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Abstract

An efficient numerical method is presented for the solution of the integral equation
satisfied by the current density induced in axisymmetric solid conductors immersed in
given magnetic fields. The associated matrix equation is formulated by applying the
method of moments with the unknown current density expanded in a Fourier series in
the azimuthal angle, its coefficients being vector functions whose components along

the meridian and azimuth directions only depend on the meridian coordinate.

Nlustrative numerical results are generated for conducting prolate and oblate
spheroids in the presence of axially directed uniform fields, for prolate and oblate
spheroids and spheres in the presence of arbitrarily directed uniform fields and, also,
in fields produced by current-carrying turns. The generated numerical results are
compared with available analytical results to investigate their accuracy. The effi-

ciency of using pulse basis functions and impulse basis functions is also investigated.
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Chapter 1

Introduction

1.1 Overview and Objective

Many engineering applications such as induction heating, levitation, eddy-current
breaking, electromagnetic shielding, nondestructive testing, require the analysis of the
currents induced in a solid conductor in the presence of a quasistationary magnetic
field. In quasistationary regime, the displacement current is negligible compared to
the conduction current and the field quantities satisfy the Helmholtz equation inside
the conductor. An accurate study requires the determination of the field quantities
both inside and outside the conductor.

An exact analytical solution of the quasistationary electromagnetic fields in the
presence of conducting bodies is only possible in just a few cases. In [1], such a
solution is presented for a sphere in the presence of a coaxial current-carrying turn.
The exact solution for the magnetic field has been presented in [2] for conducting
spheroids in the presence of coaxial current-carrying turns using the method of sepa-
ration of variables. Magnetic dipole moments have been calculated for a conducting

and permeable spheroid with uniform axial excitations in [3], and in [4] for transverse



excitations.

By employing approximate boundary conditions, various systems containing given
induced conductors can be analyzed using only the fields outside them. The most
widely used approximate boundary condition is the standard impedance boundary
condition (SIBC), which can be applied when the penetration depths of the fields are
relatively small compared to the dimensions of the object. The SIBC states that the
ratio between the tangential components of the electric and magnetic field intensities
at the conductor boundary is equal to the intrinsic impedance of the medium in which
the fields penetrate. At higher frequencies, the induced currents in the conductor can
be assumed to be confined to their surface and, then, the perfect electric conductor
(PEC) boundary condition can be applied with sufficient accuracy. The tangential
electric field on the surface of the conductor is assumed to be zero in the PEC model.
The accuracy of the PEC model and the SIBC model has been studied in [5] and it
has been found that, for spherical conductors the power losses and forces calculated
using the SIBC model introduce a maximum percentage error of less than 1% with
respect to the exact solution when the skin depths are less than 1/10 of the radius,
while the PEC model requires the skin depths to be less than 1/35 to have the same
accuracy. In [6], a similar study has been performed for conducting spheroids. The
validity of the PEC model has been analyzed in [7] for spheroids with various axial
ratios by comparing the computed results with experimental data.

An exact analytical solution is possible for certain axisymmetric systems, when
both the object and the inducing field are axisymmetric. When either the shape
of the object or the outside field is arbitrary, an analytical solution is, in general,

not possible. For a numerical solution, an integral equation representation of the



boundary value problem is usually more advantageous than the partial differential
equation representation. The errors at various observation points may partially cancel
each other in the summation process when employing integral equations whereas, in
general, they may propagate along successive steps when using partial differential
equations. The most frequently used method to obtain an integral equation from the
partial differential equation is to use an associated Green'’s function, obtained from a
standard boundary value problem [8].

Two frequently used numerical techniques are the finite element method and the
method of moments. The finite element method is more versatile and powerful, being
applicable to more complex problems, while the method of moments is conceptually
more simple and easy to implement numerically. The method of moments is widely
used [9], [10] to solve a variety of electromagnetic problems such as radiation, scatter-
ing, analysis of antenna beam patterns, microstrips, quasistationary electromagnetic
problems, etc. The procedure of applying the method of moments involves the con-
version (discretization) of the integral equation using a set of basis and weighting
functions, and the solution of a matrix equation.

In this thesis, we calculate quasistationary magnetic fields in the presence of bodies
of revolution using the perfect conductor model. In the general case of arbitrarily
shaped conductors, the entire conductor surface has to be discretized, which requires
a large number of computations to be performed. In order to reduce substantially the
amount of computation required, we exploit the axisymmetry of the geometry of the
conducting body, even when the inducing fields are not axisymmetric with respect to
the body axis of revolution. Namely, the induced surface current density is represented

in the form of a Fourier series in the azimuthal angle, with its coefficients being the



components of the current density along the meridian and azimuth directions, and

only depending on the meridian coordinate [11].

1.2 Thesis Outline

In Chapter 2, an integral equation is derived for the induced surface current density
for a conducting object in an arbitrary external magnetic field. A matrix equation
is derived by applying the method of moments. Details of the derivation of matrix
elements for axisymmetric bodies in arbitrary inducing fields are presented for impulse
weighting functions and for both pulse and impulse basis functions.

We present in Chapter 3, details of the computation of the matrix elements and
numerical results for the normalized tangential magnetic field intensity on the surface
of the spheroids in the presence of an axially directed uniform magnetic field and in the
field produced by coaxial circular current-carrying turns. Results for spheres in the
vicinity of a coaxial circular current-carrying turn are also presented as a special case.
The efficiency of using various types of basis functions to compute the induced surface
current density has been investigated by comparing the results obtained with impulse
basis functions and with pulse basis functions. The effect of the number of basis
functions on the convergence of the normalized tangential magnetic field intensity at
the middle of the meridian line has also been studied. We compare the generated
numerical results with the analytical results in [7] by evaluating the percentage error
between them.

Chapter 4 consists of the details of the computation of the matrix equation ele-
ments for a uniform inducing magnetic field directed at an arbitrary angle with respect

to the axis of symmetry of the body and for an external field produced by circular



current-carrying turns whose axes are shifted with respect to the axis of revolution
of the body. Numerical results for the normalized tangential magnetic fields on the
surface of the spheres and spheroids are presented. In the case of spheres, the uniform
field is directed at an arbitrary angle with respect to the reference z—axis and the
circular turn axis is shifted with respect to the same axis. For spheres, the generated
numerical results are compared with those from the analytical solution by indicating
the percentage error. Conclusions and suggestions for future work are presented in
Chapter 5.

In Appendix A, we present details of the derivation of the analytical solution for
the magnetic field at the surface of perfect conducting spheroids in the presence of a
coaxial current-carrying circular turn. The analytical solutions corresponding to the
cases of spheroids in axially directed uniform fields and to spheres in the presence of
circular-current carrying turns are derived as special cases.

Details of the analytical solution for the tangential magnetic field at the surface
of a perfect conducting sphere in an uniform field directed at an arbitrary angle with

respect to a reference z-axis are given in Appendix B.



Chapter 2

General Formulation

2.1 Integral Equation for Eddy Currents on an Ar-
bitrarily Shaped Perfect Conducting Body in
a Given Magnetic Field

Consider an arbitrarily shaped conductor in an external magnetic field H;,. as shown
in Fig. 2.1, where P is the observation point and the position vectors of the source
and observation points are r and 7/, respectively. The total magnetic field intensity

at an observation point outside the conductor, H(r) can be written as
H(r) = Hine(r) + Hina(r), (2.1)

where Hi,q(7) is the magnetic field intensity due to the induced currents on the
conducting body. By applying the Biot-Savart law, we have

R

1 :
Hoa(r) = 4 [ J00) x 5. (2.2)

where R = r— 7/ and J; is the density of the current induced on the conductor.
To apply the boundary condition at the conductor surface, observation is made
just outside the body. At a point on the boundary between the two media, the tangen-

tial magnetic field is discontinuous by the amount of the current density induced on
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e

3
Figure 2.1: An arbitrary shaped conductor in an external magnetic field.

the surface of the conductor. If the conductor is assumed to be perfect, the magnetic
field inside is zero. Therefore, an integral equation for the surface current density can

be formulated in the form
J()—“x——-l—-/J('r’)xﬁds'~?LxH~() es (2.3)
s\T n A s s R3 = ine\T), T ) .

where 7 is the outwardly oriented unit vector normal to the surface S at point P.
When the observation point coincides with the source point, R is zero yielding a
singularity in the integral of (2.3).

