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ABSTRACT

The physical- optics approximation Ís utilized. to

improve the convergence of the nunerical sofution usíne the

moment rnethod. As a resul-t, the range of the application of

the rnoment method is extended. to objects of rarge to very

large electrical d.irnensions. The ad.vantage of this method.

over the conventional- moment method is verified. by its

apÞlication to large cond-ucting circurar cy1 ind.rical

refl-ectors and. accurate solutions in rel-atively l-ess

cornputer time are obtained.. The ef f ects of variously shaped.

d.iel-ectric load.ings on the radiation characteristics of

cylind.rical refl-ectors are also investigated. and. parameters

most important for the overa]-l- behavior of such refl-ectors

are d.etermined..Finallyrthe effects of surface oeforrnations on

the rad.iation patterns of some common]-¡' used. reflectors are

studied "rrà is shown that by a proper choice of the

parameters invol-ved., d.irective beams of d.esi.red. shaÌre can be

obtained-.
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CHAPTER ONE

rNTR ODUC TI ON

The underlying d.if f erentÍal equations, d-escribing the

scattering and d.iffraction phenomenao have long been ful1y

und.erstood.. The ÉIreatest d.if f ieulty in the solutíon of many

problems of electromagnetic theory is usually not the analy-

tíeal red.uction of the origínal vectorial problem to a set of

scalar vave ecluations, but rather obtaining the solutÍon of

such red-uc ed. equations . The method of separation of

variabJ-es serves c¿uite veJ.l- for the stud.y of some sÍmple

e]-ectromasneti c vave problems. The vave equation

V2\D + k'P = O is separabl-e only in eleven òoord.inate

systems. But a useful solutÍon, in the pïesence of an

ob j ect, can on1¡r be f ound. if the ob j ect surf ace coinc id.es

vith one of the coord-inate surfaces. This is a necessity,

since the solution is unique if it satisfíes the bound.ar¡¡

conditions, and- it can be applÍed- Íf the above cond.ition is

satisfied.. However, even if the bound.ary surfaces coincid.e

vith one of the coord-inate surfaces, the solution obtained.

using the separation of vaiables, may not be practical-ly

useful. This is duF to the faet that the eigen functions of

some of these coord.inate systens cannot read.ily be computed

or the resulting series are s1owly convergent. Therefore,
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exact analytical- solution of electrornagnetic boundary value
probrems are restricted. to a small group of ob j ects r,¡íth

simple geometrica.f shapes. For this reason, attempts have

been mad-e to d.evelop approximate solutions, which could
provid.e useful solutions for variety of the probl-ems, und.er

certa.in cond.itions; Exampres are the lorv and. the high
frecluency approximations ) variationar- rnethod.s as well_ as the
geometrical theory of d.if f raction. Holrever, one of the
d-rawbackJ of these method,s is that, their application to
each nel.r scattering problem requires a great deal of thought
and- ingenuity to estimate their accuracy of the solution and.

to include al-1 necessary rays or ef f ects. rn ad.d.itÍon arl
these methods tend to be l-ess accurate in the intermed.iate
frequency range, where the d.imensions of the objects are of
the same ord.er of the frequency vavel-ength.

on the other hand, numericar- method.s may ar-so be used.

to stud-y the el-ectromagnetic scattering problems by an

application of the bound.ary cond.itions in a finite set
bound-ary points. These method.s have received. increasing
attention in recent years d.ue to the availability of the
d.igital cornputers. They are, hovever n nost useful in the 1or,¡

and- intermed.iate frequency ranges, f or r+hich the required.
computing tine is not excessive. rn apolication of these
method-s to the scattering probl-ems, usually the original
d-ifferential or the integral equations are transformed. -into

a set of simul-taneous equations. A solution for the probl-em
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is then obtained. by the solution of these resufting linear

equatÍons

obtai n Q qêf

problems. One

scattered. field.

d.istÍnct approaches have been empJ-oyed. to

of linear equati.ons for the scattering

is based. on the rnod.al expansÍon of the

in terms of a complete set of certain mod.al

functions wÍth unlçnor¡n coef ficients. These unknown

coefficients are then found. b]' a truncation of the mod.al-

series and the application of the bound.ary conditions in a

finite number of bound.ary points and. solving the resutting

simultaneous equations. Alternatively, the scattered. field.
may al-so be found. in terms of an integral equation of
certain unknown quantities, vhich d.epend,ing on the ob j ect,

may be the ind.uced. charge and- current d.ensities on eonductor

or the polarization c.urrents a d.iel-ectric re¿¡ion. A

solution for such an integral eo_uation is usualI¡' obtained.

by an expansion of the unknol¡n ouantities in ter¡ns of a

series of selected. functions vith unknol¡n coefficients oï a

direct numericar evaluation of the integral equatj-ons.

The integral equation method- vas first used. by ld€i

and. van Blad.ell for d-eter¡nination of the fiel-d.s scattered. bv

perfectly cond-ucting rectangular cylinders. The unknown

quantity of the integrand. Ìras the ind.uced- current on the

cylind.er, which vas expand.ed. in a set of d.iscontinuous srep

functions and. the boundary conditions vere enforced. at N

d-ifferent points on the contour c of the scatteïeï. The
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integral equation vas then approximated. by a we-.i-gìrted sum of
N sampred. val-ues of the current dÍstribution and the
resulting set of N 1ínear equations Ì{ere to give the
required. unknor¿n current. f n a l-ater paper by Andr"""urr3"
more refined. form of this method rras used. with better
approximations for the current d i stribution and the
numerical- integratíon(parabolic apBroximation) to d.etermine

the scattered. field- of a set of cond.ucting cylind.ers of
arbitrary cross sections.

Folloving these papers, the appfication of this
method- has been extend.ed to various two and.

three-dimensional- antenna and. scattering problems. The

publications in this area are numerous, but may be

sunmarized as ; ssattering from bod ies of revor_utÍon 3,

scattering from c]'linders vith arbitrary surf ace imped.arr"" u,

scattering by a d ielectri-e cylind.er of arbitrary cros s
section using a volu¡ee integral formuraiion ut6, straight and,

circular wires vith arbitrary exci tation anö. load.i rl*t t ,

scattering from cond-ucting l-oops anô solution of circular
loop antennas9 and. the conical-equiangular spiral "rrtur.r""l 

o.

The results of r-.hese and. .numerous other r¡orks in
tiris area are used- by Harringtåï:" t to present a unÍf ied.

approach f or solving f iel_d. problens us ing -. : d.igital
conpuiers. J4ore recently Ì:.{ittra et al have surlnarized_ al_1

these nunericar methocs in their bookl 
t 

u.rd. have provid.ed.

useful- discussions on their advantages and. l_i¡litations. The
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nethod Ís al-so considered. b¡r ,[^rar-1".rbu"gt u, where he has

described it in terms of the concept of generalized. network

Ðar amet er s .

ïn applÍcation of trrese method-s to scattering
bodies vith sharp ed.ges, d.ifficulties arise ;{iren certain
fiel-d. coL-rponents nbecome infinite and. an accurate evaluation
of these components require theÍr careful treatnenls. one

vaï, which has been used. by shaåsi'16 ' 
¡J 

to relate these
singularities at the sharp ed.ges to the geometry of the
scatterer using a transformation method.. The resulting
integral then has a ner¡ unknovn function, which Ís regul-ar
and. read.ily obtainable. fn another approech, utilized by

Abdelmessih and. sincr"i"t t, 
the exact behavior of the f ield.s

t9at the ed.ges was d.escribed. by the lvleÍxner'. ed.ge cond.itions
and- its contribution l^?as includ-ed. in solving the Íntegral
equation. Horrever, the simplest approach is to ignore the
contribution of the edge currents by plac ing +-he sanpJ-ing

points near but not on the ed.ge itself. This approach has

been appried. to the ¡robrem of scattering by a perfectry
2o

nnnrìrrnf inæ ran*^--1^ ^-Á L^-çv¡¡uuu urrrÈ=, r cctangle and. has shown that for step sizes J-ess

than 
^/1'o 

, th-e resulting erïor in the cornputed. ind.uc ed

crr¡renr ¡lrra to a nesh size, will not exceed, two per Cent.

0f prime importance to the user of the no',ent
method. is how to solve the integral equation easily,
accurately and. rapic1ly. A linitation cf this method., when

use<i to anarfze scattering probtems, is t]rat the scattering
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bod.y cannot be longer than a f ev l¡avelengths, sinc e large
bod'ies result in larEçe matrices ¡.rhich recl.uire excessive

computer storage and. running time. rn ad.d.ition ¡ .zsid.e Írom

tjre excessive computation time, tire aceumulation of error,
while invertíng large inatrices¡ greatly ímpaires the

accuracy of tìre sorution tnus obtaíned.. The best one can d.o

then, is to seek for a \{ay to improve the rate of the

convergence of this method.. fn
2l

paper by Kinzel_, a

for treating thesectioning method. is suggest

t¡,ro-d-imensiono I cao**ô' j hg problems Lrhieh involve farge
bod.ies. rn this method., the scatterer is d.ivid,ed. into a

number of smal-l- secti-ons r¡hei.e a section night typically be

of the order of one r¡avel-ength long. Each section is then

d.ividèd, into nore subsections. The next step is to corpute
the current distribution on three ad.jacent sections, using
tne netÌrod" of monent, and. ignoring the contribution of the

current d.istribution over the renainir:g seciions. The

calculated. approxinate current dist,ributiongare stored. for
onJ-y th-e :nid-d.1e sections. The proced.ure is continued. for
determining the current oistribution ovellthe entire contour

of the scatterer. Tiris technique. essentially assumes that
the current on cne section is significantly affected. onr;r by

the cìlrrenis in th-e ad.joining sections, vhicir is onry a good.

apËro>lination if tire secticns are not too sroall.

0¡e of the d.ravbacks of this nethod i s in
conpletely negl-ecting tb.e contribution frora the ed.ge curren-¡,

a

ed
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distributi-on, r'¡hich is qu.ite significan'cr of, the other

sections. l¡loreover, the computati-onaL time saved. by this

¡nethoC. becomes significant only when the number of sectÍons

is much larger than nine. Therefore, to extend the

appf ication of the method. of moment to ob j ects r¡ith large

cross sectional dirnensions , reJ-ative to the l¡avelength, a

further nod.ification of the method is reouired which d.oes

not suffer from the arJv¡actJ given for the sectioning
naÈlaa¡f

For problems of cond.ucting ob j ects, the physical

optics approximation usual-ly provides an approximate val-ue

f or the ind.uced. currents. This ¡¡ouJ.d suggest the use of the

concept of tta priori knovledge of the sol-utionrr for

improving the rate of the convergence of the moment method..

Tn â. Teeent oa¡ "r". this teclr-nique has been applÍetì. to the

case of tl¡o-d.imensionaf scattering from a perfeetJ-y

cond.ucting strip i1l-uminated nornall-y by a pJ-ane l,rave. This

methoô is essentially e cornbination of t-he physical optics

approximation and. the point matehing technique. On the

if l-uminated. sid.e of the conducting surf ace, the phys ical

optics current has a vaIue,

2n x H.
aDO

Thus, assuming the total current in the form of,



J=J+
po

the J - is readily knovn from the incident field. of the
po

source and. Jd is the only unknolrn current to be d.etermined.

However, the d.Í f f erence current Jd i3 due to the surf ac e

discontinuities and. the shadow region and. is localized. to

the edges of the scatterer. Thus, ãs the scatterer size

the contribution of the d.ifference current

J
d

increases,

decreases, but d.ue to its local-ized. natrrre can always be

d€termined. by choosing enough matching points near the ed.ges.

In ehapter three of this thesis, the above method

is applied. to the problem of tlo-dimensional scatterÍnp1 from

circular cylindrical refl-ectors in the presence of an

electric line source. The improvenent in the rate of the

convergence is demonstrated. for a med.ium size reflector and.

finally the method is applied. for treating large refl-ectors

vhich are not solvable by a d.irect moment ¡nethod.

Ord.inarify, the -ul-timate goaJ- in the antenna ôesign

and. stud.ies is to seek a way of controling the radiation

characteristies of the antenna, in a pred.eternined manner.

This task is usua'l ly achieved. by Íntroduction of some

passive elements in the path of Talrs, for phase correction.

For example, reflectors, diel-ectric material-s or netal-

plates are quite suítable for this purpose, since they

perforra the same basic function, that isrâ nodification of

the nhase.
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So far, number of theoretical and experimental

investigations have been carried. out to stud.y the possible

control of antenna characteristics by d.ielectrically load.ing

the conventional- antennas and. reflectors. Arnong these works

ATêt i.he rìi cl sstric load.ed.axial slot antennas on a círcufar

cyJ-ind.er, vhich is soJ.ved. analytically vithin certain

sinplifying assumptions, for ínvestigation of the external
23

sl-ot admittance, investigations on the optimum d.ielectric
24

thickness for maximùn pover radiatiorr , experimental stud.ies

of the variousty shaped. d.ielectric inserts on the radiation
25,26r27

patterns of loaded horns and. corner refl-ectors , the

effects of the symmetrical- loading of a horn aperture vith

E-pJ-ane d.ielectric slabs for obtaining high aperture
28

efficiencies ., radiation by d.ielectric-foaded spherical o

circular cylind.ricaJ. antennas, weilges and- corner refl-u"to"""

and. resonance effects d.ue to d.ietectri-c loadíno in
30r31

cyl-indrical- and spherieaJ- slots .

