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Abstract

This thesis investigates the topological centres and Arens regularity of semigroups
and their algebras. Following the work of Richard Arens, who introduced two distinct
products (the Arens products) on the second dual of Banach algebras, the thesis’
main objective is to study the properties of the topological centres of semigroup
algebras, particularly focusing on specific types of semigroups such as the bicyclic
semigroup and partially bicyclic semigroup.

The thesis begins by introducing concepts such as Arens products, topological
centres, and semigroups, including their Stone-Cech compactification. Then the
thesis explore the Arens irregularity of the bicyclic semigroup S; and the partially
bicyclic semigroups S; and S; ;. We shall prove that these semigroups are strongly
Arens irregular, and that their left topological centres are determined by sets consist-
ing of two points. The study also extends to the measure algebras M (5S7), M (55S2),
and M (35S11), proving that their left topological centres are similarly determined by
sets that consist of two-point.

Moreover, This thesis investigates Arens regularity of inverse semigroup algebras.
We shall prove that for an inverse semigroup S if E(S) is uniformly locally finite
then ¢1(S) is Arens regular if and only if the maximal subgroups of S are finite, and

each D-class has finitely many idempotents.
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Introduction

Richard Arens introduced two distinct multiplications [J and ¢ on the second dual
of a Banach algebra. The left topological centre £/(A**) of the second dual A™* of
a Banach algebra A is a Banach algebra consists of elements F' in A** satisfying
FoG = F oG for every G € A™. A Banach algebra is left Arens regular if
EEH(A™) = A* and is left Arens irregular otherwise. In the extreme case, when
¢HA™) = A we say A is strongly left Arens irregular. Since then, the study of
topological centres and Arens regularity has been a focal point in the field of Banach
algebras and functional analysis. For instance, Arens regularity of group algebras,
C*-algebras, and Fourier algebras have been investigated by many authors. However,
Little is known about topological centres and Arens regularity of semigroup algebras.

Semigroups, which generalize groups by relaxing the requirement for inverses,
provide a rich framework for exploring various mathematical structures and their
applications. Inspired by Arens products, one may define two distinct product on the
Stone-Cech compactification 55 of S. Moreover, notions such as topological centres
and Arens regularity can be taken to the context of semigroups. The second dual of
(*(S) is the Banach algebra M (/3S) of measures on the Stone-Cech compactification
£S of S.

The first author to study Arens regularity of semigroup algebras was Butcher [8].
For a countable, cancellative abelian semigroup S such that S* = 45\ S is the union
of two disjoint left ideals of 55, he showed that ¢'(S) is strongly Arens irregular.
Butcher’s result was extend to all cancellative semigroups by Lau [20].

Dales, Lau, and Strauss [12] showed that, for each weakly cancellative and nearly
right cancellative semigroup S, S and ¢!(S) are strongly Arens irregular. Moreover,

they showed that there are sets determining for the left topological center (abbrevi-



ated DLTC) of 8S and M(S) that consist of two points.

Finally, Dales and Strauss [13] proved that for a totally ordered, abelian semi-
group S, both S and ¢*(S) are strongly Arens irregular. Moreover, they showed that
cardinality of a DLTC set can be arbitrary large.

In this thesis, we delve into the Arens irregularity of specific semigroups, called
the bicyclic semigroup S, and the partially bicyclic semigroups S; and S ;. Bicyclic
and partially bicyclic semigroups have played very important roles in amenability
theory of semigroups and semigroup algebras. Early in 1970’s, J. Duncan and I.
Namioka showed that S; is an amenable semigroup, but the semigroup algebra ¢!(S)
is not amenable [15, 16]. This contrasts with the B. E. Johnson’s celebrated result
that asserts that a group G is amenable if and only if the group algebra ¢1(G) is
amenable [28]. In fact, ¢(S) is not even weakly amenable [7, Theorem 2.8], and it is
not approximately amenable as well although S, is an amenable inverse semigroup
[23]. A semigroup S is left reversible if every two right ideals intersect. It has been
known due to [27, 19] that S is left amenable = S is left reversible = WAP(S)
has a left invariant mean = AP(S) has a left invariant mean, where AP(S) and
WAP(S) are, respectively, the space of almost periodic functions and the space of
weakly almost periodic functions on S. The converse of the first implication above
is clearly untrue. Whether the converse of any of the other implications is true was
a long-standing open question. Examining the partially bicyclic semigroups 57, and
Ss, Lau and Zhang answered the question negatively in [22]. Precisely, they showed
that AP(S;1) has an invariant mean but WAP(S; ;) has no left invariant means;
While WAP(S;) has a left invariant but Sy is not left reversible.

Our primary objective is to prove the strong Arens irregularity of the semigroups
Si, Sz, and Si ;. Moreover, we explore the Stone-Cech compactification of these
semigroups and prove that their left topological centres are determined by sets con-
sisting of precisely two points. These results provides new insights into the compact-
ification structures of these semigroups and their topological centres.

In addition to these findings, we shall study the Banach algebras ¢'(S;), ¢*(S),
and ¢'(S;1). We shall show that these algebras are also strongly Arens irregular.
Furthermore, we examine the measure algebras M (8S;), M(8Ss), and M(5S11),
and confirm that their left topological centres are also determined by sets consisting
of two points.

In Chapters 2 and 3 we review notions and results about topological centres and

Arens regularity. In particular, we focus on results concerning discrete semigroups



and their convolution algebras. Chapters 4 and 5 are our original contribution.
This thesis contributes to the deeper understanding of the structural and topological

properties of bicyclic and partial bicyclic semigroups.



2

Preliminaries

2.1 Arens Products

In the present section, we shall recall some standard properties of Banach algebras and their second
duals. In particular, we shall recall the notations and definitions of Arens products, Arens regular-
ity, and the topological centers. For a comprehensive overview of Banach algebra theory, we refer

to [11].

Let A be a Banach algebra and A** be its second dual. We regard A as a
subalgebra of A**, the second dual of A. There are two products on A** which
extend the product of A; these products are called the first and the second Arens
products on A**; the original definitions of the two products were given in [2], [3].
Denote the dual space of A by A*. For a € A and f € A*, we write the action of
fataas (a,f),ie. (a,f) = f(a). In the thesis, the first Arens product O and the

second Arens product { on A** are defined in the following way.

Definition 2.1.1. Let A be a Banach algebra and, A* and A** be its first and
second duals respectively. Suppose that a,b € A, A € A*, and M, N € A**. Then
the first Arens product and the second Arens product on A** are M o N and M o N

defined as follows.

First Arens Product [ Second Arens Product ¢
L. (b, A-a) = (ab, \), L. (bya-\) = (ba, \),

2. (a,M - \) = (M, X a), 2. (a,A- M) = (M,a-N),
3. (MoN,\)=(M,N-\). 3. (Mo N,\)=(N,\-M).



In the process, A -a and a - A denote the natural A-module actions on A*, M - A

and X\ - M are elements of A* given by the formula in step 2 of the process.

These products can be implemented through the weak® limits in the following

way.
MoN =uw* lignliénxayg and Mo N =w* liénliglxayﬁ (M,N e A™),

where (z,) and (yg) are nets in A such that w* limzq = M and w* lifrjn ysg = N.

Theorem 2.1.2 ([2]). Let A be a Banach algebra. Then both (A**,0) and (A**,0)

are Banach algebras containing A as a closed subalgebra.

In general [J and ¢ are different products on A**. The algebra A is called Arens

reqular if the Arens products [0 and ¢ coincide on A**.

Definition 2.1.3. Let A be a Banach algebra. The left and right topological centres,
€§€)<A**) and gt(T‘)(A**) ’ of A** are

A ={MeA* : MoN=MoN (forall N € A™)} (2.1.1)

A ={MeA* NoM=NoM (forall N € A™)} (2.1.2)

respectively. It is readily seen that
A (A) ngn (A™),
It is also easy to see that A is Arens regular if and only if
ft(@(A**) _ £§r)<A**) — A
In the case where A is a commutative Banach algebra, we have
&7 (A™) = 67 (A7),

and A is Arens regular if and only if (A**, ) is commutative.

We call A left strongly Arens irregular if &FZ)(A**) = A, and right strongly Arens
irreqular if &(T) (A*) = A. We call A strongly Arens irreqular if it is both left and
right strongly Arens irregular.

The proof of the following proposition is elementary.

5



Proposition 2.1.4 ([12, page 24]). Let A be a Banach algebra, and ® € A**. Then

the following are equivalent.
.« Pc £§£)(A**),'
o Ly : V¥ — ®aoV is continuous with respect to the weak™® topology of A**.
e« &.q, WK d oV whenever (aq) is a net in A such that w* ligl a, = .

Definition 2.1.5. Let A be a Banach algebra. A linear functional A € A* is (weakly)

almost periodic if the map
a—a- N, A— A",

is (respectively weakly) compact, meaning that it maps every bounded set to a norm
(respectively weakly) precompact set. The spaces of almost periodic and weakly
almost periodic functionals on A are denoted by AP(A) and W AP(A), respectively.

Arens regularity of a Banach algebra can be determined (usually) by using the

following well-known characterization.

Theorem 2.1.6 ([11, Theorem 2.6.17]). Let A be a Banach algebra. Then the

following conditions on A are equivalent.
(a) A is Arens reqular;

(b) for each ® € A, the map V — Vo P is continuous with respect to the weak*
topology of A**;

(c) for each ® € A**, the map ¥ +— ® oV is continuous with respect to the weak™
topology of A™;

(d) for each A € A* and bounded sequences (a,) and (by,) in A,
lim lim (@ bn, A) = lim lim(a,bn, A)

whenever both the iterated limits exist;

(f) WAP(A) = A",



Consider a family of Banach algebras denoted as {Ay : A € A}. Then the ¢!-direct

sum denoted as

C-@{Ay: X e A},

is a Banach algebra with respect to component wise operations. In particular, mul-

tiplication in the A\** component is given by the multiplication of A,.

Theorem 2.1.7 ([4, Theorem 6]). Let {A; :i € I} be a family of Banach algebras.
Then (*-@{A; : i € I} is Arens regular if and only if each A; is Arens regular.

Proof. It A = (-@,c; A;, then A* = (*-@,.; Af. Let B = ¢ -@,e; Af. Then
A™ = B*@, B+, and B* = (- @, A
It is easy to see that A- A* C B and A*- A C B.
So B+ . A* = A*. BY = 0. As a consequence,
A*oBt =Bto A™ =0. (2.1.3)

This implies further, using A** = B* @, B,

Br*oA™ =B*oB* and A™o Bt = B0 B (2.1.4)

Note that B* - A* C B and A* - B* C B. We then have B+ o B* = 0 and
B*o Bt =0.
Comparing with (2.1.3) and (2.1.4), we have

A0 A" =B"oB* and A" o A™ = B"¢ B".

In the sense that, if Uy, U, € B* and M;, My € B+, then

(Ul@Ml)D(UQ@MQ):UlﬂUQ and (UlEBMl)O(UQEBM2>:U1<>U2.

Computation through coordinates ensures U; o Uy = Uy © U, since all A; are

Arens regular. m

In [17], Esslamzadeh introduced the ¢!-Munn algebras which is a generalization
of Munn-algebras. He studied Arens regularity of ¢/!-Munn algebras in [18] and
applied his results to study various properties of semigroup algebras. Ramsden [31]
characterized some homological properties of semigroup algebras. He showed that,

when a semigroup is uniformly locally finite, then its algebra is a direct sum of some
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¢*-Munn algebras (see Theorem 5.1.1), which is significant for our Chapter 5. We
start by stating the definitions of Munn-algebras and ¢'-Munn algebras.

Definition 2.1.8. Let A be a unital algebra, let m,n € N, and let P be a ma-
trix in M, ,(A). The Munn algebra over A with sandwich matrix P (denoted by
M(A, P,n,m)) is the matrix algebra M,, ,,(,A) with the product defined by

aob=aPb (a,bGMn,m(A))>

where the product on the right side is the normal matrix multiplication. The Munn

algebra is also a Banach algebra for the norm

il =D Allayll i € Ny, j € N} ((aij) € Mym(A)),
where N, = {1,2,3,--- ,n}.

Definition 2.1.9. Consider a Banach algebra A with identity element, and let [
and J be arbitrary index sets. Let P = (FP;;) be a non-zero J x I matrix over A,
such that

1P|l = sup{[|Psi] : j € Jiie I} < L.

Define Z.# (A, P) as the vector space of all I x J matrices M = (M;;) over A
such that
1My = > 1Ml < oo

iel,jeJ

Then, Z.# (A, P), equipped with the product A-B = APB for A, B € X.# (A, P)
and the above /!-norm, forms a Banach algebra. We refer to this algebra as the
-Munn I x J matrix algebra over A with the sandwich matrix P, or simply the
¢-Munn algebra. When I = J and P is the identity matrix of size J x .J over A, we
denote Z.# (A, P) by M;(A). In particular, when |J| = m < oo, M;(\A) represents

the algebra of m x m complex matrices over A.

For Arens regularity of /-Munn algebras we have the following theorem. We

state it without proof since the proof needs to much preparation.

Theorem 2.1.10 ([18, Theorem 4.2]). Suppose A admits a nonzero character. Then
LM (A, P) is Arens reqular if and only if one of the following conditions holds:

(1) A is Arens reqular and both of the index sets are finite.



(7i) A is finite dimensional and one of the index sets is finite.

Lemma 2.1.11 ([17, Lemma 3.3]). Let A be a Banach algebra and I be an arbitrary
index set. Then M(A) is Banach algebra isometrically isomorphic to M;(C)®.A,

where & denotes the projective tensor product.

We recall that a Banach algebra A is weakly sequentially complete if every Cauchy
sequence in A is convergent in the weak topology. Ulger [35] studied Arens regularity

of weakly sequentially complete Banach algebras. The following is one of his results.

