) = ExyEx′y′K(x,x′)ζq(y|x)((x, y), (x
′, y′)). (3.10)

Furthurmore, the explicite form of ζq(y|x)((x, y), (x′, y′)) is as follows:

ζq(y|x)((x, y), (x
′, y′)) = ω(y|x)ω(y′|x′)

{
l (y,y′) sTq (y|x)sq (y′|x′)

+

Dy∑
i=1

∂2

∂yi∂y′i
l (y,y′) + sTq (y|x)∇y′l (y,y′)

+sTq (y′|x′)∇yl (y,y
′)
}
,

(3.11)

where sq(y|x) is the gradient of the log-density of q(y|x). We provided a concise

overview of this concept in this section. For more in-depth information and proofs

about the GF-KCSD, please refer to Afzali and Muthukumarana (2023, Section 2.2).

3.3 Methodology

In this section, we describe the methodology used to investigate the GF-KCSD’s

sampling distribution, critical values, and performance within our experimental

framework. We utilize a modification of the bootstrap method (Efron, 1992) to

evaluate the sample distribution and identify critical values for hypothesis testing.,
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which provides insights into the robustness of the GF-KCSD estimator. Simultane-

ously, we address the complications presented by measurement error by incorporat-

ing it into our analysis, thus accounting for the inherent uncertainties in empirical

data and enhancing the accuracy and reliability of our findings. This methodological

framework lays the groundwork for our subsequent experiment, where we explore

the performance of GF-KCSD under various conditions.

3.3.1 Bootstrap Resampling

Our investigation into the GF-KCSD for goodness-of-fit testing embarks on a crit-

ical comparison between a specific non-normalized conditional model distribution

p(y|x) and a collection of independently and identically distributed (i.i.d.) joint

samples (xi, yi)ni=1, drawn from an unspecified data-generating distribution p0(y|x).

Given the complexity and non-parametric nature of the GF-KCSD, particularly the

absence of a closed-form distribution under H0, we deploy the bootstrap method.

This essential resampling technique estimates an estimator’s properties by sam-

pling with replacement from the original dataset making it indispensable strategy

for approximating the test threshold when traditional computational approaches are

impractical (Arcones and Gine, 1992; Huskova and Janssen, 1993). This aligns our

methodology with the forefront of statistical innovation as exemplified in Kernelized

Stein Discrepancy (KSD) tests (Liu et al., 2016; Yang et al., 2018; Jitkrittum et al.,

2020).

By setting the rejection threshold to η1−α, corresponding to the (1 − α)-quantile

of the asymptotic null distribution, our test rigorously rejects the null hypothe-

sis H0 if the computed statistic nŜp, q(p0) surpasses this threshold. This technique
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Algorithm 1 Estimation of Test Threshold for Hypothesis Testing
1: Input: Dataset (xi, yi)ni=1 ∼ p0xy , Number of bootstrap samples ñ, Significance

level α
2: Objective: To test H0 : p

p0x= p0 against H1 : p
p0x
̸= p0

3: Compute test statistic Ŝ2
p,q(p0) =

1
n(n−1)

∑
i ̸=j Gq((xi,yi), (xj,yj))

4: for b = 1, · · · , ñ do
5: Sample with replacement {w1, . . . , wn} ∼ Multinomial(n; 1

n
, . . . , 1

n
)

6: Adjust weights: w̃i =
wi−1
n

7: Compute bootstrap statistic:
Ŝ∗
(p,q)b(p0) =

∑n
i=1

∑
j ̸=i w̃iw̃jGq((xi,yi), (xj,yj))

8: end for
9: Determine the (1− α)-quantile η1−α of the bootstrap statistics {Ŝ∗

(p,q)b(p0)}ñb=1

10: Output: Test threshold η1−α as the estimate for rejecting H0

not only tackles computational issues, but it also represents the evolving landscape

of non-parametric hypothesis testing. The Algorithm 1 summarizes our approach

and outlines the procedures required for the estimation of the test threshold. This

algorithm does more than automate computations; it represents a methodological

evolution, ensuring that each step—from sampling to the final quantile determina-

tion—enhances the accuracy and interpretability of our goodness-of-fit testing.

3.3.2 Measurement Errors

In many applied fields of study, our objective is to model the relationship between

a response variable and one or more explanatory variables. However, in some cases,

the covariates of interest are neither observable nor measurable. In such instances,

we employ indirect measures of the true covariates, known as proxy variables. These

proxy variables inevitably measure the actual covariates with some degree of error,

leading to the designation of such models as measurement error models. Essen-

tially, measurement error models are useful when the explanatory variables that
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genuinely govern the response behavior cannot be directly observed. The classical

measurement error model is articulated as:

wi = xi + ui, (3.12)

where wi is the observed proxy variable, xi is the true unobserved covariate, and ui is

the random measurement error, assumed to be independent of xi and characterized

by a mean of zero (E[ui] = 0) and a variance of σ2
u (Var[ui] = σ2

u).

Two key assumptions underlie measurement error models: (i) unbiasedness, ensuring

E[wi|xi] = xi, such that observed values reflect true values on average; and (ii)

independence, requiring Cov[xi, ui] = 0, preventing systematic biases related to the

magnitude of xi. Violation of these assumptions can lead to biased and inefficient

estimates.

This section delves deeply into classical measurement error models, with an em-

phasis on their consequences in statistical frameworks such as the Linear Gaussian

Model and Heteroscedastic Gaussian Model, elucidating their theoretical under-

pinnings, estimation approaches, and implications when faced with measurement

errors.

Linear Gaussian Model with Classical Measurement Error

In the analysis of simple linear regression models, it is crucial to account for mea-

surement errors, especially when the true covariates cannot be directly observed.

This section explores a simple linear regression model incorporating measurement

error, highlighting its impact on the observed relationship between the response

variable and covariates.
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Consider the true relationship for the ith observation in a simple linear regression

model expressed as:

yi = β0 + β1xi + ϵi,

Here, β0 and β1 are the regression coefficients, and ϵi represents the random error

term, which is assumed to be independent of xi and normally distributed with mean

zero and variance σ2
ϵ , i.e., ϵi ∼ N (0, σ2

ϵ ). However, instead of observing the true

covariate xi, we observe a proxy variable wi, which is related to xi through the

classical measurement error model wi = xi+ui. where ui is the measurement error,

assumed to be independent of xi and ϵi, and normally distributed with mean zero

and variance σ2
u, i.e., ui ∼ N (0, σ2

u). Substituting xi = wi − ui into the linear

Gaussian model, we obtain:

yi = β0 + β1(wi − ui) + ϵi

= β0 + β1wi − β1ui + ϵi.

Defining a new combined error term ηi = ϵi − β1ui, the observed model can be

written as:

yi = β0 + β1wi + ηi.

The distribution of the combined error term ηi is also normal, as it is a linear

combination of two independent normal variables:

ηi ∼ N (0, σ2
ϵ + β2

1σ
2
u). (3.13)

This formulation highlights the impact of measurement error in the explanatory

variable xi on the linear Gaussian model, causing the inflation of error variance and

making standard methods like ordinary least squares (OLS) biased and inconsistent.

To accurately estimate the regression coefficients β0 and β1, as well as the error
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variances σ2
ϵ and σ2

u, alternative techniques such as errors-in-variables models or

instrumental variables are required. These methods are crucial for adjusting the

biases introduced by measurement error and ensuring reliable estimation of the

true relationship between variables.

Heteroscedastic Gaussian Model with Classical Measurement Errors:

Heteroscedastic models play a fundamental role in statistical analyses, particularly

when the assumption of homoscedasticity, or constant variance of error terms ϵi

across observations, is violated. These models adeptly address the variability in

uncertainty associated with predictions, a common occurrence in real-world data.

The heteroscedastic Gaussian model can be simply expressed as:

yi = f(xi, β) + ϵi, (3.14)

where for the ith observation, yi denotes the response variable, xi represents the

set of predictor variables, f(xi, β) is a function defining the relationship between

predictors and response reliant on parameters β, and ϵi is the random error term.

Unlike in homoscedastic models, ϵi follows a normal distribution with a mean of

zero and a variance of σ2
i , where σ2

i is a function of predictor variables or other

known quantities, expressed as σ2
i = g(xi; θ), making the variance heteroscedastic.

Incorporating classical measurement error into a heteroscedastic Gaussian model

requires adjusting both the observed relationship and the variance to account for

the error introduced by using measured predictors wi instead of the true covariates

xi. Assuming that the measurement error ui is normally distributed with mean zero

and variance σ2
u, substituting xi = wi−ui into the heteroscedastic Gaussian model,
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we obtain:

yi = β0 + β1(wi − ui) + ϵi

= β0 + β1wi − β1ui + ϵi,

Defining a new combined error term ηi = ϵi − β1ui, the observed model can be

written as:

yi = β0 + β1wi + ηi.

The distribution of the combined error term ηi is more complex than in the linear

Gaussian case, as its variance now depends on both the true covariate xi and the

measurement error variance σ2
u:

Var[ηi] = σ2(xi; θ) + β2
1σ

2
u.

This formulation highlights the additional challenges posed by measurement error

in the heteroscedastic Gaussian model. Not only does the measurement error lead

to an inflation of the error variance, but it also complicates the estimation of the

variance function σ2(xi; θ) since the true covariate xi is unobserved.

To obtain consistent estimates of the regression coefficients β0 and β1, the parameter

vector θ governing the variance function, and the measurement error variance σ2
u,

specialized estimation techniques are required. These techniques must account for

both the heteroscedasticity in the error term and the presence of measurement error

in the explanatory variable.

Potential approaches may include extensions of errors-in-variables models, general-

ized method of moments (GMM) estimators, or other methods specifically designed

to handle heteroscedasticity and measurement error simultaneously. The choice of
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estimation method will depend on the specific assumptions and characteristics of

the heteroscedastic Gaussian model under consideration.

3.4 Experiment design

This section presents an empirical study that investigates the interpretability of

GF-KCSD test statistics in conditional models under a variety of settings. Our

experiments are separated into two parts: analyses using synthetic data and eval-

uations using real-world data, each designed to evaluate different aspects of the

GF-KCSD method.

3.4.1 Synthetic Data Experiments

In the first part, we focus on synthetic data experiments using the experimental

setup provided by Jitkrittum et al. (2020), who proposed the Kernel Conditional

Stein Discrepancy (KCSD) approach, serving as a benchmark for our analysis. Our

work is unique in that it takes into account both symmetric and asymmetric dis-

tributions of measurement errors, acknowledging their considerable influence on

statistical method performance—a factor often omitted in previous studies includ-

ing the foundational KCSD paper. We evaluate the statistical power of GF-KCSD

by comparing it to existing gradient-based techniques, focusing on how various dis-

tributions of measurement errors affect method performance. Our analysis has two

main objectives: first, to assess GF-KCSD’s effectiveness relative to other meth-

ods; and second, to demonstrate how measurement errors influence the efficacy of

GF-KCSD and these comparative techniques. This approach allows us to provide
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a comprehensive evaluation of the performance across methods. We focus on the

performance of the subsequent methods.

GF-KCSD: Introduced by Afzali and Muthukumarana (2023), GF-KCSD assesses

the fit of conditional distributions without computing gradients, using Gaussian

kernels for both x and y. The kernel function is k(w,w′) = exp
(
− |w−w′|2

2σ2
w

)
, with

bandwidth σw = median{|wi−wj|}ni,j=1 which is determined by the median heuristic.

KCSD: The Kernel Conditional Stein Discrepancy (KCSD) established by Jitkrit-

tum et al. (2020), evaluates conditional density models using a kernel-based ap-

proach, facilitating a reliable assessment of model fit.