Due to the sc'arcity of quantitative theoretical

data on the effects of various Darameters Ínvolved in

scatterÍng from d.ielectrically loaded. cylind.rical

reflectors, chapter four of this vork is oriented. to stud.y

numerÍca1J.y the generai scattering properties of this class

of reffectors. The advantages of the nulnerical method- are

based. on the fact that the approximate solution tends to

converge to the exact solution as the number of matching

points increases and. has the fl-exibility of treating
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probl-ems of arbitiary

source d.istributions .

cross sectlons and. tvo-d.imens ional

Another method. of controlíng the rad.iation

cltaracteristics of the antennas, &s stated. before, is by

changing the geometrical structure of the antenna system.

Reflectors end- metal plates are quite suitabl-e fo: this

purpose, and. if d.one Judiciousl.y, it is possible to shape

the radiation pattern of the radÍati¿g element in a desired.

fa shion.

So f ar r- most of the information avail-abl-e f or

conventional- refl-ectors, has been obtaÍned. through the use of

ray theory, which is only appl-icabJ-e if the characteristic

d imension of the refl-ector is much sreater than the

waveJ-ength. However, for dimensions of the ori[er of th"
wavelength, this approach most J-ikeJ-y is not able to yield.

results vith acceptable accuracy. The purpose of the fifth

chapter is to investigate the radiation characteristics of a

fev commonly used. types of reflectors of rnod.erate cross

section sizes, by means of numerical technique. It aì.so

studies the pos s ibitities of beam shaping by surfac e

d.ef ormations , and. improving +-he radiation characteristic s of

these types of reflectors in a desireil rnanner.

ïn sumnary, this thesis considers the numerical-

investigation of the scattering properties of circul-ar

cytindrical refl-ectors. The integral equation approach has

been ad.opted. and. the problem is solved by the method. of
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moment. In chapter twoo the probJ-em is rigorously formulated

in the form of a set of integral equations. Tlre general form

of the equations are then red-uced to the forms describing

the ti¿o-d.imensional case. Particular attention is paid to

the case of transverse .magnetic (TM)scattering r¿hich is the

general topic of this stud.y. Chapter three d.eals r,¡ith the

numerical processing of the integral equations. The

advantages and. l-imitations of the nethod of moment are

descri.bed. and- the concept of using tta priori knowl-edge of

the sol-utiontL is appli ed. for ext end.Íng the range of

applicability of the numerical- teckrnique to lal'ge ref'l-ectors

lrithout excessive storage and. computer r',:nnj.ng time. Chapter

fcrr: j-s intend.ed. to investigate the general- scattering

properties of d.ie_l-ectricalJ-y load.ed cyl-ind.ricaJ. refl-ectors.

Since à11 the effects cannot be observed. in one geome!r¡r , a

number of selected- geometries are investigated.. 0ne of the

aims of this chapter is the d.etermination of the most

effective parameters for investigation of overall rad.iation

characieristics of such loaded. refleciors. A knovl-eoge of

the effects of the parameters, would in fact, bê of great

help to the d.esigner to obtain a preo.etermined. rad.iation

pattern. Cþapter five is intended to shov the possibiJ-ities

of beam shaping by d.eforming the refl-ecting surfaces of the

conventional reflectors. Certain geome-uries are seleeted and.

the rad.iation patterns are compared. against each other. The

computed. resul-ts are d.iscussed- in chapter six.
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CHAPTER TI,TO

]NTEGRAL EQUAT]ON FORMULAT]ON OF SCATTERING PROBLEMS

2,! Introduction

From the point of view of classical- theoryrany

prec i se treatment of eì-ectromagnet Íc s catt ering and

diffraction phenomena, general]-y involves the complete

sol-utÍon of a 'ìround.ary value problem. However , there are f ev

cases in vhich this rigorous approach is prod.uctive. The

best one can do then, is to find. an approximate solution to

the original- prölfem.

fn recent years, d.ue to the high speed. and large

storage capacity of d.igÍtal computers ¡ consid.erable interest

has been shown in the use of nunerical sol-ution techniques

to the evaluation of scattering and. radiation problems. The

scattering properties of complex bod.ies can be computed- with

very high accuracy -through the application of numerÍca1

techniques. Howeverrthe d.ifferential equation formulation is

not efficient for this purpose. Of the man¡r approaches

avail-abl-e, consid.ering the adaptabiJ.ity of the f ormulation

for computer userthe integral equation representation has

proven to be the most efficient form for the computer

solution.

It is the purpose of this chapter to red.uce the
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original vectorial boundary value

the electrornnonof-i a côattering

integral equationsrmost suitabal-e

using a digital computer.

problems assocíated. vith

phenomenarto a set of

for numerícal soluti.on
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2.2- Integral representation of the EM fields.

Consider the regio¡ V, i].lustrated in figure Z.a,
bound.ed. by the surf aces S_ and. S.

I)

ï'r' o ( Z.t ) f fre general- representation.

ft is assu¡eed. that

d.iffer from those

Vectors ñ. and. â^are
'r¿

suf aces,d.irected out

consti'r,utive parameters of region V

of the medium in the surrounding space.

the unit vectors normal_ to the bound.ing

of the region \f.



Considering

linearrisotropic and.

must obey Maxwel-1f s

the t

homo geneous

ô 
^ 

1r q * i n - q
v144su¿v¡¡e t

ime harmon j. c

region, the fíeld

case,ln a

quantities

whe re

E

H

J

K

v

m

L

u

compJ-emented by the

of charge, given bV,

y . j = _ jr¡p

V x fr = j6e È + J

VxÈ=-Jolrfr ft

v . Ë = p/e

V.îi =m/v

el ectric f iel-d intensity,

magnetic field intensity.

electric current d.ensity.

magnetie current density.

el-ectric charge d.ensity.

magnetic charge density.

nê'mi++r'r¡i*r¡ Of the med.iUm.Ëv¿L.¿ee¿'¡vJ

permeability of the ned.ium.

(e.r)

\¿.¿)

(z.s)

(z.t+¡

r e]-at io nship s rìcf i ni ng the conservationÉv: È¿¡.¿¿Þ

(2.>)

(2.6)V . R = _ jt¡¡n
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where an exp(J ûJ t ) time d.epend.ence is assumed and suppresed.

throughout for convÍnience. A simpJ-e vector manipuJ.ation of

the ec¡uations 2.1 and 2.2 l-eads to,

V x v x fr f t = - jrou J v x fr (2.7)

2VxVxfr-kfr= Jtoeft+VxJ (z.A)

where,

k=uEv (2.e)

using the vector Greenrs theolen,

(2.10)

which is the resu]-t of the vector identity,

V .(Ã x Ç " Ë) = V x Ã . V x Ë - Ã . V x ! x !

( 2. 11)

and. appJ.ication of the divergence theorsmrÍt is possíb1e to

transform the vector wave equations 2,T and 2.8 into a set

V x V x Ã) dv =

È). â ds

VxVxfl ã

Vxfr Ã.xV
{,^

I 'u
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. 32 t3
of integral equations. The equation 2.10 is valid. for any

two arbitTary contínuous vector funetions of position with

conti-nuous first and. second- d.erivatives vithin the regio¡ v

and. on the bound.ing surf ace S. The approach ad.opted. is to
assume È and. Yâ for Ã and. Ë respectivell.. Here â. is a unit

vector of arbitTary orÍentation and. v â is the Greents

functÍon representing the magnetie vector potential of a

point current source in a homogenous space anà is given bX,

!r = exp(-jk- li-ñ, l) / l¡-ï' I (z.lz)

with í and I' representing the positional vectors of the observa-

tion and sour.c" points respectiveJ-y. The d.iscontinuity of the

fieId. on the boundary surfaces marking the abrupt cha¡ge of

the constitutÍve parameters of two d.ifferent media and. the

singularity of ( v ) at í=í' ,estrict the usefulness of the

equation 2.1-O. Hor¿ever the latter difficul-ty can be avoÍd-ed.

by makÍ¡g explicit use of the vector differential equation

for the Greenrs function given by,

v x v x (vâ) - 1{2(va) - v v.(yâ) ^= )+nô( i-i')a

where ( O ) represents the Diracrs DeIta function.

(e. rs )
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In

d.iscontinuous

lile surround.

rad.i.us r and.
o

the surfaces

ord.er to overcome

nature of the field. on

the observation point

consid.er the portion V
r

S ,S ,S and 'S, rtigurer23+

the problem of the

the boundary surfaces,

P,by a smal-1 sphere SUof

of V whieh is bounded by

2.2,

fLn¿

Substituting

lead.s to,

Fie. 2.2 Notation for Green t s theorem

ñ ^and- Y a for and ã reqpectiveJ-y in 2,7L

J
't¡

T.
1

{(v.e).Vtx Vf x Ë Ê . V,x Vrx (y.â)} dvr =

r
P

I t Ë x Vrx (V.â) (v.â¡ " vrx Ë) ).â' dsf
J
S1

(e.rl+)
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where primes are used to indicate vector operations in
source coordinates and ñ1" are the normal unit vectors tot
the bound.Íng surfaces of Iike subscript, d.irected out of the
region v and- can take on the representations â.rârârand. â.r 32 iá 3 l+

After extensi.ve vector manÍpulations and. making use of the
equations 2.Lr2,3 and. 2,7, the equation 2.LI+ reduces !or

ir¡u J V + f x V'V (p/e) V'V Ì dv' =
IrJ'
\¡'T

rl{
l rSi (z,rr)

Tn f.he 'limr'* t--J* 11,¿r¡ u¡¡ç !¿!r¿ (/ r 'wnen 1r=lr-rl) approaches zero , the contribut_ion
of the first term of the surface integral over the- surface s,

goes to zero, since S,.d.ecreases as r2and (V) varies as l/r+oo
The contribution of the seeond term over surfaces.,s and. s is

l3
shown to be ,

(2.:-6)

where ( o ) r'epresents the absolute val-ue of the solid angJ_e

subtend-ed- by a surf ace like s at i, in the linit as r
vanishes. The varue of ( s¿ ) depend.s on the rocati.on of the
observat ion point P and. is given blr,
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(e.rB)

lT on the bounding surface

¡z ':-l)
anywhere vithin V

Apptication of the foregoing argument to 2.L5

resul-ts in an integra]- equation representinB the e]-ectric

fiel-d. at any point within regio¡ V in terms-of the sources

existÍng in V and the fíelds on the bound.ing

surfaces , nameJ-y,

{:

Ê(¡)= -(r/1")[. ( jou iv + f x vrY p/e v'v) clvr

lrhere,

T = t/ {t Q/lrn}
.:: :';

an infinitesimal region surrounding

argument or using the d.uality of

e arr ives at an expres s ion for

int within V given by,

joe ftut + J x vtV + m/p çty) ilvf

â'x Ë)V * (â'* fr)x Vl

I

and. keeping in mind. that

point P is to be exclud.e

By a simil-ar

I'f axwef I I s equat ions r on

nagnetic fiel-d. at any po

.Ê(i)= -(t/r+")f (-
V

+(r/\n) [ t ¡ure("I*Þ

+ (â'. fr)vrv ] ¿s (z.l.g)
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For a source

2.L9 reduce to,

free regio¡, the equations 2.LB and

Ë(i) = -(r/\r)

_ (ñ'. È)v'v ]

jou(íì'x fr)v - (â'* Ë)" v'v

(z . zo)

i-l-\Htrt = (r/hr) j¿oe(â'x Ë)V + (â'* fr)" v'Y

+(â'. rt)V'V i (z.z..)

which represent the effeet of sources located. outsid-e the

region V. Consid.ering the analogy of the integrand.s of the

vol-ume and. surf ace int egrals in 2,I8 and 2 .I9 r one c an

represent the effect of sources existing outsid.e volume V by

surfaee distribution of charges and eurrents on the bound.ing

surface S, nameJ-y,

â' x fr = J

- âr x fr = K

-/â1. ñl = ôc\rr Dl r

r,/ât. Èl = mts\¿¡ --t
S

(z.zz)

(z.zt)

(z.et+)

ttl{- s+s
ta

dsI

f¡J'
S+SI2

ds

r.¡here subseriPt s d.enotes surface d-istributicn'

(z.z>)
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For an unbound.ed region ( when 52 in figure 2.L

reced.es to infinity ) and. assuming the sources in V being

confined. to a region of finite extent r the rad.iation

condition reqìfires that the contributÍon of the surface

inl-aonqì ôrrôr S be i¡d.epend.ent Of the bounded SOürCe s r thatÞ¿*+ 
z

is,

Ê(ñ) = r 11. (¡) (r/l+n)
l_

-(o/a)v'v] dv'- (r/\n)

-(p /e )v'v] ds'

ñ(i) = r fr. (i)
1

+ (r/}lr)

{juu J v + K x v'Y

VIY

f Y + J x V'\

I
¡

.J't¡

t'
I

¡J

ù
{¡oruJY+ftx

SS
I

(2.26)

(r/l+r)

t.
J t-joe

1T

| {-itue
vQ-1

+(n/u)V'V] dv' +

+(ms/u)v'v] ds'

virere use has been nade

ã. are the field.s d-ue to
l

the surface S.
I

KuY * J"x vtY

(z.zt )

of the equations 2.22 to 2.25 and. Ê.,
l_

the sources ( if any ) ty:-ng out of
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2,3 - Two d.imensional scattering problems.