Theorem 2.1.12 ([35, Theorem 3.4]). Let A be a weakly sequentially complete com-
mutative Banach algebra with a bounded approximate identity. Then A is Arens

reqular if and only if it is semisimple and finite-dimensional.

Ulger in [34] investigated Arens regularity of tensor product of two Banach alge-

bras. The following is his main result.

Theorem 2.1.13 ([34, Corollary 3.5]). Let A and B be Banach algebras. If AQB is

Arens regular then so are A and B.

Civin and Yood [9] investigate Arens regularity of group algebras. They showed
that an abelian group G, Arens regularity of L'(G) is equal to finiteness of G. Their

result were generalized by Young [36] to all locally compact groups.

Theorem 2.1.14 ([36]). For a locally compact group G, L*(G) is Arens regular if
and only if G is finite.

Proof. When G is finite, the group algebra L'(G) is a finite-dimensional Banach
algebra, so L'(G) is Arens regular.

Now we consider the case where G is an infinite locally compact group. To show
that L'(G) is Arens irregular, we will construct two sequences of compact sets C,
and D,, in G, with positive Haar measure, which are pairwise disjoint.

For the non-compact case, we proceed inductively to construct the sets.

o Let (' and D; be any arbitrary compact sets of positive Haar measure such
that C, N Dy = 0.

o Inductively, assume we have constructed pairwise disjoint compact sets C, ..., C,
and Dy, ..., D, such that their products C,. D, for 1 < r, s < n are also pairwise

disjoint.



Now, define the following union:

H=CuU---uC,uU |J C.DD;".
r,s,t<n
Then H is compact. There exists an element x € G that is not in H, because G is
not compact.

Since the sets D, are pairwise disjoint,

G\ U D.D;*

r#s<n

is a neighborhood of the identity element e in G, and hence
{(y,2):y7'2 ¢ DD 1 <1 # 5 <},

defines a neighborhood around (z, z) in G x G. Therefore, this neighborhood includes
a set of the form U x U, where U is an open neighborhood of z. The set U \ H is also
an open neighborhood of x and has positive measure. Since open sets are regular with
respect to the Haar measure, we can find a compact subset C,,,1 C U\ H with positive
measure. The set C,,, is disjoint from Ci,...,C,, and from the construction, it
is clear that C,41D; and C,.Dg (for s,t < n and r < n + 1) are disjoint unless
r=n+1and s =t. The set D,,; can be constructed similarly, ensuring that the
sets {C, Dy, : mym > 1} are pairwise disjoint.

Suppose now that G is compact. Since G is infinite, it is not discrete. We will
construct compact sets C,, and D,,, each having positive measure, such that for all

positive integer indices:
L.e¢ U CrUD,,

2. The families {C, : r > 1} and {D, : r > 1} are pairwise disjoint, and C, N
(Ds U Dgl) =0,

3. C.DsN C,D, = 0 whenever r < s and p > g,
4. e¢ C.D,D;! when r < s, and e ¢ C'D,D; when s > t.

Let 'y be an arbitrary compact set of positive measure that does not contain the
identity element e, and let D; be a compact set of positive measure that is disjoint
from {e} U C; UCy!. The sets C; and D, satisfy the conditions 1 through 4.

10



Next, assume that C4,...,C,, and Dy,..., D, already selected in a way satisfy
the required hypotheses. Let H be defined as the following union

H=J(c.up,uctup YU U (ep.ue.n; )y U (6D
r<n rs<n t<n,r<s<n
Then H is a compact set, and e ¢ H. By 1, G\ U,<,(D,) is a neighbourhood of e,
so that, arguing as in the non-compact case, one can find a neighbourhood U of e
disjoint from H and such that U='U N D, = 0, » < n. Since G is not discrete, there
exists a compact set (), 1 of positive measure, contained in U and not containing e
such that:

Cn+1 N H - Q)
Cn+1cn+1 N (U D»,-) - @
r<n

Now, it is easy to verify that C,, 1, satisfies conditions 1 to 4.

We now construct D,, 1. Let X be the union of the sets:

X=J(CubDp.uctuD M) U @G.DsuC DY U (CPCDy)
r<n r,s<n r,8,t<n
X is compact and does not contain e. As before, we can select a compact set D, 1

of positive measure, not containing e, and such that:

DoyiNX =0, DD 1N C =0
r<n
One can verify, conditions 1-4 are preserved.
Now, we use the sets C, and D, to proof the claim of the theorem. Define
characteristic functions f, = ﬁx(;n and g, = m)@m, where p is the Haar
measure on GG and Y 4 is the characteristic function of the set A. These functions f,

and g, belong to L'(G) and have unit norm.
Next, define a function h € L>°(G) such that

1, ifx € Unsn>1CnD
h(z) = =

0, otherwise.

11



Now we have

1, ifm>n,
(fr * Gms h) =
0, ifm<n.

The two repeated limits lim,, o limy, o0 (fr * gm, £) and lim,, oo limy, o0 ( fn * Gm, h)

both exist but are unequal. Therefore, the two Arens products on (L*(G))** do not
coincide by Theorem 2.1.6(d). O

Ezample 2.1.15. (i) Let A = ¢y, the Banach algebra of complex sequences van-

ishing at infinity with coordinate wise operations. Then as Banach spaces
A* = (', the Banach space of all absolutely summable complex sequences.
Moreover, A** = (>, the Banach algebra of all bounded complex sequences
with coordinate wise operations. For ® = (¢,) € (>, and ¥ = (¢,) € (> we
define @ - = (¢ 10,). Let Pp(P) = (¢1, 02, , Pp,0,- -+ ), we have P,(P) € ¢q
and P,(®) — ® in o(A*, A*), the weak* topology on A**. Now, suppose
that ®, ¥ € (. We have ® - ¥ = limlim P,,(®) P, (V) in (A", A*). There-
fore, both ® o ¥ and ® ¢ ¥ coincide with the coordinate product - of /*°. In

particular, ¢y is Arens regular.

Set A = (¢!, %), where x denotes convolution. Let d, be the mass point measure
at x. Consider the bounded sequences (a,) and (b,) in A by setting a,, = dg2n
and b, = dyen+1 for n € N. Set S = {22 + 221 . . < n}. Then each element

of S is a number with a unique representation. Now, for A = ys € A* we have
lim lim(am, * by, A) =1 Hmlim(an, * by, A) = 0.

Therefore, A is not Arens regular.

For C*-algebras we have the following theorem, originally proved by Civin and

Yood [9]. We state the theorem without proof as it requires a lot of preparation.

Theorem 2.1.16 ([11, Corollary 3.2.37]). Every C*-algebra is Arens regular.

2.2 Semigroups and their algebras

In this section, we will review definitions and fundamental characteristics of semigroups and semi-

group algebras. Our standard reference for the algebraic theory of semigroups is [26].
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A semigroup S is a non-empty set with an associative product, usually denoted
by juxtaposition
(s,t) —~>st, SxS—=S8.

The semigroup S is abelian (or commutative) if st = ts (s,t € S). A non-empty
subset T" of S is a subsemigroup if T' is a semigroup with the product of S. Let S and
T be two semigroups. A morphism from S to T is a mapping 6 : S — T such that
O(s182) = 0(s1)0(s2) for s1,s5 € S. An epimorphism is a surjective morphism, and
an isomorphism is a bijective morphism. The semigroups S and T are isomorphic,
denoted S = T, if there exists an isomorphism from S onto 7. Let S be a semigroup,
and let 0 € S be such that sO = 0s = 0 for all s € S. Then 0 is a zero for
the semigroup S. If S does not have a zero, we may associate a zero to it: Let
T = SU{0}, and define sO = 0s = 0 for all s € S and 0> = 0. Then T is a semigroup
containing S as a subsemigroup; we say that 7" is formed by adjoining a zero to .S,
and write T' = S°. Suppose that S has an identity eg. Then eg is also the identity
of T. An element p € S is idempotent if p?> = p. The set of idempotents is denoted
by E(S). A semigroup S is a semilattice if S is commutative and E(S) = S. The

canonical partial order on F(S) is given by
p<q < p=pg=qp forpqe E(S).

An idempotent p is maximal if p = q¢ whenever p < ¢q. Let S be a semigroup with
a zero 0. Then an idempotent p is primitive if p # 0 and ¢ = p or ¢ = 0 whenever
q € E(S) with ¢ < p. Let s € S, an element s* € S is an inverse of s if ss*s = s and
s*ss* = s*. In general, the inverse may not be unique. An element s € S is regular
if there exists t € S with sts = s. Clearly, if s has an inverse, then s is regular; less
obviously, the converse is also true. Indeed, suppose that there is t € S with sts = s.

Set s* = tst. Then we have
ss*s = (sts)ts = sts =s and s'ss* = t(sts)tst = t(sts)t = s".

The set of regular elements of S is denoted by R(S). The semigroup S is reqular if
S = R(S). An element that is not regular is called singular, and the set of singular
elements is denoted by N(S).

Definition 2.2.1. Let S be a semigroup. Then S is an inverse semigroup if S is

regular and every element has a unique inverse.
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We have the following characterization theorem.

Proposition 2.2.2 (|26, Proposition 5.1.1]). A semigroup S is an inverse semigroup

if and only if S is regular and the idempotents commute.

A left (respectively, right) ideal in a semigroup S is a non-empty subset 7" of S
such that ST C T (respectively, T'S C T); a subset which is both a left and right
ideal is an ideal. An ideal I in S is prime ideal if I # S and S\ I is a subsemigroup
of S. Let T' be a non-empty subsemigroup of S such that s,t € T" whenever s,t € S
and st € T. Then S\ T is a prime ideal in S. A minimal left ideal in S is a left
ideal which is minimal in the family of left ideals of S when this family is ordered
by inclusion. Similarly, we define minimum left ideals, etc. Let I be an ideal in a
semigroup S, and let L be a minimum left ideal in S. Then L C I. The minimum
ideal of S (if it exists) is denoted by K (S).

Definition 2.2.3. Let S be a semigroup. A principal sequence of ideals for S is a
chain
S=L25L2 2 1L,=K(S5)

where Iy, I5, -+ , I, are ideals in S and there is no ideal of S strictly between /; and

Iy for each j € N,,_y.

If a partially ordered set is not finite, we may consider local finiteness of it defined

as follows.

Definition 2.2.4. Let P be a partially ordered set. For p € P, we define (p] = {x :
x < p}and [p) ={z:p <z} Then P is called locally finite if |(p]| is finite for every
p € P, and P is locally C-finite for some constant C' > 1 if |(p]| < C' for each p € P.
A partially ordered set that is locally C-finite for some C' is uniformly locally finite.

Suppose that S is an inverse semigroup. There is a natural way to extend the
partial order on E(S) to S. Let s,t € S we define the partial order on S by

s<t& s=ss"t.
In fact, there are various equivalent definitions of the partial order on S. For instance,

s<t& s=1ts"s < s=tp for some p € E(S5).

14



Definition 2.2.5. Let S be an inverse semigroup. Then S is said to be [locally
finite/C-locally finite/uniformly locally finite] respectively if the partially ordered
set (E(5), <) has the same property.

There are various significant equivalence relations on a semigroup, commonly
referred to as Green’s equivalences. The specific equivalence relation of interest to

us is as follows.

Definition 2.2.6. Suppose S is a semigroup, and let s and ¢ belong to S. We
establish a relation D on S by defining sDt if and only if there exists an element x
in S such that SsU {s} = Sz U {z} and xS U {z} = ¢S U {t}.

In an inverse semigroup the D-classes can be characterized as follows.

Proposition 2.2.7 ([26, Proposition 5.1.2(4)]). Let S be an inverse semigroup, and
let s,t € S. Then sDt if and only if there exists x € S with s*s = xx* and t*t = x*x.

Let S denote an inverse semigroup, and let p € E(S). We define
Gp,={se€ S:ss" =s"s=p}

Consequently, GG, forms a group with identity p, and it contains all subgroups of S
with identity p. Hence, G, is called the maximal subgroup of S at p. Suppose that
idempotents p and ¢ lie in the same D-class. Consider x € S such that p = xz* and
q = x*x. Then the map

s sz, G, — Gy,

is an isomorphism.
To advance further, we need to introduce some notations. Let S be a semigroup.

For any s € S, we define
Li(t)=st and Rs(t)=ts forteS.
Consider a non-empty subset U of S. Then, we express
sU =LY U)={teS:stecU},

and
Us'=R}U)={teS:tscU}.

S
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Additionally, we denote s~'z for the set s7'{z}, and so forth. Let V be another

non-empty subset. Then we denote

VI ={sTU:seV}
v = {Us_1 HENS V}.

In the context of a semigroup S, an element s € S is called left (or right) can-
cellable if Ly (or Ry) is injective on S. If s is both left and right cancellable, it is
called cancellable. The semigroup S is referred to as left (or right) cancellative if each
of its elements is left (or right) cancellable, and simply cancellative if every element
is cancellable. Furthermore, S is weakly left (or right) cancellative if s7'F (or Fs™')
is finite for every s € S and each finite subset F' of S, and weakly cancellative if it is
both weakly left and weakly right cancellative.

Moreover, semigroup S is called nearly right cancellative if there exists a subset
X of S such that it has the same cardinality as S and for every pair of distinct
elements s and t in S, the set {x € X | sx = tz} is finite. This subset X is termed
a 'witness' in S. Similarly, a semigroup S is nearly left cancellative if its opposite
semigroup, denoted as S, is nearly right cancellative. Moreover, a semigroup is
called nearly cancellative if it is both nearly right and nearly left cancellative.

Additionally, semigroups can have a non-discrete topology. A semigroup S which
is a topological space is called a left (respectively right) topological semigroup if the
left (respectively right) translation mapping L, (respectively R;), is continuous for
every element ¢t in S. S is called a semi-topological semigroup if the product map
ms : (s,t) — st is separately continuous. Finally, S is called a topological semigroup

if the product map mg is jointly continuous.

