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Abstract

In this thesis, we study the existence of positive singular solutions of a system of
partial differential equations on a bounded domain. We first consider the solution of
the following problem:
—Aw = |Vw|P in B;\{0}, 0
w =10 on 0B;.
Then we use its well-known solution to study the positive singular solutions of its
perturbations on B; which is a unit ball centered at the origin in R" and where we

assumeNZBand%<p<2

—Au = (14 k1(x))|Vo|P in B\{0},
—Av = (1+ ko(2))|VulP in B;\{0}, (2)
u=v=0 on 0B;.

In this equation, x; and ko are both non-negative, continuous functions such that
k1(0) = k2(0) = 0. We want to show the existence of positive singular solutions of

equation (2)) on the domain.
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Introduction

Many studies have been done on the existence of positive singular solutions of dif-

ferent partial differential equations. An example is the Lane-Emden equation

—Au=uP in €,
(1.1)
u=>0 on 012,

where p > 1 and Q) is a bounded domain in RY (N > 3) with smooth boundary.
The existence versus the non-existence of this problem has been studied on different
bounded domains and also in cases where p belongs to other intervals; see [I3] 9]
8, 10, [7]. A closer example to our equation can be the equation . The case
0 < p < 1 wasstudied in [2]. In [12,14], the authors study boundary blow up versions
of (1)) where they remove the minus sign in front of the Laplacian. In [3] 14, [5, [©, [11],
studies on equations similar to was done. In this work, we would like to prove

the existence of positive singular solutions of the equation

—Au = (14 k1(x))|Vo|P in B\{0},
—Av = (1+ ko(2))|VulP in B\{0}, (1.2)
u=v=20 on 0B,



where % < p < 2, and also k; > 0, and Ky > 0 are continuous with x;(0) = 0.
Note that By is the unit ball centered at the origin in RY (N > 3). Here we do not
want any smallness conditions on k; except it is zero at the origin. Our main result

is the following.

Theorem 1.1. Suppose N > 3, % < p < 2 and K1, ke are non-negative, contin-
uous functions with x;(0) = 0. There exists an infinite number of positive singular
solutions uy, v, of (1.2]) which blow up at the origin. Moreover, u; and v, converge

uniformly to zero away from the origin as t approaches infinity.

The parameters. The parameters p, £, 3, and o for the remainder of this work will
be as follows unless otherwise stated.

First we consider the following singular solution of a scalar problem.

Example 1.2. Let N > 3, % <p<2&:=(p—1)(N—1) (note this implies

£E>1),0:= g_;i > (0. Then for all ¢ > 0 the radial function

_ [ dy
. )_/’“ (tyE + By)7T -

is the singular solution of

—Aw = |Vwf? in B;\{0},
Vul i Bi\{0) "

w =0 on 0B;.
Our approach for finding a solution (u,v) of (1.2]) will be to look for solutions of the
form u = w; + ¢ and v = w; +1. Note that ¢, ) are unknown functions, but they are

equal to zero on the boundary of B; and wy is the solution of (1.4). By considering

our solutions v and v in this new form, we should also note that ¢ and v need to



satisfy

—A¢ — p|Vu[P2Vw, - Vip = k1 (2)|[Vwy + V[P + I(y) in Bi\{0},
—Atp — p|Vwy[P2Vw, - Vo = ka(x)|Vuy + VoIP + 1(¢) in B\{0}, (1.5)
gb = w =0 on 831,

where

I(¢) == |Vw, + VP — |Vw,|P — p|Vuwy|P*Vw, - V(.

To find a solution of ([1.5)), we will apply a fixed point argument. A key step will be to

understand the linear operator on the left hand side of ([1.5)), namely the solvability

of
_A¢ — p]th]p_Qth . V@D = f in Bl\{O},
—AY — p|Vw P2V, - Vo =g in B;\{0}, (1.6)
¢p=1v=0 on 0B,

for (¢,1), given f and g.
We define the nonlinear mapping T;(¢, ) = (q@ 7,[)) via

—AG = p| Vw2 Vw, - Vi = ki (2)| Ve + Vo + 1(¢) in Bi\{0},
— A — Vw2V, - Vé = ko(w)| Vi + VoP + 1(¢) in B\{0},  (1.7)
p=9v=0 on 0Bj.

We will show that T} is a contraction on a suitable complete metric space. Then, we

use this to show the existence of the positive singular solutions of (1.2]).



Mathematical Background

2.1 Basic definitions

Theorem 2.1. Local reqularity of elliptic equations. Let {2 denote a bounded
domain in RY and ©Qy cC Q. Then there is some C' > 0 such that for all © smooth
one has

[ull ez < CllAU[lcoa@) + Cllullcon @)

Definition 2.2. Compact Set. A subset K of a metric space is called compact if

every sequence x, in K has a subsequence which converges to a limit in K.

Theorem 2.3. Diagonalisation Argument. Let Q C RY be an open set. If f, is a
sequence in C°(€2) which is bounded and continuous, then there exists a subsequnce
fn, and a function f € €2 such that for any compact subset K C € the restrictions
fn, | converge uniformly to f|x. We say f,, converges uniformly to f on compact

sets.

Theorem 2.4. Let (X, A, ) be a measure space and {f,}, a sequence of real-

valued measurable bounded functions. Suppose f,, converges to f uniformly on X



and suppose that p(X) < +o0o0. Then

[ fudn— [t

as n goes to infinity.

Theorem 2.5. Banach’s Fized Point Theorem. Let (X,d) be a complete metric
space and let 7" : X — X be a contraction on X meaning there exists a positive

constant K < 1 such that
d(T(x),T(y)) < Kd(z,y) forall zye X.

Then T has a unique fixed point € X such that T'(z) = .



Main approach

Our approach to find a solution (u,v) of (1.2)) will be to look for solutions of the

form u = wy; + ¢ and v = w; + 1 where ¢, are unknown. We mentioned that

_ [ dy
)= [ P (3.1)

is a singular solution of

—Aw = [Vwl? in B;\{0}, (3.2)

w:o on 8317

where N > 3, &~ <p<2,5=(p—1)(N—1),5=§;} > 0. To show this,

T

note that for a radial function w(r) where |z| = r we have Vw(z) = w'(x)¥ and

Aw = w" + Y=Ly, This means that

r

V()] = '@ = = )]

r

Thus, assuming the solution is decreasing, we can rewrite [3.2] as:




where w(1) = 0. Set v(r) = —w'(r). By using the integrating factor, we can rewrite

the equation as follows:

= V() + (N = Dro(r) =rN"o(r))?
d

<:>$

(erlv(r)) =N (v)".

N—

After setting u(r) = rV"tou(r), we get

@
dr

— P (N-D(-p),

The method of the separation of variables yields

u(r) Pdu =rN-DE=P) gy
u(r)lfp T(Nfl)(lfp)ﬂLl
I-p (N-1)(1-p)+1

—1
= 1= P D = dyury

+C

Since we have u?~! = p@=DpWN=DE-1 "we get:

1 :]\mvvp—l +Cp— 1)Up—1T(N—1)(p—1)
Then we have:
o)™ =

where 8 = 21— and £ = (N — 1)(p — 1). It follows that

Np—p—N

1
)= (ty€ + By) 7T



and so the solution is

wy(r) = / _—
o (tyt + By)r
If we set u = w; + ¢ and v = w; + ¢, an immediate computation shows that ¢ and

1 need to satisfy

—A¢ — p|VwP72Vw - Vi = ky(x)|[Vw + VY|P + I(p) in B;\{0},
—AY — p|Vw|P2Vw - Vo = k()| Vw + VolP + I(¢) in Bi\{0}, (3.3)
¢=1=0 on 0B,

where

1(¢) = |[Vw + V([P — [Vw]? — p|Vw['*Vw - V(.

Our goal in this next section will be to understand the solvability of

—A¢ — p|Vwy[P2Vw, - Vip = f in B\{0},
_Aw - p‘th‘p_2th : V¢ =g in Bl\{O}, (34)
¢p=1=0 on 0B,

for (¢,4) given f and g. There are two natural approaches to solve this problem.

Approach 1. Fix (f,g) and given ¢ we solve the second equation for ¢, namely
—AY = p|Vuw [ *Vuw, - Vo +g in  Bi\{0},

with ¢ = 0 on 0B;. We now input this ¢ into the first equation and solve for ¢,

which we now call QAS, i.e.
—AQ/; = p|th‘p—2th : V@ZJ + f in Bl\{O},

with ¢ = 0 on dB;. This defines the operator Ti(¢p) = 6. Note that if we can find a
fixed point of T} (say Ti(¢) = ¢) then (¢, 1)) satisfies the linear problem.



We will instead use another approach to decouple the system.
Approach 2. Fix (f,g), and set F':= f + g and G := f — g. Suppose that ¢; is a

solution of the scalar problems

—AG = p|Vu[P?Vw, - V¢ = F in Bi\{0}, (3.5)
(1=0 on 0By, .
—AG + p|Vw[P2Vw, - VG =G in B;\{0}, (3.6)
G2=0 on O0B;.

The problem in (3.5) has been studied in the previous work [I], but (3.6) needs

examination. A linear algebra argument shows that if (; satisfies the above, then for

(¢,1) to be a solution of (3.4)), we need ¢, v to satisfy ¢ + ¢ = (3, and ¢ — ¥ = (s.

From this, we see that

:Cl—;‘@ and

GG
b= (3.7)

¢

So to understand the solvability of (3.4]), it is enough to understand the solvability

of the two scalar problems given by (3.5) and (3.6). By using the solution of (3.2)),
one can write out the left hand side of (3.5)) explicitly as

b r-V(Q
(tlz[s=t+8) x>

—AG +

Similarly, the right hand side of [3.6] is given by:

P x -V

TR T G A) [P




This motivates the definition of the linear operators

LEQ) = -AC+ LT Ve

e +8) (3:8)

So L is the linear operator associated with the left hand side of (3.5) and L; is the
linear operator associated with the left-hand side of (3.6). Later we will need the
following asymptotic result:

1

o },13(1) r"wi(r) = —Cs  where Cj= e (3.9)

o for all £ > 0, there exists a constant C' such that 11{1(1] r?w(r) = C.
T

10



The linear theory

4.1 Analysis of the Linear operators L;

Define the following norms
I¢llx = sup {|z[7]¢| + [2|""'|Vel}
0<|z|<1

Iflly = sup {|=[""*|f(x)[}
0<|z|<1

where o = 22, Let X denote the set of functions ¢ such that ||¢|x < oo and

iS]

vanish on the boundary of B; and we let Y denote the set of functions f such that
| flly < oo. The goal is to show that our nonlinear mapping 7}(¢, 1) is a contraction

by applying Banach’s Fixed Point Theorem on the complete metric space

Fri={(¢,9) € X x X - |[9]lx, [[¥]x < R}

On this space, we have

(& ) lxxx = llllx + 9]l

11



We can now state our main proposition in this chapter.

Proposition 4.1. Let N > 3, such that % <p<2,&=pmE-1DHN-1)>1,
p

_ p-1 _2- . .
=5 >0and o= = There is a positive constant C' such that for all f,g € Y,

8%

there are functions ¢ and 1 in X which satisfy the equation

—A¢ — p|Vw|P"2Vw; - Vi = f in B;\{0},
— A — p|Vuwy|P2Vw, - Vo =g in B\{0}, (4.1)
p=19v=0 on 0By,

and the estimate

6llx + [[¢llx < Cllflly + Cliglly-

With the approach we have taken in this section, we use the change of notation from

(3.7) and restate our proposition as follows.

Proposition 4.2. Let N > 3, such that *~ <p <2, {=(p—-1)(N—-1) > 1,

£ = %} >(0and o = ;:If . There is some positive constant C' such that for all f € Y

o

and non-negative ¢, there is some ¢ € X which satisfies

LE(9) = f in Bi\{0},
=0 on 0Bj.

(4.2)

Moreover, one has the estimate ||¢[|x < C| f]lv-
Spherical harmonics. Note Ay = Agn-1 is the Laplace-Beltrami operator on SV—1
with eigenpairs (Y, \x) satisfying

—Ag’l/)k(e) = )\k’ll)k(e) for 6 e SN!

and 1y = 1, \g = 0,\; = N — 1, A\ = 2N. We normalize ¢, in L*(S™¥~1) such that
k|l p2(sv—1y = 1.

12



Using this, given f € Y, and ¢ € X, we can decompose ¢ and f into various modes
by writing
T) = Z bi(1)n(0) and  P(z Z
k=0
Note that ax(1) = 0 after considering the boundary condition of ¢. A computation

shows that ¢ satisfies (4.2)) provided a;, satisfies

") — (N = Dai(r) | Aear(r) | pay(r)

—ag(r . 2 Brt ir€ =bi(r) for 0<r<1 (4.3)

with ax(1) = 0.
Let X; and Y; be the closed subspaces of X and Y defined by

Xl.—{quX ¢ = Zak )} and Yi.—{fGY f= Zbk’ }

Note that X; and Y; are just the same representations as X and Y except that the
summations start at £k = 1 and not k = 0.

To show that they are closed subspaces of X and Y, we need to show that if any
sequence ¢,, € X; is such that ¢,, converges to some ¢ in X, then ¢ is in X;. We
need a similar result for Y and Y;. We first note that if we have ¢(z) € X; then
we can write ¢(r, 0) = 372, ax(r)1x(0) and by taking the integral of both sides with

respect to 0, we get

/SN_1 o(r,0)d0 = > ay(r) - Wi(0)do =

This is due to the orthonormality of 1;'s and 1)y = 1. Thus, we can conclude that

for all ¢ in X we have

¢eX1<:>/SM 6(r,0) =0 forall 0<r<L (4.4)

13



Since by the assumption we have ¢,,(r,0) € Xi, it follows that [ov—1 ¢ (r,0) = 0
forall 0 < r < 1. Fix 0 < r <1 and set (,,(0) = ¢n(r,0) and ((0) = ¢(r,0). We
claim that ¢, converges uniformly to ¢ in X on SV~!. Assuming the claim is true,
we can fix 0 < r < 1 and by the uniform convergence of ¢, to ¢ on S¥~! we get

0= [ onr0) — [ o(ro).

gN-1

Thus we have [¢v-1 ¢(r,0) = 0 and by (4.4) we can see that ¢ € X;.

Let us prove the claim. If we fix € > 0, we can write

[fm — dllx = sup [z]7|dm(x,0) — d(z,0)] = sup |z]7[m(z,0) — o(x,0)]

0<|z|<1 e<|z|<1

Z €U|¢m($’0) - ¢($79)|

Note that r = |z| and € are fixed and we know that since ¢,, converges to ¢ in X
we have [|¢,, — ¢||x — 0. So we get the uniform convergence of ¢, to ¢ away from
the origin. We can use a similar proof for Y;. Thus X;, Y] are closed subspaces of X

and Y respectively.

4.1.1 Kernel of Lg

Using the definition of our linear operator (3.8 in the case of t = 0, we can write it

explicitly as
kx - Vo(x)
Blaf?

where £ could be either equal to +p or —p. For simplicity, we set Li” = LJ and

Ly(¢9) = —A¢ +

Ly’ = L;.
Lemma 4.3. Let%<p<2,§:(p_1)(]\]_1)>175:%>070—:%and

suppose ¢ € X is such that L§(¢) = 0 in Bg\{0} with ¢ = 0 on 0Bpg in the case of

R finite where we have kK = p or Kk = —p, then ¢ = 0.