MMD: This method, adapting the Maximum Mean Discrepancy (MMD) (Gretton

et al., 2012) for conditional goodness-of-fit testing, which was extended by Jitkrit-

tum et al. (2020) to evaluate conditional distributions. It partitions the dataset into

two subsets, generating new samples from the model p(·|x(2)).

Zheng: An enhancement of Zheng’s method (2012) by Jitkrittum et al. (2020)

utilizes Gaussian kernels for smoothing, with bandwidth parameter heuristic hj =

ŝjn
−1/(4+dx).

We explore the performance of these methods on three conditional modeling prob-

lems: Linear Gaussian Model (LGM), Heteroscedastic Gaussian Model (HGM), and

Quadratic Gaussian Model (QGM). In all cases, we assume the conditional densities

p(y|x) and p0(y|x) are non-normalized. The LGM serves as a baseline, accurately

reflecting the true data-generating process, while the HGM and QGM introduce het-

eroscedastic behavior and a subtle deviation from linearity, respectively, challenging
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the goodness-of-fit tests. Details of each model are provided below.

Quadratic Gaussian Model (QGM): The Quadratic Gaussian Model (QGM) is

essential for assessing the performance of goodness-of-fit testing methods, especially

when the suggested conditional model’s assumption do not align perfectly with the

underlying true distribution. We denote data points by (x, y) ∈ R × R. The

proposed model hypothesizes a linear relationship, p(y|x) ∼ N (x + 1, 1), whereas

the true distribution, p0(y|x), has a quadratic relationship, N (0.1x2+x+1, 1), and

a marginal distribution p0x(x) ∼ Uniform(−2, 2).

This setting demonstrates a clear comparison between the basic linear assumption

of p(y|x) and the quadratic dynamic of p0(y|x), highlighting a scenario where the

simplicity of the model’s assumption might not fully encapsulate the complexity of

the data’s inherent structure. The inclusion of a slight quadratic factor, weighted at

0.1, introduces a nuanced deviation challenging for goodness-of-fit tests to detect.

This reflects real-world situations where theoretical models might oversimplify the

actual complexity of the data they aim to represent. This scenario suggests that

the alternative hypothesis H1 is valid, indicating a noticable discrepancy between

the modeled and true distributions. This situation emphasizes the importance of

scrutinizing model fit, especially in instances where conventional assumptions may

inadequately capture the complexity of the underlying distributions.

Heteroscedastic Gaussian Model (HGM): The Heteroscedastic Gaussian Model

(HGM) involves data points (x, y) ∈ R3 × R, where the non-normalized proposed

conditional model is specified as p(y|x) ∼ N
(∑3

i=1 xi, 1 + 10e−|x−c|2
)
. This model

exhibits heteroscedastic behavior, with the conditional variance being a function of
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x, centered at the point c = 2
3
1, where 1 is a vector of ones.

Conversely, the true target conditional distribution, p0(y|x) ∼ N
(∑3

i=1 xi, 1
)
, is a

homoscedastic Gaussian model with a constant unit variance. This sets a distinct

contrast between the proposed model’s heteroscedastic nature and the homoscedas-

tic true distribution, highlighting the challenge for goodness-of-fit tests to discern

the heteroscedastic anomaly localized within specific covariate regions.

The marginal distribution for x is assumed to be a multivariate Gaussian distri-

bution with a mean vector of zeros and an identity covariance matrix, denoted as

p0x(x) ∼ N (0, I).

This scenario challenges the capacity of goodness-of-fit tests to detect subtle de-

viations from a constant variance assumption, thereby illuminating the nuanced

dynamics of real-world data modeling where such uniformity in variance may not

always be present.

Linear Gaussian Model (LGM): In this study, we evaluate the Linear Gaussian

Model (LGM), where the data points are denoted as (x, y) ∈ R5 × R, with x

being a 5-dimensional vector of covariates, and y a scalar response variable. The

conditional distribution p(y|x) is assumed to follow a normal distribution with a

mean
∑5

i=1 ixi and a constant variance of 1, i.e., p(y|x) = N
(∑5

i=1 ixi, 1
)
. The

predictor variables x are drawn from a multivariate normal distribution with mean

zero and an identity covariance matrix, N (0, I). This model specification ensures

that the true conditional distribution p0(y|x) is perfectly aligned with our proposed

model p(y|x), satisfying the null hypothesis H0 : p(y|x) = p0(y|x). This perfect

alignment is critical in our evaluation of the Type I error rates of various goodness-
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of-fit tests. Through this alignment, the model serves as an ideal framework to

assess whether statistical tests appropriately maintain their nominal error rates

under conditions of correct model specification.

Models with Measurement Errors:

In the context of these three scenarios, we add complexity by including measurement

errors in each case. Each data observation wi is modified by an error term ui. To

realistically reflect the variety of errors found in real-world data, we use two different

distributions for these errors. This strategy allows us to more accurately portray

the irregularities that are common in real-world data. Here’s how we implement

this:

• Symmetric Errors: For errors following a normal distribution, we define

wi = xi + ui, with ui ∼ N (0, σ2
u) where σ2

u = [0.52, 12, 22]. This setup enables

an exploration of the models’ robustness against random measurement noise

at different intensity levels.

• Asymmetric Errors: To examine the impact of errors that skew in one

direction, showing possible systematic biases, we model wi = xi + ui, where

ui ∼ χ2(5), follows a Chi-square distribution to simulate asymmetric measure-

ment errors.

This structured approach allows us to thoroughly assess how different types of

measurement errors affect the accuracy and reliability of our statistical models.

Central to our evaluation is the comparison of GF-KCSD’s test power against several

established conditional distribution tests: KCSD, FSCD, MMD, and Zheng, across
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(a) LGM (H0 is True) (b) QGM (H1 is True) (c) HGM (H1 is True)
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Figure 3.1: This figure presents a comparative analysis of Type-I error rates and
rejection rates across four distinct tests, all conducted at a significance level of
α = 0.05. The first row depicts scenarios devoid of measurement errors, while sub-
sequent rows introduce measurement errors. From the second to the fourth row,
these errors follow a normal distribution with mean 0 and standard deviations of
0.5, 1.0, and 2.0, respectively. The final row involves measurement errors modeled
by a χ2(5). (a): In these contexts, when H0 is true, the GF-KCSD method demon-
strates robustness in maintaining control over Type-I errors, effectively managing
fluctuations attributable to sampling noise. (b): Under the alternative hypothesis
(H1) the efficacy of the GF-KCSD in discerning global differences is suboptimal.
(c): Independent of the presence or absence of measurement errors, GF-KCSD
consistently shows a highly effective in identifying local differences.68



300 trials with a bootstrap sample size of 500 at a significance level of α = 0.05, uti-

lizing Gaussian kernels. To ensure a fair comparison across similar situations in the

experiments and all models, the hyperparameters remain consistent throughout all

simulations. This consistency allowed for reliable and comparable results across dif-

ferent simulations and models. It is crucial for accurately assessing the performance

of the GF-KCSD method relative to other established techniques. This analysis fo-

cuses on the method’s efficacy in hypothesis testing, specifically in distinguishing

the modeled distribution p(y|x) from the true distribution p0(y|x), with rejection

rates serving as a barometer for both Type I error control and the test’s power. In

this study, we utilized an empirical Gaussian approximation as a surrogate model

for the target model, fitting Gaussian parameters (mean and variance) directly from

the data.

Figure 3.1 illustrates the Type-I error rates and the power of four established tests

across three distinct scenarios. The leftmost column of the figure shows that un-

der the true null hypothesis (H0) scenario, as the sample size increases, the false

rejection rates for all tests remain within the specified significance level (α = 0.05),

accounting for predetermined sampling noise. Notably, the GF-KCSD test main-

tains error rates below this threshold even in small sample sizes, distinguishing its

performance from the other tests when sample size is limited. Additionally, by

incorporating measurement errors into the LGM setup, the performance of GF-

KCSD remained stable, maintaining control at or below 0.05. In contrast, the other

methods exhibited fluctuations and nuances in their performance.

In the scenario involving QGM, presented in the middle column of Figure 3.1, an

increase in test power with larger sample sizes is observed for all tests, despite the
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minimal weight assigned to the quadratic component in p0. Evidently, the GF-

KCSD test demonstrates superior performance compared to the MMD test.

In the HGM context, depicted in the third column of Figure 3.1, where the dispar-

ities between p and p0 are localized within the X domain, the GF-KCSD test is

demonstrated to significantly outperform all other tests in identifying differences in

X, particularly the KCSD test. Unlike the KCSD, which shows decreased perfor-

mance with an increase in the standard deviation of measurement errors or under

asymmetric error conditions, the GF-KCSD is adept at handling measurement errors

and remains robust against them, maintaining its efficacy even when the measure-

ment errors are significant or asymmetric. Meanwhile, the performance of both the

KCSD and MMD tests decreases, especially under conditions of asymmetric mea-

surement errors and when the standard deviation of measurement errors increases

in symmetric scenarios.

3.4.2 Real-world Data Experiments (Brain Magnetic Reso-

nance Imaging (MRI))

In this section, we conduct a comparative evaluation of the Gradient-Free Kernel

Conditional Stein Discrepancy (GF-KCSD) and the Kernel Conditional Stein Dis-

crepancy (KCSD) methodologies for hypothesis testing on a real-world dataset. The

fundamental goal is to determine whether GF-KCSD performs similarly to the es-

tablished KCSD test in rejecting or failing to reject the null hypothesis, which posits

that the proposed model accurately captures the distribution of the observed data.

Our analysis critically examines the consistency of outcomes between GF-KCSD

and KCSD, assessing whether both methods lead to similar conclusions about the
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model’s adequacy.

The dataset under investigation comprises preprocessed T1-weighted Magnetic Res-

onance Imaging (MRI) data from the study by Beheshti et al. (2021). Specifi-

cally, the analysis focuses on gray matter (GM) images, where voxel-level brain

features are extracted, resulting in 3,747 voxels per volume. The dataset includes

876 Healthy Controls (HC), 70 individuals with Mild Cognitive Impairment (MCI),

and 30 patients diagnosed with Alzheimer’s Disease (AD), totaling 976 samples.

The goal is to predict the age of the samples using these voxel-level features as

covariates in the proposed model.

To propose the p(y|x) model for hypothesis test, we implemented a Mixture Density

Network (MDN) as described by Bishop (2006), trained on the preprocessed brain

MRI dataset. The MDN aims to predict the conditional probability distribution

of participants’ ages, denoted y, based on their MRI-derived features, x. Each

dataset pair (x, y) belongs to (R3748 × R), where 3747 features are extracted from

MRI data, along with the category of the disease group. The architecture of the

network comprises multiple layers, each dedicated to generating parameters for a

Gaussian mixture model that characterizes the conditional distribution p(y|x). The

probability density function for a Gaussian Mixture Model, given the condition x,

can be expressed as:

p(y|x) =
K∑
i=1

exp(ai(x))∑K
j=1 exp(aj(x))

· N (y|bi(x), exp(ci(x))),

where K is the number of Gaussian components, determining the model’s complex-

ity and flexibility. The parameters ai(x) are the raw network outputs for the mixing

71



coefficients, influencing the weight of each Gaussian component. The mixing coef-

ficients πi(x) = exp(ai(x))∑K
j=1 exp(aj(x))

ensure they sum to 1, representing the probability of

each Gaussian component. The parameters bi(x) are the means, and ci(x) are the

log-variances, with the exponential function ensuring positive variances. The Gaus-

sian distribution N (y|bi(x), exp(ci(x))) models the conditional density of y given

x. This approach allows the MDN to capture complex, multimodal relationships

between x and y.