Definition 2.2.8. Suppose that the unit circle and open unit disc in the complex
plane C are denoted by T and D. Let S be a semigroup. A semi-character (respec-
tively, character) on S is a mapping ¢ : S — D (respectively, ¢ : S — T) such that
o(st) = p(s)p(t) for all s,t € S and ¢ # 0. The sets of semi-characters and charac-
ters on S are denoted by ®¢ and Wg, respectively. There is always one character on
S, given by

1:s—1, S — T,

which is referred to as the augmentation character. The augmentation character may

be the only semi-character on S.
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FExample 2.2.9. Consider an infinite set S with a product operation given by st = t,
where s,t € S. With this operation, S become a semigroup known as the right zero
semigroup. S is a left cancellative, but not weakly right cancellative. Similarly, a
left zero semigroup is a semigroup with the product st = s for s,t € S, resulting in

right cancellative semigroup.

Definition 2.2.10. Let S be a semigroup. Throughout, §, denotes the point mass
function at s € S. The convolution product * is uniquely defined by requiring that
ds % 0y = 05 (5,8 € 5). Let f =Y, cqg0, and g = 3 g [s0s, where a, 55 € C.

Then convolution product of f and g is

frg= 0 and) = (D Bds) =D A arB)dr i t € S},

res seS rs=t

where Y, ._; a,.8s = 0 when there are no elements r and s in S with rs = t.
Now, we are ready to define semigroup algebra.

Definition 2.2.11. Let S be a semigroup. The Banach algebra ¢!(S), called the
semigroup algebra of S, is consisting of all linear combinations a = Y~ g ¢s05 (¢s € C)

such that Y ,cglcs] < oo, with the convolution product and the ('-norm |jal|, =

doses |CS|‘

A character on an algebra A is a non-zero homomorphism from A onto C. For

every ¢ € ®g, the mapping

Dl = > agp(s)

is a character on ¢1(S). In fact, every character on ¢!(S) arises in this manner. Thus,
we establish an identification between the character space of the Banach algebra
¢*(S) and the semi-character space ®g. The character on ¢*(S) corresponding to the

augmentation character on S is denoted as ¢g, and defined by

Vg - 204353 — Zas.

Semigroup algebras can posses an identity. The following discuss the conditions

needed for a semigroup algebra to admit an identity.

Proposition 2.2.12 ([1, Proposition 2.1]). Let S be an inverse semigroup and let
M denote the set of mazximal idempotents of S. Then €*(S) has an identity e if and
only if M is finite and E(S) = Upem(p]. Furthermore, |le, = 2MI — 1.
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Proof. If IM| = 1, the result is evident. Now assume |M| = 2, and let p’ and p” be the
maximal elements of F(S). Define e = 8,y 4,7 — d,,». Based on the assumption, for
any = € S, we have z*x < p’ or x*x < p”, or possibly both. Let’s assume z*z < p/;

then, we get:

5{26 = (Smx*wép/ + (wa*x(sp// — 5$$*$5p/p” = 627<5$*£E6p/ + 536*386])” —_— 536*{/86])’])”)'
Simplifying this expression:

= 5901*:0 + 53090*9061)" - 5xac*x5p” = 5:0:(:*9: = 5:(3

The same reasoning applies for the other cases. Now, let a = 3 ,cq M0, € £1(S),

then by the earlier calculation:

ae = Z Az (0z€) = Z A0y = a.

€S z€eS
For the case where |M| = k, let p1, pa, ..., pr be the maximal elements of E(S).

Using induction, we can show that:

k k-1 k k-2 k-1 k k
ezzdi_z Z 5pipj+z Z Z 6Pipjpz_"'+(_1)k+1H5i
=1 =1 j=1+1 i=1 j=1+11=j+1 =1

is an identity for ¢!(S). Furthermore, the norm ||el|; is given by:

el = (§)+ () + (1) =21

Conversely, suppose that ¢1(S) has an identity element e = 3,.¢ Asds. For each
t € S, we have:

5t :5t€ = (5t2)\3(53 = Z (Z )\s> 5u

seS u€S \ts=u

It follows that:

1, fu=t¢t

)

S A=

ts=u 0, ifu;«ét.
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Choose a finite subset F' C S such that Y4 [\s| < 3. We will show that

E(S) C (F), where (F) = U,er(z]. Assume, for contradiction, that E(S) € (F).
Let p € E(S)\(F), then {s € S : ps = p} N (F) =0, leading to the contradiction:

1=> A<D A< Z|)\|<Z|A|<

ps=p ps=p (F) s¢F

Thus, for every ¢ € E(S), there exists x € F such that ¢ < z, implying ¢ <
p = xx*, which shows that £(S) = Uyem(p]. Additionally, for each p € M, we have
{SESZ}?S:p}:{p}, so:

M= 22 2 A =2 % < 3 1Al = lelln

pEM ps=p peEM seS

Thus, |M| = k for some positive integer k. Similar to the "if" part, we obtain an
identity for £!(S) of the form:

k k=1 k k=2 k-1 k
k+1
f=Z5m—Z Z Opip; +Z Z Z Opipyp — =+ (=1) " H5
i=1 i=1 j=i+1 i=1 j=i+11=j+1 i=1
Uniqueness of the identity implies that e = f and ||e||; = 2~ — 1. O

We end this chapter by recalling that semigroup algebras are weakly sequentially

complete.

Theorem 2.2.13 ([11, Theorem A.4.4]). Let S be a semigroup. Then (*(S) is weakly

sequentially complete.
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3

Topological centres for semigroups

and semigroup algebras

In this chapter, we review the conventional theory of Stone-Cech compactifications for locally
compact spaces, focusing particularly on discrete spaces. We shall show that there are two products
O and ¢ on the Stone-Cech compactification 3S of a semigroup S such that (8S5,0) and (8, ¢)
are semigroups. Finally, we shall consider the second duals of semigroup algebras and some of their

basic properties.

3.1 The Stone—Cech compactification of a semi-

group

The Stone-Cech compactification BS of a locally compact Hausdorff space S is a
compact space containing S as a dense subset such that every continuous map from
S into a compact space K has a continuous extension from (S into K. A full
account on Stone-Cech compactification is [24]. Another characterization of 35 is
that it is the character space (or maximal ideal space) of the commutative C*-algebra
Cy(S) of all bounded continuous functions on S with the pointwise product. This
correspondence is discussed in [11, §4.2]. The closure in 55 of a subset U of S is
denoted by U, and we set
Ut =T\ S.

It is called the growth of U, As a subspace of 55, U* is compact.
Let X be a non-empty, locally compact Hausdorff space. The space of all complex-

valued, regular Borel measures on X is denoted by M (X).
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Let S be a non-empty set with discrete topology. The space £>°(.S) of all bounded
functions on S is a Banach space with respect to the uniform norm | f|4 = sup{| f(s)| :
s € S} (f € £>(S)). It is a commutative C*-algebra with the pointwise product;
co(S) is a C*-subalgebra of ¢*°(S) consisting of all functions on S vanishing at in-
finity. The space S is homeomorphic to the character space of (£>°(S5),]-|g), and
(£(S), |:|5) is isometrically isomorphic to (C(8S), -] 35); we shall identify these two
Banach algebras. The space 55 is extremely disconnected (i.e. the closure of every
open subset of 3S is open), and F NG = F N G whenever F' and G are subsets
of S [11, Proposition 4.2.8]. Let T' be a subset of S. Then we identify ST with
T, the closure of T' in 3S. By Riesz-Markov theorem, the dual Banach space of
>2(S) = C(BS) is M(/S), the Banach space of complex regular Borel measures on
£S. We have

(, xrp) = u(F) = /qu (n € M(BS))

for each subset F' of S.
Regarding 3S and S*, we note the following result.

Proposition 3.1.1 ([25, Theorem 3.36]). Let S be an infinite set. Then each non-

empty Ggs-set in S* has a non-empty interior in S*.

Proposition 3.1.2 ([12, Proposition 5.2]). Let S be a non-empty set, let T be a
subset of S, and let f : S — BS be a continuous function with f(S) C S. Then

fHT) = f7HT).

When S is a discrete semigroup with multiplication *, we can define two products
O and ¢ on S such that (55,00) and (55, ) are semigroups. For each s € S, there

is a continuous extension of the map
L,:t— sxt, S — S CpS,

to a map Lg : S — £S. Now, for each u € 55 we define sou = Ls(u). Also, the
map

R,:s+— sou, S — 35S,

has a continuous extension to a map R, : 35S — £S. Finally, for u,v € 85, we set

uov = R,(u).

Moreover, since for each v € 55, the map R, is continuous, and, for each s € S, the
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map L, is continuous, this product can also be implemented in the following way
uov = lién lign Satg, (u,v € fS)

where s, and tg are nets in S such that lims, = v and lién tg = v. Similarly, one
«

can define another product ¢ on 35 such that
Uov = 1iénli(£nsatﬁ, (u,v € 5S)

where s, and tz are nets in S such that lim s, = v and lién tg = .
(0%

The following is elementary and is easy to verify.

Theorem 3.1.3 ([25, Theorem 4.4], [12, Theorem 6.1]). (8S,0) and (8S,0) are
semigroups containing S as a subsemigroup. Further, the semigroup (£5,0) is a

compact, right topological semigroup.

Ezample 3.1.4. Let S be an infinite set with the product given by st =t (s,t € S).
In this case, uov =v (u,v € S5), and so (£S,0) is also a right zero semigroup.

Furthermore, L, is continuous for each u € 35.

Example 3.1.5. Set S = Ny, the semigroup of natural numbers with product nvVm =
max{n, m}. Then uov =v and uov = u for u,v € S*. Thus (S*,0) is a right zero
semigroup, and (S*, Q) is a left zero semigroup. We note, in this case, uos = u if

u e S*and s € S.

Remark 3.1.6. Let S and T' be semigroups, and let ¢ : S — T be a homomorphism.
Then ¢ extends to a continuous map ¢ : S — [T such that ¢ : (55,0) —
(BT,0) and ¢ : (8S,0) — (BT, ) are homomorphisms. In fact (55,0) is the
largest right topological semigroup compactification of S, in the sense that any other
such compactification is a continuous homomorphic image of (5S,). Since V =
(8S,0) is a compact, right topological semigroup, we have definitions of L,u and
Ryp foreach v € V and p € M (V). It is evident that L,u = 6, o pand Ry = o d,.

The following definition is analogues of the topological centres for second duals

of Banach algebras.

Definition 3.1.7. Let S be a semigroup. The left and right topological centres,
&"(85) and &7(5S) , of 5S are

«St(e)(ﬁS):{uEBS:umv:uov} (v e ps) (3.1.1)
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5@(&9) ={uepS:vou=vou} (vepS) (3.1.2)

respectively. Clearly, S C £(35),£(85) C B8S. The semigroup S is called Arens

regular if

£9(88) = €7 (8S) = BS;

It is called left strongly Arens irregular if 53)(55 ) =S, right strongly Arens irregular
if §t(T) (8S) = S, and strongly Arens irregular if it is both left and right strongly Arens

irregular.

In many sources, the left topological center of 3.5 is simply called the topological
center of 55 and is denoted by A(3S) or £(BS5).
In general, right and left Arens irregularity are different. A simple example to

verify this is as follows.

Ezample 3.1.8 ([12, Example 6.12]). Let S = G x G, where G is infinite group. Then
S is a semigroup with the product specified by

(a,x) - (b,y) = (ab, ay) (a,b,z,y € G).

S is a semigroup which is right, but not left, strongly Arens irregular.
Theorem 3.1.9 ([12, Theorem 6.16]). Let S be an infinite semigroup. Then:
o S* s a left ideal in (8S,0) if and only if S is weakly left cancellative;
o S* s an ideal in (BS,0) if and only if S is weakly cancellative.

Let S be a semigroup and £*(S) be the semigroup algebra with convolution. We
saw earlier that the dual of £°°(S) = ¢1(S)* is M(3S), and therefore, we may identify
M(3S) with ¢'(S)**. This identification gives us two product [J and ¢ on M(35S).
The Banach algebras (M (8S),0) and (M (55S), Q) are discussed in details in [14]. In
fact, Parsons [29] proved the following.

Theorem 3.1.10. Let S be an abelian discrete semigroup. Then (¢*(S)**,0) and
(M(BS),*) are isomorphic, where x denotes the convolotion product on M(3S).

If A is a Banach algebra, then its dual space A* is a Banach A-bimodule with
the module actions defined by (b,a - f) = (ba, f) and (b, f - a) = (ab, f) for a,b € A
and f € A*.
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Definition 3.1.11. Let A be a Banach algebra. We say that A is a dual Banach
algebra if there is a closed submodule E of A* such that E* = A, i.e. F is a predual
of A.

In addition to Theorem 3.1.9, we have the following equivalent result. Here we

omit the proof to avoid a long preparation.

Theorem 3.1.12 ([12, Theorem 7.11]). The following conditions are equivalent,

when S is an infinite semigroup:
(i) 01(S) is a dual Banach algebra with the predual co(S);
(ii) S is weakly cancellative;
(7ii) S* is an ideal in (BS,0);
(iv) €1(S*) is an ideal in (¢*(B(S)),0);
(v) M(S*) is an ideal in (M(5S),0).
We close this section by stating the following theorem.

Theorem 3.1.13 ([12, Proposition 4.4]). Suppose V' is a compact, right topological
semigroup. Let € M(V) andv € V be right cancellable in V. Then ||R,(u)|| = || x|-

3.2 Rees matrix semigroups

Definition 3.2.1. Let (S,-) be a semigroup and X be a set. An action of the
semigroup S on the set X is a function * : S x X — X that satisfies the following

conditions,
1. Identity Preservation: For all x € X, e x x = x, if S has identity e.

2. Compatibility with the Semigroup Operation: For all 5,7 € S and = €
X, (s-t)xz=s-(t*xx).

Moreover, we say that S act bijectively on X if x : z + s* x is a bijection.

