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Abstract

Between 2013 and 2015 Aguayo et al. developed an operator theory on the space
co of null sequences in the complex Levi-Civita field C by defining an inner product
on ¢y that induces the supremum norm on ¢y and then studying compact and self-
adjoint operators on ¢y, thus presenting a striking analogy between ¢, over C and
the Hilbert space £ over C. In this thesis, we try to obtain these results in the most
general case possible by considering a base field with a Krull valuation taking values
in an arbitrary commutative group. This leads to the concept of X-normed spaces,
which are spaces with norms taking values in a totally ordered set X not necessarily
embedded in R. Two goals are considered in the thesis: (1) to present and contribute
to a theory of X-normed spaces, and (2) to develop an operator theory on ¢y over
a field with a Krull valuation of arbitrary rank. In order to meet the goal (1), a
systematic study of valued fields, G-modules and X-normed spaces is conducted in
order to satisfy the generality of the settings required. For the goal (2), we identify
the major differences between normed spaces over fields of rank 1 and X-normed
spaces over fields of higher rank; and we try to find the right conditions for which
the techniques employed in the rank-1 case can be used in the higher rank case. For
(1) the author develops a new tool to work with transfinite induction simplifying
the techniques employed in X-normed spaces, thus accomplishing a Generalized
Baire Category Theorem that allows the proof of an Open Mapping theorem for

X-normed spaces. Regarding (2), we show that an operator can be identified as



compact with adjoint by studying the behavior of the image of any base of cg.
Although characterizations are obtained for some linear operators on cg, it is still
unknown whether the spectral theorem holds for compact self-adjoint operators in

the non-Archimedean case.
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Introduction

In non-Archimedean Analysis, i.e. when we consider a non-Archimedean valued field
as our base field to define normed spaces, we obtain new results that do not hold
in classical Functional Analysis (i.e. when our base field is R or C), however we
lose some other results, thus producing a whole new theory that sometimes demands
a totally new intuition. In this new setting, the results that are possible to obtain
depend greatly on the non-Archimedean valued field we choose to work with and also
depend on the structure of the normed space that we consider. For example, let’s
consider the concept of orthomodularity. Let K be a field with an involution a — a*.
A vector space E over K with a Hermitian form (-,-) : Ex E' — K (linear in the first
variable and (z,y) = (y, x)* for all z,y € F) is called orthomodular if the projection
theorem holds: every subspace H of E satisfiess H = H'** = E = H® H*.
Notice that Hilbert spaces can be characterized in terms of orthomodularity. In
fact, if E is an orthomodular space over K admitting an orthonormal sequence,
then K = R or K = C and E is linearly homeomorphic to a Hilbert space [42].
In general, if a non-Archimedean valued field K has finite rank, then there is no
infinite-dimensional Banach space over K that is orthomodular [30, 4.4.6]. However,
if the non-Archimedean valued field K has infinite rank, then we can find an infinite-
dimensional Banach space E over K that is orthomodular (where the norm satisfies

l|z||* = (z, ) for all z € F) [30, 4.4.9].

In the first chapter of the thesis, a deep analysis of the metric and algebraic



structures of non-Archimedean valued fields is presented, providing among other
things, descriptions of the most commonly used non-Archimedean valued fields. Ad-
ditionally, the relationship between the order structures of ordered fields and their
structure as valued fields is explained. The culmination of this introductory chapter
is the classification of all the valued fields in a meaningful manner that is beneficial
to non-experts and experts in the field alike.

In the Chapters of this thesis, we systematically study several aspects of non-
Archimedean Functional Analysis in order to determine the conditions for which we
can conceive compact and adjoint operators in a Banach space equipped with a
Schauder basis in the most general settings possible. Since every Banach space (over
a non-Archimedean valued field K') with a Schauder basis is linearly homeomorphic
to the space ¢y of null sequences in K ([32, 2.3.9]), we will focus on the study of
operators defined on ¢y. As we will see, the properties of ¢y vary depending on
whether the valuation takes values in R or in an arbitrary commutative ordered
group; those two cases will be referred to as the rank-1 case and the higher-rank

case, respectively.

In order to understand the impact of the choice of the valued field we will begin
in Chapter [I] with an introduction to ultrametric spaces, where we will study the
metric and topological properties of a non-Archimedean valued field. Then, a variety
of non-Archimedean valued fields will be presented and their properties collected in
an extensive catalog . We will review the basic structures of valued fields and will

develop the tools that will allow us to fully classify them in 6 distinctive categories

(1.10)). Among other results (see [List of contributions|), we will prove that the order

topology of any non-Archimedean ordered field coincides with the topology induced
by their ‘natural’ valuation (|1.8.9). Note that most of Chapter |1| (with the exception
of a couple of new results) is a selection of results which have recently been published

in a refereed paper [8] in Contemporary Mathematics of the American Mathematical



Society.

In Chapter 2| we will study Banach spaces over non-Archimedean valued fields of
rank 1 and consider their similarities and differences with Banach spaces in classical
Functional Analysis. We will also review linear operators defined on normed spaces
and compare the different norms that can be defined for continuous linear operators
in the non-Archimedean context. Then, we review the concepts of form-orthogonality
and its more general alternative: norm-orthogonality. These concepts will be of great
importance in the subsequent chapters. We will finish the chapter with the concept
that generalizes the concept of separability on normed spaces: being of countable
type. This concept is the key to characterize those Banach spaces that have a

Schauder basis.

Further, in Chapter [3| we will define norms on a vector space E over K that take
values in an ordered set X rather than in R. In this new context, the valuations can
take values in an arbitrary commutative ordered group G which acts on X turning the
latter into a G-module. With this new object, we will be able to conceive equalities
of the form |[Az|| = |A|||z]| for A € K, |A\] € G, x € E and ||z|| € X. In this general
setting we will study continuous linear operators, new Banach spaces and consider
the necessary conditions to have a Schauder basis in every closed subspace of ¢g.
Here the author develops new results that complement the study of this abstract

area.

In Chapter [ we will develop an operator theory on the space ¢ over a field K with
valuation of arbitrary rank. For this we will use an inner product on ¢y which will
induce the supremum norm of ¢y and therefore we will be able to work with both
form-orthogonality and norm-orthogonality to characterize those closed subspaces

that can be complemented. Additionally, we will study compact operators on cqy



as well as those operators that admit an adjoint. In particular, we will discuss the
difficulties to conceive compact operators on ¢y when the valued field has higher rank
and the author will offer an alternative definition trying to capture what is expected
from a compact operator. We will present the work done to generalize several results
regarding operators in the rank-1 case to the higher rank case exhibiting partial
results and some surprising ones.

The contributions made in Chapters and 4| are going to be prepared as a

paper for submission after the distribution of this thesis.

Finally, in Chapter [5] we will briefly discuss future research projects that could
deepen the knowledge reached and address some of the open problems that were

identified in this thesis.



List of contributions

Throughout this thesis several topics will be discussed and a large number of results
will be presented. In order to differentiate between known results and contributions
made by the author of this thesis, the labels Lemma, Theorem and Corollary
will be used to refer to the former kind of results, while the label Proposition will
be reserved for the latter.

In the list below, a contribution in the form of a result will be classified as novelty
(when the result has not been found in the bibliography nor in the literature), original
proof (when the result is known but the presented proof uses an original approach)
or extension (when only a particular case of the same result has been proved before
without reaching the scope of the presented result). Moreover, throughout the thesis
the author’s most significant contributions will the labeled by %Proposition and
are listed below using the symbol .

Not all the contributions of this thesis are in the form of a proposi-
tion. While most of the results in Chapters [I|and 2| are known, the author wishes to
emphasize that a significant amount of time and effort was invested in researching
existing knowledge about non-Archimedean valued fields and organizing it in the way
presented in Chapter [I}, which culminated in a classification of all non-Archimedean
valued fields that is useful to both the experts and non-experts in non-Archimedean
Analysis. No such presentation and classification have been done before in the liter-

ature. The work presented in Chapter [I] is a selection of results that have recently



been published in a refereed paper [8] which received a very positive report from an

expert in the field:

“A few good examples are proposed. For example, conditions to have
a complete ultrametric field that is or is not spherically complete, or to

obtain the completion, an immediate extension.”

“Generalizations are defined in ultrametric spaces which are not so much
known and can be very useful when we study algebras of continuous
functions defined in such an ultrametric space, with values in a complete
ultrametric field. This way, the paper is a very good presentation of
the non-Archimedean topologies that can be very useful to students or
researchers beginning working in ultrametric analysis. Moreover, the
presentation of generalizations of ultrametric values of rank superior to

one are far from well known and can be useful to many specialists.”

The contributions of this thesis in the form of a result are listed as follows:

Contributions in Chapter 1: Non-Archimedean valued fields.
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Chapter 1

Non-Archimedean valued fields

In this thesis we will be discussing different aspects of Functional Analysis when
considering scalars in a non-Archimedean valued field. Before we start the develop-
ment of the main theory we will briefly discuss this kind of fields to help the reader
realize that there are big differences with the classical Functional Analysis rooted
in the choice of the basis field. The most remarkable features of this chapter are
the catalog of fields and the classification of fields [I.I0] For another type of
classification see [.9.1]

Most of the proofs of the results presented in this chapter will be omitted in order
to avoid the use of a significant amount of space in topics that are out of the scope
of this thesis. For a broader scope and context of these results as well as a more
detailed discussion about them see [§]. Nonetheless some of the results obtained by
the author will be presented here with a proof, including and which were

obtained after the publication of [§].

1.1 Ultrametric Spaces

A valued field is a mathematical entity with a topological and an algebraic structures

that will be defined and studied in Section [I.2] In this section we will discuss the

11
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notion of an ultrametric space which is a metric space used to study the metric and
topological properties of a non-Archimedean valued field without worrying about its
algebraic structure.

Let’s begin reviewing the concept of ultrametric and the consequences of the

strong triangle inequality.

1.1.1 Definition. A metric on a set X is a function d : X x X — R satisfying the

following properties for all x,y,z € X:
(a) d(z,y) >0, and d(x,y) = 0 if and only if x =y,

(b) d(z,y) = d(y, ),
(c) d(z,y) < d(x,z)+d(z,y) (triangle inequality).

The pair (X, d) is called a metric space.

1.1.2 Notations. Let (X,d) be a metric space, a € X and r > 0. The sets
B(a,r) == {z € X : d(z,a) < r} and Bla,r] := {x € X : d(z,a) < r} are called
the open and closed balls of center a and radius r, respectively. The family
of open balls forms a basis of neighbourhoods for a uniquely determined Hausdorff
topology on X. This topology is called the topology induced by d on X. With
respect to this topology the open balls are open sets and the closed balls are closed
sets in X.

The diameter of a non-empty set Y C X is diam(Y) := sup{d(z,y) : z,y € Y}
and the distance between two non-empty sets Y, Z C X is dist(Y,Z) := inf{d(y, z) :
yeY,ze Z}. The set of values of a metricd : X x X — R is denoted by d(X x X)
and defined as {d(x,y) : x,y € X}.

1.1.3 Definition. A metric d : X x X — R is called an ultrametric when it
satisfies the so-called strong triangle inequality d(x,y) < max{d(z,z),d(z,y)}

forall x,y,z € X. In this case, the pair (X,d) is called an ultrametric space.
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1.1.4 Examples. (a) Let X be a set and d : X x X — R be the discrete metric,

(b)

(c)

(d)

(¢)

ie. dx,y) =1 1ifx #y and d(xz,x) =0 for all x,y € X. Then (X,d) is an
ultrametric space. In this case, for x € X, we have that B(x,1) = B(z,r) for
all 0 < r < 1. Also, for each y in B(x,r), we have that B(xz,r) = B(y,r).
As we will see, it is not uncommon to find a ball of an ultrametric space with

infinitely many radii, and where each point of a ball is a center of the ball.

Let p be a fived prime. The p-adic metric on Z is defined by d(n,m) = 0 if
n = m, and for n # m, d(n,m) = p~" where r is the largest non-negative

integer such that p" divides m — n. The pair (Z,d) is an ultrametric space.

Let R[x] be the ring of all polynomials with real coefficients. For each nonzero
polynomial p(x) = ag + a1z + -+ - + ap,x™ in Rz], put A(p) = min{i : a; # 0}.
Thus the map d : R[z] x Rlz] — R defined by

e ifp#£g
d(p,q) =

0 , ifp=4q
is an ultrametric on Rlz].

Let N be the set of positive integers and d : N x N — R be the map defined by

max{l+ =, 1+1} ifm+#n
d(m,n) =

0 , if m=n.

Then (N, d) is an ultrametric space.

Any subset of a non-Archimedean valued field (K, | |) with the map (x,y) —
|z — y| constitutes an ultrametric space (non-Archimedean valued fields will be

presented later in this chapter). Notice that with this example we have listed
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all ultrametric spaces, since W. Schikhof proved in [36] that any ultrametric
space can isometrically be embedded into a non-Archimedean valued field.

Let (X, d) be an ultrametric space. If z,y,z € X are such that d(z, 2) # d(z,y),
then d(z,y) = max{d(z, z),d(z,y)}, i.e. every triangle with vertices in X is isosceles.

This condition is called the Isosceles triangle principle.

1.1.5 Theorem ([32, p. 3], [45, 2.A]). Let (X,d) be a metric space. The metric d

is an ultrametric if and only if it satisfies the Isosceles triangle principle.

The following theorem collects the most remarkable results of an ultrametric

space, all direct consequences of the strong triangle inequality.

1.1.6 Theorem ([8, 1.6]). Let (X,d) be an ultrametric space. Then the following

properties hold:
(a) Each point of a ball is a center of the ball.
(b) Each ball in X is closed and open in the topology induced by the ultrametric.
(¢) Each ball has an empty boundary.
(d) Two balls are either disjoint, or one is contained in the other.
(e) Let a €Y C X. Then diam(Y) = sup{d(z,a): z € Y}.

(f) The radii of a ball B form the set {r € R: 1 <1 <ry}, where ry = diam(B),
ry = dist(B, X\B) (r, = o0 if B= X ). It may happen that ri < rq, so that a

ball may have infinitely many radii.
(9) If By, By are disjoint balls, then dist(By, By) = d(x,y) for all x € By,y € Bs.

(h) Let U # 0 be an open subset of X. Given a sequence (ry), in (0,00), strictly
decreasing and convergent to 0, there exists a partition of U formed by balls of

the form Bla,r,], with a € U and n € N.



15

(i) Let ¢ € R, ¢ > 0. For z,y € X the relation d(z,y) < € is an equivalence
relation and induces a partition of X into open balls of radius €. Analogously

for d(z,y) < e and closed balls.
(j) Let Y C X, B aballin X, BOY # (. Then, BNY s a ball in'Y.

(k) Let (x,,)n be a sequence in X converging to x € X, then for each a € X \ {z},

there exists N € N such that d(x,,a) = d(x,a) for alln > N.

(1) There are not new values of an ultrametric after completion, i.e. if (X", d") is

the completion of an ultrametric space (X,d), then d(X x X) = d"( X" x X").
(m) A sequence (x,,), in X is Cauchy if and only if lim,, o d(zp, Tp11) = 0.

Recall that a metric space is said to be Cauchy complete if every Cauchy sequence
is convergent, or equivalently, if each nested sequence of closed balls whose radius

approaches 0, has a non-empty intersection. This motivates the following:

1.1.7 Definition. An ultrametric space is called spherically complete if each

nested sequence of balls has a non-empty intersection.

1.1.8 Remark. The concept of spherical completeness plays a key role as a necessary
and sufficient condition for the wvalidity of the Hahn-Banach theorem in the non-
Archimedean context ([{3, 4.10, 4.15]). Spherical completeness also has implications

related to fized points ([34, 2.8]) and best approzimations ([38, 21.1, 21.2]).

1.1.9 Theorem ([45], 2.3]). Let (X, d) be an ultrametric space. The following state-

ments are equivalent:
(a) (X,d) is spherically complete.

(b) For any collection (B;)ier of balls in X such that B; N\ B; # 0 for any i,j € I,
we then have ey B # 0.



16

(¢) Every sequence of balls Blay,e1] D Blag,e2] D - -+ for which e1 > 9 > -+ has

a nonempty intersection.

It is clear that a spherically complete ultrametric space is Cauchy complete, but
the converse is not always true. For instance, the space of the example[1.1.4(d) is a

complete ultrametric space that is not spherically complete.

1.2 Non-Archimedean valued fields

In Section we have presented the most important metric and topological prop-
erties of an ultrametric space, which are satisfied by any non-Archimedean valued
field. In the rest of this chapter we will analyze these properties together with the
algebraic structure of non-Archimedean valued fields and will present the most com-
monly used families of non-Archimedean valued fields. We will see that unlike the
classical case, there are several Cauchy complete non-Archimedean fields, some of
which are algebraically closed and others real closed. Similarly to Section [I.1], most
of the proofs of the results in the reminding sections are omitted with the exception

of some of the results obtained by the author.

1.2.1 Definition. Let K be a field. A valuation on K is a map |-|: K — R

satisfying the following axioms for all z,y € K:
(a) |x| >0, and |z| = 0 if and only if v =0,
(b) |zy| = [=[lyl,

(c) |z +y| < |z + [yl
The pair (K,|-|) is called a valued field.

It is not hard to see that |1x| =1, | — 2| = |z| and |27} = |z|~! for x # 0. In

the rest of the document we will denote the set K \ {0} by K*.
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1.2.2 Definition. A valuation |-| on K is called non- Archimedean if it satisfies
the strong triangle inequality |x +y| < max{|z|,|y|} for all x,y € K. Otherwise

it 15 called Archimedean.

1.2.3 Theorem. [[}5, 1.1], [38, lemma 8.2] ]

Let (K, |-]) be a valued field. The following conditions are equivalent:
(a) |- | is non-Archimedean,
(b) If a,b € K and |a| < |b], then |b — a| = |b| (Isosceles triangle principle),
(c) the set {|nlk|:n € N} is bounded,
(d) Inlg| <1 for everyn € N,
(e) 1215 <1.

1.2.4 Examples. (a) The usual absolute values in R and C are valuations, and

since the set {|n| : n € N} is unbounded, they are Archimedean.

(b) Let K be a field. The map defined by |x| =1 for x # 0 and |0] = 0 is called

trivial valuation and is a non-Archimedean valuation.

(c) If K is a finite field, then the trivial valuation is the only valuation on K. In

fact, if there is x € K* with |x| # 1, then the set {|x"| : n € Z} is infinite.

(d) Suppose the characteristic of K is finite, i.e. there is n € N such that nlg =
0. This is denoted by char(K) # 0. Then any valuation on K is non-
Archimedean. Indeed, in this case the prime subfield of K (the subfield of

K generated by 1k ) is finite. Thus the set {|nlg| : n € N} is bounded.

(e) Let p be a prime number. The p-adic valuation | |, on Q is defined by
|0], =0 and
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where e is the basis of the natural logarithms, v € Z, and n,m € Z\ {0} are not
divisible by p. Since the set {|nl|, :n € Z} = {e™" : v € N} U {0} is bounded

in R, the p-adic valuation on Q is non-Archimedean.

(f) Let p be an irreducible polynomial in K[z|, where K is any field. The p-adic
valuation | |, on the rational function field K(x) (the quotient field of the ring
of polynomials K|[z]) is defined by 0|, = 0 and

vf| 1
p ==
g e

where v € Z, and f,g € Klx] \ {0} are not divisible by p. Since the set
{In1], : n € Z} = {0,1}, the p-adic valuation on K(x) is non-Archimedean.

For a description of all valuations on K(x) see [35, 3.1.K] and [j]].

A valuation |- | on a field K defines the metric d(z,y) := |z —y| for z,y € K. In
particular, any valuation on K induces a metrizable topology on K. If the valuation

| - | is non-Archimedean, then the induced metric d is an ultrametric.

1.3 Completion of valued fields

In this section we will give a brief construction of our first nontrivial examples of
Cauchy complete, non-Archimedean valued fields. Note that in a field K with the
trivial valuation, every Cauchy sequence is eventually constant, and thus K is com-
plete. We are not interested in this case. Notice that Q is not Cauchy complete with
respect to the usual absolute value |- |y nor with respect to any p-adic valuation since
Q is not a Baire space. Similarly the field of rational functions K(z) is not Cauchy
complete with respect to the z-adic valuation (this is not trivial and it is proved in

section 2.5 of [§]).
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1.3.1 Theorem ([16, 1.1.4]). Let (K,|-|) be a valued field. There exist a Cauchy

— —

complete valued field (K,|-|) and an embedding i : K — K, such that |z| = [i(z)]
for all x € K, and the image i(K) is dense in K. If (k\’,ﬂ/,i’) is another such
/

trio, then there exists a unique isomorphism ¢ : K— K' satisfying |p(z)| = \/ﬂ for

allz € K and making the following diagram commutative:

1.3.2 Definition. A pair (K, ]/\]) as in Theorem is called a completion of
the valued field (K, |- ).

1.3.3 Remark. Let (K,|-|) be a valued field and (K, |/\|) its completion with em-

bedding i : K — K such that |z = ]z/(x\)| for allx € K. Then

—

{Inlx|:n € N} = {|i(nlg)| : n € N} = {[nl~| : n € N}.

Therefore the completion of an Archimedean valued field is an Archimedean valued
field and the completion of a non-Archimedean valued field is a non-Archimedean

valued field. In the latter case, we have that |K|:= {|x| 1z € K} = {|/x\| re K} =

|K|, by Theorem|1.1.6(1).

It is well-known that every Archimedean valued field (K, |-|) is Cauchy complete
if and only if there exist A € (0,1] and a field monomorphism ¢ : K — C, such
that |z| = (Jo(z)]o)* for all z € K, satisfying either o(K) = R or ¢(K) = C where
| - |o denotes the usual absolute value on C (see [8, 2.15], [41, 15.2.2]). As we will
see, in the non-Archimedean case there are different families of Cauchy complete

non-Archimedean valued fields.
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Let (K, |-|) be a non-Archimedean valued field. Then K* ={A € K : A # 0} is a
multiplicative group and so is the value group of (K, |- |) defined by |K*| = {|}| :
A € K*}. The value group can either be dense in (0, 00) or discrete, where, for the
second possibility, if the valuation is not trivial, then the group |K*| is cyclic with
generator p := max{r € |K*|:r < 1} ([41, B.5.2]). Any element 7 € K for which
|| = p is called a uniformizer for |-|. The ‘closed’ unit disk in K, B|0, 1], is a ring

and B(0, 1), the ‘open’ unit disk in K, is a maximal ideal of B|0, 1] ([45, p. 4]).

1.3.4 Definition. Let (K, |-|) be a non-Archimedean valued field. The quotient field
B[0,1]/B(0,1) is called the residue class field of K. Moreover, if |K*| is discrete
in (0,00), then the valuation |-| is said to be discrete and if | K*| is dense in (0, c0),

then the valuation is said to be dense.
1.3.5 Examples. Fields with discrete valuation.
(a) Consider (Q,|-|,) for a prime number p. In this case, |Q*| ={e™:n € Z} =
(e7') = (|plp) and therefore p is a uniformizer for | - |,.

B[0,1] = {m cm,n € Z, n is not divisible by p}
n

and  B(0,1) = {pm :m,n € Z, n is not divisible by p} )
n

Notice that B[0,1] = (Z \ (p))~'Z, i.e. it is the localization of the ring Z
at the prime ideal (p) = pZ, and B(0,1) = pB|0,1] is the mazximal ideal
of B[0,1]. Using the first isomorphism theorem for rings, we conclude that
B[0,1]/B(0,1) ~ Z/pZ. In other words, the residue class field of (Q,|-,) is
isomorphic to F, (the only field with p elements). For a simpler but longer
proof see [35, p. 62].

(b) Consider (K(x),|-|,) for an irreducible polynomial p € K|z|, where K is a
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field. In this case, p is a uniformizer for |- |,,

B[0,1] = {‘; : f,g € Klx], g is not divisible by p}

and  B(0,1) = {pf : fyg € Klx], g is not divisible by p} :
g

Analogously to the previous example, B[0, 1] is the localization of the ring K|x]
at the prime ideal (p), and B(0,1) = pB|0, 1] is the mazimal ideal of B0, 1].
Thus the residue class field of (K(x),| - |,) is isomorphic to K[z|/(p). In
particular, if p(x) = x, then the residue class field of (K(x),|-|,) is isomorphic

to K. For another proof see [35, p. 88].

1.3.6 Theorem ([16, 1.3.4]). Let (K,|-|) be a non-Archimedean valued field and
(f(\, |/\|) its completion. If k and k are their respective residue class fields, then k ~ k

and |K*| = |K*|.

The following result is going to bring us an explicit description of the completions

of (Q,[-[p) and (K(z),]-[p).

1.3.7 Theorem ([16, 1.3.5]). Let | - | be a discrete valuation on the field K, with
uniformizer m and residue class field k. Then every element x € K* can be written

uniquely as a convergent series

n
v v+1 v+2 : 7
T =7, + Ty T + TysoT + .= hmE T
v v+1 v+2 n . [

1=v

where v = log |z|, 7, # 0, and the coefficients r; are taken from a set R C B|0, 1]
of representatives of the residue classes in k (i.e., the canonical map B[0,1] — k

induces a bijection of R onto k).

1.3.8 Remark. If 7 is a uniformizer then |K*| = {|A| : A € K*} = {|=|" : n € Z}.

Thus, for every x € K*, there is v € Z such that |x| = |r|". Hence log, |z| € Z.
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1.3.9 Definition. Let p be a prime number. The completion of the field (Q,|-|,) is

called the field of p-adic numbers and is denoted by Q,.

We checked in that p is a uniformizer for (Q, |- |,) and that [, is its residue
class field. By [1.3.6, @, has the same residue class field and p as a uniformizer.
According to by taking R = {0,1,...,p — 1}, this field has the following

description

Q, = {ani:UEZ,riER, TU#O}U{O},

i=v

(X) .
3
> rip
1=v

The closed disk in @, of center 0 and radius 1, is the ring of p-adic integers:

where the valuation on Q) is defined as |0] = 0 and = e Y when r, # 0.

B[O,]_] :Zp = {Zrzpzrzzo7l7up_1}
1=0

Be aware of the fact that addition of two ‘series’” of the form Y2 r;p’ is not co-
efficientwise, as the set {0,1,...,p — 1} is not closed under addition. As a simple

example observe that (choosing p = 7)
5p' +4p’ = 5p' +2p' +2p" = Tp' + 2p" = p't + 2p".