In this experiment, the network is configured with K = 20 Gaussian components

and employs a ReLU-based framework to estimate the variances, means, and mixing

coefficients. The network is trained to minimize the negative log-likelihood of the

observed age relative to the model’s predictions, using the Adam optimizer (Kingma

and Ba, 2014) with a learning rate of 1× 10−4 and a batch size of 32. We used grid

search to determine the optimal number of Gaussian components (K) and batch size,

ensuring that the chosen parameters were well-suited to the data, thereby enhancing

the test’s effectiveness. Figure 3.2 illustrates the comparison of the distribution of

the real age and the sampled ages from the trained MDN model.

Next, we regard the trained MDN model as the proposed model p(y|x). Our objec-

tive is to compare the performance of the Gradient-Free Kernel Conditional Stein

Discrepancy (GF-KCSD) and the Kernel Conditional Stein Discrepancy (KCSD)

in determining if p represents the true distribution of the dataset. Given that the

MDN model has been trained on this dataset, we expect both GF-KCSD and KCSD

to fail to reject the null hypothesis, indicating high model performance.

We calculate test statistics using GF-KCSD and KCSD to measure the discrepancy
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Figure 3.2: Comparison of Target and Predicted Age Distributions. The predicted
age distribution is generated using a Mixture Density Network (MDN) with 20
gaussian components trained on preprocessed brain MRI data.

between the model-predicted and empirically observed distributions. For this pur-

pose, Gaussian kernels with σ = 1 are employed for both the kernel for x and the

kernel for y in the computation of these statistics, using a bootstrap sample size of

500. A significant discrepancy suggests that the model may not adequately repre-

sent the data. We compute p-values for each method using bootstrap resampling

techniques to quantify the evidence against the null hypothesis

Table 3.1: Comparison of GF-KCSD and KCSD Test Results for Brain MRI Data.

Metric GF-KCSD KCSD
α 0.05 0.05
p-Value 0.81 0.98
Test Statistic −9.59× 10−8 −5.0× 10−4

H0 Rejected False False
Simulations 500 500
Time (s) 0.57 1.99

The results are presented in Table 3.1. Both the GF-KCSD and KCSD methods
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failed to reject the null hypothesis. The p-values associated with each method

are 0.81 for GF-KCSD and 0.98 for KCSD, indicating weak evidence against the

null hypothesis. The corresponding test statistics, representing the magnitude of

deviation from the null hypothesis, are −9.59× 10−8 and −5× 10−4 for GF-KCSD

and KCSD, respectively. These results highlight subtle distinctions in performance

between the two methodologies.

To assess computational efficiency, we measured the mean execution time for both

tests. Each test was executed 10 times, and the total time taken was recorded. The

mean execution time per test was then calculated by dividing the total time by

the number of executions. This process provides an estimate of the computational

cost of performing the tests on the given dataset. The results indicated an average

duration of 0.57 seconds for GF-KCSD and 1.99 seconds for KCSD per execution.

Notably, while both methods perform comparably in terms of p-values and test

statistics, GF-KCSD requires significantly less computational time. This efficiency

arises despite GF-KCSD involving an additional step to compute the surrogate

model q. GF-KCSD computes the score function by deriving it from a simpler dis-

tribution compared to the more complex approach taken by KCSD. Although using

the variational inference estimation of the proposed model p in GF-KCSD might

lead to some loss of information, it achieves comparable results to the gradient-based

KCSD in less time. The proposed model p could exhibit complex characteristics like

multimodality or possess various minima; however, by utilizing an auxiliary distribu-

tion in GF-KCSD, which typically represents a unimodal distribution without such

complexities, the derivation process becomes significantly more straightforward and

time-efficient.
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3.5 Conclusion

In this paper, we have explored the capabilities of the (GF-KCSD, a method we pre-

viously introduced). Our investigation delved into synthetic analyses that focused

on challenging scenarios like models with measurement errors, as well as complex

real-world datasets, with special emphasis on demanding situations such as brain

MRI data analysis. The GF-KCSD has proven effective in managing Type-I errors

and maintaining statistical power in the face of measurement errors, highlighting

its robustness and computational efficiency in a variety of testing conditions. Look-

ing ahead, several promising avenues for future research emerge. The GF-KCSD

method could be adapted to discrete domains by modifying the Stein operator, as

explored by Yang et al. (2018). Additionally, drawing inspiration from Matsubara

et al. (2022), the capacity of gradient-free methods to conduct Bayesian inference

without complex gradient calculations presents a compelling opportunity to develop

a generalized framework for Bayesian inference in models with intractable gradients.

This framework aims to leverage the robust and efficient properties of GF-KCSD

across a broader spectrum of Bayesian applications, particularly in scenarios where

gradient computation is challenging or unfeasible. Beyond these advancements,

tuning hyperparameters can significantly enhance model performance. Such de-

velopments encourage further exploration into kernel-based methods for statistical

inference. We leave these and other potential developments for future exploration.
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Chapter 4

Correcting Mode Proportion Bias in
Generalized Bayesian Inference via a
Weighted Kernel Stein Discrepancy

Generalized Bayesian Inference (GBI) provides a flexible framework for updating

prior distributions using various loss functions instead of the traditional likelihoods,

thereby enhancing robustness to model misspecification. However, GBI often en-

counters models with intractable likelihoods. Kernelized Stein Discrepancy (KSD),

as in recent work, addresses this challenge by relying only on the gradient of the

log-density. Despite this innovation, KSD–Bayes has a critical pathology: insen-

sitivity to the relative weights of well-separated modes in multimodal posteriors.

We address this by introducing a diffusion-weighted KSD with a θ-independent,

tail-vanishing weight, preserving the Stein identity and likelihood-free computa-

tion while aiming to improve sensitivity to mode proportions. On our benchmarks,

MS–KSD–Bayes shows improved mode sensitivity relative to KSD–Bayes and, in

unimodal regimes with contamination, often produces tighter posteriors. Our con-

struction inherits the standard KSD tail assumptions—most notably, the distantly
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dissipative assumption—which effectively rules out heavy-tailed models. We do not

evaluate large, high-dimensional, or heavy-tailed applications.

4.1 Introduction

Bayesian inference provides a principled framework for updating probabilistic beliefs

about model parameters given data via the likelihood. Classical Bayesian meth-

ods, however, typically assume tractable likelihoods and well-specified models—

assumptions that are often violated in complex, real-world settings. In such cases,

when likelihoods are intractable or misspecified, Bayesian inference can yield mis-

leading conclusions and unreliable predictions.

To address misspecification, the Generalized Bayesian Inference (GBI) framework

(Bissiri et al., 2016; Jewson et al., 2018) redefines posterior construction by replac-

ing the likelihood with a data-dependent loss. These loss-based approaches modify

how parameter values are evaluated while leaving the model intact, which is valu-

able when the exact form of misspecification is unknown. A practical challenge

remains when the likelihood is intractable: traditional MCMC algorithms require

explicit likelihood evaluations, so posterior computation and sampling are difficult—

or impossible—without specialized approximations.

Many practical models have intractable likelihoods of the form pθ(x) = qθ(x)/Zθ,,

with tractable unnormalized density qθ but intractable normalizing constant Zθ =∫
qθ(x) dx. The Bayesian posterior is then doubly intractable (Murray et al., 2012):

πn(θ) = π0(θ)
1

ZX

n∏
i=1

qθ(xi)

Zθ

,
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where π0(θ) is the prior and ZX is the marginal likelihood. Such models arise in,

e.g., spatial interaction models (Besag, 1974; Diggle, 1990), exponential random

graph models (Park and Haran, 2018), lattice/spatial models (Moores et al., 2020),

and gene expression applications (Jiang et al., 2022).

A prominent score-based approach in GBI is KSD–Bayes (Matsubara et al., 2022),

which uses the Kernel Stein Discrepancy (KSD) (Chwialkowski et al., 2016; Liu

et al., 2016; Gorham and Mackey, 2017) as the loss. Because KSD depends only on

the score (the gradient of the log density) of an unnormalized model, it bypasses

unknown normalizing constants and has been successful across challenging settings,

including high-dimensional exponential-family models and precision estimation (Liu

et al., 2019).

Despite these advances, Matsubara et al. (2022) and subsequent work show that

KSD-based methods face a fundamental limitation in multimodal targets: when the

posterior has multiple well-separated modes, KSD can be mode-proportion blind, i.e.,

relatively insensitive to differences in the mixing weights of the modes (Wenliang

and Kanagawa, 2020; Liu et al., 2023). This pathology is distinct from the weak-

convergence failures of certain kernels and persists even when using convergence-

determining kernels (Gorham and Mackey, 2017). In practice, mode-proportion

blindness can bias inference toward near-uniform mixtures, undermining posterior

accuracy in mixture models (Bénard et al., 2024), gene expression with multimodal

behavior (Jiang et al., 2022), and other applications where capturing mode propor-

tions is essential.

We address this limitation by introducing a diffusion-weighted KSD for generalized
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Bayes. Our construction uses a tail-vanishing weight anchored to a fixed pilot

density, which is inserted into a diffusion-form Stein operator; this preserves the

Stein identity under standard boundary conditions while improving sensitivity to

mixing proportions and retaining tractability for unnormalized models. In contrast

to prior weighted/diffusion-Stein or diffusion score-matching work—which target

robustness or testing/thinning—we use a kernelized Stein loss to form a generalized

posterior specifically aimed at mitigating mode-proportion blindness (Gorham et al.,

2019; Barp et al., 2019; Altamirano et al., 2023a,b; Laplante et al., 2025; Liu et al.,

2023; Bénard et al., 2024).

Outline. Section 4.2 reviews Generalized Bayesian Inference and Kernel Stein

Discrepancy. Section 4.3 develops MS–KSD–Bayes and explains how the diffusion

weighting addresses mode-proportion blindness while remaining likelihood-free. Sec-

tion 4.4 presents empirical studies on synthetic and real data. Section 4.5 concludes

and outlines future work.

4.2 Background

In this section we review Kernelized Stein Discrepancy (KSD), Generalized Bayesian

Inference (GBI), and the KSD–Bayes framework as foundations for our proposed

Mode-Sensitive KSD–Bayes approach.

Foundational Assumptions. Let X ⊆ Rd be an open set and {xi}ni=1
iid∼ Q with

empirical measure Qn = 1
n

∑n
i=1 δXi

. Let Θ ⊆ Rp be a parameter set with nonempty

interior (assume Θ is compact or the population risk has compact sublevel sets).
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For each θ ∈ Θ, Pθ is absolutely continuous with respect to Lebesgue measure on

X and admits a density pθ ∈ C1(X ) with pθ(x) > 0 for all x ∈ X ; hence the

score spθ(x) = ∇x log pθ(x) is well defined. Unnormalized models pθ = qθ/Zθ are

allowed since ∇x log pθ = ∇x log qθ. We assume standard integrability ensuring Stein

discrepancies and generalized posteriors are well defined, e.g. EPθ
∥spθ(X)∥ <∞.

4.2.1 Kernelized Stein Discrepancy (KSD)

Kernelized Stein Discrepancy (KSD) is a divergence measure introduced to assess

discrepancies between two probability distributions P,Q ∈ P(X ). KSD is particu-

larly useful when the target distribution P has an intractable normalizing constant

(Chwialkowski et al., 2016; Liu et al., 2016; Gorham and Mackey, 2017) and has

been extended to discrete distributions (Yang et al., 2018), conditional distributions

(Jitkrittum et al., 2020), and intractable gradient target distributions (Afzali and

Muthukumarana, 2023; Fisher and Oates, 2024; Afzali et al., 2024).