The integral equation is evaluated numerically by dividing the conductor surface



into patches. A part of the induced magnetic field is produced by the self patch
and the rest is produced by all the other patches. It is assumed that the self patch
becomes a flat surface as the size of the segment becomes small. Therefore, the

scattered magnetic field intensity from the self patch is
1,
I:Iind,self(r) = —'"2")7, X Js(r)- (24)

The contribution from the non-self patches to the scattered magnetic field intensity
is
R
H-ind,non self(r) 4 J (7'() X "‘“‘ds (25)
where the integral is taken in principal value. Substituting (2.4) and (2.5) into (2.3)

modifies the integral equation such that

—s(r———nx][J x—ds—H'

mnc

(r), reS, (2.6)

with H,

mnc

(r) = o X Hyo(7).
Once a solution is obtained for the current density Js, the total magnetic field

intensity outside the conductor can be obtained easily form (2.1) and (2.2).

2.2 Methods of Solution
2.2.1 Method of Moments for Arbitrarily Shaped Bodies

The integral equation (2.6) can be written as

L(Js) = Hi,(7), (2.7)

where the L is a linear operator,

L(J) = S ()~ - ]lJ () x L gy, (2.8)



Using the method of moments (2.7) can be converted to a matrix equation. Namely,
Js is expanded in a series of basis functions and an inner product is taken with a set

of weighting functions W;(r) [10],
(Wi(r), L{Js(r)) = (Wi(r), Hy (7)), (2.9)

where
(W,J)é/ W Jds. (2.10)
S

The surface current density is expanded in a series of basis functions f;(7) as

Js(r) = ijfk(T)a (211)
k=1

where I, are constants to be determined. Making use of the linearity of L, the resulting

equation after substituting (2.11) into (2.9), can be written as

o0

Z Ik(“’i(’r)’ L(fk(r)» = <M(’I"), H;Inc("‘»a t=1,2,3,---. (2'12)

k=1

The equation (2.12) can be expressed in matrix form as
[Z]11] = V], (2.13)

where (Z)y, = (Wi(v), L(f. (7)), (V)i = (Wi(r), H},.(7)) and [I] contains the coeffi-
cients I to be determined. [Z] is called the impedance matrix and [V] the inducing
field matrix.

All the expressions derived so far are valid for bodies of arbitrary shape. Since
the scope of this thesis is limited to bodies which are symmetric about an axis of

rotation, here after the focus will be only on bodies of revolution.
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2.2.2 Moment Method for Axisymmetric Bodies

A conducting body of revolution is shown in Fig. 2.2. (p,¢,2) are the circular
cylindrical coordinate variables and ¢ is a length variable along the meridian C. The
unit vectors (7, &S, %) forms an orthogonal right-handed triad. 7 is the unit vector
oriented along the outward normal to the surface S of the body while &5 and % are

tangential to the surface S.

» 1

Figure 2.2: Geometry of the axisymmetric conductor.

The induced surface current density and H,, in (2.6) can be written in terms of



11

the local coordinate variables (¢, ¢) and of the unit vectors (%, ) as

(48) = [Tt )+ A1 9)d) (2.14)

oo
k=1

and

respectively. The superscripts ¢ and ¢ in the coefficients If and I?, and in Hi, and

wmne

Hmfc indicate the direction. Because of the rotational symmetry of the body, the
induced surface current density as well as the inducing field on the body surface have
a2 periodicity in the azimuthal angle. Therefore, both the surface current density

and the non-axisymmetric inducing field are expanded in Fourier series as

o0 o0

= 2 D Undmi+ T2, (2.16)
m=—00 k=1
0= 3 0, -
m=—co
; A 27
where Jmk = tfk(t)eJm‘i’, Jﬁk = ¢f,()e’™¢ and I{zlncm 2_./ ’( —jmqb‘

This allows us to use only segments along the meridian line C, instead of the patches
over the entire conductor surface. We divide the meridian into N number of segments.

We choose weighting functions of the form
Wi (t,¢) = tw(H)e ™ and Wo(t, ¢) = &wi(t)e_jn"’, (2.18)

where w;(t) are functions to be selected.
Substitution of (2.16), (2.17), and (2.18) into (2.9) results in a decoupling of the

Fourier modes. Furthermore, the resulting set of equations can be expressed as a



12

matrix equation with partitioned matrices;

iz (2] ] [ v 219
[z2] [zg°] | | [22] Vel | |
with the elements
(Z:zt)ik = <erza L('Lfk)) ’ (Zthqs)ik = <W7fw L(Jrﬁz»:
(28),, = (WS LITL)) . (Z8), = (W LT3, (2.20)

(Vi) = (Wi, Hipor ™) and  (V9), = (Wi, Hy (1)), (221)

ni» *rinen

2.3 Evaluation of Matrix Elements

To demonstrate the calculation of impedance matric elements, consider (Z%),, in

(2.20) which can be expanded as
1 . .
(Z2); =l/wi(t)fk(t)ds— —/wz-(t)t- i1 x ][fk(t’)t'
ik 2 S 4.7T 5 S
R (2.22)
Xﬁ&jn(w—(ﬁ)deS/} .

We express RB/R? and the local unit vectors in terms of the cartesian coordinate unit
vectors. Then,

R (pcosd—p cosd )+ (psing — p'sing)y+ (z — 2')2

R [0% + 0" — 2pp/ cos(¢p — &) + (2 — 2)] (229)
and
t = sinocos ¢+ sinasin ¢f + cos oz,
¥ = sino/cos¢/Z+sina sing'y+ cosa's,
¢ = —singi+ cos o, (2.24)
<2>, = —sing'&+ cosd'y,
L = COS(Cos P+ cosasin gy — sinaz,
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where « is the angle between % and % at the observation point P. It is defined to be

positive if # is directed away from the z-axis and is given by

~1 —%2-n
o = tan —
z-n

Similarly, o is defined with respect to 2z and {.

/Sds——-/C/O%pdtdqﬁ. (2.26)

After substituting (2.23), (2.24) and (2.26) into (2.22), we obtain finally

(2803 |, /%wz(t ) Fu(D)pdids + - / /2][ ][wz(t Fl®)

{pcosed — [ cosa + (, smolf]z}g in(&'~9) 5 dtdt dbdd .
(02 + P —2pp' cos(§ — &) + (= — #)2]3

With the observations made at ¢ = 0, the integrand in (2.27) becomes independent

(2.25)

P

For axisymmetric bodies,

(2.27)

of ¢. Therefore, the ¢ integration reduces to 27. Defining

_ cos nqﬁ'
gn = /0 dg, (2.28)

O

where Ry = [p® + p” — 2pp cos ¢’ + (z — 2’ )]%, these matrix elements become

(Z2) =7r/0wi(t)fk(t)Pdt— %Lﬁwi(t)fk(t'){2gnpcosa’

— [ cosd + (2 = 2') sin &) (gn+1 + gn-1)}op'dbdt’.