1.3.10 Definition. Let K be a field and set p = © € Klz|. The completion of
(K(z),]|-|p) is called the field of formal Laurent series and is denoted by K((z)).

In we saw that x is a uniformizer for (K (x),|-|,) and that K is the residue
class field of this valued field. By K((z)) has = as a uniformizer and K as the
residue class field as well. By [1.3.7], this field has the following description

K((x)) = {inx’ veELr € K, r, # 0} u{0},
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©0 .
Z rx’
1=v

The closed disk in K((z)) of center 0 and radius 1, is the ring of formal power

where the valuation on K ((x)) is defined as |0] = 0 and = e Y when r, # 0.

series:

B[0,1] = K[[z]] := {i::orx i1 € K}.

Notice that K((x)) is the quotient field of K[[z]] (|35, 3.1.L]). Here the addition of
two such series is defined coefficientwise and the multiplication of two nonzero series

is defined as follows:

( 5 ija) . ( 5 wk) - ix

j:U1 k=vo

with v = vy +va, 77 = X404 Stk = Z;";Ul siti—j = >op—y, Si—klr, where s; = 0 for
j <wy and t =0 for k < vs.
The following theorem shows how different a Cauchy complete non-Archimedean

valued field is from their Archimedean analogous R and C.

1.3.11 Theorem (|7, I1.1.1}). Let (K,|-|) be a Cauchy complete non-Archimedean

valued field. If (x,)n is a sequence of elements of K, then

o
Z T, 1s convergent in K < lim x, = 0.
n—oo

n=1

1.4 Ordered fields

In this section we will present some examples of ordered fields and will discuss the

concept of Archimedean extension of a field created by Hans Hahn in 1907 [19].

Formally real fields

By a ring, we will mean a commutative ring with unit 1 # 0. Let A be a ring that

is an ordered set such that its additive group (A, +) is an ordered group (it has a
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total ordering which is compatible with the addition). The ring A is ordered if for all
x,y € A, x > 0 and y > 0 implies zy > 0. Note that an ordered ring is necessarily

an integral domain. A field that is an ordered ring will be called an ordered field.

1.4.1 Definition. A field K is formally real if it satisfies the following condition:

given ay, . ..,a, € K such that 7", a? =0, thena; =---=a, = 0.
The next result identifies the formally real fields as the fields that can be ordered.

1.4.2 Theorem ([5, 1.70(5) and 1.71(6)]).

Let K be a field. The following conditions are equivalent:
(a) K is formally real,
(b) —1 is not a sum of squares in K,
(c) There exists an order < on K such that (K, <) is an ordered field.

1.4.3 Examples. (a) If char(K) # 0 then, there is n € N such that 0 = 30, 1%.

Hence K is not formally real. Thus if K is formally real, then char(K) = 0.

(b) The field of complex numbers C cannot be an ordered field, since —1 = % and

therefore it is not formally real.

(c) If K is an ordered field then we can define an order in K ((x)), which is compati-
ble with the addition and multiplication. Thus K((x)) can be ordered, and there-
fore it is formally real. Such order is defined as follows: for every z € k((x))
there are r; € K such that z = Y22 r;z'. We say that z > 0 if 2 # 0 and

ry > 0. Then zy > 29 if 21 — 20 > 0.

(d) Q, is not formally real because if p = 2, then —7 is a square and if p > 2 then
1 —p is a square ([38, p. 144]). Recall that in a formally real field the squares

are non-negative elements. Since Q C Q,, char(Q,) = 0.



25

General Hahn fields and the Embedding theorem

Let’s review the concept of Archimedean extension of a field and the so called general
Hahn fields which play a fundamental role in the classification of valued fields, since

every ordered field can be embedded in a general Hahn field as we will see later.

1.4.4 Definition. Let S be an ordered group. Two elements x,y € S* are compa-

rable if there exist n,m € N such that |z|o < n|ylo and |y|lo < m|z|o, where

lalo :=

Let K be an ordered field. The relation of being comparable is an equivalence
relation on K* and to denote ‘x and y are comparable’ we write x ~ y. This relation
defines a partition of K* into equivalence classes, which are called the Archimedean
classes of K. The equivalence class of x € K is denoted by [x]. Let’s denote the

class of all the Archimedean classes by G .

1.4.5 Theorem. Let K be an ordered field. The class Gk is an ordered abelian

group under the order < and addition + defined as follows: for every x,y € K*

(a) [z] < [y] if and only if Vn € N,nlylo < |x|o, or equivalently, if y # = and

ylo < [zlo-
(b) ] + [y] = [ay]
In this group, the neutral element is [1], and —[z] = [x].

1.4.6 Definition. An ordered field K is Archimedean if Gx = {[1]|}, i.e. when

any two elements in K* are comparable.

It is easily proved in [8, 3.7] that an ordered field K is Archimedean if and only

if for every x € K, there exists n € N such that |z|p < nlg.
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Thus for every ordered field K, the group Gx measures the ‘Archimedicity’ or the
‘non-Archimedicity’” of K. The field R of real numbers (the only ordered, Dedekind
complete field up to isomorphism) is characterized by the fact that each Archimedean
ordered field can be embedded in R ([20} 3.5]). Hans Hahn in [19] (1907) generalized
this property (see and by doing so he ended up with ordered fields that

contain all the ordered fields with a given ‘level of Archimedicity’.

1.4.7 Definition. Let E/K be an extension of ordered fields, where the order on E
restricted to K coincides with that of K. We say that E is an Archimedean exten-
ston of K if for every x € E, there exists y € K such that x and y are comparable
in E. In that case, Gg and G are isomorphic ordered groups. An ordered field K

is Archimedean complete if it has no proper Archimedean extension fields.

1.4.8 Definition. Let K be an ordered field. If G is an ordered abelian group iso-
morphic to G, then we say that K is of type G and G is called an Archimedean

group of K.

Notice that R is (up to isomorphism) the only Archimedean complete, ordered

field of type {0} (see [8, 3.10]). Now let’s present the general Hahn fields.

1.4.9 Theorem ([5, 6.20, 6.21, 7.32], [I3, 2.15], [19]).

Let K be a field (not necessarily ordered) and G an ordered abelian group. The
set K((GQ)) :={f : G = K : supp(f) is well-ordered}, where supp(f) = {z € G :
f(z) # 0}, is a field under the addition and multiplication defined as follows: for
every f,g € K((G)) and z € G,

(a) (f +9)(x) = f(x) + g(x),

(b) fo(x) = >_ fla)g(b)

at+b=x

Fields of the form K((G)) are called general Hahn fields.
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When K is an ordered field we can define an order on K ((G)) generalizing the
definition of the order in K ((z)) (see(1.4.3).

1.4.10 Definition (Ordered general Hahn fields). Let K be an ordered field and
consider A : K((G))* — G, AN(f) = min{supp(f)}. For f,g € K((G)) we define:

f<ge f#gand (g— f)(Mg—f)) >0.

Then (K((G)), <) is an ordered field.
Theorem [1.4.11] is crucial for the classification of ordered structures.

1.4.11 Theorem ([12], [21], 3.1], [5, 1.64], [13, 1.35], [19] (Hahn’s Embedding The-
orem)). If K is an ordered field, then for every Archimedean group G of K, there
exists an order-preserving field monomorphism o from K into R((G)) and R((G)) is

an Archimedean extension of o(K).
Moreover, we have that R((G)) is a generalization of R in the following sense.

1.4.12 Theorem ([12, pp. 862-863], |21, 3.2, [19] (Hahn’s Completeness Theo-
rem)). If G is an ordered abelian group, then the field R((G)) is (up to isomorphism)

the only Archimedean complete, ordered field of type G.

1.5 Hahn Fields and Levi-Civita fields

In this section a non-Archimedean valuation will be defined in some general Hahn

fields and the family of the Levi-Civita fields will be presented.

1.5.1 Definition. A Hahn field is a general Hahn field K ((G)) for which

G is a subgroup of (R,+) and K is any field.

The distinctive characteristic of a Hahn field is that we can define in a natural

way a non-Archimedean valuation on them.
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1.5.2 Theorem (38, A.9 pp. 288-292], [39, II.6 corollary, p. 51]). Let G be a
subgroup of (R, +) and let K be any field. If the map |-|: K((G)) — R is defined by

e~ mwin{supp(f)} £ oL ()
|fl =
0 [ =0,

then (K((Q)),|-|) s a Cauchy complete non-Archimedean valued field with residue
class field isomorphic to K and value group |K((G))*| = {e? € R: g € G}. Moreover,

it 1s spherically complete.

In[1.3.7 we showed that when a field has a discrete valuation, then every nonzero
element can be written in a unique way as a limit of a convergent power series.

However in some Hahn fields this also is possible when the valuation is dense.

1.5.3 Theorem. Let K be any field. Consider in the field K((Q)) the element
d:Q — K defined by

1 ,z=1
d(x) :=
0 ,z#1.
Then, for any r € Q, we have that
1 ,z=r
d"(z) =
0 ,x#r

The value group of (K((Q)),|-|) is {e " =|d"| = |d|" : r € Q}. Furthermore, every
nonzero element f in K((Q)) is the sum of a convergent generalized power series

with respect to the valuation on K((Q)), specifically:

f=> frd = %  f(rd".

reQ 7 € supp(f)

Additionally, every generalized power series of the form Y,cqard” for which {r €
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Q : a, # 0} forms a well ordered subset of Q, is convergent in K((Q)), and if two

series of such form differ in at least one coefficient then their sums are different.
Let’s present another interesting family of valued fields: the Levi-Civita fields.

1.5.4 Definition. Let K be any field and let G be a subgroup of (R,+). The set
LG, K] :={f: G — K |supp(f) N (—o0,n] is finite for every n € Z}, is a subfield
of K((GQ)) (45, 1.3]). When we restrict the valuation of K((G)) to L|G, K], the
latter becomes a Cauchy complete, non-Archimedean valued field with residue class
field isomorphic to K and value group |L|G, K|*| = {e? : g € G}. Fields of the form
L|G, K] are called Levi-Civita fields.

1.5.5 Theorem ([8, 3.19]). Let K be any field and let G be a subgroup of (R,+).

The following statements hold:

(a) The fields K((G)) and L|G, K] coincide if and only if G is discrete.
(b) The field L|G, K] is spherically complete if and only if G is discrete.

(c) If K is an ordered field, then K((G)) is an Archimedean extension of L|G, K|
with respect to the order defined in[1.4.10. If in addition K is Archimedean,

then both K((G)) and L|G, K] are of type G (see[1.4.8).
1.5.6 Example. If G = (Z,+) and K is any field, then we have that L|Z, K| =

K ((Z)) is isomorphic to the field of Laurent series by the isomorphism ¢ : K((z)) —
L|Z, K] defined by

gp( Z aixi> = Z a;d’.

with |ql. = |p(q)| for every q € K((x)), where ||, is the x-adic valuation in K((x)).

1.5.7 Example. The fields F,((z)) = F,((Z)) = L|Z,F,] and Q, are Cauchy com-
plete with respect to their valuations, both have the same value group {e"™ : n € Z},
and their residue class fields are isomorphic to F,. However, these fields are not

isomorphic since L|Z,F,| has characteristic p while Q, has characteristic 0.
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1.6 Real-closed field extensions of R

In this section we will study real closed field extensions of R with non-Archimedean
valuations, in particular, we will see that under some conditions, the smallest among
such (proper) extensions is a Levi-Civita field. Recall that a field K is algebraically
closed if every polynomial in K[z]| has a root in K, hence every p € K|z|,p # 0, has
deg(p) roots in K, counting algebraic multiplicity. If L/K is a field extension and
a € L, then a is algebraic over K if it is the root of a polynomial p € K[x]. If every
element of L is algebraic over K, then L is said to a be an algebraic extension
of K. Also, K is real-closed if K is formally real and does not admit a proper

algebraic extension that is formally real.

1.6.1 Theorem ([24, Chapter XI|, [0, 1.71(21),1.71(22)], [11}, 5.4.4], [L0, Chapter 5,
Section 4, Lemma 4.1}).

Let K be a field. The following conditions are equivalent:
(a) K is real-closed,
(b) x* + 1 is irreducible in K and K (i) is algebraically closed (i* = —1),

(c) K is an ordered field, each positive element of K has a square root and every

p € Klz| of odd degree has a root in K,

(d) any sentence in the first-order language of fields is true in K if and only if it

s true in R,

(e) K is an ordered field and the intermediate value theorem holds for all polyno-

mials over K.

The previous theorem shows that if we want to develop a theory of Calculus over
ordered fields for which the intermediate value theorem holds, then our basis field

has to be real-closed at least.
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1.6.2 Definition. Let (x,) be a sequence in an ordered field K. We say (x,) is
Cauchy if for every 0-neighborhood U with respect to the order topology in K, there
exists N € N such that x,, — x,, € U for all m,n > N. Also, (x,) is convergent to
x € K if for every 0-neighborhood U with respect to the order topology in K, there
exists N € N such that x,—x € U for alln > N. The field K is Cauchy complete

if every Cauchy sequence of K is convergent in the order topology.

The Levi-Civita field is the smallest non-Archimedean real-closed field extension

of R that is Cauchy complete in the following sense:

1.6.3 Theorem ([8, 3.27]). Let K/R be a field extension where K is a Cauchy

complete real-closed field such that:

(a) the order in K extends the one in R,

(b) there exists 6 € K such that 0 < 6 <r for every r € R and (6™) converges to

0 in the order topology.

If d is the element of L[Q,R] defined in then there exists an order-preserving
field monomorphism o : L|Q,R] — K defined by

n=o T sar)- S sa

qesupp(f) qesupp(f)

1.6.4 Remark. An embedding from L|Q,R] into K may exist even when the field K
does not satisfy the condition (b). For example, the field R((Q[z])) extends L|Q,R],

but it does not satisfy the condition (b). In fact, we assert the following:

1.6.5 Proposition. If K is an ordered field such that Gk has an infinite subset
of pairwise non-comparable elements that is cofinal in Gk , then for each

x € K*, the sequence (™), does not converge to 0 in the order topology.

For example, the field R((Z[z])) satisfies the hypothesis of the proposition but
R((Z?)) does not.
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Proof. By the Hahn’s embedding theorem [I.4.11] the field K can be embedded in
R((Gk)) so we can consider the Hahn valuation on K (see [1.8.6] (c)). Let z € K*
and A(z) = min{supp(z)} € Gg. Then \(2") = n\(z) € Gk. By hypothesis we can
choose ¢ € K, ¢ > 0 such that A(e) > nA(z) for all n € N. If |x|g = max{z, —z}, then
A(z™) = A([z]0)") = Al(|x]o)" — &) for all n € N. Thus (([xfo)" —&)(A((|z]o)" —€)) =
((zlo)* =) (A((lzl0)™)) = (lz]o)" (A(([z[0)")) > 0. Therefore (|z]o)" > ¢ for all n € N.
In other words, ™ ¢ (—¢,¢) for all n € N. Hence, (2"),, does not converge to 0 in

the order topology. ]

1.7 Algebraic closure of valued fields and their
completions

In this section we will present non-Archimedean valued fields that are the algebraic
closures of other valued fields, like certain Puiseux series fields or the algebraic closure
of Q,. Also we will review the completion of algebraic closures like the field of p-adic
complex numbers C,,, or the Levi-Civita field L|Q, R] as the completion of a Puiseux
series field.

Recall that an algebraic closure of a field K, from now on denoted by K?, is an
algebraically closed algebraic extension of K. Each field has an algebraic closure and
any two algebraic closures of a field K are isomorphic by means of an isomorphism
leaving K pointwise fixed ([26, 1.8.25], [23] 66], [24, V 2.5, 2.9]).

Consider the field Q} with the only valuation that extends |-|, on Q,, also denoted

by |- ]p. It its known (e.g. [8, 4.6]) that Q¢ satisfies the following properties:
(a) Qf is a proper extension of Q,,

(b) the residue class field of Qf is Iy,

(©) (@) ={e":reqQ},
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(d) (Qg,]-[p) is not locally compact,
(e) (Qp,]-[p) is not Cauchy complete,

(f) Qg is an infinite dimensional vector space over Q.

1.7.1 Definition. The completion of the field (Qg,|-],) is called the field of p-adic
complex numbers and it is denoted by C,. The valuation on C, which extends |-|,

will also be denoted by | - |,.
It is known (e.g. [8, 4.8]) that the field C, satisfies the following properties:
(a) the residue class field of C, is Iy,
(b) |Gl ={e":r € Q},
(c) (C,,|-|p) is not locally compact,
(d) C, is algebraically closed,
(e) C, is an infinite dimensional vector space over Q,,
(f) C, is separable,
(g) C, and C are isomorphic as fields,

(h) C, is not spherically complete.

1.7.2 Definition. Let K be a field. The set

= {Zrixi v ey € K, ry, #0, for somen € N} U {0},
is a field when we adopt the convention vt = x4 foralll € Z.. In fact, ifa € K((z+))
and b € K((zw)), then both a and b are elements of K((zwm)), and therefore a + b

and ab are well-defined in K ((xwm)) and hence in K ((z)).
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The mapping 0 : K{(z)) — U2, K((%Z)) defined by

9<Zrixi> = Zrid%,

is an isomorphism such that |0(f)| = |f| for all f € K{{(x)). Therefore K((z)) can
be considered as a subfield of K((Q)). When we restrict the valuation of K((Q)) (see
below of [1.3.10) to K({(z)), the latter becomes a non-Archimedean valued field with
residue class field isomorphic to K and value group equal to {e" : r € Q}. Fields of

the form K{(z)) are called Puiseux series fields.

With this field we obtain the following chain of field extensions:
K S K@) S K((x) & K((=) & LIQ K] & K((Q)).

1.7.3 Proposition. If K is any field, then L|Q, K] is the completion of the Puiseux
series field (K {{x)),|-])-

Proof. Consider the identification K ((z)) = Uy2; K ((%Z)) By|1.5.3] every element

n=1

of the Levi-Civita field L[Q, K] has the form f = >>2°, r;d* where v € Z, r; € K and
(cv;); is a strictly increasing sequence in Q such that {«; : i = v,v+1,... }N(—o00,n] is

finite for every n € Z. Note that the partial sum sequence (> 7;d*?), is Cauchy in

o K((%Z)) with limit f. Hence the theorem holds by|1.3.1} since U, K((lZ»

n=1 n

is dense in L[Q, K] and the latter is Cauchy complete (|1.5.4)). |

The next result together with shows the interesting analogy of the trios (Q,,
e, Cp) and (K ((z)), K((x)), L|Q, K]) when K satisfies the following conditions:
1.7.4 Theorem ([8, 4.11]). If K is an algebraically closed field of characteristic 0,
then K((x))* = K{(z)) and L|Q, K] is algebraically closed.

Now we are able to determine when the Intermediate Value Theorem is valid for

polynomials over K ((z)) and L|Q, K].
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1.7.5 Proposition. The following statements are equivalent:
(a) K is real-closed.
(b) K{{x)) is real-closed.
(¢c) LIQ, K] is real-closed.

Proof. (a) = (b) follows from [9 2.6 Theorem 2.91] while (b) = (a) and (¢) =
(a) are proved in [, 6.23 (1)]. Let’s prove (a) = (c): if K is real-closed, then K (7) is
an algebraically closed filed of characteristic 0, where 7 is a root for 2241 = 0 .
By the field K (z)((z)) is algebraically closed and hence so is L[Q, K]|(i) =

LIQ, K(2)] ([8, 4.5],[1.7.3). Finally, L[Q, K] is real-closed by [

We know that the analogy of the trios breaks down when the characteristic of K
is positive, because in that case K ((z)) and L|Q, K| are not algebraically closed ([8]
4.13]).

Due to the following theorem we will be able to prove interesting field isomor-

phisms that are far from well-known.

1.7.6 Theorem ([43, p. 125], [22, 1.12, p. 317|). If Ky and K, are two alge-
braically closed fields of the same characteristic and their cardinality # K, = # K> is

uncountable, then K, and Ky are isomorphic as fields.

1.7.7 Proposition. If K is algebraically closed of characteristic 0 and cardinality
#K = 2% then the fields K, K{{z)), L|Q, K| and K((Q)) are isomorphic to C.

Proof. By [8, 4.15], it follows that K ({x)) and L|Q, K| are algebraically closed fields.
Additionally, by [8, 6.18, 6.20] we have that K((Q)) is algebraically closed. Since
each of these fields contains K and is contained in the space of functions K@, we
conclude that all these fields have cardinality equal to #K = 2%. Thus by , it

follows that these fields are isomorphic to C. [
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1.7.8 Remark. Notice that

C(2)) = R((2)) + R ((z))
LIQ,C] = LIQ,R] +iL[Q, R]
C((Q) = R((Q)) +iR((Q))

Furthermore, the fields R((z)) and L|Q,R] are real-closed by [1.7.5, and R((Q)) is
real closed by [8, 3.23]. Although we just proved that C((x)), L|Q,C|] and C((Q))
are isomorphic to C = R + iR, none of the fields R{(x)), LIQ,R] and R((Q)) is
isomorphic to R. In fact, by [5, 1.71.1], for any real-closed field K we have that for
allz € K, x> 0 if and only if x = y? for somey € K. Thus, if ¢ : Ki — Ks is a
field isomorphism between real-closed fields Ky and Ky, then x > 0 implies ¢(x) > 0
for all x € K. Hence ¢ is order preserving. Therefore, if a > 0 is an infinitesimal

in K1, then ¢(a) > 0 is an infinitesimal in K,.

1.8 General valuations and the higher rank case

Note that in [L5.2] we have restricted our attention to those Hahn fields of Archime-
dean group embedded in (R,+) in order to define a valuation with values in R.
However it is possible to define a valuation with values in any ordered abelian group.
If|-]: K — R is a valuation on a field K and we consider the function v :
K — R U {oo} defined by v(z) = —In|z|, then we are shifting our attention to the
additive structure of R rather than the multiplicative one of (0,00). In particular,
if | - | is a non-Archimedean valuation, then the strong triangle inequality now has
the form: v(z 4+ y) > min{v(x),v(y)} for all z,y € K. In general, if we redefine
valuation as a function of the form v it is possible to rewrite all the previous results
concerning valuations in terms of v and the additive group structure of R without

losing any result in the process. In this section we will use this approach to define a
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generalization of a non-Archimedean valuation.

1.8.1 Definition. Let K be a field and let (G,+) be an ordered abelian group. A

map v : K — GU {0} is a general valuation (or Krull valuation) on K if:

(a) v is onto,
(b) v(z) = oo if and only if x =0,
(c) v(zy) = v(zx) +v(y),

(d) v(z+y) > min{v(z),v(y)},

where oo is a symbol that satisfies, for all g € G, the following azioms:

g <00 and 00 =00 4 00 = g 4+ 00 = 00 + g.

The group G = v(K*) is called the value group of (K,v) and the quotient {z €
K :v(x) > 0}/{z € K : v(x) > 0} is the residue class field of (K,v). If G is
order-isomorphic to a subgroup of (R, +), then we say that v has rank 1. Otherwise
we say that v is of higher rank. The general valuation v is called discrete if G is
cyclic.

When the general valuation v is discrete and G is not trivial, then it is isomorphic
to (Z,+) and hence v has rank 1.
1.8.2 Theorem ([7, Chapter III, section 3]). An ordered group (G,+) is order-
isomorphic to a subgroup of (R, +) if and only if it is Archimedean, i.e. for any a,b €
G, b > 0, there exists n € N such that a < nb. In particular, every Archimedean

ordered group is abelian.

1.8.3 Definition. Let K be a field with general valuation v : K — G U {oo}. The

sets of the form

Uya,g] :=Ula,g] ={x € K:v(x —a) > g}
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fora e K,g € G, form a basis for a topology on K called the valuation topology

induced by v. When G is not trivial, the sets of the form

Uy(a,g) :=Ul(a,g) :={x € K :v(z —a) > g}

also form a basis for the valuation topology induced by v. The field K equipped with

this topology becomes a Hausdorff topological field ([5, 7.64]).

1.8.4 Definition. Let K be an ordered field and let Gk be the ordered group of the
Archimedean classes of K [1.4.5). The map pn: K — G U {oo} defined by

x| x#0
p(x) = .
oo =0

is a general valuation on K and it is called the order valuation of K ([3, 1.61]).

Notice that if K is an Archimedean ordered field then the valuation topology

induced by the order valuation coincides with the discrete topology.

1.8.5 Theorem ([5, 7.63, 7.64]). Let K be a non-Archimedean ordered field and let
i be the order valuation on K. Then the order topology on K coincides with the

valuation topology induced by .

1.8.6 Examples. (a) If|-| : K — R is a non-Archimedean valuation on a field K,
then the function v : K — RU{oo} defined by v(x) = —In|z|, when x # 0 and
v(0) = o0, is a general valuation (after a suitable restriction of the codomain).
The topology induced by |- | coincides with the valuation topology induced by v,

since B(x,e™") = U(x,r) and Blx,e” "] = Ulz,r] for every x € K and r € R.

(b) Ifv: K - GU{o0o} is a general valuation of rank 1 on K andi: G — (R, +)
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is an order-preserving homomorphism, then the map | -|: K — R defined by

e_i(v(m)) 7$ ;é O
|z] =

0 ,x =0,

is a non-Archimedean valuation on K. The topology induced by | - | coin-
cides with the valuation topology induced by v, since B(x,|y|) = U(z,v(y)) and

Ble, lyl] = Ule, v(y)] for every .,y € K.

(c) Let K be a field and let G be any ordered abelian group. The map X : K((G)) —
G U {0} defined by

min{supp(f)} ,f#0

&8 7f:O7

A(f) =

is a general valuation on the general Hahn field K((G)) called the Hahn
valuation on K((G)) (compare with the valuation of a Hahn field in[1.5.9).

1.8.7 Proposition. Let K be an Archimedean ordered field, G a nontrivial ordered
abelian group, p the order valuation on K((G)) and X the Hahn valuation on K((G)).

The following statements hold.

(a) u(f) = [f1=Hg € K(G)) : Mg) = A(f)} for every f #0,

(b) the valuation topologies induced by p and X coincide with the order topology on
K(G)) (defined in [[F-10),
(c) If G is a subgroup of (R,+), then the valuation | - | of the Hahn field K((G))

defined in[1.5.3, induces the order topology on K((G)).