At its core, KSD leverages a Stein operator Ap associated with a density p on X .

Given a vector field g : X → Rd with components g(x) = (g1(x), . . . , gd(x))
⊤, define

(Apg)(x) = sp(x)
⊤g(x) + ∇· g(x), sp(x) = ∇x log p(x),

where ∇· g(x) =
∑d

i=1 ∂gi(x)/∂xi = tr(∇g(x)) and ∇g(x) = (∂gi/∂xj)
d
i,j=1 is the

Jacobian of g.

Let G(k) denote the scalar RKHS induced by a positive definite kernel k : X ×X →

R. Define the product RKHS

G(k)d :=
{
g = (g1, . . . , gd)

⊤ : gi ∈ G(k) for i = 1, . . . , d
}
,
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equipped with inner product and norm

⟨g, h⟩G(k)d =
d∑

i=1

⟨gi, hi⟩G(k), ∥g∥G(k)d =
( d∑

i=1

∥gi∥2G(k)
)1/2

.

The unit ball of G(k)d is

B1

(
G(k)d

)
=
{
g = (g1, . . . , gd)

⊤ :
d∑

i=1

∥gi∥2G(k) ≤ 1
}
.

When k ∈ C2(X × X ) with bounded first and second partial derivatives, each

component gi is C1 and obeys the reproducing property for derivatives,

∂xj
gi(x) =

〈
gi, ∂xj

k(x, ·)
〉
G(k),

so ∇g(x) and ∇· g(x) are well defined for all g ∈ B1(G(k)d). (Equivalently, this

setup coincides with the vector-valued RKHS induced by the matrix-valued kernel

K(x, x′) = k(x, x′)Id.)

Under mild boundary conditions (integration by parts), the Stein identity holds:

EX∼p

[
(Apg)(X)

]
= 0 for all g in the unit ball of the product RKHS G(k)d.

The Kernelized Stein Discrepancy (KSD) between Pθ and Q distributions is then

defined by

KSD(Pθ∥Q) = sup
∥g∥G(k)d

≤1

∣∣∣EX∼Pθ

[
(Apθg)(X)

]
− EX∼Q

[
(Apθg)(X)

]∣∣∣. (4.1)

By leveraging the Stein identity, this simplifies to:

KSD(Pθ∥Q) = sup
∥g∥G(k)d

≤1

∣∣EX∼Q
[
(Apθg)(X)

]∣∣ . (4.2)
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In practice, for a sample {xi}ni=1 ∼ Q, by the RKHS reproducing property 1(point

evaluation and, when k ∈ C1, differentiation reduce to RKHS inner products with

k(x, ·) and its derivatives), the squared KSD admits the closed form

KSD2(Pθ∥Q) = EX,X′∼Q[kpθ(X,X
′)] ,

K̂SD
2
(Pθ∥Qn) =

1

n2

n∑
i=1

n∑
j=1

kpθ(xi, xj), (4.3)

where kpθ(x, x′) is the Stein kernel, defined in terms of C2 base kernel k and the

score function spθ(x) as:

kpθ(x, x
′) = trace

(
∇x∇⊤

x′k(x, x′)
)

+ spθ(x)
⊤∇x′k(x, x′)

+ spθ(x
′)⊤∇xk(x, x

′)

+
(
spθ(x)

⊤spθ(x
′)
)
k(x, x′).

KSD is particularly advantageous because it depends only on the score spθ(x) =

∇x log pθ(x), and therefore does not require the normalizing constant (Gorham

and Mackey, 2017). With the inverse multiquadric (IMQ) kernel k(x, x′) = (c +

∥x − x′∥2)−β (c > 0, β ∈ (0, 1)), convergence guarantees are available under stan-

dard boundary conditions when the target is distantly dissipative—that is, when

− log pθ(x) grows sufficiently fast as ∥x∥ → ∞ (Gorham and Mackey, 2017). This

implies tails that are light enough for IMQ-KSD to control convergence in the set-

tings where its theory applies.
1Reproducing property: f(x) = ⟨f, k(x, ·)⟩; if k ∈ C1, ∂xj

f(x) = ⟨f, ∂xj
k(x, ·)⟩. Applies

componentwise for g ∈ G(k)d.
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These guarantees rely on distantly dissipative assumption and therefore exclude

heavy-tailed targets; in practice they can also lead to sensitivity to kernel choice/bandwidth

or slower or unstable behavior in challenging regimes. MS–KSD–Bayes inherits the

same tail assumptions, so our experiments focus on light-tailed settings, and we do

not claim results for heavy-tailed or very high-dimensional models. See Gorham

and Mackey (2017); Chwialkowski et al. (2016); Liu et al. (2016) for details.

4.2.2 Generalized Bayesian Inference with KSD

Traditional Bayesian inference updates prior beliefs π0 about model parameters

θ ∈ Θ based on observed data via the likelihood function. While this framework

is optimal under correct specification, real-world applications often involve mis-

specification due to simplifying assumptions or incomplete knowledge of the data-

generating process, potentially leading to unreliable inferences.

To address this, alternative Bayesian approaches have been developed to enhance

robustness, including robust priors (Berger et al., 1994), power posteriors (Holmes

and Walker, 2017), coarsened posteriors (Miller and Dunson, 2019), and scoring

rule–based inference (Giummolè et al., 2019). Among these, Generalized Bayesian

Inference (GBI) (Bissiri et al., 2016) provides a flexible framework by replacing the

likelihood with a data-dependent loss function Ln(θ).

For data {xi}ni=1 drawn from Q and a prior distribution π0(θ) over Θ, the generalized

posterior is

πℓ
n(θ) ∝ π0(θ) exp

{
−αnLn(θ)

}
, (4.4)
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where α > 0 is a temperature (scaling) parameter that controls how strongly the

loss influences the update. Because the factor αn multiplies the sample–average

loss, α acts like a learning–rate or precision weight: larger α increases the influence

of the loss and typically yields a more concentrated posterior, whereas smaller α

downweights the loss, giving the prior relatively more influence and often improv-

ing robustness. When α = 1 and Ln(θ) = − 1
n

∑n
i=1 log pθ(xi), standard Bayesian

updating is recovered. Values α < 1 temper the loss and can add robustness; values

α > 1 increase concentration and are usually unnecessary unless the loss is under-

scaled. In practice, α may be fixed in advance or calibrated by predictive criteria or

cross–validation to trade off robustness and efficiency. A generally accepted, fully

principled rule for selecting α in misspecified and non–likelihood settings remains

an open problem.

Choosing a robust loss Ln(θ) mitigates misspecification without requiring explicit

knowledge of the likelihood’s flaws. The properties and limitations of the chosen di-

vergence determine the theoretical behavior of the generalized posterior (Knoblauch

et al., 2019). However, implementing divergence-based losses becomes challenging

when the likelihood is intractable, which is common in modern statistical models

involving complex stochastic processes or high-dimensional data.

KSD–Bayes. For intractable likelihoods within the GBI framework, Matsubara

et al. (2022) propose KSD–Bayes, which uses the Kernelized Stein Discrepancy as

a proxy loss,

Ln(θ) = KSD2
(
Pθ∥Qn

)
, πKSD

n (θ) ∝ π0(θ) exp
{
− αnKSD2

(
Pθ∥Qn

)}
.

KSD–Bayes circumvents explicit likelihood evaluations and normalizing constants

88



by relying only on score functions and kernel computations; it is computationally

practical with standard MCMC over θ, scales to high-dimensional models, and

(under suitable regularity) enjoys guarantees such as posterior consistency and local

normal approximations.

Nonetheless, KSD–Bayes exhibits mode-proportion blindness : it can fail to cap-

ture the relative weights of well-separated modes (Gorham et al., 2019; Wenliang

and Kanagawa, 2020; Liu et al., 2023). Intuitively, KSD-based—and more broadly

score-based—losses may be comparatively insensitive to mixture weights when lo-

cal score fields are similar across modes. As noted by Matsubara et al. (2022,

Sec. 3.5), the data score ∇x log pθ(x) can change little as mixing proportions vary,

leading the KSD loss to prefer overly uniform mixtures and thus biasing infer-

ence. Bénard et al. (2024) formalize this pathology in Gaussian mixtures: for

pθ(x) = w1N (x;µ, σ2) + (1 − w1)N (x;−µ, σ2), as the separation µ increases the

inferred weight tends toward w∗
1 ≈ 0.5 regardless of the true w1. This limitation

undermines reliability in multimodal posterior inference, where recovering mode

contributions is essential.

These observations motivate our mode-sensitive extension. In the next section

we introduce MS–KSD–Bayes, which retains the score-only, likelihood-free ad-

vantages of KSD–Bayes—computations depend on pθ only through the data score

spθ(x) = ∇x log pθ(x)—while mitigating mode-proportion blindness via a density-

weighted Stein operator that restores sensitivity to mixing proportions.
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4.3 Methodology

In this section, we introduce a diffusion–weighted Stein discrepancy to recover

mode–proportion sensitivity, define the diffusion Stein operator with a tail–vanishing,

θ–independent diffusion term, and construct the Mode–Sensitive KSD (MS–KSD)

together with the corresponding generalized posterior.

4.3.1 Diffusion Stein operator

Let X ⊂ Rd be open. For each θ ∈ Θ, let pθ be a strictly positive density on X with

data score spθ(x) = ∇x log pθ(x). Given a diffusion term (weight) w : X → [0,∞)

and a test function g : X → Rd, define the diffusion Stein operator

(Aw
pθ
g)(x) =

1

pθ(x)
∇·
(
w(x) g(x) pθ(x)

)
= w(x)

{
spθ(x)

⊤g(x) +∇· g(x)
}

+ ∇w(x)⊤g(x). (4.5)

Assumption 1 (Regularity and boundary). We adopt the regularity and boundary

conditions for diffusion–Stein operators from Gorham et al. (2019, Sec. 2; App. A).

In particular:

1. pθ ∈ C1(X ), pθ is a Lebesgue density on X with pθ(x) > 0, and Epθ∥spθ(X)∥ <
∞.

2. w ∈ C1(X ), 0 ≤ w(x) ≤ Cw <∞ for all x ∈ X , and ∇w is bounded.

3. The base kernel k is C2 with bounded first and second partial derivatives, and

test functions g lie in the unit ball of the product RKHS G(k)d.
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4. The boundary term vanishes:

∫
∂BR

n(x)⊤w(x) g(x) pθ(x) dS(x) → 0 as R → ∞.

where BR = {x : ∥x∥ ≤ R}, n(x) is the outward unit normal on ∂BR (i.e.,

x/∥x∥), and dS is the surface-area element on ∂BR.

Proposition 4 (Stein identity). Under Assumption 1, for every test function g ∈

G(k)d with ∥g∥G(k)d ≤ 1,

EX∼pθ

[
(Aw

pθ
g)(X)

]
= 0. (4.6)

This is the reversible specialization (a(x) = w(x)Id) of the diffusion–Stein identity

in Gorham et al. (2019, Sec. 2; App. A), under the boundary conditions stated in

Assumption 1.