fn this section ve shall .consid.er tr¡o-d.ímensional-

sources and. scatterersrtliat isrsourcesand scattereTs which

are invariant a1-ong a particular axis. For convenience,1re

take this axis as the z-coord.inate and assume the inciderrt
ri ar À r-n Ì.a -ropagating in a d.irection normal to the z axis.v ¿¡¡Þ

fn this caserall the field- euantities are also irrvariant

along the axis . Consi dering figure 2.3, ( Y may be

rên7ôqên1êd aê¡ gf/r çDç¿¡ ULU *Þ t

Y = exp{ -jt lÉ-6' + ( z-2, )Êl ]l rc -1, +þ-itil ( z . ea )

. I :\where ( P) and

veetors of the

( õt ) represent the

observation and. source

transverse positional

points respectively.

incid.ent
fieId(-.-'\{I;l- r:

ãrv

Figure 2.3 Geometry of two-d.imensicrlal scatf ering.
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substituting 2.ZB in Z.p6 and Z,ZT tead.s !or

Ê(r,ã) = rr¡ J + ft x Vf

Jc,lU J + ft x V'

2,6)-(r/hn) J t jüru
s

d.zt ds' -(r/\ri) J t
c

É.(
t
æ

lvJ'
-ø

@

I furrJ l

-æ

(p/e)v')

ð.zt dsI

fr(r,õ) = r fr.( 2,6) + (r/\nl I t -jc¡e ft + J x v,
L.J

æs
+ (n/v)v'Ì Ji dz, dst +(r/\r) J t -jt¡u ft + J x v,

^:c+ (n/u)v' ]Jv dzt ds, (z.so)

¡rhere s is the ;;""sveï.se p].ane, c is the cross sectional
contour of S and ( V. ) is the transverse del operator int
source coord.inates. sinee only the varÍation of fields in
the (*-y ) pJ-ane need.s to be consideredrwe set z in the

equations 2.28 to 2.30 equal to zero. To sinplify the above
3l+

equati.ons r ve take ad.vantage of the known integral ,

(2. zg)

(2.¡r)

seco:rd

*v¿

(z.sz)

2

) u(ir
o

í
G = lv ¡7q-J

(r/\tr,J,-iureft+Jxv¿+Iv¿ )c ds t + (r/r*nljf-i,efi"
d.ef s c

| = (r/j 16-6, I t

+J 
S 

XV{

is the zero-order Hankel- functÍon of the

bstÍtuting z.3I in a.ag and 2.30 resut_ts in,
(r/\n)J(:rur*rxv;-fv;)c ds' - (r/u')f(jour=*R=

-SCd.c I

2
rn¡here H

o

kind. Su

È(õ)=rË:
1

-& v; )c

fr(õ)=rfrt
I

m+j v: )cur
(2.:s)
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It should. be noted. that the above set of integral equations

do not represent the only solution for the tl¡o-d.Ímcnsional-

scattering probl ems. TLrey are however rthe most usefu.l forms

comrnonly used. for the numeríca1 solution of the scattering

problems involving arbitrarily shaped. cylind.ers.



zo.

2.1+- TM r.rave scattering.

fn the case of two dimensional scattering

problems rthe transverse eJ.ectric (TE) and the transverse

magnetì-c (TM) f ietd-s, mây be decoupled and. treated

separatefy. Howe-¡er in this section attention r'¡il-I be

clevoted to (TM) scattering from perfectly cond.ucting

cyllncers.

Consid.er a time harmonic pf ane r¡al'e (source at

infinity) normal-l-y incíclen+- on a metaJ.lic infinite cyJ-ind.er

of cross secticnal contour c (figure 2. \ ) .

Figur e 2. \ ttre ct'oss

by a metallic cylinder.

sectional- geonretry of scattering

For (ft'l) fieJ-rì.s,

and has the electri

assume the incider:t

c field. al-ong the z

field is z-pol-arizeil,

d.irection ,onl-y. For
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an unbound.ed,linear r homogerjeous , isotropi c and. souïce f ree

region, the equati_ons 2.32 and. 2.33 re,àuce ¿o,

(e.sl+)

(2.3r)

vhere use has been made of,

Ê(õ') = È(õ) = r Ê.=(õ) (rr.n/)+)J Jsz(õ')zL.,

,. t;(k|õ'-õ'|) dc'

fr(õ) = rtJ6): r È.t(õ) + (rk/)+it f 1.fa'l
.n2(rlõ-õ'l){ sin{ 6,,(ó-í')l ô,

+ eos { í, , (6-6')} ô'} dc,

n=rM (2 .37 )

The bound.ary conditions on the surface of the scatterer
requires that,

(2.36)

âxf;=0

â.fr=m=O
onc (2.38)
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hence,

(z.sg)

- cos(â'oó-6') a.
( e. \o )

vhere the subscript c indicates that the field. point i.s on

the contour c.

Either of the above equations ean be used. to solve for the
incuced. surface current *. However, for scatterers with
sharp d.iscontinuities, care must be used in evaluating 2. )+0,

d,ue to the geometl:ical- f aetor in the _ integrand..

rf the source of impressed. field. is a z-d.irected
l-ine source of s+.rength i and. located. at ( Þ ), the.s
equations 2.32 and. 2.33 t-ead. to,

(z.hr)

*.(4I=alnr.{ã.)

Eiz(õ.) = (rçn/\) [ t*t6,) s'(r.-l{-ø'll d,c,
c

+ (k/2J)l rsz(6,) nfrrlô'-õ'll
c

Elã) = -(rrn/r+) r(i) ¡2(o 16-ørl )-(rr.n/r+)J .rr, (õ')
z

. r; (k lõ-õ' I ) dc'

õ-õ')ô' + cos(õ',õ-õ')ô'] dcf (2.\z)



0n the bound.ary c, .$re have,

:'......'..'.'...').'.:::'..'':'..',,..:'1.:--':..'

29.

- i(ã) st(rlõ-õ'l) = l¿-(ã,) s2(rlõ-ã'll irc,S o 's 
ttt'' 

-o'--'ã t'

*.(4) = G/zi)J¿-(õ') r'(olÇ-6,ll
'a sz I 'c

. co"(â,,6-6') ¿", -(t</z¿) r(ã_) "2(rlõ-õll' c S 1 c s'

(z.l+s)

(e. l+l+ )

where r(õl enphasizes that the current filament is l_ocated.
S

at ( õ").

0nce the current d.istribution is determined-, other
paraneters of interest, such as the radiation f ier-d. and. the
scattering cross section can be computed. by the required.
integrations
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CHAPTER THREE

ON THE NUMER]CAL SOLUTION OF INTEGRAL EQUAT]ON.

3.l-- rntrod.uction.

In the last chapterrthe problem of tr.¡o-dìmensional

scattering lras rigorously formulated. in the form of a set of
integral equations. These equat j.ons however are of l-itt1e
use unl-ess they can be reduced to approximate forms which

can either be evaluated analyticarly or can be eomputed.

numeri-ca1Iy r,rÍth the aid. of a digital computer. The choice

betl¡een these tr,ro approaches largely depend.s on the

characteristic d.imensions of the scatterer.

For scatterers-of arbitrar.t¡ shaperr,,hose dimensions

are either very small or vert¡ large vith respect to the

vavelengthrthe classical- Ra/]gigh scattering theory and. the
ph]'sical optics approximations wiLl_ yield. fair]-y accurate

results. In the intermed.iate range rthe numer j.cal proced.ure

known as the method of moment (append.ix A) has proven to be

the most efficient approximate method for obtaining results

of acceptable accuracy. The result of the application of
this apnroach to scattering problems is essentially a

transformation of the original integral_ equation into a set

of Ir linear equations in N unknowns. A l-inear combination of
the II unknor+ns forms an approximation to the original

unknoÌ.¡'n cluantity appearing in the associated. integral
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equat i on .

equation of

above proc ed.ure

the form,

lllâ¡r be cast i nin matrix

\5.r/
( A )(r) = (s)

rnrhere (A) is the eoefficient matrix, (f) is the unknown
quantÍty and (e ) is the known quantity of the matrÍx
equation. The matrix equatio¡¡ 3.1 may be solved. numerically,
however, in method.s usi¡g fact orj-zation or inversÍon, the
required computer time for sol-ving 3.1 is a¡proximatelyl3
given OTr

T cc aN2+ bll 3
(a cl

i+here a and b are proportionar-ity f aetors, N is the number
of unknoÌrns (natching points) and. au2and. biv?aecount for the
eal-culation of the coefficient matrix ã¡rd tne so]-ution of
3.1- respeetiveJ-y.

The âccurag¡r of the solution ].argely depend.s on the
number of sampling points N and. the approximate methods used
for evaluation of the erements of the matrix (A). since the
d.etermination of (A) requires approxinate evaluation of sub
inf aûFr'l c ^r',¿¿¡usõrsrÞ vv€r N intervals or areas (¿epending on the
eonfiguration of the scatterer), a better acc*ïacy r.¡ould

require rÌore accurate approximation techniques. This in turn
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results ín a higher value for the proportionality factor a

appeari¡g in 3.2. Tn viel¡ of the rel_ation 3.2rit seems

advantageous to keep N as low as possible and use more

accuTate techniques f or evaluating (A), i+hich in f act,
r,¡ithin certain limits, yield_s the same accuracy with a less
computation ti¡ne. However, there is a lower 1í¡rit f or N ,

beyond. vhich the accuraclr of the solution r¿ould. greatly be
2

impaired. Andreasen , by a reasoning simíJ.ar to Shannonfs

co¡omunication theorem, has shown that for a smooth portion
of the scatterer, the distance betr+een two adjacent sampling
points must not exceed x/I+, Furthermoïe, for regio¡s cl_ose

to the sharp ed.ges, additional- sampling points must be

introd.uced.

- From the above argu¡qent and in view of the relati.on
3.2rthe linitation of the method of moment for analyzing
scattering prob]-ems l¡hich involve ].arge scatterers can be

realized. I,ihen the characteristi_c dÍmension of the scatterer
is more than a few wavelengths, solution via factorizati-on
or inversion can no longer be seriousl¡, consÍdered, AsÍd.e

from the excessÍve computer running timerthe accumuration of
error, whil-e inverting large matïicesr greatJ.y impairs the
aceuracJr of the solution thus obtained., For the case of
scatterers of moderate size further clifficulties may al-so

arÍse from the complexity of the geometrr¡ and. an accurate
sol-ution becomes too complicated and. costly to obtain. Here

the application of the higher ord.er approxÍmate method.s for
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expand.ing the ¿¡þ¡1own quantity and better numerical

techniques for evaluating the coefficient matrix becomes too

conplex and. costl¡r to be useful. On the other hand, simple

approximat i on techniques result in s1ow1y converging

solutions for targe values of N. As it l¡i11 be shown 1ater,

when d.ealing with cond.ucting obj ects for l¡hích the standing

rrave effects are more pronounced. than non-metalJ-ic ones, a

true convergent sol-ution may not be obtained even for

segment sizes of the order of (O.ff ). The situation becomes

worse lrhen there exsists regions vith large curvatures on

the structure.

In ord.er to overcome these problems , in a r ecent
22

t^ \paper (Tew ) has employed the concept of using a priori

knovled.ge of the solution, to improve the eonvergence of the

moment sol-ution. He has appJ-ied. this method., for the case of

trro- d.i mens i onal scattering from perfectJ-¡¡ conducting

strip, íl-J-uninated by a plane r.rave. Thi s method is

essentially a conbination of the physical- opties

auproxirnation and. point matchinB techni que.

The idea is that known approximation such as the

phys ical- optÍc s current may be subtracted, f rom the unknoÌ{n

total current. The resulting integra]- equation then must be

solved. for the differenee current distribution JUwhich then

becomes the unknor.¡n quantity of the integral equatio¡ thus

obtained.

d i fference

lTaturally,

curr ent

one exlrects that the r es i dual-

converges more rapidly, since the
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Physical optics approximation for fa'irfy large obJeets gives
acceptable result for induced current distribution over the
smooth portions of the scatïerer.

Once the diffeïence eurrent is d.etermined by

d.istribution can be obtainednumerical techniques rthe total
by summing the two currents,

?
(s. ¡ )

The usefulness of this method becomes more significant when

the dimensi-on of the scattering obj ect is too large to be

hand.l ed. by direct moment method.. For this kind. of
scatterers, the difference clrrent may be set to zeTo in the
regions where the physical optics approximatio¡ Ís
suffieiently accurate. This vi]-l_ ïeduce the si ze of the
matrix equation to be soLved and. it wourd become feasible to
obtaín a reasonabry accurate sorution to the assoeia¿s¿

integral equation.

J+J-po d-

It ís the purpose of this cha¡ter to
application of an tta priori knovlei[geil rto the
(fU¡ scattering from large conducting circular
ref lectors r.¡hi- eh eannot otherl¡i s e be hand. 1ed

nonent nethod..

extend the

problem of

nrr'lin¡î rinql

by a d.irect



3.2- Modified. moment method. formulation.

rn the last sþapter itlras shor,¡n that a sol_ution of
the el ectromasnetie f i el rìs in the Þresence of an inf initl_v
long cond.ucting cyl-inder of arbitrary cross section,
Íl-funinated normal-l-y bya z-poÌarized. Íncid.ent fiefd. para11e1

to the axis of the cyJ-ind.er can be obtained by,

Ê(õ) = r Ê.(õ)
I

fr(õ) = È(ã) = rt

{ sin{õ' , (6-õ' ) }

For brevity

consid.er the geonetrrr of

J(õ, ) r'(klõ'-õ" | ) ilc,
o

(rkn/h)I
c

frlu
c

ltXt tF,v r \v

iJ l-n\¡Lt\ |., 
'.|

ô' +

+ (rr/\j )

^^q 
{

(õ') 2
ilI

and. clarity of

figure 3.1.