FExample 3.2.2. In this example we shall introduce a famous semigroup S called Rees
matrix semigroup. We will describe ¢*(S), 85, and M(3S). Later we will discus
Arens regularity of S and ¢'(S). Let H be a semigroup, and let G be a group that
acts bijectively on H such that eq is the identity on H. Suppose that m,n € N, and
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Ps = (aij) € M, (G), where M, ,,(G) is the set of all m, n-matrices with entries in
G. Forz € H,i € N, and j € N, let (z);; be the element of M, ,,(H°) with z at
the (i, 7)™ place and 0 elsewhere. Let T be the set that consists of the collection of

all these matrices (x);;. We define a multiplication for 7" by the formula

(w)w(y)kl = (xajk’y)il (xay € G7ia ke NnajJ € Nm>>

with this multiplication 7" becomes a semigroup which we denote by M(H, Pg, m,n).
Similarly, we have the semigroup M%(H, Pg, m,n) where the elements of this semi-
group are those of M(H, Pg,m,n), together with the element 0 that is identified
with the matrix with 0 in each place (so that 0 is the zero of M°(H, Pg,m,n)). The
entries of Pg are now allowed to belong to G°, the semigroup formed by adjoining
a zero to G. The matrix Pg is called the sandwich matrix in each case. The semi-
group M°(H, Pg,m,n) is called Rees matrix semigroup with a zero over H. In the
particular case that H = (G is a group, we obtain a Rees matrix semigroup with a
zero over G, which we denote by S = M%(G, Pg,m,n)

If every row and column of the sandwich matrix Pg contains at least one (non-
zero) entry in G, then the sandwich matrix is called regular. It is well-known that
the semigroup M°(G, Pg,m,n) is a regular semigroup if and only if Pg is regular
[10, Lemma 3.1].

We now describe the semigroup algebra ¢*(S). For z € G, (x);; stands for the
element of M, ,,(/*(G)) with §, at the (¢,7)™. Then one can identify ¢*(S) with
M, (0 (G)) UCdy. The formula for the multiplication of f and g in £!(S), where
f = (fi;) and g = (gi;) belong to M, ,(¢*(G)) is given by

(frp@a= D fi*ba*xgu+ Y, ealfij)ea(gr)do (3.2.1)

(J,k)EN(P) (J,k)EZ(P)

in which N(P) = {(j, k) € N, xN,,, : a;,, # 0}, Z(P) ={(j,k) € N, xN,, : aj, = 0},

and ¢ is the augmentation character on . In particular, we have

J*pdo=00*p f = (i f: §0G<fij)> do = ws(f)do (3.2.2)

i=1j=1
Therefore, the semigroup algebra ¢!(S) corresponding to the Rees semigroup S =
MO(G, P,m,n) is the Munn algebra M°(¢*(G), P,m,n), for more details see [12,
page 50].

Now, we can describe S and S*. From [12, Proposition 6.5(ii)] we know that G
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acts bijectively on 3G and G*, and therefore, it makes sense to consider M°(8G, Pg, m,n)
and M°(G*, Pg,m,n). Now, the definition of [J implies that

(657 D) = MO((ﬁGa D),Pg,m,n)

and

(8*,0) = M°((G*,0), Pg,m,n).

Now, we can identify M (8S) with M, ., (M (5G)) U Cdy. To describe the product
in (M(BS),0), we use the equations (3.2.1) and (3.2.2) and take iterated limit. Let
p = (p)i; and v = (v);; belong to M, ,,(M(SG)). Then

(nov)u= > piodaovut+ . 0a(i)eevi)d (3.2.3)
(4,k)EN(P) (4,k)EZ(P)

in which N(P) = {(j, k) € N, xN,,, : a;i, # 0}, Z(P) ={(j,k) € N, xN,, s aj, = 0},
and gpé is the second adjoint of the augmentation character on G. Moreover, we

have

100 =000 p = (Z > %Og(ﬂij)) do (3.2.4)
i=1j=1

Therefore, M(8S)/Cédy = M(M(BG), Pe,m,n), and (M(BS),0) can be de-

scribed with a similar formula. Besides, we see that
M(S5*) = M(M(G"), Fg,m,n),

so M(S*U{0}) is a closed, complemented ideal in (M (3S),0).

Let us consider a special case. Let G be an infinite group, and

p— (GG 6@) .
€q €@

Take S = M%(G, P,2,2). Then P is a regular sandwich matrix, and therefore, S is
a regular semigroup. Take p € M(G*) with p # 0, and consider the element

(r
o= (0 . ) e Mu(M(G)).
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Then the equation (3.2.3) implies that ®ov = 0 for every v € My(M(G)), and
the equation (3.2.4) implies that ®0dy = 0. Hence, ®oW¥ = 0 for every ¥ €
H(8)™* = M(BS). Similarly, ® o ¥ = 0 for every ¥ € (*(S)** = M(3S). Therefore,
® e £9(M(8S)), whereas ® ¢ (1(S). It follows that ¢1(S) is not strongly Arens
irregular. We shall see in Corollary 3.4.12 that if S = M°(G, P,n,n), and P is an
invertible sandwich matrix in M, (M (G)), then ¢*(S) is strongly Arens irregular.

3.3 Topological centres for semigroups

We start with discussing the Arens regularity of some special semigroups and their
algebras. These examples illustrate the diverse possibilities for Arens regularity in

semigroups and semigroup algebras.

Ezample 3.3.1 ([12, Example 7.30]). Let S be a right zero semigroup with |S| > 2.
We have already seen that uov = uov = v for every u,v € S. Thus S is Arens

regular. Moreover, we have

pov=pov=_u 1) (n,v € M(BS)),

and therefore, ¢*(9) is Arens regular.

Ezample 3.3.2 ([12, Example 7.31]). Let S = Z?, and define
(ma,n1) - (ma, ng) = (my + ma, na) (ma,n1, ma, ng € Z).

Then S is a non-abelian semigroup which is left cancellative, but not weakly right
cancellative. Take U = 0 x Z, so that U is a subsemigroup of S , and take u € U*.
Then one can see that that u € 5,5(@(53) and u € ftr)(ﬁS), and so S is neither left
nor right strongly Arens irregular. Since Z x {0} is a subgroup of S and ¢*(Z) is not

Arens regular, !(S) is not Arens regular.

Ezxample 3.3.3 ([12, Example 7.32]). Let S = N,,. We have already seen that uov = v
and uov = u for u,v € S*, which means (S*, ) is a right zero semigroup, and (S*, )
is a left zero semigroup. It is clear that §t(ﬁ) (8S) = ftr)(ﬁS) = S, and so S is strongly

Arens irregular. Moreover, we have
pov=_(u v  (ne€ M(BS),veM(S)),

pov=_,Lu  (ueM(S),veM@ps)).
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Therefore, if 4 € M(S*) satisfies pod, = pod, and pod, = p o, for two distinct
points a,b € S*, then p = 0. It follows that ¢'(S) is strongly Arens irregular.
Ezample 3.3.4 ([12, Example 7.33]). Let S = N,, the semigroup of natural numbers

with the product m A m = min{n, m}. Then similar to Ny, uov =wu and uov = v
for u,v € S*, which means (S*,0) is a left zero semigroup. It is clear that §§€) (BS) =

ft(r) (6S) =S, and so S is strongly Arens irregular. Moreover, we have
pov=_wu  (pe M(BS),ve M),

pov=_ul)v  (neM(S)veMBS)).

Therefore, if 4 € M(S*) satisfies pod, = pod, and pod, = p o, for two distinct
points a,b € S*, then p = 0. It follows that ¢'(S) is strongly Arens irregular.
Ezxample 3.3.5 ([12, Example 7.34]). Let S = N x {0, 1}, with the operation

(m,i) - (n,j) = (m+n,0) (m,n € N,i,j5 € {0,1}).

Then S is an abelian, countable, weakly cancellative semigroup. However S is not
nearly cancellative because we have (1,0) # (1,1), but (1,0) -z = (1,1) - = for each
x € S. S can be identified with SN x {0,1}, and we have

(u,i) o0 (v,7) = (uowv,0),  (u,i)o(v,j) = (uov,0), (u,v€ PN,i,je{0,1}).
Also, M(BS) can be identified with M (8N) x {0,1}, and we have
(1,1) 0 (v,3) = (now,0),  (u1)o(v,5) = (pow,0), (v € M(BN),i,j € {0,1}).
Let u € N*. Then for every (v, j) € 55, we have

((u,0) = (u, 1)) o (v,j) = (wowv,0) — (uowv,0)=(0,0),

and
((u,0) = (u, 1)) o (v,7) = (uov,0) — (uow,0) = (0,0).

Thus, (u,0) — (u,1) € £9(M(BS)) while (u,0) — (u,1) ¢ €1(S), so £1(S) is not
strongly Arens irregular. However, we shall see later that S itself is strongly Arens

irregular.

Definition 3.3.6. Let S be a semigroup, and let A € £°(S). Set LO(X\) = {\-t:
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t € S} where A -t € £°°(95) is defined by A - t(s) = A(ts). The function A is weakly
almost periodic (respectively, almost periodic) if the set LO(\) is relatively compact

in the weak (respectively, ||-||) topology on £*°(.S). The spaces of these functions are
denoted by WAP(S) and AP(S), respectively.

The spaces WAP(S) and AP(S) are easily identified with WAP(¢'(S)) and
AP('(S)), respectively.

Theorem 3.3.7 ([5, Theorem 12.1.]). The following are equivalent for a semigroup
S;
(a) The convolution algebra (*(S) is Arens reqular;
(b) WAP(S) = £>(5);
(c) there do not exist sequences (S.,) and (t,) in S such that the two sets {s,t,
m < n} and {spt, : m > n} are disjoint.

Esslamzadeh [18] has investigated the Arens regularity of semigroup algebras. He

showed that under some conditions, arens regularity of £!(.S) implies finiteness of S.

Theorem 3.3.8 ([18, Theorem 5.1]). Let S be a semigroup such that (*(S) is Arens
reqular. If either of the following conditions holds, then S is finite.

(i) S is a reqular semigroup with a finite number of idempotents.

(ii) S is an inverse semigroup which admits a principal series.

Remark 3.3.9. The conditions of the previous theorem cannot be eliminated. For
instance, let G be a finite group and let n € N. Consider the Rees semigroup
S = MG, P,n,n), where P € M, (G°) is a regular sandwich matrix. Then S and
E(S) are infinite, and since P is regular, S is regular as well. However, Esslamzadeh
showed that ¢!(S) is Arens regular (see [18, Example 5.3]).

Butcher [8] investigates Arens regularity of semigroup algebras for countable,

cancellative abelian semigroup. He proved the following.

Theorem 3.3.10 ([8, Theorem 4.4.2]). ¢(S) is strongly Arens irreqular whenever
S is a countable, cancellative abelian semigroup such that S* is the union of two
disjoint left ideals of 5S.

In [20], Lau investigate the topological center of £S5, with different terminology

he showed the following theorem.
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Theorem 3.3.11 ([20, Theorem 1}). Let S be a cancellative semigroup, and suppose
that t € BS is such that topu=1to u for each p € M(5S). Thent € S.

Remark 3.3.12. In [20], the result is claimed to hold only under the condition that
S is weakly cancellative. However, Bami in [6] pointed out that the proof did not
work under this level of generality. Later, Lau, Dales, and Strauss in [12] recovered
a stronger form of this theorem for weakly cancellative semigroups. We will state

this theorem later.

3.4 Sets determining for topological centres

In [12] Dales, Lau, and Strauss studied the topological center of 5S and M(/3S)
for various semigoups, which generalize most of the aforementioned results on semi-
groups and groups. They introduced the notion of sets determining for the topolog-

ical centres.

Definition 3.4.1. Let S be an infinite semigroup. A subset V of S* is determining
for the left topological centre (abbreviated as DLTC) of M (5S) if the only element
p of M(S*) such that pov = powv for each v € Vis p = 0. A subset V' of S* is
determining for the left topological centre of 5.5 if there are no elements u of S* such
that uov =wuow for each v € V.

A DRTC set is defined similarly. In the case where the semigroup S is abelian, we
use the phrase determining for the topological centre (DTC).

The research on DLTC and DRTC sets focuses usually on whether there exist
such sets which are finite. In particular when we can have a two-point set that is
DLTC.

Lemma 3.4.2 ([12, Theorem 12.5]). Let S be an infinite semigroup, and let K be a
non-empty, closed subset of S*. Suppose there exist subsets U and V of S and right
cancellable elements a € U* and b € V* such that the following conditions hold:

(i) UNV =0,
(ii) Soa CU and SobCV;

(iii) For each x € K, either (xoS)NU =0 or (xoS)NV = 0.
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Then, given u € M(5S), v € M(K) and € > 0,there exist two functions Ag, \p €
C(B8S)1, the unit ball of C(BS), with

(100, Aa) > [lpll =€ and (nody, Ap) > [lull —€ (3.4.1)

such that either .
(V0 0z, Ag) < 5”1/“ (x € BS) (3.4.2)

or .
(V0 0z, Ap) < §||VH (x € 5S). (3.4.3)

Moreover, if p € M(K) satisfies pod, = o dq and pody = o dy, then p=0.

Proof. Since a and b are right cancellable in 3.5, it follows from Theorem 3.1.13 that
|e o da|| = ||wodp|| = ||i2]]. Therefore, there exist Ay, A, € C(8S); such that equation
(3.4.1) holds.

Using condition (ii), we have 3Sna C U and fSob C V, so:

supp(p0d,) CU and supp(uody) C V.

By condition (i) and the fact that 85 is extremely disconnected, U NV = 0.
Hence, by replacing A\, with A, - xp and A\, with A\, - xy, we can assume A\, and )\,
vanish outside of U and V, respectively.

