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Abstract

Multi-tier cellular networks have led to a paradigm shift in the deployment of base

stations (BSs) where macrocell BSs are overlaid with smaller and lower power BSs

such as microcells, picocells, and femtocells. Stochastic geometry has been proven

to be an effective tool to capture such heterogeneity and uncertainties in deploy-

ment of cellular BSs. In stochastic geometry, random spatial models are used to

model multi-tier cellular networks where the locations of BSs is each tier is assumed

to be drawn from a point process with the appropriate spatial density. This the-

sis proposes stochastic geometry-based approaches to analyze, model, and optimize

multi-tier cellular networks under several setups and technologies. First, I propose a

novel location-aware cross-tier cooperation scheme that aim at improving the perfor-

mance of users with low signal-to-interference-plus-noise ratio (SINR). Second, I study

the performance of cognitive device-to-device (D2D) communication in multi-channel

downlink-uplink cellular network with energy harvesting. For the coexistence between

cellular and D2D transmissions, I propose a spectrum access policy for cellular BSs to

avoid using D2D channels when possible. Third, I investigate the feasibility of energy

harvesting from ambient RF interference in multi-tier uplink cellular networks. For

this setup, I capture randomness in the network topology and the battery dynamics.

Fourth, I extend multi-tier uplink cellular networks to consider the case when users do

not necessarily associate with the nearest BS (i.e., flexible cell association). Finally,

I compare between different cell association criteria including coupled and decoupled

cell association for uplink and downlink transmissions in multi-tier full-duplex cellu-

lar networks. For all network setups, I use stochastic geometry to derive simple and
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closed-form expressions to evaluate the performance in terms of several metrics, e.g.,

outage probability, mean rate, transmission probability, success probability, and load

per BS. I also highlight main tradeoffs in different networks and provide guidelines

to optimize different performance metrics by carefully tuning fundamental network

design parameters.
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Chapter 1

Introduction

In modern wireless cellular networks, the data traffic demand is increasing exponen-

tially especially as the number of advanced devices such as smartphones, tablets, lap-

tops, etc. is expected to exceed more than 50 billions by 2020 [1]. At the same time,

the link spectral efficiency is approaching its theoretical limit and there is an urgent

need for new solutions to address this major challenge. One of the most promising

solutions to improve the spectral efficiency (bit/sec/Hz) is the densification of the

network by deploying more base stations (BSs) to use the gain of cell splitting and

frequency reuse. Unfortunately, deploying more macrocell BSs is infeasible due to

high cost and infrastructure complexity. Therefore, several possible approaches have

recently attracted significant attention as an alternative to densifying macrocell net-

works and meet the ever-increasing users’ demand. For example, deploying small cells,

multi-cell cooperation, device-to-device (D2D) communication, and full-duplex (FD)

communication have been proposed to improve the spectral efficiency of the cellular

networks. This however poses an important challenge to properly model and analyze

modern cellular networks to cope with this paradigm shift in network design. From

now on, I refer to networks with both macrocell BSs and small cells or D2D communi-
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cation as multi-tier cellular networks in which each class of BSs represents a different

tier [2]. In this thesis, I use tools from stochastic geometry to develop tractable yet

accurate comprehensive frameworks to better model, analyze, and optimize the key

performance metrics in multi-tier cellular networks.

The rest of this chapter is organized as follows. Section 1.1 presents several so-

lutions that aim at improving the spectral efficiency of cellular networks. Section

1.2 summarizes different approaches for modeling and analyzing multi-tier cellular

networks. The motivation and key contributions of this thesis are summarized in

Sections 1.3 and 1.4. In Section 1.5, mathematical preliminaries on statistical mod-

eling using stochastic geometry are provided. Finally, the organization of the thesis

is presented in Section 1.6.

1.1 Solutions to Improve Spectral Efficiency in Cellular Net-

works

In the last few years, the world has witnessed a rapid evolution of the cellular networks

and an increase in the need for higher data rates. This is mainly due to the emergence

of several services such as video calling and streaming of high definition videos which

require very high data rates to provide mobile users with a satisfying experience.

Several solutions have been proposed to meet these requirements by reducing the

frequency reuse distance and improving the spectral efficiency of cellular networks.

In the following, some of these solutions are presented.

1.1.1 Network Densification

Due to the infeasibility of deploying more macrocell BSs, the introduction of small

cells has recently attracted significant attention to densify cellular networks. Typ-

2



Introduction

Table 1.1: Comparison among different classes of cells/base stations

Attributes Macrocell Picocell Femtocell

BS Installation Mobile Operator Mobile Operator Mobile Subscriber
Transmission Range 300-2000 m 40-100 m 10-30 m
Transmission Power 40 W (approx.) 200mW- 2 W 10-100 mW

Band License Licensed band Licensed band Licensed band
Transmission Rate up to 1 Gbps up to 300 Mbps 100 Mbps-1 Gbps

Power Consumption High Moderate Low

ically, small cells such as femtocells, picocells, and microcells have lower transmit

power and deployment cost compared to macrocell BSs. Small cells can achieve high

data rates and better coverage and reliability by reducing the distance between a user

and the serving BS and eliminating coverage holes. The different network tiers oper-

ate simultaneously in the same geographical area and may differ in transmit power,

coverage range, supported data rate, channel access protocol, and spatial density.

Hence, referred to as multi-tier cellular networks.

Figure 1.1 shows an example for a multi-tier network consisting of three different

tiers with macrocell, picocell, and femtocell BSs. It can be seen that the coverage

area varies from one BS to another due to the differences in transmission power where

in typical scenarios the transmit power of a macrocell BS can be up to 1000 times

higher than that of a small cell. Note also that, in practical scenarios, macrocell BSs

are deployed by the operator in a planned manner while small cells with irregular

coverage areas such as femtocell BSs are deployed randomly by the end user. Table

1.1 provides a comparison between the different classes of BSs including macrocell,

picocell, and femtocell BSs.

The motivations of using small cells such as femtocells and picocells in a multi-tier

network architecture can be providing high data rate and improved quality-of-services

to subscribers, eliminating coverage holes in macrocell footprint, improving energy

efficiency of communication and extend the battery life of mobile phones, reduce
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Macrocell BS 

Femtocell BS 

Picocell BS 

Figure 1.1: A multi-tier cellular network with a macrocell network which is overlaid
with lower power and denser picocell and femtocell BSs where dashed lines show the
coverage area of each cell.

traffic load in macrocell BSs, hence more resources are available for for macrocell

users, and mitigating spectrum underutilization problem.

1.1.2 Multi-Cell Cooperation

With the deployment of multiple network tiers, many fundamental challenges that

affect the network performance in terms of coverage and throughput are arising.

Interference management (i.e., development of methods to mitigate co-tier and cross-

tier interference) is one of the major challenges in multi-tier networks. For example,

macrocell users located in the close vicinity of a small cell may be victimized by

transmissions to small cell users and vice versa. The concept of multi-cell coopera-

tion among multiple tiers has been proposed as a solution to mitigate the cross-tier

interference resulting from the deployment of small cells and to improve the spec-

tral efficiency of the multi-tier cellular networks [3, 4]. For example, coordinated

multipoint (CoMP) transmission (also referred to as network MIMO) is a form of

cooperation in which multiple BSs communicate with each other to cancel out the
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interference and improve the overall system performance by jointly transmitting the

users’ data concurrently [5–8]. In multi-tier cellular networks, CoMP can be exploited

to achieve high gain of the universal frequency reuse. For example, Figure 1.2 shows a

scenario in which a macrocell BS and a picocell BS are cooperating to simultaneously

serve a macrocell user who is very close to the coverage area of the picocell in order

to mitigate the effect of the cross-tier interference resulting from that picocell BS.  

Macrocell BS 

Picocell BS 

Figure 1.2: An example of multi-cell cooperation with a macrocell BS and a picocell
BS cooperating to jointly serve a single user.

1.1.3 Device-to-Device Communication

Device-to-device (D2D) communication is another promising concept to maximize

the utilization of radio resources in cellular networks and improve the overall spec-

tral efficiency of the system. In D2D communication, devices in proximity of each

other can establish a direct communication link without connecting through their

corresponding BS [9, 10]. In other words, D2D communication enables single-hop

communication instead of dual-hop uplink and downlink communication. This also

enhances the latency and power consumption of D2D users. In addition, it improves

the cellular networks performance in terms of coverage and spectral efficiency by im-
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proving the spectrum reuse and reduce the load per BS by offloading users to the

D2D mode. For example, Figure 1.3 shows an illustration of a cellular network with

a macrocell BS that is overlaid with D2D network in which D2D users form pairs or

clusters to exchange data. D2D communication underlaying a cellular network can

be seen as another network tier, hence, constitutes a multi-tier cellular network.

 

 

 

 

 

 

 

 

  

Macrocell BS 

Cellular Communication Link 

D2D Communication Link 

Figure 1.3: An example of a D2D-based networks as an underlay to a cellular network.

One of the main challenges in D2D communication is channel and power alloca-

tions especially when the radio resources are shared between the D2D devices and

cellular BSs. In addition, both D2D and cellular networks should be protected from

interfering to each other to achieve high performance gains. In general, D2D com-

munication can be enabled in a cellular network in three possible ways, namely,

D2D-unaware, D2D-aware, and network-controlled D2D transmissions [11]. In D2D-

unaware transmissions, D2D users exchange control and data packets between each

other with no intervention from the cellular BS. That is, the cellular BS does not

have any supervision over the radio resources used by the D2D pairs (e.g., power

control and spectrum allocation) and no coordination exists between D2D and cellu-

lar transmissions. On the other hand, in D2D-aware transmissions, the cellular BS
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perform limited supervision of D2D transmissions for better coordination with the

concurrent cellular transmissions. Nonetheless, this supervision is limited in terms of

information exchange and signaling overheads. D2D users can possibly decide their

mode of operation (i.e., D2D or cellular mode) and the radio resources for data trans-

mission. In network-controlled D2D transmissions, a cellular fully controls the radio

resources management of all cellular and D2D users in a cell. This scenario enables

the network to make perfect coordination between cellular and D2D users which may

require large amount of information exchange and signaling overheads. Moreover, a

D2D pair cannot establish a communication link without initiating a request and the

approval of request from the cellular BS. The aforementioned scenarios offer trade-offs

in terms of performance and complexity of implementation.

1.1.4 Full-Duplex Communication

In-band full-duplex (FD) communication has recently attracted significant attention

as a potential enabler for modern cellular networks to support higher data rates

and meet the ever-increasing user demand for broadband wireless services. In con-

trast to half-duplex (HD) communications in which a time-frequency resource block

is only used for either transmission or reception, in-band FD communication im-

plies simultaneous transmission and reception of information in the same frequency

band [12,13]. The main challenge for this solution is that it introduces extra interfer-

ence between uplink and downlink networks which affects the network performance

gains especially for uplink transmissions that suffer from excessive downlink-to-uplink

interference [14]. The performance of FD networks is also limited by the capability of

network terminals (e.g., user devices and BSs) to cancel self-interference (SI), which

results from their own transmitter to their own collocated receiver. Fortunately, this
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technology is becoming feasible thanks to the recent advancements in antenna and

digital baseband technologies where SI can be reduced close to the level of noise floor

in low-power devices [15].

1.2 Modeling of Multi-Tier Cellular Networks

The signal-to-interference-plus-noise ratio (SINR) is one of most important perfor-

mance metrics for the analysis of wireless networks. For example, in order to correctly

decode received information, the SINR is required to exceed some predefined thresh-

old. In addition, the SINR is directly related to most of many of the main performance

metrics such as coverage probability, spectral efficiency, and energy efficiency. The

coverage probability of a network is defined as the probability that the SINR at the

receiver is greater than a predefined threshold. Note that coverage is the comple-

mentary event of the outage. On the other hand, spectral efficiency is defined as the

number of data bits that can be successfully transmitted in a certain communication

link per second per unit bandwidth (i.e., bit/sec/Hz or bps/Hz). Energy efficiency

is defined as the number of data bits that can be successfully transmitted per unit

energy or equivalently the data rate per unit power (i.e., bit/Joule or bps/Watt).

Based on the aforementioned relation, it is crucial during the modeling phase of

a cellular network to obtain expressions for the SINR that take into account the sys-

tem characteristics while being tractable and simple as possible. Therefore, different

approaches have been considered in the literature to address this challenge under

different assumptions. For example, Wyner model has been used in the literature

to model single-tier networks and provide expressions for the different system per-

formance metrics [16]. In this model, the network geometry (i.e., locations of BSs)

is completely ignored such that the interference level is constant over the entire cell.
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Figure 1.4: A single-tier macrocell network with hexagonal grid model. Solid black
lines show the coverage area of each cell.

Due to these very simplistic assumptions, the resulting expressions are not accurate

in general and not many insights can be obtained.

Another popular model in the literature for modeling cellular networks is the

hexagonal grid model. In this model, the coverage areas of all BSs are assumed to

be regular and the distance between neighboring BSs are equal as shown in Figure

1.4. It can be seen that this model does not capture the network topology where the

assumption made for the locations of the BSs is too idealistic. In addition, closed-

form expressions for the different network performance metrics are very hard to obtain

when adopting such model. In most cases, the deterministic grid-based models are

only used for system-level simulation.

Even for single-tier networks, both models deviate from the actual deployment of

BSs in which BSs do not follow a regular model. In addition, models such as hexagonal

grid and Wyner models are not suitable in the context of multi-tier networks due to

the uncertainties and randomness of the network topology. This is especially due to
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the increase in the spatial density of network elements brought by the deployment of

small cells such as picocells and femotcells. Motivated by the impact of randomness

of the network topology on the accuracy of the obtained insights, the main challenge

now is to adopt other modeling tools that are topology-aware and able to capture

this randomness while providing simple, accurate, and tractable expressions of the

performance metrics.

Stochastic geometry has been extensively used to model multi-tier cellular net-

works while capturing the uncertainties in the locations of the BSs of different net-

works tier by modeling each tier by an appropriate spatial point process [17–28]. Most

importantly, it has been shown that stochastic geometry-based modeling can provide

tractable and accurate expressions with closed-form expressions for many performance

metrics such as coverage, data rate, and energy efficiency compared to deterministic

and grid-based models. For example, Figure 1.5 shows a realization of a single-tier

cellular network where the locations of macrocell BSs are drawn from a Poisson point

process (PPP). Furthermore, Figure 1.6 illustrates how stochastic geometry is pow-

erful tool to model multi-tier cellular networks. Without loss of generality, Figure

1.6 shows a two-tier cellular network where the macrocell network shown in Figure

1.5 is overlaid with a denser and lower power picocell network tier where each tier is

modeled by an independent PPP.

1.3 Motivation and Objective

The deployment of small cells and D2D communication to improve cellular networks

performance has introduced one of the main challenges which is the spectrum allo-

cation and interference management [29]. For example, different network tiers in a

multi-tier cellular network can use different spectrum bands (i.e., orthogonal or non-
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Figure 1.5: A single-tier macrocell network with random spatial model. Solid black
lines show the coverage area of each cell.

Figure 1.6: A two-tier cellular network with the macrocell network shown in Figure
1.5 overlaid with lower power and denser picocell BSs (green circles). Solid black lines
show the coverage area of each cell.

overlapping spectrum allocation). Although this option for small cell deployment can

eliminate interference among the different network tires, it is not efficient from the
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viewpoint of radio spectrum utilization. On the other hand, with a co-channel de-

ployment (i.e., overlapping spectrum allocation) where different network tiers use the

same spectrum band, the utilization of radio spectrum can be improved. However,

intelligent interference management methods will be required in this case. A par-

tially overlapping spectrum allocation can also be used to provide a balance between

spectrum utilization and other network performance measures such as coverage and

throughput.

Another challenge in multi-tier cellular networks is the increase in energy consump-

tion due to the deployment of more BSs to satisfy the ever-increasing user demand.

This increase significantly contributes to the global greenhouse gas emissions [30].

Therefore, energy efficiency is considered as important as system spectral efficiency

and needs to be considered during the design phase for cellular networks. To im-

prove energy efficiency of multi-tier cellular networks, several solutions such energy

harvesting has recently emerged as a promising technology. In energy harvesting,

different network elements such as the mobile phones and the small cell BSs are en-

abled to harvest energy from nontraditional sources such as solar power, wind, and

ambient RF interference to power wireless communication devices [31–33]. Such a

novel scheme can be used by the operator in order to maximize the energy efficiency

and minimize the power consumption in cellular networks. While energy harvesting

is a potential solution to improve energy efficiency of cellular networks, techniques

such as multi-cell cooperation and D2D communication have emerged as promising

solution that improve both spectrum efficiency and energy efficiency.

Modeling, analysis, and optimization of multi-tier networks in presence of these

new technologies and interference management methods is fundamental for practical

design and deployment of such networks. With the large-scale deployment of many
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tiers of BSs, the number and locations of small cells become random and irregular,

hence, the models of modern cellular networks shift from the conventional regular grid-

based models such as the hexagonal grid model as shown in the previous sections.

Since modeling is required for analysis and design of cellular networks, a network

operator should use a proper modeling tool that can capture the randomness and

irregularity of BS deployment. After the modeling phase, a network designer needs to

analyze and optimize the network parameters in order to provide a quality-of-service

(QoS) guarantee to the users while meeting certain constraints imposed by either the

operator policy, national regulations, or any other requirements. This can be done

by carefully tuning the different network parameters to balance the tradeoffs between

different key performance metrics such as coverage, data rate, delay, interference, etc.

and observe how these metrics change in response to such variations.

Therefore, the main focus of this thesis is to develop accurate yet tractable frame-

works to model multi-tier cellular networks while taking into account the topological

randomness and network geometry. Throughout this work, I use stochastic geometry

as the tool for statistical modeling of multi-tier cellular networks [34–38]. I consider

different setups and technologies for multi-tier cellular networks such as multi-tier

cooperation, cognitive channel access, energy harvesting, D2D communication, and

FD communication. In addition, I aim at using the developed system models to an-

alyze the network performance in terms of different performance metrics in order to

optimize the network design process to satisfy different users’ requirements.

1.4 Scope and Contributions

In this thesis, I develop novel models for performance analysis and optimization of

multi-tier cellular networks in presence several emerging technologies to improve the
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overall spectral efficiency. I use a statistical approach based on stochastic geometry

to capture the uncertainties and irregularity of multi-tier networks and to develop

comprehensive analytical frameworks to model these technologies. The frameworks

enable us to evaluate the performance of the proposed system models in terms of

coverage probability, achievable data rate, network load, etc. The results from the

analysis help us to understand the impact of varying network parameters (such as

spatial densities of BSs and user, transmit power, number of channels, receiver sensi-

tivity, etc.) on the performance measures and provide insightful guidelines for system

design. The main contributions are summarized as follows.

� Multi-tier cooperation: I propose a novel interference management location-

aware cross-tier cooperation (LAC) scheme between BSs in different tiers for

downlink CoMP transmission in multi-tier cellular networks in Chapter 2. On

one hand, the proposed scheme allows cooperation only to enhance the perfor-

mance of users who suffer from high cross-tier interference due to the co-channel

deployment of small cells. On the other hand, users with good SINR conditions

are served directly by a single BS. Thus, the data exchange between the coop-

erating BSs can be reduced. I evaluate the performance of the proposed scheme

in terms of the outage probability, average rate, and load per BS as the key

performance metrics. Using stochastic geometry, I derive closed-integral form

expressions for these metrics. I also compare the proposed scheme with other

schemes in the literature such as range expansion, full cooperation, as well as

non-cooperative transmission. I study the performance of different schemes

under different system setups by varying the BS spatial density, amount of co-

operation, and required QoS. I show that the proposed LAC scheme improves

the network coverage and achievable spectral efficiency while considering the
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load of macrocell BSs.

� D2D communication with energy harvesting and cognitive radio ac-

cess: In Chapter 3, I study D2D communication as an additional network

tier when underlaying a multi-channel cellular network. I address two main

challenges in such networks which are interference management and energy effi-

ciency. For the first challenge, D2D users are proposed to use cognitive spectrum

access such that each D2D transmitter performs spectrum sensing before trans-

mission to opportunistically access a predefined channel and to make sure that

this channel is not being used for cellular communication. In a multi-channel en-

vironment, I also propose two different spectrum access policies for the macrocell

BSs, namely, random spectrum access (RSA) and prioritized spectrum access

(PSA) policies, to enable the coexistence of the cellular and D2D users. In

addition, I propose D2D users to be restricted to use only the harvested RF

energy from the ambient interference that results from the concurrent cellular

uplink and downlink transmissions. This in turn improves the energy efficiency

which is now seen as important as system spectral efficiency in order to reduce

the global greenhouse gas emissions. For a general path-loss exponent, I pro-

vide a tractable analytical framework for statistical analysis of the proposed

system and I derive simple and closed-form expressions for the probability of

harvesting sufficient energy, the probability that the channel to be used by D2D

users is free, the SINR outage probability for both D2D and cellular users, and

the overall outage probability for D2D users. I discuss several variations of the

proposed system such as (i) both cases when D2D transmissions take place in a

channel assigned for downlink cellular transmissions or uplink cellular transmis-

sions, (ii) macrocell BSs are adopting RSA or PSA access policies. I define the
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operation conditions in which uplink channels are preferable to downlink chan-

nels and vice versa. More specifically, I derive a closed-form expression for the

value of the BS density after which uplink channels should be used to achieve a

better performance when compared to using downlink channels. Finally, I show

that provisioning of multiple channels can be used along with cognition by D2D

users to protect the cellular transmissions while enabling D2D communication.

� Energy harvesting for cellular uplink users: Due to the limited battery of

mobile devices, I study the feasibility of harvesting energy from the ambient RF

interference in multi-tier uplink cellular networks in Chapters 4 and 5. Under

channel inversion power control, I derive a closed-form expression for the cov-

erage probability of cellular users who have no other sources of energy except

energy harvesting. In Chapter 4, I use the steady-state probability analysis

of Markov chains to derive simple expressions for the probability of successful

transmission while capturing battery dynamics. In Chapter 5, I extend the

results on energy harvesting to consider flexible cell association in multi-tier

uplink cellular networks. Then, the proposed framework is used to derive sev-

eral special cases and models in the literature. I highlight different tradeoffs in

the system by showing the effect of varying network parameters such as spa-

tial densities of BSs, sensitivity of the receivers, and bias factors on the system

performance. Finally, I show that energy harvesting is a feasible solution to

power up cellular devices while providing an acceptable performance for uplink

cellular networks.

� Optimal cell association in FD cellular networks: In Chapter 6, I present

an analytical framework to analyze multi-tier FD cellular networks with decou-

pled cell association. I derive the mean interference received at both uplink
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and downlink under weighted path-loss cell association. I also derive the mean

transmission rates in FD, HD downlink, and HD uplink networks as well as the

mean transmission rate of legacy nodes with only HD capabilities in a multi-tier

FD network. I formulate and solve an optimization problem to maximize the

mean rate of the FD network by jointly optimizing the uplink and downlink

cell association criteria. Furthermore, I investigate the effect of imperfect self-

interference cancellation (SIC) and show that there exist minimum required SIC

capabilities for BSs and users for which FD networks are preferable to HD net-

works. In addition, I discuss several special cases and provide guidelines on the

possible extensions of the proposed framework. Finally, I show that decoupled

cell association outperforms coupled cell association in which users associate to

the same BS for both uplink and downlink transmissions.

1.5 Mathematical Preliminaries

Throughout this work, I use stochastic geometry to model the multi-tier networks

under consideration. In particular, the locations of BSs belonging to a specific tier

are assumed to be drawn from an independent and homogeneous Poisson point process

(PPP) in the two-dimensional Euclidean space R2. Homogenous PPP is one of the

simplest point processes and can be characterized by two properties:

� For any two disjoint areas, the numbers of points falling within the two regions

are independent random variables.

� The expected number of points N falling within a region A ⊂ R2 is distributed

according to a Poisson random variable, i.e.,

P{A = k} =
(λL(A))k exp [−λL(A)]

k!
(1.1)
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where λ is the spatial density of the PPP measured in number of points in unit

area and L(A) is the Lebesgue measure which is equivalent to the area of A.

For example, Figure 1.6 shows a two-tier network where the locations of both

macrocell and picocell BSs are sampled from two independent PPPs with spatial

densities (0.52π)−1 and 2× (0.52π)−1 BS/km2, respectively. That is, the locations of

BSs in the k-th tier are modeled by a PPP Φk = {xi : i = 1, 2, . . . } ∈ R2 with certain

spatial density λk where xi denotes the location of the i-th BS.

1.5.1 Analysis of SINR

For the network in Figure 1.6, it is assumed that each tier has different transmit

powers such that BSs belonging to the same tier k ∈ {1, 2} have the same transmit

power Pk. For a communication link in the network, a signal transmitted by a network

node (i.e., BS or user) is subject to both large-scale and small-scale fading. Large-

scale fading results from the signal attenuation over distance and is modeled as a

distance-dependent path-loss with a rate of r−α where α > 2 is the path-loss exponent

and r is the propagation distance. As for small-scale fading, transmitted signals are

assumed to experience independent Rayleigh fading where the channel power gains

are modeled by independent exponential random variables with some arbitrary mean.

Hence, for a user located at a generic point y ∈ R2 and served by BS x◦ from tier

k, the SINR of the downlink (i.e., transmission link from the BS down to the user)

can be expressed as

SINR(y) =
Pkh(x◦, y)‖x◦ − y‖−α

2∑
i=1

Pi
∑

x∈Φi\{x◦}
h(x, y)‖x− y‖−α + σ2

(1.2)

where h(x, y) ∼ Exp(1) is an exponential random variable with unit mean to model
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the fading over each channel between two locations x and y, and ‖ · ‖ denotes the

Euclidean distance. Note that the numerator in (1.2) represents the useful power

received at the user. One the other hand, the first term in the denominator represents

the aggregate interference resulting from both tiers excluding the serving BS while

the second term σ2 is the variance of the additive noise at the receiver.

As can be seen in (1.2), channel gains as well as distances between a user and BSs

are random variables, hence, SINR is also a random variable. Therefore, the coverage

probability C defined in Section 1.2 for a user located at y can be expressed as follows

C(τ) = E [P [SINR(y) > τ ]] (1.3)

where a user is said to be in outage when the received SINR falls below a given

threshold τ . Note that the expectation in (1.3) is taken with respect to the channel

gains and locations of users and BSs (i.e., network geometry). Note also that τ is a

design parameter and it should be chosen carefully to satisfy certain QoS requirements

of users. Consequently, the outage probability can be expressed as

O(τ) = E [P [SINR(y) ≤ τ ]]

= 1− C(τ). (1.4)

Furthermore, the SINR in (1.2) and Shannon formula can be used to obtain the

average spectral efficiency (or data rate) of a user located at y as follows

R = E [ESINR [log2(1 + SINR(y))]]

= E
[∫

R+

P [log2(1 + SINR(y)) > t] dt

]
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= E
[∫

R+

P
[
SINR(y) > 2t − 1

]
dt

]
(a)
= E

[∫
R+

C(2t − 1) dt

]
(1.5)

where the spectral efficiency is measured in bit/sec/Hz (or bps/Hz) and data rate is

measured in bit/sec.

An alternative definition for the rate coverage is

R(τ) = P[SINR(y) > τ ] log2(1 + τ)

= C(τ) log2(1 + τ) (1.6)

which corresponds to a fixed data rate transmission when the SINR of the commu-

nication link exceeds the predefined thresholds τ , otherwise, the transmission rate is

zero. It is also measured in bit/sec/Hz.

In addition, the system energy efficiency in bit/Joule (or equivalently bps/Watt)

can be defined as follows

E =
R
PT

(1.7)

where R is the average spectral efficiency given in (1.5) and PT is the total power

consumption.

1.5.2 Analysis of Coverage Probability

From (1.5)(a) and (1.7), it is clear that several metrics are directly related to the

coverage probability expressed in (1.3). Therefore, deriving the coverage probability

is of a great interest in order to provide insights about the performance of cellular
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networks. Let us rewrite the SINR in (1.2) as follows

SINR(y) =
Pkh(x◦, y)R−α◦
I + σ2

(1.8)

where R◦ = ‖x◦ − y‖ is the length of the communication link between the generic

user and her serving BS and I is the aggregate interference received at the user, i.e.,

I =
K∑
i=1

Pi
∑

x∈Φi\{x◦}

h(x, y)‖x− y‖−α. (1.9)

Under Rayleigh fading assumption, using (1.3), the coverage probability can be

derived as follows

C(τ) = P
[
Pkh(x◦, y)R−α◦
I + σ2

> τ

]
= P

[
h(x◦, y) >

τ(I + σ2)

PkR−α◦

]
(b)
=

∫
R+

exp

[
−τ(i+ σ2)

PkR−α◦

]
fI(i)di

= EI
[
exp

[
−τ(i+ σ2)

PkR−α◦

]]
(c)
= exp

[
− τσ2

PkR−α◦

]
LI
(

τ

PkR−α◦

)
(1.10)

where (b) follows from h(x◦, y) ∼ Exp(1) and fI(·) is the PDF of the aggregate

interference and (c) follows from the definition of Laplace transform. Using the inde-

pendence assumption across interfering network tiers in (1.9), Laplace transform of

the PDF of the interference in (1.10)(c) can be expressed as

LI
(

τ

PkR−α◦

)
=

K∏
i=1

LIi
(

τ

PkR−α◦

)
(1.11)
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where LIi(·) is the Laplace transform of the PDF of the interference resulting from

downlink transmissions of tier i.

Assume that each user associates with the BS that results in the maximum average

received power, i.e., PkR
−α
◦ ≥ PiR

−α
i for i ∈ {1, 2, . . . , K} where Ri is the distance to

a BS from the i-th tier. Without loss of generality, I calculate the Laplace transform

LIi(s) as follows

LIi(s) = EIi [exp [−sIi]]

(d)
= EΦi,{h}

exp

−sPi ∑
x∈Φi\{x◦}

h(x, y)R−αi


(e)
= EΦi

 ∏
x∈Φi\{x◦}

E{h}
[
exp

[
−sPih(x, y)R−αi

]]
(f)
= EΦi

 ∏
x∈Φi\{x◦}

1

1 + sPiR
−α
i


(g)
= exp

[
−2πλi

∫ ∞
z

(
1− 1

1 + sPir−α

)
r dr

]
. (1.12)

In (1.12), (d) follows from defining Ri = ‖x− y‖, (e) follows from the independence

across channel fading gains of interfering links, (f) follows from the moment generating

function of an exponential random variable with parameter 1, while (g) follows from

(i) the PPP assumption and the probability generating functional of a PPP [28] and

(ii) the maximum received power association criteria such that z =
(
Pi
Pk

) 1
α
R◦ is the

minimum distance to an interfering BS from tier i.

Combining (1.10)-(1.12), the coverage probability can be expressed as follows

C(τ) = E

[
exp

[
− τσ2

PkR−α◦

]
exp

[
−2π

∑
i = 1Kλi

∫ ∞
(
Pi
Pk

) 1
α
R◦

sPiu
1−α

1 + sPiu−α
du

]]
(1.13)
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where the expectation is with respect to R◦, distance of a generic user to the serving

BS, whose PDF fR◦(r) can be derived based on the association criteria and PPP

assumption. Throughout this thesis, variations of the procedure described above are

used to derive performance metrics under several network setups.

1.6 Organization

In Chapter 2, I present a novel location-aware cooperation scheme that incorporates

the locations of both users and BSs in the selection of users’ mode of operation in

multi-tier cellular networks. In Chapter 3, I study the performance of D2D-based cel-

lular networks with energy harvesting from the ambient RF interference power and

cognitive spectrum access. Chapter 4 investigates the feasibility of exploiting energy

harvesting in multi-tier uplink cellular networks where users are solely powered by

harvesting energy. In chapter 6, I present a modeling framework for FD communica-

tion in multi-tier networks with focusing on the problem of cell association. Finally,

the thesis is concluded in Chapter 7 where the key contributions are summarized.
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Chapter 2

Location-Aware Cross-Tier

Cooperation in Multi-Tier Cellular

Networks

In this chapter, I propose a novel scheme for location-aware cross-tier cooperation

(LAC) between BSs in different tiers for downlink transmissions. The proposed

scheme aim at mitigating the impact of cross-tier interference that rises due to the co-

channel deployment of multiple tiers of BSs. In the multi-tier network under consid-

eration, high power base stations (BSs) such as macrocell BSs are overlaid by another

tier of lower power small cells such as femtocells or picocells. Coordinated multipoint

(CoMP) transmission has been used as a multi-cell cooperation solution to enhance

the coverage and data rate offered by multi-tier cellular systems. In addition, I pro-

pose a user-centric location-based policy in which each user independently chooses

her mode of operation through or without cooperation. On one hand, the proposed

scheme uses CoMP transmission only to enhance the performance of users who suffer

from high cross-tier interference due to the co-channel deployment of small cells. On
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the other hand, users with good signal-to-interference-plus-noise ratio (SINR) con-

ditions are served directly by a single BS from any of the two tiers. Thus, data

exchange between cooperating BSs over the backhaul network can be reduced when

compared to the traditional CoMP transmission scheme. I use tools from stochastic

geometry to quantify the performance gains obtained by using the proposed scheme

in terms of outage probability, achievable data rate, and load per BS. I also compare

the performance of the proposed scheme with that of other schemes in the literature

such as schemes that use cooperation to serve all users and schemes that use range

expansion to offload users to the small cell tier.

2.1 Introduction

Deployment of multi-tier networks is an attractive solution to satisfy the ever-

increasing users’ demand for higher data rates and network coverage. Unlike tra-

ditional single-tier networks, multi-tier networks consist of different classes of BSs

such as macrocell, picocell, and femtocell BSs. These BSs operate simultaneously in

the same geographical area and differ in transmit power, coverage range, and spatial

density [2]. However, with co-channel deployment of multiple network tiers, cross-tier

interference degrades network performance in terms of coverage and throughput. For

example, a macrocell user who is located in the close vicinity of a small cell may re-

ceive high level of cross-tier interference resulting from transmissions from that small

cell BS to its users. Therefore, multi-cell cooperation has been proposed to address

this problem [3, 4]. Coordinated multipoint (CoMP) transmission (also referred to

as network MIMO) is a form of cooperation in which interference between multiple

BSs can be canceled out by allowing these BSs to communicate with each other to

exchange users’ data and coordinate their transmissions. That is, BSs cooperate to
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jointly transmit users’ data concurrently [5–8]. In CoMP, BSs use backhaul links to

exchange users’ data and/or control information where these links are capacity-limited

in practice and affect the performance of the wireless system [39].

Figure 2.1: A two-tier cellular network with a macrocell and a picocell where the
range of cooperation is defined by a positive threshold. While each of User 1 and
User 2 is served by only one BS that results in the maximum received power from
any of the two tiers, User 3 is connected to more than one BS – one BS from each
tier that results in the maximum received power from that tier.

Multi-cell cooperation solutions such as CoMP could be effective to mitigate the

effect of cross-tier interference in multi-tier networks. For example, in the two-tier

macrocell-picocell network shown in Figure 2.1, although the power received at User

3 from the serving macrocell BS is higher than that of the interference resulting from

the closest picocell BS, the interference power can be comparable to the useful signal

power which results in a low level of SINR. Therefore, the macrocell BS can cooperate

with the interfering picocell BS to serve User 3 jointly. This will not only eliminate

the strongest interference signal, but also increase the useful received signal power

by taking the advantage of the user’s proximity to that interferer thus improving

the SINR. However, using cooperation might be unnecessary in some cases. For
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example, in Figure 2.1, the useful signal power received at User 1 and User 2 from

the serving macrocell BS and picocell BS, respectively, is sufficiently higher than the

power received from the strongest interferer, i.e., the picocell BS for User 1 and the

macrocell BS for User 2. For these two users, the gain of cooperation may not be

high compared to the costs of joint processing and using the backhaul network to

exchange users’ data especially when the capacity of the backhaul links is limited.

In this chapter, in order to improve coverage and spectral efficiency in a two-tier

macrocell-picocell network, I propose a novel location-aware cross-tier cooperation

(LAC) scheme in which macrocell BSs and small cells can cooperate to serve a user

jointly only if the user suffers from high interference due to the co-channel deployment

of small cell BSs. This user is then referred to be served in CoMP mode. Otherwise,

if the power received from the interfering BS at the user is not high enough to cause

severe interference, direct link transmission is used to serve the user without cooper-

ation and the user is referred to be served in non-CoMP mode. Note that the main

focus of this chapter is on mitigating the effect of cross-tier interference.

As shown in Figure 2.1, a cooperation region is defined around the small cell in

which a user is served by CoMP transmission, otherwise, the user is connected directly

to one BS, i.e., macrocell BS or small cell BS. That is, when the ratio of the received

power from the macrocell BS at any user to the received power from the small cell

BS exceeds a predefined threshold (greater than 1), this implies that the useful signal

is sufficiently higher than the interference, and thus, cooperation is unnecessary and

the user (e.g. User 1) is served by the macrocell BS only. The predefined threshold is

referred to as cooperation threshold which will be defined later in Section 2.3.2. On

the other hand, if the ratio is less than the cooperation threshold and still greater

than 1, cooperation is beneficial since the interference power is comparable to the
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useful signal power (e.g., for User 3). Finally, if the ratio is less than 1, the user (e.g.,

User 2) is directly connected to the small cell since the received signal from the small

cell is stronger than that from macrocell in this case.

The main motivation of the proposed scheme is to provide better coverage in

multi-tier networks and protect macrocell users from excessive cross-tier interference

while considering the limitation of the backhaul network. For example, assume a

macrocell-picocell network where each macrocell has p randomly-located picocell BSs

within its coverage area. Since cooperation in LAC scheme is only possible between

BSs belonging to different tiers, only p backhaul links per macrocell are required to

enable cooperation between a macrocell BS and picocell BSs in its coverage (a star-

connected backhaul network). Now consider another scheme where cooperation is

also allowed between BSs belonging to the same tier. In this case both macrocell and

picocell BSs are required to exchange users’ data in order to perform joint transmission

(a fully-connected mesh backhaul network). For example, when cooperation is limited

between picocell BSs within the same macrocell, this requires
(
p
2

)
backhaul links to

connect any two picocell BSs. In addition, each macrocell BS should be able to

exchange users’ data with at least its first q neighbors as well as the p picocell BSs

in its coverage. In total, at least 0.5p2 + 0.5p + q backhaul links are required to

enable cooperation between BSs. Although the latter scheme offers a better coverage

when compared to LAC scheme, only p backhaul links are needed for LAC scheme.

Therefore, with LAC scheme, there is a significant saving in the number of backhaul

links when the number of picocell BSs per macrocell is large.