Remark (tail behavior and operator assumptions): Our use of the diffu-

sion–form Stein operator follows the usual KSD regularity: a C2 base kernel with

bounded partials and target tails strong enough (e.g., distantly dissipative) to jus-

tify integration by parts and boundary decay (Chwialkowski et al., 2016; Liu et al.,

2016; Gorham and Mackey, 2017). The diffusion weight w is bounded and tail-

vanishing. MS–KSD–Bayes does not relax the distantly dissipativevity requirement;

when targets are heavy-tailed or otherwise violate these conditions, prior work re-

ports degraded testing power or unstable behavior, and our method may similarly

be affected. We therefore view MS–KSD–Bayes as most appropriate under the same

tail regimes where classical KSD is known to perform well.
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4.3.2 Mode–sensitive diffusion term

Definition 2 (Mode–sensitive diffusion term). A diffusion term is a measurable

map w : X → [0,∞) used inside the divergence form of Equation (4.5). For

mode sensitivity, we restrict attention to diffusion terms w that are θ–independent,

bounded and tail–vanishing.

Assumption 2 (Design conditions for w). Throughout MS–KSD we impose the

following standing conditions on w : X → [0,∞):

1. w does not depend on θ.

2. 0 ≤ w(x) ≤ Cw <∞ for all x ∈ X and w(x) → 0 as ∥x∥ → ∞.

The diffusion Stein identity (Proposition 4) holds for any admissible w; thus, mode

sensitivity is governed by where the operator places weight. Item (1) (parame-

ter independence) prevents feedback between θ and the discrepancy, preserving

likelihood–free tractability and aligning with the KSD–Bayes setting. Item (2)

(bounded, tail–vanishing) suppresses long–range interactions in the contracted Stein

kernel, attenuating cross–component terms for well–separated modes while preserv-

ing within–mode contributions. This restores sensitivity to mixing proportions and

mitigates the mode–proportion blindness documented for unweighted Langevin op-

erators (Wenliang and Kanagawa, 2020; Liu et al., 2023; Bénard et al., 2024).

In our empirical studies we fix an anchor density p⋆ that does not depend on θ

(either a pilot model or a data–driven KDE), and take

w(x) = min
{
Cw,

( p⋆(x)
p⋆(x)+τ

)γ}
, Cw > 0, τ > 0, γ ∈ (0, 1]. (4.7)
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This choice is θ–independent, bounded by Cw, and satisfies w(x) → 0 as ∥x∥ → ∞

whenever p⋆(x) → 0 in the tails. When p⋆ ∈ C1 with mild decay, ∇w inherits

bounded growth via the chain rule, so Assumption 2 and Assumption 1 apply.

Throughout the analysis we treat p⋆ (and thus w) as fixed; when p⋆ is estimated

from data (e.g., KDE), all statements are understood conditional on the realized

w. Dataset–specific choices of p⋆, kernel, bandwidth, and (Cw, τ, γ) are reported in

Section 4.4.

From this point forward, we adopt the vector–valued RKHS setting induced by a

matrix–valued (operator–valued) kernel K, so test functions are g : X → Rd with

g ∈ G(K). This framework subsumes the earlier product–RKHS case via the choice

K(x, x′) = k0(x, x
′)Id.

4.3.3 Vector–valued RKHS and matrix–valued kernels

Definition 3 (Matrix–valued kernel and test class). Let K : X × X → Rd×d be

a symmetric, positive–definite operator–valued kernel, i.e., K(x, x′) = K(x′, x)⊤

and
∑n

i,j=1 v
⊤
i K(xi, xj)vj ≥ 0 for any x1, . . . , xn ∈ X and v1, . . . , vn ∈ Rd. The

associated vector–valued RKHS is denoted G(K); our test functions g will be taken

from the unit ball of G(K).

Assumption 3 (Matrix kernel and operator contraction). We require the following

to ensure the diffusion Stein operator acts coordinatewise on K and the induced

V-statistic is finite:

1. K is symmetric and operator–valued positive–definite as in Definition 3.
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2. For each (x, x′) ∈ X × X , the contraction

Kw
pθ
(x, x′) :=

(
Aw,x

pθ
⊗Aw,x′

pθ

)
K(x, x′) ∈ Rd×d

exists and is continuous.

3. EX,X′∼Q
[
tr
(
Kw

pθ
(X,X ′)

)]
<∞ for the Q of interest.

A convenient construction (used in KSD–Bayes) is

K(x, x′) = M(x) k0(x, x
′)M(x′)⊤, (4.8)

with scalar base kernel k0 of class C2 and a matrix field M ∈ C1
b (X ;Rd×d) (bounded

norm and bounded first derivatives). Under Assumption 1, these smoothness and

boundedness conditions are sufficient for the coordinatewise action of Aw
pθ

on both

arguments of K, for continuity of Kw
pθ

, and for the trace integrability in item (3).

Taking M ≡ Id gives K(x, x′) = k0(x, x
′)Id and G(K) = G(k0)d, reducing to the

product–RKHS setting used in classical KSD.

4.3.4 Mode–Sensitive Kernel Stein Discrepancy (MS–KSD)

Definition 4 (MS–KSD). Let G(K) be the vector–valued RKHS induced by the

matrix–valued kernel K, and let Q be a probability measure on X . For each θ ∈ Θ,

the mode–sensitive KSD associated with (pθ, w) is

KSDw(Pθ∥Q) = sup
∥g∥G(K)≤1

∣∣∣EX∼Q
[
(Aw

pθ
g)(X)

]∣∣∣. (4.9)

By Proposition 4, the expectation under pθ vanishes, so the discrepancy depends on

Q only.
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Proposition 5 (Kernel representation of MS–KSD and V-statistic). Under As-

sumptions 1 and 3, the coordinatewise contraction

Kw
pθ
(x, x′) :=

(
Aw,x

pθ
⊗Aw,x′

pθ

)
K(x, x′) ∈ Rd×d

is well defined and continuous. Moreover, the mode–sensitive diffusion KSD admits

the RKHS representation

KSD2
w(Pθ∥Q) = EX,X′∼Q

[
tr
(
Kw

pθ
(X,X ′)

)]
. (4.10)

Given X1:n
iid∼ Q with empirical measure Qn, the empirical MS–KSD is the V-

statistic

K̂SD
2

w(Pθ∥Qn) =
1

n2

n∑
i=1

n∑
j=1

tr
(
Kw

pθ
(Xi, Xj)

)
. (4.11)

4.3.5 MS–KSD–Bayes posterior

We incorporate MS–KSD into generalized Bayesian inference by defining, for data

{Xi}ni=1 ∼ Q and prior π0(θ) on Θ,

πw
n (θ) ∝ π0(θ) exp

{
− αnKSD2

w

(
Pθ∥Qn

)}
, (4.12)

where α > 0 and KSD2
w(Pθ∥Qn) is the empirical MS–KSD in Equation (4.11).

Under Assumptions 1, 2, and 3, the loss is well defined and locally bounded in θ, so

the right-hand side is integrable for standard priors. The update is likelihood–free

because KSDw depends on pθ only through its score spθ = ∇ log pθ. If w ≡ c ∈ (0,∞)

is constant then Aw
pθ

= cApθ and KSD2
w = c2KSD2, so Equation (4.12) reduces to
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the KSD–Bayes posterior after rescaling α 7→ c2α. More generally, for any c > 0 the

replacements (α,w) 7→ (c2α, cw) leave Equation (4.12) unchanged; consequently

the shape of w drives mode sensitivity, while its global scale can be absorbed into

α.

4.3.6 Generalized Bayesian inference for exponential families

We illustrate how MS–KSD–Bayes applies to (natural) exponential families and

yields a closed–form generalized posterior under Gaussian priors. Let (X ,F) be

measurable and Θ ⊆ Rp. A family {pθ : θ ∈ Θ} is an exponential family if

pθ(x) = exp
(
ξ(θ)⊤t(x) − a(θ) + b(x)

)
, (4.13)

with sufficient statistic t : X → Rp, natural parameter ξ(θ) ∈ Rp, log-partition a,

and carrier b. For MS–KSD, only the data score is needed,

spθ(x) = ∇x log pθ(x) = Jt(x)
⊤ξ(θ) + ∇xb(x), (4.14)

so a(θ) (and any normalizing constant) never appears. With the θ–independent,

bounded, tail–vanishing diffusion w from Assumption 2 and the matrix–valued ker-

nel K of Assumption 3, the empirical MS–KSD loss is

Ln(θ) := KSD2
w

(
Pθ∥Qn

)
=

1

n2

n∑
i=1

n∑
j=1

tr
(
Kw

pθ
(Xi, Xj)

)
, Kw

pθ
=
(
Aw,x

pθ
⊗Aw,x′

pθ

)
K.

Moreover, Ln(θ) is a quadratic polynomial in ξ(θ):

Ln(θ) = ξ(θ)⊤Γn ξ(θ) + ξ(θ)⊤τn + cn, (4.15)
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where Γn ∈ Rp×p is symmetric positive semidefinite, τn ∈ Rp, and cn ∈ R depend

on the data {Xi}ni=1, on w and K, but not on θ. (Explicit expressions obtained by

expanding (Aw,x
pθ

⊗Aw,x′
pθ

)K using Equation (4.14) are collected in Appendix A.2.3.)

Proposition 6 (Gaussian conjugacy for MS–KSD–Bayes). Assume a natural ex-

ponential family (ξ(θ) = θ) and a Gaussian prior π0(θ) ∝ exp
(
− 1

2
(θ−µ0)

⊤Σ−1
0 (θ−

µ0)
)
. The MS–KSD–Bayes posterior based on

πw
n (θ) ∝ π0(θ) exp

{
− αnLn(θ)

}
, α > 0, (4.16)

is Gaussian:

πw
n (θ) ∝ exp

(
− 1

2
(θ − µn)

⊤Σ−1
n (θ − µn)

)
, (4.17)

with precision and mean

Σ−1
n = Σ−1

0 + 2αnΓn, µn = Σn

(
Σ−1

0 µ0 − αn τn
)
.

The constant cn in Equation (4.15) affects only the normalizing constant and not

(µn,Σn).

Outside exponential families (and our KEF examples), we rely on the general form

(4.12) and MCMC; we do not provide additional theory or large-scale evaluations

for those cases in this chapter.

For non-conjugate models, posterior computation targets the form in Equation (4.12).

A naive evaluation of the empirical MS–KSD is O(n2) due to the double sum. Many

terms, however, are independent of θ and can be cached once, e.g., {w(Xi), ∇w(Xi)}ni=1

and the kernel blocks. In natural exponential families this caching enables the
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quadratic decomposition Ln(θ) = ξ(θ)⊤Γnξ(θ)+ξ(θ)
⊤τn+ cn, so subsequent evalua-

tions reduce to cheap quadratic forms in ξ(θ). For large n, stochastic approximations

to the U-statistic or V-statistic (mini-batching or low-rank kernel approximations)

lower per-iteration cost from O(n2) to O(B2) with B ≪ n, yielding unbiased esti-

mates in the U-statistic case and low-bias surrogates for V-statistics (Huggins and

Mackey, 2018; Gorham et al., 2020). This preserves the likelihood-free nature of

MS–KSD–Bayes while improving scalability.

All proofs are deferred to the Appendix A.2.

4.4 Experiment Design

Following the approach in the KSD–Bayes benchmark study (Matsubara et al.,

2022), we employ the Kernel Exponential Family (KEF) model to compare the

performance of MS–KSD–Bayes against KSD–Bayes. This framework provides a

flexible yet computationally efficient way to model complex distributions, partic-

ularly when normalizing constants are intractable. In what follows, we showcase

MS–KSD–Bayes’ ability to infer correct mode proportions in two different multi-

modal settings. Section 4.4.1 examines the widely studied Galaxy dataset, a classic

benchmark for comparing multimodal inference methods, while Section 4.4.2 fo-

cuses on a real-world Lung Cancer Gene Expression dataset, offering insight into

more complex, biologically driven mode structures. These experiments collectively

illustrate how MS–KSD–Bayes addresses a known limitation of KSD–Bayes by more

accurately capturing well-separated modes in our settings.