Let f =37, a;x;, where ay, ..., a,, € Csuchthat 7", oy, = 1, and x4, ..., 2, €

K. For some i € N,,, by condition (iii),
either (z;05,X,) =0 (s€8) or (r;os, ) =0 (s€09).
Thus,
cither  [(f o5, \)]| <

(s€S) or [(fos )< (s €9),

DN | —
DN | —

which implies that:
1 1
[(vods, A < Sllvll (s€8) or [{rod, M) < Sl (s €5).

Since the map = — v ¢ d,, from BS to M(S*), is continuous, either equation
(3.4.2) or (3.4.3) must hold.
Finally, consider u € M (K) such that pod, = puod, and p o dp = pody. Assuming
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p # 0 for contradiction, we may set ||u|| = 1. Applying the earlier argument with

v =p and € = 1/2, we are led to a contradiction, and hence, u = 0. O

With the above lemma, one may obtain the following result that enhance some

early result in [8].

Corollary 3.4.3 ([12, Corollary 12.6]). Suppose that S is an infinite semigroup, and
assume that U and V' are disjoint, infinite subsemigroups of S such that U* and V*
are left ideals in S*. Then, for each pair {a,b} of right cancellable elements with
a € U" and b € V*, the set {d4,0} is determining for the left topological centre of
M(SS).

Moreover, if S is cancellative, then such a pair {a,b} of right cancellable elements

exists, and (*(S) is left strongly Arens irreqular.

Note that Example 3.3.5 provides an infinite, abelian, weakly cancellative semi-
group S such that £!(S) is not strongly Arens irregular. Thus the term ‘cancellative’
cannot be replace by ‘weakly cancellative’ in the previous theorem.

Dales, Lau, and Strauss proved the following for a countable weakly cancellative
semigroup S. The proof is complicated and we will present the ideal of the proof

later in our results in section .

Theorem 3.4.4 ([12, Theorem 12.7]). Let S be an infinite, countable semigroup such
that S is weakly cancellative and nearly right cancellative. Then (*(S) is strongly left
Arens irreqular, and there exist a and b in S* that are right cancellable in (5.S,0)
such that the two-element set {04, 0} is determining for the left topological centre of
M(5S).

Furthermore, if S is also nearly left cancellative, then (*(S) is strongly Arens

irreqular.

In the previous theorem, if ‘weakly cancellative’ is replaced by ‘cancellative’, then
for most pairs {a, b} in S* the set {d,, 6} is determining for the left topological centre
of M(pBS).

Theorem 3.4.5 ([12, Theorem 12.8]). Let S be an infinite, countable, cancellative
semigroup. Let P and @ be infinite subsets of S. Then there exist elements a € P*
and b € Q* that are right cancellable in (8S,0), and such that the set {04,065} is
determining for the left topological centre of M(5S).

For the topological center of 55, we have the following.
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Theorem 3.4.6 ([12, Theorem 12.9]). Let S be an infinite, countable, weakly can-
cellative semigroup. Then there exist elements a and b in S* such that the set {a,b}
is determining for the left topological centre of BS. Moreover, S is strongly Arens

irreqular.

While the previous theorems ensure the existence of a two-point set that is de-
termining for the topological centre of 55 and M(SS), finding these points is not
simple. In the case where the semigroup is abelian the following theorem might be

helpful. Still, we state the theorem without a proof.

Theorem 3.4.7 ([12, Theorem 12.10]). Let S be an infinite, weakly cancellative,
abelian semigroup, and let € be a non-empty, compact space. Let ¢ : B.S — ) be a

continuous function such that
puov) =) (uepSves).

Take a,b € S* with p(a) # ¢(b). Then {a,b} is determining for the topological
centre of 5S. Suppose, further, that a and b are right cancellable. Then {04, 0} is
determining for the topological centre of M(5S).

Theorem 3.4.8 ([12, Theorem 12.20]). Let S be an infinite, weakly cancellative
semigroup. Then there is subset V' of S* of cardinality 2 such that V is determining
for the left topological centre of BS , S is strongly Arens irreqular, and the map

L,:u—vou, BS — BS,

is continuous if and only if v € S.

Ezample 3.4.9 ([12, Example 12.21]). Let S = N x {0, 1}, with the operation
(m,1) - (n,j) = (m+n,0)  (mneN,;je{0,1}).

In Example 3.3.5 we examined that S is an abelian, countable, weakly cancellative
semigroup for which ¢1(S) is not strongly Arens irregular. However, by the previous

theorem, S is strongly Arens irregular.

For non-countable weakly cancellative semigroups, we collect the following result

without a proof.
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Theorem 3.4.10 ([12, Theorem 12.15]). Let S be an infinite semigroup such that
S is weakly cancellative and nearly right cancellative. Then there exist a and b in
S* that are right cancellable in (3S,0) and such that the two-element set {04, } is
determining for the left topological centre of M(S). Suppose that the semigroup S
is cancellative and that P and Q are subsets of S such that |P| = |Q| = |S|. Then we
can choose a € P* and b € QQ*.

As a consequence we have the following.

Corollary 3.4.11 ([12, Corollary 12.16]). Let S be a weakly cancellative and nearly

cancellative semigroup. Then (*(S) is strongly Arens irregular.

In particular, from Theorem 3.4.10, for a Rees matrix semigroups we have the

following.

Corollary 3.4.12 ([12, Corollary 12.17]). Let S = My(G, P,n,n), where G is a
group and P is an invertible sandwich matriz in M,,(¢'(G)). Then there is a subset
V' of S* of cardinality 2n such that V is determining for the left topological centre of
M (BS); furthermore, in the case where G is abelian, 2n is the minimum cardinality
of such a set V.

A Banach algebra A is said to be amenable if it has a virtual diagonal, that is,
there exists an element M € (A®.A)*™ such that a- M = M - a and 7% (M)a = a
for every a € A, where 74 : A®A — A is the multiplication map specified by
Tala ®b) = ab (a,b € A) and 7% : (A®A)*™ — A** is the bidual operator of 7 4.
The relation between amenability and Arens regularity is not studied in general,

however, Dales, Lau, and Strauss proved the following result for semigroup algebras.

Theorem 3.4.13 ([12, Corollary 12.18]). Let S be a semigroup such that the Banach
algebra (1(S) is amenable. Then there is a finite subset of S* which is determining for

the left topological centre of M(BS). Furthermore, £*(S) is strongly Arens irreqular.

One cannot expect that there always exist a finite set that is DLTC.

Example 3.4.14. [12, Example 12.19] Let {S; : j € N} be a countable family of
pairwise disjoint infinite abelian groups, and define S = (U;cy S;) U {0} such that
S;S; = 0 when ¢ # j. Then S is an abelian semigroup. We claim that every set
that is determining for the topological centre of 5S is infinite. Suppose that V' is
determining for the topological centre of 3S. First we show that V N S; # 0 for
every i € N. Set T'= S\ S;, and assume that V C T. Then S;T = {0}, and so
uov=uov =0 for each u € 5; and v € V, a contradiction. It follows that V is an

infinite set.

34



3.5 Totally ordered semigroups

We have already seen that, when the semigroup S is cancellative, ¢1(.S) is strongly
Arens irregular and that there is a DLTC set consisting of two points of S*. However,
there is little known about the Arens regularity of ¢!(S) when S is not cancellative.
In [13], Dales and Strauss investigated totally ordered, abelian semigroups where the
semigroup operation is defined as (s,t) — sAt. This kind of semigroups are usually
non-cancellative. They characterized the topological centers of both £S5 and M(3S)
for such semigroups. We review their results below.

First, we shall introduce some notations. Let T" be an infinite, totally ordered
set. For any s,t belonging to T, we define s At = min{s, ¢}, making T a semi
lattice. Additionally, we assume T possesses a minimum element, denoted as 0, and
a maximum element, denoted as co. To say T being complete, we mean every non-
empty subset of T" has both a supremum and an infimum. We equip 7" with its interval
topology, where closed intervals serve as a subbase for closed sets, and intervals in
the form (a,b), [0,a), (a, 0], and [0, cc] form a subbase for open sets in T, referred
to as open intervals. Consequently, 7" becomes a compact topological semigroup.
Moreover, every increasing or decreasing net in 7' converges to its supremum or
infimum, respectively. Let S be an arbitrary infinite subset of 7. Then S is a sub-
semigroup of (T, A) that is also an abelian, idempotent semigroup. For subsets A
and B of S, we write A < Bif s < ¢ for every s € A and t € B. The set S
with the discrete topology is denoted by Sy. Let X = 3S; and X* = X \ S. The
closures of a subset A of S'in T and in X are denoted as clyA and clx A, respectively.
Let m : X — T denote the continuous extension of the inclusion map of S into 7'
7(X) = clpS. We use F; to denote the fiber {z € X : 7(z) = t} for t € clpS. We
define Fj = F; N X*, so that F; = Fy fort € T\ S and I} = F, \ {t} fort € S.
Let E denote the set of accumulation points of S in 7. Then E # (). Take t € T.
Then F} is a closed and hence compact subspace of X, and it is evident that F}* # ()
if and only if t € F. For u € M(X), we define p, € M(T) by pu(B) = u(m~*(B))
where B is a Borel subset of T

Take t € E. Throughout we shall write

A =5n[0,t) and B, =S5nN(t,0l;

35



at least one of these sets is non-empty. It follows that
E* g ClX At U ClX Bta

and hence the sets F}" Ncly A; and F} N clx B; are disjoint, compact subspaces of
F} whose union is Fy'.
To proceed, we require several lemmas, which we will present without proof as

their need extensive preparations.

Lemma 3.5.1 ([13, Lemma 2.6]). Let p € M(X)y, and take t € E. Suppose that

where U = clx A, or U = clxB;. Then

pop=pou (peF NU).

Lemma 3.5.2 ([13, Proposition 2.7 |). Let u € M(X). Taket € E, and set
U=F'NclxA; or U=F'NclyB,.

Suppose that p,q € U such that p # q, pop = pop and pog = qou. Then
| U=0.

Theorem 3.5.3 ([13, Theorem 2.11 |). Let p € M(X). Then u € &(M(X)) if and
only if u|Fy =0 (t € E).

A topological space Y is scattered if each non-empty subset of Y contains a point
that is isolated in the subset.

Theorem 3.5.4 ([13, Theorem 2.14]). The semigroup algebra (£*(S), ) is strongly

Arens irreqular if and only if clp(S) is scattered.

Proof. First, assume that clrS is scattered. Consider a measure p € M(X). In
this case, ||, belongs to £'(cly.S). By Theorem 3.5.3, u|F} = 0 for t € E, which
implies that |u|.({t}) = |p|({t}) for t € clpS. Moreover, we have |u|.({t}) = 0 for
t € clpS\ S, since 771 ({t}) C X*. Consequently, |u|, € €*(S). As |||ul<|li = [I|pll]1,
it follows that |u| € ¢*(S), which means p € ¢*(S). Thus, we can conclude that
M(X) = (*(S), demonstrating that ¢!(S) is strongly Arens irregular.
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Conversely, suppose that clrS is not scattered. We can select a continuous prob-

ability measure p on clpS and define the set
L={for:feC(S)}

Then L is a closed linear subspace of C'(X). Next, we define a continuous linear

functional v on L by setting

v(for)=ulf) for feC(clrS).

we have [|v|| = u(la,s) = 1. By the Hahn-Banach theorem, v can be extended to
a continuous linear functional on C(X), still satisfying ||v|| = v(1a,s) = 1. This
allows us to treat v as a probability measure on X. Given that v(F}) = 0 for
t € E, and following from Theorem 3.5.3, we conclude that v € & (M (X)). However,
since v ¢ ('(9), this implies that the Banach algebra ¢'(.9) is not strongly Arens

irregular. [

Corollary 3.5.5 ([13, Corollary 2.15 |). Suppose that clp(S) is not scattered. Then
(1(8) € &(M(X)) € M(X),

and so the algebra (*(S) is neither Arens regular nor strongly Arens irreqular.

Theorem 3.5.6 ([13, Proposition 3.1]). (i) Suppose that the set E is finite. Then
there is a finite DTC set for the semigroup S.

(ii) Suppose that the set E is infinite (respectively uncountable). Then there is no
finite (respectively countable) DTC set for the semigroup S.

Theorem 3.5.7 ([13, Theorem 3.2]). Suppose that the set E is countable. Then the
semigroup algebra £1(S) is strongly Arens irreqular and has a DTC set consisting of

at most four elements in M(X*)".

Proof. The set E is scattered because it is a countable, compact space, which implies
that clpS is also scattered. By Theorem 3.5.4, £(.S) is strongly Arens irregular.
Define

A:{tGEF:ﬂchAt;é@}

and
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B={teE:F nclxB, #0}.

(At least one of these sets is non-empty, though one may be empty.) Let {s, :
n € I} and {t, : n € J} represent the enumerations of A and B, respectively, where
I and J are subsets of N. For each n € I, select two distinct points p;, and ps,,
from F; NclxA,,, and for each n € J, select two distinct points ¢, and ¢y, from
F; NclxBy,.

Next, consider the two measures

1 .
Wy = Z 275}7]',71 (j = 172)7

nel

defined when A # (), and similarly define ps, pty when B # (). This gives us at most
four measures in M (X*)*, forming a set V. We claim that V' is a DTC set for
M (X). Suppose € M(X) and pow = wo p for some w € V. Take n € I, and set
Up = u’(F:n N A;,). Using Lemma 3.5.1, we have

(n=v)opin=pino(p—r.) (=12)
Now, set v = 3, c; V. For each n € I, it follows that
(= v)|(F2, N AL = (= )| (F2, N AL,)

because 1/7,1‘(FS’"n NA,)=0forme I\ {n}. Now, take m, € I where m # n, and

by Lemma 3.5.1, we have

Vi OPjn = Pjn OV (J =1,2). (3.5.1)

This leads to
(1= Vm) ODjn = Pjn 0 (0 —vm) (J=1,2),
which shows that

(W—v)opjn=pjno(p—v) (nel,j=12).