14



Proof. We saw that we can decompose ¢(z) into ¢(x) = D72, ax(r)r(0), and since
Ly =0 in Bg\{0}, then a) should satisfy

(N — 1)aj, N Arag(r) N Kay(r)

. 2 Br =0 for 0<r<R

—ag(r) —

where ax(R) = 0 in the case of R < oc.

Also we have

sup {r7|ag(r)| + 7 |a),(r)|} < co. (4.5)
0<r<R

Proof of the statement. To show that (4.5 is true, note that given ¢ € X, we have

[e.9]

$a) = > ar(r)n(9)

k=0

with ax(R) = 0. By using the property of orthonormality of 14 (6)’s, we have

alr) = [ or.00(0)a0.

Thus, by noting that |¢(r, 0)|r” < ||¢||x, we obtain

1l x

=1 719

do.

la(r)] < SJIVIPJ%(@N ‘

Since ¢ is in X, there exists a positive Cy such that ||¢||x < C. Thus we get
|ar(r)] < €& and we deduce

r7lag(r)| < Ck. (4.6)
We know the gradient expressed in n-dimensional spherical coordinates is given by:

19¢ - 1 3¢ 1 96

— ¢, P+ —— - f - —0 A
Vo =¢ r+r(’)91 1+Sin81 8922+ +rsin01...sin9n_2 oY

Since 7 is orthogonal to §; and b, we obtain ¢, = V(z)-# which gives us |¢,| < [V4).

15



Again for ¢ € X we can write ¢,(r,0) = Y72, a,.(r)r(0) where ax(1) = 0. We use

the orthonormality of 1, (6)'s, and we obtain

a(r) = /S 6., 00 (6)de.

Thus, noting that we have |V(r, 0)|r°™! < |4 x, we can write

)| ssuplon@)] [, 160,010 < Co || V600 < G |

=1 rott

From this, we deduce

r”+1]a§€(r)| <C.

Thus (4.6) and (4.7]) give us the following result

sup {r?|ax(r)| + r"+1|a;€(r)} < 00.
0<r<R

Our equation

(V= Dafr) | Naslr) _ maf()
r r2 Br

=0 for 0<r<R

—ay(r) —
is an Euler ODE and we can find its solutions. So we write

) + ) (1) = 5) = o) =0

and its solution is

ag(r) = Ckrle + Dy

16

lollx _

— potl :

Ci

(4.7)

(4.8)



where v* are given by

e First we set

K = +p.

This means that we are going to look at the kernel of Lg = Lf. Using (4.8)) our ODE

is

(N = Daj(r) | Manlr) | pai(r)

—ay(r) — . - i 0 for 0<r<R (4.9)

with the solution

a(r) = Ck,?”k+ + D1

for some Cy, Dy, € R where v are given by

_(N_Q_%)i\/(N—2—%)2+4)\k
2 2 ‘

T (p) =

We claim v, +0 < —1 < 0. We also have that v} is nonzero and v + o > 0 for
k> 1.
Proof of the claim. To show this, we define a function f(v) as f(7) =*+ (N —2—

%)7 — A1. We first note that —o0 — 1 = p%ll < 0, so we get

1+ (1-p)(N-2-5)—(N-1)(p-1)?

flme=1) = (p—1)?

and by a computation, we have

p—1)—&(p—1)
(p—1)

f(=o—=1)= =0.

It shows that v; = —o — 1. Thus, we have v, +0 <y, +o0=—1forall k > 1 by

17



monotonicity in k. We note that by definition, we have

~(N-2-3)

n(p) = 4 +¢mﬁﬂ_§y+qN_D

2 2

> 0.

So again by the monotonicity in k we can see that v;" +0 >~ +0 >0 .

OJ
We now show that ¢ = 0. First we consider the case where 0 < R < oco. By
considering our boundary condition, the equation should satisfy ax(R) = CkRWI? +
DR = 0. So there exists some non-zero 7, such that Dy = n(R)Cy. We can

rewrite the equation as
ap(r) = Cp(r% + mp(R)r ™).

For k > 1, we saw that 7, + 0 < —1 < 0. Thus, when r goes to zero, 7% ™ would
go to infinity. But since a; should satisfy , we must have Cj = 0.

We now consider the case where R = co. We have that ax(r) = C'k?”k+ + Dy and
Yo +0 <0, % 4+ o > 0 are both nonzero and distinct. So when r goes to zero and
infinity, in order to have a; satisfy , we must have C, = D, = 0 . This shows

that for all £ > 1 we have a;, = 0, thus
¢ =0. (4.10)

e We now set

We will be looking at the kernel of Ly = L,”. Again we can use equation (4.8).
Thus our ODE is

(N = Dai | Marlr)  pai(r)

" - 5r =0 for 0<r<R (4.11)

18



and its solution is ax(r) = Ckr%j + Dy for some Cj, D;, € R where v+ are given

by

—(N—2+%)i\/(N—2+%)2+4)\k
2 2 '

Y (=p) = (4.12)

Similarly we claim that v, +0 < —1 for £k > 1. To show this, define a function
f()=~7*+(N -2+ %)7 — A1. Noting that —o — 1 = p%ll, and by considering the

values of # and £ , we get

fl—o—1) :(]9__11)2+(N—2+g)(p__11) (V=) (4.13)
==&V +2p 2p(1-¢)
(p—1)? (p—1)2%"

Since ¢ > 1, we have f(—o—1) < 0. Note that f(7) is a quadratic function with v;" as
its roots. We showed that f(—o —1) < 0. Thus, we can conclude 7, < —o—1 <~
and this means that 7, < —o — 1 for all £ > 1 by the monotonicity in k. We now

show that ;" + o is nonzero and positive. Note that we have

_(N_2+§)+\/(N—2+§)2—|—4(N—1)

> 0.
2 2

Y (=p) =

Thus again by the monotonicity in k, we see that ;" + o is positive for all k > 1 .

We first consider the case where 0 < R < oo. We use a similar approach to the case
Kk = p. By considering the boundary condition, to have ax(r) satisfy , we must
have ai(r) = 0. For the case R = oo, we can again use a similar approach as before
and we note that v, + o is negative, and ;" + o is positive and they are distinct.
By sending 7 to zero and infinity, we deduce that in order to have a; satisfy ,

we must have a, = 0. This shows that for all £ > 1

¢ =0. (4.14)

19



Our two results from (4.10) and (4.14)) complete the lemma, and so we showed that

for ¢ € X if L§(¢) = 0 in Bg\{0} with ¢ = 0 on 0Bp in the case of R finite where

k=por k= —p, then ¢ = 0.

O
4.1.2 Kernel of Lf
Recall that we have our linear operator LY defined as :
. D z-Vo
Li(¢) = —A¢ + (4.15)

=t +8) =]
where k is either equal to p or —p.

Lemma 4.4. Let 0 < R < 00,0 <t < oo. When Kk = p, suppose ¢ € X; is
such that L?(¢) = 0 in Bg\{0} with ¢ = 0 on 0B where R is finite then ¢ = 0.
When k = —p, suppose ¢ € X is such that L;”(¢) = 0 in Bg\{0} with ¢ = 0 on
the boundary of Bgr when R is finite, then ¢ = 0 and in case of R = oo, then ¢ is

constant.

Proof. For the proof we will switch notations, and hence by (4.15) we can write
Lf = L7 and L; = L;?. Suppose R,t, ¢ are as in the hypothesis.
e Set

K = +p.

So we are looking at the kernel of L;". Further, since Lo, = —A and this result is well
known for the Laplacian, we suppose 0 < ¢ < co. We write ¢(z) = Y32 ax(r)e(6),

and since ¢ € Xj, there is no k = 0 mode. Then a;, satisfies

(N = 1Day n Awar(r) | pag(r)

=0 for 0O<r<R 4.16
r r2 pr + tre o " (4.16)

20



where a(R) = 0 in the case of R < co. Also note that

sup {r%|ax(r)| + 7| a, (1)} < oco. (4.17)

0<r<R

Fix £ > 1 and we set w(7) = r%ay(r) where 7 = In (). A computation shows that

w = w(T) satisfies

Wrr + g(T)wr + Crw =0 for 7€ (—o0,In(R)) (4.18)
where
N o _ p
g(t)=N—-2-20 51 el
po
Ce(T) = =\ + 51 e o(N—-2—o0)

We claim we have the improved decay estimate. Thus 77|a(r)| — 0 as r goes to
zero and in the case of R being infinite, we have r7|ag(r)| — 0 as 7 — oo.
For the moment, we assume we have the claim. Then note that we should have
w — 0 as 7 goes to —oo, and similarly in the case of R = 0o, we have w — 0 as 7
approaches infinity. By multiplying by —1 if needed, we can assume that if w # 0,
(and since w(—o00) = w(In (R)) = 0) there exists some 75 € (—o0,In (R)) such that
w(my) = maxw > 0. It follows that we should have w,,(75) < 0 and w,(79) = 0.
Hence from the equation, we deduce that g(7)w,(79) = 0 and w,(19) + Crw(10) = 0.
We get

—wrr = Crw(19) >0 (4.19)

This means that we should have Cx(m) > 0. Using the monotonicity of Cy in 7 and

k, we see that for all 7 € (—o0,In (R)) we have

Cu(7) < Cp(—00) < Cy(—00) = —(N — 1) + pg _o(N—2—0).
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By considering the bound on p, we can show that —(N — 1)+ 2 —o(N —2 —0) is

B
negative. To see this, note that we have
2
—(N—l)—l—p;—a(N—Z—a):—N—l—l—I—g—0N+20+02
_=DEN—p+p*=Np*=1) _ (p=DIN=1(p—p*)+ (1 —p)
(p—1)? (p—1)2

Thus, (N —1) + 5 — (N — 2 — o) < 0 which means that Ci(r) < 0 for all
T € (—o00,In(R)). This is a contradiction and we must have w = 0. Hence a; = 0
for all £ > 1.

We now prove the improved decay estimate.
Proof of the improved decay estimate. Fix k > 1 and set a(r) = ax(r). First we
assume R is finite. So we have

Ma(r) | pa(r)
r? Br + tré

—Aa(r) + 0 in 0<r<R,

with a(R) = 0. We suppose the claim is false. Then there exists some r,, approaching
zero such that 77 |a(r,,)| > €y > 0. Define the rescaled function a™(r) = r7 a(r,,r)
and note that we also have |a,,(1)| > € and r7]a™(r)| < C. A computation shows

that

Ae@(T,T) pd (1)
(rmr)2 Brp,r + t(nnr)é

rma+2[_ Aa(rmr) + } =0 in 0<r,r <R,

so we get

)\kam(,,n) n p(am)/(r) —0 in 0O<r< E

—Aa™
a™(r) + 2 Br + trér ] e

By passing to the limit, we can find some a>* bounded away form zero such that
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r7|a>(r)| + 7T (a>) (r)] < C. Thus we have

() | pla*) ()

—Aa™(r) + = Br

=0 in 0<r<oo.

Let ¢ = a®¢y(A). So ¢ is nonzero too and it is in the kernel of LJ. This is a
contradiction with Lemma which stated the kernel of L{ is trivial.
In the case of R = oo, we assume there exists some r,, approaching infinity as m

goes to infinity. Again we can pass to the limit in

() pla™)(r)

5 §_1:0 in 0<r<oo
r Br + tréry,

—Aa™(r) +

and so we get
(N = D(@*) | Awa>(r)

=0.
r 72

—(a>)"(r) =

This is an Euler ODE and the solution is a(r) = Ckrﬁ + Dyr7 where

o =

—(N —=2) £ /(N —2)2 + 4
> .

We claim 75, + 0 < 0 < 7 + 0. By assuming we have the claim, we can send r to
zero and infinity. Thus we can deduce that to have a; satisfy (4.17]), we must have
C, = D;, = 0. As a result, a;, should be zero for all £ > 1.

We now prove the claim. Recall that o = 2:—’1’ > (0 and also note that

S

L N2+ J(N-22+4N-1) —N+2 N
! 2

= += =1 (4.20)

i 2 9

Thus ;" + o is positive and we know by monotonicity in k, we have that 7" < ;"

for all k > 1. So we deduce that v, + o > 0.
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We now show that 7; + o < 0. A simple computation shows that 7, = —N 41 so

2—p —Np+N+1 N(—p+1)+1
p—1  p-1 B p—1

y+o=—N+1+o=-N+1+

Considering the bounds on p, we obtain

B NEF+D+1 (7F)+1 —N4+N-1 1
p—1 p—1 (N=-1)(p-1) (N=1)(p—1)

(4.21)

So o+, is negative and by the monotonicity in £ we have v, < ~; forall k > 1, so
we find that v, + o < 0. This completes the proof of the improved decay estimate.

O

e We now set

Kk = —D.

In this part, we are looking at the kernel of L; . First we set k£ > 1. Thus ¢ is in
Xj. Suppose 0 < t < oo. We write ¢ as ¢(z) = >roy ar(r)x(0), and then ay should

satisfy

(N =D | Mae(r)  pai(r)

— =0 for 0<r<R
r r2 pr + tré of "

where a,(R) = 0 when R < oco. Also, similar to the last case we should have
sup {77]ay(r)| + 7 Ha)(r)|} < oo. (4.22)
0<r<R

Hence, we use a similar approach to the case kK = +p. We fix £ > 1 and we set

w(T) = r%ay(r) where 7 = In (r). By a computation, we find that w = w(7) satisfies

Wrr + 9(Tw, + Ckw =0 7 € (00,In (R))
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where

N o p
9(r) =N =2=20+ 5
Cu(r) = M — —27 (N -2—0).

B+ teeDr
We claim we have the improved decay estimate meaning r7|ag(r)| — 0 as r goes
to zero and when R is infinite we have 77]a(r)| — 0 as r — oo. For the moment,
we assume we have the claim. Then note that the same as the last case, this gives
us w — 0 as 7 — —oo and in the case of R = oo we have the same result when
T — oo. By multiplying by —1 , if needed, we can assume that if w # 0 (and
since w(—o0) = w(In(R)) = 0), there exists some 79 € (—o00,In(R)) such that
w(m9) = maxw > 0. Then we get w,,(79) < 0 and w,(79) = 0 and hence from the

equation, we get g(7p)w, () = 0 and

wrr(70) + Crw(m0) = 0 = —w,r(10) = Crw(my) >0

From this, we see that we must have

po
Ck(To):—)\k—m—U(N—2—U) ZO
We know A is positive for all £ > 1 and it is obvious that M?ﬁ%m > 0 for all
7 € (—o00,In (R)). Also note that
2 — 2 1
Ne2-g=N-2-"P_N_ o = . P _ N 1_ .
p—1 p—1 p-—1 p—1

By considering the restrictions on p, we find that N — 1 — p%l > 0 for N > 3. Thus

we can deduce that

D <0, and —g(N-2-0)<0.