All datasets considered here are light-tailed after preprocessing; we do not evaluate
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heavy-tailed targets or very high-dimensional structured models in this chapter.

Throughout the experiments we instantiate the diffusion weight from Equation (4.7)

by taking p⋆(x) = p̃(x), a data–driven proxy for the (possibly unnormalized) like-

lihood, and setting τ > 0. Unless stated otherwise we use Cw = 1 and γ = 1, so

that

w(x) =

(
p̃(x)

p̃(x) + τ

)γ

, τ > 0, γ ∈ (0, 1].

This choice is θ–independent, bounded (0 ≤ w ≤ 1), and tail–vanishing (w(x) → 0

whenever p̃(x) → 0). The gradient has the closed form

∇w(x) = γ τ
p̃(x)γ−1(

p̃(x) + τ
)γ+1 ∇p̃(x),

which facilitates efficient evaluation inside the diffusion Stein operator. (Note that

any global rescaling of w can be absorbed into the temperature α; only the shape

governed by (γ, τ) matters.)

Generalized Bayesian KEF Formulation. In this setting, the probability den-

sity function is written as

pθ(x) ∝ q(x) exp
(
⟨f, κ( · , x)⟩G(κ)

)
, (4.18)

where q(x) is the reference density, chosen to be N (0, S2) with S denoting the

width (standard deviation) of the reference measure, κ(x, y) is the reproducing ker-

nel (here, a Gaussian RBF kernel), and f lies in the corresponding Reproducing

Kernel Hilbert Space (RKHS) G(κ). This approach allows for a nonparametric
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representation of probability distributions. To avoid computing the typically in-

tractable normalizing constant, we approximate f(x) by a finite-rank expansion

f(x) =
∑p

i=1 θ(i) ϕ(i)(x), where {ϕ(i)(x)}pi=1 are suitable basis functions, and θ(i)

are coefficients to be inferred. We adopt Hermite polynomials as basis functions

ϕ(j+1)(x) =
xj
√
j!
exp(−x2/2) which helps ensure numerical stability and an effective

approximation within the RKHS. The parameter vector θ(i) follows independent

Gaussian priors θ(i) ∼ N
(
0, L2 i−η

)
, where L is a global scale parameter governing

the overall prior variance, and η adjusts how aggressively higher-order terms are

shrunk.

For the Stein loss, we employ the inverse multiquadric (IMQ) kernel due to its favor-

able convergence properties in Stein-based methods. In the experiments described

below, we focus on MS–KSD–Bayes’ ability to capture correct mode proportions in

multimodal settings, thus demonstrating how it mitigates the limitations of KSD–

Bayes in scenarios with well-separated modes.

In the generalized posterior Equation (4.12), any global rescaling of w can be ab-

sorbed into α. Consequently, only the shape of w affects mode sensitivity, while

its global scale is immaterial for comparisons. In all experiments we keep α fixed

across methods.

4.4.1 Galaxy Velocity Data Experiments

To evaluate MS–KSD–Bayes in multimodal settings, we replicate the KSD–Bayes

experiment using the Galaxy velocity dataset (Postman et al., 1986; Roeder, 1990),

which comprises n = 82 velocity measurements ( km/s ) from six cones in the Corona
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Figure 4.1: Posterior density estimates for the Galaxy dataset. Top: data histogram.
Middle: KSD–Bayes (insensitive to mode proportions). Bottom: MS–KSD–Bayes
(captures the multimodal structure with more faithful proportions in this example).

Borealis cluster survey. This dataset is well known for its multimodal structure,

making it a natural benchmark for mode-sensitive inference. We adopt p = 25

Hermite polynomial basis functions within the KEF framework, set the reference

density to q(x) = N (0, 32) (so S = 3), and use a Gaussian RBF kernel κ(x, y) =
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exp
(
− (x−y)2

2

)
. We fix L = 10 as the global prior scale and set η = 1.1, matching

the original KSD–Bayes configuration. These choices focus the comparison on each

method’s ability to recover distinct modes and their relative proportions.

Sensitivity to mode proportions: KSD–Bayes is known to be relatively insensi-

tive to mode proportions when modes are well separated. To introduce a controlled

secondary mode, we work with velocities rescaled by 104 km/s and contaminate the

data by replacing a fraction ϵ of observations with draws from N (y, 0.12) at y = 5

(so y = 5 corresponds to 5× 104 km/s in the original units). This tests whether the

methods capture bimodality or remain biased toward a unimodal fit.

Figure 4.1 compares generalized posterior densities from KSD–Bayes and MS–KSD–

Bayes across ϵ ∈ {0.0, 0.1, 0.2}. For ϵ = 0, the histogram shows multiple, not

sharply separated peaks, and both methods yield unimodal posteriors (no spuri-

ous bimodality). At ϵ = 0.1, a well-separated secondary peak emerges near the

contaminated location; MS–KSD–Bayes more distinctly separates it from the pri-

mary mode, whereas KSD–Bayes remains essentially unimodal under the same set-

tings. At ϵ = 0.2, this contrast persists: MS–KSD–Bayes captures both peaks

and more closely preserves their relative proportions, while KSD–Bayes often re-

mains unimodal. These results highlight MS–KSD–Bayes’ heightened sensitivity to

well-separated modes and improved recovery of mixing proportions.

4.4.2 Lung Cancer Gene Expression Experiments

Accurately capturing multiple modes in gene expression is crucial, as distinct tumor

subtypes often display divergent expression patterns. We therefore test whether
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MS–KSD–Bayes can detect and appropriately weight multiple modes in a genomic

setting by focusing on a well-separated bimodal gene.

We evaluate MS–KSD–Bayes and KSD–Bayes on a lung cancer gene expression

dataset from the oompaData library for R (Coombes, 2024; R Core Team, 2024;

Abrams et al., 2018; Asiaee et al., 2020). The dataset (lung.dataset) contains

log-transformed expression values for 150 genes measured in 444 tumor samples,

with clinical annotations in lung.clinical. Expression values were processed as

log2(1+x). A subset of genes is used for illustration; full details are available under

GEO accession GSE68571.

To identify a probe set with a bimodal profile, we applied the bimodalIndex func-

tion from the BimodalIndex package (Coombes, 2019; Wang et al., 2009) to each

gene in lung.dataset. This fits a two-component Gaussian mixture and computes

a Bimodality Index (BI) that quantifies both separation and relative proportions.

Ranking by BI, we selected AFFX-r2-Ec-bioD-5_at as the most strongly bi-

modal (BI = 3.49). For this probe set, we use the same KEF-based formulation as in

Section 4.4.1, with p = 10 Hermite basis functions, reference density q(x) = N (0, 42)

(so S = 4), Gaussian RBF κ, and Gaussian priors with global scale L = 9 and decay

exponent η = 1.2. All other settings mirror the Galaxy experiments to isolate the

effect of the weighted Stein loss.

Figure 4.2 summarizes the results. The left panel shows the histogram of the se-

lected gene, indicating a clear bimodal pattern. The middle panel reports the gen-

eralized posterior density under KSD–Bayes, which remains unimodal and fails to

capture the second mode. The right panel shows MS–KSD–Bayes, which recovers

two modes and more closely reflects their relative proportions. This visual com-
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Figure 4.2: Generalized posterior density estimates for the lung cancer gene expres-
sion dataset (Setting: p = 10, L = 9, prior scale = 81, prior decay = 1.2). From
right to left: (1) Histogram of the observed gene expression data; (2) Posterior den-
sity estimated via MS–KSD–Bayes; (3) Posterior density estimated via KSD–Bayes.
Unlike KSD–Bayes, MS–KSD–Bayes captures the bimodal structure more clearly
in this example.

parison illustrates the added mode sensitivity introduced by the diffusion-weighted

Stein operator on this dataset.

By attenuating long-range cross-component interactions and reweighting by local

density, MS–KSD–Bayes yields posterior inferences that better align with the multi-

modal structure of the expression data. In this setting, it identifies distinct biologi-

cal subpopulations without introducing spurious modes, suggesting it is a promising

practical alternative for Bayesian analysis of heterogeneous genomic cohorts.

4.4.3 Gaussian Location Experiment: Unimodal Setting with

Contamination

Having demonstrated in Sections 4.4.1 and 4.4.2 that MS–KSD–Bayes effectively

resolves mode-proportion blindness for well-separated modes, we now examine its

performance in a unimodal Gaussian location setup with outlier contamination.
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Columns: (left) standard Bayes with a conjugate prior, (center) KSD–Bayes, (right)
MS–KSD–Bayes. As ϵ or y increase, the first two methods shift away from θ⋆ = 1,
while MS–KSD–Bayes remains comparatively concentrated near θ⋆.

This experiment follows the design in (Matsubara et al., 2022) for KSD–Bayes,

enabling a direct comparison. Specifically, we simulate data Xi ∈ R from the

contaminated mixture

Xi ∼ (1− ϵ)N (θ⋆, 1) + ϵN (y, 1), θ⋆ = 1,

with sample size n = 100 and a prior θ ∼ N (0, 1). The resulting dataset is unimodal

around x = 1 but contains an increasing fraction of outliers as ϵ or the displacement

y grows.

Figure 4.3 shows posteriors under three procedures: (i) standard Bayesian updat-

ing with a conjugate normal prior, (ii) the KSD–Bayes estimator, and (iii) MS–

KSD–Bayes. The standard Bayesian posterior shifts substantially from θ⋆ = 1
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as contamination strengthens, and KSD–Bayes offers only partial resistance. By

contrast, MS–KSD–Bayes remains closely centered on θ⋆ even for more extreme

contamination, without discernible over-dispersion, suggesting that the weighting

mechanism attenuates the influence of low-density observations while preserving

posterior sharpness in this setting.

These results suggest that MS–KSD–Bayes addresses multimodal complexities and

exhibits improved robustness in unimodal regimes with contamination, reducing

bias and variance inflation relative to standard Bayes and non-weighted KSD–Bayes

on our benchmarks.

4.5 Conclusion and Future Work

We introduced MS–KSD–Bayes, a likelihood–free generalized Bayesian update built

from a diffusion–weighted Stein operator with a θ–independent, tail–vanishing weight

w. The construction keeps the score–only advantage of KSD–Bayes while restoring

sensitivity to mixing proportions. Across the Galaxy benchmark, a bimodal gene

expression example, and a contaminated Gaussian location study, MS–KSD–Bayes

more faithfully captured mode proportions for well-separated modes and showed im-

proved robustness to outliers, while being comparable to KSD–Bayes in unimodal

settings in our experiments. In all experiments α was fixed across methods; any

global rescaling of w can be absorbed into α, so only the shape of w drives the

effect. When w is estimated from data (e.g., via a pilot density p⋆), all statements

are understood conditional on the realized w.
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Limitations. KSD-based posteriors can behave poorly in some regimes—e.g.,

slow or unstable convergence, sensitivity to the choice of kernel and bandwidth, and

under-weighting of tails have been reported in the literature (Chwialkowski et al.,

2016; Liu et al., 2016; Gorham and Mackey, 2017). In particular, the distantly dis-

sipativevity assumption underlying IMQ–KSD excludes heavy-tailed models, and

MS–KSD–Bayes inherits this limitation. Our experiments do not probe heavy-

tailed targets or very high-dimensional, structured applications. We therefore view

the present results as evidence of feasibility under light-tail settings, and we leave

heavy-tail robustness and large-scale validation for future work. Beyond exponential

families and KEF examples, the behavior of MS–KSD–Bayes in large, structured,

or very high-dimensional models remains to be systematically evaluated.