Thus,
(h=v)opj=po(p-—v) (G=1,2).
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By the assumption, we have

vop;=pjov (j=1,2).

Now, from equation (3.5.1), we conclude that

VnO8Pjn = PjnBVy (] = 172)

By Proposition 3.5.2, v, = 0 for n € I, meaning ,u‘(FS*n NA,)=0fornel.
Similarly, u’(Ft’; NclxBy,) =0 for n € J. It follows that /L‘Ft* =0forte E, and
by Theorem 3.5.3, u € &(M (X)) = £*(S), which completes the proof. O

Corollary 3.5.8 ([13, Corollary 3.3]). Suppose that the semigroup S is countable
and the semigroup algebra £*(S) is strongly Arens irregular. Then ¢*(S) has a DTC

set consisting of at most four elements in M(X*)T.

Theorem 3.5.9 ([13, Proposition 3.4]). Suppose that |E| = k, where Kk > Wy. Then
there is no DTC set for M(X) with cardinality less than k.

Proof. Assume V' is a DTC set for M(X) such that |V| < k. For each v € V| the
set {t € E : v|F} # 0} is countable because the family {F; : ¢t € E} consists of
pairwise-disjoint, non-empty, compact sets. Therefore, there exists some ¢t € E such
that v|F} = 0 for v € V. Select p € F}. According to Lemma 3.5.1, it follows that
pov =vop for all v € V. Based on the assumption, p € (M (X)), leading to a
contradiction with Theorem 3.5.3.

Consequently, it follows that no DTC set V' exists for M(X) with |V| < k. O

Corollary 3.5.10 ([13, Corollary 3.5]). Suppose that the set E is uncountable. Then
there is no countable DTC set for M(X).

The following example provide multiple instances demonstrating that the min-
imum cardinality of DTC sets can be arbitrarily large. Specifically, we have an
example of a countable, totally ordered, abelian semigroup S equipped with the
operation A, where there exists no countable DTC set for either 3S or M(/5).

Ezample 3.5.11 ([13, Example 3.6]).
(i) Let’s consider the semigroup (Q, A). Theorem 3.5.6 establishes that there is no
countable DTC set for this semigroup. Additionally, corollary 3.5.5 implies that

*(Q, A) is neither Arens regular nor strongly Arens irregular. Furthermore,
according to Corollary 3.5.10, there is no countable DTC set for M (X).
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(i)

(iii)

Now, let’s examine the subset S of T := {—o0} URU {00} defined as numbers
of the form n — x, where n € Z and x € {%, i, é, e } This results in the set
E = {—00} UZ U{oo}, which is countable. Therefore, by Theorem 3.5.7, the
semigroup algebra ¢1(.9) is strongly Arens irregular. Theorem 3.5.6 indicates
that there is no finite DTC set for the semigroup S. But according to Theorem

3.5.7, M(X) possesses a finite DTC set in M (X ™).

Lastly, let’s consider the semigroup S =T = ([0, k], A), where & is a cardinal
with kK > N;. As T is scattered, by Theorem 3.5.4, the algebra ¢'(S) is strongly
Arens irregular. Theorem 3.5.9 asserts that there is no DTC set for M (X) with
cardinality strictly less than x. Thus, this illustrates that the cardinality of a

DTC set can be arbitrarily large, even when ¢1(.9) is strongly Arens irregular.
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4

Arens irregularity of bicyclic

semigroups

In the previous chapters we have reviewed important works in the field of Arens regularity for
semigroups and semigroup algebras. In the current chapter we focus on three special semigroups.

The results in this chapter are our original contribution to the field.

4.1 The DLTC and DRTC sets for 55, 555, and
BS11

The bicyclic semigroup is the semigroup generated by a unit e and two more elements
p and ¢ subject to the relation pg = e. We denote it by S; = (e, p,q|pg = e).
The semigroup generated by a unit e and three more elements a, b and ¢ subject
to the relations ab = ac = e is denoted by Sy = (e,a,b,c|ab = e,ac = ¢e).The
semigroup generated by a unit e and four more elements a, b , ¢ and d subject to
the relations ac = bd = e is denoted by S;1 = (e,a,b,c,d|ac = e,bd = €). S
and Sp, are called partially bicyclic semigroups. Properties of these simigroups, in
particular amenability properties of them, have been discussed in [22] and [15]. We
note that non of these semigroups are cancellative. Here we show that they are

weakly cancellative.
Proposition 4.1.1. S; is weakly cancellative.

Proof. First, we show it is left weakly cancellative. Let x1 = ¢™p™ and x, = ¢"2p™?

be two element in S;. We find the solution for the equation x1y = x5 (y € S;). We
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can write y = ¢"p™. We have

mi . n,m ni1+n—min(mi,n), mi+m—min(mq,n)

1y =q¢"p"Mg"p" = ¢ p :
Hence y is a solution for the equation if an only if
ny +n —min(my,n) =ny and my +m — min(my,n) = mo.

We consider two cases:

e If n > mq, then n; +n — my; = ny and m = mo. Therefore, n = ny + my —
and m = my. Hence, ¢"2T™1~™p™2 g the unique solution for the equation if

ns +my — nq > 0, otherwise, the equation has no solution.

e If my > n, then n;y = ny and m; + m — n = my. Hence, n; = ny and
m—n = mo —mq. Since my; > n we have finitely many choices for n and since
m—n = mo —m, we have finitely many choices for m. Therefore, the equation

has finitely many solutions. This shows that S is left weakly cancellative.

Similarly, by symmetry, one may show that S; is right weakly cancellative. O]

Now similar to 57, Sy is also weakly cancellative. Before we state the proposition
we remark that each element € S, can be uniquely written as fa*, where f €
(e,b,c) and k=0,1,2,---. We denote the length of f by |f].

Proposition 4.1.2. S5 is weakly cancellative.

Proof. First, we show it is left weakly cancellative. Let z; = fia* and x5 = foa*?
be two elements in Sy. We find the solution for the equation z1y = x2 (y € S3). We

can write y = fa*. We consider two cases:

o If |f| < ky, then we have
vy = fra" fa* = frat TV

so the equation x1y = x5 has a solution if and only if f; = fy and ky — |f|+k =
ko. Since |f| < ki and k = ko + | f| — k1, we have at most finitely many choices
for f and k.

o If |f| > ki, then we have
zy = fra" fa* = fif'd",
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for some f’ with |f’| = |f| — k1. In this case the equation x;y = x5 has a
solution if and only if fif" = fy and k = ko. Hence, |fi| + |f'| = |f2|, so
|fil + |f] — k1 = |f2|]- Then fif" = f> has at most finite number of solutions

for f’. Thus there are only finite number of solutions for f to the equation

fid" f = fo.

Now, we show S5 is right weakly cancellative. Let z;, x2, and y be as previous. We
have to find the number of the solution of the equation yz; = x5. We consider two

cases:

o If | f1] <k, then we have
yor = fat fiabt = fabI,

so the equation yz; = x5 has a solution if and only if f = f, and k — |fi| +
ki = ky. Therefore, if |fi| — k1 + ko > 0, the equation has a unique solution.

Otherwise, it has no solution.

o If |f1| > k, then we have

yry = fa" fra" = ff'a",

for some f’ with |f’| = |fi| — k. In this case the equation yx; = x2 has a
solution if and only if ff' = fo and ky = ke. Hence, |f| + |f'| = |f2l, so
|fil + |f] = k = |f2|. Therefore, we have |f| = |fa| + k — |f1]. Since |fi| > k
and |f| = |fe| + k — | f1| we have at most finitely many choices for f and k.

Therefore, S, is right weakly cancellative. O]

Now we consider S ;.It is worthy mentioning that any element = in S;; can be
written uniquely in the form = = fig1 /292 - - fugn Where g; € (e,a,clac = e) and

fi € <€7b7d‘bd: €> fOI' 7, — 1’2,...n'
Proposition 4.1.3. S is weakly cancellative.

Proof. Let x1,2o € 511 be fixed and consider the equation z1y = z3. Let x; =

f191f292 - -+ fugn and |z1| # 0. Suppose |g,| # 0. There are two cases.

1. If g, = ¢* and k > 0. In this case the equation has at most one solution, since

no cancellation can be made in xy.
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2. If g, = ™a™, where ny = 1,2,---, and m; = 0,1,2,---. In this case

the solutions may have the form y = ¢} fsgh--- figw, where ¢ = c™a",
n =012 -, m =0,12---, and n " +m' > 0 (If n + m' = 0, then
1y = 1z clearly has no more than one solution). In this case we have

l’ly = flglngZ PR fncml‘km/*min(nl7m/)anl‘i’n/*min(nlvm/)‘fégé PR f];/g;d

o« Ifny >/, then 21y = figifoga -+ fuc™a™ ™ =" figh -+ firghs. So x1y =
x9 has a solution only if xo = f1g1fags - fuc™a™ fo05 -+ fl, g5, where
no =ni;+n' —m’. Since m’ < ny and n’ = ny +m’ — ny, we have at most
finitely many choices for m’ and n'.

o If m" > ny, then 21y = fig1f292- - fncm1+m/_”1a”’f£g§ +++ fwr- So the
equation has no solution, unless xo = f1g1 fago - - fud™a™ fogh - [l k-
In this case, y = ¢m2tm=—mgn figl ... fl,g;, is a unique solution for the

equation.

If |g,] = 0, we may switch f and ¢ in the above argument. The proof is similar.
Therefore, 51, is left weakly cancellative. Similarly, by symmetry, one may show

that S; is right weakly cancellative. O

We now consider sets determining for the left and right topological centres of

BSh.

Theorem 4.1.4. S; is strongly Arens irregular. Moreover, there is a DLTC set
(DRTC set) consists of two points for 5S.

Proof. Let Ay = {¢" :n=1,2,---} and By = {¢"p™ : n =0,1,2,--- jand m =
1,2,---}. Then A; N By = (), and since $S) is extremely disconnected, we have
AN By = 0. Similarly, if we define Ay = {¢"p™ : n < m} and By = {¢"p™ : n > m},
then Ay N By = (), and therefore, Ay N By = 0.

Suppose that u, € P* and u, € Q*, where P = {p" :n=1,2,---} and Q = {¢" :
n=1,2,---}. We claim that {u,,u,} is a DLTC set. Suppose that u, = lim; p*s
and u, = lim; ¢". Let v € Sj. Then

1. If v = lim; ¢"ip™ and m; — oo, then
vou, =limlim¢™p™i¢" € A}, and
i
v o u, =limlim ¢"ip™i¢* € By.
J i
Therefore, v oug, # v o u,.
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2. If v = lim; ¢™p™ and there is an M such that m; < M for every ¢, then we
must have n;, — oco. Now we have
vou, =limlim ¢"p™iph € Ay, and
i

v o u, =limlim ¢"p™ip* € B,.
] 1

Therefore, v ou, # v ¢ u,.

This shows that S; is strongly left Arens irregular and {u,,u,} is a DLTC set.
Similarly, one can show that S; is strongly right Arens irregular and {u,, u,} is
a DRTC set. O

Now we discuss Arens regularity of S5 and the determining sets for the topological

centres of its Stone-Cech compactification.

Theorem 4.1.5. Sy is strongly Arens irreqular. Moreover,
1. there is a DLTC set consists of two points for (3S5.
2. there is a DRTC set consists of two points for 3.S;.

Proof. First, we show that Sy is strongly right Arens irregular and has a DRTC set
of two points.

Let Ay = {fa": f € (bye),|f| > 1,k=0,1,---} and B; = {a* : k =1,2,--- }.
Then A; N B, = 0, and therefore, A; N B; = 0, since 39, is extremely disconnected.
Similarly, if we define Ay = {fa* : f € (b,e), |f| < k} and By = {fa* : f €
(b,c), |f| > k}, then Ay N By = ), and therefore, Ay N By = ().

Let Uy ={a" :n=1,2,---},and Uy = {¢" :n=1,2,---}. Take u; € U and
uy € Uy. We claim that {uy,us} is a DRTC set. For every v € S5 we can write
v = lim; f;a* where k; > 0 and f; € (b, c) for every i. Now going through subnets if

necessary, we have two cases.

1. If | fi| — oo, then
uy ov =limlima™ f;a® € A, and
j i
uy v =lim lim a™ f;a™ € B.
i

Therefore, uy ov # uy ©v.
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2. If there is an M such that |f;| < M for every ¢, then we must have k; — 0.

Now we have

uy 0v =limlim ¢ fia® € A;, and
J (2

Uy o v =limlim ¢ f;a* € B,.
i

Therefore, us ov # ug © v.

Hence, Sy is strongly right Arens irregular and {uy,us} is a DRTC set.

Now we show that Sy is also strongly left Arens irregular and has a DLTC set
consisting of two points. Let Ay = {f : f € (be),|f| > 1} and B, = {fa*: f €
(b,c),k > 0}. Then A; N By = 0, and therefore, A; N By = 0. Let Ay, By, Uy, and U,
be the same sets as in the previous part. Take u; € U7 and uy € U;. Like before,
for every v € S; we can write v = lim; f;a* where k; = 0,1,--- and f; € (b, c) for

every 7. Now, easily we can see that

1. If there is an M such that k; < M for every i, then we must have |f;| — oo.

Now we have

vou; =limlim f;d¥a™ € A,, and
1 L L 7 29
i g

voUL = hm hm fiaki&”j € BQ.
j i

Therefore, vou; # v o uy.

2. If k;, — o0, then

vouy =limlim f;a®c¢™ € 4;, and
i

v o uy = limlim fia*c" € By.
J (2

Therefore, v o us # v o ug. This shows that {uy,us} is a DLTC set for 555 and

Sy is strongly Arens irregular.

We end this section by examining S ;.