Note that other techniques, such as range expansion (also referred as flexible

cell association), have also been proposed to improve the performance of multi-tier

networks and balance the load for all tiers. For example, in a two-tier network with

28



Location-Aware Cross-Tier Cooperation in Multi-Tier Cellular Networks

range expansion, users from the macrocell network tier are offloaded to the small cell

tier, where the association to the small cells is biased. That is, a positive bias factor

is added to the power of the pilot signals of the small cell BSs to convince macrocell

users who are close to a small cell coverage boundary to connect to that small cell

even if the power received from the macrocell BS is stronger than that received from

the small cell BS [40–42].

2.1.1 Contributions

In this chapter, I analyze the performance of the proposed LAC scheme for downlink

transmission in a two-tier cellular network. I use tools from stochastic geometry to

model the network where locations of BSs in each tier are distributed according to

a two-dimensional independent PPP [20]. Each tier of BSs is characterized by its

available transmit power, spatial density, and path-loss exponent value. In order to

evaluate the performance of the proposed scheme, I derive closed-form expressions for

the outage probability and data rate. Furthermore, I use the analytical model to de-

rive expressions for outage probability for (i) range expansion scheme, (ii) scheme with

full cooperation where all users are served by cross-tier CoMP transmission, as well as

(iii) traditional scheme where neither cooperation nor range expansion is used. The

performance metrics of different schemes are compared in terms of outage probability,

average achievable data rate, and load per BS. The results show that the proposed

cooperation scheme outperforms both traditional and range expansion schemes for

multi-tier networks in terms of both outage and data rate, while it has higher load

per BS. Compared to the full cooperation scheme, the proposed scheme reduces the

amount of users’ data exchange over the backhaul network as measured by the load

per BS. In addition, the outage performance of the proposed scheme approaches that
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with full cooperation for a wide range of values of cooperation threshold.

The contributions of the chapter are summarized as follows.

� I propose a novel user-centric location-aware cross-tier cooperation (LAC)

scheme that uses CoMP transmission for users who experience high level of

interference power compared to the power level of the useful signal received

from the serving BS. I define a range of interference power based on which the

transmission mode (i.e., CoMP or non-CoMP transmission) is decided by each

user individually.

� I use stochastic geometry to evaluate the performance of the proposed scheme

in terms of the outage probability, average data rate, and load per BS as the

key metrics. I compare the proposed scheme with other schemes such as range

expansion scheme, full cooperation scheme, as well as a non-cooperative scheme

in which a user is served by the strongest BS only. The derived expressions are

in the closed-integral form.

� I analyze the performance of different schemes under different system param-

eters by varying the spatial densities of BSs, path-loss exponents, cooperation

threshold, and required SINR thresholds. Then, I highlight the insights obtained

from the analysis and show the impact of the aforementioned parameters on the

network behavior.

� I show that the proposed LAC scheme is promising for improving the network

outage and achievable data rate while considering the load of macrocell BSs and

the performance of macrocell users. Furthermore, I show that the performance

of LAC scheme lies in the middle between the performance of the traditional

range expansion-based networks and full cooperation networks.
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2.1.2 Organization

The rest of this chapter is organized as follows. A review of the related work is

presented in Section 2.2. The system model, different modes of operation of the

users, probability of a user to operate in a certain mode, as well as the distance

analysis for the users in different modes are presented in Section 2.3. In Section

2.4, the outage probability and ergodic rate are obtained for the users in different

modes. Finally, the performance evaluation results are presented in Section 2.5 and

the chapter is summarized in Section 2.6.

2.2 Related Work

Previous works on multi-tier networks and multi-cell cooperation can be divided

into two general groups. In the first group, statistical modeling techniques, such as

stochastic geometry, are used to analyze network performance and obtain statistically-

optimal decision parameters [20, 42–47]. In the second group, instantaneous optimal

decisions are obtained by using the instantaneous information of the network based

on some objective function [48–51]. Note that the statistically-optimal parameters

might not be optimal on a short time-scale, however, obtaining instantaneous optimal

parameters costs more signaling and computations.

In [20] the authors provide a general framework to analyze and evaluate the per-

formance of a cellular network with K tiers of BSs. In this model, independent PPPs

are used to capture the randomness of the locations of BSs as well as the differences

in transmit power, propagation environment, and BS spatial density. In addition,

analytical expressions for outage probability, achievable data rate, and load per BS

are obtained. In [42], the model is extended where the association to different tiers is

biased (range expansion). It shows that range expansion degrades the overall network
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performance in terms of outage and data rate. On the other hand, in the context of

multi-cell cooperation, the authors in [43] propose two clustering schemes for CoMP

transmission in multi-tier networks where clustering is performed on a per-user basis

and the performance is evaluated in terms of outage probability. It is assumed that

the backhaul network is ideal and the number of cooperating BSs in each cluster is

constant. While the first clustering scheme forms a group of N BSs which results in

the reception of the N strongest signals at the receiver, the second clustering scheme

selects the N closest BSs to the receiver where one BS is chosen from each tier.

In [44], the authors propose a cooperation scheme to mitigate the co-tier inter-

ference in a single-tier network in which a user-centric decision criterion is used to

decide whether to be served with or without cooperation. The decision is based on

the distance between the user and her first two neighboring BSs and some decision

parameters. All BSs are assumed to be able to exchange users’ data to perform joint

transmission with power splitting. The authors use stochastic geometry to investigate

the effect of limited channel state information (CSI) at the transmitter. The authors

in [45] propose another clustering scheme for single-tier networks where the clusters

are formed in a random manner by grouping BSs that lie in the same Voronoi cell of

an overlaying PPP with low spatial density. In this paper, BSs that belong to the

same cluster cooperate to nullify the interference by exchanging the CSI data. In [46],

the authors use stochastic geometry to evaluate the impact of the overhead delay on

the performance of CoMP transmission in multi-tier networks while using zero-forcing

beamforming (ZFBF) as a precoding scheme. In [47], a macrocell-femtocell network

with single macrocell user and macrocell BS is considered where all femtocell BSs

are cognitive. To mitigate cross-tier interference, the macrocell user is assumed to

generate a busy tone such that femtocell BSs defer their transmissions if the received
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power is greater than a predefined threshold. The authors use stochastic geometry

to obtain the outage probability and average data rate.

The authors in [48] derive closed-form expressions for the bias factor of range

expansion in a macrocell-picocell network for downlink and uplink. Furthermore, a

cooperative scheduling scheme between macrocell and picocell BSs is proposed to

mitigate the effect of high interference in the expanded regions where simulations are

used to evaluate the network and the proposed scheme. In [49], a game-theoretic

approach is used to study the impact of backhaul constraints on the performance of

femtocell networks with CoMP transmissions. A cooperative game is formulated such

that each femtocell BS chooses the cooperation strategy and exchanges users’ data to

its cooperative partner over either wired or wireless backhaul. The objective of the

proposed game is to balance the tradeoff between the achievable spectral efficiency

and delay. The authors in [50, 51] use fractional programming to obtain the opti-

mal power, channel, and precoding coefficients allocation for CoMP transmissions in

single-tier and two-tier cellular networks, respectively. In both works, the optimiza-

tion problem aims at maximizing the energy efficiency (bit/Joule) under co-tier or

cross-tier interference, power budget, and backhaul link capacity constraints.

To the best of my knowledge, the concepts of cross-tier BS cooperation along

with location-aware BS cooperation, which are introduced in this chapter, have not

been explored previously in the literature. The term “location-aware” is used in the

sense that the locations of both users and BSs are considered to make a decision on

whether cooperative transmission will be used or not. Note that, I have proposed a

similar location-aware BS cooperation scheme for single-tier cellular networks in [51]

to mitigate the effect of the co-tier interference.
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2.3 System Model and Assumptions

2.3.1 Two-Tier Cellular Network Model

I consider downlink transmission in a multi-tier network which consists of K tiers that

are independent with different spatial densities, path-loss exponents, and transmit

powers. BSs belonging to the same network tier k ∈ {1, . . . , K} have the same

transmit power Pk. Locations of BSs in the k-th tier are modeled according to a

two-dimensional homogeneous PPP Φk ∈ R2 with spatial density λk. The users are

spatially distributed according to some independent stationary point process Ψu ∈ R2

(e.g., a homogenous PPP) with spatial density λu which is assumed high enough

(compared to
K∑
k=1

λk) such that each BS has at least one user to serve. For statistical

analysis, without any loss of generality, I consider a typical user at the origin [17].

During a transmission interval, a user served by a certain network tier in a particular

channel experiences interference from the all other BSs including (i) other BSs from

the same network tier and (ii) BSs from other network tiers. However, there will

be no intra-cell interference assuming that different users in a cell are served using

orthogonal time-frequency resources (e.g. OFDMA). A BS from any tier can use the

same channels (i.e., a co-channel deployment scenario is considered). All transmitters

and receivers are equipped with a single antenna.

Without loss of generality, I consider a two-tier macrocell-picocell cellular network,

i.e., K = 2. Figure 2.2 shows a realization of a two-tier cellular network where a

macrocell network tier is deployed as tier 1 and overlaid with a denser and lower

power picocell network tier as tier 2. For a generic point y ∈ R2, let xk denote the

BS belonging to the k-th tier that results in the strongest long-term average received
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Figure 2.2: A two-tier cellular network with a macrocell network tier (red squares)
overlaid with lower power and denser picocell network tier (green circles). Solid black
lines show the coverage area of each cell for a traditional two-tier network, while
the dashed lines show the cooperation regions that surround each picocell in which
cooperation is performed between the macrocell and picocell BSs.

power at this point. That is,

xk = arg max
x∈Φk

{Pk‖x− y‖−αk} (2.1)

where different path-loss exponents {αk}k=1,2 are used for downlink modeling at each

network tier and ‖ · ‖ denotes the Euclidean distance.

2.3.2 Mode of Operation and Cell Association

Based on the received power from each tier, each user independently chooses her mode

of operation through or without cooperation. In this context, I define two modes of

operation: non-CoMP and CoMP transmission modes. In the non-CoMP mode of

operation, the user is connected to the BS that results in the maximum long-term
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average received power regardless of the corresponding network tier, i.e., macrocell

network tier or picocell network tier. In the CoMP mode of operation, the user is

served by two BSs that cooperate with each other to jointly transmit data to this

user. In this mode, one BS is selected from each tier based on the maximum received

power at the user. That is, the users are split into three disjoint groups: non-CoMP

macrocell users, non-CoMP picocell users, and CoMP users.

To elaborate, if the received signal power from the strongest BS at the user is

sufficiently higher than that received from the highest interferer, the user operates in

the non-CoMP mode since the cooperation between the serving BS and this interfering

BS is not necessary in this case. On the other hand, if the received signal power at

the user from the strongest interfering BS is comparable to the useful signal power

received from the strongest BS, the user operates in the CoMP mode. In this case,

the network takes advantage of the proximity of the interfering BS to the user and

assigns it to cooperate with the user’s serving BS to jointly transmit data to the

user. This not only mitigates the effect of the highest interferer, but also increases

the power level of the useful signal.

Let B denote the set of BSs that serve a typical user, which can be written as

follows

B =


{x1}, if

P1R
−α1
1

P2R
−α2
2

≥ β “non-CoMP macrocell”

{x2}, if
P1R

−α1
1

P2R
−α2
2

≤ 1 “non-CoMP picocell”

{x1, x2}, if 1 <
P1R

−α1
1

P2R
−α2
2

< β “CoMP”

(2.2)

where xk (k ∈ {1, 2}) is defined in (2.1) and Rk (k ∈ {1, 2}) is the distance from

the typical user to the strongest BS in the k-th tier. β is the cooperation threshold

which represents the ratio between the powers received from the serving macrocell
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BS and the strongest picocell BS, respectively. This threshold defines the level of

cross-tier interference beyond which the user switches to the CoMP mode. That is, if

the strongest interference power received from the picocell network tier Pint = P2R
−α1
2

at some macrocell user is in the range 1
β
P1R

−α1
1 < Prm < P1R

−α1
1 , this user switches

her mode to be served via cooperation.

As shown in Figure 2.1, User 1’s received power from the macrocell BS is stronger

than that from the picocell BS plus the threshold (dB) and User 2’s received power

from the picocell BS is stronger than that from the macrocell BS. Therefore, Users 1

and 2 operate in the non-CoMP mode where they are associated with the macrocell

BS and picocell BS, respectively. On the other hand, although User 3’s received power

from the macrocell BS is higher than that from the picocell BS, the received power

from the picocell BS plus the threshold (dB) is higher. Therefore, User 3 operates in

the CoMP transmission mode where she is served by both BSs.

For the proposed LAC scheme, cooperation threshold β is an important design

parameter and plays a key role in controlling the gains obtained by using this scheme.

That is, the higher the cooperation threshold, the larger is the cooperation region

which improves the overall system performance while increasing the amount of data

exchange over the backhaul network as well as the load per BS. On the other hand, the

lower the cooperation threshold, the smaller is the cooperation region which reduces

the backhaul signaling between BSs and the load per BS while sacrificing some overall

performance gain in terms of outage and data rate.

2.3.3 Distance Analysis

Let qM , qP , and qC denote the probability that a typical user is in non-CoMP mode

and served by the macrocell BS (i.e., non-CoMP macrocell user), in the non-CoMP
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mode and served by the picocell BS (i.e., non-CoMP picocell user), and in the CoMP

mode, respectively. Conditioned on each event, in the following lemma, I derive the

probability density functions (PDFs) of the distance between a typical user at the

origin and her serving BS(s) in different modes of operation.

For a typical user in the CoMP mode, let fRC (r) denote the joint PDF of the

distances between the typical user and her two serving BSs x1 and x2, i.e., macrocell

BS and picocell BS, respectively. For a non-CoMP macrocell user, let fR1(r) denote

the PDF of the distance between a macrocell user and her serving macrocell BS x1.

Finally, fR2(r) is the PDF of the distance between a non-CoMP picocell user and her

serving picocell BS x2.

Lemma 2.1. The PDFs of the distances between a typical user and her serving BS(s)

are

fRC (r) =
4π2λ1λ2

qC
r1r2 exp

[
−π
(
λ1r

2
1 + λ2r

2
2

)]
(2.3)

fR1(r) =
2πλ1

qM
r exp

[
−π
(
λ1r

2 + λ2

(
βP2

P1

) 2
α2

r
2α1
α2

)]
(2.4)

fR2(r) =
2πλ2

qP
r exp

[
−π
(
λ2r

2 + λ1

(
P1

P2

) 2
α1

r
2α2
α1

)]
(2.5)

where r1 ∈ R+ and
(
P2

P1

) 1
α2 r

α1
α2
1 < r2 <

(
βP2

P1

) 1
α2 r

α1
α2
1 , and

qM = 2πλ1

∫
R+

r exp

[
−π
(
λ1r

2 + λ2

(
βP2

P1

) 2
α2

r
2α1
α2

)]
dr (2.6)

qP = 2πλ2

∫
R+

r exp

[
−π
(
λ2r

2 + λ1

(
P1

P2

) 2
α1

r
2α2
α1

)]
dr (2.7)

qC = 1− qM − qP . (2.8)
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Proof. See Appendix A.1.

For the special case when α1 = α2 = α, qM and qP can be expressed in a closed-

form as

qM =
λ1P

2
α

1

λ1P
2
α

1 + λ2(βP2)
2
α

, qP =
λ2P

2
α

2

λ1P
2
α

1 + λ2P
2
α

2

. (2.9)

Furthermore, it can be seen that when the cooperation threshold β is set to 1 (no

cooperation), the probability that a typical user operates in the CoMP mode reduces

to zero, i.e., qM + qP = 1. That is, a user associate only with the strongest BS in

terms of received power.

2.4 Analysis of SINR Outage Probability and Average Rate

In this section, I characterize the SINR for downlink transmission to a typical user

in different modes of operation. Then, I derive closed integral-forms for the outage

probability and ergodic rate of downlink transmission for the proposed LAC scheme.

2.4.1 SINR

Based on the mode selection criteria in (2.2), the received signal power at a typical

user can be written as

∑
xk∈B

√
Pkh(xk, 0)

‖xk‖
αi
2

X︸ ︷︷ ︸
useful signal

+
2∑
j=1

∑
xi∈Φj\B

√
Pjh(xi, 0)

‖xi‖
αj
2

Yj,i︸ ︷︷ ︸
inter-cell interference

+Z (2.10)
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where h(x, 0) is the small-scale fading coefficients for a link from a BS located at x ∈

R2 to the typical user at the origin, i.e., (0, 0). {h(x, y)} ∼ CN (0, 1) are independent

and identically distributed (i.i.d) circular complex Gaussian random variables. That

is, |h(x, y)| is a Rayleigh-distributed random variable, hence, channel power envelope

is exponentially-distributed as Exp(1), and the phase shift in uniformly distributed

in [0, 2π]. X and Yj,i are two zero-mean and unity-variance random variables that

represent the jointly transmitted data by set B of the serving BSs and the data sent

by the interfering BSs, respectively. Z ∼ CN (0, σ2) is the additive white noise at the

receiver. No CSI is assumed at BSs and that the channel coherence time is greater

than or equal to the frame duration.

Note that, ideally, the interference signals received at a user are dependent since

interferers could be cooperating as well. However, as can be seen in (2.10), {Yi,j}

are independent. The rationale behind this assumption is as follows. Given that

two BSs (at distance z1 and z2 from a location y) are cooperating and interfering

to a certain user located at y, it is a fact that: (i) the received interference power

from two cooperating BSs is |√P1g1z
−0.5α1
1 +

√
P2g2z

−0.5α2
2 |2 whose PDF has a Laplace

transform of Lactual(s) = (1 + (θ2
1 + θ2

2)s)−1 where θi =
√
Piz
−0.5αi
i , (ii) the received

interference power is assumed to be |√P1g1z
−0.5α1
1 |2 + |√P2g2z

−0.5α2
2 |2 with a PDF

that has a Laplace transform of Lassump(s) = (1 + θ2
2s)
−1(1 + θ2

1s)
−1, and (iii) the

outage probability is a decreasing function of the Laplace transform of the PDF of

the interference. (i) follows because the received power from any two cooperating

BSs is exponentially-distributed where more details about the distribution are given

in Appendix A.2. After the assumption, (ii) follows because the received power from

any two cooperating BSs becomes a sum of two independent exponentially-distributed

random variables with different means which is equivalent to a hyperexponential
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random variable with mean θ1 + θ2 and variance θ2
1 + θ2

2. (iii) follows as will be

presented in Appendix A.2. Hence, Lactual(s) ≥ Lassump(s) and the independence

assumption gives a lower bound on the outage probability.

Thus, the received SINR at a typical receiver is given by

SINR(B) =

∣∣∣∣∣ ∑xk∈B√Pkh(xk, 0)‖xk‖−
αi
2

∣∣∣∣∣
2

2∑
j=1

Pj
∑

xi∈Φj\B
|h(xi, 0)|2‖xi‖−αj + σ2

. (2.11)

Note that in (2.11), the effect of the user’s mode of operation is reflected in B. That

is, different modes of operation lead to different levels of the useful signal power

(higher/lower) and aggregate interference power (lower/higher).

To show the important role that the proposed mode of operation policy plays

in improving the level of the received SINR at the typical user, let us present the

following scenario. Considering the no-cooperation case (i.e., when β = 1) and the

cell association based on the strongest signal power regardless of the BS tier, the

serving BS x is selected as follows

x = arg max
x∈Φ1∪Φ2

{Pk‖x‖−αk}. (2.12)

In this case, macrocell users, who are close to the boundaries of the deployed picocells

coverage, experience high interference, and consequently low SINR. In the proposed

scheme, these users are likely to change their mode of operation to use CoMP trans-

mission instead of single cell transmission. The proposed scheme increases the power

level of the useful signal and reduces the total interference power by forcing the

strongest interferer to cooperate with the original transmitter. The reduction in the

interference power level along with the increase of the useful signal power enhances
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the received SINR at the CoMP user.

2.4.2 Outage Probability

Using the instantaneous SINR given in (2.11), the outage probability O of the overall

system can be obtained. Here, outage probability is defined as the probability that

the received SINR is less than a predefined threshold τ . Note that τ is a design

parameter and it is chosen to satisfy certain quality-of-service requirements of users.

Let OM(τ), OP (τ), and OC(τ) denote the outage probability of a randomly located

user conditioned on her mode of operations, i.e., non-CoMP macrocell user, non-

CoMP picocell user, and CoMP user, respectively. That is, the outage probability of

a randomly located user given that she operates in the non-CoMP macrocell mode is

obtained by

OM(τ) = E [P [SINR(B = {x1}) ≤ τ ]] (2.13)

while that of a randomly located user given that she operates in the non-CoMP

picocell mode is given by

OP (τ) = E [P [SINR(B = {x2}) ≤ τ ]] . (2.14)

Finally, the outage probability of a randomly located user who is served by two BSs

simultaneously in the CoMP mode is given by

OC(τ) = E [P [SINR(B = {x1, x2}) ≤ τ ]] . (2.15)

Since the three modes, i.e., non-CoMP macrocell mode, non-CoMP picocell mode,
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and CoMP mode, are mutually exclusive, the overall outage probability in the network

can be obtained by using the law of total probability as follows

O(τ) = qMOM(τ) + qPOP (τ) + qCOC(τ) (2.16)

where qM , qP , and qC are given in Lemma 2.1. The following theorem gives the

outage probabilities for a typical user under different modes of operation.

Theorem 2.1. The outage probabilities for a typical user given that this user operates

as a non-CoMP macrocell user, or as a non-CoMP picocell user, or as a CoMP user

are

OM(τ) = 1−
∫
R+

exp

[ −τσ2

P1r−α1

] 2∏
j=1

LIj
(

τ

P1r−α1

)
fR1(r) dr (2.17)

OP (τ) = 1−
∫
R+

exp

[ −τσ2

P2r−α2

] 2∏
j=1

LIj
(

τ

P2r−α2

)
fR2(r) dr (2.18)

OC(τ) = 1−
∫
A

exp

 −τσ2

2∑
k=1

Pkr
−αk
k

 2∏
j=1

L?Ij

 τ
2∑

k=1

Pkr
−αk
k

 fRC (r) dr (2.19)

where A is defined in (A.8), fR1(r), fR2(r) and fRC (r) are given in Lemma 2.1, and

LIj
(

τ

Pkr−αk

)
= exp

[
−2πλj

(
τ
Pj
Pk

) 2
αj

r
2αk
αj F

((akj
τ

) 1
αj , αj

)]

L?Ij (s) = exp

[
−2πλj(sPj)

2
αjF

((
1

sPj

) 1
αj

rj, αj

)]

akj =

 β, k = 1 and j = 2

1, otherwise
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F(y, α) =

∫ ∞
y

u

1 + uα
du. (2.20)

Proof. See Appendix A.2.

Theorem 2.1 provides general closed integral-form expressions for the outage

probabilities for a randomly located user. Note that the function F(y, α) can be

evaluated numerically. Furthermore, in some special cases F(y, α) reduces to simple

closed-form expressions (see Appendix A.3). The expressions in Theorem 2.1 can

be used to obtain the performances for some special cases by varying β, αk, and

cross-interference mitigation scheme.

In the following, I introduce several network setups which will be compared to the

proposed LAC scheme, namely,

1. Non-cooperative two-tier cellular network with range expansion (RE).

2. Fully-cooperative two-tier cellular network (FC).

3. Non-cooperative traditional two-tier cellular network (Tr).

2.4.2.1 Non-cooperative two-tier cellular network with range expan-

sion (RE)

RE is a non-cooperative scheme in which the association to the picocell network

tier is biased such that some macrocell users are offloaded to the strongest picocell

BS even though the received power from this picocell BS is less than that from the

macrocell BS, hence, the range of the picocell is expanded. To elaborate, in Figure

2.2, the cooperation regions of the proposed scheme become a part of the picocell BSs’
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coverage areas and users in these regions become picocell users. In other words, it can

be seen that RE offloads each CoMP user to her strongest picocell BS where these

users switch to the non-CoMP mode. That is, the positive bias to the picocell network

tier association becomes β. Note that, β refers to both cooperation threshold of LAC

scheme and bias factor of RE scheme depending on the context. For the described

scheme, according to Theorem 2.1, the outage probability of the macrocell network

tier (as given in (2.17)) remains unchanged, where the outage probability of the

picocell network tier can be obtained as in the following corollary.

Corollary 2.1. (Range expansion) In the special case of a non-cooperative two-tier

network with a biased association to the picocell network tier, the outage probability

of a randomly located picocell user is given by

ORE
P (τ) = 1−

∫
R+

exp

[ −τσ2

P2r−α2

] 2∏
j=1

LIj
(

τ

P2r−α2

)
fRE
R2

(r) dr (2.21)

where

fRE
R2

(x) =
2πλ2

qER
P

r exp

[
−π
(
λ2r

2 + λ1

(
P1

βP2

) 2
α1

r
2α2
α1

)]

in which LIj(·) is given in Theorem 2.1 with akj = βj−k and qER
P = qP + qC .

Proof. I follow the same proofs as in Appendix A.2 and Appendix A.1, respec-

tively, while replacing P2 by βP2.

Hence, the overall outage probability of the non-cooperative two-tier cellular net-

work with RE is given by

ORE(τ) = qMOM(τ) + qRE
P ORE

P (τ) (2.22)
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where OM(τ) is given by (2.17), qRE
P = qP + qC , and qP and qC are given in Lemma

2.1.

In this case, the closest interferer from the macrocell network tier to a typical

picocell user is at least at a distance of z =
(
P1

βP2

) 1
α1 r

α2
α1
2 instead of r2. That is, the

macrocell BS corresponding to which the received power at the picocell user is the

highest is considered as the closest interferer. Furthermore, for the picocell user in

the expanded picocell coverage area, cf. Figure 2.2, the highest interference signal

from the macrocell network tier is even higher than the useful signal received from

the serving picocell BS. This means that the SINR of this user is less than 1. This

implies that the RE scheme degrades system performance compared to the proposed

scheme.

2.4.2.2 Fully-cooperative two-tier cellular network (FC)

In this scheme, any typical user, regardless of her location, connects to the strongest

BS from each tier, i.e., all users operate in the CoMP mode. The outage probability

in this case is provided in the following corollary.

Corollary 2.2. (Full cooperation) In the special case of a fully-cooperative two-tier

cellular network, the overall outage probability of the network is given by

OFC(τ) = 1−
∫
R2
+

exp

 −τσ2

2∑
k=1

Pkr
−αk
k

 2∏
j=1

L?Ij

 τ
2∑

k=1

Pkr
−αk
k

 2∏
j=1

f ′Rj(rj) dr (2.23)

where f ′Rj(rj) is given in (A.6) and L?Ij(·) is given in Theorem 2.1.

Proof. I use the fact that the BS with the strongest received signal at the typical

user from the k-th tier is the nearest BS to this typical user among all BSs in this
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tier. That is, the distance to the strongest BS is Rayleigh distributed, i.e., f ′Rj(r) =

2πλjr exp[−πλjr2] and the joint PDF of the distance is the multiplication of the

two distributions because of the independence between the two random variables.

By plugging the PDF of the distance in (A.18) and following the proof of OC(τ) in

Appendix A.2, I obtain the results in (2.23) where qC = 1 and qM = qP = 0.

In this case, the closet interferers from the macrocell network tier and the picocell

network tier to any user is at least at a distance of r1 and r2, respectively. Hence,

the performance of all users is improved and the overall outage performance is better

compared to the LAC scheme, however, this enhancement comes at the expense of

the extra overhead due to data exchange between each two cooperating BSs.

2.4.2.3 Interference-limited traditional two-tier cellular network (Tr)

In this case, each user associates with the strongest BS from either macrocell network

tier or picocell network tier as defined in (2.12). The outage probability can be

obtained from Theorem 2.1 as in the following corollary.

Corollary 2.3. (No cooperation with strongest BS association) In the special case of

a two-tier cellular network when each user associates with the BS that results in the

highest average received power, the total outage probability simplifies to

OTr(τ) = 1− 1

1 + 2τ
2
αF
(
τ−

1
α , α

) (2.24)

where the network operates in the interference-limited regime and α1 = α2 = α.

Proof. By using the results in Theorem 2.1 and substituting α1 = α2 = α, β = 1,

and σ2 = 0, I obtain OTr
M (τ) = OTr

P (τ) (cf., (2.17)), qC = 0, and qM and qP are as

given in (2.9). Then, the overall outage probability is obtained as in (2.24).
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In this scheme, the closest interferer from the picocell network tier to a typical

macrocell user is at least at a distance r1 compared to
(
βP2

P1

) 1
α2 r

α1
α2
1 in the case of

LAC scheme. That is, the strongest interferer is closer to the user which degrades the

overall performance compared to the proposed scheme. It can be seen that, in this

case, the outage probability is independent of the spatial density and transmit power

of BSs. That is because the association is based on the highest signal received from

any BS which means that the outage probability does not change when more BSs

are deployed or the transmit power is increased while assuming the same path-loss

exponent.

Note that the results presented in Corollaries 2.1, 2.2, and 2.3 are consistent

with the previous results in [20, 42, 43] on multi-tier cellular networks. Furthermore,

the same result in Corollary 2.3 can be obtained for the non-cooperative single-tier

cellular case by substituting λ = λ1 + λ2 and assuming that both tiers are identical

in powers (Pk = P ) and path-loss exponents (αk = α), or simply substituting λ2 = 0.

This result is consistent with the previous results on single-tier networks in [19].

2.4.3 Average Ergodic Rate

Based on the conditional outage probabilities defined in Theorem 2.1, I derive

expressions of the ergodic rates for a typical user when she operates in different

modes. The ergodic rate is measured in nats/sec/Hz where it represents the spectral

efficiency of transmission to a user. Using the independence property used in (2.16),

the average ergodic rate for a user is given by

R = qMRM + qPRP + qCRC (2.25)
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where RM , RP , and RC are the ergodic rate of a typical user given that she operates

in the non-CoMP mode and served by a macrocell BS, in the non-CoMP mode and

served by a picocell BS, and in the CoMP mode and served by both macrocell and

picocell network tiers, respectively. The association probabilities are given in Lemma

2.1.

In the following theorem, I derive an expression for the ergodic rate of a randomly

located CoMP user. Note that the rate of non-CoMP users, i.e., macrocell or picocell

users, can be obtained following the same procedure and the overall average ergodic

rate for a user in the network can be obtained from (2.25) and are presented without

a proof. The expressions for the ergodic rate of downlink transmission for the RE,

FC, and Tr schemes follow the same procedure.

Theorem 2.2. The ergodic rate for a typical user operating in the non-CoMP mode

and served by a macrocell BS is

RM =

∫
R+

1−OM(et − 1) dt. (2.26)

The ergodic rate for a typical user operating in the non-CoMP mode and served by

a picocell BS is

RP =

∫
R+

1−OP (et − 1) dt. (2.27)

The ergodic rate for a typical user operating in the CoMP mode and served by a

macrocell BS and a picocell BS is

RC =

∫
R+

1−OC(et − 1) dt. (2.28)
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where OM(τ), OM(τ), and OC(τ) are given in (2.17)-(2.19).

Proof. Following a similar procedure as in Section 1.5.1, the ergodic rate for a ran-

domly located CoMP user is defined as

RC = Er [ESINR [ln(1 + SINR(B = {x1, x2}))]]

where the expectation is taken with respect to the distance between the user and her

serving BSs. That is, the ergodic rate can be rewritten as

RC =

∫
A

ESINR [ln(1 + SINR(B))] fRC (r) dx

=

∫
R+

[ ∫
A

P [ln(1 + SINR(B)) > t] fRC (r) dr

]
dt

=

∫
R+

[ ∫
A

P
[
SINR(B) > et − 1

]
fRC (r) dr

]
dt

and by using the the definition of OC(τ) given in (A.18), I obtain the result in

(2.28).

2.5 Numerical Results and Discussion

2.5.1 Performance Metrics and System Parameters

In this section, I compare the proposed LAC scheme with three schemes in the litera-

ture discussed in Sections 2.4.2.1, 2.4.2.2, and 2.4.2.3. The first scheme is the flexible

cell association, which is referred to as range expansion (RE), where its overall outage

probability, i.e., ORE(τ), is defined in Corollary 2.1. In the second scheme, referred

to as full cooperation (FC), each user in the network is served by two BSs. That
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is, each user is connected to one BS from the macrocell network tier and one BS

from the picocell network that result in the strongest average received power. The

overall outage probability for this scheme, i.e., OFC(τ), is given in Corollary 2.2.

Finally, the third scheme is the traditional scheme (Tr) for a two-tier cellular network

in which a typical user is served only by the strongest BS and no biasing is used (i.e.,

β = 0 dB). The overall outage probability for this scheme, i.e., OTr(τ), is given in

Corollary 2.3.

Table 2.1: Load per BS for the considered schemes: LAC, Range Expansion, Full
Cooperation, and Traditional

Scheme macrocell BS picocell BS

LAC λu
λ1

(qM + qC) λu
λ2

(qP + qC)

RE λu
λ1
qM

λu
λ2

(qP + qC)

FC λu
λ1

λu
λ2

Tr λu
λ1

(qM + qC) λu
λ2
qP

The comparison is performed in terms of outage probability, spectral efficiency,

and load per BS. While the first two metrics have been defined before, the load per

BS is defined as the average number of users connected to a BS in any tier. Using

the independence assumption between point processes of BSs and users, the load per

BS for the four schemes can be obtained as given in Table 2.1.

For the numerical evaluation, the transmit powers of a macrocell BS and a picocell

BS are assumed to be 37 dBm and 20 dBm, respectively, while the thermal noise power

σ2 is −104 dBm. i.i.d circular complex random variables with zero mean and unit

variance are considered to simulate the channels. The macrocell network tier has

a spatial density of λ1 = (0.52π)−1 BS/km2. Unless otherwise stated, the spatial

density of BSs in the picocell network tier is 5 times that of the macrocell network
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Table 2.2: Simulation Parameters

Parameter Value
Transmit powers of BSs 37, 20 dBm
Spatial density of BSs (×(0.52π)−1) 1, 5 BS/km2

Spatial density of users 10(0.52π)−1 user/km2

SINR threshold 1

tier, i.e., λ2 = 5(0.52π)−1 BS/km2 and the spatial density of users λu = 10(0.52π)−1

user/km2. For the evaluation of outage probability, SINR threshold τ is set to 0 dB.

Simulation parameters are summarized in Table 2.2.

2.5.2 Validation of Analysis

In Figure 2.3, I validate the proposed analytical model by comparing the overall

outage probability (i.e., CCDF of SINR evaluated at τ) for the LAC scheme obtained

from both analysis (2.16) and simulation. Monte Carlo simulations via MATLAB

are used where the simulation area is 10km ×10km and the results are averaged over

106 iterations. In each realization, the performance is evaluated for a typical user at

the origin where the BSs are deployed according to two independent PPPs. It can

be seen that the analytical results (see the expressions given in (2.16) and Theorem

2.1) match exactly with the simulation results for all SINR thresholds which reflects

the accuracy of the expressions derived above. Therefore, from now and on, I use the

analytical expressions to evaluate the system performance.

2.5.3 Outage Probability

Figure 2.4 shows the effect of varying both path-loss exponents and spatial densities

of BSs on the overall outage probabilities for the LAC and RE schemes. From this

figure, it can be seen that the proposed LAC scheme has two advantages over the RE
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Figure 2.3: Analysis vs. simulation: Overall outage probability for the LAC scheme
where λ1 = (0.52π)−1 BS/km2, λ2 = 5(0.52π)−1 BS/km2, P1 = 37 dBm, P2 = 20
dBm, β = 4 dB, α1 = α2 = 4, and σ2 = −104 dBm.

scheme:

1. The overall outage probability for the LAC scheme is better than that for RE

scheme for all the different values of path-loss exponents.

2. In some cases, e.g., when α1 = α2, with the RE scheme, the outage probability

deteriorates with increasing the spatial density of picocell BS, while with the

LAC scheme the outage probability improves under the same conditions.

The proposed scheme outperforms the RE scheme since for a macrocell user it

eliminates the highest interferer from the picocell network tier when the highest re-

ceived interference power is within a predefined range, i.e.,

1

β
P2R

−α2
2 < Pint < P2R

−α2
2 .

Moreover, it uses this interfering BS as a cooperation partner along with the original

serving macrocell BS to serve this user.
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Figure 2.4: LAC vs. Range Expansion: Overall outage probability for different path-
loss exponents vs. the ratio of the spatial densities of BSs where λ1 = (0.52π)−1

BS/km2, P1 = 37 dBm, P2 = 20 dBm, β = 4 dB, and σ2 = −104 dBm.

For the case when α1 = α2, while using the RE scheme, increasing the spatial

density of picocell BSs limits the effect of the thermal noise and the network operates

in the interference-limited regime in which the inter-BS interference dominates the

performance. Consequently, the outage probability remains constant when the spatial

density of picocell BSs is high enough to cancel the effect of both biasing and thermal

noise. On the hand, the outage probability for the LAC scheme is improved for the

same case (i.e., when α1 = α2), because the proposed scheme mitigates the highest

interferer from the picocell network tier and also uses it as a serving transmitter.

For the case when α2 is higher than α1, the picocell BSs become more isolated from

the macrocell BSs which, in turn, reduces the effect of interference and improves the

overall outage probability for the LAC and RE schemes. However, the improvement

in outage due to the LAC scheme is much higher than that to the RE scheme because

of the same reason mentioned in the previous case. Finally, in the case when α2 is

less than α1, the outage performance deteriorates for the two schemes. However, the
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proposed LAC scheme limits the performance loss by using cooperation between the

original serving BS and the highest interferer from the other tier to serve the user in

CoMP mode.

Figure 2.5 depicts the effect of increasing the cooperation threshold (bias factor)

β on the outage performance of each operation mode for the proposed scheme and

the RE scheme. Since the outage probability of the offloaded users is added to the

outage of the picocell users in the RE scheme, for a fair comparison, in Figure 2.5 I

add the outage of CoMP users in the LAC scheme to the picocell users’ outage as well

(i.e., qPOP (τ) + qCOC(τ)). In Figure 2.5, from the perspective of macrocell users, as

the cooperation threshold (bias factor) increases, both schemes improve the outage

performance compared to the Tr scheme (i.e., when β = 0 dB). This improvement is

due to offloading macrocell users with poor SINR conditions to the picocell network

tier (in the RE scheme) or to the CoMP transmission mode (in the LAC scheme).

Although offloading users improves the outage of the macrocell network tier in the RE

scheme, it degrades the outage of the picocell network tier and the overall network

as shown in Figure 2.5. This degradation in outage occurs because each offloaded

user connects to a picocell BS that does not result in the strongest received power,

hence, the user’s SINR deteriorates. On the other hand, in the LAC scheme, CoMP

users are served by both BSs which boosts the SINR of these users and compensates

for the loss incurred in the RE scheme. That is, the LAC scheme provides a better

outage for the CoMP users compared to the offloaded users in the RE scheme while

maintaining the same macrocell network tier performance.