- < 0, —m
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So Cy(7) is positive for all 7 € (—o0o,In (R)) which means Ci(m) < 0. Hence, we
have a contradiction and thus w = 0. This gives us a; = 0 for all £ > 1.

We now prove the claimed decay estimate.
Proof of the claimed decay estimate. We again use a similar proof to the case Kk = +p.

We fix k£ > 1 and set a(r) = ax(r), so we have

Ara(r) pa'(r) =0 in O0<r<R

—Aa(r) + 2 Brhut

with a(R) = 0. Suppose the claim is false. Then there is some 7, that goes to zero
such that r7 |a(r,)| > €0 > 0. Define the rescaled function a™(r) := r9 a(r,,r) and

note that |a,,(1)| > ¢y and r7|a™(r)| < C. A computation shows that

Asa(rmr)  pd(rpr)
() Brmr + t(rmr)€

T2 | Aa(r,r) + =0 in 0<r,r <R,

so we get

Aa™(r) - pla™)'(r) 0 im 0<r< (4.23)

—Aad™(r) + -
") 2 Br +trérs, ! T'm

By passing to the limit, we find a® such that it is bounded away form zero with

r71a>(r)| + r7*1(a>®) (r)| < C. Thus, we have

Awa(r) | p(a>)(r)

—Aa™(r) + - Br

Let ¢(x) = a™(r)x(0). So ¢ is nonzero too and it is in the kernel of Ly. This is a
contradiction with Lemma which stated the kernel of L is trivial.
In the case of R = 0o, we assume there exists some r,, approaching infinity as m

goes to infinity. Again we pass to the limit in

Aea™(r) — p(a™)'(r)

—Aa™(r) + —
(r) r? Br + trérs

=0 in 0<r<oo. (4.24)
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and we get

(N —1)(a>) N Ara™(r)

3 =0 in O<r<oo.
r T

—(a™)"(r) =

This is again an Euler ODE and the characteristic equation would be 7* + (N —

2)y — A = 0 such that

—(N = 2) £ /(N —2)2 +4)
> .

N =

Thus, the solution is ay(r) = Cr% + Dy . In ([@.20) and ([4.21), we showed that
Y, +0 <0<~ +0. Thus we can deduce that when we send r to zero and infinity,
we must have C}, = D, = 0 in order to have a; in the required space. This result
give us that a;, = 0 for all £ > 1.

e We now set £ = 0. We have L; = 0 thus we can write

(N —Dap  pag(r)
r pr + tré

—ag(r) —

=0 for 0<r<R (4.25)

such that sup {r?|a,(r)| + r7**aj(r)|} < C. We know the integrating factor associ-
0<r<1

ated with our ODE ([#.25)) is () = ") where

T BT + tT¢ B(1—=¢)

P(r):/lr (N_l—i- b >d7’= ((N—1)1n7+pln(675_1—|—t)>

So we can write the integrating factor as

-1
(N-1) lnr+ﬁ <1nr1_5+1n (trft+6+,8) )
pu(r) =e

Y e A N L A
=T - =r oM '
t+ 0 t+
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Thus from (4.25)), using the integrating factor, we get:

d :

= (ulr)ar(r)) = 0.

This means that we should have:
pa'(r) = C

where C' is a constant. Thus we have

P

r7 ay(r)] = Crotl _ ppoimnaag (45 o
: pue(r) t+p5

Note that o +2 — N — % = (5_1])?(_7_11_”) < 0. Since ¢ is in X, we require a; to satisfy
the required bounds meaning 7°**|a}(r)| should be bounded. So we can deduce that

C should be zero. So we have

pay(r) = 0.

By considering the boundary condition a;(R) = 0, we obtain a,(r) = 0 for r € (0, R)
and a;(r) is constant on the whole space RY. We now consider the case where ¢
approaches infinity. Thus we have the ODE

(N = 1)aj
T

=0 (4.26)

—ag(r) —

where a(1) = 0. We know the integrating factor associated with our ODE (4.26]) is

pe(r) = eP") where

P(r):/ITN_l — (N =1D)Inr

r
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N-1)

So we can write the integrating factor as ju(r) = 7 . Thus, we have

d :

- (u(r)ai(r) = 0.

Now by solving this equation, we obtain

bl C  on
a(r):C/r SN—ldSZQ_NS

120 1 _TQ_N '
. 2—-N 2—N

We know a(r) needs to satisfy r7|a;(r)| < C for some positive constant Cy. So we

should have

TU

1 7,2—]\/ ro 7,,o‘—‘,—Q—N
—_— pu— - < .
C(Q—N 2—N>‘ |C<2—N 2-]\[)‘—01

Noting that o = 2%1;’ > 0 and % < p < 2, by a computation we can see that

3

o+ 2 — N is negative. So for a,(r) to satisfy the required bound when r approaches
zero, we should have C' = 0. This shows that a,(r) = 0 when ¢ goes to infinity and
so we should have ¢ = 0.

Thus the lemma is complete and we proved if Kk = p and ¢ € X; is such that
L?(¢) = 0 in BR\{0} with ¢ = 0 on OB in the case of R finite then ¢ = 0 and when
k= —p and ¢ € X is such that L;”(¢) = 0 in Bg\{0} with ¢ = 0 on 9By in the

case of R finite then ¢ = 0 and in case of k = 0 and R infinite ¢ is a constant.  [J

4.1.3 Linear theory of L on X;; A priori estimate

Theorem 4.5. There is some positive constant C' such that for all positive t,,, and

functions ¢,, € X; and f™ € Y; we have

Li, (¢m) = f™ in Bi\{0},
Om =0 on 0DB;.

(4.27)
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One has the estimate ||¢n|lx < C||f™v-

Proof. If we assume the result is false, then by passing to a subsequence (without

renaming) there is some C,, > 0, t,, > 0, f™ € Y} and ¢,, € X; with

—Ab,, _
Omt el 1 8) Ja? (4.28)

Qbm = O, on aBl,

and

[fmllx > Conll ™ lly-

By normalizing, we get ||¢,,||x = 1 and || f™|ly — 0.
We claim

sup {|2|7tVon|} — 0. (4.29)

0<|z|<1
We will show that proving this claim results in: sup {|z|?|¢.,|} — 0.

0<|z|<1
proof of the claim. Suppose there is some 0 < |z,,,| < 1 and ¢y > 0 such that

€0 S |Im|a+1|v¢m<xm)| S 1.

There are two cases that should be considered. Either |z,,| could be bounded away
from zero or it could be approaching zero.
e We first set kK = p. So there exists some C' > 0, and there are some ¢,, € X;, and

f™ € Y; such that they satisfy

p € - v¢m .
—A¢,, + = f™ in B;\{0},
T B) Tol 10} (.30
Om =0, on 0B,
and we have
[Pmllx > Cllf™|ly

where ||pnllx =1, || f™|ly — 0. Also there are some 0 < |z,,| < 1 and ¢, > 0 such
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that

€0 < ||V (zm)] < 1. (4.31)

Now we prove the first case for L; .

Case 1: Assume |z,,| is bounded away from zero. Define Ay and A, for k> 2 as

1 ~ 1
Ak:{xEB1:k<|x|<1} and Ak:{xEBl.2k<|x|<1}
Note that Aj, C Aj. From the equation (£.30]), we have
p xZ- v¢m g
—Ad,, = f™ — Ay
L O P Y T
Set g™ = f™ — G+ 8 o We can see that
< 4.32
T B | SEa A B 432)
p |z V]
T (Tt B) [alot
Plomllx _p 1 240 .
<Gl = g < 52T =00
Also we find that,
m |72 ] /™[y o || pm m
S;g‘f | = S:}‘)W < <S:§ ’x‘(ﬂrz) < (2k)2+ 1™y = wllf™lly  (4.33)
xeAy TCAE TCAE

which by ([#.32) and ([.33)) we can see that g, is bounded in Aj. So there exists a

positive constant C' such that

g™ (@) 1o 4,y < C
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meaning

[AGm | o4, < C.

By elliptic regularity 2.1} we can say that for some 0 < A < 1, there exists C; > 0

such that

H¢mHCM(Ak) < (.

Thus {¢p}m is a bounded sequence in C**(4,) for all k& > 2. By the standard
compactness argument and a diagonal argument there exists some subsequence

{bm, }i C {dmtm and ¢ € CV2(Ay) such that

b, — & CV2(A).

So we can write

bm = & CuZ (B\{0}).

Suppose t,, converges to some t € [0, 00] and by passing the limit in (4.30]). We see

that when ¢ € [0, 00), ¢ solves

p r-Vo
(tlz|s=t +B) |z

—A¢ + =0 in B\{0}

with ¢ = 0 on 0B;. When t — oo, we get

~A¢p=0 in B\{0}

with ¢ = 0 on 0B;. Using the completeness of RY, we can pass to a subsequence
and so x,, converges to some zy such that |zg| is bounded away from zero. We can
now pass the limit in to see that |zo|""|Vé(zg)| > € and this means ¢ # 0.
We need to show that ¢ is in X;. So we need to show that ¢ belongs to X and

it has no & = 0 mode. We showed that for every fixed 0 < |z| < 1, we have
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|2|7 TV ¢y, (x)| < 1. So by passing to the limit, we get |z|°}|V¢| < 1. Thus by

integration, we can show that we have |z|”|¢(z)| < 1, so we get

sup {[2]7|6(x)| + |2|77|Ve(x)|} < oo.

0<|z|<1

This means that ¢ is in X. First note that since ¢,, belong to X; for all 0 <r <1,

we can write

/9|:1 O (r0)dt) = i_oj ag(r) | rm(6).1d6 = 0. (4.34)

|6]=1
This shows that ¢, has zero average over all the sphere for radius 0 < r < 1. Now
we use the convergence we obtained above, and we can write for all 0 < r < 1 we
have that 6 — ¢,,(r0) converges uniformly on SV=! to 0 — ¢(rf). Thus for all

0 <r <1 we have

0= [ Gul(r)do — /w:1 $(r0)do.

6]=1
So ¢ also has zero average over all the sphere for radius 0 < r < 1 and hence ¢ is in
Xj. This means that ¢ € X is nonzero. Thus for ¢ € [0, 00) we have a contradiction
with the results from the previous lemmas. We now show that in case of t — oo we

also get a contradiction. We saw that when ¢t = oo, we have

Ap=0 in B\{0}, (4.35)
¢ =0 on 0B.

Then we write ¢ = 372, ax(r)1x(0), and solving the equation gives us
Qp = CM”WEL + Dmﬁg

where

,_—(N-2) (V27 +dN
2 2 '
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In Lemma 4.4, we showed that v, + 0 < 0 < ;" + o for all k > 1. Hence, to have ¢
in the required space, we must have Cy, = Dy = 0 and so ¢ = 0. It is a contradiction
with ¢ being nonzero.

Case 2: In this case, we assume there is some {z,,} such that |z,,|] — 0 and

|20V G (T0)| > €0 > 0. Set s,, = |7, SO we have s,,, — 0. Define z,,, == s, 'z,

a sequence and note that by definition |z,,| = 1. Thus,

|2 |7 T Vi (S 2m) | = 87V b (Smzm )| > €0 > 0. (4.36)

Define (,,(2) = $7,¢m(smz) for 0 < |s,,z| < 1. By (4.36)

|V§m(2m)‘ = ng+1‘v¢m(5mzm>| Z €0 (437)

and also we have the bounds

27IGn () < 1, and  [2|7H VG (2)] < 1. (4.38)

By (4.30), we can write

—Adm(smz) +

Using our definition, we can obtain A(,,(2) = s% 2 Al (8mz), and V(,,(2) = s77 G (8m2).

Thus a computation shows that

P 2.V (n(2)
B+ tmst t2Et |22

—AGn(2) + = 872 (5,,2). (4.39)

Note that by setting ¢™(2) = s772 f™(s,,2), we showed that

m

L ci(Gn(2) =g"(2) in B =E, = {z:0<]2] < 81}

tms
mom m
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with ¢, = 0 on 0F,,. Thus

_ gm p 2.Vim(2)
—AGn(2) = g™ (2) — FETEE INTE R in E,,.

We define A, and A,, for k > 2 as

1 - 1
Ak:{z€B1:k<]z]<k} and Ak:{2631:%<]2|<2k}.

We have that A, C A, and also A, C E,, for m big enough. Thus we obtained

CAGu(2) = g () - B2 Von(D)

in A,
B+ tmss HzEt |22 ¢

First note that

|8m|0+2|2|0+2|gm|

< (sup 70y < apyeeey gy

sup [g"| = sup 57,7 f™ (smz)| = sup

ZGAk ZEAk z€A |Z|0-+2 ZEA~k |Z|
(4.40)
Also we have
(tmsin 260+ 8) 2P| 7 (]S~ + B) le2

o p VG

T (bt 2L B) 2|t

< p 1217 sl IV O (5m2)|

_(tmsg:l‘zﬁfl +ﬁ) |Z|O'+2

p ||¢m||X _ D 1 240 .__

<Gl = s S GETT = ()

Set G = g™(z) — e SgilMH Z'vérg(z). By (4.40) and (4.41)), we can show that G is

bounded in Aj. Thus, there exists a C' > 0 such that

Gl e (a,) < C
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and since —A(,, = G, we have
[AGn | o2,y < C.

By the elliptic regularity, we can say that for 0 < A < 1 there exists a positive

constant C] such that

[Gmlleraa, < Ch

Thus {Gn}m is a bounded sequence in C**(Ay) for all k& > 2. By standard com-
pactness argument and a diagonal argument there exist some subsequence {(,, };: C

{Cn}m and ¢ € C12(Ay) such that:

Cmi = ¢ CY3(Ay)

so we get

Gy = € CRZ (RM\{O).

Suppose that t,,s5! converges to some t € [0, 00|. By passing the limit in (4.39) we

see that when t < oo, ( solves

P z-V(

AN =0 in RV\{0
CEE R
and in the case of t = oo, we get
A¢ =0 in RM\{0}. (4.42)

Using the completeness of RY, we can pass to a subsequence such that z,, — 2, with
zp bounded away from zero and |zo| = 1. We can now pass the limit in (4.37)) to see
that |V{(z0)| > € and this means that ¢ is nonzero. We now need to show that ¢ is

in X;. So we need to show that ¢ belongs to X and it has no k£ = 0 mode. We showed
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that for every fixed 0 < |z] < 1, we have |2]7|(n(2)] < 1, and |2|7T|V(n(2)] < 1, so
by passing the limit in these two expressions, we get |2|7HV((z)| < 1and |2]7|¢| < 1
in RV\{0}. Thus, ¢ is in X. We know that (,, has no k = 0 mode so (,, € X;.
With a similar approach to case 1, we can show that since (,, is in Xj, it has zero
average over the sphere with radius 0 < r < 1. With the convergence that we have
obtained, we find that ¢ has also zero average over the sphere and so ( is also in Xj.
This shows that ¢ € X, is nonzero and it satisfies L;(¢) = 0 in R¥\{0} which is a
contradiction with the kernel results we obtained before.