(2.29)
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Similarly, the remaining impedance matrix elements can be derived as

(z9), = % /C ]{wat)fk(t')(z—z')(gnﬂ—gn_l)pp'dtdy,

1
(28, = % C]éwi(t)fk(t')[pcosasina'—p’sinacoso/

—(z — 2} sinasin &](gn+1 — gn-1)pp'dtdt’, (2.30)

(2 = 7 [ WO~ [ J1OhEH 200 cosa

+pcosa — (z — 2') sin &(gnt+1 + gn—-1) }pp'dtdt’.
The inducing field matrix elements in (2.21) are obtained from
(Vy), = 2« /c w;(t)Hyo n(t)pdt  and
V), = 2 [ w)Hlaw)od, (2.31)

where the superscript ¢ or ¢ on Hj,, indicates the direction, and Hy,,,, and H;ffc,n

are the n-th Fourier modes of H . and H'®

ine e Tespectively.

The impedance matrix depends on the geometric parameters of the body, the
weighting functions and the basis functions while the inducing field matrix is deter-
mined by the external field. Let us now show the evaluation of the matrix elements
with the specified weighting and basis functions. In what follows we always use im-

pulses as weighting functions and impulses, as well as pulses as basis functions.

2.3.1 Matrix Elements with Impulse Weighting Functions
and Impulse Basis Functions

When impulses placed at the center of the segments along C' are used as basis func-

tions, it is assumed that the surface current is concentrated only at the middle of
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Figure 2.3: Meridian line divided into N number of segments.

each segment. Thus,

where 6(t — t;) and 6(¢t — ¢;) are the Dirac delta functions, t, = k£ — 0.5, ¢, =i — 0.5,
and k,7 = 1,2, ..., N. In all the numerical computations performed in this thesis, we
have scaled the size of the body so that the length of each segment is one unit as
shown in Fig. 2.3.

With this choice of functions, we can easily calculate the impedance and inducing

matrix elements as
tt 1 ! / / / : /
(Z),, = mpu— 5{2anti coscy, — [py, cosay + (2 — 2;,) sinag, |

* (Gn+1 + Gn——l ) }pt,- P;:k )

1
(Z2), = Q—j(zti — 2 )(Gni1 — Gnoa) Py,

(289, = 5 o1, cos o sin . — p}, sin oy, cos o,
—(21; — 2, ) sinay, sin o, |(Gry1 — Gao1) P14, » (2.33)
¢¢ 1 / 7 .
(28%),, = 7py — §{~2antk cos 0y, + [py, cos o, — (21, — 23, ) sin oy,

(Gr1 + Gn—l)}ptip:tk,
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and

27 Hyn,  (t:) Py

ine,n

(Vi9), = 2mHy . (t:)ps (2.34)

ine,n

=
|

where

T /
/ 2 12 (/:OS n¢/ ’ \13/2 d¢l 17k,
0 [pti + ptk - 2ptiptk COS¢ + (zti - Ztk)]
G, = (2.35)

4 cos ng’
d¢' i=k, ¢ €(0,n].
/o+ 207, — 20}, cos ¢/ i o€

The subscripts t; and t; indicates the values of p, o and z at t = t; and ¢, o/ and 2/
at t = 1y, respectively. The integration G, is performed numerically using a suitable

integration algorithm (see Section 3.1.2).

2.3.2 Impedance Matrix Elements with Impulse Weighting
Functions and Pulse Basis Functions
Pulse basis functions represent a more realistic distribution of current. It assumes
that the induced currents are distributed evenly along a segment. So, we choose
1 (k-1)<t<k,
OER B (2.36)
0 elsewhere.

Under the assumption that p;,, o, and 2;, remain constant and equal to their
values at the midpoint of each segment, (2.33) holds true for this case too, but the
values of G, will be modified. For pulse basis functions

| s iz,
0
G, = (2.37)
F(@)dg i=F, ¢ € (0]
0
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/ F COS n¢l / 2 /2 / / nyi
where f(¢) = [ g di' and R = g+ " = 2pusl cosd/ + (= )IF- By
-1 5

assuming t’ to be a straight line between k£ — 1 and k, we obtain

tx+0.5 dat'
1= e (239)

where
te = |(pycosd’ — p )sinay, + (2, — 2, ) cos oy, |, (2.39)
d = y/R% —t; and (2.40)
Ry = [02 + 0l — 200, cosd! + (2, — 2,)]2. (2.41)

Evaluation of the integration in (2.38) yields

tx+0.5 tr — 0.5

= - : 2.42
d\/(t, +0.5)2 +d?  d?\/(tx — 0.5)% + d? (242)

F(&)




Chapter 3

Spheroids in Axisymmetric Fields

Let us now consider a perfect conducting spheroid either prolate or oblate, placed in
an axisymmetric field. The semi-major and the semi-minor axis in case of a prolate
spheroid are ag and by, respectively, while in case of an oblate spheroid, they are by
and ag, respectively.

A perfect conducting prolate spheroid in a 2z directed uniform field is shown in
Fig. 3.1. The geometry of the spheroid is expressed in prolate spheroidal coordinates
7*,6%0* (=1 < " < +1,1 < €& < o0, and 0 < ¢* < 27) defined with respect to
the center of the spheroid. The relationship between the length of the meridian (see

Section 2.3.1) and the spheroid dimensions is

N = CObOW kg.b - 1, (31)

where the axial ratio kg, = ag/by and

Iles? — 5
Co = /_1 [W] d’)’] . (32)

Here, & is the prolate spheroid surface equation, with & = kap+/k2, — 1. The prolate

spheroidal coordinates are related to the rectangular cartesian coordinates (z*,y*,2*)

18
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&

\

X

Figure 3.1: Perfect conducting prolate spheroid in a z directed uniform field.

whose origin is at the center of the spheroid by [7]

2" = c[1-n?)(€? -]/ cosg”
y' = (17?2 - 1)) sing’ (3-3)

Zt = cn*€.
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The corresponding scale factors hys,he» and he- are [7]

%2 _ ,#271/2
e = o[
1—mn
€*2_,’7*2 1/2
hﬁ* = Cl:—é_:a—:-l— (34)

hee = (1 —7)(€? - D)2,

where c is the semi-focal length of the prolate spheroid, ¢ = /a2 — b3.

To compute the impedance matrix, the required geometric parameters of the
spheroid p and z are calculated using (3.3) with €* = £ and ¢* = 0 (the obser-
vations are made on the meridian at ¢ = 0, p = z* and z = 2* + ag). The 75*

coordinates at the middle of each segment is found from
e
/ hoedy* = k — 0.5, k=1,2,..N. (3.5)
-1
Since the generating curve C for the prolate spheroid is an ellipse given by
C=z*/bt + (2 — ag)?/al = 1. (3.6)

from (2.25) we have

a = tan™! (“O — Z) . (3.7)

T

We present numerical results for two cases of axisymmetric fields: a % directed
uniform magnetic field and the magnetic field produced by a coaxial circular current-
carrying turn. In Section 3.2.4, a sphere in the presence of a circular turns with its

axis along the z-axis is presented as a special case.
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3.1 Spheroids in a Uniform Magnetic Field Di-
rected Along the Axis of Rotation

A uniform magnetic field incident along the axis of rotation is the most simplest of
cases. Due to the axisymmetry in the system, the magnetic vector potential has a ¢
component only. Hence, the external magnetic field on the conductor surface is along

the meridian derection.

3.1.1 Computation of the Inducing Field Matrix Entries

As shown in Fig. 3.1, we select the z-axis of our coordinate system along the body’s
axis of rotation. Then the inducing magnetic field can be written as H, (1) = Hipo2.
To compute the inducing field matrix, the external field is expressed in terms of the

local vectors defined in (2.24) as
H,,.(r) = Hy(tcosa — fisina). (3.8)

Since this field is independent of ¢, Fourier series expansion in azimuthal angle (2.17)

contains only the component corresponding to m = 0. Thus (2.34) yields

(Vf), = 0  and

(V{f’)i = =27 Hipcpr, COS Oy, (3.9)

After the impedance and inducing field matrices are computed, (2.19) is used to
determine the coefficients I¢, and IS,. The surface current density is calculated using
(2.16) and the resultant magnetic field intensity on the surface of the body is given
by

H(r) = —fx Ji(r). (3.10)
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3.1.2 Results for Prolate Spheroids

We consider a perfect conducting prolate spheroid in a uniform magnetic field directed
along the major axis. The meridian is divided into N number of segments and we

use Dirac delta functions as basis functions.