In Figure 2.6, it can be seen that the overall outage probability of the proposed

scheme lies between those of the traditional and the full cooperation schemes. Fur-

thermore, compared to the RE scheme, the proposed scheme significantly improves
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Figure 2.5: LAC vs. Range Expansion: Outage probability vs. the cooperation
threshold (bias factor) β where λ1 = (0.52π)−1 BS/km2, λ2 = 5(0.52π)−1 BS/km2,
P1 = 37 dBm, P2 = 20 dBm, α1 = α2 = 4, and σ2 = −104 dBm.

the overall outage probability of the system. As the cooperation threshold (bias fac-

tor) increases, more users are served via cooperation and the performance of the LAC

scheme approaches that of the FC scheme. When β → ∞, the gap between the two

curves results from the outage of the non-CoMP picocell users which is not affected

by increasing the bias factor. On the other hand, the gap between the performance

of the RE scheme and the Tr scheme increases when the bias factor increases. This is

because, a higher β causes more users to be offloaded to the picocell network tier and

served with SINR less than 0 dB, hence, the overall outage probability deteriorates.

That is, the LAC scheme outperforms both Tr and RE schemes in terms of overall

outage probability while approaching the performance of the full cooperation scheme.

2.5.4 Spectral Efficiency

In terms of the overall average achievable rate, it can be seen in Figure 2.7 that the

LAC scheme improves the performance of the network compared to the Tr scheme
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Figure 2.6: LAC vs. Traditional, Range Expansion, and Full Cooperation: Overall
outage probability vs. the cooperation threshold (bias factor) β where λ1 = (0.52π)−1

BS/km2, λ2 = 5(0.52π)−1 BS/km2, P1 = 37 dBm, P2 = 20 dBm, α1 = α2 = 4, and
σ2 = −104 dBm.

as the cooperation threshold increases. This result is consistent with that in Figure

2.5. By using CoMP transmission, the proposed scheme increases the SINR of users

who receive high interference from the picocell network tier, by increasing the useful

signal power along with decreasing the interference power. On the other hand, as

the bias factor increases, the overall average ergodic rate deteriorates with the RE

scheme compared to both Tr and LAC schemes. This is also consistent with the

results in Figure 2.5 since the offloaded users have lower SINR compared to that they

had before the offloading. As expected, the full cooperation scheme offers the highest

achievable data rate, however, the data rate offered by the LAC scheme approaches

that of the full cooperation scheme when the value of the cooperation threshold is

high enough.

In order to show the impact of using the different schemes on the rate of the legacy

users, Figure 2.8 compares the performance of the LAC scheme to that of RE scheme

in terms of the minimum average ergodic rate the network can provide to a user by
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Figure 2.7: LAC vs. Traditional, Range Expansion, and Full Cooperation: Overall av-
erage ergodic rate vs. the cooperation threshold (bias factor) β where λ1 = (0.52π)−1

BS/km2, λ2 = 5(0.52π)−1 BS/km2, P1 = 37 dBm, P2 = 20 dBm, α1 = α2 = 4, and
σ2 = −104 dBm.

any of its tiers. The minimum average user rate offered by a certain BS can be defined

as the ratio of the average ergodic rate defined in Section 2.4.3 to the number of users

per this BS defined in Table 2.1. For example, the minimum average rate offered by

a macrocell BS to its users when adopting the LAC scheme is obtained as

qMRM + qCRC

qM + qC

λ1

λu(qM + qC)

where the minimum rate offered by a picocell BS is

qPRP + qCRC

qP + qC

λ2

λu(qP + qC)
.

Hence, the minimum average rate offered by the network for the LAC scheme can be
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Figure 2.8: LAC vs. Range Expansion: Minimum average user rate for different
spatial densities of BSs vs. the cooperation threshold (bias factor) β where λ1 =
(0.52π)−1 BS/km2, λ2 = 5(0.52π)−1 BS/km2, λu = 10(0.52π)−1 user/km2, P1 = 37
dBm, P2 = 20 dBm, α1 = α2 = 4, and σ2 = −104 dBm.

obtained as

min

{
qMRM + qCRC

(qM + qC)2

λ1

λu
,
qPRP + qCRC

(qP + qC)2

λ2

λu

}
. (2.29)

Similarly, the minimum average user rate offered by the network for the RE scheme

can be obtained as

min

{RM

qM

λ1

λu
,
RRE
P

qP + qC

λ2

λu

}
. (2.30)

For the Tr scheme, the minimum rate is equal to that of RE scheme when β goes to

0, while for the FC scheme, it is equal to that of LAC when β approaches infinity.

It can be seen in Figure 2.8 that, for the RE scheme, as the bias factor increases,

the average user rate offered by the network improves up to a maximum point. After

this point, the rate offered by picocell BSs starts to limit the network performance
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due to the increase in the number of users per picocell BS, hence, the minimum rate

starts to degrade. This effect is less severe in the LAC scheme as the increase in the

number of users per picocell BS due to the increase in the cooperation threshold is

compensated by the improvement in the overall rate of the CoMP users offered by the

network. That is, the minimum average user rate remains almost constant for high

bias factor values. It can also be seen that the performance of the proposed scheme

approaches the performance of full cooperation scheme when β is high enough. In

addition, the minimum rate offered by each of the LAC and RE schemes is better

than that of the Tr scheme for all β > 0.

2.5.5 Average Load per BS

Figure 2.9 shows the impact of increasing the cooperation threshold (bias factor) on

the average load per BS for the RE scheme, FC scheme, as well as the LAC scheme.

It can be seen that, as the bias factor increases, the RE scheme reduces the number of

users per macrocell BS compared to the Tr scheme without biasing (i.e, when β = 0

dB), by offloading some of the macrocell users to the picocell network tier based on

the received powers at these users. On the other hand, the FC scheme increases the

number of users per both macrocell BS and picocell BS compared to the Tr scheme in

a two-tier cellular network since it serves all users by using cooperation between BSs

in the two tiers. Finally, it can be seen that the LAC scheme keeps the same number

of users per macrocell BS while increasing the number of users per picocell BS when

compared to the Tr scheme. This is due to the fact that the proposed scheme does

not actually offload any users to a different tier. Instead, it changes the mode of

operation of users with bad SINR conditions which are now served by the original

macrocell BS along with the strongest interfering picocell BS.
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Figure 2.9: LAC vs. Range Expansion and Full Cooperation: Average load per
BS vs. the cooperation threshold (bias factor) β where λ1 = (0.52π)−1 BS/km2,
λ2 = 5(0.52π)−1 BS/km2, λu = 10(0.52π)−1 user/km2, P1 = 37 dBm, P2 = 20 dBm,
α1 = α2 = 3.5, and σ2 = −104 dBm.

The load per BS can reflect the amount of backhaul data exchange required by

each scheme. For example, none of the Tr and RE schemes requires any users’ data

exchange between BSs over the backhaul links since all users are served by a single

BS all the time. On the other hand, among the four schemes, the FC scheme requires

the maximum amount of backhaul data exchange since it uses cooperation to serve all

users. In the proposed scheme, the amount of backhaul data exchange lies between

those of the Tr and RE, and FC schemes.

In order to compare the FC scheme with the proposed scheme, Figure 2.10 shows

the joint PDF of the distances of a CoMP user to serving BSs for both schemes. It

can be seen in Figure 2.10(a) that the FC scheme serves all users by CoMP trans-

mission regardless of their locations in the network. For the LAC scheme, Figures

2.10(b) and 2.10(c) show the effect of increasing the cooperation threshold on the

area of cooperation region. With a higher cooperation threshold β, more users are

included in the cooperation regions which, in turn, increases the amount of users’
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(a) Case I: Full Cooperation scheme,
α1 = α2 = 4
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(b) Case II: LAC scheme, α1 = α2 = 4
and β = 4 dB
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(c) Case III: LAC scheme, α1 = α2 = 4
and β = 10 dB
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(d) Case IV: LAC scheme, α1 = 3.5,
α2 = 4 and β = 4 dB

Figure 2.10: LAC vs. Full Cooperation: Joint PDF of the distance of a CoMP user
to serving BSs where λ1 = (0.52π)−1 BS/km2, λ2 = 5(0.52π)−1 BS/km2, and P1 = 37
dBm, P2 = 20 dBm.

data exchange over the backhaul network. Compared to Figure 2.10(a), it can be

seen that users with good SINR conditions, who are close to the serving BS and far

from the strongest interferer, do not use CoMP transmission to save the resources of

the backhaul network. Figure 2.10(d) shows that the effect of cross-tier interference

decreases when the path-loss exponent of the picocell network tier is higher than that

of the macrocell network tier, which isolates the picocell BSs. That is, CoMP trans-

mission is limited to users who are very close to the picocell BSs and thus the amount

of required data exchanges is reduced.
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2.6 Chapter Summary

In this chapter, the concept of cross-tier cooperation in two-tier cellular networks

has been investigated. I have proposed a novel location-aware cross-tier cooperation

scheme that uses downlink CoMP transmission depending on the locations of the

users and their nearest macrocell and picocell BSs. Tools from stochastic geometry

have been used to analyze the outage probability and average rate for the proposed

scheme. The proposed scheme has been compared with three other schemes, namely,

Traditional (Tr), Range Expansion (RE), and Full Cooperation (FC) schemes. The

comparison has been performed in terms of outage probability, average ergodic rate,

as well as load per BS. The results have shown that the proposed LAC scheme outper-

forms both RE and Tr schemes in terms of outage probability and average ergodic rate.

However, this performance gain with the proposed scheme comes at the expense of

the overhead due to the exchange of users’ data between the two cooperating BSs. In

addition, the performance of the proposed scheme approaches that of the FC scheme

for sufficiently high cooperation threshold. In this way, the LAC scheme provides a

tradeoff between the improved outage probability and the cost of cooperation between

BSs in terms of load per BS which reflects the amount of users’ data exchange over

the backhaul network.
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Chapter 3

Cognitive and Energy

Harvesting-Based D2D

Communication in Multi-Tier

Cellular Networks

While cognitive radio enables spectrum-efficient wireless communication, radio fre-

quency (RF) energy harvesting from ambient interference is an enabler for energy-

efficient wireless communication. In this chapter, I model and analyze cognitive

and energy harvesting-based device-to-device (D2D) communication in multi-channel

multi-tier cellular networks. In this case, a macrocell network tier is underlaid with

a second network tier of cognitive D2D transmissions. The cognitive D2D transmit-

ters harvest energy from ambient interference and use one of the channels allocated

to cellular users (in uplink or downlink), which is referred to as the D2D channel,

to communicate with the corresponding receivers. I investigate two spectrum access

policies for cellular communication in the uplink or downlink, namely, random spec-
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trum access (RSA) policy and prioritized spectrum access (PSA) policy. In RSA,

any of the available channels including the channel used by the D2D transmitters

can be selected randomly for cellular communication, while in PSA the D2D chan-

nel is used only when all of the other channels are occupied. A D2D transmitter

can communicate successfully with its receiver only when it harvests enough energy

to perform channel inversion toward the receiver, the D2D channel is free, and the

SINR at the receiver is above some predefined threshold, otherwise, an outage oc-

curs for the D2D communication. I use tools from stochastic geometry to evaluate

the performance of the proposed communication system model with general path-loss

exponent in terms of outage probability for D2D and cellular users. Furthermore,

using the proposed framework it is shown that: (i) Energy harvesting can be a re-

liable alternative to power cognitive D2D transmitters while achieving acceptable

performance. (ii) Under the same SINR outage requirements as for the non-cognitive

case, cognitive channel access improves the outage probability for D2D users for both

spectrum access policies. (iii) When compared with the RSA policy, the PSA policy

provides a better performance to the D2D users. (iv) Using an uplink channel pro-

vides improved performance to the D2D users in dense networks when compared to

a downlink channel. (v) For cellular users, the PSA policy provides almost the same

outage performance as the RSA policy.

3.1 Introduction

Harvesting energy from non-traditional sources such as ambient interference is emerg-

ing as an attractive solution to power low-energy wireless communication devices

[31–33]. On the other hand, in order to improve spectrum utilization and mitigate

the scarcity of spectrum, innovative solutions such as cognitive radio [52,53] and D2D
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technology have been recently proposed to underlay current cellular networks [9].

I consider cognitive D2D communication underlaying a multi-channel cellular net-

work where the D2D transmitters are able to use only the harvested RF energy from

the ambient interference that results from the concurrent downlink and uplink trans-

missions by both macrocell BSs and cellular users. After harvesting sufficient energy,

each D2D transmitter performs spectrum sensing to opportunistically access a pre-

defined nonexclusive D2D channel. The term “cognitive D2D communication” is

used in the sense that spectrum sensing is performed at each D2D transmitter before

transmission to make sure that the channel designated for D2D transmission is not

being used for cellular communication in the uplink or downlink. Here, cognition

is with respect to the cellular BSs and cellular users only, which is similar to the

concept of semi-cognitive spectrum access in [54]. In a multi-channel environment, I

consider two different spectrum access policies for cellular communication (in the up-

link/downlink to/from BS) to enable the coexistence of the cellular and D2D users. I

use a statistical approach based on stochastic geometry [17,21] to model and evaluate

the performance of the proposed system in terms of outage probabilities of D2D users

as well as cellular users. Note that the outage for D2D users may occur due to

� Insufficient amount of harvested energy.

� Unavailability of the D2D channel.

� SINR at the receiver falls below the required threshold.

For cellular users, the outage occurs due to

� Unavailability of cellular channels.

� Insufficient SINR.
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Due to their analytical tractability, I use independent PPPs to model the locations

of BSs, cellular users, and D2D users. The results from the analysis helps to under-

stand the impact of network parameters (such as spatial densities of BSs and users,

number of channels, carrier/spectrum sensing threshold, and receiver sensitivity) on

the performance measures and provide insightful guidelines for system design.

3.1.1 Contributions

The contributions of this chapter are summarized as follows.

� Using tools from stochastic geometry, I provide a tractable analytical framework

for statistical analysis of cognitive D2D communication using energy harvested

from the ambient interference. For a general path-loss exponent, I derive simple

and closed-form expressions for the probability of harvesting sufficient energy,

the probability that the channel to be used by D2D users is free, the SINR outage

probability for both D2D and cellular users, and the overall outage probability

for D2D users. I discuss the different trade-offs in the system and show the

effect of varying network parameters such as spectrum sensing threshold, spatial

densities of BSs and cellular users, number of available channels, and sensitivity

of the receivers on the system performance.

� While D2D users perform spectrum sensing-based transmission and a channel

inversion power control, two different spectrum access policies are proposed for

cellular communication, namely, random spectrum access (RSA) and prioritized

spectrum access (PSA) policies. For each spectrum access policy, I analyze the

performance of energy-harvesting D2D communication. I also show how cellular

users are affected by the adopted spectrum access policy.
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� I consider both cases when D2D transmissions take place in a channel assigned

for downlink cellular transmissions or uplink cellular transmissions. I investigate

the different scenarios to show when uplink channels are preferable to downlink

channels and vice versa. More specifically, I obtain a closed-form expression for

the value of spatial density of BSs after which uplink channels should be used to

achieve a better performance for D2D communication when compared to using

downlink channels.

� I show that provisioning of multiple channels can be used along with cognition

by D2D users to protect the cellular transmissions. For the same network pa-

rameters and SINR outage requirements, I also show that the overall outage

performance of D2D users is always superior with the PSA policy compared to

the RSA policy while the performance of the cellular users is almost the same

for both spectrum access policies.

3.1.2 Organization

The rest of this chapter is organized as follows. A review of the related work is

presented in Section 2.2. The system model is described in Section 3.3. In Section

3.4, the transmission probability of a D2D transmitter (i.e., the probability that

the transmitter is able to harvest enough energy for channel inversion toward its

intended receiver and the designated channel for transmission is available) is derived

for different spectrum access policies for cellular communication. Section 3.5 presents

the analysis of the outage probability for D2D users and cellular users. Finally, the

numerical results are presented in Section 3.6 before the chapter is summarized in

Section 3.7.
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3.2 Related Work

In the context of energy harvesting in wireless networks, one way to evaluate the

performance of the system under investigation is to use statistical modeling [55–58].

Although statistical modeling gives insights into the long-term performance behavior

and helps to select the statistically optimal network parameters, these parameters

are not necessarily optimal on a short time-scale. On the other hand, tools from

optimization theory can be used to model the network and evaluate the short-term

performance to find optimal parameters that maximize certain objective functions

[59–61]. However, obtaining the optimal parameters on a short time basis generally

increases the computational complexity and puts a burden on the system due to more

frequent exchange of information.

In [55], the authors deploy dedicated stations called “power beacons” that radiate

out-of-band microwave signals to power all mobile devices. Under an outage con-

straint, the uplink cellular network performance is evaluated using a statistical model

and the region of feasible operation is defined for different setups. In [56], the authors

propose a cognitive radio model in which a low-energy secondary transmitter harvests

RF energy from transmissions by primary users in its vicinity. Statistical analysis is

used to optimally choose network parameters such as power and spatial density of

secondary transmitters in order to maximize the spatial throughput while satisfying

some outage constraints. In [57], the authors use Ginibre determinantal point process

to obtain bounds on the performance of a wireless sensor network with RF energy har-

vesting. The author in [58] derives the outage probability and the average harvested

energy of the simultaneous information and power transfer. The author considers a

large-scale network with large number of randomly located transmitter-receiver pairs

with and without relaying.
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In [59], the authors use dynamic programming to derive the optimal power control

policy that minimizes the outage probability. The optimization problem is formulated

and solved for block fading channels under energy harvesting constraints such that

the transmit power is upper bounded by the amount of energy harvested. In [60],

for a point-to-point wireless link, the authors assume that the receiver can either

harvest energy from ambient RF signals or decode information at any point of time.

For this scenario, the authors use optimization tools to obtain the optimal mode

switching point that balances the tradeoff between the amount of harvested energy,

data rate, and outage probability. In [61], the authors use fractional programming

and dual decomposition to propose a resource allocation algorithm that maximizes

the energy efficiency of a downlink single-cell orthogonal frequency division multiple

access (OFDMA) network.

In the context of multi-channel cognitive cellular networks, the authors in [52]

provide a framework to model such a network in which macrocell BSs are underlaid

with cognitive femtocell BSs. For the network under consideration, statistical analysis

is used to obtain a long-term optimal spectrum sensing threshold that minimizes the

outage probability of the cognitive femtocell BSs. On the other hand, in the context

of D2D communication, the authors in [62] use statistical analysis to investigate the

effect of distance-based mode selection and power control on the outage performance

in the uplink. Another statistical framework is presented in [63] that takes the quality

of the links between D2D users and BSs into consideration in the mode selection phase,

furthermore, it accounts for the maximum transmit power of users. For performance

evaluation of D2D transmissions underlaying a cellular network, the authors in [64–66]

consider different scenarios and optimization problems. In [64], the authors propose

a greedy algorithm to solve the resource allocation problem where the optimization
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problem is formulated as a mixed-integer non-linear program to maximize the sum-

rate of both cellular and D2D under SINR constraints. The authors in [65] consider

a network scenario in which cellular and D2D users share the same resources. The

system aims to maximize the network throughput via mode selection and power

control while satisfying spectral efficiency and power constraints. For some special

cases, the optimal solution is obtained either in a closed-form or by searching a

finite set. In [66], the authors propose a joint resource block allocation and power

control scheme to maximize the spectrum utilization while fulfilling some interference

constraints and traffic demands of cellular and D2D users, respectively.

3.3 System Model and Assumptions

3.3.1 Network Model

I consider a cellular network in which macrocell BSs are underlaid with randomly

located cognitive D2D transmitters. The locations of macrocell BSs are modeled by

a homogeneous PPP Φ = {xi : i = 1, 2, . . . } of spatial density λb where xi ∈ R2

denotes the location of the i-th BS. All BSs are from the same type, i.e., macrocell

BSs in this case, and transmit in the downlink with the same power level Pb. Cellular

users are spatially distributed in R2 according to an independent homogeneous PPP

Ψ = {ui : i = 1, 2, . . . } of spatial density λu. Each cellular user associates with

the closest BS, i.e., the BS from which she receives the strongest average signal.

Cognitive D2D transmitters are also modeled by an independent two-dimensional

PPP Ξ = {yi : i = 1, 2, . . . } with spatial density λd. A D2D communication link is

established only when the intended receiver is within a disc of radius d◦ and centered

71



Cognitive and Energy Harvesting-Based D2D Communication in Multi-Tier Cellular
Networks

around the D2D transmitter1. For the reliability of communication links, all users

(i.e., D2D transmitters and cellular users) use channel inversion power control to

adjust their transmit power by inverting the path-loss to insure that the average

received signal power at the intended receiver (i.e., D2D receivers and BSs) is equal to

its sensitivity. Here, I use Pu and Pd to denote the transmit power of an uplink cellular

user and a D2D transmitter, respectively. It is assumed that all the D2D receivers

have the same sensitivity ρd and all the BSs have a sensitivity of ρb. Saturation

condition is assumed where each transmitter (i.e., BS in downlink, cellular user in

uplink, or D2D transmitter) has at least one packet ready for transmission at the

beginning of each time slot in a time-slotted transmission scenario.

3.3.2 Channel Model

The total available bandwidth is divided into a set of orthogonal channels S =

{s1, s2, . . . , s|S|} where | · | denotes the set cardinality. Furthermore, the set of chan-

nels S is partitioned into two disjoint subsets of channels SD and SU for downlink

and uplink transmissions, respectively. While a cellular user can be served (in down-

link or uplink) over any channel si ∈ S depending on the channel availability at the

serving BS, all D2D transmissions take place on the same channel sd ∈ S, cf. Figure

3.1. Note that channel sd is not exclusive for D2D transmissions and can be used for

cellular communication depending on the adopted spectrum access policy (i.e., RSA

or PSA). Note also that sd can be either an uplink channel or a downlink channel

used for cellular communication. In this work, I consider both cases when the D2D

transmissions can take place either in one of the uplink channels or one of the down-

1Since the problem of mode selection is not within the scope of this work, I assume that each
D2D transmitter has an intended receiver within a distance d◦ with probability 1. For the mode
selection in D2D Poisson networks, refer to [62,63].
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link channels. At any BS, each associated cellular user is served by only one channel

at most. In addition, there is no intra-cell interference assuming that each BS serves

no more than one user in each channel.

Cellular 

Cellular 

+ D2D Cellular 

�� �� �� …… …… �� …… …… �|�| 

 

  

Figure 3.1: Spectrum allocation for cellular and D2D transmissions.

The power of the signal transmitted by a BS or a cellular user is assumed to decay

at a rate of r−α where α is the path-loss exponent and r is the propagation distance.

On the other hand, the decay of the power transmitted by a D2D transmitter occurs

at a rate of r−β where β is the path-loss exponent2. Rayleigh fading is used to

model small-scale fading over each channel where independence between channels is

assumed. Hence, under the assumption that the channel gains are i.i.d., the power

gain from a transmitter (i.e., BS, cellular user, or D2D transmitter) located at x

toward a generic point at y on a channel s is denoted by hs(x, y) ∼ Exp(1).

3.3.3 Energy Harvesting Model

All D2D transmitters are powered by energy harvested from the ambient interference

caused by the simultaneous cellular transmissions in the network (i.e., downlink and

uplink transmissions). It is assumed that each D2D transmitter is equipped with an

energy harvesting circuit that harvests RF power from all channels including both

downlink and uplink channels. Therefore, the total power available for harvesting by

a D2D transmitter located at a generic location y ∈ R2 can be expressed as

PH(y) = a
∑
s∈SD

∑
x∈Φ̃(s)

Pbhs(x, y)‖x− y‖−α + a
∑
s∈SU

∑
u∈Ψ̃(s)

Puhs(u, y)‖u− y‖−α (3.1)

2The channel model can be extended by incorporating multi-slope path-loss models as in [67].
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where the first term represents the amount of RF power harvested from the concurrent

downlink cellular transmissions and the second term is for the RF power harvested

from the concurrent uplink cellular transmissions. It is worth mentioning that the

amount of power received from other concurrent D2D transmissions at the harvesting

unit is not considered in PH. In (3.1), Φ̃(s) is a PPP with spatial density qcλb that

represents the set of BSs using channel s ∈ SD where qc is the probability that a BS

uses this channel3. Ψ̃(s) is a point process with spatial density qcλb that represents

the set of users using channel s ∈ SU. Note that, unlike Φ̃(s), Ψ̃(s) is not a PPP

due to the correlation among uplink cellular users. 0 < a ≤ 1 is the efficiency of the

conversion from RF to DC power, and ‖ · ‖ denotes the Euclidean distance.

It is worth noting that a D2D transmitter may not harvest enough energy in one

time slot to transmit with sufficient power since the power available for harvesting

varies depending on the location of the D2D transmitter and the network statis-

tics such as the channel power gains. Therefore, with a time-slotted “harvest-then-

transmit” strategy, it is assumed that the RF energy harvesting and DC conversion

circuits of a D2D transmitter are activated only when the available power in the

time-slot is at least equal to the amount of power needed to invert the channel to its

intended receiver. There is no energy storage assumed where a D2D transmitter can

save the extra harvested energy for the next time slot.

3.3.4 Spectrum Sensing Model for D2D Transmission

All D2D transmitters are assumed to be cognitive where each transmitter senses the

state of the channel sd at the beginning of each time slot before it decides whether or

not to use the channel for transmission. In this work, the main purpose of spectrum

3qc, the spectrum access probability of a BS, will be discussed in detail later in Section 3.4.
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sensing is to avoid the interference that results from nearby cellular transmissions on

channel sd. That is, the D2D transmitter does not use the channel sd if the received

interference from any neighboring transmitter (i.e., BS in the downlink or cellular

user in the uplink) on this channel is higher than a predefined sensing threshold ζ,

otherwise, the channel is available to be used by the D2D transmitter. Note that

increasing the sensing threshold increases the probability to access the channel sd

while increasing the aggregate interference at the same time. On the other hand,

decreasing the sensing threshold provides more protection to the D2D transmission

by decreasing the aggregate interference, however, it reduces the chance to access the

channel sd. In other words, cognition provides a protection region around each D2D

transmitter in which that D2D transmitter cannot use the channel sd if there is at

least one active transmitter using this channel inside this region.

In general, the protection region By(ζ) ⊂ R2 around a generic D2D transmitter

located at y follows a random shape. For example, if the D2D transmission takes

place in a downlink channel sd, the protection region can be defined as

By(ζ) =
{
x ∈ R2 : Pbhsd(x, y)‖x− y‖−α > ζ

}
=

{
x ∈ R2 : ‖x− y‖ < rP , rP =

(
Pbhsd(x, y)

ζ

) 1
α

}
(3.2)

where rP represents the random radius of the protection region. On the other hand, if

the D2D transmission takes place in an uplink channel sd, the radius of the protection

region is defined as

rP =

(
Puhsd(u, y)

ζ

) 1
α

(3.3)

where Pu is the transmit power of the cellular user. Note that, unlike Pb, Pu is a
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random variable due to the distance-dependent uplink power control scheme used by

the cellular users.

On average, the protection region can be approximated by a disc By(r̄P ) ⊂ R2

centered around the D2D transmitter with a radius r̄P = EP,h [rP ]. That is, in the

downlink scenario, the radius is defined such that

r̄P =

(
Pb
ζ

) 1
α

ζ

(
α + 1

α

)
, for sd ∈ SD (3.4)

where Eh
[
hmsd(x, y)

]
= ζ (1 +m) for any m ∈ R+ is used to derive (3.4) and ζ(z) =∫∞

0
tz−1e−t dt is the gamma function. Similarly, in the uplink scenario, r̄P can be

expressed as

r̄P = EP

[(
Pu
ζ

) 1
α

]
ζ

(
α + 1

α

)

=
1

2
√
λb

(
ρb
ζ

) 1
α

ζ

(
α + 1

α

)
, for sd ∈ SU (3.5)

where (3.5) follows by using the 1
α

-th moment of the transmit power of a cellular

user, i.e., E
[
P

1
α
u

]
=

ρ
1
α
b

2
√
λb

when using channel inversion uplink power control as will

be derived shown in Chapter 4.

Without loss of generality, Figure 3.2 shows a realization of a cellular network

whose macrocell BSs are underlaid with D2D transmitters. Note that not every D2D

transmitter in Figure 3.2 can use the D2D channel since it depends on the allocation

of channels to the cellular transmitters, which are located in the protection region of

the D2D transmitter.
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Figure 3.2: A realization of the described network model where red squares represent
the BSs, crosses represent the cellular users, and blue lines represent the potential
D2D links between the D2D transmitters (blue diamonds) and D2D receivers (blue
triangles). Each D2D transmitter is surrounded by a protection region B(r̄P ) (dashed
circles) with radius r̄P . The spatial densities are λu = 4λb and λd = λb.

3.3.5 Spectrum Access Model for Cellular Transmissions

I consider two spectrum access policies, namely, random spectrum access (RSA) and

prioritized spectrum access (PSA) policies, that define how the spectrum is assigned

for downlink and uplink transmissions to serve the cellular users. In RSA, in each

cell, any channel si ∈ S (including channel sd which is used for D2D transmission)

can be independently and randomly assigned with the same probability to serve one

of the cellular users. On the other hand, in PSA, any channel si ∈ S \ {sd} can

be independently and randomly assigned to a cellular user as long as the number of

cellular users is less than the number of available channels |S|. When the number of

cellular users is higher than |S| − 1, only then, sd will be assigned to a cellular user.

77



Cognitive and Energy Harvesting-Based D2D Communication in Multi-Tier Cellular
Networks  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

2 

1 

��� 

�� 

�� 

�� 

�� 

�� 

�� 

(a)

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

2 

1 

��� 

�� 

�� 

�� 

�� 

�� 

�� 

 Macrocell BS 

Cellular User 

Transmitting D2D transmitter 

Non-transmitting D2D transmitter 

D2D Receiver 

�� 

�� 

(b)

Figure 3.3: Spectrum access policies: (a) RSA (b) PSA, where the network consists
of 2 BSs and 2 D2D transmitters, i.e., D1 and D2, S = {s1, s2, s3} and sd = s3.

To illustrate, Figure 3.3 shows a realization of RSA and PSA policies, respectively,

where the number of available channels in the network is 3 and channel s3 is shared by

both cellular and D2D transmissions. For the RSA policy in Figure 3.3(a), although

each BS has only two cellular users, both of D2D transmitters are unable to use
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channel s3 since each of them has at least one BS in its protection region that uses s3

to serve one of its users. That is, since there is no restriction on any BS to use any

channel regardless of the number of its associated users, s3 may be used by both BSs.

This prevents both D2D transmitters from using channel s2. For the PSA policy in

Figure 3.3(b), it can be seen that the D2D transmitter D1 uses s3 for transmission

because the only BS in its protection region, i.e., BS 1, does not use s3 since it has

only two cellular users (i.e., less than |S|). On the other hand, D2 cannot transmit on

channel s3 because BS 2, that lies in its protection region, has to use all the available

channels to serve its three users. Obviously, when compared to the RSA policy, PSA

policy increases the probability that a D2D transmitter is able to access the D2D

channel sd. Note that, in the worst case, when all BSs have more users than the

available channels, both access policies have the same performance.

3.3.6 Methodology of Analysis

Based on the system model described above, I aim at quantifying the performance

of both D2D and cellular communications in terms of transmission probability for

D2D users (i.e., the probability that there is a channel available for transmission and

the amount of harvested energy is sufficient for D2D transmission) and SINR outage

probability of both D2D and cellular users. The performance metrics are obtained for

a test user located at the origin (0, 0) ∈ R2, therefore, the notation for the test user’s

location will be dropped. According to Slivnyak’s Theorem [17], these results should

be then valid for any generic user. I derive the spectrum access probabilities for the

cellular transmissions and a generic D2D transmitter for both RSA and PSA policies.

Then, the PDF of the interference power available for energy harvesting is derived

to evaluate the probability that a D2D transmitter can harvest sufficient energy for
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transmission. Based on the obtained probabilities, the SINR outage probability is

quantified for both cellular and D2D users.

Note that there is no restriction on any BS to independently adopt either of the

spectrum access policies. The spatial density of BSs using each policy can be easily

obtained by using the thinning property of a PPP [28], however, I consider the case

when all BSs adopt the same spectrum access policy.

3.4 Spectrum Access Probabilities for Cellular Communica-

tion and Transmission Probabilities for D2D Users

3.4.1 Spectrum Access Probabilities for Cellular Communication

For a cellular user, a connection (i.e., downlink or uplink connection) can only be

established when a channel si ∈ S is available. Therefore, I define qf as the probability

that a BS has a free channel to assign to one of its associated users for uplink or

downlink transmission.

Based on the spectrum access policies defined in Section 3.3.5, I derive the avail-

ability of any channel si ∈ S for cellular communication. Firstly, let Nu denote the

number of users associated to a BS where the association policy is based on the near-

est BS. According to [52, Appendix A], the probability mass function (PMF) of the

number of users served by a generic BS is obtained as

P{Nu = n} = ζ
ζ(n+ b)

ζ(n+ 1)

(E[Nu])
n

(b+ E[Nu])
n+b

(3.6)

where ζ = bb

ζ(b)
is a constant and E[Nu] = λu

λb
is the average number of cellular

users per BS. This expression is derived by approximating the area of a Voronoi cell
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by a gamma-distributed random variable with a shape parameter b = 3.575 and a

scale parameter 1
bλb

. Note that this expression is valid only when the cellular users

are assumed to be spatially distributed according to an independent PPP and their

associations to the BSs are based on the maximum average received signal power, i.e.,

each user associates with her nearest BS.

Note that all BSs in the cellular network share the same set of channels S. While

the number of channels assigned by each BS depends only on the number of its

associated users Nu, the subset of channels used by each BS varies according to

the adopted spectrum access policy. That is, the number of channels used by a BS

for cellular communication is min{Nu, |S|} and the probability that there is a free

channel to serve a cellular user does not depend on the adopted spectrum access

policy. Thus, (3.6) is used to derive the probability qf that a cellular user finds a free

channel available when it associates with a generic BS.

Lemma 3.1. The probability that a cellular user is assigned a channel by her serving

BS is

qf = 1−
∞∑

n=|S|+1

n− |S|
n

P{Nu = n} (3.7)

where P{Nu = n} is given by (3.6).

Proof. See Appendix B.1.1.

Intuitively, Lemma 3.1 shows that the probability that a BS is able to serve more

cellular users increases with increasing number of channels |S|, increasing the spatial

densities of BSs λb, or decreasing spatial density of cellular users λu.

Note that the expression in (3.7) can be used for both RSA and PSA policies. To

illustrate the impact of the adopted spectrum policy on the subset of the channels
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used for cellular communication, I define qc as the probability of a generic BS to

assign a specific channel si ∈ S \{sd} to serve one of its associated users. I also define

qd as the probability that a generic BS assigns the D2D channel sd to serve one of its

associated users.

3.4.1.1 Spectrum access probabilities for the RSA policy

Since any BS randomly and independently assigns any channel si ∈ S with the same

probability, the spectrum access probabilities qRSA
c and qRSA

d can be expressed as in

the following lemma.

Lemma 3.2. For the RSA policy, the probability that a BS uses a generic channel

si ∈ S to serve one of its associated cellular users is given by

qRSA
c = 1−

|S|−1∑
n=0

|S| − n
|S| P{Nu = n} (3.8)

where qRSA
d = qRSA

c and P{Nu = n} is given by (3.6).

Proof. See Appendix B.1.2.

3.4.1.2 Spectrum access probabilities for the PSA policy

With PSA, since a BS uses sd only when it runs out of the rest of the available

channels, the probability of using a channel si ∈ S \ {sd} by a generic BS is different

from that of using sd, i.e., qPSA
c 6= qPSA

d . The expressions for qPSA
c and qPSA

d are

presented in the following lemma.

Lemma 3.3. For the PSA policy, the probability that a BS uses a generic channel
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si ∈ S \ {sd} to serve one of its associated cellular users is given by

qPSA
c = 1−

|S|−1∑
n=0

|S| − n− 1

|S| − 1
P{Nu = n} (3.9)

while the probability that a BS has to use sd to serve one of its associated cellular

users is given by

qPSA
d = 1−

|S|−1∑
n=0

P{Nu = n} (3.10)

where P{Nu = n} is given by (3.6).

Proof. See Appendix B.1.3.

Figure 3.4 compares the access probabilities qc and qd for both RSA and PSA

presented in Lemma 3.2 and Lemma 3.3. It can be seen that PSA reduces the

access probability of sd compared to RSA where this improvement is proportional

to the number of available channels |S|. It can also be seen that the increase in

the access probability of any channel other than sd is very small since the additional

probability of not using sd is distributed evenly across all the |S| − 1 channels. This

means that channels other than sd become slightly more congested when adopting

the PSA policy while the D2D channel sd is less congested (compared to the RSA

policy) to protect the D2D transmissions. The decrease in the access probability of

sd is

qRSA
d − qPSA

d =

|S|−1∑
n=0

n

|S|P{Nu = n}. (3.11)

As stated earlier, this reduction in the access probability of sd comes at the expense

of congesting other channels in S \ {sd}. The increase in the access probability of a
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Figure 3.4: Spectrum access probabilities (qc and qd) of a generic BS for RSA and
PSA policies where λu = 10λb.

channel si ∈ S \ {sd} is

qPSA
c − qRSA

c =
qRSA
d − qPSA

d

|S| − 1
(3.12)

which clearly shows that this increase is divided by |S| − 1 across all channels other

than sd.

3.4.2 Transmission Probability for D2D Transmitters

As described above, a D2D transmitter can access channel sd only when it has not

been assigned to any user by any of the BSs in the protection region defined in (3.2)

(when sd is a downlink channel) or (3.3) (when sd is an uplink channel). In other

words, the probability that a D2D transmitter is able to use channel sd is equal to the

probability that the number of BSs, which use this channel in the protection region

of this D2D transmitter, is zero. Let pf denote this probability. The D2D transmitter

also needs to harvest sufficient energy to perform channel inversion, the probability
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of which is denoted by ps. Hence, the transmission probability of a D2D transmitter

can be defined as

pt = pspf . (3.13)

3.4.2.1 Calculation of pf

The expression for pf is provided in the following lemma.

Lemma 3.4. For a generic D2D transmitter, the probability that the D2D channel

(i.e., sd) is free is given by

pf = exp[−θqd] (3.14)

where

θ =

 πλb

(
Pb
ζ

) 2
α
ζ
(
α+2
α

)
, for sd ∈ SD(

ρb
ζ

) 2
α
ζ
(
α+2
α

)
, for sd ∈ SU.

(3.15)

Here, qd is the probability that the D2D channel is used by a generic BS for cellular

communication, which is given by (3.8) and (3.10) for the RSA and PSA policies,

respectively.

Proof. See Appendix B.2.