Proof. To prove the first statement it is enough to note that f and g are comparable

if and only if A(f) = A(g). The second statement follows from and the equalities
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Uu(f; 1(9)) = Ux(f,A(9)) and U,[f, u(g)] = Ux[f, A(g)] for all f,g € K((G)). The
last statement follows from part (b) and from example [1.8.6(a). |

1.8.8 Proposition. Let F//K be a field extension and let v : F — G U {0} be a
general valuation on F. The restriction v|x of v to K is a general valuation on K.
Moreover, if T, (1, ) denotes the valuation topology on F (on K ) induced by v (by
v|k respectively), and 7, N K denotes the subspace topology on K induced by (F,T,),
then

Tl = To N K.

Proof. After a suitable restriction of the codomain the map v| is a general valuation
on K. The second statement follows from the following equalities valid for all x,y €

K: Uy (z,v(y) ={z € K :v(r—2) >v(y)} = Uy(z,v(y)) N K. [

1.8.9 % Proposition. Let K be a non-Archimeden ordered field. By K can
be embedded in R((G)) where Gk is the ordered group of Archimedean classes of
K. Let

e 7x be the order topology on K,
e 7, the valuation topology on K induced by the order valuation p of K,
e 1y the order topology on R((Gk)),

o 7, the valuation topology on R((Gk)) induced by the order wvaluation n of
R((Gk)),

e 7, the waluation topology on R((Gf)) induced by the Hahn wvaluation A of
R((Gx)).

Then T =T, =T\x =Tyx =TWNK=19NK=1,NK.

Proof. The equality 7x = 7, follows from while the equalities TW\NK = 10N K =
7, N K follow by [[.8.7 The equalities 7y, = 7 N K and 7, = 7, N K follow from
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[1.8.8 Finally we will show that 7, = 7, N K. For every f € K, u(f) = {g € K :
g is comparable to f}. Since K is embedded in R((Gk)) we have that K C R((Gk)).
Hence pu(f) C n(f) = {9 € R((Gk)) : AMg) = A(f)}. 1t follows that p(f) = p(g) if
and only if n(f) = n(g) for all f,g € K. Additionally, u(f) < p(g) if and only if

n(f) <n(g). Hence Uy, (f,n(g)) N K = UL(f,pu(g)) for all f,g € K. u

1.8.10 Remark. Let (A, <) be an ordered set with order topology T4 and let B be
a subset of A. The order in A induces an order in B which induces a topology
T on B. In general the subspace topology T4 N B on B may be different from the
topology 7 ([27, p. 90]). Also, it is well-known that if B is a convex subset of A,
then T4 N B = 7~ ([27, 16.4]). The surprising thing about the previous result is
that for every non-Archimedean ordered field K its order topology Tk (which is the
topology induced by the order induced by the order on R((Gk))) always coincides with
the subspace topology 70 N K, even when K is not conver in R((Gk)). For example,

L|Q, R] is not a convex subfield of R((Q)) and by[1.8.9, the order topology on L|Q,R]

coincides with the subspace topology inherited from R((Q)).

More details about general valuations can be found in [35, 13.1] and [33].

1.9 Catalog of fields

In the following table we summarize the fields and their properties presented so far.
Let G be an ordered abelian group, let K be any field and let p be a positive prime in-
teger. Assume that each of the listed fields has the usual non-Archimedean valuation
(or general valuation) defined in this chapter and it is equipped with the respective
induced topology. Denote the cardinalities of K and G by ¢ and g respectively.
Notice that the first 4 fields of the table form a chain of field extensions in the

mixed characteristic case, i.e. each of the fields has a characteristic different than
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the characteristic of its residue class field:

QCQ,CcQ:CC, (1.1)

The last 5 fields of the table form a chain of field extensions in the equal charac-
teristic case, i.e. each of the fields has a characteristic equal to the characteristic of

its residue class field. Now consider the chain:

K(x) € K((x)) C K{()) C LQ K], (1.2)

Note that the chains and are similar in several ways, for example the
construction of the fields in the i-th position from the fields in the (i — 1)-th position
is identical (under certain conditions when it is necessary). Other metric, topological
or algebraic similarities are easily seen from the table.

If the m-th property is satisfied by the n-th field of the table, then the symbol
v will appear in the entry (m,n). Otherwise the symbol X will take place. When
a number (n) appears instead, the property is satisfied under certain conditions

specified below the table.

1.9.1 Remark. The study of maximal immediate extension fields has allowed the
author to add the p-adic Mal’cev-Neumann fields (the p-adic analogues of the general
Hahn fields) to the right side of the chain and their properties can be found
in a larger catalog presented in [§]. These fields also play an important role in the
classification of non-Archimedean valued fields. In fact, it can be proved that any non-
Archimedean valued field can be embedded into either a general Hahn field or into a
p-adic Mal’cev-Neumann field (see [8, 6.13, 7.2, 7.17]) and therefore the structure of
any non-Archimedean valued field is not as diverse as one initially may think. These
fields have been omitted here because they will not be used in the subsequent chapters

and their mere presentation needs a significant amount of space.



Q|Q|Qy|Cp | K(x) | K((2))| K{(x))| LIQ, K]| K((G))
Totally vlivliv | v | v | v v
disconnected
Separable VIVIiVviIiv] Q) (1) (1) (1) (1)
Cauchy x\vixlvl x| v | x| v | v
complete
Spherically o bl x| x| v X X v
complete
Locally xivixlxl x| @ | x| x | @
compact
Algebraically x| xlvlvl x X (3) (3) (4)
Closed
Formally real X (5) (5) (5) (5) (5)
Real-closed X X X (6) (6) (7)
Archimedean x| x| x| x| x (8) X X (8)
complete
Cardinality No [Ny [Ny [ Ry | o o o o 9
Residue F,|F,|F|F| K | K | K | K | K
class field

Table 1.1: Catalog of fields
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(1) Under the assumption that G is a subgroup of (R,+), the field K((G)) is

separable if and only if K and G are countable ([8, 1.9]). Since K C K(z) C

K((z)) € K{{z)) C L|Q, K] C K((Q)), each of these fields is separable if and

only if K is separable.

Under the assumption that G is a subgroup of (R, +), the field K((G)) is

locally compact if and only if K is finite and G is cyclic (|38} 12.2],[1.5.2)). In

particular, K((z)) is locally compact if and only if K is finite.

Each of the fields K ({x)) and L[Q, K] is algebraically closed if and only if K

is algebraically closed of characteristic 0 ([8], 4.15]).
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(4) The field K((G)) is algebraically closed if and only if K is algebraically closed
and G is divisible, i.e. for every a € G and n € Z, there exists and element

b € G such that a = nb ([8, 6.18, 6.20]).

(5) The field K((G)) is formally real if and only if K is formally real (1.4.10). In
particular, since K C K(z) C K((x)) C K{((z)) C L|Q, K] C K((Q)), each of

these fields is formally real if and only if K is formally real.

(6) Each of the fields K ({x)) and L[Q, K] is real-closed if and only if K is real-
closed (|1.7.5)).

(7) The field K((G)) is real-closed if and only if K is real-closed and G is divisible
([5, 6.23 (1)-(2)]). In particular, K((x)) is real-closed for no field K.

(8) K((G)) is Archimedean complete of type G if and only if K is isomorphic to

R as ordered field ([1.4.12]).

1.10 Classification of fields

The following diagram classifies the fields that admit a valuation or general valuation
(nontrivial valuation when the field is infinite) in 6 non-overlapping classes. With
a suitable choice of some of these classes it is possible to obtain partitions for: the
class of ordered fields, the class of Archimedean valued fields, and the class of non-
Archimedean valued fields. Below each of the 6 classes, there are some examples of

their members.
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Archimedean non-Archimedean
valued fields valued fields
A A
Formally real Non-formally
. N?ln- | Formally real | fields where Formally real Non—flormally real fields
OFMARY YO Archimedean | Gy # {0} o reat non- with general
Archimedean . Archimedean | Archimedean .
. valued fields is non- R valuation of
valued fields Archimedean valued fields | valued fields higher rank
R(z) Q,, C
R R((Z?)) v Q,((Z))
C ) R((z)) Fo((2))
. Q L[R* Q] . Fo((z,y))
Q(#) Qe)({x)) | Q*{(z))
. Q(V3) Q((z,y)) C(ReQ))
QV2,i) LQR | Q(©Q) 2
Q(r) | R((L[Z,Q))) L[Z*,Qy]
Q@) L[Q,C]
v
Ordered fields
A 4

v

Fields with general valuations

Table 1.2: Classification of valued fields

In the following, the 6 classes are ordered from left to right.

1. By [41], 15.2.2] the second class can be described as the collection of all the
fields that are isomorphic to a subfield of R or equivalently as the collection of

all the Archimedean ordered fields.

2. By the third class can be described as the collection of all the non-
Archimedean ordered fields K for which G cannot be embedded in (R, +)

(Gk # {0} is not an Archimedean ordered group).

3. By the fourth class can be described as the collection of all the non-
Archimedean ordered fields K for which G can be embedded in (R, +) (G #

{0} is an Archimedean ordered group).



Chapter 2

Banach spaces over fields with

rank-1 valuations

In this chapter we will study Banach spaces over non-Archimedean valued fields of
rank 1 and consider their similarities and differences with Banach spaces in classical
Functional Analysis. Also, linear operators will be considered on normed spaces
over non-Archimedean valued fields and the different norms that can be defined for
continuous linear operators will be compared. Then, we will describe the concepts
of form-orthogonality, norm-orthogonality and spaces of countable type that will be

used in subsequent chapters.

2.1 Preliminaries

2.1.1 Definition. Let (K,|-|) be a non-Archimedean valued field and let E be a

vector space over K. A morm on E is a map ||- || : E — [0,00) such that:
(a) ||z|| = 0 if and only if v =0,
(b) [[Az]| = [A[ ][],

(¢) [lz + yll < max{][z]], [[y][},

46



47

for all x,y € E. We call (E,|| -||) a normed space over K and if it is Cauchy
complete with respect to the induced ultrametric (x,y) — ||z — yl|, then (E,|| - ||) is
called a Banach space. The topology induced by this ultrametric is a vector topology,
i.e. addition of vectors of E and scalar multiplication are continuous functions. The

closed unit ball of a normed space E is the set

Bp:={x € E:||z|]| < 1}.

2.1.2 Remark. An A-norm is a map || - || : E — [0,00) satisfying (a), (b) and the
triangle inequality ||z + y|| < ||z|| + ||y||, (x,y € E), but not (c¢). For example, if
| - | is a nontrivial valuation on K, then (A1, Ay) — \/m is an A-norm on
K2, whereas (A1, A2) +— max{|\i|, |Xa|} s @ norm in the sense of[2.1.1 According to
C.Perez-Garcia and W.H.Schikhof ([32, p. 16]), although A-norms can be a source
for interesting topological problems, all spaces that appear naturally in duality theory
carry norms or seminorms in the sense of [2.1.1 Also we have the following result
noted by A.C.M van Rooij in [{3, p. 88]: the dual space of a vector space with respect
to an A-norm can be obtained as the dual space of a vector space with respect to a
norm. In fact, let || - || be an A-norm on a vector space E over K. This A-norm
induces a topology on E and we can consider the space EV of all the linear maps
f B — K continuous with respect to this topology. On this EV we can define a

norm (not merely an A-norm) by

11l = sup L (7 ¢ 7).
el

Among all seminorms on E that are < || - ||, there is a largest one, say v. Set
N :={x € FE:v(z) =0}. Then N is a subspace of E and v induces a norm on E/N

in a natural way. We have that (E/N)" and EY are isomorphic Banach spaces.
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2.1.3 Examples ([45, pp. 47-49]). Consider a Cauchy complete non-Archimedean

valued field (K, | |) with nontrivial valuation.

(a)

(b)

(d)

(¢)

(f)

(9)

Let ey, ..., e, be a basis of an n-dimensional space over K. Then >7I' | \ie; —

max; |\;| is a norm for which the space is Banach.

Let (> be the space of all bounded sequences in K equipped with termwise
operations. For x = (A, Ag,...) € £, define ||z||s = sup{|A\s| : n € N}.

With this norm > is a Banach space.

co :={(A,Ag,...) € £ : lim, o \, = 0} is a closed subspace of (>, hence a

Banach space. Notice that for each x € ¢y, ||x||co = max{|\,|: n € N}.

Let X be any set. The bounded maps f : X — K form a vector space over K de-
noted by (> (X) which is a Banach space under the norm || f||e := sup{|f(z)| :
x € X}. Notice that £>° = (>*(N).

co(X) ={f € £°(X) : Ve > 0,{z € X : |f(x)| > €} is finite} is a closed
subspace of {>°(X), hence a Banach space. Notice that for each f € co(X),
|| flloo = max{|f(z)|: x € X} and that ¢y = co(N).

Let X be a topological space and BC(X) the space of all continuous and bounded
functions f : X — K. Then BC(X) is a closed subspace of (>°(X) with respect

to the supremum norm || - || hence a Banach space.

Let F be a complete valued field containing K as a subfield. Then F is a
Banach space over K. In particular, the Levi-Civita field L|Q, R] (see is
a Banach space over R((z)) = R((Z)). Observe that |L[Q,R]*| = {e" : r € Q}
is a proper superset of |R((z))*| = {e" : r € Z}. This implies that nonzero
vectors cannot always be normalized. For ezample, d*/?> € L[Q,R] does not

have a multiple of norm 1. In fact, if A\ € R((z))* then |\ = e" for some
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n € 7 and hence |Ad'/?| = e" V2 £ 1 (for the definition of d see m This

leads us to the following open problem.

PROBLEM (1960): Let (E,||-||) be a Banach space over K. Does there exist
an equivalent norm || - ||o such that ||E||lo = |K]|, i.e. for each nonzero x € E
there exists X\ € K such that ||Ax|| = 17 There are some partial answers and

reductions, but the complete answer is so far unknown!

In order to overcome the possible non-existence of vectors of norm ¢ for some
particular 6 € R*, we have the following lemma which is appropriate when we only

need the existence of vectors of norm close to 9.

2.1.4 Lemma. Let (E,||-||) be a normed space over a non-Archimedean valued field

(K,|-|) where | -| is not trivial. The following statements hold:

(a) There exists m € K* such that 0 < |r| < 1.

(b) For any d € RY, m € K*, 0 < |n| < 1 and for any nonzero x € E, there exists

a unique n € 7 such that |r|0 < ||7"x|| < 6.

Proof. (a) Since the valuation on K is nontrivial, there exists y € K* such that

ly| # 1. Because of the equality |y||y~'| = 1, we can choose |7| = min{|y|, |y |}
(b) Put s := |r| and w := ||z||. Consider n = [log,(6/w)]. Then n is such

that s"w is as close to 0 as possible while still being smaller than or equal to 4, or

equivalently s"w < § < s tw. Hence sd < s"w < 4. [ |

Lemma is one of the most used basic tools in non-Archimedean Analysis.

For example, it can be found in the proof of the fact that the value group of a

valuation is either cyclic or dense in (0, 00). Also in the proofs of [2.1.6] [2.2.1] [2.2.4]
2.2.5 and
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2.1.5 Definition. Two norms ||-||1 and ||-||2 on a vector space E over K are called
equivalent if the metrics (z,y) — ||z —yl[1 and (z,y) — [l — yl[|2 induce the same

topology on E.

2.1.6 Proposition. Let (K,|-|) be a non-Archimedean valued field and E a vector

space over K.

(a) When |- | is nontrivial:

Two norms on E, say || - ||1 and || - |2, are equivalent if and only if there exist

constants 0 < ¢ < C' such that

Al - <2 < Cl |l (M)

If K is Cauchy complete and E is finite-dimensional, then all norms on E are

equivalent, and the space E is a Banach space with respect to each norm.

(b) When | -| is trivial:

If E is finite-dimensional, then all norms are equivalent to the trivial one, and

the space E is a Banach space with respect to each norm.

If E is an infinite-dimensional space, then there exist equivalent norms on E

that don’t satisfy the inequality (&) for any positive constants ¢ and C'.

Proof. When |-| is nontrivial: for the first statement see [32], 2.1.7] and for the second
statement see [7, IV.1.2 and IV.1.3].

When | - | is trivial: for the first statement suppose that £ has dimension n € N
and let {eq,...,e,} be a basis for E. We will show that there exist positive constants
¢ and C such that for all nonzero x € E, ¢ < ||z|| < C.

If C =:37 |lei]| then for any x = >7 Nie; € E, [|z]| < X0, [Aillles|] < C. For

each i € N, let X; C E be the span of all the vectors x € F such that ||z|| < 1/i.
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We will show that X, = {0} for some £ € N and hence we can put ¢ := 1/k.
Let m = min{dim(X;) : ¢ € N} and let £ € N such that dim(X;) = m. Since
X1 C X, for all i € N, dim(X;) = m for all i« > k. Thus X, = X, for i > k,
so Xy = ({X; : ¢ > k}. Now suppose z € Xj. Then for each i > k, z can be
written as a linear combination of vectors of norm less than 1/i. But this implies
that ||z|| < m/i. Since i is arbitrarily large, this means that ||z|| = 0 and hence
x = 0. Thus X} = {0}, as desired.

For the second statement suppose that FE is infinite-dimensional with basis B.
Let || - || be the trivial norm on E. Consider the map || - || : £ — [0,00) where
||z|| is defined as the number of nonzero coefficients when we write = as a linear
combination of elements of B. Then || - || is a norm on E that is equivalent to || - ||/,

but the quotient ||z||/||z||" is unbounded on E \ {0}. |
By mimicking the proof of Theorem [1.3.11]we obtain the following generalization:

2.1.7 Theorem. Let E be a Banach space over a non-Archimedean valued field K.

If (x,)n is a sequence of elements in E, then

o0
Z Tp 18 convergent in F < lim xz, = 0.
n—oo

n=1
In fact, more is true:

2.1.8 Theorem. Let E be a normed space over a non-Archimedean valued field
K. Then E is a Banach space if and only if for each sequence (x,), on E that is

convergent to 0, the series > 7, x, s convergent in E.

Proof. One side of the equivalence is a consequence of 2.1.7] Now suppose that for
each null sequence (x,), on FE, the series Y >°, x,, is convergent in F. Let (s,), be
a Cauchy sequence in E. Let m; € N such that |[s,, — sp,|| < 1 for all m > m;.

Define inductively mgo, ms,... such that m, < m,; and ||s,, — s, || < % for all
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m > m,. Thus the sequence x,, := s,,,,., — S, is convergent to 0 and hence >°7°, z,,

is convergent by assumption. Since
n—1
Smp = Smy + (Smy = Smy) T+ (Smp = Smp_y) = Smy + Z Ty,
i=1

it follows that (s,,,), is a convergent subsequence of (s,),. Hence the latter is

convergent on F. |

2.2 Linear Operators

2.2.1 Theorem. Let E and F be normed spaces over a non-Archimedean valued
field K with a nontrivial valuation and let T : E — F be a linear operator. The

following statements are equivalent:
(a) T is continuous.
(b) T is continuous at 0.
(c) There exists M € R™ such that ||T(z)|| < M||z|| for all x € E.
(d) The set {||T(x)|| : ||x]| < 1} is bounded.

Proof. The implications (a) = (b), (¢) = (a) and (¢) = (d) are trivial. The

implication (b) = (c) is proved in [32, 2.1.4] and the implication (d) = (c) is

proved in [29, 3.3 Lemma 1] with the following correction: where it says Hla\++1 <
l|2]| < ﬁ" it should instead say \al’% <|lz]| £ ﬁ |

2.2.2 Definition. Let E and F be normed vector spaces over K. The vector space
of all continuous linear maps T : E — F will be denoted by L(E,F). We write
FE' = L(E,K) and L(E) :== L(E,E). The space E' is called the dual space of E.
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2.2.3 Definition. Let E and F be normed vector spaces over a non-Archimedean

valued field with a nontrivial valuation. The map ||-|| : L(E, F) — R defined by

||T|| := inf{c € [0,00) : ||T'(z)|| < ¢||z|| for all x € E};

is a norm on L(E, F).

2.2.4 Theorem. Let E and F be normed vector spaces over a non-Archimedean

valued field with a nontrivial valuation. If E # {0} and T € L(E, F) then:

(a) |[T]}s = p{W%o} o
(b) 1Tl = sup{”ﬂfjf”:w el < 1} o

Proof. (a): As in the classical case, ||T'(z)|| < ||T||1||z]| for all x € E. Thus by
definition of || - || it follows that ||T'|| < ||7][;. On the other hand, for all ¢ > 0 we
have that ||T'(z)|| < (||T|| + ¢)||z|| for all z € E. Hence ||T||1 < ||T].

(b): By (a) it is enough to show that ||T||o = ||T||:. By their definition it is
immediate that ||T'||; < ||T||;. For the converse, let x € E \ {0}. By there

exists @ € K* such that ||az|| < 1. Then

T @)|| _ |IT(ax)]

Izl flaz]]

< Il

Therefore ||T'|]; < ||T||2- |

2.2.5 Theorem. Let E and F be normed vector spaces over a non-Archimedean
valued field K with a nontrivial valuation. If ||E|| == {|le|]| : e € E} = {|A\| : X €
K} :=|K| and T € L(E, F) then:

| T'l]s == sup{|[T(x)]| - [[=[| = 1} = [|IT]].
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Proof. 1t is clear that ||T||s < ||T'||s = ||T||- To prove the converse, let x € E'\ {0}.

By hypothesis there exists a € K* such that ||az|| = 1. Hence

[T@)I| _ [[T(az)]]
T = el = 17 el < Tl
= 1 = . 9 — .
Therefore ||T'|| = ||T'||s < ||T||s- Thus, we have proved that ||T|| = ||T||3 |

2.2.6 Definition. Let E and F be normed vector spaces over a non-Archimedean
valued field with nontrivial valuation. The map || - ||l4 : L(E, F) — [0,00) defined by
| T||4 == sup{||T'(z)|| : ||z|| < 1}, is @ norm on L(E,F).

In Theorem we can see that for a given linear operator T : E — F, ||T|
exists if and only if ||T'||4 does. Unlike the classical case, these norms do not always
coincide but still they are equivalent on L(E, F) when K is not trivially valued.

Their explicit relation is characterized in the following:

2.2.7 Proposition. Let E and F' be normed vector spaces over a non-Archimedean
valued field K with a nontrivial valuation | -|. Let T : E — F be a linear map. The

following statements hold.
(a) T is continuous < ||T|| < co < ||T]4 < oc.

(0) IT@)Il < [[T[l[z]| and [[T(x)|] < ||ITlslal[[z]] for all T € L(E, F), x € E

and all « € K such that |a| > 1.

(c) |7l IT|| < ||T||la < ||T)| for all T € L(E, F) and all m € K* such that |7| < 1,

i.e. || || and || - ||la are equivalent.
(d) If | - | is a dense valuation on K, then ||T|| = ||T||4 for all T € L(E,F).
(e) If ||E|| = |K|, then ||T|| = ||T||4 for all T € L(E, F).

Proof. (a): It follows from
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(b): For the first inequality it is enough to notice that for z € E\ {0}, L@l <

llzll - —

|T|l1 = ||T||. For the second inequality let x € E \ {0}. Since [2.1.4) for any

given 7 € K, 0 < || < 1, there exists n € Z such that |7| < ||[7"z|| < 1. Thus

|| T(7"x)|| < ||T||s. Hence

(T _ [T )] _ Tl

el Al [l

< | TJalm]

(¢): Let T € L(F, F) and m € K such that 0 < |r| < 1. The relation |« |||T|| < ||T||4
follows from the part (b). Now let’s show that ||T'||4 < ||T||. If T'= 0, then ||T||4 =
[|T]| = 0. Suppose that E # {0} and T' # 0. For x € E such that 0 < ||z|] < 1 we
have that ||T(z)|| < ||T'(z)||/||z||. Hence, by 2.2.4] ||T]|s < ||T]|2 = ||T]].

(d): It is enough to consider a sequence (o), in K such that |a;| < o] < --- <1
and lim,, o |@,| = 1. Then the result follows from (c).

(e): If ||E|| = | K|, then by R.2.5 ||T|| = ||T||s < ||T||s- The converse inequality

follows from (c). |

2.2.8 Remark. When the valuation |- | on K is nontrivial and discrete, the norms
| || and || |4 may differ. For instance, consider E = Q, x Q, as a Q,-vector
space with the norm ||(x,y)|| := max{2|x|,, 2|y|,} and let T : E — E be such that
T(x,y) = (x,y). Then T is continuous and ||T|| = 1 but ||T||s = sup{||T(z,v)|| :
(@ oIl < 1} = sup{[[(z,y)l| : [|(z,y)I| < 1} = 2e7". Here we can verify that
[2.2.7(c) is satisfied: e=™||T|| < ||T||a < ||T|| for all n € N. Notice that in this case,
1B N [K] = {0}

2.2.9 Remark. All the theorems presented in this section so far (2.2.1}2.2.4}, |2.2.9

and[2.2.7]) fail to be true when the valuation |-| on K is the trivial one. For instance,

consider a field K with the trivial valuation and put E = (K|x],|| - ||.) and F =
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(Klz],|| - ||p) where || -||a is the trivial norm on Klz| and || - ||y is defined by

N+1 ifay#0

b 0 if a, =0 for alln.

N
Z oz
n=0

The identity map I : E — F is continuous but none of the expressions ||I|| and

i, Jortv € 1,...,4;, 1s well-defined. Indee b — 5+ 1 for alln € N. For
I|l;, fori € {1,...,4Y, is well-defined. Indeed, 1zl 1 for all N. F

7 2l

another example, consider a field K of characteristic 0 with the trivial valuation and

let E = (K|xz],||-||c) where||-||. is defined by

N oifay £0

¢ 0 if oy, =0 for alln.

N
Z apx”
n=0

Let T : E — FE be the differential operator

N SN napz®t if N> 1
T( Z a,@”) = ’
n=0

0 if N = 0.

Then |[T|| = |ITlly = e but [[T||z = |[T]ls = |[Tlla = 0 and hence || - ||z, || - ||s and

|| - ||la are no longer norms.
2.2.10 Theorem ([45, 3.M]). Let E, F' be normed vector spaces.
(a) If F is Banach then L(E,F) is Banach.

(b) If E is a Banach space and D is a closed subspace of E then E/D is a Banach

space.

2.2.11 Example ([45, 3.Q)|). In complex functional analysis the dual space of cq is

isomorphic to (*. In the non-Archimedean theory the situation is radically different:
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Forx € ¢y, y € £, say x = (A, A, ... ),y = (u1, po, ... ), put

(z,y) == Z Anbn.
n=1

For each y € (> define Ty € ¢, by (Ty)(x) := (x,y) for x € cy. It can be proved that

T maps (> linearly and isometrically onto c.