Theorem 4.1.6. S); is strongly Arens irreqular. Moreover, there is a DLTC set
(DRTC set) consists of two points for 51 1.
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Proof. Suppose that v € 57;. Then we can write v = lim; f; where f; € Si; for
every 4.

Let Uy ={a":n=1,2,---},and Uy = {b" : n=1,2,---}. Take u; € U{ and
ug € Us. We claim that {u;,us} is a DLTC set. We Consider two cases.

1. If the net (f;) has a subnet that all of its element end with a (i.e. fi, = 9i; a¥is,
where g;. € Sip and k;, = 1,2, -+ ) Then f;; — v in 3S5). In this case, by
passing to a subnet if necessary, we may assume without lose of generality that
fi = g;a" for every i.

Now, let A; = {fbF : k € N, f € Sy ends with a,and|f| < k} and B; =
{fvF : k € N, f € Sy, ends with a,and |f| > k}. Then A; N B; = (), and

therefore, A; N B; = 0, since BS1,1 is extremely disconnected. We have

vou, =limlim f;b% € A;, and
i

v o us =limlim f;b% € By.
j i

Therefore, v ouy # v © us.

2. If the net (f;) has no subnet with all element, ending with a. Then the net
(f;) has a subnet that non of its elements end with a. In this case, by passing
to a subnet if necessary, we may assume without lose of generality that all
elements of (f;) does not end with a. Now, we define Ay = {fa* : k €
N, f € S, does not end with a,and|f| < k} and By = {fa* : k € N, f €
511 does not end with a,and |f| > k}. Then Ay N By, = (), and therefore,
Ay N By = ). Hence, we have

vou; =limlim f;a® € 4, and
i

vou; =limlim f;a® € By,
J (2

Therefore, v ouy # v o uy.

Therefore, Sy, is strongly left Arens irregular and {uy, us} is a DLTC set.
By its symmetric structure, one sees easily that S ; is also strongly right Arens

irregular with a DRTC set of two points. O
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4.2 The DLTC and DRTC sets for M(351), M(3S),
and M(ﬁSLl)

Now we discuss Arens irregularity of £1(S) for S =5}, S = S5, and S = St1,1. This
task turns out to be more difficult. First, we need to introduce some notations. Let
S be a countable semigroup with an identity e. We may enumerate S as a sequence

(Sn)nez+, where sg = e. Fix an enumeration, we define a relation < on S by

Sp RSy <= n<m,ands, < S, <= n < m.

This makes S a totally ordered set.
Moreover, for every t € S, we define [t] = {s € S : s <t} and for every subset
T C S, we define [T] = U{[t] : t € T'}.

Theorem 4.2.1. (1(S)) is strongly Arens irreqular. Moreover, there is a DLTC set
(DRTC set) consists of two points for M(/5Sy).

Proof. First, as above we enumerate S as a sequence (s, )ncz+, where sg = e. Let
P = {e,p,p? ---}. Then every element in P is right cancellable. We construct a
sequence (t,) in P by induction. Set ty = so = e. Take n € Z* and suppose that
to, - - ,t, have been chosen in P. We define T,, = {so, -, Sn,to, "+ ,tn}. Since Sy
is weakly cancellative, the sets T YT?], [TAT. Y, T, [T,)?, and [T,])*T; ' are finite.
We choose t,,11 in P such that

max{t : t € (T, [T7]) U ([T3]T, 1) U (T, T]) U ([T* T )} <t

n

The inductive construction continues. Note that the sequence (t,) satisfies the fol-

lowing conditions:
(i) sT,, N [T,] = 0 whenever s € S} with t,,,1 < s;

(i) stpi1 # ttne1 whenever st € [T,] with s # ¢, since t,,1 € P and P is right

cancellable;
(iii) rs < tt,41 whenever r,s,t € [T,,].

Note that s, < t,11 (n € Z"), and so U{[t,] : n € Z*} = S;. Also S7 = (51 \ [tx])*
for each k € N.
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Define ¢ : S; — Z* by setting
o(s) =min{n € Z* : s € [t,]} (s € 5)).

Assume that ¢(s) = m € N. According to condition (iii), if n > m, then ¢, <
sty < tna1, therefore,
o(sty,) € {n,n+1} (n>m). (4.2.1)

Now suppose m > 2 and k < m — 2. By condition (i), t,,—2 < ssx because sT},,_5 N
[Trm—2] = 0. Additionally, by condition (iii), ssx < t,,41 since s € [T,,]. Thus,
o(ssk) € {m — 1,m,m+ 1}, leading to

o(ssp) € {m—1,mm+1} (m>k+2). (4.2.2)

For s € Sy, define v(s) = ¢(s) (mod 8). Then (4.2.2) and the definition of v imply
that

v(ssk) € {v(s) — L,v(s),y(s) + 1} CZs (m > k+2). (4.2.3)

Now, v : S; — Zg can be extended continuously to a map v : S; — Zs. Let x € ST
and s € S;. Suppose that (x,)nen is a net in Sy that converges to . Without lose
of generality we may assume that o(z,) > ¢(s) + 2 for all n € N. From (4.2.3), for

every n € N we get

V(wns) € {y(@n) = 1,7(2n), y(2n) + 1} (4.2.4)

It follows that

V(wos) =7(xos)=limy(zes) € {y(z) — Ly(x),7(z) + 1} C Zs. (4.2.5)

Define
A={t,:v(tn) =1}, B ={t,:7(tn) =5},

so A and B are infinite subsets of S;. Then define
U={se S :v(s) e {1,2}}, V={se S :v(s)€{506}},

so that AC U and B C V.
Choose a € A* and b € B*. We claim that a is right cancellable in 3S5;. To

demonstrate this, let u; and us be distinct points in 457, and select disjoint sets Ny
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and Ny in S} with u; € N; for j = 1,2. For j = 1,2, define
Y = {Smtn : Sm € Nj,t, € A,m < n},

sothat ujoa € 73 Choose my, mo, ny,ns € Nwith my < ny, mo < ng, and my # ms.
Then S,,tn, # Smytn,; this is true for n; < ny by condition (iii) and for ny = ny
by condition (ii). It follows that Y3 NYy = 0, and so u; 0a # up 0a, as required.
Similarly, b is right cancellable in 3S5].

From (4.2.1), we have S;0a C U and S;0b C V.

Let x € S§, set k = y(x), and take s € S;. Suppose ¥ ¢ s € U. Then, by (4.2.5),
k € {0,1,2,3}. Suppose z ¢ s € V. Then, similarly, k € {4,5,6,7}. Thus, either

(xoS)NU=0 or (zoS)NV=40. (4.2.6)

We claim that {d,,0,} is a DLTC set for M (/5S;). Suppose to the contrary that there
is a non-zero measure p € M (S*) such that pod, = ped, and pod, = pod,. Without
lose of generality we may suppose that ||u|| = 1. Since a, b are right cancellable in
B35, it follows from Theorem 3.1.13 that || o d,|| = || 0 || = ||p|| = 1. Therefore,
by supremum properties, there are A\,, \y € C(351)p, the unit ball of C'(354), such
that both

1 1 1
(odada) > llpl =5 =5 and  (pod, d) > llull -5 = 5. (4.2.7)

Since S;o0a C U and S;o0b C V we have 8S;0a C U and 8S,o0b C V, and so,
supp(d, 0d,) = supp(dzna) C U for every x € S;. Thus for every f € ¢1(S}) we
have supp(f oa) C U. It follows that supp(uod,) C U and supp(pody) C V. Since
UNV =0, by replacing A, by A, - xz and A, by Ay - x77, we may suppose that A, and
Ay vanish outside U and V, respectively. Let f = 37, a;0,,, where ay, ..., a,, € C
such that Y7, |o;| = 1, and x4, ..., z,, € S}. Consider ¢ € N,,. According to (4.2.6),
either
(ios,Aa) =0 (s€81) or (x;os,\) =0 (s€5)).

Thus, either

|<f<>55,)\a>| < (S € Sl> or |<f<>557)\b>| < (S S Sl),

DN | —

1
2
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and hence either

|<M<>557/\a>| < (S € Sl) or |<M<>557/\b>| < (3 € Sl)?

N | —
N | —

Since the mapping © — v oz, S; — M(ST), is continuous, it follows that either

—_

{0 0y M) | < (x € BS1) or  |[(ody, )| < ) (x € BSY), (4.2.8)

N |

From (4.2.7) and (4.2.8) it follows that either

O, £ od, or oy F# o dy.

This is a contradiction. So p = 0, and therefore, {d,, 0y} is a DLTC set for M(5S)).
As a consequence (1(S)) is strongly left Arens irregular.

We can repeat the argument by replacing P by Q = {e,q,¢* -+ -} to show that
01(S}) is strongly right Arens irregular and M (3S1) has a DRTC set consists of two
points. ]

By the same argument we can see that ¢1(S,) is also strongly Arens irregular.

Theorem 4.2.2. (*(S,) is strongly Arens irreqular. Moreover, there is a DLTC set
(DRTC set) consists of two points for M(/3Sz).

Proof. First, as before, we denote Sy as a sequence (S, ),ez+, where sg = e. Let
P = {e,a,a? ---}. Each element in P is right cancellable. We construct a sequence
(t,) in P by induction. Set ty = so = e. Take n € ZT and assume tg,--- ,t,
have been specified in P. Define T,, = {so, - , Sp,t1, - ,tn}. Because Sy is weakly
cancellative, the sets T, ' [T2], [T2|T.; ', T, [T,)?, and [T,,]*T, " are finite. We choose
tny1 in P such that

max{t : t € (T, [T3]) U ([T;]7,1) U (T T]) U ([T T )} <t

n

The inductive construction proceeds. Note that the sequence (t,) satisfies the fol-

lowing conditions:
(i) sT,, N [T,] = 0 whenever s € Sy with t,,,1 < s;
(i) stpi1 # tt,e1 whenever st € T, with s # ¢;
(iii) rs < tt,41 whenever r,s,t € [T,,].
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Note that s, < t, (n € Z1), so U{[t,] : n € ZT} = S,5. Also, S5 = (S2\ [tx])* for
each k € N.
Define ¢ : Sy — Z* by setting

o(s) =min{n € Z* : s € [t,]} (s € Sy).

Assume ¢(s) = m € N. According to condition (iii), if n > m, then ¢, 1 < st, <
tny1, therefore,
o(sty,) € {n,n+1} (n>m). (4.2.9)

Now suppose m > 2 and k < m — 2. By condition (i), t,,_» < ssx because sT,,_o N
[Tro] = 0. Additionally, by condition (iii), ssy < tny1 since s € T,,. Thus,
o(ss) € {m —1,m,m + 1}, leading to

o(ssp) € {m—1,mm+1} (m>k+2). (4.2.10)

For s € Sy, define 7y(s) = ¢(s) (mod 8). Then v : Sy — Zg can be extended
continuously to a map v : 3Ss — Zg. From (4.2.10), for each x € S5 and s € Sy, we
get

V(wos)=y(zos) € {y(x) —1,7(x),v(z) +1} C Zs. (4.2.11)

Define
A={t,:v(t,) =1}, B={t,:7(tn) =5},

so A and B are infinite subsets of Sy. Then define

U={s€S:q(s) €{1,2}}, V={s€ S:q(s) € {56}},

sothat AC U and B C V.

Choose a € A* and b € B*. We claim that a is right cancellable in 55;. To
demonstrate this, let u; and uy be distinct points in 455, and select disjoint sets /Ny
and Ny in Sy with u; € N; for j =1,2. For j = 1,2, define

Y; = {smtn : 5m € Nj,t, € A,m < n},
sothatujoa € 73 Choose my, ma,ny,ns € Nwith my < ny, mo < ng, and my # ms.

Then Sp,,tn, # Smytn,; this is true for n; < ny by condition (iii) and for ny = ne

by condition (ii). It follows that Y3 NY, = 0, and so u; 0a # us 0 a, as required.
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Similarly, b is right cancellable in 3.S;.

From (4.2.9), we have So0a C U and Syob C V.

Let x € S5, set k = v(x), and take s € Sy. Suppose zos € U. Then, by (4.2.11),
k €{0,1,2,3}. Suppose x ¢ s € V. Similarly, k € {4,5,6,7}. Thus, either

(xoS)NU =0 or (xoSy)NV =040. (4.2.12)

We claim that {d,,0,} is a DLTC for M(/5S2). Suppose, on the contrary, that there
is a non-zero measure u € M(S*) such that pod, = po o, and pod, = o J.
Without loss of generality, suppose ||u|| = 1. Since a, b are right cancellable in 355,
it follows from Theorem 3.1.13 that || o d.|| = || o ds|| = ||p|| = 1. By definition of

norm,

1 1 1
(odada) > [lpll =5 =5 and  (pod, ) > llull -5 =5 (4.2.13)

Since Sy oa C U and S, 0b C V, we have 8S,0a C U and S, 0b C V, and so,
supp(und,) C U and supp(uody,) C V. Since U NV = (), by replacing \, with
Ao Xz and A, with A, - X7, we may suppose that A, and ), vanish outside U and V,
respectively. Let f = >, a;d,,, where aq, ..., a,, € C such that >7", |a;| = 1, and
T1,. .., Ty €55, Consider i € N,,,. According to (4.2.12), either

(ios,Aa) =0 (s€8y) or (x;os,N) =0 (s€S,).
Thus, either
1 1
\(foés,)\aﬂgi (s€Sy) or |<f<>53,)\b)|§§ (s € 5,),

and hence either

[(rods, Aa)| <5 (s€53) or [{nods, M) <5 (s€5),

Since the mapping x — v oz, Sy — M(S3), is continuous, it follows that either

[ o 0z, Na)| < (x € BS2) or  [{uody, )| < (x € BS,), (4.2.14)

DO | —
DN | —
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From (4.2.13) and (4.2.14), it follows that either

O, # o d, or oy F# o dp.