3.4.2.2 Calculation of ps

Although each D2D transmitter has an intended receiver within a circle with a radius

d◦, I consider the worst-case scenario where the receiver is at the boundary of the

circle (i.e., at a distance d◦). Note that this assumption provides an upper bound
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on the amount of transmit power required to perform channel inversion uplink power

control, hence, it provides a lower bound on the probability of harvesting sufficient

energy. Relaxing this assumption complicates the derived expressions without adding

more insights [68].

For a D2D transmitter with an intended receiver at a distance d◦, the minimum

required transmit power that results in a received signal of ρd at the intended receiver

by channel inversion is Pd = ρdd
β
◦ . Let us define the probability ps that a D2D

transmitter harvests sufficient energy to perform channel inversion as follows

ps = P [PH(y) > Pd] , (3.16)

where PH(y) is defined in (3.1). The following lemma provides an expression for ps

for a general path-loss exponent α.

Lemma 3.5. The probability that a typical D2D transmitter harvests sufficient en-

ergy for transmission is

ps =
α

2π

∫ ∞
0

1

u
exp

[
−ρddβ◦

(
u

κ3

)α
2

]
× exp

[
−u cos

(
2π

α

)]
sin

(
u sin

(
2π

α

))
du

(3.17)

where κ3 = κ1 + κ2 and

κ1 =
2πqD

c λb(aPb)
2
α ζ
(
α−2
α

)
α

|SD|∑
k=1

ζ
(
k − α−2

α

)
(k − 1)!

, (3.18)

κ2 =
2πqU

c |SU|(aρb)
2
α

α sin
(

2π
α

) . (3.19)
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Here, qD
c and qU

c are the access probabilities corresponding to a channel c ∈ SD and

a channel c ∈ SU, respectively. They are obtained based on (3.8) by using |SD| and

|SU|, respectively.

Proof. See Appendix B.3.

Furthermore, in the following corollary I show that the probability of harvesting

sufficient energy ps can be presented in a closed-form expression in the special case

when α = 4.

Corollary 3.1. The probability that a typical D2D transmitter harvests sufficient

energy for transmission when α = 4 is

ps = erf

 κ3

2

√
ρdd

β
◦

 (3.20)

where erf(z) = 2√
π

∫ z
0
e−t

2
dt is the error function and κ3 can be reduced as

κ3 =
1

2
π2qD

c λb
√
aPb

|SD|−1∑
k=0

1

4k

(
2k

k

)
+

1

2
πqU

c |SU|√aρb. (3.21)

Proof. When α = 4, the CDF of aggregate received interference follows a Lévy

distribution with a location parameter 0 and a scaling parameter
κ23
2

. Hence,

FPH
(x) = erfc( κ3

2
√
x
) where erfc(z) = 1 − erf(z) is the complementary error func-

tion.

Remark: Note that: (i) From (3.17) and (3.20), it can be seen that ps is an

increasing function of κi for i = {1, 2, 3}. (ii) All qcs are decreasing functions of

the number of channels |S|. (iii) The summations in (3.18) and (3.21) are increasing
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functions of the number of channels. Thus, it can be easily proven that κis are discrete

concave functions and there exists an optimal value of |S| that maximizes both κ3

and ps. Note also that, increasing the number of available channels to a very large

value does not necessarily improve ps since not all channels will be used by each BS

and ps becomes limited by the ratio of λb and λu. This can be seen in (3.19) by noting

that lim
|S|→∞

qc|S| = λu
λb

.

3.5 Analysis of SINR Outage Probability

In this section, I characterize the SINR outage probability for both cellular and D2D

receivers. A receiver is considered in outage if the SINR falls below a given threshold

τ . Note that τ can be chosen based on users’ QoS requirements.

3.5.1 Outage Probability for a D2D Receiver

For the analysis of SINR outage probability, let us consider a typical D2D receiver at

the origin (0, 0) ∈ R2 while the results hold for any generic D2D receiver. In addition,

the SINR outage probability is derived given that the corresponding D2D transmitter

has sufficient energy to invert the channel and the D2D channel sd is not used within

its protection region. Each D2D receiver suffers from two sources of interference,

i.e., cellular network and D2D network. For the cellular network, the aggregate

interference results from all macrocell BSs (if sd is a downlink channel) or all cellular

users (if sd is an uplink channel) that use channel sd. Hence, I define a homogenous

PPP Φ̃(sd) with spatial density qdλb that represents the set of BSs that use channel sd

and another PPP Ψ̃(sd) with spatial density qdλb that represents the set of users who

use channel sd where qd is defined in (3.8) and (3.10), respectively, for the RSA and

PSA policies. For the D2D network, the aggregate interference results only from other
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D2D transmitters that have sufficient energy to invert the channel to their intended

receivers and can transmit on sd. Hence, the interfering D2D transmitters do not

constitute a homogeneous point process anymore and analytical characterization of

interference is not possible4. Therefore, for analytical tractability, correlation among

the locations of the interfering D2D transmitters is ignored and the resulting point

process is approximated by a homogenous PPP Ξ̃ with the same spatial density ptλd

where pt = pspf . This approximation will be validated in Section 3.6.

For a typical D2D receiver, the SINR can be written as

SINRD =
ρdh(y◦, 0)

IC + ID + σ2
(3.22)

where

IC =
∑

x∈Φ̃(sd)

Ph(x, 0)‖x‖−α

ID =
∑

y∈Ξ̃\{y◦}

Pdh(y, 0)‖y‖−β (3.23)

where y◦ is the corresponding D2D transmitter at a distance d◦, h(y◦, 0) is the small-

scale fading coefficient between the typical D2D receiver at (0, 0) and its D2D trans-

mitter, and σ2 is the variance of the additive noise at the receiver where no specific

noise distribution is assumed. IC and ID denote the aggregate interference on channel

sd resulting from the cellular network (downlink or uplink) and other D2D transmit-

ters, respectively. P = Pb when sd ∈ SD and P = Pu when sd ∈ SU. h(x, 0) and

h(y, 0) are fading coefficients of interference channels.

4This point process is called “point hole process” since the active D2D transmitters cannot be at
a distance less than rp to a cellular transmitter that uses channel sd. The analysis of such a point
process is intractable due to unknown probability generating functional [69].
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Using the instantaneous SINR in (3.22), I can obtain the SINR outage probability

OD(τ) for a typical D2D receiver for both cases when sd is either a downlink channel

or an uplink channel. Recall that the outage probability is defined as the probability

that the SINR at the receiver is less than a predefined threshold τ , i.e.,

OD(τ) = P [SINRD ≤ τ ] .

The SINR outage probability is obtained in the following theorem.

Theorem 3.1. The SINR outage probability for a typical D2D receiver is given by

OD(τ) = 1− exp [−K1]

where

K1 =
τσ2

ρd
+

2π2d2
◦pspfλd

β sin
(

2π
β

) τ
2
β +

2πqdλb
α− 2

G
[(

ρd
ζτ

) 1
α

ζ

(
α + 1

α

)
, α

](
P̄

ρd
τ

) 2
α

(3.24)

such that

P̄ =


Pb, for sd ∈ SD

ρb

(πλb)
α
2

, for sd ∈ SU
(3.25)

where G[y, α] = y2−α
2F1

[
1, α−2

α
; 2α−2

α
;−y−α

]
and 2F1 [a, b; c;x] is Gauss Hypergeo-

metric function.

Proof. See Appendix B.4.

Combining the results in Theorem 3.1 and Lemma 3.4, I can obtain the refer-

ence value of λb (as given in the lemma below) that can be used to decide whether to
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use a downlink channel or an uplink channel for D2D transmissions.

Lemma 3.6. The spatial density of BSs beyond which using an uplink channel is more

beneficial for cognitive D2D communication compared to using a downlink channel is

given by

λref
b =

1

π

(
ρb
Pb

) 2
α

. (3.26)

Proof. From (3.15) and (3.25), at λref
b , θ, and P̄ are the same for both downlink and

uplink cases. Increasing λb beyond this value increases θ for the downlink case and

reduces K1 for the uplink case, and vice versa. This improves the overall performance

of D2D communication (i.e., higher pf and lower SINR outage) when sd is an uplink

channel compared to the case when sd in a downlink channel.

Now, the overall outage probability for a generic D2D receiver can be obtained as

Otot
D (τ) = 1− pt + ptOD(τ) (3.27)

where this overall outage includes all the three possible events that cause outage, i.e.,

the event of not harvesting sufficient energy, the event of not finding the channel sd

to be free, and the event of receiving an insufficient level of SINR.
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3.5.2 Outage Probability for a Cellular User

Since each cellular user associates with the closest BS, Let x◦ denote the BS to which

a cellular user located at u is associated where it can be defined as follows

x◦ = arg max
x∈Φ

{
‖x− u‖−α

}
. (3.28)

Note that this association policy ensures that a generic cellular user is closer to its

serving BS than any interfering BS in the downlink. This is not true for a generic

BS in the uplink network. Hence, the received SINR at a typical cellular user (in

downlink) or a macrocell BS (in uplink) on a generic channel s ∈ S can be written as

SINRC(s) =


Pbh(x◦, 0)‖x◦‖−α

ID
C (s) + ID · 1c=sd + σ2

, for s ∈ SD

ρbh(x◦, 0)

IU
C (s) + ID · 1c=sd + σ2

, for s ∈ SU
(3.29)

where x◦ is the serving BS and 1A is the indicator function that equals 1 only when

A is true and 0 otherwise.

For the interference in the downlink network, Φ̃(s) represents a point process of

BSs using channel c, which has an spatial density of qcλb for c ∈ SD\{sd} and qdλb for

c = sd. For the uplink transmissions, Ψ̃(s) represents a point process of users using

channel c, which has a spatial density of qcλb for c ∈ SU \ {sd} and qdλb for c = sd.

It is worth mentioning that the SINR outage probability OC(τ) for a typical cellular

user depends on the adopted spectrum access probability for cellular communication

since the SINR depends on channel c. Using the instantaneous SINR, I can obtain

the SINR outage probability OC(τ, c) for a typical cellular user on channel c as

OC(τ, c) = Ex [P [SINRC(s) ≤ τ ]] . (3.30)
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The overall SINR outage probability is obtained in the following theorem.

Theorem 3.2. For an interference-limited cellular network with α = β, the SINR

outage probability for a typical cellular user on channel c is given by

OC(τ, c) =


1− πλb

πλb(1 +K2) +
(
ρd
Pb

) 2
β K3

, for s ∈ SD

1− exp

[
−
(
K2 +

(
ρd
ρb

) 2
β

K3

)]
, for s ∈ SU

(3.31)

where

K2 =
2q̂

α− 2
G
[(

1

τ

) 1
α

, α

]
τ

2
α (3.32)

K3 =
2π2pspfλdd

2
◦

β sin
(

2π
β

) τ
2
β · 1c=sd (3.33)

and

q̂ =

 qc, for c ∈ S \ {sd}

qd, for c = sd

(3.34)

in which qc and qd are given for both RSA and PSA policies in (3.8)-(3.10).

Proof. See Appendix B.5.

To average the SINR outage probability over all channels, by using the law of total

probability, the average SINR outage probability Oavg
C (τ) can be obtained. Note that

the probability of a user to be served on a certain channel can be obtained in the

same manner as qc and qd. Note also that, for RSA, the SINR outage probabilities

corresponding to all channels are the same. To obtain the overall outage probability
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for a cellular user Otot
C (τ), the probability that a BS has at least one free channel for

each of its associated users, i.e., qf , should be incorporated as defined in (3.7).

3.6 Numerical Results and Discussion

3.6.1 Performance Metrics and System Parameters

I use the obtained closed-form expressions to evaluate system performance in different

scenarios for both access policies (i.e., RSA and PSA) and both cases when sd is a

downlink channel or an uplink channel. Hence, I have four possible scenarios as

follows

1. Downlink-RSA.

2. Downlink-PSA.

3. Uplink-RSA.

4. Uplink-PSA.

The performance metrics for D2D users include

� The probability of harvesting sufficient energy (ps).

� Channel access probability for a D2D user (pf ).

� Transmission probability for a D2D user (pt).

� SINR outage probability (OD(τ)).

� Overall outage probability (Otot
D (τ)).

To show the effect of the proposed spectrum policies on the performance of cellular

users, the following performance metrics are also included
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� Channel access probability (qf ).

� SINR outage probability (Oavg
C (τ)).

Moreover, Monte Carlo simulations are used to validate the PPP assumptions used

in deriving all the expressions.

For numerical evaluation, unless otherwise stated, the transmit power of a macro-

cell BS is assumed to be 37 dBm while the thermal noise power σ2 is −104 dBm. The

receiver sensitivity of macrocell BSs ρb is −70 dBm. The spatial densities of macrocell

BSs, cellular users, and D2D transmitters are λb = 1 BS/km2, λu = 10λb user/km2,

and λd = 20 user/km2, respectively. i.i.d Rayleigh fading with unit variance is con-

sidered for all links. The path-loss exponent for the cellular propagation is α = 4

and that for D2D transmission is β = 3. The total number of channels is |S| = 10

channels. The reference distance d◦ is set to 10 m, power conversion efficiency a is

set to 1, and for the evaluation of outage probability, the threshold τ is set to 0 dB.

It is worth mentioning that the effect of RF-to-DC conversion inefficiency (i.e., when

a < 1) is equivalent to increasing the receiver’s sensitivity by a factor of a−1. That

is, varying a only scales the resulting figures when plotted against ρd. Simulation

parameters are summarized in Table 3.1.

3.6.2 Validation of Analysis

The proposed analytical framework is validated against Monte Carlo simulations. A

simulation area of 20 km ×20 km is chosen in order to guarantee a negligible matching

error and boundary effects. The simulations are carried out by using MATLAB and

the results are averaged over 10,000 iterations. To validate the derived expressions,

none of the PPP assumptions made during the analytical derivations are retained

during the simulation where all user selection and scheduling are performed by the
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Table 3.1: Simulation Parameters

Parameter Value
Transmit powers of BSs 37 dBm
Receiver sensitivity of BSs −70 dBm
Spatial density of BSs 1 BS/km2

Spatial density of cellular users 10 user/km2

Spatial density of D2D users 20 user/km2

No. of channels 10
Reference distance 10 m
SINR threshold 1
path-loss exponent of cellular links 4
path-loss exponent of D2D links 3

simulator. In the following figures, the simulation results are represented by curves

with black cross markers, i.e., “+”. As can be seen in Figures 3.5-3.10, the analytical

results of all derived performance metrics match exactly with the simulation results

for several ranges of network parameters. This reflects the accuracy of the expressions

derived above.

3.6.3 Transmission Probability for a D2D Transmitter

Figure 3.5 shows the effect of varying the spatial density of macrocell BSs on the

transmission probability for the four different scenarios. Figure 3.6 elaborates more on

this effect for one of these scenarios (i.e., Downlink-PSA) and the same explanations

hold for the all other scenarios. From Lemma 3.4, it can be seen that increasing λb

has two effects on the probability that the D2D channel is free (pf ). The first effect

is captured in the term θ which reflects the increase in the number of BSs inside the

protection region of the D2D transmitter. The second effect is the reduction in access

probability of D2D channel sd by the macrocell BSs where this effect is included in

the term qd. Note that the first effect is independent of the spectrum access policy
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Figure 3.5: Transmission probability pt for a generic D2D transmitter vs. the spatial
density of BSs when sd is a downlink or an uplink channel. The network parameters
are ρd = −80 dBm, d◦ = 10 m, ζ = −60 dBm, and λu = 10λb. The results are shown
for both RSA and PSA policies.
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Figure 3.6: Transmission probability pt for a generic D2D transmitter vs. the spatial
density of BSs when sd is a downlink channel and PSA policy is used. The network
parameters are ρd = −80 dBm, d◦ = 10 m, ζ = −60 dBm, and λu = 10λb.

and depends on whether sd is a downlink or an uplink channel. On the other hand, qd

is a function of the adopted spectrum access policy and independent of sd. Regarding

qd, since the average number of cellular users per BS (i.e., E[Nu] = λu
λb

) is fixed, it
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becomes independent of λb as can be noticed in (3.8), (3.10), and (3.6). On the other

hand, since the transmit power of BSs is constant, θ becomes an increasing function

of λb when sd is a downlink channel. When sd is an uplink channel, since cellular users

use channel inversion power control and the average transmit power is a decreasing

function of λb, the overall effect makes θ independent of λb in this case as can be seen

in (3.15).

When sd is a downlink channel, it can be concluded that the effect of increasing

λb is always dominated by the increase in θ (as shown in Figure 3.6 for Downlink-

PSA). As a result, pf decreases. On the other hand, for the uplink case, it can be

concluded that pf is constant since both θ and qd are independent of λb. Furthermore,

from Lemma 3.5, the probability that a D2D transmitter harvests sufficient energy

(ps) is an increasing function of λb as also shown in Figure 3.6. That is, increasing

the number of BSs allows the network to schedule more users at the same time slot

which in turn increases the number of concurrent cellular transmissions that the D2D

transmitters can harvest from.

Overall, it can be seen in Figures 3.5 and 3.6 that λb balances the trade-off between

pf and ps. For instance, it is not helpful to have a very high probability of finding the

D2D channel free by decreasing the spatial density of BSs while having a very low

chance to harvest sufficient energy, and vice versa. For the downlink scenario, it can be

seen that as λb increases, the transmission probability of a D2D transmitter increases

up to a maximum value, then it starts to decrease. The behavior can be explained

as follows. For networks with low spatial density of BSs, the effect of harvesting

sufficient energy dominates the transmission probability and improves it despite the

degradation in pf . However, as λb increases, the probability of harvesting sufficient

energy ps saturates and the effect of the degradation in pf starts to dominate the D2D

98



Cognitive and Energy Harvesting-Based D2D Communication in Multi-Tier Cellular
Networks

transmission probability. Hence, the transmission probability starts to decrease. For

the uplink scenario, since pf is constant, the overall performance simply follows the

same trend of ps as shown in Figure 3.5. Furthermore, this figure shows that the PSA

policy always outperforms the RSA policy for any value of λb. This result is intuitive

since the PSA policy offers a better performance in terms of pf by avoiding the use

of sd as much as possible when compared to RSA as explained earlier in Section 3.3.

It is also observed that the using an uplink channel for D2D communication is more

beneficial than using a downlink channel. This is due to the difference in transmit

powers of the BSs in downlink and the cellular users in uplink. This means that,

under the same sensing threshold, the D2D transmitter needs to avoid less amount

of interference when using an uplink channel when compared to a downlink channel,

which increases pf . Note that, from Lemma 3.6, λref
b = 1.42 BS/km2 in this case

which coincides with the results presented in Figure 3.5.

3.6.4 Outage Probability for D2D users

I now discuss the SINR outage probability as well as the overall outage probability

for D2D users and show the effect of different network parameters (e.g., λb, ζ, |S|) on

these important performance metrics.

Figure 3.7 depicts the SINR outage probability for D2D users as a function of the

spectrum sensing threshold for the different scenarios. As stated in Theorem 3.1, for

all scenarios, decreasing ζ improves the performance of the SINR outage probability

by offering more protection for the D2D transmissions. This result highlights the

importance of carefully choosing the spectrum sensing threshold after considering its

effect on both transmission probability and SINR outage probability. In Figure 3.7,

it can also be seen that the PSA policy offers a better coverage probability compared

99



Cognitive and Energy Harvesting-Based D2D Communication in Multi-Tier Cellular
Networks

-110 -100 -90 -80 -70 -60 -50
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Sensing threshold, ζ (dBm)

S
IN

R
 O

u
ta

g
e
 P

ro
b
. 
o
f 
D

2
D

 U
s
e
rs

, 
O

D

 

 

Downlink-RSA

Downlink-PSA

Uplink-RSA

Uplink-PSA

Simulation

Figure 3.7: SINR outage probability OD(τ) for D2D transmissions vs. spectrum
sensing threshold (in dBm) when sd is a downlink or an uplink channel. The network
parameters are |S| = 15 channels, ρd = −70 dBm, and d◦ = 10 m. The results are
shown for both RSA and PSA policies.

to the RSA policy for all values of ζ irrespective of whether sd is a downlink or an

uplink channel. For example, when ζ = −60 dBm, the outage reduces from 43%

to 17% dBm when sd is a downlink channel and from 55% to 24% dBm when sd

is an uplink channel. The PSA policy reduces the probability of cellular users to

access the D2D channel, hence, it reduces the number of active interferers on this

channel, and consequently, improves the SINR. In order to compare the downlink

and uplink channel cases for sd, recall Figure 3.5 in which it can see that for the

chosen simulation parameters (i.e., λb = 1 BS/km2), the transmission probabilities

of the cellular transmitters for the uplink channel case are higher than those for

the downlink channel case (since λref
b = 1.42 BS/km2 from Lemma 3.6). Hence,

when sd is an uplink channel, the spatial density of interferers is higher and the

SINR outage is higher when compared to the case when sd is a downlink channel, cf.

Figure 3.7. Note that, if λb increases beyond λref
b , the uplink case will outperform

the downlink case. This is for the same reason as that for Figure 3.5. That is, as
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Figure 3.8: SINR outage probability OD(τ) for D2D transmissions vs. the number
of available channels when sd is a downlink or an uplink channel. The network
parameters are ρd = −70 dBm, d◦ = 10 m, and ζ = −60 dBm. The results are shown
for both RSA and PSA policies.

λb increases, the transmit power of cellular users decreases, and consequently, the

aggregate interference decreases when compared to the downlink case in which the

transmit power is fixed.

Figure 3.8 shows the effect of varying the number of available channels (i.e., down-

link or uplink) on the SINR outage probability of D2D users for different scenarios. It

can be seen that increasing |S| can improve the performance of both spectrum access

policies and both uplink and downlink channel cases for sd. Note that the PSA policy

outperforms the RSA policy where it can achieve very low SINR outage probability

for a relatively small number of channels. For example, in an uplink channel scenario,

using only 11 channels provides an outage probability of less than 0.3 for the PSA

policy. On the other hand, for the RSA policy, at least 25 channels are required to

achieve similar outage performance.

Figure 3.9 shows variations in the overall outage probability for D2D users (as

given in (3.27)) with the sensitivity of the D2D receiver (ρd) for all scenarios (or
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Figure 3.9: Overall outage probability Otot
D (τ) for D2D transmissions vs. the receiver

sensitivity (in dBm) when sd is a downlink and an uplink channel. The network
parameters are λu = 5λb, ζ = −60 dBm and |S| = 10 channels. The results are
shown for both RSA and PSA policies.

equivalently, the transmit power of a D2D user when d◦ is fixed). I observe that there

is an optimal value of ρd which minimizes the overall outage probability. Starting from

the optimal point, when ρd decreases, ps approaches 1, however, the SINR decreases

due to the reduction in the power of the received useful signal compared to the

aggregate interference. Therefore, the SINR outage probability (OD(τ)) dominates

and the overall outage probability increases. When ρd increases from the optimal

point, the SINR outage improves, however, ps decreases. In this case ps dominates

the performance and the overall outage probability increases. The same observations

can be made when comparing the different scenarios as in Figures 3.5-3.8.

3.6.5 Outage Probability for Cellular Users

In order to show the effect of cognition and D2D channel selection on the performance

of cellular users, Figure 3.10 shows the average SINR outage probability in presence
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Figure 3.10: Average SINR outage probability Oavg
C (τ) for cellular transmissions vs.

the number of available channels when sd is a downlink or an uplink channel. The
network parameters are ρd = −60 dBm, β = 4, d◦ = 15 m, and ζ = −60 dBm. The
results are shown for the RSA policy.

of D2D communication with and without cognition. Note that Oavg
C (τ) is averaged

over all channels. In this comparison, I consider the performance of the case without

D2D transmission as the reference scenario. In addition, I consider a worst-case sce-

nario when all D2D transmitters have sufficient energy to perform channel inversion

power control, i.e., ps = 1. It can be seen that D2D communication without cogni-

tion degrades the SINR outage probability. From a cellular user’s perspective, this is

expected as new interferers (i.e., D2D transmitters) are added to the system. With

cognitive D2D transmission, the interference caused to the cellular users can be mit-

igated. Note that, cognitive D2D transmissions protect the cellular transmissions by

controlling the spatial density of active D2D transmitters. Note also that the same

results and observations in Figure 3.10 hold for the PSA policy with a very slight

difference in the performance as can be noticed from (3.11) and (3.12).
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3.7 Chapter Summary

I have presented a novel model for cognitive D2D communication using RF energy

harvesting from the ambient interference in a multi-channel downlink-uplink cellu-

lar network. For coexistence of the underlaying D2D transmissions in downlink and

uplink channels, I have proposed two different spectrum access policies for the cellu-

lar network, namely, random and prioritized access policies. I have used stochastic

geometry to provide a complete framework to model, analyze, and evaluate the perfor-

mance of the proposed system in terms of transmission probability and SINR outage

probabilities for D2D and cellular users. Under the same network setup, the prior-

itized spectrum access method is shown to outperform the random spectrum access

method for all considered performance metrics for the D2D users. Furthermore, for

the cellular users, the effect of the prioritized spectrum access policy adopted by the

BSs has been observed to be negligible compared to the random access policy. In

addition, I have shown that, while uplink channels are preferable to downlink chan-

nels for D2D transmissions in dense cellular networks, downlink channels provide

better performance in cellular networks with low spatial density of BSs. I have also

illustrated that by carefully tuning the network design parameters, energy harvesting

can be used along with cognitive D2D transmission to provide an acceptable qual-

ity of service performance of D2D communication without significantly affecting the

performance of cellular communication.
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Chapter 4

Ambient RF Energy Harvesting in

Multi-Tier Uplink Cellular

Networks

In this chapter, I use stochastic geometry to develop a comprehensive modeling frame-

work for multi-tier uplink cellular networks with RF energy harvesting from the con-

current cellular transmissions. In the considered system model, channel inversion

power control is used and cellular users are equipped with energy storage units. I

also use tools from queueing theory, namely, Markov chain analysis, to model the

level of stored energy in each user’s battery. A successful transmission is assumed

only when the amount of energy stored in a user’s battery is sufficient to perform

channel inversion with a received signal-to-interference ratio (SIR) above a prede-

fined threshold. The performance of the proposed system model is evaluated in terms

of the transmission probability, the SIR coverage probability, and the overall success

probability. I use a PPP-based network model to derive simple expressions for these

performance metrics in order to obtain insights for network design and optimization.
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I show the effect of varying different network parameters such as the spatial density

of BSs and the receiver sensitivity. In addition, I discuss several special cases and

provide guidelines on the extensions of the proposed framework. In addition, the gain

of using RF energy harvesting is shown to be highly improved by a proper choice of

the network design parameters.

4.1 Introduction

Energy harvesting (also referred to as energy scavenging) has recently attracted sig-

nificant attention as a mean of exploiting the free-flowing ambient radio frequency

(RF) energy and converting it into useful DC power to power up devices such as

cell phones. RF energy sources include TV towers, radio networks, Wi-Fi networks,

and cellular BSs. This technology is becoming feasible thanks to the technological

advances in the electronics industry [31–33]. On the other hand, multi-tier cellular

wireless networks are being developed to support higher data rates to satisfy the in-

creasing user demand for broadband wireless services. In multi-tier cellular networks,

macrocell network tier is overlaid by different classes of smaller and lower-power BSs

such as femtocells and picocells [50, 70,71].

In this chapter, I consider a K-tier uplink cellular network where cellular users

harvest RF energy from the concurrent downlink transmissions from all network tiers.

Then, each user stores the harvested energy into an attached battery until the the en-

ergy is sufficient to perform channel inversion power control. In order to evaluate the

performance of this network, I propose a comprehensive framework using a stochastic

geometry-based approach to capture the network randomness [17, 21, 28]. Further-

more, I use Markov chain modeling to take the battery dynamics into account. The

performance of the proposed system is quantified in terms of SIR coverage probability,
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transmission probability, and success probability. Note that, a successful transmis-

sion happens only when a user has sufficient energy in her battery and the level of

the SIR at the receiver is higher than some predefined threshold.

4.1.1 Contributions

The contributions of this chapter are summarized as follows.

� Using tools from stochastic geometry, I provide a tractable analytical framework

for statistical analysis of energy harvesting from ambient RF interference in

multi-tier uplink cellular networks. I derive simple and closed-form expressions

for the probability density functions (PDFs) and cumulative distribution func-

tions (CDFs) of the transmit power and the harvested energy. Under channel

inversion power control, I derive a closed-form expression for the SIR coverage

probability for cellular users.

� I use a discretization technique to approximate the battery level after storing the

harvested energy which enables us to use Markov chain modeling to capture the

battery dynamics. Using the steady-state probability analysis, I derive simple

expressions for the probability of having sufficient energy stored in the battery

for transmission using channel inversion power control (which is referred to as

transmission probability). Then, I obtain the overall probability of successful

transmission.

� I show how the proposed framework can be extended to different special cases

and models in the literature. In addition, I highlight different tradeoffs in

the system and show the effect of varying network parameters such as patial

densities of BSs and sensitivity of the receivers on the system performance.
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� Via numerical results, I show the feasibility of energy harvesting to power up

cellular devices while providing an acceptable performance for uplink transmis-

sions in cellular networks. Also, I illustrate the effect of different network design

parameters on the performance metrics.

4.1.2 Organization

The rest of this chapter is organized as follows. A review of the related work is

presented in Section 4.2. The system model and the assumptions are described in

Section 4.3. In Section 4.4, the transmission probability of a typical user (i.e., the

probability that the user has stored enough energy to perform channel inversion to-

ward her serving BS) is derived. Extensions of the proposed analytical model to

several other energy harvesting and uplink transmission scenarios are discussed in

Section 4.5. Section 4.6 presents the analysis of the coverage probability. Finally,

the numerical results and discussion are presented in Section 4.7 before the chapter

is summarized in Section 4.8.

4.2 Related Work

In the context of RF energy harvesting, the authors in [57] investigate a wireless sensor

network where all the sensor nodes are powered by energy harvesting and assumed to

be battery-free. For performance evaluation, Ginibre determinantal point process is

used to model the network and provide some bounds on the outage probability and the

achievable data rate using the expected amount of harvested energy under a bounded

path-loss model. In [55], the authors propose to use dedicated power beacons to

radiate RF energy that can be harvested by the cellular users. The authors consider

an uplink network where no power control is assumed and all the users transmit
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with a fixed power. PPP is used to model the network and obtain the feasibility

regions of the network parameters under a set of outage and power constraints for

different setups. Although the users are equipped with batteries, the dynamics of the

energy stored are not considered in this work. To capture this, the author in [72] uses

the random-walk theory with a uniform energy arrival rate to maximize the spatial

throughput of an ad hoc network.

In [56], the authors consider a network with cognitive sensor nodes that harvest

RF energy from transmissions by primary users in their vicinity. The nodes are as-

sumed to be equipped with a limited battery that can store only the amount of energy

required for one transmission at a fixed power level. Under some outage constraints,

the authors use PPP analysis to optimize the network parameters and maximize the

spatial throughput. In [61], the authors consider the problem of resource allocation in

OFDMA-based networks with simultaneous wireless information and power transfer.

An optimization problem is formulated to maximize the energy efficiency and solved

by means of fractional programming and dual decomposition. To minimize the outage

probability in a point-to-point wireless link, the authors in [59] use dynamic program-

ming to derive the optimal power control policy under energy harvesting constraints

where the transmit power is upper bounded by the amount of energy harvested. The

effect of both flexible cell association and energy harvesting on uplink networks where

no energy storage is assumed at the cellular users will be studied in Chapter 5. A

more general survey on RF energy harvesting in cellular networks can be found in [73].

In the context of statistical modeling of multi-tier cellular networks, the authors

in [20,42] present a general framework for the performance evaluation of K-tier down-

link cellular networks. In this model, the locations of BSs in each tier are modeled

according to independent PPPs where each network tier differs in the transmit power,
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propagation environment, and spatial density. Using the PPP assumption, closed-

form expressions are derived for the the outage probability and ergodic data rate.

For uplink cellular networks, the authors in [74] consider a single-tier uplink network

with fractional power control. A PPP is used to model the locations of the users

where each user is assumed to have exactly one BS in her vicinity. Furthermore,

the authors in [75] consider the uplink cellular networks with multi-tier deployment.

Using stochastic geometry analysis, a general framework is developed for modeling

and performance evaluation of the uplink network with truncated channel inversion

power control.

4.3 System Model and Assumptions

4.3.1 Multi-Tier Cellular Network Model

I consider a wireless cellular network composed of K independent network tiers of BSs

that differ in spatial densities, receiver sensitivity, and transmit powers. It is assumed

that the BSs belonging to tier k are spatially distributed according to an independent

PPP Φk = {xi : i = 1, 2, . . . } ∈ R2 with spatial density λk (BS/km2) where xi

denotes the location of the i-th BS. In addition, BSs belonging to the same tier k

have the same receiver sensitivity ρk (Watt) and transmit power Pk (Watt). Users are

also modeled by an independent two-dimensional PPP Ψ = {yi : i = 1, 2, . . . } with

spatial density λu. For the reliability of the uplink transmissions, users use channel

inversion power control to adjust their transmission powers such that the average

received power by the serving BS is equal to its receiver sensitivity. It is assumed

that different users in a cell are served by using orthogonal resources (i.e., different

time slots and/or channels) and hence there is no intra-cell interference. In addition,
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I consider a universal frequency reuse scenario in which all BSs can use the same

channel. Without loss of generality, the following analysis focuses on a typical user

located at the origin (0, 0). Saturation condition is assumed in which all network

elements (users and BSs) always have data to transmit.

4.3.2 Channel Model and Cell Association

Channels are assumed to be symmetric where the power of a signal transmitted by

any network node (BS or user) is subject to a distance-dependent path-loss with a

rate of r−α where α > 2 is the path-loss exponent and r is the propagation distance.

In addition, all transmissions experience independent Rayleigh fading and the channel

power gains are modeled by independent exponential random variables h(x, y) with

unit mean where x and y are the location of the transmitter and any location in the

network, respectively, i.e., h(x, y) ∼ Exp(1). It is assumed that the downlink and

uplink transmissions are separated from each other in time (e.g., time division duplex

(TTD)) or frequency (e.g. frequency division duplex (FDD)) such that there is no

interference between them. Channel coherence time is assumed to be greater than or

equal to the frame duration.

In the uplink, each user is associated with the BS that offers the best average

channel gain, i.e., lowest path-loss. Furthermore, all BSs are assumed to employ an

open access policy in which any user can associate with any BS from any network

tier. In other words, each user is served in the uplink by the nearest BS. For example,

for a user located at y ∈ R2, let x◦ denote the serving BS with the best channel gain,

hence,

x◦ = arg max
x∈∪Kk=1Φk

{‖x− y‖−α} (4.1)
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Figure 4.1: A multi-tier cellular network in an area of 3km × 3km, where K = 3. A
macrocell network tier (squares) with spatial density 0.5(0.52π)−1 BS/km2 is overlaid
with lower-power and 3 times denser picocells (circles) and 5 times denser femtocells
(diamonds). Solid lines show the coverage area of each BS for the uplink association
criterion defined in (4.1).

where ‖ · ‖ is the Euclidean distance. Without loss of generality, Figure 4.1 shows a

realization of a 3-tier cellular network with a macrocell network tier deployed as tier

1, and overlaid with a denser and lower power femtocell and picocell network tiers as

tiers 2 and 3, respectively.

4.3.3 Energy Harvesting and Battery Model

It is assumed that mobile users rely only on energy harvested from the ambient

RF energy sources to power up their devices for uplink transmissions. In this sys-

tem model, RF energy sources are BSs where users harvest energy from concurrent

downlink transmissions from all BSs. Each user device is equipped with an energy

harvesting module to convert the RF power into useful DC power with RF-to-DC

conversion efficiency a ≤ 1. Similar to (3.1), the total power harvested by a generic
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Figure 4.2: Model for an energy harvesting user device which consists of a single
antenna, an energy harvesting module, an energy storage unit, and a transmission
module.

user located at (0, 0) ∈ R2 at any time slot is given by

PH = a
K∑
k=1

∑
x∈Ψk

Pkh(x, 0)‖x‖−α. (4.2)

In addition, each user device is assumed to be equipped with a power storage unit

(i.e., battery) with storage capacity1 B (Watt). As shown in Figure 4.2, it is assumed

that all users have a single antenna configuration in which both energy harvesting

and transmission modules share the same antenna. In other words, users are unable

to harvest energy and transmit data at the same time slot. Thus, the users adopt a

time-slotted “harvest-then-transmit” strategy. In this strategy, a user device starts to

harvest energy from the downlink transmissions and stores this energy in its battery.

Upon having a sufficient amount of energy to perform channel inversion power control,

a user transmits to her serving BS. That is, the user device checks the battery level

at the beginning of each time slot and transmits only when it is sufficient to perform

channel inversion, otherwise, it harvests and stores more energy.

Note that PH as defined in (4.2) is an implicit function of the time since fading

coefficients are random and assumed to vary over time. That is, the number of time

1Note that the terms “power” and “energy” can be used interchangeably in the context of time-
slotted transmissions.
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Figure 4.3: Total amount of power stored in a user equipment’s battery vs. time.
Gray areas represent time slots when the user is transmitting.

slots used by each mobile device for harvesting energy before data transmission is not

the same for each transmission. In general, the number of time slots used for energy

harvesting is random and differs from a user to another and from transmission to

another even for the same user. Hence, the total amount of the power PS(T ) stored

in a user equipment’s battery after T time slots can be given by

PS(T ) = PS(t◦) +
t◦+T∑
t=t◦+1

PH (4.3)

where t◦ is the time slot of the last transmission.

Figure 4.3 shows an example of the battery level as a function of time to illustrate

the behavior of the user based on the energy harvesting model described above. The

following three main remarks can be be made on this figure.

1. The number of time slots required for harvesting sufficient energy is random,

e.g., it is 5 time slots for the first transmission, 10 time slots for the second

transmission, and only 3 time slots for the third transmission.
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2. Due to network randomness, the amount of harvested energy is not the same

in every time slot even though PS(T ) is shown for a single user.

3. The amount of transmit power required for channel inversion is a function of

time as can be seen in slots 6, 17, and 21.

4.3.4 Methodology of Analysis

Based on the system model described above, I aim at quantifying the performance of

a generic user at the origin in terms of transmission probability (i.e., the probability

that the amount of energy stored in the user device’s battery is sufficient to per-

form channel inversion power control) and coverage probability (i.e., the probability

that the received SIR is above a predefined threshold). Note that the coverage prob-

ability is introduced as a performance metric because the channel inversion power

control may not guarantee a successful transmission (i.e., the required SIR may not

be achieved at the BS). I first derive the distribution of both power harvested per

time slot and required amount of transmission power for the typical user. Then, I use

these distributions and use an approximation technique to obtain the transmission

probability using Markov chain modeling. Next, I present some special cases and

discuss some extension techniques in order to use the proposed framework in different

scenarios. Finally, the SIR coverage probability is quantified for the typical user.