The following three theorems are analogous to theorems in the Archimedian case

and the same techniques are used in their proofs.

2.2.12 Theorem. ([{J, 3.5] Closed Graph Theorem) Let T be a linear map from a
Banach space E into a Banach space F such that its graph {(x,Tz) : z € E} is a

closed subset of E x F. Then T is continuous.

2.2.13 Theorem. ([{5, 3.11] Open Mapping Theorem) If E and F are Banach
spaces and if T € L(E, F) is surjective, then the image under T of any open subset

of E is open in F.

2.2.14 Theorem. ([{5, 3.12] Uniform Boundedness Theorem). Let E be a Banach
space and F a normed vector space. If S is a subset of L(E, F') such that for every
x € E the set {Tx :T € S} is bounded in F, then S is a bounded set in L(E, F).

2.3 Orthogonality

An inner product in a vector space £ over C is a map (-,-) : F x £ — C that

satisfies:

(i) @ — (x,y) is linear in z, for each v,

(ii) (v,y) = (y,2),

(iii) (x,x) > 0 whenever z # 0.
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In the non-Archimedean case, we replace complex conjugation by a field auto-

morphism:

2.3.1 Definition. Let E be a vector space over K and consider a field automorphism
A = A such that \** = X and |\*| = |A|, for all X € K. (We allow * to be the
identity).

A map (-,+) : Ex E — K is an inner product (with respect to *) if
(a) x — (x,y) is linear, for each y € E,

(b) (z,y) = (y,x)* forall z,y € E,
(c) (z,z) # 0 whenever x # 0.

If the field K is ordered then we replace the condition (c) with the following:
(¢’) (z,x) >0 whenever x # 0.

2.3.2 Remark. This definition of inner product for arbitrary valued fields is a nat-
ural generalization of the classical case. In a vector space over C, any form (-,-)

satisfying (i), (it) and (c) is either an inner product or —(-,-) is an inner product.

If E is a vector space over K with inner product (-, ), then the map ||-|| : £ — R
defined by ||z|| := +/|(z, z)]|, for x € E, is a norm on E.
Apparently we can have Hilbert spaces as we do in the classical way, but the next

result shows that we cannot proceed with the theory like in the classical case.

2.3.3 Theorem ([32, 2.4.5]). Let (-,-) be an inner product on a Banach space E over
K such that |(x,x)| = ||z||* for all x € E. Suppose that for each closed subspace D
of E, there ezists a subspace F' of E such that E = D + F and (z,y) = 0 for all

xe€D andy € F. Then dim F < co.

An alternative to inner products, is a powerful non-Archimedean concept, valid

in any normed space:
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2.3.4 Definition. Let z,y be elements of a normed space E over K. We say that

the vector = is (norm-)orthogonal to y and write x L y if

||z|]| = min{||z — A\y|| : A € K} = dist(z, Ky).

2.3.5 Theorem ([32] 2.2.1, 2.2.3]). Let E be a normed space and x,y € E.
(a) If llz —yll = [|z[| then ||z —y|| = [lyll. (van Rooij Principle)
(b) If v Ly theny L x. (Symmetry)
(¢) x Ly if and only if for every A\, € K, ||Ax + py|| = max{||Az||, ||py||}.

2.3.6 Remark. In classical analysis the relation 1 behaves differently than its coun-
terpart in non-Archimedean analysis. In classical analysis the relation L is symmet-
ric only on spaces where the norm is induced by an inner product ([0, Theorem
4.6]). In that case, x L y is equivalent to (x,y) = 0. This equivalence makes norm-
orthogonality a natural alternative to (form-)orthogonality in the non-Archimedean

context. Another difference is illustrated in the following example.

2.3.7 Example. Let (K, |-]) be a non-Archimedean valued field and let K* be normed
by (A, Ae) — max{|A1],|X2|}. The set of vectors {(1,0),(0,1),(1,1)} is pairwise

orthogonal.

2.3.8 Lemma (|37, 2.C]). Let E be a normed space.
(a) The relation ) (not orthogonal) is an equivalence relation on E \ {0}.
(b) Ifx Ly andy Y =z then z L z.

(c) If T C E is a set of pairwise orthogonal vectors and there are v € T and z € E

such that x [ z, then z Ly for ally € T\ {z}.

Another difference with classical orthogonality is demonstrated in the following.
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2.3.9 Theorem ([32, 2.2.9]). (Perturbation theorem) Let E be a normed space. If
{en : n € N} C E is pairwise orthogonal and f1, fa,--- € E are such that || f,—ey|| <

llen|| for all n, then {f, : n € N} is pairwise orthogonal.

2.3.10 Definition. Let E be a normed space.

(a) For two sets X1, Xs C E we say that Xy and Xy are (norm-)orthogonal,
and write X1 L Xs, if xv1 L xo for all xy € X1,29 € Xo. For x € E we write

r L Xy instead of {z} L X,.

(b) For two subspaces Dy, Dy C E we say that Dy is an (norm-)orthogonal
complement of D1 if D1 L Dy and E = D1 + Dy. A subspace D is called

(norm-) orthocomplemented if it has an orthogonal complement.

2.3.11 Remark. Notice that a subspace may have more than one orthogonal comple-

ment. In fact, in example the subspaces K(0,1) and K(1,1) are both orthogonal
complements of K(1,0)

2.3.12 Theorem ([32, p. 24]). Let Dy, Dy be subspaces of E with E = Dy + Ds.

(a) Dy and Dy are orthogonal complements of each other if and only if
|ldy + dy|| = max{[[dy]], [|d2][}

for each dy € Dy, dy € Ds.
(b) for x € E we have x L Dy if and only if ||z|| = dist(z, Ds).

(¢) Orthocomplemented subspaces are closed. (The converse is not always true!)

2.3.13 Notation. If S # () is a subset of a normed space, then [S] will denote the

subspace generated by S.

2.3.14 Definition. A subset X of a normed space E, 0 & X, is called an (norm-)

orthogonal system if for each x € X we have x L [X \ {z}].
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2.3.15 Theorem ([32, p. 25 and 2.2.10]).
Let E be a normed space and X C E, 0 ¢ X.

(a) X is an orthogonal system if and only if each finite subset of X is an orthogonal

system.
(b) Any orthogonal system is linearly independent.
(¢) Every orthogonal system is contained in a mazimal one.

(d) Two mazximal orthogonal systems in a normed space have the same cardinality.

2.4 Spaces of Countable type

In classical Analysis, every Hilbert space (H, (+,-)) has an orthonormal basis {e, :
a € I} ie. each # € E can be written uniquely as x = Y c;(2, €q)e, where the
series converges to = in the norm induced by the inner product (-,-) and the set
{a€1:(x,eq) # 0} is countable. In particular, we have that [{e, : a € I}] = E.
In this section we are interested in the characterization of Banach spaces E that

contain a countable set X such that [X] = F.

2.4.1 Definition. A normed space E is of countable type if it contains a countable

set X such that [X] = E.

2.4.2 Remark. In the non-Archimedean case it is preferable to work with the con-
cept of ‘being of countable type’ rather than of ‘separability’ This is because if E is
a separable vector space over K, then K has to be separable. Thus the concept of
separability for vector spaces over K is not of use when K is not separable. How-
ever, for vector spaces over K ‘being of countable type’ is a property that doesn’t
add restrictions over the field K. Furthermore, as the next result implies, ‘being of

countable type’ is a natural generalization of separability in the classical case.
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2.4.3 Theorem ([32, p. 28]). Let E be a normed vector space over K and suppose

that K is separable. Then E is of countable type if and only if E is separable.

2.4.4 Examples. (a) Let K be a non-Archimedean valued field. Then K™ with

the supremum norm is of countable type.

(b) The space (co, || - |loo) defined in[2.1.9 is of countable type since
co = [{en : n € N}

where e, (1) = 0;,, forn,i € N.

Now we present a generalization of the concept of orthogonality required to char-

acterize the spaces of countable type.
2.4.5 Definition. Let E be a normed space and let t € (0, 1].

(a) A vector x € E is t-orthogonal to y € E (with respect to || - ||) if

dist(x, Ky) > t]ja]].

(b) Let X C E such that0 ¢ X. X is called a t-orthogonal system (with respect

to||-||) if for each x € X, y € [X \ {z}], x is t-orthogonal to y.

Notice that t-orthogonality is symmetric and that 1-orthogonality is the concept
of orthogonality defined in[2.3.4]

2.4.6 Example. The system {e, : n € N} of canonical vectors in (co,|| - ||oo) s

orthogonal.

2.4.7 Lemma ([32] p. 27]). Let E be a normed space, t € (0,1] and X C E,0 ¢ X.

The following conditions are equivalent:

(a) X is t-orthogonal;
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(b) each finite subset of X is t-orthogonal;

(c) for each n € Z, each distinct ey, ..., e, € X, and each Ay,..., A\, € K,

| Arer + -+ e > tlrgiaé}; | Aiesl|-

2.4.8 Definition. Let E be a normed space, let t € (0,1]. A sequence ey, ey, -+ € E
is called a t-orthogonal basis of E if {e1,es,...} is t-orthogonal and every x € E

has an expansion x = Y ;° | Apen, where A, € K. The basis ey, es, ... is orthogonal

ift=1.

2.4.9 Theorem ([32, p. 30]). If e1,eq,--- € E is a t-orthogonal basis of E then

every x € E has a unique expansion of the form x = Y72 \yen, for A\, € K.

Proof. Let x € E. It v =777, \,e, then by continuity of the norm we have that:

l|z|]| = lim
m—00

m
> Anen
n=1

2t lim max [[Anen|| =t max|[Avenl]

so if x = >0°, ppe, for certain p, € K, then 0 = > (A, — fn)én, so that

n=1
tma§<||(/\n—un)en|| =0, i.e., A\, = p, for all n € N. |
ne
2.4.10 Example. The system {e, : n € N} of canonical vectors in (co, || - ||o0) s an

orthogonal basis for cg.
2.4.11 Theorem (32, 2.3.7]). Let E be a normed space.
(a) If E has a t-orthogonal basis for some t € (0,1], then E is of countable type.
(b) If E is of countable type then E has a t-orthogonal basis for each t € (0,1).
Finally we obtain the characterization that we wanted:

2.4.12 Theorem ([32, 2.3.9]). (a) FEach infinite-dimensional Banach space of

countable type s linearly homeomorphic to cy.
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(b) Each normed space of countable type is linearly homeomorphic to a subspace

of co.

Proof. (a) Suppose that F is an infinite-dimensional Banach space of countable type.
Let t € (0,1). By there exists a t-orthogonal basis e, es,... of E. Let m € K
such that 0 < |r| < 1. By using the same technique used in the claim of [2.2.1]
without loss of generality we can assume that |7| < ||e,|| < 1 for all n € N. Consider

the map T : ¢y — E defined by

T()\l, )\2, SN ) = Z )\nen.
n=1

By definition T is linear and since ey, es, . . . is a t-orthogonal basis of E, T is bijective.

For x = (A1, Mg, ...) € o, we have that

> s

n=1

| T(2)]| =

< max [Pl < max 0] = [Jo]

By t-orthogonality,

o
= > > =
TG = | 3 A 2 tmas [l = e mags Al =t
so that T is a homeomorphism. [ |

2.4.13 Remark. This result shows that, for a given K, cq is (up to linear home-
omorphisms) the only infinite-dimensional Banach space over K of countable type.
This is in contrast to classical Analysis, where there exist separable Banach spaces
without a Schauder basis as Enflo proves in [15], and where two Banach spaces that

have a Schauder basis need not be linearly homeomorphic (e.g. £* and (?).

The next result highlights a remarkable difference between non-Archimedean and

classical Analysis.
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2.4.14 Theorem ([32, 2.3.13]). Let E be a Banach space of countable type. Then
each closed subspace D of E is complemented, i.e. there is a subspace F' of E such
that E = D+ F. In fact, for every M > 1 there exists a continuous P € L(E) onto

D such that P> = P and ||P|| < M.

Notice that in classical Analysis this is not true. For each p # 2, the separable
Banach space P has a closed subspace that is not complemented (see [28]).

The following is an open problem asked in [32, p. 33]: Let E be a non-complete
normed space of countable type. Is every closed subspace D of E' complemented?

As is shown in the following result, the answer is positive.

2.4.15 % Proposition. Let E be a normed space of countable type. FEvery closed

subspace D of E complemented.

Proof. Let E be a normed space of countable type and let D be a closed subspace of
E. If the space E is complete, then the result follows from [2.4.14] Now let’s suppose
that E is not complete. Consider E the completion of E and D the closure of D
in . First, we will show that E is of countable type. By hypothesis, there is a set
{yn € E : n € N} such that for each e € F, and for every neighborhood U C E of e,
we have that U N [{y, : n € N}] # (). Since FE is dense in E, it follows that for every
z € E, and every neighborhood V C E of &, VN E # 0. Let ¢y € V N E. Then
V N E C E is a neighborhood of ¢y and thus VN E N [{y, : n € N}| # 0. Hence
VAO[{yn:neNY #0,s0 E=[{y, : n € N}]. Now by m, there exists P € L(E)
such that P? = P and P(F) = D. Since D is a closed subspace of E, D = EN D
and since P is the identity on D, it follows that P|r € L(E) is a projection onto D

and therefore D is complemented on F. |

A map P € L(E) is called projection when P? = P. Before we finish this
section let’s present the existing relation between the norm of a projection and the

t-orthogonality of its kernel and range denoted by ker(P) and R(P) respectively.
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2.4.16 % Proposition. Let E be a normed space and let P € L(E) be a projection.
If ||P|| £ M for some M € R (and hence M > 1), then x and y are M~*-orthogonal
for all x € Ker(P) and all y € R(P).

Proof. Since P = P?, 1 < ||P|| < M. Let x € Ker(P) and let y € R(P). We
have that dist(y, Kx) > M~!|y||. Otherwise, the inequality dist(y, Kz) < M~!||y]|
implies the existence of a scalar 8 € K such that ||y — Bz|| < M~!||y||. Notice that
y = P(y) = P(y — Br). Thus M|ly — Bz|| < |[[P(y — Bz)|| and hence M < [|P]]

contradicting our hypothesis. |



Chapter 3

Normed spaces over fields with

valuations of higher rank

In this chapter the theory of X-normed spaces over non-Archimedean valued fields
with valuations of higher rank is presented. We will identify the difficulties that
arise when we move from the rank-1 case to the higher rank case and in the process,

some new standalone results will be presented. The main contributions made in this

chapter can be found in subsections [3.4.3] [3.4.4] and [3.4.7]

Although this chapter will help to present the context for the next chapter where
we will study operators on ¢y over a non-Archimedean valued field with a valuation
of higher rank, several results presented here will be independent of what we will do
in Chapter [4} but they are included for their own merit and mathematical value as
well as for the completion of the theory developed in this chapter.

We will begin this chapter with the presentation of a generalization of ultrametric
spaces where the metrics take values in an arbitrary totally ordered set X. Such
ultrametric spaces are called scaled spaces and will describe the metric properties of
a generalized concept of normed space presented later on: X-normed spaces, where

the norms take values in X. An X-normed space will have a base field with a general

67
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valuation taking values in an arbitrary ordered commutative group G, and in order
to have a proper scalar multiplication for these X-normed spaces we will need an
action map G x X — X which will equip X with a G-module structure.

Next, in the pursuit of a formalization for the norm of a bounded linear operator
defined in an X-normed space, we will need to study the Dedekind completion of
G-modules in order to use the concept of supremum needed to define the norm of
a bounded linear operator as well as the norm on a quotient space in this general
context.

Then in [3.4.3] the author presents sufficient conditions to prove that the quotient
space of a spherically complete X-normed space is spherically complete. After that
in [3.4.4] the relations of the cofinality and coinitiality between a group G and a
G-module X are studied and their consequences are presented.

Later the concept of a Banach space is defined for this general context and some
related results are presented.

Subsequently in[3.4.7] I present generalized versions of the Baire category theorem
and the Open Mapping Theorem suitable for this new context.

Finally, major properties of spaces of countable type are discussed and an idea

to solve an open problem regarding the existence of bases is presented.

3.1 Scaled Spaces

Before we studied valued fields in Section [1.2| we studied ultrametric spaces in Section
[I.T)in order to have a better understanding of the topologies involved in valued fields
without getting distracted by their algebraic structure. We will do the same for X-
normed spaces defined in this chapter. Thus we will briefly discuss abstract structures

called scaled spaces that will describe the topology of an X-normed space.

3.1.1 Definition. Let M be a set, let X be a totally ordered set and let 0 be a symbol



69

such that 0 < x for all x € X. An X-valued scale on M is a map d : M x M —
X U{0} such that for all x,y,z € X:

(a) d(z,y) =0z =y,
(b) d(z,y) = d(y, ), and
(¢) d(z,z) < max{d(z,y),d(y, 2)}.
The space (M, X,d) is called a scaled space (ultrametric space if X C (0,00)).

3.1.2 Notation. Let (M, X, d) be a scaled space and consider a € M and r € X.
The sets By(a,r) := B(a,r) := {b € M : d(b,a) < r} and Byla,r] := Bla,r] :=
{b € X :d(bja) < r} are called the open and closed balls of center a and
radius r, respectively. The family of open balls forms a basis of neighborhoods for a
uniquely determined Hausdorff topology on M. This topology is called the topology
induced by d on M.

By noting that the major properties of ultrametric spaces are consequences of
the strict triangle inequality independently of the values of the ultrametric, we can

obtain the result below:

3.1.3 Theorem. Let (M, X,d) be a scaled space. Then the following properties are

satisfied:
(a) Each point of a ball is a center of the ball.
(b) Each ball in M is both closed and open in the topology induced by d.
(¢) Each ball has an empty boundary.
(d) Two balls are either disjoint, or one is contained in the other.

(e) If two balls By, By are disjoint, then dist(By, Bs) = d(a,b) for all a € By,b €
Bs.
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(f) Lete € X. Fora,b € M the relation d(a,b) < € is an equivalence relation and
induces a partition of M into open balls of radius €. Analogously for d(a,b) < &

and closed balls.

(9) Let Y C X, B aballin X, BNY #0. Then, BNY is a ball inY.

(h) Let (ay), be a sequence in M converging to a € M, then for each b € M\ {a},

there exists N € N such that d(a,,b) = d(a,b) for alln > N.
(i) A sequence (a)n in M is Cauchy if and only if lim, . d(ay,, an1) = 0.
Proof. Analogous to the proof of [1.1.6] [ ]

3.1.4 Definition. A nest of balls in a scaled space is a nonempty collection of

balls that is linearly ordered by inclusion.

In the rank 1 case the condition of spherical completeness is needed in results
regarding: extension of maps like the Hahn-Banach theorem (|45} 4.10, 4.15]), fixed
points ([34), 2.3]) and best approximations (38} 21.1, 21.2]). We will see in this chap-
ter that we do not always have a first countability condition in the set where a scale
takes values and therefore the condition of Cauchy completeness is inappropriate
to guarantee convergence of nets. It is natural to require stronger conditions when
the context has reached this level of generality and here the concept of spherical
completeness proved to be a natural condition for convergence in scaled spaces. The

next definition is a generalization of the definition [I.1.7]

3.1.5 Definition. A scaled space M is spherically complete if each nest of balls

in M has a nonempty intersection.

As we will see later, the next result is a useful tool to work with spherically
complete scaled and normed spaces in the higher-rank case, and allows a natural

transition from induction on N to transfinite induction.
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3.1.6 % Proposition. A scaled space M is spherically complete if and only if every

nest of balls in M indexed by a limit ordinal has a nonempty intersection.

Proof. If M is spherically complete then every nest of balls in M has a nonempty
intersection.

To prove the other implication suppose that every nest of balls indexed by a limit
ordinal has a nonempty intersection. Let {B; : ¢ € I} be a nest of balls in M, i.e.
I # 0 is a totally ordered set such that for each i € I, B; is a ball in M and for
i,j € 1,4 < jimplies B; C B;. If I has a maximum, say k, then N;e;B; = By # 0.
Now suppose that I does not have a maximum. It is enough to prove the following
claim.

Claim: There exist a limit ordinal g and a set {i, € I : @ < 8} that is cofinal
on [.

In fact, if the claim is true, then by hypothesis () # Na<sBi, = NicrBi. Let’s
prove the claim. Since I # (), there exists i € I. Since ig # max I, we have that
{i €el:i>1iy}#0. So we can choose some i; € I such that i; > 5. Suppose that
for an ordinal 4, for every a < § we choose i, such that {i, € I : a < d} is strictly
increasing. If {i, € I : @ < d} is cofinal on I, then we are done. Otherwise, we can
choose i5 from {i € I : i > i, for all @ < ¢}, since it is nonempty. Because of the
axiom of choice, the process has to terminate, otherwise we found an injection from

the proper class of all the ordinals into a set. [ |

The concept of spherical completeness for scaled spaces offers a result regarding
best approximations similar to [38, 21.1, 21.2] in ultrametric spaces. Specifically, we

have the following:

3.1.7 Theorem ([30} 1.2.3]). Let (M, X,d) be a scaled space and let V C M be a
spherically complete subspace. Then each x € M has a best approximation in V i.e.

min{d(xz,v) : v € V'} exists.
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The next result characterizes those scaled spaces that can be considered as ul-

trametric spaces:

3.1.8 Theorem ([30, 1.2.4]). Let (M, X,d) be a scaled space. The following state-

ments are equivalent:

(a) M is ultrametrizable, i.e. the topology on M induced by d is also induced by

some ultrametric d’' : M x M — R.

(b) M is discrete or there exist s1 > s > ... in X such that lim, s, = 0.

3.2 Valued fields with valuations of higher rank

In we defined Krull valuations with values in an additive ordered abelian group
(G,+). In this chapter we will define normed spaces over fields with Krull valuations
for which it is convenient to consider G as a multiplicative group (G,-) instead.
While an additive group (G, +) satisfying a +b = b+ a for all a,b € G, is said to be
abelian, a multiplicative group (G, -) satisfying ab = ba for all a,b € G, is said to be
commutative. Once the terms abelian or commutative are used, then the adjectives
additive and multiplicative will be omitted. Hence, the definition of Krull valuation
is rephrased as follows: given a field K and an arbitrary ordered commutative group

G, a Krull valuation on K is a map |- | : K — G U {0} satisfying:
(a) | -] is onto,
(b) |z| =0iff x =0,
(©) |z +yl < maz{|z], [yl},
(d) fzy| = |2lly|.

where 0 is a symbol such that 0 < g and 0 = 0g = g0 = 00 for all g € G. With

this new definition, the map |-| is a Krull valuation if and only if the map v(z) = |z|~!
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is a valuation defined as in [[.8.1] but using a multiplicative group instead and putting
0~! = oo. Notice that the map d : K x K — G U {0}, d(z,y) = |z — y| is a scale on
K. The topology induced by this scale coincides with the valuation topology induced
by v (see[1.8.3). We will avoid the case when | - | induces the discrete topology on
K, this is when | - | is the trivial valuation, i.e. G = {1}.

In this new setting, the general Hahn field defined in is adjusted as follows:

3.2.1 Definition. Given a field K and an arbitrary ordered commutative group G,
the general Hahn field K ((G)) is the field of all X € K9, for which supp()\) is dually
well-ordered in the order of G (i.e. each non-empty subset of supp(\) has a largest
element), equipped with pointwise addition, i.e. (A + A2)(g) = A1(g) + Aa(g) for all
g € G, and with the multiplication defined by (A X2)(g) = X pneyg M1(f)A2(R) for all
geq.

The Hahn valuation defined on K((G)) now is presented as the map
|- ]: K((G)) = GU{oco} defined by

max{supp(A\)} A#0
|A| :==

0 A=0

In we said that G has rank 1 when it can be embedded in (R, +). Since
now we are using multiplicative groups, we will say that G has rank 1 when it can
be embedded in ((0,00),-) and that it has higher rank otherwise. It is necessary to

give a precise definition for the rank of G when its rank is not 1.

3.2.2 Definition. A subset H of a totally ordered group G is convex if x,y € H,
ze€ G, v <z <y impliesz € H. Each proper convex subgroup is bounded from
below and from above. The set of convex subgroups is totally ordered by inclusion.
A convex subgroup H is called principal if there is an a € G such that H is the

smallest convex subgroup of G containing a. The order type of the set of all principal
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nontrivial subgroups is called the rank of G.

3.2.3 Examples. (a) Let F' := {¢" € R : n € Z} the cyclic group generated
by the real number e (the group operation is the multiplication in R). The
commutative group G = {(gn)n € I F : {n : go # 1} is finite} with the
anti-lezicographic order (see has rank w (the first infinite ordinal) and

the nontrivial principal subgroups of G are of the form H,, := H Fx H {1},
k=1 k=n+1

forn e N.
(b) Given n € N, Z" has rank n.

3.2.4 Notation. From now on, G will be a totally ordered commutative group. If
| -] K — GU{0} is a Krull valuation, then we will say that G is the value group
of K.

3.2.5 Definition. Let (K,|-|) be a valued field with value group G. The valued field

(K,|-|) is Cauchy complete when each Cauchy net of K is convergent in K.

3.2.6 Theorem ([30, 1.4.1]). Let (K,|-]|) be a valued field with value group G. The

following statements are equivalent:
(a) (K,|-1|) is metrizable.
(b) (K,|-|) is ultrametrizable.

(¢) G has a coinitial sequence (gn)nen, i.€. for each g € G, there exists n such that

In < 9.

(d) G has a cofinal sequence (gn)nen, i-e. for each g € G, there exists n such that

9 = Gn-
(e) K\ {0} contains a countable set C for which 0 € C.

(f) K contains a countable subset that is not closed.
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3.3 G-modules

In the new setting, a norm can take values in an ordered set X in which a group G

acts. Let’s define the range of this generalized concept of norm.

3.3.1 Definition. Let G be a totally ordered commutative group. A totally ordered
set X is called a G-module if there exists a map G x X — X, written (g,x) — gz,

such that for all g, g1,90 € G and all z, 1,29 € X we have:
(a) g1(g22) = (9192);
(b) 1oz = x;
(c) g1 < g2 = q1& < gox;
(d) ©1 <y = gy < goy;
(e) Gx is coinitial in X;
(f) X has no smallest element.
The map (g, x) — gz is called a G-action on X.