)Ì ö'] de'

(¡.¡)

the approach, Ì{e

(ñ., .Èr )

./

(s.h)

trlõ-ã'll

35.

rigure 3.l_ Cross sectional vier¿ of the probfe¡r.
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i{here the cross sectÍon of the cylind.er is
arbitrary rad.ius a, measured- from the
coord.inate system, C is the contour of the
is the angle subtended by C.

(t lõ-õ' ! ) cos (ñ' ,õ-

a cicular arc of

origin of the

cvlinder and ( a)

is( õ)

2.H
L

0n the boundary of the cylind.errone may writer

- â ' ñ(õ) = zÃ x (t</ z j

d-c I

f)Éi(õ)

õ')

t It6
c

Recalling the r¿elI

(s.6)

knor,¡n physical optics approximation,

â " fri(õ) itluninated region

Ì /+\
u -^ \ P /

t,v
(s.z)

shad.ed. resion

and comparing it i¡ith the equatÍon 3.6, one comes to the
conc'lusion that physical- optÍcs approximation results from
conp'l etely negreeting mutual interaction effects on the
i1'lu¡rinated portion of the ob j eet. Furthermore, this
anproxination assu¡res that in the shad.ov regio¡¡, the mutual
interaction term completel¡r eaneel-s the incident fiel_d.. For
e large scatterer of snooth curved. co¡touï ¡ the contribution
fro¡r th.e integra't terr over the eentrai portio¡ of C, vhere
it is free of d j.scontinuÍties, mel¡ be neglected r¡i.-hout
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incurring a signif icant er.ror in the solution. Never'r,heless,

the inability of the physÍcal_ optic s approximation to
represent the current distri'bution over the regíons with
sha:'p discontinuities and. shad.ow bound.aries can be a source

of significant error.

To overcome th:'-s dif f icul_ty, we rrra-rr assume the

correet distribut:_on over the contour C to be the sum of the

nhysical optics term and a difference current, whieh is
unknown and. aecounts for any discrepancies of the physical

opties approximation from the rt ï1r€ cuïrent distribution.
This can be forrn¡ l'l v rênrosefited by,

irl^\ ï t-^\ 
¿

rr\¡,,r \vi + J-(fr)
po ct

(s.s)

(s.g)

Áccord.ing to the geometry of the probl-em consid.ered
'Ìrcra l'f .'o"-o ".1) and. the d.i rection of the pol-ari zai-j-on of\å4ô*¿v J.Ll v¡¡ç g.

the incíd-en', fie1d., the ind.ueed. currer:t and the electric
f ie1d. r,ril-1 be z-ð.irect ec. and. the total f Íel-d at any point on

the transverse plane is gÍ.ven by,

Ei(õ)

ó-ó, I

ti.n/L) J {; (õ'' ) + r.(ã') }
o

) ac'

.T (õ)
po

vhere,

= 2lâ x H.(õ) | (¡.ro)
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and. it is understood that Jts and. EIs are z-directed and

subseript z is droppecl for eonvenience.

Applying the boundary cond.ition on C and

rearranging 3.9 leaôs to,

(tn/ )+ J (õ') H2(rl
poo ) dc'

,\
= (tn/\) | J

ãc*

,
(õ' ) H- (r

o

6-6'l)J
c

l¿^ Xtlv-1"
c

ll dc' (¡.rr)

Now, the unknor.¡n quantity of the integral equation is JU and.

the equation 3. f f can be solved by standard moment r¡ethod

ñ7^ôa¿lrrra oirron i- âññôh.¡a'X A. AS it iS Seen ff Om 3.11, J.

accounts f or- on-'y a part of the total ind.uced. current on -r,he

surface of the scatterer. Therefore error I'esultÍng from the

nurÌeri.ca1 processing of the associated matrix eqrration only

a.ffects a part of the total indueed current.

The integral appearing on the left hand side of

3.11 al-so neecLs to 'l¡e evaluated nunerical-Iy. Even though the

computational e:'rorrto some extend., is compensated for by J¿

in the process of deternít1ing the d.ifferenee eurrent ( itt

viel¡ of se1Í correcting seheme of the equatÌon 3.11),

nevertheless, more accurate eva'luation of this integral vi11

resul-t in a faster converging solution.

Consid.ering exeiiatÍon bJ' a z-directed line source

of strength (i=1 ) ,focated. at ( õ.) ,w. have,



Ìrhere a use has been mad.e of ,

Ei(ã) = -(kn/r+) r:(klõ-{l) (¡.re)

l.(il = 21fi " Hr(f ) l= (t<¡/z) nlro li-6! )t.-gs "o"(ô-g)]

/{@} (s.rs)

39.

''¿here ( õ-) is the radial- distance from the origin to the' s'
solrrce point and ( O) and ( O_) ere the potar angles of ( õ)

S

- t: \an1 ( psJ respectiveiy. Substituting ihe equations 3.IZ and

3. 13 into 3.11 leads to,

=",f ; (õ,) *t(nlõ'-õ, ll d.ó'J d o I'C ' t ' -T. (s.rl+)

dc=ad$
\J.r)/
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The equation 3.Xh can be solved.

of the method. of moment. Application of

t¡i-1.1 red.uce the integral equation to the

equat ion,

(a) (r) = (e)

rrlrara¡r¿¡v¡ v t

N
T-f\'ôrJ l- ¿ - L ! nu

n-1

Choosing the pulse and Dirac t s

the expansion and. the testing functions

find that,

f r I\_- |

for J rvith
d

t hi s method.

approximat e

the aid

to 3. Llr

matrix

Ac{r
n

(zJ/r) r,t ( t¡c y/ )+e )
n

I "]to¡

(s.re)

(s.rz)

(¡.rs)

-õ'l)

(s.rg)

delta functions

respectivel-y,

r.fn

as

'we

år,= 
{

6 - õt)mn

t
ß = -H'(klã - õll-¡¡x"/z)lmom"r^

z
AcHno

utru I

1'--¡
p
m

õ' -6.
s

.{ a-g"cos(ó'-E)}/{
ù
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l+f .

vhere ( õ )
m

interval- AC

l_s

(
t\

the position vector of

e) is the Ileper constan-r,

the míd-point of the

given by,

e = 2.7]-8282 ( g. eo )

and. ¡

y = 1.7BroT2 (s. zr )

Since the scatterer is symmetric about the x-axis,

a sl¡nnetríca1 choiee of matchirr€; poínts about this axis

yíe1d.s a symmetric coeff icient matrix (A). ft is "ho*rr2 that

by expand.i ng the unhnol¡n ind.uced. current into a sum of odd.

and etr' en functions of (0), it is al-wavs possib'l e to red-uee

the original- matrix equation into two ind.epend.ent sets of

linear equations in (N/2)unknowns, no natter .¿ìrat the
avai-l-ins fiald iS. This would Save a sUbstantial a¡eount ofv ¿¡aÞ

computer tine, since the ti¡ne required. to solve N linear
?

eo-uations is proportiona-r, to N: However fcr the problem

considered. here, d-ue to the symnetric behavior of current

d.is+-ribution aboÌi" the x-axis r further sinpl-if ication oceurs,

since it is onll¡ neeessary to solve one set of linear

equations in N/2 unknowns.

To cl-arif]', Ì.¡e consider the equation 3.16. This

equati on re.Ðresents I'I l-inear equat j.cns in N unknolrns given

bY'

tù

TA
mn

n=1
I

n nt
!r213.....N

(s. zz)
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Since,

F-4|-n *N+ 1-n

qnrlw¿¡u t

^-^ã - ãmn nm

the equa'.ion 3.22 can be r ed.uc ed to t

(2. z>)
N/2
X (A + A )r=g_
n=l nn nm n

m = A1213......N/2

therefore it is only needed- to sol-ve the above set of linear

equatíons and. determíne the totar eurrent d.istribution over

the scatterer by using the equation 3.22.

As it waq stated þsfore, - for a fast convergent

soLution the integral term of 3.19 should be eval-uated as

accurate as possibre. Because of the singularity of Hankel

functÍon at ( õt=õ-), the main eontz'ibutio¡¡ ¡e the integral' m-'
term of 3.19 is expected. +,c be due to the part of the

eontour C in the vieinity of the observation point õ*

r¡here the integrand varíes most rapidfy. Therefore the

integrand, n':st be adequater y sampled in thi s region. For

thís ï'eason, in a1t the cornputations . of thi s sþapter,
integration of the ph.rrsical optics term over the singular

region has been performed. using fortyth-ord.er Gaussian

quad.r'ature tc provid.e a dense samplir:g in the immed.iate

vicinity of ( õ, ) . The eva] uation of the integral- over the
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:c.jst of th.e contoulC has been perfor.ned. using the same

integrat j on nethod. but of orcler ten. This provid.es tapering

to a l ighter sanpling as one moves atrIa1r from the singular

region and- wilt avoid' unnecssary sonputation time for

regions. where their contribution to the integral is not

significant.

Deterrnination of each elemen*- (Sr) of 3'19 requÍres

evaluation of an integra'ì o1¡er the en+.iTe contour C of the

scatterer. Ho'weverrfor the special case when the :'Åriving

element is located. at the orígin of the coord'inate system

and. f ü = T) , substential savi ng in somputation -rime can be

achieved- through the use of a combination of analytieal and

nurrerical- techniques. This approach differs from those of

strictl-y numerical or anal¡;'tica1 t echniques ' To elarify the

problem, reeall the equat ion 3. l-l+ ,

?
- Ho (k pf-p

s
lõ-?l

ti-í,
c

(
=21

J
C[

I
) - (ika/2)J

n
I I n'(r, lã-õ' I I

2
H (rl
L'

.lo ccs ( 0 '-0s)
ù

-

Itl/"'*p'- zap cos(ó'-ó) l¿ô'sss

r2
Jd(þ') H"(k I I do' (s.z6)

S ett ins ,

l.J -U
Þ

fY=T
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( zta si nù ) a,l,

z) Jo(ra) {r-¡

(E. zr )

(: . za )

(3 .29)

(¡.so)

1ead.s to,

H

The

t'-

A change o

( ¡xa/ z) H

2
l¿ 

"JH (klP-P
oc

trlõ-õ'l I dO'
c

3n/z
zlz
,.(t")1 no

n/z
'l) do'Ír\

3Tr/2
f¿
I H{ 2kal
Jo

n/z

f varíab]-e

2-(tp)
t!

3r/z
l'I r.(
Jo
r/z

al onìn1.aøn the left hand side may be r,¡ritten âs r

sin(O-0') /zl ,. dO'

in the form of,

(o-ö')/z = ú

3.28 to,

a sinrf ) dü
I-(Zta sinrf.r) dú

sinltr) arl

the right hanC

æ.i r,^- 'I^aF
6i v çlt uJ t

sid.e of the abo.re equation

n/z
I+2lH

ñ

on

¿t

A

E

t

reduces the equati
Q?T
2.l+

lrlr = 'I "o(

Tt/2
Þt9c I H'(çu
Jo

3n0
\z

The seeond ter¡a on
3

is a þ¡orrn integra

T',|/2

l2
=lHJ --o

0

v(tra)]
o

T
¡9ls-
J -'o

n/z

= (r/ (s.¡r)

(ata sinú) ¿U



+>.

'î
I z.2J Ho ( 2ka

r-Ó/z

2
H

o

) {r

r+here J and Y
OO

respect:r'.ve1y.

þ/z
rr-21
J

n/z

+ nJ (ka

are Bessel and.

Substitution of

(eta sinlt,,) ar|,

Y
o
(r")]

For interpreting

figure 3.2.

Itreumannfunetions

3.31 jnto 3.3ö

o f zero ord.er ,

results in,

each t erm of 3.32, Ì{e cons].der

Figure 3.2 Seleetion of the Í.maginary ârC.

sin'f) ¿{l

(s.sz)

ob j ec'u r fR ther¿here C is the

l-ocation of the

ac tual- c ont cul of the

matching point anC,

AL,

B å

i s an iraaginary e i rcuf ar arc of the same r ad.ius as C, add ed,
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to the actuaL contour for utilizirr¿ the known integral given

earlier. The first term of 3.32 accounts for the

cont::ibution from (^CA) to the integral (I). The third term

represents +.he contribution from t,he rest of the contour

nlus the contribu+.ion from the imaginary arc (^CS). Finally

the second. term is ad.ded to eancel the contribution due to

(^cB).

From the forsgoing argument it is elear that

instead. of numerical integration over the entire contour C,

:'-t is only sufficient to perform tr'-o numerical integrations

over ( ACa) and (Act). As the matching poÍnt A moves tovard.

the centre of the scatterer, (ÂCa) and. (^CB ) increase and

reqrrÍre moïe eomputaion time. However, since (ACO+ACg) never

exceeils C, the anoun-i, of -computer running tÍ¡re f or

d.etermining the el-ements cf (S*) r,¡ould. a1waJ-s be less than

the case of tjumerical- integration over the entire c ontour.
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3.3- Radiation fie1d..

Having obtained. the ind.uced surface current, it is

next desired to compute the rad,iation fiel_d. This can be

d.one by utilizi-ng the formulas given in the last section.