This is a contradiction. This implies that p = 0, and therefore, {d,, 0} is a DLTC
for M(3S;). Moreover, it follows that ¢!(S5) is strongly left Arens irregular.

We can repeat the argument by replacing P with Q = {e,b,V?, - -} to show that
01(Sy) is strongly right Arens irregular and M (3S;) has a DRTC consisting of two
points. ]

Finally, we finish this chapter by discussing Arens regularity of ¢*(S; ;).

Theorem 4.2.3. (*(S) 1) is strongly Arens irreqular. Moreover, there is a DLTC set
(DRTC set) consists of two points for M (351 1).

Proof. First, we represent S as a sequence (Sy,)nez+, where s = e. Let P =
{e,a,a?,...}. Each element in P is right cancellable. We construct a sequence (t,,)
within P by induction. Set ty = sg = e. For any n € Z*, assume t, ..., t, have been
specified in P. Define T,, = {so, ..., Sn,t1,...,tn}. Since Sy, is weakly cancellative,
the sets T T2, [T T, T,7HT,)?, and [T,)*T; ! are finite. We choose ¢, in P
such that

max{t : t € (T, [T3]) U ([T;]7, 1) U (T, [L]) U ([T T, )} <t

The inductive construction proceeds. It should be noted that the sequence (,) has

to the following conditions:
(i) sT, N [T,] = 0 whenever s € Sy ; with t,11 =< s;
(ii) stpi1 # tt,y1 whenever s,t € T,, with s # t;
(iii) rs < tt,41 whenever r,s,t € [T,].

Observe that s, < t, (n € Z"), thus U{[t,] : n € Z*} = S1;1. Also, S7; =
(S11\ [tk])* for each k € N.
Define ¢ : Sy — Z™ by setting

o(s) =min{n € Z* : s € [t,]} (s € S11).
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Assume ¢(s) = m € N. According to condition (iii), if n > m, then ¢, 1 < st, <
tni1, therefore,
o(sty,) € {n,n+1} (n>m). (4.2.15)

Now suppose m > 2 and k < m — 2. By condition (i), ¢,,_o < ss, because sT}, 5N
[Tr—2] = 0. Additionally, by condition (iii), ssy < tmpy1 since s € T,,. Thus,
o(ssg) € {m —1,m,m + 1}, leading to

o(ssp) € {m—1,m,m+1} (m>k+2). (4.2.16)

For s € Sy, define v(s) = ¢(s) (mod 8). Then v : S;; — Zs can be extended
continuously to a map vy : 3511 — Zg. From (4.2.16), for each z € S}, and s € Sy,

we get
Y(zos)=v(xos) e {y(x)—1,v(z),y(x) + 1} C Zs. (4.2.17)

Define
A={tn:v(ty) =1}, B={t,:7(tn) =5},

so A and B are infinite subsets of S ;. Then define
U={se Si1:79(s) €{1,2}}, V={seS1:7(s) €{56}}

sothat AC U and B C V.

Choose a € A* and b € B*. We assert that a is right cancellable in 35;,. To
demonstrate this, let u; and uy be distinct points in 3511, and select disjoint sets
N; and Ny in S with u; € N; for j = 1,2. For j = 1,2, define

Y = {Smtn : sm € Nj,t, € A,m < n},

sothat ujoa € ?] Choose my, mo, ny,ns € Nwith my < ny, mo < ng, and my # ms.
Then S, tn, # Smytn,; this is true for n; < ny by condition (iii) and for ny = ne
by condition (ii). It follows that Y3 NYy = 0, and so w3 oa # us oa, as required.
Similarly, b is right cancellable in 357 ;.

From (4.2.15), we have S1;0a C U and S;;0bC V.

Let x € S, set k = 7(x), and take s € S1;. Suppose z ¢s € U. Then, by
(4.2.17), k € {0,1,2,3}. Suppose x o s € V. Similarly, k € {4,5,6,7}. Thus, either

(I < 5171) NU = Q) or (.17 < 51,1) nvV = @ (4218)
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We claim that {d,, 0y} is a DLTC for M (3S1,1). Suppose, on the contrary, that there
is a non-zero measure u € M(S*) such that pod, = p<© o, and pod, = o .
Without loss of generality, suppose ||| = 1. Since a, b are right cancellable in 357 1,
it follows from Theorem 3.1.13 that || o d,|| = || o d|| = ||| = 1. By definition of

norm,
1 1 1
(odeda) > lpll =5 =5 and  (pod, d) > llull -5 =5 (4.2.19)

Since S110a C U and Si1ob C V, we have BSiioa C U and BS110bC V, and
so, supp(p0d,) C U and supp(puody,) C V. Since U NV = (), by replacing A\, with
Ao - X7 and Ay with Ay - x77, we may suppose that A\, and A, vanish outside Uand V,
respectively. Let f =Y, a;d,,, where aq, ..., a,, € C such that >, |a;| = 1, and
T1,. .., Ty € S7 ;. Consider i € Ny, According to (4.2.18), either

(ios,Ag) =0 (s€S511) or (z;08X ) =0 (se&Si).

Thus, either

1
[(fodsdal <5 (s€5) or [(feds <5 (s€5u),

and hence either
1 1
|<:u<>58’)‘a>| < 5 (3 S SlJ) or |<M<>557/\b>| < 5 (3 € Sl,l)’

Since the mapping » — v oz, 51, — M(S},), is continuous, it follows that

either

(x€BS) or |odn ) < (zeBSiy), (42.20)

{062, 0)] < <3

1
-2
From (4.2.19) and (4.2.20), it follows that either

PO, £ od, or oy F# o dy.

This is a contradiction. This implies that g = 0, and therefore, {d,,,} is a DLTC
for M($S1.1). Moreover, it follows that ¢*(S) ;) is strongly left Arens irregular.

One may replicate the argument by replacing P with Q = {e, ¢, c?, - -+ } to demon-
strate that ¢(Sy 1) is strongly right Arens irregular and M (351) has a DRTC con-
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sisting of two points.
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5

Arens regularity of inverse

semigroup algebras

In this Chapter, we will give a characterization for Arens regularity of inverse semigroup algebras
under the extra condition that E(S) is uniformly locally finite. Using this, we will get a sufficient
and necessary condition for the Brandt semigroup algebra to be Arens regular. The results of this

chapter are also our original contribution.

5.1 Uniformly locally finite inverse semigroups

Ramsden in [31] showed that semigroup algebra of a uniformly locally finite inverse
semigroup can be identified by a direct sum of some matrix algebras. We state his

theorem here without proof.

Theorem 5.1.1 ([31, Theorem 2.18]). Let S be a uniformly locally finite inverse
semigroup with D-classes {Dy : X € A}. For each X\, take an idempotent py € D,.

Then there is an isomorphism between Banach algebras so that

(M(S) = - {Mpp,) (€1(Gyy)) : A€ A}

Theorem 5.1.2 ([11, Theorem A.4.4]). Let S be a semigroup. Then ('(S) is weakly

sequentially complete.

Theorem 5.1.3. Let S be an inverse semigroup such that E(S) is uniformly locally
finite. Then £1(S) is Arens reqular if and only if the following conditions (i) and (ii)
hold.
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(1) for every p € E(S), the mazimal subgroup G, is finite; and
(ii) each D-classes has finitely many idempotents.

Proof. Let (i) and (ii) hold. Since G, is finite, Theorem 2.1.14 imlies that ¢*(G,) is
Arens regular. Since each D-class has finitely many idempotents, Mgp,)(¢*(G,,)) is
Arens regular for every A € A by Theorem 2.1.10. It follows from Theorem 2.1.7 that
- D{Mpgp, (€1 (G,,)) : A € A} is Arens regular. Since F(S) is uniformly locally
finite, from Theorem 5.1.1 we have ¢'(S) = ('- @{Mgp,)(('(G,,)) : A € A}, and
therefore, £*(S) is Arens regular.

Conversely, since E(S) is uniformly locally finite, by Theorem 5.1.1 we have
01(S) = 0~ B{Mpp,) (1 (Gy,)) = A € A}. Therefore, by Theorem 2.1.7 Mp(p,)(¢*(Gp,))

is Arens regular for every A € A. From Lemma 2.1.11 we have Mgp,)(¢*(G,,)) =
Mg (p,)(C)&0(G,, ). Theorem 2.1.13 implies that both Mp(p,)(C) and ¢*(G,,) are
Arens regular. It follows from Theorem 2.1.10 that E(D,) is finite, and therefore, (ii)

holds. Moreover, Theorem 2.1.14 implies that G}, is finite, so (i) holds as well. [J

Example 5.1.4. Let G be a group and let I be a non-empty set. Define the set
MG, 1) ={(9)ij: 9 € G, i,j € I} U{0},

where (g);; denotes the I x I matrix with entry g € G in the (4, j) position and zero
elsewhere. Then M°(G, ), with the multiplication defined by

(gh)a if j =k -
(g)ij(h)kl: (gahEG7 Za]akalel)a
0 if  # k,
forms an inverse semigroup with (g);; = (¢7');i, known as the Brandt semigroup

over G with index set I. In the case that [ is finite the Brandt semigroup become
a particular case of Rees matrix semigroups. Let S = M°(G,I) It can be readily
verified that the set of idempotents E£(S) is the union

{(Gg)n‘ . Z - ]} U {0}

As E(9) is a semilattice, for every z € FE(S), the principal ideal generated by z, is
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given by

{0,z} ifxz#0

(2] ={y € E(S) 1y = ya} = E(S)z = _ :
{0} if =0

Therefore, (E(S), <) is uniformly locally finite. On the other hand, one can easily
verify that G, = G for every p € E(S). Besides, for non-zero elements s = (g);;
and t = (f)w of S we have s*s = (eq);; and t*t = (eq)y. Hence by choosing
r = (eq);i we see that s*s = xz* and t*t = 2"z, so s and ¢ belong to the same
D-class. Thus S has two D-classes Dy = {0} and D; = S\ {0}. It follows that
|E(Dy)| = |E(S)\ {0} = |I|. Now, Theorem 5.1.3 implies that ¢*(S) is Arens

regular if and only if G and [ are finite.

5.2 A problem for further investigation

Our discussion in Section 5.1 shows Arens regularity of inverse semigroup algebras is closely related
to the behavior of the idempotent elements within the semigroup. Certain finiteness conditions
on the set of idempotents E(S) play a crucial role in determining whether ¢1(S) is Arens regular.
However, the precise relationship between these finiteness conditions and Arens regularity remains
a question. In this section, we try to reveal further the conditions under which ¢!(S) is Arens
regular and propose a conjecture that characterizes this regularity in terms of specific finiteness
properties of the inverse semigroup S.

First, we establish a key lemma, which demonstrates that if £*(.S) is Arens regular,
then the set of idempotents F(S) is locally finite and can be expressed as a union of

certain maximal ideals.

Lemma 5.2.1. Let S be an inverse semigroup. If (*(S) is Arens regular, then E(S)
is locally finite, and E(S) = Uyen(p], where M s the set of mawimal elements of
E(S).

Proof. We begin with defining a map for the inverse semigroup S. Let ¢ : § —
E(S) be defined by 9(s) = ss*.

This map 1 can be extended to a bounded epimorphism W : *(S) — (1(E(S))
by defining W(ds) = dy(s) for each s € S.

Since ¢1(S) is assumed to be Arens regular, it follows that £*(£(S)) must also be

Arens regular. Therefore, we may assume that S is a semilattice.
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Let S be a semilattice, and assume that ¢1(S) is Arens regular. For any element
p € S, define S, = (p|, the set of elements less than or equal to p. This set S, forms
an ideal in S so ¢'(S,) is also Arens regular.

However, by Proposition 2.2.12, we know that ¢*(S,) has an identity. From
Theorem 2.1.12, we conclude that S, must be finite. Therefore, we can conclude
that S is locally finite, as every subset .S, is finite.

Next, we claim that every chain in S has a maximal element. Assume toward a
contradiction, that there exists an infinite chain P = {p; < po < ---} in 5, where
each p; is strictly less than p; ;.

In this case, the chain P forms a subsemigroup of S, and we can define an
isomorphism:

Y NNy — O(P), O+ dy,.

However, it is known that ¢*(N,) is not Arens regular. Therefore, £!(P) cannot be
Arens regular either, which contradicts our original assumption that ¢!(.S) is Arens
regular. Hence, the chain P must be finite, and every chain in S has a maximal
element.

Since every chain in S has a maximal element, we can conclude that E(S) =

Upens(p], where M is the set of maximal elements of E(S). O

Question. For an inverse semigroup S , if £!(S) is Arens regular, is F/(.S) uniformly
locally finite?

If the question has a positive answer, then we can characterize Arens regularity
of £*(S) as follows.
Congjecture. Let S be an inverse semigroup. Then ¢*(S) is Arens regular if and

only if
(i) E(S) is uniformly locally finite,
(ii) for every p € E(S), the maximal subgroup G, is finite; and

(iii) each D-class has finitely many idempotents.
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Conclusion

In this thesis, we studied the topological centres and Arens regularity of semigroups
and their algebras. Our main focus was on investigating Arens irregularity of specific
semigroups such as the bicyclic semigroup S; and partially bicyclic semigroups Sy
and S ;.

We proved that the semigroups Si, Ss, and S;; and their algebras are strongly
Arens irregular. Moreover, we showed that the left topological centers of these
semigroups’ Stone-Cech compactifications are determined by two-point sets. Ad-
ditionally, the study shows that the topological centers of M(3S:), M(5Ss), and
M (BS11), are determined by two-point sets as well.

Moreover, in this thesis, we investigated Arens regularity of inverse semigroup
algebras and we proved that for an inverse semigroup S, if F(.S) is uniformly locally
finite, then the algebra ¢1(S) is Arens regular if and only if the maximal subgroups
of S are finite and each D-class contains a finite number of idempotents.

The results presented in this thesis provide insight for further study of Arens

regularity of other semigroup algebras.
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