Using impulse basis functions

To evaluate the integration in (2.35), we use adaptive Lobatto quadrature algorithm

with an absolute error tolerance of 1076.

_2 - =
ao/bo'1'1
-4} - w8fb=1.25
P aolb0=1 5
g
o -8
o\e

Figure 3.2: Percentage error of the normalized tangential magnetic field at n* = 0
versus the number of meridian segments, for various ag/bo.

Figure 3.2 shows the effect of the number of meridian segments on the conver-
gence of the normalized tangential magnetic field at * = 0. The error is calculated
with respect to the normalized tangential magnetic field at the same location with 85
impulse basis functions. Results are presented for prolate spheroids with three dif-

ferent axial ratios. Figure 3.2 shows that by using more than 31 meridian segments,
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a significant accuracy (absolute percentage error less than 1%) at the middle of the
meridian can be achieved.

The normalized tangential magnetic fields generated with 31 and 85 meridian
segments are compared in Table 3.1. The maximum deviation in the solution with
N = 31 compared to the one with N = 85 is 2.63%, observed for the prolate spheroid
with ao/by = 1.5 at |n*| = 0.9.

Table 3.1: Normalized magnetic field generated with 31 and 85 meridian segments, at
several locations along the meridian of a prolate spheroid with different axial ratios.

N 77| H/Hinc
ao/bo =1.1 ao/bo =1.25 ao/bo =15
0 1.446 1.395 1.337
31 0.6 1.197 1.193 1.200
0.9 0..672 0.715 0.776
0 1.459 1.406 1.349
85 0.6 1.205 1.209 1.209
0.9 0.684 0.730 0.797

In Fig. 3.3, the normalized tangential magnetic field generated using 31 meridian
segments and the exact solution given in (A.18), are shown for spheroids with ag/by =
1.1,1.25 and 1.5. Details of the derivation of the exact solution are given in Appendix
A. This comparison is possible because #}* is along the meridian and therefore is same
as t.

The percentage error of the generated results with respect to the exact solution
are plotted in Fig. 3.4. The accuracy in the results is lower for points closer to the
poles. Another interesting observation is that the deviation from the exact solution

is getting higher as the axial ratio increases from unity.
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Figure 3.3: Normalized magnetic fields generated using the MoM and the exact so-

lution for a prolate spheroid with three different axial ratios, impulse basis functions
and N=31, excited by an axially directed uniform field.
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Figure 3.4: Percentage error with respect to the exact solution of the normalized
magnetic field along the meridian for a prolate spheroid with three different axial
ratios, impulse basis functions and N=31, excited by an axially directed uniform
field.
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Using pulse basis functions

Using fewer meridian segments when calculating the tangential magnetic field inten-
sity with impulse basis functions introduces errors, because the surface current density
is assumed to be concentrated at the center of each segment. Pulse basis functions
give a better approximation to the distribution of surface current density.

To compute the impedance matrix with pulse basis functions, G, is calculated
from (2.37). As in the case with impulse basis functions, the integral is evaluated

using the adaptive Lobatto quadrature algorithm with an absolute error tolerance of

1078,
N
0 10 20 30 40 50 60 70
0.5 T ¥ v T T T Y
-0.5
aolb0=1.1
. -k - — —ayb=125
e -
& sl F aolb0—1.5
et
_2 b
-2.5
_3 -
-3.5

Figure 3.5: Percentage error of the normalized magnetic field at n* = 0 versus the
number of meridian segments, for various aq/bg.

Figure 3.5 shows the variation of the percentage error with the number of meridian
segments, for prolate spheroids with three different axial ratios. The percentage error
of the normalized tangential magnetic field at * = 0 is evaluated with respect to the

value computed with NV = 65. To have an absolute percentage error less than 1%,
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the meridian needs to be divided into more than 12 segments.

The normalized tangential magnetic field intensities generated with 13 and 65
segments are compared in Table 3.2. The maximum deviation in the solution with
N = 13 as compared to the one with N = 65 is 4.36%, observed for the spheroid with
ag/bp = 1.25 at |n*| = 0.9.

Table 3.2: Normalized magnetic field intensity generated with 13 and 65 meridian

segments, at several locations along the meridian of a prolate spheroid with different
axial ratios.

N |7*] H/Hine
ao/bo =11 ao/bo =1.25 ao/bo =1.5
0 1.445 1.391 1.331
13 0.6 1.185 1.188 1.189
0.9 0..659 0.702 0.766
0 1.454 1.402 1.342
65 0.6 1.203 1.206 1.205
0.9 0.687 0.734 0.800

The normalized tangential magnetic field intensity at n* = 0 computed with 13
segments, is compared with that from the exact solution. For prolate spheroids with
axial ratios of 1.1, 1.25 and 1.5, the variation of the percentage error along the merid-
ian is shown in Fig. 3.6. The employment of pulse basis functions results in a lesser
deviation from the exact solution as compared to the deviation when using impulse
basis functions, especially closer to the poles.

The computation times of the magnetic field on the surface of prolate spheroids
with the three axial ratios tested, with pulse basis functions and 13 segments, and
with impulse basis functions and 31 segments are given in Table 3.3. Computation was
performed with a notebook computer with Intel Centrino® Duo processor working at

2GHz. Pulse basis functions yield a faster convergence when compared to the impulse
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basis functions, due to the smaller number of segments required. Because of its higher
efficiency as compared to the impulse basis functions, here after we use pulse basis

functions to obtain the numerical results.

4.5r
4"
3.5} aolbo=1.1
sl - = —aybF1.25
------- aolb0=1 5
2
O \
31] 28~ s .
R h ~ 4 ’
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~ P
1t S~ -7
o8 /\,/
0 -
-0.5 L
-1 -0.5 0* 0.5 1
n

Figure 3.6: Percentage error with respect to the exact solution of the normalized
magnetic field along the meridian for a prolate spheroid with three different axial
ratios, pulse basis functions and N=13, excited by an axially directed uniform field.

Table 3.3: Comparison of the CPU time to obtain a percentage deviation of 1%, with
the two types of basis functions used .

N CPU time (s)

ao/bg = 1.1 ao/bo =1.25 ao/bo =15
13;Pulse 2.15 2.18 2.20
31;Impulse 4.92 4.86 4.81
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3.1.3 Results for Oblate Spheroids

Consider now the case of a perfect conducting oblate spheroid in a uniform field
directed along the minor axis. By using the transformations £* — j&*, & — j&} and
¢ — —jc [7], the corresponding matrix elements for the oblate spheroid are obtained
from those for the prolate spheroid.

For oblate spheroids with axial ratios of 0.9, 0.8 and 0.7 in an axially directed
uniform magnetic field, the numerical results for the normalized tangential magnetic
field intensity at n* = 0 generated with different numbers of meridian segments are
compared with those obtained with 45 meridian segments. Figure 3.7 shows that, by
dividing the meridian into at least 11 segments, an absolute percentage error of less

than 1% can be achieved.

% Error

Figure 3.7: Percentage error of the normalized tangential magnetic field at n* = 0
versus the number of meridian segments, for various ag/bo.

The generated normalized tangential magnetic field intensity with 11 segments
and the exact solution in (A.19) are given in Fig. 3.8 and they are compared in Fig.