For instanee, in the case of excitation by a line source,

the total f ield. in the transverse pJ-ane is given bJI,

E(ã) = - (*n/l+)

.n2(rlõ-õ'llt a

-1
' cos(0'-0)] dO'

Letting (õ ) approaches

for the fieJ.d. gi.ven by,

cos (O'-+s) Ì{ ^'*e"'- r^es

2
H

o

(v u2(r. lã'-õlt

s

(tna/\) J ¿
0

(ã'ì "'(oló-õ'll c.ô r

(s.ss)

infinity, this l-ead.s to a relation

exp ( -jkp ) {.*p ( i kps cos ( 0-,Þs)s(p) = - (rn/)+)
l. ô->co

I
+ (ik"/D\ I' \U¡¡È, Ê/ J

ñ

L

2
ri
-n I

.F(tlp'-pl){ a-p
SS

cos(ö'-0)]
s

exp(¡ta cos(0-ó') d0'

I't1t
Jä'U

(zilnkp)

+a ) .*p(;t" cos(4,-Q')) d0'
(s.s)+)
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I^lhere a use has been mad.e of the

expansion formula for the Hankel

large argument asyrnptotic
5Þ

functio¡,

¿
rrlII\

n
z) tu ,Rz/n") exp(-j(z nr/2 -r/\ )) (E.s:)

In view of the

J , the last integral term
rì

approximat i o ¡

of 3.3h can be

used for determining

apÞroximated to,

N

_l" trrÂarrexp(ika eos(ó-0;) )
n=l

J (ó') exp (

d

jka cos (0-0') ) a"' ( s . ¡e )
î
I

J
c

Thc f i rst

nuneri cal

equat ion

integrati

of the Be

integral term of 3.35 must be evaluated by

methorì.s. Hovever, f or the special case ( g.=0 ¡ , the

3. 33 can be red.ueed to a f orm whi eh reoir"u" no

on. This approach utilizes the _ftad.ditÍon theoremrf
34

ssel functions represented by,

u2(rlã-ã'll

¡r 
2(r 

i õ-õ' ! I
o

æ

- i e ,l(tptnñ
n=1

co

= I e ¡(rp)nn
n=1

) H2(tp) cos n(O-O')
n

2
H -(trpt ¡ cos n( ô-ô' )

p > pt

(E.¡z)
p < pf

(¡.sa)

l¡her. ( err) is I{eunanhf actor given bl r

{:

n=0
¿-n

nf0
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Henc e ,

E(õ) = - (tn/tr),f (zJ/"ka)
lr n+æ

26. H,(k,a)X QJ(ta) u"p( :p¡/z)¿ pp
ñ-a

N
+Xf^C

n=1D n
exp( ika cos(0-0J)

N
X fn^ C.exp(jt" cos (0-0:)
n=1

p){( -¡v

3t¡/Z
II cos

tJ

r/z

]

exp 1 + ç¡xa/z)

p(0-0') d.o'

Hlr f

thergfore e

=f,,,,
3r /z

J "o"
t¡/z

p(ô-ç},') do'

¡ ô1¡êhr

p=0

p oddsin(A-r/z)

-(tcn/l+) ,rei /rk-p) exp(-jtp) { l- + 1¡r<a/z)

æ

{ n.r(ta) + \jf .r(xa) sin (pn/z) sin p(þ-r/z)o' p'
p odd

( s. ¡s )

E(õ) =

'l' .ì->ó

2.H (ta¡
I

/p]+ (s.l+r)
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The infinite seríes appearing in 3.l+1 is a fast

converging series d.ue to the presence of the factor (f/p)

and. the property of the Bessel functions vhich reduce

rapid.'l v f or ord ers larger than the argument. Theref ore, it

is possibl-e to truncate the infinite series after a fel¡

terms without incurring a significant amount of error in the

sol-ution. According to the def inition of the rad.iation

pattern, the equation 3. \f immed.iatel-y gives ,

^ôé-¿
n(d') = Inl/l=l

Q=o (¡.\z)
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3. l+- Numericaf results.

A computer program based. on the earlier sections

was written to evaluate the physical orrtj.cs integralr the

difference current d.istribution and. the rad.iation fiel_d for

the antenna geometrlr shor,¡n in f igure 3 .1. As an ind.i cation

of the validity of the computer program, the rad.iation fiel-d,

of a cond.ueting circufar cylind.er in the presence of a line
source 'bras calculated. and, compared against the results
obtained for the same problem, using the exact solution in

34
terms of the harmonie serÍes. The result is shown in figure

3. 3 . ExceJ.lent agreement between the analytícal and the

nunerical solutions is evid.ent. For O.IZÀ sampl_ing interval_,

the acc-uracy over a wid.e range (0<O< 150) is approximately

about o.2 d.B. Hovever, f or (Ot 150 ) the deviation from the

anal;rfical- value increases and. approaehes to its maximum

value 0.6 d.B at ( O=f 8O) rttre centre of the shad.ow region.

The depend.ence of the numerica]- solutÍon aecuracy

on the structure segmentation is shovn by var¡ri¡g ¡¡u

sanpling interval- ÂC. As it qan be seen in figure 3.3,
increasing Ac results in lover accuracJr. Hovever, even for

AC=0.25À , the error d.oes not exceei[ ]..h d.B.

ïn ord.er to shor'¡ the improvement in the convergence

of the mo¡nent nethod solution through- the use of the

physieal optics apnroximation, the radiation pattern of a

cylind.rical refl-ector of rad.ius (Xa=tO) and. ( a= ¡.), in the
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Dresence of a line source located, at the orÍgÍn of the
coord inate system 'rù&s computed by the trd ireetrf and. the
rrmod.if ied rt moment method.s. Figures 3. 1+ and. 3 .5 shorrr the rate
of the convergenee of the rad.iation pattern for different
val-ues of the sampling interval- f or the tl¡o c ases

respectÍve1y. It is evident from figure 3.)+ that, even for
ÂC=0.05^ , the direct moment method does not yie1d. a

convergent solution. Ho'v¡ewar í n r'Ìra ô ase of the mod.if ied
mornent method. ) a convergent sol-ution c an be achieved f or

step sizes not f ess than (0. f f f ) r.¡hich in tur¡ results in
l-ess computer running time. Moreoverrfor both cases, when

sa¡rpl-ing interval is increased. beyond 0.25\t the accuracy of
the soLution d.ecreases rapidfy.

rn figures 3.6 and 3.7 the total- normalized. current
distribution for both cases has been studied. As expected.,

in both figures, the singular behavior of the cuïrent
disribution is loca]-ieed to the edges of the ref1eetor. This
is d.ue to the surf ace d.is continuity ( edges ) . Even though

3.6 and. 3.7 show the same rate of eonvergence for various
number of the segments on the reflector, the nature of the
points on the tvo curves are quite different in these tr+o

figures. The points shown in figure 3.6 represents d.iscrete
nulses of current (tine sources) distributed. unif6r¡ly on

the surfaee of the reflector. Therefore, between each two

atL j acent points, there is a sharp seontinuity of the

int represents a

di

pocurrent. However, in figure 3. ? sach



5b.

- !¿

-L C¡

^ì.

I
I')a
I

I

I
I
Ii

d

e

;
ì
I
I

lie= r 0

ìiu¡nl¡er of sieps

1oo
o------.o-* 6o

+-----f \o

10

U- 
Antenna

__-__-ÈÉ X

60 80 l"oo rzo

a

Radiation patterns by

r.l+0 l-60 18o

the monent method

LÔ

Figure 3. )+



qR

--LO

-21+

-32

-5n

e..x
tG

e

e o

I
x

I

i ì¡.,
\ Y'.

Þ-

t-
+

llunb e r

ooooo

++++l'

Þo='l ñ

of steps

6 O o..e--ô- -, 2 O

lrO X-X-X-r IO

30

_r ___t l. _l
Lo 60 80 1oo

I
r.üo 160 180120

Figure 3. 5

moment method

Antenna

Rad.iation patterns by the mod.ified.



1^

F
J d 0) N rl (d H

I ; ! I b I \ lx l/ \/
'

\ 
c 

r'4
'

\-
-d

 
+

0.
8

0,
6

9r
o-

-*
-e

 
4-

rÈ
--

€Þ
- 
'x

o-
 --

--
o¡

( 
r-

-_
:

¡-
o/

' 
.\*

*
91

 
\.*

1*
r*

o

,/-

2r
'

.,o
* 

'

0.
!

D

ì'a
=

1ô

N
um

be
r 

of
 

st
ep

s

0.
0 0.

D
0 

0.
25

 
0.

50
 

0.
75

 
1.

00
 

r.
25

 
1.

50
 

t.7
5 

2.
00

 
2.

25
 

2.
50

D
is

te
,n

ce
 f

ro
m

 t
he

 e
d.

ge
 in

 
À

F
ig

ur
e 

3.
6 

B
eh

av
io

r 
of

 t
he

 
s'

ur
fa

ce
 c

ur
re

nt
 

by
 t

he
 m

om
en

t 
m

et
ho

d

ó 
0 

0 
0 

00

xx
xx

xx
g 

o 
a 

o 
ra

+
+

+
+

+
+

6o Ln Jt
,

20 10

\¡ o\



l-ì r( 0) N r{ d È

1.
0 0.
8

A
nt

 e
nn

a

u.
o

ttl -0

0.
 l+

.. 
tt

o.
o 

t

.r
-¡

o'
--

 -'c
Í 
t 

u-
 *

 
o-

ì:(
o 

--
-*

 
o.

.-
or

l 
r.

r 
xo

--
--

-o
x 

c+
å_

a.
-_

r(
+

.

llu
m

be
r 

of

ka
=

1.
0

0.
0 0.

 0
0 

0,
25

o 
o 

o 
o 

óo
 

¿
t0

xx
xx

xx
 

30

co
oô

ô.
20

+
+

+
+

+
+

 r.
o

's
te

pS

6o

F
ig

ur
e 

3.
7

0.
50

 
0,

75
 ì

 
1.

00

D
is

ta
nc

e 
fr

om
 t

he

B
eh

av
io

r 
of

 t
he

 
su

rf
ac

e

r,
2,

 
1.

50
 

r.
75

 
2.

00
 

2.
25

 
2.

50

ed
.g

e 
in

 
À

cu
rr

en
t 

by
 t

he
 m

od
.if

ie
d.

 m
om

en
t 

m
et

þo
d

\n --
l



qÂ

smal-l- f raet ion of the total curr ent at that
are superinposed as ripples on a current
(physical- opties term) of a continuous narure.

point and they

d.istribution

Figures 3 . B and. 3..9 depict the rad.iation patterns
for the same geometrv but the souree is slightly off the
centre of the reflèctor and. are computed. by the tr.¡o

d.if f erent method.s. Agai-n, the advantage of the mod.if ied.

mornent method. in obtaining a fast conver.ging sorution is
evid.ent.

ïn ord.er to investigate the effects of the source
separation frora the reflector, the rad.iation patterns for
moderate source- separations are computed by the modified
mo¡lent method. and are presented. in figure 3.1o.As expected.,
r¡hen the source moves ar.¡ay from the obj ect rthe variations of
the pattern i.¡ith pol-ar axis ( O ) inereases r"¡ith antenna
separati ons. Eowever, as the number of rippl_es
increases rtheir size d.ecreases rtending gradually to the
total pattern of a uniform prane l¡ave normalry incid,ent on

the scatterer, a result that ean be vielred. as a check.on the
vaì idit¡' of the solution thus obtained..

The significant amount of increase ín the rate of
the convergence of the sol_ution offered. by the mod.ified.

mo¡lent method r cârl be utÍl_ized to treat scattering problems

invol..'ing .ob j ects l,rith large cïoss sectional_
d-inensions, rel-ative to the wavelength. Assuming the total
current in the form,

J
op d,

IT (s.\s)
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J is readil-y hriown from the incident fieJ.d. of the source and

ti" d.ifferenee eurrent is the only unknown to be determined..

ïrorrever, J- is d.ue to the surface discontinuÍties and Ís
d

l-ocaLized to the edges of the reflector. Thus, as the

refl-ector si.ze increases, the contribution of ( .f ¿ )

d.ecreases, but due to its local-ized nature, J, can always be
o

deterrained bJr choosing enough segments near the edges.

To stud.y the case of large refleetors, the above

argument has been applied. to large reflectors and the

results are given in figures 3.11 to 3.18. The d.Ífference

current is now computed. near the ed.ges and. its behavÍor is
shown in lþcca fi orr¡aq for two cases of (ta=!0 ) and

(tia=f 00 ) . The resid.ual- current distribution has a

signif icant val-ue only 'neaï the reflector ed.ges. The

cornputed. val-ues are proved. to be in good agreement and. are

sho¡rn for the folloçing cases,

a- f ixed. sampling length (SL), but d.iff erent segment size AC

(rigures 3.LI and. 3.12).
and,

b- fixed. AC, but d.ifferent vat_ues of SL (figures 3.13 and.

3.1-l+ ) . The radiatíon patterns are also computed. for these

cases and. are shown in figures 3.15 to 3.18. Their agreement

is exeel-lent except near the eentre of the shadov regÍon.

This discrepancJr cou'ld be d.ue to the location and r¡agnÍtude

of the ed.ge currents rr,rhieh aïe d.if f erent f or d.if f erent step



o .J '

s1zes.

The application of the method. to ïet'lectors of
different shapes and. excitations is trivialrbirt in general
nunericai integrations are reqrrired to fínd. the contribution
of the physÍcaL optics currents.



L.

o
rì O N rl d È o a

I o ! é

l.q
=

qf
'l

S
L=

L2
. 

5

ac
=

0.
 1

5

A
c=

0.
25

 À

0.
0

0,
0 F
ig

ur
e 

3.
l-1

1.
0

1.
5 

2.
0 D

Ís
ta

nc
e 

fr
om

 t
he

B
eh

av
ío

r 
òf

 t
he

 d
.Íf

fe
re

nc
e

A
nt

 e
nn

a

2,
5

J¡
U

ed
ge

 in

cu
rr

en
t 

fo
r

=
Y

(æ
-.