When t = oo, we have

A¢ =0 in RYM\{0}. (4.43)

We can write ¢ = Y72 ax(r)1x(0). Solving the equation gives us

ap = Ck(w’j) + Dy (r™)

where 7if = =22 4 v (N7§)2+4/\k . In Lemma we showed that ;5 4 o is positive

and 7, + o is negative and they are both nonzero and distinct. Hence, to have a;, in
the required space, we should have C}, = D, = 0. So ( = 0 and it is a contradiction
with ¢ being nonzero.
The results from case 1 and case 2 complete the proof of the claim we made in
which means we have

sup |z]7" | ()] — 0.

0<|z|<1
OJ
As we mentioned before, this result gives us
sup {|z|”|¢m|} — 0. (4.44)

0<|z|<1

To show this, fix 0 < |z] < 1 and let & be a point on the boundary of B;\{0}. Also,
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let ¢, = & such that g(t) = ¢,,(tx). Then, ¢'(t) = Vé,, - x and this gives us

||
lg(t1) —g(1)] < /ltl lg' ()| dt.
Thus, we can write
6m(@) = on(@)] = [6m(a)] < [ N V(b)) dt. (4.45)

We showed that

Vo (2)||z]7T <e for 0<|z|<1

and we can write
|V (tx)[t7TH 2|7 < e (4.46)

By (4.45)) and (4.46)), we find that

o elx| e [t 1 € [t e —1
@l PR L PR e R
’(b (x)‘ —/1 to’+1|x|0'+1 |I|O' 1 tot+l |x|a[_0-}1 ‘$|00'[tf }
so we have

1- 1)<

2|7 fm ()] < & g (4.47)

€
o
When € goes to zero, we get that |@,,(tx)|t7 || approaches zero. By (4.47) we

also find that |x|7|¢,,(x)| goes to zero. Thus we have

sup {[2]7 Vo ()] + [2]7|¢m(2)[} = 0.

0<|z|<1

This is a contradiction with ||¢[|[x =1 .
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e Set k = —p such that {¢,,}, C Xy, f™ € Y] satisty

—Ad,, — _
|zt +8) [z (4.48)
Om = 0, on 0B,

and we have the estimate

[ fmllx > ClL™ [y

such that

€0 < ||V (zm)] < 1. (4.49)

Now we prove the first case for L, .
Case 1: Assume |z,,| is bounded away from zero. Define A, and A for k > 2 the

same as before

1 ~ 1
Ak:{$€Blzk<|Jz|<1} and Ak:{x631:%<|x\<1}.

We note that Ay, C A;. From ([4.39), we have

|zt~ +8)  [=]?

—A¢y, = M+ in A (4.50)

(tmlz|=t+B) |2

Similarly we set ¢ = f™ + , and we have

p xZ- v¢m p|x|g+1|v¢m| < pHgbmHX

p 240 .
< < —(2k = .
G R | S (277 =

_P
(tml [+ B)fal7*2 = Bla|ot2 — Blafo+2 = B

Similar to (4.33), we can show that sup|f™| < 4%||f™|ly. This means that g, is
£E€A~k
bounded. So there exists a positive constant C' such that

9™ (@) | o2,y < C
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meaning

[AGm | o4, < C.

By elliptic regularity, we can say that for 0 < A < 1 there exists a positive constant

C; such that

H¢mHCM(Ak) < (.

Thus {@,, }m is a bounded sequence in C**(Ay) for all k > 2. By standard compact-
ness argument and a diagonal argument there exists a subseqence {¢m, }i C {@m}tm

and ¢ € C12(A;) such that
by = 6 CM3(Ay)

SO we can write
L3 5
(bmi — ¢ C’loc (Bl\{o})

Suppose that t,, converges to some t € [0, c0]. By passing the limit in (4.39)), we see

that ¢ solves

CAp— p r-Vo

el +p) op o PO

with ¢ = 0 on 0B; when t € [0, 00). Also, when t — co we get
“A¢=0 in B\{0}

with ¢ = 0 on 0B;. Using the completeness of RY, we can pass to a subsequence
T, converging to xg such that |zg| is bounded away from zero. Now we can pass
the limit in to see that |zo|" ™| Vé(xo)| > € and this means ¢ is not zero. At
this step, we need to show that ¢ € X;. So we need to show that ¢ is in X and it
has no £ = 0 mode. We again follow the same approach as the case kK = +p. We

showed that for every fixed 0 < |x| < 1, we have ||V ,,,(x)| < 1. So by passing
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to the limit, we get |z|°"1|V¢| < 1. Thus by integration, similar to (4.47) we can

show that we have |z|7|¢(x)| < 1 thus

sup {[2]7|6(x)| + |2|77|Ve(x)|} < oo.

0<|z|<1

This shows that ¢ is in X. First note that since ¢,, belong to X; for all 0 < r < 1,

we can write

/9:1 O (10)dO = kZ::l ag(r) /9|:1 Urm(0).1d6 = 0

This means that ¢, has zero average over all the sphere for radius 0 < r < 1. Now
we use the convergence we obtained above and we can write for all 0 < r < 1 we have
that @ — ¢,,(rf) converges uniformly on SN¥=! to 6 — ¢(rf). So forall 0 < r <1

we have

0=, onlrh)d0 /|9:1 (r0)df.

So ¢ has also zero average over all the sphere for radius 0 < » < 1 and hence ¢ € Xj.
We can conclude that ¢ € X; is nonzero. Thus for ¢ € [0, 00) we have a contradiction
with the results from the previous lemmas.

We now show in case of t — 0o, we will also get a contradiction. We saw that when

t = 0o, we have

Ap=0 in B;\{0}, (4.51)

¢:0 on 831

Then we write ¢ = .22, ax(r)¥x(0), and solving the equation gives us

ap = Ck(T’Y’:— + Dk’f’n/k_)

where 7 = *(1\;*2) + (Nf?QH)‘k. In Lemma, we showed that v, +0 < 0 < v +0

for all £ > 1. Hence, to have ¢ in the required space, we must have Cy, = D, = 0

and so ¢ = 0. It is a contradiction with ¢ being nonzero.
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Case 2: In this case, we assume there exists some {z,,} such that |z,,| — 0 and

1T |V (2)] > €0 > 0. Set s, = |10, SO we have s, — 0. Define z,, == s, 'z,

a sequence and note that by definition |z,,| = 1. Thus,

STV b (Smzm)| > €0 > 0. (4.52)

Define (n(2) = 87,0m(5mz) for 0 < |spz| < 1. By [#.52)), [V¢n(2m)| = 55,7 IV O (Smzm)]
thus

|va(zm>| = S$n+1|v¢m(smzm>| 2 €0 (453)

and also we have the bounds

[271¢m(2)| <1 and |27V (2)] < 1. (4.54)

By (4.28)), we can write:

D Smz2-Vom(Smz)
B+ tm|Smz|st |$mz|?

—Adm(Smz) — = M (sm2). (4.55)

Using our definition, we can obtain A(,(2) = s7 2 Al (Sm2), and V(,(2) = s7 G (5m2).

Thus a computation shows that

B p 2.V (m(2)
B+ tmsm 2t |22

—Aln(2) = 572 f(5,,2). (4.56)

Note that by setting ¢"(z) = s92f™(s,,z), we showed that

m

L i(Cn(2) =g™(2) in Ba =En={z:0<]z|< sl}

tmSm sm m
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with (,, = 0 on JF,,. Thus,

B o P 2.NCn(2) .
AGn(z) =g (Z)+ﬁ+tmsm EERPE in E,.

The same as before define A, and Ay for k > 2,

1 - 1
Ak:{z€B1:k<]z]<k} and Ak:{2631:%<]2|<2k}.

We have that A, C A, and also A, C E,, for m big enough. Thus we obtained

o P 2NV(n(z) . .
AW =" &t e e e A

First note that similar to (4.40), and (4.41)) we can show that sup [¢™| < (2k)*T|| f™]]y,
Z€A~k
and we have

—p z2-V(n D 2 Vm o
1) e 1 5 | = 1 ‘ 2 ’ = Qk T = e
(tmsin (2671 + ) 2] (tmll= + B) 1 |z
Set G = ¢g"(z) — B+tms§§1|z|5*1 2‘V|§T§(z). Hence G is bounded in A;. Thus there exists

a constant C > 0 such that

1Gll e (a,) < C

and since —A(,, = G, we have

Al oo 4,y < C.

By elliptic regularity, we can say that for 0 < A < 1, there exists a positive constant

C; such that

[Gmlloraca,y < Cr.

Thus {(y}m is a bounded sequence in C'*(Ay) for all k& > 2. By standard com-
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pactness argument and a diagonal argument, there exist some subsequence {(y, }i C
{Cm}m and C such that
Cne = ¢ CV3(Ay)

so we have

A
1,5

Cm, = ¢ Cigd (RM\{0}).

Suppose that t,,s5 " converges to some ¢ € [0, 0c]. By passing the limit in (4.22)), we

see that when ¢ < 0o, ( solves

4 z- V(¢ . N
—A( — =0 R™\{0
STy e 0 RN
and in the case of t = co we get
A¢ =0 in RM\{0}. (4.57)

Using the completeness of RY, we can pass to a subsequence such that z,, converges
to some 2 such that zy is bounded away from zero and |zy| = 1. We can now pass
the limit in to see that |V((z9)| > € and this means that ¢ is nonzero. We
now need to show that ( is in X;. So we need to show that ¢ belongs to X and it has
no k = 0 mode. We showed that for every fixed 0 < |z| < 1, we have |z|7|(n(2)] < 1,
and |z|7T|V{(,(2)| < 1, so by passing the limit in these two expressions, we get
|2]°THV{(z)] < 1and |2|7¢| < 1 in RM\{0}. Thus, ¢ is in X. We know that (,, has
no k = 0 mode so (,, € X; and with a similar approach as in case 1 we can show
that since (,,, is in Xy, it has zero average over the sphere with radius 0 < r < 1.
With the convergence that we have obtained, we find that ¢ has also zero average
over the sphere and so ( is also in X;. This means that ( € X; is nonzero and it

satisfies L;(¢) = 0 in RV\{0} which is a contradiction with the kernel results we
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obtained before. We saw that when ¢ = oo, we have

A =0 in RVM\{0}. (4.58)

Then, we write ¢ = >.72; ax(r)1x(0), and solving the equation gives us

+ —
ap = CkT"Y’“ + Dkr'yk

where v = _(1\;_2) + Y (N_?QH)%. In Lemmawe showed that vy, +0 < 0 < v +o

for all £ > 1. Hence, to have ¢ in the required space, we must have Cy, = D = 0
and so ¢ = 0. It is a contradiction with ¢ being nonzero.
Similarly, the results from case 1 and case 2 complete the proof of the claim we made

in (4.29) which means that we have

up |2l ()] = 0.
0<]z|<1

With a similar proof as (4.47)) in the case of kK = p, we can obtain sup {|z|”|¢E|} —

0<|z|<1
0. Thus we have

sup {[2]” [V (2)] + [2]7|¢m ()|} — 0

0<|z|<1

which is a contradiction with ||¢||x = 1. This completes the proof of Theorem
We showed that there is a constant C' > 0 such that for all ¢,, > 0, {¢E},, C X,

and f™ € Y; that they satisfy

L, (6m) = f™  in B1\{0},
o =0 on 0B,

(4.59)

one has the estimate ||¢,,||x < C|[f™||y- O
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For the case Kk = +p one can use a continuation argument along with Theorem
and the studies that has been done on Lg in [2] and [I] to show the following.
At this part, we skip the details on the continuation argument in the case of kK = —p

and they will be studied later in Lemma (4.8 and Lemma .

Corollary 4.6. There exists a positive constant C' such that for all f € Y] there is
some ¢ € X such that L (¢) = f in B;\{0} with ¢ = 0 on 9B; and ||¢||x < C||f|y.

To get the desired result on the full space X, we need to recombine it with the

result for the k = 0 mode.

Lemma 4.7. (k = 0 mode for L;") We are considering the case where k = 0 in (4.3))
and for all positive ¢, a;(r) (with dependence on t) solves the equation. We are also
assuming

sup 2 [b(r)| < 1 (4.60)

0<r<1

thus we have

oy (N = Dai(r) | pay(r)
ai(r) . Brt i b(r) O0<r<l1 (4.61)
with a;(1) = 0. Note that a,(r) also satisfies
sup {T0|at(7“)| + 7‘”+1|a;(r)|} <C. (4.62)

0<]z|<1

Proof. We know the integrating factor associated with our ODE (4.61)) is p(r) =

P(r

P () where

P(r) _/17" <N_1 b )dT_ ((N—1)1m_ﬁ(1pln(ﬁrf—l+t))

T Br+itrt
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So we can find the integrating factor

__»
- e\ e
P 1— tr~" " +B8 tr>" 48
(N—l)lnr—ﬁ(l_g) Inr1=¢4In B N1 (1= 5 In 7
In 7€ Inr B(1-9)
() =e =e € €

Noag (48 (g Nore (148 =)
i +h ., 4+ 5 |
t+p t+

Thus from (4.61]), using the integrating factor, we get:

2 ((r)ai(r) = (b,

By noting that u;(1) = 1, we can integrate both sides and we obtain

[ marir = [ (i) = (a0 ~ p(sal(s) = [ e

We can now deduce that

fg) =1 a ' 7)b(7)dT
i) =5 (e + [ et )

By integrating again with respect to s from r to 1, and considering a;(1) = 0, we get

ay(r) :—/Tl

Set a;(1) = — [, i (7)b(7)dr, Wwhere RS™'t = 1 then we have

,Lis) (‘4(1) +/ 1 ut(r)b(T)dT> ds.

- /TRt wi(T)b(T)dr = — ! /T e (17)b(7)drT.
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So we can write a; as

aMﬁ:ll<1 /Hmﬂmﬂm>m 0<r<i

() J R,

We now need to check that a; satisfies the bounds independent of ¢ for large ¢.

We should consider two cases:
(1) 0 <r < Ry,
(i) Ry <1 < 1.

For » < R;, we have

» [t E—-1 _(PpTl) Ry
T e I LTI

D
oio nop (tr&H 4B 1) Ry pot2
§7’ +2 N+5 <t_i_6 /r mﬂt(’f)’b('r” dT.

Note that —o —3+ N — % = —¢ , so by (4.60]), we can write

I R N 7y Al o i
r7a)(r)| < 7’51< ) / TN_1_5< > dr

tré-l + 3 t+ 0 o2

Ry t7-£71 + 6 (p?%l) 1 tRf_l + 5 (ppj) Ry 1
< 7‘5_1/ —_— —dr < 5 L= / —dt
B ro \trh 4 ¢ T trél+ 8 B

() () ()
=\ 143 c—1 )=\ 3 £ 1

Thus we proved

1771 1
7 a)(r)] < (ﬁ; ) 1 for 0 <r <R. (4.63)

For r > R;, we there exists a constant ¢, > 0 such that we have (a+0)? < ¢,(a?+9)

. .. . . (e-1)
for ¢ > 1 and by using this inequality and noting that & — ppfl <0,and ¢ > 1, we
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can write

7 a(r)] < dr

-l / (B + tr€ 1)t
(B + tré-1)7 1 JR, 7¢
1

¢~ r(CBrT Ot

,
< p / + dr
T (B ey Rt( 7t Tf‘pﬁff))

<O (T (T
T(B+tre N 1=€ VR =y

T
Ry

- CTH»% <( T - B) + (- D - R

Ar'
|
—_

(Bt 1-¢
OB Gyt
T (B4t (Bt

where O} is a constant independent of ¢. Recall we have tR ™ = 1, thus

Clﬁp%t'r’g_; Cl(trf_l)% < C’lﬁﬁp s
(B+trs=)p1 (B trél)pT — (frél)eT

r7Hay(r)] <
Since for r > R, we have tr°~! > tR7~! = 1, we can deduce that
ro ) (r)| < CB7T 4+ Gy = Cy(1 + B71) for 7> R,

Combining (4.63)) and (4.64) gives us

0<r<1 g -1

sup 77 a)(r)] < max {Cl(l+ﬂpfl), <B+ 1);,15 L }

This shows that a;(r) satisfies the equation and is bounded independent of t.