3.9 via the percentage error with respect to the exact solution.
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Figure 3.8: Normalized magnetic fields generated using the MoM and the exact solu-
tion for an oblate spheroid with three different axial ratios and N=11, excited by an
axially directed uniform field.
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Figure 3.9: Percentage error with respect to the exact solution of the normalized
magnetic field along the meridian for an oblate spheroid with three different axial
ratios and N=11, excited by an axially directed uniform field.
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3.2 Spheroids in the Presence of Coaxial Circular
Current-Carrying Turns

Consider a perfect conducting prolate spheroid in the presence of a circular current-
carrying turn as shown in Fig. 3.10. Since the geometry of the prolate spheroid
remains the same, the impedance matrix calculated in the pervious section is not

affected.

2h,

F

-
Z
4 =

Figure 3.10: A perfect conducting prolate spheroid in the presence of a coaxial circular
current-carrying turn.
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3.2.1 Computation of the Inducing Field Matrix

We first calculate the magnetic field intensity produced by the circular current-
carrying turn at the middle of the meridian segments. The magnetic field intensity

H;,. produced by a circular current-carrying turn is given in [12],

where
2, 2 2
ng - IC(Z + hc) l:_ bc +p 2+ (Z + hc) 2E] (312)
2mp+/(be + p)? + (2 + he)? (be = p)? + (2 + he)
2 _ 9 _ 2
Hipe = L {K T p 2t b 'QE} . (313)
27v/(be + p)2 + (2 + he)? (be — p)? + (2 + he)

Here, K and E are complete elliptic integrals of the first and second kind, respectively,

with modulus +/4bep/ [(bc + p)? + (2 + he)?] (see notation in Fig. 3.10). Using the
cylindrical to cartesian coordinate transform and the relationships given in (2.24),

the right hand side in (2.6) is determined in the form

~

H; = —(Hf sina+ HZ, cosa)d. (3.14)

inc inc inc

Independence of ¢ in H;  results in its Fourier expansion to have only the n =0

component. Therefore, from (2.34), the inducing field matrix elements are

V) =0 and
V5),

<%¢) = _ZW[H;ZC(tZ) Sin ati + I{sz(tz) Ccos ati]Pti- (315)

7

The inducing field matrix for an axisymmetric system with multiple coaxial turns

can be computed simply by using the superposition.
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3.2.2 Results for Prolate Spheroids

To evaluate the complete elliptic integrals in (3.12) and (3.13), we use the subroutine
given in Matlab which is based on the method of arithmetic geometric mean [13].
The magnetic field intensity on the surface of the prolate spheroid is normalized with

respect to I./by and the ratio h./b. is kept at unity, in all cases.

N
40 45 50
L ®

5
w
O\O

ag/b,=1.1

a,/b,=1.25

a,/b,=15

Figure 3.11: Percentage error of the maximum value of the normalized tangential
magnetic field versus the number of meridian segments , for various aq/by and by/b.:
bo/bc = 0.25 ;bo/bc:O.5———~; bo/bc=075

Figure 3.11 shows the effect of the number of meridian segments on the conver-
gence of the solution for the maximum value of the normalized magnetic field intensity
on the surface of the prolate spheroid. The percentage error of the maximum tangen-
tial magnetic field is calculated with respect to the result obtained with 50 segments
and is plotted against the number of meridian segments for prolate spheroids with

various axial ratios and by/b, = 0.25, 0.5, and 0.75. Using more than 25 segments
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yields an absolute percentage error less than 0.5% for all the cases.

The magnetic field problem for a perfect conducting prolate spheroid in the pres-
ence of a coaxial current-carrying circular turn can be solved analytically. Details of
the derivation are given in Appendix A. We compare the results obtained from the
method of moments with the exact solution given in (A.13). Analytical computation
of tangential magnetic field requires the calculation of associated Legendre functions
with various arguments. Numerical values of Pp1 and Q;, for arguments smaller than 1
are obtained using the recurrence formulas [13]. The algorithm in [14] is used to cal-
culate PZ} for arguments greater than one, while Qzl, for such arguments is calculated
with the algorithm in [15].

Figures 3.12, 3.14 and 3.16 show the normalized tangential magnetic field intensity
calculated using 25 meridian segments and the exact solution for prolate spheroids
with axial ratios of 1.1, 1.25 and 1.5, excited by a coaxial circular current-carrying
turn with by/b, = 0.25, 0.5 and 0.75, respectively. The series in the exact solution is
truncated at 25 terms [6].

In Fig.s 3.13, 3.15 and 3.17 we compare the normalized tangential magnetic field
intensity for all the cases, computed from the two methods. The percentage error is
calculated with respect to the exact solution. Although a large percentage error is
present closer to the pole opposite to the turn, in all the cases tested, it is less than

5% when n* € [-1,0.5].



Figure 3.12: Normalized magnetic field generated using the MoM
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and the exact

solution for a prolate spheroid with different axial ratios excited by a coaxial turn
with h./b. = 1, by/b. = 0.25 and N = 25.
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Figure 3.13: Percentage error with respect to the exact solution of the normalized
magnetic field along the meridian for a prolate spheroid with different axial ratios
exited by a coaxial turn with h./b. = 1, bp/b, = 0.25 and N = 25.
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Figure 3.14: Normalized magnetic field generated using the MoM and the exact
solution for a prolate spheroid with different axial ratios excited by a coaxial turn
with h./b. = 1, by/b. = 0.5 and N = 25.
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Figure 3.15: Percentage error with respect to the exact solution of the normalized
magnetic field along the meridian for a prolate spheroid with different axial ratios
exited by a coaxial turn with h./b. = 1, by/b, = 0.5 and N = 25.
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Figure 3.16: Normalized magnetic field generated using the MoM and the exact
solution for a prolate spheroid with different axial ratios excited by a coaxial turn
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Figure 3.17: Percentage error with respect to the exact solution of the normalized
magnetic field along the meridian for a prolate spheroid with different axial ratios
exited by a coaxial turn with h./b. = 1, by/b. = 0.75 and N = 25.
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3.2.3 Results for Oblate Spheroids

Applying the transformations in Section 3.1.3 to obtain the results for oblate spheroids
from those for prolate spheroids introduces associated Legendre functions of second
kind with imaginary arguments in the calculation of the exact solution for the tan-
gential magnetic field in the presence of a coaxial curreﬁt—ca,rrying circular turn. The
algorithm given in [15] is used to compute Qzl, with imaginary arguments. The exact
solution in (A.14) is truncated to 25 terms [6].

Results for the normalized tangential magnetic field generated with N = 25 merid-
ian segments are presented for oblate spheroids with axial ratios of 0.9 and 0.75. The
tangential magnetic field is normalized with respect to I./ag. The suitable number
of basis functions was obtained by calculating the percentage error of the maximum
value of the tangential magnetic field for different N’s with respect to the value ob-
tained with N = 50. It was found that when the number of basis functions is grater
than or equal to 25, the relative error is less than 0.5%. The results presented have
been obtained by keeping the ratio h./b. at unity while changing the ratio ag/b..

The normalized tangential magnetic field intensity computed by using the method
of moments and its exact solution are plotted in Fig. 3.18; a comparison between
the two in terms of the percentage error is shown in Fig. 3.19. Results are given
for ap/b. = 0.25, ag/b. = 0.5, and ag/b. = 0.25. A significant accuracy (absolute
percentage error less than 2%) compared to the exact solution can be obtained for

n* € [~1.3,0.4].
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Figure 3.18: Normalized magnetic field obtained by using the MoM and the exact
solution for an oblate spheroid with different axial ratios and N = 25, excited by a
coaxial turn with h./b. = 1 and ao/b.: (1) ao/b. = 0.25; (1) ap/b. = 0.5; (1) ap/be =
0.75.
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Figure 3.19: Percentage error with respect to the exact solution of the normalized
magnetic field along the meridian for an oblate spheroid with different axial ratios
and NV = 25, exited by a coaxial turn with h;/b. = 1 and different values of ay/b..
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3.2.4 The Special Case of Spheres

A sphere is a spheroid with an axial ratio k., = 1. The results obtained for the prolate

spheroid can be reduced to those for a sphere by using the transformations [7]
c—0; £6,6a, 6" — 00; N, — cosfi, n* — cosf*;

by — as, €7 — T, 68—

(3.16)

Here, 6* is the meridian angle defined with respect to the center of the sphere. As
in the previous cases, the subscript ¢ denotes the parameters corresponding to the
current-carrying turn; a, is the radius of the conducting sphere and 7} is the radius
of the virtual sphere whose center is at the conductor center, containing the circular
turn.