.+
*-

?-
-r

ì 
*-

*-
--

_-
/

4.
) d.
if 

f e
re

nt
 

st
ep

. 
si

 z
es

o\



1'
0 

-

ka
=

l-0
0

S
L=

12
. 

5 
À

.d
F

ì

q5 0) N .r
'{ rl C
d ¡{ à

0.
8

oo
oô

o 
o

X
X

X
,K

À
X

tr
.n

0.
 1r

au
-u

. 
¿

) 
^

^c
=

0.
 ?0

 À

¿
C

=
0.

 2
! 

À

o.
2 0.

0 
0.

5 
r-

.0

F
ig

ur
e 

3.
l-2

1.
5 

2,
0 

2,
5 

3.
0

D
is

ta
nc

e 
fr

om
 t

he

B
eh

av
io

r 
of

 
th

e 
d.

iff
er

en
ee

A
nt

 e
nn

a

3.
t 

\.0
oÄ

oo
 

i 
n

vu
Þ

v

^ 
11

 r
 

¡ 
ô 

ñ 
+

\.¡
 

5.
0

fo
r 

d.
iff

er
en

t

5,
5 

6.
0 

6.
25

st
ep

 s
iz

es

o\ \tl



r I

q

ka
=

50

ac
=

0.
15

.d F
) õ O N .r
{ d tr z

ôA 0,
6

(/
co

ôo

0.
ll

S
L=

12
.5

S
L=

10
.0

o,
2

I I

^^
l

u'
'J

 
l- 

| 
'

I 1

0.
0 

0.
5 

1.
0 

L.
j 

z.
o 

2.
5 

I 
3.

0 
3.

5 
\.0

 
\.¡

 
5.

0 
5.

j 
6.

0 
6.

2¡

D
Ís

ta
ne

e 
fr

om
 t

he
 e

d.
ge

 in
 

À

F
ig

ur
e 

3.
1-

3 
B

eh
av

io
r 

of
 

th
e 

d.
iff

er
en

ce
 

cu
rr

en
t 

fo
r 

di
ffe

re
nt

 
sa

m
pl

in
g 

le
ng

th
s

A
nt

 e
nn

a

o\ o\



1.
0

d d O
J N rl T rd

.h
o

ka
=

10
0

Â
c=

0.
 1

5 
I

o.
6

oo
oo

o

0.
1+

sL
=

12
.5

 À

S
L=

L7
.0

 À

0.
0

0.
0

v.
)

F
ig

ur
e 

3.
1h

1.
0

D
is

ta
nc

e 
fr

om
 t

he
 

ed
ge

 Í
n 

À

B
eh

av
io

r 
of

 
th

e 
di

ffe
re

nc
e 

cu
rr

en
t 

fo
r 

di
ffe

re
nt

 
sa

m
pl

in
g 

le
ng

th
s

1,
5 

2.
0 

2,
5 

3.
0 

3.
5 

L.
O

 
ll.

¡ 
5.

0 
5,

5 
6.

0

A
nt

 e
nn

a

O
O 6.

,

o_
o

7.
0

7.
5

8.
o 

x'
5

O
\'

--
.1



r{

v

É.
-2ll

Ac=0.15

ac=0. 2o

^c=0.25

BO r_o0 1"20 1ù0

0

Radiation patterns for different

ka=50

Sr,=12. 5 À

o o o.o o

xxxxx

ì

- {b

-[o

6o

trtiarrro ? 1qv J. L/

step sÍzes

-4 4

160 180



69.

io

e

-8

-12

-_LO

-20

-21+

^O

:3',

-JO

-ù0

-l+l¡

-lr tí

l:a=L00

SL=12. 5 À

Figure 3. 16

sizes

OÒ o o o

xXx Xx

Âc=0. 15 À

t:C=O.25

rlo 16o :-Eo

I

Rad.iation patterns for different step

À

)

80tt tJ



TO.

Ant-enna

e
t?.

-ro

-20

- 211

-28

-32

-36

-l+ O

-l+)+

ka=5 0

ÂC=0.15 À

C oO O o

)(xXXÀ

SL=1 2. 5

SI,=l-0.0

sL=8. 0

20 60 80 100 120 Lù0 160 180
q

Rad.iation patterns fo¡ different sanpJ.ing.Figure 3.17

lengths

-l+8



Tt.

sL/ 2

d

e

-12

- tr'

-211

-32

-5Þ

-ù0

-)+l¡

ka= L 00

^C=0.15

o oo o o

xxxxx

ST-= 1 .7

SL= l_ 2.

sL=8.0

0À

5À
I

Figure 3.18

I ength s

l+o 6o 80 1oo
0

Radiation patterns
120 1l+ O L60

for d.ifferent sanpÌing



(¿,

CHAPTER FOUR

SCATTER]}TG BY DIELECTRIC LOADED CYLINDRICAL REFLECTORS

h. f- Introduction
.q

The problem of scattering and. d.Íffraction by

dielectric loaded antennas is one, which so far has received

ÍnsuffieÍent attention. Among few research works reported.. Ín

this area is that of diel-ectric ].oaded. circul_ar cy].indrical_
23

axial slot antennas (Knop et al). Here the problem is

attacked ana].ytically r,¡ithin certaín simplifying assumptions

and the rt¡ork is carried. out to f ind an int egral relation f or

tÈe external ad.míttanee of the slot and have shor,¡n íts

behavior for various thíckness of a d.Íelectric coating.
24

Following thís work, (El Moazzenrshafai ) have found an

optimum value for the thiekness in ord.er to have maximum

power transfer through the s1ot. Using varÍously shaped
25r26r27

clieleetric inserts, (Hanid. et al) have shown experimentally

that beneficÍal effects on beam wid.th and. d-irectivity ean

oecur for horn and. corner reffectors. In a recent paper by
2g

(TsandoulasrFitzgerald ), the effects of the symmetrÍca1Iy

Ioad.íng of a horn aperture with E-plane d.ielectric slabs Ís

examined. and. is shovn that high aperture effÍciencies may be

obtained. easilyrthrough the use of dieJ.eetric coating.

Due to .the scarcity of quantitative theoretical

d.ata on the effects of various parameters involved. in

scattering from d.ielectrically ].oaded cylindrÍ eal



73.

ref leetors, the present chapter is oriented. to stud.y

nurÌerically -the general scattering properties of these

reflectors. The aoproaeh adopted. here is based. on the

integral equation for the fiel-d. of a" harmonic source ín the

presence of a d.ielectrie cylind.er of arbitTary cross section

shape, backed. by a cond.ucting eylindri cal ref Iector.

Fol-lowing(f)rthe dieJ.ectric eylind.er is d.ivided. into

ee11s, which are smal-1 enough, so that the electric field

r'n*oncr'*rr ic nearl-y uniform ín each cell-. The surface of the¡¡v¿ uJ

eonducting eylinder is also divid.ed. into smal-1 segments and

then emplo-rring the stand.ared moment method technieue r the

integral.equation is enforced. at the eentre of each celJ- and

segment, r+ith the cond.ition that the tota]. f ield. must equal

the sum-of the íncident and. scattered- fields vithin the

dielectric,anil the tangential component of the electrie

fiel-d. must vanish on the surface of the eoniluctor. The

result is a system of Ii linear equatíons in li unknot¡ns'!ùhere

IT stand.s f or the totaJ. number-. of cells and segments. The

system of equations can be solved for the unknoÌ{ns with the

aid. of a d.igital computer.

The ad.vantage s of this teehnique is Ín íts

fl-exibility to treat problems of arbitrary .eross sectj.ons

and arbitrary tr¡o d.imensional sources ( tine souree, any

aïray of J-ine sourees or a plane i¡ave souree). Moreover the

accuracy of the solution can be increased. to the desired

d.egree, by increasi¡g the nunl¡er of d.ivÍsions on the
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scatterer.

Ïn fho fnl I nrrì nc seCtiOn the prOblem will be

formul-ated in a form suitable for computer use.



,+.2- Formul-atÍon of the problem.

Consider a harmonic wave in
a dielectric c¡rlinder backed. by

arbitrary eross section as suggested

free space incident on

a conduetíng surface of

in f igure l+.1.

Conductor

eorilo

rI ïne id ent<--< f ie]-d.

Dielectrie eyJ-inder

Figure h.t cross sectional view of the scattereïs.

rrhere S and. C are the cross seetions,. of the diel-ectri_e
eylinder and the refl-ector. For the present probrem it is
assumed. that the incid.ent electríc field ñ is z-directed. and

the source and. the scatterer d.o not vary al_ong the z_axis.
Ït is also assumei[ that the the d.ielectric c.¡]-ind.er has the
sarle permeabil_ity as free-space ( U:Uo) and its permittivity
( e ) i" a real eonstant. Hovever, it is to be mentioned
that in the general aoproaeh suggested by(5)rthe method can

also be applied to inhonogenous and dissipative diel_ectrics
( e conplex and. a funetion of xry).
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Let E represent the total- fÍe1d. set up by the

source in the presence of the d.iefectric and the cond.ucting

cylinders. f f 'we represent the region occupíed. by the

dielectric by I,and the remaining region by IIo l¡e will

have ,

VxË=-jopofi

in region If

VXH= J Oro-Ei

V x fr = - JoUo

in region

V x fr = j6e Ê = jureoË + it¡(e-eo)Ê

Consid.ering the modificatíon mad.e in

equati ons r rre note that al-1 f iel-d.s, can

exsisting Ín free spaee with

(oolarization eurrent) eonfined. to the

the diel-ectric Srgiven by,

and the induced. surfaee current on C given byt

(l+.1)

the last of. these

norr be as sumed as

a dePendent current

¡sgion occupied. by

(\.2)

Ì =âxfr"S (l+.3)
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2.32,

In the light

Ì¡e can for¡nulate

argument

lem in the

JoU J(õt)
q

and with the aid.

form of,

G dc' + (rtt /\n)

ofof above

our prob

(
(r/t+n¡ 

¡

J

c(
.l

)

ù

r+here it

above eq

E(Þ) = r

( e"-r )

is un

uat i on

E(õ') G ds'

er = e/eo

c = (n/ J) Hå(kl Þ_¡, 1 I

(l+.l+)

fieId. eomponents of the

(1.¡)

(l+.6)

oo i nt..

d.erstood that all the

are z-ð.ir ected and,

and prime denotes to

Substítuting h.5 into l+

the eoord.inat e of the source

.3 results inr.

E(õ) =

The above equation is vaIid.

the factor T is equal to one

the bound.ary C on vhieh it

on the boundary C, electric

for both regions f and TI. Sinee

for all points of, spaee except

takes the value tworand. because

f iel-d. must vanish, 'we may d.rop

m ¡'/ã\r !.\ l/,f -t
(rtn /t+)[ J(õ')

c

l2
J n(õ') u-(rl
5

n2 ( r l-p-i, l) de ,

6-6'l) dsr (l+.?)
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out' the factor T, leaving,

E.(õ) =I

+( jk" /\) ( e-1)
T

Therefore, enforeing

c e'l L and s egment on S

o2
e(õ)+ (r.nur+) J r(6, ) r;(rló-ã'll dc'

I
E(ã') n-(rlõ-õ'I) irc'

^
I
I

ù
(l+.8)

l\Tnr¡ 'lat 11 c ¡ivid.e the crOSS SeCtiOn S and. C intO ce1ls and¿ivf, t

sesments sufficiently smal-I so that the electric field

intensit¡r and the surface current density are essentially

constant over the respective divisions. ltrol¡ sup!ose that the

total number of ceJ.ls is l{ and the total number of seglnents

on C i s eclual to lT. The only bound.ary condítion to be

satisfied is,

E(ã) = o onC (l+. 9 )

the equation )!.7 at the center of each

and C respectively resu] ts int

E(ã' )ij

lI+1.î

=IA.f+
.'ì tì Tr

¡=!l+ 1

3.l-8 r.Ie have,

l\,f

sîñL .D- Ir]m m
matching points in S )

(\.ro)

(l+.rr)

j= n

where, from

s2(r. 16. -ó l)oJnI
I

I
I

=¿
I
I
I
I

It

(an/l+ ) ¡c
n

(kn/l+) 
^cn{

A
lrl

t- (zi /tr ) Ln(k^cny /l+e)]
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and tr* i s given b:r,

to M+N.

for the integral appearÍng

a circular regì 9p, is not

cell-s are sufficientlv

in annroxirnating the cel1s

same cross section area.

lo i* m
I

I

IE =fjn 
I

I

L1 j - m

a.nd i te.kes the val-ues from oneu vs¿res e.

efosed form solution

in ecìuation h.ff, except for

avail-abl-e. However r if the

small r littl-e eïror is incurred.

w_ith circul-ar cel-l-s of the
f.]llrorafrlro

- _¿ v,

M

B. =e.+(jy,/\) (e-1) r frltrlø lo llds,jmjmTm=.,t Jojm
cel-J- m

(:v2/t+l I szrolN -ã l) dcr = (¡/c\{t¡v o '\d" ,'t J "o'"1õj-õ,ol) d's'= (j/z){ru ",u"Jtar) 2j }

c e1l- m

()+.12)

I T I =m!t*

(l+.13)

3= ( ¡nua^/z) ,jo"* ) ,t (o lõ¡ - õ, I )

rthere a i-s the rad.i-us of the equivalent cireular ce11 which
CI

has the sa¡re cross section area as the cell- n. substituting

l+. f Z into h. f f 't ead.s to,
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B.
Jm

E(p,0) =

kP+æ

= Ei* E=

I

I + (g-t) (¡/z) (nka, ¡1'1ra*) -zj¡

2
( j k?n/z) (8,-1) .r_(ra-) H (rlõ._ ô'_llm . 1 rrl o J m'

exp(-jkp) n(O)

j=m

( l+. rl+a )

i*n

(l+.rl+s)

( )+.15 )

By the above formul_ation, the boundarv cond.ition is
imnlemented in the eoeffi.cient B. ..l.Ihen the matching point

Jm
ís on a, the ind-ex j is greater than H and B. is given b..¡

Jm)r.1)rB. once the slrstem of r-inear equations in Ì,{+1¡ unknovns is
set up and- sol-ved f or the unknovns, the scattered f iel_d and.

the total- radiation field- and. other parameters of interest
can be eomputed easi]-y from the information about the fiel_d.
and' current distributÍon in the d.ierectrie region and on the
conilucting cylind.er respective]-y.
rad.iation f ield. i s given by e

For instanee, the

vhere,

l.jr 1\

R(ô) = I -- 
fr.A c,.exp{jkpncos(0-ó)}+ (zr/n)(e-r)

n=M+ 1

M. I Er"*J{ ka, ) exo{ikpncos ( 0-0J
m=]- ¿

(z¡/nkp)

()+.16)
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and. the echo wid.th, in the case of an incident plane wave,is
34

given by,

r^r(0) = l-imit 2trp In(p,þ)l'/l ¡(p,ô)1,= (xn2ll+)l R(O)lrll El'
Lô->oo s i i

rn thÍs section, the probrem of scattering by :;,
tt',t-'a'. .

dielectric l-oaded cond.ucting cylind.rical reflectors lras

anal¡r2sd and. formulated in a manner suitable for the
computer use. The purpose of the f ollowing section will be 

.,,: . .