(4.64)

O

We will delay the proof of the mapping properties of L; for now and we turn to

completing the proof of the main linear result assuming we have the L, mapping

properties.

Completion of the proof of Proposition [4.1. Here by assuming we have the
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result from Lemma we can combine it with Theorem and Lemma [4.7] to
complete the proof of Proposition . Let f € Y and ¢ € X satisfy and we
write f(x) = fo(r) + fi(z), and ¢(x) = ¢o(r) + ¢1(x), where we have split off the
k = 0 mode from ¢, € Xi, and f; € Y;. Then by , we can write

2]l x <|loollx + lo1]lx < Clfolly +Cllfilly-

Hence, if we can show there is some constant D > 0 (independent of f) such that
| folly + I.fally < D|fo + filly then we would be done.

Given f € Y, we have
Fla) = 32 BYU() =lrool0) + 2 b(rIuh(8) = o) + 2 b(r I (8) = o+ f

where 1y(0) = 1 and by(r) = Wl_” Jon=1 f(r,0)r(0)d6.
Noting that

)

Wy 1o
/SN71:1|f(r, )\do < B

we can obtain

ag oa 1 o f
I folly = sup 77" 2|bo(r)| = sup r +2‘ /SN_1 f(r@)d@‘ < sup r s Al =|flly-

0<|z|<1 0<|z|<1 SN 0<|z|<1 rot2
(4.65)
We know f; = f — fo so we can write
1Ally = Lf = folly < [[flly + [ folly < 2[[f]ly- (4.66)

By (4.65) and (4.66]) we have

[folly + [[f2lly < DIflly = Dllfo + filly
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thus

16lx < Dl fo+ filly = DIl flly (4.67)

where D is a positive constant independent of f. Now we go can back to our previous
notation to show that the main result we want in Proposition [£.1, We proved that
if we fix (f,g) and set F'= f+ g and G = f — g and consider (; to be a solution of

the scalar problems

_ACI _p|th|p72th . VCI = F, in Bl\{O} (468)
(1=0 on 0B,
—ACQ +p|th‘p—2th . VCQ = G in Bl\{O}, (469)
CQ =0 on 831,
we can define the operators
V¢
LECO) = —AC+ —L T V6
N =R e ) e
By (4.67) for some positive constants C; and Cy we have the estimates
[Gillx < Cif|Flly and  [|Gllx < Col|Glly.
We know ¢, and v satisfy ¢ + ¢ = (; and ¢ — ¢ = (5 From this we saw that
¢:C1‘;<27 1/)=<1;<2. (4.70)

So we get

[9llx = Cillc + Gllx < GGl +lIGID < CUFE]y + [[Gliv),
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and

9]l = Call¢r = Gllx < Ca(llGull + IGID) < CUIFly + [1Gly)-

Since F'= f+ g, and G = f — g we have

1Ely < [Iflly +llglly and (|G| < flly + [lglly-

So there is some positive constant C' such that for all ¢ > 0 and for all f, and ¢ in

Y, there are some ¢ and ¥ in X which satisfy

—A¢ — p|Vu[P2Vw, - Vi = fin B;\{0},
—AY — p|Vuwy|P?Vw, - Vo =g in Bi\{0}, (4.71)
p=v=0 on 0B,

and we have the estimate

18llx + [¥lx < Cllflly + Cliglly-

This completes the main result of our linear theory, and Proposition [4.1]
OJ
We now turn to the case of Kk = —p. Consider (4.3)) in the case of Kk = —p and

t = 0 given by

/
—ay(r) — + =bi(r) for 0<r<1 (4.72)

with ak(l) =0.

Lemma 4.8. For all £ > 0 there is some Cy > 0 such that for all functions b(r)

with supy.,.; 7°2|b(r)] < 1 there is some function a(r) which satisfies (4.72)) and
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SUPg<r<1 r7la(r)] < Cy.

Proof. Here we assume k > 1 and ¢ = 0. In Lemma [4.9] we will prove the result for
the case where k is zero and ¢ is positive . Our result will also hold true for ¢t = 0.
By assuming k& > 1, we have an Euler type equation. We know that the fundamental
set of solutions of homogeneous version of play a crucial role. The solution of

the homogeneous equation is given by ax(r) = CirE 4 Cyr'e where

(N =248 J(N -2+ B AN

We can now use variation of parameters to write out the particular solution of (4.72)
as

Qp(r) = wa (1) + un(r)r . (4.73)

We know that

u’l(r)rﬁ + uh(r)r’ = 0. (4.74)

Thus we need to solve for u; and uy. So we write

app(r) = ul(r)rvl:r + ug(r)r (4.75)

= dpy(r) = a7 ()R () ()

By (4.74), we get

ah (1) = W TR+ Uy (4.76)

= al (1) = uyt T () (g — Dy T gy (g — 1)k

23



We now plug in these values in (4.72)) and we get

WA () (0 = D 2 by T gy (= 1) 2 (4.77)

1 A _
+ [N —-1- p] . (u’lrﬂﬁj*l + ul(fy,j)> — T—: [ulrﬁ + uzr%} = —bg(r)

8]
At USSR LOY | BPY
T2 |2 A AT p —
Ut T e T W N—l—B — Ak| = —bi(r).
A computation show that
2 p 2 — - p
[v,j — v+ [N—1—51 —/\k] = [vk — v+ [N—l—ﬂl —)\,C] =0.
(4.78)
Thus we have
u'ﬂ,jr%j_l + by, vt = —bi(r) and W e = 0. (4.79)
From this two equations, we can solve for u; and us and we get:
r br(7T)d o —=bi(T)d
ur(r) = / T k(7)dT and  uo(r) = / - k(7)d (4.80)
T T gy =) T %y — W)

where C7, Cy and T} and T5 are to be picked later. Thus the solution of the equation

(4.72) can be written as:

a(r) = Cyr %+ Cyr ™ + 1% uy + 17 ug (4.81)

= (71’/’%;r + Cor™ + 7’%€+ /r bu(m)dr + 7k /T —bi(7)dr .

T 7K (e — ) o 7% "y — )

By the boundary condition, we need to have ax(1) = 0. Thus we pick T} = 1, Cy = 0,
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T5 = 0 and C] such that we have

1 —by(T)dT

0 7%y — )

bi(T)dT

% " Hyg =)

1
Ci+ =0=C, = /0 (4.82)

We first show that ' is well defined. Note that in (4.13]) we showed that vy, +o+1 <

0 and
b 1
el L (4.83)
7k -1 7k +o+41
Thus we have
1 1 1
I e L P s
0 My =) T b o et
1 L dr 1 1

< — — < — —(1-0)<C
Ve — W Jo o+t T vy =l o + i |

where C' is a positive constant. This shows that ' is bounded. So we found the

equation of a(r) as following

1 bh(1)d v bu(1)d v —b(r)d
ak(r):r%?/ - f(T) T " —I—r”lj/ — f(T) T " +r7k/ - 1k<T> T —
0 7% "y — ) U T oy =) 0 7% "y — )
(4.85)

With this choice of parameters, ax(r) satisfies the equation (4.72)) and the boundary

condition. We now need to show that it satisfies the estimate as well. We have

r?lax(r)| <

i /1 bi(r)dr | rmiok /1 be(r)dr _rork / by(7)dT
0 r 0 .

- = — 7 +_ — ¥ =
Ve = Ve ™ e % Tl % T 1

Noting that we have the estimate (4.83)) and o + ;" > 0, we see that there exists a

positive constant C' such that

+
T 1 d 1 d
[ < [l
P)/k. _'-)/k r 7‘71@ -1 r T’Yk_l
1 o 1
< TWij/ + . < - + (1 B +> = CTW;JFU <C. (4-86)
r T’yk +o+1 |O' + ’Yk‘ | ,',.O'+’Yk
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We now need to examine the other two terms. Similarly, we should note that we

have sup r?*2|b,(r)| < 1, and o + ;7 > 0. Thus we get
0<r<1

PR b (T)dT rorve T dr

Ve =W Jo Tl o = T

< 1 (r'yljJro' |bk( )’dT +r Ve +0'/ |bk |d7—>

~ e = I

1 T
< 1 ++"/ ar +fr%§+"/ dT,
1 v 4o v, +o
- AR — S e, (4.87)
e =l o+ lo + g | T

The bounds we get from (4.86) and (4.87) give us the desired estimate on ax(r).
O]

Proof of Proposition Recall we are trying to show there is some C' > 0 such

that for all f € Y and t > 0 there is some ¢ € X which satisfies

Li(¢) = f in Bi\{0},
=0 on 0B;.

(4.88)

Moreover one has [|¢||x < C||f]ly.

For the case k = +p, the result has been proved in [1I]. We are going to show the
result is also true for the case kK = —p. First we prove the result on space X; and
to get the desired result on the full space X, we will recombine it with the result for
the & = 0 mode in Lemma [£.9] We fix some 0 < T' < oo, and define the set of A

to be all t € [0, 7] such that there exists a C; > 0 that for all f € Y] there exists a

¢ € X satisfying (4.88) and the estimate

18lx < Crll flly- (4.89)
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In Lemma [4.8] we showed that 0 € A, thus the set A is non-empty. We are going to
show that A is closed and open.

First to show that is open, we let ¢ be in the set A, and we are going to show that
for some small € we have that ¢t = ¢ty + € is also in the set A. This means that we
need to show that there exists a C; > 0 such that if we let f € Y] then there exits

¢ € X, such that
Ly (¢) = f, in Bi\{0},
¢ =0, on 0By,

(4.90)

and they satisfy the estimate. Since ¢ is in the set A, thus there exists a C}, such

that for all f € Y] there exists a ¢y such that they satisfy

Lt_(qb()) = fv in Bl\{o}a
qb() = O, on aBl,

(4.91)

and the estimate

[bollx < Coo [l fly- (4.92)

We look for a solution of the form ¢ = ¢o + 1) where ¢ is unknown. We let L; (¢) =

—A¢ + a; Vo where a; = W. Thus we want

—A(po + 1) + a (Voo + V) = f

<~ —A¢0 + at0v¢0 — A¢ + [at0+€ — atO]ngo + atO+EV¢ = f

By (4.91)), we find that

f - Aw + [at0+6 - a/to]v¢0 + at0+6v¢ = f
— —A¢ + atov¢ + [at0+6 - ato]v¢0 + [atoJrG - ato]vw =0

= L () = [at, — atgr] Vo + [ar, — arys] V). (4.93)
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Thus, we need to find ¢ such that it satisfies (4.93)). Now let f € Y} be nonzero and

set F':= L= s0 ||F|ly = 1. By noting that ¢q satisfies (4.92) and ||¢||x < 1, we want

I
/1
to show that ¢ is a solution of L; (¢) = f, so we are going to apply a fixed point

argument. Define the mapping T,(v) = ¢ such that

L;) (sz) = [ato - a’t0+e]v¢0 + [ato - ato+e]v¢ = .fl' (494)

We are going to do a fixed point argument on 7, : B; — B; where By = {¢ € X; ||¢||x < 1}.
We need to show that for some € there exists a small €y > 0 such that for all |¢|] < ¢

(I) T.(By) C By,

(II) there exists some v € (0,1) such that for all ¢1,1s € By we have ||T.(12) —
Te(¥)llx < vllvb2 — ullx.

(I) Into. We have Li (1)) = fi. Let fi = K 4 I where K = [ay, — a1+ Vo and

I = [ay, — aty1e] V). Thus we have

LA < 1Ky + Tl (4.95)
We can find
K|y < sup |27 [at, — ago4e] Vo (4.96)
0<z|<1
< T (@R ) | s
< Sup eIV ‘((to ORI (T ' '

Note that we have

p ‘p (tolz|*t + ) — ((t0+€)|$|§1+5)‘
(to + €)][¢1 + 8 tolxlﬁ 1+ 8 [(to + ©)]x|E1 + B] [tolz[¢~ + ]

’ pelz)?

[(to + €)|z[¢=t + B] [to|x|s~1 + ] | (4.97)
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Since ¢y € X, we know that sup |z]7" V| < 1, so we get
0<|z|<1

IKlly < sup |27Vl pelt | P g
oS [(Cto + N + B (o) o + ]| = 2

and thus as € goes to zero, ||K||y goes to zero. For ||I||y, similarly we have

Hlly < sup |z|"[ay, — ar Vi)

(4.99)
0<|z|<1
o+2 b . bx ‘Vw‘
< S e G e+ 8) (@l + 8| [al?
p e |af! ‘
< s Vel e ol + B ()T Bl

Since ¢ € X, we know that sup |z[7T} V| < 1 so we get
0<|z|<1

a

1]ly < T (4.100)

and thus as € goes to zero ||I|ly goes to zero. By (4.95), we can deduce that for €
small we have T.(B;) C B; and so T, is into.

(II) Contraction. We need to show that for some v € (0, 1), we have

| Te(2) — Te(¥r)llx < vl — ¥1l|x- (4.101)

We set the right hand side of (4.94) to be f; and we can write it as f; = K(¢o) +

I(¢) where K = [ay, — a4+ |Vdo and I = [ay, — ayyre] V). Thus we can write
[ Te(2) — Te(91) || x as

15 on)+ 1(02) = K ) = 1000}y = N100) = EGn)ly < sup [af” 9 = Funlfr, = v
o+1 . pe |$|£71
< sup eV =)l e S A e+ )|
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Similar to (4.99), we can find that

S ey Pl < 2 i
’ VI = TR + e+ B)] [z + 3)]| = g2
(4.102)
For e small, we get that there exists some vy € (0,1) such that
11 (th2) = I(n)lly < b2 — tnllx (4.103)
which gives us
[ Te(th2) = Te(¥n)lx < o2 — ¥nllx. (4.104)

Thus T, is a also a contraction. So we can apply Banach’s Fixed point Theorem and
thus there exists ¥ € X; such that it is the fixed point of 7.. So we showed that
there exists a constant C; such that for F' € Y} where || F|| = 1 there exists a ¢ in X,
such that L;(¢) = F. We show that there exists a Cy, > 0 such that for all f € Y}
there exists ¢ € X; such that they satisfy L;(¢) = f and the estimate. Thus, using

the linearity of L;, we can write

L9) = F = e = (172 (0)) = L (1) = 1
Now we set ¢ := || ||y ¢, so we have
Li(¢)=f and |ollx < [Ifllyollx <lollxlflly < Cullflly- (4.105)

Thus for all f € Y there exists some ¢ € X; such that L; (¢) = f and ||¢[|x <
Cy || f]|- This means that ¢ = ¢y + € is in the set A and thus A is open.