The axioms that define a G-action on X produce the following consequences:

3.3.2 Lemma ([30, pp. 246-247)). If X is a G-module, then for all x,x1,29 € X

and g,91,92 € G:

(¢") the implication g1 < g2 = g1 < gox does not hold for some G and X,
(d') x1 < 9 = gr1 < g2,

(e') Gz is cofinal in X,

(f') X has no largest element.

3.3.3 Examples. (a) G is a G-module when we consider the multiplication on G

as a G-action on G.
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Let 8 be an ordinal. For each a < 3, put G, = G. Define

X = {(ga)a<6 € [[Ga:{arga#1}is ﬁnite}

a<f

and consider the antilexicographic order on X, i.e. forx = (x,) andy = (ya) in
X, x<yifandonlyifx #y and 1 < y:c(;(lycc,l) where yz™' = (Yox;acp € X
and ¢(x) = max{a : x4 # 1} (compare with the order defined in|1.4.10).

With the action of G on X defined by gz = (9%a)a<p for all g € G and

T = (Ta)a<p in X, we have that X is a G-module.

Let B be an ordinal. For each o < 3, let Gy := {go : g € G} be a copy of G

such that Go = G and Goy, N Ga, =0 for ay < ag < 3. Let

X::UGa

a<p

be ordered by stating that for all s,t € G, such that t < s, we put t < S4, <
Say < S for 0 < ay < ag < B. Then X becomes a G-module by extending the

multiplication of G by gsa := (95)a-

3.3.4 Notation. From now on K will be a field with Krull valuation |- | : K —

G U {0}, where G is a totally ordered commutative group and Og is an element

adjoined to G satisfying: 0 = 0qg = g0 = 050¢ for all g € G. Additionally, to

each G-module X we adjoin an element Ox for which, 0x = 050x = Ogx < x for

each x € X. However, we will denote Og and Ox by 0.

3.3.5 Definition. Let E be a vector space over (K,|-|) and let X be a G-module.

An X-norm on E is a map || - || : E — X U{0} such that for allxz,y € E, A € K:

(@)
(b)

l|z|]| =0 < x = 0;

Azl = Al
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(¢) llx +yll < max{][z]], [[y[|}.

The space (E,|| - ||) is called an X -normed space.
Some examples of X-normed spaces using the G-modules presented in [3.3.3}
3.3.6 Examples. Let K be a field with Krull valuation |-|: K — G U{0}.

(a) The space ¢y = {(mn)n € [lhen K ¢ lim, 2, = O} with the norm ||(x,)n|| =
max{|z,| : n € N} is an X-normed space where X = G. Here, for (z,), €
[Ihen K, lim, z,, = 0 if and only if for all g € G, there exists N € N such that

n>N=|z,| <g.

(b) Let 3 be an ordinal and let X be the G-module of [3.3.3.8 The space cyy :=

{(xa)a € [lacp K : {a: xo # 0} is finite} with the norm ||(2a)al| := (|Ta|)a<s

is an X -normed space.

(¢) Consider K = R((z)) with the valuation | - | defined after[1.5.10, Hence G =
{e" € R:n € Z}. Let 3 be an ordinal and let X be the G-module of [3.3.5.4
Define I as the set of all the finite sets of ordinals smaller than 5. The space
KY,:a <) ={2acs Yl J e\, € K,n, € N} is an X-normed
space with the norm defined as || Y acy oYl = [|NsY5 || := |Ns|ele where

d = max(J).

In the rank-1 case, the topology induced by a norm is a vector topology, i.e. the
addition of vectors and the scalar multiplication are continuous maps with respect
to the topology induced by the norm. In the result below we verify that these facts

are satisfied by every X-normed space among other properties.
3.3.7 Theorem. Let (E,||-||) be an X-normed space where X is a G-module.
(a) the map d: E x E— X U{0}, d(e, f) :=||le — f|| is an X-valued scale.

(b) For every x € E '\ {0}, the norm is constant on the ball B(x, ||x]||).
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(¢c) The norm||-|| : E — X U{0} is continuous with respect to the topology induced
by d.

(d) The addition map + : E x E — E is continuous.

(e) The scalar multiplication - : K x E — E is continuous.

(f) Forallx € K\{0}, T:E — E, T(e) = \e is a homeomorphism.
(g9) For any subset A C E and any A € K, NA = MA.

Proof. (a): Analogous to the standard proof of a norm inducing a metric.

(b): For any y € B(xz,||z||), we have that ||y — z|| < [|x||. Thus by the strong
triangular inequality of the norm, it follows that ||z|| = ||y||.

(c): Let (e;)icr be a net on E convergent to e € E. If e = 0, this means that
for all s € X, there exists 7 € I such that i > j = ||e;|| < s. Thus the net
(lleil|)ier on X is convergent to 0 = ||e||. Now, if e # 0, there exists j € I such that
i >j = |le; —el| < |lel|. ByB.3.7.1 |les|| = |le]| for ¢ > j. Therefore (||e;]])ser is
convergent to ||e]].

(d): For all z,y,2',y € E, we have that ||(z +y) — (2 + ¢)|| < max{||z —
2|, ||y — ||} Thus +(B(x,s) x B(y,s)) C B(z+y,s) for all s € X.

(e): Let (A, €;)icr be anet on K X E convergent to (A, e) € K x E. || \je; — Ae|| =
[[Xie; — Aei 4+ Ae; — Ae|| < max{|\; — Al ||es]|, [A| ||e; —el|}. By[3-3.7.H either ||e;|| — 0
or ||e;]] is eventually equal to the constant ||e||. Either way, A\;e; — Ae.

The statements (f) and (g) have standard proofs. |
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3.4 Continuous linear operators and Dedekind
completions

In this section we will study continuous linear operators between normed spaces in
the higher rank case and will develop the necessary means to conceive norms for
bounded operators and for quotient spaces. Throughout this section we will let XY

be G-modules, let ' be an X-normed space and let F' be a Y-normed space.

3.4.1 Theorem. Let T : E — F be a continuous linear map. For every t € X, the

set {||Te|| : |le|]| <t} is bounded above in'Y .

Proof. By continuity of T, for each y € Y, there exists x € X such that ||Te|| <y
whenever ||e|]| < x. Let t € X. Since Gt is coinitial in X, there exists g € G such
that gt < z. Choose A € K such that |A\| = g and let e € E be such that ||e|| < ¢.

Then ||Xe|| = |A|||e]| < gt < x. Hence ||T'(Xe)|| < y and thus ||Te|| < g7 1y. [

A natural candidate for the norm of a continuous linear map 7' : £ — F would
be a map of the form || - ||; : L(E, F) = Y, ||T||; := sup{||Te|| : ||e|]| < t} for t € X.
The problem is that the supremum may not exist in Y. To solve this problem we

invoke the concept of Dedekind completion.

3.4.1 Dedekind completion of an ordered set

In order to define a norm that requires the notion of supremum or infimum we

introduce the following:

3.4.2 Definition. A totally ordered set C is called Dedekind complete if each

non-empty subset of C' that is bounded above has a supremum.

Notice that a totally ordered set C' is Dedekind complete if and only if each

nonempty subset of C' that is bounded below has an infimum. In the subsequent
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paragraphs we will study the Dedekind completion of an ordered set and verify that
any ordered set can be embedded in a natural way in a Dedekind complete ordered

set.

3.4.3 Notation. Let A C B C C where C' is a totally ordered set. We say that
s = suppA if s € B, s > a for all a € A, and if b € B satisfies b > a for all
a € A, then b > s. Similarly, we define infp A. If both supg A and sup- A exist,
then supg A > sups A, but we do not always have equality. When there is no possible

confusion, we will sometimes write sup A instead of supg A.

The next construction mimics the construction of the ordered set of real numbers

from the rational numbers set as its Dedekind completion.

3.4.4 Definition. Let C' be a totally ordered set. A subset S of C is called a cut if
(a) S#0, S is bounded above;
(b) ifreS, y<xthenyeS;
(c) if sup S exists then sup S € S.

Let C% be the collection of all cuts of C. With the ordering by inclusion C* becomes
a totally ordered set. Let’s verify that C* is Dedekind complete. Let A C C# be
nonempty and bounded above. There is a cut T such that S C T for all S € A.
ThenV :=Ugea S is nonempty and bounded above by T, and by adding sup V' (if it
exists) to V- we obtain a cut equal to supe# A. We have the natural order embedding
@ : C — C* given by

p(x):={a€C:a<uza},

which is strictly increasing (order-preserving). Often we shall identify C' and ¢(C).
The ordered set C* is called the Dedekind completion of C, and it is the smallest

Dedekind complete ordered set containing C' in the sense that for any given Dedekind
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complete ordered set D and any order embedding f : C'— D, there exists a unique
order embedding f : C* — D such that f o = f. Additionally, C* is unique up to

order-isomorphism. For details see ([{4), 5.2]).

In the next result we summarize the main properties that can be obtained from

the intrinsic relation between an ordered set C' and its Dedekind completion C#.

3.4.5 Proposition. Let C' be a totally ordered set with Dedekind completion C7#.

Then the following statements hold:
(a) C is Dedekind complete if and only if C = C¥.
(b) C is cofinal and coinitial in C#.

(¢c) For every s € C#, {c € C :c < s} isa cut in C and every cut in C has this

form.
(d) If s,t € C#, s < t, then there exist z,y € C with s <z <t and s <y < t.
(e) For each s € C%, s =suppu{c € C:c< s} =infes{ce C:c> s}

(f) For each s € C%, sq:= max{c € C : ¢ < s} exists if and only if s; := max{c €

C# :c < s} emists. In that case, so = 5.

(9) For each s € C%, s = supou{c € C : c < s} if and only if s = supox{c € C* :

c < s}
(h) For each s € C*, supps{c € C:c < s} =supox{c € C¥ : c < s}.

(i) For each s € C%, sy := min{c € C : s < ¢} ewists if and only if s; := min{c €

C# . s < c} erists. In that case, so = 5.

(i) For each s € C%, s = infou{c € C : s < c} if and only if s = infou{c € C¥ :

s < c}.
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(k) For each s € C#, infeu{c € C: s <c} =infes{c e C* : s < c}.
(1) If AC C, s =supg A, then s = supg# A. If t = info A, then t = infos A.

Proof. The statements (a), (b), (¢), (d), (e) and (1) are proved in [30, 1.1.4].

(f): Let s € C* and suppose that so := max{c € C : ¢ < s} exists. Then sy € G
and so < sup{c € C% : ¢ < s} := s;. If the inequality were strict, then by
51 € G. Thus, by the definition of supremum, there would exist ¢;,t, € G* such that
Sp < t; <ty < s1. Then bythere would be a g € GG such that sy < t; < g <
ty < s1 < s contradicting the definition of so. Hence sy = s = max{c € C#*:c< s}.
Now suppose that s; := max{c € C# : ¢ < s} exists. Then s, < s and by [3.4.5.d| we
have that s;,s € G. Hence s; = max{c € C': ¢ < s}.

(g): if s =suppz{c e C:c < s}and s; =suppgs{c € CF : ¢ < s} then s < 51 <
s. Now suppose that s = supos{c € C# : ¢ < s} and let sy := supps{c € C : ¢ < s}.
Then sy < s. If 55 < s, then by definition of supremum there exist t;,t, € G#
such that sy < t; < to < s;. Then by there would be a g € G such that
s <t < g <ty < sy <s contradicting the definition of sq. Therefore sy = s.

(h): the supremum M := sups«{c € C* : ¢ < s} can take only two values: either
M = max{c € C* : ¢ < s} or M = s. In the former case, by (f) it follows that
M = max{c € C : ¢ < s}; in the latter case, by (g) we have that M = sups«{c €
C:c<s}.

The proofs of (i), (j) and (k) are analogous to the ones of (f), (g) and (h) respec-

tively. ]

3.4.2 The Dedekind completion X7 as a G-module

For a norm on L(E, F) we need to make sense of the equality ||A\T|| = |A]||T|| for
any T € L(E, F) and any A € K. For this end we need a G-module structure in X#.

First, let’s present the behavior of infima and suprema in a G-module with respect
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to its G-action.
3.4.6 Theorem ([30, 1.5.3]). Let X be a G-module.

(a) Let V. C X, g € G. If supy V exists, then gsupy V = supy gV. IfinfxV
exists, then ginfx V' = infy gV. IfV is not bounded above (below), then neither

s gV'.

(b) Let W C G, s € X. Ifsupe W and supy W's exist, then sup Ws < (supg W)s.
If info W and infx Ws exist, then inf Ws > (infg W)s. The set W is bounded
above (below) if and only if W's is bounded above (below).

3.4.7 Remark. (a) To express the fact that some subset V' of a G-module X is
not bounded below we sometimes write inf V= 0 which can be interpreted as

the infimum taken in X U {0}.

b) For an example in which the inequalities in (b) above are strict see [30, 1.5.5
/
(C)/‘

The next result defines a structure of G-module on X# when X is a G-module.

3.4.8 Theorem ([30, 1.5.4]). Let X be a G-module. The G-action G x X — X
can uniquely be extended to a G-action G x X% — X7 making of X* a G-module.
Specifically, the map (g,s) — gs := sup{gz : z € X,z < s} is the only G-action on

X7 extending the one on X.
Now we are in position to define a norm in L(E, F).

3.4.9 Definition. For each t € X, the map || - ||; : L(E, F) — Y# U {0}, ||T||; :=

sup{||Te|| : |le|]| <t} defines a Y#-norm on L(E, F) called a uniform norm.

3.4.10 Remark. (a) For any given s,t € X, there are g,h € G such that

gll - lls < 11+ {le < All- 1l
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(b) The induced topology on the space L(E,F) is the topology of uniform conver-

gence on bounded sets (see [30, p. 257]).

3.4.11 Definition. Suppose that X =Y and let Lip(E, F) be the space of all T €
L(E, F) such that there is a g € G satisfying ||Te|| < glle|| for all e € E, i.e. T
is a linear Lipschitz map or bounded map. The map || -|| : Lip(E,F) — G,
||| :== inf{g € G : ||Te|| < glle|| for all e € E} defines the Lipschitz norm on
Lip(E, F).

3.4.12 Remark. Unlike the rank(G) = 1 case, it is possible to have Lip(E, F) &
L(E,F). See for example [17] and [18, XI].

3.4.3 Quotient spaces of X-normed spaces

In this subsection we will focus on the structure of X#-normed space of a quotient

space and study sufficient conditions to have spherically complete quotient spaces.

3.4.13 Definition. Let E be an X-normed space where X is a G-module. Let D
be a closed subspace of E and let m : E — E/D be the canonical map. The map
||m(e)]| := inf{|le — d|| : d € D} defines an X#-norm on E/D called the quotient

norm.
The following result is mentioned in [30, p. 257] with no proof.

3.4.14 Theorem. Let X, E, D, E/D and w be as in definition|3.4.15. The following

statements hold:
(a) [[mw(e)]| < |le]| for alle € E,
(b) The norm topology on E/D is equivalent to the quotient topology induced by .

(c) If F is an X*-normed space, T € L(E,F) and D = ker(T), then the map
Ty : E/D — F defined by Ty (w(e)) := T'(e) belongs to L(E/D, F') and for each
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s,t € X%, with s < t we have ||T||s < ||Tills < |IT|l¢. In particular, if T is

Lipschitz then so is Ty and ||T|| = ||T1]|.

Proof. The proofs of (a) and (b) are analogous to their classical counterparts. In
(c) to prove that 77 is a well-defined continuous linear map it is enough to use
the fact that D = ker(T) and the definition of the norm in E/D. Let s,t € X#,
with s < t. Let e € E be such that ||e|] < s. Then by (a), ||7(e)|]| < s. Hence
[|Tel| = ||Tym(e)||. Thus {||T¢|| : |le]| < s} C {||Tim(e)|| : ||m(e)|| < s} and therefore
|T)|s < ||T1||s- Now suppose ||7(e)|| < s < t. Then there exists d € D such that
l|m(e)|]| < |le —d|| < t. Since ||[Tiw(e)|| = ||Te|]| = ||T(e — d)||, it follows that
{|Tam(e)|| - ||m(e)]| < s} C {||Te|| : |lel]| <t} and therefore ||T1]|s < ||T||s. Finally,
suppose that 7" is Lipschitz. Then there exists ¢ € G such that ||Te|| < glle|| for
all e € E. Hence we have that for any d € D, ||Tiw(e)|| = ||T(e — d)|| < glle — d||
which implies that ||Ti7(e)|| < g||m(e)||. Thus 77 is Lipschitz and {g € G : ||Te|| <
glle|| foralle € E} C {g € G : ||Tim(e)|| < g||m(e)|| for all m(e) € E/D}. Now let
g € G be such that ||Ti7(e)|| < gl|m(e)|| for all e € E. Then ||Te|| = ||Tim(e)|| <
gllm(e)|] < glle|| for all e € E. Therefore {g € G : ||Te|| < g|le|| for all e € E} =
{g € G :||Tim(e)|| < g||m(e)|| for all w(e) € E/D} and hence ||T3|| = ||T]. |

3.4.15 Definition. Let X, E, F, D, E/D, n, T and T} be as in|3.4.14.d. The space
F is called a quotient of E if T € L(E, F) can be chosen such that the map T} is
an isometrical isomorphism. Such a T is called a quotient map. A quotient map

T € L(E,F) is a strict quotient map (and F is called a strict quotient of E)
if for all f € F we have ||f|| = min{||e|| : Te = f}.

3.4.16 Remark. A surjective T € L(E, F) is a quotient map if and only if for each
f € F we have ||f|| = inf{]le|| : Te = f}.

The next result characterizes the quotient maps and strict quotient maps.
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3.4.17 Proposition. Let X be a G-module, let E, F be X-normed spaces and let

m: E — F be a linear map. Then the following statements hold.
(a) 7 is a quotient map if and only if, for each s € X, m(Bg(0,s)) = Br(0, s).

(b) 7 is a strict quotient map if and only if 7 is a quotient map and for each s € X,

7T-(BE[O7 SD = BF[Ov S]'
(c)  is a strict quotient map if and only if, for each s € X, w(Bg|0, s]) = Br|0, s].

Proof. The statements (a) and (b) are proved in [30, 2.2.2]. Let’s prove (c). If 7 is a
strict quotient map, then by (b), m(Bg[0, s]) = Br[0, s] for each s € X. Now suppose
that for every s € X, m(Bg|0, s]) = Br|0, s]. There are two mutually exclusive cases.
Case 1: sp:=max{z € X : x < s} exists. In this case, Bg(0, s) = Bg[0, so] and
therefore m(Bg(0, s)) = 7(Bg|0, so]) = Br[0, so] = Br(0, s).
Case 2: s = sup{z € X : = < s}. In this case, Bg(0,s) = U<, Bg[0, 2] and
thus m(Bg(0,s)) = Uyes m(BEg|0, 2]) = Uyes Br[0, 2] = Br(0, s).

Therefore by (a), 7 is a quotient map and by (b), 7 is a strict quotient map. W

3.4.18 Corollary ([30, 2.2.3]). Let X be a G-module, let E, F' be X -normed spaces,

let m: E — F be a linear map and let f € F and s € X.

(a) If m is a quotient map and B = Bp(f,s) then m(Bg(e,s)) = B for each e €
7 1(B).

(b) If ™ is a strict quotient map and B = Bp[f,s] then w(Bgle,s|) = B for each
e € 7 1(B).

The next result shows how strict quotients of spherically complete spaces are
spherically complete while demonstrating the usefulness of our tool, Proposition
allowing the use of transfinite induction. Although this result was first stated

in [30}, 2.2.5], the proof offered there is not a clear one and the author thinks that a
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rigorous proof is needed. The proof offered here uses transfinite induction which is

a new approach.

3.4.19 % Proposition. Strict quotients of spherically complete spaces are spheri-

cally complete.

Proof. Let X be a G-module and let E, F' be X-normed spaces. Let 7 : £ — F
be a strict quotient map and suppose that E is spherically complete. By it
is enough to prove that every nest of balls in F' indexed by a limit ordinal has a
nonempty intersection. Let /3 be a limit ordinal and let {B,, : @ < 8} be a collection
such that for each o < 3, By, = Bp[fa, Sa] for some f, € F and s, € X satisfying
Say < Say and B,, C B,, whenever ay < ap < 3. By B, = m(Bgla, s,]) for
all a« € 771(B,) and for every a < (3. Let’s introduce our hypothesis of transfinite
induction. Suppose that for some 6 < /3, we have a nest of balls in F, say { Bg|aa, Sa] :
a < d} such that B, = 7(Bglaa, Sa)). Let s := inf{s, : @ < 0}. Then s > s;.
Since E is spherically complete, there exists an element a in Nyc5 Brlaa, So]- By
Bgla, sa] = Bglaa, so] and thus Bgla, s] = Na<s Be|a, Sa] = Nacs BE[Ga; S
and by Br|fa, Sa] = 7(Bglaa, sa]) = 7(Bgla, ss]) = Br[n(a),s.]. Hence
m(Bgla, s]) = Br[r(a),s] = Na<s Br((a), sa] = Na<cs Brlfa, $a]l O Brlfs; s5]. Then
there exists as in Bgla, | such that 7w(as) = fs. Thus Bp|fs, ss| = m(Bg|as, s5]) and
Bglas, ss| C Bglas, s] = Bgla, s]. Now by transfinite induction we can build a nest
of balls {Bg|aq, sa] : @ < } such that B, = 7(Bglaa, Sa]). Since there exists an

element b in N,-3 Bglaa, so|, it follows that 7(b) € N, Ba. |

In Proposition the hypothesis over the quotient space of being strict can

be dropped when we assume a certain first countability condition on X7.

3.4.20 % Proposition. Let X be a G-module and let E be a spherically complete

X -normed space. If for every s € X# U{0}, such that s = inf{x € X : s < z}, there
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exists a sequence (t,)nen in X such that s < t, for alln € N and s = inf{t, : n € N},

then every quotient space F of E is spherically complete.

Proof. Let F be a quotient space of E. By it is enough to prove that every
nest of balls in F' indexed by a limit ordinal has a nonempty intersection. Although
F is a X*#-normed space, it is enough to consider nests of balls with radii in X
by Let 8 be a limit ordinal and let {B, : @ < (B} be a collection such
that for each a < 8, B, = Bp(fa,Sa) for some f, € F and s, € X satisfying
Say < Say and B,, C B,, whenever a; < ay < . Let s := inf{s, : a < 8}. By
hypothesis, there exists a sequence (t,)neny in X such that s = inf{¢, : n € N}.
We can assume that (¢,),en is strictly decreasing (by taking a subsequence if it is
necessary). Let zg = sp and for each n € N, let z, € {s, : @ < 8} be such that
x, < min{t,,z,_1}. Then there is a strictly increasing sequence of ordinals a,, < (3
such that z, = s,,. Thus s = inf{z, : n € N}. Put f, := f., and B, = Bp(fn, )
for each n € N. Let 7 : E — F be a quotient map and let a; € 7~!(B;). Then
by n(Bg(a1,x1)) = B;. Suppose that for & € N, we have a nest of balls
{Bg(an,x,) : 1 < n < k} such that n(Bg(an,z,)) = B, for each n € {1,..., k}.
Since Byy1 C By = m(Bg(ag, xx)), there exists ax1 € Bg(ay, xx) such that m(ag,1) =
fr+1. Hence by , we have that Bg(agi1, k1) C Br(agy1, xr) = Bgr(ag, xr)
and byit follows that 7(Bg (a1, Trr1)) = Bry1. Therefore, by induction there
is a nest of balls { Bg(an, z,) : n € N} such that m(Bg(an,,x,)) = B, for all n € N.
Since E is spherically complete, we can choose an element a in N2, Br(an,, ;).

Then 7(a) € NyZ, 7(Be(an, Tn)) = Nty By = Na<s Ba- |

Proposition [3.4.20|is an improvement to [30, 2.2.5] where it is supposed that the
countability condition in G# is enough. This is false and it is proved in [3.4.28|
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3.4.4 Coinitiality and Cofinality of G-modules

In this subsection we will study the coinitiality and cofinality of G-modules and will

see their topological consequences.

3.4.21 Definition. The cofinality (coinitiality) of an ordered set C' is the least
ordinal 8 such that there is a cofinal (coinitial) subset of C' of the form {c, € C :

a < B}. It is denoted by cof(C) (coi(C'), respectively).

3.4.22 % Proposition. Let X be a G-module. Then coi(X#) = coi(X) = coi(G) =
cof (G) = cof (X) = cof (X#).

Proof. coi(G) = cof(G): It is enough to notice that a set {g, € G : o < [} is
coinitial in G if and only if the set {g,' € G : a < 8} is cofinal in G.

cof(G) = cof(X): Let 8 := cof(G). Then there exists a set {g, € G : a < S}
cofinal in G. Let’s prove that the set {g,z € X : a < } is cofinal in X for
any x € X. Let v € X. For each s € X there exists ¢ € G such that s < gx
(3.3.2le’). Then there is an ordinal @ < f such that s < gz < g,x. Therefore
cof (X) < B = cof(G). Now put § := cof(X) and suppose that {z, € X : a < 0} is
cofinal in X. Let x € X. For every a < ¢, there exists h, € G such that x, < hy,x
(3.3.2le’). Thus {h,x € X : a < 0} is cofinal in X and hence {h, € G : a < 0} is
cofinal in GG. Otherwise, there exists h € G such that h, < h for all a < §. Then
hor < hz for all a < 6 and thus ha = max(X) which contradicts [3.3.2}f> Therefore
cof(G) < § = cof(X).

cof(X) = cof(X#): immediate from [3.4.5.d

coi(X#) = coi(X) = coi(G): analogous to the proof of cof(G) = cof(X) =
cof (X7). |

The next result characterizes the G-modules associated with ultrametrizable val-

ued fields.
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3.4.23 Proposition. Let (K, |-|) be a valued field and let X be a G-module. The

following statements are equivalent:
(a) (K,|-|) is ultrametrizable,
(b) there ezists a sequence (An)nen in K such that lim, \,, = 0,
(c) there ezists a sequence (x,)nen in X such that lim, x, = 0.

Proof. By the statements (a) and (b) are equivalent to coi(G) = w (the first
infinite ordinal). By Proposition [3.4.22] this is equivalent to coi(X) = w, which
in turn is equivalent to the existence of a countable coinitial subset C' C X. Now
notice that a countable subset C' C X is coinitial if and only if C' contains a sequence

(Zy )nen such that lim, x,, = 0. [ |

We will see in the subsection [3.5] that in order to obtain some important results
on X-normed spaces, the order topology on G7 is asked to be 1st countable. In the

rest of the subsection we will characterize the valued fields that satisfy this condition.