4.4 Analysis of Uplink Transmission Probability

Transmission probability ηk is defined as the probability of a user associated with

tier k to have sufficient amount of energy stored in her device’s battery to be able to

perform channel inversion toward her serving BS. That is, the energy harvested by
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this user device exceeds the amount of transmit power required to have a received

power equal to or larger than the serving BS’s receiver sensitivity. In this section,

I derive the distributions of the harvested power and the transmission power for a

typical user. Then, I obtain the transmission probability.

4.4.1 Analysis of Harvested Power

I use (4.2) to derive the CDF of the harvested power at a certain time slot by a typical

user located at the origin and this result can be generalized for any generic user. The

following lemma provides an expression for FPH
(t) which is defined as

FPH
(t) = P [PH ≤ t] , t ≥ 0. (4.4)

Lemma 4.1. The distribution of the amount of harvest energy by a typical user is

given by

FPH
(t) = 1−

∫ ∞
0

1

πu
exp [−ut]× exp

[
− 2π2ξa

2
α

α tan
(

2π
α

)u 2
α

]
sin

(
2π2ξa

2
α

α
u

2
α

)
du (4.5)

where

ξ =
K∑
k=1

λkP
2
α
k . (4.6)

Proof. See Appendix C.1.

Note that, the expression in (4.5) cannot be obtained in a closed-form for a general

path-loss exponent, however, it can be easily evaluated numerically. Furthermore, a

closed-form for the integral in (4.5) exists when α = 4. In this case, the CDF of
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the aggregate amount of energy harvested by a typical user in one time slot can be

obtained as

FPH
(t) = erfc

(
π2ξ

4

√
a

t

)
, t ≥ 0 (4.7)

and its corresponding PDF is given by

fPH
(t) =

(π
2

)2

ξ

√
a

πt3
exp

[
−
(π

2

)4 aξ2

t

]
, t ≥ 0 (4.8)

where erfc(z) = 2√
π

∫∞
z
e−t

2
dt is the complementary error function.

Note that the PDF in (4.8) takes the form of a Lévy distribution with a zero-

location parameter and a scale parameter of π4aξ2

8
. By intuition, it can be seen from

(4.7) that the amount of energy harvested is directly proportional to both spatial

density and transmit power of BSs. Figure 4.4 validates the analytical result for

FPH
(t) as it can be seen that the gap between the results obtained using (4.5) and

those obtained from simulations is tight for different values of the path-loss exponent.

4.4.2 Analysis of Uplink Transmission Power

Based on the system model described above, users served by a BS from the k-th tier

are assumed to perform channel inversion power control in order to satisfy a power

level requirement ρk at the serving BS. Thus, I define the required amount of transmit

power of a user when it associates with a BS from the k-th tier as

γk = ρkR
α (4.9)
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Figure 4.4: CDF of the amount of power harvested per time slot (simulation vs.
analysis) for different values of the path-loss exponent α. Simulation parameters:
P1 = 53 dBm, P2 = 33 dBm, and P3 = 23 dBm, λ1 = 5(0.52π)−1 BS/km2, λ2 = 5λ1,
and λ3 = 10λ1, and a = 1.

where R is the distance to the serving BS from tier k. Here, I use γk to denote the

instantaneous transmit power of a user transmitting to a BS from the k-th tier where

Γk is the corresponding random variable. Based on the association criterion defined

in (4.1), using the superposition property of PPPs and the null probability, the PDF

of R can be obtained as follows

fR(r) = 2πΛr exp
[
−πΛr2

]
, r ≥ 0 (4.10)

where

Λ =
K∑
k=1

λk. (4.11)

Now, (4.9) and (4.10) can be used to derive the distribution of the amount of

transmit power required by a typical user when it associates with the k-th tier as
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presented in the following lemma.

Lemma 4.2. The CDF of the transmit power of a generic user associated with tier

k to achieve a received power of ρk at her serving BS is given by

FΓk(t) = 1− exp

[
−πΛ

(
t

ρk

) 2
α

]
, t ≥ 0 (4.12)

while its PDF is given by

fΓk(t) =
2πΛ

αρk

(
t

ρk

) 2
α
−1

exp

[
−πΛ

(
t

ρk

) 2
α

]
(4.13)

and its 2
α

-moment is

E
[
Γ

2
α
k

]
=
ρ

2
α
k

πΛ
(4.14)

where Λ is given by (4.11).

Proof. See Appendix C.2.

Figure 4.5 validates the CDF of the required transmission power (i.e., FΓk(t))

derived above by comparing it with the one obtained by using simulation. It can be

seen that the CDF obtained from analysis and simulation coincide in the different

scenarios.

4.4.3 Transmission Probability

As defined above, the transmission probability of a user associated with the k-th tier

can be expressed as

ηk = P[PS(T ) > γk] (4.15)
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Figure 4.5: CDF of the required transmission power (simulation vs. analysis) for
different values of the receiver sensitivity ρk. Simulation parameters: λ1 = 5(0.52π)−1

BS/km2, λ2 = 5λ1, and λ3 = 10λ1, and α = 4.

where PS(T) is the amount of stored power defined in (4.3). The time-varying na-

ture of link quality between BSs and the tagged user directly affects the amount of

harvested energy in each time slot. Consequently, it affects the number of time slots

T◦ required to charge the battery with sufficient power (energy) to perform channel

inversion (i.e., γk). Hence, T◦ is a random variable that represents the number of

time slots required to harvest energy before each transmission and depends on both

the required amount of transmit power and the amount of energy harvested since the

last transmission.

Note also that the state (or level) of the battery is a continuous random variable

which is equivalent to the difference between the summation of random number of

Lévy-distributed random variables given in (4.8) and one random variable given in

(4.13). Hence, the level of the battery can be modeled as a simple (discrete-time)

one-dimensional random walk on R+. Unfortunately, using the random walk theory

and the boundary crossing probability complicates the analysis. Furthermore, it is
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Figure 4.6: Markov chain model of the battery state with L+ 1 discrete levels.

not possible to obtain closed-form expressions in this case for the distributions in (4.8)

and (4.13). Therefore, I propose a different method to obtain the boundary crossing

probability in (4.15) by approximate the process to a discrete random walk that can

be modeled by a finite state Markov chain. In other words, I discretize the states of

the battery into a finite number of levels so that the state space S can be described

as a finite set. Note that the this stochastic process shows the Markov property such

that the battery state at a given time slot depends only on the level at the previous

time slot, i.e.,

P[PS(T ) > sT |P[PS(T − 1) > sT−1] = (4.16)

P[PS(T ) > sT |P[PS(T − 1) > sT−1, . . . ,P[PS(T − T◦) > sT−T◦ ].

Note also that the accuracy of the approximation depends on the number of levels.

Therefore, I define w and L as the resolution (or step size) of the approximation and

the total number of levels, respectively, i.e., B = Lw.

In order to discretize the random walk, I define two probabilities pi and qi. On

one hand, pi is the probability that the amount of power harvested by a user in a
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certain time slot is between iw and (i+ 1)w Watt, i.e.,

pi = P[iw ≤ PH < (i+ 1)w], i = {0, 1, 2, . . . , L− 1}

and pL = P[PH ≥ B = Lw]. On the other hand, qi is the probability that the amount

of transmit power required by a user in a certain time slot is between (i − 1)w and

iw Watt, i.e.,

qi = P[(i− 1)w < γk ≤ iw], i = {1, 2, 3, . . . , L}.

Hence, pi and qi can be expressed as

pi = FPH
((i+ 1)w)− FPH

(iw) (4.17)

and

qi = FΓk(iw)− FΓk ((i− 1)w) (4.18)

where FPH
(t) and FΓk(t) are given in (4.5) and (4.12), respectively.

That is, I round the amount of harvested power down to the nearest level while

rounding the required amount of transmit power up to the nearest level. Using pi and

qi along with the harvest-then-transmit policy discussed above, the state diagram of

the Markov chain can be constructed as in Figure 4.6 and the transition probability

matrix P can be expressed as in (4.19), where Pi,j is the one-step transition probability

from state i to state j. Note that in this model the battery has a total of L+1 distinct

states (power levels) such that the l-th state denotes a battery level of lw Watt, i.e.,
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S = {0, 1, 2, . . . , L}.

P = [Pi,j] = (4.19)

p0 p1 p2 p3 . . . pL−1 pL

q1 p0(1− q1) p1(1− q1) p2(1− q1) . . . pL−2(1− q1) (pL−1 + pL)(1− q1)

q2 q1 p0(1− q1 − q2) p1(1− q1 − q2) . . . pL−3(1− q1 − q2) (pL−2 + pL−1 + pL)(1− q1 − q2)

...
...

...
...

. . .
...

...

qL qL−1 qL−2 qL−3 . . . q1 1− q1 − q2 − · · · − qL


Note that the transition from a higher state to a lower state (dashed edges) in

Figure 4.6 indicates that the user is transmitting data and the amount of energy

stored in the battery is sufficient to perform channel inversion. On the other hand,

the transition from one state to a higher state or staying at the same state (solid

edges) indicates that the user is harvesting energy where the amount of energy stored

in the battery is not sufficient for data transmission.

In order to perform the steady-state analysis, I define v = [v0 v1 . . . vL] as

the steady-state probability vector (or the stationary distribution) where vl is the

probability of the Markov chain to be in state l and

L∑
l=0

vl = 1.

Hence,

v = vP, (4.20)

1 = v1 (4.21)

where 1 = [1 1 . . . 1]T is an all-ones column vector of length L+ 1.

In order to obtain vl, the system of linear equations in (4.20) and (4.21) needs
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Table 4.1: Sheskin algorithm to obtain the steady-state probability vector in (4.20)
and (4.21)

Sheskin Algorithm

Initialization: P′n = P, k0 = 1

for n = 1 to L

P ′i,L−n ←
P ′i,L−n

1− P ′L−n,L−n
, 0 ≤ i < L− n

P ′i,j ← P ′i,j + P ′i,L−nP
′
L−n,j, 0 ≤ i, j < L− n

save last column of P′n

end

for n = 1 to L

kn =
n−1∑
i=0

P ′i,nki

end

vi =
ki
L∑
j=0

ki

, 0 ≤ i ≤ L.

to be solved. Note that P is a (L + 1) × (L + 1) transition probability matrix,

the rank of P is L, and
L∑
j=0

Pij = 1. In order to reduce the solution complexity, I

use Sheskin algorithm to obtain the steady-state probabilities while avoiding matrix

inversion and multiplication [76]. In this algorithm, the steady-state probabilities

are obtained recursively where the size of the matrix is reduced iteratively by using

only additions and multiplications of some of the matrix elements. Then, the vector

v is calculated using the reduced matrix and some saved values from each iteration.

The algorithm is summarized in Table 4.1 and more details can be found in [76].

Using the fact that the user device is transmitting when it transits to a lower
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state in the Markov chain model (i.e., the lower triangle of the transition matrix P),

transmission probability ηk can be obtained using the definition in (4.15) and the

steady-state vector obtained. That is, for a user served by a BS belonging to the k-th

tier, the probability that the amount of energy stored in the battery is sufficient to

perform channel inversion uplink power control at the beginning of a certain time slot

is given by

ηk =
L∑
i=1

vi

i∑
j=1

qj

= 1−
L∑
i=1

vi exp

[
−πΛ

(
iw

ρk

) 2
α

]
(4.22)

where (4.22) follows the definition of qi.

In order to show the accuracy of the proposed approximation, Figure 4.7 demon-

strates the effect of varying the number of levels L (i.e., number of battery states) on

the accuracy of the obtained transmit probability ηk. Note that the accuracy of the

approximation is compared against the transmission probability obtained by simula-

tion with continuous state space. As expected, increasing L improves the accuracy of

the solution. However, note that L controls the tradeoff between the accuracy of the

calculation and the complexity of obtaining the solution for (4.20). For example, the

computational complexity of solving (4.20) for vi is of O(L!). Although using other

algorithms such as Sheskin approach yields a much less complexity of O(2
3
L3), it is

still computationally huge for large L. Thus, the size of the state space should be

chosen wisely to balance this tradeoff.
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Figure 4.7: Accuracy of proposed approximation of Markov chain, and the trans-
mission probability ηk (obtained from both simulation and analysis) under varying
number of battery levels used for the Markov chain approximation. Simulation pa-
rameters: P1 = 53 dBm, P2 = 33 dBm, and P3 = 23 dBm, λ1 = 5(0.52π)−1 BS/km2,
λ2 = 5λ1, and λ3 = 10λ1, ρk = −80 dBm, a = 1, and α = 4.

4.5 Extensions and Special Cases

In this section, I use the results presented so far in order to make some important

remarks and extend the proposed framework. The main remarks, extensions, and

special cases can be summarized as follows.

� As a generalization for the used transmission model, I can adopt a more general

harvest-then-transmit strategy in which the user harvests energy for N con-

secutive time slots instead of only one then checks if the battery has sufficient

energy to perform channel inversion power control. Then, the user transmits

if the energy is sufficient, otherwise, she harvests for more N time slots, and

so on. The same results can still be used except that pi should be modified as
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follows

pi = erfc

(
π2Nξ

4

√
a

(i+ 1)w

)
− erfc

(
π2Nξ

4

√
a

iw

)
(4.23)

where (4.23) follows because the summation of N identical Lévy-distributed

random variables with location parameter of zero is also Lévy-distributed with

location parameter of zero and the scaling parameter is multiplied by N .

� In the considered system model, a simple power consumption model that only

considers the required RF transmit power (i.e., γk) is used. However, in practice,

a better model should be used to account for other power dissipation in the user

device such as the processing power and the inefficiency of RF amplifiers. For

example, the following power consumption model can be used

γtot
k = bγk + Pproc (4.24)

where γtot
k is the total power consumption in the user device, Pproc is a constant

that includes all the processing power, and b ≥ 1 is the inefficiency of RF power

amplifier. The effect of using this power consumption model can be captured in

(4.12) and the CDF of the total power consumption can be obtained as follows

P
[
γtot
k ≤ t

]
=


0, t < Pproc

1− exp

[
−πΛ

(
t− Pproc

bρk

) 2
α

]
, t ≥ Pproc

. (4.25)

Thus, qi needs to be updated accordingly. By defining some integer constant
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c1 =
⌈
Pproc

w

⌉
, qi can be expressed as follows

qi =


0, i < c1

FΓk

(
(i− c1)w

b

)
− FΓk

(
(i− c1 − 1)w

b

)
, i ≥ c1

(4.26)

where dxe denotes the smallest integer not less than x.

� Although the analysis is performed for transmission with channel inversion

power control, the results could be suited for other transmission schemes. For

example, assume that the user has an intended receiver at a fixed distance, e.g.,

device-to-device communication and wireless sensor networks. In this case, the

user will transmit with a fixed level of power and consume a total power of Γ

that includes the processing power. Let us define an integer constant c2 =
⌈

Γ
w

⌉
.

That is, the user transmits the next data packet if and only if the battery is

at state l ≥ c2, and the battery level will go back to the (l − c2)-th level af-

ter transmission. Hence, the entries of the transition matrix P in (4.19) vary

according to the following definition of qi

qi =

 1, i = c2

0, i 6= c2

(4.27)

and the transmission probability is given by

ηk = 1−
c2−1∑
i=0

vi. (4.28)

It is worth mentioning that this assumption with fixed power transmission has

been used in the literature such as in [55,56,72].
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� This system model can also be extended for scenarios in which each user harvests

RF energy from a dedicated (fixed) power source(s). That is, assume that a

user harvests energy from a source at a fixed distance Rh with transmit power

Ph, the amount of harvested power PH will be constant and equal to aPhR
−α
h . In

other cases, e.g., as [56], PH may also be used as a lower bound on the amount

of energy harvested where a user can harvest energy only when she is inside

a disk with radius Rh centered at the the energy source. Another scenario is

to assume that the amount of energy harvested in a cellular network is equal

to the mean of PH. That is, under the assumption of a bounded path-loss

model (e.g., min(1, ‖x‖−α)), the expected value of PH in (4.2) can be derived as

in [28, Chapter 3] as follows2

E[PH] = a
K∑
k=1

παPkλk
α− 2

. (4.29)

Note that this assumption is used in [55, 56]. Now, in order to use the pro-

posed framework under this assumption, let us define an integer constant

c3 =
⌈
aPhR

−α
h

w

⌉
such that the battery level goes c3 levels up for each energy

harvesting time slot. In this case, pi can be expressed as follows

pi =

 1, i = c3

0, i 6= c3

. (4.30)

� An interesting case is when the battery goes back to state 0 after each trans-

mission (i.e., each user uses all stored energy for transmission once harvesting

2For the unbounded path-loss model ‖x‖−α, the average received power in (4.2) becomes infinite
due to the singularity at x = (0, 0). This also can be seen in (4.8) since the Lévy distribution exhibits
a heavy tail behavior.
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sufficient energy). In this case, the transition matrix can be rewritten as follows

P = (4.31)

p0 p1 p2 p3 . . . pL

q1 p0(1− q1) p1(1− q1) p2(1− q1) . . . (pL−1 + pL)(1− q1)

q1 + q2 0 p0(1− q1 − q2) p1(1− q1 − q2) . . . (pL−2 + pL−1 + pL)(1− q1 − q2)

...
...

...
...

. . .
...

q1 + q2 + · · ·+ qL 0 0 0 . . . 1− q1 − q2 − · · · − qL


.

Furthermore, a closed-form expression for the transmission probability can be

obtained. The unnormalized steady-state probabilities ki (cf. Table 4.1) for this

case can be expressed as follows

ki =



1, i = 0
i−1∑
j=0

pi−j exp

[
−πΛ

(
jw
ρk

) 2
α

]
kj

1− p0 exp

[
−πΛ

(
iw
ρk

) 2
α

] , 1 ≤ i < L

L−1∑
j=0

pL−j exp

[
−πΛ

(
jw
ρk

) 2
α

]
kj

1− exp

[
−πΛ

(
B
ρk

) 2
α

] , i = L

. (4.32)

Then, vi can be obtained by normalizing the values of ki and the transmission

probability can be calculated by using (4.22). Note that (4.20) can be solved by

using direct substitution, and therefore, the computational complexity in this

case is much lower than the general Sheskin algorithm in Table 4.1.

� Another special case that has been used in the literature is when the user does

not have a battery and transmits with all the energy harvested each time slot as

130



Ambient RF Energy Harvesting in Multi-Tier Uplink Cellular Networks

in [57]. In this case, the battery goes back to the 0 state after each transmission.

This assumption can be captured in the proposed framework by updating the

following entries of the P matrix in (4.19)


Pi,j = 0, for i = j, and i > j and j ≥ 1

Pi,j = exp

[
−πΛ

(
iw
ρk

) 2
α

]
, for i ≥ 1 and j = 1

. (4.33)

This case can be of a particular interest from the computational point of view

since the resulting matrix is lower triangular and (4.20)-(4.21) can be solved

efficiently using forward substitution with low complexity.

4.6 Analysis of SIR Coverage Probability

The uplink SIR coverage probability of the k-th tier is defined as the probability that

the received SIR at a BS in this tier is higher than a predefined threshold τk. Note

that I assume the network to be operating in an interference-limited environment,

i.e., no additive noise. Thus, the SIR coverage probability offered by the k-th tier can

be mathematically defined as

Ck(τk) = P [SIRk > τk] (4.34)

where SIRk is the SIR received at a typical BS belonging to the k-th tier.

Based on the association criterion defined in (4.1), SIRk used in (4.34) can be

defined for a typical BS located at the origin as

SIRk =
ρkh(u◦, 0)

K∑
j=1

∑
u∈Ψ̃j\{u◦}

γjh(u, 0)‖ui‖−α
(4.35)
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where h(u, 0) is the small-scale fading coefficients between the typical BS and a user

located at u and u◦ is the user served by the typical BS. Ψ̃k is a point process with

density ηkλk that represents the set of active users at a certain time slot, where

“active users” refer to users who have sufficient energy stored in the battery and

ready for transmission. Note that, in general, Ψ̃k is not a PPP, however, for analytical

tractability, I assume that the active users at a certain time slot constitute a PPP.

This assumption has been used and validated in the literature, e.g., in [74, 75].

Using the instantaneous SIRk given in (4.35) and the definition in (4.34), I obtain

the coverage probability of the uplink transmission for a user served by a typical

BS belonging to the k-th tier and located at the origin as presented in the following

theorem where the statistics of the network can be generalized to a generic user.

Theorem 4.1. The coverage probability offered by the k-th tier in an uplink cellular

network for a generic user is given by

Ck(τk) = exp

[
− 2

Λ

K∑
j=1

ηjλj

(
τk
ρj
ρk

) 2
α

F
[(

1

τk

ρk
ρj

) 1
α

, α

]]
(4.36)

where Λ is given by (4.11) and F [y, α] =
∫∞
y

u
1+uα

du.

Proof. See Appendix C.3.

Note that the integration in F [y, α] can be evaluated numerically. It reduces to

simple closed-form expressions for some special values of α as presented in Appendix

A.3. Note also that, using (4.35) and the law of total probability, the average uplink

SIR coverage probability C(τk) of the overall system is obtained as

C(τ1, τ2, . . . , τK) =
1

Λ

K∑
k=1

λkCk(τk) (4.37)
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where λk
Λ

represents the probability of a user to associate with the k-th tier. This

result is consistent with the work on uplink (when ηj = 1) presented in [75, Theorem

3] for the case when Pu =∞.

Now, I introduce a special case for a single-tier uplink network to highlight the

consistency between the proposed model and previous results in the literature.

Corollary 4.1. (Single-tier Uplink Network, α = 4) In the special case of an

interference-limited single-tier uplink network, the overall coverage probability is

given by

C = exp
[
−η√τ arctan

(√
τ
)]
. (4.38)

This result shows that, for single-tier uplink cellular networks, the coverage proba-

bility is independent of the the spatial density of BSs, receiver sensitivity, and transmit

power when η = 1. The same conclusion can be found in previous work on uplink

and downlink (when η = 1) [19,34,42,74,75].

4.7 Numerical Results and Discussion

4.7.1 Performance Metrics and System Parameters

As mentioned before, a user can establish a successful communication link with her

serving BS under two conditions:

1. The amount of energy stored in the battery of this user is greater than the

required amount of transmit power to perform channel inversion toward the

corresponding BS. The probability that this condition holds true (i.e., trans-

mission probability ηk) has been discussed in Section 4.4 and derived using
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Markov chain modeling as expressed in (4.22).

2. The level of the received SIR at the serving BS is greater than a predefined

threshold (i.e., τ) in order to guarantee an acceptable quality of service. The

probability of this event is referred to as the coverage probability and discussed

in Section 4.6 where a closed-form expression has been obtained in (4.36).

Therefore, I define the success probability as the probability that both of the afore-

mentioned conditions are satisfied. That is,

success probability = ηk × Ck(τk). (4.39)

In this section, I present typical performance results obtained from the proposed

framework for K-tier cellular uplink networks with energy harvesting. I focus on the

tradeoffs between the different metrics such as the transmission probability (ηk), SIR

coverage probability (Ck(τk)), and success probability of a user associated with the

k-th tier. In addition, I show how different network setups (e.g., the spatial density

of BSs, the sensitivity of the BSs’ receivers, etc.) affect the performance metrics.

The network scenario under consideration is composed of 3 different tiers of BSs.

In this system, tiers 1, 2, and 3 denote the macrocell tier, picocell tier, and femtocell

tier, respectively. Unless otherwise stated, the transmit powers of BSs are assumed

to be P1 = 53 dBm, P2 = 33 dBm, and P3 = 23 dBm while the thermal noise is

ignored (i.e., interference-limited scenario). Spatial densities of the network tiers are

λ1 = 5(0.52π)−1 BS/km2, λ2 = 5λ1, and λ3 = 10λ1. An independent and identically

distributed Rayleigh fading with unit mean is considered for all links and the path-loss

exponent is α = 4. The battery capacity is assumed to be 27 dBm and the number

of levels used for approximating the battery state by a Markov chain is 5× 103 which
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Table 4.2: Simulation Parameters

Parameter Value
Transmit powers of BSs 53, 33, 23 dBm
Spatial densities of BSs (×(0.52π)−1) 1, 5, 10 BS/km2

Battery capacity 27 dBm
No. of battery levels 5× 103

SIR threshold 1
path-loss exponent 4

provides accuracy level of more than 95% as has been shown in Figure 4.7. The power

conversion efficiency a is set to 1 and the SIR threshold τk is set to 1 (i.e., 0 dB) for

all network tiers. The effect of RF-to-DC conversion inefficiency (i.e., when a < 1) is

equivalent to increasing the receiver’s sensitivity by a factor of a−1. That is, varying

a only scales the resulting figures when plotted against ρk. Simulation parameters

are summarized in Table 4.2. Note also that, all expressions are exact while all the

approximations have been validated in Figures 4.4, 4.5, and 4.7. In addition, the

assumption that the active users are modeled by a PPP is validated by simulation

in [74,75].

4.7.2 Success Probability

Figure 4.8 illustrates the effect of varying the spatial density of BSs λk on the transmis-

sion probability, coverage probability, and success probability. It is worth mentioning

that increasing the spatial density of BSs results in three different consequences;

1. It reduces the distance between the user and her serving BS which in turn lowers

the required transmission power, (cf. (4.9)-(4.13)).

2. It increases the amount of harvested energy due to both reduction in distance

and increase in the number of available power sources (i.e., BSs), (cf. (4.7),
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Figure 4.8: Transmission probability, coverage probability, and success probability of
a macrocell user vs. spatial density of BSs. Simulation parameters: K = 3, λ2 = 5λ1

and λ3 = 10λ1, and ρ1 = ρ2 = ρ3 = −90 dBm.

(4.8)).

3. On the other hand, the users experience higher interference due to the increase

in the density of the transmitters (i.e., density of the point process Ψ̃k which is

equal to ηkλk). In addition, the interferers become closer. This increase in the

interference degrades the SIR level at the receiving BS since the useful signal

level is always constant (i.e., ρk), (cf. (4.35), (4.36)).

Consequently, as can be seen in Figure 4.8, while the coverage probability Ck(τk)

starts to fall with increasing λk, the transmission probability ηk improves. However,

for low-density of BSs, it can also be seen that the improvement in ηk dominates the

deterioration of Ck(τk) and the overall success probability increases. This happens

up to some point after which deploying more BSs does not have a significant effect

on the overall performance where both Ck(τk) and ηk become almost constants. This

behavior can be explained as follows. When the spatial density of BSs becomes very

high, the expected amount of transmit power becomes very low (cf. the first moment
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of γk in (4.14)) whereas the energy available for harvesting becomes very high. Com-

bining both effects, the transmission probability ηk approaches 1. Furthermore, when

ηk → 1, the coverage probability Ck(τk) becomes independent of λk and approaches a

constant level (cf. (4.36)).

On the other hand, Figure 4.9 shows the effect of varying ρk on the system perfor-

mance under the same network configuration. Intuitively, decreasing the sensitivity

of the receiver (i.e., increasing ρk) increases the required transmission power in order

to perform channel inversion (cf. (4.9)). This, in turn, increases both the level of

useful signal and interference power received at the BS. Hence, as shown in Figure

4.9, while the coverage probability Ck(τk) improves with increasing ρk (cf. (4.36)),

the transmission probability ηk deteriorates (cf. (4.7)-(4.13)). Regarding the overall

performance, it can be seen that there exists an optimal value of ρk that maximizes

the success probability and divides the performance into two regimes. That is, as ρk

increases, the success probability of a user increases up to a maximum value, then

it starts to decrease. The behavior of the system in this case can be explained as

follows. When ρk is very low (the left side of the optimal point), although the user

can achieve a high transmission probability, the coverage probability is almost 0. As

ρk increases, ηk stays almost the same while the SIR coverage improves and this in-

crease in Ck(τk) dominates the success probability. This happens until achieving the

maximum success probability. After this point, as ρk increases (the right side of the

optimal point), ηk starts to fall and the SIR coverage probability becomes almost

constant. Hence, the overall success probability starts to decrease.

It has been shown in Figure 4.8 that increasing the spatial density of the network

will not be beneficial to the success probability after some point under the same net-

work configuration. However, Figure 4.9 has shown that optimizing ρk can maximize
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Figure 4.9: Transmission probability, coverage probability, and success probability of
a macrocell user vs. BSs’ receiver sensitivity. Simulation parameters: K = 3, and
ρ2 = ρ3 = −90 dBm.

the system performance in terms of success probability. Therefore, in Figure 4.10 I

show how to exploit the deployment of more BSs in order to improve the overall per-

formance of the network. Compared to Figure 4.8, Figure 4.10 shows the maximum

achievable success probability when increasing the spatial density of the BSs and op-

timizing the sensitivity of the BS receiver accordingly. For example, a network with

spatial density of λ1 = 10× (0.52π)−1 BS/km2 can achieve a 82% success probability

when optimizing ρk (i.e., −77 dBm) compared to only a 45% success probability with

the same density of BSs and −90 dBm sensitivity as shown in Figure 4.8.

4.7.3 Feasibility Regions for Network Parameters

Figure 4.11 shows the feasibility region of the network parameters under a transmis-

sion probability constraint. The feasibility region A is defined as

A = {(λk, ρk) ∈ R2
+ | ηk ≥ θ} (4.40)
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Figure 4.10: Maximum success probability and the optimal receiver sensitivity vs.
spatial density of BSs. Simulation parameters: K = 3, λ2 = 5λ1 and λ3 = 10λ1, and
ρ2 = ρ3 = −90 dBm.

where θ is the target transmission probability. Note that the solid lines represent the

boundary of each feasibility region with different θ. These graphs are very important

and insightful for the network design and optimization phases. That is, for a given

receiver sensitivity ρk, the minimum required spatial density λk that satisfies the

transmission probability constraint θ can be obtained on the corresponding solid line.

In addition, increasing the receiver sensitivity is not necessary after satisfying the

required constraint from the cost efficiency point of view. For example, for λ1 =

5 × (0.52π)−1 BS/km2, it can be seen that deploying more sensitive receivers (e.g.,

receiver sensitivity changes from −74 dBm to −84 dBm) at the BS can increase the

transmission probability by a factor of 4 (i.e., from 20% to 80%). It can also be seen

that decreasing the sensitivity threshold of the receivers beyond this point (i.e., less

than −84 dBm) is not necessary. In fact, the receiver’s sensitivity threshold should

not be decreased after meeting the transmission probability constraint because doing

so will also degrade the SIR coverage probability (cf. Figure 4.9 and (4.36)).
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Figure 4.11: Feasibility region of the two network parameters λk and ρk for different
transmission probability constraints. Simulation parameters: K = 3, λ2 = 5λ1 and
λ3 = 10λ1, and ρ1 = ρ2 = ρ3 = ρk.

Figure 4.12 shows the feasibility region of the network parameters under some SIR

coverage probability constraint. In this case, the feasibility region B is defined as

B = {(λk, ρk) ∈ R2
+ | Ck(τk) ≥ β} (4.41)

where β is the target SIR coverage probability. It can be seen that the coverage

probability exhibits an opposite behavior compared to the transmission probability

as shown in Figures 4.9 and 4.11. That is, for the same receiver sensitivity, increasing

the spatial density of the BSs degrades the coverage probability. In addition, for

the same spatial density, increasing the receiver sensitivity threshold improves the

coverage probability. This behavior of the network, shown in Figures 4.9 and 4.11,

highlights the tradeoff between these two performance metrics. In addition, it gives

design guidelines and shows the importance of selecting the proper values of the

network parameters.
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Figure 4.12: Feasibility region of the two network parameters λk and ρk for different
SIR coverage probability constraints. Simulation parameters: K = 3, λ2 = 5λ1 and
λ3 = 10λ1, and ρ1 = ρ2 = ρ3 = ρk.

4.8 Chapter Summary

I have used stochastic geometry to develop a novel framework to model, analyze,

and evaluate the performance of RF energy harvesting in multi-tier uplink cellular

networks. A Markov chain model for the battery dynamics of each user has been

presented. I have obtained simple expressions for the SIR coverage probability, trans-

mission probability, and success probability. Furthermore, I have presented some

guidelines to design energy harvesting-based multi-tier cellular networks and opti-

mize their performance. The numerical results based on the analysis show that RF

energy harvesting can be a viable technology to power cellular devices. In an energy

harvesting environment, the performance of cellular users in the uplink can be opti-

mized by carefully tuning the network design parameters such as receiver sensitivity

at the BSs and spatial densities of the BSs.
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Chapter 5

Ambient RF Energy Harvesting in

Multi-Tier Uplink Cellular

Networks with Flexible Cell

Association

In this chapter, model and analyze a multi-tier-tier uplink cellular network with

flexible cell association where all transmissions are powered by energy harvesting from

ambient interference. Similar to the system model presented in Chapter 4, each user

transmits data to her corresponding BS only when the amount of energy harvested

is sufficient to perform channel inversion towards the serving BS. Furthermore, the

data transmitted can be successfully decoded only when the SINR at the receiver

is above a predefined threshold. Different from the system in Chapter 4, I adopt

flexible cell association in which users do not necessarily associate with the nearest

BS for any reason such as the load per BS [42]. That is, each network tier has a

specific bias factor that is added to the decision criterion of the association. I use
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statistical modeling based on stochastic geometry to capture the randomness of the

network topology, e.g., channels gain and locations of BSs and users locations. In

particular, for analytical tractability, I use independent PPPs to model the locations

of BSs and users. I evaluate the performance of the system model in terms of SINR

coverage probability, transmission probability, and success probability. I show the

effect of varying different parameters of the network such as receiver sensitivity and

bias factors on the performance metrics.

5.1 Contributions and Organization

The contributions of this chapter are summarized as follows.

� Using stochastic geometry, I provide a tractable analytical framework to model

and analyze the performance of energy harvesting in multi-tier uplink cellu-

lar networks with flexible cell association. Furthermore, I consider a practical

system model in which users perform power control in order to mitigate the

near-far problem.

� I show that energy harvesting can provide an acceptable performance for uplink

transmissions in cellular networks especially for users with short-range commu-

nication links. Furthermore, I show that adjusting network parameters increases

the achievable gain by balancing the trade-off between the probability of har-

vesting sufficient power and the probability of transmitting with acceptable

power level to satisfy a certain SINR threshold at the receiver.

The rest of this chapter is organized as follows. The system model and the as-

sumptions are described in Section 5.2. In Section 5.3, the transmission probability
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of a typical user (i.e., the probability that the user has stored enough energy to per-

form channel inversion toward her serving BS) is derived. Section 5.4 presents the

analysis of the coverage probability. Finally, the numerical results and discussion are

presented in Section 5.5 before the chapter is summarized in Section 5.6.

5.2 System Model and Assumptions

5.2.1 Multi-Tier Cellular Network Model

I consider a K-tier cellular network where the locations of BSs belonging to tier k

are modeled by an independent PPP Φk = {xi : i = 1, 2, . . . } with spatial density

λk where xi ∈ R2 denotes the location of the i-th BS. BSs belonging to the same

tier k have the same receiver sensitivity ρk and transmit power Pk. The complete

set of users is also modeled by an independent PPP Ψ = {yi : i = 1, 2, . . . } with

spatial density λu. In the uplink, each user performs channel inversion to adjust her

transmit power to ensure that the average received power at the serving BS is equal

to its receiver sensitivity. Orthogonal channel access is assumed to avoid intra-cell

interference.

5.2.2 Channel Model and Cell Association

The network is assumed to operate in the TDD mode such that the downlink and

uplink transmissions are separated from each other in time. That is, there is no in-

terference between the downlink network and the uplink network even though both

networks use the same set of channels. The power of the signal transmitted on any

channel decays at a rate of r−α where α = 4 is the path-loss exponent and r is the

propagation distance. In addition, the power envelope of each channel is modeled
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by an independent exponential random variable with unit mean, i.e., Rayleigh fad-

ing assumption. Channel coherence time is assumed to be greater than the frame

duration.

In the uplink, flexible cell association is used such that association with BSs

belonging to the same tier is biased with a positive bias factor βk . That is, each

user is assumed to be served in the uplink by the BS that offers the best biased

average channel gain (i.e., average channel gain plus bias factor). For example, the

bias factors can be chosen according to the receiver sensitivity of each tier in order

to make users biased to associate with the tier that requires lowest transmit power.

Another scenario is when βk = Pk in which each users is served by the same BS in

both downlink and uplink.

For a user located at y ∈ R2, let xk and x◦ denote the BS with the best biased

channel gain from the k-th tier and the serving BS, respectively. Hence, the flexible

cell association criterion is described as

xk = arg max
x∈Φk

{βk‖x− y‖−α} (5.1)

x◦ = arg max
x∈{xk:k=1,2,...,K}

{βk‖x− y‖−α} (5.2)

where ‖ · ‖ is the Euclidean distance. Without loss of generality, Figure 5.1 shows

a realization of a downlink-uplink cellular network with three different tiers, e.g., a

macrocell network tier, a picocell network tier, and a femtocell network tier.

5.2.3 Energy Harvesting Model

Each user is equipped with an energy harvesting unit that converts the ambient RF

power received from the interference caused by the downlink cellular transmissions
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Figure 5.1: A 3-tier cellular network with flexible cell association. A macrocell net-
work tier (squares) is overlaid with lower-power and 3 times denser picocells (circles)
and 5 times denser femtocells (diamonds). Solid lines show the coverage area of each
BS for biased uplink association criterion defined in (5.2) where β1 = 5, β2 = 2, and
β3 = 1. Dashed lines show the coverage area for uplink when association is unbiased,
i.e., βk = 1, k ∈ {1, 2, 3}.

into useful DC power. Hence, the total power received at the harvesting unit of a

user located at y is given by

PH(y) = a
K∑
k=1

∑
x∈Φk

Pkh(x, y)‖x− y‖−α (5.3)

where h(x, y) is the small-scale fading and a ≤ 1 is the RF-to-DC power conversion

efficiency.

Based on the TDD operation, users are assumed to adopt a time-slotted “harvest-

then-transmit” strategy in which a user transmits only when the power harvested in

one time slot (i.e., the downlink time slot) is sufficient to perform channel inversion

power control (i.e., in the uplink time slot). There is no energy storage assumed such

that no user can save the extra harvested energy for the next time slot.
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5.3 Analysis of Uplink Transmission Probability

As mentioned earlier, for a user to be able to make an uplink transmission, the energy

harvested by this user should be sufficient to perform channel inversion towards the

serving BS. Hence, I define ηk as the probability of transmission by a user in the k-th

tier after harvesting sufficient energy. To derive the transmission probability, both

PDFs of transmit power and harvested energy are required.