'-..: ithe applicatÍon of this method to certaín geometries in ,,',",:

order to stud.y their general scattering properties. ,,.'
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l+.3- Numerieal- results.

A eomputer program, based. on the section \.2 vas

d'evel oped to solve the integral equation l+.7. The resul-ting
computer progran has the flexibility to solve the general
scattering problem for virtual].y any cross section of a

diel-ectric cyl-inder in the presence or absence of a

conducting cylinder of any cross section. The va1íd.ity of
the general-i zed program was verif ied. in. various T.¡ays. First ,

numeríeal- sol-ution vas obtained for the specific case of a

circular dielectric cylindrical she11, for which an exact
result is avail-able and is shown ín f igure 1+.2. Figure l+.3

shor¿s the exact sol-ution and. the result obtained by(flgor the
same probl em. Excellent- agreement between numerieal and the

exact sol-ution is evid.ent. Figure l+. h illustrates the
plane-wave scattering pattern of a semicircular cy1índ.rical
shel-1. IIo exact solution is available for comparison r¿ith

the result shovn in figure \.\. Hovever as a base for
comparison, the result obtaÍned for the same problem av$)
i s illustrated. in f igure It. 5. For the case vhen a eond.ucting

cylind.er is placed in the vÍcinity of the d.Íeleetric eylind.er,
sinee no exact or numerical solution vas available, valid.ity
of the program Ì,ras verified by interehanging the d.irection of
incid.ence and. the observation f or several- test eases. Accord.ing

to the reeiprocity theorem, the observed seattered fiel_d. must

be the same in both cases. several cases rrere examined. and.
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H'ere found. to be so withín the range of the computational

error s .

Consid.ering the geometry shown in fÍgure l+.6, the
parameters involved. in the overall radiation characteristies
of a d.iel_ectric loaded cylindrical reflector are as f oltows.

C onduc t or

Figure ,+.6 Notations

rad-iation patt ern.

for the parameters affecting the

b rad ius of curvature of the cond.ueting surf ace .

a radius of eurvature of the inner surfaee

d.ielectric cyl-ind.er.

electric layer.

d.iel-eetrie 1ayer.

the

of the above

refJ-ector, the

presenee of a

of

^. the angl-e of the ref l_ector..u,

T Bhysical- thickness of the d.Íp

T^ electrical- thickness of the

where er is the rel-ative pernittivity of the d.ielectric
mat erial-.

ïn ord.er to stud.y the effects
parameters on the perfornance of the l_oaded.

rad.iation pattern for such a refleetor in the
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line source was computed. lor several- test carjes ancl the
resul-ts are si:.ol¡n in f Ígures \ .l to l+ . rh . I-or purpos es of
presenta'bionrit has been found. collvenien.r, to .<LTranBe tire
results of tiris series of computations in a particular
order. Figures t+,r anci l+. iJ are intended. to show r,he ef f ects
of variation of the crrrvature of the cond-ucting cylinclc.r and

the physical- thickness on the radiation pattern. The obher
parameters are heid constant at a reasonabl-e var-ue. From

these fÍgures it is bel-ieved. that the variation of b has no

si-gnificant effect on the general shape of the racLiation
pattern. The physical- aspects of the probl-em vou.l-d lead one

j

to expect that as the physÍcal- thickness of the d.ielectric
layer ír:creases, the variations in the curvature of the
metall-ic cylinder voul-c1 be l-es s noticeable in the radiaiion
patterns, sÍnce most of the energy r.¡il-l- be refr_ected. bef ore
touching the surf ac e of the conductor, ancr is f ound. to be so

by comparÍng f igures l+ 
" r and. l+ . B. rvroreover , as the phys i car-

thickness decreases, the curvature of the cond_ucting
nrrììn¡ìa- ih^-çJr¿¡¿usa r'u.eses and. confines the energy to smaller" region.
This is beleived. to be the reason why the energy lever in
front d-irec'bion increases continuousJ_y as b clecreases in
figure 4.7. Hovever in figure t+.8, the front clirection
energy level- is fairry constant , a result that can be

attríbutecl to trre discussion gÍven earrie:r that trie
diel.ectric layer is thick er:ough for bl_ocking the energy
from seeing trie variations in b. Figures lt.9 to L.rr show
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the effects of varir'¡,tions of the curvature of the
íl-luminated surf¿rce. As expectecl , the general shape of the
rad-iation pattern is more s.ensitive to this parameter than
b, since part of the to'bal- ener:gy is reflected. fron thj-s
surface" otirerl¡íse there seems to be nc rogical. \{ay of
interpreting the results obtained.. Fi_gures 't+.tz to l+. rl+

il-l-ustrate the effects of variations of the electrical
thickness of the diel-ectric layez'. These figures shor+ most

clearly the strong effect of thís parameter on the racLition
pattern. A pJ-ausibl-e physical explanation is that the Ìrave

penetrating the o.iel-ectric layer und.er goes certain phase

shif t bef ore emerging again fron the il-l_uninated. sid.e. Tiris
phase shift d.epend.s on'bhe erectrical thickness of the layer
and- the radii of the curv'ature of the il. l-uminatecl surface.
Therefore the r{ave couJ-d. be ¡ha.se¿l in srrch a manner to cause

the iobes of the ractÍation pattern (of an unl_oad.ed.

refl-ector) to be shiftecl and.'al-tered. in mâ.s.n.itrrdê .,,r even

generate ner¡r lobes. By comparing the radiation patterns of
tlre l-oad.ed. and unloacLed. ref I eoi.nr i n ri îuïes )+ .tZ to l+. t\,
it is believed. that by proper choice of the el-ectrical-
thickness of the diel-ectric J_ayer, it is possibte to recluce

the beam width of the main l-obe and. increase the front
d.irection energlr l_evel of the refl_ector.

So far " in the resul_ts presented in this sect
uniform cliefectric tl:ickness va.s assumed. Tn ord.er to
the effects of non-uniform cListr.ibuticn of d.Íel_

ion, a

c t rr ,{ rr

ectric
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coating, and. introducing a small- air gap betveen the

d ielec tr i-c and the concluct ing surf ac e, the racliation pattern

for several- test cases rras computed.. To restrict the figures

to a reasonabl-e number r a f er,¡ cases are shovn in f igures l+ .Lj
to L+,19 " In general, i.t l¡as observed. that non-uniform

d.i s tr ibut ion o f c oat ing broad.ened- th e beam wi d.th and.

increased.'che back rad.iation. This r.ras probably d.ue to
introcluction of new edges which caused d.iffraction of the
'wave inc id.ent upon them " However, in f ew cases e it .was

observed. that introduci-ng sma1l- air gap betveen the

d.iel-ectric layer and. the val-l of the refl-ector(figures )+.r6

to )+. f 9 ) i,¡oul-¿ resul-t in narrowing the main l-obe at the

expense of increasing the back rad.iation.

So far,it has been shovn that the most effective
parameters on the overal_l- perf ormanc e of a l_oad,ed.

cylindrical- refl-ector are the electrical- length and the

curvature of the il-l-uminated- surface. Even though it seems

that there is rìo systematic \nray to determine the optimum

vafue for these parameters, nevertheless, it is possible to

generate enough results to be able to d.ecid.e on an optimum

d.esign with the aid. of the avail-abl-e mod.ern computi-ng

faci]-ities.
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CHAPTER F]VE

EFFECTS 0F SURFACE DEFORI'4ATrON OF COI'iVENTTONAL REFLECTORS

5.L- fntrod.uction.

Reflectors are widely used. to mod.ify the radiation

pattern of a radiating element in a suitabl-e manner. There

are several types of focusing reflector antennas commonly

used. in microvave frequency range for particul-ar purposes.

Hol¡ever, among the most economieal and. versatÍ1e type of

refl-eetors, eorner r cyl ind.rical and parabolie reflectors

are of special interest. GeneraJ-J.y, a corner ref l-ector i-s used

as &n active antenna and. is most praetical- r¿here apertures of

one or two l¡avelengths are of convenient size. hrhen it is
convenient to bui1d, antennas with apertures of many ¡ravelength;-

parabolic ref.lectors can be used. to pr:ovid.e highly d.irectÍonaJ- -

antennas . Because of their large l¡avel-ength si ze, such antennas

can be designed using the approximate solution borrow'ed from

the ray theory to oþtain hÍghly d.irective beams, large gain,

precision d.irection find.ing and. high d.egree of reso].ution of

complex targets in the case of radar applicatÍon

The exploration of a wid.e angular region wj-th such

sharp beams requires an j.nvolved scanning operation. This

probl em can be overcome by broad.ening the radiation pattern

in one d.irection. The eylidrical reflectors are quite

suitabl-e f or this purpose s j-nce they prod.uce fan beams, that

is, a fierd. pattern which is r¿id.e in one prane and. narrol,'in
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the other.

rn ord-er to obtain a predetermined. fan beam. rad.iati
which has been used extensively in rad.ar antenna d.esign,

conventional cylindrical reflectors are shaped. in such a

to prod.uce the desired. pattern in the broad. beam pfane

ohr

the

rf ay

so far, most of the information available for this type
of reflectors has been obtained. through the use of Tay theory
l¡hich is only appl-icable if the characteristie d.ímension of
the reflector is much greater than the vavelength. Hoveverrfor
d.imensions of the order of the wavelength, this approach most

likely is not abl-e to yie1d. results l¡ith acceptable aecuracy.
The purpose of this chapter is to investigate the

rad.iation characteristics of a few commonry used. types of
reflectors of mod.erate eross sections by- means of numerical
teehniques d.eveloped in the earl_ier chapter. rt arso studies
tnu.n'9-:-lÍP_ilities of bean shaping by surface d.eformations
and improving the rad.iation eharacteristics of these types
of refl-ectors in a desired fashíon.

rn the folloving seetion, first the radiation pattern
of three types of commonly used. refleetors ( corner rparaboric
and circular eylind.riear reflectors) lrilÌ be compared., for a

l-ine source excitation. The second. step l¡ould. be the investi_
gation of the effects of surfaee d.eformation on these focusing
elements and- fina]-ly the best resurts for each case (if any)

r+il-l- be eompared. against each other.
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5.2- Numerical results.

Resul-ts of this series of computations are the
rad.iation patterns presented. in f igures j.l to j.T . It has

been assumed. that the reflectors are infinite along the
z d-irection. This assumption wirl transform the problem into
a two-d.imensional one. Generally when the axial rength of a

reflector is nore than a few wavetengthsrthis assumption

1ead.s to results of aeeeptable accurracy.

Figures 5.1 to 5,3 shov the rad.iation patterns of
three types of reflectors mentioned. before. The geometry of
the. structures are shovn in these figures. As a base for
comparisonr the apertures of the reflectors are kept eonstant
and. equal for all the reflectors. The area of the refl-ecting
surfaces is also kept equal to each other as elose as possible.
Figure 5.I shol¡s the effeets of the source separation distance
from the reflecting surface on the rad.iation pattern of a eir-
cular'cylindrieal reflector; For this particular geometry it'
rras found that setting ( ks=1-,! ) "usurts in.a less back rad.-

iation wjthout a significant decrease'in the front d.irection
energy 1evel. Fígur e 5.2 il-lustrates the d.epend.ence of the
focal- number ( Fr, ) of a paraboric refleetor. Here the focal

37
number is,

F = ÎlDn (¡.r)

vhere

shovn

f

in

is the foeal length of the parabolic

the f igure, and. D is the d.ianeter of

reflector, as

the aperture.
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For line source loeated. at the focus of the

reflector, the amplitud.e d.istribution of f ield over the

aperture becomes more tapered. to the edges of the aperture
33,37

as F' decreases r¿hich means red.uction in edge illuminatÍono

This may be d.esired. in ord.er to red.uce the minor-lobe levels
and. back rad.iated. energy, but at the expense of l_ower

rad.iation 1eve1 in the front d.irection as it is evid.ent from

f igure 5.2. By d.eereasing f , since D is kept const?ra, Fn

d.ecreases. As a result of tapering aperture írlunination,

the back scattered. energy becomes smarler but the leveI of

the energy drops rapid.1y.