By applying the transformations in (3.16) to (3.1), the normalized radius of the

sphere is found to be N/7. From (3.3) and (3.5), one obtains in the case of the sphere

k—0.5
b, = m—
k m 0
Ty = assinby (3.17)
2z, = ascosby.

The generating curve is a circle with the center at (0,0, as). Thus, the expression of
o in (3.7) is still valid.

The tangential magnetic field is normalized with respect to I./a;. When N = 25
meridian segments are used to generate the normalized tangential magnetic field, the
relative deviation from the solution with N = 50 is less than 0.25% for all the cases
presented. Figure 3.20 shows the results generated with N = 25 for a sphere excited by

a coaxial circular current-carrying turn with h./b. = 1 and a,/b. = 0.25, 0.5 and 0.75.
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Figure 3.20: Normalized magnetic field generated using the MoM and the exact

solution for a perfectly conducting sphere excited by a coaxial turn with h./b, = 1
and different a,/b,, for N = 25.
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Figure 3.21: Percentage error with respect to the exact solution of the normalized
magnetic field along the meridian for a perfectly conducting sphere exited by a coaxial
turn with h./b. = 1 and different ag/b., for N = 25.



41

In Fig. 3.21, the computed results are compared with those from the exact solution
in (A.21). The infinite series for the analytical solution is truncated by retaining only
the first 20 terms [16]. The percentage error of the normalized tangential magnetic
field is calculated with respect to the exact solution. A much higher accuracy than
in the case of spheroids is achieved for the spheres. The error is less than 0.6%

everywhere along the meridian.



Chapter 4

Conducting Bodies of Revolution
in Arbitrary Fields

In this chapter, the inducing field matrices are calculated for uniform fields directed
at an arbitrary angle with respect to the body’s axis of symmetry and for the fields
produced by circular current-carrying turns whose axes are shifted with respect to the
axis of revolution of the body. Numerical résults are presented for spheres, prolate

and oblate spheroids.

4.1 Uniform Magnetic Field

Let us consider a uniform magnetic field directed at an angle 8 with respect to the
body’s axis of revolution. Assume the field to be parallel to the y — z plane, as shown
in Fig. 4.1. The cartesian coordinate system is selected such that the z—axis is the
body’s axis of symmetry and the origin is at the bottom of the conductor, as in Fig.

2.2. Then the external inducing magnetic field can be written as

-E[inc = Hznc("sul/@;i/_i_ COos ﬂ'%) (41)

42



43

Expressing (4.1) in local unit vectors ¢ and é, and expanding its cross product with
v [the right hand side in (2.6)] in a Fourier series in the azimuthal angle yields the

following inducing field matrix elements computed from (2.34)

0 n =0,
(Vi =14 —mpy,Hinesin n =1, (4.2)
0 In| > 2,

—2mpy, Hipecos fecosay, n =0,
(V®)i =< Tjmpy,Hinesinfsina,, n=+l, (4.3)
0 |n| > 2.
Thus, only Fourier modes corresponding to n = 0 and n = =£1 are present in the

solution for the surface current density.

4.1.1 Results for Spheres

The impedance matrix for spheres was computed in Section 3.2.4. With (4.2) and
(4.3), numerical results for the normalized tangential magnetic field are generated for
various angles of 3. When 25 meridian segments are used, the relative error with
respect to the results obtained with 55 meridian segments is less than 0.2% for all the
cases considered.

Figure 4.1 shows the normalized tangential magnetic fields generated using the
method of moments and the exact solution given in Appendix B for different values
of 8. The tangential magnetic field intensity has components along  and é& direc-
tions, and the resultant tangential magnetic field is normalized with respect to the
magnitude of the inducing field. 6* is the meridian angle coordinate defined with
respect to the center of the sphere. For small angles 3, the results for the normalized

tangential magnetic field are close to the result for the axially incident case especially
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Figure 4.1: Normalized magnetic field at ¢ = 0° generated using the MoM with
N = 25, and the exact solution for a sphere excited by a uniform magnetic field
directed at an angle 8 with respect to the z—axis: (a)g8 = 0% (b)3 = 10°%; (c)8 = 405,
(d)B = 60% ()8 = 90°.
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Figure 4.2: Percentage error with respect to the exact solution of the normalized

magnetic field at ¢ = 0° for a sphere excited by a uniform magnetic field directed at
different angles with respect to the z—axis, for N = 25.
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in the region closer to the middle of the meridian, while a higher deviation from the
axially incident field case is observed closer to the poles.

When the inducing field is directed perpendicular to the z— axis, the induced
currents at ¢ = 0° are along the meridian and hence the magnetic field on the surface
of the sphere is along the &S direction.

The results computed with the method of moments are compared in Fig. 4.2 with
the exact solution. A larger deviation from the exact solution is observed closer to
the poles and the absolute value of the percentage error of the normalized tangential
magnetic field generated with the method of moments with respect to the exact

solution is less than 0.2% for 6* € [10°,170°%] in all the cases tested.

4.1.2 Results for Spheroids

Numerical results are presented for a prolate spheroid with an axial ratio of 1.25 and
for an oblate spheroid with an axial ratio of 0.8 using 25 meridian segments. For
all the cases tested, the absolute value of the percentage error with respect to the
normalized magnetic field at the middle of the meridian ¢ = 0° is less than 0.3% in
the case of the prolate spheroid and less than 0.4% for the oblate spheroid.

Figures 4.3 and 4.4 show the normalized magnetic field intensity along the merid-
ian ¢ = 0° for the prolate spheroid and for the oblate spheroid, respectively, for a
uniform inducing field directed at various angles 8. The exact solutions corresponding
to the axially directed uniform field are also shown for both spheroids. To check the
algorithm, results have been generated for a small angles of 8 (< 10°) and compared
with the results in the case of an axially directed incident field. As expected, except
near the poles, the difference between the two sets of results is relatively small (see

the plots for 8 = 10°).
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Figure 4.3: Normalized magnetic field at ¢ = 0° for a prolate spheroid with ag/by =
1.25 in the presence of a uniform inducing field directed at various angles 8 with
respect to the z—axis.
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Figure 4.4: Normalized magnetic field at ¢ = 0° for an oblate spheroid with ag/by =
0.8 in the presence of a uniform inducing field directed at various angles 8 with respect
to the z—axis.
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4.2 Field from Circular Current-Carrying Turns
whose Axes are Shifted with Respect to the
Body’s Axis of Revolution

Let us shift the axis of the current-carrying turn considered in Section 3.2 by a distance
d. from the axis of revolution of the induced body in y — z plane. Figure 4.5 shows
such a turn in the proximity of a prolate spheroid. The components of the inducing
magnetic field produced by the circular current-carrying turn at the observation point

on the spheroid surface are H** and H*.
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B
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Figure 4.5: Circular turn in the proximity of a conducting spheroid.
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4.2.1 Computation of the Inducing Field Matrix

The equations (3.12) and (3.13) are modified to incorporate the shift in the turn axis.

In this case, the radial distance from the axis of the turn to the observation point is p;.