We now show that A is also closed. Let t,, be in A such that t¢,, converges to
t € [0,T]. The goal is to show that ¢ is also in A. So we need to show that if we

have f € Y} we can find ¢ € X; such that L;(¢) = f and they satisfy the estimate.
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Since t,, € A thus for all f € Y] there exists ¢,, € X; such that L;, (¢,,) = f and

lémllx < Co | flly- From Ly, (é) = f, we get
A + 4V = | (4.106)

where a; = ( Thus we have

—pw
tz[E 1+ B) ]

—A¢m = =NV + [ = gm- (4.107)
We first assume (), is bounded. Similar to before for £ > 2 we define the two sets

1 ~ 1
Ak:{$€B1:k<|x|<1} and Ak:{xEBlz%<|x|<1}.

such that A, C A,. With a similar approach as ([#.50) we can show that g, is
bounded in A; and we have ||Ag,,|| 1o(iy) < C. By elliptic regularity we get that
|Pmllcraca,y < Ci. Thus, we can use the compactness argument and the diagonal ar-
gument to deduce that there exists a subseqence {¢m, }i C {¢m}m and ¢ € C2 (Ay)

A _
such that ¢,,, = ¢ in C’llo’f(Bl\{O}) and thus ¢ satisfies

P r-Vo

“A T G ) [P

=f in Bi\{0}. (4.108)

Note that for fixed 0 < |z| < 1 we have

lollx = sup {lzllo| + =] |Ve|} < A, sup {[2716m] + |27 [V m|} < Tim_[l6mlx.
<|z|<

0<|z|<1

(4.109)

Thus, since t,, € A, we get

[6llx < lim [|omllx < Cr, I flly- (4.110)

m— 00
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This give us that ¢ satisfies L; (¢) = f and the estimate thus ¢ is in A.

We now assume C},, is unbounded. Since by the assumption C,, is the smallest
possible constant that we have the estimate for, we can say that we can find some
¢m € X and f € Y such that L; (¢,) = f and ||¢n|lx < Cy,|flly. But for
(Ct,, — 1), we do not have the estimate and thus we get ||¢n|lx > (Ct,, — D fllv-

We first normalize and we get ||¢,||x = 1 and || f|ly — 0. We also have

—A¢p, = -V, + f = gm (4.111)

and with the same approach as above there exists a subseqence {¢y,, }; C {®m }m and

RS Cl’%(ﬁk) such that

p r-Vo
(tlz]s=t +8) =2

—Ap— =0 in B;\{0}. (4.112)

With a similar argument as in Theorem [4.5] we find that ¢ € X is nonzero and it in
the kernel of L; which a contradiction with our kernel results. Thus we can deduce
that C;, should be bounded. We have shown that A is non-empty, open and closed
meaning that for all ¢ € (0,00) there exists C; such that for all f € Y there exists

¢ € X; such that
Ly (¢) = f, in Bi\{0},
(,75 = 0, on 831,

(4.113)

and

I6llx < Cill £y (4.114)

So for all 0 < T < oo there exists a CT < oo such that |C;] < CT for all 0 <t < T.
We should note that C; can not approach infinity since if we assume that C; — oo
as t — 00, we get the same equation as (4.51]) and we can apply the same argument

to show that we get a contradiction. This shows that C; should be bounded and
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thus the proof is complete.
O
Now to get the desired result on the full space X, we need to recombine it with

the result for the £ = 0 mode.

Lemma 4.9. (k = 0 mode for L; ) There is some positive constant C' such that for
all positive ¢ and all b(r) defined on r € (0,1) with infinite sup,., ., 772|b(r)], there
exists some a; which solves

(N = Do) palr)
r Br + tré

—a!(r) — b(r) 0<r<l1 (4.115)

with a,(1) = 0. Also, there exists C' > 0 (independent of t) such that a,(r) satisfies

sup 77 ay(r)] < C sup r7?[b(r)]. (4.116)
0<r<1 0<r<1
We are also assuming
sup 77 2|b(r)| < 1. (4.117)
0<r<1

Proof. The same as before, we know the integrating factor associated with our ODE

[@.115) is given by py(r) = ) where

[ (N-1 D _ I M
P““)—/l( ; *ﬁwwf)d“(N_l)ln”ml—f)(ln( 45 >>

By noting that f(1 — £) = 1 — p, the integrating factor is

(=g
-1 ¢
(N=1)Inrt gt | In | 255 won B FEE o (trS B (%)
Inr N—-1+
pe(r) =e =e € =r Bl ———— :
t+p
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Thus from (4.115]), using the integrating factor, we get

d

—E(Mt(ﬂa;(ﬂ) = pe(7)b(T).

By considering (1) = 1, we can integrate both sides and obtain

[ rarir = [ )i = (a0 1) ~ pls)ai(s)) = [ pulr)b(r)ar

Thus, we have

'—La' 17’77‘
M$—m@(xn+Lm<w>d) (1.115)

To obtain a;(r), we integrate (4.118]) with respect to s from r to 1 and we consider

a:(1) =0, so we deduce

ai(r) = — /T1 pdis) <a;(1) + /Sl ,ut(T)b(T)dT> ds.

We set a;(1) = — fét 11(7)b(7)dr where RSt = 1 then we have
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Thus by considering (4.117)), we can find that

! 1 S (7)o
< 7 4.11
< (MS [ () dr ) ds (4.119)
P A AN R
<[ () L) e
e B\ t+f
<Gil[b(r)[ly-

So we have shown that a, satisfies the equation with an estimate, but C' can possibly
depend on t. Now assume the result is false and we suppose that there exists some

positive t,, such that C;, > M. Also, a;,,, and b, satisfy (4.115) and
lat,, 1x > M[bm |y
By normalizing, we can assume that

[bmlly = sup {r7 by ()|} = 0 and as,,[[x = sup {r7|as,, (r)[+r"a;, (7)]} = 1.
0<r<1 o<r<1

(4.120)
We claim
sup {r"*!|a; |} — 0. (4.121)
0<r<1
Suppose there are some 0 < 7, < 1 and ¢ > 0 such that
7 ay, (1m)] > €. (4.122)

We need to consider two cases:

(I) r,, is bounded away from zero,

(1) 7\, 0.
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In either case, recall that a,, satisfies

(N —Vag, (r)  pai, (r)
) P f 1 4.12
. Br i1t b(r) for 0<r< (4.123)

with ay, (1) = 0.

Case (I). Note that for all small positive €, we have sup |b,,(r)] — 0. Fix g9 > 0
e<r<1

small. We have that | /ﬁ’):jr?i?ﬁl is bounded by some positive C' on ¢y < r < 1. Using

the regularity theorem of elliptic PDE, we can say for all ¢ > 0, there exist some

0 < XA <1 and a positive constant C' such that

||atm||Clv)‘(260<r<1) < (.

So by the compactness argument and the diagonal argument, there exists some
A
subsequence (without renaming) a,,, such that a;,, — a in Cllo’(f (0,1]. Now suppose

tm converges to some t € [0, 00| and so we can pass to the limit in (4.123]) to arrive

at

(N-Va'(r)  pd(r) _ o . -1 (4.124)

o . . _
a'(r) r Br + tré

with a(1) = 0 when ¢t is finite. Also, in the case where t = oo the equation is

—a"(r) _ (N — 1)0/(7’)

=0 0O0<r«l1
T

with a(1) = 0. Note that we can pass to a subseqence of r,, such that r,, — o € (0, 1]

and using the convergence we have, we get r§

*Ha'(rg)| > e. The kernel results we
obtained for £ = —p in Lemma [£.4] shows that this kernel is trivial and hence we

have a contradiction.
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Case (II). We first define

1
z2m(r) =10 {ag, (rmr) —ay, (rm)} for 0 <r < —

where z,,(1) = 0 . We have
p (N = Day, (rrm) pay, (rrm)
- )= m - m — b (7)) 0 < 11 < 1 (4.125
@, (17m) T Brrm + t(rrm)¢ (r7m) TT ( )
so we get
o2 (N =Drptlay (rrw) o prpta (rre)
o Cay (1rm) . Bt b (e )eT T b (17
Thus
" (N_ I)Z;n(r) Pzin(r) _ ,.0+2 . 1
—2 (r) — . — B b et (e T b (1rm) =1 gm(r) 0<r < .
(4.126)

where z,,(1) = 0. Also note that we have

sup 7"0+2|gm<7')| = Sup (rrm)a+2|bm(7“m7“)| — 0.
0<r<oo 0<rrm<1

Considering the boundary condition and (4.122)), we can write

wm(1) =0, [z, (D) =17 ag, (rm)] > €, and 177z (r)] = (r7n) 7y, (rr)| < 1.

(4.127)

P2y ()
B""H”gtm (7’m)571

Since

is bounded, we can apply a similar argument as before and so
we have {z,,},, is a bounded sequence is C** away from the origin and infinity, thus
there exists a subsequnce (without renaming ){z,, },, such that z,, converges to some
zin CV2. Now we can pass to the limit in . We need to consider three cases

depending on the limiting behaviour of t,,(r,,)*™
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(i) tm(rm)* ™ = 0,
(ii) to(rm)st — t € (0, 00),
(iii) t (1p)s~ — o0.
Case (i): Assuming that t,,(r,,)*"! goes to zero, by passing the limit in equation
(4.126)), we get
(N —1)2'(r)  p(r)

—2"(r) — — =0 0<r<oo

r br

where z(1) = 0. Since away from the origin and infinity we have the C'* convergence,

we can pass the limit in (4.127]) . Thus we have

12/(1)] > e, (4.128)

and

ro Y (r)] < 1.

Since z(r) is in the required space, we can use the kernel results we obtained in the
case of k = 0, and t = 0. So we should have z(r) =0 on 0 < r < co. But this is a
contradiction with (4.128)).

Case (ii): In this case, we can use a similar approach as case (i) and by passing the
limit in equation (4.126]), we get

N_l / /
JZr) ) g g
r Or+t

_Z”<T) _ (

and so using the convergence we have obtained, we can pass to the limit in (4.127)).

Thus we have

12/(1)] > e, (4.129)
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and

ro Y (r)] < 1.

We again use the Lemma [£.4] in the case ¢ # 0 where similarly gives us the result of
z being zero. Thus have the same contradiction as case (i).
Case (iii): When t,,(r,,)* approaches infinity, we get

(V = 1)'(r)

—2"(r) — =0 0<r<oo

where z(1) = 0. We can use the result from Lemma in the case of ¢ approaching
infinity which stated we should have z(r) = 0. Thus again we have a contradiction
with .

The contradictions from these 3 cases prove that we have the estimate (4.119) where
C is independent of . This can complete the result and thus we have shown that a;

satisfies the equation and we have the estimate independent of ¢.
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The non-linear theory

The goal in this chapter is to show that our nonlinear mapping T;(¢, ) is into and
a contraction. Thus by applying Banach’s Fixed Point Theorem we can obtain its
fixed point and complete the proof of Theorem [I.I] Before that, we need to show

the estimates and the asymptotic results that we will need for the main proof.

5.1 Estimates

Lemma 5.1. 1. Suppose 1 < p < 2. Then there exists some positive él,l such

that for z,y € RV

o+ yl” = 2P = plaP 22 - y| < Cralyl. (5.1)

2. For z,y,2 € RN, and 1 < p < 2, there exists some positive CA'LQ such that

2+ yP = plal 2 -y — o + 2P + plaf 2w 2| < Coo (lyl " + |2P71) |y — 21.
(5.2)
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3. For z,y,2 € RV, and 1 < p < 2, there exists some positive CA’1,3 such that
o+l — |2+ 27| < Cog (JefP~ + lyP " + 2P fy— 2. (53)

Proof. 1. We start with the proof of the first inequality for z,y,2 € RY, and 1 <
p < 2. First we prove it for the case where |y| is small. Fix p and let & = ﬁ' and
§ = % then we get |Z| = 1 and |g| < € where € is small.

Let x = and y = ¢, thus

[NS]
[NS]

o+ yl = (o +y)E = o + 20y + [yP]” = [1+ 22y + [yf?]

Let t = 2x - y + |y|* then by using the binomial theorem we get

P
2

o4yl = [1+¢]

p i(g)k
=1+=t+ t".
2 s k

We now add (=1 — p x - y) to the both sides of the equality, so for some positive

constants C, Cy, ..., we have

p — (5
|$+y|p—1—p$'y| =|—1—px-y+1+px-y+2|yl2+z(;’C)tk
k=2

D, 2 (5 k
§|2\yl +Z<Z>t <
k=2

ly|* + ‘(CWQ + Cyoy® + )|

p
2
Thus for small € such that |y| < e and fixed 1 < p <2, we get

p
o +ylP—1—pa-y| < W+ (CilyP + Calyl + )

< §|y|” + Cilyl” + Caly|P + Caly[? + ... < Cly/P.
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So we can deduce that
o +ylP —1—pa-y| < Clyl (5.4)

We now let |z| = 1, and |y| > €. First note that we know there exists a constant
C, > 0 such that |z +y[? < Cp(|z? + |y|?).

We want to show that there exists a positive constant C' such that for |y| > ¢, and
1l<p<2

o +ylP—1—pax-y < ClyP.

For |z| =1 and |y| > €, we have

]|x+y|”—1—pw-yl eyl 4plyl _ G+ Golyl” + 1+ plyl
[yl? - [yl? - lyl?

and so when |y| approaches infinity we get

lz+ylP—1—pa-y

sup =(C < oo,

lz|=1, |y|>€ ’y‘p
which shows that for |y| > €, when 1 < p < 2 there exists some C' > 0 such that
lo+ylF —1—pa-y| < Cly (5.5)

Thus by (5.4) and (5.5), for |2| =1 and § € RN, let Oy, = max{C, C’} so we have

|12+ 9P —=1=p2-g| < Cralgl". (5.6)

72



Note that we had & = & and § = \%I Then we rewrite (5.6)) as

x X

|+ P = —p-y’§

2] " el B
zﬁ——ﬂx+mp P = plal" ™ 2 y| < ——Cualyl.

B E !p
Thus for z and y € RY we have:

[+ yl7 = |2 = pla”™ - y| < Coalyl.

2. We want to prove that for all ,y,z € RY, and 1 < p < 2, there exists a positive

constant 6172 > 0 such that
[+ yl” = plal e -y = e+ 2+ plaP e - 2] < Coa (Jyl7 ™ +12P7) ly = 21.