5.3.1 Analysis of Harvested Power

For the PDF of the power received at the energy harvesting module of a generic user,

I use the expression derived earlier in (4.8) for the special case when α = 4. That is,

fPH
(t) =

(π
2

)2

ξ

√
a

πt3
exp

[
−
(π

2

)4 aξ2

t

]
, t ≥ 0 (5.4)

where

ξ =
K∑
k=1

λkP
2
α
k . (5.5)

Although (5.4) is for the special case when α = 4. However, α does not need to

be 4 for the rest of the analysis, for example when α < 4 , this expression provides a

pessimistic bound on the amount of harvested power and vice versa.
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5.3.2 Analysis of Uplink Transmission Power

Similar to Section 4.4.2, I define the transmit power of a user when it associates with

a BS from the k-th tier at a distance Rk as,

γk = ρkR
α
k . (5.6)

Hence, I firstly need to derive the PDF of the distance Rk in order to derive the PDF

of the transmit power. Conditioned on the event of a generic user to be served by a

BS belonging to the k-th tier, the following lemma presents the PDF of the distance

between this user and her serving BS.

Lemma 5.1. The PDF of the distance between a generic user associated with tier k

and her serving BS is

fRk(r) = 2πΛkr exp
[
−πΛkr

2
]

(5.7)

where

Λk = β
− 2
α

k

K∑
j=1

λjβ
2
α
j . (5.8)

Proof. See Appendix D.1.

Unlike the expression in (4.10), the PDF of the distance distribution to the serving

BS in (5.7) differs is not the same for all tiers due to the biased cell association. Using

Lemma 5.1 and (5.6) I derive the PDF of a generic user’s transmit power when it

associates with the k-th tier as stated in the following lemma where the proof is

similar to Appendix C.2.
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Lemma 5.2. The CDF of the transmit power of a generic user associated with tier

k to achieve a received power of ρk at her serving BS is given by

FΓk(t) = 1− exp

[
−πΛk

(
t

ρk

) 2
α

]
, t ≥ 0 (5.9)

while its PDF is given by

fΓk(t) =
2πΛk

αρk

(
t

ρk

) 2
α
−1

exp

[
−πΛk

(
t

ρk

) 2
α

]
(5.10)

and its 2
α

-moment is

E
[
Γ

2
α
k

]
=

ρ
2
α
k

πΛk

(5.11)

where Λk is given by (5.8).

Note that, the expressions in Lemma 5.2 reduce to that in Lemma 5.2 when

the bias factor βk is set to 1 for all network tiers. Furthermore, for the unbiased cell

association (i.e., βk = 1) and when all BSs have the same receiver sensitivity, the

transmit power of any user is independent of which tier the user is associated with.

That is because the association in this case is made to the nearest BS regardless of

its tier.

5.3.3 Transmission Probability

As described above, the transmission probability of a user associated with the k-th

tier can be defined as

ηk = P[PH(y) > γk] (5.12)
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and the following theorem provides a closed-form expression for this probability.

Theorem 5.1. For a user served by a BS belonging to the k-th tier, the probability

that this user harvests sufficient energy to perform channel inversion towards her

serving BS is given by

ηk = 1− 1

π
G3,0

0,3

((π
2

)6 aξ2Λ2
k

ρk

∣∣∣ 0,
1

2
,
1

2

)
(5.13)

where ξ and Λk are given by (5.5) and (5.8), respectively, and G3,0
0,3(x|a1, a2, a3) denotes

the Meijer G-function.

Proof. See Appendix D.2.

Note that the function G3,0
0,3(x|0, 1

2
, 1

2
) in (5.13) is a decreasing function of x, fur-

thermore, it can be calculated numerically by many computer algebra systems, e.g.,

MuPAD, MATLAB, Maple, and Mathematica. Also note that, for the unbiased cell

association (i.e., βk = 1), the transmission probability is independent of which tier

the user is associated with when all BSs have the same receiver sensitivity.

5.4 Analysis of SIR Coverage Probability

Based on the association criterion defined in (5.2) for the uplink and similar to 4.35,

the SINR received at a typical BS belonging to the k-th tier and located at (0, 0) ∈ R2

can be written as

SINRk =
ρkh(u◦, 0)

K∑
j=1

∑
u∈Ψ̃j\{u◦}

γjh(u, 0)‖u‖−α + σ2

(5.14)
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where σ2 is the variance of the additive noise at the BS where no specific distribution

is assumed. u◦ and Ψ̃k are defined in (5.2).

Using (5.14), uplink SINR coverage probability of the overall system can be ob-

tained. Let Ck(τk) denote the SINR coverage probability offered by the k-th tier to

the users associated with this tier. Here, uplink SINR coverage probability of the

k-th tier is defined similar to (4.34). Therefore, using the law of total probability, the

overall SINR coverage probability is obtained as

C =
K∑
k=1

λk
Λk

Ck(τk) (5.15)

where
λk
Λk

represents the probability of a user to associate with the k-th tier and Λk

is given by (5.8).

In the following theorem, I obtain the coverage probability of the uplink transmis-

sion for a user served by a typical BS belonging to the k-th tier and located at the

origin where the statistics of the network can be generalized to a generic user. The

proof is similar to Appendix C.3, thus, is not presented here. The main difference

is in the distance z to the closest interfere (cf. (C.10)). That is, due to using chan-

nel inversion power control, it is known for sure that the closest interferer to a BS

belonging to the k-th tier from the j-th tier is at least at a distance of

z >

(
βk
βj

γj
ρj

) 1
α

. (5.16)

Theorem 5.2. The coverage probability offered by the k-th tier in an uplink cellular
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network for a generic user is given by

Ck(τk) = exp

[
− τk
ρk
σ2 − 2

K∑
j=1

ηjλj
Λj

(
τk
ρj
ρk

) 2
α

F
[(

1

τk

βk
βj

ρk
ρj

) 1
α

, α

]]
. (5.17)

where Λj is given by (5.8) and F [y, α] =
∫∞
y

u
1+uα

du.

Now, I introduce a special case for a multi-tier uplink network with best uplink

channel association (i.e., unbiased cell association). In this case, for the uplink, the

serving BS is simply the closest BS since all tiers have the same propagation path-loss

exponent.

Corollary 5.1. (Unbiased uplink association, σ2 = 0) In the special case when a user

associates to the nearest BS in the uplink, the coverage probability of the k-th tier

in an interference-limited multi-tier network is given by

Ck(τk) = exp

[
−2

K∑
j=1

ηjλj
Λ

(
τk
ρj
ρk

) 2
α

F
[(

1

τk

ρk
ρj

) 1
α

, α

]]
(5.18)

where Λ =
K∑
j=1

λj.

Proof. The expression follows from (5.17) by setting βk to 1 and σ2 = 0.

This result is consistent with Theorem 4.1 presented in Chapter 4.

5.5 Numerical Results and Discussion

5.5.1 Performance Metrics and System Parameters

In this section, I evaluate the performance of the proposed system with energy harvest-

ing and flexible cell association in terms of transmission probability (ηk), SINR cover-

age probability (Ck(τk)), and success probability (i.e., ηk − ηk(1−Ck(τk)) = ηkCk(τk))
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Table 5.1: Simulation Parameters

Parameter Value
Transmit powers of BSs 53, 33, 23 dBm
Spatial densities of BSs (×(0.52π)−1) 5, 25, 50 BS/km2

SIR threshold 0.5
path-loss exponent 3.3

for a user associated with the k-th tier. I consider a 3-tier network scenario with

macrocell, picocell, and femtocell BSs as tier 1, tier 2, and tier 3, respectively. For

numerical evaluation, unless otherwise stated, the transmit powers of BSs are as-

sumed to be P1 = 53 dBm, P2 = 33 dBm, and P3 = 23 dBm while the thermal noise

power σ2 is −104 dBm. The spatial densities of BSs are λ1 = 5(0.52π)−1 BS/km2,

λ2 = 5λ1, and λ3 = 10λ1. Independent and identically exponential power envelope

with unit mean is considered for all links and the path-loss exponent is α = 3.3.

Power conversion efficiency a is set to 1 and the SINR threshold τk is set to 0.5 for

all network tiers. Simulation parameters are summarized in Table 5.1.

5.5.2 Coverage Probability

Figure 5.2 shows the effect of the bias factors as well as the SINR threshold on the

performance of users associated to different tiers. Since the transmission probability

in (5.13) is independent of τk, the behavior of both coverage probability and success

probability is identical. It can be seen that the success probability decreases with

τk due to the reduction in the SINR coverage probability in (5.17) where ηk is inde-

pendent of τk. It can also be seen that in the unbiased case (i.e., β = 0 dB), the

performance of all users is the same since each user associates with the nearest BS

regardless of its tier. In the flexible cell association case, it can be noticed that when

a bias factor is added to one tier, the performance of this tier degrades while the
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Figure 5.2: Overall coverage probability of a user associated with the k-th tier vs.
SINR threshold for the unbiased and flexible cell association. For the flexible cell
association, the bias factors are set such that βk = Pk, and ρk = −90 dBm for
k = 1, 2, 3.

coverage of smaller cells improves. For example, in this case β1 > β2 > β3 which

means that more users are served by the macrocell network tier and less users are

served by the femtocell network tier compared to the unbiased case. This increases

the transmission probability of the femtocell users as the femtocell BSs only serve the

nearby users and the far users are offloaded to other tiers, hence, less transmit power

γk is required by the femtocell users. On the other hand, macrocell users suffer from

performance degradation as more transmit power is required to invert the channel

toward the corresponding BS.

5.5.3 Transmission Probability

To show the effect of the bias factor βk on the transmission probability in (5.13), Fig-

ure 5.3 compares different cases of flexible cell association by varying βk. Compared

to the unbiased case (i.e., β = 0 dB), it can be seen that biasing the association
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Figure 5.3: Transmission probability of a user associated with the k-th tier vs. the
bias factors (for ρ1 = ρ2 = ρ3 = −90 dB).

to a certain tier degrades the transmission probability of this tier while improving

that of other tiers. However, it can be seen that the degradation is less severe for

denser tiers because the number of users added to this tier is divided on all BSs. For

the same reason, the improvement in the transmission probability of femtocell and

picocell users is higher compared to the macrocell users.

On the other, Figure 5.4 shows the relation between the receiver sensitivity of BSs

and the transmission probability where all BSs are assumed to have the same ρk. It

can be seen that a higher transmission probability for small cell users (i.e., picocell

and femtocell users) can be achieved for the same ρk by adding a bias factor to the

macrocell association. In addition, it can be also seen that the lower ρk, the better is

the performance for both unbiased and biased association.

5.5.4 Success Probability

Figure 5.5 sums up all the trade-offs presented so far. It shows the behavior of the

performance of femtocell users in response to varying the receiver sensitivity ρ3 of
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Figure 5.4: Transmission probability of a user associated with the k-th tier vs. BS
receiver sensitivity for the unbiased and flexible cell association. For the flexible cell
association, the bias factors are set such that βk = Pk.

femtocell BSs and the bias factor βk. The performance is shown in terms of the SINR

coverage probability (i.e., C3(τ3)), transmission probability (i.e., η3), as well as the

success probability (i.e., η3C3(τ3)). From this figure, the following observations can

be made.

� For both cases (i.e., unbiased and flexible cell association), there exists an opti-

mal value of ρk that maximizes the success probability. That is, as ρ3 increases,

the success probability of femtocell users increases up to a maximum value,

then it starts to decrease. This behavior can be explained as follows. When

the femtocell BS’s receiver is more sensitive (i.e., low ρ3), the femtocell user

can achieve high transmission probability (curves with circles), however, the

SINR coverage becomes very low, e.g. when ρ3 = −110 dBm. However, as

ρ3 increases, the probability of sufficient power η3 starts to fall (curves with

circles) and the improvement in the SINR coverage (curves with squares) starts

to dominate the success probability. Hence, the success probability starts to in-
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Figure 5.5: Success probability of a generic femtocell user vs. receiver sensitivity of
BSs for the unbiased and flexible cell association. For the flexible cell association, the
bias factors are set such that βk = Pk (for ρ1 = ρ2 = −90).

crease. After some value of ρ3, the decrease of η3 starts to have more influence

on the success probability compared to the SINR coverage probability, hence,

the success probability starts to decrease.

� With the flexible (biased) cell association, the success probability of small cell

users can be highly improved compared to the unbiased cell association when

βk = 1. This improvement is introduced by decreasing the distance between a

small cell user and her serving BS. This increases the probability of the user

to harvest sufficient power to perform channel inversion toward her serving BS

(i.e., ηk).

Note that all the results in Figures 5.2-5.5 are under the assumption that all users

only depend on harvesting energy from the ambient RF interference as a power source.

That is, the degradation in the macrocell users’ performance is mainly caused by the

degradation in the transmission probability. So, if energy harvesting is considered

only for users with short-range communication links such as femtocell users, the same
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improvement of performance will be still attainable without performance degradation

of macrocell users. Furthermore, same results can be achieved by considering the case

when users are powered by a fixed source such as batteries besides harvesting energy.

5.6 Chapter Summary

I have used stochastic geometry to present a novel framework to model, analyze,

and evaluate the performance of flexible cell association and RF energy harvesting

in multi-tier uplink cellular network. I have shown that energy harvesting can be a

reliable source to power cellular users especially those with short-range transmissions

such as femtocell users. Furthermore, I have shown how to balance the different

trade-offs of the overall performance by varying the network design parameters such

as BSs receiver sensitivity and bias factors.
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Chapter 6

Cell Association in Multi-Tier

Full-Duplex Cellular Networks

In this chapter, I address the problem of cell association in multi-tier in-band full-

duplex (FD) networks. Specifically, I consider the case of decoupled cell association

(DCA) in which users are not necessarily served by the same BS for uplink and down-

link transmissions. Instead, users can simultaneously associate to different BSs based

on two independent weighted path-loss (flexible) cell association criteria for the uplink

and downlink. I use stochastic geometry to develop a comprehensive modeling frame-

work for the proposed system model where BSs and users are spatially distributed

according to independent point processes. I derive closed-form expressions for the

mean transmission rates in FD, half-duplex (HD) downlink, and HD uplink networks

as well as the mean transmission rate of legacy nodes with only HD capabilities in a

multi-tier FD network. I also formulate and solve an optimization problem that aims

at maximizing the mean rate of the FD network by jointly optimizing the uplink and

downlink cell association criteria. I show the effect of varying different network pa-

rameters such as the spatial density of BSs, receiver sensitivity, and weighting (bias)
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factors. Furthermore, I investigate the effect of imperfect self-interference cancellation

(SIC) and show that it is more severe at uplink, where there exist minimum required

SIC capabilities for BSs and users for which FD networks are preferable to HD net-

works; otherwise, HD networks are preferable. In addition, I discuss several special

cases and provide guidelines on the possible extensions of the proposed framework.

Finally, I show that DCA outperforms coupled cell association (CCA) in which users

associate to the same BS for both uplink and downlink transmissions.

6.1 Introduction

In-band FD communication has been proposed to improve the spectral efficiency of

modern cellular networks. In FD transmissions, a network element (e.g., a BS or a

user device) transmits and receives information simultaneously in the same frequency

band [12]. In contrast, in HD transmissions, a time-frequency resource block is only

used for either transmission or reception. Unfortunately, FD communication intro-

duces extra interference between uplink and downlink networks which affects the net-

work performance gains especially for uplink transmissions. The performance of FD

networks is also limited by the capability of users and BSs to cancel self-interference

(SI), which is caused by the transmitter to its collocated receiver. Fortunately, this

technology is becoming feasible thanks to the recent advancements in antenna and

digital baseband technologies where SI can be reduced close to the level of noise floor

in low-power devices [15].

In this chapter, I focus on the cell association problem in multi-tier cellular net-

works (i.e., networks that consist of different classes of BSs) that support in-band FD

communication. I consider the general case when a cellular user can be simultaneously

served by two different BSs for the uplink and downlink data transmission (referred

160



Cell Association in Multi-Tier Full-Duplex Cellular Networks

to as decoupled cell association) [77]. In addition, I aim at optimizing cell association

criteria in order to maximize the mean transmission rate offered by FD networks. In

order to evaluate and optimize the system performance, I use a statistical approach

based on stochastic geometry to capture the network randomness [17,28]. Specifically,

in order to derive closed-form expressions for the mean rate in a generic link in the

network, due to their analytical tractability, I use independent PPPs to model the

locations of BSs [21]. The results from the analysis enable us to optimize cell asso-

ciation to maximize the mean rate utility and to understand the impact of network

parameters (such as spatial density of BSs, power control, weighting factors, and SI)

on the performance to provide insightful guidelines for system design. I also show

that DCA is superior to cell association criteria in which users associate to only one

BS for both uplink and downlink transmissions (referred to as coupled cell associa-

tion). Furthermore, I show that FD networks can outperform HD networks in terms

of mean rate for sufficiently high SIC capabilities of BSs and users.

6.1.1 Contributions

The contributions of this chapter are summarized as follows.

� Using tools from stochastic geometry, I provide a tractable framework to analyze

the performance of multi-tier FD networks with DCA. I derive closed-form

expressions for the association probability, the mean interference received at

users and BSs under weighted path-loss cell association. In addition, I derive

the mean rate coverage offered by an FD network.

� I investigate the effect of FD transmissions on legacy HD terminals that do not

support FD communication and I provide closed-form expressions for mean rate

coverage.
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� I formulate an optimization problem to maximize the mean rate of FD networks.

By jointly optimizing both uplink and downlink cell association to maximize the

mean rate, I also show that DCA is superior to CCA in FD networks.

� I show how the proposed framework can be extended to different models in

the literature such as traditional HD uplink and HD downlink networks. In

addition, I highlight different tradeoffs in the network and show the effect of

varying network parameters such as densities of BSs, power control parameters,

and cell association weighting factors on network performance.

� I investigate the effect of SI on the performance of an FD network and show that

FD mode of operation is preferable to HD mode only if the SIC capabilities of

users and BSs are sufficient to mitigate SI. Furthermore, I show that the effect

of imperfect SIC is more severe at uplink.

� Via Monte Carlo simulation, I validate the analytical results. Also, through

numerical results I show the feasibility of FD communication to increase the

mean transmission rate of cellular networks.

6.1.2 Organization

The rest of the chapter is organized as follows. A review of the related work is

presented in Section 6.2. System model and assumptions are described in Section 6.3.

In Section 6.4, both joint distance distributions and cell association probabilities are

derived for a typical user. Section 6.5 presents the analysis for FD interference as well

as mean rate of uplink, downlink, and FD transmissions. An optimization problem

is formulated in Section 6.6 to maximize the mean rate of FD transmission. Finally,

the numerical results and discussion are presented in Section 6.7 before the chapter
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is summarized in Section 6.8.

6.2 Related Work

In the context of decoupled cell association (DCA) in multi-tier cellular networks,

the authors in [78, 79] propose a framework for performance evaluation of multi-tier

HD uplink and downlink cellular networks. In this model, the locations of BSs in

each tier are modeled by independent PPPs where each network tier differs in the

transmit power and spatial density. Using PPP assumption and weighted path-loss

cell association, [78] derives expressions for the rate coverage in HD uplink and down-

link networks as well as the joint uplink-downlink rate coverage. On the other hand,

closed-form expressions for the mean logarithm of the transmission rate and spectrum

for both uplink and downlink transmissions are derived in [79]. Furthermore, utility

maximization problems are solved to optimize both cell association and spectrum

partitioning. The authors in [80] use stochastic geometry to derive the achievable

capacity in an HD network with DCA where a real-world simulation tool (Atoll) is

used to verify the accuracy of the expressions. In [81], the DCA problem is formulated

as a matching game in which users and BSs in a two-tier FD cellular network rank

one another based on some preference metric, which is a function of the achievable

SINR, in order to maximize the total throughput.

The authors in [82–86] evaluate the performance of FD networks using statistical

modeling. In [82], a hybrid ad hoc network is considered in which nodes with HD

or FD capabilities are randomly deployed. For an ALOHA MAC protocol, it shows

that FD networks achieve a 0− 30% higher throughput, compared to HD networks,

for practical values of path-loss exponent. It also considers the effect of imperfect

SIC and shows how it affects the relative performance of FD and HD transmissions.
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The authors in [83] present the effect of transmission duration, SIC, and ratio of

HD-to-FD nodes on the performance of ad hoc networks with asynchronous ALOHA

MAC protocol. The paper also highlights different optimal operating regions in which

FD networks outperform HD networks. In [84], the authors propose a system design

that controls the partial overlap between uplink and downlink channels in order to

maximize the overall rate of FD cellular networks. The paper compares the perfor-

mances of two realizations for FD networks: a two-node topology (2NT) with FD

users and BSs and a three-node topology (3NT) with FD BSs and HD users. It

shows that 3NT achieves performance comparable to that of 2NT, which paves the

road to harvest the gains of FD transmissions with HD user terminals. In [85], a

hybrid multi-tier FD cellular network is considered in which BSs operate either in

FD mode or HD downlink mode. PPP assumption is used to derive expressions for

the successful transmission probability and network throughput. The authors in [86]

consider a single-cell scenario to derive the outage probability and achievable sum

rate under a 3NT considering the effect of SI. It is worth mentioning that nodes (i.e.,

users or BSs) in [82–86] use CCA to solve the association problem in FD networks.

Although statistical modeling can be used for long-term performance evaluation of

FD networks, it does not necessarily provide sufficient insights on short-term network

performance. Therefore, tools from optimization theory can be used to evaluate the

short-term performance of networks and to find optimal parameters that maximize

certain objective functions [87–90]. For example, [87] proposes a joint resource man-

agement scheme to mitigate the effect of imperfect SIC in an OFDMA-based two-tier

FD cellular network. This is achieved by jointly assigning users and transmit power

for each resource block in both uplink and downlink transmission based on the level

of SI to maximize a total utility sum of the network. The authors in [88] propose an
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iterative algorithm to jointly perform subcarrier assignment and power allocation in

order to maximize the sum-rate performance in a single-cell FD network. In [89], the

authors propose a joint uplink-downlink user scheduling and power allocation algo-

rithm to maximize the system throughput by investigating the feasibility conditions

of FD operation with 3NT. The authors in [90] propose two distributed power con-

trol and interference management methods to manage interference in FD networks

with 3NT. The proposed MAC protocol with transmit power optimization is shown

to outperform its HD counterpart in terms of total throughput.

6.3 System Model and Assumptions

6.3.1 Multi-Tier Network Model

In this chapter, a cellular network that consists of K tiers of BSs is considered. I use

an independent homogeneous PPP Φk = {xi,k : i = 1, 2, . . . } with spatial density λk

to model locations of BSs belonging to the k-th tier where 1 ≤ k ≤ K and xi,k ∈ R2

denotes the location of the i-th BS in that tier. For all BSs in k-th tier, transmit

power is fixed and equal to Pk. Locations of users are modeled in R2 according to an

arbitrary independent point process Ψ. Saturation condition is assumed where each

transmitter (i.e., a BS or a user) sends data packets at the beginning of each time

slot in a time-slotted transmission scenario.

6.3.2 Channel Model

I assume a co-channel deployment where the wireless channels are subject to both

large-scale (i.e., path-loss) and small-scale fading. Let ‖x − y‖ be the propagation

distance between a generic transmitter (i.e., a BS or a user) located at x and a receiver
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located at y. The path-loss of this link is defined as L(x, y) = Ḡ‖x−y‖ᾱ, where ᾱ > 2

is the path-loss exponent and Ḡ > 0 is a constant gain. I assume different path-loss

exponents and gains for different communication links [91]. That is, ᾱ = α and Ḡ = G

for BS-user links, ᾱ = αb and Ḡ = Gb for BS-BS links, and ᾱ = αu and Ḡ = Gu for

user-user links.

In addition to the distance-dependent path-loss, the small-scale fading component

of a channel is modeled by Rayleigh fading with unit average power where different

links are assumed to be i.i.d.. Hence, the power gain of all channels is exponentially-

distributed and denoted by h(x, y) ∼ Exp(1). Channel coherence time is greater than

or equal to the frame duration. SI channel is modeled by Nakagami-m fading with

parameters (mbk , σbk) and (mu, σu) for BSs from k-th tier and users, respectively.

Hence, the power gain of SI channel follows a Gamma distribution and denoted by

hb ∼ Gamma(mbk ,
σbk
mbk

) for BSs and hu ∼ Gamma(mu,
σu
mu

) for users, where 1
σbk

and 1
σu

are SIC capabilities of BSs and users, respectively. There is no intra-cell interference

between uplink (downlink) transmissions where different users in a cell are served in

uplink (downlink) using orthogonal time-frequency resources (e.g. OFDMA). Hence,

there are only one active user in uplink and one active user in downlink per BS at a

certain time slot and channel.

6.3.3 Power Control Model

The users adopt fractional channel inversion power control where a user at x adjusts

her transmit power to ρk(G‖x − y‖α)ε to compensate for the large-scale fading such

that the average received signal power at the serving BS at y is equal to ρk(G‖x −

y‖α)−(1−ε). Note that 0 ≤ ε ≤ 1 is the power control factor and ρk is the open

loop power spectral density (or receiver sensitivity). Here, I use γk to denote the
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instantaneous transmit power of a user transmitting to a BS belonging to the k-th tier

where Γk is the corresponding random variable. Users have a limited transmit power

budget of Pmax, where users who are unable to perform channel inversion transmit

with maximum power. Other power control mechanisms such as interference-aware

power control [92] and SI-aware power control [93] can also be adopted.

6.3.4 Mode of Operation and Cell Association

Besides FD links in which a user simultaneously transmits and receives data in the

same channel, I also consider network tiers in which users and BSs do not support FD

transmissions (i.e., HD users and HD BSs). That is, I also evaluate the performance

of the network when (i) there is a typical HD user who can only receive downlink

transmission from one BS in a channel during a transmission interval, and (ii) there

is a network tier of HD BSs each of which can only receive uplink transmission in

a channel from one user during a transmission interval. A communication link is

referred to as a legacy uplink when the user-BS channel carries data only from the

user to the serving HD BS. On the other hand, when the user-BS channel carries

data only from the BS to the HD user being served, the link is referred to as a legacy

downlink. Furthermore, I consider the 3NT model, where the network consists of FD

BSs each of which serves two HD users: one HD user in downlink and one HD user

in uplink. The aforementioned scenarios will be discussed in details in Sections 6.5

and 6.7.

In this work, for users with FD capabilities, I consider the case where cell asso-

ciation in the uplink is decoupled from that of the downlink. Hence, an FD user is

not necessarily served by the same BS in both uplink and downlink. That is, a user

may simultaneously receive data from one BS and transmit data to another in the
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Figure 6.1: A two-tier FD cellular network with a macrocell network tier (red squares)
overlaid with lower power and denser small cell BSs (green circles). Solid blue lines
show the coverage area of each cell for the downlink transmissions, while the dotted
black lines show that of the uplink transmissions.

same channel. To illustrate, without loss of generality, Figure 6.1 shows a realization

of a two-tier FD cellular network where a macro-cell network tier is overlaid with a

denser and lower power small-cell network tier. It shows that the coverage area of

each cell in downlink is different from that in uplink. For example, although user 1

is served by a macro-cell BS in downlink, she is located in uplink coverage area of

another small-cell BS, hence, served by two different BSs. On the other hand, user

2 is located in the coverage area of one small-cell BS in both downlink and uplink,

hence, served by the same BS. Figure 6.1 also shows an example of 3NT realization

where BS 3 serves two HD users simultaneously: one HD user is in downlink and

another HD user is in uplink.

I assume a weighted path-loss cell association criterion similar to [42, 94] where

each user independently associates with the BS(s) that minimizes the weighted path-

loss of uplink and downlink. That is, for a user at y, with a slight abuse of notation,
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let xi, x
UL, and xDL denote the BS with minimum path-loss from i-th tier, serving

BS in uplink, and serving BS in downlink, respectively. Then, the association criteria

for the uplink can be described as

xUL = arg min
x∈{xi}

Ui‖x− y‖α (6.1)

where

xi = arg min
x∈Φi

‖x− y‖α, i = {1, 2, . . . , K}

and Ui is the weighting factor for the uplink cell association for a BS belonging to the

i-th tier. Similarly, the cell association criteria for the downlink can be described as

xDL = arg min
x∈{xi}

Di‖x− y‖α (6.2)

where Di is the weighting factor for the downlink cell association for a BS from the

i-th tier.

Assumption 6.1. Let µi = Ui
Di

and without loss of generality, let us assume that

the network tiers are ordered such that µ1 ≤ µ2 ≤ · · · ≤ µK .

Note that Ui and Di are design parameters which are not necessarily equal. Vary-

ing the weighting factors can result in different association scenarios. For example,

(i) coupled cell association: when Ui = Di, each user associates to the same BS for

both downlink and uplink, (ii) minimum-distance cell association: when Ui = U

(or Di = D), each user associates to the nearest BS for uplink (or downlink), (iii)

maximum-received power cell association: when Di = P−1
i , each user associates to the

BS that offers the strongest received power for downlink, and (iv) minimum-transmit

power cell association: when Ui = ρi, each user associates to the BS that requires
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lowest transmit power for uplink.

6.3.5 Methodology of Analysis

Based on the system model described above, I aim at quantifying the performance

of a generic FD link in terms of mean rate in nats/sec/Hz. I first derive the cell

association probability and distance distributions based on decoupled and weighted

path-loss cell association. Then, I obtain the mean of interference experienced at a

typical BS in the uplink and at a typical user in the downlink. Next, I derive the

mean rate utility of the network as well as that of uplink and downlink transmissions.

I also present some special cases. Finally, I optimize the uplink and downlink cell

association weighting factors such that the mean rate of the FD network is maximized.

6.4 Analysis of Distance and Association Probabilities

6.4.1 Analysis of Association Probabilities

Note that, even with DCA, an FD user can associate to the same BS in the k-th tier

for both uplink and downlink transmissions with a certain probability. It is worth

mentioning that this scenario is different from the CCA as it does not necessitate

Uk and Dk to be equal (as in the CCA). That is, although the user still uses two

different decision criteria for uplink and downlink cell association (i.e., DCA in (6.1)

and (6.2)), one BS meets both criteria. This event occurs depending on the network

realization. Let ψjk denote the joint association probability that a user is served by a

BS from the j-th tier in the downlink and a BS from the k-th tier in the uplink. The

following lemma characterizes this probability.

Lemma 6.1. (Joint association probability) The probability that an FD user is served
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by the j-th tier for the downlink and k-th tier for the uplink transmissions is

ψjk =



λj

(
K∑
i=1

max{Dji,Uji}
2
α λi

)−1

, j = k

λjλk

(
Dj

Uk

) 2
α j−1∑
l=k

1

Υ2
l (j)

 µ
2
α
l+1

1 + µ
2
α
l+1Ωl

− µ
2
α
l

1 + µ
2
α
l Ωl

 , k < j

0, k > j

(6.3)

where

Υl(j) =
K∑

i=l+1

D
2
α
jiλi (6.4)

and

Ωl =

(
l∑

i=1

λi

U
2
α
i

)(
K∑

i=l+1

λi

D
2
α
i

)−1

. (6.5)

Proof. See Appendix E.1.1.

Note that the joint association probability ψjk is different from the per-tier as-

sociation probability which is defined as the probability that a user is served by a

BS belonging to a certain tier for downlink (uplink) regardless of the serving uplink

(downlink) BS. This probability can be obtained directly from the joint association

probability ψjj when Di = Ui. The following lemma provides expressions for this

probability for both downlink and uplink transmissions.

Lemma 6.2. (Per-tier association probability) The probability that a user associates

to a BS from the j-th tier for either the downlink or uplink is defined, respectively,
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as follows

ADL
j = λj

(
ΛDL
j

)−1

AUL
j = λj

(
ΛUL
j

)−1
. (6.6)

where ΛDL
j =

K∑
i=1

D
2
α
jiλi and ΛUL

j =
K∑
i=1

U
2
α
ji λi are the effective spatial densities of the

j-th tier for downlink and uplink transmissions, respectively.

6.4.2 Analysis of Distance to Serving BS(s)

Based on the system model and cell association criteria described above, for users

operating in FD mode, the marginal PDFs of the distances to the serving BSs in

downlink and uplink are presented in the following lemma where the proof follows

Appendix D.1.

Lemma 6.3. (Marginal distance distributions) The CDF of the distance between a

generic user associated with the j-th tier for the downlink (or uplink) and her serving

BS is defined as

P[Rm
j ≤ r] = 1− exp

[
−πΛm

j r
2
]

(6.7)

and its n-th moment is given by

ERmj
[
Rn
j

]
= Γ

[
2 + n

2

] (
πΛm

j

)−n
2 (6.8)

where m ∈ {DL,UL} and Λm
j is given in Lemma 6.2.

Furthermore, the following lemma provides the joint distance distribution of the

distance to the serving BSs for downlink and uplink transmissions for FD users.

Lemma 6.4. (Joint distance distribution) The joint PDF of the distance(s) from a
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generic FD user and her serving BS(s), when associated with the j-th for downlink

and tier k-th for uplink, is

fR(rj, rk) =
2πλjrj exp

[
−π

K∑
i=1

max{Dji,Uji}
2
α λir

2
j

]
, j = k, rk = rj

4π2λjλkrjrk exp

[
−π

K∑
i=1

max
{
Djirαj ,Ukirαk

} 2
α λi

]
, k < j, (rj, rk) ∈ A

(6.9)

where

A =
{

(rj, rk) : rj ≥ 0,D
1
α
jkrj < rk < U

1
α
jkrj

}

and their joint expectation is given by

ER[Rm
j ] = Γ

[
2+m

2

](
π

K∑
i=1

max {Dji,Uji}
2
α λi

)−m
2

, j = k

ER[Rm
j ] =

(
j−1∑
l=k

Hjl [µl, µl+1; 0]

)−1 j−1∑
l=k

−1
Ωl
Hjl [1, 1;m] , k < j

ER[Rn
k ] =

(
j−1∑
l=k

Hjl [µl, µl+1; 0]

)−1 j−1∑
l=k

Hjl [µl, µl+1;n] , k < j

(6.10)

where

Hjl [a, b; c] =
Γ
[

2+c
2

]
π
c
2 (Υl(j))

4+c
2

 a
2+c
α(

1 + µ
2
α
l Ωl

) 2+c
2

− b
2+c
α(

1 + µ
2
α
l+1Ωl

) 2+c
2

 . (6.11)

Proof. See Appendix E.1.2.
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6.4.3 Analysis of Uplink Transmission Power

Based on the described system model, users served in the uplink by a BS from k-th

tier are assumed to perform fractional channel inversion with open loop power spectral

density ρk. Users are also assumed to have a constraint Pmax on the transmit power.

Thus, I define the required amount of transmit power of a user when she associates

with a BS from the k-th tier as

γk = min{ρkGεRεα
k , Pmax} (6.12)

where Rk is the distance to the serving BS from tier k for the uplink transmission

and its CDF is given in Lemma 6.3.

Therefore, I use (6.7) and (6.12) to derive the CDF and the n-th moment of a

typical user’s transmit power when she associates to the k-th tier as in the following

lemma where the proof follows directly from Lemma 6.3 and Appendix C.2.

Lemma 6.5. (Transmit power distribution) The CDF of the transmit power of a user

associated to tier k in the uplink and performing fractional channel inversion power

control is

FΓk(t) = 1− exp

[
−πΛUL

k

(
t

ρkGε

) 2
εα

]
· 1{t<Pmax} (6.13)

and its n-th moment is given by

E[Γnk ] =
nεαρnkG

nε

2(πΛUL
k )

nεα
2

γ

[
nεα

2
, πΛUL

k

(
Pmax

ρkGε

) 2
εα

]
. (6.14)
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6.5 Analysis of Rate Coverage

In this section, I characterize the rate coverage for a generic FD link based on the

described system model. To evaluate the rate coverage, I assume that during a

transmission interval, a receiver (i.e., BS or a user) using a particular channel to com-

municate with its corresponding transmitter experiences interference from all other

BSs as well as users reusing the same channel. I start by defining the SINR received

at a typical user and BS. Then, the rate coverage probability is derived for a generic

FD link and several special cases in the literature.

6.5.1 Signal-to-Interference-plus-Noise Ratio

For the system model described above, the SINR can be expressed as follows

SINRDL
jk =

Pjh(xDL, u◦)

G(IDL + IDL
SI + σ2)‖xDL‖α

SINRUL
jk =

min{ρkGε‖xUL‖εα, Pmax}g(u◦, x
UL)

G(IUL + IUL
SI + σ2)‖xUL‖α(1−ε)

(6.15)

where xDL ∈ Φj and xUL ∈ Φk denote the serving BS for downlink and uplink

transmissions, respectively, as defined in (6.1)-(6.2). u◦ is the tagged user, σ2 is the

additive noise power, h(x, y) and g(x, y) are the channel power gains, and IDL and

IUL are the interference received, respectively, at the tagged user (i.e., downlink) and

BS (i.e., uplink) from all other BSs and users sharing the same channel. Note that,

unlike HD networks, the interference signals received from the downlink and uplink

transmissions are correlated due to the relative distance between each user-BS pair

and the observation point. In order to characterize the interference, using the fact

that each cell has exactly one downlink and one uplink transmissions, I pair each user

and her serving BS in the uplink together as an interfering pair. Hence, the aggregate
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interference at a typical receiver (i.e., a user or a BS) located at the origin (0, 0) can

be defined as follows1:

IDL =
K∑
i=1

∑
x∈Φi\{xDL}

Pih(x, 0)

G‖x‖α +
∑

y∈Ψ̃i\{u[xUL]}

γi(y)g(y, 0)

Gu‖y‖αu
(6.16)

IUL =
K∑
i=1

∑
x∈Φi\{xUL}

Pih(x, 0)

Gb‖x‖αb
+

∑
y∈Ψ̃i\{u[xUL]}

γi(y)g(y, 0)

G‖y‖α (6.17)

where u[x] returns the user served by BS x in the uplink, γi(y) = min{ρiGε‖y −

u[y]‖εα, Pmax} is the transmit power of the user, and Ψ̃i is the point process that

represents the active users. Note that, due to the correlation between the positions of

active users and BSs resulting from the orthogonal time-frequency resource allocations

(e.g., OFDMA), this point process does is not a PPP. Instead, the positions of active

users can be seen as a Voronoi perturbed lattice process which is not mathematically

tractable [78,95].

Assumption 6.2. The active users from the i-th tier are assumed to form an arbi-

trary point process Ψ̃i that is (i) stationary with spatial density λi, (ii) independent

of the point processes of active users from different tiers, and (iii) independent of Φi
2.

6.5.2 Interference Model

For each type of tagged receivers (i.e., BSs or users) and interferers (i.e., BSs or users),

I define a pair correlation function g(r) which in turn quantifies the spatial density

1Due to the homogeneous PPP assumption, interference statistics are independent of the obser-
vation point [28].

2Other approximations for Ψ̃i exist in the literature, e.g., non-homogeneous PPP with spatial
density λi

(
1− exp[−πΛUL

i r2]
)

[78], or more generally λig(r), where g(r) is a pair correlation function
as proposed in [96]. Another approximation is using PPP assumption with exclusion ball of radius√

1
πΛUL

i
such as in [97] for single-tier networks.