3.4.24 Definition. Let (K, |-|) be a valued field and let B = Bgl0,1]. A subset A
of K is absolutely convex if it is a Bx-submodule of K, in other words, if 0 € A
and x,y € A, \, u € By implies \x + uy € A. If in addition, there exists a countable
subset R C A such that every a € A can be written as a = A\ja; + Asas + - - + Ay,

for some n € N, \; € Bx and a; € R, then A is said to be countably generated.
The following result describes the absolutely convex subsets of K.

3.4.25 Theorem ([30, 1.4.3]). Let (K,|-|) be a valued field. The sets {0}, K,
B0,7r) = {A € K : |\ <r} and B[0,r] = {\ € K : |\ <r} forr € G¥, are

absolutely convex. Fach absolutely convex subset of K is of one of these forms.

The order topology on a totally ordered set C' is defined as the topology gen-

erated by the sets of the form {c € C': ¢ > s} and {c € C' : ¢ < s} where s € C.



91

3.4.26 Theorem ([30, 1.4.4]). Let (K, |-|) be a valued field. The following statements

are equivalent:
(a) Each absolutely convex subset of K is countably generated as a By -module.

(b) G has a cofinal sequence. For each s € G¥, there are g1, ¢z, € G, g, < s

for all n € N such that supg#{t € G¥ : t < s} = supg#{gn : n € N}.

(¢) G has a coinitial sequence. For each s € G¥, there are g1, g2, € G, gn > 8

for all n € N such that infox{t € G¥ : s < t} = infgs{g, : n € N}.

(d) The order topology on G¥ satisfies the first axiom of countability. G* has a

cofinal sequence.

3.4.27 Remark. Notice that the condition imposed on G* in coincides with
the condition on the G-module X7 in when we replace X7 by G in|3.4.20
But this does not mean that we have an implication in general as is shown in the

following result.

3.4.28 Proposition. If a valued field (K, |- |) satisfies the statements of Theorem
then a G-module X does not have to satisfy i.e. for some G-module
X there exists an element s € X% such that infxx{t € X# : s <t} < infx#{g, :

n € N} for every sequence (gn), in X with g, > s.

Proof. Consider G = {e" € R : n € Z} with the usual multiplication. Since G
is countable, it satisfies [3.4.26.d Now consider the G-module X defined in
with § := w; (the first uncountable ordinal). For n € Z, let s := e". We have
that s = inf{r € X : s < 2} = inf{e™™ : o < B}. If there are 71,29, - € X
such that s < z, for all n € N, then there exists o < 8 such that e"™! < x,, for
all n € N. Otherwise cof(f) = w, which contradicts the definition of 3. Therefore,

s < e <inf{z, :n € N} |
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3.4.29 Remark. Notice that the G-module X of the previous proposition also shows

that the statements|3.4.26.0 and |3.4.26.d are not equivalent in every G-module. In

fact, X satisfies|3.4.26.Y (every ey € X is the successor of el and therefore e, ; =

sup{r € X : x < e™}. Hence X = X# and thus it is enough to choose g,, = eqyq for

alln € N). But X does not satisfy|3.4.26.4 as is shown in|3.4.28.

3.4.5 Equivalence of norms in Lip(F, F') and Lipy(FE, F)

In section 2.2 we studied the equivalence of 5 norms on L(E, F') in the rank(G) = 1
case. Now in the general case, as we commented earlier, not every continuous linear
operator is bounded, so we will restrict ourselves to the case in which the operators

are bounded and where we are able to define the usual norms for these operators.

3.4.30 Definition. Let G be a totally ordered commutative group and let K be a
valued field with value group G. Let E be a G-normed space over K and let F' be
a Y-normed space over K where Y is a G-module. Consider the set Lipy (E,F)
of all the continuous linear maps T : & — F' for which there is a y € Y such that
||Tel| <lle|ly for alle € E. This set is a vector space over K. Notice that forY = G,
we have that Lipy (E, F) = Lip(E,F). Given T € Lipy(E, F), the expression [[Te]]

[lel]
will denote ||e||7Y|Te|| €Y for |le]| € G and ||Te|]| €Y.

3.4.31 Proposition. Let G, (K,|-|), E, F, Y and Lipy(E,F) be as in defini-
tion |3.4.50L Let T € Lipy(E,F). The following formulas define Y#-norms on
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Lipy (E, F):

Tl = Yﬁ{gﬁo}{y €Y :||[Tell < |lelly, foralle € E}

ITlly = inf {y € Y £ |[Tel] < llelly. for all e € E)

T

||T||1 := sup {MEYZGEE\{O}}
v#ugoy L |lell
T

IT||5 := sup {HeHEY:0<HeH§1}
v#ufoy L Ilell

IT[|s := sup {|[Te|]| €Y :[le]| =1}
Y#U{0}

IT[|ls == sup {[[Te|| €Y :|le]| <1}.
Y#U{0}

Furthermore, || T|| = ||Tly = [[T[l = |Tll2 = [[Tlls = |[Tls for all T € Lipy (E, F).

Proof. Let T € Lipy(E,F), T # 0. The verification of the fact that the formulas

above define Y#-norms is straightforward. In order to prove their equality consider

llell

the set A = {”Tel €Y:ee€ E\{O}} Then ||T||4 = inf{y e Y# :a <y, foralla e
A} =inf{y € Y# :sup A < y} = sup A = ||T||; where the penultimate equality is
due to [3.4.5.d By definition, we have ||T||x < ||T||. Suppose that ||T||x < ||T]].
Then by [B.4.5.d] there exists # € Y such that a < ||T]|4 <z < ||T]| for all a € A4,
contradicting the definition of ||T'||. Therefore ||T||x = ||T||. Let i € {2,3,4}.
By definition, we have that ||T'||; < ||T|[,. For e € E'\ {0}, let A € K such that

A = [[e][ 1. Thus Ul = TG — ||7(Ae)|| < ||T]];. Therefore [Tl = ||T]|;:

3.4.6 Banach spaces and linear operators with finite rank

In the next chapter we will be working with a Banach space over a field of higher
rank so it is appropriate to mention some known results regarding Banach spaces to

see the similarity with the rank-1 case.

3.4.32 Definition. Let K be Cauchy complete valued field and let X be a G-module.
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An X -normed space is Banach when each Cauchy net of E is convergent in E.

3.4.33 Example. Let X be a G-module and let s : N — X. Then cy(N,s) is the
space of all the sequences (Ap)n in K for which lim, |A|s(n) = 0 with coordinatewise
operations and with X -norm ||(A1, Ag, ... )|| = max, |A,|s(n). If X =G and s(n) =1
for all n € N we have that ¢o(N,s) = co. If K is Cauchy complete then the space

co(N, s) is Banach. The proof is standard.

3.4.34 Theorem. Let E be a Banach space over a Cauchy complete non-Archimedean

valued field K of higher rank. If (x,), is a sequence of elements in E, then

o0

Z Ty 18 convergent in B < nhjEO z, = 0.
n=1
Proof. Analogous to the proof of [2.1.7] [

3.4.35 Theorem ([30, 2.3.5]). Let K be Cauchy complete and let X be a Dedekind
complete G-module. Every continuous linear map from an X-normed space E into

a finite-dimensional X -normed space F is Lipschitz.

3.4.36 Theorem ([30] 2.3.6]). Let E, F' be normed spaces over K. If F' is a Banach
space, then so is L(E, F). If, in addition, E, F are both X -normed spaces for some

G-module X that is Dedekind complete, then Lip(E, F') is a Banach space.

3.4.37 Corollary ([30, 2.3.7]). Let K be Cauchy complete and let E, F be normed
spaces over K. If F is finite-dimensional, then L(E,F) is a Banach space. In

particular, E' is a Banach space.

3.4.38 Proposition. Suppose that K is ultrametrizable. Let X be a G-module, let
E be an X-normed space and let F' be a quotient space of E. If E is Banach, then

F is Banach.
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Proof. Since K is ultrametrizable, then there exists a strictly decreasing sequence
(tn)nen in X such that inf{¢, : n € N} = 0. Now the proof follows as in [3.4.20| with
s =0. ]

3.4.7 Generalizing the Open Mapping Theorem

If the field K is assumed to be ultrametrizable and Cauchy complete, then the
Open Mapping Theorem, the Closed Graph Theorem and the Uniform Boundedness

Theorem are proven in [30, 2.5.4, 2.5.6]. Recall that if K is ultrametrizable, then

cof(G) must be countable (see [3.4.21] and [3.4.23)).

In this section we will present the progress made in the pursuit of an Open
Mapping Theorem without restrictions on the group G. First, let’s present our

generalization of the Baire Category Theorem for a spherically complete scaled space.

3.4.39 % Proposition. Let X be a totally ordered set without minimal element.
Suppose that coi(X) = (. Let Z be a spherically complete scaled space with scale
d:7Z x 7 — X. For any ordinal 5" < B, and any collection {A, : o < '} of closed

subsets of Z with empty interior, the union U,<g Ao has empty interior.

Proof. Given an open ball U C Z, we will prove that U ¢ U,<p Aq. In view of
A§ = (), there exists y € U such that y & A, and since Ay is closed, we can choose an
open ball Uy C Z such that UyN Ay = 0 and y € Uy C U. Suppose that for o < 3, we
have a collection {U,, : v < a} of open balls in Z such that v, <y < a = U,, C U,
and U, N A, =0 for all ¥ < a. For each v < a, choose a, € Z and 0, € X such that
U, = B(a,,d,). Since Z is spherically complete, we can choose b € N, , U,. Notice
that o < ' < 8 implies that {5, : v < a} is not coinitial. Thus, there exists 6, € X,
satisfying 6, < 0, for all v < a. Then V,, := B(b,0,) C B(b,0,) = U, for all v < av.
In view of A2 = (), we can choose a € V,, \ A,, and since A, is closed, there exists an
open ball U, C V, such that U, N A, = 0. By using transfinite induction we have

obtained a nest of balls {U, : a < '} in Z such that a; < ag < ' = U,, C Uy,
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and U, N A, = 0 for all « < . Since Z is spherically complete, there exists
T € Nacp Ua C Uy C U such that 2 € Uy Aa. Hence U & Uy Aa- [ |

3.4.40 % Proposition. Let E and F' be X-normed spaces for some G-module X .

If F is spherically complete and T € L(E,F) is surjective, then T(B) is an open
0-neighborhood in F, for each ball B := B(0,¢) in E.

Proof. Put g := cof(X). By [3.4.22] we have that coi(X) = . Let {e, € X : a < 5}
be a cofinal set in X. Then E = U,<3 B(0,e4) and ' = T(E) = U,<3 T(B(0,¢4)) =

Ua<s T(B(0,64,)). By [3.4.39, there exists o < 3 such that T(B(0,e,)) has a non-
empty interior. Hence we can find an open ball B(x,r) C T(B(0,¢,)). Notice that by
the strong triangle inequality, B(0,¢,) is an additive group and hence T(B(0,¢e,))

and T'(B(0,g,)) are also additive groups. Thus, for every z € T(B(0,e,)), z +

B(0,r) =z—a2+ B(x,r) CT(B(0,e4)) + T(B(0,e4)) + T(B(0,e4)) C T(B(0,e4)).
Therefore T'(B(0,¢,)) is open in F. [

An immediate consequence of the previous result is the following:

3.4.41 Proposition. Let E and F' be X-normed spaces for some G-module X. If

F is spherically complete and T € L(E, F) is surjective and closed, then T is open.

Proof. By hypothesis T(B(0,¢)) = T(B(0,¢)) since B(0,¢) is clopen in E for all
e € X. Now by [3.4.40| we conclude that T(B(0,¢)) is open and therefore T is

open. |

The standard proof of the Open Mapping Theorem uses convergent series to
show that T(B(0,¢)) = T(B(0,¢)) for any surjective T' € L(E, F), where E and
F' are Banach spaces. In our case, this technique is not enough when cof(X) is
uncountable (when K is not ultrametrizable) because we cannot properly define a

sum of an uncountable number of vectors in a Banach space.
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3.5 Spaces of countable type and orthogonality

The concepts of norm-orthogonality (2.3.4] [2.3.5)), orthogonal system ([2.3.14]), or-
thogonal complements (2.3.10) and countable type (2.4.1)) can be defined in the

general case in the same way. From now on, when referring to norm-orthogonality
we will just say orthogonality.

Regarding spaces of countable type we have to following result.

3.5.1 Theorem ([31, 2.5.1]). Let E be a Banach space of countable type with base
field K. Suppose:

(a) the topology on K induced by the valuation is not metrizable, or

(b) G is principal (see[3.2.3), or
(c) each By-submodule of K is countably generated.
Then each closed subspace of E is of countable type.

However it is still unknown whether being of countable type is a hereditary prop-
erty, i.e. it is unknown whether a subspace of a space of countable type is of countable

type when none of the conditions (a), (b) and (c) are satisfied.

3.5.2 Definition. Let E be an X-normed space. An orthogonal basis for E is
an orthogonal countable set (x,,), in E such that for each x € E, there is a unique

sequence (A\,), in K satisfying x = Y00 1 Ay,

H. Ochsenius and W. H. Schikhof proved the following characterization of those

X-normed spaces that admit a basis under certain countability condition.

3.5.3 Theorem ([30), 3.4.1]). Let E be a Banach space of countable type and suppose
the order topology on G is first countable and that G* has a cofinal sequence. Then

the following statement are equivalent:
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(a) E has an orthogonal basis.

(b) Each closed subspace of E has an orthogonal basis.

(¢) Each finite-dimensional subspace of E has an orthogonal basis.
(d) Each one-dimensional subspace of E is orthocomplemented.
(e) Each finite-dimensional subspace of E is orthocomplemented.

(f) For each finite-dimensional subspace D of E and a € E the set {|la—d|| : d €

D} has a minimum.

Notice that the condition imposed over G* in Theorem has equivalent

expressions stated in [3.4.26] The next result will be used in the next chapter.

3.5.4 Corollary. Suppose that the order topology on G* is first countable and that

G7# has a cofinal sequence. Then each closed subspace of co has an orthogonal basis.

Proof. By [3.5.3] it is enough to notice that ¢y has an orthogonal basis. The canon-
ical vectors e, = (0pm)men form a basis for ¢p. In fact, for each z = (\,), € ¢
we have that x = > 77, A\,e,, where the uniqueness of the scalars is clear. Since
|| F L anen|] = max{||anen|| : 1 <n <k} forall k € N, it follows that {e, : n € N}

is orthogonal. ]

Whether every closed subspace of an X-normed space with an orthogonal basis
also has a basis is an open problem. In particular, it is unknown whether every closed
subspace of ¢y has an orthogonal basis when there are no countability conditions over
G. Both answers are positive in the rank-1 case.

However, it is my view that the proof of the rank-1 case with the approach
of Gruson - van der Put [45 5.7] using projective spaces can be applied to the

higher rank case provided that every quotient space of a spherically complete space is

spherically complete. Thus the contributions|3.4.19|and [3.4.20|aim in that direction.




Chapter 4

Operator theory on ¢y over a field

of arbitrary rank

In recent works ([2], [3] 2013-2015), Aguayo, J., Nova, M., and Shamseddine, K.
provided characterizations of several types of operators on ¢y over the rank-1 field
L|Q,C] . In this chapter we will present the efforts of the author to generalize
these results to a non-Archimedean valued field of arbitrary rank, the general Hahn
field equipped with a Krull valuation taking values in an arbitrary ordered
commutative group GG. As we will see, only partial results have been accomplished.
First, we will start with the most distinctive difference between the non-Archimedean
and Archimedean cases: there exists an inner product that induces the supremum
norm on ¢y. Thus the space ¢y will be our analogue for ¢? in the Archimedean
case. Then we will review the characterization of those closed subspaces of ¢y that
admit a normal complementation while studying the projections associated with
these spaces. After that, a brief characterization of the operators that admit an
adjoint will be presented to be complemented later with a study of compact operators
on ¢y emphasizing the differences with such operators in the rank-1 case. Finally, an

analysis on spectral theory results is developed for some operators in c¢y.

99
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4.1 Notation. From now on, K will denote a real-closed field @ Ifi is a root of
the polynomial x* + 1 (which is irreducible on K by|1.6.1]), then the extension K (i)
of K is an algebraically closed field and therefore it is the algebraic closure of K.

The general Hahn field K((G)) will be denoted by H. Notice that the general
Hahn field K(i)((G)) = H +iH = H(i). For each nonzero z = x + iy € H(i)
(z,y € H) the Hahn valuation defined in Section[3.2.1] satisfies:

|2| = max{supp(z)} = max{max{supp(z)}, max{supp(y)}} = max{lz|, [y[}.

The involution x + iy — = + iy := x — iy is an automorphism on H(i) such that

|z| = |Z| and 2z € H for all z € H(1).

4.1 Inner product in ¢

In this section we will study an inner product on ¢y := ¢o(H(7)) := {(A\j)jen : A; €
H(7), for all j € N such that lim; \; = 0} that induces the usual norm on ¢y. Notice
that cg = co(H) ®ico(H), i.e. for each z = (2,,) € co, there are unique x = (x,,) and

y = (yn) in co(FH) such that z = x + iy and the G-norm on ¢ satisfies:
1] = ma ] = maxma{f, . lyal} = masc{ ], 111}
4.1.1 Theorem. Consider the form (-,-) : co X co — H(3), (z, W) = D02y 2,W,. The
statements below hold for all z,7',w € ¢y and o, B € H(i).
(a) (-,-) is well-defined.
(b) (z,z) =0 2z=0
(c) {az+ Pz, w) = alz,w) + 5(z', w)

(d) (z,w) = (w,2)
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(e) [(z,w)| < |]z]] [|w]|
(f) (z,w) =0 for all w € ¢q if and only if z = 0.

Proof. (a): since z,w € ¢y, we have that lim,, z,w, = 0. By Cauchy completeness of
H(i) it follows that >-°°, z,w, is convergent in H(i).

(b): Since H is an ordered field (see[1.4.10), 0 < 2% +y? = 2z for all z =z +iy €
H(i) \ {0} (z,y € H). Thus for z = (z,) € ¢ \ {0}, there exists k& € N such that
2, # 0. Therefore, 0 < 2,z < (z,z). The other direction is obvious.

The statements (c¢) and (d) have standard proofs.

(e): [{z,w)| = | 0% 2nt0n| < maxp{|znwn]} < ||2]] ||wl].
(f): It is enough to consider for each m € N, w = e, = (w,)n € ¢ with
Wy, = Oy - [ |

From now on (-,-) will denote the inner product on ¢y defined in the previous

theorem.

4.1.2 Lemma. Let (F,|-|) be a valued field with residue class field k and value group

G. The field k is formally real if and only if

AT+ A+ -+ AL = max {2 el [P

forallm € N, A\, Ao, ..., N\, € F.

Proof. Suppose that k is formally real and let A, Xo,..., A\, € F. Put M =
max{| A\, [Ae|,...,|[\|} € Gand I = {i : |\;| = M}. For every A € B[0,1] C F, let
A* be its class in k.

Case 1: M = 1. In this case we have that (3,c; A2)* = Yie/(A)? # 07
because k is formally real. Hence |3 ,c;A?| = 1. Since |\ < 1 for each i ¢
I, | Xigr A}| < | XiesrAZl. Thus by the Isosceles triangle principle we have that

|0 N2 = | igr A2+ e A = [ Sier A2 =1 = M2,
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Case 2: 0 # M # 1. In this case, we choose o € F such that |a] = M € G and
apply the proof of the case 1 to the collection a=tA;,a Xy, ..., a7\, € F.

Now for the converse, suppose that [A2 + A2 + -+ + \2| = max{|\1 %, ..., [\.]?}
for all n € N, Ay, Ao, ..., A\, € F. Let 01,09,...,0, € k be such that 37, (0;)? = 0*.

For each i € {1,...,n}, let \; € B|0, 1] be a representative of o;, i.e. A = ;. Then

() =3 =0

i=1

Then 1 > |30, A2 = max{|\|% | A% ..., [Mul?} > |A2| for all i € {1,...,n}.
Therefore o; = A\f = 0* for all i € {1,...,n}. |

4.1.3 Lemma. For alln € N and zy, 29, ..., z, € H(1),
|2121 + 207 + - -+ + 20 %, | = max{|z1 71|, [2272), - - -, |20 70l }-

Proof. For k € {1,...,n}, let xx,yp € H be such that zp = x, + iy,. Then 2,z =
x7 + yi. Since the residue class field of H is K, which is formally real by choice (see

, the result follows from the previous lemma. |

4.1.4 Theorem. The inner product (-,-) induces the norm on ¢y, i.e. for all z € ¢y:
(2, 2)| = I[e]]”.
Proof. By Lemma [4.1.3] for any z = (2,) € ¢y we have |(z,z)| = |>52, 2%k =

lim,, | °7_; 21.25| = lim, max{|z1Z1|, |22%3], - - - , | 2nZn|} = max,en |2a]? = ||2] [

Notice that the previous result justifies the analogy between ¢y and the separable
Hilbert space 2. However, this analogy is not as profound as one ideally would like

to have because of the following result.

4.1.5 Theorem ([31], 2.6.5]). Let K be metrizable and let G be not principal. Then
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there is a closed subspace D in co without closed complement, i.e. there does not

exist a projection P € L(cy) such that P(co) = D.

4.1.6 Notation. From now on we will assume that G is divisible, i.e. for every

g € G andn € N there exists h € G such that h™* = g. With this assumption now we

can write \/|(z,z)| = ||z|| for all z € ¢

4.1.7 Definition. A subset D of ¢y such that for all x,y € D, x #y = (x,y) =0,
is called a normal family. When a normal family is countable, we say that is a
normal sequence. A normal sequence of unit vectors is called an orthonormal
sequence. Notice that if (x,), is an orthonormal sequence in cy, then 1 = ||x,||*> =
|(Xn, Xn)| but it is not necessary to have (x,,x,) = 1. A basis of ¢y is an orthonormal

sequence (yn)n in ¢y such that for each x € co, there exists a unique A = (\,)n € co

satisfying x =300 1 A\pVn-

Notice that if (y,), is a basis of ¢g, then for every x € ¢y we have that

L (X, ¥n)
=5 G

Yna Yn>

We can orthonormalize any linearly independent sequence of ¢y by the Gram-

Schmidt procedure, which holds in our general case.

4.1.8 Proposition. If (z,), is a sequence of linearly independent vectors in co, then

there exists an orthonormal sequence (y,), in co such that

[{21’227 cee 7Zn}] = [{YLY% . 7y7’b}]

for every n € N.

Proof. The proof is analogous to the standard proof. Having obtained the set
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{v1,v2,--+,Vn_1} for n > 1, compute

n—1 )
W — 7 — (Zn, yi) i
= o)
and let y,, = Aw,, for some \ € H(4) such that |\ = ||w,||™ € G. |

The next result shows that every normal family of vectors in ¢j is an orthogonal

family (see [2.3.4] and [2.3.15)).

4.1.9 Theorem. Let (x,), be a normal sequence in cy and let (\,), be an arbitrary

sequence in H(i). Then, for all k € N, we have that

k
Z )\an

n=1

= max{||\,x,|| 1 1 <n < k}.

Proof. The proof of [2 Lemma 2] can be adapted to our case. ]

However, the converse of this result is false (see [29, Example 3.1]). Therefore if
(yn)n is a basis of ¢q then it is an orthogonal basis of ¢y (see [2.4.8)), but the converse

is not always true.

4.2 Normal complement subspaces of ¢

In this section we will characterize the linear functionals in ¢, that admit a Riesz
representation and then we will identify those closed subspaces of ¢y that are normal

complemented. For both results, the Riemann-Lebesgue property will be key.

4.2.1 Definition. Given a subspace M of cy, the space of all y € cq such that
(x,y) =0 for all x € M will be denoted by MP. When co = M & MP, we say that

M is normal complemented and MP is called the normal complement of M.

4.2.2 Definition. A sequence (z,), of nonzero vectors of ¢y has the Riemann-

Lebesgue property (RLP) if for all w € ¢y, lim,(z,, w) = 0.
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4.2.3 Example. Any basis of ¢y has the RLP. In fact, let (z,), be a basis of co, i.e.

o0

for each w € co, w = 3% (W, 2,)(Zn, 2n) " 2n. Hence

lim |(Zn, W)| = lim (W, 20 ) (2, 20) | = 0.

4.2.4 Theorem. If S C ¢y is a finite orthonormal subset, say {z1,%2,...,2,}, or is
an orthonormal sequence (z,,),, which satisfies the RLP, then S can be extended to
a basis for co; that is, there exists a countable orthonormal sequence (wy,), (possibly

finite) such that S U{w, :n € N} is a basis for cy.
Proof. The proof of [29] 8.1] can be adapted to our case. |

4.2.5 Theorem. Let E be an infinite-dimensional Banach space over K. For an

orthogonal sequence ey, eq, ... in E the following are equivalent:
(a) {e, :n € N} is an orthogonal basis for E.
(b) e, # 0 for eachn € N and [{e, : n € N}| = E.

Proof. (a)=-(b) is obvious. To prove (b)=>(a) we define a linear map 7" : ¢o(N,s) - E

as follows:
T()\l, )\2, e ) = Z )\nen,
n=1
where s(n) := ||e,|| for each n € N. Since K is Cauchy complete, so is ¢o(N, s) (see

. Notice that T' is an isometry because of the orthogonality of {e, : n € N}.
Hence Im(7) is Banach so it is closed in E. Therefore, the inclusions [{e, : n €
N} € Im(T) C FE imply that T is onto after considering their closures, proving
(a). |

4.2.6 Notation. From now on we will assume that G is divisible, G has a countable

cofinal subset and that the order topology on G is first countable (see .

4.2.7 Proposition. Every closed subspace D of ¢y admits a basis.
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Proof. Let D be a closed subspace of ¢y. By [3.5.4 D has an orthogonal basis S.

Since S is countable, we can apply to obtain a countable orthonormal sequence

{e, : n € N} such that [{e, : n € N}| = [S] = E. Therefore, {¢, : n € N} is a basis,
by 4.2.5 u

To study continuous linear functionals on ¢y, we need to present the space .