Therefore, the cylindrical coordinate p is replaced with p; = 1/p? + d2 — 2pd, sin ¢.
Thus,

H

wme

I(z + he) b2+ p? + (2 + he)?
— - E| (4.4)
21p1/(be + p1)2 + (2 + he)? (be —p1)2+ (2 +h,)
2_ 2 _ 2
n - L e s . )
21/ (be + p1)2 + (2 + he)? (be — p1)? + (2 + he)

where K and FE are complete elliptic integrals of first and second kind, respectively,

with modulus 1/4b.p1/ [(bc + p1)? + (2 + hc)?]. The inducing magnetic field intensity

produced by the current-carrying turn, at the point of observation is

H, = H? sinvz— H*

mnc mce

cosvy+ Hj .2 (4.6)

mne™?

with sinv = pcos¢/p; and cosv = (d, — psin¢g)/p;. Therefore, the inducing field

matrix elements are computed from (2.34) with

—1 [ ) ) .
H (b)) = 2 J, (Hf sinvsin ¢ + H? cosv cos e "Pdg (4.7)
-1 27
Hf,’wn(tz) = 3. i (Hf sinvsinacos ¢ — HEY cosvsin asin ¢ (4.8)
+H} cosa)e ™ dg,
where Hf}, HZ., sinv and cosv are evaluated at ¢t = ¢;. For each Fourier mode

[n € (—o0,00)], the integrals in (4.7) and (4.8) are evaluated numerically.
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4.2.2 Results for Spheres

Unlike in all the other examples presented so far, the Fourier series expansion of the
inducing field produced by the circular current-carrying turn, with its axis shifted
with respect to the body’s axis of symmetry, is an infinite series. In all the cases
considered in this section, the results are computed with 25 meridian segments.

The effect of truncating the Fourier series is investigated for various ratios of
as/b. and d./as while keeping h./b, = 1. Figure 4.6 shows the percentage error with
respect to the maximum value of the normalized tangential magnetic field calculated
with various number n of Fourier modes, |n| < 10, with respect to the corresponding
value calculated with Fourier modes n from -10 to 10. When n = 44, i.e. when
only the modes from -4 to 4 are used to calculate the tangential magnetic field, the
absolute percentage error is already practically zero. It can be also seen from Fig.
4.6 that the mode n = 0 gives results with significant accuracy (absolute percentage
error less than 0.25%) for small shifts in the turn axis (d./as < 0.1).

On the other hand, the results generated with n = 4 and 25 meridian segments
show a very good accuracy as compared to those generated with 50 segments. The
absolute percentage error between the two sets of results is less than 0.3% for all the
cases tested.

The normalized magnetic field on the surface of a sphere in the presence of a
circular turns of different sizes placed at different locations is shown in Fig. 4.7. The
tangential magnetic field is normalized with respect to I./as;. The results from the
exact solution are also shown for the coaxial turn case. For small shifts of the turn
axis with respect to the z—axis, the results are close to those for the coaxial case,

except near the poles.
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Figure 4.6: Effect of number of Fourier modes on the convergence of the maximum
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Figure 4.7: Normalized magnetic field at ¢ = 0° for a sphere in the presence of a
current-carrying turn with h./b. = 1, various d./as and: (a)as/b. = 0.25; (b)as/b. =

0.5; (c)as/b. = 0.75.
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4.2.3 Results for Spheroids

As in the case of the sphere, only the Fourier modes up to n = +4 are used to
generate satisfactory results for conducting spheroids. There is no difference in the
first 5 significant digits between these results and those obtained with the Fourier
modes up to n = £10. We use 25 meridian segments in all cases considered. The
tangential magnetic field is normalized with respect to I./by in case of the prolate
spheroid and I./ap in case of the oblate spheroid.

Figures 4.8 and 4.9 show the normalized magnetic field at ¢ = 0° for a prolate
spheroid with an axial ratio of 1.25 and for an oblate spheroid with an axial ratio of
0.8, in the presence of a circular current-carrying turn of different sizes. The shift of
the turn axis in the y — z plane is varied by changing the ratio d./by while keeping
he/b. = 1. The results corresponding to the exact solution for a coaxial turn are also

shown for both types of spheroids.
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Figure 4.9: Normalized magnetic field at ¢ = 0° for an oblate spheroid with ag/by =
0.8 in the presence of a current-carrying turn with h./b, = 1, various d./by and ag/b.:
ag/b. = 0.25 ;a0/be =0.5 - - -;a9/b, =0.75- -




Chapter 5

Conclusion and Future Work

In this thesis, an efficient analysis of the magnetic field produced by arbitrary qua-
sistationary inducing fields in the presence of axisymmetric conducting bodies is pre-
sented. An integral equation is formulated for the induced surface current density on
the conductor surface under the assumption of a negligible depth of penetration of the
fields into the conductor. The field quantities on the surfaces of the conductors are
expressed in terms of the meridian and azimuthal coordinates in the form of Fourier
series in the azimuthal angle. For computing numerical results, the integral equation
is converted into a matrix equation by applying the method of moments.

The efficiency of using pulse basis functions instead of impulse basis functions is
shown when calculating the induced surface current densities of a prolate spheroid
in the presence of an axially directed uniform magnetic field. It has been noticed
that about twice the number of meridian segments needs to be used when using
impulse basis functions, to achieve the same accuracy as given by the pulse basis
functions. The numerical results are generated for the normalized tangential magnetic
field intensity on the surface of both prolate and oblate spheroids, as well as the

surface of spheres, in the presence of axially directed uniform magnetic fields and

93
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coaxial circular current-carrying turns. They are compared with the results generated
from exact analytical formulations using the PEC model. For spheres the computed
results are in good agreement with the exact results (absolute percentage error less
than 0.6%). It is noticed that for conducting spheroids the relative error between
the numerical results generated by the method of moments and the exact results
increases as the axial ratio increases for prolate spheroids and as it decreases for
oblate spheroids, especially at points near the spheroid poles.

The numerical computation performed for conducting spheroids and spheres in
uniform fields arbitrarily oriented and in the fields from current-carrying circular
turns whose axes are shifted from the axis of revolution of the spheroids show the high
efficiency of the method employed. The Fourier series expansion converges rapidly
and only Fourier modes up to n = £4 are sufficient to generate results accurate to
five significant digits as compared to the results generated with Fourier modes up to
n = £10. Also, the generated numerical results for the spheres in arbitrarily oriented
uniform fields are in good agreement with the analytical results (absolute percentage

error less than 1% in all the cases considered).

5.1 Future Work

Pulse basis functions yields more accurate results for the normalized tangential mag-
netic field intensity in the case of spheres and in the case of spheroids with axial
ratios close to unity. Performance of the method presented in this thesis needs to be
investigated by using other types of weighting and basis functions in order to improve
the overall efficiency, especially for very elongated prolate spheroids and flat oblate

spheroids, and for the regions in the neighborhood of the poles. The efficiency of
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using smaller lengths for segments closer to the poles than for those at the middle of
the meridian should also be investigated.

The results obtained for the normalized tangential magnetic field on the surface of
spheroids in the presence of an arbitrarily directed uniform fields and in the presence
.of a coil with its axis shifted with respect to the body’s axis of revolution should be
compared with results obtained by other methods, for instance, the existing method
based on discretizing the entire surface of the conducting bodies.

Tn this thesis we have considered only objects with smooth boundaries. It will
be useful to investigate the performance of the method presented in this thesis for
conductors with sharp edges and vertices.

Furthermore, the formulation in this thesis can be extended for conducting bodies
of revolution at low frequencies to take into account the penetration of fields inside

the bodies.