176



Cell Association in Multi-Tier Full-Duplex Cellular Networks

of interfering nodes from i-th tier as λig(r).

1. BSs-to-users (downlink-to-downlink): Using (6.2), it is clear that no interfering

BS from i-th tier can have less weighted path-loss to a user than her serving

BS, hence, ‖x‖ > D
1
α
ji‖xDL‖, where x ∈ Φi and xDL ∈ Φj [28, 34, 42, 78, 79].

Therefore, g1(r) = 1{r > D
1
α
jiRj}, where Rj = ‖xDL‖.

2. Users-to-BS (uplink-to-uplink): There is no exact boundary for the exclusion

region around the tagged BS where interfering users can be arbitrarily close.

However, using (6.1), it is clear that none of the interfering users associates with

that BS, hence, for a user u served by a BS from i-th tier, ‖xUL−u‖ > U
1
α
ik‖x−u‖,

where x ∈ Φi and xUL ∈ Φk [78, 79, 94, 98]. Therefore, g2(r) = 1{r > U
1
α
ikRi},

where Ri = ‖x− u‖.

3. BSs-to-BS (downlink-to-uplink): Due to the PPP assumption, the BSs can be

very close to each other, however, this is not true in practice due to physical

constraints, different antenna heights, etc. [91]. Here, I use the approximation

proposed in [96] to model interfering BSs from i-th tier as a non-homogeneous

point process with g3(r) = (1− exp[−π λi
βb
r2])1{r > db} to model the repulsion

between BSs in practical deployments where βb is the repulsion parameter and

db is a constraint on the length of an uplink-to-uplink interference link.

4. Users-to-user (uplink-to-downlink): I use a similar approximation to model the

interfering users served by the i-th tier of BSs in uplink as a non-homogeneous

point process with g4(r) = (1 − exp[−π λi
AUL
i
r2])1{r > du}, where AUL

i is the

repulsion parameter as in [78] and du is the minimum length of an uplink-to-

downlink interference link.
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6.5.3 Self-Interference

In (6.15), IDL
SI is SI resulting from uplink transmission at the user, and IUL

SI is SI

resulting from downlink transmission at the BS. Since the SI incurred at a given

receiver depends on its own transmit power, I define the residual SI power after

cancellation as follows:

IDL
SI = min

{
ρkG

ε‖xUL‖εα, Pmax

}
hu and IUL

SI = Pkhbk (6.18)

where hbk and hu represent SI channels such that σbk = E[hbk ] and σu = E[hu] are the

inverse of SIC capability of BSs from tier k and users, respectively.

6.5.4 Mean Rate Utility

For a given FD link, let us define the rate coverage probability as the probability of

uplink (downlink) transmission rate to be higher than a required target rate threshold

RUL
◦ (RDL

◦ ). In other words, for the uplink (downlink) transmission to achieve the

target rate, the SIRN received at the BS (user) must be greater than a prescribed

threshold τUL (τDL) that can be given using Shannon’s formula as follows

τm = exp[Rm
◦ ]− 1, m ∈ {DL,UL}. (6.19)

Hence, the rate Rjk of a generic FD link measured in nats/sec/Hz for a user served

by a BS from j-th tier for downlink and a BS from k-th tier for uplink is defined as

Rjk = P(SINRDL
jk > τDL) ln

[
1 + τDL

]︸ ︷︷ ︸
=RDL

jk

+P(SINRUL
jk > τUL) ln

[
1 + τUL

]︸ ︷︷ ︸
=RUL

jk

(6.20)
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which corresponds to a fixed data rate transmission (i.e., RDL
◦ = ln[1 + τDL] and

RUL
◦ = ln[1 + τUL]) when the SINR of the downlink and uplink transmissions (i.e.,

SINRDL
jk and SINRUL

jk , respectively) exceed the predefined thresholds, otherwise, the

transmission rate is zero.

Furthermore, I define the mean rate coverage utility of a generic FD link in the

network as:

R̄ =
K∑
j=1

K∑
k=1

ψjkf
(
RDL
jk ,RUL

jk

)
(6.21)

where f
(
RDL
jk ,RUL

jk

)
is the mean utility of an FD link given that the user is as-

sociated with j-th tier for downlink and k-th tier for uplink. In this work, I use

f
(
RDL
jk ,RUL

jk

)
= E

[
ln
[
RDL
jk RUL

jk

]]
= E

[
lnRDL

jk

]
+ E

[
lnRUL

jk

]
as the mean utility

function [79,99]. The motivation of considering this utility is to achieve proportional

fairness among users. This is achieved by improving the rates of links with low rate

coverage probability while saturating the rates of links with high rate coverage proba-

bility. This performance metric is widely used in the literature to solve the problem of

radio resource allocations while achieving fairness via maximizing R̄ [100]. Therefore,

hereafter, I derive the following performance metric for a generic user operating in

the FD mode:

E[lnRm
jk] = lnRm

◦ + E
[
ln
[
P(SINRm

jk > τm)
]]
, m ∈ {DL,UL} (6.22)

where the expectation is with respect to R, Φi, and Ψi.

First, I focus on uplink rate coverage, which can be obtained as follows:

E
[
ln
[
P(SINRUL

jk > τUL)
]] (a)

= E

[
ln

[
P

(
g(y, 0) >

τULG
(
IUL + IUL

SI + σ2
)

min{ρkGεRεα
k , Pmax}R−αk

)]]
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(b)
= −τULG ER

[
E
[
IUL

]
+ E

[
IUL

SI

]
+ σ2

min{ρkGεRεα
k , Pmax}R−αk

]
(6.23)

where (a) follows from (6.15) and (b) follows from the Rayleigh fading assumption.

The mean of IUL and IUL
SI are presented in the following lemma.

Lemma 6.6. (Mean of uplink interference) The mean interference power received at

a typical BS belonging to the k-th tier is given by

E
[
IUL

]
=

K∑
i=1

2πλi

(
K1(db, αb,

λi
βb

)

Gb

Pi +
U

2−α
α

ik K2(i)

G(α− 2)
ρi

)
(6.24)

and the mean of SI is E
[
IUL

SI

]
= σbkPk, where

K1(d, α,Λ) =
d2−α

α− 2
− 1

2
(πΛ)

α−2
2 Γ

[
2− α

2
, πΛd2

]
(2<α<4)

(d→0)
= −1

2
(πΛ)

α−2
2 Γ

[
2− α

2

]
(6.25)

and

K2(i) = (πΛUL
i )

α(1−ε)−2
2 Γ

[
4− α(1− ε)

2
, πΛUL

i d2
◦, πΛUL

i

(
Pmax

ρiGε

) 2
εα

]

+ (πΛUL
i )

α−2
2
Pmax

ρiGε
Γ

[
4− α

2
, πΛUL

i

(
Pmax

ρiGε

) 2
εα

]
(Pmax→∞)

= (πΛUL
i )

α(1−ε)−2
2 Γ

[
4− α(1− ε)

2
, πΛUL

i d2
◦

]
. (6.26)

in which d◦ is the minimum distance between users and BSs [91].

Proof. See Appendix E.2.1.

Note that in (6.26), the first term represents interference from users that are able

to perform channel inversion power control without exceeding the power budget where
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the second term represents the interference from users who are transmitting with the

maximum power Pmax.

Next, similar to uplink, the rate coverage for downlink can be obtained as follows:

E
[
ln
[
P(SINRDL

jk > τDL)
]]

= −τDLG ER

[
E
[
IDL

]
+ E

[
IDL

SI

]
+ σ2

PjR
−α
j

]
(6.27)

where the mean of IDL and IDL
SI are presented in the following lemma.

Lemma 6.7. (Mean of downlink interference) The mean interference power received

at a typical user served in downlink by the j-th tier and in uplink by the k-th tier is

given by

E
[
IDL

]
=

K∑
i=1

2πλi

D 2−α
α

ji R2−α
j

G(α− 2)
Pi +

K1(du, αu,Λ
UL
i )

Gu

E [Γi]

 (6.28)

where E [Γi] is given in Lemma 6.5 and the mean of SI power is

E
[
IDL

SI

]
=

σuεαρkG
ε

2(πΛUL
k )

εα
2

γ

[
εα

2
, πΛUL

k

(
Pmax

ρkGε

) 2
εα

]
. (6.29)

Proof. See Appendix E.2.2.

The following theorem presents closed-form expressions for the mean rate coverage

in (6.21) for a generic FD link when a user associates with the same tier j with

probability ψjj and when a user associates with tier j for downlink transmission and

tier k for uplink transmission with probability ψjk.

Theorem 6.1. (Mean of logarithm of rate coverage) The mean rate utility of the FD
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network model described above is given by

R̄ = R̄◦−
K∑
j=1

K∑
k=1

ψjkG

(
τDL

Pj

(
A1(j)

πΛDL
j

+
Γ
[

2+α
2

]
A2

(πΛDL
j )

α
2

+
σuE[Γk]

K3(j, k)

)
+
τUL

ρk

σbkPk +A3(k)

Gε(πΛUL
k )

α
2

K4(k)

)
(6.30)

where R̄◦ = lnRDL
◦ + lnRUL

◦ and

A1(j) =
K∑
i=1

2πλiD
2−α
α

ji

G(α− 2)
Pi, A2 = σ2 +

K∑
i=1

2πλiK1(du, αu,Λ
UL
i )

Gu

E [Γi]

A3(k) = σ2 +
K∑
i=1

2πλi

(
K1(db, αb,

λi
βb

)

Gb

Pi +
U

2−α
α

ik K2(i)

G(α− 2)
ρi

)
.

(6.31)

and

K3(j, k) =


1

Γ[ 2+α2 ]

(
π

K∑
i=1

max {Dji,Uji}
2
α λi

)α
2

, j = k(
j−1∑
l=k

−1
Ωl
Hjl [1, 1;α]

)−1 j−1∑
l=k

Hjl [µl, µl+1; 0] , k < j

(6.32)

K4(k) = (πΛUL
k )

εα
2 γ

[
2 + α(1− ε)

2
, πΛUL

k

(
Pmax

ρkGε

) 2
εα

]

+
ρkG

ε

Pmax

Γ

[
2 + α

2
, πΛUL

k

(
Pmax

ρkGε

) 2
εα

]
(Pmax→∞)

= (πΛUL
k )

εα
2 Γ

[
2 + α(1− ε)

2

]
. (6.33)

Proof. See Appendix E.3.
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Note that in (6.33), the first term represents the mean of the inverse of the useful

signal power received at a typical BS from a user being served that is able to perform

channel inversion power control without exceeding the power budget. On the other

hand, the second term represents the mean of the inverse of the useful signal power

received from a user that is transmitting with the maximum power Pmax.

6.5.5 Special Cases

Using the lemmas derived above and Theorem 6.1, the performance of (i) a net-

work tier that consists only of legacy HD BSs with uplink transmissions and (ii) a

typical legacy HD user with downlink transmissions is presented in the following two

corollaries where the proofs follow directly from (6.30). It is worth mentioning that

if SI is added at FD BSs and FD users, the expressions for mean rate in Corollaries

6.1 and 6.2, respectively, will be equivalent to the mean rate of uplink and downlink

transmissions in an FD network.

Corollary 6.1. (Mean rate of legacy uplink transmissions) The mean rate by the

k-th tier that consists only of HD BSs in an FD cellular network to its users is given

by

lnRUL
k = lnRUL

◦ −

τUL

ρk
G1−ε

(
σ2 +

K∑
i=1

2πλi

(
K1(db, αb,

λi
βb

)1{i 6= k}
Gb

Pi +
U

2−α
α

ik K2(i)

G(α− 2)
ρi

))
K4(k)

(πΛUL
k )

α
2

.

(6.34)

Corollary 6.2. (Mean rate of legacy downlink transmissions) The mean rate coverage
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offered by an FD network to a legacy HD user served by the j-th tier is given by

lnRDL
j = lnRDL

◦ −

τDL

Pj
G

 Γ
[

2+α
2

]
(πΛDL

j )
α
2

σ2+
K∑
i=1

2πλi

 D
2−α
α

ji

πΛDL
j G(α− 2)

Pi +
Γ
[

2+α
2

]
K1(du, αu,Λ

UL
i )

Gu(πΛDL
j )

α
2

E [Γi]

.
(6.35)

In addition, the performance of HD uplink networks and HD downlink networks

can be obtained as presented in the following corollaries where the proofs follow

directly from (6.30).

Corollary 6.3. (Half-duplex uplink networks) The mean rate of HD uplink networks

with weighted path-loss cell association is given by

R̄ = lnRUL
◦ −

K∑
k=1

AUL
k

τUL

ρk
G1−ε

(
σ2 +

K∑
i=1

2πλi U
2−α
α

ik K2(i)

G(α− 2)
ρi

)
K4(k)

(πΛUL
k )

α
2

(6.36)

(Pmax→∞)
(σ2=0)

= lnRUL
◦ −

K∑
k=1

AUL
k

τUL

ρk
Γ

[
2 + α(1− ε)

2

]
Γ

[
4− α(1− ε)

2

] K∑
i=1

2ρi U
2−α
α

ik

Gε(α− 2)
AUL
i

(6.37)

(Ui=ρ)
(Pmax→∞)

(σ2=0)
= lnRUL

◦ −
2τUL

Gε(α− 2)
Γ

[
2 + α(1− ε)

2

]
Γ

[
4− α(1− ε)

2

]
. (6.38)

Corollary 6.4. (Half-duplex downlink networks) The mean rate of HD downlink

networks with weighted path-loss cell association is given by

R̄ = lnRDL
◦ −

K∑
j=1

ADL
j

τDL

Pj
G

 Γ
[

2+α
2

]
(πΛDL

j )
α
2

σ2 +
K∑
i=1

2πλiD
2−α
α

ji

πΛDL
j G(α− 2)

Pi

 (6.39)
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(σ2=0)
= lnRDL

◦ −
K∑
j=1

ADL
j

τDL

Pj

K∑
i=1

2Pi Dij
α− 2

ADL
i (6.40)

(Di=P
−1
i )

(σ2=0)
= lnRDL

◦ −
2τDL

α− 2
. (6.41)

The results presented in (6.37) and (6.40) are consistent with the previous results

in [79] on cell association in multi-tier HD cellular networks. Furthermore, from (6.38)

and (6.41), it can be seen that the performance of an interference-limited network is

independent of the spatial density, receiver sensitivity, and transmit power of BSs,

which is consistent with the results in existing literature [34, 42,78,79,94].

In addition, by comparing the results in Corollaries 6.1 and 6.2 with those

in Corollaries 6.3 and 6.4, respectively, it can be seen that the mean rates of

both uplink and downlink transmissions in FD networks are lower than those in HD

networks. This degradation is due to the additional interference resulting from FD

transmissions and SI. It can be seen that for uplink transmissions, downlink-to-uplink

interference can be reduced by increasing the isolation of BSs. This can achieved by

increasing SIC capability of BSs or using directional antennas where both vertical

and horizontal patterns are designed such that the BSs are not in the main-lobe of

each other. For downlink, the effect of uplink-to-downlink interference can be seen to

be less severe because of the low transmit power of users compared to that of BSs.

Furthermore, the performance of FD networks with CCA and FD networks with

3NT are presented in the following two corollaries where the proofs follow directly

from (6.30).

Corollary 6.5. (Coupled cell association) The mean rate utility of FD networks with
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CCA is given by

R̄ = R̄◦−
K∑
k=1

ADL
k

(
τDL

Pk
G

(A1(k)

πΛDL
k

+ Γ

[
2 + α

2

]
σuE[Γk]+A2

(πΛDL
k )

α
2

)
+
τUL

ρk
G1−εσbkPk +A3(k)

(πΛDL
k )

α
2

K4(k)

)
.

(6.42)

Corollary 6.6. (3-node topology) The mean rate of FD networks with 3NT for a user

served by j-th tier in downlink in given by (6.35) where that for a user served by k-th

tier in uplink is given by

lnRUL
k = lnRUL

◦ −

τUL

ρk
G1−ε

(
σ2 + σbkPk +

K∑
i=1

2πλi

(
K1(db, αb,

λi
βb

)

Gb

Pi +
U

2−α
α

ik K2(i)

G(α− 2)
ρi

))
K4(k)

(πΛUL
k )

α
2

.

(6.43)

Proof. The proof follows from Corollaries 6.1 and 6.2 while considering SI affecting

uplink transmissions at BSs.

6.6 Rate Maximization in FD Networks by Optimal Cell As-

sociation

In this section, for optimal cell association, I derive closed-form expressions for the

weighting factors that maximize the overall mean rate of FD cellular networks given

in Theorem 6.1. For analytical tractability, I assume that (i) all BSs have the

same receiver sensitivity (i.e., ρk = ρ), (ii) there is no constraint on the maximum
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transmit power of users (i.e., Pmax →∞), and (iii) SI at BSs is modeled as noise

such that σbkPk = σb. The last assumption implies that the SIC capability of a

BS is proportional to its transmit power (i.e., σbk ∝ 1
Pk

), that is, the cancellation

capability of BSs with higher transmit power such as macrocell BSs is better than

that of BSs with lower transmit power such as picocell or femtocell BSs. Following

a similar procedure as in [79], I first derive the optimal effective spatial density Λ∗UL
k

and Λ∗DL
j , then the optimal weighting factors is retrieved such that U∗k ← a1(Λ∗UL

k )
α
2

and D∗j ← a2(Λ∗DL
j )

α
2 which satisfy

∑K
j=1

λj
Λ∗DL
j

= 1 and
∑K

k=1
λk

Λ∗UL
k

= 1 for any positive

constants a1 and a2 (cf. Lemma 6.2).

After some mathematical manipulations, maximizing (6.30) is equivalent to solv-

ing the following set of concave optimization sub-problem simultaneously:

P1: min
ΛDL
j ,ΛUL

j

K∑
j=1

c1λj

Pj(ΛDL
j )

2+α
2

K∑
i=1

Piλi

(ΛDL
i )

2−α
2

+
K∑
j=1

c2λj

Pj(ΛDL
j )

2+α
2

K∑
i=1

ρiλiK1(du, αu,Λ
UL
i )

(ΛUL
i )

εα
2

P2: min
ΛDL
j ,ΛUL

j

K∑
j=1

c3λj

ρj(ΛUL
j )

2+α
2

K∑
i=1

ρiλi
(
ΛUL
i

) εα
2 +

K∑
j=1

c4λj

Pj(ΛDL
j )

2+α
2

K∑
i=1

ρiλi

(ΛUL
i )

2+εα
2

subject to
K∑
j=1

λj
ΛDL
j

= 1,
K∑
j=1

λj
ΛUL
j

= 1, and ΛDL
j ,ΛUL

j ≥ 0, ∀j

where ci is an arbitrary positive constant for i ∈ {1, 2, 3, 4}.

Using Lagrangian relaxation and taking the first order partial derivatives with

respect to ΛDL
j and ΛUL

j , the optimal cell association probability can be obtained as

follows:

Λ∗DL
j = P

− 2
α

j

K∑
i=1

P
2
α
i λi and Λ∗UL

j =
K∑
i=1

λi (6.44)
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which are equivalent to D∗j = D
Pj

and U∗j = U for arbitrary positive constants D and

U . This result is presented in the following theorem.

Theorem 6.2. (Optimal cell association in multi-tier FD networks) For an FD net-

work, the mean transmission rate is maximized when cell association is based on

maximum received power in downlink and on minimum distance in uplink.

It is worth mentioning that the result in Theorem 6.2 shows the importance

of DCA in FD cellular networks in order to maximize the overall mean rate of the

network. The reason that a user prefers to be served based on the maximum received

SINR for downlink and the minimum distance for uplink can be explained as follows.

From the downlink perspective: (i) the received signal power at the user from her

serving BS is maximized, (ii) the received interference power at the user from other

BSs is minimized, and (iii) the SI power at the user is minimized when transmitting

to the nearest BS in uplink. From the uplink perspective: (i) the received signal

power from the user at her serving BS is maximized, (ii) the received interference

power from other users at the serving BS is minimized when all users transmit with

the minimum power, and (iii) since all BSs transmit with fixed power, the network

tier of the serving BS for downlink (or downlink weighting factors) has no effect on

the mean uplink rate. The result above also shows the superiority of DCA compared

to CCA in the FD network under consideration. That is, as shown in Theorem 6.1,

two different association criteria are required for uplink and downlink cell association

to maximize the mean rate of FD networks. Clearly, this is possible only with DCA

but not possible in general under any CCA criterion where the users are forced to

associate with the same BS for both uplink and downlink. This result is also intuitive

since CCA is a special case of DCA implying that the maximum performance of CCA

can be always achieved by DCA.
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6.7 Numerical Results and Discussions

6.7.1 System Parameters

I use the results obtained above in closed-form to evaluate system performance in

different scenarios. I consider the following cases: (i) FD networks with both CCA

and DCA, (ii) FD networks with 3NT, (iii) HD downlink networks (i.e., only down-

link transmissions), (iv) HD uplink networks (i.e., only uplink transmissions), (v)

legacy downlink transmissions (i.e., HD users with downlink transmissions in an FD

network), and (vi) legacy uplink transmissions (i.e., HD BSs with uplink transmis-

sions in an FD network). For simulation and numerical evaluation, unless otherwise

stated, I consider a two-tier network with spatial densities λ2 = 4λ1. The transmit

powers of BSs are {P1, P2} = {37, 33} dBm and the maximum transmit power of

users is Pmax = 23 dBm. The path-loss exponents are {α, αb, αu} = {4, 3.7, 4}, path-

loss constants are {G,Gb, Gu} = {0, 30, 0} dB, and the minimum distances for the

pair correlation functions are {d◦, db, du} = {1, 40, 1} m. For uplink transmissions,

the power control factor is ε = 0.9 and all BSs have the same receiver sensitivity

ρ1 = ρ2 = −40 dBm. The SIC capabilities of BSs and users are { 1
σbk
, 1
σu
} = {70, 70}

dB and the noise power is σ = −104 dBm. For the evaluation of mean rate utility,

SINR thresholds τDL and τUL are set to 0, i.e., RDL
◦ = RUL

◦ = ln(2) nats/sec/Hz.

6.7.2 Validation of Analytical Results

I validate the expressions derived in Lemmas 6.6 and 6.7 for the mean interference

received at a BS and a user, respectively. These two expressions are the keys to deriv-

ing all the following results including Theorem 6.1 and they include all assumptions

made throughout the analysis of the mean transmission rate. The curves in Figures
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Figure 6.2: Analysis (Lemmas 6.6 vs. simulation: Mean of interference resulting
from downlink and uplink transmissions at a typical BS. Network parameters are
K = 2, λ2 = 4λ1, {P1, P2} = {37, 33} dBm, and ρ1 = ρ2 = −40 dBm.
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Figure 6.3: Analysis (Lemmas 6.7 vs. simulation: Mean of interference resulting
from downlink and uplink transmissions at a typical user. Network parameters are
K = 2, λ2 = 4λ1, {P1, P2} = {37, 33} dBm, and ρ1 = ρ2 = −40 dBm.

6.2 and 6.3 compare the results obtained from simulations and analysis as a function

of the spatial density of tier 1. For Monte Carlo simulations, the locations of the

BSs simulated as independent PPPs over a 10 × 10 km2 area with a typical user or
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Figure 6.4: Mean rate (in nats/sec/Hz) of downlink and uplink transmissions vs.
spatial density of tier 1 (in BS/km2). Network parameters are K = 2, λ2 = 4λ1,
{P1, P2} = {37, 33} dBm, and ρ1 = ρ2 = −40 dBm.

BS at the origin. To simulate the active users that are causing uplink-to-uplink and

uplink-to-downlink interference, the users are first dropped as a PPP with high spatial

density, then the users associate with BSs based on the defined association criteria

for uplink. Then, each BS randomly selects one user for uplink transmission. Hence,

Assumption 6.2 is not retained in the simulation. The mean interference power for

various links is averaged over 10, 000 iterations. The results in Figures 6.2 and 6.3

validate the accuracy of the proposed approach to derive the mean interference and

show that the assumptions made above have a minor effect on the accuracy of the

proposed analytical model.

6.7.3 Effect of Spatial Density

Figures 6.4 and 6.5 show the effect of varying the density of BSs on the mean rate

for three different networks: (i) HD downlink network, (ii) HD uplink network, and

(iii) FD network including both legacy downlink and uplink transmissions, and (iv)
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Figure 6.5: Mean rate (in nats/sec/Hz) of FD networks vs. spatial density of tier 1
(in BS/km2). Network parameters are K = 2, λ2 = 4λ1, {P1, P2} = {37, 33} dBm,
and ρ1 = ρ2 = −40 dBm. Results are shown for both DCA and CCA in FD networks.

3NT. For HD downlink networks (i.e., Corollary 6.4) in Figure 6.4, the mean rate

of downlink transmissions is almost independent of the density of BSs. This can be

explained as increasing λ results in increasing the power of both the useful signal and

interference and the SINR remains unchanged. For HD uplink networks (i.e., Corol-

lary 6.3), the performance results can be explained as follows. In sparse networks

with low density, the distances between users and their serving BSs become large and

the users transmit with their maximum power with high probability. Consequently,

the useful received signal power decreases and the interference power is increased at

the serving BS. Increasing the BS density improves the mean rate by making users

closer to their serving BSs which in turn increases their ability to perform channel

inversion without exceeding the maximum power budget. This increases the useful

signal power and decreases interference power. With a very high BS density, the

network becomes interference-limited and almost all users are able to invert their

channel towards the serving BS, hence, the mean rate becomes independent of the
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spatial density of BSs.

Figure 6.4 shows that increasing the density of FD networks has two different

effects on the mean rate of legacy transmissions. For legacy downlink transmissions

(i.e., Corollary 6.2), the mean rate is lower compared to HD downlink networks

where the difference is due to the extra interference resulting from uplink transmis-

sions sharing the same spectrum in the FD network. However, increasing the density

of BSs (i) decreases the transmit power of users, hence, decreases uplink-to-downlink

interference, (ii) increases the useful signal power which is counteracted by the in-

crease in downlink-to-downlink interference. Overall, this improves the mean rate of

legacy downlink transmissions and the performance approaches that of HD downlink

networks in very dense networks. On the other hand, the mean rate of legacy uplink

BSs (i.e., Corollary 6.1) degrades with increasing spatial density of BSs. Compared

to HD uplink networks, the difference is due to the extra interference resulting from

downlink transmissions. With increasing spatial density, the BSs become closer to

each other which increases the downlink-to-uplink interference power received at all

BSs. At the same time, the useful signal power received at any BS is upper bounded

by ρ. Therefore, the SINR becomes very low and the mean uplink rate approaches

zero with increasing BS density. A similar behavior is evident for 3NT as shown in

Figure 6.4. The mean downlink rate is identical to that of legacy downlink because

both rates are evaluated at an HD user. On the other hand, the difference between

the mean uplink rate in 3NT with FD BS and legacy uplink with HD BS is due to

the SI experienced at the FD BS in 3NT.

Figure 6.5 elaborates more on the effect of spatial density in FD networks by

showing the mean rate of a generic FD link for different cell association criteria (i.e.,

Theorem 6.1 and Corollary 6.5). Overall, it can be seen that the spatial density
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Figure 6.6: Mean rate (in nats/sec/Hz) vs. the sensitivity of BS receivers ρ (in dBm).
Network parameters are K = 2, λ2 = 4λ1, {P1, P2} = {37, 33} dBm, and ρ1 = ρ2.
Results are shown for both CCA and DCA in FD networks, legacy downlink and
uplink users, and HD downlink and HD uplink networks.

should be adjusted to balance the trade-off between the rates of downlink and uplink

transmissions in FD networks. As shown in Figure 6.4, in dense FD networks, up-

link transmissions become more susceptible to high downlink-to-uplink interference.

On the other hand, low spatial density of BSs degrades the performance of both

downlink and uplink transmissions, respectively, due to high uplink-to-downlink in-

terference and the maximum power budget constraint. Therefore, as shown in Figure

6.5, as the spatial density of BSs increases, the overall mean rate of the FD network

increases up to a maximum value due to the improvement in both downlink and

uplink transmissions, then it starts to decrease due to the degradation in the mean

uplink rate.
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6.7.4 Effect of Power Control

Figure 6.6 shows the effect of varying ρ on the mean rate of different networks. In gen-

eral, decreasing the sensitivity of the receiver (i.e., increasing ρ) increases the amount

of transmit power required by each user to perform channel inversion towards the

serving BS (i.e., Lemma 6.5). This, in turn, increases the power of useful signal,

uplink-to-uplink interference, and uplink-to-downlink interference (cf., Lemmas 6.6

and 6.7). Hence, as shown in Figure 6.6, the mean rate of downlink transmissions in

the FD network deteriorates with increasing ρ because of uplink-to-downlink inter-

ference compared to the HD downlink scenario. For uplink transmissions in both HD

uplink and FD networks, the mean uplink transmission rate increases due to increased

useful signal power. This happens up to a maximum value, then the rate starts to

decrease because the transmit power of users becomes limited by the power budget

Pmax. Overall, there exists an optimal value of ρ that maximizes the mean rate of FD

networks and splits the performance into two regimes. That is, as ρ increases, the

mean rate of FD networks increases up to a maximum value, then it starts to decrease.

This behavior can be explained as follows. When ρ is very low (the left side of the

optimal point), while downlink transmissions experience low interference from uplink

transmissions, the interference at the BSs is very high compared to the useful signal

power and thus the mean uplink transmission rate is almost 0. As ρ increases, the

mean downlink transmission rate of downlink transmissions starts to degrade while

the mean rate of uplink transmissions improves where this improvement dominates

the overall mean rate performance. This happens until achieving the maximum mean

rate. After this point, as ρ increases (the right side of the optimal point), the mean

rates of both downlink and uplink transmissions start to fall. Hence, the overall mean

rate of the FD network start to decrease. A similar behavior is observed in Figure 6.7
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Figure 6.7: Mean rate (in nats/sec/Hz) vs. the power control factor ε. Network
parameters are K = 2, λ2 = 4λ1, {P1, P2} = {37, 33} dBm, and ρ1 = ρ2 = −40
dBm. Results are shown for FD networks, legacy downlink and uplink users, and HD
downlink and HD uplink networks.

for varying the power control factor ε which can be justified using the same line of

arguments as that for varying ρ. It is worth mentioning that Figures 6.5 and 6.6 show

that DCA is always superior to CCA for all ranges of λ and ρ, which is in agreement

with the analytical results in Section 6.6.

6.7.5 Effect of Weighting Factors

Figure 6.8 shows the mean rate of FD and HD downlink networks as a function of

downlink weighting factors for different transmit power settings. For both networks,

it can be clearly seen that the maximum mean rate is achieved when the ratio of the

weighting factors is equal to the inverse of the transmit power ratio. For example,

when P2

P1
= 0.2 (i.e., {P1, P2} = {33, 26} dBm), the rate of FD transmissions and HD

downlink transmissions are maximized when D2

D1
= P1

P2
= 5. Similar remark can be

made for different cases when the ratio P2

P1
is 1, 0.5, and 0.1. For these values of P2

P1
,
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. Network parameters are K = 2, λ2 = 4λ1, {U1, U2} = {1, 1}, ρ1 = ρ2 = −40

dBm. Results are shown for FD, HD downlink, and HD uplink networks.

the rate is maximized when D2

D1
is set to 1, 2, and 10, respectively. This behavior

is consistent with Theorem 6.2 and can be explained as follows. For HD downlink

networks, intuitively, the power of the useful signal at the user is maximized while the

power of interference from other BSs is minimized when D∗HD
j = P−1

j . Consequently,

both the SINR and mean rate are maximized. For FD networks, same argument holds

for downlink transmissions as shown in Corollary 6.2. On the other hand, the mean

uplink transmission rate in an FD network is independent of downlink weighting

factors as shown in Theorem 6.1 and Corollary 6.1. Hence, the mean rate of

FD transmissions is maximized by maximizing the rate of downlink transmissions by

setting D∗FD
j = P−1

j .

On the other hand, Figure 6.9 shows the mean rate of FD and HD uplink networks

as a function of uplink weighting factors for different receiver sensitivity settings. In

contrast to Figure 6.8, the maximum rate for both FD and HD networks is achieved

when the ratio of the weighting factors is equal 1. This behavior is evident for different
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Figure 6.9: Mean rate (in nats/sec/Hz) vs. the ratio of uplink weighting factors U2
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.

Network parameters are K = 2, λ2 = 4λ1, {P1, P2} = {37, 33} dBm, {D1, D2} =
{ 1
P1
, 1
P2
}, ρ1 = ρ2. Results are shown for FD, HD downlink, and HD uplink networks.

values of ρ and can be explained as follows. For HD uplink networks, when the users

associate with their nearest BSs, the aggregate interference power is minimized as

the users transmit with the minimum power required to perform channel inversion

power control. In addition, the useful signal power is maximized as the probability of

a user to perform channel inversion without exceeding Pmax increases as the distance

to the serving BS decreases. Therefore, both SINR and mean rate are maximum

when U∗HD
k = U for some constant U . For FD networks, same argument holds for

uplink transmissions as given in Corollary 6.1. For downlink transmissions in an

FD network, uplink-to-downlink interference is minimized when all the users transmit

with the minimum transmit power as given in Theorem 6.1 and Corollary 6.2.

Hence, the mean rate of FD transmissions is maximized by simultaneously maximizing

the rate of uplink transmissions and minimizing the uplink-to-downlink interference

where both are achieved by setting U∗FD
k = U . Therefore, it is clear that the maximum

rate offered by an FD network is achieved for
Dj
Dk

= Pk
Pj

and
Uj
Uk

= 1. In other words,
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thanks to DCA, the mean rate can be maximized by simultaneously optimizing both

downlink and uplink weighting factors which is not generally possible with CCA.

6.7.6 Effect of Imperfect Self-Interference Cancellation

Figure 6.10 shows the effect of SI on the performance of FD networks. It shows

that the mean rates of downlink and uplink transmissions in FD networks are highly

impacted with increasing σu and σb, respectively. It is clear that the effect of SI is more

severe for uplink transmissions as it occurs at the FD BS where the transmit power is

generally high compared to the power of the signal received from uplink user. Figure

6.10 also shows that, based on SIC capability of users and BSs, HD transmissions

may be preferable to FD transmissions. Figure 6.11 shows the minimum required

SIC capabilities of the users and BSs so that the rate offered by an FD network is

higher than that of its HD counterpart. For example, the rate offered by an HD

network is higher than that offered by an FD network when the SIC capabilities of
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Figure 6.11: Minimum required SIC capability for FD networks vs. the SIC capability
of BSs and users 1

σbk
and 1
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. Network parameters are K = 2, λ2 = 4λ1, {P1, P2} =

{37, 33} dBm, ρ1 = ρ2 = −40 dBm.

users and BSs are less than 40 and 50 dBm, respectively. From Figure 6.11, it can

be seen that the SIC capability of users does not have to be as high as that of BSs

to achieve the same performance. This is mainly because the transmit power of FD

users is not very high compared to the transmit power BSs.

6.8 Chapter Summary

I have presented a comprehensive framework for cell association in multi-tier FD

cellular networks. For both uplink and downlink transmissions, I have considered dif-

ferent cell association criteria including both coupled and decoupled cell association..

I have used stochastic geometry to model, analyze, and evaluate the performance

of the proposed system in terms of mean rate of full-duplex, uplink, and downlink

transmissions. Using weighted path-loss cell association, I have derived the optimal

weighting factors that maximize the mean rate of FD transmissions in the presence of

downlink-to-downlink, downlink-to-uplink, uplink-to-uplink, and uplink-to-downlink
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interferences. In addition, I have shown that, in order to maximize the mean rate of

FD networks, the users should associate with their nearest BSs in uplink and to the

BSs that result in the maximum received power in downlink. This shows the advan-

tage of using DCA over CCA. I have also shown that FD networks may be preferable

to HD networks based on the level of SIC at users and BSs.
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Chapter 7

Conclusion

7.1 Summary

The deployment of multi-tier cellular networks is seen as a main solution in order

to meet the ever-increasing users demand for higher data rates and better coverage.

Different from traditional single-tier networks, multi-tier cellular networks consist of

different classes of BSs such as macrocell, femtocell, and picocell BSs. These BSs

operate simultaneously in the same geographical area and differ in transmit power,

coverage range, and spatial density. Small cells such as femtocell BSs are deployed by

the end user in unplanned manner which introduces an increase to the randomness

in the locations of BSs. Recently, stochastic geometry has attracted attention as an

effective tool to model and analyze multi-tier cellular networks while capturing the

uncertainties in the deployment of BSs. This in turn enables us to better understand

different tradeoffs in the network and optimize fundamental design parameters to

improve certain performance metrics. Therefore, in this thesis, I adopted stochastic

geometry-based analytical approaches to model multi-tier cellular networks under

several setups and technologies. The key contributions and conclusions of this thesis
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are summarized below.

In Chapter 2, I proposed the concept of location-aware cross-tier cooperation in

multi-tier cellular networks. In the proposed scheme, downlink CoMP transmission

are used depending on the locations of the users and their nearest macrocell and

small cell BSs. I used stochastic geometry to analyze the outage probability, average

rate, and load per BS for the proposed scheme. I showed that the proposed scheme

outperforms several schemes in the literature such as non-cooperative transmissions

and range expansion in terms of outage probability and average ergodic rate. In

addition, I showed that the performance of the proposed scheme approaches that of

networks with full cooperation for sufficiently high cooperation threshold. Finally, I

demonstrated that the proposed scheme provides a tradeoff between improved outage

probability and load per BS.

In Chapter 3, I used stochastic geometry to model cognitive D2D communication

in multi-channel downlink-uplink cellular network with energy harvesting. I proposed

different spectrum access policies for the cellular network in order to allow D2D users

to coexist in uplink and downlink channels. I evaluated the performance of the pro-

posed framework in terms of transmission probability and outage probabilities for

D2D and cellular users. I showed that prioritized spectrum access for cellular trans-

missions outperforms random spectrum access method. Furthermore, I demonstrated

that the effects on cellular transmissions are negligible. I proved that uplink channels

are preferable to downlink channels for D2D transmissions in dense cellular networks

and vice versa. Finally, I illustrated how to tune network design parameters so that

energy harvesting can be used along with cognitive D2D transmission to provide an

acceptable quality of service performance of D2D communication while protecting

cellular transmissions.
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In Chapter 4, I studied multi-tier uplink cellular networks with energy harvest-

ing. I used stochastic geometry along with a Markov chain to model to capture the

randomness in the network topology and the battery dynamics. I derived simple

expressions for the coverage probability, transmission probability, and success proba-

bility. Furthermore, I presented several guidelines to design energy harvesting-based

multi-tier cellular networks and optimize their performance. I also showed that the

performance of cellular users in uplink is optimized when carefully tuning network

design parameters such as receiver sensitivity and spatial densities of the BSs.