4.2.8 Notation.
0 = 0°(H (i) = {(/\j)jeN tAj € H(i), for all j € N,sup |\;] < oo} :
j

The formula [|(A1, Az, ... )|| := sup; |A;| defines a G#-norm on (> for which (>
becomes a Banach space. The proof of this statement is standard. Notice that
>° = (>°(H) @ il>(H), i.e. for each z = (z,) € £*°, there are unique x = (z,,) and

v = (yn) in £2°(H) such that z = x + iy and the G#-norm on (> satisfies:

||z]| = sup |z, | = sup max{|z|, [yn|} = max{[|x|[,[|y[]}-
neN neN

In the Archimedean world the dual space of ¢y is isometrically isomorphic to £*.

In our case, however, ¢, is isometrically isomorphic to £, as we will see below.
) y ~0 1)

4.2.9 Lemma. For each x = (zx)r € co and z = (z;)x € £°°, the formula

B(x,z) := Z:Ckzk
k=1
defines a bilinear form (-,-) : ¢o X > — H(i) such that B(-,~) extends the inner
product on ¢y defined in[{.1.1]

Proof. Let’s prove that B is well-defined. Let z € ¢> and x € ¢y. Since, |rpzx| <

|z|||z]| for each k& € N, we have that limy |xgzx| = limg |xi|||z]] = 0, by [3.4.6.b
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Hence (37_; xx2k)n is a Cauchy sequence, and thus convergent since H(i) is Cauchy

complete. Clearly, (-,-) is bilinear. If z € ¢, then B(x,7z) = Y32, 22, = (x,z). N
4.2.10 Theorem ([32, 2.5.11]). The map Y : {*° — ¢ defined by Y(z) := B(-,z)

(z € £%°), is an isometrical isomorphism.

Proof. For each x € ¢g, |Y(z)(x)| = |B(x,2)| < ||x||||z]|. Therefore T is well-defined
and ||Y(z)|| < ||z||. Since B is bilinear, it follows that T is linear. Applying Y(z) to
the canonical basic vectors e, = (nx)r € °° we obtain ||Y(z)|| > [Y(z)(en)| = |2u]
for all n € N. Therefore ||Y(z)|| = ||z|]|. To prove surjectivity, let g € ¢. Since
lg(en)| < llgllllen]] = |lg]| for all n € N, we deduce that z := (g(ex))r € €>°. Let x :=
() = Y52 wkex. Then, by linearity and continuity, Y(z)(x) = Y52, zxg(er) =

g (52 mrer) = g(x). u

4.2.11 Definition. A functional f € ¢ is called a Riesz functional if there exists

7 € ¢y, such that f(x) = (x,z) for all x € cy.

The next result characterizes the continuous linear functionals ¢, that are Riesz

functionals.

4.2.12 Theorem. Let f be a nontrivial linear functional on cy. The following state-

ments are equivalent:
(a) [ is a Riesz functional,
(b) every basis of ker(f) has the RLP,
(c) ker(f) has a basis with the RLP,
(d) ker(f)" # {0},
(¢) ker(f) @ ker(f)" = co.

(f) f € lel,:neN] = ¢y, where €], € ¢ is defined by e, (x) = \,, for x =

>0 | Anén, where {e, : n € N} is the canonical basis of cy.
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Proof. The proofs are analogous to the ones of the rank-1 case referenced below. For
(a)=(b) see [I, Theorem 5]. The implication (b)=-(c) is trivial. For (c)=-(a) see [29,
9.2]. For (a)<(d) and (a)=(e) see [29] 9.1]. Since f # 0, the implication (e)=-(d) is

trivial. For (a)<(f) see [1, Proposition 3]. |

4.2.13 Definition. A continuous linear operator P € L(cy) is said to be a normal

projection if it satisfies the following statements:
(a) P> =P,
(b) (x,y) =0, for all x € ker(P) andy € Im(P).
4.2.14 Lemma. If P # 0 is a normal projection on ¢y, then ||P|| = 1.

Proof. If P =0 or P = Id (the identity operator), then we are done. Now suppose
that 0 # P # Id. For any z € ¢y, z— Pz € ker(P), and hence (z— Pz, Pz) = 0. Then
||Pz||*> = |(Pz, Pz)| = |(z, Pz)| < ||z|| ||Pz||. Thus ||P|| < 1. On the other hand, for
z € ¢o \ ker(P), we have that ||P(Pz)|| = ||Pz||. Hence ||P|| > 1, by [3.4.31] |

As it is shown in [I p. 790] not every subspace of ¢y has a normal complement. By
[4.2.4] it follows that every finite-dimensional subspace of ¢y has a normal complement.
The next result characterizes the infinite-dimensional closed subspaces of ¢y that are

normal complemented.

4.2.15 Theorem ([29, 8.2],[2, Proposition 4]). Let M be an infinite-dimensional

closed subspace of cy. The following statements are equivalent:
(a) M is normal complemented,
(b) there exists a normal projection P € L(co) such that ker(P) = M.
(c) every basis of M has the RLP,

(d) M has a basis with the RLP.
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Proof. (a)=-(b): Suppose that ¢¢ = M @ MP. Then for each z € ¢y, there exists a
unique pair (x,,y,) € M x MP such that z = x, +y,. Then P : ¢y — cg, Pz =y,
is a map such that P? = P, ker(P) = M and Im(P) = MP?. Additionally, ||Pz|| =
lly|| < max{||x,||,||y.||} = ||z||, by [£.1.9] Therefore, P is a normal projection.
(b)=(c): Let z € ¢o. By [£.2.7, M has a basis {z, : n € N}. If z € ker(P), then

o0

&z = n=1

(2, 20 ) (7, 7)) " 125, Hence,
lim (2, 2,,)| = lim (2, 2 )7y 20) "t = 0.

If z & ker(P), then z — Pz € ker(P) and (Pz,z,) = 0. Thus (z,2,) = (z — Pz,2,) +
(Pz,2,) = (z — Pz,z,), and therefore, lim,, |(z,2,)| = lim, [(z — Pz,z,)| = 0. The
implication (c)=-(d) is trivial. (d)=-(a): Suppose that M has a basis B = {z, :
n € N} with the RLP. By [4.2.4] there exists a countable orthonormal set D =

{w1,wa, ...} (possibly finite) such that BU D is a basis for ¢o. Hence ¢y = [B] @ [D]

where M = [B] and M? = [D]. |

4.3 Operators on ¢y admitting an adjoint operator

In this section we will present the concepts of adjoint and self-adjoint operators and

provide a useful description for those operators on ¢y that have an adjoint operator.

4.3.1 Definition. A linear operator S : cy — co is said to be adjoint of a given
operator T' € L(cy) if (T'x,y) = (x,Sy) for all x,y € ¢o. If S =T, we say that T is
self-adjoint. By standard techniques it is shown that if T € L(co) has an adjoint
S, then S is unique and belongs to L(cy). The adjoint operator of T will be denoted
by T™.

The next result characterizes the continuous linear operators on ¢y that admit an

adjoint operator as those that preserve the RLP generalizing the scope of the result
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[3, Lemma 4].

4.3.2 Theorem ([3, Lemma 4]). For each T € L(cy) the following statements are

equivalent.

(a) T admits an adjoint operator.
(b) {Ty, :n € N} has the RLP for any set {y, € co : n € N} with the RLP.
(c) {Ty, :n € N} has the RLP for any basis {y, : n € N} of ¢o.

(d) There is a basis {y, : n € N} of ¢y such that {T'y, : n € N} has the RLP.

Proof. (a)=-(b): If T has an adjoint operator 7" and {y, € ¢y : n € N} has the
RLP, then lim, (Ty,,x) = lim,(y,, T*x) = 0 for all x € ¢, since {y, : n € N}
has the RLP. The implication (b)=-(c) is clear since every basis satisfy the RLP
(see |4.2.3). The implication (c)=-(d) is immediate. (d)=-(a): Suppose that there

exists a basis {y, : n € N} of ¢y such that {Ty, : n € N} has the RLP. Hence

(z,Tyn)
<Yn7}’n>

lim,, = lim, [(T'y,,z)| = 0 for all z € ¢y. Therefore the linear operator

S:co— ¢,

i:o: z Tyk>

Yka Yk>

is well-defined for all z € ¢y. For any x,z € ¢y we have that:

(Tx,7) = <T (5) L) yk> ,z> - <§Oj L) Tyk7z> Z 0o,y Tyk,z).

= Vi, V) = (Vi» V) — (Yks Vi)

Similarly we have that:

(X, SZ) _ <X,]§ <Z>TYk > _ i Z TYk Z Tyk’7 X,y k>

=1 <y]€7y]€> — y]€7 > k=1 Yk>Yk>

Thus (Tx,z) = (x,Sz) for all x,z € ¢y. Therefore S = T*. |

4.3.3 Theorem ([2, Theorem 6)). Let P € L(cy) be such that P> = P. Then P is

a normal projection, if and only if P is self-adjoint.
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In the next result the author clarifies and summarize the presentation of [2]

Theorem 7] providing a clearer proof.

4.3.4 Theorem ([2 Theorem 7]). Let S be a nonempty orthonormal subset of cq.
The operator P € L(cg) \ {0} is a normal projection and S = {y1,y2,...,¥n} is a

basis for Im(P) if and only if, for all x € ¢y,

n

Xyz
-y Sy

i—1 YZ’YZ

.

The operator P € L(cy) \ {0} is a normal projection and S = {y, : n € N} is a basis
for Im(P) if and only if, S has the RLP and for all x € ¢y,

) X Yz
=2 Y

i=1 Y'u yz

Proof. Suppose that S is an infinite basis and that P € L(cp) \ {0} is a normal pro-
jection. Notice that, Im(P) = ker(/ — P) is a closed subspace of ¢y. Hence, S has the
RLP by [£.2.15 Since S is a basis for Im(P) (by there is such a basis), for each
X € ¢, there exists a unique a = (ay,), in ¢y such that Px = >°° | a,y,. Now since
P is self-adjoint we have (x,y,) = (X, Py,) = (PX,Vn) = Yoo {(QnYm, Yn) =

(Y, yn). Thus, for each n € N, a,, = (X, V) {¥n, yn) }. Conversely, suppose that

P : ¢y — ¢ is such that Px = Y 2° <<X yi, for all x € ¢y. Since S has the RLP, the

map P is well-defined. First, let us show that P € L(cy) \ {0}. For any x € ¢y, we

have that:

X, Vi

(%, yi) v
<Yz7 YZ>

|| Px|| < sup H

= sup |[(x, yi)| < [Ix][.
€N

Clearly, P is nonzero and linear. Therefore, P € L(cy) \ {0}.

Second, let us verify that P is a projection. For x € c¢q:

i=1 <Yi>Yz> i=1 \j=1 YJ7YJ> <y$7Yi> =1 <Yza}71>

P2x=§<PX’YZ> z_Z(i %, Yi) Yg;}%')) Yizi <X7Yi>Yi:PX.
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Third, let us show that P is self-adjoint. For x,z € ¢:

- X y1 - (yivz>
(Px,7) yl, = X, Vi) = (x, Pz).
; YUYI Zl <y17y1>< > < >

Therefore, by [4.3.3] we conclude that P is a normal projection. If S is finite, the

proof follows similarly. |

4.4 Compact operators on ¢

As we will see shortly, the concept of compact operator in non-Archimedean func-
tional Analysis is slightly different from the classical one due to the fact that the
compactness of subsets in a vector space is not appropriate to define what is intended
by compact operator in cases where the base field is not locally compact. However,
the non-Archimedean version of this concept allows the approximation of this kind of
operators by operators of finite rank. First we will review the non-Archimedean con-
cept of compact operator when the base field has rank 1, and then we will introduce
a proper adaptation for this concept in the higher rank case.

In order to define a compact operator in the non-Archimedean context we need

the following:

4.4.1 Definition. Let E be a Banach space over a valued field K and let B be
the unit disc of K. A nonempty subset A of E is absolutely convex if it is a
By -submodule of E, i.e. if \e + py € A for all z,y € A and \,u € Bg. A subset
A of E is called compactoid if for each € > 0 there is a finite set F C E such that

A C B(0,¢e) + aco F', where

aco F' = {Z Aia; :n € NN\, € By, a; € F, for each z}

i=1

and ‘aco’ stands for absolutely convex hull.
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The next result shows that compactoidness is the natural generalization of pre-

compactness.

4.4.2 Theorem ([45],4.S(vii)). Let E be a normed space over a locally compact

valued field. A subset of E is compactoid if and only if it is precompact.

Now we have the necessary terminology to present the concept of non-Archimedean

compact operator when the base field has rank 1.

4.4.3 Definition. Let E and F be two normed spaces over a mon-Archimedean
valued field of rank 1. A linear map T : E — F is said to be compact if T(Bg) is

compactoid, where Bp = {z € E : ||z|| < 1}.
Notice that if T': F — F' is compact, then it is also continuous.

4.4.4 Remark. In the Archimedean case, if E and F' are Banach spaces then a linear

map T : E — F s called compact if T(Bg) is compact, or equivalently, if T'(Bg)
is precompact. In the non-Archimedean context when defining a compact operator it
is more appropriate to use the concept of compactoidness instead of precompactness.

There are two reasons for that:

(a) compactoidness is the natural generalization of precompactness (see m For
the same reason, if K is a locally compact non-Archimedean valued field, then

T is compact if and only if T(Bg) is compact.

(b) The lack of nontrivial absolutely convex compact subspaces in a Banach space
when the base field is not locally compact. In fact, let F' be a Banach space
over a valued field K that is not locally compact. If B C F is absolutely
convex and compact, then B = {0}. To prove this suppose on the contrary that
there exists x € B\ {0}. If Bg is the unit disk of K, then xBg is a closed
subspace of B. Thus Bx = xBg is compact and hence K is locally compact,
a contradiction. Therefore, if T € L(E,F) and T(Bg) is precompact, then

T(Bg) C T(Bg)={0}. Hence T'=0.
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When the non-Archimedean field K has rank 1, we have a satisfactory charac-

terization of compact operators that reads as follows:

4.4.5 Theorem ([45, 4.39, 4.40]). Let E and F be two normed spaces over a non-
Archimedean valued field of rank 1. The following conditions are equivalent for all

TeL(EF):
(a) T is compact,

(b) for each € > 0, there exists S € L(E, F) of finite-dimensional range such that

1T = 5S|| <e,
(c) there are vectors aj,ag,--- € F, and functionals g1,92,--- € E' such that
limyg ||gx||||ax]] = 0 and T = 332, gray, i.e. the sequence (33— gr(-)ar),en

converges uniformly to T.

The author has recently come to the conclusion that the proof of the previous
characterization cannot be replicated in the higher rank case because, unlike the rank
1 case, not every compactoid is contained in the closure of the absolutely convex hull
of a sequence tending to 0 (see [30, 3.5.7]). The author has been unable to overcome
this additional difficulty and chose to redefine a compact operator for our higher

rank case as follows:

4.4.6 Definition. An operator T € L(cy) is called compact if there are vectors
ar,ag, - € ¢y, and functionals gi,g2,--- € ¢ such that lim;||g;||||a;|| = 0 and

T =32, giay, i.e. the sequence (37 gi(-)ai), ey converges uniformly to T

4.4.7 Proposition. If T' € ¢y is a compact operator, then T'(B) is a compactoid,

where B 1= {x € ¢¢ : ||x|| < 1}.

Proof. There are vectors aj,aq, - € ¢y, and functionals g, gs, -+ € ¢} such that

i [|gil[[|as]| = 0 and T = 3732, gia
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For each i € N, choose ¢; € H(i) such that ||e;¢;]| = 1 whenever g; # 0 and
g; = 1 otherwise. Putting h; := £;9; and z; := ¢; 'a; we have that ||h|| < 1 for
all 7 € N, and T' = >, h;z;. For any given g € G, there is an N € N such
that ||Tx — >0, hi(x)z]| < g, for all x € ¢y, whenever n > N. Hence, T(B) C

B(0,g) + aco{z1,22, ..., 2} [

It is not known whether the converse of Proposition [£.4.7 holds in general.
We will show that if 7" € L(cy) is compact then for any given basis {y, : n € N}
of ¢y we are able to find suitable functionals f; such that (327, fi(-)yi),en converges

uniformly to 7T'. First let’s consider the following lemma.

4.4.8 Lemma. For any given basis {y1,ya,...} of co, the projection map Y co —

H(i) defined by
<X> YJ>

/

y. X)) .=
B )

is a member of ¢y for all i € N. Furthermore, y':(yi) = i, ||yil| = 1 for all i € N,

X = Y220, vi(x)y: and ||x|| = max;en |yi(x)| for all x € c.

Proof. All the statements have a standard proof except by the last equality. If
x = 0 then we are done. For x € ¢q \ {0} we have that x = >3°, yi(x)y;. Then
lim |y} (x)| = lim||y}(x)y|| = 0 (3.4.34). Hence, for g € G, g < ||z, there exists
no € Nyng > 1 such that |y}(x)| < g for all i > ny. Thus, by the strong triangle
inequality

i Vi (X)yi

1>ng

< sup [|y;(x)yil| = sup [yi(x)] < g < |||

1>no 1>ng

and therefore by the Isosceles triangle principle

o] no—1
x = > vi(x)yi > vy
=1

i>ng

[|z]] =

_ || — /
= dnax_ |lyi(x)yil| = max|yi(x)].
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4.4.9 % Proposition. For any compact operator T € L(cy) and any given basis
{v1,v2,...} of co, there are functionals fi, fa,- -+ € ¢ such that lim; ||fi|| = 0 and
77 E: IJZYZ

Proof. By using together with the linearity and continuity of T, we have that

for each x € ¢y,

00 < ,}"> i i oo <X1y'> i i
<T( = <yJ',ij>y])’YZ> = < j=1 <y]'»yjj>TyJ’yz>

o (1%, Yz —
T'x= Yi = Yi
'L’:Zl <Yw YZ> Z <YZa Yz> i=1 <Y’L7 YZ>
TR )
Pt (Vi,vi) '

'P”18

(ii@»w<Tmm»>w

1 \j=1 <YJ7YJ> <YZ7Y'L>

(2

M2

(Z yz TYJ YJ( )) Yi-

7j=1

I
_

7

It remains to show that, for each ¢ € N, the map f; : ¢¢ — JH(i), defined by
filx) == X532, vi(Ty;)y;(x) is a linear functional on ¢y such that lim, [|f;| = 0. It
is clear that f; is a linear map. Let’s show it is also continuous. Let x € ¢y. Since

llyi|]| = 1 for all ¢ € N, it follows that

| fi(x)| < sup YQ(Tyj)y;(l’)] < sup |y (Ty)|[1x|] < [Ix[[|T]
JEN JjEN

Thus, fi € ¢ and in particular ||f;|| < sup,cy|yi(Ty;)| for all i € N. Since
YUyl = 1fi(ys)| < 115 for all j € N, we conclude that || ;]| = supex Iyi(Ty,)]
Now if we prove that lim, || f;|| = 0, then we are done.

By hypothesis, there are vectors aj,as, -+ € ¢o, and functionals g1, ¢s, -+ € ¢
such that lim; ||g;||||a;|] = 0 and T' = Y3°, g;a;. Without loss of generality, we can
assume that a; # 0 for all i € N. For each ¢ € N, choose ¢; € H(i) such that

||e;ai|] = 1. Putting h; := £;'g; and z; := £;a; we have that ||z;|| = 1, lim, ||h;]| =
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lim; ||hil|||z:|] = lim ||gs||||ai]] = 0 and T' = >23°, hyz;. For each n € N, let 3, =
(Bni)ien € co be such that z, = 322, Buy:. Hence ||B,]| = ||zn]| = 1 for all n € N.

On the one hand, for all j € N,

Z hn(y1)2 i:: vj) (i 6m'Yi> = nil (Zh V) anyz> :

On the other hand, by continuity of the projection maps (4.4.8)), for all k£ € N,

(o)

TYJ = Z <Zh Yi Bm}% Yi ) Z YJ Bnk

n=1

Therefore, for all i € N, we can write

Z () Bri |-

n=1

Ifill = Sup lvi(Ty;)| = sup
JEN

Since lim; ||h;|| = 0, there exists M € G such that ||h;|| < M for all 1 € N. Given
e € G, there exists N € N such that n > N = ||h,|| < e. Let N; € N such that
Ny > N and i > Ny = |8 < M 'e, forall n € {1,2,..., N}. Then, for any j € N

and 7 > N7, we have that

0o N 00
|y1 TYJ | - YJ ﬁm Z YJ 6m Z hn(YJ)BnZ
n=1 n=1 n=N+1
N
< max Z (YJ Bri s Z h YJ Bm
n=1 n=N+1
< { mave [ (3,) Bl ma o550l
<max{MM ¢, e}
<e
Therefore, ||f;|| < € whenever i > Nj. |

An immediate consequence is that the identity operator on ¢ is not a compact
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operator. Another consequence of the previous result is the following characterization

of compact operators.

4.4.10 Proposition. Let T € L(co) and let (v;)ien be a basis of co. Then T is

compact if and only if lim; sup,cy |y;(Ty;)| = 0.

Proof. In the proof of , we proved that lim; sup;cy |vi(Ty;)| = 0, whenever T is
compact. Now suppose that lim; sup;cy [yi(Ty;)| = 0. Again, by the proof of
for each 7 € N, the map f; : co — F(i), defined by f;(x) := 352, vi(Ty;)y}(z), is
a continuous linear functional on ¢ such that ||fi|| = sup;cy [vi(Ty;)| and Tx =

2, filx)y; for all x € ¢y. By hypothesis, lim; ||fi||||ly:|| = lim; ||fi]] = 0, which
implies that the sequence (37, fi(+)y;),, uniformly converges to 7', i.e. T is compact.

At the beginning of the proof we saw that if {y; : i € N} is a basis of ¢y and
T € L(E, F) then

Tx=)_ (Z vilTy;)y; (x)) Vi-
i=1 \j=1

As in the classical case, this implies that any T € L(co) (not necessarily compact)
is completely determined by the infinite matrix [T] := (y;(7'y;))i jen. Actually, more

can be said about this:

4.4.11 Theorem. Let {y;, : i € N} be a basis of ¢g. The correspondence which
associates to any operator T € L(cy) the infinite matriz [T) = (yi(Ty;))ijen defines
an isometric linear isomorphism of L(cy) onto the Banach space of infinite matrices
A = (ayj)ijen with entries in H(i) satisfying ||Al| := sup{|ay;| : 7,7 € N} € G¥ and

lim;en || = 0 for all j € N.
Proof. The proof of [I4, 1.1] can be easily adapted to our case. ]

4.4.12 Remark. It follows that any continuous linear operator T' € L(cy), can be

identified with a bounded matrix whose column vectors are in cy:
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Q11 O O3
Qg1 Qigg (¥g3
Q31 (r3p (33

O <
Oe e
O <

where a;; = yi(Ty;) for alli,j € N.
Regarding operators that admit adjoint we can do the following analysis. If T €

L(co) has an adjoint T*, then for a given basis {y; : i € N} of ¢y, we have that

Ty = Gl - Batad  Ctd) ety
<y17 Yz) <YZ> Yz> <YZa Y’L>

Since (yi,yi) is not necessarily equal to 1, the matriz [T*] is not necessarily [Tt

However, |y;(T*y;)| = [y;(Ty:)| and by|4.3.4 and |{.4.11| we conclude that T' € L(co)

admit an adjoint if and only if the row vectors of [T| are in cy. In this case we have:

oy o agz oo\ — 0
7] = Qo1 Qg gz - | =0
gy 3 sz - | —0

N

0 0 0

where a;; = yi(Ty;) for alli,j € N.
Regarding compact operators, according to an operator T' € cq is compact

if and only if the row vectors of [T] form a null sequence in (>, i.e.

ann arp agz o\ Il
[T] = | @21 Q22 Q23 - [[r=]]
s azp azz oo |||
: : : J
oyl 0
0O 0 0

where o;; = yi(Ty;) for all i,j € N, and r; = (i1, 2,...) € £ is the i-th row
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vector of [T].

With this characterization in mind, the author has developed the following proof

for the next result:

4.4.13 % Proposition. Let T € L(co) be an operator with adjoint operator T*. If

T is compact, so is T™.

Proof. Let (y;)ien be an orthonormal sequence in ¢y and suppose that T' € L(c) is a
compact operator with adjoint operator T*. According to it is enough to prove

that lim; sup,c [y;(T"y;)| = 0. By{4.4.10, we know that T satisfies lim; sup,cy [v5(Ty:)| =

0. Also notice that

" Tyj, i Vi Tyi Tyiy;
sy = [T =|<J | = [\Tveyid| i)
Therefore, lim; sup,ey [v;(T"y;)| = lim; sup;cy [y5(Ty:)| = 0. (1)

Since Ty; = 3252, y;(Ty:)y;j, we have that lim; [y;(T*y;)| = lim; |y’ (Ty;)| = 0 for
all i € N. Therefore R; := {n € N : [yj(T"y,)| = sup; |[yi(T"y;)|} is a nonempty
finite set. Suppose for a moment that lim; sup;cy |vi(7"y;)| # 0. We will show that
this leads to a contradiction. By our assumption, there exists g € G such that for
all N € N, there exists ky € N satisfying ky > N and sup;, |y, (T*y;)| > g (2)

By (1), there is M € N such that j > M = sup, |yi(T"y;)| < g. Since
Y (T¥yn)| > g for every n € Ry, we conclude that Ry, C {1,2,... M} for all
N eN. (3)

Since lim; |y;(T*y;)| = 0 for all i € N, there exists ) € N such that n > Q =
lyi(T*y,)| < g forie{l,2,... M}. (4)

But (2) implies |y, (T"yn)| > g for all n € Ry, where kg > Q and Ry, C

{1,2,... M} by (3). This contradicts (4). |

By using the previous analysis on the matrix representation of an operator and

4.4.13] we can conclude that an operator 7" € L(cy) with adjoint 7™ is compact
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whenever the row vectors and column vectors of [T] form null sequences in cq, i.e. T'

is identified by a matrix of the form:

lell Neall flesll —0

ann o agg -\ =00 ||
[T] - Qo1 Qop g - | =0 ||7”2||
azr azp agg - | =0 rs|
: 1
{ { { 0
0 0 0

where o;; = yi(Ty;) for all i,j € N, r; = (o1, 2, ...) € ¢ is the i-th row vector
of [T], and ¢; = (aij,azj,...) € ¢ is the j-th column vector of [T]. Notice that
llcj|| = ||Ty;]| for all j € N by [4.4.8] We can summarize this characterization in the

following result.