Appendix A

Exact Solutions for Perfect
Conducting Spheroids in
Axisymmetric Fields

A.1 Spheroids in the Presence of Coaxial Current-
Carrying Turns

For a prolate spheroid in the presence of a coaxial circular current-carrying turn as
shown in Fig. 3.10, the magnetic vector potential outside the body is in the direction
of 4AS*, due to the axisymmetry of the system. Also, it is independent of ¢*. Therefore,

the magnetic vector potential can be written as
A(n*aé*) :$ A('f]*,f*), (Al)

which satisfies the vector Laplace equation. A solution for the magnetic vector po-

tential outside can be found by superposing the solutions for two different problems,
V2A' =0 and (A.2)

VA" = pod, .. (A.3)
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The current density in the circular turn carrying the current I, is expressed as

Lo(n* —ng)d(€ — &)/ —m?) (62— 1)
Is,c = (&2 — nr2) (A.4)

where 7%, & are the coordinates of the circular turn and ¢ is the Dirac delta function.
The coordinates 7 and & are related to the radius of the circular turn b, and the
vertical distance to the center of the turn from the origin of the (z,y, z) coordinate

system as

do+ao =il be=cy/(1-m2)(E2 - 1) (A.5)
The solution of (A.2) in prolate spheroidal coordinates defined in (3.3) is given by
the method of separation of variables in the form
Zc Qp(E) Py (1), (A-6)
p_—
where P} and @} are associated Legendre functions of the first and second kind,
respectively, and C, are constants of integration. A particular solution of (A.3) can

be obtained from the volume integral

J
A”:Ep— s ¢ ' .
- v|'r'—'r"|dv’ (A.7)

where r and 77 are the position vectors of the observation and source points, respec-
tively. Substituting (A.4) into (A.7) and expanding 1/|r — 7’| in terms of prolate

spheroidal harmonics [7] yields

> 2p+1

4= e ST - D3 pr i EGERIEE). 49

where £& and £ are the smallest and the largest of £* and &, respectively. Thus, the
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total magnetic vector potential outside the body is

A= ZCQ (&) Py (")
i (A.9)

- VI @1 Y e B IR EIB R ()

The constants of integration are computed by imposing the condition A = 0 on the
surface of the perfect conducting spheroid, i.e. at £* = £}. Finally, substituting the
calculated value for C,, the magnetic vector potential outside the perfect conducting

prolate spheroid can be written as

I — 2
A=A @D Y e

= el + P (A.10)
BX(&)
QL&)

QEIAE) - FEIRHE)| B Bt
With prolate to oblate spheroidal transforms given in Chapter 3, the magnetic vector

potential for an oblate spheroid is

oo

A Juol Jhole S EE T D Z[p2p+1

Ppl (765)
Q3(46)

The magnetic flux density outside the prolate spheroid can be determined by taking

DP?

(A.11)
QLUENQL(E") — P,}(jsz)P;(js;)] P () PA(r).

the curl of the magnetic vector potential. Thus, the magnetic field intensity outside

is obtained from

1 0
X pomaed ———— h .A
H77 Ohg* h¢* ag* ( ¢ )

1

———————(hgA). A.12
e 377*( o 4) (A.12)
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On the surface of a perfect conductor only the tangential component of the magnetic

field is present. Therefore, at £* = £, for a prolate spheroid

L[ (Q-n3E2-1) ]”2 2+ QbE) b1 iy A
2c [(532 —2) (2 — 1) — plp+1) Q})(&g)Pp M6) Fp (). (A.13)

and for an oblate spheroid

_L { 1-n2)(E2+1) T“i ow+1 QLUE)
2¢ [(EZ+ D) (EZ+ 1) p(p + 1) Q3(5€3)

Hn* =

H,y.

Fy(n)B(").  (A14)

p=1

A.2 Special Cases

Axially directed uniform field

By letting £ — oo and by taking into account the asymptotic expansions for large
arguments of the associated Legendre functions in (A.10) and (A.11) , the magnetic
vector potential for a prolate spheroid can be found as [7]

n £ +1 2&*

= . E — *2 *2 _ _ g*_1_§*2-—1
A MOHmc2 \/(1 n )(f 1|1 . &+ 1 ~ 28 (A.15)
G-1 & -1
and i}
c COt—1 f* - ?jéﬁ
A= pioHines VA=) (&2 +1) [1- = (A.16)
COt_l é.ak =)
&+ 1

in the case of an oblate spheroid, where, H;,. is the inducing uniform magnetic field

which is given by

_1 o L(-n?)
Hinc = -2"5 Ic,?;rgoo -—_fc*— (A17)
From (A.12), the tangential magnetic field on the surface is
—2H;. 1 — 77*2 1/2

& -V BT -2
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for a prolate spheroid and

Hinc 1-— 77*2 :| 1z
H.= A.19
T Dot G & [532 7 (419)

for an oblate spheroid.

Sphere in the presence of a coaxial current-carrying turn

Using the asymptotic expansions for large arguments of the associated Legendre func-
tions and the prolate spheroidal to spherical transforms given in Chapter 3, the mag-
netic vector potential for the case of a sphere is found to be

tol.sin 0% b 1 PP . as \? /ag\ P+l . .
A= 2 Z plp+1) [r;”ilrc = (;;) Ppl(cos GC)PPI(COSG )
(A.20)

p=1

where r% and 7% are the smallest and the largest of 7* and r¥, respectively. Here, 7%
and 0 are the coordinates of the circular turn in circular cylindrical coordinates and
as is the radius of the sphere.

The tangential component of the magnetic field intensity on the sphere surface

can be found from the curl of the magnetic vector potential as

I.sin@; (2p+1) (as\? 1
.« = ¢ JR— * * . . 1
Hy- = o, pEl ( ( ) P (cos8;) P, (cos %) (A.21)

Te



Appendix B

Exact Solution for a Sphere in a
Uniform Field Directed at an
Angle with Respect to the z-Axis

The magnetic field both inside and outside of a conducting sphere in an axially di-
rected uniform field can be determined by using the method of separation of variables.
The magnetic flux density outside a conducting sphere with resistivity o, permeabil-
ity © and radius a, placed in a uniform alternating z— directed magnetic field of flux

density By is given by [12]

- Do .« B Do\ .
B =B, {7‘ (l + TT3) cos@* — 6 (1 - 2r*3) sin ] , (B.1)

where 6* is the meridian angle with respect to the sphere center and r* the distance

from the center of the observation point, and

_ (21 + po)yal -1z — {po[l + (va)?] + 2u} L1/ &
(1 — mo)yal_jz + {mo[l + (va)?] — p}Lije °

Here, v = /jowp and I.;/, are modified Bessel functions of the first kind with the

Dy (B.2)

argument ya. At very high frequency, the magnetic field intensity on the surface of
the sphere is given by
H=—15Hysin6" 6, (B.3)
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where 8 is the unit vector along the meridian angle and Hy = Bo/po.

L N

o

Yo

X

Figure B.1: Sphere in a uniform magnetic field directed at an angle § with respect
to the z-axis.

For a sphere in a uniform inducing field directed at an angle § with respect to
the z-axis, as shown in Fig. B.1, the inducing field can be expressed as H;,, =
Hine(—ysin S+ 2cos 7). We use a rotation and a translation of the coordinate system
such that the new z-axis be aligned with the direction of the inducing field. The

relationship between the (z,y, z) system and the new (z2, Yo, 22) System is

= ﬁ},
¥ = Ycosf+ zsing, (B.4)

Z = —ysinf+ zcospf,
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r = I
y = assinf+ yscosf — zpsinf, (B.5)

z = as(l—cosf)+ yzsinf + 2 cosS.

Then, the tangential magnetic field intensity on the surface of the body is obtained
from (B.3) in the form
H= —1.5H0 sin 92 ég, (BG)

where 0, = cos™'(—sinacos3). With (B.4) and (2.24), for observation points at

¢ = 0° on the surface of the sphere, we have
32 =i(cos 8 cos ¢ sin o + cos O sin ¢ cos asin 3 — sin B, cos a cos )
A (B.7)
+ ¢(cos b sin ¢, sin § + sinby sin f),

where « is the angle between the unit vectors % and % (see section 2.3), cosdy =

cos a/1/cos? a + sin? asin? § and sin ¢, = — sin asin 8/+/cos? o + sin® asin? 5.
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