Unlike Chapter 4 in which uplink users associate with the nearest BS, I considered

the case with flexible cell association in Chapter 5. I used stochastic geometry to show

that energy harvesting can be a viable technology to power cellular devices especially

those with short-range transmissions such as femtocell users.

In Chapter 6, I presented a comprehensive framework to model and analyze cell

association in multi-tier FD cellular networks. I considered different cell association

criteria including coupled and decoupled cell association for uplink and downlink

transmissions. I used stochastic geometry to evaluate the performance in terms of

mean rate of FD, uplink, and downlink transmissions. I derived optimal weighting

factors that maximize the mean rate of of the network in the presence of interfer-

ence resulting from FD transmissions. I showed that there exist minimum required

SIC capabilities for BSs and users for which FD networks are preferable to HD net-

works. Finally, I concluded that decoupled cell association outperforms coupled cell

association for wide range of weighting factors.
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7.2 Future Directions

Here, I present two future directions to extend the work in this thesis. First is to

use stochastic geometry-based analysis to evaluate the performance of new emerg-

ing technologies for multi-tier cellular networks. Another direction is to explore new

tractable point processes that capture the dependencies between the locations of dif-

ferent network elements such as BSs and users. A brief discussion on future directions

is presented below.

7.2.1 Performance Evaluation of New Technologies

In this thesis, I have presented several analytical frameworks to evaluate the perfor-

mance of some of the emerging technologies such as cross-tier cooperation, energy

harvesting, D2D communication, and FD communication. However, the need for

higher data rates is growing exponentially which in turn motivates research commu-

nity to propose new technologies to satisfy this ever-increasing demand.

In general, improving the data rate supported by a cellular network can be

achieved either by increasing the bandwidth or SINR as dictated by Shannon’s for-

mula. To achieve this, two new technologies have been proposed for rate improvement

in multi-tier cellular networks. First is to increase bandwidth by utilizing the millime-

ter wave (mmWave) spectrum (i.e., 30-300 GHz). This can be achieved by deploy-

ing additional class(s) of BSs that support communication in this frequency band.

Another solution is to increase spectral efficiency (or equivalently SINR) through

massively increase the number of antennas per BS which is known as massive MIMO.

Both technologies add more challenges on modeling cellular networks using tools

from stochastic geometry. For example, some of the challenges to model massive

MIMO-based networks are pilot contamination, new channel models, and coexistence
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with small cells. On the other hand, modeling mmWave-based networks should take

into account the different nature of mmWave signals and their propagation in this fre-

quency range. Furthermore, both technologies are expected to coexist together since

mmWave communication requires very high number of antennas for beam steering.

Another possible application is to use massive MIMO and mmWave communication

to provide small cell with wireless backhaul links which is a cost-efficient alternative

compared to the prohibitively expensive wired backhaul networks.

7.2.2 More Realistic Point Processes

Throughout this thesis, the main assumption is that locations of BSs are independent

from each other, hence, an independent PPP is used to model each network tier with

certain spatial density. Although this assumption provides a good approximation for

the unplanned deployment of small cells, not all network tiers are deployed randomly.

For example, macrocell BSs are deployed by the operator, hence, the location of a BS

is correlated with and dependent on locations of other BSs in the network. Another

example is D2D communication in which users are expected to form clusters rather

than being randomly located. Since PPP cannot capture these factors, there has been

a rising need for new point processes to better model cellular networks while being

tractable.
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Appendix A

A.1 Proof of Lemma 2.1

Firstly, I derive the probability for a typical user to operate in a certain mode. By

definition,

qM = ER1 [P [B = x1]] = ER1

[
P
[
P1R

−α1
1

P2R
−α2
2

≥ β

]]
(A.1)

and

qP = ER2 [P [B = x2]] = ER2

[
P
[
P1R

−α1
1

P2R
−α2
2

< 1

]]
. (A.2)

Using (A.1) and (A.2) and following the proof in [42, Lemma 1] with the proper

changes, qM , qP , and qC can be obtained.

For the joint PDF fRC (r) of a typical CoMP user’s distances to the cooperating

macrocell BS and picocell BS, it is known for sure that if the distance to the macrocell

BS is R1, the distance to the picocell BS R2 is bounded as follows

(
P2

P1

) 1
α2

R
α1
α2
1 < R2 <

(
βP2

P1

) 1
α2

R
α1
α2
1 (A.3)

221



Appendix A

as can be obtained from (2.2) when B = {x1, x2}.

Therefore, the conditional probability of R1 > r1 and R2 > r2 given that the user

operates in the CoMP mode can be written as

P[R1 > r1, R2 > r2|B = {x1, x2}]

(a)
=

1

qC
P

[
R1 > r1, R2 > max

(
r2,

(
P2

P1

) 1
α2

R
α1
α2
1

)]

− 1

qC
P

[
R1 > r1, R2 > max

(
r2,

(
βP2

P1

) 1
α2

R
α1
α2
1

)]
(b)
=

1

qC

∫
r>r1

(
P

[
R2 > max

(
r2,

(
P2

P1

) 1
α2

R
α1
α2
1

)]

−P
[
R2 > max

(
r2,

(
βP2

P1

) 1
α2

R
α1
α2
1

)])
f ′R1

(r) dr (A.4)

where (a) follows the bound on R2 given in (A.3) and f ′Ri(r) in (b) is the distribution

of the distance to the nearest point in a homogeneous PPP Φk ∈ R2 which can be

derived using (1.1) as follows

P [Rk > r] = P [There are no BSs in a disc of radius r]

= exp
[
−πλkr2

]
. (A.5)

Therefore,

f ′Ri(r) =
d

dr
(1− P [Ri > r])

= 2πλi r exp
[
−πλir2

]
. (A.6)

After plugging (A.6) into (A.4), I use the resulting cumulative CDF (CCDF), i.e.,
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P [R1 > r1, R2 > r2|B = {x1, x2}], to obtain the joint PDF fRC (r) of R1 and R2 of a

user who operates in the CoMP mode as follows

fRC (r) =
∂2

∂r1∂r2

(1− P [R1 > r1, R2 > r2|B = {x1, x2}])

=


4π2λ1λ2
qC

r1r2 exp [−π (λ1r
2
1 + λ2r

2
2)] , (r1, r2) ∈ A

0, otherwise
(A.7)

where

A =

{
(r1, r2) : r1 ≥ 0 and

(
P2

P1

) 1
α2

r
α1
α2
1 < r2 <

(
βP2

P1

) 1
α2

r
α1
α2
1

}
. (A.8)

For fR1(r), using the event of R1 > r given that the macrocell user operates in

the non-CoMP mode, i.e., B = {x1}, the probability of this event is given by

P[R1 > r1|B = {x1}] =
1

qM
P
[
R1 > r1,

P1R
−α1
1

P2R
−α2
2

> β

]
=

1

qM

∫
r>r1

P

[
R2 >

(
βP2

P1

) 1
α2

r
α1
α2

]
f ′R1

(r) dr. (A.9)

Then, I follow the same procedure by plugging (A.6) into (A.9) and taking the

derivative of the CDF, i.e., 1−P [R1 > r1|B = {x1}], with respect to r1. Hence, (A.9)

reduces to (2.4). Similarly, the PDF of R2 can be obtained as in (2.5).

A.2 Proof of Theorem 2.1

Firstly, I derive the outage probability of a randomly located non-CoMP macrocell

user. Using the definition of the outage probability in (2.13) for a non-CoMP macro-
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cell user,

OM(τ) = 1−
∫
R+

P [SINR(B = {x1}) > τ ] fR1(r) dr (A.10)

where the SINR in (2.11) can be rewritten as

SINR(B = {x1}) =
P1|h(x1, 0)|2r−α1

1

I + σ2
(A.11)

in which

I = I1 + I2 (A.12)

such that

I1 = P1

∑
xi∈Φ1\x1

|h(xi, 0)|2‖xi‖−α1

I2 = P2

∑
xi∈Φ2

|h(xi, 0)|2‖xi‖−α2 (A.13)

where Ii (i ∈ {1, 2}) is the total interference power received from the i-th tier and

fR1(r) is the PDF of distance given in Lemma 2.1.

After rewriting the SINR of the non-CoMP macrocell user, I calculate the CCDF

following a similar procedure as in Section 1.5.2 as follows

P [SINR > τ ] = P
[
|h(x1, 0)|2 > τ(I + σ2)

P1r
−α1
1

]
(c)
=

∫
R+

exp

[
−τ(i+ σ2)

P1r
−α1
1

]
fI(i)di

= EI
[
exp

[
−τ(i+ σ2)

P1r
−α1
1

]]
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(d)
= exp

[ −τσ2

P1r
−α1
1

] 2∏
j=1

LIj
(

τ

P1r
−α1
1

)
(A.14)

where (c) follows because the channel fading power |h(x1, 0)|2 ∼ Exp(1), and (d)

follows from the definition of Laplace transform. Without loss of generality, I calculate

the Laplace transform of the PDF of I1 and the calculation of the Laplace transform

of the PDF of I2 follows the same procedure.

LI1 (s) = EI1 [exp [−sI1]]

= EΦ1,{h(xi,0)}

exp

−sP1

∑
xi∈Φ1\x1

|h(xi, 0)|2R−α1
i


(e)
= EΦ1
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xi∈Φ1\x1

E{h(xi,0)}
[
exp
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−sP1|h(xi, 0)|2R−α1

i

]]
(f)
= EΦ1
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xi∈Φ1\x1

1

1 + sP1R
−α1
i


(g)
= exp

[
−2πλ1

∫ ∞
r1

(
1− 1

1 + sP1r−α1

)
r dr

]
. (A.15)

In the above, (e) follows from the independence assumption between {h(xi, 0)}, (f)

follows from the moment generating function of an exponential random variable with

parameter µ is µ
µ−t , while (g) follows from (i) the probability generating functional

of a PPP and (ii) the fact that an interfering macrocell BS cannot be closer to the

user than her serving macrocell BS, i.e., r1. Now, let uα1 = (sP1)−1rα1 and replacing

s with τ

P1r
−α1
1

, I obtain

LI1
(

τ

P1r
−α1
1

)
= exp

[
−2πλ1τ

2
α1 r2

1F
((

1

τ

) 1
α1

, α1

)]
(A.16)
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where F (y, α) is defined in (2.20). Similarly, I can obtain the Laplace transform of

PDF of I2 as

LI2
(

τ

P1r
−α1
1

)
= exp

[
−2πλ2

(
τ
P2

P1

) 2
α2

r
2α1
α2

1 F
((

β

τ

) 1
α1

, α2

)]
(A.17)

where the closest interferer in this case is at least at a distance z =
(
βP2

P1

) 1
α2 r

α1
α2
1

instead of r1 which was used to obtain the Laplace transform LI2(·). The distance

to the closest interfering picocell BS, i.e., z, is obtained from the fact that P1r
−α
1 ≥

βP2z
−α for a non-CoMP macrocell user. By combining (A.16) and (A.17) with (A.14)

and then substituting in (A.10), (2.17) can be obtained. The outage probability of

a non-CoMP picocell user can be easily obtained as in (2.18) by following the same

procedure.

For a randomly located CoMP user, given that B = {x1, x2}, the outage proba-

bility is given by

OC(τ) = 1−
∫
A

P [SINR(B = {x1, x2}) > τ ] fRc(r) dr (A.18)

where fRc(r) is the joint PDF of the distance to the nearest two BSs (one from each

tier) to the typical user, i.e., x1 and x2, given in Lemma 2.1. Then, the SINR in

(2.11) can be rewritten as

SINR(B) =

∣∣∣√P1h(x1, 0)r
−α1

2
1 +

√
P2h(x2, 0)r

−α2
2

2

∣∣∣2
I + σ2

(A.19)

where

I = I1 + I2 (A.20)
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such that

I1 = P1

∑
xi∈Φ1\x1

|h(xi, 0)|2‖xi‖−α1

I2 = P2

∑
xi∈Φ2\x2

|h(xi, 0)|2‖xi‖−α2 . (A.21)

Before calculating the CCDF of the SINR, I define a new variable θi such that

θk =
√
Pk‖xk‖−

αk
2 .

Then, the CCDF of the SINR can be rewritten as

P [SINR > τ ] = P
[
|θ1h(x1, 0) + θ2h(x2, 0)|2 > τ(I + σ2)

]
. (A.22)

Since {h(x, y)} are i.i.d. and follows a CN (0, 1), I obtain

|θ1h(x1, 0) + θ2h(x2, 0)|2 ∼ Exp

 1
2∑

k=1

θ2
k


which means that the CCDF of the SINR can be written as

P [SINR > τ ] = EI

exp

−τ(i+ σ2)
2∑

k=1

θ2
k




(h)
= exp

−τσ2

2∑
k=1

θ2
k

 2∏
j=1

LIj

 τ
2∑

k=1

θ2
k

 (A.23)

where (h) follows from the definition of the Laplace transform of the PDF of Ij. By
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following the same steps in deriving (A.15), I get

LIj (s) = exp

[
−2πλj(sPj)

2
αjF

((
1

sPj

) 1
αj

rj, αj

)]
. (A.24)

By combining (2.3), (A.23), and (A.24), and then substituting in (A.18), the outage

probability of a randomly located CoMP user is obtained as given in (2.19).

A.3 F(y, α) Special Cases

The function F(·), given in (2.20), has a semi-open integral and does not give a closed-

form solution in general. However, this function yields a closed-form expression for

some values of α. For example, if α is a rational number and can be expressed as

α =
2n

n−m, n > m

where n and m are any two positive integer numbers, the function F(·) reduces to

F(y, α) =
(−1)

2
α

α

n−1∑
k=0

ln
[
1− n
√−y−α exp

[
2πik
n

]]
exp

[
2πik(α−2)

α

] (A.25)

where i =
√
−1 is the imaginary unit number.

This expression reduces to even simpler expressions for specific values of α. For

example, if α = 4, i.e., m = 1 and n = 2, F(y
−1
4 , 4) reduces to

F(y
−1
α , α) =

1

2
arctan(

√
y).
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For α = 3, i.e., m = 1 and n = 3, F(y
−1
3 , 3) reduces to

F(y
−1
α , α) =

1√
3

arctan

( √
3 3
√
y

3
√
y + 2

)
+

1

6
ln

[
1 +

3 3
√
y

3
√
y2 − 3

√
y + 1

]
.
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B.1 Proof of Access Probabilities

B.1.1 Proof of Lemma 3.1

Since the number of used channels by a BS is min{Nu, |S|}, by conditioning on the

number of users served by a generic BS such that Nu = n, the conditional probability

that a BS has at least one free channel to assign for a generic cellular user is given by

qf |n =


1, 0 ≤ n ≤ |S|
|S|
n
, n > |S|

. (B.1)

Therefore, the unconditional probability can be obtained as

qf =
∞∑
n=0

qf |nP{Nu = n} =

|S|∑
n=0

P{Nu = n}+
∞∑

n=|S|+1

|S|
n

P{Nu = n}. (B.2)

Using the fact that
∞∑
n=0

P{Nu = n} = 1, the expression of qf in (3.7) can be obtained.
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B.1.2 Proof of Lemma 3.2

By conditioning on the number of users served by a generic BS such that Nu = n,

when using RSA, the conditional probability that a BS uses any channel si ∈ S is

qc|n =

(|S| − 1

n− 1

)
(|S|
n

) =


n

|S| , n < |S|

1, n ≥ |S|.
(B.3)

Therefore, the unconditional probability can be obtained as

qc =
∞∑
n=0

qc|nP{Nu = n} =

|S|−1∑
n=0

n

|S|P{Nu = n}+
∞∑

n=|S|

P{Nu = n}. (B.4)

Using
∞∑
n=0

P{Nu = n} = 1 and since all channels are used with the same probability

when adopting the RSA policy, the expressions of qRSA
c and qRSA

d in (3.8) can be easily

verified.

B.1.3 Proof of Lemma 3.3

When using PSA, each BS randomly and independently uses any channel si ∈ S\{sd}

with the same probability. By following the same proof of Lemma 3.2 in Appendix

B.1.2 while using the number of available channels to be |S| − 1 instead of |S|, the

expression for the unconditional probability qc in (3.9) can be easily obtained. Note

that, the last term of the summation is zero when n = |S| − 1.

Channel sd is used only when the BS has no other channels to use, i.e., when the

number of cellular users associated to that BS is greater than |S| − 1. Hence,

qd = P{Nu ≥ |S|} (B.5)
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which is equivalent to (3.10).

B.2 Proof of Lemma 3.4

Here, I present the proof when sd is a downlink channel where the same proof follows

for the uplink case. For a generic D2D transmitter in the origin (0, 0) ∈ R2, firstly,

I obtain the distribution of the number of BSs that use sd in the protection region

R(ζ) defined in (3.2). Using the thinning operation on the PPP of the BSs Φ, the

BSs that use the D2D channel sd can be modeled by a homogenous PPP Φ̃(sd) with

spatial density λ′b = qdλb. Let NR(ζ) be defined as the number of BSs that use sd in

the protection region R(ζ).

Since the BSs that use the D2D channel constitute a PPP, the number of BSs

in R(ζ) from Φ̃(sd) is a Poisson-distributed random variable with parameter λ′b ×

L(R(ζ)) as presented in (1.1), i.e., NR(ζ) ∼ Poisson(λ′b × L(R(ζ)), where

L(R(ζ)) = E
[
πr2

P

]
= π

(
Pb
ζ

) 2
α

ζ

(
α + 2

α

)
. (B.6)

By definition, I obtain

pf = P{NR(ζ) = 0} = exp[−λ′b ν(R(ζ))]. (B.7)

For the uplink case, pf follows by using the 2
α

-th moment of the transmit power of

a cellular user, i.e., E
[
P

2
α
u

]
=

ρ
2
α
b

πλb
when using channel inversion uplink power control

which will be derived in Chapter 4.
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B.3 Proof of Lemma 3.5

Here, I derive the distribution of the aggregate interference power received at a generic

D2D transmitter located at the origin (0, 0) ∈ R2 by calculating its Laplace transform.

That is,

LPH
(s) = LD

PH
(s)LU

PH
(s) (B.8)

where the superscripts D and U refer to the downlink and uplink channels as presented

in (3.1) by the first and second terms, respectively.

Firstly, I start by obtaining LD
PH

(s) for the downlink subset of channels SD as

LD
PH

(s) = EΦ̃,{h}

exp

−saPb∑
x∈Φ̃

∑
s∈∫d

h(x, 0)R−αi


(a)
= EΦ̃

∏
x∈Φ̃

(
1

1 + saPbR
−α
i

)|SD| (B.9)

where (a) follows because of the independence assumption of Rayleigh fading and by

using the moment generating function of an exponential random variable. By using

the probability generating functional of a PPP, I obtain

LD
PH

(s) = exp

[
−2πqD

c λb

∫ ∞
0

(
1−

(
1

1 + saPbr−α

)|SD|)
r dr

]
(b)
= exp

[
−2πqD

c λb
α

(saPb)
2
α

∫ 1

0

1− u|SD|
(1− u)1+ 2

α

u
2
α
−1 du

]
(c)
= exp

[
−κ1s

2
α

]
(B.10)

where κ1 is defined in (3.18) and qD
c is given in (3.8) and (3.9) for the RSA and PSA
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policies, respectively, by using |SD|. In addition, (b) follows by replacing u = 1
1+sPbr−α

and (c) follows from the definition of Gamma function.

Unlike the downlink network in which a BS can establish up to |SD| transmissions

over many channel, each user in the uplink network can establish only one connection

using only one of the SU channels. Therefore, I define a point process Ψ̂ =
⋃

s∈SU
Ψ̃(s)

with spatial density qU
c |SU|λb that represents all the transmitting cellular users. Note

that the spatial density of this point process is calculated based on the fact that each

BS receives only up to |SU| transmissions at any time. Hence, the average number

of uplink transmissions received by a BS is equal to
∞∑
n=0

min{n, |SU|}P{Nu = n} =

qU
c |SU| where qU

c is obtained by Lemma 3.2 (or 3.3) after replacing |S| by |SU|.

Now, I obtain LU
PH

(s) for the uplink subset of channels SU as follows

LU
PH

(s) = EΨ̂

∏
u∈Ψ̂

EPu
[

1

1 + saPuR
−α
i

]
(d)
= exp

[
−2πqU

c |SU|λb
∫ ∞

0

EPu

[
r

1 + 1
saPu

rα

]
dr

]
(e)
= exp

[
−2πqU

c |SU|λba
2
α s

2
αEPu

[
P

2
α
u

] ∫ ∞
0

u

1 + u
du

]
(f)
= exp

[
−2πqU

c |SU|(aρb)
2
α

α sin
(

2π
α

) s
2
α

]

= exp
[
−κ2s

2
α

]
(B.11)

where κ2 is defined in (3.19) and (d) follows by using the probability generating

functional of a PPP and the m-th moment of the user’s transmit power. Note that

Ψ̂ is not a PPP where this assumption will be validated by simulations in Section

3.6. (e) follows by replacing u = 1
1+sPbr−α

and (f) follows by the 2
α

-th moment of the

transmit power of a cellular user.
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Using (B.8), (B.10), and (B.11), I obtain the Laplace transform of the PDF of the

aggregate received interference as

LPH
(s) = exp[−κ3s

2
α ]

where

κ3 = κ1 + κ2.

Now, I derive the CDF of the harvested power using the inverse Laplace transform

method. Specifically, I use the Bromwich inversion theorem with the modified contour

defined in [103, Chapter 2]. Hence,

FPH
(t)

(g)
=

1

2πi
lim
T→∞

∫ ζ+iT

ζ−iT
exp

[
st− κ3s

2
α

] ds

s

(h)
= 1− 1

2πi

∫ ∞
0

e−ut
(
eκ3(−u)

2
α − e−κ3(−u)

2
α

) du

u
(B.12)

where (h) follows because the integrand in (g) has a branch point at the origin. Then,

according to the definition of ps and by using the expression for Pd, (3.20) can be

easily verified. For the detailed derivations of (h) refer to the auxiliary appendix

in [101].

B.4 Proof of Theorem 3.1

By definition, I obtain the complementary CDF of the SINRD as

P [SINRD > τ ] = P
[
hy0 > τ

IC + ID + σ2

ρd

]
(i)
= exp

[−τσ2

ρd

]
LIC

(
τ

ρd

)
LID

(
τ

ρd

)
(B.13)
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where (i) follows because the channel fading coefficient h(y◦, 0) ∼ Exp(1) while LIC
and LID are the Laplace transforms of the PDF of the aggregate interference resulting

from, respectively, the cellular and D2D transmissions, evaluated at τ
ρd

.

For the Laplace transform of the PDF of ID, by following the proof of Lemma

3.5 in Appendix B.3 when |S| = 1, I obtain

LID
(
τ

ρd

)
= exp

−2π2d2
0pspfλd

β sin
(

2π
β

) τ
2
β

 . (B.14)

For IC , since the D2D transmitters use spectrum sensing before transmission, the

nearest interfering macrocell BS (or cellular user) when sd is a downlink (or uplink)

channel is at least at a distance of r̄P from the intended D2D receiver where r̄P is

given in (3.4) (or (3.5)). Note that in order to protect the D2D transmissions, the

protection region should be centered around the receiver rather than the transmitter.

However, for simplicity, I assume that the protection region is centered around the

D2D transmitter while the maximum separation between the transmitter and the re-

ceiver d◦ << r̄P so that the D2D receiver is well protected by the cognition performed

by its corresponding transmitter. Hence, by following (B.9) I obtain

LIC (s) = exp

[
−2πqdλb

∫ ∞
r̄P

EP
[

r

1 + 1
sP
rα

]
dr

]
(B.15)

where P is the transmit power Pb of a BS, when sd is a downlink channel, otherwise,

P is the transmit power Pu of a cellular user.

Now, by replacing 1
sP
rα with uα and r̄P =

(
P
ζ

) 1
α
ζ
(
1 + 1

α

)
, I obtain

LIC (s) = exp

[
−2πqdλbE[P

2
α ]s

2
α

∫ ∞
( 1
ζs)

1
α ζ(1+ 1

α)

u

1 + uα

]
du. (B.16)
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By combining (B.13), (B.14), and (B.16), I obtain the SINR outage probability

OD(τ) of a typical D2D receiver.

B.5 Proof of Theorem 3.2

To calculate the outage of cellular downlink and uplink transmissions, I use an ap-

proach similar to that in Appendix B.4 for the proof of Theorem 3.1. Note that

for ID, the interfering D2D transmitters can be arbitrarily close to the tagged receiver

(macrocell BS in uplink or cellular user in downlink) and there is no protection region.

For the cellular interference in downlink, since each user associates with the closest

BS, no interfering BS can be closer to the tagged user than the serving BS. For the

interference in the uplink, with the channel inversion power control, the closest inter-

ferer to the tagged BS is at lease at a distance (Pu
ρb

)
1
α . Based on the aforementioned

facts, the Laplace transform of the PDF of ID is the same as in (B.14) and evaluated

at τ
Pbr−α

for downlink and at τ
ρb

for uplink. On the other hand, that of IC can be

obtained by following Appendices B.3 and B.4 while using the protection radius

defined earlier.

Then, knowing that the distribution of the distance between a generic cellular

user and her serving BS is Rayleigh, i.e., fR(r) = 2πλb r exp [−πλbr2], using (3.30),

the outage probability can be easily verified.

237



Appendix C

C.1 Proof of Lemma 4.1

Here, I derive the distribution of the amount of power received at a user device located

at the origin (0, 0) ∈ R2 by calculating its Laplace transform. This approach is similar

to Appendix B.3. Firstly, I redefine the amount of power harvested at the typical

user as

PH =
K∑
k=1

Pk (C.1)

where Pk is the amount of power harvested from the k-th tier as given by

Pk = a
∑
x∈Ψk

Pkh(x, 0)‖x‖−α. (C.2)

Then, I obtain the Laplace transform of the PDF of PH so that its CDF can be

obtained by inverse Laplace transform. The Laplace transform of the PDF of PH

using that of the PDF of Pk as follows.

LPH
(s) =

K∏
k=1

LPk (s) . (C.3)
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By definition,

LPk (s) = E [exp [−sPk]]

(a)
= EΦk

[ ∏
x∈Φk

E{h}
[
exp

[
−saPkh(x, 0)R−αi

]]]
(b)
= EΦk

[ ∏
x∈Φk

1

1 + saPkR
−α
i

]
(c)
= exp

[
−2πλk

∫ ∞
0

r

1 + 1
saPk

rα
dr

]
(C.4)

where (a) follows because of the independence assumption of small-scale fading,

while (b) follows from the use of the moment generating function of exponentially-

distributed random variables, and (c) follows by using the probability generating

functional of PPPs.

After some mathematical manipulations and substituting uα = 1
saPk

rα, I get

LPk (s) = exp

[
− 2π2λk

α sin
(

2π
α

)(aPk)
2
α s

2
α

]
. (C.5)

Hence,

LPH
(s) = exp

[
− 2π2ξa

2
α

α sin
(

2π
α

)s 2
α

]
(C.6)

where

ξ =
K∑
k=1

λkP
2
α
k .

In order to obtain the CDF, the inverse Laplace transform LPH
(s) is required. I

use the complex inversion integral formula for Laplace transforms with s = 0 as a

branch point of the integrand and the proper Bromwich contour that does not contain
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this branch point. After some mathematical manipulations, the the expression for

FPH
(t) in (4.5) is obtained.

C.2 Proof of Lemma 4.2

By definition, the CDF of the user’s transmit power can be obtained as

FΓk(t) = 1− P [γk > t]

= 1− P

[
rk >

(
t

ρk

) 1
α

]
(d)
= 1− exp

[
−πΛ

(
t

ρk

) 2
α

]
, t ≥ 0 (C.7)

where (d) follows from (4.10). Then, the PDF of the uplink transmit power can be

obtained by differentiation as follows

fΓk(t) =
d

dt
[1− P [γk > t]]. (C.8)

Finally, the 2
α

-moment can be obtained using the definition of expectation of a random

variable.

C.3 Proof of Theorem 4.1

By definition, I obtain the complementary CDF of the SIRk as

P [SIRk > τk] = E

[
P

[
h(u◦, 0) >

τk
ρk

K∑
j=1

Ij
]]

(e)
=

K∏
j=1

LIj
(
τk
ρk

)
(C.9)
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where (e) follows the definition of Laplace transform and Ij is the aggregate interfer-

ence resulting from users served by the j-th tier such that

Ij =
∑

u∈Ψ̃j\{u◦}

γjh(u, 0)‖u‖−α.

Let the distance between the closest interfering user from j-th tier Ψ̃j to a generic

BS from k-th tier Φk be denoted by z and her transmit power is γj. It is known for

sure that the average interference received at the BS from tier k is strictly less than

ρj. Hence,

z >

(
γj
ρj

) 1
α

. (C.10)

Now, I use an approach similar to that presented in Section 1.5.2 to obtain the

Laplace transform of the PDF of the interference from the j-th tier. By definition,

LIj (s) = EΨ̃j ,{h},γj

exp

−s ∑
u∈Ψ̃j\{u◦}

γjh(u, 0)R−αi


= EΨ̃j ,{h},γj

 ∏
u∈Ψ̃j\{u◦}

exp
[
−sγjh(u, 0)R−αi

]
= EΨ̃j

 ∏
ui∈Ψ̃j\{u◦}

Eγj
[

1

1 + sγjR
−α
i

]
= exp

[
−2πηjλj

∫ ∞
z

Eγj

[
r

1 + 1
sγj
rα

dr

]]
(C.11)

where z is the distance to the closest interfering user defined in (C.10). Now, letting
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uαk = 1
sγj
rαk , I obtain

LIj (s) = exp

−2πηjλjs
2
αEγj

[
γ

2
α
j

] ∫ ∞(
1
sρj

) 1
α

u

1 + uα
du

. (C.12)

Note that the 2
α

-moment is presented in 4.14.

By plugging (4.14) and (C.12) into (C.9), the expression for the coverage proba-

bility in 4.34 can obtain.
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D.1 Proof of Lemma 5.1

For each tier k, I define Φ̃k = {β
2
α
k x : x ∈ Φk}. Using the mapping theorem [27,

Theorem 2.34 and Corollary 2.35], I conclude that Φ̃k is a homogeneous PPP with

spatial density β
− 2
α

k λk since βk is scalar. Using the superposition property of PPPs,

I define the PPP Φ̂k =
K⋃
k=1

Φ̃k which is homogeneous with spatial density
K∑
j=1

λjβ
2
α
j .

Note that the association criterion defined in (5.2) is equivalent to associate with

the nearest point in Φ̂k, hence, the distance distribution can be obtained by the null

probability from a PPP with spatial density

Λk = β
− 2
α

k

K∑
j=1

λjβ
2
α
j

which is Rayleigh-distributed as given in (4.10).

D.2 Proof of Theorem 5.1

By definition of ηk given in (5.12), I have

ηk =

∫ ∞
0

FΓk(t)fPH
(t) dt (D.1)
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where FΓk(t) and fPH
(t) can be obtained from (5.9) and (5.4), respectively. Given

that α = 4, after substitution I get

ηk = 1− κ1

∫ ∞
0

1√
t3

exp
[
−κ2

t

]
exp

[
−κ3

√
t
]

dt

(a)
= 1− κ1κ

3
3

∫ ∞
0

G0,1
1,0

( t

κ2

∣∣∣1)G1,0
0,1

(
κ3

√
t
∣∣∣− 3

)
dt (D.2)

where

κ1 =
π
√
πaξ

4

κ2 = aξ2
(π

2

)4

κ3 =
πΛk√
ρk
.

G is the Meijer G-function defined in [102]. (a) follows from

(i)

exp(−u) = G1,0
0,1(u|0).

(ii)

G1,0
0,1(u|c) = G0,1

1,0(u−1|1− c).

(iii)

uhG1,0
0,1(u|c) = G1,0

0,1(u|c+ h).

By replacing u = κ3

√
t I get

ηk = 1− 2κ1κ3

∫ ∞
0

G0,1
1,0

( u2

κ2κ2
3

∣∣∣1)G1,0
0,1

(
u
∣∣∣− 2

)
du

(b)
= 1− κ1κ3

2
√
π

∫ ∞
0

G0,1
1,0

( u2

κ2κ2
3

∣∣∣1)G2,0
0,2

(u2

4

∣∣∣− 1,−1

2

)
du
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(c)
= 1− κ1√

πκ2

G0,3
3,0

(κ2κ
2
3

4

∣∣∣ 0,
1

2
,
1

2

)
(D.3)

where (b) follows from

G1,0
0,1(u|c) =

1

4
√
π
G2,0

0,2(
u2

4
| c
2
,
c+ 1

2
)

and (c) follows from

∫ ∞
0

G0,1
1,0(hu|c)G2,0

0,2(gu|m,n) du =
1

h
G3,0

0,3(
g

h
| − c,m, n).

After minor mathematical manipulations, the results in (5.13) can be verified.
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E.1 Proof of Association Probabilities and Distance Distri-

bution

E.1.1 Proof of Lemma 6.1

Firstly, I consider the case when a user associates to different BSs for downlink and

uplink. A user associates to different BSs (xDL ∈ Φj for downlink and xUL ∈ Φk for

uplink where j 6= k) under the following four conditions:

1. xUL meets the criterion in (6.1) for the uplink, i.e.,

Uk‖xUL‖α < min
x∈Φi

Ui‖x‖α ∀i 6= j, k.

2. xDL meets the criterion in (6.2) for the downlink, i.e.,

Dj‖xDL‖α < min
x∈Φi

Di‖x‖α ∀i 6= j, k.

3. xDL does not meet the criteria defined for the uplink in (6.1), i.e.,

Uj‖xDL‖α > Uk‖xUL‖α.
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4. xUL does not meet the criteria defined for the downlink in (6.2), i.e.,

Dk‖xUL‖α > Dj‖xDL‖α.

Using these four conditions and letting Rj = ‖xDL‖ and Rk = ‖xUL‖, the event

that j 6= k can be expressed as

K⋂
i=1
i 6=j,k

{
min
x∈Φi

‖x‖ > max
{
DjiRα

j ,UkiRα
k

} 1
α

∣∣∣∣D 1
α
jkRj < Rk < U

1
α
jkRj

}
. (E.1)

Hence,

ψjk
(a)
= E

exp

−π K∑
i=1
i 6=j,k

max
{
DjiRα

j ,UkiRα
k

} 2
α λi


∣∣∣∣∣∣∣D

1
α
jkRj < Rk < U

1
α
jkRj


(b)
= 4π2λjλk

∫ ∞
0

∫ U 1
α
jku

D
1
α
jku

uv exp

[
−π

K∑
i=1

max{Djiuα,Ukivα}
2
α λi

]
dv du

= 2λjλk

∫ U 1
α
jk

D
1
α
jk

x

(
K∑
i=1

λi max
(
D

2
α
ji ,U

2
α
kix

2
))−2

dx (E.2)

where (a) follows from: (i) the fact that the minimum distance to a BS from a PPP

Φi is Rayleigh-distributed with CDF P
[

min
x∈Φi

‖x‖ ≤ t

]
= 1 − exp[−πλit2] and (ii)

independence assumption for network tiers, (b) follows since the expectation in (a) is

with respect to Rj and Rk which denote the distances to the serving BSs. Note also

that ψjk = 0 when k > j due to Assumption 6.1 where network tiers are ordered

such that µi < µi+1.

For the case when j = k, using (6.1) and (6.2) and following a similar procedure,

the probability of the event where xDL = xUL = x◦ given that x◦ belongs to the j-th

247



Appendix E

tier can be expressed as

ψjj = E

exp

−π K∑
i=1
i 6=j

max{Dji,Uji}
2
α λiR

2
j


 . (E.3)

Hence, the result in (6.3) can be then verified.

E.1.2 Proof of Lemma 6.4

Following the procedure in Lemma 6.1, the joint CDF of the distance can be obtained

by adding two more conditions such that Rj > rj and Rk > rk. Then, the joint PDF

can be obtained by differentiation. E[Rm
j R

n
k ] follows the definition of the expected

value.

E.2 Proof of Mean Interference

E.2.1 Proof of Lemma 6.6

Following the definition in (6.17), g2(r), and g3(r), I have

E
[
IUL

]
(c)
=

K∑
i=1

2πλi

(
Pi
Gb

∫ ∞
db

1− exp
[
−πΛDL

i r2
]

rαb−1
dr+ERi

[
min{ρiGεRεα

i , Pmax}
G

∫ ∞
U

1
α
ikRi

r1−α dr

])

=
K∑
i=1

2πλi

(
K1(db, αb,Λ

DL
i )

Gb

Pi +
U

2−α
α

ik

G(α− 2)
ERi

[
min {ρiRεα

i , Pmax}R2−α
i

])
(E.4)

where (c) follows from Campbell’s Theorem [28] knowing that the distance R from

the tagged BS to the closest interfering user from tier i is greater than U
1
α
ikRi (i.e.,
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UiR
α
i < UkR

α). Following Lemma 6.3, I obtain

ERi
[
min {ρiGεRεα

i , Pmax}R2−α
i

]
= ρiK2(i) (E.5)

E.2.2 Proof of Lemma 6.7

Following the definition in (6.16), g1(r), and g4(r), I have

E
[
IDL

] (d)
=

K∑
i=1

2πλi

(
Pi
G

∫ ∞
D

1
α
jiRj

r1−α dr +
ERi [Γi]

Gu

∫ ∞
du

1− exp
[
−πΛUL

i r2
]

rαu−1
dr

)
(E.6)

where (d) follows from the fact that DiR
α > DjR

α
j and the spatial density of inter-

fering users is λi(1 − exp[−π λi
AUL
i
r2]). Moreover, (6.29) is obtained from (6.18) such

that E
[
IDL

SI

]
= εuE [Γk].

E.3 Proof of Theorem 6.1

By combining (6.22), (6.23), (6.27), Lemma 6.6, and Lemma 6.7 and rearranging

all terms, I have

R̄ =
K∑
j=1

K∑
k=1

ψjk
(
ER[lnRUL

jk ] + ER[lnRDL
jk ]
)

(E.7)

= lnRDL
o + lnRUL

o − τULG

K∑
k=1

σbkPk +A3(k)

ρkGε

K∑
j=1

ψjkER

[
Rα
k

min{Rεα
k ,

Pmax

ρkGε
}

]

− τDLG

K∑
j=1

A1(j)

Pj

K∑
k=1

ψjkER

[
R2
j

]
− τDLG

K∑
j=1

1

Pj

K∑
k=1

ψjk(σuE[Γk] +A2)ER

[
Rα
j

]
(E.8)
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where the expectation is with respect to the distance to the serving BS(s) (i.e., down-

link and uplink). Hence, using Lemmas 6.3 and 6.4, the expressions in Theorem

6.1 can be verified.
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