Similarly, we first prove it for the case where |y| and |z| are small. Fix p and let
& =15 0 =14 and 2 = % thus we get |Z] =1, |9 < €1, and |Z| < €3 where €1 and

A

€5 are small. Let x = 2, y = ¢, and z = 2. We have

[S]iS]
[NJ4S)

ya
2

ety =(e+yP)? = (2P +2z y+y?)° =(1+22-y+yP)

[SI4S)
[NJiS)

= |z +2P = (Jz +2]?)% = (\x|2+2x~y+|z|2) (1+2 Tz |7 )
Set {t =2x-y+|y|*’} and {7 =2 z- 2+ |2|*} then by the binomial theorem, we get

p » oo /p
k=2
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Thus for a fixed k, we can write

|:1:+y\p—]x+z\p:1+l2)t—1—]29¢+z() Z(

P
2
- (1)

0 p 0 p
=pr-y—px-z+ !ylz—*\ ? Z<2>tk—2(2>7k
k=2 k k=2 k
2 2 g
—pr-y—pa-ztl 5 [l = ||+Z<2>
=pr-y-—pr-zty Dyp - *IZIQ

So by taking {p -y — p x - z} to the other side, we get

lz+yP —le+zP—pa-y+pa-z

(|y|2_ |z’2) i( ) (tk L R 2+7_k_1)

) (t’“_l R 2 k32 k2 Tk_l)

Tk

<y—z>-<y+z>+<t—r>§f(

k=2

o /P
(y—2)-(y+2)+ (2 roy—2mx-2+ |y - |z|2) kz:Q (2) (tk_l + 72 4 +t¢k_2~|—7k_1)

NGNS G CR RS A VRS

(y—2) - (y+2)+2z-(y—2)+(y—2)(y+=2) z_:( >(t’“+t“¢+...+tr“+r’“)

—

y—z)- []29 (y+2)+Q2zx+(y+2)- ;i (2) (A S AR SO 7 L r’“)} .

Since we have |t| < 2|y| + |y|?, and |7] < 2|z| + |2]? and also |y| < € and |z| < €3,

we can deduce that there exists a positive constant C' such that
|z +ylP |tz —pr-y+pa-z[ <Cly— 2l

We now prove the inequality for all z,y, and z € RY. Let f(z) = |z|? and we take

74



|z| = 1 and at least one of y, z are bounded away from zero. Consider
g(t) = fle+y+i(z—y)) — flx) =tV f(z)- (z —y)
thus

g) =fle+y+(z=y) = fl2) = V(@) (z=y) = fle+2) = f(z) =V f(x)- (2 = y),
9(0) =f(z+y) - f(=).

Also note that
gt =(z=y) Vi@ +y+iz—y) - Vi) (2-y)
We can write |g(1) — g(0)| < [y |¢/(t)|dt which gives us

19(1) = g(0)| =|f(z +2)) = f(z) = Vf(z) (2 —y) = fle +y)+ f(x)]  (5.7)
=f(r+2) = flx+y) —Vf(z)(z—y)
=|f(z +2) = f(x +y) —pla[""'(z — y)|

=|f(r+2) - f(z +y) — pz + py|

and also note that we have

[l @l = [ 1 =wp [+ y+ i =9l —plap G -n)|  69)
= [ |ple ~ )l +y+ 1z~ )P~ 1]

<z =yl (JoP "+ P+ 2P - 1)
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By (5.7) and (j5.8]), we can deduce that

[f(a+2) = fle+y) —pz+pyl <[z —yl(Ja~" + [y~ + P71 = 1).
Thus, there exists a positive constant C' such that for |2| = 1, and ¢, 2 € RY we have
?|

&+ 91 —pi — |2+ 2+ p2l < C (|9 + 12P71) |9 - 21.

Note that we had & = ﬁ, = %, and 2 = ﬁ Then we rewrite this as

&+ 9P —pi — |2+ 2P+ p2| < C (|9 + 2P |9 — 2]

p p—1
+10i C ( )
1

]
1 B - — _
— W’|x+y’p—p’$\p = ot 2P +plaf Tz < O (|y’p QP 1) ly — 2.

G

p—1

z z

|

p
xr
Ty
| |z]

y
j— pi j—
]

Y

|

A z
N y
x| [x]

— — 4+ =
[ ]

IA

So we get
o+ yl7 = plal 2z -y — |z + 2P + pla 2w 2| < C (JyP "+ 2177) Jy = 2.

3. We want to prove for all z,y, and z € RY, and 1 < p < 2, there exists a positive

constant CA(173 such that

e+l — o+ 27| < Coa (JoP~ + [yl + [2177) Jy — 2.

Similarly at first we prove the estimate for |y| and |z| small. Fix p and let & = %,

§ =1 2=1{; Then we get |Z] = 1 and also |g| < e, and |2| < e where €; and €,
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€~§>

<
I

\.@>
&)
=
o,
W
I
>
=
5
<
D

are small. Set x =

o+ ylP =|(z +9)*% = ||’

“:L"Q—G—QZ' Y+ |2]?

Set {t =2z -y+|y|*} and {7 =2 x- 2+ |2|*} then by the binomial theorem we get

D
2

\x+y[p:(1_|_t> =1+ t—i—Z()tk and ]x+z\p—‘1+7-

P > [P
2_1 2
—|—2T+Z<k>

Thus, for a fixed k, we can get

0o /P 0 /p
'“y'“'W‘pzwit—l—iwz(z)t’“—z@f”

p oo p
=pr-y—pr-2+; |y|2—*| |2+Z o DD 8
k o\ i
2 2 L
=pr-y—pu- Z+ ly* — *I | +Z<z>
=px-y—px-2+§(y2—z2)

So we have

[z +yl’ = |o + 2

% [P
:px'y—px-z—Fg (y—z)(y+z)+(t—7)z(2)(2&’“_1+tk_37'2—|—...+t7'k_2+7'k_1)
k=2

:px(y—z)+g (y—z)(y—l—z)—i—(Qa:-y—Qx-z+|y|2—|z]2)i_o:( (1 4

TN T
TR

=m<y—z>+§<y—z><y+z>+<2x-(y—z>+<y—z><y+z»§ )(t’“1+...+r’”)

)(z&’“1 S HN I T’H)].

ol VS

= (y—2)[pr+7 (y+z)+(2x+(y+z))i<

2 k=2
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Since we have [t| < 2|y| + |y|?, and |7| < 2|z| + |2]* and also by noting that |y| < ¢

and |z| < €2, we can say there exists a positive constant C' such that
|z +ylP =z + 2P| < Cly - 2.

Let us prove the inequality for all x,y, and z € RY. Let f(z) = |z|P and we take

|z| =1 and at least one of y or z is bounded away from zero. Consider the function

g(t) = flx +y+t(z—y))

thus we have

9() =fx+y+(z—y)) = f(x+2)),

9(0) =f(z +y).
We find that
g(t)=(z=yVf@+y+ilz—y).
We can write |g(1) — g(0)] < fi |¢/(t)|dt so we have
9(1) = g(O) =[f(z + 2) = f(z +y) + f(=)] (5.9)

and

[g@lat= [ |~ e+ v+t - ) (5.10)
A e

<lz = yl(lz["~" + [y~ + 12P7).
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By and , we can deduce that
[f(x+2) = fl@+y)+ f@)] <z —yl(lalP + [ylP ™ + 7).
Thus, there exists a constant C' > 0 such that for |2| = 1 and 7, 2 € RY, we have
&+ 91 — &+ 2P < C (14 gl +12P71) 9 — 41,

Note that we had = ﬁ, = ﬁ, and 2 = i‘ . Then we rewrite this as

Bl

12+ 917 — |2+ 217 < C (L + 9P + [2P7) 19 — 2|

T i z z z
<i|+““|+—PSC@H“MHW%y—
ol el el Tl ol el ) el
1 1
p_ p p—1 p—1 p—1 —
= gl ol —le+ 2P < g0 (o™ + Il ) by — .

Thus we have:

e+ gl —Jo+ 27 < C (e 4+ [yP " + 1=y — 2.

5.2 Asymptotics
To prove Theorem [I.1]| we will also need some asymptotics of w;. Note that we had

1 dy , 1 -1
wy(r) :/ —— —, and w(r)=0-— — = —.
r(tys + By) T (tré + Br)v=t (trf + pr)r?
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This means that for 0 < r < 1, we have

. C 1
jw)(r)] < min{—2, ———}
re=1 tp-1pN-1

where C3 = ——. This gives us

pr-T

1
r"+1|w;(r)| < min{Cys, ——}.
tr—iypN—2—0c

We should also note that for any positive ¢, we have

: o+1,, ./ _
lgrér wy(r) = —Cp. (5.11)
To show this, note that
_potl _ypotl
lim ) (r) = lim ——————— = lim — -
r—0 r—0 (t?”§ + 57”); r—0 rﬁ(ﬁﬁg_l + B)I,Tl
and since o+ 1 = ]ﬁ, we have
_,r,UJrl -1 —1
lim 7w (r) = lim — = lim —=——=—Cjs.
r—0 r—0 ro+1 (t?”f_l + B)ﬁ r—0 (trf—l + B)ﬁ Bpj

Also, away from zero, we can see that wy(r) and w;(r) converge uniformly to zero.

5.3 The Fixed Point Argument

We defined the nonlinear mapping T3 (¢, ¥) = (qg, zﬂ) via

~A¢ = p|Vwl2Vw - Vi = ki (2)| Vo + VP + 1) i Bi\{0},
—A) — p|Vw|P~2Vw - Vd = ka(z)|Vw + VP + I(¢) in B\{0}, (512
¢p=1=0 on 0By,
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where

I(¢) = |Vw + V¢ — |V’ — p|Vw|P2Vw - V(.

So for R > 0, we define the space Fg as

Fr={(0,0) € X x X :[|¢]|x, [[¥]x < R}.

We will show that T} is a contraction on Fp for suitable R and ¢. Also, note that on

this space we have

(&, )l xxx = llollx + (19l x- (5.13)

5.3.1 Into

Lemma 5.2. To show that our mapping 7} is into, we need to show that for all

(¢, ) € Fr, we have Ty(¢, 1) € Fr. We know that by (5.13]), we have

16 D) llxxx = 100, D)llxx = 0l + [[]]x-

First we set the right hand side of to be Hy(v) and Hy(¢) as Hy(¢) = J(¢) +
Q:(v) and Hy(¢) = I;(¢) + Ki(¢) where

Jt(¢) = |V7~Ut+v¢|p— |V7~Ut|p—p|th|p—2thv¢; and Qt(lb) = /‘fl|th+v¢|p7

I,(¢) = |Vw, + Vo[P — V|’ — p|Vu, [P >V, Ve, and K@) = ka|Vw + V.

To get the result we need, we should prove two statements for both H; () and H(¢).

First we state them for Hy(¢).

1. There is some positive constant C' such that for R € (0,1),0 < d§ < 1, ¢ > 1,

81



and ¢ € Br C X one has

1
|1 |V + VIPlly < C(Rp + sup|k1(2)| + )
|z]<d

tre1 §(N-1)p—o—2

2. There is some positive constant C' such that for all t > 1, 0 < R < 1 and

1 € By one has

|IVw; + VY|P — [Vw, [P — p| VP2 Vw, Vip|ly < CRP.

Proof. Fix R, and 1 as in the hypothesis and C' would be a constant independent of

these parameters. We have the estimates
(Jz[7Vo())P < R and (|| [V (2)])F < C. (5.14)
First note that we have:

Q) |ly = sup 272 k1 ([ Ve + VpIP) < C sup 2] |(|Vaw|” + [V[P)
o<|z|<1

0<|z|<1

<C sup |7 =P |y | (2] VP + (] V)P).
0<|z|<1

Weknowthata—l—Q—(a—l—l)p:i:—’l’(l—p)—l—?—pzo, thus we get

1Q:()lly <C sup [mi|(|2|"™ [Vwe )P + sup |k (|27 V)P
0<|z|<1 0<|z|<1

dy

We saw that wy(r) = [} ———— s0
(tys + By) T
\?
1)y < sup | (|ac|f’+1<t|:c|E +6|w|)‘°‘1> ©osup Jral (2 V)
0<|z|<1 0<|z|<1
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and since o+ 1 = zﬁ’ we get

-p
1Qe(w)lly < sup [s(t]*" + B)7" + sup |ra|(Ja] " [V])P.
0<|z|<1 0<|z|<1

Fix 0 < 0 < 1. We have k(x), and ko(x) are positive continuous functions such that

k1(0) = k2(0) = 0. We write the sup |ry(x)|(t|z] + 5)”—%’1—1— sup |x1(2)|(|z]7 TV o|)P
0<|z|<1 0<]z|<1

as a supremum over Bs and 0 < |z| < 1 and this gives us

1Qu()ly < supli ()|l + B)7 7+ sup | ()| (¢l + B

Bs o<|z[<1
+ suplw ()| (|27 V)P + sup [w(2)[([2]7 V)P
Bs 0<|z|<1
1

<C sup|ki(z)|+ CRP + sup P ey o
Bs s<fe<1tPT |z

C

<CR +C T 15D
< CRP + ng|ﬁ1(m)|+tp%l|5|(€—1)ﬁ

Thus we have
1
10l < O+ suplsa)] + i) (5.15

For J;(1), we apply the estimate (5.1)) where we set x = Vw; and y = V). So we

get
| T (D) ]ly < s|u|p 2|2 |V, + VY|P — [V, [P — p| VP~ 2Vw, Vi (5.16)
0<|z|<L1

< sup |27Vl < sup (J2|7 VY|P < ORP.
0<|z|<1 0<|z|<1
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By (5.15) and ([5.16])) we can deduce

[1H: ()]l =O<S|U|I><1!$\"+2!Jt(¢)+Qt(¢)! < sup |x|”+2\Jt(w)|+Osup [2|721Qe(¥))]

0<|z|<1 <|z|<1

1
<C|RP +suplri|(z) + ———+—5|.
<R aleali) + e

We now prove similar statements for Hy(¢).

1. There is some positive constant C' such that for R € (0,1),0<d <1, ¢t > 1,

and ¢ € Bg one has

1
ko|Vw, + Vol?|ly < C| RP +sup |ka(2)] + :
Il ¥+ Sl < €+ sup o)+ ko)
2. There is some positive constant C' such that for all t > 1, 0 < R < 1 and

¢ € Bpg one has

|| Vw; + VoF — [V P — p|Vw, [P 2Vw,Vo|y < CRP.