Figure 5,3 is intend.ed. to shov the ef f ects of the

vari.ation of the source separation on the rad.iation pattern

of a corner reflector. This figure shows that by d.ecreasing

the antenna.separation from the apex of the corner-refl-eetor,

beyond a '-cer.tain lirnit, the : baek rad.iation -increases ¡-'This

is expeeted., sinee by d.ecreasing the source -separati.onr- the-
effective .aperture of a corner reflector decreasês :. Furth-

ermore, if,

ks >lr-9"/2

where.C is the

becomes broad.er.

antenna separati

length of the

As expeeted
.?

on 1s

(>.2)

refleetor, the main lobe

the optimum value for the
7

t

ks = lr-9,/2 (:.s)
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In order to compare the three types of reflectors

studied. in this section, the best case from each figure r.¡as

chosen and. is shor¿'n. in f igure 5,\. The basis of t'his selec-

¿ie¡.waS nainly a compromise between n¿rro.wer beam wid.thrless

diffracted energy and more radiation lever in the front

d.irection. As it can be seen, from the above points of view,

the cÍrcular eylíntlrieal refleetor shows the best result

among the three types of reflectors vith mod.erate eross sec-

tional d.ímens ion.

fn ord.er to suppress the d.iffraction around. the

edges of the ref lecting surf aces, it Ìras d.ecid.ed. to

investigate the effects of introducing flares of plane

metallic sheets at the ed.ges. To stud.y the probable ef fects

of thÍs bod-y d.eformation on the radiation pattern of the

reflector antennas, severa]. cases vere tested. and. results

are presented ín,figures 5.5. to 5.7.. The geometry .of the

antenna. -strueture -for eac-h : easê:,. .is also given.,,in the

corresponding f igure.' The rresu-l--ts.- .8re-- . quit,e '-- sati.sfactor.¡¡;-

since in all cases, the introd.uction of the flares result

in -narrower beam width and. less ed.ge d.iffraction. A p].ausible

physÍcaI interpretation is that the energy d.Íffracted. by the

ed.ges will- be refrected back to the front d.ireetion by the

eonducting plates. The new edges introd-uced. by these plates

are too far from the source to diffract a signifieant amount

of energy. The optimum value for the angle (ß) between the

plates and. the x- axis is found. to be \, d.grees for both types

of reflectors. Figure ,.7 compares the best result obtained
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for each case. rt shows that the baek scattered energy is r-ess
I'o:: the modífied cire'rrar cylind.rical refleetor and the energy
level- Ín the front d.ÍreetÍon is much greater than that of the
parabolic type.
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CHAPTER S]X

CONCLUSTOI{S

In this thesis, the general scattering problem of a

perfectly cond-ucting or a d-ielectric loaded refl-ector was

d.escribed. by an integral equation of the ind.uced. surface and.

polarization currents. The problem is then solve,l hrr ân

appfication of the noment method. The principal limitations

of moment method. in appli-cation to Large conclucting objeets

lrere pointed. out and. r¿ere overcome by util-izing the physical

optics approximation. The total current d.istribution vas

assumed- to be the sum of the ph-vsical optics and a

d.if f erenc e current. l¡hich ac counted. f or the contribution of

the d.iscontinuities and- the d-if f erenc e of the true and. the

¡Jrrrc i no'ì nn+igg CurrentS . It l¡aS ShOWn that uSing this"ì,"

method, , r€asonabJ-y accurate- sol-ution coul-d be obtained. rrith

step sizes as J-arge . as - O. f7À. This was a significant

improvment over the conventional moment method-o rthere a step

^ ^-1size of 0.05À l¡as requi-red..

The method. was then appJ-ied. to stud-y the rad.iation

characteristics of large refl-ectors, ka=!0 and 100. The

d.ifference current vas shor+n to be ].ocalized to the edEes of

the reflectors and. cou1,1 be d.etermÍned. b¡¡ sanpling a

fractional- portion of the reffector contour near each ed.ge.

This in fact red.uced the larse refl-ector surface to snal-f

regions near each ed.ge and-, consequentJ-y, could provide a

numerical sol-ut j-on f or reflectors of any size.
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The effects of variously shaped. d.ielectric load.ings

on the radiation patterns of cylind.rical refl-ector \reïe also

investigated.. It lras found. that the electrical- thickness and

the d.ielectric surface curvature vere the most important
parameter s for the overall behavior of these antenna

systems. By a proper choÍce of these parameters, it lras

possible to red.uce the beamr¿id.th and., as a result, to

increase the d.irectivity of the ref l-ectors.

Finally, the effects of surface d.eformatíons of
conventional cylind.rical- and. paraboric reflectors r¡ere

investigated. by introd.ucíng cond.ucting sheets at their
ed.ges. These cond.ucting sheets generally improved. the

directivity of the refl-ectors, and. gave an optirnum

Airaa*irrir--' ror a )+5 d.egree ang]-e betr,¡een the sheets and- theuurY¿uJ !vr a -) ugë,acl

symrnetrical axis of the r:efJ.ectors.
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APPENDTX A

a- The Method. of ]vÍoment

The basic id.ea of the rnethod. of moment is to reduce

an opeï'ator equation to a natrix equatíon and then solve the

matrix equation by known techníques.

Following Harringto|' , let us consid.er an integral
equat,ion of the inhomogeneous type,

ttf ) = c (1 A)

where, L is an integral operator, f is the unknown function
to be d.etermined. and. g is the known function. Let. f be

expand.ed. in a series of linearly independ.ent functions,

f = Xcl. f-
n

(2 A)

where, orrt"(n=1 ,2r...)are .in general complex constant i:::-:,::'

coef f icients and trr t " are expansion functions (basis ,.....,,.',,:'

functions ). Equation (z A) hold s if it is an infinite

summation and- fr, t = f orm a eompJ_ete set of Ii nearlv

ind-epend.ent functions. For an approxi_rnate solution, hovever, :..,,;;,,,,,,¡,

.-:..:.:.::
the summation is usually truneated. at r=N, where the l-over

linit of N d.epend.s on the d.esired. d.eqree of accuracl¡ of the

solution. Furthermore, the set of f- shoul-d- be chosen in
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such a Ì¡ay that to approximate f reasonably welr- in the
prescribed region. Substituting \2 A)into (l_ A) and. using
the linearíty of tr resul_ts in.

}T

r_o' t(å)=c
n=1

Now we defÍne an inner produci < frg> to satisfyr

(3 A)

(4 A)

where, a and b.are scalars and. * d.enotes comn]ex conjugate.-
For dif f erent prob1ems, d.if ferent suitable inner l,rod.uct.
d.efinitions','ma],:,.be chosen.r -but sub j ect -to ( 4 A) . Nou, defi¡re:-,r.
a set of linearly ind-epend,ent testing functions, wr, , 

"(n=1r2r...N). Taking the inner prod.uct of (3 A) vith each !r*
II

leads to,

trro,' w*rl,(fn) > = .%rg t ü=1r2;..N (¡ A)

< f ,g

<af + bgrh> = a<frh> + b<e.h>

[ ,o irf -o
fÈl

af 'f > I
I( = 0 if f = o

In matrix form,() A)may be cast in the forq of,



I2]-.

(& ) (s) = (e )mnnm

If the matrix( g )is not singul nr -then- 'mn' ----Þ v¿¡v¡¡t

(GJ = tl*"ite'l

1ï
+ÞçÆtl usr rìn

n=I

-1'where, ( [- -j is the Ìnverse nr | 9. r 
^ 

+.nn s úr¡e 1nverse or t rmnJ. After solvinA (7 A) for
orrt 

" ' then the unknown cluan'bity f may be approxrmated by,

(6 A)

(7 Á)

(8 A)

b- Approximation technio-ues for tbe expa,.sion and. veighting
functions.

1n order to solve the inhomogeneous integral
equation t1 A), the first task .is to choose a.n appropriate
set for the expansion fun'ctions.- rn --fact-, ther:e are an

inf inite nuuber of sets ;hat may be used- f or this ÞLlrpose.
Hol¡ever , dt er¡einat ion of the proper s et d.epend s on the
d-esired d-egree of accuracy of the sol-ution anc the ease of
eval-uation of the natr.ix elenents and. the computing cost
factor. rt siroul-d. arso be ehosen in such a vay that to gi'e
an accurecy consistent r"¡ith the accuracy of the integration
techniques used for evaluating sub -'ntegrals related to the
coefficient matrix.

Several useful- expansion functions, vith their



r22.

ltr
d.egree of accuracy are given in , namely, pu1se, tríangIe,

first ord.er'Taylor series and. piecewise parabolic functions.

Pulse function is the least and. parabolÍc function is the

most accurate ones in these series of expansion functions.

For the case of veighting func-r,ions, agal-n we may

u.se an inf inite nurnber of sets. However, e, eomplicated- f orm

of weighting function results in evaluating complex

integrals for d.etermining the elements of the coefficient

matrix. The simplest l¡ay is to use a set of Diraets delta

functions. rn terms of the point matching technique, this is
equivalant to enforce the integral equation at N d.iscrete

poínts on the contour of the integr.ation. Throughout'i;his

thesis, the computations are carried. out by a first ord.er

approximation, that is, the pulse and. delta funct j-ons are

used. for the expansion and the veighting functíons,

respectively,

c- Pul-se and. Dirac ¡ s d.eIta functions

The sÍmplest form of expansion functions is the pulse

function illustrated in figure A.

p(c)l

)

P(C-C
r' 

- n-1
r' ,-P(c-c'

Ía^"n-1 tn tn*1

tr"i crrrro A Pu]-se function
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A linear combinatÍon

approximation to f , i¿hÍ

pul-se funet

is <ì.epicted-

ions resufts

in figure B.

of

ch

l-n a slep

(1 (1

n-J- n

Figure B

n+1

Step approxÍmation

Therefore,

For

of Dírac I s

interval- on

,=f 'f
n

¡f a ^- T \U-L,
t¡

e]-sel¡here

the case of weighting function,

d.e]-ta functÍons located. at the

C , as it i s il-lustrat ed in f isure

( c +c-n+l- n) /z

(e A)

Ì{e choose a set

center of each

(a

îîv -.vn-l n

ts a orlTê l:
-¿Þs¿vv

n*'1

Delta functions
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^ 

l.L¿+.

According to the d.ef inition of the Dirac r s del_ta

functlon, v9 frâv€ r

(10 A)

For use in this work, a suitable inner prod.uct Ís
d.ef ined. âs,

(rr a)

Taking the inner prod.uct of f'and. ôn resul_ts Ín,

Now, if the contour c of the integration is d.ivid.ed. into a

total- of N intervais, the sampled. d.ensity of the unknol¡n in
the center of the nth interval_ is o

(rs A)

< I,tm ,p > = | I,rr." dc'l
c

ô_ (õ-õ )- o when ó + õn" n' -n
I

I 6r, (õ-õr, t oc = l- rìrhen õ = õn)"
(1

. ôr(õ-õr) , f(õ) > = I f(õ) .ô(õ-õ*) a" = f(õn)
n- (rz l¡

on AC n

elsewhere

[""
Jn = crP. =l

I

Ic
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where,

(rl+ ¡,)

where,

(ts A)

(rl Al

vfrer. õr" and õr, are th-e positional vectors of the mid-points

of 
^C- 

and. AC., respectiveJ.y. Tne crud-est apnroxrmation forIlI il'

c- Determination of the coefficient matrix.

In ord.er to d.etermine the element s of the

coefficient matrixr'we take the specific example of an

integraJ. equatjon in tlie form of ,

E ( õ) = (rrn/l+l i "( õ, ) tf to l¡ - õ, l) dc' (r¡ A)" i. t/ \.¿L 't ' t J ". t / ¡¡ \¡\ lr

equa-bions 5r9r10 and. 11 we hav.e,

| 2 t7&-- = . w-,L(.fn) )= tkn/4lf H^(klfu -o;1, dcr
c

L = (rrn/r+) 
JH3,otu - õ'l) d.c'

From tire
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eva3.uatl-ng the

t:nat, the interval-

variation of the
rTllrarofnra

int egral appear l-n€ç

A C is sufficientry
n 12

integrand. over ' At: n ,

in (1Í A/

small to

for the

is to assume

negJ-ect the

case when m fn

For diagonaJ. el-ements (n=n ), the

singularity on the nth intervaf. The

be íntegrated directly. However, if

small- enough,. then the argurnent

function can be approximated. b]' )

m+ n (r8 A)

Hankel function has a

Hankel function cannot

the in-r,erva]- lengths are

is smalf and. the Hankel

2

L^n- (rr/h) Acn iro(k I 'm õ',l)

L

rr lt l7ri 
o\ 

r! | pm- ll = 1--ë2/r)Ln( ykac /2)

where Y is given bY'

Y = 1.781072\

An application of (r9 a) to (tl A) resul-ts in,

(x r/)+) I cr, { 1 - (j2/ r¡rrr( t k 
^ 

col\e)}

0'n

Using the equations 2ri r7-B and. 20, the approximate current
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d.ístribution over the corrtour C can be obtained wÍth the aid.

of a d.igital computer. Once the current d.istribution is

found., other parameters of the engineering interest can be

conputed. by sinple integrations.
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