4.4.14 Theorem. Let T € L(cg) be an operator with adjoint operator T* and let

(v;)jen be a basis of co. The following statements are equivalent:
(a) T is compact,
(b) im0 || Ty, = 0,

For an alternative proof of this result, we can adapt the proof of [3, Theorem §]

to our case.

4.5 Aspects of non-Archimedean Spectral Theory

One of the objectives of this thesis is to generalize the results of [2] and [3] to the
case where the base field has a Krull valuation of higher rank, in particular, to obtain
a spectral theorem for compact self-adjoint operators on ¢y over H(i). However, the
author of this thesis has recently found a problem with the proof of the spectral

theorem presented in [3, Theorem 10] and together with the authors of that paper
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has tried to save the result without success until the date of submission of this

thesis. Therefore, it is not known whether the spectral theorem holds even when

the base field has a valuation of rank 1. When trying to prove the spectral theorem

for compact self-adjoint operators in the rank 1 case, the author has come to the

conclusion that the proof of that result in the Archimedean case cannot be adapted

to the non-Archimedean case because in the classical case the proof is based on the

following facts:

(a)

the spectrum of a compact self-adjoint operator is non-empty, which is proved
by using Liouville’s Theorem. In the non-Archimedean case Liouville’s Theo-
rem holds for functions f : K — K that admit a power series expansion. But
it is unknown whether a function f : K — K that is differentiable has a power
series expansion. In the classical case this is proved by using the Cauchy’s
Theorem which heavily depends on the connectedness of C. In our case, any

non-Archimedean valued field is totally disconnected.

||T|| or —||T|| is an eigenvalue for 7', when 7" is a compact self-adjoint operator
on a Hilbert space. It is unknown in the non-Archimedean context whether
for any given compact self-adjoint operator there exists an eigenvalue A such
that |A\| = ||T]|. In the Archimedean case, the key point in the proof of this
fact is that any sequence in a compact set has a convergent subsequence. In
the non-Archimedean context we have an analogous result for compactoid sets

but only stated for orthogonal sequences.

The pursuit of a spectral theorem for compact self-adjoint operators in the non-

Archimedean case proved to be a very difficult task and the author has decided to

continue with it in the near future as part of a postdoctoral research.

Now let’s present some examples of operators on ¢y, and try to find their eigen-

values to see how the non-Archimedean context may or may not affect the nature of
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the procedures employed, and how the results may differ depending on the rank of

the base field.

4.5.1 Example. Consider the Banach space ¢y over the Levi-Civita field L|Q, C]. Let
T € L(cy) be the weighted shift operator defined by T'(xq, x2, x3,...) = (0,dz1, d*x,, . . .)
(for the definition of d see m The matrix that defines this operator relative to

the canonical basis of cq is:

00 0 0
d 0 0 0
T)=10 & 0 0
0 0 d& 0

By our analysis in matriz representation done in section[4.4 we conclude that T
is a compact operator because the norm of the i-th row vector of [T] is |d"™'| and
lim; s |[d7Y = 0. Also, since each row vector of [T] is in co we conclude that T
admits an adjoint T* which is also compact and satisfies [T*| = [T]*. This operator
does not have eigenvalues. Otherwise, there is A € L|Q,C] and a non-zero vector
X = (zp)n € ¢y such that Tx = Ax. On the one hand, A\ # 0 since T is clearly
injective. On the other hand, if the first non-zero coordinate of x is in the k-th
position, then by definition of T, the first non-zero coordinate of Tx is in the (k+1)-
th position contradicting the equality Tx = AX.

Notice that if we replace d by any other scalar o € L[Q, C] such that 0 < |a] < 1
then T" will still be a compact operator with adjoint and without eigenvalues. This is
no longer true in the higher rank case. In fact, if the base field is H(i) with G = Q|x],
then lim,, o |a|™ # 0 for all a € H(i) \ {0} because of [1.6.5, Hence T is no longer
continuous.

Regarding the Archimedean context, if we replace ¢y by €2 and choose any d € C
such that 0 < |d| < 1, then T will be a compact operator in (* with adjoint and

without eigenvalues. The proof of this fact is similar to the one presented above.
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4.5.2 Example. Consider the operator T € c¢q defined by T'(z1, x9, x3,...) = (T2, 21+
T3, T2 + Tay ..., Ty + Tpia,...) over the field H(i). Notice that T = S + S* where S
is the right-shift operator and S* is the left-shift operator. The matriz that defines
this operator relative to the canonical basis of cy is:

0 0
1 0
0 1
1 0

0 1
10
[T]=10 1
0 0

By our analysis in matriz representation done in section[4.4) we conclude that T
is not a compact operator because the norm of each row vector of [T] is 1. Also, since
each row vector of [T is in ¢y we conclude that T admits an adjoint T*. Since [T is a
symmetric matrix with entries in H, it follows that T is self-adjoint. This operator
does not have eigenvalues. Otherwise, there is X € H(i) and a non-zero vector
X = (Tp)n € co such that Tx = Ax. This implies that x5 = A\xy and Tpyi9 = ATpi1—Tp
for alln € N. If x1 = 0 then x = (x,), = 0 contradicting the hypothesis that x is an
eigenvector of T'. Thus x1 # 0. Without lost of generality, let’s assume that x1 = 1
(if x is an eigenvector, so is v7'x) and hence x5 = X. We will show that we have a
contradiction for all the possible values of \.

Case 1: |A| < 1. In this case, let’s prove by induction that |x,.o| < 1 and
|Zop1| =1 for alln € N. Once we do that we have x & ¢y which is a contradiction.

For n =1, we have that T1,5 = 13 = A\ry — 11 = \? — 1. Since |\?| < 1, we have
that |z3| = 1 by the Isosceles triangle principle (see[1.2.3.b). Suppose that |zyia| < 1
forallk € {1,...,m}. Then |zpis| = |Aemie — Tmi1| < max{|\x,12|, [Tma1|} < 1.
Thus |xn42| < 1 for all n € N. Now suppose that |Topy1| = 1 for some k > 1. By
the previous induction, we have that |Topi1| < 1 which implies that | Azop41)| < 1=
|Tort1]. Thus |Toksr)+1] = [AToms1) — Tors1| = |Tors1| = 1 by .b. Therefore

|Toni1| =1 for alln € N.
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Case 2: |A| > 1. In this case, let’s prove by induction that |x,| < |x,41| for all
n € N. Once we do that we have x & co which is a contradiction.

Forn = 1, we have that x1,9 = 13 = Avg — 11 = A> — 1. Since 1 < |\ < |\,
we have that |v3] = |\?| by[1.2.8.b. Suppose that |xy| < |zy41| for some k > 1. Then
|2k < |Tps1] < |ATgs1| and thus we have that |Tki2| = Aoy — 2k = [ATppa| >
|Tki1|. Thus |xn42| < 1 for alln € N. Therefore |x,| < |x,41| and for all n € N.

Case 3: |\ = 1. In this case, we can prove in a similar way to the case 1 that
|z,| <1 for alln € N. Let’s prove by induction that 1 € {|x,|, |x,s1|} for alln € N.
Once we do that we have x &€ ¢y which is a contradiction.

Since x1 = 1, the statement is true for n = 1. Now suppose that 1 € {|xy|, |zr+1|}
for some k € N. Let’s show that 1 € {|zx41|, |Tri2|}. If |Tks1] = 1 then we are done.
Otherwise we have that |x41| < 1 and by our inductive assumption we have |xy| = 1.
Thus |Azg41| = |zps1| < |xg|. Then by[1.2.3b we have that |vy o] = A1 — x| =
|zk| = 1. Therefore 1 € {|zy,|, |xns1]} for alln € N.

Notice that when we study the same operator T in (% over C, it is also true that T
s a self-adjoint non-compact operator without eigenvalues but in that case the proof
of the last statement is not as simple as the previous one because there we do not have
the Isosceles triangle principle [1.2.5.b. In that case the proof that the author came
up with involves the resolution of the linear recurrence relation T, o = A\tp41 — Tp

and showing that lim, ... x, # 0 for all A € C.

4.5.3 Example. Although there is not yet a proof for a spectral theorem for compact
self-adjoint operators in the non-Archimedean case, there are such operators that

admit a spectral decomposition. Consider the Banach space cq over the Levi-Civita

field L|Q,C]. Let T € L(cy) be defined by

T([Ifl,ajg, T3y... ) = (Z .ﬁEidiiz,le, dl’l, d2.’131 .. )
=2
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(for the definition of d see m The matrix that defines this operator relative to

the canonical basis of cq is:

0 1 d &
0 0
T)=1|d 0 0
2 00 0

By our analysis in matriz representation done in section [{.4 we conclude that
T is a compact operator because the norm of the i-th row vector of [T is |d"=2| for
i > 2 and lim;_,, |[d""2| = 0. Also, since each row vector of [T] is in ¢y we conclude
that T admits an adjoint. Furthermore, T is self-adjoint because [T| is symmetric
with entries in H. Let’s find the eigenvalues of T. Suppose N € H(i) is such that

Tx = Xx for some non-zero x = (x,)n € ¢o. Then we have the following relations:
A\x = Z x;d 2 and A&, = x1d" 2 foralln > 2
=2

If \ # 0, then z; # 0 because x # 0. Hence x, = A\ *d" %z, for all n > 2 and
by substituting this into the equality \z; = Y22, x;d"? we obtain \* = S22, d*.
Since the Levi-Civita field LIQ,R] is real-closed, we can take the square root and
define o = Xod?. Hence o and —o are eigenvalues of T with eigenvectors y, =
(0,1,d,d? ...) and y; = (—0o,1,d,d?,...) respectively. Notice that the eigenspaces
corresponding to o and —o are 1-dimensional.

If X\ = 0, then we conclude that the conditions x1 = 0 and Y2, z;d™2 = 0
determine the kernel of T. There are several vectors in ker(T'), for instance, for
each n € N, the vector z, = (O, 1,d,d? ... d"3, %an’ ) ) € ker(T).

In other words, the vectors z, are 0-eigenvectors of T'. Also it can be proved that

{Zn : n € N} is linearly independent. Notice that span{yi,ya2,71,%2,25...} = ¢o. In
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fact, if e, is n-th canonical vector of ¢y then

1 1 d
61 = —V; — — an
1 20)’1 20)’2

dn72 dn72 dn72
en = = v1 + = Vo — = Zn, for alln > 2.

By using the Gram-Schmidt orthogonalization process in {z, : n € N}, and by ap-
pending y1 and yo to the resulting collection, we obtain a basis of ¢y (after normal-

ization) for which the operator T has the following matriz representation:

=

Il
Lo O O 9
o o o o
o O o o

Diagonal Operators

Since a spectral theorem has not been obtained yet, the author has decided to restrict
the study of operators to the family of diagonal operators on ¢y over H(7) to check
whether the theory of diagonal operators is affected in the non-Archimedean case

over a valued field of higher rank.

4.5.4 Definition. An operator T' € L(c) is called diagonal if there exists basis

{yn : n € N} for ¢y formed by eigenvectors of T

It can be easily verified that if T € L(co) is diagonal and if the set of eigenvectors
{yn : n € N} is a basis for ¢q then, the eigenvalues of T" form a sequence A = ()\;); in

£>° such that, for each x € ¢q:

> (x,v)
Tx = Ai Yi
Z-; (Vi ¥i)
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The matrix representation of 7' with respect to the basis {y, : n € N} will be the

diagonal matrix:

M 0 0 0
0 A 0 0
T)=10 0 X3 0
0 0 0 M\

By |4.4.11} it follows that ||T'|| = sup{|\| : i € N} = ||A||. By[4.4.12] we can conclude

that T admits adjoint and [T*] = [T]¢. In fact, even when (y;,y;) # 1 we have that

Xi = vi(T*y;) = yi(Ty;) g’:’y = yi(Ty;) = \; (compare with [4.4.12). Hence for each

X € cg we have that
(%, yi)
i=1 yza YZ>

Yi

and therefore T is self-adjoint if and only if X € c¢o(H), i.e. A\; = \; for all i € N.
Similarly, by 4.4.12] we have that T is compact if and only if A € ¢q.
Now we are in position to present our decomposition theorem for diagonal oper-

ators on c¢.

4.5.5 Proposition. For every diagonal operator T' € L(cy), there are unique self-
adjoint operators Ty, Ty € L(co) such that T =Ty +iTy, T* = Ty — iTy and ||T|| =
max{||T1[[, || T2[}-

Proof. Let T € L(cg) be a diagonal operator and let {yi,y2,...} be a basis for

co formed by eigenvectors of 7. Then there exists a unique A = (\;)jen € ¢

such that Tx = Y22, A <<yxfyy?>> vi, for all x € ¢g. There are unique o = (;);en and

B = (Bi)ien in 6"0(%), such that A = a+if (see |4.2.8)). Define T} and T as follows:

T'x = >, az >> yi, and Thx = 772, 3 <<;<,’yyi_>> y;. Thus T} and T, are self-adjoint

diagonal operators on cy. It is clear that T' = T7 4 ¢T, and T = T} — i15. Finally,
| T[| = [IAl] = max{|[al], [|8][} = max{|[T1]], [|T2[|} by [4.2.8] u
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The next result shows the basic properties regarding the composition of diago-
nal operators. Notice the special considerations made in the proof of (e) since the

inequality takes place in G¥.

4.5.6 Proposition. Let {y; : i € N} be a basis of co and let S, T € L(cy) be diagonal

operators defined by

< (x,Vi) =, (% ¥i)
Sx =) o ;i and  Tx:=)Y Bi——"v;
Z; iovi) ; (virvi)

for all x € ¢y and for some o = ()jeny and B = (5;)ien in €. Then the following

statements hold.

vi, for all x € ¢y.

o = Oé' '<X7yi>
(a) (ST)sz; ibi Yoy

(b) ST =TS

(c) If T # 0 satisfies T™ = T for some n > 2, then |5;| = 1 for everyi € N. In

particular, T"' is a normal projection.

(d) T has an inverse in L(co) z'f and only if B; # 0 for alli € N, (3;'); € £°. In

this case T"'x = Y22, 6_ i, for all x € ¢.

(e) T is invertible if and only if inf; |5;| > 0.

Proof. (a): for any x € ¢y, we have that:

> TX yZ >0 Z;olﬁj (y; y Y]7y2> > <X, Yi>
ST)x = Ozl o vi= > ;b Vi
(5T) ; oy ; (vi, i) ; (vi, Vi)

The statement (b) follows immediately from (a).

(c): By (a) we have that for every n € N and x € ¢,

Zﬂn X, i vi.

=" (Vi vi)
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Let A:={i e N:p; #A0}. f T" =T # 0 for n > 2, then 8 = f5; and hence |3;| = 1

for every i € A. In particular, we have that that 3! = 1 for each i € A. Then

Tn—IX _ <X7 y2> Vi
,-2@:4 Vi, yi)
and therefore, the result follows from |4.3.4]
(d): Suppose that 7" has an inverse in L(cg). Then, for each i € N, Ty; = S;y;
implies that 3; # 0, otherwise 7" is not injective. Hence T~ 'y; = B;'y; and thus
187 = 1187 il = 1T Yyil| < ||T7Y|. Therefore (5;'); € ¢°. By continuity of T,

for every x € ¢y we have that:

T 'x=T" (i 6 i) yz-) = i DY oty 5o gt N

i=1 <YZayl> —1 <YZ7Yz> i=1 <y“y$>

(e): In the proof of (d) we showed that, if T is invertible, then 0 < |3; | < ||T!|| for
alli € N. Since G is cofinal in G# we can choose h € G such that ||T~!|| < h. Hence,
0 < h™t < |B;| for all i € N and therefore, inf; |3;| > h~! > 0. Conversely, suppose
that inf; |3;] > 0. Hence, 3; # 0 for all i € N. Put a := (§; ');. Since G is coinitial
in G#, we can choose g € G such that g < inf; |3;|. Hence, 0 < g < |3;] for all i € N.
Then, it follows that |3;!| < g~' for all i € N and therefore, sup, |B-_1| < 00. Hence,

a € (> and by using (a), we can verify that Sx := S5°, 5;* <X yz is the inverse

operator of T'. Thus we have proved (d) and (e). |

The next result characterizes those compact diagonal operators on ¢y that are

cyclic of finite order, i.e. those whose compositions form a finite magma.

4.5.7 Proposition. Let {y; : i € N} be a basis of ¢g. Consider a nonzero compact

diagonal operator T € L(co) defined by

Tx nyz> i
. ;%,y»
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for allx € co and for some 8 = (5;)ien in co. If T =T for some n > 2, then Im(T)
is finite dimensional, the set A = {n € N: 8, # 0} is finite and |B,| = 1 for every

n € A. In particular, T"' is a normal projection.

Proof. By [4.5.6.a], we have that for every n € N and x € ¢y,

wa”f

= yz,yz>

If T =T # 0, then 8 = §; and hence |3;| = 1 for every i € A. Since lim; 5; = 0, A
must be finite. Then Im(7") = [y, : n € A]. The rest follows from |4.5.6.c |

Let’s finish the study of diagonal operators with an inspection of their spectra.

4.5.8 Definition. Let T' € L(cy). The spectrum of T is the set
o(T) :={p e H@): T — pul is not invertible}.
The spectral radius of T is defined as
ro(T) = sup{|u| - p € o(T)},

4.5.9 % Proposition. Let T' € L(cy) be a diagonal operator defined by

= Z/\ <YZ7yZ>

=1

for each x € ¢y, where (v;)ien 1S a basis of co formed by eigenvectors of T and
A= (N)ien in £2°. Then the spectrum of T is o(T) = {\, : n € N} and the spectral
radius of T is ||T|].

Proof. Let u € . For each x € ¢y we have that:

[e.9]

(T—NI)X:i)\z<X Y9 Z,U L0 i:i(&—u) <X7yz'>}’i-

i=1 <YZ7 Yz i—1 y“ Yl> <Yi7 Yi>
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On the one hand, by [£.5.6.¢, 1 € o(T) if and only if inf,ey A, — | = 0. On the
other hand, inf,en |\, — | = 0 if and only if there exists a subsequence (A, )x of
(An)n such that limy \,, = p. This is equivalent to x € {\, : n € N}. Furthermore,
we have that ||T|| = sup{|A\,|] : n € N} < r (T). Suppose that the inequality
is strict. Then there exists u € {\, : n € N} such that |\,| < |u| for all n € N.
Hence 0 < |u] = | — A\u| = inf, | — A\y| and therefore p & o(T) (4.5.6.€]), a

contradiction. ]

Notice that although Proposition |4.5.9| also holds in the Archimedean case, the

proof presented above makes use of the Isosceles triangle principle.

Conclusions

The author has verified that the presented results for diagonal operators hold also in
the Archimedean case, where sometimes the difference is only detected in the proofs.

In the same vein, the author has verified (see idea below) that when the non-
Archimedean valued field has rank 1, the spectrum of an arbitrary operator T € L(c)
is closed and bounded by ||T'||. Notice that every closed bounded subset of a field K is
compact if and only if K is locally compact. In our case, H (%) is not locally compact
(for a complete characterization of locally compact valued fields see [8, 2.32, 2.33]).
Additionally, the space of invertible operators is open in L(cg): if T, S € L(co), T is
invertible and ||T" — S|| < ||T|| then S is also invertible. The idea of the proofs in
the non-Archimedean context are very similar to the ones in the Archimedean case,

where the differences are mainly related to:
(a) the use of the inequality || >, T"|| < sup ||T™|| instead of || >, T"|| < X2, ||T™]],

(b) the convergence of Y, T™ is obtained from the convergence ||7"|| — 0, while in
the Archimedean case a comparison with a convergent geometric series takes

place.
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A more substantial difference is visible when we try to obtain the mentioned
results using a non-Archimedean valued field of higher rank. The main difficulty
in this case is the lack of the inequality ||T'S|| < ||T||||S|| for T\, S € L(cy). This
inequality requires the existence of a product operation defined on G* that extends
the action of G on G#. The problem is that the only two operations that meet the
requirements are not well-behaved, in the sense that G# will not be a group and
there are elements 7 € G* such that s7 = 7 no matter how small s € G is chosen.
Nonetheless, not all is lost. If we consider S;T € L(cg) to be compact and self-
adjoint, we have that ||.S|| and ||T'|| are elements of G, i.e. the suprema are attained
by the valuation of some entry in their respective associated matrix. In that case the
inequality ||7°S|| < ||S]||T|| is back in the game and therefore the results mentioned

above also hold for the higher rank case for compact and self-adjoint operators.



Chapter 5

Future work

While preparing this thesis, the author came across several interesting problems that
would require a significant amount of time to try to solve and hence did not fit in
the time line of producing this thesis. Since the resolution of those problems will
improve the current understanding of non-Archimedean Functional Analysis, the

author plans to work on them in his postdoctoral research.

5.1 Is there a spectral theorem for compact and
self-adjoint operators on ¢;?

As it is indicated in Section [4.5] it is unknown whether there is an spectral theorem for
compact and self-adjoint operators on ¢y even in the rank-1 case. So far, the compact
and self-adjoint operators in L(cp) that the author has studied can be separated in
two groups: (1) operators that are hard to study and it is unclear whether they
have any eigenvalue or not, and (2) operators that satisfy the spectral theorem. Due
to the difficulty to find a counterexample the author is now more inclined to the

possibility that the spectral theorem holds in the rank-1 case.

134
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5.2 Characterization of Banach spaces with the
complementation property

Let us say that a Banach space E has the complementation property if every
closed subspace of E is complemented, i.e. for each closed subspace D of E, there
exits another closed subspace F' of E such that E = D+ F and DNF = {0}. Notice
that orthogonality is not involved in the complementation property.

In classical Functional Analysis, J. Lindenstrauss and L. Tzafriri have proved [25]
that a Banach space over R or C has the complementation property if and only if it
is linearly homeomorphic to a Hilbert space.

An interesting question is the following: what Banach spaces over a non-Archimedean
valued field have the complementation property? In a way, this question tries to
identify the "Hilbert spaces" in the non-Archimedean context.

There are some partial answers to this question:

(a) If the valuation of the base field is discrete then every Banach space has the

complementation property (see [45] 4.7]).

(b) If the valuation of the base field is dense, and if the Banach space is of countable

type, then the latter has the complementation property (see [2.4.15)).

The author of this thesis conjectures that if the valuation of the base field is
dense, then a Banach space has the complementation property if and only if it is of

countable type.



136

5.3 Is being of countable type an inheritable prop-
erty for normed spaces?

In the case rank(G) = 1, the subspaces of a normed space of countable type are again
of countable type (see [32, 2.3.14]). However, when we are dealing with valuations
of higher rank, the question does not have a complete answer. According to if
E is a Banach space of countable type with basis field K, then each closed subspace

of F is of countable type whenever one of the following conditions is satisfied:
(a) K is non-metrizable, or
(b) G is principal, or
(c) each Bg-submodule of K is countably generated.

The answer otherwise is unknown, this is the case when G is the union of a
strictly increasing sequence of convex subgroups, and G has a countable coinitial set
and not all the Bg-submodules of K are countably generated.

As H. Ochsenius and W.H. Schikhof pointed out in [31], 2.5] a major step in solving
the problem would be the answer to the question as to whether closed subspaces of

co are of countable type.

5.4 Is the quotient space of a spherically complete
normed space spherically complete?

In the case rank(G) = 1, the answer is positive as it is proved in [45, 4.2]. Such
a proof relies heavily on the countability of the coinitiality of the value group G.
In the higher-rank case, the answer is unknown. But if the answer is positive then

there is a strategy to prove that every subspace of a normed space of countable type
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is of countable type. This would be done by following the ideas of the proof of the

following result:

5.4.1 Theorem ([45] 5.9]). Let E be a Banach space with an orthogonal basis. Then

every linear subspace of E has an orthogonal basis.

5.5 Topological approach to Hilbert-like spaces

In classical Analysis, a Hilbert space (H, (-, -)) satisfies the following distinctive prop-

erties:

(a) The inner product (-,-) is continuous with respect to the topology induced by

the norm.
(b) H is a Banach space.

(c¢) There exists an orthonormal basis {e, : @ € I} such that every z € H has
a unique expansion of the form =z = Y°°, A\, €4, where A, € R (or C). If

the basis is countable, then H is of countable type (see definition in and
characterization in [2.4.11)).

(d) Every closed subspace D of H is normal complemented (H = D & D%).

(e) The topological dual of H is isometrically isomorphic to H (Riesz representa-

tion theorem).

If H is infinite-dimensional and has a countable orthogonal basis then H is linearly
homeomorphic to 2.

Our objective is to find a characterization of spaces satisfying these properties in
the context of non-Archimedean analysis using locally convex topologies.

Let K = (K,|-|) be a Cauchy complete non-Archimedean valued field. The

valuation | - | is assumed to be nontrivial. Since we want to define a space satisfying
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properties that are analogous to (b) and (c), let’s consider an infinite-dimensional

Banach space E over K of countable type (see definitions in [2.1.1f and [2.4.1). By

Theorem [2.4.12 E' is linearly homeomorphic to (¢, || - ||) (see definition in [2.1.3)).

Now we need an inner product (-,-) on ¢y such that ||z|| = +/|(z, )] (see [2.3.1)).

Narici proved in [29] that the inner product (-,-) : ¢ X ¢ — K defined by
(J:a y) = Z TnlYn
n=1

satisfies the equality ||z|| = 1/(z, ) for every = € co, if and only if the residue class

field of K is formally real (see definitions in [1.3.4]and [1.4.1]).

So let’s assume that the residue class field of K is formally real.
As we mentioned in [2.3.3] it is impossible for the space (co, || - ||) to satisfy the
property (d). But we still can ask if there exists a locally convex topology ¢ on ¢

such that:
e (-,) is o-continuous,
e (¢, is of countable type with respect to o,

e D is a o-closed subspace of ¢y if and only if D is a complemented || - ||-closed

subspace,
e (cp,0)" is linearly isomorphic to ¢

In other words, we could look for a topology on ¢y that characterizes all the
|| - ||o-closed subspaces of ¢y that admit orthocomplements.

Since we wish to have a result that is analogous to the Riesz representation
theorem on (cp,0) (i.e. to satisfy (e)) let’s consider the functionals of the form
x +— (x,y) where z,y € ¢o. Then the function p,(z) := |(z,y)| is a continuous
seminorm on ¢g. If R := {p, : y € ¢y} then a good candidate to study would be the

locally convex topology on ¢y induced by the family R, i.e o := o(co, R).
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