Proof. Fix R, and ¢ as in the hypothesis and C' would be a constant independent
of these parameters and we again use the estimates (|z|7™ |V (z)|)? < RP, and

(2|7t | Vw(r)|)P < C. First note that we have:

Ike(@)lly = sup |2 |ra| (| Vewe + VIF)

0<|z|<1

<C sup [a""|mo|(|Vu” + [VI”)

0<|z|<1

<C sup [2]7 || TP | (2|7 V] P + (7T VB])?).
0<]z|<1
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We saw that 0 + 2 — (0 4+ 1)p = 0, thus we get:

[ke(@)lly <C sup \fﬂz!(!x\"“Ith!)p+Oslu|10<1|f”»2l(\x|"“\v¢l>p-
<|z|<

0<|z|<1

By using the equation of w;, we have

1 p
lk@)ly < suplrm(\xr““@rx\&+m:cr>f~) £ sup ral(lal™ Vo))

<lz|< 0<|z|<1

. _ 1
and since o + 1 = o1 We get

=3
1ke(@)lly < sup |ma|(txl*™ + B)7" + sup |rof (|2]7"[V])7.
0<|z|<1 0<]z|<1

Similarly, fix 0 < § < 1. We know that x;(z), ko(z) > 0 are continuous and ;(0) =

k2(0) = 0. We write the sup |ro(x)|(t|z]*7* + 6)";‘?1 + sup |k2(2)|(|x]7THV|)P as
0<|z|<1 0<|z|<1

a supremum over B; and 0 < [z| < 1. Noting that ({ —1);25 > 0, we get

k(@) < suplia(@)|(tlal " + 87 4 sup o) (1]} +8)7"

s o<|z[<1
+ sup|ra(2)|(|2| 7 V[P + sup |ro(2)[(J2]7 V)P
Bs 0<|z|<1

1
<C suplrg(x)| + CRP + sup ————5
Bs §<lz|<1tP=T || T

C

< P — -
< OB+ C supl(z)] + 17 || € Dt

Thus we have

1
@)y < O(Rp +supla(o)] + tw@)> (517)
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For I,(¢), we can apply (5.1]), where we set x = Vw, and y = V. So we get:

I1:(P)|ly < sup \x!"”\th + VolP — |Vuw,l? —p\th\p_2thV¢ (5.18)

0<|z|<1

< sup [¢"?[VolP < sup (J2]7H V| < CRP.
0<]z|<1 0<|z|<1

By (b.17)and (5.18]) we obtain

[Ha(¢)lly = sup [z|"1(¢) + Ki(@)| < sup 2|7 1(¢)[ + sup ||| Ky (¢)]

0<|z|<1 0<|z|<1 0<|z|<1

1
< P 5 |-
_C<R +sg§>|/-’vz|(w) - tppl|5|<£—1>;’1>

5.3.2 Contraction

Lemma 5.3. To show our mapping is a contraction, we are going to show that if we
have 0 < R< 1, 0<d <1, t > 1, and ¢;,¢; € Br and we set T;(¢;,V;) = (gzgz,gﬁz),

there exists some C' > 0 such that

1

| Ty (2, ¥2) =T (1, 01) || xxx < C{Rpfl—i‘sgp{\m|+’/€2\}+w§7_1}‘|(¢27 Vo) —(d1,91)|| x xx-

Proof. First note that we have:

Ty (b2, 2) — Tulr, 1)l xxx = (2, a) — (61,%1) ]| xxx
= [I[(d2 — ¢1), (&2 — 1))l xxx
= ||92§1 — ngHX + ||1;1 — 1;2HX-
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We set the right hand sides of (5.12)) to be H;(v)) and Hy(¢) where

Hi(¢) = |Vw, + VY|P — |Vuy|? — p|Vw, [P 2Vw, Vi) + k1| Vw, + VP,

Hy(¢) = |Vw; + Vo|P — [Vw [P — p|Vw|P *Vw, Vo + ko|Vw, + VP

For H;(1) let us define I; and K; such that

Hi(o) — Hi(Y1) = I + ks

where

(1, 9) = |Vws + Vo P — p| VP2V w, Vipy — [Vw; + Vb [P + p| V[P 2Vw, Vb
(5.19)

and

k1(1,v2) = ki (@) (|[Vws + Vibo|? — [Vwy + Vi |P). (5.20)

Similarly, we write Hy(¢) as

Hy(¢2) — Ha(¢1) = J2 + Qo

where

L(¢1, ¢2) = |V + Vo|? — p| V[P >V, Vs — [Vw, + Vér | + p| VP>V, Vg

Qa2(¢1, §2) = ka(2)([Vwy + Vol — [Vwy + Vu 7).

We prove two claims for both H; and Hs to show that T} is a contraction. First we
state and prove our claims for Hy(v)).

Claim 1: There exists a positive constant C such that for 0 < R < 1,t > 0 and
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0i,V; € Br we have

~ 1
sup |2|7 "2 ki (Y1, ¥9)| < C (Sup Ki(x) + pyTa) + 2Rp_1)”(¢2>¢2) — (1, U1) || xxx-

0<|az|<1 Bs

Claim 2. There exists a positive constant C' such that for 0 < R < 1, ¢ > 1, and

®i, V; € Br we have:

sup [2]7"2[11(¢1, 92)| < C2RP (2, ¢2) — (61, 91) [ xxx.

0<|z|<1

Proof of claim 1. We use (3.1 and ([5.20)) and apply (5.3) where we take © = Vuwy,
y = Viby and 2z = Vb Also we note that (p — 1)(o0 + 1) = 1, thus we have:

sup |27 [k (v, 1)] < sup |2l (@) (([Vwr + Vo] — [V, + Viu[?))

0<|z|<1 0<|z|<1

<Cy sup o]y (@) ([Van P~ + [V [P~ 4 [VilP 1) [V — Vi

0<|z|<1
1
<C sup 2|7k (2) (= + [V [P+ [V |V — V
<C sup ol m (@) (G gy + VOl + [Vl ™) V91 = Vel

<Gy sup |27 (@) (((Hal* + Blal) ™) [Ver — Vil

0<|z|<1

+Cy sup [2]7 2 () (VP 4 [Vl ™) [V — Vi

0<|z|<1

<Cy sup |zl°THVuy — V ("W
e A Ve

TGl R (i A Loty (’x‘gﬂvaﬂ)pl))

Fa(x)]x|

<C; sup |z|"HV (¢ _¢2)|(t|x|f—i—ﬁ|x|

0<|z|<1

+ () (R + (R)pl))

F1(z) . )
=C ) 2O R e () ) 4 —
N 10<Sli|pgl<t|x|f—1 + 8 1 1(2) |12 — ¥allx
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Let 0 < 6 < 1, so we find that:

_ @) k1 (2) k()
oop < Sup o sup S 5.21
o<lel<1 @[T+ B Toclajcst|z[STH+ B sejaiat]a]fT + 5 (5.21)
K1(T) K1(z)
< sup —— + su
o<lzj<s P 5<|z|<1 1057}
C

< Csup k() + ——.
- ng (@) tos—1

Thus, there exists a positive constant C' such that

sup [z]7"2ky (11, )] < C (sup mi(x) + 2R + t55 !
0<|z|<1 Bs

bz = .

We should note that

2 — P1llx < [(d2,%2) — (D1, V1)l xxx = [P — Y1llx + [[d2 — b1l x (5.22)

which means

A

sup 2|72 k1 (1, 10)] < C (sup ki(x) +2RPH +

0<|z|<1 Bs téf 1

M(62,02) = (61, 91) | xux-
(5.23)

O
Proof of claim 2. We apply (5.3) where we set Vw, =z, Vi =y, Vio; = z, thus
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we have

sup |z|7 311 (¢1, 1)

0<|z|<1

= sup |2|7*||Vwr + VialP = p| V[PV, - Vb — |[Vay + Ve |? + p| Vo[>V, - Vi |

0<|z|<1

< C sup [2P (Vo™ + (Ve P 7)|Viby — Vi)

0<]z|<1

< C sup [2]([Veel"™" + [Viu [P |27 [Vipe — Vi |

0<|z|<1

< C sup [o =PI ([ IV P 4 (2] V[P 217V (0 — )|

0<|z|<1

< C sup ((j| V|V + (J2] V[V P 14 — | x

0<|z|<1

< C2R"|¢hy — i x-

Thus by (5.22)), we can write

sup [2]7"2[11(¢1,92)] < C2RP| (2, ¢2) — (61, 91) [ xxx (5.24)

0<a|<1

By (5.23) and -, we can deduce that

+ 2R [[(62, ) — (61, %) l|xwx- (5:25)

T
2 = dallx < € (sup (@) + 35

We now state similar claims for Ho(¢).
Claim 3: There exists a positive constant C such that for 0 < R < 1,t >0 and

®i,V; € Br

A

sup |2|7"?|Qa(¢1, ¢2)| < C (Sup Ko(x) + 2R +

0<a|<1 Bs t55 !

)”(¢2,"¢12) (&1, 1) xxx-

Claim 4: There exists C' > 0 such that for 0 < R < 1, ¢t > 1, and ¢;,1; € Bg we
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have:

sup |2|72|Ja (o, do)| < C2RPH|(d2y th2) — (b1, ¥1) || xxx-

0<|z|<1
Proof of claim 3. With a similar proof to (5.23)), we can apply (5.3)) where we set
xr = Vw, y = Vg and z = Vi); and we have:

sup [2]72|Qu(d1, ¢2)| < sup |2|7 ko () (Ve + Voul” — [V + Ve 7))

0<|z|<1 0<|z|<1

<Oy sup [2]7Phs(2) (V™ + Vi~ + [V ™) [V — V|

0<lz|<1

1
<C su X U+2 _—
A e Ol G ey

o+l Ko(7)|| - p—1 p—1
<Cy s [of7 9061~ 0| AL (o) (0 )
Ka()

tlels=t + 5

+ Vit + Vol ) [Vér — V|

<Cj sup (

0<|z|<1

. 201310—1@(9:)) 162 — 61 1x.

Similar to (5.21)), by letting 0 < § < 1, we have:

K2 ()

sup ———— <
o<lz|<1t|Z]¢71 + B

Csup Ko(T) + L5t

Thus, by ([5.22)) there exists a positive constant C' such that

A

sup [2177|Q1(¢1, ¢2)| < C (sup ra(x) + 2R +

0<a|<1 Bs t55 !

MH(B2,2) = (61, 91)l|xx-
(5.26)
Proof of claim 4 Similar to the proof of (5.24]), we can apply (5.2) where we take
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Vw, =z, Vi =y, Vi; = 2z, and thus we have

sup || 11 (¢1, )]

0<z|<1

= sup |z|7*||Vwr + VilP = p| VP2V, - Vo — [Vwy + Ve P + p| V[P 2V, - Ve |

0<|z|<1

< C sup |22 (([Veal™ + [Véi[P~) Vs — Vi)

0<]z|<1

< C sup ((j TV |VaP) + (2|70 V™)) 162 — énlx

0<|z|<1

< C2R" | é2 — 61 x-
So by , we can write
OSE‘PSI|~”C|U+2|J1(¢1, $2)] < C2R"[(f2, 02) — (¢1,91) | xx (5.27)
By and , we can deduce that
162 — dillx < C (Sg(}) ra(T) + t(5g1—1 + 2R )02, 002) = (é1, 1) lxnx. (5.28)

So by (5.25)) and ([5.28]), we have

Ty (62, 1) — Ty(dr, 1) lxnx = (D2, 2) — (1, 01) || xxx
= ||[(<£2 — 9231), (1/;2 - 121)]||Xxx = ||€31 — ¢A52||X + Wl - 1;2||X
( (@2, 02) = (61, 91) [ x

sup Ky + 2RP!
B(;p ! +t65—1

+C (sup Ko + 2RPT! +

B, t5§—1>||(¢27¢2) - (¢17w1>||X><X

1
¢!

< C(sgp{m + Ko} +2RP7! + )H(%, Vo) — (1, ¥1) || xxx-
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5.4 Proof of the main theorem

Proof of Theorem We can now complete the proof of our main theorem.
Recall that we want to find some ¢ and ¢ which satisfy such that u(z) =
wy(x) + ¢(z), and v(z) = wy(x) + ¢(z) satisy equation (1.2)). We will show that the
mapping 7; is a contraction on Fg for suitable 0 < R < 1, and large ¢.

Into. Let 0 < R<1,0< 0 <1,t>1,and ¢,v € Bg. Set Ty(¢,¢) = (gzg,lﬂ) Then

by Lemma , there exists some C' > 0 (independent of the parameters) such that
IR 1
H7§(¢,¢)HX’::H(¢,¢)HX§K7<f?’+-§gp{|ﬁﬂ($)‘F’“ﬂ(w)ﬂ'+'tledﬁgUp1>-
5 p— p—
Hence, for (¢, 1) to be in Fg, it is sufficient to have

<R. (5.29)

1
o( e+ sup(leal) + \ﬁz!(m)\HW) :

Contraction. Let 0 < R < 1,0 < 6 < 1, and t > 1, also ¢;,v; € Bgr. Set
Ti(s, i) = ((51,7,22) Then by Lemmawe have

1
o1

(B2 82) = (b1, 90) [ < C(supls + 1) + 20771 + 2o )62, 82) = (81,91) [

Hence, for T}; to be a contraction, it is sufficient to have

1
C(Sup(/ﬁ + ko) + 2RPT + ) < - (5.30)
Bs 2

o1

We now choose the parameters. Note that we can satisfy both and
by first taking R > 0 sufficiently small, similarly we take § > 0 sufficiently small
and then we take ¢t large enough. Thus we obtain that 7} is into and a contraction.
We can now apply Banach’s Fixed Point Theorem to find the fixed point (¢,%) of

T; on Fr and hence (¢,) satisfies (3.4). Thus u; = u(x) = wy(x) + ¢(x), and
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vy = v(x) = w(x) + ¥(x) are solutions of (1.2)) provided (¢,1)) satisfies (3.4). We

need to verify that we can obtain a nonzero positive solution. Note that we have

|I|U+1|vut(l‘)| > T0+1|w£(7ﬂ)| . |x|o+1|v¢(:p)| > 7“U+1|w2<7“)| - R,

2|7 Vve(2)] = r7H wy(r)] = 2|7 V(@) = v i (r)| - R

since ¢, 1 € Bg. Recall now by (5.11]) for all positive ¢, we have (lim, o r"w,(r) =
—Cj) and hence by taking R > 0 sufficiently small, we can see u;, vy are nonzero
when for some small positive €, we have 0 < |z| < €.

To show that both u; and v; are positive on B;\{0}, note that by (3.1), we have

Y
0= | e

For all positive ¢, we can find some z € (0, 1) such that we have ty*~1 < 1 for any y

that satisfies 0 < y < z. Thus, since we have p%ll + 1 =0, we get:

1 z 1
wt:/ d >/ T dy > —— ——
r (tyf+5y y(tys— 1+5)) royrT (14 B)rT

ol mclt 2]

/,nO' ZO’

So there exists some positive constant C' = C{g, such that for all 0 < r < 2z, we
have
r.o

r7wy > C(1 — (;) )

and we know

ut:wt+¢ Ut:wt+w

where ¢, 1) are in X. Thus near the origin when r goes to zero, we see that u;, v,
are positive. Now for € < |z| < 1, note that since x; > 0, we have —Au; =

(1 + k1(x))|Vo|P > 0, and —Av = (1 + ka(x))|Vul? > 0. Thus, by applying the
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maximum principle, we can say that u;, v; are both positive on € < |z| < 1. It

verifies that we have nonzero positive solutions.
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Conclusion

In this thesis, we studied the existence of our PDE problem

—Au = (1+ r1(x))|Vol|P, in B\{0},
—Av = (14 ko(2))|VulP, in B\{0},
u=uv=0, on 0By,

on B; which is a unit ball centered at the origin in RY. We assumed N > 3 and

N

v <p <2 Also, k1,k2 > 0 are continuous functions such that x;(0) = 0. Our

goal was to show that there exist an infinite number of solution u;, v; on the domain.
With the approach we took in this thesis, we simplified our problem to two scalar
problems and obtained two linear operators L where we could analyse on some
function spaces X, and Y. We obtained an estimate which later we used to perform
a fixed point argument in chapter 5 on the nonlinear operator T;(¢, ¢) = (ngS, 1&) on
a complete metric space to show the existence of positive singular solutions of this

problem.
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