Future work. Several directions follow naturally from our empirical findings and

construction.

(i) Identification and asymptotics. We did not pursue formal guarantees in this

paper; deriving conditions under which the diffusion–weighted loss identifies mix-

ture proportions and establishing uniform LLNs/BvM–type local approximations

(conditional on w) are natural next steps.

(ii) Design of w. Systematic procedures to choose the anchor p⋆ and the shape

parameters (Cw, τ, γ), including data–driven or hierarchical choices, would improve

reliability. An ablation on anchor misspecification and sensitivity analyses for w

would make the method easier to use.

(iii) Computation at scale. The empirical loss is a V-statistic with O(n2) cost.

Mini–batch U–statistic surrogates and low–rank kernel approximations tailored to

the weighted operator could reduce cost while preserving accuracy.

107



(iv) Kernels and geometry. Exploring alternative base/matrix kernels K adapted

to the diffusion operator and to high dimensions may further improve mixture sen-

sitivity and stability.

(v) Broader models and tasks. Applying MS–KSD–Bayes to discrete and graph-

ical models with intractable normalizers, and to additional multimodal scientific

datasets, would test robustness beyond the cases studied here.

(vi) Calibration and evaluation. Studying temperature selection for generalized

Bayes, as well as predictive and posterior calibration diagnostics specific to dif-

fusion–weighted losses, would help practitioners tune the method in a principled

way.

Overall, MS–KSD–Bayes offers a potentially practical route to mode-aware, likelihood-

free Bayesian updating. The above extensions could clarify when the approach is

likely to work and how to deploy it reliably at scale.
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Chapter 5

Discussion and Conclusion

The rapid growth of complex, high-dimensional data in modern science and in-

dustry, particularly in fields like neuroscience and genomics, has encouraged the

development of sophisticated statistical and machine learning models. While these

models offer powerful predictive capabilities, they often come at the cost of analyt-

ical tractability. Specifically, many cutting-edge models are defined by likelihood

functions and their gradients that are either computationally expensive or entirely

intractable. This fundamental challenge hinders the application of classical infer-

ential and diagnostic tools, creating a critical gap between model development and

robust model validation. This thesis addresses this gap by developing, validating,

and extending a suite of advanced kernel-based approaches for robust inference. The

research focuses on two key areas: settings where gradient information is unavail-

able, and Bayesian inference problems involving complex multimodal posteriors,

particularly the challenge of capturing the relative weights of well-separated modes.

In this concluding chapter, the key findings of the thesis are synthesized, their

significance is highlighted, and several avenues for future research are outlined.
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5.1 Key Findings and Contributions

This thesis has introduced a cohesive set of methodologies that progress from foun-

dational goodness-of-fit testing to sophisticated techniques for robust Bayesian in-

ference, each addressing a critical gap in the analysis of intractable models.

A New Frontier for Goodness-of-Fit Testing: The journey began with the

development of the Gradient-Free Kernel Conditional Stein Discrepancy (GF-KCSD),

as presented in Chapter 2. Traditional KSD-based tests, while powerful, depend on

the gradient of the model’s log-likelihood, which can be a prohibitive bottleneck.

GF-KCSD successfully overcomes this limitation by using a surrogate density and

an importance-weighting scheme, resulting in a test that is entirely independent of

the target model’s gradients. This innovation not only expands the applicability of

kernel-based testing to a much broader class of models but was also shown to be a

competitive and powerful tool in its own right, retaining strong statistical properties

and performing comparably to its gradient-based counterparts in empirical studies.

Evaluating Robustness and Practicality: Building upon this foundational

contribution, the research presented in Chapter 3 rigorously examined the method’s

practical utility under non-ideal, real-world conditions. A statistical method’s true

value is often revealed by its performance with noisy data, a common complication

that is often overlooked. Our investigation into the effects of measurement error

demonstrated the remarkable robustness of GF-KCSD. Through controlled exper-

iments with both symmetric and asymmetric error distributions, GF-KCSD con-

sistently maintained correct Type-I error control and stable statistical power, even
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as data contamination increased. This resilience was further confirmed through the

analysis of a real-world brain MRI dataset, where GF-KCSD provided a reliable and

computationally efficient assessment of a complex Mixture Density Network model,

solidifying its standing as a trustworthy tool for applied researchers.

Overcoming mode–proportion blindness in generalized Bayes. Chapter 4

tackles the well–documented tendency of score–based generalized Bayes to ignore

the relative weights of well–separated modes. We introduce MS–KSD–Bayes, which

augments the Stein loss with a θ–independent, tail–vanishing diffusion weight while

retaining the score–only, likelihood–free computation of KSD–Bayes. Concretely, in

our experiments we instantiate the weight by a plug–in estimate p̃(x) of the (possi-

bly unnormalized) data density, which is bounded and vanishes in the tails, thereby

attenuating long–range cross–mode interactions while preserving within–mode sig-

nal. The resulting empirical loss is a diffusion-weighted KSD V –statistic that re-

mains likelihood–free (all computations depend on pθ only through the data score

spθ = ∇x log pθ), and any global rescaling of wγ is absorbed by the temperature α,

so only the shape of wγ matters. Empirically, MS–KSD–Bayes restores sensitivity

to mixing weights on multimodal benchmarks (Galaxy velocities; a bimodal gene)

and maintains robustness in unimodal settings with outlier contamination, yielding

sharper posteriors than standard Bayes and KSD–Bayes under the same tuning.

5.2 Future Work and Directions

The methodologies developed in this thesis provide a strong foundation for robust

inference in intractable models and naturally motivate several promising directions
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for future inquiry.

Computational Scalability: A key area for future development is the enhance-

ment of computational scalability. The kernel-based nature of the proposed meth-

ods, while avoiding gradient computations, results in a computational complexity of

O(n2). To make these tools practical for very large-scale datasets, a primary focus

could be the exploration of low-rank kernel approximations, such as the Nyström

method or Random Fourier Features, which can reduce complexity to near-linear

in the sample size. A parallel effort could involve developing specialized MCMC or

variational inference algorithms that are explicitly optimized for the MS-KSD-Bayes

objective function, potentially leading to significant gains in efficiency.

Selection of the Auxiliary Density and Hyperparameters: Another promis-

ing research direction lies in developing more automated and adaptive methodologies

for hyperparameter selection. The performance of the methods presented here is

contingent on choices such as the kernel bandwidth and, for MS-KSD-Bayes, the

weighting parameter γ. While standard heuristics were effective in this work, future

research could move beyond these fixed approaches. For instance, one could develop

data-driven methods, such as creating a hierarchical model where the weighting

parameters are learned from the data. Such an advancement would enhance the

robustness and ease of use of these methods, making them more accessible to a

wider range of practitioners.

Extension to Broader Data Types and Models: Furthermore, a natural

and significant extension of this research involves adapting these frameworks to
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broader classes of data and models. The current work has focused on continuous

domains, yet many important statistical problems involve discrete data. Extending

the methodologies to handle such cases, perhaps by developing a "Gradient-Free Dis-

crete KCSD" based on a discrete Stein operator, would be highly valuable for appli-

cations in fields like bioinformatics and social network analysis. Similarly, applying

these robust inference techniques to other complex settings, such as spatio-temporal

models where likelihoods are notoriously intractable, could greatly broaden the ap-

plicability and impact of this research.

Deepening theoretical understanding. For MS–KSD–Bayes, further theory

would sharpen our guarantees. First, deriving finite-sample concentration rates

(non-asymptotic risk bounds) for the generalized posterior would strengthen results

beyond asymptotics. Second, analyzing challenging regimes—nearly overlapping or

degenerate modes, heavy tails, and misspecification of the anchor/weight—would

delineate when the diffusion-weighted loss correctly identifies mixture proportions

and when it may fail. Third, studying how the weight-shape parameters (γ, Cw, τ)

and kernel choices affect contraction and calibration would yield practical tuning

guidance. Progress on these fronts would solidify kernel-based, likelihood-free infer-

ence as a reliable tool for modern data analysis.

5.3 Concluding Remarks

The landscape of data analysis is increasingly dominated by models whose com-

plexity outpaces the reach of traditional statistical tools. This thesis has confronted

this challenge directly by developing a suite of advanced kernel-based methods de-
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signed for robust and tractable inference. The work presented here has successfully

delivered on its core objectives, from the creation of a novel gradient-free test for

conditional models to the development of a sophisticated Bayesian framework that

corrects a fundamental flaw in score-based inference. Collectively, these contribu-

tions provide a powerful and theoretically-grounded set of tools that enrich the

modern statistician’s toolkit. By enabling reliable inference where it was once im-

practical, this research helps bridge the gap between complex modeling and rigorous

validation, ultimately paving the way for more trustworthy data-driven discovery.

119



Appendix A

120



A.1 Proofs of Theoretical Results in Chapter 2

Proofs for all the theoretical findings discussed in the main article are included in

this appendix.

A.1.1 Proof of Theorem 1

Proof. First we need to show that the second expectation in Equation (2.8) is equal

to zero. To do that in the first step we rewrite the expectation in the integral

form (
∫
|Kxζρ(.|x)(y, .)| dp) and show that it is well-defined. The function g and its

first derivatives are assumed to be bounded, which means that the magnitude of

g(x) and its first derivatives are never too large for any point x ∈ Rd. Now the

quantities C0 and C1 are defined as the supremum (i.e., the smallest upper bound)

of the magnitudes of g(x) and its drivatives, respectively, over the entire space Rd

as C0 = sup
{
∥g(x)∥ : x ∈ RD

}
and C1 = sup

{
|∇.g(x)| : x ∈ RD

}
. Also, Since K

is C0-universal, this operator is injective (Carmeli et al., 2010), as a result of the

injectivity and having the linear operator we have the following relation:∫
Kx|ζρ(.|x)(y, .)| dp =

∫
Kx|

ρ

p
(∇.g + g.∇ log ρ)| dp

=

∫
Kx|(∇.g + g.∇ log ρ)| dρ ≤ C1 + C0 ∗ constant <∞

Now, let B be a ball in RD centered at the origin with radius r. The set Sr is

defined as the set of all points y ∈ Rd such that the Euclidean norm of y is less

than or equal to r. On the other hand, let the set S be the surface of the ball B,

which is defined as the set of all points y such that the Euclidean norm of y is equal
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to r. In other words, S is the set of points on the boundary of B. Then we define

the quantity m(r) as the smallest upper bound of the values of a given function

ρ on the set S. In other words, m(r) is the largest possible value of ρ(y) for any

point y on the surface of the ball B. We define the indication function 1B(y) that

is 1 if y ∈ B and 0 if y /∈ B. This function can be thought of as a "mask" that

selects only the points in the set B and all other points to zero. By assumption, the

quantity rd−1m(r) approaches zero as r approaches infinity. This means that the

values of ρ(y) on the surface of the ball B become arbitrarily small as the radius of

B becomes arbitrarily large. Now we can define the expectation in terms of the sets

B, S and 1B functions as
∫
Kxζρ(.|x)(y, .) dp = limr→∞

∫
1BrKxζρ(.|x)(y, .) dp. Then

we have:∫
1BrKxζρ(.|x)(y, .) dp =

∫
1BrKx

ρ

p
[(∇.g + g.∇ log ρ)] dp

=

∫
Br

Kx [ρ∇.g + g.∇ρ] dy =

∫
Br

Kx∇. (ρg) dy

=

∫
Sr

Kx ρ g . n dy ≤ m(r)× c× rD−1 r→∞→ 0.

Now, after this proof, we can rewrite the Equation (2.8) as follows:

D2
p, ρ(π) =

∥∥E(x,y)∼πxyKxζρ(.|x)(y, .)
∥∥2
GK

=
∥∥∥E(x)∼πxKxEy∼π.|xζρ(.|x)(y, .)

∥∥∥2
GK

=
∥∥E(x)∼πxKxrp,π(.,x)

∥∥2
GK

Based on the Theorem 2 in (Chwialkowski et al., 2016), for almost all πx, the Kernel

Stein Discrepancy between two probability density functions p|x and π|x is 0 if and
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only if they overlap. Thus, given x ∼ πx, ∥rp,π(.,x)∥2GDy = 0 if and only if p.|x = π.|x.

The rest can be proved as the previous part.

A.1.2 Proof of Proposition 2

Proof. To prove this proposition, we need to rewrite the D2
p, ρ(π) as follows:

D2
p, ρ(π) =

∥∥E(x,y)∼πxyKxζρ(.|x)(y, .)
∥∥2
GK

=
〈
ExyKxζρ(.|x)(y, .),Ex′y′Kx′ζρ(.|x′) (y

′, .)
〉
GK

(∗)
= ExyEx′y′

〈
Kxζρ(.|x)(y, .), Kx′ζρ(.|x′) (y

′, .)
〉
GK

(∗∗)
= ExyEx′y′

〈
K∗

x′Kxζρ(.|x)(y, .), ζρ(.|x′) (y
′, .)
〉
GDy
l

= ExyEx′y′k (x,x′)
ρ(y|x)ρ(y′|x′)

p(y|x)p(y′|x′)
bρ ((x,y), (x

′,y′)) ,

From the requirement 4 in Theorem 1, and due to the Bochner integrability of

Kxζρ(.|x)(y, .), at (∗), the inner product and the expectation are interchangeable.

In the second step (**), the adjoint of the operator Kx′ , denoted as K∗
x′ , is used.

The adjoint is defined as the operator that satisfies ⟨Kx′f, g⟩ = ⟨f,K∗
x′g⟩ for all

functions f, g in the domain of Kx′ . Taking advantage of the reproducing property

of the kernel function Kx is used to rewrite the inner product in terms of the kernel

function k(x,x′). Thus we can write K∗
x′Kx = K (x,x′) = k (x,x′) I and I is an
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identity operator. Thus bρ ((x,y), (x′,y′)) can be written as:

bρ ((x,y), (x
′,y′)) = l (y,y′) sTρ (y | x)sρ (y′ | x′) +

Dy∑
i=1

∂2

∂yi∂y′i
l (y,y′)

+ sTρ (y | x)∇y′l (y,y′) + sTρ (y′ | x′)∇yl (y,y
′) ,

A.2 Proofs of Theoretical Results for Chapter 4

This section provides detailed proofs for the theoretical results presented in Chap-

ter 4. Each proof follows a structured approach, leveraging key properties of the

diffusion-weighted Kernel Stein Discrepancy (KSD) and generalized Bayesian infer-

ence. For clarity, we include intermediate lemmas and derivations where necessary.

A.2.1 Proof of Proposition 4

Proof. This is the reversible specialization (a(x) = w(x)Id) of the diffusion–Stein

identity in Gorham et al. (2019, Sec. 2; App. A); hence the claim holds based on

that reference. For completeness, we give a short argument under Assumption 1.

Let θ ∈ Θ be arbitrary and let g ∈ G(k)d be admissible. By the divergence-form

definition,

(Aw
pθ
g)(x) =

1

pθ(x)
∇·
(
w(x) g(x) pθ(x)

)
.
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For R > 0, write BR = {x : ∥x∥ ≤ R} and denote by n(x) the outward unit

normal on ∂BR. Applying the divergence theorem on BR (or more generally on

ΩR := X ∩ BR, in which case the extra boundary integral over ∂X vanishes by the

admissibility/boundary condition), we obtain

∫
BR

(Aw
pθ
g)(x) pθ(x) dx =

∫
BR

∇·
(
w(x) g(x) pθ(x)

)
dx =

∫
∂BR

n(x)⊤w(x) g(x) pθ(x) dS(x).

Assumption 1(4) ensures the boundary integral tends to 0 as R → ∞. The regular-

ity and integrability in Assumption 1(i)–(iii) (bounded w,∇w; RKHS derivatives

controlled by the C2 kernel; and Epθ∥spθ(X)∥ <∞) justify the divergence theorem

and allow us to pass the limit R → ∞ by dominated convergence. Therefore,

EX∼pθ

[
(Aw

pθ
g)(X)

]
=

∫
X
(Aw

pθ
g)(x) pθ(x) dx = lim

R→∞

∫
∂BR

n⊤wg pθ dS = 0.

Since θ was arbitrary, the identity holds for all θ ∈ Θ.

A.2.2 Proof of Proposition 5

Proof. This is the reversible specialization (a(x) = w(x)Id) of the diffusion–Stein

RKHS representation in Gorham et al. (2019, Sec. 2; App. A); hence the result holds

based on that reference. We record a brief argument under Assumptions 1 and 3.

Write Aw,x
pθ

for the operator acting on the x–argument. By Assumption 3(2), the

coordinatewise contraction

Kw
pθ
(x, x′) :=

(
Aw,x

pθ
⊗Aw,x′

pθ

)
K(x, x′) ∈ Rd×d
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is well defined and continuous. Define the linear functional Λθ(g) := EX∼Q
[
(Aw

pθ
g)(X)

]
.

Let rx(·) := (Aw,x
pθ

⊗ I)K(x, ·) ∈ G(K). Then, by the vector-valued reproducing

property, (Aw
pθ
g)(x) = ⟨g, rx⟩G(K). Cauchy–Schwarz and Assumption 3(3) give

|Λθ(g)| =
∣∣E⟨g, rX⟩G(K)

∣∣ ≤ ∥g∥G(K)

(
E∥rX∥2G(K)

)1/2
= ∥g∥G(K)

(
E tr

(
Kw

pθ
(X,X)

))1/2
,

so Λθ is bounded. By the Riesz representation theorem, there exists a unique

hθ ∈ G(K) such that Λθ(g) = ⟨g, hθ⟩G(K) for all g, and

∥hθ∥2G(K) = EX,X′∼Q
[
trKw

pθ
(X,X ′)

]
.

Therefore,

KSDw(Pθ∥Q) = sup
∥g∥G(K)≤1

|Λθ(g)| = ∥hθ∥G(K), KSD2
w(Pθ∥Q) = EX,X′∼Q

[
trKw

pθ
(X,X ′)

]
.

Replacing Q by the empirical measure Qn yields the V–statistic in (4.11).

A.2.3 Proof of Proposition 6

Proof. Recall the diffusion Stein operator in divergence form

(Aw
pθ
g)(x) =

1

pθ(x)
∇x·
(
w(x) g(x) pθ(x)

)
= w(x)

{
spθ(x)

⊤g(x)+∇·g(x)
}
+∇w(x)⊤g(x).

For a matrix–valued kernelK : X×X → Rd×d, define the coordinatewise contraction

Kw
pθ
(x, x′) :=

(
Aw,x

pθ
⊗Aw,x′

pθ

)
K(x, x′).

Let

ψθ(x) := w(x) spθ(x) + ∇w(x) ∈ Rd, divxK(x, x′) := ∇x ·K(x, x′) ∈ Rd,
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where
(
divxK(x, x′)

)
m

:=
∑d

ℓ=1 ∂xℓ
Kℓm(x, x

′) (columnwise divergence). We also

write

tr
(
∇x∇⊤

x′K(x, x′)
)

:=
d∑

m=1

d∑
ℓ=1

∂xℓ
∂x′

m
Kℓm(x, x

′).

A standard coordinatewise application of Aw
pθ

to K in each argument yields

Kw
pθ
(x, x′) = ψθ(x)

⊤K(x, x′)ψθ(x
′)︸ ︷︷ ︸

(T1)

+ ψθ(x)
⊤(divx′K(x, x′)

)
w(x′)︸ ︷︷ ︸

(T2)

+ ψθ(x
′)⊤
(
divxK(x, x′)

)
w(x)︸ ︷︷ ︸

(T3)

+ w(x)w(x′) tr
(
∇x∇⊤

x′K(x, x′)
)︸ ︷︷ ︸

(T4)

.

Consequently, the (population) MS–KSD admits the kernel form KSD2
w(Pθ∥Q) =

EX,X′∼Q
[
trKw

pθ
(X,X ′)

]
, and the empirical version is the V–statistic

Ln(θ) := KSD2
w(Pθ∥Qn) =

1

n2

n∑
i=1

n∑
j=1

trKw
pθ
(Xi, Xj).

Exponential family specialization. Assume the (possibly curved) exponential

family

log pθ(x) = ξ(θ)⊤t(x)− a(θ) + b(x),

with natural parameter ξ(θ) ∈ Rp, sufficient statistic t : X → Rp, and carrier b.

The score with respect to x is

spθ(x) = ∇x log pθ(x) = Jt(x)
⊤ξ(θ) +∇b(x),

where Jt(x) ∈ Rp×d is the Jacobian of t. For each data point Xi, define

wi := w(Xi), Ai := wi Jt(Xi)
⊤ ∈ Rd×p, bi := wi∇b(Xi) +∇w(Xi) ∈ Rd,
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so that ψθ(Xi) = Ai ξ(θ) + bi. Write

Kij := K(Xi, Xj) ∈ Rd×d, dij := divxK(Xi, Xj) ∈ Rd,

d′ij := divx′K(Xi, Xj) ∈ Rd, Hij := ∇x∇⊤
x′K(Xi, Xj).

Insert the decomposition (T1)–(T4) into Ln(θ). The only quadratic dependence on

ξ(θ) comes from (T1):

ψθ(Xi)
⊤Kij ψθ(Xj) = ξ⊤A⊤

i KijAj ξ + ξ⊤
(
A⊤

i Kijbj + A⊤
j Kijbi

)
+ b⊤i Kijbj.

Terms (T2) and (T3) contribute linear forms in ξ, and (T4) is ξ–independent.

Therefore

Ln(θ) = ξ(θ)⊤Γn ξ(θ) + ξ(θ)⊤τn + cn,

with

Γn :=
1

n2

n∑
i=1

n∑
j=1

A⊤
i KijAj ∈ Rp×p (symmetric, PSD since K is operator–valued PD),

τn :=
1

n2

n∑
i=1

n∑
j=1

{
A⊤

i Kijbj + A⊤
j Kijbi + A⊤

i d
′
ij wj + A⊤

j dij wi

}
∈ Rp,

cn :=
1

n2

n∑
i=1

n∑
j=1

{
b⊤i Kijbj + b⊤i d

′
ijwj + b⊤j dijwi + wiwj tr(Hij)

}
∈ R.

(PSD of Γn: for any v ∈ Rp, v⊤Γnv = 1
n2

∑
i,j(Aiv)

⊤Kij(Ajv) ≥ 0 by the PD

property of K.) This establishes that the empirical MS–KSD is a quadratic form

in the natural parameter ξ(θ).
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MS–KSD–Bayes posterior (Gaussian prior). With a Gaussian prior π0(ξ) =

N (µ0,Σ0) on the natural parameter and generalized posterior

πw
n (ξ) ∝ π0(ξ) exp

{
− αnLn(θ(ξ))

}
,

completion of the square yields a Gaussian posterior

Σn =
(
Σ−1

0 + 2αnΓn

)−1
, µn = Σn

(
Σ−1

0 µ0 − αn τn
)
,

which is exactly the form stated in Proposition 6. The normalizing constant depends

only on cn and is immaterial. In the natural exponential family case ξ(θ) = θ, this

posterior is over θ.
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